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RESUMO

Nesta tese de doutorado nos dedicamos ao estudo de Distribuigoes Holomorfas de codi-
mensao dois em P* cujo feixe tangente e conormal é Horrocks-Mumford, isto ¢, um fibrado
vetorial estavel, em particular nao decomponivel de posto 2. Nosso primeiro objetivo é
descrever a geometria do esquema singular dessas distribui¢oes. Provamos que o esquema
singular € uma curva suave aritmeticamente Buchsbaum, conexa e irredutivel. Mostramos
que tais distribuicoes nao sao integraveis. Finalmente, descrevemos o espaco de Moduli
dessas distribuicoes, provando que tal espaco é uma variedade quasi-projectiva irredutivel

e calculamos sua dimensao.

Palavras-chave: Fibrado vetorial Horrocks-Mumford. Distribui¢oes Holomorfas. Espaco

de Moduli.



ABSTRACT

This thesis is devoted to the study of Codimension two Holomorphic Distributions on P*
whose tangent and conormal sheaves are Horrocks-Mumford, that is a stable vector bundle
of rank 2, in particular non-decomposable. Our first goal is to describe the geometry of
the singular scheme of these distributions. We prove that the singular scheme is a smooth,
reduced, irreducible (hence connected) arithmetically Buchsbaum curve. We show that
such distributions are non-integrable. Finally, we describe the Moduli space of these
distributions, proving that such space is an irreducible quasi-projective variety and we

calculate its dimension.

Keywords: Horrocks-Mumford Bundle. Holomorphic Distributions. Moduli space.
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INTRODUCTION

The main goal of this thesis is to study Codimension two Holomorphic Distributions on
the projective space P* whose normalization of the tangent and conormal sheaves are
Horrocks-Mumford.

A (saturated) distribution .# of codimension £ > 1 on P" is a short exact sequence of
coherent sheaves:

F:0->TF -TP"— Ngz — 0, (1)

such that Ng, called the normal sheaf of .%, is a nontrivial torsion free sheaf of rank k
on P". It follows that the sheaf T.%, called the tangent sheaf of .7, is a reflexive sheaf
of rank n — k. The singular scheme of %, defined by Sing(.#) := Sing(Nz), is a closed
subscheme on P" of codimension at least 2. A foliation is an integrable distribution, that
is a distribution whose tangent sheaf is closed under Lie brackets of vector fields, that is,
TF ,TF| CTF.

A dual perspective can be considered. A holomorphic distribution %, of codimension

k > 1 on P, is given by an exact sequence of coherent sheaves:
F 0= Ny = Qpu — Q7 =0, (2)

where Q4 is a nontrivial torsion free sheaf of rank n — k& on P*. It follows that the
conormal sheaf N7% is a reflexive sheaf of rank k.

M. Corréa, M. Jardim and R. Vidal have shown in [1] that, for distributions of arbitrary
codimension on P”, the tangent and conormal sheaves split as a sum of line bundles,
if and only if, the singular scheme is arithmetically Cohen-Macaualay. Subsequently,
Marcos Jardim, José Omegar and Mauricio Corréa, in [5], studied the properties of the
singular schemes and tangent sheaves of codimension 1 distributions on P2, and provided a,
classification to codimension 1 distributions of degree at most 2 with locally free tangent
sheaves, and showed that codimension one distribution of arbitrary degree, with only
isolated singularities have stable tangent sheaf. In addition, they described the Moduli
space of distributions in terms of Grothendieck’s Quot scheme for the tangent bundle
and, in certain cases, they showed that Moduli space of codimension one distributions,
in the projective space, is a non-singular irreducible quasi-projective variety. Recently,
Mauricio Corréa, Marcos Jardim and Simone Marchesi in [7] classified foliations by curves
up to degree 3 whose cornormal sheaf is locally free. In addition, they provided a slightly
different dual construction more suitable to describe the Moduli Spaces of these foliations.
In 1973, G. Horrocks and D. Mumford showed the existence of a stable bundle E of rank 2

on P, called the Horrocks-Mumford bundle [23]; this is the only known non-decomposable
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vector bundle of rank 2. Later, H. Sumihiro showed in [30] that E(a) is generated by global
sections, for every a > 1. Since TP*(—1) and Q5,(2) are globally generated sheaves then
E(a) ® TP*(—1) = Hom(E(—a — 4),TP*) and E(a) ® Qp.(2) = Hom(E(—a — 7), QL)
are also globally generated sheaves. In this work, we study holomorphic distribution on
P* whose tangent sheaf is T.# = E(—a — 4) and distributions whose conormal sheaf is
N% = E(—a —7) for every a > 1, so T.# and N are non split stable sheaves. These
distributions are induced by a Bertini-type Theorem 28 and, in consequence, the singular
scheme Z = Sing(.%) is a smooth closed subscheme of P* with expected codimension 3.
Distributions with split tangent and conormal sheaf were studied in [1] and it is natural
to study distributions whose tangent or conormal sheaves are Horrocks-Mumford. More

precisely, we prove the following result:

Proposition 1. Let %, is a codimension 2 holomorphic distributions (1). Let Z, =

Sing(.%#,) the singular scheme, for a > 1 then:
1. deg(F,) = 2a + 5.
2. deg(Z,) = 4a® + 33a® + 77a + 46.
3. pa(Za) = 9a* + 89a® + 222a? + 2Bq + 45.

Proposition 2. Let %, is a codimension 2 holomorphic distributions (2). Let Z, =

Sing(.%#,) the singular scheme, for a > 1, then:
1. deg(#,) =2a+6.
2. deg(Z,) = 4a® + 39a® + 113a + 92.
3. pa(Za) = 9a* +107a® 4+ 30 + Za + 260.
Proposition 3. The singular scheme Z, = Sing(%#,) is reduced and irreducible.

Theorem 1 (A). Let Z#,, for all a > 1, is a codimension 2 holomorphic distributions (1)
on P*. Then the singular scheme Z, = Sing(F) is a smooth curve but not arithmetically
Buchsbaum nor arithmetically Cohen Macaulay, and the Rao module dimensions of the

singular scheme, for a > 1, are:

1. dimc Rﬂ‘l > 184.
2. dim¢ Rz, > 284.
3. dimg Rz, > 369.

4. dim¢ Rz, = 401, Va > 4.
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Theorem 2 (B). Let %#,, for all a > 1, is a codimension 2 holomorphic distributions (2)
on P*. Then the singular scheme Z, = Sing(.%) is a smooth curve but not arithmetically
Buchsbaum nor arithmetically Cohen Macaulay, and the Rao module dimensions of the

singular scheme, for a > 1, are:
1. dim¢c Rz, > 184.
2. dimc Rz, > 284.
3. dim¢ Ry, > 369.
4. dim¢ Rz, = 401, Ya > 4.

Theorem 3. The First cohomology dimension of the singular scheme of Horrocks-Mumford
distributions (1) and (2) is 27.

On the other hand, these distributions are non-integrable. In fact, if .% is a foliation of
codimension 2, taking a transversal section at a generic point p € Z = Sing,(.#) then the
Grothendieck residue Res(.Z, c¢}; p) = 0. For the other hand, since .# is a holomorphic

foliation of codimension 2 then by Baum-Bott formula we have:

¢i(det(Nz)) = Resa(F |5,ip) - 2],
hence 0 < deg(det(Nz)) = Resas(F |p,;p) - deg(Z), thus Ress(F |[p,;p) # 0. This

is a contradiction, since the ampleness of det(/N) implies that the cohomology class

c3(det(Ng)) is non zero. Therefore:

Theorem 4 (C). Let %, be the Horrocks-Mumford distribution (1), then %, is non-
integrable, for a > 1.

Theorem 5 (D). Let .#, be the Horrocks-Mumford distribution (2), then %, is non-
integrable, for a > 1.

Finally, the authors, in [5] and [7], provided an explicit description of the Moduli Spaces of
distributions by a forgetful morphism that associates each holomorphic distribution with
its tangent and conormal sheaf. W. Decker, in [10], provided a description of the Moduli
Space of the Horrocks-Mumford stable bundles so, by forgetful morphism, we show that
the Moduli Space of the Horrocks-Mumford holomorphic distributions is an irreducible
quasi-projective non-singular variety and calculate its dimension as a consequence of the

Theorem on the dimension of the fibers.

Theorem 6 (E). The Moduli space Zist?s(2a + 5,a® + 3a + 6) of codimension two

holomorphic distributions (1) is an irreducible, quasi-projective variety of dimension

1 277 199
§a4+7a3 + 7a2+ 7&4—43
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fora>1.

Theorem 7 (F). The Moduli space Pist’**(2a + 6,a*> + 9a + 24) of codimension two
holomorphic distributions (2) is an irreducible, quasi-projective variety of dimension

1 23 343 899

§CL4 + §a3 + ?aQ + ?a + 98
fora>1.
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1 A BRIEF TOUR THROUGH ALGEBRAIC
GEOMETRY

In this chapter we present some definitions, properties and algebraic-geometric theorems

that will be fundamental tools during the development of this thesis. The main references

will be [10], [20], [21], [22], [25], [20], [31].

1.1 SHEAVES

1.1.1 Properties of coherent sheaves

As an important class of Ox—modules, including locally free sheaves, we have the “cohe-

rent sheaves”.

Definition 1. An Ox-module F is said to be a coherent sheaf if each point in X admits

a neighborhood U such that there exist an exact sequence of the form
Of = O = Flu =0, (1.1)
with p and q positive integers.

Example 1. If € and F are two coherent sheaves, then EOF, ERQp, F and Home, (€, F)

are coherent.

Any Oy —sheaf F on a closed complex submanifold ¥ C X can be considered as an
Ox—sheaf on X supported on Y. More precisely, one identifies F with its direct image
1+ under the inclusion ¢ : Y — X. The restriction of holomorphic functions yields a

natural surjection Ox — Oy. This gives rise to the structure sheaf sequence of Y C X:

0—H — Ox - Oy — 0,

where %y is the ideal sheaf of all holomorphic functions vanishing on Y.

Theorem 8. If F is a coherent holomorphic sheaf over a analytic variety X, then
{r € X | F. #0} is a analytic subvariety of X.

Proof. Vide [31], pag 73. ]
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For general holomorphic sheaves F over a analytic variety X, the closure of the set
{r € X | F, # 0} is called the support of the sheaf F. For a coherent holomorphic sheaf
F over a analytic variety X, the support of F is then always a analytic subvariety of X;
moreover the support of F consists exactly of those points of X over which the sheaf has

nonzero stalks.

Corollary 1. If o : F — G is a homomorphism between two coherent holomorphic shea-
ves over a analytic variety X, and if p, : Fp — G, is the induced homomorphism on stalks
over a pointx € X, then {x € X | y, is not injective} and {x € X | @, is not surjective}

are analytic subvarieties of X.

Definition 2. For a coherent sheaf F we set

Sing(F) ={zx € X | F. is not Ox, — free},

and call it the singular set of F.

1.2 TORSION-FREE AND REFLEXIVE SHEAVES

In this section we mention some basic properties of torsion-free and reflexive sheaves. For

more information, see [21] and [27].

Definition 3. A coherent sheaf F over X is torsion free if every stalk F, is a torsion

free Ox z—module; i.e., fa =0 for f € Ox,, a € F, always implies a =0 or f = 0.

Example 2. Every locally free sheaf is torsion free. Any coherent subsheaf of a torsion-

free sheaf is again torsion-free.

Theorem 9. Let F be a torsion-free sheaf on X. Then

codim Sing(F) > 2.

Proof. Vide [31], pag. 75.

On the other hand, there is a natural map of F to its double dual F**.

Definition 4. A coherent sheaf F on X is reflexive if the natural map F — F** is an

1somorphism.

Example 3. Any locally free sheaf is reflexive, in particular vector bundles. On the other

hand, any reflexive sheaf is torsion-free.
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Proposition 4. A coherent sheaf F on a noetherian scheme X 1is reflexive if and only if

it can be included in an exact sequence

0=>F—=-E—=-G—=0,

where £ s locally free and G is torsion-free.
Proof. Vide [21], pag. 124. O
Corollary 2. The dual of any coherent sheaf is reflexive.

Proof. Vide [21], pag. 124. O

1.3 CHERN CLASS

In this section we introduce these topological invariants axiomatically. For more details
see [16].

Let E be a vector bundle on X. For each integer « > 0 we can assign a cohomology class
c;(F) € H*(X;Z) such that ¢o(E) = 1. The total Chern class c(E) is the sum

c(EY=14c(E)+- - +c(F)e H(X;Z), r=rankFE.
¢, (E) is called the top Chern class of E. The class ¢(F) is invertible in H*(X;Z).
Theorem 10 (Axioms for Chern class). The Chern classes satisfy the following properties:

(a) (Vanishing) For all vector bundles E on X, all i > rank E,

¢(E)=0.

(b) (Naturality) Let E be a vector bundle on X, f: X' — X a flat morphism. Then

c¢(f*E)= f*c¢(F) € H (X", 7).

(c) (Whitney sum) For any exact sequence

0—>F—F—G-—=D0,

of vector bundles on X, then

1.€,
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ar(F) =Y ci(E) ¢(G).

i+j=k

(d) (Normalization) For the hyperplane bundle Opn (1) on P"

c(Opn(1)) =1 + h e H*(P",Z) ~ Z[h]/h"**,

where h denotes the canonical generator of H?(P";7Z), the Poincaré dual of the

homology class [P"1].

1.3.1 Splitting Principle

For a given vector bundle E over a manifold X we can find a space Y and a flat morphism
f:Y — X such that :

1. f*E decomposes over Y into a direct sum of line bundles (topologically!) f*E ~
Li®Ly®---& L, and

2. f*: H¥(X;Z) — H*(Y;Z) is injective.

So, any formula involving Chern classes need only be checked on sums of line bundles.

1.3.2 Applications of the Splitting Principle

If F splits into line bundles Ly, ..., L,, then the L; will be called root bundles of E and
the o; = ¢1(L;) the Chern roots of E. So,

T

o(B) =]+ o).

i=1
Using the splitting principle, we can calculate the Chern class of tensor products, exterior

products and dual of locally free sheaf.

e Dual bundles: If E has Chern roots aq, ..., a,, then E* has Chern roots —aq, ..., —q,

and so

(B = (~1)ei(B).

e Tensor product: Let aq,...,«a, and [, ..., Bs be the Chern roots of vector bundles
E and F', respectively, then by the bilinearity of the tensor product it follows that
the Chern roots of E® F are a; + f; (1 <1 <r,1<j <s). Hence
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(EoF) = ] (Q+a+p)

Sexhls) >

So, when F is a line bundle L with ¢;(L) = /3, we have:

k

aw(EoL)=Y (; - 2) ci(E)B.

1=0

In particular, the first and top Chern classes of £ ® L is:
a(E@L)=rf+a(E) and c¢(E®L) =) ¢ i(E)B.
i=0

Example 4. Let E is a rank 2 vector bundle. Then for all k € Z:
c(E(k)) =1+ (ci(E) +2k) - h+ (c2(E) + k- c1(E) + k*) - B (1.2)
Example 5. Let E is a rank 3 vector bundle. Then for all k € Z:

c(B(R)) = 1+ (c1(B)+3k) bt (ca( B)+2k-1 (B)+35%) -+ (3 (B)+heca( B)+h%er (E)+57) - B

e Exterior Power: The set of Chern roots of the exterior power A" E coincides with

the set of sums

ai1+ai2+~~+aip7 1§i1<i2<...<ip§r.

The total Chern class of A” E is the given by the product

o(/\E) = I O+an+a,+..+a).

1< <19 <. <ip<r
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Example 6. Let us to calculate the Chern class of exterior power of a vector bundle E

of rank 4 with Chern classes c1, ¢y, c3, Cy.

cl(;\ E(k)) = 6k + 3¢,

02(/2\ E(k)) = 15k* + 15kc; + 3c3 + 2¢,

03(/2\ E(k)) = 20k® + 30k?c; + 12kc] + ¢} + 8kcy + 4eicy

04(/2\ E(k)) = 15k + 30kc; + 18Kk*c] + 3kc + 12k%cy + 12keicy + 2¢3 ¢y + ¢3 + c1c3 — 4ey

2
05(/\ E(k)) = 6k° + 15k*c; 4+ 12k3c2 + 8k3cy + 3K*c3 + 12k%cicy + 4kcicy + 2k + 2keycs

— 8kcy + 165 + cies — 4erey
2
Cﬁ(/\ E(k)) = k® 4+ 3k°c; + 3k*? + 2k*cy + KPS + 4KkPcicy + 2K Gy + K25 + K cies

— 4k%c, + kclcg + kC%Cg — 4kcieq + creocs — 6%04 - cg.
(1.3)

ar(/\ E(k)) = 4k + 3¢,
oo\ E(k)) = 6% + 9kcy + 3¢} + ¢ )

3
03(/\ E(k)) = 4k + 9k*c; + 6kc? + ¢ + 2kcy + 2c165 — 3

3
c4(/\ E(k)) = k* + 3K%c; + 3k*c} 4+ ke + kPcy + 2keico + cieg — kez — cic3 + ¢y

We notice that:

a(\E(k) =k +ci(E).

e Symmetric Power: In a similar way, it follows that the set of Chern roots of the

symmetric power S,(E) coincides with the set of sums
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Example 7. Let us to compute the Chern classes of some symmetric powers of a vector

bundle E of rank 2 with Chern classes ¢; and cs.

c1(S2(E) (k) = 3k + 3¢y

ca(So(E)(k)) = 3k* + 6kcy + 265 + 4y

c3(So(E) (k) = k* 4+ 3K%cy + 2kc? + 4kcy + 4cicy.
Proposition 5. If E, F' are vector bundles of ranks e and f respectively, then

Cl(E®F):fC1(E)+€C1(F)
Proof. Vide [11], pag. 176.

fE=@;, L and F = @{:1 M; are direct sums of line bundles, we can write
e f

c(E) = H(l + ;) and ¢(F) = H(l + 5;),

i=1 =1

with ¢;(L;) = a; and co(M;) = ;. Hence ¢1(E) = oy +---+a, and ¢ (F) = B + - -

We have:
e’f
ExF= P LieM,,
ij=1,1
thus
e7f
(E@F)= ] L+ai+8)
ij=1,1

(1.5)

-+ By

In particular, if X = P* e =4 and f = 2, then denoting by ¢;(E) = ¢; and ¢(F) = f;, we

have:

4

o(B) =[] +a)

i=1

=1+ (Oél + g + a3 + Oé4)h + (a1a2 + opog + oy + oy + oy + 043064)112

+ (a3 + ajanay + ajazay + a2a3a4)h3 + (a1a2a3a4)h4
=1+ €1h + €2h2 + €3h3 + €4h4,

and

2

o(F)=T]a+8)

j=1

=1+ (61 + B2)h+ (5152)112
=1+ fih+ foh®
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hence

4,2

(E@F)= ] Q+ai+5)

Thus

ij=1,1
=(1+ar+6)I+ar+51)1+as+ 1)1+ as+ 5)

(1401 +B2) 1+ o+ Bo) (1 + ag+ Bo) (1 + s + Bo)

= {1+(Oé1+042+043+0z4+451)h

+ (a1 + oqag + agas + ajoy + asay 4+ asay + 30081 + 3By + 3asBy + 3aub; + 687 )h?
+ (agas + aragay + arasay + aeazay + 200001 + 2000381 + 2000381 + 2a10u 5

+ 2000401 + 2030401 + 30157 + 3o} + 3] + 3au T + 467)h°

+ (061042063044 + apaif + cropauf + ez + asasafy + aras

+ aqa3f; + 20387 + a1y + asaufi + azauBi + a1 B + s + ez + auB + B1)h'}
. {1+(a1—|—a2+a3+a4+462)h

+ (nan + arog + asas + anay + a0y + asoy + 30082 + 3By + 3asfs + 3aufs + 653)h?
+ (a1paz + ajagay + arazay + aaazay + 2010082 + 2000382 + 200038 + 201043

+ 20004 0 + 2030435 + 30183 + 3o 83 + 333 + 3auf; + 465)h°

+ (041042063044 + 0y + aroau s + arazu B + asasaufs + arasf;

+ aqa3 5 + anaf; + araufs + asaufs + azauBs + on B3 + anBs + asfBs + auB + B3)h'}
=14 (204 + 200 + 2003 + 2004 + 451 + 482)h - - -

=1+ (2e; +4f)h + (3 + Tey fi + 6f7 + 2ey + 4f>)h?

+ (32 f1 + 9er f12 + 4f2 4 2e1e0 + Gea fi + Gey fo + 12f1 fo + 2e3)h?

+ (3e2f2 + Bey f2 + fl + Bereafi + Teaf? + 32 fo + 15er fifo + 1212 fo

+ €5 + 2e1e3 + bes fi + 2eafo + 65 + 264)h4.

Cq E®F :2€1+4f1

Co

C3

(
(
(
(

E® F)=3elfi + 9 f12 + 4f} + 2eiey + Geafi + 6y fo + 12f1 fo + 2e3 (1.6)

)
E®F)=e¢l+Teifi +6f7 + 29+ 4fs
)
c(E®F) :3e%f12+561ff+ff+56162f1+762f12+36ff2+1561f1f2+12f12f2

+ €3 + 2e1e3 + besfi + 2eafo + 6f7 + 2e4.

Next, let us to present an exact sequence that relates to the tangent bundle of P™.

Proposition 6 (Euler Sequence). On P™ there exists a natural short exact sequence of

holomorphic vector bundles
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0 = Opn — Opa (1)) 5 TP 5 0,
called the Euler sequence.
Let 8, be the sheaf of germs of holomorphic p-forms on P", then Qf, = (TP")*.

After dualizing the Euler exact sequence and by taking the p-th exterior power, we obtain

the following exact sequence, see [31, pag. 3]:

n+1
0— QF.(p) — O;?n( ,) — Q{I’,,Zl(p) — 0. (1.7)

In particular, the canonical bundle of P is

wWpn = det Q]%Dn = O[Pn(—n — 1)

The classes ¢;(T'X), TX the tangent bundle of X, will be called Chern classes of X, and
to simplify notation we write ¢;(X) instead of ¢;(T'X). So, the total Chern class of X,
c(X), is the class ¢(TX).

Example 8 (Chern classes of P™). By the Euler exact sequence, the additivity formula
implies that

c(TP") = (1 + h)"*!

1 1 1 (1.8)
:1+(n;r )h+ (n; )h2+---+(nz )hﬁ

where h = [H]| is the class of a hyperplane H. Hence:
1
ci(TP") = ("+ )
i
In particular, c;(TP") = (n+ 1) - h. Furthermore, since Qp. = (TP")* then
(n+1
¢i(Qpn) = (=1) ( . )

In particular, c;(Q.) = —(n +1).

For any vector bundle E on P, the Chern classes ¢;(E) € H*(P",Z) ~ Z will be regarded
as integers.

The Chern character. Let E be a vector bundles of rank r on a variety X of dimension
n and let ¢(E) = [[;_,(1 + a;h). Then we define the exponential Chern character

=1

Using these definitions and denoting by ¢; = ¢;(E), we can show that:
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1 1 1
ch(FE) = rank(E)—l—cqué(cf—QcQ)%—é(ci’—3clcg+303)+ﬂ(c‘f—40?02—|—4clcg+203—4c4)+- e

The Todd class:
We define the Todd class of E to be

Then,

1 1 1 1
td(F) =1+ ! + E(C% + o) + 52612 %(CiL —4ctcy — 3¢5 —crez tcy) + oo

Observation: Let X be a smooth projective variety and F a coherent sheaf of X, then

we can resolve F by locally free sheaves; that is, we can find an exact sequence

0=& ==& =8 —F—=0,

in that all the sheaves &; are locally free. We can use this to extend the definitions of
Chern classes and Character class to all coherent sheaves. We define the Chern class of
F by:

oF) =[] &)V

=0

1.4 STABLE REFLEXIVE SHEAVES

Vector bundles are divided into two quite distinct types, stable and unstable.

