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Abstract

This thesis is about regularization of ultraviolet divergences appear-
ing in the perturbative expansion of quantum field theories (QFT’s).
We present a general view of the ambiguities that may arise in the
regularization program and develop a systematic approach to extract
them from a general Feynman amplitude. We show that they are inti-
mately related with the breaking of the symmetries of the underlying
quantum field theory. We also show they are related to the viola-
tion of momentum routing invariance (MRI) of Feynman diagrams,
allowing us to regard MRI as a symmetry to be preserved in the per-
turbative expansion of QFT’s. We apply our formalism to a variety
of theories and examples such as: the Higgs decay to two photons,
the photon-photon scattering, and N=1 supersymmetric electrody-
namics. In all cases we verify that regularization ambiguities can be
consistently extracted being related to the breaking of the symmetries
of the underlying QFT. We also study the role played by quadratic
divergences on a variety of examples showing its connection (or not)

to the ambiguities aforementioned.

Keywords: Renormalization; Electromagnetic decays; Effective Mod-

els in Quantum Field theory; Supersymmetric Models
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Chapter 1
Introduction

The Standard Model of Elementary Particles (SM) is one of the major achieve-
ments of the human mind. Relying on aesthetic and simple concepts like sym-
metries, physicists developed a consistent theory capable of describing three of
the four fundamental interactions found in Nature as well as its particle content.
Recently, one of the lacking fundamental blocks of the theory (the Higgs boson)
was finally found corroborating this journey toward answering a question that
mankind has been asking since the Greeks: what are we and Nature itself made

of? At present, the answer could be summarized in the table below [1]:

mass - =2.3 MeVic =1.275 GeVic* =173.07 GeVic* o =126 GeVic?

charge - 273 2 C 2 o 0 I I
spin > 112 w 172 / 12 1 0

Higgs

up charm top gluon boson
=4.8 MeVic* =05 MeV/c* =4.18 GeV/c* o
-1 s 13 o
- 9'9 -0 @
down strange bottom photon
0.511 MeVic* 105.7 MeVic* 1.777 GeVic* 91.2 GeVic*
E] -1 -1 o
n e/ 17 l']/' 1” F[/ 1 a 9]
=
electron muon tau Z boson o
)
5 o
2 <22eVic <0.17 MeVic* <15.5 MeV/c* 80.4 GeV/c o
o o o 1
w
o, Do , Da ., Du v}
= 4 4 " 4 1 S
o
electron muon tau
4 neufrino neutrino neutrino W boson g

Figure 1.1: Particle content of the Standard Model

More important than presenting all the fundamental particles, it is to know

how they actually interact, a feature that is summarized in the equation below



1. Introduction

L= _%lFWF‘“’ + i DY + Payiyd + hoe. + | Dyudl* — V(). (1.1)

From a theoretical point of view, once one has the Lagrangian of a theory,
all the techniques and strategies systematized in the subject of Quantum Field

Theory can be promptly applied. Pragmatically, one has the following
L — Feynman rules — Feynman diagrams — compute S-matrix elements

In other words, by using (1.1) one is, in principle, capable of predicting any
elementary particle process.

This situation is particular interesting when one intends to obtain the mag-
netic moment of the muon, for instance. The first point to be emphasized is that
there is a quantum mechanical anomaly, which means that the value of the mag-
netic moment of the muon, after quantization of the classical theory, is different
from the one predicted by the classical theory. In the particular example of the

muon one has

B eh
N QmM

= (1+a,), (1.2)

where a, is the anomalous term. At present, this is one of the most accurate

measured quantities in Physics whose value we quote below [2]
a? = 116 592 089(54).t (33) et (63) 1o X 1071 (££0.54ppm). (1.3)

Such accurate result motivates, from the theoretical side, an equally accurate
prediction. The state of art, at present, takes into account QED contributions
up to five loops, electroweak (EW) contributions up to two loops and lead with
hadronic vacuum polarization loops (HVP) as well as hadronic light-by-light scat-

tering (HLbyL). A recent evaluation is given in [3]
a3 = 116 591 802(42) v (26) sy (2) qupew (49) o X 1071 (£0.42ppm).  (1.4)

One should notice the incredibly agreement between these two results, which

intimately shows the consistency of the Standard Model itself. As mentioned,
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to obtain such precise theoretical result one has to resort to multiloop calcula-
tions, which motivates the development of techniques to deal properly with such
involved calculation. To properly discuss the subject of multiloop computations,
one has to take a step backward and discuss the regularization/renormalization
program itself.

As is well known, in Quantum Field Theory (QFT) one in general has to
deal with infinities. They may appear in any calculation even at first order in
perturbation theory, which urged a method to make some sense of them.!.It is
in this context that the renormalization program appeared which allows one to
group all the infinities in the bare parameters of the theory we are dealing with.
If this procedure is always possible, one says that the theory is renormalizable. In
the past, renormalizability was a feature that all good theory should share, along
with Lorentz invariance, for instance. Nowadays, the perspective has shifted a
little, especially after the introduction of the concept of effective field theories (and
consistent techniques to deal with them). In any case, even if the requirement
of renormalizability is not as strong as it was in the past (it was one of the
criterion used in the construction of the Standard Model, for instance), one is not
excused away of the task of dealing with infinities which requires the introduction
of some regularization method. At present, we have a variety of techniques, all
with their advantages and disadvantages. However, all of them share one specific
behavior: by making sense of the divergent integral (in other words, evaluating
it to some value) one is implicit preserving (or not) some symmetries of the
theory at hand. For instance, Dimensional Regularization is known to preserve
automatically gauge invariance while introducing a cutoff is known to break such
symmetry. In any case, it would be advantageous if, instead of automatically
preserving (or not) a symmetry, one had the possibly to identify the ambiguities
introduced by the regularization procedure. Therefore, the ambiguities would be
fixed by imposing the symmetries (or experimental input) of the model. This
feature is particular interesting in the case of quantum mechanical anomalies,

for instance, in the ABJ chiral anomaly that we are going to discuss in detail

Tt should be emphasized that this behavior is not a characteristic of the method of (ap-
proximate) computation, but rather from QFT itself since one has to consider interactions as
local and excitations of the fields as point particles.
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in chapter 3. As we will comment there, the classical model posses a gauge and
chiral symmetry, one of which is broken upon quantization. In our point of view,
both symmetries are equally important and there is no reason a prior: to decide
which one should be preserved by the regularization method, this choice should
be left to experiments.

This is the point of view we are going to develop and systematize through
out this thesis. We intend to present a consistent way to deal with regularization
ambiguities, more specifically, how to identify and express them even in multiloop
calculations. Once identified, we proceed to fix them by imposing the symmetries
of theory which can (or not) be always enough to produce a definite answer. In
the examples we are going to present in this thesis, which encompass Standard
and Beyond Standard Model processes, we will always obtain a definite answer,
the only exception being the ABJ chiral anomaly we had already commented
about. However, this may not be always the case as discussed in [4] where an

ambiguous result is obtained.

Overview of the thesis

This thesis will be presented in cumulative form. Each subsequent chapter will

contain the results of a work already published or submitted.

e Chapter 2 mostly contains the technical part of the thesis. We present the
Implicit Regularization technique in its most general form, applicable to
multiloop Feynman diagrams. We also present how regularization depen-
dent terms (called surface terms) can be identified and extracted from a

general amplitude.

e In chapter 3 we attach a physical meaning for the surface terms introduced
in the previous chapter by showing how they are connected to the momen-
tum routing ambiguity one has at depicting any Feynman diagram. We
show, for an abelian gauge theory, that the conditions to implement mo-
mentum routing invariance (MRI) in the diagrams are exactly the same to
demand gauge invariance. Thus, we conjecture that MRI may be a more

fundamental condition that all theories should comply with. Finally, we
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study a scalar theory and shows that demanding MRI is crucial in order to

obtain the two-loop universal coefficients of the beta function.

In chapter 4 we apply the discussion carried out in the two previous chapters
in two specific examples: the Higgs decay to two photons and the two photon
scattering. In both cases we give an answer for a debate in the literature
about the regularization dependent character of finite quantum corrections.
We show how the many results found in the literature can be explained
in our formalism and discuss, once again, the interplay between MRI and

gauge invariance.

Chapter 5 contains a extended discussion about quadratic divergences. We
present how they can be properly treated in our formalism by introducing
a general parametrization for divergences. Therefore, we can add a cutoff
to our theory but not losing control of regularization dependent terms ex-
pressed by surface terms. We revisit some problems by this new perspective
such as 1-loop renormalization QCD and the Higgs decay to two photons
presented in the previous chapter. We also briefly discuss the importance
of quadratic divergences for effective models of QCD (Nambu-Jona-Lasinio
model in particular). Finally we present how the hierarchy problem can
be translated in our formalism, showing that it is related to ambiguities

coming from quadratic divergences.

Chapter 6 contains a discussion on the background field method in the
context of Supersymmetric theories. We use SQED as a probe to study
a controversy related to the existence (or not) of higher order divergences
in the diagrams needed for the computation of the SQED beta functions.
We find that different background field methods furnish different results in
this matter. We also find that this problem is unrelated to regularization
ambiguities. Surface terms only appears as violating gauge terms as hap-
pened before, showing that the results of chapter 3 can be also extended to

a supersymmetric theory



Chapter 2

Technicalities: the regularization
program and how to deal with

regularization ambiguities

Introduction

A consistent renormalization program in QFT appeared after the work of Bo-
goliubov, Parasiuk, Hepp and Zimmerman (BPHZ) [5, 6, 7, 8, 9, 10] in which a
prescription to extract recursively the divergences of a multi-loop Feynman graph
complying with unitarity, locality and Lorentz invariance was presented. The
BPHZ program generalized the Dyson’s subtraction to general overlapping dia-
grams to arbitrary loop order leading to the concept of renormalizable quantum
field theory. Such program systematizes, according to the topology of the graph,
the subtraction necessary to render the corresponding amplitude finite through
the forest formula. The proof of finitude provided by the latter is by construction
regularization independent. However, for concrete predictions such as scattering
amplitudes in collision processes of elementary particles, the method of Dimen-
sional Regularization (DReg) and minimal subtraction [11], [12] combined with
Zimmerman’s forest formula has proven to be an efficient and successful calcu-
lational tool particularly for gauge theories. The forest formula can be casted

into a counterterm language by means of Bogoliubov’s recursion formula [13],



complying with locality, Lorentz invariance, unitarity and causality.

To calculate S-matrix elements in a symmetry preserving fashion in a quan-
tum field theoretical model sensitive to dimensional continuation on the space-
time, the problem is more subtle. The construction of an invariant regularization
framework is aesthetically more appealing but this is not the main motivation.
Although in one hand imposing constraint equations derived from Ward identi-
ties order by order in perturbation theory obliterates the need of an invariant
regularization, on the other hand it renders the calculation more involved from
the calculational viewpoint. Besides, if quantum symmetry breakings occur in
perturbation theory, an invariant scheme is essential to judge it as physical or
spurious. Supersymmetric gauge theories are conspicuous examples of models
in which regularization and renormalization play a fundamental role especially
as new accurate experimental evidence, viz. electroweak precision observables
[14, 15, 16, 17], demands consistent theoretical calculations higher than one loop
order to understand physics beyond the Standard Model.

Therefore, the construction of an invariant regularization is justified and, in
order to be as reliable as DReg (wherever DReg can be applied), it must be shown
to comply with locality, Lorentz invariance, unitarity and causality. Recently, an
invariant regularization framework (IReg) has been developed and shown to be
consistent and symmetry preserving in several instances [18, 19, 20, 21, 22, 23,
24,25, 26, 27, 28, 29, 30, 31, 32, 33]. The essence of the method is to write the di-
vergences in terms of loop integrals in one internal momentum which do not need
to be explicitly evaluated. Moreover it acts in the physical dimension of the the-
ory and gauge invariance is controlled by regularization dependent surface terms
which when set to zero define a constrained version of IReg (CIReg) and deliver
gauge invariant amplitudes automatically. Therefore it is in principle applicable
to all physical relevant quantum field theories, supersymmetric gauge theories
included. A mnon trivial question is whether we can generalize this program to
arbitrary loop order in consonance with locality, unitarity and Lorentz invariance,
especially when overlapping divergences occur. This was the main subject of [34]
in which we used the simplest renormalizable field theoretical model to show how
to implement IReg in such a way that it displays all the terms to be subtracted

by Bogoliubov’s recursion formula automatically. All the other physical theories



can be treated within the same strategy after space time and internal algebra are

performed.

2.1 The rules of implicit regularization

We restrict ourselves to massless theories and power counting infrared safe inte-
grals. The first restriction is justified because, as we showed in [34], to implement
a mass independent renormalization scheme in IReg we need only the massless
basic divergent integrals that we present below. When infrared divergences do
appear, a dual version of [Reg operating in coordinate space displays infrared
divergences as basic divergent integrals as well, in a way that infrared and ultra-
violet degrees of freedom are clearly distinguished [35, 36, 37].

Given the amplitude of a n-loop Feynman graph with L external legs, the basic
strategy of IReg is to free all divergences of external momenta and express them
in terms of basic divergent integrals in one loop momentum only. To achieve this
purpose, we need to perform (n — 1) integrations, but the order in which they are
performed is not clear a priori. In [34] we presented a systematic way to choose
the order of integration which, as a byproduct, displays the counterterms to be
subtracted by Bogoliubov’s recursion formula. Considering that we made this
choice, we can redefine the internal momenta in such a way that the integral in

k; is the 1-th we are going to deal with and it is typically of the form

AVl Vm kb Qz) 11( kl2 - :uz)
[rrevm — It (-2 ) 2.1
H (ki — qi)? — 2] A2 21)

where [ = 1---n. In the above equation, ¢; is an element (or combination of
elements) of the set {p1,...,pr, kit1,- - kn}, sz = [d%,/(27)? and p? is an
infrared regulator.

Since the original integral is infrared safe, the limit p? — 0 is well-defined
and must be taken in the end of the calculation. The logarithmical dependence
appears because this is the characteristic behaviour of the finite part of massless
amplitudes [38]. A is an arbitrary non-vanishing parameter with dimension of

mass which parametrizes the freedom one has to subtract the divergences (renor-



malization group scale). It appears at one loop level and survives to higher orders
through a regularization independent mathematical identity (eq. 2.11) as we show
in the end of this section. The function A***(k;, q;) may contain constants and
all possible combinations of k; and ¢; compatible with the Lorentz structure.
Care must be exercised when it contains a term like (k; — ¢;)*. In this case, we
must cancel it against one of the denominators because, as we are dealing with
divergent integrals, symmetric integration is a forbidden operation [23], [39]. In
chapter 4 we will study a particular example in which this prescription is vital to
obtain a well defined, gauge invariant result.

Now, we apply the rules of IReg. Assuming that a regulator A is implicit in

the integral, we can use the following mathematical identity in the denominators:

k1) _q A ‘
1 — (—1)7(q} — 2q; - ky)?
(ky —q;)? — p? jZO (k2 — )it
(- ) ( f ) '

The values of ngkl) are chosen such that all divergent integrals have a denom-
inator free of g;.

After the use of (2.2), the divergent integrals can be casted as a combination

of

A
1 k2 — 12

O o2y -1 ] T M

Izog(ﬂ ) = /Wln (— \2 )7 (2.3)

ky
A ku k k? 2

Ovrvr s 2\ ;e f/T -1 I T M

Ly (17) :/(klz_—luQ)gln (— 32 )> (2.4)
ky



or

A
1 k? — u?
0t = [ —— (_I_) 25
Oals?) / = o (2.5)
Dur-vn klll__ kl’r+2 B kQ_NQ
R /Wlnl ) (2.6)

1

where r = 20 — d. It is important to note that only these type of divergences
appear because linear BDI's always vanish!. Although we have already reduced
the divergences to basic divergent integrals free of external momenta, we can
show that the integrals defined above are related. For example, in a case with

two Lorentz indices we have

! j
-5 ()

Jj=1

gM 1 ) pv
{ 9 Il(ongrl)(:uz) - §T(())u }7 (27)

where Tél)“l' faku [—dmlnl 3( #)], and

2 J (l — 1)' guy 1—j 1 1
[(l) v o2 E I( J+HD 2y —T( ) wv 2.8
quad (:u ) (d—Q) (l—j)!{ 2 quad (:u ) 2 2 ’ ( )

D _ I—j( _ k*—p?
where TQ f@kl‘ [W In J <_)\_2“>:| .
In the previous equatlons, Té)“ ' and Tg) " are (arbitrary) regularization depen-

dent surface terms. In a more general case they are given by

d v vj 2 2
Oy _ [ A% O K kY -1 | (R —p?)
T T = — ] - . 2.9
i / (27].)(1 akyl (]CQ . /12)% n 22 ( )

"'We are considering only theories with even dimensions. For odd dimensions, an equivalent
prescription can be carried out.

10



F(lvj)

An equivalent definition in terms of Lorentz scalar objects I'; is

gl = s, 210

where glvivil = gnv2... g¥i-1% 4 symmetric combinations.

Finally the divergences can be written in terms of (2.3) and (2.5). However
from (2.3) we see that this integral is ultraviolet and infrared divergent as u* — 0.
In order to separate these divergences and define a genuine ultraviolet divergent

object we use the regularization independent relation

ba . o [ 12 LA = (CDF =)
Iz(é;(MZ):[z(é;()\Q)—Tlnl (ﬁ)erdZ I % (l_j)!lnlj )

k=1 j=1
(2.11)
2 _(d-2) o _ i (=1
where A #£0, A= 5 by = (472 T(d)2) (2.12)

For infrared safe models the infrared divergence must cancel in the amplitude
as a whole. This in fact occurs because, as we use identity (2.2), the finite part
of the amplitude will also have a logarithmical dependence in p? which exactly
cancels the infrared divergence coming from the use of the scale relation (2.11).

This procedure was shown to comply with unitarity, locality and Lorentz in-
variance in [34]. The whole program is compatible with overlapping divergences
through the Bogoliubov’s recursion formula which means that the divergent con-
tent of an arbitrary Feynman graph can always be cast as a basic divergent

integral.

11



Chapter 3

Momentum Routing Invariance
in Feynman Diagrams and

Quantum Symmetry Breakings

Introduction

In the 1972 seminal paper by 't Hooft and Veltman [12] on dimensional regular-
ization (DReg), they emphasized that besides respecting unitarity and causality,
DReg also allowed for shifts in integration variables (loop momenta) of Feynman
amplitudes. When no quantum symmetry breakings occurred, Ward identities
were automatically satisfied crowning DReg as the ideal framework to handle ul-
traviolet divergences in perturbation theory of gauge theories. Indeed it is well
known that the possibility of shifts in the integration variable is an important
ingredient for diagrammatic proofs of gauge invariance in quantum electrodynam-
ics.

In the early eighties, motivated by the construction of a framework appli-
cable to models which are incompatible with dimensional continuation on the
space-time dimension (for instance supersymmetric, chiral and topological quan-
tum field theories), Elias, McKeon, Mann and collaborators [40] brought back
the problem on loop momentum routing ambiguities. The latter stem from

shift of integration variable surface terms which appear in the integer dimen-

12



sion but not in dimensionally continued space-times. Such ambiguities were used
by the authors to warrant the validity of Ward-Slavnov-Taylor identities in some
model calculations at one-loop level. In other words, this approach, called Pre-
regularization, used integration variable ambiguities in four dimensional loop in-
tegrals to parametrize the divergent amplitudes in a way that Ward identities
were preserved by a suitable choice of the routing labels in the loop of a dia-
gram. Anomalies, such as the well known Adler-Bardeen-Bell-Jackiw triangle
chiral anomaly, appear in this approach when the ambiguities proved themselves
insufficient to preserve the full set of symmetry identities valid at classical level.

Of course Dimensional Reduction (DRed) is the most popular tool to perform
Feynman diagram calculations in supersymmetric gauge theories and other di-
mension specific models which require modifications in gauge symmetry preserv-
ing dimensional regularization. Generalizations of DRed which ensure invariance
to two-loop order in models of phenomenological importance have been done [41],
but it is still unknown to what extent it preserves supersymmetry. An nvariant
regularization framework , which avoids the task of computing symmetry restor-
ing counterterms order by order in perturbation theory for dimensional sensitive
theories is hitherto unknown. In other words, the construction of an invariant
regularization scheme to compute with supersymmetric gauge theories is justified
on practical and theoretical grounds.

The main purpose of this contribution is to argue that any regularization
framework that operates on the physical dimension of the theory is invariant (that
is to say, does not lead to quantum symmetry breakings of classical symmetries)
if momentum routing invariance (MRI) in the Feynman diagrams is respected.
The reverse of the coin is that anomalies manifest themselves as breaking of
momentum routing invariance, which has been conjectured before by Jackiw in
[42]. Moreover we argue that Implicit Regularization (IReg) is the ideal arena to
formulate and illustrate this idea to arbitrary loop order, and therefore can be an
useful tool for Feynman diagram calculations when dimensional methods become

dodgy.

13



3.1 Momentum Routing Invariance and Surface

Terms at n-loop order

In this section we study the conditions which guarantee MRI to an arbitrary
multi-loop Feynman diagram. We find that the only condition needed to preserve
such symmetry is to set surface terms to zero.

As it is well known, if f(k) is an arbitrary function, then

Pk a) = F(R) +ag o (8) + 22y 4
o . olhvp
= exp (agaiko) f(k). (3.1)

We now consider an arbitrary graph at one-loop order. Setting k as its internal
momentum, and ¢; as the external momenta we will have in general, for any

theory, a vertex of the type depicted in figure 3.1.

q k+ «

I>< l

a1 E+a— 3> q;
j=1

Figure 3.1: Generic vertex with arbitrary momentum routing a.

