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Abstract

The quadratic minimum spanning tree problem (QMSTP) is an NP-Hard problem
that consists of finding a spanning tree of quadratic minimum cost of a graph. In this
problem, besides a cost for each edge, the objective function also involves interaction
costs for each pair of edges in the tree. In a particular case of QMSTP, the adjacent-
only QMSTP (AQMSTP), interaction costs are defined only for adjacent edges. Despite
having a particular cost structure, AQMSTP is as hard as QMSTP, in theory and in
practice. We address both problems in this thesis.

For the general case, we first propose a linear integer programming (IP) formula-
tion based on the reformulation-linearization technique (RLT). This formulation is by
itself stronger than previous ones in the literature. Additionally, we also introduce a
novel type of formulation. It stems from the idea of partitioning spanning trees into
forests of a given fixed size. This idea yields a hierarchy of formulations of increasing
strength. The larger the forests, the stronger the formulation. At the first hierarchy
level, where the forests have the minimum possible size, i.e., they involve only one
edge, we have precisely the RLT formulation. At the opposite end, where the forests
have the maximum possible size, i.e., they are spanning trees, we have a formulation
whose linear programming (LP) relaxation bound matches the optimal QMSTP solu-
tion value. Many possible relaxations of the hierarchy are studied. We give results with
respect to the strength of their LP bounds and the difficulty of computing them. On
the computational side, three Lagrangian relaxation (LR) procedures and two parallel
branch-and-bound (BB) algorithms are developed. For the first time, several instances
in the literature are solved to optimality, including some with 50 vertices.

Although successful for some types of problem instances, this general approach
fails to appropriately address AQMSTP. This fact motivates an AQMSTP formulation
that exploits its particular cost structure: We use the stars of the graph to formulate
the problem as an IP that involves exponentially many rows and columns. We also
consider a reformulation that arises by projecting the stars out of this formulation.

The reformulation, although defined on a compact variable space, has exponentially

xlil



many additional constraints. One of its main advantages lies on the fact that most
optimization packages are capable of directly handling models with a small number of
variables and large number of constraints, through separation callbacks. This facilitates
the development of a BB algorithm.

In order to solve the LP relaxation of our AQMSTP formulation, we propose
a row-and-column generation (RCG) algorithm. A cutting plane (CP) algorithm is
proposed to solve the LP relaxation of its projection. We then develop a branch-and-
cut-and-price (BCP) algorithm, based on RCG, and a branch-and-cut algorithm (BC),
based on CP. Computational results show that the LP relaxation bounds provided
by the AQMSTP formulation dominate the RLT based bounds we developed for the
general QMSTP. As a consequence, instances with as many as 50 vertices are solved

to proven optimality.
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Resumo

O problema quadratico da arvore geradora minima (QMSTP) é um problema NP-
Dificil que consiste em encontrar uma &arvore geradora de custo quadratico minimo
em um grafo. Neste problema, além de um custo para cada aresta, a funcao objetivo
também involve custos de interacao para cada par de arestas na arvore. Em um caso
particular do QMSTP, o QMSTP s6 com custos de adjacéncia (AQMSTP), custos de
interacao sao definidos somente para arestas adjacentes. Apesar desta estrutura de
custo particular, o AQMSTP é tao dificil quanto o QMSTP, na teoria e na pratica.
Ambos os problemas sao abordados nesta tese.

Para o caso geral, primeiramente propomos uma formulacao de programacao
linear inteira (IP) baseada na técnica de reformulagao-linearizacdo (RLT). Esta for-
mulagao é por si s6 mais forte que formulacoes anteriores na literatura. Adicionalmente,
também introduzimos um novo tipo de formulacao, que parte da idéia de particionar
arvores geradoras em florestas de um dado tamanho fixo. Esta idéia leva a uma hier-
arquia de formulacgoes cada vez mais fortes. Quanto maiores as florestas, mais forte a
formulagao. No primeiro nivel da hierarquia, onde as florestas tém o menor tamanho
possivel, i.e., envolvem apenas uma aresta, temos precisamente a formulacao RLT. No
lado oposto, onde as florestas tém o maior tamanho possivel, i.e., sao arvores gerado-
ras, temos uma formulacao cujo limite da relaxagao de programagao linear (LP) tem o
mesmo valor que a solugao étima do QMSTP. Diversas possiveis relaxacoes da hierar-
quia sao estudadas. Apresentamos resultados com respeito a forca de seus limites de
LP e a dificuldade de computéa-los. No lado computacional, trés procedimentos basea-
dos em relaxagao lagrangeana (LR) e dois algoritmos branch-and-bound (BB) paralelos
sao desenvolvidos. Pela primeira vez, diversas instancias na literatura sao resolvidas
na otimalidade, incluindo algumas com 50 vértices.

Embora a abordagem geral obtenha sucesso em alguns tipos de instancias, ela
nao se demonstra apropriada para tratar o AQMSTP. Este fato motiva uma formulacao
para o AQMSTP que explora sua estrutura de custo particular: Usamos as estrelas

do grafo para formular o problema como um IP que envolve exponencialmente muitas

XV



linhas e colunas. Também consideramos a reformulacao que surge ao projetarmos as
estrelas para fora desta formulacao. A reformulacao, embora definida em um espaco
de variaveis compacto, tem um ntumero exponencial de restri¢oes adicionais. Uma de
suas principais vantagens esta no fato de que a maioria dos pacotes de otimizagao sao
capazes de lidar diretamente com modelos com um nimero pequeno de variaveis e
um numero grande de restrigoes, por meio de callbacks de separacao. Isto facilita o
desenvolvimento de um algoritmo BB.

Para resolver a relaxacao de LP de nossa formulacao do AQMSTP, propomos
um algoritmo de geragao de linhas e colunas (RCG). Um algoritmo de planos de corte
(CP) é proposto para resolver a relaxacao de LP de sua projecao. Apds isto, desenvolve-
mos um algoritmo branch-and-cut-and-price (BCP), baseado em RCG, e um algoritmo
branch-and-cut (BC), baseado em CP. Resultados computacionais mostram que os li-
mites de LP fornecidos pela formulacao do AQMSTP dominam os limites baseados em
RLT que desenvolvemos para o caso geral. Como consequéncia, instancias com até 50

vértices sao resolvidas na otimalidade.
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Chapter 1

Introduction

Assume we are given a connected and undirected graph G = (V| E), with n = |V|
vertices and m = |E| edges, and a matrix Q) = (¢;;)ijer > 0 of interaction costs
between the edges of G. The quadratic minimum spanning tree problem (QMSTP)
is a quadratic 0-1 programming problem that consists of finding a spanning tree of GG

whose incidence vector x € B™ minimizes the function

Z Qi Ti%j.
i,jeE
QMSTP is NP-Hard, as proven by Assad and Xu [7] by a reduction from the

quadratic assignment problem (QAP) [26, 10]. An interesting particular case of QM-
STP is that in which interaction costs ¢;; = 0 if edges ¢ and j do not share an endpoint.
This case is referred to as the adjacent-only QMSTP (AQMSTP). AQMSTP was also
proven NP-Hard by Assad and Xu [7], by means of a reduction from the Hamiltonian
path problem. Another important particular case is that in which @ is diagonal. In
this case, the objective function becomes linear, and QMSTP reduces to the mini-
mum spanning tree problem (MSTP), for which several polynomial time algorithms
are known [42, 27].

1.1 Outline of the Thesis and Main Contributions

The thesis is divided in 5 main chapters and 4 appendices. Below we summarize each

main section and its contributions.

o Chapter 1: Introduction. We began the present chapter with the definition of the
two problems addressed in the thesis, QMSTP and AQMSTP. In Section 1.2 we

1



CHAPTER 1. INTRODUCTION

give motivation for studying these two problems. The QMSTP and AQMSTP
literature is reviewed in Section 1.3. Some notation used throughout the thesis

is presented in Section 1.4.

Chapter 2: The Quadratic Minimum Spanning Tree Problem. We start this chap-
ter by studying for the first time a formulation derived from the reformulation
linearization technique (RLT), in Section 2.1.1. We show that such a formu-
lation dominates other formulations in the QMSTP literature and introduce a
Lagrangian relaxation lower bounding scheme to evaluate its linear programming
(LP) relaxation bounds.

In Section 2.1.2, we present a novel type of formulation for QMSTP, based on
the idea of decomposing spanning trees into forests. That formulation gives a
hierarchy of lower bounds of increasing strength, it has the first formulation
as its weakest case. With the purpose of developing computationally practical
lower bounding procedures based on it, we study possible relaxations. We show
that some of the relaxations are theoretically hard to solve, but manage to give
a polynomial time algorithm for a particular case, which we use to develop a
Lagrangian relaxation based bounding algorithm, in Section 2.1.2.1. A different
approach is taken in Section 2.1.2.2, we provide a reformulation of the hierarchy
and show that an easy to solve relaxation can used in a Lagrangian framework to
evaluate LP lower bounds in our hierarchy. A Lagrangian relaxation algorithm,

with heuristic adjustment of multipliers, is presented.

Based on two of the lower bounding schemes developed in the preceding sections,
we propose two branch-and-bound (BB) algorithms in Section 2.2. We provide
computational results in Section 2.3. These results show that our lower bounds
are much stronger than the bounds in the literature. As a consequence, our
exact algorithms manage to solve problems with up to 50 vertices, with the help

of parallel programming.

Chapter 3: The Adjacent-Only Minimum Spanning Tree Problem. In our study of
the general QMSTP, we identified that the existing approaches in the literature
fail to adequately address the AQMSTP case. We discuss reasons for that in
Section 3.1. In Section 3.2 we present an AQMSTP formulation that takes its
particular cost structure into account, i.e., it uses stars of the graph as modeling
entities. As a result, the formulation is naturally integer. Since the formulation
is not compact, in Section 3.3 we develop a row and column generation algorithm

for computing its LP bounds. That algorithm is then used as the basis for an
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AQMSTP branch-and-price algorithm. We provide computational results that
validate our approach: lower bounds from the star formulation are much stronger
the previous ones in the literature, including those presented in Chapter 2. As
a consequence, the branch-and-price algorithm solves instances with up to 40
vertices, while the algorithms developed in Chapter 2 manage to solve instances

with at most 20 vertices.

In Section 3.4 we study an unusual approach for obtaining lower bounds from
extended formulations with exponentially many columns. We project the vari-
ables associated to stars out of our AQMSTP formulation. That results in an
AQMSTP reformulation on a compact variable space, with exponentially many
constraints. To evaluate its LP bounds, we propose a cutting plane algorithm,
which is also used as the basis for an AQMSTP branch-and-cut algorithm. We
discuss the benefits of using the projection approach, such as easier to solve
pricing problems and easier to implement exact algorithms. Surprisingly, the

branch-and-cut algorithm manages to solve instances with up to 50 vertices.

Chapter 4: Future Work - The Quadratic Assignment Problem. In this chapter we
discuss some lines of research we intend to investigate in the future. In particular,
we show how the hierarchy presented in Chapter 2 can be extended for QAP and

discuss some possible approaches for obtaining bounds.
Chapter 5: Conclusion. Concluding remarks are presented in this chapter.

Appendiz A Separation Algorithms. We provide polynomial time, maximum flow
based, separation algorithms for some inequalities used in our RLT based formu-
lation of Chapter 2.

Appendiz B: Proofs. Detailed proofs for some results in the thesis are presented

in this appendix.

Appendiz C: Considerations about the Work of Oncan and Punnen [35]. Some
results presented in Oncan and Punnen [35] conflict with some results obtained
by ourselves. This led us to identify some mistakes in that work. This issue,
along with evidence for the correctness of the results in this thesis, are discussed

in this appendix.

Appendix D: Detailed Branch-and-Bound Results. Detailed BB results, for each

instance in our test bed, are provided in this chapter.
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1.2 Motivation

There are three main motivations for studying an NP-Hard combinatorial optimization
problem. First, when studying such a problem, one might develop solution techniques
and theoretical results that might be generalized or adapted for other problems, and
thus become contributions for the general field of combinatorial optimization. One well
known example is the case of the traveling salesman problem [14, 6].

The second reason involves real-world applications of the problem. QMSTP and
AQMSTP applications can be found in the context of telecommunication, transporta-
tion, and hydraulic networks [7]. Below, we describe two examples of QMSTP and
AQMSTP applications in more detail.

A QMSTP application can be found in the context of wireless sensor networks. In
this context, the communication between sensor nodes occurs by means of radio trans-
mission. Assuming that the radio frequency assigned for each possible communication
link in the network has been defined beforehand, one might wish to find a communi-
cation spanning tree that minimizes the radio interference between pairs of links. By
letting the off-diagonal entries of () be some measure of the interference between pairs
of links, and letting the diagonal entries be a zero-valued vector, the problem can be
solved as a QMSTP.

For the AQMSTP case, consider the situation in which a company C; wants to
create a telecommunications network whose topology is a tree spanning a set V' that
represents customers, computational devices, or other entities. Instead of building all
of the communication links, the company might rent part of the infrastructure from
other companies C7, (s, ..., Cr. Let Ey denote the set of links that might possibly be
built by Cy. Assume that each company a, 1 < a < T, owns a set of links F,, and let
E = U?;:OEQ = E. Without loss of generality we can also assume E, N E, = () for any
pair of companies 0 < a < b < T'. For each communication link ¢, there is a cost g;; for
constructing the link, in case ¢ € Ej, or for renting the link from company a, if 7 € E,,,
1 <a <T. If we decide to use links i = {u,v} and j = {v,w}, and i € E, and j € E},
b # a, then, in addition to the construction or renting costs g;; and g;;, interface costs
¢i; and gj; could also arise. The nature of these costs could be related to the acquisition
of additional infrastructure to connect links that belong to different companies, or to
switch from different communication technologies used by the companies, for example.

The third reason comes from problems that, being closely related to QMSTP
and AQMSTP, may eventually benefit from theoretical and algorithmic developments
for the latter. More generally, since QMSTP and AQMSTP are NP-Hard, any prob-

lem in the NP computational complexity class can be polynomially reduced to them.
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Thus, good algorithms for QMSTP and AQMSTP might imply in good algorithms for
other hard problems. Assad and Xu [7] gave two examples: the polynomial reductions
from QAP to QMSTP and from the Hamiltonian path problem to AQMSTP. We give
another, the generalized minimum spanning tree problem (GMSTP) [34].

Consider a graph G = (V, E), weights (w;),., and a partition (V,...,Vg) of V.
The generalized minimum spanning tree problem asks for a minimum weight tree of G
such that exactly one vertex from each cluster V}, is in the tree. To reduce this problem
to a QMSTP, let G = (V,E), where V. =V and E = EU{{i,j} :i # j € V},1 <
k< K}. Let Q = (¢ij)ijen, where, for i € E, q; = w; if i € E, and g;; = 0 otherwise.
For each Vi, 1 < k < K, and for each pair of edges ¢ = {u;,v;} and j = {u;,v,}
such that u; € Vi, u; € Vi, u; # uj, v; ¢ Vi, and v; ¢ Vi, let ¢;; = M, where M is a
sufficiently large value. Then, any solution T’ = (Vi, Fz) for GMSTP implies a solution
T = (Vy, Er), with Vi = V and By = Ex UK | Ty, where T}, is a tree of G spanning
Vi, for QMSTP, both with the same objective value. Conversely, given a solution
T = (Vr, Er), with objective less than M, T = (Vg BEx), where Ex = Er N E and
Vi is the vertex set induced by E7, is a solution for GMSTP with the same objective
value. Since GMSTP is NP-Hard, this transformation gives an alternative proof for

the following well known result.
Proposition 1.1. QMSTP is NP-Hard. ]

Although we are not aware of its computational complexity or real-world applica-
tions, we describe another interesting problem, that is an AQMSTP sub-case. Assume
we are given a graph G = (V| E'), with costs ¢;; for each i € E, and we are asked to find
a minimum cost connected subgraph of G such that, if edges i = {u,v} and j = {v, w}
are in the solution, then & = {u,w} must also be in the solution. A solution for this

problem can be obtained by letting ¢;; = qxx and solving the problem as an AQMSTP.

1.3 Literature Review

QMSTP and AQMSTP were introduced by Assad and Xu [7]. They proved that
these problems are in the NP-Hard class by means of a polynomial reduction from the
Hamiltonian path problem to AQMSTP. Additionally, a polynomial reduction from
QAP to QMSTP was presented.

A common procedure for computing lower bounds for constrained quadratic 0-1
problems is that of Gilmore [22] and Lawler [28], the so called Gilmore-Lawler proce-
dure/lower bound. The procedure was initially introduced for QAP and later adapted
for other problems, e.g., the quadratic 0-1 knapsack problem [40]. The Gilmore-Lawler
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procedure has an important role in many exact solution algorithms for constrained
quadratic 0-1 problems, where it is used either as a lower bounding procedure by itself
or as a procedure for the resolution of subproblems in Lagrangian relaxation schemes.

Besides proving that QMSTP and AQMSTP are NP-Hard, Assad and Xu [7]
developed a lower bounding scheme for QMSTP. It can be seen as a dual ascent algo-
rithm for obtaining near optimal multipliers in a Lagrangian relaxation of a QMSTP
formulation. Lagrangian subproblems were solved by means of the Gilmore-Lawler
procedure. A branch-and-bound (BB) algorithm based on that bounding scheme man-
aged to solve QMSTP instances defined over complete graphs with up to 12 vertices.
For the AQMSTP case, due to the particular cost structure, they were able to reduce
the computational complexity of the bounding scheme. In that case, the BB algorithm
solved instances with up to 15 vertices. Three QMSTP heuristic algorithms were also
proposed. Two of them were simple constructive heuristics, the other one was a La-
grangian heuristic that resulted from their lower bounding procedure. In general, these
heuristics were not able find the optimal solutions for the problem instances used in
that work.

Evolutionary algorithms were proposed by Zhout and Gen [48] and by Soak et al.
[45]. The algorithm in [48] provided results of better quality compared to the heuristics
in [7]. That algorithm was in turn outperformed by the best evolutionary algorithm in
45].

Oncan and Punnen [35] proposed a local search algorithm based on tabu thresh-
olding. Computational experiments were presented where their heuristic compared
favorably to the heuristics in [7] and [45]. Building upon the Lagrangian relaxation of
Assad and Xu [7], Oncan and Punnen [35] also proposed a lower bounding procedure
for QMSTP. They introduced new valid inequalities, that were relaxed and dualized
in a Lagrangian fashion. Their lower bounding procedure relied on subgradient op-
timization for multiplier adjustment, and the Gilmore-Lawler procedure for solving
Lagrangian subproblems. An exact BB algorithm was not implemented.

Three different heuristic approaches, based on simulated annealing, evolutionary
algorithms, and tabu search, were proposed by Palubeckis et al. [38]. The algorithm
based on tabu search outperformed the other two, but a comparison to other algorithms
in the literature was not provided. Another heuristic algorithm, based on artificial bee
colony, was proposed by Sundar and Singh [46]. Computational results were presented
where that algorithm outperformed the approaches in Zhout and Gen [48] and Soak
et al. [45].

Cordone and Passeri [13] proposed two heuristic algorithms, based on tabu search

and variable neighbourhood search. They also proposed refinements for the QMSTP
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exact strategies of Assad and Xu [7]. Mainly, they proposed a modified version of
the lower bounding procedure of [7], where a relaxation of the Lagrangian subproblem
is solved. By doing so, they obtain weaker lower bound at a lower computational
complexity. In addition to that, they introduced some variable fixing tests for the
BB algorithm in that same reference. Their revised exact algorithm managed to solve
QMSTP instances defined over complete graphs with up to 15 vertices, as well as larger
sparse instances, with up to 20 vertices. They also presented results showing that their
best performing heuristic, the one based on tabu search, provided better results than
the previous heuristics in the literature.

More recently, a bi-objective version of AQMSTP was investigated by Maia et al.
[31]. The authors considered ), g;;z; and ZiJeE’i# ¢i;x;x; as two separate objective
functions. Their approach consisted in generating solutions in the Pareto front. To
that aim, they proposed a local search heuristic and an adaptation of the BB algorithm
of [7]. The adapted BB algorithm managed to generate the Pareto front for instances
with up to 20 vertices. For those instances, the heuristic algorithm was capable of
generating about two thirds of the solutions in the Pareto front.

A common approach to solve a problem formulated as a quadratic 0-1 program
consists of linearizing the non-linear terms, in order to obtain a (mixed) integer linear
program. Assuming that a set x = (z;);cps of variables is used to formulate the problem,
the linearization is accomplished by introducing additional variables y = (y;;)ijenm,
that replace the quadratic terms x;z; in the objective function, together with new
constraints to make sure that the condition y;; = x;z; holds. After linearization takes
place, one is interested in describing the convex hull of integer points (x,y) such that
x is a feasible solution for the problem, e.g., x is the incidence vector of a spanning
tree of G in the QMSTP case, and y satisfies y;; = x;z; for all 4,5 € E.

The boolean quadric polytope (BQP) refers to the linearized polytope that re-
sults when x is any binary vector. Thus, valid inequalities for BQP are valid for all
constrained quadratic 0-1 problems, QMSTP included. BQP has been widely studied,
see Padberg [36], for instance. Closely related to the linearized QMSTP polytope is
the so called boolean quadric forest polytope (BQFP). The BQFP case is a general-
ization of the QMSTP case, where x must be the incidence vector of a forest of G.
Many facet defining inequalities for the BQFP were studied by Lee and Leung [29].
However, to our knowledge, no computational experiments with those inequalities were

ever reported.
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1.4 Notation

Throughout the thesis, the following notation is used. Given a subset V' C V we
denote by E(V') = {{u,v} € E : u,v € V'} the set of edges with both endpoints in
V" and by 6(V') = {{u,v} € E:u € V' v ¢ V'} the set of edges with exactly one
endpoint in V’. For simplicity, we use d(v) instead of §({v}) when referring to the set
of edges that have v € V' as an endpoint. Given any formulation P for QMSTP, we let
Z(P) denote its LP relaxation lower bounds. Finally, we denote the set {0,1} by B.



