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1. Introduction

In this paper, we are interested in the existence and stability of standing waves with prescribed
L?-norm for the following nonlinear Schrédinger equation on a metric graph I':

idu =Hu — |ulP"'u, xeT. (1)

We recall that the nonlinearity in (1) is understood componentwise. In this paper, we are interested
in the L2-critical and supercritical cases, so we restrict our discussion to the cases where p > 5.

Equation (1) models propagation through junctions in networks [1-3]. The study of nonlinear
propagation on graphs/networks is a topic of active research in several branches of pure and applied
science. Modern applications of partial differential equations on networks include nonlinear elec-
tromagnetic pulse propagation in optical fibers, the hydrodynamic, biology, etc, see, e.g. [2] and the
references therein.

Recently numerous results on existence and stability of standing waves, local well-posedness of
initial value problem, blow up and scattering results for nonlinear Schrédinger equation on a metric
graph were obtained. Among such works, let us mention [4-18]. In particular, the NLS on the real
line with a point interaction (which can be understood as a metric graph with only two edges) has
been also studied substantially in the literature [19-22]. We refer to [23] for further information and
bibliography.

Let I" be a connected finite metric graph, by V we denote the set of its vertices, and by ] we denote
the set of its edges. We will assume I' has at least one external edge, so that I' is noncompact. If an
edge e € ] emanates from a vertex v € V, then we will write this as follows: e < v. The differential
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operator under consideration in this paper is the Schrédinger operator H in L*(I") equipped with
delta conditions concentrated at all vertices v € V of the graph:

(Hu), = _”/e/ + Weue (2)

dom(H) = {u e HX ) : Z Optte(V) = —ayue(v) forallv e Vi, (3)

e<v

where a,, are real constants associated with the delta potentials concentrated at vertices v € V. Here,
as elsewhere, the Sobolev space H! (I") is defined as the space of continuous functions on I" that belong
to H'(I,) on each edge, i.e.

H' () ={ue C):u € H'(L) foralle € J},
where C(I) is the set of continuous functions on I', and the corresponding norm defined by

2 2
llullsy = el
H H

ee]
and H?(T") denotes the Sobolev space
H* () = {ue H'(I) : u, € H*(I,), foralle € J} .

Finally, we denote by d,u.(v) the outward derivative of u at v along the edge e.
Formally, the NLS (1) has the following conserved quantity,

1 1 1 1
E(u) = E/l:|u’|2dx+z/FW(x)|u|2dx— EZav|u(v)|2—m/l:|u|p+ldx.

veV

The potential W (x) can be thought of as modeling inhomogeneities in the medium.
Following [16,17], for our analysis we make the following assumptions about the metric graph I"
and the Schrodinger operator H.

Assumption 1.1: T is a finite, connected metric graph, with at least one external edge.

We recall that a metric graph is a graph I' equipped with a function L : ] — (0, +-00] such that
each edge e € ] is identified with a finite segment [0, L.] of positive length L, or an infinite segment
[0, L) with L, = +oc0. Naturally we have the decomposition J = Ji* U J®*, where the set J** denotes
the set of external edges of I' and the set " denotes the set of internal edges.

Assumption 1.2: W = W, — W_ with Wy > 0, Wy € LI(T") + L>®(T") and W_ € L'(T") for some
rel[l,14+2/(p— D]

We remark that Assumption 1.2 implies that the operator H on the graph I" admits a precise inter-
pretation as self-adjoint operator on L?(I") (see [17, Remark 2.1] for more details). Denote by §[u]
the quadratic form associated with the operator H,

§[u] :=/ |u/|2dx+f W lul® dx = Y~ ayu)P,
r r

veV
defined on the domain dom(F) = H'(I'). Let

—xo = inf {§F[u] : u € H' (D), |lull}, = 1}.
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Assumption 1.3: 1o > 0 and it is an isolated eigenvalue.

Notice that these assumptions are satisfied in many interesting cases, see introduction in [17] for
more details. Our work is motivated by the recent papers [16,17], where the orbital stability of stand-
ing waves of (1) on a general starlike graph with potentials is considered, with a special focus on the
L*-subcritical and critical case.

