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1. Introduction

Let ¢ be a prime power and Fyn be the finite field with ¢™ elements, where n > 1. Any
map from Fyn to itself can be represented by a polynomial in Fy«[X]. Conversely, any
polynomial in Fg» [ X] induces a map from Fy» to itself. In this context, the F -linear maps
of Fyn correspond to the so called linearized polynomials L(X) = ZLD ;X7 a; € Fyn.
If a polynomial f(X) € Fgn[X] induces a permutation in Fgn, f(X) is a permutation
polynomial over Fyn. For many applications in coding theory [2] and cryptography [6],
it is interesting to find permutation polynomials over finite fields. For instance, in block
ciphers, permutations of binary fields are used as S-boxes to build a confusion layer in the
encryption process and the inverse of this permutation is used in the decryption process.
In order to avoid some problems like limited memory, it is interesting to use involutions
of binary fields, i.e., permutation polynomials f(X) € Fon[X] such that f~1(a) = f(a)
or, equivalently, f(f(a)) = a for any a € For. It f(x) is a permutation of Fgn, an element
a € Fyn is a fized point if f(a) = a. A random permutation in Fo» has O(1) fixed points,
while a random involution has 2"/2 + O(1) fixed points. Therefore, an involution with
more than O(1) fixed points can be distinguished from random permutations and so can
be attacked. In fact, as suggested in [1], good involutions should have no fixed points.
For more information on permutation polynomials, see Section 8 of [4].

In this paper, we introduce the class of the nilpotent linearized polynomials (NLP’s):
they are the linearized polynomials L(X) € Fgn[X] such that

LY(X)=0 (mod X7 — X)

for some ¢ > 2 and L(X) # 0 (mod X¢" — X), where L (X) denotes the ordinary poly-
nomial composition of L(X) with itself ¢ times. We study the existence and construction
of those polynomials, including explicit examples. We describe a method for constructing
permutation and complete permutation polynomials from those nilpotent polynomials
and, in some particular cases, we determine the compositional inverse map and describe
the cycle decomposition. This paper also includes explicit examples of involutions over
binary fields with no fixed points.

2. Existence and properties of NLP’s

Throughout this paper, F » denotes the finite field with ¢" elements, where ¢ is a
prime power and n > 1. For a nonzero element « in any extension of Fg, ord(«) denotes
the multiplicative order of a. Also, if Fgm C Fgn are finite extensions of Fy, we define
the trace function of Fyn over Fym as

n/m—1

Trgnjqm(a) := Z a?""
i=0
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n—im

The trace function is onto and, in fact, for each a € Fym, there exist g elements
B € Fyn such that Trym /em () = a.

A polynomial L(X) € Fyn [X] is linearized it L(X) = Zf:o a; X9 For instance, trace
functions are represented by linearized polynomials. If L(X) is linearized, L(z + y) =
L(z) + L(y) and L(az) = aL(z) for any a € F,; and y,z € Fgn, hence L(X) induces
an Fg-linear map of Fgn. Conversely, if {w1,...,wn} is any basis of Fgn over Fy, the
1)1»;, is invertible and, for an F,-linear map M of Fyn, L(X) =

- J—
n x n matrix D = (wf

Z?:_ol a; X7 is the linearized polynomial representation of M, where
T —1 T
(ag,...,an_l) =D (bljbn) s

b; = M(w;) and T denotes the transpose. This is a one-to-one correspondence between
the F-linear maps of Fyn and the linearized polynomials L(X) = S ¢, X9 € Fyn [X].

Remark 2.1. If L(X) = Zf:n ;X% € Fp[X] and k > n — 1, the F linear map
of Fy» induced by L(X) can be represented by another linearized polynomial of the
form Lo(X) = Z?:_ol b; X7 € Fyn[X]. In fact, Lo(X) is the reduction of L(X) modulo
X" — X. For this reason, we are mostly interested in the linearized polynomials of the
form 377 a; X9

Definition 2.2. If £ > 2 is an integer, L(X) € Fyn [X] is a t-nilpotent linearized polynomial
(t-NLP) over Fyn if L(X) is a linearized polynomial such that L(X) # 0 (mod X" —X)
and L(X) = 0 (mod X" — X). In other words, L{)(z) = 0 for any 2 € Fyn and
L(a) # 0 for some a € Fyn.

