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Resumo

Neste trabalho visamos introduzir algumas noções de convergência de árvores aleatórias
por meio de teoria e exemplos em três perspectivas. A primeira é a convergência de
funções contorno e altura de árvores relacionadas a árvores de Galton-Watson críticas
não degeneradas com variância finita. A segunda é a introdução ao conjunto dos espaços
métricos conhecidos como árvores reais, à codificação destes elementos por excursões
contínuas e à distãncia de Gromov-Hausdorff entre espaços métricos. Por fim, quando
munimos as árvores reais de uma medida Boreliana, nós introduzimos a convergência
Gromov-Hausdorff vaga de espaços métricos Heine- Borel.

Palavras-chave: árvores reais; árvores de Galton-Watson; convergência de árvores
aleatórias; convergência Gromov-Hausdorff vaga; função altura; função contorno; métrica
Gromov-Hausdorff.



Abstract

In this work we aim to introduce some notions of convergence of random trees by in-
troducing theory and giving examples in three different perspectives. The first one is
the weak convergence in path space of contour and height functions of trees related to a
critical non-degenerate Galton-Watson trees with finite variance. The second is by intro-
ducing the set of metric spaces known as real trees, the coding of real trees by continuous
excursions and the Gromov-Hausdorff distance between metric spaces. Finally, by equip-
ping the real trees with a Borelian measure, we introduce the Gromov-Hausdorff vague
convergence of Heine-Borel metric spaces.

Keywords: contour function; convergence of random trees; Galton-Watson trees; Gromov-
Hausdorff metric; Gromov-Hausdorff vague convergence; height function; real trees.
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Introduction

In this work, we aim to introduce a notion of convergence of random trees. In order to
do so, we proceed by presenting central ideas that permeate the theory behind classical
examples in this field.

In our first chapter, following the ideas of [19], we focus on rooted ordered discrete
trees and some methods of coding them as simpler objects: graphs, càdlàg and continuous
functions, or sequences of numbers in Z. After that we recall the definition and useful
properties of Galton-Watson trees. Finally we begin to discuss convergence of contour
functions of Galton-Watson trees in specific examples with Geom(1

2) offspring distribution,
presenting a detailed proof based on [19], which follows itself ideas presented in [3]. Then
following [19] and [20], the generalized result regarding the rescaled convergence of the
height function of any critical non-degenerate Galton-Watson trees with finite variance is
stated and proved.

In the second chapter, still following [19], we present the definition of the metric spaces
known as real trees, a generalization of the notion of a discrete tree. By coding real trees
as continuous excursions and equipping the space of compact real trees with the Gromov-
Hausdorff metric, we show the relation between convergence of continuous functions and
convergence of compact metric spaces. As an illustration of this theory, we introduce the
Continuum Random Tree (CRT) as the weak rescaled limit of a sequence of discrete trees
uniformly chosen in the set of trees with n vertices. This real tree, first introduced in [1]
as the scaling limit of a uniformly chosen labelled tree with n vertices embedded in l1,
is the most classical example of real tree, as it is the scaling limit of several sequences
(tn)n∈N of trees such that tn is randomly chosen in the set of trees with n vertices.

Then in section 2.3, now based on the work [6], we change our focus by equipping rooted
real trees with a Borelian measures, what we call a measure metric tree. In the set of
Heine-Borel metric measured spaces, we introduce the notion of Gromov-Hausdorff vague
convergence, a combination between the already presented Gromov-Hausdorff metric, and
vague convergence of measures. As before, we present a relation between the Gromov-
Hausdorff vague convergence of measured metric trees and the convergence in path space
of the continuous excursions that codes them.

Finally, as an application of this theory, we show the Gromov-Hausdorff vague conver-
gence of the rescaled Kallenberg-Kesten tree with offspring distribution Geom(1

2) (i.e., the
corresponding Galton-Watson tree conditioned on survival). The limit in this example is
equal to the self-similar continuum random tree introduced by Aldous in [1] as the limit
of a sequence of uniformly chosen labelled trees with n vertices and distance rescaled by
n−α, for α ∈ (0, 1

2), when embedded in l1. The importance of this example is related
to the work of Kesten in [16], where it is stated that the rescaled height function of the
nearest-neighbor random walk on the Kallenberg-Kesten tree converges weakly in path
space (under the annealed law) to a non zero function.

Further works related to Kesten’s theorem are mentioned in subsection 2.4. There we
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discuss applications of the theory presented in the past chapters regarding convergence of
random walks on random trees and, scaling limits of other types of random trees.
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Chapter 1

Discrete trees

1.1 Discrete trees
Consider the following set

U = ∪∞
n=0Nn

with the conventions that N = {1, 2, . . .} and N0 = {∅}. If u ∈ U is such that u =
(u1, u2, . . . , un), for ui ∈ N, 1 ≤ i ≤ n, we set |u| = n the generation of u.

We will put a kinship relation between elements of U using the function π : U \{∅} → U
defined by π(u1, u2, . . . , un) = (u1, u2, . . . , un−1), and saying that π(u) is the father of u.
We denote by πk the k th iteration of π.

Definition 1.1. A finite rooted ordered tree t is a finite subset of U such that:

(i) ∅ ∈ t.

(ii) u ∈ t \ {∅} ⇒ π(u) ∈ t.

(iii) ∀u ∈ t ∃ ku(t) ≥ 0 such that ∀j ∈ N, (u, j) ∈ t ⇔ 1 ≤ j ≤ ku(t).

Let us denote by A the set of all finite rooted ordered trees.
Similarly we can define a infinite rooted ordered tree as a infinite countable subset of

U that satisfies the same properties. In this chapter we will consider only the finite case.

Remark 1.2. In general, we interpret each vertex of the tree t as a member of a family
whose family tree is given by t. In this situation we can define ≺ a genealogical order on
the tree, so, given u, v ∈ t, u ≺ v if v is a descendant of u.

We also interpret the number ku(t) as the number of children of u in t.

From now on we will denote by #t the total number of vertices in a tree and by
u0 = ∅, u1, . . . , u#t−1 the elements of t listed in lexicographical order.

We also will use the notation u ≤ v for the lexicographical order in U . Note that this
defines a total order on the tree, while the genealogical order defines only a partial order,
but, for u, v ∈ t, u ≺ v implies that u ≤ v. For example in the tree t = {∅, 1, (1, 1), 2} we
have that ∅ ≤ 1 ≤ (1, 1) ≤ 2 in the lexicographical order but in the genealogical order we
can only state the relations ∅ ≺ 1 ≺ (1, 1) and ∅ ≺ 2.

Discrete trees can be represented graphically in several different ways. Here we will
highlight some of them.
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The first one is the usual representation of a tree as a graph with the vertices being
the elements of t, and edges connecting each vertex u ∈ t with vertex of the form (u, j)
where j ∈ N.

Now we will code a discrete tree by functions on its elements.

Definition 1.3. For t a discrete tree and 0 ≤ n ≤ #t− 1 define the height function of t at
n as ht(n) = |un|. That means that the height function is the sequence of the generations
of the individuals (un)#t−1

n=0 listed in lexicographical order.

Definition 1.4. Let us construct the contour function Cs of a tree t. First, we embed the
graph representation of the tree in the plane in such a way that all the edges have length
one, so we imagine a particle that begins in the root at time s = 0 and then explores the
tree walking continuously on the edges with unit speed in such a way that it visits new
vertices according to the lexicographical order, following the clockwise direction.

In this exploration we cross each edge exactly two times, then the total time of explo-
ration is ζ(t) = 2(#t− 1).

The contour function Cs, for s ∈ [0, ζ(t)], is given by the graph distance on the tree
between the position of the particle at time s and the root.

In figure 1.1 we illustrate the constructions given above.

Figure 1.1: Graphical representations of a rooted ordered tree.

Note that in the height function we make the same path as the one of the contour
function but we ignore the vertices that had already been explored before in the particle
path, and the time spend by walking between them.

As said in remark 1.2 we can see trees as family trees. One way to formalize that is
given below.

Denote by S the set of all finite sequences of nonnegative integers m1, . . . ,mp, with
p ≥ 0, such that

• m1 +m2 + . . .+mi ≥ i, ∀i ∈ {1, . . . , p− 1}

• m1 +m2 + . . .+mp = p− 1.

We now prove that there is indeed an identification between S and A
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Proposition 1.5. The mapping

Φ : t → (ku0(t), ku1(t), . . . , ku#t−1(t))

defines a bijection from A onto S.

Proof: Indeed, if p = #t, it follows that

• ku0(t) + ku1(t) + . . . + kui
(t) ≥ i + 1, ∀i ∈ {0, . . . , p − 1}, since this sum counts all

the children of u0, . . . , ui, which contains at least the elements u1, . . . , ui, ui+1.

• ku0(t) + ku1(t) + . . .+ ku#t−1(t) = #t− 1 = p− 1, because it counts all elements of
the tree except by the root.

so Φ is a well-defined function. It is injective by item (iii) on the definition of a finite
rooted ordered tree using the lexicographical order.

To prove surjectivity, consider (m1, . . . ,mp) ∈ S. We construct t ∈ A such that
Φ(t) = (m1, . . . ,mp) following the following algorithm: consider (t(n))p

n=0 a sequence of
trees indexed by time n ∈ N0 that will be modified by adding new elements at each
time. Begin with t(0) = {∅}, we define t(1) by adding 1, 2, . . . ,m1 to t0 (the children
of the root, u0, in lexicographical order). Next we define t(2) as t(1) plus the elements
(1, 1), (1, 2), . . . , (1,m2) as sons of 1 (u1), with the convention that if m2 = 0, then t(2) =
t(1). We keep defining t(n) inductively by adding the elements (un−1, 1), . . . , (un−1,mn) to
the tree t(n−1) until we reach the time n = p, in which #t(p) = 1 +m1 + . . .+mp = p.

By construction it easily follows that t(p) is a finite rooted ordered tree and Φ(t(p)) =
(m1, . . . ,mp). Therefore the proposition is proved. ■

For our goals it will be useful to consider another way to code trees by finite sequences.

Definition 1.6. Let t be a rooted ordered tree. A Lukasiewicz path is a sequence of integers
with indices 0 ≤ n ≤ #t which satisfies the properties

• xn =
n∑

i=1
(kui−1(t) − 1).

• x0 = 0 and x#t = −1.

• xn ≥ 0 for every 0 ≤ n ≤ #t− 1.

• xi − xi−1 ≥ −1 for every 1 ≤ i ≤ #t.

The mapping Φ of the previous proposition induces a bijection between A and Lukasiewicz
paths.

Now we introduce a relation between the Lukasiewicz path and the height function of
a tree.

Proposition 1.7. The height function ht and the Lukasiewicz path of a tree t are related
by the formula

ht(n) = #{j ∈ {0, 1, . . . , n− 1} : xj = inf
j≤k≤n

xk}

for every n ∈ {0, . . . ,#t− 1}.
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Proof: By definition

ht(n) = #{j ∈ {0, 1, . . . , n− 1} : uj ≺ un}.

We will prove that uj ≺ un iff xj = infj≤k≤n xk.
We verify that

inf{k ≥ j : xk < xj} =
#t , if for all k > j, uj ≺ uk

inf{k > j : uj ⊀ uk} , otherwise

In fact, writing

Sj
k = xk − xj =

k−1∑
i=j

(kui
(t) − 1)

setting Sj
j = 0 by convention, Sj

k = Sj
k−1 +(kuk−1(t)−1), that is, for each k, Sj

k counts the
“profit” of descendants left by the vertices uj, uj+1, . . . , uk−1, as illustrated by the example
below: so we have Sj

k ≥ 0 for every k > j such that uj ≺ uk, and Sj
m = −1 if m is the

Figure 1.2: Example of the calculation of Sj
k.

first k ≥ j such that uk is not a descendant of j. ■

1.2 Galton-Watson trees.
Let (Xn.j)n,j∈N be a set of independent and identically distributed random variables with
distribution µ that take values on N0.

A Galton-Watson process is a stochastic process (Zn)n∈N defined by

Z0 = 1 and Zn =
Zn−1∑
j=1

Xn,j, for all n ∈ N.

A classical interpretation of this model is as a population growth: each individual gives
birth to a random i.i.d. number of children of the next generation and dies. We then see
Zn as the total number of elements in the n-th generation.

Now we present a classical result regarding this model.
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Theorem 1.8. Let λ = ∑
k∈N0 kµ(k) = Eµ(X1,1) and let us consider Pµ(limn→∞ Zn = 0)

the probability of extinction of the process. If µ is non-degenerate we have:

• If λ ≤ 1, then Pµ(limn→∞ Zn = 0) = 1.

• If λ > 1, then Pµ(limn→∞ Zn = 0) < 1.

That means that the population only has a positive probability of survival if λ > 1 or
µ(k) = 1, for some k ≥ 1.

This theorem can be proved by arguments related to generating functions, see [14,
Theorem 5.1], or with martingales theory, see [7, Example 12.29].

From now on we will refer to the distribution µ as

• Subcritical, if ∑k∈N0 kµ(k) < 1.

• Critical, if ∑k∈N0 kµ(k) = 1.

• Supercritical, if ∑k∈N0 kµ(k) > 1.

Another classical result related to Galton-Watson trees is given below.

Theorem 1.9. Consider µ a critical offspring distribution such that 0 < σ2 < ∞, where
σ2 = ∑

k∈N0 k
2µ(k) − (∑k∈N0 kµ(k))2. We introduce the notations

f(s) =
∑
k≥0

skµ(k), for s ∈ C, |s| ≤ 1

and fn, the n-th iteration of f .
Then 1 − fn(0) = P (Zn > 0), that is, the probability of the µ-Galton-Watson tree

survive for at least n generations. Additionally, as n → ∞

1 − fn(0) − 2
nσ2 = o (1/n) .

The proof of this theorem can be found in [14, Theorem 9.1].
Henceforth we consider only subcritical or critical non-degenerate offspring distribu-

tions.

Proposition 1.10. Let (Ku)u∈U be a collection of independent and identically distributed
random variables with distribution µ. Denote by θ the random subset of U given by

θ = {u = (u1, . . . , un) ∈ U : uj ≤ Kπn−j+1(u) for every 1 ≤ j ≤ n}.

Then θ is almost surely a tree. Furthermore (Zn)n∈N0 where

Zn = #{u ∈ θ : |u| = n}, n ∈ N0,

is a Galton-Watson process with offspring distribution µ and initial value Z0 = 1. In this
context, we will call θ a µ-Galton-Watson tree.

To prove this statement, it is sufficient to take ku(θ) = Ku for every u ∈ θ.
Remember that by proposition 1.8 we have that θ is almost surely a finite tree.
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Definition 1.11. Also, for t a tree and 1 ≤ j ≤ k∅(t), we introduce the notation

Tjt = {u ∈ U : (j, u) ∈ t}

that is, Tjt is the tree t shifted at j.
Let us denote by Πµ as the distribution of a µ-Galton-Watson tree on the space A. Πµ

is characterized by

• Πµ(k∅ = j) = µ(j), j ∈ N0.

• (Branching property) For every j ≥ 1with µ(j) > 0, the shifted trees T1t, . . . , Tjt are
independent under the conditional probability Πµ(·|k∅ = j), and their conditional
distribution is Πµ.

We now give a explicit formula for the distribution of a µ-Galton-Watson tree.

Proposition 1.12. Let us consider Πµ as the distribution of θ, a µ-Galton-Watson tree on
the space A. Then, for every t ∈ A,

Πµ(t) =
∏
u∈t

µ(ku(t)).

Proof: Observe that
{θ = t} =

⋂
u∈t

(Ku = ku(t))

so we have
Πµ(t) = P (θ = t) =

∏
u∈t

P (Ku = ku(t)) =
∏
u∈t

µ(ku(t)).

