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Abstract

Damage models represent an important tool for the analysis of the degradation

of quasi-brittle media and, due to their continuous formulation, present certain ad-

vantages with respect to other modelling strategies. However, they also exhibit a

number of issues when combined with the standard finite element method, like mesh-

objectivity and mesh-bias, that can significantly affect the results of a simulation.

Due to their nature, meshless techniques are a valid candidate to deal with such is-

sues. The lack of an element-like connectivity between the meshless nodes can allivi-

ate the mesh-bias in damage propagation, while the intrinsic nonlocality of meshless

approximation functions can act as a regularisation technique at the numerical level.

The present work aims to review the application of a specific class of meshless meth-

ods, the smoothed point interpolation methods (SPIMs) to the problem of damage

modelling.

Keywords: meshless methods; smoothed point interpolation methods; damage mechanics; strain

localisation

1 Introduction

In order to solve the system of partial differential equations (PDEs) governing a problem of con-

tinuum mechanics (or any other continuum problem representable in terms of PDEs), the finite

element method (FEM) discretises the problem domain with a mesh (see, e.g. Bathe [1996] or

Zienkiewicz and Taylor [2000]), in the following manner:

“
1. The continuum is separated by imaginary lines or surfaces into a

number of “finite elements”.

2. The elements are assumed to be interconnected at a discrete num-

ber of nodal points situated on their boundaries and occasionally

in their interior.

”[Zienkiewicz and Taylor, 2000, pag. 18]



The unknown parameters of the problem are then represented by the nodal values of the field

variable (e.g. the displacement field in a solid mechanics problem). The choice of proper approxi-

mation functions within each element allows to mount a system of linear equations for the solution

of the problem. On the other hand:

“The meshfree method is used to establish a system of algebraic equa-

tions for the whole problem domain without the use of a predefined

mesh, or uses easily generable meshes in a much more flexible or “freer”

manner. Meshfree methods essentially use a set of nodes scattered within

the problem domain as well as on the boundaries to represent the prob-

lem domain and its boundaries. The field functions are then approxi-

mated locally using these nodes.”[Liu, 2009, pag. 14]

As pointed out by Liu in his book [Liu, 2009], the standard finite element method suffers for

a number of limitations. Among them there are:

• the need for a quality mesh, that reduces the automation in mesh generation;

• the “overly stiff” behaviour, resulting from the full compatibility in the assumed displace-

ment field, and leading to locking and poor solutions in gradient/derivatives;

• the loss of accuracy due to element distorsions in problems with large deformations;

• the mesh bias in problems like crack growth and phase transformations;

• the difficult simulation of breakage and fragmentation problems;

• the costly adaptive and remeshing approaches;

• the availability of solely a “lower bound” to the exact solution.

An examination of this list reveals that most of the mentioned issues are due to the “heavy and

rigid reliance on the use of quality elements that are the building blocks of FEM ” [Liu, 2009, pag.

17], and to the predefined connectivity required by such elements.

The basic idea of meshless methods is then to mitigate these issues by eliminating or reducing

the reliance on a mesh1. Among the most common meshless methods there are the smoothed

particle hydrodynamics (SPH) method [Gingold and Monaghan, 1977], the element-free Galerkin2

(EFG) method [Belytschko et al., 1994], the reproducing kernel particle method (RKPM) [Liu

et al., 1995], the family of point interpolation methods (which the smoothed point interpolation

methods discussed in this manuscript belong to), and the meshless local Petrov-Galerkin (MLPG)

method [Atluri and Zhu, 1998]. Despite a computational cost that is, in general, higher than in

the standard FEM, meshless methods exhibit a number of important features. Among them, the

following can be highlighted [Liu, 2009]:

• easy automatic mesh generation using triangulation strategies;

• absent or limited mesh alignment sensitivity;

• no need for remeshing operations, especially in problems with large deformations or mov-

ing discontinuities;

1Though meshless discretisations are not based on a conventional mesh as intended in the standard FEM,

the term “mesh” will still be used in the following to indicate such discretisations.
2Based on the diffuse elements method (DEM) originated by Nayroles et al. [1992].



• construction of shape functions of any desired order of continuity.

Regarding physically nonlinear problems, and especially the problem of continuum damage

mechanics discussed in this manuscript, the standard FEM suffers for other issues besides the

aformentioned ones. The presence of damage indeed, results in a strain-softening behaviour. Nu-

merical simulations of strain-softening problems, where localisation occours, performed with the

standard finite element method (FEM), are usually affected by certain pathological behaviours,

such as strong mesh-dependency, premature fracture initiation, and instantaneous perfectly-brittle

fracture [de Borst et al., 1993, Peerlings et al., 2002]. These pathological effects are due to the

fact that, at a certain load level, the continuum boundary value problem may become ill-posed (the

so-called loss of ellipticity of the equilibrium equations), resulting in an infinite set of solutions

(discontinuous bifurcation), from which the numerical method selects the one corresponding to the

smallest energy dissipation. This approximated solution strongly depends on the mesh; at mesh

refinement it tends to a failure with zero energy dissipation, and then to a nonphysical behaviour.

It has been pointed out that the pathological behaviours that may affect the numerical simula-

tions where localisation occours are due to the local representation offered by the classic contin-

uum theory, in contrast with the nonlocal nature of phenomena like damage and plasticity [Bažant,

1991]. The main aim of the proposed solutions to this problem (the so-called regularisation tech-

niques) is the introduction of an internal length in the continuum model, allowing to recover

the nonlocal character of the phenomenon; an interesting overview on the different regularisation

methods can be found in the papers by de Borst et al. [de Borst et al., 1993] and by Bažant et al.

[Bažant and Jirásek, 2002].

Some classes of meshless methods have been shown to be capable to deal with the aformen-

tioned localisation issues, due to their intrinsic nonlocal character. As pointed out in a paper by

Chen et al. [Chen et al., 2000], the nonlocality of these methods is due to the fact that their approx-

imation functions are not constructed locally as in the finite element method, because of the use

of basis and weighting functions with support size greater than the nodal spacing. In the same pa-

per the authors pointed out the analogy between MLS/RK approximations and gradient-enhanced

models, and also showed the beneficial effects on localisation associated to the use of an assumed

strain method where the nonlocal equivalent strain measure is directly approximated in terms of

displacement parameters. Moreover, the use of a meshless method allows, in general, to overcome

the problem of mesh orientation bias, that may appear in damage propagation problems. Among

the methods that have been shown to possess certain regularisation effects in localisation prob-

lems there are moving least square (MLS) and reproducing kernel (RK) approximations, as well

as methods based on strain smoothing techniques [Liu et al., 1999, Chen et al., 2000, Li et al.,

2000, Chen et al., 2004, 2007, Wang and Li, 2012, Pozo et al., 2014]. As strain smoothing meth-

ods, also the smoothed point interpolation methods (SPIMs) discussed in this manuscript have

been shown to exhibit regularisation properties, as illustrated by Gori et al. [Gori et al., 2019b],

both alone as well as when combined with other regularisation strategies, like the micropolar con-

tinuum theory [Gori et al., 2019a,c]. Particle methods, like the SPH, have also been shown to be

capable to deal with strain-softening problems [Vignjevic et al., 2014].

One of the main issues in the most common meshfree approaches is the lack of the Kro-

necker delta property, which requires a special treatment for the imposition of essential boundary

conditions, like the use of the well-known Lagrange multipliers and penalty methods or other pro-

cedures [Chen and Wang, 2000, Wu and Plesha, 2002, Fernández-Méndez and Huerta, 2004]. The

smoothed point interpolation methods discussed in this manuscript [Liu, 2009, 2010a,b, Liu and

Zhang, 2013] allow for a more simple imposition of boundary conditions, since they are based

on shape functions constructed with the point interpolation method (PIM), which guarantee the

Kronecker delta property. The price for a more simple imposition of the boundary conditions is

the presence of incompatible shape function, which may present discontinuities in the problem



domain, requiring the use of a so-called weakened-weak form of the continuum problem [Liu,

2010a,b] based on a strain smoothing technique [Liu, 2008]. Regarding the field of continuum

mechanics, these methods have been applied to linear elasticity [Liu, 2010b] and elasto-plasticity

[Zhang et al., 2015]. The smoothing operation which these methods are based on is a sort of gen-

eralisation of the Stabilised Conforming Nodal Integration (SCNI) technique originally proposed

by Chen et al. [Chen et al., 2001].

1.1 Outline

The outline of this manuscript is organised as follows. In the first section after this introduc-

tion (Section 2), the fundamental aspects of meshless methods, like discretisation, field variables

approximation, and numerical integration, are reviewed, and compared with the approach of the

standard FEM. Section 3 is the core of the manuscript; it discusses in details the main aspects of

smoothed point interpolation methods, and their application to problems of continuum damage

mechanics (more specifically, to problems with scalar damage). Section 4 briefly discusses the is-

sue of localisation in strain-softening problems, and the different regularisation strategies that can

be applied to scalar damage problems and to other problems where localisation may occour. Fi-

nally, Section 5 illustrates some numerical results obtained with SPIM stategies applied to damage

problems, while Section 6 presents some concluding remarks.

1.2 Notations and tools

Some standard notations used in the body of the manuscript are summarised here. The symbol

D ⊂ E indicates the domain of a body embedded in the three-dimensional Euclidean space E,

and D
S
k ⊂ D one of its subsets, referred to as smoothing domain. Vectors are indicated as x̄ ∈ Ē,

with x̄ = xi ēi, where Ē is the vector space associated to E, and (ēi) a basis in E. Second-order

and fourth-order tensors are indicated, respectively, by x ∈ Ē⊗ Ē, with x = xij ēi ⊗ ēj , and by

x̂ ∈ Ē ⊗ Ē ⊗ Ē ⊗ Ē, with x̂ = xijk` ēi ⊗ ēj ⊗ ēk ⊗ ē`. The symbol “·” denotes the standard

dot product between vectors and the one index contraction between tensors (or between a tensor

and a vector) like, for example, x̄ · ȳ = xi yi and x · ȳ = xij yj ēi, while the symbol “..” denotes

the double contraction between tensors like, for example, x̂ · y = xijk` yk` ēi ⊗ ēj and the other

possible combinations. With the symbol “⊗”, the standard tensor product, as x̄⊗ȳ = xi yj ēi⊗ēj
or x ⊗ y = xij yk` ēi ⊗ ēj ⊗ ēk ⊗ ē`, is indicated. In some applications the Voigt notation will

be used to represent second-order and fourth-order tensors; once a certain coordinates system has

been fixed, a generic second-order tensor with dimension three x can be represented by means of

an array with nine components, indicated with the symbol {x}. In an analogous way, a fourth-

order tensor with dimension three x̂ can be represented by means of a 9 × 9 matrix, indicated as

[x̂]. It should be noted that the provided dimensions refer to a general three-dimensional case; in

different situations (e.g. plane-strain or plane-stress states, or peculiar symmetries), the size of

arrays and matrices in Voigt representation is minor, in general. The same symbols {·} and [·]
are also used to indicate, respectively, arrays and matrices in numerical equations. The numerical

implementations of the strategies discussed in this paper, as well as the numerical simulations,

have been performed in the open-source program INSANE3. The triangular background cells

used for the construction of the meshfree discretisations, as well as the contour plots of the results

obtained with the meshfree models, have been generated with the program Gmsh [Geuzaine and

Remacle, 2009].

