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Baum-Bott indices for curves of singularities
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Abstract. Let T be a holomorphic foliation on P” by curves such that the components
of its singular locus are curves C; and points p;. We compute the Baum-Bott indices
BBy (T, Ci) in terms of the main invariants of 'F and C;. We also determine the sum of
the BBy, (F. pi) in terms of the same invariants. When ¢ corresponds to the determinant,
the latter result generalizes, from special to all holomorphic foliations, a formula for the
number of isolated singularities of F, counted with multiplicities.
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1 Introduction

Let F be a holomorphic foliation on P* and ¥ its singular scheme. We call
w(F, p)and BB,(F. p) the Milnor number and the Baum-Bott indices of F
at a closed point p of ", respectively. In the case of germs of vector fields v
on (C", 0) with isolated singularity 0 € C", there is a result due to M. Soares
(cf. [11]) that gives an upper bound for the Poincaré-Hopf index P H (v, 0).
E. Esteves and [. Vainsencher (cf. [5]) give another proof of M. Soares’ bounds,
using the intersection theory. F. Bracci and T. Suwa (cf. [2]) proved that Baum-
Bott indices vary continuously under smooth deformations of holomorphic fo-
liations. Moreover, they reported in the case where the singular set contains
non-isolated singularities and, in some cases, some formulas are available but, in
general, explicit computation of the residues is rather difficult. More precisely,
let v be a vector field defined on a complex manifold M and S, be a compact
connected component of Sing(v). Take a cellular tube 7 around S (cf. [12])
such that Sing(v) N T = S. Thus, if v is everywhere transverse to 97 then
PH (v, S) = x(5). the Euler-Poincaré characteristic of S.
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884 GILCIONE NONATO COSTA

We will consider the case where ¥ := Sing(F) contains smooth curves or
singular complete intersection curves and some isolated closed points. Let C be
one of these curves. The aim of this paper is to introduce an effective method
to compute the equivalence for BB, (F, C), under smooth deformations. These
numbers BB, (F.C) must be understood in the following way: let F; be a
generic deformation of ‘F such that Fy = F,deg(‘F) = deg(f;) and Slng( F,) =

{pl.....py} for 0 < |t| < € where pj are closed points of M. Thus,
BB, (F.C)=lim » " BB,(F:.p). (1)
lim pleC

As a direct consequence, we obtain the explicit formula and the lower bound for
the Minor number p(F. C). Furthermore. we determine the number of closed
points of X, counted with multiplicities. We would like to emphasize that the
method can be directly generalized to varieties of any dimension contained in
Y. The method consists of constructing a suitable deformation which allows us
to calculate explicitly these indices. In Section 4, more precisely Lemma 4.2, all
the procedures will be treated more details.

Let Y be a smooth projective scheme ¥ and X a projective subscheme of Y.
Let us consider the blowup morphism of ¥ along X, denoted by 7y : Y >V
with exceptional divisor Ey := 7' (X). We will denote by ¢ := multg, (g F)
the order of annulment of the pull-back foliation erf at Ey. The foliation F
will be called special along X if the induced foliation F. defined in Y. obtained
via 7y ¥, has Ex as an invariant set, and Smg(f) meets Ey at isolated singu-
larities at most. In [4], the authors determine the number of isolated singularities
of T, counted with multiplicities, when ¥ is special along each curve contained
in X. In this paper, we just relaxed this hypothesis basically allowing singular
curves as non-dicritical component of X. Now, we prove the following result:

Theorem 1.1. Let F be a one-dimensional holomorphic foliation on P", n > 3,
of degree k, such that its singular locus X is the disjoint union of irreducible
curves Cy,....C, and closed points p,,.... ps. Assume each C; is either
smooth, or a singular scheme theoretic complete intersection; and also a non-
dicritical component of 2. Then

() Yo n(F, p) =Y 1ok 4+ v(F. Cj) =Y Aj where
L C) =+ 1)

x [ — X (CHE+ L+ 1) + (n 4 1d;; — (k= Ddj(ne; + 1)],

Bull Braz Math Soc, Vol. 47, N. 3, 2016



BAUM-BOTT INDICES FOR CURVES OF SINGULARITIES 885

withd; = deg(C;),x(Cj) =2-2g;+ Zf’:] (bi,j —1), g is the arithmetic
genus of C;, b; ; the number of branches of q; j € Cj, q; j are the singular
points of C;, £; = mult Ec; (N(’ﬁjj}-") and A ; is the number of embedded
closed points of C;, counted with multiplicities.

() w(F. Cj) =—v(F.Cp +A; = —v(F. C)).

The statement (ii) of the Theorem 1.1 gives a lower bound for 1 (F, C;) which
is always attained if the foliation is especial along C; or C; has no embedded
closed points. Moreover, the number —v(’f, C;), when £; = 0, coincides with
the number of isolated singularities, counted with multiplicities, of any holomor-
phic foliation by curves in P" of degree k having C; as invariant set.

2 Preliminaries
2.1 Multiplicities

We now describe the multiplicity of # at an irreducible curve C C X. By
a holomorphic change of coordinates, C can be locally given as z; = ... =
Zn—1 = 0. In this neighborhood, F is described by the following vector held

i 0]
Q)’T:fl(Z)B_ﬂ_‘_.“_’_fn(Z) 3 (2)

Therefore, one may write the local sections in (2) as

n—1

f=) zifi@. 3)

j=1

If all f; ; also vanishonthe z, —axis,for j =1,....n — 1, we can apply (3)
again to all of them. Thus, the function f; can be rewritten as

fi(2) = ZZjZkfi,j,k ().

j=<k

We will repeat this process, until we find some function f;,(z), with a :=
(ay,....ay_1), which does not vanish on the z,, — axis. the function f; will be
of the form

f= ) @i fia@ )

|a|l=m;
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where |a| ;= a; + ...+ a,_,. We will denote by m; = multe(f;). As done in
[4], we define the multiplicity of ‘F at C as

me(F) =min{my, ..., m,}. (5)
In order to simplity our analysis, we need the following lemma.