Therefore, the amplitude of this graph can be expressed as

A= [ tag (32)
= a, q;), .
where for simplicity we consider a scalar amplitude, although the generalization
for amplitudes with an arbitrary number of Lorentz indices is straightforward.
We now present the cornerstone of our argument: if we have momentum routing
invariance then

d?k

dk
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must be satisfied for arbitrary o and . Using identity (3.1) it reduces to

/(;ljr];d [exp (O‘Ua%,)] Ik, i) = / (;1;/; [%p (Baa%aﬂ flk,qi) = 0. (3.4)

For simplicity, we will consider f(k,¢;) as a linear divergent integral. Therefore,

by applying a regularization (for example, IReg) one obtains

/ d?k
( |:flzn(k Qz) + flog(k QZ) + ffm(k QZ) + Qg7

i T i)

8k

d
B / (;iﬂ']; |:flm(k %) + flog(k QZ) + ffm(k Qz) T 60 flm(k ql):| B 0

(aa - Ba)/ (d I§d 82 flm(k ql) =0 (35)

sinceif B = [ gjrkd 8(;;(, and f(k) is finite or logarithmic divergent, then by Gauss’
theorem B is null.

This would be the condition to implement MRI for linear divergent integrals.
To proceed and make explicit the connection with surface terms, we must analyze
further the function f(k,q;). After space-time and internal group algebra are

performed, f(k,q;) is given by

9(k, q;)
[T [(k+ () — 12

Jj=1

where g(k,q;) and [;(¢;) are polynomials in the momenta and p? is an infrared
regulator. The divergence of such integral is controlled by the dimension of the
theory (d), the number of internal lines (L), and the degree in k of the polynomial
g(k,q;) which we define as m.

Evidently, if d4+m —2L < 0 condition (3.4) is automatically satisfied as loga-
rithmic divergent graphs are always momentum routing invariant. We proceed to
linear divergent integrals which, after using the identity of IReg in all propagators

one time, furnishes:

f(ka QZ) - flin(ka QZ) + flog(k7 qz) + ffzn(ka Qz) (37)
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In view of the comments above only the first term is of interest to us. Its general

form is given by

&k _ [ Tk )" el - )"
/Wflm(k?qi) B / (27T)d [kQ o MQ]L ) (3.8)

where d+s—2L =1, s = ), b;, and we canceled powers of k? in the numerator
against propagators. This cancellation must always be performed because, as we
are dealing with divergent integrals, symmetric integration is forbidden [23], [39].

In this case, condition (3.4) is satisfied only if

dk 0 dk 0 k.. kv
(a/a_ﬁa) / Wa_kaflm(ka%) = (aU_/BO')th"‘Vs(qi)/ (2’/T)d ak,a []i]2 . N2]L =0
(3.9)

Since «, B are arbitrary, and h,,..,, (g;) is a polynomial in ¢;, we notice that the

condition above is equivalent to the statement (see equation (2.9))
T = . (3.10)

In other words, momentum routing invariance is guaranteed for linearly di-
vergent graphs only if surface terms are systematically set to zero. We consider
now quadratically divergent integrals which, after using identity (2.2) in all prop-

agators two times, gives:

f(k7 Qz) = fquad(ky %) + flin(ka %) + flog<k7 QZ) + ffzn(ky Qz) (311)

Since linear, logarithmical and finite cases were already analysed, we only need
to deal with the first term which is

Ak L[ % TLGk - 0)" L0 - 0"
/(QW)dfquad(k,Qz)_/(Zﬂ_)d [k’z—pz]L ) (3.12)

where d+ s —2L =2, and s =), b;.
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Now, condition (3.4) is satisfied only if

k9 k0 k- kv
(aa_ﬁa)/ ( )d 8k fquad( ) - (ao_ﬁa)hul...ys(qi)/ (27T)d ako [1{32 i MQ}L = 0’

(3.13)

and

d 2
(@0 = Ba)lay = ) [ (if; S fmeatl. ) = (0 = 8,)(0, = By ()

y le/ d' 0 k.- ks +Z ,,Jp/ dik 0 k- -k”ﬂ'*lk’jﬂ'ﬂ---k*_i_
g (2m)4 Ok, 2m)4 0k, (k2 — 2"

dlk 9 kn e dlk 0 k- Kk
+ Vsp/ — 2L/ =0. (3.14
g (27T)d akg []CQ o ,UQ]L (27T)d akg [kf2 . N2]L+1 ( )

The relations above are equivalent to the statements

T(1)0u1~~-us _ 0
y{Pore =, oyl — g opeverer g apg e =

(3.15)

Therefore, we conclude that momentum routing invariance is guaranteed for
quadratically divergent graphs only if surface terms are systematically set to zero.
This result can be generalized to graphs with any kind of divergence proving that
momentum routing invariance is verified only if we set all surface terms to zero.
Although our results are restricted to one-loop order in perturbation theory, a
general proof for arbitrary Feynman diagrams can also be developed. We present
in the following the demonstration for two-loop graphs and state how it can be
further generalized to an arbitrary number of loops.

Assume that the amplitude of a two-loop process is given by,

Ak, dik
4@ — / (%)1 ﬁ Fk1 + an, ks + as, q;), (3.16)

in which space-time and internal group algebra have already been performed,

and aq, as are arbitrary momentum routings that depend only on the external
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momenta ¢;. Once again, momentum routing invariance is guaranteed by the

condition

d d 2
/dk:1 d’k [Hemp( a; 81{:”]) Hexp< j 8k%>] f(ky, k2, ;) = 0.

(3.17)

At this point we must use the rules of IReg in one of the integrals, however,

which one must be evaluated first is not clear a priori. Solving this problem was
the main purpose of [34] in which we presented a prescription that systematizes
the order of integration for multi-loop Feynman diagrams. Therefore, using this

prescription, amplitude A® can be decomposed in three cases:
A® = Ay + Ay, + Agin, (3.18)

where in Ay, the integration over k; must be performed first, and Ay;, contains
only finite terms which do not contribute. Once the order of integration has been

determined we notice that condition (3.17) reduces to

Ay dk o \™
/ (QW)l (27T)2d <8k"]) [ A + Ap] =0, Vm; €N (3.19)

Since the proof for Ay, is essentially the same for Ay,, we just consider the latter
in the following. Remembering that Ay, is a function of ky, k2, and ¢; we notice

that it can be rewritten as

1 (k27k517%‘)
Ay, = . 3.20
b = T+ (@) = 1 TG + (0P (3.20)
A e
2

Therefore, we just have to prove that the condition below always holds

Ak (0N ey [ A (0N ik
L) A i (s ) AR =00 (3.21)
(2m)d \ Ok] (2m)d \ Ok;

We have two cases: mo # 0, and my = 0. In the first one we can use the
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one-loop results to obtain terms of the type

&k o _\" ! (Dvr-vs
(2m)d \ OkT! TT1(k1 + 1.(q:))? — p?] X Py, (K1, Qi)Tj =0, (3.22)

T

which is satisfied if all one-loop order surface terms are systematically set to zero.

In the second case, we must use the rules of IReg in the ks integral to obtain

ok o) ! ) (Dv1--vs
| (m;p‘) T = ko) [BOrs + 10+

T

ddkl 0 - 1 - s—1 .
[ e () H[<k1+zr<qi>>2—u2]x[;‘w“’q")m .

=0,

(3.23)

where ag(k1, ¢;) is a polynomial. Since m; # 0 we may use a similar analysis done
in the one-loop case to show that the first integral is proportional to one-loop
surface terms whereas the second is proportional to one-loop and two-loop ones.
Therefore, we achieve our major goal: all terms involved in (3.17) are proportional
to surface terms of one-loop and two-loop order, showing that momentum routing
is guaranteed only if surface terms are systematically set to zero. This conclusion
is not restricted to two-loop oder, since a similar demonstration can be performed
to graphs with an arbitrary number of loops. Thus, we may state that the
condition to implement momentum routing invariance is to set surface terms of

all orders to zero.

3.2 Momentum Routing Invariance and QED
Ward Identities

In the following we study the consequences of imposing MRI by setting surface
terms to zero. Our starting point is a diagrammatic proof of abelian gauge
invariance to arbitrary order in perturbation theory. As is well known, such proof
lies on the possibility of performing shifts in the internal momenta of divergent

integrals [43]. Here we show that this is ultimately connected to MRI in the
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Feynman diagrams. To this end we use IReg in the integrals needed in the
diagrammatic proof, and study under which conditions the Ward Identities are
respected. In what follows we use a pictoric representation (figure 3.2) of the

Ward Identities as in [43], namely:

1 k
kY Ay, =
M1 M1
k k
kVBVM#z = +
M2 H2
M1 H1 H
k
M2 k H2 H2
kVCWwa:S = + + k
M3 H3 M3

Figure 3.2: Pictoric representation of QED Ward identities k”A,, = 0,
E'Byjys = 0, and k"Cyp pops = 0. Diagrams with more than four external

legs are finite and shifts are obviously allowed.
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Explicitly,

(i)t (i
¥ Bupr Tr/vm(%ﬁikw)%(,H;%)k(piﬁ)
/7“2(p+ﬂ+%+¢)k<¢+;+¢>m(ﬁ)’ 29
K Coprpaa = T /VMJ(P+%+@)%2<P+%+g1>7’“(ibi%)k<ﬁ)
+T7“/%(p+zé+@>”“2(mkwl)%( i% %(’1")

o1 [ 5rrrg)HFra) ”’”(mgl)”‘l ) B2

where P = p+ 6, a, 3, and 0 are arbitrary routings and () = d, +d, By using
[Reg we finally obtain:

B Ay = ATk, 4+ 4 (T8 =408 ) [k - (b + 20) g, + (b + )%k, ]

(3.27)

[ J—— (rgm . 4Pgl’4>) [ Gl - (ke + g+ 2B) + K (k + ¢ + 28) 0+
+ ey (k +q+28),,] (3.28)
K Coprms = 4 (F(()l,2) _ 4F81’4)> [Gskns + Guapskns + Gaps ki, ] - (3.29)

with surface terms defined in eq. (2.10). We notice that Ward identities are
fulfilled provided
Py =1 =i =o. (3.30)

Thus by adopting an abelian gauge invariant regularization (setting surface terms
to zero) one automatically preserves MRI.
Conversely, we could study the conditions under which the diagrams involved

in the diagrammatic proof [43] of gauge invariance respect MRI
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1 H1

MMO e

fa M3
Figure 3.3: Diagrams needed in the diagramatic proof of abelian gauge invari-
ance.

Performing the calculation one notices that MRI is respected if
g =1 =i =o, (3.31)

which are the same conditions to preserve the Ward identities. Therefore we
conclude that MRI is a necessary and sufficient condition to preserve abelian
gauge symmetry at arbitrary loop order. This should be emphasized that the
previous conclusion regards a theory free of chiral couplings (proportional to 7s).
This feature can be easily seen in the Adler-Bardeen-Bell-Jackiw (ABJ) chiral
anomaly in which the axial Ward identity must be violated if momentum routing
invariance is to be respected.

The ABJ chiral anomaly was already studied using IReg [19]. Here we would
like to revisit the problem by a different point of view, in consonance with an on-
going work about anomalies in CPT-violating extensions of the Standard Model
[44]. As pointed out in [45], chiral theories, if not properly treated, can furnish
ambiguous results. Using the IReg framework has some advantages in this aspect
since, independently of the procedure used to deal with the 5 matrix (whose
algebra is the source of the ambiguities), all ambiguous/regularization dependent
terms can be parametrized as surfaces terms. However, some caution should be
exercised if we want to connect surfaces terms with momentum routing ambigu-
ities. In such case, a defined prescription should be followed. In the particular

case of the ABJ chiral anomaly, the trace involving the 75 matrix should be
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symmetrized, as already mentioned in [46]. Explicitly we have

1
ZTr [757017#7,3%/7/)7)\] = €auprIpr — €auBpdvi + €apvpdBr — €afrpJur+

+€uﬁupga/\ — ExapsYpv + ExaurYps — ExaprYpu + ExuprIpa — Expauldvs +

tExpasIvu — ExppBYva + Expradus — Expvudas + ExprBYap- (3.32)

After this comment, we proceed to the evaluation of the anomaly itself. The

relevant diagrams are depicted in figure 3.4, whose amplitudes are given by

Tt =~ T'f/k% (ﬁ) Vo (%%kg,) Yo¥s (k%%) +(n e vp ),
(3.33)
where

ki=ap+ (8-1)q, ko=ap+PBq, ks=(a—1)p+(8-—1)q, (3.34)

and «, § parametrize arbitrary momentum routings.

T Yv
puro
Tv Y

Figure 3.4: Diagrams of the Adler-Bardeen-Bell-Jackiw chiral anomaly with an
arbitrary momentum routing.

Using now eq. (3.32) and the rules of IReg one arrives at the vector and axial

Ward identities, which cannot be satisfied simultaneously

prTVVA — di(a — B — 1)F(()1’2)eu,,a5p“qf8

uro
qu/X/ZA = —47/(04 - ﬁ - 1)I‘(()LQ)e,ul/ozﬁqypb7
(p+ q)“TXVZA =8i(a— f — 1)F(()1’2)6Waﬁp — 303 CvapD ¢ (3.35)
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A comment is in order to clarify the interplay between surface terms and MRI
in the presence of anomalies. We notice that by setting F[()l’2) to zero one imple-
ments MRI since the Ward identities will be independent of o and . However,
this choice for F(()LQ) strikingly spoils the democracy that the calculation scheme
should preserve between the vector and axial Ward identities which must be fixed
on physical grounds [42]. In other words, the surface term should be left arbitrary
and a new constraint should be imposed on the theory. In the case of the ABJ
chiral anomaly, the pion decay into two photons (experimental data) requires the
conservation of the vector current. Therefore, the surface term should be null
which represents preservation of MRI. Once again, we notice the connection be-

tween abelian gauge symmetry (represented by the vector Ward identity in this

case) and MRI.

3.3 Momentum Routing Invariance in the con-

text of scalar field theories

Having demonstrated that the imposition of momentum routing invariance au-
tomatically preserves abelian gauge symmetry to all-orders,, we wonder which
would be the consequences of MRI breaking in a theory with low symmetry con-
tent. We study massless ¢} theory by calculating its S-function at two-loop order

[34]. The Feynman diagrams we will need are depicted in figure 3.5.

Since we want to stress the connection between surface terms and MRI, we will
use an arbitrary momentum routing in the diagrams above. However, following
the calculation outlined at [34], one can easily see that only the momentum
routing of the subgraph of the third and sixth diagrams will affect the coefficients
of the pg-function at two-loop order. Thus, we will use the following convention

Adopting a minimal subtraction scheme which in IReg corresponds to sub-

tracting BDI’s only, one obtains the following two-loop corrections for propagator
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k1 ko
5
P1 P2 p1 P2 P ka2 D2 p1 2

1 p:

Figure 3.5: Diagrams contributing up to two-loop order of ¢ theory. = stands
for two-point functions and A stands for three-point ones.

‘ \kl
p p
\*/ 5
k1 p1 k2 +aki p2

Figure 3.6: Diagrams whose choice of momentum routing may affect the coeffi-
cients of the S-function at two-loop order.

and vertex

[1]

54 9

2
P
- g [gfl(olg) (2?)

. 20bh 302 — 3a 4+ 1T
+Zg4{[—< 6_(0& «Q )To Il(olg()\2>_’_

5bs (2
1—811(03()\2) p2}
+ terms that do not contribute to the S-function, (3.36)
1 . 51 5bs (2 17bg 1,2 1
A=-g [Ifogm ig® | 5 iy (V) = (=57 — (30® = 3a + IF ) 1) (V%)
+ terms that do not contribute to the S-function, (3.37)
1 2
where bg = _§W
With these results, the S-function can be calculated yielding
g 3¢ 125" ig®[12(a® — a) +5 r{? + O (3.38)
T T 4(dr) T 144(4n)s 6(4r)? g ‘

As is well known the coefficients of the S-function up to two-loop order in a
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mass independent scheme are universal. We notice that we obtain the universal
values of the S-function only if we set F[()l’2) = 0, which is the same condition
to preserve MRI. On the other hand it becomes also clear from our expression
for the beta function that should the surface term be non-vanishing the two loop
universal beta function coefficient would be momentum routing dependent (in our
case would depend on «). Therefore, we conclude that even in a theory with poor
symmetry content such as ¢, momentum routing invariance is important since

it is responsible for the preservation of the universal values of the S-function.

Concluding Remarks

Momentum routing invariance (MRI) is clearly a symmetry of any Feynman
graph, as allowed by energy-momentum conservation in the vertices. However, di-
vergencies which typically appear in loop calculations may simultaneously break
MRI and important symmetries of the underlying model. We demonstrated for
abelian gauge theories that the offending terms are multiplied by surface terms
which once set to zero automatically render the regularization invariant besides
implementing MRI. Therefore, we may conjecture that an invariant four dimen-
sional regularization framework should comply with MRI. We derived the formal
expressions of surface terms to arbitrary order in perturbation theory. In presence
of anomalous processes we use the case of the Adler-Bardeen-Bell-Jackiw (ABJ)
chiral anomaly to illustrate that the same procedure can be applied to isolate the
anomaly specific MRI violating terms, which can be fixed either to conserve the
vector or the axial-vector current, in a manifestly “democratic” way. For theories
with poor symmetry content, MRI manifests itself as an important ingredient in
the calculation of the universal coefficients of the S-function. Any regularization
scheme should comply with MRI. We propose Implicit Regularization as an ideal
framework to implement such program in the physical dimension of the quantum

field theoretical model, applicable to models where dimensional methods may fail.
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Chapter 4

(Un)determined finite
regularization dependent
quantum corrections: the Higgs
decay into two photons and the

two photon scattering examples

Introduction

On 4th July 2012 a new boson was announced using its decay into two photon
as one of the main channels of discovery [47, 48]. The immediate question that
arose was whether this new boson corresponds to the one predicted by the Stan-
dard Model (Higgs boson) or not. To help answering this question theoretical
predicitions (loop corrections) on such decays must be set on consistent grounds.

Some time ago the W loop calculation of the Higgs decay into two photons was
performed in the unitary gauge and the result obtained [49] contradicted previous
ones found in the literature [50, 51, 52]. The reason pointed by the authors
was the use of Dimensional Regularization. Soon after many authors performed
calculations in the framework of Dimensional Regularization [53], lattice [54] and

Loop Regularization [55]. In all cases the old results were recovered shedding
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many doubts on the statements presented on [49]. Other authors used Cutoff
Regularization [56, 57] obtaining the same result of [49] thus concluding that
such regularization is unpredictive if one works on the unitary gauge. Other works
were devoted to the discussion of the decoupling theorem [58,; 59| questioning the
reliability of the predictions made on [49].

Contemporary to Gastmans et al. work, another paper questioned an old-
stabilished result in the literature: the cross section of the two photon scattering
[60]. Once again, doubts were raised against the use of regularization. A work
followed in which this issue was explained [61] in the framework of Dimensional
Regularization and Paulli-Villars recovering the old results found in the literature
[62, 63].

The aim of the present work is to revise these two calculations with the purpose
of illustrating that a priori undefined quantum corrections in Feynman diagram
calculations, which entail regularization scheme dependence, are the common
denominator of such discussion. Such arbitrarinesses must not be mistaken by
finite parameters related to the freedom of defining renormalization constants
to be fixed by renormalization conditions (i.e. the choice of a renormalization
point). We propose the Implicit Regularization (IReg) framework to handle such
ambiguities which acts on the physical dimension of the theory thus being partic-
ularly useful to dimensional specific models. In this context such arbitrariness are
expressed by differences between divergent loop integrals with the same degree
of divergence and independent of external momenta with the purpose of bring-
ing about its physical interpretation namely their relation to momentum routing
invariance (MRI) in an arbitrary Feynman diagram. Some regularizations may
break MRI, an inevitable consequence of energy-momentum conservation at the
vertices of Feynman diagrams. The striking connection between momentum rout-
ing invariance and preservation of gauge symmetry was realized long ago by t’
Hooft and Veltman [12], by Jackiw in [64] as well as by Elias et al. in [65]. In the
last chapter [66] we established the interplay between the vanishing of such arbi-
trary parameters expressed by surface terms and Abelian gauge invariance in the
context of IReg. As explained in chapter 2, in this four-dimensional method, reg-
ularization dependent terms (surface terms) can be extracted out in a consistent

way allowing a clear discussion of the ambiguities involved in the manipulation
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of divergent integrals. Therefore, instead of just adding the result of a differ-
ent method to the literature we intend to show that the discussions presented in

[53, 54, 55, 56, 57| can all be explained using just one framework.

4.1 A general view of regularization dependent

integrals

In this section we discuss on general grounds the issue of regularization dependent
integrals leaving the physical calculations of the Higgs decay as well as of the two
photon scattering to subsequent sections. Proceeding this way we hope to set the
subject, both from a conceptual and technical point of view, in a consistent and
self-contained way allowing a clearer discussion of the examples just cited.

As is well known Quantum Field Theoretical Feynman diagram calculations
involve integration in the momentum loops which must be regularized due to
ultraviolet and sometimes infrared divergences. The renormalization program
consistently redefines physical degrees of freedom order by order in perturbation
theory. Symmetry requirements may either be ensured by an invariant regular-
ization or imposed as constraint equations as dictated by Ward-Slavnov-Taylor
identities order by order in the loops. Yet a little calculational tedious, the latter
procedure is perfectly sound for both anomaly free theories and models in which
the quantum symmetry breaking mechanism is well known.

A plethora of regularization schemes have been constructed to be used where
gauge invariant Dimensional Regularization may fail, namely in the so called
dimensional specific theories among which supersymmetric, chiral and topolog-
ical quantum field theories figure in. A natural question would be which basic
properties should a method that does not recourse to analytical continuation in
the space-time dimension should retain in order to be invariant. We start by
illustrating with simple examples following [67]. Let A be the superficial degree
of divergence of a n loop integral where the momentum £k, runs. Consider the

following 1-loop A = 2 integrals,

kQ
A:/km, (4.1)
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and
B = Luaa(m®) + m* 1oy (m?), (1.2

where [, = [d*k/(27)* and we recover the standard notation in Implicit Regu-

larization

L1og(m?) E/km, and  Iyyuaq(m?) E/kﬁ (4.3)

We expect A = B be guaranteed by any regularization procedure. However this
is not the case. Proper-time regularization [68] for instance, introduces a cutoff

A after Wick rotation via the following identity at the level of propagators

2F(n)—2 = / T drentemrtrnt) [T g ) (4.4)
(k2 4+ m?)" 0 1/A2

Thus it is trivial to obtain within the proper-time method that A # B since

Ay = —2 {A? —m?In (A—2)} , (4.5)

(42 m?