3More information on the project can be found at https://www.insane.dees.ufmg.br/



2 Fundamentals of meshless methods

Before presenting the fundamentals of meshless methods it’s worth it to briefly illustrate the main

aspects of the finite element method (FEM); these will be used later to introduce the meshless

approach, serving as a basis for the reader that is familiar with the FEM. Given a domain D, an

FEM model is contructed as a tesselation of this domain using a finite number of elements De that

don’t overlap and don’t leave gaps in the domain (Figure 1); this tesselation is commonly referred

to as mesh. Finite elements may present different geometrical shapes, depending on the size of the

domain of the problem; straight lines and curves in one-dimensional domains, polygons in two-

dimensional domains, and polyhedra in three-dimensional domains. Regardless of the peculiar

shape of an element, each one of its vertices is a so-called node (Figure 1).

D De

Figure 1: Two-dimensional FEM mesh

The role of the nodes is to discretise the field variables of the problem. A generic continuous

problem characterised by the field variable u(p), with p being a point in the domain D, is trans-

formed into a discrete one, where the field variable is only sampled at a finite number of points pi
in the domain, corresponding to the nodes, ui = u(pi). Regarding the discretisation of a problem,

the elements have a double task. Firstly, they serve as units for the interpolation of the field vari-

ables. Once the field variables are known at the nodes of a model, their values can be interpolated

inside each element using the so-called shape functions Ni of the element (Figure 2):

u(p) ' uh(p) =

N∑

i=1

Ni(p) ui, p ∈ De (1)

i

ui

Figure 2: Two-dimensional FEM interpolation

The second task of the elements is to allow the numerical integration of the weak form that

describes the behaviour of the problem at hand. Regardless of the kind of problem, a weak form

usually requires to perform an integration over the problem domain. In this sense, the tesselation

of the domain allows to build a quadrature rule, where the integral is performed considering a



certain number of integration points within each element (Figure 3); such points are also referred

to as Gauss points, since the Gauss quadrature rule is the one usually adopted in the FEM.

×

×

×

×

Figure 3: Two-dimensional FEM integration points

Meshless methods still need to perform the aformentioned tasks, i.e. the field variables inter-

polation and the numerical integration of the weak form. However, while in the FEM these tasks

are performed using a single object, the finite element, in meshless methods there are usually two

distinct objects, the support domain, that allows to perform the interpolation (or approximation),

and the integration domain, that allows to perform the numerical integration.

2.1 Field variables interpolation/approximation

As pointed out in Section 2, in the FEM the field variables interpolation is element-based, i.e. it’s

defined within each finite element. In meshless methods on the other hand, the interpolation (or

approximation, as it will be pointed out later) is node-based, i.e. it only uses the nodes scattered

on the domain, without any information about their connectivity. Many meshless methods still

use some sort of mesh-like grid for different purposes, but this grid is not stricly needed for the

interpolation of the field variables.

As mentioned before, the object responsible for the interpolation is the support domain. A

support domain Sd (Figure 4) is defined at each interest point p ∈ D where the field variables

must be interpolated, and is composed by the set of nodes (the so-called support nodes) in the

neighbourhood of the point p.

D
×

p

Figure 4: Meshless support domain



Given a point p ∈ D, the interpolation of a generic field variable u(p) is built using the nodes

belonging to the support domain at p:

u(p) ' uh(p) =
∑

i∈Sd(p)

φi(p) ui (2)

In the summation above, the terms ui = u(pi) are the values of the field variable at the support

nodes, and the functions φi are the shape functions. Unlike FEM shape functions, there isn’t

always a closed form expression for meshless shape functions; the shape functions for a certain

support domain are usually evaluated with a numerical procedure that involves a matrix inversion,

resulting in a higher computational cost.

While the concept of support domain is the same for the different meshless method, each

method is characterised by it’s own strategy for the construction of shape functions4. Among the

different strategies there are5:

• the moving least square (MLS) method;

• the point interpolation method (PIM);

• the radial point interpolation method (RPIM);

• the radial point interpolation method with polynomial reproduction (RPIMp).

In the present section the terms interpolation and approximation have been mentioned; while

many meshless shape functions possess the delta Kronecker property, resulting in an interpolation

of the field variables, many other shape functions, like the ones obtained with the MLS, don’t

possess such a property and are only capable to provide an approximation of the field variables.

2.2 Numerical integration

Just like the FEM many meshless methods are based on the weak form of a certain problem

(or a weakened-weak form, like for the SPIM strategy discussed in Section 3), that requires a

numerical integration over the problem domain. While in the FEM the integration is performed

using a quadrature rule within each element, meshless methods perform this operation making use

of the so-called integration domains. Together with the kind of shape function, the specific type

of integration process is a characteristic of each meshless method.

In the present section, the concept of numerical integration for meshless methods is illustrated

using the procedure adopted in the EFG method [Belytschko et al., 1994], also similar to the one

adopted in the MLPG method [Atluri and Zhu, 1998] and in the PIM [Liu and Gu, 2001]. In these

methods the numerical integration is performed in a way that is similar to the FEM integration.

As illustrated in Figure 5, the domain is tesselated into integration domains, that may form a

regular or an irregular grid. Each integration domain is endowed with integration points, where

the approximation functions are evaluated. The main difference with the FEM integration is that

in the FEM all the integration points of the same element are supported by the same nodes (i.e.

the nodes of the element), while in a meshless method each integration point usually has its own

support domain, that may vary from point to point even in the same integration domain (Figure 5).

As it will be shown in Section 3, SPIM strategies are based on a different approach to the nu-

merical integration process, due to the presence of a smoothing operation; the resulting integration

4Shape functions construction will be discussed with more details in Section 3.1, for the case of

smoothed point interpolation methods.
5A comprehensive account on the different strategies for the construction of the most common meshless

shape functions can be found in Liu [2009]
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Figure 5: Meshless grid-like integration domains

is similar to the one of the stabilised conforming nodal integration (SNCI) proposed for the EFG

method by Chen et al. [2001].

3 Meshless Smoothed Point Interpolation Methods (SPIMs)

Smoothed point interpolation methods, like other meshfree methods, rely on a set of nodes scat-

tered in the problem domain, usually obtained through a triangulation operation. In a smoothed

point interpolation method the field variable of the boundary value problem in linear elasticity, i.e.

the displacement field ū(p) at each point p ∈ D, is approximated as [Liu, 2009]

ū(p) '
∑

i∈Sd

[φi(p)]{di} (3)

where the index i indicates a node pi in the support domain Sd, i.e. the set of nodes in the

neighbourhood of the point p ∈ D usually selected using a T-scheme [Liu, 2009], [φi(p)] is the

nodal matrix of approximation functions, and {di} is an array containing the nodal parameters of

the field variable, i.e. its values ū(pi) at each node pi.
The shape functions, in this class of methods, are usually generated using the point interpola-

tion method [Liu and Gu, 2001] (PIM), or the radial point interpolation method with or without

polynomial reproduction [Wang and Liu, 2002b] (RPIM and RPIMp), and are characterised by

the following properties: they are linearly independent, posses the Kronecker delta property, form

a partition of unity, posses the linear reproducing property, present compact support, and are not

compatible. The first meshfree methods based on these shape functions were proposed by Liu

and his co-authors in Liu and Gu [2001] and Wang and Liu [2002b], as an alternative to existent

meshfree methods. Indeed, due to their delta Kronecker property they allowed a more simple

imposition of essential boundary conditions, with respect to other meshfree methods.

As pointed out above, however, the price for the delta Kronecker property is a lack of com-

patibility of the shape functions, meaning that the approximated fields may exhibit discontinuities

when passing from a support domain to another. This makes such shape functions unable to satisfy

the requirement of square integrable first derivatives needed for the formulation of standard weak

forms. In order to overcome this issu, Liu [Liu, 2010a,b] proposed the use of a weakened-weak

form of the elastic problem, based on a smoothing operation6 [Liu, 2008] applied to the gradi-

6As mentioned by Liu (see, e.g. the introduction of Liu [2010a]) such smoothing technique [Liu, 2008]

is analogous to the one adopted in other contextes like non-local continuum mechanics [Zhang et al., 2006,

Eringen and Edelen, 1972], SPH methods [Liu and Liu, 2003, Lucy, 1977, Liu et al., 2008, Monaghan,

1982], hybrid FEM [Quarteroni and Valli, 1994], for the regularisation of spatial instabilities in nodal



ents involved in the formulation, that allows to reduce the continuity requirement of the shape

functions.

The combination of the smoothing technique with point interpolation functions allowed to

obtain different smoothed meshfree methods78, like the node-based smoothed point interpolation

(NS-PIM) method [Liu et al., 2005, Zhang et al., 2007], the edge-based smoothed point interpo-

lation (ES-PIM) method [Liu and Zhang, 2008], and the cell-based smoothed point interpolation

method [Liu and Zhang, 2009]. In order to deal with the presence of incompatible shape func-

tions and smoothing operations, Liu developed a new theoretical framework, establishing two

novel concepts: the G-space theory and the weakened-weak form (W2) formulation (see, e.g. Liu

[2010a,b], Liu and Zhang [2013]). These concepts were later extended to the case of the microp-

olar continuum theory by Gori et al. [2019c].

3.1 Shape functions

As pointed out above, three types of shape functions are commonly used in SPIMs strategies:

PIM, RPIM and RPIMp. The present section focuses on shape functions obtained with the radial

point interpolation method with polynomial reproduction, since they are the ones adopted in the

numerical simulations of Section 5. Furthermore, the formulation of RPIMp shape function is

more general and PIM and RPIM shape functions can be obtained as special cases.

The RPIMp approximation of a function u is expressed by

u(q) ' uh(q) =
n∑

i=1

Ri(q)ai +
m∑

j=1

pj(q)bj = {R(q)}T {a}+ {p(q)}T {b} (4)

where the terms Ri(q) are a set of radial functions evaluated at q, constituting a radial basis,

n is the number of support nodes in the local support domain at the point q, the terms pj(q)
constitute a polynomial basis, and m is the number of monomials composing the polynomial

basis. The number of monomials should be sufficient to guarantee, at least, the linear reproduction

(e.g. in a two-dimensional domain three monomials are sufficient to pass the standard patch test,

the constant term and the two linear terms in the coordinates x and y). The approximation of

Equation 4 is characterised by two sets of unknown coefficients:

{a} =
(
a1, . . . , an

)T
, {b} =

(
b1, . . . , bm

)T
(5)

which can be evaluated imposing the interpolation condition

uk =

n∑

i=1

Ri(qk)ai +

m∑

j=1

pj(qk)bj , k = 1, . . . , n (6)

and the following additional condition [Golberg et al., 1999]:

n∑

i=1

pj(qi)ai = 0, j = 1, . . . ,m (7)

integrated meshfree methods Chen et al. [2001], and for the regularisation of material instabilities [Chen

et al., 2000].
7The smoothing technique has been also applied by Liu and his co-authors to the standard FEM, obtain-

ing the so-called smoothed finite element method (see, e.g. Liu et al. [2007] and Liu et al. [2009]).
8As pointed out in Liu and Zhang [2013], the smoothed point interpolation methods belong to the more

general class of strain constructed methods, which still relies on point interpolation function, but with a

different strategy for the treatement of the gradients.



that can be recast in the following compact form:

{
{U} = [Rq]{a}+ [Pm]{b}
{0} = [Pm]T {a}

→

(
[Rq] [Pm]
[Pm]T [0]

)(
{a}
{b}

)
=

(
{U}
{0}

)
(8)

where the matrix [Rq] with dimension n×n is the moment matrix, each line of which is composed

by the radial basis function evaluated at a support node, while the matrix [Pm] with dimension

n×m has its lines formed by the polynomial basis evaluated at the support nodes:

[Rq] =



{R(q1)}

T

...

{R(qn)}
T


 , [Pm] =



{p(q1)}

T

...

