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Resumo

Passeios quanticos surgiram como um proposta de expansao de passeios aleatérios para
sistemas exclusivamente quanticos. Esse trabalho tem como objetivo demonstrar como
implementar um passeio quanticos em computadores quanticos de maneira mais eficiente
para certos tipos de grafos ao utilizar a versao truncada da tranformada de Fourier
quantica. Também demonstraremos alguns resultados relacionados com a adigao de pesos
complexos nas aretas de grafos dentre eles como a dinamica do passeio se altera para
certos grafos como arvores e caminhos. Adicionalmente provaremos a existéncia de uma
familia de grafos que possuem vértices no qual é impossivel encontrar o caminhante neles
para qualquer tempo t do passeio. Provaremos a conexao desse fenomeno nessa familia
com a degenerescéncia dos autovalores do Hamiltoniano associado ao grafo o que nos per-
mite trilhar um caminho para uma possivel compreensao de uma formato geral para os

tipos de grafo que exibem esse fenomeno.

Palavras-chave: passeios quanticos; informagao quantica; teoria algébrica de grafos.



Abstract

Quantum walks were initially proposed as a natural expansion from random walks for
quantum systems. The junction between graph theory and quantum information showed
itself crucial to investigate and explain phenomena like state transfer and the velocity that
information spreads in a quantum system described by a graph. show how to implement
more efficient quantum walk time evolution in a quantum computer using a truncated
version of the quantum Fourier transform. We will also show the addition of complex
weights in the graph edges can change the dynamics of certain types of graphs like trees
and paths and we compare those changes with the non-weighted cases. The addition of
complex weights can create vertices with zero probability of finding a walker during any
time t of the quantum walk, also called zero transfer, for certain graphs. In this work we
present a family of graphs with zero transfer and we show that there is a connection of
the phenomena with the degeneracy of the eigenvalues of the Hamiltonian which paves a

way for a general understanding of the phenomena.

Keywords: quantum walks; quantum information; algebraic graph theory.
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Chapter 1

Introduction

Suppose Gabriel had one too many at a conference dinner and has to walk back to his
hotel. Every n meters he walks, there is a probability of turning an arbitrary angle and
walking another n meters. Well, when will Gabriel reach his hotel? Random walks were
first defined to answer a similar problem proposed by Pearson [57] in 1905. As a response,
they were associated with random processes that occur in a succession of random steps in
a mathematical space. Since conception, they have been used in a wide range of problems.
From physics, in the mathematical model of Brownian motion [78], to the classification of
web pages on the internet [37]. A quantum mechanical counterpart proposed by Aharonov
et al. [94] resulted in two initial models: continuous-time quantum walk and discrete-time
quantum walk. Clearly, from their names, the former has time as a continuous variable;
meanwhile, time is discrete in the latter.

Quantum walks have many applications in the field of quantum computing and it
is the main topic of many research papers in the literature. One of the first applications
of quantum walks was the relation between Grover’s search algorithm and discrete-time
quantum walks [74]. As we will see, the coined model of discrete-time quantum walks
uses a coin to estimate if the walker will jump from one vertex to another. The model can
start with two coins: one for a marked vertex and another for all other vertices. In this
way, discrete-time quantum walks have a natural way to implement Grover’s algorithm for
graphs and the algorithm showed a quadratic speedup compared to classical algorithms
in hypercubes [71], square lattices [3], and the search for triangles in graphs [36]. Decision
trees are an essential tool for operations research and machine learning [80] and a natural
classical algorithm is to run a random walk, starting at the root, to find a marked vertex.
Farhi and Gutmann found a family of graphs in which the quantum walk succeeds in
polynomial time while its classical counterpart takes exponential time [33]. Childs et
al. proved that it is possible to achieve universal computation using quantum walks [23].
Although it allowed the creation of a new theoretical architecture for quantum computers,
no company created a quantum walk computer.

Another interest point when studying quantum walks is its information transport
properties and the discrepancies compared with the classical counterpart. Likewise the

algorithmic case, the quantum model shows an improvement in the hitting time [59, 58],
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which is the time a walker takes to hit a marked vertex, with a quadratic speedup over the
classical case. Continuous-time quantum walks, a model where time is continuous, can
be applied in the context of state transfers. One of the most known results in quantum
theory is the impossibility of constructing a quantum repeater by cloning. Hence it is
still an open problem how to reliably transmit quantum information over long distances.
State transfer tries to tackle this problem by transporting an arbitrary state between two
vertices in a graph with high probability. The expectation was that the transfer would
occur in continuous-time quantum walks with the right choice of Hamiltonian. Initially,
state transfer in path graphs [64] was considered to lead to promising results, although not
for undirected graphs. Then the concept was extended to other types of graphs [43] and
it ushered a characterization of perfect state transfer, which occurs when the probability
of transfering the state between vertices to be equal to one, for undirected graphs [25].
Despite all the knowledge about perfect state transfer in undirected graphs, a complete
characterization for the oriented case and when the transfer probability is not one is still
absent.

Another quantum walk phenomenon related to state transfer is zero transfer, de-
fined by the impossibility of finding the walker on a given vertex of the graph at any
time. One application of this phenomenon could be an indirect measure of the interaction
between a quantum system and the environment [13]. Zero transfer is closely related to
the addition of weights in a graph since it is impossible to occur in an undirected when
only connected graphs are considered. However, it is not understood what properties the
graph must have to be possible to observe zero transfer. This phenomenon is part of
chiral quantum walks [96] or graphs with complex roots of unity as weights. They are
also called unit gain graphs and there is an increased interest in order to understand how
the information transport changes when compared to weightless graphs.

Despite the extensive literature on the subject, the interest for oriented graphs
is quite recent. The introduction of imaginary weights of modulus one was essential to
obtain new transport phenomena that would be inaccessible otherwise. This work aims

to expand the knowledge related to four themes:

1. It is known that noisy quantum computers cannot efficiently simulate quantum
walks due to the number of multi-controlled gates required. Is it possible to use
algebraic graph theory to make the simulation less prone to errors in noisy quantum

computers?

2. Are there graphs for which the addition of orientation does not change the quantum

system’s dynamics?

3. Even though the weights have modulus 1, can the addition of orientation be enough

to change the velocity in which the information is spread through the graph?
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4. Can algebraic graph theory explain known phenomena in the literature and offer

new perspectives to phenomena closely related to the addition of orientation?

These four questions are the stepping stone of all the work presented here that
culminated in interesting results. This work improves the current knowledge of quantum
walks with roots of unity as weights and how information transport is affected by direction.
It will be shown how complex weights do not change the quantum walk dynamics for trees
and infinite path graphs for certain initial conditions. With the goal of generalizating zero
transfer and pave the way to its complete characterization, we used old graph theorems to
indicate the importance of degenerate eigenvalues for the occurrence of the phenomenon
[76]. This was done in the hopes that zero transfer can be fully described in the future.
Another result is the possibility of decomposing circulant graphs with Fourier matrices
leading to an efficient way to implement them in NISQ computers using the Quantum
Fourier Algorithm [77].

In Chapter 2, we will give the basics of quantum mechanics that will be necessary
to the understanding of other chapters. We will see how to represent states in quantum
mechanics, how to measure quantum states, and how to construct spaces of higher di-
mensions. Chapter 3 will be dedicated to classical and quantum walks, where it will be
defined and it will be given the differences when dealing with discrete or continuous time.
Also, state transfer will be determined and characterized for graphs without orientation.
Following those definitions, it will be seen in Chapter 4 how the addition of orientation
creates, in certain graphs, new phenomena like perfect state transfer and zero transfer for

all time ¢.
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Chapter 2

Basics of quantum mechanics

2.1 Introduction

Quantum mechanics was built on a set of postulates during the 20th century.
Initially, it was created to explain a deviation in the emitted light of heated bodies,
also referred to as black body radiation. Planck heuristically derived a formula for the
observed spectrum of light by assuming that the changes in energy of an electrically
charged oscillator are discrete and not continuous, as was previously thought. A lot of
mathematical formalism and physics came from that breakthrough thought in the 1900s.
The theory was tested through trial and error using experiments in solid-state physics
as guidance to distinguish between what was wrong and what was right. Eventually,
physicists arrived at the postulates that we will see in this chapter. They allowed us to
understand superconductors, semiconductors, how to describe phase transitions, chemical
reactions, and many other applications.

In the 1960s, the work of Gordon [44] and Helstrom [52] was crucial for the founda-
tion of quantum information. While the former proposed a formulation of communication
using quantum mechanics, the latter proposed strategies to distinguish between states of
a quantum system. Those strategies allowed physicists to notice that one could get dif-
ferent kinds of results from the measurement of the system depending on which strategies
were used. Then, quantum mechanical analogs to Shannon’s work were created and, con-
sequentially, a new research subfield. Quantum information followed quantum mechanics
in its ascension in popularity due to its applicability: new cryptography protocols, tele-
portation, transference of information, and quantum computation.

The goal of this chapter is to give an introduction to the basics of quantum infor-
mation that will be used later in this work and can be found in any graduate textbook
[16, 63]. Throughout the chapter, we will use the bra-ket notation for vectors, unless
stated otherwise. Also, we define the inner product for matrices M and N of size n X n

as

(M,N) = Tr(M"N). (2.1)
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2.2 State space

The first postulate of quantum mechanics goes as follows:

Postulate 1: Associated to any isolated physical system is a complex vector space
with a defined inner product, also referred to as a Hilbert space (), known as the

state space of the system. The space can have finite or infinite dimensions.

Obtaining the state space that best describes a system is, usually, not an easy task.
We can notice that the postulate and quantum mechanics do not give a way to find that
out. In spite of that, physicists were able to create a different number of rules to solve the
problem. For example, quantum electrodynamics (QED) serves this purpose since it was
created to explain interactions between light and atoms. Another example would be the
Fock space and Fock states which are constantly being used in condensed matter physics
and photonics.

Since we will be dealing with qubits, our state space is a two-dimensional complex
space, C2. State vectors, or simply states, are one-dimesional subspaces, typically repre-
sented by unit vectors. Let |0) and |1) be the orthonormal basis for C?, then the most
general state for the qubit will be given by

6 » 6
|¢)) = cos B |0) + €™ sin 2 1) . (2.2)

The similarities between bits and qubits are not only in name. While the former describes
a classical system with two possible instances, the latter will do the same for all two-
levels quantum systems. Since the usage of bits is so diverse, it is also considered a unit
of information. Likewise, due to analogous characteristics, the qubit is also a unit of
information for quantum systems. When dealing with bits, one must always represent the
different states of the system by choosing one element in the set {0, 1}, while in quantum
mechanics a state can be represented in infinitely many ways using |0) and |1) as the
basis, as we saw in equation 2.2.

A natural question arises then: is it possible to get more than one bit of information
from a quantum state? The quick answer is no. Later in this chapter, we will see how
quantum measurements work and we will be able to get an intuition on the reason why
it is impossible to get more than one bit of information. A more formal approach, known
as Holevo’s bound [11], will not be discussed here due to the necessity of explaining
theories that are not within our scope. Nevertheless, there are indeed ways, through
quantum mechanics, to communicate a certain number of bits of information using a
smaller number of qubits. The superdense coding protocol [21] does just that, but it uses
a resource exclusive to quantum mechanics referred to as entanglement. Later on, we will

see what entanglement is with more precision.
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Quantum systems evolve and this is described by the second postulate:

Postulate 2: The evolution of a closed system is described by a unitary transfor-

mation, i.e. there is an operator U that

[¥(0)) = U) [ (0)) (2:3)
where [¢(0)) is the initial state of the system.

When we are dealing with continuous-time transformations, there is a well-known

way to find the matrix U(¢) through Schrédinger’s equation:

d(t) _
L H1 (), 24)

where H is a time-independent matrix that is referred to as the Hamiltonian of the system.

th

The A is Planck’s constant and from now on, we will use & = 1 since the constant is only a
scaling factor. A system is closed when it does not interact with any other system outside
and energy is conserved. The Hamiltonian H gives the many possible transformations
that energy goes through and that is why it plays a central role in Schrodinger’s equation.
In our case, we will not be concerned in that discussion of finding the physical description
of the Hamiltonian for a particular physical system. Since our problems are always an
abstraction that can be applied to numerous similar problems, the Hamiltonian will always
be given as a starting point without trying to physically justify it.

The solution to equation 2.4 gives that our time evolution operator must be
U(t) = e, (2.5)

Equation 2.5 elucidates an important characteristic of a Hamiltonian which is hermitic-
ity to preserve unitarity of U(t). Assuming from now on that our systems are finite-
dimensional unless stated otherwise, Hermitian matrices have a spectral decomposition

of H given by
H=3" i)t (2.6)

where \,, is the eigenvalue corresponding to the n-th eigenvector. Notice that the eigenspaces
in the spectral decomposition in equation 2.6 are considered to be one dimensional, in
other words, the matrix H has simple eigenvalues. Although physicists prefer to deal
with cases like that, we will face eigenspaces of dimensions higher than one. The spectral
decomposition remains the same, but we will have a rank-d projection matrix instead of
a rank-1 projection.

The suitability of spectral decomposition in quantum mechanics is its relation to
the application of functions in matrices. Let f(x) be a function defined in terms of a

power series, then, for Hermitian matrices, we have that

FOH) =D FOn) [n)thal (2.7)
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We now have an operator that describes the evolution in time of a quantum state and
how it can be applied to our Hamiltonians. This will be used extensively throughout this
work, in particular

M=) e Nl (2.8)

n

2.2.1 Density matrices

So far, we have explained quantum mechanics in the state vector formalism. An-
other alternative formulation is possible using density operators or density matrices. This
new way of representing the state space makes some problems easier to solve while being
mathematically equivalent to state vectors.

The qubit state is represented by a positive semidefinite matrix with trace one
referred to as the density matrix. Let |¢)) be a state of the state space, then the density

matrix p associated to [¢) will be
p =Xyl (2.9)

In this case, p is a rank-1 projector and it is referred to as a pure state. Suppose we
have a particle that has a probability p; of being prepared in any of its possible states,
{l¥);}. However, we do not have the knowledge of which state the particle will have at
the time of the measurement. Then, how do we describe the state of the particle right
before measurement? While representing this would be an intricate problem using state
vectors, the density matrix formalism offers a handy way to deal with it. The density

operator for this system would be
P = Zpi i)W - (2.10)

Here, p is not a rank-1 projector anymore, hence it is referred to as a mixed state. It is
possible to show that a density matrix satisfies Tr(p?) < 1 with equality if and only if the
state is pure, which is the usual criterion for checking the purity of density matrices.

In view of this new formalism, we can also transform the previous state vector of
a qubit into a density matrix representation and we will get an interesting geometrical
intuition while doing it. Let H be the real vector space of 2 x 2 Hermitian matrices and

U be an isomorphism such that ¥ : R* — H by acting as follows

, (2.11)

noe 8 8
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then

U(v) = (“’” ‘”_iy>. (2.12)

Ty w—=z

If we set {e;}7_, to be the canonical basis of R*, then this isomorphism gives matrices

that are known as the Pauli matrices

f:<1 0), %:<0 1), gy:<9 —) gzz<1 0). 213
0 1 10 ¢ 0 0 —1

Pauli matrices can also be written as I, X, Y, and Z which is the usual notation for
quantum computation. It is apparent that the Pauli matrices are linearly independent
and that they are the basis for the space of 2 x 2 Hermitian matrices relative to our inner
product of matrices. Before we move on, Define two matrices P, ) € R™ ", then the

commutator of two matrices is defined as

[P,Q] = PQ — QP. (2.14)

This is an important relation between matrices, since it is known that two matrices share
the same set of basis vector if their commutator equals zero. For the Pauli matrices, their

commutator relations is defined as [0, 0] = 2i€ 0%, Where €4 is the Levi-Civita symbol
defined as
+1 if (5, k,0) is (1,2,3), (2,3,1), or (3,1,2);

gk =4 —1 if (4,k,1) is (3,2,1), (1,3,2), or (2,1,3); - (2.15)
0 ifj=k k=1Ilorl=j

Suppose that our qubit state is p = ¥(v), then
Tr(p) = Tr(¥(v)) = 2w. (2.16)

As a consequence, for p to be a valid density matrix w = 1/2. The density matrix p must

also be positive semidefinite, so we get the following lemma

Lemma 2.0.1. If p is a 2 x 2 Hermitian matrix, then it is positive semidefinite if, and
only if, Tr(p) > 0 and det(p) > 0.