By = % [A; —m?In <2—z>] : (4.6)

On the other hand it is straightforward to show that standard Dimensional Reg-

whereas

ularization leads to A = B. To circumvent such discrepancy the authors of [67]

define a n-dimensional integral

I(a,B) = /kn (Oszlﬁm?)’ (4.7)

for a and ( arbitrary in order to write

0
A= _%I(a> B) a=/3=17n=4, (48)
and 5
B = I(Oé, 6) o=f=1.n=4 + %[(O@ B) a:ﬁ:l,n=4. (49)
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Then resorting to proper time regularization one gets

n/2

from which is obtained

n Ty s (A
AR = ()2 [2/\ 5 In <m2>] ) (4.11)
and , A2
n —1
By = e {Az —2m?*In (ﬁ)] : (4.12)

Whilst keeping n = 4 violates A = B, the choices n = 4 in the term oc In A?
and n = 2 in the term oc A? lead A to coincide with B at regularized level. Yet
arbitrary the authors consider such prescription, which is generalizable to other
integrals in Feynman amplitudes, a concrete realization for a four dimensional
regularization. They claim that Veltman in [69] already notices that quadratic
divergences are associated with n = 2 whereas logarithmic divergences have to
be treated in n = 4 in Dimensional Regularization. Other authors have used a
similar approach [70, 71, 72].

Let us now consider another related example. Consider the effect of a shift
in the integration variable in a four dimensional integral. As well known such
shifts accompany surface terms in more than logarithmically divergent integrals.
Their value is highly regularization dependent. For instance take the difference

between two linearly divergent integrals for w = 2

_ “ Ky _ 2w (k+p)u
N == = )

Clearly A; = 0 in Dimensional Regularization because no surface terms accom-

pany shifts in the integration variable. In [65] the authors generalize the proce-
dure adopted by Jauch and Rohrlich in [73] to evaluate A; for w exactly equal
to 2. Their purpose was founded on the physical motivation of constructing four

dimensional regularizations with properties compatible with Dimensional Regu-
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larization. By defining

2n+1 2n+1
IQn—&-l,r — /QW Hj:l kuj and J2n+1,7« _ 2 Hj:l (k + p)ﬂj
H1---f2n+1 i [(k _ p)Q _ mQ]r’ M1 ph2n+1 . [k2 _ m?]r ’

(4.14)
in [65] is shown that whilst I = J for 2w+2n+1-2r < 1,if2 > 2w+2n+1-2r > 1
then

- 4w
2n+1,r I+l —i(27) 7 G241 (D)
]M1~~~M2n+1 - ‘]M1~~M2n+1 - F(w) 5T,w+n7 (4‘15)
with o
gujlﬂjg e g“j2n71/l]'2npﬂj2n+1 0'.71~--.72n+1
Gy = : 4.16
2n41(p) Nw) TN w + n + 1)nl22n (4.16)
and
gIident1 — €j1~--j2n+1(_)si9n(6)' (4'17)
For n = 0 we immediately obtain
—im2(2m)*
Al = #&ngﬂ. (418)

A similar expression may be obtained for more than linearly divergent variable
shifted integrals. It is immediate from above that the kronecker delta signs a
discontinuity in the dimensionality w. The authors use these results to back up an
integer dimensional regularization called Preregularization where the freedom of
momentum routing in the loops is chosen to cancel out some surface terms in order
to preserve Ward identities in chiral anomalies or supersymmetry [40, 74, 75].
A relevant question, given that shifts of integration variables are regularization
dependent, would be to verify whether the argument could be turned the other
way around, namely to exploit the consequences of momentum routing invariance
over regularization schemes. Some technicalities deserve attention. Symmetric
integration in n (integer) dimensions, namely k,k, — g,,k*/n under integration
in k for divergent integrals does mot hold in general and has been a source of
disagreements in loop calculations as well discussed in [39] in the context of CPT
violation in quantum field theory and used in [49] to study Higgs’ s decay in two
photons. In particular symmetric integration was used in [73] to evaluate A;.

As explained in chapter 2, we propose the Implicit Regularization framework
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to deal with these ambiguities. As showed there, there is the appearance of the

following objects

d v nz
w= [ ol | Do) - )| (@19
r Oky (k2 —m2)2 d g

and

T“”z/d 0 K| L am®) — 1 )] (420
2 ) Sy~ D @ )~ Bl

The surface terms Y’s are regularization dependent terms which however can
be shown to be physical meaningful and therefore be fixed. In the process of
reducing the set of loop integrals to basic divergent integrals it can be shown that
the vanishing of surface terms expressed by the T’s reflects momentum routing
invariance in the loops of a Feynman diagram [18, 66]. Attributing spurious
values to such surface terms is the root of quantum symmetry breakings by reg-
ularizations. Once we attach a physical meaning to them, as it is proposed in
the Implicit Regularization program we may regularize infinities in a regulariza-
tion independent fashion because the renormalization constants can be defined
in terms of basic divergent integrals themselves.

As for the examples we presented earlier, it is immediate that A = B within
our approach because summing and subtracting m? in the numerator of A leads
to B. Whenever even powers of internal momenta appear in the numerator, one
can always make use of such artifice to avoid ambiguous symmetric integration

[23]. As for A; in equation (4.13) one obtains within Implicit Regularization

AR =hp,. (4.21)

4.2 Higgs decay into two photons

In this section we will study the W loop contributions to the Higgs decay into
two photons. Using the unitary gauge we have only three Feynman diagrams to

evaluate (fig. 5.3). Notice we are not choosing a specific routing for the diagrams
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Figure 4.1: Diagrams with arbitrary momentum routing x

since we want to study how the final amplitude depends on it.
The sum of the three diagrams can be symplified to the expression (the strat-
egy is to group the terms of the integrand in order of M, " and consider that the

external photons are onshell p? = 0 and p? + p3 = M?) !

M = ieg M | M) + M + M| (@) (@) + (1 pouja > v), (4.22)
a 4 (0% 3 (0% (0%

M) = =9 (p)*(22) 153 + (1 - p2) 1) = (1) (p2) 1) = (p2)u(p1)" 12| +

2 (3)
+ W g;u/(pl p2) - (p?),u(pl)l/ ]2 ) (423)
3(guk® — 4k k)

M®) = / L p , 4.24
w = | @R G =R G — M) 2
(c) (3) a7(3) Mi (3) (3) (3)

Muy = 6g/u/ [(pl 'pQ)IO - (pl) [a - T[O } + 6[2(p1)VIu o <p2>ﬂ(p1)VIO )

(4.25)

1, k% k,, k. k
18 V:/ T Ty : 4.26
o = | MG~ M)~ D) 2

As one may notice, only M,Sfﬁ) and M,S?) contain divergent terms. At this point
we must choose a regularization in order to deal properly with such terms. We
employ IReg since all regularization-dependent objects (surface terms) can be

consistently treated allowing a clear discussion about ambiguities as will be seen

'We define ¢; =k + x;, s =k + x; and [ = [ (gjrl)C4
k
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below. Therefore the first term is given by

@ — [P2)aP)y = g (b1 - po)] [ i —2F81’2)]- (4.27)

v M?2 1672

The first point to be noticed is that this term is gauge invariant and, in
general, ambiguous since it depends on a surface term. Another feature is that it
is proportional® to 7° which furnishes us a clue that it may be the term missing
on [49]. In fact, if one performs a symmetric regularization in four-dimensions
(by replacing k,k, — g,,k*/4) it will be null. In other words a 4-dimensional
regularization that resorts to such substitution is evaluating the surface term to
a precise value in this case i/327%. On the other hand, if one uses Dimensional
Regularization the surface term will vanish which furnishes a non-null amplitude
in the limit 77! — 0. In the framework of IReg there is no reason a priori to
favour one of these two values since we are dealing with ambiguous objects in
nature. From our perspective physical conditions, other than the regularization
method, should constrain the value the surface term should assume. In general,
one such condition is to impose gauge invariance, however, since this term is
already gauge invariant, this consideration will not fix it. Therefore, we should
leave it arbitrary and proceed with the calculation of the amplitude for now. The

sum of the two last terms is?

b o { 3r7t 32t —172)f(7)
M;(W) + M,(W) = W [(pQ)u(pl)u - g;u/(pl 'pz)] [ 5 + 5
31
+ g (P1 - p2) ( W Fff’”) . (4.28)

M2
We define 7 = iR
2Where we define

arcsin®(y/7) for 7<1,
= 2
) L In Ltvizr i for > 1
—= — 7 T .
4 1—+v1—-7-1

35



Readily one may notice the appearance of another surface term due to M,S?,)
which explicitly breaks gauge invariance. Since there are no other terms to con-
sider, one should impose gauge invariance as a physical condition that the whole
amplitude should fulfill. Thus the otherwise arbitrary surface term must assume
a precise value which in our case is null. This choice also fixes the surface term
appearing in (5.54) since in the framework of IReg there is no distinction be-
tween surface terms coming from integrals with the same degree of divergence
and the same Lorentz structure. This approach is different from the one found
in [56] where a cutoff scheme is used and it is claimed that the ambiguities can
be parametrized by different boundary conditions for the integrals appearing in
(5.54) and (5.55).

After all these considerations we obtain the amplitude for the Higgs decay

into two photons in the framework of [Reg

629

M=-_°9_
1672 M,

(o0 = gl l] |24 242 (2 1) i) ety
(4.29)

which agrees with previous one found in the literature [50, 51, 52].

In the time this work was been written, another paper devoted to this decay
appeared [76]. Their authors have a point of view similar to ours in the sense
that ambiguities should be fixed on physical grounds '. They use the equivalence
theorem as well as the conservation of charge as inputs that their amplitude must
fulfill. Since these are consequences of gauge invariance there is no surprise that
just the imposition of such requirement gives us an unambiguous result.

Another interesting point discussed there is the role played by momentum
routing freedom. From their point of view the loop-momentum of the three dia-
grams must be chosen in a particular way as to reduce the superficial degree of

divergence of the amplitude to a logarithmic one.? However, from our point of

Tt should be emphasized that their definition of the ambiguity is more closely related to
the one found in [42]. We, on the other hand, define it by (4.19) which is more closely related
to the preservation of Abelian gauge invariance [66]

2They find that all three diagrams must contain the same momentum routing. Therefore it
is no surprise that our result before regularization (5.53) contains at most logarithmic divergent
integrals since we also adopted the same momentum routing for all three diagrams (x1).
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view momentum routing invariance (MRI) is a symmetry that must be respected
since it is connected with Abelian gauge invariance as well as supersymmetry
preservation [66]. The importance of this statement is particular clear if, instead
of considering the calculation of the whole amplitude, one evaluates each diagram
individually. Following the reasoning of [66] one founds out that momentum
routing dependent terms will arise always multiplied by arbitrary-valued objects
(surface terms). Therefore, since individual diagrams are not supposed to be
gauge invariant, the only symmetry left in order to fix the ambiguities is de-
manding momentum routing invariance. As can be seen, we could have adopted
this approach from the beginning of our work avoiding completely the discussion
of gauge invariance (since the two symmetries are connected it is not a surprise
that the surface terms must be null in both cases). However, in order to make
contact with the literature we performed the calculation of the whole amplitude
with the same routing for all three diagrams which evidently is not the more
general situation. Therefore, it is not a surprise that our result is independent of

the momentum routing y; even though we still have an ambiguity expressed by
Y.

4.3 'Two photon scattering

In this brief section we would like to comment on the result found on [60]. As
in the case just analized, the problem lies on divergent integrals which appear as

intermediate steps of the calculation. Explicitly we have [61]

mASIVP7 4 2m? (25577 — k2S1P7)
k’2 _ m2)4

AHVPO

UEFE kPET + (k2)% SHPT — 4|2 5Hro
- / = (K)5 2 (4.30)

k2 — m2 4 !
J (k2 = m2)
where
SPPT =g g + g g + g g™,
SEPT =gt kPR + gMPEVET + gMORPEY 4 g EFET + ¢OVRPEF + gP R EY.
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As can be readily seen, the integral above is divergent, thus ambiguous. Such
statement is particularly clear in the framework of IReg since it is evaluated to
(0 — ar{) 51777 where T§"" is a surface term coming from an integral with
Lorentz structure k"' --- k" as defined in chapter 2. Therefore, there is no pre-
ferred value this integral should assume, it should be left arbitrary being fixed
by the imposition of physical conditions. As discussed in [61], a non-null value
for A*?? implies the breaking of gauge invariance which means the surface terms
must obey F(()l’2) = 4F(()1’4) in order to respect such symmetry. Thus, there is no
ambiguity left on the final amplitude which as expected agrees with previous re-
sults found in the literature [61]. In summary, as in the case of [49], the authors
of [60] performed a symmetric regularization on the integral above which in turn
gave a precise value to the surface terms (A*7 = (i/967%)S}"*”). Such choice
resulted in a different cross section for the two photon scattering than the one
found previously in the literature [62, 63]. However, since the integral is ambigu-
ous in nature there is no reason to assume a precise value for the surface terms

which must be fixed on physical grounds.

Concluding remarks

In this chapter we studied the decay of the Higgs boson into two photons as well
as the two photon scattering amplitude. Both processes must have only finite
corrections since the photon does not couple with the Higgs boson neither with
itself. However, in the intermediate steps of the calculation one may encounter
divergent integrals and the issue of regularization is particularly important in
order to give a meaningful result. To discuss the ambiguities inherent in such
process we used the framework of Implicit Regularization which can consistently
separate the divergent, finite and ambiguous part of any integral. We found out
that although the divergent parts cancel as expected there are some ambiguities
left (parametrized as surface terms). These should not be fixed by the regular-
ization scheme a priori, but should be left arbitrary been determined by physical
conditions. In the cases studied here, the condition used was the gauge invari-
ance of the final result which univocally fixed the surface terms thus recovering

the amplitude for the Higgs decay as well as the cross section of the two photon
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scattering found previously in the literature.

39



Chapter 5

Guises and Disguises of

Quadratic Divergences

Introduction

The Higgs boson discovery at the LHC [47, 48] (my ~ 125 GeV') as well as the lack
of data supporting on low energy extensions to the standard model (SM) such as
supersymmetry (SuSy) has renewed the interest in possible explanations for both
the electroweak hierarchy and the naturalness problem. These issues are related to
a certain extent to how we interpret quadratic divergences in field theories. Two
kinds of hierarchy problems arise in the SM [77]. The most commonly referred
one, which we will simply call hierarchy problem, is related to the large radiative
corrections to the Higgs mass stemming from quadratic divergences in the cutoff
which supposedly cancel against the tree level value to a very high precision at
the weak scale. Consequently the Higgs mass becomes quadratically sensitive to
a cutoff scale A. On the other hand the gauge hierarchy problem has to do with
logarithmic divergences which determine the running of the coupling constants: if
on one level the scale that characterizes the symmetry breaking of the GUT which
unifies quantum chromodynamics and electroweak theory [78] is 10" GeV, on the
other level the electroweak symmetry breaking scale is about 102GeV . Explaining
this gap is known as gauge hierarchy problem [79]. The solution of the hierarchy

problem involves how one bypasses the quadratic divergences which, unlike other
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divergences of a renormalizable theory which are multiplicatively renormalized,
lead to a subtractive renormalization of the Higgs boson mass. Thus the hierarchy
problem is reduced to the naturalness of such subtraction. SuSy avoids such
subtractive renormalization and would solve the technical naturalness of the SM
should SuSy particles be sufficiently light.

It is important to remark that contrarily to the interpretation in ultraviolet
(UV) complete theories, quadratic divergences cannot be excused away as an
artifact of the regularization procedure by simply adopting dimensional regular-
ization, for instance. Taking the SM as the low energy limit of a more complete
theory, a cutoff must be introduced to set a landmark in which new degrees of
freedom appear. Notice that the meaning of a cutoff A is twofold: it can play the
role of the UV cutoff of an UV complete theory (A — o0) or a cutoff in an effective
theory at which new degrees of freedom appear (merging scale). For example,
for low energy models of QCD, A ~ 1GeV, as quarks and gluons are not well
defined degrees of freedom in this region [70]. Evidently, for both the ultraviolet
complete and the effective theory, naive subtraction of quadratic divergences has
no effect upon the low energy dynamics. However in drawing conclusions about
new physics, such subtraction becomes a subtle and relevant issue.

However, as pointed out in [80], the absence of quadratic divergences does
not fully solve the hierarchy problem. The SM must also be UV completed at
the scale A by a theory without quadratic divergences. Thus the problem also
passes by at which scale a complete theory (say, SuSy) appears. That is because
a matching of the parameters of the high energy and low energy physics ought
to guarantee light Higgs mass parameters at the merging scale. Such fine tuning
would be avoided only if A ~ 103GeV [80].

Different constructions, differing by their level of sophistication, have appeared
in the literature to explain away the role played by quadratic divergences in the
naturalness problem, given that new physics has not been found at LHC with
/s = 8TeV. It is worthwhile to discuss some proposals to give a panorama on
the subject. For instance, naturalness without SuSy was proposed and studied
by Jack and Jones in [81, 82], whereas in [83] it was constructed a non-SuSy
hypothetical theory which has the same particle content as softly broken minimal

supersymmetric QED. It was shown that such theory was gauge invariant and
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free of quadratic divergences up to two loop order.
The oldest and widely discussed proposal is the Veltman condition [69], by
which in the SM

3 3 3
Cy = §m12/v + ZmQZ + Zm% — zf:nfmfc, (5.1)

ny; = 3 for quarks and n; = 1 for leptons, would make the coefficient of the A?
contribution to m? vanish if Cy = 0. However, this leads to my = 316GeV .

In [84], within the scotogenic model of neutrino masses, the introduction of two
scalar doublets, distinguished by Z, symmetry, leads to two Veltman conditions
which, in principle, could satisfy the vanishing of quadratic divergences without
narrowing the Higgs mass as much. An alternative to the Veltman condition
would be the compositeness of the Higgs particle by a strong infrared dynamics,
forming a fermionic bound state, which at high energy breaks into its elementary
fermionic constituents and, hence, quadratic divergences would be absent [85].

On the grounds that neither the Veltman condition is satisfied for the mea-
sured value of the Higgs mass (electroweak scale) nor SuSy has been found at the
LHC energies, reference [80] supposed that Veltman condition could be satisfied
at some large energy py where SuSy dominates (see also [86]). Whereas simply
imposing Cy = 0 leads to my ==~ 316 GeV, at odds with the current value, in
terms of physical masses and couplings (5.1) is supposed to be renormalization
group invariant. Thus Veltman condition (5.1) at one loop order can be written
in terms of running couplings as [80]

92 3/2

Cv (1) = 6A(p) + 59°() + 59" (1) — 6w (1), (5.2)

where p is the renormalization scale, A\ is the Higgs potential self coupling, v,
is the top Yukawa coupling and g, ¢’ are the electroweak gauge couplings. Set-
ting Cf.(1) = 0 allows us to infer at which scale the Veltman condition is ful-
filled (higher loop order corrections leads only to a small modification in gy,
[87],[88]). A NNLO calculation for the running couplings [80], using as inputs
my = 126 GeV, my(m;) = 161.5GeV and az(myz) = 0.1196 for the strong cou-
pling constant at the Z boson mass, leads to C(u) = 0 at u slightly larger than
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the Planck scale, which means that the SM is fine tuned up to this scale. An-
other adjustment in the parameters of the high energy fundamental theory must
be performed in order to keep the Higgs and other singlets masses light at the
merging scale. Such fine tuning is however unrelated to quadratic divergences.
The appealing feature of this construction is that it puts off the solution of the
hierarchy problem to the high energy complete UV theory.

In [89] it was introduced new degrees of freedom through adding other con-
tributions to Higgs boson wave function renormalization. Effectively, those new
degrees of freedom change the Higgs boson coupling and, guided by naturalness,
the authors construct a weak scale effective theory in which the new extra scalar
fields cancel the quadratic divergences. They also argue that the parameter space
of their “natural theories” can be tested to percent level precision through Higgs
boson coupling measurements at LHC.

It is noteworthy that there have been claims which establish the Higgs light-
ness due to huge cancelations because an anthropic selection destroyed natural-
ness [90]. Along similar lines, some authors claim a finite naturalness scenario in
the sense that quadratic divergences are simply put aside (ignoring uncomputable
power divergences) so that the Higgs mass is naturally small at least until there
are no heavier particles [91]. They verify that finite naturalness is satisfied by the
SM whilst for its extensions it remains valid only if the new physics is not much
above the weak scale.

An interesting analysis on naturalness of the SM and extensions based on
Bayesian statistics was performed in [92]. ATLAS and CMS [47, 48, 93] operates
in 20/ fb with center of mass energy in the range /s = 7 to 8 TeV and will
continue searching for SuSy to 137TeV. Moreover a /s = 100TeV Very Large
Hadron Collider (VLHC) may be constructed. Roughly speaking, Bayesian statis-
tics is a numerical estimate of belief in a proposition (model), given the experimen-
tal data. Such an estimation is weighed by the Bayes-factor B. Unsurprisingly
the evidence for the SM without quadratic divergences over SM with quadratic
divergences, given both the mz and my measures, is huge (B =~ 10*°, given that
B = 150 is considered very strong in the Jeffrey’s scale [92]). A comparison be-
tween the likelihood of the SM and the constrained minimal supersymmetric SM

(CMSSM) [94, 95, 96] indicated, using as inputs the measured values of my, myz
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and LHC at 20/fb, that the Bayes factor favors the CMSSM over the SM with
quadratic divergences by ~ 103°, whereas SM without quadratic divergences is
favored over the CMSSM by ~ 700. Before the LHC measurements, this factor
would be only ~ 2. This is related to the “fine tuning price”. They conclude
their paper arguing that natural models are most probable and naturalness is not
simply an aesthetic principle. Moreover, the fine tuning price of null results from
the VLHC (= 400) would be slightly less than that of LHC (=~ 500).

In this contribution, we point out another perspective on the role and control
of quadratic divergences in quantum field theory, in general, and in the Higgs
naturalness problem, in particular. Our viewpoint is consonant with the works
of Fujikawa [97] and Aoki and Iso [77], but justifies them at a prior regularized
level led by symmetry constraints.