Local well-posedness of the Cauchy problem for (1) in the energy space H!(I") is established in
Cacciapuoti et al. [17, Propositions 2.3 and 2.8] for any p > 1.

Proposition 1.1: If Assumptions 1.1-1.2 hold true, for any ug € HY(), there exist T = T(ug) > 0and
a unique maximal solution u € C([0, T), HY(T")) of (1) with u(0) = uq such that the following ‘blow up
alternative’ holds: either T = oo or T < o0 and limy—, ||u(t)|| g = oo. Furthermore, the conservation
of energy and charge hold, that is,

E(u(t)) = E(up) and [u(®)|}, = luoll;> forallt e [0,T).

If 1 <p<5, the global well-posedness of the Cauchy problem for (1) holds in H!(I'") by
Gagliardo-Nirenberg estimates, conservation of the L>-norm and energy, see [17, Theorem 3] for
more details.

We recall the notion of stability of a set M C H!(I") (see [24, Chapter 8] for review of this theory).
For M C H'(I"), we say that the set M is H!(I")-stable with respect to NLS (1) if for arbitrary € > 0
there exists 8 > 0 such that if uy € H'(I') satisfies

inf |Jug — <6,
A Il el

then

sup inf |u(t) — ¢llgp < e,

teR €
where u(t) is a solution to the Cauchy problem of (1) with initial datum uy. One natural idea to con-
struct orbitally stable standing wave solutions with prescribed mass for (1) is to consider the following
minimization problem:

ve = inf {E(w) :u € H' (M), u € S0}, (4)
where
S(e) = {ue H'(T) : lul}, = c}.

Now if Assumptions 1.1-1.3 hold true, then in the subcritical case 1 < p <5, the energy functional
E(u) is bounded from below and v, > —oo for every ¢ > 0. Furthermore, there exists ¢* > 0 small
enough such that for 0 < ¢ < ¢* any minimizing sequence for problem (4) is precompact in H(T").
In particular, the set M, := {9 € HY(I') : ||g0||i2 = ¢, v = E(¢p)}is H' (I')-stable with respect to NLS
(1), see [17, Theorem 1] for more details. An analogous result can be proven for the critical case
p=>5 (see [16, Theorem 2]). Other results in this direction, for the NLS on graphs without confining
potentials, were obtained in [12,13].

On the other hand, suppose that I' is a star-graph consisting of a central vertex vy and N edges
(half-lines) attached to it. If one assumes that p > 5, then v, = —o0. Indeed, first note that there exist
constants a > 0 and b > 0 such that (see Lemma 2.2 (ii) below)

1
E(u)ia/ |u/|2dx+b/ |u|2dx——/ lulPT! dx.
r r p+1Jr
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Next, if we fix ¢ € S(¢) and define ¢, (x) = Al/zaﬁ(kx), then ||¢A|| 2= I|¢|IL2,

AP—1D)/2
E(u) 5a,\2/ |/ |? dx + bf |u|2dx— /|u|P+1 dx — —o0,
r r pt+1
as A — 0o and hence v, = —oo. For this reason, in the supercritical case p > 5, it is not convenient

to consider the minimization problem (4) to construct normalized solutions.
The purpose of this paper is to complement the existence and stability results of Cacciapuoti
et al. [16,17] by considering the supercritical case p > 5. Following the ideas developed in [25,26],
we introduce a local minimization problem. Indeed, set
B(r) := {u € H'(D) : [lullg; := §[u] +2hollulf, < r}. (5)
If Assumptions 1.2-1.3 hold true, then the energy functional E restricted to S(c) N B(r) is bounded

from below (see Lemma 3.1 below). Thus for every r > 0, we consider the following local minimiza-
tion problem on the metric graph I,

= inf {Eu) : u € H'('),u € S(c) N B(r)}, (6)
and we denote the set of nontrivial minimizers of (6) by
M. ={p e H(I) : ¢ € S(c) N B(r), v = E(p)} .

Now we are ready to state our first result.

Theorem 1.2: Letp > 5 and Assumptions 1.1-1.3 hold true. For everyr > 0, there exists ¢* = c*(r) >
0 such that:

(i) S(c) N B(r) # ¥ and v. > —oo for every ¢ < c*.
(ii) For any ¢ < c*, there exists u € HY () with u € S(c¢) N B(r) such that E(u) = v.. In particular,
this implies that M is not the empty set.

