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RESUMO
A matéria ativa é o ramo da física que estuda sistemas nos quais os indivíduos são
autopropelidos, ou seja, não dependem de um agente externo para se movimentar. Alguns
exemplos são bandos de pássaros e cardumes de peixes. Nos últimos anos, muita atenção
tem sido dada a esse assunto.

O modelo de Vicsek [Vicsek et al.,Phys.Rev.Lett.75,1226] foi o primeiro e o mais simples
modelo para explicar o movimento coletivo e a formação de rebanhos usando a perspectiva
de transição de fase. Este modelo recebeu muita atenção e demonstrou apresentar quebra
de simetria, desenvolvendo ordenamento de longo alcance, mesmo com apenas interações
de curto alcance [Toner e Tu, Phys. Rev. E 86, 031918].

Embora o modelo de Vicsek tenha sido extensivamente estudado ao longo dos anos [Ginelli,
Eur. Phys. J. Spec. Top. 225, 2099–2117 ], uma análise teórica mostrou que seria de interesse
relaxar a conservação do número de indivíduos [Toner, Phys. Rev. Lett. 108(8):088102].
Além de seu interesse teórico, existem experimentos em que o número de indivíduos não é
conservado, incluindo colônias de bactérias e outros sistemas nos quais os indivíduos são
criados e destruídos à medida que se movem.

Neste trabalho estudamos um sistema com dinâmica populacional malthusiana (ou seja,
a probabilidade de uma partícula morrer é proporcional à densidade na vizinhança da
partícula) por meio de métodos computacionais, buscando entender como a densidade
estacionária do sistema interage com a intensidade do ruído, como a formação de grupos
interfere no número de indivíduos vivos, pois a aplicação do ruído interfere nas propriedades
do sistema. Além disso, procuramos classificar a transição de fase e dizer se o sistema
apresenta bandas.

Palavras-chave: Malthusiana, Dinâmica populacional, modelo de Vicsek



ABSTRACT
Active matter is the branch of physics that studies systems of interacting self-propelled
individuals. Some examples are a bird flocks and schools of fish. In the last few years much
attention has been paid to this subject. The Vicsek model [Vicsek et al., Phys. Rev. Lett.
75, 1226(1995)] was the first and the simplest model to explain the collective movement
and formation of herds using the phase transition perspective. This model has been shown
to exhibit symmetry breaking, developing long-range order, even with only short-range
interactions [Toner, Phys. Rev. E 86, 031918].

While the Vicsek model has been extensively studied over the years [Ginelli, Eur. Phys. J.
Spec. Top. 225, 2099 (2016) ], a theoretical analysis has shown that it would be of interest
to relax the conservation of the number of individuals [Toner, Phys. Rev. Lett. 108, 088102
(2011)]. In addition to its theoretical interest, there are experiments in which the number
of individuals is not conserved, including colonies of bacteria and other systems in which
individuals are created and destroyed as they move.

In this work we study a system of active particles with Malthusian population dynamics,
that is, the probability of a particle dying is proportional to local particle density. Using
simulations, we seek to understand the relation between the stationary density and the
noise intensity, how the formation of groups affects population size. Of prime interest is
characterizing the phase diagram and determining whether the system exhibits banding.

Keywords: Active matter, Vicsek model, Population dynamics, Malthusian flocks.
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1 Introduction

In many biological systems, individuals form a coherent group that is characterized
by cooperative movements. This cooperation arises in various types of systems such as a
flock of birds, schools of fish or a colony of bacteria. This cooperative motion can be quite
advantageous, either to keep away predators or to be able to carry food [3], so it has been
greatly improved by evolution and is studied by many biologists.

Another feature of these groups is the formation of patterns, such as schools of fish
that move in circles, shown in Fig.1a. Many of these coordinated motions arise without a
leader, via interactions between individuals.

(a) (b)

Figure 1 – Patterns formed by moving groups: (a) A circulating school of fish (b) flock of
birds.

It is a challenge for biologists, physicists and computer scientists to understand
and model how the orderly movement of these clusters arises and is maintained in such a
way as to reproduce the patterns seen in nature. This type of system has been studied for
over twenty years and these patterns have only begun to be modeled using self-propelled
agents, that is, agents that do not need an external force to move.

The simplest model to study this type of motion is the Vicsek model [17] published
in 1995. Vicsek and collaborators addressed the problem from the perspective of phase
transitions, in which the system passed from an ordered phase, in which the particles move
in coordinated groups, a disordered phase with individuals moving in a uncoordinated
manner. In this model, particles move with a constant speed on a 2D surface. Particle
interactions are short-ranged, and at each time step the particles tend to align their
velocities with their neighbors subject to a random contribution (a noise).

Vicsek model and its variations are used extensively to explain numerous effects in
group motion. A good example is the study of vortex motion in schools of fish (Fig.1a),
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which was modeled by Constanzo and Hemelrijk [2] using a simple modification of the
Vicsek model.

Vicsek and collaborators realized, using numerical simulations, that the model
goes from a disordered phase to an ordered phase as the noise decreases. Furthermore,
the authors concluded that the transition is continuous and estimated certain critical
exponents. These conclusions were challenged in 2004, when Gregoiré and Chaté [5]
published a detailed study of the Vicsek model. These authors found that the phase
transition is discontinuous; they asserted that Vicsek and collaborators didn’t realize
this because the original studies employed small systems, making the transition appears
continuous.

Chaté and Gregoiré [5] observed the existence of a third phase characterized by one
or more dense ordered bands travelling through a disordered dilute region. The transition
to collective motion can be interpreted as a liquid-vapor transition. From this point of
view, bands corresponds to coexistence of the ordered and disordered phases.

Figure 2 – Vicsek model: Snapshot showing an ordered band passing through a disordered,
low-density region.(Unless otherwise stated, all data and images were generated
by the author.)

However, all these studies have a constant number of individuals, so that global
density, is a fixed intensive parameter. Toner [13] studied continuous models with population
conservation using a hydrodynamic description, and concluded that it was not possible to
determine exactly the scaling exponents using in their stability analysis of the ordered
phase1. Nevertheless, in 2011 John Toner [12] argued that it would be advantageous from
a theoretical point of view to give up this requirement and investigated a model with a
fluctuation population size associated with Malthusian population dynamics. The main
1 In equilibrium such a phase cannot exist in 2D as stated by Mermim-Wagner theorem [10]. Toner and

Tu wanted to show that out of equilibrium, the hydrodynamic description contains nonlinear terms
that stabilize the ordered phase
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theoretical advantage of this model is that one can determine the scaling exponents exacly
in this case.

In addition to the theoretical interest of active matter with population dynamics,
there are real systems that do not conserve the number of individuals [9]; a good example
is bacterial colonies. Other types of active systems without conservation of individuals are
cytoskeletons such as the one studied by Kruse and coworkers [7]. Therefore, it would be
interesting to develop a computational study focused on the Malthusian model, mainly
addressing its phase diagram and determing the nature of the phase transition. In this
work I develop a theoretical model and a simulation code that allows a detailed study of
active matter subject to population dynamics.

In Chapter 2 I define Vicsek’s model in detail. I weview the conclusions drawn by
Vicsek and coworkers [17] and describe the phase transition found by these researchers.
Subsequently, I discuss the modifications proposed by Gregoiré and Chaté [5] and their
conclusions regarding the Vicsek model, including the emergence of bands and how it
changes the understanding of the problem.