■

Proposition 1.13. Let θ be a µ-Galton-Watson tree and consider Φ as defined in propo-
sition 1.5. Then

Φ(θ) (d)= (M1,M2, . . . ,MT )
where M1,M2, . . . are independent random variables with distribution µ and

T = inf{n ≥ 1 : M1 + . . .+Mn < n}.

Proof: Assume that θ is given by the construction of the previous proposition.
Let (Un)0≤n≤#θ−1 be the elements of θ listed in lexicographical order, with the conven-

tion that U0 = ∅.
By the construction of θ,

Φ(θ) = (KU0 , . . . , KU#θ−1)

as KU0 + . . .+KUn ≥ n+1 for all n ∈ {0, 1, . . . ,#θ−2} and KU0 + . . .+KU#θ−1 = #θ−1.
Define Up for p ≥ #θ by adding p−#θ+1 labels 1 to the right of U#θ−1, as exemplified

below
Up = (U#θ−1, 1, 1, . . . , 1).

To prove the proposition we will check by induction on p that KU0 , . . . , KUp are i.i.d.
with distribution µ for every p ≥ 0 (observe that T (d)= #θ − 1 is already clear by the
definition of Φ and the elements of S). Observe that despite the variables (Ku)u∈U being
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independent with distribution µ, the labels (Un)0≤n≤p are random variables that depend
on (Ku)u∈U .

For p = 0 and p = 1, the result follows since U0 = ∅ and U1 = 1 deterministically.
Now take p ≥ 2 and assume that the hypothesis holds for k ≤ p − 1. For every fixed

u ∈ U consider Cu = θ ∩ {v ∈ U : v ≤ u}, then #Cu is measurable with respect to
σ(Kw : w < u). Indeed, taking v = (v1, . . . , vn) ≤ u

{v ∈ θ} = ∩n−1
m=0{K(v1,...,vm) ≥ vm+1} ∈ σ(Kw : w < v) ⊂ σ(Kw : w < u),

so we have
{#Cu ≥ ℓ} =

⋃
v1,...,vℓ≤u

vi ̸=vj ,∀i ̸=j

ℓ⋂
j=1

{vj ∈ θ} ∈ σ(Kw : w < u).

We also note that {U#θ−1 = v} is measurable with respect to σ(Kv, v < u) when v < u:

{U#θ−1 = (v1, . . . , vn) = v} = {Kv = 0} ∩
n−1⋂
m=0

{K(v1,...,vm) = vm+1} ∈ σ(Kw : w < u).

As consequence, by our definition of the sequence (Un)n∈N0

{Up = u} ∩ {#θ > p} = {u ∈ θ} ∩ {#Cu = p+ 1}

so the left-hand side is measurable with respect to σ(Kv, v < u).
Additionally the same holds for

{Up = u} ∩ {#θ ≤ p} = {#Cu ≤ p} ∩
⋃

U∋v<u

{U#θ−1 = v} ∩ {u = (v, 1, . . . , 1)}

Hence {Up = u} is σ(Kv, v < u) measurable.
Now, in order to prove independence betweenKUp and σ(KU0 , . . . , KUp−1), take g0, g1 . . . , gp

nonnegative functions on N0 and note that

E[g0(KU0)g1(KU1) · · · gp(KUp)] =
=

∑
u0<u1<···<up

E
[
1{U0=u0,...,Up=up}g0(Ku0) · · · gp(Kup)

]
=

∑
u0<u1<···<up

E
[
1{U0=u0,...,Up=up}g0(Ku0) · · · gp−1(Kup−1)

]
E[gp(Kup)]

because, by the Galton-Watson tree construction, Kup is independent of σ(Kv, v ≤ u) ∋
{Up = u}. Thus, as E[gp(Kup)] =

∫
gpdµ = µ(gp) does not depend on up,

E[g0(KU0)g1(KU1) · · · gp(KUp)] = E[g0(KU0)g1(KU1) · · · gp(KUp)]µ(gp),

and by applying the induction hypothesis we complete the proof. ■

As immediate consequence of this proposition we obtain

Corollary 1.14. Let (Sn)n∈N0 be a random walk on Z with initial value S0 = 0 and jump
distribution ν(k) = µ(k + 1) for every k ≥ −1. Set

T = inf{n ≥ 1 : Sn = −1}.

Then the Lukasiewicz path of a µ-Galton-Watson tree θ has the same distribution as
(S0, S1, . . . , ST ). In particular, #θ and T have the same distribution.
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1.3 Time-scale convergences
We have seen that a tree can be coded by a continuous function, the contour function.
As the weak scale limit of continuous functions is well studied (see appendix A), we could
first try to understand the scaling limit of the contour function. A simpler case is given
below.

Example 1.15. Let µ ∼ Geom(1
2).

Note that, for n ∈ N and Cn the contour function at n of θ, the Galton-Watson tree
with distribution µ, we have Cn+1 = Cn ±1. We claim that, for µ ∼ Geom(1

2), the contour
process (Cn)n∈N behaves like a simple random walk.

To prove this, we begin by introducing some notations:

• in, the element u ∈ θ visited at time n by the particle that defines the contour
function.

• τ (1)
u = infk≥0{ik = u}, the first visit time to u ∈ U and, for ℓ ≥ 1

τ (ℓ+1)
u = inf

k>τ
(ℓ)
u

{ik = u}

is the ℓ+ 1-th visit time to u ∈ U . By convention, define inf{∅} = ∞.

• Au = ∪m∈Nπ
m(u), are the ancestors of u ∈ U .

• Dm
u (θ) = Dm

u = ∪v∈U{(u,m, v)} ∩ θ, the descendants of the m-th child of u ∈ U on
the realization θ of the tree.

• vu
t = ∑t

m=0 1{im=u}, the number of visits made to u ∈ U up to time t.

• kin(θ) = kin , the total number of children of the vertex in in the realization θ of the
Galton-Watson tree.

Suppose that u = (u1, . . . , uk) ∈ θ. Then

τ (1)
u =

∑
v<u

v /∈Au

2Kv(θ) +
k∑

i=1
(2ui − 1) (1)

and, on the event {ku ≥ ℓ− 1} for ℓ > 1

τ (ℓ)
u = τ (ℓ−1)

u +
∑

v∈Dℓ−1
u

(2Kv(θ)) + 2 (2)

and observe that τ (ℓ)
u = ∞ on {ku < ℓ− 1} ∪ {u /∈ θ}.

Note that the sums

∑
v<u

v /∈Au

2Kv(θ) +
k∑

i=1
(2ui − 1),

∑
v∈Dℓ−1

u

(2Kv(θ)) + 2, ∀ℓ ≥ 2

are measurable with respect to σ(kv : v < u), and σ(kv : v > u), respectively, so the event
{τ (ℓ)

u = n} can be decomposed as

{τ (ℓ)
u = n} = {ku ≥ ℓ− 1} ∩ {u ∈ θ} ∩ Aℓ

n (3)
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where

Aℓ
n =

{ ∑
v<u

v /∈Au

2Kv(θ) +
k∑

i=1
(2ui − 1) +

ℓ−1∑
m=1

∑
v∈Dm

u

(2Kv(θ)) + 2 = n
}

is measurable with respect to σ(kv : v ̸= u), therefore, it is independent of ku.
We also have, for u ∈ U

{in = u} =
⋃

m∈N
{τ (m)

u = n}.

Note that Cn+1 = Cn + 1 iff kin ≥ vn
n, because as the vertex in is visited exactly kin + 1

times by the explorer particle, if kin ≥ vn
n then in has at least one descendant that has

not yet been visited by the particle, and, after this exploration, the particle will visit in
at least once more. So we can write

Pµ(Cn+1 = Cn + 1) = Pµ(kin ≥ vin
n )

=
∑
k≥0

Pµ(kin ≥ k, vn
n = k)

=
∑
k≥0

∑
u∈U

Pµ(kin ≥ k, vin
n = k, in = u)

=
∑
k≥0

∑
u∈U

Pµ(ku ≥ k, τ (k)
u = n)

=
∑
k≥0

∑
u∈U

Pµ(ku ≥ k, ku ≥ k − 1, u ∈ θ, Ak
n)

by the decomposition on (3). So, by independence of these events and the memoryless
property of the geometric distribution

Pµ(Cn+1 = Cn + 1) =
∑
k≥0

∑
u∈U

Pµ(ku ≥ k, ku ≥ k − 1)Pµ(u ∈ θ, Ak
n)

=
∑
k≥0

∑
u∈U

Pµ(ku ≥ 1)Pµ(ku ≥ k − 1)Pµ(u ∈ θ, Ak
n)

= 1
2
∑
k≥0

∑
u∈U

Pµ(in = u, vu
n = k) = 1

2

as we claimed.
Let (θn)n∈N be a sequence of independent µ-Galton-Watson trees, and for each tree let

us consider its contour function by (Cθj
(s), 0 ≤ s ≤ ζ(θj)). Then C = (Cs)sz∈R+ , where

Cs = Cθj
(s− (ζ(θ1) + . . .+ ζ(θj−1)))

if ζ(θ1) + . . . + ζ(θj−1) ≤ s ≤ ζ(θ1) + . . . + ζ(θj), is the concatenation of all contour
functions.

As consequence of our discussion, C is exactly the linear interpolation of the graph of
the reflected simple and symmetric random walk on Z. Then, by Donsker’s invariance
principle and the continuous mapping theorem, as the reflection on x = 0 is a continuous
map (

1√
n

Cns

)
s∈R+

(d)−−−→
n→∞

(γt)t∈R+ (4)

where γ is a reflected Brownian motion.
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In the next example, we consider a conditioned random tree also related to a Galton-
Watson tree with geometric offspring distribution. In order to do so we introduce the
following definition:

Definition 1.16. The normalized Brownian excursion (et)t∈[0,1] is the Brownian excursion
conditioned to have length 1.

For a more precise definition of this process see [15, Section 2] or [8, Section 8.4].

Example 1.17. Let us prove time scale convergence for a tree uniformly chosen on the set
of trees with a fixed number of vertices.

Denote the set of discrete rooted ordered trees with n vertices by An, and consider µ ∼
Geom(1

2). We claim that the uniform distribution on An coincides with the distribution
of a µ-Galton-Watson tree conditioned to have n vertices. Indeed, by proposition 1.12:

Πµ(t ∩ {#t = n}) =
∏
u∈t

µ(ku(t)) = 1
2ku0 +...+ku#t−1

= 1
2n

and

Πµ(#t = n) =
∑

t∈An

Πµ(t) =
∑

t∈An

1
2n

= #An

2n

so we conclude our statement:

Πµ(t|#t = n) = 1
#An

.

Let θ(n) be a µ-Galton-Watson tree conditioned to have n vertices and (C(n)
t )t≥0 the

contour function associated to θ(n) as in definition 1.4.
Consider C0[a, b] the set of continuous functions with support on [a, b] and let us define

a sequence of transformations Kn : C0[0, 2n− 2] → C0[0, 1] as

Kn(f)(s) =


2ns− 1 , for s ∈ [0, 1

2n
]

f(2ns− 1) , for s ∈ [ 1
2n
, 1 − 1

2n
]

2n− 1 − 2ns , for s ∈ [1 − 1
2n
, 1].

Note that C(n) ∈ C0[0, 2n − 2] so Kn(C(n)) is a shifted rescaled version of the contour
function.

Finally, consider Tℓ = inf{k > 0 : Sk = ℓ} the first return time of (Sk)k∈N0 to ℓ ∈
Z, where (Sk)k∈N0 denotes the simple and symmetric random walk on Z with S0 = 0.
Therefore define (S(n)

t )t≥0 as the linear interpolation of (Sk)k∈N0 conditioned on {T0 = n}.
By our previous example, the contour function of a µ-Galton-Watson forest has the

same law as (|St|)t≥0. It follows that Kn(C(n)) has the same law as Kn(|S(2n−2)|), which
coincides with the distribution of (|S(2n)

2nt | − 1)t∈[0,1].

Lemma 1.18. The distribution of ( 1
σ

√
n
S[nt])t∈[0,1] under the conditional probability P (·|T0 =

n) converges as n → ∞ to the law of the normalized Brownian excursion.

The proof of this lemma will be omitted and can be found in [15, Theorem 2.6].
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By the continuous mapping theorem,
(

|S(2n)
2nt |−1√

2n

)
t∈[0,1]

(d)−−−→
n→∞

(|et|)t∈[0,1], therefore

(
1√
2n
Kn(C(n))t

)
t∈[0,1]

(d)−−−→
n→∞

(|et|)t∈[0,1]. (5)

Noting that

lim
n→∞

sup
t∈[0,1]

∣∣∣Kn(C(n))t√
2n

− C
(n)
2nt√
2n

∣∣∣ = 0

we conclude that (
1√
2n
C

(n)
2nt

)
t∈[0,1]

(d)−−−→
n→∞

(et)t∈[0,1]

that is, the contour function of the tree uniformly chosen random tree in An converges
weakly to the normalized Brownian excursion.

Usually, dealing with the transition probability of the contour function is not as simple
as in these examples, in which the memoryless property played an essential role in relating
the contour process to the behavior of a simple random walk.

Because of that, from now on we investigate the time scale convergence of trees by their
coding by height functions, similarly to what was made in the previous examples. The
reason for that is because proposition 1.7 and corollary 1.14 provide a relation between
the height function, the Lukasiewicz path and a simple random walk.

1.3.1 Convergence of height functions
In the following sections, we consider µ a critical probability measure on N0 such that
0 < σ2 < ∞, where

σ2 =
∞∑

k=0
k2µ(k) −

∑
k∈N0

kµ(k)
2

.

Definition 1.19. Consider (θn)n∈N a sequence of independent µ-Galton-Watson trees. As
in the example 1.15, for each tree we consider its height function denoted by (hθi

(n), 0 ≤
n ≤ #θi − 1).

We define the height process (Hn)n∈N0 of the trees by concatenating their height func-
tions, i.e.,

Hn = hθi
(n− (#θ1 + . . .+ #θi−1))

if #θ1 + . . .+ #θi−1) ≤ n ≤ #θ1 + . . .+ #θi.

The height process determines the sequence of trees. In fact, the values of H between
its k-th and (k+1)-th zero determines the height function of the k-th tree of the sequence.

As consequence of proposition 1.7 and corollary 1.14, we obtain the following descrip-
tion of the height process.

Proposition 1.20. For every n ∈ N0,

Hn
d= #{k ∈ {0, 1, . . . , n− 1} : Sk = inf

k≤j≤n
Sj}

where (Sn)n∈N0 is a random walk with initial value S0 = 0 and jump distribution ν(k) =
µ(k + 1) for every k ≥ −1.
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Theorem 1.21. Let (θn)n∈N be a sequence of µ-Galton-Watson trees, and (Hn)n∈N0 be the
associated height process. Then:(

1√
n
H[nt]

)
t∈R+

(d)−−−→
n→∞

( 2
σ
γt

)
t∈R+

where γ is a reflected Brownian motion. The convergence holds in the sense of weak
convergence on the Skorohod space D(R+,R+).

Proof: We begin by establishing weak convergence for the finite-dimensional marginals.
Let S = (Sn)n∈N0 be the random walk described in proposition 1.20. Note that the

jump distribution ν has mean 0 and finite variance, hence S is recurrent (by theorem 1.3.1
in [25]).

Donsker’s invariance principle gives(
1√
n
S[nt]

)
t∈R+

(d)−−−→
n→∞

(σBt)t∈R+ (6)

where S[nt] is a time-scaled version of the linear interpolation of the random walk S and
B is the standard linear Brownian motion started at the origin.

For every n ≥ 0, define the time-reversed random walk Ŝn by

Ŝn
k = Sn − S(n−k)+ .