The key ingredient in the proof of the above result is the concentration compactness method for
starlike structures [17]. We remark that the same local minimization problem was exploited, in the
case of NLS on bounded domains of RV, in [27,28].

Notice that Theorem 1.2 implies that every minimizing sequence {u,} of v] is relativity compact
in H!(I"). We also note that for any 1, r, > 0 and sufficiently small ¢ > 0, we have that M = M.
Indeed, just to fix the ideas, assume that r; > r, > 0. Itis clear that v.' < V2. Moreover, if u € S(c) N
B(r1) and E(u) = v!, then takmg csufficiently small in Lemma 3.2 below, we get u € B(r). Therefore,
v > v, which implies that v;' = v, In particular, since M’ C B(rc) (see (11)) for c sufficiently
small, it follows easily that M = M.

By a standing wave, we mean a solution of (1) with the form u(x, t) = ¢“!p(x), where w > 0 and
@(x) should satisfy the following elliptic equation:

Hy +wp — g~ = 0. (7)
In the following theorem, we give some properties about the structure of M.

Theorem 1.3: Let p > 5 and Assumptions 1.1-1.3 hold true. Then for every fixed r > 0 and ¢ < c¢*(r),
we have
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(i) For any ¢ € ML, there exists w € R such that u(x,t) = elp(x) is a standing wave solution to
NLS (1) with the estimates
o <o < Aip(l+ KC(p—l)/Z),

where K is a positive constant. Notice in particular that ¢ is a solution of the stationary problem
(7), and w — Ly asc — 0.

(ii) Suppose that W < 0. If ¢ € ML, then there exists 0 € R such that ¢(x) = ¢ p(x), where p is a
positive function on I'.

The following orbital stability result follows from Theorems 1.2 and 1.3.

Corollary 1.4: Let p > 5. Then for every fixed r> 0 and ¢ < c*(r) we have that M. is H'(I")-stable
with respect to NLS (1).

Now assume that I" is a star-graph with N edges. If W=0 and «, = y > 0in (2)-(3), then it is
well known that Equation (7) has [(N — 1)/2] + 1 (here [s] denote the integer part of s € R) solutions
boj = ((pw,j)jlil withj=0,1, ..., [(N — 1)/2], which are given by

NP fx—a) i=1,...,j o 1( y )
((p‘”’f)’(x)_{f(x+aj) =i+, N TN\ N TG ®

where

3 1/(p—1) >
flx) = |:(P+ 1)a)sechz ((‘D l)ﬂx>:| , > 7/—
2 2 (N — 2j)?

Moreover, in this case (see Assumption 1.3),

2

o = _z% = inf {§, [u] : u € H'(D), Jul®> = 1}

In [8] (see also [29]), the authors study the stability of u(x,t) = el 0(x) in the L2-critical and
supercritical cases. Notice that the stability analysis in [8,29] relies on the theory by Grillakis, Shatah
and Strauss.

In the L?-supercritical case p > 5, we apply Theorem 1.3 and Corollary 1.4 in order to deduce
directly the stability of the standing wave u(x, t) = ei“’t¢w,o (x), which was previously treated in the
literature only with the Grillakis-Shatah-Strauss theory.

Corollary 1.5: Let I' be a star graph. Assume that W=0and o =y > 0in (2)-(3). If p > 5, then
there exists w* > 0 such that e ¢, is stable in H' (") forany w € (y2/N?, w*).

The plan of the paper is the following. In Section 2, we recall several known results, which will be
needed later. In Section 3, we prove the existence of a minimizer for v]. Section 4 contains the proof
of Theorem 1.3. Section 5 is devoted to the proof of Corollaries 1.4 and 1.5. Throughout this paper,
the letter C may stand for various strictly positive constants, when no confusion is possible.

2. Preliminary

We recall that a function u on I is a collection of functions u.(x) defined on each edge e € J. On
I" we consider the Hilbert space L?(I") of measurable and square-integrable functions u : ' — CVI,
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equipped with the standard norm,
O =@Praw, lulf=> / |ue ()] dx,
ee] ec] L

where u, € L*(I,). Analogously, we define the LP(T")-spaces for 1 < p < +00 as,

I =Pra), lull,=>" lluwlf,.

ec] e€]

From Proposition 2.2 in [17], we have that —A¢ is a simple eigenvalue of H corresponding to strictly
positive eigenfunction, more precisely.

