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Abstract
Quantum mechanics forbids deterministic and error-free discrimination of nonorthogonal quan-
tum states in a single-shot measurement. Due to this fundamental limitation, many strategies
were devised to optimize the task and later became fundamental tools for quantum information
processing. Most of these strategies involve outcomes that can be correct, incorrect, or incon-
clusive in identifying the state. Our work focuses on a general optimized measurement scheme
that minimizes the error probability under the constraint of a fixed rate of inconclusive out-

comes (FRIO). The optimal FRIO measurement is general in the sense that it encompasses other
fundamental strategies as particular cases: at zero inconclusive rate, it reduces to the minimum-
error (ME) measurement; at a critical inconclusive rate, it corresponds to optimal unambiguous
discrimination (UD) for linearly independent states or to optimal maximum-confidence (MC)
measurement for certain linearly dependent states. Between these two extremes, FRIO balances
error and inconclusive rates, outperforming ME and UD/MC in their respective limitations.

In this thesis, we explore the theoretical, experimental, and fundamental aspects of the optimal
FRIO measurement applied to the discrimination of N equiprobable symmetric pure states in
any dimension n ≤ N , a family of states of particular interest in quantum communication.
On the theoretical side, we first derive analytical solutions for the strategy in this scenario.
We then introduce a concatenated FRIO scheme, in which the remaining information from
inconclusive outcomes is recovered via ME measurement (for n > 2), thereby increasing
the overall probability of correct identifications compared to the standard scheme. On the
experimental side, we present an optical implementation of the optimal FRIO measurement for
N = 2, 3, 5, and 7 states of a qubit (n = 2) encoded in photonic spatial modes. In addition to
successfully demonstrating the FRIO strategy and its extreme cases (ME and UD/MC) for a
qubit, we show that our setup can be straightforwardly extended to qudits (n > 2). Finally, on the
fundamental side, we investigate two distinct aspects. First, we characterize quantum coherence
as a resource underlying both standard and concatenated FRIO measurements, and show that
this approach has practical applications, particularly in secure quantum communication. Next,
we derive entropic wave–particle duality relations for uniform N -path interferometers with
symmetric which-way detector states, showing that the ME measurement yields the tightest
bound, followed by concatenated and standard FRIO. We further show that the relation is
saturated at nontrivial points only when the number of paths is non-prime, and identify the
corresponding detector states. Our results bring theoretical and experimental advances to the
field of quantum state discrimination and emphasize its importance from both practical and
foundational standpoints.

Keywords: Quantum state discrimination · Fixed rate of inconclusive outcomes · Symmetric
states · Photonic implementation · Quantum coherence · Wave-particle duality



Resumo
A mecânica quântica proíbe a discriminação determinística e sem erros de estados quânticos
não ortogonais em uma única medição. Devido a esta limitação fundamental, muitas estratégias
foram concebidas para otimizar a tarefa e posteriormente se tornaram ferramentas fundamentais
para o processamento de informação quântica. A maioria destas estratégias envolve resultados
que podem ser corretos, incorretos ou inconclusivos na identificação do estado. O enfoque do
nosso trabalho é um esquema geral de medição otimizada que minimiza a probabilidade de
erro sob a restrição de uma taxa fixa de resultados inconclusivos (FRIO). A medição FRIO
ótima é geral uma vez que engloba outras estratégias fundamentais como casos particulares: a
uma taxa nula de inconclusivos, reduz-se à medição de erro mínimo (ME); a uma taxa crítica
de inconclusivos, corresponde à discriminação sem ambiguidade (UD) ótima para estados
linearmente independentes ou à medição de máxima confiança (MC) ótima para certos estados
linearmente dependentes. Entre estes dois extremos, o FRIO equilibra as taxas de erro e de
inconclusivos, superando o ME e o UD/MC nas suas respectivas limitações.

Nesta tese, exploramos os aspectos teóricos, experimentais e fundamentais da medição FRIO
ótima aplicada à discriminação de N estados puros simétricos equiprováveis em qualquer di-
mensão n ≤ N , uma família de estados de particular interesse em comunicação quântica. Do
ponto de vista teórico, derivamos soluções analíticas para a estratégia neste cenário. Em seguida,
introduzimos um esquema FRIO concatenado, no qual a informação remanescente dos resultados
inconclusivos é recuperada através da medição ME (para n > 2), aumentando assim a probabili-
dade global de identificações corretas em comparação com o esquema padrão. Do ponto de vista
experimental, apresentamos uma implementação óptica da medição FRIO ótima para N = 2, 3, 5
e 7 estados de um qubit (n = 2) codificado em modos espaciais fotônicos. Além de demonstrar
a estratégia FRIO e os seus casos extremos (ME e UD/MC) para um qubit, mostramos que a
nossa estratégia pode ser diretamente estendida a qudits (n > 2). Finalmente, do ponto de vista
fundamental, investigamos dois aspectos distintos. Em primeiro lugar, caracterizamos a coerência
quântica como um recurso subjacente às medições FRIO padrão e concatenada, e mostramos que
esta abordagem tem aplicações práticas, particularmente na comunicação quântica segura. Em
seguida, derivamos relações entrópicas de dualidade onda-partícula para interferômetros unifor-
mes de N caminhos com estados simétricos detetores de caminho, mostrando que a medição ME
produz o limite mais restritivo, seguido de FRIO concatenado e padrão. Mostramos ainda que a
relação é saturada em pontos não triviais apenas quando o número de caminhos não é primo,
e identificamos os estados correspondentes do detector. Os nossos resultados trazem avanços
teóricos e experimentais para o campo da discriminação de estados quânticos e enfatizam a sua
importância dos pontos de vista prático e fundamental.

Palavras-chave: Discriminação de estados quânticos · Taxa fixa de resultados inconclusivos ·
Estados simétricos · Implementação fotônica · Coerência quântica · Dualidade onda-partícula
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Introduction
The problem of quantum state discrimination was introduced in the late 1960s and consists of

designing a measurement strategy to optimally determine in which state a quantum system was

prepared, given a set {ρ̂j} of possible states with associated a priori probabilities {ηj} [1–3].

If formulated in terms of a sender that transmits a message built from the “alphabet” {ρ̂j} to

a receiver that extracts it through measurements, we see that this problem is the essence of

quantum communication [4, 5]. Furthermore, as it encompasses the measurement process in

quantum theory, it naturally underlies many applications in quantum information processing and

quantum foundations [6, 7].

When the quantum states are not mutually orthogonal, quantum theory forbids perfect

discrimination between them. In this case, each discrimination strategy optimizes a different

figure of merit to manage errors or inconclusive outcomes [6–9]. In the pioneering minimum-

error (ME) measurement, each outcome is used to infer the received state and the average error

probability is minimized [10–12]. On the other hand, the optimal unambiguous discrimination

(UD) strategy enables error-free identifications of linearly independent states, with inconclusive

results in a minimum fraction of trials [13–17]. More recently, a strategy analogous to UD was

conceived to discriminate linearly dependent states. In the optimal maximum-confidence (MC)

measurement [18], one maximizes the probability P (ρ̂j|j), taken as our confidence in associating

outcome j to state ρ̂j , and minimizes the rate of inconclusive results.

These state discrimination strategies were shown to be extreme and particular cases of

a more general optimized measurement scheme in which the error rate is minimized under the

constraint of a fixed rate of inconclusive outcomes (FRIO). The optimal FRIO strategy was

proposed in Refs. [19, 20], and shown to be a scheme that interpolates between ME and optimal

UD measurements. Thereafter, recent works also show that it interpolates between ME and

optimal MC measurements when the maximum confidences are the same for all states in the

set [21, 22]. In addition to generalizing fundamental discrimination strategies, the optimal FRIO

measurement is useful in practical situations. For instance, in a quantum communication scenario

where the error and the inconclusive rates must be kept below the levels set by the ME and

optimal UD/MC strategies, respectively, the FRIO measurement provides a tunable strategy

that balances these rates within desired bounds. Examples of the application of FRIO in this

context were given for protocols like quantum teleportation [23] and dense coding [24] with

nonmaximally entangled states.

In addition to theoretical progress, several experimental implementations have been
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carried out over the years. Taking into account only discrete spaces, all extreme discrimination

strategies were experimentally demonstrated for two-dimensional quantum states (qubits). This

includes implementations of the ME measurement for sets of two [25], three, and four [26] states,

optimal UD for sets of two states [27, 28], and optimal MC for sets of three states [29]. For

higher-dimensional states (qudits), demonstrations of ME [30] and optimal UD [31,32] strategies

have also been reported. The optimal FRIO strategy has only recently been implemented for

the discrimination of two nonorthogonal qubit states with arbitrary a priori probabilities [33],

and for sets comprising up to seven equally likely qubit states [34], as described in this thesis

(Chapter 3).

In general, optimal measurements for quantum state discrimination are based on posi-

tive operator-valued measures (POVMs). For optimal FRIO, the corresponding POVM can be

implemented in an assisted manner by coupling the main system to an auxiliary one (ancilla)

and measuring both. This approach decomposes the measurement into two steps [23, 35–38].

First, an optimal state separation quantum map probabilistically modifies the distinguishabil-

ity of the input states, yielding either more distinguishable outputs—with maximum success

probability—or less distinguishable ones—with minimum failure rate. Then, a ME measurement

is applied to discriminate the successful outputs, while the failure outputs are discarded, yielding

inconclusive outcomes.

Interestingly, for qudits, the failure outputs often still carry useful information about the

inputs, opening the possibility for further discrimination attempts. In this context, the procedure

described above—where failure outputs are discarded—will be referred to as standard FRIO.

In contrast, the scenario in which failure outputs are further discriminated using a suitable

strategy will be called concatenated FRIO. Recovering information otherwise discarded in

the standard approach has been shown to improve quantum communication protocols such as

teleportation [39], entanglement swapping [40], dense coding, and quantum key distribution [24].

Recently, the concatenation between optimal UD and ME was experimentally demonstrated [41].

Despite the relevance of quantum state discrimination in quantum information science

and quantum foundations, analytical solutions for the optimal measurement strategies discussed

above remain scarce and are known only for a few specific scenarios. Among the analytically

solvable cases, a notable example is the set of N symmetric, n-dimensional pure states (N ≥
n ≥ 2), prepared with equal a priori probabilities (i.e., ηj = 1/N for all j). This family

admits exact solutions for ME [42], optimal UD [43], MC [37], and FRIO [21] measurements,

making it a valuable resource for many applications in quantum communications (see, e.g,

[23, 24, 39, 40, 44–48]). In this thesis, we explore the theoretical, experimental, and fundamental

aspects of the optimal FRIO measurement applied to the discrimination of such sets of symmetric
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states. The work is divided into two parts organized as follows:

Part I – Theory and experiment

Chapter 1 presents a review of the most important aspects of projective and generalized quantum

measurements that will be useful for the subsequent developments in the thesis. We then revisit

the ME, optimal UD, and FRIO strategies applied to the discrimination of two nonorthogonal

qubit states prepared with arbitrary a priori probabilities, providing physical insights into the

problem.

In Chapter 2, we introduce the family of equally likely symmetric states and revisit the

known analytical solutions for their discrimination via ME and optimal UD/MC strategies. Next,

we address the optimal FRIO strategy as a two-step process: first describing the state separation

map and then combining it with the ME measurement. This construction provides a physical

implementation of the strategy and enables the derivation of an analytical expression for its

figure of merit. Finally, we introduce the concatenated FRIO strategy, in which the information

contained in the failure outputs is recovered via ME, and show that this enhances the overall

probability of correct identifications.

In Chapter 3, we explore the physical implementation of the optimal FRIO measure-

ment developed in the previous chapter and apply it to the experimental discrimination of N

nonorthogonal qubit states, for N = 2, 3, 5, and 7. The qubit states are encoded in photonic

spatial modes, while polarization serves as an ancilla. These degrees of freedom are coupled via a

spatial light modulator to assist in the state separation process. We show that, within experimental

uncertainty, the error rates are minimized as the inconclusive rate is varied from zero to a critical

value. Finally, we discuss how our setup can be straightforwardly adapted to implement the

FRIO strategy for qudits.

Part II – Fundamental aspects

Chapter 4 addresses the role of quantum coherence, defined with respect to POVMs, as a resource

for implementing the standard and concatenated FRIO measurements introduced in Chapter 2.

We show that, in the state separation stage, the POVM coherence decomposes into contributions

from the ancilla’s coherence and the system-ancilla quantum discord, highlighting coherence as

a more elementary resource than quantum correlations. We further demonstrate that the total

coherence required for both standard and concatenated FRIO strategies splits into contributions

from the separation and ME measurement stages, each weighted by their respective probabilities,

thus leading to a higher coherence cost in the concatenated case. Finally, we interpret these

results in the context of secure quantum communication.
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In Chapter 5, we investigate wave-particle duality relations for a quantum system travers-

ing an interferometer with N equally probable paths, where each path is tagged by a symmetric

state of a quantum which-way detector. By characterizing the wave aspects through the system’s

coherence and the particle aspects via the mutual information obtained from detector-state

discrimination, we employ the strategies introduced in Chapter 2 to derive entropic duality

relations between these quantities. Our analysis shows that the ME measurement yields the

tightest bound in the relation, followed by the concatenated FRIO and standard FRIO strategies.

We further show that the relation is saturated at nontrivial points only when the number of paths

is non-prime, and identify the corresponding detector states responsible for this behavior.

As each Chapter from 2 to 5 ends with a “Summary and outlook” section highlighting

its specific contributions and perspectives, in the final chapter, Conclusion, we present our

concluding remarks, integrating the overall findings of this thesis and outlining possible directions

for future research.



Part I

Theory and Experiment
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1 An introduction to quantum state discrimi-
nation

“Of the beginning, of the beginning.”

Tomorrow Never Knows, The Beatles

This chapter introduces the basic aspects of the quantum measurement process and its application

to the discrimination of nonorthogonal states, laying the groundwork for the problems explored

in the following chapters. We begin by reviewing projective and generalized measurements,

including Naimark’s extension theorem as an approach to implement the latter. We then present

a formal proof of the impossibility of perfectly discriminating nonorthogonal quantum states,

highlighting the fundamental limitations imposed by quantum mechanics. Finally, focusing on

the discrimination of two pure qubit states prepared with arbitrary a priori probabilities, we

revisit the main optimal measurement strategies.

1.1 Projective and generalized quantum measurements

Measurement is the fundamental process by which information is extracted from a quantum

system. It is therefore a key element for both understanding quantum theory and developing

quantum technologies. In this section, we provide an overview of the definitions and basic

properties of projective and generalized measurements that will be useful for the discussions

presented in this thesis. For more details about quantum measurement theory, see Refs. [49, 50].

1.1.1 Projective measurements

A projective measurement can be defined as:

Definition 1.1. A set of operators {π̂k, k ∈ S} acting on a Hilbert space H, with S representing

the set of all possible outcomes of the measurement, corresponds to a projective measurement

if: (I) π̂k is positive semi-definite (π̂k ≥ 0), which implies that it is also hermitian1
(
π̂k = π̂†

k

)
;

(II) the set satisfies the completeness relation
(∑

k∈S π̂k = Î
)
; (III) π̂k is pairwise orthogonal

(π̂kπ̂ℓ = δkℓ), which implies that it is also idempotent (π̂2
k = π̂k).

1 An interested reader may solve the exercise 2.24 of Ref. [50].
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For an arbitrary quantum state ρ̂ ∈ B(H), where B(H) is the space of bounded linear operators,

the probability of obtaining the outcome k when implementing this measurement is given by

pk = Tr(π̂kρ̂), (1.1)

where Tr denotes the trace. Properties (I) and (II) provide the necessary conditions for pk to be a

probability: the former implies that it is a real nonnegative number, and the latter ensures that∑
k∈S pk = 1. Property (III) limits the number of elements {π̂k}, and consequently the number

of possible outcomes of the measurement, to the dimension of the Hilbert space H. Given that

the outcome k was obtained, the post-measurement state yields:

ρ̂′
k = π̂kρ̂π̂k

pk

. (1.2)

On the other hand, if the result of the measurement is not recorded, the post-measurement

quantum state is given by

ρ̂′ =
∑

k

π̂kρ̂π̂k =
∑

k

pkρ̂
′
k. (1.3)

1.1.2 Positive operator-valued measures

For a generalized quantum measurement, the requirement for the operators to be pairwise

orthogonal [property (III) of definition 1.1] is lifted. Thus, unlike projective measurements, the

number of outcomes in a generalized measurement is not limited by the dimension of the Hilbert

space. This type of measurement can be treated using the positive operator-valued measure

(POVM) formalism, defined as:

Definition 1.2. A set of operators {Π̂k, k ∈ S} acting on a Hilbert space H, with S being the

set of all possible outcomes of the measurement, is called a positive operator-valued measure

if: (I) Π̂k is positive semi-definite
(
Π̂k ≥ 0

)
; (II) the set satisfies the completeness relation(∑

k∈S Π̂k = Î
)
.

The POVM elements Π̂k can be represented by the detection (also known as Kraus) operators Âk

as Π̂k = Â†
kÂk. These operators generalize the projectors and can be written, up to an arbitrary

unitary transformation Û , as Âk = Û
√

Π̂k. Similar to Eq. (1.1), the probability of obtaining the

outcome k when performing this measurement is given by

pk = Tr(Π̂kρ̂) = Tr(Âkρ̂Â
†
k). (1.4)

Again, properties (I) and (II) ensure that pk is a probability. In this case, the post-measurement

quantum state associated with the outcome k is given by

ρ̂′
k = Âkρ̂Â

†
k

pk

. (1.5)
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On the other hand, if the result of the measurement is not recorded, the post-measurement

quantum state is determined by

ρ̂′ =
∑

k

Âkρ̂Â
†
k =

∑
k

pkρ̂
′
k. (1.6)

1.1.3 Naimark’s theorem

POVMs are of great importance in quantum information science, since they enable more general

measurement strategies to acquire information about the state of a quantum system, as we will

show in the next section. The question now is how to perform this class of operations. Fortunately,

it is possible to establish a correspondence between POVMs and projective measurements. This

result follows from Naimark’s theorem, which states that for any POVM on a Hilbert space H,

there exists a projective measurement on an extended Hilbert space H′ that implements this

POVM [49]. As a consequence, it guarantees that every POVM has a realizable experimental

procedure, which involves attaching auxiliary degrees of freedom (ancilla) to the main system—

thus expanding its Hilbert space—coupling them through a unitary operation and performing a

projective measurement on the extended space. There are two ways to perform this procedure,

corresponding to the two methods of extending the initial Hilbert space, as briefly described

next.