It follows from definition that L(X) is a +-NLP over F» if, and only if, its polynomial
reduction modulo X9 — X is a t-NLP over F4n. Moreover, any t-NLP is also a d-NLP
for any d > t.

If feFelX], Zf = {2z € Fgn | f(2) = 0} denotes the set of the roots of f in Fgn
and Vi = {f(2) |2 € Fgn} denotes the value set of f over Fgn. If L(X) is a linearized
polynomial over Fyx, the sets V}, and Z;, are Fy-vector spaces. In fact Vj, and Z;, are,
respectively, the image and the kernel of the Fg-linear map of Fy» induced by L.

The following theorem gives a necessary and sufficient condition for the existence of
t-NLP’s over F » with prescribed value set V.

Theorem 2.3. Let V C Fyn be any Fy-vector space. Then there exist an integert > 2 and
a t-NLP over Fyn such that V =V, if, and only if, V # {0}, Fyn.

Proof. Suppose that ¢t > 2 and L(X) is a {-NLP over Fg» such that V = Vi. We observe
that L(a) # 0 for some a € Fyn, hence Vi, # {0}. Since L®)(2) = 0 for any 2 € Fyn,
the Fy-linear map of Fyn induced by L(X) is not an isomorphism, hence Vi, # Fgn.
Conversely, suppose that V' # {0}, Fy» and let {wq, ..., wg} be any basis of V over F,,
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where 0 < k < n. Let wyy1,...,wy, be elements of Fyn such that {wq,...,w,} is a basis
of Fgn over Fy and let M be the Fy-linear map of Fy» defined as follows:

w1 if i=n
M(wi) =S wiq if 1<i<k-—1
0 it k<i<n-—1.

Since 0 < k < nand n > 1, M is well defined and a direct calculation shows that
Vi = Vand M*+Y (w;) = 0 for any 1 < i < n. Hence M*+1 () = 0 for any » € F,. and
M (wy) # 0. Then L(X), the linearized polynomial representation of M, is a (k+1)-NLP
over Fyn and satisfies Vo, = V. 0O

As it was noticed at the beginning of this section, for a given basis of Fy» over F,, the
construction of the linearized polynomial associated to a linear map requires only the
computation of the inverse of a matrix. In this context, the proof of Theorem 2.3 suggests
a computational method for constructing t-NLP’s with a given value set. However, we
can find explicit examples of such polynomials.

Example 2.4. Let Fgm C Fgn be finite extensions of Fg. If ¢ is an element of . such
that Trgn /qm (8) = 0, then Lg(X) := 6 - Trgn qm (X) is a 2-NLP over Fy» and its value
set over Fyn is given by 6 - Fym. In particular, if n/m is divisible by p = char(IF,),
L(X) = Trgnqm(X) is a 2-NLP over Fyn.

Example 2.5. Let m be any positive integer and n = 2m. If o and 3 are two elements in
Fyn such that a?” +a=0and 971 = 1, a direct calculation shows that Ly g(X) 1=
afX? + aX is a 2-NLP over Fn. The equations Y9 +Y = 0and Y711 = 1 have

%

o> respectively. Hence there are ¢" — 1 polynomials of

¢™ — 1 and ¢™ + 1 solutions in F
the form Ly s(X).

2.1. NLP’s in Fy[X]

Here we give a complete characterization of the ¢-NPL’s over Fg» such that their
coefficients lie in the base field, i.e., L(X) € F,[X]. First, we recall some concepts of the
theory of linearized polynomials. For more details, see Section 3.4 of [3].

Definition 2.6. If L1, Lo € Fyn[X] are linearized polynomials we define their symbolic
product by Ly @ Lo = Ly(L2(X)), which is a linearized polynomial.