In chapter 3 I discuss models with population dynamics reviewing the hydrodynamic
analysis by Toner [12], followed by our construction of the theoretical used in simulations.

After that, in chapter 4 I describe the computational methods used in this project,
briefly introducing Monte Carlo simulations, the language used, and the random number
generator, among other technical issues.

In chapter 5 I present the results obtained, detailing the phase transition and the
role of bands. Finally, in chapter 6 contains a brief conclusion and a discussion of directions
for future research.
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2 The Vicsek Model

2.1 Introduction
The motion of herds or even human crowds [6] has long been of interest to diverse

areas of science. For physicists, the greatest interest lies in how the interactions between
the agents occur, and how it is possible to have coherent motion without a leader.

The Vicsek model (VM) of self-propelled particles was introduced in efforts to
understand how coherent motion arises, from the perspective of phase transitions. Each
particle tends to align its velocity with that of its neighbors subject to a random pertur-
bation. This leads to an ordered phase, breaking the rotational symmetry for low noise
intensity.

In section 2.2 we introduce the VM and its properties based on the article of Vicsek
et al. [17] while in section 2.3 we discuss the modifications proposed by Grégoire and
Chaté [5] and the new conclusions their analysis led to.

2.2 Vicsek Model (1995)

2.2.1 Definitions

In order to understand how collective motion of self-propelled organisms occurs
in nature, Vicsek and coworkers [17] proposed a model in which each particle moves
individually, but an alignment mechanism leads to the emergence of collective motion,
very similar to that observed in nature.

A feature of this model is that each particle, with constant speed v0, assumes
the mean direction of motion of the particles in its neighborhood subject to a random
perturbation, or noise. The noise can be interpreted as a random error affecting each
organism’s control of their direction, due to limitations in their nervous system or motor
control and/or external perturbations (wind, turbulence, etc).

The model is defined as follows: N point particles are restricted to the square
[0, L)× [0, L) with periodic boundaries. Each particle is characterized by a position vector
xj and direction of motion θj; the velocity of particle j is vj= (v0 cos θj, v0 sin θj), with
constant speed v0. The positions and directions evolve in discrete time, at fixed intervals
∆t. At each time step the j-th particle takes the position:

xj(t+ ∆t) = xj(t) + vj∆t, (2.1)
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and updates its direction θj as the average of the angles of the particles in its neighborhood
(including itself). The neighborhood of the j-th particle is defined as every individual with
a distance less than or equal R0 of particle j, thus:

θj(t+ 1) = arg[
∑
k∼i

eiθk(t)] + ηξj(t), (2.2)

where the sum is over all particles in the neighborhood of the particle j; The ξj(t) are a
set of random variables uniformly distributed on [−π, π] with < eiξk(t)e−iξj(t

′) >= δkjδtt′

and η is the noise intensity.

Note that noise is added to the mean direction of the neighborhood. The interpre-
tation of this type of noise, known in literature as angular noise (AN), is that the particle
accurately calculates the mean direction of its neighbors, but cannot align itself precisely
with this direction. We can, without loss of generality, fix ∆t = 1 and R0 = 1 and thus
are left with three parameters: η, ρ and v0, where ρ = N

L2 is the density. We define as
initial conditions the following: At time t = 0, the particles are assigned random positions,
uniformly distributed on the square, and directions, uniformly distributed on [−π, π].

For η = 0 (no noise), if all particles have the same orientation at any instant t0, they
remain perfectly aligned for all t > t0, while for η ≥ 1 the particles cannot form groups
and we have a system similar to N independent random walkers. Vicsek and coworkers
define the instantaneous order parameter to be the modulus of the average velocity,

ϕ(t) ≡ | 1
N

N∑
j=1

eiθj(t) | . (2.3)

If the temporal mean of instantaneous order parameter < ϕ(t) >t≈ 1/
√
N then the system

is composed for N random walkers, while for < ϕ(t) >t≈ 1 then we have an ordered phase
with particles moving coherently.

2.2.2 Basic properties

Vicsek and coworkers concluded that the model exhibits a phase transition from
the ordered phase to the disordered phase as the noise η is increased. This transition can
be easily observed if we measure the time average of the instantaneous order parameter
< ϕ >t, varying η. We see in fig.3 that < ϕ >t= 1 if η = 0 and decays to a small value
as we increase the noise. The Fig.3 shows simulation results using N = 40 and L = 3.10
(blue circles),N = 100 and L = 5.0 (orange circles) and N = 400, L = 10.0 (green circles),
using 10000 time steps for each value of η.

This model is used to simulate the formation of patterns observed in nature [11]. In
fig.4 we see the presence of patterns reproduced by Vicsek model. (a) at t=0 the particles
are in random positions, uniformly distributed over the system, and velocities. (b) the
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Figure 3 – Temporal average of the order parameter as a function of noise intensity for
various values of L.

particles begin to organize themselves and we see the formation of groups. For (a) and (b)
L=25 and η = 0.15; in (c) we observe a coherent motion with the particles moving to the
same direction. For (c) L=25 and η = 0.01.
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(a) (b)

(c)

Figure 4 – Typical snapshots of Vicsek model configurations. In all images N=300. (a)
t=0; particles have random positions and velocities. (b) For small density and
a low noise intensity we observe formation of groups. Here we set η = 0.15 and
L=25. In (c) we see a coherent movement with almost all the particles heading
in the same direction. Here we set L=25 and η = 0.01. The bar below the left
image shows the color scale for each angle ∈ [−π, π] while the bar below the
right image shows the color scale for density in each region.

Vicsek and coworkers stated that the phase transition to collective motion is
continuous and similar to the transition to order in an equilibrium spin system, in which
η and ρ play the role of temperature and density of spins, respectively. The authors
carried out a finite size scaling analysis in order to estimate the critical exponents, i.e,
< ϕ(t) >t∼ [ηc(ρ) − η]β and < ϕ(t) >t∼ [ρ − ρc(η)]δ. Vicsek and coworkers found the
value of β = 0.45± 0.07 and δ = 0.35± 0.06 for the critical exponents and ηc = 2.9± 0.05
(In [17] Vicsek et al. use η ∈ [0, 2π], with ρ = 0.4, for the critical noise.)

2.3 Modifications and subsequent analysis
Due to the success of the VM in reproducing organized motion without a leader,

various scientists have studied similar models. Grégoire and Chaté [5] proposed a model
based on the VM but with a different implementation of the noise. In the VM, the update
of a particle’s direction is given by equation 2.2. In this case, the particle makes an error
trying to take the mean direction of its neighbors. However, we might imagine that a
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significant error arises in determining the direction of motion, θk, of each neighbor. This
motivated Chaté and Grégoire [5] to propose an updating procedure in which noise is
introduced in each such evaluation. In their procedure, referred as vectorial noise (VN),
the orientation of particle j is updated so:

θj(t+ 1) = arg[
∑
k∼j

eiθk(t) + ηnj(t)eiξj(t)], (2.4)

where η is the noise intensity, nj(t) ≥ 1 is the number of neighbors of particle j at time t
and ξj(t) is a uniformly distributed random variable in the range [−π, π].

