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Resumo
A presente tese apresenta trabalhos realizados em três assuntos. O primeiro assunto
tratado diz respeito a interferência quântica. Mostramos que uma partícula quântica em
um interferômetro Mach-Zehnder, sob a ação de uma força positiva em um dos braços
do interferômetro e uma força nula no outro, pode receber na média uma transferência
de momento negativa quando sai do interferômetro por uma porta específica. Nesse
cenário, um conjunto de partículas pode na média ganhar momento no sentido oposto
ao da força aplicada devido a interferência quântica, um comportamento sem análogo
clássico. Chamamos esse efeito de “interferência quântica de força”, e apresentamos três
possibilidades de implementação experimental para detectar tal efeito, com elétrons ou
nêutrons em um interferômetro Mach-Zehnder, e com átomos de um condensado de
Bose-Einstein. Em seguida discutimos o caso de dois elétrons propagando no mesmo
interferômetro Mach-Zehnder e mostramos que, devido ao mesmo efeito de interferência
quântica de força, os dois elétrons podem sofrer uma atração efetiva. O segundo assunto
tratado é o desenvolvimento de uma proposta experimental para detectar interferência
de Hanbury Brown e Twiss com elétrons se propagando no espaço livre. Recentemente
surgiram dúvidas sobre experimentos do tipo realizados anteriormente, cujos resultados
podem ser explicados como causados por repulsão Coulombiana ao invés de um efeito de
interferência de duas partículas. Na nossa proposta, os dois efeitos podem ser diferenciados
claramente, o que abre caminho para o desenvolvimento de uma técnica de imagem com
fontes incoerentes de elétrons. Finalmente, o terceiro assunto diz respeito à derivação por
primeiros princípios do momento trocado entre um fóton e um espelho quântico após o
primeiro ser refletido pelo segundo. Para isso, usamos as condições de contorno impostas
pela superfície do espelho sobre a equação de onda do fóton. Mostramos que o sistema
em geral termina em um estado emaranhado, a menos que a incerteza em posição do
espelho seja muito menor do que o comprimento de onda do fóton, caso em que o espelho
se comporta classicamente. O nosso tratamento leva diretamente à conclusão de que o
momento do fóton é ~k, e isso nos permite dar uma contribuição ao histórico debate
Abraham–Minkowski sobre o momento da luz em um meio material. A configuração que
usamos revela o momento de Minkowski, em que o momento da luz é proporcional ao
índice de refração do meio.

Palavras-chave: Óptica quântica, Interferência quântica, Interferência de matéria, Inter-
ferência de Hanbury Brown e Twiss, Interferência de dois elétrons, Função de onda de
fóton, Momento do fóton.



Abstract
This Thesis contains work developed in three subjects. In the first of them, we show that
a quantum particle under the action of a positive force in one path of a Mach-Zehnder
interferometer and a null force in the other path may receive a negative average momentum
transfer when it leaves the interferometer by a particular exit. In this scenario, an ensemble
of particles may receive an average momentum in the opposite direction of the applied
force due to quantum interference, a behavior with no classical analogue. We name this
effect as “quantum interference of force”, and discuss some experimental schemes that
could verify the effect with current technology, with electrons or neutrons in Mach-Zehnder
interferometers in free space and with atoms from a Bose-Einstein condensate. We then
discuss the case of two electrons propagating in the same Mach-Zehnder interferometer
and show that, due to the same quantum interference of force effect, the two electrons
can sometimes suffer an effective attraction. The second subject is the development of an
experimental proposal to detect the Hanbury Brown and Twiss interference with electrons
propagating in free space. In previously realized experiments, doubts were casted upon
the results, which may be explained as caused by Coulomb repulsion of the electrons
instead of a two-particle interference effect. In our proposal, the two effects can be clearly
distinguished, opening the path for imaging with incoherent electron sources. Finally, the
third subject concerns the derivation from first principles of the momentum exchange
between a photon and a quantum mirror upon reflection, by considering the boundary
conditions imposed by the mirror surface on the photon wave equation. We show that the
system generally ends up in an entangled state, unless the mirror position uncertainty
is much smaller than the photon wavelength, when the mirror behaves classically. Our
treatment leads us directly to the conclusion that the photon momentum has the known
value ~k, and this allows us to contribute to the longstanding Abraham–Minkowski debate
about the momentum of light in a medium. We show that in our setting the Minkowski
momentum is revealed, in which the light momentum is proportional to the medium
refractive index.

Keywords: Quantum optics, Quantum interference, Matter interference, Hanbury Brown
and Twiss interference, Two-electron interference, Photon wave function, Photon momen-
tum,.
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1 Introduction

The present Thesis is composed of three different branches. The three of them can
be joined under the broad umbrella of Theoretical Quantum Mechanics, but the difference
between them is large enough so that there will not be a common introduction to them
all. Each of the three subjects will be treated in a different chapter, and the necessary
detailed historic and scientific introduction will be made in each of them.

In chapter 2 we present a curious effect that arises when the quantum superposition
principle encounters the concept of force acting on a particle. Namely, we discuss the
situation in which a quantum particle is in a superposition of two states, while a force
acts on only one of them. We show that if the force is for instance positive, then this
superposition of a positive force with no force at all on the same particle may lead to a
negative momentum transfer to that particle, which goes against the classical intuition.
This happens because of an interference effect, more specifically a destructive interference
effect. We show that it is purely quantum effect, in the sense that classically no statistical
sum of such two situations (a positive force and a zero force acting on a particle) could
lead to that anomalous momentum transfer to the particle. For all these reasons, we name
the effect as quantum interference of force. Three possible experimental setups that could
detect it are proposed, one that uses electrons, one with neutrons, and another one with
atoms from a Bose-Einstein condensate.

As a spin off of the quantum interference of force, we also discuss in chapter 2 the
case in which the force is caused by the interaction with another quantum particle. In
this two-particle setting, we specifically address the case in which two electrons propagate
simultaneously in the same Mach-Zehnder interferometer. The superposition is then of
states in which they propagate through different interferometer paths and do not interact,
with states in which they propagate through the same path and suffer Coulomb repulsion.
We show that quantum interference can cause an effective attraction between the two
electrons, once again going against the classical intuition. An experimental implementation
of this proposal is also discussed. The presentation of the effect we call quantum interference
of force is published as an article in the journal Quantum [1], and the effective attraction
between two electrons due to it is discussed in a pre-print available on the online platform
ArXiv [2], and it is currently under review for publication.

Chapter 3 contains the work developed during the Sandwich PhD period of April
2017 to March 2018 at the University of Erlangen-Nuremberg (Germany), under the
supervision of Prof. Joachim von Zanthier. We discuss an experimental proposal for the
detection of Hanbury Brown and Twiss interference in free space with electrons. This
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two-particle interference effect was originally detected using two-intensity correlation
measurements with classical light in the 1950s [3–6], and used for imaging with incoherent
light sources. Extensions of this effect for electrons have been successfully done on chip
in 1999 [7, 8], but this setup forbids their use for imaging, while the success of a 2002
free space implementation [9] has recently been questioned [10,11]. The critics argue that
the Coulomb repulsion and not an interference effect could have been responsible for the
detected pattern. We propose an experimental setup that could unambiguously distinguish
between the Coulomb repulsion and the genuine interference effect that arises from the
extension of the Hanbury Brown and Twiss effect for fermions.

In order to develop our experimental proposal, we first present a brief review of
two-intensity correlation measurements and of the Hanbury Brown and Twiss original
experiments, all under the point of view of classical optics. Following, we show the
traditional way to quantize the electromagnetic field, since we want to extend the Hanbury
Brown and Twiss interference for fermions, which cannot be described classically. The
bunching and anti-bunching effects for light are then discussed, since they are central in
two-intensity correlation measurements and the latter shows exclusively quantum features
of the electromagnetic field – it will also be present in the electron field extension. We
finally present the experimental setup that could detect the Hanbury Brown and Twiss
effect, and that should be the basis for imaging with incoherent electron sources in the
near future. The experimental realization of the proposal is on the way, in collaboration
with the group of Prof. Peter Hommelhoff at the University of Erlangen-Nuremberg.

Finally, chapter 4 is concerned with the reflection of a single photon by a quantum
mirror. By quantum mirror we mean that we are using quantum mechanics to treat its
motion and interaction with the photon, and we will be specially interested in exclusively
quantum effects there. We use a photon wave function formalism [12–15] in order to derive
the quantum state of the photon-mirror system after the reflection, and this formalism
allows us to treat the problem with boundary conditions on the surface of the mirror,
bypassing the difficulties of doing such with electromagnetic field operators [16–19]. The
photon wave function formalism of Bialynicki-Birula and Sipe [12,13] is the basis for the
calculations of this chapter, and we present its core in a section within the chapter.

As results, we show that the final state of the photon-mirror system is in general
entangled, and we discuss the limits in which this entanglement could be detected –
unfortunately, it is beyond the reach of current technology. Our treatment naturally
provides a derivation of the momentum of the photon, even if it propagates through a
medium on its way to be reflected by the mirror. Then the historical Abraham–Minkowski
debate is addressed [20, 21], in which the two physicists, Max Abraham and Hermann
Minkowski, propose different expressions for the momentum carried by the electromagnetic
field when it propagates through a material medium. The setup we analyze has the spirit of
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historically known experiments that try to probe the light momentum in a medium [22,23],
and we show that in this quantum version the mirror gains the Minkowski momentum in
the reflection process, which is proportional to the medium refractive index. The results of
chapter 4 are published as an article in the journal Physical Review A [24].
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2 Quantum interference of force

Interference phenomena on quantum systems can lead to extremely curious physics.
The most canonical example is the double-slit experiment, which according to Feynman “has
in it the heart of quantum mechanics” [25–27]. Other intriguing examples are delayed-choice
experiments [28–31], quantum erasers [32–35], “interaction-free” measurements [36–38],
and quantum delayed-choice experiments [39–41], among many others.

In this chapter we discuss another very curious quantum interference effect inspired
on a work by Aharonov et al. [42]. In their article, the authors show that the classical limit
of quantum optics is achieved in a strange way when we look at how photons transfer
momentum to a mirror inside an interferometer, if the mirror position is treated quantum-
mechanically. They showed that, depending on by which port of the interferometer the
photon exits, it may transfer to the mirror an average momentum in the opposite direction
that one would expect, due to an interference effect. This can be seen as a quantum
random walk in the momentum space [43], in which the interferometer beam splitters play
the role of a quantum coin that decides whether the mirror will be pushed by the photon
or not, while under suitable post-selection it ends up being pulled.

We generalize this result upon considering anomalous momentum transfers to
general quantum objects and by considering that the momentum transfer in one of the
arms of the interferometer may be of the same order of magnitude than the initial
momentum uncertainty of the quantum object, not necessarily in the weak interaction
regime considered in Ref. [42]. These generalizations lead us to some proposals for feasible
experiments that could observe an anomalous momentum transfer to a quantum object due
to the quantum interference of force. Some of them one use quantum particles (electrons
or neutrons) propagating in a Mach-Zehnder interferometer in free space, with a force that
acts only in one of the interferometer arms. Another one uses an interferometer based on
the internal degrees of freedom of atoms from a Bose-Einstein condensate, with a force
that acts differently on these internal states.

With an appropriate post-selection, the quantum superposition of a positive force
with no force in an ensemble of quantum particles may generate a negative average
momentum transfer to these particles. No classical system can present this behavior, such
that the quantum interference of force that we discuss here is a genuinely quantum effect.

Furthermore, we discuss the situation in which the force that acts on a particle is
caused by the interaction with another quantum particle. Namely, we investigate what
happens when two electrons propagate through a Mach-Zehnder interferometer side by
side. We propose an experiment in which the superposition of the electrons repelling each
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other (when they propagate through the same path) with them not interacting at all
(when they propagate through different paths) may lead to an effective attraction between
them, when the appropriate post-selection is made.

The results presented in this chapter are available in two papers: the one published
in Ref. [1] presents the quantum interference of force with a single particle, and one
available as a pre-print in Ref. [2] discusses the effective attraction of two electrons due to
this effect.

2.1 Aharonov et al.’s thought experiment
We begin by reviewing the results of the 2013 paper authored by Aharonov et

al. [42] that motivated our own results. The authors consider the modified Mach-Zehnder
interferometer displayed in Fig. 1 for their thought experiment. The light enters the
interferometer and is split into paths A and B by beam splitter BS1. On path B, the light
hits the mirror M from the inside at an angle α and can exchange momentum with it. A
second beam splitter BS2 interferes the light from the two paths towards two interferometer
exits. Some of the light leaves the interferometer directly towards detector D2, but the light
from the other exit is redirected via path C to the back of the mirror M and is reflected
once again by it at an angle β before it reaches detector D1. Both beam splitters have
reflection and transmission coefficients ir and t respectively, with r and t real positive
numbers, and r2 + t2 = 1.

Let us first consider that the incident light is a classical beam with energy U during
the length of the experiment. The momentum carried by this beam is thus U/c, where c
is the speed of light in vacuum. Upon reflection, the beam transfers a momentum to the
mirror M that depends on the angle of incidence α of the beam, since only the momentum
component perpendicular to the surface of M will be inverted. The fraction t2U of the
light energy that is transmitted by BS1 is the one reflected by M, such that one can write
the momentum that the light transfers to M from the inside of the interferometer as
δα = 2t2(U/c) cosα. The factor 2 comes from the momentum inversion.

The light that is directed to C is a coherent superposition of the light that goes
through paths A and B, either being reflected by BS1 and transmitted by BS2 via path A,
or the other way around via path B. It can be shown that the light intensity in path C is
4r2t2U/c, and thus the momentum that is transferred to the mirror M from this path is
δβ = 8r2t2(U/c) cos β.

The net momentum gained by the mirror is therefore δM = δα − δβ. In a setting
that r, t, α and β are chosen so that δβ > δα, the mirror is pushed towards the inside of
the interferometer due to the fact that the radiation pressure in this direction is stronger
than towards the outside. In Ref. [42], the authors choose cos β = 1

2 cosα and r > t, such
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Figure 1 – A Mach-Zehnder interferometer in which the light that propagates in it hits
the mirror M from the inside at an angle α and can exchange momentum with
it. The light that goes to exit C hits the back of the mirror M at an angle
β before it reaches detector D1. (Content distributed under the terms of the
Creative Commons Attribution 3.0 licence, authors and work title available at
Ref. [42], DOI:10.1088/1367-2630/15/9/093006.)

that

δM = −2t2(U/c)(r2 − t2) cosα < 0, (2.1)

which evidences that the mirror M is pushed to the inside of the interferometer.

Let us now consider the case that a single photon with energy ~ω is sent inside the
interferometer. Following the same reasoning as in the classical case, the momentum kick
given by the photon to the mirror M when it goes through path B is now δα = 2(~ω/c) cosα.
After going through the first beam splitter, the quantum state of the propagation degree
of freedom of the photon is in a superposition of the two paths |A〉 and |B〉, namely
|Ψ〉 = ir|A〉+ t|B〉. If we write φ(p) for the momentum wave function of the mirror in the
direction perpendicular to its surface, after the reflection the photon-mirror system ends
up in the entangled state

ir|A〉φ(p) + t|B〉φ(p− δα), (2.2)

where only the component of the photon propagating through path B gives the mirror a
momentum kick of δα.

The authors of Ref. [42] now consider that the size of the kick |δα| is much smaller
than the width of φ(p), such that one can approximate φ(p− δα) ≈ φ(p)− δα dφ(p)

dp . This

http://creativecommons.org/licenses/by/3.0/
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approximation gives rise to the weak interaction regime, used in Ref. [42], and is used in
the theory of weak values [44,45]. If one selects only the photons leaving the interferometer
towards detector D1, i.e. in state1 |Φ1〉 = t|A〉 − ir|B〉, the momentum wave function of
the mirror is projected into

〈Φ1|
[
ir|A〉φ(p) + t|B〉φ(p− δα)

]
= irt

[
φ(p) + φ(p− δα)

]
≈ irt

[
2φ(p)− δα

dφ(p)
dp

]

≈ 2irt φ
(
p− δα

2

)
. (2.3)

Therefore the superposition of a momentum kick δα on the mirror from the photon
component propagating on arm B with no kick from the component propagating on arm
A results in a kick of δα/2 on the mirror from the photons that leave the interferometer
towards D1.

All of these photons, however, are redirected via path C to the back of the mirror and
kick it once again with a momentum δβ = 2(~ω/c) cos β. With the setting cos β = 1

2 cosα,
we get δβ = δα/2, but this is exactly the momentum gained by the mirror from when the
photons were propagating inside the interferometer. Therefore the net radiation pressure
δM = δα − δβ on the mirror is zero for the photons that are detected at D1.

This leaves us with the photons that are detected at D2, i.e. selected in state
|Φ2〉 = −ir|A〉 + t|B〉. The momentum wave function of the mirror, in this case, is
projected into

〈Φ2|
[
ir|A〉φ(p) + t|B〉φ(p− δα)

]
= −r2φ(p) + t2φ(p− δα)

≈ −(r2 − t2)φ(p)− t2δα
dφ(p)

dp

≈ −(r2 − t2) φ
(
p+ t2

(r2 − t2)δα
)
, (2.4)

where in the last line it is assumed that | t2

(r2−t2)δα| is also much smaller than the width of
φ(p) for the used approximation to be valid.

Note that, for r > t, the above expression means that the radiation pressure exerted
on the mirror by the photons that are detected at D2 is − t2

(r2−t2)δα, i.e. in the opposite
direction of the momentum δα. These photons, however, never kick the mirror M from
the outside, and yet the momentum gained by M is directed towards the inside of the
interferometer. The authors in [42] explain that the quantum superposition of no kick from
the photon in arm A with a kick to the outside in arm B leads to a radiation pressure on
the mirror that pulls it to the inside, and this is in strike contrast to the analysis made in
1 The following state can be obtained by evolving the photon state backwards from detector D1 through

the beam splitter.
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the classical case, in which the only way for the mirror to be pushed to the inside is for
the light to push it harder from the back on path C than on path B.

In what follows, we will generalize the results of Ref. [42] by leaving the weak
interaction regime and considering more general quantum systems. We give a more detailed
explanation of the interference phenomenon that is behind this effect, which we name
quantum interference of force, and the generalizations allow us to propose experiments to
detect it in the lab.

2.2 A force that acts inside an interferometer
To discuss the effect in detail, let us consider a quantum particle propagating in a

two-path Mach-Zehnder interferometer. In our experimental proposals, these paths can
be either actually spatially separated paths, as in Fig. 2, or can represent two different
internal states of the particle. Let us first consider the case of an electron propagating in a
spatial Mach-Zehnder interferometer, as depicted in Fig. 2. Later we will discuss a proposal
where the paths are the internal states of atoms from a Bose-Einstein condensate. During
our discussion, only the z component of the particles wave function will be considered,
since the plane of propagation is the x–y plane (see Fig. 2), while the force acts only in
the z direction.

mirror

mirror

BS1
BS2

E

e−
path	A

path	B

exit	D

exit	C
x
y

z

Figure 2 – Simplified scheme of an electron Mach-Zehnder interferometer. The first beam
splitter (BS1) splits the electron wave function into two path components A
and B. Path B contains a capacitor with an uniform electric field E in the
−ẑ direction, generating a force in the ẑ direction on a propagating electron.
Mirrors re-join the wave function components and mix them at a second beam
splitter (BS2), whose exit ports are labeled C and D.

First, the electron propagation path is split by a beam splitter BS1 into two paths
A and B. Path A is free from the influence of any force, while on path B an external
electric field generates a force in the ẑ direction. The paths are re-joined at a second beam
splitter BS2, where they are mixed towards exit ports C and D. We will consider that the
first beam splitter has a reflection coefficient ir (with r real) and a transmission coefficient
t =
√

1− r2, while the second one has reflection and transmission coefficients equal to
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i/
√

2 and 1/
√

2 respectively. If |Φ〉 is the prepared initial momentum state of the electron,
then after the first beam splitter the state becomes

|Φ1〉 = t|Φ, A〉+ ir|Φ, B〉, (2.5)

where |Φ, j〉 stands for the electron propagating through path j with the state |Φ〉
representing the quantum state of the z component of the electron wave function.

After BS1 each component A and B will evolve differently, until they reach the
second beam splitter BS2. Due to the different propagation lengths and interactions
associated with each path, the electron state inside the interferometer just before BS2 is:

|Φ2〉 = t|Φ, A〉+ ireiβ|Φ′, B〉. (2.6)

where |Φ′, B〉 stands for the change in the momentum state of the component traveling
through path B, and β is the phase difference between the arms due to propagation.

Finally, after BS2 we will have on exit ports C and D the respective (non-normalized)
states

|ΦC〉 = t√
2
|Φ〉 − reiβ√

2
|Φ′〉, (2.7)

|ΦD〉 = t√
2
|Φ〉+ reiβ√

2
|Φ′〉. (2.8)

We keep the 1/
√

2 factors in the above expressions so that
∫
|〈p|ΦC〉|2dp+

∫
|〈p|ΦD〉|2dp = 1,

where p is the component of the electron momentum in the z direction.

In our analysis, we consider that the external force F displaces the electron z

momentum wave function by a positive quantity δ without changing its form. This can
be achieved with an impulsive force, characterized by a potential acting during a very
short period of time (see Appendix A). In this case, the evolved electron state after its
propagation through path A is 〈p|Φ′〉 ≈ eiγΦ(p− δ), where Φ(p) is the initial electron
wave function and γ represents a possible extra phase.