Note that (Ŝn
k )n

k=0 has the same distribution as (Sk)n
k=0 as both walks begin and end in

the same positions and perform the same steps, but in reversed order.
Additionally for any discrete trajectory X = (Xn)n∈N0 set

Φn(X) = #
{
k ∈ {1, 2, . . . , n} : Xk = sup

0≤j≤k
Xj

}
and

Kn = Φn(S) = #
{
k ∈ {1, 2, . . . , n} : Sk = Mk

}
where Mn = sup0≤k≤n Sk.

From the formula on the proposition 1.20 we can see that

Hn = #
{
k ∈ {0, 1, . . . , n− 1} : Sk = inf

k≤j≤n
Sj

}
= Φn(Ŝn).

Lemma 1.22. Define (Tj)j∈N0 a sequence of stopping times by setting T0 = 0 and induc-
tively

Tj = inf{n > Tj−1 : Sn = Mn}, j ≥ 1.
Then, for j ≥ 1, the random variables STj

− STj−1 are independent and identically dis-
tributed, with distribution

P (ST1 = k) = ν([k,∞]), k ≥ 0.

Proof:
It follows from the strong Markov property (see appendix C.8) and properties of the

random walk that the random variables STj
−STj−1 , j ∈ N, are independent and identically

distributed.
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We know that the invariant measure of the recurrent random walk S is the counting
measure on Z. Indeed, for a fixed j ∈ Z and any k ∈ N0,∑

i∈Z
#(i)P (Sk = i|Sk+1 = j) =

∑
i∈Z

ν(i− j) =
∞∑

l=−1
ν(l) = 1 = #(j).

Since ν has mean 0 and variance 0 < σ2 < ∞, it follows that ν(−1) > 0 and there
exists some k ∈ N such that ν(k) ≥ 0. So for every i, j ∈ Z with j ≥ i,

P (Sn+j−i = i|Sn = j) ≥ (ν(−1))j−1 > 0

for any n ∈ N0. On the other hand taking j−i = qk+r, for some q ∈ N and 0 ≤ r ≤ k−1

P (Sn+q+k+1−r = j|Sn = i) ≥ (ν(k))q+1(ν(−1))k−r > 0

for any n ∈ N0. So (Sn)n∈N0 is irreducible.
Then, by theorem C.12, for R0 = inf{n ≥ 1 : Sn = 0} the measure

γ(i) = E

R0−1∑
n=0

1{Sn=i}

 = E

∑
n≥0

1{Sn=i,n≤R0−1}


is also a invariant measure for S, so it is equal the counting measure up to multiplication
by a positive constant. Since γ(0) = #{0} = 1, for every j ∈ Z

E

R0−1∑
n=0

1Sn=j

 = #(j) = 1.

Notice that, almost surely, T1 ≤ R0 and Sn > 0 for T1 ≤ n < R0. So, for every i ≤ 0

E

T1−1∑
n=0

1Sn=i

 = 1.

Therefore, for any function g : Z → Z+

E

T1−1∑
n=0

g(Sn)
 = E

∑
i≤0

∑
n≥0

g(i)1Sn=i,n≤T1−1

 =
∑
i≤0

g(i). (7)

Then, for any function f : Z → Z+,

E[f(ST1)] = E

∑
k≥0

f(Sk+1)1T1=k+1


= E

∑
k≥0

f(Sk+1)1T1>k,Sk+1≥0


=
∑
k≥0

E
[
f(Sk+1)1T1>k,Sk+1≥0

]
by monotone convergence and linearity. Using the Markov property at time k and (7)
respectively

E[f(ST1)] =
∑
k≥0

E

1T1>k

∑
j≥0

ν(j)f(Sk + j)1Sk+j≥0


=
∑
i≤0

∑
j≥0

ν(j)f(i+ j)1i+j≥0 =
∑
m≥0

f(m)
∑
j≥m

ν(j)
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taking f = 1k the result follows. ■

Note that ST1 have finite first moment:

E[ST1 ] =
∑
k≥0

kν([k,∞)) =
∑
k≥0

∑
j≥k

kν(j) =
∑
j≥0

j(j + 1)
2 ν(j) = σ2

2

because each ν(j) is summed ∑j
k=0 k times.

Let us introduce the notation
In = inf

0≤k≤n
Sk.

To establish the convergence of the finite-dimensional marginals we will need the following
lemma.

Lemma 1.23. We have
Hn

Sn − In

( P)−−−→
n→∞

2
σ2

where ( P)−−→ means convergence in probability.

Proof: From our definitions, since TKn ≤ n almost surely, by definition of Kn and Tj

Mn =
∑

n≥Tk

(STk
− STk−1) =

Kn∑
k=1

(STk
− STk−1).

As Kn −−−→
n→∞

∞ almost surely, using the previous lemma and the law of large numbers we
get

Mn

Kn

−−−→
n→∞

E[ST1 ] = σ2

2 a.s.

Since (Ŝn
k )n

k=0
(d)= (Sk)n

k=0, replacing S with Ŝn we have that

(Mn, Kn) (d)=
(

sup
0≤k≤n

Ŝn
k ,Φn(Ŝn)

)
= (Sn − In, Hn).

Hence it holds
Sn − In

Hn

(P )−−−→
n→∞

E[ST1 ] = σ2

2 .

■

From (6), we have that for every choice of 0 ≤ t1 ≤ t2 ≤ . . . ≤ tm

1√
n

(
S[nt1] − I[nt1], . . . , S[ntm] − I[ntm]

) (d)−−−→
n→∞

σ
(
Bt1 − inf

0≤s≤t1
Bs, . . . , Btm − inf

0≤s≤tm

)
Thus it follows from lemma 1.23 and Slutsky’s theorem that

1√
n

(
H[nt1], . . . , H[ntm]

) (d)−−−→
n→∞

2
σ

(
Bt1 − inf

0≤s≤t1
Bs, . . . , Btm − inf

0≤s≤tm

)
.

By using the reflection principle and the fact that a time reversal standard Brownian
motion still is a Brownian motion we can state that the process

βt = Bt − inf
0≤s≤t

Bs
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is a reflected Brownian motion. This complete the proof of convergence of finite-dimensional
marginals in theorem 1.21.

Now we will proof tightness property on the law of the processes

H
(n)
t = H[nt]√

n

in the set of all probability measures on the Skorohod space D(R+,R). By theorem A.15,
it is enough to verify these two properties:

(i) For every t ≥ 0 and η > 0 there exists a constant K ≥ 0 such that

lim inf
n→∞

P (H(n)
t ≤ K) ≥ 1 − η.

(ii) For every fixed T > 0 and δ > 0, define I(k)
i =

[
(i−1)

2k T, i
2kT

]
, 1 ≤ i ≤ 2n. Then

lim
k→∞

lim sup
n→∞

P

 max
1≤i≤2k

sup
t∈I

(k)
i

|H(n)
t −H

(n)
i2−kT | > δ

 = 0.

Property (i) follows from convergence of finite-dimensional marginals. So let us prove
property (ii). Fix T > 0 and δ > 0 and observe that

P

 max
1≤i≤2n

sup
t∈I

(n)
i

|H(n)
t −H

(n)
i2−kT | > δ

 ≤ A1(n, k) + A2(n, k) + A3(n, k) (8)

where

A1(n, k) = P

(
max

1≤i≤2k
|H(n)

i2−kT −H
(n)
(i−1)2−kT | > δ

5

)

A2(n, k) = P

 sup
t∈I

(k)
i

H
(n)
t > H

(n)
(i−1)2−kT + 4δ

5 for some 1 ≤ i ≤ 2k


A3(n, k) = P

 inf
t∈I

(k)
i

H
(n)
t < H

(n)
(i−1)2−kT − 4δ

5 for some 1 ≤ i ≤ 2k

 .
Indeed, adding ±H(i−1)2−kT , using the triangular inequality and that P (X + Y > δ) ≤
P (X > δ1) + P (Y > δ2), where δ1 + δ2 = δ, it follows that

P

 max
1≤i≤2n

sup
t∈I

(n)
i

|H(n)
t −H

(n)
i2−kT | > δ

 ≤P
(

max
1≤i≤2k

|H(n)
i2−kT −H

(n)
(i−1)2−kT | > δ

5

)

+ P

 max
1≤i≤2n

sup
t∈I

(n)
i

|H(n)
t −H

(n)
(i−1)2−kT | > 4δ

5


moreover the last term of the sum above is bounded by A2(n, k) + A3(n, k).

Let us bound A1. As consequence of the convergence of finite-dimensional marginals:

lim sup
n→∞

A1(n, k) = P

(
max

1≤i≤2k

2
σ

|βi2−kT − β (i−1)
2k T

| > δ

5

)
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by continuity of the process βt, the right-hand size tends to 0 when k → ∞.
In order to bound A2, consider (τ (n)

k )k∈N0 a sequence of stopping times defined by
τ

(n)
0 = 0 and

τ
(n)
l+1 = inf

{
t ≥ τ

(n)
l : H(n)

t ≥ inf
τ

(n)
l

≤r≤t

H(n)
r + δ

5
}
.

Let 1 ≤ i ≤ 2n be such that

sup
t∈I

(k)
i

H
(n)
t > H

(n)
(i−1)2−kT + 4δ

5

then the interval I(k)
i =

[
(i−1)

2k T, i
2kT

]
contains at least one of the random times τ (n)

l , l ≥ 0.
Let τ (n)

j be the first of such times in this interval. By minimality of τ (n)
j we have

sup
t∈
[

(i−1)
2k T,τ

(n)
j

)H(n)
t ≤ H

(n)
(i−1)2−kT + δ

5 .

Since the upward jumps of H(n) are at most of size 1√
n
, we also got, taking n > (5

δ
)2

H
(n)
τ

(n)
j

≤ H
(n)
(i−1)2−kT + δ

5 + 1√
n
< H

(n)
(i−1)2−kT + 2δ

5 .

From our choice of i we have that

sup
t∈
[

τ
(n)
j , i

2k T

]H(n)
t > H

(n)
τ

(n)
j

+ δ

5

which means that τ (n)
j+1 ≤ i2−kT . From all this we conclude that for n > (5

δ
)2

A2(n, k) ≤ P
(
τ

(n)
l < T and τ

(n)
l+1 − τ

(n)
l ≤ 2−kT for some l ≥ 0

)
(9)

An analogous argument gives a similar bound for A3(n, k). Indeed, consider (τ̂ (n)
k )k∈N0

a sequence of stopping times defined by τ̂ (n)
0 = 0 and

τ̂
(n)
l+1 = inf

{
t ≥ τ̂

(n)
l : H(n)

t ≤ sup
τ̂

(n)
l

≤r≤t

H(n)
r − δ

5
}
.

Now choose 1 ≤ i ≤ 2n such that

inf
t∈I

(k)
i

H
(n)
t < H

(n)
(i−1)2−kT − 4δ

5

this implies that the interval I(k)
i contains at least one τ̂ (n)

l , for l ≥ 0. Let us denote by
τ̂

(n)
j the last of such times on this interval. We want to show that τ̂ (n)

j−1 ∈ I
(k)
i .

If inf
r∈[(i−1)2−kT,τ̂

(n)
j ) H

(n)
r = inf

t∈I
(n)
i
H

(n)
t , then, by our choice of i

inf
r∈[(i−1)2−kT,τ̂

(n)
j )

H(n)
r < H

(n)
(i−1)2−k − 4δ

5
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since we are taking the linear interpolation of H(n), the result follows.
On the other hand, maximality of τ̂ (n)

j implies that

inf
r∈[τ̂ (n)

j ,i2−kT ]
H(n)

r ≥ sup
r∈[τ̂ (n)

j ,i2−kT ]
H(n)

r − δ

5 ≥ H
(n)
τ̂

(n)
j

− δ

5

by our choice of i, if inf
t∈I

(n)
i
H

(n)
t = inf

r∈[τ̂ (n)
j ,i2−kT ] H

(n)
r , it follows that

H(i−1)2−k ≥ H
(n)
τ̂

(n)
j

+ 3δ
5

that is, τ̂ (n)
j−1 ∈ I

(k)
i . Then

A3(n, k) ≤ P
(
τ̂

(n)
l < T and τ̂

(n)
l+1 − τ̂

(n)
l ≤ 2−kT for some l ≥ 0

)
. (10)

Now we will state and prove the next lemmas in terms of the variables (τ (n)
k )k∈N0 ,

but note that the same results are easily obtained in a similar manner when we consider
(τ̂ (n)

k )k∈N0 instead.

Lemma 1.24. For every x > 0 and n ≥ 1, set

Gn(x) = P
(
τ

(n)
l < T and τ

(n)
l+1 − τ

(n)
l < x for some l ≥ 0

)
and

Fn(x) = sup
l≥0

P
(
τ

(n)
l < T and τ

(n)
l+1 − τ

(n)
l < x

)
.

Then, for every integer K ≥ 1

Gn(x) ≤ KFn(x) +KeT
∫ ∞

0
e−KyFn(y) dy.

Proof: For every K ∈ N we have

Gn(x) ≤
K−1∑
k=0

P
(
τ

(n)
l < T and τ

(n)
l+1 − τ

(n)
l < x

)
+ P

(
τ

(n)
K < T

)

≤ KFn(x) + eTE

[
1

τ
(n)
K <T

exp
(

−
K−1∑
l=0

(τ (n)
l+1 − τ

(n)
l )

)]

≤ KFn(x) + eT
K−1∏
l=0

E
[
1

τ
(n)
K <T

exp
(
−K(τ (n)

l+1 − τ
(n)
l )

)] 1
K

using Holder inequality for the last step. Finally, for every l ∈ {0, 1, . . . , K − 1}

E
[
1

τ
(n)
K <T

exp
(
−K(τ (n)

l+1 − τ
(n)
l )

)]
≤ E

[
1

τ
(n)
K <T

∫ ∞

τ
(n)
l+1−τ

(n)
l

Ke−Ky dy
]

≤
∫ ∞

0
Ke−KyFn(y) dy

by Fubini’s theorem. ■

As a consequence of this lemma, in order to bound (9) and (10) we only need to bound
the value of Fn(x).
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Lemma 1.25. The random variables τ (n)
l+1−τ (n)

l are independent and identically distributed.
Furthermore

lim
x↓0

(
lim sup

n→∞
P (τ (n)

1 ≤ x)
)

= 0.

Proof: We will prove that H(n)
τ

(n)
l

+p
− inf

τ
(n)
l

≤t≤τ
(n)
l

+p

H
(n)
t


p≥0

is independent of F
τ

(n)
l

and has the same distribution of (H(n)
p )p≥0.

To simplify the notation let us denote τ (n)
l = τ and consider n = 1. By proposition

1.20
inf

τ≤k≤τ+n
Hk = #

{
k ∈ {0, 1, . . . , τ − 1} : Sk = inf

k≤j≤τ+n
Sj

}
then we get

Hτ+n − inf
τ≤k≤τ+n

Hk = #
{
k ∈ {τ, . . . , τ + n− 1} : Sk = inf

k≤j≤τ+n
Sj

}
= #

{
k ∈ {0, 1, . . . , n− 1} : Sτ

k = inf
k≤j≤n

Sτ
j

}
where Sτ

j = Sτ+j −Sτ . As consequence of the strong Markov property, Sτ is independent
of Fτ and has the same distribution as S, concluding the proof of the affirmation.