Definition 5. Let E a torsion-free sheaf on P™ and let L = Opn(1) be very ample line
bundle. The slope of E with respect to L, denoted u(E), is given by

01<E’) N Ml
b)i=—"FZ"——.

HE) rank £/

Definition 6 (Mumford-Takemoto). A reflexive coherent sheaf E on P™ is stable (resp.

semistable) if for every coherent subsheaf F' of E, with 0 < rank F' < rank F,

u(F) < W(E),
(resp. <).

Definition 7. The normalization E, of a torsion-free sheaf E of rank 2 on P" is defined

by:
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E(—Cl(QE)), if ¢ (E) even
B(— @By o (B) odd.

E, =

Let us to give a stability criterion for reflexive sheaves of rank 2 over P".

Lemma 1. Let E be a rank 2 reflexive sheaf on P"*. Then E is stable if and only if E,

has no sections:

H'(P", E,) =0.
Proof. Vide [31], pag. 84. O
Now, let us give the relationship between stability and simplicity.
Definition 8. A holomorphic vector bundle E is called simple if h°(P", E* @ E) = 1.

Since E* ® E = Home,,(E,E) = End(FE), a bundle is simple if and only if its only

endomorphisms are homotheties. So:

Theorem 11. Stable bundles are simple.

Proof. Vide [31], pag. 87. ]
For holomorphic vector bundles of rank 2 over P™ we also have the converse of the theorem:
Theorem 12. FEvery simple rank two vector bundle over P" is stable.

Proof. Vide [31], pag. 87. O

Definition 9. A holomorphic vector bundle EE on P™ is decomposable if it is isomorphic
to a direct sum F & G, where F' and G are two proper sub-bundles F,G C E. Otherwise,

E is called indecomposable.

If F/ is decomposable then it has non-trivial endomorphisms, given by different homothe-
ties on both factors. Thus simple bundles are always indecomposable.
We say that a holomorphic vector bundle on P" of rank r splits when it can be represented

as a direct sum of r holomorphic line bundles

E= O]pn((ll) ©---D O]pn(ar).

Therefore, a rank 2 stable vector bundle on P" is non split.
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1.5 SHEAF COHOMOLOGY

Cohomology was invented, partly, to solve various problems, for example:

e If X is a variety, dim H°(X, Ox) is the number of connected components of X.

e If X is a curve on P, dim H°(P", #x(q)) is the number of (independent) degree ¢

hypersurfaces containing X (we make an analysis of this shortly).

In this work we do not develop the general theory on cohomology and Cech cohomology,
for more details see [20, Chapter III]. We recall some important properties that will be
useful for the purposes of it.

For a sheaf F we associate its i-th cohomology group, denoted by H*(X, F), defined for
i > 0 and such that H°(X, F) is the space of global sections of F.

Their most important property is that, given an exact sequence of sheaves

0=E&—=F—=G—=0,

there is a long exact sequence:

0 —— HY(X,E) —— HOX, F) — H'(X,G) _
.[)/

/O
— HYX,§) —— HY(X,F) —— HY(X,G) _
(51/7

- HY(X,E) —— HY(X,F) —— H'(X,G).

In addition, it follows from the definition of C'ech cohomology [20] that it commutes with
direct sums, i.e.,
H(X, P F) = @ H(X. F).
iel iel
The usefulness of cohomology, and particularly the long exact sequence, depends largely on
our ability to prove that certain cohomology groups vanish, obtaining group isomorphisms,
that will allow us to study geometrical properties of schemes. Next, let us to enunciate

some vanishing results.

Theorem 13 (Vanishing Theorem of Grothendieck). Let X be a noetherian topological
space of dimension n. Then for all © > n and all sheaves of abelian groups F on X, we
have H'(X,F) = 0.

Proof. Vide [20], pag. 208. ]
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On the other hand, duality is an indispensable tool both computationally and conceptu-

ally. Next, let us to enunciate the following result about duality for vector bundles. See

[31, pag. 4].

Proposition 7 (Serre’s duality). If X is an n-dimensional variety with canonical line

bundle wx, then we have for any holomorphic vector bundle E over X :

HY(X,E)* =~ H" X, E* ® wx).

If X = P", the cohomology ring H*(P",Z) is isomorphic to the ring Z[h]/h"*', where h
is the Poincaré dual of a hyperplane, and h*(P", F) := dim¢ H*(P", E) for a vector bundle
E on P™.

Serre’s duality implies that:

WP, o (K)) = A" (P, Qg™ (= k).

The values of h?(P", QF, (k)) are given by the Bott’s formula. For more details see [31,
pag. 4]:

("FrP) (BN for q=0, 0<p<nk>p
1 for k=0, 0<p=q<n
BB, 8, (k)) = h (1.9)
(MYCED) for g=n, 0<p<nk<p-n
0 otherwise.

On the other hand, as for submanifolds, one has for any closed subvariety Y C P™ a short

exact sequence

0— A — Opn — Oy — 0.

Twist by Opn(q), where g € Z, we get the exact sequence:

0— jy(q) — O]}Dn((]) — Oy(q) — 0.

Hence, applying cohomology we have:

0 — H(P", Fy(q)) — H°(P",Opn(q)) — H(X, Oy(q)),

is exact, as Oy (q) has support Y. Now since

0 (0) if ¢<0
H (P I O]Pm (q)) = (n+q)
C\ « i.e., all forms of degree ¢, if ¢ > 0,

then we deduce that:
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H°(P", #(q)) = {all polynomials of degree ¢ vanishing on Y} U {0},
that is, all hypersurfaces V' C P" such that Y C V' (and 0).
Therefore, to give £ € H°(P", #(q)) is to give a hypersurface of P" containing Y. So,

H°(P", #y(q)) = (0) if and only if no hypersurface of degree ¢ contains Y.

1.5.1 Hirzebruch-Riemann—Roch

Definition 10. Let X C P" be a projective variety and F be a coherent sheaf on X. Then

n

X(F) =D (-1 (X, F), (1.10)

=0

is the Fuler characteristic of F.

In addition, given an exact sequence of sheaves

0=+&—=F—=G—=0,

then

X(F) = x(&) + x(9).

Example 9. Let Y C P" be a irreducible projective curve. If d = h%(Oy) then

x(Oy (1)) = dt + x(Oy)

i.e, is a polynomial of degree 1 in t.

Theorem 14 (Hirzebruch-Riemann-Roch). If X is a smooth projective variety of dimen-

sion n and F a coherent sheaf on X, then:
X(]—"):/(ch(]-“)-td(X))n. (1.11)
X
Proof. Vide [20], pag. 432. O

Consequently,

Theorem 15. Let F be a coherent sheaf of rank r on P* with Chern class ¢y, ca, 3, C4.
Then:

c+4 1 35 1
) Ecg — ECQ — 60%02 — chcg + 60103 + 103 - 664 —-1. (1.12)

We define the following geometric invariant.
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Definition 11. Let X be a scheme of codimension k on P". We call positive integer
pa(X) = (=1)*(x(Ox) — 1) the arithmetic genus of X. In particular, if X is a curve, we

have:

Pa(X) = 1 (X, Ox).
Definition 12. Let F be a coherent sheaf and
Pr(t) = x(F(1)), (1.13)
for allt € Z. We say that Px(t) is Hilbert’s polynomial of F.

Proposition 8. Let X C P" be a projective variety and F be a coherent sheaf on X.

Then Pr is a polynomial function in t of degree dim F.

For more details, see [20, pag. 10].

In particular, P can be uniquely written in the form

with rational coefficients a;(F), for ¢ = 0,...,dim F. Furthermore, if 7 # 0 the leading
coefficient i, 7(F), called the multiplicity, is always positive. Note that agim x(Ox) is
the degree of X with respect to O(1).

Definition 13. If F is a coherent sheaf of dimension d = dim X, then

rank(F) = (1.14)

is called rank of F.

Example 10. Let Y be a curve. Note that rank(#y ) = 1. From the exact sequence

0= A — Opn = Oy — 0,

hence Pg, (t) = Po,,(t) — Po, (t). So:

Patt) = (1) - e+ x(Or)

e <n!-2’,§1 %)t—Fn!
_ — (deg(Y)t + x(Oy))

n!

£ — 1
:1E+"'+( %—deg(Y))Hl—x(C’)y)'
’ k=1

Then, by Proposition 8, we have dim %y = n. So, by definition 15:
O[n(fy) o 1

rank(fy ) = m =7

=1. (1.15)
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Theorem 16 (Grothendieck-Riemann-Roch). Let f : X — X' be a smooth projective
morphism of non-singular projective varieties and Ty the relative tangent bundle of f.

Then for any o € K(X) the following relation holds in A(X') @ Q:

ch(fia) = fi(ch(a) - td(T7y)),
where K(X) is the Grothendieck group.

Proof. Vide [20], pag. 436. ]

The degree deg(a) of a k-cycle a € A*(X) is defined as the integer

deg(a) = /Xcl((’)x(l))kﬂa.

As a consequence of the Grothendieck-Riemann-Roch Theorem, we have:

Proposition 9. Let X be a smooth quasi-projective algebraic variety and Y a closed
subvariety of X of codimension k . Let A¥(Y') denotes the group of cycles of codimension

k on'Y modulo rational equivalence. Then:
1. ¢j(Oy) =0, for 0<j<k.
2. cOy) = (=1 1k — 1)1 Y],
where [Y] € A¥(Y).
Proof. Vide [28], pag. 157. O

Under the same hypotheses and using the exact sequence:

00— A — Ox - Oy — 0,

we can relate the k-th Chern class of ideal sheaf .#y- and its fundamental class.

Corollary 3. Let X be a projective variety of dimension n, Y be a non-singular variety
of codimension k and i : Y — X, a closed imbedding. Then for any [Y] € A¥(Y) holds:

cn(Fy) = (=D —1)!- Y]

1.6 SHEAVES GENERATED BY GLOBAL SECTIONS

Definition 14. A coherent analytic sheaf F is said to be generated by global sections if

the canonical homomorphism of sheaves

0 : HYP", F)®@¢c Opn — F, ©.(s®@h) = hs,,

18 surjective.
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Example 11. Opi(1), TP*(—1), Q. (2).
In effect:

e Consider the Euler exact sequence:

0 — Ops — Opa(1)® = TP* — 0,

twisting by Opa(—1) we have:

0— Ops(—1) = 05 — TP*(—1) = 0,

with long exact sequence of cohomology:

0 — HO(P*, Ops(—1)) = HO(P*, Ops)® — HO(P*, TP*(—1)) — H*(P*, Ops(—1)) — - --

Since H(Ops(—1)) ~ 0 for all ¢ then H°(P*, TP*(—1)) ~ H°(P*, Ops)® hence:

o : H'(P*, TP'(—1)) ®¢ Opn — TP*(—1),
is a surjective map.

e Since the dual and tensor product of two sheaves generated by global sections is

generated by global sections, then:

(TPH(—1))" @ Opa(1) = Qpa (1) ® Ops(1) = Qpa(2),

is generated by global sections too.

1.7 DEGENERACY LOCI OF MAPS

In this section we recall some basic results on an important type of determinantal variety,

the degeneracy loci of morphisms. For more details see [32].

1.7.1 Degeneracy loci of maps of vector bundles

Let E, F be vector bundle on the variety X such that rank F = e and rank F' = f. Let
¢ : EZ— F be a morphism.

Definition 15.
Di(p) :={z € X ; rank(p,) <k}

is called the k-th degeneracy locus of .
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Di(p) has a natural subscheme structure of X defined by the ideal generated by the

(k4 1) x (k+ 1) minors of a matrix representation of ¢.

Definition 16. If codimyx Dy(v) = (e — k)(f — k) we say that Dy(p) has the expected

codimension.

If k = min{e, f}—1 then Dy(p) := Sing(p) is maximal degeneracy loci and codimx Sing(¢)

f — e+ 1 is the expected codimension.

Theorem 17 (Bertini type). Let E, F be vector bundles on a wvariety X such that
rank £ = m, rank F' = n. Let E* ® F' be generated by the global sections. If ¢ : E — F

s a generic morphism, then one of the following holds:

e Di(p) is empty.

e Di(p) has the expected codimension (m — k)(n — k) and Sing(Dy(¢)) C Di_1(p).

In particular if dim X < (m — k4 1)(n — k + 1) then Dy(p) is empty or smooth when ¢

18 generic.
Proof. Vide [32], pag. 16. O

Theorem 18. Let X be an irreducible complex projective variety of dimension n and let
p: E — F be a homomorphism of vector bundles on X of ranks e and f. Assume that
the vector bundle E* @ F = Hom(FE, F') is ample. Then:

e Di(p) is non-empty if n > (e — k)(f — k).

o Di(p) is connected when n > (e — k)(f — k).

Proof. Vide [17], pag. 273. O

1.7.2 The Eagon-Northcott resolution

Let £ and G be locally free sheaves on X of rank e and g respectively and ¢ : &€ — G a
generically surjective morphism. By taking maximum exterior power on both sides, we

obtain a map: A? ¢ : AYE — detG. It corresponds to a global section

g

Wy € HO(X,/\(S*) ® det G).

Definition 17. The degeneracy scheme Sing(yp) of the map ¢ : € — G is the zero scheme
of the associated global section w, € H*(X, N?(E*) ® det G).
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Note also that w, can be considered as a map A? € ® det(G)* — Ox; the image of such
map is the ideal sheaf of Sing(¢).

Suppose that Y = Sing(¢) C X has pure expected dimension, i.e., Y has pure codimension
equal to e— g+ 1. Then the ideal sheaf of Y admits a special resolution, called the Fagon-

Northcott resolution:

e e—1
0= N\E®Sey(G°) @det(G*) = /\ € @ Serg1(G*) @ det(G*) — - --
g+1

(1.16)
g
oo NE@G ®@det(G") = N\ E@det(G7) — A — 0.

For more details, see [13].

1.8 ACM AND AB SCHEMES

In this section we define the arithmetically Cohen-Macaulay and arithmetically Buchs-

baum schemes. For more details on Buchsbaum and Cohen-Macaulay rings, see [2] and

[37].

Definition 18. A closed subscheme X C P" is arithmetically Cohen-Macaulay (aCM for
short) if its homogeneous coordinate ring S(X) = klxo, ..., x,]/1(X) (where I(X) is the
satured ideal of X ) is a Cohen-Macaulay ring. This is equivalent to saying H:(Ox) = 0
for1<i<dimX —1 and H(Sx) = 0.

For any coherent sheaf F we are using the notation H.(F) as the sum @, ., H(F(k))

and as usual £x will denote as the sheaf of ideals associated to the variety X.

Definition 19. A closed subscheme X on P" is arithmetically Buchsbaum (aB for short)
if its homogeneous coordinate ring is a Buchsbaum ring. FEvery aCM scheme is aB, but

the converse is not true.

In this work we use the following cohomological characterization of arithmetically Buchs-

baum schemes. For more details, see: [37].
Proposition 10 (Stiickrad, Vogel). If X C P™ is closed subscheme such that:

1. The multiplication map HP(Ix(i)) = HP(Ix(i + 1)) is zero for every section
v € H(Opn(1)), i €Z and 1 < p < dim X;

2. hP(Ix (1)), h(Fx(j)) # 0 for 1 < p < q < dim X, implies (p+1i) — (¢ +j) # 1;

then X 1is arithmetically Buchsbaum.
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2 THE HORROCKS-MUMFORD BUNDLE

2.1 HOLOMORPHIC VECTOR BUNDLES ON P"

It is know that given cohomology class (a,b) € H?*(P*, Z) ® H*(PY,Z), there exits a
rank 2 topological complex E with Chern class ¢(E) = 1 + ah + bh?, if and only if the

Schwarzenberger’s condition

S2:b-(b+1—3a—2a*)=0 mod (12)

is satisfied.

The problem lies in the existence of a holomorphic structure in a given topological vector
bundle E.

In order to present the Horrocks-Mumford bundle, we recall some known results about

the existence of vector bundles on P". For more details, see: [24, pag. 139].

2.1.1 The projective line P!

On the projective line all holomorphic vector bundles split as a sum of line bundles.

Theorem 19 (Grothendieck’s). Every holomorphic r-bundle E on P is of the form:

FE = Opl(al) D---D O]Pl(ar)a

with uniquely determined numbers ay, ..., a, € Z with ay > ay > -+ > a,.

2.1.2  The projective plane P?

Topological C2-bundles over P? were classified by Wu:

Theorem 20. There is a bijection between the isomorphism classes of topological C?-

bundles on P? and Z* given by associating to each vector bundle E its Chern classes
(c1(E), c2(E)).

Do these vector bundles admit a holomorphic structure?. A positive answer was given by

Schwarzenberger.

Theorem 21. Every topological C?-bundle on P2, and hence every complex topological

vector bundle on P? admits a holomorphic structure.

As a consequence of this result, there are many bundles of rank 2 on P?.



40 2. The Horrocks-Mumford bundle

2.1.3 Projective space P3

Here the situation is similar to P2. The topological C2-bundles on P? were classified by

Atiyah and Rees who also proved the following.
Theorem 22. Every topological C*-bundle on P? admits an holomorphic structure.
This was generalized by Vogelaar to higher rank.

Theorem 23. Every topological C3-bundle on P3, and hence every complex topological

bundle on P3, carries at least one holomorphic structure.

2.1.4 Higher dimensional projective spaces P", n > 5

If the characteristic of the base field is different from 2, then no indecomposable rank
2 bundles on P", n > 5 are known. (Horrocks constructed one indecomposable rank 2
bundle on P? in characteristic 2).

There are two conjectures concerning the non-existence of rank 2 bundles on P", n > 4:

Conjecture 1 (Grauert-Schneider). Every unstable rank 2 bundle on P, n > 4, is the

sum of two line bundles.

Conjecture 2 (Hartshorne). Every rank 2 vector bundle on P, n > 6, split as a sum of

line bundles.

The latter conjecture was originally formulated in terms of complete intersections.

2.1.5 Projective space P*

In 1972, G. Horrocks and D. Mumford proved in [23] the existence of a indecomposable
vector bundle of rank 2 on P4, namely the Horrocks-Mumford bundle F, which comes
from an abelian surface of degree 10. This is essentially the only known indecomposable
2-bundle on P4. The Chern classes of this bundle are:

a(E) =5, c(FE)=10. (2.1)

Hence, E* = E(—5) and det E = Op4(5).

2.2 HORROCKS-MUMFORD BUNDLE

There are several methods to build the Horrocks-Mumford bundle. In this thesis we go

to adopt a construction using monads. For more details about monads, see: [31], [34].
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Definition 20. A monad is a complex of holomorphic vector bundles

0AS B oo,

which s exact except possibly at B.

The sheaf F' = Ker 5/ Im « is a holomorphic vector bundle, called the cohomology of the

monad, with rank F' = rank B — rank A — rank C' and Chern class

c(F)=c(B)-c(A)'-c(C)

The Horrocks-Mumford bundle is given by the monad:

0= Om(—1)% 2% 02,(2)%2 5 085 - 0, (2.2)

such that the cohomology of monad 2.2 is:

E, =Kerf/Ima,

where [ := E, = E(—3) is the normalized of Horrocks-Mumford bundle, such that

¢(F)=1—h+4h*

With associated display:

0 0
0 —— Opa(—1)% > IC > EE,] > 0
| \
0 —— Opa(—1)% —— O2,(2)%2 ; Q > 0
0 0

(2.3)

where K := Ker  and Q := Coker a.
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2.2.1 Properties of Horrocks-Mumford bundle

e The Horrocks-Mumford bundle E is a stable sheaf. In fact, since £, = E(-3)
then it follows of the cohomology table (1) that h°(P*, E(—3)) = 0, i.e., E, has no
sections, therefore by Lemma 1 we have E is a stable vector bundle. Similarly E(k)
are stable, for all k£ € Z.

e This is essentially the only known indecomposable rank 2 vector bundle on P4, [11].
Certainly this is not entirely true, we can twist £ by a linear bundle or may pull F

back under a finite morphism 7 : P* — P4,
e In addition, since E is stable then E is simple, so holds that h°(P" E* ® E) = 1.

e In particular, the Horrocks-Mumford bundle E is non-split.

The following result will be useful in this work to describe our study problem.

Proposition 11 (H. Sumihiro - 1998). E(1) is generated by global sections and it is

1-ample in the sense of A. Sommese. Hence E(a) is very ample if and only if a > 2.
Proof. Vide [30], pag. 427. O

In particular E(a), for a > 1, is a vector bundle generated by global sections.

2.2.2 Horrocks-Mumford bundle cohomologies

The dimensions of the cohomology groups of the Horrocks-Mumford bundle are described
in Table (1).

Table 1 — Table of dim H'(E(k))

H° H' H* H? H*
k> 1 ((k+5)2—1)1(2(k+5)2—24) 0 0 0 0
0 4 2 0 0 0
-1 0 100 0 0 0
-2 0 0 0 0 0
-3 0 5 0 0 0
-4 0 0 0 O 0
-5 0 0 2 0 0
-6 0 0 0 0 0
-7 0 0 0 5 0
-8 0 0 0 10 0
-9 0 0 0 10 0
-10 0 0 0 2 4
E<—11 0 0 0 0 ((k+5)2=1)((k+5)2—24)

=
N
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Hence, by Hirzebruch—Riemann—Roch theorem:

;AE%»:f%«k+®2—U«k+®2—ML keZ. (2.4)

For more details, see [23, pag. 74].

2.2.3 The Moduli space of the Horrocks-Mumford bundle

Let #pi(—1,4) be the Moduli space that describes the Horrocks-Mumford bundle.
H'(P*, Hom(F, F)) is isomorphic to the Zariski tangent space of .#p+(—1,4) in the point
F defined by [F] and from H?(P*, Hom(F, F)) = 0 follows .#p:(—1,4) is smooth in [F].
The following results are provided in [10, pag. 104] and [11, pag. 218]:

Theorem 24 (W. Decker, 1984). Let F' be the Horrocks-Mumford bundle. Then:
o W'(PY, Hom(F,F)) = 24, h*(P*, Hom(F,F)) = 5, h*(P*, Hom(F, F)(k)) = 0 for
k< -2 and
h*(P*, Hom(F, F)) = 2.

o Mpi(—1,4) is smooth in [F] with dimension 24.



3 HOLOMORPHIC DISTRIBUTIONS AND
FOLIATIONS

3.1 HOLOMORPHIC DISTRIBUTIONS AND FOLIATIONS

In this section we will recall some definitions about holomorphic distributions and folia-

tions.

Definition 21. Let X be a complex manifold of complex dimensionn = k+s. A saturated
codimension k singular holomorphic distribution on X is given by a short exact sequence

of analytic coherent sheaves

F:0—=Tr 5TX 5 Nz —0, (3.1)

where Tz is a coherent sheaf of rank r := dim(X) — k, and Nz is a non-trivial torsion

free sheaf of rank k on X.

The sheaves T'z and N are called the tangent and the normal sheaves of %, respectively.
Note that by Proposition 4 T'z must be reflexive.

By taking maximum exterior power of the map ¢ : T.% — T'X, we have:

ie.,

n—k

/_\tp:det(T?) —>n/_\kTX.

This induces a global section w € HO(X, A" " TX @ det(T.Z)*).

