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Resumo

Este trabalho propoe uma nova familia de modelos geoestatisticos que possuem carac-
teristicas que nao podem ser adequadamente acomodadas por processos gaussianos tradi-
cionais. A familia é especificada hierarquicamente e combina a dindmica dimensional
infinita dos processos gaussianos com a de qualquer distribui¢cao continua multivariada.
Esta combinacao ¢é definida estocasticamente através de um processo de Poisson latente
e a nova familia é denominada Processo de Mistura Poisson-Gaussiana - POGAMP. En-
quanto a tentativa de definir um processo geoestatistico designando algumas distribuicoes
continuas arbitrarias como distribui¢oes de dimensao finita geralmente leva a processos
nao validos, o POGAMP pode ter suas distribuicoes de dimensao finita arbitrariamente
proximas a qualquer distribui¢ao continua e ainda ser uma processo valido. Sao forneci-
dos resultados formais para estabelecer sua existéncia e outras propriedades importantes,
como continuidade absoluta em relacao a uma medida de processo gaussiana. Além disso,
um algoritmo MCMC é cuidadosamente desenvolvido para realizar inferéncia Bayesiana
quando o POGAMP ¢ observado discretamente em algum dominio do espago. Simulagoes
sao realizadas para investigar empiricamente as propriedades de modelagem do POGAMP
e a eficiéncia do algoritmo MCMC. Finalmente, um conjunto de dados real é analisado

para ilustrar a aplicabilidade da metodologia proposta.

Palavras-chave: Caudas pesadas; MCMC; Assimetria; Processo de Poisson.



Abstract

This work proposes a novel family of geostatistical models to account for features that
cannot be properly accommodated by traditional Gaussian processes. The family is spec-
ified hierarchically and combines the infinite dimensional dynamics of Gaussian processes
to that of any multivariate continuous distribution. This combination is stochastically de-
fined through a latent Poisson process and the new family is called the Poisson-Gaussian
Mixture Process - POGAMP. Whilst the attempt of defining a geostatistical process by
assigning some arbitrary continuous distributions to be the finite-dimension distributions
usually leads to non-valid processes, the POGAMP can have its finite-dimensional distri-
butions to be arbitrarily close to any continuous distribution and still be a valid process.
Formal results to establish its existence and other important properties, such as absolute
continuity with respect to a Gaussian process measure are provided. Also, a MCMC algo-
rithm is carefully devised to perform Bayesian inference when the POGAMP is discretely
observed in some space domain. Simulations are performed to empirically investigate the
modelling properties of the POGAMP and the efficiency of the MCMC algorithm. Fi-
nally, a real dataset is analysed to illustrate the applicability of the proposed methodology.

Keywords: Heavy tails; MCMC; Skewness; Poisson process.
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Chapter 1

Introduction

Continuous spatial statistical modelling, referred to as geostatistics, is an appealing ap-
proach to explain the probabilistic dynamics of some response variable observed over
a continuous region (Zareifard and Khaledi, 2013). Spatial prediction is an important
problem in fields such as petroleum engineering, civil engineering, mining, geography,
geology, environmental, hydrology and climate studies (Dubrule, 1989; Hohn, 1998; Kim
and Mallick, 2004; Cressie, 2015; Bevilacqua et al., 2021). Geostatistical problems con-
sider a partial realization of an underlying random field indexed by locations that vary
continuously through a fixed region in space and focus on predicting values at unobserved
locations or regions. The underlying random field is often assumed to be a Gaussian
processes (GP) (Palacios and Steel, 2006). This assumption facilitates prediction and
provides some justification for the use of the spatial prediction. In particular, a GP is
completely characterized by its mean and covariance functions. A GP measure implies
that the joint distribution at any finite collection of locations is a multivariate normal.
The stability of the multivariate normal distribution under summation and conditioning
offers tractability and simplicity (Alodat and Al-Rawwash, 2009), besides having closure
under marginal and conditional distributions (Alodat and Al-Momani, 2014; Alodat and
AL-Rawwash, 2014; Zareifard et al., 2018).

The GP inherits, through its finite dimensional distributions, the aforementioned prop-
erties of the normal distribution, which serves as a strong and convenient candidate to
solve numerous problems and case studies in real life. Nevertheless, traditional methodolo-
gies that assume normality sometimes fail. In practice, the normality assumption might

not be appropriate to fit real data, especially in the presence of heavy tailed or skewed
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behaviors. A common way to model this type of data is assuming that the random field of
interest is the result of an unknown nonlinear transformation of a Gaussian random field.
Nevertheless, this approach has some potential weaknesses. It may not be suitable due to
the fact that the Gaussianity and the correlation in data are not invariant under trans-
formation. Thus, considering more general models, which include many of the existing
models as special cases, is a remedy for skewed data. The problem of modeling skewed
data has been a subject of interest in recent years. Therefore, the question whether mul-
tivariate skewed distributions can be consistently extended to random field modeling is
of interest for many spatial and spatio-temporal applications. The skew-normal distribu-
tion family extends the widely employed family of normal distributions by introducing a
skewing function, and shares many statistical properties of the normal distribution family.
Different families of multivariate skewed distributions have been proposed in the litera-
ture, for more information see Alodat and AL-Rawwash (2014), Azzalini and Valle (1996)
and Mahmoudian (2017).

Another alternative to handle non-Gaussian geostatistical processes is the use of copu-
las (Nelsen, 2007). These separate the marginal distributions from the dependence struc-
ture, making the construction of non-Gaussian fields somewhat trivial. Prates et al. (2015)
and Hughes (2015) explored the use of copulas for real data, while Bardossy (2006) first
used copulas to study groundwater quality from a geostatistical perspective. Later, other
works explored this direction (Bardossy and Li, 2008; Kazianka and Pilz, 2010, 2011),
however, they all relied upon a restricted set of copula families to model the spatial pro-
cess, because many copula computations are impracticable in high dimensions. Further,
selecting an appropriate copula is not a trivial task. Therefore, the pair-copula construc-
tion was suggested to allow for more copula families in geostatistical processes (Griler
et al., 2010; Gréler and Pebesma, 2011). Nevertheless, this approach does not allow for a
full likelihood inference.

The aim of this work is to propose a flexible family of geostatistical models that are able
to properly accommodate features such as positiveness, skewness, and heavy tails. That
is achieved by specifying a hierarchical model, through an augmented Poisson process
(PP), that assumes any continuous joint distribution (in a wide class of distribution) for
the process in a random finite collection of locations. Another advantage of this model

is that the conditional measure of its infinite-dimensional remainder is a GP itself. This
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feature ought to facilitate the computation in simulation and inference contexts. Inspired
by its particular hierarchical structure, the proposed family is called the Poisson-Gaussian
Mixture Process - POGAMP.

Another major advantage of the POGAMP is that its existence is guaranteed, despite
the distribution chosen for the process at the random finite collection of locations. Its
construction allows the use of scalable Gaussian methods to make inference for massive
datasets feasiable.

Attempts to naively specify a process by directly assigning arbitrary distributions to
the finite-dimensional distributions often lead to misspecified process, i.e., it does not de-
fine a probability measure for the infinite-dimensional process. For example, Mahmoudian
(2018) showed that several Skew Gaussian Random Fields considered in the literature are
ill-defined according to the Kolmogorov existence theorem (KET).

Genton and Zhang (2012) showed that a spatial random field with a multivariate skew-
normal joint distribution as defined by Azzalini and Valle (1996) cannot be identified
correctly with probability 1 by a single realization, even if the number of spatial locations
increases to infinity. They propose a simple remedy considering the modification presented
by Zhang and El-Shaarawi (2010). However, the finite-dimensional distribution of this
process is not the multivariate skew-normal distribution of Azzalini and Valle (1996).
Uribe-Opazo et al. (2021) discuss aspects of identification and robustness of maximum
likelihood estimators.

Proposing a valid process is not a trivial task. Furthermore, strategies to establish the
existence of the process may compromise its modelling capabilities. Palacios and Steel
(2006) proposed a stochastic process satisfying Kolmogorov’s conditions, called Gaussian-
log-Gaussian model, which is based on a log-Gaussian mixing process, where the t-process
is a special case. In this spatial model, however, the scale mixing introduces a potential
problem with the continuity of the resulting random field. This discontinuity essentially
derives from the fact that two separate locations, no matter how close, are assigned
independent mixing variables.

Allard and Naveau (2007) proposed a process through the Closed-Skew Normal distri-
bution, CSN,, ,(p, 3,1,,,0, ), but the marginal distribution from this process depends
on the scale matrix 3 and dimension n and is, therefore, ill-defined. Hosseini et al. (2011)

developed a new process through C'SN,,;(u, X, 1,X7Y2,0,1) but, even with parameter
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constraints, the process is ill-defined, since it leads to a dimensional dependent marginal.

In order to make it a valid process, Mahmoudian (2018) proposed a reparametrization by

»-12 0 I, |. Note that several restrictions have

A
> -
l-‘l’v ) 1+)\2 7’1+)\2

been applied in order to make the process valid, such as setting the penultimate parameter

setting CSN,, .,

to zero.