Finally, we can write the wave functions corresponding to the states of Eqs. (2.7)
and (2.8), respectively, as

ΦC(p) = 〈p|ΦC〉 = t√
2

Φ(p)− reiα√
2

Φ(p− δ), (2.9)

ΦD(p) = 〈p|ΦD〉 = t√
2

Φ(p) + reiα√
2

Φ(p− δ), (2.10)

with α = β + γ and r =
√

1− t2.

2.2.1 Quantum interference of force with a Gaussian initial wave function

We can now investigate how the average z momentum of the final wave functions
associated with exit ports C and D relate to that of the initial wave function Φ(p). We
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(a) (b)

Figure 3 – Average momentum 〈p〉C of the electrons selected at port C in units of the
Gaussian width W , as a function of the BS1 transmission coefficient t and of
the momentum kick δ, also in units of W . The electron wave function is given
by Eq. (2.9) with eiα = 1 and Φ(p) from Eq. (2.11). The red region is where
〈p〉C < 0. The transparent plane corresponds to 〈p〉C = −0.7W . (a) Overall
parameter view. (b) Zoom on the parameter region where 〈p〉C < 0.

will specify Φ(p) as a Gaussian function with width W and zero mean value,

Φ(p) = π−
1
4

√
W

exp
[
−1

2

(
p

W

)2
]
. (2.11)

To maximize the anomalous force effect, we will fix α = 2nπ with integer n in Eqs. (2.9)
and (2.10), which can be achieved by adjusting the relative A and B path lengths.

The average momentum of the wave function at a port j is

〈p〉j = 1
Pj

∫
p |Φj(p)|2 dp, (2.12)

where Pj =
∫
|Φj(p)|2dp is the probability that the electron will exit through port j. In

Fig. 3 we plot the average momentum 〈p〉C of the electrons selected at port C in units
of the Gaussian width W , as a function of the BS1 transmission coefficient t and of the
momentum kick δ in arm B, which is also in units of W . It is clear that there is a range
of parameters for which the average momentum is negative, and can attain values as
negative as −0.7W . These values are clearly out of the weak interaction regime considered
in Ref. [42] (see Sec. 2.1), since neither δ nor |〈p〉C | have to be much smaller than W in
order to get 〈p〉C < 0.

So we see that, for an ensemble of quantum particles, the combination of a force
in the positive z direction with a zero force may generate a displacement of the average
momentum of these particles in the negative z direction, when the appropriate post-selection
is made. In other words, the superposition of a positive force with a zero force may generate
a “negative force” on quantum particles. This is a counter-intuitive behavior with no
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p

W

Figure 4 – Components of the wave function of Eq. (2.9) when Φ(p) is given by the Gaussian
function of Eq. (2.11), with t = 0.85, δ = 0.2W , and eiα = 1: tΦ(p)/

√
2 (blue

dotted curve), rΦ(p− δ)/
√

2 (red traced curve), and ΦC(p) (continuous purple
curve).

classical analogue. For classical particles, any momentum-independent post-selection must
generate a positive or zero average momentum. This odd feature can be explained as an
interference effect.

We plot in Fig 4 the components tΦ(p)/
√

2 and rΦ(p− δ)/
√

2 of Eq. (2.9) when
Φ(p) is given by Eq. (2.11), for t = 0.85 and δ = 0.2W . The resulting wave function ΦC(p)
is the difference between these two components, as seen in Eq. (2.9) when eiα = 1. In Fig.
4, ΦC(p) is also plotted, and has an average momentum around −0.3W . We can see that
the positive momentum part of the displaced function rΦ(p− δ) subtracts more from the
positive than from the negative momentum part of tΦ(p), leaving an amplitude that is
higher on the negative than on the positive momentum part of ΦC(p). This is why the
superposition of a positive-mean with a zero-mean function can result in a negative-mean
one. It is a destructive interference effect on momentum wave functions, which is why we
call it an interference of force.

As can be seen in Fig. 3, as the kick δ grows, only positive momentum expectation
values can be achieved. This can be understood under the light of Fig. 5 (a), where a
growing of δ means that the original tΦ(p) (blue dotted curve) and the displaced wave
function rΦ(p − δ) (red traced curve) get further and further apart. This leads to a
very small overlapping region between the two (compare it with Fig. 4, where there is a
practically full overlap), such that the interference becomes ever more negligible. When
we write (see Eq. (2.9))

〈p〉C ∝
[
t2
∫
p|Φ(p)|2dp

]
+
[
r2
∫
p|Φ(p− δ)|2dp

]
+
[
−2rt cosα

∫
p Φ(p)Φ(p− δ)dp

]
(2.13)

we can see that, as the overlap between Φ(p) and Φ(p − δ) vanishes, the interference
contribution to the expectation value (the third term in the sum) vanishes with it. It
becomes thus clear that the average momentum of the particles approaches a statistical
mixture of the events where they propagate through path A and no force is applied (first
term), with those where they propagate via path B and the force is applied (second term).
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(a) (b)
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Figure 5 – Components of the wave function of Eq. (2.9) when Φ(p) is given by the
Gaussian function of Eq. (2.11) and eiα = 1. (a) t = 0.75, δ = 5W . When δ is
large, tΦ(p) (blue dotted curve) and rΦ(p−δ) (red traced curve) become too far
apart and their overlap is small, such that the momentum distribution |ΦC(p)|2
(continuous purple curve is 3×|ΦC(p)|2) approaches a statistical mixture of the
distributions of each separate wave function without a significant interference
contribution. (b) t = (1/

√
2) + 0.003, δ = 0.1W . When t ≈ 1/

√
2 ≈ r, Φ(p)

(blue dotted curve) and Φ(p− δ) (red traced curve) contribute with a nearly
equal weight to ΦC(p). Therefore, for small δ, any deviation from t = r will
significantly change whether the positive or negative part of the final momentum
distribution |ΦC(p)|2 (continuous purple curve is 100× |ΦC(p)|2) is the largest,
and the sign of the average momentum is very sensitive to small variations of t.
The thin horizontal line indicates that for the used parameters the negative
part of the distribution is larger than the positive.

In Fig. 5 (a), this appears in the fact that the momentum distribution |ΦC(p)|2 (continuous
purple curve is 3 × |ΦC(p)|2) consists basically of the two bumps correspondent to the
contributions of Φ(p) and Φ(p−δ) separately. The anomalous momentum transfer therefore
cannot be observed for a displacement δ a few times larger than the wave function width
W , but it is not necessary that δ � W , as considered in Ref. [42] (see Sec. 2.1). When δ
is smaller than W , but of the same order of magnitude, as in Fig. 4, the anomalous force
is maximized while the final wave function keeps a considerable amplitude, which means
this case should be easier to be observed in an experiment.

We would also like to comment on the spiky behavior of 〈p〉C that appears on the
region around t = 1/

√
2 ≈ 0.707 and small δ shown in Fig 3. This value for t means that

r =
√

1− t2 = t, and thus Φ(p) and Φ(p− δ) will have equal weight on the composition of
ΦC(p). This behavior is illustrated in Fig. 5 (b), where we plot Φ(p) (blue dotted curve) and
Φ(p− δ) (red traced curve) with nearly equal amplitude, and the momentum distribution
|ΦC(p)|2 (continuous purple curve is 100 × |ΦC(p)|2) resulting from their superposition.
When δ is small and r ≈ t, the two wave functions Φ(p) and Φ(p− δ) will be very close
to each other. Whether the positive or the negative part of the resulting momentum
distribution is the largest will depend very sensitively on which of the two wave functions
has a slightly larger amplitude. And if the positive part of the distribution is slightly larger
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(a) (b)

Figure 6 – (a) Probability PC that an electron exits the interferometer of Fig. 2 at port C,
as a function of the transmission coefficient t of BS1 and of the kick δ in units
of the Gaussian width W . The electron wave function is given by Eq. (2.9)
with eiα = 1 and Φ(p) from Eq. (2.11). (b) Replica of Fig. 3 (a). The region
with 〈p〉C < 0 coincides with that of small detection probabilities.

than the negative one, the final average momentum is positive; when the opposite happens,
the final average momentum is negative. This parameter sensitivity is the reason that
there is this spike on the region around t = 1/

√
2 ≈ 0.707 and small δ shown in Fig 3.

2.3 Ehrenfest’s theorem and momentum conservation
In general, quantum particles suffer diffraction through the interaction with energy

potentials, exchanging momentum with the agent of that potential. However, when the
gradient of the potential does not vary much in the region occupied by the particle
wave function, Ehrenfest’s theorem tells us that the average momentum gained by the
particle should be the expected classical one, computed as the result of a classical force
acting on the particle [46]. The component of the wave function that propagates through
path B in the interferometer of Fig. 2 does receive an average momentum equal to the
classically computed one. But when this component interferes with the component that
propagates through path A with no momentum exchange, the average momentum received
by the particle when it exits by port C can be in the opposite direction in relation to
the classically expected one, as depicted in Figs. 3 and 4. This interference of different
momentum exchanges, which may result in a momentum displacement that corresponds
to a force applied in the opposite direction, is a genuinely quantum effect with no classical
analogue.

One could then wonder if the described process suggests that momentum is not
being conserved. Or, stated in another way, how could we get the electron with average
momentum in a direction if it has only gained momentum in the opposite one? In order to
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understand this we have to stress that, because the negative momentum transfer takes place
with destructive interference, the successful selection of the electron at the interferometer
port C must be unlikely. For instance, in the case illustrated in Fig. 4 the probability PC
that the electron comes out at port C is around 6%. To have a quantitative view of that,
we plot in Fig. 6 (a) the probability PC as a function of t and δ/W . By comparison with
Fig. 3 (replicated in Fig. 6 (b)), clearly the region with most negative average momenta
coincides with the lowest probabilities of successful selection.

Let us take a look at the discarded events. If we compute the momentum average
〈p〉D of the case that the electron is selected on port D of the interferometer, we see that
the whole range of average momenta is positive (Fig. 7 (a)). When we sum both averages
weighed by their respective probabilities, we see that

PC〈p〉C + PD〈p〉D = t2〈p〉Φ + r2〈p〉Φ′ , (2.14)

where 〈p〉Φ and 〈p〉Φ′ are the momentum averages calculated with the corresponding states
|Φ, A〉 and |Φ′, B〉 of Eq. (2.6). This is exactly what we would expect from Ehrenfest’s
theorem and it implies conservation of momentum, since r2 and t2 are the respective
probabilities that the electron has or has not interacted with the external field. What the
post-selection allows us to do, then, is a re-arrangement of the probabilities of selecting
the electron with certain transverse momentum eigenvalues. We correlate most of the
amplitude for positive z momentum with the electron exiting through port D, and leave the
negative values associated with the electron exiting at C. The impression that momentum
is not conserved then comes from the fact that we are discarding many detection events.
We stress that this is an effect that is intrinsically quantum in nature, and in fact it can
have no classical analogue. This is because it requires particles interfering destructively,
and we cannot associate negative probability amplitudes with “states” of classical particles.

2.4 Proposals for experimental implementation
Matter interferometry is an extensively developed field, with decades of research

on electron, neutron and atom interferometers [47–50]. Mach-Zehnder interferometers with
electrons in free space can be constructed with diffraction gratings acting as beam splitters
and mirrors [51,52], as shown in Fig. 8. It should not be difficult to place a capacitor in
one of the arms of the interferometer, since this was already done with similar atomic
interferometers [53–55]. A thin metallic foil should be placed between the interferometer
arms near the capacitor to avoid the presence of the capacitor field on path A of Fig. 2.

The gratings with 100 nm periodicity used in Ref. [52], when illuminated by their
6 keV electron beam source, can generate a separation of 55 µm between the two paths
at a distance of 35 cm from the grating. In Ref. [53], which performs the interferometer
with atoms, this separation is enough to have control of different capacitor tensions for
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(a) (b)

Figure 7 – (a) Average momentum 〈p〉D of the electrons selected at port D in units of the
Gaussian width W , as a function of the BS1 transmission coefficient t and of
the momentum kick δ, also in units of W . The electron wave function is given
by Eq. (2.10) with eiα = 1 and Φ(p) from Eq. (2.11). (b) Replica of Fig. 3 (a)
showing 〈p〉C .

e– beam

diffraction gratings capacitor

thin foil

Figure 8 – Experimental implementation of an electron Mach-Zehnder for the detection of
the quantum interference of force. Diffraction gratings play the role of beam
splitters and mirrors, and a capacitor exerts a force on the electron in only one
of the interferometric paths, while the other path is isolated by a thin metallic
foil.

each beam path. By using the slit of 1.5 µm width of Ref. [52] for the initial electron
spatial state preparation, we approximate it by a Gaussian profile and estimate the beam
width after 1 m of propagation to be 1.7 µm, such that the wave function spreading is
small. In this setup, for capacitor plates separated by 1 mm with a length of 1 cm in the
beam propagation direction and with an applied tension of 0.2 mV, the displacement of
the momentum wave function is around 10% of its width, compatible to the displacement
needed to show the anomalous force effect. So the experimental verification of the effect
should be feasible with current technology.

It should also be possible to perform the experimental verification of the quantum
interference of force with neutron interferometers [56,57]. Nowadays it is possible to apply
different magnetic fields on each arm of a Mach-Zehnder neutron interferometer [58,59]. If
this setup is adapted to apply an inhomogeneous magnetic field in one of the interferometer
arms, producing a Stern-Gerlach force, and no field on the other, it should be possible to
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produce the superposition of a positive force with a null force on the neutrons resulting in
an average negative momentum transfer to them with the appropriate post-selection.

Another possibility for the experimental verification of the quantum interference
of force is in a setup with atoms from a Bose-Einstein condensate when the atomic
trap is turned off. In this case, paths A and B of Fig. 2 can be associated to internal
atomic states |A〉 and |B〉 with an energy difference on the microwave region and definite
magnetic moments in the z direction. If the atoms are all initially in the state Φ(p)|A〉,
where Φ(p) represents the quantum state of the z component of the atoms wave function
in momentum space, a microwave pulse resonant with the transition can create the
superposition tΦ(p)|A〉+ rΦ(p)|B〉, where t =

√
1− |r|2 (assumed real) depends on the

duration and amplitude of the microwave pulse [60, 61]. The subsequent application of an
inhomogeneous magnetic field that generates a Stern-Gerlach force during a short period
of time can create the state

tΦ(p− δa)|A〉+ rΦ(p− δb)|B〉, (2.15)

where δa and δb depend on the duration and spatial configuration of the inhomogeneous
magnetic field and on the z component of the magnetic moments of the states |A〉 and
|B〉 respectively. A microwave resonant π/2 pulse can then transform this state into

tΦ(p− δa)
(|A〉+ |B〉)√

2
+ rΦ(p− δb)

(−|A〉+ |B〉)√
2

. (2.16)

The application of a second inhomogeneous magnetic field, but now transmitting the
opposite momentum in relation to the previous one, leads to

tΦ(p)− rΦ(p−∆ab)√
2

|A〉+ rΦ(p) + tΦ(p+ ∆ab)√
2

|B〉, (2.17)

where ∆ab = δb − δa. A selection of the atoms in the atomic state |A〉 therefore generates
a momentum state analogous to the momentum wave function of Eq. (2.9) with eiα = 1
and δ = ∆ab, and it can thus show the anomalous force effect. The combination of a total
positive momentum transfer with a total zero momentum transfer to the atoms may result
in a negative average momentum transfer.

2.5 Effective electrostatic attraction between electrons due to quan-
tum interference
We turn ourselves now to the situation in which the force used to generate the

quantum interference effect is caused by the interaction with another quantum particle.
Namely, we propose an experiment in which two electrons propagate parallel to each other
through the same Mach-Zehnder interferometer, and post-select the interferometer port
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where each electron exits. We show that the quantum superposition of the situations
where the electrons propagate in the same interferometer arm, repelling each other, with
the situations where they propagate in opposite arms, with no interaction, may result
in an effective attraction between them. This effective electrostatic attraction between
the electrons manifests itself in the momentum distribution of each electron, that change
its mean value in the direction of the other electron with the propagation through the
interferometer.

This effect is connected to the anomalous weak values obtained by Aharonov et al. in
their treatment of Hardy’s paradox [62], that would be manifested as an effective repulsion
between an electron and a positron inside the interferometer in the weak interaction
regime [63]. Our treatment, besides avoiding some controversial interpretations of the
weak values, is valid outside the weak interaction regime, which led us to a feasible
experimental proposal for observing the effective attraction between electrons due to
quantum interference.

2.5.1 Two electrons propagating in a Mach-Zehnder interferometer

In the proposed experiment we consider a two-paths Mach-Zehnder interferometer
with two electrons e1 and e2 sent at the same time through the apparatus, as shown in
Fig. 9. The electrons can be distinguished from one another by the z component of their
position, with their separation d being much larger than the width of their wave functions.
Apart from this displacement, the states of the electrons are essentially the same. Both
paths are considered to be free from any external influence and isolated from each other
so that only the electromagnetic interactions between electrons taking the same path are
allowed to take place. We associate the orthogonal state vectors |Ai〉 and |Bi〉 with the
distinguishable paths of propagation possible for the electrons during their travel through
the system, and the vectors |Ci〉 and |Di〉 with the possible exit ports of the Mach-Zehnder
interferometer, matching the labeling given by Fig. 9. The index i = {1, 2} labels each
electron. The reflection and transmission coefficients for each beam-splitter BS1 and BS2

are the same, denoted respectively by ir and t =
√

1− r2, with real r and t. The initial
quantum state of the z component of the electron i’s momentum will be denoted by |Φi〉.

We consider a post-selection of the totality of events where electron e1 exits the
interferometer by D1 and e2 exits by C2, as indicated in Fig. 9. By considering this
post-selection choice, the final joint state of the system that consists of the two electrons
will be a coherent sum over the amplitudes associated with all the possible ways for this
system to have evolved in time towards this final state. There are in total four possibilities
of evolution for the described system: two where the electrons take different paths inside
the interferometer and therefore do not interact, and two where they do travel by the
same path and a Coulomb interaction between them exists during some time interval. In
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e2
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B2

e1

B1
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BS2
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Figure 9 – Two electrons propagate parallel to each other in a Mach-Zehnder interferometer,
entering by the indicated ports. Beam splitter BS1 splits the incident wave
functions and the mirrors M redirect the electrons to interfere at the second
beam-splitter BS2. The lines represent the center of the wave functions of the
electrons e1 (blue) and e2 (red) while propagating in the interferometer. The
distance d between the electrons paths is considered to be much larger than
the width of their wave function, such that the electrons can be labeled as e1
and e2 due to their spatial distinguishability. If the electrons propagate in the
same arm they repel each other, while if they propagate in opposite arms their
interaction is negligible. We will post-select the events where electron e1 exits
by D1 and electron e2 exits by C2.

the first two cases where the electrons do not interact, the two particles are either both
reflected or both transmitted in each beam splitter, and the state of the system will evolve
to the post-selected state as:

• e1 goes through path A1 and e2 goes through B2: −r2t2eiφ|Φ1, D1〉|Φ2, C2〉;

• e1 goes through path B1 and e2 goes through A2: −r2t2eiφ|Φ1, D1〉|Φ2, C2〉;

where the vector states associated to each electron individually are labeled accordingly,
and φ represents an extra phase for an electron propagation through path Ai in relation
to a propagation through path Bi.

In turn, if one of the electrons is reflected and the other transmitted in each beam
splitter, they will take the same path and interact with each other. These two other
possibilities that take to the the post-selection state, when we consider that the interaction
will change the two electrons momentum states, will lead the quantum state to evolve as:

• e1 goes through path A1 and e2 goes through A2: −r2t2ei(2φ+α)|Φ−1 , D1〉|Φ+
2 , C2〉;

• e1 goes through path B1 and e2 goes through B2: −r2t2eiα|Φ−1 , D1〉|Φ+
2 , C2〉;

where we have taken the vectors |Φ∓i 〉 to represent the electrons momentum states that
were disturbed by their electromagnetic interaction, and α represents a phase gained due
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to the interaction. Considering the combination of these four probability amplitudes, the
post-selected electrons momentum state is

|Φps〉 ∝ |Φ1〉|Φ2〉+ eiα cosφ |Φ−1 〉|Φ+
2 〉. (2.18)

2.5.2 Effective attraction between electrons with Gaussian initial wave func-
tions

To closely analyze these results, we shall once again specify the initial wave functions
for the z component of the electrons momentum Φi(p) = 〈p|Φi〉 as Gaussian distributions
with width W centered at zero,

Φi(p) = π−
1
4

√
W

exp
[
−1

2

(
p

W

)2
]
, (2.19)

where the origin of the z axis for each electron was defined at the corresponding center of
its position wave function. If the electrons separation is much larger than the width of their
wave functions, and if this width does not change appreciably during the electrons time
travel along the interferometer, and also since each electron wave function is submitted
to an approximately constant electric field, the electrons interaction results in shifts δ on
their momentum wave functions without altering their Gaussian forms (see Appendix A).
The exact magnitude of δ will depend on the electrons separation d and on the interaction
time. In this case the wave functions for the z component of the electrons momentum
altered by the interaction become

Φ−1 (p) ≡ 〈p|Φ−1 〉 = Φ1(p+ δ), (2.20)

Φ+
2 (p) ≡ 〈p|Φ+

2 〉 = Φ2(p− δ), (2.21)

which correspond to momentum shifts of ∓δ in the wave functions. We note that electron
e1 gains a negative momentum while electron e2 gains a positive momentum of the same
amplitude.