Lemma2.1: Let Assumptions 1.1-1.3 hold true. Then —A is a simple eigenvalue of H with correspond-
ing strictly positive eigenfunction vy € H'(T") such that ||1//0||i2 =1

For convenience, we recall the Gagliardo-Nirenberg inequality on graphs.

Lemma 2.2: (i) Let I' be any non-compact graph and p > 1. Then there exists a positive constant C
such that for allv € H(T),

+1 —1)/2 +3)/2
ol < ci i o2, )

(ii) Under Assumption 1.2, there exist positive constants 0 < C; < 1 and Cy > 0 such that
(u, W) — Y ay|u(@)?| < Cill (172 + Callull . (10)
L L
veV

In particular, there exists a constant K> 0 such that ||u||il1 < K(||u||2G + A0||u||i2). Here, the norm
Il - ||é is defined in (5).

See [17, Remark 2.1] for the proof of (10). For a proof of Gagliardo-Nirenberg inequality (9), we
refer to [12, Proposition 2.1].

3. Variational analysis

In this section, we give the proof of Theorem 1.2. We have divided the proof into a sequence of
lemmas.

Lemma 3.1:

(i) Let r> 0 be fixed, then S(c) N B(r) is not empty set iff ¢ < r/Xo.
(ii) Foranyr, ¢ > 0,if S(c) N B(r) # @, then v. > —o0.

Proof: Let u = /cry with ¢ < r/Ag. From Lemma 2.1, we see that ||u||%2 = cand
lulle; = F(Vewol + 2h0lV/evoll}> = —roclVoll s + 22oclVoll7, = Aoc <7,
this implies that S(c) N B(r) # ¥. On the other hand, if u € S(c) N B(r) # @, we see that

r> llullg = Flul + 2x0llull?, = —rollull?, + 2x0llull?, = Aoc.
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Therefore, ¢ < r/Ao. This completes the proof of statement (i). Next, let u € S(c) N B(r). First,
notice that from Gagliardo-Nirenberg inequality (9) and Lemma 2.2 (ii), we see that

p+1
1

Since u € S(¢) N B(r), it follows that

(p—1)/2 (p+3)/2 (p—1)/2 (p+3)/2 +1
< Clul & P21l B < colul @21 B + colul?

[l ) )

Bw) = 3 lully ~ Rolluls — g
> —AollullZ, — Collall &2 1) G2 — Colpug 2!
> e — CrO-DAII/A _ 0 0+D/2 o o
This ends the proof. u

Lemma 3.2: Let p > 5. Then for any number r > 0, there exists ¢* := ¢*(r) > 0 such that for every
c<c*8(c)NB(r) # ¥ and

inf  E() < inf E(u). (11)
S(c)NB(rc/2) S(e)N(B(r)\B(rc))

Proof: From Lemma 3.1 (i), we have that if ¢ < 7/, then S(c) N B(r) # @. By Gagliardo-Nirenberg
inequality (9), we have

+1 (p+3)/2 (p—1/2 —+1
lalF < Colul &2 1un 02 + Colull?y
for positive constants C; and C,. Now, if u € S(c), it follows that

E@) = Jlullf — Cre® DA V7 — Cpe T2 — e,

L (12)
E(w) < 3llullg — 2oc.
Set
1 (p+3)/4 1+e (p+1)/2 . p—5
ne(s) = 35~ Cic'P s — CyclP — doc, withe = 0
1
me(s) = 55 — AoC.
Notice that € > 0 because p > 5. Next, it is clear that if there exists ¢* := ¢*(r) > 0 such that,
rc
me (—) < inf ng(s) foranyc < c*(r) << 1, (13)
2 se(re,r)

then this implies (11). Note that n. € C%([0, 00)) and n’.(s) = (% — C1(1 4 €)cPtd/4sey = 0 fors €
(0,7) and for ¢ < ¢j(r) << 1. Therefore,