Then, writing

τ
(n)
l+1 − τ

(n)
l = inf

{
t ≥ τ

(n)
l : H(n)

t − inf
τ

(n)
l

≤r≤t

H(n)
r ≥ δ

5
}

− τ
(n)
l

= inf
{
t ≥ 0 : H(n)

t − inf
τ

(n)
l

≤r≤t

H(n)
r ≥ δ

5
}

the first statement follows from our affirmation.
Now we prove the second assertion. For every η > 0 set

T (p)
η = inf

{
t ≥ 0 : S[nt]√

n
< −η

}
Then

P (τ (n)
1 ≤ x) = P

(
sup
s≤x

H(n)
s >

δ

5

)
≤ P

 sup
s≤T

(p)
η

H(n)
s >

δ

5

+ P
(
T (p)

η < x
)

(11)

equation (6) implies that

lim sup
n→∞

P (T (n)
η < x) ≤ lim sup

n→∞
P

(
inf
t≤x

S[nt]√
n
< −η

)
≤ P

(
inf
t≤x

βt ≤ −η
)

and limx↓0 P (inft≤x βt ≤ −η) = 0, because of the continuity of the Brownian motion.
By construction of the height process and the random walk S on proposition 1.20 and

corollary 1.14
sup

s≤T
(n)
η

H(n)
s

(d)= En − 1√
n
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where En is the extinction time of a µ-Galton-Watson tree started at Z0 = [η
√
n]+1 (when

beginning at 0 the process ends when the rescaled random walk achieves the height − 1√
n
,

so starting from [η
√
n] + 1 the process ends when the rescaled random walk achieves −η).

As consequence of theorem 1.9

P

 sup
s≤T

(n)
η

H(n)
s >

δ

5

 = 1 − [f[(δ
√

n)/5]+1(0)][η
√

n]+1

as each one of the [η
√
n] + 1 individuals of the first generation will built its family inde-

pendently. Using theorem 1.9 again

lim
η→0

(
lim inf

n→∞
[f[(δ

√
n)/5]+1(0)][η

√
n]+1

)
= 1

thus limη→0

(
lim infn→∞ P

(
sup

s≤T
(n)
η
H(n)

s > δ/5
))

= 0 and the result follows. ■

Remark 1.26. Note that

P (τ̂ (n)
1 ≤ x) ≤ P

(
sup
s≤x

H(n)
s >

δ

5

)

implying that inequality (11) also holds for τ̂ (n)
1 .

Finally, in order to complete the proof of the theorem, set

F (x) = lim
n→∞

Fn(x), G(x) = lim sup
n→∞

Gn(x)

By lemma 1.25, F (x) ↓ 0 as x ↓ 0. On the other hand, lemma 1.24 states that for every
K ∈ N

G(x) ≤ KF (x) +KeT
∫ ∞

0
e−KyF (y) dy

then, by the bounded convergence theorem, G(x) ↓ 0 when x ↓ 0. By the bound in (9)
we achieved

lim
k→∞

(
lim sup

n→∞
A2(n, k)

)
= 0

and the same property holds for A3(n, k).
This proved tightness on the law of H(n). By Prohorov’s theorem and the finite-

dimensional marginals convergence we finished the proof of the theorem. ■

Note that in the previous proof as we used recurrence multiple times, that is, we used
that the expectation of the random walk is 0. This property of the random walk depends
only on the average of µ, so it is important to take a critical distribution.

1.3.2 Convergence of contour functions
We can use theorem 1.21 to show scale convergence of contour functions in a more general
setting than the one of the example 1.15.

Let µ be a critical probability distribution on N0 with finite variance, and (θn)n∈N a
sequence of independent µ-Galton-Watson trees.
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As done for the height function and for our first example, we now want to introduce
the contour process of the forest (θn)n∈N. However the contour function of a tree θ is
supported on [0, ζ(θ)], where ζ(θ) = 2(#θ − 1), so the contour function of the trees
θ = {∅} is trivial. Therefore, instead of just concatenating the contour functions as made
before we will make the convention of defining the contour function Ct(θ) on the interval
[0, ζ(θ) + 1] by taking Ct(θ) = 0 if ζ(θ) ≤ t ≤ ζ(θ) + 1.

Now we obtain the contour process (Ct)t∈R+ of (θn)n∈N by concatenating the functions
(Ct(θn), 0 ≤ t ≤ ζ(θn) + 1).

Finally we state the convergence theorem for the rescaled contour process.

Theorem 1.27. Let µ be a critical distribution for the Galton-Watson tree, (θn)n∈N be
a sequence of independent µ-Galton-Watson trees, and (Ct)t∈R+ its associated contour
process. Then (

1√
n
C2nt

)
t∈R+

(d)−−−→
n→∞

( 2
σ
γt

)
t∈R+

(12)

Proof: Our goal is to write the contour process in terms of the height process. For this
purpose remember that Hn corresponds to the generation of the n-th individual on a list
organized by the lexicographical order, one tree after another. Additionaly remember
that In = inf0≤k≤n Sk, where (Sn)n∈N0 is the random walk defined in 1.14, decreases if and
only if n = ∑k

ℓ=1 #θℓ for some k ∈ N or when the individual Un is a trivial tree.
Then consider

Jn = 2n−Hn + In, for n ∈ N0.

By our observations on the definitions of (Hn)n∈N0 and (In)n∈N0 , (Jn)n∈N0 is a strictly
increasing sequence such that Jn ≥ n.

Now let us check that [Jn, Jn+1] is the time interval when the contour process goes from
the individual n to the individual n+ 1. First we will give a heuristic proof of this claim.

Note that the estimated time for the contour process to reach the n−th vertex if it is
in θ1 is 2n − Hn. Indeed the particle must cross at most n edges twice in order to reach
Un, with the exception of the Hn ancestors of Un, that must be visited again when the
returns to the root. On the other hand, if Un /∈ θ1, then we must add the In horizontal
lines placed by convention at the end of the contour function of each tree crossed up to
time n. Now we will give an alternative proof by induction.

As [J0, J1] = [0, 1] the result is true for n = 0.
Assume that the hypothesis is true for n ≤ k − 1, k ∈ N. Then Jk is the first time of

arrival of the contour process on the k th individual of the forest.
The possible cases are the following:

• Jk+1 − Jk = 1 iff Uk ≺ Uk+1 (⇒ Hk+1 = Hk + 1 and Ik+1 = Ik), or if k+ 1 = #θ1 or
k + 1 < #θ1 and Uk+1 is a trivial tree (⇒ Hk+1 = Hk and Ik+1 = Ik − 1).

• Jk+1 − Jk = 2 iff Uk+1 and Uk are siblings.

• Jk+1 − Jk = 2 + j iff πj(Uk) and Uk+1 are siblings or if the last individual of a tree
is on the j th generation (or on the j + 1 th, if #θ1 = k + 1)

In each case, [Jk, Jk+1] is the time needed for the contour process to go to from the
individual k to the individual k + 1, completing the proof of the claim.

Heuristically, we can think that
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From this observation, we get

sup
t∈[Jn,Jn+1]

|Ct −Hn| ≤ |Hn+1 −Hn| + 1.

Define a random function φ : R+ → N0 by φ(t) = n if and only if t ∈ [Jn, Jn+1). From
the previous bound, for all m ∈ N

sup
t∈[0,m]

|Ct −Hφ(t)| ≤ sup
t∈[0,Jm]

|Ct −Hφ(t)| ≤ 1 + sup
n≤m

|Hn+1 −Hn| (13)

Similarly it follows from the definition of Jn that

sup
t∈[0,m]

∣∣∣φ(t) − t

2
∣∣∣ ≤ sup

t∈[0,Jm]

∣∣∣φ(t) − t

2
∣∣∣ ≤ 1

2 sup
n≤m

Hn + 1
2 |Im| + 1. (14)

Gathering all this information we can now associate the behavior of the contour function
to the height function.

For every n ∈ N, denote φn(t) = n−1φ(nt). By equation (13) we have that for every
m ≥ 1

sup
t∈[0,m]

∣∣∣ 1√
n
C2nt − 1√

n
Hnφn(2t)

∣∣∣ ≤ 1√
n

+ 1√
n

sup
t≤2m

|H[nt]+1 −H[nt]|
(d)−−−→

n→∞
0 (15)

by theorem 1.21.
On the other hand, convergence (6) given by Donsker’s theorem implies that for every

m ≥ 1
1√
n
Imn

(d)−−−→
n→∞

σ inf
t≤m

Bt

then, putting the previous equation together with (14) and theorem 1.21

sup
t∈[0,m]

|φn(2t) − t| ≤ 1
n

sup
k≤2mn

Hk + 1
n

|I2mn| + 2
n

(d)−−−→
n→∞

0

combining this convergence with theorem 1.21 give us(
1√
n
H[nφn(2t)]

)
t∈R+

(d)−−−→
n→∞

( 2
σ
γt

)
t∈R+

and equation (15) implies the desired result. ■
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Chapter 2

Real trees

2.1 Real trees
In this section we aim to build metric spaces that generalize the notion of a discrete tree.

Definition 2.1. A metric space (T , d) is a real tree if it holds for all a, b in T

(i) there exists a unique isometric map fa,b : [0, d(a, b)] → T such that fa,b(0) = a and
fa,b(d(a, b)) = b,

(ii) If q : [0, 1] → T is a continuous injective map such that q(0) = a and q(1) = b we
have q([0, 1]) = fa,b([0, d(a, b)]).

When a real tree is equipped with a distinguished vertex ρ = ρ(T ) (the root of T ) we call
(T , d, ρ) a rooted real tree.

Remark 2.2. Condition (i) implies that between every pair of points a, b ∈ T there exists
a unique path with length d(a, b). Condition (ii) implies that this is the unique simple
path between a and b in T .

Consequently T is a connected set with only one simple path between every pair of
points modulo reparametrizations.

Now we set some notations that will be useful later.

Definition 2.3. Consider (T , d, ρ) a rooted real tree and a, b ∈ T . We define

(a) The path between a and b given by fa,b([0, d(a, b)]) will be denoted by Ja, bK.

(b) We say that a is an ancestor of b (a ⪯ b) if a ∈ Jρ, bK.

(c) a ∧ b, the most recent common ancestor of a and b, is the unique c ∈ T such that
Jρ, cK = Jρ, aK ∩ Jρ, bK.

(d) The multiplicity of a vertex a ∈ T is the number of connected components of T \{a}.
Vertices with multiplicity one are called leaves (we denote the set of leaves of T by
lf(T )).

We are interested in building real trees from continuous functions, as done for discrete
trees via their contour functions. Therefore we consider a continuous excursion g : R+ →
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R+, that is, a continuous function not identically 0 such that g(0) = 0. Let us introduce
the notation

e = {g : R+ → R+ : g is a continuous excursion}
and define for each g ∈ e its excursion length

η(g) = sup{s > 0; g(s) > 0}.

For s, t ≥ 0 we define the pseudometric

d′
g(s, t) = g(s) + g(t) − 2mg(s, t) (16)

where mg(s, t) = inf{g(r); r ∈ [s ∧ t, s ∨ t]}.
Introducing the equivalence relation s ∼g t iff d′

g(s, t) = 0, we then define the quotient
space

Tg = R+/ ∼g . (17)
Note that d′

g now induces a metric in Tg, that we will denote by dg.
Finally denote by pg : R+ → Tg the canonical projection. Intuitively, Tg is constructed

by gluing the parts of the graph of g that can be joined by a line segment parallel to the
x axis that does not pass through the graph of g. This idea is illustrated by the figure
2.1.

Figure 2.1: Intuitive construction of Tg.

Note that when R+ is equipped with the Euclidean metric and Tg with the metric dg,
the map pg is continuous.

Henceforth consider that g is always a compactly supported excursion, that is η(g) <
∞.
Theorem 2.4. The metric space (Tg, dg, ρg) is a compact rooted real tree with ρg = pg(0).

In fact, any rooted compact real tree can be represented in the form Tg.
Remark 2.5. To prove this theorem, it is useful to first understand intuitively the con-
struction of a subtree of Tg given the graph of the excursion g. In order to do this, let us
take a look at Figure 2.2, that shows the construction of a subtree of Tg generated by the
points pg(s), pg(t), pg(u) and pg(v), that is, the union of the ancestral lines of these points
in Tg. Note that this subtree corresponds to the union of the bold segments that are con-
structed from the graph of g as showed on the figure. We can observe that the ancestral
line of pg(x) is a line segment of length g(x) for every x ∈ {s, t, u, v}. The intersection
between the ancestors lines of pg(s) and pg(t) has length mg(s, t), and a similar property
holds for any other pair of values, so the distance dg(pg(s), pg(t)) = d′

g(s, t) is the length
of the path between pg(s) and pg(t).
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Figure 2.2: Construction of a subtree of Tg.

Given that intuition let us proceed to the proof of the theorem.
Proof: We begin by stating and proving a root change lemma.

Lemma 2.6. Let 0 ≤ s0 < η(g). For any r ∈ R+, denote by r̄ the unique element of
[0, η(g)) such that r − r̄ = k · η(g) for some k ∈ N). Set

g′(s) =
g(s0) + g(s0 + s) − 2mg(s0, s0 + s) , if s ∈ [0, η(g)]

0 , if s > η(g).

Then, the function g′ is a compactly supported excursion, so we can define Tg′ . Further-
more, for every s, t ∈ [0, η(g)], we have

d′
g′(s, t) = d′

g(s0 + s, s0 + t) (18)

and there exists a isometry R from Tg′ onto Tg such that, for every s ∈ [0, η(g)]

R(pg′(s)) = pg(s0 + s). (19)

Assuming that the theorem 2.4 is proved, we see that Tg′ coincides with the real tree
Tg re-rooted at pg(s0). Thus the lemma tells us that the function g′ codes Tg re-rooted at
an arbitrary vertex.

Proof:
We begin by proving relation (18). If s < t are elements of [0, η(g) − s0], then s0 + s ∈

[0, η(g)), so s0 + s = s0 + s, and the same holds for s0 + t. Moreover we have two
possibilities for the value of mg(s0 + s, s0 + t):

1. mg(s0 + s, s0 + t) ≥ mg(s0, s0 + s).

2. mg(s0 + s, s0 + t) < mg(s0, s0 + s).

In the first case, for every r ∈ [s, t], mg(s0, s0 + r) = mg(s0, s0 + s) as the intervals in
which the minimum is taken are increasing and we suppose that the minimum of g on
[s0, s0 + t] is achieved in [s0, s0 + s]. So the minimum of g′ on [s, t] is

mg′(s, t) = g(s0) +mg(s+ s0, s0 + t) − 2mg(s0, s0 + s)
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it follows that

d′
g′(s, t) = g′(s) + g′(t) − 2mg′(s, t)

= 2g(s0) + g(s0 + s) − 2mg(s0, s0 + s) + g(s0 + t) − 2mg(s0, s0 + t) − 2mg′(s, t)
= g(s0 + s) − 2mg(s0, s0 + s) + g(s0 + t) − 2mg(s0, s0 + t)

− 2(mg(s0 + s, s0 + t) − 2mg(s0, s0 + s))
= g(s0 + s) + g(s0 + t) − 2mg(s0 + s, so + t)
= d′

g(s0 + s, s0 + t) = d′
g(s0 + s, s0 + t).

In the second case, the minimum in the definition of mg′(s, t) is attained at

r1 = inf{r ∈ [s, t] : g(s0 + r) ≤ mg(s0, s0 + s)}.

Indeed, for r ∈ [s, r1],

mg(s0, s0 + s) ≥ mg(s0, s0 + r) ≥ mg(s0, s0 + r1),

so mg(s0, s0 + r) = mg(s0, s0 + s) and g(s0 + r) ≥ g(s0 + r1). Moreover for r ∈ [r1, t],

g(s0 + r) − 2mg(s0, s0 + r) ≥ −mg(s0, s0 + r) ≥ −mg(s0, s0 + r1)

and mg(s0, s0 + r1) = g(s0 + r1). Then g′(r) ≥ g′(r1) for every r ∈ [s, t].
Therefore

mg′(s, t) = g(s0) + g(s0 + r1) − 2mg(s0, s0 + r1) = g(s0) −mg(s0, s0 + s)

and, using that
mg(s0 + s, s0 + t) = mg(s0, s0 + t),

d′
g′(s, t) = g(s0 + s) − 2mg(s0, s0 + s) + g(s0 + t) − 2mg(s0, s0 + t) + 2mg(s0, s0 + s)

= g(s0 + s) + g(s0 + t) − 2mg(s0 + s, s0 + t)
= d′

g(s0 + s, s0 + t) = d′
g(s0 + s, s0 + t).