Tensor product extension

In this scenario, the ancilla is either another quantum system or an additional degree of freedom

of the main system, such that the extended space is the tensor product of the system’s (Hd)
and ancilla’s (Ha) space,2 i.e., H′ = Hd ⊗ Ha. If dim(Hd) = n and dim(Ha) = na, then

dim(H′) = n × na ≡ N ′. Now, let Π = {Π̂j}N−1
j=0 be an N -outcome POVM on Hd, where

N ≤ N ′. To implement this POVM on an arbitrary ρ̂, first, one attaches the ancilla in a

fixed state, say |ℓ⟩a, via a tensor product, generating the global initial state ρ̂da = ρ̂ ⊗ |ℓ⟩a⟨ℓ|.
The system and the ancilla are then coupled through a suitable global unitary operation, V̂ ,

resulting in the state σ̂da = V̂ ρ̂daV̂
†. Finally, in an N -dimensional subspace of H′, one can

find a projective measurement {ϖ̂j}N−1
j=0 that, when applied to σ̂da, yields the same outcome

probabilities as the POVM, i.e., Tr(ϖ̂jσ̂da) = Tr(Π̂j ρ̂) = pj . The projectors ϖ̂j can be written as

ϖ̂j = π̂d
j ⊗|ℓ(j)⟩a⟨ℓ(j)|, where {π̂d

j } is a set of projectors on Hd and {|ℓ(j)⟩a⟨ℓ(j)|} corresponds

to the elements of the projective measurement on Ha associated with the jth outcome.3 The rank
2 Here, we denote the main system and ancilla by the indices d and a, respectively, following the notation that will

be adopted in Chapter 4, where this method will be particularly useful.
3 If N > na, some elements of the projective measurement {|ℓ⟩a⟨ℓ|}na−1

ℓ=0 on the ancilla space that constitute
{ϖ̂j} may appear more than once.



Chapter 1. An introduction to quantum state discrimination 29

of each ϖ̂j may vary between one and n. Using the cyclic property of the trace, we can write

pj = Tr(π̂j ρ̂da), where

π̂j = V̂ †
(
π̂d

j ⊗ |ℓ(j)⟩a⟨ℓ(j)|
)
V̂ . (1.7)

Thus, the POVM can be equivalently implemented as a projective measurement on the initial

system-ancilla state in this rotated basis. Throughout this thesis, we present several examples in

which this method is employed.

Direct sum extension

In this scenario, the n-dimensional Hilbert space of the system of interest, Hd, is actually a

subspace of a larger N -dimensional space H′. Thus, the ancilla consists of the na = N − n

unused dimensions of a subspace Ha and the extended space is the direct sum H′ = Hd ⊕ Ha.

Now, let Π = {Π̂j}N−1
j=0 be an N -outcome POVM on Hd. To implement this POVM on an

arbitrary ρ̂, first, one couples the ancilla to the main system through a suitable unitary operation,

V̂ , acting on H′. The initial system-ancilla state is given by ρ̂da = ρ̂⊕ 0̂a, where 0̂a denotes the

zero operator on Ha. After applying the unitary, this state evolves to σ̂da = V̂ ρ̂daV̂
†. Finally, one

can find a projective measurement {ϖ̂j}N−1
j=0 that, when applied to σ̂da, yields the same outcome

probabilities as the POVM, i.e., Tr(ϖ̂jσ̂da) = Tr(π̂j ρ̂da) = Tr(Π̂j ρ̂) = pj , where π̂j = V̂ †ϖ̂jV̂ .

An explicit example illustrating this method will be presented in Chapter 3.

1.2 Optimal state discrimination: main strategies

Suppose that a quantum system may be in either of two pure states {|ψ0⟩, |ψ1⟩} and that such

states are nonorthogonal, i.e., ⟨ψ0|ψ1⟩ ≠ 0. Suppose further that we are given this system and

asked what its quantum state is. In order to answer this question, we implement a measurement on

the system and use the obtained outcome as a guide to identify its state. An error-free projective

measurement would be of the form:

π̂k|ψj⟩ = δjk|ψk⟩, (1.8)

for j, k = 0, 1. However, as the quantum states are nonorthogonal, this measurement is impossi-

ble. To see why this is true, let us insert the identity Î = π̂0 + π̂1 in the inner product:

⟨ψ0|Î|ψ1⟩ = ⟨ψ0| (π̂0 + π̂1) |ψ1⟩ = ⟨ψ0|π̂0|ψ1⟩ + ⟨ψ0|π̂1|ψ1⟩ = 0. (1.9)

This contradicts the initial assumption of nonorthogonality, hence eliminating the existence

of a measurement scheme like (1.8) for nonorthogonal states. This limitation, imposed by the
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laws of quantum theory, gave rise to intense research into optimal measurement strategies for

discriminating such states (e.g., see reviews [6–9]), which later had a strong impact on quantum

information and quantum communication [24, 35, 39, 40, 44–48, 51–55].

In this section, we introduce the most relevant strategies in the field of optimal quantum

state discrimination, namely: minimum-error (ME) measurement, unambiguous discrimination

(UD), and discrimination with fixed rate of inconclusive outcomes (FRIO). In particular, we

consider the case of discriminating between two pure states of a qubit, which provides useful

physical insights into the problem.

1.2.1 Minimum-error discrimination

Assume that an observer, in possession of a quantum system, knows in advance that it has

been prepared in one of two possible states, ρ̂0 or ρ̂1, with probabilities η0 and η1 = 1 − η0,

respectively. Faced with the task of identifying the state and knowing the impossibility of doing

so perfectly, the observer would like to implement a projective measurement that minimizes the

average probability of error. Helstrom solved this problem in his pioneering work on quantum

detection theory [1], and here we revisit his result.

Let {π̂0, π̂1} be the set of operators that describe the projective measurement that will

be performed to discriminate the states. The outcome associated with π̂k leads the observer to

identify the state as ρ̂k (for k = 0, 1). Then, the average error probability in this identification is

given by the following expression:

Pe = η0Tr(ρ̂0π̂1) + η1Tr(ρ̂1π̂0) (1.10)

= η0 − Tr[(η0ρ̂0 − η1ρ̂1)π̂0] (1.11)

= η1 + Tr[(η0ρ̂0 − η1ρ̂1)π̂1], (1.12)

where we used π̂0 + π̂1 = Î and Tr(ρ̂k) = 1. Therefore, to minimize Pe, the optimized mea-

surement scheme is the one that maximizes the quantity Tr[(η0ρ̂0 − η1ρ̂1)π̂0], or minimizes

Tr[(η0ρ̂0 − η1ρ̂1)π̂1]. To find that, let us address the spectral decomposition of the hermitian

operator η0ρ̂0 − η1ρ̂1:

η0ρ̂0 − η1ρ̂1 =
∑

k

λk|λk⟩⟨λk|. (1.13)

Its eigenvalues may be positive, negative, or zero. The error probability in Eq. (1.11) is minimized

if π̂0 is the projector onto the positive-eigenvalue eigenvectors of η0ρ̂0 −η1ρ̂1, and in Eq. (1.12) if

π̂1 is the projector onto the negative-eigenvalue eigenvectors. Using these conditions and adding



Chapter 1. An introduction to quantum state discrimination 31

the resulting equations, we obtain

Pmin
e = 1

2

(
1 −

∑
k

|λk|
)

= 1
2 (1 − ∥η0ρ̂0 − η1ρ̂1∥) , (1.14)

where ∥B̂∥ = Tr
√
B̂†B̂ is the trace norm of operator B̂. Equation (1.14) gives the minimum

error probability for discriminating between two states and is known as the Helstrom bound.

We now apply this result to the discrimination of two pure states of a qubit, given by

|ψ0⟩ = cos θ|0⟩ + sin θ|1⟩, (1.15a)

|ψ1⟩ = cos θ|0⟩ − sin θ|1⟩, (1.15b)

where θ ∈ [0, π/4] and {|0⟩, |1⟩} is an orthonormal basis for the qubit space. In this case, it is

easy to show that the eigenvalues of the operator in Eq. (1.13) are given by

λj = 1
2

[
(η0 − η1) + (−1)j

√
1 − 4η0η1α2

]
, (1.16)

where j = 0, 1, and

α ≡ ⟨ψ0|ψ1⟩ = cos 2θ (1.17)

denotes the overlap between the states. Thus, using Eq. (1.14), the minimum error probability

will be given by

Pmin
e = 1

2

(
1 −

√
1 − 4η0η1α2

)
. (1.18)

As expected, this probability increases with the overlap between the states, as shown in the left

panel of Fig. 1 for different values of η0 shown in the inset; it vanishes for orthogonal states

(α = 0) and reaches its maximum for parallel states (α = 1). Note in the plot that Pmin
e is

extremal if the states are equiprobable. Such a feature can also be observed in the right panel of

Fig. 1, where we plot Pmin
e in terms of the a priori probability η0 for fixed overlaps shown in the

inset. Evidently, the error probability vanishes if one of the two states is not produced (η0 = 0 or

η0 = 1), as the discrimination becomes a trivial task.

From the conditions for minimizing Pe described earlier, π̂0 and π̂1 are projectors onto

the eigenvectors {|λj⟩} associated with the eigenvalues {λj} of η0ρ̂0−η1ρ̂1, that is π̂j = |λj⟩⟨λj|,
where

|λj⟩ =
√

1 − α2|0⟩ +
[
(η1 − η0)α + (−1)j

√
1 − 4η0η1α2

]
|1⟩

√
2
√

1 − 4η0η1α2 + 2(η0 − η1)α
√

1 − 4η0η1α2
. (1.19)

Figure 2 depicts the ME measurement for two states of a qubit with fixed overlap α = 0.6 and

different values of η0. Note that if the states are produced with equal a priori probabilities, i.e.,

η0 = η1 = 1/2, then the ME measurement is the projection onto |λj⟩ = [|0⟩ + (−1)j|1⟩]/
√

2,

whatever the overlap between them [see Fig. 2(c)].
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Figure 1 – Minimum error probability in the discrimination of two pure states of a qubit. Left:
Pmin

e as a function of the overlap for fixed a priori probabilities (shown in the inset).
Right: Pmin

e as a function of the a priori probability η0 for fixed overlaps (shown in
the inset).

1.2.2 Optimal unambiguous discrimination

As shown in the introduction of this section, an error-free discrimination between nonorthogonal

states cannot be achieved using projective measurements. However, it is possible to fulfill the

requirement Pe = 0 [Eq. (1.10)] by addressing generalized measurements, as long as we tolerate

inconclusive results, i.e., results that do not provide any information about the states to be

discriminated. This problem was introduced and analytically solved for two pure and equally

Figure 2 – The states {|ψ0⟩, |ψ1⟩} [Eq. (1.15)] with overlap α = 0.6 and a priori probabilities
{η0, 1 − η0} are discriminated with minimum error by means of a projective measure-
ment in the basis {|λ0⟩, |λ1⟩} [Eq. (1.19)].
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probable states of a qubit in the works of Ivanovic [13], Dieks [14], and Peres [15]. A few

years later, Jaeger and Shimony generalized these findings for the case of arbitrary a priori

probabilities [16]. Here, we review these results using Bergou’s approach described in Ref. [9].

Let us again consider the two pure states {|ψ0⟩, |ψ1⟩} given by Eq. (1.15), which have a

priori probabilities {η0, η1}. Unambiguous discrimination between them is performed through a

three-outcome POVM Π = {Π̂0, Π̂1, Π̂?}, where the outcome associated with Π̂j (j = 0, 1) leads

to the identification of |ψj⟩ without error, with probability pj = ⟨ψj|Π̂j|ψj⟩, while the outcome

associated with Π̂? leads to an inconclusive answer with probability qj = ⟨ψj|Π̂?|ψj⟩ = 1 − pj .

First, in order to ensure error-free identifications, we must have ⟨ψ0|Π̂1|ψ0⟩ = ⟨ψ1|Π̂0|ψ1⟩ = 0,

which is achieved with operators given by

Π̂0 = 1 − q0

|⟨ψ0|ψ⊥
1 ⟩|2

|ψ⊥
1 ⟩⟨ψ⊥

1 |, (1.20a)

Π̂1 = 1 − q1

|⟨ψ0|ψ⊥
1 ⟩|2

|ψ⊥
0 ⟩⟨ψ⊥

0 |, (1.20b)

where

|ψ⊥
0 ⟩ = sin θ|0⟩ − cos θ|1⟩, (1.21a)

|ψ⊥
1 ⟩ = sin θ|0⟩ + cos θ|1⟩, (1.21b)

have support on the orthogonal subspaces of the corresponding states of Eqs. (1.15), i.e.,

⟨ψ⊥
j |ψj⟩ = 0. Next, from the completeness relation, the inconclusive POVM element will

be given by

Π̂? = Î − Π̂0 − Π̂1. (1.22)

Under the constraint Π̂? ≥ 0, the optimization task consists of minimizing the average probability

of inconclusive outcomes

Q ≡ Tr(Π̂?ρ̂) = η0q0 + η1q1, (1.23)

where ρ̂ = η0|ψ0⟩⟨ψ0| + η1|ψ1⟩⟨ψ1| is the a priori state of the system. By calculating the

eigenvalues of Π̂? and using their nonnegativity, it can be shown that the following constraint is

obtained [9]:

q0q1 ≥ α2, (1.24)

where α = ⟨ψ0|ψ1⟩ [see Eq. (1.17)]. Taking the minimum allowed by this constraint, we can

rewrite Eq. (1.23) as Q = η0q0 + η1α
2/q0. Then, the minimization condition ∂Q/∂q0 = 0 leads

to

qj =
√

1 − ηj

ηj

α, (1.25)
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for j = 0, 1. The conditions q0, q1 ≤ 1 impose a validity domain on the above solution (cases

outside that domain need special consideration, which will be discussed below). Finally, the

minimum probability of inconclusive outcomes can be calculated by substituting Eq. (1.25) into

Eq. (1.23), yielding

Q0 = 2√
η0η1α, if

α2

1 + α2 ≤ η0 ≤ 1
1 + α2 . (1.26)

As expected, the inconclusive rate increases with the overlap between the states; in particular, it

equals the overlap when the states are equiprobable, which is known as the IDP limit, due to

Ivanovic, Dieks, and Peres [13–15].

If the a priori probabilities are outside the domain of validity of solution (1.26), i.e., η0 <

α2

1+α2 or η0 >
1

1+α2 , optimal UD can only be achieved by performing a projective measurement

that perfectly identifies the most probable state. Assuming that η0 < η1, the optimal measurement

takes the form:

π̂1 = |ψ⊥
0 ⟩⟨ψ⊥

0 |, (1.27a)

π̂0 = π̂? = |ψ0⟩⟨ψ0|. (1.27b)

It is straightforward to show that ⟨ψ1|π̂0|ψ1⟩ = α2 and ⟨ψ0|π̂k|ψ0⟩ = δk0, which implies

Qη1 = Tr [ρ̂π̂0]

= η0 + η1α
2. (1.28)

Similarly, if η0 > η1, the optimal measurement will be {π̂0 = |ψ⊥
1 ⟩⟨ψ⊥

1 |, π̂1 = π̂? = |ψ1⟩⟨ψ1|},

which gives Qη0 = η1 + η0α
2.

Summarizing the above results, the minimum inconclusive rate for implementing UD

within each domain is given by

QUD ≡



Q0 = 2√
η0η1α, if

α2

1 + α2 ≤ η0 ≤ 1
1 + α2 ,

Qη1 = η0 + η1α
2, if η0 <

α2

1 + α2 ,

Qη0 = η1 + η0α
2, if η0 >

1
1 + α2 .

(1.29)

This quantity is shown in the left panel of Fig. 3 as a function of the overlap for fixed a priori

probabilities (shown in the inset), and in the right panel as a function of the a priori probability η0

for fixed overlaps (shown in the inset). Similarly to the behavior of the error probability in the ME

measurement (see Fig. 1), the inconclusive rate of optimal UD is extremal in the equiprobable

scenario (represented by the blue solid line in the left panel of Fig. 3). Equation (1.29) shows

that Qη0 and Qη1 are linear functions of η0 in the ranges where the POVM does not exist. This
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Figure 3 – Inconclusive rate in optimal UD for two pure states of a qubit [Eq. (1.29)]. Left: QUD

as a function of the overlap between the states for fixed a priori probabilities (shown
in the inset). Right: QUD as a function of the a priori probability η0 for fixed overlaps
(shown in the inset).

can be seen in the left panel of Fig. 3 and more clearly in Fig. 4, where, for a fixed overlap

α = 0.6, the ranges from Eq. (1.29) are represented by the shaded regions under the QUD curve.

In region II, the optimal UD measurement corresponds to the three-outcome POVM, constructed

from Eqs. (1.20)–(1.22) and (1.25). In contrast, optimal UD discrimination in regions I and

III is carried out using a projective measurement in the bases {|ψ0⟩, |ψ⊥
0 ⟩} and {|ψ1⟩, |ψ⊥

1 ⟩},

respectively, which only identifies the most probable state.

Unambiguous discrimination applies only to linearly independent states [17], as is

the case with two nonorthogonal states of a qubit discussed here. However, a generalization

QUD
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Figure 4 – Inconclusive rate in optimal UD for two pure states of a qubit [Eq. (1.29)] as a function
of the a priori probability η0 for a fixed overlap α = 0.6. Shaded regions under the
QUD curve correspond to the POVM regime (II) and projective measurement regimes
(I and III) of the strategy. See text for details.
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of optimal UD is possible, where linearly dependent states are identified with the maximum

achievable confidence (lower than the 100% confidence provided by UD) and the minimum

inconclusive rate [18]. This strategy, known as maximum-confidence measurement, will be

described in detail in Chapter 2.

1.2.3 Optimal discrimination with fixed rate of inconclusive outcomes

A remarkable result in the field of quantum state discrimination is that the strategies presented

so far—namely, ME and optimal UD—were shown to be extreme and particular cases of a

more general optimized measurement scheme in which errors and inconclusive results are

allowed [19, 20]. By minimizing the probability of errors under the constraint of a fixed rate of

inconclusive outcomes, the so-called optimal FRIO strategy achieves lower error and inconclusive

rates than ME and optimal UD, respectively. This problem was addressed and analytically solved

for two pure states of a qubit with arbitrary a priori probabilities in [21]. Here, we review this

result within the framework of Naimark’s theorem, following Ref. [56].

Consider again the discrimination between the qubit states {|ψ0⟩, |ψ1⟩} [Eq. (1.15)],

prepared with probabilities {η0, η1}, and characterized by the overlap α, given by Eq. (1.17).

Knowing that both erroneous and inconclusive answers are allowed, the observer prepares

an ancilla qutrit4 in some state |k⟩a and entangles it with the qubit through a global unitary

transformation, acting on the tensor product Hilbert space as

Û |ψ0⟩|k⟩a = √
p0|ϕ0⟩|0⟩a + √

r0|ϕ1⟩|1⟩a + √
q0|ϕ2⟩|2⟩a, (1.30a)

Û |ψ1⟩|k⟩a = √
r1|ϕ0⟩|0⟩a + √

p1|ϕ1⟩|1⟩a + √
q1|ϕ2⟩|2⟩a, (1.30b)

where {|0⟩a, |1⟩a, |2⟩a} is an orthonormal basis for the qutrit space. By measuring the ancilla in

this basis, the observer will identify the projections onto |0⟩a, |1⟩a, and |2⟩a with the input state

|ψ0⟩, |ψ1⟩, and an inconclusive answer, respectively. The probabilities of correct, erroneous, and

inconclusive identifications are pj , rj , and qj , respectively, and satisfy pj + rj + qj = 1.

