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GERADORA MÍNIMA
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Abstract

The quadratic minimum spanning tree problem (QMSTP) is an NP-Hard problem

that consists of finding a spanning tree of quadratic minimum cost of a graph. In this

problem, besides a cost for each edge, the objective function also involves interaction

costs for each pair of edges in the tree. In a particular case of QMSTP, the adjacent-

only QMSTP (AQMSTP), interaction costs are defined only for adjacent edges. Despite

having a particular cost structure, AQMSTP is as hard as QMSTP, in theory and in

practice. We address both problems in this thesis.

For the general case, we first propose a linear integer programming (IP) formula-

tion based on the reformulation-linearization technique (RLT). This formulation is by

itself stronger than previous ones in the literature. Additionally, we also introduce a

novel type of formulation. It stems from the idea of partitioning spanning trees into

forests of a given fixed size. This idea yields a hierarchy of formulations of increasing

strength. The larger the forests, the stronger the formulation. At the first hierarchy

level, where the forests have the minimum possible size, i.e., they involve only one

edge, we have precisely the RLT formulation. At the opposite end, where the forests

have the maximum possible size, i.e., they are spanning trees, we have a formulation

whose linear programming (LP) relaxation bound matches the optimal QMSTP solu-

tion value. Many possible relaxations of the hierarchy are studied. We give results with

respect to the strength of their LP bounds and the difficulty of computing them. On

the computational side, three Lagrangian relaxation (LR) procedures and two parallel

branch-and-bound (BB) algorithms are developed. For the first time, several instances

in the literature are solved to optimality, including some with 50 vertices.

Although successful for some types of problem instances, this general approach

fails to appropriately address AQMSTP. This fact motivates an AQMSTP formulation

that exploits its particular cost structure: We use the stars of the graph to formulate

the problem as an IP that involves exponentially many rows and columns. We also

consider a reformulation that arises by projecting the stars out of this formulation.

The reformulation, although defined on a compact variable space, has exponentially
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many additional constraints. One of its main advantages lies on the fact that most

optimization packages are capable of directly handling models with a small number of

variables and large number of constraints, through separation callbacks. This facilitates

the development of a BB algorithm.

In order to solve the LP relaxation of our AQMSTP formulation, we propose

a row-and-column generation (RCG) algorithm. A cutting plane (CP) algorithm is

proposed to solve the LP relaxation of its projection. We then develop a branch-and-

cut-and-price (BCP) algorithm, based on RCG, and a branch-and-cut algorithm (BC),

based on CP. Computational results show that the LP relaxation bounds provided

by the AQMSTP formulation dominate the RLT based bounds we developed for the

general QMSTP. As a consequence, instances with as many as 50 vertices are solved

to proven optimality.
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Resumo

O problema quadrático da árvore geradora mı́nima (QMSTP) é um problema NP-

Dif́ıcil que consiste em encontrar uma árvore geradora de custo quadrático mı́nimo

em um grafo. Neste problema, além de um custo para cada aresta, a função objetivo

também involve custos de interação para cada par de arestas na árvore. Em um caso

particular do QMSTP, o QMSTP só com custos de adjacência (AQMSTP), custos de

interação são definidos somente para arestas adjacentes. Apesar desta estrutura de

custo particular, o AQMSTP é tão dif́ıcil quanto o QMSTP, na teoria e na prática.

Ambos os problemas são abordados nesta tese.

Para o caso geral, primeiramente propomos uma formulação de programação

linear inteira (IP) baseada na técnica de reformulação-linearização (RLT). Esta for-

mulação é por si só mais forte que formulações anteriores na literatura. Adicionalmente,

também introduzimos um novo tipo de formulação, que parte da idéia de particionar

árvores geradoras em florestas de um dado tamanho fixo. Esta idéia leva à uma hier-

arquia de formulações cada vez mais fortes. Quanto maiores as florestas, mais forte a

formulação. No primeiro ńıvel da hierarquia, onde as florestas têm o menor tamanho

posśıvel, i.e., envolvem apenas uma aresta, temos precisamente a formulação RLT. No

lado oposto, onde as florestas têm o maior tamanho posśıvel, i.e., são árvores gerado-

ras, temos uma formulação cujo limite da relaxação de programação linear (LP) tem o

mesmo valor que a solução ótima do QMSTP. Diversas posśıveis relaxações da hierar-

quia são estudadas. Apresentamos resultados com respeito à força de seus limites de

LP e à dificuldade de computá-los. No lado computacional, três procedimentos basea-

dos em relaxação lagrangeana (LR) e dois algoritmos branch-and-bound (BB) paralelos

são desenvolvidos. Pela primeira vez, diversas instâncias na literatura são resolvidas

na otimalidade, incluindo algumas com 50 vértices.

Embora a abordagem geral obtenha sucesso em alguns tipos de instâncias, ela

não se demonstra apropriada para tratar o AQMSTP. Este fato motiva uma formulação

para o AQMSTP que explora sua estrutura de custo particular: Usamos as estrelas

do grafo para formular o problema como um IP que envolve exponencialmente muitas
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linhas e colunas. Também consideramos a reformulação que surge ao projetarmos as

estrelas para fora desta formulação. A reformulação, embora definida em um espaço

de variáveis compacto, tem um número exponencial de restrições adicionais. Uma de

suas principais vantagens está no fato de que a maioria dos pacotes de otimização são

capazes de lidar diretamente com modelos com um número pequeno de variáveis e

um número grande de restrições, por meio de callbacks de separação. Isto facilita o

desenvolvimento de um algoritmo BB.

Para resolver a relaxação de LP de nossa formulação do AQMSTP, propomos

um algoritmo de geração de linhas e colunas (RCG). Um algoritmo de planos de corte

(CP) é proposto para resolver a relaxação de LP de sua projeção. Após isto, desenvolve-

mos um algoritmo branch-and-cut-and-price (BCP), baseado em RCG, e um algoritmo

branch-and-cut (BC), baseado em CP. Resultados computacionais mostram que os li-

mites de LP fornecidos pela formulação do AQMSTP dominam os limites baseados em

RLT que desenvolvemos para o caso geral. Como consequência, instâncias com até 50

vértices são resolvidas na otimalidade.
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Chapter 1

Introduction

Assume we are given a connected and undirected graph G = (V,E), with n = |V |
vertices and m = |E| edges, and a matrix Q = (qij)i,j∈E ≥ 0 of interaction costs

between the edges of G. The quadratic minimum spanning tree problem (QMSTP)

is a quadratic 0-1 programming problem that consists of finding a spanning tree of G

whose incidence vector x ∈ Bm minimizes the function∑
i,j∈E

qijxixj.

QMSTP is NP-Hard, as proven by Assad and Xu [7] by a reduction from the

quadratic assignment problem (QAP) [26, 10]. An interesting particular case of QM-

STP is that in which interaction costs qij = 0 if edges i and j do not share an endpoint.

This case is referred to as the adjacent-only QMSTP (AQMSTP). AQMSTP was also

proven NP-Hard by Assad and Xu [7], by means of a reduction from the Hamiltonian

path problem. Another important particular case is that in which Q is diagonal. In

this case, the objective function becomes linear, and QMSTP reduces to the mini-

mum spanning tree problem (MSTP), for which several polynomial time algorithms

are known [42, 27].

1.1 Outline of the Thesis and Main Contributions

The thesis is divided in 5 main chapters and 4 appendices. Below we summarize each

main section and its contributions.

• Chapter 1: Introduction. We began the present chapter with the definition of the

two problems addressed in the thesis, QMSTP and AQMSTP. In Section 1.2 we

1



2 Chapter 1. Introduction

give motivation for studying these two problems. The QMSTP and AQMSTP

literature is reviewed in Section 1.3. Some notation used throughout the thesis

is presented in Section 1.4.

• Chapter 2: The Quadratic Minimum Spanning Tree Problem. We start this chap-

ter by studying for the first time a formulation derived from the reformulation

linearization technique (RLT), in Section 2.1.1. We show that such a formu-

lation dominates other formulations in the QMSTP literature and introduce a

Lagrangian relaxation lower bounding scheme to evaluate its linear programming

(LP) relaxation bounds.

In Section 2.1.2, we present a novel type of formulation for QMSTP, based on

the idea of decomposing spanning trees into forests. That formulation gives a

hierarchy of lower bounds of increasing strength, it has the first formulation

as its weakest case. With the purpose of developing computationally practical

lower bounding procedures based on it, we study possible relaxations. We show

that some of the relaxations are theoretically hard to solve, but manage to give

a polynomial time algorithm for a particular case, which we use to develop a

Lagrangian relaxation based bounding algorithm, in Section 2.1.2.1. A different

approach is taken in Section 2.1.2.2, we provide a reformulation of the hierarchy

and show that an easy to solve relaxation can used in a Lagrangian framework to

evaluate LP lower bounds in our hierarchy. A Lagrangian relaxation algorithm,

with heuristic adjustment of multipliers, is presented.

Based on two of the lower bounding schemes developed in the preceding sections,

we propose two branch-and-bound (BB) algorithms in Section 2.2. We provide

computational results in Section 2.3. These results show that our lower bounds

are much stronger than the bounds in the literature. As a consequence, our

exact algorithms manage to solve problems with up to 50 vertices, with the help

of parallel programming.

• Chapter 3: The Adjacent-Only Minimum Spanning Tree Problem. In our study of

the general QMSTP, we identified that the existing approaches in the literature

fail to adequately address the AQMSTP case. We discuss reasons for that in

Section 3.1. In Section 3.2 we present an AQMSTP formulation that takes its

particular cost structure into account, i.e., it uses stars of the graph as modeling

entities. As a result, the formulation is naturally integer. Since the formulation

is not compact, in Section 3.3 we develop a row and column generation algorithm

for computing its LP bounds. That algorithm is then used as the basis for an
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AQMSTP branch-and-price algorithm. We provide computational results that

validate our approach: lower bounds from the star formulation are much stronger

the previous ones in the literature, including those presented in Chapter 2. As

a consequence, the branch-and-price algorithm solves instances with up to 40

vertices, while the algorithms developed in Chapter 2 manage to solve instances

with at most 20 vertices.

In Section 3.4 we study an unusual approach for obtaining lower bounds from

extended formulations with exponentially many columns. We project the vari-

ables associated to stars out of our AQMSTP formulation. That results in an

AQMSTP reformulation on a compact variable space, with exponentially many

constraints. To evaluate its LP bounds, we propose a cutting plane algorithm,

which is also used as the basis for an AQMSTP branch-and-cut algorithm. We

discuss the benefits of using the projection approach, such as easier to solve

pricing problems and easier to implement exact algorithms. Surprisingly, the

branch-and-cut algorithm manages to solve instances with up to 50 vertices.

• Chapter 4: Future Work - The Quadratic Assignment Problem. In this chapter we

discuss some lines of research we intend to investigate in the future. In particular,

we show how the hierarchy presented in Chapter 2 can be extended for QAP and

discuss some possible approaches for obtaining bounds.

• Chapter 5: Conclusion. Concluding remarks are presented in this chapter.

• Appendix A Separation Algorithms. We provide polynomial time, maximum flow

based, separation algorithms for some inequalities used in our RLT based formu-

lation of Chapter 2.

• Appendix B: Proofs. Detailed proofs for some results in the thesis are presented

in this appendix.

• Appendix C: Considerations about the Work of Öncan and Punnen [35]. Some

results presented in Öncan and Punnen [35] conflict with some results obtained

by ourselves. This led us to identify some mistakes in that work. This issue,

along with evidence for the correctness of the results in this thesis, are discussed

in this appendix.

• Appendix D: Detailed Branch-and-Bound Results. Detailed BB results, for each

instance in our test bed, are provided in this chapter.
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1.2 Motivation

There are three main motivations for studying an NP-Hard combinatorial optimization

problem. First, when studying such a problem, one might develop solution techniques

and theoretical results that might be generalized or adapted for other problems, and

thus become contributions for the general field of combinatorial optimization. One well

known example is the case of the traveling salesman problem [14, 6].

The second reason involves real-world applications of the problem. QMSTP and

AQMSTP applications can be found in the context of telecommunication, transporta-

tion, and hydraulic networks [7]. Below, we describe two examples of QMSTP and

AQMSTP applications in more detail.

A QMSTP application can be found in the context of wireless sensor networks. In

this context, the communication between sensor nodes occurs by means of radio trans-

mission. Assuming that the radio frequency assigned for each possible communication

link in the network has been defined beforehand, one might wish to find a communi-

cation spanning tree that minimizes the radio interference between pairs of links. By

letting the off-diagonal entries of Q be some measure of the interference between pairs

of links, and letting the diagonal entries be a zero-valued vector, the problem can be

solved as a QMSTP.

For the AQMSTP case, consider the situation in which a company C0 wants to

create a telecommunications network whose topology is a tree spanning a set V that

represents customers, computational devices, or other entities. Instead of building all

of the communication links, the company might rent part of the infrastructure from

other companies C1, C2, . . . , CT . Let E0 denote the set of links that might possibly be

built by C0. Assume that each company a, 1 ≤ a ≤ T , owns a set of links Ea, and let

E = ∪Ta=0Ea = E. Without loss of generality we can also assume Ea ∩ Eb = ∅ for any

pair of companies 0 ≤ a < b ≤ T . For each communication link i, there is a cost qii for

constructing the link, in case i ∈ E0, or for renting the link from company a, if i ∈ Ea,
1 ≤ a ≤ T . If we decide to use links i = {u, v} and j = {v, w}, and i ∈ Ea and j ∈ Eb,
b 6= a, then, in addition to the construction or renting costs qii and qjj, interface costs

qij and qji could also arise. The nature of these costs could be related to the acquisition

of additional infrastructure to connect links that belong to different companies, or to

switch from different communication technologies used by the companies, for example.

The third reason comes from problems that, being closely related to QMSTP

and AQMSTP, may eventually benefit from theoretical and algorithmic developments

for the latter. More generally, since QMSTP and AQMSTP are NP-Hard, any prob-

lem in the NP computational complexity class can be polynomially reduced to them.
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Thus, good algorithms for QMSTP and AQMSTP might imply in good algorithms for

other hard problems. Assad and Xu [7] gave two examples: the polynomial reductions

from QAP to QMSTP and from the Hamiltonian path problem to AQMSTP. We give

another, the generalized minimum spanning tree problem (GMSTP) [34].

Consider a graph G = (V ,E), weights (wi)i∈E, and a partition (V 1, . . . , V K) of V .

The generalized minimum spanning tree problem asks for a minimum weight tree of G

such that exactly one vertex from each cluster Vk is in the tree. To reduce this problem

to a QMSTP, let G = (V,E), where V = V and E = E ∪ {{i, j} : i 6= j ∈ Vk, 1 ≤
k ≤ K}. Let Q = (qij)i,j∈E, where, for i ∈ E, qii = wi if i ∈ E, and qii = 0 otherwise.

For each Vk, 1 ≤ k ≤ K, and for each pair of edges i = {ui, vi} and j = {uj, vj}
such that ui ∈ Vk, uj ∈ Vk, ui 6= uj, vi /∈ Vk, and vj /∈ Vk, let qij = M , where M is a

sufficiently large value. Then, any solution T = (VT , ET ) for GMSTP implies a solution

T = (VT , ET ), with VT = V and ET = ET ∪Kk=1 Tk, where Tk is a tree of G spanning

Vk, for QMSTP, both with the same objective value. Conversely, given a solution

T = (VT , ET ), with objective less than M , T = (VT , ET ), where ET = ET ∩ E and

VT is the vertex set induced by ET , is a solution for GMSTP with the same objective

value. Since GMSTP is NP-Hard, this transformation gives an alternative proof for

the following well known result.

Proposition 1.1. QMSTP is NP-Hard.

Although we are not aware of its computational complexity or real-world applica-

tions, we describe another interesting problem, that is an AQMSTP sub-case. Assume

we are given a graph G = (V,E), with costs qii for each i ∈ E, and we are asked to find

a minimum cost connected subgraph of G such that, if edges i = {u, v} and j = {v, w}
are in the solution, then k = {u,w} must also be in the solution. A solution for this

problem can be obtained by letting qij = qkk and solving the problem as an AQMSTP.

1.3 Literature Review

QMSTP and AQMSTP were introduced by Assad and Xu [7]. They proved that

these problems are in the NP-Hard class by means of a polynomial reduction from the

Hamiltonian path problem to AQMSTP. Additionally, a polynomial reduction from

QAP to QMSTP was presented.

A common procedure for computing lower bounds for constrained quadratic 0-1

problems is that of Gilmore [22] and Lawler [28], the so called Gilmore-Lawler proce-

dure/lower bound. The procedure was initially introduced for QAP and later adapted

for other problems, e.g., the quadratic 0-1 knapsack problem [40]. The Gilmore-Lawler
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procedure has an important role in many exact solution algorithms for constrained

quadratic 0-1 problems, where it is used either as a lower bounding procedure by itself

or as a procedure for the resolution of subproblems in Lagrangian relaxation schemes.

Besides proving that QMSTP and AQMSTP are NP-Hard, Assad and Xu [7]

developed a lower bounding scheme for QMSTP. It can be seen as a dual ascent algo-

rithm for obtaining near optimal multipliers in a Lagrangian relaxation of a QMSTP

formulation. Lagrangian subproblems were solved by means of the Gilmore-Lawler

procedure. A branch-and-bound (BB) algorithm based on that bounding scheme man-

aged to solve QMSTP instances defined over complete graphs with up to 12 vertices.

For the AQMSTP case, due to the particular cost structure, they were able to reduce

the computational complexity of the bounding scheme. In that case, the BB algorithm

solved instances with up to 15 vertices. Three QMSTP heuristic algorithms were also

proposed. Two of them were simple constructive heuristics, the other one was a La-

grangian heuristic that resulted from their lower bounding procedure. In general, these

heuristics were not able find the optimal solutions for the problem instances used in

that work.

Evolutionary algorithms were proposed by Zhout and Gen [48] and by Soak et al.

[45]. The algorithm in [48] provided results of better quality compared to the heuristics

in [7]. That algorithm was in turn outperformed by the best evolutionary algorithm in

[45].

Öncan and Punnen [35] proposed a local search algorithm based on tabu thresh-

olding. Computational experiments were presented where their heuristic compared

favorably to the heuristics in [7] and [45]. Building upon the Lagrangian relaxation of

Assad and Xu [7], Öncan and Punnen [35] also proposed a lower bounding procedure

for QMSTP. They introduced new valid inequalities, that were relaxed and dualized

in a Lagrangian fashion. Their lower bounding procedure relied on subgradient op-

timization for multiplier adjustment, and the Gilmore-Lawler procedure for solving

Lagrangian subproblems. An exact BB algorithm was not implemented.

Three different heuristic approaches, based on simulated annealing, evolutionary

algorithms, and tabu search, were proposed by Palubeckis et al. [38]. The algorithm

based on tabu search outperformed the other two, but a comparison to other algorithms

in the literature was not provided. Another heuristic algorithm, based on artificial bee

colony, was proposed by Sundar and Singh [46]. Computational results were presented

where that algorithm outperformed the approaches in Zhout and Gen [48] and Soak

et al. [45].

Cordone and Passeri [13] proposed two heuristic algorithms, based on tabu search

and variable neighbourhood search. They also proposed refinements for the QMSTP
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exact strategies of Assad and Xu [7]. Mainly, they proposed a modified version of

the lower bounding procedure of [7], where a relaxation of the Lagrangian subproblem

is solved. By doing so, they obtain weaker lower bound at a lower computational

complexity. In addition to that, they introduced some variable fixing tests for the

BB algorithm in that same reference. Their revised exact algorithm managed to solve

QMSTP instances defined over complete graphs with up to 15 vertices, as well as larger

sparse instances, with up to 20 vertices. They also presented results showing that their

best performing heuristic, the one based on tabu search, provided better results than

the previous heuristics in the literature.

More recently, a bi-objective version of AQMSTP was investigated by Maia et al.

[31]. The authors considered
∑

i∈E qiixi and
∑

i,j∈E,i 6=j qijxixj as two separate objective

functions. Their approach consisted in generating solutions in the Pareto front. To

that aim, they proposed a local search heuristic and an adaptation of the BB algorithm

of [7]. The adapted BB algorithm managed to generate the Pareto front for instances

with up to 20 vertices. For those instances, the heuristic algorithm was capable of

generating about two thirds of the solutions in the Pareto front.

A common approach to solve a problem formulated as a quadratic 0-1 program

consists of linearizing the non-linear terms, in order to obtain a (mixed) integer linear

program. Assuming that a set x = (xi)i∈M of variables is used to formulate the problem,

the linearization is accomplished by introducing additional variables y = (yij)i,j∈M ,

that replace the quadratic terms xixj in the objective function, together with new

constraints to make sure that the condition yij = xixj holds. After linearization takes

place, one is interested in describing the convex hull of integer points (x,y) such that

x is a feasible solution for the problem, e.g., x is the incidence vector of a spanning

tree of G in the QMSTP case, and y satisfies yij = xixj for all i, j ∈ E.