The other cases are treated in a analogous way, just replacing s0 + s and s0 + t by the
values s0 + s or s0 + t.

By the equation (18), if s, t ∈ [0, η(g)] are such that d′
g′(s, t) = 0, then d′

g(s0 + s, s0 + t) =
0, implying that pg(s0 + s) = pg(s0 + t).

As η(g′) ≤ η(g) it follows that Tg′ = pg′([0, η(g)]). So we can define R by (19). From
this definition, it is immediate that R takes elements of Tg′ onto Tg, and, by (18), R is an
isometry. ■

We begin the proof of the theorem with some preliminaries definitions. Note that
assuming the result of this theorem, by Remark 2.5, each of these notations makes sense
with our previous definitions for vertices of a real tree. Therefore we will maintain the
same notation although they are initially defined in different context.

For σ, σ′ ∈ Tg we define

• σ ⪯ σ′ iff dg(ρ, σ′) = dg(ρ, σ) + dg(σ, σ′). This defines a partial order on Tg.
If σ = pg(s) and σ′ = pg(t) then σ ⪯ σ′ iff mg(s, t) = g(s).
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• Jσ′, σK = {σ′′ ∈ Tg : dg(σ′, σ) = dg(σ′, σ′′) + dg(σ′′, σ)}.
It follows that if σ = pg(s) and σ′ = pg(t)

Jρ, σK ∩ Jρ, σ′K = Jρ, γK

where γ = pg(r), for r ∈ {u ∈ [s, t] : g(u) = mg(t, s)}. We then put γ = σ ∧ σ′.

• Tg[σ] = {σ′ ∈ Tg : σ ⪯ σ′}, the “offspring” of σ.
If Tg[σ] ̸= {σ} and σ ̸= ρ, then Tg \ Tg[σ] and Tg[σ] \ {σ} are two nonempty disjoint
open sets.

The statements in the first two definitions follow from the construction of Tg and from
the ideas given in remark 2.5.

To see that Tg \ Tg[σ] is open, let s be such that pg(s) = σ and note that Tg[σ] is the
image under pg (a continuous function) of the compact set

{u ∈ [0, η(g)] : mg(s, u) = g(s)}.

The set Tg[σ] \ {σ} is open because if σ′ ∈ Tg[σ] and σ′ ̸= σ, it follows that the open ball
centered at σ′ with radius dg(σ, σ′) is contained in Tg[σ] \ {σ}.

We now prove property (i) of the definition of a real tree. So fixed σ1 and σ2 in Tg let
us prove the existence and uniqueness of the mapping fσ1,σ2 . Using Lemma 2.6 with s0
such that pg(s0) = σ1, we may assume without loss of generality that σ1 = ρ.

If σ ∈ Tg is fixed, we will prove that there exists a unique isometric mapping f = fρ,σ :
[0, dg(ρ, σ)] → Tg such that f(0) = ρ and f(dg(ρ, σ)) = σ.

Let s ∈ p−1
g ({σ}), so that g(s) = dg(ρ, σ). Then, for every a ∈ [0, dg(ρ, σ)] define

v(a) = inf{r ∈ [0, s] : mg(r, s) = a}.

Note that g(v(a)) = a because as 0 = g(0) ≤ a ≤ g(s), by continuity of g, this infimum is
achieved in some element of {t ∈ [0, s] : g(t) = a}. We define

f(a) = pg(v(a)). (20)

Let us verify the properties of f . Observe that v(0) = 0 so that f(0) = ρ, and, as
dg(ρ, σ) = g(s) and d′

g

(
v(g(s)), s

)
= 0 it follows that f(dg(ρ, σ)) = pg

(
v(g(s))

)
= pg(s) =

σ. Now we verify that f is an isometry: if a, b ∈ [0, dg(ρ, σ)] with a ≤ b, by definition
mg(v(a), v(b)) = a, and

dg(f(a), f(b)) = g(v(b)) + g(v(a)) − 2a = b− a.

Note that the property (i) of the definition of a real tree implies that Jρ, σK ⊃ f([0, dg(ρ, σ)]).
Indeed, for a ∈ [0, dg(ρ, σ)]

dg(f(a), σ) = dg(f(a), f(dg(ρ, σ))) = dg(ρ, σ) − a = dg(ρ, σ) − dg(ρ, f(a)).

then f(a) ⪯ σ. On the other hand, if η ⪯ σ we saw in the construction of f by the
equation (20) that η = f(dg(ρ, η)). It follows that f([0, dg(ρ, σ)]) = Jρ, σK.

To get uniqueness, suppose f̃ is another such isometry. For a ∈ [0, dg(ρ, σ)], let t be
such that pg(t) = f̃(a). The properties of f̃ imply that f̃(a) ⪯ σ, so, as σ = pg(s) and
f̃(s) = pg(t), g(t) = mg(t, s). Moreover

g(t) = dg(ρ, pg(t)) = dg(f̃(0), f̃(a)) = a.
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Then t ≥ v(a) = v(g(t)). On the other hand we have that

a = g(v(a)) = mg(v(a), s)

then, as [v(a), s] ⊂ [t, s],

a = g(t) = mg(t, s) ≥ mg(v(a), s) = g(v(a)) = a

so d′
g(t, v(a)) = 0, and f̃(a) = pg(t) = pg(v(a)) = f(a) proving uniqueness of f .

Now we turn to the property (ii) of the definition of a real tree. Let q : [0, 1] → Tg be
a continuous injective mapping, and we want to prove that:

q([0, 1]) = fq(0),q(1)([0, dg(q(0), q(1))]).

From Lemma 2.6 again, assume without loss of generality q(0) = ρ and set σ = q(1). We
already have noticed that fρ,σ([0, dg(ρ, σ)]) = Jρ, σK.

Assume for contradiction that Jρ, σK ̸⊂ q([0, 1]). Then let η ∈ Jρ, σK \ q([0, 1]) be such
that η ̸= ρ, σ. Then q([0, 1]) is contained in the union of two disjoint open sets Tg \ Tg[η]
and Tg[η] \ {η}, with q(0) = ρ ∈ Tg \ Tg[η] and q(1) = σ ∈ Tg[η] \ {η}. This contradicts
the fact that q([0, 1]) is connected.

Conversely, for a ∈ (0, 1) set η = q(a) and let γ = σ ∧ η. Note that

dg(η, σ) = dg(η, γ) + dg(γ, σ)

then γ ∈ Jρ, ηK∩Jρ, σK. So from the first part of the proof of property (ii), γ ∈ q([0, a]) and,
by changing the root to η, γ ∈ q([a, 1]). Since q is injective, this implies that γ = η = q(a),
and η ∈ Jρ, σK. Hence, q([0, 1]) = Jρ, σK. ■

2.2 Gromov-Hausdorff distance.
We want to study the convergence of compact real trees, so it is interesting to define a
notion of distance between two compact metric spaces. Fist we introduce a concept of
equivalence between rooted metric spaces.

Definition 2.7. We say that two rooted compact metric spaces (T1, d1, ρ1) and (T2, d2, ρ2)
are equivalent if there is a root-preserving isometry that maps T1 into T2.

Let us denote by T the set of all equivalence classes of compact rooted real trees.

In this work we will use the Gromov-Hausdorff distance between (equivalent classes of)
compact metric spaces, that was first introduced by Gromov (see for example [12]) in view
of geometric applications. We begin by introducing a distance between closed subsets of
a bounded metric space.

Definition 2.8. For a bounded metric space (M,d), the Hausdorff metric between closed
subsets of M is given by

dH(A,B) = inf{ε > 0;A ⊂ Uε(B) and B ⊂ Uε(A)}

where Uε(A) := {x ∈ M ; d(x,A) < ε}.

Now we introduce a notion of distance between two different compact metric spaces.
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Definition 2.9. For T and T ′ two rooted compact metric spaces, with respective roots ρ
and ρ′, we define the pointed Gromov-Hausdorff distance by

dGH(T , T ′) = inf{dH(φ(T ), φ(T ′)) ∨ d(φ(ρ), φ(ρ′))} (21)

where the infimum is over all choices of a metric space (M,d) and all isometric embeddings
φ : T → M and φ′ : T ′ → M of T and T ′ into (M,d).

This distance depends only on the equivalent classes of T and T ′, so it defines a
metric on T, the set of all equivalent classes of rooted compact metric spaces (see [10,
Theorem 7.3.30]). To illustrate this definition we give an example on the calculation of
the Gromov-Hausdorff distance between two spaces.

Example 2.10. Let P be a metric space consisting of one point and X = (X, d, ρ) be any
compact pointed metric space. Then we have that dG,H(P,X ) = diam(X)

2 .
Indeed, if we denote by p ∈ X the point such that d(p, ∂X) = diam(X)

2 and we define
φ : P → X by φ(P ) = p, then d(ρ, p) ≤ diam(X)

2 and dH(X, p) ≤ diam(X)
2 , implying that

dG,H(P,X ) ≤ diam(X)
2 .

We can also note that if φ′ is any other embedding of P into X, then dH(X,φ′(P )) >
diam(X)

2 , so the infimum on the definition 2.9 is achieved exactly at diam(X)
2 .

An alternative definition for the Gromov-Hausdorff distance is given below.

Theorem 2.11. Let (T , d, ρ) and (T ′, d′, ρ′) be two rooted compact metric spaces.
We call R ⊆ T × T ′ a correspondence between T and T ′ if, for all x ∈ T , there exists

at least one x′ ∈ T ′ such that (x, x′) ∈ R and, for every y′ ∈ T ′, there exists at least one
y ∈ T such that (y, y′) ∈ R. The distortion of the correspondence R is defined by:

dis(R) = sup{|d(x, y) − d′(x′, y′)| : (x, x′), (y, y′) ∈ R}

Let C(T , T ′) denote the set of all correspondences between T and T ′. Then we have:

dGH(T , T ′) = 1
2 inf{dis(R); R ∈ C(T , T ′), (ρ, ρ′) ∈ R}. (22)

The proof of this theorem can be found in [10, Theorem 7.3.25].
An important result is that T equipped with the Gromov-Hausdorff distance is a Polish

space.

Theorem 2.12. The metric space (T, dGH) is complete and separable.

Despite the probabilistic importance of such topological property we will not use this
theorem. So we give a reference for its proof in [23, Theorem 1]. Now that we have
introduced a distance between the (equivalent classes of) rooted compact real trees as a
subset of (T, dGH), we want to understand how this notion relates to the coding of these
trees by continuous excursions. Fortunately, by the following lemma, there is a strong
relationship between these concepts, which allows us to translate the results of chapter 1
to the context of Gromov-Hausdorff convergence of compact metric spaces.

Lemma 2.13. If g and g′ are two continuous excursions with compact support then

dGH(Tg, Tg′) ≤ 2∥g − g′∥,

where ∥g − g′∥ is the uniform norm of g − g′.
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Proof: Let us construct a correspondence between Tg and Tg′ by setting

R = {(σ, σ′);σ = pg(t) and σ′ = pg′(t) for some t ≥ 0}.

Now we will bound the distortion of R. Take (σ, σ′) and (η, η′) in R. By the definition
of R there exists s, t ≥ 0 such that pg(s) = σ, pg′(s) = σ′ and pg(t) = η, pg′(t) = η′. So,
by equation (16):

|dg(σ, η) − dg(σ′, η′)| ≤ |g(s) − g′(s)| + |g(t) − g′(t)| + 2|mg(s, t) −mg′(s, t)| ≤ 4∥g − g′∥.

Therefore dis(R) ≤ 4∥g − g′∥, and the result follows from the definition of Gromov-
Hausdorff distance by correspondences in equation (22). ■

We could have proved theorem 2.4 using the previous proposition and theorem 2.12,
by using that each compactly supported continuous excursion can be approximated by a
rescaled contour of a discrete tree, but the chosen proof gives us a better understanding
of the construction of Tg.

Now we introduce the most classical example of a compact real tree. Recall the defini-
tion of Brownian excursion on example 1.17.

Definition 2.14. The continuum random tree (CRT) is the random tree Te coded by the
normalized Brownian excursion e = (et)t∈[0,1].

By lemma 2.13 g 7→ Tg is a continuous application, therefore it is measurable. Then
the CRT is a random variable taking values on T.

Now we want to relate example 1.17 to a weak convergence result on T. In order to
do this, we must see each element of t ∈ A, the set of all finite rooted ordered trees, as a
rooted real tree. One way to do this is by thinking of t as the union of line segments of
length 1, as represented by the left part of figure 1.1, equipped with the distance of the
shortest path in the tree. Alternatively, if C = (Ct)t∈R+ is the contour function of t, we
can identify t as TC .

Theorem 2.15. For every n ∈ N, let T(n) be a random tree distributed uniformly over An.
Then 1√

2n
T(n) converges in distribution to the CRT Te in the space T.

Proof: As proved in example 1.17, the contour functions C(n)
t of T(n) converge weakly, after

appropriate rescaling, to the normalized Brownian excursion (et)t∈[0,1]. Thus, denoting

C̃
(n)
t = 1√

2n
C

(n)
2nt , t ≥ 0,

it follows that 1√
2n

T(n) (that is, the tree T(n) with all distances multiplied by 1√
2n

) has the
same distribution as TC̃(n) . So the result follows from lemma 2.13. ■

In the next section, we introduce another type of metric between metric spaces, but
now they carry additional information in the form of a measure.

2.3 Gromov-Hausdorff vague topology
Henceforth we begin to work in rooted metric spaces with a measure. Unless said otherwise
we will use [6] as reference.
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Definition 2.16. A rooted, complete, separable metric measure space (X, d, ρ, µ) is a com-
plete separable metric space (X, d) equipped with a distinguished point ρ ∈ X (the root),
and a Borel measure µ on X.

From now on we call it simply a metric measure space.

Similarly to definition 2.7 regarding rooted compact metric spaces, we have the fol-
lowing notion of equivalence of metric measure spaces. However, unlike that case, the
equivalences now will depend only on the roots and on the support of the measures.

Definition 2.17. We say that two metric measure spaces (X1, d1, ρ1, µ1) and (X2, d2, ρ2, µ2)
are equivalent ((X1, d1, ρ1, µ1) ≃ (X2, d2, ρ2, µ2)) if there is an isometry ϕ : supp(µ1) ∪
{ρ1} → supp(µ2) ∪ {ρ2} such that

• ϕ(ρ1) = ρ2

• ϕ∗µ1 = µ2, where ϕ∗µ = µ ◦ ϕ−1 is the pushforward of µ under ϕ.

In general we will not distinguish between a metric measure space and its equivalence
class.

Now we highlight a subclass of equivalent classes of metric measure spaces.

Definition 2.18. Let χ = (X, d, ρ, µ) be a metric measure space. We say that χ is boundedly
finite if µ is finite on all bounded subsets of X and ρ ∈ supp(µ). Noting that this property
is invariant under equivalence of metric measure spaces, we can extend this definition to
equivalence classes of metric spaces. Let us denote by X the set of boundedly finite
equivalence classes of metric measure space.

Remark 2.19. In [6] the definition of X does not assume that the root is contained in
the support of the measure. Since our examples always satisfy that assumption we will
suppose that in order to simplify some notations.

Definition 2.20. An equivalence class of boundedly finite metric measure spaces is called
a Heine-Borel locally finite measure space if it contains a representative χ′ = (X ′, d′, ρ′, µ′)
such that (X ′, d′) is a Heine-Borel space, that is, a metric space in which every bounded
closed set is compact. Let XHB be the subspace of Heine-Borel spaces in X.