Lemma 2.1. Let ‘F be a one-dimensional holomorphic foliation in P" with
C C Sing(F) where C is a regular curve. Then, for each point p € C exists a
neighborhood U of p and a holomorphic coordinates w € C" such that p(0) =
0eC'"andUNC =(w; =...=wy,_| = 0)and F is defined in U by the
following vector field

ad
Dy = Pi(w) — 4+ ...+ Py(w)
dw wy

where P;(w) given as in (4) with
(1) multe(P) =min{my, ....muy_ 1t forl <i <n-—1,

(i1) multe(Py) = me(F).

Proof. It is enough to consider F is described by the vector field as in (2).
Let A = (a;;) € GL(n,C) be a matrix such thata;, =0forl <i <n — 1.
Consequently B = A~! = (b;j) has the same property, i.e., bj, = 0 for 1 <
i < n—1.Thus, the linear transformation 7 = Aw preserves the n-th coordinate

axis. Then,
n—1

n—1
w; = Zbijij = Zbijfj o Aw = P;(w)
j=1 j=1
forl <i <n-—1and

n

n
W, = anjij = bejfj o Aw = P,(w).

j=1 j=1

In this way, adjusting some coefficients a;;. if necessary, the foliation ¥ is de-
scribed by the following vector field

d d
Dy = Pj(w) — + ...+ Py(w) (6)
31.0] 3]

Wp

with each P; in the conditions of the Lemma. ]
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By now, we start by recalling some elementary fact about blowing-up’s. See
[8] for more details. Let z = (z;) € C" be affine local coordinzft\tJes as given in the
I:emma2.l. Foreachj =1,....,n—1letU; = (z; #0)andU; = JTEI(U]'). In

U; we introduce coordinates u € C" and 7 := m¢ has the following expressions

o) =rlg =7=(21,22: -2 -1, %)
where z; = u; fori = jori =n,and z; = wju; fori =1,...,j — l,j,
j+1.....n—1.

Now, we will describe briefly the behavior of ¥ under blowup along this
curve and hence we obtain the equations of the induced foliation “F. For more
details, see [4]. We will assume ‘F is defined by the following vector field
I, Pl-(z)a—zi where each P; is given as in (4) with multo(P;) = m,, for
1 <i<n—1and multe(P,) = m, withm, <m.

In the open set U,. we have that

U = Z ' ()™ - ()" Py oo (1))

|a|=m
=uf Z uff . ‘”zﬂ:ll Piq(o(u)).
lal|=m;

But, P o(0(u)) = Pra(0,...,0,u,) 4+ u1 Piy(u) = piauy) + uy Pry(u) and
hence

i =uf [ Y ug ey praun) +uy Pru) @)

la|=mi

for some functions ﬁl (). In this same way, we have that

. - ay— o
ity = ul" E us’ ety pua ) + oy Py(u) | (%)
lal=my
For2 <i <n — 1, since z; = uu;, we have that Z; =t u; + utt; and thus

i = u (gi () — wigi () + uy Piu)) 9)

where g; (1) := Zla\:mi us' - -ug”:l] Pi.a(uty) and for some functions P; ().
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\ﬁ’ith the equations (7), (8) and (9) we obtain the vector field which described
in U] the foliation 7* F,

m ~ d
Dpsy = Mll(gl(u)—l—z«thl(u))a—Ml

n—I1
B ~ B
+;u’?' l(f’?i(u)-l-ule(u))% (10)
Mp Iy d
Fuy " galu) +uy Py(u) )~
du,

where h;(u) := gi(u) —u;g(u)for2 <i <n—1.

According to the possible values of m | and m,, we can divide the equation (10)
by an adequate power of «;, and thus, we obtain the vector field which defines
the foliation j:: As in the case of isolated singularity, the curve C is called
nondicritical if the exceptional divisor E is invariant by jn; : otherwise, C is called
dicritical. The nondicritical case can be divided into three different situations:

(1) my + 1 =my with h;; # 0 for some iy.

Dividing (10) by u|"" we get the vector field defining F which is

~ d
Dz = P —
F u1(81(ﬂ)+un 1(u)) o

n—I

+ ;} (hi(u) + ulﬁ(u)) ai,-

- d
+—(gn(u)4-ulf%(u)) o

n

(1n

If h; = 0, for some i, then the leaves of f, when restricted to £, are contained
in the hyperplane u; = k;, where k; is a constant.

(1) m, + 1 < m,
Now, dividing again (10) by u"" we get

_ ~ d
Dy = uy' m"(gl(lf)-l-mpl(u))‘—
duy

n—1
- d
+ ) urmet (hi(u) + ”lpi(u))w (12)
i=2 !

~ d
+(8n(”) +Hlfn(u)) .
duty,
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In this situation, the leaves of of f, when restricted to E, are contained in the
hyperplane given by u; = k; fori = 1,....n — 1, where each £; is also a
constant.

(iii) m, = m; and h;, % O for some iy.

Dividing (10) by /""" we get

~ d
Dz = P N
7 M1(81(H)+1~!1 1(”)) "
n—I

~ d
+ (hi(u) +u1Pf(u))% (13)

i=2

~ 0
+u (8n(”) + len(”)) T

Now, the leaves of of j? , when restricted to E, are contained in the hyperplane
;i = ki, if h; = 0 and u,, = k,,. Furthermore, if the situations (i1) or (i11) occurs,
the new non-isolated singularities will appear in the singular locus Sing(F).

On the other hand, the dicritical case corresponds to a single situation de-
scribed as:

(1) my=myand h; =0forall2 <i <n — 1.
Dividing (10) by u" we get

0

N 9 n—1 N
Dy = (g,(u)+u|P1(u))M+;Pi(u)aui

(14)

+ (gn(u)w,ﬁn(u)) i

du,

In this time, the exceptional divisor E is not an invariant set of j? . But, the
foliation fN is transverse to E except at the hypersurface locally given by
gi(u) =0.