Proof. 1f p is positive semidefinite, then all of its eigenvalues are non-negative. So, Tr(p)
and det(p) are also non-negative. For the converse, if Tr(p) > 0, then w > 0. The
expression for det(p) will be given by

det(p) = w?* — 2° — y* — 22 (2.17)

Then, if det(p) > 0, w? > 2? and the diagonal terms of p are non-negative. Hence,
both the diagonal terms and the determinant of p are non-zero and it must be positive

semidefinite. ]
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We can represent any state of a qubit, pure or mixed, in a three-dimensional space
in R?® given by
p=—"-+-, (2.18)

where r is a vector inside a sphere of radius 1 and ¢ = (0,,0,,0,). The figure 2.1 is
a geometric visualization of such a representation that is also referred to as the Bloch
sphere. Points on the surface of the sphere are pure states while points inside are mixed

states.

0 0
0 1

Figure 2.1: Figure representing the Bloch sphere and six pure states obtained from [39].

2.2.2 Composition of state spaces

We hear about improvements in quantum computers from IBM or Google and how
the numbers of qubits in their quantum computers have improved from a certain number
to a new threshold. Yet, we only managed to talk about C? as state spaces, then how do
we get state spaces of higher dimensions? To explain this, we encounter another postulate

of quantum mechanics:

Postulate 3: The state space of a composite physical system is the tensor product
of the state spaces of each component. In other words, if we have n systems and

the system i is prepared in the [¢;) state, then the joint state of the total system is
Y1) ® - @ |1hi) @ -+ @ ).

Ergo, for a system with d qubits, the state space will be simply (C?)®?¢. This composition is
the core of IBM’s, Google’s, or any other organization’s quantum computer. Throughout
this work we will consider, for simplicity, that |¢) [¢)') or |[1¢) equals |[) @ [¢).
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2.3 Measurement

Heretofore, we have discussed the mathematical intricacies of quantum mechanics
and now we will see how it translates to physical experiments. The following postulate

was created to define what can be observed in an experiment and it goes as follows:

Postulate 4: The observables of a quantum system with a state space H are the
self-adjoint operators acting on the system, that is, they correspond to Hermitian

matrices.

This means that for every physical quantity, like position or momentum, we need a Her-
mitian operator associated with it.

Notice that the postulate does not give us a way to measure such quantities, but
only how to mathematically represent them. First, the set of measurement operators
{M;} is a finite set of elements where each one is a positive semidefinite matrix that acts

on a finite-dimensional Hilbert space. They must obey the completeness relation
> M=1 (2.19)
So to solve that problem, physicists came to the following postulate:

Postulate 5: Quantum measurements are described by a set {M,,,} of measurement
operators that act on the state space of the system being measured. The index m
refers to possible measurement outcomes of the experiment. Let |¢)) be the state
that the quantum system is prepared, then the probability that the result m occurs,
p(m), is given by the following rule

p(m) = (] M, My, [¢) (2.20)
and the state of the system after the measurement is
My,
[) (2.21)

MM o)

There are two kinds of measurement operators: projective measurement and positive
operator-valued measure (POVM). The former occurs when M, is a rank-1 projection
matrix for all m, i.e. M,,M, = 0,,,M,,, while matrices in the latter do not need to be
orthogonal between each other.

As a direct consequence of Postule 4, we can describe how to measure observables
and predict the results of their measurement. Suppose we have an observable H that has

the following spectral decomposition

H=> \F. (2.22)
k=1
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Let p be the pure state in which our system was prepared. Then, after carrying a projective

measurement with respect to the observable H,

(i) the result of the measurement is A, with probability (p, F.) (this is also known as

Born’s rule);

(ii) if the result of the measurement is r, then the state of the system afterward will be

———F,pF,. (2.23)
(p, F})
From now on, we will assume that the orthogonal basis of C? is the standard basis for our
state space unless stated otherwise.

Now, as was previously assured, we have the tools to get an intuition about why
the qubit cannot carry more than one bit of information. Suppose we prepare our qubit

in an arbitrary state given by

[¥) = al0)+b]1), (2.24)

where a,b € C and |a|* + |b]* = 1. Then, to have access to any information we will need
to build a measurement device that will have My = |0)(0] and M; = |1)(1| as components.

Hence, after the measurement, we get |0) or |1) with the first having probability given by
p(0) = (4 M{My [v) = |af’, (2.25)
and the second with probability given by
p(1) = (| MM [) = [b]*. (2.26)

So we see that even though we have infinite ways to prepare the state of a qubit, we can
only get a binary answer in a measurement.

Notice that the measurement never gives the “true” state of the system, instead,
it always imposes a state on the system. Because of this, there are fields of quantum
mechanics that deal exactly with the problem of finding out the "true” state of the
system, like quantum state tomography [4], and distinguishing between states in the
same state space. The last problem created numerous protocols depending on what kind

of information you want to obtain [22, 83].

2.4 Phase

Phase plays an important role in quantum mechanics, however it encapsulates

many different meanings depending on the context. Hence, we will dedicate this section
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to discussing some of that in detail. Consider the state e? [1)) where |1) is a state vector
and 0 a real number. We say that ¢ |¢) is equal to |[¢)) up to a global phase factor
e, An interesting fact is that the global phase factor does not change the statistics of
the measurement. Let M,, be a measurement operator associated with some state space.

Note that the probability of outcome m will be
(@ e My, Mye® [4) = (] M, My, [9) (2.27)

Therefore, from an observational point of view, |¢) and e [¢) give the same statistics.
From now on, we will ignore global phase factors since they do not interfere with the
physical properties of the systems.

On the other hand, consider the states

al0) —b[1), a0y +bl1). (2.28)

The first state has —b as the amplitude for |1), while the second has b. The magnitude for
each amplitude is the same, but they change in sign. Then the relative phase occurs when
two amplitudes b and b’ differ by &' = €b. Different from the global phase, the relative
phase changes the statistics of the measurement and is an important characteristic of

quantum mechanics.

2.5 No-cloning Theorem

There is an important theorem relating broadcasting of states in quantum mechan-
ics. Classically, if we want to transmit information through numerous channels or many
different recipients, all that we have to do is to copy the bit and send it. The No-cloning
Theorem [30, 89] says that it is impossible to do the same in quantum mechanics.

Suppose we have a unitary operator U: Hi®@Ho — Hi®H, that does the following

U () i) = e [4) 1) . (2.29)

Then, the operator will act as a quantum copying machine that will take any state in H;
and make a copy of it in the space Hs. Since we saw that the global phase is not relevant,
the copy can have a scaling factor of e?*(¥:¢) that depends on the chosen states that were
initially chosen and a(,e) € R. Now, let |¢) and |¢) be two arbitrary states in H;, then

(D) = (@) (ili) = (| (i| ) |i) = (B] (i UTU |9} i) = "D~ (plyp)? - (2.30)

Therefore,

(el = [(ele)]’, (2.31)
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and it can only be the case if [(¢|v)| = 0 or [(¢|¢))] = 1. As a consequence of Cauchy-
Schwarz inequality, |¢)) is orthogonal or parallel to |¢), which is a contradiction to our
initial assumption. Hence, it is impossible to find a global unitary operator in quantum
mechanics that emulates a copying machine for arbitrary states.

This theorem was proven with the assumption that our states were pure. Therefore,
a natural question is what happens when we deal with mixed states. Is there a machine
in such a case? Well, unfortunately, the answer is still no. Barnum et al. [48] generalized
this result for noncommuting mixed states and it received the name of the no-broadcast

theorem.

2.6 Entanglement

A well-known phenomenon in quantum mechanics is entanglement. The fact that
there is no classic counterpart draws much curiosity to it. In this section, we will define
what entanglement is and its basic properties.

Consider two state spaces C* and C" with their composition being C* @ C*. A
density matrix p in that space has dimension kn X kn and it represents a quantum state.

The state p is referred to as entangled if there are no p, € C* and p,, € C" such that

P =Pk ® P (2.32)
As an example, let the state space by C? ® C? and we have the state

p=UX¥], (2.33)
where

_ [01) + [10)

W) 7

(2.34)

If we have the other two states given by

) = al0) +b[1), (2.35)
W) =d'[0) + V' [1), (2.36)

then it is impossible to find values of a,a’, b, b’ € C that makes
W) = [¢) @ [¢). (2.37)

Entanglement becomes interesting when measurement enters the field. Suppose
we prepare our measurement as My ® I = [0)0| ® I and M; ® I = |1) (1| ® I. Then, upon
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measuring |¥), with probability 1/2 we will get 0 or 1. If we get 0 in our measurement,

the state after it will be
My ® I |¥)

\/<\I”Mo®[“l’>

When we do the same for operator M; ® I, the state after measurement will be |10).

= |01). (2.38)

Therefore, when we measure the second qubit with 7 ® |0)0] or I ® |1)(1], we will always
get anticorrelated results. In other words, the result |1) (]0)) for the second only appears
if the result for the first was |0) (]1)).

So if it is possible to build classically correlated systems, what is so special about

entanglement? The difference comes when we change the basis. Suppose now that we will

measure the system in the state |¥U) using M, = |+ )}+| instead of My and M_ = |—)}—]|
instead of M; where
0) + 1)
+) = ——, 2.39
+) NG (2.39)
0) = |1)
—)=——. 2.40
—) 7 (2.40)
Now, applying a change of basis to the state |¥) we see that
W) = w (2.41)

V2

As a consequence, correlations remain even when we change the basis of our measure-
ment. Suppose there is a classical machine trying to emulate entanglement, then it would
send anti-correlated particles prepared in |0) and |1). However, whenever one of the
parties decided to change the basis of measurement, the correlations would disappear
differently from what we just saw for entanglement. Hence, this phenomenon has no clas-
sical analogue and that is why it is so remarkable. There are numerous protocols, such

as teleportation, that could not exist without entanglement.

2.7 Quantum Computing

One of our results is related to the simulation of quantum walks in quantum com-
puters. The aim of this section is to give a quick description of how the gate model of
quantum computers works and, hopefully, it will be sufficient to understand our results.

The dream of a quantum computer to describe quantum systems started with the
work of Benioff [17] where he showed how to describe Turing machines using Schrodinger’s
equation. This motives the creation of a new field, since it was believed that simulation of

quantum systems, like quantum chemistry problems, would be way easier in a computer
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A

Figure 2.2: Circuit representation of a Pauli Z.

that is quantum by itself. However, in 1992, David Deutsch and Richard Jozsa [29] showed
in a toy problem that a quantum computer could solve classical problems faster than a
classical computer. This was the start for the current run for a fault-tolerant quantum
computer.

Different architectures were proposed: superconductors [95], ion-traps [85], neutral
atoms [60], photonic quantum computers [8] Each one of them have their own set of
advantages and challenges, however most of them are constructed with an abstraction
in mind referred to as the gate model of quantum computing. The gate has similar role
when compared to classical computing which is to create logical blocks to perform the
computation. It is mainly an abstraction to describe a circuit which is a sequence of
unitary operators that are the building blocks of algorithm.

The gate model for quantum computation names each unitary acting on a qubit
as a gate. A Pauli Z matrix, for example, would be referred to as a one qubit gate and
written as it is shown in figure 2.2. Each line represents a qubit and gates that act on
only one qubits are referred to as 1-qubit gates.

It is possible to construct gates that act on more than one qubit. A famous 2-qubit
gate is referred to as the SWAP gate defined as

100 0
0010

SWAP = (2.42)
0100
0001

The SWAP gate, as the name suggests, swaps the state of two qubits and, in circuit
notation, is represented by the figure 2.3. 2.2. In the set of 2-qubit gates, there are also

Figure 2.3: Circuit representation of a SWAP gate.

controlled gates. In short, they apply a unitary on one of the qubits based on the state
of the control qubit. We will define a general controlled-U (or CU) as

CU = |0X0| @ T + [1X1] @ U. (2.43)
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Figure 2.4 gives the circuit representation of a controlled-U with the top qubit being used

as a control and the U unitary being applied on the bottom qubit.

Figure 2.4: Circuit representation of a controlled-U gate.

?

U

One thing to notice is that controlled gates can use k qubits as the control and are

not restricted to only one. In this case, they are referred to as multi-controlled qubit gates

and one of the most famous multi-controlled qubit gate is the Toffoli gate (or CCNOT)

[86] that can be defined as

CCNOT =

Its circuit representation of a Toffoli gate can be seen in figure 2.5.

SO O O O O o o -

SO O O O o o~ O

SO O O O O = O O

O O O O = O O O

O O O = O O O O

O O = O O O o o

L

Figure 2.5: Circuit representation of a Toffoli gate.

_ O O O O O O O

S = O O O O o O

(2.44)

Although we can express a wide range of unitary matrices with circuits, quantum

computers do not have the same freedom. They have a limited set of operators that

can be executed by the processor and all unitaries in the circuit are decomposed by the

compiler into the basis set of gates. One of the challenges of current quantum computers

is how to efficiently decompose a circuit to make it as short as possible. This challenge is

related to the coherence time of quantum computers. It is difficult for them to keep the
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qubits in the same state without introducing errors, so the circuit must have a limited
number of gates otherwise the results become increasingly unreliable.

Controlled gates have widespread use in quantum computing. Since they are the
one responsible for qubit interactions, they are the main source of entanglement during
quantum computation. They are also essentials for the simulation of quantum walks [35]
as expected due to the interaction between numerous vertices in a quantum walk, as we
will see. This is also one of the challenges with current computers. Although we can
represent any type of interaction between qubits in circuits, every quantum processor has
its own topology. Oxford Quantum Circuits’ Lucy, for example, has a ring topology®

similar to the graph represented in figure 2.6.

T

4 2

/ \

5 1

\ /

6 8

\/

7

Figure 2.6: Topology of OQC’s Lucy.

If an algorithm or a simulated quantum walk requires the action of 2-qubit gates
associated with non-neighbours qubits, then numerous SWAP gates are added during the
compilation process. This increases the number of gates associated with the circuit and
might extrapolate the coherence time of the processor. That is why simulation of certain
quantum walks is a hard task for quantum computers and ways to simplify the simulation

are of great interest in the general community.

nformation provided by Amazon Braket at https://aws.amazon.com/braket/quantum-
computers/oqc/
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Chapter 3

Quantum walks

3.1 Introduction

The previous chapter gave a brief overview on how to describe a quantum state,
a closed quantum system, and how it evolves in time. These are fundamental concepts
required to completely understand quantum walks. Both random walks and quantum
walks have numerous models to define them, however we will limit ourselves to continuous-
time and discrete-time quantum and random walks. In this chapter, we will see how the
description of those models and how quantum mechanics creates new phenomena that
would be impossible in a classical scenario.

Our focus in this work is to use quantum walks in the context of state transfer
and how the properties of the transfers are associated with the algebraic structure of
the graph. However it is import to notice the multitude of applications associated with
quantum walks. For example, it was shown that a quantum model can be used to explain
the transport of particles in protein complexes associates with photosynthesis [68, 69,
40]. Another example is the in the three-qubit liquid-state nuclear-magnetic-resonance
quantum-information processor [19] where the quantum interference was even observed
experimentally.

Quantum walks can be applied to physical phenomena, like the examples we saw
previously, so it raises the question if it was every observed in a controlled experiment
and what are required from the limits of the classical random walks when compared to its
quantum counterpart. Quantum walks have been demonstrated using nuclear magnetic
resonance [19], phase [50], and position [67] space of trapped ions, the frequency space
of an optical resonator [28], single photons in bulk [14] and fibre [12] optics, and the
scattering of light in coupled waveguide arrays [47]. The realisations have been limited to
single particle quantum walks, which have an exact mapping to classical wave phenomena
[73], and do not provide any advantage from quantum effects. That is why single particle
quantum walks have been observed using classical light [47, 31]. Classical theory no longer

provides a sufficient description for quantum walks of more than one indistinguishable
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particle, since quantum theory predicts that probability amplitudes interfere leading to
distinctly non-classical correlations [72]. The major challenge associated with realising
quantum walks of correlated particles is the need for a low decoherence system that
preserves their non-classical features. Recent advances in technology were required, but
quantum walk of two correlated particles was observed in a photonics scenario leading to
violations to the classical limit [7]. All of this suggest the robustness of quantum walks
to describe natural phenomena.