As in the previous section, we want to introduce a useful notion of convergence in
these classes of metric measure spaces. In order to do this, we will use again the notion
of Gromov-Hausdorff metric together with a metric between the measures. The latter is
given below.

Definition 2.21. Fix a metric space (X, d). We equip the space of all finite measures on
(X,B(X)), with the Prohorov metric, which is given by

d
(X,d)
P r (µ, µ′) = inf{ε > 0 : µ(A) ≤ µ′(Aε) + ε, µ′(A) ≤ µ(Aε) + ε ∀A closed}

where Aε = {x : d(x,A) ≤ ε} is the closed ε-neighborhood of A.
This metric induces weak convergence, which we will denote by ===⇒

n→∞
.

Given a rooted metric measure space (X, d, ρ, µ), denote by Bd(x,R) and B̄d(x,R)
respectively the open and closed balls induced by the distance d centered in x ∈ X with
radius R ≥ 0. We will denote by µ

∣∣∣
R

(·) = µ(· ∩ B̄d(ρ,R)), that is, the restriction of µ to
B̄d(ρ,R).
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Definition 2.22. For each n ∈ N ∪ {∞}, let χn = (Xn, dn, ρn, µn) ∈ XHB. We say that
(χn)n∈N converges to χ∞ in Gromov-Hausdorff vague topology if and only if there exists
a rooted Heine-Borel space (E, dE, ρE) and, for each n ∈ N ∪ {∞}, isometries φn :
supp(µn) → E with φn(ρn) = ρE such that, for all but countably R ≥ 0,

((φn)∗µn)
∣∣∣
B̄dE

(ρE ,R)
===⇒
n→∞

((φ∞)∗µ∞)
∣∣∣
B̄dE

(ρE ,R)
(23)

and additionally

dH

(
φn(supp(µn)) ∩ B̄dE

(ρE, R), φ∞(supp(µ∞)) ∩ B̄dE
(ρE, R)

)
n→∞−−−→ 0. (24)

Remark 2.23. In [6] a more general approach is considered for Gromov-Hausdorff vague
convergence: it is defined for sequences in X via localization of another topology, the
so-called Gromov-Hausdorff weak topology. The definition given here is equivalent to this
one when restricted to XHB (see [6, Definition 5.8 and Proposition 5.9]).

Remark 2.24. The space XHB equipped with the topology generated by the Gromov-
Hausdorff vague convergence is complete and separable (see [6, Proposition 5.12]).

In order to prove the next lemma we will introduce some theory about a topology in X
that, unlike the Gromov-Hausdorff vague topology, ignores some information about the
convergence of the support of the measures. Here we choose to define it via isometric
embeddings.

Definition 2.25. For each n ∈ N ∪ {∞}, let χn = (Xn, dn, ρn, µn) ∈ X.
We say that (χn)n∈N converges to χ∞ in Gromov vague topology if and only if there

exists a rooted, complete separable metric space (E, dE, ρE) and, for each n ∈ N ∪ {∞},
isometries φn : supp(µn) → E with φn(ρn) = ρE such that, for all but countably R ≥ 0,

((φn)∗µn)
∣∣∣
B̄dE

(ρE ,R)
===⇒
n→∞

((φ∞)∗µ∞)
∣∣∣
B̄dE

(ρE ,R)
. (25)

We highlight two properties of this topology that will be used in this work. Since there
is a lot of theory behind these properties that will not be discussed here, we will just refer
to a source for their proof.

Lemma 2.26. Consider χ = (X, d, ρ, µ), χn = (Xn, dn, ρn, µn) elements of X, and another
boundedly finite measure µ′

n in Xn for each n ∈ N. Assume that the following conditions
are satisfied:

1. χn −−−→
n→∞

χ Gromov vaguely;

2. There exists a sequence (Rk)k∈N such that Rk −−−→
k→∞

∞ and, for all k ∈ N,

d
(Xn,dn)
P r

(
µn|Rk

, µ′
n|Rk

)
n→∞−−−→ 0.

Then (Xn, dn, ρn, µ
′
n) converges Gromov vaguely to χ.

The proof of this lemma can be found in [6, lemma 2.9].
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Definition 2.27. For δ, R > 0 let us define mR
δ : X → R+ ∪ {∞} as

mR
δ (χn) = inf{µn(B̄dn

(
x, δ)

)
: x ∈ supp(µn) ∩ B̄dn(ρn, R)}.

We say that (χn)n∈N a sequence on X satisfies the local lower mass bound property if
for every δ > 0 and R > 0

lim inf
n→∞

mR
δ (χn) > 0. (26)

Finally, we state a relation between the Gromov-Hausdorff vague and the Gromov
vague convergences.

Theorem 2.28. Consider χ = (X, d, ρ, µ), χn = (Xn, dn, ρn, µn) elements of XHB. Then
the following are equivalent

1. χn −−−→
n→∞

χ Gromov vaguely and it satisfies the local lower mass bound property.

2. χn −−−→
n→∞

χ Gromov-Hausdorff vaguely.

The proof of this proposition can be found in [6, corollary 6.2].
Using this relation we prove the perturbation of measure property for the Gromov-

Hausdorff vague topology.

Lemma 2.29. Consider χ = (X, d, ρ, µ), χn = (Xn, dn, ρn, µn) elements of XHB, and an-
other boundedly finite measure µ′

n in Xn for each n ∈ N. Assume that the following
conditions are satisfied:

1. χn −−−→
n→∞

χ Gromov-Hausdorff-vaguely;

2. There exists a sequence (Rk)k∈N such that Rk −−−→
k→∞

∞ and, for all k ∈ N,

d
(Xn,dn)
H

(
supp(µn) ∩ B̄dn(ρn, Rk), supp(µ′

n) ∩ B̄dn(ρn, Rk)
)

n→∞−−−→ 0

and
d

(Xn,dn)
P r

(
µn|Rk

, µ′
n|Rk

)
n→∞−−−→ 0.

Then χ′
n = (Xn, dn, ρn, µ

′
n) converges Gromov-Hausdorff vaguely to χ.

Proof: Lemma 2.26 implies that χ′
n converges Gromov vaguely to χ. Therefore, by

theorem 2.28 we only need to check that, for every δ > 0 and R > 0, the sequence
(χ′

n)n∈N satisfies the lower local mass bound property.
Note that it is sufficient to prove that (χ′

n)n∈N satisfies equation (26) for every δ > 0
and for a sequence Rk −−−→

k→∞
∞. Indeed, if for every R > 0 we can take a Rk > R , then

mR
δ (χ′

n) ≥ mRk
δ (χ′

n) because

{x : x ∈ supp(µ′
n) ∩ B̄dn(ρn, Rk)} ⊃ {x : x ∈ supp(µ′

n) ∩ B̄dn(ρn, R)}.

Now fix δ > 0, k ∈ N and 0 < η < (δ ∧ εn/2, where εn = mRk

δ/2(χn) > 0. By our
assumptions and the definition of Hausdorff distance, there exists N1 ∈ N such that for
every n > N1 it follows that

supp(µ′
n) ∩ B̄dn(ρn, Rk) ⊂

(
supp(µn) ∩ B̄dn(ρn, Rk)

) δ
2 −η

.
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Then for every x ∈ supp(µ′
n) ∩ B̄dn(ρn, Rk), there exist some y ∈ supp(µn) ∩ B̄dn(ρn, Rk)

such that x ∈ B̄dn(y, δ
2 − η). Thus

µ′
n

(
B̄dn(x, δ)

)
≥ µ′

n

(
B̄dn(y, δ/2 + η)

)
,

by our assumption on the convergence of the Prohorov distance there exists N2 ∈ N such
that for every n > N2 and x ∈ supp(µ′

n) ∩ B̄dn(ρn, Rk)

µ′
n

(
B̄dn(y, δ/2 + η)

)
≥ µn(B̄dn(y, δ/2)) − η > εn/2

where the last inequality follows from our choice of ε. Hence, for n > N1 ∨N2

µ′
n

(
B̄dn(x, δ)

)
≥ εn/2

then
mRk

δ (χ′
n) ≥ 1

2m
Rk

δ/2(χn).

Since χn −−−→
n→∞

χ Gromov-Hausdorff vaguely, theorem 2.28 implies that (χn)n∈N satisfy
the local lower mass bound property, so, by taking lim supn→∞ in both sides of the last
inequality we complete the proof.

■

Henceforth we return to work specifically on the space of real rooted trees. Consider t′
a discrete tree with root ρ′, and equip t′ with the graph distance d′, that is, the length of
the shortest path. Then, as made in the comment before 2.15 (t′, d′, ρ′) can be embedded
isometrically into a complete, locally compact real tree (T, d, ρ) in a unique way, where T
is obtained by “filling the edges” of t′. We denote the image of t′ by nod(T ), so nod(T )
is a discrete subset of T , and we can identify t′ with nod(Tn). A natural measure on t′ in
the context of random walks is given below.
Definition 2.30. Consider a discrete tree (t′, d′, ρ′) and the correspondent embedding into
a complete, locally compact real tree (T, d, ρ).

The degree measure µdeg
t′ on nod(T ) is given by

µdeg
T = 1

2
∑

x∈nod(T )
deg(x)δx (27)

where deg(x) is the multiplicity of the vertex x.
We could have defined µdeg

t′ on t′ and considered µdeg
T as the pushforward of the degree

measure on t′. Note that in this case (t′, d′, ρ′, µdeg
t′ ) ≃ (T, d, ρ, µdeg

T ) (remember that, by
definition 2.17, the equivalence only consider the support of the measures).

Another relevant measure on a real tree is defined below.
Definition 2.31. Consider a metric space (T, d) and define, for S ⊆ T and δ > 0,

H1
δ (S) = inf

{∑
i∈N

diam(Ui) :
⋃
i∈N

Ui ⊇ S, diam(Ui) < δ
}
,

where the infimum is over all countable covers of S by sets Ui ⊂ T satisfying diam(Ui) < δ.
As H1

δ (S) is nonincreasing in δ, we consider

H1(S) = lim
δ↓0

H1
δ (S),

which is an outer measure on T . By Carathéodory’s extension theorem, its restriction to
the σ-algebra of Carathéodory-measurable sets is a measure. We call this measure the
1-dimensional Hausdorff measure on T .
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The 1-Hausdorff measure on (T, d) coincides with our concept of length of the space,
therefore it defines a natural measure on T . We will call it the length measure and denote
it by λ = λ(T,d).

The Gromov-Hausdorff vague convergence give us a relation between these two mea-
sures.

Proposition 2.32. Consider (tn)n∈N a sequence of discrete rooted trees, and the corre-
sponding sequence of rooted real trees (Tn, dn, ρn) constructed as above. Assume that
there exists two sequences of positive numbers (αn)n∈N and (βn)n∈N that converge to 0,
such that

(Tn, αndn, ρn, βnλ(Tn,dn)) n→∞−−−→ χ

Gromov-Hausdorff vaguely for some real tree χ = (T, d, ρ, µ) ∈ XHB. Then

(Tn, αndn, ρn, βnµ
deg
Tn

) n→∞−−−→ χ

Gromov-Hausdorff vaguely.

Let us give an idea of the proof of the previous proposition. We have that supp(µdeg
Tn

) =
nod(Tn) and supp(λ(Tn,dn)) = Tn. Since, by the embedding of a discrete tree into a real
tree, the 1−neighborhood of the set nod(Tn) is Tn, we have that, for every R > 0,

dH

(
nod(Tn) ∩ B̄αndn(ρn, R), B̄αndn(ρn, R)

)
≤ αn

n→∞−−−→ 0.

Furthermore, assuming that the diameter of Tn is smaller than R, it follows that

d
(Tn,dn)
P r (βnµ

deg
Tn
, βnλ(Tn,dn)) ≤ 1

2αn.

Indeed if we take any closed subset A of Tn in the definition of the Prohorov distance
for each x in nod(Tn) ∩ A the set A 1

2 αn = {x ∈ Tn : αndn(x,A) ≤ αn

2 } will contain
B̄αndn(x, αn/2). Then, as λ(Tn,dn)(B̄αndn(x, αn/2)) = deg(x)

2 and these balls are disjoint

λ(Tn,dn)(A
1
2 αn) ≥ µdeg

Tn
(A).

Moreover for each x ∈ A \ nod(Tn) there exists u, v ∈ nod(Tn) such that x ∈Ku, vJ,
where Ku, vJ= Ju, vK \ {u, v}. Then u or v must be contained in A

1
2 αn implying that

µdeg
Tn

(A 1
2 αn ∩ Ju, vK) = 1u∈Aαn/2

deg(u)
2 + 1v∈Aαn/2

deg(v)
2

while
λ(Tn,dn)(A ∩ Ju, vK) ≤ 1u∈Aαn/2

1
2 + 1v∈Aαn/2

1
2 .

It follows that
µdeg

Tn
(A 1

2 αn) ≥ λ(Tn,dn)(A).
In the general case, we have to take the boundary effects into account. So consider the

annulus Sε(ρn, R) = B̄αndn(ρn, R + 1
2ε) \Bαndn(ρn, R − 1

2ε). We have that

d
(Tn,αndn)
P r

(
βnµ

deg
Tn

∣∣∣
R
, βnλ(Tn,dn)

∣∣∣
R

)
≤
(1

2αn

)
∨
(
βnλ(Tn,dn)

(
Sαn(ρn, R)

))
(28)

In order to give an idea of the proof of this inequality let us denote B = B̄dn(ρn, R) and,
for A a closed subset of B consider the cases
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1. A ⊂ Bαndn(ρn, R − 1
2αn),

2. A ∩ nod(Tn) \Bαndn(ρn, R − 1
2αn) = ∅,

3. A ∩ nod(Tn) \Bαndn(ρn, R − 1
2αn) ̸= ∅.

In the first case, since A 1
2 αn ∩B = A

1
2 αn we can apply the same ideas as before and show

that µdeg
Tn

(A 1
2 αn) ≥ λ(Tn,dn)(A) and λ(Tn,dn)(A

1
2 αn) ≥ µdeg

Tn
(A).

In the second case every x ∈ A\Bαndn(ρn, R− 1
2αn) is outside nod(T ), so it may happen

that βnλ(Tn,dn)(A \ Bαndn(ρn, R − 1
2αn)) > αn/2 while βnµ

deg
Tn

(A 1
2 αn ∩ B) = 0. But it is

true that

βnµ
deg
Tn

(
A

βnλ(Tn,dn)

(
Sαn (ρn,R)

)
∩
(
Bαndn(ρn, R − αn/2)

)c
∩B

)
+ βnλ(Tn,dn)

(
Sαn(ρn, R)

)
≥ βnλ(Tn,dn)

(
A ∩

(
Bαndn(ρn, R − αn/2)

)c
∩B

)
.

Similarly, in the third case it may happen that deg(x)
2 > λ(Tn,dn)(B̄dn(x, αn/2) ∩ B) for

some x ∈ A ∩ nod(Tn) \Bαndn(ρn, R − 1
2αn), but we have that

βnλ(Tn,dn)

(
A

βnλ(Tn,dn)

(
Sαn (ρn,R)

)
∩
(
Bαndn(ρn, R − αn/2)

)c
∩B

)
+ βnλ(Tn,dn)

(
Sαn(ρn, R)

)
≥ βnµ

deg
Tn

(
A ∩

(
Bαndn(ρn, R − αn/2)

)c
∩B

)
what give us equation (28).

By assumption βnλ(Tn,dn)
(
Sαn(ρn, R)

)
n→∞−−−→ 0 in equation (28) for every R > 0 with

µ(S(ρ,R)) = 0. Therefore, by lemma 2.29 the result follows.

