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Resumo

Neste trabalho visamos introduzir algumas nogoes de convergéncia de arvores aleatérias
por meio de teoria e exemplos em trés perspectivas. A primeira é a convergéncia de
fungoes contorno e altura de arvores relacionadas a arvores de Galton-Watson criticas
nao degeneradas com variancia finita. A segunda é a introduc¢ao ao conjunto dos espagos
métricos conhecidos como arvores reais, a codificagao destes elementos por excursoes
continuas e a distancia de Gromov-Hausdorff entre espacos métricos. Por fim, quando
munimos as arvores reais de uma medida Boreliana, nds introduzimos a convergéncia
Gromov-Hausdorff vaga de espacos métricos Heine- Borel.

Palavras-chave: arvores reais; arvores de Galton-Watson; convergéncia de arvores
aleatorias; convergéncia Gromov-Hausdorff vaga; fungao altura; fungao contorno; métrica
Gromov-Hausdorff.



Abstract

In this work we aim to introduce some notions of convergence of random trees by in-
troducing theory and giving examples in three different perspectives. The first one is
the weak convergence in path space of contour and height functions of trees related to a
critical non-degenerate Galton-Watson trees with finite variance. The second is by intro-
ducing the set of metric spaces known as real trees, the coding of real trees by continuous
excursions and the Gromov-Hausdorff distance between metric spaces. Finally, by equip-
ping the real trees with a Borelian measure, we introduce the Gromov-Hausdorff vague
convergence of Heine-Borel metric spaces.

Keywords: contour function; convergence of random trees; Galton-Watson trees; Gromov-
Hausdorff metric; Gromov-Hausdorff vague convergence; height function; real trees.
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Introduction

In this work, we aim to introduce a notion of convergence of random trees. In order to
do so, we proceed by presenting central ideas that permeate the theory behind classical
examples in this field.

In our first chapter, following the ideas of [19], we focus on rooted ordered discrete
trees and some methods of coding them as simpler objects: graphs, cadlag and continuous
functions, or sequences of numbers in Z. After that we recall the definition and useful
properties of Galton-Watson trees. Finally we begin to discuss convergence of contour
functions of Galton-Watson trees in specific examples with Geom(%) offspring distribution,
presenting a detailed proof based on [19], which follows itself ideas presented in [3]. Then
following [19] and [20], the generalized result regarding the rescaled convergence of the
height function of any critical non-degenerate Galton-Watson trees with finite variance is
stated and proved.

In the second chapter, still following [19], we present the definition of the metric spaces
known as real trees, a generalization of the notion of a discrete tree. By coding real trees
as continuous excursions and equipping the space of compact real trees with the Gromov-
Hausdorff metric, we show the relation between convergence of continuous functions and
convergence of compact metric spaces. As an illustration of this theory, we introduce the
Continuum Random Tree (CRT) as the weak rescaled limit of a sequence of discrete trees
uniformly chosen in the set of trees with n vertices. This real tree, first introduced in [1]
as the scaling limit of a uniformly chosen labelled tree with n vertices embedded in [*,
is the most classical example of real tree, as it is the scaling limit of several sequences
(tn)nen of trees such that ¢, is randomly chosen in the set of trees with n vertices.

Then in section 2.3, now based on the work [6], we change our focus by equipping rooted
real trees with a Borelian measures, what we call a measure metric tree. In the set of
Heine-Borel metric measured spaces, we introduce the notion of Gromov-Hausdorff vague
convergence, a combination between the already presented Gromov-Hausdorff metric, and
vague convergence of measures. As before, we present a relation between the Gromov-
Hausdorff vague convergence of measured metric trees and the convergence in path space
of the continuous excursions that codes them.

Finally, as an application of this theory, we show the Gromov-Hausdorff vague conver-
gence of the rescaled Kallenberg-Kesten tree with offspring distribution Geom(3) (i.c., the
corresponding Galton-Watson tree conditioned on survival). The limit in this example is
equal to the self-similar continuum random tree introduced by Aldous in [1] as the limit
of a sequence of uniformly chosen labelled trees with n vertices and distance rescaled by
n~%, for a € (0, %), when embedded in ['. The importance of this example is related
to the work of Kesten in [16], where it is stated that the rescaled height function of the
nearest-neighbor random walk on the Kallenberg-Kesten tree converges weakly in path
space (under the annealed law) to a non zero function.

Further works related to Kesten’s theorem are mentioned in subsection 2.4. There we
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discuss applications of the theory presented in the past chapters regarding convergence of
random walks on random trees and, scaling limits of other types of random trees.
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Chapter 1

Discrete trees

1.1 Discrete trees

Consider the following set

U = U2 N
with the conventions that N = {1,2,...} and N° = {@}. If u € U is such that u =
(ug,ugy ..., up), for u; € N, 1 <i <n, we set |u| =n the generation of wu.

We will put a kinship relation between elements of I using the function = : U\ {0} — U
defined by m(uy, ug, ..., u,) = (u1,us,...,up—1), and saying that 7(u) is the father of w.
We denote by 7% the k th iteration of 7.

Definition 1.1. A finite rooted ordered tree t is a finite subset of U such that:
(i) et
(i) uet\ {0} = n(u) €t.

(i) Yu € t 3 ky(t) > 0 such that Vj € N, (u,j) € t & 1 < j < k().

Let us denote by A the set of all finite rooted ordered trees.
Similarly we can define a infinite rooted ordered tree as a infinite countable subset of
U that satisfies the same properties. In this chapter we will consider only the finite case.

Remark 1.2. In general, we interpret each vertex of the tree ¢t as a member of a family
whose family tree is given by ¢. In this situation we can define < a genealogical order on
the tree, so, given u,v € t, u < v if v is a descendant of w.

We also interpret the number £, (t) as the number of children of « in ¢.

From now on we will denote by #t the total number of vertices in a tree and by
ug = 0,uq, ..., up—1 the elements of ¢ listed in lexicographical order.

We also will use the notation u < v for the lexicographical order in ¢. Note that this
defines a total order on the tree, while the genealogical order defines only a partial order,
but, for u,v € t, u < v implies that v < v. For example in the tree t = {0, 1, (1,1),2} we
have that ) <1 < (1,1) <2 in the lexicographical order but in the genealogical order we
can only state the relations ) <1 < (1,1) and 0 < 2.

Discrete trees can be represented graphically in several different ways. Here we will
highlight some of them.
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The first one is the usual representation of a tree as a graph with the vertices being
the elements of ¢, and edges connecting each vertex u € ¢t with vertex of the form (u, j)
where 5 € N.

Now we will code a discrete tree by functions on its elements.

Definition 1.3. For ¢ a discrete tree and 0 < n < #t — 1 define the height function of t at
n as hy(n) = |u,|. That means that the height function is the sequence of the generations
of the individuals (u,)?;" listed in lexicographical order.
Definition 1.4. Let us construct the contour function Cs of a tree t. First, we embed the
graph representation of the tree in the plane in such a way that all the edges have length
one, so we imagine a particle that begins in the root at time s = 0 and then explores the
tree walking continuously on the edges with unit speed in such a way that it visits new
vertices according to the lexicographical order, following the clockwise direction.

In this exploration we cross each edge exactly two times, then the total time of explo-
ration is ((t) = 2(#t — 1).

The contour function Cs, for s € [0,{(t)], is given by the graph distance on the tree
between the position of the particle at time s and the root.

In figure 1.1 we illustrate the constructions given above.

(]
]

123 ¢(t) 123 F#t-1

Tree ¢ Contour function C; Height function h(n)

Figure 1.1: Graphical representations of a rooted ordered tree.

Note that in the height function we make the same path as the one of the contour
function but we ignore the vertices that had already been explored before in the particle
path, and the time spend by walking between them.

As said in remark 1.2 we can see trees as family trees. One way to formalize that is
given below.

Denote by & the set of all finite sequences of nonnegative integers my, ..., m,, with
p > 0, such that

e myt+me+...+m;>i,Vief{l,...,p—1}
e my+mg+...+my,=p—1

We now prove that there is indeed an identification between S and A
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Proposition 1.5. The mapping

Ot (kg (8), kus (1), -+ Ko (1)

) U1
defines a bijection from A onto S.
Proof: Indeed, if p = #t, it follows that

o kyy(t) + ko (t) + ...+ Ey,(t) > i+ 1, Vi € {0,...,p — 1}, since this sum counts all
the children of wug, ..., u;, which contains at least the elements wy, ..., u;, u;11.

o kuo(t) + kuy(t) + ...+ kuy, (t) = #t — 1 = p — 1, because it counts all elements of
the tree except by the root.

so @ is a well-defined function. It is injective by item (iii) on the definition of a finite
rooted ordered tree using the lexicographical order.

To prove surjectivity, consider (mq,...,m,) € S. We construct ¢t € A such that
®(t) = (my,...,m,) following the following algorithm: consider (t™)P_; a sequence of
trees indexed by time n € Ny that will be modified by adding new elements at each
time. Begin with (0 = {0}, we define t(') by adding 1,2,...,m; to t° (the children
of the root, ug, in lexicographical order). Next we define t? as t() plus the elements
(1,1),(1,2),...,(1,ms) as sons of 1 (uy), with the convention that if mq = 0, then t?) =
tM . We keep defining ™ inductively by adding the elements (u,_1,1),..., (tn_1,my) to
the tree "~ until we reach the time n = p, in which #t® =1+ m, + ... + my, = D.

By construction it easily follows that ¢) is a finite rooted ordered tree and ® () =
(my,...,my). Therefore the proposition is proved. |

For our goals it will be useful to consider another way to code trees by finite sequences.

Definition 1.6. Let ¢ be a rooted ordered tree. A Lukasiewicz path is a sequence of integers
with indices 0 < n < #t which satisfies the properties

n

o X, = i§1<kui*1(t> —1).
e 9 =0and zy = —1.

o x, >0 forevery 0 <n < #t—1.

o x; —x;_1 > —1 for every 1 < i < #t.

The mapping ® of the previous proposition induces a bijection between A and Lukasiewicz
paths.

Now we introduce a relation between the Lukasiewicz path and the height function of
a tree.

Proposition 1.7. The height function h; and the Lukasiewicz path of a tree t are related
by the formula

hi(n) =4#{j € {0,1,...,n—1} :2; = inf x;}

j<k<n

for every n € {0,...,#t — 1}.
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Proof: By definition
hi(n) =#{j €{0,1,....,n — 1} r u; < u,}.

We will prove that u; < w, iff ; = inf,<x<,, 2.
We verify that

#t Jif for all & > j,u; < ug

inf{k > q: < x5 =
inf{k > j:zp <5} {inf{k‘>j3uj74uk} ,otherwise

In fact, writing
k—1

Sh=ap —a; =Y (ku,(t) = 1)
i=j
setting Sj = 0 by convention, S} = S}_, + (ku,_,(t) — 1), that is, for each k, S} counts the
“profit” of descendants left by the vertices uj, u;i1, ..., uz—1, as illustrated by the example
below: so we have Sj > 0 for every k > j such that u; < ug, and S, = —1 if m is the

Sls=3 @557 =2

J
7 Siw=1

Figure 1.2: Example of the calculation of Sj.

first £ > j such that uy is not a descendant of j. [ |

1.2 Galton-Watson trees.

Let (X,,.j)njen be a set of independent and identically distributed random variables with
distribution p that take values on Nj.
A Galton-Watson process is a stochastic process (Z,, )nen defined by

anl
Zo=1 and Z,= )Y X,;, forallneN.
j=1
A classical interpretation of this model is as a population growth: each individual gives
birth to a random i.i.d. number of children of the next generation and dies. We then see
Z, as the total number of elements in the n-th generation.
Now we present a classical result regarding this model.
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Theorem 1.8. Let A = Yoy, kp(k) = E,(X11) and let us consider P, (lim,_,o Z, = 0)
the probability of extinction of the process. If p is non-degenerate we have:

e IfA<1, then P, (limy, o Z, = 0) = L.
o If A > 1, then P, (lim,_,o Z, =0) < 1.

That means that the population only has a positive probability of survival if A > 1 or
p(k) =1, for some k > 1.

This theorem can be proved by arguments related to generating functions, see [14,
Theorem 5.1], or with martingales theory, see [7, Example 12.29].
From now on we will refer to the distribution u as

« Subcritical, if >y, bu(k) < 1.

o Critical, if Y ey, (k) = 1.

o Supercritical, if Y ey, ku(k) > 1.

Another classical result related to Galton-Watson trees is given below.

Theorem 1.9. Consider p a critical offspring distribution such that 0 < 02 < co, where
0% = Yen, K2 p(k) — (Cren, ku(k))?. We introduce the notations

f(s) =3 s"uk), for s€ C,|s| <1

k>0

and f,, the n-th iteration of f.
Then 1 — f,(0) = P(Z, > 0), that is, the probability of the u-Galton-Watson tree
survive for at least n generations. Additionally, as n — oo

1 — f.(0) — 2 =o(1/n).

no?

The proof of this theorem can be found in [14, Theorem 9.1].
Henceforth we consider only subcritical or critical non-degenerate offspring distribu-
tions.

Proposition 1.10. Let (K, ).c be a collection of independent and identically distributed
random variables with distribution p. Denote by 6 the random subset of U given by

0={u=(ur,...,up) €U :uj; < Kpnjii(y for every 1 < j <n}.
Then 0 is almost surely a tree. Furthermore (Z,,)nen, where
Zpn=F#{ueb:|ul =n}, neNy,

is a Galton-Watson process with offspring distribution p and initial value Zy = 1. In this
context, we will call 6 a u-Galton-Watson tree.