A simple calculation shows that the symbolic product & is associative, distributive
with respect to the ordinary addition, but is not commutative. However, it L1, Lo € Fy[X]
it can be verified that L1 ® Lo = Lo ® Lq.
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Definition 2.7. Let L(X) = 3"_, a; X7 Fy»[X] be a linearized polynomial and [(X) =
3 _,ai X" The polynomials I(X) and L(X) are called g-associates of each other. More
specifically, [(X) is the conventional g-associate of L(X) and L(X) is the linearized
g-associate of [(X).

The following lemma shows an interesting property of the linearized polynomials with
coefficients in F,.

Lemma 2.8 (/3/, Lemma 3.59). Let Ly and Lo be linearized polynomials with conventional
q-associates 11 and lo, respectively. If the coefficients of L1 and Lo lie in the base field
F,. the polynomials | =11 - l2 and L = Ly ® Lo are g-associates.

We start with the following proposition.

Proposition 2.9. Suppose that g € F,[X] satisfies g(X + a) = g(X) for any a in Fyn.
Then there exists a polynomial R € Fy[X] such that g(X) = R(X9" — X). In particular,
if g is linearized, then so is R.

Proof. For the first statement, we proceed by induction on n = degg. If ¢ is a constant
then there is nothing to prove. Suppose that the statement is true for any polynomial of
degree at most k and let g € F;[X] a polynomial of degree k+1 satistying g( X +a) = g(X)
for any a € Fyn. We have g(0) = g(a) for any a € Fyn and so the polynomial g(X)—g(0)
has degree k£ + 1 > 0 and vanishes at any clement of Fy». In particular we have that

9(X) = g(0) = (X = X)G(X) (1)

for some non-zero polynomial G(X) € Fy[X]. Since g(X + a) — g(0) = g(X) — g(0)
and (X +a)?" — (X +a) = X9 — X for any a € Fyn, it follows from Eq. (1) that
G(X) = G(X +a) for any a € Fgn and deg G < degg. By the induction hypothesis,
G(X) = F(X7" —X) for some F € F,[X]. Therefore, g(X) = (X7 —X)F (X7 —X)+g(0)
and so g(X) = R(X?" — X), where R(X) = X - F(X) + g(0) € F[X].

For the second statement we observe that, if g is linearized, the equality g(X) =
R(X?" — X) vields:

n

bR(29" — 2) = bg(2) = g(bz) = R((b2)?" — bz) = R(b(29" — 2)) (2)
and
R —2)+Ry" —y)=g(2) +9(y) =g(z+y) =R:" —2+ " —y) (3

for any b € F; and y,2 € Fqn, where Fqn is the algebraic closure of Fy». In particular,
for any A, B € Fqn there exist elements Ay and By in Fqn such that A — Ay = A and
B¢ — By = B and then, from Eq. (2) and (3), we conclude that
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R(A+B)=R(A)+ R(B) and R(bA) = bR(A)

for any b € Fg and A, B € Fy». Hence R(X) induces an Fy-linear map 7' from Fyn to itself.
Set r = deg R and let s be a positive integer such that ¢® > r. If S(X) is the linearized
polynomial representation of 7" when restricted to Fys, then R(z) = S(z) for any 2 € Fg-
and deg R, deg S < ¢°. Therefore, R(X) = S(X) and so R(X) is linearized. 0O

The main result of this section is the following theorem.

Theorem 2.10. Let L(X) = Z::Dl a; X7 € F,[X] be a nonzero linearized polynomial and
I(X)= Z?:_ol a; X" its conventional q-associate. Then L(X) is a t-NLP over Fy» if, and
only if, X™ — 1 divides [(X)*. In particular, if n is not divisible by p, then for any t > 2
there do not exist t-NLP’s over F» with coefficients in F,.