The boolean quadric polytope (BQP) refers to the linearized polytope that re-

sults when x is any binary vector. Thus, valid inequalities for BQP are valid for all

constrained quadratic 0-1 problems, QMSTP included. BQP has been widely studied,

see Padberg [36], for instance. Closely related to the linearized QMSTP polytope is

the so called boolean quadric forest polytope (BQFP). The BQFP case is a general-

ization of the QMSTP case, where x must be the incidence vector of a forest of G.

Many facet defining inequalities for the BQFP were studied by Lee and Leung [29].

However, to our knowledge, no computational experiments with those inequalities were

ever reported.
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1.4 Notation

Throughout the thesis, the following notation is used. Given a subset V ′ ⊆ V we

denote by E(V ′) = {{u, v} ∈ E : u, v ∈ V ′} the set of edges with both endpoints in

V ′ and by δ(V ′) = {{u, v} ∈ E : u ∈ V ′, v /∈ V ′} the set of edges with exactly one

endpoint in V ′. For simplicity, we use δ(v) instead of δ({v}) when referring to the set

of edges that have v ∈ V as an endpoint. Given any formulation P for QMSTP, we let

Z(P ) denote its LP relaxation lower bounds. Finally, we denote the set {0, 1} by B.



Chapter 2

The Quadratic Minimum Spanning

Tree Problem

In this Chapter, we address QMSTP. The chapter is divided in five sections. In the

first one, Section 2.1, we propose new formulations for the problem. More precisely, in

Section 2.1.1 we propose a formulation based on RLT and give a Lagrangian relaxation

scheme for evaluating its LP relaxation bounds. That formulation is generalized into

a hierarchy of formulations in Section 2.1.2. We present a deep study of formulations

in the hierarchy and develop two more Lagrangian relaxation schemes. Two of these

bounding schemes are then used to develop two QMSTP BB algorithms, in Section

2.2. Computational experiments are conducted in Section 2.3. Concluding remarks are

given in Section 2.4.

2.1 Formulations, Linear Programming and

Lagrangian Relaxation Bounds

2.1.1 Lagrangian Bounds from a Partial RLT Application

Consider a vector x = (xi)i∈E of binary variables such that xi = 1 if and only if edge i is

selected to be part of the QMSTP solution. A quadratic 0-1 programming formulation

for QMSTP is given by:

min

{∑
i,j∈E

qijxixj : x ∈ X ∩ Bm
}
,

9
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where X denotes the set of points in Rm that satisfy:∑
i∈E

xi = n− 1, (2.1)∑
i∈E(S)

xi ≤ |S| − 1, S ⊂ V, |S| ≥ 2, (2.2)

0 ≤ xi ≤ 1, i ∈ E. (2.3)

Proposition 2.1. X is the convex hull of the incidence vectors of spanning trees of G

(This well known result is due to Edmonds [16]).

Proposition 2.2. Given i ∈ E, the convex hull of the incidence vectors of spanning

trees of G that contain i is given by Xi = X ∩ {x ∈ Rm : xi = 1}.

Proof. Let X ′i be the convex hull of the incidence vectors of the spanning trees of G

that contain i. Clearly, X ′i ⊆ Xi. Since xi ≤ 1 is valid for X and there is a spanning

tree of G containing i, Xi induces a non-empty face of X. Thus any extreme point of

Xi is also an extreme point of X. Together with Proposition 2.1, this implies that the

extreme points of Xi are integer, which implies Xi ⊆ X ′i.

To obtain a 0-1 IP formulation for QMSTP, we apply a scheme based on the

reformulation-linearization technique (Caprara [11] gives an exposition of this approach

for constrained quadratic 0-1 programs in general). The scheme consists of two steps :

Reformulation step. Each constraint (2.1)-(2.3) is multiplied by each variable xi, i ∈ E,

resulting in new, non-linear, constraints.

Linearization step. Linearization variables y = (yij)i,j∈E are introduced. On each

constraint resulting from the multiplication by xi, we replace the product xixj, i, j ∈ E,

by yij. On the objective function we also substitute yij for the product xixj on the

term with coefficient qij.

Observe that we make explicit distinction between yij = xixj and yji = xjxi.

This is done so that a special structure in the resulting formulation can be exploited.

For convenience, we also replace the powers x2i by yii instead of simply xi. For each

i ∈ E, let yi = (yij)j∈E denote the row of y indexed by i. The application of the

reformulation-linearization procedure yields the constraints∑
j∈E

yij = (n− 1)xi, (2.4)∑
j∈E(S)

yij ≤ (|S| − 1)xi, S ⊂ V, |S| ≥ 2, (2.5)
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yii = xi, (2.6)

0 ≤ yij ≤ xi, j ∈ E. (2.7)

Notice that (2.4)-(2.7) is simply Xi multiplied by xi. Thus, once the linearization

scheme has been applied, the following 0-1 IP formulation is obtained

F1 : min

{∑
i,j∈E

qijyij : (x,y) ∈ P1 ∩ Bm+m2

}
,

where P1 refers to the polyhedral region defined by:

x ∈ X, (2.8)

yi ∈ (Xi × xi), i ∈ E, (2.9)

yij = yji, i < j ∈ E. (2.10)

By constraint (2.8), x must be the incidence vector of a spanning tree. By

constraints (2.9), for each edge i with xi = 1, yi must be the incidence vector of a

spanning tree containing i, and for each edge i with xi = 0, yi must be the null vector.

Finally, constraints (2.10) enforces the equality of the trees implied by the vectors yi

and x.

Observe that the tree defined by yi determines the edges with which i interacts.

For this reason, we refer to it as the interaction tree for edge i. Formulation F1 requires

that all interaction trees be identical, but this condition will be relaxed in our solution

strategy.

The reformulation process just applied consists of a partial application of the first

RLT level [4, 44]. The complete first RLT level would also involve the multiplication

of (2.1)-(2.3) by (1 − xi), for all i ∈ E, followed by the linearization step. It can

be seen that the application of this operation to (2.1) and (2.3) results in redundant

constraints, while the following inequalities are obtained from (2.2):∑
j∈E(S)

(xj − yij) ≤ (|S| − 1)(1− xi), i ∈ E, S ⊂ V, |S| ≥ 2. (2.11)

It was shown by Lee and Leung [29] that (2.5), (2.7), and (2.11) define facets

of BQFP. Besides these, they showed that facets are also induced by the clique and

the cut inequalities of BQP [36], and by an extension of the latter, also presented in

[29]. They give LP based polynomial time separation algorithms for (2.5) and (2.11).

We remark that these two sets of valid inequalities can also be separated by modified
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versions of the algorithm of Padberg and Wolsey [37] for separating subtour breaking

constraints. We present these modifications in Section A of the Appendix. We are

not aware of any polynomial time separation algorithms for the remaining inequalities

presented in [29].

Preliminary computational experiments we conducted on the QMSTP instances

with 15 vertices introduced in [35] indicated that constraints (2.11) do not significantly

strengthen Z(F1). According to our experiments, such LP bounds increased by only

0.08%, while the average computational time needed for their evaluation (solving LPs

by means of a a cutting planes approach) increased by 69.8%. For this reason, our

formulation and solution techniques do not consider those inequalities.

We now present other formulations in the QMSTP literature and investigate how

F1 compares to them. Consider the following constraints:∑
i∈E

yij = (n− 1)xj, j ∈ E, (2.12)

∑
i∈δ(v)

yij ≥ xj, j ∈ E, v ∈ V. (2.13)

Assad and Xu [7] introduced the QMSTP formulation

FAX92 : min

{∑
i,j∈E

qijyij : (x,y) ∈ PAX92 ∩ Bm+m2

}
,

where PAX92 =
{

(x,y) ∈ Rm+m2
: (x,y) satisfies (2.8)-(2.9) and (2.12)

}
. Öncan and

Punnen [35] added the valid inequalities (2.13) to PAX92 and formulated QMSTP as

FOP10 : min

{∑
i,j∈E

qijyij : (x,y) ∈ POP10 ∩ Bm+m2

}
,

where POP10 = PAX92 ∩
{

(x,y) ∈ Rm+m2
: (x,y) satisfies (2.13)

}
.

Proposition 2.3. PAX92 ⊇ POP10 ⊇ P1

Proof. Constraints (2.12) are clearly implied by (2.4) and (2.10). To check that con-

straints (2.13) are also implied by P1, formulate (2.5) in terms of an edge j and

S = V \ {v}, for any v ∈ V . Then subtract the resulting inequality from (2.4) (also
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formulated for j ∈ E), to obtain: ∑
i∈δ(v)

yji ≥ xj,

which, together with (2.10), implies (2.13).

Corollary 2.1. Z(FAX92) ≤ Z(FOP10) ≤ Z(F1).

Due to the large number of variables and constraints that define F1, computing

Z(F1) by directly solving the LP relaxation of F1, even with a cutting plane algorithm

where (2.2) and (2.5) are dynamically separated, is not practical. Moreover, formu-

lating X and Xi, i ∈ E, by means of network flow strategies would yield a QMSTP

formulation with O(n7) variables and constraints. Solving the LP relaxation of that

formulation would also not be practical. Therefore, we adopt an alternative strategy.

We relax and dualize constraints (2.10) by attaching to them unconstrained Lagrangian

multipliers θ = (θij)i<j∈E (assume θij = −θji in case i > j ∈ E), to obtain the problem:

F ′1(θ) : L′1(θ) = min

{∑
i,j∈E

q′ijyij : (x,y) ∈ P ′1 ∩ Bm+m2

}
,

where polytope P ′1 is obtained by relaxing (2.10) in the definition of P1, i.e., P ′1 is given

by (2.8) and (2.9). Lagrangian modified costs are defined as q′ij = qij+θij for i 6= j ∈ E
and q′ii = qii for i ∈ E. The corresponding Lagrangian dual is:

DF1 : L′∗1 = max
{
L′1(θ) : θ ∈ R

m(m−1)
2

}
.

Next, we present a result that states that P ′1 has integer extreme points. This

result is useful for determining the strength of DF1.

Proposition 2.4. P ′1 is an integral polytope.

Proof. Assume (x,y) is a fractional extreme point of P ′1. Assume further that x is

integer. Then, for any i ∈ E, yi ∈ Xi. Thus, we can write yi =
∑

w∈Ei λ
ww, where

Ei is a subset of the extreme points of Xi, λ
w > 0 for all w ∈ Ei, and

∑
w∈Ei λ

w = 1.

Observe that

(x,y) = (x,yj1 ,yj2 , . . . ,yi, . . . ,yjm) =
∑
w∈Ei

λw(x,yj1 ,yj2 , . . . ,w, . . . ,yjm),

and thus (x,y) cannot be an extreme point of P ′1.
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Now, assume that x is fractional. Since x ∈ X, we have x =
∑

w∈E λ
ww, where

E is a subset of the extreme points of X, λw > 0 for all w ∈ E , and
∑

w∈E λ
w = 1. For

each w ∈ E and i ∈ E consider zw
i ∈ Bm, defined as follows. If wi = 1, let zw

i = yi/xi,

otherwise, let zw
i = 0. Note that (w, zw

j1
, . . . , zw

jm) ∈ P ′1.
Consider some i ∈ E. If xi = 0,

∑
w∈E λ

wzw
i = yi = 0. On the other hand, if

xi > 0,
∑

w∈E λ
wzw

i =
(∑

w∈E:wi=1 λ
w
) yi

xi
= yi. Thus,

(x,y) = (x,yj1 ,yj2 , . . . ,yjm) =
∑
w∈E

λw(w, zw
j1
, . . . , zw

jm),

and (x,y) cannot be an extreme point.

From proposition 2.4 and from a well known result in Lagrangian duality theory

[20], we have the following result.

Corollary 2.2. L′∗1 = Z(F1).

Observe that after the relaxation of (2.10), the interaction trees for each i ∈
E become independent from each other. Consequently, it is possible to develop a

specialized procedure for solving F ′1(θ). Let (x,y) be an optimal solution for F ′1(θ), for

some set of multipliers θ. If xi = 0 for some i ∈ E, then yi = 0. On the other hand, if

xi = 1, (x,y) can be so that yi is the incidence vector of a spanning tree that solves:

qi = min

{∑
j∈E

q′ijyij : yi ∈ Xi ∩ Bm
}
. (2.14)

This means that the selection of edge i implies in a cost given by qi. Consequently,

one can solve F ′1(θ) by computing the spanning tree x that minimizes:

q0 = min

{∑
i∈E

qixi : x ∈ X ∩ Bm
}
, (2.15)

and setting y accordingly. Algorithm 1 summarizes the main steps of the procedure.

Note that when θ = 0, Algorithm 1 provides the Gilmore-Lawler lower bound for

QMSTP.

Algorithm 1:

Input: A QMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . A set of Lagrangian

multipliers θ ∈ R
m(m−1)

2 .

Output: A solution (x,y) for F ′1(θ).
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1. For each edge i ∈ E, solve (2.14) and denote the solution vector by ỹi.

2. Solve (2.15), denote by x̃ the solution vector.

3. An optimal solution (x,y) of cost L1(θ) = q0 for F ′1(θ) is given by x = x̃ and

yi = x̃iỹi for all i ∈ E.

Each minimum spanning tree problem in Algorithm 1 can be solved in O(m log n)

time complexity (with Prim’s algorithm [42]). Thus, Algorithm 1 can be implemented

to run in O(m2 log n).

An approximate solution for the Lagrangian dual DF1 can be obtained by means

of the subgradient method [25]. We denote by Lag1 the algorithm that uses the sub-

gradient method to solve DF1 while solving subproblems by means of Algorithm 1.

Based on the observations above, for the practical evaluation of Z(F1), it is reason-

able to expect Lag1 to perform better than directly solving the LP relaxation of F1.

In Section 2.2 we develop a BB algorithm that uses Lag1 as its bounding procedure.

Computational results for Lag1 are reported in Section 2.3.

Although formulation F1 is at least as strong as FAX92 and FOP10, duality gaps

implied by Z(F1) are sometimes quite large. This observation motivates the study of

stronger lower bounding approaches for QMSTP.

2.1.2 Lagrangian Bounds Based on the Decomposition of

Spanning Trees into Forests of Fixed Size

Let K be a positive integer that divides n− 1. Then, the edge set of any spanning tree

T of G can be partitioned into (n− 1)/K acyclic subsets, with K edges each. In other

words, T can be decomposed into (n− 1)/K forests of K edges each. We will refer to

such forests as K-forests. Examples are given in Figure 2.1 for K = 2, 3, and 4.

The basic idea behind the formulation we introduce in this section is to combine

K-forests to create spanning trees. To formulate the interaction costs, instead of defin-

ing interaction trees for edges, as we did in F1, we define interaction trees for K-forests.

In doing so, even if we relax the requirement that these trees must be equal, the in-

teraction trees for the edges in the same K-forest will remain the same. Therefore,

the larger the value of K, the closer we are to satisfying the equality constraints. This

suggests that this formulation could be stronger than F1.

Some additional notation is needed before we introduce the formulation. Denote
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(a) A spanning tree T . (b) Decomposition of T into 2-
forests.

(c) Decomposition of T into 3-
forests.

(d) Decomposition of T into 4-
forests.

Figure 2.1. Decomposition of a spanning tree into K-forests, for K = 2, 3 and
4. K-forests are represented by connected components with the same drawing
style. In the examples, all K-forests are connected subgraphs of G. Observe
however, that this is not always possible in general.

by EK = {H ⊆ E : H is K-forest-inducing} the set of all K-forest-inducing subsets of

E and let o = |EK |. Define EK
i = {H ∈ EK : i ∈ H} as the set of the elements of EK

that contain i ∈ E. Finally, for all H ∈ EK , let XH = X ∩ {x ∈ Rm : xi = 1, i ∈ H}.
Using similar arguments to those used in the proof of Proposition 2.2 we can show that

XH is the convex hull of the incidence vectors of spanning trees containing all edges in

H.

Besides variables x and y introduced before, the formulation also employs binary

variables s = (sH)H∈EK , such that sH = 1 if and only if H ∈ EK is selected to be part

of the solution. To formulate interaction trees, binary variables t = (tHi)H∈EK ,i∈E are

used. We denote the row of t indexed by H ∈ EK by tH = (tHi)i∈E, i.e., tH defines
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the interaction tree for the K-forest induced by H. QMSTP can be formulated as:

F2 : min

{∑
i,j∈E

qijyij : (x,y, s, t) ∈ P2 ∩ Bm+m2+o+om

}
,

where polytope P2 is given by:

x ∈ X, (2.16)

xi =
∑
H∈EK

i

sH , i ∈ E, (2.17)

tH ∈ (XH × sH), H ∈ EK , (2.18)

yi =
∑
H∈EK

i

tH , i ∈ E, (2.19)

yij = yji, i < j ∈ E. (2.20)

Constraints (2.16) require that x define a spanning tree of G. The decomposition

of the spanning tree into K-forests is enforced by constraints (2.17). By (2.18), if a

K-forest-inducing set H is used in the decomposition, then an interaction tree must be

defined for it, otherwise, tH = 0. Constraints (2.19) state that, in case edge i appears

in a K-forest that belongs to the solution, then the interaction tree yi for i must be

equal to the interaction tree for that K-forest, otherwise, yi = 0. Finally, by (2.20),

all spanning trees must be equal.

Note that the size of EK is O(mK), which is polynomial in n if K is a constant.

Thus, the size of F2 in relation to F1 is polynomially bounded. Regarding the strength

of F2, when K = 1, formulations F1 and F2 are equivalent. If K = n − 1, EK will be

the set of all spanning trees of G and, consequently, Z(F2) will be the optimal solution

value of QMSTP. For general values of K, we have the following result.

Proposition 2.5. Given a factor K > 0 of n−1, denote by P2(K) the polytope defined

by (2.16)-(2.20) for this particular value of K. Let Projxy(P2(K)) be the projection of

P2(K) onto the vector space of the variables (x,y) ∈ Rm+m2
. For two factors K and

L of n− 1, L > K, the following holds:

Projxy(P2(L)) ⊆ Projxy(P2(K)).

Proof. Consider a vector (x,y, s, t) ∈ P2(L). We are going to show that there is a

vector (x̃, ỹ, s̃, t̃) ∈ P2(K) such that x̃ = x and ỹ = y.

For every H ∈ EL define the set EK(H) = {I ∈ EK : H ∩ I = K}, i.e., EK(H)

is the set of the subsets of H that contain K edges. Edges in H appear in exactly
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c = (L− 1)!/((L−K)!(K − 1)!) elements of EK(H).

Now, for all I ∈ EK let

s̃I =
1

c

∑
H∈EL:I∈EK(H)

sH , (2.21)

and

t̃I =
1

c

∑
H∈EL:I∈EK(H)

tH . (2.22)

Thus, from (2.21), for any i ∈ E, we have

xi =
∑
H∈EL

i

sH =
∑
H∈EL

i

1

c

∑
I∈EK(H):i∈I

sH =
∑
I∈EK

i

1

c

∑
H∈EL:I∈EK(H)

sH =
∑
I∈EK

i

s̃I = x̃i,

which shows that (2.16) and (2.17) are satisfied in P2(K). From (2.22) we have

yi =
∑
H∈EL

i

tH =
∑
H∈EL

i

1

c

∑
I∈EK(H):i∈I

tH =
∑
I∈EK

i

1

c

∑
H∈EL:I∈EK(H)

tH =
∑
I∈EK

i

t̃I = ỹi,

which shows that (2.19) and (2.20) are also satisfied in P2(K). Finally, we need to show

that (2.18) is also satisfied. We will only show that, for any I ∈ EK , the cardinality

constraint
∑

i∈E tIi = (n−1)sI is satisfied. The satisfaction of the remaining constraints

can be proved in a similar fashion. Using both (2.21) and (2.22),

∑
i∈E

t̃Ii =
∑
i∈E

1

c

∑
H∈EL:I∈EK(H)

tHi =
1

c

∑
H∈EL:I∈EK(H)

(n− 1)sH = (n− 1)s̃I ,

which proves the satisfaction of the desired constraint.

For practical considerations, if K does not divide n − 1, we can add artificial

vertices to the graph, together with (zero cost) edges to keep the graph connected.

Note also that the decomposition of a spanning tree of G into K-forests might not be

unique. However, all that is needed to properly formulate QMSTP is granting that at

least one such decomposition exists for any spanning tree. By eliminating redundant

possibilities from EK , we can reduce the number of variables of F2 and maybe improve

its LP relaxation bound. The next result shows how that can be accomplished for

K ≤ 4.

Proposition 2.6. Let T be a spanning tree of G and K be a factor of n−1. If K = 2,

T can be decomposed into trees of two edges each. If K = 3 or K = 4, then T can be
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decomposed into K-forests, none of which has more than two connected components.

Proof. Note that, for K = 2, either T has edges {i, j} and {j, k} such that i and k are

leaves, or i is a leaf and j is not connected to any vertex other than i or k. No matter

the case, we remove these two edges to obtain a subgraph of T that is connected and

has an even number of edges. The argument is then applied recursively.

For K = 3, remove (1/3)(n − 1) edges {i, j} of T , one at a time, under the

condition that i is a leaf. The remaining subgraph has (2/3)(n − 1) edges and is

connected; apply the procedure for K = 2 to this subgraph. For each resulting set of

two edges, add one of the edges that were previously removed.