To prove this statement, it is sufficient to take k,(0) = K, for every u € 0.
Remember that by proposition 1.8 we have that 6 is almost surely a finite tree.
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Definition 1.11. Also, for ¢ a tree and 1 < j < ky(t), we introduce the notation
Tit={uel:(ju) et}

that is, T}t is the tree ¢ shifted at j.
Let us denote by II,, as the distribution of a u-Galton-Watson tree on the space A. 1I,
is characterized by

o« Wu(ko =j) = u(3), J € No.

« (Branching property) For every j > 1with p(j) > 0, the shifted trees T¢, ..., T;t are
independent under the conditional probability IL,(-|ky = j), and their conditional
distribution is II,,.

We now give a explicit formula for the distribution of a u-Galton-Watson tree.

Proposition 1.12. Let us consider II,, as the distribution of 0, a u-Galton-Watson tree on
the space A. Then, for every t € A,

I, (1) = [T ulka(t).

uet

Proof: Observe that

{0 =1t} = Ky = ku(t))

uct

so we have

I,(t) = P(0 = t) = [[ P(K, = ku(t)) = [ u(ku(t)).

u€et uet

Proposition 1.13. Let 6 be a pu-Galton-Watson tree and consider ® as defined in propo-
sition 1.5. Then W
(I)(@) - (Ml, MQ, ey MT)

where My, My, ... are independent random variables with distribution p and
T=inf{n>1: M +...+ M, <n}.

Proof: Assume that 6 is given by the construction of the previous proposition.

Let (Uy,)o<n<zo—1 be the elements of  listed in lexicographical order, with the conven-
tion that Uy = 0.

By the construction of 6,

®(0) = (Kuy, -, Kur,y)

as Ky, +...+ Ky, >n+1foralln € {0,1,...,4#0 -2} and Ky, +...+ Ky, , = #0—1.
Define U, for p > #60 by adding p — #60+1 labels 1 to the right of Uyy_1, as exemplified
below
Up - (U#9_17 1, ]., ey 1)

To prove the proposition we will check by induction on p that Ky, ..., Ky, are i.i.d.

with distribution p for every p > 0 (observe that T' @ #6 — 1 is already clear by the

definition of ® and the elements of §). Observe that despite the variables (K, ),e being
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independent with distribution p, the labels (U, )o<n<, are random variables that depend
on (Ku)ueu'
For p = 0 and p = 1, the result follows since Uy = () and U; = 1 deterministically.
Now take p > 2 and assume that the hypothesis holds for £ < p — 1. For every fixed
u € U consider C, = 0 N {v € U : v < u}, then #C, is measurable with respect to
o(Ky : w<u). Indeed, taking v = (vy,...,v,) <u

so we have

l
{(#C,>0b= |y NV e€b} €o(Ky:w<u).
ol wlf<u J=1
vitvd Vit

We also note that {Ugg—1 = v} is measurable with respect to o(K,,v < u) when v < w:

As consequence, by our definition of the sequence (U, )nen,

(U, = u} N {#0 > p} = {u € 6} N {#Cu = p+ 1)

so the left-hand side is measurable with respect to o(K,,v < u).
Additionally the same holds for

{U, =u} n{#0 <p} ={#C. <p}n |J {Ugo1 =v}n{u=(v,1,...,1)}

Usv<u

Hence {U, = u} is 0(K,,v < u) measurable.
Now, in order to prove independence between Ky, and o(Ky,, ..., Ky, ), take go, g1 ..., gp
nonnegative functions on Ny and note that

Elgo(Kuy)g1(Kv,) -+ gp(Ku, )] =
- Z E |:I]‘{UO:UO ----- Up:up}go(KUO) T gP(Kup)}

ug<ul <---<up

- Z E {B{Uo:uo ,,,,, Up:up}g()(KuO) o 'gp—l(Kup—l)} E[gp(Kup)]

ug<ul <---<up

because, by the Galton-Watson tree construction, K, is independent of o(K,,v < u) >
{U, = u}. Thus, as E[g,(K.,)| = [ gpdp = 11(g,) does not depend on wu,,

Elgo(Ku,)g1(Kuy) - - - 9p(Kv, )] = Elgo(Kuvy)91(Kv,) - -+ 9p(Ku, )| 11(9p),

and by applying the induction hypothesis we complete the proof. [

As immediate consequence of this proposition we obtain

Corollary 1.14. Let (S, )nen, be a random walk on Z with initial value Sy = 0 and jump
distribution v(k) = u(k + 1) for every k > —1. Set

T=inf{n>1:5,=-1}.

Then the Lukasiewicz path of a p-Galton-Watson tree 6 has the same distribution as
(S0, S1,...,S7). In particular, #6 and T have the same distribution.
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1.3 Time-scale convergences

We have seen that a tree can be coded by a continuous function, the contour function.
As the weak scale limit of continuous functions is well studied (see appendix A), we could
first try to understand the scaling limit of the contour function. A simpler case is given
below.

Example 1.15. Let p ~ Geom(3).

Note that, for n € N and (), the contour function at n of 8, the Galton-Watson tree
with distribution y, we have Cy,41 = C,, £1. We claim that, for 4 ~ Geom(3), the contour
process (Cy,)nen behaves like a simple random walk.

To prove this, we begin by introducing some notations:

e i,, the element u € @ visited at time n by the particle that defines the contour
function.

o 7 =infy>o{ir = u}, the first visit time to u € U and, for £ > 1

((+1) _ - -
Ty = m%){zk =u}
k>1y

is the ¢ + 1-th visit time to u € U. By convention, define inf{()} = cc.
o Ay = Upent"(u), are the ancestors of u € U.

o« D™(0) = D' = Upyey{(u, m,v)} N O, the descendants of the m-th child of v € U on
the realization 6 of the tree.

e v =Yt o1y, —u}, the number of visits made to u € Y up to time ¢.

o k; (0) = k;, , the total number of children of the vertex i, in the realization 6 of the
Galton-Watson tree.

Suppose that u = (uq,...,u;) € 6. Then

k
M= 3 2K,(0)+ > (2ui — 1) (1)
uvﬁl i—1
and, on the event {k, > ¢ — 1} for ¢ > 1
=1 Y (2K.(9)) +2 (2)

vefol

and observe that 7(9 = oo on {k, < ¢ — 1} U {u ¢ 0}.
Note that the sums
k

ST2K,(0)+ > (2u; — 1), > (2K,(0) +2, V>2

v<u =1 veD! 1

vg Ay w
are measurable with respect to o(k, : v < u), and o(k, : v > u), respectively, so the event
{7 = n} can be decomposed as

(7O =} = {ky > -1} N {uco}n A (3)
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where

—{ X 2.0+ Z?uz—HZ > (CK(0)+2=n}

v<u m=1veDm
v Ay

is measurable with respect to o(k, : v # u), therefore, it is independent of k.
We also have, for u € U
{in = u} = U {Tém) -

meN

Note that C,41 = C,, + 1 iff k;, > v, because as the vertex 4, is visited exactly k;, + 1
times by the explorer particle, if k;, > v’ then 4, has at least one descendant that has
not yet been visited by the particle, and, after this exploration, the particle will visit ¢,

at least once more. So we can write

IP)H<Cn+1 =C,+1)= Pu(k' > Uin)
=Y Pu(k;, > kv =k)

k>0

=3 N Po(ki, > kvl = ki = u)

k>0 ueld

=33 Pu(ky, >k, 7F) =n)

k>0 ueld

= S Pk > koky >k~ Lu b, AY)

k>0 ueld

by the decomposition on (3). So, by independence of these events and the memoryless
property of the geometric distribution

Pu(Cri1=Cr+1)=> Y Pu(ky, > k,k, >k —1)P,(u€0,AF)

k>0 ueld
=3 Y Pu(ky > 1)Pu(ky >k —1)P,(u€ 0, AF)
k>0u€Z/{
1
*ZZP n=u,v, =k)= =
k>0u€u 2

as we claimed.
Let (6,,)nen be a sequence of independent p-Galton-Watson trees, and for each tree let
us consider its contour function by (Cy,(s),0 < s < ((0;)). Then C = (Cs)szer, , where

Cs = Cp,(s — (C(61) + ... +((0;-1)))

if ¢(61) +...+C(0;—1) < s < ((61)+ ...+ ((8)), is the concatenation of all contour
functions.

As consequence of our discussion, C is exactly the linear interpolation of the graph of
the reflected simple and symmetric random walk on Z. Then, by Donsker’s invariance
principle and the continuous mapping theorem, as the reflection on z = 0 is a continuous
map

1 (d)
(\/ﬁcns> - m (V) ter+ (4)

where v is a reflected Brownian motion.
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In the next example, we consider a conditioned random tree also related to a Galton-
Watson tree with geometric offspring distribution. In order to do so we introduce the
following definition:

Definition 1.16. The normalized Brownian excursion (et)icjo,1) is the Brownian excursion
conditioned to have length 1.

For a more precise definition of this process see [15, Section 2] or [8, Section 8.4].

Example 1.17. Let us prove time scale convergence for a tree uniformly chosen on the set
of trees with a fixed number of vertices.

Denote the set of discrete rooted ordered trees with n vertices by A,,, and consider u ~
Geom(3). We claim that the uniform distribution on A, coincides with the distribution
of a pu-Galton-Watson tree conditioned to have n vertices. Indeed, by proposition 1.12:

1 1
I (t N {#t =n}) = };[tu(/fu(t)) = Sr R on
and
1 #A,,
M =n) = ¥ M0 =Y 5 =
teA, teA,
so we conclude our statement:
1

Let ™ be a u-Galton-Watson tree conditioned to have n vertices and (C’t(n))tzo the
contour function associated to 8 as in definition 1.4.

Consider Cy[a, b] the set of continuous functions with support on [a, b] and let us define
a sequence of transformations K™ : Cy[0,2n — 2] — Cy[0, 1] as

2ns — 1 ,for s € [0, %]
K"(f)(s) = { f(2ns — 1) Jfor s € [5-,1 — 5]
2n—1—2ns forse[l— 5, 1].

Note that O™ € Cy[0,2n — 2] so K*(C™) is a shifted rescaled version of the contour
function.

Finally, consider T, = inf{k > 0 : Sy = (¢} the first return time of (Sg)en, to ¢ €
Z, where (Sk)ren, denotes the simple and symmetric random walk on Z with Sy = 0.

Therefore define (St(n))tzo as the linear interpolation of (Sk)ken, conditioned on {7y = n}.

By our previous example, the contour function of a u-Galton-Watson forest has the
same law as (|9;|)¢>o. It follows that K™(C™) has the same law as K™(|S?"2)|), which

coincides with the distribution of (|S§,2£)| — L)iejo,1-

Lemma 1.18. The distribution of (ﬁs (nt] Jteo,1] under the conditional probability P(-|Ty =
n) converges as n — oo to the law of the normalized Brownian excursion.

The proof of this lemma will be omitted and can be found in [15, Theorem 2.6].
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0’1} n—oo
(Sr @) 2 (edheas @
2n te[0,1]

Noting that

we conclude that

1 (n)> (d)
—F—Cont — (1), 0,1
()., 5

that is, the contour function of the tree uniformly chosen random tree in A, converges
weakly to the normalized Brownian excursion.

Usually, dealing with the transition probability of the contour function is not as simple
as in these examples, in which the memoryless property played an essential role in relating
the contour process to the behavior of a simple random walk.

Because of that, from now on we investigate the time scale convergence of trees by their
coding by height functions, similarly to what was made in the previous examples. The
reason for that is because proposition 1.7 and corollary 1.14 provide a relation between
the height function, the Lukasiewicz path and a simple random walk.

1.3.1 Convergence of height functions

In the following sections, we consider p a critical probability measure on Ny such that
0 < 02 < o0, where

o = > Bulh) - (Z lw(k)) .

keNy

Definition 1.19. Consider (6, ),en a sequence of independent u-Galton-Watson trees. As
in the example 1.15, for each tree we consider its height function denoted by (hg,(n),0 <
n < #6; — 1).

We define the height process (Hyp)nen, of the trees by concatenating their height func-
tions, i.e.,

The height process determines the sequence of trees. In fact, the values of H between
its k-th and (k+1)-th zero determines the height function of the k-th tree of the sequence.

As consequence of proposition 1.7 and corollary 1.14, we obtain the following descrip-
tion of the height process.

Proposition 1.20. For every n € Ny,
d .
H, = #{]{3 S {0,1,...,71— 1} 2 S = k:gjlinsj}

where (S, )nen, is a random walk with initial value Sy = 0 and jump distribution v(k) =
p(k + 1) for every k > —1.



1.3. Time-scale convergences 23

Theorem 1.21. Let (6,,),en be a sequence of p-Galton-Watson trees, and (H,,)nen, be the
associated height process. Then:

1 (d) (2 )
7[—_[“ — [ —
(\/ﬁ | t]>teR+ n00 \o ") ems

where v is a reflected Brownian motion. The convergence holds in the sense of weak
convergence on the Skorohod space D(R,, R, ).