{p(qn)}
T


 (9)

After some manipulations of the involved equations (see, e.g. Liu [2009]), the unknown coeffi-

cients can be evaluated as

{a} = [Sa]{U}, {b} = [Sb]{U} (10)

where the matrices [Sa] and [Sb] are represented by

[Sa] := [Rq]
−1 − [Rq]

−1[Pm][Sb] (11)

[Sb] :=
(
[Pm]T [Rq]

−1[Pm]
)−1

[Pm]T [Rq]
−1 (12)

resulting in the approximation

uh(q) =
(
{R(q)}T [Sa] + {p(q)}T [Sb]

)
{U} = {φ(q)}T {U} (13)

where each shape function φi(q) is given by

φi(q) = Rj(q)[Sa]ji + pj(q)[Sb]ji (14)

The radial functions Ri(p) appearing in Equation 4 defined for each node i in the support

domain, depend only on the distance ri between the point p ∈ D at which they must be evaluated

and the node i. In the numerical simulations presented in Section 5 the following exponential

(EXP) function was adopted:

Ri(ri) = exp (−cr2i ) (15)

depending on the shape parameter c [Wang and Liu, 2002b]. Investigations on the choice of

optimal shape parameters for the accuracy of the approximation can be found in Wang and Liu

[2002b] and Wang and Liu [2002a], for example. However, as pointed out in Liu [2009], in

presence of polynomial terms as in the RPIMp, and when smoothing techniques are adopted, the

reliance of the accuracy on the shape parameters is significantly reduced.

By neglecting the polynomial term {p(q)}T {b} appearing in Equation 4 it’s possible to obtain

the formulation of of RPIM shape functions. PIM shape functions, on the other hand, can be

obtained by neglecting the same term {p(q)}T {b} and by replacing the radial functions Ri with

polynomial functions.

3.1.1 Shape functions properties

As already pointed out, the main advantage of PIM, RPIM and RPIMp shape functions over other

common meshless shape functions is the delta Kronecker property, that allows a more simple im-

position of boundary conditions. This property is obtained at the price of possible discontinuities

of the shape functions over the domain, resulting in incompatible shape functions. According to



Liu [2009], these discontinuities are due to the absence of a smooth transition between support

domains. When passing from an integration point to another, with different support domains, the

shape function for a node changes suddenly, resulting in a discontinuity at that point. This doesn’t

happen, for example, in the moving least square (MLS) method [Liu, 2009], where the presence of

weight functions allows for a smooth transition between support domains; MLS shape functions

indeed, are compatible, in general.

PIM, RPIM and RPIMp shape functions require a matrix inversion operation in order to be

evaluated at each interest point, and may suffer from singularity issues. PIM functions are more

prone to the singularity of the moment matrix, that may occour due to peculiar alignments of the

support nodes [Liu, 2009]. The moment matrix of RPIM and RPIMp, in general, is not singular

and, as pointed out by Liu [2009], the construction of an RPIMp approximation is possible as long

as the matrix [Pm]T [Rq]
−1[Pm] appearing in Equation 12 is invertible; the invertibility of such

matrix is guaranteed, in general, as long as n ≥ m.

Despite being more complex, RPIMp shape functions are usually preferred over the two other

strategies, because of the singularity issues of PIM interpolations and because RPIM functions

lack of consistency, in the sense that they don’t exhibit polynomial reproduction of any order,

meaning that they cannot pass the standard patch test.

3.1.2 Support nodes selection strategies

In order to construct a meshless approximation at a certain point q of the problem domain it is

necessary to use a number of n support nodes, composing the so-called support domain at the

point q. In order to compose the support domain by selecting proper nodes in the neighbourhood

of the point q, two different strategies have been adopted in this work: the selection via influence

domains and via T-schemes9.

The selection of support nodes via influence domains is a standard approach adopted in a

number of meshfree methods. Each node is endowed with an influence domain, characterised by

a shape and its dimensions. For example, in Figure 6, each node possesses a circular influence

domain, characterised by a certain radius which may vary from node to node. For each integra-

tion point, the corresponding support domain is generated adding all the nodes which influence

domains contain the selected integration point. In the example depicted in Figure 6, the support

domain at the selected integration have been marked with an hollow circle. The number of nodes

in each support domain is controlled by the ratio between the size of the influence domains and the

mean nodal distance. While this method works well for MLS and RPIM shape functions, when

applied to PIM shape functions it may lead to a singular moment matrix, in case of peculiar nodal

alignments.

An alternative is represented by the so-called T-schemes [Liu, 2009]. Such methods perform

the support nodes selection making use of background triangular cells, constructed as a trian-

gulation of the scattered nodes of the discrete model. In general, there is no need to construct

such set of cells specifically for the application of the T-schemes. A triangulation indeed, could

have been already constructed during the discretisation of the domain, at the moment of the nodes

generation. Furthermore, in smoothed point interpolation methods, like the ones considered in

9Another strategy, that hasn’t been considered in this treatise but that could improve the performances

of this class of meshfree methods, especially in case of large models, is the support nodes selection via K-

Nearest Neighbor (KNN) algorithms, that could also be useful as an alternative to the methods considered

in this treatise for the investigation of the regularisation properties related to the non-locality of PIM and

RPIM approximations. As pointed out in 3.1.3, the use of the influence domains strategy tends to affect

the sparseness of the stiffness matrix in a negative way; in this case, KNN strategies should introduce a

non-locality analogous to the one of the influence domains strategy, with a reduced effect on the sparseness

of the stiffness matrix.



Node

Support node

Integration point

Figure 6: Support nodes selection via influence domains

this treatise, a set of background cells is necessary for the construction of the smoothing domains

(Section 3.2); hence, the triangular cells are already available for nodes selection. In the examples

presented in Section 5, two kind of T-schemes have been considered: the T3-scheme and the T6/3-

scheme, which, as pointed out by Liu [Liu, 2009], allow to obtain invertible moment matrices with

both PIM and RPIM shape functions10. For an integration point belonging to a certain cell, the

T3-scheme selects as support nodes the three nodes at the vertices of the cell (Figure 7(a)). The

T6/3-scheme distinguishes between interior and boundary cells. The former are cells which have

no one of their edges on the boundary of the problem domain, while the latter are cells with at

least an edge on the boundary of the domain. For a boundary cell, the three nodes at the vertices

of the cell are selected as support nodes, like in the T3-scheme. On the other hand, in case of an

interior cell, a total number of six nodes is selected: the three nodes located at the vertices of the

cell, and three nodes located at the remote vertices of the three neighbouring cells (Figure 7(b)).

Node

Support node

Integration pointInterior cell

Boundary cell

(a) T3-scheme

Node

Support node

Integration pointInterior cell

Boundary cell

(b) T6/3-scheme

Figure 7: Support nodes selection via T-schemes

10As pointed out in Liu [2009], two further methods based on triangular background cells are available,

the so-called T6 and T2L schemes, which selects, in general, a larger number of nodes with respect to the

T-schemes already mentioned in this section. However, the example discussed in Section 5 focused only on

the two T-schemes discussed in this section.



3.1.3 T-schemes vs influence domains

It has been mentioned that T-schemes are useful to guarantee the invertibility of the moment matrix

in the PIM strategy. As pointed out by Liu [2009], they are also important to obtain a sparse

stiffness matrix, which eases the solution of the linear system of equations. The sparseness of

the stiffness matrix results from the compact character of the support domains generated with the

T-schemes. Another interesting feature is that they also allow to know a priori the parts of the

domain where the approximation functions may exhibit discontinuities, which is important for

the node- and edge-based methods presented in Section 3.2.2. The influence domains strategy on

the contrary, depending on the size of the influence domains, tends to destroy the sparseness of

the stiffness matrix. Furthermore, when using the influence domains strategy, the positions of the

shape functions discontinuities is not known a priori. Despite these disadvantages, this strategy

was adopted in the simulations of Section 5.1 in order to investigate the non-local effects of the

PIM and RPIM meshfree methods.

3.2 Smoothing domains creation and weakened-weak form

As pointed out in the beginning of Section 3, the use of incompatible approximation functions

led Liu and his co-authors to the introduction of a novel theoretical structure, constituted by the

G-space theory and the weakened-weak form (W2) formulation (see, e.g. Liu [2010a,b] and Liu

and Zhang [2013]), which will be briefly recalled here. First, the concept of weak form in classic

elasticity is briefly recalled. Then, the novel formulation introduced by Liu and his co-authors is

recalled, focusing on the following points:

• smoothing domains generation;

• smoothing operation;

• G-spaces;

• weakened-weak form.

3.2.1 Weak form in classic elasticity

For a problem of classic elasticity, characterised by the unknown field variable ū defined over the

problem domain D, by the essential boundary condition ū = ū∗ at ∂De, by the natural boundary

condition n̄ · σ = t̄ at ∂Dn, and subjected to volume forces b̄V defined over the whole domain

D, the weak form of the problem can be expressed as in the following: find the field ū ∈ V(D)
such that

∫

D

ε(w̄) ..
(
Ê .. ε(ū)

)
dV −

∫

∂Dn

w̄ · t̄ dS −

∫

D

w̄ · b̄V dV = 0, ∀w̄ ∈ V0(D) (16)

where ε(ū) = (ui,j + uj,i)/2 ēi ⊗ ēj , and where V(D) and V0(D) are, respectively, the spaces

of trial and test functions, defined as

V(D) :=
{
ū ∈

(
H1(D)

)n
| ū = ū∗ at ∂Du

e

}
(17)

V0(D) :=
{
w̄ ∈

(
H1(D)

)n
| w̄ = 0 at ∂Du

e

}
(18)

where
(
H1(D)

)n
is the space of square integrable n-dimensional vector fields with square in-

tegrable first derivatives over the domain D. The weak form of Equation 16 can be recast in a

compact for as

a(w̄, ū) = f(w̄), ∀w̄ ∈ V0(D) (19)



where the bilinear form a(w̄, ū) and the linear functional f(w̄) have been introduced, defined as

a(w̄, ū) :=

∫

D

ε(w̄) ..
(
Ê
.. ε(ū)

)
dV (20)

f(w̄) :=

∫

∂Dn

w̄ · t̄ dS +

∫

D

w̄ · b̄V dV (21)

It is worth it to note that the requirement ū, w̄ ∈
(
H1(D)

)n
is necessary to bound from above the

value of the bilinear form11.

Introducing the Voigt notation for a plane stress case, the components of the weak form of

Equation 19 can be recast as

a(w̄, ū) :=

∫

D

([L]{w̄})T [Ê] ([L]{ū}) dV (22)

f(w̄) :=

∫

∂Dn

{w̄}T {t̄} dS +

∫

D

{w̄}{b̄V } dV (23)

where the derivative operator [L] is such that

{ε(ū)} = [L]{ū} →



εxx
εyy
εxy


 =



∂x 0
0 ∂y
∂y ∂x



(
ux
uy

)
(24)

Within the FEM approach the weak form of Equation 19 is discretised by replacing the trial

and test functions ū and w̄ with the approximations ūh ∈ Vh(D) and w̄h ∈ V0
h(D), where Vh(D)

and V0
h(D) are the discretised spaces of trial and test functions such that

Vh(D) :=
{
ū ∈

(
H1

h(D)
)n

| ū = ū∗ at ∂Du
e

}
(25)

V0
h(D) :=

{
w̄ ∈

(
H1

h(D)
)n

| w̄ = 0 at ∂Du
e

}
(26)

where
(
H1

h(D)
)n

is the space of square integrable n-dimensional discretised vector fields (i.e.

constructed with approximation functions in terms of a set of nodal parameters) with square in-

tegrable first derivatives over the domain D. The discretisation results in a matrix system of the

kind

[K] {X} = {R} (27)

where [K] is the global stiffness matrix of the system, {X} the nodal parameters vector collecting

all the nodal parameters {di}, and {R} the vector of nodal forces. In a FEM model, the stiffness

matrix [K] would be evaluated through the contribution of each finite element:

[K]el =

∫

Del

[B(p)]T [Ê(p)][B(p)] dV (28)

where the symbol
∫
Del

indicates the integral over an element, and where the matrix [B(p)] is

composed by the submatrices [Bi(p)] as [B(p)] = ([B1(p)] . . . [Bi(p)] . . . [BN (p)]), such that

{ε(p)} =

N∑

i=1

[Bi(p)]{di} =



∂xNi(p) 0

0 ∂yNi(p)
∂yNi(p) ∂xNi(p)



(
duxi
duyi

)
(29)

11Taking into account the analogy between the bilinear form and the total strain energy of a body it is

possible to emphasise that this requirement is necessary to bound from above the strain energy.