Chapter 2

The Quadratic Minimum Spanning

Tree Problem

In this Chapter, we address QMSTP. The chapter is divided in five sections. In the
first one, Section 2.1, we propose new formulations for the problem. More precisely, in
Section 2.1.1 we propose a formulation based on RLT and give a Lagrangian relaxation
scheme for evaluating its LP relaxation bounds. That formulation is generalized into
a hierarchy of formulations in Section 2.1.2. We present a deep study of formulations
in the hierarchy and develop two more Lagrangian relaxation schemes. Two of these
bounding schemes are then used to develop two QMSTP BB algorithms, in Section
2.2. Computational experiments are conducted in Section 2.3. Concluding remarks are

given in Section 2.4.

2.1 Formulations, Linear Programming and

Lagrangian Relaxation Bounds

2.1.1 Lagrangian Bounds from a Partial RLT Application

Consider a vector x = (z;);cg of binary variables such that x; = 1 if and only if edge i is
selected to be part of the QMSTP solution. A quadratic 0-1 programming formulation
for QMSTP is given by:

min{z Qi TiT ZXEXﬂBm},

ijEE
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where X denotes the set of points in R™ that satisfy:

> m=n-1, (2.1)

i€E

Yo om<|S-1, ScVS|>2, (2.2)
i€E(S)

0<uaz; <1, icE. (2.3)

Proposition 2.1. X is the convex hull of the incidence vectors of spanning trees of G
(This well known result is due to Edmonds [16]). O

Proposition 2.2. Giwen ¢ € E, the convex hull of the incidence vectors of spanning
trees of G that contain i is given by X; = X N{x € R™ : x; = 1}.

Proof. Let X! be the convex hull of the incidence vectors of the spanning trees of G
that contain i. Clearly, X! C X;. Since x; < 1 is valid for X and there is a spanning
tree of G containing ¢, X; induces a non-empty face of X. Thus any extreme point of
X, is also an extreme point of X. Together with Proposition 2.1, this implies that the
extreme points of X; are integer, which implies X; C X/. [

To obtain a 0-1 IP formulation for QMSTP, we apply a scheme based on the
reformulation-linearization technique (Caprara [11] gives an exposition of this approach

for constrained quadratic 0-1 programs in general). The scheme consists of two steps :

Reformulation step. Each constraint (2.1)-(2.3) is multiplied by each variable x;, i € E,
resulting in new, non-linear, constraints.

Linearization step. Linearization variables y = (v;;)ijer are introduced. On each
constraint resulting from the multiplication by z;, we replace the product z;x;, i, € E,
by ;. On the objective function we also substitute y;; for the product z;z; on the

term with coefficient g;;.

Observe that we make explicit distinction between y;; = x;x; and y;; = x;;.
This is done so that a special structure in the resulting formulation can be exploited.
For convenience, we also replace the powers x? by y;; instead of simply x;. For each
i € E, let y; = (yij)jer denote the row of y indexed by i. The application of the

reformulation-linearization procedure yields the constraints

Z Yij = xu (24)

JjeEE

ST oy < (S -Dai, Sc VS| >2 (2.5)

JEE(S)
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Yii = i, (2.6)

Notice that (2.4)-(2.7) is simply X; multiplied by z;. Thus, once the linearization

scheme has been applied, the following 0-1 IP formulation is obtained

F1 . min { Z quz] : (X,y) < P1 ﬂBermQ} s

i,jEE

where P; refers to the polyhedral region defined by:

x € X, (2.8)
vi € (X; x 2;), i€ F, (2.9)
Yij = Yji, 1<jek. (2.10)

By constraint (2.8), x must be the incidence vector of a spanning tree. By
constraints (2.9), for each edge ¢ with z; = 1, y; must be the incidence vector of a
spanning tree containing ¢, and for each edge ¢ with x; = 0, y; must be the null vector.
Finally, constraints (2.10) enforces the equality of the trees implied by the vectors y;
and x.

Observe that the tree defined by y; determines the edges with which ¢ interacts.
For this reason, we refer to it as the interaction tree for edge i. Formulation F} requires
that all interaction trees be identical, but this condition will be relaxed in our solution
strategy.

The reformulation process just applied consists of a partial application of the first
RLT level [4, 44]. The complete first RLT level would also involve the multiplication
of (2.1)-(2.3) by (1 — a;), for all i € E, followed by the linearization step. It can
be seen that the application of this operation to (2.1) and (2.3) results in redundant

constraints, while the following inequalities are obtained from (2.2):

S @iy <(SI-DA-2), i€EScV,[S]>2 (2.11)

JEE(S)

It was shown by Lee and Leung [29] that (2.5), (2.7), and (2.11) define facets
of BQFP. Besides these, they showed that facets are also induced by the clique and
the cut inequalities of BQP [36], and by an extension of the latter, also presented in
[29]. They give LP based polynomial time separation algorithms for (2.5) and (2.11).

We remark that these two sets of valid inequalities can also be separated by modified
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versions of the algorithm of Padberg and Wolsey [37] for separating subtour breaking
constraints. We present these modifications in Section A of the Appendix. We are
not aware of any polynomial time separation algorithms for the remaining inequalities
presented in [29].

Preliminary computational experiments we conducted on the QMSTP instances
with 15 vertices introduced in [35] indicated that constraints (2.11) do not significantly
strengthen Z(F}). According to our experiments, such LP bounds increased by only
0.08%, while the average computational time needed for their evaluation (solving LPs
by means of a a cutting planes approach) increased by 69.8%. For this reason, our
formulation and solution techniques do not consider those inequalities.

We now present other formulations in the QMSTP literature and investigate how

Fy compares to them. Consider the following constraints:

Y oyy=m-1z, jEE, (2.12)
i€l
>y,  jEEvEV (2.13)
1€6(v)

Assad and Xu [7] introduced the QMSTP formulation

Faxg : min { Z ¢iYij  (X,Y) € Paxoa N Bm+m2} ;

i,jEE

where Paxgo = {(x, y) € R - (x,y) satisfies (2.8)-(2.9) and (2.12) } Oncan and
Punnen [35] added the valid inequalities (2.13) to Paxg2 and formulated QMSTP as

Fopio : min { Z ¢iYij © (%,y) € Popio N Bm+m2} ;

i,JEE

where Popig = Paxgz N {(X, y) € Rm+m* (x,y) satisfies (2.13) }
PI‘OpOSitiOIl 2.3. PAX92 2 Poplg 2 Pl

Proof. Constraints (2.12) are clearly implied by (2.4) and (2.10). To check that con-
straints (2.13) are also implied by P;, formulate (2.5) in terms of an edge j and
S =V \ {v}, for any v € V. Then subtract the resulting inequality from (2.4) (also
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formulated for j € E), to obtain:

Z Yji = %,

1€6(v)
which, together with (2.10), implies (2.13). O
Corollary 2.1. Z(FAXQQ) S Z(Fopl()) S Z(Fl) ]

Due to the large number of variables and constraints that define F}, computing
Z(Fy) by directly solving the LP relaxation of Fi, even with a cutting plane algorithm
where (2.2) and (2.5) are dynamically separated, is not practical. Moreover, formu-
lating X and X;, ¢ € F, by means of network flow strategies would yield a QMSTP
formulation with O(n”) variables and constraints. Solving the LP relaxation of that
formulation would also not be practical. Therefore, we adopt an alternative strategy.

We relax and dualize constraints (2.10) by attaching to them unconstrained Lagrangian

multipliers 6 = (6;;)i<jer (assume §;; = —6,; in case i > j € E), to obtain the problem:
ijEE

where polytope P] is obtained by relaxing (2.10) in the definition of Py, i.e., P| is given
by (2.8) and (2.9). Lagrangian modified costs are defined as ¢j; = i +0;; fori # j € £

and ¢}, = q;; for i € E. The corresponding Lagrangian dual is:
DF,: L =max {L;(e) 0 e R™5 } .

Next, we present a result that states that P| has integer extreme points. This

result is useful for determining the strength of DF}.
Proposition 2.4. P| is an integral polytope.

Proof. Assume (X,¥) is a fractional extreme point of Pj. Assume further that X is
integer. Then, for any ¢« € FE,y, € X;. Thus, we can write y; = Zwegi AVw, where
&; is a subset of the extreme points of X;, AW > 0 for all w € &;, and Zwe&- AV = 1.
Observe that

(i?) = (i7yj17yj27‘"7yi""7?jm) = Z Aw(§7yjl7yj27-"7W7"‘ayjm)7

weg;

and thus (X,¥) cannot be an extreme point of P;.
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Now, assume that X is fractional. Since X € X, we have X = ) A%Vw, where

wel
£ is a subset of the extreme points of X, AW > 0 forallw € £, and ) . A" = 1. For
ecach w € £ and i € F consider z)¥ € B", defined as follows. If w; = 1, let z\¥ =Y,/;,
otherwise, let z}" = 0. Note that (w,z},...,2z} ) € P

Consider some i € B. If 7; = 0, > .- AVz}" =¥, = 0. On the other hand, if
Ti >0, Y ee A2 = (Dwesn— AV) Z =¥, Thus,

(iay> = (§>yjl7yj27 te 7yjm) = Z)\W<W7ZX7 s 7Z;Zn)7
we€

and (X,y) cannot be an extreme point. O

From proposition 2.4 and from a well known result in Lagrangian duality theory

[20], we have the following result.
Corollary 2.2. L} = Z(F}). O

Observe that after the relaxation of (2.10), the interaction trees for each i €
E become independent from each other. Consequently, it is possible to develop a
specialized procedure for solving F/(#). Let (X,¥) be an optimal solution for F}(6), for
some set of multipliers 6. If Z; = 0 for some i € E, then y, = 0. On the other hand, if

T; = 1, (X,¥) can be so that ¥, is the incidence vector of a spanning tree that solves:

q; = min {Z qgjyij (yi € X, N Em} . (2.14)

JEE

This means that the selection of edge 7 implies in a cost given by g,. Consequently,

one can solve F|(#) by computing the spanning tree X that minimizes:

Gozmin{zqixi:xEXﬂIB%m}, (2.15)
S

and setting y accordingly. Algorithm 1 summarizes the main steps of the procedure.
Note that when 6 = 0, Algorithm 1 provides the Gilmore-Lawler lower bound for
QMSTP.

Algorithm 1:
Input: A QMSTP instance given by G = (V, E) and Q) € ]RTQ. A set of Lagrangian
m(m—1)

multipliers § € R~z .
Output: A solution (X,y) for F|(f).
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1. For each edge i € E, solve (2.14) and denote the solution vector by y;.
2. Solve (2.15), denote by X the solution vector.

3. An optimal solution (X,¥) of cost L;(6) = g, for F|(f) is given by X = X and
y, = z;y; for alli € E.

Each minimum spanning tree problem in Algorithm 1 can be solved in O(m logn)
time complexity (with Prim’s algorithm [42]). Thus, Algorithm 1 can be implemented
to run in O(m?logn).

An approximate solution for the Lagrangian dual DF} can be obtained by means
of the subgradient method [25]. We denote by Lag; the algorithm that uses the sub-
gradient method to solve DF} while solving subproblems by means of Algorithm 1.
Based on the observations above, for the practical evaluation of Z(F}), it is reason-
able to expect Lag;, to perform better than directly solving the LP relaxation of F}.
In Section 2.2 we develop a BB algorithm that uses Lag; as its bounding procedure.
Computational results for Lag; are reported in Section 2.3.

Although formulation F} is at least as strong as Fsxg2 and Fppig, duality gaps
implied by Z(F}) are sometimes quite large. This observation motivates the study of

stronger lower bounding approaches for QMSTP.

2.1.2 Lagrangian Bounds Based on the Decomposition of

Spanning Trees into Forests of Fixed Size

Let K be a positive integer that divides n — 1. Then, the edge set of any spanning tree
T of G can be partitioned into (n —1)/K acyclic subsets, with K edges each. In other
words, T' can be decomposed into (n — 1)/ K forests of K edges each. We will refer to
such forests as K-forests. Examples are given in Figure 2.1 for K = 2, 3, and 4.

The basic idea behind the formulation we introduce in this section is to combine
K-forests to create spanning trees. To formulate the interaction costs, instead of defin-
ing interaction trees for edges, as we did in F}, we define interaction trees for K-forests.
In doing so, even if we relax the requirement that these trees must be equal, the in-
teraction trees for the edges in the same K-forest will remain the same. Therefore,
the larger the value of K, the closer we are to satisfying the equality constraints. This
suggests that this formulation could be stronger than F;.

Some additional notation is needed before we introduce the formulation. Denote
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0---0---0 O O
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(a) A spanning tree T (b) Decomposition of T into 2-
forests.
0 0=--0---0 0
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(¢) Decomposition of T into 3- (d) Decomposition of T into 4-
forests. forests.

Figure 2.1. Decomposition of a spanning tree into K-forests, for K = 2, 3 and
4. K-forests are represented by connected components with the same drawing
style. In the examples, all K-forests are connected subgraphs of G. Observe
however, that this is not always possible in general.

by EX = {H C E : H is K-forest-inducing} the set of all K-forest-inducing subsets of
E and let o = |EX|. Define EX = {H € EX :i € H} as the set of the elements of EF¥
that contain i € F. Finally, for all H € EX let Xy = XN{xe€eR™:2;,=1,i € H}.
Using similar arguments to those used in the proof of Proposition 2.2 we can show that
X is the convex hull of the incidence vectors of spanning trees containing all edges in
H.

Besides variables x and y introduced before, the formulation also employs binary
variables s = (sg)gepx, such that sy = 1 if and only if H € E¥ is selected to be part
of the solution. To formulate interaction trees, binary variables t = (tp;)ycpx jcp are
used. We denote the row of t indexed by H € EX by ty = (tmi)ick, i-e., ty defines
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the interaction tree for the K-forest induced by H. QMSTP can be formulated as:

F2 : min { Z qijYij - (X,y, S,t) c p2 N Bm+m2+o+om} ’

i.jEE

where polytope P, is given by:

x € X, (2.16)

ri= Y su, i€ E, (2.17)
HeEX

ty € (Xg x sg), He€EF, (2.18)

yi= > tu, i€k, (2.19)
HeEK

Yij = Yji, 1 < j € FE. (220)

Constraints (2.16) require that x define a spanning tree of G. The decomposition
of the spanning tree into K-forests is enforced by constraints (2.17). By (2.18), if a
K-forest-inducing set H is used in the decomposition, then an interaction tree must be
defined for it, otherwise, t = 0. Constraints (2.19) state that, in case edge i appears
in a K-forest that belongs to the solution, then the interaction tree y; for ¢+ must be
equal to the interaction tree for that K-forest, otherwise, y; = 0. Finally, by (2.20),
all spanning trees must be equal.

Note that the size of EX is O(m™), which is polynomial in n if K is a constant.
Thus, the size of F} in relation to Fj is polynomially bounded. Regarding the strength
of F,, when K = 1, formulations F} and F, are equivalent. If K = n — 1, EX will be
the set of all spanning trees of G and, consequently, Z(F») will be the optimal solution
value of QMSTP. For general values of K, we have the following result.

Proposition 2.5. Given a factor K > 0 of n—1, denote by Py(K) the polytope defined
by (2.16)-(2.20) for this particular value of K. Let Proj, (P2(K)) be the projection of
Py(K) onto the vector space of the variables (x,y) € R™™ . For two factors K and
L ofn—1, L > K, the following holds:

Projuy(P2(L)) S Projy,(Po(K)).

Proof. Consider a vector (X,y,s,t) € Py(L). We are going to show that there is a
vector (X,¥,5,t) € Py(K) such that x =X and y = .

For every H € EL define the set EX(H) ={I € EX : HN I = K}, i.e., EX(H)
is the set of the subsets of H that contain K edges. Edges in H appear in exactly
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c=(L—1)/((L—-K)!(K—1)!) elements of EX(H).
Now, for all I € EX let

1
Si=- ). 3, (2.21)

c
HeEL:Ie EK(H)

and

~ 1 _
tr=- . tm 2.22
=0 1 (2.22)

HeFEL:IeEX(H)

Thus, from (2.21), for any i € E, we have

Tz‘:ZSH—Z ZSH—Z_ Z SH = Sp = T,

HeEF HeEF IeEK H):iel IeEX  HeEL:IcEX(H) IeEK

which shows that (2.16) and (2.17) are satisfied in P,(K). From (2.22) we have

DI ED YD ILED SEEED VTS DI A

HeE}l HeEEF IEEK (H):1el IeEEX  HeEL:IcEX(H) IeEE

which shows that (2.19) and (2.20) are also satisfied in P(K). Finally, we need to show
that (2.18) is also satisfied. We will only show that, for any I € EX, the cardinality
constraint ) |, tr; = (n—1)sy is satisfied. The satisfaction of the remaining constraints

can be proved in a similar fashion. Using both (2.21) and (2.22),

D = Z Yoot > (n—1su=(n—1)3,

i€EE iEE HeEL IeEX( H) HeEL:IeEK(H)

which proves the satisfaction of the desired constraint. O

For practical considerations, if K does not divide n — 1, we can add artificial
vertices to the graph, together with (zero cost) edges to keep the graph connected.
Note also that the decomposition of a spanning tree of GG into K-forests might not be
unique. However, all that is needed to properly formulate QMSTP is granting that at
least one such decomposition exists for any spanning tree. By eliminating redundant
possibilities from EX, we can reduce the number of variables of F» and maybe improve
its LP relaxation bound. The next result shows how that can be accomplished for
K < 4.

Proposition 2.6. Let T' be a spanning tree of G and K be a factor of n—1. If K = 2,
T can be decomposed into trees of two edges each. If K =3 or K =4, then T' can be
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decomposed into K -forests, none of which has more than two connected components.

Proof. Note that, for K = 2, either T has edges {7, j} and {j, k} such that i and k are
leaves, or ¢ is a leaf and j is not connected to any vertex other than ¢ or k. No matter
the case, we remove these two edges to obtain a subgraph of T' that is connected and
has an even number of edges. The argument is then applied recursively.

For K = 3, remove (1/3)(n — 1) edges {i,j} of T, one at a time, under the
condition that i is a leaf. The remaining subgraph has (2/3)(n — 1) edges and is
connected; apply the procedure for K = 2 to this subgraph. For each resulting set of
two edges, add one of the edges that were previously removed.

For K = 4, apply the procedure for K = 2, group the resulting pairs of adjacent

edges into sets of four edges. ]

Even in the light of Proposition 2.6, computing Z(F3) by explicitly solving LPs
is impractical, due to the large number of variables and constraints that compose Fs.
Recall that formulation Fy was developed with the relaxation of constraints (2.20) in
mind. We will now investigate the relaxation and the dualization of those constraints
in a Lagrangian fashion. To that aim, consider again that unconstrained multipliers
0 = (0:;)i<jer, defined as before, are assigned to (2.20). Such a relaxation strategy

leads to the following Lagrangian subproblem:

Fy(0):  Ly(0) = min { Z qgjyij : (x,y,8,t) € PN Bm+m2+°+°m} ,
ijEE
where P} is obtained by relaxing (2.20) in P, i.e., Pj is represented by (2.16)-(2.19).
Lagrangian modified costs are defined as ¢;; = ¢;; + 0;; for all i # j € E and ¢j; = g
for all i € E.
Observe that, by (2.19), the objective function of Fj can be written as:

Z qgjyij = Z Z qz{thj = Z quz{jth{j'

L,jeE ,J€E HeEX HeEK i€H jeE

Therefore, using the fact that in F the choice of the spanning tree ty; depends
only on sg, it can be concluded that in an optimal solution (X,y,s,t) for F} (5), for
some particular choice of multipliers @, if 55 = 1, t will be the incidence vector of a

spanning tree that minimizes:

GH:min{Zquthj :tHEXHﬂIB%m}. (2.23)

i€cH jE€E
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Thus, problem Fj can be solved with the resolution of
Go = min Z Qs X € X;x; = Z sy, Vi € E;(x,8) € B" 5 | (2.24)
HeEX HeEK

followed by the appropriate adjustment of y and t. This process is summarized in the

following algorithm.

Algorithm 2:
Input: A QMSTP instance given by G = (V, F) and Q € RTZ. A factor K of
m(m—1)

n — 1. A set of Lagrangian multipliers # € R~ =z .
Output: A Solution (X,¥,5,t) for F}(6).

1. For every H € EX | solve (2.23) and denote by t its solution vector.

2. Solve problem (2.24) to obtain a solution (X,s).

3. Obtain a solution (X,¥,8,%) of cost Ly(0) = g, for F3(f) by makingX = X,5 =5,
ty = EHFH for all H € BX, and y, = ZHGEK ty foralli € E.

While Algorithm 2 actually solves Fj, the problem is in fact NP-Hard for K > 3.
Consequently, it is unlikely that one can come up with an efficient algorithm to solve

step 2, in particular.
Proposition 2.7. Problem F} is NP-Hard for K > 3

Proof. Deciding whether a (K + 1)-uniform hypergraph has a spanning tree is NP-
Complete for K > 3. For K = 2, while the decision problem can be solved in polyno-
mial time, the minimization problem is still an open problem [43]. The idea of the proof
is to reduce the decision problem to Fj, defined over forests of size K. The detailed

proof is presented in Section B.1 of the Appendix. ]
Given the complexity of solving F3, we study two possible alternative approaches

to derive lower bounds from relaxations of that formulation.

2.1.2.1 First Approach - Selecting Edge-disjoint K-Forests

Consider the subtour elimination constraints (SECs) (2.2). For integer solutions of Fj,

these constraints are already implied by other constraints in the formulation. To check
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that, observe that
Yij = Yji < Ty, i,j €L,

and as y; defines a spanning tree, x also defines a spanning tree. Moreover, by further
relaxing and dualizing (2.2) in Fj, the resulting problem consists of selecting (n —
1)/ K non-overlapping K-forests, i.e., their union do not need to be acyclic, while also
selecting independent interaction trees for each of them. This problem is easy to solve
for a particular value of K. Such a relaxation is studied in what follows.