The factor nj(t) in equation (2.4) represents the sum of independent contributions
associated with each neighbor of particle j. However, in light of central limit theorem,
it would be more appropriate to use the factor

√
nj(t) instead of nj(t) since, a sum of n

independent contributions has a variance growing ∝ n whereas, in equation 2.4, the noise
variance grows ∝ n2 (See appendix A). Nevertheless, throughout this work I will continue
to use the procedure defined by Chaté and Grégoire.

A useful quantity for studying the phase transition is the Binder cumulant,

G(η) = 1− < ϕ4 >

3 < ϕ2 >2 . (2.5)

A convenient property of the Binder cumulant is that it takes known values in the ordered
and disordered phases. In addition, it takes negative values if two phases coexist. For a
two-component vectorial order parameter (~ϕ = ϕx̂i+ϕy ĵ), in the ordered phase G(η) ≈ 2/3
while in the disordered phase G(η) ≈ 1/3. (See appendix B.)

Grégoire and Chaté found that the order parameter (2.3) drops abruptly for
vectorial noise and drops smoothly for angular noise. The same happens for the Binder
cumulant. We see in Fig.5 the behavior of the order parameter and Binder cumulant, for
the two types of noise.

However, the most significant result found by Chaté and Grégoire is that, in fact,
the transition is always discontinuous, regardless of the type of noise. The qualitative
difference observed upon changing the way noise is implemented is only a finite-size effect.
The phase transition in the angular noise case reveals its discontinuous character for large
system sizes. Fig.6a shows the Binder cumulant as a function of noise intensity (2.2).

We see in Fig.6a that the Binder cumulant attains negative values only for systems
larger than L=256, which explains the fact that Vicsek and coworkers [17] understood the
phase transition to be continuous: the maximum size simulated by Vicsek et al. in [17]
was L = 128. Fig.6b shows that, around the critical noise ηc, the distribution function of
ϕ(t) is bimodal, confirming phase coexistence, as expected at a discontinuous transition.
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(a) (b)

Figure 5 – Temporal mean of instantaneous order parameter and Binder cumulant for
the original Vicsek model (2.2) (circles) and for the vectorial noise model (2.4)
(squares) as a function of noise intensity η.(v0 = 0.5,ρ = 2.0 and L=32.) Figures
taken from the article by Grégoire and Chaté [5].

(a) (b)

Figure 6 – Transition discontinuous character for the original Vicsek model with ρ = 1/8.
(a) G vs η for various sizes of the system and (b) Probability distribution
function for some values of η. Figures from Grégoire and Chaté [5].

In a further study Chaté, Ginelli, Grégoire and Raynaud [1] observed high-density
bands traveling through a sea of disordered particles, as shown in Fig.7. Bands can be
understood as a separation of the ordered phase and the disordered phase. The bands
make the phase transition in the VM similar to liquid-vapor coexistence. Near ηc, the time
evolution of ϕ(t) is typically as shown in Fig.8, with jumps from the disordered phase
to the ordered phase and vice versa. This is further evidence of phase coexistence. The
phase diagram for the VM, sketched qualitatively in Fig.9, is composed of three regimes:
A disordered one, a (micro)-phase separated ordered regime, characterized by high-density
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ordered bands, and the ordered phase.

Figure 7 – Typical snapshot of a band in the original Vicsek model with angular noise
and parameters: L=64, η = 0.6144, ρ = 2.0 and v0 = 0.5.

Figure 8 – Order parameter temporal evolution for: L = 256, v0 = 0.5, ρ = 2.0 and
η = 0.475.
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Figure 9 – Qualitative Vicsek model phase diagram. Figure taken from [4].

2.4 Conclusions
The Vicsek model proved to be simple and effective in explaining how individuals

moving in groups without communication between them could form patterns and move
coherently. Furthermore, Vicsek and coworkers [17] showed that upon increasing the noise
intensity there is a transition from the ordered phase to the disordered phase.

In a subsequent analysis, Gregoire and Chaté, after introducing a new implemen-
tation of the noise, showed that the transition is discontinuous and only appears to be
continuous because of finite size effects. Increasing the size of the system, we observe
jumps in the instantaneous order parameter and, between the ordered and disordered
phase, there is a phase separation, which is characterized by dense and ordered bands
traveling in a sea of disordered particles.
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3 Vicsek model with Malthusian population
dynamics

3.1 Introduction
Models of population variation have been the subject of study by many scientists

from all fields. One of the most important and influential studies in this regard was
done by Malthus, in which he concluded that population grew at a faster rate than
food production [8]. There are several real systems in which the number of individuals is
not conserved, for example, colonies of bacteria [9], intracellular structures, such as the
cytoskeleton [7], among other systems.

From the point of view of the hydrodynamic theory of the VM, Toner [13] concludes
that it is not possible to find the scaling exponents of the original VM for d = 2, but this
difficulty can be avoided if we add population dynamics to the VM [12]. Therefore, in this
work, we created a computational model in which the interactions between neighbors and
the spatial dynamics of each particle would be given by the same equations as the VM,
but we added a Malthusian population dynamics. In this chapter I summarize Toner and
Tu’s hydrodynamic analysis and introduce the VM with Malthusian dynamics.

3.2 Hydrodynamic theory of active fluids

3.2.1 Hydrodynamic analysis of Vicsek Model

Following the article by Vicsek and coworkers [17], Toner and Tu (T&T) [14] [16]
published a hydrodynamic analysis inspired by the model. The authors seek to understand
if in a model of self-propelled particles is possible to have a stable ordered phase, considering
that such phase is ruled out in a 2D equlibrium system by the Mermin-Wagner theorem [10].
Toner published a reanalysis of the problem, in which the authors added terms that they
missed in [14]- [16]. In this new analysis [13], the author starts with the set of equations
below:

∂t
−→υ + λ1(−→υ · ∇)−→υ + λ2(∇ · −→υ )−→υ + λ3∇(|−→υ |2) = α−→υ − β|υ|2−→υ −∇P1

−−→υ (−→υ ·∇P2)+D1∇(∇·−→υ )+DT∇2−→υ +D2(−→υ ·∇)2−→υ +−→f , (3.1)

∂tρ+∇ · (−→υ ρ) = 0, (3.2)
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where −→υ and ρ are the velocity and density field, respectively, β,D1, D2, DT are positive
constants and α < 0 and α > 0 represent the disordered and ordered phases, respectively.
In the ordered phase: < |υ| >=

√
α/β 6= 0. DT,1,2 are diffusion constants and the Gaussian

noise −→f has properties:
< fi(~r, t) >= 0,

< fi(−→r , t)fj(
−→
r′ , t′) >= ∆δijδd(r − ~r′)δ(t− t′),

where ∆ is the noise amplitude. Eq.(3.2) is the continuity equation, while (3.1) generalizes
the Navier-Stokes equation, including, in the terms ∝ α and β, a phenomonological
description of Landau-type ordering. And finally, we expand the isotropic pressure P1 and
the anisotropic pressure P2 around the equilibrium density ρ0:

P1 = P1(ρ, |−→υ |) =
∞∑
n=1

σn(|−→υ |)(ρ− ρ0)n,

P2 = P2(ρ, |−→υ |) =
∞∑
n=1

µn(|−→υ |)(ρ− ρ0)n.