We illustrate our proposal with well-known examples such as the gluon vacuum
self energy of QCD and the Higgs decay in two photons within this approach.
We also discuss frameworks in effective low-energy QCD models, where quadratic
divergences are indeed fundamental.

Our discussion is essentially based on an approach where UV divergences
are parameterized, after being reduced to basic divergent integrals (BDI) in one
internal momentum, as functions of a cutoff and a renormalization group scale A
[66, 98]. This construction takes a step forward from the one presented in chapter
2 in the sense that it is possible to introduce a cutoff, which is crucial in order to
address the hierarchy problem. It should be noted that all the rules of IReg are
still to be followed, the only difference being that BDI’s should now be replaced
by general parametrizations in terms of A. To define these relations, equations
involving derivatives of BDI’s were used since they are regularization independent
and must be satisfied by any explicit regularization.

Arbitrary regularization dependent terms, which may be responsible for sym-
metry breaking in the underlying model, will be systematically displayed as sur-
face terms (ST) as before. The general parametrization we construct for each
BDI clearly displays the ST undetermined character, which is fixed by symmetry
requirements. That is because each BDI itself contains undetermined and regu-
larization dependent parameters. In this case, usually they can be hidden in the

arbitrariness of defining a renormalization constant. However, as we shall see in
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the case of quadratic divergences in the hierarchy problem, they may break sym-
metries as well. It should be emphasized that with this approach, we have control
of the regularization dependent terms which may break gauge, for instance, even
though we work with an explicit cutoff.

This work is about arbitrary regularization dependent parameters, more specif-
ically in the case of quadratic divergences, and how symmetry constraints which
fix such parameters shed light on issues such as the hierarchy problem. In the
latter, the scaling argument of Bardeen [99] and conformal anomaly can be used
to fix a undetermined parameter in the isolated quadratic divergence which con-
tribute to the Higgs boson mass. A generalization of this strategy to higher loops
is presented. This strategy follows Jackiw proposal in [42] by which undeter-
mined regularization dependent parameters must be fixed via symmetry and/or
phenomenology constraints. In this way, we show that his strategy is accom-
plished not only to finite models, in which finite quantum corrections cannot be
excused away by renormalization group conditions, but also to renormalizable
and effective models, notably in studying quantum symmetry breakings.

To gain insight on how we deal with arbitrary parameters in a regularization
independent way, as well as to give a general overview on quadratic divergences
in QFT, we discuss the appearance of quadratic divergences in QQCD and in the
electroweak Higgs decay in two photons. Finally we comment on the importance

of quadratic divergences in low-energy QCD effective models.

5.1 Basic divergent integrals, regularization am-

biguities and parametrizations

In this section, we discuss regularization ambiguities and general parameteriza-
tions of regularization dependent quantities. As explained in chapter 2 all diver-
gences can be expressed in terms of basic divergent integrals as below (we restrict

ourselves to four dimensions)

Lt o kML eH2n
oy o) = | e (5.3)

45



and

e oy kM1 H2n

quad . (7) = /km, (5.4)
where [, = [d'k/(2m)*. The basic divergent integrals with Lorentz indices can
be expressed in terms of the ones without indices throw surface terms (ST). Such
local regularization dependent surface terms are intrinsically arbitrarily valued.
Let us take one loop BDI as examples. If the integrals are d-dimensional, it is

straightforward to show that

and

pv 49 kY o g—’“’ o s
o _/k 3ku(k2—m2)%_<d 2)[(d—z)IM )~ Lguad >]. (5.6)

Such arbitrary surface terms are physical meaningful. The vanishing of ST’s
expressed by the YT’s reflects momentum routing invariance in the loops of a
Feynman diagram [18, 66]. Spurious evaluations of such ST’s are at the heart of
quantum symmetry breaking by regularizations.

We shall now construct general parameterizations for loop integrals which in-
corporate explicitly arbitrary regularization dependent terms which will be fixed
on physical grounds. Consider the regularization independent relations satisfied
by the following logarithmically basic divergent integrals in d (integer) dimen-

sional spacetime:

dIlog(m2) bd
I a—
dIl’f)';(m2) g by
B 57)
where
by " 5.8
= T2 (58)

A general parametrization involving a cutoff A — oo that obeys the relations
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above is

, (5.9)

where oy, o) are arbitrary dimensionless regularization dependent constants.

Similarly
dluaa(m?)  (d—2)
qd,:jﬂ - 9 ]log(m2)7
dl“uya (m2) d v
% = (5) ]l‘ég(m2), (5.10)

which leads to the general parameterizations

d—2 A2
Iquad(m?) :(2) aA® + by’ In <m2> + a3m2] ;
Nz AQ
féifad(WQ) 292 [ 5A% + bgm® In <m2> + a§m2] ; (5.11)

in which all regularization dependence is encoded in the a’s.
Now, if we use these parameterizations in the surface terms of equations (5.5)
and (5.6), we get
T o g" (a1 — o), (5.12)

and
ThY o g [(cg — o) A% + (a3 — ozg)m2]. (5.13)

These results exhibit the regularization dependence of the ST. For instance, in the
four-dimensional case Y5 = ¢"[i/8(4m)?] and Y5 = ¢g"A*[i/4(47)?] in sharp
cutoff regularization, while they are both zero in DReg. As mentioned before the
BDI’s are the barebones of the amplitude UV behavior and can be absorbed in
the definition of renormalization constants as they stand. In order to define a

mass independent scheme we may trade m? for A2 # 0 and write the following
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regularization independent relation

)\2
Liog(m?) = T1py(A?) + bln <ﬁ> : (5.14)

where A plays the role of renormalization group scale (see [66] and references

therein). However,
Tynaa(m?) = Luaa(N?) + m2Lg(m?) — N 11pe(A?) + b(m? — N?), (5.15)

where we note that the RHS is not completely written in terms of the renormal-
ization scale X\. That is because, as discussed in [97], quadratic divergences, in
contrast with logarithmic, must be subtractively renormalized. Renormalization
group flow is essentially described by a scale engendered by logarithmic diver-
gences. For the sake of completeness we write out the explicit parametrization
for logarithmic BDI’s to arbitrary loop order. After subtraction of subdivergences
according to BPHZ formalism, we may define the divergence of n'* loop order in

terms of basic divergent integrals for both massive and massless theories [34] in
(n) 2\ — 1 n—1 (kZ — m?)
Ilog (m ) = Amh’l (—T y (516)

n+1 n . m2
[(n+1)<m2) _ I(n+1)<)\2) . bz Ty <_> . (5.17)

the form

which obeys

log log i A2
=1
Likewise
() (n—1) b
o o (n—1)/\2 d n

e T e 09T
d]l(n)ﬂl/()\Q) (n—1) w g

o o (n—1) puv /2 g d ~(n
S = () + B, (5.18)

After some algebra, one can demonstrate that the parametrization below respects
(5.18)

(n) \2y _ (n— D! (=b)A® A72 = (p—j—it1 j Aiz
Ilog()\)_Z(z’—l)! it " A2 +Zj' o\ e

n—j5—1
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=07 '

(5.19)

L ' o fi=2\ (=D T —6(i—2-1)
A():P(d/Q)hm[—(l—l) 0( > 52 T(d/2+1-6(i—2-1))

i—1\ (=) TA—=6(—1-1))
( z) §~1 T(d/2+1-6(Gi—-1-1)]|
2

(- T -06(i—-2-1)
> 572 T(d/2+2-6(i—2-1))

d+2\ o= (i—1\ (=)™ T -6(i—1-1)
+<2>ZO< z> 5i1]XW2+2—6@—1—DJ’

(5.20)

and a;, a) are arbitrary constants. We have, for instance, the surface terms

n

Ie=/2) (n—1)! g 2\ (n—1)! _j1
_E “ ’I‘n/“’:_[(n)l“/ 2 E = [( J+1) 2'
9 = <d) (n o ])' 0 log ()\ ) + 9 d (77/ . j)' log ()\ )

j=1

(5.21)

Generalization to an arbitrary number of Lorentz indices can be obtained in a
similar fashion. For use in the next section, we explicitly write the ST’s at one

loop order up to four Lorentz indices:

YL = ¢ Lyaa(m?) — 21" (m?) = T8 2o g™ (5.22)
Th = 9" fiog(m*) = Alfyg(m?) = T vag™, (5.23)
Th? = gt a(m?) — 8117 (m?) = DYy glerest, (5.24)
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ured = glmwvelhp(m?) — 2410°P (m2) = T gl god, (5.25)

log

5.2 Example: Cancelation of Quadratic Diver-
gences and Renormalization of QCD at one

loop

In this section, we show that quadratic divergences that appear in gluon self
energies cancel out as they should, since they organize themselves into quadratic
surface terms which are set to zero on gauge invariance grounds. We take the
opportunity to evaluate the beta function of QCD using a different approach
from the one presented in [22]. In the present case, we will show, relying on the
parametrization of BDI’s just presented in the last section, how a cutoff can be
introduced while respecting gauge invariance.

For completeness, we present the bare QCD Lagrangian,

1
Lo=—(Fg

1 T ij 1] j . —a a
4 OHV)Q - %(GMAS;A)Q + Q/J(Z)(ZIYMDM] - m05 ])w(]) + +Z(8MCO)D“1)CS, (526)

and the definition of the counterterms in function of the renormalization constants

Agu - Z§/2Aa Cg - ~§/2Ca ’ 7700 - 221/2770 y 90 = Zgg , Moy = me . (527)

oo

Thus, Ly = £ + L, where £ is equal to Ly, except that it is written in terms
of the renormalized variables, whereas £ is the counterterm Lagrangian, which

reads

1 _
LCt = (Z3 - 1)§A55ab(guu82 - apaz/>AZ + (Zg - 1)Ea(5ab(—i82)cb
+ (Zy = V) ("0 — M)V — (ZaZy — 1)mip'y!
1 7 y =a C
- (L=Dgg f(0,AL — 0,AD AL AL — (Zy — 1)igf*(0"e") P AL,

1 . .
- (- 1)192f“bef0deA“AlLA’§AZ + (Zip = Dgd'tin" /AL, (5.28)

i
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where we have defined
Zy= 2,237, Zy= 2223 20 = 2,02, | Zir = Z,2:23°.
The equality of Z, for all the couplings leads to the Slavnov-Taylor identities:

é_é:@:é (5.29)
Zs  Zs Ly I '

The Feynman rules for QCD can be found in any textbook. We work in the
Feynman gauge, where o = 1. We will focus mainly on the gluon self-energy and
the three-gluon vertex, from which the beta function at one loop order can be

computed. Further details can be found in [22].

; v
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Figure 5.1: One-loop gluon self-energy

The gluon self-energy is composed of four contributions, as depicted in figure
5.1,
ab ab ab ab ab
IT,, = 100 (1) + IT5,(2) + I07,,(3) + 117,),(4), (5.30)

ab ab ab ab
where TI5) (1), TI5 (2), 1157, (3) and 1177 (4) represent the gluon tadpole, the gluon
loop, the ghost loop and the quark loop, respectively. It is purely transversal as
required by the Slavnov-Taylor identities and thus it does not admit a mass term
and there should be no mass renormalization. Hence, the quadratic divergences

which appear in IIf, should cancel out.

o1



We begin with the gluon tadpole,

(1) = ~°Ca(@)6"3 | 2 = =300 Cal G Lpaals). (531
in which p is fictitious mass which should be set to zero in the end. At this point,
one may argue that [ .a(p?) = 0 as u — 0, but in an general calculation this
may not be the case. We shall carry the quadratic divergences until the end, so
that all regularization dependent parameters are ultimately fixed by symmetry.
This approach is adequate for interpreting the role of quadratic divergences in
the examples we exploit in the next sections.

The gluon loop amplitude reads

1 1
(k2 = w2 [(k +p)? — 2]

I5(2) = (_TZ)2 /k G N (5.32)

where
Ny = 2,0y — 5(puk + poky) — 10kuky — guu[(p — k) + (k +2p)°*],  (5.33)

which yields

1
HZ?/(2> = - 59202(G)6ab[(2pﬂpl/ - 4p29,ul/)*](p27 M2) - gp,y(zlquad(,uz) +papBTgIB>
—10(pu Ju(p?, %) + T (0%, 11%) )] - (5.34)

Integrals J,, (p?, p*), J,.(p*, p?) and J(p?, pi?) are defined in appendix B.
As for the ghost loop, we have

2 + k) .k
Hab 3 - _ 2 pdac pebd t (p pn'vy
,u,u( ) g f f . k2 — MZ [(k +p)2 _ /‘LQ]

= —g*0"Cy(G) [puJu(P?, 1) + T (0, 17)] - (5.35)

The fermion loop contribution to the gluon self energy is identical to the

vacuum polarization tensor of QE D, except for the colour and number of fermions

52



(ns) factors. It has been computed within IReg [20] and reads

Ty (1) - b(ln (-%)- g)

(67 0 (&) 0 (e 0
+ T2 (2) + "X + P s + 0P Y + 07p, Y + p™p g;wTig)} ,

4
I (4) = 5920 (T‘)nf5“”{ (pupu - pQQW)

(5.36)

where we are using the following notation for the surface terms gw,gangﬁ = T,(,QC,
and so forth. Altogether, 1%} = S 119 (i) reads

b 5 4
I3 (0. ) = — 50090 ~ mm)éab{z [5C2(O) = gns O] hg(X?)
)\2
+ (150(r) — 6nf) In (?) —20(r) + 2nf}
4
9% (C2(G) + 5C(r)ny ) {TLQJ(V) = N+ PP 4 I

+ P YD + P, T + pp g, TS } ,
(5.37)

where we used relation (5.14) in order to introduce a renormalization group scale
A. Notice that the infrared divergences, as y — 0, cancel out as they should and

only the quadratic surface term has a dependence on A? (we use, for simplicity
T((loﬂ) (1) = T&Oﬁ)). We also have used the relation

2 2 0
T () = THO? #0) + (1 = M), (5.38)
Setting the surface terms to zero or, accordingly, making Fgl’j) = 0 in (5.22)-
(5.25) renders the total amplitude transverse, as required by gauge invariance.
This amounts to exercising a constrained gauge invariant version of IReg (CIReg)

[66]. Notice that the quadratic divergences organized themselves as surface terms.

If evaluated in dimensional regularization, they yield zero because the latter is a
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gauge invariant framework. We shall systematically set the surface terms to zero

and express the BDI’s as a function of A until the end of this section
We define the counterterm for the amplitude (5.37) by minimally subtracting

the BDI expressed by I,,(\?)
(5.39)

Zy—1—i EC’Q(G)

} Log(M)g* + O(g%).
The class of one loop three-gluon vertex graphs, from which we shall define

4
- g”fc(r)

7y, are shown in fig. 5.2
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Figure 5.2: One-loop three-gluon vertex

For the sake of brevity, we shall present only the result here. Let p and ¢ be
the external momenta. Then
abc . 2 2 4
(p, ) ng Vuuk(p7q p+ q) g (gOQ(G) - gO(T)nf>Ilog<)\ ) + Zl —1

A abe

abc
A;Ll/)\
UUA

AZI’VCA (p,q),
Pudvr + @gur, and A

where V,uy)\<p7 q,p+ Q) = (p - Q))\gﬂl’

o4

(p, q) represents



the finite part of the amplitude. We then define
.. 2 4 2
Zl =1+ g — §C2<G> + gC(T’)ﬂf Ilog()‘ ) . (541)

Since we are mainly interested in the computation of the beta function, we will
not present the other renormalization constants. However, as explicitly showed

n [22], all of them obey Slavnov-Taylor identities expressed by (5.29):

Z. 7y Z Z
L_ 2t _ 2 24 ig202(G>Ilog(>‘2)

Zs 7y 2y 7
A2
bln(ﬁ)—l—al .

In the last line, we make use of the parametrization of BDI’s introduced in the last

=1 +1ig°Cy(G) (5.42)

section. Since the Slavnov-Taylor identities are manifestations of gauge invari-
ance, we are intimately showing how a cutoff can be introduced without breaking
gauge symmetry. In other words, after we disentangle BDI’s and surface terms,
we can safely introduce a cutoff in the former by using the parametrization, since
all symmetry breaking terms are encoded in the latter.

To conclude this section, we compute the beta function of QCD at one-loop
level. As explained before, we have introduced the parameter A, which will play
the role of renormalization group scale. Thus, we have

9y

Blg) = )\5. (5.43)

Recall (5.27): g0 = Z,9, Z, = Z1Z3_3/2. Hence,

0 olnZ
2— = = — 2 9
2\ E% (Zgg) 0= 5(9g) 29\ e (5.44)
Now, using that
, 0 2
)\ WIZOQ()\ ) — —b (545)
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in the equation above yields, after some simple algebra,

PR (116:(G) — 400y ) + O(g”). (5.46)

3(4m)
In a similar fashion, we can work with an explicit cutoff, in which case the renor-
malization group scale would be A, on the basis of a cutoff parameter indepen-
dence of the Green’s functions in the Wilsonian renormalization group [100, 101].

In this case, the renormalization constants will explicitly depend on A, for in-

stance,
o 2 4 A2
Z1 =1+ g — gCQ(G> + gC(T’)ﬂf bln F + aq s (547)
which furnishes the following result
2 0 2 /72 , 0 2 /12
N=——InZ,(9,A*/\°) = —AN"—=InZ,(g, A"/ \*). (5.48)

ON? O0A?

Thus, after simple algebra, we obtain the same result for the beta function.

In summary, an explicit cutoff can always be introduced once we have correctly
identified the regularization dependent terms. The surface terms would boil down
to the arbitrary terms in the parametrization of [j,’s and Ig,qq¢’s and would be
fixed by gauge symmetry as well. The advantage of working with basic divergent
integrals is that we can neatly identify regularization dependent terms as surface

terms. Finally, this procedure can be worked out to general loop order [34].

5.3 Higgs decay to two photons

In this section we will discuss how to fix arbitrariness involved in the calculation
of the Higgs decay to two photons. This decay was a subject of discussion in the
recent literature ([102] and references therein) as presented in chapter 4. In order
to make the discussion more pleasant for the reader, we will present again some
of the results already discussed in the last chapter. Once again we will consider
only the W boson loop, since it already contains all relevant aspects regarding
arbitrariness we intend to discuss in the following. The diagrams in the unitary

gauge that contribute are shown in figure 5.3.
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Figure 5.3: Diagrams that contribute to the Higgs decay to two photons

The contributions can be simplified to

M =ie*gM, [MIS’;) + MSI’,) + Mlscy)] (") (") + (p1 <> po, <> v),  (5.49)

with
4 o (7
M,S'i) = _Mi [gw(pl)“(pz)ﬁffg + (p1 'pQ)I,S?;) — (p1)v(p2) [,S?&) - (pz)u(m) fﬁ?
2
7 [ (01 p2) = (P2)upr), | 187, (5.50)
M’U)
3(guk? — 4k, k)
M = / aid £ : 5.51
w = | @@= R)G — D) 251
M
MIS,C) = 69, [(pl 'Pz)I(gg) - (pl)a[(()za) - TI(()?’)}
+6 |:2<p1)y1lgg) - (p?),u(pl)ulo(?))] 5 (552)
1,k ke, bk
¢ Vz/ SRR . 5.53
o = | TE= )~ M2~ VE) o

There is an inherent arbitrariness in the expressions above which will present
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itself as a surface term in our framework. Explicitly, we have!

(a) _ [(pQ),u(pl)V — (D1 ‘pQ)} i _ op(12)
M@ = 75 —— — 20|, (5.54)
b o i 3r7t 32— 172 f(7)
M) + ML) —-izg;;ng[(p2)u(P1%/—'guu(pl'Zb)}[ 5 T 5
317 12
+ G (P1 - p2) (2M2 Pé ’ )> : (5.55)

As one can immediately notice, the surface term in the second expression
breaks gauge invariance. Therefore, as in the last section, the imposition of such
symmetry will fix the ambiguity to a precise value (in the present case, it will be
null), furnishing the well-established value for this decay.

Now we would like to perform the same analysis again, but from a different
point of view, which will clarify the role played by gauge symmetry and quadratic

divergences. We begin by defining the amplitude
My, = ie*g My | M + MY + MG + (0 & prp o v). (5:56)

which, if gauge invariance is to be guaranteed, must satisfy

My hip = 0. (5.57)
"'We define 7 = % and
arcsin®(y/7) for 7<1,
TO=y [ 1oy ’
~1 i i for 7>1.
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By using expressions (5.50), (5.51) and (5.52) one obtains

w
k k

3 3
*k/<k—p2>2—Mf;‘k/<k:—p1—p2>2—Ma (5.58)

3 3
vo_ ;2 _
Mywpips = ic ng[/(k—p1)2—M2 _/kQ—MEL

This is the main result of this section. Firstly, we notice the appearance of
quadratic divergent integrals which could indicate that the arbitrariness stemming
in the Higgs decay to two photons shares a common origin with the hierarchy
problem. However, this is not the case. To demonstrate this, one may resort
to the general parametrization of quadratic divergences presented in eq. (5.11).
As can be easily seen, there is an arbitrary parameter (as) multiplying a cutoff
A? which is in the root of the hierarchy problem as will be explained in a latter
section. For the present case, however, this arbitrariness will play no role, since
we have a difference between quadratic divergent integrals, which results in the
cancellation of such coefficient. Therefore, the ambiguity in the present case must
have a different origin.

Secondly, we notice that the expression above can be related to the following

tadpole

Figure 5.4: Tadpole

whose analytical expression is given by

g 3M3,
. w

The first term is a quartic divergent integral which can, in principle, be added and

subtracted to expression (5.58) in order to reproduce the tadpole exactly. How-

ever, since such integrals do not depend on any physical scale, they are completely
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unphysical and should be discarded. Therefore, one can immediately notice that
the result (5.58) is a difference between tadpoles with different momentum rout-
ing. As explained in [66], the condition to implement momentum routing is just
to demand that the difference between the same Feynman diagram with different
momentum routing is null. Therefore, one can easily notice that the condition
to have a gauge invariant result for the Higgs decay is just to demand momen-
tum routing invariance of the tadpole depicted in fig 5.4. In other words, by
demanding this tadpole to be momentum routing invariant, gauge symmetry will
be automatically respected.