Zareifard and Khaledi (2013) used a similar approach to define a valid process us-
ing the Unified skew-normal (SUN) distribution, SUN,, (@, X, A, v, T) (Arellano-Valle
and Azzalini, 2006). The authors considered a d-representation of the SUN distribu-
tion, such that SUN,,,,(0,w*H,wéH,0, H), but Mahmoudian (2018) showed that the
finite-dimensional distributions of this process depends on the dimension and unrelated
parameters. As result, the process does not satisfy the marginal consistency condi-
tion. In order to establish its validity, parameter constraints are considered, leading
to SUN,,m(p, w?H,6HY?,0,1,), where ¥ = w?H. Also, Mahmoudian (2017) proposed
a Skew-Gaussian Process for which the existence depends on specifying a Skew-Gaussian
distribution family that is closed under marginalization and has symmetry under permu-
tation and consistency.

Another non-Gaussian process was proposed by Bevilacqua et al. (2021). The authors
formulated a stationary process with Student-¢ marginals obtained through scale mix-
ing of a Gaussian process with an inverse square root process having Gamma marginals.
They propose the method of weighted pairwise likelihood for the ¢ process estimation,
since they only have the closed form for the Student-¢ distribution in the bivariate case.
Furthermore, the t process is well-defined only for degrees of freedom parameter v in
{3,4,...} and for v > 2 under non-infinite divisibility of G* (standard GP). The authors
also propose a Skew-t process, but they do not perform any inference study since the
bivariate distribution in this case is complicated. Tagle et al. (2020) proposed a spatial
Skew-t model that relies on a partition of the spatial domain, where a common latent pro-
cess across each region of the partition is assumed and estimated, through approximated
inference. Their model has discontinuities at the boundaries and assumes conditional
independence among points for different regions.

Recently, new directions continue to appear as alternatives to model non-Gaussian
data. For example, Wang et al. (2019) overcame the traditional linearity assumption of

kriging by using neural networks, while Zheng et al. (2021) combined copulas with scalable
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Gaussian processes to handle massive non-Gaussian data.

The literature review on non-Gaussian geostatistical processes presented above mo-
tivates the development of a process that can depart from Gaussianity and still have
considerable freedom to define the desirable finite-dimensional distributions. This is the
main contribution offered by the POGAMP from a modelling perspective. Its unified
approach allows the definition of a valid process whose finite-dimensional distributions
can be arbitrarily similar to any valid continuous distribution. Some appealing choices
are: Skew-normal, Student-t, Skew-t, Gamma.

From an inference perspective, this thesis offers contribution to the literature by
proposing a not trivial MCMC algorithm to perform Bayesian inference, based on the
observation of a POGAMP in a finite collection of locations, in a compact domain S,
typically in R?2. The algorithm consists of an infinite-dimensional Markov chain that
converges to the posterior distribution of all the unknown quantities of the model. The
infinite-dimensionality of the chain is due to the same property of the POGAMP and
requires the use of non-standard simulation techniques and MCMC updates to devise
a valid, exact and efficient MCMC algorithm. The term ’exact’ refers to the property
that the limiting distribution of the MCMC chain is the exact (infinite-dimensional) tar-
get posterior distribution. In particular, exact simulation of infinite-dimensional Markov
chains is achieved by a neat simulation technique called retrospective sampling.

This thesis is organized as follows. Chapter 2 presents the POGAMP, establishes
its existence and provides results related to some of its important properties. Chapter
3 presents the MCMC algorithm to perform Bayesian inference for discretely observed
POGAMPs. Simulated studies is performed in order to investigate the behavior of the
models, its flexibility and several properties; the efficiency of the MCMC algorithm is
investigated in simulated examples; and the applicability of the proposed methodology
through the analysis of a real datasets are presented in Chapter 4. Finally, some final

remarks and directions for future work are presented in Chapter 5.



16

Chapter 2

A novel family of geostatistical models

2.1 The Poisson-Gaussian Mixture Process

The Poisson-Gaussian Mixture Process is hierarchically defined through conditional and
marginal measures. This not only allows for a tractable way to define the model, but
also gives good intuition about its dynamics and a clear interpretation of its components.
The definition of a joint probability measure using a decomposition into conditional and
marginal measures, however, does not guarantee the existence of the former. The existence
of the joint measure needs to be established in order to yield the existence of the marginal
geostatistical process of interest. The formal definition of the POGAMP is provided below
in Definition 2.2 and its existence is established in Theorem 2.1 and Corollary 2.1. Before
defining the POGAMP, we present the definition of Gaussian processes.

A Gaussian process (GP) is an uncountable collection of r.v.’s for which the joint

distribution of any finite collection of those variable is a multivariate Normal distribution.

Definition 2.1. A Gaussian process Y is a stochastic process in some space S € R® such

that, Y n > 1 and (s1,...,8,) € S™, we have that

(Y(s1),..-,Y(sn)) ~ Np(p(81, -+, 8n), 2(81, -+, Sn)),

where p(sy,...,8,) € R and X(sy,...,s,) is a valid covariance matriz.
If i is a constant vector and cov(Y (s;), Y (s;)) = 0%,V i, and cov(Y (s;),Y (s;)) = o2p(|s;—

s;|), Vi # j, the Gaussian process is called stationary and isotropic.

The main contribution of this thesis lies on the proposal of the POGAMP process

defined in Definition 2.2 below and on the establishment of its existence. In the course of
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this chapter, some important properties of the POGAMP are presented and the theoretical

and practical implications of those properties are discussed.

Definition 2.2. The Poisson-Gaussian Mixture Process - POGAMP. Let (Y, N),
for Y = {Y(s),s € S « R?}, be a coordinate process on (¥ x N,B(Y) ® B(N)), where
® 1s the tensor product of algebras, Y is the Banach space of continuous functions in S
(a compact set) and B(Y) is the Borel o-algebra generated by the open sets of Y in the
strong topology. N is the locally compact separable metric space of point patterns in S,
such that no two points are in the same location and the number of points is finite, with
o-algebra B(N'). Define P as a candidate probability measure on (Y x N, B(Y) ® B(N))
under which the coordinate process (Y, N) is such that:

i) N is a Poisson process on S with non-negative intensity function X := {\(s),s € S}
and define its [N | events as Sy 1= {51,..., 5N}/

i) conditional on N, Yy := (Y(51),...,Y(5n])) has Lebesgue probability density function
(pdf) fn, such that fx is continuous on (Sy,Yy) € (SW x V), where Yy is the support
of fn;

iii) conditional on (N,Yy), Y is a Gaussian Process with mean p and covariance function

Y.

The spatial process Y is defined hierarchically through the augmented Poisson process
N. Conditional on its existence, the former is considerably general and flexible, given the
flexibility to specify the density fy and the intensity function A. The Gaussian process
in 727 is called the base GP.

We shall define each model in this family based on the choice of the class of distribu-
tions f that defines fy for each possible value of N. For example, one may consider f to
be a multivariate Skew-t distribution with isotropic covariance function.

The components N and f have clear purposes in the definition of the POGAMP. The
distribution f should have the features desired for the finite dimensional distributions
of the Y process that, in particular, are not featured by the normal distribution; for
example, skewness and heavy tails. Process IV stochastically defines how close the finite
dimensional distributions (fdd) of Y should be to f and how this similarity should vary
across the region S. Intuitively, the fdd’s of Y are some sort of mixture between f and a
normal distribution and the intensity function A regulates the “weight" of each of the two

distributions in the mixture, which may vary continuously across S. This means that, for
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a smaller \, Y gets closer to the GP characteristics, however, as A increases, Y gets closer
to the f characteristics.

Finally, note that the definition of the POGAMP can be extended for S < R?, d € N.
Nevertheless we will focus on the case d = 2, as this is the case in most of the geostatistical

applications.

Theorem 2.1. Existence of the POGAMP. Suppose that N is a homogeneous Poisson
process with rate A > 0. Then, P, as defined in Definition 2.2, is a probability measure

on (¥ x N, B(Y) ® B(N)), which implies that Y (under P) is a valid stochastic process.

The existence of the process ¥ when N is a non-homogeneous Poisson process is

established by the following corollary.

Corollary 2.1. P as defined in Definition 2.2 is a probability measure on (¥ x N', B(Y)®
B(N)).

In order to prove Theorem 2.1, we present the following Lemma.

Lemma 2.1. Let (Qq, F1, p11) be a probability space such that, for each wy € €y, there exists
a probability measure (., on (Qa, F2). Consider the joint measurable space (€2, 0(F)),

where = Oy x Qo and F = F, X Fo, and suppose that
ga(wr) = J Lf(wr wo)ea] @20, (w2), is Fi-measurable, YA € F.
Q2
Then, there ezists a probability measure p on (2, 0(F)) that satisfies

/L(A) = J J l[(w17w2)e,4]d/1127w1 (wg)d,ul (wl), VAe f, w1 € Ql and Wo € QQ,
o Ja,
and p is called the joint measure.

Lemma 2.1 provides the conditions required for the pair composed of a marginal and a
conditional probability measures to define a valid joint probability measure. The Lemma
considers a general framework, unlike the versions found in the literature which only
consider finite-dimensional real measurable spaces. The proofs of Lemma 2.1, Theorem
2.1 and Corollary 2.1 are presented in Appendix A.