Proof. Suppose that [(X)" = (X" — 1) - g(X) for some ¢g(X) € Fy[X] and ¢ > 2. From
Lemma 2.8, we have that

LOX)=LX)® - @ LX) = (X7 - 1) G(X)

?

where G(X) is the linearized g-associate to g(X). In particular G(X) is linearized and
then (X" — X)® G(X) is divisible by X9" — X. Therefore L(¥)(X) =0 (mod X" — X)
and, since deg L(X) < ¢" and L(X) is nonzero, we conclude that L(X) # 0 (mod X7" —
X). Hence L(X) is a t-NLP over Fyx.

Conversely, suppose that L(X) is a t-NLP over Fy» and set M(X) = L®(X). Since
M(X) € Fy[X] is linearized and vanishes at any point of Fn, it follows that M (X +a) =
M(X) + M(a) = M(X) for any a € Fgn. From Proposition 2.9 there is a linearized
polynomial R € Fy[X] such that M(X) = R(X? —X),ie., M(X) = R(X)® (X7 - X).
Therefore,

n

R(X)® (XT —X). (4)

LOX)=L(X)®--® LX)

~
t

Since R(X) € F,[X], from Lemma 2.8 and Eq. (4) we conclude that
(X)) = (X" - 1)r(X),

where r(X) is the conventional g-associate of R(X) and so [(X)" is divisible by X™ — 1.

Suppose that n is not divisible by p and there exist { > 2 and L(X) such that
L(X) € Fy[X] is a t-NLP over Fyn. In particular, if Lo(X) = Z;:Ol b; X" is the reduction
of L(X) modulo X" — X, then Lo(X) € Fy[X] is also a t-NLP over Fy» and so lp(X) =
S, b XY, the conventional g-associate of Lo(X), is such that lo(X)? is divisible by
X"™ — 1. However, since n is not divisible by p, the polynomial X™ — 1 has only simple
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roots and so we conclude that [y(X) is also divisible by X™ —1. Since ly(X) has degree at
most n.— 1, it follows that Ip(X) = 0, hence Lo(X) = 0 and so L(X) =0 (mod X" —X),
a contradiction. O

Theorem 2.10 suggests a method for the construction of t-NLP’s over Fy» in the case
when n is divisible by p.

Corollary 2.11. Let t > 2 be an integer, p = char(Fg=) and n = pSu, where ged(u,p) =1
and s > 1. Let r(X) € Fy[X] be any nonzero polynomial of degree at most v =n—1—
u- [iw and

3
i
LX) =r(X)(X"=1)l ¢
Then L, (X) € Fy[X], the linearized q-associate of 1, +(X), is a t-NLP over Fgn.

Proof. A direct calculation shows that ,(X)* is divisible by X — 1 and the degree of
I-(X) is at most n — 1. The result follows from Theorem 2.10. O

A simple investigation shows that v=n—1—u- };—S >0ifn=p°vandt > 2. The

following example is a particular case of Corollary 2.11 when »(X) = 1.

Example 2.12. Let p = char(Fy»), o € F; and n = p*u, where ged(u,p) = 1 and s > 1.
The polynomial

dp ¢

el ; d ui
L (X) =) :(1)dp,m( T)X@

i=0

is a t-NLP over Fy», where d,; = (ﬁ]
3. Constructing permutations via t-NLP’s

In this section, we present a method for constructing permutation polynomials over
F,~» which are the sum of two polynomials, one of them being a ¢-NLP. Recall that a
polynomial f(X) € Fyn[X] is a permutation polynomial over Fyn if the map ¢ — f(c)
induced by f(X) on Fgn is a permutation of Fgn. A permutation polynomial f(X) is
a complete permutation polynomial if f(X) + X is also a permutation polynomial. The
set G(¢") of the permutation polynomials over Fy» is a group under the polynomial
composition modulo X9" — X, and this group is isomorphic to the symmetric group Sgn
of permutations of ¢" symbols. The identity element of (G(g™), ) is the identity map
g(X) = X. For each f € G(¢g"™), O(f) denotes the order of f in the group (G(q"), ), i.e.,
O(f) =min{d > 0| fD(2) = 2,V2 € Fn }.
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The following theorem gives an interesting relation between the t-NLP’s and some
permutation and complete permutation polynomials.