The FRIO optimization problem consists of minimizing Pe = η0r0 + η1r1 under the

constraint that Q = η0q0 + η1q1 is fixed. According to the implementation in Eq. (1.30), an

additional constraint is obtained by taking the inner product between (1.30a) and (1.30b):

α = √
p0r1 + √

p1r0 + √
q0q1. (1.31)

Thus, the observer’s task is to optimize the unitary Û to satisfy all these conditions.5 In Ap-

pendix 6, the solution to this problem is presented using the Lagrange multiplier method.6 The
4 Three-dimensional quantum system.
5 Note that if we impose the condition of error-free identifications, i.e., r0 = r1 = 0, then the constraint (1.31)

becomes the equality of Eq. (1.24), enabling one to derive the solution of optimal UD.
6 The same method can be applied to find the ME solution by setting Q = 0.
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Figure 5 – Inconclusive rate QUD [Eq. (1.29)] and threshold rate Qt [Eq. (1.33)] in optimal FRIO
discrimination of two pure states of a qubit as a function of the a priori probability
η0 for a fixed overlap (α = 0.6). The area of interest lies under the QUD curve. Qt

separates region II, where solution (1.34) is valid, from regions I and III, where
solution (1.38) is valid.

optimal probabilities of inconclusive, erroneous, and correct outcomes are given by

qi = Q

2ηi

, (1.32a)

ri = 1
2

(1 − qi) −

[
(1 − qi)Q̄− (Q0−Q)2

2ηi

]
√
Q̄2 − (Q0 −Q)2

 , (1.32b)

pi = 1 − qi − ri, (1.32c)

where Q̄ = 1 − Q and Q0 is given by Eq. (1.26). This solution is valid in three scenarios: (i)
α2

1+α2 ≤ η0 ≤ 1
1+α2 with 0 ≤ Q ≤ Q0; (ii) η0 <

α2

1+α2 with Q ≤ Qt; and (iii) η0 >
1

1+α2 with

Q ≤ Qt, where

Qt = 2η0η1(1 − α2)
1 −Q0

(1.33)

is a threshold rate [21]. In this domain of validity, represented by the shaded region II in the

plot of Fig. 5, the optimal FRIO strategy is a three-outcome POVM, which is here implemented

via tensor product extension, with the optimal unitary given by Eqs. (1.30) and (1.32). From

Eq. (1.32b), the minimum error probability for a fixed value of Q is given by

Pmin
e (Q) = 1

2

[
Q̄−

√
Q̄2 − (Q0 −Q)2

]
. (1.34)

By setting Q = 0 in the above equation, we obtain the ME solution [Eq. (1.18)]. On the other

hand, by setting Q = Q0, we obtain Pmin
e = 0, which corresponds to optimal UD.
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Similarly to optimal UD, in the shaded regions I and III of Fig. 5, the optimal FRIO

strategy becomes a two-element projective measurement that prioritizes the identification of the

most probable state, say |ψ1⟩. Using an ancilla qubit prepared in the state |k⟩a, the global unitary

will be given by

Û |ψ0⟩|k⟩a = √
r0|ϕ1⟩|1⟩a + √

q0|ϕ2⟩|2⟩a, (1.35a)

Û |ψ1⟩|k⟩a = √
p1|ϕ1⟩|1⟩a + √

q1|ϕ2⟩|2⟩a, (1.35b)

where {|1⟩a, |2⟩a} is an orthonormal basis for the qubit space. The projection of the ancilla onto

|1⟩a, associated with the identification of |ψ1⟩, leads to a correct or erroneous outcome, while the

projection onto |2⟩a leads to an inconclusive outcome. The corresponding average probabilities

are given by Pc = η1p1, Pe = η0r0, and Q = 1 − Pe − Pc, respectively. The conservation of the

inner product gives the constraint

α = √
r0p1 +

√
(1 − r0)(1 − p1), (1.36)

which can be algebraically solved for p1, yielding

p1 =
[
α

√
r0 +

√
(1 − α2)(1 − r0)

]2
. (1.37)

Note that by setting r0 = 0, we find p1 = 1 − α2, leading to Q = 1 − η1p1 = Qη1 , which is the

inconclusive rate of optimal UD in the projective measurement regime when η1 > η0 [second

line of Eq. (1.29)]. To find Pmin
e (Q) in this regime, we substitute r0 = Pe/η0 into Eq. (1.37) and

invert the relation Q = 1 − Pe − Pc, obtaining

Pmin
e (Q) =

η0Q̄+ γ(1 − 2η0 − 2Q̄) −Q0

√
γ(QQ̄− γ)

1 − 4γ , (1.38)

where γ = η0η1(1 −α2). This solution is valid in two scenarios: η0 <
α2

1+α2 with Qt ≤ Q ≤ QUD

(shaded region I of Fig. 5); and η0 >
1

1+α2 with Qt ≤ Q ≤ QUD (shaded region III of Fig. 5).

To conclude this subsection, we have described the optimal FRIO measurement that

interpolates between the ME (for Q = 0) and optimal UD (for Q = QUD) strategies. In [21], it

was shown that Pmin
e (Q) is a non-increasing convex function, that is, it cannot increase with Q.

In this way, optimal FRIO reduces the error rate compared to ME by allowing a nonzero rate of

inconclusive outcomes; similarly, it will reduce this rate compared to optimal UD measurement

at the expense of a higher error rate in the discrimination. All of these features can be seen in

Fig. 6. In the left panel, we plot Pmin
e as a function of η0 for different values of Q (shown in the

inset). It can be seen that if η0 ≈ 0 or η1 ≈ 0, the error rate tends to zero, since in this case the

measurement outcomes are predominantly correct or inconclusive. In the right panel, we show

how Pmin
e decreases with Q for different a priori probabilities η0 (shown in the inset). Note in

particular that the error probability is maximum in the equiprobable scenario.



Chapter 1. An introduction to quantum state discrimination 39

Q=0.1 Q=0.2 Q=0.3

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.02

0.04

0.06

0.08

η0

P
e
m
in

η0=0.5 η0=0.3 η0=0.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.00

0.02

0.04

0.06

0.08

0.10

Q

P
e
m
in

Figure 6 – Probability of error in optimal FRIO discrimination for two pure states of a qubit
with a fixed overlap (α = 0.6). Left: Pmin

e as a function of the a priori probability
η0 for fixed inconclusive rates (shown in the inset). Right: Pmin

e as a function of the
inconclusive rate Q for fixed a priori probabilities (shown in the inset).
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2 Discrimination of equiprobable symmetric
states

“[...] by mathematical arguments you can show that it is possible to start from many

apparently different starting points, and yet come to the same thing.”

The character of physical law, Richard Feynman

In this chapter, we describe the discrimination between N > 2 equiprobable symmetric pure

states in arbitrary dimensions. This family of states is of particular interest in quantum communi-

cation, as it admits analytical solutions not only for the main strategies discussed in the previous

chapter, but also for the new ones that arise in scenarios more complex than the two-state case.

First, we review the solutions available in the literature for ME and optimal maximum-confidence

(MC) measurements, the latter being a generalization of optimal UD. Then, by approaching a

general probabilistic strategy as a discrimination between conclusive and inconclusive events,

followed by a ME measurement on the conclusive ones, we derive analytical solutions for the

optimal FRIO measurement and show that it interpolates between ME and MC. Finally, we

explore a feature that arises only in higher-dimensional systems: the concatenation of two or

more optimal discrimination strategies. In particular, we discuss the concatenation of optimal

FRIO and ME measurements, showing that it enhances the information gain compared to the

optimal FRIO strategy alone.

2.1 N -state discrimination

2.1.1 Problem overview

In the general N -state discrimination problem, we consider a quantum system that is randomly

prepared in one of the known states {ρ̂j}N−1
j=0 , with known a priori probabilities {ηj}N−1

j=0 , where∑
j ηj = 1. As seen in the previous chapter, for any given measurement strategy, there are two

classes of outcomes: conclusive and inconclusive. The former allows us to identify the state, and

this identification may be correct or not. The latter does not allow us to identify any state. This

scenario can be properly described by an (N + 1)-outcome POVM {Π̂0, . . . , Π̂N−1, Π̂?} (with∑
j Π̂j + Π̂? = Î), where each element Π̂j is associated with a conclusive identification of the

state as ρ̂j , while Π̂? is associated with an inconclusive answer. The process is characterized by

the average probabilities of erroneous (Pe), correct (Pc), and inconclusive (Q) results, which are
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given by

Pe =
N−1∑
j,k=0
j ̸=k

ηjTr(ρ̂jΠ̂k), (2.1a)

Pc =
N−1∑
j=0

ηjTr(ρ̂jΠ̂j), (2.1b)

Q =
N−1∑
j=0

ηjTr(ρ̂jΠ̂?) = Tr(ρ̂Π̂?), (2.1c)

and satisfy Pe + Pc + Q = 1, where ρ̂ = ∑N−1
j=0 ηj ρ̂j is the a priori state. Clearly, Pe and Pc

are related to the conclusive events. The goal now is to find the POVM that optimizes these

probabilities according to a pre-established criterion, with each criterion leading to a different

measurement strategy.

2.1.2 Equiprobable symmetric pure states of a qudit

Beyond the cases of two pure qubit states outlined in the previous chapter, deriving analytical

solutions to the optimization problem posed by state discrimination becomes increasingly difficult

as we move to larger sets or higher-dimensional systems (qudits). In these more general cases,

few analytical results are known, and numerical optimization techniques are often used to obtain

solutions [57, 58]. As mentioned in the Introduction, among the analytically solvable cases, the

set of N symmetric, n-dimensional pure states (N ≥ n ≥ 2), prepared with equal a priori

probabilities (i.e., ηj = 1/N for all j), stands out. We now formally define this important family

of states.

Let {|αj⟩}N−1
j=0 be a set of N symmetric states in an n-dimensional Hilbert space H. The

jth state in this set can be written as

|αj⟩ =
∑
k∈I

akω
jk|k⟩, (2.2)

where I = {k|ak ̸= 0}, with |I| = n ≤ N , ak > 0 for all k ∈ I, and
∑

k∈I a
2
k = 1;

ω = exp(2πi/N) is a primitive N th root of unity,1 satisfying the orthogonality relation

N−1∑
j=0

ωj(k−k′) = Nδk,k′ , (2.3)

and {|k⟩}N−1
k=0 is an orthonormal basis spanning an N -dimensional Hilbert space. Thus, the

symmetric states will be linearly independent (dependent) if n = N (n < N ). |α0⟩ is often

referred to as the fiducial state of the set, and all states represented by Eq. (2.2) are related to
1 That is, ωN = 1 and ωℓ ̸= 1 for all 1 ≤ ℓ < N .
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|α0⟩ via a unitary operation V̂ , whose action is given by

|αj⟩ = V̂ |αj−1⟩ = · · · = V̂ j|α0⟩, (2.4a)

|α0⟩ = V̂ |αN−1⟩, (2.4b)

where

V̂ =
∑
k∈I

ωk|k⟩⟨k|. (2.5)

This symmetry under the action of V̂ is what characterizes the states {|αj⟩} in Eq. (2.2) as

symmetric. Note that Eqs. (2.4) imply that V̂ N = Î , where Î is the identity operator acting on H.

2.2 Minimum-error discrimination of symmetric states

As a strategy that does not allow inconclusive results (i.e., Q = 0), the ME measurement

is carried out with an N -outcome POVM, {Π̂ME
j }N−1

j=0 . For the equiprobable symmetric states

introduced above, this POVM is given by [37, 42]

Π̂ME
j = n

N
|uj⟩⟨uj|, (2.6)

where

|uj⟩ = 1√
n

∑
k∈I

ωjk|k⟩ (2.7)

are the uniform symmetric states. When n = N , the POVM reduces to a projective measurement,

as we saw in the two-state case.

Using Pe = 1−Pc together with Eqs. (2.1b), (2.2), (2.6), and (2.7), the minimum average

probability of error for discriminating the states is given by

Pmin
e = 1 − 1

N

N−1∑
j=0

⟨αj|Π̂ME
j |αj⟩

= 1 − 1
N

∑
k∈I

ak

2

. (2.8)

The expression above yields an N -state version of the Helstrom bound, under the requirement

that the states to be discriminated are symmetric and equiprobable. Since the case N = 2 is

trivially symmetric, we can immediately recover the result found in Sec. 1.2.1 [see Eq. (1.18)]

for the equiprobable scenario:

Pmin
e = 1 − 1

2(1 + 2a0a1)

= 1
2
(
1 −

√
1 − α2

)
, (2.9)

where α = ⟨α0|α1⟩ is the overlap between the states.
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2.3 Maximum-confidence discrimination of symmetric states

As mentioned in Sec. 1.2.2, the UD strategy is not applicable to linearly dependent quantum

states [17]. In such cases, however, it is possible to design an analogous optimized measurement

scheme whose conclusive outcomes identify the states in a given set with the maximum possible

confidence,2 while the inconclusive rate is minimum [18]. To describe the so-called optimal

maximum-confidence (MC) measurement and its solution for equiprobable symmetric states, let

us first mathematically define what confidence is:

Definition 2.1. In theN -state discrimination problem stated in Sec. 2.1.1, given theN conclusive

outcomes associated with the POVM elements {Π̂j}N−1
j=0 , the confidence Cj is defined as the

probability that the prepared state was ρ̂j , given that the outcome of the measurement was j.

According to Bayes’ rule:

Cj ≡ P (ρ̂j|j) = P (ρ̂j)P (j|ρ̂j)
P (j) =

ηjTr
(
ρ̂jΠ̂j

)
Tr
(
ρ̂Π̂j

) . (2.10)

In the particular case of pure states, the POVM element that maximizes Cj is given by [18]

Π̂j = cj ρ̂
−1ρ̂j ρ̂

−1, (2.11)

where cj = Tr(Π̂j ρ̂)/Tr(ρ̂−1ρ̂j) is a nonnegative real weighting factor. By inserting this operator

into Eq. (2.10), we obtain the maximum confidence

Cmax
j = ηjTr(ρ̂j ρ̂

−1). (2.12)

Equation (2.10) shows that cj has no effect on the confidence. Therefore, each operator Π̂j can

only be determined up to an arbitrary multiplicative factor, allowing us to maximize Cj for

each state independently. If these operators do not form a POVM for any choice of factors {cj},

i.e.,
∑

j Π̂j < Î , then an inconclusive result must be included, with the corresponding POVM

element given by Π̂? = Î −∑
j Π̂j . The MC measurement is further optimized by minimizing

the inconclusive rate Q [see Eq. (2.1c)], subject to the constraint Π̂? ≥ 0.

In the case of equiprobable symmetric states, using Eqs. (2.2) and (2.3), we have

ρ̂ = 1
N

N−1∑
j=0

|αj⟩⟨αj| =
∑
k∈I

a2
k|k⟩⟨k| ⇒ ρ̂−1 =

∑
k∈I

a−2
k |k⟩⟨k|. (2.13)

By substituting ρ̂ and ρ̂−1 into Eq. (2.12), we obtain

Cmax
j = n

N
≡ CMC. (2.14)

2 In UD, conclusive results identify each state with 100% confidence.
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Thus, the maximum achievable confidence for identifying |αj⟩ when outcome j is obtained is

n/N for each state in the set. The corresponding POVM element is calculated from Eq. (2.11) to

be

Π̂MC
j = cj|ϕj⟩⟨ϕj|, (2.15)

where

|ϕj⟩ =
∑
k∈I

a−1
k ω−jk|k⟩ (2.16)

are also symmetric states with respect to the unitary V̂ given by Eq. (2.5). Using Eqs. (2.15) and

(2.16), exploiting the symmetries in the problem, applying the constraint Π̂? ≥ 0, and minimizing

the inconclusive rate, it can be shown that [37] cj = a2
min/N for all j,

Π̂? =
∑
k∈I

(
1 − a2

min

a2
k

)
|k⟩⟨k|, (2.17)

and

Qmin = 1 − na2
min ≡ QMC, (2.18)

where amin ≡ min{ak}k∈I .

For linearly independent symmetric states (n = N ), Eq. (2.14) shows that Cmax
j = 1

for each input. Thus, these states can be distinguished without error and with the minimum

inconclusive rate given by Eq. (2.18), showing that optimal MC reduces to optimal UD [43] in

this case. In particular, considering the two-state UD protocol described in Sec. 1.2.2, Eqs. (2.17)

and (2.18) yield Π̂? = (1 − tan2 θ)|0⟩⟨0| and QUD = 1 − 2 sin2 θ = cos 2θ = α, respectively.

It is also worth establishing a comparison between optimal MC and ME measurements,

which can be done by evaluating the confidence achieved by the latter. In the case of equiprobable

symmetric states, using the ME POVM from Eq. (2.6) in Eq. (2.10), we find that each state in the

set is identified with the same confidence, CME = Pmax
c = 1 −Pmin

e , with Pmin
e given by Eq. (2.8).

Additionally, using the Cauchy-Schwarz inequality, we obtain

CME = 1
N

∑
k∈I

ak

2

≤ n

N
= CMC, (2.19)

showing that the confidence achieved by the conclusive outcomes in the MC measurement is a

tight upper bound for the confidence in the ME strategy. This inequality is saturated only when

the symmetric states are uniform, i.e., ak = 1/
√
n for all k ∈ I . In this case, Π̂? = 0̂ and Q = 0,

and the two strategies coincide.
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2.4 Optimal FRIO discrimination of symmetric states

As discussed in Sec. 1.2.3, the ME and optimal UD measurements are extreme and particular

cases of the optimal FRIO strategy, in which the error probability Pe is minimized under the

constraint that the rate of inconclusive results Q has a fixed value in the range 0 ≤ Q ≤ QUD,

yielding Pmin
e (Q). In ME, where inconclusive results are not allowed, Pe is minimized subject

to Q = 0 (and hence Π̂? = 0̂). In optimal UD, the measurement must provide the minimum

rate of inconclusive outcomes Q = QUD subject to Pmin
e (QUD) = 0. As shown in Ref. [22],

the optimal MC measurement is also an extreme case of optimal FRIO for Q = QMC, but

only when the maximum confidence Cmax
j [Eq. (2.12)] is the same for each of the N states to

be discriminated—a condition that holds for equiprobable symmetric states [see Eq. (2.14)].

Therefore, for the family of states considered in this work, we can state in general that the optimal

FRIO measurement interpolates between the ME and optimal MC strategies within the range

0 ≤ Q ≤ QMC, where MC corresponds to UD for linearly independent states.3

The state discrimination strategies outlined in this work yield conclusive outcomes with

probability 1 −Q. In this sense, ME is a deterministic strategy, whereas those with Q > 0 are

probabilistic. Yet there is a fundamental connection between them: probabilistic strategies can

be decomposed into a discrimination between conclusive and inconclusive events, followed

by a ME measurement on the conclusive ones [35–38]. Here, we describe the optimal FRIO

strategy for discriminating equiprobable symmetric states using this two-step approach, and

derive analytical solutions for the probabilities given by Eq. (2.1). This approach will also play a

key role in the studies presented in the remaining chapters of this thesis.

2.4.1 Optimal parametric separation of symmetric states

Quantum state separation is a probabilistic map that transforms pure states into more distinguish-

able pure states4 [35, 59, 60]. This map can be physically implemented as a two-outcome POVM,

where one outcome corresponds to a successful transformation and the other to failure, resulting

in output states that are less distinguishable than the inputs.