Let G be the probability measure on (Y x N, B()Y) ® B(N)) that differs from P on
the distribution of N and (Yx|N) such that, under G, N is a unit rate homogeneous PP

on S and (Yx|N) has the normal distribution induced by the same Gaussian process that
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defines the measure of Y'Yy under P. We shall refer to the process (Y, N) under G as the
augmented GP, since the induced marginal measure of Y is the base GP from Definition

2.2,

Corollary 2.2. Consider the probability measures P and G as previously defined in Defi-
nition 2.2. Then P is absolutely continuous with respect to (w.r.t.) G with Radon-Nikodym

derivative given by —(Yx), where g is the respective density under G.
g

The Corollary 2.2 has important consequences, such as its base GP almost surely (a.s.)
convergence implies POGAMP a.s. convergence. Therefore, interesting features of the
GP are inherited, such as the continuity and differentiability of the generated surfaces.
Another important consequence of this Corollary is its implications for the derivation and

validity of the MCMC algorithm to be proposed in the next chapter.

Corollary 2.3. The Kullback Lieber divergence between the POGAMP and the augmented
GP, when the N is a homogeneous PP, is given by

0

B f
Dki(P | G) =), ——— L L log (YN) F(Yn)dYndSy

N=0

The proofs of the corollaries 2.2 and 2.3 are given in Appendix A.

As mentioned before, one of the main advantages of the POGAMP is that its finite-
dimensional distributions inherit the characteristics of some chosen class of multivariate
distribution f and is a valid process under some very mild conditions. This idea is formally

described in the following two results.

Theorem 2.2. Consider a monotonic sequence of positive real numbers {\,}_, such
that A\, 1 o0 and a set of any r locations in S, for r € N. Let Y, , be a sequence of the
POGAMPs at those r locations such that, for each n € N, the rate of the PP N of the n-th
POGAMP is \,. Then, Y, , 4, Yi,r, where Yy, is a r-dimensional random variable

with distribution f at the r specified locations.

Corollary 2.4. Suppose that, for a given class of multivariate distributions f, the stochas-
tic process Y with finite-dimensional distributions defined by f exists. Then, the POGAMP
Y,., with rate A, 1 o0, is such that 'Y, 4y, Conversely, if f does not define a valid

process, there exists no limit for the sequence Y.
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Note that, in the cases that f defines a valid process, the POGAMP can get arbitrarily
close to this by increasing the rate A, with the advantage of having the tractability of the
Gaussian measure. Furthermore, even if f does not define a valid process, the POGAMP
can still have f.d.d.’s arbitrarily close f. In particular, the POGAMP allows us to perform

valid likelihood-based inference, given that its existence has been proved.

Example 1. Suppose that we are interested in proposing a process that has the charac-
teristics of the Skew-t distribution, that is, we want any finite-dimensional distribution to
be similar to a multivariate skew-t. Therefore, one way to obtain such a process taking

advantage of the POGAMP would be to define f as the desired Skew-t. Consider, for

example, the following two scenarios.

e [f the PP has a considerably small X, which results in a small number of points of

|N|, the resulting process will be similar to the base GP.

e However, if we define a sufficiently large \, which results in a large number of points

of |N|, the finite-dimensional distributions of the resulting POGAMP will be similar
to f.

The Skew-t case will be considered as an example in Chapter 4 to illustrate the defi-

nition of the POGAMP. In particular, we shall consider different values of .

2.2 The marginal POGAMP Y

We now explore the marginal distribution of Y at a finite collection of locations s =
{s1,...,8.}, defined as Y,. Under the POGAMP measure, we have that (Y, | Yy, Sy) has

the multivariate normal distribution induced by the base GP.
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Defining A\g = Ss s)ds, the marginal Lebesgue density of Y, is given by

p(Y) = j p(N, Yy, Y;) dP (N, Yy) = j (N1, Sy, Yy, Y.) dP (IN], Sy, Vi)

= JP(|N|)P(SN L INDf(Yn | Sn, IN)p(YeYn, Sn)dP (|N], Sn, Y) (2.1)
—/\S IN\

= S s 1 [ 50 N0 | ¥ S

|N‘ o N \ IN| RINI

\N|

o« Z N' J p(Sy | |N|)J FYn | Sny INDp(Y; | Y, Sy )dYndSy

|N|=0 ’ ’ SIN| RINI
= Z \N|' qmg *(Ys [NY), (2.2)

IN|=0

where
g Ym N g(Y; [N
g+ (Y [N]) = ( ! DdY _ 9(Yes] |)’
S 9( g C|N|

g(Ye;INJ|) = Jl ‘p(SN | IN]) | ‘f(YN | S, N)p(Y; | Y, Sy)dYydSy.
SIN RIN

Note that p(Y, | Y, Sy) is a normal distribution induced by the base GP. If N is a
homogeneous PP, we have that A¢ = Au(S), where A is the rate and p(S) is the area
of S, and (Sx | |N|) are |N| iid Uniform rv’s on S. If N is an inhomogeneous PP,

p(Sn | IN|) = ]_[‘]Ml I ’\/\(S; 5+ Finally, note that the marginal density of Y, is typically

intractable.

2.3 Symmetry of the POGAMP

We now state an interesting property regarding symmetry of the POGAMP. First, we

consider the following definitions.

Definition 2.3. Symmetry w.r.t. S. Suppose that S is symmetric and let s and s’ be
two sets of k locations in S, for any k € IN. We say that s and s’ are symmetric w.r.t. S
if there exists a rotation of R? that does not change S and under which s in the rotated

space is equal to s’ in the non-rotated one.

Definition 2.4. Symmetry w.r.t. N. Suppose that S is symmetric and let s and s’ be
two sets of k locations in S, for any k € IN. We say that s and s’ are symmetric w.r.t.
the Poisson process N if p(s) = p(s'), under the probability measure of N, where p is the

density of N w.r.t. some dominating measure.
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We shall refer to sets that are symmetric w.r.t S and N as doubly symmetric.

Proposition 2.1. Suppose that f is stationary and S is symmetric. Then, for any two
sets s and s’ in S that are doubly symmetric, we have that Y (s) 4 Y (s'), under the

POGAMP measure.

The proof of the Proposition 2.1 is presented in Appendix A.

We now present three examples of the symmetry property of the POGAMP. In Figure
2.1a, N is a homogeneous PP and the four sets of points defined by the different colours
are doubly symmetric between themselves, note that the space is symmetrical since the
four datasets have identical distances, furthermore the four sets are under the same rate
of PP A. In Figure 2.1b, the PP N is piecewise constant. The blue and red sets are
doubly symmetric (under the PP rate \;) and so are the black and green ones (under the
PP rate Ay). In Figure 2.1c, the PP rate is proportional to a bivariate normal density
function with symmetry at the centroid. In this case, the four sets of points defined by
the different colours are doubly symmetric between themselves, as in the first case, since

all sets are under the same value of A (\s5).

2.4 Covariance function of Y

We now express the covariance function of Y for the general POGAMP and for the
particular (and appealing) case where the base GP and the f distribution have the same

covariance function.

Proposition 2.2. Let s; and sy be two arbitrary locations in S and define s; as the i-th
location from N. Now let ¥;n be the row vector of the covariances between Y (s;) and
Y (s;) under the base GP, for j =1,...,N, fori = 1,2, and let ¥ny s be the covariance

matrix of Yn under the f distribution. Then,
Cov(Y7,Ys) = E[Cov(Y1, Ya|YN)] + E[SinEn N Evn. r(Sanv ) - (2.3)

If, additionally, the covariance function is the same under the base GP and f, we have
that
Cov(Y1,Ys) = p(s1, s2) (2.4)

where p(s1, $2) is the covariance of (Y (s1),Y (s2)) under the base GP.
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Figure 2.1: Symmetry examples of the POGAMP for different \’s
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The proof of the Proposition 2.2 is presented in Appendix A.

The second result in Proposition 2 has important practical implications as it provides
a tractably analytical representation of the covariance function of the POGAMP, allowing
for a clear interpretation of this.

This chapter presented a detailed presentation of the POGAMP theoretical results.
The results that were presented and proved are of extreme importance to the work, as
they guarantee the existence of a highly flexible process, allowing the user to choose any
pdf that has the desired characteristics for the process. That is, if one wants to model
data that have heavy tail characteristics, one can define a student-t as the f (with the
desired degree of freedom) for the POGAMP, and thus have a process where any finite
collection of points observed will have the characteristics of this chosen f. Note that the
flexibility presented here is not limited to the heavy tail or skewness, but to any desired
characteristic, depending only on the choice of f and how much POGAMP will approach
it, depending on the intensity of A of the PP .

The following chapter will present the MCMC developed to perform inference on
POGAMP model.
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Chapter 3

MCMC

Bayesian methods provide a complete paradigm for statistical inference under uncertainty.
The Bayesian paradigm is based on an interpretation of probability as a rational condi-
tional measure of uncertainty, there are several references that address this topic more
widely (see Robert, 2007).

The development of Bayesian Statistics is centered around the development of com-
putational methods, required to perform inference under the Bayesian paradigm. In
particular, Markov chain Monte Carlo (MCMC) has become the workhorse of Bayesian
inference in most cases where analytical tractability is unfeasible. MCMC algorithms are
based on the construction of Markov chains which have a posterior distribution as its
limiting distribution. The most popular MCMC algorithms are the Gibbs Samplings and
the Metropolis-Hastings. These are quite general and flexible and provide straightforward
efficient solutions in many cases.