Let 1 = (us)scv,sj>2, be a set of non-negative multipliers associated to con-
straints (2.2). As before, let § = (6;;)i<jer be unconstrained multipliers associated
to (2.20). After the two sets of constraints are relaxed and dualized, the following

Lagrangian subproblem results:

FY(0, 1) : L3(6,1) = C + min { S du (xyos.t) € PN BM’”“O*M} ,
ijEE

where Py is obtained by relaxing (2.20) and (2.2) in P, i.e., Py is defined by (2.1),

(2.3), (2.17)-(2.19). Lagrangian costs ¢j; are defined as q;; = qi; + 0 if i # j € E,

G = Qi + Doscvs|z2icrs) Ms, 1 € By and C'= =3 gy gm0 us(|S] = 1).
The associated Lagrangian dual is:

DF,: Ly =max {Lg(e, W) (0, p) € R™F x REScwsez}\} '

Let (X,¥,8,t) be an optimal solution for FY(6,7) for some particular choice of
Lagrangian multipliers (0,7). If 35 = 1, then (X,¥,5,t) can be so that ty is the
incidence vector of the spanning tree that minimizes (2.23). Also, after the relaxation
of (2.2), variables x can be eliminated from the formulation. This way, Fy(#,7) can

be solved with the resolution of

. _ ) n—1 o
7o = C +min ZqHsH:Zngl,WGE;ZSH: 7 ;s €B?p, (2.25)

HeEX HeEK HeEX

and the appropriate adjustment of x, y, and t. Problem (2.25) asks for the optimal
selection of (n — 1)/ K K-forests of G such that no edge i appears in more than one of
them. In other words, (2.25) is a set packing problem with an additional cardinality
constraint. This problem can be efficiently solved for K = 2 but is NP-Hard for K > 3.

Proposition 2.8. Problem Fy is NP-Hard for K > 3.
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Proof. We provide a polynomial reduction from the problem of deciding whether a K-
uniform hypergraph has a perfect matching. That problem is NP-Complete for K > 3.
Details of the reduction are given in Section B.2 of the Appendix. ]

If K = 2, problem (2.25) requires the optimal selection of (n — 1)/2 non-
overlapping 2-forests. In other words, one has to find a minimum cost matching of
cardinality (n—1)/2, in an auxiliary graph G = (V, E), defined with vertex set V = E
and edge set E = EX. An example is given in Figure 2.2. Finding a matching with
fixed cardinality of a graph can be done in polynomial time, an algorithm is given in
[41]. That algorithm is used as the basis of Algorithm 3 below, for the resolution of
(2.25).

Algorithm 3:

Input: QMSTP instance given by G = (V, E) and @) € RTQ. Set of costs gy for
each H ¢ EX K =2.

Output: Solution (X,s) for (2.25).

1. Define an auxiliary graph G = (V, E), where V = E and E = EX.
2. Let U be a set of m — (n — 1) auxiliary vertices. Set V =V UU.
3. Let J = {{u,v} :u€UnveV}and gy =0forall HE J. Set E=FEU.J.

4. Find a minimum cost perfect matching of G, let § be its incidence vector. For
all © € F, if there is an H € EZK such that sy = 1, set 7; = 1. Otherwise, set

T, = 0.

By assumption, G is connected and n— 1 is even. Thus, there is a set of (n—1)/2
non-overlapping 2-forests, e.g., the decomposition of a spanning tree into 2-forests. A
set of (n —1)/2 non-overlapping 2-forests of GG implies a matching with (n —1)/2 edges
(n — 1 vertices) for the subgraph of G induced by V' \ U. The remaining m — (n — 1)
vertices of V' \ U can be matched to the vertices of U. Conversely, in any perfect
matching of G, the m — (n — 1) vertices of U can only be connected to m — (n — 1)
vertices of V. The remaining n — 1 vertices of V \ U are matched to each other,
resulting in a matching of (n — 1)/2 edges or (n — 1)/2 non-overlapping 2-forests for
G. Moreover, since the edges in J have no cost, a perfect matching of G and a set of
(n—1)/2 non-overlapping 2-forests of G have the same cost. Thus, Algorithm 3 indeed
solves (2.25).
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4 4 4
(a) A graph G. (b) 2-forests of G.
Aux1hary graph G. ) One p0851b1e matchlng M
of G of cardinality %= = 2.

1

5(;@0_%

Lot

4

(e) 2-forests of G implied by M. (f) Subgraph of G implied
by M.

Figure 2.2. Using an auxiliary graph G in order to find a set of (n — 1)/K
non-overlapping K-forests of a graph G, for K = 2.
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In order to solve FY (5, 1) for K = 2, we can proceed by computing the costs
(2.23), followed by the resolution of (2.25) by Algorithm 3. Algorithm 4 summarizes

the main steps.

Algorithm 4:
Input: QMSTP instance given by G = (V, E) and @ € RT2- Set of Lagrangian
multipliers (6, 71) € R2G « RISCVISIZ2

Output: Solution (X,¥,5,t) for FY/(0,71) for K = 2.

1. Solve problem (2.23) for each H € EX and let ty be the minimizing vector.
2. Solve (2.25) by Algorithm 3. Let (X,s) denote a solution.

3. Obtain a solution (X,¥,8,t) of cost L3(0,71) = q, for Fy(A,fi) by letting s =5
and X = X. Let tyy = sty for all H € EX and Vi = D HepK t, foralli e E.

The first step of Algorithm 4 can be implemented to run in O(omlogn) =
O(m?logn) time complexity. Algorithm 3 can be implemented to run in O(|V|?|E|) =
O(m*) [21]. This gives the complexity of step 2, which determines the overall worst
case time complexity of Algorithm 4.

As a result of the discussion above, the solutions for the Lagrangian subproblem
FJ(0, 1v) implicitly satisfy all valid inequalities for the matching polytope. Since the
blossom inequalities [15] (facet defining inequalities for the matching polytope) are
missing from FJ, the Lagrangian dual bound provided by DF; might well be stronger
than Z(Fy).

Proposition 2.9. LJ* > Z(F5). O

The evaluation of LJ* requires finding optimal multipliers for an exponential
number of constraints (2.2). One of the known algorithmic alternatives to deal with
exponentially many inequalities candidates to Lagrangian dualization is the relax-and-
cut approach [30]. Due to the already excessive (though polynomial in n,m) number
of other dualized constraints, the benefits of implementing a relax-and-cut algorithm
for the evaluation of LJ* are quite small: in practice, small lower bound improvements
are obtained at a substantial increase of CPU time. Thus, we consider an algorithm
for computing QMSTP lower bounds based on DF, where = 0, 6 is adjusted by the
subgradient method, and each subproblem is solved by means of Algorithm 4. This
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algorithm is denoted Lags. A BB algorithm based on Lags is presented in Section 2.2.

We report computational results for Lag, in Section 2.3.

2.1.2.2 Second Approach - Variable Splitting

In this section, we present a reformulation of F5 that preserves its LP relaxation bounds.
The interesting aspect of this reformulation is that a Lagrangian relaxation scheme,
with easy to solve subproblems, can be developed to evaluate its LP lower bounds.
On the downside, the Lagrangian relaxation scheme needs to deal with a very large
number of dualized constraints.

Consider the replacement of each variable sy, for all H € EX, by K new binary
variables s;z, one for each ¢ € H, so that now we have s = (SiH)iGE,HGEf{‘ We
denote by s; = (i) pge EK the row of s indexed by i € E. Likewise, consider the
replacement of each vector t; by K new binary vectors t;g, one for each : € H. Then,
t = (tinj)i jep,mepx and we denote by t; = (tin) yepx the entries of t with first index
i € E, and by t;y = (tin;)jer the row of t; indexed by H € EX. QMSTP can be

formulated as:

F3 . min { Z qijYij - (X, Yy, s, t) € P3 N Em+m2+KO+K0m} s (226)

i,jEE

where P3 denotes the polytope given by:

x € X, (2.27)

ri= > S, i€ E, (2.28)
HeEK

yi= Y tu, i €E, (2.29)
HeEK

tirr € (Xp X sirp), i€ E,H ¢ EF, (2.30)

Yij = Yji, 1<jeEF, (2.31)

Sin = SiH, i<jeEHeENES (2.32)

Later, we will show that the relaxation of constraints (2.31) and (2.32) results in
a problem that is easy to solve for any factor K, what allows us to develop a tractable
lower bounding procedure based on F3. Before discussing that, observe that constraints
of type (2.32) were not imposed for t, what implies that Z(F3) may be weaker than
Z(Fy). This can be overcome by conveniently rewriting the objective function of Fj.
Notice that if t;;;; = 1, for some 4,7 € E and H € EF, then because of (2.30) and
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(2.32),
> iy = K. (2.33)

keH

Using (2.29) and (2.33), the objective function in (2.26) can be rewritten as:

1
Z 9ijYij = Z Z Z Qijting = Z Z Z Z 7 Qiathmgting-

1,jEE i€E HGEZK JEE i€EE HGEZK JEE keH

Note that ¢;y;tkm; = tin; = teu; for any 4,5,k € E and H € EZK N E,f Therefore

> > ZZ < ithmstiog = Y ) ZZ —Gijtim;

i€E HGEK JEE keH i€E HEEK JEE keH

- Z Z Z Z %ijtiHj (2.34)

1€E HeEK jeE keH

In other words, (2.34) states that the cost of the tree defined by t;y, for some ¢ € E
and H € EX, depends equally on all the edges in H and their interaction costs. In the
remainder of this section, we assume that the objective in (2.26) is rewritten according

0 (2.34). Bearing that in mind, we have the following result.
Proposition 2.10. Z(F,) = Z(F3).

Proof. We make use of an argument based on the application of Lagrangian relaxation
to the LP relaxations of F; and F3. We dualize constraints (2.31) with unconstrained
Lagrangian multipliers 6 = (6;;)i<jcp, defined as before. This gives the the Lagrangian

subproblem

F'(Q) mln{z Z ZZ qu] iHj X .Y, S, t) c leBerm +K0+Kom}

i€FE HeEX jeE keH

where P is obtained by relaxing (2.31) in P, i.e., Pj is defined by (2.27)-(2.30) and
(2.32). Lagrangian modified costs are defined as q;; = ¢;; + 0;; for i # j € E and
¢, = q; for i € E.

We now show that for any 6 € R

m.(m 1)

, Z(F4(0)) = Z(F}(0)), which proves the
claim.

Given a feasible solution (X,¥,s,t) for the LP relaxation of Fj(f), letting X = X,
Y =Y, Sig = Sy and tzH =ty foralli € H and H € EX, we obtain a feasible solution
(X,y,Ss, t), with the same objective value for the LP relaxation of Fj(f).

Conversely, by (2.34), given a solution for the linear relaxation of Fj4(f), there is

always a feasible solution (X,¥,3, t) with the same objective value such that t;;; = fj o
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for any i,j € E and H € Ef N EJK Letting X =X, ¥ = ¥, Sy = i, and ty = tiy,
for all H € EX and some i € H, we obtain a feasible solution (X,¥,s,t) with the same

objective value for the LP relaxation of F3(6). O

When constraints (2.31) and (2.32) are relaxed in F3, we obtain a problem
that is easy to solve for any value of K. Consider again unconstrained dual mul-
tipliers 6 = (6;;)i<jep attached to (2.31). Define unconstrained multipliers 7 =
(Win)KjeE,HEEZKﬂEf? attached to (2.32). Assume m;y = 0 for all ¢ € E, and
Tiym = —mjim, for all pairs i > j € E and H € EX N EJK Then, we obtain the

Lagrangian subproblem:
. 1
Fé’(@, 7'[') . Lg(Q, 71') = min { Z Z Z(ﬂ-inSiH + Z ?qgktmk)
el HEEZ,K jeEH keE

: (x,y,8,t) € Py N ]B%m+m2+K0+Kom},

where Pj is obtained by relaxing (2.31) and (2.32) in P, i.e., P is defined by (2.27)-
(2.30). The modified costs are defined as q;; = ¢;; + 0;; for i # j € E and q;; = g;; for
1 € E. The associated Lagrangian dual is:

DFy : L3 = max {Lg’(@, m):(0,7) € R } :
To see how FY(,7) can be solved for any choice of multipliers (0,7) €
me;fluom};il), consider an optimal solution (X,¥,s,t). We see that if 7; = 1 for

some ¢ € F, and 5,5 = 1 for some H € Ef( , then t;; is the incidence vector of the

spanning tree that minimizes
_ I . m
jeH keE
Therefore, if T; = 1, i € E, we have 5;; = 1 for the element of H that minimizes
g; = min {@H—{—ij[{ : HEEiK}. (2.36)
jEH
Thus, Fy' can be solved by solving

qozmin{zaﬂi:xeXﬁBm}, (2.37)

i€l
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followed by the appropriate adjustment of y, s, and t. The following algorithm sum-

marizes the procedure.

Algorithm 5:
Input: QMSTP instance given by G = (V, E) and @ € ]RTQ. Set of Lagrangian
— m(m—1) | oK(K—1)

multipliers (§,7) e R~ 2
Output: Solution (X,,8,t) for FY(0,7).

1. Solve (2.35) and obtain G, for each i € E and H € EX. Denote the minimizing
vector by t;;7. Observe that (2.35) needs to be solved only once for each H € EX|
Le., find q; for some ¢ € H and let g;; = g, and fjH = t;y for all j#1€ H.

2. Solve (2.36) for each ¢ € E to obtain g;. Let S;5 = 1 for the minimizing element
H € EX and 5;; = 0 for the remaining [ # H € EX.

3. Solve the minimum spanning tree problem in (2.37) and denote the minimizing

vector by X.

4. Obtain a solution vector (X,¥,8,t) of cost g, = L4(0,7) for Fi(0,7) by letting

X =X, Sy = T8y and tiy = Sigtiy for all i € E and H € EE and y, =
ZHeE_K tig forall i € E.

E+llogn) and

Steps 1 and 2 can be implemented to run in O(omlogn) = O(m
O(Ko) = O(Km®) time, respectively. An O(mlogn) implementation can be given for
Step 3. Thus, the overall time complexity of the algorithm is defined by Step 1.

In order to evaluate the strength of DFj, we first present the following result.
Proposition 2.11. P; is an integral polytope.

Proof. The proof is quite similar to the proof of Proposition 2.4 and is presented in
Section B.3 of the Appendix. ]

By Propositions 2.10 and 2.11, we obtain
Corollary 2.3. L{* = Z(Fy) = Z(F3). O

To solve DFj3, we have to deal with the large number of dualized constraints,
O(Km®) in general. We faced convergence difficulties when applying subgradient
optimization to this relaxation. For this reason, we devised the following heuristic to

adjust the multipliers assigned to (2.32).
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First, let us we clarify the reasoning behind the heuristic. Given ¢ € E and a
certain H that minimizes (2.36), observe that for any H # H € EX, Tnt D jen TijH =
G+ jcm ™ Notice that there is a margin for the decrease of migsr, for some k € H,
without any change in g;. This decrease, and consequently the increase of 7y, can
cause the increase of g, in case H is the minimizing element of (2.36) for k. Note that
> jen Tijm can be decreased by at most A = Gy + >y mijn — (@ + D2 jem T
before g; changes. These ideas are employed in the algorithm below. Given multipliers
0, the algorithm will implicitly find multipliers 7 and a solution for FY(#,7) such that
14(0,7) > 14(0,0).

Algorithm 6:
Input: QMSTP instance given by G = (V) E) and Q € R’f. Set of Lagrangian

(m 1)

multipliers § € R

Output Solution (X,¥,s,t) for FY(6,7) for an implicit set of multipliers 7@ €
R““2—" such that L(8,7) > L’(0,0).

1. Let ¢, = oo for all v € E.
2. For each H € EX:

a) Let fH be the minimizing vector of

qy = min{ZZq}ktHk cty € Xy NB™}

jeH keE

b) Consider \; =Gy /K for all 1 € H.

¢) Assume an ordering (eq, ..., ex) for the elements of H and for i going from
1 to K do the following.
If gy <., let G, = Gy, Se,w = 1 and 5,y = 0 for I # H € EF.
Gy >q,, let Ae, = Ae, + (G — qe,) /(K — i) for i < j < K.

3. Solve the minimum spanning tree problem (2.37) and denote by X the minimizing

vector.

4. Obtain the solution vector (X,¥,8,t) by letting X = X, 5,5 = 7;8;5 and t;5 =
Sty foralli € E and H € EX and ¥, = 3 ;e pr tim for all i € E.

The second step of Algorithm 6 can be implemented to run in O(omlogn) =
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O(m&*tlogn) time complexity and defines the overall complexity of the algorithm.

We denote by Lags the QMSTP lower bounding algorithm based on D F3 that op-
timizes 6 by means of subgradient optimization and uses Algorithm 6 to simultaneously
guess good multipliers 7 and solve Lagrangian subproblems.

In Section 2.3, we conduct computational experiments to compare the bounds
given by Lag,, Lags, and Lags. Before that, in the next section, we describe how two
BB algorithms based on Lag; and Lags were implemented. As we will demonstrate in
Section 2.3, Lags is computationally expensive for K > 3 and the evaluation of the
implied Lagrangian bounds suffers very badly from convergence problems. For K = 2,
a preliminary BB algorithm that makes use of Lags was largely outperformed by the
one based on Lag,. As such, we decided not to proceed with the implementation of a

BB algorithm based on Lags.

2.2 Branch-and-Bound Algorithms

In this section, we describe the main implementation details of two BB algorithms,
BB, and BBs, respectively based on the Lagrangian relaxation lower bounding proce-
dures Lag, and Lags. BB, and BB, are quite similar, differing only when explicitly

mentioned in the exposition that follows.

2.2.1 Initial Upper Bounds

Initial valid QMSTP upper bounds are obtained by means of the following multi-start
heuristic. We first randomly select an initial spanning tree T of G and then apply local
search. The latter is implemented by evaluating the trees obtained by inserting into 7'
an edge ¢ not in 7" and removing the edges in the resulting cycle. If the best removal
for edge i results in a tree with better cost than T, that tree immediately becomes
the current solution. The process stops when the insertion of every edge not in T is
evaluated and no cost improvement is detected. The procedure is repeated 100 times,

each one starting with a different initial spanning tree.

2.2.2 Lower Bounds and Node Selection

Algorithm BB; makes use of Lag; as its bounding procedure, while algorithm BB,
employs Lags. In an attempt to accelerate the resolution of the problem at each non-
root BB node, Lagrangian multipliers at a given node are initialized with the best

multipliers found for the parent node. This way, we expect to obtain near optimal
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multipliers with a smaller number of steps of the subgradient method. As a drawback,
a table of size O(m?) needs to be stored at each node. For this reason, a best bound
search strategy becomes prohibitive, since a huge amount of memory is needed to store

the node list. Consequently, both algorithms implement a depth-first search.

2.2.3 Branching and Variable Selection

Assume that X and y are respectively the x and y components of the solution vector
that attains the best value for the Lagrangian subproblem at a given BB node.

if y;; =y;; for all © < j € E, the subproblem given by the current node has been
solved to optimality. Otherwise, there is either an edge ¢ such that 7; = 1 and y;; =0
for an edge j with Z; = 1 (Edge ¢ was selected but was not used in some interaction
tree) or an edge ¢ such that z; = 0 and Y;; = 1 for an edge j with 7; = 1. (Edge i was
not selected but was used in some interaction tree.) Any edge in one of these situations
is candidate for branching. Once the branching edge is determined, two new nodes are
created. For one of them, we force the edge to be selected. For the other, the edge is
forbidden.

The way branching constraints are enforced is one of the few differences between
BB; and BB,. For BBy, it suffices to force (resp. to prevent) the appearance of the
edge in the trees obtained in steps 1 and 2 of Algorithm 1. For BBs, if an edge ¢
is imposed (resp. forbidden) it is necessary to grant that in Algorithm 3 exactly one
(resp. none) of the 2-forests containing i is (resp. are) selected. To guarantee such a
condition, we remove from the auxiliary graph G any edge that connects i to a vertex
of U (resp. V).

In order to select the branching variable, we do the following. For each candidate
branching variable, we compute the Gilmore-Lawler bounds for the cases in which the
variable is imposed and forbidden. If any of these two bounds is larger than the best
known upper bound, the variable is then fixed accordingly. If any variable is fixed in
this step, we apply another round of subgradient optimization, starting with the best
multipliers obtained during the previous round. Otherwise, we select the branching
variable according to a strong branching rule [1], that means that the branching variable

is the one for which the minimum between the two values is maximum.

2.2.4 Redistribution of the Costs of Fixed Variables

Assume that at a given BB node, a nonempty set F' of edges known to be in-

cluded in the (integer) solution for that node. The objective function can be writ-
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ten as Y icp p D _jep 6T + D iep D jep GijTit;.  Multiplying the second term by
Y icpTi/(n —1) =1, using x; = 1 for i € I and using the linearization variables, we

obtain the following expression for the objective function:

> (a4 Tty g S5 e ey

I€EE\F jEE i€F k€E

For the optimal Lagrangian multipliers, the bounds are unaffected by the change
indicated above. However, since multipliers are not necessarily optimized exactly by
the subgradient method and convergence is often an issue when a large number of
multipliers is dualized, this reformulation might help to obtain good lower bounds
earlier in the process.

In order to give some intuition for the above expression, consider as an exam-
ple the Lagrangian relaxation scheme Lag,. During the resolution of the Lagrangian
subproblems, we compute the best interaction tree for each edge ¢ € E. With the re-
formulation above, if i ¢ F', the cost of selecting j € F for its interaction tree becomes
Qij + Y _rep Gkj/(n —1). That means that it is necessary to take into account a fraction
of the interaction costs of the fixed edges and j, leading to a better estimate of the
actual cost of using ¢ in a solution. On the other hand, all + € F' will have the same

interaction tree.