Keeping this notation, we have the following Lemma:

Lemma 2.2. The following hold:

(1) me(F) = min{m,. my};
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(i1) if € is the integer such that
Lr=m"Ly® Oy(LE)
where L and L are the tangent bundle of F and F, respectively, then

min{m| — 1, m,} if Cisnondicritical

mp = m, if Cisdicritical.

The number £ = multg (7* F) will be called by the order of annulment of
a*F at E.
(ii1) If T is special along C then m, +1 = m,, £ > 1 and h; # 0 for all

2<i<n-—1.

2.2 Chern classes

Let 7 : P" — P". n > 3, be the blowup of P" along a regular curve C, with
exceptional divisor E. Set N := N¢,p» and p = m|g. Since E = P(N),
recall that A(E) is generated as an A(C)-algebra by the Chern class
¢ =1 (On(=1))
with the single relation
= e (N 4 (=) pre o (N 0s)
+(=D)" " preu 1 (N) =0.

The normal bundle N 5, agrees with the tautological bundle Ox-(—1), and
hence

’ =CI(NE/@13,,). (16)

If¢: E < P is the inclusion map, we also get
(e = (=D'E" (17

Given that
f prei (N = (= f ci(N)=0
E C

Bull Braz Math Soc, Vol. 47, N. 3, 2016
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fori > 2, we have

frr”" = [p*cl(N)C”"2=(—1)”fcl(N)
E E C

= (—1)n[01(TPﬂ ® Oc) — ¢1(0) (18)
c

(—U”[(n +1d -2+ 28}

where ¢ is the genus and d is the degree of Cpeg.
From Porteous Theorem (cf. [9], [6] or [4]), we have

e (Pry — e (P") = —(n — 2)E (19)
and for j > 2,

j—1
i) = wre (P 4 Y (=1 p e (N)ETT

o2 m=0 (20)
DD pt e (N pte (O BT
m=0

where I'; ; = ((’j:!:n'f) — (J'::fm)), o (ﬁ”) and c; (") are the Chern Classes of
tangent bundles of P" and P", respectively. Here we are assuming that (Z ) =0

ifp<gorg <0.

3 Special foliations along regular curves

In this section, we will consider a one-dimensional holomorphic foliation F
defined in P" such that its singular locus is the disjoint union of the irreducible
smooth curve C and some closed points p;. Moreover, F will be special along
this curve. Thus,

Our goal is to compute the numbers Z‘;:, BB,(F. pj) aswell BB,([F, C).
For an isolated singularity p the Baum-Bott residue can be defined in terms

of the Grothendieck residue as follows. Let I = (i, ....i,) withi; > 0 for
j=1,....n Let|I| =i +2i>+ ...+ ni, be the height of I. Forak x k
matrix M and r = 1,....k let ¢,(M) be the r-th symmetric function of the

eigenvalues of M, ie., c;(M) = trace(M), . ... ¢y (M) = det(M). For a multi-
index I set ¢(M) := (c;)"(c2)2---(c,)". Let z € C" be a system of local

Bull Braz Math Soc, Vol. 47, N. 3, 2016



892 GILCIONE NONATO COSTA

coordinates on P" defined on an open set U, such that p € U, and p =0 € C".
Since p is an isolated singularity. then for any z € U, \ {p}. there exists (at least
one) i such that f;(z) # 0, given in (2). Thus, let

afi
J(H@) = (af : (z))
~J 1<i,j<n

be the jacobian matrix of f(z2) = (f1(2), ..., f2(2)).
Then, the Baum-Bott indices for an isolated singularity p is defined in terms
of the Grothendieck residue as

1 ) N ]
2iv—1) Jr i@ fur) T

where R={ze€U,:|fi(d)|=ei=1,....nL|I[|=i1+2L+...+nip=n
for some small € > 0 with the orientation d(arg f1) A ... Ad(argf,) > 0.

BBw(fv P) = (

In order to calculate these indices, we make the blowup 7 : P" —s P centered
at C, and thus, we obtain an induced foliation jF on P" which has only isolated
singularities as well the exceptional divisor E as an invariant set. In this way, we
can assume that Sing(jﬁ) =1{q|.....q;}. We begin the proof of the Theorem 1.1
with the following proposition:

Proposition 3.1. Let G be a holomorphic foliation of degree k defined in P*
with singular locus Sing(G) = {q\, - . ., gr}, q; are isolated closed points. Then

> BB(G.q) =V,

j=1
_ . | _
where y, = ]_[?:1 y;’ with yj = 3 i, (’j.:.)(k — 1)~

Proof. Let us consider the virtual normal bundle vg = TP" — L where L is
the tangent bundle of G. By [1]. we have that

> BB,(G.q)) = [P el (vg) - ¢ (vg) -+t (vg)
j=1

where ¢;(vg) = Z;:O ci—j(TP") - C{ (Lg) = v;ih', h is the hyperplane class of
P". Therefore,

Y BB,(G.q) :/ yi oyl =y
i=1 L

because |I| =iy + 2is + ...+ ni,, = n. ]
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From Lemma 2.2, we calculate the Chern class of the invertible sheaf Lz, the
tangent bundle of the foliation F. Given that

Ly=a"Ly @ Op(LE)
where £ = m(F), we have
ci(Ly)=m"ci(Ly) +LE. 2
We need the following result in order to obtain the proof of Theorem 1.1:

Theorem 3.2. Let [ has degree k, and multiplicity ¢ at C; let C has genus g
and degree d; and let Sing(‘Flg) = {q1. ..., q1}. Then

{

> wFle. gy = ((2—2g>[1 FE+DHEFD o+ 1)”‘3}
i=1

+(€ + 1)"2[(2 -2+ D —m+ Dde + (k—1)d(n — 1)]-

Proof. See [4]. L]