1
inf 1.(s) = ne(rc) = = (rc) — C1cPTI/4(re) 1€ — CycPTV/2 _ ppc.
se(re,r) 2

Finally, since p > 5,

1
inf nc(s) — me (E) =c(=r— CPTIAFeITE _g)pmD/2
se(re,r) 2 4
>0 foreveryc < c(r) < (). (14)

Combining (13) with (14), we obtain (11), if ¢ < ¢* := min{r/A, ¢} (r)}. Lemma 3.1 is thus proved.
[ |
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Lemma 3.3: Letr> 0andc < r/rg. Let {u,} C HY(T) be a minimizing sequence for v.. That is,

u, € S(c) NB(r), lim E(u,) = inf E(u) =v].
n—00 ueS(c)NB(r)
Then
L pt1
liminf {|u [}, > 0. (15)

Proof: First, let us show that

A
V= inf  E(w) < -"c (16)
ueS(c)NB(r) 2

Indeed, we set . = \/cirg, where v is defined in Lemma 2.1 and ¢ < r/Aq. It is clear that ||v/, ||i2 =

2
cllol?, = cand

IWellE = cFlwol + 2xoclvoll2,

= —CcAo+2h0c=cro <,

thus ¥ € S(¢c) N B(r) and

c 1 +1
inf  E(u) < E(,) = - — ——vel?
sty EOD = B = 3810) = = el

)L() 1 +1 )\0
== oy el < =5

On the other hand, assume by the absurd that lim inf,,_, o || 4, ”11);11 = 0. Then

1 Xo
ro__ M _ .
v, = nlggo 23[14”] =56

which is a contradiction since vl < —(Xo/2)c. This completes the proof of lemma. [ |

Forany y € I" and ¢ > 0, we denote by B(y, t) the open ball of center y and radius ¢,
B(y,t) :={x e :d(xy) <t}.

Here, d(x, y) denotes the distance between two points of the graph (see [17, Section 3]).
To each minimizing sequence {u,},ey C H (') of v/, we define the following sequence of
functions (Lévy concentration functions) M,,

M,(t) = sup |unll?,

B(yb)"
JeBlnt) (B(y:1)

Let

T = lim lim M,(¢).

t—00 n—00

Since ||uy, ||i2 = ¢, itisclear that 0 < v < ¢. Concentration compactness lemma for starlike structures
[17] shows that there are three (mutually exclusive) possibilities for 7.
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(i) (Vanishing) T = 0. Then, up to a subsequence, ||u,1||‘11]}-,:11 — O0asn — ooforall2 < p < oo.
(ii) (Dichotomy) 7 € (0, ¢). Then, there exist {vi}xen, {(Wklkeny € HY() such that

supp vk N supp wy = ¥ (17)

vk ()] + [w(®)| < |u(x)| forallx e I (18)

lvkllen + Iwillgn < Clitn |l (19)

lokllz > 7 Iwellf > c— (20)

lim inf (|l 17 = Nogll7 — MW7) > 0 (1)

Bl 570 = ol — Iwellf) =0 2<p <00 (22)
Jim = ol = w1z = 0. (23)

(iii) (Compactness) T = c. Then, up to a subsequence, at least one of the two following cases occurs,
(Convergence) There exists u € H'(I") such that u,, — uin L forall 2 < p < oco.
(Runaway) There exists e* € J*, such that forany t >0and 2 < p < o0

. P P .
Tim ™ (el + 10806 15y g ) = 0- (24)
e£e*

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2: The statement (i) follows from Lemma 3.1. Next we prove statement (ii) of
theorem. Let {u,} be a minimizing sequence of v/, then {u,} is bounded in H L(T"). Indeed, since u, €
S(c) N B(r), from Lemma 2.2 (ii) we see easily that the sequence {u,} is bounded in H (I"). Moreover,
since H!(I") is a Hilbert space, there is u € H'(I") such that, up to a subsequence, u, — u in H!(I")
and (u,).(x) converges to (1).(x) a.e. x € I,, e € J. Next we analyze separately the three possibilities:
7=0,0<7 <cand v = c. From Lemma 3.3, it follows that ¢ > 0. Therefore, the possibility of
‘vanishing’ is ruled out. Now following the same argument as in the proof of Theorem 1 in [17], we
can rule out the possibility of dichotomy, that is T ¢ (0, ¢). Thus we see that T = c.