2.2.5 Parallelization

Our computational experiments are conducted in a multi-processor shared memory
system. In order to take advantage of this hardware, our BB implementations use
parallel programming techniques, following the guidelines proposed in [32] for a parallel
QAP BB algorithm. We give a brief description of their strategy and show how we
improved that implementation, by introducing an effective load balancing mechanism.

As in [32], BB nodes are kept in disjoint lists: a global list and a local list for each
processor. Each processor explores its local list independently. Whenever a processor
detects that its local list is empty, it requires access to the global list. After obtaining
access to the global list, the processor explores that list until a node at level d or greater
is found. Then, it adds this node to its local list, releases the access to the global list,
and goes back to exploring its own list.

In [32], a processor stops after it observes that the global list is empty. This
might lower parallel efficiency, since after that moment that processor no longer works.
In order to overcome that, we proceed in a different way. After detecting that the

global list is empty, the processor waits, periodically checking the global list for work.
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On the other hand, a processor that is working, periodically checks whether there are
processors waiting for work. In positive case, that processor removes some nodes from
the head of its local list and add them to the global list. Those nodes will be available
to the waiting processors and parallel efficiency should improve. Under this policy,
a processor only stops when its local list is empty and all the other processors are

waiting.

2.3 Computational Experiments

In this section, we conduct computational experiments in order to evaluate the quality
and the practical performance of our solution techniques, compared to other approaches

in the literature. Let us first describe the test instances we employed.

2.3.1 Test Instances

The algorithms were tested with two sets of instances from the literature. We denote
by CP the first set, introduced by Cordone and Passeri [13]. These instances comprise
graphs with n € {10,15,...,50} and densities d € {33%, 67%, 100%}. Depending on
how the diagonal (g;;) and the off-diagonal (g;;) entries of () are defined, four types of
instances were generated, for each tuple (n,d). These types are denoted CP1, CP2,
CP3, and CP4. For CP1, values for ¢;; and ¢;; correspond to integers randomly chosen
from {1,...,10}, with uniform probability. Similarly, for CP2, ¢; € {1,...,10} and
qi; € {1,...,100}. For CP3, ¢;; € {1,...,100} and ¢;; € {1,...,10}. Finally, for CP4,
¢isqi; € {1,...,100}.

The second set, denoted by OP, was introduced by Oncan and Punnen [35]. These
instances comprise complete graphs of different sizes n € {6,7,...,18,20,30,40,50}.
For each n, ten instances of three different types, OP1, OP2, and OP3 were generated.
Instances of type OP1 have integer costs ¢; and ¢;; randomly chosen from {1,...,100}
and {1,...,20}, respectively. For OP2, an integer weight w, randomly chosen from
{1,...,10} is assigned to each vertex v € V. Given two different edges i = {a, b}
and j = {¢,d}, ¢;j = w,wpw,w,y. For an edge i, ¢; is an integer randomly chosen from
{1,...,10000}. For OP3, each vertex represents a 2-dimensional point with coordinates
randomly chosen in the interval [0,100]. The value of g; is given by the euclidean
distance between the extremities of i, while ¢;;, ¢ # 7, is the distance between the

midpoints of ¢ and j.
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2.3.2 Computational Results

Computational experiments were performed on a machine with the following configu-
ration: Two Intel Xeon processors, each one with six cores running at 2.4GHz, a total
of 32GB of shared RAM memory, and Ubuntu 12.04 operating system. All algorithms
were coded in C++ and compiled with G++ 4.6.3, optimization flag O3 turned on.
OpenMP was used to implement the parallel BB algorithms.

Our subgradient algorithm implementation has the following particular settings.
At the root node, 5000 iterations are performed, with an initial step size of 2 in the
direction of the normalized subgradient. The step size is halved whenever 500 iterations
have past with no improvement in the Lagrangian dual function. At non-root nodes,
100 iterations are performed with the same initial step size of 2. The step size is halved
at every 10 iterations without improvements.

In Table 2.1, we report lower bounds for the formulations of Assad and Xu [7]
(Faxo2), Oncan and Punnen [35] (Fopio), Fi, Fy for K =2, and F3 for K € {2,3,4}.
The bounds we indicate in columns under headings F and F, are L} and L}*, respec-
tively. These bounds were respectively approximated with the Lagrangian relaxation
schemes Lag, and Lags. Likewise, columns under headings F5 depict an approximation
of the bound L5* provided by Lags, for values of K € {2,3,4}.

The lower bounds we report for Faxge and Fopyg were evaluated by ourselves, by
means of Lagrangian relaxation algorithms implemented as described in those refer-
ences. We found differences between the bounds we evaluated and those reported by
Oncan and Punnen [35]. In order to further validate the correctness of the Lagrangian
bounds provided by Lag;, we computed the LP relaxation bounds Z(F}), by means
of a LP based cutting plane algorithm. The computational results indicate that the
bounds provided by Lag; are close to Z(Fy), but never exceed them. However, the
bounds reported for Fopyp in [35] quite often exceed Z(F;). We provide an in depth
discussion of this matter in section C of the Appendix.

The first four columns of Table 2.1 give the number of vertices (n), the number
of edges (m), the type (type), and the best known upper bound (ub), for each instance.
Subsequent columns provide the lower bound (lb) and the computational time (¢) (in
seconds) taken by each formulation/lower bounding procedure. A time limit of 10
hours was imposed. The best overall lower bounds are indicated in boldface.

In Table 2.2, we compare algorithms BB,, BBs, and BBcp, the BB algorithm
in [13]. The computational results we report for BB¢p are those provided in [12]. For
BB; and BB, a time limit of 100 hours was imposed. The stopping criteria for B Bcp,

however, was not the same for all instances. For some of them, the algorithm was
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stopped after a time limit of 3600 seconds was reached. For others, after 10° nodes were
investigated. Differently from Table 2.1, where each row refers to a particular instance,
Table 2.2 presents results aggregated for ranges of n and m. Detailed computational
results for each instance in our test bed are provided in section D of the Appendix.
The first three columns of Table 2.2 present the range of n and m, and the type
of instances being considered. Next, for each algorithm, we present the total number of
instances solved to optimality (solv.), the maximum number of nodes investigated (max
nodes) and the maximum time (max ¢) in seconds needed by the algorithm to solve a
single instance in the range (considering only those instances solved to optimality). An

W

entry indicates that all instances in the range were left unsolved by the algorithm
under consideration.

From both tables, it is clear that the bounds implied by F} are much stronger
than the previous bounds in the literature (16,6% stronger than the bounds of [7] and
26,7% stronger than the bounds of [35], for OP1 instances). Compared to the other
schemes, the Lagrangian relaxation algorithm Lag; seems to offer a good trade-off
between lower bound quality and computational effort. That claim is validated by how
BB, and BB, do compare to each other.

Formulation Fy (Lags) provides lower bounds that are significantly stronger than
those provided by F; (Lag1), Faxoz, and Fopig (65% stronger than F; (Lagy), 90,6%
stronger than Faxge, and 81,2% stronger than Fopig, for CP instances). Consequently,
the number of nodes investigated by BB is orders of magnitude smaller than BB, and
BBcp counterparts. However, BB is dominated by BB; in terms of computational
time, due to the high costs demanded to run Lags.

Lower bounds given by Fj (Lags) with K = 2 are quite close to those given by Fy
(Lags), but demand less computational effort. As expected, these bounds get stronger
as K grows. Bounds provided by F3 with K = 4 are the overall best, but require a
high computational effort. Due to convergence difficulties and the fact that multipliers
7 are adjusted heuristically, Lags actually provided a poor approximation for the true
bound L5*. That behavior can be observed, for example, for OP2 and OP3 instances
with n = 13 vertices.

Compared to BBy, BB¢cp explores many more nodes. A fair comparison between
BB, and BBcp is not trivial to state, since they were tested in different computational
environments and make use of different stopping criteria. In addition, the enumeration
tree of BB; (and BB;) was explored in parallel (parallel efficiencies around 80% were
achieved) whereas that of BBcp was not.

With BBj, for the first time in the QMSTP literature, the following sets of

instances were solved to proven optimality: all instances of Cordone and Passeri with
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Instance WVN ﬁOw mm ﬁm ANW wv ﬁw A\wﬂ Mv ﬁw AMW = wv ﬁw ANW = %v
n m  type ub b t b t b t b t b t b t b t
25 100 CP1 2185 11155 O 1193.2 3 1285.1 2 1718.7 40 1715.8 20 1764 1592 1877.3 18998
25 100 CP2 19976 8170.6 0 8988.8 3 10061.1 2 14860.8 52 14829.5 20 15371.2 1595 16617.2 19846
25 100 CP3 2976 2069.1 O 1961.3 3 2289.2 2 2652.5 41 2645.9 20 2660.9 1592 2749.9 19174
25 100 CP4 21176 9296.8 0 10089.2 3 11190 2 15977 55 15947.7 20 16470.8 1601 17736.8 20125
25 200 CP1 2023 755.1 0 801.3 12 828 3 1316.7 305 1315 135 1431.6 21610 1522.7 36000
25 200 CP2 18251 41544 0 4564.5 12 5028.6 3 10497.4 362 10480 136 11780.2 21618 12795.7 36000
25 200 CP3 2546 1468.1 0 1385.3 12 1626.8 3 2071 261 2068.2 136 2135.2 21472 2185 36000
25 200 CP4 19207 5183.6 0 5560.5 12 6065.4 3 11522 360 11504.6 134 12798.5 21666 13812.8 36000
25 300 CP1 1943 668.5 0 705.2 23 7154 6 1143.2 1012 1141.3 392 1268.7 36000 1348.7 36000
25 300 CP2 17411 28794 0 3161.8 24 3443.2 6 8533.5 1118 8518.3 394 9920.1 36000 10868.2 36000
25 300 CP3 2471 1279.2 0 1213.9 23 1405.6 6 1875.3 918 1871.8 400 1957.4 36000 1874.4 36000
25 300 CP4 18370 3865.2 0 4086.6 24 4451.3 6 9563.4 1135 9542.9 397 10947.8 36000 11854.5 36000
13 78 OP1 1022 513.7 0 475.9 2 606.3 O 842.6 21 838.9 14 847.5 655 901 9947
13 78 OP1 1089 592.9 0 532.1 2 702 0 900.1 22 891.5 14 905.5 648 941.9 9892
13 78 OP1 1163 609.8 0 576.3 2 697 0 945.2 22 941.5 14 952.1 654 1003.8 9763
13 78 OP1 1129 703.5 0 659 1 803.1 O 1033.3 21 1028.9 14 1041 640 1086 9763
13 78 OP1 1023 663.2 0 588.4 2 748.8 0 1001.4 21 997.3 14 1005.8 664 1054.7 9838
13 78 OP1 982 586.9 0 546.2 1 7154 0 933 21 928.6 14 931 652 970.8 9714
13 78 OP1 1048 520.8 0 466 2 613.3 O 838.3 22 833.7 14 832 656 880.4 9866
13 78 OP1 1045 611.8 0 571.1 2 712.8 0 929.4 22 926.6 14 935.8 645 976.2 9724
13 78 OP1 1065 637.6 0 594.3 2 741.2 0 980.3 22 974 14 978.1 653 1017.2 9755
13 78 OP1 1160 618.2 0 572.1 2 720.3 O 978.6 21 976.6 14 991.4 648 1050.7 9575
13 78 OP2 45586 44885 0 44693 1 45586 O 45586 12 42642.2 4 38844.2 195 37228.7 2940
13 78 OP2 49313 48747.1 0O 45717 1 49313 O 49313 11 45373.6 4 37705.3 183 35443.9 2825
13 78 OP2 44513 442575 0 43676.5 1 44513 O 44513 11 36545.3 4 34665.2 181 34181.8 2866
13 78 OP2 37250 37250 O 37054 1 37250 O 37250 11 31793.1 4 30504.9 183 25435.2 2811
13 78 OP2 50990 49908 0 46969 1 50990 O 50990 11 48493.8 4 45486.7 198 43695.1 2846
13 78 OP2 43261 42380 O 41140 1 43261 0 43261 12 33263 4 24401.7 181 25020 2797
13 78 OP2 36085 35809.1 O 35135 1 36085 O 36085 11 34055.6 4 32091.6 190 30169.3 2804
13 78 OP2 34474 34442.6 0 33775 1 34474 O 34474 10 30467.7 4 26480.4 180 24826.8 2829
13 78 OP2 28566 28360.2 0 27653 1 28566 O 28566 10 24213.1 4 22879.2 178 21686 2842
13 78 OP2 34847 34493 0 33909 1 34847 0 34847 13 32670.2 4 26926.7 187 27950.4 2902
13 78 OP3 1731 1595.6 O 1648.3 1 1731 0 1731 9 1720.2 8 1730.4 601 1730.5 9058
13 78 OP3 2484 23414 0 2318.7 1 2484 O 2484 10 2332.5 4 2210.2 218 2270.2 3524
13 78 OP3 2440 2228.8 0 2297.2 1 2436.6 0 2440 12 2407.4 9 2430.1 595 2426.5 5881
13 78 OP3 2489 23075 O 2272.5 1 2453.2 0 2483 23 2420.1 6 2453.9 591 2187 3398
13 78 OP3 2044 1932.8 0 1915 1 2044 O 2044 11 1940.9 4 2029.6 609 1910.1 3421
13 78 OP3 1806 1655.7 0 1634 1 1805 O 1806 11 1754.8 5 1692.4 268 1796.6 8852
13 78 OP3 2185 20419 0 2035 1 2185 0 2185 10 2162.6 5 2184.1 615 2167 4859
13 78 OP3 2275 2081 O 2134.2 1 22728 0 2275 11 2269.9 11 2265.8 597 2270.2 8853
13 78 OP3 1968 17415 0 1857.6 1 19431 O 1957.7 21 1931.5 13 1942.4 616 1948 7916
13 78 OP3 2331 22414 0 2252 1 2331 O 2331 10 2283.1 5 2097.8 226 2330.4 7964

Table 2.1. Lower bound comparisons.
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20 vertices and 127 edges, OP2 and OP3 instances of Oncan e Punnen with n € {30,50}
and all OP1 instances with n = {16, 17, 18}. Instances of type CP2 and CP3 were easily
solved; most of them were solved at the root node by BBy and BB,.

2.4 Conclusions

In this chapter, we investigated formulations and exact solution approaches for the
quadratic minimum spanning tree problem. Initially, we introduced an IP formulation
based on RLT and derived a Lagrangian relaxation algorithm based on it. We showed
that the formulation over which the Lagrangian subproblem is defined has the integral-
ity property and presented an efficient algorithm for solving it. This lower bounding
scheme was embedded in a BB algorithm.

We also introduced a hierarchy of IP formulations, based on the idea of decompos-
ing spanning trees into forests with a fixed number of edges. That type of formulation
was used to derive two Lagrangian relaxation bounding procedures. A second BB al-
gorithm based on one of them was implemented. Although the Lagrangian bounds
behind the second method are stronger than those provided by the simple RLT formu-
lation, the second algorithm was dominated by the first, in terms of overall running
time. That happens because the evaluation of its lower bounds demands excessive
CPU running time.

The first BB algorithm benefits a lot from the good trade-off between lower
bound quality and the computational effort involved in its evaluation. As a result, a
parallel implementation of that BB algorithm managed to solve several instances in

the literature for the first time, including some with n = 50 vertices.



Chapter 3

The Adjacent-Only Quadratic

Minimum Spanning Tree Problem

3.1 Introduction

In this Chapter, we address AQMSTP. The chapter is divided in six main sections.
Motivation for the study conducted in the chapter is presented below, in Section 3.1.1.
In Section 3.2, we introduce a new AQMSTP formulation, it employs the stars of the
graph as modeling entities. Given the large number of variables and constraints in
the formulation, in Section 3.3 we develop a row-and-column generation algorithm for
evaluating its LP bounds, along with an AQMSTP branch-and-price algorithm based
on it. A different approach for evaluating the LP bounds provided by the formulation
is studied in Section 3.4: We project out the variables associated to stars in the initial
formulation. This results in a reformulation defined on a compact space, with expo-
nentially many additional projection constraints. We use the reformulation to develop
a cutting-plane based algorithm for evaluating the LP bounds of the star formulation.
This bounding scheme is then used as the basis for a branch-and-cut algorithm. Com-
putational experiments are presented in Section 3.5. Concluding remarks are given in
Section 3.6.

3.1.1 Motivation

It should be clear that any of the QMSTP lower bounding procedures outlined in
the preceding chapter could be applied to AQMSTP. However, Gilmore-Lawler based
bounds tend to be much weaker when applied to AQMSTP. We try to give an argument

to support this claim in the discussion below.

39
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Consider an AQMSTP instance. Assume that G is complete and ) > 0. Let
T be a spanning tree induced by a Hamiltonian path of G. Then, the edges at the
extremities of the path interact with exactly one other edge each, while each one of
the remaining (n — 3) edges interact with exactly two other edges. Thus, a total of
2(n —3) + 2 = 2(n — 2) interactions happen in 7. This is the minimum number of
interactions that is possible in any spanning tree of G. Consider now the application of
the Gilmore-Lawler procedure, Algorithm 1, to this AQMSTP instance. When solving
(2.14) for an edge i = {u,v} € E, the solution spanning tree will employ only one of

the edges adjacent to i, namely, edge
j€argmin{gy : k€ d(u)Uo(v)}.

In fact, Assad and Xu [7] used this observation in order to accelerate the computation
of Gilmore-Lawler bounds in their AQMSTP bounding procedure. Thus, the Gilmore-
Lawler bound will take into account only one interaction for each edge, i.e., n — 1
interactions, which is about half the minimum number of interactions that can happen.
This underestimation on interactions that can happen in an AQMSTP solution leads
to very weak lower bounds. This motivates the need for an AQMSTP formulation that

takes its particular cost structure into account.

3.2 An AQMSTP Formulation Based on the Stars of
G

Since interaction costs are only incurred by pairs of edges that share an endpoint, we
can consider the stars of G as modeling entities to obtain a linear integer programming
(IP) formulation for AQMSTP. An example of a decomposition of a spanning tree into
stars is given in Figure 3.1.

In order to use the stars of G to formulate the problem, let S = {H C §(v)}
be the set of all stars of GG centered at v € V and let S = U,y S” be the union of all
such sets. Consider a vector of binary decision variables t = (ty)nes, used to indicate
whether (ty = 1) or not (tg = 0) a star H € S is included in the AQMSTP solution.
Consider also variables x, defined as before. For all H € S, let

qu = Z Qij-i‘%zqz'i-

i,j€ Hict] icH
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S

(a) A spanning tree T. (b) Decomposition of T into stars of G.
White vertices represent the centers of the
stars.

Figure 3.1. Decomposition of a spanning tree into stars.

A binary IP formulation for AQMSTP is given by

(F*) min Y  quty (3.1)

HeS
st Y tm=1, vev, (3.2)
HesSv
>ty =, i €6(v),veV, (3.3)
HeSvieH
x € X, (3.4)
(x,t) € B™H151, (3.5)

Constraints (3.2) state that, for each v € V, exactly one star centered at v must
be selected. Constraints (3.3) couple variables x and t, i.e., they grant that z; assumes
value 1 if and only if edge i appears in both stars centered at its endpoints. Constraints

(3.4) impose that the edges selected must imply a spanning tree of G.

3.3 A Branch-and-Cut-and-Price Algorithm for
AQMSTP

Since F* employs exponentially many variables t and subtour elimination constraints
(SECs) (2.2), the direct resolution of its LP relaxation is not a practical way to eval-

uate Z(F™*). To go around that, we develop a row-and-column generation algorithm,
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described next. That algorithm is then used as the basis for an AQMSTP branch-and-

cut-and-price algorithm, described in section 3.3.3.

3.3.1 Row-and-Column Generation Algorithm for Solving the LP

Relaxation of [I'™*

Let R C {V' C V :|V'| > 2} denote a (tiny) subset of the sets for which the SECs
are formulated. For each v € V, let S° C S denote a (tiny) subset of the stars of G
centered at v. For the sake of solving the linear relaxation of F™*, our algorithm initially
considers only the stars in {gv : v € V} and the SECs implied by the sets in R. Let F
denote the resulting linear master program, restricted in stars, and relaxed in SECs.
If the optimal solution for F satisfies all SECs and if all variables t have non-negative
reduced cost, that solution is also an optimal solution for the linear relaxation of F™.
Otherwise, we either update R, with vertex sets that imply violated SECs, or update
{gv: v € V}, with stars whose variables have negative reduced cost. We then re-
optimize a new linear program F". The process is repeated until an optimal solution
for the linear relaxation of F™* is obtained. The detailed row-and-column generation

algorithm we propose, denoted RC'G, is presented below.

RCG

Input: AQMSTP instance given by G = (V, E) and Q € R’}f. Initial sets R C
{(V'cV:|V/|>2 and § C S* for all v € V. An integer valued parameter
Kenum > 0.

Output: Solution (X, t) for the linear relaxation of F™*.

1. Formulate I in terms of the current sets R and {S° : v € V}. Let (X,t) be
an optimal primal solution for F~ and let 8 = (E”)vev, and 7 = (V) )veviics(v)
be optimal dual variables respectively assigned to constraints (3.2) and (3.3).

Denote the row of ¥ indexed by v € V as 7 = (7} )ics(v)-

2. For any star H € SV centered at a vertex v € V', let g denote its reduced cost,
ie.,
T =an =B =D A
i€H
Let S* = {H € S : |H| < Kepum, 7y < 0} be the set of the stars centered
at v with negative reduced cost and at most K., edges. If Sv # (), update
S+ 8" USY and go back to step 1. Otherwise, proceed to step 3.
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3. Solve the separation problem for the SECs:

maxq Y T—|U+1:UCV,[U>2,. (3.6)

i€eE(U)

Let V be a vertex set attaining the minimum. If the corresponding SEC is
violated, update R +~ RU {V} and go back to step 1. Otherwise, proceed to
step 4.

4. For each v € V, solve the pricing problem
(PP(v)) min {G, : H € S*}.

Let H be a star attaining the minimum. If G < 0, update S° « S§° U {H} and

go back to step 1. Otherwise, (X, t) = (X, t) is an optimal solution for the linear

relaxation of F™*.