It is possible to analyze the quantum states associated to each of the electrons
separately by taking the partial traces over the post-selected state of Eq. (2.18). In this
way, the state ρ1 associated to electron e1 is

ρ1 = Tr(2)(|Φps〉〈Φps|) (2.22)

= |Φ1〉〈Φ1|+ cos2 φ |Φ−1 〉〈Φ−1 |+ Ie−iα cosφ |Φ1〉〈Φ−1 |+ Ieiα cosφ |Φ−1 〉〈Φ1|

apart from a normalization factor, with

I =
∫

Φ2(p)Φ2(p− δ) dp = exp
(
− δ2

4W 2

)
. (2.23)
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In the same manner, and because
∫

Φ1(p)Φ1(p∓ δ)dp =
∫

Φ2(p)Φ2(p∓ δ)dp = I

for the Gaussian Φi(p) of Eq. (2.19), the state ρ2 associated to the electron e2 is

ρ2 = |Φ2〉〈Φ2|+ cos2 φ |Φ+
2 〉〈Φ+

2 |+ Ie−iα cosφ |Φ2〉〈Φ+
2 |+ Ieiα cosφ |Φ+

2 〉〈Φ2|, (2.24)

apart from a normalization factor.

Both states ρ1, from Eq. (2.22), and ρ2, from Eq. (2.24), which were derived from
the generally entangled pure state of Eq. (2.18), represent mixed states for the electrons e1

and e2 individually. We are able to obtain the probability distributions for the electrons
momenta as P1(p) = 〈p|ρ1|p〉 and P2(p) = 〈p|ρ2|p〉, obtaining

P1(p) = Φ2
1(p) + cos2 φ Φ2

1(p+ δ) + 2I cosφ cosα Φ1(p)Φ1(p+ δ), (2.25)

P2(p) = Φ2
2(p) + cos2 φ Φ2

2(p− δ) + 2I cosφ cosα Φ2(p)Φ2(p− δ), (2.26)

apart from normalization factors. Both probability distributions have the same form except
for a sign change in δ.

Fig. 10 shows the counter-intuitive result that we want to emphasize. Fig. 10(a)
shows the initial distributions of the z component of the electrons momenta, given by
the squared modulus of the momentum wave function of Eq. (2.11). Fig. 10(b) shows
the momentum distributions for the situations where the electrons propagate through
the same path in the interferometer, given by the squared modulus of the momentum
wave functions of Eqs. (2.20) and (2.21) with δ = 0.3W . The momentum distribution for
electron e1 is displaced for negative values and the distribution for electron e2 is displaced
for positive values, which indicates the repulsive character of the interaction. Fig. 10(c)
shows the momentum distributions predicted by Eqs. (2.25) and (2.26) with the parameters
δ = 0.3W , φ = 3π/4 and eiα = 1. The momentum distribution for electron e1 is displaced
for positive values and the distribution for electron e2 is displaced for negative values, a
result that indicates an effective attractive interaction during their propagation through
the interferometer.

Again, as expected from the quantum interference of force, the strange behavior of
an effective electrostatic attraction between electrons in the interferometer is the result of
a quantum interference effect. In Fig. 11 we plot the terms of Eq. (2.25) that result in the
post-selected momentum distribution for electron e1 with the same parameters δ = 0.3W ,
φ = 3π/4 and eiα = 1. The term Ta(p) ≡ Φ2

1(p) + cos2(φ)Φ2
1(p+ δ) can be interpreted as a

“classical” probability term, because it is a convex sum of two probability distributions.
On the other hand, Tb(p) ≡ 2I cos(φ) cos(α)Φ1(p)Φ1(p+ δ) comes from the crossed terms
|Φ1〉〈Φ−1 | in Eq. (2.22), which arise from coherently adding probability amplitudes – i.e. it
is a genuine interference term. It is precisely the interference term Tb(p) who is responsible
for the shift to a positive mean value of momentum, since it subtracts more from the
classical term Ta(p) for negative values of p than for positive values of p, resulting in a
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Figure 10 – Distributions for the z component of the electrons momentum wave functions.
(a) Initial momentum distribution for each electron, given by |Φi(p)|2 with
Φi(p) from Eq. (2.11). (b) Momentum distributions of the situations where
the electrons propagate through the same path of the interferometer, given
by |Φ−1 (p)|2 and |Φ+

2 (p)|2, with Φ−1 (p) and Φ+
2 (p) from Eqs. (2.20) and (2.21),

for δ = 0.3W . (c) Momentum distributions corresponding to the quantum
superposition of the two situations, given by Eqs. (2.25) and (2.26) with the
parameters δ = 0.3W , φ = 3π/4 and eiα = 1. We see that the quantum
superposition of an electrostatic repulsion between the electrons with no
interaction may result in an effective attraction between them.

positive average momentum for the distribution P1(p). This situation is analogous to the
single-particle situation in Sec. 2.2.1 depicted in Fig. 4, only now the force is caused by
another quantum particle instead of an external force, and we ought to look at the reduced
density matrix distributions instead of the wave function amplitudes.

Also analogously to Sec. 2.2.1, we plot the average momentum of the particles as a
function of the the momentum kick δ and phase factor φ, due to a path length difference in
the interferometer. The momentum expectation value of e1 at the post-selection condition
when it leaves the interferometer is

〈p1〉ps =
∫∞
−∞ p P1(p) dp∫∞
−∞ P1(p) dp =

−δ
[
cos2 φ+ cosφ exp

(
−δ2

4W 2

)]
1 + cos2 φ+ 2 cosφ exp

(
−δ2

4W 2

) , (2.27)

with P1(p) given by Eq. (2.25) with eiα = 1. Since switching δ for −δ in P1(p) gives P2(p)
(see Eqs. (2.25) and (2.26)), it is easy to see that the momentum expectation value of
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Figure 11 – Terms of Eq. (2.25) when δ = 0.3W , φ = 3π/4 and eiα = 1. The “classical”
term Ta(p) ≡ Φ2

1(p) + cos2(φ)Φ2
1(p+ δ) (dashed red line), the interference term

Tb(p) ≡ 2I cos(φ) cos(α)Φ1(p)Φ1(p+ δ) (dot-dashed green line) and their sum
P1(p) = Ta(p) + Tb(p) (continuous blue line).

Figure 12 – Expectation value of the average momentum of electron e1 normalized by the
width of the distribution, 〈p1〉ps/W , as a function of δ/W and φ. Anomalous
positive values, associated to an effective electrostatic attraction between the
electrons, are shown in red.

e2 is 〈p2〉ps = −〈p1〉ps. The anomalous behavior of an effective attraction between the
electrons depicted in Fig. 10 happens for many values of the interferometer parameters.
In Fig. 12 we plot the value of 〈p1〉ps/W as a function of the parameters δ/W and φ for
eiα = 1. We note that anomalous positive values for 〈p1〉ps/W occur in a large range of
parameters, particularly out of the weak interaction regime explored in Ref. [63], which
demands δ � W and |〈p1〉ps| � W .
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2.5.3 Ehrenfest’s theorem in the two-particle setting

Analogously to what was pointed out in Sec. 2.3, it is important to mention that,
independently of the parameters used in the interferometer, the average interaction between
the electrons is always repulsive when we consider all possible events, without post-selection.
This means that if the post-selection of electron e1 exiting by D1 and electron e2 exiting
by C2 results in an effective attraction between them, as in the situation depicted in Fig.
10, the average interaction in the other situations (electron e1 by D1 and electron e2 by
D2, electron e1 by C1 and electron e2 by C2, electron e1 by C1 and electron e2 by D2) is
necessarily repulsive, such that the average total interaction is repulsive. We proceed to
demonstrate that the average of the momentum gained by each electron agrees with what
is expected classically, which is a way to show the validity of Ehrenfest’s theorem.

First we note that there are in total 4 possibilities of paths for the two particles
jointly inside the apparatus, and 4 possible ways that they can leave the system at the end
of the experiment, making up for a total of 16 evolution possibilities for the system. This
means that we have in principle a 16 term superposition for our complete two-electron
state after they leave the apparatus. The four-term superposition for the joint state inside
the interferometer, just before the action of BS2, can be written as

irte2iφeiα|Φ−1 , A1〉|Φ+
2 , A2〉+ irteiα|Φ−1 , B1〉|Φ+

2 , B2〉

+ t2eiφ|Φ1, A1〉|Φ2, B2〉 − r2eiφ|Φ1, B1〉|Φ2, A2〉. (2.28)

The effect of BS2 over each of the terms of this state can be written as

|A1〉|A2〉 ⇒ t2|C1〉|C2〉 − r2|D1〉|D2〉+ irt(|C1〉|D2〉+ |D1〉|C2〉),

|B1〉|B2〉 ⇒ −r2|C1〉|C2〉+ t2|D1〉|D2〉+ irt(|C1〉|D2〉+ |D1〉|C2〉),

|A1〉|B2〉 ⇒ irt(|C1〉|C2〉+ |D1〉|D2〉) + t2|C1〉|D2〉 − r2|D1〉|C2〉,

|B1〉|A2〉 ⇒ irt(|C1〉|C2〉+ |D1〉|D2〉)− r2|C1〉|D2〉+ t2|D1〉|C2〉. (2.29)

By plugging Eqs. (2.29) into Eq. (2.28), we reach the final joint state for the two electrons
leaving the system,

irt
[
eiα(t2eiφ − r2e−iφ)|Φ−1 〉|Φ+

2 〉+ (t2 − r2)|Φ1〉|Φ2〉
]
|C1〉|C2〉+

+ irt
[
eiα(t2e−iφ − r2eiφ)|Φ−1 〉|Φ+

2 〉+ (t2 − r2)|Φ1〉|Φ2〉
]
|D1〉|D2〉+

+
[
− r2t2eiα(eiφ + e−iφ)|Φ−1 〉|Φ+

2 〉+ (t4 + r4)|Φ1〉|Φ2〉
]
|C1〉|D2〉+

− r2t2
[
eiα(eiφ + e−iφ)|Φ−1 〉|Φ+

2 〉+ 2|Φ1〉|Φ2〉
]
|D1〉|C2〉. (2.30)

The post-selection of exit ports made previously in our discussion meant projecting the
above state superposition in the vector state |D1〉|C2〉, and by doing this we get the wave
function of Eq. (2.18) used to derive our results, as it should be.
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To show that the average interaction is always repulsive when no post-selection is
made, we can focus on what happens to electron e1 (for e2 it is analogous). Its momentum
expectation value is

〈p1〉 = 〈p1〉CCPCC + 〈p1〉DDPDD + 〈p1〉CDPCD + 〈p1〉DCPDC , (2.31)

where Pjk is the probability of detecting electron e1 at exit j and e2 at k, and 〈p1〉jk is the
respective average momentum for this detection. This quantity can be derived by repeating
the process done in Eqs. (2.22), (2.25) and (2.27) for each of the four exit ports possibilities,
|C1〉|C2〉, |D1〉|D2〉, |C1〉|D2〉 and |D1〉|C2〉. Some straightforward algebra shows us that
the total average momentum gained by electron e1 is

〈p1〉 = (t4 + r4)〈Φ1|p1|Φ1〉+ 2t2r2〈Φ−1 |p1|Φ−1 〉 = −2t2r2δ. (2.32)

This perfectly agrees with our classical intuition, as the term term calculated with |Φ1〉 is
accompanied by the probability that the electrons are either both transmitted or both
reflected by BS1 (they do not interact), and the term calculated with |Φ−1 〉 is weighted
by the probability that one of the electrons is transmitted and the other is reflected at
BS1 (they do interact). The above expression is thus analogous to the result for a single
particle in Eq. (2.14), both expressing the agreement with the classical intuition when the
full average is taken. The final average momentum is simply the momentum gained when
they do interact 〈Φ−1 |p1|Φ−1 〉 = −δ, which comes from a repulsive interaction, times the
probability of interacting 2t2r2. Therefore the average interaction is repulsive, in agreement
with momentum conservation and Ehrenfest’s theorem.

2.5.4 Notes on the feasibility of such an experiment

As described in Sec. 2.4, electronic Mach-Zehnder interferometers in free space can
be implemented using diffraction gratings acting as mirrors and beam splitters [51, 52].
Highly coherent ultrashort electron beams can be generated by laser-triggered emissions
from metal tips [64–66], and it is possible to have the emission of at most one electron per
laser pulse [67]. The optimal coherence properties of such electron beams, as well as the
precise control of the emission time with the incidence of a femtosecond laser pulse in the
metal tips, could be used to implement the incidence of two electrons at the same time in
a Mach-Zehnder interferometer coming from two tips illuminated by the same laser beam.

Consider that the produced electron beams have width ∆x0 ≈ 10 µm at the entrance
of the interferometer, corresponding to a transversal momentum spread 2W ≈ ~/∆x0 ≈
10−29kg m/s, and a kinetic energy around 10 eV, corresponding to a longitudinal velocity
v ≈ 2 × 106 m/s. The width of a Gaussian beam as a function of time can be written
as ∆x(t) = ∆x0

√
1 + ~2t2/(m2∆x4

0) [46], such that with the considered parameters and
the propagation through an interferometer with a typical length L ≈ 5 cm, the change
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on the beams width is of the order of 0.1% and thus negligible. Moreover, if the parallel
electron beams are separated by a distance d ≈ 2 mm, the total momentum exchange
between the electrons δ = [q2/(4πε0d2)]× [L/v] would be around 10% of W , ideal for an
observation of the effect. For electron emissions that last 100 fs, the longitudinal width of
the electron wave functions is around 200 nm for v ≈ 2× 106 m/s, much smaller than the
considered separation d between the electrons. So the components of the forces that act
on the electrons on their propagation direction are negligible compared to the transversal
forces, which justifies our 1D analysis of the dynamics. A thin metallic foil can be placed
between the interferometer arms to avoid the interaction between the electrons when
they propagate through opposite paths. Though an optimal technical implementation
may be challenging, these considered parameters are within the scope of what could be
experimentally achieved with existing techniques [51,52,64–66].

2.6 Chapter remarks
In this chapter, we have presented the phenomenon of quantum interference of

force. We have shown how the quantum superposition of a positive force with no force on
a quantum particle may result in a “negative force” on that particle.

In the first part of the chapter, we have explored the situation in which the force is
caused by an external device, for instance a capacitor in one of the arms of an electron
Mach-Zehnder interferometer. We also presented proposals for feasible experiments that
could verify this anomalous momentum transfer on electrons, neutrons and atoms from a
Bose-Einstein condensate.

In the last section, we investigated a setup in which the force that the quantum
particle feels is caused by another quantum particle. We show the intriguing phenomenon
of two electrons effectively attracting each other, when they propagate through the same
Mach-Zehnder interferometer and a suitable post-selection is made. So, in this scenario,
the common sense that two charges of equal sign always repel each other is violated due
to a quantum interference effect. As we have discussed, an experimental observation of
this effect is, in principle, feasible.

In all cases we show that, when we do not post-select the results and consider all
the particles possible final states, momentum is always conserved and Ehrenfest’s theorem
holds.
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3 Fermionic Hanbury Brown and Twiss inter-
ference in free space with two independent
electron sources

In the 1950s Hanbury Brown and Twiss (HBT) introduced intensity interferometry
[3–6] as a way to determine the angular diameter of stars in the absence of first-order
coherence. Based on their discovery of intensity correlations of light, the HBT experiment
initiated a paradigm shift towards a quantum statistical description of light and is nowadays
regarded as one of the founding pillars for the development of modern quantum optics
[68]. In particular it was recognized that, beyond single-photon interference, two-photon
[69–72] and multi-photon [73–77] interference is possible, even if the photons originate
from independent incoherent emitters. The crucial ingredient, however, is the need for
indistinguishability of the photons, such that the detectors that measure the photons
are not, even in principle, provided with any which-way information, e.g. via different
frequencies, polarizations or arrival times of the photons.

The use of second- and higher-order correlations for far-field imaging of incoherent
light sources, which can be regarded as an extension of the landmark HBT experiment, is
an active field of research due to the potential for superresolving imaging in fields other
than astronomy [74, 77, 78]. Taking up these ideas and transferring them to incoherent
electron sources will thus open new paths in electronic imaging.

The bunching behavior of indistinguishable photons is revealed by light inten-
sity correlations and can be attributed to their bosonic nature. An electronic HBT-like
experiment, however, would exhibit anti-bunching, i.e. a vanishing intensity correlation
function if two detectors measure on the same spatial and temporal mode. This is derived
from the fermionic nature of electrons and the Pauli exclusion principle, which prohibits
simultaneous detection of electrons in the same spin state at the same position in space
and time [79]. This two-electron interference effect has been demonstrated with electrons
propagating in the controlled environment of semiconductor chip devices [7, 8, 80], but
there has been controversy on whether HBT anti-correlations have been observed with
electrons propagating in free space [9–11,67]. One of the reasons is that the continuously
driven nanotip source used in the experiment creates an electron beam with very small
degeneracy, that is, an extremely low number of particles per phase space volume of
the quantum state emitted. The small degeneracy means that two-particle effects are
extremely rare due to the low probability of having two detections with some coherence
with each other – that is, events in which the joint probability of detecting two particles is
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different from the probability of detecting two particles independently. Another reason
for controversy is the fact that for two-electron events both electrons have to be created
within the same nanotip, i.e. in close vicinity to each other. By this, there is a strong
Coulomb repulsion between the two electrons that masks the fermionic anti-bunching
effects, since the repulsion leads to a decrease in the coincidence of detections and it can
thus be mistaken by the HBT anti-correlations interference dip [10,11,67].

In this chapter, in order to detect the HBT effect in free space with electrons, we
propose an experimental setup with two separate pulsed electron nanotip sources, in the
spirit of previously realized photonic experiments [74,77,78]. By this, the period of the HBT
oscillations can be adjusted in order to unambiguously distinguish a decrease in coincidence
detections due to interference from the effects of Coulomb repulsion. In addition, strong
Coulomb repulsion effects do not arise since electrons are not required to be created in close
vicinity to each other, i.e. within the same nanotip. We argue that laser-triggered tungsten
nanotips [64–66] are extremely well suited as the electron sources for such experiments,
since they provide the high degeneracies needed [81]. An implementation of the setup
with currently available technology can thus be readily achieved. This also constitutes an
important first step for using electron-electron correlations in HBT-like far-field imaging,
in the spirit of the recently developed technique of using high-order photon correlations to
build image from incoherently scattered light [77, 78].

We first present in Sec. 3.1 a brief review of the Hanbury Brown and Twiss
interference for light emitted by two independent sources, from a classical optics point
of view. Then in Sec. 3.2 we present the quantization of the electromagnetic field, so
we can later discuss detection correlations for quantum fields. In Sec. 3.3 we take some
time to discuss the bunching and anti-bunching effect on photodetection. We compare the
semi-classical and fully quantum description of the bunching effect, while the anti-bunching
effect is only possible with a quantum field. We finally proceed in Sec. 3.4 to the discussion
of the fermionic HBT, and show how this effect could be unambiguously detected with
the use of two pulsed electron sources.

The work presented in this chapter was developed during the Sandwich PhD
period of April 2017 to March 2018 at the University of Erlangen-Nuremberg (Germany),
under the supervision of Prof. Joachim von Zanthier. The financial support was provided
by Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES), under
the program Programa de Doutorado Sanduíche no Exterior (PDSE), process number
88881.134204/2016-01.
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3.1 Hanbury Brown and Twiss interference with classical light

3.1.1 Single intensity measurement from independent light sources

Let us consider the optical field at point P emitted by two point-like independent
light sources, separated by a distance d, as pictured in Fig. 13. One of the sources emits a
field U1, and the other a field U2, both independently from each other.

U1
d

U2
P

1

2

Figure 13 – Two independent light sources separated by a distance d. At point P , the
optical fields emitted by each separate source 1 and 2 are labelled U1 and U2.

The average1 intensity 〈IP 〉 of the field at point P is given by the modulus square
of the sum of both fields,

〈IP 〉 = 〈(U∗1 + U∗2 ) · (U1 + U2)〉

= 〈U∗1 · U1〉+ 〈U∗2 · U2〉+ 〈U∗1 · U2〉+ 〈U∗2 · U1〉. (3.1)

The first two terms are the separate intensities of each source, 〈U∗1 · U1〉 ≡ 〈I1〉 and
〈U∗2 · U2〉 ≡ 〈I2〉, which are not dependent on phase, while the last two terms depend on
the phase difference between the fields emitted by the two sources. The two sources being
statistically independent, the phase difference may vary significantly over times larger
than the coherence time of the sources, and these terms should vanish. Alternatively, one
could assume that there should be no correlation between the two independent fields in
the first place, meaning that 〈U∗1 ·U2〉 = 〈U∗1 〉 · 〈U2〉. The independence of the sources thus
requires that the absolute phase of each independent source should also be averaged out,
otherwise there would be phase correlation between them. In any case,

〈IP 〉 = 〈I1〉+ 〈I2〉. (3.2)

This means that the only information that can be extracted from the independent sources
in a one-point intensity average are the intensities of each separate source, meaning that
no spatial information about the sources distribution (contained in phase differences) can
be obtained.
1 From here on we admit the ergodic hypothesis for all the averages, i.e. we consider that the average

over a long (infinite) time of a single realization of the statistical process tends to the average over a
large (infinite) ensemble of different realizations of that process [82]. We may thus interchangeably use
these two concepts, that of an ensemble average and that of a time average, in the same framework.
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3.1.2 Intensity correlation measurement from independent light sources
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Figure 14 – Two independent light sources separated by a distance d. At point P , the
optical fields emitted by each source i are labelled Ui, with i = 1, 2. At point
Q, the fields are Vi.