It is interesting to note that T&T missed some terms in [14]- [16], such as the pressure P2

that has to be included because the system is out of equilibrium. As we are interested in
the ordered phase, we can write the velocity field as,

−→υ = υ0x̂|| + δ−→υ = (υ0 + δυ||)x̂|| +−→υ ⊥,

where υ0x̂|| =< −→υ > is the mean velocity in the ordered phase; δυ|| and −→υ ⊥ are the
fluctuations of the velocity parallel and perpendicular to the mean velocity, respectively.

In this text, we just discuss the main results of [13]. Reproducing all the development
of the authors would be lengthy. To begin, Toner only maintain terms of linear order of −→υ ⊥
and δρ. In this regime, they simply find the same results as [14]- [16], in which, the main
result is that, in the linearized analysis, the Mermin-Wagner theorem [10] prohibits an
ordered phase in two dimensions. So far the new terms, which were missed in [14]- [16], and
which were added to the 3.1 equation, do not change anything compared to the previous
analysis, if we approximate the fluctuations by linear terms.

In [14]- [16] the authors noticed that nonlinearities and fluctuations completely
change the scaling behavior at long wavelength. While this prediction is correct, others
are invalidated by the other nonlinearities overlooked in [14]- [16]. In order to analyze
the effect of the nonlinearities on the long length and time scales for d<4 , T&T rescale
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length, time and fields v̂⊥ and δρ to:

x̂⊥ → bx̂⊥

x|| → bζx||

t→ bzt

υ̂⊥ → bχυ̂⊥

δρ→ bχρδρ.

(3.3)

In this analysis, the stable ordered phase is only possible if χ < 0. In [14]- [16], T&T
had determined this exponents in a fixed point and found that the nonlinearities imply
χ = −1/5. In [13], including the terms overlooked in previous articles, for d > 4 all of
the nonlinearities flow to zero, hence the linearized theory is correct at long length and
time scales. However, for d < 4, Toner found that the nonlinearities grow, invalidate the
linearized analysis and make impossible to determine the scaling exponents.

3.2.2 Vicsek Model with population dynamics

In addition to the experimental and simulational importance of systems that do
not conserve the number of individuals [7] [9], this type of system has some additional
features that make it especially important. As shown by Toner and Tu [13] and discussed
briefly in section 3.2.1, the VM with immortal individuals has nonlinearities that make it
impossible to evaluate the scaling exponents. These difficulties can be avoided if we allow
the number of individuals to vary.

The starting point is equation 3.1 where, again, the pressures and other parameters
are functions of ρ and |υ|. We expand the pressures P1,2 about ρ0 as: Pi(ρ) = P 0

i +∑∞
n=1 σi,n(|−→υ |)δρn where i = 1, 2. The noise is the same as in 3.2.1 and the absolute

velocity in the ordered phase is the same, υ0 =
√
α/β.

We now need an equation of motion for ρ. In immortal flocks, this is just the usual
continuity equation 3.2 of compressible fluid dynamics. For Malthusian flocks, it needs
include the effect of birth and death. Let’s also assume that the death rate increases
with density. Let g(ρ) be the density growth rate in the absence of motion; g vanishes for
ρ = ρ0,and g(ρ) < 0 ρ > ρ0; g(ρ) > 0 for ρ < ρ0. So, the equation of motion for density is:

∂tρ+∇ · (−→υ ρ) = g(ρ).

Using a dynamical renormalization group (RG) analysis [12], Toner concludes that it is
possible to obtain all the scaling exponents for d = 2 via the following relations:

z − 2ζ = 0, z − ζ − 2χ+ 1− d = z − ζ − 2χ− 1 = 0.
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These relations and χ = 1 − z (which comes from requiring that graphical corrections
vanish in RG) implies,

z = 6
5 , ζ = 3

5 , χ = −1
5 .

The main interest in knowing the exact values of the scaling exponents is to understand
how the correlation functions decay and, in principle, it is possible to determine these
exponents in simulations. Thus, the theoretical advantage of studying the system with
population dynamics is made clear by the fact that we can calculate its scaling exponents,
differently from the original VM. In the next section, we introduce a theoretical model
that has the same premises as Toner’s model [12], in order to study a Vicsek like model
with population dynamics in computer simulations.

3.3 Construction of the Model
We need to create a model that is plausible to be implemented computationally

and takes into account all possible aspects of the Malthusian Toner model. The equations
for the temporal evolution of positions and directions are the same as those of the original
VM introduced in the section 2.2; For covenience I recall them here.

The model has the same definitions than the VM, including the constant speed v0,
the boundary conditions and the temporal evolution in discrete steps ∆t. The position of
particle j is updated so:

xj(t+ ∆t) = xj(t) + vj∆t, (3.4)

where vj = (v0 cos θj, v0 sin θj). The direction θj is updated as the average of the angles of
the particles in its neighborhood (including itself). The neighborhood of the j-th particle is
defined as every individual with a distance less than or equal R0 of the particle in question.
The equation for updating the direction with angular noise (AN) and vectorial noise (VN)
are below:

θj(t+ ∆t) = arg[
∑
k∼j

eiθk(t)] + ηξj(t), (AN) (3.5)

θj(t+ ∆t) = arg[
∑
k∼j

eiθk(t) + ηnj(t)eiξj(t)], (V N) (3.6)

where the sum is over all particles in the neighborhood of the particle j; η is the noise
intensity, nj(t) is the number of neighbors of j at time t and ξj(t) is a uniformly distributed
random variable on the interval [−π, π].

Without loss of generality we can fix R0 = ∆t = 1. So far the model is completely
the same as the VM. Now we define the population dynamics. At each time step, we choose
ne particles that will participate of the population dynamics. ne is a random number
drawn from a Poisson distribution with mean me = N(t)/ν, where N(t) is the number of
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particles in time t, and ν is a parameter. Note that the larger ν, the fewer particles will
participate in the population dynamics. (For example, if we set ν = 2, on average, half
of the particles will participate.) When a particle is chosen it either dies or reproduces.
Particle j dies with probability pdj given by :

pdj = nj(t)γ
1 + nj(t)γ

, (3.7)

where nj(t) is the number of neighbors within a radius Rd at time t and γ is a parameter.
With complementary probability 1 − pdj , the particle reproduces. We fix Rd = 1 in this
study.

The particle is created in a random position close to its parent; it’s position is
given by,

~xj = ~xparent +−→σ , (3.8)

where ~xparent is the position of the parent, −→σ is uniformly distributed over the disk of
radius rd. In this work we set rd = 0.5, while the direction of the born particle is chosen
randomly in the range [−π, π]. Thus, our model, unlike the VM, has four parameters: v0,
η, ν and γ.
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4 Computational Methods

4.1 Introduction
Computational methods are used in different areas of science to understand and

solve problems that are too complex to solve analytically. There are several algorithms
that allow simulating physical systems, but here we focus on Monte Carlo simulations. A
Monte Carlo simulation is the name given to any computer simulation that uses random
numbers to simulate a process in order to estimate something about the outcome of that
process. We do not intend discuss in details Monte Carlo simulations in here, in case the
reader is interested in a further discussion,please consult appendix C.

The principal difficulty in simulating the Vicsek model is cost. In naive a algorithm
the simulation time grows ∝ N2, where N is the number of particles. As we use N of order
105, this would be unfeasible. To avoid this problem, we use an algorithm in which the
system is divided into cells, that the simulation time scales with O(N). In this section
we present the main computational aspects of the VM with population dynamics. We
discuss the algorithm, the random number generator, the programming language and other
aspects.

