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Resumo

Emaranhamento é certamente um dos fenômenos mais fascinantes observados na Natureza, e
mesmo após de décadas de pesquisas na teoria de emaranhamento ainda há muito a ser des-
coberto e entendido. Em particular, ainda há poucos resultados detalhando e caracterizando a
estrutura do emaranhamento em sistemas fortemente correlacionados em larga escala, envol-
vendo um número grande de subsistemas.

A forma mais comum de se estudar detalhadamente a estrutura de emaranhamento em es-
tados quânticos tem sido através da otimização de Testemunhas de Emaranhamento (Entangle-
mentWitnesses), otimizadas utilizando-se técnicas algorítmicas como Programação Semide�nida
(Semide�nite Programming) aplicada à matrizes. No entanto, esta descrição matricial torna a téc-
nica computacionalmente inviável para sistemas em larga escala devido ao crescimento expo-
nencial da dimensão do espaço de parâmetros a serem otimizados. Todas as técnicas se tornam
inviáveis para um número relativamente pequeno de partículas (na ordem de n ≈ 101).

Por estes motivos, Redes Tensoriais (Tensor Networks) têm atraído a atenção de pesquisadores
nas últimas décadas por serem formas e�cientes de descrever e simular sistemas quânticos com-
postos de muitas partes, pois são descrições mais naturais e e�cientes das correlações quânticas
entre os subsistemas.

No entanto, pouco tem sido feito para caracterização detalhada do emaranhamento em tais
sistemas, e a literatura ainda carece de uma ponte entre os dois formalismos. Neste trabalho,
propomos um primeiro pequeno passo rumo ao objetivo de adaptar o formalismo de testemunhas
de emaranhamento de forma compatível com a descrição de sistemas quânticos através de redes
tensoriais, tornando possível a caracterização de emaranhamento em sistemas de larga escala.

Palavras-chave

emaranhamento, emaranhamento em estados puros, testemunhas de emaranhamento, teste-
munhas decomponíveis, transposição parcial negativa, NPT, programação semide�nida, SDP,
redes tensoriais, Matrix Product State, MPS, Matrix Product Operator, MPO, Density Matrix
Renormalization Group, DMRG, transposição parcial, entropia de emaranhamento
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Abstract

Entanglement is certainly one of the most fascinating phenomena observed in Nature, and even
after decades of research in entanglement theory there is still much to be discovered and un-
derstood. In particular, there are still few results detailing and characterizing the entanglement
structure in strongly correlated systems on a large scale, involving a large number of subsystems.

The most typical approach for studying in detail the entanglement structure in quantum
states has been through the optimization of Entanglement Witnesses, optimized by means of
algorithmic techniques such as Semide�nite Programming applied to matrices. However, this
matrix description renders the technique computationally nonviable for large scale systems due
to the exponential growth of the dimension of the optimization parameters. All these techniques
are nonviable for a relatively small number of particles (on the order of n ≈ 101).

For these reasons, Tensor Networks have attracted the attention of researchers over the last
decades for being more e�cient ways to describe and simulate quantum systems composed of
many parts, as they are more natural and e�cient descriptions of the quantum correlations
between subsystems.

However, few progress has been made for the detailed characterization of entanglement in
such systems, and the literature still hasn’t fully bridged the gap between the two formalisms. In
this work, we propose a small step towards the goal of adapting the formalism of entanglement
witnesses in a way which is compatible with the description of quantum systems by means of
tensor networks, making it possible the characterization of entanglement in large scale systems.

Keywords

entanglement, entanglement in pure states, entanglement witnesses, decomposable witnesses,
negative partial transpose, NPT, semide�nite programming, SDP, tensor networks, Matrix Prod-
uct State, MPS, Matrix Product Operator, MPO, Density Matrix Renormalization Group, DMRG,
partial transpose, entanglement entropy
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Introduction

The theory of quantum mechanics has come a long way since its �rst steps in the early 20th cen-
tury. Still, even after all these developments quantum entanglement has kept—if not increased—
its reputation as one of the most fascinating and mysterious of all physical phenomena.

A great deal is understood today about entanglement and the structure of entanglement in
the space of quantum states, but most of what it is known has been restricted to very small
systems and carefully constructed states. Large-scale physical systems, with even a modest
number of particles (n ≈ 101), have mostly eluded our theoretical and experimental grasp so
far. Our typical approaches are simply not cut out for tackling these large-scale problems, and
as a result, our understanding of large-scale multipartite entanglement and its physical e�ects
is still relatively poor.

Signi�cant progress has been made in these fronts in the last decades, with the invention
and application of tensor networks and tensor network algorithms. Today, tensor networks
have proven themselves to be powerful, reliable and some would say even more fundamental
descriptions of quantum systems. Even so, tensor network techniques are still in their infancy
and much work is yet to be done.

In particular, there hasn’t been enough e�orts in bridging the gap between the use of en-
tanglement witnesses, a powerful tool for characterizing and quantifying multipartite entangle-
ment, and the tensor network formalism. In fact, a survey of the literature reveals that while
tensor networks are increasingly being used to study large-scale quantum systems, the analy-
sis of their entanglement structures has largely been based on the same techniques which have
been used for over half a century. A modern, bolder, and more complete analysis of large-scale
entanglement is warranted, and our research hopes to make progress in this front.

In Chapter 1, we will brie�y cover the basic mathematical formalism for representing quan-
tum states and operations under the quantum information tradition. Chapter 2 introduces en-
tanglement, the structures and properties that emerge once systems are put together, from the
perspective of the space of states itself, agnostic to any physical processes. Chapter 3 discusses
entanglement witnesses and semide�nite programming, a powerful and general tool to study
entanglement of all types. Chapter 4 introduces tensor networks, their graphical notation and
explains their physical motivation and relevance. Finally, Chapter 5 puts together some of these
pieces into a few working examples, and presents a few proof of concepts and working ideas for
incorporating entanglement witnesses within tensor networks.

The reader should be familiar with the mathematics of graduate-level quantum mechanics
and have a basic understanding of qubits, partial transposes, partial traces and their role in quan-
tum information theory, all of which is covered in most introductory material on the subject.
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Chapter 1

Quantum states and quantum
operations

“Let no one uninterested in geometry enter here.”

Attributed to Pythagoras, at the entrance of his temple

This chapter brie�y reviews the basic mathematical structure used in quantum mechanics
and quantum information. It is by no means intended to be an introduction to the topic, but
merely a quick review for contextualizing the rest of this document and introducing the nota-
tional conventions that will be used.

Contrary to how it is typically done, additional results and theorems will be introduced
within the context of their usage, as it better highlights their motivation and usefulness as part
of the mathematical toolset of quantum mechanics.

1.1 Mathematical foundations of quantum mechanics

The modern foundations of quantum mechanics were �rst laid out by John von Neumann in the
late 1920s [1, 2], placing quantum mechanics in a rigorous, axiomatic mathematical framework.
Previous work by Schrödinger, Heisenberg, Dirac and others were in a lot of ways clumsy and
ad hoc.

In von Neumann’s formalism, quantum mechanics is described in terms of vectors and linear
operators of a complex N -dimensional Hilbert space H ∼= CN . In mathematics, Hilbert spaces
arose as a generalization of Euclidean spaces [3], with a notion of a metric1, completeness2, inner
products3, and, importantly, the possibility of arbitrary dimensions [4] – even the in�nite ones
which are required for describing continuous physical systems4.

An important note: In this document we will restrict our attention to �nite-dimensional
Hilbert spaces with bounded operators. Keep in mind, however, that many of the earlier results
that will be presented have in�nite-dimensional and unbounded generalizations.

In a complex Hilbert space, each distinguished physical state is represented by a family of
1A metric de�nes the notion of “distance” between elements of a space.
2A space is complete if all Cauchy sequences converge to an element of the space. Intuitively, there’s no point

“missing” in the set. Completeness is a requirement for the techniques of analysis and calculus to be applicable to
the space.

3Inner products de�ne the notion of “similarity” or “angles” between two elements of the space.
4Of particular interest is the necessity of well-de�ned inner products for square-integrable functions.
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state vectors, all (complex) scalar multiples of one another5. For each possible physical state we
can choose one of its vectors, the unit vector with respect to the inner product, to be part of
an orthonormal basis for the entire space. Such vectors can be represented by N × 1 column
matrices, or symbolically in Dirac notation as kets.

For example, the z-component of the angular momentum of a spin-1/2 particle has two
distinguishable states: +~/2 (up) or −~/2 (down). The states of this system are represented by
the Hilbert space H ∼= C2, and we de�ne two orthonormal column vectors as the basis for this
space, |0〉 = [ 10 ] and |1〉 = [ 01 ], corresponding to spin up and spin down states.

Physical processes and observable quantities are incorporated into the formalism through
the set L(H) of linear operators acting6 on H, which is itself a vector space that can be rep-
resented by N × N complex matrices in the �nite-dimensional case. In �nite dimensions we
are further restricted to the set of bounded Hermitian operators acting onH, which in this text
will be denoted by B(H). Hermitian (or self-adjoint) matrices are used due to their many useful
properties, such as having real eigenvalues and a spectral decomposition [6].

1.1.1 Operators, observables, and projectors

The space L(H) of linear operators of a Hilbert space onto itself can be rigorously identi�ed as
the composite space given by the tensor product ofH and its dual: L(H) = H⊗H∗. Elements
of such space, in Dirac’s notation, are typically represented in terms of tensor products of a ket
with a bra (or equivalently, a vector outer product), which are notated as |ψ〉 ⊗ 〈φ| = |ψ〉〈φ|.

This result generalizes to linear maps L between arbitrary spaces as

L : X 7→ Y → L ∈ L(X ,Y) = Y ⊗ X ∗

which makes explicit the connection to linear maps between spaces through the Riesz theo-
rem [4]. Although a familiar result, we highlight this structure as it will be exploited in chapter 4
regarding tensor networks, where the tensors are interpreted as linear maps connecting Hilbert
spaces in this fashion.

1.2 Quantum states as a convex set

1.2.1 The set of density matrices

By construction, a state |ψ〉 is a mathematical object which speci�es all available information
about a system, which is the reason why it is referred to as a pure state.

In practice, however, complete information is not obtainable and the speci�cation of physical
states relies on the preparation of ensembles [4]. This notion of statistical mixtures of pure states
was also addressed by von Neumann and Lev Landau, who realized that pure states and such
mixtures can all be expressed by a density operator or density matrix7. In order for an operator
to represent a state, it must match the following

De�nition 1. A density operator or density matrix is a bounded operator ρ ∈ B(H) which
satis�es the following three properties:

1. Hermitian: ρ† = ρ

5Therefore, the state |ψ〉 is taken as physically equal to eiθ |ψ〉 for θ ∈ R. Global phases are irrelevant.
6Linear operators may act on di�erent spaces, such thatA ∈ L(X,Y ) represents the linear mappingA : X 7→ Y .

The notation L(X) is to be understood as L(X,X). This space has special properties [5] which will be covered at a
later moment.

7We will adhere to “density matrix” as our focus will be on the numerical properties of such objects, not their
algebraic properties.
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2. Normalized: Tr[ρ] = ‖ρ‖1 = 1

3. Positive semi-de�nite: 〈ψ | ρ |ψ〉 ≥ 0, for all |ψ〉, or simply ρ � 0

Property 1 ensures there is a spectral decomposition with orthonormal eigenvectors and
real eigenvalues, which for ρ specify a probability distribution. Property 2 ensures the total
probability adds up to unity: it is a complete description of the system. Property 3 ensures that
the system is physical: there are no negative probabilities. The set of operators obeying the
above properties will be denoted byM⊂ B(H).

Given a pure quantum state |ψ〉, the density matrix representing it is given by the outer
product

ρ = |ψ〉〈ψ| . (1.1)

which automatically satis�es all properties listed previously, provided the state is properly nor-
malized. The resulting matrix has rank 1, that is, it has a single non-zero eigenvalue. We now
turn to the idea of convexity.

De�nition 2. A convex combination B of N elements {Ai} is any linear combination of the
form:

B =

N∑
i=1

αiAi with α ∈ [0, 1] and
N∑
i=1

αi = 1.

A statistical mixture of arbitrary states from a basis {|ψi〉} is a convex combination of pure
states, which is itself also a state:

ρ =
∑
i

λi |ψi〉〈ψi| , ρ |ψi〉 = λi |ψi〉 with λi ∈ [0, 1] and
∑
i

λi = 1. (1.2)

This de�nes a set of diagonal operators ρ for the given basis {|ψi〉}, referred to as the
eigensemble or eigenvalue simplex, and every density matrix inM is an element of some eigen-
value simplex. These sets correspond to (N − 1)-dimensional cuts throughM [7].

The combinations will not result in a pure state if any λi /∈ {0, 1}, in which case the state
is said to be mixed8. In turn, mixed states themselves may be used in convex combinations to
obtain other states. Therefore, combinations leading to a given mixed state are not unique.

We now address the following.

De�nition 3. A convex set is the set of all elements which are a convex combination of elements
of another set.

De�nition 4. A convex hull of a given set S is the smallest convex set which contains S.

The above de�nitions also mean the set of density matricesM is a convex set, and that the
pure states de�ne the vertices (or pure points) of a polytope9 which de�nes a convex hull within
the space B(H). Two important theorems arise from this structure [7, Ch.1]:

Theorem 1. (Minkowski’s theorem) Any convex set is the convex hull of its pure points.

Theorem 2. (Carathéodory’s theorem) If X is a subset of RN , then any point in the convex hull
of X can be expressed as a convex combination of at most N+1 points in X.

8Or more accurately, non-pure.
9A polytope is the multidimensional generalization of polygons and polyhedra.
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Theorem 1 tells us the intimate connection between convex hulls of pure points and convex
sets created from combinations of the pure points. On the other hand, theorem 2 tells us that all
points inside (and including) the convex hull de�ning a convex set can be speci�ed by convex
combinations of the pure points. In e�ect, the two theorems tell us the pure points are all the
information we need to fully assemble the convex set, although the number of such pure points
may be in�nite in some cases.

What this means is that a basis ofN pure states |ψi〉 is su�cient to fully specify any element
ofM (after an appropriate diagonalization of the operator), even though a naive application of
Carathéodory’s theorem to the space of complex matrices CN2

= R2N2 would suggest a much
larger number of elements required. This structure of the space of density matrices is therefore
a fortunate result.

Figure 1.1: A visualization of an application of Carathéodory’s theorem in two dimensions (R2).
Any point inside the pentagon lies inside a triangle formed by some set of three vertices. The
region inside the triangle is the convex set de�ned by its vertices, as per Minkowski’s theorem.
This is always a N -dimensional simplex, since it is the simplest polytope with dimension equal
the dimension in which the convex set is embedded.

The rank of ρ immediately gives us the number of pure points necessary to represent it as a
convex combination. If ρ has at least one zero eigenvalue, it lies on the boundary of the convex
set. The density matrices of mixed states have rank greater than 1, indicating that there are more
than one pure state present in a convex mixture.

This space has many deep geometric structures which are beyond the scope of this text. More
information may be found in Życzkowski and Bengtsson [7, Ch.8]. We will concern ourselves
with only a few of its structures (chapter 2 section 3.1).

This brief discussion focused on describing single quantum systems, but the richness of
quantum mechanics comes to the surface once we consider composite quantum systems. That
will be the topic of the next chapter.

1.2.2 The maximally-mixed state as a special reference point

As it is, there is no special reference state in M, since the requirements imposed for states
excluded the origin of the Hilbert space and its associated operator in the Hilbert-Schmidt space
(a trace zero operator is not a state). However, this restricted space still has a linear structure,
which means it is now an a�ne space characterized by invariance of straight lines under a�ne
transformations [8]. These transformations are ubiquitous in quantum mechanics.

This fact ties to a geometric meaning of convex mixtures, which is useful to expound upon.
Suppose we have two states ρA and ρB . The family of states
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ρ(t) = (1− t)ρA + tρB, 0 ≤ t ≤ 1,

are convex combinations of both states parameterized by the real number t. This family traces
a straight line inM, in the sense that the convex combination structure of this family is pre-
served under a�ne transformations. Therefore, per Minkowski’s and Carathéodory’s theorems,
a convex set remains convex under a�ne transformations.

A�ne spaces allow us to pick an arbitrary reference point to specify our elements. The na-
ture of density matrices as (e�ectively) probability distributions induces us to select a particular
state for this task. A well-known result in probability and information theory [9] is that the
discrete distribution which maximizes the Shannon entropy

H = −
N∑
i=1

pi ln pi, (1.3)

is given by the uniform distribution pi = 1/N . The uniform distribution can be intuitively
understood as the distribution of maximum ignorance. The analogue for density matrices is the
state which is an equal mixture of all states |ψi〉 in a basis, which gives rise to the following

De�nition 5. Themaximally mixed state ρ? is the state which is composed of an equal convex
mixture of all pure states |ψi〉〈ψi| in any basis {|ψi〉} forH:

ρ? =
1

N

N∑
i=1

|ψi〉〈ψi| =
I
N
. (1.4)

While density matrices are in general not uniquely de�ned as convex combinations, the
spectral decomposition of a given state ρ provides us with a special convex combination in
which the eigenvalues (acting as weights in the combination) correspond to probabilities. This
fact lead us to the natural generalization of the Shannon entropy [5, 7, 10].

De�nition 6. The von Neumann entropy of a state ρ is de�ned as the quantity

S(ρ) = −
N∑
i=1

pi ln pi = −Tr[ρ ln ρ] . (1.5)

where pi are the eigenvalues of the spectral decomposition of ρ.

By extension, the maximally mixed state can then be seen as the state which maximizes von
Neumann entropy. By construction, this state lies at the center of any eigenvalue simplex, which
highlights its special role inM. The maximally mixed state, therefore, is full rank (rank N), and
all of its eigenvalues are equal to 1/N , indicating that we need to consider all states in a basis
equally to represent it.