Before moving on, let us point out that in order to obtain a valid lower bound
for AQMSTP, we do not need to wait until no negative reduced cost stars are found,
in step 4. By adding gz to each E”, we obtain a set of dual multipliers for which no
star of negative reduced costs exists, i.e., we obtain a feasible solution for the dual of

the linear relaxation of F*, whose corresponding objective function value is

D awtn+am ) (3.7)

veV HesS®

As such, this value is a lower bound on the optimal AQMSTP solution.

In our implementation of RCG, we initialize the algorithm with R = (. SECs
are then added to R only when the separation problem is solved, in step 3. To that
aim, we make use of the separation algorithm introduced in Padberg and Wolsey [37],
which involves solving O(n) max-flow problems, in conveniently defined networks, at
a O(n?) worst case complexity. Besides the most violated, that algorithm might also
return other violated SECs. If that is the case, we also add them to R.

In order to obtain a linear program F for which an initial basic feasible solution
exists, we initialize the sets {S' : v € V'} with the stars in a feasible AQMSTP solution.
That solution is obtained by the randomized AQMSTP heuristic described in Section
2.2. Additional columns are added to the model when the sets {S° : v € V} are
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updated, in steps 2 and 4. In step 2, the pricing problems are solved heuristically,
while, in step 4, they are solved exactly.

Step 4 accounts for most of the CPU time of the algorithm, that is why it is the
last step to be executed. Step 2 is an attempt to accelerate the method by enumerating
and computing the reduced costs of promising stars. More precisely, the algorithm
computes the reduced cost for all stars {H € S : |H| < Kepum}, for a small valued
algorithm parameter Kq,,m. Such a pricing heuristic is grounded on the fact that the
cost gy of a star H € S grows very rapidly with the number of edges in the star.
Consequently, it is unlikely that stars employed at the optimal solution of the linear
relaxation of F* (as well as in optimal solutions for AQMSTP) have too many edges.
Since the problems solved for each v € V' in steps 2 and 4 are independent, they are
solved in parallel.

We now discuss how the exact pricing problem is solved.

3.3.2 Solving the Pricing Problem PP(v)

Our solution strategy for exactly solving the pricing problem consists of modeling it as
an IP, which is then solved by means of an IP commercial solver. The first step in that
direction is to formulate PP(v) as a quadratic binary program. In order to do so, we
consider binary variables w = (wi)ieg(v), used to select the edges in a star of G centered
at v. More precisely, if an edge i € §(v) is included in the star, w; = 1. Otherwise,
w; = 0. We can now formulate PP(v) as the following unconstrained quadratic binary

program:

min Z Qijwiwj 1 W € BP@I S — 3v, (3.8)
i,jes(v)
where G;; = q;; — 77 and §;; = q;; for i # j € 0(v).

Although polynomial time algorithms do exist for solving quadratic binary opti-
mization problems in which the diagonal entries of the cost matrix are non-negative
and the off-diagonal entries are non-positive [11], we are not aware of any polynomial
time algorithm for solving problems like (3.8), where the opposite holds. Indeed, the
general unconstrained quadratic binary optimization problem is NP-Hard [47].

In order to solve PP(v), we linearize (3.8) and solve the resulting IP. To that
aim, consider the introduction of linearization variables z = (Zij)i’j€5(0)7i<j. Let z; =

(2ij)jes(w)j>i for all i € §(v), and zj; = z; if j > 4. A binary IP for PP(v) is

1,jEO(v):i#£] 1€(v)
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s.t. Zij < Wy, Z7] S 5(1}),Z < j, (310)
Zij §wj, Z,j Eé(’l}),i <j, (311)

wz—i—wj—l Szij, 1,] E(S(U),Z<j, (312)

(w,2) € BO®HSBOE-1). (3.13)

To solve (3.9)-(3.13), we propose a strategy that consists of a preprocessing phase
followed by a cut-and-branch phase. In the first, we try to fix variables and generate
optimality cuts for the problem. We also try to use the fact that the solution space
was partially explored by enumeration to avoid entering the second phase, where the
IP (3.9)-(3.13) is solved. If the second phase is needed, we carry the optimality cuts
and variable fixing information to (3.9)-(3.13) and then solve the problem via BB. To
implement the second phase we make use of a commercial IP solver. The strategies

employed in the first phase are described next.

3.3.2.1 Optimality Cuts and Acceleration Strategies

In the following, assume that an upper bound w on the optimal AQMSTP solution
value is known and that no negative reduced cost star has Ky, or fewer edges.

Let Kpax be the smallest integer k£ such that gy > u for all H € SV, |H| > k.
Then, the optimality cut (3.14) below states that no star centered at v could have more
than K., edges in an optimal AQMSTP solution:

> wi < Koo (3.14)
i€s(v)

This observation is valid, since under non-negative costs, using a star with more
than K., edges would lead to a spanning tree whose cost is at least u. If K., <
Kenum, we can stop the resolution of the pricing problem for this particular v € V|
since all stars with K. or fewer edges were already dismissed. Note that K., can
be a precomputed-computed value that is updated every time a better upper bound u
is found. In our implementation, this value is computed with the initial upper bound
u given to our BB algorithm and remains the same until its termination.

Since we assumed () > 0, if g;; > 0, we can set w; = 0 without worsening the cost
of any solution. For this reason, we assume g;; < 0 for all ¢ € §(v) in what follows.

Let (W,z) be a feasible solution for (3.9)-(3.13). Observe that if
> jesongiy Wil + @) = (@3] for some i € 6(v) such that w; = 1, a solution not

worse than (wW,Z) could be obtained by setting w; = 0. The following optimality cut
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follows directly from this observation:

Z (@ + Tji)zig < |qiswi-
Jjes(v)j#i

The observation above is also helpful in devising the following variable fixing test.
Given i € 6(v), sort the elements of §(v)\ {i} as (ji, ..., Jjs(w)|-1) in non-decreasing order
of the values g;; + ;. Let k be the smallest & for which Zle(qijl +Gj,i) > |;;|- Then,
we can set w; = 0 in any solution (W,z) that uses i along with k& or more other edges
from 6 (v) without worsening the solution. Thus, we are interested in solutions in which
1 is selected along with at most k — 1 other edges. If k < Kenum, these solutions were
already dismissed and we can set w; = 0. After running this test for all i € (v), if any
variable has been fixed, the process is repeated, considering then only free variables.
When all edges i € §(v) have been tested and no further variables could be fixed, we

obtain two optimality cuts:

k
wi+2w]~l SE,

=1

and
Z zij < (k — Dw;.
J€6(v)\{i}
Finally, for all k£ such that Keyum < kb < Kpax, a lower bound on the reduced cost

of the star containing exactly k edges is given by:

min —B"— max {3}

Hesv:\m:k{QH} b HES“:\H|:k{% }
Thus, if the bounds are non-negative for all k£ above, we can conclude that there are no
stars with negative reduced cost in S”. In our implementation, the minimization term
in the above expression is a precomputed-computed value, while the maximization
term is computed by sorting the edges in d(v) in non-increasing order of the costs

{7? :i € 0(v)} and taking the sum over the first k edges.

3.3.3 Branch-and-Cut-and-Price Implementation Details

We combine the lower bounding procedure RC'G with branch-and-bound to develop a
branch-and-cut-and-price algorithm, BC'P, for AQMSTP.

BCP is initialized with a valid upper bound provided by the heuristic described
in Section 2.2. Such a spanning tree also provides the initial stars {§U :v € V} used

to obtain an initial basic feasible solution for RC'G. For the remaining BC'P nodes,
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the sets {?v v € V} and R used to formulate the very first linear program are those
available when the last linear program was solved at the parent node.

In order to avoid solving too many pricing problems by the exact procedure, RCG
is always aborted right after the first round of exact resolution of pricing problems is
concluded, no matter which node, the root or its descendants, is being investigated.
The lower bound (3.7) obtained at that moment is taken as a lower bound on the
optimum for that node. To deal with possible infeasibility caused by branching along
the tree, artificial variables with large costs are added to F*. A node is declared
infeasible whenever an artificial variable has a positive value in the optimal solution of
the linear relaxation of that node.

Assume that a fractional vector (X, t) solves the linear relaxation of a BC'P node.
Before branching, we first try to fix non-basic variables x by means of their reduced
costs. After that, a different variable fixing procedure is carried out as follows. We first
create a candidate list C of the fractional variables. To that aim, let f; = 1/2—|1/2—7;]
and f* = max{f; : i € E}. Initialize C' +— (). Then, add fractional edges to C' according
to a probability given by fi/f*. After that, for each edge i € C, let h} (resp. h{) be
the lower bound obtained by RC'G when the constraint z; = 1 (resp. x; = 0) is further
imposed to the the current node. If either AY or h; is larger than a known valid upper
bound for AQMSTP, the corresponding variable can be fixed. After examining all
edges in C, if any of them has been fixed, we solve the node again. When no variable
can be fixed by the procedures outlined above, we branch on the edge

i € arg max {min{hg,h;} 1J € C}.
Two new subproblems are then created. For one of them we impose z; = 1, and
for the other, z; = 0. Observe that integrality of x implies integrality of t. Thus,
there is no need to branch on t. The procedure we just described for selecting the
branching variable is a strong branching strategy [1]. Pseudo-cost based branching was
also tested, but better results were obtained with the policies we described above. In

order to save computer memory, BC'P performs a depth-first search.

3.4 A Branch-and-Cut Algorithm for AQMSTP

In this section, we study the projection of F* on the space of the x variables. The
projection constitutes a reformulation of F*, with the same linear relaxation bounds.
If, on the one hand, the projection has a compact variable space, on the other, an

exponential number of additional constraints is necessary in its description. Still, we
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investigate the resolution of the linear relaxation of this reformulation as an alternative
for evaluating Z(F*). We discuss some advantages of this approach in Section 3.4.2. In
order to solve that relaxation, we implement a cutting plane algorithm that separates
two classes of valid inequalities: SECs and projection cuts. The reformulation and the
cutting plane algorithm are presented in the next two sections. After that, in Section

3.4.3, we discuss a branch-and-cut algorithm based on the cutting plane algorithm.

3.4.1 Projecting Out Variables t

First, recall that integrality of x implies integrality of t. Therefore, we assume that
t € B9l is replaced by t € ]R'f' in our AQMSTP reformulation F*. Moreover, since
the objective function is written in terms of those variables, we make use of artificial

continuous variables p = (p,),ey to state the objective function of F* as
min Z Do

provided that constraints

P 2 Z qutu, veEV (3.15)
Hes

are appended to the formulation.

Assume that dual multipliers a = (a”)yev, 8 = (8")vev, and v = (7 )veviicsw),
are respectively associated to constraints (3.15), (3.2), and (3.3). Denote by 7¥ =
(77 )ics(v) the row of v indexed by v € V. Then, the projection cone for the variables

associated to stars in S for any v € V| is given by:

€)Y W +B < qua, Hes (3.16)
i€H
(a®, B%,7") € Ry x R x R°™),

Using {C": v € V'}, we obtain the projection of F* on the (x,p) space:

(Fy)  min ) p,
+ 3 b, veV(a B 4Y) eT(CY),  (3.47)

(x,p) € B™ x R", (3.18)



3.4. A BRANCH-AND-CUT ALGORITHM FOR AQMSTP 49

where T'(C") denotes the set of the extreme rays of the projection cone C”.
From projection theory, we know that (X, p) is feasible for the linear relaxation
of F? if and only if there exists t such that (X, t,p) is feasible for the linear relaxation

of F*. Consequently, F'* and I} yield the same linear relaxation bound.

3.4.2 A Cutting Plane Algorithm for Solving the LP Relaxation
of F

Let T(C¥) C T(C"), v € V, be a (tiny) subset of the extreme rays of C”. Once again,
consider R C {V' C V : |V'| > 2}. Instead of explicitly taking into account all SECs
and constraints (3.17) implied by {T'(C"): v € V} in the linear relaxation of F}, we
consider only those respectively implied by the subsets R and {T(C") : v € V}. The
resulting relaxation is denoted Fi. If Fi is solved and its optimal solution satisfies
all SECs and projection constraints (3.17), the solution vector also solves the linear
relaxation of F}. Otherwise, violated SECs and projection cuts are used to reinforce
the relaxation. More precisely, we update R with vertex sets of violated SECs or
{T(C") : v € V} with extreme rays for which projection cuts (3.17) are violated.
A strengthened relaxation Fi is then optimized. The process is repeated until an
optimal solution for the linear relaxation of F7 is found. The main details are given in
the algorithm below, denoted CP:

CP
Input: AQMSTP instance given by G = (V, E) and @ € RTQ. Sets R C {V' C
V|V > 2} and T(C?) C T(C®) for allv € V.

Output: Solution (X,Pp) for the linear relaxation of F}.

1. Formulate and solve the relaxation Fi implied by the current restricted sets R

and T(C"). Let (X,p) be an optimal solution.

2. Solve (3.6), the SEC separation problem, for X. Let V be a vertex set attaining
the minimum. If the corresponding SEC is violated by X, update R + RU V.

3. For every v € V, solve the separation problem for the projection cuts (3.17):

(SP(v))  maxf’+ Y AT —a'p’ (3.19)
1€6(v)
s.t. (a¥ B%,7Y) € Cy, (3.20)

a’ =1. (3.21)
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Let (E”,Bvﬁv) be an optimal solution. If (3.17) with (E”,Bvﬁ”) is violated by
(%,P), update T(C") + T(C") U{(a", B, 7")}.

4. If violated constraints were found in steps 2 or 3, go back to step 1. Otherwise,

stop since (X,p) = (X, p) solves the linear relaxation of F}.

Similarly to steps 2 and 4 of RC'G, the separation of projection cuts, step 3 of C'P,
is executed in parallel for each v € V in our implementation. Note that we assume
a’ = 1 in these cuts. Before discussing how they can be separated, we first show
that this assumption makes each SP(v) bounded and does not imply in loosing any
eventually violated constraint (3.17). To that aim, assume for a moment that ¥ > 0.
In this case, since the other variables can be conveniently scaled, we can assume ¥ = 1.
Consider now the dual of SP(v):

(DSP(v))  min Y quty (3.22)
HeSv
s.t. d ty=1, (3.23)
HeSv
Yooty =7, i€ d(v), (3.24)
HeSviieH 1]
t e R} (3.25)

DSP(v) can be seen as the problem of finding the cheapest way to represent x
as a convex combination of stars centered at v. Note that the stars centered at v are

(I, Since the point X to be separated satisfies

simply the vertices of the 0-1 box in R
x € [0,1]™, DSP(v) is always feasible, what implies that SP(v) is bounded. Now,
assume that there is a violated constraint (3.17) for which a” = 0, i.e., there is some
3v and 3" such that 3°+ "

contradicting the fact that it is bounded. Thus, we can safely assume o’ = 1.

ics(w) Vi T > 0. This would be an improving ray for SP(v),

Note that DSP(v) closely resembles F™*. In fact, the reduced cost expression for
variables t is precisely the same as in F*. Thus, we can apply the same algorithm
outlined in section 3.3.2 to find stars of negative reduced cost. Therefore, instead of
solving SP(v), we actually solve DSP(v) by column generation. To that aim, consider
the restricted problem DSP(v), which is obtained from DSP(v) by considering only
those variables t implied by stars in the restricted set S° C S. The column generation

algorithm, denoted C'G, is outlined below.
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CcG

Input: AQMSTP instance given by G = (V, E) and Q € ]RTQ. A vertex v € V.
Values {0 < 7; < 1,i € 6(v)} and p* € R. A set §° C S

Output: A solution (1,5 ,7") for SP(v).

1. Formulate and solve the problem DSP(v) implied by the current set S*. Let t be
an optimal primal solution. Let B” and 7" be optimal dual variables respectively
associated to constraints (3.23) and (3.24).

2. Let §Y = {H € 5 : |H| < Kepum, Gy < 0}. If §¥ # 0, update S° < 5’ U S? and
go back to step 1. Otherwise, proceed to step 3.

3. Solve PP(v). Let H be a star attaining the minimum. If gz < 0, update
S« 5'U {H} and return to step 1. Otherwise, t is an optimal solution for

DSP(v) and (1,8",7%) = (1, 3%,37") is an optimal solution for SP(v).

To grant that a feasible solution for DSP(v) is readily available at each call to
CG, we initialize S° with the stars generated by the following algorithm.

Algorithm 7
Input: Graph G = (V, E), vertex v € V', and values {0 < z; < 1,i € §(v)}.
Output: Set S? that gives a feasible solution for DSP(v).

1. Let X = X and consider a set S? = 0.
2. Update Sv C S? as follows:

a) Let H={i € §(v) : %; > 0} and add H to S*.

b) Let ty = min{Z; : i € 6(v),7; > 0}.

oL

)
)

c) etxl—xz—tHforallzeé( ) with z; > 0.
) If

= 0 go to step 3, otherwise repeat step 2.

3. Let Hy be the empty star and set tAHq) =1-> geso T1. The set SV = S gives a
feasible solution for DSP(v).

To see that the set S” obtained by Algorithm 7 indeed gives a feasible solution
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for DSP(v), observe that

Ti= Y tg, Viedw) and Y ty=1

HeSviieH Hesv

In C'P, the most expensive step is the separation of (3.17) in Step 3, since separat-
ing those constraints involves the exact resolution of PP(v). In order to accelerate the
convergence of the separation algorithm C'G and solve as few exact pricing problems as
possible, we keep in S the stars generated during the previous calls to CG. Another
strategy to reduce CPU times is to abort C'G as soon as the first exact pricing problem
is solved. In that case, a feasible solution for the dual of DSP(v) can be obtained
by adding gz to 8°. Since the dual of DSP(v) is SP(v), this solution yields a valid
constraint (3.17). In fact, we resort to this strategy in our branch-and-cut algorithm.

Each PP(v) in CG is solved as discussed in Section 3.3.2. However, in CG it
is possible to develop another strategy for accelerating the resolution of that pricing
problem. Basically, all edges ¢ such that z; = 0 in the point X to be separated can be
forbidden in the resolution of the pricing. Consider the dual variables 4" in the optimal
solution for the dual of DSP(v), obtained in Step 1 of CG. We know from Section
3.3.2 that if 77 < 0 for some i € d(v), we can safely assume that i will not be used in
the solution of PP(v). Now, if 7¢ > 0, setting 77 = 0 still gives multipliers that are
feasible for the dual of DSP(v). If Z; = 0, they are also optimal. Consequently, we
can set 7 = 0 for all ¢ such that z; = 0 and possibly accelerate the exact resolution of
PP(v). While this scheme indeed reduces the overall computational effort of the exact
pricing, the convergence of C'P is badly affected, since sparser cuts are generated by
CG,ie., 7 =0 for all ¢ such that z; = 0.

To overcome this undesired side effect, we seek to reduce 77 by the smallest
possible amount while still granting that ¢ will be fixed out of the solution of PP(v).
Again, let (ji, ..., jis()|-1) be a sorting of §(v) \ {i} in non-decreasing order of g,; + ;-
Assume 37 > g;; and Ypeme (@ij, + i) < |@ul = 7 — qu, since otherwise i would
have been ruled out by the methods discussed in Section 3.3.2. We then reduce 7} to

Fenum (@i, + i) + qii- In doing so, we guarantee that i is fixed out of PP(v), while
keeping part of the dual information obtained through enumeration. Consequently, the
resolution of PP(v) becomes faster without slowing down the overall convergence of
CP.

Although in C'P we still have to solve the same type of pricing problems solved
by RCG, there are some advantages, from a computational perspective, in evaluating
Z(F*) by means of CP. We highlight some of them below.
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If we wanted to further strengthen F™, we would have to employ inequalities
involving variables t, since the spanning tree polytope is already completely described
by (2.1)-(2.3). These inequalities would certainly affect the structure of PP(v). On
the other hand, in F}, we can apply general valid inequalities generating procedures,
e.g., Chvatal-Gomory cuts, to obtain new inequalities that eventually will strengthen
the formulation. The difference is that projection inequalities can be used to obtain
new valid inequalities without affecting PP(v), while in F™* it is troublesome to use
variables associated to stars to obtain new valid inequalities. Therefore, general classes
of valid inequalities separated by most commercial solvers can be applied to F; (with
smaller coding effort) in a branch-and-cut algorithm, in order to further strengthen
Z(F™).

Moreover, since only cutting planes are being generated, the implementation of a
branch-and-cut algorithm is straightforward. It suffices to embed C'P in a branch-and-
cut framework, available in most commercial optimization packages. Another advan-
tage that follows from the same reasoning is that this branch-and-cut algorithm can
benefit from the expertise in cut generation, variable fixing and selection, branching,

and tree management, available in most commercial packages.

3.4.3 Branch-and-Cut Implementation Details

We combine the lower bounding procedure C'P with BB to develop BC', a branch-
and-cut algorithm for AQMSTP. To implement BC', we simply embed C'P into the
branch-and-cut framework of a commercial optimization package. We let the solver
manage the search, all configuration parameters are left at their default values.

There are two differences between the implementation of C'P used in BC' and
the one described in section 3.4.2. In BC, for each v € V, the separation routine
CG of C'P is stopped as soon as the first exact pricing problem is solved. The dual
feasible solution obtained by adding gz to B” is then used for generating a projection
cut. Additionally, we only add to R the projection cuts that are violated by at least
0.01 x p".

As in BC'P, the BC' search tree is initialized with the best AQMSTP feasible
solution obtained with the multi-start heuristic described in Section 2.2.

To conclude this section, we would like to point out that the projection approach
just described is related to Benders decomposition [8, 33]. FJ can be seen as a Benders
master program, while SP(v), v € V, is the corresponding Benders subproblem. In-
stead of solving an integer Benders master program, we obtain lower bounds by solving

its continuous relaxation. These bounds are then used inside a BB framework to obtain
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optimal solutions. Additionally, our analogous to the Benders subproblem involves an

exponential number of variables, and is solved by column generation.