For K = 4, apply the procedure for K = 2, group the resulting pairs of adjacent

edges into sets of four edges.

Even in the light of Proposition 2.6, computing Z(F2) by explicitly solving LPs

is impractical, due to the large number of variables and constraints that compose F2.

Recall that formulation F2 was developed with the relaxation of constraints (2.20) in

mind. We will now investigate the relaxation and the dualization of those constraints

in a Lagrangian fashion. To that aim, consider again that unconstrained multipliers

θ = (θij)i<j∈E, defined as before, are assigned to (2.20). Such a relaxation strategy

leads to the following Lagrangian subproblem:

F ′2(θ) : L′2(θ) = min

{∑
i,j∈E

q′ijyij : (x,y, s, t) ∈ P ′2 ∩ Bm+m2+o+om

}
,

where P ′2 is obtained by relaxing (2.20) in P2, i.e., P ′2 is represented by (2.16)-(2.19).

Lagrangian modified costs are defined as q′ij = qij + θij for all i 6= j ∈ E and q′ii = qii

for all i ∈ E.

Observe that, by (2.19), the objective function of F ′2 can be written as:∑
i,j∈E

q′ijyij =
∑
i,j∈E

∑
H∈EK

i

q′ijtHj =
∑
H∈EK

∑
i∈H

∑
j∈E

q′ijtHj.

Therefore, using the fact that in F ′2 the choice of the spanning tree tH depends

only on sH , it can be concluded that in an optimal solution (x,y, s, t) for F ′2(θ), for

some particular choice of multipliers θ, if sH = 1, tH will be the incidence vector of a

spanning tree that minimizes:

qH = min

{∑
i∈H

∑
j∈E

q′ijtHj : tH ∈ XH ∩ Bm
}
. (2.23)
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Thus, problem F ′2 can be solved with the resolution of

q0 = min

 ∑
H∈EK

qHsH : x ∈ X;xi =
∑
H∈EK

i

sH ,∀i ∈ E; (x, s) ∈ Bm+o

 , (2.24)

followed by the appropriate adjustment of y and t. This process is summarized in the

following algorithm.

Algorithm 2:

Input: A QMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . A factor K of

n− 1. A set of Lagrangian multipliers θ ∈ R
m(m−1)

2 .

Output: A Solution (x,y, s, t) for F ′2(θ).

1. For every H ∈ EK , solve (2.23) and denote by t̃H its solution vector.

2. Solve problem (2.24) to obtain a solution (x̃, s̃).

3. Obtain a solution (x,y, s, t) of cost L′2(θ) = q0 for F ′2(θ) by making x = x̃, s = s̃,

tH = sH t̃H for all H ∈ EK , and yi =
∑

H∈EK
i

tH for all i ∈ E.

While Algorithm 2 actually solves F ′2, the problem is in fact NP-Hard for K ≥ 3.

Consequently, it is unlikely that one can come up with an efficient algorithm to solve

step 2, in particular.

Proposition 2.7. Problem F ′2 is NP-Hard for K ≥ 3

Proof. Deciding whether a (K + 1)-uniform hypergraph has a spanning tree is NP-

Complete for K ≥ 3. For K = 2, while the decision problem can be solved in polyno-

mial time, the minimization problem is still an open problem [43]. The idea of the proof

is to reduce the decision problem to F ′2, defined over forests of size K. The detailed

proof is presented in Section B.1 of the Appendix.

Given the complexity of solving F ′2, we study two possible alternative approaches

to derive lower bounds from relaxations of that formulation.

2.1.2.1 First Approach - Selecting Edge-disjoint K-Forests

Consider the subtour elimination constraints (SECs) (2.2). For integer solutions of F2,

these constraints are already implied by other constraints in the formulation. To check
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that, observe that

yij = yji ≤ xj, i, j ∈ E,

and as yi defines a spanning tree, x also defines a spanning tree. Moreover, by further

relaxing and dualizing (2.2) in F ′2, the resulting problem consists of selecting (n −
1)/K non-overlapping K-forests, i.e., their union do not need to be acyclic, while also

selecting independent interaction trees for each of them. This problem is easy to solve

for a particular value of K. Such a relaxation is studied in what follows.

Let µ = (µS)S⊂V,|S|≥2, be a set of non-negative multipliers associated to con-

straints (2.2). As before, let θ = (θij)i<j∈E be unconstrained multipliers associated

to (2.20). After the two sets of constraints are relaxed and dualized, the following

Lagrangian subproblem results:

F ′′2 (θ, µ) : L′′2(θ, µ) = C + min

{∑
i,j∈E

q′ijyij : (x,y, s, t) ∈ P ′′2 ∩ Bm+m2+o+om

}
,

where P ′′2 is obtained by relaxing (2.20) and (2.2) in P2, i.e., P ′′2 is defined by (2.1),

(2.3), (2.17)-(2.19). Lagrangian costs q′ij are defined as q′ij = qij + θij if i 6= j ∈ E,

q′ii = qii +
∑

S⊂V,|S|≥2,i∈E(S) µS, i ∈ E, and C = −
∑

S⊂V,|S|≥2 µS(|S| − 1).

The associated Lagrangian dual is:

DF2 : L′′∗2 = max
{
L′′2(θ, µ) : (θ, µ) ∈ R

m(m−1)
2 × R|{S⊂V,|S|≥2}|+

}
.

Let (x,y, s, t) be an optimal solution for F ′′2 (θ, µ) for some particular choice of

Lagrangian multipliers (θ, µ). If sH = 1, then (x,y, s, t) can be so that tH is the

incidence vector of the spanning tree that minimizes (2.23). Also, after the relaxation

of (2.2), variables x can be eliminated from the formulation. This way, F ′′2 (θ, µ) can

be solved with the resolution of

q0 = C + min

 ∑
H∈EK

qHsH :
∑
H∈EK

i

sH ≤ 1, ∀i ∈ E;
∑
H∈EK

sH =
n− 1

K
; s ∈ Bo

 , (2.25)

and the appropriate adjustment of x, y, and t. Problem (2.25) asks for the optimal

selection of (n− 1)/K K-forests of G such that no edge i appears in more than one of

them. In other words, (2.25) is a set packing problem with an additional cardinality

constraint. This problem can be efficiently solved for K = 2 but is NP-Hard for K ≥ 3.

Proposition 2.8. Problem F ′′2 is NP-Hard for K ≥ 3.
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Proof. We provide a polynomial reduction from the problem of deciding whether a K-

uniform hypergraph has a perfect matching. That problem is NP-Complete for K ≥ 3.

Details of the reduction are given in Section B.2 of the Appendix.

If K = 2, problem (2.25) requires the optimal selection of (n − 1)/2 non-

overlapping 2-forests. In other words, one has to find a minimum cost matching of

cardinality (n−1)/2, in an auxiliary graph G = (V ,E), defined with vertex set V = E

and edge set E = EK . An example is given in Figure 2.2. Finding a matching with

fixed cardinality of a graph can be done in polynomial time, an algorithm is given in

[41]. That algorithm is used as the basis of Algorithm 3 below, for the resolution of

(2.25).

Algorithm 3:

Input: QMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . Set of costs qH for

each H ∈ EK , K = 2.

Output: Solution (x, s) for (2.25).

1. Define an auxiliary graph G = (V ,E), where V = E and E = EK .

2. Let U be a set of m− (n− 1) auxiliary vertices. Set V = V ∪ U .

3. Let J = {{u, v} : u ∈ U, v ∈ V } and qH = 0 for all H ∈ J . Set E = E ∪ J .

4. Find a minimum cost perfect matching of G, let s be its incidence vector. For

all i ∈ E, if there is an H ∈ EK
i such that sH = 1, set xi = 1. Otherwise, set

xi = 0.

By assumption, G is connected and n−1 is even. Thus, there is a set of (n−1)/2

non-overlapping 2-forests, e.g., the decomposition of a spanning tree into 2-forests. A

set of (n−1)/2 non-overlapping 2-forests of G implies a matching with (n−1)/2 edges

(n− 1 vertices) for the subgraph of G induced by V \ U . The remaining m− (n− 1)

vertices of V \ U can be matched to the vertices of U . Conversely, in any perfect

matching of G, the m − (n − 1) vertices of U can only be connected to m − (n − 1)

vertices of V . The remaining n − 1 vertices of V \ U are matched to each other,

resulting in a matching of (n − 1)/2 edges or (n − 1)/2 non-overlapping 2-forests for

G. Moreover, since the edges in J have no cost, a perfect matching of G and a set of

(n−1)/2 non-overlapping 2-forests of G have the same cost. Thus, Algorithm 3 indeed

solves (2.25).
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(f) Subgraph of G implied
by M .

Figure 2.2. Using an auxiliary graph G in order to find a set of (n − 1)/K
non-overlapping K-forests of a graph G, for K = 2.
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In order to solve F ′′2 (θ, µ) for K = 2, we can proceed by computing the costs

(2.23), followed by the resolution of (2.25) by Algorithm 3. Algorithm 4 summarizes

the main steps.

Algorithm 4:

Input: QMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . Set of Lagrangian

multipliers (θ, µ) ∈ R
m(m−1)

2 × R|{S⊂V,|S|≥2}|+ .

Output: Solution (x,y, s, t) for F ′′2 (θ, µ) for K = 2.

1. Solve problem (2.23) for each H ∈ EK and let t̃H be the minimizing vector.

2. Solve (2.25) by Algorithm 3. Let (x̃, s̃) denote a solution.

3. Obtain a solution (x,y, s, t) of cost L′′2(θ, µ) = q0 for F ′′2 (θ, µ) by letting s = s̃

and x = x̃. Let tH = sH t̃H for all H ∈ EK , and yi =
∑

H∈EK
i

ti for all i ∈ E.

The first step of Algorithm 4 can be implemented to run in O(om log n) =

O(m3 log n) time complexity. Algorithm 3 can be implemented to run in O(|V |2|E|) =

O(m4) [21]. This gives the complexity of step 2, which determines the overall worst

case time complexity of Algorithm 4.

As a result of the discussion above, the solutions for the Lagrangian subproblem

F ′′2 (θ, µ) implicitly satisfy all valid inequalities for the matching polytope. Since the

blossom inequalities [15] (facet defining inequalities for the matching polytope) are

missing from F ′′2 , the Lagrangian dual bound provided by DF2 might well be stronger

than Z(F2).

Proposition 2.9. L′′∗2 ≥ Z(F2).

The evaluation of L′′∗2 requires finding optimal multipliers for an exponential

number of constraints (2.2). One of the known algorithmic alternatives to deal with

exponentially many inequalities candidates to Lagrangian dualization is the relax-and-

cut approach [30]. Due to the already excessive (though polynomial in n,m) number

of other dualized constraints, the benefits of implementing a relax-and-cut algorithm

for the evaluation of L′′∗2 are quite small: in practice, small lower bound improvements

are obtained at a substantial increase of CPU time. Thus, we consider an algorithm

for computing QMSTP lower bounds based on DF2 where µ = 0, θ is adjusted by the

subgradient method, and each subproblem is solved by means of Algorithm 4. This
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algorithm is denoted Lag2. A BB algorithm based on Lag2 is presented in Section 2.2.

We report computational results for Lag2 in Section 2.3.

2.1.2.2 Second Approach - Variable Splitting

In this section, we present a reformulation of F2 that preserves its LP relaxation bounds.

The interesting aspect of this reformulation is that a Lagrangian relaxation scheme,

with easy to solve subproblems, can be developed to evaluate its LP lower bounds.

On the downside, the Lagrangian relaxation scheme needs to deal with a very large

number of dualized constraints.

Consider the replacement of each variable sH , for all H ∈ EK , by K new binary

variables siH , one for each i ∈ H, so that now we have s = (siH)i∈E,H∈EK
i

. We

denote by si = (siH)H∈EK
i

the row of s indexed by i ∈ E. Likewise, consider the

replacement of each vector tH by K new binary vectors tiH , one for each i ∈ H. Then,

t = (tiHj)i,j∈E,H∈EK
i

and we denote by ti = (tiH)H∈EK
i

the entries of t with first index

i ∈ E, and by tiH = (tiHj)j∈E the row of ti indexed by H ∈ EK . QMSTP can be

formulated as:

F3 : min

{∑
i,j∈E

qijyij : (x,y, s, t) ∈ P3 ∩ Bm+m2+Ko+Kom

}
, (2.26)

where P3 denotes the polytope given by:

x ∈ X, (2.27)

xi =
∑
H∈EK

i

siH , i ∈ E, (2.28)

yi =
∑
H∈EK

i

tiH , i ∈ E, (2.29)

tiH ∈ (XH × siH), i ∈ E,H ∈ EK
i , (2.30)

yij = yji, i < j ∈ E, (2.31)

siH = sjH , i < j ∈ E,H ∈ EK
i ∩ EK

j . (2.32)

Later, we will show that the relaxation of constraints (2.31) and (2.32) results in

a problem that is easy to solve for any factor K, what allows us to develop a tractable

lower bounding procedure based on F3. Before discussing that, observe that constraints

of type (2.32) were not imposed for t, what implies that Z(F3) may be weaker than

Z(F2). This can be overcome by conveniently rewriting the objective function of F3.

Notice that if tiHj = 1, for some i, j ∈ E and H ∈ EK
i , then because of (2.30) and
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(2.32), ∑
k∈H

tkHj = K. (2.33)

Using (2.29) and (2.33), the objective function in (2.26) can be rewritten as:

∑
i,j∈E

qijyij =
∑
i∈E

∑
H∈EK

i

∑
j∈E

qijtiHj =
∑
i∈E

∑
H∈EK

i

∑
j∈E

∑
k∈H

1

K
qijtkHjtiHj.

Note that tiHjtkHj = tiHj = tkHj for any i, j, k ∈ E and H ∈ EK
i ∩ EK

k . Therefore

∑
i∈E

∑
H∈EK

i

∑
j∈E

∑
k∈H

1

K
qijtkHjtiHj =

∑
i∈E

∑
H∈EK

i

∑
j∈E

∑
k∈H

1

K
qijtkHj

=
∑
i∈E

∑
H∈EK

i

∑
j∈E

∑
k∈H

1

K
qkjtiHj (2.34)

In other words, (2.34) states that the cost of the tree defined by tiH , for some i ∈ E
and H ∈ EK

i , depends equally on all the edges in H and their interaction costs. In the

remainder of this section, we assume that the objective in (2.26) is rewritten according

to (2.34). Bearing that in mind, we have the following result.

Proposition 2.10. Z(F2) = Z(F3).

Proof. We make use of an argument based on the application of Lagrangian relaxation

to the LP relaxations of F2 and F3. We dualize constraints (2.31) with unconstrained

Lagrangian multipliers θ = (θij)i<j∈E, defined as before. This gives the the Lagrangian

subproblem

F ′3(θ) : L′3(θ) = min

{∑
i∈E

∑
H∈EK

i

∑
j∈E

∑
k∈H

1

K
q′kjtiHj : (x,y, s, t) ∈ P ′3 ∩ Bm+m2+Ko+Kom

}
,

where P ′3 is obtained by relaxing (2.31) in P3, i.e., P ′3 is defined by (2.27)-(2.30) and

(2.32). Lagrangian modified costs are defined as q′ij = qij + θij for i 6= j ∈ E and

q′ii = qii for i ∈ E.

We now show that for any θ ∈ R
m(m−1)

2 , Z(F ′3(θ)) = Z(F ′2(θ)), which proves the

claim.

Given a feasible solution (x,y, s, t) for the LP relaxation of F ′2(θ), letting x̃ = x,

ỹ = y, s̃iH = sH and t̃iH = tH for all i ∈ H and H ∈ EK
i , we obtain a feasible solution

(x̃, ỹ, s̃, t̃), with the same objective value for the LP relaxation of F ′3(θ).

Conversely, by (2.34), given a solution for the linear relaxation of F ′3(θ), there is

always a feasible solution (x̃, ỹ, s̃, t̃) with the same objective value such that t̃iH = t̃jH



2.1. Formulations, Linear Programming and Lagrangian Relaxation
Bounds 27

for any i, j ∈ E and H ∈ EK
i ∩ EK

j . Letting x = x̃, y = ỹ, sH = s̃iH , and tH = t̃iH ,

for all H ∈ EK and some i ∈ H, we obtain a feasible solution (x,y, s, t) with the same

objective value for the LP relaxation of F ′2(θ).

When constraints (2.31) and (2.32) are relaxed in F3, we obtain a problem

that is easy to solve for any value of K. Consider again unconstrained dual mul-

tipliers θ = (θij)i<j∈E attached to (2.31). Define unconstrained multipliers π =

(πijH)i<j∈E,H∈EK
i ∩EK

j
, attached to (2.32). Assume πiiH = 0 for all i ∈ E, and

πijH = −πjiH , for all pairs i > j ∈ E and H ∈ EK
i ∩ EK

j . Then, we obtain the

Lagrangian subproblem:

F ′′3 (θ, π) : L′′3(θ, π) = min

{∑
i∈E

∑
H∈EK

i

∑
j∈H

(πijHsiH +
∑
k∈E

1

K
q′jktiHk)

: (x,y, s, t) ∈ P ′′3 ∩ Bm+m2+Ko+Kom

}
,

where P ′′3 is obtained by relaxing (2.31) and (2.32) in P3, i.e., P ′′3 is defined by (2.27)-

(2.30). The modified costs are defined as q′ij = qij + θij for i 6= j ∈ E and q′ii = qii for

i ∈ E. The associated Lagrangian dual is:

DF3 : L′′∗3 = max
{
L′′3(θ, π) : (θ, π) ∈ R

m(m−1)
2

+
oK(K−1)

2

}
.

To see how F ′′3 (θ, π) can be solved for any choice of multipliers (θ, π) ∈
R

m(m−1)
2

+
oK(K−1)

2 , consider an optimal solution (x,y, s, t). We see that if xi = 1 for

some i ∈ E, and siH = 1 for some H ∈ EK
i , then tiH is the incidence vector of the

spanning tree that minimizes

qiH =
1

K
min

{∑
j∈H

∑
k∈E

q′jktiHk : tiH ∈ XH ∩ Bm
}
. (2.35)

Therefore, if xi = 1, i ∈ E, we have siH = 1 for the element of HK
i that minimizes

qi = min

{
qiH +

∑
j∈H

πijH : H ∈ EK
i

}
. (2.36)

Thus, F ′′3 can be solved by solving

q0 = min

{∑
i∈E

qixi : x ∈ X ∩ Bm
}
, (2.37)
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followed by the appropriate adjustment of y, s, and t. The following algorithm sum-

marizes the procedure.

Algorithm 5:

Input: QMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . Set of Lagrangian

multipliers (θ, π) ∈ R
m(m−1)

2
+

oK(K−1)
2 .

Output: Solution (x,y, s, t) for F ′′3 (θ, π).

1. Solve (2.35) and obtain qiH for each i ∈ E and H ∈ EK
i . Denote the minimizing

vector by t̃iH . Observe that (2.35) needs to be solved only once for each H ∈ EK ,

i.e., find qiH for some i ∈ H and let qjH = qiH and t̃jH = t̃iH for all j 6= i ∈ H.

2. Solve (2.36) for each i ∈ E to obtain qi. Let s̃iH = 1 for the minimizing element

H ∈ EK
i and s̃iI = 0 for the remaining I 6= H ∈ EK

i .

3. Solve the minimum spanning tree problem in (2.37) and denote the minimizing

vector by x̃.

4. Obtain a solution vector (x,y, s, t) of cost q0 = L′′3(θ, π) for F ′′3 (θ, π) by letting

x = x̃, siH = x̃is̃iH and tiH = siH t̃iH for all i ∈ E and H ∈ EK
i , and yi =∑

H∈EK
i

tiH for all i ∈ E.

Steps 1 and 2 can be implemented to run in O(om log n) = O(mK+1 log n) and

O(Ko) = O(KmK) time, respectively. An O(m log n) implementation can be given for

Step 3. Thus, the overall time complexity of the algorithm is defined by Step 1.

In order to evaluate the strength of DF3, we first present the following result.

Proposition 2.11. P ′′3 is an integral polytope.

Proof. The proof is quite similar to the proof of Proposition 2.4 and is presented in

Section B.3 of the Appendix.

By Propositions 2.10 and 2.11, we obtain

Corollary 2.3. L′′∗3 = Z(F2) = Z(F3).

To solve DF3, we have to deal with the large number of dualized constraints,

O(KmK) in general. We faced convergence difficulties when applying subgradient

optimization to this relaxation. For this reason, we devised the following heuristic to

adjust the multipliers assigned to (2.32).
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First, let us we clarify the reasoning behind the heuristic. Given i ∈ E and a

certain H that minimizes (2.36), observe that for any H 6= H ∈ EK
i , qiH+

∑
j∈H πijH ≥

qiH+
∑

j∈H πijH . Notice that there is a margin for the decrease of πikH , for some k ∈ H,

without any change in qi. This decrease, and consequently the increase of πkiH , can

cause the increase of qk, in case H is the minimizing element of (2.36) for k. Note that∑
j∈H πijH can be decreased by at most λ = qiH +

∑
j∈H πijH − (qiH +

∑
j∈H πijH),

before qi changes. These ideas are employed in the algorithm below. Given multipliers

θ, the algorithm will implicitly find multipliers π and a solution for F ′′3 (θ, π) such that

L′′3(θ, π) ≥ L′′3(θ,0).