1.3 Distance and similarity measures

With the space of operators and density matrices de�ned, it is now important to look at the
notion of distance and similarity between elements of the set.
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1.3.1 Norms of operators

Operator norms, denoted by ‖ · ‖, are functions acting on elements of a linear space L(X) of
some generic spaceX , which map operators in that space to scalars: ‖ · ‖ : L(X) 7→ R. In order
for a function to be a norm, it must obey three properties [5]:

1. Positive semi-de�nite: ‖A‖ ≥ 0, for all A ∈ L(X) and ‖A‖ = 0 i� A = 0

2. Positive scalability: ‖αA‖ = |α|‖A‖ for all A ∈ L(X) and α ∈ C

3. Triangle inequality: ‖A+B‖ ≤ ‖A‖+ ‖B‖, for all A,B ∈ L(X)

Such norms appear naturally in the structure of the spaces we have de�ned so far. The
Hilbert-Schmidt space of bounded operators acting on H, which we previously denoted by
B(H) ⊂ H ⊗ H∗, is itself also a Hilbert space on its own right. This means it also admits
an inner product [5, 7], which in this case is given by

〈A,B〉 = cTr
[
A†B

]
,

where c is some arbitrary constant which sets the scale. We will assume c = 1. The scalar product
of an operator with itself de�nes an Euclidean norm, which in B(H) suggests

De�nition 7. The Frobenius norm of an operator A is de�ned as

‖A‖2 =
√

Tr[A†A].

We can use this norm to de�ne a generalized Euclidean distance called the Hilbert-Schmidt
distance:

D2
HS(A,B) = ‖A−B‖22 ≡ 〈A−B,A−B〉 = Tr

[
(A−B)†(A−B)

]
. (1.6)

This is the distance between operators in the space of matrices de�ned by L(H), treating
them as vectors. Other norms may also be de�ned by generalizing the Euclidean norm in terms
of a real parameter p ≥ 1, giving

De�nition 8. The Scha�en p-norms [5] of an operator A are de�ned as

‖A‖p =

(
Tr
[
A†A

]p/2)1/p

p ≥ 1.

These norms can be equivalently de�ned [5] in terms of a vector s(A) with the singular
values of A, where the Schatten p-norms become equivalent to the ordinary vector p-norm of
s(A):

‖A‖p = ‖s(A)‖p.

For p = 2, we have the Frobenius norm. We also have

De�nition 9. The trace norm of an operatorA is de�ned as the Schatten-p norm ofAwith p = 1:

‖A‖1 = Tr
[√

A†A
]
.
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The trace norm has useful properties for characterizing entanglement criteria [11], as we
will brie�y see in chapter 2. With the trace norm, one may also de�ne the trace distance:

DTr(A,B) = ‖A−B‖1. (1.7)

Another important norm is given by

De�nition 10. The operator norm10 of an operator A is de�ned as

‖A‖∞ = max {‖Au‖ : u ∈ H, ‖u‖ = 1} = lim
p→∞

‖A‖p, (1.8)

where here ‖ · ‖ is the typical vector Euclidean norm.

This norm is special because it is the norm induced by the Euclidean norm of elements of
H, as expressed in equation 1.8. It has the property

‖A†A‖ = ‖A‖2,

which is, in a sense, the proper generalization of Euclidean norms of vectors to operators. In
terms of the singular values s(A), we have ‖A‖∞ = max{s(A)}.

1.3.2 Fidelity

Beyond these norms, there are other ways we can characterize the similarity between density
matrices. One of the most important ones is the �delity, which we de�ne next.

De�nition 11. Given two positive semide�nite operators P,Q ∈ Pos(B(H)), we de�ne the �-
delity [5, 10] between the two as

F (P,Q) = ‖
√
P
√
Q‖1 = Tr

[√√
PQ
√
P

]
(1.9)

Typically, the �delity is used to measure similarity between density matrices. However,
there’s no reason to not encompass positive semide�nite operators in general.

The �delity function has some properties worth mentioning. From the de�nition, it is clear
that it is symmetric:

F (P,Q) = F (Q,P ).

Given a pure state ρ = |ψ〉〈ψ| ∈ M and a positive semide�nite operator Q ∈ Pos(B(H)),
the following holds

F (ρ,Q) =
√
〈ψ |Q |ψ〉 =

√
Tr[Qρ],

or more generally
F (ρ1, ρ2) = | 〈ρ1, ρ2〉 |.

Another particularly important property of the �delity is that it is multiplicative with respect
to tensor products

F (P1 ⊗ · · · ⊗ PN , Q1 ⊗ · · · ⊗QN ) =

N∏
i=1

F (Pi, Qi).

10Also referred to as spectral norm.
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1.4 Linear maps

De�nition 12. A linear map is a linear function Φ which maps elements X from a set X onto
elements Y of another set Y :

Φ : X 7→ Y Φ(X) = Y where X ∈ X , Y ∈ Y

Under a natural de�nition of scalar multiplication and addition of linear maps, the maps themselves
may also form a linear space M(X ,Y) [5]. By virtue of being a linear function, linear maps enjoy
the following properties:

• Φ(αX1 + βX2) = αΦ(X1) + βΦ(X2), for α, β ∈ C.

• (Φ + Ψ)(αX) = αΦ(X) + αΨ(X), where Ψ is another linear map.

• (αΦ)(X) = α(Φ(X)).

The transpose T : X 7→ X : T(X) = XT and the trace Tr : X 7→ C are two important
examples of linear maps which we use extensively.

The subject of quantum operations as linear maps on the space of quantum states11 is vast,
and there is no reason to go through these details here. The interested reader may acquaint
themselves by checking the typical literature on quantum information theory [5,10,12]. We will
simply highlight a few key results needed for our work.

1.4.1 Positive and completely positive maps

Linear maps acting on operators may be classi�ed in various ways. Two classi�cations of note
are positiveness and complete-positiveness. We will only brie�y de�ne them here to contextu-
alize our usage.

De�nition 13. A linear map Φ : B(H) 7→ B(H) acting on a positive operator A ∈ B(H) is a
positive map if Φ(A) � 0 for all A � 0 [5, 7].

An example of a positive map is the matrix transpose.

De�nition 14. A linear map Φ : B(H) 7→ B(H) acting on a positive operator A ∈ B(H) is a
completely positive map if the extended map Φ⊗ IK acting on the extended space B(H⊗HK)
is positive for allK [5, 7].

Completely positive maps are important in quantum mechanics and quantum information
as the only maps which can describe physical processes [5, 7, 10]: intuitively, a linear map rep-
resenting a physical process cannot map density matrices, which represent physical states, into
something which is not a density matrix.

The de�nition of completely positive maps in terms of extensions of the Hilbert space arises
from our freedom to attach other interacting quantum systems, such as the environment or some
ancilla, to the system of interest. In order for this to hold in general, any such extended system
should remain positive under the action of the extended map acting on the original system,
otherwise it cannot represent a natural process [5, 7].

The matrix transpose is an example of a positive map which is not completely positive. This
is a key result underlying our work (see chapter 2 section 2.3.1).

11Or even the space of linear maps M(X ,Y) itself.
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1.4.2 The operator-vector correspondence

There is a bijection between the space L(X ,Y) of operators A : X 7→ Y and vectors in the
space Y ⊗ X . This is typically referred to as the vectorization of an operator, and will be useful
in later chapters.

De�nition 15. The vectorization map [5] vec : L(X ,Y) 7→ Y ⊗ X is the linear map that
changes from the canonical basis {Eij} for L(X ,Y) to the canonical basis {ei} for Y ⊗ X . In
Dirac’s bra-ket notation, this is equivalent to

vec[Eij ] = ej ⊗ ei → vec[ |j〉〈i| ] = |j〉 ⊗ |i〉 = |j〉 |i〉 ,

whereEij is thematrix with elements δi,j and ei a vector with zeros except for a 1 at the i-th position.
The inverse map will be denoted by vec−1[ · ], which we might casually refer to “unvectorization”.

In more concrete terms, this map is equivalent to stacking the columns of a m × n matrix
on top of one another, creating a mn× 1 column vector.

1.4.3 Representations of linear maps

Linear maps may be represented in multiple ways, and each way has its own bene�ts. We’ll
brie�y de�ne two useful representations.

The natural representation

Perhaps the most straightforward way to specify a linear map is to simply write explicitly the
connection between input and output spaces [5].

Suppose we have a linear map Φ : X 7→ Y and letX ∈ X . It is clear that the map vec[X ] 7→
vec[ Φ(X ) ] is also linear, as it can be represented as a composition of linear map. Therefore, this
map can be represented by a linear operator K(Φ) living on a higher space L(X ⊗ X ,Y ⊗ Y).
This leads us to

De�nition 16. An operator K(Φ) ∈ L(X ⊗ X ,Y ⊗ Y) is the natural representation [5] of a
linear map Φ : X 7→ Y if

K(Φ)vec[X ] = vec[ Φ(X) ] , for all X ∈ L(X). (1.10)

In simpler terms, by unraveling the space of operators we may treat them as vectors, in
which case any linear map between the original operators may be represented as an operator
K(Φ) acting in the unraveled space.

This technique is particularly useful when we are dealing with numerical matrices, and will
be used in later chapters.

In concrete terms, for a space of N ×N matrices, one may write K(Φ) explicitly as

K(Φ) =
N∑
i=1
j=1

N∑
k=1
l=1

〈Ekl,Φ(Eij)〉Eki ⊗ Elj . (1.11)

The Choi-Jamiołkowski representation

Another important representation of linear maps is the Choi-Jamiołkowski representation, which
also takes us to a higher-dimensional space but in a more interesting way.
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De�nition 17. A linear map Φ : X 7→ Y can be represented by the linear operator J(Φ) :
M(X ,Y) 7→ L(Y ⊗ X ) de�ned as

J(Φ) =
∑
i,j

Φ(Eij)⊗ Eij , (1.12)

which is known as the Choi-Jamiołkowski representation of the map Φ.

The action of the original map Φ can be recovered from J(Φ) through

Φ(X) = TrX
[
J(Φ) · (IY ⊗XT)

]
(1.13)

The Choi-Jamiołkowski representation is useful because it can be used to characterize the
positivity of linear maps, among many other important properties [5]. For example, the follow-
ing theorem is quite useful:

Theorem 3. For every linear map Φ : X 7→ Y with Φ ∈ M(X ,Y), Φ is completely positive i�
J(Φ) ∈ Pos(Y ⊗ X ).
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Chapter 2

Entanglement and separability

“Concordia res parvae crescunt.”
(“Small things thrive in harmony.” )

Gaius Sallustius Crispus

The most striking feature of quantum mechanics is arguably the phenomenon of quantum
entanglement1. First considered by Albert Einstein, Boris Podolsky and Nathan Rosen in 1935 as
a thought experiment [14], the now known as the “EPR Paradox” postulates a situation wherein
a pair of correlated particles originating from a common source are physically separated by a
large distance. An experimenter on one end may measure the state of their particle by some
locally randomized process, and in doing so, would seem to immediately a�ect the results of
measurements done to another particle, violating special relativity.

Since this behavior seemed absurd2, it was claimed quantum theory must be incomplete. In
defense, others such as John von Neumann [15, p.144-145] and David Bohm [16] suggested that
more information must be carried by the particles which were not originally being accounted
for, what is now known as the hidden variables hypothesis. This notion of hidden variables later
sparked deep discussions by John S. Bell [17,18], Andrew M. Gleason [19], Simon B. Kochen and
Ernst Specker [20] on the physical and mathematical nature of the these quantum correlations,
which have laid the foundations of modern entanglement theory.

Ultimately, the existence of quantum entanglement as a legitimate phenomenon was vin-
dicated by experiments [21], and has since been observed in many physical systems such as
photons [22], electrons [23], large molecules [24], and even macroscopic crystals [25]. The les-
son learned, as Richard Feynman famously stated, is that

“The imagination of Nature is far, far greater than the imagination of man.”
— Richard Feynman

We shall not attempt to cover the basic details of entanglement theory or its history. One
may refer to typical graduate-level introductory literature [4, 10] on quantum mechanics. Extra
knowledge out of the typical curriculum will be introduced as necessary.

1The term entanglement was �rst suggested by Erwin Schrödinger in a letter to Einstein, as his own translation
of his German term Verschränkung [13].

2Being derogatorily referred to as spooky action at a distance.
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2.1 Qubits: our quantum system of choice

To begin developing our main work, we must pick a building block system to work with more
concretely. The smallest quantum system of interest for this purpose has two states. There are
many examples of such systems in Nature3, but two of the most important ones in experimental
quantum physics are spin-1/2 particles and photon states4. We will be using spin-1/2 particles
in most of our models, as our work will focus on one-dimensional spin-1/2 chains.

If we measure a spin-1/2 particle’s angular momentum component in any speci�c direction
we always measure either +~/2 or−~/2. This is the case even for iterated measurements along
orthogonal directions, a striking result completely incompatible with any classical explanation
[4, 26].

If we arbitrarily take this direction to be the z-axis, we can de�ne the +~/2 state as |0〉
and the −~/2 state as |1〉, which together form a complete basis for the 2-dimensional complex
Hilbert space of the particle’s spin state, H ∼= C2 ∼= R4. A general pure state for this system
may then be written as

|ψ〉 = α0 |0〉+ α1 |1〉 , with |α0|2 + |α1|2 = 1,

or, in the density matrix formalism, as

ρ =

[
|α0|2 α0

∗α1

α1α0
∗ |α1|2

]
.

These may also be parameterized in more useful ways, such as the Bloch sphere [10], where
pure and mixed states have a natural interpretation in terms of the norm of their Bloch vectors.
We will not need more re�ned descriptions than this, however, as our ultimate goal will involve
systems with many particles where such parameterizations are not only unavailable, but useless.

Numerically, we may represent the basis kets as the column vectors

|0〉 =

[
1
0

]
and |1〉 =

[
0
1

]
.

This representation will be used throughout the rest of this text.
The above system and description de�nes a quantum bit, qubit for short, which is the quan-

tum analogue of a classical bit of information. Just as in the classical bit, the qubit is de�ned in
terms of two distinct states, 0 and 1. The di�erence in the quantum case is the existence of super-
position states, which lead to a variety of interesting applications in quantum computing [10].

As we know, quantum systems may be joined into larger composite systems forming a larger
Hilbert space. We can have n qubits as a single 2n-dimensional quantum system, in which case
we need 2n possible basis states. Conventionally, we order them in ascending binary order. For
n = 2, we have

{ |00〉 , |01〉 |10〉 |11〉 },

for n = 3,
{ |000〉 , |001〉 , |010〉 , |011〉 , |100〉 , |101〉 |110〉 , |111〉 },

and so forth. We refer to these bases as the computational basis for a given system of many
qubits, and take it as the implied canonical basis for their state space.

3All of them are mathematically equivalent, despite the vastly di�erent physical realizations.
4Polarization states, photon counts, and photon paths are typical implementations [10].
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De�nition 18. For a set of n qubits, the computational basis is de�ned as the set of kets

{|bn, · · · , bi, · · · , b1〉}, bi ∈ {0, 1}

ordered in ascending binary order. The least signi�cant qubit may be on the left or the right (as is
above). The latter will be the convention we will use.

Since the number of available states in the composite system grows exponentially with the
number of qubits, this can very quickly render any naive numerical description of these systems
computationally intractable.

For example, if we wish to represent the full density matrix for a system of n qubits, account-
ing to all possible pure and mixed states, we need a matrix with (2n)2 = 22n = 4n complex
values. The full density matrix of a system with a mere 35 qubits stored in a typical 128-bit pre-
cision complex numbers would require 277 bits of storage, which is on the order of the amount
of all digitally stored data in the world as of 2018 [27]. As Carlton Caves famously said,

“Hilbert space is a big place.”
— Carlton Caves

It seems that we must be a lot more clever if we wish to entertain the idea of studying such
large systems numerically. The main subject of this dissertation is precisely on how to study
the properties of such large composite systems in an e�cient manner. This will be the topic of
chapter 4.

2.1.1 Qutrits and qudits

Higher dimensional systems analogous to the qubit are also possible. For d = 3, these are
referred to as qutrits, and for a general dimension d, qudits. The formalism is exactly the same,
however, except we now include more kets in our basis, {|0〉 , |1〉 , · · · , |d− 1〉} for a general
qudit.

We will not concern ourselves with these systems much in this text, but it is worth saying
that many of the techniques that will be discussed are readily generalized to arbitrary assemblies
of qudits.

2.2 Entanglement and composite systems

Entanglement becomes possible as soon as we create a composite system out of more than one
subsystem. This immediately presents us with the daunting challenge of understanding the
additional structure in these composite Hilbert spaces.

Given two systems, A and B described by the Hilbert spaces HA with dimension dA and B
with dimension dB , the space of a composite system constructed by uniting the two is given by
the tensor product of the two spaces HAB = HA ⊗ HB . This is a dAB = dAdB dimensional
Hilbert space which has a much richer structure than that of the individual systems in isolation5.
In quantum mechanics, the whole is greater than the sum of its parts6 [7].

Two-qubit entanglement has been the subject of most of the initial research on the subject
of entanglement [10, 17, 19, 20], and is to a large extent a solved problem [5, 10, 28, 29].

5The Hilbert space of a single dAB-dimensional system is isomorphic to that of two dA and dB-dimensional
systems put together, but it is the way in which the space is partitioned and interpreted as subsystems that gives rise
to richer structures. For example a 4 × 2 system is fundamentally di�erent than a 2 × 2 × 2 system, even though
both Hilbert spaces are isomorphic.

6After all, dAdB ≥ dA + dB for dA, dB ≥ 2.
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Beyond qubits, the Hilbert spaces of small-dimensional two-part (or bipartite) quantum sys-
tems are quite well understood [7,11,29], as well as their entanglement structures. It is the larger
systems which pose a signi�cant challenge, and these will be our main concern.

But �rst, in order to get there, we will brie�y introduce some concepts regarding entangle-
ment and multipartite quantum systems. We will begin with bipartite systems and generalize
from there.

2.2.1 De�ning separability and entanglement

“The ships hung in the sky in much the same way that bricks don’t.”