To conclude, we will demonstrate that the gauge breaking term is exactly the

same we had before in eq. (5.55). We begin using the following expansion

Flk+ @) = £(0) + ao () + 2222 gy 4 (5.60)
a) = aa__ SN 3
ok, o Ok, k,
which in our case is given by
1 1 5 ko 0 ky .
= _ ag— — aga “ e
(kraf -2 R—MZ G- MEe ok, (- MR
(5.61)
Thus, following the reasoning of [66]
1 1 2(1,2)
[ arapm e = (5:62)
% w % w
Replacing this result into eq. (5.58), we finally obtain
My plips = ic”gM,6(py - p) L5
. 3t
= ie’gM,(p1 - p2)? (WF81’2)> (5.63)

which is exactly what the imposition of the Ward identity to eq. (5.55) would

furnish®.

IThere is a extra two factor due to the sum of the crossed diagram.
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In summary, we clarified that the Higgs decay to two photons is not connected
to quadratic ambiguities. The arbitrariness inherent of this calculation comes
from the subtraction of logarithmic divergent integrals and is fixed by gauge
invariance. We would like also to stress that, since in our framework regularization
dependent terms can be consistently identified, it is possible to introduce a cutoff
without breaking gauge invariance. In other words, after the identification of the
surface terms (which control the symmetry breaking), any divergent amplitude
will be written in terms of BDI’s which, by means of the general parametrizations

presented in section 5.1, will depend explicitly on a cutoff A2.

5.4 Quadratic Divergences and Effective Theo-

ries: Nambu-Jona-Lasinio model

Quadratic divergences play a vital role in the description of dynamical chiral
symmetry breaking in models of low energy QCD, such as the Nambu-Jona-
Lasinio model [103, 104]. This model belongs to the class of non-renormalizable
Lagrangians and the regulator, usually expressable in terms of a cutoff A for
the UV divergent one-loop quark integrals appearing at leading order of N, is
characteristic of the scale at which spontaneous breakdown of chiral symmetry
occurs, typically of the order of 1 GeV. We illustrate the role of the quadratic
divergence in terms of the original 2 flavor NJL. model applied to the light quarks
with N, =3

| Q

Ly = (@) 0y — me)ib(x) + - [(¥(2)1(2))* + (¢ (2)ivsmin(2))?], (5.64)

with G > 0. There are two relevant quantities needed to be considered to set
the scale of chiral symmetry breaking, one related to the weak decay constant
of the pion f, ~ 93 MeV, which is a logarithmically divergent integral and the
other with the gap equation, which is quadratically divergent. We will consider
for simplicity the chiral limit, m. = 0. The integrals are regulated using a Pauli-
Villars regularization with two subtractions in a form which is equivalent to the

sharp Euclidean cutoff when scalar integrals are considered. Other regularizations
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have been discussed in [70], all displaying a quadratic divergence for the gap
equation, and leading to similar conclusions. For comparison we will also use the
general parametrization of eqs. (5.9) and (5.11). While f; depends explicitly

only on the constituent quark mass M and A,

fZ = —4NM?I,, (M?)
N_M? - A2
_ W(ln(l FX - X2> (5.65)

where \2 = 1\[}_227 the gap equation also depends on the coupling strength of the
four quark interaction G,

NGM? sy
ey XTI .

M—-—m.=M
which has to reach a critical value G, for the phase transition from the Wigner-
Weyl phase (M = 0 in the chiral limit) to the asymmetric phase to occur.

The solution of the gap equation corresponds to the minimum of the ef-
fective potential V (o, ) calculated to lowest order in N, counting, with ¢ =

Y(x)Y(z), 7 = (2)ivsT00(z) the standard auxiliary bosonic variables (see e.g.
[105])

Vo, m) =

o? + 72 N.GA? N, A?
(T ) sl e (1 )
2G ( 472 +87r2 (o7 +m) In +02—|—7Ti2

02—1-7@2

—A41n(1+ > )} (5.67)

Taking the expectation value in the vacuum < m; >= 0, the minimum is
localized at < o >= M # 0, if the curvature

C = 83\/(0, 7Ti)|a:0,7ri:0 <0

corresponding to the onset of a mexican hat shaped potential. The latter condi-
tion leads to G > G, = ]3%;

This critical value is however constrained by the empirical value of f,, which
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sets a minimal value for the cutoff A, ~ .72 GeV, obtained by solving eq. (5.65).
This result has been shown long ago in [106]: below this critical value there are
no solutions for the given value of f; and above this value two branches emerge as
functions of (M, A), representing asymptotically a strong coupling regime (branch
1) where the quark mass goes faster to infinity than the cutoff, 22 = 1\/}_22 — 0,
and a weak coupling regime (branch 2) with A2 = ]\/}—22 — 0o. Both regimes are
in the phase of spontaneous breakdown of chiral symmetry, but empirical values
of the light constituent quark masses 200 < M < 400 MeV rule out branch 1.
Branch 2 is characterized by a coupling N.GA? ~ O(1). This is the result of the
gap equation with the f, constraint and evidences a quadratic divergence, while
for branch 1 one would obtain asymptotically G f2 ~ O(1), [106].

One can thus infer that the quadratic divergence of the gap equation is neces-
sary to ensure a sensible solution for the values of the constituent quark masses
together with the empirical value of f, in the phase of spontaneously broken
chiral symmetry, at leading order of N, counting. Furthermore the condition
A > A, must be fulfilled, whereby A, is uniquely determined by the logarithmic
divergence associated with f;.

The meson mass spectrum, in this case the Goldstone pion and the o-meson
with m, = 2M, emerge as consequence of dynamical chiral symmetry breaking
with the cutoff dependence completely absorbed in the value of the constituent
quark mass.

Further light can be shed on the relevance of the quadratic divergence: in a
recent extended version of the NJL model, which contemplates the most general
combinations of spin zero multiquark interactions relevant at the scale of chiral
symmetry breaking, including a complete set of explicit symmetry breaking inter-
actions [107],[108], it is shown that A associated with the quadratic divergences
of the gap equation can be used to establish a counting scheme which allows to
classify all relevant interactions (i.e. which survive in the limit of A — o) in
the phase of spontaneous symmetry breaking. This counting scheme is in conso-
nance with the large N, counting scheme and requires the A? behavior of the gap
equation.

If instead one would use the parametrizations (5.9) and (5.11) for the loga-
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rithmic and quadratic divergence one would obtain

N.M? -
fi= W(lﬂ(/\2) —ay) (5.68)
and for the gap equation
N.GM? - ~

which for A2 > 1, s = a; = 1,3 = 0 reduces to the result using Pauli-Villars
regularization.

Knowing that the curvature of the effective potential is in this case given by

- 1 NCCEQAQ
26 4n2

C = 0%V (o, T05) |r=0,ms=0

the absence of the quadratic divergence in the gap equation, obtained by chosing
as = 0, leads to C' = %; since G > 0 one deduces immediately that only the
symmetric phase is described in this case, independently of any parameters of the
model. The Implicit Regularization thus corroborates the fact that the presence
of quadratic divergences is essential to be able to reach the phase of spontaneously

broken chiral symmetry.

5.5 Hierarchy problem

As discussed in the introduction, many proposals have been devised to interpret
the role and fate of quadratic divergences in the hierarchy problem. It is neces-
sary to introduce a cutoff to serve as a merging scale when we study the SM as
an effective theory. A general parametrization for ultraviolet divergences with an
explicit scale A much greater than the characteristic masses of the model can be
constructed, as we have demonstrated in earlier sections. The parametrization of
quadratic divergence embodies a regularization dependent coefficient multiplying
A%, As a result of negative searches for SuSy at the TeV scale, its original motiva-
tion of solving the hierarchy problem by canceling out the quadratic divergences

becomes questionable. This is because the stability at quantum level of the hi-
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erarchy EW scale < Mpjgner becomes more difficult to respect, although some
extensions in MSSM have been envisaged [109]. The natural question, following
the examples we presented in previous sessions, is whether or not it can be fixed
on symmetry grounds [42].

Because of its chiral nature, the Lagrangian of the standard model possesses
conformal invariance, except for the Higgs mass term, which is related to the
hierarchy problem. Bardeen [99] has argued that, once the classical conformal
invariance and its minimal violation by quantum anomalies are imposed on the
SM, it can be freed from quadratic divergences (and hence the hierarchy problem)
and one can, in principle, directly interpolate the electroweak scale and the Planck
scale. Such idea has been taken forward to envisage extensions to the SM with a
flat Higgs potential at the Planck scale [110].

It remains to establish this hypothesis into a calculational framework. This is
exactly where the general parametrization for basic divergent integrals is useful.
We use the Bardeen’s hypothesis as a symmetry guide to fix an arbitrary param-
eter multiplying A? to zero. This has also an aesthetic appeal, since we would be
left with logarithmic divergences which can be multiplicatively renormalized.

Weinberg was the first to examine the complications caused by quadratic
divergences in a mass independent renormalization scheme [111]. Fujikawa in
[97] addressed this problem by introducing a counterterm independent of the
scalar mass to subtract the quadratic divergent contribution. This was done in
a similar fashion as Callan avoided the quadratic divergence by a mass insertion
technique in his Callan-Symanzik equation [112, 113]. This in turn is closely
related to the scaling argument of Bardeen [99] 1.

Moreover, as explained by Aoki and Iso in [77], at classical level the Higgs
mass term breaks scale invariance of the SM, which would have an increase of
symmetry should the mass term vanish. Such increase of symmetry has no role
in controlling divergences, since scale invariance is broken by the logarithmic
runnings of the couplings. Once quadratic divergences are subtracted, the trace of
the energy momentum tensor becomes proportional to Am? H'H +3,,0;, in which

Am? o< m? and not A%2. The anomalous term and the mass term are soft breaking

L As we will see, this is exactly what dimensional regularization does in terms of subtracting
the quadratic divergence, that is setting the arbitrary parameter multiplying A? to zero.
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terms, since they do not generate quadratic divergences. Still according to [77], in
the Wilsonian renormalization group, quadratic divergences determine a position
of the critical surface of the theory, and the scaling behavior around such critical
surface is determined by logarithmic divergences. The subtraction of quadratic
divergences, according to [77], then amounts to a coordinate transformation in
the theory space and, thus, such divergences have no role whatsoever in the fine
tuning problem. As we will see, these conclusions can be reached already at
regularized level using the symmetry argument proposed in [99] to fix arbitrary
regularization dependent parameters.

Consider the Higgs sector of the SM Lagrangian,

Lu(x) = [D'0(@)]'[D,®(2)] — 1@ (2) @ (2) — A[@(2)'®(2)*, (5.70)

+
where ®(z) = (Z()) is the Higgs field, D), is the covariant derivative that couples

it with the gauge fields and p? < 0. The scale transformations
' =e %z, and ¢(z) =e *p(e ), (5.71)

leave (5.70) unchanged for p? = 0, where « here is a scale parameter and d is the
scale dimension of the field. The mass term breaks that classical conservation
law because it is the only one in the Lagrangian which does not possess scale
dimension equal to four, i. e. the mass did not transform according to the rules
(5.71). Therefore,

o = m?®(z) ®(x), (5.72)

where m? = —2p? is the tree level Higgs mass.
Since quantum corrections make the couplings depend on the renormalization

group scale, the Lagrangian (5.70) changes due to the scale transformation
= — N = A, (5.73)
which leads to

0L i(mu(A), A(A)) = a{my (A)y®(2)'®(x) + A[@(x) @(2)]},  (5.74)
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where m% (A) and A(A) are the renormalized Higgs mass and self-coupling, re-

spectively, and

AT OmE(AY)
T 22 9A

(5.75)

is the renormalization group gamma function. Hence, the complete violation of

the dilatation current, due to the mass term and quantum corrections, is given
by
Ol = (m” +m3 (A)y)®(x) @(x) — Br[@(2) ()], (5.76)

We may now write, for the Higgs renormalized mass, according to equation (5.11)
114,

3o A
mi(A) = m?— F%Q}Q[mgz +2m3, +m? — 4m?A* + O (ln E) . (5.77)
Using (5.77) in (5.75), we get
3
m3(A)y = —#[m% +2my, +m? — 4m?Z]A® + O(m?). (5.78)

Now if we try to restore the classical limit, taking m — 0 and g, — 0 in equation
(5.76), the only term that spoils the recovery of the dilatation current conservation

1S
———m% + 2m3, — 4m?|A*D(z) D (). (5.79)

In a non-supersymmetric scenario in order to restore the classical limit (6%, = 0),
we have to choose oy = 0.

Furthermore, with this choice we can assure that quadratic divergences are not
present in the beta function. After spontaneous symmetry breaking, we find the
relation between the Higgs mass and its self-coupling given by m? = 2\v?, where
v is its vacuum expectation value. This relation varies with the renormalization

group scale, i. e. m%(A) = 2\(A)v?. Differentiating both sides of this equation
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with respect to A, we have

m3(N)y = Brv?. (5.80)

Therefore, if the quadratic term in the cutoff exists, the beta function would
depend on it, as we can see if we replace equation (5.78) in equation (5.80).

Let us consider some numerical implications of our results. We can estimate in
which scale the fine-tuning starts and perturbation theory breaks by asking where
|0m?| = O(m?). Considering g = —1 (obtained in a sharp cutoff regularization),
the experimental data for the masses (m; = 173GeV, my = 80.2GeV, my =
91.2GeV and m = 126 GeV') and the VEV value (v = 246 GeV') that scale would
be A = 0.5 TeV. It means that the SM model as an effective theory should be
reliable up to this scale and new physics should appear beyond it. However, as
mentioned before, this new physics has not been found with /s =8 TeV'.

Nevertheless, we can choose as = 0 considering the arguments above, which
leave us with the logarithmic correction to the Higgs mass given by [114],

s 3m? oy, A2

2 2 2

(5.81)

The estimate for the SM cutoff now is extremely large. We have |dm?| =
O(m?) when A ~ 10" TeV. We conclude that consistency of scale symmetry
breaking avoids the fine-tuning and makes perturbation theory (|dm?| << O(m?))
reliable up to this scale.

We end this section making connection with dimensional regularization. Let

us write basic quadratic divergent integral Iquad(mQ)

1
2y 1s
[quad(m ) - }}E}% L (l{?2 —m2— Mg) : (582)
We can write (5.82) as
| s = ) + i)+ it 1
) e o T = 0 = — )
(5.83)
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Using (5.14) and

1 > m? 1 b
=—bll+—|In|— |1+ — — .84
/k<k2—u2>2<k2—m2—u2> < *m?) “Lﬂ ( Yoz )] e O3

we obtain _
Tpuaa(m?) = i Lyaa(162) + m2Log(m?) + ——m?. (5.85)
qua 10 qua og (4ﬂ—>2
In dimensional regularization it is well known that
. 2\
li () = 0, (5.56)

which ultimately implies that as = 0, taking our general parameterizations for
I 0 and 1,4 into account.

As a final comment, we would like to emphasize that the procedure adopted
in this paper is applicable to higher order calculations. Should we take our

parametrization to two loop order, it is not difficult to show that [8§]

2

1 A
= A? +agp® + azpIn —, 5.87
/k/q Rk +q2 et st (5.87)

where p is a mass infrared regulator and a;, as and az are arbitrary finite con-
stants, which are combinations of constants of integrations. The equation above is
an example of a general parametrization of a typical leading quadratic divergence
of two-loop order. As we can see, it is possible in our approach to adjust arbitrary
finite constants in higher order calculations so as to have a null contribution from

quadratic divergences.

Concluding remarks

In this work, it was carried out a discussion on the role of quadratic divergences
in quantum field theory. This discussion was based in a general parametrization
of basic divergent integrals. These basic divergent integrals, obtained in the
context of Implicit Regularization, embodies all the divergent content of a given

amplitude. The parametrization we adopted embodies all possible results coming
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from different regularization procedures. Arbitrary constants which naturally
appear in the procedure can be adjusted so as to enforce symmetries of the model
or experimental results.

After presenting some examples in which the presence or the cancelation of
quadratic divergences plays primordial roles, we discuss the hierarchy problem. It
is shown that the classical scaling argument of Bardeen and conformal anomaly
can be used as a symmetry guide to fix the arbitrary regularization dependent
parameter in the isolated quadratic divergence which contributes to the Higgs

mass.
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Chapter 6

Controversy on the background
field method: massless N =1
supersymmetric electrodynamics

as an example

Introduction

In Particle Physics symmetries have always been used as a guide in order to
construct theories to describe Nature, a idea that culminated in the Standard
Model itself. Although it has passed many experimental tests, it must be viewed
as an effective theory since it does not incorporate all fundamental interactions
by excluding gravity. Therefore, extensions to it have been proposed being su-
persymmetry one of the most appealing. The reason lies on the elegance of its
construction since, by considering the Poincaré group as the guiding symmetry,
it emerges naturally. Much effort have been dedicated to the subject after it was
first proposed in the seventies [115, 116, 117].

After the works of Ferrara and Piguet [118, 119, 120, 121], it was found that
the Ugr(1) current (related to the chiral anomaly) and the trace of the energy-
momentum tensor (related to the beta function) belong to the same supermulti-

plet. According to Adler-Bardeen theorem [122], the chiral anomaly is exhausted
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at one-loop order in perturbation theory. Since the chiral anomaly and the beta
function belong to the same supermultiplet is was expected that the beta func-
tion would also not receive higher order correction. However, since the work of
Novikov, Shifman, Vainshtein e Zakharov (NSVZ) [123], which obtained an exact
expression for the beta function of N = 1 Super Yang-Mills, many other works
[124, 125, 126, 127, 128, 129, 130, 131] followed in which different regularization
were applied and in all cases higher order corrections for the beta functions were
found. This controversy regarding the existence (or not) of higher order cor-
rections to the beta function of supersymmetric theories became known as the
‘Anomaly Puzzle”.

In this work we intend to study, up to two-loop level, the existence (or not) of
corrections to the beta function of SQED. We would like also to understand the
apparent paradox found in [131] where the two-loop coefficient of the SYM beta
function was computed using the background field method (covariant derivative
formalism [132]). Due to the non-abelian character of the theory, this method
is urged to be applied which results in a huge simplification in the number of
diagrams. It was found that there is no two-loop divergence which, in a first
view, could indicate the absence of higher loop corrections to the beta function.
However, the renormalized two-point Green function still depends on the renor-
malization scale introduced at one-loop level, allowing the computation of the
two-loop coefficient for the beta function, which is shown to be non-null. There-
fore, in the present work we will use a simpler theory (SQED) as a probe to
study if the behavior found for SYM occurs in general. For this purpose, we will
compute the two-loop coefficient of the SQED beta function using two different
approaches: the standard background field method [133] and the one based on
the covariant derivative formalism [132]. We will find that in the first case there is
a two-loop divergence, allowing the computation of the beta function coefficient
by standard renormalization constants. It is also possible to perform the com-
putation using the renormalized two-point Green function, furnishing the same
result as before as expected. In the second case, we obtain the same result of
[131]: there is no two-loop divergence, even though the renormalized two-point
Green function depends on a renormalization scale furnishing a non-null value for

the two-loop beta function coefficient. Therefore, we conjecture that the paradox
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found in [131] has its origin in the covariant supergraph formalism itself being,

possibly, an artifact of the rescaling anomaly.

6.1 Massless N = 1 supersymmetric electrody-

namics

In this section we present the theory we are going to work with: massless N =1
supersymmetric electrodynamics. In the superfield formalism the classical action

is given by [134]
S = /d4md26’ W2+ /d4a:d40 D etV D, +/d4xd46’ P_etVd_, (6.1)

where @ is a chiral field that express the matter part of the action and V' is a real
scalar superfield that contais the gauge field A, of QED as one of its components
(therefore, it is the supersymmetric generalization to the gauge field). Finally,
W is the supersymmetric generalization to the stress tensor of QED. In terms of

the superfield V' one has
1 _
S = / d*zd* W? = 3 / d*zd*0 VD’ D?*DgV. (6.2)

The following step would be to perform the quantization of the classical theory,
however, since we want to use the background field method, we have to introduce
this new field at this point. For the abelian case we will have a linear quantum-

background splitting as below [135]
V>V +B, (6.3)

where B is the background gauge field. We may now perform the quantization
as usual, introducing a gauge fixing term for the quantum gauge field V' as well
as sources [133]. The relevant fact to be noticed is that, by construction, the
action will be gauge invariant in the background gauge field, which must remain
valid even after renormalization. Thus, the renormalization constant for the

background field Zp will be related to the one for the gauge coupling Z, as
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follows!

Z,Z% =1. (6.4)

Thus, in order to obtain the beta function of the theory we need only to compute
the two-point functions with background fields as external legs.

As stated in the introduction, we intend to compute the two-loop corrections
of the SQED beta function. The Feynman rules can be derived from the action

[135], the relevant ones for our computation are expressed below

kK 1
AVAVAVAVAVAVAVAV —dt=9)
V(0" V()
k
+ 1
R P64(9 —0)
(f'Jr(QI) CI)+(9)
B 1% B 1%
g g g
Yy O o O oL D

Figure 6.1: Feynman rules needed for the evaluation of two point functions in the
background field up to two-loop order.

We may now begin the calculation starting by the one-loop contribution whose

diagram?, using the background field method, is depicted below

'We are using the definitions gy = Zgg and By = ZE/QB, where gg, By and g, B are bare

and regularized functions respectively.

2We do not include a tadpole diagram since, as we are dealing with a massless theory, it can
be promptly set to zero in the IReg formalism as discussed in the end of chapter 5. However,
even if such diagram was included, it would cancel in the sum. Thus, in order to simplify the
discussion, we opt to omit hereafter all the tadpoles diagrams.
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Figure 6.2: 1-loop diagram.

furnishing the following effective action

2 D2D? — kDD — K2
A(l)EQQ—/B—G/ pa B(p. 0 .
2/, (—p,0) i 20k 1) (p,0),  (6.5)

where we have already performed the D-algebra manipulations, fk stands for
J (347])“4, fp,@ for [ % fd40, and B(p,0) is the background gauge field. The two
factor accounts contributions from chiral fields ¢ with different signs. Regarding
supersymmetric definitions and conventions we are following the ones found in
[135].