Algorithm 6:

Input: QMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . Set of Lagrangian

multipliers θ ∈ R
m(m−1)

2 .

Output: Solution (x,y, s, t) for F ′′3 (θ, π) for an implicit set of multipliers π ∈
R

oK(K−1)
2 such that L′′3(θ, π) ≥ L′′3(θ,0).

1. Let qi =∞ for all i ∈ E.

2. For each H ∈ EK :

a) Let t̃H be the minimizing vector of

qH = min{
∑
j∈H

∑
k∈E

q′jktHk : tH ∈ XH ∩ Bm}

b) Consider λi = qH/K for all i ∈ H.

c) Assume an ordering (e1, . . . , eK) for the elements of H and for i going from

1 to K do the following.

If qH < qei , let qei = qH , s̃eiH = 1 and s̃eiI = 0 for I 6= H ∈ EK
i .

If qH > qei , let λej = λej + (qH − qei)/(K − i) for i < j ≤ K.

3. Solve the minimum spanning tree problem (2.37) and denote by x̃ the minimizing

vector.

4. Obtain the solution vector (x,y, s, t) by letting x = x̃, siH = x̃is̃iH and tiH =

siH t̃H for all i ∈ E and H ∈ EK
i , and yi =

∑
H∈EK

i
tiH for all i ∈ E.

The second step of Algorithm 6 can be implemented to run in O(om log n) =
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O(mK+1 log n) time complexity and defines the overall complexity of the algorithm.

We denote by Lag3 the QMSTP lower bounding algorithm based on DF3 that op-

timizes θ by means of subgradient optimization and uses Algorithm 6 to simultaneously

guess good multipliers π and solve Lagrangian subproblems.

In Section 2.3, we conduct computational experiments to compare the bounds

given by Lag1, Lag2, and Lag3. Before that, in the next section, we describe how two

BB algorithms based on Lag1 and Lag2 were implemented. As we will demonstrate in

Section 2.3, Lag3 is computationally expensive for K ≥ 3 and the evaluation of the

implied Lagrangian bounds suffers very badly from convergence problems. For K = 2,

a preliminary BB algorithm that makes use of Lag3 was largely outperformed by the

one based on Lag2. As such, we decided not to proceed with the implementation of a

BB algorithm based on Lag3.

2.2 Branch-and-Bound Algorithms

In this section, we describe the main implementation details of two BB algorithms,

BB1 and BB2, respectively based on the Lagrangian relaxation lower bounding proce-

dures Lag1 and Lag2. BB1 and BB2 are quite similar, differing only when explicitly

mentioned in the exposition that follows.

2.2.1 Initial Upper Bounds

Initial valid QMSTP upper bounds are obtained by means of the following multi-start

heuristic. We first randomly select an initial spanning tree T of G and then apply local

search. The latter is implemented by evaluating the trees obtained by inserting into T

an edge i not in T and removing the edges in the resulting cycle. If the best removal

for edge i results in a tree with better cost than T , that tree immediately becomes

the current solution. The process stops when the insertion of every edge not in T is

evaluated and no cost improvement is detected. The procedure is repeated 100 times,

each one starting with a different initial spanning tree.

2.2.2 Lower Bounds and Node Selection

Algorithm BB1 makes use of Lag1 as its bounding procedure, while algorithm BB2

employs Lag2. In an attempt to accelerate the resolution of the problem at each non-

root BB node, Lagrangian multipliers at a given node are initialized with the best

multipliers found for the parent node. This way, we expect to obtain near optimal
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multipliers with a smaller number of steps of the subgradient method. As a drawback,

a table of size O(m2) needs to be stored at each node. For this reason, a best bound

search strategy becomes prohibitive, since a huge amount of memory is needed to store

the node list. Consequently, both algorithms implement a depth-first search.

2.2.3 Branching and Variable Selection

Assume that x and y are respectively the x and y components of the solution vector

that attains the best value for the Lagrangian subproblem at a given BB node.

if yij = yji for all i < j ∈ E, the subproblem given by the current node has been

solved to optimality. Otherwise, there is either an edge i such that xi = 1 and yji = 0

for an edge j with xj = 1 (Edge i was selected but was not used in some interaction

tree) or an edge i such that xi = 0 and yji = 1 for an edge j with xj = 1. (Edge i was

not selected but was used in some interaction tree.) Any edge in one of these situations

is candidate for branching. Once the branching edge is determined, two new nodes are

created. For one of them, we force the edge to be selected. For the other, the edge is

forbidden.

The way branching constraints are enforced is one of the few differences between

BB1 and BB2. For BB1, it suffices to force (resp. to prevent) the appearance of the

edge in the trees obtained in steps 1 and 2 of Algorithm 1. For BB2, if an edge i

is imposed (resp. forbidden) it is necessary to grant that in Algorithm 3 exactly one

(resp. none) of the 2-forests containing i is (resp. are) selected. To guarantee such a

condition, we remove from the auxiliary graph G any edge that connects i to a vertex

of U (resp. V ).

In order to select the branching variable, we do the following. For each candidate

branching variable, we compute the Gilmore-Lawler bounds for the cases in which the

variable is imposed and forbidden. If any of these two bounds is larger than the best

known upper bound, the variable is then fixed accordingly. If any variable is fixed in

this step, we apply another round of subgradient optimization, starting with the best

multipliers obtained during the previous round. Otherwise, we select the branching

variable according to a strong branching rule [1], that means that the branching variable

is the one for which the minimum between the two values is maximum.

2.2.4 Redistribution of the Costs of Fixed Variables

Assume that at a given BB node, a nonempty set F of edges known to be in-

cluded in the (integer) solution for that node. The objective function can be writ-
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ten as
∑

i∈E\F
∑

j∈E qijxixj +
∑

i∈F
∑

j∈E qijxixj. Multiplying the second term by∑
i∈E xi/(n − 1) = 1, using xi = 1 for i ∈ F and using the linearization variables, we

obtain the following expression for the objective function:

∑
i∈E\F

∑
j∈E

(qij +

∑
k∈F qkj

n− 1
)yij +

∑
i∈F

∑
k∈E

∑
j∈F qjk

n− 1
yij.

For the optimal Lagrangian multipliers, the bounds are unaffected by the change

indicated above. However, since multipliers are not necessarily optimized exactly by

the subgradient method and convergence is often an issue when a large number of

multipliers is dualized, this reformulation might help to obtain good lower bounds

earlier in the process.

In order to give some intuition for the above expression, consider as an exam-

ple the Lagrangian relaxation scheme Lag1. During the resolution of the Lagrangian

subproblems, we compute the best interaction tree for each edge i ∈ E. With the re-

formulation above, if i /∈ F , the cost of selecting j ∈ E for its interaction tree becomes

qij +
∑

k∈F qkj/(n− 1). That means that it is necessary to take into account a fraction

of the interaction costs of the fixed edges and j, leading to a better estimate of the

actual cost of using i in a solution. On the other hand, all i ∈ F will have the same

interaction tree.

2.2.5 Parallelization

Our computational experiments are conducted in a multi-processor shared memory

system. In order to take advantage of this hardware, our BB implementations use

parallel programming techniques, following the guidelines proposed in [32] for a parallel

QAP BB algorithm. We give a brief description of their strategy and show how we

improved that implementation, by introducing an effective load balancing mechanism.

As in [32], BB nodes are kept in disjoint lists: a global list and a local list for each

processor. Each processor explores its local list independently. Whenever a processor

detects that its local list is empty, it requires access to the global list. After obtaining

access to the global list, the processor explores that list until a node at level d or greater

is found. Then, it adds this node to its local list, releases the access to the global list,

and goes back to exploring its own list.

In [32], a processor stops after it observes that the global list is empty. This

might lower parallel efficiency, since after that moment that processor no longer works.

In order to overcome that, we proceed in a different way. After detecting that the

global list is empty, the processor waits, periodically checking the global list for work.
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On the other hand, a processor that is working, periodically checks whether there are

processors waiting for work. In positive case, that processor removes some nodes from

the head of its local list and add them to the global list. Those nodes will be available

to the waiting processors and parallel efficiency should improve. Under this policy,

a processor only stops when its local list is empty and all the other processors are

waiting.

2.3 Computational Experiments

In this section, we conduct computational experiments in order to evaluate the quality

and the practical performance of our solution techniques, compared to other approaches

in the literature. Let us first describe the test instances we employed.

2.3.1 Test Instances

The algorithms were tested with two sets of instances from the literature. We denote

by CP the first set, introduced by Cordone and Passeri [13]. These instances comprise

graphs with n ∈ {10, 15, . . . , 50} and densities d ∈ {33%, 67%, 100%}. Depending on

how the diagonal (qii) and the off-diagonal (qij) entries of Q are defined, four types of

instances were generated, for each tuple (n, d). These types are denoted CP1, CP2,

CP3, and CP4. For CP1, values for qii and qij correspond to integers randomly chosen

from {1, . . . , 10}, with uniform probability. Similarly, for CP2, qii ∈ {1, . . . , 10} and

qij ∈ {1, . . . , 100}. For CP3, qii ∈ {1, . . . , 100} and qij ∈ {1, . . . , 10}. Finally, for CP4,

qii, qij ∈ {1, . . . , 100}.
The second set, denoted by OP, was introduced by Öncan and Punnen [35]. These

instances comprise complete graphs of different sizes n ∈ {6, 7, . . . , 18, 20, 30, 40, 50}.
For each n, ten instances of three different types, OP1, OP2, and OP3 were generated.

Instances of type OP1 have integer costs qii and qij randomly chosen from {1, . . . , 100}
and {1, . . . , 20}, respectively. For OP2, an integer weight wv randomly chosen from

{1, . . . , 10} is assigned to each vertex v ∈ V . Given two different edges i = {a, b}
and j = {c, d}, qij = wawbwcwd. For an edge i, qii is an integer randomly chosen from

{1, . . . , 10000}. For OP3, each vertex represents a 2-dimensional point with coordinates

randomly chosen in the interval [0, 100]. The value of qii is given by the euclidean

distance between the extremities of i, while qij, i 6= j, is the distance between the

midpoints of i and j.
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2.3.2 Computational Results

Computational experiments were performed on a machine with the following configu-

ration: Two Intel Xeon processors, each one with six cores running at 2.4GHz, a total

of 32GB of shared RAM memory, and Ubuntu 12.04 operating system. All algorithms

were coded in C++ and compiled with G++ 4.6.3, optimization flag O3 turned on.

OpenMP was used to implement the parallel BB algorithms.

Our subgradient algorithm implementation has the following particular settings.

At the root node, 5000 iterations are performed, with an initial step size of 2 in the

direction of the normalized subgradient. The step size is halved whenever 500 iterations

have past with no improvement in the Lagrangian dual function. At non-root nodes,

100 iterations are performed with the same initial step size of 2. The step size is halved

at every 10 iterations without improvements.

In Table 2.1, we report lower bounds for the formulations of Assad and Xu [7]

(FAX92), Öncan and Punnen [35] (FOP10), F1, F2 for K = 2, and F3 for K ∈ {2, 3, 4}.
The bounds we indicate in columns under headings F1 and F2 are L′∗1 and L′′∗2 , respec-

tively. These bounds were respectively approximated with the Lagrangian relaxation

schemes Lag1 and Lag2. Likewise, columns under headings F3 depict an approximation

of the bound L′′∗3 provided by Lag3, for values of K ∈ {2, 3, 4}.
The lower bounds we report for FAX92 and FOP10 were evaluated by ourselves, by

means of Lagrangian relaxation algorithms implemented as described in those refer-

ences. We found differences between the bounds we evaluated and those reported by

Öncan and Punnen [35]. In order to further validate the correctness of the Lagrangian

bounds provided by Lag1, we computed the LP relaxation bounds Z(F1), by means

of a LP based cutting plane algorithm. The computational results indicate that the

bounds provided by Lag1 are close to Z(F1), but never exceed them. However, the

bounds reported for FOP10 in [35] quite often exceed Z(F1). We provide an in depth

discussion of this matter in section C of the Appendix.

The first four columns of Table 2.1 give the number of vertices (n), the number

of edges (m), the type (type), and the best known upper bound (ub), for each instance.

Subsequent columns provide the lower bound (lb) and the computational time (t) (in

seconds) taken by each formulation/lower bounding procedure. A time limit of 10

hours was imposed. The best overall lower bounds are indicated in boldface.

In Table 2.2, we compare algorithms BB1, BB2, and BBCP, the BB algorithm

in [13]. The computational results we report for BBCP are those provided in [12]. For

BB1 and BB2, a time limit of 100 hours was imposed. The stopping criteria for BBCP,

however, was not the same for all instances. For some of them, the algorithm was
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stopped after a time limit of 3600 seconds was reached. For others, after 106 nodes were

investigated. Differently from Table 2.1, where each row refers to a particular instance,

Table 2.2 presents results aggregated for ranges of n and m. Detailed computational

results for each instance in our test bed are provided in section D of the Appendix.

The first three columns of Table 2.2 present the range of n and m, and the type

of instances being considered. Next, for each algorithm, we present the total number of

instances solved to optimality (solv.), the maximum number of nodes investigated (max

nodes) and the maximum time (max t) in seconds needed by the algorithm to solve a

single instance in the range (considering only those instances solved to optimality). An

entry “-” indicates that all instances in the range were left unsolved by the algorithm

under consideration.

From both tables, it is clear that the bounds implied by F1 are much stronger

than the previous bounds in the literature (16,6% stronger than the bounds of [7] and

26,7% stronger than the bounds of [35], for OP1 instances). Compared to the other

schemes, the Lagrangian relaxation algorithm Lag1 seems to offer a good trade-off

between lower bound quality and computational effort. That claim is validated by how

BB1 and BB2 do compare to each other.

Formulation F2 (Lag2) provides lower bounds that are significantly stronger than

those provided by F1 (Lag1), FAX92, and FOP10 (65% stronger than F1 (Lag1), 90,6%

stronger than FAX92, and 81,2% stronger than FOP10, for CP instances). Consequently,

the number of nodes investigated by BB2 is orders of magnitude smaller than BB1 and

BBCP counterparts. However, BB2 is dominated by BB1 in terms of computational

time, due to the high costs demanded to run Lag2.

Lower bounds given by F3 (Lag3) with K = 2 are quite close to those given by F2

(Lag2), but demand less computational effort. As expected, these bounds get stronger

as K grows. Bounds provided by F3 with K = 4 are the overall best, but require a

high computational effort. Due to convergence difficulties and the fact that multipliers

π are adjusted heuristically, Lag3 actually provided a poor approximation for the true

bound L′′∗3 . That behavior can be observed, for example, for OP2 and OP3 instances

with n = 13 vertices.

Compared to BB1, BBCP explores many more nodes. A fair comparison between

BB1 and BBCP is not trivial to state, since they were tested in different computational

environments and make use of different stopping criteria. In addition, the enumeration

tree of BB1 (and BB2) was explored in parallel (parallel efficiencies around 80% were

achieved) whereas that of BBCP was not.

With BB1, for the first time in the QMSTP literature, the following sets of

instances were solved to proven optimality: all instances of Cordone and Passeri with
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20 vertices and 127 edges, OP2 and OP3 instances of Öncan e Punnen with n ∈ {30, 50}
and all OP1 instances with n = {16, 17, 18}. Instances of type CP2 and CP3 were easily

solved; most of them were solved at the root node by BB1 and BB2.

2.4 Conclusions

In this chapter, we investigated formulations and exact solution approaches for the

quadratic minimum spanning tree problem. Initially, we introduced an IP formulation

based on RLT and derived a Lagrangian relaxation algorithm based on it. We showed

that the formulation over which the Lagrangian subproblem is defined has the integral-

ity property and presented an efficient algorithm for solving it. This lower bounding

scheme was embedded in a BB algorithm.

We also introduced a hierarchy of IP formulations, based on the idea of decompos-

ing spanning trees into forests with a fixed number of edges. That type of formulation

was used to derive two Lagrangian relaxation bounding procedures. A second BB al-

gorithm based on one of them was implemented. Although the Lagrangian bounds

behind the second method are stronger than those provided by the simple RLT formu-

lation, the second algorithm was dominated by the first, in terms of overall running

time. That happens because the evaluation of its lower bounds demands excessive

CPU running time.

The first BB algorithm benefits a lot from the good trade-off between lower

bound quality and the computational effort involved in its evaluation. As a result, a

parallel implementation of that BB algorithm managed to solve several instances in

the literature for the first time, including some with n = 50 vertices.



Chapter 3

The Adjacent-Only Quadratic

Minimum Spanning Tree Problem

3.1 Introduction

In this Chapter, we address AQMSTP. The chapter is divided in six main sections.

Motivation for the study conducted in the chapter is presented below, in Section 3.1.1.

In Section 3.2, we introduce a new AQMSTP formulation, it employs the stars of the

graph as modeling entities. Given the large number of variables and constraints in

the formulation, in Section 3.3 we develop a row-and-column generation algorithm for

evaluating its LP bounds, along with an AQMSTP branch-and-price algorithm based

on it. A different approach for evaluating the LP bounds provided by the formulation

is studied in Section 3.4: We project out the variables associated to stars in the initial

formulation. This results in a reformulation defined on a compact space, with expo-

nentially many additional projection constraints. We use the reformulation to develop

a cutting-plane based algorithm for evaluating the LP bounds of the star formulation.

This bounding scheme is then used as the basis for a branch-and-cut algorithm. Com-

putational experiments are presented in Section 3.5. Concluding remarks are given in

Section 3.6.

3.1.1 Motivation

It should be clear that any of the QMSTP lower bounding procedures outlined in

the preceding chapter could be applied to AQMSTP. However, Gilmore-Lawler based

bounds tend to be much weaker when applied to AQMSTP. We try to give an argument

to support this claim in the discussion below.

39
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Consider an AQMSTP instance. Assume that G is complete and Q ≥ 0. Let

T be a spanning tree induced by a Hamiltonian path of G. Then, the edges at the

extremities of the path interact with exactly one other edge each, while each one of

the remaining (n − 3) edges interact with exactly two other edges. Thus, a total of

2(n − 3) + 2 = 2(n − 2) interactions happen in T . This is the minimum number of

interactions that is possible in any spanning tree of G. Consider now the application of

the Gilmore-Lawler procedure, Algorithm 1, to this AQMSTP instance. When solving

(2.14) for an edge i = {u, v} ∈ E, the solution spanning tree will employ only one of

the edges adjacent to i, namely, edge

j ∈ arg min {qik : k ∈ δ(u) ∪ δ(v)} .

In fact, Assad and Xu [7] used this observation in order to accelerate the computation

of Gilmore-Lawler bounds in their AQMSTP bounding procedure. Thus, the Gilmore-

Lawler bound will take into account only one interaction for each edge, i.e., n − 1

interactions, which is about half the minimum number of interactions that can happen.

This underestimation on interactions that can happen in an AQMSTP solution leads

to very weak lower bounds. This motivates the need for an AQMSTP formulation that

takes its particular cost structure into account.

3.2 An AQMSTP Formulation Based on the Stars of

G

Since interaction costs are only incurred by pairs of edges that share an endpoint, we

can consider the stars of G as modeling entities to obtain a linear integer programming

(IP) formulation for AQMSTP. An example of a decomposition of a spanning tree into

stars is given in Figure 3.1.

In order to use the stars of G to formulate the problem, let Sv = {H ⊆ δ(v)}
be the set of all stars of G centered at v ∈ V and let S = ∪v∈V Sv be the union of all

such sets. Consider a vector of binary decision variables t = (tH)H∈S, used to indicate

whether (tH = 1) or not (tH = 0) a star H ∈ S is included in the AQMSTP solution.

Consider also variables x, defined as before. For all H ∈ S, let

qH =
∑

i,j∈H:i 6=j

qij +
1

2

∑
i∈H

qii.
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(a) A spanning tree T . (b) Decomposition of T into stars of G.
White vertices represent the centers of the
stars.

Figure 3.1. Decomposition of a spanning tree into stars.

A binary IP formulation for AQMSTP is given by

(F ∗) min
∑
H∈S

qHtH (3.1)

s.t.
∑
H∈Sv

tH = 1, v ∈ V, (3.2)∑
H∈Sv :i∈H

tH = xi, i ∈ δ(v), v ∈ V, (3.3)

x ∈ X, (3.4)

(x, t) ∈ Bm+|S|. (3.5)

Constraints (3.2) state that, for each v ∈ V , exactly one star centered at v must

be selected. Constraints (3.3) couple variables x and t, i.e., they grant that xi assumes

value 1 if and only if edge i appears in both stars centered at its endpoints. Constraints

(3.4) impose that the edges selected must imply a spanning tree of G.