In the first part of this chapter, we will define classical random walks in systems
without memory which can also be named Markov chains. This model has numerous
applications and has been central to important discoveries in various fields like physics
and computer science. Although we will not dive into all of those results, we will define
Markov chains and give some simple examples to show the contrast between them and
the quantum mechanical counterpart.

Quantum walks will be the central theme of the last half of the chapter. First,
coined discrete-time quantum walks will be presented to show how it contrasts with the
discrete-time classical model. Also, it offers a concrete application of the model: Grover’s
search algorithm. The algorithm was one of the first to show a quadratic speedup com-
pared to classical counterparts. Although the algorithm was not first described as a
quantum walk, you will see that it is easy to describe it as one.

The main focus is continuous-time quantum walks and the possibility of describing
those systems with graphs and defining different transport properties. Some known results
from literature will be presented and they will be crucial to understand our work and how
the addition of complex weights change transport properties on graphs.

All the content of this chapter is widely known and it can be found in any standard
textbook about the theme [74, 27].

3.2 Classical discrete-time Markov chains

A classical random walk is a stochastic process that can be associated with graphs.
A walker starts in a vertex of a graph GG and it has a probability to move from one vertex to
another. In other words, the process is a sequence of random variables xg, 1, ... denoted
by {z; : t € N}. We call X; the state at time ¢ and the state space is denoted as S,
which can be Z", N or R™. The probability of moving to another vertex is not associated

with the path that the walker took. Therefore, the probabilities in future time obey the
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following
Prob(xi1 = jloy = in, T4—1 = n_1,...,To = ig) = Prob(xsy = jlo, = 1), (3.1)
for all t > 0 and 7g,...,7,7 € S. Then this process is usually called memoryless and can

be generalized by a Markov chain.

The Markov chain will have an associated probability distribution for every time
step. Our state space will be R” and our random variables will be represented by vector
x with (z,1) = 1, where 1 is the all ones vector. Let G be a graph with n vertices and
an edge set F(G), then the vector x will be

z(t) = : : (3.2)
pn(t)
where p;(t) is the probability of finding the walker on vertex i at time t. We cannot
tell precisely where the walker will be in future steps, but there is a way to evolve the
distribution of probabilities through time. That is done with what is called the transition
matrix M also called the probability matrix or stochastic matrix.

Let x(0) be the probability distribution at time 0, then the time evolution will be
given by

x(t) = M'z(0). (3.3)
The equation above shows two crucial properties of the matrix M: it is a R™*" matrix
and all of its columns sum to one. Clearly, this is a discrete-time walk since the system
evolves by sequential application of M to the initial condition.

With this in mind, we are now ready to deal with an interesting example. Set our
graph G to be the complete graph with n vertices and also the walker to have an equal
probability to move to any adjacent vertex. Then we can set M to be

0 ifi=j
M;; = . (3.4)
ﬁ ifi £ 7
We could also define the transition matrix employing the adjacency matrix of the graph
(A). In such a case, the transition matrix would simply be
Ayl
djj , (3.5)

where d; is the number of neighbors of the vertex j.

Mi‘:

Now we can write explicitly the matrix M

011 ...1
ot

M = 110 ...1]. 3.6

n - 1 . . . . ( )
111 ...0
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Suppose our walker starts at the vertex 1, then its probability distribution will be

0
1 L ! 3.8
=] (3.9
1
n—1
2 I 3.9
n—2
(n—1)(n—2)
1 (n — 2)?
’6) = 7 5 (3.10)
(n—2)?
We can clearly see that ps(t) = p3(t) = -+ = pu(t) and pi(t) = pa(t — 1). Hence, using
the fact that we are dealing with vectors that sum to one we get
S A — A A1
po(ty = L2202, (3.11)
which gives
1
1) = 3.12
pa()= . (312)
1 1
2) = — 3.13
R e e (3.13)
1 1 1
= — 14
2= T T e T o (3.14)
1 1 1 1
4) = — — . 3.15
S s Bl v A i s Rl o o (3:15)
Then we can write po(t) as
t t
(—1)k+1 1 1 1
p2( ) (n—l)k Z (1—n)k n (1—n)t ) ( )

k=1 k=1
where the last expression was obtained by noticing that ps(t) is a geometric series.

It is possible to see from 3.16 that when ¢ — oo the observer will have an equal
probability to find the walker in any vertex of the graph. We will see later the difference

between this result and the one found in quantum walks.
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3.3 Classical continuous-time Markov chains

The previous model assumed time to be a discrete parameter with transitions
happening in steps. We will see now that we can consider continuous-time Markov chains
as discrete-time Markov chains with the transitions happening at any time.

Similarly to what was exhibited, we will have a state space S that satisfies the
Markov property. That is, let Fx () denote all the information about the history of X up

to time ¢. If we move time by an infinitesimal value € and setting X;, X; € S then
Prob{X (t + €) = i|Fx@)=;} = Prob{X(t +¢€) =i|X(¢) = j}. (3.17)

Another property that we will consider is time homogeneity which is defined as
Prob{X (t +¢) = i|X(t) = j} = Prob{X(¢) = i|X(0) = j}. (3.18)

We can imagine this process as a slow evolution in time of the probability densities. The
walker will be in a certain vertex and the chance of it moving to another vertex increases
in time. Once again, we will have a transition matrix describing the evolution in time of
the process. Suppose that our walker is in vertex j, so it will have a probability of moving
to vertex ¢ given by a transition rate denoted as ~. In this case, during an infinitesimal
amount of time ¢, the probability of moving to another vertex will be ve. While the
probability of staying in the same vertex will be 1 — d;ve, where d; is the degree of j.

From this, we can define the transition matrix M (t) as

1—dyt+0(t?) ifi=j,
M;;(t) = S vt + O(t?) if i # j and (ij) € E(Q), (3.19)

0 otherwise.

Let us also define the generating matrix H:

diy ifi =7,
Hiy =4 —v ifi=#jand (ij) € E(G), (3.20)
0 otherwise.

Notice that so far, we have the same rate v for every vertex, but that is not a rule. We
could have rates (i, j) dependent on what vertex the walker is on or which neighbor he
has. We would not describe the graph as undirected, but as a oriented one with different
weights on each arc.

The transition matrix obeys the following property

M(t+¢€) = M(t)M(e), (3.21)
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for t, e > 0, which can be proven using time homogeneity in Equation 3.18 and the Markov

property in Equation 3.17. From it, we get that
M(t+ €)=Y M(t)uM(e). (3.22)
k

By isolating the diagonals terms we get

M(t+ €)ij = M(t)i;M(€)j; + > M ()M (e)s
e

k#j
If we move the first term of the right to the left, divide by €, and make ¢ — 0, then

d

The solution to this differential equation with initial condition M;;(0) = §;; is
M(t) = e . (3.25)

Since we now know how the transition matrix is described, we can find the evolution in
time of the probability distribution. Let 2(0) be the initial probability distribution, then
after some time ¢ it will be

x(t) = M(t)x(0). (3.26)

Both definitions of random walks allow us to compare them with their quantum
mechanical counterparts. We will see with this comparison how quantum mechanics

changes some properties of random walks.

3.4 Discrete-time quantum walks

Discrete-time random walks use the stochastic matrix to turn time into a discrete
parameter by applying the matrix ¢ times to the initial state. However in quantum
mechanics, the time evolution is dictated by a continuous operator on time and it is
impossible to apply the time evolution operator ¢ times and get discrete time steps.
To circumvent this problem, physicists constructed numerous models for discrete-time
and one of them is coined quantum walks and it consists of writing the state space as
H =Hp ® He, i.e. the composition of a space that dictates the position of the walker

with another that tells when the transition occurs from one vertex to another.



3.4. Discrete-time quantum walks 33

The state space Hp will be defined as C", where n is the number of vertices in the
graph, and it has basis states, {|k)}, that span the whole space. For example, if we are
dealing with a path graph P, then ¢ € {0,1,...,n}, but if we use a cycle graph, C,,, then
i € Z/nZ. The state space Hp will be related to the position of the walker on a graph
with |7) associated with the vertex i of the graph. We have a way to describe the walk,
but we still lack how to define a move from one vertex to another. That is why we need
the state space H¢ that will be our ”coin” to define when a move is going to happen. The
coin space will be C? where d is the highest degree of the graph. One example would be
paths or cycles where the coin space can be defined with C? and it has {|0),|1)} as basis.
Physically, there is no problem with the definition of H and we can see that by supposing
that we have an electron walking on a chain of atoms [93]. It will have its position in the
chain and a spin. Then we can create a unitary, for example, that will move the electron
forward if its spin is up or backward otherwise. Physically, the coin is responsible for
giving momentum to the walker so that its position evolves as time passes. While, from
a mathematical perspective, the coin gives reversibility, since it is a way to track the last
position of the walker.

Following the previous definition, we define the shift matrix S that acts on H as

S10Y k) = [0) |k + 1), (3.27)
S| |k) = [1) |k — 1). (3.28)

Since we know how S acts on the states, we can define it as
S=10)0] ® > Ik + 1)}k| + [1)(1] @ Y |k — 1)(k]. (3.29)
k k
Now, we can define the unitary that describes the walk as
U=5S(Cw®I), (3.30)

where C' will be our ”coin-flip” that applies a rotation in the coin space. Notice that we
can have numerous choices of the unitary C' and each one of them gives a different family
of walks. Usually, when the comparison between classical and quantum is desired, we
choose balanced coins that give an equal probability for the walker to move forward or
backward.

The Hadamard coin is an example of a frequently used coin and it is defined as

1 (1 1
C:E<1 _1>. (3.31)

We check that it is indeed balanced. Suppose we have a graph G and the state |k) to be

the localization of a particle at the vertex k. If the walker starts at the state |0), then

0)10) S5 2 (0) + 1)) 10) 5 L (j0y [1) + [1) |~1)). (3.32)

Sl
Sl

2 2
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Notice that a measurement performed using the basis of the state space, would result in
|0) |1) with probability 1/2 or |0) |—1) with probability 1/2.

This definition presented makes the walker behave as expected: each time U acts on
the state, the particle will jump between the vertices of the graph with some probability.
However, the Hadamard coin makes the walk asymmetric as we will see now. Let |0) |0)

be the initial state of the particle, then

0)10) & —=(0) 1)+ 1) |-1)
B 200} 12) — 10) [0} + 11) [0} + 1) |-2))
G203+ 10) =1+ ) 201 -1~ [ ]-3). (3.33)

2

<

What Equation 3.33 is showing us is that the walk starts to drift to the left as time
goes by. It can be attributed to the element —1 in the coin operator. When applying U
multiple times, the element Cj 5 subtracts some terms that would increase the probability

of the walker going to the right. It is possible to define a more symmetrical coin like

1 (1 4
C=— , 3.34
V2 (Z 1> (3.54)
that makes the walker go to both sides with equal probability. The discussion above is

always restricted to the initial condition of the quantum walk. If the walker starts with a

state given by

1 :
¥) = EUO) +i[1))10), (3.35)

then the Hadamard will be the balanced coin in this case.

The study comparing the discrete-time quantum walk and the classical case gives
numerous results showing improvement in the quantum case. An example is the spread
velocity of the walker where the quantum case reaches other vertices faster than the
classical case. Since those results are out of the scope of this work, we will leave the

references [26, 59, 58, 2, 74] for the interested reader.

3.4.1 Grover’s search algorithm

Grover’s search algorithm [46] is one of the most impactful algorithms in quantum
computing and, as we will see, there is a very natural way of implementing it using
discrete-time quantum walks (DTQW). Suppose there is an unsorted database and we

want to find a marked element |w), notice that all elements in the database are defined
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labelled with the basis states of the computational basis. Then the algorithm starts by
defining an oracle operator, U, that will add a negative phase to the marked element:
7 if 1w
Uy i) = i) 7 : (3.36)
—iy ifi=w
It is easy to see that U, is a diagonal matrix and can be expressed as U, = I — 2 |w)w|,
where [ is the identity.
The other step of the algorithm is to apply amplitude amplification. The system

will be initialized in a uniform superposition

s) = % n;: iy (3.37)

Then the algorithm applies sequential reflections on |s) to rotate it, in each step, closer
to |w). The procedure uses two reflections U, that was presented previously and U, =
2 |s)(s| — I which is a reflection through |s). Notice that all reflections are done on the
plane of |w) and |s') with (w|s") = 0. Figure 3.1 shows one iteration of the algorithm and

the resulting state.

|w)
A
UU, |s)
0 |s)
6/2
> |s')
/ 0/2
U, |s)

Figure 3.1: Figure representing the amplitude amplification procedure transforming the
state |s) to UsU, |s) with one iteration of the Grover’s algorithm.

The state |s) can be written as
|s) = sin @ |w) + cos b |s), (3.38)

and after the application of U U, the resulting state is rotated by § = 2 arcsin \/iﬁ There-
fore, with enough iterations, we can rotate the state |s) to a state closer to |w) and
improve the probability of finding the marked element. After r iterations, the probability
of finding |w) will be

(| UU, |5 = sin? ((w %)e) (3.39)
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and the near-optimal measurement will be with r & 7/n/4.

Wong [91], Shenvi et al. [71], and Ambainis et al. [3] results characterize ways to
implement Grover’s algorithm as a DTQW for the complete graph, the hypercube, and
periodic square lattices, respectively. We will focus on complete graphs and we start by
setting our Hilbert space H which is the composition of space C™ associated with the
vertices of the graph, with n being the number of vertices, and the space C? associated
with the coin. As previously, the coin space is associated with the edges of the graph
and, in this algorithm, we will add one self-loop in each vertex. Notice that the complete
Hilbert space will be described by H = C" ® C™, since each vertex of the complete graph
will have n edges. Now we define the flip-flop shift operator S : H — H as

Sl i) = li) @i (3.40)

As usual, we will start with the initial state being a uniform superposition of the whole

Hilbert space:
V) =[s) ®]s). (3.41)
The quantum walk is defined by repeated applications of
Up = S(I® Cy), (3.42)
were Cj is the Grover diffusion coin
Co=2|s)s| — I =U,. (3.43)

The cautious reader will notice that |¢)) is an eigenvector of Uy, so to turn into a
search algorithm, we need to introduce a new coin C that is associated only with the

marked vertex. The search operator is now

U= S[(I — |w)w|) @ Us + |wXw| ® C]. (3.44)
Multiple coins can be associated with C7, but, in our case, we will choose C; = —U, and,
as a consequence,
U =5[(I = 2w)w]) ® Uy
= S[(I @ Uy)J[(I — 2 |w)w|) @ I] (3.45)
= S(Uy @ Uy). (3.46)

Remembering that we start our algorithm with [¢) = |s) ® |s),

U o) = US(Up ® Us) [1)) = U(Us |s) @ Uy |5))
= (U,Us) |s) @ (UsUy) |s) - (3.47)
We defined Grover’s search with r iterations as (U,Us)" |s) and we can see that we arrive

at the same result with 2r steps of the DTQW and a measurement on the space associated

with the vertices.
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3.5 Continuous-time quantum walks

Unlike the discrete-time case, the Hilbert space associated with a continuous-time
quantum walk, H, does not have a state space for a coin. We start by defining an
Hermitian matrix H associated with the adjacency or Laplacian matrix of a graph. As

we saw in the previous chapter, the time evolution will be given by

U(t) = e ™t (3.48)
that acts as
[p(t)) = U ¥(0)). (3.49)
The probability distribution will then be
pi = (il (), (3.50)

where i is a vertex label and [i) is the basis vector with 1 in the i-th entry.