4.2 Simulation of the Vicsek Model with population dynamics
The Vicsek model is simple and quite suitable for computational studies: equations

3.4, 3.5 and 3.6 can be easily implemented in a computer. However, the condition for
particle j to be neighbor to particle i is: d2 < R2

0, where d2 = (xi− xj)2 + (yi− yj)2 where
x and y are the position of each particle in Cartesian coordinates. Therefore, if we test all
pairs of particles to check if they are neighbors, this implies the simulation time ∝ N2.
We can write the algorithm for this part of the program as follows:
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Algorithm 1 Calculation of neighbors by brute force
n(i)=0 . Number of neighbors of i
for i= 1 to N do

for j= 1 to N do
d2 = (x(i)− x(j))2 + (y(i)− y(j))2

if d2 < R2
0 then

n(i) = n(i) + 1

Two loops over N particles make a brute force neighbor calculation cumbersome;
hence we adopt another algorithm for neighbor calculation. First, the system of area L2 is
divided into L2 boxes of size R0 = 1, called cells.

Figure 10 – Division of the system into cells. Dark blue circles are particles that are in
neighboring cells and within the neighboring radius; Light blue circles that are
in neighboring cells but not in the neighborhood radius; Transparent particles
that are not in neighboring cells. Image taken from the reference [4].

Fig.10 shows a scheme representing this division into cells and, with the system divided,
each particle is assigned a cell each time step. Once this is done, it is clear that for any given
particle i, all other particles lying outside the box containing i and its next neighbouring
boxes cannot be closer than R0. Making these improvements, the computational time
grows ∝ N . This algorithm allows us to calculate the mean in the equations 3.5 and 3.6
and determine the new direction of each particle.

In addition to the algorithm for neighboring particles described above, we created
an algorithm for population dynamics. First, we draw ne random particles, from a Poisson
distribution with mean me = N(t)/ν, which are the particles that participate in the
population dynamics at time t. For this we use a code that creates random samples of
various probability density functions, known as RANLIB. We select the RANLIB function
IGNPOI and specify the mean of the Poisson distribution. The code returns a number
from this distribution.

We then select ne particles and, having the number of neighbors of each one of
them. We calculate pdj given by 3.7 for a particle, and we draw a pseudorandom real
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number pe in the range [0, 1]. After that, we have a condition: If pe < pdj the particle dies,
otherwise a particle is born under the conditions given in section 3.3. Another rule of the
program is that when a particle is born at time t it cannot be selected for population
dynamics nor count as a neighbor of other particles until the next time step.

For both population dynamics and adding noise to update the direction of motion,
we need pseudorandom numbers. For this we use the pseudorandom number generator
random_number which generates a real number in the range [0, 1]. The period of this
generator is 2256 − 1 which is sufficient for simulations with at most 5× 106 time steps
and the number of particles on the order of 105.

The entire program is written in FORTRAN90 and the compiler used was gfortran.
The programs were run on the computational system of Statistical Physics-UFMG cluster.
The complete code can be found in E.
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5 Results

5.1 Introduction
In this chapter we present the results obtained from computational simulations

of the model described in section 3.3. To begin, we analyze how the formation of groups
affects the measured quantities and how the system depends on the parameters γ and ν,
which control population dynamics. Afterwards, we look at the transition between the
ordered and disordered phases, trying to understand how this transition occurs. Finally,
we discuss the role of bands and how they are affected by population dynamics. We study
the model with the two types of noise, angular noise (AN) 3.5 and vectorial noise (VN)
3.6, and in the regime of low and high speeds.

5.2 Relation between the stationary density ρs and the parameter
γ, which controls the death probability
First of all, let’s examine what happens to ρs when we vary γ, introduced in

Eq.(3.7), maintaining the noise intensity η constant. As we can see in Fig.11, particles
tend to form clusters, leaving most of the space empty, as γ is increased.

In Fig. 12 it is clear that for η ≥ 0.3, ρs is inversely proportional to γ, while for
η ≤ 0.3, ρs ∝ 1

γλ
with λ > 1. The reason is that for η ≥ 0.3 the density is almost uniform,

regardless of γ, whereas for η < 0.3 the particle distribution is nonuniform for small
values of γ: Fig. 12 shows that ρs is an increasing function of η, because increasing noise
suppresses clustering. In the steady state, the mean death probability is: pd = 1/2 and,
by Eq.(3.7), the number of neighbors of j is n = 1/γ. When the particles are uniformly
distributed, on average, the particles have the same number of neighbors, so that,

ρs = 1/γπ. (5.1)

From Fig.12 we see that this relation is true for η ≥ 0.5 with angular noise and
η ≥ 0.7 for vectorial noise, because for these values of η, the particles are uniformly
distributed.
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(a) γ = 0.05 (b) γ = 0.100

(c) γ = 0.150 (d) γ = 0.200

Figure 11 – Typical configurations for: η = 0.1, ν = 100, L = 32 and γ as indicated.

(a) (b)

Figure 12 – Reciprocal of stationary density versus γ for: L = 32, ν = 100 v0 = 0.5 and
η as indicated, For (a) AN and (b) VN. Time averages were computed over
2x105 time steps.

5.3 Relation between population dynamics and noise
Particle creation or removal disturbs orientational order, since each newly created

particle is assigned a random direction of motion, uniform on [−π, π]. This motivates
a study of the temporal evolution of the mean orientation < θ >. Fig. 13 shows that

https://youtu.be/tdD-nEKOCx4
https://www.youtube.com/watch?v=ZeHYNk_-p9w&ab_channel=Leo
https://youtu.be/mR0me_ZW6dI
https://youtu.be/YGmvInsvNpM
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the mean angle fluctuations are greater, the smaller ν, i.e., more rapidly the population
dynamics proceeds. Fig. 13 (a) shows data for γ = 0.150 while in (b) γ = 0.100. We see
that the fluctuations are stronger in (a) than in (b). This is expected since for a smaller
number of particles, noise due to population dynamics has a stronger effect.

Figure 13 – Evolution of the mean angle for three different system with η = 0.0,v0 = 0.5,
L = 20 and ν as indicated. Panel (a) γ = 0.150; (b) γ = 0.100

5.4 Orientational persistence and population dynamics
Next, we look at how long particles maintain their orientation. Let < θ > (t) be

the mean angle (over all particles) at time t, and let

Φ(τ) ≡
〈
ei[<θ>(t+τ)−<θ>(t)]

〉
, (5.2)

where the outer average is over. We can understand Φ(τ) as a measure of the correlation
between the mean angle < θ > (t) and < θ > (t+ τ). In systems with few particles and
small η (see Fig.14), faster population dynamics leads to a more rapid decay of global
orientational correlations.

If we increase η, this effect should be weaker, since the noise caused by population
dynamics affects a small fraction of the particles at each time step, while increasing η
affects all particles. Fig. 15 shows ln Φ as a function of τ for η = 0.3; we see that the effect
of population dynamics is not as noticeable as for η = 0.05, as expected.
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Figure 14 – ln Φ versus of τ for: η = 0.05, L = 16, γ = 0.2 and ν as indicated.