The above discussion justifies why simple direct field measurements 〈U1 + U2〉 may
present difficulties when one wants to extract spatial information from independent sources.
Furthermore, in the context of visible light optics, no direct field measurements can be
made, the detectors only being able to directly resolve intensities. Luckily, single intensity
averages are not the only thing that can be measured. The correlation of intensities at
different points in space or in time can also be extremely useful. Let us thus look at the
fields emitted by the two independent sources at two different points P and Q, as depicted
in Fig. 14. The fields from source i at point P are labeled Ui, and at point Q are Vi.

The correlation of the intensities at points P and Q is given by

〈IP IQ〉 = 〈(U∗1 + U∗2 ) · (U1 + U2)× (V ∗1 + V ∗2 ) · (V1 + V2)〉

= 〈IU1IV 1〉+ 〈IU2IV 2〉+ 〈IU1〉〈IV 2〉+ 〈IU2〉〈IV 1〉

+ 〈U∗1 · U2 × V1 · V ∗2 〉+ 〈U1 · U∗2 × V ∗1 · V2〉, (3.3)

where IUi ≡ U∗i ·Ui and IV i ≡ V ∗i · Vi, and × is a simple algebraic multiplication. The first
two terms are intensity correlations of the same source at different points, and therefore
it will carry information about the emitted field statistics from each source, and no
spatial information between the sources. The third and fourth terms, for which we already
considered the independence of sources, are just the product of the intensities of each field
at P1 and P2, and will not carry spatial information either.

The last two terms of Eq. (3.3) can be written in the following manner for scalar
fields from independent sources,

〈U∗i · Uj × Vi · V ∗j 〉 = 〈U∗i × Vi〉〈Uj × V ∗j 〉, (3.4)

with j 6= i. These terms are correlations between the field amplitudes of each individual
source, and therefore may carry phase information due to the field propagation to two
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different spatial points. They are proportional to single-source phase differences, which
depend on the sources and detectors positions. Because they are single-source terms, they
are not washed out by the average. Even more interestingly, because the two points P1

and P2 are shared by the field correlation functions of both sources, their product will
carry information about the spatial distribution of the sources [83], e.g. the distance d in
Fig. 14. The intensity terms in Eq. (3.3) are constant offsets in the intensity correlation
measurement 〈IP IQ〉, while the field amplitude correlation terms detailed in Eq. (3.4) may
give rise to oscillations in the intensity correlation, when the detector positions are varied.
The shape of this variation was the information explored by Hanbury Brown and Twiss in
their stellar interferometry series of experiments [3–6].

3.1.3 The Hanbury Brown and Twiss experiments

In a 1952 paper [3], Hanbury Brown, Jennison and Das Gupta published an
experimental paper in which they describe the use of two antennas to make intensity
measurements at radio frequency from extra-terrestrial radiation. A series of different
separation distances between the two antennas was used, and for each of the distances
the field amplitude correlation between the two antenna positions was extracted from
the intensity correlation measurements, in a similar fashion to what was described in
Subsec. 3.1.2 (see Eqs. (3.3) and (3.4)). A crucial difference is that, instead of a discrete
number of independent light sources, the authors were looking at individual stars that
were considered as one continuous planar source, such that each point in the source emits
radiation independently from the other points. The authors then show that the field
correlation is smaller for some antenna distances than for others, following an oscillatory
pattern with respect to this distance.

An explicit formula with the spatial oscillation frequency is provided, and carefully
derived by Hanbury Brown and Twiss in a 1954 paper [4], which is dependent only on the
relative distance between the antennas, on the angular size of the source and on the emitted
radiation frequency. This angular size is analogous to the distance d between the sources
in Figs. 13 and 14, it playing the part of the spatial information about the continuum of
independent radiation sources retrieved with the intensity correlation measurements. By
knowing the distance from the Earth to the measured stars, the angular size determined
by the spatial oscillation frequency of the intensity correlation measurements reveals the
size of the stars. This kind of measurement was a huge breakthrough in interferometry,
providing a technique much more resistant to phase fluctuations that are for instance
strongly present in the Earth’s atmosphere, which can pose a big problem for simple
intensity measurements, similarly to the example given in our Eqs. (3.2) and (3.1).

Finally, in 1956, two papers were published with the use of visible radiation in
the intensity correlation measurements [5, 6], instead of radio frequency. In [5], a tabletop
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experiment was carried out with lasers by Hanbury Brown and Twiss to show that the
two-intensity correlations observed in the radio frequency regime are still present in the
visible light regime, and that the photo-electric emission process in the detectors preserves
these correlations (see also [82]). Subsequently, in [6], the authors measured the diameter of
a visible star with the two-intensity correlation technique, which is now known as Hanbury
Brown and Twiss interference.

3.2 Quantization of the free electromagnetic field
We now make a detour from the Hanbury Brown and Twiss interference in order

to briefly present the quantum description of an electromagnetic field in free space.

3.2.1 Plane wave expansion of the electromagnetic field

Maxwell’s equations in free space, presented below, famously give rise to wave
equations both for the electric and for the magnetic field.

∇× E(r, t) = − ∂

∂t
B(r, t), (3.5)

∇×B(r, t) = 1
c2
∂

∂t
E(r, t), (3.6)

∇ · E(r, t) = 0, (3.7)

∇ ·B(r, t) = 0, (3.8)

where E(r, t) and B(r, t) are respectively the electric and magnetic fields as functions of
position r and time instant t, and c is the speed of light in the vacuum. Taking the curl
of Eqs. (3.5) and (3.6) and working out the equations gives us the wave equation for the
electric field

∇2E(r, t)− 1
c2
∂2

∂t2
E(r, t) = 0, (3.9)

and an analogous one to the magnetic field.

Instead of working with the fields themselves, we will conveniently use the vector
potential in the Coulomb gauge, defined by the condition ∇ · A(r, t) = 0. This gauge
choice is convenient because it separates the fields into an “instantaneous” part given by
the Coulomb potential2, and purely a radiative part given by the vector potential [84]. In
the absence of charge sources, then, the Coulomb potential is zero and fields are given
only by the vector potential as

E(r, t) = − ∂

∂t
A(r, t), (3.10)

B(r, t) = ∇×A(r, t). (3.11)
2 Despite the potential being instantaneous the fields themselves are not, and thus there is no instanta-

neous transfer of information between different points in space.
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When we write Ampère’s law in the absence of currents (Eq. (3.6)) with the vector
potential, we get a homogeneous wave equation for A,

∇2A(r, t)− 1
c2
∂2

∂t2
A(r, t) = 0, (3.12)

which can be used to fully describe the dynamics of a radiation field in the Coulomb gauge.

Any vector A(r, t) can thus be written as a linear combination of independent
solutions of Eq. (3.12), and we choose a plane wave expansion to write [82]

A(r, t) = 1
ε

1/2
0 L3/2

∑
k

∑
s

[cksεkse
i(k·r−ωt) + c.c.], (3.13)

where the space is a cube3 of side L, ε0 is the electric permittivity of free space and c.c.
denotes the complex conjugate of the previous term. It is easy to check that each term
of the above expansion is a solution of Eq. (3.12) with ω = c|k|. The vector k is a wave
vector allowed in that space when we consider periodic boundary conditions. These vectors
thus must have components kj = 2πnj/L, with integer nj for each component j = x, y, z.
The vector εks is a unit polarization vector allowed for a plane wave propagating in the
direction defined by k with polarization s. The coefficients cks provide the amplitude of
each linearly independent plane wave solution εkse

i(k·r−ωt).

For convenience, the coefficients can be redefined as time dependent, uks(t) ≡
ckse

−iωt. In this way the vector potential and the fields derived from it by Eqs. (3.10) and
(3.11) can be written as

A(r, t) = 1
ε

1/2
0 L3/2

∑
k

∑
s

[uks(t)εkse
ik·r + c.c.], (3.14)

E(r, t) = i

ε
1/2
0 L3/2

∑
k

∑
s

ω[uks(t)εkse
ik·r − c.c.], (3.15)

B(r, t) = i

ε
1/2
0 L3/2

∑
k

∑
s

[uks(t)(k× εks)eik·r + c.c.]. (3.16)

3.2.2 The Hamiltonian of the electromagnetic field

In order to proceed with the quantization process, we need to write a Hamiltonian for
the electromagnetic field in terms of canonical variables. The energy of the electromagnetic
field is [84]

H = 1
2

∫
L3

[
ε0|E(r, t)|2 + 1

µ0
|B(r, t)|2

]
d3r, (3.17)

where L3 is the whole space of the cube with side L that we are considering.
3 An extension of this cube to an infinite space is possible, and it leads to a continuous base instead of a

discrete one. For details, see Sec. 10.8 of Ref. [82].
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Now that we have a basis to write the electromagnetic field, let us write the energy
of the field in terms of the coefficients uks(t). After substitution and integration, one gets
the very neat expression [82]

H = 2
∑

k

∑
s

ω2|uks(t)|2, (3.18)

which is a sum of the energy of each mode in the expansion. Note that |uks(t)| is time-
independent, and consequently the total field energy H is time-independent for constant
coefficients cks.

We now define a pair of variables qks(t) and pks(t),

qks(t) = [uks(t) + u∗ks(t)], (3.19)

pks(t) = −iω[uks(t)− u∗ks(t)], (3.20)

which respect the relations

∂

∂t
qks(t) = pks(t), (3.21)

∂

∂t
pks(t) = −ω2qks(t). (3.22)

With these variables, the energy of the field is written as [82]

H = 1
2
∑

k

∑
s

[p2
ks(t) + ω2q2

ks(t)], (3.23)

from which it is easy to see that

∂H

∂pks
= pks(t) = ∂

∂t
qks(t), (3.24)

∂H

∂qks
= ω2qks(t) = ∂

∂t
pks(t). (3.25)

The above equations are the canonical relations that show that qks and pks defined at
Eqs. (3.19) and (3.20) form a pair of canonical variables. We can thus conclude that Eq.
(3.23) is the Hamiltonian of the electromagnetic field, which has the same form as that of
a system of independent harmonic oscillators with unit mass [85], one oscillator for each
mode defined by k and s.

With the classical Hamiltonian in hand, we can now use a quantum version of the
canonical variables, that is, we promote them to Hermitian operators Qks(t) and Pks(t)
respecting the quantum canonical commutation relations

[Qks(t), Pk′s′(t)] = i~δ3
k,k′δs,s′ ,

[Qks(t), Qk′s′(t)] = 0, (3.26)

[Pks(t), Pk′s′(t)] = 0.
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In the same fashion of what is done for the quantum harmonic oscillator [46], a
non-Hermitian operator called the annihilation operator (for reasons that will become
apparent later) is defined as

aks(t) = 1√
2~ω

[ωQks(t) + iPks(t)], (3.27)

and its Hermitian conjugate is called the creation operator. With them, the canonical
operators can be written as [82]

Qks(t) =
√

~
2ω [aks(t) + a†ks(t)], (3.28)

Pks(t) = −i
√
~ω
2 [aks(t)− a†ks(t)], (3.29)

and their commutation relations follow from those of Qks and Pks,

[aks(t), a†k′s′(t)] = δ3
k,k′δs,s′ ,

[aks(t), ak′s′(t)] = 0, (3.30)

[a†ks(t), a
†
k′s′(t)] = 0.

When we compare the operators in Eqs. (3.28) and (3.29) with the respective
classical variables in Eqs. (3.19) and (3.20), we see that apart from a dimensionality
factor the operators aks(t) and a†ks(t) correspond to the complex amplitudes uks(t) and
u∗ks(t). When one works their time evolution, one sees that they even have the same time
dependence, namely [82]

aks(t) = aks(0)e−iωt, (3.31)

a†ks(t) = a†ks(0)eiωt.

The Hamiltonian written in terms of the annihilation and creation operators can
be worked out from plugging Qks and Pks respectively in place of qks and pks in Eq. (3.23),
and it is

H = 1
2
∑

k

∑
s

~ω[aks(t)a†ks(t) + a†ks(t)aks(t)]. (3.32)

Analogously to |uks(t)|2, the operator product aks(t)a†ks(t) and its Hermitian conjugate
are time-independent, since their composing operators have a complex harmonic time de-
pendence. We have thus a time-independent Hamiltonian for the quantum electromagnetic
field. From the first commutation relation of Eq. (3.30), we finally arrive at the quantum
Hamiltonian for the electromagnetic field in its most known form

H =
∑

k

∑
s

~ω
[
a†ks(t)aks(t) + 1

2

]
, (3.33)

where the famous zero-point energy contribution ~ω/2 of each field mode (see discussion
in Sec. 3.2.3) is explicit.
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3.2.3 Number states

Despite the creation and annihilation operators being non-Hermitian, their product
a†ksaks that appears in the Hamiltonian of Eq. (3.33) is a Hermitian operator, which can
be readily verified. The spectrum of this operator defined as Nks ≡ a†ksaks is discrete and
infinite, composed of all non-negative integers [46,82], such that

Nks|nks〉 = nks|nks〉, nks = 0, 1, 2, . . . (3.34)

with nks being the eigenvalue correspondent to the eigenstate |nks〉. Since these are
eigenstates of a Hermitian operator, they are all orthonormal to each other and form a
basis on the Hilbert space of that mode. We will see that the eigenvalues nks correspond
to the number of excitations in the harmonic oscillator mode defined by the pair (k, s),
and for this reason the operator Nks is called the number operator, its eigenstates being
called number states.

The action of the creation and annihilation operators on the eigenvectors of Nks

is [46, 82]

a†ks|nks〉 =
√
nks + 1|nks + 1〉, (3.35)

aks|nks〉 = √nks|nks − 1〉. (3.36)

The creation operator thus transforms an eigenstate |nks〉 into another eigenstate with
an eigenvalue increased by 1. The annihilation takes that same eigenstate |nks〉 into one
with an eigenvalue decreased by 1. Because the eigenvalues are bounded from below,
the annihilation operator into the eigenstate with eigenvalue 0 gives the null vector,
aks|0ks〉 = 0.

We can now define a state that contains all modes and is still an eigenstate of Nks.
This state will be a direct product of eigenstates of all modes, namely |{n}〉 ≡ ∏k,s |nks〉,
such that

Nks|{n}〉 = nks|{n}〉. (3.37)

The state |{n}〉 is called a Fock state, after the Soviet physicist Vladimir Fock. The
annihilation and creation operators, when acting on this multi-mode Fock state, also have
an effect only on the mode that the operator is correspondent to.

The Hamiltonian of the free electromagnetic field, written in Eq. (3.33), can
be written as a function of number operators only, such that the Fock states are also
eigenvectors of the electromagnetic field Hamiltonian,

H|{n}〉 =
∑

k,s
~ω

(
Nks + 1

2

) |{n}〉 =
∑

k,s
~ω

(
nks + 1

2

) |{n}〉. (3.38)
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Just like the single-mode number states, the Fock states are orthonormal among themselves
and diagonalize the field Hamiltonian, thus they form an important basis to describe
quantum states of the electromagnetic field.

As can be seen in Eq. (3.38), the number operator for a mode of the electromagnetic
field counts how many excitations there are in that mode, which contributes to the energy
of the state. The Hamiltonian counts those excitations and, weighted by the ~ω energy
of each excitation of that mode, gives the energy of the multi-mode Fock state |{n}〉.
Finally this justifies all the names given to the operators: the number operator counts
the number of excitations in a mode, the creation operator creates an excitation, and
the annihilation operator destroys one of them, in the given mode. Note that even in the
absence of excitations, i.e. in the vacuum of the field, the zero-point energy of ~ω/2 for
each mode is still counted, thus justifying its name. This gives an infinite energy as a
background to all eigenstates of that Hamiltonian, and it has dramatic consequences for
the quantum field theories with open questions until these days [86]. However, since we
will only be worried about energy differences, we will overlook these problems. The state
with zero excitations is, for obvious reasons, called the vacuum state, and is denoted by
|vac〉, sometimes |{0}〉 or even simply |0〉.

3.2.4 Coherent states

Another crucially important class of states of quantum optics is that of the so-called
coherent states. These states are the eigenvectors of the annihilation operator,

aks|αks〉 = αks|αks〉. (3.39)

Since this is a non-Hermitian operator, its eigenvelues αks are in general complex numbers.
In the number state basis, these states are written as [82]

|αks〉 = e−|αks|2/2
∞∑
n=0

(αks)n
n! |n〉, (3.40)

where the mode subscripts ks were dropped from nks for simplicity, but are implied. As a
generalization, just like for the number states, a multi-mode coherent state can be defined
as |{α}〉 = ∏

k,s |αks〉.

There are many reasons for the importance of such states, but a crucial one is
that the operators for the quantum fields are functions of the annihilation and creation
operators. For instance, the expression for the electric field operator is

E(r, t) = 1
L3/2

∑
k

∑
s

i

√
~ω
2ε0

[
aks(t)εkse

ik·r − a†ks(t)ε∗kse−ik·r
]
, (3.41)

which can be compared to the expression for the classical field on Eq. (3.15). Because
the Fock states change on the application of the annihilation and creation operators, and
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are transformed into an orthonormal state, the expectation value of any annihilation
or creation operator is zero for these states, 〈{n}|aks(t)|{n}〉 = 〈{n}|a†ks(t)|{n}〉 = 0.
Therefore the expectation value for the field operators will also always be zero for Fock
states.

The coherent states, on the other hand, will always give off a non-zero complex
number as the expectation value for the annihilation operator4, 〈{α}|aks(t)|{α}〉 = αks(t),
and despite them not being eigenvectors of the creation operator, the expectation values
for states with large |αks(t)| do give off approximately 〈{α}|a†ks(t)|{α}〉 ≈ α∗ks(t). Given
the explicit time dependence of the annihilation and creation operators from Eq. (3.31),
the expectation value of the field operators will therefore evolve just like the classical
values, when one changes uks by

√
~

2ωαks in Eq. (3.15),

〈{α}|E(r, t)|{α}〉 ≈ 1
L3/2

∑
k

∑
s

i

√
~ω
2ε0

[
αks(t)εkse

ik·r − α∗ks(t)ε∗kse−ik·r
]
. (3.42)

The coherent states thus provide a classical limit to electromagnetic fields, whenever the
field is composed of states with large |αks(t)|.

Importantly, the coherent states also form a basis to write general quantum states
of the electromagnetic field. However, differently from the Fock states, they form an
over-complete basis, and thus there is in general more than one possible representation of
a field state in terms of coherent states [82]. We will not go into more details here, but
this basis gives rise to the so-called Glauber–Sudarshan representation of quantum optical
states [87, 88], which gives us many insights on what novelties quantum mechanics brings
into optics. In Sec. 3.3.3 we will discuss one of such novelties without recurring to this
representation.

Another important feature of the coherent states is related to the optical correlation
functions [82,89]. As will be mentioned later in Sec. 3.3.2, correlation functions of amplitudes
and intensities of electromagnetic fields are related to photo-detections in that field. These
functions will be proportional to annihilation and creation operators in such a way that
the coherent states will provide correlation functions that are in a sense equivalent to
correlation functions of classical electromagnetic fields. More precisely, the factorization
of correlation functions is the property that defines the so-called degree of coherence of
a classical field [82]. Because the |{α}〉 state gives the maximum allowed value for the
degree of coherence, indicating perfect factorization of the correlation functions in the
quantum optical coherence theory [89], it receives the name of coherent state.
4 Except for the vacuum state, naturally, which can be interpreted as a coherent state with zero

amplitude.



Chapter 3. Fermionic Hanbury Brown and Twiss interference in free space 46

3.3 Intensity correlation measurement and its relation to photode-
tection statistics
In this section, we will investigate how the intensity correlation measurement

established by Hanbury Brown and Twiss relates to the photodetection statistics of the
light emitted by certain sources. In a semi-classical picture, this will be related to the
detection probabilities of a quantum detector that interacts with the classical field, while
in the quantum picture, it will be related to the photon number statistics of the sources.
The way we approach the subject will be by discussing the phenomenon called photon
bunching, first from a semi-classical (classical light and quantum detectors) and then from
a fully quantum point of view (light is also quantized), and subsequently we will discuss
the exclusively non-classical phenomenon of anti-bunching.

3.3.1 Photon bunching: semi-classical description

Consider a quasi-monochromatic classical light source that emits a statistical
mixture of classical electromagnetic fields. This mixture can contain both a mixture of
random phases of the emitted fields and a mixture of many field amplitudes. In this sense
we say that the field fluctuates, i.e. it does not have well defined values for its amplitude
modulus or phase. For instance, each mode of a thermal light source, which is a source in
thermal equilibrium at a certain temperature T , exhibits a Gaussian distribution of the
modulus of the field amplitude U [82], the phase distribution being completely random
and independent from the modulus,

ρamp(U) ∝ e−|U |
2/W . (3.43)

Since the intensity is given by the square modulus of the field amplitude, I = |U |2, the
field intensity distribution is a decreasing exponential

ρint(I) ∝ e−I/W . (3.44)

The width W of the distribution is given by the average intensity of the field, which in
turn depends on the temperature T and on the frequency ω of that mode following the
expression

W = 〈I〉thermal ∝
~ω

e~ω/kBT − 1 , (3.45)
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where kB is Boltzmann’s constant and ~ is Planck’s reduced constant5. One notes that W
approaches zero as T → 0, meaning that the intensity distribution concentrates on low
intensity values in this limit. For large temperatures, on the other hand, the distribution
grows approximately linearly with T , meaning that larger values of I contribute ever more
as T grows.