Theorem 3.1. Let p = char(Fyn). Let L(X) be a t-NLP over Fyn and k(X) be any
linearized permutation polynomial over Fn such that, under the ordinary polynomial
composition, k(X) commutes with L(X), i.e.,

kolL(X)=Lok(X).
Suppose that s = O(k). The following hold:

a) L(X)+k(X) is also a permutation polynomial over Fy» and its compositional inverse
map is given by

t—1

> _(FD)ILOEETITIX)),

i=0

where k(O(X) = LO(X) = X and s — 1 — i is taken modulo s;
b) if k(X) is a complete permutation polynomial, then so is L(X) + k(X);
¢) O(L + k) divides lem(s, p©), where e = [log, t|;
d) ift =2 and ged(s,p) = 1, then O(L + k) = ps.

Proof. In the proof of this result and many others in this section we use the following
identity:

(L + k)®)(2) = LO(z) + k@®)(2)

for any z € Fgn and [ € N, which is the Frobenius identity in the case when L(X) and
E(X) are commuting linearized polynomials over Fgn.

a) We observe that:

(L+k)o (f(_l)iL(i)(k(31i)(z))) — til(_l)iL(iJrl)(k(sflfi)(z))_‘_

S LOUI(E) = (1 LOUI(E)) 1K) =042 =2
i=0

for any z € Fyn. In particular, L(X) + k(X) is a permutation over F» and its
compositional inverse is given by 31124 (—1)"L® (kG—1-0(X)).

b) If k(X) is a complete permutation polynomial, then K (X) = k(X)) + X is a permu-
tation polynomial. Additionally, item (a) shows that L(X) + k(X)) is a permutation

polynomial. One can verify that K o L(X) = L o K(X) and then, from item (a),
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it follows that K(X) + L(X) is a permutation polynomial, i.e., L(X) 4+ k(X) is a
complete permutation polynomial.

¢) Let v = O(L+k) and u = lem(s, p®), where e = [log, t]. We observe that p® > t and,
in particular, L") (2) = 0 for any 2 € Fyn. Since p = char(Fgn) and u is divisible by
p© and s, the following equality holds for any 2 € Fyn:

(L + k)(“)(z) = (L + k)(?"))(ﬂ/pe)(z) — (L(Pﬂ) + k(pe))(wp")(z) — k(“)(z) —

In particular, O(L + k) = v divides u.

d) Suppose that ¢ = 2 and ged(s, p) = 1. In particular, e = [log,t| = 1 and item (c)
shows that v = O(L + k) divides u = lem(s,p) = ps. Since L(?)(2) = 0, for any
2 € Fgn and d € N, we have the following equality:

(L + k) D (z) = dL(E“9V (2)) + kD (z).

This is a version of the Binomial Theorem in the in the case when L(X) and k(X)) are
commuting linearized polynomials over Fy» and L®)(2) = 0 for any 2 € Fyn. Since
ecd(s,p) =1, if v = O(L + k) is not divisible by p, v is a divisor of s. Therefore,

2= (L+ k)9 (2) = sLE“ D (2) + k¥ (2) = sL(E*V(2)) + 2

or, equivalently, sL(k©*=1(z)) = 0 for any z € Fgn. Since k7Y (2) is a permutation
polynomial over Fgn and s is not divisible by p, it follows that L(z) = 0 for any
z € Fyn, a contradiction with L(X) # 0 (mod X" — X). Hence, p divides v and so
v = psy for some sq. Therefore,

z=(L+ k.)(pSO)(z) — (L(p) T k(P))(SU)(z) — k(Pso)(z), 2 € Fyn.

Since the equality above holds for any z € Fyn, it follows that s = O(k) divides
psp = v. This shows that v is divisible by u = lem(s, p) = ps and, since v divides
u = ps we conclude that v =u =ps. O

In a particular case when k = X with v € F, we have the following corollary.