The time evolution dictated by quantum mechanics provides numerous results
that distinguish a classical walk from a quantum walk. One of the differences arises when
analyzing the expected hitting time of the walk, which is the time it takes for the walker
to reach a target. It was shown [33, 6] that quantum walks hit the target exponentially
faster than classical walks. Algorithms in quantum computing use this fact to improve
complexity of classical algorithms using quantum walks. Farhi et al. were able to show
speed-ups for search in certain types of binary trees [33] and Montanaro [70] proved a
quadratic speedup for a Monte Carlo algorithm using quantum walks. Other properties
of quantum walks can be found in references to other works of Childs et al. [6], Kempe
et al. [59], and Portugal [74].

The probability distribution associated with the continuous-time quantum walk is
not equal to the classical case, similarly to the discrete-time model. In 2010, Whitfield
et al. [54] proposed a new type of quantum walk called Quantum Stochastic Walk that
generalizes both continuous-time classical and quantum walks. The model is defined
using open quantum systems and the time evolution is dictated by a different set of rules
that were defined for closed systems. The amount of decoherence, which is the loss of
quantumness in a system, makes the system behave similar to a classical one. Since this
is not the scope of this work, the interested reader will find more in the references [54, 59].

As promised, we will show the different behavior of the quantum walks in com-
plete graphs. Remember that the adjacency matrix of a graph G, A, has a spectral

decomposition given by
A=Y 0,E,. (3.51)
r=1

Then, we start with the following lemma:
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Lemma 3.0.1 ( [39]). Let A be the adjacency matriz of a graph with eigenvalues 6, and
a,b € V(G), then

U #)a] <D 1B, (3.52)

where E, are the idempotents of A.

Proof. The time evolution operator is given by

n

Uty =Y €' E,. (3.53)

r=0
Then,

Ut)an| =

Z eiteT (Er)ab S Z |eit9T (Er)ab‘ = Z ‘(Er)ab‘> (354)
r=0 r=0 r=0

where the triangle inequality was used and the fact that all the eigenvalues have norm
1. O

The above lemma is all we need to prove the claim.

Theorem 3.1 ( [39]). In a continuous-time quantum walk, it is impossible to find a time
t in which there is an equal probability of finding the walker at any vertex of a complete

graph, K,, with n vertices and n > 4.

Proof. The first step is noticing that the adjacency matrix of complete graphs can be
written as A = J — I, where J is the all ones matrix. Then, they have two eigenvalues:
n—1 and —1, with the latter having a multiplicity of n—1. The corresponding idempotents
are

1 1
~J,  I--l (3.55)
n

The time evolution operator will then be
, 1 , 1
U(t) = D] et <I — —J) . (3.56)
n n

Let a,b be two vertices in the graph and |a),|b) their characteristic vectors, i.e. the
vectors with 1 in the entry a (or b, respectively) and zero elsewhere. The probability of

finding the walker that started in a at the vertex b is given by

(BT ) [a)* = U (t)a]” (3.57)
When we apply the previous lemma, we get
Jab| ’_Jab‘ 2 4
Ult)w)* < ‘— — | =—. 3.58
O (3.58)

If we want an equal probability of finding the walker in any vertex, then every entry of
U(t) must be equal to 1/y/n, therefore

4
< (3.59)

S|

This is only possible if n < 4 and the claim is proved. O]
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3.5.1 Graphs and nature

Previously, the time evolution operator was created using the adjacency matrix
of a graph as the Hamiltonian of the system. Although this is completely valid from a
mathematical perspective, a natural question arises: can we do the other way around, i.e.,
can we start from a known physical model and check that it is indeed described by the
adjacency matrix of a graph? The answer is obtained from a known result in quantum
walks [39]. First denote our state space as (C?)®" and |0), |1) our standard basis for C2.

Then, the basis for (C?)®" will be given by
[fs) =li1) ®i2) ® -~ @ i), (3.60)

where S is a subset of {1,...,n} and ¢, = 1 if r € S (otherwise is zero). If S has k
elements, then the vector |fs) spans a subspace of the state space which is called k-
excitation subspace.

Now, we define the edge-Hamiltonian H,, as
1
Hyy = > XX+ VY, (3.61)
1,jEE(Q)

where X is the Pauli matrix X acting on the ¢th state vector and identity elsewhere and

analogously for Y;. Recall that

X 10) = 1), (3.62)
X 1) =10), (3.63)
and
Y |0) =i]1), (3.64)
Y1) = —i]0). (3.65)

Hence, if S @ T denotes the symmetric difference between subsets,

XiX;|fs) = |fsetin) (3.66)
while
YiY;|fs) = —(—1)l5nted ‘fS@{z’.j}> : (3.67)
Therefore,
. 1 i
(i) i) = 3 (1= GO o)

‘fSEB{z‘,j}> , when [SN{i,j}| is even;

(3.68)
0, otherwise
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As a consequence, the Hamiltonian H,,(ij) maps the k-excitation subspace to itself.

Another Hamiltonian called the XY-Hamiltonian is defined as

Hy= Y XiX;+YY; (3.69)

ijEB(Q)
It is the first model proposed by physicists of antiferromagnetic spin chains [34] that was
solvable. It is easy to see that the k-excitation subspace is also invariant by the action of

H,,. As we defined that the evolution of time of quantum systems is given by
e~ Hry (3.70)

by a simple Taylor series expansion, we see that the subspace will also be invariant for
any time t. If we restrict the quantum system to the l-excitation subspace, then the
adjacency matrix A of the graph G, as a consequence of Equation 3.68, can be used to
describe the system. Then,
U(t) = e 4, (3.71)
will be a block of e~y
The k-symmetrical power G¥} of a graph G has the k-subsets of V(G) as vertices,

where two k-subsets are adjacent if their symmetric difference is an edge of G. With this

at hand, we get the following theorem

Theorem 3.2 ( [39]). The matriz that represents the action of H,, on the span of the
vectors | fs) where |S| = k is the adjacency matriz of the k-th symmetrical power of the

graph X.

Proof. We have
Hoylfs) = Y Hulid)Ifs)= Y, |fr). (3.72)

ijEB(G) T:SeTEE(G)

And the last sum is over the neighbors of S in G}, [

This result gives us a description of the XY-Hamiltonian and its composition of

blocks of k-excitation subspaces. All of those subspaces can be associated with a graph.

3.5.2 Perfect state transfer

As previously illustrated, it is impossible to clone a quantum state which makes
long-distance communication a challenge, since it is not possible to build repeaters similar

to what we have in classical communication. Christandl et al. [64] were one of the first
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groups to investigate a solution with a property called state transfer. Their solution is
based on the idea that it is possible to construct a system that is related to a graph, and
has an initial arbitrary state associated with a vertex. A simple time evolution of the
system is in charge of transferring the state from its initial vertex to any other vertex of
the graph. What they discovered is that a graph with this property is uncommon, which
led to numerous works connecting algebraic graph theory and quantum walks in search
of graphs with this property.

In the previous subsection, we saw that it is possible to write certain Hamiltonians
as a block matrix with each block corresponding to the excitation space it represents.
When we are dealing with a 1-excitation space, the matrix U(t) = exp(—itA) will represent
the operator that evolves the initial state to time t. If we start with an excitation in a
particle located at the vertex a with characteristic vector |a), then a perfect state transfer

(PST) from a to b occurs at time ¢ when
(b U(t) |a)| = 1. (3.73)
The spectral decomposition of U(t) gives that

Ut =>_ e " (E,)a, (3.74)

and from it, we get the following chain of inequalities

U0l <D 1(Er)asl (3.75)

S Z \/(Er)aa\/(Er)bb (376)

S \/Z(Er)aa Z(Er)bb (377)

~ 1. (3.78)

This set of inequalities will reveal why algebraic graph theory can be useful to explain
quantum information phenomena. The analysis of the idempotent matrices characteristics
can provide valuable insights in understanding what family of graphs can have PST. We

will now see three lemmas that dives deeper in this idea.

Lemma 3.2.1 ( [39]). In Equation 3.75, equality only holds if and only if there is a

—itf

complex number v such that e=""r = ~yu,., where v, is the sign of (E,)a, whenever (E,.)qp #

0.

Proof. The proof comes directly from the triangle inequality and equality holds if and
only if the stated condition holds. O]
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Lemma 3.2.2 ( [39]). Equality in 3.76 holds if and only if E, |a) and E, |b) are parallel.

Proof. Let
(a| B, |a)bl E, |b) — ({a] B, |b))* = (a| B, E, |a)b| E,E, |b) — ((a| E,E, [b))?,  (3.79)

where it was used the fact that E, is idempotent. Then defining E, |a) = |v) and E, |b) =

),
(a| BB, |a)b| E.E. [b) — ((a] E,E, [B)? = (o]o) (ulu) — (o), (3.80)

Using the Cauchy-Schwarz inequality
(w|v) (ulu) — (ulv)* > 0. (3.81)

In the previous inequality, equality occurs if and only if |u) = E, |a) and |v) = E,. |b) are
parallel. ]

Lemma 3.2.3. [39] Equality in 3.77 holds if and only if a and b are cospectral.

Proof. Using Cauchy-Schwarz to the vectors \/(F; ). and \/(E, )y for each r we get that

Z \/(Er)aa Job < \/Z \/Z '+ )bbs (3.82)

and equality holds if and only if (E,)., = (E;)p for all r. O

Let A be an adjacency matrix of a graph G and E, its corresponding idempotents,
then vertices a and b of G are cospectral if (E,). = (E, ) for all 7. We can also define
strongly cospectral vertices when vertices a and b are cospectral and also E,. |a) and E,. |b)
are parallel.

It is possible to prove that if we have PST from vertex a to b, then there is PST
from b to a. It is a direct consequence of lemma 3.2.1, the fact that ~ is a complex
number of modulus 1, and that U(—t) is the inverse of U(t). Also, the previous fact
leads to periodicity, in other words, if PST occurs between a and b, then at time 2¢ the
excited state can be found at vertex a again with probability 1. This leads directly to the

following lemma:

Lemma 3.2.4 ( [43]). A graph G is periodic at the vertex a if and only if the ratio

condition holds, which is the following

0, — 0
O — 0,

€ Q, (3.83)

where 0,04, 0,0, are eigenvalues in the eigenvalue support of a with 6, # 0,.
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Proof. Since periodicity is a consequence of PST, if we apply it to lemma 3.2.1 we get
that e~ must be constant for all r, due to the fact that all (Er)aa # 0 must sum up to
1. Then

0= = 1, (3.84)

and for that to happen
t(0, —0s) = 2m,.sm (3.85)

where m,., is an integer. As a consequence,

97‘ - 05 o Mys

€Q. (3.86)

O — 0 My
Therefore, if the graph is periodic then the ratio condition holds. Now for the converse,

suppose the ratio condition holds

M
Mys = ———— (0, — 05) € Z, 3.87
G-y " " 357
then the graph is periodic at the time
Mg
t=2r———. 3.88
=0 (3.88)
m

. . . . (83 .
Given a rational m and a prime p, we can write m = #*, where r and s are integers

not divisible by p. Then the p-adic norm is defined by

im|, =p“. (3.89)
Thus, if m is an integer, its p-adic norms are inversely proportional to the power of p
dividing m.
The eigenvalue support of a vertex a is defined as the set of eigenvalues {6, . . ., 0y}
such that

E,|a) # 0. (3.90)

Now, we are ready for the following description of PST in undirected graphs.

Theorem 3.3 ( [25]). Let a and b be vertices in a graph G, and assume the eigenvalue
support of a consists of eigenvalues S = {0o,...,0r}. There is a perfect state transfer

between a and b if and only if:
(a) Vertices a and b are strongly cospectral;

(b) The eigenvalues in S are either integers or a number that is a solution to any
quadratic polynomial, and, moreover, there are integers c, A, dy,..., d, with A

positive and square-free, so that

6, — %(c +dVA): (3.91)
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(c) There is a non-negative integer o so that

o (E)ap >0 if and only if

(G — é),,)/\/Z)2 <2,
o (E))ap <0 if and only if ‘(60 - GT)/\/Z’2 = 2%

If the above conditions hold and taking A = 1 if the eigenvalues are all integers, let

g = ged { QOJZHT } . (3.92)
0,8

Then the minimum time we have perfect state transfer between a and b is T = VA and

any other time it occurs is an odd multiple of T.

We will leave the proof aside since it dives into some algebraic number theory and it

is out of the scope of this work, but the reader can find it in the references [43, 42, 39, 25].

3.5.3 Perfect state transfer in oriented graphs

We have seen continuous-time quantum walks only occurring when we are dealing
with unweighted graphs. We will start to see how the addition of orientations creates
some properties and change others. In particular, when we analyse perfect state transfer
(PST) from this perspective, the phenomenon of universal perfect state transfer (UPST)
appears which is state transfer between all vertices of a graph. All the results in this
section are due to Lato and Godsil. [82]

From now on, all graphs can be considered to be orientated, do not have loops and
every edge points to a unique direction. The adjacency matrix of the graph, A, is defined

as

1 if there is an edge from a to b
Aw = , (3.93)
0 otherwise

—1 if there is an edge from a to b
Ape = : (3.94)
0 otherwise

Notice that A, as above, disagrees with one of the postulates of quantum mechanics since
it is not Hermitian. However, that can be solved by adding weights i to all edges, which

gives a Hermitian matrix ¢A. This results in the time evolution operator being defined as

U(t) = e (3.95)
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As before, perfect state transfer (PST) from vertex a to b at time 7 is defined as
[(OIU(7) |a)| = 1, (3.96)

When we were dealing with undirected graphs the definition above meant that
U(7)la) =~|b), (3.97)

where |y| = 1. Hence, y can be any unitary number, but that is not the case for oriented

graphs. In order to prove it, we need some properties of skew-symmetric matrices such as

Lemma 3.3.1 ( [82]). Let A be a skew-symmetric matriz with real entries. Then the real

part of every eigenvalue of A is zero, and A has an orthonormal basis of eigenvectors.

Proof. Let |\.) be the eigenvector of —iA with eigenvalue A, then
AN = (M) ). (3.98)

Consequently, i)\, is an eigenvalue of A with eigenvector |\,). Since —iA has an orthonor-
mal basis of eigenvectors, the same applies to A. Remembering that all eigenvalues of

Hermitian matrices are real, then all eigenvalues of A must be zero or imaginary. O]
The other one is related to the symmetry of the eigenvalues

Lemma 3.3.2 ( [82]). Let G be an oriented graph with a skew-symmetric adjacency
matriz A. If 0 is an eigenvalue with idempotent E, then —0 is also an eigenvalue with

corresponding idempotents E.

Proof. Since A has only real entries and 6, no real part

AE = AE = 0E = 0F. (3.99)

With that at hand, we get the result about 7 that is

Lemma 3.3.3 ( [82]). If vertez a is either periodic or has perfect state transfer to vertex
b, then v = £1.

Proof. As defined, when perfect state transfer occurs from vertex a to b at time 7 we have

> e E, |a) =y|b). (3.100)
Taking the conjugate on both sides
> e E, |a) =7b). (3.101)

T
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As we saw before —0, is an eigenvalue for the idempotent £,, then
JIby=> e Erfa) =) € E,|a) =7b), (3.102)

therefore v = 4, since |y| = 1, then the only real number possible is v = +1. The

reasoning is similar for periodicity, with the only difference being

> e E,|a) =ya). (3.103)

T

This gives the same conclusion that v = £1. O]

In the undirected case, we saw how eigenvalues and idempotents must behave to
obtain perfect state transfer. There is a similar description for oriented graphs and the
first step is to prove strong cospectrality. We defined strong cospectrality between vertices

a and b as vertices cospectral and parallel. As a consequence, we got the following relation
E,|a)y = £E,|b), (3.104)

but we will see that Equation 3.104 is slightly different for oriented graphs. In section
3.5.2, we saw that vertices a and b are cospectral if and only if (E, )., = (E;)w, this gives

the following lemma

Lemma 3.3.4 ( [82]). Vertices a and b are strongly cospectral if and only if, for all spectral

idempotents E,., there exists a complez scalar o, with |a,.| = 1 such that

E,|a) = a,E, |b) . (3.105)
Proof. For both directions, we will consider that there is an «a, such that

E,|a) = a,E, |b) . (3.106)
Now, notice that

(Er)aa = <a‘ E, ’a> (
= «, (a| E, |b) (3.108

= a,((b] E] |a))! (

(

since EI = E, and characteristic vectors of vertices only have real entries

(Er)aa = oo ((b] E. a))" (3.111)

= (0] B, [8)) (3.112)

= || (Er)bp- (3.113)

We saw that strongly cospectral vertices occurs if and only if (E,)s = (E,)w, then

la,| = 1. O
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The Lemma 3.3.4 allows us to show that PST occurs for oriented graphs only
between strongly cospectral vertices. The result is similar to what we know for the

undirected case.