In order to obtain the intensity correlation function via photodetections, we consider
that two quantum detectors will be used. For quantum detectors we mean quantum systems
that interact with light and perform a transition, specifically a material that ejects an
electron, with a given probability P . When this probability P is sufficiently small, the
interaction of the material with the field can be treated using perturbation theory. It can
be shown [82] that, for a well defined6 electromagnetic field with amplitude U(r, t) and
intensity I(r, t) = |U(r, t)|2, the photodetection probability at point r and at time t within
a short time interval7 ∆t is proportional to the field intensity I(r, t) at this point and time,

P (r, t) ∝ ηI(r, t)∆t, (3.46)

where η is a detection efficiency, dependent for instance on the coupling between the
material and the field, on the light polarization and on the detector spatial orientation.
When two detectors are used, one at (r1, t1) and the other at (r2, t2), the photodetection
probabilities of each one does not influence the other, meaning that the joint detection
probability is just the product of the two probabilities,

P (r1, t1; r2, t2) ∝ η1η2I(r1, t1)I(r2, t2)∆t1∆t2, (3.47)

where η1 and η2 are the detection efficiencies of each of the two detectors, and ∆t1 and ∆t2
are the short time intervals in each detection. This is easily generalized for an arbitrary
number of detections.

We are however interested in fluctuating fields, which are not fixed for every
realization of a statistical ensemble. Therefore, Eqs. (3.46) and (3.47) have to be generalized
for a statistical mixture of classically well defined fields. By assuming that the fields are
stationary, i.e. that their averages do not change in time, the detection probabilities are
5 Note that ~ appears in the expression of Eq. (3.45), as it can only be correctly derived with the

use of Planck’s quantization hypothesis [82,90]. When divided by ~ω the given expression is, not by
coincidence, equal to the Bose-Einstein distribution for the average number of particles in an ensemble
of bosons each with energy ~ω and zero chemical potential [91]. Each mode of the thermal optical field
may thus be interpreted as composed of identical non-interacting bosonic particles each with energy
~ω. The average intensity of the field, in this view, is proportional to the average number of particles
in the field [82].

6 “Well defined”, here and later in the text, means that the field is described by a single amplitude
U(r, t), and not a statistical ensemble of them.

7 “Short” here means that the perturbation expansion is still valid and in this time interval the probability
that two or more electrons are ejected in the same process is negligible.
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generalized to

P (r, t) ∝ η〈I(r, t)〉ρ ∆t, (3.48)

P2(r1, t1; r2, t2) ∝ η1η2〈I(r1, t1)I(r2, t2)〉ρ ∆t1∆t2, (3.49)

where the brackets denote averages over a statistical ensemble given by a probability
distribution ρ. The term in brackets in Eq. (3.49) is a two-intensity correlation function,
and therefore the joint probability of two photodetections of a fluctuating light field is
proportional to its two-intensity correlation function at the detector positions.

Instead of having two detectors, Eq. (3.49) can refer to two detections in the same
detector, within an interval τ . We drop the spatial point and probability distribution
specification and write

P2(t, t+ τ) ∝ η2〈I(t)I(t+ τ)〉∆t1∆t2. (3.50)

A Schwarz inequality can be constructed for the intensity correlation, and together with
the fact that the field is stationary we are allowed to say that [82]

〈I(t)I(t+ τ)〉 ≤ 〈I2(t)〉, (3.51)

meaning that

P2(t, t+ τ) ≤ P2(t, t). (3.52)

The above equation means that, for a fluctuating classical field, having two detections at
the same time is either equally or more probable than having two detections at different
times. This effect is termed photon bunching, alluding to the idea that the photodetections
are bunched together at close times. It is directly connected to the fact that the field
fluctuates. It is important to note that we have assumed statistical independence between
the two correlations for a well defined field (see footnote 6 on page 47). It thus must be
clear that the correlations should only appear when an ensemble of amplitudes is gathered.

One can have a rough intuitive view of the bunching effect by realizing that, for
long time intervals τ , the intensity correlations should vanish, that is,

lim
τ→∞
〈I(t)I(t+ τ)〉 = 〈I(t)〉〈I(t+ τ)〉 = 〈I(t)〉2, (3.53)

where in the last equality field stationarity, i.e. the constancy of its statistical properties
in time, was invoked. For a classical field, which can be described as a mixture of fields
with well defined intensities, the field intensity fluctuations must be positive by definition.
The field intensity fluctuations at time t are measured by the variance

〈(∆I)2〉(t) ≡ 〈[I(t)− 〈I(t)〉]2〉 = 〈I2(t)〉 − 〈I(t)〉2, (3.54)
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and therefore its positivity is connected to the fact that 〈I(t)I(t)〉 can be larger than
〈I(t)I(t+τ)〉, but not smaller. Because the joint photodetection probability is proportional
to the two-intensity correlation function, which is just the product of two independent
intensity averages for well defined fields, we can thus not only say that in the semi-classical
description the photon bunching effect is explained by the field fluctuations, but that it is
caused by them.

We would like to note that the positivity of the fluctuations (see Eq. (3.54)) will be
reflected in larger values of the first two terms of the two-intensity correlation expression
in Eq. (3.3), namely 〈IU1IV 1〉 and 〈IU2IV 2〉. That is why, in our context, we will say that
these terms reveal properties of the source statistics in the visibility of the two-intensity
interference pattern. Large fluctuations means a greater constant offset in the two-intensity
correlation and thus a spatial interference pattern with less visibility. This influence will
appear explicitly in Sec. 3.4.4.

3.3.2 Photon bunching: fully quantum description

When we go to a fully quantum description, i.e. the electromagnetic field is also
quantized, the picture changes. The probability of having a transition in the detector
is proportional to the probability of subtracting one excitation—a photon—from the
quantum field. That is to say that now the photodetection causes the field to be described
by a different state than before the detection, since a photon was subtracted from it,
something that is not present in the semi-classical description.

The positive-frequency optical field operator, i.e. the part of the field operator (see
Eq. (3.41)) that oscillates with dependence e−iωt, can be written as

E(+)(r, t) =
∑
s

E(+)
s (r, t) εs, (3.55)

which is composed of fields E(+)
s (r, t) with polarization vector εs, such that εs·ε∗s′ = δs,s′ . We

define E(−)(r, t) ≡ [E(+)(r, t)]† and E(−)
s (r, t) ≡ [E(+)

s (r, t)]† to be the negative-frequency
field operators. As can be seen from Eqs. (3.31) and (3.41), the positive- and negative-
frequency fields of each polarization are functions respectively of annihilation and creation
operators, and we can write

E(+)
s (r, t) =

∑
κ

fκ(r, t) aκ,s, (3.56)

E(−)
s (r, t) =

∑
κ

f ∗κ(r, t) a†κ,s, (3.57)

where aκ,s is the annihilation operator for a photon in spatial mode κ of the field with
polarization vector εs, a†κ,s is the corresponding creation operator, while fκ(r, t) contains
the mode spatial dependence and its time evolution. The bosonic commutation relations
for these operators are [aκ,s, aκ′,s′ ] = 0 and [aκ,s, a†κ′,s′ ] = δκ,κ′δs,s′ (see Eq. (3.30)). The
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intensity average at point r and time t of a field characterized by the quantum state ρ is
given by [82,89]

〈: I(r, t) :〉ρ = 〈E(−)(r, t) · E(+)(r, t)〉ρ = Tr[ρ E(−)(r, t) · E(+)(r, t)], (3.58)

where the colons indicate a normal ordering of the field operators. Normal ordering
means that negative-frequency operators always act on the state ρ on the right, and
positive-frequency on the left, which is seen from the cyclic property of the trace,

〈: I(r, t) :〉ρ =
∑
s

Tr[E(+)
s (r, t) ρ E(−)

s (r, t)]. (3.59)

This is connected to the fact that the intensity measurement is the subtraction of a photon,
which can be realized from the fact that E(+)(r, t) only contains annihilation operators (see
Eq. (3.56)). Also, just like in the classical case, the probability of detection of one photon
when the field is in state ρ can be shown to be proportional to the field intensity average
over that state, with an expression identical to the one in Eq. (3.48) given for a fluctuating
field [82]. The difference is that in the quantum picture of the field the fluctuations are
characterized by a quantum operator ρ instead of a classical statistical mixture, following
Eq. (3.59),

Pρ(r, t) ∝ η〈: I(r, t) :〉ρ ∆t. (3.60)

Higher-order field correlation measurements can be shown to respect the same
normal ordering [82,89], and the two-intensity measurement is a particular case. Namely,

〈: I(r, t)I(r′, t′) :〉ρ =〈: [E(−)(r, t) · E(+)(r, t)] [E(−)(r′, t′) · E(+)(r′, t′)] :〉ρ
=
∑
s,s′

Tr[E(+)
s′ (r′, t′)E(+)

s (r, t) ρ E(−)
s (r, t)E(−)

s′ (r′, t′)], (3.61)

only now we have to respect also time ordering of the operators, such that photons at a
time t are subtracted from ρ before the ones at a later time t′ > t.

Interestingly, we can define a photon-subtracted state ρ̃ [75, 76], which is obtained
by subtracting a photon from ρ at position r at time t,

ρ̃ ≡
∑
sE

(+)
s (r, t) ρ E(−)

s (r, t)∑
sTr[E

(+)
s (r, t) ρ E(−)

s (r, t)]
. (3.62)

Therefore, the two-intensity correlation measurement on state ρ can be interpreted as an
intensity average over the state ρ̃, conditioned on the probability of the first detection,

〈: I(r, t)I(r′, t′) :〉ρ =
∑
s′

Tr[E(+)
s′ (r′, t′) ρ̃ E(−)

s′ (r′, t′)]×
∑
s

Tr[E(+)
s (r, t) ρ E(−)

s (r, t)]

= 〈: I(r′, t′) :〉ρ̃ × 〈: I(r, t) :〉ρ
∝ 〈: I(r′, t′) :〉ρ̃ × Pρ(r, t). (3.63)
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In other words, 〈: I(r, t)I(r′, t′) :〉ρ is a two-step photon subtraction, and contrarily to the
classical framework, the quantum description may be interpreted as the first subtraction
changing the quantum state of the light field from ρ to ρ̃ before the second detection.

An important property of coherent fields (see Sec. 3.2.4) is that they have a well
defined field intensity, i.e. there are no intensity fluctuations8. This is in accordance to
the classical notion of optical coherence, which was admitted in our discussion of the
previous section, and this is one of the many reasons for why these states are the quantum
analogues to well defined classical fields. We have argued in Sec. 3.3.1 that a classical
fluctuating field can be constructed from statistical mixtures of fields with a well defined
amplitude and, consequently, a well defined intensity. This is connected to the fact that
for all optically coherent quantum fields |α〉 the intensity correlations factor in a product
of intensity averages,

〈: I(r, t)I(r′, t′) :〉|α〉 = 〈: I(r, t) :〉|α〉 〈: I(r′, t′) :〉|α〉, (3.64)

which leads to zero fluctuations when r′ = r and t′ = t. From this fact, all the discussion
from the previous section follows for a classical field whose state ρcl can be written as a
statistical mixture of coherent states |α〉. This includes the positivity of the fluctuations

〈(∆I)2〉ρcl
(t) ≡ 〈: [I(t)− 〈: I(t) :〉]2 :〉ρcl

= 〈: I2(t) :〉ρcl
− 〈: I(t) :〉2ρcl

≥ 0, (3.65)

and the validity of the Schwarz inequality of Eq. (3.51)

〈: I(t)I(t+ τ) :〉ρcl
≤ 〈: I2(t) :〉ρcl

. (3.66)

We can finally interpret the photon bunching effect from a quantum point of view,
having in mind that the two-intensity correlation is proportional to the probability of
subtracting two photons from the quantum optical field. Because of this, the above Schwarz
inequality of Eq. (3.66) tells us that, after the detection of a photon at a given time instant,
the probability of detecting a second photon from the field is higher the closer the second
detection is to the first, whenever the field is composed of a statistical mixture of coherent
fields. That is why, in the quantum picture, the photon bunching effect is upgraded from
a bunching of detection events, which do not concern any modification of the field, to a
bunching of the particles of the field, translated in their joint subtraction probability. This
8 This does not mean that there are no fluctuations in the clicks when performing photodetections on

coherent states. Despite the photodetection probabilities being proportional to intensity averages and
intensity correlations, photodetection fluctuations will have a different dependence. Classically, this
difference appears as the shot noise, an effect of temporally random counts arising from the quantum
nature of the detector [82]. When the field is also quantum, the difference will have to do with the
relation between the photon number operator and normally-ordered intensity correlations. Intensity
fluctuations 〈(∆I)2〉 are proportional to 〈: I2 :〉 = 〈(a†)2(a)2〉, while photon number fluctuations
〈(∆N)2〉, which are those that appear in photodetections, are proportional to 〈N2〉 = 〈(a†a)2〉. The
operators a and a† do not commute, and this causes a difference between the two fluctuations, namely
〈(∆N)2〉 = 〈N〉+ 〈(∆I)2〉, which corresponds to the shot noise calculated with the classical field [82].
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allows a promotion of the interpretation of the field fluctuations from the statistics of field
intensity to its photon number statistics. For this reason, the photon bunching effect is
often associated to the bosonic character of the electromagnetic field, with the idea that
bosons “like to bunch together”. Oppositely, fermionic particles are forbidden to be in the
same quantum state, and therefore cannot be detected together at the same position and
time instant if they have the same internal state.

3.3.3 Photon anti-bunching

Interestingly enough, quantum theory opens new possibilities for the statistics of
electromagnetic fields. In particular, there are quantum states of these fields which cannot
be written as a statistical mixture of coherent states, and this may lead to an odd behavior
of the field fluctuations.

Let us take a look, for instance, to the case that the field is composed by a single
photon in a well defined mode and polarization, i.e. in the Fock basis we can write
ρ = |1〉〈1|. For this field, obviously, the photon-subtracted state ρ̃ is the vacuum, because
we are subtracting the only available field excitation, and therefore following Eq. (3.63)

〈: I(r, t)I(r′, t′) :〉|1〉 = 〈: I(r′, t′) :〉|vac〉 × 〈: I(r, t) :〉|1〉 = 0. (3.67)

This is intuitive because, since the two-intensity correlation is proportional to the probability
of subtracting two photons from the field, a field with only one photon has a null probability
of having two photons subtracted from it. However, the probability of detecting a single
photon from the field is non-zero, and therefore we get

〈: I2(r, t) :〉|1〉 < 〈: I(r, t) :〉2|1〉. (3.68)

The above equation means that this field presents negative intensity fluctuations,
〈(∆I)2〉|1〉 < 0, which is an entirely quantum feature. More generally, one can define
non-classical fields as those that violate the intensity Schwarz inequality of Eq. (3.66),
which immediately leads to the negative fluctuations. The term “sub-Poissonian statistics”
is also applied to these states, alluding to the idea that their photon number variance,
which is related to the intensity variance, is less than the photon number average [92].
More specifically, the photon number variance is composed by a shot noise term, given by
the photon number average, plus the intensity variance [82], i.e. 〈(∆N)2〉 = 〈N〉+ 〈(∆I)2〉
(see footnote 8 on page 51). Since a Poissonian distribution has the variance equal to
the mean, and this is the case for coherent states which have 〈(∆I)2〉 = 0, whenever
〈(∆I)2〉 < 0 the state will have a sub-Poissonian photon number distribution.

In opposition to the Schwarz inequality of Eq. (3.66), when we write

〈: I(t)I(t+ τ) :〉ρnc > 〈I2(t)〉ρnc (3.69)
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it becomes clear that, for a non-classical state ρnc which violates the inequality, after the
detection of one photon at a given time instant the probability of detection of a second
photon is larger as time passes. That is why this effect is termed photon anti-bunching,
alluding to the idea that it is more probable to detect photons separated than together,
for these states. It is important to stress that only genuinely quantum states, i.e. those
that have negative intensity fluctuations and therefore cannot be written as a mixture of
coherent states, will be able to show anti-bunching.

In comparison to our discussion in the last paragraph of Sec. 3.3.1, when we
discussed the role of the sources statistics in the visibility of the interference pattern, we
note that now, with negative fluctuations, these terms will be responsible for a higher
visibility of the interference pattern! The offset terms 〈IU1IV 1〉 and 〈IU2IV 2〉 in Eq. (3.3)
being less than the minimum allowed by classical sources, 〈IU1〉〈IV 1〉 and 〈IU2〉〈IV 2〉, means
that the oscillation caused by the phase terms will be able to achieve lower values with
the use of sources that exhibit sub-Poissonian statistics [93]. This will be explicit when
we discuss the specific interference pattern generated by the two-intensity correlation
measurements with the use of electron sources in Sec. 3.4.4. We note that the influence
of source statistics in interference pattern visibilities can be generalized to higher-order
intensity correlation measurements [74–76,94].

3.3.4 The Hong–Ou–Mandel effect: a different perspective on particle bunch-
ing

Let us consider the following setup. Two independent sources emit identical single-
particle fields that propagate toward different input ports of a 50:50 beam splitter, as
depicted in Fig. 15, and we are interested in the field at the output ports. The initial state

a
1
†a

2
†|vac〉

p
p

Figure 15 – Two identical particles p enter a 50:50 beam splitter through different input
ports.

is therefore

|1〉1|1〉2 = a†1a
†
2|vac〉, (3.70)

where a†j is the creation operator of a particle in the input port j of the beam splitter, and
|vac〉 is the vacuum state. The beam splitter either transmits or reflects the particles with
equal probability, while the reflection gives the particle a π/2 phase, and therefore the
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evolution of the operators is given by

a†j → (b†j + ib†k)/
√

2, (3.71)

with b†j the creation operator of a particle in the output port j of the beam splitter, and
k 6= j.

The evolution of the two-particle creation operator is therefore given by

a†1a
†
2 → (b†1 + ib†2)(b†2 + ib†1)/2

= [b†1b†2 − b†2b†1 + i(b†1)2 + i(b†2)2]/2. (3.72)

There are four possible situations: one in which both are transmitted, one in which both are
reflected, and two possibilities in which one particle is reflected and the other transmitted,
as depicted in Fig. 16.

+–
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i + i

Figure 16 – The four possibilities of the two identical p particles to leave the beam splitter
and its respective phases.

Due to the particles indistinguishability, the first two possibilities interfere with
each other. In the case that the two particles are bosons, the creation operators between
different modes commute, i.e. b†1b†2 = b†2b

†
1, and this causes the first two terms in Eq. (3.72)

to interfere destructively and cancel each other. That is, if the two identical particles are
bosons they always come out of the beam splitter through the same output port. This
is known as the Hong–Ou–Mandel effect, which was measured with photons in 1987 by
the three authors that give the effect its name [72]. It has become known as a situation
in which the bunching behavior of bosons shows up, as it is precisely the commutation
relation for bosonic operators that causes the destructive interference of the particles
leaving at different ports, and favors the situation in which they leave together.

In a coincidence detection setup, the Hong–Ou–Mandel bunching causes coincidence
detections to be absent between the two output ports of the beam splitter. These detection
correlation measurements are related to the Hanbury Brown and Twiss interference effect,
but in HBT the π/2 phase gained in the reflection is instead a phase given by the free
propagation. It thus varies continuously with the relative position of the detectors, which
provides the oscillations in the intensity correlation measurements. In this sense, the HBT
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has within it a Hong–Ou–Mandel-type of interference, but in a more generalized way [95].
This will show clearly in Section 3.4.2, when we discuss the HBT interference in more
detail, from a quantum point of view.

If the particles incident in the beam splitter were fermions, then its creation
operators respect an anti-commutation rule b†1b†2 = −b†2b†1 [90], and the first two terms in
Eq. (3.72) would instead interfere constructively. The last two terms are the ones that would
be zero, since the square of fermionic creation operators is zero by the anti-commutation
rule [90]. In this case, then, the two particles always come out of the beam splitter through
different ports, and this situation is identified with an anti-bunching behavior. This is in
agreement with the Pauli exclusion principle, that forbids two identical fermions of existing
in the same quantum state. In a coincidence detection scenario, this means 100% chance of
coincidence detection, in contrast to the null bosonic chance, and in the HBT continuous
generalization, it will be revealed that the fermionic intensity correlation interference
fringes are complementary to the bosonic ones.

We must stress that the (anti-)bunching discussed here is a substantially different
effect from that discussed in the previous sections. What mattered there was the sign
of the amplitude fluctuations of one mode of the photon field, where the anti-bunching
reveals non-classical features of the field. In the Hong–Ou–Mandel effect with the incident
field composed of single particles, this field is non-classical and therefore sub-Poissonian,
displaying anti-bunching of temporal detections9. The (anti-)bunching behavior discussed
in this section, on the other hand, is probing some kind of exchange symmetry between the
particles in different modes of the field, and is related to what happens when two bosonic
or fermionic particles interfere with each other. It is nonetheless important to note that
the fermionic anti-commutation rule restricts the particle number statistics of fermionic
fields, and therefore a single-mode bunching behavior of temporal detections due to field
amplitude fluctuations, analogous to the photon bunching effect, can never be obtained.