Proof: We begin by establishing weak convergence for the finite-dimensional marginals.
Let S = (Sn)nen, be the random walk described in proposition 1.20. Note that the
jump distribution v has mean 0 and finite variance, hence S is recurrent (by theorem 1.3.1
in [25]).
Donsker’s invariance principle gives

1 (d)
75’ nt ) —_— (O'Bt) (6)
(x/ﬁ [nt] e, oo teR+

where S}, is a time-scaled version of the linear interpolation of the random walk S and
B is the standard linear Brownian motion started at the origin.
For every n > 0, define the time-reversed random walk S™ by

= 8, — Sty

Note that (S7')7_, has the same distribution as (S;)7_, as both walks begin and end in
the same positions and perform the same steps, but in reversed order.
Additionally for any discrete trajectory X = (X,,)nen, set

P, (X) = #{k €{1,2,....,n}: X}, = sup Xj}

0<ji<k

and
Ky = ®,(S) = #{k € {1,2,...,n} : S = My}

where M, = supg<i<,, Sk-
From the formula on the proposition 1.20 we can see that

Hy=#{kef{0,1,...,n—1}: 5, = in Si} = @n(SM).

<jsn

Lemma 1.22. Define (7});en, a sequence of stopping times by setting 7y = 0 and induc-
tively
T; =inf{n >T;_1:S,=M,}, j>1

Then, for j > 1, the random variables STJ. — STF1 are independent and identically dis-
tributed, with distribution

P(St, = k) =v([k,o]), k=>0.

Proof:

It follows from the strong Markov property (see appendix C.8) and properties of the
random walk that the random variables S, —Sr,_,, 7 € N, are independent and identically
distributed.
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We know that the invariant measure of the recurrent random walk S is the counting
measure on Z. Indeed, for a fixed j € Z and any k € Ny,

[e.o]

Y H@OP(Sk=ilSki1 =) =D v(i—j) =Y v(l) =1=#().

€L €L I=—1

Since v has mean 0 and variance 0 < ¢? < oo, it follows that v(—1) > 0 and there
exists some k € N such that v(k) > 0. So for every i,j € Z with j > i,

P(Spyj-i = iSn = j) > (v(=1)) 71 >0
for any n € Ny. On the other hand taking j—i = gk+7r, forsome ¢ € Nand 0 <r < k—1
P(Snygiktrr = 190 = 1) > (w(k)) ™ (v(=1))"" >0

for any n € Ny. So (Syp)nen, is irreducible.
Then, by theorem C.12, for Ry = inf{n > 1:S,, = 0} the measure

=E|> ﬂ{sni,ngRo—l}]

n>0

Ro—1

z_:o Lis, =iy

is also a invariant measure for S, so it is equal the counting measure up to multiplication
by a positive constant. Since v(0) = #{0} = 1, for every j € Z

Ro—1

n=0
Notice that, almost surely, T} < Ry and S,, > 0 for T} < n < Ry. So, for every i <0
Ti—1

> lg,—i| =1

n=0

Therefore, for any function g : Z — Z,

E > > 9(i)ls,—in<r - 1] =" g(i). (7)

1<0 n>0 <0

= #() =1

Th1—1

;)9(5’)

Then, for any function f:7Z — Z.,

E[f(Sn)=E | f(5k+1)1T1k+1]

| k>0

=FE|> f(5k+1)1T1>k,sk+120]

| k>0

=) E {f(5k+1>1T1>k,Sk+120}
k>0
by monotone convergence and linearity. Using the Markov property at time k and (7)
respectively

FST) =D E |LIrsik > v(j) f(Se + j)15k+j>0]

k>0 7>0

=SS )+ Dm0 = S f(m) S v())

<0 5>0 m>0 j>m
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taking f = 1, the result follows. ]

Note that Sy, have finite first moment:

ElSt]) = kv(lk,00)) => > kv(j) =) j(‘];l)V(J) - 022

k>0 k>035>k j=0

because each v(j) is summed Y_, k times.
Let us introduce the notation

0<k<n

To establish the convergence of the finite-dimensional marginals we will need the following
lemma.

Lemma 1.23. We have
H, (p) 2

Hi
Sy, — I, n=oe g2

P . e
where <2 means convergence in probability.

Proof: From our definitions, since Tk, < n almost surely, by definition of K,, and 7T}

Ky
M, = Z (STk - STk—l) = Z(STk - STkA)'
n>Ty, k=1

As K, — almost surely, using the previous lemma and the law of large numbers we
n oo

get
2

M, o
E m E[STl] = ? a.s.

Since (S7)7_, @ (Sk)i_y, replacing S with S™ we have that

(M,, K,) £ ( sup §g,q>n(§")) = (S, — I,, Hy).
0<k<n
Hence it holds s / )
— s F|Sp | = —.
Hn n—00 [ Tl] 2

From (6), we have that for every choice of 0 <t; <ty <...<t,
1
vn

Thus it follows from lemma 1.23 and Slutsky’s theorem that

0<s<ty 0<s<tm

d . .
(S[ntl] — I[ntl], c. 7S[ntm] — I[ntm]) %} g (Btl — inf Bs, c. ,Btm — inf )

1 @ 2 ) .
ﬁ <H[nt1}a Ce 7H[ntm}> m E <Bt1 — oglggftl Bs, Ce 7Btm — oglsngftm) .

By using the reflection principle and the fact that a time reversal standard Brownian
motion still is a Brownian motion we can state that the process

51: =B, — olggf;t By
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is a reflected Brownian motion. This complete the proof of convergence of finite-dimensional
marginals in theorem 1.21.
Now we will proof tightness property on the law of the processes

Hpny
vn

in the set of all probability measures on the Skorohod space D(R,R). By theorem A.15,
it is enough to verify these two properties:

H™ =

(i) For every t > 0 and 1 > 0 there exists a constant K > 0 such that

lim inf P(H{" < K)>1-1.

) 9k

(ii) For every fixed 7' > 0 and ¢ > 0, define I® = [(l L T} 1 <¢<2" Then

lim lim sup P (max sup |Ht 12 kT’ > 5) = 0.

k—
X n—oo 1<i<2k tEI(k>

Property (i) follows from convergence of finite-dimensional marginals. So let us prove
property (ii). Fix 7> 0 and § > 0 and observe that

P ( max sup |H™ H(n | > 5) < Ai(n, k) + As(n, k) + As(n, k) (8)

1<4<2n n)
EIZ

where

J
Ai(n, k) = P(max |H2 b H((z)l)Q o )

1<i<2k 5

44
Ag(n,k)—P(suth( >H112,€T+ forsomel<z<2)

te1™®

45
As(n,k) =P ( inf Ht < H((Z )1)2 T for some 1 <3 < 2’“) .

ter®

Indeed, adding +H;_1)s-#7, using the triangular inequality and that P(X +Y > §) <
P(X > 61) + P(Y > 03), where 0; + 2 = 6, it follows that

Q) 1<i<2k

(3

m g g P H 7 0
P (1<z%)2<n tsup [He™ = Hipop| > 5) < (max [Hiyorr = H yygrr| > 5>
+P (f_n% Sug) (= = H ] > - )

moreover the last term of the sum above is bounded by As(n, k) + As(n, k).
Let us bound A;. As consequence of the convergence of finite-dimensional marginals:

n—00 1<i<2k o 5

5
1imsupA1(n,k):P<max —=|Big—rp — B@ )| > )
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by continuity of the process [3;, the right-hand size tends to 0 when k£ — oo.
In order to bound A,, consider (T,gn))keNo a sequence of stopping times defined by

Tén) =0 and
n n n . (5
r =int{e> 7™ 1" >t B4 L),

Tl(n>§7"§t 5

Let 1 < ¢ < 2" be such that

sup Ht( ) > H((i—)l)Q_kT + 5
ter®

then the interval I(k) = [( )T, oF T} contains at least one of the random times Tl(n),l > 0.

Let T ) be the first of such times in this interval. By minimality of 7' ) we have

Since the upward jumps of H™ are at most of size f? we also got, taking n > (%)

(n) (n) o 1 (n) 20
oy (n) < H( 1)2=kT + g + ﬁ < H(i—l)Q*kT + ?

From our choice of ¢ we have that

which means that 7' +)1 <427FT. From all this we conclude that for n > (%)
Ay(n, k) < P (Tl(”) < T and 77 — 7™ < 27T for some | > O) (9)

An analogous argument gives a similar bound for As(n, k). Indeed, consider (?,En)) keNo
a sequence of stopping times defined by ?én) =0 and

n n n 5
Tl&% = mf{t > 7A'l( ) Ht( ) < sup Hﬁ”) — f}.

#M<r<t z

Now choose 1 < ¢ < 2™ such that

(n) (n) 40
tfﬁf A < HiSipmir =

(k)

this implies that the interval I; contains at least one ﬂ(n) for I > 0. Let us denote by

(n) the last of such times on this mterval We want to show that 7'( )1 el )

It 1nfr HM = = inf, er™ Ht , then, by our choice of @

—1)2-kT7(")

inf H™ < H{" ek T

rel(i-1)2=+T,7")
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since we are taking the linear interpolation of H™ the result follows.
On the other hand, maximality of ?](n) implies that

inf H™ > sup  H™ —

ref#(™ i2=kT] ref#™ i2=kT]

by our choice of 7, if infteli(n) Ht(")

= inf H , it follows that

(7 12k 1]

30
H(,L 1)2 k >H(2>+€

that is, ?( )1 Ii(k). Then
~(n) A(n)  a(n) —k
As(n, k) < P (Tl < T and 7, — 7" < 27T for some | > O) . (10)

Now we will state and prove the next lemmas in terms of the variables (T,g"))keNO,
but note that the same results are easily obtained in a similar manner when we consider
(#") ren, instead.

Lemma 1.24. For every x > 0 and n > 1, set
Gn(xr) =P (Tl(") < T and Tl(ﬂ - Tl(”) < z for some [ > 0)
and

F,.(x) =sup P (Tl(n) < T and Tl(ﬂ — Tl(n) < x) .
1>0

Then, for every integer K > 1

Go(w) < KFy(w) + K [ e™KE, (y) dy.
0

Proof: For every K € N we have
<ZP< <TandTlJrl () >+P<(n)<T>

K-1
T
<KF,(z)+e E l]lﬂg(m(_p exp ( > ( Tz+1 )

1

n n K
< KF,(z)+e" H E [11 (n)<TeXP( K(Tz&i 7 ))ﬂ
1=0

using Holder inequality for the last step. Finally, for every [ € {0,1,..., K — 1}

o0

(n) (n) -K
E {ILT;?><T exp (—K(TI_H -7 ))} <FE lﬂrﬁ("kT /( e Ke ydy]

Ti+1™ T

= /OO Ke " F,(y)dy
0

by Fubini’s theorem. [ ]

As a consequence of this lemma, in order to bound (9) and (10) we only need to bound
the value of F),(x).
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Lemma 1.25. The random variables Tl(f:i —Tl(n)

Furthermore

are independent and identically distributed.
lim (lim sup P(Tl(n) < x)) = 0.
zl0 n—oo

Proof: We will prove that

(H(?2)+ = e Hlt(n))
T, n n
LT <™ g >0

is independent of F () and has the same distribution of (Hé"))pzo-
l

To simplify the notation let us denote Tl(n)

1.20

= 7 and consider n = 1. By proposition

inf Hy=#{ke{0,1,...,7r—1}: S = _inf 5}

T<k<T+n k<j<t+n

then we get

Hypn— _inf Hy=#{ke{r,...,r4+n-1}:S = inf S}

T<k<T+4+n k<j<t+n

= #{k e {0,1,...,n—1}:Sg:kgl;s;}

where ST = S;4; —S-. As consequence of the strong Markov property, S™ is independent
of F, and has the same distribution as S, concluding the proof of the affirmation.
Then, writing

n n . n n . 5 n
Tl(_& — Tl( ) — 1nf{t > Tl( ). Ht( ) inf H,gn) > 5} - Tl( )
— 2 (CONE (n) é

—1nf{t20.Ht inf H > 5}

the first statement follows from our affirmation.
Now we prove the second assertion. For every n > 0 set

S
() _ ; e (P
TP =inf{t > 0: i < n}

Then

. 5 5
P(r{" <w)=P (sup H" > ) <P ( sup H™ > 5) +P (T <a)  (11)

SS:E 5 3§T7$p>

equation (6) implies that

S
. (n) . . [nt] . . .
hglﬁs;ip P(T" <x) < 111;LsolipP (%ngc N < 77) <P (%ggfc B < 7])
and lim, o P (inf;<, B; < —n) = 0, because of the continuity of the Brownian motion.

By construction of the height process and the random walk S on proposition 1.20 and
corollary 1.14
@ En—1

sup H{" NG

s<T{™
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where &, is the extinction time of a u-Galton-Watson tree started at Zy = [ny/n]+1 (when
beginning at 0 the process ends when the rescaled random walk achieves the height —-

\/ﬁ ’
so starting from [ny/n] + 1 the process ends when the rescaled random walk achieves —n).

As consequence of theorem 1.9

n 0 n
; ( sup H" > 5) = 1= [fioymys1(0)]VH

sSTém

as each one of the [ny/n] + 1 individuals of the first generation will built its family inde-
pendently. Using theorem 1.9 again

lim <hm inf[f [(6@/5]“(0)][77%1“) =1

0 n—o0

thus lim,,_o (lim inf,, .o P (sups epm H S(”) >0/ 5)> = 0 and the result follows. |

Remark 1.26. Note that

)
PEM <z <P (Sup H" > )

- s<z ® 5
implying that inequality (11) also holds for #\".
Finally, in order to complete the proof of the theorem, set

F(z) = lim F,(x), G(x)=IlimsupG,(z)

n—oo

By lemma 1.25, F'(z) | 0 as | 0. On the other hand, lemma 1.24 states that for every
KeN

G(z) < KF(z) + Ke /OOO e RVF(y) dy

then, by the bounded convergence theorem, G(z) | 0 when z | 0. By the bound in (9)
we achieved

kh_)rgo (hzn_}sogp Ay(n, k’)) =0
and the same property holds for As(n, k).
This proved tightness on the law of H™. By Prohorov’s theorem and the finite-

dimensional marginals convergence we finished the proof of the theorem. |

Note that in the previous proof as we used recurrence multiple times, that is, we used
that the expectation of the random walk is 0. This property of the random walk depends
only on the average of p, so it is important to take a critical distribution.