Corollary 3.2. Let L(X) be a t-NLP over Fyn, p = char(Fyn) and v be any element of
order s in the multiplicative group Fy. The following hold:

i) L(X)+~vX is a permutation polynomial over F,» and its compositional inverse map
v q
is given by

t—1

> ) EO(X);

i=0
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(i) if v # —1, L+ X is a complete permutation polynomial;
(ili) O(L +~X) divides p°s, where e = [log,t| and, fort =2, O(L +~+X) = ps.

Proof. Since vy € Fy, it follows that yX' is a permutation polynomial over Fy», commutes
with L(X) and satisfies O(yX) = ord(vy) = s. Additionally, if 7 is not —1, X is a com-
plete permutation polynomial. Finally, since ord(y) = s divides ¢ — 1, ged(s,p) = 1 and
lem(s, p?) = p? - s for any d € N. Now, the results follow directly from Theorem 3.1. 0

Example 3.3. Let n = 2m, let o and 3 be elements of F. such that a?" + o =0 and
39"+ = 1 and let v be any element of Fy3. From Example 2.5 and Corollary 3.2, the
polynomials

Lag~(X) = (X" +aX)++vX

are permutation polynomials over Fgn, O(Lqa 5,4) = p - ord(y) and the compositional
inverse map of Lq g~ (X) is given by:

FIX — 4 2(aBXT 4 aX).
From Corollary 2.11, we can construct a large class of permutation polynomials.

Corollary 3.4. Let t > 2 be an integer, p = char(Fy») and n = p*u, where ged(u,p) =1
and s > 1. Let r(X) € Fy[X] be any nonzero polynomial of degree at most v =n—1—
u - [ﬁw and

t

LX) = r(x)x - 1)lF ]

Also, let L(X) € Fo[X] be the linearized q-associate of I,(X) and «, 3 be elements of Fy,.
The polynomials

Lyap(X):=L(X)+ aTrgmq(X) + BX,

are permutation polynomials over Fgn. Morcover, for f # —1, Ly o 5(X) is a complete
permutation polynomial over Fyn.

Proof. Since n is divisible by p = char(Fgn) and o € Fy, a direct calculation shows that
the polynomial aTrgn /4(X) is a 2-NLP over Fy». From Corollary 3.2, aTrgn /4(X)+ X is
a permutation over Fgn and aTrgn /(X)) + X is also a complete permutation polynomial
in the case when § # —1. From Corollary 2.11, L,(X) is a t-NLP over Fg». But L, (X)
and aTryn,o(X) + X belong to Fy[X] and so these polynomials commute with each
other. Now we apply Theorem 3.1 to L = L(X) and k = aTrg /o(X) + X. O

In the notation of Corollary 3.4, we give explicit examples of permutation polynomials
of the type L, o g(X) over Fas and Fas; see Table 1.
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Table 1
Permutation polynomials L, 1 1 over Fas (t = 2) and L, 1,1 over Fg: (t = 3).

T(X) Lr.l,l(X) T(X) Lr,l.—l(X)
1 X324 X0 L Xt X2+ X 1 X% _x%®_X
X X324 X% 4+ x1 -1 X+ X
X+1 XL X1+ X X —X°
x? X104 x84 X2 -X -X3
X241 X% 4 X214 x X +1 — X9+ X3 X
X2+ X X8 X -1 —XY X34+ X
X2+ X +1 X —X 41 X*4+ X

-X -1 -X

3.1. Cycle decomposition

If F' is any function from a finite set S to itself, we can associate to it a directed graph
G(F,S) with vertex set S and edge set {(a, F'(a))}aes. The graph G(F,S) is defined as
the functional graph associated to F. It f(X) is a permutation polynomial over Fyn, the
graph Gy := G(f,F4») is decomposed into disjoint cycles; each cycle is isomorphic to a
cyclic graph. The vertex of Gy associated to a € Fy» belongs to a cycle of length d if, and
only if, d is the least positive integer such that f (d)(a) = a. Moreover, the number O(f)
previously defined is just the least common multiple of the cycle lengths in &'y, The cycle
decomposition of G¢ plays an important role in the theory of permutation polynomials.
In [5], the cycle decomposition of certain linearized permutation polynomials is given.