3.4 Fermionic Hanbury Brown and Twiss interference
We proceed to the main goal of this chapter, that is to describe an experimental

proposal in which the Hanbury Brown and Twiss interference effect can be reliably measured
for a fermionic field in free space.
9 A generalized version of the Hong–Ou–Mandel effect with classical fields also shows a decrease in

coincident detections of the two output ports of the beam splitter, when compared to independent
detections. There is however a limit to how low this decrease can be for classical input fields, and the
signature of non-classicality lies in a larger suppression of coincidences than is allowed classically [93,96].
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3.4.1 Definition of the experimental setup and correlation functions

Let us consider the setup depicted in Fig. 17, analogously to the classical HBT effect
of Fig. 14 in Sec. 3.1.2. Two independent pulsed electron sources are placed at positions
Rl (l = 1, 2) in relation to an origin O. Each source emits an electron field in a quantum
state ρl. The sources are of equal intensity and possess equal spatial mode profiles. In the
far field of the sources, electrons are jointly detected at positions rj (j = 1, 2) and at the
same time instant, e.g. by use of a pixelated camera where each pixel acts as an individual
detector. The sources are assumed to emit nearly-monochromatic fields at wavelength λ.

Figure 17 – Two independent electron sources at positions R1 and R2 in relation to an
origin O each emit electrons to be detected in the far field of the sources by
detectors at positions r1 and r2.

This assumption is based on the fact that a pulsed tungsten nanotip can emit electron
wave packets with an energy uncertainty of around 1% [66].

Under all these conditions, the vector field operator for electrons at position r in
the non-relativistic regime (in which spin is decoupled from spatial degrees of freedom)
may be written in a form analogous to the the electromagnetic field operator of Eq. (3.56),
with an explicit spatial10 function [95,97,98] as

Ψ(r) =
2∑
s=1

2∑
l=1

exp
[
i
(2π
λ

) r ·Rl

||r||

]
al,s,n εs, (3.73)

where al,s,n is the annihilation operator of a particle of source l, with spin s, propagating
in a plane wave mode with direction n = r/||r|| and wavelength λ. These operators
respect the fermionic anti-commutation relations {al,s,n, al′,s′,n′} = 0 and {al,s,n, a†l′,s′,n′} =
δl,l′δs,s′δ(n− n′), where δi,j is the Kronecker delta and δ(n − n′) is the so-called Dirac
delta function. The vectors εs are again unitary vectors such that εs · ε∗s′ = δs,s′ , completely
analogous to the photon polarization vector.
10 Since we are dealing with simultaneous detections, the field operator does not depend explicitly on

time.
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We define Ψs(r) ≡ ∑2
l=1 exp

[
i
(

2π
λ

)
r·Rl

||r||

]
al,s,n, such that Ψ(r) = ∑2

s=1 Ψs(r)εs, and
the two-electron correlation function analogous to the photonic version of Eq. (3.61) is
given by

G(2)(r1, r2) ≡
〈
:
[
Ψ†(r1) ·Ψ(r1)

] [
Ψ†(r2) ·Ψ(r2)

]
:
〉

=
2∑
s=1

2∑
s′=1

〈
Ψ†s(r1)Ψ†s′(r2)Ψs′(r2)Ψs(r1)

〉
, (3.74)

where the colons indicate normal ordering of the creation and annihilation operators,
and the brackets indicate the expectation value to be calculated according to the sources
product state ρ1 ⊗ ρ2. We define

G
(2)
s,s′(r1, r2) ≡

〈
Ψ†s(r1)Ψ†s′(r2)Ψs′(r2)Ψs(r1)

〉
, (3.75)

such that G(2)(r1, r2) = ∑2
s=1

∑2
s′=1G

(2)
s,s′(r1, r2) is the sum over the contributions with

equal and different spin polarizations.

3.4.2 Quantum description of the Hanbury Brown and Twiss interference

When we insert the field expression of Eq. (3.73) into the correlation function of
Eq. (3.75) and assume statistically independent sources11, we get

〈Ψ†s(r1)Ψ†s′(r2)Ψs′(r2)Ψs(r1)〉 =

〈a†1,s,n1a
†
1,s′,n2

a1,s′,n2a1,s,n1〉+ 〈a†2,s,n1a
†
2,s′,n2

a2,s′,n2a2,s,n1〉

+ 〈a†1,s,n1a
†
2,s′,n2

a2,s′,n2a1,s,n1〉+ 〈a†2,s,n1a
†
1,s′,n2

a1,s′,n2a2,s,n1〉

+ e−if(θ2)〈a†2,s,n1a
†
1,s′,n2

a2,s′,n2a1,s,n1〉+ eif(θ2)〈a†1,s,n1a
†
2,s′,n2

a1,s′,n2a2,s,n1〉, (3.76)

where the expectation values are calculated with respect to a two-source state ρ, and we
recapitulate that al,s,nj

is the annihilation operator correspondent to a particle from source
l, with spin s, that propagates on a plane wave mode towards direction nj = rj

||rj || and
thus is absorbed by detector j in Fig. 17. We use the definition f(θ2) ≡

(
2π
λ

)
d sin θ2, with

rj ·Rl

||rj || = ld sin θj according to Fig. 17, and we assume θ1 = 0 without loss of generality.

We reproduce below the expression for the two-intensity correlation of Eq. (3.3),
so that we can make an easier comparison:

〈IP IQ〉 = 〈IU1IV 1〉+ 〈IU2IV 2〉+ 〈IU1〉〈IV 2〉+ 〈IU2〉〈IV 1〉

+ 〈U∗1 · U2 × V1 · V ∗2 〉+ 〈U1 · U∗2 × V ∗1 · V2〉. (3.3)

11 We refer back to the discussion in Sec. 3.1 justifying why field amplitude averages have to be zero
when assuming statistical independence between the two sources. By extending the argument to field
operator averages, it follows that the only terms which will survive are those that contain either
single-source intensity correlations, intensity averages, or single-source field correlations that carry
phase differences.
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The first two terms in Eq. (3.76) follow the discussions in Sec. 3.3, being analogous
to the first two terms of the two-intensity correlation expression in Eq. (3.3), namely
〈IU1IV 1〉 and 〈IU2IV 2〉. These terms are thus respectively related to the individual statistics
of sources 1 and 2, since each term contains two particle subtractions from the same source.
Whenever the respective source emits less than two particles the term yields zero, since
there is a zero probability of extracting two particles from a field that has less than two
of them. The term can also be larger or smaller than the product of two independent
subtractions in the same state. This effect, based on the source statistics, is the particle
bunching effect when the two-detection probability is larger than the product of two
independent detections, and the anti-bunching when it is smaller [69, 71, 82] (see Sec. 3.3).
In our setting these two-particle terms do not show any oscillating pattern in the far field,
and will merely be responsible for an offset in the correlation function G(2)

s,s′(r1, r2) when
two or more particles from the same source are available.

The remaining four summands in Eq. (3.76) represent the two-particle interference
terms between the different electron sources, i.e. when one particle is subtracted from each
source. Terms 3 and 4 can be written as 〈a†i,s,n1ai,s,n1〉〈a

†
j,s′,n2

aj,s′,n2〉 and are analogous
to the intensity product terms 〈IUi〉〈IV j〉 in Eq. (3.3). Terms 5 and 6 can be written
as e∓if(θ2)〈a†i,s,n1aj,s,n1a

†
j,s′,n2

ai,s′,n2〉 and are analogous to the terms that carry phase in-
formation, 〈U∗i · Uj × Vi · V ∗j 〉. Because of the propagation phase difference f(θ2), these
added terms will be responsible for an oscillation pattern in the joint detection. Note that,
if the particles were bosons, the operators of different sources commute resulting in an
interference pattern of the kind |1 + eif(θ2)|2, while the fermionic operators anti-commute,
leading to the complementary pattern |1− eif(θ2)|2 (see Sec. 3.3.4).

Following the discussion in Sec. 3.3.4, these last terms in Eq. (3.76) are also the
ones responsible for the Hong–Ou–Mandel effect [72,95], where the interference is due to a
fundamental indistinguishability of the two particles, and a fixed phase shift of f(θ2) = π

acquired through a reflection at the beam splitter. The particles being indistinguishable
means that an event in which particle 1 is absorbed by detector 1 and particle 2 by detector
2 cannot be distinguished from an event in which particle 1 is absorbed by detector 2 and
particle 2 by detector 1. The different phases accumulated by these two events must then
be added coherently in the intensity correlation, which leads to the observed interference
pattern. The terms have the signature of the type of particles involved, since for bosons
the particles will have a higher chance of being detected at the same point in space and
time, and zero chance when the phase difference between the two-particle quantum paths
is π. Fermions exhibit the opposite behavior since an extra π phase is introduced due to
the anti-commutation relation, which is a face of the Pauli exclusion principle.

In the first two terms of Eq. (3.76) that involve detecting two particles from the
same source, it is the particle number statistics that is generated by the sources that
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matters, while for the last four terms, for the same sources statistics, it is the propagation
of the two particles towards two distinct positions in the far field that develops the
particle distribution into bunching or anti-bunching. We note that, as an extension to the
Hong–Ou–Mandel effect [95], the free space setup provides an extra degree of freedom: the
detector position θ2. Varying θ2 presents an increase or a decrease in the joint detection
probability when compared to products of individual detections, due to the different phases
acquired during propagation.

The dependence of the last four terms of Eq. (3.76) on the type of particle motivates
us to separate this contribution from the first two terms. We will say that, from the point
of view of our setup, the first two terms are the ones that survey the sources statistics,
in the style of the temporal photon bunching effect (see Secs. 3.3.1 to 3.3.3), while the
last four terms are related to a Hong–Ou–Mandel type of interference (see Sec. 3.3.4).
In this sense, the Hanbury Brown and Twiss effect can be seen as a sum of a free space
Hong–Ou–Mandel effect and a source statistics offset term.

3.4.3 The quantum state of the electron sources

We now make the assumption that the electron field state is generated at both
sources simultaneously by a pulsed laser, and that the inability to control the relative phases
between pulses will destroy any coherence between different electron number states [67].
We consider that the probability of each single source emitting three electrons is negligible,
and therefore the state emitted by each source is

ρl = p0|0l〉〈0l|+ p1

2∑
s=1
|1el,l,s〉〈1el,l,s|+ p2

2∑
s=1

2∑
s′=1
|2el,l,s,s′〉〈2el,l,s,s′ |, (3.77)

where the ket |0l〉 represents no particles being created at source l and |1el,l,s〉 corresponds
to one particle from source l in an arbitrary nearly-monochromatic mode

|1el,l,s〉 =
∫
dκ C(κ) a†l,s,κ|0l〉, (3.78)

and |2el,l,s,s′〉 is a two-electron state in which the two particles are created at the same
source l in two possibly different spatial modes,

|2el,l,s,s′〉 =
∫
dκ1

∫
dκ2 CA(κ1)CB(κ2) a†l,s,κ1a

†
l,s′,κ2
|0l〉. (3.79)

The factors C(κ), CA(κ) and CB(κ) are the emission modes in transverse momentum
space, and they are complex functions of the unitary direction of propagation κ, which
will be responsible for the envelope in the far-field detection pattern. Note that in Eq.
(3.77) we have made the assumption that different spin states are generated with equal
probability.

The joint state of the two sources will contain terms in which no electron is emitted,
one electron is emitted by one source and zero from the other, one electron is emitted by
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each source, and so on, as seen below:

ρ1 ⊗ ρ2 = p2
0 |01〉〈01| ⊗ |02〉〈02|

+ p0p1

2∑
s=1

(
|1el,1,s〉〈1el,1,s| ⊗ |02〉〈02|+ |01〉〈01| ⊗ |1el,2,s〉〈1el,2,s|

)

+ p2
1

2∑
s=1

2∑
s′=1
|1el,1,s〉〈1el,1,s| ⊗ |1el,2,s′〉〈1el,2,s′ | (3.80)

+ p0p2

2∑
s=1

2∑
s′=1

(
|2el,1,s,s′〉〈2el,1,s,s′| ⊗ |02〉〈02|+ |01〉〈01| ⊗ |2el,2,s,s′〉〈2el,2,s,s′ |

)
+ . . .

The terms which contain less than two particles in total will not contribute to G(2)
s,s′(r1, r2),

because there must be at least two particles available for a joint detection event. Therefore,
we can write for this state

G
(2)
s,s′(r1, r2) = p2

1

2∑
w=1

2∑
w′=1
〈1el,1,w, 1el,2,w′ |Ψ†s(r1)Ψ†s′(r2)Ψs′(r2)Ψs(r1)|1el,1,w, 1el,2,w′〉

+ p0p2

2∑
w=1

2∑
w′=1
〈2el,1,w,w′ , 02|Ψ†s(r1)Ψ†s′(r2)Ψs′(r2)Ψs(r1)|2el,1,w,w′ , 02〉

+ p0p2

2∑
w=1

2∑
w′=1
〈01, 2el,2,w,w′ |Ψ†s(r1)Ψ†s′(r2)Ψs′(r2)Ψs(r1)|01, 2el,2,w,w′〉, (3.81)

where we have considered that p0 � p1 � p2, and the terms of order p1p2 and p2
2 were

neglected. The last two double sums, which contain two electrons from each source, will
be equal because we admit that the two sources emit the modes identically, as seen from
Eq. (3.79). Therefore, the expression above can be simplified to

G
(2)
s,s′(r1, r2) =

2∑
w=1

2∑
w′=1

[
p2

1 G
(2)
s,s′(r1, r2)||1el,1,w,1el,2,w′ 〉 + 2p0p2G

(2)
s,s′(r1, r2)||2el,1,w,w′ ,02〉

]
,

(3.82)

where G(2)
s,s′(r1, r2)||ψ〉 is the correlation function defined in Eq. (3.75) calculated with the

two-particle pure state ρ = |ψ〉〈ψ|.

Note that, if the sources particle number distribution is of the kind pn ∼ cn (e.g.
thermal or weak Poissonian distribution), then p0p2 ∼ p2

1, and we cannot neglect the
contribution of two electrons coming from the same source, which already indicates the
role of source statistics in the two-detection interference pattern commented in previous
sections.

3.4.4 The specific form of the HBT two-detection correlation measurement

We now proceed to incorporate the spatial setting into the the correlation function
of Eq. (3.82). For each (w,w′) pair the expression contains two terms: a two-source one
proportional to a two-intensity correlation function calculated with state |1el,1,w, 1el,2,w′〉,
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and single-source one proportional to the same correlation function calculated with state
|2el,1,w,w′ , 02〉. We thus calculate each of these correlation functions for the respective states,
with the spatial features of our setup (see Fig. 17) given by Eq. (3.76).

Because the state |1el,1,w, 1el,2,w′〉 has at most one electron coming from each source,
the first two terms in Eq. (3.76), which contain two subtractions from a single source, will
be zero for this state. We get, by using the one-particle state from Eq. (3.78),

G
(2)
s,s′(r1, r2)||1el,1,w,1el,2,w′ 〉 = |C(n1)|2|C(n2)|2

{
δw,sδw′,s′ + δw,s′δw′,s

− 2δw,sδw,s′δw′,sδw′,s′ cos[f(θ2)]
}
. (3.83)

The last term between the curly brackets in the above equation, which corresponds to the
last two terms of Eq. (3.76), will be non-zero only if s = s′ = w = w′. This fulfills the
expectation that no oscillation can appear if the detected particles have orthogonal spins
(i.e. are distinguishable), since the term appears due to the interference effect caused by
the indistinguishability of the particles in their propagation. Following the discussion of
Sec. 3.4.2, the terms in the state ρ1 ⊗ ρ2 (see Eq. (3.80)) that have one particle coming
from each source, both of them with the same spin, contribute to the Hong–Ou–Mandel
type of interference in G(2)(r1, r2). Terms with different spins contribute with a constant
factor.

If we calculate Eq. (3.76) for the state |2el,1,w,w′ , 02〉 in which both electrons originate
at the same source, the four last terms will be zero. This is because in this state one of the
sources emits no particles, and the four last terms in Eq. (3.76) are proportional to the
product of the number of particles in each of the two sources. Therefore, only the first two
terms in Eq. (3.76) will be non-zero, oppositely to the behavior of the state |1el,1,w, 1el,2,w′〉.
We obtain, by using the two-particle state from Eq. (3.79),

G
(2)
s,s′(r1, r2)||2el,1,w,w′ ,02〉 = δw,sδw′,s′|CA(n1)|2|CB(n2)|2 + δw,s′δw′,s|CA(n2)|2|CB(n1)|2

−2δw,sδw,s′δw′,sδw′,s′Re
[
CA(n1)C∗A(n2)CB(n2)C∗B(n1)

]
. (3.84)

The last term in the above equation will only be non-zero if s = s′ = w = w′. This can
be understood by realizing that equal spins force the anti-symmetrization of the emitted
two-particle mode, while different spins do not. One could stretch the argument and see
this term as an “interference” effect coming from the anti-symmetrization of the identical
particles. In this sense, the detected pattern will show this “interference” only for the
cases where the spins are equal, and this will put a constraint in the possible source
statistics. We note that, under the light of our differentiation between the statistics and the
Hong–Ou–Mandel terms (see Sec. 3.4.2), the terms in the state ρ1⊗ρ2 (see Eq. (3.80)) that
have two particles coming from the same source are surveying their respective statistics.
Under this view we will say that the anti-symmetrization is an statistical effect taking
place at the source, while the Hong–Ou–Mandel is a genuine interference effect arising
due to the propagation.



Chapter 3. Fermionic Hanbury Brown and Twiss interference in free space 62

It is now left to check the specific shape of this interference with the state
|2el,1,w,w′ , 02〉. We consider that all the modes emitted are the same, whether the sources
emit one or two electrons each. This means that we can use CA(κ) = CB(κ) = C(κ) in
Eqs. (3.78) and (3.79). Looking at Eq. (3.84) shows us that this consideration leads to total
destructive interference in the case that s = s′. This is a consequence of the absolutely
expected fact that each source cannot emit two identical electrons, i.e. two monochromatic
electrons with the same wavelength, in the same spatial mode, and with the same spin. This
is an example of the anti-symmetrization restriction on the sources statistics, which forces
them to be close to single-particle sources. We note that Lougovski et al. [67] have modeled
the two modes of the two-electron process as two equally shaped momentum distributions
which are displaced from each other in the propagation direction, therefore not resulting
in total destructive interference. Note though, that the 1% energy uncertainty reported
for tungsten nanotips [66] allows for the nearly-monochromatic sources approximation,
and the non-zero frequency width only adds a small number of detection counts which can
be neglected.

Thus, for CA(κ) = CB(κ) = C(κ), and summing the contributions of one- and
two-electron emissions per tip from Eqs. (3.83) and (3.84), we obtain for Eq. (3.82)

G
(2)
s,s′(r1, r2) = |C(n1)|2|C(n2)|2

2∑
w=1

2∑
w′=1

{(
δw,sδw′,s′ + δw,s′δw′,s

)[
p2

1 + 2p0p2
]

− 2δw,sδw,s′δw′,sδw′,s′

[
p2

1 cos[f(θ2)] + 2p0p2
]}
. (3.85)

When s = s′, all the Kronecker delta factors will be 1 for w = w′ = s = s′ and zero
otherwise, such that only one term in the sum survives,

G
(2)
s=s′(r1, r2) = 2|C(n1)|2|C(n2)|2 p2

1

{
1− cos[f(θ2)]

}
, (3.86)

where the Hong–Ou–Mandel type of interference can be seen from the presence of the
cosine term, and the fermionic statistical effect is evident by the suppression of the term
proportional to p0p2 – i.e. the probability of emitting two electrons in the same quantum
state is zero.

When s 6= s′, two terms in the sum will have non-zero elements, one for which
w = s and w′ = s′, and the term with the inverse association w′ = s and w = s′. In each
of these terms, just one Kronecker delta product survives, such that

G
(2)
s 6=s′(r1, r2) = 2|C(n1)|2|C(n2)|2

(
p2

1 + 2p0p2
)
. (3.87)

If one can select the spins such that s = s′, the interference pattern exhibits
100% visibility, just like in the photonic case [93], but with complementary fringes due to
the fermionic anti-commutation relation. Without spin selection, the resulting far-field
second-order correlation function is a sum of the two expressions of Eqs. (3.86) and (3.87),
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each multiplied by 2 to account for the spin combination possibilities ((s, s′) equal to (1, 1)
and (2, 2) for Eq. (3.86), and (1, 2) and (2, 1) for Eq. (3.87)). Therefore the worked out
form of the correlation function of state ρ1 ⊗ ρ2 from Eq. (3.80) reads

G(2)(r1, r2) = 8|C(n1)|2|C(n2)|2 (p2
1 + p0p2)

{
1− p2

1
2(p2

1 + p0p2) cos[f(θ2)]
}
, (3.88)

for which the visibility is given by V = 1/
(
2 + p0p2

p2
1

)
. For ideal single-electron emitters

(p2 = 0) the visibility yields the maximum value of 50%, while for p2 > 0 there is a reduced
visibility. This means that the visibility of the detected pattern could be used to estimate
the statistics of the laser-driven tungsten nanotip sources. Towards this goal the slight blur
in the oscillation pattern caused by the 1% energy uncertainty should also be considered
as a source of a reduced visibility.