Figure 15 – ln Φ versus of τ for: η = 0.3,L = 16,γ = 0.1 and ν as indicated.

5.5 The phase transition
In this section, we examine the transition from the ordered to the disordered phase

in more detail and how population dynamics affects the phase transition. As an overture,
we analyze systems with fixed γ = 0.1, v0 = 0.5, and two values of ν, ν = 20 and ν = 100.
All simulations in this section are done with VN (3.6). First of all, we see that the time
averaged scalar order parameter < ϕ >t displays a sharp drop (see Fig.16a-16b), and that
the Binder cumulant exibits a minimum at the transition point (Fig.16c-16d), indicating a
discontinuous phase transition. In addition, the variance of instantaneous oder parameter
is almost delta-peaked as in VM with VN [1](Fig.16e-16f).
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(a) (b)

(c) (d)

(e) (f)

Figure 16 – Order parameter, Binder cumulant and variance versus noise intensity for:
v0 = 0.5, γ = 0.1 and L as indicated. (a) and (b) show the order parameter as
a function of η for ν = 20 and ν = 100 respectively, while (c) and (d) show the
stationary density versus η to ν as in (a) and (b). (e) and (f) show the variance
of instantaneous order parameter for ν = 20 and ν = 100, respectively.

5.5.1 Hysteresis

Hysteresis is a classic phenomenon observed in the vicinity of discontinuous phase
transitions. When we increase or decrease the intensity of the noise passing through the
transition point, a hysteresis loop is formed. Fig. 17 shows the effect on the order parameter
and density for three different values of ν. Hysteresis becomes weaker as we decrease ν.
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(a) (b)

Figure 17 – The hysteresis loop for three different values of ν for: L = 64, γ = 0.1,
v0 = 0.5. (a) shows the effect for the order parameter and (b) for the density.
The increase/decrease rate is 2x10−6 per time step.

We graphically represent the density as a function of the order parameter, as shown in Fig.
18. We can see a huge difference between the behavior of ν = 100 and ν = 20 or ν = 10,
again this is due to bands.

Figure 18 – Density versus order parameter for η changing over time with a constant rate
of increase/decay. The two curves below are for ν = 100; in the middle ν = 20;
On top ν = 10.

5.5.2 How the rate of population dynamics affects the phase transition

First, we examine the dependence of stationary density on noise intensity for fixed ν
and γ. Fig. 19a-19b shows that ρs grows with η until η reaches the transition region, where
the density starts to decrease, and after this region, as η is increased ρ again increases,
saturating when η approaches 1, at a value close to 1/γπ. As we have already see the
section 5.2, this is the stationary density for uniformly distributed particles. We see in
Fig.19a-19b that the transition occurs to a slightly smaller η for ν = 20 compared to
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ν = 100. This is due to the fact already discussed in section 5.3; the smaller ν, the larger
the effective noise caused by the population dynamics.

(a) (b)

Figure 19 – Stationary density versus noise intensity for: v0 = 0.5, γ = 0.1; (a)ν = 20, (b)
ν = 100 and L as indicated

Before and after the transition region, this makes sense because the particles become
more uniformly distributed as η is increased, so that particles reproduce/die and tend
to density near 1/γπ. If particles form groups (as happens for small η), there are empty
regions.

To understand how noise intensity affects particle distribution, we calculated cell
occupancy histograms. We divide the system into L2 square cells of unit area. Let Pcell(x)
be the probability that a cell contains exactly x particles. The histogram in Fig. 20 shows
that particles tend to cluster, leaving most cells empty for small noise intensities; when
η ' 1 then the histogram is unimodal with a peak close to ρs, as shown in Fig. 21. With
these parameters, the density is ρs ' 2.0 and ρs ' 3.2 for the histograms of Fig(20) and
Fig.(21) respectively. In the latter case, a Poisson distribution with intensity ρs provides
an excellent fit for the data, as expected for the disordered phase.
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Figure 20 – Cell occupancy histogram for: η = 0.1, v0 = 0.5, L=16 and γ = 0.1.

Figure 21 – Cell occupancy histogram for: η = 1.0, v0 = 0.5, L=16 e γ = 0.1.

Besides to adding a new noise source to the original VM, population dynamics affects
the emergence and persistence of bands. The ordered phase of the VM is characterized by
high-density moving bands. Since a fraction 1/ν of the particles participate on average
in the population dynamics at each time step, 1/ν effectively represents the general rate
of this process. Thus, varying ν can be expected to have a strong effect on order. This is
evident in Fig. 22-23: for ν = 100, the bands are present, while for ν = 20 they are absent.
Fig.22 shows some configurations for ν = 20 and ν = 100 close to ηc. Again, bands appear
for ν = 100 and do not for ν = 20. As population dynamics tends to make the number of
neighbors 1/γ in the neighborhood, of each particle, if population dynamics occurs at a
sufficiently high rate, density fluctuations become negligible which suppresses the bands.

https://youtu.be/QbZ1rC1guno
https://youtu.be/P5o7UWlecYk
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However, how quickly the fluctuations are eliminated depends on ν, and therefore, for
large values of ν, population dynamics cannot uniformize the density.

(a) (b)

(c) (d)

(e) (f)

Figure 22 – Typical configurations for: v0 = 0.5, γ = 0.1. In (a),(b) and (c) ν = 20 and
η = 0.58,η = 0.59 and η = 0.60 respectively; For (d), (e), (f) ν = 20 and
η = 0.59, η = 0.606 and η = 0.62 respectively. The colors represent the
directions of particles in the range [−π, π].
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(a)

(b)

Figure 23 – Typical configuration of the ordered phase. (a) represents the moments and (b)
is the normalized density field. The colors indicate the angle of each particle in
the range [−π, π] (Below the left image) and indicate the normalized denssity
field in [0, 1]. Both images have: L = 256, v0 = 0.5 and γ = 0.1. In (a), we
define ν = 20 and η = 0.5800, while (b) ν = 100 and η = 0.6000.

The small difference in the value of η for the two images is a consequence of trying to
capture snapshots at the transition point (ηc), but the transition points are different, as
the effective noise is different for each value of ν (see section 5.5).

In order to understand the different behavior in ηc for different values of ν, let’s
construct a neighbors histogram. Let Pn(x) be the probability of a particle has x neighbors,
then we plot Pn(x) as a function of the number of neighbors as shown in Fig.24. We
observe in Fig.24(a) that Pn(x) is unimodal centered on 1/γ, as the majority of particles
have almost the same number of neighbors, there is no density fluctuation; For ν = 100
we observe density fluctuations associated with the bands. In Fig.24(b) we see that the
distribution of neighbors is not unimodal, we have a large amount of particles with a low
number of neighbors (in relation to 1/γ=10) and some amount of particles with a high
number of neighbors. This is because when we set ν = 100 the rate of population dynamics
is slow enough to allow for fluctuations in density. We define the following quantity to

https://youtu.be/-2QVR0SGOAM
https://www.youtube.com/watch?v=ZTG-Au2fSR4&ab_channel=Leo
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(a) (b)

Figure 24 – Histogram of the number of neighbors for: γ = 0.1,L = 128. In (a) ν = 20 and
η = 0.5934 and in (b)ν = 100 and η = 0.6082.

measure the non-uniformity of the particle ditribution:

p̃ ≡ var[n]
< n >

− 1, (5.3)

where n is the number of particles in a cell of unit area. p̃ is zero if n has a Poisson
distribution and increases as the non-uniformity is increased. Fig.25 shows that for ν = 100
the distribution is more non-uniform than for ν = 20, and that exhibits a sharp peak at
phase transition.