To proceed, we need to resort to some regularization technique. We will choose
the IReg formalism (already described in chapter 2) which, by not resorting to
any kind of dimensional extension can be promptly applied in supersymmetric

theories [25, 66, 131]. After some D-algebra manipulation the final result is
AW :(—i)g—/ B(—p,0)D°D*DsB(p, 0) [Ilog()\Z) —bln (—p—) - 2b] +
p,0

<+i>% / 9 B(~p,0) [p°*DsDys + 2k*] TS B(p, ). (6.6)
p

’

)

Some comments are in order: notice that, apart from the surface term F(()l’z ,

we have a gauge invariant result. This was expected since, as we are working
with the background field method, gauge invariance is explicitly maintained being
broken just by regularization dependent terms. Thus we verify that the condition
to preserve gauge invariance, even in supersymmetric theories, is to set surface
terms to zero as discussed in chapter 3. Another aspect to be mentioned is the
appearance of a divergent integral parametrized as a [j,,(A\?). Such term must be

renormalized as usual and it will contribute to the renormalization constant Zp
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as we are going to show in the end of this section. Notice also the appearance of
the renormalization scale A\? in the finite part as well.

We proceed now to the two loop contributions which are depicted below

bg b4

c d

Figure 6.3: 2-loop diagrams.

The first diagram furnishes

! D?D? — (—k — p)**DaDs — (= — p)°
A<2>529—/B—,9/[ &=p B(p,6).
v =25 ), 20 R0+ pPE(— k— p)? 2:6)

(6.7)

To proceed, we will apply the IReg framework to multiloop diagrams [34] which
states that the integral in [ must be treated first. In fact, such integral corre-
sponds to a one-loop subdiagram indicating how, for this particular example, the

[Reg formalism implements automatically the subtractions to be performed by
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Bogoliubov’s recursion formula. After the calculation we obtain

4 N2 71)2 aB . _ 1.2 2
g D2D? + k¥ DyDs — K27 . P
At(zzl) :2?/ B(—p, 9)/]; |: k2(k _p)2ﬂ :| (Zb) |:hl <_ﬁ) - 2:| B(p, 6)
p?

0
4 N2 71)2 aB . 12
g D*D* + k*’DyDg — k _ ,
22 [ B(- ey 5
T /pﬁ ( p79)/k{ k*(k — p)? (=) L10g(A") B(p, 0),

(6.8)

where the second line is a subdivergence which is be to canceled by a one-loop
counterterm. Instead of evaluation the first line further we proceed to the next
diagram (the reason will be apparent shortly). The procedure to be followed is

very similar to the one explained above, thus we just quote the result

4 2772 BTy ) 2 2
g D*D* — kP*DgDg, — k . p
A =23 /p B(_p’e)/k[ 2(k + p)? W) 2 e

0

4 272 1841 .. 1.2

g D?D? — kP4D,;Dy k] o
o B—,e/ — VL (A2 B(p, 0).

Ry e e (S WL

(6.9)

Once again, the last line will be subtracted by applying Bogoliubov’s recursion
formula.

The reason why we have not performed the computation of the integral in
k will become apparent now. After performing the D-algebra on the diagrams
by --- by we will see that they all can be expressed in terms of Ag) and AELZQ) as
below

AP AD = AP

al ?

A =AY = AP, (6.10)

as

We proceed to diagram ¢ which is given by

4
1
A<2>:—29—/ B(— ,9/ B(p,6). 6.11
¢ 2/, (=p,0) PP =k —p)p (p,0) (6.11)

No further analysis should be taken, since the last diagram, d, can be written
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in terms of Ag), AE?Q, and A

4

AR = AD 4 A _ @) 2% B(=p,0)p* | (Tiog() + )T — 002 B (p,0)
p,0
_ o9 / 5& DeDy(—bI$? + 26F81’2))} B(p,0)
p2
— 2_/ D5D2D5B(p7 g)b |:Ilog(/\ ) —bln ( )\2) - FéLQ):| B(pu 0)

(6.12)

Therefore, the final two-loop correction for the effective action is given by
4
AD — g_/ B(—p,0) [ 2[log<)\2)r + bp (F (12) FSQ))} B(p,0)

—2L / ﬁaD D (—b05? +2bF81’2))} B(p, )

2
Py / ~p 0D DD, 00 11y (0%) ~ b1 (=17 ) 1) 50,0,

(6.13)

Notice the appearance of one and two-loop surface terms (F[()l’2), and Fé2’2)

respectively) whose presence violate gauge invariance. As already discussed, to
obtain a one-loop gauge invariant result, I‘ém) was set to zero. However, even if
we consider this condition, we will not have a two-loop invariant result, since two-
loop surface terms will still be present. This indicates that surface terms, order
by order, must be set to zero in order to preserve the symmetry of the theory.
A curios aspect is the appearance of a divergent integral multiplied by a surface
term of one-loop order. This presents no problem to our method since the surface
term was already set to zero at one-loop order. After these considerations, our

result simplifies to

4 2
A0 = % / B(=p,0)D" D* D3 B(p, )b [Ilogu?)—bln( ;)]B(p,e)_
p,0

(6.14)

Finally, notice that we have a divergent result parametrized by [j,,(A\?). A

78



curios fact is that, although we are working at two-loop level, only the BDI of one
order appears. Our next task is to be perform the renormalization of the theory

whose bare action is

1 _ _ _
SO = /d4l’d40 |:§B0D6D2D5BO —+ (I)O+egoBoq)0+ + (I)O_QQOBO(I)()_

+ gauge fixing terms + terms on V4. (6.15)

Performing a multiplicative renormalization defined by By, = Z}L}/ 2B, Jgo =
Zyg, and ®gy = Zg, P4, one can easily find that the counterterm for the two-
point function in the background field is given by A = Zp — 1. As already
mentioned, in the background field method the following relation holds Z,Z Y2 _

1, therefore, the beta function can be calculated through the two-point function

renormalization constant as below

B=A 8/\g— 8‘1 InZ, = (%mz*/? (6.16)

Supposing that both the countertem A as well as the beta function have an

expansion in the coupling constant g we arrive at the expressions below

8
0 A?

where (3; is the i-loop coefficient of the beta function, A; is the i-loop two point
function counterterm, and A is the renormalization group scale. Using the one and
two-loop corrections we obtained (equations (6.6) and (6.14) respectively), and
adopting a minimal subtraction scheme (which in the IReg framework amounts

to the subtraction of BDI’s only) we have

Ay = i1, (N?), Ag = 2b11,,(N\?). (6.19)
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Finally, by using the relations

8
6)\

0
ON?

i

T1og(N?) = 20> —
109( ) (47’(’)27

Ilog()‘z) b> b=

(6.20)

we obtain the corrections for the beta function of SQED up to two-loop level in

the IReg formalism

1

7=l

9%+ -9° +0(g"), (6.21)

8(47?)
which agrees with previous ones found in the literature [136, 137, 138, 123].!

It should be emphasized that we performed the above computation using only
the renormalization constant for the background field Zg. In other words, we
just had to take into account the divergent part of the one and two-loop results.
An analogous computation can be performed, using the renormalization group
equation, in which only the renormalized effective action must be considered. It
should be expected that both ways furnish the same results, thus, as a check for
our method, we also compute the two-loop coefficients of the SQED beta function
using just the renormalized effective action.

As can be found in [43], the renormalization group equation reads

0
= _ (2) — .22
g5+ s — ] G =0 (6.22)
where p 9 p
B=A 9= —g)\a InZ,, v = )\5 InZp. (6.23)

Since in the background field method ZgZ;;;/2 =1, we find that v = 2%. Thus,

9 5( 9 2V g@ (g0 =
[)\8)\ + B (ag g):| Gren(g7 /\) = 0. (624)

From equations (6.6) and (6.14) we obtain the renormalized two-point function

ITo obtain the results of the last three references, it should be taken into account that our
definition for the coupling constant [135] differs from the usual one by a factor v/2.
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as below

2
Gien(g: ) = %/63(—297 0)D"D*DsB(p,0) {1 +ib {ln (—%) - 2} 7
p

)

Replacing the expression above in the renormalization group equation we

finally obtain
1

(47)

which is the same result as before.

/8: 293+ 295+O(g7)’ (626)

8(47?)

We would like now to perform the whole calculation again, by using a different
approach: the background field method based on the covariant supergraph for-
malism [132]. The reason is the following: in [131], in which the aforementioned
formalism was applied, the Super Yang-Mills theory was studied and, particularly,
the beta functions coefficients were computed up to two-loop order. It was found
there that no two-loop divergence appeared, what would indicate a null two-loop
coefficient. However, the renormalized effective action at two-loop order stills
carried a dependence on the renormalization scale A\ allowing the computation of
the beta function from the renormalization group equation, furnishing a non-null
result for the two-loop coefficient. Therefore, it seems that there is an inconsis-
tency, since both approaches should be equivalent. It was conjectured there that
this difference should have its origin in the rescaling anomaly [139]. Therefore,
we would like now, using SQED as a probe, to study if the same behavior occurs
in this case.

A complete description of the background field method based on the covariant
supergraph formalism can be found in [132, 135]. The main idea is to take a step
backward and work, from the beginning, with an action that depends only on
background covariant derivatives. This way, all dependence on the background
field will only appears implicitly. The main gain on this approach is the reduction
on the number of diagrams (for instance, the two-loop correction we are going to
compute requires knowledge of only three diagrams, not eight as in the previous

case). Explicitly, the quadratic part of action in the gauge fields we are going to
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work with is given by

S =— / dzd*0VoVEY,, (6.27)

where V is a covariant derivative in the unsplit gauge field (V' + B). The splitting
can be carried out, in the quantum-chiral but background-vector representation,

as

Va = €7VVQ€V, Vd = Vd, (628)

being V background covariant derivatives. From this point, the quantization
procedure should be adopted (adding gauge fixing and source terms as usual).
Chiral fields should also be included to define SQED properly (this fields must
also be written in the background covariant representation). After all these con-
siderations we obtain the covariant Feynman rules [135] which, applied in our
case, furnishes the following one-loop effective action (the diagram depicted is
the same of fig. 6.1)

AV = (=ig?) [ W) [ (6.29)

Notice that our result has no explicit dependence on the background field B,
it appears only through the field strength W< and the spinor connection T',.
This is a feature of the method since background covariance, by construction, is
always maintained. Notice also the appearance of a divergent integral in &, which

can be promptly dealt in the IReg formalism furnishing

AV = (—ig?) /p,e W (p)Tu(—p) {JIDQ(V) —bln <—§—Z) + 2b] : (6.30)

To conclude the one-loop calculation, we would like to write our result in
terms of an explicit background gauge field. For this purpose, we have to recover
the definitions of W and I', found in [140]

B _
r, = zDa? W, =iD*D,B. (6.31)
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Therefore, our final one-loop result reads

2

AW = (—i)% /pe B(—p,0)D?D*DsB(p, 0) {J,OQ(V) —bln (—p—) + 2b] .

)

Comparing with our previous expression, eq. (6.6), we notice that there is no
dependence on a surface term this time. We conjecture that this feature may be
a consequence of the method which, by maintaining background covariance from
the beginning, have automatically canceled all gauge breaking terms that could
occur. We also remark that this is the only difference between the two results.

We proceed now to the two-loop contribution whose diagrams are depicted
below [141]

ol e

(a) (b) ©

Figure 6.4: 2-loop diagrams in the background covariant approach.

As in the one-loop case, the effective action will only have an implicit de-

pendence on the background gauge field, through the field strength W and the
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vector connection I'* as the expressions for the diagrams above reveal
AP = 44" / 9 [2Wa(—p, OYW(p,0) (1) e + %VQWQ(—p, 0)V Wa(p,0)Is
P,
ST O .0) (1), (6:33)
T RS (6.3
P,

| 1
AP = 44" / lzl““(—p, O (p,0) (Is), + 5V Wal=p.0)V Wi (p,0) I
p,0

(6.35)
where I; are the following integrals
(1)s = 0%, (), = 0% (—i)? / N fg);k‘jz;; — (6.36)
2= (=) /qk ¢*(q+ k);k“(k —p)*’ (6:37)
(1) = 0t (1), = obacy(—i)t [ Hbee e b St
(6.38)
I, = (—i)Q/q’k m (6.39)

. 4k QV_2kpu 2p 4y — PuPv
T =0 T oo 2/ 0 0 0 1 (6.40
( 5)ab aa gﬂ( 5) Uaaaﬁﬁ( 7’) ok qz(q k)2k2(k p)2(q p)2 ( )

. |
=) /qk q2(q + k)2k2(k + p)2(q — p)?’

(6.41)

To proceed we must adopt a regularization method, which, in our case, will
be the IReg framework. We start with the first integral which, after applying the

rules of IReg for multiloop diagrams [34], furnishes

(6.42)

Notice the inclusion of the fictitious mass p? which must be added in order to
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regularize the infrared divergence. There is also an UV divergence parametrized
as a I;oy(A?) which is just an one-loop subdivergence that is going to be can-
celed by application of Bogoliubov’s recursion formula. In other words, after the

subtraction of the subdivergence one obtains

=0 [ G e () ) e

which is a finite UV integral. Adopting the following definitions

k

U= I, ), O =R = p =l (04
o= i [ e ()] 049
r= i [ e () ) e

our result is written as
(L), = (=i)* [pF +bUP —2bU,,] . (6.47)

The next two integrals can be treated in the same way furnishing

I, =(—i)*F, (6.48)
()2 2) ) 2)
(I5),,, =(=9)* [pupu F + 2b(p U = 2p, U, + p, U = 2p,U, — 202 + 4U,,)]
(6.49)

where we defined

k. k
U, = lim it ,
w0 )y (K2 = p?)?[(k = p)? = p?]

U®? = lim bk, [m (—M)} : (6.51)

w0 Sy (B2 = p2)*[(k = p)? — p?] N2

(6.50)

Notice that only (I3),, contains a UV divergent part (contained in U, F(L,z,), and U,,).

We proceed to the tadpole diagram whose contribution, after the subtraction
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of subdivergences, is given by

I, = (_i)Q/km [—bln (_(;@A_—Q“z)) +2b} :
= [t o () 2]
— (—i)? { DI (N?) + 2014 (A2) + ﬁ1 2 ( 7;—2) _ ln( iz) +p2F}

(6.52)

Finally, we deal with the third graph whose integrals can be expressed as

(Is),,, = (=0)* [412 = 2p, I,) + 2p, L)) — pup, I°] (6.53)
Ii=1° (6.54)
where
]OE/ - — ! - = (6.55)
ok g+ k)2E2(k +p)*(q — p)

k
I E/ L , 6.56
" Sk g+ E)2R2 (K 4 p)%(q — p)? (6.56)

70 __ qv
= : 6.57
g / 2+ K2Rk + p)°(d — p)° (6.57)

k.q
192 z/ Ry . 6.58
M ok @a + k)R (k4 p)*(q — p)? (6.58)

Apart from the integral F', which encodes an IR divergence, all the others can
be treated in the usual IReg formalism (explained in chapter 2). The results can
be found in appendix B. To proper treat the IR divergence, one should resort to
the TReg generalization presented in [37], however, in the present case, the integral
F will cancel out in the calculation not requiring any further treatment. We now
proceed noticing that in the effective actions Al@) we have different structures in
terms of the field strength and vector connection. For reasons that are going to

be apparent soon we choose to group all the contributions proportional to the
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vector connection obtaining

1 1 1
AP = 494/ T2(—p,6)T%(p, 6) [—5 (Is)ap + 5 (9anla) + 3 (15)4 - (6.59)
p,0

Replacing the values of the integrals found in appendix B we have

2 b2 2
AP = 4g' / I(—p, 6)T%(p, 6) <p;§b - gab) {b2 In (—p—> s
p,0

A2 36
V¢(3) 8v  Fp?
AR R T]

b
+4g' / T(—p, 0)T%(p. 0) gt [— (ri - 2Fél’2>)] . (6.60)
p,0 2

First notice that, although all the integrals above are UV divergent, the net
result is UV finite. Notice also the appearance of one an two-loop surfaces term
(Fém), and F(()l’2)), which break gauge invariance. Differently from the standard
background method computation, we do not need to set all surfaces terms to zero

in order to have a gauge invariant result. We just need to require them to obey

the relation Fém) = 21“81’2). After this consideration we obtain a gauge invariant

result which obeys the following relation

/ 40T (—p. 0T (p, 0) (’% _ gab) _ ; / POWSW,.  (6.61)

Since we have also the relations below
/ FOW® (—p, 0)pas W (p, 6) — % / POW(—p, OOWo(p.0),  (6.62)
/ 'OV W o (—p,0)V Wy (p, 0) = —% / BPOW(—p,0)W,(p,0),  (6.63)

and ([1),4 X Paa, We finally obtain the following two-loop effective action

2 2
A® = 44" / dPOW(—p, )W o (p, 6)b? {— In (—p—) ot 368) _ :
p

(6.64)
which, written in terms of the background field by means of eq. (6.31), is given
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— _/ —p,0)D’D*DsB(p, 0)b? [21n< 2;2) + % +6¢(3) —

(6.65)

Some comments are in order. First, notice the disappearance of the IR diver-
gent integral F' which furnishes us a perfectly IR finite result. Next, one should
compare the result above with the one expressed by eq. (6.14) which was obtained
using the standard background field method. The first notorious difference is the
disappearance of the UV divergent integral. This means that there isn’'t a two-
loop contribution for the renormalization constant Zg, which indicates that the
two-loop coefficient of the SQED beta function computed by means of eq. (6.16)
would be null. However, one could also compute the beta function using the
renormalization group equation. For this purpose, one would need the following

renormalized two-point function

2
Glon(g: ) = %/63(—297 0)D"D*DyB(p, 0) {1 +ib [ln( ];\2) - 2} e
p7

op? [m( ii) 7T2+3§() }94}. (6.66)

By comparison with eq. (6.25), one notice that in both methods (standard and
covariant derivative background field method) the dependence of the renormalized
two-point function in the renormalization scale A is the same. Since this is the
only relevant part for the computation of the SQED beta function, we find that
in both cases there is a non-null two-loop beta function coefficient given by

1 5

9" (6.67)

b2 = Sy

6.2 Discussion of the results and perspectives

In this chapter we have studied massless SQED up to two loop order. Our
main motivation was the study of the anomaly puzzle which, as explained in the
introduction, is related to the existence (or not) of higher order correction to

beta functions of supersymmetric theories. Therefore, we intended to compute
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in perturbation theory corrections up to two-loop order of the beta function of
SQED. We have chosen to use the IReg framework since it operates in the phys-
ical dimension of the theory (respecting supersymmetry) as well as displays in a
clear way divergences (UV and IR) and regularization dependent terms (surface
terms). We have found that the beta function receives corrections up to two-loop
order although there are some subtleties. The first point is the application of
the background field method which simplifies the computation by restricting the
computation of the beta function to the knowledge of two-point functions in the
background field. As explained before there are two roads to be followed: apply
the standard background field method technique [133] or use the covariant deriva-
tive one [132]. In the first case, we obtained that the one and two-loop effective
action contains a divergence. Therefore, the beta function could be computed in
the usual way, by defining a renormalization constant in the background field,

and we found the following values for the SQED beta function

1
(47)

B=— gt 1>Qg5+o<g7>, (6.68)

8(4m?
where are the same obtained before in the literature [136, 137, 138, 123]. As usual,
the beta function could be computed by using the renormalization group equation,
in which case only the renormalized two-point function in the background field is
needed. The results are the same as before.

On the other hand, by using the covariant derivative background field method,
we obtain that only the one-loop effective action contains a divergence. This could
imply that the beta function does not receive higher order corrections, however,
the renormalized two-point function still depends on the renormalization scale,

which allows us to obtain the following beta function

b=

L 1 5 7

O 6.69
which is the same as before. This controversy was already obtained in the context
of SYM theory [131]. Therefore, we found out with our computation that the
above behavior is not characteristic of the SYM theory, being shared by the

SQED theory as well. This allows us to conjecture that the reason may lie on the
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rescaling anomaly [139], being inherent to the definition of the covariant derivative
background field method itself.

As perspectives we should include the study of how exactly the rescaling
anomaly manifests itself in the covariant derivative background field method.
Thus, one expect to be able to introduce some modifications in the usual multi-
plicative renormalization in order to solve this controversy in the computation of

the beta function.
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Chapter 7

Conclusion and perspectives

The Standard Model of Elementary Particles is one of the major achievements of
the human mind. In order to build such theory, Quantum Field Theory has to
be used, which inevitably lead to the appearance of infinities. This is a intrinsic
feature of the theory by considering interactions as local and excitations of the
fields as point particles. Therefore, it must not be seen as an artifact of the ap-
proximation methods used to tackle the subject (perturbation theory) being just
expressed through them (Feynman diagrams). In this context, it is a necessity to
develop a consistent program to deal with infinities, which is encoded in the regu-
larization /renormalization program. Even though, nowadays, renormalization is
not seen as a fundamental criterion a theory should fulfill, applying some regular-
ization method is still needed in order to give sense to the infinities that appear.
Many regularization techniques can be found in the literature sharing an aspect:
by giving meaning to a divergent integral (evaluating it), one may preserve (or
break) some symmetry of the theory. In this sense, it would be advantageous to
have a regularization that do not impose a symmetry a priori, but instead allow
it to be fixed by phenomenology, for instance.