3.3 A Branch-and-Cut-and-Price Algorithm for

AQMSTP

Since F ∗ employs exponentially many variables t and subtour elimination constraints

(SECs) (2.2), the direct resolution of its LP relaxation is not a practical way to eval-

uate Z(F ∗). To go around that, we develop a row-and-column generation algorithm,
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described next. That algorithm is then used as the basis for an AQMSTP branch-and-

cut-and-price algorithm, described in section 3.3.3.

3.3.1 Row-and-Column Generation Algorithm for Solving the LP

Relaxation of F ∗

Let R ⊆ {V ′ ⊂ V : |V ′| ≥ 2} denote a (tiny) subset of the sets for which the SECs

are formulated. For each v ∈ V , let S
v ⊆ Sv denote a (tiny) subset of the stars of G

centered at v. For the sake of solving the linear relaxation of F ∗, our algorithm initially

considers only the stars in {Sv : v ∈ V } and the SECs implied by the sets in R. Let F
∗

denote the resulting linear master program, restricted in stars, and relaxed in SECs.

If the optimal solution for F
∗

satisfies all SECs and if all variables t have non-negative

reduced cost, that solution is also an optimal solution for the linear relaxation of F ∗.

Otherwise, we either update R, with vertex sets that imply violated SECs, or update

{Sv: v ∈ V }, with stars whose variables have negative reduced cost. We then re-

optimize a new linear program F
∗
. The process is repeated until an optimal solution

for the linear relaxation of F ∗ is obtained. The detailed row-and-column generation

algorithm we propose, denoted RCG, is presented below.

RCG

Input: AQMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . Initial sets R ⊆
{V ′ ⊂ V : |V ′| ≥ 2} and S

v ⊆ Sv for all v ∈ V . An integer valued parameter

Kenum ≥ 0.

Output: Solution (x, t) for the linear relaxation of F ∗.

1. Formulate F
∗

in terms of the current sets R and {Sv : v ∈ V }. Let (x̃, t̃) be

an optimal primal solution for F
∗

and let β̃ = (β̃v)v∈V , and γ̃ = (γ̃vi )v∈V,i∈δ(v)

be optimal dual variables respectively assigned to constraints (3.2) and (3.3).

Denote the row of γ̃ indexed by v ∈ V as γ̃v = (γ̃vi )i∈δ(v).

2. For any star H ∈ Sv centered at a vertex v ∈ V , let qH denote its reduced cost,

i.e.,

qH = qH − β̃v −
∑
i∈H

γ̃vi .

Let S̃v = {H ∈ Sv : |H| ≤ Kenum, qH < 0} be the set of the stars centered

at v with negative reduced cost and at most Kenum edges. If S̃v 6= ∅, update

S
v ← S

v ∪ S̃v and go back to step 1. Otherwise, proceed to step 3.
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3. Solve the separation problem for the SECs:

max

 ∑
i∈E(U)

x̃i − |U |+ 1 : U ⊂ V, |U | ≥ 2

 . (3.6)

Let V be a vertex set attaining the minimum. If the corresponding SEC is

violated, update R ← R ∪ {V } and go back to step 1. Otherwise, proceed to

step 4.

4. For each v ∈ V , solve the pricing problem

(PP (v)) min {qH : H ∈ Sv} .

Let H be a star attaining the minimum. If qH < 0, update S
v ← S

v ∪ {H} and

go back to step 1. Otherwise, (x, t) = (x̃, t̃) is an optimal solution for the linear

relaxation of F ∗.

Before moving on, let us point out that in order to obtain a valid lower bound

for AQMSTP, we do not need to wait until no negative reduced cost stars are found,

in step 4. By adding qH to each β̃v, we obtain a set of dual multipliers for which no

star of negative reduced costs exists, i.e., we obtain a feasible solution for the dual of

the linear relaxation of F ∗, whose corresponding objective function value is

∑
v∈V

∑
H∈Sv

qHtH + qH

 . (3.7)

As such, this value is a lower bound on the optimal AQMSTP solution.

In our implementation of RCG, we initialize the algorithm with R = ∅. SECs

are then added to R only when the separation problem is solved, in step 3. To that

aim, we make use of the separation algorithm introduced in Padberg and Wolsey [37],

which involves solving O(n) max-flow problems, in conveniently defined networks, at

a O(n4) worst case complexity. Besides the most violated, that algorithm might also

return other violated SECs. If that is the case, we also add them to R.

In order to obtain a linear program F
∗

for which an initial basic feasible solution

exists, we initialize the sets {Sv : v ∈ V } with the stars in a feasible AQMSTP solution.

That solution is obtained by the randomized AQMSTP heuristic described in Section

2.2. Additional columns are added to the model when the sets {Sv : v ∈ V } are
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updated, in steps 2 and 4. In step 2, the pricing problems are solved heuristically,

while, in step 4, they are solved exactly.

Step 4 accounts for most of the CPU time of the algorithm, that is why it is the

last step to be executed. Step 2 is an attempt to accelerate the method by enumerating

and computing the reduced costs of promising stars. More precisely, the algorithm

computes the reduced cost for all stars {H ∈ S : |H| ≤ Kenum}, for a small valued

algorithm parameter Kenum. Such a pricing heuristic is grounded on the fact that the

cost qH of a star H ∈ S grows very rapidly with the number of edges in the star.

Consequently, it is unlikely that stars employed at the optimal solution of the linear

relaxation of F ∗ (as well as in optimal solutions for AQMSTP) have too many edges.

Since the problems solved for each v ∈ V in steps 2 and 4 are independent, they are

solved in parallel.

We now discuss how the exact pricing problem is solved.

3.3.2 Solving the Pricing Problem PP(v)

Our solution strategy for exactly solving the pricing problem consists of modeling it as

an IP, which is then solved by means of an IP commercial solver. The first step in that

direction is to formulate PP (v) as a quadratic binary program. In order to do so, we

consider binary variables w = (wi)i∈δ(v), used to select the edges in a star of G centered

at v. More precisely, if an edge i ∈ δ(v) is included in the star, wi = 1. Otherwise,

wi = 0. We can now formulate PP (v) as the following unconstrained quadratic binary

program:

min

 ∑
i,j∈δ(v)

qijwiwj : w ∈ B|δ(v)|
− β̃v, (3.8)

where qii = qii − γ̃vi and qij = qij for i 6= j ∈ δ(v).

Although polynomial time algorithms do exist for solving quadratic binary opti-

mization problems in which the diagonal entries of the cost matrix are non-negative

and the off-diagonal entries are non-positive [11], we are not aware of any polynomial

time algorithm for solving problems like (3.8), where the opposite holds. Indeed, the

general unconstrained quadratic binary optimization problem is NP-Hard [47].

In order to solve PP (v), we linearize (3.8) and solve the resulting IP. To that

aim, consider the introduction of linearization variables z = (zij)i,j∈δ(v),i<j. Let zi =

(zij)j∈δ(v):j>i for all i ∈ δ(v), and zji = zij if j > i. A binary IP for PP (v) is

− β̃v + min
∑

i,j∈δ(v):i 6=j

qijzij +
∑
i∈δ(v)

qiiwi (3.9)
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s.t. zij ≤ wi, i, j ∈ δ(v), i < j, (3.10)

zij ≤ wj, i, j ∈ δ(v), i < j, (3.11)

wi + wj − 1 ≤ zij, i, j ∈ δ(v), i < j, (3.12)

(w, z) ∈ B|δ(v)|+
1
2
(|δ(v)|2−|δ(v)|). (3.13)

To solve (3.9)-(3.13), we propose a strategy that consists of a preprocessing phase

followed by a cut-and-branch phase. In the first, we try to fix variables and generate

optimality cuts for the problem. We also try to use the fact that the solution space

was partially explored by enumeration to avoid entering the second phase, where the

IP (3.9)-(3.13) is solved. If the second phase is needed, we carry the optimality cuts

and variable fixing information to (3.9)-(3.13) and then solve the problem via BB. To

implement the second phase we make use of a commercial IP solver. The strategies

employed in the first phase are described next.

3.3.2.1 Optimality Cuts and Acceleration Strategies

In the following, assume that an upper bound u on the optimal AQMSTP solution

value is known and that no negative reduced cost star has Kenum or fewer edges.

Let Kmax be the smallest integer k such that qH ≥ u for all H ∈ Sv, |H| > k.

Then, the optimality cut (3.14) below states that no star centered at v could have more

than Kmax edges in an optimal AQMSTP solution:

∑
i∈δ(v)

wi ≤ Kmax. (3.14)

This observation is valid, since under non-negative costs, using a star with more

than Kmax edges would lead to a spanning tree whose cost is at least u. If Kmax ≤
Kenum, we can stop the resolution of the pricing problem for this particular v ∈ V ,

since all stars with Kmax or fewer edges were already dismissed. Note that Kmax can

be a precomputed-computed value that is updated every time a better upper bound u

is found. In our implementation, this value is computed with the initial upper bound

u given to our BB algorithm and remains the same until its termination.

Since we assumed Q ≥ 0, if qii ≥ 0, we can set wi = 0 without worsening the cost

of any solution. For this reason, we assume qii < 0 for all i ∈ δ(v) in what follows.

Let (w, z) be a feasible solution for (3.9)-(3.13). Observe that if∑
j∈δ(v)\{i}wj(qij + qji) ≥ |qii| for some i ∈ δ(v) such that wi = 1, a solution not

worse than (w, z) could be obtained by setting wi = 0. The following optimality cut
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follows directly from this observation:∑
j∈δ(v):j 6=i

(qij + qji)zij ≤ |qii|wi.

The observation above is also helpful in devising the following variable fixing test.

Given i ∈ δ(v), sort the elements of δ(v)\{i} as (j1, ..., j|δ(v)|−1) in non-decreasing order

of the values qij + qji. Let k be the smallest k for which
∑k

l=1(qijl + qjli) ≥ |qii|. Then,

we can set wi = 0 in any solution (w, z) that uses i along with k or more other edges

from δ(v) without worsening the solution. Thus, we are interested in solutions in which

i is selected along with at most k − 1 other edges. If k ≤ Kenum, these solutions were

already dismissed and we can set wi = 0. After running this test for all i ∈ δ(v), if any

variable has been fixed, the process is repeated, considering then only free variables.

When all edges i ∈ δ(v) have been tested and no further variables could be fixed, we

obtain two optimality cuts:

wi +
k∑
l=1

wjl ≤ k,

and ∑
j∈δ(v)\{i}

zij ≤ (k − 1)wi.

Finally, for all k such that Kenum < k < Kmax, a lower bound on the reduced cost

of the star containing exactly k edges is given by:

min
H∈Sv :|H|=k

{qH} − β̃v − max
H∈Sv :|H|=k

{γ̃vi }.

Thus, if the bounds are non-negative for all k above, we can conclude that there are no

stars with negative reduced cost in Sv. In our implementation, the minimization term

in the above expression is a precomputed-computed value, while the maximization

term is computed by sorting the edges in δ(v) in non-increasing order of the costs

{γ̃vi : i ∈ δ(v)} and taking the sum over the first k edges.

3.3.3 Branch-and-Cut-and-Price Implementation Details

We combine the lower bounding procedure RCG with branch-and-bound to develop a

branch-and-cut-and-price algorithm, BCP , for AQMSTP.

BCP is initialized with a valid upper bound provided by the heuristic described

in Section 2.2. Such a spanning tree also provides the initial stars {Sv : v ∈ V } used

to obtain an initial basic feasible solution for RCG. For the remaining BCP nodes,
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the sets {Sv : v ∈ V } and R used to formulate the very first linear program are those

available when the last linear program was solved at the parent node.

In order to avoid solving too many pricing problems by the exact procedure, RCG

is always aborted right after the first round of exact resolution of pricing problems is

concluded, no matter which node, the root or its descendants, is being investigated.

The lower bound (3.7) obtained at that moment is taken as a lower bound on the

optimum for that node. To deal with possible infeasibility caused by branching along

the tree, artificial variables with large costs are added to F ∗. A node is declared

infeasible whenever an artificial variable has a positive value in the optimal solution of

the linear relaxation of that node.

Assume that a fractional vector (x, t) solves the linear relaxation of a BCP node.

Before branching, we first try to fix non-basic variables x by means of their reduced

costs. After that, a different variable fixing procedure is carried out as follows. We first

create a candidate list C of the fractional variables. To that aim, let fi = 1/2−|1/2−xi|
and f ∗ = max{fi : i ∈ E}. Initialize C ← ∅. Then, add fractional edges to C according

to a probability given by fi/f
∗. After that, for each edge i ∈ C, let h1i (resp. h0i ) be

the lower bound obtained by RCG when the constraint xi = 1 (resp. xi = 0) is further

imposed to the the current node. If either h0i or h1i is larger than a known valid upper

bound for AQMSTP, the corresponding variable can be fixed. After examining all

edges in C, if any of them has been fixed, we solve the node again. When no variable

can be fixed by the procedures outlined above, we branch on the edge

i ∈ arg max
{

min
{
h0j , h

1
j

}
: j ∈ C

}
.

Two new subproblems are then created. For one of them we impose xi = 1, and

for the other, xi = 0. Observe that integrality of x implies integrality of t. Thus,

there is no need to branch on t. The procedure we just described for selecting the

branching variable is a strong branching strategy [1]. Pseudo-cost based branching was

also tested, but better results were obtained with the policies we described above. In

order to save computer memory, BCP performs a depth-first search.

3.4 A Branch-and-Cut Algorithm for AQMSTP

In this section, we study the projection of F ∗ on the space of the x variables. The

projection constitutes a reformulation of F ∗, with the same linear relaxation bounds.

If, on the one hand, the projection has a compact variable space, on the other, an

exponential number of additional constraints is necessary in its description. Still, we
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investigate the resolution of the linear relaxation of this reformulation as an alternative

for evaluating Z(F ∗). We discuss some advantages of this approach in Section 3.4.2. In

order to solve that relaxation, we implement a cutting plane algorithm that separates

two classes of valid inequalities: SECs and projection cuts. The reformulation and the

cutting plane algorithm are presented in the next two sections. After that, in Section

3.4.3, we discuss a branch-and-cut algorithm based on the cutting plane algorithm.

3.4.1 Projecting Out Variables t

First, recall that integrality of x implies integrality of t. Therefore, we assume that

t ∈ B|S| is replaced by t ∈ R|S|+ in our AQMSTP reformulation F ∗. Moreover, since

the objective function is written in terms of those variables, we make use of artificial

continuous variables p = (pv)v∈V to state the objective function of F ∗ as

min
∑
v∈V

pv,

provided that constraints

pv ≥
∑
H∈Sv

qHtH , v ∈ V (3.15)

are appended to the formulation.

Assume that dual multipliers α = (αv)v∈V , β = (βv)v∈V , and γ = (γvi )v∈V,i∈δ(v),

are respectively associated to constraints (3.15), (3.2), and (3.3). Denote by γv =

(γvi )i∈δ(v) the row of γ indexed by v ∈ V . Then, the projection cone for the variables

associated to stars in Sv for any v ∈ V , is given by:

(Cv)
∑
i∈H

γvi + βv ≤ qHα
v, H ∈ Sv, (3.16)

(αv, βv, γv) ∈ R+ × R× Rδ(v).

Using {Cv: v ∈ V }, we obtain the projection of F ∗ on the (x,p) space:

(F ∗x) min
∑
v∈V

pv

s.t. αvpv ≥ βv

+
∑
i∈δ(v)

γvi xi, v ∈ V, (αv, βv, γv) ∈ T (Cv), (3.17)

x ∈ X,

(x,p) ∈ Bm × Rn, (3.18)
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where T (Cv) denotes the set of the extreme rays of the projection cone Cv.

From projection theory, we know that (x,p) is feasible for the linear relaxation

of F ∗x if and only if there exists t such that (x, t,p) is feasible for the linear relaxation

of F ∗. Consequently, F ∗ and F ∗x yield the same linear relaxation bound.

3.4.2 A Cutting Plane Algorithm for Solving the LP Relaxation

of F∗x

Let T (Cv) ⊆ T (Cv), v ∈ V , be a (tiny) subset of the extreme rays of Cv. Once again,

consider R ⊆ {V ′ ⊂ V : |V ′| ≥ 2}. Instead of explicitly taking into account all SECs

and constraints (3.17) implied by {T (Cv): v ∈ V } in the linear relaxation of F ∗x , we

consider only those respectively implied by the subsets R and {T (Cv) : v ∈ V }. The

resulting relaxation is denoted F
∗
x. If F

∗
x is solved and its optimal solution satisfies

all SECs and projection constraints (3.17), the solution vector also solves the linear

relaxation of F ∗x . Otherwise, violated SECs and projection cuts are used to reinforce

the relaxation. More precisely, we update R with vertex sets of violated SECs or

{T (Cv) : v ∈ V } with extreme rays for which projection cuts (3.17) are violated.

A strengthened relaxation F
∗
x is then optimized. The process is repeated until an

optimal solution for the linear relaxation of F ∗x is found. The main details are given in

the algorithm below, denoted CP :

CP

Input: AQMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . Sets R ⊆ {V ′ ⊂
V : |V ′| ≥ 2} and T (Cv) ⊆ T (Cv) for all v ∈ V .

Output: Solution (x,p) for the linear relaxation of F ∗x .

1. Formulate and solve the relaxation F
∗
x implied by the current restricted sets R

and T (Cv). Let (x̃, p̃) be an optimal solution.

2. Solve (3.6), the SEC separation problem, for x̃. Let V be a vertex set attaining

the minimum. If the corresponding SEC is violated by x̃, update R← R ∪ V .

3. For every v ∈ V , solve the separation problem for the projection cuts (3.17):

(SP (v)) max βv +
∑
i∈δ(v)

γvi x̃i − αvp̃v (3.19)

s.t. (αv, βv, γv) ∈ Cv, (3.20)

αv = 1. (3.21)
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Let (αv, β
v
, γv) be an optimal solution. If (3.17) with (αv, β

v
, γv) is violated by

(x̃, p̃), update T (Cv)← T (Cv) ∪ {(αv, βv, γv)}.

4. If violated constraints were found in steps 2 or 3, go back to step 1. Otherwise,

stop since (x,p) = (x̃, p̃) solves the linear relaxation of F ∗x .

Similarly to steps 2 and 4 of RCG, the separation of projection cuts, step 3 of CP ,

is executed in parallel for each v ∈ V in our implementation. Note that we assume

αv = 1 in these cuts. Before discussing how they can be separated, we first show

that this assumption makes each SP (v) bounded and does not imply in loosing any

eventually violated constraint (3.17). To that aim, assume for a moment that αv > 0.

In this case, since the other variables can be conveniently scaled, we can assume αv = 1.

Consider now the dual of SP (v):

(DSP (v)) min
∑
H∈Sv

qHtH (3.22)

s.t.
∑
H∈Sv

tH = 1, (3.23)∑
H∈Sv :i∈H

tH = x̃i, i ∈ δ(v), (3.24)

t ∈ R|S|+ . (3.25)

DSP (v) can be seen as the problem of finding the cheapest way to represent x̃

as a convex combination of stars centered at v. Note that the stars centered at v are

simply the vertices of the 0-1 box in R|δ(v)|. Since the point x̃ to be separated satisfies

x̃ ∈ [0, 1]m, DSP (v) is always feasible, what implies that SP (v) is bounded. Now,

assume that there is a violated constraint (3.17) for which αv = 0, i.e., there is some

β̃v and γ̃v such that β̃v +
∑

i∈δ(v) γ̃
v
i x̃i > 0. This would be an improving ray for SP (v),

contradicting the fact that it is bounded. Thus, we can safely assume αv = 1.

Note that DSP (v) closely resembles F ∗. In fact, the reduced cost expression for

variables t is precisely the same as in F ∗. Thus, we can apply the same algorithm

outlined in section 3.3.2 to find stars of negative reduced cost. Therefore, instead of

solving SP (v), we actually solve DSP (v) by column generation. To that aim, consider

the restricted problem DSP (v), which is obtained from DSP (v) by considering only

those variables t implied by stars in the restricted set S
v ⊆ Sv. The column generation

algorithm, denoted CG, is outlined below.
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CG

Input: AQMSTP instance given by G = (V,E) and Q ∈ Rm2

+ . A vertex v ∈ V .

Values {0 ≤ x̃i ≤ 1, i ∈ δ(v)} and p̃v ∈ R. A set S
v ⊆ Sv.

Output: A solution (1, β
v
, γv) for SP (v).

1. Formulate and solve the problem DSP (v) implied by the current set S
v
. Let t̃ be

an optimal primal solution. Let β̃v and γ̃v be optimal dual variables respectively

associated to constraints (3.23) and (3.24).

2. Let S̃v = {H ∈ Sv : |H| ≤ Kenum, qH < 0}. If S̃v 6= ∅, update S
v ← S

v ∪ S̃v and

go back to step 1. Otherwise, proceed to step 3.

3. Solve PP (v). Let H be a star attaining the minimum. If qH < 0, update

S
v ← S

v ∪ {H} and return to step 1. Otherwise, t̃ is an optimal solution for

DSP (v) and (1, β
v
, γv) = (1, β̃v, γ̃v) is an optimal solution for SP (v).