The requirement of the approximated field variable to belong to the discretised space
(
H1

h(D)
)n

is satisfied when the approximation is constructed with FEM shape functions, which exhibit a

piecewise continuous first derivative that is bounded in an integral sense. This requirement how-

ever, poses a limitation on the use of the meshless shape functions generated with the PIM and

RPIMp strategies. Since such shape functions are, in general, incompatible, also the resulting ap-

proximation of the field variable will be incompatible, i.e. it will present discontinuities. Hence, if

the trial and test functions ū and w̄ are replaced by the approximations ūh and w̄h obtained with

PIM or RPIM shape functions, the requirement on the square integrable first derivative won’t be

satisfied anymore.

3.2.2 Smoothing domains creation

G-spaces are defined for discrete models, where the field variables are expressed in terms of ap-

proximation functions and nodal parameters, like the space
(
H1

h(D)
)n

containing the approxi-

mated field variables of an FEM model as pointed out in the previous section. Before recalling the

definition of G-spaces is then necessary to present the peculiar discretisation strategy which they

rely on.

As pointed out in Liu [2010a], the domain D is discretised with a set of Ne non-overlapping

background cells D
C
i , with i = 1, . . . , Ne, which vertices correspond to a set of Nn scattered

nodes; these cells are, in general, triangular. It is worth it to note that, if one of the T-schemes illus-

trated in Figure 7 is adopted, the boundaries ∂DC
i of the cells represent parts of the domain where

the approximation functions may be discontinuous. A further tessellation of the domain is per-

formed, introducing a set of NS non-overlapping smoothing domains ∂DS
k , with k = 1, . . . , NS .

When generating this second subdivision, the following no-sharing rule must be considered: the

boundaries ∂DS
k of the smoothing domains must not share any finite portion with the boundaries

∂DC
i of the background cells, i.e. they may share at most a finite number of points with the parts

of the domain where the approximation functions may be discontinuous. The reason for this re-

quirement is to guarantee the possibility to perform the integration of the approximation functions

along the boundary of the smoothing domains.

In this treatise, two different strategies for the creation of smoothing domains are considered:

• the node-based smoothed point interpolation method (NS-PIM), and

• the edge-based smoothed point interpolation method (ES-PIM).

The node-based smoothed point interpolation method (NS-PIM) was originally proposed by Liu

and his co-authors in Liu et al. [2005], Liu and Zhang [2007], and Zhang et al. [2007] as a meshfree

method based on point interpolation shape functions with a nodal integration procedure12, and was

later shown to belong to the more general class of methods obtained with a gradient smoothing

technique [Liu, 2008]. Such method relies on the weakened-weak form presented in Section 3.2.5

and, as anticipated by its name, on smoothing domains based on the scattered nodes of the discrete

model. Despite it could be used also for one- and three-dimensional problems, in the following

attention is focused on the two-dimensional case. The generation of smoothing domains with

the equally-shared smoothing domains strategy13 (see, e.g. Liu and Zhang [2013]) is depicted in

Figure 8, for an internal and a boundary domains. The generic smoothing domain D
S
k at the node

k is generated using the surrounding triangular cells, by connecting sequentially, the midpoints of

12In the cited papers the method was originally called linearly conforming point interpolation method

(LC-PIM).
13The equally-shared smoothing domain strategy is the most common in the NS-PIM. However, as

pointed out in Liu and Zhang [2013], for example, also Voronoi cells can be used as smoothing domains, as

done in Chen et al. [2001] for the nodal integration strategy in the EFG method.



the cells edges containing the node k with the centroids of the cells. With this strategy, the number

of smoothing domains is equal to the number of nodes (NS = Nn), which satifies the minimum

number requirement discussed in Liu [2008]. From Figure 8 it can be observed that these domains

also satisfy the requirements presented in Section 3.2.2, since they are non-overlapping and they

respect the no-sharing rule; indeed, the boundary ∂DS
k of a generic smoothing domain doesn’t

share any finite portion with the edges of the surrounding cells, where the approximation functions

may be discontinuous, but share only the midpoint of their edges.

Node

Background cell centroid

Integration point

Background cells

Smoothing domain

Highlighted smoothing domain

Figure 8: Node-based smoothing domain

The edge-based smoothed point interpolation method (ES-PIM) was introduced by Liu and his

co-authors in Liu and Zhang [2008] in order to correct the excessive softnening effect of the NS-

PIM, which resulted in temporally unstable dynamic problems. As pointed out in Liu and Zhang

[2013], the ES-PIM exhibits a stiffer behaviour with respect to the NS-PIM, is both spatially and

temporally stable, and is capable to produce much more accurate results compared to the NS-PIM

and the standard FEM.

The difference between the NS-PIM and the ES-PIM relies in the strategy for the generation of

the smoothing domains, which in the latter, as anticipated by the name of the method, is based on

the edges of the background cells instead of the nodes. As illustrated in Figure 9, the smoothing

domain associated to aninternal edge is constructed by connecting the two nodes at the ends of

the edge with the centroids of the two triangular cells that share the edge. For a boundary edge

the procedure is the same, except for the fact that also the edge belongs to the boundary of the

smoothing domain. As pointed out in Liu [2009], also this strategy satisfies the requirement on

the minimum number of smoothing domains, is non-overlapping, and respect the no-sharing rule.

Node

Background cell centroid

Integration point

Background cells

Smoothing domain

Highlighted smoothing domain

Figure 9: Edge-based smoothing domain



3.2.3 Smoothing operation

The smoothing operation illustrated in this section was introduced by Liu (see, e.g. Liu [2008])

in order to reduce the requirement of continuity of the field variable appearing in the weak form

expressed by Equation 16. Such smoothing operation is based on the domain tessellation discussed

in Section 3.2.2, assuming the tessellation to be stationary14 during the analysis. Within this

approach, the derivative grad( ū) = ui,j ēi ⊗ ēj of the field variable ū at a certain point p ∈ D
S
k

is replaced inside the smoothing domain D
S
k by the smoothed derivative g̃rad( ū) = ũi,j ēi ⊗ ēj ,

where

ui,j(p) ' ũi,j(pk) :=

∫

D
S
k

ui,j(ξ) W̃ (pk − ξ) dV, p ∈ D
S
k (30)

is constant within a smoothing domain. In the equation above, W̃ is a smoothing function, and pk
is the centre of the smoothing domain. If the field variable ū is continuous, the Green’s divergence

theorem can be applied, resulting in

ũi,j(pk) =

∫

∂DS
k

(
ui(ξ)⊗ n

(k)
j (ξ)

)
W̃ (pk − ξ) dS −

∫

D
S
k

ui(ξ)⊗ W̃,j(pk − ξ) dV (31)

where n̄(k) is the unitary outward normal vector field on the boundary ∂DS
k . A common choice

for the smoothing function W̃ is the following Heaviside-type function

W̃ (pk − ξ) :=

{
1/Ak ξ ∈ D

S
k

0 ξ /∈ D
S
k

(32)

where Ak =
∫
D

S
k
dV , which results in

ũi,j(pk) =
1

Ak

∫

∂DS
k

ui(ξ)⊗ n
(k)
j (ξ) dS (33)

As pointed out by Liu and Zhang:

“The “smoothed derivatives” defined in Equation (2.67) [Equation 33

in this treatise] is a generalized concept. It is NOT “the derivative ob-

tained by smoothing the derivatives of the function”, because such a

gradient does not in general exist, as the function may not be contin-

uous! Rigorously speaking, the “smoothed derivative” is the outward

flux of the function across the smoothing domain boundary Γs
x [∂DS

k in

in this treatise]. The smoothed derivative of a function can be approxi-

mated using only the function values, and no differentiation is needed.

Hence the consistency requirement on the function is reduced, if only

the approximate derivative is required.” [Liu and Zhang, 2013, pag. 67]

As emphasised in the quoted text, the smoothing operation consists into replace the derivative

of the field variable with the smoothed derivative illustrated in Equation 33. This substitution is

assumed to be valid whether the field variable is continuous or not, i.e. whether the application of

the Green’s theorem in Equation 31 is licit or not. As pointed out in Liu [2008], though not rigorous

in theory, this operation is possible to implement, since Equation 33 require no differentiation of

the field variable, opening the possibility to use PIM and RPIM incompatible functions for the

approximation of the field variable.

14The stationarity requirement was originally adopted in Liu [2010a]; however, other smoothed methods

don’t rely on this assumption (see, e.g. Liu and Zhang [2013]).



3.2.4 G-space theory

A general treatement on the G-space theory can be found in Liu [2010a] and Liu and Zhang [2013],

and its application to classic elasticity in Liu [2010b]. Briefly, the G-space15 G1
h(D) is defined as

the following space of functions u(p) discretised in terms of approximation functions φj(p) and

nodal parameters dj

G1
h(D) :=

{
u | u(p) =

Nn∑

j=1

φj(p)dj , u ∈ L2(D),

NS∑

k=1

(∫

∂DS
k

u(ξ) n
(k)
i (ξ) dS

)2

> 0 ⇔ u 6= c ∈ R, i = 1, . . . , d
}

(34)

where c ∈ R is a constant, d the dimension of the space D, and L2(D) the Lebesgue space of

square integrable functions. When n-dimensional vector fields are considered, the following space

can be introduced

(
G1
h(D)

)n
:=
{
ū = ui ēi | ui ∈ G1

h(D), i = 1, . . . , n
}

(35)

This space is endowed with the following inner product

< ū, w̄ >G1 =

∫

D

(ū · w̄) dV

︸ ︷︷ ︸
< ū, w̄ >

L2

+

∫

D

(
g̃rad( ū) .. g̃rad(w̄ )

)
dV

︸ ︷︷ ︸
< g̃rad( ū ), g̃rad( w̄ ) >

L2

, ū, v̄ ∈
(
G1
h(D)

)n
(36)

with induced norm ‖·‖2G1 and semi-norm |·|2G1 expressed as combination of norms in the Lebesgue

space L2(D)

‖ū‖2G1 = ‖ū‖2L2 + |ū|2G1 , ū ∈
(
G1
h(D)

)n
(37)

|ū|2G1 =
∥∥∥g̃rad( ū)

∥∥∥
2

L2

, ū ∈
(
G1
h(D)

)n
(38)

As it can be observed in Equation 34, the shape functions must be (i) linearly independent,

in order to form a basis, (ii) bounded, i.e. square integrable, and (iii) must verify the following

positivity condition:
NS∑

k=1

(∫

∂DS
k

u(ξ) n
(k)
i (ξ) dS

)2

> 0 (39)

The two last requirements, as pointed out by Liu [Liu, 2010a], are necessary to guarantee the

stability and convergence of the numerical models built upon the weakened-weak formulation

based on G-spaces.