It L(X) and k(X) are linearized polynomials over Fgn as in Theorem 3.1, we know
that L(X) + k(X) is a permutation polynomial over Fyn. We ask if there is any relation
between the functional graphs Gy, and G . In the case when L(X) is a 2-NLP over Fgn,
the following theorem shows that the cycle lengths of G4 cannot be much larger than
the ones of Gy, and, with an additional condition on O(k), we can completely describe
the cycle decomposition of Gp4p from Gy.

Theorem 3.5. Let L be a 2-NLP over Fyn and let k be any linearized permutation polyno-
mial over Fyn such that ko L(X) = Lo k(X). Set s = O(k) and p = char(Fy»). Suppose
that the vertex associated to a € Fyn belongs to cycles of lengths mg and m!, in Gy, and
Gk, respectively. The following hold:

a) m,, divides lem(mg, p) and, if L(a) =0, then m, = m),;

a’
mg if L(a) =0,

b) if ged(s,p) = 1, then m), = { o ¥ L) '
Py otherwise.

Proof.

a) Let v = lem(mg,, p). We observe that

(L+ k)™ (2) = (L@ + k@HYO/P)(2) = kW) (), 2 € Fyn.
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Since m, divides v, it follows that £(*)(a) = a, hence (L + k)" (a) = a and so m/,
divides v. If L®(z) = 0, recall that (L + k) (2) = dk@D(L(z)) + kD (2) for any
d € N and z € F . Therefore, if L(a) = 0, (L + k) (a) = k(¥ (a). In particular,
ml = mg if L(a) = 0.

b) If L(a) = 0, item (a) shows that m, = m/. Suppose that L(a) # 0 and that m/, is
not divisible by p. It follows from item (a) that m/, divides m, and then

a=(L+k)"™)(a) = mL(E™Y(a)) + k™ (a) = mak" ="V (L(a)) + a,

hence mqk(ma=1(L(a)) = 0. Now, since ged(s,p) = 1 and m, divides s, it follows
that m, is not divisible by p, hence k(M==1(L(a)) = 0. Observe that k(M==1(X)
is a linearized permutation polynomial and so the only preimage of 0 € Fyn is the
element 0. Since L(a) # 0, it follows that the composition k(=1 (L(a)) is never
zero and so we get a contradiction. Hence, p divides m], and so there exists an integer
u such that m/, = pu. Therefore

a=(L+ k)(pu)(a) - (L(p) + k(p))(u)(a) — ou) (a),

and so m, divides pu. Since my is not divisible by p it follows that m, divides wu,
hence pm, divides pu = m/,. Item (a) shows that m], divides lem(mg,p) = pm, and
S0 Ml = pmg. O

In the case when k(X) =X for some vy € Ty, we can determine precisely the graphs

GL+k.

Corollary 3.6. Let L(X) be a 2-NLP over Fyn and v be an element of order s in the
multiplicative group ¥,. Then the functional graph Griyx has one cycle of length 1,
2L — q" — 2L

1
cycles of length s and cycles of length ps, where zp, = #71, is the number

of roots of L in Fyn. In part@'cula;“, if L1 and Lo are 2-NLP’s over Fy» and 1,72 € Ty,
the graphs G, 4+~,x and Gr,4,x have the same cycle decomposition (hence isomorphic)
if, and only if, zp, = zp, and ord(y1) = ord(y2).

Proof. For the first statement, notice that any nonzero element belongs to a cycle of
length s in G, x and the zero element is a fixed point. Since O(yX) = s and s divides
g—1, we have that ged(d, p) = 1 and now the result follows from item (b) of Theorem 3.5.
The second statement follows directly from the first. O

3.2. Involutions in binary fields
Here we are interested in the construction of involutions over binary fields with no

fixed points. Let ¢ be a power of 2 and L(X) be any 2-NLP over Fg». From Theorem 3.1,
we know that L(X) + X is a permutation polynomial over Fyr and it can be verified
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that L(X) + X is, in fact, an involution over Fgn. However, L(X) 4+ X has many fixed
points: the fixed points are the roots of L(X) over Fyn. The following proposition shows
how to eliminate those fixed points.