The Gibbs sampling, introduced by Geman and Geman (1993) and Gelfand and Smith
(1990) in a statistical context, is an extremely useful tool in solving problems involving
the estimation of more than one parameter. It is based on a Markov chain that is updated
using the full conditional distributions of the coordinates of the chains. The algorithm
offers great flexibility in terms of coordinates blocking and update schemes. For details,
see Gamerman and Lopes (2006).

When it is not possible to sample directly from the full conditional distribution of
a block in the Gibbs sampling, the Metropolis-Hastings algorithm is a good alternative.
The algorithm proposes a move from a suitably chosen proposal distribution and accepts

it with a probability that preserves the detailed balance property. Gaussian random
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walks are generally suitable to be used as proposal distributions. Optimal tuning results
(Roberts et al., 1997) suggest that the variance of the random walk proposal should vary
from around 0.44 (for unidimensional updates) to around 0.234 (for high dimensions -
> 5).

Performing statistical inference for infinite-dimensional models - when the dimension
of the unknown quantities of the model (parameters and latent variables) is infinitely
uncountable, is a highly complex problem. For many years, solutions had to rely on
discrete (finite-dimensional) approximations of those quantities. This naturally represents
a significant source of error in the analysis and this error is typically hard to be measured
and/or controlled. The advances in computational methods, specially Monte Carlo under
a Bayesian approach, have brought a new perspective to deal with infinite-dimensional
problems by allowing for an analysis where no discretization error is involved, only Monte
Carlo one. The latter is much simpler to quantify and control, resulting in more precise
and computationally efficient analyses.

Exact inference solutions for infinite-dimensional problems are possible mainly due to
a neat simulation technique called retrospective sampling. It basically allows to deal with
infinite-dimensional random variables by unveiling only a finite-dimensional representation
of this which has two main properties: i) it is enough to know its value in order to execute
the steps of the algorithm in context, for example, MCMC; ii) any finite-dimensional part
of the infinite-dimensional remainder of that r.v. can be simulated conditional on it. The
idea of retrospective sampling in the context of simulation of infinite-dimensional r.v.’s
was introduced in Beskos and Roberts (2005) to perform exact simulation of diffusion
paths. It was later used in a statistical context in several works (see, for example, Beskos
et al. (2006) and Gongalves and Gamerman (2018)).

This thesis proposes an infinite-dimensional MCMC algorithm that relies on retrospec-
tive sampling to perform exact Bayesian inference for discretely-observed POGAMPs. In
particular, the proposed algorithm consists of a Gibbs sampling with Metropolis-Hastings
steps. Each step of the algorithm is carefully designed to be computationally efficient and
provide feasible and reasonable solutions to the inference problem at hands.

Suppose that a POGAMP Y is observed at some finite collection of locations s, ..., s,
in S. The vector of unknown quantities to be estimated is given by ¢ = (N, Yy, Y., 0, 05, A),
where Y, = Y\(Yn,Y,) and Y, = (Y},,....,Y;,). Vectors § and 6 are the sets of param-
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eters indexing the base GP and f, respectively.
Under the Bayesian paradigm, inference about 1) is based on the posterior distribution

of (¢ | Y,), which has a density, w.r.t. a suitable dominating measure, proportional to
(Yo, ¥) = Tap(Yu [ Y, ¥o,00)Tap (Yo | Ya, 0c) T, (Yn [ 0, N)T(N | A)
x (A, 0f,0c). (3.1)
We devise a Gibbs sampling MCMC with the following blocks
N, Yn, A Oq, 0 Y.,

and standard probability theory implies that all the full conditional densities are propor-
tional to (3.1).

The infinite-dimensionality of the algorithm is due to the same property of the com-
ponent Y,. As it was mentioned before, retrospective sampling is employed so that the
Markov chain can be simulated without any approximations by unveiling Y, only at a
finite (though random) collection of locations at each iteration of the Gibbs sampler.
Finally, blocks Yy and g are sample via collapsed Gibbs sampling (see Liu, 1994) by

integrating out Y.

3.1 Sampling Yy
By integrating out Y,,, we have that
T(Yn | Jocmap(Yo | Y, N, 0)T¢ (Y | N, 0y). (3.2)

We cannot sample directly from the density above, so Yy is sampled in a Metropolis-
Hastings step. For a proposal distribution ¢(Y3; Yy ), the acceptance probability of a move
Yy — Y} is given by

war(Yo | Y3, N, 0c)m (Y5 | N,0p)a(Yn|YR)
map(Yo | YN, N, 0c)mr(Yn | N,0p)q(Y35) YN

a(Yy,Yy)=1n (3.3)

We propose two options for the proposal distribution ¢q. The first one consists of the
base Gaussian process conditional on the observations Y, i.e., ¢(Y3|Yn)q(YR) = map(|
Y,, N, 0¢). Simplifications in (3.3) lead to the following acceptance probability:

(YN | N,0f) map(Yn | N,0q)
Tap(Y¥ | N,0c) mp(Yn | N,0y)

a(Ya, Vi) =1 A (3.4)
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The second option for the proposal distribution is a Gaussian random walk, prop-
erly tuned to have an acceptance rate of approximately 0.234 (see Roberts et al., 1997),
assuming that the dimension |N| is greater than 5. Simplifications in (3.3) lead to the
following acceptance probability:

T (Y5 | N, 0p)mar(Yo | YR, N, 0c)
7 (Yn | N,0p)map(Yo | Y, N,0g)
Since the locations N change along the MCMC chain, it is not possible to use an

aYn,Yy)=1na

(3.5)

empirical covariance matrix of the chain in the proposal random walk. Instead, we update
this matrix at some fixed iterations of chain and up to a certain point by adopting a
multiple of the correlation matrix under f, (Xy), for values of 6 given by the its average
over the last few hundred iterations. The multiplication factor is chosen so to tune the

acceptance rate accordingly.

3.2 Sampling N
From 3.1, we have that the full conditional density of N is proportional to
T(N | )ocTtap(Ya | YN, Yo, 06)Tap(Yo | Yo, N, 0g)T (YN | 0p, N)T(N | N). (3.6)

We adopt a proposal distribution that is invariant w.r.t. 7(N | A\) and proposes one

of the two types of move:

Ap(S)
w.p. S E N[+ T add one location uniformly distributed in S;
ol for N >0 iformly ch locati (3.7)
w.p. ————, for , remove one uniformly chosen location; :
Au(S) + [N

For large values of A, this proposal is bound to lead to a poor mixing of the chain.
In order to mitigate this problem, we divide S into K regular squares and use that same
proposal in each of those. The value of K is chosen empirically in terms of the mixing
properties and computational cost of the algorithm.

The acceptance probability of a move N, — N}i in each sub-region £ is given by

Ty (Ve | Y Y, 0r)

a(|Nlg, [N +1) =1 A (3.8)

mep(Ynrw, | Yn Yy 0c)

7T-GP(YVNR\N,Z" | YN\ka YN,;" ) HG)

a(|[N|g, [Nl = 1) =1~ (3.9)

7Tf<YNk\N,;“ | YN\k,YN,fyef) 7
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where Yy, is Yy in all the other K — 1 sub-regions and Ny is N restricted to sub-region
k and has | N|; points. The expressions above are obtained by noticing that the prior of
Ny is a PP()) in sub-region k and the proposal distribution is invariant w.r.t. this prior.
More details about the construction of the acceptance probabilities (3.8) and (3.9) can be
found in ?7.

Whenever a move of the type |N|, — |N|; + 1 is proposed, the value of Y at the new
location sy is sampled retrospectively from 7gp(Y (sx)|Yn, Yo, 0c). On the other hand,
whenever a move of the type |N|, — |N|x — 1 is proposed and accepted, a virtual step
is performed to simply erase the value of Y at the removed location. Theoretically, this
step consists of updating Y at that location, retrospectively, from its full conditional
distribution wgp(- | Yn,Y,,0c). Note the infinite dimensionality of the MCMC chain
together with the retrospective sampling of Y,, avoids the use of a (complicated) reversible
jump step to update V.

Since then, this block has become the most expensive of the entire MCMC, because
on each step it is possible to add or remove a point in each of the k parts of the S space,
so we have two points to consider in this scenario . The first point refers to the proposal
of a new point (mgp(Y (sk)|Yn,Y,,0c)), where it is necessary to obtain the inverse of the
joint covariance matrix of the locations of the observed points and N. Therefore, in each
of the k parts of the space it would be necessary to calculate a new inverse of this matrix
as long as a point was added or removed. And if a point from N is added or removed,
we enter the second point mentioned above, since it becomes necessary to recalculate the
covariance matrices of both the GP and the f in the N locations, then it is possible to
perform the N acceptance probability calculations (3.8 and 3.9).

In order to overcome these issues, we have developed two approaches that allow us to
update the inverse matrices when we add/remove one dimension.