Lemma 3.3.5 ( [82]). Let G be an oriented graph with vertices a and b. If there is perfect

state transfer from a to b, then a and b are strongly cospectral.

Proof. Suppose there is perfect state transfer from a to b at time 7, then

Y "B ja)y =) E,|b), (3.114)

T

or equivalently, for all r,
¢ E, |a) = £F, |b) . (3.115)

By multiplying both sides by e~ ™" we get
E,|a) = e E, |b) = o, E, |b), (3.116)

where o, = +e7 ™ and, as a consequence, a and b are strongly cospectral. O

A direct consequence of the lemma above is the existence of a real number ¢, (a, b)
that is
-1 <¢(a,b) <1, (3.117)

and

E.|a) = ™ @B |b) . (3.118)

All the previous results allowed Lato to reach the following description for PST in oriented

graphs:

Theorem 3.4 ( [82]). Let G be an oriented graph with vertices a and b. There is perfect

state transfer from a to b if and only if:
(i) Vertices a and b are strongly cospectral;
(ii) There exists some T € R such that, for all 0, that is in the eigenvalue support of a,

0 (a.b) + 170,

- (3.119)

15 always an even integer or always an odd integer.

Proof. 1t was proved previously that perfect state transfer occurs only when the vertices
are strongly cospectral, then (ii) is all that is left to prove. Perfect state transfer occurs

if and only if there is some time 7 € R and some phase factor +1 such that

e E, |a) = £E, |b) = ™ @ E |a) . (3.120)
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If the phase factor is 1, this is equivalent to saying that for all 6, in the eigenvalue support
a?
eTlrmimar(@b) — (3.121)

As a consequence, there is an integer k, such that
70, —imq.(a,b) = 2k,im. (3.122)

Multiplying the above equation by % shows that perfect state transfer can only occurs

with phase factor 1 if and only if

170,

+ gr(a,b) (3.123)

is always an even integer. A similar reasoning can be applied when the phase factor is

equal to —1. In such a case, there is an integer k, such that

70, —imrg.(a,b) = (2k, + 1)im, (3.124)
or equivalently
0,
T 4 go(a,b) (3.125)
is always an odd integer. O

As we saw before, when PST occurs, periodicity is also present at time 27. Due to
the difficulty of characterizing the former, it is convenient to do it for the latter since it

applies to both. Therefore, Lato and Godsil proved the following theorem

Theorem 3.5 ( [82]). Let G be a connected graph with at least two vertices. Then the

following are equivalent:

(i) The vertex a is periodic;

1) For all r,s with 0,,0, in the eigenvalue support of a and 0, 0, the ratio 2 is
(1) 7 : g pp ; o

rational;

(11i) There exists a square-free positive integer A such that all eigenvalues in the eigen-
value support of a are in Z(v/—A).

The proof of the above theorem requires some understanding of field theory and,
since it was not introduced in this work, we will not exhibit here. The curious reader can
find it in the reference [82].
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3.5.4 Universal perfect state transfer

The addition of orientation makes it possible to find graphs that have PST between
every pair of vertices. This property is called universal perfect state transfer (UPST) and
all the results in this section come from the work of Connelly et al. and Cameron et al.
32, 81].

Before we characterize UPST, we will see an example of a graph that has such

property. Consider the following Hamiltonian of a cycle with three vertices Cs:
Cs=1i 0 —il. (3.126)

Let w = e%, then, since C3 spectral decomposition is known [20] and it has eigenvalues
Mo =0, \; = V3, \» = —/3. Hence, we have that

| | 111 itV 1 0 w SitV3 1 w w
e—“C3:§ Ll +——|w 1 a|+—5 (o 1w (3.127)
111 v ow 1 w @ 1

If we start our walk at 0, the quantum walk will give

) 1+2 cos(t\/g)
e~ |0) = 3[1+2 cos(tv/3 —2m/3) | . (3.128)
1+2 cos(t\/§ + 27r/3)

Therefore, we have PST from 0 to itself at time ¢ = 27r/\/§, from 0 to 1 at time ¢ =
87/(3v/3), and from 0 to 2 at time t = 47/(3v/3). To give a glimpse of the results in the
literature about UPST, we will introduce two preliminary concepts: circulant graphs and

switching isomorphism.

Circulant graphs

A circulant graph is a graph whose adjacency matrix is circulant. A n xn circulant matrix

C' = Circ(v) defined by the sequence v = {ay, ..., a,-1} is given by

agp ap ags ... Qp-—-1
Ap—1 Qo a ... Ap—2

C = Ap—9 Ap—1 Qp ... Ap—-3 | . (3129)

ay as as ... Qo
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Notice that if we deal with Hermitian matrices in quantum mechanics, then an additional
condition for all adjacency matrices is that a; = a,,—;.

The usefulness of circulant matrices rests in the fact that its eigenvalues and eigen-
vectors can be easily found. Let ©,, = Circ(0,0,...,1) denote the circulant matrix that

represents the n-cycle permutation, then

00
0 ...
O,=]01 ...00]. (3.130)
00 ...10

It is possible to characterize circulant matrices by constructing polynomials with ©,,. The

circulant matrix C, for example, can be written as

C=> a,16}. (3.131)
k=1

27

Let w, = e » be the principal n-th root of unity. The Fourier matrix, F, of
order n is a unitary matrix with its entries being (j| F,|i) = w%/y/n for each 1,5 €

{0,1,...,n—1}. A known fact is that F,, diagonalizes any circulant C,

M 0 ... 0
0 N ... 0

FlAF=| . (3.132)
0 0 ... A1

By the equation above, we can write an expression for each eigenvalue of C' as

n—1
M=) awh (3.133)
§=0
and eigenvectors given by
1 . . .
) = =) w¥, L wt )T (3.134)

Vn
for j=0,...,n—1.
More about circulant graphs can be found in Godsil and Royle [20].
Switching automorphism

A monomial matrix n X n is a product of a permutation matrix P,, where v is a permu-

tation of n elements and a complex diagonal matrix D of size n. If v(j) = 4, then the



3.5. Continuous-time quantum walks 51

(i, j)-entry of the permutation matrix is given by (BP,);; = ¢ for each i,j € {1,...,n}. It

can be easily seen that any monomial matrix is a unitary matrix since
(P,D) = DPT = (P,D)7!, (3.135)

where it was used the fact that PT = P, 1. All eigenvalues of unitary matrices are complex
numbers of modulus equal to 1 and this applies to the monomial matrices. From now on,
we will not focus on D, since it is only a scaling matrix, and what will be important for
us is the permutation action of v. We will use P, = P,D to simplify the notation.

It is clear that the identity is a monomial matrix and notice that the set of mono-

mial matrices is closed under multiplication, as
P, P,, = (P, D))(P,,Ds) = P,,P,yD\Dy = P, .,,, (3.136)

where the (j,7) entry of Dy is equal to the (v5(5),v2(j)) of Dy. Evidently, the set of
monomial matrices form a group under multiplication.

Two Hermitian graphs, which are graphs that have a Hermitian adjacency matrix,
GG1 and G5 are switching isomorphic, or G; >~ G, if there is a monomial matrix f’y, where

v is a permutation that sends a vertex from Gy to G1, with
A(Gs) = PA(Gy)P, = (P,D)'A(G1)(P,D). (3.137)

The group of switching automorphism, SwAut(G) is the group of monomial matrices that

commutes with A(G), i.e.

SwAut(G) = {P, : A(G)P, = P,A(G)}. (3.138)

Note that if P,D; and P, D, are both in SwAut(G), then Dy = D, for some « € C.

Characterization of UPST

This subsection aims to give a characterization of graph properties that allow its occur-
rence. As we will see, there is a limit in the number of vertices and, also, the graphs must
be switch isomorphic to circulant graphs. Although the former result comes from inter-
esting graph properties, it limits the application of UPST in long-distance communication
since the number of vertices cannot go over 11.

UPST is PST from a vertex a to all vertices of the graph [32]. Therefore, we will
show two important lemmas that will be used to prove other theorems. The first lemma

proves that USPT implies periodicity:

Lemma 3.5.1 ( [81]). Let G be a graph with universal perfect state transfer. Then, G is

pertodic.

The second lemma is the relation between eigenvalues of the adjacency matrix of
the graph that has UPST.
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Lemma 3.5.2 ( [43]). Let G be a graph with universal perfect state transfer whose ad-
jacency matriz A(G) satisfies Tr A(G) = 0. Then, for any eigenvalues \; # A, with
A, # 0, the ratio A\j/ Ny is rational.

The first step is to prove that whenever a graph G has PST from vertex a to

—itA

vertex v(a) for some automoprhism v of G, then the unitary matrix e is equal to the

monomial matrix P, up to scaling.

Lemma 3.5.3 ( [81]). Let G be an n-vertex graph with perfect state transfer from vertex

a to vertex v(a) at time t, for some switching automorphism P, € SwAuto(G). Then
e G = 4P, (3.139)
for some v € C.

Proof. Let i, ..., A\, be the cigenvalues of A and €, . .., e be the eigenvalues of P, for

0), € R, since it is a monomial matrix. Since P, € SwAuto(G), then A and P, commutes.

As a consequence they share the same basis of eigenvectors {|z1),...,|z,)}. We get that
A=Y Nelmfan] . Po=> e o)y (3.140)
k=1 k=1

Since G has perfect state transfer from a to v(a) at time ¢, then

n

> e N (qlay) (alay) <Z| alzy))? =1, (3.141)

k=1

— |(al Bl |a)| =

where the last equality comes from >, |z, )| = I. Hence, there is a number « € R so

that e *+0) = ¢i for each k = 1,...,n. Thus we have
et Z ek |1 Mg = ™ Zezgk |zp Xz = e (3.142)

]

Before we move on to some of the main theorems, we will see a lemma that is a
result of Cameron et al. [81]. We will see proof that UPST only occurs at specific times,

as we expected since it is the same for PST.

Lemma 3.5.4. [81] Let G be a graph with universal perfect state transfer. Then, the set

I'={teR: (3¢ € SwAut(G))(Iy € C)[e"* = yP,]} (3.143)
18 a discrete additive subgroup of R.

Now, we will see two theorems that describe the graph structures for UPST occur-

rence. The first one goes as follows
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Theorem 3.6 ( [81]). Let G be a graph with universal perfect state transfer. Then, the

switching automorphism group SwAut(G) is cyclic.

Proof. Let G be a graph with Hermitian adjacency matrix A, as before I' is the discrete
subgroup of R, and 7y, 71,... are complex numbers of unit modulus. Consider that the
last positive element of I' is t* and let Pv* € SwAut(G) be the switching automorphism

—it* A

for which e = 70]5,,*.
The first step is to prove that every element of I' is an integer multiple of ¢*.
Suppose that e~#14 = ~, P, for some Py € SwAut(G) and mt* < t; < (m + 1)t* for some

non-negative integer m. Then

e~ iti—mt")A _ e—itlA(e—it*A)m (3.144)
= nPy(y P )" (3.145)
= (7' 1) By By (3.146)
= (%"1172) Poo(ueym (3.147)

which is a contradiction since t* was defined as the minimum of I' and ¢* > t; — mt*.
Now, fix a vertex a of G and define ¢(a) = b with Py |a) = y3|b). Since G has

universal perfect state transfer, there is a time t5 that
e |a) = |b) = (5" 9a) Py la) = 7Py |a). (3.148)

Therefore, for cach Py € SwAut(G), there is a time t, that is a multiple of t* as it was

proved before. As a consequence we have that
VP = e = (7" = B, (3.149)
which shows that ¢ = (v*)™ and SwAut(G) = (v*). O

It is possible to describe which graphs have universal perfect state transfer and it

will be the following theorem.

Theorem 3.7 ( [81]). Let G be a n-vertex graph with universal perfect state transfer.
Then, SwAut(G) is cyclic of order n if, and only if, G is switching isomorphic to a

circulant.

Proof. Suppose that SwAut(G) is cyclic of order n and A is the Hermitian adjacency
matrix of the graph G. Let Pv* be the generator of SwAut(G) then, since P, has no
fixed point as it was proved by Cameron et al. [81] and has order n, its structure is of a
n-cycle. Without loss of generality, we may assume v* = (1,2,...,n) which means that
0, = ]5,,* € SwAut(G). Therefore, A commutes with ©,, and it is also a circulant matrix

since they share the same basis of eigenvectors.
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Now for the converse, suppose that G is switching isomorphic to a circulant matrix.
Then, it is possible to write A as A = PTCP for some circulant matrix C' and monomial
matrix P. The previous theorem showed that SwAut(G) is cyclic of order n and Cameron
showed that, in such cases, the order of the group divides n. We saw that any circulant
matrix is a polynomial in ©,,, then we can write C' = f(0,,) for some polynomial f(z).

Consider the monomial matrix Q = P'©,,P and notice that
A= P'f(0,)P = f(P'O,P) = [(Q), (3.150)

where it was used the fact that P is unitary. This shows that A and Q commutes, since
A is a polynomial in @. Then @ € SwAut(G) and @ has order n since ©,, has order n.
So, SwAut(G) has order n due to the fact that one of its elements has order n. O

Cameron et al. [81] conjectured in their work that K5 and K3 are the only oriented
graph with UPST. This was proved in a recent work by Acuaviva et al. [1] and the
following theorems are the results from their work.

First, we will see how bounds to the eigenvalues of UPST graphs limits the maxi-

mum number of edges they can have. We will start with the following lemma:

Lemma 3.7.1 ( [1]). Let G be an oriented graph with universal perfect state transfer. If
any two vertices of G are strongly cospectral, then the eigenvalues of A are all simple and

its matriz of eigenvectors is flat, i.e. all of its entries have the same magnitude.
Proof. We saw in Lemma 3.3.4 that there are complex scalar «, of norm one such that
E,|a) = o, E, |b) . (3.151)

Therefore each column of E,. is a scalar multiple of the column E, |a), since all vertices

are strongly cospectral, so rank(E,) = 1. Notice that
[(a] By |a)| = |en[(a] £ |b)| = [{a] £, |b)], (3.152)
then, since |a,.| = 1, each row of E, is flat. Since E, is Hermitian, it itself is flat. ]

Then we have the following lemma that will bound the minimum distance of eigen-

values for graphs oriented with i.

Lemma 3.7.2 ( [1]). Let G be an oriented graph and A its adjacency matriz. A will
be a skew-symmetric n X n matriz and let o denote the minimum distance between two

eigenvalues of A. Then

12
2 < . 3.153
7= n+1 ( )
Proof. Assume that \q, ..., \, are the eigenvalues of A in non-increasing order. Remem-

ber that these eigenvalues are purely imaginary. Equivalently iA is Hermitian and its

eigenvalues are real, we set \; = i0;.
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If
M=AQI-IA, (3.154)

then the eigenvalues of M are the numbers

i(0; —0r), 1 < j.k<n. (3.155)
Now

=ARI+1RA*-24A® A, (3.156)

and, if m is the number of edges in the graph underlying A, then

i (0; — 0,)? = — Tr(M?) = 2nTr(—A%) = 2nTr(AA") = 4nm, (3.157)

jk=1

where it was used that A is skew-symmetric and AAT counts the number of edges of G.

Since 0; — 0, > (j — k)o, we have

ST - 002 >0 (G- k) (3.158)
4. k=1 4, k=1

We can write the summation on the right side as

> (r—s) Z] +Zk2—22jk (3.159)

7,k=1 7,k=1 7,k=1 7,k=1
n n 2
:2n2j2—2(2j) . (3.160)
j=1 j=1
Notice that
- 1(2n+1
Y M et L) (3.161)
j=1
then
n 2002 1
S (r—s)?= %, (3.162)
j.k=1

Since m < n(n —1)/2, it gives that

2,2
J2” (n 1)
6

This gives the stated bound. O]

< dnm < 2n*(n —1). (3.163)

Lemma 3.7.2 allowed them to conclude a result that bounds the number of vertices

for universal perfect state transfer.