Figure 25 – p̃ versus η for: L = 128, γ = 0.1 and ν as indicated.

Furthermore, bands are the reason for the drop in stationary density when η reaches
the transition regime. In each band the density is very high, while outside the density is
much lower, consistent with the scenario of coexistence between a dense ordered phase
and a rarefied disordered phase, hence the global density decreases. We see in Fig.26 that
the probability distribution for the instantaneous order parameter is bimodal for ν = 100
and unimodal for ν = 20. In addition, Fig.28 shows the temporal evolution of the order
parameter near the transition point. We see that the order parameter jumps from the
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disordered to the ordered phase when ν = 100, whereas jumps are not observed for ν = 20.
In Fig. 28 we see that when the system switches to the ordered phase the density decreases.

Figure 26 – Probability distribution of the instantaneous order parameter for: L = 64,
γ = 0.1 and ν as indicated. For ν = 20 and ν = 100, η = 0.5934 and
η = 0.6094, respectively.

(a) (b)

Figure 27 – (a) Temporal evolution of the order parameter; (b) Temporal evolution of
density. Parameters: L = 64, η = 0.6094, γ = 0.1 and ν = 100.
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(a) (b)

Figure 28 – (a) Temporal evolution of the order parameter; (b) Temporal evolution of
density. Parameters: L = 64, η = 0.5922, γ = 0.1 and ν = 20.

(a) (b)

Figure 29 – configurations for L = 64 and η = 0.6094. (a) t=1.5x 106; (b) t= 3.2x 106

To better understand the correlation between these two quantities, I calculate the
Pearson coefficient between them. Pearson’s correlation is given by:
corr (ρ, ϕ) = C(ρ,ϕ)√

σ2(ρ)σ2(ϕ)
, where C(ρ, ϕ) is the covariance of the order and density parameter,

and σ2(ρ) and σ2(ϕ) represent the variance of the density and order parameter, respectively.
Fig. 30 shows how Pearson’s coefficient varies as a function of noise intensity.

We see from Fig. 30(b) that in the band regime there is a strong negative correlation
between ρ and ϕ (Pearson correlation reaching -1). This is because when the order
parameter is increased, bands form, causing a reduction in density. Since for ν = 20 there
are no bands, density and order parameter are only weakly correlated (Pearson correlation
reaching -0.4).

https://youtu.be/NEKf1Muo7As
https://youtu.be/NEKf1Muo7As
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(a) (b)

Figure 30 – Pearson correlation coefficient corr(ρ, ϕ) versus noise intensity for: γ = 0.1,
v0 = 0.5 and L as indicated. In (a) ν = 20 and (b) ν = 100.

In conclusion, our results points to a discontinuous phase transition for both ν = 20
and ν = 100. However, we observe bands only for ν = 100. This suggests that the phase
diagram for the VM with population dynamics is different for ν = 20 and ν = 100, as
shown in Fig.31.

(a) (b)

Figure 31 – Qualitative phase diagram of Vicsek model with Malthusian dynamics for: (a)
ν = 20 and (b) ν = 100.
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5.5.3 Low-speed regime

We examine the effects of population dynamics on the low-speed regime. Fig. 32
shows the stationary density and the order parameter as a function of noise intensity.

(a) (b)

(c) (d)

Figure 32 – Stationary density versus noise intensity for: L = 32, γ = 0.1 and velocity as
indicated. In (a) ν = 20 and in (b) ν = 100.

Note in Fig. 32a and Fig. 32b that the stationary density decreases as the noise
intensity increases for v0 = 0.03 and v0 = 0.05; the effect is weaker as we increase the
speed. This seems to go against our earlier assertion that as noise intensity increases,
density increases because particles become more evenly distributed. For extremely low
velocities and η ≈ 0, the particles travel in the same direction and but fill most of the
available space, as shown in Fig. 33.

As we increase η, groups start to form and this leads to a lower density. Fig. 34
shows a typical snapshot in this regime. For lower velocities (Fig. 32a and 32a) the density
has an unexpected behavior as we increase η. In section 5.5 we argued that the stationary
density increases if we increase the intensity of noise η because for large values of η the
particles spread better and this increases the density. However, we see in Fig. 32a and
32b a different behavior for low speeds. It turns out that for low speeds the formation of
groups does not occur when the noise intensity is very small. Fig. 33 and 34 show just
that. In Fig. 33 we have η ' 0.0, but the particles are more evenly distributed than in
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Figure 33 – Typical configuration for: v0 = 0.03, η = 0.04, L = 32, γ = 0.1 and ν = 100.

Fig.34, which has η = 0.4.

We still need a more deitaled study to undestand why particles in the low-velocity
regime are evenly distributed for low noise intensities while this does not occur for particles
with high velocity. One hypothesis is that when there are higher speeds, particles change
neighborhoods more easily and this helps in the creation of groups.

Figure 34 – Typical configuration for : v0 = 0.03, η = 0.4, L = 32, γ = 0.1 and ν = 100.

https://youtu.be/IP2QbX_OOXM
https://youtu.be/_pRo4rXC3gE
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6 Conclusions and directions for future inves-
tigation

In this work, we studied a Vicsek model with population dynamics using computer
simulations. Aiming to understand aspects that had not been studied theoretically in
the Toner model [12], we construct a computational model of Monte Carlo where each
self-propelled particle moves on its own, interacting with its neighbors, and the number of
individuals varies as a result of a Malthusian population dynamics.

We obtained several interesting results, such as the fact that the formation of
groups influences the stationary population density. We found a relation between noise and
stationary density, and that orientational persistence decay more rapidly as we increase
the rate of population dynamics.

The most surprising results are associated with the phase transition. We observe
a discontinuous phase transition regardless of the rate, 1/ν, of the population dynam-
ics.Nevertheless, the discontinuity weakens as we decrease ν. For example, hysteresis loop
is smaller for ν = 10 than for ν = 100 (See section 17), ant the Binder cumulant attains
more negative values for ν = 100 than ν = 20 (See section 5.5).

The coexistence regime of the Vicsek model is characterized by one or more dense
ordered bands travelling through a disordered dilute region. The phase behavior for Vicsek
model with slow population dynamics (ν = 100) is rather similar to that of the original
Vicsek model (ν = 100). Under slow population dynamics, we observe coexistence, in the
form of bands, of the ordered and disordered phases. For ν = 100 there are, nevertheless,
the following paradoxical tendencies: In the pure phases, both ordered and disordered, the
density is an increasing function of the noise intensity, and thus a decreasing function of
the degree of orientational order. The reason for this - increased noise leads to greater
uniformity - is discussed in section 5.5. But, in the coexistence regime, it is the ordered
phase that has the higher density.

For rapid population dynamics (ν = 20) the phase transition continues to show
signs of being discontinuous, in the behavior of the order parameter, the Binder cumulant,
and the presence of hysteresis. Despite this, there is no sign of phase coexistence in the
form of bands. The particle distribution is more uniform than for ν = 100, though there
are still significant deviations from a Poisson-distributed cell occupancy in the transition
region, as reflected in p̃ (See Fig. 25).