Theorem 3.3. Let F has degree k, and multiplicity ¢ at C; let C has genus g
and degree d; and let Sing(‘F) = {pi, ..., pr}. Then

D BB(F. i) = vy +0,(F.O) (22)

i=1

where

(=2 — - p /
1y (F. €)= (1) ago[(n+1)d KO+ o jga,-(mgf]

with
Qj = [a}(g)(k_l)d+'61*j(E)((n_‘_l)d_x(C))+180,j(£)X(C)—€j71(H—I—l)d],
a0 = SLo[(7) — (7)]¢ e = Lo () — (7)),

ap =10 (O and fu;© =YL, [(175) - (779)e"

Bull Braz Math Soc, Vol. 47, N. 3, 2016
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Proof. Let us consider the virtual normal bundle vy = TP — r 7. From [1],
we have that

> BB,(F. P =fﬁ A wg) - (up) (23)
i—1 "

where ¢;(vy) = Z{:o cf(Tﬁ”) c (£ ). From (21), we obtain that

i— . .
Z ( )JT (,1 )(_E)jfifm i Ejfifm

= (—CE)Y ™ + (j = DA et (L) (—CEY ™ e T (L.

The expression for ¢; (Tﬁ") 1s obtained from (20). Given that C is an one-
dimensional variety, it follows that

f~ e (TP") - 7y (N) - e} (C) - (L) - EmP=PPifi— 0 (24)
PJ’I
if

2<Bi+ P+ B3+ ps<n—-1L

Therefore, fori > 2. we only need to focus on these terms,

(‘i(Tﬁ")-c{f(.L‘})=(—l)j1[(?:11)_ (nfl)} ey =i . EJ
SN (i g
+(—1)f[(f.l 2) ( 2)}51 el (N) - B4

i—2 1
rerl() ()
i 1

+n*(rf(TIP”)n*c{ ’(Lf)+...

}Vf ix*ei(C) - E7!

In the case where i = 1, we can concentrate in the following terms

(TP - ¢l (L ) =7 (TP") - el (L Y+ (=) 't (TP - EV7!
— (n=2)(j — (=0 ey (T) - E/
— (n=2)(=0)"El + ...
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Summing up the cases i =0, = 1 and i > 2, we obtain that

J
cjvp) = Y T (TP - 7]~ (L))
i=0

j
+ =Dy [Cl: 11) - (n R 1)}({)*’?51
i=0

i=0
(—l)fZJ:K? ) ( )} ()~ p*ey (N ET!
i=2 P
(—l)fi[(? ) ( )}(é)f pte(C)ET!
i=2 -
(=D e (TP - BV 4L (25)

for j > 2. Note that Z _oTF i (TP - Cl (L* ) =y 7*h/. For j = 1. we
have that

ci(vp) =" e (TP") + J’T*Cl(T;) —n=240FE =y7*h +o,(0)E. (26)
In order to simplify our notation, we will rewrite (25) in the following way
civp) =y h! + (=1 " (OET + (=178, E/ = + ..

where

§; =

j = (@ OT (LB (O p* et (N)+By j (O p e (TC) = e (TP)).

Now. to apply (23) we must calculate C;-j (v7). And for this, we get the bino-
mial theorem. Always keeping in our mind (24), the non-vanishing terms are to
concern with the following terms

vp) = yiah g )YVl ) B
(=D (O EIGs - BT 4
= /a4 (1) Ve (1) BT
+ (=D e )8 B L

Bull Braz Math Soc, Vol. 47, N. 3, 2016
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Finally, for j = 1, we have that
vy = [n*h + en (O EY
= ]/li':rr*hil + .+ g thleg (OE " + [a (O E]™.
Thus,

n
Hc;j(vf) = ]_[?:1 y}jn*h” + (=X ]_[';:1 af;-j - E"
j=1

n —_
R RV T P T Rl W ij in | pa—1
(=D E o 8jlay..ap ey | E
j=2

+ (—1)"ziiilylai'_ln*h[a;z .. .affi|E”l + ...

where «j 1=« (€). It follows that

n n .
[Te? ) =y + (~ 1" o, B — (—1)" Eia, Y Lo £
j=1 =Y
+ (—l)"*sza@l—lyln*hE"*I + ...
)
with @, ==& - - -al. Given that [, E" = [, ¢" ", from (18), we get

LSJ-E"‘ = szEﬂzz(—l)"fn*aj

C
= (=D"[e;(O)k = Dd + B ;(O)((n + Dd = x(C))
+ o (O x (C) — €~ (n + 1)d].

Therefore,

Aﬁz [T op = V¢+<—1>Zi’“¢{(”+”d_X(C”;Tlly‘d
j=1
-y I—j{a}(ﬁ)(k = Dd + B (O)((n + Dd — x(C))
=2 %

B0 (O (C) = (n+ 1)61} }

Then, we conclude that

Y BB(F. ) = v +n,(F. C). 27
j=l1

Bull Braz Math Soc, Vol. 47, N. 3, 2016
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Example 3.4. For sake of example, we expand the formula (27) for three cases
of our interest, that are, ¢ = ¢!, ¢ = c1cy—1 and ¢ = ¢,. Then, in the first case,
we have iy = n therefore,

Y BBa(F. 7 =i + (=D"a{ Oln + Dd = x(O)] + (=1)'ndyia} " ()
j=1
=y +n+Dd = x(O))n+€=2)" —ndy(n + £ — 21

In the second case, we have that iy = i,_y = 1 and i; = 0 for others cases.
Thus,

> BBeye, (F. Pj) = yiya—1 + a1(@an_1 (O (n + Dd — x(C)]
j=1

- al(f)[a,ﬁl(ﬁ)(k — Dd + Bra—1(O((n + Dd = x(0))

+ Boa1 (Ox(C) — € (n + l)d] + yiep—1(£)d.