Since

n—k
N\ TX ~ 0% @ det(TX),

then

n—k

PH(X, \ TX @ det(T.F)*) ~ PH’(X, Q% @ det(TX) ® det(T.F)*) = PH*(X, Q% ® L),

where L = det(TX) ® det(T.%#)* = det(Ng). Therefore, the space of the holomorphic

distributions of codimension & in X may be identified by a class of sections
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[w] € PHY(X, Q% (c1(N#))).

Let us now define the singular scheme of % . In order to do this, by taking the maximal
exterior power of the dual morphism ¥ : Q% — T% we obtain the morphism:

Y =N""¢*: QU — det(T#)*. The image of such morphism is the ideal sheaf .#, with
support on a closed subscheme Z C X twisted by det(7T#)*, i.e.:

Y QY o Im(y) = I, @ det(T)* C Ox @ (det(Tz)").
Definition 22. Sing(.%) := Z C X the singular scheme of F.

A distribution .7 is said to be locally free if T'# is a locally free sheaf. Note that if the
tangent sheaf T’z is locally free, then Z coincides, as a set, with the singular set of the

normal sheaf. In fact [31]:

dim(X)—1
Sing(N#) = | J Supp(£xt’(N#,Ox)),
p=1
where by Supp(—) we mean the set-theoretical support of a sheaf. If Tz is locally free,
then Ext?(Ng#,Ox) = 0 for p > 2, therefore:

Sing(N#) = Supp (at' (N#, Ox))

= {z € X | ¢(x) is not injective}

= {z € X|(Ngz), is not free O, - module}

= Supp(Oyz)

=Z.
Since Nz is a coherent sheaf on a projective complex manifold, then the singular scheme
Sing(.#) of the distribution .# is a closed analytic subvariety of X. Moreover, since Ng
is a torsion free sheaf then by Theorem 9 we have codim(Sing(.#)) > 2.

Next, let define the notion of integrability. A foliation is an integrable distribution, i.e, a

distribution:

F:0-5T; 5TX -5 Ny — 0,

whose tangent sheaf is closed under the Lie bracket of vector fields, i.e.,

[p(T7), p(T7)] C o(T7).
A codimension k£ holomorphic foliation on X may be represented by a class of sections
(w] € PHO(X, Q% @ det(TX) @ det(T'#)*), such that the singular set

Sing(w) ={p€ X |w(p) =0} has codim(Sing(w)) > 2.
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The integrability condition can also be defined as follows. Let U C X a open set and
w e Q% (U). For any p € U \ Sing(w) there exist a neighborhood V of p, V. C U, and
1-forms wy, ...,wx € Q% (V) such that:

wly=wi A A wg.

We say that w satisfies the integrability condition if and only if, dw; A wi A -+ Awy = 0,
Vi=1,..k.

Alternatively, a foliation .7, of codimension k, can be induced by a exact sequence

0= Nz —Qy — Qs — 0,

where Qz is a torsion free sheaf of rank n — k and the sheaf N7 is called the conormal
sheaf of F. Moreover, the singular set of .% is Sing(Q#). We say that this foliation is
induced by the cotangent sheaf.

In particular to the case X = P, a singular holomorphic foliation .# on P", of codimension

k > 1, is given by a locally decomposable and integrable twisted k-form

we HP", QF, @ L),

where L = det(Ng).

Next, we define the main invariant of a distribution, the degree of .%. The degree of %,
denoted by deg(.%), is by definition the degree of the zero locus of i*w, where i : P¥ — P"
is a linear embedding of a generic k-plane. Since QF, = Opn(—k — 1) so it follows at once
that L = Opn(deg(-#) + k + 1). In particular L is ample. Thus:

Definition 23. The degree of the foliation .7, denoted by deg(F), is defined by

deg(F#) = c1(Ng) — codim(.F) — 1.

On the other hand, the vector space H(P", Opn(deg(#) + k + 1)) can be canonically
identified by the vector space of k-forms on C"*! with homogeneous coefficients of degree
d + 1, whose contraction igw = 0 with the radial vector field R = Y"1 jz; - a%i.
Since .# is a holomorphic foliation of codimension k of degree d = deg(.#) then . is
induced by a k-form w € H°(Q%,(d + k + 1)). Now, it follows from the Euler sequence:

K o("i") k1
0 — Qpn(k) = Opn — Qp. (k) = 0,

twisting by Opn(d + 1):

0= Qh(d+k+1) = Opu(d+ 12T 5 Q5N (d 4k + 1) — 0,

hence by long exact sequence of cohomology and using Bott’s formula, we have:
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0 — HY(P", Ok, (d+ k + 1)) — H'(P", Opn(d+1))2("T) = HO®", Q5 (d+ K +1)) — 0,

i.e, a section w of O, (d + k + 1) can be thought of as a polynomial k-form on C**!

with homogeneous coefficients of degree deg(a;, ..., (2)) = d+1. Since Z, = {a;,..;, (2) = 0}

then Z, is contained in a hypersurface of degree d + 1.

3.2 RELATIONS BETWEEN THE SINGULAR SCHEME AND THE
TANGENT SHEAF

L. Giraldo and A. Pan-Collantes characterized when the tangent sheaf, of a codimension
one holomorphic foliation in P3; is locally free or split (as a sum of linear bundles) in

terms of the geometry of their Singular scheme.

Theorem 25 (L. Giraldo, A. Pan-Collantes - 2009). The tangent sheaf T.F s locally free
if and only if Z = Sing(F) is a curve.

Proof. Vide [19], pag. 848. O

Theorem 26 (L. Giraldo, A. Pan-Collantes - 2009). Suppose deg(.#) > 1. Then T.F

splits if and only iof Z is an arithmetically Cohen-Macaulay curve.
Proof. Vide [19], pag. 849. O

Shortly after, M. Corréa, M. Jardim and R. Vidal generalized these facts for distributions

in P" whose tangent sheaf splits as a sum of linear bundles.

Theorem 27 (M. Corréa, M. Jardim, R. Vidal - 2015). Let .# be a distribution on P" of
codimension k, such that the tangent sheaf T is locally free, and whose singular locus
has the expected dimension n—k—1. If T.% splits as a sum of line bundles, then Sing(.%)
is arithmetically Cohen-Macaulay. Conversaly, if k = 1 and Sing(F) is arithmetically

Cohen-Macaulay, then T.F splits as a sum of line bundles.
Proof. Vide [8], pag. 2. O

Remark: The goal of this thesis is to consider codimension two holomorphic distributions
on P* whose tangent and conormal sheaf are Horrocks-Mumford, that is, the tangent and
conormal sheaf of the distribution is a stable vector bundle of rank 2, non-split. We are

going to study the geometry of its singular scheme and its Moduli space.
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3.3 A BERTINI TYPE THEOREM FOR REFLEXIVE SHEAVES

In [0], the authors gave a generalization of a Bertini-type Theorem for reflexive sheaves

in order to construct new distributions.

Theorem 28 (O. Calvo Andrade, M. Corréa, M. Jardim - 2018). Let G be a globally
generated reflexive sheaf on a projective variety X such that rankG < dim X — 1 > 2. If
TX ® L is globally generated, for some line bundle L, then G* ® L* is the tangent sheaf

of a distribution on X of codimension n —rankG.
Proof. Vide [0], pag. 61. ]

From now on we only consider codimension two distributions on X = P*.
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4 GEOMETRIC PROPERTIES OF THE
SINGULAR SCHEME

In this chapter, we study the geometry of the singular scheme of Horrocks-Mumford
holomorphic distributions. We establish relationships between the numerical invariants
of the tangent and conormal sheaves and the numerical invariants of the singular scheme.
We determine the genus and degree of the singular scheme and we show that the singular
scheme of these distributions of high degree is an arithmetically Buschbaum, smooth,
reduced and irreducible curve; and hence without isolated singularities. The techniques
used are based on the study of the long exact cohomology sequence of (4.18) and (4.30)
together with the knowledge of cohomologies of the Horrocks-Mumford bundle.

4.1 VANISHING LEMMAS

The following Vanishing Lemmas are consequences of having considered the Euler’s exact
sequence twisted by a convenient sheaf and its long exact sequence of Cohomology. Using
the Cohomologies table (1) of the Horrocks-Mumford bundle and in some cases using

Macaulay?2 (see script in the Appendix 8), we obtain:

Lemma 2. Let E be the Horrocks-Mumford bundle. Then for j = 1,2,3 and k € Z we

have:

1. W, @ B(k) =0 for k<j.

2. WM, @Ek)=0 for k<j—4 or k>j+1.

3. WU, @Ek)=0 for k<j—6 or k>j—3.

4. B @EKk)=0 for k<j—10 or k>j—5.

5 QL @ E(k) =0 for k>j-09.
Proof. Let us consider the Euler exact sequence:

0= Qpa(1l) = O — Opi(1) — 0.
Then, twisting by E(k — 1) we have:
0— Qpu @ E(k) = E(k—1)% — E(k) — 0. (4.1)

Now, taking long exact sequence of cohomology, we have:
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0— H'(P* O ® E(k)) — H'(P*, E(k — 1))* — H(P*, E(k)) — - -

and by cohomology table 1 of the Horrocks-Mumford bundle, we have: h°(P*, E(k—1)) = 0
for k < 0 then there is an isomorphism such that 2°(P*, QL, ® E(k)) = 0 for k < 0, and
by Macaulay2, see Appendix 8, this sheaf is null for £ = 1, so:

RO(P* Qps @ E(k)) =0 for k<1

Let us consider the long sequence of cohomology of sequence (4.1), we have:

o= HY(BE(k—1))% — HY(P*, E(k)) — H' (P*, QpeE(k)) — H' (P*, E(k—1))% — ...

Since h’(E(k — 1)) = 0= h'(E(k — 1)) for k < =3, then h'(Qp, ® E(k)) = h°(E(k)) for
k < —3. But h°(E(k)) = 0 for k < —1, then

'Y (Qp @ E(k)) =0 for k< -3,

and by Macaulay2 this sheaf is also null for £ > 2, thus:

RY O @ E(k)) =0 for k< -3 or k>2.

Let us consider the long sequence of cohomology of sequence (4.1), we have:

o HY(PY E(R)) — H* (P, Qb @ E(k)) — H*(P*, BE(k—1))* — H*(P*, E(k)) — --- .

It follows from the cohomology table 1 that: h'(PY E(k)) = 0 = h?(P*, E(k)) since

k< —6or k= —4or k> 1, hence there is a isomorphism

H2<]P)47 QllP’4 ® E(k)) = HQ(IP4a E(k - 1))6957

for k< —6ork=—-4ork>1,ie, (P, Qn®E(k)) =5-h*P*, E(k—1)) for k < —6
or k= —4or k> 1. And since h*(E(k — 1)) =0 for K < —5 or k > —3, we have:

R*(P* Q3 @ E(k)) =0 for k< —6 or k>1. (4.2)

On the other hand, considering the sequence:

- = H'(P*, E(k—1))®°> — H'(P*, E(k)) — H*(P*, QuoE(k)) — H*(P*, E(k—1))®° — - -

Since h'(E(k — 1)) =0=h*(E(k —1)) for k < —5or k= —3 or k > 2, then

h*(Qpe @ E(k)) = h'(E(k)) for k< —5 or k= -3 or k> 2.
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But h'(E(k)) =0 for k < —4 or h > 1, thus:

(e @ E(k)) =0 for k< -5 or k>2. (4.3)
From (4.2) and (4.3), we have:

h*(Qps @ E(k)) =0 for k< -5 or k>1.

And using Macaulay?2 this sheaf is also null for £k = —2, —1, 0, thus:

(@ E(k)) =0 for k< -5 or k> —2.

Let us consider the long exact sequence of cohomology of sequence (4.1), we have:

o= HY(PY B(K)) — H*(PY, Qp @ E(k)) — H* (P, E(k—1))% — H*(P* E(k)) — --- .

It follows from the cohomology table 1 that: h?(P*, E(k)) = 0 = h*(P* E(k)) since
k< —11or k= —6 or k > —4, then there is a isomorphism

Hg(]PAaQI%M ® E(k)) = H3(P47E(k - 1))695’

for k < =11 or k = —6 or k > —4, i.e., h*(P*Qp ® E(k)) = 5 h3(P*, E(k — 1)) for
k<-1lor k= —6or k> —4. And since h*(E(k —1)) =0 for k < —10 or k > —5, we

have:

3P Qe @ E(k)) =0 for k< —11 or k> —4. (4.4)

On the other hand, considering the sequence:

o= HA(P* BE(k—1))®° — H*(P* E(k)) — H*(P*, Qp.@FE(k)) — H*(P*, E(k—1))% — ...

Since h*(E(k — 1)) = 0 = h*(E(k — 1)) for K < —10 or k = —5 or k > —3, then
h*(Qps ® E(k)) = h*(E(k)) for k < =10 or k = =5 or k > —3. But h*(E(k)) = 0 for
k < —6 or h > —4, thus:

R} (s @ E(k)) =0 for k< —10 or k> —3. (4.5)

From (4.4) and (4.5) we have:

R (Qps @ E(k)) =0 for k< —10 or k> —4.

And using Macaulay2 this sheaf is also null for £ = —9, thus:

R (Qp @ E(k)) =0 for k< -9 or k> —4.
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Let us consider the long exact sequence of cohomology of sequence (4.1), we have:

o H3(PY, B(R)) — HAP*, QL @ B(k)) — HYP*, E(k—1))% — HA(P* E(k)) — ---

From the cohomology table 1 we have: h3(P* E(k)) = 0 = h*(P*, E(k)) when k > —6,
then there is a isomorphism H*(P*, QL, @ E(k)) ~ H*(P* E(k — 1))® for k > —6, i.e.,
WP QL @ B(k)) = 5- hA(P*, E(k — 1)) for k > —6. Since h*(E(k — 1)) = 0 for k > —8,

we have:

h4(P*, Q3 @ E(k)) =0 for k> —6.

And using Macaulay?2 this sheaf is also null for £ = —7, —8, thus:

(P Qpy @ E(k)) =0 for k> —8. (4.6)
Let us consider the Euler exact sequence:
0— Q% (2) = O — Qhi(2) — 0,
and twisting by E(k — 2), we have:
0— Qe Ek) — E(k—2)%° = b, E(k) — 0. (4.7)
Now, let us consider the long exact sequence of cohomology of sequence (4.7), we have:

0— H°(P* Q2. ® E(k)) — H'(P* E(k —2))*° — H'(P* QL @ E(k)) — -+,

since h?(Qp, ® E(k)) =0 for k <1 then there is an isomorphism such that

RO(Q2, @ E(k)) =10 - h°(E(k — 2)),
for k < 1. But by cohomology table 1, we have h°(E(k — 2)) = 0 for k < 1. Thus

ROy @ E(k)) =0 for k<1

And using Macaulay2 this sheaf is also null for £ = 2, thus:

202, @ E(k)) =0 for k<2.

Taking the long exact sequence of cohomology of sequence (4.7), we have:

oo HY(B(k—2))% —» H' (3 @ E(k)) = H'(Q3 @ E(k)) — HY(E(k—2))%° — ...

Since h2(k — 2) = 0 = h'(k — 2) for k < —2, then A'(Q2, ® E(k)) = hO(QL, ® E(k)) for
k < —2. But h%(Qp, ® E(k)) =0 for k <1, thus:
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Y2 ® E(k)) =0 for k< —2.

And using Macaulay?2 this sheaf is also null for & > 3, thus:

RY 2, ® E(k) =0 for k< -2 or k>3

Considering the long exact sequence of cohomology of sequence (4.7), we have:

= HY(E(k—2))®" - H (Qp®E(k)) = H*(Qu o E(k)) — H*(E(k—2))®" —
Since h'(k —2)=0=h*k —2) for k < —4 or k = —2 or k > 3, then

R (02, ® E(k)) = h* (s @ E(k)),
for k< —4ork=—-2ork>3. But h'(Qp, ® E(k)) =0 for k < =3 or k > 2, then:

(2. ® E(k) =0 for k<-4 or k>3.

And using Macaulay?2 this sheaf is also null for k = —1,0, 1, 2, thus:

(2. @ E(k) =0 for k<-4 or k>—1.

Considering the long exact sequence of cohomology of sequence (4.7), we have:

s HA(B(E—2))%"Y - H*(QpeE(k)) — H* (2@ E(k)) — H*(E(k—2)%1° —

Since h*(E(k — 2)) = R (E(k —2)) for k < =9 or k = —4 or k > —2, then
R} (Q2QE(k)) = hQ(QﬁM@E(k)) fork < —9ork=—4ork > -2 But i*(QpQE(k)) =0
for k < -5 or k> —2. Then:

P2 @ E(k) =0 for k<-9 or k>-2.

And using Macaulay?2 this sheaf is also null for £ = —8, —3, thus:
R (2. @ E(k) =0 for k< -8 or k>-3.
Considering the long exact sequence of cohomology of sequence (4.7), we have:
o= H3(E(k—2))%° - H3(Qh @ E(k)) = H* Q2 @ B(k)) — HY(E(k—2))"° =
Since h3(E(k —2)) = 0 = h*(E(k — 2)) for k > —4, then

Q2 @ E(k)) = h*(Qb @ E(k)),
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for £ > —4. But h3(Q%,,4 ® E(k)) =0 for k < -9 or k > —4. Thus:

Y2 @ E(k)) =0 for k> —4.

And using Macaulay?2 this sheaf is also null for k = —7, —6, —5, thus:
Q2. @ B(k)) =0 for k> -—T.
Let us consider the Euler exact sequence:
0 — Ops(—1) = OLF — Q3.(4) — 0,
and twisting by E(k — 4), we have:
0= E(k—5)— Bk—4)% - Q3 @ FE(k) = 0. (4.8)

Now, let us consider the long exact sequence of cohomology of sequence (4.8), obtaining;:

0— HY(E(k —5)) = HY(E(k —4))% — H°(Q3, ® E(k)) = H'(E(k —5)) — - -

Since h’(E(k —5)) =0 = h'(E(k —5)) for k <1, then h°(Q3, @ E(k)) =5-h°(E(k —4))
for k < 1. But h°(E(k —4)) = 0 for k < 3. Then:

(3, @ E(k)) =0 for k<1.

By Macaulay?2 this sheaf is also null for £ = 2, 3, thus:

Q@ E(k)) =0 for k<3.

Taking the long exact sequence of cohomology of sequence (4.8), we have:
oo HY(B(k—5)) = HY(E(k —4))® — H' (O3, @ E(k)) — H*(E(k —5)) — --- .

Since W' (E(k — 5)) = 0 = h*(E(k —5)) for k < —1 or k = 1 or k > 6, then there is an
isomorphism such that h*(Q3, @ E(k)) =5-h'(E(k —4)) for k< —lork=1or k > 6.
But W' (E(k —4) =0 for k <0 or k > 5, thus:

RY B, @ E(k) =0 for k< —1 or k>6. (4.9)

On the other hand, considering the sequence:
o= HYE(k — 4))% — HY (O3 ® BE(k)) — H*(E(k —5)) — H*(BE(k — 4))% — ...
Since h'(E(k —4)) =0 = h*(E(k —4)) for k< —2or k=0or k > 5, then

Yy ® E(k)) = h*(E(k —5)) for k< -2 or k=0 or k>5.
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But h?(E(k —5)) =0 for k < —1 or k > 1. Thus

YR ® E(k) =0 for k<—-2 or k>5. (4.10)

Now, from (4.9) and (4.10), we have:

RY R ® E(k) =0 for k<—1 or k>5.

And using Macaulay?2 this sheaf is also null for £ = 4, thus:
RY B @ E(k) =0 for k<—1 or k>4
Taking the long exact sequence of cohomology of sequence (4.8), obtaining:
oo HY(E(k —5)) = H*(E(k —4))® = H* Q3 @ B(k)) — H*(BE(k —5)) — --- .

Since hW?(E(k —5)) = 0= h3(E(k — 5)) for k < —6 or k = —1 or k > 1, then there is an
isomorphism such that h*(Q3, ® E(k)) =5-h*(E(k—4)) for k< —6ork=—1or k> 1.
But h*(E(k —4) =0 for k < —2 or k > 0, thus:

R (3 ® E(k)) =0 for k<—6 or k>1. (4.11)

On the other hand, considering the sequence:
o= H*(E(k — 4))% — H*(pa @ E(k)) — H*(E(k —5)) — H*(BE(k —4))% — ...
Since h*(E(k —4)) = 0= h3(E(k — 4)) for k < —Tor k= —2 or k > 0, then
R (s @ E(k)) = h*(E(k —5)) for k< —7 or k=2 or k> 0.
But h*(E(k —5)) =0 for k < —6 or k > —1. Thus

(s @ E(k)) =0 for k< —7 or k>0. (4.12)

Now, from (4.11) and (4.12), we have:

(3 ® E(k)) =0 for k<—6 or k>0.

And using Macaulay?2 this sheaf is also null for £k = —5, —4, —3, thus:

R (3. ® E(k)) =0 for k< -3 or k>0.

Considering the long exact sequence of cohomology of sequence (4.8), obtaining:

oo H¥3(B(k —4))% — H¥ (O3 @ BE(k)) — HY(E(k —5)) — HY(B(k —4)% — ...
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Since h*(E(k —4)) = 0 = h*(E(k — 4)) for k > —2, then h*(Q3, ® E(k)) = h*(E(k —5))
for k > —2. But h*(E(k —5)) = 0 for k > —4. Thus
(3. ® E(k)) =0 for k> —2.

And using Macaulay2 this sheaf is also null for £ < —7, thus:

RP(B. @ E(k) =0 for k>-2 or k< -T.

Taking the long exact sequence of cohomology of sequence (4.8), obtaining:

= HYE(k—5)) — HY(E(k — 4)® — H* (O3 ® E(k)) — 0.
Since h*(E(k — 5)) = 0 for k > —4, then h*(Q}, ® E(k)) = 5- h*(E(k — 4)) for k > —4.
But h*(E(k —5)) = 0 for kK > —5. Then:
Y3 ® E(k)) =0 for k> —4.

And by Macaulay2 this sheaf is also null for £ = —6, —5, thus:

Q% @ E(k)) =0 for k> —6.
O

Lemma 3. Let E be the Horrocks-Mumford bundle and IC be the sheaf in the display 2.5.
Then for k € Z we have:

1. P(KQEk) =0 for k<-1.

2. M(K@ E(k)=0 for k<-4

3. MK EKk)=0 for k<—6 or k>1.

4. BKEK)=0 for k<-10 or k>—4.

5 WM K® FE(k)=0 for k>—6.
Proof. Taking the exact sequence of the display 2.3

0— K — Q5(2)% - 0F — 0,
and twisting by E(k), we have:
0= Ko Ek) = (9% E(k+2) = BE(k)® — 0. (4.13)

Now, let us consider the long exact sequence of cohomology of sequence (4.13):
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0— H(K ® E(k)) — H*(Q2: ® E(k +2))%? — H'(BE(k)®® — - -

Since h(E(k +2) @ Q2,) =0 for k£ < 0 then

(K ® E(k)) =0 for k<O0.

From the long exact sequence of cohomology of sequence (4.13):

o HY(QRE(k+2))%% — HY(E(K)® — HY(K®E(k)) - H Q3B (k+2))%% — - ..

Since h* (2@ E(k+2)) = 0 = h' (2. @ E(k+2)) for k < —4 then there is an isomorphism
such that h'(K @ E(k)) =5 h°(E(k)) for k < —4. But h°(E(k)) = 0 for k < —1. Thus

WK ®E(k)=0 for k< —d.