The main difference between the space G1
h(D) and the space H1

h(D) usually adopted in FEM

applications (i.e. the discretised space of square integrable functions with square integrable first

derivative), is the fact that the latter requires both the function and its first derivative to be square

integrable (‖ū‖2L2(D) < ∞ and ‖grad( ū)‖2L2(D) < ∞) in order to ensure an upper bound to

the strain energy (aka the bilinear form), while in the former only the function is required to

be square integrable since, as it will be discussed in the following section, the bilinear form of

the weakened-weak form depends only on the function and not on its first derivative. While in the

weakened-weak form the strain energy is automatically bounded from above once the functions are

15The more general case of spaces Gm

h
(D) with m > 1 is not considered here.



square integrable, a lower bound must be explicitly imposed, with the aforementioned positivity

condition; in the standard weak form, as pointed out in Liu [2010a], an explicit lower bound

is not necessary, since the condition ‖grad( ū)‖2L2(D) = 0 is attained only if the function is

zero everywhere, due to the Poincare-Friedrichs inequality16 [Liu, 2009]. The reduced order of

continuity required by the space G1
h(D) opens the possibility to use PIM and RPIM shape functions

as a basis to generate its elements. The main characteristics of G-spaces needed to guarantee

the existence and uniqueness of the solution of the weakened-weak formulation discussed in the

following Section 3.2.5 have been widely discussed by Liu and his co-authors in a number of

papers and books (see, e.g. Liu [2010a,b, 2009] and Liu and Zhang [2013]) and won’t be recalled

here.

3.2.5 Weakened-weak form of the classic elasticity problem

The weakened-weak form in classic elasticity have been presented in Liu [2010b]. As discussed in

the mentioned paper, such formulation can be obtained by replacing the strain tensor ε appearing

in the bilinear form of Equation 20 with its smoothed version ε̃, resulting in the smoothed bilinear

form

ã(w̄, ū) =

∫

D

ε̃(w̄(pk))
..
(
Ê .. ε̃(ū(pk))

)
dV (40)

where the smoothed strain tensor ε̃ is obtained considering the smoothing derivatives of Equa-

tion 33

ε̃ij =
1

2
(ũi,j + ũj,i) (41)

In plane stress case, the strain tensor assumes the following matrix expression:

{ε̃(ū(pk))} =
1

Ak

∫

∂DS
k

[L̃n(ξ)]{ū(ξ)} dS (42)



ε̃xx
ε̃yy
ε̃xy


 =

1

Ak

∫

∂DS
k



n
(k)
x (ξ) 0

0 n
(k)
y (ξ)

n
(k)
y (ξ) n

(k)
x (ξ)



(
ux(ξ)
uy(ξ)

)
dS (43)

Recalling that the smoothed derivatives are constant within each smoothing domain defined in

Section 3.2.2, and also assuming the constitutive operator Ê to be constant within each smoothing

domain, the integral
∫
D

may be replaced with a summation over the smoothing domains, resulting

in

ã(w̄, ū) =

NS∑

k=1

Ak

(
ε̃(w̄(pk))

..
(
Ê .. ε̃(ū(pk))

))
(44)

The weakened-weak form of the classic elasticity problem recalled in Section 3.2.1 consists

then into find the field ū ∈ V(D) such that

ã(w̄, ū) = f(w̄), ∀w̄ ∈ V0(D) (45)

where V(D) and V0(D) are, respectively, the spaces of trial and test functions, defined as

V(D) :=
{
ū ∈

(
G1
h(D)

)n
| ū = ū∗ at ∂Du

e

}
(46)

V0(D) :=
{
w̄ ∈

(
G1
h(D)

)n
| w̄ = 0 at ∂Du

e

}
(47)

16As pointed out in Liu [2009], the Poincare-Friedrichs inequality is represented by c‖w̄‖2
H1 ≤ |w̄|2

H1 ,

∀ w̄ ∈
(
H1

0
(D)

)k
, with c ∈ R and c > 0, and expresses an equivalence between the norm and the seminorm

for k-dimensional vector fields in the space H1

0
(D) of square integrable k-dimensional vector fields with

square integrable first derivative with prevented rigid-body motions.



Discussions on the properties of the weakened-weak form of Equation 45, as well as on the condi-

tions that ensure the existence and uniqueness of the solution ū ∈ V(D) can be found in Liu and

Zhang [2008] and Liu [2010b].

The absence of derivatives in the smoothed bilinear form (Equation 44) allows to express both

the trial and the test functions in terms of PIM and RPIM shape functions φi(p), since they are

well suited to form a basis for the space
(
G1
h(D)

)n
, resulting (for the trial functions) in

{ū(p)} =
∑

i∈Sd

[φi(p)]{di} (48)

where {di} is the array collecting the nodal parameters at the node i, and where Sd is the support

domain of the point p ∈ D. The smoothed strains can be expressed in terms of the smoothed

strain-displacement matrix [B̃i(pk)] as

{ε̃(ū(pk))} =
∑

i∈Sd

[B̃i(pk)]{di} (49)

where [B̃i(pk)], in a plane stress state, is represented by

[B̃i(pk)] =
1

Ak

∫

∂DS
k

[L̃n(ξ)][φi(ξ)] dS

=
1

Ak

∫

∂DS
k



n
(k)
x (ξ) φi(ξ) 0

0 n
(k)
y (ξ) φi(ξ)

n
(k)
y (ξ) φi(ξ) n

(k)
x (ξ) φi(ξ)


 dS

=



φ̃i,x(pk) 0

0 φ̃i,y(pk)

φ̃i,y(pk) φ̃i,x(pk)




(50)

where the terms φ̃i,l(pk) are the smoothed derivatives of the shape functions, expressed by

φ̃i,l(pk) :=
1

Ak

∫

∂DS
k

n
(k)
l (ξ) φi(ξ) dS, l = x, y (51)

The smoothed shape functions appearing in Equation 51, which allow to evaluate the smoothed

bilinear form, are calculated performing a numerical integration along the boundary ∂DS
k of each

smoothing domain. Since the boundary of each smoothing domain is composed by a set of linear

segments, the integration can be expressed as a sum of Gaussian quadratures over each segment,

resulting in

φ̃i,l(pk) =
1

Ak

nseg∑

m=1

Lm

2

(
ngp∑

n=1

W gp
n φi(pm,n) n

(k)
l,m

)
, l = x, y (52)

where nseg is the number of segments, Lm the length of the m-th segment, ngp the number of inte-

gration points of each segment, pm,n the n-th integration point of the m-th segment with associated

weight W gp
n , and n

(k)
l,m the component in the direction l of the unit normal to the m-th segment of

the k-th smoothing domain.

Finally, the discretisation results in the same algebraic system expressed in Equation 27, where

now the stiffness matrix [K] is evaluated in terms the contribution of each smoothing domain

[K(pk)]Sd = Ak[B̃(pk)]
T [Ê(pk)][B̃(pk)] (53)



where, as in the FEM, the matrix [B̃(pk)] is composed by the submatrices [B̃i(pk)] as:

[B̃(pk)] =
(
[B̃1(pk)] . . . [B̃i(pk)] . . . [B̃N (pk)]

)
(54)

where N is the number of nodes in the support domain Sd at the point pk.

Due to the peculiar domain tessellation and to the adoption of the smoothing operation, SPIM

models exhibit different properties when compared to the standard FEM. In Liu and Zhang [2007]

and Liu [2008], the authors pointed out that the smoothed bilinear form is capable to provide softer

results with respect to the standard weak form, when the same approximation functions are used

(ã(w̄, w̄) ≤ a(w̄, w̄), w̄ ∈ V0
h(D)). They also showed that it is also capable to provide an upper

bound approximation to the exact solution. This last characteristic however, depends on both the

kind of approximation functions that are being adopted, and on the peculiar strategy used for the

generation of the smoothing domains.

3.3 SPIMs for damage modelling

The first application of SPIM strategies to the modelling of damage problems was proposed by

Gori et al. [2019b], where the authors also pointed out the regularisation properties induced by the

SPIM approach; later, in Saliba et al. [2021], a strategy was proposed to analyse damage models

with a coupled SPIM-FEM model. Some of the results discussed in Gori et al. [2019b] are recalled

in this section.

Here, attention is focused on the case of scalar-isotropic damage models in a geometrically

linear context. Such models belong to the more general class of elastic-degrading models, and are

expressed in terms of a secant stress-strain relation σ = Ê
S .. ε, where Ê

S is the secant constitu-

tive operator, which components depend both on the initial constitutive tensor Ê and on a scalar

damage variable D, assuming values from 0 to 1. When the damage is assumed to be isotropic the

secant constitutive operator is represented by the well-known expression Ê
S(D, Ê) = (1−D) Ê.

In such models the loading process is represented in terms of a loading function which is usually

expressed as the following additive decomposition:

f(ε, D) = εeq(ε)−K(D) ≤ 0 (55)

where εeq(ε) is a function depending only on the strain tensor, usually indicated as equivalent

deformation, that represents the loading condition of the continuum, while K(D) is a historical

parameter that depends only on the damage variable and that is representative of the maximum

level of deformation reached during the loading process. The rate of the previous secant relation,

σ̇ = Ê
S .. ε̇ +

˙̂
E

S .. ε, can be recast in the tangent relation σ̇ = Ê
t .. ε̇ between the stress and the

strain rates, where Ê
t is the tangent constitutive operator expressed by Carol et al. [1994]

Ê
t = (1−D) Ê−

1

H∗
(m∗ ⊗ n∗) (56)

where

m∗ := −Ê · ε, n∗ :=
∂εeq
∂ε

, H∗ :=
∂K(D)

∂D
=

(
∂D(εeq)

∂εeq

)−1

(57)

The function D(εeq) is a prescribed damage evolution law; in the numerical examples of Section 5,

the following exponential damage law was considered:

D(εeq) = 1−
K0

εeq

(
1− α+ αe−β(εeq−K0)

)
(58)



In the expression above, K0 is a threshold value for the equivalent deformation, representing

the onset of damage, and where α and β are parameters that define, respectively, the maximum

allowed damage level and the damage evolution intensity. Different scalar damage models can be

obtained choosing a peculiar equivalent deformation; in the numerical examples of Section 5, the

following equivalent deformation by Mazars [Mazars, 1984, de Borst and Gutiérrez, 1999] was

adopted:

εeq =

√√√√
[

3∑

k=1

(
< ε(k) >+

)2
]

(59)

where ε(k) the k-th eigenvalue of the strain tensor, and < ε(k) >+= (ε(k) + |ε(k)|)/2 its positive

part.

As discussed by Gori et al. [2019b], the main issue for the application of SPIM strategies to

elastic-degradation is the transition from Eq. 40 to Eq. 44, i.e. the passage from a smoothed bilin-

ear form expressed in terms of the domain integral
∫
D

to a smoothed bilinear form expressed as a

summation over the number of smoothing domains, that relies on the assumption of a linear elastic

constitutive operator Ê constant within a smoothing domain. In a physically linear problem, since

the material properties are independent on the state of the body, this assumption is verified both

in case of homogeneous and heterogeneous materials; an eventual heterogeneous distribution of

the material properties indeed, could be easily considered with the attribution of different material

properties at each smoothing domain, constant over the same smoothing domain.

When dealing with elastic-degrading models, the initial elastic constitutive operator Ê appear-

ing in the smoothed bilinear form (Eq. 40) must be replaced with the secant operator ÊS , which

depends on the state of the body, and which varies during the loading process:

ã(w̄, ū) =

∫

D

ε̃(w̄(pk))
..
(
Ê

S(ε(ū)) .. ε̃(ū(pk))
)

dV (60)

In order to obtain an expression similar to the second one of Eq. 44, a smoothed constitutive

operator
˜̂
ES(pk), constant over the smoothing domain D

S
k , must be introduced, resulting in

ã(w̄, ū) =

NS∑

k=1

Ak

(
ε̃(w̄(pk))

..