Douglas Adams, The Hitchhiker’s Guide to the Galaxy
on the odd behavior of brick-shaped Vogon starships

As with many other odd things in life, entanglement is typically de�ned in terms of what
it is not. Let us consider two density matrices ρA ∈ MA and ρB ∈ MB for two systems A
and B with arbitrary dimensions dA and dB , and the density matrix of the composite (dAdB)-
dimensional system ρAB ∈MAB .

Prejudiced by our classical intuitions, one may be fooled into thinking that any state of ρAB
can be perfectly described by a complete simultaneous description of ρA and ρB . In mathemat-
ical terms, we would be claiming that

ρAB = ρA ⊗ ρB.

The above is referred to as a product state, and it indicates that the systems A and B are
completely independent of one another. In more general terms, we have

De�nition 19. A quantum state ρ ∈ MS of a composite system S with n parts ρi ∈ Mi (a
n-partite system) is referred to as a product state if it can be written as

ρ =

n⊗
i=1

ρi = ρ1 ⊗ · · · ⊗ ρn. (2.1)

Given a general state ρ, we may test if it is a product state by checking whether the following
equation involving the partial traces of ρ holds:

ρ = Tr{n}\1[ρ]⊗ Tr{n}\2[ρ]⊗ · · · ⊗ Tr{n}\(n−1)[ρ]⊗ Tr{n}\n[ρ] ,

that is, whether we can re-assemble the original state piece by piece by throwing away
everything but one part at a time.

Here, it will be convenient to also establish the following de�nition.

De�nition 20. The total dimension D of the Hilbert space HS of a n-partite system, each part
with dimension di, is given by the product of the dimensions of each part:

D =

n∏
i=1

di.

We will be using the capital letterD to refer to the total dimension of general n-partite systems.

Product states represent systems in which there are no correlations whatsoever between the
subsystems [4, 7]. But correlations can and do exist, and it is important to understand if they
are classical or quantum in nature. As we have seen in chapter 1, the space of density matrices
forms a convex set, so any convex combination of product states will also be a valid quantum
state (although not necessarily a product state). This leads us to
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De�nition 21. A quantum state σ ∈ MS of a n-partite composite system S , with states ρk,i ∈
Mi for each part, is referred to as a separable state [5, 7, 30] if it can be written as a convex
combination of a set {k} of product states

σ =

M∑
k=1

pk ρk,1 ⊗ · · · ⊗ ρk,n
M∑
k=1

pk = 1, pk ∈ [0, 1]. (2.2)

The smallest number of termsM = |{k}| needed is referred to as the cardinality of the state σ.

Here, we note our use of the Greek letter sigma (σ) to denote the separable state. Henceforth,
a state denoted by σ is to be understood as a separable state, whereas ρ will be a general state.
As usual, the decomposition in equation 2.2 is not unique.

Separable states are ensembles of product states, and may give rise to classical correlations.
For example, with the following separable state

ρ =
1

2
(|00〉〈00|+ |11〉〈11|) ,

a measurement (in the canonical basis) of the �rst system will correlate with the second, but
there is nothing fundamentally quantum about this correlation. It is as prosaic as sending out
party invitations to multiple guests, forgetting which date the party was supposed to be, and
later having them all show up on time.

A special subset of the separable states Sep(MS) ⊂ MS , de�ned in equation 2.2, is fully
contained within a ball centered around the maximally mixed state ρ? [7, Ch.15§5], which means
there are always some separable states near ρ?. As the number of parts increases, the set of all
separable states Sep(MS) contains a vanishingly small fraction of the total Hilbert spaceH [31,
32], which goes to show just how much richer the structure of quantum states are compared
with their classically-describable counterparts7.

At last, it is with these realizations that we come to the (seemingly anticlimactic) de�nition
of entanglement:

De�nition 22. A quantum state ρ ∈M is said to be entangled if it is not separable.

We will further re�ne these de�nitions of separable and entangled states in section 2.4.

2.3 Separability criteria

The de�nition of entanglement logically induces us to ask the following question:
If we are given a state ρ, how do we tell if it is separable or not?

Answering this question lies at the center of all of our present research.

Unfortunately8 in 2002 it was proven by Leonid Gurvits that the separability problem be-
longs to the complexity class9 of NP–HARD10 problems [34], even in the bipartite case for su�-
ciently large-dimensional parts. This di�culty is made much, much worse in our case, as we are
interested in systems with many parts!

7Indeed, one of the most intriguing features of quantum physics is that of how our everyday experience is domi-
nated by seemingly separable states.

8Or rather fortunately, as it gives us an interesting problem to work on!
9The notion of a complexity class arises in computational complexity theory as a way to classify problems in terms

of their inherent di�culty, that is, how much computational resources are required to solve them [33].
10NP–HARD stands for non-deterministic polynomial-time hardness, which refers to a class of problems that are,

in a sense, at least as hard as the hardest problems in NP, the non-deterministic polynomial time class of problems
whose answers can be veri�ed in polynomial time [33]. Putting it bluntly, very hard problems!
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Is there any hope for our pursuit?

Fortunately, there is! In special circumstances, it is possible to determine whether a system
is separable or not simply by testing if we can manipulate it as if it were separable. If we break11

the state by �ddling with it, then we can say with certainty that the state is not separable and
therefore entangled. In certain cases, a measure of “how badly” we broke the state may even be
used to quantify that entanglement, as we shall see later (chapter 3 section 3.3.4).

In e�ect, what we have is the following:

De�nition 23. A separability criterion is a procedure which can determine if a given class of
states is separable or not.

We will now very brie�y discuss some of these criteria.

2.3.1 Peres criterion

One of the earliest, simplest and most important separability criteria was �rst suggested by
Asher Peres [35] in 1996. The criterion is quite simply stated:

Theorem 4. (Peres criterion or PPT criterion) A bi-partite quantum state ρAB is not separable if
its partial transposition with respect to either one of its parts results in a negative operator.

The criterion is typically stated only in terms of bipartite systems, as done above, but one
should be careful to note there are many subtleties involved when we are dealing with larger
systems, which are obscured in this approach. We shall cover these details explicitly later in
section 2.4. For now, let us o�er the simple proof.

Proof. The proof is by contradiction. Suppose ρAB is indeed separable. Then, it may be written
as in de�nition 21:

ρAB =
∑
k

pk ρA,k ⊗ ρB,k, pk ∈ [0, 1],
∑
k

pk = 1.

By linearity of the partial transpose and its distributivity through tensor products, we have:

ρTA =
∑
k

pk ρ
T
A,k ⊗ ρB,k, or ρTB =

∑
k

pk ρA,k ⊗ ρTB,k, since ρTBAB = (ρTAAB)T.

The matrix transpose is a positive map, therefore, if the state is separable both ρTA and ρTB
are still positive semide�nite matrices, with non-negative eigenvalues. Since the eigenvalues of
a tensor product are the products of the eigenvalues of each term, if either partial transpose is
not positive semide�nite (if it has even a single negative eigenvalue), then ρAB could not have
been separable, a contradiction.

The Peres criterion tells us a necessary condition that must be obeyed by all bi-separable
states: they must be positive over all of their partial transpositions. For this reason, the criterion
also goes by the name “PPT criterion”, standing for Positive Partial Transpose. The criterion is
powerful and quite e�ective for small Hilbert spaces, although it relies on verifying the positivity
of the partially transposed matrix, which for larger systems is not by itself an easy task!

11If we violate some property that all separable states must obey, or if the modi�ed state violates the de�nition of
a valid density matrix, as in de�nition 1.
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The Peres criterion is not perfect, however. While a partial transposition returning a negative
matrix guarantees that the state is entangled, a positive partial transposition does not guarantee
separability, as we shall see next.

Our work will largely hinge on—and even extend upon—this criterion, so we will not focus
on others as much. We will periodically return to it in the following chapters.

2.3.2 Peres-Horodecki criterion

Shortly after Peres’ criterion was introduced, the Horodecki brothers12 proved that checking
for positive partial transpositions to identify separable states was not only necessary, but also
su�cient for 2× 2 and 2× 3 dimensional systems [29].

In the same article, it was also proved that the criterion ceases to be su�cient for any higher
dimensional case. This was done by demonstrating the existence of entangled states which have
positive partial transpose, a type of entanglement now referred to as bound entanglement or PPT
entanglement. We will discuss these further in chapter 3 section 3.1.

Woronowicz-Størmer theorem

The Horodecki brothers’ result hinged on earlier theorems by Stanisław Woronowicz [36] and
Erling Størmer [37], which applied to positive and unital linear maps in broader terms in the
2× 2 and 2× 3 cases. What the Horodeckis proved was that the matrix transpose map was the
only such map for those spaces.

2.3.3 Other criteria

Over the years many other criteria were conceived, all with their own strengths and weaknesses.
Typically, a class of states detected by one are not detected by others. Due to the NP–HARD-ness
of the problem, no simple general technique is likely to exist13.

An important class of criteria, more useful in higher dimensional systems14, is the realign-
ment or reshu�ing criterion proposed by Oliver Rudolph [38] as well as Kai Chen and Ling-An
Wu [39]. The criterion states that if a system is bi-separable, then reshu�ing its matrix ele-
ments does not increase its trace norm. This is ultimately based on the observation that for any
separable state, the sum of the singular values of the matrix should be less than or equal to 1.

While Rudolph, Chen and Wu’s result was restricted to bipartite systems, it was later shown
by the Horodecki brothers [11] that such a technique is available to multipartite systems, and
can even detect higher-order entanglements. It was shown that any linear map which does not
increase the trace norm on separable states may be used as a necessary condition for detecting
entanglement on a subset of states, which is known as the contraction criterion [7]. We will not
make use of these other criteria.

2.4 Multipartite separability and entanglement

In section 2.2 we de�ned entanglement and separability in broad terms, which we used in section
2.3 to talk about separability criteria for two-part systems.

Our work involves systems with many parts, however, so we must be more careful when
de�ning separability: separability with respect to which partition of the system?

12Michał, Paweł, and Ryszard Horodecki.
13Assuming P 6= NP, which seems to be the case.
14For lower dimensional systems, the criterion can fail to detect entanglement in even the simplest cases. For

example, there are classes of two-qubit states in which this criterion fails [7].
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The issue arises because given a system of n parts, there are multiple ways to split it into
k non-empty disjoint groups. For example, for n = 4 and k = 2, there are 7 unique partitions
available,

1|234 2|134 3|124 4|123 12|34 13|24 14|23,

all of which are potentially separable or not. Therefore, the task of de�ning separability and
entanglement in multipartite systems must take into account the inherent structures implied by
such partitions, which cannot be assumed a priori. This leads us to a more re�ned de�nition of
separability and entanglement, which we will establish now. We will largely be following the
de�nitions given by Jungnitsch et al. [40], Dür et al. [41], and Seevinck et al. [42].

Consider a composite system of n parts described by the state ρ(n) ∈ M(n). Let αk =
{S1, · · · , Sk} denote a partition of the system into k ≤ n disjoint non-empty subsets Si.

The set αk has been referred to as a k-partite split [41] of the composite system. In order
to avoid the present overuse of the term “partite”, we shall stick to the following terminology
instead:

De�nition 24. A k-partition αk of a n-partite composite system is a set of k disjoint non-empty
subsets {S1, · · · , Sk} of the composite system.

With this, we have

De�nition 25. A n-partite quantum state ρ(n) is said to be αk-separable15 under a speci�c k-
partition αk i� it is separable in terms of the k subsystems in this partition [41,43–45], i.e., i� it can
be written as a convex combination of product states under αk:

ρ(n) =
∑
i

pi

k⊗
j=1

ρ
Sj
i , pi ∈ [0, 1],

∑
i

pi = 1, (2.3)

where ρSji is the state of i-th subsystem according to the subset Sj under the partition αk.

By the construction given in equation 2.3, the set of all such αk-separable states (for a �xed
αk) forms a convex setMαk-sep

(n) ⊂M(n). Any state ρ(n) /∈M
αk-sep
(n) is said to be αk-inseparable

or αk-entangled.
We can further generalize this by considering all such sets αk, giving

De�nition 26. A state ρ(n) is k-separable16 i� it can be written as a convex combination of
αk-separable states ρ

αk
i

ρ(n) =
∑
i

pi ρ
αk
i , pi ∈ [0, 1],

∑
i

pi = 1. (2.4)

Again, by construction this forms a convex setMk-sep
(n) ∈ M(n). Any state ρ(n) /∈ M

k-sep
(n) is

said to be k-inseparable or k-entangled.
15Also referred to as partially separable or semi-separable, but we will refrain from using that term as it can be

ambiguously understood.
16Also referred to as fully separable or fully k-separable, but we will also refrain from using it as the word “full” can

only result in confusion due to its connotations with product states or n-separability (as opposed to k-separability).
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Figure 2.1: A visual representation of the αk and k separable sets for k = 2 and n = 3, giving the
three 2-partitions: α1|23

2 , α2|13
2 , and α3|12

2 . The boundary of each ellipse represents the product
states of their partition, the convex combinations of which results in their own α2-separable set.
At the intersection of all three ellipses, we have the convex set of 3-separable states. The convex
hull (thick line) of the three α2 sets forms the set of 2-separable states.

As detailed by Seevinck & U�nk [42] and Dür & Cirac [41, 45], the properties of convex
combinations of di�erent αk or k-separable or αk or k-entangled systems is very subtle and
hard to predict. In �gure 2.1 above, the three intersections between pairs of ellipses correspond
to such sub-classes of 2-separable states. We shall not go into further details here, however.

2.4.1 Hierarchies of partitions

It is worth noting that a state which is separable for ` = k will also be separable for any ` < k,
since we may always treat arbitrary unions of subsets Sj of a given αk k-partition as a single
subsystem in a lesser-k partition. Thus, the notion of k-separability logically induces a hierarchy
of k-separable convex sets:

Mn-sep
(n) ⊂M

(n−1)-sep
(n) ⊂ · · · ⊂ M1-sep

(n) .

Figure 2.2: A visual representation of the hierarchical structure of the convex setsMk-sep
(n) .

2.4.2 Genuine multipartite entanglement

The concept of genuinemultipartite entanglement initially arose with the study of 3-partite states,
such as the GHZ state17, in which the entanglement is observed to be intrinsically related to more
than two subsystems [46–48].

With de�nition 26, we can propose the following
17Greenberger-Horne-Zeilinger state, �rst studied in detail 1989 [18].
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De�nition 27. A state ρ(n) is said to be genuinely18 k-partite entangled (or simply genuinely
k-entangled) when it is `-entangled for all 2 ≤ ` ≤ k.

These de�nitions allow us to assign a degree of k-entanglement and k-separability to any
n-partite system, de�ning a hierarchical scale of degrees of entanglement and separability.

• At one extreme we have the n-entangled or fully entangled states (e.g. the GHZ states), in
which all particles are mutually entangled and cannot be separated using any k-partition.
Conversely, this can also be understood as a degenerate “1-separable” state or an atomic
state, which can only be “separable” into a single part.

• At the other extreme we have the n-separable or fully separable states (e.g. product states,
the maximally mixed state ρ?), in which all particles are uncorrelated. Conversely, this
can also be understood as a degenerate “1-entangled” state, in which each particle is only
“correlated to itself”.

Regardless of which is the case, a genuinely entangled system is in general di�cult to iden-
tify, as the k-separability problem falls on the NP–HARD-ness we have mentioned earlier just
the same.

In practice, genuine k-entanglement may be identi�ed by carefully studying the overlaps of
all possible (k−1)-partitions of the composite system and excluding them. If all of the partitions
are entangled, the system must necessary be at least k-entangled.

18Traditionally, 2-entanglement is not referred to as “genuine”, although there is really no special reason to single-
out 2-entanglement in this matter.
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Chapter 3

Entanglement witnesses

While no operationally feasible and analytical technique exists to determine if a general state is
entangled, there are numerical techniques which are capable of detecting any type of entangled
state in any number of dimensions1.

From these, of particular interest is the technique of constructing entanglement witness
operators. This will be covered in more detail in section 3.2, but �rst we must take a small
detour to get there.

3.1 The space of separable and entangled states

“It seems very pretty, but it’s rather hard to understand!
Somehow it seems to �ll my head with ideas
— only I don’t exactly know what they are!” – Alice

Lewis Carroll, Alice’s Adventures in Wonderland

As we have seen, Hilbert spaces are incomprehensibly vast. We may attempt to visualize it
in terms of geometry we are familiar with, but this is quite challenging: the space of states for
n-partite systems,HD , resides in a (2D−1)-dimensional2 real space [7]. The simplest quantum
system possible featuring entanglement, with 2 qubits, is already 15-dimensional!

The notion of k-separable and k-entangled states points to the existence of a detailed struc-
ture for separability and entanglement within the space of pure statesH and of density matrices
M. We will not concern ourselves with a full or detailed structure of this space, as ultimately
we will focus our attention on a very small part of it. Nonetheless, it is important to establish
the basic landscape where our musings are taking place.

We will proceed to analyzeM “from the inside out” in our description. More details on the
geometry of quantum states may be found in Bengtsson and Życzkowski [7, Ch.15§5].

3.1.1 Separable mixed states

De�nition 28. If a mixed n-partite state ρ ∈M is k-separable (de�nition 26), then it is an element
of the set of k-separable states: ρ ∈ Sepk(M) ⊂M. For k = n, we will use simply Sep(M).

At the literal center of the space of density matricesM(HD) lies the maximally mixed state,
ρ? = I/D [7], which as we have seen is n-separable. Surrounding this there several convex

1Provided if you have enough computational power to spare
2A dimensionD system requiresD complex coe�cients, each of which may be regarded as subsets of R2, leading

to 2D dimensions. The requirement of normalization takes o� one of the dimensions.
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sets of the k-separable mixed states, one containing the other (as in �gure 2.2), which rapidly
becomes vanishingly small as D increases [31, 34].

3.1.2 PPT bound entanglement mixed states

De�nition 29. If a state ρ ∈ M is entangled (de�nition 22) and has a positive partial transpose
in all of its bipartitions (as in theorem 4), then it is an element of the set of entangled PPT states
ρ ∈ PPTES(M) ⊂ M. The states in this set are said to contain bound or non-distillable
entanglement3 [5, 49].