From the long exact sequence of cohomology of sequence (4.13):

= H' (QR®E(k+2))%* — HY (E(k)®® — H*(KQE(k)) = H*(Qu@E(k+2))%* — -

Since h'(Q3, ® E(k +2)) = 0 = h*(Q3, @ E(k + 2)) for k < —6 or k > 1 then there
is an isomorphism such that h*(K @ E(k)) = 5 h'(E(k)) for k < —6 or k > 1. But
h'(E(k)) =0 for k < —4 or k > 1. Thus

PPKREKk)=0 for k<—6 or k>1.

Regarding the long exact sequence of cohomology of sequence (4.13):

o HAE(k)® - H} (K@ BE(k)) — H* (03, @ E(k +2))%? = H3(E(k)® — --- .

Since h*(E(k)) = 0 = h*(E(k)) for k < —11 or k = —6 or k > —4 then there is an
isomorphism such that h*(K @ E(k)) =2 - h*(Q3, ® E(k +2)) for k < —11 or k = —6 or
k> —4. But h3(Q2, ® E(k+2)) =0 for k < —10 or k > —5. Thus

RPKeEK)=0 for k<—-10 or k> —4. (4.14)

We note also that if we consider the long exact sequence:

s HA QA E(k42))%? — HYX(E(k))® — H}KQFE(k)) — H*(Q2.QE(k+2))%* — .-
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Since h?(Q, @ E(k +2)) = 0 = h3(Q3, @ E(k + 2)) for k < —10 or k > —3 then there
is an isomorphism such that h*(K @ E(k)) =5 - h*(E(k)) for k < —10 or k > —3. But
h*(E(k)) =0 for k < —6 or k > —4. Thus

RP(K® E(k) =0 for k<-10 or k> -3. (4.15)

From (4.14) and (4.15), we have:

RPK® EKk)=0 for k<-10 or k> —4.

Concerning the long exact sequence of cohomology of sequence (4.13):

e H(B(R)® — HY(K ® B(k)) — HY Q% @ E(k +2))%2 — HYEK)® — -

Since h*(E(k)) = 0 = h*(E(k)) for k > —6 then there is an isomorphism such that
MK E(k)) =2-h*(Q2, @ E(k+2)) for k > —6. But h*(Q2, @ E(k+2)) = 0 for k > —9.
Thus

YK ® E(k)) =0 for k> —6.

O
Lemma 4. Let E be the Horrocks-Mumford bundle and k € Z, then:
1. "(E® E(k))=0 for k< —6.
2. WM(E® E(k)=0 for k<-7 or k>1
3. WAE®EKk)=0 for k<-11 or k> —4.
4. WW(EQEK)=0 for k<-16 or k> -8.
5. WM(E® E(k))=0 for k> -9.
Proof. Let the short exact sequence of the display 2.3:
0— Opi(—1) = K — E(=3) = 0.
Twisting by E(k + 3), we have:
0= Ek+2)"Y 2 K®E(k+3)— E® E(k) — 0. (4.16)

Now, let us consider the long exact sequence of cohomology of sequence (4.16):

0 — HO(E(k +2))% — HYK @ E(k +3)) - HY(E @ E(k)) — H'(E(k +2))® = --- .
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Since h(E(k+2)) = 0= h'(E(k+2)) for k < —6, then h°(F® E(k)) = h®*(K® E(k+3))
for k < —6. But h®(K ® E(k + 3)) =0 for k£ < —4. Thus:
R(E® E(k))=0 for k< —6.
From the long exact sequence of cohomology of sequence (4.16):
o5 HY (E(k+2)® - H(K®E(k+3)) > H(E® E(k)) = H*(E(k+2))® — ...

Since h'(E(k 4+ 2)) = 0 = h*(E(k +2)) for kK < —8 or k = —6 or k > —1, then
W (E®QE(k)) = W (KQE(k+3)) fork < —8ork = —6ork > —1. But W' (KQE(k+3)) =0
for k < —7, then:

M(E® E(k) =0 for k<-8.

And using Macaulay?2 this sheaf is also null for k = —7 or k > 1, thus:

RME® EKk) =0 for k<-7 or k>1.
Now, let us consider the long exact sequence of cohomology of sequence (4.16):
o HY(E(k+2)® - H* KQ E(k+3)) - H(E® E(k)) — H*(E(k+2))® — ...
Since h*(E(k +2)) =0 = h*(E(k +2)) for k < —13 or k = —8 or k > —6, then
R (E® E(k)) = h*(K ® E(k +3)),
for k< —-13ork=—-8ork > —6. But W2A(K® E(k+3)) =0for k < -9 or k > -2,

then:

PHE® E(k)=0 for k<-13 or k> —2.

And using Macaulay2 this sheaf is also null for £ = —4, —3, thus:

PHE®EKk)=0 for k<-11 or k> —4.

By Serre’s duality we have h*(F ® E(k)) = h'(E ® E(—k — 15)) = 0 for k£ < —16 or
k > —8. Thus:

RP(E® E(k)=0 for k<-16 or k> —8.

Finally, using Serre’s duality, we have to: h'(E ® E(k)) = h°(E ® E(—k — 15)) = 0 for
k > —9. Thus:

W(E®E(k) =0 for k> —9.
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Table 2 — Table of dim H(E ® E(k))

k HY H' H* H? H*
E>1 k4+30k3+2906k2+975k+624 0 0 0 0
0 136 32 0 0 0
-1 70 8% 0 0 0
-2 35 100 O 0 0
-3 15 8% 0 0 0
-4 5 35 0 0 0
-9 1 24 2 0 0
-6 0 5 10 0 0
-7 0 0 20 O 0
-8 0 0 20 O 0
-9 0 0 10 5 0
-10 0 0 2 24 1
-11 0 0 0 55 5
-12 0 0 0 8 15
-13 0 0 0 100 35
-14 0 0 0 85 70
-15 0 0o 0 32 136
k< —16 0 0 0 0  kl+30k%+290k%+975k+624

6

In addition, using Serre’s duality and Theorem 24, we build the table (2).

Hence, by Hirzebruch—Riemann—Roch Theorem, we have:

1
x(E® E(k)) = 6<k4 + 30K + 290k* 4+ 975k + 624), k € Z. (4.17)

4.2 HORROCKS-MUMFORD HOLOMORPHIC DISTRIBUTIONS
AS SUBSHEAVES OF TANGENT BUNDLE

In this section, we study codimension 2 holomorphic distributions induced by a Bertini-
type Theorem 28. We determine the genus, degree and the Rao module of the singular
scheme and we show that the singular scheme of these distributions of high degree is
a smooth, reduced and irreducible curve; and hence without isolated singularities. The
techniques used are based on the study of the long exact cohomology sequence of (4.18)
together with the knowledge of cohomologies of the Horrocks-Mumford bundle.

By Proposition [36], E(a), for a > 1, is a vector bundle generated by global sections.
Since TP*(—1) is globally generated then by Bertini type Theorem 28 such that G = E(a),
a>1,and L = Ops(—1), we have
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is the tangent sheaf of a codimension 2 holomorphic distribution on P*:

Foa:0 = E(—a—4) 5 TP" = Nz, — 0, (a>1). (4.18)
of degree d, := deg(#,) = 2a + 5.
In addition, since F(a) ® TP*(—1) = Hom(E(—a — 4)), TP*) is globally generated then
by Theorem 17 the generic morphism ¢ : F(—a —4) — TP* satisfies Sing(.Z,) := Sing(y)
is a closed analytical subvariety on P* of expected codimension codim(Sing(.%#,)) = 3.
We begin by calculating the Chern classes of the ideal sheaf and calculate the degree of

these distributions.

Proposition 12. Let %, be the holomorphic distributions family (4.18) above. Then, for

a > 1 we have:

1. The Chern classes of the normal sheaf are:

e ¢1(Ngz,) =2a+8.

e ;(Ngz,) = 3a* + 19a + 28.

o 3(Ng,) = 4a® + 33a® + T7a + 46.

e ¢;(Nz,) = b5a* + 50a® + 150a” + 125a — 25.

2. The Chern classes of ideals sheaf of the singular scheme Z, = Sing(%#,) are:

o ¢1(Fy,)=0.

o 3(I7,)=0.

o c3(I7,) = —8a® — 66a* — 154a — 92.

o c)(Iz,) = —bda* — 594a3 — 2154a® — 2874a — 954.

3. The degree of the distribution %, is deg(.%#,) = 2a + 5.
Proof. Let q; = ¢;(Ngz,), it follows from ¢(TP*) = ¢(E(—a — 4)) - ¢(Ng,) that:

145h+10h*+10h*+5h* = (1+(—2a—3)h+(a*+3a+6)h*)- (1+¢ h+gh*+gh®+¢;h*).

Then:

7)) = 1+ (2a+8)h+ (3a® + 19a + 28)h? + (4a® + 33a* + T7a + 46)h>
+(5a* + 50a® 4 150a® + 125a — 25)h*.

Let ¢ : E(—a —4) — TP* be the map that induces the distribution (4.18). Then, the
Eagon-Northcott resolution associated with the dual map ¢" : Qp, — E(a — 1) is:

0= Sy(E(—4—a))(—2a—8) = Wy @ E(=7 —3a) = Q2(-3 —2a) — ¥z, — 0. (4.19)
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Using this resolution of ideal sheaf .#; by locally free sheaves, let us calculate its Chern

class:

c(Iy,) = c(So(E(—4 — a))(—2a — 8)) - ¢y ® E(=7 — 3a)) ™" - c(Qa (=3 — 2a)).

Now, by the Chern class formulas of the tensor product, exterior product and symmetric

product in Examples 4, 6, and 7 , respect., and by equations (1.6), we have:

c(So(E(—4 —a))(—2a — 8)) = 1+ (—12a — 33)h + (48a” + 264a + 378)h?
+ (—64a® — 528a* — 1521a — 1496)h?,

c(Q2:(=3 — 2a)) = 1 + (—12a — 33)h + (604> + 330a + 455)h?
+ (=160a* — 1320a* — 3640a — 3355)h®
+ (240a* 4 2640a® 4 10920a? + 20130a + 13950)h?,

c(2 @ BE(—=7—3a)) = 1+ (—24a — 66)h + (252a* + 1386a + 1922)h*
+ (=160a” — 1320a* — 3640a — 3355)h®
+ (240a* + 2640a® + 10920a” + 20130a + 13950)h*,

then:
o(Iz,) = 1+(—8a*—66a>—154a—92)h* +(—54a* —594a® —2154a® —2874a—954)h*, (4.20)

for a > 1.
Finally, since ¢;(Ng,) = 2a+ 8 and .# is a codimension 2 holomorphic distribution, then

by Definition 23 we have:
deg(F,) =(2a+8)—2—1=2a+5.
O

Now, let us determine the numerical invariants of the singular scheme through the sheaf

of ideals.

Proposition 13 (Numerical invariants of the singular locus). Let Z, = Sing(.%,) the

singular scheme, then for a > 1 we have:
1. deg(Z,) = 4a® + 33a® + 77a + 46.

2. pa(Zy) = 9a" + 89a® + 533a? + 53q + 45.
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Proof. By (4.20) we have c3(#z,) = —8a>—66a*—154a—92, since Z, is a pure codimension

3 projective curve then by Corollary 3 we have:
—8a® — 66a” — 154a — 92 = —2 - deg(Z,),

hence deg(Z,) = 4a® + 33a* + T7a + 46.
On the other hand, since Z, C P* is a projective curve of pure dimension 1 and rank(.%z,) =

1, then by Proposition 9 and Theorem 14 we have:

W) = [ () ey,
P
5 1
=14 —c3(Iz,) — ~ca(Iz2,)
4 6
5 1
=1+ Z(—8a3 — 66a” — 154a — 92) — 6(—54a4 — 594a® — 2154a® — 2874a — 954)
553 573
= 9a* + 89a® + 7(12 + Ta + 45.
Now, consider the exact sequence:

0— Sy, — Ops — Oz, — 0. (4.21)

Hence:

Then,

=1—x(Ops) + x(H2,)
= x(H2,)
= 9a* + 8943 + 5—23a2 + ?a + 45.

Proposition 14. The singular scheme Z, = Sing(.%#,) is reduced and irreducible.

Proof. We claim that Z, is connected. In fact, since Z, has pure expected codimension 3
then the ideal sheaf admits the Eagon-Northcott resolution (1.16). Consider this complex
associated to the morphism ¢¥ : Qf, — E(a — 1):

0— Sy(E(—a—4))(—2a—8) = QB @ E(—3a—7) = Q2 (—2a—3) = 75, — 0. (4.22)

breaking into short exact sequences and passing to cohomology

0— So(E(—a—4))(—2a—8) = Wu @ E(-3a—7) = K — 0 (4.23)
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and

0— K — Q2.(—2a—3) = Iy, =0 (4.24)

where K = Ker a.

From exact sequence (4.23) passing to cohomology

oo HY(Sy(E(—a — 4))(—2a —8)) — H'(W: @ BE(=3a — 7)) — H'(K) — -+
By Lemma 2 and since a > 1 we have

HA(K) ~ H3(Sy(E(—a — 4))(—2a — 8)).

On the other hand, if V is a vector space over C then V@¢V = S,(V) @ A*(V), i.e, every
2-tensor may be written uniquely as a sum of a symmetric and an alternating tensor,
therefore the second tensor power of a vector bundle decomposes as the direct sum of the
symmetric and alternating squares as vector bundles. So, twisting by Ops(—2a — 8) we

have:

E® E(—4a —16) ~ Sy(E(—a —4))(—2a — 8) & Opa(—4a — 11),

thus

hW(E ® E(—4a —16)) = h'(Sy(E(—a — 4))(—2a — 8)) + h'(Ops(—4a — 11)), i=0,....4.

Hence, since a > 1 then using Lemma 4 and by Bott’s formula [31, pag. 4] we have
h?(Sy(E(—a — 4))(—2a — 8)) = h*(K) = 0.

From exact sequence (4.24) passing to cohomology

o= H Q2 (=20 — 3)) — H(Iy,) — HTHK) — H™(Q2(~2a — 3)) — -

Since a > 1 using Bott’s formula,
H*(K) ~ H'(Sz,),
hence h'(.#z,) = 0. From exact sequence
0— Ay, —Op — Oy, -0

passing to cohomology, we have:

0— H°(S,) — H(Ops) = H(Oy,) — H (Iy,) — - -
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since h'(Fz,) = 0 for i = 0,1 hence h°(Ops) = h°(Oz,) = 1. Therefore Z, is connected.
Furthermore by Theorem 17 Z, is a smooth scheme then Z, is regular and hence normal
scheme. In particular, Z, is a reduced scheme.

Finally, since Z, is smooth and connected then is a irreducible scheme.

4.2.1 Rao Module dimension of Singular scheme

Let .% be a holomorphic distribution on P*. Consider the following graded module

Ry = H\(I;) = @ H' (2(1));

I€EZ
called the Rao module.

Since .Z is locally free then R4 is finite dimensional and M4 is always finite dimensional.

For more details, see [7].

Next, we will determine the Rao Module dimensions for the Horrocks-Mumford distribu-

tions.

Let %, is a Horrocks-Mumford distribution

Fa: 0= E(—a—4) 5 TP' = Nz, — 0.

Consider the Eagon-Northcott complex associated to the morphism
¢ Oy — E(a—1)

0 — So(E(—a—4))(—2a—8) = Qs @ B(=3a — 7) = Q3u(—2a — 3) — S5, — 0.
Twisting by Ops(q)

0— So(E(—a—4))(g—2a—8) = W@ FE(q—3a—7) = D2u(q—2a—3) = F4,(q) — 0.
(4.25)
In order to calculate h'(.#z (q)) in 4.25, for all ¢ € Z and a > 1, we have the following

Lemmas:

Lemma 5.

h'(Iz.(q)) = I*(E ® E(q — 4a — 16)) # 0

forallq e Z and a > 1 such that

{¢#2a+3}N{qg<3a or q>3a+7}N{4da < q < 4a—+ 8}.
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Proof. In fact, by breaking complex 4.25 in the exact sequences:

0 — So(E(—a—4))(g—2a—8) = W ® E(qg—3a—17) = K(q) =0, (4.26)

0— K(q) = (g —2a—3) = Fz,(q) = 0. (4.27)

with exact long sequences of cohomology, respectively:

0— H°(Sy(E(—a—4))(q —2a—8)) = H* (0. ® BE(q — 3a— 7)) — H(K(q)) —

— HY(Sy(E(—a —4))(q — 2a — 8)) — HY (2. ® E(q — 3a — 7)) — H'(K(q)) —

) ) 7) )
— H*(Sy(E(—a —4))(q¢ —2a —8)) = H* (. @ E(q —3a — 7)) — H*(K(q)) —
— H*(Sy(E(—a—4))(g—2a—8)) = H* (B @ E(q—3a—T7)) = H*(K(q)) —
— H'(S2(E(—a—4))(¢ — 2a — 8)) = H* (4 © E(q—3a—T7)) = H'(K(q))

and

0 — HO(K(q)) — H'(Q%(q — 2a — 3)) — H*(I5,(q)) —
H'(K(q — H'(I7,(q)) =

) =

) =

— H*(K(q)) = H*(Q2.(q —2a — 3

a

) )
) = H'(Q34(q — 2a = 3))
) Qp )
) = H (23 )

)
— H*(I2,(q)
— H*(I2,(q)

) —

) )

) )
— HY(K(q) (q—20-3)
— HY(K(q)) = H(5:(q — 2a = 3)) = H'(J2,(q)
Let us study the long exact sequence of cohomology of sequence (4.39):

= HY (Qpa(q — 20 = 3)) = H'Y(I2,(q)) = H*(K(q)) = H*(Q3a(q — 20— 3)) = -,

and by Bott’s formula: h'(2,(¢—2a—3)) = 0 = h*(Q2,(¢—2a — 3)) for ¢ # 2a+ 3, then

' (I, (q)) = h*(K(q)) for ¢#2a+3 and a>1. (4.28)

Now, from

= H (B ® E(q—3a—17)) — H*(K(q)) —
— H*(S5(E(—a —4))(q¢ —2a—8)) = H* (W @ E(qg —3a —T7)) — - --

by Lemma 2 we have:

R, @ E(q—3a—T7))=0=h0 ® E(q —3a — 7))
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for all ¢ € Z such that ¢ € Z such that
{¢g<3a+4 or q>3a+7}N{qg<3a or q>3a+5}
i.e., for all ¢ € Z such that {g < 3a or ¢ > 3a+ 7} hence
h*(K(q)) = h*(S2(E(~a - 4))(q — 2a — 8))

for all ¢ € Z such that {g < 3a or ¢ > 3a+ T7}.
Thus
W' (Iz,(q)) = h°(S2(E(—a —4))(q — 2a — 8))

for all ¢ € Z such that {g #2a+3} N{g <3a or ¢>3a+T7}.

By decomposition of tensor product:

2

E(—a—4)® E(~a—4) = Sy(E(—a —4)) ® [\ E(—a — 4),

i.e,

E® FE(—2a—8) ~ S3(E(—a —4)) ® Ops(—2a — 3),

twisting by Ops(q — 2a — 8) we have:

E®E(q—4a—16) ~ Sy(E(—a —4))(¢ —2a — 8) & Ops(q — 4a — 11),

SO

W(E®E(q—4a—16)) = h'(Sy(E(—a—4))(¢—2a—8)) +h'(Ops(g—4a—11)), i=0,...,4.
Now, by Bott’s formula (1.9) we have that h3(Ops(q — 4a — 11)) = 0 thus:

R} (E ® E(q — 4a — 16)) = h*(Sy(E(—a — 4))(¢ — 2a — 8)),
So

W (I2,(q) = h*(E @ E(q — 4a — 16))

for all ¢ € Z such that {g #2a+3}N{g<3a or ¢>3a+T7}.
By table 2, h*(F ® F(q — 4a — 16) # 0 for all ¢ € Z such that 4a < ¢ < 4a + 8, thus

h'(F2.(q)) = *(E @ E(q — 4a — 16)) # 0

for all ¢ € Z and a > 1 such that

{¢#2a+3}N{qg<3a or ¢ >3a+7}N{4a < q<4a+8}.
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Lemma 6.

h'(I7.(q)) = 1*(E ® E(q — 4a — 16)) = 0,

forall q € Z and a > 1 such that
{¢#2a+3}N{qg<3a or ¢>3a+T7}N{qg<4a or q¢>4a+8}.

Proof. In fact, by table 2 we have h3(E ® FE(q — 4a — 16)) = 0 for ¢ € Z such that
{¢ <4a or g > 4a+ 8} then

h'(I2,(q)) = B*(E ® E(q — 4a — 16)) =0,

for all ¢ € Z such that {¢ # 2a+3}N{g<3a or ¢>3a+7}N{qg<4a or g > 4a+8}.
[

Lemma 7.

W' (I2,(q)) = h'(Qa(q — 20— 3)) = 0,

for all g € Z such that
{¢<4a or q>4a+8}N{g<3a+4 or ¢>3a+11}.

Proof. In fact, from

= HY(K(q)) — H'(Q2:(q — 2a — 3)) — H'(I2,(q)) — H*(K(q)) — -+

we have:

W (Iz2.(0)) = h' (s (q — 20 = 3))
if and only if h'(K(q)) =0 = h*(K(q)), and from

o HY(Sy(E(—a — 4))(q — 2a — 8)) = H (24 ® E(q — 3a — 7)) = H(K(q)) —

— H*(Sy(E(—a —4))(q¢ —2a —8)) = H* (. @ E(q —3a — 7)) — H*(K(q)) —
— H*(Sy(E(—a —4))(q—2a—8)) = H* (W @ E(q—3a—T7)) — H*(K(q)) — -+~
we have
h'(K(q)) = 0= Nh*(K(q))
if and only if 7'(Sy(E(—a —4))(¢ — 2a — 8)) = 0 for all i = 1,2,3 and
W, ® E(q—3a—T7)=0foralli=1,2.

By table 2 we have that h'(S(E(—a—4))(¢ —2a —8)) = h'(E ® E(q — 4a —16)) = 0 for
all i =1,2,3 and ¢ € Z such that {¢ < 4a or ¢ > 4a+ 8}.
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By Lemma 2 we have that h'(Q3, ® E(q —3a — 7)) = 0 for all ¢ = 1,2 and ¢ € Z such
that {¢§ <3a4+6 or ¢ >3a+11}N{g<3a+4 or ¢>3a+ T}, ie. q € Z such that
{¢<3a+4 or ¢q>3a+11}.
So

W' (I2.(q)) = h' (g — 2a — 3))
for all ¢ € Z such that {¢g <4a or ¢>4a+8}N{¢<3a+4 or ¢>3a+11}.
By Bott’s formula, ' (Q3:(¢ — 2a — 3)) = 0, therefore

h'(Iz,(q)) =0

for all ¢ € Z and a > 1 such that

{¢<4a or ¢>4a+8tN{g<3a+4 or ¢>3a+11}.

O]
Lemma 8.
W' (F2.(q)) =0
forallq € Z and a > 1 such that
{{a#2a+3}N{g<3a or ¢>3a+7}N{g<4a or q>4a+8}}
U{{g<3a+4 or ¢>3a+11}N{qg<4a or ¢>4a+8}}.
Proof. Putting together Lemmas 6 and 7, we have:
W' (F2.(0) =0
for all ¢ € Z and a > 1 such that
{{g#2a+3}N{qg<3a or ¢>3a+7}N{qg<4a or q>4a+8}}
U{{g<3a+4 or ¢>3a+11}N{g<4a or ¢>4a+8}}.
O]

Lemma 9.
R (I, (q) = W (B @ B(q—3a—17)) + h*(E® E(q — 4a — 16))
for all ¢ € Z and a > 1 such that

{¢#2a+3}N{qg<3a or ¢>3a+5}N{g<4a+5 or ¢>4a+12}.
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Proof. By equation 4.28 we have h'(#z, (q)) = h*(K(q)) for q# 2a+ 3.