In this thesis we have systematized the second point of view, by identifying
in a precise and consistent way all ambiguities that may appear in the regular-
ization program, at arbitrary order in perturbation theory. We have shown that
these terms can always be related to the momentum routing invariance (MRI) of
the Feynman diagram involved in the process one is dealing with, allowing us to

conjecture that this is an even more fundamental symmetry that a quantum field
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theoretical result should fulfill. We have illustrated our method in the case of an
abelian gauge theory such as Quantum Electrodynamics, showing the connection
between MRI and gauge symmetry. We have also studied a scalar theory such
as ¢, showing that MRI must be imposed in order to have a consistent result
for the beta function. We have also applied our conclusions to solve a debate
in the literature about the decay rate of the Higgs decay to two photons as well
as the amplitude of the two photon scattering process. It should be emphasized
that, although finite, both processes possess intermediate divergences urging the
application of a regularization to obtain a definite result. We have also developed
a new perspective on the divergent integrals themselves allowing us to introduce
a cutoff even though no integral is explicitly evaluated. This allowed us to study
the role of quadratic divergences in many examples, the hierarchy problem of the
Standard Model included. Finally, we departed from Standard Model calcula-
tions and discussed ambiguities in the context of supersymmetric theories. As
before, we were capable to identify all ambiguities fixing them by imposing gauge
symmetry only. We also discussed a controversy related to the existence (or not)
of higher order divergences in the diagrams needed for the computation of the
supersymmetric beta functions. In the case of SuperQED we found that different

background field methods furnish different results in this matter.
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Abstract — We compute the Coulomb correction C to the ac conductivity of interacting massless
Dirac particles in graphene in the collisionless limit using the polarization tensor approach in a
regularization-independent framework. Arbitrary parameters stemming from differences between
logarithmically divergent integrals are fixed on physical grounds exploiting only the spatial O(2)
rotational invariance of the model which amounts to the transversality of the polarization tensor.
Consequently C is unequivocally determined to be (19 — 67)/12 within this effective model. We
compare our result with explicit regularizations and discuss the origin of other results for C found

in the literature.
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Introduction. — The value of graphene ac conductiv-
ity corrected by a Coulomb interaction has been a matter
of debate in the recent literature. Its general form for low
frequencies can be obtained in the context of renormaliza-
tion group techniques [1-3] based on scale relations valid
near the quantum critical point:

o(w) =09 <1 +C (1)

In the equation above o9 = e2/4h is known as “mini-
mum conductivity” (in the absence of interactions), mea-
sured in [4,5] as o9 = (1,01 4+ 0,04)e?/4h, vp is the Dirac
fermion velocity, which is renormalized by % ln% due to
the Coulomb interaction and A is an upper cutoff [6].
This is the case of the coefficient C which can be calcu-
lated within a model that takes Coulomb interaction into
account. In order to obtain C, the majority of the calcu-
lations relies on a perturbative analysis of effective theo-
ries based on disorder-free Coulomb interacting massless
Dirac electrons. However, a complete eletronic structure
calculation based on a realistic tight-binding Hamiltonian
has been performed in [7]. In diagrammatic perturbation
theory to first order in the electron-electron interaction,

() E-mail: adriano@fisica.ufmg.br

Feynman diagrams that contribute to the density-density
and current-current response function (expressed together
by a polarization tensor) can be drawn in analogy to field
theoretical quantum electrodynamics (QED) [8]. The gen-
eral structure of the polarization tensor can be established
on geometric grounds as well as a continuity equation
\Y -j+ % = 0 which expresses the density-density response
function in terms of a current-current response function.
Although the geometry of the graphene honeycomb lat-
tice is Cg symmetric, the low effective model to be treated
here is spatially O(2) symmetric. Thus, while rotational
invariance leads to transversality of the polarization ten-
sor, the continuity equation constrains the form of the
Coulomb vertex function leading to a Ward-Takahashi—
like identity similar to QED, namely a relation between the
vertex function and the electron self-energy [9,10]. It was
claimed, however, that while the continuity equation holds
at noninteracting level, it fails when electron-electron in-
teractions are taken into account [8] because of ultraviolet
infinities which demand a rigid momentum cutoff.

The main results available in the literature within effec-
tive models are obtained using the Kubo formula [1,9-11],
the electron polarization operator [9,11] and kinetic equa-
tion [3,11] yielding different results for C depending on
how intermediate divergent integrals are handled in each
method.
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The ab initio tight-binding method of [7] claims that
the ambiguity characterizing the various approaches is re-
lated to a chiral anomaly in the system in consequence
of an unclear separation between infrared and ultravi-
olet physics and thus the regularization of an effective
model is a crucial and important issue. The authors in [7]
also point out that their result is compatible with [9]
namely C = %, where dimensional regularization was
employed even though it is known to be problematic in
2 + 1 anomalous theories and needs to be handled with
care when describing chiral anomalies [12,13]. It is well
known that in the presence of anomalies such as the
Adler-Bardeen-Bell-Jackiw (ABJ) chiral anomaly [14] a
regularization should play no role in picking a particular
axial or vector Ward identity but rather should display the
anomaly in a manifestly “democratic way” to distinguish
spurious from physical anomalies.

In [9] the authors used the polarization opera-
tor approach and dimensional regularization to handle
intermediate divergent integrals in the calculation of the
conductivity. They claimed that their previous result pre-
sented in [1] lacked a consistent dimensional continuation
of Pauli matrices and thus violated a Ward identity based
on the continuity equation. Moreover, a missing term
(absent in the physical dimension) related to space-time
continuation of the sigma matrix algebra was argued to ac-
count for the discrepancy between the results for C, %
in [1] and % in [9].

The purpose of the present contribution is to shed some
light on this controversy employing the polarization op-
erator method. Our strategy is based on a regularization
independent approach namely implicit regularization (IR)
that operates in the physical dimension of the model. An
important feature of IR which makes it an ideal arena to
calculate the conductivity is that it clearly parametrizes
finite regularization-dependent terms which in our ap-
proach stem from differences between logarithmically
divergent integrals (surface terms, ST) containing one
integration variable only (loop momentum). This appears
to be at the heart of controversial results for C. Such
arbitrary regularization-dependent ST should be fixed on
physical grounds employing symmetry requirements of the
underlying model or phenomenology. This is especially
relevant when we work with radiative corrections that are
finite although intermediate divergent integrals appear
because the original amplitude is superficially divergent.
This is the case of the effective models used to compute
the conductivity.

As we shall demonstrate in this paper, we obtain for the
ac conductivity using the current-current correlator,

19 — 67

C =2+ —,

B (2)

where « is an arbitrary finite constant (ST) which
parametrizes the regularization dependence and whose ex-
pression we derive in the next sections. In the present case
we will demonstrate that « is unambiguously fixed to zero

only by the general transversal structure of the polariza-
tion tensor inferred from spatial O(2) rotational invari-
ance. Consequently we have C = %. Two features are
noteworthy. Firstly the continuity equation (whose valid-
ity is controversial when interactions are considered [8])
which leads to a Ward-Takahashi-like identity for the ver-
tex function in [10] plays no role in determining . Sec-
ondly « turns out to be zero in dimensional regularization
which means that, in principle, such regularization agrees
with our result as well, yet this is not the value obtained
in [9]. From the experimental point of view the best test
ground for C, whose controversial values differ by one or-
der of magnitude, resides in the optical transparency of
graphene as the transmittance is related to the conduc-
tivity in the optical regime as t(w) = (1 + 27o(w)/c)~2.
Experimental data on the optical transmission [5] sug-
gest a negligible correction due to a Coulomb interaction
compatible with the value C = 19;26” ~ 0.01. Further-
more, according to [5] the optical properties of graphene
lie mainly on its two-dimensional structure and gapless
eletronic spectrum and does not involve the chirality of
the charge carriers [7]. Moreover, the model remains pre-
dictive because transversality derives from a very general
symmetry property of the model which remains valid in
the presence of interactions. We also map the different
values of C to different evaluations of the regularization-
dependent parameter « which is per se arbitrary and
should be fixed on symmetry requirements.

The formalism: electrical conductivity from
imaginary time correlation function. — The Hamil-
tonian of monolayer graphene is described by two-
dimensional massless Dirac (quasi)particles with the speed
of light replaced by vp and the pseudo-spin corresponding
to sublattice indices [15],

i = [ @l @ues - (i)
i / Bl G G Ll GOV G
77|

; (3)

=

T
=1
where & = (04, 0y) are Pauli matrices and we included a
two-body Coulomb interaction between electrons.

Quantum electrodynamics in 2 + 1 dimensions can be
used to describe planar fermions in two spatial dimensions
to calculate, for instance, the polarization operator defined
through the effective action of fermions in the presence
of electromagnetic fields. The polarization tensor can be
interpreted in terms of the conductivity of graphene [16] as
well as for the description of other interesting phenomena
such as the Hall and Faraday effects, the light absorption
rate by graphene sheets and the Casimir interaction of
graphene [17,18].

Based on the fluctuation dissipation theorem [19], the
expectation value of the electrical current density opera-
tor for real time j(7,t) can be related to the imaginary
time polarization tensor Il (7,7) = (T'[j.(7,7)J.(0,0)])
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with j, (r,7) = (W(ﬂ )Y(T, ), 'UFwT(Ta 7)oY(T, 7)), p =
0,1,2 and 9 (7,7) is the two-component massless field.

The correlation function in the reciprocal space
11, (qu)s qu = (iQ,q) and ¢ = (q1, g2), will be calculated
within an expansion in the coupling constant to order e?
just as in [10], namely

Uy (qu) = ng(qu) + 0100 (qu, Vi), (4)

where ng represents the noninteracting contribution
which characterizes the minimum conductivity, 611, is
the first correction due to a Coulomb interaction of the
quasiparticles and Vi = 2(}5 is the Fourier transform of
The leading-order term in (4)

the Coulomb potential.
reads

ng(QM) = _4/ ATY[Gw,kUqu+Q,k+qUV] (5)

in which [ = [Tdw/@2n), [ = [d*k/@27)% 0, =
(lox2,04,0y), 4 is the number of two-component fermionic
fields copies for the graphene and Gy = % is the

fermion propagator. In turn, the correction term to the
correlation function can be written as

STl (qy) = 4 / Ve THAy + As + Agl, (6)
k,p,w,w’

in which
A1 = G k01 Gut kit qGur+0,p+900 Gur p,
Ay = Gw,kUqu—i-Q,k—i-qUVGw,ka’,p and
Az = Gw,kUqu+Q,k+qu’+Q,p+qu+Q,k+qUV-

The correction to the conductivity may be derived taking
the spatial component of the polarization tensor (current-
current approach),

ez i

o(,1ql) = +

7 mnm(g + 10, |Q|)a

(7)

the ac conductivity being given by lim,_.o o (€2, |q|) [9,11].

Implicit regularization and the parametrization
of (un)determined perturbative corrections. — Im-
plicit regularization (IR) is a momentum space framework
that operates on the physical space-time dimension of the
underlying model. It assumes an implicit regularization
operating in the physical space-time dimension for a gen-
eral n-loop Feynman amplitude only to allow the applica-
tion of a mathematical identity at the level of propagators
which displays its divergent content as basic divergent in-
tegrals (BDIs) that are written in terms of one internal
momentum only. We suggest refs. [20,21] for a complete
account of IR and discuss here some basic features related
to leading-order calculations in two dimensions.

For instance, in the case in which the ultraviolet be-
havior is logarithmical, a one-loop Feynman amplitude is
cast as a finite function of external momenta, a BDI (say

I104(A?)) and surface terms expressed by integrals of a to-
tal derivative in momentum space. The origin of these
surface terms is that logarithmically divergent loop inte-
grals I l’f);"'()\Q) which contain in the integrand a product
of internal momenta carrying Lorentz indices u,v,... can
be expressed in a precise way as a product of metric ten-
sors symmetrized in the Lorentz indices and I;,4(A?) plus
a surface term. Such local, regularization-dependent sur-
face terms are intrinsically arbitrarily valued. Within IR,
regularization-dependent terms (surface terms) can be ex-
tracted out in a consistent way allowing for a clear dis-
cussion of the ambiguities involved in the manipulation of
divergent integrals. Because it acts on the physical dimen-
sion of the theory, IR is particularly useful to dimensional
specific models. In the latter, dimensional regularization
methods flaw because of ambiguities in the analytic con-
tinuation on the space-time dimension.

To illustrate this method in connection with our calcu-
lation of the ac conductivity in graphene, we discuss the
quantum mass generation for photons in quantum elec-
trodynamics in 1 + 1 Minkowski space-time dimension
(Schwinger Model). We consider massless fermions for
simplicity. This is a good example as in the calculation of
graphene ac conductivity, after integrating in the frequen-
cies, we end up with momentum integrals in 2-dimensional
Euclidean space. Moreover, the photon mass generation
is evaluated through the calculation of the vacuum polar-
ization tensor

W) =T [ o

which turns out to be finite even though it is superficially
(logarithmically) divergent. This happens to be the case
in the polarization tensor and vertex function for the cal-
culation of the conductivity as well.

We evaluate this amplitude using IR. After performing
the trace algebra, we separate the divergent content in
terms of the loop momentum using the identity

] )

1 being a fictitious mass for the electron which will be set
to zero in the end. Then it is easy to show that [20]

(8)

LN S PR R0}
[(k+p)2—p?] (k2= p?) (k+p)2 — 2

l/a+2 pHp¥
N :-(— W——>, 10
s () =—(—5—9 e (10)
in which the arbitrary regularization-dependent parameter
« is the difference between two logarithmically divergent

integrals,

aGuy = gqulog(,UQ) - 2Ilogw(ﬂ2)
_ / v B 2/ kuk,
k? — p?) (k* — p?)?

/akv f))

= (11)
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If explicitly calculated in dimensional or Pauli-Villars reg-
ularization it turns out to be zero in consonance with the
transversal character of the polarization tensor required
by gauge invariance, whereas o« = 1/(4w) in sharp cut-
off. The resulting radiatively generated photon mass is
m?2 = e?/7. However, following Jackiw in [13] we can con-
sider v as an arbitrary undetermined parameter. This is
a good example of radiative corrections that are finite. As
such they should be fixed on symmetry or phenomenolog-
ical grounds. Thus, in this case, we can assign a vanish-
ing value for a based either on transversality or on the
“phenomenological” value of the generated photon mass,
should it exist at all. However, in its chiral version, the
chiral Schwinger model exhibits an anomalous nonsimul-
taneous conservation of the vector and chiral current [22]
similar to the famous ABJ triangle anomaly [14]. The
democratic display of the anomaly between the two Ward
identities can only be achieved if « is left arbitrary. The
calculation by itself should not decide which Ward identity
is to be satisfied.

An arbitrary positive (renormalization group) mass
scale \ appears via a regularization-independent identity
which enables us to write a BDI as a function of A only plus
logarithmic functions of u/A. At one-loop order it reads

12

Tiog (1) = Ti0g(3) + 7= n (55 (12)

For the sake of comparison with other regularizations,
we can also construct an explicit general parametrization
for basic divergent integrals exhibiting explicitly all arbi-
trary regularization-dependent parameters and revealing
the divergent behavior through a cutoff. In order to con-
struct such parametrization in 141 space-time dimensions,
let us consider the regularization-independent derivatives
with respect to u2,

dLig(p?) _ dljgg(1*) g i
dp?  4wp?’ dp? 2 dwp?

(13)

A general parametrization which obeys the relations
above is given by

7 A2
mmﬂz——m(ﬁ)+a

47
i A?
l— —1In (—2> +c
4 W
in which ¢, ¢ are also arbitrary dimensionless
regularization-dependent constants and A — oco. The ar-

bitrariness of the surface term defined in (11) becomes
evident since 2" = agh” = (¢ — )g".

v g
Lo (W?) = 55

: (14)

Calculation of ac conductivity. — Hereafter we
shall work in Euclidian space. The minimum conductiv-
ity can be calculated from eq. (5) after subtracting the

zero-frequence mode, namely Hg’y(qu) — Hg’uﬂzo(qu) -

I19:*(q,,) which eliminates a spurious linear divergence

Lin(p?) = [z(K* + p?)~Y/2. After some algebra we obtain

VALEPN

ng(QM) == 16 [Uuau - 25u00u
- (m+5.(j)%(m+&.(f)aq Ve
02 + g2 16
0-qo,0-qo,
x Tr [auay — 46,00, — —IqQ } (15)

which gives from (7) the well-known universal value of
the conductivity o¢p = %% The Coulomb correction to
the conductivity can be calculated from eq. (6), which we
separate into two parts namely the self-energy correction
0ILf,, and the vertex correction 5H/bw,

811, (i€2, 0) = 0117, (i€2, 0) + 0110, (i€2,0),  (16)

where we have already taken the limit ¢ — 0. Explicitly
we have

61_[;1/ = 8/ . VE,ﬁTr[Gw,kUquJrQ,kUu
w' kP

xGw,kaz,p} and (17)
(51_[/11” = 4/ . VE_ﬁTr[Gw7kUqu+Q’k
w,w’ k,p
X G090 G p | (18)

The integrals above can be simplified if we already take
u = v = z, the diagonal spatial component of the
Coulomb interaction correction 611, (i€2,0), to calculate
the conductivity within the current-current approach.
After subtracting the zero mode just as we did for the
noninteracting case, we obtain, after tedious yet straight-
forward calculation, that 611¢, and 6112, contribute to the
conductivity with

a((T)ZQ - _<7Tllog(/\2)+ iln/\Q o
+gln2—i—%lnﬂ> (19)
and
% = (T(Ilog(/\2)+ ilnx\2 + o+ ;IHQ
_%1DQ_%+%(4+37T)+4;7T>7 (20)

respectively. Thus, the correction to the conductivity is
given by adding (19) to (20) to yield

¢ = (2rat 255). (21)

12

27002-p4



Conductivity of Coulomb interacting massless Dirac particles in graphene

Some comments are in order. Firstly some remark-
able (regularization-independent) cancellations take place.
Note that the logarithmic divergences Ij,,(A?) and the
renormalization scale dependence expressed by In(\?) can-
cel out as they should since the model is finite. The
arbitrary regularization-dependent finite parameter « ap-
peared as the Euclidian version of (11) in the calculation
of 611, and should be understood as a free parameter of
the model.

Symmetry constraints. — As discussed in [13], in
theories where radiative corrections are finite, arbitrary
parameters stemming from cancellation of divergent in-
tegrals should be fixed by symmetries of the underlying
model or phenomenology. This is exactly the situation
we are confronted with in the calculation of the Coulomb
correction for the graphene ac conductivity. Spatial O(2)
rotational symmetry being preserved in both noninteract-
ing and Coulomb interacting models leads to the following
general structure for the polarization tensor [9,23]:

W (q) = Ha(gu)Apw +15(qu) B, (22)

with o
B;w = 51“‘ (51] — q;%)éju and (23)

qul/
A;w = G9uv — qu - Bpu; (24)

IIg(gu) being its spatially transverse component. Hence
I1,..(¢q) is transverse ¢,I1,,(¢) = I, (¢)¢p = 0. No-
tice that II{,,(¢) in eq. (15) is clearly transverse. Let us
study the transversality properties of its O(e?) correction
0I1,,,(¢). For the sake of convenience and comparison with
the literature we define

ZQJLQE/E Vi
w

)

,ﬁGw+Q7k+Qa (25)

Yq,p,0 being usually called electron self-energy in analogy
to QED. Using this definition we can formally write

qu(SH;w (qM) = 4ﬁ Tr[Gw,kUVGw,kEp,O,O]

Ew
= Tr[Gur 0 k4900 Gt kg B02,p,a (26)
where we have used the straightforward identity
q"oy = —ioxo +q- G
= G;}FQ,H(; - G;,lk- (27)
Because [ (Guiakiq)? = 0 and using the cyclic

property of the trace, the study of the transversal-
ity of ¢Il,, amounts to investigating the commutator
[Guw+Q.k+qs 2Q,p.q)- For this purpose let us further develop
the expression for g ,,. From (25), after a Feynman
parametrization [24] for completing the square in the inte-
gration variable in the denominator and some lengthy yet
direct algebra, we can write

(28)

«a being the same arbitrariness that appeared in the
computation of C given by the (Euclidian version of) (11).

2 o oo
Ypg = Yptq0 +e T - ],

Furthermore, following the rules described before we can
demonstrate that ¥, 0 o & - (p+ ¢), namely

Eerq,O
e2

- D o) ()

+41n2 — 47roz} . (29)

We are now in the position to discuss the transversality of
0I1,,,. Because of (29) it is evident that

[Gut.ktqr L] = 0. (30)
Therefore, according to (28),
[Gurteitgs Spgl = €ma[Guta kg, 7 - - (31)

As the commutator on the RHS of the equation above does
not vanish in general, we are led to conclude that transver-
sality of the Coulomb correction of the polarization tensor
implies « = 0 which, in turn, fixes C = 19;26”. Notice that
this is the same argument we illustrated for QED,, where
gauge invariance fixes the value of the arbitrary parameter
to vanish as well.

Discussion. — We proceed to discuss some results for
C that appeared in the literature. It is straightforward to
demonstrate that o turns out to be zero, should we em-
ploy dimensional regularization to evaluate (11), which,
in principle, indicates that dimensional regularization also
leads to C = =87 contrarily to the result of [9]. Di-
rect evaluation of (11) in sharp cutoff yields 1/(4m) which,
following (21), yields C = 251*26” but strikingly violates
transversality as the commutator (31) does not vanish.