3.5 Computational experiments

The algorithms presented here were implemented with the help of the commercial
optimization package IBM ILOG CPLEX 12.5. The CPLEX LP solver was used to
solve the LLPs in RCG and C'G. The CPLEX IP solver was used to solve IPs during
the the exact resolution of the pricing problems. BC' was implemented by embedding
CP into the CPLEX branch-and-cut framework. In all cases, CPLEX parameters were
left at their default values. The OpenMP API was used to parallelize steps 2 and 4 of
RCG and step 3 of CP. All algorithms were coded in C++ and compiled with G++
4.6.3, optimization flag O3 turned on. The same computational environment described
in Section 2.3 was used.

Since AQMSTP instances in the literature were not available to us, new test
instances were generated according to the guidelines in [7]. Instances considered here
are defined over complete graphs with n € {15,20,30,40,50} vertices. For each size
n, ten instances were generated. Diagonal entries of () are randomly chosen integers
in the range [0,100], while off-diagonal entries are integers in [0, 20], also chosen with
uniform probability.

Keeping in mind that the solution strategies described in Chapter 2 dominate
other solution strategies proposed in the literature, we compare the AQMSTP special-
ized algorithms proposed in this chapter with them.

The code we use for the lower bound evaluation precisely implements the lower
bounding procedures RC'G and CP, respectively described in Sections 3.3.1 and 3.4.2.
Recall that in BC'P, however, we stop RCG as soon as the first round of pricing prob-
lems is solved. The same applies for the separation procedure C'G in BC. Additionally,
in BC we only add to the relaxation the projection cuts that are violated by more than
a threshold value.

In Table 3.1, AQMSTP lower bounds are presented. The table is divided in five
sets of columns. In the first we present instance information: the size n, an integer
id in the range [1,10] that stands as an instance identifier, and the optimal cost ub*.
The next three sets present computational results for F™*, Fy, F5 for K = 2, and the
formulation of Assad and Xu [7], Faxee. For each formulation we present the lower
bound (b, the implied duality gap gap, and the computational time ¢(s) (in seconds)

taken by the respective algorithm to evaluate the bound. The lower bounds implied
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by F™* were evaluated by RCG and C'P. The lower bounds implied by F} and F, were
respectively evaluated by Lag, and Lag,. The lower bounds implied by Faxgs were
evaluated by our implementation of the dual ascent procedure presented in [7].

Computational results in Table 3.1 help supporting the claim that Gilmore-Lawler
based bounds are not adequate for AQMSTP. They indicate that F™ formulates the
AQMSTP cost structure much more appropriately than Fy, F, and Faxgs. Taking
n = 50 as a baseline, we see that average duality gaps implied by F* (4.6%) are
respectively, 12.4, 8.3, and 16.6 times stronger than Fy (57.2%), F, (38.5%), and Faxg2
(76.4%). Formulation F», which provided strong lower bounds for the general QMSTP
case, was largely dominated by F*, in terms of lower bound quality and computational
time. Additionally, the Gilmore-Lawler based bounds seem to worsen more rapidly
than F™* as n increases.

Compared to RC'G, C'P demands a much higher computational effort to evaluate
Z(F*), as n grows. The reason being that, every time projection cuts are separated,
the C'G algorithm needs to be executed. Thus, more exact pricing problems need to
be solved exactly by C'P than by the RCG algorithm.

In Table 3.2, we present a comparison of BC'P, BC, and BB;, which was the
best performing algorithm for QMSTP in the previous chapter. For each algorithm, we
report the best upper (ub) and lower (Ib) bounds found during the search, the duality
gap (100%) at termination, the total number of nodes investigated during the search
(nodes), and the CPU time (¢(s), in seconds) to obtain such results. Each algorithm
was allowed to run for as much as 10 hours, for each instance. Since BC'P and BC
solved all instances with up to 40 vertices to proven optimality whereas BB, could
not solve a single instance with 30 or more vertices, computational results for that
algorithm are not provided for n > 40.

Computational results in Table 3.2 suggest that both BC'P and BC' are much
faster than the Gilmore-Lawler based BB algorithm BB;. Although lower bounds
given Lag, can be evaluated in CPU times that are at least one order of magnitude
smaller than the RCG and C'P counterparts, the strength of Z(F*) makes up for the
additional computational effort. To validate such a claim, observe that, on the average,
BCP and BC' solve instances with n < 20 two orders of magnitude faster than BB;.

For the instances in our test set, BC' clearly outperformed BCP, not only in
terms of CPU times, but also in terms of the size of the instances that could be solved
to proven optimality. Whereas BC'P solved all instances with up to 40 vertices, BC
also solved all instances with 50 vertices. This is a surprising result, since RC'G was
much faster than C'P, in the results given in Table 3.1. One of the reasons is that,

differently from the C'P implementation used to compute the data in Table 3.1, in
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the C'P implementation used in BC' the separation procedure for projection cuts is
aborted early and only cuts that are violated by more than a threshold are added to
the formulation. These two strategies speed up the resolution of the root and other
BB nodes in BC. In Appendix D, we provide more detailed AQMSTP BB results, the
claim above is validated by the data provided in those results.

A second reason is that most of the projection cuts are generated by BC' at the
root node; only few additional cuts are generated at the descendant nodes. Thus, the
resolution of the remaining nodes is much less time demanding than the root node. A
third aspect that might contribute in that direction is the fact that, for BC', the search
tree was managed by CPLEX, whereas, for BC'P, the search tree was implemented
by ourselves in a depth-first fashion. BC' is likely to benefit from several policies for
variable fixing, variable selection, and heuristics, that, being hidden to us, could not
be implemented within BC'P.

3.6 Conclusion

In this Chapter, we investigated the adjacent-only version of the quadratic minimum
spanning tree problem. We discussed how Gilmore-Lawler based approaches fail to
provide good lower bounds for the problem. As an attempt to obtain better bounds,
a formulation based on the stars of G was introduced. We presented two strategies
to compute the LP relaxation bounds provided by that formulation. The first is a
combined row-and-column generation procedure while the second is a cutting plane
method, based on a projection of the proposed model. Two exact solution approaches
were implemented and tested: a branch-and-cut-and-price algorithm based on the first
and a branch-and-cut procedure based on the second. Computational experiments
conducted here indicate that our lower bounds are much stronger than previous bounds
in the literature and the lower bounds presented in Chapter 2. As a consequence, the
exact methods introduced in this chapter managed to solve instances with up to 50
vertices, while the best performing algorithm in Chapter 2 could not solve instances

with more than 20 vertices.
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Instance BCP BC BB
n id ub® ub b gap(%)  modes t(s) ub b gap(%) modes  t(s) ub b gap(%)  nodes t(s)

n=15

min gap 4 271 271 271 0 1 3 271 271 0 0 3.2 271 271 0 385 12
avg. gap 1-10 275.7 275.7 2757 0 3 3.3 275.7  275.7 0 3.2 3.4 275.7  275.7 0 446.2 11.9
max gap 5 206 206 206 0 5 2.9 206 206 0 11 2.8 206 206 0 453 134
n =20

min gap 5 332 332 332 0 1 13.4 332 332 0 0 13.8 332 332 0 19583 1213
avg. gap 1-10 357 357 357 0 5.6 174 357 357 0 14.7 16.2 357 357 0 12731.3 752.2
max gap 9 322 322 322 0 7 18.4 322 322 0 40 16.4 322 322 0 19963  1215.3
n =30

min gap 10 418 418 418 0 3 149.8 418 418 0 0 126.7 432 2264 47.5 18011  36000*
avg. gap 1-10 434.9 434.9 4349 0 13.4 332.3 434.9 4349 0 43.7 169.9 452.3  223.2 50.6 18111  36000*
max gap 3 464 464 464 0 29 778.4 464 464 0 112 194.6 486  222.7 54.1 18011  36000*
n = 40

min gap 6 466 466 466 0 9 1784.38 466 466 0 31  817.72 - - - - -
avg. gap 1-10 486.7 486.7 486.7 0 25.8 5432.1 486.7 486.7 0 1269 1081.5 - - - - -
max gap 4 505 505 505 0 75 17253.3 505 505 0 591 1577 - - - - -
n =50

min gap 9 498 498 498 0 9 12054.9 498 498 0 34 4239.2 - - - - -
avg. gap 1-10 547 559.7 522.6 6.6 25.8 33605.4 547 547 0 638.7 7921.6 - - - - -
max gap 3 589 589  550.1 6.5 32 36000* 589 589 0 1042 9974.1 - - - - -

Table 3.2. Branch-and-bound comparison



Chapter 4

Future Work and the Quadratic

Assignment Problem

In Section 2.1.1, we introduced an RLT based formulation for QMSTP and used it to ob-
tain Lagrangian relaxation bounds. Since only one round of reformulation-linearization
was applied, that type of formulation is referred to as a level-1 RLT formulation. The
formulation could be strengthened by subsequent applications of RLT, yielding levels
2, 3, and so on. Higher RLT levels have been successfully applied to QAP [24, 2, 23].

The QMSTP Lagrangian relaxation scheme described in Section 2.1.1 has to deal
with O(m?) = O(n*) Lagrangian multipliers, attached to constraints (2.10), while
Lagrangian subproblems are solved by computing O(m) minimum spanning trees, at
a computational complexity cost of O(mlogn) each. After the application of a new
round of RLT, the same type of Lagrangian scheme would still apply. However, instead
of O(m?), we would have O(m?3) = O(n®) dualized constraints, while the resolution
of Lagrangian subproblems would require computing O(m?) minimum spanning trees,
resulting in a total complexity of O(m?logn) = O(n®logn) for solving each Lagrangian
subproblem.

While for the QAP case a specialized dual ascent method for finding good dual
multipliers [24] does exist, we are not aware of such a procedure for QMSTP. One
possible line of research would be investigating the application of further RLT levels to
QMSTP and how to go around the high computational complexity implied by them.
Parallel programming might be one possible approach.

Results obtained in Section 2.1.2 can be easily extended to other constrained 0-1
quadratic problems whose solutions satisfy a cardinality constraint similar to (2.1).
Two examples are QAP and the p-dispersion problem (pDP). pDP asks for a binary

vector that minimizes a quadratic cost function, such that exactly p entries of the vector
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have value one [39]. We show next how our results can be extended to QAP. The pDP
case follows in a similar fashion. In order to highlight the similarities between the two
approaches, the notation we employ is similar to the notation we used for QMSTP.
Given a bipartite graph G = (V; U V,, E), with |Vi| = |V3| = n and |E| = m, and
a real-valued matrix ) = (g;j)i jer, the quadratic assignment problem [10] consists of
finding, among all characteristic vectors of perfect matchings of G, the vector x that

minimizes the quadratic function

E Qijwixj-

ijEE

Consider binary variables x = (x;);ep. It is known [9] that the assign-
ment /bipartite matching polytope, which we denote by X, is completely described
by

Y om=1 veUlh. (4.1)
x; >0, 1€ b (4.2)
A 0-1 quadratic programming formulation for QAP is thus given by

min{ Z gjriz;cx € X NB™}

1,j€E

After introducing linearization variables y = (y;;)i jer and applying RLT to this
formulation, we obtain the following IP formulation, originally introduced by Adams
and Johnson [3]

Fy: min{ Z ¢jvij - (X,y) € P NB™™ ).

ijEE

P, denotes the polyhedron represented by

x € X, (4.3)
yi € (Xi x x;), i € E, (4.4)
Yij = Yji 1<jEE, (4.5)

where y; = (¥ij)jer, Xi = X N{x € R™ : x; = 1}, and X; x z; refers to the set of
points in X; multiplied by x;, i.e., points y; that satisfy

Z Yij =z, veViUb (4.6)

Jj€s(v)
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Yii = T, (4.7)

The relaxation and Lagrangian dualization of (4.5) gives the Lagrangian subprob-

lem
ijeE
where 6 = (0,;);<jer are dual multipliers associated to constraints (4.5) (6;; = —0;; for

all i > j € E). The coefficients g;; are given by ¢;; = ¢i; + 0;; for all pairs i # j € &
and ¢, = ¢;; for all i € E. Problem F]| can be solved by the Gilmore-Lawler procedure
22, 28], presented in Algorithm 8.

Algorithm 8:
Input: A QAP instance given by G = (V; U V5, E) and Q € R™. A set of

m(m—1)

Lagrangian multipliers € Rz .

Output: A solution (X,y) for Fj(0).

1. For all 7 € E, solve the assignment problem

Qi = mll’l{z q;]y” Ly € Xl N Bm},

JEE
and denote the minimizing vector by y;.

2. Solve the assignment problem

G = min{zqixi :x € XNB"}.

i€k
and denote by X the minimizing vector.

3. Obtain a solution (X,¥) € Bt for F! by letting X = X and ¥, = T,¥;, for all
1€ b

It is not difficult to see that the LP relaxation bounds Z(F}) are implied by the
Lagrangian dual
DF,: L' =max{L,(0):0 e R"5 ).
An effective dual ascent algorithm for solving DF; was presented in Hahn and Grant

[24]. That algorithm, combined with BB, represents one of the most successful ap-
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proaches for QAP.

As we did for the QMSTP case, we wish to generalize the Gilmore-Lawler bound.
To that aim, let K > 0 be a factor of n. Denote by K-matching any matching of G with
exactly K edges. Let EX be the collection of all K-matchings of G. Since K divides
n, any matching can be decomposed into n/K K-matchings. The generalization of
the Gilmore-Lawer bound is then computed as follows. For each H € E¥ let g be
the objective value of the best assignment implied by costs (3, ¢ij)jer that have
all edges of H included in the solution. Find a set ¥ C E¥ such that F induces an
assignment of G and ), Gy is minimal. The cost of this assignment gives a lower
bound for QAP. Observe that the cost we are paying for each edge in this assignment
is at least g;, since it depends not only on the interaction costs implied by ¢, but also
on the costs implied by all edges in a K-matching. Therefore, the bound is at least as
strong as the simple Gilmore-Lawler bound.

As in the QMSTP case, we show that this bound results from Lagrangian re-
laxation applied to a QAP formulation. Consider variables s = (sy)yecpx and t =
(tmi)mepx icp- Let ty = (twi)ier, for all H € EX, and let Eff = {H € EX : i € H},
for all i € E. For all H € EX define X as X N{x e R™ : x; = 1,Vi € H}. QAP can

be formulated as follows:

By min{ Z Gy - (X, y,8,t) € P,N IB%m+m2+0+0m}’
ijeE

where o = |EX| and P, is given by

x € X, (4.9)

ri= Y sy, i€ E, (4.10)
HeEK

yi= Y tu, i€ E, (4.11)
HeEK

ty € (Xg x sg), HecEX, (4.12)

yij = yji7 Z < j c E (413)

As in the QMSTP case, we only need to grant that at least one decomposition
exists for each assignment. Thus, not all elements of EX need to be considered. Let P =
{P! ..., Px} be a partition of V} into sets of K vertices each. Let F = U,il F¥ C EX,
where F* = {H C §(P*) : H € EX} is the set of all K-matchings that go out of P*.
Observe that F is composed of K-matchings that originate in some P* 1 < k < - It

is not difficult to see that only the elements in F' are needed to construct any assignment
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of G.

In order to obtain the generalization of the Gilmore-Lawler bound, explained in
the beginning of this section, we consider the Lagrangian relaxation of constraints (4.5),
with multipliers § = (0;;)i<jer (6;j = —0j; for i > j € E). We obtain the problem

F2/(9> : LIQ(Q) = mln{ Z qéjyz-j : (X, y) c P2/ N IB%m-i—mz}7

i,jeE

where P; is defined by (4.9)-(4.12) and the coefficients ¢;; are given by q;; = q;; + 0y
for all pairs i # j € E and ¢, = g;; for all i € E.

Given a choice 6 of Lagrangian multipliers, observe that if sy = 1 for some
H € E¥ in an optimal solution for this problem, then ty is the characteristic vector

of an assignment that minimizes

qy = mln{ZZq;thJ tyg € Xy ﬂ]B%m}

icH jeE
Therefore, F5(6) can be solved with the resolution of

Qo = min{ Z qusyx € X;x; = Z s, Vi € F;(x,8) € B"}, (4.14)

HeEK HeEK

and the appropriate adjustment of (y,t) € B +om.

Assuming that E¥ is replaced by F, once a vertex in v € P*, 1 < k < 7, 18
covered by some H € EX | all vertices in P* are also covered by the same K-matching.
Thus, each P* can be effectively considered as a super vertex. Using this idea, it is
possible to polynomially reduce the 3-dimensional matching problem [19] to (4.14),
showing thus that problem (4.14) is NP-Hard.

If the constraints
Z Ty = 17 v E ‘/Qa
1€6(v)

are subsequently relaxed and dualized in Lagrangian fashion with unconstrained mul-

tipliers A = (A, )yev, attached to them, we obtain

Fy(6,0):  Ly(6.0) =C+min{ Y gy (x,y) € By NB" ),
i,j€E
and the corresponding Lagrangian dual

m(m

DF, : LY = max{Ly(0,\): (6,\) € RT_UJHVZ‘},
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where Py is given by (4.10)-(4.12), (4.2) and )
q;; are given by ¢;; = qi; + 0y for all pairs i # j € F and ¢; = ¢ + A, for all
i={u,v} € E,v€Vy and Cisgiven by C=—3" . ..

Fy(0, ) is easy to solve for any K, since it suffices to select the best H € F* for
each P*, 1 <k < -

In the future, we intend to investigate this QAP lower bounding procedure. For

ieow) Ti = 1, for all v € V;. Coefficients

small values of K, it could offer a better lower bound/computational time trade-off

than RLT level 2 and 3, which are very computationally expensive.



Chapter 5

Conclusion

In this thesis, we addressed the quadratic minimum spanning tree problem and one of
its particular cases, the adjacent-only quadratic minimum spanning tree problem.

For the general case, we initially proposed a formulation based on RLT. We
showed that existing formulations in the literature are dominated by this RLT for-
mulation. In order to compute its LP relaxation bounds, we presented a Lagrangian
relaxation scheme, Lag,, which was then embedded in a parallel BB algorithm, BB;.

The RLT formulation was then generalized into a hierarchy of formulations. We
showed that the strength of the generalized formulation grows according to a parameter
K that controls the size of the modeling entities used in it. In order to obtain a practical
lower bounding scheme, we studied many of its relaxations. Two Lagrangian relaxation
schemes were developed, one of them, Lag, for a particular value of K, and the other,
Lags, for general values of K. The former performed better in practice, and was used
for developing a second parallel BB algorithm, BB;.

The generalization we proposed for the QMSTP RLT approach can be extended to
other 0-1 quadratic problems whose feasible solutions satisfy a cardinality constraint.
We demonstrated in detail how this extension can be carried out for the quadratic
assignment problem.

In order to evaluate our QMSTP lower bounding procedures and exact algorithms,
we performed computational experiments using instances from the literature. Strong
lower bounds were obtained by our procedures compared to previous approaches.
While Lags and Lags obtained the best lower bounds, Lag; provided a better lower
bound/computational time tradeoff. Consequently, with the help of parallel program-
ming, BB, was able to solve many previously unsolved instances, some with up to 50
vertices.

We observed that Gilmore-Lawler based lower bounding procedures, such as the
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ones we presented for the general case, do not perform so well in the AQMSTP case.
Motivated by that, we introduced an AQMSTP formulation that used the stars of the
graph to address the quadratic cost structure of the problem. In order to compute
its LP relaxation lower bounds, we proposed two different approaches. One of them,
RCG, was based on row-and-column generation. The other, C'P, resulted after we
projected the variables associated to stars out of the formulation and applied a cutting
plane algorithm. Based on these two lower bounding procedures, we developed two BB
algorithms, BC'P, based on RCG, and BC, based on C'P.

Computational results were performed to compare our AQMSTP specific ap-
proach to RLT based ones, devised by ourselves and from the literature, for the general
case. Lower bounds obtained by the specific approach were much stronger. Because
of that, while the best performing algorithm for the general case, BBy, was able to
solve instances with at most 20 vertices, the specific BB algorithms managed to solve
instances with up to 50 vertices. The approach based on projection proved better than
the row-and-column generation approach: BC' was able to solve all instances in our
test bed, including 10 with 50 vertices, while only one instance with 50 vertices was
solved by BC'P.



Appendix A

Separation Algorithms

A.1 Separation of (2.5)

In this section we present a polynomial time algorithm for the separation problem of
inequalities (2.5):
Giveni € B, 7; € R, andy, € R™, find a set S C V, |S| > 2, for which

Y gy <(Sl-0m,  ScV[8)>2
JEE(S)

18 violated or prove that no such set exists.

Padberg and Wolsey [37] give a polynomial time algorithm that solves the sepa-
ration problem of (2.2), which we now adapt for the separation problem of (2.5). Our
algorithm finds S such that

S e i T — s Al
arg  min_ {|S|7 Z Ui} (A1)
JEE(S)

Clearly, there is a violated inequality (2.5) if and only if the minimum is smaller than

Algorithm 6
Input: G = (V,F),anedgei € E,T; € R, and y;, € R™.
Output: S satisfying (A.1).

1. Create a directed graph G = (V, A) with V = VU {s, t} and A = {(u,v), (v, ) :
{u,v} € E}U{(s,u), (u,t) :u e V}.
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2. For each j = {u,v} € E, assign capacities ¢y, = Cpu = 37;; to the arcs (u,v)
and (v,u) in A.

3. For each u € V, assign capacities c¢,, = max{ Z]e(s(u) Uij — Z;, 0} and ¢y =
max{T; — 5 Z]@ )Y 0} to the arcs (s,u) and (u,t) in A

4. Find the minimum capacity cut (SU{s}, VU{t}\{S}) of G. 'S minimizes (A.1).

Assuming that G is connected, Steps 1-3 are easily seen to run in O(F) time.
Step 4 solves O(n) maximum flow problems, which can be performed in O(nm?) each
with the algorithm of Edmonds and Karp [17], for example. Thus, the complexity
of Algorithm 6 is O(n?m?). Observe, however, that when employed to solve the LP
relaxation of F; with dynamic generation of cuts, Algorithm 6 has to be applied for
each 7 € F, which gives the total time complexity of O(n*m?).