Now, from

coo o HA(Sy(E(~a — 4))(q — 2a — 8)) — H2(O3, ® E(q — 3a — 7)) — HA(K(q)) —

— H*(S5(E(—a —4))(q¢ —2a—8)) = H* (. @ E(qg —3a —T7)) — - --

We note that:
h*(K(q)) = h*(Qpa @ E(q = 3a = 7)) 4+ h*(Sa(E(—a — 4)(q — 2a — 8)))

if and only if h?(So(E(—a —4))(¢ — 2a — 8)) =0 and h*(Q, @ E(q —3a — 7)) = 0.
On the one hand, by table 2 we have

h*(So(E(—a —4)(q — 2a —8))) = h*(E ® E(q — 4a — 16)) =0

if and only if ¢ < 4a + 5 or ¢ > 4a + 12.
On the other hand, by Lemma 3 we have

(3 ® E(q—3a—17)) =0

if and only if ¢ < 3a or ¢ > 3a + 5.

From here, putting these last equations together, we have:
h'(I2,(9)) = h* (s @ E(q — 3a = 7)) + h*(Sa(E(—a — 4)(q — 2a - 8)))
for all ¢ € Z and a > 1 such that

{a#2a+3}N{g<3a or ¢>3a+5}N{g<4da+5 or q>4a+12}.

Lemma 10.
W' (Iz,(q)) = h* (e @ E(q — 3a — 7)),

for all g € Z and a > 1 such that
{a#2a+3}Nn{g<4a or q>4a+12}.

Proof. By equation 4.28 we have h'(#z, (q)) = h*(K(q)) for q# 2a+ 3.

Now, from

v = H*(So(E(—a —4))(q¢ —2a —8)) = H*(pa @ B(q —3a —17)) —

5 A (K (q)) > HY(Sa(B(=a—4))(q — 20— §) = -+
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We note that:
h*(K(q)) = h*(Qa © E(q — 3a — 7))

if and only if h'(So(E(—a — 4)(q — 2a — 8))) = h'(E ® E(q — 4a — 16)) = 0 for i = 2, 3.
By table 2 we have

h*(E® E(q—4a —16)) =0 = h*(E ® E(q — 4a — 16))

if and only if ¢ < 4a or ¢ > 4a + 12.
Hence, h'(#,(q)) = h*(Q3, ® E(q —3a — 7)) for all ¢ € Z and a > 1 such that {g #
20 +3}N{g<4a or ¢>4a+12}.

[

Theorem 29. Let Z, is a codimension 2 holomorphic distributions (4.18) on P*. Then:
1. dime Rz, = h'(I2,/(5)) + h'(F2,(6)) + h'(F7 (7)) + 184.
2. dim¢ Rz, = h'(F2,(9)) + h' (F4,(10)) + 284.
3. dimc Rz, = h'(F2,(13)) + 369.
4. dim¢ Rz, = 401, Va > 4.

Proof. For a = 1.
By Lemma 8 we have h'(#z (¢)) = 0 for all ¢ € Z such that ¢ < 4 or ¢ > 12.
By Lemma 9 we have h'(.97,(q)) = h*(22, ® E(q —10)) + h*(E ® E(q — 20)) for ¢ = 8,9.

Hence

h( I, (8)) = K2(Q3: @ E(—2)) + h3(E @ E(—12)).
Now, by Lemma 2 we have h'(Q} @ E(—2)) =0 for all i = 0,1, 3,4, so
X(Q ® B(=2)) = h*(Q ® E(-2))

since
c(Q3 ® E(-2)) = 1 — 26h + 312h* — 2238h® + 10455h*

then by Riemann-Roch Theorem we have x(Q2 ® F(—2)) =5, so
R @ E(—2)) = 5.
By table 2 we have h*(E ® FE(—12)) = 85. Thus:
W' (I2,(17)) = B* (3 © E(=2)) + h*(E © B(-12))

=5+85
= 90.
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Similarly, by Lemma 2 we have h'(Q23 @ E(—1)) =0 for all i = 0,1, 3,4, so
X(Q ® E(-1)) = (% © E(-1))

since

e ® E(—1)) = 1 — 18h + 158h* — 856h* + 3105h*

then by Riemann-Roch Theorem we have x (23 @ E(—1)) = 10, so
h* (2 @ E(—1)) = 10.

By table 2 we have h*(E ® FE(—11)) = 55. Thus:

W (F2,(9)) = h2(Q3, ® E(—1)) + h3(E @ B(—11))
=10+ 55
= 65.

By Lemma 5 we have h'(#z (¢)) = h*(E ® E(q — 20)) # 0 for all ¢ € Z such that
10 < ¢ < 12. So, by table 2 we have:

h'(I2,(10)) = h*(E @ E(-10))
= 24.

h'(Iz,(11)) = h*(E @ E(-9))
=5.

Therefore

dime Rz, = dim @ H' (52, (1))

IEZ

= W(InW)

= WM Iz, (5)) + W (F2,(6)) + h' (F2, (7)) +90 + 65 + 24 4 5
= h'(I4 (5)) + h'(F2,(6)) + h'( Iz, (7)) + 184.

For a = 2.
By Lemma 8 we have h'(#z,(q)) = 0 for all ¢ € Z such that ¢ < 8 or ¢ > 16.
By Lemma 9 we have h'(F,(q)) = P* (2. @ E(q—13))+h*(E® E(q—24)) for ¢ = 11,12.

Hence
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Y (I, (11)) = R*(Q2s @ E(—2)) + h*(E ® E(—13))
= 54100
= 105.

similarly,

Y (I, (12)) = R*(Q3s @ E(—1)) + h*(E ® B(—12))
=10+85
= 05.

By Lemma 5 we have h'(#2,(q)) = h3(E ® E(q — 24)) # 0 for all ¢ € Z such that
13 < ¢ < 16. So, by table 2 we have:

B (F2(13)) = W¥(E © B(~11)
= 55.

W' (I2,(14)) = h*(E @ E(-10))
— 24,

h'(I2,(15)) = h*(E @ E(-9))

= 5.
Therefore
dime Rz, = dim @ H' (52, (1))
leZ
15
= W (I()
=9
= Y (I2,(9)) + h (I, (10)) + 105 4+ 95 + 55+ 24 + 5
= WY (F4,(9)) + h' (S, (10)) + 284.
For a = 3.

By Lemma 8 we have h'(#z,(¢)) = 0 for all ¢ € Z such that ¢ < 12 or ¢ > 20.
By Lemma 9 we have h'(52,(q)) = h*(2, ® E(q — 16)) + h3(S2(E(=7)(q — 14))) for
q = 14,15. Hence
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R ( Sz, (14)) = W2(Qs @ E(—2)) + h3(E @ E(—14))
=5+85
= 90.

similarly,

Y (S, (15)) = W2(Qs @ E(—1)) + h3(E @ E(—13))
=10+ 100
= 110.

By Lemma 5 we have h'(#z,(q)) = h*(E ® E(q — 28)) # 0 for all ¢ € Z such that
16 < ¢ < 20. So, by table 2 we have:

h'(F2,(16)) = h3(E ® E(—12))
= 85.

W (I2,(17)) = h*(E @ E(-11))
= 50.

h'(I2,(18)) = h*(E @ E(-10))
=24,

h'(S4,(19) = h*(E @ E(-9))

Therefore
dimg Rz, = dim @ H'(52,(1))
leZ
19
=Y WH(I5 (1)
=13

= h'(F2,(13)) +90 + 110 + 85 + 55+ 24 + 5

= h'(I4,(13)) + 369.
For a = 4.

By Lemma 8 we have h'(#z,(¢q)) = 0 for all ¢ € Z such that ¢ < 16 or ¢ > 24.
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By Lemma 9 we have h'(F,(q)) = h*(Q @ E(q — 19)) + h3(S2(E(—8)(q — 16))) for
q = 17,18. Hence

(I, (17)) = hB2(Q @ B(—2)) + W3 (E @ E(—15))
=54 32
= 37.

similarly,

h'(F2,(18)) = h* (s ® E(—1)) + h*(E @ E(—14))
=10+85
= 95.

By Lemma 5 we have h'(#2,(q)) = h3(E ® E(q — 32)) # 0 for all ¢ € Z such that
19 < ¢ < 24. So, by table 2 we have:

W (I2,(19)) = h*(E @ E(-13))
— 100.

W' (I2,(20)) = h*(E @ E(-12))
= 85.

B (F2,(21)) = WY(E © B(~11)
= 55.

W' (52,(22)) = h*(E @ E(-10))

Therefore

dime Rz, = dim @ H' (52, (1))

IEZ

= nN (I )

=17
=37+95+100+85+55+24+5
= 401.
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For a = 5.
By Lemma 8 we have h'(#z, (¢)) = 0 for all ¢ € Z such that ¢ < 19 or ¢ > 28.
By Lemma 9 we have h'(.7z,(q)) = h*(Q3, ® E(q—22))+h*(E® E(q—36))) for ¢ = 20, 21.

Hence

h'(F4.(20)) = B3 (2 ® E(-2)) + h*(E ® E(—16)))
=540
= 5.

and

h(F4(21)) = B2 (s @ E(—1)) + B*(E ® E(—15)))
=10+ 32
= 42.

By Lemma 5 we have h'(#z (¢)) = h*(FE ® E(q — 36)) # 0 for all ¢ € Z such that
22 < q < 28. So, by table 2 we have:

W' (I2,(22)) = h*(E ® E(-14))
— 85.

hY(I2,(23)) = h3(E @ E(—13))
= 100.

h'(F2,(24)) = h*(E ® E(—12))
= 85.

h'(I2,(25)) = h*(E @ E(-11))
= 55.

h'(I2,(26)) = h*(E @ E(-10))
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Therefore
dimg Rz, = dim @ H'(I2, (1))
lEZ
27
=> WSz (1)
1=20

=5+42+85+100+85+55+24+5

= 401.
For a = 6.

By Lemma 8 we have h'(#z,(¢q)) = 0 for all ¢ € Z such that ¢ < 22 or ¢ > 32.
By Lemma 10 we have h'(#z(q)) = h*(Qs @ E(q — 25)) for ¢ = 23,24. Hence

hY(F2,(23)) = h* (. ® E(—2))

and

hY(F5,(24)) = h* (. ® E(—1))
= 10.

By Lemma 5 we have h'(#z(q)) = h*(E ® E(q — 40)) # 0 for all ¢ € Z such that
25 < ¢ < 32. So, by table 2 we have:

W' (I2,(25)) = h*(E @ E(-15))
= 32.

WY (S, (26)) = B3 (E @ E(—14))
= 85.

W' (I2,(27)) = h*(E @ E(-13))
— 100.

WY (S (28)) = B3 (E @ E(—12))
= 85.

h'(F2(29)) = h*(E @ E(—11))
= 55.
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h'(I2,(30)) = h*(E @ E(-10))
=2,

hY(F2,(31)) = h3(E ® E(-9))

= 5.
Therefore
dimg Rz, = dim @ H' (%, (1))
ez
31
= b (I5(0)
1=23
=5+10+32+85+100+85+55+24+5
= 401.
For a = 7.

By Lemma 8 we have h'(.#7.(q)) = 0 for all ¢ € Z such that ¢ < 25 or ¢ = 28 or ¢ > 36.

By Lemma 10 we have h'(.%z,(q)) = h*(Q3, ® E(q — 28)) for ¢ = 26,27. Hence

hY(F5.(26)) = h* (s @ E(-2))

and

R (I, (27)) = h2(Qs @ E(—1))
= 10.

By Lemma 5 we have h'(#2.(q)) = h3(FE ® E(q — 44)) # 0 for all ¢ € Z such that

28 < g < 36. So, by table 2 we have:

W' (I2,(29)) = h*(E @ E(-15))
= 32.

h'(I2,(30)) = h*(E @ E(-14))
— 85,

hY( 2. (31)) = h3(E @ E(—13))
= 100.
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h'(75.(32)) = h3(E ® E(—12))
= 80.

h'(75.(33)) = h3(E ® E(—11))
= 55.

W (I7.(34)) = B3(E ®@ B(—10))

= 5.
Therefore
dime Rz, = dim @ H' (57, (1))
ez
35
= W' (I 1)
1=26
=54+10+0+32+85+100+85+55+24+5
= 401.
Fora > 7.

By Lemma 8 we have h'(.#7,(q)) = 0 for all ¢ € Z such that ¢ < 3a+4 or 3a+7 < ¢ < 4a
or q > 4a+8.

By Lemma 10 we have h'(#,(q)) = h*(, ® E(q — 3a — 7)) for all ¢ € Z such that
{¢#2a+3}n{qg<4a or q>4a+ 12}, in particular for ¢ = 3a + 5, 3a + 6.

Hence

W'Y, (3a+5)) = h*(Qpa @ E(3a+5—3a — 7))
= (5. @ E(-2))
= 5.

and

h'( Iz, (3a+6)) = h*(Qs ® E(3a+ 6 — 7+ 3a))
=1} @ B(-1))
= 10.
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By Lemma 5 we have h'(#z,(q)) = h*(E ® E(q — 4a — 16)) # 0 for all ¢ € Z such that
4a < q < 4a + 8. So, by table 2 we have:

W (I, (4a+1)) = h*(E ® E(4a + 1 — 4a — 16))
= h3(E® E(—15))
= 32.

W (I, (4a +2)) = h*(E ® E(4a + 2 — 4a — 16))
=h(E® E(—14))
— 85.

h'( Iy, (4a+3)) = h*(E ® E(4a + 3 — 4a — 16))
= h*(E ® E(-13))
= 100.

h'( Iz, (4a +4)) = B*(E ® E(4a + 4 — 4a — 16))
= h*(E ® E(—12))
— 85.

h'( Iz, (4a +5)) = B*(E ® E(4a + 5 — 4a — 16))
= h*(E ® E(-11))
= 55.

h'( Sz, (4a+6)) = h*(E ® E(4a + 6 — 4a — 16))
= h*(E ® E(-10))
= 24.

W ( Sz, (4a+ 7)) = B*(E ® E(4a + 7 — 4a — 16))

Therefore
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dime Rz, = dim @ H' (S2,(1))

1€Z
da+7
= > h'(Iz (1)
1=3a+5
3a+6 4a+7
= > hN(IZ W)+ 0+ +0+ > b (I 1)
l=3a+5 l=4a+1
=5+104+0+---4+0+324+8+100+85+55+24+5

= 401.

4.2.2 First cohomology dimension:

Let .% be a holomorphic distribution on P*. Consider the following graded module

My = H(TF) = P H(TF(1));
lez

called the first cohomology module of .% as a sub-sheaf of the tangent sheaf.
Since .Z is locally free then M4 is always finite dimensional. For more details, see [7].
We are going to calculate the first cohomology dimension for Horrocks-Mumford distri-
butions as subsheaves of tangent.
Since T%, = E(—a — 4) then H(T#,(l)) = H'(E(—a — 4 +1)). By table 1 we have
W (TZ.(1) =h' (E(—a—4+1)) #0if, and only if, a + 1 <1 < a + 4. Hence:

dime My, = dim @ H'(E(—a — 4 +1))
leZ
a+4

=Y h(BE(-a—4+1))

= };(E(—i%)) + WY E(=2)) + A (BE(-1)) + h(E)
=5+10+10+2
=27.

Next, we describe the cohomology of the normal sheaf of these distributions.

Proposition 15. Let %, is a codimension 2 holomorphic distributions family (4.18) on
P4, Then:

1. h°(N#,(q)) =0 for g < 2.
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2. W"(N#,(q)) =0 forq<a—2orq>a.
3. h*(Nz,(q) =0
e Ifa=1andqg<—6 orq>—1.
e [fa=2and qg< -5 orq>0.
e [fa>3 andg< —-Hor—-5<q<a—Torq>a—2.
4. W¥(Nz,(q)) =0 forqg>a—5.
5. h*(N#,(q)) =0 forq>a—5.
Proof. From the .%, distribution (4.18):
0— E(—4—a) = TP* - Nz, — 0,
twisting by Ops(q), we have:

0— FE(q—4—a) — TP*q) = Nz, (q) — 0.

Let us consider the long exact sequence of cohomology:

o= HYTPY(q)) = HY(N,(0)) = H' (g —4— a)) = H (TP () > -+

By Serre’s duality and Bott’s formula we have h°(TP*(q)) = 0 = h'(TP*(q)) if and only
i B(Qb (—q—5)) = 0 = KL (g 5)) for ¢ < ~2, thus BNz (g)) = W (E(g— 4 —a))
for ¢ < —2. But h'(E(¢q—4—a)) =0 for ¢ < a or ¢ > a+ 5. Therefore h°(Nz,(q)) =0
for ¢ < —2.

Let us consider the long exact sequence of cohomology:

c = HY(TPY(q)) = H'(Nz,(q) = H*(E(q — 4 — a)) = H*(TP*(q)) — -+~

By Serre’s duality and Bott’s formula we have h'(TP*(q)) = 0 = h*(TP*(q)) if and only
i (Ob (g — 5)) = 0 = R2(hu(—g —5)) Tor ¢ € Z, thus A (Nz,(a)) = B2(E(g — 4 a))
for g € Z. But h*(E(q—4—a)) =0 for ¢ < a—2 or ¢ > a. Therefore h'(Nz,(q)) = 0 for
g<a—2o0rq>a.

Let us consider the long exact sequence of cohomology:

e HA(TP(q) = HA (N, (0)) = H(E(g — 4= a)) > HY(TP(g)) > -+

By Serre’s duality and Bott’s formula we have h?(TP*(q)) = 0 = h3(TP*(q)) if and only
it H2(Qb (g —5)) = 0 = K (Qh(—g—5)) for g # —5, thus B2(Noz,(a)) = W(E(g—4—a))
for ¢ # —5. But h*(E(q—4 —a)) =0 for ¢ < a—7or ¢ > a— 2. Therefore for a = 1
we have h*(Nz, (¢q)) = 0 for ¢ < —6 or ¢ > —1. For a = 2 we have h?*(Ng,(q)) = 0 for
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q < —=5orq>0. For a >3 we have h*(Ng#,(q)) =0forg< —5or =5 < qg<a—"7or
q>a—2.

Let us consider the long sequence of cohomology:

c = HYTPY(q)) = H*(N7,(q) = HY(E(q — 4 —a)) —» H{(TP*(q)) — -+~ .
By Serre’s duality and Bott’s formula we have h*(TP*(q)) = 0 = h*(TP*(q)) if and only
if K (Qpa(—q —5)) = 0= h"(Qp.(—¢g —5)) for —6 < ¢ < —5 or —5 < ¢, thus
h*(Nz, (q)) = h*(E(g—4—a)) for —6<qg<-5or —5<gq.

But h*(E(q —5)) = 0 for ¢ > a — 5. Therefore h3(Ng,(q)) =0 for ¢ > a — 5.

Let us consider the long exact sequence of cohomology:

= HY(E(q — 4 —a)) - HY(TP*(q)) — H'(N5,(q)) — 0.

Since h*(E(q —5)) = 0 for ¢ > a — 5 then h*(Ng,(q)) = h*(TP*(q)) for ¢ > a — 5. Now,
by Serre’s duality and Bott’s formula, we have h*(TP*(q)) = h%(Qpi(—g — 5)) = 0 for
q > —6. Therefore h*(Ng,(q)) =0 for ¢ > a — 5.

O
In particular, for a = 1 we have:
Corollary 4. Let .F is a distribution
F:0— BE(—5) = TP* - Nz — 0, (4.29)

and Z = Sing(.#). Then:
1. The Chern classes of the normal bundle are:

Cl(Ny) =10 s CQ(Ny) =50 s Cg(Ny) = 160 s C4(N32) = 305.

2. The degree of distribution ¥ is deg(F) = 1.
3. The Chern classes of ideals sheaf of the singular scheme are:

Cl(jz) =0 s Cg(fz) =0 s Cg(jz) = —-320 s C4(jz) = —6630.

4. deg(Z) = 160.
5. pa(Z) =706 .

Corollary 5. Let .F is a codimension 2 holomorphic distribution (4.29) on P*. Then the

singular scheme Z = Sing(.%) is reduced and irreducible.

Corollary 6. Let .Z, is a codimension 2 holomorphic distributions (4.29) on P*. Then:
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1. The singular scheme Z is not a arithmetically Cohen-Macaulay nor arithmetically

Buchsbaum curve.
2. dimc Ry, > 184.
Corollary 7. Let .Z is a codimension 2 holomorphic distribution (4.29) on P*. Then:
1. i°(N#(q)) =0 for g < —2.
2. h'(N#(q)) =0 forq< —1 orq>1.
3. h*(N#(q)) =0 for q < —6 orq> —1.
4. W} (Nz(q)) =0 for ¢ > —4.

5. hY(N#(q)) =0 for ¢ > —4.

4.3 HORROCKS-MUMFORD HOLOMORPHIC DISTRIBUTIONS
AS SUBSHEAVES OF COTANGENT BUNDLE

In this section, we study codimension 2 holomorphic distributions induced by a Bertini-
type Theorem. The conormal sheaf of these distributions are Horrocks-Mumford bundles,
that is, stable and non-split bundles as the sum of line bundles.
From Proposition 11 we know that F(a) is a globally generated rank 2 bundle on P*,
for all @ > 1. Since O, (2) is a sheaf generated by global sections then by Bertini type
Theorem 28 such that G = F(a) and L = Opa(2), we have that

N5 =BE(—a—7), (a>1)

is the conormal sheaf of a codimension 2 holomorphic distribution on P*:

Fa:0 = E(—a—T7) 5 0% — Qs —0, (a>1). (4.30)

In this work we will denote these distributions by Horrocks-Mumford distributions induced
by the cotangent bundle.

In addition, since E(a) ® Q5,(2) = Hom(E(—a — 7)),Q%.) is a sheaf generated by glo-
bal sections then by Theorem 17 the generic morphism ¢ : E(—a — 7) — Qp, satisfies
Sing(.#,) := Sing(y) is a smooth scheme of expected codimension codim(Sing(.%,)) = 3.
Next, we calculate the Chern classes of the ideal sheaf and calculate the degree of these

distributions.

Proposition 16. Let .%, be the distribution (4.30) above. We have:



86 4. Geometric properties of the singular scheme

1. The Chern classes of the conormal sheaf are:

e ¢i(N5)=—2a—-09.

a

e (N7

a

) =a*+ 9a + 24.

2. The Chern classes of ideals sheaf of the singular scheme are:

o c1(SFy,)=0.

o y(I7,)=0.

o c3(Iz,) = —8a® — 78a* — 226a — 184.

o c)(Iz,) = —bda' — 702a® — 31264 — 5478a — 2934.

3. The degree of the holomorphic distributions family 7, is deg(.%,) = 2a + 6.

Proof. Since N3 = E(—a—T7), a > 1, then

¢(N% ) =14 (—2a—9)h+ (a® + 9a + 24)h”

Let ¢ : E(—a — 7) — Qg be the map that induces the distribution (4.30). Then, the
Eagon-Northcott resolution associated with the dual map ¢V : TP* — E(a + 2) is:

0 — Sy(E(—a—T7))(~2a—4) - \TP'® E(—=3a —16) — \ TP*(—2a—9) — 7z, — 0.

And since: A\® TP* = QL,(5) and \* TP* = Q2,(5), then replacing, we have:

0= So(E(—a—T7))(—2a—4) = Qpu @ E(—3a—11) = Qau(—2a—4) — F5, — 0. (4.31)

Using this resolution of ideal sheaf .#, by locally free sheaves, let us calculate its Chern

class:

c(Iz,) = c(So(E(=7—a))(—2a — 4)) - ¢(Qps @ E(—3a — 11)) 7" - ¢(Q34(—2a — 4)).