3.4.5 Considerations on the experimental implementation

Another effect that needs to be taken into account is the Coulomb interaction,
since the repulsion of two electrons can lead to a pattern that mimics the effect of the
Pauli exclusion principle (PEP). The effect is especially crucial for a single nanotip setup
where two particles are created in close vicinity, within the same source. In a two tip
experiment the influence of Coulomb repulsion is strongly mitigated, due to much larger
spatial separation of the particle creation locations.

As pointed out in the introduction, the experiment by Kiesel et al. [9] investigated
far field correlations between electrons emitted by a continuously driven tungsten nanotip
source. There were first hints for a reduced coincidence rate due to the PEP, yet the
statistics and signature of the derived correlations did not allow for a clear discrimination
of the effect from Coulomb repulsion [10,11]. The two obstacles were the relatively small
source degeneracy12 of 10−4 and similarity between the expected signatures from the
PEP and Coumlomb repulsion. In the theoretical considerations by Lougovski et al. [67],
for a pulsed electron source the degeneracy during the pulse may exceed this value by
far, reaching up to 10−1. In this regime, they showed that the PEP should lead to a
measurable weakly pronounced degeneracy at one detector, and to a clearly measurable
interference dip in a spatial HBT setup with two detectors measuring coincident counts.
More recently, Keramati et al. have discussed in detail that ultrashort pulsed electron
sources (shorter pulses meaning higher degeneracies) are within the necessary reach for
measuring the HBT interference with electrons along the pulse propagation direction [81].
This highlights the importance of using pulsed sources with a high degeneracy, as low
degeneracy implies that too few detected particles are overlapping and causing two-particle
12 The degeneracy is defined as the average number of particles in a phase-space-cell volume of the

field [67]. This volume can be defined as the minimum position-momentum uncertainty volume in the
phase space. The minimum uncertainty relation ∆x∆k = 1 then leads to a phase-space-cell volume in
position space of ∆V = 1/∆k.
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interference detection events. Such electron sources are presently available [64–66] and
provide enough spatial coherence [66] in the emitted wave packets so that our descriptions
of the one- and two-electron states in Eqs. (3.78) and (3.79) are valid.

Even with the large degeneracy, the proposal of Lougovski et al. [67] relies on
two electrons being generated at the same tip. Note that the detected pattern of Eq.
(3.88) oscillates with the cossine of f(θ2) =

(
2π
λ

)
d sin θ2, where θ2 is related to the detector

position (see Fig. 17). In the far field, where the angles are small, sin θ2 ≈ θ2 and thus
the interference pattern along the “position” θ2 has a spatial period of oscillation λ/d,
which is inversely proportional to the distance d between the points where the electrons
are generated. Electrons generated in the same tip are emitted with a very short distance
d, and thus their oscillation pattern has a very large period (see Fig. 18 (a)). This pattern
can be mimicked by the decrease in coincident counts caused by Coulomb repulsion. Our
proposal solves this problem with the addition of a second nanotip as a second electron
source. A large distance between the tips means a large distance d between the points
where the electrons are generated. Thus one gets a shorter period of oscillation in the
interference pattern, with lots of crests and valleys in the detection window (see Fig. 18
(b)). In this case, the detected pattern is qualitatively distinguishable from the Coulomb
dip, as the latter can never give rise to oscillations. Also, Coulomb repulsion is much
weaker in a setting with two tips, since the strongest repulsion happens close to the tips,
where the electrons are closest [11].

(a) (b)

x

G(2)(0,x)

x

G(2)(0,x)

Figure 18 – A sketch of the generated coincidence interference pattern G(2)(0, x) (see Eq.
(3.88)), conditioned on the detection of one electron at the origin and the
other at point x. The dotted line corresponds to two independent detections.
(a) The pattern generated when the electrons are emitted very closely to each
other has a very large period, and can be mimicked by a Coulomb repulsion
dip. (b) The oscillatory pattern generated when the electrons are emitted from
distant independent tips is qualitatively different from the Coulomb repulsion
dip.

The influence of Coulomb repulsion in the detected pattern can be estimated by
calculating the distance that the centers of mass of the two electrons’ wave packets will
be separated, and then comparing it to the spread of the free wave packets propagating
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from each source [67]. We assume that the electrons are created at an approximately equal
time instant, by means of excitaton with an ultrashort laser pulse that hits both tips
simultaneously. Their initial separation thus reads si =

√
∆x2 + (vi∆t)2 ≈ ∆x = d [11],

where vi is their initial propagation velocity, and ∆t the time difference in the creation of
the particles. For our estimation, we use the experimental parameters of the nanotips from
Ref. [66]. If the tips are considered to emit spatially limited wave packets separated by a
distance d = 1000 nm, with wavelength λ = 1.8 Å, and if the screen is located zdet = 8 cm
away from the sources, the Coulomb separation is estimated to be xC = 0.31 mm. For the
wave packet width, Ehberger et al. [66] report a full coherence length of ξ⊥ = 5.9 mm,
while the intensity distribution’s full-width at half maximum is about 1.4 mm ≈ 4.5xC .
Meanwhile, the second-order interference pattern of Eq. (3.88) leads to a fringe spacing
with spatial period xP = 14.4 µm. In total, the wave packets should have significant
superposition, in a way that oscillations in the second-order interference (due to the PEP
and generalized Hong–Ou–Mandel interference) in the center of the detected pattern would
be clearly distinguishable from the Coulomb dip. By contrast, for the single-tip setup
Lougovski et al. [67] conclude that “Coulomb repulsion will, indeed, dominate quantum
effects by roughly one order of magnitude”.

3.5 Chapter remarks
In this chapter we proposed an experiment that, for the first time, would allow

for a clear and unique identification of Hanbury Brown and Twiss anti-correlations in a
two-electron interference experiment in free space, by use of two independent laser-driven
tungsten nanotip electron sources. We provided arguments that show that in this scenario
Coulomb repulsion effects play only a minor role. With this setup, the oscillation pattern
with a dense fringe spacing in the two-point correlation function that arises due to the
Pauli exclusion principle for indistinguishable electrons cannot be mistaken by a Coulomb
repulsion dip. Our results might also lead to new techniques for electron imaging, where
incoherent electrons sources themselves or incoherently scattered electrons in combination
with correlation measurements would reveal the sought-after information. Further, the
control of the higher-order interference effects will certainly open new additional horizons
for electronic imaging techniques with incoherent sources.

An experimental implementation of this proposal is on the way, in collaboration
with Prof. Peter Hommelhoff of the University of Erlangen-Nuremberg. Prof. Hommelhoff’s
group has the expertise to build and control the nanotips [64, 66], and new electron
detectors bought by the group provide the necessary platform to perform the experiment.
A preliminary theoretical paper with the results presented here has been written, but we
are waiting in order to have a joint publication with the experimental implementation.
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4 Photon reflection by a quantum mirror: a
wave function approach

The advances in nanofabrication techniques have allowed extensive research on
mechanical systems whose masses are small enough so that they can significantly exchange
momentum with electromagnetic fields – these are called optomechanical systems. An
important class of those systems are optomechanical cavities, in which the mechanical
system is described by a harmonic oscillator that couples with the light [99]. In some
cases the cavity is composed of mirrors, and since the mid 1990s there were proposals of
studying quantum properties of such mirrors, for instance quantum fluctuations [100] and
the construction of superposition states [101–105]. Also, recently there have been many
theoretical discussions on entanglement between vibration modes of mirrors in a quantum
regime and light [106–108]. The detection of entanglement between a mechanical system
and light has been reported for mechanical systems other than mirrors [109,110], and even
a Bell inequality has been violated with this kind of system [111].

The quantum mechanical treatment for a cavity quantum mirror interacting with
photons can be based on a Hamiltonian formulation [112], with a second quantization
approach for light and for the motion degrees of freedom of the mirror. But here we take a
different path, by using a photon wave function approach to treat the reflection of a single
photon by a quantum mirror. Our treatment is constructed from first principles and can
be used to describe a photon interacting with quantum mirrors in a cavity as well as a
single photon reflection by a quantum mirror.

We first present the photon wave function formalism in Sec. 4.1, which will help us
to construct the quantum solution of the problem based on its classically known version.
Then in Sec. 4.2 we show that the mirror imposes boundary conditions for the photon
wave function at its surface and this naturally leads to the photon radiation pressure
on the mirror. We discuss the mirror-photon entanglement and its dependence on the
relation between the photon average momentum and the mirror momentum uncertainty,
and evaluate that this kind of entanglement cannot be significantly generated with current
technology. In Sec. 4.3, we briefly present the historical Abraham-Minkowski debate, which
concerns the momentum of light when it is propagating through a material medium [20,21].
When the quantum mirror is immersed in a medium with refractive index n, we show that
the radiation pressure that the light exerts on it is proportional to n, which agrees with
experiments performed with classical mirrors [22, 23]. We analyze this effect based on the
association of the Minkowski momentum (which is proportional to n) with the canonical
momentum of light [113], thus contributing to the long-standing Abraham-Minkowski
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debate.

The results presented in this chapter are published in Ref. [24].

4.1 A wave function for the photon
In order to address our problem of the reflection of a single photon by a quantum

mirror, we will make use of the photon wave function formalism developed independently
by Bialynicki-Birula [12] and Sipe [13] during the 1990s. It is notoriously difficult to provide
a quantum description of the electromagnetic field operator in the presence of a material
medium [16–19] due to dispersion and absorption of light, and also due to boundary
conditions imposed by the interfaces of different media. The photon wave function, which
is a function of position and time, will allow us to circumvent this problem when describing
the interaction of the photon with a reflective surface. Despite the non-existence of position
operators for photons1 [114,115], Bialynicki-Birula and Sipe were able to construct a wave
function for the photon without the need for position eigenvectors, while maintaining its
consistency as a function of positions in space. As we will see later, this will be mirrored
in the fact that this wave function does not directly provide the probability of finding the
photon in a certain position in space, but rather its energy density in that position.

The Bialynicki-Birula–Sipe photon wave function [12–15] is a complex vector
function of space and time coordinates that completely describes the quantum state of a
single photon field. It can be decomposed into the Ψ± eigenstates of the helicity operator
σ̂ in the following way:

Ψ(r, t) = Ψ+(r, t) + Ψ−(r, t), (4.1)

where

Ψ±(r, t) =
√
ε0
2 E±(r, t)± i

√
1

2µ0
B±(r, t). (4.2)

In the above expression ε0 represents the electric permittivity and µ0 is the magnetic
permeability of free space. We have σ̂Ψ± = ±Ψ± and the condition ∇ ·Ψ = 0 is imposed.
The helicity eigenstates are associated with photons with circular polarizations, and the
photon electric and magnetic fields are given by E = Re[

√
2/ε0Ψ(r, t)] = E+ + E− and

B = Im[
√

2µ0σ̂Ψ(r, t)] = B+ + B−. By introducing the term J(r, t) accounting for the
induced current in the medium due to the presence of the photon field, Maxwell’s equations
for the electromagnetic field in a medium can be recovered with the use of the photon
1 In 1949, Newton and Wigner used group theoretical considerations to construct position operators for

quantum particles [114]. In their paper, they show that it is impossible to construct such an operator
for massless particles with a spin higher than 1/2. This has a consequence for the photon, which is a
massless particle with spin 1, meaning that it is impossible to have such an operator for the photon.
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wave equation [15]

i
∂Ψ(r, t)
∂t

= cσ̂∇×Ψ(r, t)− iJ(r, t)√
2ε0

. (4.3)

In order to extract Maxwell’s equations from the above wave equation, we write it
for each helicity component Ψ± of Eq. (4.1) in terms of the electric and magnetic fields
according to Eq. (4.2),

i

√
ε0
2
∂E±
∂t
∓
√

1
2µ0

∂B±
∂t

= ±c
√
ε0
2 ∇× E± + ic

√
1

2µ0
∇×B± − i

J±√
2ε0

, (4.4)

where we have separated J into two helicity components, such that J = J+ + J− in the
same fashion as all the fields. We can rewrite the above equation as

±
[
∇× E± + ∂B±

∂t

]
+ ic

[
∇×B± −

1
c2
∂E±
∂t
− µ0J±

]
= 0. (4.5)

In order to get Ampère’s law with Maxwell’s correction term, we sum the positive and
the negative helicity equations and take the imaginary part of the result. In order to
get Faraday’s law, we subtract instead of summing them and take the real part. Gauss’
law with zero charge for electricity and magnetism are trivially given by the condition
∇ ·Ψ = 0.

The current term J(r, t) in Eq. (4.3) accounts for the total current in the medium,
i.e. both the free current and the bound current (caused by the magnetization and electric
polarization of the medium), in response to the presence of the photon. This Maxwell
wave equation determines the photon evolution, just like the Schrödinger equation does
for a quantum massive particle. A crucial difference, though, is that the squared modulus
of Ψ(r, t) is an energy density, and not a probability density like for the Schrödinger wave
function2.

A neat picture of this forms when we construct a continuity equation for |Ψ(r, t)|2

[15]. We first multiply the wave equation of Eq. (4.3) by −iΨ∗, such that when we sum
the resulting equation with its complex conjugate, and note that (∂tΨ) ·Ψ∗+ (∂tΨ∗) ·Ψ =
∂t(Ψ ·Ψ∗), we get

∂

∂t
|Ψ|2 = −ic

{
[σ̂(∇×Ψ)] ·Ψ∗ − [σ̂(∇×Ψ)]∗ ·Ψ]

}
− 1√

2ε0
(Ψ + Ψ∗) · J. (4.6)

The term between curly brackets can be worked out if we use the relation [σ̂(∇×Ψ)]∗ ·Ψ] =
(∇×Ψ∗)·(σ̂Ψ), and then realize that the vectorial identity [∇×(σ̂Ψ)]·Ψ∗−(∇×Ψ∗)·(σ̂Ψ) =
2 Given 〈E〉 as the average energy of the photon, it is possible to interpret the quantity

PR(t) =
∫

R
|Ψ(r, t)|2d3r/〈E〉 as the probability of detecting a photon in a region R of space, pro-

vided that this region is much larger than the relevant wavelengths that form the photon wavelength
distribution [116].
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∇ · [(σΨ)×Ψ∗] applies. The resulting continuity equation reads

∂

∂t
|Ψ|2 = ic∇ · [Ψ∗ × (σ̂Ψ)]− 1√

2ε0
(Ψ + Ψ∗) · J

= −∇ · S− E · J. (4.7)

In the above equation, S ≡ −icΨ∗ × (σ̂Ψ) plays the role of the current density for
the photon characterized by the wave function Ψ. If a time average is taken of S over
one period of oscillation of the photon field, then 〈S〉 = 〈E×B〉/µ0 is analogous to the
classical electromagnetic energy flux, given by the average of the Poynting vector3. This
average 〈S〉 is proportional to the momentum density carried by the light described by
fields E and B. Therefore, the term ∇·S in Eq. 4.7 can be seen as representing the change
in the energy density caused by the energy flux S in the form of momentum carried by the
photon. The term E · J in turn represents the amount of energy density that is converted
into work needed for the generation of currents (free and bound) induced by the photon
in the material.

The way that Eq. 4.7 is written contains implicitly the assumption of a certain
division between electromagnetic and material parts of the energy of the photon when
it enters a medium. This can be done differently, for instance Bialynicki-Birula [12,116]
includes the bound currents in the fields that characterize the photon wave function. For
a medium with electric permittivity ε and magnetic permeability µ, and thus electric
displacement field D = εE, the photon wave function is defined in Refs. [12, 116] as
F± = D/

√
2ε± iB/

√
2µ, therefore including the energy due to material bound currents in

the photon energy density. There is no unique form of dividing the energy of an electromag-
netic field, when it propagates through a material medium, between the electromagnetic
and material parts – this division is arbitrary and can be done according to different
physical principles. This discussion comes a long way shaped as the question “what is the
momentum carried by an electromagnetic field when it propagates through a material
medium?”. The beginning of this debate dates from the early 20th century [117–120] and
it is known as the Abraham–Minkowski debate [20]. We will briefly refer to this discussion
in the upcoming Sec. 4.3.

We stress once again that to apply the second quantization procedure to the
electromagnetic field in the presence of matter is an extremely difficult task [16–19].
The boundary conditions imposed by the interface between different media and the field
dispersion and absorption that are caused by the medium make the quantization process
very complicated. In this sense, the use of the Maxwell wave equation greatly simplifies the
treatment in relation to the second quantization method when there is no absorption or
3 The averaging process is needed in the vectorial treatment of Ref. [15], which is the one we follow,

in order to identify the current density with the Poynting vector. In the spinorial form used by
Bialynicki-Birula [12,116], however, the two functions can be identified even without the average.
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emission of photons in the problem to be treated4. This is the case in the present problem
of the photon reflection by a quantum mirror. Since the photon equation is equivalent
to Maxwell’s equations, a boundary conditions problem for a photon interacting with
different media has the same solution as the one for a classical electromagnetic field.

4.2 The quantum state of the photon-mirror system after reflection
We consider one photon in a paraxial beam state with arbitrary polarization that

reaches a perfectly conducting plane surface (the mirror) and interacts with it during a
finite time. The mirror surface is considered to be larger than the photon beam diameter
and its description is quantized in the z direction, which corresponds to the direction
orthogonal to the surface plane. We consider the mirror initially in an arbitrary quantum
state. We want to know the state of the system after the photon is completely reflected,
while considering that the photon-mirror interaction occurs in a time scale much smaller
than the one by the quantum mirror free evolution – in such case the mirror wave function
can be considered stationary during the reflection process. Our strategy to solve the
problem is to make use of the linearity of both Schrödinger’s and Maxwell’s equations,
meaning that we can construct an arbitrary solution from superpositions of the simpler
problem of a monochromatic classical electromagnetic field being reflected by a fixed
infinite plane mirror. In order to do this, we are going to describe both the mirror and the
photon with wave functions.

The mirror wave function is the traditional quantum mechanical wave function
whose time evolution is described by the Schrödinger equation. For a perfectly localized
mirror, its quantum state can be approximated as a Dirac delta wave function in the
position space, having thus a momentum uncertainty that tends to infinity. Therefore
no matter how much momentum it exchanges with a photon, its wave function can only
acquire a global phase, not being shifted nor deformed – and this is consistent with the
idea of a fixed mirror. Since an arbitrary quantum state for the mirror can be decomposed
in the position eigenfunctions which are delta distributions, and since the Schrödinger
equation is linear, if we know what the interaction does to every position eigenfunction,
we know what it does to an arbitrary mirror state.

For the photon wave function we use the Bialynicki-Birula–Sipe formalism [12–15]
described in Sec. 4.1, which allows us to bridge the photon problem to the reflection
of a classical electromagnetic field via Maxwell’s equations. The classical problem of a
monochromatic electromagnetic wave being reflected by a fixed perfectly conducting plane
is a traditional textbook problem [84], and this classical problem that we know how to
4 In some cases the photon wave function formalism can be useful even when there is the absorption

and generation of photons in a scattering process, as in the generation of entangled twin photons with
parametric down conversion [15,121].



Chapter 4. Photon reflection by a quantum mirror: a wave function approach 71

Figure 19 – An electromagnetic field with wave vector k is reflected by a perfect mirror,
resulting in a reflected wave with wave vector k′ = k− 2(k · ẑm)ẑm.

solve has thus a perfect analogy to the reflection of a monochromatic photon (described
with the Bialynicki-Birula–Sipe wave function) by a fixed mirror whose quantum state
tends to a delta function in position space. With the solution of this quantum version of a
classical problem we can build the solution for the general quantum case.

4.2.1 Photon state after reflection by a localized mirror

Let zm = z0 be the plane of the mirror interface, with the region zm > z0 being
a perfect conductor, as shown in Fig. 19. It can be shown that the electromagnetic field
inside the conductor falls to zero rapidly and there is no field propagation inside the
conductor [84]. Also, Maxwell’s equations demand the component of the electric field that
is parallel to an interface of two different media to be continuous at the interface. These
two facts combined ensure us that the component of the electric field that is parallel to
the conductor surface is zero at the surface itself, when the penetration depth is much
smaller than the field wavelength. Hence, by solving Maxwell’s equations with the above
conditions, we find that if there is a field

E±(r, t) = ûk±E0kei(k·r−ωt) (4.8)

in the zm < z0 region, called the incident field, then there must be a field

E′∓(r, t) = −ûk′∓E0kei(k′·r−ωt)e2i(k·ẑm)z0 , (4.9)

called the reflected field, in the same region. This guarantees that, at the interface, the
component of the electric field parallel to it is zero. In the above equations, we use a complex
field notation, in which the real electric field is given by the real part of the complex field.
The vectors ûk± are the circular polarization unit vectors relative to the direction of k.
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Also, k′ = k− 2(k · ẑm)ẑm, which indicates the inversion of the component of the field
propagation in the direction characterized by ẑm, the unit vector perpendicular to the
surface of reflection and pointing inward the conductor. Given the reference frames (x, y, z)
and (x′, y′, z′) indicated in Fig. 19, we define ûk± = (x̂± iŷ)/

√
2 and ûk′± = (x̂′± iŷ′)/

√
2.