In Ref. [23], the authors proposed an optimal state separation scheme for the equally

likely symmetric states defined in Eq. (2.2). This scheme proceeds as follows. First, a two-

dimensional ancilla prepared in a pure state |1⟩a is attached to the main system, resulting in the

bipartite state |αj⟩|1⟩a. Next, both systems are coupled through a unitary operation acting on
3 It is important to stress that, within the range QMC < Q < 1, the minimum error probability conditioned

on obtaining a conclusive result for a fixed Q, namely Pmin
e (Q)/(1 − Q), remains constant [22], and the

corresponding MC measurement becomes suboptimal.
4 If this were not a probabilistic map, one could apply it to transform nonorthogonal states into perfectly

distinguishable orthogonal states in a deterministic way, thus contradicting the rules of quantum theory.
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H ⊗ Ha as

Û(ξ)|αj⟩|1⟩a =
√
Ps(ξ)|βj(ξ)⟩|1⟩a +

√
Pf (ξ)|β̃j⟩|0⟩a. (2.20)

In this expression, ξ ∈ [0, 1], {|0⟩a, |1⟩a} is an orthonormal basis for Ha, and the output states

resulting from success and failure in the process are given, respectively, by

|βj(ξ)⟩ =
∑
k∈I

bk(ξ)ωjk|k⟩, (2.21a)

|β̃j⟩ =
∑
k∈I

b̃kω
jk|k⟩, (2.21b)

where the corresponding coefficients are

b2
k(ξ) = (1 − ξ)a2

k + ξ

n
, (2.22a)

b̃2
k = a2

k − a2
min

1 − na2
min

; (2.22b)

Ps(ξ) [Pf (ξ)] denotes the optimal success (failure) probability and is given by

Ps(ξ) = na2
min

(1 − ξ)na2
min + ξ

= 1 − Pf (ξ), (2.23)

where amin = min{ak}k∈I . Finally, after this coupling, the ancilla is measured in the basis

{|0⟩a, |1⟩a}: the projection onto |1⟩a occurs with probability Ps(ξ) and leads to the desired

transformation |αj⟩ → |βj(ξ)⟩, otherwise the process fails with probability Pf (ξ) and |αj⟩ →
|β̃j⟩.

In the process outlined above, the parameter ξ sets the degree of separation of the

states |βj(ξ)⟩. In the extreme cases, it is easy to verify that for ξ = 0, there is no change in

the inputs (|βj(0)⟩ = |αj⟩), whereas for ξ = 1, the successfully transformed states become

maximally distinguishable,5 i.e., |βj(1)⟩ = |uj⟩ [see Eq. (2.7)]. In the range 0 < ξ ≤ 1, we

show in Appendix 6 that |⟨βi(ξ)|βj(ξ)⟩| < |⟨αi|αj⟩| for all i ̸= j, which implies that the

states in {|βj(ξ)⟩} are more distinguishable than those in {|αj⟩}. We also demonstrate that this

distinguishability increases monotonically with ξ. The successful separation occurs with the

maximum probability Ps(ξ), defined in Eq. (2.23).6

The states {|β̃j⟩}N−1
j=0 resulting from a failure in the process are independent of ξ [see

Eq. (2.21b)]. Denoting the multiplicity of amin as µ, they will then span an (n− µ)-dimensional

space, since 1 ≤ µ ≤ n of their coefficients vanish [see Eq. (2.22b)]. Therefore, when the sepa-

ration fails with the minimum probability Pf (ξ), the output states become less distinguishable
5 For instance, when N = n, the states {|uj⟩} are orthonormal.
6 In the case of parallel input states (ak = δk,l), where no separation is possible, we have two scenarios: (i) if

ξ > 0, we assume amin = 0, which ensures that Ps(ξ > 0) = 0; (ii) if ξ = 0, Ps(1) = 1, but Û = Î .
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Figure 7 – Coefficients of the input states {ak} (first column), successful output states {bk}
(from second to fourth columns), and failure output states {b̃k} (fifth column) for
dimensions n = 3 (top row) and n = 5 (bottom row); we used separation parameters
ξ = 0.3, 0.7, 1.

than the inputs (see Appendix 6), but will still carry information about them if n − µ > 1. In

Sec. 2.5, we explore the possibility of extracting this information.

The detection operators associated with the success and failure outcomes in the separation

of equiprobable symmetric states are, respectively, given by

Âs(ξ) = a⟨1|Û(ξ)|1⟩a, (2.24a)

Âf (ξ) = a⟨0|Û(ξ)|1⟩a (2.24b)

where Û(ξ) is the unitary defined in Eq. (2.20). Thus, the two-outcome POVM on H that

describes the process is ΠSEP = {Â†
s(ξ)Âs(ξ), Â†

f (ξ)Âf (ξ)}.7

To illustrate the state separation protocol, we evaluate its effect on the coefficients of the

output states resulting from success [Eq.(2.22a)] and failure [Eq.(2.22b)] outcomes. In the first

column of Fig. 7, we plot the coefficients {ak} of the input states for dimensions n = 3 (top row)

and n = 5 (bottom row). Columns two to four show the coefficients of the successful output

states, {bk(ξ)}, for ξ = 0.3, 0.7, and 1, respectively. Column five displays the coefficients of the

failure output states, {b̃k}, which are independent of ξ. In the case of success, the amplitudes

larger than amin are attenuated as ξ increases, and {bk(ξ)} approaches 1/
√
n, which are the

coefficients of a uniform state (see plots with ξ = 1). As discussed above, in the case of failure,

the output states lie in an (n− µ)-dimensional space. In the example with n = 3, we have µ = 1,

so the failure states are two-dimensional; for n = 5, we have µ = 2, and the failure states span a

three-dimensional space.
7 The positivity of Â†

s(f)(ξ)Âs(f)(ξ) is straightforward to show. To demonstrate completeness, we proceed as
follows: from the definition of the detection operators in Eq. (2.24), given an arbitrary state |ψ⟩ ∈ H, we
have Û(ξ)|ψ⟩|1⟩a = Âs(ξ)|ψ⟩|1⟩a + Âf (ξ)|ψ⟩|0⟩. The unitarity of Û(ξ) implies that ⟨ψ|Â†

s(ξ)Âs(ξ)|ψ⟩ +
⟨ψ|Â†

f (ξ)Âf (ξ)|ψ⟩ = ⟨ψ|ψ⟩. Since this holds for all |ψ⟩ ∈ H, it follows that Â†
s(ξ)Âs(ξ) + Â†

f (ξ)Âf (ξ) = Î .
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(a) (b) (c)

Figure 8 – Symmetric states of a qubit on the Bloch sphere for N = 3 (first row) and N = 4
(second row). (a) Input states [Eq. (2.25)]; (b) output states separated by θ < θ′ < π/4
[Eq. (2.26)]; (c) output states maximally separated [Eq. (2.27)].

2.4.1.1 Qubit case

For the case of qubits, which will be experimentally addressed in the next chapter, the N

symmetric states given in Eq. (2.2) can be expressed in terms of the polar angle on the Bloch

sphere as

|αj(θ)⟩ = cos θ|0⟩ + ωj sin θ|1⟩, (2.25)

where 0 ≤ θ ≤ π/4 and {|0⟩, |1⟩} are the states at the poles of the sphere. Under the action

of V̂ j = |0⟩⟨0| + ωj|1⟩⟨1|, the fiducial state |α0(θ)⟩ is rotated around the z-axis of the Bloch

sphere by an azimuthal angle 2πj/N while keeping its polar angle 2θ. The N states generated in

this way are symmetrically distributed along the parallel of latitude π/2 − 2θ north of the Bloch

sphere equator, as sketched in Fig. 8(a) for N = 3 (first row) and N = 4 (second row).

In the separation process, let us express the successfully transformed states as

|βj(θ′)⟩ = cos θ′|0⟩ + ωj sin θ′|1⟩, (2.26)

where, using Eq. (2.22a), we find θ′ = arccos
(√

(1 − ξ) cos2 θ + ξ/2
)

. This angle ranges from

θ to π/4 as ξ varies in the interval [0, 1]. Therefore, successful separation is characterized by an

increase in the polar angle of the inputs, with the resulting symmetric states |βj(θ′)⟩ lying on a

parallel of the Bloch sphere that is closer to the equator than before, as shown in Fig. 8(b). In
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particular, when θ′ = π/4, the separation is maximal and the output states become uniform:

|βj(π/4)⟩ = 1√
2

(|0⟩ + ωj|1⟩). (2.27)

These states are located on the equator of Bloch sphere, as shown in Fig. 8(c).

By using Eqs. (2.22a), (2.25), and (2.26), we can write the separation parameter ξ as a

function of the output polar angle θ′:

ξ(θ′) = 2(sin2 θ′ − sin2 θ)
cos 2θ . (2.28)

Then, using the above relation and the fact that amin = sin θ, we can express the optimal success

probability of state separation [Eq. (2.23)] in terms of the input and output polar angles, which

yields

Ps(θ′) =
(

sin θ
sin θ′

)2

. (2.29)

Note that for θ′ = π/4, we have Ps = 2 sin2 θ = 1 − QMC, which corresponds to the success

probability of the optimal MC strategy.

The separation process fails with probability Pf (θ′) = 1 − Ps(θ′). In this case, using

Eq. (2.22b), we have b̃0 = 1 and b̃1 = 0, so that |αj(θ)⟩ → |0⟩ for all j, which results in no

information remaining about the input states.

2.4.2 Optimal FRIO discrimination as a two-step process

The successfully separated states, namely, {|βj(ξ)⟩}N−1
j=0 given by Eq. (2.21a), also form a set

of N equally likely symmetric states. Assume that one wants to discriminate them with a ME

strategy, whose POVM is given by Eq. (2.6). Denoting the minimum average error probability in

this case as pβ
e (ξ), we obtain

pβ
e (ξ) = 1 − 1

N

N−1∑
j=0

⟨βj(ξ)|Π̂ME
j |βj(ξ)⟩

= 1 − 1
N

∑
k∈I

bk(ξ)
2

. (2.30)

Using the above result, we now show that the optimal FRIO discrimination ofN equiprob-

able symmetric states can be decomposed into two steps: an optimal state separation followed

by a ME measurement on the successful outputs. This two-step process is represented by an

(N + 1)-outcome POVM ΠFRIO = {Π̂0(ξ), . . . , Π̂N−1(ξ), Π̂?(ξ)}, where the associated detec-

tion operators {Âj(ξ)}N−1
j=0 and Â?(ξ) are given by the compositions of the detection operators
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corresponding to each measurement in the sequence. Thus, using Eqs. (2.6) and (2.24), it follows

that

Âj(ξ) =
√

Π̂ME
j Âs(ξ), (2.31a)

Â?(ξ) = Âf (ξ) (2.31b)

are the detection operators associated with a conclusive identification of the input state (whether

it is correct or not) and an inconclusive answer, respectively. It is easy to verify that the oper-

ators {Π̂j(ξ) = Â†
j(ξ)Âj(ξ)} and Π̂?(ξ) = [Â?(ξ)]†Â?(ξ) are positive semidefinite and satisfy∑

j Π̂j(ξ) + Π̂?(ξ) = Î . Using this POVM and Eqs. (2.6), (2.20), (2.21a), and (2.22a) we obtain

the average probabilities of Eq. (2.1) as functions of ξ, the degree of separation:

Pe(ξ) = Ps(ξ)pβ
e (ξ), (2.32a)

Pc(ξ) = Ps(ξ)
[
1 − pβ

e (ξ)
]
, (2.32b)

Q(ξ) = Pf (ξ), (2.32c)

where Ps(ξ) = 1 − Pf (ξ) is given by Eq. (2.23).

Equations (2.32) make explicit the connection between the two steps and the optimal

FRIO discrimination. After the separation, if no further measurement is carried out on the less

distinguishable failure output states, no information about the inputs can be obtained. Thus,

the inconclusive rate equals the failure probability of the separation step. On the other hand, a

successful separation will lead to a conclusive outcome for the discrimination attempt, and indeed

we see that Pe(ξ) + Pc(ξ) = Ps(ξ). The fixed value of Q ∈ [0, QMC] is set at the state separation

stage by choosing ξ ∈ [0, 1]; from Eq. (2.23), we have Q(0) = 0 and Q(1) = 1 − na2
min = QMC.

In terms of the two-step process, the figure of merit of the optimal FRIO measurement,

Pmin
e (Q), is given by

Pmin
e (Q) = (1 −Q)pβ

e (Q). (2.33)

To derive an explicit expression for this probability, we first isolate ξ in Eq. (2.23), obtaining

ξ(Q) = Q(1 −QMC)/QMC(1 −Q). Then, using Eqs. (2.22a) and (2.30), we find

Pmin
e (Q) = 1 −Q− 1

N

∑
k∈I

√√√√a2
minQ+ a2

k(QMC −Q)
QMC

2

. (2.34)

It is easy to verify that the ME and optimal MC strategies emerge as particular cases of the

optimal FRIO for Q = 0 and Q = QMC, respectively. In the first case, we find the Helstrom

bound, i.e., Pmin
e (0) is given by Eq. (2.8). In the second case

Pmin
e (QMC) = (1 −QMC) (1 − CMC) , (2.35)



Chapter 2. Discrimination of equiprobable symmetric states 51

θ=5o

θ=10o

θ=15o

10 20 30 40
0.0

0.2

0.4

0.6

0.8

1.0

θ' (deg)

P
s

N=2

N=3

N=4

10 20 30 40
0.0

0.2

0.4

0.6

0.8

1.0

θ' (deg)

p
c
β

Figure 9 – Left: Average success probability of state separation (Ps) vs output angle (θ′)
[Eq. (2.29)] for the input angles θ shown in the inset. Right: Average probability of
correctly discriminating the separated states (pβ

c = 1 − pβ
e ) vs θ′ [Eq. (2.37)] for N

input states (see inset).

where CMC = n/N is the maximum confidence achieved for each of the N symmetric states

[see Eq. (2.14)]. When N = n, the optimal UD strategy is recovered, for which the zero-error

condition holds: Pmin
e (QUD) = 0. The solution given by (2.34) is valid in the range 0 ≤ Q ≤ QMC.

In the complementary interval, QMC ≤ Q ≤ 1, the convexity of Pmin
e (Q) [21] implies that the

solution is given by Pmin
e (Q) = (1 −Q)(1 − CMC). Therefore, the minimum relative error rate

p(β)
e (Q) = Pmin

e (Q)/(1 −Q) becomes constant for Q ≥ QMC, and QMC represents a critical value

for the inconclusive rate. Above this threshold, the MC measurement is suboptimal: although it

achieves maximum confidence, Q is no longer minimal.

Equation (2.34) shows that the error probability increases with the number of states to be

discriminated. In the limit N → ∞, we have

lim
N→∞

Pmin
e (Q) = 1 −Q, (2.36)

so only erroneous or inconclusive answers can be obtained.

2.4.2.1 Qubit case

For symmetric qubit states, the separation process succeeds with probability Ps(θ′) [Eq. (2.29)].

According to Eq. (2.30), the minimum average error probability for discriminating the success-

fully separated states (2.26), will be given by

pβ
e (θ′) = 1 − 1

N
(1 + sin 2θ′). (2.37)

We now analyze the behavior of these two probabilities, from which Pe(θ′), Pc(θ′), and Q(θ′)
can be derived, as shown in Eqs. (2.32). In the left panel of Fig. 9, Ps is plotted as a function of
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Figure 10 – Average error probability (Pmin
e ) vs inconclusive rate (Q) for N input states (solid

gray lines). From bottom to top, N ranges from 2 to 30. The dashed vertical line
represents the critical inconclusive rateQ = QMC and the dashed red line corresponds
to the asymptotic limit [Eq. (2.36)]. The input states were fixed with polar angle
θ = π/15 in the Bloch sphere.

the output angle θ′ for three input angles θ = 5◦, 10◦, and 15◦. It decreases with θ′, indicating

that extracting greater distinguishability from the inputs comes at the cost of lower success

rates. On the other hand, it increases with θ, since more distinguishable input states are easier to

separate, resulting in higher success rates. In the right panel of Fig. 9, we plot pβ
c = 1 − pβ

e as a

function of θ′ for N = 2, 3, and 4 input states. It increases with θ′, as a result of the increased

distinguishability of the successful output states. On the other hand, it decreases with N , as

increasing the number of states reduces their distinguishability.

After some algebraic manipulation of Eq. (2.34), we obtain the minimum error probability

Pmin
e (Q) for the qubit case as

Pmin
e (Q) = 1

N

[
(N − 1)Q̄−

√
Q̄2 − (Q−QMC)2

]
, (2.38)

where Q̄ = 1 −Q and 0 ≤ Q ≤ QMC; for QMC ≤ Q ≤ 1, Pmin
e (Q) = Q̄(1 − 2/N). This solution

is in agreement with previous results in the literature [21,22,35]. In particular, by making N = 2,

we recover the two-state solution discussed in Sec. 1.2.3 [see Eq. (1.34) with Q0 = QMC].

In Fig. 10, we plot the minimum average error rate as a function of the inconclusive rate.

The input set is defined by the polar angle θ = π/15 and the number of states in the set ranges

from N = 2 (bottom) to N = 30 (top). The dashed red line corresponds to the asymptotic limit

given by Eq. (2.36); the dashed black line represents the critical inconclusive rate Q = QMC. The



Chapter 2. Discrimination of equiprobable symmetric states 53

error rate decreases monotonically with the inconclusive rate and increases with the number of

states to be discriminated. Moreover, as N increases, the corresponding curves approach the

asymptotic bound more rapidly for large values of Q.

2.5 Concatenated FRIO discrimination of symmetric states

2.5.1 Standard and concatenated discrimination strategies

As shown in the previous section, a failure in the separation process results in the map |αj⟩
fail−→

|β̃j⟩, where the states |β̃j⟩ [Eqs. (2.21b) and (2.22b)] span an (n− µ)-dimensional space, with

1 ≤ n− µ ≤ n− 1. Depending on the value of n− µ, the following scenarios may arise:

a) n− µ = 1: The failure states are identical and therefore cannot provide more information

about the inputs than a random guess, making any subsequent discrimination attempt

useless. This is always the case for qubit states (|αj(θ′)⟩ fail−→ |0⟩ for all j), where a failed

separation implies inconclusive discrimination.

b) n− µ > 1: This condition can only be achieved with qudits. Here, the failure states still

carry information about the inputs,8 although less than what can be extracted from the

successfully separated states. Two types of strategies emerge from this scenario:

(i) Standard strategies: Refraining from discriminating the failure states leads to

inconclusive outcomes. The probabilistic discrimination strategies discussed so far

follow this approach and will be referred to as standard strategies.

(ii) Concatenated strategies: The failure states are linearly dependent and can be

discriminated via ME, optimal MC, or optimal FRIO measurements. Strategies in

which these states are discriminated will be referred to as concatenated strategies.