(
˜̂
ES(pk)

.. ε̃(ū(pk))

))
(61)

Regarding how to obtain such smoothed constitutive operator it can be observed that the secant

operator depends on the state of the body at each point ξ ∈ D
S
k , i.e. on the current strain tensor

ε(ū(ξ)) which depends on the displacement field. In NS-PIM and ES-PIM procedures, the dis-

placement field is calculated at the point pk of each smoothing domain D
S
k , resulting in a smoothed

strain tensor ε̃(ū(pk)) which is constant within a smoothing domain. The smoothed constitutive

operator can then be approximated with the secant operator generated using the smoothed strain

as
˜̂
ES(pk) ' Ê

S(ε̃(ū(pk)) (62)

resulting in

ã(w̄, ū) =

NS∑

k=1

Ak

(
ε̃(w̄(pk))

..
(
Ê

S(ε̃(ū(pk))
.. ε̃(ū(pk))

))
(63)

In the specific case of a scalar-isotropic damage models the secant constitutive operator depends

on the scalar damage variable D which, according to Eq. 58, can be expressed as a function that

depends on the current strain state of the body through an equivalent strain measure, D = D(εeq)



with εeq = εeq(ε(ū(p))). In this case, the smoothed constitutive operator will depend on the

smoothed damage variable D̃(pk), depending on the smoothed equivalent strain measure ε̃eq as

˜̂
ES(pk) = (1− D̃(pk)) Ê, D̃(pk) = D(ε̃eq), ε̃eq = εeq(ε̃(ū(pk)) (64)

3.4 Linearisation of the weakened-weak form

In presence of damage, the algebraic systems of Eq. 27 must be recast as the following nonlinear

system:

[KS ] {X} = {R} (65)

where [K]S is the global secant stiffness matrix of the discrete model, resulting from the discreti-

sation of the smoothed bilinear form of Eq. 63. This nonlinear system can be solved with an

incremental-iterative strategy based on the Newton-Raphson method, which requires the lineari-

sation of Eq. 65, as in the standard nonlinear FEM [Wriggers, 2008].

The first step for the linearisation within the Newton-Raphson method consists in the intro-

duction of a space of admissible variations δV(D), associated with the space of trial functions

V(D), defined as

δV(D) :=
{
δū ∈

(
G1
h(D)

)n
| δū = 0̄ at ∂Du

e

}
(66)

The admissible variations δū allow to obtain a set of perturbed configurations Vε(D), whose

elements ūε = ū+ ε δū satisfy the kinematical boundary conditions of the problem prescribed at

∂Du
e . The weakened-weak form of Eq. 45 can be recast as

G(w̄, ū) := ã(w̄, ū)− f(w̄) = 0, ∀w̄ ∈ V0(D) (67)

with the introduction of the functional G(w̄, ū). In order to obtain a linearisation of such func-

tional, a perturbed configuration G(w̄, ūε) near the known equilibrium configuration G(w̄, ū)
(which satisfies Eq. 67) is introduced; such perturbed configuration must satisfy the condition

G(w̄, ūε) = ã(w̄, ūε)− f(w̄) = 0, ∀w̄ ∈ V0(D) (68)

The vector field δū which allows to reach the new equilibrium configuration can be calculated

with the linearisation G(w̄, ūε) ' L [G(w̄, ūε)], resulting in

L [G(w̄, ūε)] = G(w̄, ū) +DG(w̄, ū) · δū = 0, ∀w̄ ∈ V0(D) (69)

where the terms DG(w̄, ūε) · δū is the following directional (or Fréchet) derivative

DG(w̄, ū) · δū =
∂G(w̄, ūε)

∂ε

∣∣∣∣
ε=0

(70)

that can be shown to be expressed by

DG(w̄, ū) · δū =

NS∑

k=1

Ak

(
ε̃(w̄(pk))

..
(
Ê

t(ε̃(ū(pk))
.. δε̃(ū(pk))

))

=

NS∑

k=1

Ak

(
ε̃(w̄(pk))

..
(
Ê

t(ε̃(ū(pk))
.. ˙̃ε(ū(pk))

)) (71)

where the admissible variation of the smoothed strain tensor (δε̃) coincides with its rate ( ˙̃ε), and

where the tangent constitutive operator Êt is the one defined in Eq. 56 (see Gori et al. [2019b] for



further details). The linearised weakened-weak form can then be recast into: find the increments

δū ∈ δV(D) such that

DG(w̄, ū) · δū = −G(w̄, ū), ∀w̄ ∈ V0(D) (72)

The right hand side of Eq. 72 is known, since it depends on the displacement field ū of a

known equilibrium configuration, and is expressed as

G(w̄, ū) = ã(w̄, ū)− f(w̄) =

NS∑

k=1

Ak (ε̃(w̄(pk))
.. σ̃(ū(pk)))− f(w̄) (73)

Introducing PIM or RPIM approximation functions into Eq. 72, for both the test functions w̄(p)
and the increments δū(p):

{w̄(p)} =
∑

i∈Sd

[φi(p)]{d
w
i }, {δū(p)} =

∑

i∈Sd

[φi(p)]{δdi} (74)

the following algebraic system can be obtained

[Kt] {∆X} = {N} (75)

where [Kt] is the global tangent stiffness matrix of the discrete model, {∆X} the nodal parameters

vector collecting all the nodal parameters {δdi}, and {N} an array containing the discretisation

of the right hand side of Eq. 72. The matrix [Kt] is evaluated through the contribution of each

smoothing domain

[Kt(pk)]Sd = Ak[B̃(pk)]
T [Êt(ε̃(ū(pk))][B̃(pk)] (76)

where as in the linear SPIM, the matrix [B̃(pk)] is composed by the submatrices [B̃i(pk)] as

[B̃(pk)] =
(
[B̃1(pk)] . . . [B̃i(pk)] . . . [B̃N (pk)]

)
, where N is the number of nodes in the support

domain Sd at the point pk, and where [Êt(ε̃(ū(pk))] is the matricial expression of the tangent

constitutive operator of Eq. 56.

4 Regularisation strategies for damage models

As already stated in Section 1, the objective of this manuscript is to discuss the application of

SPIM strategies to the analysis of damage models, taking advantage of the regularisation effects

provided by the intrinsic nonlocal character of such formulations. Damage models and other

strain-softening models are characterised by the phenomenon of localisation, and when analised

with the standard FEM they may exhibit certain pathological behaviours such as strong mesh-

dependency, premature fracture initiation, and instantaneous perfectly-brittle fracture [de Borst

et al., 1993, Peerlings et al., 2002], as already discussed in Section 1. As pointed out in the

literature (see, e.g. the paper by Bažant [Bažant, 1991]), these pathological behaviours are due

to the local representation offered by the classic continuum theory, in contrast with the nonlocal

nature of phenomena like damage and plasticity. The main aim of the proposed solutions to this

problem, the so-called regularisation techniques, is the introduction of an internal length in the

continuum model, allowing to recover the nonlocal character of the phenomenon.

Regularisation techniques may act on two different levels: at the formulation level, i.e. directly

in the continuum description, or at the numerical level, i.e. within the discretisation method.

Among the different alternatives for regularisation at the formulation level there are: nonlocal and

gradient-enhanced models [Bažant and Lin, 1988, Pijaudier-Cabot and Bažant, 1987, de Borst

and Mühlhaus, 1992, Peerlings et al., 1996, 2001, 2002, Badnava et al., 2016], viscous models



[Needleman, 1988], cohesive zone models [Dugdale, 1960, Barenblatt, 1962], methods based on

the fracture energy approach [Bažant and Oh, 1983], phase-field models [Frémond and Nedjar,

1996, Miehe et al., 2010, 2016], and the micropolar theory [de Borst, 1991, de Borst and Sluys,

1991, Dietsche et al., 1993, Iordache and Willam, 1998, Xotta et al., 2016, Gori et al., 2017b,a,

Gori, 2018]. The micropolar theory has been used in combination with the SPIM approach in the

numerical simulations of Section 5.3, in order to obtain a two-levels regularisation strategy (for

more details on the application of the micropolar theory to damage models and it’s combination

with the SPIM strategy refer to the papers by Gori et al. [Gori et al., 2017a,b, 2019c]).

Regularisation techniques at the numerical level can be based on the FEM or on other dis-

cretisation methods. Among the various solutions based on the finite element method there are,

for example, the use of elements with embedded discontinuities [Ortiz et al., 1987], able to rep-

resent various kind of weak and strong discontinuities, or element with embedded localisation

zones [Pietruszczak and Mróz, 1981, Belytschko et al., 1988]. Meshless methods have also been

shown to be capable of providing certain regularisation effects. One of the first works devoted

to the investigation of the regularisation properties of meshless methods is a paper by Chen et al.

[Chen et al., 2000], where the authors, focusing on moving least square and reproducing kernel

approximations, pointed out that these methods posses an intrinsic nonlocality due to the presence

of weight functions whose support size is greater than the nodal spacing. They also emphasised

that a further regularisation effect can be introduced when an assumed strain method based on the

direct discretization of a nonlocal equivalent strain measure is adopted. Recently, in a paper by

Wang and Li [Wang and Li, 2012], also the SCNI technique [Chen et al., 2001] have been shown

to be able to provide regularisation effects in localisation problems.

SPIM strategies present some analogies with the aformentioned methods and are also capable

to provide regularisation effects, as pointed out by Gori et al. [Gori et al., 2019b]. Despite the

absence of weight functions (which are present in MLS approximations), also PIM and the RPIM

approximations embed a certain nonlocality, due to the use of support domains with a size larger

than the nodal spacing. As discussed by Chen et al. [Chen et al., 2000], the MLS approximation

functions are capable to introduce a length scale which can be considered an intrinsic length,

“since it resides in the approximation but is independent of the degree of discretization refinement”

(Chen et al. [Chen et al., 2000], p. 1320). This independence on the discretisation is due to the

use influence domains which allows to obtain support domains which size is independent on the

nodal spacing. As it will be pointed out in Section 5.2, PIM strategies based on T-schemes for the

support nodes selection can’t be rigorously considered as intrinsically nonlocal, since the size of

the support domains, though larger than the nodal spacing for certain selection schemes, depends

on the refinement of the discretisation. However, a stronger nonlocal character, like the one of

MLS shape functions, can be recovered by combining SPIM strategies with the influence domain

technique for the selection of support nodes (Section 5.2). Another analogy with the discussion of

Chen et al. [Chen et al., 2000] is the presence of the smoothing operation in SPIM strategies that,

in the NS-PIM coincides with the nodal integration scheme adopted by Chen et al. [Chen et al.,

2001] and by Wang and Li [Wang and Li, 2012].

5 Numerical results

5.1 Mesh objectivity

The purpose of this section is to illustrate the mesh objectivity properties induced by the intrinsic

nonlocality of the SPIM approach. As it will be pointed out, SPIM strategies are capable to provide

better results with respect to the standard FEM regarding mesh objectivity issues in simulations

with damage models. This quality of the SPIM strategies is illustrated through the simulation



performed by Gori et al. [2019b] of the plain concrete L-shaped panel depicted in Figure 10,

investigated experimentally and numerically by Winkler et al. [2004]. While in each plot the

experimental results obtained by Winkler et al. [2004] have also been represented, it’s important

to emphasise that the aim of this section wasn’t to exactly reproduce the experimental results,

but to illustate the capability of the adopted strategies to reproduce the general behaviour of the

experimental test due to their regularisation properties. A more detailed comparison with the

experimental results would have required accurate calibrations of the damage laws and, possibly,

the use of damage models more complex than a simple scalar one, able to better capture the

physical behaviour of the sample.
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Figure 10: L-shaped panel by Winkler et al. [2004] - Geometry (measures in mm)

The concrete investigated by Winkler et al. [2004] was characterised by a Young’s modulus

E = 25850 N/mm2, a Poisson’s ratio ν = 0.18, tensile and compressive uniaxial strengths ft =

2.7 N/mm2 and 4.0 N/mm2, a fracture energy Gc = 0.065 N/mm2, and a characteristic length of

the material h = 28 mm; in the following simulations its behaviour was reproduced adopting the

Mazars scalar damage model (Equation 59), with the following parameters for the exponential

damage law, α = 0.950, β = 1100 and K0 = 1.12 ×10−4.