Corollary 3.7.1 ( [1]). If we have universal perfect state transfer on the oriented graph
G, then |V(X)| < 11. Additionally, if n > 6, then G has integer eigenvalues.
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Proof. The first result comes as a direct result of the above lemma. As we saw before, the
eigenvalues of G must be in Z\/Z, then 02 > A > 1. However, for n > 6, the previous
lemma tells us 02 < 2, which leads to A = 1. O

Now, we are ready for the main theorem:

Theorem 3.8 ( [1]). The oriented Ky and Kj are the only oriented graphs admitting

universal perfect state transfer.

Proof. 1f a graph GG with n vertices has UPST, then its underlying graph is k-regular for
some integer k. As we saw before, let 6y < --- < 0; be the eigenvalues associated with
the Hermitian matrix H of the oriented graph, then 6, € Zv/A for some positive square-
free integer A. The characteristic polynomial of H must be equal to the characteristic
polynomial of its underlying graph over Z, and, additionally, since H is skew-symmetric,
then

0, =0, 1 Vr=1,....n. (3.164)

After remembering all those results, we are ready for an exhaustive search for all graphs
with less than 12 vertices.

When n = 4,5, the only regular graphs are K, and C,. An inspection of the
spectrum of those graphs makes it clear that they do not satisfy the above criteria.

When we analyse n > 6, then, from the previous result, we notice that

n®—1
12

<k<n-1. (3.165)
All that is left is to check graphs from 6 vertices to 11 that satisfy all of those criteria.

The above bounds gives us the following possibilities Each entry of k-th power of the

jn| 6 | 718 ]9/10]11)
|k [345[46[67[8] 9 |10]

1
1

adjacency matrix, (H");;, counts the number of walks between vertex ¢ and j. So, the
diagonals elements of H? counts the number of neighbours in the graph. This leads to

the following, when considering that H is skew-symmetric, for Tr(H?):

|25

nk=2> 02 (3.166)
r=1

Direct computation returns an integral value for this relation only for the following cases

‘ n ‘ k ‘ underlying graph ‘ spectrum of iH ‘
11 ] 10 Ky, 0, %7, 27, 37, 44, =51
716 K7 0, £, +2¢, 41
74 Cq 0, x2, £27, £3¢
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It is possible to check that the characteristic polynomial of the underlying graph
is not equal to the characteristic polynomial constructed with the above eigenvalues over
Z,. Therefore, there isn’t a graph with UPST for n > 4. ]
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Chapter 4

Quantum walks on oriented graphs

4.1 Introduction

In the previous chapter, two different models of quantum walks were presented
with some of their applications. We saw how discrete-time quantum walks are connected
to Grover’s algorithm and how continuous-time quantum walks allow the transfer of a
state from one vertex to another. The addition of orientation created new and interesting
phenomena that were unachievable in undirected graphs. In order to increase the current
knowledge about oriented graphs and continuous-time quantum walks, this chapter will
be devoted to presenting our original results related to it.

First, we will present our first result: how to efficiently simulate continuous-time
quantum walks of circulant graphs in quantum computers [56]. As we saw, the simulation
of quantum walks is one of the challenges related to quantum computing and we propose
a method that only requires two quantum Fourier transforms and a diagonal unitary.

The following result is a physically realizable Hamiltonian with subspaces that are
adjacency matrices of oriented graphs. The result is similar to the undirected case that
we saw previously. Phenomena associated with orientation are not only related to UPST,
but we also have zero-transfer, which is a lack of probability of finding the walker in a
specific vertex of some graphs. This characteristic was discovered in cycle graphs with
some orientations and, seeking to shed light on why it occurs, we tackle the problem from
an algebraic graph theory perspective. This allows us to make a connection between the
occurrence of zero transfer and the degeneracy of the Hamiltonian subspaces.

As we saw previously, a wavefunction in quantum walks spreads quadratically
faster than its correspondent random walk. However, a known result in the literature,
shows that the diffusion rate of the wavefunction can be cubically faster for some initial

conditions. Our results show that this can also be obtained for certain orientations.
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4.2 Quantum walks simulation in a superconductor

quantum computer

Our first result will be presented in this section and it is related to the simulation of
continuous-time quantum walks in superconductor computers [56]. We aim to answer the
following question: how can algebraic graph theory assist in the simulation of quantum
walks? Usually, quantum walks require a lot of multi-controlled qubit gates that create
a lot of noise in current noisy devices. Here, we will see that continuous-time quantum
walks in circulant graphs can be done efficiently with the assistance of the quantum Fourier

transform.

4.2.1 Quantum Fourier Transform

The quantum Fourier transform is an implementation of the discrete Fourier trans-
form over amplitudes of quantum states. It is a subroutine for many quantum algorithms
like Shor’s factoring and quantum phase estimation.

This transform can be described as the following operation over an orthonormal

basis {|0),[1),---,|N — 1)},

Uqrr(l7)) = e N [k). (4.1)

This can be rewritten as a product

. ' 0 +627ri0.jn M- (]0 +627ri0.jn,1jn 1
Uorr(ljns -, dn)) = (1) 1)) Qél ) | >)7 (4.2)

where [0.77 ... j,] is the fractional binary notation defined as

041 jul =) gs27". (4.3)

This is a very useful representation because it makes constructing an efficient circuit
much more simple, as well as proving that the quantum Fourier transform is unitary.
However, the circuit implementation of the QFT requires O(n?) phase-shift gates. This
can be contrasted with the classical implementation of a fast-Fourier transform that has

complexity O(n2") where n is the number of qubits.
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For applications that do not require precise calculations of the Fourier transform,
the phase-shift operations between the most distant qubits can be omitted while maintain-
ing reasonable accuracy [24]. More specifically, given a certain positive integer threshold
m, the approximate quantum Fourier transform (AQFT) circuit is generated by removing
gates that perform rotations R,, whenever m > p, from the original quantum Fourier

transform circuit, as is shown in figure 4.1. The output states can be defined as

gy — 4 A0 +EORIL i <i<n (4.4)

Y;) = o ' ’
\/LQ(|O> + 627m(0']i”']i+m_1) ‘1) , 1< S n—m

i) —{HH R |~ Rt H R Y1)

|J2) I (H|--— Rm1 (- R | |y2)

|jn—1> H |yn—1>
|Gn) ¢ @_ |Yn)

Figure 4.1: AQFT Quantum Circuit

4.2.2 Circulant graphs and the Quantum Fourier Transform

Given a graph G and its underlying adjacency matrix A, as we saw, we can describe
a CTQW by the equation

() = e [1(0)) (4.5)
where A is assuming the role of the Hamiltonian [33]. Throughout this work, the circulant

class of graphs will be considered again. Remember that this kind of graph is defined by

a circulant matrix, such that

Co CN-1 s Co &1
1 Co CN-1 C2
A= C1 Co (4 6)
CN—2 L N
| CN-1 CN-—2 0 C Co |
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Considering a simple graph, the adjacency matrix in (4.6) should have some constraints:
firstly, c¢ = 0 by the absence of self-loops; secondly, the matrix must be symmetric,
meaning that c¢,_; = ¢;.

To construct the quantum circuit, notice that the circulant matrix is diagonalizable

by the Fourier transform, such that the eigenvalues are

N
Ap = Co+ Z eN—qwPi. (4.7)

q=1

2 /N

where w = e . We can then construct an operator which diagonalizes the circulant

graph and we can define the unitary operator for the CTQW as
U= Ug?FTeiAtUQFT (48)
where Ugpr will be the unitary associated with the QFT, and

eiAt _ Z ei)\jt ’j> <]’ (4.9)

is a diagonal operator which is implemented using multiplexors [88, 84]. We aim to show
that even with AQF'T, this efficient way of implementing a quantum walk already yields
fidelities very similar to the ideal probability distribution.

4.2.3 Simulation in a Quantum Computer

First, we construct our circuits, as is shown in figure 4.2.

o) —#—] AQFT,, —] it —] AQF T, ———

Figure 4.2: Circuit for the continuous-time quantum walk.

The Qiskit! package is then used to submit our jobs to IBM’s Toronto backend. To
construct this circuit, we use two features in the package. The first one is a function that
constructs AQFT by inputting the number of qubits, n, and approximation degree. The
second one is a unitary diagonal matrix constructor that allows the creation of diagonal
gates in the circuit. Notice that the exponential gate dictates the time evolution of the
system and only discrete times can be simulated. Since the Hamiltonian used for the

simulation is a simple adjacency matrix of a graph, we believe that there isn’t a phase

1One of the most used software development kits for quantum computing that was developed by IBM.
IBM Montreal, which is now a decommissioned quantum computer, was used to create the data showed
here.
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transition in the quantum walk and the dynamics of the walk will be the same for every
time t.

Each experiment is performed 10 times, with 3000 shots each, to extract substantial
statistical data, using the confidence interval of 95%. We calculate the average fidelity
between the ideal distribution p(z,t) and the experimental ¢(z,t) using the following

norm:

F(p,q) = p(x,t)q(w,t) (4.10)

where z is the vertex and ¢ time, so we can compare to previous work [92]. This norm
creates a way to measure the distance between two probability distributions and goes from
0 to 1. The 0 fidelity corresponds to two completely different probability distributions
while 1 occurs when they are equal probability distributions.

We selected a considerable number of graphs, as is shown in figure 4.3, to observe
how the effects of the AQFT differ. For instance, the graph G is generated by setting
c¢1 and ¢, 1 to 1, and the rest of the elements to 0, and this corresponds to a cycle
graph. On the other hand, graph G5 with N = 8 can be described by column vector
[0,1,1,0,0,0,1,1)%. In this way, we can systematically construct circulant graphs varying

from sparse to dense.

(d) G4

Figure 4.3: Circulant graphs Gy for N = 8 elements.

Figure 4.4 shows the probability distributions for the CTQW on the graph G, for
N = 8 elements. The blue bar represents the quantum walk on the aer simulator, which
is not a real quantum computer but an ideal simulator offered by the Qiskit package. The
remaining bar plots were obtained by running the circuit on the Toronto backend, where
we can see the error introduced by noise.

For the smaller N = 4 case, two non-isomorphic circulant graphs are possible to
construct. (G corresponds to the cycle graph, and G5 to the complete graph. Table 4.1
shows the achieved average fidelities, which were calculated with (4.10). Our result for

the complete graph slightly outperforms Qiang’s et al work [92], where they obtained a
fidelity 1aftIGF = @QQ@e, table 4.2 shows that state fidelity is greater as graph connectivity

increases, and as m increases. This is due to the fact that a greater m results in a more

precise circuit due to the approximation.
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B QFT=0ibmg_gasm
061 s QFT=0 ibmgq_toronto
mmm QFT=1 ibmqg_toronto
05 Bl QFT=2 ibmg_toronto
0.4 4
Z
E
203!
E -
0.2
0.1

Figure 4.4: Continuous-time quantum walk for N=8 elements, with time=1 and initial
condition [1(0)) = |4).

m\G G1 G2
0.98 &£ 0.01 | 0.99 £+ 0.01
1 0.98 £ 0.02 | 0.993 £ 0.006

Table 4.1: Fidelity of quantum state with N = 4, backend Toronto, and t = 1.

IIl\G G1 G2 G3 G4

0 0.80 £ 0.01 0.92 £ 0.02 0.968 = 0.007 | 0.965 £ 0.006
1 0.894 + 0.007 | 0.95 £ 0.01 0.98 £ 0.01 0.973 £ 0.008
2 0.852 £ 0.009 | 0.955 £ 0.004 | 0.985 £+ 0.003 | 0.990 £+ 0.002

Table 4.2: Fidelity of quantum state with N = 8, backend Toronto, and t = 1.

Finally we consider the case where N = 16 is in table 4.3. Here, the behavior is
similar to the previous case up to graph (G5, meaning that higher graph connectivity and
larger m will result in higher fidelity. However, graphs Gg, G7 and Gy even though are
highly connected and have relatively low depth, present lower fidelity. This is due to the
fact that the probability distribution of the dynamic of the walk on these structures is
highly concentrated in a small number of vertices, which means they are more susceptible
to noise introduced by NISQ computers, specially readout errors due to bias. Nonetheless,

the increase of m still has a positive impact on the fidelity of these circuits, as expected
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since it gets closer to the real implementation of a QFT.

m\G | Gl G2 G3 G4 GH G6 GT G8

0 {047£0.03]061£002]078£0.02]086+001]086 001070 x0.04|0.54 £ 0.03 | 0.49 £ 0.04
1 0.50 £0.03 | 0.63 £ 0.03 | 0.79 £0.03 | 0.87 £ 0.02 | 0.85 £ 0.03 | 0.70 £ 0.03 | 0.55 £ 0.05 | 0.50 £ 0.04
2 0.55£0.03 ] 0.71£0.03 | 0.83 £0.02 { 0.90 £ 0.01 | 0.89 £ 0.02 | 0.75 £ 0.02 | 0.62 £ 0.04 | 0.59 £ 0.06
3 1060£003]0.70£0.02|085£0.01(0.92£0.01]091+£0.01 080 £0.03]0.71£0.04 |0.69 £ 0.04

Table 4.3: Fidelity of quantum state with N = 16, backend Toronto, and t = 1.

EE QFT=0 ibmg_gasm
QFT=2 ibmq_toronto

EE QFT=0 ibmg_gasm
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Figure 4.5: Pretty good state transfer for different circulant graphs defined by v.

We implemented pretty good state transfer (PGST) which is a transport phe-
nomenon similar to PST. However, PGST occurs between vertex i and j if, for any € > 0,
there exists a time 7. such that

|U(T€>Z’j| >1—ce. (411)

It was proved by Pal et al. [49] that PGST occurs in some classes of circulant graphs at
7. = 2mn, where n is a positive integer. One of those classes is cycles with 2% vertices
(Cor), where k > 3, and the other is the union Cyx U G(2F), with G(2%) being circulant
graphs with connection set given by gcd-sets of Zy.. We chose one graph of each class,
v; = [0,1,0,0,0,0,0,1]7 and v, = [0,1,1,0,1,0,1,1]7, and we obtained a fidelity of
0.93 £ 0.01 for v; and 0.906 + 0.009 for vy. Figure 4.5 shows the comparison between the

simulated model in blue and the experimental result in orange.

4.3 Hamiltonians and graphs

In section 3.5.1, we presented a known result of how natural it is to use an adjacency

matrix of graphs to describe a physical realizable Hamiltonian. Since the previous results
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were for undirected graphs, we proved that the same happens for oriented graphs [76].
Following, we will see which Hamiltonian has subspaces described by oriented graphs as
long as the orientations are complex numbers of absolute value equal to 1. This theorem
follows the same steps of section 3.5.1 and it is proved similarly. These graphs are called
complex unit gain graphs [79] in the literature.

In the next theorem, we will prove a result similar to the one obtained for the result
in section 3.5.1, however for a Hamiltonian that can be associated with a complex unit
gain graph. In physics, this Hamiltonian is associated with the Rashba effect [65, 61, 55]
and a better understand of it implies a better understanding of spin-orbit couplings in
semi-conductors. This effect appears when there is an external magnetic fied that induces

a split in the conduction band of certain types of semiconductors.

Theorem 4.1. The H,, Hamiltonian is defined as
1
Ho = D cosa(XiX; +YiY)) + sina(X;Y] - X;Y)), (4.12)
ijEE(G)

where E(G) is the edge set of the graph, X andY are Pauli matrices. The Hamiltonian
is a block matriz where with each one being a k-excitation subspace. Also, the 1-subpace

18 described by the adjacency matrix of a unit gain graph.