But, a1 (f) = Z?;ﬁ(l + 07— A+ 0" B () = Z}?;é(l +0)7 —(1+

"2 4+ 072 and By (0) = Y1500 —3 — )1+ 07 — (14 £)"=2 4 12
which result that

r n—1 n—2
> BBF. P = +k>[2(n — DK +d(2(1 +0) (1 + e>"‘)]
j=1 i=0 j=0

—(n+e— 2){[(1 +0"2(1—0) — "2 [(n + 1d — x(O)]

n—3
— (k- 1)d(2(j + D467 — (=Dl +z)“)
j=0
n—3

- x(m(Z(n —3-HU+0 —1+0"? +£”2)
j=0

+ E"_2(11+1)d}.

forg = cicyp .

Bull Braz Math Soc, Vol. 47, N. 3, 2016
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In the last case, ¢ = ¢, that is, i, = 1, therefore

S WF. ) = v — (Ol + Dd — x (O] + () (k — Dd
j=l
+ BLaO)[(n + Dd — x(O)] + Boa()x (C) — " (n + 1)d.

But, vy =Y"_okl, an(£) = (1=O)(14+0)""", B () = (1=0)(1+0)" 4",
Bon(0) = Y0147 — (L4 0" 4 ¢~ It follows that

n

.
YwF =) K+ —2g)(1 +E+ D+ 1)"3)+
i=1 j=0
+ 0+ 1)"2((11 +Dd(e* —6)—2 — 200> —(k — Dd(né —n +2)).
Therefore, this result agrees with the result of [4] when ¢ = c;,.
Example 3.5. Let F be a one-dimensional holomorphic foliation of degree

k > 2 on P, defined on the affine open set Uy = {[&;] € P*| & # 0} by the
vector field

k 3
y k—
Dy = (Lasd )72
j=0

(Zaz; g ’f’)a’_ (Z AT AR @ ))

where z; = & _1/& and R;(2) =ryj + Z?:l ri,j - i are affine linear functions
for0 <j <k—1.

Let C be the curve defined by & = & = 0 which is the curve of singularities
of F and we blowup P? along it. We will assume that the polynomial ¢;(¢) =
ZI; 0@ ¢’ do not have any common root for i = 1,2. This hypothesis is
fundamental in order to [f be special along C. Thus, t =k — 1, X(C) = 2and
d = deg(C) = 1. Therefore, in the open U1 with coordinates u € C* such that

o(u) = (uy, uytty, uz) = (21, 22, 23) € C (28)

the induced foliation F is described by the following vector field

3 9
Dy = — — —
7 ul(pl(uz)aul + [@2(2) — gy (u2) ] .

~ d
+ [ro(u2) + usrs(uz) + R(”)]_au
3

Bull Braz Math Soc, Vol. 47, N. 3, 2016



BAUM-BOTT INDICES FOR CURVES OF SINGULARITIES 899

k—1 1 . ~ . .
where ri(itr) = ijo rij ué and some function R which is null on the excep-

tional divisor. It is not hard to see that, in the affine open set U, the foliation 7.
when restricted to the exceptional divisor E, which is given by u, = 0, has k + 1
isolated singularities, namely, El,j ={[0:0:8;:1]x[g : 1]} where {jisa
root of Y (1) := @a(t) — t@i(1) and B; = —ro(¢;)/r3()) for j =1,... .k + L
In these points, the eigenvalues of the linear part of Dz are A}‘j = ¢1(&j),
M=) and 3 ;= r3(Z)).

After the change of coordinates, for the affine chart & # 0, with coordinates
X1 =21/23, X2 = 22/73 and x3 = 1/z3, F is described by the vector field

2 k 3
N 9 9
_ k= _ ol
Dy = 2 ( E ap jx xz)aa E .xig(.x)—aa
i=1 ]:D i=l
where g(x) = Z; 0 "1 71xi"[r0,]-x3 +rijxi x4 13l

Again, with the same relations(28), i.e., o (u) = x € C*, we get the expression
for D,

Dy = uilgi(ur) — 5(!«!)]%[1 + !ﬁ(uz)% - 1435(11)%

where 8(u) = usrg(iy) + i (ta)ity + tyitaia(Us) + r3(us).
Therefore, }’V has additional 2k + 2 isolated singularities. Namely, p, ; =
(0:0:1:01x[g;: 1and psj = [vj : ¢jvj : 1: 0] where v; = %
forj=1,....k+1. Then, F has 3(k+1) isolated singularities in P, counted

with nmltiplzcrfres.

The eigenvalues of the linear part of Dy at Pa,j are }Li,j = @1(&;) — r3(g;),
)‘%,j = Y'(¢;) and )L3 = —r3(¢;) while the eigenvalues at p3 ; are )L_%,j =
_(§01(§j r?((})) )\%j — I}ff(é"])aﬂdl%“’ (ﬂl(f,'])

Then, given that

3

3
Y BB(F.Pij) =27, BBy (F. pij) = 12.V),

i=l i=l

we obtain
3 k+1 3 kI
YD BBA(F. i) =27+ 1)) Y BBy (F.pij) = 120k + 1)
i=1 j=I i=1 j=1
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and
3kl

3kl
Z Z Be,(F.Pij) =YY n(F.pij)=3k+3.

i=1 j=1
These results agree with the number obtained by Theorem 3.3, as shown in the
last example, taking ¢ =k — 1, g =0andd = 1.

Corollary 3.6. Let ‘F has degree k, and multiplicity € at C, let C has genus g
and degree d. Then

(i) Y51 BBy(F. pi) = vp + 1,(F. C©) = X5 BB,(F. ).
In particular, Z‘::l w(F, pi) = Z?:O kK +v(F, C);

(i) BBy(F.C) = —ny(F.C)+ X 5,00 BBy(F, B)).
In particular, u(F, C) = —v(F, C).