When a point is added (and this added point is always in the last entry of the matrix),
the inverse is updated using the Schur complement. Suppose that in the current step we
have already calculated the inverse of the covariance (Eil) with dimension n x n, then if
we add a single dimension, we are adding an integer (d) in the input (n + 1) x (n + 1),
that is, we will have a new inverse ¥~ 1* as follows ¥ 1% = > B , where B is the

BT d
covariance between the current covariance points and the new one added. Then, using

the Schur complement, we have
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—1
Y14y iBYBTY-t —uoIBY
= , where T = (d — BTS7'B)~L.
—-TBTY ! T

Note that T is a 1 x 1 matrix and since we already have X! calculated, the cost to
obtain ¥71* is modest.

When one point is removed, we apply some algebra to avoid the calculation of a new
inverse of the entire matrix. More details about the algebra performed above can be found

in the Appendix A.

3.3 Sampling A, 6 and 0;

Standard conjugated Bayesian analysis calculations imply that, for a prior distribution
Gamma(ay, By), the full conditional distribution of X is a Gamma(ay + |N|, By + u(9)).

Both 0 and 6; are sampled via MH steps with properly tuned adaptive Gaussian
random walk proposals (see Roberts and Rosenthal, 2009). The respective acceptance

probabilities are given by

a0, 0%) =1 A morl¥s | Y, N, 66)m(0c) (3.10)
@re wap(Yo | Y, N,0c)m(0c)’ '
mp (Y | 0%, N)m(6%)
0, 6%) =1 3.11
OO = 1A T8, N)a(0y) (311

for suitably chosen priors 7(f¢) and 7(6y).
When the parameters 6 and 6y have the same interpretation and are chosen to be

the same, i.e. 0g = 0 := 0, the acceptance probability is given by

I AR g AL, 19
a6, =1A ) .
7TG’P(Y;) | YNa N7 Q)f(YN ’ 07 N>7T(9)

3.4 Prediction

Under the MCMC approach presented in the previous theoretical point of view sections

to perform inference for discretely observed POGAMPs, it is straightforward to perform

prediction for functions of the unobserved (infinite-dimensional) part of the process Y.
Let h(Y,) be some some finite-dimensional real and tractable function of Y,. This

includes, for example, the process Y at a finite collection of locations. Under the Bayesian
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approach, prediction ought to be performed through the posterior predictive distribution
of h, i.e., m(h(Y,)|Y,). An approximate sample from this distribution can be obtained
within the proposed MCMC algorithm by sampling from the respective full conditional
distribution of h(Y,) at each iteration of the Gibbs sampler. From a theoretical point of

view, this consist of performing the following integral via Monte Carlo.
m(h(Y,)|Ys) = JWGP(YUIYN,YO,GG)W(YN,@GD@)dYNdGG (3.13)

More specifically, h(Y,) is simulated from is full conditional distribution by sampling Y,
at the finite collection of locations required to compute h(Y,,), from the base GP, and then
computing this function.

More sophisticated, still simple, simulation techniques allow for Monte Carlo estima-
tion of some intractable functions h(Y,), for example, h(Y,) = {4 g(Y,)ds, for tractable
functions g. We define a random variable U ~ Uni form(S) and an ii.d. sample
UM, ..., UM of this and consider the following Monte Carlo estimator of h(Y,).

R M

hYa) = 7 Z u(S)g(Y (U)9) (3.14)
where 1(S) is the area of S and the superscript (j) refers to the j-th values from the
MCMC sample of size M. The estimator in (3.14) is justified by the following result,

Ey[p(S)g(Y (U))] = h(Ya). (3.15)

The estimator in (3.14) can be improved, in terms of variance reduction, by dividing S
into m equal squares and applying the same idea to each of those. The final estimator is
obtained by summing the m estimators.

We conclude Chapter 3, where the development of the MCMC was presented in a rig-
orous way, detailing the functioning of each block and some tricks used to obtain a better
computational performance. In the next chapter, some results of POGAMP simulations
will be presented, illustrating some important properties of the model. Simulations of the
MCMC, presented in this chapter, will also be illustrated, as will a brief application of
POGAMP on real data.
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Chapter 4

Simulation and Application

4.1 POGAMP Simulation

We perform some simulation studies in order to explore the modelling properties of the
POGAMP model. All the simulations are coded in R (R Core Team, 2022) and run in a
2 x Intel(R) Xeon(R) CPU E5-2690 0 2.90GHz processor with 32 Gbytes RAM, provided
by lsncs - cluster of the Numerical Simulation Laboratory of FCT/UNESP.

We consider four classes of f distributions:

1) p-variate Skew Normal.

(%€, 2, a) =20,(x — & QP(a’w (x - &), xeR; €£eR;, Q> 0;

aeRP, where w=(Q0OI,)"
2) p-variate Gamma distribution.
P
gp(x; a,,& Z) = C@{Gl(xl)7 e aGp(xp) | 2} Hf(xu Ofi)ﬁi)a Xe R+ ;
i=1
a,3,% > 0.

where G and ¢ are the univariate Gamma distribution function and probability function,
respectively. Also, co(u | X) = |E| " 2exp{—1q'E'q+1iq"q} and q = (¢, ,¢qp), with
¢; = ®(u;), where @ is the standard normal c.d.f. Details on the multivariate Gamma

distribution can be found in Xue-Kun Song (2000).
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3) p-variate Student-t.

U'[(v +p)/2]
T(v/2)vr/2me/2 S|

Y

RTINS m]_ww

tp(x; p, X, v) = »

xeRP; pelRP; ¥ >0; and v >2 for defined variance and mean.
4) p-variate Skew Student-t.

sty(x;€, 9, a,v) = 2t,(x; Q) T <aTx VV_F—Z;X); v +p> , x€eRP

EeR:; 2>0;, aeR’; and v >2 for defined variance and mean.

where Q(x) = x"Qx and T'(.; p) denotes the univariate Student-t c.d.f. with p degrees of
freedom. Details on the Skew normal and Skew Student-t distributions can be found in
Azzalini (2013).

We parametrize the Skewness of the Skew normal and Skew t distributions through

the Pearson’s index of Skewness v (see Henze, 1986) such that

v =18 (2r? —1)(1 — 2672 e (—0.99527;0.99527), (4.1)
1/3
(0]
where 6 = —, «a € (—w,0), § € [-1,1], r = 4/2/m and s =

V14 a?

Furthermore, we have the following y-parameterization

sy 13 sy1/3
L o=
ra/1 + s22/3 \/7”2 + s292/3(r2 — 1)

Azzalini (1985) argues that the y-parametrization eases likelihood-based inference proce-

) =

dures.

We set S = [0, 10] x [0, 10] and consider two values for the intensity function of the
Poisson process N (0.01 and 5) combined with the following f distributions: SN, (&, X, ~),
Gy, 8,%), t,(p,X,v) and St,(€,%,~,v). The base GP and all the f distributions

consider the following isotropic covariance

1
Y =02 exp{—ZHT — ||}, V¥, e S,

and the following parameter values are adopted:

e Base GP: u =0, 0?2 =1, ( =10, | = 1.5;
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Ga=2 pB=2 02=1,(=10,1=1.5;

SN,: £€=0,02=1, (=10, v = 0.91, [ = 1.5;

tyy p=0,0=1 (=10, v =21, | = 1.5

Sty £€=0,02=1,(=10,v=0.91, v =21, [ = 1.5.

For each f, 50 thousand iid replications of the respective process are generated to
compute some Monte Carlo estimates. The Y process is sampled at 121 regularly spaced

locations.

4.1.1 Results

We use the results from the simulations to investigate and illustrate some properties of
the POGAMP models such as marginal stationarity and isotropy.

Figure 4.1 shows the 121 fixed locations where the processes are sampled in all the 50
thousand iid replications. The colored geometric shapes in the Figure 4.1 represent the
points where the analyzes were performed. Note that each point has an explicit coordinate

on the axes, they will be important to better understand where each analysis is referring

to.
9.90 |A ° (] L] L] o (] [ [ ° A
8.92|e o [ [ ] [} [ ° ° [} °
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Figure 4.1: Locations used for the empirical analyses.



35

We compare the marginal densities at the four blue triangle locations in Figure 4.1 for
each model. Figure 4.2 shows those marginal densities for each model with A\ = 5. Each
curve represents the density referring to the 50 thousand iid replications at each point
(blue triangles). Results illustrate the symmetry result stated in Proposition 2.1, since

all the lines are practically overlapping in all the four different pdf scenarios.
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Figure 4.2: Marginal distributions at blue triangles locations

We compare the marginal density at the centroid (red losangle in Figure 4.1) for two
different values of A (0.01 and 5) for each model. Figure 4.3 shows how the marginal
distribution approaches f as A increases, illustrating the result in Theorem 2.2. Note that
for a smaller A\, where consequently we will have less information from f (less points in
N), the densities are closer to the base GP, while when the A increases (more points in

N), the density in any finite collection of points resulting from POGAMP is very similar
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to the chosen f.
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Figure 4.3: Marginal distributions at the centroid for different A\ for each model

4.2 MCMC Simulation

In this chapter, we investigate the efficiency of the proposed methodology in a collection
of simulated examples. We consider a variety of scenarios in terms of the choices for the f
distribution, the values of parameter A and the sample size n. We simulated 10 datasets
(replications) for each of the 10 scenarios considered. In all scenarios, 10 observations

were removed to make predictions at the end of this subsection.