Proof. Let S C {1,...,n} and {|0),|1)} be the standard basis for C2. Define

|fs) = |i1) ® |ig) ® ... |in), (4.13)

where i, = 1 if r € S. For simplicity, we will say that

= Z (XiX; +YY)), (4.14)

ijEA(G)

sin a

hy = — Z (XiY; — X;Y5). (4.15)

ijeA(G)

Notice that

XiX;|fs) = |fsatin) (4.16)
VY| fs) = — (=) feaii) (4.17)
XY\ fs) = i(=1)0 | fapiin) (4.18)

where S @ T is the symmetric difference of sets. Using that on the Hamiltonian above,

COs &

hilfs) = 5 (1= (=) | Fsorisy)

COS (v iy, b |SNd{i, g =1,

0, otherwise
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and
sina . i 7
alfs) = T2 (=156 — i(=1)5000) | o)
isin ’fs@{i,j}% if |[SN{i}| =1,
=\ “isina |fSEB{i,j}>7 if[Sn{jt=1 (4.20)

0, otherwise

As a consequence,

(

ZijeE(G)(cosa +isina) ‘fS@{iJ}> Cif SN {i}| = 1;
Holfs) = 4 2 ijen(c)(cosa —isina) ‘fS@{i,j}>7 if [SN{j}H =1
\O, otherwise
( ¥ . .
Yijen € [ fsotigy) » iE1SN{i} =1;
- ZUEE @ € ‘fSEB{Z,J}> it [SN{j} =1; (4.21)

0, otherwise

which shows that the Hamiltonian H, maps the k-subspace to itself. O

Similarly to the previous result, this shows that adjacency matrices of graphs arise
naturally as subspaces of physical realizable Hamiltonians. Therefore, this connection
justifies the study of adjacency matrices of graphs, from a physical perspective, due to
the insights about 1-excitation subspaces.

From now on, we will assume that all of our Hamiltonians are written as
H,=¢e“B+e BT, (4.22)

for some matrix B that is responsible for the outgoing arcs while @ € R will give the
orientation. Notice that a does not need to be equal for every vertex, but it will be stated

whenever they are not all equal.

4.4 Oriented finite and infinite path graph

This section will be devoted to our results on oriented path graphs [77]. As we
will see, orientation can be used to change the rate at which the wavefunction spreads
in infinite line graphs. First, we will see a quick review of Bessel functions. We will see
the definitions that are more useful for our results and the properties that will be used in
the future. A similar phenomenon can be obtained for undirected graphs when the initial

conditions are non-local and it is a known result from the literature.
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4.4.1 Bessel functions

Bessel functions of the first kind, J,,(z), are solutions to Bessel’s differential equa-
tions and have numerous representations and relations. They are widely used in physics
since they are a solution to important partial differential equations related to heat dissi-

pation. The first definition is related to the integral of cosines and is given by

1 [7 [ . -
Jn(z) = ;/0 cos (nT — xsinT)dr = - elnm=asin”) g (4.23)

The convergence radius is infinity for all Bessel functions [62] and it has an oscillatory
behavior that will be evident in the dynamics of the infinite line.
Throughout this chapter, we will need some properties from the Bessel equations.

One of them is a different way to define the Bessel functions:
Jo(z) = i"J,(z), (4.24)

and it will be very present in our demonstrations. Also, the following recurrence relations

will be crucial to understand some of the results

2n
Jnt1(2) + Jn1(z) = ?Jn(x)a (4.25)
and
Joir () = Joa(x) = 2, (@), (4.26)
Finally, we will also need
J () = (=1)" (). (4.27)

The connection between line graphs and Bessel functions is known in other contexts
[5, 45, 90, 18]. However, the connection between the Bessel functions and unitary gain
graphs is not present in the literature. That is what we are going to analyze in the next

section.

4.4.2 Survival probability on finite path graphs

One way to associate the spread of the wavefunction through a graph is by ana-
lyzing the survival probability. Define v € Z* then we can define the survival probability
as

Pt = " Bilb) (4.28)

k=—v
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where Py (t) is the mean probability of finding the walker on vertex k[66]. In short, we
are defining a box containing vertices from —p to p and verifying how likely it is for the
walker to be inside it. It is shown that in classical random walks, P,(t) decays with t 2
while for discrete-time quantum walks with the initial condition centered in one vertex
it decays with ¢7![38]. We aim to show a result by Abal et al.[38], in this section, that
decaying time on the line can be improved if we consider non-local initial conditions. We
start by defining our Hilbert space composed of H = H.®H,,, where H, is associated with
the orthonormal vectors {|R),|L)} and H, with the characteristic vectors of the graph

{|z)}. Then, we are ready for the following theorem by Romanelli et al.:

Theorem 4.2 ([10]). Let H = H.® H, be the Hilbert space associated with discrete-time

quantum walk. Define the initial state given by

[e.e]

() = > (as|L) + . |R)) ® (|2)), (4.29)

r=—00

with the time evolution operator given by

U= [ Z |z + 1)z| ® |RXR| + | — 1}z| @ |LXL| | - (I, ® H), (4.30)

T=—00

where I, 1s the identity in H,. Then, the survival probability at time t will be

Po(t) = S2(= 1) (ay (03 0) + by(O)B(0)) Jumy (VD) Loy (8/V2),  (431)
where J,(t) is the first-order Bessel functions. O

Consider now the initial condition given by
1 :
|UF) = 5(IL) + i |R) ® (|=k) + |K)), (4.32)
for k € Z*. Then, by the above theorem, the survival probability becomes
1
Pr(t) = 5[ Jetn(t/ V2) £ Lk (t/V2)P (4.33)
A striking difference arises when the limit ¢ >> 1 is analyzed. The survival probability
for the state |¥'™) can be approximated as
1
2
While the state |U~) results in

LT t/V2) — stV = 2 [M - Jx_la/ﬁ)r L)

2 t

[oir(t/V2) + Jo_p(t/V/2)]? = 222 {M}

t

|

Pr(t) = = (4.34)

by (t) =

T

Notice how the initial condition changes the speed of the decaying with |U*) showing
an enhanced speed, as the author called it, compared to the other initial conditions.
Figure 4.6 shows the survival probability for the two initial conditions and gives a visual
comparison between them. It also gives a shred of visual evidence that one initial condition

spreads way faster than the other.
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Figure 4.6: Figure showing the survival probability of [¥*) (orange) and |¥~) (blue line).
The graph shows with clarity how the initial conditions change the diffusion speed of the
wavefunction.

4.4.3 Infinite line and Bessel functions

We saw how Bessel functions can describe the evolution in time of infinite path
graphs on discrete-time quantum walks. Here, we will see a result by Bessen|[18] that
shows a connection between Bessel functions and continuous-time quantum walks in line
graphs. Define G as the line graph with N = R — L vertices where L is the leftmost

vertex and R the rightmost. Then, our state after the time of evolution can be defined as

R

() =Y W(x,t)|e), (4.36)

r=L

where |z) is the caractheristic vector of vertex z. As usual, the time evolution will be

given by
[(t)) = e [4(0)) , (4.37)
where A is the (N — 1) x (N — 1) adjacency matrix of the graph defined as
0 -
0 1
A= . (4.38)
1 0
L q O_
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As we will see, there is a strict connection between ¢ (z,t) and Bessel functions of the
first kind.

Theorem 4.3 ([18]). Let J,(t) be the n-th Bessel function of first kind and set J,(t) =
i"J,(t). Then, the continuous-time quantum walk of the line with initial condition |1(0))
|zg), R = 00, and L = 0o has the wavefunction ¥ (x,t) defined as

(@) = Tt (2). (4.39)

Proof. The orthogonal and normalized eigenvectors for the adjacency matrix are given by

2 k — L
o) =% 2 sin%k@ (4.40)
rz=L+1
for k. = 1,...,N — 1 and eigenvalues given by 2cos % Therefore the wavefunction

associated with the state after time evolution will be

N-1

P(x,t) = % Z sin ——= mh(z = gif2cos Z sin ~ y L>w(y,0). (4.41)

k=1 y=L+1

Putting the vertex zy as the initial condition is the same as defining ¢ (x,0) = 6, ,,. Then,

the equation above becomes

V(. t) = ’; sin W(l}v ) sin W(x]ov ) girzcos iy (4.42)
N-1 N-1
1 k — , ﬂ k —2L) . 7r
— N 2 COS 7T(x]\/v .1'0) ethcos %—% 3 COS 7T($ +]‘f[0 )ethCOS%. (443)

Notice that the terms for £ = 0 and £ = N are equal to two zeros and they can be added

without loss of generality. Therefore

N
_ % Z cos k‘ﬂ-(x]\[_ {E()) ZtQCOSkWW - Z COS :,U + :L‘O — QL) ZtZCOSkWﬂ, (444)

In an interval [a, b] for a function f(z), the Newton-Cotes quadrature can be defined as[9]

| iy 3 wirtw) (4.45)

Notice that for our case, we can assume our interval to be [0, 1] and our w; = 1 for all 4

and the function f(k/N) = cos wem cos ¥ We can rewrite the wavefunction as

1 [t , I ;
P(x,t) = i / cos(x — :co)wemcosw”dw—ﬁ/ cos T(x + xg — 2L)we" " dwe(x, x9, t, N),
0 0

(4.46)
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where €(x, zg,t, N) is the error associated with the approximation. The Newton-Cotes

quadrature has approximation errors bounded by

%(%f(O) + Lo+ > f(k/N)> - [ 1w

<o(Fal"wle).  @an

where the norm is the supremum of the second derivative of f(y) in the interval [0, 1].

The value of this norm will be
2

0 .
”W cos aweP || < (a+ B)*+ B (4.48)

with «a, 5 > 0. Therefore, the error associated with the approximation for this case will

be

— 2t)? — 2L + 2t)?
e(x,xo,t,N):O<<I xo + 2t)* + (x + x¢ + ))

N2

Remembering the previous definition of J,(y) we can rewrite the wavefunction ¢ (x,t) as

(4.49)

a sum of Bessel functions:
V(1) = Joeay(28) + Jo—pgror(2t) + €(z, 20,1, N). (4.50)

When we set R, L — oo then the approximation is exact and the wavefunction becomes

¢(x7t) = Jx—mo(2t)' (451)
O

Although the above result is enough to understand our results, Bessen also proved
other associations between the Bessel functions and wavefunctions with different boundary

conditions:
e For L € Z, R — oo, and ¢(L,0) = 0 then
Y(x,1) = Joy (20) + Jo—ayror(28). (4.52)

o For R,L € Z, L < R, and ¥(R,0) = 9(L, 0) = 0:

Yl t) = Y (=1)"Joms, (2t) (4.53)

with
L— (QT_n_l — L) n <0,

. (4.54)
R+(R—xz_p11) n>0

Tn =

o For R,L € Z, L < R, and ¥(R,0) = 1(L, 0)

Yl t) = Y Jooy,(2t) (4.55)

with
Yn = nN + z. (456)

Figure 4.7 shows the probability distribution for the different cases.
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Figure 4.7: Figure showing the probability distribution for the path graph with different
boundary conditions. The initial vertex xqg = 13, L = 0, and R = 30 with a precision of
1075. Source: Bessen [18]

4.4.4 Oriented trees

As we saw, orientation plays a part in different new phenomena. An interesting
question that we answered was: are there any types of graphs whose orientation does not
change the dynamics of the CTQW? As we will see, this is the case for the dynamics of
oriented trees. A special case arises for finite path graphs that will be crucial for future
results about cycle graphs.

First, we prove the following lemma related to an orientation on trees:

Lemma 4.3.1. Let H, be the adjacency matriz of an oriented tree T on n vertices, where

each arc (a,b) has received weight €@ and arcs (b,a) with weights equal to e~*(@b),
Then, there is a diagonal matriz D, that obeys D'D = I, so that
D'H,D = H,, (4.57)

where Hy is the adjacency matrixz of an undirected underlying tree.

Proof. The proof goes by induction on the number of vertices. The base case for a tree
on 2 vertices is trivial. Assume a is a leaf of T', connected to b (say by an arc (a,b)). Let
E be the (n — 1) x (n — 1) diagonal matrix that gives ETH,(T — a)E = Hy(T — a). Let
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D be obtained from E upon appending one diagonal entry corresponding to vertex a of
T, so that
Daa - Ebb : e—ia(a,b).

It is immediate to verify that |D,,| = 1, and that DYH,(T)D = Hy(T). O
The above lemma leads us to the following corollary:

Corollary 4.3.1. Let the initial state be restricted to a single excitation space, H, the
Hamiltonian of a finite oriented path graph, and S a diagonal matriz that obeys STS = I
and

S'H,S = H, (4.58)

where H is the Hamiltonian of a finite undirected path graph. Then, the walk dynamics
15 equal for both H, and H. [

This will be a crucial corollary for one of our future results related to transport

properties in cycles.

4.4.5 Infinite oriented path graphs

Consider the spin model on the infinite line [15]. The Hamiltonian in such cases

will be given by
+oo

Hy= > ez +1)z|+e ™ [a)z + 1], (4.59)

where |z) is the characteristic vector of the vertex x with 1 in the z-th position and 0
everywhere else.
Figure 4.8 shows the dynamics of an infinite path graph with the initial state given

by
1

[4(0)) 7

It is clear how the addition of orientation changes the walk dynamics. When a = 0, we

(10) +1)). (4.60)

see that the walk is symmetric around the origin and that the probability is equal for
vertex a or —a. However, we can see that we get a skewed walk to one side or the other
whenever there is an orientation. Notice that for &« = 7/2, the probability rises on the
right side, while, for « = —m /2, the probability rises on the left side. Notice that the
initial condition plays a crucial role here. Suppose that instead of |¢(0)), we had |0) as

the initial condition. Then, the dynamics would always be symmetric.
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Figure 4.8: Figure showing the dynamics for an infinite path graph with three different
values of orientation 0, 7/2, and —m/2.

After this brief intuition of the dynamics in infinite path graphs, we are ready to
see that the time evolution is closely related to Bessel functions, similar to the undirected
case.

Adjacency matrices of path graphs are a special case of Toeplitz matrices. The
first step in our results is to get the spectral decomposition of those matrices and it is a

known result shown by Trench[87]:

Lemma 4.3.2 ([87]). Define a band Toeplitz matriz of dimension (n — 1) x (n —1), Ty,
with k < n,

a;k 5 - . (4.61)

Qg

a—p ... 0

If k=1 and a, = €'* = a*,, where o € R, then its eigenvalues will be given by

krm

n

)\k—QCOS( ) E=1,...,n—1 (4.62)
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and the corresponding eigenvectors will be

) = \f —iow i (me) |z) (4.63)
T= L+1

]

The adjacency matrix of a path graph can be described by a Toeplitz matrix like

the one above with £ = 1 and, with this knowledge, the main theorem follows

Theorem 4.4. Let J,(t) denote the n-th Bessel function of the first kind and J,(2)

i"J,(2). The continuous-time quantum walks for an infinite line and start point |1(0))

|zo) has the coefficients:
Pz, t) = e @@ T (2t) (4.64)

Proof. The coefficients 1 (z,t) will be given by
(xly(t)) = " (2]v(0)) .

From lemma 4.3.2 we can use the spectral decomposition of 7} to obtain

n—1 R—-1
_ 2 k(@ — L)\ it2cos (2n) y km(y — L)
_ 2 —iaz o AT ) git2eos (5 —ia —_— 0).
- E e ( - )e E e "““Ysin " ¥(y, 0)

k=1 y=L+1

Set ¥(y,0) = 0y.4,, then

—wz z—xzo) /T 1 kr k o
Y(x,t) = ( e~2eos (50 cos (—W(x xo))_
k=

n
1

_Ze—thCos (B <k’7T($—|—Q;0—2L)))
n

Notice that the terms with £ = 0 and £ = n vanish, hence we can add them to the sums

without loss of generality. After the addition, the sum can be changed to an integral by

using Newton-Cotes quadrature. The error of the approximation, e(x, zo,t,n), is

v, ) < O @),

where || f(2)]|,, is the supremum of f(z). Since we are in the interval [0, 1], the supremum
will always be bounded since the function f”(z) will only have complex exponentials and

cosines. The coefficients can now be rewritten as

1
1/J<$, t) :e—ia(w—l"o) </ Cos (7.‘.(1, _ IO)¢)612tcosw¢d¢_
0

1
_ / oS (71'(.73 Tz — 2L)¢) eithosW¢>d¢> +
0

+ e(z, o, t,n).
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Using 4.24 we get that
(x,t) = e @[], (2t) — Jpyag—20(28)] + €(z, 30, t, ). (4.65)

By setting R — oo and L — —oo we see that the error terms go to zero while one of the

Bessel functions goes to zero too. We finally get to our result:
Y(x,t) = e @m0 (21). (4.66)

]

4.4.6 Survival probability on infinite oriented path graphs

Recalling the definition of survival probability as the mean probability of finding
the walker in a certain location after some time t. The symmetric position range of [ko, k1]

on the line will have it defined as

Py i (t) = Y Pi(1). (4.67)

i=ko
An initial condition such that Py, ,1(0) = 1, we can evaluate the decay rate of the survival
probability, which indicates how fast the walker leaves the specified range of positions.
In a classical random walk the decay rate scales with t’%, and, typically, with t~! in a
quantum walk. However, as we saw the result of Abal et al. [38], certain non-local initial
conditions can further increase this decay rate, where the survival probability decreases
with ¢73. One of our results shows that the same phenomena can be obtained with oriented

graphs and with the proper selection of a.