Hence, by the Chern class formulas of the tensor product, exterior product and symmetric

product in Examples 4, 6 and 7, respectively, we have:

c(So(E(—a —T7))(—2a —4)) = 1 + (—12a — 39)h + (48a® + 312a + 522)h?
+ (—64a® — 624a* — 2088a — 2392)h?,

(s ® E(—3a — 11)) = 1 4+ (—24a — 78)h + (252a* + 1638a + 2678)h?
+ (—1512a® — 14742a* — 48204a — 52856)h*
+ (5670a* + 73710a® + 361530a* + 792840a + 655905)h*,
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c(02:(—2a — 4)) = 1 + (—12a — 39)h + (60a® + 390a + 635)h*
+ (—=160a® — 1560a* — 5080a — 5525)h?
+ (240a* + 3120a® + 15240a” + 33150a 4 27090)h*,

then:

c(Iz,) = 1+ (—8a® —78a? — 226a — 184)h® 4 (—54a* — 702a°® — 3126a* — 5478a — 2934)h*,

(4.32)
for a > 1.
Finally, since ¢;(N%) = —2a — 9 and %, is a codimension 2 holomorphic distributions
family, then by Definition 23:
deg(#,) = —(—2a—9) —2—1=2a+6.
O

Let us determine the numerical invariants of the singular scheme.

Proposition 17 (Numerical invariants of the singular locus). Let Z, = Sing(.%,) the

singular scheme, for a > 1, then:
1. deg(Z,) = 4a® 4 39a* + 113a + 92.
_ 47 ’
2. pa(Zy) = 9a* 4+ 107a® + 2La? + Zila + 260.

Proof. By (4.32) we have c3(.#z,) = —8a® — 78a* — 226a — 184, since Z, is a pure codi-

mension 3 projective curve then by Corollary 3 we have:
—8a® — 78a* — 226a — 184 = —2 - deg(Z,),

hence deg(Z,) = 4a® + 39a® 4+ 113a + 92.
Since Z, C P* is a pure dimension 1 projective and rank(.#z,) = 1, then by Proposition

9 and by Hirzebruch-Riemann-Roch Theorem 14 we have:

X(Fz,) = /ﬂm4 (ch(jza) . td(P4)>4

5 1
=1+ 6(I2,) = gea(Iz)
1
=1+ Z(—&ﬁ — 78a® — 226a — 184) — 6(—54a4 — 702a* — 3126a* — 5478a — 2934)
847 1261
=9a* +107a* + —a* + a -+ 260.

2 2
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Now, consider the exact sequence:
0= Ay, — Ops = Oy, — 0. (4.33)

Hence:

Then,

= x(z.)
847 1261
= 9@4 + 107@3 + TCLQ + 5

a + 260.

Proposition 18. The singular scheme Z, = Sing(.%#,) is reduced and irreducible.

Proof. We claim that Z, is connected. Let ¢ : E(—a—T7) — Qg, be the map that induces
the distribution (4.30). Then, the Eagon-Northcott resolution associated with the dual
map ¢" : TP* — E(a+2) is:

0= Sy(E(—a—T7))(~2a—4) - \TP*® E(-3a — 16) — \ TP*(—2a—9) — 7, — 0.

And since: A\ TP* = QL,(5) and \* TP* = Q2,(5), then replacing, we have:

0= So(E(—a—T7))(—2a—4) = Qb @ E(—3a—11) = Q2,(—2a—4) & 75, — 0. (4.34)

Breaking it down into the short exact sequences

0— So(E(—a—17))(—2a —4) = U @ E(—3a —11) = K — 0, (4.35)

and

0— K — Q2(—2a—4) = F5, — 0. (4.36)

where K = Ker a.

From exact sequence 4.35 passing to cohomology

o= HY(Sy(E(—a—T7))(=2a —4)) = H(Qps @ BE(=3a — 11)) = H'(K) — - - - .
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By Lemma 2 and since a > 1 we have

H*(K) ~ H*(Sy(E(—a —T7))(—2a — 4)).
By decomposition of tensor product:

E(—a—-T)® E(—a—7) ~ Sy(E(-a—7) & \ E(—a—17),

ie,

E® E(—2a—14) ~ Sy(E(—a —T)) & Ops(—2a — 9),

twisting by Ops(—2a — 4) we have:

E® E(—4a — 18) ~ So(E(—a — 7))(=2a — 4) & Ops(—4a — 13),

SO

hW'(E ® E(—4a —18)) = h'(So(E(—a — 7))(—2a — 4)) + h'(Ops(—4a — 13)), i=0,....4.
Hence, since a > 1 then using Lemma 4 and Bott’s formula we have
R*(Sy(E(—a —7))(—2a — 4)) = h*(K) = 0.

From exact sequence 4.36 passing to cohomology

oo HY(Q34(—2a — 4)) = H(SIy,) — HT(K) — HTH Q2 (—2a — 4)) — --- .
by Bott’s formula
H*(K) ~ H'(.#3,)
So hl(fza) =0.

From exact sequence

0— Iy, — Opr — Oy, — 0

passing to cohomology, we have:

0— H°(F,) — H(Ops) = H(Oy,) — H (Iy,) — - -

since h'(Fz,) = 0 for i = 0,1 hence h°(Ops) = h°(Oy,) = 1. Therefore Z, is connected.
Since Z, is a smooth scheme then is a reduced scheme.

To conclude, since Z, is smooth and connected then is a irreducible scheme.
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4.3.1 Rao Module dimension of Singular scheme:

Let %, is a Horrocks-Mumford distribution

Fa:0 = E(—a—T7) 5 Qb — Qs — 0.

Let us consider the Eagon-Northcott complex associated to the morphism
0V :TP* - E(a+2)

0= So(E(—a—T7))(—2a —4) = Qs @ E(—3a — 11) — Q24(—2a — 4) — S, — 0.

Twist by Ops1(q) and break it down into the short exact sequences

0= So(B(—a—T7))(g—2a—4) = Q@ E(g—3a—11) = Qi(¢—2a—4) = F,(q) = 0.
(4.37)
In order to calculate h'(.#z, (¢q)) in 4.37, for all ¢ € Z and a > 1, we have the following

Lemmas:

Lemma 11.
h'(I2.(q)) = W*(E @ E(q —4a — 18)) # 0

forallq e Z and a > 1 such that
{g#2a+4}N{g<3a+2 or ¢>3a+9}N{da+2<q<4a+10}.
Proof. In fact, by breaking complex 4.37 in the exact sequences:

0— Sy(E(—a—T7))(q—2a—4) = Qs @ BE(q — 3a — 11) = K(q) — 0, (4.38)

0— K(q) = Q3u(q —2a —4) — F5,(q) — 0. (4.39)

with exact long sequences of cohomology, respectively:

0— H(Sy(E(—a—T7))(q—2a —4)) = H(Qps ® E(q — 3a — 11)) = H°(K(q)) —

— H'(S2(E(—a—T))(q —2a —4)) = H'(Qps ® B(q — 3a — 11)) = H'(K(q)) —
— H*(Sy(E(—a—17))(q—2a —4)) = H*(Qpa @ E(q — 3a — 11)) — H*(K(q)) —
— H*(Sy(E(—a—T7))(q—2a —4)) — H*(Qps ® E(q — 3a — 11)) = H*(K(q)) —
— HY(S2(BE(~a—T7))(q — 2a — 4)) = H*(Qps ® E(q — 3a — 11)) — H*(K(q)) = 0

and
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0 — H°(K(q)) = H°(Q4(q — 2a — 4)) = H°(I2,(q)) =
— H'(K(q)) = H'(Qpa(q — 2a — 4)) = H'(I7,(q)) —
— H*(K(q ) =
— H¥( ) —

i(g—2a—4)) — Hg(fza(q

) )
) O ) ) =
)) = H*(Qu(q — 2a — 4)) — H*(I7,(q)) —
— H°(K(q)) O ) )
— HY(K(q)) = H (Q%:(q — 2a — 4)) = H (I7,(q)) —
Let us study the long exact sequence of cohomology of sequence (4.39):
= HY (Qa(q — 2a — 4)) = HY(I2,(q)) — H(K(q)) = H*(Qualqg — 22 —4)) = -+,

and by Bott’s formula: h'(Q3,(¢—2a—4)) = 0 = h*(Q2. (¢ —2a —4)) for ¢ # 2a+ 4, then

h'(72,(q)) = h*(K(q)) for q#2a+4 and a> 1. (4.40)

Now, from

-+ = H*(Qps ® E(q — 3a — 11)) = H*(K(q)) —
— H*(Sy(E(—a—T7))(q—2a —4)) — H* (02, ® E(q — 3a — 11)) —

by Lemma 2 we have:

h*(Qs ® E(q — 3a —11)) = 0 = h*(p ® E(q — 3a — 11))
for all ¢ € Z such that

{¢<3a+6 or ¢>3a+9}N{¢g<3a+2 or q>3a+7}
i.e., for all ¢ € Z such that {¢ < 3a+2 or ¢ > 3a+ 9} hence

WK () = h(Sa(B(—a — T)(q — 20 — 4)

for all ¢ € Z such that {g <3a+2 or ¢ > 3a+9}.
Thus

h'(I2.(q)) = WP (S2(E(=a = T7))(q — 2a — 4))
for all ¢ € Z such that {q #2a+4} N{g<3a+2 or q>3a+9}.

Now, by decomposing the tensor product, we have:

2

E(—a—-T)® E(—a—7) ~ Sy(E(-a—7) & \ E(—a—17),

ie,

E® E(—2a—14) ~ Sy(E(—a —T7)) ® Ops(—2a — 9),
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twisting by Op1(q¢ — 2a — 4) we have:

E®E(q—4a—18) ~ Sy(E(—a—17))(¢ —2a —4) ® Ops(q — 4a — 13),

SO

R (E®E(q—4a—18)) = h'(Sy(E(—a—7))(¢—2a—4)) +h'(Ops(g—4a—13)), i=0,...,4.

Now, by Bott’s formula (1.9) we have that h*(Ops(q — 4a — 13)) = 0 thus:

R} (E ® E(q — 4a — 18)) = h*(Sy(E(—a — 7))(q — 2a — 4)),
So

W (I2,(q) = h*(E @ E(q — 4a — 18))

for all ¢ € Z such that {q # 2a +4} N{g <3a+2 or q>3a-+9}.
By table 2, h*(E ® E(q — 4a — 18) # 0 for all ¢ € Z such that 4a + 2 < ¢ < 4a + 10, thus

B(S2,(0)) = W (E @ B(q — 40— 18)) # 0
for all ¢ € Z and a > 1 such that

{g#2a+4}N{g<3a+2 or ¢>3a+9}N{da+2<q<4a+ 10}.

Lemma 12.
h'(A2,(q)) = h*(E ® E(q — 4a — 18)) = 0,

forallq € Z and a > 1 such that
{g#2a+4}Nn{qg<3a+2 or ¢>3a+9}N{¢<4a+2 or qg>4a+10}.

Proof. In fact, by table 2 we have h3(E ® E(q — 4a — 18)) = 0 for ¢ € Z such that
{¢<4a+2 or ¢>4a+ 10} then

W (2, (q)) = h(E © E(q — 4a - 18)) = 0,

for all ¢ € Z such that {g #2a+4}N{¢<3a+2 or ¢>3a+9}N{g<4a+2 or q>
4a + 10}.
O]

Lemma 13.
h'(I2,(q)) = b (g — 2a — 4)) =0,

forallq e Z and a > 1 such that

{¢<4a+2 or ¢q>4a+10}N{g<3a+6 or q>3a+13}.
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Proof. In fact, from

o HUK(0) > HYQi (g — 20— 4) = H'(72,() = H(K(q)) - -

we have:

W (Iz,(0) = b (g — 20 — 4))
if and only if h'(K(q)) = 0 = h*(K(q)).

From

o= HY (Sy(E(—a—T)) (g — 2a — 4)) — H'(Qps ® E(q — 3a — 11)) = H'(K(q)) —
— H*(S5(E(—a —7))(q — 2a — 4)) — H*(Qps @ E(q — 3a — 11)) — H*(K(q)) —

— H*(S2(E(—a —17))(q —2a—4)) = H*(Qps ® E(q — 3a — 11)) — H*(K(q)) — - - -

we have
h'(K(q)) = 0= h*(K(q))
if and only if h'(Sy(E(—a —7))(¢ —2a —4)) =0 for all i = 1,2,3 and
R (Qp @ E(qg—3a—11)) =0 for all i = 1,2.
By table 2 we have that hi(Sy(E(—a—7))(q —2a —4)) = h'(E ® E(q — 4a —18)) = 0 for
all i =1,2,3 and ¢ € Z such that {¢ <4a+2 or ¢ > 4a+ 10}.
By Lemma 2 we have that h*(Qp, ® E(¢ —3a —11)) =0 for all ¢ = 1,2 and ¢ € Z such
that {¢ <3a+8 or ¢ >3a+13}N{g<3a+6 or ¢>3a+9},ie., g€ Z such that
{¢<3a+6 or ¢>3a-+13}.
So
W (52,(0) = B Qg — 20 — 1)

for all ¢ € Z such that {g <4a+2 or ¢ >4a+10}N{g<3a+6 or g > 3a+ 13}.
By Bott’s formula, h'(Q3.(q — 2a — 4)) = 0, therefore

h'(Fz,(q)) =0
for all ¢ € Z and a > 1 such that

{¢<4a+2 or ¢>4a+10}N{g<3a+6 or ¢>3a+ 13}.

Lemma 14.
h'(A2,(q)) =0

for all g € Z and a > 1 such that
{{ag#2a+4}N{g<3a+2 or ¢>3a+9}N{g<4a+2 or ¢>4a+10}}

U{{g<4a+2 or ¢>4a+10}N{g<3a+6 or ¢>3a+13}}.
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Proof. Putting together Lemmas 12 and 13, we have:

h'(Iz,(q)) =0

for all ¢ € Z and a > 1 such that

{{ag#2a+4}N{g<3a+2 or ¢>3a+9}N{g<4a+2 or q>4a+ 10}}
U{g<4a+2 or ¢>4a+10}N{g<3a+6 or ¢=>3a+13}}.

Lemma 15.
Y (75,(q)) = h* (s ® E(q — 3a — 11)) + h*(E @ E(q — 4a — 18))
for all ¢ € Z and a > 1 such that
{¢#2a+4}N{qg<3a+2 or ¢q>3a+7}N{g<4a+7 or q>4a+ 14}.

Proof. By equation 4.40 we have h'(.%,(q)) = h*(K(q)) for q # 2a+ 4.

Now, from

oo = HY(Sy(E(—a —7))(q —2a — 4)) — H* (s ® E(q — 3a — 11)) — H*(K(q)) —
— H*(Sy(E(—a—17))(q —2a —4)) — H*(Qpa @ E(q — 3a — 11)) — - -
We note that:
h*(K(q)) = h*(Qps © E(g — 3a — 11)) 4 h*(S3(E(—a — 7)(q — 2a — 4)))

if and only if h?(Sy(E(—a —7))(¢ — 2a — 4)) = 0 and h*(Qp ® E(g — 3a — 11)) = 0.
On the one hand, by table 2 we have

h*(Sy(E(—a —7)(q — 2a —4))) = h*(E ® E(q — 4a — 18)) = 0

if and only if ¢ < 4a + 7 or ¢ > 4a + 14.
On the other hand, by Lemma 2 we have

h* (s ® E(q — 3a —11)) =0

if and only if g < 3a+2o0r ¢ >3a+7.

From here, putting these last equations together, we have:
P72, () = WOk ® (g — 30 — 11)) + B (S,(E(—a — T)(q — 2a — 4)))
for all ¢ € Z and a > 1 such that

{¢#2a+4}N{qg<3a+2 or ¢>3a+7}N{g<4a+7 or q>4a+ 14}.
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Lemma 16.

W' (I2,(0)) = W*(Qps @ E(q — 3a — 11)),

forall g € Z and a > 1 such that
{¢#2a+4}Nn{qg<4a+2 or ¢>4a+14}.

Proof. By equation 4.40 we have h'(#4 (q)) = h*(K(q)) for q # 2a+ 4.

Now, from

v = HY(Sy(E(—a —7))(q —2a — 4)) — H*(Qps ® E(q — 3a — 11)) —
S HA(K(g)  HY(S(E(~a—T){g — 20— 4)) > -

We note that:
h*(K(q)) = h*(Qps ® E(q — 3a — 11))

if and only if h'(Sy(E(—a —T7)(q —2a —4))) = h'(E ® E(q — 4a — 18)) = 0 for i = 2, 3.
By table 2 we have

W (E® E(q—4a—18)) =0 = h*(E ® E(q — 4a — 18))

if and only if ¢ < 4a + 2 or ¢ > 4a + 14.
Hence, h'(#z,(q)) = h*(Qp: ® E(q — 3a — 11)) for all ¢ € Z and a > 1 such that
{¢g#2a+4}N{g<4a+2 or ¢>4a+ 14}

[

We state our second main result that describes the geometry of the singular scheme whose

conormal sheaf is Horrocks-Mumford.
Theorem 30. Let .Z, is a codimension 2 holomorphic distributions (4.30) on P*. Then:
1. dim¢ Rz, = h' (I, (7)) + W' (I7,(8)) + h'(F2,(9)) + 184.
2. dim¢ Rz, = h'(I2,(11)) + h'(I2,(12)) + 284.
3. dim¢ Rz, = h*(F2,(15)) + 369.
4. dim¢ Ry, =401, Va > 4.

Proof. For a = 1.
By Lemma 14 we have h'(.#7 (q)) = 0 for all ¢ € Z such that ¢ < 6 or ¢ > 14.
By Lemma 15 we have h' (.97, (q)) = h*(Qp ® E(q—14)) +h*(EQ E(q—22)) for ¢ = 10, 11.

Hence

h' (2, (10)) = h*(Qps @ E(—4)) + h*(E @ E(—12)).
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Now, by Lemma 2 we have h'(Q} ® E(—4)) =0 for all i = 0,1, 3,4, so
X(Qps @ E(—4)) = h*(Qps @ E(—4))

since
(s ® E(—4)) = 1 — 22h 4 228h? — 1434h® + 5955h*

then by Riemann-Roch Theorem we have x (L, ® E(—4)) = 10, so
h*(Qps @ E(—4)) = 10.

By table 2 we have h?(E ® F(—12)) = 85. Thus:

hY(F2,(10)) = h*(Qps @ E(—4)) + h*(E ® BE(—12))
=10+85
= 05.

Similarly, by Lemma 2 we have h'(Qf @ F(—3)) =0 for all i = 0,1, 3,4, so
X(Qp ® B(=3)) = h*(Qps ® E(-3))

since
(s @ E(=3)) = 1 — 14h + 102h* — 472h® + 1505h*

then by Riemann-Roch Theorem we have x( ® E(—3)) = 5, so
h*(Qps ® E(=3)) = 5.

By table 2 we have h?(E ® E(—11)) = 55. Thus:

R ( Sz (11)) = W3 (s @ E(=3)) + h3(E @ E(—11))
=5+55
= 60.

By Lemma 11 we have h'(.#z (q)) = h*(E ® E(q — 22)) # 0 for all ¢ € Z such that
12 < ¢ < 14. So, by table 2 we have:

W' (I2,(12)) = h*(E @ E(-10))
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Therefore

dime Rz, = dim @ H' (52, (1))

IEZ

> (I (D)

(
(

1

~

W' (F2,(8)) + h' (I, (9)) + 95460 + 24 + 5
hY(75.(8)) + h'(F2,(9)) + 184.

> S

T2 (7))
54

+
2(7)) +

For a = 2.
By Lemma 14 we have h'(.#4,(q)) = 0 for all ¢ € Z such that ¢ < 10 or ¢ > 18.
By Lemma 15 we have h'(77,(q)) = h*(Qp @ E(q—17))+h*(EQ E(q—26)) for ¢ = 13,14.

Hence

R (F2,(13)) = h2(Qps @ E(—4)) + W3 (E @ E(—13))
=10+ 100
= 110.

similarly,

h(Fz,(14)) = W3 (Qps @ E(=3)) + h3(E @ E(—12))
=5+85
= 90.

By Lemma 11 we have h'(.#z,(q)) = h3(E ® E(q — 26)) # 0 for all ¢ € Z such that
15 < ¢ < 18. So, by table 2 we have:

h'(.F2,(15)) = h*(E @ E(—11))
= 55.

h'(I2,(16)) = h*(E @ E(-10))
=24.

h'(I2,(17)) = h*(E @ E(-9))

Therefore
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dimg Rz, = dim @ H' (52, (1))
leZ
17

= 1(Iz)

=11
= h' (I, (11)) + b (F2,(12)) + 110 4+ 90 + 55 + 24 + 5
= h'(I2,(9)) + h(I2,(10)) + 284.

For a = 3.

By Lemma 14 we have h'(.#4,(q)) = 0 for all ¢ € Z such that ¢ < 14 or ¢ > 22.

By Lemma 15 we have h'(.7z,(q)) = h*(Qp ® E(¢—20))+h*(EQ E(q—30)) for ¢ = 16, 17.

Hence

h'(.F2,(16)) = h*(Qps @ E(—4)) + h3(E @ E(—14))
=10+ 85
= 95.

similarly,

(I, (17)) = W3 (s @ E(=3)) + h3(E @ E(—13))
=5+100
= 110.

By Lemma 11 we have h'(.#z(q)) = h3(E ® E(q — 30)) # 0 for all ¢ € Z such that
18 < ¢ < 22. So, by table 2 we have:

h'(F4,(18)) = h3(E ® E(—12))
= 85.

W(S2,(19)) = B¥(E ® B(~11))
= 55.

hY(F2,(20)) = h3(E @ E(—10))
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Therefore
dimg Rz, = dim @ H'(I2,(1))
leZ
21
=Y W(I5(0)
=15

= h'(F,(15)) + 95 + 105 + 85 + 55 + 24 + 5

= h'(Iz,(13)) + 369.
For a = 4.

By Lemma 14 we have h'(.#z,(q)) = 0 for all ¢ € Z such that ¢ < 18 or ¢ > 26.
By Lemma 15 we have h'(.97,(q)) = h*(Qp ® E(q—23))+h*(EQ E(q—34)) for ¢ = 19, 20.

Hence

R (F2,(19) = W3 (Qps @ E(—4)) + W3 (E @ E(—15))
=10+ 32
= 42.

similarly,

h'(F2,(20)) = h*(Qps @ E(=3)) + h*(E @ E(—14))
=5+85
= 90.

By Lemma 11 we have h'(.#z,(q)) = h3(E ® E(q — 34)) # 0 for all ¢ € Z such that
21 < q < 26. So, by table 2 we have:

W' (I2,(21)) = h*(E @ E(-13))
= 100.

B(57,(22)) = B (E ® B(~12))
= 85.

B (S7,(23)) = W(E ® B(~11))
= 55.

W' (I2,(24)) = h*(E @ E(-10))
= 24.
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W' (I2,(25)) = h*(E @ E(-9))

= 5.
Therefore
dime Rz, = dim @ H'(52,(1))
lEZ
25
= nN(Iz 1)
=19

=424904+1004+854+55+24+5

= 401.
For a = 5.

By Lemma 14 we have h'(#z (q)) = 0 for all g € Z such that ¢ < 21 or ¢ > 30.
By Lemma 15 we have h'(F(q)) = h*(Qp ® E(q — 26)) + h*(E ® E(q — 38))) for
q = 22,23. Hence

A (F2.(22)) = W3 (s ® E(—4)) + h*(E ® E(—16)))
=10+0
= 10.

and

h'(74,(23)) = h*(Qps @ E(—3)) + h*(E ® E(—-15)))
=5+32
= 37.