Since the early developments of probabilistic state discrimination in higher dimensions, several

works have addressed the possibility of retrieving information from failure events [17, 37,61–

66]. Recently, the concatenation of optimal UD and ME measurements was experimentally

demonstrated [41]. Concatenated discrimination strategies avoid discarding useful information—

as in the standard case—and have been shown to yield significant improvements in probabilistic
8 To understand this, let us consider the case of symmetric states. Using the triangle inequality, the magnitude

of the overlap between an input state |αi⟩ [Eq. (2.2)] and a failure output state |β̃j⟩ [Eq. (2.21b)] satisfies
|⟨αi|β̃j⟩| = |

∑
ℓ ω

ℓ(j−i)aℓb̃ℓ| ≤
∑

ℓ |aℓb̃ℓ| = |⟨αi|β̃i⟩|, where the equality holds only for i = j. Thus, the
overlap magnitudes are maximized when the indices match, which implies that identifying |β̃j⟩ yields a higher
probability of correctly inferring the input as |αj⟩. In the case n− µ = 1, |⟨αi|β̃j⟩| takes the same value for all
i, j.
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implementations of quantum teleportation [39], entanglement swapping [40], dense coding, and

quantum key distribution [24].

2.5.2 Concatenating optimal FRIO and ME measurements

There are several ways to concatenate two or more state discrimination strategies, depending on

which figure of merit one seeks to improve compared to the standard strategy. In this work, we

study and apply the concatenation of optimal FRIO and ME measurements, which we refer to as

concatenated FRIO.9 In this strategy, the inconclusive outcome of standard FRIO is unfolded

into N outcomes from the ME measurement on the failure states. Thus, it is represented by

a 2N -outcome POVM ΠCONC = {Π̂j(ξ), Π̂f
j (ξ)}N−1

j=0 , where Π̂j(ξ) and Π̂f
j (ξ) are the elements

associated with a conclusive identification of the input state after successful and failed separations,

respectively.

For equiprobable symmetric input states, the set of detection operators Âj(ξ) correspond-

ing to Π̂j(ξ) remains unchanged from the standard case [see Eq. (2.31a)]. On the other hand,

the detection operators Âf
j (ξ) associated with Π̂f

j (ξ) must now incorporate the ME measure-

ment given by Eq. (2.6), since the failure output states [Eq. (2.21b)] are also symmetric and

equiprobable. Therefore,

Âj(ξ) =
√

Π̂ME
j Âs(ξ), (2.39a)

Âf
j (ξ) =

√
Π̂ME

j Âf (ξ) (2.39b)

with Âs(ξ) and Âf (ξ) given by Eqs. (2.24a) and (2.24b), respectively. It is easy to verify that all

the elements are positive semidefinite and satisfy
∑

j[Π̂j(ξ) + Π̂f
j (ξ)] = Î .

As seen in Eqs. (2.21b) and (2.22b), the failure states |β̃j⟩—and thus the information

they carry—do not depend on the separation parameter ξ (or equivalently, on the inconclusive

rate Q), but only on the form of the input states. The maximum average probability of correctly

identifying them will be given by

pβ̃
c = 1

N

N−1∑
j=0

⟨β̃j|Π̂ME
j |β̃j⟩

= 1
N

∑
k∈I

√√√√a2
k − a2

min

QMC

2

, (2.40)

9 Strictly speaking, referring to this strategy as “concatenated FRIO” constitutes a slight abuse of language, since it
does not produce inconclusive outcomes. However, we adopt this terminology throughout the thesis to distinguish
it from “standard FRIO” and also because it effectively conveys the idea that the main strategy (optimal FRIO)
is applied first; if it fails, a second strategy (ME) is then used to extract the remaining information.



Chapter 2. Discrimination of equiprobable symmetric states 55

and satisfies pβ̃
c ∈ [1/N, (n− µ)/N ]. The lower bound is achieved when n− µ = 1, in which

case we can do nothing but make a random guess; the upper bound is attained when the failure

states are uniform, which occurs when a2
k = (1 − µa2

min)/(n− µ) for all ak > amin.

To compare the performance of the standard and concatenated FRIO measurements, we

consider the overall probability of correct identification provided by each strategy as a function

of the inconclusive rate, denoted by Pstd(Q) and Pcct(Q), respectively. This figure of merit

encompasses both successful and failure events in the separation process and is given for each

case by

Pstd(Q) = (1 −Q)pβ
c (Q) + Q

N
, (2.41a)

Pcct(Q) = (1 −Q)pβ
c (Q) +Qpβ̃

c , (2.41b)

where pβ
c (Q) = 1 − pβ

e (Q) [see Eqs. (2.33) and (2.34)], and 1/N corresponds to the probability

of a correct outcome from a random guess, which is the best that can be achieved when no

measurement is performed on the failure states. Since pβ̃
c ≥ 1/N , it follows that Pcct(Q) ≥

Pstd(Q), showing the advantage of the concatenated measurement when information is available

after failure (i.e., when n− µ > 1).

We now illustrate these results by considering the discrimination of N = 3 symmetric

qutrit states. Let the coefficients {ak}2
k=0 of the input states be specified using spherical coordi-

nates as {cos γ, sin γ cosϕ, sin γ sinϕ}. First, we choose γ = π/5 and ϕ = π/10, which results

in a0 > a1 > a2. In this case, the failure space is two-dimensional and contains information

about the inputs. To see this, in the upper left panel of Fig. 11 we plot the magnitudes of the

overlaps

|⟨αi|β̃j⟩| =
∣∣∣∣∣

2∑
ℓ=0

ωℓ(j−i)aℓb̃ℓ

∣∣∣∣∣ ≡ Mij. (2.42)

as a 3D bar chart. Since Mii > Mij for i ̸= j, the failure state |β̃i⟩ is most likely to correspond

to the input state |αi⟩. The concatenated measurement exploits this to extract the available

information. In the upper right panel, we plot Pstd and Pcct as functions of Q [Eqs. (2.41)], where

it is clear that the concatenated FRIO outperforms its standard counterpart for all Q > 0.

As a second example, we consider qutrit states with γ = π/10 and ϕ = π/4, which

results in a0 > a1 = a2. In this case, the failure space is one-dimensional and does not contain

information about the inputs. In the lower left panel of Fig. 11, we plot Mij [Eq. (2.42)]. Since

Mij is constant for all i, j, the failure states cannot be preferentially associated with any particular

input state. Consequently, the standard and concatenated FRIO measurements yield the same

overall probabilities of correct identification, as shown in the lower right panel.
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Figure 11 – First column: Overlap magnitudes Mij [Eq. (2.42)]. Second column: Overall proba-
bilities of correct identification vs Q for standard and concatenated FRIO measure-
ments [Eqs. (2.41)]; the vertical dashed line corresponds to the critical inconclusive
rate Q = QMC. First row: The failure states are most likely to correspond to the input
states with the same index; when they are discriminated, the concatenated FRIO
outperforms the standard one. Second row: There is no preferential correspondence
between the failure and input states, and the concatenated and standard schemes
yield the same results.

2.6 Summary

In this chapter, we have discussed the discrimination of equiprobable symmetric pure states by

revisiting known results for ME and optimal MC measurements, and by deriving the solution for

the optimal FRIO measurement. For the latter, we showed that optimal FRIO can be decomposed

into a state separation stage that probabilistically modifies the distinguishability of the inputs,

yielding successful (more distinguishable) and failure (less distinguishable) outputs, followed by

a ME measurement on the former. With this approach, we provided a physical implementation

of the strategy and obtained its optimized figure of merit, Pmin
e (Q). Moreover, we showed that

concatenating optimal FRIO and ME measurements can increase the overall probability of

correct identification in high-dimensional spaces. In the subsequent chapters, we will build on

these results to experimentally implement the optimal FRIO for qubits, analyze the quantum

resources required to implement both the standard and concatenated measurements, and employ

these strategies to derive wave-particle duality relations in multipath interferometers.
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3 Optical implementation of FRIO measure-
ment for qubit states

“Quantum phenomena do not occur in a Hilbert space. They occur in a laboratory”

Asher Peres

Among the results from the previous chapter, we found a closed-form solution for the optimal

FRIO measurement applied to discriminate N equally likely symmetric states of a qubit. In this

chapter, we present an experimental realization of this measurement strategy for N = 2, 3, 5,

and 7 states of a qubit encoded in photonic path modes. Following the theoretical description

provided in Sec. 2.4.2, our implementation is divided into two steps: First, using a programmable

spatial light modulator, we carry out an optimal quantum state separation; then, the successfully

transformed output states are discriminated via ME measurement. This approach is corroborated

by the experimental results obtained, where the minimum error rates are achieved for fixed rates

of inconclusive outcomes, encompassing the extreme strategies as particular cases. The results

presented here were published in [34].

3.1 Experiment

The experimental setup to demonstrate the optimal FRIO measurement is illustrated in Fig. 12(a).

Next, we describe each section of our optical implementation, namely, state preparation, sepa-

ration and discrimination. It is important to stress that, like most optical tests of quantum state

discrimination [25–31, 41], our implementation explores the isomorphism between the state of

an optical field generated by a laser source and a quantum state, as explained below.1

3.1.1 Source and state preparation

Our light source consisted of a 687nm single-mode diode laser. The beam is initially sent through

a spatial filter that cleans, expands and collimates its spatial profile, generating an approximate

plane wave field. Then, it passes through a half-wave plate (HWP) followed by a polarizer: the

former acts as a variable attenuator and the latter provides a clean vertical polarization for the

field.
1 As discussed in previous works of our group [30, 41], our implementation could be made truly quantum only

by replacing the laser source by a single photon source and the cameras by detector arrays with single photon
counting capability.
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Figure 12 – (a) Experimental setup (see text for details). HWP: half-wave plate; BS: beam
splitter; LCD: liquid crystal display; PBS: polarizing beam splitter; L1–L3: spher-
ical lenses with focal length f = 30 cm. The dashed box highlights the spatial
light modulator (SLM) that performs the operation E SLM described in the text. (b)
Computer-generated masks addressed to the transmissive LCD to assist the state
separation |αj(θ)⟩ → |βj(θ′

t)⟩, where θ = 19.5◦ and {θ′
t}7

t=1 are given in Table 1. (c)
Arrangement for state separation: the SLM couples the path modes with the polar-
ization, which is then measured in the {|h⟩, |v⟩} by the PBS; the separation succeeds
(fails) with the projection onto |v⟩ (|h⟩). (d) ME measurement to discriminate N
symmetric states of path encoded qubits [see Eq. (3.7)]: an array of N pointlike
detectors, at the focal plane of a lens, is distributed along the transverse positions
{xk}N−1

k=0 given by Eq. (3.9); the panel shows these positions in our experiment.
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To prepare the desired path-encoded qubit states, we employed the method introduced in

Refs. [67, 68], which we summarize next. The incoming beam produced at the source is driven

to a normal incidence at a reflective liquid crystal display (LCD, Holoeye PLUTO) working

as a programmable phase-only spatial light modulator (SLM). This device is addressed with a

computer-generated mask given by an array of two blazed diffraction gratings [a typical mask

is shown at the computer screen in the state preparation stage of Fig. 12(a)]. For a display

with pixels 8µm wide, the gratings have period, width and center-to-center separation of 12,

18, and 36 pixels, respectively. The SLM imprints the mask information into the phase profile

of the beam; the modulated beam is then transmitted through the spherical lens L1, and a slit

diaphragm at its focal plane filters the first diffraction order. The filtered beam is given by a

coherent superposition of two non-overlapping path modes generated by the gratings. These

modes, represented by |0⟩ and |1⟩, are modulated by complex coefficients with magnitude and

phase defined by the phase depth and lateral displacement of the gratings, respectively. The state

of the field emerging from this process is equivalent to a stream of single photons prepared in a

given pure state on a two-dimensional space spanned by the two path modes. In particular, we

use this method to prepare the symmetric qubit states

|αj(θ)⟩ = cos θ|0⟩ + eiφωj sin θ|1⟩. (3.1)

Note that unlike Eq. (2.25), these symmetric states have an additional fixed relative phase, φ.

In the state separation stage described below, the SLM will introduce a phase shift φ in the |0⟩
mode. To eliminate its effect, in the preparation stage, we introduce the same phase in the |1⟩
mode, ensuring that it becomes global and thus irrelevant.

3.1.2 State separation

As described in Sec. 2.4.1, state separation is the transformation that maps the inputs |αj(θ)⟩
into the more distinguishable outputs |βj(θ′)⟩, defined by Eq. (2.26), with the maximum success

probability Ps(θ′) given by Eq. (2.29). Here, it will be performed using the light polarization as

an ancilla qubit, with the horizontal and vertical polarization states, |h⟩ and |v⟩, chosen as the

canonical basis for its Hilbert space Ha.

As both path modes in the preparation stage are vertically polarized, the input state is

given by |αj(θ)⟩|v⟩. Now, consider the following unitary operation acting on the composite

Hilbert space H ⊗ Ha:

Û(θ′) = eiφ|0⟩⟨0| ⊗

 ζ(θ′) τ(θ′)
−τ(θ′) ζ(θ′)


a

+ |1⟩⟨1| ⊗ Îa, (3.2)
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where ζ(θ′) = tan θ cot θ′ =
√

1 − τ 2(θ′) and Îa is the identity on the ancilla space. By applying

this operation on the input state (3.1) and using Eqs. (2.26) and (2.29), it is straightforward to

show that

Û(θ′)|αj(θ)⟩|v⟩ =
√
Ps(θ′)|βj(θ′)⟩|v⟩ +

√
Pf (θ′)|0⟩|h⟩. (3.3)

To implement the controlled unitary given by Eq. (3.2), we must have the path-encoded

qubit acting as the control for a transformation on the polarization qubit: if the path mode is |0⟩,

a phase φ is added and the polarization is rotated as

|v⟩ → |p(θ′)⟩ =
√

1 − ζ2(θ′)|h⟩ + ζ(θ′)|v⟩; (3.4)

otherwise, it is left unchanged. The transformation on the ancilla, denoted by E SLM, is performed

by a programmable SLM composed of a transmissive LCD (Holoeye LC 2012) sandwiched

between two HWPs with fixed orientations, shown in the dashed box of Fig. 12(a) (see Ap-

pendix 6 for an overview of the SLM characterization, or Ref. [69] for a complete description).

This device modulates the polarization and phase of the incoming light as a function of the gray

level (gl = 0, . . . , 255) displayed onto each pixel of the LCD2 [70]. Given a vertically polarized

input beam, for gl = 0, it acts as an identity operation. On the other hand, for gl > 0, its action

imprints a phase shift and approaches the desired polarization rotation3 (3.4). Now, to make this

a controlled operation, each path mode is imaged onto one of the halves of the LCD screen by a

4f optical system formed by the lenses L1 and L2, as shown in Fig. 12(a) (the polarizer before

the SLM is used only to ensure a pure vertical polarization for each mode). The mode |0⟩ (|1⟩)

goes through the left (right) half which is addressed with a homogeneous computer-generated

mask with gl > 0 (gl = 0) [a typical mask is shown on the corresponding computer screen of

Fig. 12(a)]. In this way, the SLM will only act in the path mode |0⟩. The relationship between the

gray level at the LCD with the target separation angles and the phase shifts for the input symmet-

ric states are discussed in the Appendix 6. The values of these parameters used in our experiment

are specified in Table 1; the corresponding masks to implement the intended transformations are

shown in Fig. 12(b).

After the unitary system-ancilla coupling, the protocol is completed with a projective

measurement on the ancilla’s canonical basis {|h⟩, |v⟩}, as shown in Eq. (3.3), performed using

a polarizing beam splitter (PBS). The vertically polarized component of the state is reflected

by the PBS, resulting in the desired separation with the maximal success probability, while the
2 Each gray level, ranging from 0 to 255, corresponds to an increasing voltage applied to the LCD pixel.
3 Unwanted effects present in the SLM, such as depolarization, prevents it from working exactly as the required

unitary polarization rotation. A full characterization of these effects demands a process tomography of the
device, which was beyond the scope of the present work but can be found in the master’s dissertation of Erick R.
de Carvalho [69].
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Table 1 – Starting with a set of N symmetric states characterized by θ = 19.5◦ (this choice is
explained in Appendix 6), the target separation angles in our experiment are specified
in th second column. The third column shows the required gray level at the left half of
the LCD screen to implement the intended separation; the fourth column shows the
phase shifts introduced by the SLM with the addressed gray level.

t Separation angle Gray level Phase shift
{θ′

t} {glt} {φt}

1 19.5◦ 0 0
2 22.6◦ 142 0.23π
3 25.5◦ 163 0.32π
4 29.5◦ 180 0.40π
5 34.2◦ 195 0.48π
6 40.0◦ 214 0.56π
7 45.0◦ 255 0.61π

horizontal component is transmitted, resulting in completely indistinguishable failure outputs.

This process is illustrated in Fig. 12(c).

3.1.3 Minimum-error measurement

The separated states {|βj(θ′)⟩} from the previous step must now be discriminated with a ME

measurement given by the N -outcome POVM of Eq. (2.6). From Naimark’s theorem described

in Sec. 1.1.3, this POVM on the two-dimensional qubit space can be implemented as a projective

measurement on an extendedN -dimensional Hilbert space, HN , which in the present case will be

achieved via direct sum. To see this, let {|k⟩}N−1
k=0 be an orthonormal basis for HN . By applying

the quantum Fourier transform

F̂N = 1√
N

N−1∑
m,n=0

ωmn|m⟩⟨n|, (3.5)

we generate a conjugate orthonormal basis that can be written as

|µk⟩ = F̂N |k⟩

=
√

2
N

|uk⟩ + 1√
N

N−1∑
m=2

ωmk|m⟩, (3.6)

where |uk⟩ is given by Eq. (2.7). From Eqs. (2.6) and (2.26), it is straightforward to show that

⟨βj(θ′)|Π̂ME
k |βj(θ′)⟩ = |⟨µk|βj(θ′)⟩|2. Therefore, the projective measurement

π̂ME
k = |µk⟩⟨µk| = F̂N |k⟩⟨k|F̂−1

N (3.7)

in the larger space HN , implements, in the qubit space H, the POVM of Eq. (2.6) for the required

ME discrimination.
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Table 2 – Parameters used in our experimental setup. λ: wavelength of the laser; f : focal length
of the lens L3, ∆: distance between the modes; Λ: width of the modes.

λ f ∆ Λ

687 nm 30 cm 288µm 144µm

Here, this projective measurement is performed by an array of N pointlike detectors at

the focal plane of a spherical lens, as sketched in Fig. 12(d). The lens performs an optical Fourier

transform, and the kth detector in the array, located at the transverse position xk, postselects the

state [30]

|µ(xk)⟩ = 1√
N

N−1∑
l=0

ωxkNl∆/λf |l⟩, (3.8)

where ∆ is the distance between the centers of the path modes, λ is the light wavelength, and f

the lens focal length. Thus, the ME measurement is implemented by distributing the detectors

along the transverse positions

xk = −λfmk

N∆ ⇒ |µ(xk)⟩⟨µ(xk)| = π̂ME
k , (3.9)

where k = 0, . . . , N − 1 and mk = k if k ≤ N/2 or mk = k − N , otherwise. The panel in

Fig. 12(d) shows these positions for N = 2, 3, 5, and 7 symmetric states, obtained with our

experimental parameters shown in Table 2.