We again use the notations Tg, d
′
g, dg and pg introduced in section 2.1 in order to build

a real tree from a continuous excursion g ∈ e. In the context of metric measure real trees
we can make a similar construction and define the following:

Definition 2.33. The glue map G

G(g) = (Tg, dg, ρg, µg) (29)

sends an excursion to a complete, separable, rooted real tree where dg, ρg, µg are the
pushforwards of d′

g, the Lebesgue measure on [0, η(g)] (λ([0,η(g)])), and 0, respectively,
under the canonical projection pg : R+ → Tg.

Let us distinguish the elements g ∈ e by its excursion lengths. If η(g) < ∞ we say that
g is compactly supported. If η(g) = ∞ and limx→∞ g(x) = ∞ we say that g is transient.
In this case we define for R > 0 the last visit to height R by

ξg(R) = sup{t ≥ 0 : g(t) ≤ R} < ∞. (30)

Then the glue map acts on e as follows.

Lemma 2.34. Let g : R+ → R+ be a continuous excursion.

1. If g is compactly supported, then G(g) is a rooted compact finite measure real tree,
in particular G(g) ∈ XHB.
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2. If g is transient, then G(g) ∈ XHB.

3. If g is neither compactly supported nor transient, then G(g) /∈ XHB.

Proof:

1. Follows from the proof of theorem 2.4.

2. Assume that g is transient.
Then for all R > 0, ξg(R) < ∞, and, by continuity of g, AR = {s ∈ [0,∞) :
g(s) ≤ R} is a closed subset of [0, ξg(R)], hence it is compact. As previously
stated the continuity of g implies continuity of pg. Therefore, by construction of Tg,
B̄dg(ρg, R) = pg(AR) is a compact subset of Tg.

Consequently, µg

(
B̄dg(ρg, R)

)
≤ λ([0, ξg(R)]) = ξg(R) < ∞, as µg is the pushfor-

ward of the Lebesgue measure on R+. Since any bounded closed subset of (Tg, dg)
is a closed subset of a closed ball B̄dg(ρg, R) for some R > 0, it is compact as well.
Thus G(g) ∈ XHB.

3. Assume that g is such that η(g) = ∞ but a = lim inft→∞ g(t) < ∞, and define
b = lim supt→∞ g(t).
If b > a, (Tg, dg) is not Heine-Borel (and therefore not locally compact). Indeed,
there is an ε > 0 with a + 3ε < b, and an increasing sequence (tn)n∈N in R+ with
g(tn) ∈ [a+ 2ε, a+ 3ε] and infu∈[tn,tn+1] g(u) ≤ a+ ε for all n ∈ N.
Then the sequence (xn)n∈N defined by xn = pg(tn) defines a sequence of points in
B̄dg(ρg, a+ 3ε) with dg(xi, xj) = d′

g(g(ti), g(tj)) > ε for all i ̸= j.
Moreover if b = a,

µg

(
B̄dg(ρg, b+ 1)

)
= λ

(
{s ∈ R+ : g(s) ≤ b+ 1}

)
= ∞, (31)

which means that µg is not boundedly finite. In both cases G(g) /∈ XHB. ■

2.3.1 A transient excursion example.
Now we will focus on present a example related to a non-compact real tree in XHB,
therefore we will use a transient continuous excursion.

A interesting fact about the trees coded by these functions follows.

Proposition 2.35. Let g be a transient excursion. Then G(g) ∈ XHB is a real tree with
exactly one end at infinity, i.e., there is a unique bijective isometry φ : [0,∞) → Tg with
φ(0) = ρg.

Proof: We will show that φg = pg ◦ ξg, where ξg is defined as in equation (30). To prove
that φg is a isometry we use again the observations in remark 2.5. So taking r ≤ t in R

dg(φg(r), φg(t)) = g(ξg(r)) + g(ξg(t)) − 2mg(ξg(r), ξg(t)) = r + t− 2r = t− r

because ξg(x) = x for every x ∈ R+, which also implies that φg(0) = ρg.
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To prove uniqueness, assume that ψ : [0,∞) → Tg is another isometry that satisfies
ψ(0) = ρg and fix R > 0. Choose t ∈ R+ with pg(t) = ψ(R). As ψ is an isometry, we
have that

dg(pg(t), ρg) = dg(ψ(R), ψ(0)) = R

so g(t) = R, and then t ≤ ξg(R).
Now take S > supu∈[0,ξg(R)]{g(u)} and s ∈ p−1

g

(
ψ(S)

)
. Note that s > ξg(R) and

g(s) = S, so
S −R = dg

(
ψ(S), ψ(R)

)
= S +R − 2 inf

u∈[t,s]
g(u),

hence infu∈[t,ξg(R)]{g(u)} ≥ infu∈[t,s]{g(u)} = R. This implies that

dg

(
ψ(R), φg(R)

)
= dg

(
pg(t), pg(ξg(R))

)
= 2R − 2 inf

u∈[t,ξg(R)]
{g(u)} = 0.

■

Consider e∞ ⊂ e as the set of continuous transient excursions. Then a result analogous
to lemma 2.13 follows.

Proposition 2.36. The glue map G : e∞ → XHB is continuous if e∞ is equipped with the
topology of uniform convergence on compact sets, and XHB with the Gromov-Hausdorff
vague topology.

The proof of this theorem will be omitted as it involves some topics that were not
discussed here. We refer to [6, Proposition 7.5] for a proof.

The remainder of this work will focus on showing convergences related to a specific
class of examples of random locally compact real trees in XHB.

Definition 2.37. The Kallenberg-Kesten tree t∞ is the tree associated to a critical µ-
Galton-Watson process (Zn)n∈N with variance 0 < σ2 < ∞ conditioned to survive.

A more precise definition based on [16] follows.
For a discrete tree t, write tk for the set of vertices of t that have height equal to k.

Then, for k ∈ N0, denote by Tk the set of all rooted ordered trees t of k generations, that
is, such that #tk ̸= 0 but #tk+1 = 0. And denote by T∞ the set of infinite trees, that is,
t such that #tk ̸= 0 for all k ∈ N.

Moreover, consider the function T[k] : T∞ ∪ ⋃
n≥k Tn → Tk such that T[k](t) consists of

the k first generations of the tree t.
Finally, let µ be a critical nondegenerate offspring distribution with finite variance, and

consider (Zn)n∈N0 a µ-Galton-Watson process with tree representation θ. It follows from
the branching property (remember definition 1.11) and the estimate in theorem 1.9 that,
for t ∈ Tk,

lim
n→∞

P (T[k](θ) = t|Zn ̸= 0) = #tkP (T[k](θ) = t).

Then, by linearity of the limit, ν(T[k](θ) = t) = #tkP (T[k](θ) = t) defines a proba-
bility measure on Tk. By Kolmogorov’s extension theorem, since the product measures∏

k∈J T[k]∗ν for J ⊂ N satisfy the consistency condition (it is sufficient to check on the
generating sets of the product σ-algebra), there exists a unique extension of T[k]∗ν to a
probability measure on T∞ the set of rooted ordered infinite discrete trees. Let us denote
this extension by ν.

Then, ν is the distribution of the µ-Galton-Watson tree conditioned on no-extinction.
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Remark 2.38. An alternative construction of t∞, based on [16, Lemma 2.2] and [13,
Section 5] is made as follows. Consider that we can classify the vertices of a tree into two
types: the normal nodes and the special nodes, with the root being special. A normal
node has offspring distribution µ, and all its children are normal, while the special node
has offspring distribution

µ̂(k) = kµ(k) , for k ∈ N0,

the size-biased distribution of µ. Moreover, we choose uniformly at random one of the
children of the special node to be special, while the others are normal.

Since all the special nodes have exactly one special child, there exist, almost surely, a
unique infinite path from the root, formed by the special vertices. Let us call this path
the spine of the tree.

Note that the contour function of t∞ is a transient excursion, so the last assertion
agrees with proposition 2.35.

Now we intend to show Gromov-Hausdorf vague convergence of the rescaled Kallenberg-
Kesten tree.

In order to do so, let us consider a Kallenberg-Kesten tree (t∞, d′, ρ′) as defined in 2.37
where µ will be considered a Geom(1

2) distribution and d is the graph distance on t∞.
Henceforth we deal with the embedding of (t∞, d′, ρ′) into a complete, locally compact
rooted real tree (T ∞, d, ρ). Then we state the following:

Theorem 2.39. Consider (T ∞, d, ρ) a embedded µ-Kallenberg-Kesten tree with µ ∼ Geom(1
2)

and B̃t = Bt − 2 infs∈[0,t]{Bs}, where B is the standard Brownian motion on R. Then
(T ∞, n−1d, ρ, n−2λ(T ∞,d))

(d)−−−→
n→∞

G(B̃),

(T ∞, n−1d, ρ, n−2µdeg
T ∞) (d)−−−→

n→∞
G(B̃)

Gromov-Hausdorff vaguely.

Proof: Let us consider a Kallenberg-Kesten tree (t∞, d′, ρ′) as defined in 2.37 where µ will
be considered a Geom(1

2) distribution and d is the graph distance on t∞. Henceforth we
deal with the embedding of (t∞, d′, ρ′) into a complete, locally compact rooted real tree
(T ∞, d, ρ). Equip this space with the lengh measure λ(T ∞,d).

Based the construction of the Kallenberg-Kesten tree in remark 2.38 and on the be-
havior of the contour function of geometric critical Galton-Watson trees in example
1.15, it follows that (T ∞, d, ρ, λ(T ∞,d)) has the same law as G(S̃), where, for t ≥ 0,
S̃t = St − 2 infs∈[0,t]{Ss}, a process that is obtained from the path of S, the linear inter-
polation of a simple random walk on Z, by reflecting this path at each time point in the
level of its previous minimum. The relation between these two process is more clear if we
note that the branches attached to the normal children of a special vertex behaves like a
µ-Galton-Watson tree. Then, infk≤n Sk coincides with the En − 1 where En is the number
of elements of the spine already visited by the particle that defines the contour process
up to time n.

By Donsker’s invariance theorem and the continuous mapping theorem,

(S̃(n)
t )t≥0 = (n−1S̃n2t)t≥0

(d)−−−→
n→∞

(B̃t)t≥0

where, for t ≥ 0, B̃t = Bt − 2 infs∈[0,t]{Bs}, and B is the standard Brownian motion on
R. By [22, Theorem 1.3], B̃ is a three-dimensional Bessel process, defined as the process
that coincides in law with the radial part of a three-dimensional Brownian motion.
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From now on we refer to G(B̃) as the continuum Kallenberg-Kesten tree, χ∞.
Because of the rescaling, the elements G(S̃(n)) = (TS̃(n) , dS̃(n) , ρS̃(n) , λS̃(n)) in the defini-

tion 2.33 can be written in terms of dS̃, ρS̃ and λ(TS̃ ,dS̃) as (TS̃, n
−1dS̃, , ρS̃, n

−2λ(TS̃ ,dS̃)).
Hence by the previous observations and the continuity of the glue map

(T ∞, n−1d, ρ, n−2λ(T ∞,d)) ∼ G(S̃(n)) (d)−−−→
n→∞

G(B̃) = χ∞

Gromov-Hausdorff vaguely.
By proposition 2.32, this also implies

(T ∞, n−1d, ρ, n−2µdeg
T ∞) (d)−−−→

n→∞
χ∞

Gromov-Hausdorff vaguely.
That is, we conclude that if we take a discrete geometrical Kallenberg-Kesten tree

with edge length rescaled to become n−1 and equip it with the measure that assigns
mass 1

2n
−2deg(x) to each vertex x, this rescaled discrete measure tree (t∞, n−1d, n−2µdeg

t∞ )
converges weakly with respect to the Gromov-Hausdorff-vague topology to the continuum
Kallenberg-Kesten tree. ■

2.4 Further related works.
The Gromov-Hausdorff vague convergence can be used to develop a great variety of works
on real trees by treating them as the limit of a sequence of embedded discrete trees. Here
we describe some of them. We begin by mentioning some works related to the convergence
of random walks on random trees.

Definition 2.40. Let t a discrete tree in which all vertices have finite degree. We denote
by (XT

n )n∈N0 the neareast-neighbor random walk on t, that is, the Markov chain on t with

transition probabilities p(x, y) =


1
deg(x) if x is connected to y in t,

0 otherwise.

In our previous example, let us consider (Xk)k∈N0 the random walk on (T ∞, d, ρ, µdeg
T )

under its annealed distribution. That is, first we choose T , a realization of the graph T ∞,
according to ν (defined on the comments after definition 2.37), and then Xn starts at
X0 = ρ and moves on T as (XT

n )n∈N0 .
In [16, Theorem 1.16], Kesten stated that if (Yt)t∈R+ is the linear interpolation of the

height function of the random walk on the Kallenberg-Kesten tree, then n− 1
3Ynt converges

weakly in C(R+,R+) (under the annealed law) to a non-zero process.
Later, in [2, section 5.1], now focused on (Te, de, µe, ρe), the Continuum Random Tree

(remember 2.14) equipped with a probability measure µe and a distance de, Aldous con-
jectured the existence of a strong Markov process1 X = (Xt)t≥0 on Te with continuous
paths such that µe is its reversible equilibrium and it satisfies

(i) for each path Ja, bK ⊂ Te and each x ∈ Ja, bK,

Px(τa < τb) = de(x, b)
de(a, b)

,

where, for x ∈ Te, τx = inf{t ≥ 0 : Xt = x}.
1We refer to [18] for a precise definition of this process.
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(ii) for all f : Te → R+ bounded measurable function and x, y on Te,

Ex

[∫ τz

0
f(Xt) dt

]
= 2

∫
TK

µe(dy)
(
f(y) · de

(
z, c(x, z, y)

))
(32)

where for x, y, z ∈ TK c(x, z, y) denotes the unique point in TK that satisfies

Jx, c(x, z, y)K = Jx, zK ∩ Jx, yK.

He called it the Brownian motion on the CRT. In a further work [17], Krebs showed a
construction of this process based on Dirichlet forms.

Later, in [11], Croydon considered a triple (tn, µn, X
n), where, for each n ∈ N, tn is

a discrete ordered tree with n vertices, µn is the uniform measure on the vertices of tn
and Xn is the simple random walk on tn started from the root ρ ∈ tn. Denoting by
(t̃n, µ̃n, X̃

n) its random embedding on l1, the Banach spaces of sequences (xn)n∈N0 such
that xn ∈ R for each n ∈ N and ∑

n∈N |xi| < ∞, and by Pn the law of that triple on
K(l1) × M1(l1) × C([0, 1], l1), where K(l1) is the space of compact sets of l1, he con-
cludes that, if the sequence of contour functions n−1/2C(tn) converges weakly to the
reflected Brownian excursion on C([0, 1],R+), then

(
n−1/2t̃n, µ̃n(

√
n·), (n−1/2Xn

tn3/2)t∈[0,1]
)

converges in distribution to (T̃⌉, µ̃e, X̃), where this triple is a random embedding of the
CRT, the length measure and Brownian Motion X into l1.

Finally, in [5, theorem 1], a very general result is proved about scaling limits of random
walks on Heine-Borel tree-like spaces that converge Gromov-Hausdorff vaguely. Here we
state a simplified version of this theorem.

Definition 2.41. Consider χ = (T , d, ρ, µ) a discrete ordered rooted tree embedded as a
real measure tree.

The continuous-time nearest-neighbor random walk on χ (XT
n )n∈N0 is the Markov chain

with initial state X0 = ρ that jumps from x ∈ nod(T ) to y ∈ nod(T ) if d(x, y) = 1 at
rate r(x, y) = 1

2·µ({y})·d(x,y) .

Theorem 2.42. Let, for each n ∈ N, χn = (Tn, dn, ρn, µn) be a discrete tree embedded into
a real tree, and χ = (T , d, ρ, µ) be a Heine-Borel real tree.

If χn converges to χ Gromov-Hausdorff vaguely, then there exists a metric space (E, dE)
and isometric embeddings ϕn : Tn → E, ϕ : T → E such that (ϕ ◦ Xn)n∈N converges
weakly in path space to ϕ ◦ X, where X the unique strong Markov process on T that,
when restricted to compact subtrees, satisfies (32).