1. Copula SN(usn,2sn,y = 0.75) with PP(A = 1) and n = 210;

2. Copula SN (usn, Xsn,y = 0.95) with PP(A = 1) and n = 210;
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3. Copula SN (usn, Xsn,y = 0.95) with PP(A = 2) and n = 210;

4. Copula SN (pusn, Xsn,y = 0.95) with PP(A = 1) and n = 410;

5. Copula SN (usy, Xsn,y = 0.95) with PP(A = 2) and n = 410;

6. t(pe, Xy, v =4.1) with PP(A = 1) and n = 210;

7. t(uy, X, v = 8) with PP(A = 1) and n = 210;

8. Copula St(ust, Xst, v = 7,7 = 0.75) with PP(A = 2) and n = 210;
9. Copula St(ust, Xst, v = 7,7 = 0.75) with PP(A = 1) and n = 410;

10. Copula St(psi, Xgt, v = 7, = 0.75) with PP(\ = 2) and n = 410;

We impose a restriction to the parameter space of the POGAMPs so that the station-
ary mean and variance of the base GP and the (conceptual) f process are the same. In

particular, we set

2
Uzw = HsN = HGp — U?SNCS ;;
2
ggp

Uz‘t = ; Hst = hap — O-Z'tbu(s;

v 2

—(b,0

5~ (09)

9 (v —2)ogp
oy = f; e = Hap,

o VT ()
where 0 = \/Ti(x? and b, = W
We set ugp = 0, 02p = 1 and ¢ = 2 for all the scenarios. Furthermore, in order to
avoid identifiability problems due to the result in Theorem 2.2, we adopt a Exp(0.5) prior
distribution for parameter A. Note that this is a low informative distribution (based on
calculations of a conjugate Bayesian analysis for Poisson data) and is meant only to avoid
the "explosion" of the estimated A.

The choice to specify the f distribution using copulas for the Skew distributions allows

for more model flexibility. The traditional multivariate versions of the Skew normal and
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t distributions (see Azzalini, 2013) have some constraints in the parameter space that
precludes the elicitation of distributions with highly asymmetric marginals. In particular,
the copula construction allows for a direct specification of the Skewness parameter of the
respective marginal distributions, given by 7, and the correlation of the respective finite-
dimensional distributions. On the other hand, for the traditional multivariate versions,
both the Skewness of marginal and correlation of the finite-dimensional distributions
depend on both v and X,.

Convergence diagnostic analyses strongly suggest the convergence of the MCMC al-
gorithm in all the scenarios. Some plots are presented in Figures A.1, A.2 and A.3 - A.6,
in Appendix A.2.

Figure 4.4 shows, for scenario 1, the empirical posterior density of all the parameters,
for all the 10 replications. Where in the vertical line in red is the real value of the param-
eters and in black the empirical posterior densities for each replication, being possible to
observe a greater concentration in the majority of the densities, concentrated around the

vertical line.
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e» Estimated values e Real parameter

Figure 4.4: Empirical posterior density for all replications of the model parameters;

SN'y:O.75; A= l,n = 200

We present the following statistics bellow to evaluate the predictions

1 10 1 10

Dus = —> [g: =Y| EQM=—Y(g;-Y)*,
b 10;@ | Q 10i:l(y )

where Y is the vector of the real values and y; is the posterior predictive.

The Table 4.1 show the mean and standard deviation of the data simulated prediction,
where one replication of each scenario is chosen to perform such tests mentioned above.
Overall, the best results were satisfactory and better when we have more observations.

It is worth mentioning that the Student-¢ had good results even with fewer observations,
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possibly due to the greater similarity between this distribution and the GP.

Table 4.1: MCMC simulation posterior predictive

Scenario  Mean (SD) of Dy,s Mean (SD) of EQM

SN,_o75: A = 131 = 200 0.224 (0.17) 2.472 (1.268)
SN, _ggs; A = 131 = 200 0.136 (0.127) 1.431 (1.142)
SN, _o05; A = 2; 1 = 200 0.204 (0.149) 0.932 (0.414)
SN _go5; A = 13 n = 400 0.058 (0.053) 1.258 (0.69)
SN, _ogs5; A = 2; 1 = 400 0.103 (0.089) 1.033 (0.418)
tya1; A =131 = 200 0.053 (0.032) 1.187 (0.517)

ty_s; A = 1;n = 200 0.053 (0.032) 1.263 (0.554)
Sty—o.15m—7: A = 2: 1 = 200 0.075 (0.05) 2.481 (1.708)
Sto—o.15w—7: A = 1: 1 = 400 0.057 (0.051) 1.113 (0.644)
Sto—o750m-7; A = 2; 1 = 400 0.041 (0.039) 1.137 (0.488)

4.3 Application

In this section, we fit the POGAMP for different choices of f to a dataset of maximum
temperature data observed in Australia. We consider a subset of a global dataset of
merged maximum daily temperature measurements from the 'Global Surface Summary of
Day’ data with 'European Climate Assessment & Dataset’ data in July 2011. The dataset
is available in the R package meteo. The data consist of the maximum temperature
observed on July 5 at 449 location sites, in the region with longitude [110;154] and
latitude [39;12]. We transform the coordinates to Cartesian and rescale this to obtain
S =(0,10) x (0,6.7057). We remove 10 randomly chosen observations which are predicted
by the POGAMP and used to compare the different choices of f’s. The same dataset,
with similar locations, was used in Bevilacqua et al. (2021).

The POGAMP is fit with the following f’s: 1) Copula SN; 2) Copula St; and 3) Copula
Student-t. In order to choose the initial values of # in the MCMC, we fit a GP with the
same covariance function as the base GP of the POGAMP and estimate its parameters
via maximum likelihood. For the remaining parameters, we set initial values v = 0.7 and
v = 8. It is worth mentioning that the prior used for the A parameter was an Exp. with

rate = 0.9, then A\ does not explode, therefore we are able to control the number of points



41

and consequently the major cost of the algorithm.

Figure 4.5 shows the observed locations.
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Figure 4.5: Locations of the Australia temperature example. The red dots are the 10

locations removed to perform prediction.

We impose a restriction to the parameter space of the POGAMPs so that the sta-
tionary mean and variance of the base GP and of the (conceptual) f process are the
same.

Convergence diagnostics strongly suggest the convergence of the MCMC algorithm for
all 3 models - see Figures A.7 - A.12, in Appendix A.3.

Table 4.2 shows some posterior statistics of the parameters. As it is expected, the
estimates of the common parameters are very similar among the different models. Figure

4.6 shows the prediction at the 10 locations removed from the data.
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Results suggest that the data do not present a significant symmetry departure but does
present heavy tails, indicating the Student-t model to be the best choice. Nevertheless,
the prediction for the 10 removed locations is very similar for all the 3 models, as we can

see in Figure 4.6. This is probably due to the very low estimate of the range parameter

(1.13).

Table 4.2: Posterior mean, median and s.d. of parameters.

SN Student-t St

Parameters Mean / Median (SD) Mean / Median (SD) Mean / Median (SD)
po 213 /21.24 (2.34)  23.16 /23.25 (1.61) 24.1 /24.08 (1.65)

o2 1033 /19.11 (2.23)  16.04 /15.74 (2.16)  16.81 /16.58 (2.2))

¢ 1167 /1.152 (0.153)  1.136 /1.13 (0.163)  L.115 /1.099 (0.155)

v -0.105 /-0.149 (0.542) ~-0.391 /-0.357 (0.251)

)

)

)

<

(
— 6.026 /5.829 (1.527)  7.194 /6.873 (2.081
N 44.78 /42 (21.63)  214.53 /190 (134.88) 86.39 /82 (30.25
A 0.67 /0.63 (0.33) 3.17 /2.78 (2) 1.29 /1.23 (0.47
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Chapter 5

Final remarks

5.1 Final remarks

This thesis proposes a novel geostatistical process, called the POGAMP, aiming at pro-
viding a valid, flexible and efficient solution to fit and predict geostatiscal phenomena.
The development of the POGAMP is motivated by the need to consider more flexible
properties than those offered by Gaussian process but, at the same time, retain a rea-
sonable level of computational complexity. The POGAMP offers a flexible way to define
geostatistical processes based on any finite-dimensional multivariate distribution.

The existence of the POGAMP is established in a collection of theoretical results which
are rigorously proved in the thesis. Moreover, a reasonably efficient infinite-dimensional
MCMC algorithm is proposed to carry out inference for discretely observed POGAMPs.
The proposed algorithm is exact in the sense of not resorting to discrete approximations of
the process and having the exact target posterior distribution as its invariant distribution.
The key idea to achieved the exactness of the method is that of retrospective sampling,
where only a finite-dimensional representation of the unobserved part of the POGAMP
needs to be unveiled to perform the steps of the MCMC algorithm.

A collection of simulated examples is presented to illustrate and investigate important
properties of the POGAMP and of the proposed MCMC algorithm. An application to
temperature data is also presented and analysed with 3 different models.

We believe that this thesis provides highly relevant contributions to the literature of
geostatistics and may give rise to further developments in the area. Nevertheless, we also

acknowledge that the proposed methodology urges further exploration, specially in the
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lines described in the previous two sections.