Next we prove that for ¢ < ¢* the minimizing sequence {u,} is not runaway. We argue by con-
tradiction. Suppose that {u,} is runaway. From (24), we see that lim,_, ||(un)e||€p =0 for all
e # e*. Moreover, since W_ € L"(I") with 1 <r <1+ 2/(p — 1), following the same ideas as in [17,
Theorem 1], one can get that

lim |u,(v)|]=0 forallve Vand lim (u,, W_u,) =0.
n— 00 n— 00

Thus we have

9]

R 1
lim E(u,) > lim |:/ |(u,,)f?*|2 dx — —— |(t) e [P dx:| . (25)
n—00 n— 00 0 P +1 0



1368 (&) A.H.ARDILA

On the other hand, since u, € S(c) N B(r), using the inequality of Gagliardo—Nirenberg it is not
difficult to show that there exists a constant K independent of # such that

+1 —_
lunll?5y < KrlP=D/4cPF34, (26)

Therefore, combining (16), (25) and (26), we obtain

A
inf  Eu) < —22¢ < —KrP=D/APHI/A < im E(u,),
ueS(c)NB(r) 2 n—00

for sufficiently small ¢*(r) << 1 and ¢ < ¢*(r), which is a contradiction and hence, every minimiz-
ing sequence for v] must be compact if ¢ < ¢*(r). Thus we have that u, converges, up to taking
subsequences, in L”-norm to the function u satisfying ||1,{||i2 = c. Consequently, from the weak

convergence in H!(I), it follows that

E(u) < lim E(u,) =v! and |ul% <liminf ||u,|2.
n—0oo n—0oo

Thus u € S(c) N B(r) and E(u) = v.. Now, if we assume that ||u||12q1 < liminf, . ||u,l||§_ﬂ, then

E(u) < v!, which is absurd, and thus we deduce that u, — u strongly in H'(I"). This finishes the
proof. [

4. Proof of Theorem 1.3
The aim of this section is to prove Theorem 1.3. First, we need the following lemma.

Lemma4.1: Let u € H'(I') be a solution of (7). Then, for every e € ], the restriction u, : [0,L,) — C
of u to the eth edge satisfies the following properties:

ue € H*((0,L,)) N C*((0, L)), (27)
- ug + Weue + wu, — |ue|p_1u =0 on (0,L), (28)
Z Ootte(V) = —ayu.(v) forallv eV, (29)

e<v

where W, is the component of the potential W on the edge e.

Proof: FixI € ]. Statements (27) and (28) are derived from a standard bootstrap argument using test
functions ¢ € C5°((0, L,)). Indeed, by (7) applied with ¢ = (¢,)eej, Where ¢; = ¢u; and ¢, = 0 for
e # I, we get

—@w)" + wCup = —Wetu — ¢u) — 28" u) + ¢lwlP

in the sense of distributions on (0, L,). Now, since the right side is in L?((0, L)), it follows that
u; € H*((0,L,)), and hence u; € H*((0,L,)) N C'((0,L;)). A similar argument shows that u; €
C2((0, L)). In particular, statement (28) is true. Finally, a standard argument shows that the solu-
tion u of the stationary problem (7) is an element of the domain of the operator H, and it satisfies
the boundary conditions (29) at the vertex v. For more details see, for example [8, Theorem 4], [14,
Lemma 4.1]. |

Proof of Theorem 1.3: Our proof is inspired by [25, Theorem 1], [17, Proposition 2]. First we remark
that if u € M, then from Lemma 3.2 we have that u € B(rc), that is, u stays away from the boundary
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of S(¢c) N B(r). Therefore, we see that u is a critical point of E on S(¢) and there exists a Lagrange
multiplier ® € R such that

Hu + ou — |ulP"'u = 0. (30)
Multiplying (30) with %, and integrating over I" we obtain

+1 2 +1 +1
—ollul?, = §lul — lulf, = 2Bw) + ——Ilulf),, — Il
P pH1 L r

p+1

< 2E(u).