1.3.2 Convergence of contour functions

We can use theorem 1.21 to show scale convergence of contour functions in a more general
setting than the one of the example 1.15.

Let p be a critical probability distribution on Ny with finite variance, and (6,,)nen a
sequence of independent p-Galton-Watson trees.
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As done for the height function and for our first example, we now want to introduce
the contour process of the forest (0,,),en. However the contour function of a tree € is
supported on [0,((#)], where ((0) = 2(#60 — 1), so the contour function of the trees
0 = {0} is trivial. Therefore, instead of just concatenating the contour functions as made
before we will make the convention of defining the contour function Cy() on the interval
[0,¢(A) + 1] by taking Cy(6) = 0 if ¢(6) <t < C(8) + 1.

Now we obtain the contour process (Cy)icr, of (6,)nen by concatenating the functions
(C(0,),0 <t <((6,)+1).

Finally we state the convergence theorem for the rescaled contour process.

Theorem 1.27. Let p be a critical distribution for the Galton-Watson tree, (0,),en be
a sequence of independent p-Galton-Watson trees, and (Cy)icr, its associated contour

process. Then
1 (d) 2
=) 9o (24)) 12
(\/ﬁ ’ t)te]Rq neree U% teR* (12

Proof: Our goal is to write the contour process in terms of the height process. For this
purpose remember that H, corresponds to the generation of the n-th individual on a list
organized by the lexicographical order, one tree after another. Additionaly remember
that I, = info<g<p Sk, where (S),)nen, is the random walk defined in 1.14, decreases if and
only if n = Sk, #6, for some k € N or when the individual U, is a trivial tree.
Then consider
J,=2n—H, + I,, for n € Ny.

By our observations on the definitions of (H,)nen, and (I,)nengs (Jn)nen, is a strictly
increasing sequence such that J, > n.

Now let us check that [J,,, J,11] is the time interval when the contour process goes from
the individual n to the individual n + 1. First we will give a heuristic proof of this claim.

Note that the estimated time for the contour process to reach the n—th vertex if it is
in 0, is 2n — H,,. Indeed the particle must cross at most n edges twice in order to reach
U,, with the exception of the H,, ancestors of U,, that must be visited again when the
returns to the root. On the other hand, if U,, ¢ 6;, then we must add the I,, horizontal
lines placed by convention at the end of the contour function of each tree crossed up to
time n. Now we will give an alternative proof by induction.

As [Jy, J1] = [0,1] the result is true for n = 0.

Assume that the hypothesis is true for n < k — 1, £ € N. Then J, is the first time of
arrival of the contour process on the k th individual of the forest.

The possible cases are the following:

. Jk+1 —J,=1iff U, < Uk+1 <:> Hk+1 = H,+1 and ]k—i-l = Ik), orif k+1= #(91 or
k+1 < #6;, and Uy, is a trivial tree (= Hypy = Hy, and I, = I, — 1).

o Jiy1 — Jp =2 iff Uy and Uy are siblings.

o Jiy1— Jr =2+ j iff 77(Uy) and Uyy, are siblings or if the last individual of a tree
is on the j th generation (or on the j + 1 th, if #6; =k + 1)

In each case, [Jg, Ji41] is the time needed for the contour process to go to from the
individual k£ to the individual k + 1, completing the proof of the claim.
Heuristically, we can think that
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From this observation, we get

sup |Cy — Hy| < |Hpy1 — Hp| + 1.

tG[Jn,JnJrl]

Define a random function ¢ : Ry — Ny by ¢(t) = n if and only if ¢ € [J,, J,11). From
the previous bound, for all m € N

sup |Ct - an(t)| < sup ’Ct - H(,o(t)’ <1+ sup |Hn+1 - Hn‘ (13)
te[0,m)] te[0,Jm] n<m

Similarly it follows from the definition of J,, that

sup ’gp —f‘< sup ’gp ——‘<—supH + - |I |+ 1. (14)
te[0,m] t€[0,Tm] 2 n<m

Gathering all this information we can now associate the behavior of the contour function
to the height function.

For every n € N, denote ¢, (t) = n~'¢(nt). By equation (13) we have that for every
m>1

1

1 1
Cont — —=H, <—+— Hy,
o2nt — NG <pn(2t)‘ =/ + \/ﬁtsgglrjn’ [nt]+1

sup

te[0,m] ‘\/_

by theorem 1.21.
On the other hand, convergence (6) given by Donsker’s theorem implies that for every
m>1

d
— Hin ﬁ 0 (15)

1
— I L o inf B,

\/ﬁ n—00 t<m

then, putting the previous equation together with (14) and theorem 1.21

1 1 2
SUp |on(2t) —t] < = sup Hy + — o] + — —25 0
n n n—oo

te[0,m] N k<2mn

combining this convergence with theorem 1.21 give us

\/ﬁ [neen (20)] teR+ n—00 0% teR+

and equation (15) implies the desired result. |
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Chapter 2

Real trees

2.1 Real trees

In this section we aim to build metric spaces that generalize the notion of a discrete tree.
Definition 2.1. A metric space (7,d) is a real tree if it holds for all a,b in T

(i) there exists a unique isometric map f,p : [0,d(a,b)] — T such that f,,(0) = a and
fa,b<d(a7 b)) =0,

(ii) If ¢ : [0,1] — T is a continuous injective map such that ¢(0) = a and ¢(1) = b we
have Q([O, 1]) = fa,b([07 d(a7 b)])

When a real tree is equipped with a distinguished vertex p = p(7T) (the root of T') we call
(T,d, p) a rooted real tree.

Remark 2.2. Condition (7) implies that between every pair of points a,b € T there exists
a unique path with length d(a,b). Condition (iz) implies that this is the unique simple
path between a and b in 7.

Consequently 7 is a connected set with only one simple path between every pair of
points modulo reparametrizations.

Now we set some notations that will be useful later.
Definition 2.3. Consider (7,d, p) a rooted real tree and a,b € 7. We define
(a) The path between a and b given by f, ([0, d(a,b)]) will be denoted by [a, b].
(b) We say that a is an ancestor of b (a < b) if a € [p, b].

(¢) a A b, the most recent common ancestor of a and b, is the unique ¢ € T such that

[[107 C]] = [[pa a]] N [[P, b]]

(d) The multiplicity of a vertex a € T is the number of connected components of 7 \ {a}.
Vertices with multiplicity one are called leaves (we denote the set of leaves of T' by

I£(T)).

We are interested in building real trees from continuous functions, as done for discrete
trees via their contour functions. Therefore we consider a continuous excursion g : R, —
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R, , that is, a continuous function not identically 0 such that g(0) = 0. Let us introduce
the notation

e ={g: R, — R, : gis a continuous excursion}

and define for each g € ¢ its excursion length

n(g) = sup{s > 0;g(s) > 0}.

For s,t > 0 we define the pseudometric

dy(s,t) = g(s) + g(t) — 2my(s, 1) (16)

where my(s,t) = inf{g(r);r € [s A t, sV t]}.
Introducing the equivalence relation s ~ t iff d{ (s, t) = 0, we then define the quotient
space
Ty=Ri/~y. (17)
Note that di now induces a metric in 7, that we will denote by d,.
Finally denote by p, : Ry — 7, the canonical projection. Intuitively, 7, is constructed
by gluing the parts of the graph of g that can be joined by a line segment parallel to the

x axis that does not pass through the graph of g. This idea is illustrated by the figure
2.1.

g(n

Figure 2.1: Intuitive construction of 7;

Note that when R is equipped with the Euclidean metric and 7, with the metric d,,
the map p, is continuous.

Henceforth consider that ¢ is always a compactly supported excursion, that is 1(g) <
00.

Theorem 2.4. The metric space (7, dg, py) is a compact rooted real tree with p, = p,(0).
In fact, any rooted compact real tree can be represented in the form 7.

Remark 2.5. To prove this theorem, it is useful to first understand intuitively the con-
struction of a subtree of 7, given the graph of the excursion g. In order to do this, let us
take a look at Figure 2.2, that shows the construction of a subtree of 7, generated by the
points py(s), py(t), pg(u) and py(v), that is, the union of the ancestral lines of these points
in 7,. Note that this subtree corresponds to the union of the bold segments that are con-
structed from the graph of g as showed on the figure. We can observe that the ancestral
line of py(x) is a line segment of length g(x) for every x € {s,t,u,v}. The intersection
between the ancestors lines of p,(s) and p,(t) has length my(s,t), and a similar property
holds for any other pair of values, so the distance dgy(p,(s), py(t)) = d;(s,t) is the length
of the path between p,(s) and p,(t).
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g(r)
Py(v)
my(u,v) ¢ py(u) Py(w) A pg(v)
my(t,v) ¢ py(t) —Pa(t) A Py(u)
My(sst) Pa(8) =4 Pa(3) A py(t)
o e P = Pg(ﬂ)

S t u v r

Figure 2.2: Construction of a subtree of 7.

Given that intuition let us proceed to the proof of the theorem.
Proof: We begin by stating and proving a root change lemma.

Lemma 2.6. Let 0 < sy < 1(g). For any r € R,, denote by 7 the unique element of
[0,7(g)) such that r —7 = k- n(g) for some k € Nj. Set

d(s) = {9(50) + g(s0 +5) — 2my(so, 50 +5) ,if s € [0,7(g)]
0 ,if s > n(g).

Then, the function ¢’ is a compactly supported excursion, so we can define 7,. Further-
more, for every s,t € [0,7(g)], we have

d/g/(S,t) = d/g<50+8,80+t) (18)
and there exists a isometry R from 7, onto 7, such that, for every s € [0,7n(g)]
R(py(s)) = pg(so + 5). (19)

Assuming that the theorem 2.4 is proved, we see that 7, coincides with the real tree
T, re-rooted at py(sg). Thus the lemma tells us that the function ¢’ codes 7, re-rooted at
an arbitrary vertex.

Proof:

We begin by proving relation (18). If s < ¢ are elements of [0,7(g) — so|, then so+ s €
[0,7(g)), so s+ = so + s, and the same holds for sy + ¢t. Moreover we have two
possibilities for the value of m,(so + s, so + t):

1. my(so + 5,50 +t) > my(so, So + 5).
2. my(so+s,s0 +1) < my(so, So + ).

In the first case, for every r € [s,t], my(so, so + 1) = my(so, So + s) as the intervals in
which the minimum is taken are increasing and we suppose that the minimum of g on
[s0, S0 + t] is achieved in [sg, so + $|. So the minimum of ¢’ on [s, ] is

my (s,t) = g(so) + my(s + so, S0 + t) — 2my(so, So + 5)
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it follows that

d;’(‘s’ t) = g/(S) + g,(t) - ng'(‘s? t)
= 2¢(s0) + g(s0 + 5) — 2my(so, so + 5) + g(so +t) — 2my(so, so + 1) — 2my (s, t)
= g(so + ) — 2my(so, o+ 5) + g(so +t) — 2my(so, so + 1)
— 2(my(so + 8,80 + 1) — 2my(so, So + 5))
=g(so+s)+ g(so+1t) —2my(so + 5,5, + 1)
= d,(s0+ 8,80 +1) = d,(s0 5,50 +1).

In the second case, the minimum in the definition of my(s,t) is attained at
ry = inf{r € [s,t] : g(so + 1) < my(so, 50+ s)}-
Indeed, for r € [s,r],
my(So, So + ) > my(so, so + 1) > my(Sso, So +171),
s0 my(So, So + 1) = my(so, So + ) and g(so + 1) > g(so + r1). Moreover for r € [ry, ],
g(so+ 1) — 2my(so, so + 1) > —my(So, So + 1) > —my(so, So +71)

and my(so, So +71) = g(so +r1). Then ¢'(r) > ¢'(r1) for every r € [s, t].
Therefore

my (s, t) = g(so) + g(so +11) — 2my(s0, 50 + 1) = g(S0) — My(s0, S0 + 5)

and, using that
mg(so + 8,50 +t) = mgy(so, so + 1),

diy(s,t) = g(so + 5) — 2my(s0, 50 + 8) + g(s0 +1) — 2my(s0, S0 + 1) + 2my(s0, 50 + 5)
= g(s0 + ) + g(so + 1) — 2mgy(so + s, 50 + 1)
= d,(s0+ 8,80 + 1) = dy(s0 + 5,50 +1).

The other cases are treated in a analogous way, just replacing sy + s and sg + ¢ by the
values sy + s or sg + t.

By the equation (18), if s, € [0,7(g)] are such that d, (s, t) = 0, then d_ (so + 5,50 + 1) =
0, implying that p,(so + 5) = py(so + ).

As n(g') < n(g) it follows that Ty = py([0,7(g)]). So we can define R by (19). From
this definition, it is immediate that R takes elements of 7, onto 7,, and, by (18), R is an
isometry. |

We begin the proof of the theorem with some preliminaries definitions. Note that
assuming the result of this theorem, by Remark 2.5, each of these notations makes sense
with our previous definitions for vertices of a real tree. Therefore we will maintain the
same notation although they are initially defined in different context.