5.2 An NNGP approach to deal with large datasets

The computational bottleneck of proposed methodology is the the cost related to the
Gaussian process, in particular, the computation of inverses and Choleski decompositions
of covariance matrices. This is a practical limitation of the methodology that prevents its
use with large datasets (O(n?)).

One possible solution is to replace the base Gaussian process in the definition of Y by
a Nearest Neighbor Gaussian Process (NNGP) approximation. Although the NNGP is an
approximation to the original GP, it does define a valid Gaussian process measure. This
means that the resulting process is a valid process, but for which the base GP is of the
NNGP type. Moreover, since the finite-dimensional distributions of the resulting process
aim at resembling the f distribution, it is reasonable to interpret this process not as an
approximation for the originally proposed one but simply as an alternative to fulfill the
same modelling properties.

An NNGP Z is a valid Gaussian process, devised from a parent GP(u,Y(0?,7%))
by imposing some conditional independence structure that leads to a sparse covariance
structure. For a reference set S = {sy,...,%,} and a maximum number m of neighbors,

the NNGP factorises the distribution of Z (conditional on parameters) as follows:

™(Z) = n(Zs)m(Zs\s|Zs),
m(Zs) = WPG(Z51>7TPG(Z52‘Z51)77PG<ZS;3|ZSU Zsy) - - 'WPG(Zsm+1 | Zoys s L)

TPG(Zop 2| ZN (smi2)) + - - TP (Zop | DN (s1))

Tpc(Zsy|Zs)

I
Hﬂpg(ZSi|ZN(Si)), for any finite set Sy = {s1,...,s7} = S\S,

i=1
where 7p¢ is the respective density under the parent GP measure, N (s;) is the set of the
m closest neighbors of s; in {s1,...,8; 1}, for i = m + 2, and N (s;) is the set of the m
closest neighbors of s; in S.

In our case, the parent process is the GP on S\Sy defined by the conditional measure

of Y5, given Yy, under the GP measure with mean y and covariance function (o2, 72).
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This implies that

T(Yasy|Yn) = mpa(Ye|YN)TPa(Ye,|Yer, YN)TPe - - Tpa (Ve it | Yers - - s Yorvw)

TG (Yool YN (mio), YN) - Tpa(Ye, [Yars,), Yo),

I
T(Yeo|Ys) = | [mra(YsilYa), Yo,

=1

for any finite set Sy = {s1,...,87} < S\(SUSN),

It is common to set S to be the set of observed locations. In our case, we set S to
be a regular mesh in S, which allows us to use computational strategies to optimise the
sampling steps of Y in S\(S|JSy). Based on the results in Gongalves and Dias (2020)
and results of several simulated examples with our model, we could set r = 2500 and
m = 16.

The computational gains from using the NNGP are quite significant and allow the
use of our methodology with large datasets. Whilst the computational cost to generate
Y at a given location conditional on (Yy,Y) is O((N + n)?), the same task has a cost

O((N + m)?) under the NNGP approach, where m is fixed and m « n.

5.3 Simulations and applications

It is essential to further explore the methodology proposed in this thesis trough simulated
and real examples. Simulations ought to include f distributions with new parameter
configurations and data sizes as well as more replications from each model. This also
includes examples in which the NNGP approach proposed in the previous section in
employed. Several prediction exercises will be performed for all the scenarios considered.

Other classes of the proposed family of models will also be explored. In particular,
models in which the latent Poisson process N is inhomogeneous. This structure allows
us to consider, for example, non-isotropic processes, by setting f to be Normal with a
different covariance function than the one from the base GP, whilst still working with an
isotropic structure.

Finally, new applications should vary in terms of data size and behavior in terms of

asymmetry and heavy tail.
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Appendix A

Appendix

A.1 Proofs

Proof of Lemma 2.1. In order to show the existence of the probability measure p, we will

prove that it satisfies the Kolmogorov axioms.

(i) u(A) € [0,1],VA e F. We have that

p(A) =f f 1 (wor wa)e A Ah2,0, (w2 ) dptr (w1).
Q1 JQo

Define g4: Q1 — R

ga(w) = f L wo)eA] A2, (W2).
Qo

The fact that us,, is a probability measure on (€2, F2) implies that 0 < ga(w;) < 1.
0= J Odpy (wr) < f ga(wr)dp (wr) < f Ldpy (wr) = 1.
(951 191 951

(ii) For each w; € Q4, we have that

f 1[(w1,w2)e§2]dﬂ2,w1 (w2> = 17
Qo

hence

(@) = j f Lion omyechin.on (w2)dpis (1) = f
Q1 JQo

Ldp (wi) = 1.
951

(iii) (o-additivity). p(Ui, 4i) = D=, u(A;), for all countable sequence of disjoint events
Als. Defining A = U?L A; and noting that we have that Ly, w.)ea] = Zfil Lwr wo)eds]

and
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,u(U A;) = Ll LZ [(wr,w2)eA] 2,0, (W2)dp1 (wr) =

J J Z IL[("J17<1J2)€Ai]d:u27wl (wQ)d,U’I(wl)a
Q1 JQ

24=1
since dpia ., (w2) is a probability measure, we have

0e]

u(A) = f 5 U Lo e itz w} dps (),
14=1 2

since gi(w1) = Jq, Lj(wrw)eaidlzw (w2) is Fi-measurable we have that

N(A J Zgz w1 dul w1 ZJ gz w1 dul w1)
931 =1
o0

- ZJ J;; [(w1,w2)eA; d/l2w1 wa)dp (wr) 2 Ai).
=1 2

=1

Therefore p is a probability measure. O]

Proof of Theorem 2.1. (a)First we will consider the process with fixed N. We have that
G is the measure of the augmented Gaussian process and define Gy as the conditional

dgN

measure of Yy given N, under G, v as the Lebesgue measure and g = Analogously,

Py is defined as the conditional measure of Yy given N, under P.

Define the function h: Y — R™* such that h(y) = g(yN), where yy = hi(y), Yy € Y,
for hy: Y — R" and f:lRN—ﬂRJF Vyn € Y.

We have that h is B())-measurable, since Yy is measurable and g is continuous. Since
h is measurable and non-negative, by the Radon-Nikodym Theorem (RNT) we have that
there exists a measure P(A) = §, h(y)dG(y), y € Y and YA € B(Y) such that

dp
dg

We now show that P is a probability measure.

(i) 0 < P(A) < 1, YA € B(Y).

P ) = hy) = §<yN>.

Let h a non-negative measurable function and G a measure, then
P(A) = J h(y)dG(y) =0, furthermore
A

(yn)g(yn)dv

P(4) < Lhw)dg(y) -|

- Lumaontm - |
= J}RN flyn)dv =

f
g
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(ii) P(Y) = 1. See previous equation.

(iii) (o-finite).

P(UiZ, Ai) = 22, P(4;), for all countable sequence of disjoint events A4; in B(Y).
Defining A = | J;2, A; we have that Liyea) = P Liyea,) and

E_OJ J 2 Lyea, G(y)
— ;L Lyeanh(y) EJ Y)dG(y) = > Pl

i=1

Therefore P is a probability measure.
We now show that P satisfies Definition 2.2 for fixed N. Let Y = (Y_y,Yyn) and
consider Py to be the conditional measure of (Y_y|Yy, N) under P. Analogously, consider

Gx to be the conditional measure of (Y_n|Yn, N) under G. Since Py « Gy < v, we have

that
f dp APy APy P APy
g(yN) dg( y) = @(W)@(%N) dzgf (Z/N)dgN (y-n) (A1)
:?< )37;:@ N) Gas. (A.2)

Since the RN derivative above does not depend on Y_y, we have that there exists

ce RT such that

P ¢
E(y) = E(yN)C G-a.s. (A.3)

Therefore, ¢ = £ G-a.s and, since (v ¢(yn)dv = (v f(yn)dv = 1, we have that ¢ = f

o I~

and dPN (y ~) = 1, G-a.s. This proves that P is a probability measure and satisfies
Deﬁmtlon 2.2 for fixed N.

(b) We now show the existence of the stochastic process (Y, N) defined in Definition
2.2. We decompose the PP N into (|N|, Sy), where |N| is the number of events from N
and Sy is their respective locations. We have that |N| is defined on (N, B(N)) and Sy is
defined on (RIM, B(R!")). We first show the the existence of the process (Y, Sy), for all
fixed |N|.