To grant that a feasible solution for DSP (v) is readily available at each call to

CG, we initialize S
v

with the stars generated by the following algorithm.

Algorithm 7

Input: Graph G = (V,E), vertex v ∈ V , and values {0 ≤ x̃i ≤ 1, i ∈ δ(v)}.
Output: Set S̃v that gives a feasible solution for DSP (v).

1. Let x̂ = x̃ and consider a set Ŝv = ∅.

2. Update Ŝv ⊆ Sv as follows:

a) Let H = {i ∈ δ(v) : x̂i > 0} and add H to Ŝv.

b) Let t̂H = min{x̂i : i ∈ δ(v), x̂i > 0}.

c) Set x̂i = x̂i − t̂H for all i ∈ δ(v) with x̂i > 0.

d) If x̂ = 0 go to step 3, otherwise repeat step 2.

3. Let H∅ be the empty star and set t̂H∅ = 1−
∑

H∈Ŝv t̂H . The set S̃v = Ŝv gives a

feasible solution for DSP (v).

To see that the set S̃v obtained by Algorithm 7 indeed gives a feasible solution
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for DSP (v), observe that

x̃i =
∑

H∈S̃v :i∈H

t̂H , ∀i ∈ δ(v) and
∑
H∈S̃v

t̂H = 1.

In CP , the most expensive step is the separation of (3.17) in Step 3, since separat-

ing those constraints involves the exact resolution of PP (v). In order to accelerate the

convergence of the separation algorithm CG and solve as few exact pricing problems as

possible, we keep in S
v

the stars generated during the previous calls to CG. Another

strategy to reduce CPU times is to abort CG as soon as the first exact pricing problem

is solved. In that case, a feasible solution for the dual of DSP (v) can be obtained

by adding qH to β̃v. Since the dual of DSP (v) is SP (v), this solution yields a valid

constraint (3.17). In fact, we resort to this strategy in our branch-and-cut algorithm.

Each PP (v) in CG is solved as discussed in Section 3.3.2. However, in CG it

is possible to develop another strategy for accelerating the resolution of that pricing

problem. Basically, all edges i such that x̃i = 0 in the point x̃ to be separated can be

forbidden in the resolution of the pricing. Consider the dual variables γ̃v in the optimal

solution for the dual of DSP (v), obtained in Step 1 of CG. We know from Section

3.3.2 that if γ̃vi ≤ 0 for some i ∈ δ(v), we can safely assume that i will not be used in

the solution of PP (v). Now, if γ̃vi > 0, setting γ̃vi = 0 still gives multipliers that are

feasible for the dual of DSP (v). If x̃i = 0, they are also optimal. Consequently, we

can set γ̃vi = 0 for all i such that x̃i = 0 and possibly accelerate the exact resolution of

PP (v). While this scheme indeed reduces the overall computational effort of the exact

pricing, the convergence of CP is badly affected, since sparser cuts are generated by

CG, i.e., γvi = 0 for all i such that x̃i = 0.

To overcome this undesired side effect, we seek to reduce γ̃vi by the smallest

possible amount while still granting that i will be fixed out of the solution of PP (v).

Again, let (j1, ..., j|δ(v)|−1) be a sorting of δ(v) \ {i} in non-decreasing order of qij + qji.

Assume γ̃vi > qii and
∑Kenum

l=1 (qijl + qjli) < |qii| = γ̃vi − qii, since otherwise i would

have been ruled out by the methods discussed in Section 3.3.2. We then reduce γ̃vi to∑Kenum

l=1 (qijl + qjli) + qii. In doing so, we guarantee that i is fixed out of PP (v), while

keeping part of the dual information obtained through enumeration. Consequently, the

resolution of PP (v) becomes faster without slowing down the overall convergence of

CP .

Although in CP we still have to solve the same type of pricing problems solved

by RCG, there are some advantages, from a computational perspective, in evaluating

Z(F ∗) by means of CP . We highlight some of them below.
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If we wanted to further strengthen F ∗, we would have to employ inequalities

involving variables t, since the spanning tree polytope is already completely described

by (2.1)-(2.3). These inequalities would certainly affect the structure of PP (v). On

the other hand, in F ∗x , we can apply general valid inequalities generating procedures,

e.g., Chvátal-Gomory cuts, to obtain new inequalities that eventually will strengthen

the formulation. The difference is that projection inequalities can be used to obtain

new valid inequalities without affecting PP (v), while in F ∗ it is troublesome to use

variables associated to stars to obtain new valid inequalities. Therefore, general classes

of valid inequalities separated by most commercial solvers can be applied to F ∗x (with

smaller coding effort) in a branch-and-cut algorithm, in order to further strengthen

Z(F ∗).

Moreover, since only cutting planes are being generated, the implementation of a

branch-and-cut algorithm is straightforward. It suffices to embed CP in a branch-and-

cut framework, available in most commercial optimization packages. Another advan-

tage that follows from the same reasoning is that this branch-and-cut algorithm can

benefit from the expertise in cut generation, variable fixing and selection, branching,

and tree management, available in most commercial packages.

3.4.3 Branch-and-Cut Implementation Details

We combine the lower bounding procedure CP with BB to develop BC, a branch-

and-cut algorithm for AQMSTP. To implement BC, we simply embed CP into the

branch-and-cut framework of a commercial optimization package. We let the solver

manage the search, all configuration parameters are left at their default values.

There are two differences between the implementation of CP used in BC and

the one described in section 3.4.2. In BC, for each v ∈ V , the separation routine

CG of CP is stopped as soon as the first exact pricing problem is solved. The dual

feasible solution obtained by adding qH to β̃v is then used for generating a projection

cut. Additionally, we only add to R the projection cuts that are violated by at least

0.01× p̃v.
As in BCP , the BC search tree is initialized with the best AQMSTP feasible

solution obtained with the multi-start heuristic described in Section 2.2.

To conclude this section, we would like to point out that the projection approach

just described is related to Benders decomposition [8, 33]. F ∗x can be seen as a Benders

master program, while SP (v), v ∈ V , is the corresponding Benders subproblem. In-

stead of solving an integer Benders master program, we obtain lower bounds by solving

its continuous relaxation. These bounds are then used inside a BB framework to obtain
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optimal solutions. Additionally, our analogous to the Benders subproblem involves an

exponential number of variables, and is solved by column generation.

3.5 Computational experiments

The algorithms presented here were implemented with the help of the commercial

optimization package IBM ILOG CPLEX 12.5. The CPLEX LP solver was used to

solve the LPs in RCG and CG. The CPLEX IP solver was used to solve IPs during

the the exact resolution of the pricing problems. BC was implemented by embedding

CP into the CPLEX branch-and-cut framework. In all cases, CPLEX parameters were

left at their default values. The OpenMP API was used to parallelize steps 2 and 4 of

RCG and step 3 of CP . All algorithms were coded in C++ and compiled with G++

4.6.3, optimization flag O3 turned on. The same computational environment described

in Section 2.3 was used.

Since AQMSTP instances in the literature were not available to us, new test

instances were generated according to the guidelines in [7]. Instances considered here

are defined over complete graphs with n ∈ {15, 20, 30, 40, 50} vertices. For each size

n, ten instances were generated. Diagonal entries of Q are randomly chosen integers

in the range [0, 100], while off-diagonal entries are integers in [0, 20], also chosen with

uniform probability.

Keeping in mind that the solution strategies described in Chapter 2 dominate

other solution strategies proposed in the literature, we compare the AQMSTP special-

ized algorithms proposed in this chapter with them.

The code we use for the lower bound evaluation precisely implements the lower

bounding procedures RCG and CP , respectively described in Sections 3.3.1 and 3.4.2.

Recall that in BCP , however, we stop RCG as soon as the first round of pricing prob-

lems is solved. The same applies for the separation procedure CG in BC. Additionally,

in BC we only add to the relaxation the projection cuts that are violated by more than

a threshold value.

In Table 3.1, AQMSTP lower bounds are presented. The table is divided in five

sets of columns. In the first we present instance information: the size n, an integer

id in the range [1, 10] that stands as an instance identifier, and the optimal cost ub∗.

The next three sets present computational results for F ∗, F1, F2 for K = 2, and the

formulation of Assad and Xu [7], FAX92. For each formulation we present the lower

bound lb, the implied duality gap gap, and the computational time t(s) (in seconds)

taken by the respective algorithm to evaluate the bound. The lower bounds implied
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by F ∗ were evaluated by RCG and CP . The lower bounds implied by F1 and F2 were

respectively evaluated by Lag1 and Lag2. The lower bounds implied by FAX92 were

evaluated by our implementation of the dual ascent procedure presented in [7].

Computational results in Table 3.1 help supporting the claim that Gilmore-Lawler

based bounds are not adequate for AQMSTP. They indicate that F ∗ formulates the

AQMSTP cost structure much more appropriately than F1, F2, and FAX92. Taking

n = 50 as a baseline, we see that average duality gaps implied by F ∗ (4.6%) are

respectively, 12.4, 8.3, and 16.6 times stronger than F1 (57.2%), F2 (38.5%), and FAX92

(76.4%). Formulation F2, which provided strong lower bounds for the general QMSTP

case, was largely dominated by F ∗, in terms of lower bound quality and computational

time. Additionally, the Gilmore-Lawler based bounds seem to worsen more rapidly

than F ∗ as n increases.

Compared to RCG, CP demands a much higher computational effort to evaluate

Z(F ∗), as n grows. The reason being that, every time projection cuts are separated,

the CG algorithm needs to be executed. Thus, more exact pricing problems need to

be solved exactly by CP than by the RCG algorithm.

In Table 3.2, we present a comparison of BCP , BC, and BB1, which was the

best performing algorithm for QMSTP in the previous chapter. For each algorithm, we

report the best upper (ub) and lower (lb) bounds found during the search, the duality

gap (100ub−lb
ub

) at termination, the total number of nodes investigated during the search

(nodes), and the CPU time (t(s), in seconds) to obtain such results. Each algorithm

was allowed to run for as much as 10 hours, for each instance. Since BCP and BC

solved all instances with up to 40 vertices to proven optimality whereas BB1 could

not solve a single instance with 30 or more vertices, computational results for that

algorithm are not provided for n ≥ 40.

Computational results in Table 3.2 suggest that both BCP and BC are much

faster than the Gilmore-Lawler based BB algorithm BB1. Although lower bounds

given Lag1 can be evaluated in CPU times that are at least one order of magnitude

smaller than the RCG and CP counterparts, the strength of Z(F ∗) makes up for the

additional computational effort. To validate such a claim, observe that, on the average,

BCP and BC solve instances with n ≤ 20 two orders of magnitude faster than BB1.

For the instances in our test set, BC clearly outperformed BCP , not only in

terms of CPU times, but also in terms of the size of the instances that could be solved

to proven optimality. Whereas BCP solved all instances with up to 40 vertices, BC

also solved all instances with 50 vertices. This is a surprising result, since RCG was

much faster than CP , in the results given in Table 3.1. One of the reasons is that,

differently from the CP implementation used to compute the data in Table 3.1, in
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the CP implementation used in BC the separation procedure for projection cuts is

aborted early and only cuts that are violated by more than a threshold are added to

the formulation. These two strategies speed up the resolution of the root and other

BB nodes in BC. In Appendix D, we provide more detailed AQMSTP BB results, the

claim above is validated by the data provided in those results.

A second reason is that most of the projection cuts are generated by BC at the

root node; only few additional cuts are generated at the descendant nodes. Thus, the

resolution of the remaining nodes is much less time demanding than the root node. A

third aspect that might contribute in that direction is the fact that, for BC, the search

tree was managed by CPLEX, whereas, for BCP , the search tree was implemented

by ourselves in a depth-first fashion. BC is likely to benefit from several policies for

variable fixing, variable selection, and heuristics, that, being hidden to us, could not

be implemented within BCP .

3.6 Conclusion

In this Chapter, we investigated the adjacent-only version of the quadratic minimum

spanning tree problem. We discussed how Gilmore-Lawler based approaches fail to

provide good lower bounds for the problem. As an attempt to obtain better bounds,

a formulation based on the stars of G was introduced. We presented two strategies

to compute the LP relaxation bounds provided by that formulation. The first is a

combined row-and-column generation procedure while the second is a cutting plane

method, based on a projection of the proposed model. Two exact solution approaches

were implemented and tested: a branch-and-cut-and-price algorithm based on the first

and a branch-and-cut procedure based on the second. Computational experiments

conducted here indicate that our lower bounds are much stronger than previous bounds

in the literature and the lower bounds presented in Chapter 2. As a consequence, the

exact methods introduced in this chapter managed to solve instances with up to 50

vertices, while the best performing algorithm in Chapter 2 could not solve instances

with more than 20 vertices.
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Chapter 4

Future Work and the Quadratic

Assignment Problem

In Section 2.1.1, we introduced an RLT based formulation for QMSTP and used it to ob-

tain Lagrangian relaxation bounds. Since only one round of reformulation-linearization

was applied, that type of formulation is referred to as a level-1 RLT formulation. The

formulation could be strengthened by subsequent applications of RLT, yielding levels

2, 3, and so on. Higher RLT levels have been successfully applied to QAP [24, 2, 23].

The QMSTP Lagrangian relaxation scheme described in Section 2.1.1 has to deal

with O(m2) = O(n4) Lagrangian multipliers, attached to constraints (2.10), while

Lagrangian subproblems are solved by computing O(m) minimum spanning trees, at

a computational complexity cost of O(m log n) each. After the application of a new

round of RLT, the same type of Lagrangian scheme would still apply. However, instead

of O(m2), we would have O(m3) = O(n6) dualized constraints, while the resolution

of Lagrangian subproblems would require computing O(m2) minimum spanning trees,

resulting in a total complexity of O(m3 log n) = O(n6 log n) for solving each Lagrangian

subproblem.

While for the QAP case a specialized dual ascent method for finding good dual

multipliers [24] does exist, we are not aware of such a procedure for QMSTP. One

possible line of research would be investigating the application of further RLT levels to

QMSTP and how to go around the high computational complexity implied by them.

Parallel programming might be one possible approach.

Results obtained in Section 2.1.2 can be easily extended to other constrained 0-1

quadratic problems whose solutions satisfy a cardinality constraint similar to (2.1).

Two examples are QAP and the p-dispersion problem (pDP). pDP asks for a binary

vector that minimizes a quadratic cost function, such that exactly p entries of the vector

59



60 Chapter 4. Future Work and the Quadratic Assignment Problem

have value one [39]. We show next how our results can be extended to QAP. The pDP

case follows in a similar fashion. In order to highlight the similarities between the two

approaches, the notation we employ is similar to the notation we used for QMSTP.

Given a bipartite graph G = (V1 ∪ V2, E), with |V1| = |V2| = n and |E| = m, and

a real-valued matrix Q = (qij)i,j∈E, the quadratic assignment problem [10] consists of

finding, among all characteristic vectors of perfect matchings of G, the vector x that

minimizes the quadratic function ∑
i,j∈E

qijxixj.

Consider binary variables x = (xi)i∈E. It is known [9] that the assign-

ment/bipartite matching polytope, which we denote by X, is completely described

by ∑
i∈δ(v)

xi = 1, v ∈ V1 ∪ V2. (4.1)

xi ≥ 0, i ∈ E. (4.2)

A 0-1 quadratic programming formulation for QAP is thus given by

min{
∑
i,j∈E

qijxixj : x ∈ X ∩ Bm}.

After introducing linearization variables y = (yij)i,j∈E and applying RLT to this

formulation, we obtain the following IP formulation, originally introduced by Adams

and Johnson [3]

F1 : min{
∑
i,j∈E

qijyij : (x,y) ∈ P1 ∩ Bm+m2}.

P1 denotes the polyhedron represented by

x ∈ X, (4.3)

yi ∈ (Xi × xi), i ∈ E, (4.4)

yij = yji, i < j ∈ E, (4.5)

where yi = (yij)j∈E, Xi = X ∩ {x ∈ Rm : xi = 1}, and Xi × xi refers to the set of

points in Xi multiplied by xi, i.e., points yi that satisfy∑
j∈δ(v)

yij = xi, v ∈ V1 ∪ V2. (4.6)
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yii = xi, (4.7)

yij ≥ 0, j ∈ E. (4.8)

The relaxation and Lagrangian dualization of (4.5) gives the Lagrangian subprob-

lem

F ′1(θ) : L′1(θ) = min{
∑
i,j∈E

q′ijyij : (x,y) ∈ P ′1 ∩ Bm+m2},

where θ = (θij)i<j∈E are dual multipliers associated to constraints (4.5) (θij = −θji for

all i > j ∈ E). The coefficients q′ij are given by q′ij = qij + θij for all pairs i 6= j ∈ E
and q′ii = qii for all i ∈ E. Problem F ′1 can be solved by the Gilmore-Lawler procedure

[22, 28], presented in Algorithm 8.

Algorithm 8:

Input: A QAP instance given by G = (V1 ∪ V2, E) and Q ∈ Rm2
. A set of

Lagrangian multipliers θ ∈ R
m(m−1)

2 .

Output: A solution (x,y) for F ′1(θ).

1. For all i ∈ E, solve the assignment problem

qi = min{
∑
j∈E

q′ijyij : yi ∈ Xi ∩ Bm},

and denote the minimizing vector by ỹi.

2. Solve the assignment problem

q0 = min{
∑
i∈E

qixi : x ∈ X ∩ Bm}.

and denote by x̃ the minimizing vector.

3. Obtain a solution (x,y) ∈ Bm+m2
for F ′1 by letting x = x̃ and yi = xiỹi, for all

i ∈ E.

It is not difficult to see that the LP relaxation bounds Z(F1) are implied by the

Lagrangian dual

DF1 : L′∗1 = max{L′1(θ) : θ ∈ R
m(m−1)

2 }.

An effective dual ascent algorithm for solving DF1 was presented in Hahn and Grant

[24]. That algorithm, combined with BB, represents one of the most successful ap-
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proaches for QAP.

As we did for the QMSTP case, we wish to generalize the Gilmore-Lawler bound.

To that aim, let K > 0 be a factor of n. Denote by K-matching any matching of G with

exactly K edges. Let EK be the collection of all K-matchings of G. Since K divides

n, any matching can be decomposed into n/K K-matchings. The generalization of

the Gilmore-Lawer bound is then computed as follows. For each H ∈ EK let qH be

the objective value of the best assignment implied by costs (
∑

i∈H qij)j∈E that have

all edges of H included in the solution. Find a set F ⊆ EK such that F induces an

assignment of G and
∑

H∈F qH is minimal. The cost of this assignment gives a lower

bound for QAP. Observe that the cost we are paying for each edge in this assignment

is at least qi, since it depends not only on the interaction costs implied by i, but also

on the costs implied by all edges in a K-matching. Therefore, the bound is at least as

strong as the simple Gilmore-Lawler bound.

As in the QMSTP case, we show that this bound results from Lagrangian re-

laxation applied to a QAP formulation. Consider variables s = (sH)H∈EK and t =

(tHi)H∈EK ,i∈E. Let tH = (tHi)i∈E, for all H ∈ EK , and let EK
i = {H ∈ EK : i ∈ H},

for all i ∈ E. For all H ∈ EK define XH as X ∩ {x ∈ Rm : xi = 1,∀i ∈ H}. QAP can

be formulated as follows:

F2 : min{
∑
i,j∈E

qijyij : (x,y, s, t) ∈ P2 ∩ Bm+m2+o+om},

where o = |EK | and P2 is given by

x ∈ X, (4.9)

xi =
∑
H∈EK

i

sH , i ∈ E, (4.10)

yi =
∑
H∈EK

i

tH , i ∈ E, (4.11)

tH ∈ (XH × sH), H ∈ EK , (4.12)

yij = yji, i < j ∈ E. (4.13)

As in the QMSTP case, we only need to grant that at least one decomposition

exists for each assignment. Thus, not all elements of EK need to be considered. Let P =

{P 1, . . . , P
n
K } be a partition of V1 into sets of K vertices each. Let F =

⋃ n
K
k=1 F

k ⊆ EK ,

where F k = {H ⊆ δ(P k) : H ∈ EK} is the set of all K-matchings that go out of P k.

Observe that F is composed of K-matchings that originate in some P k, 1 ≤ k ≤ n
K

. It

is not difficult to see that only the elements in F are needed to construct any assignment
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of G.

In order to obtain the generalization of the Gilmore-Lawler bound, explained in

the beginning of this section, we consider the Lagrangian relaxation of constraints (4.5),

with multipliers θ = (θij)i<j∈E (θij = −θji for i > j ∈ E). We obtain the problem

F ′2(θ) : L′2(θ) = min{
∑
i,j∈E

q′ijyij : (x,y) ∈ P ′2 ∩ Bm+m2},

where P ′2 is defined by (4.9)-(4.12) and the coefficients q′ij are given by q′ij = qij + θij

for all pairs i 6= j ∈ E and q′ii = qii for all i ∈ E.

Given a choice θ of Lagrangian multipliers, observe that if sH = 1 for some

H ∈ EK in an optimal solution for this problem, then tH is the characteristic vector

of an assignment that minimizes

qH = min{
∑
i∈H

∑
j∈E

q′ijtHj : tH ∈ XH ∩ Bm}.