In this work we focused on scaling limits of trees related to a critical Galton-Watson
process, but the topological results introduced in this chapter can be applied to a wider
variety of random trees. Here we cite a result related to spanning trees in high-dimensional
graphs.

A spanning tree of a connected finite graph G = (E, V ) is a subgraph tG = (E ′, V ),
where E ′ ⊂ E connects every vertex in V and does not contain any cycle. The uniform
spanning tree of G is a random graph uniformly chosen from the set of spanning trees of
G. In [4], a scaling convergence theorem is obtained regarding uniform spanning trees of
a sequence of graphs that satisfy certain conditions (see [4, Assumption 1.4]). Examples
of graphs that satisfy their conditions are the d-dimensional torus Zd

n with d > 4 and the
hypercube {0, 1}n. The statement of [4, Theorem 1.8] is as follows.
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Let Gn be a sequence of graphs that satisfy [4, Assumption 1.4], and let Tn be a uniform
spanning tree of Gn. Equip Tn with dn, the graph distance, with µn, the uniform measure
on the vertices of Tn, and with On, an arbitrary vertex of Gn. Then there exists a sequence
βn satisfying 0 < infn∈N βn ≤ supn∈N βn < ∞ such that(

Tn,
dn

β(d)nd/2 , µn, On

)
(d)−−−→

n→∞
(Te, , de, µe, O)

where Te is the CRT equipped with µe, and root O. This convergence is a convergence
in distribution on the space of (equivalent classes of) compact metric spaces equipped
with the so-called Gromov-Hausdorff-Prohorov metric, which coincides with the Gromov-
Hausdorff vague convergence as the measures µn and µe have full support (see [6, Re-
mark 5.2]).

A corollary of this result related to our previous discussion is [4, theorem 1.11], which
states the scaling limit of the simple random walk on Tn to the Brownian motion on the
CRT.
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Appendix A

Convergence of probability measures

In this chapter we will give a brief introduction to some the theory of convergence of
probability measures. The details and proofs can be found at [9]. Henceforth we always
consider E a metric space and B(E) its Borel σ-algebra.

Definition A.1. Take (Pn)n∈N and P probability measures on (E,B(E)), where E is a met-
ric space. We say that Pn converges weakly to P , denoted by Pn ⇒ P , if limn→∞

∫
E f dPn =∫

E f dP for any f bounded, continuous real function f on E.
Let M1(E) be the set of all probability measures on E. We will denote weak conver-

gence of a sequence (Pn)n∈N to P on M1(E) by Pn
n→∞===⇒ P .

Definition A.2. Let E and E ′ be two metric spaces and h : E → E ′ a measurable
function, and P a probability measure on E. We call h∗P the pushforward of P by h as
the probability measure on E ′ defined as h∗Pn(A) = Pn(h−1(A)), for every A ∈ B(E ′).

Theorem A.3. (Continuous mapping theorem) If (Pn)n∈N is a weakly convergent sequence
in E that converges to P and h : E → E ′ is a continuous function, then h∗Pn ⇒ h∗P .

Definition A.4. Let Π be a family of probability measures on (E,B(E)). We call Π
relatively compact if every sequence of elements of Π contains a weakly convergent subse-
quence.

Definition A.5. A family Π of probability measures on (E,B(E)) is tight if for every η > 0
there exists a compact set K ⊂ E such that

P (K) ≥ 1 − η ∀P ∈ Π.

Theorem A.6. (Prohorov theorem) If E is a polish space, that is, separable and complete,
then Π is relatively compact if, and only if, it is tight.

Definition A.7. The Prohorov distance in ∈ M1(E) is defined by

d
(E,d)
P r (µ, µ′) = inf{ε > 0 : µ(A) ≤ µ′(Aε) + ε, µ′(A) ≤ µ(Aε) + ε ∀A closed}

where Aε = {x : d(x,A) ≤ ε} is the closed ε-neighborhood of A.

Theorem A.8. Let E be a polish space, (Pn)n∈N and P be probability measures on E.
Then limn→∞ d

(E,d))
P r (Pn, P ) = 0 iff Pn

n→∞===⇒ P .
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A.1 Weak convergence on D∞

Consider the space D([0,∞)) = D∞ of functions f : R+ → R that are right-continuous
with left limits (càdlàg). We want to define the metric that will be used in D∞, in order
to do so we introduce some notations.

For every m ∈ N define gm : R+ → R+ as

gm(t) =


1 , for t ≤ m− 1,
m− t , for m− 1 ≤ t ≤ m,

0 , for t ≥ m.

For x ∈ D∞, let xm be the element of D∞ defined by

xm(t) = gm(t)x(t), t ≥ 0.

Now we introduce the set

Λm = {λ : [0,m] → [0,m] : λ is a strictly increasing, continuous function}

and, for each λ ∈ Λm consider

∥λ∥ = sup
s ̸=t

∣∣∣∣ log
(
λt− λs

t− s

) ∣∣∣∣.
Using these notations we define, for each m ∈ N, dm a metric on the subset of elements

of D∞ with support on [0,m]

dm(xm, ym) = inf
ε>0

{
∃λ ∈ Λm : ∥λ∥ < ε and sup

t∈[0,m]
|xm(t) − ym(λ(t))| ≤ ε

}
.

Finally, we are able to define the Skorohod metric in D∞.

Definition A.9. Take x, y ∈ D∞. We define the metric that induces the J1SkorohodtopologyonD∞
by

d∞(x, y) =
∞∑

m=1
2−m(1 ∧ dm(xm, ym)).

Proposition A.10. D∞ equipped with the metric d∞ is a polish space.

So we can apply the result of Prohorov’s theorem in D∞ equipped with the Skorohod
topology.

Definition A.11. Given an metric space E, we say that K ⊂ B(E) is a separating class
if µ, ν probability measures on (E,B(E)) satisfy µ(K) = ν(K) for every K ∈ K, then
µ(A) = ν(A) for every A ∈ B(E).

Definition A.12. Let P be a probability measure on (D∞,B(D∞)). For t1, . . . tp ∈ R+,
denote by πt1,...,tp the projection of D∞ in Rp such that πt1,...,tp(x) = (x(t1), . . . , x(tp)).

Then the elements of

{(πt1,...tp)∗P : (t1, . . . , tp) ∈ Rk
+, p ∈ N}

are called the finite-dimensional distributions of P .
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Proposition A.13. The set {πt1,...tp : (t1, . . . , tp) ∈ Rk
+, p ∈ N} is a separating class of D∞.

As a consequence of the previous proposition we have that

Proposition A.14. If (Pn)n∈N is a relatively compact sequence of probability measures on
D∞ and the finite-dimensional distributions of Pn converges weakly to those of P , then
Pn converges weakly to P .

Theorem A.15. A sequence {Pn ;n ∈ N} of probability measures on D∞ is tight if and
only if the following conditions holds for all m:

(i) For each t in a dense subset of R+,

lim
a→∞

lim sup
n→∞

Pn ({x ∈ D∞ : |x(t)| ≥ a}) = 0.

(ii) For each m ∈ N and ε > 0,

lim
δ→∞

lim sup
n→∞

Pn ({x ∈ D∞ : w′
m(x, δ) ≥ ε}) = 0

where
w′

m(x, δ) = inf
{ti}

{max
1≤i≤v

w(x, [ti−1, ti))}

in which
w(x, [ti−1, ti)) = sup

s,t∈[ti−1,ti)
{|x(s) − x(t)|}

and the infimum is taken over all decompositions 0 = t0 < t1 < . . . < tv = m of
[0,m] ∈ R+ such that ti − ti−1 > δ for 1 ≤ i < v, v ∈ N.
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Appendix B

Brownian motion

In this chapter we will give a brief introduction to some of the results related to Brownian
motion. The details and proofs can be found at [9] and [18].

Definition B.1. The (standard) Brownian motion on R, (Bt)t∈R+ , is the random element
that takes values on C(R+,R), the space of continuous functions from R+ to R and satisfies:

• B0 = 0 almost surely.

• For every 0 ≤ s < t, the random variable Bt − Bs is independent of σ(Br, r ≤ s)
and distributed according to N (0, t− s).

Equip the space C∞ = C(R+,R) with the topology of uniform convergence on compact
sets and the corresponding Borel σ−algebra C.

Definition B.2. The Wiener measure is a measure on (C∞, C) defined by

W (A) = P (B ∈ A)

for A ∈ C.
When A is a cylinder set, that is A = {w ∈ C∞ : w(t0) ∈ A0, . . . , w(tk) ∈ Ak} for

some k ∈ N0, 0 = t0 < t1 < . . . < tk and A0, . . . , Ak ∈ B(R), the Wiener measure can be
written as

W (A) = 1A0(0)
∫

A1×...×Ak

dx1 . . . dxk

(2π)n
2

√
t1(t2 − t1) . . . (tn − tn−1)

exp
(

−
k∑

i=1

(xi − xi−1)2

2(ti − ti−1)

)
.

Theorem B.3. (Donsker’s invariance theorem) Let (ξi)i∈N0 be a sequence of independent
and identically distributed random variables with mean 0 and variance σ2 ∈ (0,∞).
Consider (Sn)n∈N0 , where Sn = ∑n

i=0 ξi, a random walk on Z. It follows that(
1

σ
√
n
S[nt]

)
t∈R+

(d)−−−→
n→∞

(Bt)t∈R+

where [nt] is the integer part of nt, so (S[nt])t∈R+ is a process in D∞.

There is also a version of Donsker’s theorem for the random walk as a random element
of C(R+,R) by taking (S[nt])t∈R+ as the linear interpolation of the rescaled random walk.
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Remark B.4. Actually in [9] it is proved the weak convergence on the Skorohod space
D[0, 1] of P n, the distributions of

(
1

σ
√

n
S[nt]

)
t∈[0,1]

, to the Wiener measure on C[0, 1]. The
theory behind this proof can be easily generalized to show convergence on D[0,m] for any
m ∈ N, since, by [9, lemma 3, chapter 16], this is a sufficient and necessary condition for
weak convergence on D∞ the stated result follows.

Now we list some useful properties of the Brownian motion on R.

Proposition B.5. Let B be a Brownian motion. Then

1. −B is also a Brownian motion.

2. For every λ > 0, ( 1
λ
Bλ2t)t∈R+ is also a Brownian motion.

3. For every s ≥ 0 the process (Bs+t − Bs)t∈R+ is a Brownian motion independent of
σ(Br, r ≤ s).

Theorem B.6. (Reflection principle) For every t > 0, set St = sups≤t Bs. Then, if a ≥ 0
and b ≤ a we have

P (St ≥ a,Bt ≤ b) = P (Bt ≥ 2a− b).
Moreover, St has the same distribution as |Bt|.
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Appendix C

Markov Chains basics

In this chapter we will give a brief introduction to some Markov chain theory. The details
and proofs can be found in [21]. Some of our formulation is taken from [24].

Consider I a countable set which we will call the state space. Each element of I is
called a state. Also let (Ω,F ,P) be a probability space.

Let X = (Xn)n∈N0 be a stochastic process, that is, a sequence in which each Xn is
a random variable with values in I. Consider (Fn)n∈N0 the canonical filtration of X,
meaning that each Fn is the σ-algebra generated by (X0, X1, . . . , Xn).

In this context we define:

Definition C.1. We say that X = (Xn)n∈N0 is a discrete-time Markov chain if X satisfies
the Markov property, that is, for every f : I → R bounded and measurable and n ≥
m ≥ 0

E[f(Xn)|Fm] = E[f(Xn)|Xm] P almost surely.
Here Xm corresponds to the σ-algebra generated by Xm.

The Markov property can be reformulated in a number of ways. One equivalent ways
is given below: If (Xn)n∈N0 is a Markov chain with X0 = x, then, conditioned on Xm = i,
(Xn+m)n∈N0 is a Markov chain started at i and is independent of the random variables
X0, . . . , Xm.

Another way of defining Markov chains is by taking Q = (qi,j)i,j∈I a matrix that satisfies∑
j∈I qi,j = 1 and λ a probability measure on I.
Then X = (Xn)n∈N0 is a time homogeneous Markov chain with initial distribution λ

and transition matrix Q if

(i) X0 has distribution λ.

(ii) For n ≥ 0 and i1, . . . , in+1 ∈ I

P(Xn+1 = in+1|X0 = i1, . . . , Xn = in) = qin,in+1 .

pi,j will be called transition probability from i to j.

Remark C.2. In the first chapter of this work we will deal only with time-homogeneous
Markov chains, so we will refer to them simply as Markov chains.

One advantage of the definition by transition matrix is that the elements of Qn =
(q(n)

i,j )i,j∈I have the following property

q
(n)
i,j = P(Xn = j|X0 = i).
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Definition C.3. Let (Yk)k∈N0 be a sequence of i.i.d. sequence of random variables with
common distribution µ, a probability distribution on Z.

A random walk (Sn)n∈N0 on Z is the random process defined by:

Sn =
n∑

k=0
Yk.

This random walk also can be defined as the Markov chain with initial distribution µ
and transition matrix Q = (qi,j)i,j∈I where qi,j = µ(j − i). Sometimes it is convenient to
assume that S0 = 0.

Proposition C.4. A Markov chain (Xn)n∈N0 with initial distribution λ and transition
matrix Q satisfies, for N ≥ 0 and i1, . . . , iN ∈ I

P(X0 = i1, . . . , XN = iN) = λ(i0)qi0,i1 . . . qiN−1,iN
.

There exists an analogous version of the Markov property related to certain types of
random times. Now we concentrate on describing this property.

Definition C.5. A random variable T : Ω → N0 ∪ {∞} is called a stopping time if {T =
n} ∈ Fn for all n ∈ N0.

We define the σ-algebra Fτ by

Fτ = {A ∈ F : A ∩ {τ = n} ∈ Fn for all n ∈ N0}.

Example C.6. The first passage time to state i is defined by

Ti(ω) = inf{n ≥ 1 : Xn(ω) = i}

where inf ∅ = ∞ is a stopping time.

Theorem C.7. Let (Xn)n∈N0 be an Markov chain, τ be a stopping time and θ the shift
operator, that is θ(X) = (X1, X2, . . .). Then, for every F : IN0 → R a bounded measurable
function, the following strong Markov property is valid:

Ex[F (θτ (X))1τ<∞|Fτ ] = EXτ [F (X)]1τ<∞ Px almost surely.

Theorem C.8. Let (Xn)n∈N0 be a Markov chain with with initial distribution λ and tran-
sition matrix Q, and let T be a stopping time. Then, conditioned on T < ∞ and on
XT = i, (XT +n)n∈N0 is a Markov chain started at i and is independent of the random
variables X0, . . . , XT .

Definition C.9. A Markov chain with transition matrix Q = (qi,j)i,j∈I is called irreducible
if, for every i, j ∈ I there exists m ∈ N0 such that q(m)

i,j > 0.

Definition C.10. A state i ∈ I is recurrent if

Pi(Xn = i for infinitely many n) = 1.

Definition C.11. Let λ be a measure on I and Q = (qi,j)i,j∈I be a transition matrix of a
Markov chain. We say that λ is invariant if

λ(j) =
∑
i∈I

λ(i)qi,j for all j ∈ I.
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Theorem C.12. Let X be a Markov chain with transition matrix Q and λ be an invariant
measure for Q with λk = 1 for some k ∈ I. Then if X is irreducible and recurrent we
conclude that

• The expected time spent in i between visits to k

γk
i = Ek

Tk−1∑
n=0

1{Xn=i}


is a invariant measure for X.

• 0 < γk
i < ∞ for all i ∈ I.

• λ = γk.

That means that a recurrent irreducible Markov chain has an invariant measure that is
unique up to multiplication by a positive constant.