With the solution of the classical problem in hand, we can now proceed to the
construction of the solution of the quantum version of the problem. The modulus of the
electric field of a circularly polarized monochromatic electromagnetic wave defines its
magnetic field in a way that we can write

Ψ±(r, t) = ûk±Aei(k·r−ωt) (4.10)

as the quantum version of the classical field of Eq. (4.8), based on the photon wave function
of Eq. (4.2), and where A is a complex number.

Therefore, in the same spatial configuration as that of Fig. 19, the boundary
conditions imposed by Maxwell’s equations demand that if the incident photon in this
space is described by Eq. (4.10) in the region zm ≤ z0, then in that same region there
must be a reflected part of the wave function given by

Ψ′∓(r, t) = −ûk′∓Aei(k′·r−ωt)e2i(k·ẑm)z0 , (4.11)

with k′ = k− 2(k · ẑm)ẑm, analogously to Eq. (4.9).

From now on, we represent the state of a photon with wave vector k and helicity
± in the Dirac notation as |k±〉. The reflection described by Eqs. (4.10) and (4.11) thus
implies that, for every |k±〉 component of the field, there must be another component
|k′∓〉 with the same amplitude and a phase difference −e2i(k·ẑm)z0 in order to satisfy the
boundary conditions. Of course, the wave function must be zero for zm > z0.

Up to now we have been dealing with plane waves, which extend themselves with
the same amplitude throughout all times and all space, but in our problem the interaction
takes place during a finite time and in a restricted region of the mirror. So in order to talk
about before and after the reflection of the photon and to consider that the mirror surface
is larger than the beam diameter, we make use of the superposition principle and allow
the state of the photon to be a superposition of different wave vectors, therefore confining
it in space and time. For an incident photon in a beam state

|ψ〉 =
∫
ψ(k)(ck+|k+〉+ ck−|k−〉) d3k, (4.12)

with |ck+|2 + |ck−|2 = 1 for every k and
∫
|ψ(k)|2d3k = 1, our treatment implies that, apart

from a global phase, the reflected photon state must be

|ψ′〉 =
∫
ψ(k)(ck−|k′+〉+ ck+|k′−〉)e2i(k·ẑm)z0 d3k. (4.13)
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We have thus arrived at the general solution for the quantum state of a photon
being reflected by a localized fixed mirror, i.e. a mirror whose position wave function can
be approximated by a delta function and acquires at most a phase upon reflection. In this
scenario, the mirror does not exchange any useful information with the photon and we
cannot use it to investigate the photon momentum. We then proceed to generalize the
mirror state, so that it does not need to be fixed anymore.

4.2.2 Photon state after reflection by a mirror in an arbitrary state: entangle-
ment and radiation pressure

We are finally ready to include the wave function for the z position of the quantum
mirror in the description. Eqs. (4.12) and (4.13) correspond to the situation of a fixed mirror
at position zm = z0, that is, its state is described by the wave function 〈zm|z0〉 = δ(zm−z0).
Hence, for a mirror in an arbitrary state |φ〉 with wave function φ(zm) = 〈zm|φ〉, the
composite state of the light–mirror system before the interaction is

|Ψ〉 =
∫

ψ(k)(ck+|k+〉+ ck−|k−〉) d3k ⊗
∫
φ(zm)|zm〉 dzm, (4.14)

which leads us to the state after the reflection

|Ψ′〉 =
∫∫

ψ(k) φ(zm) e2i(k·ẑm)zm (ck−|k′+〉+ ck+|k′−〉)|zm〉 d3k dzm, (4.15)

up to a global phase. The state described in Eq. (4.15) has a different phase factor for
each ket |k±〉|zm〉 of the composite system state. This phase depends on the eigenvalues k
and zm correspondent respectively to the photon and the mirror, which means that this is
a non-separable – or entangled – state between the two systems. So in general there are
non-classical correlations between the photon and the quantum mirror after the photon
reflection.

We can also write the state of Eq. (4.15) in the linear momentum basis for the
mirror {|pm〉}, given that 〈pm|zm〉 = (2π~)− 1

2 e−ipmzm/~ [46]. By applying the identity
Iph ⊗

∫
|pm〉〈pm|dpm to Eq. (4.15), where Iph is an identity in the photon space, we get

|Ψ′〉 =
∫∫

ψ(k)
[∫

φ(zm) e2i(k·ẑm)zme−ipmzm/~
√

2π~
dzm

]
(ck−|k′+〉+ ck+|k′−〉)|pm〉 d3k dpm.

(4.16)

The term in square brackets is the Fourier transform of φ(zm)e2i(k·ẑm)zm , and thus for
φ̃(pm) ≡ (2π~)− 1

2
∫
φ(zm)e−ipmzm/~dzm we get

|Ψ′〉 =
∫∫

ψ(k) φ̃(pm − 2~(k · ẑm)) (ck−|k′+〉+ ck+|k′−〉)|pm〉 d3k dpm, (4.17)

where φ̃(pm) is a wave function for the mirror in momentum space, φ̃(pm) = 〈pm|φ〉.
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From Eq. (4.17) it is clear that every component |k±〉 pushes the mirror by
transferring a momentum 2~(k · ẑm) to it. This is the exact necessary amount to conserve
momentum, given that the momentum of a monochromatic photon is ~k, since the reflection
simply inverts every photon wave vector component in the zm direction. It is interesting to
note that we arrived at this result of the momentum transfer from the photon to the mirror
simply by imposing boundary conditions on the photon reflection. No specification of the
photon momentum was ever made. In other words, if we assume momentum conservation,
we can conclude that the photon momentum is given by the expression ~k simply by
computing the momentum transfer to the mirror upon reflection.

The spatial phase relation between incident and reflected fields, imposed by
Maxwell’s equations boundary conditions at the surface of the mirror, is translated
into a momentum kick when we go to the quantum domain. The quantum canonical
relation between position and momentum connects phases on the spatial wave function
with displacements on the momentum wave function. This becomes clear when we see that
the imposed phase e2i(k·ẑm)zm has the same shape as a momentum translation operator [46],
where zm in in the place of the operator that acts on the wave function of the mirror,
weighted by the quantity 2(k · ẑm).

4.2.3 Can this kind of photon-mirror entanglement be detected?

We can analyze some separable limits of the quantum state of Eqs. (4.15) and
(4.17). In the case when the mirror position wave function approximates a delta function,
Eq. (4.15) reduces to Eq. (4.13) for the reflected photon, with the mirror state unaltered
by the photon reflection. This is not surprising, since a localized fixed mirror was one
of our first assumptions in order to be able to derive the result. In Eq. (4.17) where we
use the momentum basis, the aforementioned approximation is valid whenever the mirror
momentum uncertainty is much larger than the momentum gained by the reflection of
each k component of the photon state. Equivalently, since ∆pm∆zm ∼ ~, this disentangled
approximation is reached whenever the mirror position uncertainty is much smaller than
the wavelengths that compose the photon state. For an optical photon with average
wavelength λ ∼ 500 nm, it means that the mirror should have a position uncertainty
around ∆x ∼ 10−7m or larger for significant entanglement effects to appear. It is important
to note that the momentum transfer from the photon to the quantum mirror can be
increased by a factor of F if the quantum mirror is one of the mirrors of a cavity with
a finesse F . This is because the photon is reflected on average F times by the quantum
mirror before leaving the cavity. Entanglement effects may arise in that way with for
instance ∆x ∼ 10−10m, when F ∼ 103.

If the mirror is trapped in a harmonic potential and is initially in the ground state,
the relation between its mass m0, its resonance frequency ω0 and its position uncertainty
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is ∆x =
√
~/2m0ω0 [46]. In that sense, m0ω0 gets smaller as ∆x grows larger, hence

entanglement effects arise whenever m0ω0 ∼ 10−8kg/s or smaller. A look at Table II of
Ref. [99] shows us that the suspended mirrors with smallest m0ω0 by 2014 have it of
order 10−6kg/s, but their finesse is extremely small, around unity [122], while mirrors
with F ∼ 104 are associated with larger m0ω0 ∼ 1 kg/s [123]. Some recently fabricated
mirrors with a very small effective mass can achieve a higher finesse of order 103, but they
have m0ω0 ∼ 10−6kg/s [124], still two orders of magnitude larger than necessary. So it is
still not possible to significantly entangle spatial modes of a photon and a mirror upon
reflection.

Another separable state limit occurs if the photon propagates as a nearly monochro-
matic beam along an arbitrary direction k0 (but non-monochromatic enough so that the
interaction is still much faster than any evolution due to the free mirror Hamiltonian),
i.e. the photon is pretty much a plane wave with a transversal envelope. In a rough
approximation, the mirror interacts only with the main plane wave component k0 of the
photon, the whole mirror momentum wave function is displaced by 2~(k0 · ẑm), and thus
the system final state of Eq. (4.17) is almost disentangled,

|Ψ′〉 ≈
∫
ψ(k) (ck0−|k′+〉+ ck0+|k′−〉) d3k ⊗

∫
φ̃(pm − 2~(k0 · ẑm))|pm〉 dpm. (4.18)

Intermediate regimes account for mirror position uncertainty of the order of the
average wavelength of non-monochromatic light, and those generally result in a non-
separable state, as evident in Eq. (4.17). Following the discussions of the above paragraphs,
such regimes can in principle be achieved by engineering cavities with larger finesse tuned to
smaller light wavelengths. But since a high finesse is associated with highly monochromatic
light allowed in the cavity, present technology seems to be in a deadlock to try to probe
this kind of entanglement.

It is important to note, though, that if a cavity with the quantum mirror is in one
arm of an interferometer, as proposed in Ref. [103], entanglement between the photon and
the mirror could be generated due to the superposition of the single photon propagating
on each arm of the interferometer. In the proposal of Ref. [103] (see Fig. 20), a vertically
polarized photon enters a Michelson interferometer via a polarizing beam splitter (PBS),
and is split into a coherent superposition of two paths by a 50:50 beam splitter (BS). The
PBS is a device that reflects the vertically polarized component of the electromagnetic field,
while transmitting the horizontally polarized one. In the horizontal path, the photon enters
a regular cavity with fixed mirrors, while in the vertical path it enters a cavity of which
one of the mirrors is attached to a tiny oscillator (M), whose motion must be described by
quantum mechanics. The mirror motion is thus affected by the photon superposition state.
The quantum superposition of the path in which the photon interacts with the mirror
and transfers momentum to it with the path in which the photon does not interact and
does not transfer momentum to the mirror may result in an entangled state. The photon
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then leaks out of the cavities and a quarter-wave plate (λ/4) makes sure it is directed
into one of the two detectors (D). If there is any entanglement the photon interference
pattern will have a decreased visibility, but the coherent evolution of the system allows
for the recovery of an unentangled state as time passes. Thus, after many rounds of the
experiment performed with many different interaction times, one can plot the visibility
of the photon interference pattern as a function of time. If there is a rise in the visibility
as time passes, it means that the initial lowering of the visibility is due to the creation
of entanglement by the coherent evolution of the photon–mirror system, and not due to
some other decoherence process that could never lead to a recovery of the visibility. An
experimental realization of this proposal, however, has not yet been accomplished.

In chapter 2 we used this kind of superposition effect of having a positive force and
a null force acting on a quantum system in order to propose an experiment that could
detect not entanglement, but an anomalous (negative) momentum transfer to the system,
which we called quantum interference of force.

4.3 Connection with the Abraham–Minkowski debate
Now we briefly address the historical Abraham–Minkowski debate, which concerns

how the linear momentum carried by light behaves when it propagates through a dielectric

D

D

PBS

BS

λ/4

M

Figure 20 – The interferometric experiment proposed in Ref. [103]. A photon enters a
Michelson interferometer via a polarizing beam splitter (PBS), and is split
into a coherent superposition of two paths by a 50:50 beam splitter (BS). In
the horizontal path, the photon enters a regular cavity with fixed mirrors,
while in the vertical path it enters a cavity of which one of the mirrors is
attached to a tiny oscillator (M), whose motion must be described by quantum
mechanics. The photon propagation modes and the mirror motion thus get
entangled. The photon leaks out of the cavities and a quarter-wave plate (λ/4)
makes sure it is directed into one of the two detectors (D). The detection of
the photon carries information about the entanglement between mirror and
photon.
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medium [20,21]. Hermann Minkowski’s formulation [117,118] of the light momentum in a
medium proposes the expression D×B for the momentum density, where D = εE is the
electric displacement field when the medium has electric permittivity ε. This expression
leads to a momentum density directly proportional to the medium refractive index n, i.e.
the electromagnetic momentum carried by the light proposed by Minkowski increases
when the light propagates through a medium with n > 1, when compared to the vacuum
momentum. In turn, Max Abraham’s formulation [119,120] uses different considerations
and arrives at the expression E×H/c2 for the momentum density, where H = B/µ is the
magnetic field when the medium has magnetic permeability µ and c is the speed of light in
vacuum. This leads to the conclusion that the momentum density is inversely proportional
to the refractive index n and decreases in the medium with n > 1 when compared to the
vacuum, which seems to be in contradiction with Minkowski’s conclusion.

Minkowski’s formulation leads to an asymmetric energy-momentum tensor [20],
which raises suspicion over it, but on the other hand it is the one that fits reflection-off-of-a-
mirror experiments [22,23]. Abraham’s formulation leads to a symmetric energy-momentum
tensor [20] and therefore it fits well rotation experiments that involve conservation of
angular momentum [125, 126]. It can be shown, however, that there is no universal
way of splitting the energy-momentum tensor between electromagnetic and material
tensors [20,127,128], with conservation laws being universally applied only to the total
electromagnetic+material tensor. Therefore there is some freedom in which part of the
momentum is associated with the light and which is associated with the medium. When
appropriate medium considerations are taken, all experiments can be explained by any of
the two momenta, either Abraham’s or Minkowski’s. In fact, there are phenomena that
are not accounted in any of the two formulations [20], e.g. the electrostrictive effect, which
is the change in the shape of an object when an electric field is applied to it.

Recently Barnett showed how the Abraham and Minkowski momenta can be
respectively associated with the kinetic and canonical momentum of the field [21,113]. It is
clear that, according to equation (4.17), the momentum gained by every component |pm〉 of
the mirror is proportional to the wave vector component k. If κ̂ is the unitary vector along
the direction of k, then we can write k = n(ω/c)κ̂, where n is the refractive index of the
medium in which the photon is propagating. Clearly, this corresponds to the Minkowski
momentum for the photon, which is directly proportional to n. As mentioned, this behavior
was observed in the experiments with classical light being reflected by classical mirrors
immersed in dielectric media [22,23], and we present a fully quantum justification here.

Under Barnett’s view, the answer to why the Minkowski momentum is the one
that appears in our case lies in the fact that quantum mechanics is a Hamiltonian theory,
based on canonical relations between position and momentum. The phase acquired upon
reflection by the photon on Eq. (4.13), which is dependent on the mirror position and
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is directly proportional to the medium refractive index n, is shared by both mirror and
photon on Eq. (4.15). Therefore the acquired phase demanded by boundary conditions
on the electromagnetic field is transformed in a momentum kick that is also proportional
to n when we look at its effect on the mirror. As discussed previously, the canonical
commutation relations in quantum mechanics define translation operators with the same
form as these phase factors [46], hence turning phase factors into momentum kicks, which
is explicit on the basis change from Eq. (4.15) to Eq. (4.17). It is natural then that our
system will reveal the canonical momentum of the photon, which corresponds to the
Minkowski momentum.

4.4 Chapter remarks
In summary, we have treated a single-photon reflection by a quantum mirror using

the photon wave function formalism. This allowed us to treat the problem using boundary
conditions on the photon wave equation instead of using the second quantization formalism
for light.

By computing the momentum transferred from the photon to the mirror, we
concluded that a photon with wavevector k must have momentum ~k in order to achieve
momentum conservation in the system, as expected. We also showed that in the case that
the photon is not monochromatic and its average wavelength is of the order of the mirror
position uncertainty, entanglement between them might appear with the reflection process.

Finally we addressed a contribution to the Abraham-Minkowski debate by showing,
with a quantum treatment from first principles, that the momentum transferred from a
photon to a mirror immersed in a dielectric medium upon reflection is proportional to the
medium refractive index. This result associates the photon momentum with the Minkowski
momentum. This is natural given that the Minkowski momentum is associated with the
canonical momentum of light, which is the momentum that should appear in a quantum
treatment.

The results presented in this chapter are published in Ref. [24].
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5 Final remarks

We have approached three substantially different subjects in this Thesis: the
quantum interference of force in chapter 2 (see Refs. [1, 2]), the fermionic Hanbury Brown
and Twiss interference in free space with two independent electron sources in chapter 3,
and the reflection of a photon by a quantum mirror in chapter 4 (see Ref. [24]).

In chapter 2 we have presented the phenomenon of quantum interference of force.
We have shown how the quantum superposition of a positive force with no force on a
quantum particle may result in a “negative force” on that particle. In the first part of
the chapter, we have explored the situation in which the force is caused by an external
classical device, and this was used to present proposals for feasible experiments that could
verify this anomalous momentum transfer to a quantum particle with available technology.
Currently, there have been talks with experimental groups regarding the possibility of
realizing an experiment with a Bose-Einstein condensate that could detect the quantum
interference of force. The feasibility of such experiment is clear, and it is only a matter of
time for it to be done. In the last part of the chapter, we investigated a setup in which the
force that the quantum particle feels is caused by another quantum particle. Namely, we
showed how two electrons propagating in a Mach-Zehnder interferometer could experience
an effective attraction between them, under suitable post-selection. It would be challenging
to implement such a setup, but we have argued that it could in principle be done with
current technology.

In chapter 3 we have presented the work developed during the 12-month Sandwich
PhD period in the group of Prof. Joachim von Zanthier, at the University of Erlangen-
Nuremberg. The work consists of the proposal of an experiment that is able to unam-
biguously detect the Hanbury Brown and Twiss interference effect with electrons in free
space. With the use of tungsten nanotips, it should be possible to have two independent
electron sources than can have the emission time coordinated. This setup should be able
to rule out the Coulomb repulsion as an explanation to the experimental results, an
achievement that relies on the much larger distance between the two sources, in relation to
a previous experiment. The distance between the tips causes a great number of oscillations
in the two-particle interference pattern, which can be unambiguously distinguished from
the effect of Coulomb repulsion. This technique opens a new path on electron imaging,
where incoherent electron sources can be used to construct images based on intensity
correlation measurements, just like the Hanbury Brown and Twiss technique has allowed
for incoherent imaging with light. An experiment with the implementation of the proposal
is currently being set up at the University of Erlangen-Nuremberg, in collaboration with
the experimental group of Prof. Peter Hommelhoff at that university.
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Finally, with the work presented in chapter 4 we were able to use a photon wave
function formalism to theoretically treat from first principles the reflection of a single
photon by a quantum mirror. By using boundary conditions, the final state of the photon-
mirror system was found and shown to be in general entangled. Furthermore, the photon
momentum could be derived from the treatment, which also led us to the conclusion
that the Minkowski momentum appears in our quantum setting, in the context of the
Abraham–Minkowski debate concerning the momentum of light when propagating through
a material medium. This formalism we used avoids the complications of using the quantum
field operators in the presence of boundary conditions, and it could be used to treat the
dynamics of the interaction between the photon and the mirror. We have disregarded
the evolution of the mirror during the reflection process, and the inclusion of the mirror
dynamics could lead for instance to the description of non-linearities in the field dynamics
mediated by the mirror.
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APPENDIX A – Effect of an impulsive force
on a momentum wave function

In this appendix we want to derive what happens to the wave function of a quantum
particle when a linear potential acts over it during a very short period of time – this is
equivalent to saying that the particle suffered an impulsive force. We will show that, apart
from a global phase, the momentum wave function of the particle is displaced by the
classically expected amount, without distorting its shape.

Consider a quantum particle with mass m, described by the state |ψ0〉 whose
momentum wave function is ψ0(p) = 〈p|ψ0〉, and that evolves under the Hamiltonian

H = p2

2m + V (x). (A.1)

We demand that the potential V (x) is linear, that is, it corresponds to the application of
a constant force F in the x direction and can be written as

V (x) = V0 − Fx, (A.2)

where V0 is a constant factor. According to Schrödinger’s equation [46], the momentum
wave function of the particle after some time t is given by

ψ(p, t) = 〈p|e−iHt|ψ0〉 = 〈p|e−i
[

p2
2m

+V (x)
]
t
|ψ0〉, (A.3)

where we have used ~ = 1.

We now assume that the interaction time t is so small that, in comparison with
the potential term V (x) in the Hamiltonian, the free evolution term p2/2m will cause a
negligible change in the wave function and we can thus approximate H ≈ V (x). Implicit
in this approximation is the assumption that ψ0(p) has negligible amplitude for momen-
tum values that are too large and which could compensate for the smallness of t. One
can therefore say that the evolution of the momentum wave function in this regime is
approximately given by

ψ(p, t) ≈ e−iV0t〈p|ei(Ft)x|ψ0〉 (A.4)

We immediately note that ei(Ft)x has the form of a momentum displacement operator [46],
with 〈p|eiλx = 〈p− λ|. We can therefore say that

ψ(p, t) ≈ e−iV0t ψ0(p− Ft), (A.5)
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which is what we wanted to prove.

We have thus showed that, under a constant force F that acts during a very short
period of time t, the momentum wave function of a particle is simply displaced by the
classically expected amount Ft, apart from a phase factor.
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