In line with the preceding comment, further thought and analysis is necessary
to understand how the transition remains discontinuous while signs of coexistence are
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absent. A related question is whether, at some smaller, but finite value of ν, the transition
turns continuous. It is also important to study the low-velocity regime, which exhibits
a surprising behavior, in the formation of groups increases as we increase η in the weak
noise regime (See section 5.5.3).

Our analysis of a Vicsek-like model including population dynamics was motivated
by both theoretical and practical considerations, and appears to be the first study of its
kind. Some of the results were unexpected, and required more detailed analyses to be
understood; others remain as challenges for future work. Based on this experience, we
have the impression that the study of active matter-experimentally, theoretically, and via
simulation - still holds many surprises and opportunities for creative scientific investigation.
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APPENDIX A – Discussion about the
number of neighbors in vectorial noise

In this section we discuss in more detail how vectorial noise in VM depends on the
number of neighbors. Suppose a particle with N neighbors. If we assume that the particle
in question makes an error in evaluating the direction of each of these N particles and
that these errors are independent, each coming from a particle, the total noise is:

~Sk =
N∑
i=1

−→χ i, (A.1)

where −→χ i is the noise added by particle i, given by a random vector of type:

−→χ i = keiξi = k[i cos ξi + j sin ξi], (A.2)

where < ξi >= 0 and < eξkeξj >= δkj. Clearly, < Sk >= 0 and we can calculate < S2
k >.

So we have:
< |~Sk|2 >= k2

N∑
i

[cos2 ξi + sin2 ξi] = Nk2 (A.3)

Hence the variance of noise with N independent contributions grows ∝ N . However, if we
write the vectorial noise as −→ζ = Nηeiξi , we see that:

< |
−→
ζ |2 >= N2η2[cos2 ξi + sin2 ξi] = N2η2 (A.4)

Thus, the variance in vectorial noise grows ∝ N2. In this sense, we would have equivalence
between the approaches using −→ζ and ~Sk with −→ζ ∝

√
N .
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APPENDIX B – Binder cumulant
calculation

In this section we calculate the Binder cumulant for a vectorial order parameter
with two components. Let the vectorial order parameter be given by:

−→ϕ = iϕx + jϕy

.

Let’s assume we are in the ordered phase, with the system moving in the direction
i. Assuming that the parameter components are Gaussians, but in the i direction the mean
is ϕ0. Then we write the probability distributions for each as being:

p1(ϕx) = 1√
2πσ1

exp[−(ϕx − ϕ0)2

2σ2
1

]

p2(ϕy) = 1√
2πσ2

exp[−
ϕ2
y

2σ2
2
]

(B.1)

To calculate the Binder cumulant we are interested in the second and fourth
moments of ϕ. We can calculate them using:

< |~ϕ|2 >=< (̂iϕx + ĵϕy) · (̂iϕx + ĵϕy) >=< ϕ2
x + ϕ2

y >=< ϕ2
x > + < ϕ2

y > (B.2)

These averages are easily calculated if we do:

< ϕ2
x >=

∫ ∞
−∞

ϕ2
xp(ϕx) dϕx (B.3)

where p(ϕx) is given by B.1. This integral is easy to calculate, and if we calculate < ϕ2
y >

similarly, we come to the conclusion that:

< ϕ2 >= ϕ2
0 + σ2

1 + σ2
2 (B.4)

The fourth moment is giver for:

< −→ϕ 4 >=< (ϕ2
x + ϕ2

y)2 >=< ϕ4
x > + < ϕ4

y > +2 < ϕ2
x >< ϕ2

y > (B.5)

we already have the second moments of ϕx and ϕy, so we have to calculate their fourth
moments that will be given by:

< ϕ4
x >=

∫ ∞
−∞

ϕ4
xp(ϕx) dϕx (B.6)

and similarly for ϕy.
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This integral is easily calculated and we find that:

< ϕ4 >= 3(σ4
1 + σ4

2) + ϕ4
0 + (2σ2

2 + 6σ2
1)ϕ2

0 + 2σ2
1σ

2
2 (B.7)

Now we calculate the Binder cumulant:

G = 1− 1
3
< ϕ4 >

< ϕ2 >2 = 1− 1
3

3(σ4
1 + σ4

2) + ϕ4
0 + (2σ2

2 + 6σ2
1)ϕ2

0 + 2σ2
1σ

2
2

ϕ4
0 + σ4

1 + σ4
2 + 2σ2

1σ
2
2 + 2(σ2

2 + σ2
1)ϕ2

0
(B.8)

For the disordered phase ϕ0 → 0 and σ1 = σ2 = σ. Hence, G ≈ 1/3.
In the ordered phase, σ1 and σ2 → 0 and G ≈ 2/3. Now consider the coexistence of ordered
and disordered phases, in the proportions λ and 1− λ. It is easy to show that in this case
the variation of G, varying λ in the interval [0,1], is non-monotonic, and that G can take
negative values depending on the ratio σ/ϕ0 [15].



54

APPENDIX C – Monte Carlo

In order to know the properties of a thermodynamic system we need the probability
distribution P (Xt), where Xt are the possible states of the system. Any average can be
obtained from P (Xt) through:

< f >=
∑
Xt

f(Xt)P (Xt), (C.1)

where we sum over all particles.

The Monte Carlo method gives an average of f using the following: Suppose we
generate N states according to the probability P (Xt). We can then calculate the average
of f , which will be given for:

< f >= 1
N

N∑
i=1

f(Xi), (C.2)

with X1,X2,...,XN being the states generated in the process.

The question that remains now is: How to build a chain whose stationary distribution
corresponds to the distribution of states? Since we are working out of equilibrium, we do
not know the probability distribution of states. What we do then is generate a random
initial state and let the system evolve in time, and when the system reaches its steady
state, we apply the formula C.2 in which, the more states are generated, the better our
average < f > .
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APPENDIX D – Algorithm of simulation

Algorithm 2 Complete algorithm of Vicsek model with population dynamics
1: Assign a random position to each particle in the system of size L
2: Assign a random θ to each particle in the interval [−π, π]
3: for t < tmaximum do
4: Assign to each particle it’s cell
5: Create a list with every particle that are in a cell
6: for i=1,Nvivas do . Loop over all particles
7: for j do . Loop over all particle in the cell of particle i and neighbor cells
8: Verify if i and j are neighbors . Condition: d =

√
r2
i + r2

j ≤ 1
9: end for

10: Calculate the mean θ between i and it’s neighbors . attention to the type of
noise

11: Add up the noise
12: Save the new θ of particle i
13: end for
14: Update the θ and position of each particle

. POPULATION DYNAMICS
15: me = Nvivas/ν . The mean number from the Poisson distribution
16: ne = ignpoi(me) . The number of particles that will participate in the

population dynamics
17: for i=1,ne do
18: Choose randomly a particle i
19: Calculate pdi
20: Chose randomly a number in the interval [0, 1]
21: if r ≤ pdi then
22: Particle i dies
23: else
24: A particle is created
25: Assign a position to the new particle . See eq.3.8
26: Assign a random θ to new particle in the interval [−π, π]
27: end if
28: end for
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APPENDIX E – Simulation code in
FORTRAN90
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