Moving outward, for D > 6, numerical evidence shows [50] there is a thin, non-uniform4,
non-zero volume shell of non-separable PPT states surrounding the separable states. These
states cannot be identi�ed by the Peres criterion (section 2.3.1, but other techniques covered in
this chapter are applicable to detect them.

This shell disappears for D ≤ 6, since the Peres-Horodecki criterion (section 2.3.2) estab-
lishes that all entangled states in these dimensions have a negative partial transpose, and are
thus detectable by the Peres criterion.

Originally, it was an open question whether such states actually existed in Nature, due to
poorly understood connections between partial transposes, local time reversal symmetries and
non-locality [49, 51]. Some experimental procedures have since been suggested [52] and re-
ported as successful. Some of these results have been either disputed [53] or merely pseudo-
bound entangled states [54], but the phenomenon of bound entanglement is now established as
experimentally feasible [55, 56].

As of yet, it is unclear whether this set is convex [57].

3.1.3 NPT entangled mixed states

De�nition 30. If a mixed state ρ ∈ M is entangled and has a negative partial transpose with
respect to any of its 2-partitions, then it is an element of the set ofNPT states ρ ∈ NPT(M) ⊂M.
The states in this set are said to contain free or distillable entanglement.

Outside the separable and PPT states lies the majority of the volume ofM [7, 58]. A ran-
dom state ρ uniformly sampled fromM (with an appropriate metric [58, 59]) will almost cer-
tainly be of this type [7]. These states feature entanglement which may be distilled to be used
as a resource in LOCC protocols [5], and are of great interest in quantum computation and
quantum information. LOCC (Local Operations and Classical Communication) protocols are a
class of restricted protocols in quantum information, wherein multiple parties sharing quan-
tum states are restricted to classical communication for mutual coordination, while performing
only local operations on their respective parts of the state. Such protocols are important as they
represent physically realizable quantum protocols obeying relativistic causality contraints. A
detailed discussion about such protocols is not relevant to our present work, but may be found
elsewhere [5, 7].

3.1.4 NPT bound entanglement mixed states

It is an open question whether bound entanglement also exists for negative partial transpose
mixed states [49]. In recent years this question has attracted the attention of a few researchers [60],

3In rough terms, entanglement which cannot be used as a resource (say, to obtain a maximally entangled pure
state such as

∣∣Ψ−〉 to be used for quantum teleportation) by two parties performing local operations and classical
communication (LOCC) protocols [5]. This subject is out of the scope of this text, however.

4The set of entangled NPT states shares a border with set of separable states, so things become hard to visualize.
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and limited evidence has been found that such states may exist [61]. No example seems to have
been found as of the time this text was written.

3.1.5 NPT entangled pure states

At the boundaries of the convex setM we have many pure states [7], some of which are en-
tangled. All of these states have a negative partial transpose and will be detectable by the Peres
criterion under at least one 2-partition.

All of our present work is focused on properly handling this class of states, as they are mainly
the ones currently being studied within the tensor network formalism5.

3.1.6 Separable pure states

Pure states, which lie at the outer boundary of M may also be separable (in the k-separable
sense). These states form the pure points of their respective k-separable convex sets [7].

3.1.7 Some remarks

As we shall see in more details in the next chapter, in our work we will be focusing on studying
pure states, which only form a very small fraction of all the possible quantum states describable
by density matrices.

Nonetheless, the subset of all pure states is arguably the most important set in practice. Pure
separable and entangled states, which we shall collectively call by the name Pure (M)6, are the
building blocks of all other mixed states, and are the states experimental physicists are the most
interested in practice to understand quantum systems.

Even quantum information seeks to obtain pure states in practice, as they o�er more entan-
glement to act as an informational resource to be used for various tasks7. Modern simulations
of many-body quantum systems largely focus on searching for pure states of systems of inter-
est, such as the ground state of important Hamiltonians or the time evolution of systems under
action of external perturbations.

But do not be fooled: our focus on pure states does not mean our task will be simple or that
the challenge is not great. As we will see next, even within the restricted set Pure (M) there
is an immense richness and complexity which is highly non-trivial to analyze and study, and
the full description of these pure states for large n-partite systems is still monstrous. We are still
confronting a �erce and powerful adversary!

It is now time for us to get ready for our struggle in taming quantum entanglement.

5However, we are already looking into extending our approach to mixed states.
6Our own notation, for the sake of terseness.
7This is what entanglement distillation aims to accomplish: obtain maximally entangled states from several copies

of mixed states. Once a maximally-entangled state is distilled, it may be used in various interesting experiments.
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3.2 Entanglement witnesses

’Twas brillig, and the slithy toves
Did gyre and gimble in the wabe:
All mimsy were the borogoves,
And the mome raths outgrabe.

“Beware the Jabberwock, my son!
The jaws that bite, the claws that catch!
Beware the Jubjub bird, and shun
The frumious Bandersnatch!”

He took his vorpal sword in hand:
Long time the manxome foe he sought –
So rested he by the Tumtum tree,
And stood awhile in thought.

And, as in u�sh thought he stood,
The Jabberwock, with eyes of �ame,
Came whi�ing through the tulgey wood,
And burbled as it came!

One, two! One, two! And through and through
The vorpal blade went snicker-snack!
He left it dead, and with its head
He went galumphing back.

“And, has thou slain the Jabberwock?
Come to my arms, my beamish boy!
O frabjous day! Callooh! Callay!”
He chortled in his joy.

’Twas brillig, and the slithy toves
Did gyre and gimble in the wabe:
All mimsy were the borogoves,
And the mome raths outgrabe.

Lewis Carroll
“Jabberwocky”, from Through the Looking Glass

As we have seen, characterizing entanglement precisely is a tricky task. Since the separa-
bility problem is in general NP–HARD, we may instead resort to su�ciently e�cient iterative
numerical algorithms to solve8 the problem in a case-by-case basis.

Fortunately, in the case of entanglement, there is a powerful and general numeric approach
to this task, which unites a simple but important theorem in functional analysis with a powerful
class of linear optimization algorithms.

And just as the illustriously sharp vorpal sword which slays the Jabberwock, our weapon
for the task will cut through our foe with deadly precision—provided we also “stay awhile in
thought” long enough to slay it!

3.2.1 The Hahn-Banach separation theorem

An important theorem arises in functional and convex analysis which allows for classi�cation
of points in a space in terms of linear functionals [7, 8]. Intuitively, such functionals may be
thought of as hyperplanes which partition the space into two sets: a set in which the functional
is negative and the other in which it is positive9. Stated formally:

Theorem 5. (Hahn-Banach separation theorem [7,8, 62]) Given a convex set S , an element x /∈ S
and an arbitrary element y ∈ S , then one can �nd a linear function f such that:

f(y) > 0 and f(x) < 0

The Hahn-Banach separation theorem10 tells us that such functional always exists, and thus
we can freely choose any element of the space to �nd such functionals, which will separate the
point from the convex set. Due to the nature of convex sets, such a procedure guarantees that

8Up to any desirable accuracy, at least.
9The functional is de�ned so as to be zero on the hyperplane itself.

10Originally simply hyperplane separation theorem, a result in Euclidean geometry. United with the Hahn-Banach
theorem, its results are extended to topological spaces [62].
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there is always a (possibly in�nite) family of functionals which collectively separate the convex
set from the rest of the space.

In e�ect, together with the de�nition of convexity, this theorem tells us we can �nd a func-
tional that reveals to us if a given element is contained within a convex set or not, by sharply
cutting the space into two parts. In fact, due to the nature of linear functionals, it can also
quantify that information, as we shall soon see.

The importance of this theorem for us is made evident when we recall the convex nature of
all the sets we are interested in, in particular the convex set of separable states. This key insight
and its applications are the main subject of this chapter.

Figure 3.1: The Hahn-Banach separation theorem in 2-dimensional Euclidean space. The linear
functional f (a linear equation in this case) separates the plane into two regions, a positive (on
the side of the set S and y) and a negative (on the side of x). The functional also quanti�es the
distances of x and y to its cutting plane, represented by the arrows.

3.2.2 De�ning entanglement witnesses

Using the Hahn-Banach separation theorem, we now want to de�ne linear functionals W ∈
B(H) acting on the spaceM that can distinguish between separable and non-separable states.
This leads to the following theorem:

Theorem 6. (Entanglement Witness Theorem [7,29, 63, 64]) A n-partite state ρ ∈M is entangled
i� there exists a Hermitian operatorW ∈ B(H) such that Tr[ρW ] < 0 and Tr[σW ] ≥ 0 for all
separable states σ ∈ Sep (M).

De�nition 31. The operatorW is referred to as an entanglement witness (EW) for the state ρ.

Proof. The proof follows immediately from the fact that the set of separable states, Sep (M), is
a convex set. By the Hahn-Banach theorem, a functional with such properties exists and so we
can distinguish ρ from any σ ∈ Sep (M).

We will assume all entanglement witnesses are normalized, that is, Tr[W ] = 1.

3.2.3 Optimal entanglement witnesses

The numerical value of the functional, Tr[ρW ], gives information about the distance ρ is relative
to the cutting hyperplane. But as it is, this information is not useful to us, as the functional is
largely arbitrary. In order to quantify this distance in a meaningful way, we need a unique,
privileged reference scale. To establish it, we �rst begin with
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De�nition 32. Let Ω(W ) be the set of entangled states detected by a witnessW , and let there be
two witness operators W1 and W2. We say witness W2 is �ner [65] than W1 if every entangled
state detected byW1 can also be detected byW2 that is, if Ω(W1) ⊂ Ω(W2).

This allows us to establish the following

De�nition 33. An entanglement witness Wopt is said to be an optimal entanglement wit-
ness [65] (OEW) if for an entangled state ρ, Tr

[
ρWopt

]
≤ Tr[ρW ] for all witness W , that is,

if there are no witnesses �ner thanWopt. Equivalently [63, 66] a witnessWopt is optimal i� there is
a separable state σ0 for which Tr

[
σ0Wopt

]
= 0.

In intuitive terms, the optimal entanglement witness provides us with the closest cut to the
convex set in which the witness is positive, as shown in �gure 3.2 below.

Figure 3.2: Conceptual illustration of the di�erence between two witness operatorsW andWopt
for a state ρ. The optimal witness’ functional gives the best separation between the convex set
and ρ. The hyperplane where Tr

[
ρWopt

]
= 0 is tangent to the convex set of separable states

at the state σ0, and the distance s can be related to the Hilbert-Schmidt distance (equation 1.6)
between ρ and σ0 [63, 66, 67]. There is no entangled state ρ ∈ M detected by W which is also
not detected by Wopt.

Given these properties, we shall henceforth restrict our attention to optimal witnesses.

3.2.4 Decomposable and non-decomposable witnesses

Following results by Woronowicz [36], witnesses of 2-entanglement may be non-decomposable
or decomposable operators, and this signi�cantly changes their behavior [65]. As discussed at
length by the Horodeckis [29,48,49,68], Kraus et al. [69], Clarisse [70,71], Bruß et al. [72], Lewen-
stein et al. [65], and Jungnitsch et al. [40], by construction decomposable witnesses cannot detect
PPTES entanglement, whereas non-decomposable witnesses can. We will not get sidetracked
into the details of their proofs, but the basic ideas are intuitive and deserve a mention.

Decomposable witnesses

De�nition 34. A witness operator W for a n-partite system is said to be a decomposable wit-
ness [69, 72] (d-EW) i� it can be written in the form:

W = P +
∑
α

QTα
α Qα, P � 0, and QTα

α � 0 (3.1)
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where α is a 2-partition from the set of all 2-partitions of the system, and Tα the partial transpose
with respect to either one of the two parts in the 2-partition α.

As shown by the preceding authors, ifW2 is �ner thanW1, then they di�er from one another
by a positive operator P . Intuitively, what this means is that the positive operator is a perpen-
dicular o�set on the hyperplane de�ned by the witness, which “pushes it away” from the convex
set. By removing it, we bring the hyperplane to be tangent to the set, which is optimal [63].

This suggests that we may re�ne the entanglement witness above, as in

Theorem 7. (Optimal Decomposable Witness [65]) Given a decomposable witnessWd as in equa-
tion 3.2, we can construct a �ner and optimal decomposable witness via

Wd-opt = (Wd − P ) =
∑
α

QTα
α , (3.2)

with Qα and P as before, provided that the Qα have no product states in their range.

Proof. The positive o�set follows from the previous argument, but the requirement for no prod-
uct states in the range requires further comment. If a 2-partite product state |a, b〉 is in the rage
of Qα, then we may write W ′ ∝ (Qα − λ |a, b〉〈a, b|)Tα for some λ > 0. This can be used to
de�ne a further re�nement on W. Therefore, if we cannot do it, the witness is optimal.

An important advantage of optimal decomposable witnesses is that they can be constructed
directly with existing optimization algorithms, by �nding the projectors for the negative sub-
space of the terms in Wd-opt directly. We will discuss this approach in detail in section 5.4.1.

Due to their construction, the value of the functional Tr
[
ρWd-opt

]
is the sum of the negative

eigenvalues of all negative projectors for the terms QTα
α . This quantity is referred to as nega-

tivity, and was shown by Vidal et al. and Jungnitsch et al. to be a computable entanglement
measure [28, 40]. We will discuss this further shortly.

Decomposable witnesses are limited to detecting NPT entanglement via 2-partitions, as they
are based on the same underlying principles as the Peres criterion (section 2.3.1). Therefore, they
cannot see entanglement in states with a positive partial transposition (the PPTES states). For
this task, we need non-decomposable witnesses, to be described next.

Non-decomposable witnesses

De�nition 35. A witness operator W is said to be non-decomposable (nd-EW) i� it can be
written in the form [65, 70]:

W = P +
∑
α

QTα
α − εI, P � 0, and QTα

α � 0 (3.3)

with

0 < ε < inf
|a,b〉

{
〈a, b|

(
P +

∑
α

QTα
α

)
|a, b〉

}
.

If this witness is optimal, we refer to it simply asWopt, and it is always �ner thanWd-opt.

Proof of this result can be found in the references given. These witnesses are much more
general than decomposable ones, and are capable of detecting any type of entanglement, in-
cluding the PPTES states. However, their construction and re�nement is highly non-trivial
in general, as it was in the case of decomposable witnesses, and require the use of iterative
algorithms [70]. This di�cult optimization procedure is suggested by the in�mum condition,
speci�ed in the de�nition. The problem in general is NP–HARD.

In our current work we will not be addressing optimization of these witnesses.
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Fully decomposable witnesses

There is a subclass of much stricter decomposable witnesses, referred to as fully decomposable
witnesses [40, 73, 74], which are not as trivial to obtain as the ones described previously. In fact,
just as the non-decomposable ones, their optimization is NP–HARD [73].

Whereas the decomposable witnesses just described are based on the union of sets of pro-
jectors for the negative spaces of each 2-partition, the fully decomposable witnesses require the
intersection of these sets. Mathematically, we have

De�nition 36. A witness operator WG for a n-partite system is said to be an (optimal) fully
decomposable witness (fd-EW) i� it can be written in the form:

WG = QTα
α for all Qα � 0. (3.4)

where α is a 2-partition from the set of all 2-partitions of the system, and Tα the partial transpose
with respect to either one of the two parts in the 2-partition α.

In other words, we need an entire set of Qα operators which are interrelated via partial
transpositions. Naturally, this type of witness still cannot detect PPTES states. However, it can
detect genuine 3-partite NPT entanglement or higher [40,73], which is why we will opt for the
notation WG in describing it.

The value of the functional Tr[ρWG] is also related to the negativity of ρ. This quantity is
referred to as Genuine Multipartite Negativity [40, 73], and was also shown by Jungnitsch et al.
to be an entanglement measure [40].

Conclusions on entanglement witnesses

Figure 3.3 visually explains the di�erence between the two main types of optimal entanglement
witnesses.

Figure 3.3: Conceptual illustration of the di�erence between optimal decomposable and a non-
decomposable entanglement witness. By construction, decomposable witnesses cannot detect
entanglement within the set PPTES.

As we can see, while entanglement witnesses are extremely precise tools to discern entan-
gled and separable states, in practice their implementation can be quite laborious. Even so, there
are e�cient polynomial-time algorithms to approach this problem, which we will cover soon.
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3.3 Entanglement characterization via entanglement measures

Now that have de�ned our witnesses we must interpret what they are measuring in order to
use them e�ectively. As we have seen, entanglement measures need to have certain desirable
properties.

There is a vast number of di�erent measures of entanglement which can be used to quantify
and characterize it [7, Ch.15 §6], and for mixed states the details can get very complex [75–78].
At the very minimum [7], an entanglement measure satis�es the following

De�nition 37. A (minimally) useful entanglement measure is a functionE : ρ 7→ R+ obeying

• ( I ) Weak discriminance: if ρ is separable, then E(ρ) = 0.

• ( II ) Monotonicity: invariance under unitary transformations

E(ρ) = E(UρU †),

and non-increasing under deterministic LOCC maps ΦLOCC :

E(ρ) ≥ E (ΦLOCC(ρ)) .

• ( III ) Convexity:

E [tρ1 + (1− t)ρ2] ≤ tE(ρ1) + (1− t)E(ρ2), with t ∈ [0, 1].

Under ideal conditions we would have strong discriminance instead of (I), whereE(ρ) = 0
i� ρ is separable. This restriction turns out to be too strong in general [7], so we settle for less.
Property (II) ensures the measure makes sense in the picture of entanglement as a resource [5]
and invariance under local unitaries [7]. Property (III) ensures overall consistency with the fact
convex combinations of states are also states. Together, properties (II)+(III) de�ne entanglement
monotones [7] which have numerous important properties.

There are many other desirable properties proposed in the literature [7, Ch.15 §6], although
there are certain inconsistencies on which are deemed more important. Of particular note to
our cause is that we want a measure to be e�ciently computable, otherwise it will be of no use
considering the large systems we will deal with. Some other desirable properties are

• ( IV ) Continuity: If ‖ρ1 − ρ2‖1 → 0, then |E(ρ1)− E(ρ2)| → 0.