For 0,0’ € T, we define

o« 0 =<0 ift dy(p,0’) =dy(p,0) + dy(o,0"). This defines a partial order on 7.
If 0 = py(s) and ¢’ = py(t) then o < o’ iff m,(s,t) = g(s).
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o [0 o]l ={0"€T,:d,(c",0) =dy(0',0")+d,(c",0)}.
It follows that 1f 0 =py(s) and o’ = p,(t)
[p, ol N [p, o'l = [p. ]

where v = p,(r), for r € {u € [s,t] : g(u) = my(t,s)}. We then put v =0 A0’

o Tylo]={0"€T,:0 =<0’} the “offspring” of o.
If T,lo] # {c} and o # p, then T, \ T,[o] and T,[o] \ {0} are two nonempty disjoint
open sets.

The statements in the first two definitions follow from the construction of 7, and from
the ideas given in remark 2.5.

To see that 7, \ 7,4[o] is open, let s be such that py(s) = o and note that 7T,[o] is the
image under p, (a continuous function) of the compact set

{u € [0,7(g)] : my(s,u) = g(s)}.

The set T,[o] \ {o} is open because if o’ € T,[o] and o’ # o, it follows that the open ball
centered at ¢’ with radius d, (o, ¢’) is contained in Ty[o] \ {c}.

We now prove property (1) of the definition of a real tree. So fixed oy and o9 in 7, let
us prove the existence and uniqueness of the mapping f,, ,,. Using Lemma 2.6 with s
such that py(sg) = 01, we may assume without loss of generality that oy = p.

If o € 7, is fixed, we will prove that there exists a unique isometric mapping f = f,, :
[0,dy(p,0)] = T, such that f(0) = p and f(d4(p,0)) = 0.

Let s € p,'({0}), so that g(s) = dy(p, o). Then, for every a € [0, dy(p, )] define

v(a) = inf{r € [0, s] : my(r, s) = a}.

Note that g(v(a)) = a because as 0 = ¢g(0) < a < g(s), by continuity of g, this infimum is
achieved in some element of {t € [0,s] : g(t) = a}. We define

fla) = py(v(a)). (20)

Let us verify the properties of f. Observe that U(O) = O so that f(0) = p, and, as
dy(p,0) = g(s) and d;(v(g(s)) ) = 0 it follows that f(d ( (9(s))) = py(s) =
o. Now we verify that f is an isometry: if a,b € [0,d (,0, )] Wlth < b, by deﬁmtlon

mg(v(a),v(b)) = a, and

dg(f(a), F(b)) = g(v(b)) + g(v(a)) — 2a = b - a.

Note that the property (i) of the definition of a real tree implies that [p, o] D f([0, d,(p, o)]).
Indeed, for a € [0, d,(p, 0)]

dy(f(a),0) = dy(f(a), f(dy(p,0))) = dy(p,0) = a = dy(p, o) = dy(p, f(a)).

then f(a) < o. On the other hand, if » < o we saw in the construction of f by the
equation (20) that n = f(d,(p,n)). It follows that f([0,dy(p,o)]) = [p; o]
To get uniqueness, suppose f is another such isometry. For a € [0,d,(p,0)], let t be

such that p,(t) = f(a). The properties of f imply that f( ) = 0, s0, as 0 = p,(s) and
f(s) = pg(t), g(t) = my(t,s). Moreover

9(t) = dy(p, py(t)) = dy((0), f(a)) =
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Then ¢t > v(a) = v(g(t)). On the other hand we have that

a = g(v(a)) = my(v(a),s)

then, as [v(a), s] C [t, s],
a = g(t) = my(t, ) = my(v(a), 5) = g(v(a)) = a

so dy(t,v(a)) =0, and f(a) = py(t) = py(v(a)) = f(a) proving uniqueness of f.
Now we turn to the property (ii) of the definition of a real tree. Let ¢ : [0,1] — T, be
a continuous injective mapping, and we want to prove that:

q([0,1]) = f4(0).4) ([0, dy((0), g(1))])

From Lemma 2.6 again, assume without loss of generality ¢(0) = p and set o = ¢(1). We
already have noticed that f,,([0,d,(p,0)]) = [p, o]

Assume for contradiction that [p, o] ¢ ¢(]0,1]). Then let n € [p, o] \ ¢(]0, 1]) be such
that n # p,o. Then ¢([0, 1]) is contained in the union of two disjoint open sets 7, \ 7,[7]
and T,[n] \ {n}, with ¢(0) = p € T, \ Ty4ln| and ¢(1) = o € T,4[n| \ {n}. This contradicts
the fact that ¢([0, 1]) is connected.

Conversely, for a € (0,1) set n = g(a) and let v = o A 7. Note that

dg(n,0) = dg(n,7) + dyg(v,0)

then v € [p, n]N[p, o). So from the first part of the proof of property (ii), v € ¢([0, a]) and,
by changing the root to 1, v € ¢([a, 1]). Since ¢ is injective, this implies that v = n = ¢(a),
and 1 € [p, o]. Hence, ¢([0,1]) = [p, o]. u

2.2 Gromov-Hausdorff distance.

We want to study the convergence of compact real trees, so it is interesting to define a
notion of distance between two compact metric spaces. Fist we introduce a concept of
equivalence between rooted metric spaces.

Definition 2.7. We say that two rooted compact metric spaces (71, d1, p1) and (73, da, p2)
are equivalent if there is a root-preserving isometry that maps 7; into 7s.
Let us denote by T the set of all equivalence classes of compact rooted real trees.

In this work we will use the Gromov-Hausdorff distance between (equivalent classes of)
compact metric spaces, that was first introduced by Gromov (see for example [12]) in view
of geometric applications. We begin by introducing a distance between closed subsets of
a bounded metric space.

Definition 2.8. For a bounded metric space (M, d), the Hausdorff metric between closed
subsets of M is given by

du(A,B) =inf{e > 0;A C U.(B) and B C U.(A)}
where U.(A) :=={z € M;d(z,A) < e}.

Now we introduce a notion of distance between two different compact metric spaces.
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Definition 2.9. For 7 and 7’ two rooted compact metric spaces, with respective roots p
and p', we define the pointed Gromov-Hausdorff distance by

dan(T, T') = mnf{du(o(T), o(T") V d(e(p), ©(p")} (21)

where the infimum is over all choices of a metric space (M, d) and all isometric embeddings
@:T—=Mand ¢ :T" — M of T and T" into (M, d).

This distance depends only on the equivalent classes of 7 and 7’ so it defines a
metric on T, the set of all equivalent classes of rooted compact metric spaces (see [10,
Theorem 7.3.30]). To illustrate this definition we give an example on the calculation of
the Gromov-Hausdorff distance between two spaces.

Example 2.10. Let P be a metric space consisting of one point and X = (X, d, p) be any

compact pointed metric space. Then we have that dg g (P, X) = dh%(x).

Indeed, if we denote by p € X the point such that d(p,0X) = diamT(X) and we define
¢ : P — X by ¢(P) = p, then d(p,p) < dh%(x) and dy(X,p) < dian;(X), implying that
de.n(P,X) < 92550,

We can also note that if ¢ is any other embedding of P into X, then dy (X, ¢'(P)) >

dianzl(X), so the infimum on the definition 2.9 is achieved exactly at diamT(X).

An alternative definition for the Gromov-Hausdorff distance is given below.

Theorem 2.11. Let (7,d, p) and (T',d’, p') be two rooted compact metric spaces.

We call R €T x T a correspondence between T and T if, for all x € T, there exists
at least one ' € T’ such that (z,2") € R and, for every y' € T, there exists at least one
y € T such that (y,y") € R. The distortion of the correspondence R is defined by:

dis(R) = sup{|d(z,y) — d'(z", )| : (z,2'), (y, ) € R}

Let C(T,T") denote the set of all correspondences between 7 and 7’. Then we have:
1
den(T,T') = 5 inf{dis(R); R € C(T,T"),(p,p") € R}. (22)

The proof of this theorem can be found in [10, Theorem 7.3.25].
An important result is that T equipped with the Gromov-Hausdorff distance is a Polish
space.

Theorem 2.12. The metric space (T, dgy) is complete and separable.

Despite the probabilistic importance of such topological property we will not use this
theorem. So we give a reference for its proof in [23, Theorem 1]. Now that we have
introduced a distance between the (equivalent classes of) rooted compact real trees as a
subset of (T, dgy), we want to understand how this notion relates to the coding of these
trees by continuous excursions. Fortunately, by the following lemma, there is a strong
relationship between these concepts, which allows us to translate the results of chapter 1
to the context of Gromov-Hausdorff convergence of compact metric spaces.

Lemma 2.13. If g and ¢’ are two continuous excursions with compact support then
dan (T, Ty) < 2llg =4l

where ||g — ¢'|| is the uniform norm of g — ¢'.
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Proof: Let us construct a correspondence between 7, and T, by setting
R ={(0,0");0 = py(t) and o’ = p,(t) for some t > 0}.

(
Now we will bound the distortion of R. Take (0,0’) and (n,7) in R. By the definition
of R there exists s, > 0 such that p,(s) = o,py(s) = o’ and p,(t) = n,py(t) = n'. So,
by equation (16):

|dg(a,m) — dg (0", 1) < |g(s) — g'(s)] + |9(t) = ' ()| + 2[my(s, 1) —mg (s, t)] < 4llg —g'l|.

Therefore dis(R) < 4|lg — ¢||, and the result follows from the definition of Gromov-
Hausdorff distance by correspondences in equation (22). [

We could have proved theorem 2.4 using the previous proposition and theorem 2.12,
by using that each compactly supported continuous excursion can be approximated by a
rescaled contour of a discrete tree, but the chosen proof gives us a better understanding
of the construction of 7.

Now we introduce the most classical example of a compact real tree. Recall the defini-
tion of Brownian excursion on example 1.17.

Definition 2.14. The continuum random tree (CRT) is the random tree 7. coded by the
normalized Brownian excursion e = (e;)sejo1]-

By lemma 2.13 g — 7, is a continuous application, therefore it is measurable. Then
the CRT is a random variable taking values on T.

Now we want to relate example 1.17 to a weak convergence result on T. In order to
do this, we must see each element of t € A, the set of all finite rooted ordered trees, as a
rooted real tree. One way to do this is by thinking of ¢ as the union of line segments of
length 1, as represented by the left part of figure 1.1, equipped with the distance of the
shortest path in the tree. Alternatively, if C' = (C})scr, is the contour function of ¢, we
can identify ¢ as 7¢.

Theorem 2.15. For every n € N, let 7(,,) be a random tree distributed uniformly over A,,.
Then \/#2717?”) converges in distribution to the CRT 7, in the space T.

Proof: As proved in example 1.17, the contour functions Ct(") of T(») converge weakly, after
appropriate rescaling, to the normalized Brownian excursion (e;)cjo,1]- Thus, denoting

~(n 1 n
Ct): () tZOa

\/% 2nt

it follows that ﬁ'ﬁn) (that is, the tree 7,y with all distances multiplied by ﬁ) has the
same distribution as 7zmy. So the result follows from lemma 2.13. [ |

In the next section, we introduce another type of metric between metric spaces, but
now they carry additional information in the form of a measure.

2.3 Gromov-Hausdorff vague topology

Henceforth we begin to work in rooted metric spaces with a measure. Unless said otherwise
we will use [6] as reference.
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Definition 2.16. A rooted, complete, separable metric measure space (X, d, p, i) is a com-
plete separable metric space (X, d) equipped with a distinguished point p € X (the root),
and a Borel measure p on X.

From now on we call it simply a metric measure space.

Similarly to definition 2.7 regarding rooted compact metric spaces, we have the fol-
lowing notion of equivalence of metric measure spaces. However, unlike that case, the
equivalences now will depend only on the roots and on the support of the measures.

Definition 2.17. We say that two metric measure spaces (X1, dy, p1, 1) and (Xs, do, po, f12)
are equivalent ((Xi,dy, p1, 1) =~ (X, da, p2, p2)) if there is an isometry ¢ : supp(ui) U
{p1} — supp(u2) U {p2} such that

« ¢(p1) = p2
o Pui1 = o, Where ¢, = p1o ¢! is the pushforward of p under ¢.

In general we will not distinguish between a metric measure space and its equivalence
class.

Now we highlight a subclass of equivalent classes of metric measure spaces.

Definition 2.18. Let x = (X, d, p, 1) be a metric measure space. We say that y is boundedly
finite if p is finite on all bounded subsets of X and p € supp(p). Noting that this property
is invariant under equivalence of metric measure spaces, we can extend this definition to
equivalence classes of metric spaces. Let us denote by X the set of boundedly finite
equivalence classes of metric measure space.

Remark 2.19. In [6] the definition of X does not assume that the root is contained in
the support of the measure. Since our examples always satisfy that assumption we will
suppose that in order to simplify some notations.

Definition 2.20. An equivalence class of boundedly finite metric measure spaces is called
a Heine-Borel locally finite measure space if it contains a representative x' = (X', d’, p/, ')
such that (X', d') is a Heine-Borel space, that is, a metric space in which every bounded
closed set is compact. Let Xgg be the subspace of Heine-Borel spaces in X.

As in the previous section, we want to introduce a useful notion of convergence in
these classes of metric measure spaces. In order to do this, we will use again the notion
of Gromov-Hausdorff metric together with a metric between the measures. The latter is
given below.

Definition 2.21. Fix a metric space (X, d). We equip the space of all finite measures on
(X, B(X)), with the Prohorov metric, which is given by

dg’d)(u, ) =inf{e > 0: pu(A) < p/(A%) +¢, 4/ (A) < u(A%) + ¢ VA closed}
where A® = {z : d(z, A) < e} is the closed e-neighborhood of A.