By Lemma 5 we have h'(#z,(q)) = h*(E ® E(q — 38)) # 0 for all ¢ € Z such that
24 < ¢ < 30. So, by table 2 we have:

W' (I2,(24)) = h*(E @ E(-14))
= 85.

W' (I2,(25)) = h*(E @ E(-13))
— 100.

h'(F2,(26)) = h*(E @ E(—12))
= 85.
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W (S5 (27)) = (B ® B(~11))
= 55.

h'(I2,(28)) = h*(E @ E(-10))
= 24.

h'(S4.(29)) = h*(E @ E(-9))

=35.
Therefore
dimg Rz, = dim @ H'(I2, (1))
lEZ
29
=> WS (1)
1=22
=10+374+854+1004+85+55+24+5
= 401.
For a = 6.

By Lemma 14 we have h'(.#z,(q)) = 0 for all ¢ € Z such that ¢ < 24 or ¢ > 34.
By Lemma 16 we have h'(#z(q)) = h*(Qps @ E(q — 29)) for ¢ = 25,26. Hence

R (S, (25)) = h2(Qps @ E(—4))
= 10.

and

h'(I2(26)) = h*(Qpa ® E(—3))
=5.

By Lemma 11 we have h'(#z,(q)) = h*(E ® E(q — 42)) # 0 for all ¢ € Z such that

27 < q < 34. So, by table 2 we have:

W' (I2,(27)) = h*(E @ B(-15))
= 32.

h'(F2(28)) = h*(E @ E(—14))
= 85.
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W' (I2,(29)) = h*(E @ BE(-13))
= 100.

h'(F2(30)) = h*(E @ E(—12))
= 85.

h'(F2,(31)) = h*(E ® E(—11))
= 55.

W (F7,(32)) = K3(E ® B(—10))

Therefore
dime R, = dim @ H' (#,(1))
ez
33
= W' (I (1)
1=25
=104+5+32+85+100+85+55+24+5
= 401.
For a = 7.

By Lemma 14 we have h'(.%7.(q)) = 0 for all ¢ € Z such that ¢ < 27 or ¢ = 30 or ¢ > 38.
By Lemma 16 we have h'(.#z,(q)) = h*(Qp, ® E(g — 32)) for ¢ = 28,29. Hence

R (I2.(28)) = h*(Qpa @ E(—4))
= 10.

and

R (F2,(29)) = h3(Qps @ E(—3))
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By Lemma 11 we have h'(.#7 (q)) = h3(E ® E(q — 46)) # 0 for all ¢ € Z such that
30 < g < 38. So, by table 2 we have:

hY( 7. (31)) = h*(E @ E(—15))
= 32.

h'(F2.(32)) = h*(E ® E(—14))
= 85.

hY(72.(33)) = h*(E @ E(—13))
= 100.

hY (I, (34)) = h3(E ® E(—12))
= 85.

hY(F,.(35)) = B¥(E @ E(—11))
= 55.

hY(7.(36)) = h*(E @ E(—10))

= 5.
Therefore
dime R, = dim @ H' (52, (1))
leZ
37
=> WSz (D)
1=28
=10+54+04+32+8+100+85+55+24+5
= 401.
For a > 7.

By Lemma 14 we have h'(.#z.(¢q)) = 0 for all ¢ € Z such that ¢ < 3a+6or 3a+9 < ¢ <
4a + 2 or g > 4a + 10.
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By Lemma 16 we have h'(#2,(¢q)) = h*(Qpa ® E(q — 3a — 11)) for all ¢ € Z such that
{¢#2a+4}N{qg<4a+2 or q>4a+ 14}, in particular for ¢ = 3a + 7,3a + 8.

Hence

' (I2,(3a+ 7)) = h*(Qpa ® E(3a+ 7 — 3a — 11))
= (s @ E(—4))
= 10.

and

' ( Iz, (3a+8)) = h*(Qps ® E(3a + 8 — 3a — 11))
= (5, @ E(-3))
= 5.

By Lemma 11 we have h'(#z,(¢q)) = h*(E ® E(q — 4a — 18)) # 0 for all ¢ € Z such that
da + 2 < q < 4a + 10. So, by table 2 we have:

W (I, (4a +3)) = B*(E ® E(4a + 3 — 4a — 18))
= h3(E ® E(—15))
= 32.

h' (A2, (4a +4)) = h*(E @ E(4a + 4 — 4a — 18))
= h*(E @ E(—14))
= 85.

W2, (4a +5)) = B*(E @ E(4a + 5 — 4a — 18))
= h3(E ® E(-13))
= 100.

h' (I, (4a+6)) = h*(E ® E(4a + 6 — 4a — 18))
= h*(E ® B(-12))
= 85.

W ( Sz, (4a+ 7)) = h*(E ® E(4a + 7 — 4a — 18))
= h*(E ® B(-11))
= 55.
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W ( Sz, (4a +8)) = h*(E ® F(4a + 8 — 4a — 18))
= h3(E ® E(—10))
= 24.

W ( Sz, (4a+9)) = B*(E @ E(4a + 9 — 4a — 18))

Therefore

dime Rz, = dim @ H' (S7,(1))

leZ

4a+9
= ) WSz D)

1=3a+T7

3a+8 4a+9
= Y NI D)0+ 40+ Y B(I(0)

1=3a+7 I=4a+3
=10+5+0+---+0+32+85+100+85+55+24+5

= 401.

4.3.2 First cohomology dimension:

Let .# be a holomorphic distribution on P*. Consider the following graded module

Mg == H}(N3) = @ H'(N3(1);
leZ
called the first cohomology module of .# as a sub-sheaf of the cotangent.

Since N = E(—a —7) then H'(N% (1)) = H'(E(—a — 7 +1)). By table 1 we have
h'(N% (1)) = W' (E(—a—T7+1)) # 0 if, and only if, a +4 < [ < a+ 7. Hence:

dime M%, = dim @ H'(E(-a — 7+1))
leZ
a+7

=Y h(BE(-a—T7+1))

= f;(E(—S)) +h'(BE(=2)) +hY(E(-1)) + R (E)
=5+10+10+2
= 27.
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Next, let us describe the cohomologies of the normal sheaf.

Proposition 19. Let %, be codimension 2 holomorphic distributions family (4.50) on
P4, Then:

1 KNS, () = 0 for g S a+6.

2. W"(N% (q)) =0 forq<a+3 or q>a+38.

8. h*(N% (q)) =0 forq<a+1 or q>a+3.

BN @) =0 forg<a-14 or gza+l

5. h'(N% (q)) =0 forq>a—2.
Proof. From the .%#, distribution (4.30):

0= E(—a—7) = Qs — Qz, — 0,
twisting by Ops(q), we have:
0= E(qg—a—T) — Q(q) = 9z (q) — 0.

Hence N% (¢) = E(—a — 7+ q). Therefore H'(N% (q)) = H'(E(—a — 7+ q)), for all
i=0, ... 4

Since h°(N% (q)) = h°(E(—a — 7+ ¢)) then by table 1 we have h°(N% (¢)) = 0 if and
only if ¢ < a + 6.

Similarly with the other cases.

0
In particular, for a = 1 we have:
Corollary 8. Let .F is a distribution
F 00— E(-8) 5% Qb — Qs — 0, (4.41)

and Z = Sing(:F). Then
1. The Chern classes of the conormal sheaf are:

Cl(N;) =-—11 5 CQ(N:;Z) = 35.

2. The Chern classes of ideals sheaf of the singular scheme are:

Cl(jz) =0 s Cg(fz) =0 N Cg(fz) = —496 s C4(ﬂz) = —12294.

3. The degree of distribution .F is deg(.F#) = 3.
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4. deg(Z) = 248.
5. pa(Z) = 1430.

Corollary 9. Let .F is a codimension 2 holomorphic distribution (4.41) on P*. The

singular scheme Z = Sing(.%) is reduced and irreducible.
Theorem 31. Let .Z is a codimension 2 distribution (4.41) on P*. Then:
1. dime Ry, > 184.

2. The singular scheme Z = Sing(.%) is not a arithmetically Buchsbaum nor arithme-

tically Cohen Macaulay curve.
Corollary 10. Let .Z is a codimension 2 distribution holomorphic (4.41) on P*. Then:
1. h°(N% (q)) =0 forq < 7.
2. W"(N% (q)) =0 forq<4 or ¢>09.
3. h*(N% (q)) =0 forq<2 or q>4.
J (N5 (@) =0 forq<—3 or q>2.

5. (N, (q) =0 for g > —1.



5 ON THE NON-INTEGRABILITY OF DIS-
TRIBUTIONS

This section is devoted to the study of the non-integrability of the Horrocks-Mumford
distributions. The argument is based on the study of the Baum-Bott residue, in terms of
the Grothendieck residue, and of the ampleness of the normal sheaf.

Let us denote by Sing,_ (%) the subset of Sing(.#) composed by analytic subsets of
codimension k + 1. It is called the singular set of F with expected codimension. In [9,
Theorem 1.2], the authors determine Baum-Bott residues for .%# with respect to homo-
geneous symmetric polynomials of degree k + 1 in terms of the Grothendieck residue
of an one-dimensional foliation on a (k + 1)-dimensional disc transversal to a (k + 1)-

codimensional component of the singular set of .. More precisely:

Theorem 32 (M. Corréa; F. Lourencgo - 2019). Let .Z be a singular holomorphic foliation
of codimension k on a compact complex manifold X such that codim(Sing(F)) > k + 1
and Z be an irreducible component of Sing,_(.F), the singular set of ¥ with expected

codimension. Then
Res(F,p; Z) = Res,(F |B,;p) - [Z],

where Res,(F |p,;p) represents the Grothendieck residue at p of the one dimensional

foliation F |, on a (k + 1)—dimensional transversal ball B,.

In order to show the non-integrability of the Horrocks-Mumford distributions, we have

the following result:

Lemma 17. Let .% be a holomorphic foliation of codimension k > 2 on a complex mani-
fold X, such that codim(Sing(.%#)) > k + 1. If the conormal sheaf N% is locally free and
det(Ng) is ample, then Sing, ,(F) can not be irreducible.

Proof. Suppose by contradiction that Sing;,,(.#) := Z is irreducible and take p € Z
be a generic point, i.e., p is a point where Z is smooth. Since the conormal sheaf N7 is
locally free then .# is given by a locally decomposable holomorphic twisted and integrable
k-form w € H°(X,Q% ® det(Nz)). Take a neighborhood U of p € Z then there exist
holomorphic 1-forms wy, ...,w;, € H°(U,$2};) such that

wlg =wi A Awg

and

do; Nwi AN~ Nwp, =0, Vi=1,..k.
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Since codim(Sing(.%#)) > 3 then by Malgrange’s Theorem, [29] and [30], there are fi, ..., f €
O, and h € O;, such that
w="h-dft N Ndfy,

Hence dw = dh AN dfy N\ --- AN df, = %/\ (h.dfl/\---/\dfk) = 0 A\ w, where 0 = % is the
trace of the Bott connection.

Consider B, a ball centered at p, of dimension k + 1 sufficiently small and transversal
to Z in p. Then we can integrate the De Rham’s class over an oriented (k + 1)-sphere
L, C B} positively linked with S(B,). It follows from [3] and [9] that:

1
F.cit, 7)) = F |p,ip) - 2] = ——= [ OA(d)"-[Z
Res(7, ¢, Z) = Resya (F |g,:p) - [Z] (2ri)FH /L A (do)" -1 2],

is the Baum-Bott residue for .# along Z with respect to it

Since h € O then § = 49 is a holomorphic 1-form, hence pr9 A (dO)F = 0, so
Resczlcﬂ(? |B,ip) = 0.
On the other hand, since .# is a holomorphic foliation of codimension k& then by Baum-

Bott formula, [3], we have:
A (det(Nz)) = Res w1(F |B,ip) - [Z],

where [Z] € H**2(X,C) is the fundamental class of the irreducible component Z of
Singy,,,(.#), and the sum is done over all irreducible components of Sing,,,(.#). Now,
taking product both sides by h" 7!  taking degree and since det(Ng) is ample sheaf, we

have:

/X S (det(N#)) - " = Res,en(F [,5) - /X 7] h

thus:

0 < deg(det(Nz)) = Res 1 (F |p,;p) - deg(Z).

Hence Res x1 (Z |B,;p) # 0. But this is a contradiction, since the ampleness of det(Nz)

implies that the cohomology class ¢f™ (det(N)) is non zero. O
With this in mind, we have the following result.

Theorem 33. Let .7, be the Horrocks-Mumford distribution (4.18), then %, is non-
integrable, for a > 1.

Proof. Suppose by contradiction that .%#, is a codimension two holomorphic foliation

and let Sing;(.%,) is a irreducible component of codimension 3. By Proposition 14 and
Theorem 17 we have that Sing(.%#,) is a reduced, irreducible scheme of pure codimension
3, hence Sing(.#,) = Singy(.%,). Since

c1(det(Ng,)) = (2a 4+ 8) > 0,



110 5. On the non-integrability of distributions

for all @ > 1, then det(Ng) is ample sheaf, hence by Lemma 17 the Singular scheme
Sing(:#,) is not irreducible, but this contradicts Proposition 14.

Transversal

Section

Z=Sing_3(F)

Figure 1 — Transversal section.

Similarly we have:

Theorem 34 (D). Let .#, be the Horrocks-Mumford distribution (4.30), then %, is non-
integrable, for a > 1.

Proof. Suppose Z, is a codimension two holomorphic foliation. Since ¢;(det(Ng,)) =
(2a +9) > 0, for all @ > 1, then by Lemma 17 we have that Z, cannot be irreducible,
for all @ > 1, but it is a contradiction since Z, = Sing;(.%,) is smooth, irreducible, pure

codimension 3.

]
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6 MODULI SPACES OF HORROCKS-
MUMFORD DISTRIBUTIONS

Moduli spaces arose to give a solution to the classification problems, specifically in alge-
braic geometry. In this chapter we study the problem of classifying the Horrocks-Mumford
distributions, fixing numerical invariants as data. This is the idea of constructing the mo-
duli space of holomorphic distribution, meaning an algebraic variety that parametrizes

the holomorphic distributions.

For more details on the general theory of Moduli spaces, see: [6], [7], [10], [22], [20] and

[31].

6.1 MODULI SPACES OF DISTRIBUTIONS

In [6], the authors described the Moduli Space of holomorphic distributions of codimension
one on P?, in terms of Grothendieck’s Quot-scheme for the tangent bundle, and determined
under what conditions this variety is smooth, irreducible and they calculated its dimension

as a consequence of the Theorem on the dimension of the fibers.

Lemma 18 (O. Calvo Andrade, M. Corréa, M. Jardim - 2018). Let .4 denote
the open subset of MT consisting of stable reflexive sheaves. Assume that the forget-
ful morphism w : Pist?st — P is surjective, and that .#P" is irreducible. If

dim Hom(F, TX) is constant for all [F] € .47, then Dist™ is irreducible and
dim Zist"*" = dim .27 + dim Hom(F, TX) — 1.

If, in addition, Ext*(T.% , T.F) = 0 for every [F] € Dist"s, then Dist" is nonsingular

and

dim Zist”*" = dim Ext'(T.% , T.%) + dim Hom(T.%, T.%) — 1.

Proof. Vide [0], pag. 12. O

In [7] the authors studied foliations by curves on P? with locally free conormal sheaf
and describe their moduli spaces. We adapt this general theory to describe the Moduli
spaces of the Horrocks-Mumford distributions as subsheaves of the tangent and cotangent
bundle.
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6.2 MODULI SPACES OF THE HORROCKS-MUMFORD DIS-
TRIBUTIONS AS SUBSHEAVES OF THE TANGENT BUN-
DLE

Having identified the tangent sheaf T.%, = E(—a — 4) of the Horrocks-Mumford holo-

morphic distributions
Fy:0—= E(—a—4) = TP* - Ny -0, a>1,

we study the variety that parameterizes them, the associated Moduli space.
Let P = Pz, (t) = x(T#.(t)) be the Hilbert polynomial of the stable bundle T.%, =
E(—a—4), and let d, = deg(:%,) and ¢ = co(TF,) = co( E(—a — 4)), for a > 1. Then by

Riemann-Roch Theorem for rank 2 vector bundle F(—a — 4 + t) we write:

P = Pga<t)
25 35 ) )
:2+E(2—da+2t)+ﬂ((2—da+2t) —2(c — 2at + t* — 3t))

* 15—2((2 —dy +2t)° = 3(2 — dy + 2t) (c — 2at + t* — 3t))

1
t+ 57 (2= da+26)" = 4(2 = do + 2t)*(c — 20t + £* = 3t) + 2(c — 2at + £ = 31)*).

We are going to denoted by

Dist? (dy, c) := PDist” (2a + 5,a* + 3a + 6)

the Moduli spaces of Horrocks-Munford Holomorphic Distribution as subsheaves of tan-

gent bundle, with Hilbert polynomial P and degree d, = deg(.%,), and by

Mpi(2 — dy, ¢) = Mpi(—2a — 3,a* + 3a + 6)

denote the Moduli space of the stable tangent sheaves of the Horrocks-Mumford distri-
butions (4.18), with Chern classes ¢; = 2 — d, and ¢ = c.

Let us consider the forgetful morphism

@, : Dist (d,, ¢) — Mps(2 — d,, C)
(ol —  [E(—a—4)]
Twisting by Ops(a+1) we obtain the isomorphism .#ps(—3—2a, a*+3a+6) ~ Mps(—1,4).

By Theorem 24 .#p1(—1,4) is a Zariski open then .#p4(2 —d,, ¢) is an irreducible, nonsin-
gular variety of dimension 24. In addition, by Bertini type Theorem 28 each F(—a — 4)
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is the tangent sheaf of a distribution .%,, therefore w is surjective, for all @ > 1. Thus

the image Im w = #pi(—1,4) is irreducible.

Theorem 35 (E). The Moduli space Zistf(2a + 5,a* + 3a + 6) of codimension two

holomorphic distributions (4.18) is an irreducible quasi-projective variety of dimension

1 277 199
5a‘1 + 7a® + TQQ + 5o+t 43
fora > 1.

Proof. The fibers of w, over a point [E(—a—4)] € #pi(2—d,, c) is the set Zist(E(—a—4))

of all distributions whose tangent sheaf is Horrocks-Mumford:

Dist(E(—a—4)) := {p € PHom(E(—a—4),TP*); kero =0 and Coker ¢ is torsion free}.
That is an open subset of PHom(E(—a — 4), TP*), see [0, Section 2.3]. Hence

dim Zist(E(—a — 4)) = dim Hom(E(—a — 4), TP*) — 1.
We claim that dim Hom(E(—a — 4), TP*) = h°(E(a — 1) ® TP*) is constant.

Indeed, for this purpose, let us consider the Euler exact sequence:

0 — Ops — Opa(1)®® = TP* — 0,

twisting by E(a — 1) we have:

0= E(a—1) = E(a)® = E(a—1)®TP* — 0,

with long exact sequence of cohomology :

0— H°(E(a—1)) = H*(E(a)® — H'(E(a —1) @ TP*) — - --

o HYE(a—1)) = HYE(a)® — HY(E(a — 1) ® TP*) — 0.
Since h'(F(a)) =0 for i = 1,2,3,4 and h'(E(a — 1)) =0 for i = 2,3, 4, then

hi(E(a—1)® TP =0,

for i = 1,2, 3,4, therefore:

5x(E(a)) = x(E(a—1))+x(E(a—1) ® TP
= x(E(a—1))+h"(E(a—1)® TP,

So by (2.4) we have:
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h(E(a—1)@TPY) = 5-x(E(a)) - x(E(a - 1))
1 1
= 5- E((a+ 5% —1)((a+5)*—24) — E((a+4)2 —1)((a+4)* —24)
1, ., 277, 199
= L+ —Ca+2
3a+7a+ 6a+ 2a+ 0,
for a > 1.
So, all the fiber in Zist(E(—a—4)) has the same dimension. Since Imw, = #pi(2—d,, ¢)
is irreducible then by Theorem on the dimension of fibers (see [35, pag. 77]), we have

that Zist?(d,, c) is a irreducible variety.
Finally, by Theorem on the dimension of fibers (see [35, pag. 76]), Lemma 18 and Theorem

24, we have:

dim Zist™'(d,, ¢) = dim Mps(2 — dg, c) + dim Dist(E(—a — 4))
= dim #p1(2 — d,, ¢) + dim Hom(E(—a — 4), TP*) — 1
=24+ h%E(a — 1)@ TP") — 1

1 277 199
= 5&4 + 7@3 + ?&2 + Ta + 43,

for a > 1.

In particular, for a = 1 we have:

Corollary 11. The Moduli space Zist™*t(7,10) of codimension two holomorphic distri-

bution (4.29) is an irreducible, non-singular quasi-projective variety of dimension 196.

6.3 MODULI SPACES OF THE HORROCKS-MUMFORD DIS-
TRIBUTIONS AS SUBSHEAVES OF COTANGENT BUNDLE

Similarly to the previous case, and having identified the stable conormal sheaf N7 =
E(—a —T7) of the Horrocks-Mumford distributions (4.30), in this section we analyze their
Moduli spaces.

Consider the Horrocks-Mumford distribution induced by the cotangent bundle:
F0: 0= E(—a—T7) = Qp = Qz =0 , a>1.

Let P = Pgz,(t) = x(N%,(t)) the Hilbert polynomial of N = E(—a — 7), and let
d, = deg(F,) and let ¢ = c3(N%, ) = c2(E(—a — 7)), for a > 1. By Theorem 15 for rank
2 vector bundle E(—a — 7+ t) we write:
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P:= Pz, (t)
—2+§(—d —3+2t)+§((—d —3+2t)% —2(c—2at + t* — 9t))
B 2" 24 “
5
+ E((—da —3+2t)° — 3(—d, — 3+ 2t)(c — 2at + t* — 9t))

1
+ 2—4((—da —3+2t)" —4(—d, — 3+ 2t)*(c — 2at + t* — 9t) + 2(c — 2at + ¢ — 9t)*).

Let Zist?’(d,, c) its Moduli spaces with Hilbert polynomial P and degree d, = deg(.%,),

ie,

Dist! (dy, c) := PDist” (2a + 6,a* + 9a + 24)

and let .Aps(—d, — 3, ¢) denote the Moduli space of stable conormal sheaves of Horrocks-

Mumford distributions 4.30, with Chern classes ¢; = —d, — 3 and ¢; = ¢, i.e,

Mpi(—dy — 3,¢) = Mps(—2a — 9,0 + 9a + 24).

For all a > 1, let us consider the forgetful morphism

@’ Dist’ (d,, ¢) —> Mps(—d, — 3, ¢)

[(Fol —  [E(—a—T7)].
Twisting by Ops(a+4) we have Mps(—2a—9, a? +9a+24) ~ Mps(—1,4). By Theorem 24
Mpi(—1,4) is a Zariski open then #ps(—d, — 3, ¢) is an irreducible, nonsingular variety
of dimension 24. In addition, by Bertini type Theorem 28 each E(—a—T7) is the conormal

sheaf of a distribution .%,, therefore w is surjective, for all a > 1.

Theorem 36 (F). The Moduli space Pist”(2a + 6,a® + 9a + 24) of codimension two

holomorphic distributions (4.30) is an irreducible quasi-projective variety of dimension

23 343 899
§a4 + ?(13 -+ 7@2 + ?(l + 98,
fora>1.