• ( V ) Additivity: E(ρ2 ⊗ ρ2) = E(ρ1) + E(ρ2).

Property (IV) ensures our function is well-behaved under continuous state changes. Prop-
erty (V) would hold for an optimal entanglement measure, although it is usually hard to achieve.
A more lax version of (V) is extensivity, which is achievable if the following limit ER (the regu-
larized measure) exists:

E(ρ⊗n) = nE(ρ) ← ER(ρ) = lim
n→∞

1

n
E(ρ⊗n)

Keeping our speci�c requirements in mind, four measures come to our attention: the Hilbert-
Schmidt distance, the entanglement entropy, negativity and robustness.
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3.3.1 Hilbert-Schmidt distance

For bipartite states, the Bertlmann-Narnhofer-Thirring Theorem [63] establishes that the maxi-
mum violation of the entanglement witness inequality

Tr[ρrefW ]− Tr[ρW ] ≥ 0, for all ρ,

is given precisely by the Hilbert-Schmidt distance between the maximally entangled state ρ =
ρmax (a Bell state) and the tangent state ρref = σ0 for the optimal witness. This establishes
the geometric meaning behind optimal entanglement witnesses, as the value of the functional
Tr
[
ρWopt

]
can be interpreted as the Hilbert-Schmidt distance to the closest point in the hyper-

plane tangent to the convex set [63,66,67]. With this, we may de�ne he following entanglement
measure [63]:

EHS(ρ) = min
σ∈Sep

‖ρ− σ‖2,

which is evidently greater than zero for all non-separable states and zero only if ρ ∈ Sep , as
desirable.

3.3.2 Entanglement entropy

A ubiquitous measure for pure states is the entanglement entropy, given by

De�nition 38. The entanglement entropy of a n-partite state ρ ∈M(H1⊗ · · ·Hn) relative to
a subsystemHk is given by the von Neumann entropy of the reduced state ρk:

EE(ρ, k) = S(ρk) with ρk = Tr{1,··· ,n}\k[ρ] . (3.5)

Here,Hk may be a subset of the n systems.

This measure of entanglement is easy to compute, but it relies on discarding part of the entire
system and looking at only the remaining part of it. This can be problematic, as this procedure
may destroy some of the information we want to quantify. The von Neumann entropy is also
not appropriate for characterizing entanglement in mixed states [5, 7], although this will be of
no concern to us.

3.3.3 Negativity

In the case of decomposable witnesses we have that all the contributions come from the projec-
tors in the subspace of negative eigenvalues of ρTα . This suggests the negativity measure:

N (ρTα) =
∑
λi<0

|λi|

The negativity is a convex function of ρ, so it satis�es property (III) in de�nition 37. Negativ-
ity has been shown to be an entanglement monotone [28,79], and therefore it is non-increasing
under LOCC.

Naturally, from the de�nition the negativity cannot say anything about PPTES states, but
as we will be focusing on pure states this will be of no concern to us.

It is also worth noticing that the negativity is fundamentally a measure of 2-inseparability
only, and cannot say anything about the order of the entanglement detected. For that, we need
to rely on the Genuine Multipartite Negativity, which we will introduce shortly.
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Logarithmic Negativity

A particularly useful extension of the negativity is de�ned simply as

EN (ρ) = log2(2N (ρ) + 1) (3.6)

It has many useful properties, of which we highlight:

• Does not reduce to the entropy of entanglement on pure states, like other measures. We
will make great use of this property.

• It is additive (property (V) in de�nition 37).

3.3.4 Genuine Multipartite Negativity

The negativity is computable, which means it is directly accessible given a state by means of
partial transposition and eigendecomposition. As we have pointed out, it can only tells us about
the 2-inseparability of states, and it is not obvious how to interpret its value in terms of the
k-entanglement order we have previously established.

But even NPT states may have genuine k-entanglement of higher orders, and it is impor-
tant to be able to characterize them. To do this, Jungnitsch et al. [40] introduced the Genuine
Multipartite Negativity as an entanglement monotone, computed using the fully decomposable
witnesses introduced in section 3.2.4.

NG(ρ) = −Tr[ρWG] , (3.7)

with WG de�ned as in 36. This is also a valid entanglement measure, which was extensively
characterized by Hofmann [73, 74], and also has its own logarithmic version with similar prop-
erties.

3.3.5 Robustness

Another useful entanglement measure is the notion of robustness, which intuitively determines
how much an entangled state can be perturbed (mixed with another) before it becomes separable.
All measures of robustness below have been shown to be proper entanglement measures [80,81].

The robustness of entanglement was originally introduced by Vidal and Tarrach [80], given
by the following

De�nition 39. Given a state ρ ∈M and a separable state σ ∈ Sep , we call the robustness of ρ
relative to σ, R(ρ|σ), the minimal s ≥ 0 such that

ρ+ sσ

1 + s
∈ Sep .

Given this de�nition, the robustness might be in�nite [80].

Random robustness

Vidal et al. go on to de�ne the random robustness.

De�nition 40. The random robustness of ρ is its robustness relative to the maximally mixed
state, ρ?, that is:

RR(ρ) = R(ρ|ρ?) = min
s

{
ρ+ sI/D

1 + s
∈ Sep

}
.
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With this de�nition, it is clear that the random robustness is zero i� ρ is separable. A geo-
metric representation of the random robustness is given in �gure 3.4.

Figure 3.4: Geometric interpretation for the random robustness. The separable state σ0 is the
state which minimizes s, and de�nes the random robustness.

The random robustness has proven itself to be very useful experimentally, when one consid-
ers how stable an entangled state is when subject to experimental noise. The noise is typically
modeled as a mixture with the maximally mixed state, which introduces uncertainty into the
system [10, 80, 81].

Generalized robustness

Later, Steiner [81] highlighted the fact that convex mixtures of two entangled states may them-
selves result in separable states. This lead him to de�ne

De�nition 41. The generalized robustness of ρ is given by

RG(ρ) = min
s|τ∈M

{
ρ+ sτ

1 + s
∈ Sep

}
,

that is, the minimum value of s for which there exists a state τ that can be mixed with ρ to make
it separable.

3.4 Semide�nite programming

“The purpose of computing is insight, not numbers.”

Richard Hamming

Entanglement witnesses are linear Hermitian operators living in B(H) ⊂ L(H), and the
functionals they represent are also linear and bound by linear constraints. We can use techniques
from convex optimization to tackle such problems, and this section will cover one such approach
applied to the entanglement witnesses we have just introduced.

3.4.1 Convex optimization and Semide�nite Programming (SDP)

Convex optimization refers to a class of problems (and related algorithms) involving �nding ex-
trema (minima our maxima) of convex functions constrained to convex sets. Such type of prob-
lems are bountiful in mathematics, physics, engineering, economics and many other �elds [62].
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In a convex optimization problem, the function to be extremized is referred to as the objective
function11, and the set de�ned by the constraints as the feasible set [62].

Semide�nite programs (SDPs) are a subclass of convex optimization problems which can be
written as a minimization of a linear objective function subject to semide�nite constraints, that is,
the optimization variables are con�ned to the feasible set of positive semide�nite matrices [62].

These constraints can be expressed in terms of matrix inequalities by virtue of the space of
semide�nite matrices being a convex cone [5, 7], which allow for the construction of a partial
ordering between matrices [6, 62].

There are many equivalent di�erent ways to specify a semide�nite program [62, Ch.4 §6.2],
but in general, a typical form will be12:

minimize: f(x) = c†x

optimizing: x

subject to: F (x) = F0 +
m∑
i=1

xiFi � 0

Here, x is a variable vector to be optimized and c a vector de�ning the objective function
f(x). The Hermitian matrices F0, Fi are given and de�ne a positive semide�nite constraint.
This type of problem is called convex conical optimization since the feasible region, the values
of x which satisfy the constraint, is a convex set, and the objective function is linear, which
together with the convex set de�nes a convex cone. In short, if x and y are feasible, so is a
convex combination of them. The solution to the problem, p? = cTx?, is referred to as the
objective.

Semide�nite programs bene�t from having no local minima: if there are more than one
minima, then all of them are global minima. When the unique solution cannot be found analyt-
ically it can be estimated numerically using e�cient polynomial time algorithms [62, 82, 83] for
approximating solutions to arbitrary precision.

3.4.2 Duality

Another important bene�t of SDPs is that each problem (referred to as primal) has a dual problem,
de�ned as [62]:

maximize: −Tr[F0Z]

optimizing: Z

subject to: Tr[FiZ] = ci, for all i = 1, · · · ,m
Z � 0

The solution to a dual problem, the objective d? = −Tr[F0Z?], de�nes a lower bound to the
primal problem. Both problems converge towards one another, but may not necessarily match.

The di�erence between the two, p? − d? is referred to as the duality gap, and it converges
to a �nite value. This leads to the question of whether this gap converges to zero, and this is
answered by

11Depending on the context, also a loss function
12For clarity, we prefer to include an explicit de�nition of what is being optimized. Most authors simply include

the objective function and constraints, or place the optimizing variable as a subscript. This is unnecessarily obtuse,
in my opinion.
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Theorem8. (Strong Duality Theorem [8,62,74]) The primal and dual objectives are equal, p? = d?,
if either:

• The primal problem is strictly feasible, i.e., there exists an x with F (x) � 0

• The dual problem is strictly feasible, i.e., there exists a Hermitian Z � 0 and Tr[FiZ] = ci
for all i = 1, · · · ,m.

In most cases, strong duality is used simply to establish good heuristics for stopping con-
ditions for algorithms [62]. For most practical purposes, the stopping condition is merely the
desired precision.

3.5 Finding entanglement witnesses with Robust SDPs

So how can we use SDPs to obtain entanglement witnesses? In the simplest case as in de�nition
31, we would need to impose an in�nite number of constraints for separable states, since we
need the witness to be positive for all of them.

This is easy to do in theory, but in practice that de�nition is not useful, as if we had such
a precise understanding of the separable set we wouldn’t have to worry about numerical opti-
mizations in the �rst place: we would have in our hands an operational su�cient and necessary
separability criterion, which we know is a NP–HARD problem. It cannot be that easy.

How can we proceed? As pointed out by Vianna and Brandão [84, 85] and Brandão [86],
what can be done instead is to approximate the witness by constructing a pseudo-entanglement
witness via Robust SDPs, which use many constraints for an appropriate optimization of the
witness.

Theorem 9. (RSDP Witness [84]) A n-partite state ρ ∈M(H1⊗ · · · ⊗Hn) is entangled (violates
de�nition 21) i� the optimal value of the following RSDP is negative:

minimize: Tr[ρW ]

optimizing: W

subject to:
dn∑
i1=1

dn∑
j1=1

· · ·
dn∑

in−1=1

dn∑
jn−1=1

(
a∗i1 · · · a

∗
in−1

aj1 · · · ajn−1Wi1···in−1j1···jn−1

)
� 0

Tr[W ] = 1,W = W †

∀ aik ∈ C, 1 ≤ k ≤ n

where dn is the dimension of Hn,Wi1···in−1j1···jn−1 = 〈i1, · · · , in−1|W |j1, · · · , jn−1〉 ∈ B(H1⊗
· · ·⊗Hn−1) and |j〉k is an orthonormal basis forHk. If ρ is entangled, the solution matrixW which
minimizes Tr[ρW ] is the optimal witness for ρ.

The proof and more details may be found in Brandão and Vianna [84]. We include it here
due to its brevity and important as a context.

Proof. As previously de�ned, ρ is entangled i� there is an operator W such that Tr[ρW ] ≤ 0
and Tr[σW ] > 0 for all separable states σ. The latter condition can be expressed by requiring

〈ψ1| ⊗ · · · ⊗ 〈ψn|W |ψn〉 ⊗ · · · ⊗ |ψ1〉 ≥ 0, for all |ψk〉 ∈ Hk.

Additionally, the matrix for each subsystem k must also be positive semide�nite. We can
single out k = n for our target system, so that the matrix:
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〈ψ1| ⊗ · · · ⊗ 〈ψn−1|W |ψn−1〉 ⊗ · · · ⊗ |ψ1〉 ≥ 0,

for all |ψn〉 ∈ Hn. If we set |ψn〉 =
∑

j ajn |jn〉, with {|jn〉} an orthonormal basis for Hk, we
obtain the SDP in 9.

It is important to understand what this theorem is telling us. A robust SDP is a way to turn
such in�nitely-constrained optimization problems into a typical SDP by imposing the separa-
bility in the rest of the space as a constraint. This separability condition is the requirement for
positive semide�niteness, and we can enforce it approximately.

The idea is quite intuitive: since we know the general form of separable states (de�nition 21)
which go into the constraint, we can simply generate13 many such states covering the separable
space for then−1 subsystems, leaving just one for a typical SDP optimization. Then, we optimize
our pseudo-witness relative to the approximation of the set of separable states provided by the
constraints, as in �gure 3.5.

Our pseudo-witness will be optimized relative to the convex set de�ned by the constraints,
which for a su�ciently large sample of separable states will be a good approximation of the
entire set Sep , and thus, of our optimal witness.

Figure 3.5: Geometric interpretation of the robust SDP. Two randomized separable states σ1 and
σ2 are generated. The simultaneous constraint that the witness must be positive on both de�nes
a convex region (in green) which is a rough approximation of the convex set of separable states.
As more and more separable states are added as constraints, the better this approximation will
be.

3.6 Final remarks

In this chapter we have seen that the separability problem is approachable with the right mathe-
matical and computational toolsets. However, all of these implementations still are limited to the
study to small-dimensional systems, as the optimizations rely on the density matrix formalism
to represent quantum states and the witness operators.

As we have seen in chapter 2, this approach is intractable if we ever hope to look into large
systems (n > 10). In the next chapter, we will be looking at how tensor networks allow us to
break free from these limitations, adding to our extremely versatile toolset.

13There are techniques to generate separable edge states nearer to the region of interest.
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Chapter 4

Tensor networks

Come, let us hasten to a higher plane
Where dyads tread the fairy �elds of Venn,
Their indices bedecked from one to n
Commingled in an endless Markov chain!

I’ll grant thee random access to my heart,
Thou’lt tell me all the constants of thy love;
And so we two shall all love’s lemmas prove,
And in our bound partition never part.

Cancel me not – for what then shall remain?
abscissas some mantissas, modules, modes,
A root or two, a torus and a node:
The inverse of my verse, a null domain.

“Love and Tensor Algebra”
Stanisław Lem, The Cyberiad

The study of large-scale composite quantum systems with strong correlations has been met
with challenging limitations in the past. Most algebraic and numeric approaches restricted them-
selves to small-dimensional cases, as these are easier to consider and simulate, or to very rough
approximated models (e.g. perturbation theory, mean �eld theory, etc.) which can be well stud-
ied analytically and numerically, but which have limited applications due to their discarding of
important properties related to quantum entanglement.

Therefore, many important phenomena in physics, in particular condensed matter physics,
are still poorly understood due to these limitations. For example, the behavior of certain large-
scale systems under phase transitions [87, 88] is still largely unexplored.

Signi�cant advancements have been made in the past two decades with the introduction and
development of tensor network algorithms for the study of such large-scale systems [87]. Since
then, tensor networks have proven themselves to be extremely versatile tools [87, 88].

Inspired by this pioneering �eld, our research turned into studying precisely that which
has been discarded in previous approaches: the entanglement properties of strongly-correlated
large-scale quantum systems. But before we get to that, we shall present a brief overview of
tensor networks and key algorithms in order to establish the inner workings of this novel and
extremely powerful tool.

4.1 A quick introduction to tensors

Tensors are the natural generalization of the notion of scalars, vectors and matrices which
greatly simplify the representation of multilinear maps between spaces [89].

Given a �eldF , a scalar is taken to be a rank-0 tensor1, a vector a rank-1 tensor and a matrix
1Some authors choose to use the term order instead of rank, as in certain abstract de�nitions the term rank is

reserved for the multilinear generalization of matrix ranks. This will not be the case here.
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a rank-2 tensor, with higher-rank tensors being referred to simply as tensors [89, 90]. For our
limited purposes, however, we can mostly consider rank-d tensors to simply be d-dimensional
arrays of complex numbers encoding a linear map between spaces and dual spaces2.

Tensors are typically notated in terms of their indices, making explicit the structure of its
elements. For example, the vector x = (x1, x2, x3) would instead be written as xi, with the
index i = 1, 2, 3 being referred to as having dimension |i| = 3. A m × n matrix M would be
denoted as Mij , with the indices i and j having dimensions m and n, respectively. The total
number of elements in a tensor is obtained by the product of the dimensions of its indices, as
expected.

Typically, with respect to tensors, indices may appear as subscripts or superscripts which
carry additional meaning. Subscripts typically indicate covariance, and superscripts contravari-
ance3. This notational convention is exceptionally useful when the tensors are being acted upon
directly by linear transformations [89, 90], but since this is not going to be our case we will not
use it. We will, however, make use of lower and upper indices in a di�erent convention we will
establish soon.

As with scalars, vectors, and matrices, tensors can be multiplied in much the same way. A
typical complex vector inner-product can be written as

u†v =
∑
i

u∗i vi,

and a typical matrix product as

AB =
∑
j

AijBjk = Cik,

both of which reveal the general structure of tensor products as a multilinear map on their
respective spaces. A tensor can then be understood as an object which maps tensors into other
tensors in a multilinear way.

In multilinear maps speci�ed by tensor multiplication the sums are always performed on
the common indices, as notated, and are referred to as a tensor index contraction. The common
index disappears during the sum, and any remaining indices specify the structure of the resulting
tensor.

Since this operation always involves a sum on repeated indices of the same dimension, a
very useful convention introduced by Albert Einstein allows us to omit the summation symbol
altogether, having it be understood implicitly by merely observing any indices repeated exactly
twice. If available in F , as is the case in this text where F = C, the commutative nature of
scalar products and additions allow us to specify multiple contractions simultaneously, and the
tensors in any order we desire:

AijkBklmCil =
∑
ilk

AijkBklmCil = Djm. (4.1)

This notation also proves convenient to specify many other operations in linear algebra.
The trace of a matrix M can be stated simply as Tr[M ] = Mii, and a tensor product4 A⊗B =
C as AijBkl = Cijkl. A well known property of tensor products is that while they are not
commutative, that is,A⊗B 6= B⊗A in general, both products are similar up to a change of basis.