Proof. Just note that

> BB,(T.p)=Y BB,(F.p)— Y BB,(F.p)

i=1 i=1 ek

because 7 is an isomorphism away for C, Y| BB,(F, p;)+BB,(F.C) =y,
and recall Theorems 3.2 and 3.3 and Example 3.4. U

4 A method to compute Baum-Bott indices

In this section, we will introduce a method to calculate the Baum-Bott indices.
This procedure is quite effective when the singular locus of the foliation has
more than one curve. As consequence, we obtain the proof of the Theorem 1.1.
In order to do it, we need the following result:

Proposition 4.1. Let T be a holomorphic foliation defined in P" withn > 2.
Assume that exists a regular curve C invariant by F such that Sing(‘F) N C =
{g1.....q}. Then,

!
D uFogqp) =k =1d+2—=2g = —=v(F, Ol
j=1
where deg(C) = d and g is the genus of C.
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Proof. Let us consider the normal virtual bundle vy = TC — L. Then,

ZM(JF qj)—fcl(UT)

j=I
where ¢ (vy) = (TC) + ¢ (L}). Therefore, follows the result. O

Now, if the singular locus X contains r disjoint curves C; then we can admit,
reordering if necessary, that £; := multg, (Jraf) >1fori <a<rand{; =0
S \TTe
fora <i<r.

Lemma 4.2. Let ‘T be a one-dimensional holomorphic foliation on P*, n > 3,
of degree k, such that its singularlocus is the disjoint union of irreducible curves
Ci, .... Cy and closed points py, ..., ps. Assume each C; is either smooth, or
a singular scheme theoretic complete intersection; and also a non-dicritical
component of Sing(F) for 1 <i <r.

Then there exists a one-parameter family of holomorphic foliations by curves
denoted by F; defined in P" witht € D(0, €), for some € > 0 sufficiently small
such that

(1) Fo = F and deg(F;) = deg(F). Vi € D(0, €);

(i) Sing(‘F;) = UL Cl U {q]. ..., q‘; }, where C! is a regular irreducible
projective curve such that deg(C;) = deg(C}) and q; are closed points

fort #0;

(1) Fy is special along Cf with multEC; (n(ﬁ:f,) = multECi (Jraf), fori <
a<r;

(1v) Cl{ is an invariant set of F; fori > a, that is, if {; = multgq (naf) =0;

(v) Let Yy = P" and {715}?21 be the sequence of blowups n'f Y, = Y
centered at C! and E' = (x!)~'(C!) be the exceptional divisor of each
blowup. Then

ZBB (F. pj) = y¢+Zn¢(f C)—hmZ > BB.(F.q

J=i i= lllmquEr

.
—lim > Y BBu(Fi.q)

i=a+1lim q} eCt
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where T is the foliation induced by F; via i}, the singular locus off, is
Sing(fy) = {Zf; j=1,....5} 2;7'; are closed points. In particular,

Zu(f, pi) =Y K+ v(F.Cp)— A
i=0 j=0 j=1

where A; is the number of embedded closed points of C;, counted with
multiplicities.

(vi) If £; = 1 then

BBW(fsCi):—ﬂgp(jj,C,‘)-l-rli_r)%[ Z BB(,;(_ﬁﬁ})]

lim 7', € E{

Ift; =0 then

BBW(T,CI-)=115%[ > BBga(f;,q})]

lim g’ eCt

Anyway,
M(:’Fs C) = —V(:F, C,‘) +.ﬂ,‘,Vf = 1, R

Proof. As before, we will begin our analysis with the case where the singular
locus of ‘F contains only one curve denoted by C. In an affine standard chart
of P", C is given as the zeros of the polynomials fi. ..., fy_;. Let p € Cbe a
regular point of C and z € C" be the holomorphic coordinate such that z(p) = 0.
There exist a neighborhood U of 0 € C" such that C N U is a regular curve.
Let us consider the vectorial polynomial function

G(2) = (f@..... fim1(D).

Without loss of generality, we can admit Det(M) # 0 where M is the jacobian
matrix of G relatives to variables 7, .. .. Zn—1 in the neighborhood U; of 0 €
C"!. Shrinking U, if necessary, we can admit the holomorphic function F(z) =
(G(z). zy) is alocal biholomorphism in U C C" onto an open set V C C” such
that the image of U N C by F is the w,-axis restricted to V. In this way, we may
fix coordinates w = F(z). Thus we describe the push-forward F,.F in V, as in
(4), by the vector field

; (29)
Wy

d
Dr,y = P1(w)m + o4 Pr(w)
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where
Piw) = D wi' iy P (w) (30)
lal=m;
where @ = (aj, ....a, 1), with at least one P;, not vanishing in the w,-axis,
1.e, m; = multe (P;). The foliation ‘F is given by the polynomial vector field
Dy = 01(2) ’ +.o+ On(2) ’
FxIs az T w,

where Q(z) = (Q(2), ..., Qn(z)) are obtained by the system P o F(z) =

DF(z) - Q(z), with P = (Py, ..., P,) and D F (z) is the jacobian matrix of F.
Solving this system by the Cramer’s rule, we obtain that
Det(A))
Qi(z) = 1
Det(M)

where one gets A; replacing the i-th column of DF by the vector column
P o F(z). In particular,
P, o F(z) -Det(M)

0.(2) = Det(M) = P, o F(2).

Therefore, after the normalizing by the factor Det(M), one may describe f in
U by the following vector field

n—1 P
Dy = Det(A;() 5= + Py o F(2) - Det(M)

i=1

a

9z,

(3D

As all the components of D ¢ are polynomials, using Hartogs™ Extension Theo-
rem, we can consider D ¢ defined in C".