= 2E(u) + ||u||
P+

Thus, from (16), we see that
2E(u)
c
Next, since u € S(c) N B(r), by Lemma 2.2 (ii) we see that there exists a constant K > 0 such that

> )\0.

1 -1)/2
lull < KP4 u) ED72 4 o0+ D12),

Moreover, notice that
lullg = §lul + 2x0llull}> = Aollull}, = roc,
which implies that

p+1
—we = Flul — lullf,n = lulg - IIMIIU,H 2hoc

> Nl — K@) E02 — KagchHD/2 — 210

= JullQ — KP4 E772) - Kage?tD/2 — 20c
> Aoc(l — KC(P+3)/4(7’C)(p_5)/4) _ KAOC(P+1)/2 — 2XoC
= Aoc(—1 — KcP=D/2,(p=5/4 _ KC(P*U/Z)'
It follows that
w < do(1+ Kce—D/2 KC(Pfl)/2r(P*5)/4) =1+ KC(Pfl)/Z(l + r(P*5)/4))‘

Thus, since p > 5, we obtain the proof of (i) of theorem.
Let u € M be a complex valued minimizer. Since || |u|’||i2 < ||u/||iz, it follows that |u| € S(c) N
B(r) and E(|u|) < E(u) = v. In particular, |u| € M and E(u) = E(|u|). This implies that

Z/ el ()| dx—Z/ | (x)|* dx. (31)

ec] ec]

Now we set ¢ := |u|. We claim that ¢ (x) > O forallx € T.
First, since ¥ € MY, we obtain that v is a critical point of E on S(c). Therefore, there exists a
Lagrange multiplier @ > A¢ such that

Hyr + o — P = 0.
Notice that, by Lemma 4.1, ¢ € dom(H), ¥, € HZ%((0,L,)) N C*((0, L)) (here L, = +oo if e € J&)
and
— ¢!+ Wehe + oY — YL =0, forallx e (0,L,) ande € J.

We recall that W < 0. We set B(s) := ws — s”. Since B € C'[0, +00) is nondecreasing for s small,
B(0) = 0 and B(w'/?~V) = 0, by [30, Theorem 1], it follows that for every e € J, . is either trivial
or strictly positive on (0, L).
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Second, if we suppose that 1/.(0) = 1/,(0) = 0, then v, is trivial on [0, L.]. Indeed, for some € > 0,
we define

Ve(x) if x € [0, Le),

Vel = {o if x € (—€,0).

Then, by Sobolev extension theorem, Ve € H*((—¢,L,)) and
—%/ + Wele + e — 1/75 =0, forallx e (—¢,L,),

where the function W, is the extension by zero of W,. Thus, by [30, Theorem 1] and applying the
same argument as above, we have that ¥, = 0 on (—¢, L,). Analogously we may consider the case
when Ye(Le) = wé(Le) =0.

Finally, we prove ¥ > 0. To begin assume that ¥/ (v) = 0 for some v € V. Since ¥ € dom(H), it
follows that ), . d,1(v) = 0. Without loss of generality, we can assume that the vertex v coincides
with x = 0. Notice that //(0) > 0. Indeed, this follows from the fact that ¥, € CH([0,Le)), Ye = 0
and ¥.(0) = 0. Thus we obtain ,(0) = ¥,(0) = 0 due to the boundary conditions at the vertex.
Therefore ¥, = 0 on (0,L,) for all e < 0 and by continuity ¥ = 0 on I', which is a contradiction
because 1 € M. This contradiction shows that the supposition is false, and so ¥.(v) > 0 for all
v € V. Therefore, ¥.(x) > 0on [0, L,) foralle < v and, hence, by continuity ¥/ > 0onI". This proves
the claim.

On the other hand, we can write .(x) = ¥.(x)z.(x) where ¥, z. € C'(0,L,) and |ue| = . > 0.
Since |z.| = 1, it follows that

u; = %Ze + %Zé = Ze(Wé + Wez_ezé)-
Notice that Re(Z;z,) = 0. This implies that |u}|* = [y}|> + |.2.|%. Thus from (31), we see that
L, 5 L, 5 L, 5 L, 5
S [Cwra=3 [Cupac= 3 [T X [Cwar
ee] 0 ee] 0 ee] 0 ee] 0

Using that ¥, > 0, we obtain that z, = 0 for every e € J. Since z, € CY(0,L,), we get z.(x) = e'% on
(0, L) with 6, = constant. Finally, by continuity at the vertex we have that §, = 6 = constant for all
e € J, and this completes the proof of theorem. [

5. Stability of standing waves

This section is devoted to the proof of Corollaries 1.4 and 1.5.