To prove the validity of the procedure, observe that the capacity of any cut

(SU{s},VU{t}\ {S})is

Zmax xz——Zy”,O —l—ZmaX %Z@ij—fi,o +% Z Yij

UES JjE€d u) UGV\S jE(S(u) i:{“ﬂ}ef?v
ueS,v¢sS

= Z max{T; — = Z Tij» 0} — max{ Z Ui — 73,0}

ues j€5 366
ueV jed(u) i={u,w}€eEk,
ueSv¢S
= |S|z; — Z Ui + Zmax{ Z Ui — T, 0}
jGE(S) ueV JjE6(u

Since Y, oy max{3 > jes(u) Yij — Ti, 0} is constant, the set that yields the cut of mini-
mum capacity of G is the set S that minimizes (A.1).

A.2 Separation of (2.11)

We now discuss the separation of constraints (2.11). Their associated separation prob-

lem can be stated as:
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Given (X,y) € R™™* | find an edge i € E and a set S C V, |S| > 2, for which

> @-7y) <(SI-1)1-7), i€BSCV,S|>2

JEE(S)

15 violated or prove that no such set exists.

Again, we adapt the algorithm of Padberg and Wolsey [37]. We consider one edge
i € E at a time. It is assumed that (X,y) satisfies y;; < z; for all j € E, which is the
case when using dynamic cut generation to strengthen the LP relaxation of formulation
I, for example.

The algorithm below will find S such that

Secarg min {|S|(1-%)— Y (T -7} (A.2)

SCV,|S|>1 ,
JEE(S)

It is clear that there is a violated inequality (2.11) if and only if the minimum is smaller

than 1 — 7;.

Algorithm 7
Input: G = (V, E), (X,§) € R and i € E.
Output: S satisfying (A.2).

1. Create a directed graph G = (V, A) with V = VU {s, ¢} and A = {(u,v), (v,u) :
{u,v} € E} U{(s,u), (u,t) :ueV}.

2. For each j = {u,v} € E, assign capacities ¢, , = ¢y = %(@ —7¥;;) to the arcs

(u,v) and (v, u) in A

3. For each u € V, assign capacities ¢,, = max{3 > jes (@i — Vi) — (1 =), 0}

and ¢,; = max{(1 —T;) — %Zj@(u)(fj —7%,;;),0} to the arcs (s,u) and (u,t) in

-~

A.

4. Find the cut (SU{s},V U {t} \ {S}) of minimum capacity of G. S minimizes
(A.2).

Algorithm 7 has the same complexity of Algorithm 6. Considering again the
application of the algorithm for each i € E, we obtain a total complexity of O(n?*m3).

The proof of correctness is similar to that of Algorithm 6 and is omitted.






Appendix B

Proofs

B.1 Proof of Proposition 2.7

In order to prove Proposition 2.7 we need a series of results, which are given next.
Problems Fj and (2.24) are essentially the same. However, in Fj, the cost of
employing a K-forest in the solution is at least the cost of its best interaction tree,
given by (2.23), while in (2.24) the cost is part of the input. Algorithm 2 gives a
polynomial reduction from F} to (2.24). We will now show the converse, that (2.24) can
be polynomially reduced to F3j, proving thus that the two problems are equivalent. With
this, we can use the simpler form (2.24) in order to derive computational complexity

results for FJ.
Lemma B.1. Problem (2.24) can be polynomially reduced to F;.

Proof. Assume K > 2. Given an instance for (2.24), defined in terms of a graph
G = (V,E), a set of K-forests FF C EK, and costs Q = (Gy) gy, we will construct
a instance for Fj, defined in terms of a graph G = (V, E), K-forests F C EX, and
matrix () = (¢;;)ijer. The polynomial construction will be such that for any solution
for the input problem, there will be a solution with the same cost for the transformed
problem, and, for any solution for the transformed problem, there will be a solution
for the input problem with equal or smaller cost. This will prove the statement.
Initially, consider V =V, E = E, and F = F. Select a vertex v € V. For
all H € F, add K new vertices u};,..., uk to V and add K — 1 new edges to E:
{v,up}, and {uy,ujf'}, 1 <i < K —1. Consider F as an ordered set (Hy, ..., Hz)-
For all Hy, 1 < k < |F|, add to E edges ¢y, = {uﬁ:l,uﬁ}, edges {ugk_l,ugk}, for
k> 1, and {uﬁ;l,ugkﬂ}, for k < [F|. Add to F the sets {{v,u} }, ..., {uly ui'},

o fug T el Y the sets {{v,ug, Yoo {uly it 'Y, o {ugy tudy ), for ko> 1,
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and {{v,up, }, ..., {uly ui'y, o {ugy L, 3 for k < [F|. After that, O(K|F])
vertices and edges will have been added to V and E, respectively, and O(|F|) new
subsets will have been added to F'. Now, define matrix ) = (g;j); jer as follows. For
all H € F, fix an edge i € H, define g3, = G5 + (K — 1)M, where M is a sufficiently
large number, qj4, = —M, j #i € H,and ¢4, = KM if j ¢ I, j € H, I € F. All
other entries of ) are set to zero. This step has time complexity of O((|E| + K|F|)?).
Therefore, the whole transformation is carried out in polynomial time.

Let F' C F be the set of K-forest-inducing edges used in a feasible solution
for F;. Then, F' N F is a feasible solution for (2.24). In case H € F' N F is used
in the solution for the transformed problem, the cost implied by its selection will be
not smaller than (2.23). To see this, observe that in a interaction tree for H, all the
vertices of GG, with exception of ugl, can be reached without any cost. To reach ugl,
if ¢;, I € F,is used and if |[H N I| = 0, a cost K2M will be implied. If |[H N I| = a,
0 < a < K, the smallest cost possible is (K —a)KM —aM > M. If |[HNI| = K,
a cost gy will be implied, which is the minimum possible. Thus, the best interaction
tree for H has cost Gy. Moreover, the selection of H € F\ F never implies in any
costs. Thus, the cost of this solution for F} is not smaller than the cost of the implied
solution for (2.24). On the other hand, if a set of K-forest-inducing edges F CFis
used in a solution for the input problem, then there is a solution for the transformed
problem with K-forest-inducing sets FuFr , F' € F\ F. From the discussion above,
an interaction tree with cost g, but not better, can be selected for each H € F in
the transformed problem, while interaction trees for H € F’ have zero cost. Thus,
the solution of the transformed problem has the same cost of the solution of the input

problem. The proof is complete. [

The following definitions and results are needed to derive the complexity results
for Fj and FY'.

A hypergraph H = (M, S) is a pair consisting of a set M and a collection S of
non-empty sets of elements of M. The elements of M are denoted vertices, the elements
of S are denoted edges. A hypergraph is K-uniform if all of its edges have K vertices
each. A matching of a hypergraph H = (M, S) is a set of edges S’ C S such that no
vertex of H appears in more than one edge of S’. A matching S’ of a hypergraph H is
perfect if every vertex of H appear in one edge of 5.

Garey and Johnson [19] proved that

Lemma B.2. Deciding whether a 3-uniform hypergraph admits a perfect matching is
NP-Complete. ]
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Thus, we have:

Lemma B.3. Deciding whether a K-uniform hypergraph admits a perfect matching is
NP-Complete for any K > 3.

Proof. First, we assume that the number of vertices in the hypergraph is a multiple of
K, for otherwise the problem is trivial. The proof is by induction, with K = 3 as the
base case. Assume that the statement is valid for some K > 3. We will show that if
the decision problem can be solved in polynomial time for K + 1, than it can be solved
in polynomial time for K. What proves that the problem is NP-Complete for K + 1.
Consider a K-uniform hypergraph H = (M, S). Create a (K + 1)-uniform hy-
pergraph H = (M, S) as follows. Let M’ = {v1,..., v} be a set of new vertices
andlet M = MUM'. Let S ={iU{v}:i€S,1<k<|M|/K}. The construction
is clearly polynomial. Now, let S = {i1,..., %/} be a perfect matching of H, then
S = {ir U{vp} : 1 <k < |M|/K} is a perfect matching of H. Conversely, let S be a
perfect matching of H, then S’ = {iNM :i € §I} is a perfect matching of H. Thus, a
polynomial time algorithm for the decision problem for K + 1 implies in a polynomial

time algorithm for K and the proof is complete. O]

The following definition of spanning trees in hypergraphs was given in [5]. A
hypergraph H = (M, S) is connected if, for any pair of distinct vertices u and v, there
is a sequence (i1, ...,1;) of edges, such that u € i;,v € iy, and i, Ni,q # 0, for all
1 < a < k. A hypergraph is Berge-acyclic [18] if there does not exist any sequence
(11, V1,92, Vo, . .., U, Uk, igy1), Where i, € S for all 1 < a < k+ 1 and v, € M for all
1 < a <k, such that v, # v, and i, # i for all 1 < a < b <k, i1 = ig1, K > 2, and
Vg € iq Nigyq for all 1 < a < k. A hypergraph H' = (M’,S") is a subhypergraph of a
hypergraph H = (M, S) if M’ C M and S’ C S. A spanning tree of a hypergraph H
is a connected and Berge-acyclic subhypergraph of H.

Lemma B.4. Deciding whether a K-uniform hypergraph admits a spanning tree is
NP-Complete for K > 4.

Proof. Let K > 4 and let H = (M, S) be a (K — 1)-uniform hypergraph. Create a
K-uniform hypergraph H = (M, S) as follows. Let M = M U {v}, where v is a new
vertex. Let S = {i U {v} :i € S}. Clearly, the construction of H is polynomial. Now,
let " be a perfect matching of H, then, S’ = {i U {v} : i € S’} is a spanning tree of
H. On the other hand, let S’ be a spanning tree of H, then, 8’ = {i\{v}:i € S} isa
perfect matching of H. Thus, a polynomial time algorithm for determining whether a
K-uniform hypergraph admits a spanning tree implies in a polynomial time algorithm

for determining whether a (K — 1)-uniform hypergraph admits a perfect matching. [
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Lemma B.5. Given a graph G = (V,E) and a set F' of K-forests of G, K > 3,
deciding whether there is a F' C F' that induces a spanning tree of G is NP-Complete.

Proof. Let H = (M, S) be a (K + 1)-uniform hypergraph. For all i € S, define ¢(7)
as the set of edges of any spanning tree for a (2-uniform) complete graph defined over
the vertices of i. Create a (2-uniform) graph G = (V, E) as follows. Let V' = M and
E = U;es¢(i). Define the set of K-forests F = {¢(i) : i € S}. Observe that the
construction of G and F' is polynomial.

Now, if F" C F induces a spanning tree of G, then, S = {i € S : ¢(i) € F'}
induces a spanning tree of H. On the other hand, if S’ C S induces a spanning tree of
H, then, F' = {¢(i) : i € S} induces a spanning tree of G. Thus, a polynomial time
algorithm for deciding whether a spanning tree of G can be created from a set of K-
forests implies in a polynomial time algorithm for deciding whether a (K + 1)-uniform
hypergraph admits a spanning tree. Then, by Corollary B.4, this decision problem is
NP-complete for K > 3. ]

Corollary B.1. Problem (2.24) is NP-Hard. O
Finally, we have:
Proposition 2.7. F} is NP-Hard.

Proof. Follows from Corollary B.1 and Lemma B.1. [

B.2 Proof of Proposition 2.8

In order to prove Proposition 2.8 we need the following lemma.
Lemma B.6. Problem (2.25) can be polynomially reduced to Fy .
Proof. Apply the same construction used for the proof of Lemma B.1. O

Lemma B.7. Given a graph G = (V,E) and a set F of K-forests of G, K > 3,
deciding whether there is a set F' C F of disjoint K -forests such that |F'| = |V —1|/K
1s NP-Complete.

Proof. The proof is by polynomial reduction from the hypergraph perfect matching
decision problem. Let H = (M,S) be a K-uniform hypergraph such that K > 3
divides M. Assume that M = us,...,u;n. We create a graph G = (V, E) as follows.
Let V. = {vi,..., 041} and let E = {ip, = {vg,vpa} : 1 < k < |M|}. Observe
that there is a bijective mapping from M to E given by ¢(uy) = ix and ¢~ (ix) = u,
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1 < k < |M|. This mapping implies a set of K-forests F' = {U,e;j{d(u)} : j € S} for
G.

Now, let I/ C F be a set of (|[V| —1)/K = |[M|/K disjoint K-forests, then,
S = {Uief{o7'(0)} : f € F'} is a perfect matching for H. Conversely, if S’ C S is
a perfect matching for H, then, F' = {U,c;{op(v)} : j € '} is a set of (|[V| —1)/K
= |M|/K disjoint K-forests of G. Thus, a polynomial time algorithm for deciding
whether we can find |V — 1|/ K disjoint K-forests of G in a set F', K > 3, implies in a
polynomial time algorithm for the hypergraph perfect matching decision problem. The

proof is complete. O
Corollary B.2. Problem (2.25) is NP-Hard. O
Finally, we have:

Proposition 2.8. F} is NP-Hard. O

B.3 Proof of Proposition 2.11

Proposition 2.11. PY is an integral polytope.

Proof. Assume that (X,¥,8,t) is a fractional point of Pj. Clearly, if y is fractional,
then t is fractional. It is also easy to see that if t is fractional, then (X,y,s) cannot
be integer, otherwise we would be able to write (X,y,S,t) as a convex combination
of integer extreme points (see the first part of the proof of Proposition 2.4). Thus, if
(X,¥,8,t) is fractional, either X, or § is fractional.

Assume first that s is fractional but X is integer. Consider some ¢ € E for which
S; is fractional. Then, since T; = 1, we can write §; = ) HEES Agey, where ey is a
| EX|-dimensional binary vector with exactly one 1-valued entry, at the position indexed
by H; A\g > 0 for all H € Ef{, ZHEEf( Ag =1, and EZK C EX. Now, for each H € EZK
let vl € BIEEI™ For each I € EZK, I # H,let v = 0 and let v, = t;5/5:5. If we
set X =X; y; =¥;, 85 =85, and t; =t; forall j € E, j #i;s; = ey, t; = r]’, and
yi = riL for some H € FZ-K, we obtain a feasible point in P

From the definitions above, we have, for each H € Ef{, ZIEEf( Arly = Agrfl, =
Sigrh, = t;5. Similarly, D em® M 2 gk ril = > heE” Agr = > hem® tig =V,
Thus, we have that

(i,y,g,t> - (§7yj17"'7yi7"‘yjm7§j17"‘7§i7"'7§jm7tj17"'7ti7"'7tjm)

_ S H = = - H
= E Mg (X, ¥ 5 Ty Y Sius o €Hy -5 S b T ).
HEE! I€ES
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Therefore, (X,y,s,t) cannot be an extreme point.

Finally, assume that X is fractional. Since X € X, we have X = ) AVw, where

wel
£ is a subset of the extreme points of X, AW > 0 for all w € &£, and > AV = 1.

For each w € £ and 7 € E consider z)¥ € BIES |, defined as follows. If w; = 1, let

w
z;

Also, let ¥ € BIZEIm be defined as follows. If w; = 1, rY = t;/7;, otherwise, rl¥ = 0.

Then, Yy, € (Xg x (Sin/Z:)), or, rfy; € (Xu x 2Y;). Therefore, x = w, s; = z}V and

= §;/T;, otherwise, let z¥ = 0. Then, ZHeEff 2N = ZHeEg( Sin/Ti = 1 = w;.

t; =1} foralli € E, and y; = Y o px T}y is a feasible point for Py'.

Consider some ¢ € E. If T; _ 0, then w; = 0 for all w € &, what implies
Dowee AVZY =0 =5, D e AT =0 =t and 3o AV D pepr iy = 0 =¥,
On the other hand, if Z; > 0, >, e AVZY = (X yeeum—1 A") % =80y Dowes AT =
(Zweé‘:wizl /\W) % = Eia and Zweg AV ZHEE{f iy = (Zwegzwizl )‘W) ZHGE.K t%_f =
y,. Thus,

(X,¥,5,t) = (X.¥j1>- -+ ¥jnsSits - - 28 b5 £5,)

Im
_ w w w w w w w
= E AV (w, E TR E TS M 1 AU )

we& HeEK HcEK
J1 Im

and (X,y,8,t) cannot be an extreme point. The proof is complete. ]



Appendix C

Considerations about the Work of
Oncan and Punnen [35]

In this section, we make some observations about the results in [35]. The Lagrangian
relaxation in that reference is based on formulation Fopig. They propose a lower

bounding scheme based on Lagrangian relaxation, where constraints

1€6(v)

are relaxed and dualized in a Lagrangian fashion.
The authors claim that the dualization of those constraints will yield the following

Lagrangian modified costs:

qZ,’jZQij_ajva i,j € E,i# j,v0eV, (C.1)
Qi = Qi + Z Qiy, i ={v,w} € E. (C.2)
ueV\{v,w}

While (C.2) is correct, (C.1) is not. The correct Lagrangian modified costs should be:
C];quij—ozju—ajv, i={u,v},j € E,i #J.

Then, they claim, in Proposition 2 of that study, that the resulting Lagrangian
subproblem can be solved by the Gilmore-Lawler algorithm. However, their Lagrangian
subproblem is still the QMSTP, albeit with a modified objective function. Clearly, the
QMSTP is not solved by the Gilmore-Lawler algorithm alone. Thus, that is claim

is not true. Indeed, constraints (2.12) are not satisfied by the solution given by the

77



2% PENDIX C. CONSIDERATIONS ABOUT THE WORK OF ONCAN AND PUNNEN [35]

Gilmore-Lawler algorithm. As a matter of fact, these constraints had been previously
dualized in the work of Assad and Xu [7].

Nevertheless, the procedure proposed in [35], assuming correct Lagrangian modi-
fied costs, could still provide a lower bound for QMSTP, in which constraints (2.12) are
in relaxed and dualized with zero valued multipliers (with no multiplier adjustment).

As we pointed out in Section 2.3, computational results reported in that work
are not in accordance with Proposition 2.3 of our study. The bounds reported by the
Lagrangian relaxation scheme in [35] are stronger than Z(F;). That could have hap-
pened due to the incorrect costs (C.1). To further validate the Lagrangian relaxation
bounds we present here, we evaluated Z(F;) by LP means. That is accomplished by
a LP cutting plane algorithm that separates (2.2) and (2.5). To solve the separation
problems, we used the algorithms described in Appendix A.

Table C.1 presents average lower bounds, as evaluated by ourselves and as re-
ported in [35]. The first three columns present n, m and the instance type. The next
three columns present the lower bounds reported in [35] (Lagop), the lower bounds
computed by our implementation of the procedure described in that work (Lagpp),
the lower bounds computed by Lag;, and Z(F}). In each line, we report the average

for 10 instances.

Instance

n m type Lagop Lagyp Lagy Z(Fy)
10 45 OP1 547.9 414.8 529.5 529.6

11 55 OP1 613.2 459 584.1 584.3
12 66 OP1 652.1 500.2 648.3 648.9
13 78 OP1 713 958.1 706 707.5

Table C.1. Lower Bounds.

Note that bounds Z(F;) and those provided by Lag; are quite similar, what
supports the validity of our Lagrangian lower bounds. The bounds reported by [35],
however, are above the theoretical bound Z(F7). The bounds evaluated by our imple-

mentation of their strategy, however, are in accordance with the theoretical results.



Appendix D

Detailed Branch-and-Bound Results

In Tables D.1-D.10, we provide detailed QMSTP BB results for BB; and BB,, and
also results for BBop [13]. The first three columns of each table present information
concerning the instances: the number of nodes (n), the number of edges (m), the
type of the instance (type), and the best known upper bound (ub). For BBcp, the
number of nodes (n,04es) and the total computational time ¢(s) are presented. For
BB; and BBs, we present: the lower bound at the root node of the BB tree (Ib,0),
the computational time for solving the root node (t,00:(s)), the total number of BB
nodes explored (N,04e5), and the total time to solve the problem (%(s)).

In Tables D.11 and D.12, we presented detailed AQMSTP BB results for BCP,
BC, and BB;. The first two columns of each table present an instance identifier (id)
and the optimal solution value (ub). For each BB algorithm we present the lower bound
at the root node (b0t ), the computational time for solving the root node (¢,,0:($)), the
total number of BB nodes explored (n,04e5), and the total time to solve the problem
(t(5).