Let C; be the projective closure of the common zeros locus of the polynomials
fi +1th; withdeg(h;) < deg(f;) forl <i < n—1, which assures that deg(C;) =
deg(C). So we may adjust the g; and find ¢ > 0 sufficiently small such that
C;NC" isregular for 0 < |f| < €. See [4] for more details. And we may shrink ¢
even more in order to have y (C;) = x(C)+ Zf-:, (b; —1)(ct. [10]). As was done
for a regular point of C, let w = F,(z) = (G,(2), z,) be a local biholomorphism
where G,(z) = G(2) +t(hi(2), ..., hy1(2)). Thus, the image of C, N C" by
F; is the w, — axis. Let G, be a holomorphic foliation by curves described by
the vector field

n—1

J ]
Dg, = ) Det(AL(2) 5= + Py o F(2) - Det(My)
i=1 “l

32
Zn 2)
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where (32) is obtained from (31), replacing f; by fi 4+ th;. By construction,
F = Go, C; C Sing(G;) and deg(_'f) = deg(g,) for all 7.

Let ‘F; be the one-parameter family of holomorphic foliation defined locally
via its push-forward (F;). (f;) as follows

, é 0
D,y = Dirpeg, +1 Z;gi(w)ﬁ (33)
=
where g;(w) = Zlalzq,‘ w‘f1 ---ulz':_llgi,a(ul), with g;, are constants for

1 <i<n-—1 guaw) =roa+ Y riqw; are affine linear functions and
qi = multe(g;) such that

Gi=r=...=qui=qu+1=0+1 (34)

The behavior of C; in relation to f; varies to according to £ = 0 or not. To be
more precise, if £ > 1 then, by (33) and (34), the curve C; is contained in the
singular locus of f; since D, (r,) is identically zero on the w,-axis. But, if
€ = 0 then C; is an invariant set by F; because D r,),(r,). when restricted to the
wy-axis, has the following form 7 (ro,0 + ry.owy) % since g, = 0.

Firstly, we will assume ¢ > 1. Adjusting the functions g; and shrinking
€, if necessary, we can admit that ‘f; is special along C; and Sing(}}) =
CiUlgl, ... q;} where each ¢/ is a closed point. By construction, deg(‘F) =
deg( ;) and multe(7*F) = multe, (7, (F;)) for all ¢ such that 0 < || < €
where 7, is the blowup of P" centered at C,. Moreover, the functions ¢; and h;
are chosen in order to deg(‘f) = deg( ;). Thus, F; satisfy the items (1), (i1) and
(111) of the Lemma.

If F is special along C, then

S uCF.p) =3 uFi b
i=1 i=I

for r sufficiently small, that is, C has no embedded points (cf. [4], Lemma 4.1).
Consequently, by [2], we have that

5
D BB(F.py=lim > BB,(Fi.q).
i=l limg! ¢E,
Or equivalently, by Theorem 3.3,
8
D BBy(F.p) =y, +n,(F.C) —lim > BB,(Fi.G).
i=l lim g} €E;
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But,

: T oy T o~ . T oot
lim > BB,(Fi.g") =lim > BB,(F,.G") +1lim > BB,(Fr. 3"
limg; ek, gleE; qieA

where A, = {q! € E,|lim;_q] € E,}. In particular, for ¢ = ¢,, by Theo-
rems 3.2, 3.3 and Corolary 3.6, we have

Zu(iﬁ pi) = Z BB (F.p)=) K +v(F.C)—A

i=l1 i=1 i=0

where A is the number of embedded closed points of C, counted with multiplicity.
Theretore, F; also satisty the item (v) of the Lemma when £ > 1. Now, in order to
verify the item (vi) is enough to observe that >~ BB, (F, pi)+>_ BB,(F,C) =

Ve (cf. [3], pg. 103).
Now, let us consider the case which £ = 0. From (33), we have

n
3]
Dy = Dipyg +1 Zgi(w)—aw_
/i

i=1

where g; (w) = Z';;} gijwiforl =i <n—1landg,(w)=r,o +Z;l.:1 Fa jWj.
Thus, the w,-axis is an invariant set by (F;).(F;) which implies ; has C; as an
invariant set. Again, adjusting the functions g; and shrinking € , if necessary, we
can admit that Sing(f,) ={q!..... q;'}, that is, the singular set of F; consist
exclusively by closed points. Therefore, J; satisfy the items (i), (ii) and (iv) of
the Lemma. By [2], we have that

BB,(F.C) =1l BB,(Fi. q}).
o(F.Cy=lim ¥ BB,(F:.q/)

lim ¢! eC

Thus, by Proposition 4.1, there exits —v(Fy, Ci)ls—o = x(Cr) + (K — 1)d =
x(C) — Z';-Zl(bg — 1)+ (k—1)d = —v(F, C)|i=o isolated singularities of J;
in C;. Therefore,

BB, (F.C)=u(F.C)=—v(F.C)+ A.
where A is as before. As consequence,
s
Zl BB,(F. pi) =y, — lim Hm%ﬁ BB, (F:.q)).
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In particular,

Z W(F. pi) =) BB, (F.p)=) K +v(F, C)— A

i=l i=1 i=0

Thus, ‘F; satisfy the items (v) and (vi) of the Lemma, in the case which ¢ = 0.
Now, we will suppose that exist others curves in Sing(F), namely, Cy, ..., C..
Let Fi(z) = F| o...F!(z) be the composition of biholomorphism F! such that
the image of C! by F{o. .. F!(z) isjust the w’ —axis in some coordinate system
w’ € C". Thus, we apply the same steps of the case where Sing(F) has a unique
curve. Then, with the sequence of blowups {7/}, we just apply successively the
proof of Theorem 3.3 noticing that E! - E;- = 01if i # j because the curves C;
and C; are disjoint. U

Example4.3. Let F be a one-dimensional holomorphic foliation in P?, of degree
k, defined in the open affine set Us := {[£] € P3|& # 0} by the vector field:

3k
)
Dy — L

i=1 j=0
where x; = & _1/&, fori = 1,2,3. Given that codc(Sing/F) > 2, we can
admit that the three polynomials ¢;(¢) = ZLO a; i’ do not have any roots
in common. Eventually, ¢ and @, may have some root in common. The curve
C c PP defined as &y = & = Qis contained in the singularlocus Sing(‘F). Thus,
we have that £ = multe(nfF) =k —1>0, x(C) =2andd = deg(C) = L.