5.1.1 FEM simulations

The sample of Figure 10 was first investigated with the FEM, using four different discretisations

(Figure 11), each one composed by three-node triangular elements in a plane-stress state, with a

thickness of 100 mm. The four meshes were characterised by a different mean nodal spacing near

the concave corner, equal to 25 mm, 15 mm, 10 mm, and 5 mm, while it was equal to 50 mm

elsewhere. The analyses were performed adopting a loading process driven by the generalized

displacement control method [Yang and Shieh, 1990], assuming a reference load F = 7000 N, an

initial loading factor increment of 0.005, and a tollerance for convergence in relative displacement

of 1 × 10−4. The simulations discussed in this section were performed considering the tangent

approximation of the constitutive operator, except for some of the meshfree simulations with influ-

ence domains discussed later which, due to convergence issues, required a secant approximation.

The results of the FEM analyses are illustrated in Figure 12, where the values of the vertical

displacement at the point A of Figure 10 are plotted against the load factor, together with the

experimental results presented by Winkler et al. [2004]. As it can be observed, the results obtained

with the coarsest mesh were in good agreement with the experimental results, both in terms of peak

value of the load factor and shape of the softening branch, except for an initial stiffness higher

than the one observed in the experiment; this issue however, is common to other simulations



(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 11: L-shaped panel - FEM meshes

of such a test that can be found in the literature, and it can be observed also in the simulations

performed by Winkler et al. [2004]. However, the problem appeared to be strongly dependent on

the discretisation, since the analyses performed with the other meshes showed sensibly lower peak

values of the load factor. The presence of mesh dependency is also pointed out by the contour plots

of the scalar damage variable illustrated in Figure 13. Indeed, despite their shape was compatible

with the experimental cracking path depicted in Figure 10, the most refined meshes exhibited a

narrower width.
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Figure 12: L-shaped panel - FEM - Equilibrium paths
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Figure 13: L-shaped panel - FEM - Damaged configurations

5.1.2 SPIM simulations

Node- and edge-based discretisations were constructed according to the same procedure discussed

in Section 3.2.2, i.e. using the triangular finite elements illustrated in Figure 11 as background

cells, resulting in the meshes depicted in Figures 14 and 15, maintaining the same nodal distribu-

tions adopted in the FEM simulations.



(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 14: L-shaped panel - NS-RPIM meshes

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 15: L-shaped panel - ES-RPIM meshes

At each integration point, the support domains were generated using both the T3 and the T6/3

schemes, while the shape functions were constructed with the radial point interpolation method

with polynomial reproduction, using the exponential radial function with c = 0.002, and adopting

3 polynomial terms. The analyses were performed adopting the same loading process of the FEM

simulations. The results of the analyses performed with the NS-RPIM in terms of equilibrium

paths are illustrated in Figure 16, while the contour plots of the damaged configurations are de-

picted in Figures 17 and 18. As it can be observed, due to the upper bound approximation [Liu and

Zhang, 2007], the NS-RPIM produced solutions with peak values higher than the ones obtained

with the FEM. However, they exhibited the same mesh dependency issues of the finite element

solutions. It is interesting to note that both the T3 and the T6/3 schemes produced almost the same

results, both in terms of equilibrium paths and damage distributions.
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Figure 16: L-shaped panel - NS-RPIM - Equilibrium paths



(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 17: L-shaped panel - NS-RPIM T3 - Damaged configurations

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 18: L-shaped panel - NS-RPIM T6/3 - Damaged configurations

As expected from the known properties of the edge-based scheme [Liu, 2009], the equilibrium

paths obtained with the ES-RPIM (Figure 19) exhibited values that were intermediate between

the ones of the FEM and the ones of the NS-RPIM. Regarding the equilibrium paths obtained

with the T6/3 scheme it is interesting to note that while they still presented different peak values

depending on the discretisation, they were characterised by less dispersed results with respect

to the ones obtained with the T3 scheme. The effect of the T6/3 scheme was more evident in

the meshes 2, 3, and 4, which exhibited a considerable growth of the peak values; the coarsest

mesh instead, manifested almost the same peak values with the two schemes, though the post-

peak branch presented a reduced decay with the T6/3 approach. The fact that the results obtained

with the T6/3 scheme were less dispersed is also emphasised by the contour plots of the scalar

damage variable depicted in Figures 20 and 21. While the damaged zones obtained with the T3

scheme Figure 20 presented a considerably narrower width as the discretisation was refined, the

ones obtained with the T6/3 scheme appeared to be more uniform.

5.2 SPIM with influence domains

The improved results, in terms of mesh objectivity, obtained with the T6/3 scheme with respect

to the T3 scheme in the ES-RPIM simulations seems to corroborate again the hypothesis that this

class of methods, like other meshfree methods, are characterised by a certain degree of nonlocality

embedded in their formulation, as commented in Section 4. As discussed by Gori et al. [2019b],

this nonlocality can be further exploited using a different approach for the support nodes selec-

tion, switching from the T-schemes strategy to the influence domains strategy commonly adopted

in the Element-Free Galerkin method and other meshfree methods. As discussed in Section 4,

when T-schemes are being used a method can’t be rigorously considered as intrinsically nonlo-

cal in the sense given by Chen et al. [2000], since the spatial size of the support domain, and

hence the induced internal length, depends on the discretisation. On the contrary, if the support

nodes are selected using the influence domains strategy, it is possible to obtain support domains

with a spatial size that is independent on the discretisation refinement. The SPIM strategy with
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Figure 19: L-shaped panel - ES-RPIM - Equilibrium paths

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 20: L-shaped panel - ES-RPIM T3 - Damaged configurations

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 21: L-shaped panel - ES-RPIM T6/3 - Damaged configurations



influence domains presented in this section is similar to the two-level regularisation method pro-

posed by Chen et al. [2000]. In the cited paper the authors showed the regularisation effects of

RK discretisations in damage problems, while in case of elasto-plastic problems with more pro-

nounced softening they adopted the aforementioned two-level regularisation, consisting in the use

of a smoothing operation for the strain measure and an assumed strain method for the weak form.

Despite some similarities in the approach, the strategy presented in this section differs from the one

of the mentioned paper regarding the kind of shape functions, weak form and integration strategy.

The L-shaped panel was then further investigated assuming a different approach for the support

nodes selection: in the zone near the concave corner (the hatched area in Figure 22), the support

domains were constructed using the influence domains strategy, while in the other parts of the

problem domain the T3 scheme was maintained. The adopted influence domains were circular,

and the analyses were performed with three different values for their radius, 20 mm, 25 mm, and

30 mm. This approach was applied only to the meshes 2, 3, and 4, while for the mesh 1 the results

obtained with the T3 scheme were maintained. As already stated, the idea of this approach was to

try to improve the nonlocality of the SPIM strategy by using support domains larger than the ones

obtainable with the sole T6/3 scheme.

Influence domains strategy

T3 scheme

Figure 22: L-shaped panel - Area with support nodes selection via influence domains

As it can be observed in Figure 23, when circular influence domains with radius R = 20 mm

were adopted, the meshes 3 and 4 exhibited almost the same equilibrium path, with a slight dis-

crepancy in the softening branch. For the values R = 25 mm and R = 30 mm the two discretisations

still manifested the same peak value, though with larger differences in the post-peak branch. Fur-

thermore, it should be noted that to higher radii corresponded higher peak values. Considering the

results obtained for the mesh 2, it is interesting to observe that as the radius of the influence do-

mains was increased, the difference in terms of peak-values between the mesh 2 and the meshes 3

and 4 tended to decrease, emphasising the behaviour obtained with the T6/3 scheme and observed

in Figure 19.

On the other hand, despite a better agreement on the value of the peak load factor, the softening

branches still presented different paths. This behaviour can be ascribed, at least partially, to the fact

that, as pointed out by Figure 22, the influence domains stategy was applied only near the damage

initiation zone. In the other zones interested by damage propagation, that have an influence on the

shape of the post-peak branch, the approximation was constructed using the T3 scheme, without

the introduction of further nonlocal effects. This fact seems to be confirmed also by the contour

plots illustrated in Figures 24, 25 and 26. Indeed, as it can be observed, as long as the damage

developed in the area subjected to nodes selection by influence domains, the width of the damaged

zones was almost the same among the three discretisations. As it started to grow outside of that

area, the damaged zones became mesh dependent again.
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Figure 23: L-shaped panel - ES-RPIM with influence domains strategy - Equilib-

rium paths

(a) Mesh 2 (b) Mesh 3 (c) Mesh 4

Figure 24: L-shaped panel - ES-RPIM with influence domains strategy - R = 20 mm

- Damaged configurations

(a) Mesh 2 (b) Mesh 3 (c) Mesh 4

Figure 25: L-shaped panel - ES-RPIM with influence domains strategy - R = 25 mm

- Damaged configurations



(a) Mesh 2 (b) Mesh 3 (c) Mesh 4

Figure 26: L-shaped panel - ES-RPIM with influence domains strategy - R = 30 mm

- Damaged configurations

5.2.1 Drawbacks of the influence domains strategy

While the application of the influence domains strategy to PIM and RPIM shape functions exhib-

ited certain beneficial effects concerning mesh objectivity, it also presents three main drawbacks.

The first one is related to the efficiency of the numerical method. The influence domains strat-

egy indeed, tends to generate support domains with a larger number of nodes with respect to the

T-schemes, affecting the sparseness of the stiffness matrix of the discrete model, increasing the

computational cost for the solution of the model. The effects of this issue however, may be re-

duced by limiting the application of such strategy to specific parts of the problem domain, as done

in Figure 22 where it was applied in the area interested by damage propagation.

The second issue is related to the convergence of the iterative process for the solution of the

nonlinear problem. As discussed before, while most of the simulations were performed consider-

ing the tangent approximation of the constitutive operator, the most refined mesh combined with

the influence domains strategy required a secant approximation of the constitutive operator, in

order to attain convergence. The application of the influence domains strategy to the most refined

mesh resulted in support domains with a considerable number of nodes, which led to a bad con-

ditioning of the moment matrix used for the generation of the shape functions, and then to a bad

conditioning of the stiffness matrix with respect to the other situations, as illustrated in Table 1,

affecting the stability of the iterative process. It is necessary to emphasise that the analysis of the

most refined mesh with the influence domains strategy also required an adjustment of the shape

parameter of the radial function which was modified to 0.003, since the initial value of 0.002 led

to a singular stiffness matrix.

Mesh T3 T6/3 R = 20 mm R = 25 mm R = 30 mm

2 1.7310× 10
4

4.1281× 10
4

3.1798× 10
4

2.7123× 10
4

3.3014× 10
4

3 2.2411× 10
4

6.7891× 10
4

6.0680× 10
4

6.2369× 10
4

8.2492× 10
4

4 2.5352× 10
4

1.1324× 10
5

4.5255× 10
16

1.6335× 10
13

2.3189× 10
13

Table 1: Condition number of the initial stiffness matrix

The third and final issue is the possibility to obtain a singular moment matrix for the integration

points near the domain boundary. As discussed by Liu [2009], PIM shape function suffer from

singularity issues in presence of peculiar support nodes alignments, like the one that may arise

when a large number of support nodes is selected on a straight domain boundary; the same issue

may appear also with RPIM and RPIMp shape functions. While nodes alignments are naturally

avoided with T-schemes, when using an influence domains strategy there is no such control over

possible alignments.