We use CMOS cameras (Thorlabs DCC1545M) at the focal plane of the lens L3, at both

outputs of the PBS, as shown in Fig. 12(a). From each camera, we select N pixels (for a pixel

size of 5.2 µm) located at the positions shown in Fig. 12(d). With the detections at the reflected

arm, we obtain the error rates in the discrimination of the successfully separated states; with the

detection at both arms, we obtain the rate of inconclusive outcomes, as explained next.

3.2 Experimental results

3.2.1 Preliminaries

To carry out the experiment, we first define the number of states to be discriminated, N , and

the fixed rate of inconclusive results, Q(θ′), which is determined by the target separation angle

θ′
t. For a given N and θ′

t, the input states, given by Eq. (3.1), are prepared with θ = 19.5◦ (see

Appendix 6) and a relative phase φ = φ(θ′
t) ≡ φt shown in Table 1. The inputs are prepared one

at a time, each one with its corresponding mask displayed on the reflective LCD. All are subjected

to the same operation by the SLM, defined by a fixed mask addressed to the transmissive LCD,

according to θ′
t [see Fig. 12(b)]. Finally, the cameras at both outputs of the PBS (success and
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Figure 13 – Successful state separation. Normalized intensity distributions for Is
j (x): experimen-

tal results (dots) and theoretical predictions (solid lines). From top to bottom, each
row corresponds to N = 2, 3, 5, and 7 input states; each column corresponds to the
target separation angle {θ′

t}7
t=1 given in Table 1. The colors are associated with the

state indices as follows: j = 0 (red), j = 1 (blue), j = 2 (green), j = 3 (magenta),
j = 4 (gray), j = 5 (orange), and j = 6 (cyan).

failure, ℓ = s, f ) record the intensity distributions, Iℓ
j (x, y), for each input state j. For each

distribution, we subtract the background noise and integrate it in the transverse direction y,

obtaining Iℓ
j (x). Figures 13 and 14 show the normalized intensity distributions for Is

j (x) and

If
j (x), respectively, obtained in our experiments.4 We first examine their behavior before using

them to characterize the state separation and estimate the probabilities in the discrimination

process.

For a path-encoded qubit, the probability amplitude of a path mode |m⟩ (m = 0, 1) at

the focal plane of a lens is written, in position space, as [71]

⟨x|m⟩ ∝ exp(−iκ(1 − 2m)x∆) sinc(κΛx), (3.10)

where κ = π/λf , and Λ is its width. (The values of these parameters in our experiment were

provided in Table 2.) Hence, in the case of successful separation, a qubit in the symmetric state
4 For θ′

1 in Fig. 14, there is no separation, and thus no failure state.



Chapter 3. Optical implementation of FRIO measurement for qubit states 64

-0.2 0 0.2
0

0.5

1
301

-0.2 0 0.2

302

-0.2 0 0.2

303

-0.2 0 0.2

304

-0.2 0 0.2

305

-0.2 0 0.2

306

-0.2 0 0.2

307

-0.2 0 0.2
0

0.5

1

N
or

m
al

iz
ed

 in
te

ns
ity

 d
is

tr
ib

ut
io

n

-0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2

-0.2 0 0.2
0

0.5

1

-0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2

-0.2 0 0.2
x (mm)

0

0.5

1

-0.2 0 0.2
x (mm)

-0.2 0 0.2
x (mm)

-0.2 0 0.2
x (mm)

-0.2 0 0.2
x (mm)

-0.2 0 0.2
x (mm)

-0.2 0 0.2
x (mm)

Figure 14 – Failed state separation. Normalized intensity distributions for If
j (x): experimental

results (dots) and theoretical predictions (solid black lines). From top to bottom,
each row corresponds to N = 2, 3, 5, and 7 input states; each column corresponds
to the target separation angle {θ′

t}7
t=1 given in Table 1. The colors are associated

with the state indices as follows: j = 0 (red), j = 1 (blue), j = 2 (green), j = 3
(magenta), j = 4 (gray), j = 5 (orange), and j = 6 (cyan).

|βj(θ′)⟩ defined in Eq. (2.26) will generate a detection probability density given by

Is
j (x) = |⟨x|βj(θ′)⟩|2

∝ sinc2(κΛx)
[
1 + V (θ′) cos(2κx∆ + argωj)

]
, (3.11)

where

V (θ′) = sin 2θ′. (3.12)

The expression in Eq. (3.11) represents an interference pattern modulated by the envelope

sinc2(•); V (θ′) ∈ [sin 2θ, 1] is the visibility of this pattern whose fringes are displaced by

argωj = 2πj/N . On the other hand, in the case of failure, where |αj(θ)⟩ → |0⟩ ∀ j, the

corresponding detection probability density at the focal plane will be

If
j (x) ∝ sinc2(κΛx), (3.13)

which is simply the diffraction envelope. In Figs. 13 and 14, the solid lines represent the

normalized theoretical predictions from Eqs. (3.11) and (3.13), respectively, obtained with

the target separation angles {θ′
t}7

t=1 given in Table 1; they show good agreement with the

experimental results (dots).
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3.2.2 Characterizing the separated states

From Eq. (3.12), the density matrix associated with the state |βj(θ′)⟩ can be written as

|βj(θ′)⟩⟨βj(θ′)| = 1
2

 2 cos2 θ′ ω−jV (θ′)

ωjV (θ′) 2 sin2 θ′

 . (3.14)

Therefore, by measuring the interference pattern Is
j (x) and determining its visibility and phase

shift, we obtain the off-diagonal terms of the density matrix; the terms on the diagonal are

obtained by measuring the amplitudes of the path modes.

The separation angle, θ′, sets the parallel of radius V (θ′) on the Bloch sphere, and the

azimuthal angle argωj = 2πj/N locates |βj(θ′)⟩ on this parallel, as seen in Fig. 8(b). For a

given θ′ and an azimuthal angle ϕj , a path-encoded qubit state ρ̂j(θ′) inside the parallel is mixed

and its radial location is defined by the visibility of its interference pattern, Vj ∈ [0, sin 2θ′). This

state can be written as

ρ̂j(θ′) = 1
2

 2 cos2 θ′ e−iϕjVj

eiϕjVj 2 sin2 θ′

 . (3.15)

Thus, by replacing the desired θ′ and the corresponding measured parameters ϕj and Vj in

Eq. (3.15), we obtain the location of ρ̂j(θ′) in the plane containing the parallel, which can be

compared with the location of the ideal separated state |βj(θ′)⟩.

Each successfully separated state is characterized using the intensity distribution Is
j (x)

as follows. For a given N and a target separation angle θ′
t, we apply a least-squares fitting to

each measured Is
j (x) using the function

Fj(x) = Imax
j sinc2(κΛx)

[
1 + Vj cos(2κx∆ + ϕ′

j)
]
, (3.16)

where Imax
j is a global proportionality constant for each distribution, Vj is the visibility, and ϕ′

j

a phase shift. These are the parameters we obtain from the fitting. The visibility gives us the

magnitude of the off-diagonal terms in Eq. (3.15). From the parameters {ϕ′
j}N−1

j=0 , we compute a

correction term

ϕcorr = π(N − 1)
N

− 1
N

N−1∑
l=0

ϕ′
l, (3.17)

from which we obtain the phases of the off-diagonal terms in Eq. (3.15) as

ϕj = ϕ′
j + ϕcorr. (3.18)

Figure 15 shows the results obtained from this analysis for N = 2, 3, 5, and 7 symmetric states,

and the separation angles {θ′
t}7

t=1 given in Table 1, arranged in the rows and columns, respectively.

The black circles represent the parallels of the Bloch sphere set by θ′
t. The colored straight lines
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Figure 15 – Characterization of the state separation process for N = 2, 3, 5, and 7 symmetric
states (rows) with the target separation angles {θ′

t}7
t=1 (columns) given in Table 1.

The black circles represent the parallels of the Bloch sphere of radius sin 2θ′
t. The

colored straight lines represent the target output symmetric states, where |β0(θ′
t)⟩

is the red line (positive y-axis) and {|βj(θ′
t)⟩}N−1

j=1 are the remaining lines along the
clockwise direction. The separated states, characterized experimentally, are shown
as squares with the same colors of the target states.

locate the target output symmetric states, where |β0(θ′
t)⟩ is the red line (positive y-axis) and

{|βj(θ′
t)⟩}N−1

j=1 are the remaining lines along the clockwise direction. The states ρ̂j(θ′
t) are shown

as square markers with the same colors of the target states.

Regarding the azimuthal angles 2πj/N that characterize the symmetric states, there is

an excellent agreement between theory and experiment for N = 2 and 3. This agreement gets

a little worse for N = 5 and 7, although it is still good. As N increases, the adjacent states of

a parallel become closer, which means that their relative phases are also closer and thus more

susceptible to errors due to the finite phase resolution of the LCDs in both the preparation and

separation stages. The radial location of ρ̂j(θ′
t) is determined by the measured visibility Vj . For

a given θ′
t, a visibility Vj < sin 2θ′

t indicates loss of purity of the path-encoded states. In our

experiment, this is observed more significantly for θ′
6 and, especially, θ′

7, as seen in Fig. 13. The

main cause for this is the depolarization of the ancilla induced by the transmissive LCD (see

Appendix 6), which is more detrimental for the gray levels associated with these separation



Chapter 3. Optical implementation of FRIO measurement for qubit states 67

angles. As an effect, the error rate in the discrimination increases since the ME measurement

relies on the interference of the path modes.5 On the other hand, in a few cases we also obtained

a slight deviation Vj > sin 2θ′
t (e.g., N = 2 and θ′

1 in Fig. 13), which we attribute to inaccuracies

in the preparation of the input states.6 In this case, the consequence is the decreasing of the

expected error rate.

Despite experimental imperfections, the state separation increased the distinguishability

of the input states in all instances θ = θ′
1 → θ′

t for t = 2, . . . , 7. The gradual increase in

distinguishability, accounted for by the measured visibilities, was also observed from one step to

another, i.e., θ′
t → θ′

t+1, with the exception of θ′
6 → θ′

7, for which there is a slight decrease in

visibilities, due to the reasons discussed above.

3.2.3 The probabilities in FRIO discrimination

The experimental success probability in the state separation, [ps]expt, is obtained from the intensity

distributions in both PBS outputs. First, we integrate them over x, Iℓ
j = ∑

x I
ℓ
j (x), and then, for

each input j, we compute

psj =
Is

j

(Is
j + If

j )
. (3.19)

Finally, we average this over all the inputs, obtaining

[ps]expt = 1
N

N−1∑
j=0

psj. (3.20)

Figure 16 shows the success probability as a function of the separation angles for each N . There

is a good agreement between the experimental results (black squares) and the optimal theoretical

expectations (black curves) given by Eq. (2.29).

The experimental probabilities of correctly identifying the separated states, [pβ
c ]expt, are

computed from the intensity distributions Is
j (x) shown in Fig. 13 as follows. First, we use the

phase correction term, ϕcorr, given by Eq. (3.17), to determine offsets that correct the x-axis as

xcorr = x− ϕcorr

2κ∆ . (3.21)

This ensures greater accuracy in locating the single-pixel detectors that will implement the ME

measurement.7 For a given input state j, we collect the intensities at the N pixels along the

xcorr-axis located at the positions given by Eq. (3.9) and apply a small compensation for the
5 Note that the error probability in Eq. (2.37) can be written as 1 − (1 + Vj)/N .
6 As θ′

1 = θ, the SLM does not change the ancilla state for a zero gray level.
7 The experimental intensity distributions in Figs. 13 and 14 are plotted using xcorr.
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Figure 16 – Experimental results: average probabilities of successful state separation (black
squares) and correct discrimination of the separated states (red triangles). The
solid curves correspond to the optimal theoretical expectations Ps(θ′) and pβ

c (θ′) =
1 − pβ

e (θ′), given by Eqs. (2.29) and (2.37), respectively. The insets show the number
of states, N . In both cases, the standard deviations are of the order of 10−3. Thus,
the error bars were smaller than the size of the data points and were not shown.

detection efficiency due to diffraction, yielding8 {Is
j (xk)}N−1

k=0 . From these intensities, we obtain

pjk =
Is

j (xk)∑N−1
l=0 Is

j (xl)
, (3.22)

namely, the conditional probabilities of correct (j = k) or erroneous (j ̸= k) identifications of

the separated states. Finally, the experimental average rate of correct discrimination will be given

by

[pβ
c ]expt = 1

N

N−1∑
j=0

pjj. (3.23)

These results are shown in Fig. 16 (red triangles) as a function of the separation angles for

each N ; the red curves correspond to the optimal theoretical predictions, pβ
c (θ′) = 1 − pβ

e (θ′),
given by Eq. (2.37). In general, there is good agreement between theory and experiment; the

observed discrepancies are mainly due to the issues pointed out in the state separation stage, as

discussed in the previous subsection. Despite these, it is clear that the rate of correct results for

the separated states increases with θ′, reflecting the increase in their distinguishability.

From these data, we can calculate the FRIO figure of merit using Eqs. (2.32). The

experimental error rates and fixed rates of inconclusive results will be given, respectively, by

[Pe]expt = [ps]expt(1 − [pβ
c ]expt) (3.24a)

Qexpt = 1 − [ps]expt. (3.24b)

In Fig. 17, we plot the former as a function of the latter (markers) for each N indicated in

the insets (note that this is an experimental version of Fig. 10). The curves of the same color
8 The compensated intensity is given by Is

j (xk) = Is
j (xk)/χk, where the compensation factor χk =

sinc2(πΛxk/λf) depends only on the detector position [30].
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Figure 17 – Average error probability, Pmin
e , as a function of the fixed rate of inconclusive

outcomes, Q. The markers represent the experimental results and the solid curves
the optimal theoretical expectations given by Eq. (2.38). The insets show the number
of states, N . Again, the error bars were not shown for the same reasons described in
Fig. 16.

as the markers correspond to the optimal theoretical prediction, Pmin
e (Q), given by Eq. (2.38),

and show good agreement with the data. It can be seen that this agreement improves as the

number of input states increases. As discussed in Sec. 2.4.2, this occurs because the errors and

inconclusive results become predominant in the discrimination process as N increases. In this

way, experimental imperfections independent of N become less noticeable. Still, we can see

from Fig. 17 that our FRIO measurement scheme for discriminating between N equally likely

symmetric states, closely reaches the minimum error rate for a fixed value of Q, and interpolates

between the ME discrimination (Q = 0) and optimal UD (for N = 2) or MC (for N > 2)

strategies (Q = 0.7771).

3.3 Summary and outlook

In this chapter, the optimal FRIO measurement, theoretically described in Sec. 2.4, has been

experimentally demonstrated for discriminating between N equiprobable symmetric states of a

qubit. Although our experiment was carried out with a classical laser source, the results would

not differ if it were done with a true single photon source and a detector array with single photon

counting capability, as extensively discussed in previous works [30, 41]. Our implementation em-

ployed two path modes of light to encode the symmetric states; the light polarization was used as
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an ancilla system to perform state separation, which controllably increased the distinguishability

between the symmetric states. This transformation was implemented through a programmable

spatial modulator, which gave us a fine control for the transition between ME measurement and

optimal UD (or MC) measurements.

In addition to show the optimal FRIO measurement for N states of a qubit, rather than

only two, our setup has an advantage over a previous FRIO implementation [33] that used

polarization-encoded qubits: it can be straightforwardly extended to high-dimensional qudits.

We have all the ingredients for that: the qudit states can be encoded in d path modes produced

by an array of d blazed diffraction gratings at the SLM [67] [similarly to the two-dimensional

case shown in the computer screen of Fig. 12(a)]. In addition, both extreme strategies, ME

and UD, have been demonstrated for discriminating between path-encoded symmetric states of

qudits [30,41]. The FRIO measurement in this case requires the parametric state separation in the

first step, a protocol introduced in Ref. [23]. This protocol also uses a two-dimensional ancilla

and can be performed in a similar way to what we did here, using an SLM (the optimal UD [41],

in particular, employed this transformation to implement the maximum separation). After that,

we just implement the ME measurement on the successfully separated states following the

method shown in [30]. Therefore, our encoding enables a single setup where one can implement

the most fundamental state discrimination strategies in dimensions much larger than two. The

switching between these strategies is controlled just by tuning the transformation carried out by

the SLM, which means to change the computer-generated mask addressed to a programmable

LCD.

fig:setup
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4 Coherence in quantum state discrimination

“Mathematics, rightly viewed, possesses not only truth, but supreme beauty.”

Bertrand Russell

Quantum coherence is an intrinsic property of quantum states and an essential ingredient for

many quantum phenomena. This property has acquired the status of a resource, in the sense

that it can be generated, manipulated, and consumed to perform useful tasks. In this chapter, we

present a comprehensive study on the role of quantum coherence as a resource for implementing

the standard and concatenated FRIO discrimination strategies introduced in Chapter 2. Beyond

its fundamental significance, we show how the characterization of this resource has practical

applications, particularly in the context of secure quantum communication. The results reported

here were published in [72].

4.1 Introduction

In the early 1990s, protocols like dense coding [73] and quantum teleportation [74] showed

that quantum entanglement, far beyond an intriguing phenomenon with deep fundamental

consequences, could be a valuable resource for practical applications. Since then, many other

properties of physical systems, such as quantum discord [75, 76], quantum coherence [77–79],

among others [80], have also been recognized as resources, meaning that without them, a given

task would be infeasible—just as quantum teleportation is not possible without entanglement.

In this context, the implementation of quantum state discrimination, like many other quantum

information tasks, is underpinned by quantum resources, and recent efforts have been directed

towards understanding and unraveling these resources. Early studies focused on the role of

quantum correlations for standard UD of two [81, 82] or more [83, 84] states, ME [85], and

FRIO [86] of two states, showing that quantum discord rather entanglement is the required

resource for the protocol. Recent studies, on the other hand, have explored the role of quantum

coherence in standard UD of two states [87–89], given that it is a more fundamental resource

than quantum correlations [90]. While in Refs. [87, 88], the problem was addressed with the

standard notion of coherence—based on projective measurements—Ref. [89] adopted a more

suitable approach, using the generalized resource theory of coherence developed by Bischof et

al. [79]. In this framework, coherence is the resource needed to implement a POVM on a given

state in an extended Hilbert space, which serves as the operational basis for the discrimination

strategies discussed in this thesis.
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Here, following the approach of Ref. [89], we investigate coherence based on POVMs

as a resource for standard and concatenated FRIO discrimination between N equally probable

symmetric states of arbitrary dimension n, where N ≥ n. For these strategies introduced in

Chapter 2, we first show that the POVM coherence in the assisted separation stage decomposes

into the coherence of the ancillary state and the quantum discord between the system and the

ancilla, evidencing coherence as a more elementary resource than quantum correlations. Next,

it is demonstrated that the POVM coherence for standard and concatenated FRIO decomposes

into the POVM coherence measures for state separation and ME measurement, weighted by

the probabilities of occurrence of each event. Due to the ME discrimination of inconclusive

states, the coherence required for the concatenated scheme is shown to be greater than that of

the standard one. We discuss other general aspects of our results by characterizing the POVM

coherence in the discrimination of qutrit states, with respect to the distinguishability of the inputs

and the inconclusive rate. Finally, by exploiting POVM-based coherence as a quantifier of private

randomness, we discuss the standard and concatenated FRIO strategies from the perspective of

generating random bits that are secret to an eavesdropper—a relevant topic in quantum random

number generation [55, 91–94] and quantum cryptography [95].