Proof of Corollary 1.4: We prove that the set M[ is H (I")-stable with respect to NLS (1). We argue
by contradiction. Suppose that the set M is not stable under flow associated with (1). Then there
exist € > 0, a sequence {u0},eny C HY(T') such that

1
inf |Jupo — < - 32
ot luno — @llm ” (32)
and {t,} C R™ such that
inf |u,(t,) — @l =€ forallneN, (33)
peM;

where u,, is the unique solution of the Cauchy problem (1) with initial data u, 9. Without loss of
generality, we may assume that ||z, ||i2 = c. From (32) and conservation laws, we obtain

E(uu(tn)) = E(unpo) — Ucr asn — o0,

2 2
lun(@)llz2 = llunolz, = ¢ foralln.
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We note that there exists a subsequence {uy, (¢,,)} of {u,(t,)} such that [lu,, (l‘,,k)ll2 < r. Indeed,
if ||un(tn)||2G > r for every n sufficiently large, then by continuity there exists t; € (0,t,) such that
||un(tj§)||é = r. Moreover ||un(tz)||i2 = cand E(u,(t})) — vl as n — oo. Therefore, {u,(t})},eN is
aminimizing sequence of V7. By Theorem 1.2, we see that there exists u* € H'(I") such that u, (t}) —
u* strong in HY("). In particular, E(u*) = v/, ||u* ||2G =rand |u* ||]2_2 = ¢, which is a contradiction,
because from Lemma 3.2 the critical points of E on S(c) do not belong to the boundary of S(c) N B(r).

In conclusion, ||ty (s )5 < 1, ||unk(tnk)||i2 = c and E(up, (ty,)) — 7, that is, {1y, (tn) }ken is
a minimizing sequence for v. Thus, by Theorem 1.2, up to a subsequence, there exists a function
¢ € M/ such that

ltny (tn) — @llgr = 0, ask — oo,
which is a contradiction with (33). [ |
Proof of Corollary 1.5: Let r> 0 and ¢* > 0 be as in Theorem 1.2. Notice that M/ # ¢ for ¢ < c*.
Let ¥ € M. From Theorem 1.3 (i)-(ii), there exists @ > y?/N? such that
HY + oy — [y P~y =0,

andw — y?/N?asc — 0.
From Theorem 4 in [8], we have that

B# M Cle®nj:0eR, j=01,....[(N-1)/2]},

where ¢, ; is defined in (8). We recall that ¢, is defined for w > /(N — 2j)2.

Notice that if ¢ < ¢* is sufficiently small, then ¢,; ¢ M/ for j > 1. Indeed, since ® — y2/N? as
¢ — 0, by taking c sufficiently small we have that w < y2/(N — 2j)? for every j > 1. That is, there
exists ¢} such thatif ¢ < ¢, then ¢, j ¢ M[ forj=1,2, ..., [(N —1)/2].

On the other hand, we define the function R(w) := ||¢,0 ||]2_2 for w > y?/N?, ie.

2/(p-1)
Ry = N (P! WwG-P20-1p (Y
2 Nw!'/2)’

1
where h(x) = / (1 — 2)C=P/P=D gy,

Notice that R(y2?/N?) = 0. Moreover, there exists wf >0 such that R'(w) >0 for all we
(y?/N?, w7}) (see [8, Remark 6.1]). This implies that there exists c such that ||¢, ()0 ||i2 =cfor0 <

¢ < ¢ and w(c) € (y?/N% w}). Without loss of generality, we can assume that r > ||¢u)(c),0”%2 for
w(c) € (yz/Nz,a)’f). Set ¢§ := min{c}, c;}. It is clear that if ¢ < ¢}, then M[ = {ei9¢w(c),0 ;0 € R}
Therefore, the statement of Corollary 1.5 follows from Corollary 1.4, and this completes the proof. W
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