Proposition 3.7. Let Fyn be a finite field such that char(Fgn) = 2 and L(X) be any 2-NLP
over Fyn such that Vi, C Zy,. Then, for any a € Z, \ Vi, f(X) = L(X)+ X +a is an
involution over Fon with no fired points. Additionally, if dimr, Vi, < n/2, there exists an
element b e Z; \ V.

Proof. Since L(a) = 0 and char(Fgn) = 2, a direct calculation shows that f(X) =
L(X) + X + a is an involution over Fyn. If f(X) has a fixed point o € Fyn, then
f(a) = a and so L(a) = a, which is impossible since a ¢ V. Therefore, f(X) has no
fixed points.

Since L@ (2) = 0 for any 2z € Fyn, we have that Vi, € Zp. If dimp, Vo < n/2 then
dim]Fq Zi, =n— dim]Fq Vi > n/2 and so Vi, € Zi. In particular, there is some element
be Z,\V,. O

We have the following corollary.

Corollary 3.8. Let q be a power of 2 and let Fym and Fy» be finite extensions of Fy such
that Fgm C Fyn and m < n/2. If 0 is an element of Fyn such that Trgn qm (0) = 0, then
there exists an element o € Fyn such that Tryn jqm (o) = 0 and a ¢ 0-Fym. In particular,

n

m

FX)=0-Trgygm(X)+ X +a=0-Y XT+(0+1)X +a
i=1

is an involution over Fy» with no fived points.

Proof. In the notation of Proposition 3.7, take L(X) = 8- Tryn jgm (X). We observe that
L(X) is a 2-NLP over Fyn and Vi, = 0-Fym is an Fy-vector space of dimension m < n/2.
Now the result follows directly from Proposition 3.7. O

The corollary ahove suggests explicit constructions of involutions with no fixed points
which can be represented by sparse polynomials, i.e., polynomials with few nonzero coef-
ficients. For instance, let m be any positive integer and n = 4m. If f(X) is any irreducible
polynomial over Fy of degree n, then Fon = Fo[X]/(f(X)) = Fo[8], where f is the coset
of X in the quotient Fo[X]/(f(X)). Consider the following trace function:

Trgn jgm (X) = X2 + X2 4+ X" 4+ X,

A direct calculation shows that Tran jem (1) = Tran jom (827 +3) = 0. But if 827"+ € Fam,
it follows that [522"1 = 3, i.e., B € Foom. Therefore, Fon = Fa[] C Fa2m, a contradiction
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since n = 4m. In conclusion, 32" + 8 ¢ Faom and so, if we take a = 32" + B and § = 1
in Corollary 3.8, we have that

23171 22771

) =X2" + X277 £ X2 457 48

is an involution over Fon = Fy[f] with no fixed points.

Example 3.9, Let Fose = Fo[f3], where /3 is the coset of X in the quotient Fo[ X]/(f) and
F(X)=X%2 4+ X7 4 X3+ X + 1. The polynomial f(X) = X" + X2 4 X2 4 5% 4 3,
is an involution over Fos2 and has no fixed points.

4. Conclusions and future work

In this paper, we introduce the class of nilpotent linearized polynomials over finite
fields and give a partial characterization of such polynomials. We describe a method for
constructing permutations of finite fields from the nilpotent linearized polynomials and,
for some special permutations, we determine the cycle decomposition and the composi-
tional inverse map.

We present two further problems motivated by theoretical considerations.

Problem 4.1. Obtain a complete characterization of nilpotent linearized polynomials over
finite fields.

Problem 4.2. Obtain a generalization of Theorem 3.5 for t--NLP’s.
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