2We justify this concrete representation since our tensors will always be explicitly base-dependent, as we will see
soon.

3Covariance and contravariance relate to how the tensors change under linear transformations.
4Also referred to as Kronecker product or outer product
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This becomes evident in this notation, as this change of basis results in a simple permutation of
pairs of indices.

We will not go into much more details on tensors and this brief introduction is all that is
necessary to understand in what follows. As in the style of this text so far, additional details will
be introduced as they become necessary.

4.2 Tensor network diagrams

A powerful way to gain intuition for tensor operations is by using a visual notation originally
proposed by Roger Penrose [91]. This type of notation has since been informally extended sig-
ni�cantly [87, 88, 92, 93] and is now typically referred to as tensor network diagrams.

We will very brie�y discuss some of the main features of the notation and their meaning in
terms of operations on tensors.

4.2.1 The basics

Figure 4.1: Basics of tensor network diagrams. Each shape represents a tensor, and each line
segment or leg an index: a scalar a represented as a yellow circle, a vector b as a green diamond,
a matrix C as a blue square and a rank-3 tensor D as a red triangle. On the right, two tensors
with the same index structure E1 and E2 are added to obtain E3.

In tensor network diagrams, individual rank-n tensors are represented by geometric shapes (e.g.
circles, rectangles, triangles, etc.) with n lines coming out of them. There is no standard meaning
behind shapes, and di�erent authors and contexts de�ne their own conventions. We will stick
with squares and rectangles for general tensors, circles for unitary matrices, and the occasional
diamond for diagonal matrices. Colors will be used to highlight di�erent objects.

The lines coming out of the shapes are typically referred to as legs or wires [93], and each
represents an index of their tensor (�gure 4.1). A scalar is a tensor with no legs, a vector a tensor
with one leg, and so forth. Tensors with the same index structure may be added or subtracted
together, and this is represented by writing plus or minus signs between multiple tensors (�gure
4.1).
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Figure 4.2: (a) Tensors which share legs (e.g. the two yellow circles sharing u) can be contracted
into other tensors. By drawing shapes around multiple tensors (blue rectangle), we can infer the
structure of the tensor contractions. (b) The tensor product between two tensors A⊗ B is just
a juxtaposition of the two tensors. The result is a single tensor C .

Two tensors sharing a leg may be contracted by summing over the common index, resulting
in a new tensor. The total tensor of a contracted network may be seen by drawing a bounding
shape around the network and seeing which indices come out of it (�gure 4.2a). Therefore, the
contraction of a network is itself also a tensor.

A tensor product (alternatively, outer product or Kronecker product) between two tensors
A⊗B is automatically represented by simply putting the two tensors adjacent to one another.
The bounding shape around them reveals the structure of the �nal tensor (4.2b).

4.2.2 Index operations

Figure 4.3: (a) Indices can be fused ((i1, i2) 7→ j) or split (j 7→ (i1, i2)), which reshapes the
tensor. (b) Indices can be reshu�ed by twisting the legs of a tensor. (c) A matrix transpose
swaps the two indices.

There is no meaning attached to the direction in which the legs are pointing. All that matters is
the connectivity implied by the diagram.

Fusing and splitting

Indices may be fused together or split into separate indices. The total dimension of a fused index
is the product of dimensions from the original indices, and the converse for the split case (�gure
4.3a). It is common to denote fused indices with a thicker line.
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Reshu�ling

Index reshu�ing is illustrated by simply twisting the indices around, swapping their location
(�gure 4.3b)

Transpose

A matrix transpose is merely a type of reshu�ing, and consists of swapping the two indices of
a rank-2 tensor (a matrix) (�gure 4.3c)

4.2.3 Additional features

Figure 4.4: (a) The total trace of a tensor may be calculated by joining all indices with their duals,
creating loops. The result is a scalar. (b) A partial trace may be performed by leaving some free
indices. (c) A tensor with directed indices, representing a linear map from the space of (k1, k2)
space to the space of j. (d) If a tensor (directed or not) is contract with its inverse, the result is
the identity tensor which is represented by lines.

Trace

Traces are represented by joining a tensor’s legs into loops. For a total trace Tr[A], the resulting
contraction of the tensor has no external legs, and is therefore a scalar (�gure 4.4a). A partial
trace Trk1k3[A] = Ak2 can be performed by only looping some of the indices (�gure 4.4b),
returning a tensor with lower rank.

Directed indices

Indices may be directed, in which case the direction is represented by arrows over the legs
(�gure 4.4c). Directed indices are used to represent speci�c applications of linear maps, and are
particularly useful when we represent operators and their inverses in symmetrized tensors [94–
96].

Identity

The identity tensor is represented by wires (directed or not), and may be obtained by contracting
a tensor with its inverse (�gure 4.4d).

4.3 Tensor networks

The structure of tensor diagrams suggest a novel way to look at multilinear maps, by consider-
ing the topological structure induced by tensor contractions when tensors are assembled into a
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network. It turns out that this has deep implications in quantum mechanics [87, 97].
As we have seen so far, the mathematical formalism of quantum mechanics hinges on the

incredibly rich structure of Hilbert spaces. The number of available states in these spaces grows
exponentially with the number of subsystems, as we have seen in previous chapters 1 and 2,
which has been the main drawback in dealing with larger composite systems.

Or so it seemed. It turns out that there are very strong mathematical and physical arguments
to be made that the vast majority of the Hilbert space is not only unnecessary to be considered,
but outright unphysical, as we shall see next.

4.3.1 Tensor networks vs. the Hilbert space

Handling the vastness of Hilbert space may seem incredibly daunting, but a careful look at the
underlying physics will be very illuminating.

Imagine a physical composite system, with multiple interacting parts. At a glance, typical
descriptions of systems using kets and density matrices reveals nothing about their physical
structure, geometry, length scales, or relative proximity of these parts. Since this type of relevant
information is not at all explicit in these generic descriptions their generality actually obfuscates
important information [87].

Therefore, more e�cient, customized and even fundamental representations of di�erent
quantum systems must exist that re�ect their properties explicitly. As we shall see, the �exi-
ble framework of tensor networks o�er us precisely a method to specify such descriptions.

A tensor network is, fundamentally, a network of correlations. The topological structure of a
tensor network tells us fundamental facts about the structure of these correlations. We can think
of states represented as tensor networks as a direct representation of the state’s entanglement
structure itself, which is why tensor networks can e�ciently and naturally represent 1, 2, and
3-dimensional systems [87].

This e�ciency arises from an important observation regarding natural phenomena: inter-
actions in Nature seem to be local, that is, all interactions seem to take a minimum �nite time
to occur. We will take this claim as a postulate, in the absence of experimental evidence of the
contrary.

This property implies that, given certain initial conditions and a �nite elapsed time, only a
subset of all possible states could have been accessible by physical processes.

Poulain et al. have rigorously quanti�ed this analysis [97], and have shown that, in general
terms, the number of physically accessible states in polynomial time is exponentially small with
respect to the number of subsystems. In their own words:

“Thus, we conclude that the overwhelming majority of states in the Hilbert space
of a quantum many-body system can only be reached after a time scaling exponen-
tially with the number of particles. For this reason, even for moderate size systems,
these states are not physically accessible so they do not represent any state occurring
in Nature. ”

— David Poulain, Angie Qarry, R.D. Somma, and Frank Verstraete [97]
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Figure 4.5: Conceptual illustration of the set of accessible states with respect to other known
sets. Local states accessible in polynomial time (with respect to number of subsystems) form an
exponentially small subset of the entire space of states,M. Therefore, the vast majority of the
space is completely irrelevant for all practical purposes as they are unphysical.

The authors go on to posit that Hilbert is, perhaps, nothing more than a “convenient illu-
sion” [97]:

“This raises the question whether it makes sense to describe many-body quantum
systems as vectors in a linear Hilbert space.”

— Poulain et al.

As Poulain et al. [97] and Orús [87] point out (and this author agrees), tensor networks seem
to be not just convenient, but also more fundamental descriptions of quantum systems which
make more e�cient and representative use of the underlying properties of Hilbert spaces. Thus,
the full structure of the Hilbert space may be restricted to the foundational framework of our
physical theories, on top of which we build this new tensor network formalism5.

On an intimately related idea, it is also conjectured6 that the ground states of gapped local
Hamiltonians7 obey what is referred to as area laws [87, 88, 93, 101, 102]: the entanglement en-
tropy of the ground states ρ0 with respect to a subsystem A grows linearly with the area of the
subsystem’s boundary, ∂A, as opposed to its volume:

S(ρA0 ) ≈ Area(∂A).

It appears evident that many important and known features of quantum systems seem to be
extremely restrictive, creating a hierarchy of accessibility for physical states. Such restrictions
can be used to more e�ciently represent quantum systems.

Thus, our goals of studying entanglement structures in large-scale composite systems now
seems much more feasible than ever before. This makes our endeavors with this line of re-
search interesting and quite exciting, and many opportunities for further research—as well as
theoretical and experimental applications—are now in our horizon.

4.3.2 Types of indices

A tensor-network representation of physical systems may have two types of indices [87,88,103]:
5It is uncertain, at this point, if a foundational framework for quantum mechanics may be built solely on such

correlation network structures, separately from the concept of Hilbert spaces. As it stands it is still, ultimately, an
alternate description built on top of the traditional mathematical formulations.

6Indeed, it has been proven in a few cases [98–100].
7Hamiltonians including only terms with short-range interactions and featuring an energy gap between their

ground state and �rst excited state. Such Hamiltonians are ubiquitous in condensed-matter physics.
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• Physical indices, which are “visible” from outside the tensor network. These correspond
to indices in the original representation of a quantum object, and typically relate to indi-
vidual parts of a composite system (e.g. speci�c spins in di�erent sites on a chain) or some
input parameter (e.g. total charge). Sometimes these are referred to as site-type indices.

• Auxiliary indices, which are “invisible” from outside the tensor network, and are re-
sponsible for connecting the tensors with one another. These indices are responsible for
carrying quantum correlations in the networks we will be using. Sometimes, these are
referred to as link-type indices, bonds or virtual indices.

In this text we will adopt the following convention: physical indices will be denoted by
subscripts such asAijk`, and auxiliary indices with superscripts such asBuv . Therefore, a tensor
Cuvijk has two auxiliary and three physical indices. In chapter 5, physical indices referring to the
canonical spin-1/2 basis will be referred to by si and internal indices will be arbitrary.

4.3.3 Tensor network contraction

Ultimately, we will want to contract entire tensor networks to obtain numbers. This process is
more subtle than it may seem at �rst, since there is a signi�cant amount of freedom involved in
which order such a contraction can happen, and this choice has signi�cant consequences to the
e�ciency of the algorithms.

The task of �nding out the most e�cient way of contracting general tensor networks is a
NP–HARD problem, and the speci�cs vary signi�cantly on a case-by-case basis [87, 88]. There
is a sort of art involved in developing e�cient algorithms for tensor network contractions [104,
105], and some of these techniques are treated almost as trade secrets.

Ultimately, tensor networks provide an exceptionally useful tool for scienti�c research, but
its usage and application seems to be more of an art. As expertly put by Rick Sanchez in the TV
series Rick and Morty:

“Well, sometimes science is more art than science, Morty.
A lot of people don’t get that.”

— Rick Sanchez, Rick and Morty

4.4 Singular Value Decomposition

Singular value decompositions are an extremely useful way to represent arbitrary matrices. The
user should be familiar with it, but in any case, details and proofs about their existence and
properties may be found elsewhere [5–7]. Here, we will just recall the basic result:

Theorem 10. (Singular Value Decomposition [5, 6]) Given any arbitrary matrix M , it can be
factorized as the product

M = USV †, (4.2)

with U and V † containing the left and right singular vectors ofM , and S a diagonal matrix with
the singular values of M in its diagonal. If the singular values are chosen to be in descending
order, then S is unique. If theM is a square matrix, U and V † are also unique.

There are two equivalent forms of specifying a SVD regarding the dimensions of the matri-
ces.

If M ∈ Cm×n, then:

• Full SVD: U ∈ Cm×m, S ∈ Cm×n, V † ∈ Cn×n.

51



• Thin SVD: U ∈ Cm×`, S ∈ C`×`, V † ∈ C`×n.

We will opt for the thin SVD as it generalizes better for reshaped tensors and it leads itself
better for truncations.

4.5 Matrix Product States

Matrix Product States (MPS) are an e�cient way to represent pure states using tensor networks,
and will be used as our main representation of quantum systems. Consider a state composed of
n qubits given in the computational basis,

|Ψ〉 =
1∑

i1···in=0

Ai1···in |i1 · · · in〉 ,

where A is a collection of the 2n complex coe�cients constrained by
∑
|Ai1,··· ,in |2 = 1. We

can write A as a rank-n tensor which contains all the coe�cients which specify the state.
In terms of tensor network diagrams, such a tensor A for n = 4 would be a rank-4 tensor

with 24 = 16 elements, as depicted in �gure 4.6.

Figure 4.6: A rank-4 tensor representing the state |Ψ〉 of a 4-partite system.

This representation of a tensor network always assumes an underlying standard basis, which
is what allows us to specify the indices freely. In this work and all the following examples, we
will always assume the computational basis (de�nition 18).

Note: In what follows, we will give a generic outline of the procedure to generate a MPS
decomposition of a given state, without concerns for computational e�ciency or properties of
the state. The idea here is simply to show how the familiar representation is connected to the
MPS representation, revealing their equivalence. The following exposition should be taken as
merely a didactic presentation.

In practice, one does not construct a MPS from a state directly, as that would require us to
already know the full representation of the state. That misses the entire point! Instead, what we
do in practice is construct a MPS representation (e.g. by randomizing it), then optimize the MPS
using specialized algorithms so that it converges to the desired state [87, 88]. There are many
algorithms available to perform state decompositions more e�ciently in di�erent scenarios [87,
88,103]. In special cases, one may manually �ll in the values of the MPS, if the representation is
known in advance. We have made use of both techniques in our research.

As we have seen, we may reshape tensors by fusing and splitting their indices. We will fuse
indices i2 to i4 into a single index i(234) with dimension 23 = 8, and in doing so we reshape the
rank-4 tensor A into a rank-2 tensor Ai1,i(234) , which is a regular 2× 8 matrix.
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Ai1,··· ,i4 → fusing indices 2 to 4→ Ai1,i(234) → Ai1,··· ,i4
∼= Ai1,i(234) .

By applying the singular value decomposition on this matrix, we obtain

Ai1,i(234) = [A(1)]u1i1 [S]u1,v1 [A(234)]v1i(234) ,

where se used square brackets to better highlight the index structure. Following the notation
speci�ed earlier, we keep physical indices below and auxiliary indices on top.

We can now split the index i(234) back into 3 separate indices, and get:

Ai1,i(234) = [A(1)]u1i1 [S]u1,v1 [A(234)]v1i2,i3,i4 .

The net result of this operations is that we have e�ectively separated index i1 from the
others, and placed it in its own smaller tensor as in �gure 4.7.

Figure 4.7: By applying the singular value decomposition on the tensor A, carefully reshaped in
a speci�c way, we can separate the index i1 from the others.

The diagonal matrix of singular values S (in yellow) contains structural information about
the tensor. We can continue with this procedure until we have completely decomposed the
rank-4 tensor into a network of rank-2 and rank-3 tensors, as in 4.8.

Figure 4.8: Repeating the process of isolating an index using SVDs, we obtain a tensor network
structure with several auxiliary indices ui, vi.

At this step we have many freedoms with respect to the singular value matrices [87,93]. We
can choose to truncate the size of the tensors based on the magnitude of singular values, there-
fore disposing of correlated information [87, 93] between two neighboring tensors A(k)

ik
and

A
(k+1)
i(k+1)

. After truncation, we may also choose to contract each of the singular value matrices
either to left or right, which lead to di�erent properties in the �nal representation [93]. There-
fore, there is some degree of ambiguity involved as it is, which relates to the gauge freedoms in
this type of representation8.

8We can always insert an identify I = UU† between any two tensors, contracting to each side and obtaining two
new tensors with the same contraction.
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This ambiguity has been analyzed in detail by Perez-Garcia et al. [106]. For open boundary
conditions, which is the case considered here, there is a canonical choice unique up to degenera-
cies in the spectrum of local reduced density operators, which is what is shown in �gure 4.8. This
canonical form is intimately related to the Schmidt decomposition between each neighboring
site [87, 106], as the Schmidt coe�cients are given by the singular values at each bond.

If we proceed by contracting the singular value tensors to the right (contracting the indices
vi), we obtain what is shown in �gure 4.9.

Figure 4.9: Repeating the process to all physical indices, we isolate each one of them into their
own rank-2 (edges) and rank-3 (middle) tensors.

This �nal form of the rank-4 tensor is referred to as the Matrix Product State representation
of the original state, |Ψ〉. Using the tensor contraction rules we have seen previously (equation
4.1) and remembering that we embedded the singular-value matrices within each tensor, we can
easily see that if no truncation was performed this is an equivalent representation of the original
state: ∑

i1,i2,i3,i4

[A(1)]u1i1 [A(2)]u1,u2i2
[A(3)]u2,u3i3

[A(4)]u3i4 |i1, i2, i3, i4〉 = (4.3)

∑
i1,i2,i3,i4

[A(1234)]i1,i2,i3,i4 |i1, i2, i3, i4〉 = |Ψ〉 .

If, however, we truncate the bond dimension of the auxiliary indices, not all states in the
Hilbert space can be represented exactly in this form [87, 93].

In the process of forming the Matrix Product State, we have created several additional auxil-
iary indices ui, vi. These internal indices are invisible to anything outside the network, and their
presence is what makes the tensor network representation of the state e�cient and, in special
cases, exact.