We only present results for instances that were solved by at least one of the
algorithms. Entries with the symbol “-” indicate that the corresponding algorithm was
not able to solve the instance within the specified time limit (100 hours for QMSTP
instances and 10 hours for AQMSTP instances).
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Instance BBcp BB1 BB>
n m  type ub Mnodes wAmv Ibroot W%ooﬁmmv Mnodes wﬁmv Ibroot ?goewmmv Nnodes wﬁmv
10 33 CP1 350 19 0 350 0 1 1 350 0 1 0
10 33 CP2 3122 17 0 3122 0 1 1 3122 0 1 0
10 33 CP3 646 9 0 646 0 1 1 646 0 1 0
10 33 CP4 3486 19 0 3486 0 1 1 3486 0 1 0
10 67 CP1 255 967 0 202.1 0 21 1 242.7 2 13 3
10 67 CP2 2042 1351 0 1398.6 0 31 1 1884.9 2 15 3
10 67 CP3 488 183 0 482.8 0 1 1 487.9 1 1 1
10 67 CP4 2404 1101 0 1793 0 39 1 2255 2 11 3
10 100 CP1 239 8205 0 159.2 0 139 2 210.4 6 72 15
10 100 CP2 1815 8157 0 933.6 0 193 2 1519.3 6 101 14
10 100 CP3 426 1011 0 386 0 11 1 423.2 6 3 6
10 100 CP4 2197 7931 0 1313.8 0 157 2 1894.7 6 71 14
15 33 CP1 745 22743 0 578 0 275 2 679.4 2 106 6
15 33 CP2 6539 25289 0 4684.2 0 315 2 5789.8 3 111 6
15 33 CP3 1236 2871 0 1180 0 17 1 1232.7 4 7 4
15 33 CP4 7245 25913 0 5355.2 0 305 2 6483.7 3 143 6
15 67 CP1 659 4252005 63 384.3 0 16893 59 529.8 17 3377 215
15 67 CP2 5573 3538983 53 2579.7 0 13785 49 4211 20 2843 175
15 67 CP3 966 55881 1 846.2 0 59 5 941.4 16 13 23
15 67 CP4 6188 3706107 55 3204.9 0 14865 52 4804.5 18 3115 192
15 100 CP1 620 24242281 520 319.2 1 109729 718 475.8 44 12683 2479
15 100 CP2 5184 27631419 613 1822.5 1 118607 773 3580.7 55 15415 2412
15 100 CP3 975 802457 16 778.8 1 871 14 901.2 40 215 155
15 100 CP4 5879 33476125 736 2479.1 1 144309 946 4232.5 54 20207 3169
20 33 CP1 1379 51880837 886 886.9 1 96307 305 1137.4 12 24106 1103
20 33 CP2 12425 49240971 879 7037.5 1 90135 290 9773.4 14 22285 992
20 33 CP3 1972 2230621 38 1672.4 1 897 8 1868.8 15 157 38
20 33 CP4 13288 46873773 823 7914 1 90819 289 10662.5 15 19715 879
20 67 CP1 1252 - - 598.3 2 24431331 271760 - - - -
20 67 CP2 10893 - - 3797.3 1 15202397 168843 - - - -
20 67 CP3 1792 - - 1306.1 2 89595 1527 - - - -
20 67 CP4 11893 - - 4671.6 1 21244515 238189 - - - -
Table D.1. QMSTP branch-and-bound results. Instances of Cordone and

Passeri [13].
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Instance BBcp BB, BB
n m w@ﬁm ub Nnodes ﬂm%v :uﬁeoﬁ wioogm Anwv Nnodes NA%V :viccw ﬁﬁ@@w A%v Nnodes wAmv
13 78 OP1 990 174049 2 606,3 0 1005 8 842,6 21 223 54
13 78 OP1 1022 83093 1 702 0 351 5 900,1 22 115 52
13 78 OP1 1089 199691 3 697 0 909 9 945,2 22 213 63
13 78 OP1 1163 183977 2 803,1 0 879 7 1033,3 21 175 53
13 78 OP1 1129 193607 3 748,8 0 869 7 1001,4 21 190 55
13 78 OP1 1023 80917 1 715,4 0 269 5 933 21 47 42
13 78 OP1 982 174309 2 613,3 0 693 7 838,3 22 249 64
13 78 OP1 1048 100115 1 712,8 0 429 5 929,4 22 123 54
13 78 OP1 1065 56937 0 741,2 0 291 6 980,3 22 49 56
13 78 OP1 1160 480411 7 720,3 0 4743 22 978,6 21 1445 131
14 91 OP1 1246 982445 18 762,3 0 2837 21 1029,1 33 799 157
14 91 OP1 1197 338485 6 783,9 0 933 12 1045,2 32 181 96
14 91 OP1 1398 2025109 37 868,4 0 12245 71 1148,9 33 2821 396
14 91 OP1 1276 1021699 19 791,2 0 3243 24 1043,9 34 1239 216
14 91 OP1 1266 603819 11 809,6 0 1879 16 1074,1 35 469 120
14 91 OP1 1188 517429 10 736,8 0 1823 18 1012 36 435 129
14 91 OP1 1312 1127341 21 806,3 0 4155 29 1076,8 35 1535 263
14 91 OP1 1171 170639 3 807,9 0 389 7 1071,8 33 53 86
14 91 OP1 1301 816627 16 830,8 0 2437 20 1097,3 32 785 176
14 91 OP1 1143 223427 4 766,5 0 679 9 1014,7 34 125 90
15 105 OP1 1401 3735849 87 804,2 1 9419 84 1155,5 45 1499 343
15 105 OP1 1404 2141949 49 841,3 1 7063 64 1178,1 43 858 216
15 105 OP1 1384 3593455 84 812,6 1 8835 79 1135,8 46 1465 333
15 105 OP1 1376 7922195 184 741,2 1 19239 158 1083,6 44 4057 775
15 105 OP1 1295 1810267 44 766,5 1 3143 33 1090,1 47 523 181
15 105 OP1 1473 2807121 64 899,2 1 6857 65 12274 44 1441 347
15 105 OP1 1389 4091815 95 782 1 10865 92 1128,7 44 1645 368
15 105 OP1 1407 2879425 66 847.,4 1 6189 173 1176,2 44 937 246
15 105 OP1 1333 2191531 51 74,2 1 6041 55 1112,6 43 741 201
15 105 OP1 1440 3039535 71 871,7 1 7755 66 1198,9 44 1137 278

Table D.3. QMSTP branch-and-bound results. Instances of Oncan and Punnen

[35], type 1.



83

‘T od£y ‘[gg]
UsUUNJ PUR URIU() JO S9OURISU] “S}NSoI punoqg-pue-ypuriq JLSINO ‘¥ d 219elL

- - - - 1181  €9.010T & 1T - - 691¢ 1dO €81 8I
- - - - SLIE6 GELIGES ¢ G'G66 - - 8€T¢ T1dO €81 81
- - - - 1906G  696161¢ G €'LG6 - - 680 1dO €81 8I
- - - - GGL6  €I¥TSS T z'196 - - 1661 14O €ST 8T
- - - - 93S0C  LLBICIT ¢ 7'9.6 - - €c0c  1dO €81 81
- - - - $€CEC  6SI8€CT ¢ 8 1¥6 - - 8%0¢ TdO €81 8I
- - - - 6EVPT  LLELSS T 8°6¢0T - - 9c0¢ 1dO €81 8I
- - - - 6596 60989 T 97601 - - 801¢ TdO €81 8I
- - - - GGGTE  TT6068T & G‘L€0T - - ¢zl 1dO €81 8T
- - - - L6%9¢  LPPOIST ¢ 9°GL0T - - €51 1dO €81 81
PIGST  T1€9SE €01 £'6o¢T 78Ge  SvoTve 1 126 - - ZI8T 14O 9¢T AT
6€€  L0GL 16 1°69¢1 860T  S¥G.L9 1 7086 - - PELT 14O 98T LT
9¢6S  998¢T  ¥0T At 09T  LS8S60T 1 7186 - - 8I8T TdO 9¢T AT
6.L00C €9¥8% 68 R°8EVT 0LES  61038¢ 1 7086 - - €681 1dO 9¢1 LI
OLIET  LTS6T 86 88€T 89T¢  €L3S1C 1 1°9%6 - - LI8T 14O 98T LT
€G88T  €979% 911 R°6SET G8EY  GI9S6TT 1 8706 - - G6LT  1dO  9¢T LI
GPEOT  1998¢ L6 7'86£1 €oTy  L¥GLST 1 176 - - 6681 TdO 9¢T AT
1199  6£¢ST 86 863V 878T  L6G.LTT T €'1201 - - 66817 TdO 9€T LT
1.1  8S8GIT  S6 PIPPI OFGT  €GTI0T 1 8786 - - 8781 TdO 9¢T AT
TLL0T  9LLVG V0T 9'GTIV1 CTLT  G6ST6T T 7'€L6 - - €P8T T1dO 98T LT
065 S¥TL 9. 7'99¢1 i4°1% €61CV T €'188 - - 6T9T T1dO 02T 9T
€eT9  CLT6T 1L 3’2911 LLL 6TLTL 1 ) - - €PeT 14O 03T 91
929  SGL6L €L @A LS L8¥ T0GET T 7'656 - - 2891 TdO 02T 9T
600L  LSTIZ  ¥L 1°9621 GOCT  €T¥STT 1 8998 - - 891 14O 03T 91
876 6¥7¢ ) ¢'qeel 682 LVGLT T 7'ees - - 8TST T1dO 02T 9T
0LIG  08SSST 69 6°TIET el L1529 1 20€6 - - 6691 TdO 03T 91
80L9  VLE0T 8L P 1LTT €82 6TTCL T £'€06 - - 6991 T1JdO 02T 9T
168  £668 78 1°69Z1 eLY LLSTY 1 2'006 - - 6291 T1dO 03T 91
8765  TV9ST  ¥L 9°L601 €06 66308 1 €16 - - 2991 1dO 03T 91
99L%  6SSFT €L N 74! el 6,999 1 7'€98 - - 7291  1dO 021 91
vaw sapouqy Amv weosw uceLm: vaw sapouqy va ﬂcesw QOQLQN Amvw sapouqy Q§ mﬁm\mw w u
mmm amm momm ooﬁﬁmeH




APPENDIX D. DETAILED BRANCH-AND-BOUND RESULTS

84

Instance BBcp BB BB
n m w@ﬁm ub Nnodes wA%v Nvioou ?;om» A,wv Nnodes wA%v :uiocw wﬂooa A%V Nnodes wA%v
10 45 OP2 32105 59 0 32105 0 1 1 32105 3 1 3
10 45 OP2 23863 65 0 23863 0 1 1 23863 3 1 4
10 45 OP2 18338 55 0 18338 0 1 1 18338 3 1 3
10 45 OP2 24613 105 0 24613 0 1 1 24613 3 1 3
10 45 OP2 35699 173 0 35699 0 1 1 35699 3 1 3
10 45 OP2 21401 99 0 21401 0 1 1 21401 3 1 3
10 45 OP2 26997 95 0 26997 0 1 1 26997 3 1 3
10 45 OP2 22992 123 0 22992 0 1 1 22992 3 1 3
10 45 OP2 28833 109 0 28833 0 1 1 28833 3 1 3
10 45 OP2 22597 63 0 22597 0 1 1 22597 3 1 3
11 55 OP2 40359 893 0 40359 0 1 1 40359 5 1 5
11 55 OP2 22735 175 0 22735 0 1 1 22735 5 1 5
11 55 OP2 27723 333 0 27723 0 1 1 27723 6 1 6
11 55 OP2 35474 105 0 35474 0 1 1 35474 4 1 5
11 55 OP2 29778 281 0 29778 0 1 1 29778 5 1 5
11 55 OP2 23877 219 0 23877 0 1 1 23877 5 1 5
11 55 OP2 37495 339 0 37495 0 1 1 37495 4 1 4
11 55 OP2 22705 49 0 22705 0 1 1 22705 4 1 5
11 55 OP2 19020 111 0 19020 0 1 1 19020 4 1 5
11 55 OP2 33910 311 0 33910 0 1 1 33910 4 1 5
12 66 OP2 35542 89 0 35542 0 1 1 35542 8 1 9
12 66 OP2 20585 129 0 20585 0 1 2 20585 7 1 8
12 66 OP2 38153 1103 0 38153 0 1 1 38153 8 1 8
12 66 OP2 32015 361 0 32015 0 1 1 32015 7 1 8
12 66 OP2 34136 227 0 34136 0 1 1 34136 9 1 9
12 66 OP2 42814 83 0 42814 0 1 1 42814 9 1 10
12 66 OP2 30153 353 0 30153 0 1 1 30153 8 1 8
12 66 OP2 25646 227 0 25646 0 1 1 25646 9 1 9
12 66 OP2 34183 145 0 34183 0 1 1 34183 8 1 8
12 66 OP2 32551 155 0 32551 0 1 1 32551 8 1 9
13 78 OP2 45586 347 0 45586 0 1 2 45586 12 1 13
13 78 OP2 49313 2185 0 49313 0 1 2 49313 11 1 12
13 78 OP2 44513 509 0 44513 0 1 2 44513 11 1 12
13 78 OP2 37250 91 0 37250 0 1 2 37250 11 1 12
13 78 OP2 50990 601 0 50990 0 1 2 50990 11 1 11
13 78 OP2 43261 481 0 43261 0 1 2 43261 12 1 12
13 78 OP2 36085 281 0 36085 0 1 2 36085 11 1 12
13 78 OP2 34474 63 0 34474 0 1 2 34474 10 1 11
13 78 OP2 28566 235 0 28566 0 1 2 28566 10 1 11
13 78 OP2 34847 357 0 34847 0 1 2 34847 13 1 14

Table D.5. QMSTP branch-and-bound results. Instances of Oncan and Punnen

[35], type 2.
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Instance BBcp BB BB

n m type ub Nnodes wAmv Ibroot troot Amv Nnodes wAmv Ibroot troot Amv Nnodes wAmv
18 153  OP2 36845 6101 0 36845 1 1 8 36845 73 1 79
18 153  OP2 51694 49937 1 51694 1 1 9 51694 63 1 70
18 153  OP2 42143 14247 0 42143 1 1 8 42143 64 1 70
18 153  OP2 40601 5411 0 40601 1 1 6 40601 71 1 75
18 153  OP2 41237 1653 0 41237 1 1 8 41237 71 1 76
18 153 OP2 50000 21035 0 50000 1 1 9 50000 71 1 78
18 153 OP2 52766 29727 1 52766 1 1 9 52766 73 1 80
18 153 OP2 54200 29233 1 54200 1 1 6 54200 60 1 63
18 153  OP2 46867 3177 0 46867 1 1 7 46867 74 1 79
18 153 OP2 44949 10359 0 44949 1 1 7 44949 63 1 68
20 190 OP2 50610 29637 1 50610 2 1 14 50610 109 1 120
20 190 OP2 53427 72855 3 53427 2 1 13 53427 108 1 118
20 190 OP2 51497 87843 3 51497 2 1 12 51497 117 1 126
20 190 OP2 57638 27955 1 57638 2 1 10 57638 120 1 127
20 190 OP2 56344 330715 15 56344 2 1 14 56344 114 1 125
20 190 OP2 54615 93887 4 54615 2 1 12 54615 117 1 126
20 190 OP2 61214 85795 4 61214 2 1 15 61214 121 1 132
20 190 OP2 52650 63967 3 52650 2 1 14 52650 112 1 123
20 190 OP2 64980 583379 29 64980 2 1 11 64980 105 1 113
20 190 OP2 50287 461769 21 50287 2 1 13 50287 108 1 117
30 435 OP2 82953 - - 82953 12 1 85 82953 1383 1 1454
30 435 OP2 76977 - - 76977 12 1 115 76977 1186 1 1287
30 435 OP2 88098 - - 88096 13 1 86 88096 1826 1 1899
30 435 OP2 90361 - - 90361 12 1 99 90361 1319 1 1410
30 435 OP2 69976 - - 69976 12 1 117 69976 1327 1 1429
30 435 OP2 78864 - - 78864 12 1 150 78864 1245 1 1383
30 435 OP2 73015 - - 73015 12 1 111 73015 1112 1 1209
30 435 OP2 73619 - - 73619 12 1 133 73619 1170 1 1287
30 435 OP2 81534 - - 81534 12 1 121 81534 1393 1 1501
30 435 OP2 74602 - - 74602 12 1 86 74602 1362 1 1437
50 1225 OP2 172157 - - 172157 177 1 1338 - - - -
50 1225 OP2 170915 - - 170915 175 1 1317 - - - -
50 1225 OP2 160256 - - 160256 176 1 1503 - - - -
50 1225 OP2 152830 - - 152830 174 1 1389 - - - -
50 1225 OP2 174926 - - 174926 176 1 1133 - - - -
50 1225 OP2 154341 - - 154341 173 1 1731 - - - -
50 1225 OP2 180023 - - 180023 176 1 1214 - - - -
50 1225 OP2 153578 - - 153578 175 1 1295 - - - -
50 1225 OP2 179932 - - 179932 174 1 1399 - - - -
50 1225 OP2 155241 - - 155241 175 1 1456 - - - -

Table D.7. QMSTP branch-and-bound results. Instances of Oncan and Punnen
[35], type 2.
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Instance BBcp BB, BB
n m wm\@m ub Nnodes wﬁ%v Ibroot troot Amv Nnodes wAmv Ibroot troot A%v Nnodes wAmv
14 91 OP3 1955 35983 0 1955 0 1 2 1955 16 1 17
14 91 OP3 2555 1297 0 2555 0 1 2 2555 15 1 16
14 91 OP3 3182 10799 0 3169.8 0 3 2 3182 16 1 17
14 91 OP3 2516 72339 1 2516 0 1 2 2516 17 1 18
14 91 OP3 2551 9005 0 2551 0 1 2 2551 16 1 17
14 91 OP3 2818 119579 2 2797 0 5 4 2816.2 38 7 46
14 91 OP3 2457 23607 0 2457 0 1 2 2457 16 1 17
14 91 OP3 2491 14763 0 2482.9 0 1 3 2491 17 1 19
14 91 OP3 2293 237 0 2293 0 1 3 2293 15 1 17
14 91 OP3 2461 5509 0 2454.1 0 1 3 2460.9 19 1 20
15 105 OP3 2181 97099 2 2177.7 0 1 3 2181 22 1 23
15 105 OP3 2840 3911 0 2840 0 1 3 2840 23 1 25
15 105 OP3 2921 4111 0 2921 0 1 4 2921 22 1 24
15 105 OP3 2780 3641 0 2780 0 1 3 2780 23 1 24
15 105 OP3 2340 84369 1 2305.5 1 15 5 2340 29 1 31
15 105 OP3 2917 11983 0 2904.9 1 3 3 2917 25 1 26
15 105 OP3 2291 27405 0 2265 1 5 4 2291 24 1 25
15 105 OP3 2537 781 0 2537 0 1 4 2537 23 1 25
15 105 OP3 2504 6853 0 2495 1 3 2 2504 24 1 24
15 105 OP3 2577 4879 0 2575.9 0 1 4 2577 21 1 24
16 120 OP3 2418 211997 5 2408.5 1 1 5 2418 36 1 39
16 120 OP3 2507 26651 0 2507 1 1 4 2507 36 1 38
16 120 OP3 3241 33041 0 3214.6 1 1 7 3241 33 1 37
16 120 OP3 3600 662209 16 3585.5 1 3 5 3593 76 12 106
16 120 OP3 3097 24013 0 3022.5 1 5 6 3096.8 73 1 76
16 120 OP3 2741 8043 0 2741 1 1 5 2741 32 1 35
16 120 OP3 3264 60473 1 3216.6 1 15 7 3248.7 70 13 94
16 120 OP3 2958 88063 2 2943.7 1 1 4 2958 41 1 42
16 120 OP3 3079 38665 0 3079 1 1 4 3079 36 1 38
16 120 OP3 2896 605 0 2896 1 1 6 2896 34 1 38
17 136 OP3 2842 987395 31 2835.7 1 1 6 2842 51 1 54
17 136 OP3 3734 1000000 36 3724.9 1 3 5 3734 64 1 67
17 136 OP3 3543 687011 21 3455.7 2 9 7 3513.9 85 9 115
17 136 OP3 3165 382535 12 3150.1 1 5 7 3161.2 92 5 104
17 136 OP3 2920 4437 0 2920 1 1 7 2920 42 1 46
17 136 OP3 3445 17131 0 3442.4 1 1 7 3445 42 1 47
17 136 OP3 3483 380767 12 3419.1 2 7 9 3482.9 104 1 108
17 136 OP3 3321 352711 10 3252.6 1 21 7 3316.9 86 11 117
17 136 OP3 3460 52593 1 3460 1 1 6 3460 45 1 48
17 136 OP3 3809 71073 2 3757.4 1 3 8 3805.1 115 11 150

Table D.9. QMSTP branch-and-bound results. Instances of Oncan and Punnen
[35], type 3.
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Instance BCP BC BB,

id @@* :ua.ocn ﬂﬁce»Amv Nnodes uAMV N@q.ocu NﬂeoﬁAMV Nnodes ﬂm%v :uq.cew wﬁoogwm%v Nnodes HAMV
n =15

1 310 297.1 2 5 2 297.1 2 9 3 221.1 1 667 11

2 267 260 2 5 3 260 3 3 3 155.6 1 341 12

3 252 252 2 1 2 249 2 0 2 168.2 1 231 10

4 271 271 2 1 3 271 3 0 3 162.6 1 385 12

5 206 196 2 ) 2 196 2 11 2 105.3 1 453 13

6 273 269.5 2 3 3 265 3 3 3 141 1 559 11

7 304 298 3 ) 3 218.4 3 3 3 183.3 1 649 10

8 226 226 2 1 2 226 2 0 2 160.8 1 95 12

9 333 333 3 1 4 331.3 4 0 4 218.6 1 311 12

10 315 311 4 3 5 160 4 3 5 200.7 1 771 12
n =20

1 356 356 14 1 14 354 15 0 15 239.2 3 2337 165

2 349 342.9 13 7 17 342.8 14 14 15 207.6 3 6463 382

3 386 379 12 ) 15 378.8 13 9 14 237.4 3 11003 603

4 339 323 16 5 19 322.8 17 14 18 216.7 3 10908 602

5 332 332 13 1 13 332 13 0 13 170.7 3 19583 1213

6 361 357.7 14 3 15 357.7 16 0 16 211 3 22201 1245

7 391 391 13 1 14 384.1 13 7 14 258.8 3 5925 342

8 323 315.6 13 9 16 315.6 13 11 14 193.5 3 7385 436

9 322 304 13 7 18 304 14 40 16 165.4 3 19963 1215

10 411 390.2 16 17 28 390.2 19 52 21 237.5 3 21545 1315
n =30

1 421 406.5 149 11 357 406.5 166 48 191 - - - -

2 450 439.5 130 7 243 439.5 165 14 174 - - - -

3 464 441.9 151 29 778 441.9 162 112 194 - - - -

4 410 404 101 5 134 404 109 6 113 - - - -

5 460 454 137 7 192 453.9 174 9 180 - - - -

6 423 407 148 13 334 407 177 36 193 - - - -

7 441 421 130 21 444 420.9 150 173 188 - - - -

8 400 391.6 116 13 211 391.6 140 28 153 - - - -

9 462 453 143 25 476 453 170 11 182 - - - -

10 418 415.5 110 3 149 414.9 122 0 126 - - - -

Table D.11. AQMSTP branch-and-bound results (n € {15,20,30}).
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