This metric induces weak convergence, which we will denote by —
n—oo

Given a rooted metric measure space (X,d, p, ), denote by By(x, R) and Bgy(z, R)
respectively the open and closed balls induced by the distance d centered in x € X with
radius R > 0. We will denote by u‘R(-) = u(- N By(p, R)), that is, the restriction of u to

Bd(pa R)
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Definition 2.22. For each n € N U {00}, let x,, = (Xy, dn, pn, i) € Xgp. We say that
(Xn)nen converges to Yo in Gromov-Hausdorff vague topology if and only if there exists
a rooted Heine-Borel space (E,dg, pp) and, for each n € N U {oo}, isometries ¢, :
supp(pn) — E with ¢,(pn) = pg such that, for all but countably R > 0,

] (23)

_ e —— ((@oo)*/floo) By (05-F)

BdE (pE,R) n—oo

((‘Pn)*ﬂn>
and additionally
di (£n(suPP (1)) N Bag (i, R), Poo(5upD(110)) N Bag (i, B)) =20, (24)

Remark 2.23. In [6] a more general approach is considered for Gromov-Hausdorff vague
convergence: it is defined for sequences in X via localization of another topology, the
so-called Gromov-Hausdorff weak topology. The definition given here is equivalent to this
one when restricted to Xpp (see [6, Definition 5.8 and Proposition 5.9]).

Remark 2.24. The space Xyp equipped with the topology generated by the Gromov-
Hausdorff vague convergence is complete and separable (see [6, Proposition 5.12]).

In order to prove the next lemma we will introduce some theory about a topology in X
that, unlike the Gromov-Hausdorff vague topology, ignores some information about the
convergence of the support of the measures. Here we choose to define it via isometric
embeddings.

Definition 2.25. For each n € NU {oo}, let x,, = (X, dy, pn, itn) € X.

We say that (x,)nen converges to Yo in Gromov vague topology if and only if there
exists a rooted, complete separable metric space (E,dg, pg) and, for each n € N U {oo},
isometries ¢, : supp(u,) — E with ¢, (p,) = pr such that, for all but countably R > 0,

] . (25)

Bay (pp,R)

= — ((9000)*,“00)

By (pp,R) n—ro0

((Pn)shtn)

We highlight two properties of this topology that will be used in this work. Since there
is a lot of theory behind these properties that will not be discussed here, we will just refer
to a source for their proof.

Lemma 2.26. Consider x = (X, d, p, 1), xn = (Xu, dn, pn, in) elements of X, and another
boundedly finite measure p/, in X, for each n € N. Assume that the following conditions
are satisfied:

1. xn —— x Gromov vaguely;

n—o0

2. There exists a sequence (Ry)ken such that Ry o and, for all k£ € N,
—00

Xnydn n—oo
d%r )(Mn‘RmN;z’Rk) "

Then (X, dy, pn, i1),) converges Gromov vaguely to x.

The proof of this lemma can be found in [6, lemma 2.9].
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Definition 2.27. For §, R > 0 let us define m# : X — R, U {oo} as

mE(xn) = inf{ i, (Ba, (l’, 5)) : 2 € supp(ptn) N By, (pn, R)}.

We say that (x,)nen a sequence on X satisfies the local lower mass bound property if
for every § >0 and R >0
lim inf mE(xn) > 0. (26)
Finally, we state a relation between the Gromov-Hausdorff vague and the Gromov
vague convergences.

Theorem 2.28. Consider x = (X, d, p, 1), Xn = (Xpn,dn, pn, i) elements of Xyg. Then
the following are equivalent

1. xn —X Gromov vaguely and it satisfies the local lower mass bound property.
2. Xn —X Gromov-Hausdorft vaguely.

The proof of this proposition can be found in [6, corollary 6.2].
Using this relation we prove the perturbation of measure property for the Gromov-
Hausdorff vague topology.

Lemma 2.29. Consider x = (X,d, p, i), xn = (Xn,dn, pn, ftn) elements of Xyp, and an-
other boundedly finite measure pu!, in X, for each n € N. Assume that the following
conditions are satisfied:

1. xn —— x Gromov-Hausdorff-vaguely;

n—o0

2. There exists a sequence (Ry)gen such that Ry — > and, for all k£ € N,
—00

n—oo

dig ™ (supp(s1n) N Bu, (pn, Ri), supp(1,) O Ba, (pny Ri)) == 0

and

Xn7dn n—,oo
d%r )(:un|Rk7H"/n|Rk) ; 0.

Then x!, = (X,, dn, pn, pl,) converges Gromov-Hausdorff vaguely to x.

Proof: Lemma 2.26 implies that y, converges Gromov vaguely to x. Therefore, by
theorem 2.28 we only need to check that, for every 6 > 0 and R > 0, the sequence
(X!, )nen satisfies the lower local mass bound property.

Note that it is sufficient to prove that (x/,)nen satisfies equation (26) for every 6 > 0
and for a sequence Ry Pt Indeed, if for every R > 0 we can take a R, > R , then

mE(x.) = m&(y) because

{x: 2 € supp(p,) N Ba, (pn, Ri)} D {2 : & € supp(u;,) N Ba, (pn, R)}-

Now fix 0 > 0, k € Nand 0 < nn < (§ A &,/2, where ¢, = mg"é(xn) > 0. By our
assumptions and the definition of Hausdorff distance, there exists N; € N such that for
every n > Nj it follows that

[SIEY

-n

supp(41;,) N Ba, (o, Br) C (supp(sin) N Ba, (o, Ri))
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Then for every x € supp(y,) N By, (pn, Ryi), there exist some y € supp(tt,) N Ba, (pn, i)
such that = € By, (y,2 —n). Thus

iy (Ba,(@,0)) = 1y, (Ba, (y,6/2+1m))

by our assumption on the convergence of the Prohorov distance there exists N, € N such
that for every n > Ny and x € supp(u!,) N Ba, (pn, Rk)

oy (Ba, (4,6/2 4+ 1)) > pin(Ba, (y,6/2)) =1 > €n/2

where the last inequality follows from our choice of €. Hence, for n > N; V Nj

iy, (B, (x,0)) > €,/2
then

1

Since — X Gromov-Hausdorff vaguely, theorem 2.28 implies that (x,)nen satisfy
the local lower mass bound property, so, by taking limsup,, .., in both sides of the last

inequality we complete the proof.
|

Henceforth we return to work specifically on the space of real rooted trees. Consider #'
a discrete tree with root p/, and equip ¢’ with the graph distance d’, that is, the length of
the shortest path. Then, as made in the comment before 2.15 (¢, d’, p’) can be embedded
isometrically into a complete, locally compact real tree (7', d, p) in a unique way, where T’
is obtained by “filling the edges” of ¢'. We denote the image of ¢’ by nod(T"), so nod(T)
is a discrete subset of 7', and we can identify ¢ with nod(7},). A natural measure on ¢’ in
the context of random walks is given below.

Definition 2.30. Consider a discrete tree (¢, d’, p') and the correspondent embedding into
a complete, locally compact real tree (T, d, p).
The degree measure p® on nod(T) is given by

o 1
=5 3 deg(a)d (27)

z€nod(T)
where deg(x) is the multiplicity of the vertex x.

We could have defined 14 on ¢’ and considered pf® as the pushforward of the degree
measure on t'. Note that in this case (¢, d, p/, ,uf,eg) ~ (T,d, p, ,u%eg) (remember that, by
definition 2.17, the equivalence only consider the support of the measures).

Another relevant measure on a real tree is defined below.

Definition 2.31. Consider a metric space (7, d) and define, for S C 7" and ¢ > 0,
H}(S) = inf{}_ diam(U;) : [ Us 2 S, diam(U;) < 6},
ieN ieN
where the infimum is over all countable covers of S by sets U; C T satisfying diam(U;) < 6.
As H}(S) is nonincreasing in §, we consider

H'(S) =lim H}
(8) = lim H; (5),
which is an outer measure on 7. By Carathéodory’s extension theorem, its restriction to

the o-algebra of Carathéodory-measurable sets is a measure. We call this measure the
1-dimensional Hausdorff measure on T'.
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The 1-Hausdorff measure on (7', d) coincides with our concept of length of the space,
therefore it defines a natural measure on 7. We will call it the length measure and denote

it by A= )\(T,d)~

The Gromov-Hausdorft vague convergence give us a relation between these two mea-
sures.

Proposition 2.32. Consider (t,),en @ sequence of discrete rooted trees, and the corre-
sponding sequence of rooted real trees (T),,d,, p,) constructed as above. Assume that
there exists two sequences of positive numbers (a,),eny and (5, )nen that converge to 0,
such that

n—oo

(Tn7 Oéndna p’fﬂ /Bn)\(Tn,dn)) — X

Gromov-Hausdorff vaguely for some real tree x = (7', d, p, t) € Xgp. Then
(T, Antlr, P, BrttT%) —— X
Gromov-Hausdorff vaguely.

Let us give an idea of the proof of the previous proposition. We have that supp(,udTeg)

nod(7,) and supp(A(z,.4,)) = Tn. Since, by the embedding of a discrete tree into a real
tree, the 1—neighborhood of the set nod(T},) is T,,, we have that, for every R > 0,

dp (n0d(T5,) N Baya, (s R), Bodn (s R)) < i =225 0.

Furthermore, assuming that the diameter of 7T, is smaller than R, it follows that

1
nadn €
% )(@Md & BT dn)) < 5.

Indeed if we take any closed subset A of T, in the definition of the Prohorov distance
for each z in nod(T}) N A the set A2%» = {z € T, : and,(z,A) < %} will contain

Ba,a, (%, 0,/2). Then, as A7, a.)(Bapa, (7, 00 /2)) = deg( and these balls are disjoint
At ) (A37) 2 (T (A).

Moreover for each z € A\ nod(7},,) there exists u,v € nod(T,) such that x €]u,v],
where Ju, v[= [u,v] \ {u,v}. Then u or v must be contained in A2%n

eg/ 1la deg(u deg(v
,u%lg(AZ N [[u’v]]) = ﬂueAan/2g2() + ]lveAan/QgQ()

implying that

while
1

1
)\(Tn7dn)(A m Hu7 U:[I) S ﬂueAan/2§ + ]‘UGAO‘”/2§‘

It follows that )
HTE(AZ) > N7, a0 (A).

In the general case, we have to take the boundary effects into account. So consider the
annulus S*(p,, R) = Ba,4,(pn, R+ 3€) \ Baynd, (pn: R — 3¢). We have that

R)§<; > (BuiAm ) (S (on, R)))  (28)

In order to give an idea of the proof of this inequality let us denote B = By, (pn, R) and,
for A a closed subset of B consider the cases

dgn,andn) ( deg

611,“ Bn (Tn,dn)
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1. A C Bandn(pna R - %Oén),

2. ANnod(T,) \ Ba,a,(pns R — 2a,) = 0,

3. ANnod(T;,) \ Baynd, (pn, R — 2a,) # 0.

In the first case, since A% N B = A3* we can apply the same ideas as before and show
that pg8(A7%) > \g, ) (A) and Az, a,) (A7) > 13 (A).

In the second case every © € A\ Ba,d4, (pn, R—30u,) is outside nod(T), so it may happen
that BuA,.dn) (A \ Band, (s R — La)) > a,,/2 while 8,u5(A2 N B) = 0. But it is
true that

nﬂdTig <A5">‘(Tnydn) (Sa"(p"’R)) N (Bandn (pn, R — an/Z))c N B) + Ba (T ,dn) (San (pn, R))

> Bn)\(Tn,dn) (A N (Bandn (pn; R — an/2))c N B> .

Similarly, in the third case it may happen that degT(‘D) > Nz, dn)(Ba, (7, 0, /2) N B) for
some z € ANnod(T,) \ Ba,a,(pn, R — 3a,), but we have that

BT ) (AMWM (s2nmm) (Bawa, (o R — 0 /2))" 0 B) + BuA T an) (5" (o, R))
> ﬁnug‘ig (A N (Bandn (pna R — an/2>)c n B)

what give us equation (28).
By assumption 5nA(Tn,dn)(Sa” (Pn, R)) %% 0 in equation (28) for every R > 0 with
pu(S(p, R)) = 0. Therefore, by lemma 2.29 the result follows.

We again use the notations 7, d;, d, and p, introduced in section 2.1 in order to build
a real tree from a continuous excursion g € e. In the context of metric measure real trees
we can make a similar construction and define the following:

Definition 2.33. The glue map G

G(g) = (Evdg’pg’ﬂg) (29)

sends an excursion to a complete, separable, rooted real tree where dg, pg, 1ty are the
pushforwards of d, the Lebesgue measure on [0,71(g)] (Aqon))), and 0, respectively,
under the canonical projection p, : Ry — 7.

Let us distinguish the elements g € ¢ by its excursion lengths. If (g) < oo we say that
g is compactly supported. If n(g) = oo and lim,_,, g(x) = 0o we say that g is transient.
In this case we define for R > 0 the last visit to height R by

E(R) =sup{t >0:¢(t) < R} < 0. (30)
Then the glue map acts on e as follows.
Lemma 2.34. Let g : R, — R, be a continuous excursion.

1. If g is compactly supported, then G(g) is a rooted compact finite measure real tree,
in particular G(g) € Xyg.
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2. If g is transient, then G(g) € Xyp.