Each one of these auxiliary indices ui have their own independent dimension, known as the
bond dimension. If all bond dimensions of a rank-n MPS are 1, the state is a product state and
n-separable, as the contractions as described in equation 4.3 reduce to outer products between
the individual tensors. All the information about correlations are regulated by bond dimensions
larger than 1, and the number of describable states grows with the bond dimension [87]. There-
fore, by �ne-tuning the maximum bond dimension we may restrict our attention to a su�ciently
small neighborhood of the entire space of states, focusing all of our computational resources pre-
cisely on the states we are interested in [87, 93].

4.5.1 Special representations

The form of the MPS as in �gure 4.8, where all singular value matrices are exposed, is related
to the unique representation for the MPS as described by Perez-Garcia et al. [106], in which
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the matrices S contain the Schmidt coe�cients of each pair of sites 9. This representation,
often referred to as “Vidal form”, is largely unique [106] and can be extremely useful in many
situations, as one can opt to truncate the bond dimension in terms of these coe�cients. This
reveals how the bond dimension is intimately related to bipartite correlations.

There is also another special form for the MPS worth mentioning, which are the orthogo-
nalized canonical forms [103]. Let us recall �gure 4.7, in which we have only applied the SVD
to the �rst tensor.

Since the two matrices U and V † of the singular value decomposition (as in theorem 10)
are unitary matrices (UU † = I, V V † = I) containing the singular vectors of the original tensor,
tensors on the left (A(1)) and on the right (A(234)) are both obtained from these matrices, and are
therefore representing local bijections (i.e. changes of basis) acting on their respective physical
indices. Consequently, if we always contract S to the right and continue with the procedure,
we obtain a chain of local unitaries U (k)

ki
on the left, with a general tensor on the rightmost end,

as in �gure 4.10a. This is known as the left-canonical representation of the MPS [103]. If we
started from the right towards the left, we would have a chain of V (k)

ki

†
and the right-canonical

representation [103]. If we had both and stopped at some location in the middle, we could keep
the list of singular values separated and two large unitaries on either side. This is, e�ectively,
the Schmidt decomposition of the entire MPS over the bipartition speci�ed by that bond [103].

This form of representing the MPS is very computationally e�cient, as if we know it is
in orthogonal form and the location of its orthogonality center, then certain contractions and
operations can be signi�cantly optimized by exploiting the identity UU † = U †U = I, as in
�gure 4.10b.

Figure 4.10: (a) In the left-canonical orthogonalized form of a MPS, all tensors on the left but the
last one are local isometriesU . In this form, the lone non-unitary tensor (hereA(4)

i4
) is referred to

as the orthogonality center of the MPS, and contains the weights of the state in the representation
de�ned by the change of basis of all unitaries on the left. (b) If we know the tensors are unitaries,
we can immediately treat certain contractions as identity operations, massively reducing the
number of contractions (and thus, computations) that need to be performed.

9After all, the Schmidt decomposition is simply a restatement of the singular value decomposition theorem.
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4.5.2 Bene�ts of the MPS representation

In order to appreciate the bene�ts of this representation, let us analyze in detail what this ap-
proach has brought us [87, 107].

Suppose we have a 1-dimensional chain n of qudits with dimension d. The complete de-
scription of a pure state for this system requires dn parameters (complex numbers). To compare,
take the MPS representation of this state, and let us assume all the bond dimensions are m. If
densely stored, each tensor10 requires dm2 parameters, and so the entire MPS requires ndm2.
In other words, the memory storage required for the MPS representation grows linearly with
the number of subsystems and qudit dimension, which is a massive improvement from what we
have seen in section 2.1. This can be improved even further by imposing symmetries and other
constraints in the representation [94–96].

Storage also grows quadratically with the bond dimension, which is quite reasonable. How-
ever, the question remains of what bond dimension m is necessary to represent our state satis-
factorily. It is clear that a state can always be represented exactly if m = dn/2 [87, 108], as we
would have as many parameters as in the traditional vectorial description of the state. Therefore,
the exponential dependency on the number of particles has moved to the bond dimensions.

Luckily for us, this is precisely where we can make sacri�ces. By truncating the bond di-
mension and keeping only the most signi�cant correlations between adjacent sites, we can get
an arbitrarily accurate representation of our states by simply �ne-tuning the maximum value
for m. Increasing m merely allows us to describe more states in the Hilbert space, but as we
have seen (section 4.3.1), most of the states we will ever be interested in will be described by
small bond dimensions.

Therefore, tensor networks provide an immensely e�cient representation of physical states.

4.6 Matrix Product Operators

The ideas behind MPS representations can largely be generalized to operators [87, 109, 110],
where similar freedoms due to gauge symmetries arise. The result is a description of operators
in terms of Matrix Product Operators (MPOs).

A MPO can be illustrated in a similar fashion as a MPS, as shown in �gure 4.11. Traditionally,
the indices are primed to represent the dual space of the unprimed indices.

Figure 4.11: Graphical representation of a Matrix Product Operator. On the left, the operator as
a single rank-8 tensor and on the right its MPO decomposition.

Just as in the case of MPS representations, by �ne-tuning the bond dimensions we may adjust
how precise our description of a quantum operator may be. In certain cases, operators may even
be represented exactly.

10Ignoring the two rank-2 tensors on the edges, which contribute insigni�cantly as n increases.
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4.7 Other representations with tensor networks

While we are restricting ourselves to 1-dimensional spin chains, which can be e�ciently repre-
sented by an MPS, it is important to highlight that larger-dimensional systems can also bene�t
from alternative representations. For example, the Projected Entangled Pair States (PEPS) formal-
ism [87,88,93,107] extends the concepts developed for MPS to 2-dimensions (�gure 4.12), where
many extra subtleties appear. For higher dimensional systems, the Multi-scale Entanglement
Renormalization Ansatz (MERA) approach has proven exceptionally useful [87, 88, 104].

Figure 4.12: The tensor network in a Projected Entangled Pair States (PEPS) representation of a
2-dimensional system of 4×4 spins, which highlights how the geometric structure and topology
of the tensor network is constructed as to highlight the correlations and interactions within a
physical system. A PEPS representation is ideal for describing systems under nearest-neighbor
interaction Hamiltonians. Periodic boundary conditions may be created by connecting the ten-
sors on opposite edges with one another.

These are by no means the only representations possible, and the tensor networks may be
constructed to specially suit several types of situations, such as speci�c lattices, continuous
systems, in�nite systems, varying boundary conditions, etc.

All of this is to say that tensor networks have proven themselves as an extremely versatile
approach to tackling problems in quantum mechanics. An exciting amount of possibilities lie
ahead of us in this �eld.

4.8 Tensor network algorithms

There is a vast and increasing literature on tensor network algorithms, so we will not attempt
to cover any of them in detail. Interested readers may refer to the excellent introductions and
reviews by Orús [87], Silvani et al. [88], Biamonte et al. [93], Bridgeman et al. [111].

We will only cover in some detail one of the earliest and most famous of the tensor network
algorithms, which we use as a platform for most of our present research.

4.8.1 Density Matrix Renormalization Group (DMRG)

The most famous tensor network algorithm is arguably the Density Matrix Renormalization
Group (DMRG), initially introduced by Steve White in 1992 [103, 112–116]. The algorithm was
developed to �nd both the energy and ground state of Hamiltonians in 1-dimension spin chains.

DMRG is actually not just one, but an entire class of variational algorithms based on local op-
timizations of tensors in a MPS. The many variants on the algorithm rely on di�erent properties
of the Hamiltonians, boundary conditions, convergence rates, and approaches to handling local
minima [109, 113, 115, 115, 117, 118]. We will only brie�y explain the gist of how the algorithm
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works in a �nite closed boundary case. A very detailed account can be found in the review by
Schollwock [103].

Suppose we have a MPS representation of n qudits in a 1-dimensional chain, each repre-
senting a physical site, and some model Hamiltonian specifying mutual interactions (e.g. Ising
model). The DMRG algorithm works by locally optimizing the tensors of each site based on an
“e�ective Hamiltonian” acting locally, constructed by contracting the entire network. This can
be e�ciently performed by pre-computing and reusing partial contractions.

Figure 4.13 shows an illustrative example of a two-site DMRG procedure.

Figure 4.13: The basics of a 2-site DMRG algorithm, which �nds the ground state MPS of a
Hamiltonian as an MPO.

Typically, one starts with a randomized MPS in canonical form, with the starting position
being the orthogonality center.

In every step of the algorithm, two site tensors are contracted into a bond tensor B and the
rest of the network is contracted into an e�ective Hamiltonian He�. This signi�cantly reduces
the overall problem to a smaller scale, determined by the bond dimensions. A specialized eigen-
value algorithm (e.g. Lanczos, Davidson) is then used to �nd the eigenvector for the smallest
eigenvalue, which is Bmin.

This minimized tensor is split back using a SVD, and the matrix with singular values is
contracted towards the next site forward, leaving a unitary matrix behind. This e�ectively shifts
the orthogonality center one step forward, which keeps the representation e�cient.

The two tensors obtained are then updated in the original MPS, and the process repeats until
the edge is reached, where the direction is reversed and the process repeats in a new direction.
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Once the original starting point is reached, we have performed a single DMRG sweep. Sweeps
are repeated as many times as necessary for convergence within desired accuracy. For �rst and
second neighbor Hamiltonians and a 2-site DMRG, 3-5 sweeps is typically enough to obtain
precision down to 5 signi�cant �gures, which shows how fast the DMRG algorithm converges.

There are variants of DMRG which optimize one site at a time and are more memory and
computationally e�cient [103,116,117], but these are typically less numerically stable and often
get stuck in local minima. By optimizing two sites at the same time the algorithm ensures
there’s always enough local perturbations to get out of such local minima, at the cost of reduced
performance. In our work we have opted to use two-site DMRGs.
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Chapter 5

Entanglement witnesses
with tensor networks

“Science is what we understand well enough to explain to a computer.
Art is everything else we do.”

Donald Knuth

At the beginning we set out to solve a very daunting task, and in the �rst chapters we have
collected several tools that allow us to perform that task, provided we look at su�ciently small
systems and run computations for a su�ciently long time.

We have also seen that, through the use of tensor networks, we may tame the incomprehen-
sible vastness of Hilbert space by restricting our attention to a tiny neighborhood of states of
interest, which is exactly as large as we need it to be.

It is now time to gather all the tools we have collected thus far and use them on a few key
problems to see what we can achieve and what paths forward are revealed to us.

5.1 Software used

For implementing our algorithms we have made use of existing software and libraries, which
we will brie�y describe next.

ITensor

Most of the code was developed using C++. For handling the tensor networks, we have opted
to use the open source [119] C++ library ITensor [120] (“Intelligent Tensor” ). The library is quite
versatile and easy to use, and has many excellent features out of the box. More importantly,
ITensor o�ers a high level of abstraction for tensor operations.

The “Intelligent” in its name comes from the fact tensor indices and their numerical rep-
resentation are handled abstractly, so that tensor contractions and outer products can be per-
formed automatically by matching common indices. This signi�cantly reduces the mental e�ort
required to keep track of which elements to deal with.

ITensor also uses sparse tensors and specialized algorithms by default, which means there
are signi�cant automatic optimizations running in the back end. Overall, our experience with
this library has been excellent, and we recommend it to newcomers interested in using tensor
networks for their research.

Also of note, during the development of this research the present author has also contributed
to this software’s code base [121].
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MathWorks MATLAB and MOSEK

For computing SDPs and to explore the structure of entanglement witnesses, we have used
MOSEK [82] running under MATLAB.

Wolfram Mathematica

For data analysis, analytical computation of matrix operations and graph plotting.

5.2 The tensor network witness model

In many tensor network algorithms such as DMRG (section 4.8.1), we are given a MPO (e.g. the
interaction Hamiltonian for many particles) and we wish to optimize a state represented as a
MPS. Typically, we randomize an initial MPS which will be locally optimized to the ground state
for that Hamiltonian [87].

Our approach, however, is the opposite: we will be given the state as a MPS, which is �xed,
for which we want to optimize the (e�ective) MPO representing the witness.

Figure 5.1 shows the general tensor network model we will work on. The potential methods
for optimizing the individual Wi tensors (or their e�ective representation) is what will be our
focus.

Figure 5.1: The general tensor network witness model we will be using. The pure n-partite state
|Ψ〉 will be represented as a �xed MPS, which we mirror with complex conjugation (〈Ψ|) to
compute the contraction of the network obtaining the expectation value 〈Ψ |W |Ψ〉 = Tr[ρW ].
Our algorithms will attempt to �nd the optimal tensors Wi which minimize this value.

5.3 Why the negativity and decomposable witnesses?

In most traditional analyses of entanglement in large systems, including those using tensor net-
works, what it is typically done with a given (pure) state is to look at the reduced state for a
subset of systems1, discarding all others. Usually, one obtains the entanglement entropy (de�-
nition 38) for this reduced state, or in more careful analyses, optimize a witness for a subset of
subsystems [73,74,87,122]. It is not uncommon for authors to look at the entanglement entropy
between a single pair of subsystems while ignoring all the rest [123]. For pure states, it has
also been shown that single-particle reduced states can impose signi�cant constraints about the

1The subsystem is usually chosen to be a contiguous set of subsystems on the same length scale as the correlation
length.
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multi-partite entanglement structure of a large system [102] and even act a measure of global
entanglement when taken together [124–126], albeit in a non-discriminatory way [125].

In light of this, it is important to point out the di�erences and what bene�t, if any, our
approach o�ers by looking at the entire system at once using a decomposable witness.

The decomposable witness is particularly useful because while it can only detect NPT entan-
glement, all entangled pure states are of the NPT type [7,49]. Thus, for most practical purposes
which involve pure states this computable witness and the entanglement measure it provides
are su�cient, well-understood, and act as a solid initial �rst step.

To understand this more closely, we may look at small systems with exact solutions.

5.3.1 Representative entanglement states for 4 and 5 qubits

Our �rst task is to, at least qualitatively, discern the di�erent types of information which are
revealed by decomposable witnesses and the traditional approach of using the entanglement
entropy.

Ancilla + 3 qubits: Bell-W-GHZ hybrid state

Two important classes of states, available for any n-partite qubit system, are the GHZ and W
states. These completely symmetric states exhibit remarkable entanglement properties, and
form the only two distinct classes of entangled states for 3-qubits, as shown by Dür et al. [127].

The n-partite GHZ pure state [18] is de�ned as

|GHZn〉 =
1√
2

(
|0〉⊗n + |1〉⊗n

)
GHZ states are very useful because they feature genuine n-partite entanglement in any di-

mension, and are often de�ned to be2 the maximally-entangled states under various measures.
This means any measurement in any of its parts—performed by applying partial traces—destroys
all the entanglement in the state, leaving behind a fully separable state. The technique of mea-
suring entanglement entropy via reduced density matrices (de�nition 38) doesn’t quite work for
characterizing the detailed entanglement structure of the state, as any partial trace of any kind
leads to an identical maximally mixed state.

The n-partite W pure state [127] is de�ned as

|Wn〉 =
1√
n

(|10 · · · 0〉+ |01 · · · 0〉+ · · ·+ |0 · · · 10〉+ |0 · · · 01〉) .

W states are also remarkable for having genuine n-partite entanglement, but also genuine
k-partite entanglement for all k ≤ n upon tracing out n− k subsystems.

With these two states and a 2-dimensional ancilla we can create an odd type of 4-qubit
system, which we found useful to test some hypotheses. This is the following hybrid “Bell-W-
GHZ” state:

|BWG〉 =
1√
2

(|0〉 ⊗ |GHZ3〉+ |1〉 ⊗ |W3〉) , (5.1)

which is, in a sense, a mixture of a Bell state with the W and GHZ states acting as the second
system. This is a 4-qubit system, for which we may construct 24−1 − 1 = 7 bipartitions via
partial transposition. A useful way to enumerate the bipartitions is by writing a n-bit binary

2For n > 3, there is no uniquely de�ned notion of a maximally entangled state.
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string, using 1 for systems which are transposed and 0 for those that are not. In this way, our 7
bipartitions are given by the set

{0001, 0010, 0011, 0100, 0101, 0110, 0111},

where we note that inverting all the bits results in an equivalent bipartition due to (AT)T = A,
and the omission of 0000 and 1111 as they are not valid bipartitions (de�nition 24).

In principle, one can apply the same logic to the entanglement entropy by choosing which
systems to trace out (1) and which systems to leave behind (0). Most authors seem unconcerned
with this distinction3, but for the sake of comparative thoroughness we will make it.

Using the state ρ = |BWG〉〈BWG| as speci�ed in equation 5.1, we looked at the negativity
and entanglement entropy for all the 7 bipartitions. The results are shown below in �gure 5.1.

Partition S N
0001, 0010, 0100 0.97987... 0.49301...

0011, 0101, 0110 1.55459... 0.98410...

0111 1 1/2

Table 5.1: Entanglement entropy and negativity for the “Bell-W-GHZ” state. We see that both
detect the di�erent mixtures of entanglement similarly, both quantitatively and qualitatively,
which depends on the bipartition. Note: No direct comparison should be made between the two
numerical quantities, as these are non-commensurable measures. Values shown are obtained
analytically, but decimal approximations were used for clarity.

The results shown in table 5.1 suggest that a proper entanglement analysis should take into
account how the system is being partitioned, which is something inherent to our approach and
something which was already pointed out by others [124–126, 128]. In this case both measures
had similar results, but as we will see next, there are subtleties involved.

Here, it is interesting to note that the entanglement measured is related to how a bipartition,
whether by partial trace or transpose, separates two subsystems which are entangled. This
suggests that the typical approach of selecting a contiguous block of subsystems would obscure
information about the entanglement within that block, which turns out to be a crucial aspect of
these entanglement measures for our purposes. It is also one of the reasons why we have been
looking at alternative approaches as in section 5.4.2.