4.2 Theoretical background

4.2.1 Coherence based on positive operator-valued measures

In general, the framework of a quantum resource theory consists of the following elements [80]:

(i) states with and without the resource, namely, the resource states and free states, respectively;

(ii) a set of free operations which cannot create a resource state from a free state; and (iii) a

suitable measure that quantifies the resource in any given state, which must be non-increasing

under free operations. Taking entanglement as the most well-known example of a quantum

resource, these elements are: (i) entangled (resource) and separable (free) states; (ii) local

operations and classical communication; and (iii) von Neumann entropy, for instance.

Quantum coherence is a basis-dependent concept, so we must first specify a reference

basis to describe it. To this end, given an n-dimensional Hilbert space, H, let {|k⟩}n−1
k=0 be its

reference orthonormal basis. In the standard resource theory of coherence [78], the free states

are diagonal in this basis, i.e.,

ρ̂′ =
n−1∑
k=0

pk|k⟩⟨k|, (4.1)

and are called incoherent states. States that are not diagonal in this basis are, therefore, resource

states. The free operations, called incoherent operations, are those that admit a Kraus decomposi-
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tion with incoherent Kraus operators, i.e., Einc(ρ̂) = ∑
i Âiρ̂Â

†
i , where Âi|k⟩ ∝ |k′⟩. Among the

different measures to quantify coherence, the relative entropy of coherence for a state ρ̂ is given

by

Cr(ρ̂) = S(ρ̂′) − S(ρ̂), (4.2)

where S(ϱ̂) = −Tr(ϱ̂ log2 ϱ̂) is the von Neumann entropy.

The standard notion of coherence is connected with projective measurements in the

following sense: given an arbitrary state ρ̂, it can be written in the reference basis as ρ̂ =∑n−1
i,j=0 ρij|i⟩⟨j|. The diagonal part of ρ̂, obtained by suppressing its off-diagonal elements, can

be written as ρ̂′ = ∑n−1
k=0 π̂kρ̂π̂k, where π̂k = |k⟩⟨k|. This means that incoherent states can be

seen as arising from a rank-one projective measurement on ρ̂ in the basis {|k⟩}, and coherence,

quantified by Cr(ρ̂), as the resource required to implement such a measurement.

Further studies extended this concept of coherence to general bases, lifting the require-

ment of orthogonality [96], and measurements described by orthogonal operators of higher

rank [97]. But only recently has a proper extension of the resource theory of quantum coherence

been achieved for POVMs [79, 93], the most general way of describing a quantum measurement.

To summarize it, let Π = {Π̂j}N−1
j=0 be an N -outcome POVM on H. As described in Sec. 1.1.3

(see “Tensor product extension”), its measurement on the state ρ̂ may be implemented as a

projective measurement π = {π̂j}N−1
j=0 on an extended tensor product Hilbert space. In the

scenario considered there, the initial system-ancilla state is given by

ρ̂da = ρ̂⊗ |ℓ⟩a⟨ℓ|. (4.3)

Using Eq. (1.7), the post-measurement state, before recording the result, is

ρ̂′
da =

N−1∑
j=0

π̂j ρ̂daπ̂j = V̂ †

N−1∑
j=0

pj ρ̂j ⊗ |ℓ(j)⟩a⟨ℓ(j)|
 V̂ , (4.4)

where V̂ is a global unitary operation and pj = Tr(π̂j ρ̂da) = Tr(Π̂j ρ̂). The von Neumann

entropies of these states are respectively given by

S(ρ̂da) = S(ρ̂), (4.5a)

S(ρ̂′
da) = H({pj}) +

N−1∑
j=0

pjS(ρ̂j), (4.5b)

where, in (4.5b), we used the invariance of this entropy under unitaries, and

H({pj}) = −
N−1∑
j=0

pj log2 pj (4.6)
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denotes the Shannon entropy of the probability distribution {pj}. Similarly to the standard notion

of coherence, quantified by the expression in Eq. (4.2), the relative entropy of POVM-based

coherence is given by

Crel(ρ̂,Π) = S(ρ̂′
da) − S(ρ̂da)

= H({pj}) +
N−1∑
j=0

pjS(ρ̂j) − S(ρ̂), (4.7)

and quantifies the amount of quantum coherence consumed to implement the POVM Π on the

state ρ̂. In this formalism, the incoherent states are block-diagonal,1 as is the state ρ̂′
da in Eq. (4.4).

Note that if Π is a projective measurement, Eq. (4.7) reduces to Eq. (4.2).

4.2.2 Quantifying correlations in a quantum state

Consider the case where identical copies of a bipartite system in the state ρ̂da ∈ B(Hd ⊗ Ha)
are shared between two parties. In the many copies scenario, the total amount of correlations is

given by the quantum mutual information [98]:

I(ρ̂da) = S(ρ̂d) + S(ρ̂a) − S(ρ̂da), (4.8)

where ρ̂d = Traρ̂da and ρ̂a = Trdρ̂da are the reduced density matrices for each partition. Now,

suppose that for each copy a projective measurement {π̂a
i } is implemented on subsystem a. The

gain of information about d after measuring a is related to the classical correlations from the

perspective of the latter subsystem, which are quantified by

J(d|{π̂a
i }) = S(ρ̂d) −

∑
i

qiS(ρ̂i
d|a), (4.9)

where

qi = Tr[(Îd ⊗ π̂a
i )ρ̂da(Îd ⊗ π̂a

i )], (4.10a)

ρ̂i
d|a = 1

qi

Tra[(Îd ⊗ π̂a
i )ρ̂da(Îd ⊗ π̂a

i )]. (4.10b)

The quantum portion of correlations from the perspective of a is measured by the quantum

discord, defined as

D(d|a) = I(ρ̂da) − max
{π̂a

i }
J(d|{π̂a

i }), (4.11)

where the maximization of J is over all rank-one projective measurements on that subsystem.
1 Recall that the projectors given by Eq. (1.7) may have ranks ranging from one to n.
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4.3 POVM-based coherence in optimal FRIO discrimination

With the theoretical framework presented above, we are now able to investigate the role of POVM-

based coherence in the optimal FRIO discrimination of equiprobable symmetric states, described

in Sec. 2.4. To avoid cumbersome equations, in this chapter, we will omit the dependence on the

separation parameter ξ for all entities that are functions of it.

4.3.1 POVM coherence in quantum state separation

In the state separation process, let ρ̂, ρ̂s, and ρ̂f denote the density matrices describing the input,

successful output, and failed output states, respectively. Using Eqs. (2.2), (2.3), (2.21a), (2.21b),

these states will be given by

ρ̂ = 1
N

N−1∑
j=0

|αj⟩⟨αj| =
∑
k∈I

a2
k|k⟩⟨k|, (4.12a)

ρ̂s = 1
N

N−1∑
j=0

|βj⟩⟨βj| =
∑
k∈I

b2
k|k⟩⟨k|, (4.12b)

ρ̂f = 1
N

N−1∑
j=0

|β̃j⟩⟨β̃j| =
∑
k∈I

b̃2
k|k⟩⟨k|, (4.12c)

where I = {k|ak ̸= 0}, with |I| = n ≤ N . Thus, denoting the global system-ancilla state after

the unitary coupling (2.20) as ρ̂da, we have

ρ̂da = Û (ρ̂⊗ |1⟩a⟨1|) Û †

= Psρ̂s ⊗ |1⟩a⟨1| +Qρ̂f ⊗ |0⟩a⟨0| +
√
PsQ

∑
k∈I

bkb̃k|k⟩⟨k| ⊗ σ̂a
x, (4.13)

where σ̂a
x = |1⟩a⟨0| + |0⟩a⟨1|. It can be shown that the reduced state of the system is preserved,

i.e.,

ρ̂d = Traρ̂da = Psρ̂s +Qρ̂f = ρ̂, (4.14)

while the ancilla state ρ̂a = Trdρ̂da is transformed into

ρ̂a = Ps|1⟩a⟨1| +Q|0⟩a⟨0| +
√
PsQ

∑
k∈I

bkb̃kσ̂
a
x. (4.15)

Note that coherence, in the sense of its standard resource theory [78], is produced only in the

ancilla state. It can be easily quantified by the relative entropy of coherence given by Eq. (4.2),

which in the basis {|0⟩a, |1⟩a} yields

Cr(ρ̂a) = H2(Ps) − S(ρ̂a), (4.16)

where

H2(x) = −x log2 x− (1 − x) log2(1 − x) (4.17)
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is the binary entropy and S(ρ̂a) = −∑
j=± λj log2 λj , with

λ± = 1
2

1 ±

√√√√√√1 − 4PsQ

1 −

∑
k∈I

bkb̃k

2

 (4.18)

denoting the eigenvalues of ρ̂a.

The coherence resource required to implement the POVM for state separation, ΠSEP, on

the input state ρ̂ is not fully described by the coherence produced in the auxiliary system given

by Eq. (4.16). To see this, we first compute the POVM coherence using Eq. (4.7), obtaining

Crel(ρ̂,ΠSEP) = H2(Ps) + PsS(ρ̂s) +QS(ρ̂f ) − S(ρ̂), (4.19)

where, from Eqs. (4.12), the von Neumann entropies will be simply given by the Shannon

entropies H({x2
k}), with x = a, b, b̃. Now, we address the correlations involved in the process.

From Eq. (4.13) and the invariance of entropy under unitary transformations, we have S(ρ̂da) =
S(ρ̂). In addition, Eq. (4.14) implies that S(ρ̂d) = S(ρ̂). As a result, the quantum mutual

information between the system and ancilla [see Eq. (5.14)] will be

I(ρ̂da) = S(ρ̂a), (4.20)

showing that the “cost” of generating correlations is the loss of purity in the ancilla. As demon-

strated in Refs. [85, 86], the classical portion of such correlations from the perspective of the

ancilla is maximized by the projective measurement in the basis2 {|0⟩a, |1⟩a}; thus, from Eq. (4.9)

we have

max J(d|{π̂a
i }) = S(ρ̂) − PsS(ρ̂s) −QS(ρ̂f ). (4.21)

Finally, using the definition of quantum discord [Eq. (4.11)] and Eqs. (4.16)–(4.21), we can

rewrite the POVM coherence (4.19) as

Crel(ρ̂,ΠSEP) = Cr(ρ̂a) +D(d|a). (4.22)

Therefore, the required coherence for implementing the optimal POVM for state separation is

built both from the generated coherence in the ancilla and the quantum correlations between

system and ancilla.
2 This has been demonstrated in two ways. First, by minimizing the second term on the right-hand side of Eq. (4.9)

with respect to the measurement basis {π̂a}, which maximizes J (Section 4.1 of Ref. [85]). Second, by treating
the discrimination process as a communication protocol between Alice and Bob, where their joint state is
purified, i.e., ρ̂AB → |ψ⟩ABC . It is then shown that the accessible information, max J = S(ρ̂A) − Ef (ρ̂AC),
is obtained when Bob measures in the basis {|0⟩a, |1⟩a}, where Ef (ρ̂AC) is the entanglement of formation
between subsystems A and C (Section 4 of Ref. [86]).
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Figure 18 – POVM coherence (orange dots), ancilla’s coherence (red dots), and quantum discord
(green dots) vs distinguishability in the optimal state separation of N = 3 symmetric
states of a qutrit. These quantities were computed for 104 random input states and a
fixed value of the separation parameter ξ shown in the insets. We also plot them for
inputs in the range amin ∈ [0, a0] [see Eq. (4.24)], where a0 = 0 (circle), a0 = 0.192
(dashed lines), a0 = 0.385 (dash-dotted lines), and a0 = 1/

√
3 (solid lines).

Example: Separating N symmetric states of a qutrit

To discuss general aspects of the above result, let us take as an example the separation between

N symmetric states of a qutrit (n = 3). We study the coherence in the process as a function of

the distinguishability of the input states {|αj⟩}, which can be quantified by [99]

D = n

n− 1

(
Pc − 1

N

)
, (4.23)

where Pc is the average probability of correctly identifying them through the ME measurement

given by Eq. (2.8) (Pc = 1 − Pe). This measure is bounded by 0 ≤ D ≤ n/N , where the

lower and upper bounds are attained by parallel and maximally distinguishable input states,

respectively.3

Considering N = 3, we generate 104 random input states ρ̂ [see Eq. (4.12a)], and from

each state we compute the three terms of Eq. (4.22) for a fixed value of the separation parameter

ξ. The results obtained as a function of D are shown in Fig. 18: in the top row, we plot the POVM

coherence for state separation (orange dots), and in the bottom row its components Cr(ρ̂a) (red
3 In the next chapter, the concept of distinguishability will reappear in the discussion of wave-particle duality. In this

context, it is important to emphasize that, although the measure in (4.23), based on the ME measurement, imposes
an ordering on sets of symmetric states, it does not effectively represent the usual notion of distinguishability
that will be discussed there (see Sec. 5.3.2).
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Figure 19 – Distinguishability vs amin ∈ [0, a0] for (a) N = 3 and (b) N = 4 symmetric states
of a qutrit defined by the coefficients given by Eq. (4.24), where a0 = 0 (circle),
a0 = 0.192 (dashed line), a0 = 0.385 (dash-dotted line), and a0 = 1/

√
3 (solid

line).

dots) and D(d|a) (green dots);4 from left to right, we have ξ = 0.01, 0.3, 0.6, and 1. To assist

in the analysis, we also computed these quantities considering input states generated with the

coefficients (a0, a1, a2) given by

a0 = {0, 0.192, 0.385, 1/
√

3}, (4.24a)

a1 = amin ∈ [0, a0], (4.24b)

a2 =
√

1 − a2
0 − a2

1, (4.24c)

that is, we choose a fixed value for a0 which sets a variable a1 = amin (a2 is obtained from the

normalization condition). The sets of states in each interval amin ∈ [0, a0] are sorted in ascending

order with respect to distinguishability, as shown in Fig. 19 for N = 3 and 4.

In Fig. 18 we plot Crel(ρ̂,ΠSEP), Cr(ρ̂a), and D(d|a) for N = 3 states in the range [0, a0],
where a0 = 0 (circle), a0 = 0.192 (dashed lines), a0 = 0.385 (dash-dotted lines), and a0 = 1/

√
3

(solid lines). For each range, the POVM coherence with respect to the distinguishability of the

inputs, according to its components, either presents a monotonic increase5 for low values of D or

exhibits a nonmonotonic behavior otherwise. Later, we shall see that these behaviors influence

the coherence for standard and concatenated FRIO measurements and are in sharp contrast

with the coherence for ME. Then, we will exploit these results in Sec. 4.4.2 to compare the

measurement strategies regarding the private randomness gain provided by each one.
4 Note that the POVM coherence for state separation does not depend on N . Thus, for N > 3 it would have the

same behavior shown in Fig. 18, but in a smaller range for distinguishability, i.e., D ∈ [0, n/N ].
5 Our selected sets of states given by Eqs. (4.24) cannot capture this behavior for ξ = 0.01.
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Figure 18 shows that the main contribution to Crel(ρ̂,ΠSEP) comes from the ancilla’s

coherence. However, it can be shown that the total correlations between system and ancilla

increase with the separation degree. Consequently, Eq. (4.20) implies that the ancilla’s state

becomes less pure with the transformation. As a result, the ancilla’s coherence [Eq. (4.16)]

decreases with ξ, and its contribution becomes more balanced with the quantum correlations

between the two parts. The POVM coherence is zero only at the boundaries of D, where Ps = 0
and Ps = 1, so that no further separation is possible in those cases. For 0 < D < n/N , it can

be arbitrarily close to zero if Ps ≈ 0 (e.g., for states with arbitrarily small amin) or Ps ≈ 1 (e.g.,

for arbitrarily small ξ). In this range, we also observe that the separation of input states with

the same distinguishability will require different amounts of POVM coherence, which depend

on an intricate relationship between the characteristics of the inputs6 and the desired degree

of separation. It can be shown that there are input states with the same D and quite distinct

characteristics, which present opposite behaviors for coherence depending on ξ.

4.3.2 POVM coherence in standard FRIO measurement

The (N+1)-outcome POVM for the optimal standard FRIO measurement is built by the detection

operators of Eq. (2.31), and the associated probabilities {p0, . . . , pN−1, p
?} will be given by

pj = Tr[Âj ρ̂Â
†
j] = Ps

N
, (4.25a)

p? = Tr[Â?ρ̂Â?†] = Q. (4.25b)

The post-measurement states for the conclusive and inconclusive outcomes are, respectively,

ρ̂′
j = Âj ρ̂Â

†
j/pj = |uj⟩⟨uj| [Eq. (2.7)] and ρ̂? = Â?ρ̂Â?†/p? = ρ̂f [Eq. (4.12c)], so that

S(ρ̂′
j) = 0 and S(ρ̂f ) ≥ 0. Therefore, from Eq. (4.7), the required coherence to implement this

POVM on the input state ρ̂ will be

Crel(ρ̂,ΠFRIO) = H2(Ps) + Ps log2 N +QS(ρ̂f ) − S(ρ̂). (4.26)

We can rewrite the expression above in a more instructive form by noting that, in the ME

measurement, where ξ = 0 ⇒ Ps = 1, the coherence required to implement the corresponding

POVM on ρ̂ will be

Crel(ρ̂,ΠME) = Crel(ρ̂,ΠFRIO)|ξ=0

= log2 N − S(ρ̂). (4.27)

Then, using Eq. (4.19), we obtain

Crel(ρ̂,ΠFRIO) = Crel(ρ̂,ΠSEP) + PsCrel(ρ̂s,ΠME), (4.28)

6 Their coefficients {aj}, the value of amin and its multiplicity µ, and the associated output states ρ̂s and ρ̂f .
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Figure 20 – POVM coherence vs distinguishability in the ME discrimination of (a) N = 3 and
(b) N = 4 symmetric states of a qutrit. The orange dots represent 104 random input
states while the plots represent the inputs in the range amin ∈ [0, a0] [see Eq. (4.24)],
where a0 = 0 (circle), a0 = 0.192 (dashed line), a0 = 0.385 (dash-dotted line), and
a0 = 1/

√
3 (solid line).

where Crel(ρ̂s,ΠME) = log2 N − S(ρ̂s). Reflecting the two-step nature of its implementation, the

consumed coherence in the optimal FRIO discrimination is, thereby, split in the coherences for

implementing state separation and the ME measurement on ρ̂s weighted by the success rate.

Example: Discriminating N symmetric states of a qutrit with standard FRIO

Returning to the example introduced in Sec. 4.3.1, we now study the coherence in the optimal

FRIO discrimination between N symmetric states of a qutrit. In what follows, we again use 104

random input states as well as fixed inputs defined by the coefficients in Eq. (4.24).