We will begin our analysis with the case which ¢ = 0. By the Lemma 4.2, let

G, be a family of foliation given in Us as follows

Dg, =Dy +1(do + d1-¥3),i

(}X3,

for some non-null constants dy and d,. Thus, for t # 0, we have Sing(G,) =
{gi,1 < i < 4) where g =10 : 0 : (=dy) : dil. g5 =1[0:0:1:0]
q_{ = luy : quuy = 1 : 0] and qu = [ua : couy = 1 : 0] where g; are the root of
the quadratic equation 2(¢) —cpi(¢) = 0and u; = (¢i(g;) — tdy) /ws(g;) for
i = 1,2 Then, ¢1(¢;) =0 ifonlyif limy_ou;(t) = 0. Therefore, C will have a
one embedded closed point if ¢, and @, have a root in common. Consequently,
C has at most one point in this situation.

If 91(¢) and p2(<) have distinct roots which is equivalent to

[ajjan — apanl #0 then BB (F,C)=—v(F,C)=2.
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Furthermore, the eigenvalues {.;} of G; at q| are », = M, Ao

M and Ay = td) with A = (a| — a»)* + 4a»ay, while the eigenval-
ues {u;} at qg are jiy = Ay — tdy, 4y = hy — tdy and 3 = —r3 = —td,.
Consequently,

BB (F.C) = }E[BBC;(GI, 1) + BB:(G;, 95)}

(b + ) (A1 + 22)?
— 55 + 12
2202 Ma

BBC}(‘Q (.T! C) = }113(1] [BB(‘]C‘Q(JH qi) + BB(’](‘Q(GH q;)}

A A
=8 422l 40222
oA

In [2], Suwa and Bracci considered the foliation T, described in Us as follows

Do Dy
Fr =4 3X| XI 3.¥2 2 am '

As given in Lemma 4.2, let H, be family of holomorphic foliation described
as follows

o 0 d
Dy, =Dy, +t| axy— + bxo— + (do + dyx3) —
dx, aXz aX3
with non-null constants dy, dy, a and b such that a # b. The singularities of H,
are p| = qi. p5 = ¢q5 py =lur : cuuy = 1 : 0land pi = [us = couy = 1:0]
where u; = (1+arg; —1tdy)/g;, ¢; are the root of the quadratic equation

tac* + (1 —bt)y¢c — 1 =0for j = 1.2. Thus,
at(1+1b — /Ay) —2ad,t? 7 at(l +1tb + A)) — 2ad,1?
= and u> =

Ui 2
—(l—fb)—\/Al —(l—fb)-l—\/Al
with Ay = (1 — tb)2 +4at. But, in this time, lim;_,¢ pg = pr, € C, thatis, C has

one embedded closed point. Consequently, jL1(F,C) = —v(F.,C)+ 1 =3 and
more generally,

3
BB,(F1.C) =Tim > BB,(H,. p}) =y, —lim BB, (H,, pl).
j=1

Bull Braz Math Soc, Vol. 47, N. 3, 2016



908 GILCIONE NONATO COSTA

Aslim;_o p) =[1:1:1:0] we obtain
lina BB(.{ (H,, py) =27, lir% BB e, (Hy, pi) =9.
[— —>

Therefore, BB(_.? (Fi,C) = Vo3 — 27T =3Tand BBeoy,(F1,C) = Veyen — 9 = 15.

Now, we will consider the case which £ > 1. As before, let ‘Fy be the family of
holomorphic foliation given also in Us by the vector field

‘ 9
Dy, = 1)_.,r+thj(_:c)E
i—1 A

where
k
hi(x) = Zh,-,jxf_]xi, fori=12
j=0

and

h;(x)—Zx" =L (o 41 ).

The polynomials hy and h, are chosen so that the singular locus of ‘F;, when
restricted to Us, consists only of the x3-axis.

After the change of coordinates, in the affine chart U, = {[£] € P3|, & # 0},

with coordinates uy = x1/x3, ur» = x2/x3 and uy = 1/x3, we have that

ZZ[(J” + th”]u1 L£2 Zu

i=1 j=0

k—j—1 j
wheieg(u)_zj 0“31“1 4] +IZ] Uk ul(ro jus + 1)

In the open set Ul with coordinates ¢ € C3 such thato (¢) = (1. €162, ¢3) =
(uy, wa, uz), we get

d
Dz = §1{§01(§2)+rhl(§2)—W(§)] e

0 d
+ [(tﬂz(gz) — 691(52)) +1(ha(c2) — §2h1(§2)):|a— - GY(c)—
S 953

k k—1
where hi(g2) =Y hijsi and ¥ (c) = Gras(ca) +1 Y (r0;63+r1;)c;.
j=0 j=0
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The singular locus of 'F;, fort # 0, consists of the closed points p! = [u} :
clul o 1: 0] where

. @i1()) +thi(g)) —1t Z";;é) (&
B oa(t))

i

which ¢} are roots of (¢2(&) — ¢@1(£)) +t(ha(¢) — ¢hi(¢) = 0 for j = 1,
...k + 1. Therefore, lim;_ou; = @(&)/@3(&i), with & = lim;_q¢/. Con-
sequently, p; = lim;_.o p! is an embedded closed point of C if only if ¢1(&;)
= 0, e, if ¢; is a roof of ¢ (¢) and ¢>(¢) simultaneously. It follows that C
has at most k embedded closed points. Furthermore, given that —v(F, C) =
k* + k* we obtain that

K4+ <u(F.C) <k +k +k

or equivalently Sing(F) has at least one isolated closed point for all k = 1.
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