If the integral

J Li(y,sn)eaidPn (A.4)
N

is B(R™)-mensurable, YA € B(RW) ® B(Y), then Lemma 2.1 implies in the existence of
the joint measure of (Y, Sy) for all fixed |N|. In order to establish the mensurability of

A4, we show that it is a continuous function of Sy.
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Consider A = A, x Ag, € B(Y)® B(R™). Hence

J Li(y,sn)eaidPn =J Lisyeas, 1 yeay1dPn
Y Yy

f
= Isyens,] L Jl[yeAY]E(yN)dg

f
< jH‘[SNGASN] Jy E(yN)dg = ﬂ[SNeASN]-

This implies that there exists G-integrable m(yy) such that Tjyea, 1 Liyn) < m(yn).
Furthermore, by hypothesis, g(yN(S ~)) is continuous in Sy. Therefore, by the Dominated

Convergence Theorem and the continuity of Y (s) in s, we have that

. f
a1 | Lwearry

(504G = | 1im 12 o (s0)a9

=fﬁwm&m®ﬂg
y g

Since Ligyeas, ] 18 B(R™-mensurable and is continuous in Sy (therefore B(R™!)-mensurable),
we have that the integral in A.4 is B(R"!)-mensurable, implying the desired result.
Once the existence of the process (Y, Sy) is established for each fixed |N|, it remains
to show that the joint process (Y, N) exists. In order to do that, it is enough to show that
the integral

1
J]RN . 1[|N|€A‘N|] ]l[sNEASN] ﬂ[yGAy] mdPNdSN (A5)

is B(IN)-measurable. Since N has a discrete marginal measure, it is enough to show that

the integral in A.5 is a real function of N. We have that

J]R'N xY ILHN‘EA‘N‘] IL[SNEASN] Lyeay (S) ——=dPndSy

r

= ]]'[|N|€A\N|] RINI ,LL( |N‘ SNGASN f yEAY yN dgdSN
f‘
|N\ f

< ]]-[|N|EA‘N|] Jrimi Iu( SNGASN yN dgdSN
[

== I]-[|N|€A‘N|] N mdSN < 1

SN

which implies the desired result.

[]

Proof of Corollary 2.1. The result is implied by the fact that the two uses of Lemma 2.1
in the proof of Theorem 2.1 depends only on the o-algebra of N, which is the same for

both the homogeneous and inhomogeneous cases. O]
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Proof of Corollary 2.2. The result follows from equations (A.1) and (A.3) in the proof of
Theorem 2.1 and

dP dpP dP f f
TVY) = NGV IN) = 1(V) = S{¥x),
O
Proof of Corollary 2.35.
f
DKL(P || g) = flog (%) d,P = EN ESN EYN log §<YN> N
e, e S yu(S)]Y f |
= 1 — d
NZ_:O NI LN LN og | (¥v) | F(Yn)dYy
N |
: ds
“\us "
o) A#(S))\N f
- 21 JSN LN log (YN) f(Yn)dYndSy
]

Proof of Theorem 2.2. For each Y, ,, define Sn as the k-vector with the closest locations
to each point in 7. We have that, for all € > 0, when \,, 1 o0, the probability that at least
one point of S, is inside each open ball of radius € around each location of r - converges
to 1. Consider, without loss of generality, that e is small enough so that all the k balls
are disjoint. This implies that the probability measures on the points inside each ball are

independent Poisson processes with rate A\. Therefore, the probability above is given by

k
- (Ame?)Y exp{—Ame?} o

o!

This implies that S, - r and, given the continuity of the covariance function of the
base GP, Cor(Y,,,, Y ) 2 1, where 1 is a k by k matrix of 1’s.
We also have that

lim P(|Y,., — Yy | <€)

n—0o0

= lim P(|Yn,7" - YSn| S € | YSN = ySN)f(ySN)dySN7 (AG)

n—0oo RE
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where, from Definition 2.2, (Y, | Ysy) ~ Np(p, X) with g = py + %1235, (Ys, — 1) and
Y = i1 — 81285891, The fact that Cor(Y,,,Ys ) —— 1 implies that ¥ —— 0 and
2 Y, entry-wise. Thus, the Dominated Convergence Theorem implies that

lim P(|Y,, — Y | <€)

n—o0

= J . hnolop(’Yn,r - st| S E€ | YSN = ySN)f(ySN)dySN = J
RE

1f (Ysy)dysy = 1.
Rk

Therefore |Y,,, — Yy | SN}
Now let f, and f. be the pdf of Yy and Y, under the f distribution. Note that
fu(y) = Spx fu(y | Sv = sw) f(sn)dsy = Esy[fu(y | Sv)]. Hence, we have that

fa(y) = f(y) = Esy[fuly | Sn) = f(y)] = Esy[d(Sn, )], (A7)

where d(Sy,r) is a continuous function of (Sy,r). Since S, —Z— r, we have that
d(Sy,r) - 0. Now, because d(Sy,r) is uniformly bounded, it is also uniformly inte-
grable and, by Theorem 1.8 from Shao (2003), we have that Eg, [ds, ] — 0. Therefore,
Ye ¢ LR »f» where Y . and Y, ; are the r.v.’s with pdf f at S, and r respectively.
Finally, using all the three results above and by Slutsky’s Theorem (see Resnick,
2013, Theorem 8.6.1 (a)), we have that |Y,,, — Yy | L, 0 and Yg s SLEN Y, s implies

Yo, 4, Y, s. This concludes the proof. O

Proof of Proposition 2.1. We have the marginal density of a Y;, for some finite set of

locations s is given by
(Y ©) = [ plYa ] Y N)F(Ys | Np(N)AP(N, Vi) (A3)

Now take Ys and Yy for two symmetric sets s and s’ w.r.t. the Poisson process N.
Then, by the symmetry of the PP measure of N and the stationarity and isotropy of the
base GP and f, we have that, for each n € Q, there exists n’ € Qy such that p(n) = p(n’),
f(Yn|n)=f(Yw|n)and p(Ys | Yo, n) = p(Ys | Yo, n'). Therefore, given the equality in
A.8, we have that p(Ys | ©) = p(Yy | ©). O
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Covariance of Y.

Cov(Y1,Y3) = E(Y1Y2) — E(Y1)E(Y2)
= Evy [Evivapy NMY2[YN)] = Evy [By vy (Y[YN)[Eyy [Evs vy (Y2[Y)]
= By [Cov(Y1, Yo|YN)] + Evy [Ev vy (YY) Evg vy (Y2| V)]
— Evi [Evi vy (V1Y) [Evy [Eva vy (Y2 Yi) ]

= Ey

N

[Cov(Y1, Ya|YN)] + Cov[Ey, vy (Y1|YN), Evyjyy (Ya|Y)]
= Ey, [Cov(Y1, Y2|YN)]
+ Covlpy + NSy (Y — ), o + ZonEpn (Y — pv)]
= By, [Cov(Y1, Ya| V)] + Sin Sy Cov(Y, Yo ) (Zan S ) |
= By, [Cov(Y1, Ya|Yn)] + ZinERnEan sy Zon

= En[Ey, [Cov(Y1, Ya|YN)|N] + Ex[Sin Sy Enn, Sy San| V]

where Yy, s is the Yy covariance function under the f’s distribution and since Y;|Yy ~

N, (i + SinERN Yy — o), Sii — SinSynSae) for i = 1,2,

3

If the covariance of the ’'f’ is the same as the base GP, then we have the following

representation, when N is fixed.
Cov(Y1, V) = By, [Cov(¥i, YalYi)] + Sin Sk Sl
Now, considering the case where the covariance is isotropic.

Cov(Y1,Ys) = Ey,, [Cov(Y1, Ys|Yy)]
+ <ZP(’31 - 5i|)pi—jl>j_12NN’f [< Zp(\sz B s]|)p2_jl>jv1]
Z [Z p(|s1 = $il)pi; ([ 52 — 5]'\)] }

N
[ > p(lsy = sil)pz! PklePzJ (Is2 — 3j|)]
=1 Lk=11=1

=Ey {912 Z[ZPM sil)pi;'p (|32—3j’)]|N}

=1

[ZZP(|51 Szl)ﬂszkaZpl] (|so — sj|)”N}_

k=11i=1 Jj=1
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A.2 MCMC Simulation

The following results come from the first scenario presented in the MCMC simulation,
where f has the following parameters Copula SN,,(usn, Xsn,y = 0.75) with PP(A = 1)
and n = 200.

Convergence diagnostic for the mean of the vector Yy.
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Figure A.1: Convergence diagnosis of the Y mean for the model SN,_¢75; A = 1;n = 200

for one replication.

Convergence diagnostic for the number of the points N.

Convergence diagnostic for the block N, parameters p, o2, ¢ and 7.
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Figure A.2: Convergence diagnosis of the number of the points N for the model

SNy_o75; A = 1;n = 200 for one replication.

A.3 MCMC Application

Convergence results referring to the MCMC application using ’f’ as Skew-Normal.
Convergence diagnostic for the mean of the vector Yy.
Convergence diagnostic for the number of the points V.

Convergence diagnostic for the block N, parameters p, o2, ¢ and 7.
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Figure A.3: Convergence diagnosis of the parameter p for the model SN,_g75;A = 1;n =

200 for one replication.
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Figure A.4: Convergence diagnosis of the parameter o2 for the model SN, _g75; A = 1;n =

200 for one replication.
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Figure A.5: Convergence diagnosis of the parameter ¢ for the model SNy_g75; A = 1;n =

200 for one replication.
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Figure A.6: Convergence diagnosis of the parameter v for the model SN,_g75;A = 1;n =

200 for one replication.
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Figure A.7: Convergence diagnosis of the Yy.
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Figure A.8: Convergence diagnosis of the number of the points N.
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Figure A.9: Convergence diagnosis of the parameter pu.
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Figure A.10: Convergence diagnosis of the parameter o2.
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Figure A.11: Convergence diagnosis of the parameter (.
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Figure A.12: Convergence diagnosis of the parameter ~.
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