Lemma 4.4.1. Define a non-localized initial condition for a continuous-time quantum

walk on an infinite and oriented path graph as
[6(0)) = cos(6) |—k) + ¢ sin(0) |K) (4.68)
where k € Z, 6 € [0,27), and v € R. Then, the wavefunction (x,t) associated with the

time evolution of the quantum walk will be
Y(x,t) = cos(B)e @R J 1 (2t) + ¥ sin fe @R T (2t), (4.69)
which leads to the general equation for the probability associated with this initial condition
= cos®(0)J2,,(2t) + sin®(0)JZ_,.(2t) (4.70)
+2(—1)" cos(2ak + 7) cos(8) sin(6) Joy 1 (2t) Jp_x(21).
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Proof. Notice that

(b)) = (z[y(t) Z%Dy, {z[¥(0)), (4.71)

T=—00

and the first result follows immediately from theorem 4.4. The result for the survival

probability can be easily obtained using trigonometric relations. O

This choice of initial condition was motivated by the increased interest in experi-
mental physics with the superposition of the walker states [75] in discrete-time quantum
walks.

We are now ready for the main theorem

Theorem 4.5. Let G be an infinite oriented graph with arcs having orientation e~ and
e, Let the initial condition be defined as
11(0)) = cos() |—k) + 7 sin(0) |k) . (4.72)
Then, for 0 = /4, the survival probability will decay with 1/t> for a equals to
Iy —
m; ? 7, even k,
R I ddk7 (4.73)
—, 0
2k' Y Y
and it will decay with 1/t for a equals to
Iy —
i 7, even k,
a=1_ f’;m B . (4.74)
TV odd k,
2k

Proof. Although we decided to choose a box of size 1 for the survival probability, the
expression for a bigger box could be obtained from equation (4.70). The enhanced decay

rate can then be analytically obtained from equation (4.70) by considering

(—1)* cos(2ak +7) = 1, (4.75)
and the value of a will be
2mv — 7y
o ,even k, : )
a = 4.76
w, odd k,
2k

where v € Z. The probability will be, after some algebraic manipulation, as follows

Py(z,t) = [cos0J,41(2t) + sin QJI_;C(%)]Q . (4.77)

Considering a value of k =1 and 0 = 7

w1 (4.78)

Pl(x7t>: t37

Jx(%q :

[Jog1 (2t) + Jo_q (20)) = 227 { 5

N | —
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thus confirming these parameters do indeed lead to the probability of finding the walker
in the survival region decreasing with an enhanced rate.

Analogously, we can recover the normal decay rate by changing the value of a to

2mv — 7y

———,odd £
o Qk 7 )
T Y420 —y i (4.79)
o , even k.
The associated probability will then be
Py(z,1) = [cos 0.y, (2t) — sin 0., (20)]* . (4.80)
Once more, if we take a value of k=1 and 6 = 7
1 x.J, (2t !
and we recover the normal decay rate of the quantum walk.
]

Considering a value of k =1 and 6 = 7, figure 4.9 shows how the survival proba-
bility decays over time. For a value of o = 7 the enhanced decay rate is observed, whereas
other values of « display a normal decay rate. The code used to plot the figures can be

found in the GitHub? repository.
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Figure 4.9: Evolution of the survival probability on a oriented infinite line, for § =
v=0,and « =0

s

4
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This difference in behavior is explained by an interference effect influenced, in part,

by the relative phase of the initial state. Introducing direction to the line graph also affects

https://github.com/JaimePSantos/ QWAK
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this interference effect, and we can reproduce enhanced and normal decay rates for the
given initial condition by choosing the appropriate value of «, regardless of the parity of
k. Then, no nodes admit localization since the decay rate of the right-hand side of every
vertex is O(1/t).

4.5 Zero transfer

We will start with the definition of zero transfer: suppose we have a graph G.

There is zero transfer from vertex a to b, if
(6] U(2) |a)| =0, (4.82)

for all t. Zero transfer is a complete suppression of information transport between two
vertices and it is only possible in quantum walks modeled by oriented graphs.

Notice that if we had an undirected connected graph, it would be impossible to
obtain such a phenomenon. The intuition behind that affirmation is that the time evo-
lution operator decomposes as the sum of powers of the adjacency matrix. Since (Ak)ij
counts the number of walks of length & from vertex ¢ to j, it is impossible, for undirected
graphs, that we get a walker never visiting a vertex for all time .

The phenomenon was first proposed by Zimboras et al. [96] while studying quan-
tum walks with orientation (also called chiral quantum walk by them). They show that
zero transfer occurs for the even cycle, similar to our result. However, our result is for a
different set of orientations while focusing on the algebraic properties of the graph.

Sett et al. [13] while working with oriented graphs gave a physical justification
for zero transfer. They proposed that this phenomenon can be an indirect measure of
decoherence in a system. Although we will not dive into open quantum systems, the
reasoning behind their justification is simple. We defined the phenomena to occur in
closed systems, however, when the system starts to interact with an environment, it will
lose its quantum aspect and the transfer probability will increase as the decoherence
increases.

Unfortunately, we lack a detailed characterization of zero transfer as the one for
perfect state transfer. Therefore we will show when the phenomenon occurs for even

cycles and its connection with the adjacency matrix eigenvalues.
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4.5.1 Chebyshev polynomials

Chebyshev polynomials are a set of orthogonal polynomials that can be of the first
kind, written as 7T),(x), or the second kind, written as U,(X). They are related to sine
and cosines function with the first kind being the solution to the Chebyshev differential
equations[53]:

d
(1-— x2)7 — T +a?y = (4.83)

for |x| < 1. The polynomial of the first kind is defined as
T,(cost) = cos(nb) (4.84)

and the second kind as
Un(cos ) sinf = sin((n + 1)0). (4.85)

Among many properties, they also have a recurrence relation given by

Tn+1(x)
Un+l (ZE)

20T, (x) — Tho1(2), (4.86)
22U, (x) — Up_1(2). (4.87)

As we will see, they are closely related to the characteristic polynomials of path graphs
and it is one of many applications. This connection will allow us to prove some results of
zero transfer in oriented even cycles. To do that, we will first define a recurrence relation

that connects polynomials of the first kind with polynomials of the second kind:

T (z) = %(Un(x) _ Un_g(x)>, (4.88)
Ton(z) = 2T2(z) — 1. (4.89)

4.5.2 Zero transfer in even cycles

Let C§;. denote the adjacency matrix for a cycle with 2k vertices. We will show
an expression for its characteristic polynomial and its connection to the characteristic
polynomial of the undirected cycle. Before we dive into the results, define a sesquivalent
subgraph of a graph G as regular subgraphs with degree 1 or 2, i.e. singles vertices or

cycles. A theorem of Harary [51] states that
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Theorem 4.6 ([51]). Let G be a simple graph, and H be the set of all sesquivalent
subgraphs of G.Then,

da = > (=1 (=2) (), (4.90)

HeH
where ¢¢ is the characteristic polynomial of G, e(H) is the number of edges, v(H) the

number of isolated vertices, and c(H) the number of cycles.
A known fact about tridiagonal matrices is the following lemma

Lemma 4.6.1. Let T be a tridiagonal matriz given by

a; by
c1 as by
T = co . Tt , (4.91)
bn—1
Cno1 Gy

Let f,_; be the determinant of T with the last i columns and rows removed. Then the

determinant of T is given by
fn = anfa1 — cao1bp_1fr2, (4.92)
where f_1 =0 and fo=1.
As a corollary of the previous lemma

Corollary 4.6.1. Let T be a tridiagonal matriz of size n X n with 0 in the diagonal and

1 in every other non-zero entry, then its determinant is given by

—1)? iof n=2p and p is an integer,
fn = 1 panap . (4.93)
0 otherwise

Proof. Since a, = 0 and ¢, = b, = 1 for all k£, we get that

fn=—fn_o. (4.94)
Knowing that f 1 =0 and fy = 1 it is easy to see that
fi=—-f1=0,
fa=—fo=-1,
fa=—H=0,
Ji=—fa=1,
fs=—f3=0,
fo=—fa=-1,

and so on. [
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Now, we are ready to prove the following theorem

Theorem 4.7. Let CS;, be the adjacency matriz of the oriented cycle graph with 2k ver-
tices. Half of its arcs have orientation e'% from arcs going from i to i+ 1 and orientation
e"'% from arcs going from i+ 1 to i, while the other half is undirected. Then, its charac-

teristic polynomial, ¢cg s given by
bcg, = bcy, + 4, (4.95)

where ¢, 1s the characteristic polynomial of an undirected cycle with 2k vertices. Addi-

tionally, ¢cg can be factored as
¢og, = 4T} (2/2), (4.96)
where T, () is the Chebyshev polynomial of the first kind.

Proof. The Leibniz formula for the determinant gives that

2k
¢H” - Z(_l)Sgn(U) H(l’] - Hoz)ia(i)a (497)
o i=1
where the sum corresponds to all permutations o of the set {1,2,...,2m}. Notice that

the permutation will only give a non-zero entry of (zI — H,) if it maps i to a neighbor.

Therefore, we can rewrite

b, = »_ aPl(=1)"Pldet(H, \ D), (4.98)
DCV(G)

where the sum runs over all subsets D of the vertices of the graph, and (H, \ D) denotes
the matrix H, with rows and columns corresponding to D removed.

It is easy to see those subgraphs obtained for |D| < n are all paths or multiple dis-
connected paths where some edges might have been weighted. As we saw on Lemma 4.3.1,
all these possibly oriented paths are similar (via a diagonal matrix) to their undirected

unweighted counterparts. Therefore
¢u, = ¢y — det(H) + det(H,). (4.99)

To compute the determinant of H,, it suffices to observe the following decomposi-

tion, which follows the Laplace expansion (see for instance [41]):

det(H,) = — (Ha)12(Ha)2n det((Ha) \ {1,2})
+ (=12 H(Hoc)jjﬂ

— (Ha)1n(Ha)n1 det((Hy) \ {1,n}) (4.100)



4.5. Zero transfer 83

From the given weights, Lemma 4.3.1 and from 4.6.1, we have

(Ha)12(Ha)21 - (Ha)ln(Ha)nl =1,
det((Hqo) \ {1,2}) = det((Ha) \ {1,n}) = (=1)"™,
[[(Ho) 41 = -1

J
If instead, we were computing the determinant of H, the only difference would
have been that [];(H);;+1 = 1. Therefore

bn, = ou + 4 (4.101)

Also following from (4.100), we have

Ou = ¢p, — Op,_, — 2, (4.102)

where ¢p_ is the characteristic polynomial of the adjacency matrix of the path graph with

n = 2m vertices, hence, from 4.6.1, we have

0 if m is even,
det(H) = . (4.103)
—4 if m is odd

Also, ¢p, can be defined in terms of the Chebyshev polynomials as
dp, = Un(z/2). (4.104)

Using that in the expression for ¢y, and the properties presented in the definition of the

Chebyshev polynomials we have
bu, = (2T (x/2))*. (4.105)
O

As a corollary to the previous theorem, it is possible to show that there is zero

transfer from any vertex to its antipodal vertex.

Corollary 4.7.1. Let CS, be the adjacency matriz of a cycle graph with 2k vertices and
weights e*% in half of its arcs while the other half is undirected. Then, there is zero

transfer for any time t between the vertex 0 and its antipodal vertex k.

Proof. Take a vertex a, and consider its indicator vector |a). The minimal polynomial of
H, on |a) is the monic polynomial p(z) of the smallest degree so that p(H,) |a) = 0. It
is well known that p(z) divides the minimal polynomial of the matrix H,, and this latter

polynomial has a degree equal to the number of distinct eigenvalues of H,. From Theorem
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4.7, this number is at most m. Therefore, H' |a), for £ > m, is a linear combination of
H*|a) for 0 < k < m—1. Because the combinatorial distance between a and (a+m) is m,
it follows that (@ +m| H” |a) = 0 for all 0 < k < m — 1, and therefore (a + m| H’ |a) =0
for all ¢ > 0. This immediately implies that for all idempotents E, in the spectral

decomposition of H,, this corresponding entry related to a and (a+m) is 0, and therefore

2
(@ +m| e |a)|* = |3 e (a +m| B, |a)| = 0. (4.106)

]
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Chapter 5

Conclusion

We started this work aiming to tackle four different problems related to quantum me-

chanics and graph theory:

1. It is known that noisy quantum computers cannot efficiently simulate quantum
walks due to the number of multi-controlled gates required. Is it possible to use

algebraic graph theory to make the simulation more efficient?

2. Are there graphs for which the addition of orientation does not change the quantum

system’s dynamics?

3. Even though the weights have modulus 1, can the addition of orientation be enough

to change the velocity in which the information is spread through the graph?

4. Can algebraic graph theory explain known phenomena in the literature and offer

new perspectives to phenomena closely related to the addition of orientation?

The investigation of the first question led us to circulant matrices and their spectral
decomposition with Fourier matrices. We saw that this allowed for an implementation of
the continuous-time quantum walk by using the QFT algorithm which can be efficiently
implemented by NISQ devices with few qubits. To show this, we used one of IBM’s QPUs
to simulate the quantum walk and we compared it to its ideal results. We were able to
show that the results coincide in spite of errors associated to NISQ devices. We were
also able to obtain good results with an approximate version of the QFT algorithms. An
open question remaining from this work is whether there are other graphs with similar
symmetries such that their spectral decomposition can be easily implemented in NISQ
devices. This would make continuous-time quantum walk a lot easier for current devices
and would make it possible to tackle problems associated with quantum walks.

The second question led us to explore how the dynamics of a quantum walk can
be altered by the addition of orientation. We were able to derive a result showing how
trees are unaffected by orientation. In those graphs, it is always possible to find a linear
transformation using a unitary diagonal matrix that sends the adjacency matrix of the
oriented tree to the adjacency matrix of the tree without orientation. As a consequence,

the operator associated with the time evolution of continuous-time quantum walks in
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oriented trees just creates a global phase compared to the time of evolution of undirected
trees. A follow up question would be if there are other graphs that share similarities with
oriented tree and have a transformation that associates the oriented adjacency matrix
with the undirected adjacency matrix.

The third question created the scenario for the study of the differences between
infinite graphs and finite graphs. Our results showed that some types of orientation
allowed us to change the velocity that information is spread in the graph. Some orienta-
tions showed that information spread with 1/t* while others with 1/t3. This was similar
to known results in the literature for infinite graphs. However, their results were also
present in path graphs while we showed that orientation does not change the dynamics
of trees. This creates a striking result showing that there is a disconnection between the
result for finite and infinite graphs when orientation is considered. A usual trick recurrent
in the literature is to extrapolate results found in finite graphs to infinite graphs and, as
a consequence of this result, the trick must be made with care for oriented graphs.

Zero transfer was the main phenomenon of interest to answer the final question.
We were able to see that its occurrence in oriented cycle graphs was associated with
the degeneracy of the eigenvalues of the graph’s adjacency matrix due to the addition of
orientation. We expanded the knowledge about the phenomenon and might have paved
a way to a possible general characterisation. A follow up project would be to find other

graphs with zero transfer and, possibly, achieve a general characterisation.
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