Finally it was pointed out in [9] that a Ward-Takahashi
identity similar to the one that appears in field theoretical
quantum electrodynamics could be derived defining the
“vertex function” A, derived from the Fourier transform
of the four-point matrix function m, (i —7, ¢t —t,7—r3, t—
t2) = (Tujult, P Y(t1, 71 )6 (t2, 73) such that

H _ M
T ksw+Q,k+q — GkaAw,k;w+Q,k+qGW+Q7k+q (32)

leading to

W _
qHAw,k;erQ,kJrq = Ew+97k+(170 - EWJ%O' (33)

To derive (33) it is important to notice that the continuity
equation was used in its naive form V -j'—l— % = 0, which,
according to [8], is no longer satisfied in an interacting
system. Let us assume that (33) is valid for the Coulomb
vertex function to the first order in the coupling constant,

2me?
5AM(vaa Q) = - . ﬁGw,ko—quJrQ,kJrq (34)
kw |P— k|
which, according to (33), should obey
quéAu(vaa Q) - Zw—i—Q,p+q,O - Zw,p,O- (35)

Let us explicitly verify under which conditions this identity
is satisfied evaluating separately both sides of (35) using
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the IR framework . After some lengthy yet perspicuous
algebra we get, for the RHS

L 1
Yptq,0 = Zpo = ¢*F - {_§ o [7
1

2=

7 1 7+ )2
+e Uq{§llog(A2)+§hl2— 8IHT}

+e%a *<E)
q 5 )"

whereas the LHS of (35) yields

L. 1 P+ q)? . 1 7a
_ 2 2
q“éAMeam{ gln{ pe —|—zeQ<—— )

N 1 1. (p
+620-q{§flog()\2)+ Sin2— o P
(37)

where « is exactly the same ST that appeared both in the
computation of the C and in the study of the transversal-
ity of ¢II,,,. Clearly the Ward-Takahashi identity (35) is
only fulfilled if « = 1/(4m). The latter, however, is in-
compatible with the transversality of d11,,, which requires
a = 0. Curiously enough the value @ = 1/(4m) which

~ _ 25—6n
satisfies (35) leads to C = =3

Conclusions. — We employ a regularization-indepen-
dent framework which manifestly preserves arbitrary
regularization-dependent parameters which should be
fixed by symmetries of the underlying model. It is there-
fore especially tailored to handle the graphene conduc-
tivity calculation which involves contributions that are
separately divergent but whose sum is finite and regu-
larization dependent. Based on spatial O(2) symmetry
only which is translated into transversality of the polar-
ization tensor, a free parameter « is fixed to zero. This
unambiguously results in C = % ~ 0.01 which is in
agreement with experimental findings so far [5] and agrees
with dimensional regularization because a turns out to be
zero if explicitly evaluated within this regularization (see
also [25]). On the other hand, if evaluated with a sharp
cutoff, for instance, o = 1/(4m) breaking transversality
and leading to C = 251’26” ~ 0.51. It is important to
mention that no recourse to the vertex Ward-Takahashi
identity, whose validity in the presence of interactions has
been contested [8], was made: transversality is enough to
fix the only free parameter of the model.
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The induction of a Lorentz- and CPT-violating Chern-Simons-like term in a fermionic theory embedded
in linearized quantum gravity is reassessed. We explicitly show that gauge symmetry on underlying

Feynman diagrams does not fix the arbitrariness inherent to such induced term at one loop order. We

present the calculation in a nonperturbative expansion in the Lorentz-violating parameter b, and within a

framework which, besides operating in the physical dimension, judiciously parametrizes regularization
dependent arbitrary parameters usually fixed by symmetries.
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I. INTRODUCTION

In the standard model of particle physics, Lorentz and
CPT are regarded as fundamental symmetries. However,
since the early 1990’s possible violations of such sym-
metries have been studied [1-33]. The first model, intro-
duced by Sean M. Carroll et al. [6], considered the
theoretical and phenomenological consequences of adding
to QED a Chern-Simons (CS)-like term proportional to a
constant four-vector. They found out that such model
predicts vacuum birefringence. However, astrophysical
data establish stringent bounds to this kind of deviation
from Lorentz and CPT symmetries [6,7]. Such small effects
would come from spontaneous symmetry breaking of
Lorentz symmetry in a more complete theory such as
string theory [1].

One interesting aspect which has been vastly investigated
is whether this CS-like term can be radiatively produced.
One example of this mechanism occurs in extended QED
with a Lorentz violating axial term, in which the CS-like
term appears when we consider radiative corrections to the
photon propagator. However, different results for the
CS-like coefficient have been found (see, for example,
[3,8—17]). The coefficient of the induced term, coming
from the cancellations of divergences, is in fact regulari-
zation dependent. Using the Pauli-Villars method, for
instance, this coefficient is found to be zero [3,12], while
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”msampaio @fisica.ufmg.br
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the result using dimensional regularization depends on how
the dimensional continuation of the ys matrix is carried out
(see [34,35] and references therein).

Following the idea of an induced CS-like term in
extended QED, it has also been discussed if a gravitational
CS-like term can be radiatively induced in a fermionic
theory in curved space-time. Phenomenologically, the
existence of such term would imply that gravitational
waves possess two degrees of polarization instead of four
[18]. Nevertheless, the coefficient of such induced term
turns out to depend on details involving the regularization
of intermediate divergences as well [19,20].

In this work, we compute the 1-loop correction to the
graviton propagator in the weak field approximation, using
a more general approach called implicit regularization.
Since it does not specify any particular regularization
technique, allowing the reproduction of other results by
choosing the method at the end of the calculation, it permits
us to identify the sources of ambiguities. We find that the
induced gravitational CS-like term depends on a set of
surface terms which, coming from differences of divergent
integrals, are arbitrary.

Following [12], arbitrary parameters that appear in finite
radiative corrections must be fixed either by phenomenol-
ogy or symmetries of the underlying model. By demanding
gauge invariance of the action, which enforces transver-
sality of the graviton self-energy, we find that the depend-
ence in one of the surface terms remains in the final
amplitude. This is the same result obtained in the case of
extended QED in flat space. In such case, requiring
transversality of the final amplitude does not determine
the coefficient of the Carroll-Field-Jackiw (CFJ) term.

© 2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.89.105034
http://dx.doi.org/10.1103/PhysRevD.89.105034
http://dx.doi.org/10.1103/PhysRevD.89.105034
http://dx.doi.org/10.1103/PhysRevD.89.105034

J.C.C. FELIPE et al.

The paper is organized as follows: in Sec. II, we carry
out, with a pedagogical purpose, a review of the calculation
of the induced CS-like term in extended QED in flat space.
In Sec. III, we turn our attention to fermions in linearized
quantum gravity with a Lorentz violating extension. We
compute the 1-loop correction to the graviton propagator
with implicit regularization to study the induced CS-like
term in this case. In Sec. IV, we conclude and leave details
of the integrals that appear in this work to the Appendix.

II. REVISITING THE INDUCTION OF A CS-LIKE
TERM IN EXTENDED QED

In order to motivate our line of reasoning, we revisit the
induction of the Chern-Simons-like term (also called
Carroll-Field-Jackiw term) in extended QED, whose action
reads

SoEp = /d“xt/"/(if) —A—m—Dbys)y. (1)

The coefficient of the induced CFJ term is well known to be
ambiguous and many different methods have been applied,
furnishing various results. Here, we take as an example the
calculation of [17], in which the implicit regularization
scheme has been used. For simplicity, we treat the massless
case. If the fermion is nonmassive, its propagator can be
decomposed as [15]

i i i

= P Py, 2
k—bys k—b LY R )

where we are using the chiral projectors

1ty
Pri=—75"" (3)

Note that with this decomposition, it is simple to perform
the complete one loop calculation, without necessity of
expanding the propagator. So, it is really a nonperturbative
calculation in b, and the problem reduces to the calculation
of just one Feynman graph. Here, we carry out the
calculation with an arbitrary loop routing. The full one-
loop photon self-energy is given by

1
TP = 2 (I T 4 T, T (4)
with

% (p,ap + b)

_ [N Jr Kkt ap £ btk (@t 1)p £ b]
_l tr{ (k+apib)2[k+(a+1)pib]2} (5)

and
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I (p.ap + b)

B A (y*(k+ap £Db)y [k + (a+ 1)p £ blys
_il “{ (k+ap£b)k+(at )p=£bP }

(6)

where [, = [ % and the superscript A is used to indicate
that some four dimensional regularization has been applied
(say a cutoff) just to justify algebraic operations at the level
of the integrands. Since the regularization was not specified
yet, we can maintain, for a while, the dependence on
the parameter a. For a particular momentum routing in the
loop, a variable «a is fixed. This is just illustrative, since the
dependence on « cannot be disentangled from the choice of
the regularization procedure.

The induction of the CS-term comes from the T’ parts,
so that we have

v 1 v v
5" =S [0, (p,ap + b) + T2 (p,ap = b)]
1 12 v
= 5 M54 (p.b1) =115 (p. b2)], (7)

with by =ap + b and b, = ap — b. So, let us calculate
I15" (p, b), which, after Dirac algebra, can be written as

+
A (b+k)
% (p. b) = 4ipzer™# / *
e N K%
= 4ipﬁ€m”ﬁ(bal + Ia)’ (8)
with
A 1.k
LI, = L ) 9
A (k+b)*(k+ p + b)? ©)

We apply the implicit regularization framework [36] to
treat these integrals. Let us make a brief review of the
method. In this scheme, we assume the existence of an
implicit regulator (A) in order to judiciously use the
following identity to separate UV divergent basic integrals
from the finite part:

1 1
1(k+p)2—m2_lk2—m2

(P* +2p-k)

B /k (k2 = m?)[(k + p)* = m’]

, (10)

where we have introduced a fictitious mass in the propa-
gators. This is necessary because, although the present
integrals are infrared safe, the above expression without
mass will break the original integral in two infrared
divergent parts. The limit m?> — 0 is taken in the end. In
this process a renormalization scale 4 # 0 is introduced. In
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general, besides a finite part in the UV limit, we get basic
divergent integrals which are defined as

g (2N kM. fHan
Log 2" (m*) = = n)2n (11)
and
kﬂl “e kﬂZn
meot) = [ )

The basic divergences with Lorentz indices can be
judiciously combined as differences between integrals with
the same superficial degree of divergence, according to the
equations below, which define surface terms':

Yhy, = 0Dy, (m?) = 2(2 = w)I5 (m?) = vy, (13)

Eg:v’aﬁ = ”{ﬂynaﬁ}IZW(mz) - 4(3 - W) (2 - W)Iglv/vaﬁ(mQ)
= &, iy, (14)

2y = P b, (m?)
—8(4=w)(3 = w)(2 =)L (m?)
= oyt (15)
In the expressions above, 2w is the degree of divergence
of the integrals and for the sake of brevity, we substitute the
subscripts log and quad by 0 and 2, respectively. Surface

terms can be conveniently written as integrals of total
derivatives, namely

0 K

vt = | o = (16)
9 2(2 — w)kikekP
— {uvapy — i Sl
(§2w U2w)71 n f aky (kz _m2)3—w ’ (17)
and
(62 — & )y
B 9 43 —w)(2 —w)kk LK KO (18)
~ Ji Ok, (k2 = m*)* '

We see that Eqs. (13)—(15) are undetermined because
they are differences between divergent quantities. Each
regularization scheme gives a different value for these
terms. However, as physics should not depend on the
schemes applied, we leave these terms to be arbitrary until

'The Lorentz indices between brackets stand for symmetriza-
tion of the tensor, i.e., Al® =@ pBhi-bi} = Aar—an Bhi-Fu 4+ gum
over permutations between the two sets of indices «; - - - @, and

ﬂl ﬂn
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the end of the calculation, fixing them by symmetry
constraints or phenomenology, when it applies.

Concerning the surface terms, a comment is in order. As
is well known, to perform shifts in integrals with degrees of
divergence which are at least linear, it is necessary to
compensate with surface terms. For this reason, in a 4D
procedure as implicit regularization, which preserves until
the end the surface terms, the final amplitude will depend
on the routing in the loop momentum. This dependence
appears in the coefficients of the surface terms.
Nevertheless, in the implicit regularization scheme, the
parameters defined in Eqgs. (13)—(15) are adjusted in order
to fix symmetries.

Returning to our calculations, the results of the integrals
(9) in the implicit regularization framework are given by

1= Log(i2) - ﬁ [m <— i’j) - 2] (19)

and

(p+2b) +22b)a {Ilog(’lz)

da(5)-4)

) (20)

I,=-

Substituting these results in Eq. (8), we get

I (p.b) = 4iv0b,,pﬁe”"”ﬂ. (21)

So, we obtain

1
e = [ing(ap + b),ppe™” — 4ivg(ap = b)pye"™]

= 4ivgb,pse ™. (22)

The induced coefficient of the Carroll-Field-Jackiw term
will then be given by

Ac, = 2ivgb,. (23)

We see that the coefficient of the induced CS-type term is
proportional to the undetermined parameter v, In [8] a
definite result for Ac, was obtained in the nonperturbative
approach. For this, a procedure was used in the calculation
of the surface terms. Actually, these terms are dependent on
the procedure adopted. In our result, this is expressed in the
dependence on vy.

In [15], it was shown that the procedure of [8] has as a
consequence the violation of gauge symmetry at second
order in b,. However, in the follow-up paper [16], the
author has shown that the use of an adequate Pauli-Villars

105034-3
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regulator in the calculation preserves gauge symmetry in
second order in b, even in the nonperturbative approach.
Enforcing this result, in [17], the complete one-loop
calculation was performed with implicit regularization.
The results for the zeroth and second order terms in b,
are given below:

G = 1(p*)(p"p* = p*n™) — 4van
4
=3 {oolpp" = p*n)
+ 2p*p* + PP (& — 2vp)} (24)

and

1 v v v 14
5 (M +T0) = =MD + 265" (& = 200} (25)

If one uses symmetric integration when calculating v, and
&y, such that k#k* — k% /4 and k*k*k*kP — eyl k* )24,
one obtains

i 5i
=5a W b=gea (26)
so that
1 v v I v v
5 My + TG ) = S (B 4 20°b), (27)

as in [15]. However, this will cause gauge symmetry
violation even in the zeroth order term. The condition
for transversality of the photon self-energy for all orders in
b, is & = 2vy and v, = 0. A gauge invariant procedure
will respect these conditions, as, for example, the Pauli-
Villars regulator used in [16]. Since the v, parameter cannot
be fixed, the coefficient of the Chern-Simons-like term is
really regularization dependent.

III. ARBITRARINESS IN THE INDUCED
CS GRAVITY TERM

We consider a massless fermionic theory in a gravita-
tional background with a CPT-violating term,

i e iy
S = /d4x <§ee’éy/y”DMw— e eub, iy y51//>, (28)

where ¢} is the tetrad, e = det ¢; and b, is a constant
four-vector.

In Eq. (28), in order to couple fermions with the
gravitational field, we need to define the covariant
derivative,

1
D;ﬂl/ = 8;41// + iwﬂahaubw’ (29)
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where @), is the spin connection, which depends on the
tetrad, and 6** = § [y, 7"].

In the weak field approximation, we use the following
expansions for the metric and the tetrad:

g = + kh* (30)
and
1
€ua = Nya + Ekh"“' (31)

Therefore, the action (28) can be reexpressed as
4 1 < 1 . _ < 1 u _ <
S= | d'x 511//61//4-5”( hl//ﬁl//—ihayalllﬁl//
1 {a,b,,c} 1 {a,b,c}
3 POhear Y I = JWO Y W
_ I_ _
+ @hab,yysy + zll/hb%’//] - wbysw} + 0(x).
(32)

Feynman rules, shown in Fig. 1, can be readily derived
from Eq. (32).

In order to obtain the induced Chern-Simons-like term,
we have to compute the linear part in b, of the one-loop
correction for the graviton propagator. We opt to use the
complete propagator rather than treat the axial term as a
interaction. Figure 2 shows the two diagrams that
contribute.

Their amplitudes read

v ) d*k
H/;a)ﬂ(p) = l/WTr[VMD(k + p,k)S(k+ p)

x VA (k, k + p)S(k)] (33)

and

va, . d4k %)
g (p) = l/WTY{S(k)V‘”’”(p»p,k)]-

(34)

We write the following expansion for the fermion
propagator

0

i A L
pay —;,—é{—zbyﬁl—é} —;w). (35)

Since the CS-like term we are interested in is linear in b,
we can write

105034-4
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= V*(ky, k) =

Sy + o)

PHYSICAL REVIEW D 89, 105034 (2014)

— % (ko + k3)? =27 (ko + k3)°]

2
= VOPHY (k) kg, ky) = K2 16(%1 +%2)( nPn + 47{“77‘”’{“ P+ 47{“n”}{°‘ "})

+ 337{&7][9}{”(3]{34 + 4k‘2 — 3]{71)11} — ]_76’7{0((2]{;4 + kl)ﬁ}’r]lw

1 1
+ I—GV{HT]V}{Q (3]{'4 + 4]{’1 — 3]{'2)[3} — 1—6’}/{“(2]{74 + kz)u}’ljaﬁ

1 17 v, o
_ Z%(,,M{anﬁ} — /3)}

FIG. 1.
propagator. (b) Graviton-fermion vertices.

4
H””“ﬂ( )—z/(j ]§4Tr[V””(k+p,k)S0(k+p)
X VP (k,k+ p)So(k)bysSo(k)]
+i / (j;§4Tr[V“ﬂ(k,k+p)So(k)

X Vi (k+ p.K)So(k+ p)brsSo(k+p)]  (36)

and

H’Mﬂ bJ’SSo( )Vaﬁ””(P,Pv k)]

(37)

=

These amplitudes are symmetric under the exchange
u<v and a < f as they should be. The amplitude

H’(‘Zf’gs( p) is null after the trace operation. The amplitude

H’(l:)a(/:}s( p) is superficially cubically divergent.
k+p
17 u k
4 P
NI XN
k P apuy P
(@) (b)

FIG. 2. 1-loop corrections for the graviton propagator. The
double waved line and the solid line stand for the graviton and the
fermion, respectively.

Feynman rules for a fermionic theory in linearized quantum gravity with a Lorentz violating extension. (a) Fermion

The result of the implicitly regularized amplitude

H’(‘:)ags( p) is given by (see a list of results of integrals in

the Appendix)

wap "L
<48 z+3260>f7“”p Je¥Pbp,

+laep)+

41)0 + 450)

wov)tlaepfpor).  (38)

Obviously this result contains arbitrariness expressed by
surface terms. To try to fix them, we demand gauge
invariance of the action, expressed by the transversality
of the final amplitude. Explicitly, we have

Hﬂ”’ﬂ

—i
Palta)cs (P) = §K2<4§0 —4vy — 9600)

x (ePMp¥ + e pt)p*hyp, = 0. (39)

In order to satisfy Eq. (39), we must have &, = vy =
o9 = 0or &y — vy = 240,. The former condition determines
the CS-like term and the latter does not. If we replace this
expression in Eq. (38) the result is

H?:;ng(p):ﬁk eﬂﬁliﬂbgpp< 67 2+9660> (p p _naup )

tlaop)+uov)+(aepfpor).  (40)

We see that transversality is not sufficient to fix all
surface terms leaving us an arbitrary result. Depending on
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the choice of the arbitrary term o, we can either recover
other results found in the literature [19-21] or even
get zero.

The four terms of Eq. (40) assure the symmetry of the
amplitude under the change y <> v and a <> . The
consequent CS-like effective action is

l . v 2 a a
‘CCS = (967[2 — ]6100) K'zbihﬂ eayﬂ/)a/ (azhl/ - 81’87’hy )

(41)

If we set 6y =0, this result agrees with the one of
Ref. [19] where dimensional regularization was employed.
Such behavior should be expected since the surface terms
are zero if explicitly evaluated by this technique.

One more comment is in order. In the case of the
extended QED in flat space-time, the transversality of
the vacuum polarization tensor is trivially respected by
the CFJ term, because of the presence of only one
antisymmetric Lévi-Civita tensor contracted with the
external momentum. In that case, this symmetry was
not an alternative to try to determine the remaining
surface term. The case of the Lorentz-violating model
in a gravitational background is different, since the
satisfaction of this symmetry is not trivial. It was
necessary to enforce a relation among three parameters
so as to satisfy it.

PHYSICAL REVIEW D 89, 105034 (2014)
IV. CONCLUDING REMARKS

In this work, we study the induction of a CS-like term by
radiative corrections for a massless Lorentz- and CPT-
violating fermionic theory embedded in a curved space-
time. We adopt the framework of implicit regularization,
which clearly parametrizes regularization dependent terms.
Besides, we carry out the calculations in the nonperturba-
tive approach in the Lorentz-violating parameter b,. We
imposed transversality of the amplitude as an attempt to fix
the coefficient of the induced Lorentz-violating term.
However, after enforcing this symmetry, the relations to
be satisfied by the surface terms are not sufficient to
determine the coefficient of the induced CS gravity term,
leaving a free parameter.

This result should be compared with the one of the
induction of a CFJ term in the extended QED in flat space.
In that case, the satisfaction of transversality of the
amplitude is trivial due to products involving symmetric
and antisymmetric tensors. This is not the case here, since it
was necessary to enforce a relation among three parameters
so as to satisfy this symmetry.
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APPENDIX

The result of the regularized integrals, after taking the trace, are

k2 p2
szllog(l )+2b bln( AZ) (Al)
K>k 1 p
Am_ipa{—llog(l )+Uo—2b+b1 < —2>:| (AZ)
k*k? e ~ - p? 1
k4(k n p)z Ilog — Do + 2b—bln —2 5 (A3)
K kekP p? 5~ 1 pep?
{uyelt | -1 b1 -Zb| —= , A4
Jw [ o)+ o+ “( Az) 5| 3550 (A4)
Kk kP 1 1
AW:—Zﬂaﬁpz[llog(ﬁ)—vo] +6(P2’Iaﬂ+2papﬂ)[llog(/12) _50]
1- 1 p? 4| - 1 p? 13
—bpp? | ZIn (-5 ) —=| —=bppP|l=In| -5 ) == A5
+2p'7[6n< /12> 9} pp[s‘n( 2) 18] (A3)
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1- 1 p? 4
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kP kY K kP 1 1
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Kk‘l(k"—]?)z 24’7 m'p [ log( ) 50] +
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(PPt + plapPyioh)[1og (2%) — & — 240y

1 - 3 N5

a

kR 1 |
/k = plyP P [1, (4%) — &) — g (P2 4+ 2p2 pP ) [L10g (A7) — &y — 240y

K(k+p)? 6

1~ 1 p? 4 ~ 1 p? 7
—Zbp2plpt | Zin (=) = 2| = bp®pfpt|-In | -5 ) — —
TR A e N ] B e Rl B

where A is mass scale and b = .

(A7)
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Appendix B

In this appendix we collect the results in the IReg formalism of the majority of

the integrals used in this thesis:

J(p*,1%) = /k &

TH(p?, %) = /k o

e e (a4
T T [] ‘““(‘fT)”b]
L o

,uu22:
(7 1) AW—M

M]Z/:k;pv 7 {le) o (—i—) * %b]
3)

1 2 p? 4
m%w %WW)_bm(_E)+§4

LT ' W
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where the Lorentz indices between brackets stand for symmetrization of the ten-
sor, i.e. Alevanphi-ful — garwen phi-Bn L sum over permutations between the

two sets of indices aq - - - «,, and [y - - - 3,.
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We also have
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where ) is the renormalization scale and b = ( 4;)2.
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