Ancilla + 4 qubits

As described by Verstraete et al. [129], entanglement in four qubits splits into nine di�erent
classes, as opposed to just two in the case for three qubits. Following the approach in the previ-
ous section, we now attach a 9-dimensional ancilla and assemble the following state:

|Ψ〉 =

8∑
i=0

|i〉 ⊗ |Ei〉 , (5.2)

where {|Ei〉} are the nine representative states as described in [129]4, where we assumed that
all the (arbitrary) complex weights a, b, c, d = 1. Comparative results are shown in �gure 5.2.

3We couldn’t �nd any speci�c discussion on why this is the case, as the existence of genuine multipartite entan-
glement suggests a more careful analysis is warranted.

4In order: Gabcd, Labc2 , La2b2 , Lab3 , La4 , La203⊕1
, L05⊕3

, L07⊕1
, and L03⊕103⊕1
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Figure 5.2: Entanglement entropy S and negativityN for an ancilla+4 qubits system, under dif-
ferent bipartitions. Points were joined with lines as a visual aid only. Here, we also see qualita-
tive similarities between the two measures for each partition, but the two measures seem more
or less sensitive to entanglement in di�erent partitions, which suggests they are not entirely
equivalent. Di�erent “�avors” of entanglement are detected more or less by the two measures.

A careful analysis of �gure 5.2 shows that there are roughly 3 classes of values being mea-
sured (low, medium and high), which correlate to the number of subsystems traced out or trans-
posed much more than their continuity, as predicted earlier. In other words, contiguous blocks
do not reveal the full picture. This is shown more clearly in �gure 5.3
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Figure 5.3: Same data as in �gure 5.2, but now with the partitions sorted by number of subsys-
tems traced out or transposed (number of 1’s). As before, lines are drawn only for visual aid in
qualitatively comparing the behavior of the two measures.
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5.3.2 Conclusions

This brief analysis shows that there is some detailed entanglement structure within even the
simplest states, for which measurement is sensitive to the way the system is partitioned. In
particular, the negativity has shown itself to be more sensitive to this structure–i.e. displays
larger relative changes–than the entanglement entropy via partial traces.

Since both operations are trivially performed under the tensor network formalism, it may
be bene�cial to look further into this detailed structure in the future.

5.4 Approaches and results

5.4.1 Optimal decomposable witnesses via projectors

As seen previously in section 3.2.4 (via de�nition 34 and theorem 7), we can construct an optimal
decomposable witness by �nding

Wd-opt =
∑
α

QTα
α , Qα � 0, for all partitions α

and then use it to compute Tr
[
ρWd-opt

]
. With the identity5 Tr

[
ABT

]
= Tr

[
ATB

]
and the

linearity of the trace, we can rewrite

Tr
[
ρWd-opt

]
= Tr

[
ρ
∑
α

QTα
α

]
=
∑
α

Tr
[
ρQTα

α

]
=
∑
α

Tr
[
ρTαQα

]
. (5.3)

In other words, we can exploit the NPT property of the state to obtainQα directly. To �gure out
how to do this, we rewrite ρTα in its spectral decomposition in terms of the eigenbasis {|Pα,j〉}
and eigenvalues λα,j in increasing order,

ρTα =
∑
j

λα,j |Pα,j〉〈Pα,j | , (where λα,j may be negative if ρ ∈ NPT )

such that each term in equation 5.3 becomes

Tr
[
ρTαQα

]
= Tr

∑
j

λα,j |Pα,j〉〈Pα,j |Qα

 =
∑
j

λα,j Tr[|Pα,j〉〈Pα,j |Qα] . (5.4)

From theorem 7, for this witness to be optimal we must keep only the terms such that〈
Pα,j

∣∣ ρTα ∣∣Pα,j〉 < 0,

which means we are looking only for the projectors |Pα,j〉〈Pα,j | that project to the negative
space of ρTα , that is, where λα,j < 0. Let us say there are mα such projectors. We may then
write Qα as

Qα =

mα∑
j=1

Qα,j =

mα∑
j=1

|Pα,j〉〈Pα,j | ,

so that, by orthogonality, the trace in equation 5.4 reduces to:
5Since the transpose is trace-preserving and cyclic, Tr

[
ABT

]
= Tr

[
(BAT)T

]
= Tr

[
BAT

]
= Tr

[
ATB

]
.
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Tr[|Pα,j〉〈Pα,j |Qα] =

{
1 j ≤ mα

0 j > mα

.

Finally, we obtain from equation 5.4:

Tr
[
ρTαQα

]
=

mα∑
j=1

λα,j = −N (ρTα),

which is merely the sum of the mα negative eigenvalues of ρTα . This relates directly to the
negativity with respect to the 2-partition α, as seen in section 3.3.3, with only a change of sign.

Therefore, our task is to �nd the mα vectors |Pα,j〉 for each 2-partition α. This is an op-
timization problem we can tackle with tensor networks. In fact, this task is mathematically
equivalent to a typical minimization problem to obtain the j-th lowest energy eigenstate |ψj〉 of
a HamiltonianH, except we have rewritten

H 7→ ρTα and |ψj〉 7→ |Pα,j〉 .

As we have seen from section 4.8.1, this is precisely what the DMRG algorithm is designed to
do. Therefore, we can optimize the projectors |Pα,j〉〈Pα,j | using a typical DMRG implementation,
provided we ensure the (j + 1)-th projector is orthogonal to the j-th one,

〈Pα,j+1 |Pα,j〉 = 0,

which is a common feature available from the minimum eigenvalue algorithms underlying DMRG,
typically used to �nd excited states [87].

We can look for such states |Pα,j〉 from the bottom up, stopping at the (mα + 1)-th which
results in

〈
Pα,mα+1

∣∣ ρTα ∣∣Pα,mα+1

〉
≥ 0. E�ectively, we will have at the end of this procedure

Wd-opt =
∑
α

QTα
α =

∑
α

mα∑
j=1

(|Pα,j〉〈Pα,j |)Tα . (5.5)

Naturally, we need not store these projectors in practice unless we wish to assemble Wd-opt
explicitly as a MPO (�gure 5.4). We may choose simply to keep track of the negative values of
λα,j obtained in the optimization process, which is all we need to �nd Tr

[
ρWd-opt

]
.
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Figure 5.4: Construction of a MPO term from a MPS. For each 2-partition α, we �nd all or-
thogonal eigenvectors |Pα,j〉 having negative eigenvalues. These are used to construct the j-th
projector term for a partition α’s contribution to the decomposable witness,Qα,j =

∣∣Pαj〉〈Pαj ∣∣.
The sum of all such terms for the partition gives us Qα, and the sum of these for all 2-partitions
gives us the optimal decomposable witness, as in theorem 7, described as a MPO.

This is, of course, a very brute force method to obtain Wd-opt and even Tr
[
ρWd-opt

]
, which

doesn’t seem very useful at �rst glance. But there is more here than meets the eye.
Our �rst reaction is to notice that there are too many partitions to check and that too many

runs of DMRG must be performed to obtain the projectors, which there may be many as well.
What’s the point of this ordeal, then?

It is true, the number of unique 2-partitionsαwhich need to be checked grows exponentially
as |{α}| = 2n−1 − 1, for a n-partite system 6. However, not all partitions are equivalent, and
di�erent heuristics will be available depending on the system 7.

One also may think that it would be better to use diagonalization algorithms for matrices and
compute the negative eigenvalues of ρTα directly. But this becomes intractable for even modest-
sized systems, as we have pointed out on sections 2.1 and 4.3.1. A mere n = 20 system already
requires diagonalization of a 1 048 576 × 1 048 576 matrix, which is completely unfeasible in
general 8.

Still, there are clearly alternative approaches to this problem and many possible venues for
optimization. We present it here only as a proof of concept for using tensor networks as means
to obtain entanglement witnesses, and a very �rst step towards that line of research.

Application to the Ising model ground state

We have applied this technique on the transverse Ising model with open boundary conditions,
which has well-known properties and is e�ciently handled by tensor networks and DMRG. We
chose a modest system with n = 16, which is trivial for tensor network algorithms but which
would already require a 65 536× 65 536 matrix and 32 767 2-partitions.

The Hamiltonian used was,
6Each system may or may not be transposed, so we have 2n possible subsets. However, Tr[ρW ] = Tr

[
(ρW )T

]
,

and thus we only need to check half of them. And �nally, we take one out to exclude the case where no system is
transposed.

7We presently have some interesting preliminary results in this front, based on a statistical analysis of the parti-
tions and projectors, which we hope to analyze fully in the next couple of months.

8For n = 20, a dense complex matrix would require 16 TB of storage.
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H = −
n−1∑
j=1

σzjσzj+1 − g
n∑
j=1

σxj , (5.6)

where σx, σz are Pauli matrices and we assumed ~ = 1. This system displays a phase-transition
in the thermodynamic limit at g = 1.0 [130, 131].

We sampled 21 uniformly-spaced states ranging from g ∈ [0, 2] in total, and from each we
sampled the same 10 random partitions. The algorithm took about 1 hour to run, obtaining all
the projectors of the 10 partitions in the process.

As seen in �gure 5.5, the negativity obtained by our method was capable of detecting the
known phase transition of the Ising model, which can also be easily detected by the two-particle
entanglement entropy. These results verify that our technique and algorithm work for entan-
glement detection, albeit still quite ine�ciently.

The negativity also seemed to be signi�cantly more sensitive to changes in the 0.0 ≤ g ≤ 0.6
range, which could be related to the sensitivity to di�erent bipartitions as shown in �gure 5.3.

Conclusion

While the entropy can be trivially obtained from any tensor network, compared to the negativity,
it is only a single number. And as have seen, the choice of subsystems to trace out matters, so
one should also have the same concerns about which bipartition to verify as with the negativity.

However, the amount of data our approach collects is much richer, as we obtain the nega-
tive projections and projectors for the state under every partition we verify. Our preliminary
results, along with known approaches to the genuine multipartite negativity [28, 73, 74] and
with known results for classifying pure states [102], suggest that this information could be used
to systematically unravel a detailed k-entanglement structure of general, large-scale quantum
states.

Since entanglement structures of large systems are still poorly understood [7,87,88,102,132–
134], such detailed surveys may prove valuable in the future. Further research is necessary in
this front and we have a few paths going forward.
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Figure 5.5: Entanglement entropy and negativity for the Ising model ground state at various
values for g, where the known phase transition around g = 1.0 can be observed. Due to the
small system, the transition appears to occur at g < 1.0. A system with n = 16 spins was
simulated as a tensor network using DMRG to obtain these results. The entanglement entropy
was obtained by analyzing a single site and its bond to a neighboring site. The negativity was
obtained by our tensor network algorithm averaging over 10 random 2-partitions, although all
of these 10 displayed similar results.
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5.4.2 Hybrid tensor network with SDP blocks

Another possibility is to unite the power of SDPs and tensor networks by embedding the SDP
algorithm within the local optimization for blocks in the tensor network. In this manner, it may
be possible to locally detect genuine k-partite entanglement directly, while still considering the
entire state.

While the general idea of mixing SDPs and tensor networks has been attempted before [74],
such attempts have been based on explicitly discarding the rest of the system and �nding the
witness for the resulting reduced state. Our approach is fundamentally di�erent, as we want to
abide by our goals of looking at entanglement on the entire state directly.

As a modest �rst step, we propose a procedure for detecting 3-entanglement locally on the
subset of three spins {i`, j`, k`} in the 3-partite `-th block in a chain of n = 3m spins (m =
2, 3, · · · ), as illustrated in �gure 5.6. A SDP which �nds the optimal fully decomposable witness
(de�nition 36) detecting genuine 3-entanglement is given by:

minimize: Tr[ρW ]

optimizing: W

subject to: 〈Ψi`j` |W |Ψi`j`〉 ≥ 0, 〈Ψi`k` |W |Ψi`k`〉 ≥ 0, 〈Ψj`k` |W |Ψj`k`〉 ≥ 0

Tr[W ] = 1.

Here, the three constraints for block-positiveness are included to ensure the witness is not
detecting 2-entanglement. If the result of this SDP is negative, then we can be certain our state
contains genuine 3-entanglement [40, 73, 135].

In order for this setup to be locally optimizable in a stable fashion W must have translation
symmetry, that is, allQ` must be equal. In practice, we may assume the optimization is iterative,
and the Q` are taken as the previous iteration while we currently optimize a new one.

These constraints may also be stated explicitly as

[R(`)]i`,i′`,j`,j
′
`

=
〈

Ψn\i`j`

∣∣∣ (Qum,v1i1,i′1,j1,j
′
1,k1,k

′
1
· · ·Qum−1,vm

im,i′m,jm,j
′
m,km,k

′
m

)
∣∣∣Ψn\i`j`

〉
� 0, (5.7)

with similar constraints for (i`, k`) and (j`, k`), that is, the matrix obtained by �xing a block `
and contracting its u, v bond indices must be positive with respect to states for all other spins
except i`, j`. This is a similar approach to the robust SDP described in section 3.5. The constraint
speci�ed in equation 5.7 can easily be incorporated into a typical SDP program, as it reduces to
a simple linear relation between elements of the MPS tensors and Q`.

Due to the cyclic nature of the witness and the iterative approach to the optimization, one
may write the constraint explicitly for the (t + 1)-th iteration by referring to the values of the
Q` tensors in the t-th iteration, that is, the tensor contraction in the constraint is with respect to
itself, and once the SDP converges this tensor is updated with the results. We would then move
to the next block and repeat the process until convergence is achieved. We also note that due
to translational symmetry, |u| = |v|, and thus, each Q` would consist of |u|2 SDP matrices for
each block. This may be a bottleneck for the technique which requires further study.
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Figure 5.6: A tensor network with entanglement witness blocks. EachQ` is a rank-8 tensor made
out of several local entanglement witnesses optimized by SDPs and local e�ective states. The
dotted line represents a cyclic bond between the �rst and last block, referring to the translational
symmetry of W . The state needs no such restriction.

Unfortunately, there are a few details that need to be sorted out at this time, and therefore
we have not implemented this algorithm yet.

5.4.3 Locally-optimized witness MPOs for GMN

We have also attempted to locally optimize the MPO tensors for a fully decomposable witness
(de�nition 36). This was, in fact, our original goal with our approach at inserting entanglement
witnesses within tensor networks, which turned out to be more di�cult than anticipated.

The idea was to optimize the witness MPO tensors locally, as is done with two-site DMRG on
the MPS tensors, while preserving block-positiveness. Our initial algorithm relied on a tensor
network adaptation of gradient descent and conjugate gradient descent methods to optimize the
two-site bond (MPO) tensor.

Complications

However, we soon realized this approach did not converge even for simple states, such as a
3-qubit W state.

We identi�ed that the issue arises because the local optimization process is incompatible
with the block-positiveness constraint imposed on the witness, since this is a global property.
Having to verify the global block-positiveness while performing local optimizations is already a
lost cause, in terms of e�ciency, so we have turned to looking into alternative and more re�ned
approaches to the problem.

Future

We have not given up on this approach, however, and we intend on carefully studying how to
best impose these types of constraints from within the tensor network formalism. This is still a
work in progress.

5.5 Conclusions

While our results so far were very modest, we have successfully identi�ed many of the caveats
and complications which may arise when one attempts to adapt known techniques into a tensor
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network formalism. We are con�dent that with a few more months of work we will be able to
re�ne our methods to something viable.

5.6 Future opportunities for research

Many alternative paths have been found on the course of our research. Naturally, we do not claim
that we will pursue or achieve all of them, but merely that these ideas have been presented and
set aside for further analysis. We will brie�y discuss them now.

5.6.1 Detailed k-entanglement survey of large pure states

Borrowing from many methods already used in the literature for characterizing multipartite
entanglement [124–126, 136, 137], it seems possible that the tensor network formalism may be
used to characterize the detailed k-entanglement structure of large, strongly-correlated systems.
This, however, is not related to entanglement witnesses directly.

5.6.2 Optimizing GMN witness MPOs via tensor networks

We are still pursuing our goal of creating an e�cient tensor network algorithm to apply block-
positiveness constraints during local optimizations. This would enable us to obtain the genuine
n-entanglement (not k < n) witness MPO directly via DMRG-like local optimizations.

5.6.3 SDP for tensor optimization

There are many opportunities for including semide�nite programming and other matrix opti-
mization algorithms as substeps in the optimization of tensor networks. Alternate tensor net-
work structures beyond MPS/MPO may be useful when incorporating such techniques.

5.6.4 Phase transitions

The most immediate and natural application of our present research is to study phase transitions
in large-scale spin-chains under di�erent physical models. By studying large-scale entanglement
structures in entire systems we may be able to uncover many novel physical properties which
so far have eluded us due to a lack of appropriate computational techniques.

5.6.5 MPO-MPO optimization for mixed states

The work presented here focused on pure states described in the Matrix Product State (MPS)
formalism. Such states are very commonly studied in large-scale numerical simulations and are
typically su�cient to applied quantum mechanics in condensed-matter physics.

On the more theoretical side, we hope to extend our techniques to general mixed states so
that we may begin to numerically explore the geometry of entanglement in higher-dimensional
Hilbert spaces, something which is completely out of the question today. This would require a
working methodology for MPO-MPO optimization.

5.6.6 SDPs via tensor networks

Since SDPs are linear convex optimization algorithms, we believe that there may be ways to
reinterpret and adapt the known algorithms to work entirely within a tensor network formalism.
If such endeavor is successful, it could pave way to an entire new �eld of research for large-scale
optimization of linear systems, with applications far beyond quantum information.
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5.6.7 Multiple dimensions

Our present research focused on 1-dimensional spin chains. While this is still a very active �eld
of research and a rich system to explore, we hope that our eventual techniques may be general-
ized to 2-dimensional and 3-dimensional systems, perhaps through PEPS and MERA represen-
tations of states [87].

5.6.8 Generalized NPT k-partite entanglement

Our present research relied heavily on the existence of NPT states and the Peres criterion (the-
orem 4).

This means the decomposable witnesses we have used in the present research are restricted
to classifying parts of composite systems into two groups, which means we are limited to what
2-partitions can reveal to us about certain systems.

The author is presently developing an unorthodox technique to generalize the Peres criterion
which may be able to tackle arbitrary k-partitions, and act as an useful operational technique to
detect entanglement in novel ways.
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