Proof. The fibres over a point [E(—a —7)] € Mps(—d, — 3, ¢) is the set Zist(E(—a—T))

of all distributions whose conormal sheaf is Horrocks-Mumford:

Dist(E(—a—T7)) := {p € PHom(E(—a—T7),04.); ker¢o =0 and Coker ¢ is torsion free},

that is an open subset of PHom(E(—a — 7), Q) hence

dim Zist(E(—a — 7)) = dim Hom(E(—a — 7), Qps) — 1.
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We claim that dim Hom(E(—a — 7), Q) is constant.

Indeed, for this purpose, let us consider the Euler exact sequence:

0— Qs = Opi(=1)% — Op1 — 0,

twisting by F(a + 2) we have:

0= FEa+2) @0k - E(a+1)® = E(a+2) — 0,

with long exact sequence of cohomology :

0— H(E(a+2)® Q) = H(E(a+1))® = H(E(a+2)) — -

o= HYE(a+2) ® Q) — HY(E(a+ 1)) — HY(E(a +2)) — 0.
Since hi(E(a + 1)) = 0 for i = 1,2,3,4 and h'(F(a +2)) = 0 for i = 1,2,3,4, then
h(E(a+2) ® Q) =0 for i =2,3,4 and h*(E(a+2) @ Q5,) =0 for a < —5 and a > 0,

therefore for all ¢ > 1 we have:

5x(E(a+1)) = x(Ela+2)® Q%) + x(E(a+2))
= h'(E(a+2)® Q)+ h°(E(a+2)).
So, by (2.4):

RO(E(a+2)® Q%) = 5x(E(a+1)) - x(E(a+2))

_ 5-%((a+6)2 C 1) (a6 —24) — = ((a+ 72— 1)((a+7) - 24)

1, 23, 343 , 899
= §a4 + §a3 + ?az +—a+ 5,

for a > 1.

So, all the fiber Zist(E(—a—T)) for [E(—a—T)] € Mps(—d,—3, ¢) has the same dimension.
Since Aps(—d, — 3, ¢) is irreducible then by Theorem of dimension of the fibers we have
that Zist”*(d,, c) is a irreducible variety.

Finally, by Lemma 18 and Theorem 24 we have:

dim Zist™*'(d,, c) = dim Mps(—d, — 3,¢) + Dist(E(—a — 7))
= dim Api(—d, — 3, ¢) + dim Hom(E(—a — 7), Q) — 1
=24+ h"(E(a+2)®Qp) — 1

1 2 4

= §a4 ga?’ + %CLQ + ?a + 98,

for a > 1.
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In particular, for a = 1 we have:

Corollary 12. The Moduli space ZDist*4(8,34) of codimension two holomorphic distri-

bution (4.41) is an irreducible, non-singular quasi-projective variety of dimension 813.
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7 THE a =0 CASE

7.1 ON THE INJECTIVITY

By Lemma 2, we note that dimHom(FE(—a — 4),TP*) = h%(E(a — 1) @ TP*) = 0
for a < —1. On the other hand, twisting Euler’s sequence by E(—1) and considering
the long exact sequence in cohomology, then by Serre’s duality and Lemma 2 we have
dim Hom(E(—4), TP*) = h°(E(-1) ® TP*) = 20. So, it is natural to ask: are there
distributions when a =0 7, i.e., let:

F 0= B(—4) 5 TP* = Nz — 0.

Question: Is .# a distribution?

Lemma 19. Let E be the Horrocks-Mumford bundle. Then there are morphisms such
that ¢ : E(—4) — TP is injective.

Proof. Let ¢ € Hom(FE(—4),TP*) be a non trivial morphism ¢ : E(—4) — TP*. If ¢ is

not injective then Ker ¢ # 0, i.e, we have:
Ker ¢ — E(—4) — TP*,

hence rank(Ker ¢) = 1, so Ker ¢ is a reflexive sheaf, hence a line bundle Ker ¢ = Opa(k),

obtaining the following commutative diagram:

TP

~

Iz(—k —3)

Opa (k) —= E(—4)

Since 7 induces a non-trivial section in H°(P* TP*(k + 3)), then by Bott’s formula 1.9
we have h?(TP*(k + 3)) = h*(Qpi(—8 — k)) # 0 if, and only if, £ > —4. On the other
hand, since F is stable then h°(E,) = h°(E(-3)) = 0, i.e, E(—3) has no global section,
so there is no injective map Ops — E(—3) hence Ops(k) — E(—4) for k < —2. Therefore
ke {-4,-3,—2}.

o If k = —4 and by h°(F) = 4 # 0 then the map ¢ : F(—4) — P has Ker ¢ # 0.

o If k= —3 or —2 then h°(E(k)) = 0 hence Ker ¢ = 0 thus ¢ is injective.
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Now, set
T, = {p € Hom(E(—4), TP*), such that Ker ¢ = 0},

then dimZ; = h°(E(—1)®TP*) —h°(E) = 20 —4 = 16. So, there are injective morphisms
¢ BE(—4) — TP
[

Similarly, by Lemma 2 we have:
dim Hom(E(—a — 7), Qps) = h°(E(a +2) @ Qps) = 0,

for a < —1. However for a = 0, twisting Euler’s sequence by F(2) and considering the
long exact sequence in cohomology, then by Lemma 2 we have dim Hom(E(—7), Q) =
hO(E(2) ® Qp.) = 75. So, it is natural to ask: are there distributions when a =07 | i.e.,
let:

F 0= B(=7) 5k — Nz — 0.

Question: Is .# a distribution?

Lemma 20. Let E be the Horrocks-Mumford bundle. Then there are morphisms such
that ¢ : E(=7) = Qg is injective.

Proof. Let ¢ € Hom(E(—7),4,) be a non trivial morphism ¢ : E(=7) — Q.. If ¢ is

not injective, then Ker ¢ # 0, i.e, we have:
Ker ¢ — E(=7) — Qp,

then rank(Ker ¢) = 1, so Ker ¢ is a reflexive sheaf, hence a line bundle Ker ¢ = Opa(k),

obtaining the following commutative diagram:

~,

Iz(—k —9)

Ops (k) —= E(=7)

Since 7 induces a non-trivial section in H°(P*, Q, (k4 9)), then by Bott’s formula 1.9 we
have h%(QL,(k+9)) # 0 if, and only if, K > —7. On the other hand, since E is stable then
h°(E,) = h°(E(-3)) = 0, i.e, E(—3) has no global section, so there is no injective map
Op1 — E(—3) that induces Opa(k) — E(—7) for k < —5. Therefore k € {—7, -6, —5}.

o If k= —7 and by h°(E) =4 # 0 then the map ¢ : E(=7) — Qg, has Ker ¢ # 0.

o If k= —6 or —5 then h°(E(k)) = 0 hence Ker ¢ = 0 thus ¢ is injective.
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Now, set
T, = {¢© € Hom(E(—T7), Q4),such that Ker p = 0},
then dimZy = h°(E(—1) ® Qp,) — h*(E) = 75— 4 = 71. So, there are injective morphisms
[

7.2 ON THE SATURATED DISTRIBUTION

Let ¢ € 7y, i.e, p : E(—4) — TP is a injective morphism, suppose that K := Coker ¢ is
not torsion free. Let P be the maximal torsion subsheaf of K, then K/P is torsion free.
We affirm that P has codimension one. Let 1) be the composed epimorphism TP* —
K — K/P and let G = Ker, then we have

06— TP % K/P —0, (7.1)

hence, since TP?* is locally free and K /P is torsion free sheaf then by Proposition 4 we

have that G is a reflexive sheaf. So, by the Snake Lemma

Kerr—»0—— > P

0—>»G— TP —> K/P—-»0

|

——» Coker7 —» 0 —» Coker

we have:

0—>Ker7'—>0—>733>CokerT—>O

hence Ker 7 = 0 and P ~ Coker 7, so we obtain a exact sequence:
0= E(—4) 5G—P—0.
If codimP > 2 then P* =0 so G* =~ (E(—4))*, hence

E(—4) ~ (E(—4))" ~ G ~ g,
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because G is reflexive sheaf. Then since P = 0 hence K/P = K, i.e, K will be a torsion
free sheaf, but this contradicts our hypothesis, therefore codim P = 1. Since P is a torsion

sheaf then deg(P) > 0, so ¢;(P) > 0. Thus from
0—E(-4) -G —P =0,

then ¢1(G) = ¢1(E(—4)) + ¢1(P), hence ¢1(G) > —3.
Additionally,
G4:0—G—TP' = K/P —0,

is a codimension 2 saturated distribution of .%, with tangent sheaf G, then

deg(¥4) =d < 5 = deg(.%).

Now, from:
0 —— E(—4) —— TP* >y K > 0
0 » G y TP —2 5 K/P —— 0

since P ~ Coker 7 is a torsion sheaf, we obtain the injective map
0 — Hom(G,TP?) =5 Hom(E(—k), TP?) — - -
given by composition with 7. Hence h°(G* @ TP?) < h°(E(—1) ® TP?) = 20, i.e.,
R°(G* ® TP*) < 20.

o If h°(G* ® TP*) = 20 then Hom(G,TP*) ~ Hom(E(—4),TP?), i.e, every injective
morphism ¢ : E(—4) — TP* factors through 7, hence Coker ¢ cannot be torsion

free because it contains Coker ¢ as a subsheaf.

o If h°(G*®TP*) < 20 then Hom(G, TP*) # Hom(E(—4), TP?), i.e, there is morphism
¢ € Hom(E(—4),TP*) which does not factor through G. By Lemma 19 we can
choose ¢ to be injective. Now, if Coker¢ is not torsion free, we would get in

contradiction with the existence of the sequence (7.1).

Observation: So, to finish this analysis, we need to determine the tangent sheaf G, that
is, we need to classify codimension 2 holomorphic distributions of low degree whose tan-

gent sheaf is locally free.

Using the same argument as in the previous case, if ¢ € Iy, i.e, p : E(=7) — Qf, is a
injective morphism, suppose that K := Coker ¢ is not torsion free. Let P be the maximal

torsion subsheaf of K, then K/P is torsion free.
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We affirm that P has codimension one. Let ¢ be the composed epimorphism Qf, — K —
K/P and let G = Ker, then we have

0560k L K/P—o, (7.2)

hence, since Q, is locally free and P is torsion free sheaf then by Proposition 4 we have

that G is a reflexive sheaf. So, by the Snake Lemma

Kertr —»0—» P

OHE(—ULQ]}M%K%O

L

0—>»G—>» U, —>» K/P——0

|

———» Coker7 —» 0 —» Coker

we have:

0—>Ker7'—>0—>733>00ker7'—>0

hence Ker 7 = 0 and P ~ Coker 7, so we obtain a exact sequence:
0= E(-7)5G—P—0.
If codim P > 2 then P* =0 so G* ~ (E(—7))*, hence
E(=T) >~ (E(=7))" ~G" ~¢,

because G is reflexive sheaf. Then since P = 0 hence K/P = K, i.e, K will be a torsion
free sheaf, but this contradicts our hypothesis, therefore codim P = 1. Since P is a torsion

sheaf then deg(P) > 0, so ¢;(P) > 0. Thus from
0—E(-7)—G—P—=0,

then ¢1(G) = c1(E(=7)) + ¢1(P), hence ¢;(G) > —9.
Additionally,
G:0—G— Qp— K/P—0,

is a dimension 2 saturated distribution of .%, with the conormal sheaf G, then
deg(¥) = d < 6 = deg(.%).

Now, from:



124

7. The a=0 case

0 —— BE(-7) —— Ql, y K > 0
0 e > Qpa w>K/P—>O

since Coker 7 is a torsion sheaf, we obtain the injective map

0 — Hom(G, Qps) — Hom(E(—7), Qps) — - - -

given by composition with 7. Hence h%(G* ® Qp,) < h°(E(2) ® Qg4) = 75, so

h2(G* @ Qpa) < T5.

o If h%(G* @ Qpu) = 75 then Hom(G, Q) ~ Hom(E(—7), Q) i.e, every injective
morphism ¢ : E(—7) — Q, factors through 7, hence Coker ¢ cannot be torsion free

because it contains Coker ¢ as a subsheaf.

o If h°(G* ® Q) < 75 then Hom(G, Q) # Hom(E(—7), ), i.e, there is morphism
¢ € Hom(E(—T7),Q4,) which does not factor through G. By Lemma 20 we can

choose ¢ to be injective. Now, if Coker ¢ is not torsion free, we would get in

contradiction with the existence of the sequence (7.2).

Observation: Then, we need to determine the conormal sheaf G, that is, we need to

classify dimension 2 holomorphic distributions of low degree whose conormal sheaf is

locally free.
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8 APPENDIX

Here, we present scripts for the software Macaulay2, which can found in https://faculty.
math.illinois.edu/Macaulay2/doc/Macaulay2-1.12/share/doc/Macaulay2/Schubert2/
html/___The_sp__Horrocks-__Mumford_spbundle.html, to perform some tensor pro-
duct cohomology calculations with Horrocks-Mumford bundle. You may open a session

in http://habanero.math.cornell.edu:3690/ and perform the computations just by
cut&paste.

8.0.1 Some calculations of Cohomology of tensor products

Example 12. By Macaulay2 we have h°(E(1) ® Qp,) = 0.

R = QQ[x_0..x_4];
a=4{1,0,0,0,0}
b = {0,1,0,0,1}

= {0,0,1,1,0%}
M1 = matrix table(5,5, (i,j)-> x_((i+j)%5)*a_((i-j)%5))
M2 = matrix table(5,5, (i,j)-> x_((i+j)%5)*b_((i-j)%5))
M3 = matrix table(5,5, (i,j)-> x_((i+j)%5)*c_((i-j)%5))

M =Ml | M2 | M3;
betti (C=res coker M)

N = transpose submatrix(C.dd_3,{10..28},{2..36});
betti (D=res coker N)

Pfour = Proj(R)

F = sheaf(coker D.dd_3);

E=F(2);

X=Proj R
T=tangentSheaf X ;
C=cotangentSheaf X;

C2=exteriorPower(2,C);


https://faculty.math.illinois.edu/Macaulay2/doc/Macaulay2-1.12/share/doc/Macaulay2/Schubert2/html/___The_sp__Horrocks-__Mumford_spbundle.html
https://faculty.math.illinois.edu/Macaulay2/doc/Macaulay2-1.12/share/doc/Macaulay2/Schubert2/html/___The_sp__Horrocks-__Mumford_spbundle.html
https://faculty.math.illinois.edu/Macaulay2/doc/Macaulay2-1.12/share/doc/Macaulay2/Schubert2/html/___The_sp__Horrocks-__Mumford_spbundle.html
http://habanero.math.cornell.edu:3690/
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C3=exteriorPower(3,C);
HH"0 (E(1)*%C)



BIBLIOGRAPHY

[1] W. Barth. Some properties of stable rank 2 vector bundles on P". Math. Ann. 226
(1977), no. 2, 125-150.

[2] W. Bruns; J. Herzog. Cohen-Macaulay rings. Cambridge Studies in Advanced Mathe-
matics, 39. Cambridge University Press, Cambridge, 1993. xii+403 pp.

[3] M. Corréa; A. Fernandez-Pérez. Absolutely k-convex domains and holomorphic folia-
tions on homogeneous manifolds. J. Math. Soc. Japan 69 (2017), no. 3, 1235-1246.

[4] M. Corréa; M. Jardim; R. V. Martins. On the singular scheme of split foliations.
Indiana Univ. Math. J. 64 (2015), no. 5, 1359-1381.

[5] O. Calvo-Andrade; M. Corréa; A. Ferndndez-Pérez. Higher codimensional foliations
with Kupka singularities. Internat. J. Math. 28 (2017), no. 3, 1750019, 29 pp.

[6] O. Calvo-Andrade; M. Corréa; M. Jardim. Codimension One Holomorphic Distribu-

tions on the Projective three space. International Mathematics Research Notices.

[7] M. Corréa,; M. Jardim; S. Marchesi. Classification of foliations by curves of low degree
on the three-dimensional projective space. arXiv:1909.06590

[8] M. Corréa; M. Jardim; R. Vidal M. On the Singular scheme of split foliations. Indiana
Univ. Math. J. 64 (2015), no. 5, 1359-1381.

[9] M. Corréa; F. Lourengo. Determination of Baum-Bott residues of higher codimensional
foliations. Asian J. Math. 23 (2019), no. 3, 527-538.

[10] W. Decker. Das Horrocks-Mumford-Biindel und das Modul-Schema fir stabile 2-
Vektorbiindel tiber P* mit ¢; = —1,¢y = 4. (German) [The Horrocks-Mumford bundle
and the moduli scheme for stable rank 2 vector bundles over P* with ¢; = —1,¢, = 4]
Math. Z. 188 (1984), no. 1, 101-110.

[11] W. Decker; F. Schreyer. On the uniqueness of the Horrocks-Mumford bundle. Math.
Ann. 273 (1986), no. 3, 415-443.

[12] D. Dummit; R. M. Foote. Abstract algebra. Third edition. John Wiley Sons, Inc.,
Hoboken, NJ, 2004. xii+932 pp.

[13] D. Eisenbud. Commutative algebra. With a view toward algebraic geometry. Graduate
Texts in Mathematics, 150. Springer-Verlag, New York, 1995. xvi+785 pp.



Bibliography 129

[14] D. Eisenbud; J. Harris. 3264 and all that. Intersection Theory in Algebraic Geome-
try—a second course in algebraic geometry. Cambridge University Press, Cambridge,
2016. xiv+616 pp.

[15] G. Fischer. Complex analytic geometry. Lecture Notes in Mathematics, Vol. 538.
Springer-Verlag, Berlin-New York, 1976. vii+201 pp.

[16] W. Fulton. Intersection theory. Second edition. Springer-Verlag, Berlin, 1998.
xiv+470 pp.

[17] W. Fulton, R. Lazarsfeld. On the connectedness of degeneracy loci and special divi-
sors. Acta Math. 146, 3-4 (1981) 271-283.

[18] Grayson, D.R., Stillman, M.E.: Macaulay?2, a software system for research in algebraic

geometry. http://www.math.uiuc.edu/Macaulay2/

[19] L. Giraldo; A. Pan-Collantes. On the singular scheme of codimension one holo-
morphic foliations in P3. Internat. J. Math. 21 (2010), no. 7, 843-858.

[20] R. Hartshorne. Algebraic geometry. Graduate Texts in Mathematics, No. 52.
Springer-Verlag, New York-Heidelberg, 1977. xvi+496 pp.

[21] R. Hartshorne. Stable Reflexive Sheaves. Math. Ann. 254 (1980), no. 2, 121-176.

[22] R. Hartshorne. Stable vector bundles of rank 2 on P3. Math. Ann. 238 (1978), no. 3,
229-280.

(23] G. Horrocks; D. Mumford. A rank 2 vector bundle on P* with 15,000 symmetries.
Topology 12 (1973), 63-81. 14F05

[24] K. Hulek. The Horrocks-Mumford bundle. Vector bundles in algebraic geometry
(Durham, 1993), 139-177, London Math. Soc. Lecture Note Ser., 208, Cambridge Univ.
Press, Cambridge, 1995.

[25] D. Huybrechts. Complex Geometry: An Introduction. Springer-Verlag Berlin Heidel-
berg, Universitext, (2005) XII, 309

[26] D. Huybrechts; M. Lehn. The geometry of moduli spaces of sheaves. Second edi-
tion. Cambridge Mathematical Library. Cambridge University Press, Cambridge, 2010.
xviii+325 pp.

[27] S. Kobayashi. Differential geometry of complex vector bundles. Reprint of the 1987
edition. Princeton Legacy Library. Princeton University Press, Princeton, NJ, [2014].
xi + 304 pp.


http://www.math.uiuc.edu/Macaulay2/

130 Bibliography

[28] H. Maeda. Construction of vector bundles and reflexive sheaves. Tokyo J. Math. 13
(1990), no. 1, 153-162. 14J60 (14F05)

[29] B. Malgrange. Frobenius avec singularités. I. Codimension un. (French) Inst. Hautes
Etudes Sci. Publ. Math. No. 46 (1976), 163-173.

[30] B. Malgrange. Frobenius avec singularités. I1. Le cas général. (French) Invent. Math.
39 (1977), no. 1, 67-89.

[31] Ch. Okonek; M. Schneider; H. Spindler. Vector Bundles on Complex Projective spa-
ces. Progress in Math. 3, Birkhaiiser 1978.

[32] G. Ottaviani. Varietd proiettive de codimension picola. Quaderni INDAM, Aracne,
Roma, (1995).

[33] S. X. Descamps. Using intersection theory. Sociedad Matematica Mexicana, 1996.
122 p. ISBN: 968-36-3591-1 (Aportaciones Matematicas, Nivel Avanzado, vol 7).

[34] M. Schneider. Holomorphic vector bundles on P". Séminaire Bourbaki (1978/79),
Exp. No. 530, pp. 80-102, Lecture Notes in Math., 770, Springer, Berlin, 1980.

[35] I. R. Shafarevich. Basic algebraic geometry. 1. Varieties in projective space. Se-
cond edition. Translated from the 1988 Russian edition and with notes by Miles Reid.
Springer-Verlag, Berlin, 1994. xx+303 pp.

[36] H. Sumihiro. Determinantal varieties associated to rank two vector bundles on pro-
jective spaces and splitting theorems. (English summary) Hiroshima Math. J. 29 (1999),
no. 2, 371-434. 14M12 (14J60)

[37] J. Stuckrad; W. Vogel. Buchsbaum rings and applications. An interaction between

algebra, geometry and topology. Springer-Verlag, Berlin, 1986. 286 pp.



	Folha de rosto
	Introduction
	Preliminaries
	A brief tour through Algebraic Geometry
	Sheaves
	Properties of coherent sheaves

	Torsion-free and Reflexive Sheaves
	Chern Class
	Splitting Principle
	Applications of the Splitting Principle

	Stable Reflexive Sheaves
	Sheaf Cohomology
	Hirzebruch-Riemann–Roch

	Sheaves generated by global sections
	Degeneracy loci of maps
	Degeneracy loci of maps of vector bundles
	The Eagon-Northcott resolution

	aCM and aB schemes

	The Horrocks-Mumford bundle
	Holomorphic Vector Bundles on Pn
	The projective line P1
	The projective plane P2
	Projective space P3
	Higher dimensional projective spaces Pn, n5
	Projective space P4

	Horrocks-Mumford Bundle
	Properties of Horrocks-Mumford bundle
	Horrocks-Mumford bundle cohomologies
	The Moduli space of the Horrocks-Mumford bundle


	Holomorphic Distributions and Foliations
	Holomorphic Distributions and Foliations
	Relations between the Singular scheme and the Tangent sheaf
	A Bertini type Theorem for reflexive sheaves


	Horrocks-Mumford Holomorphic Distributions
	Geometric properties of the singular scheme
	Vanishing Lemmas
	Horrocks-Mumford Holomorphic Distributions as subsheaves of Tangent Bundle
	Rao Module dimension of Singular scheme
	First cohomology dimension:

	Horrocks-Mumford Holomorphic Distributions as subsheaves of Cotangent Bundle
	Rao Module dimension of Singular scheme:
	First cohomology dimension:


	On the non-integrability of distributions
	Moduli spaces of Horrocks-Mumford Distributions
	Moduli spaces of distributions
	Moduli spaces of the Horrocks-Mumford Distributions as subsheaves of the Tangent bundle
	Moduli spaces of the Horrocks-Mumford Distributions as subsheaves of Cotangent bundle


	Final considerations
	The a=0 case
	On the injectivity
	On the saturated distribution


	Appendix
	Appendix
	Some calculations of Cohomology of tensor products

	Bibliography