3. If g is neither compactly supported nor transient, then G(g) ¢ Xup.
Proof:

1. Follows from the proof of theorem 2.4.

2. Assume that g is transient.

Then for all R > 0, {,(R) < oo, and, by continuity of g, Agp = {s € [0,00) :
g(s) < R} is a closed subset of [0,&,(R)], hence it is compact. As previously
stated the continuity of g implies continuity of p,. Therefore, by construction of 7,
By, (pg, R) = py(Ag) is a compact subset of 7.

Consequently, 4 (Bdg (pg,R)) < A([0,&(R)]) = &(R) < o0, as pu, is the pushfor-
ward of the Lebesgue measure on R;. Since any bounded closed subset of (7, d,)

is a closed subset of a closed ball Bdg (pg, R) for some R > 0, it is compact as well.
Thus G(g) € XunB.

3. Assume that ¢ is such that n(g) = oo but a = liminf, . g(f) < oo, and define

b = limsup,_, . g(t).

If b > a, (7,,d,) is not Heine-Borel (and therefore not locally compact). Indeed,
there is an € > 0 with a 4+ 3e < b, and an increasing sequence (t,)nen in Ry with
g(tn) € [a+ 2¢,a+ 3¢] and infyep, 1, 9(u) < a+eforallneN.

Then the sequence (7, )nen defined by x, = py(t,) defines a sequence of points in
Ba,(pg; a + 3¢) with dy(z;, z5) = d,(g(t:), g(t;)) > € for all i # j.

Moreover if b = a,

1g(Ba,(pgb+1)) = M({s € Ry : g(s) b+ 1}) = o0, (31)

which means that 1, is not boundedly finite. In both cases G(g) ¢ Xyg. [

2.3.1 A transient excursion example.

Now we will focus on present a example related to a non-compact real tree in Xyg,
therefore we will use a transient continuous excursion.
A interesting fact about the trees coded by these functions follows.

Proposition 2.35. Let g be a transient excursion. Then G(g) € Xyg is a real tree with
exactly one end at infinity, i.e., there is a unique bijective isometry ¢ : [0, 00) — 7, with

©(0) = pg.

Proof: We will show that ¢, = p, 0 &, where ¢, is defined as in equation (30). To prove
that ¢, is a isometry we use again the observations in remark 2.5. So taking » <t in R

dg(g(r); £g(t)) = 9(&4(7)) + (&g (1)) = 2my(&g(r), §(t)) =7+t = 2r =t -7

because {,(z) = z for every x € R, which also implies that ¢4(0) = p,.
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To prove uniqueness, assume that ¢ : [0,00) — 7, is another isometry that satisfies
(0) = p, and fix R > 0. Choose t € Ry with p,(t) = ¥(R). As 1 is an isometry, we
have that

dg<pg(t)7pg) = dg(w(R)vw(O)) =R
so g(t) = R, and then t <, (R).

Now take S > sup,co¢,my{9(w)} and s € pg_l(w(S)). Note that s > ¢,(R) and

g(s) =S, so
S — R=dy(4(5),¥(R)) = S+ R—2 inf g(u),

u€(t,s]

hence infye e, (r{g(w)} > infueprq{g(u)} = R. This implies that

dy($(R), 04(R)) = dy(py(t), py(&y(R))) = 2R =2 _int )} =0

u€lt,&y(

Consider ¢, C ¢ as the set of continuous transient excursions. Then a result analogous
to lemma 2.13 follows.

Proposition 2.36. The glue map G : e,, — Xgp is continuous if €., is equipped with the
topology of uniform convergence on compact sets, and Xyg with the Gromov-Hausdorff
vague topology.

The proof of this theorem will be omitted as it involves some topics that were not
discussed here. We refer to [6, Proposition 7.5] for a proof.

The remainder of this work will focus on showing convergences related to a specific
class of examples of random locally compact real trees in Xyg.

Definition 2.37. The Kallenberg-Kesten tree t* is the tree associated to a critical u-
Galton-Watson process (Z,,)nen with variance 0 < 0% < oo conditioned to survive.

A more precise definition based on [16] follows.

For a discrete tree t, write t; for the set of vertices of ¢ that have height equal to k.
Then, for £ € Ny, denote by T}, the set of all rooted ordered trees t of k generations, that
is, such that #t; # 0 but #tx,1 = 0. And denote by T, the set of infinite trees, that is,
t such that #t, # 0 for all £ € N.

Moreover, consider the function T : Too U U,,>5 Tre — Ty such that T[k}(t) consists of
the k first generations of the tree t.

Finally, let 1 be a critical nondegenerate offspring distribution with finite variance, and
consider (Z,)nen, a pu-Galton-Watson process with tree representation . It follows from
the branching property (remember definition 1.11) and the estimate in theorem 1.9 that,
for t € Ty,

lim P(Tjy(0) = 1|20 # 0) = #4eP(Tyy (0) = 1).

n—oo

Then, by linearity of the limit, v(Tiy(0) = t) = #t,P(Tj(0) = t) defines a proba-
bility measure on Tj. By Kolmogorov’s extension theorem, since the product measures
[Tkes Tisv for J C N satisfy the consistency condition (it is sufficient to check on the
generating sets of the product o-algebra), there exists a unique extension of Tj.v to a
probability measure on T, the set of rooted ordered infinite discrete trees. Let us denote
this extension by v.

Then, v is the distribution of the pu-Galton-Watson tree conditioned on no-extinction.
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Remark 2.38. An alternative construction of ¢, based on [16, Lemma 2.2] and [13,
Section 5] is made as follows. Consider that we can classify the vertices of a tree into two
types: the normal nodes and the special nodes, with the root being special. A normal
node has offspring distribution p, and all its children are normal, while the special node
has offspring distribution

(k) = ku(k) , for k € Ny,

the size-biased distribution of u. Moreover, we choose uniformly at random one of the
children of the special node to be special, while the others are normal.

Since all the special nodes have exactly one special child, there exist, almost surely, a
unique infinite path from the root, formed by the special vertices. Let us call this path
the spine of the tree.

Note that the contour function of ¢ is a transient excursion, so the last assertion
agrees with proposition 2.35.

Now we intend to show Gromov-Hausdorf vague convergence of the rescaled Kallenberg-
Kesten tree.

In order to do so, let us consider a Kallenberg-Kesten tree (t°,d’, p') as defined in 2.37
where g will be considered a Geom(3) distribution and d is the graph distance on ¢>.
Henceforth we deal with the embedding of (t>°,d’, p’) into a complete, locally compact
rooted real tree (7°°,d, p). Then we state the following:

Theorem 2.39. Consider (7°°,d, p) a embedded p-Kallenberg-Kesten tree with p ~ Geom(3)
and B, = By — 2 infse[oyt]{Bs}, where B is the standard Brownian motion on R. Then

_ _ d ~
(T,n71d, p,n 2 Aige.) — s G(B),

(T, n"'d, p,n*us2) s G(B)

n—oo

Gromov-Hausdorft vaguely.

Proof: Let us consider a Kallenberg-Kesten tree (t>°,d’, p’) as defined in 2.37 where p will
be considered a Geom(%) distribution and d is the graph distance on ¢t*°. Henceforth we
deal with the embedding of (t>,d’, p') into a complete, locally compact rooted real tree
(T°°,d, p). Equip this space with the lengh measure A7 4).

Based the construction of the Kallenberg-Kesten tree in remark 2.38 and on the be-
havior of the contour function of geometric critical Galton-Watson trees in example
1.15, it follows that (7°°,d,p, A(7~ ) has the same law as G(S), where, for t > 0,
S, =S, — 2inf,c04{5s}, a process that is obtained from the path of S, the linear inter-
polation of a simple random walk on Z, by reflecting this path at each time point in the
level of its previous minimum. The relation between these two process is more clear if we
note that the branches attached to the normal children of a special vertex behaves like a
p-Galton-Watson tree. Then, infj<,, Si coincides with the &, — 1 where &, is the number
of elements of the spine already visited by the particle that defines the contour process
up to time n.

By Donsker’s invariance theorem and the continuous mapping theorem,

~ n _ ~ d ~
(St( ))tzo = (n 1Sn2t)t20 ﬁ (Bt)tzo

where, for t > 0, B, = B, - 2inf,cp04{Bs}, and B is the standard Brownian motion on
R. By [22, Theorem 1.3], B is a three-dimensional Bessel process, defined as the process
that coincides in law with the radial part of a three-dimensional Brownian motion.
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From now on we refer to G(B) as the continuum Kallenberg-Kesten tree, x>.
Because of the rescaling, the elements G(S™) = (Tam), dgn), Pgn), Ag(my) in the defini-

tion 2.33 can be written in terms of dg, pg and A\(r;.q4,) as (7, n~tdg,, ps, n72>‘(7’g7d§))'
Hence by the previous observations and the continuity of the glue map

(T, "1, p,n 2 Age.a) ~ G(S™) —Ls G(B) = x>

n—oo
Gromov-Hausdorft vaguely.
By proposition 2.32, this also implies
0o — —2 de (d) 00
(T y 1 1d7pan 2:“’7'0%) n—>—oo> X
Gromov-Hausdorff vaguely.

That is, we conclude that if we take a discrete geometrical Kallenberg-Kesten tree
with edge length rescaled to become n~! and equip it with the measure that assigns
mass 3n~2deg(x) to each vertex z, this rescaled discrete measure tree (£, n'd, n_2u?§;g)
converges weakly with respect to the Gromov-Hausdorff-vague topology to the continuum
Kallenberg-Kesten tree. [

2.4 Further related works.

The Gromov-Hausdorff vague convergence can be used to develop a great variety of works
on real trees by treating them as the limit of a sequence of embedded discrete trees. Here
we describe some of them. We begin by mentioning some works related to the convergence
of random walks on random trees.

Definition 2.40. Let t a discrete tree in which all vertices have finite degree. We denote
by (XI),en, the neareast-neighbor random walk on t, that is, the Markov chain on ¢ with
1

transition probabilities p(x,y) = { de&®) '
0 otherwise.

if x is connected to y in t,

In our previous example, let us consider (Xj)ren, the random walk on (7,4, p, udTeg)

under its annealed distribution. That is, first we choose T', a realization of the graph 7,
according to v (defined on the comments after definition 2.37), and then X™ starts at
Xo = p and moves on T as (X1),en,-

In [16, Theorem 1.16], Kesten stated that if (Y;).er, is the linear interpolation of the
height function of the random walk on the Kallenberg-Kesten tree, then n=3Y, converges
weakly in C(R,,R) (under the annealed law) to a non-zero process.

Later, in [2, section 5.1], now focused on (7., de, pte, pe), the Continuum Random Tree
(remember 2.14) equipped with a probability measure p. and a distance d., Aldous con-
jectured the existence of a strong Markov process’ X = (X¢)>0 on 7. with continuous
paths such that . is its reversible equilibrium and it satisfies

(i) for each path [a,b] C 7. and each x € [a, b],

Px(’/'a < Tb) =

where, for z € T, 7, = inf{t > 0: X; = z}.

1We refer to [18] for a precise definition of this process.
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(ii) for all f: 7. — R, bounded measurable function and x,y on Tg,

B, 71Xt =2 [ pulay) (F0)- de(z.cla ) (32)
K
where for z,y, z € Tx c(z, z,y) denotes the unique point in Tx that satisfies
[[ZL’, C(.T, Z, y)]] = [[.Z’, Z]] ﬂ [[ZI}', y]]

He called it the Brownian motion on the CRT. In a further work [17], Krebs showed a
construction of this process based on Dirichlet forms.

Later, in [11], Croydon considered a triple (t,, j1n, X™), where, for each n € N; ¢, is
a discrete ordered tree with n vertices, w, is the uniform measure on the vertices of ¢,
and X, is the simple random walk on t, started from the root p € t,. Denoting by
(fn, fin, X™) its random embedding on ', the Banach spaces of sequences (2, )nen, such
that z,, € R for each n € N and Y, oy |2i| < oo, and by P, the law of that triple on
K1Y x My(1Y) x C([0,1],1%), where K(I') is the space of compact sets of I', he con-
cludes that, if the sequence of contour functions n~'/2C(t,) converges weakly to the
reflected Brownian excursion on C([0,1],Ry), then (n‘l/an, fin(v/100), (n_l/Qngg/Q)te[m])

converges in distribution to (’ﬁ, fie, X ), where this triple is a random embedding of the
CRT, the length measure and Brownian Motion X into [}.

Finally, in [5, theorem 1], a very general result is proved about scaling limits of random
walks on Heine-Borel tree-like spaces that converge Gromov-Hausdorff vaguely. Here we
state a simplified version of this theorem.

Definition 2.41. Consider x = (7,d, p, ) a discrete ordered rooted tree embedded as a
real measure tree.

The continuous-time nearest-neighbor random walk on x (X )nen, is the Markov chain
with initial state Xy = p that jumps from = € nod(7) to y € nod(7T) if d(z,y) = 1 at
rate r(z,y) = m
Theorem 2.42. Let, for each n € N, x" = (7T, dy, pn, in) be a discrete tree embedded into
a real tree, and x = (7,d, p, ) be a Heine-Borel real tree.

If x™ converges to xy Gromov-Hausdorff vaguely, then there exists a metric space (E, dg)
and isometric embeddings ¢, : T, — E, ¢ : T — FE such that (¢ o X™),en converges
weakly in path space to ¢ o X, where X the unique strong Markov process on T that,
when restricted to compact subtrees, satisfies (32).

In this work we focused on scaling limits of trees related to a critical Galton-Watson
process, but the topological results introduced in this chapter can be applied to a wider
variety of random trees. Here we cite a result related to spanning trees in high-dimensional
graphs.