Therefore, F ′2(θ) can be solved with the resolution of

q0 = min{
∑
H∈EK

qHsH : x ∈ X;xi =
∑
H∈EK

i

sH ,∀i ∈ E; (x, s) ∈ Bm+o}, (4.14)

and the appropriate adjustment of (y, t) ∈ Bm2+om.

Assuming that EK is replaced by F , once a vertex in v ∈ P k, 1 ≤ k ≤ n
K

, is

covered by some H ∈ EK , all vertices in P k are also covered by the same K-matching.

Thus, each P k can be effectively considered as a super vertex. Using this idea, it is

possible to polynomially reduce the 3-dimensional matching problem [19] to (4.14),

showing thus that problem (4.14) is NP-Hard.

If the constraints ∑
i∈δ(v)

xi = 1, v ∈ V2,

are subsequently relaxed and dualized in Lagrangian fashion with unconstrained mul-

tipliers λ = (λv)v∈V2 attached to them, we obtain

F ′′2 (θ, λ) : L′′2(θ, λ) = C + min{
∑
i,j∈E

q′ijyij : (x,y) ∈ P ′′2 ∩ Bm+m2},

and the corresponding Lagrangian dual

DF2 : L′′∗2 = max{L′′2(θ, λ) : (θ, λ) ∈ R
m(m−1)

2
+|V2|},
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where P ′′2 is given by (4.10)-(4.12), (4.2) and
∑

i∈δ(v) xi = 1, for all v ∈ V1. Coefficients

q′ij are given by q′ij = qij + θij for all pairs i 6= j ∈ E and q′ii = qii + λv for all

i = {u, v} ∈ E, v ∈ V2, and C is given by C = −
∑

v∈V2 λv.

F ′′2 (θ, λ) is easy to solve for any K, since it suffices to select the best H ∈ F k for

each P k, 1 ≤ k ≤ n
K

.

In the future, we intend to investigate this QAP lower bounding procedure. For

small values of K, it could offer a better lower bound/computational time trade-off

than RLT level 2 and 3, which are very computationally expensive.



Chapter 5

Conclusion

In this thesis, we addressed the quadratic minimum spanning tree problem and one of

its particular cases, the adjacent-only quadratic minimum spanning tree problem.

For the general case, we initially proposed a formulation based on RLT. We

showed that existing formulations in the literature are dominated by this RLT for-

mulation. In order to compute its LP relaxation bounds, we presented a Lagrangian

relaxation scheme, Lag1, which was then embedded in a parallel BB algorithm, BB1.

The RLT formulation was then generalized into a hierarchy of formulations. We

showed that the strength of the generalized formulation grows according to a parameter

K that controls the size of the modeling entities used in it. In order to obtain a practical

lower bounding scheme, we studied many of its relaxations. Two Lagrangian relaxation

schemes were developed, one of them, Lag2, for a particular value of K, and the other,

Lag3, for general values of K. The former performed better in practice, and was used

for developing a second parallel BB algorithm, BB2.

The generalization we proposed for the QMSTP RLT approach can be extended to

other 0-1 quadratic problems whose feasible solutions satisfy a cardinality constraint.

We demonstrated in detail how this extension can be carried out for the quadratic

assignment problem.

In order to evaluate our QMSTP lower bounding procedures and exact algorithms,

we performed computational experiments using instances from the literature. Strong

lower bounds were obtained by our procedures compared to previous approaches.

While Lag2 and Lag3 obtained the best lower bounds, Lag1 provided a better lower

bound/computational time tradeoff. Consequently, with the help of parallel program-

ming, BB1 was able to solve many previously unsolved instances, some with up to 50

vertices.

We observed that Gilmore-Lawler based lower bounding procedures, such as the
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ones we presented for the general case, do not perform so well in the AQMSTP case.

Motivated by that, we introduced an AQMSTP formulation that used the stars of the

graph to address the quadratic cost structure of the problem. In order to compute

its LP relaxation lower bounds, we proposed two different approaches. One of them,

RCG, was based on row-and-column generation. The other, CP , resulted after we

projected the variables associated to stars out of the formulation and applied a cutting

plane algorithm. Based on these two lower bounding procedures, we developed two BB

algorithms, BCP , based on RCG, and BC, based on CP .

Computational results were performed to compare our AQMSTP specific ap-

proach to RLT based ones, devised by ourselves and from the literature, for the general

case. Lower bounds obtained by the specific approach were much stronger. Because

of that, while the best performing algorithm for the general case, BB1, was able to

solve instances with at most 20 vertices, the specific BB algorithms managed to solve

instances with up to 50 vertices. The approach based on projection proved better than

the row-and-column generation approach: BC was able to solve all instances in our

test bed, including 10 with 50 vertices, while only one instance with 50 vertices was

solved by BCP .



Appendix A

Separation Algorithms

A.1 Separation of (2.5)

In this section we present a polynomial time algorithm for the separation problem of

inequalities (2.5):

Given i ∈ E, xi ∈ R, and yi ∈ Rm, find a set S ⊂ V , |S| ≥ 2, for which∑
j∈E(S)

yij ≤ (|S| − 1)xi, S ⊂ V, |S| ≥ 2

is violated or prove that no such set exists.

Padberg and Wolsey [37] give a polynomial time algorithm that solves the sepa-

ration problem of (2.2), which we now adapt for the separation problem of (2.5). Our

algorithm finds S such that

S ∈ arg min
S⊂V,|S|≥1

{|S|xi −
∑

j∈E(S)

yij}. (A.1)

Clearly, there is a violated inequality (2.5) if and only if the minimum is smaller than

xi.

Algorithm 6

Input: G = (V,E), an edge i ∈ E, xi ∈ R, and yi ∈ Rm.

Output: S satisfying (A.1).

1. Create a directed graph Ĝ = (V̂ , Â) with V̂ = V ∪{s, t} and Â = {(u, v), (v, u) :

{u, v} ∈ E} ∪ {(s, u), (u, t) : u ∈ V }.
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2. For each j = {u, v} ∈ E, assign capacities cuv = cvu = 1
2
yij to the arcs (u, v)

and (v, u) in Â.

3. For each u ∈ V , assign capacities csu = max{1
2

∑
j∈δ(u) yij − xi, 0} and cut =

max{xi − 1
2

∑
j∈δ(u) yij, 0} to the arcs (s, u) and (u, t) in Â.

4. Find the minimum capacity cut (S∪{s}, V ∪{t}\{S}) of Ĝ. S minimizes (A.1).

Assuming that G is connected, Steps 1-3 are easily seen to run in O(E) time.

Step 4 solves O(n) maximum flow problems, which can be performed in O(nm2) each

with the algorithm of Edmonds and Karp [17], for example. Thus, the complexity

of Algorithm 6 is O(n2m2). Observe, however, that when employed to solve the LP

relaxation of F1 with dynamic generation of cuts, Algorithm 6 has to be applied for

each i ∈ E, which gives the total time complexity of O(n2m3).

To prove the validity of the procedure, observe that the capacity of any cut

(S̃ ∪ {s}, V ∪ {t} \ {S̃}) is

∑
u∈S̃

max

xi − 1

2

∑
j∈δ(u)

yij, 0

+
∑
u∈V \S̃

max

1

2

∑
j∈δ(u)

yij − xi, 0

+
1

2

∑
i={u,v}∈E,
u∈S̃,v /∈S̃

yij

=
∑
u∈S̃

max{xi −
1

2

∑
j∈δ(u)

yij, 0} −max{1

2

∑
j∈δ(u)

yij − xi, 0}


+
∑
u∈V

max{1

2

∑
j∈δ(u)

yij − xi, 0}+
1

2

∑
i={u,v}∈E,
u∈S̃,v /∈S̃

yij

= |S̃|xi −
∑

j∈E(S̃)

yij +
∑
u∈V

max{1

2

∑
j∈δ(u)

yij − xi, 0}.

Since
∑

u∈V max{1
2

∑
j∈δ(u) yij − xi, 0} is constant, the set that yields the cut of mini-

mum capacity of Ĝ is the set S that minimizes (A.1).

A.2 Separation of (2.11)

We now discuss the separation of constraints (2.11). Their associated separation prob-

lem can be stated as:
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Given (x,y) ∈ Rm+m2
, find an edge i ∈ E and a set S ⊂ V , |S| ≥ 2, for which∑

j∈E(S)

(xj − yij) ≤ (|S| − 1)(1− xi), i ∈ E, S ⊂ V, |S| ≥ 2.

is violated or prove that no such set exists.

Again, we adapt the algorithm of Padberg and Wolsey [37]. We consider one edge

i ∈ E at a time. It is assumed that (x,y) satisfies yij ≤ xj for all j ∈ E, which is the

case when using dynamic cut generation to strengthen the LP relaxation of formulation

F1, for example.

The algorithm below will find S such that

S ∈ arg min
S⊂V,|S|≥1

{|S|(1− xi)−
∑

j∈E(S)

(xj − yij)}. (A.2)

It is clear that there is a violated inequality (2.11) if and only if the minimum is smaller

than 1− xi.

Algorithm 7

Input: G = (V,E), (x,y) ∈ Rm+m2
, and i ∈ E.

Output: S satisfying (A.2).

1. Create a directed graph Ĝ = (V̂ , Â) with V̂ = V ∪{s, t} and Â = {(u, v), (v, u) :

{u, v} ∈ E} ∪ {(s, u), (u, t) : u ∈ V }.

2. For each j = {u, v} ∈ E, assign capacities cu,v = cv,u = 1
2
(xj − yij) to the arcs

(u, v) and (v, u) in Â.

3. For each u ∈ V , assign capacities cs,u = max{1
2

∑
j∈δ(u)(xj − yij) − (1 − xi), 0}

and cu,t = max{(1− xi)− 1
2

∑
j∈δ(u)(xj − yij), 0} to the arcs (s, u) and (u, t) in

Â.

4. Find the cut (S ∪ {s}, V ∪ {t} \ {S}) of minimum capacity of Ĝ. S minimizes

(A.2).

Algorithm 7 has the same complexity of Algorithm 6. Considering again the

application of the algorithm for each i ∈ E, we obtain a total complexity of O(n2m3).

The proof of correctness is similar to that of Algorithm 6 and is omitted.
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Proofs

B.1 Proof of Proposition 2.7

In order to prove Proposition 2.7 we need a series of results, which are given next.

Problems F ′2 and (2.24) are essentially the same. However, in F ′2, the cost of

employing a K-forest in the solution is at least the cost of its best interaction tree,

given by (2.23), while in (2.24) the cost is part of the input. Algorithm 2 gives a

polynomial reduction from F ′2 to (2.24). We will now show the converse, that (2.24) can

be polynomially reduced to F ′2, proving thus that the two problems are equivalent. With

this, we can use the simpler form (2.24) in order to derive computational complexity

results for F ′2.

Lemma B.1. Problem (2.24) can be polynomially reduced to F ′2.

Proof. Assume K ≥ 2. Given an instance for (2.24), defined in terms of a graph

G = (V ,E), a set of K-forests F ⊆ E
K

, and costs Q = (qH)H∈F , we will construct

a instance for F ′2, defined in terms of a graph G = (V,E), K-forests F ⊆ EK , and

matrix Q = (qij)i,j∈E. The polynomial construction will be such that for any solution

for the input problem, there will be a solution with the same cost for the transformed

problem, and, for any solution for the transformed problem, there will be a solution

for the input problem with equal or smaller cost. This will prove the statement.

Initially, consider V = V , E = E, and F = F . Select a vertex v ∈ V . For

all H ∈ F , add K new vertices u1H ,. . . , uKH to V and add K − 1 new edges to E:

{v, u1H}, and {uiH , ui+1
H }, 1 ≤ i < K − 1. Consider F as an ordered set (H1, ..., H|F |).

For all Hk, 1 ≤ k ≤ |F |, add to E edges φHk
= {uK−1Hk

, uKH1
}, edges {uK−1Hk

, uKHk
}, for

k > 1, and {uK−1Hk
, uKHk+1

}, for k < |F |. Add to F the sets {{v, u1Hk
}, . . . , {uiHk

,ui+1
Hk
},

. . . ,{uK−1Hk
,uKH1
}}, the sets {{v, u1Hk

}, . . . , {uiHk
,ui+1
Hk
}, . . . ,{uK−1Hk

,uKHk
}}, for k > 1,
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and {{v, u1Hk
}, . . . , {uiHk

,ui+1
Hk
}, . . . ,{uK−1Hk

,uKHk+1
}}, for k < |F |. After that, O(K|F |)

vertices and edges will have been added to V and E, respectively, and O(|F |) new

subsets will have been added to F . Now, define matrix Q = (qij)i,j∈E as follows. For

all H ∈ F , fix an edge i ∈ H, define qiφH = qH + (K − 1)M , where M is a sufficiently

large number, qjφH = −M , j 6= i ∈ H, and qjφI = KM if j /∈ I, j ∈ H, I ∈ F . All

other entries of Q are set to zero. This step has time complexity of O((|E|+K|F |)2).
Therefore, the whole transformation is carried out in polynomial time.

Let F ′ ⊂ F be the set of K-forest-inducing edges used in a feasible solution

for F ′2. Then, F ′ ∩ F is a feasible solution for (2.24). In case H ∈ F ′ ∩ F is used

in the solution for the transformed problem, the cost implied by its selection will be

not smaller than (2.23). To see this, observe that in a interaction tree for H, all the

vertices of G, with exception of uKH1
, can be reached without any cost. To reach uKH1

,

if φI , I ∈ F , is used and if |H ∩ I| = 0, a cost K2M will be implied. If |H ∩ I| = a,

0 < a < K, the smallest cost possible is (K − a)KM − aM > M . If |H ∩ I| = K,

a cost qH will be implied, which is the minimum possible. Thus, the best interaction

tree for H has cost qH . Moreover, the selection of H ∈ F \ F never implies in any

costs. Thus, the cost of this solution for F ′2 is not smaller than the cost of the implied

solution for (2.24). On the other hand, if a set of K-forest-inducing edges F
′ ⊆ F is

used in a solution for the input problem, then there is a solution for the transformed

problem with K-forest-inducing sets F
′ ∪ F ′, F ′ ∈ F \ F . From the discussion above,

an interaction tree with cost qH , but not better, can be selected for each H ∈ F in

the transformed problem, while interaction trees for H ∈ F ′ have zero cost. Thus,

the solution of the transformed problem has the same cost of the solution of the input

problem. The proof is complete.

The following definitions and results are needed to derive the complexity results

for F ′2 and F ′′2 .

A hypergraph H = (M,S) is a pair consisting of a set M and a collection S of

non-empty sets of elements of M . The elements of M are denoted vertices, the elements

of S are denoted edges. A hypergraph is K-uniform if all of its edges have K vertices

each. A matching of a hypergraph H = (M,S) is a set of edges S ′ ⊆ S such that no

vertex of H appears in more than one edge of S ′. A matching S ′ of a hypergraph H is

perfect if every vertex of H appear in one edge of S ′.

Garey and Johnson [19] proved that

Lemma B.2. Deciding whether a 3-uniform hypergraph admits a perfect matching is

NP-Complete.
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Thus, we have:

Lemma B.3. Deciding whether a K-uniform hypergraph admits a perfect matching is

NP-Complete for any K ≥ 3.

Proof. First, we assume that the number of vertices in the hypergraph is a multiple of

K, for otherwise the problem is trivial. The proof is by induction, with K = 3 as the

base case. Assume that the statement is valid for some K ≥ 3. We will show that if

the decision problem can be solved in polynomial time for K+ 1, than it can be solved

in polynomial time for K. What proves that the problem is NP-Complete for K + 1.

Consider a K-uniform hypergraph H = (M,S). Create a (K + 1)-uniform hy-

pergraph H = (M,S) as follows. Let M ′ = {v1, . . . , v|M |/K} be a set of new vertices

and let M = M ∪M ′. Let S = {i ∪ {vk} : i ∈ S, 1 ≤ k ≤ |M |/K}. The construction

is clearly polynomial. Now, let S ′ = {i1, . . . , i|M |/K} be a perfect matching of H, then

S
′
= {ik ∪ {vk} : 1 ≤ k ≤ |M |/K} is a perfect matching of H. Conversely, let S

′
be a

perfect matching of H, then S ′ = {i∩M : i ∈ S ′} is a perfect matching of H. Thus, a

polynomial time algorithm for the decision problem for K + 1 implies in a polynomial

time algorithm for K and the proof is complete.

The following definition of spanning trees in hypergraphs was given in [5]. A

hypergraph H = (M,S) is connected if, for any pair of distinct vertices u and v, there

is a sequence (i1, . . . , ik) of edges, such that u ∈ i1, v ∈ ik, and ia ∩ ia+1 6= ∅, for all

1 ≤ a < k. A hypergraph is Berge-acyclic [18] if there does not exist any sequence

(i1, v1, i2, v2, . . . , ik, vk, ik+1), where ia ∈ S for all 1 ≤ a ≤ k + 1 and va ∈ M for all

1 ≤ a ≤ k, such that va 6= vb and ia 6= ib for all 1 ≤ a < b ≤ k, i1 = ik+1, k ≥ 2, and

va ∈ ia ∩ ia+1 for all 1 ≤ a ≤ k. A hypergraph H ′ = (M ′, S ′) is a subhypergraph of a

hypergraph H = (M,S) if M ′ ⊆ M and S ′ ⊆ S. A spanning tree of a hypergraph H

is a connected and Berge-acyclic subhypergraph of H.

Lemma B.4. Deciding whether a K-uniform hypergraph admits a spanning tree is

NP-Complete for K ≥ 4.

Proof. Let K ≥ 4 and let H = (M,S) be a (K − 1)-uniform hypergraph. Create a

K-uniform hypergraph H = (M,S) as follows. Let M = M ∪ {v}, where v is a new

vertex. Let S = {i ∪ {v} : i ∈ S}. Clearly, the construction of H is polynomial. Now,

let S ′ be a perfect matching of H, then, S
′

= {i ∪ {v} : i ∈ S ′} is a spanning tree of

H. On the other hand, let S
′
be a spanning tree of H, then, S ′ = {i \ {v} : i ∈ S ′} is a

perfect matching of H. Thus, a polynomial time algorithm for determining whether a

K-uniform hypergraph admits a spanning tree implies in a polynomial time algorithm

for determining whether a (K−1)-uniform hypergraph admits a perfect matching.
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Lemma B.5. Given a graph G = (V,E) and a set F of K-forests of G, K ≥ 3,

deciding whether there is a F ′ ⊆ F that induces a spanning tree of G is NP-Complete.

Proof. Let H = (M,S) be a (K + 1)-uniform hypergraph. For all i ∈ S, define φ(i)

as the set of edges of any spanning tree for a (2-uniform) complete graph defined over

the vertices of i. Create a (2-uniform) graph G = (V,E) as follows. Let V = M and

E = ∪i∈Sφ(i). Define the set of K-forests F = {φ(i) : i ∈ S}. Observe that the

construction of G and F is polynomial.

Now, if F ′ ⊆ F induces a spanning tree of G, then, S ′ = {i ∈ S : φ(i) ∈ F ′}
induces a spanning tree of H. On the other hand, if S ′ ⊂ S induces a spanning tree of

H, then, F ′ = {φ(i) : i ∈ S} induces a spanning tree of G. Thus, a polynomial time

algorithm for deciding whether a spanning tree of G can be created from a set of K-

forests implies in a polynomial time algorithm for deciding whether a (K + 1)-uniform

hypergraph admits a spanning tree. Then, by Corollary B.4, this decision problem is

NP-complete for K ≥ 3.

Corollary B.1. Problem (2.24) is NP-Hard.

Finally, we have:

Proposition 2.7. F ′2 is NP-Hard.

Proof. Follows from Corollary B.1 and Lemma B.1.

B.2 Proof of Proposition 2.8

In order to prove Proposition 2.8 we need the following lemma.

Lemma B.6. Problem (2.25) can be polynomially reduced to F ′′2 .

Proof. Apply the same construction used for the proof of Lemma B.1.

Lemma B.7. Given a graph G = (V,E) and a set F of K-forests of G, K ≥ 3,

deciding whether there is a set F ′ ⊆ F of disjoint K-forests such that |F ′| = |V −1|/K
is NP-Complete.

Proof. The proof is by polynomial reduction from the hypergraph perfect matching

decision problem. Let H = (M,S) be a K-uniform hypergraph such that K ≥ 3

divides M . Assume that M = u1, . . . , u|M |. We create a graph G = (V,E) as follows.

Let V = {v1, . . . , v|M+1|} and let E = {ik = {vk, vk+1} : 1 ≤ k ≤ |M |}. Observe

that there is a bijective mapping from M to E given by φ(uk) = ik and φ−1(ik) = uk,



B.3. Proof of Proposition 2.11 75

1 ≤ k ≤ |M |. This mapping implies a set of K-forests F = {∪u∈j{φ(u)} : j ∈ S} for

G.