These issues point out that the use of the influence domains strategy as a mean for improving

the regularisation properties of the SPIM approach still need further investigations to guarantee a

more general applicability.

5.3 Mixed-mode fracture in concrete

The previous section pointed out the mesh objectivity properties induced by the intrinsic nonlocal-

ity of the SPIM approach. In a number of situations however, such properties are not sufficient to

completely regularise a simulation and further tools are needed. The purpose of the present section

is then to show that the SPIM approach can be combined with other regularisation strategies, in

this case the micropolar continuum theory, to provide a stronger regularisation effect. This quality

of the SPIM is illustrated with the simulation performed by Gori [2018] and Gori et al. [2019a] of

the four-point shear test of the plain concrete beam depicted in Figure 27, investigated experimen-

tally by Arrea and Ingraffea [1982]; this test has been widely used in the literature as a benchmark

for numerical investigations on concrete behaviour. The beam is characterised by a mixed-mode

loading, with an high shear gradient between the fixed constraint and the applied load P. The fail-

ure corresponds to a curved crack path, going from the top of the notch to the point of application

of the load P. Due to its characteristics, the simulation of such test is difficult with scalar-isotropic

damage models, and usually requires more complex approaches, like discrete cracking methods

(see, e.g. Oliver et al. [2002], Rabczuk and Belytschko [2004], de Borst et al. [2004] and Fang

et al. [2008]), or special treatments for scalar damage models like the non-local approach (see, e.g.

Jirásek [2007]), for example. As it will be shown in the present section, analyses performed with

classic scalar damage models were not able to reproduce the experimental results of the four-point

shear test, due to instabilities in the loading branch of the equilibrium paths. On the other hand, it

was possible to reproduce the behaviour of the experimental test by providing the SPIM approach

with a further level of regularisation, using the micropolar approach (Section 4). This result was

expected for this peculiar loading condition since, in presence of high values of shear stresses,

couple-stresses usually arise, leading to the activation of the internal bending length, and to the

regularisation effects of the micropolar formulation.

0.13 P P

203 397 61 61 397 203

82

224

CMSD

Experimental crack path

Figure 27: Four-point shear test by Arrea and Ingraffea [1982] - Geometry (mea-

sures in mm)

The concrete used by Arrea and Ingraffea [1982] in the experimental test was characterised by

a Young’s modulus E = 24800 N/mm2, Poisson’s ratio ν = 0.20, tensile uniaxial strength between

2.8 N/mm2 and 4.0 N/mm2, and fracture enegy between 0.10 N/mm2 and 0.14 N/mm2; these

characteristics were reproduced in these simulations adopting the Mazars scalar damage model

(Equation 59), with the following parameters for the exponential damage law (Equation 58), α =

0.950, β = 1000 and K0 = 1.6 ×10
−4.



5.3.1 FEM simulations

The analyses with the finite element method were performed considering meshes composed by

three-node triangular elements in a plane-stress state, with a thickness of 156 mm. Three dis-

cretisations were adopted (Figure 28), with mean nodal spacing of 30 mm, 20 mm, and 10 mm

between the notch and the point of application of the load P, and 70 mm elsewhere. The notch was

represented as sharp, with an initial opening of 5 mm.

(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 28: Four-point shear test - FEM meshes

The FEM analyses were performed adopting a loading process driven by a cylindrical arc

length control method, assuming a reference load P = 130000 N, an initial loading factor incre-

ment of 0.0125, and a tollerance for convergence in relative displacement of 1 × 10−4. All the

simulations presented in this section were performed considering the tangent approximation of the

constitutive operator. The results of the analyses performed with the classic medium, in terms of

crack mouth sliding displacement (CMSD) plotted against the load factor are illustrated in Fig-

ure 29, together with the experimental results obtained by Arrea and Ingraffea [1982]. As it can be

observed, no one of the three meshes was able to describe the behaviour of the beam; the meshes

1 and 2 exhibited an elastic unloading once the peak value of the load factor was reached, while

the third mesh lost convergence before the maximum load factor value.
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Figure 29: Four-point shear test - FEM - Equilibrium paths

The analysis of the four-point shear test was repeated for the three discretisations using the

micropolar medium, with six different combinations of the additional material parameters, adopt-



ing the values 500 N/mm2, 2500 N/mm2, and 3500 N/mm2 for the Cosserat’s shear modulus Gc,

and the values 5.0 mm and 10.0 mm for the internal bending length Lb. The results are collected

in the plots of Figure 30. As it can be observed, the use of the micropolar medium with a simple

scalar damage model allowed to investigate also the post-peak branch of the equilibrium paths,

which were affected by both the additional material parameters; specifically, to higher values of

Gc and Lb corresponded higher peak values of the load factor. Despite the fact that, on the contrary

of the classic medium, the micropolar one allowed to reproduce the softening phase of the load-

ing process, it can be observed that the solutions depicted in Figure 30 strongly depended on the

discretisation, with lower peak values obtained with the most refined meshes. This fact is empha-

sised also by the damaged configurations illustrated in Figure 31. The damaged zones obtained

with the three meshes were compatible with the expected cracking path (Figure 27); however, it

can be observed that to a finer mesh corresponded a narrow damaged zone, pointing out the mesh

dependency of the problem, which wasn’t mitigated by the micropolar formulation.
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Figure 30: Four-point shear test - Micropolar FEM - Equilibrium paths



(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 31: Four-point shear test - Micropolar FEM - Gc = 2500 N/mm2 - Lb = 10.0

mm - Damaged configuration

5.3.2 ES-RPIM simulations

The beam of Figure 27 was investigated using also the ES-RPIM, with the discretisations de-

picted in Figure 32, each one obtained constructing the edge-based smoothing domains using as

background cells the triangular finite elements of Figure 28, hence maintaining the same nodal

distributions of the finite element meshes17.

(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 32: Four-point shear test - ESRPIM meshes

Regarding the generation of the support domains, both the T3 and the T6/3 schemes were

adopted. The shape functions were constructed with the radial point interpolation method with

polynomial reproduction, using the exponential radial function (15) with c = 0.002, and adopting

3 polynomial terms. As for the finite element analyses, the nonlinear simulations were performed

adopting a loading process driven by a cylindrical arc length control method, assuming a reference

load P = 130000 N, an initial loading factor increment of 0.0125, and a tollerance for convergence

in relative displacement of 1 × 10−4, considering the tangent approximation of the constitutive

operator. The results of the analyses performed with the classic medium are illustrated in Fig-

ure 33. As it can be noted, in this case the behaviour of the ES-RPIM was similar to the finite

element method (Figure 29); in all the simulations the models lost convergence already in the

17The simulation of the four-point shear test was performed using also node-based smoohing domains.

Both polynomial and radial basis functions were tested, as well as both the selection schemes T3 and T6/3.

However, neither with the classic nor with the micropolar medium it was possible to obtain satisfactory

results, since damage initiated long before the expected threshold and the analyses arrested soon after the

onset of damage. Hence, only the results obtained with the edge-based method are presented in this section.



loading path, except for the mesh 1 with the T3 scheme, which manifested an elastic unloading

along the original loading path once the peak value was attained.

0.00 0.02 0.04 0.06 0.08 0.10 0.12
0.00

0.40

0.80

1.20

CMSD [mm]

L
o
a
d

F
a
ct

o
r

0.00 0.02 0.04 0.06 0.08 0.10 0.12
0.00

0.40

0.80

1.20

CMSD [mm]

(a) T3 (b) T6/3

Experimental Mesh 1 Mesh 2 Mesh 3

Figure 33: Four-point shear test - ES-RPIM - Equilibrium paths

Like in the case of the finite element method, the analyses with the micropolar medium gave

significantly better results. Adopting the T3 scheme it was possible to investigate the softening

phase of the loading process, except for the combinations with Gc = 500 N/mm2, which exhibited

instabilities with the meshes 1 and 3, and for the mesh 3 with the combination Gc = 2500 N/mm2

and Lb = 10.0 mm, which also lost convegence in the loading phase, as it can be observed in

Figure 34. Figure 35 illustrates the damaged configurations obtained for the three discretisations

with the combination Gc = 3500 N/mm2 and Lb = 10.0 mm, showing damaged zones compatible

with the expected crack path depicted in Figure 27. However, observing the results illustrated

in Figures 34 and 35 it is worth it to note that also in this case, as previously observed for the

finite element method, the analyses were strongly dependent on the discretisation, with lower

peak values and narrower damaged zones in the finest meshes.

The adoption of the T6/3 selection scheme in the ES-RPIM simulations led to an improvement

of the results. Observing the equilibrium paths of Figure 36 it can be noted that more stable anal-

yses were obtained, also with the combinations with Gc = 500 N/mm2, which were characterised

by instabilities in the case of the T3 scheme. Furthermore, while the simulations with the coarsest

discretisation led to results well above the experimental ones, both the meshes 2 and 3 produced

results that fell in the experimental rage. The most interesting result however, is that a certain

mesh objectivity was observed adopting this scheme. Indeed, observing the equilibrium paths of

the meshes 2 and 3 it can be noted that they exhibited similar results in terms of peak value, and

were almost coincident in the final part of the softening branch, especially for the combinations

with Gc = 3500 N/mm2, with some discrepancies in the middle of the post peak branch. This result

is emphasised also by the contour plots of the scalar damage variable depicted in Figure 37. Com-

paring Figure 37(b) with Figure 37(c) it can be observed that the two discretisations with the T6/3

scheme produced damaged zones with a similar width, while with the T3 scheme the difference in

width was considerably higher (see Figures 35(b) and 35(c)).
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Figure 34: Four-point shear test - Micropolar ES-RPIM T3

(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 35: Four-point shear test - Micropolar ESRPIM-T3 - Gc = 3500 N/mm2 - Lb

= 10.0 mm - Damaged configuration
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Figure 36: Four-point shear test - Micropolar ESRPIM-T6/3

(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 37: Four-point shear test - Micropolar ESRPIM-T6/3 - Gc = 3500 N/mm2 -

Lb = 10.0 mm - Damaged configuration



6 Concluding remarks

The main aim of this paper was to review the main aspects of the application of smoothed point

interpolation methods, a family of meshless methods, to the problem of damage modelling. It

has been clearly pointed out that this class of meshless methods is a valid alternative to deal with

constitutive models that exhibit a strain-softening behaviour, such as the scalar damage model

considered in the paper. Different levels of regularisation can be obtained, depending on how the

meshless method is used. It has been shown that, when used as the sole regularisation strategy,

SPIM techniques are not capable to provide a sufficient level of regularisation in certain situations.

Whenever this occours, SPIM techniques can be combined with other regularisation strategies, like

the micropolar continuum theory considered in this paper, in order to obtain a stronger regularisa-

tion effect. The paper also briefly discussed other existing results regarding regularisation effects

provided by other meshless methods. Despite the promising results reviewed in this paper, further

investigations seems to be necessary to truly point out the potential of meshless methods when ap-

plied to damage modelling and to other nonlinear phenomena. Among the possible studies there

are:

• the evaluation of the influence of different kind of shape functions on the regularisation

effects provided by SPIM strategies;

• the investigation of regularisation effects provided by other meshless methods like the

MLPG, for example;

• the evaluation of the optimal size of the support domain to give a good trade-off between

regularisation effects and the sparseness of the stiffness matrix;

• the association of meshless methods with other regularisation techniques.
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Z. Bažant and B. Oh. Crack band for fracture of concrete. Matériaux et Constructions, 16:155–

177, 1983.
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