A spanning tree of a connected finite graph G = (E,V) is a subgraph t¢ = (E',V),
where £’ C E connects every vertex in V' and does not contain any cycle. The uniform
spanning tree of G is a random graph uniformly chosen from the set of spanning trees of
G. In [4], a scaling convergence theorem is obtained regarding uniform spanning trees of
a sequence of graphs that satisfy certain conditions (see [4, Assumption 1.4]). Examples
of graphs that satisfy their conditions are the d-dimensional torus Z¢ with d > 4 and the
hypercube {0,1}". The statement of [4, Theorem 1.8] is as follows.
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Let G, be a sequence of graphs that satisfy [4, Assumption 1.4], and let 7,, be a uniform
spanning tree of G,,. Equip 7,, with d,,, the graph distance, with p,, the uniform measure
on the vertices of 7T,,, and with O,,, an arbitrary vertex of (z,,. Then there exists a sequence
By, satistying 0 < inf,en 8, < sup,,ey fn < 00 such that

d, (d)
(7:1, W’ M, On) m (Te,, de, pte, O)

where 7, is the CRT equipped with p., and root O. This convergence is a convergence
in distribution on the space of (equivalent classes of) compact metric spaces equipped
with the so-called Gromov-Hausdorff-Prohorov metric, which coincides with the Gromov-
Hausdorff vague convergence as the measures p, and pu. have full support (see [6, Re-
mark 5.2]).

A corollary of this result related to our previous discussion is [4, theorem 1.11], which
states the scaling limit of the simple random walk on 7, to the Brownian motion on the

CRT.
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Appendix A

Convergence of probability measures

In this chapter we will give a brief introduction to some the theory of convergence of
probability measures. The details and proofs can be found at [9]. Henceforth we always
consider E a metric space and B(E) its Borel o-algebra.

Definition A.1. Take (P,),en and P probability measures on (F, B(E)), where E is a met-
ric space. We say that P, converges weakly to P, denoted by P, = P, iflim, , [p fdP, =
Ji fdP for any f bounded, continuous real function f on E.

Let My (E) be the set of all probability measures on E. We will denote weak conver-

n—r 00

gence of a sequence (P, )nen to P on M, (E) by P, —= P.

Definition A.2. Let £ and £’ be two metric spaces and h : £ — E’ a measurable
function, and P a probability measure on E. We call h, P the pushforward of P by h as
the probability measure on E’ defined as h,P,(A) = P,(h™'(A)), for every A € B(E').

Theorem A.3. (Continuous mapping theorem) If (P, ), cn is a weakly convergent sequence
in E that converges to P and h : E — E’ is a continuous function, then h,P, = h,P.

Definition A.4. Let II be a family of probability measures on (E,B(E)). We call II
relatively compact if every sequence of elements of I contains a weakly convergent subse-
quence.

Definition A.5. A family II of probability measures on (E, B(FE)) is tight if for every n > 0
there exists a compact set K C E such that

P(K)>1-n VPell

Theorem A.6. (Prohorov theorem) If F is a polish space, that is, separable and complete,
then II is relatively compact if, and only if, it is tight.

Definition A.7. The Prohorov distance in € My (FE) is defined by
AN (i) = inf{e > 0 p(A) < (A% + &, 1/ (A) < u(A°) + ¢ VA closed}
where A° = {x : d(z, A) < e} is the closed e-neighborhood of A.

Theorem A.8. Let E be a polish space, (P,),eny and P be probability measures on E.
Then lim,,_, d2 (P, P) = 0 iff P, 2225 P.
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A.1 Weak convergence on D

Consider the space D([0,00)) = Dy of functions f : Ry — R that are right-continuous
with left limits (cadlag). We want to define the metric that will be used in D, in order
to do so we introduce some notations.

For every m € N define g,,, : Ry — R, as

1 ,fort <m —1,
gm(t) =dm—t form—1<t<m,
0 , for t > m.

For € D, let 2™ be the element of D, defined by
™ (t) = gm(t)x(t), t>0.
Now we introduce the set

Ay =A{X:[0,m] — [0,m] : A\ is a strictly increasing, continuous function}

(At—As)
log ‘
t—s

Using these notations we define, for each m € N, d,,, a metric on the subset of elements
of Dy, with support on [0, m]

and, for each \ € A,,, consider

[l = sup
s#t

d(a™,y™) = mf{IN € Ay A < and sup [2"(t) =y (A(1)] < e}
€ t

cl0,m
Finally, we are able to define the Skorohod metric in D..

Definition A.9. Take z,y € D,,. We define the metric that induces the J; Skorohodtopologyon D,
by
m=1

Proposition A.10. D, equipped with the metric d, is a polish space.

So we can apply the result of Prohorov’s theorem in D, equipped with the Skorohod
topology.

Definition A.11. Given an metric space E, we say that K C B(F) is a separating class
if p, v probability measures on (E, B(FE)) satisfy u(K) = v(K) for every K € K, then
pu(A) = v(A) for every A € B(E).

Definition A.12. Let P be a probability measure on (Du, B(Dy)). For ti,...t, € Ry,
denote by m, .4, the projection of Dy in R? such that 7, (z) = (2(t1),...,2(tp)).
Then the elements of

..... tp

.....

{(th’...tp)*P . (tl, PN ,tp> € Ri,p € N}

are called the finite-dimensional distributions of P.
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Proposition A.13. The set {m;, 4, : (t1,...,1,) € R’f;,p € N} is a separating class of Dy,.
As a consequence of the previous proposition we have that

Proposition A.14. If (P,),cy is a relatively compact sequence of probability measures on
D, and the finite-dimensional distributions of P, converges weakly to those of P, then
P, converges weakly to P.

Theorem A.15. A sequence {P, ;n € N} of probability measures on Do, is tight if and
only if the following conditions holds for all m:

(i) For each t in a dense subset of R,

lim limsup P, ({z € Dw : |2(t)| > a}) = 0.

=00 n—oo

(ii) For each m € N and € > 0,

lim limsup P, ({x € Dy : w,(x,0) > }) =0

0—=00 n—oo

where
W, (2,6) = inf{ max w(z, [ti-1, 1))}
in which
w(z, [ti1,t:)) = sup  {[z(s) —z(t)[}
s,tE[ti—1,t;)
and the infimum is taken over all decompositions 0 = t; < t; < ... < t, = m of

[0,m] € Ry such that t; —t;_1 > for 1 <i<w,veN.
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Appendix B

Brownian motion

In this chapter we will give a brief introduction to some of the results related to Brownian
motion. The details and proofs can be found at [9] and [18].

Definition B.1. The (standard) Brownian motion on R, (B;)er, , is the random element
that takes values on C(R, R), the space of continuous functions from R, to R and satisfies:

e By = 0 almost surely.

o For every 0 < s < t, the random variable B; — By is independent of o(B,,r < s)
and distributed according to N'(0,t — s).

Equip the space Co, = C(R,, R) with the topology of uniform convergence on compact
sets and the corresponding Borel o—algebra C'.

Definition B.2. The Wiener measure is a measure on (Cy, C') defined by
W(A)=P(BeA)

for A e C.

When A is a cylinder set, that is A = {w € Cx : w(ty) € Ao,...,w(ty) € Ai} for
some k € Ng, 0 =ty < t; < ... <tyand Ag,...,Ar € B(R), the Wiener measure can be
written as

B dxy...dzy exp [ — b (z; — xi1)?
W(A) = 14,(0) /Alx,,_mk (2m)%\/ta(ts — t1) .. (tn — o) p< 2 2(t; — tia) ) '

Theorem B.3. (Donsker’s invariance theorem) Let (&;);cn, be a sequence of independent
and identically distributed random variables with mean 0 and variance % € (0, 00).
Consider (Sy,)nen,, where S, = > &, a random walk on Z. It follows that

1 (d)
Snt ) ? (Bt)t R
(U\/ﬁ i tery T CC =

where [nt] is the integer part of nt, so (Sjng)ier, is a process in D,

There is also a version of Donsker’s theorem for the random walk as a random element
of C(R4,R) by taking (Sjng)eer, as the linear interpolation of the rescaled random walk.
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Remark B.4. Actually in [9] it is proved the weak convergence on the Skorohod space

D[0, 1] of P", the distributions of (ﬁs[”t]%e[o 7 to the Wiener measure on C[0, 1]. The

theory behind this proof can be easily generalized to show convergence on D0, m] for any
m € N, since, by [9, lemma 3, chapter 16], this is a sufficient and necessary condition for
weak convergence on D, the stated result follows.

Now we list some useful properties of the Brownian motion on R.
Proposition B.5. Let B be a Brownian motion. Then

1. —B is also a Brownian motion.

2. For every A > 0, (%B)\Qt)teR+ is also a Brownian motion.

3. For every s > 0 the process (B4t — Bs)icr, is a Brownian motion independent of
o(B,,r <s).

Theorem B.6. (Reflection principle) For every ¢ > 0, set S; = sup,; By. Then, if a > 0
and b < a we have
P(St ZCL,BtSb):P(BtZQCL—b)

Moreover, S; has the same distribution as |By|.
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Appendix C

Markov Chains basics

In this chapter we will give a brief introduction to some Markov chain theory. The details
and proofs can be found in [21]. Some of our formulation is taken from [24].

Consider I a countable set which we will call the state space. Each element of [ is
called a state. Also let (2, F,P) be a probability space.

Let X = (X,)nen, be a stochastic process, that is, a sequence in which each X, is
a random variable with values in I. Consider (F,)nen, the canonical filtration of X,
meaning that each F, is the o-algebra generated by (Xo, X3,...,X,,).

In this context we define:

Definition C.1. We say that X = (X,,)nen, is a discrete-time Markov chain if X satisfies
the Markov property, that is, for every f : I — R bounded and measurable and n >
m >0

E[f(X,)|Fn] = E[f (X,)| Xm] [P almost surely.

Here X,, corresponds to the o-algebra generated by X,,.

The Markov property can be reformulated in a number of ways. One equivalent ways
is given below: If (X,,)nen, is a Markov chain with Xy = z, then, conditioned on X, = i,
(Xntm)nen, 18 a Markov chain started at ¢ and is independent of the random variables
Xoy ooy Xon.

Another way of defining Markov chains is by taking ) = (¢; ;) jer @ matrix that satisfies
> jer%,; = 1 and X a probability measure on I.

Then X = (X, )nen, is a time homogeneous Markov chain with initial distribution A
and transition matrix @) if

(i) Xo has distribution \.
(ii)) For n > 0 and 4y, ...,i,41 € [
P(Xni1 = tnt1]|Xo =11, .., Xoy = n) = i inss-
pi,; will be called transition probability from i to j.

Remark C.2. In the first chapter of this work we will deal only with time-homogeneous
Markov chains, so we will refer to them simply as Markov chains.

One advantage of the definition by transition matrix is that the elements of Q" =
(q§j}))i,j€ 1 have the following property

") =P(X, = j|Xo =)
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Definition C.3. Let (Yx)ren, be a sequence of i.i.d.sequence of random variables with
common distribution u, a probability distribution on Z.
A random walk (S, )nen, on Z is the random process defined by:

k=0

This random walk also can be defined as the Markov chain with initial distribution p
and transition matrix ¢ = (¢; ;)i jer where ¢;; = pu(j — 7). Sometimes it is convenient to
assume that Sy = 0.

Proposition C.4. A Markov chain (X,,)en, with initial distribution A and transition
matrix () satisfies, for N > 0 and 4q,...,iy € [

IED(XO = il? Ce 7XN = ZN) = )\(’io)qio’il Ce qiN—lﬂ’N'

There exists an analogous version of the Markov property related to certain types of
random times. Now we concentrate on describing this property.

Definition C.5. A random variable T :  — Ny U {oo} is called a stopping time if {T =
n} € F, for all n € Ny.
We define the g-algebra F, by

Fr={AecF:An{r=n} e F, for all n € No}.
Example C.6. The first passage time to state ¢ is defined by
Ti(w) =inf{n >1: X, (w) =i}
where inf () = co is a stopping time.

Theorem C.7. Let (X,,)nen, be an Markov chain, 7 be a stopping time and 6 the shift
operator, that is §(X) = (X1, Xs,...). Then, for every F': I"o — R a bounded measurable
function, the following strong Markov property is valid:

E.[F(07( X)L coo Fr] = Ex, [F(X)]1l;rcoo P, almost surely.

Theorem C.8. Let (X,,)nen, be a Markov chain with with initial distribution A and tran-
sition matrix (), and let T" be a stopping time. Then, conditioned on T < oo and on

Xr = i, (X7in)nen, is a Markov chain started at ¢ and is independent of the random
variables Xy, ..., X7.

Definition C.9. A Markov chain with transition matrix Q) = (g; ;)i jer is called irreducible
if, for every 7,7 € I there exists m € Ny such that q§?) > 0.
Definition C.10. A state ¢ € [ is recurrent if

P;(X,, =i for infinitely many n) = 1.

Definition C.11. Let A be a measure on [ and Q) = (g; ;)i jer be a transition matrix of a
Markov chain. We say that A is invariant if

AJ) =D Ai)g,; forall jel

el
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Theorem C.12. Let X be a Markov chain with transition matrix () and X\ be an invariant
measure for ) with A\, = 1 for some k € I. Then if X is irreducible and recurrent we
conclude that

e The expected time spent in ¢ between visits to k

7 = Ey

T—1
> Uiy
n=0
is a invariant measure for X.
e 0<f<ooforalliel.
[ ) )\ = ’yk

That means that a recurrent irreducible Markov chain has an invariant measure that is
unique up to multiplication by a positive constant.