Now, let F ′ ⊆ F be a set of (|V | − 1)/K = |M |/K disjoint K-forests, then,

S ′ = {∪i∈f{φ−1(i)} : f ∈ F ′} is a perfect matching for H. Conversely, if S ′ ⊆ S is

a perfect matching for H, then, F ′ = {∪u∈j{φ(u)} : j ∈ S ′} is a set of (|V | − 1)/K

= |M |/K disjoint K-forests of G. Thus, a polynomial time algorithm for deciding

whether we can find |V − 1|/K disjoint K-forests of G in a set F , K ≥ 3, implies in a

polynomial time algorithm for the hypergraph perfect matching decision problem. The

proof is complete.

Corollary B.2. Problem (2.25) is NP-Hard.

Finally, we have:

Proposition 2.8. F ′′2 is NP-Hard.

B.3 Proof of Proposition 2.11

Proposition 2.11. P ′′3 is an integral polytope.

Proof. Assume that (x,y, s, t) is a fractional point of P ′3. Clearly, if y is fractional,

then t is fractional. It is also easy to see that if t is fractional, then (x,y, s) cannot

be integer, otherwise we would be able to write (x,y, s, t) as a convex combination

of integer extreme points (see the first part of the proof of Proposition 2.4). Thus, if

(x,y, s, t) is fractional, either x, or s is fractional.

Assume first that s is fractional but x is integer. Consider some i ∈ E for which

si is fractional. Then, since xi = 1, we can write si =
∑

H∈EK
i
λHeH , where eH is a

|EK
i |-dimensional binary vector with exactly one 1-valued entry, at the position indexed

by H; λH > 0 for all H ∈ EK

i ,
∑

H∈EK
i
λH = 1, and E

K

i ⊆ EK
i . Now, for each H ∈ EK

i

let rHi ∈ B|EK
i |m. For each I ∈ EK

i , I 6= H, let rHiI = 0 and let rHiH = tiH/siH . If we

set x = x; yj = yj, sj = sj, and tj = tj for all j ∈ E, j 6= i; si = eH , ti = rHi , and

yi = rHiH , for some H ∈ EK

i , we obtain a feasible point in P ′′3 .

From the definitions above, we have, for each H ∈ EK

i ,
∑

I∈EK
i
λIr

I
iH = λHrHiH =

siHrHiH = tiH . Similarly,
∑

H∈EK
i
λH
∑

I∈EK
i

rHiI =
∑

H∈EK
i
λHrHiH =

∑
H∈EK

i
tiH = yi.

Thus, we have that

(x,y, s, t) = (x,yj1 , . . . ,yi, . . .yjm , sj1 , . . . , si, . . . , sjm , tj1 , . . . , ti, . . . , tjm)

=
∑
H∈EK

i

λH(x,yj1 , . . . ,
∑
I∈EK

i

rHiI , . . .yjm , sj1 , . . . , eH , . . . , sjm , tj1 , . . . , r
H
i , . . . , tjm).
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Therefore, (x,y, s, t) cannot be an extreme point.

Finally, assume that x is fractional. Since x ∈ X, we have x =
∑

w∈E λ
ww, where

E is a subset of the extreme points of X, λw > 0 for all w ∈ E , and
∑

w∈E λ
w = 1.

For each w ∈ E and i ∈ E consider zw
i ∈ B|EK

i |, defined as follows. If wi = 1, let

zw
i = si/xi, otherwise, let zw

i = 0. Then,
∑

H∈EK
i
zwiH =

∑
H∈EK

i
siH/xi = 1 = wi.

Also, let rwi ∈ B|EK
i |m be defined as follows. If wi = 1, rwi = ti/xi, otherwise, rwi = 0.

Then, rwiH ∈ (XH × (siH/xi)), or, rwiH ∈ (XH × zwiH). Therefore, x = w, si = zw
i and

ti = rwi for all i ∈ E, and yi =
∑

H∈EK
i

rwiH is a feasible point for P ′′3 .

Consider some i ∈ E. If xi = 0, then wi = 0 for all w ∈ E , what implies∑
w∈E λ

wzw
i = 0 = si,

∑
w∈E λ

wrwi = 0 = ti, and
∑

w∈E λ
w
∑

H∈EK
i

rwiH = 0 = yi.

On the other hand, if xi > 0,
∑

w∈E λ
wzw

i =
(∑

w∈E:wi=1 λ
w
)

si
xi

= si,
∑

w∈E λ
wrwi =(∑

w∈E:wi=1 λ
w
)

ti
xi

= ti, and
∑

w∈E λ
w
∑

H∈EK
i

rwiH =
(∑

w∈E:wi=1 λ
w
)∑

H∈EK
i

tiH
xi

=

yi. Thus,

(x,y, s, t) = (x,yj1 , . . . ,yjm , sj1 , . . . , sjm , tj1 , . . . , tjm)

=
∑
w∈E

λw(w,
∑
H∈EK

j1

rwj1H , . . . ,
∑

H∈EK
jm

rwjmH , z
w
j1
, . . . , zw

jm , r
w
j1
, . . . , rwjm)

and (x,y, s, t) cannot be an extreme point. The proof is complete.
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Considerations about the Work of

Öncan and Punnen [35]

In this section, we make some observations about the results in [35]. The Lagrangian

relaxation in that reference is based on formulation FOP10. They propose a lower

bounding scheme based on Lagrangian relaxation, where constraints∑
i∈δ(v)

yij ≥ xj, j ∈ E, v ∈ V.

are relaxed and dualized in a Lagrangian fashion.

The authors claim that the dualization of those constraints will yield the following

Lagrangian modified costs:

q′ij = qij − αjv, i, j ∈ E, i 6= j, v ∈ V, (C.1)

q′ii = qii +
∑

u∈V \{v,w}

αiu, i = {v, w} ∈ E. (C.2)

While (C.2) is correct, (C.1) is not. The correct Lagrangian modified costs should be:

q′ij = qij − αju − αjv, i = {u, v}, j ∈ E, i 6= j.

Then, they claim, in Proposition 2 of that study, that the resulting Lagrangian

subproblem can be solved by the Gilmore-Lawler algorithm. However, their Lagrangian

subproblem is still the QMSTP, albeit with a modified objective function. Clearly, the

QMSTP is not solved by the Gilmore-Lawler algorithm alone. Thus, that is claim

is not true. Indeed, constraints (2.12) are not satisfied by the solution given by the
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Gilmore-Lawler algorithm. As a matter of fact, these constraints had been previously

dualized in the work of Assad and Xu [7].

Nevertheless, the procedure proposed in [35], assuming correct Lagrangian modi-

fied costs, could still provide a lower bound for QMSTP, in which constraints (2.12) are

in relaxed and dualized with zero valued multipliers (with no multiplier adjustment).

As we pointed out in Section 2.3, computational results reported in that work

are not in accordance with Proposition 2.3 of our study. The bounds reported by the

Lagrangian relaxation scheme in [35] are stronger than Z(F1). That could have hap-

pened due to the incorrect costs (C.1). To further validate the Lagrangian relaxation

bounds we present here, we evaluated Z(F1) by LP means. That is accomplished by

a LP cutting plane algorithm that separates (2.2) and (2.5). To solve the separation

problems, we used the algorithms described in Appendix A.

Table C.1 presents average lower bounds, as evaluated by ourselves and as re-

ported in [35]. The first three columns present n, m and the instance type. The next

three columns present the lower bounds reported in [35] (LagOP ), the lower bounds

computed by our implementation of the procedure described in that work (Lag′OP ),

the lower bounds computed by Lag1, and Z(F1). In each line, we report the average

for 10 instances.

Instance

n m type LagOP Lag′OP Lag1 Z(F1)

10 45 OP1 547.9 414.8 529.5 529.6
11 55 OP1 613.2 459 584.1 584.3
12 66 OP1 652.1 500.2 648.3 648.9
13 78 OP1 713 558.1 706 707.5

Table C.1. Lower Bounds.

Note that bounds Z(F1) and those provided by Lag1 are quite similar, what

supports the validity of our Lagrangian lower bounds. The bounds reported by [35],

however, are above the theoretical bound Z(F1). The bounds evaluated by our imple-

mentation of their strategy, however, are in accordance with the theoretical results.



Appendix D

Detailed Branch-and-Bound Results

In Tables D.1-D.10, we provide detailed QMSTP BB results for BB1 and BB2, and

also results for BBOP [13]. The first three columns of each table present information

concerning the instances: the number of nodes (n), the number of edges (m), the

type of the instance (type), and the best known upper bound (ub). For BBCP, the

number of nodes (nnodes) and the total computational time t(s) are presented. For

BB1 and BB2, we present: the lower bound at the root node of the BB tree (lbroot),

the computational time for solving the root node (troot(s)), the total number of BB

nodes explored (nnodes), and the total time to solve the problem (t(s)).

In Tables D.11 and D.12, we presented detailed AQMSTP BB results for BCP ,

BC, and BB1. The first two columns of each table present an instance identifier (id)

and the optimal solution value (ub). For each BB algorithm we present the lower bound

at the root node (lbroot), the computational time for solving the root node (troot(s)), the

total number of BB nodes explored (nnodes), and the total time to solve the problem

(t(s)).

We only present results for instances that were solved by at least one of the

algorithms. Entries with the symbol “-” indicate that the corresponding algorithm was

not able to solve the instance within the specified time limit (100 hours for QMSTP

instances and 10 hours for AQMSTP instances).
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84 Appendix D. Detailed Branch-and-Bound Results
In
sta

n
ce

B
B

C
P

B
B

1
B
B

2

n
m

ty
p
e

u
b

n
n
o
d
e
s

t(s)
lb

r
o
o
t

t
r
o
o
t (s)

n
n
o
d
e
s

t(s)
lb

r
o
o
t

t
r
o
o
t (s)

n
n
o
d
e
s

t(s)

1
0

4
5

O
P
2

3
2
1
0
5

5
9

0
3
2
1
0
5

0
1

1
3
2
1
0
5

3
1

3
1
0

4
5

O
P
2

2
3
8
6
3

6
5

0
2
3
8
6
3

0
1

1
2
3
8
6
3

3
1

4
1
0

4
5

O
P
2

1
8
3
3
8

5
5

0
1
8
3
3
8

0
1

1
1
8
3
3
8

3
1

3
1
0

4
5

O
P
2

2
4
6
1
3

1
0
5

0
2
4
6
1
3

0
1

1
2
4
6
1
3

3
1

3
1
0

4
5

O
P
2

3
5
6
9
9

1
7
3

0
3
5
6
9
9

0
1

1
3
5
6
9
9

3
1

3
1
0

4
5

O
P
2

2
1
4
0
1

9
9

0
2
1
4
0
1

0
1

1
2
1
4
0
1

3
1

3
1
0

4
5

O
P
2

2
6
9
9
7

9
5

0
2
6
9
9
7

0
1

1
2
6
9
9
7

3
1

3
1
0

4
5

O
P
2

2
2
9
9
2

1
2
3

0
2
2
9
9
2

0
1

1
2
2
9
9
2

3
1

3
1
0

4
5

O
P
2

2
8
8
3
3

1
0
9

0
2
8
8
3
3

0
1

1
2
8
8
3
3

3
1

3
1
0

4
5

O
P
2

2
2
5
9
7

6
3

0
2
2
5
9
7

0
1

1
2
2
5
9
7

3
1

3

1
1

5
5

O
P
2

4
0
3
5
9

8
9
3

0
4
0
3
5
9

0
1

1
4
0
3
5
9

5
1

5
1
1

5
5

O
P
2

2
2
7
3
5

1
7
5

0
2
2
7
3
5

0
1

1
2
2
7
3
5

5
1

5
1
1

5
5

O
P
2

2
7
7
2
3

3
3
3

0
2
7
7
2
3

0
1

1
2
7
7
2
3

6
1

6
1
1

5
5

O
P
2

3
5
4
7
4

1
0
5

0
3
5
4
7
4

0
1

1
3
5
4
7
4

4
1

5
1
1

5
5

O
P
2

2
9
7
7
8

2
8
1

0
2
9
7
7
8

0
1

1
2
9
7
7
8

5
1

5
1
1

5
5

O
P
2

2
3
8
7
7

2
1
9

0
2
3
8
7
7

0
1

1
2
3
8
7
7

5
1

5
1
1

5
5

O
P
2

3
7
4
9
5

3
3
9

0
3
7
4
9
5

0
1

1
3
7
4
9
5

4
1

4
1
1

5
5

O
P
2

2
2
7
0
5

4
9

0
2
2
7
0
5

0
1

1
2
2
7
0
5

4
1

5
1
1

5
5

O
P
2

1
9
0
2
0

1
1
1

0
1
9
0
2
0

0
1

1
1
9
0
2
0

4
1

5
1
1

5
5

O
P
2

3
3
9
1
0

3
1
1

0
3
3
9
1
0

0
1

1
3
3
9
1
0

4
1

5

1
2

6
6

O
P
2

3
5
5
4
2

8
9

0
3
5
5
4
2

0
1

1
3
5
5
4
2

8
1

9
1
2

6
6

O
P
2

2
0
5
8
5

1
2
9

0
2
0
5
8
5

0
1

2
2
0
5
8
5

7
1

8
1
2

6
6

O
P
2

3
8
1
5
3

1
1
0
3

0
3
8
1
5
3

0
1

1
3
8
1
5
3

8
1

8
1
2

6
6

O
P
2

3
2
0
1
5

3
6
1

0
3
2
0
1
5

0
1

1
3
2
0
1
5

7
1

8
1
2

6
6

O
P
2

3
4
1
3
6

2
2
7

0
3
4
1
3
6

0
1

1
3
4
1
3
6

9
1

9
1
2

6
6

O
P
2

4
2
8
1
4

8
3

0
4
2
8
1
4

0
1

1
4
2
8
1
4

9
1

1
0

1
2

6
6

O
P
2

3
0
1
5
3

3
5
3

0
3
0
1
5
3

0
1

1
3
0
1
5
3

8
1

8
1
2

6
6

O
P
2

2
5
6
4
6

2
2
7

0
2
5
6
4
6

0
1

1
2
5
6
4
6

9
1

9
1
2

6
6

O
P
2

3
4
1
8
3

1
4
5

0
3
4
1
8
3

0
1

1
3
4
1
8
3

8
1

8
1
2

6
6

O
P
2

3
2
5
5
1

1
5
5

0
3
2
5
5
1

0
1

1
3
2
5
5
1

8
1

9

1
3

7
8

O
P
2

4
5
5
8
6

3
4
7

0
4
5
5
8
6

0
1

2
4
5
5
8
6

1
2

1
1
3

1
3

7
8

O
P
2

4
9
3
1
3

2
1
8
5

0
4
9
3
1
3

0
1

2
4
9
3
1
3

1
1

1
1
2

1
3

7
8

O
P
2

4
4
5
1
3

5
0
9

0
4
4
5
1
3

0
1

2
4
4
5
1
3

1
1

1
1
2

1
3

7
8

O
P
2

3
7
2
5
0

9
1

0
3
7
2
5
0

0
1

2
3
7
2
5
0

1
1

1
1
2

1
3

7
8

O
P
2

5
0
9
9
0

6
0
1

0
5
0
9
9
0

0
1

2
5
0
9
9
0

1
1

1
1
1

1
3

7
8

O
P
2

4
3
2
6
1

4
8
1

0
4
3
2
6
1

0
1

2
4
3
2
6
1

1
2

1
1
2

1
3

7
8

O
P
2

3
6
0
8
5

2
8
1

0
3
6
0
8
5

0
1

2
3
6
0
8
5

1
1

1
1
2

1
3

7
8

O
P
2

3
4
4
7
4

6
3

0
3
4
4
7
4

0
1

2
3
4
4
7
4

1
0

1
1
1

1
3

7
8

O
P
2

2
8
5
6
6

2
3
5

0
2
8
5
6
6

0
1

2
2
8
5
6
6

1
0

1
1
1

1
3

7
8

O
P
2

3
4
8
4
7

3
5
7

0
3
4
8
4
7

0
1

2
3
4
8
4
7

1
3

1
1
4

T
a
b
le

D
.5
.

Q
M

S
T

P
b

ran
ch

-an
d

-b
ou

n
d

resu
lts.

In
stan

ces
of

Ö
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86 Appendix D. Detailed Branch-and-Bound Results
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88 Appendix D. Detailed Branch-and-Bound Results
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[10] Burkard, R. E., Çela, E., Pardalos, P. M., and Pitsoulis, L. S. (1998). The

quadratic assignment problem. In Du, D.-Z. and Pardalos, P. M., editors, Hand-

book of Combinatorial Optimization, volume 3, pages 241 -- 337. Kluwer Academic

Publishers.

[11] Caprara, A. (2008). Constrained 0–1 quadratic programming: Basic approaches

and extensions. European Journal of Operational Research, 187(3):1494--1503.

[12] Cordone, R. (2012). The quadratic minimum spanning tree problem (qmstp).

[13] Cordone, R. and Passeri, G. (2012). Solving the quadratic minimum spanning tree

problem. Applied Mathematics and Computation, 218(23):11597--11612.

[14] Dantzig, G., Fulkerson, D., and Johnson, S. (1954). Solution of a large scale

traveling salesman problem. Operations Research, 2:393--410.

[15] Edmonds, J. (1965). Maximum matching and a polyhedron with 0, 1 vertices. J.

of Res. the Nat. Bureau of Standards, 69 B:125--130.

[16] Edmonds, J. (1971). Matroids and the greedy algorithm. Mathematical Program-

ming, 1(1):127--136.

[17] Edmonds, J. and Karp, R. M. (1972). Theoretical improvements in algorithmic

efficiency for network flow problems. Journal of the ACM, 19(2):248--264.

[18] Fagin, R. (1983). Degrees of acyclicity for hypergraphs and relational database

schemes. Journal of the ACM, 30(3):514--550.

[19] Garey, M. R. and Johnson, D. S. (1979). Computers and Intractability: A Guide

to the Theory of NP-Completeness. W. H. Freeman & Co.

[20] Geoffrion, A. M. (1974). Lagrangian relaxation for integer programming. Mathe-

matical Programming Study, 2:82--114.

[21] Gerards, A. M. H. (1995). Matching. In Ball, M., Magnanti, T., Monma, C.,

and Nemhauser, G., editors, Network Models, volume 7 of Handbooks in Operations

Research and Management Science, chapter 3, pages 135--224. Elsevier.

[22] Gilmore, P. C. (1962). Optimal and suboptimal algorithms for the quadratic

assignment problem. Journal of the Society for Industrial and Applied Mathematics,

10(2):305--313.



Bibliography 95

[23] Goncalves, A. D., Drummond, L. M., Pessoa, A. A., and Hahn, P. (2013). Improv-

ing lower bounds for the quadratic assignment problem by applying a distributed

dual ascent algorithm. ArXiv e-prints.

[24] Hahn, P. and Grant, T. (98). Lower bounds for the quadratic assignment problem

based upon a dual formulation. Operations Research, 46(6):912 -- 922.

[25] Held, M., Wolfe, P., and Crowder, H. (1974). Validation of subgradient optimiza-

tion. Mathematical Programming, 6:62--88.

[26] Koopmans, T. C. and Beckmann, M. (1957). Assignment problems and the loca-

tion of economic activities. Econometrica, 25(1):53--76.

[27] Kruskal, J. (1956). On the shortest spanning subtree of a graph and the traveling

salesman problem. Proceedings of the American Mathematical Society, 7:48--50.

[28] Lawler, E. L. (1963). The quadratic assignment problem. Management Science,

9(4):586--599.

[29] Lee, J. and Leung, J. (2004). On the boolean quadric forest polytope. INFOR,

42(2):125--141.

[30] Lucena, A. (2005). Non delayed relax-and-cut algorithms. Annals of Operations

Research, 140(1):375--410.

[31] Maia, S. M. D. M., Goldbarg, E. F. G., and Goldbarg, M. C. (2013). On the biob-

jective adjacent only quadratic spanning tree problem. Electronic Notes in Discrete

Mathematics, 41:535 -- 542. Presented at the 2013 International Network Optimiza-

tion Conference (INOC).

[32] Mans, B., Mautor, T., and Roucairol, C. (1995). A parallel depth first search

branch and bound algorithm for the quadratic assignment problem. European Jour-

nal of Operational Research, 81(3):617 -- 628.

[33] Martin, R. K. (1998). Large Scale Linear and Integer Optimization: A Unified

Approach. Springer.

[34] Myung, Y.-S., Lee, C.-H., and Tcha, D.-W. (1995). On the generalized minimum

spanning tree problem. Networks, 26(4):231--241.

[35] Öncan, T. and Punnen, A. P. (2010). The quadratic minimum spanning tree

problem: A lower bounding procedure and an efficient search algorithm. Computers

and Operations Research, 37(10):1762--1773.



96 Bibliography

[36] Padberg, M. (1989). The boolean quadric polytope: some characteristics, facets

and relatives. Mathematical Programming, 45(1–3):139--172.

[37] Padberg, M. W. and Wolsey, L. A. (1983). Trees and cuts. In Combinatorial Math-

ematics Proceedings of the International Colloquium on Graph Theory and Combi-

natorics, volume 75, pages 511--517.

[38] Palubeckis, G., Rubliauskas, D., and Targamadzė, A. (2010). Metaheuristic ap-
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