First, considering the ME measurement for N = 3 and 4, Fig. 20 shows the correspond-

ing POVM coherence [Eq. (4.27)] as a function of distinguishability for the random input states

(orange dots); the plots for the fixed inputs (black circle and lines) reveal a monotonic decreasing

of Crel(ρ̂,ΠME) with respect to D. These results show a complementary relationship between

this coherence and distinguishability as defined in Eq. (4.23).7 The minimum of Crel(ρ̂,ΠME),
log2 N/n, is reached for maximally distinguishable inputs, showing that no coherence is con-

sumed in the discrimination of orthogonal states. The maximum, log2 N , is reached for parallel

input states, in which case no information is acquired and one obtains the maximum randomness

of outcomes (see Sec. 4.4.2).
7 In fact, the complementary nature between D given by Eq. (4.23) and coherence quantified by the l1 norm has

been found in Ref. [99]. Here, as the POVM coherence is quantified by an entropic measure, we should also
define an entropic measure of distinguishability to establish a proper complementarity relation between these
quantities. We will address this subject in the next chapter.
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Figure 21 – POVM coherence (orange dots) and its component PsCrel(ρ̂s,ΠME) (blue dots) vs
distinguishability in the standard FRIO discrimination of N = 3 (top row) and 4
(bottom row) symmetric states of a qutrit. These quantities were computed for 104

random input states and a fixed value of the separation parameter ξ shown in the
insets. We also plot the former for inputs in the range amin ∈ [0, a0] [see Eq. (4.24)],
where a0 = 0 (circle), a0 = 0.192 (dashed lines), a0 = 0.385 (dash-dotted lines),
and a0 = 1/

√
3 (solid lines).

We now address the coherence required for the standard FRIO measurement (ξ > 0).

Using Eq. (4.28), in Fig. 21 we plot Crel(ρ̂,ΠFRIO) (orange dots) and the second term on the

right-hand side (blue dots) as a function of D and ξ for the random input states; we also plot

the former for the fixed inputs (black circle and lines). The top (bottom) row corresponds to

N = 3 (N = 4) states to be discriminated. Note that the contribution from the first term on the

right-hand side of Eq. (4.28), namely the POVM coherence for state separation, was discussed

earlier (e.g., see Fig. 18). In the linearly independent case (top row), the coherence behavior

is mainly dictated by the state separation stage (which is true whatever n = N ), since the

contribution from the second term in (4.28) is relevant only for ξ ≪ 1. This occurs because

the successfully separated states are more distinguishable, so that the required coherence for its

ME discrimination, Crel(ρ̂s,ΠME), decreases with ξ. As a consequence, the coherence required to

implement optimal UD (ξ = 1) is fully consumed at the separation stage, i.e.,

Crel(ρ̂,ΠUD) = Crel(ρ̂,ΠSEP)|ξ=1. (4.29)

On the other hand, in the linearly dependent case (bottom row), the contribution from the second

term in (4.28) is relevant for any ξ. In fact, since the coherence from state separation does not
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Figure 22 – POVM coherence (orange dots) and its component PsCrel(ρ̂s,ΠME) (blue dots) vs
distinguishability in the standard FRIO discrimination of N = 50 symmetric states
of a qutrit. These quantities were computed for 104 random input states and a fixed
value of the separation parameter ξ shown in the insets. We also plot the former for
inputs in the range amin ∈ [0, a0] [see Eq. (4.24)], where a0 = 0 (circle), a0 = 0.192
(dashed lines), a0 = 0.385 (dash-dotted lines), and a0 = 1/

√
3 (solid lines).

depend on N , the contribution of PsCrel(ρ̂s,ΠME) becomes dominant as the ratio N/n increases.

In particular, it can be shown that for largeN/n, this contribution dictates the coherence behavior,

as we show in Fig. 22 for N = 50 symmetric states of a qutrit. This can be understood from the

negligible effect that the separation has on increasing the distinguishability of the input states,

which are very poorly distinguishable when N ≫ n. Hence, the major coherence cost will come

from the ME discrimination of the separated states weighted by Ps.

4.3.3 POVM coherence in concatenated FRIO measurement

The concatenation of optimal FRIO and ME measurements results in a 2N -outcome POVM built

by the detection operators of Eq. (2.39); the associated probabilities {pj, p
f
j }N−1

j=0 will be given

by

pj = Tr[Âj ρ̂Â
†
j] = Ps

N
, (4.30a)

pf
j = Tr[Âf

j ρ̂Â
f†
j ] = Q

N
. (4.30b)

In this case, the post-measurement states from both conclusive and inconclusive outcomes are

pure, so from Eq. (4.7) the required coherence to implement this POVM on ρ̂ will be

Crel(ρ̂,ΠCONC) = H2(Ps) + log2 N − S(ρ̂). (4.31)
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After simple algebraic manipulation, we can rewrite this expression as

Crel(ρ̂,ΠCONC) = Crel(ρ̂,ΠFRIO) +QCrel(ρ̂f ,ΠME), (4.32)

where Crel(ρ̂,ΠFRIO) is the coherence for the standard FRIO measurement given by Eq. (4.28) and

Crel(ρ̂f ,ΠME) = log2 N − S(ρ̂f ) is the coherence required for discriminating the failure outputs

of state separation via ME measurement [see Eq. (4.27)]. This latter coherence is bounded by

log2 N/(n− µ) ≤ Crel(ρ̂f ,ΠME) ≤ log2 N, (4.33)

where the lower bound is attained for a maximally mixed ρ̂f in an (n− µ)-dimensional space,

while the upper bound is achieved for a pure ρ̂f . Equation (4.32) shows that the POVM coherence

in the concatenated FRIO measurement satisfies Crel(ρ̂,ΠCONC) ≥ Crel(ρ̂,ΠFRIO), with equality

holding only for Q = 0, which occurs when the input states are maximally distinguishable or

ξ = 0 (when both strategies reduces to the ME measurement).

Example: Discriminating N symmetric states of a qutrit with concatenated FRIO

Here, we conclude the example discussed in the previous subsections, now studying the coherence

in the concatenated FRIO discrimination between N symmetric states of a qutrit. Once again,

we resort to 104 random input states and the fixed inputs defined by Eq. (4.24). Using Eq. (4.32),

in Fig. 23 we plot Crel(ρ̂,ΠCONC) for both random (orange dots) and fixed inputs (black circle

and lines), as well as the second term on the right-hand side (blue dots) as a function of D and ξ;

the top (bottom) row corresponds to N = 3 (N = 4) states to be discriminated. The contribution

from the first term on the right-hand side of (4.32), namely the POVM coherence for standard

FRIO, was studied earlier and is shown in Fig. 21.

The results in Fig. 23 show that, in regard to the POVM coherence, the concatenated

strategy presents similar aspects of both ME and standard FRIO measurements. Like ME, if

the input states are parallel, i.e. D = 0, we have Crel(ρ̂,ΠCONC) = Crel(ρ̂,ΠME) = log2 N for

any ξ, as a consequence that a ME measurement is implemented on the failure outputs. On the

other hand, like the standard FRIO, the POVM coherence presents a monotonic increasing or

nonmonotonic behavior with respect to D, as shown in the plots for the fixed inputs. This is a

feature inherited from the state separation stage.

The term QCrel(ρ̂f ,ΠME) in Eq. (4.32) represents the extra amount of coherence that

needs to be consumed for implementing the concatenated strategy instead of the standard one.

It decreases with the distinguishability and increases with the separation degree. This latter

behavior is dictated only by the failure rate Q, since Crel(ρ̂f ,ΠME) does not depend on ξ. We

also note from Fig. 23 that Crel(ρ̂,ΠCONC) ≈ QCrel(ρ̂f ,ΠME) for states which Crel(ρ̂,ΠFRIO) ≈ 0,

namely the states with very small amin, for which Ps ≈ 0 and S(ρ̂f ) ≈ S(ρ̂) for any ξ.



Chapter 4. Coherence in quantum state discrimination 85

9 = 0.01

0 0.2 0.4 0.6 0.8 1

D

0

0.5

1

1.5

2

2.5

3

9 = 0.01

0 0.2 0.4 0.6

D

0

0.5

1

1.5

2

2.5

3

9 = 0.3

0 0.2 0.4 0.6 0.8 1

D

0

0.5

1

1.5

2

2.5

3

9 = 0.3

0 0.2 0.4 0.6

D

0

0.5

1

1.5

2

2.5

3

Crel(;̂;&CONC) QCrel(;̂f ;&ME)

9 = 0.6

0 0.2 0.4 0.6 0.8 1

D

0

0.5

1

1.5

2

2.5

3

9 = 0.6

0 0.2 0.4 0.6

D

0

0.5

1

1.5

2

2.5

3

9 = 1

0 0.2 0.4 0.6 0.8 1

D

0

0.5

1

1.5

2

2.5

3

9 = 1

0 0.2 0.4 0.6

D

0

0.5

1

1.5

2

2.5

3

Figure 23 – POVM coherence (orange dots) and its component QCrel(ρ̂f ,ΠME) (blue dots) vs
distinguishability in the concatenated FRIO discrimination of N = 3 (top row) and
4 (bottom row) symmetric states of a qutrit. These quantities were computed for 104

random input states and a fixed value of the separation parameter ξ shown in the
insets. We also plot the former for inputs in the range amin ∈ [0, a0] [see Eq. (4.24)],
where a0 = 0 (circle), a0 = 0.192 (dashed lines), a0 = 0.385 (dash-dotted lines),
and a0 = 1/

√
3 (solid lines).

4.4 Discussion

4.4.1 Bounds of POVM-based coherence

In Ref. [79], Bischof et al. show that for an N ′-outcome POVM Π′ = {Π̂′
i}N ′−1

i=0 , the relative

entropy of POVM-based coherence is bounded by 0 ≤ Crel(ρ̂,Π′) ≤ log2 N
′. The upper bound is

attained by the pure states that generate the highest entropy of measurement outcomes. The lower

bound is attained for states that satisfy Π̂′
iρ̂Π̂′

j = 0 for all i ̸= j, and ρ̂ is POVM incoherent.

For the ME POVM there are N pure states whose coherence reaches the upper bound

log2 N . They are given by |j⟩ = 1√
N

∑
k ω

−jk|uk⟩ for j = 0, . . . , N − 1, where {|uk⟩} is the

orthonormal basis given by the uniform states of Eq. (2.7) with n = N . A ME measurement [see

Eq. (2.6)] on |j⟩ yields, randomly, any outcome k with probability 1/N , generating the maximal

randomness. On the other hand, ρ̂ = 1
n

∑
k∈I |k⟩⟨k| is the only state with minimum coherence,

log2 N/n. If N = n, this is the maximally mixed state ρ̂ = Î/n, which is then POVM incoherent.

These bounds can be visualized in the example of Fig. 20 and extend the findings of [79] that

considered the ME discrimination of symmetric states for N = 3 and n = 2.
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For the standard and concatenated FRIO POVMs the upper bounds of coherence are

log2(N+1) and log2 2N , respectively. However, in both cases, there are no states that reach these

bounds, no matter the value of ξ. The lower bound of coherence is attained both by {|j⟩}N−1
j=0

and ρ̂ = Î/n in the standard case, and only by the latter in the concatenated case. The results

shown in the examples of Figs. 21, 22, and 23 illustrate this discussion.

4.4.2 Private randomness

Quantum coherence is an operationally relevant quantity for quantum cryptography as it quanti-

fies the private randomness of a measurement with respect to eavesdropping activities [91–93],

an important result to secure quantum generation of random numbers [94, 95]. Briefly, let ρ̂a

be the state to be measured and consider an eavesdropper e that has access to a purification

ρ̂ae = |ψ⟩⟨ψ|ae, so that ρ̂a = Treρ̂ae. Applying the POVM Π = {Π̂i = Â†
i Âi} on ρ̂a and storing

the outcomes i in a register x produces the output joint state

ρ̂′
xae =

∑
i

pi|i⟩⟨i|x ⊗ |ψi⟩⟨ψi|ae, (4.34)

where |ψi⟩ae = 1√
pi

(Âi ⊗ Î)|ψ⟩ae and pi = Tr(Π̂iρ̂a). Bischof et al. [93] define the randomness

of the measurement Π as

Rx|e(ρ̂a) ≡ min
ρ̂ae

S(x|e)ρ̂′
xe
, (4.35)

where S(x|e)ρ̂′
xe

= S(ρ̂′
xe)−S(ρ̂′

e) denotes the conditional von Neumann entropy, ρ̂′
xe = Traρ̂

′
xae,

ρ̂′
e = Trxaρ̂

′
xae, and the minimization is taken over all purifications. Then they show that

Rx|e(ρ̂a) = Crel(ρ̂a,Π), (4.36)

i.e., the POVM coherence quantifies the rate of measurement outcomes that are unpredictable to

the eavesdropper. This is a generalization of previous results by Yuan et al. [91, 92] concerning

the standard relative entropy of coherence.

In the state discrimination scenario, if the inputs are orthogonal, then ρ̂a = Î/N , and the

eavesdropper will hold a maximally entangled purification

|ψ⟩ae = 1√
N

N−1∑
j=0

|uj⟩a ⊗ |j⟩e. (4.37)

In this case, e can always uncover the bits generated by the measurement, making secrecy

unreachable. Therefore, the measurement outcome privacy lies on the nonorthogonality of the

input states, which is verified by the fact that coherence vanishes in all cases where the inputs

are perfectly distinguishable (e.g., see Figs. 20, 21, and 23).
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Our results show that there are optimal intermediate values for the input set distinguisha-

bility in terms of maximizing coherence (see Figs. 21 and 23). This feature is not observed for the

ME measurement, for which coherence decreases monotonically with distinguishability (Fig. 20):

this means that the maximum coherence is achieved for identical states, for which discrimination

is useless. In this way, the standard and concatenated FRIO schemes benefit scenarios where both

the ability to discriminate quantum states and the outcomes secrecy with respect to eavesdrop-

ping are relevant figures of merit. In both cases, the optimal distinguishability that maximizes

coherence increases with the separation parameter ξ, a feature that is more pronounced for the

standard measurement. Note that for any ξ the concatenated strategy outperforms the standard

one (including ME) in terms of private bit generation. Take, for example, the case of N = 4
states of a qutrit and separation parameter ξ = 1 (bottom rows of Figs. 21 and 23): whereas the

concatenated scheme can achieve up to two secret bits per measurement the standard strategy

only achieves around one bit.

4.5 Summary and outlook

We presented a detailed study on POVM-based coherence as a resource for standard and con-

catenated FRIO discrimination of equally likely symmetric states in arbitrary dimensions. We

showed that the POVM coherence in the assisted separation stage decomposes into the coherence

of the ancillary state and the quantum discord between the system and the ancilla, evidencing

coherence as a more elementary resource than quantum correlations. This relation may pave

the way for a deeper understanding of the measure in Eq. (4.7) from a fundamental perspective.

Quantum coherence has traditionally been viewed as a quantification of the strength of superpo-

sition [77, 78], and, further, as a measure of intrinsic randomness [91–93]. It is therefore highly

relevant that, at least in the particular case addressed here, its formal extension to generalized

measurements [79] embraces the definition of quantum discord at its core. A more general result

in this direction was not the purpose of this thesis, and we leave further investigation on the

subject to future research.

The operational meaning of the POVM-based coherence in terms of private random bit

generation was discussed, and we showed how standard and concatenated FRIO measurements

can outperform the ME strategy with respect to this figure of merit. In particular, it was shown

that the concatenation of the failure outputs of state separation leads to better secret bit generation

rates compared to standard FRIO. These findings may be useful in high-dimensional quantum

random number generation and quantum cryptography [55, 91–95].
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5 Wave-particle duality and quantum state dis-
crimination

“And deep beneath the rolling waves, in labyrinths of coral caves.”

Echoes, Pink Floyd

Wave-particle duality relations are quantitative statements on the trade-off between the “strength”

of interference effects produced by individual quantum systems in an interferometer and the

knowledge about which path they took inside it. In this chapter, we investigate these relations

by considering a system that, upon entering an N -path interferometer, interacts with a quantum

detector in such a way that each possible path is tagged by a pure, symmetric state of the detector.

Taking quantum coherence in the path basis as a measure of interference strength and the mutual

information obtained via detector-state discrimination as a measure of which-path knowledge,

we employ the measurement strategies presented in Chapter 2 to derive entropic wave-particle

duality relations for N -path interferometers with N ≥ 2 equally likely paths.

5.1 Historical background

The realization that, at the quantum level, certain pairs of properties cannot be observed or

measured simultaneously lies at the heart of human understanding of the quantum world [100].

This concept was introduced by Niels Bohr in 1927 as the complementarity principle [101],

motivated by the fundamental challenge of understanding the wave-particle duality exhibited

by a quantum particle in a two-path interferometer—a phenomenon that Richard Feynman

later described as “the only mystery” of quantum mechanics [102]. The initial discussions on

the dual wave-particle behavior gained historical prominence, due to the intellectual dispute

between Niels Bohr and Albert Einstein [100]. After Bohr’s views prevailed over Einstein’s,

marking the triumph of quantum over the classical descriptions, the topic received relatively

little attention until the late 1970s, when it gained a new boost with the pioneering work of

Wootters and Zurek [103], who showed that wave- and particle-like behaviors can coexist. Since

then, several studies have focused on developing quantitative measures of these complementary

aspects [99, 104–119].

The first explicit quantitative statement of a trade-off between measures of wave and

particle behavior—namely, a wave-particle duality relation—can be attributed to Greenberger

and YaSin [107]. They considered an individual quantum system (quanton1) in a two-path
1 Throughout this chapter, we use the term quanton to refer to an individual quantum system in an interferometer.
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interferometer, where its wave behavior is quantified by the a priori fringe visibility (V0) and its

particle behavior by the path predictability (P), resulting in the trade-off

V2
0 + P2 ≤ 1. (5.1)

The which-way information is acquired predictively by using prior knowledge about the proba-

bilities for the quanton to follow each path and betting on the most likely one. In addition, prior

knowledge of the quantons’ superposition in the path basis allows one to estimate, a priori, the

fringe visibility of the interference pattern they will produce.

The essence of the discussion on wave-particle duality, as conceived by Einstein’s

recoiling-slit proposal to confront Bohr’s complementarity principle [100], relied on active

intervention in the experiment to obtain which-way knowledge. Thus, the scenario addressed by

Greenberger and YaSin in [107], based solely on predictive analysis using a priori information,

was unable to capture it adequately. Addressing the discussion from a fully quantum mechanical

perspective, Englert considered two-path interferometers supplemented by an auxiliary quantum

system functioning as a which-way detector [110]. This system stores which-way information in

its states through a unitary coupling with the quanton inside the interferometer. The amount of

which-way information that becomes available in this process is quantified by the distinguishabil-

ity (D) of the detector states and can be extracted retrodictively by an optimal measurement that

discriminates between them. (Note that a non-optimal measurement can only extract part of the

available information.) As a consequence of the quanton-detector coupling, the fringe visibility

(V) of the quantons’ interference pattern will decrease in comparison to the a priori visibility;

unlike V0, V is an a posteriori visibility. In this retrodictive scenario, the trade-off between the

quantifiers of wave and particle behaviors is given by

V2 + D2 ≤ 1. (5.2)

It is interesting to note that there is a connection between predictive and retrodictive

scenarios. When both a priori information and which-path detectors are available, the relation in

Eq. (5.2) can be expressed as

1 − P2

V2
0

V2 + D2 ≤ 1, (5.3)

where the equal sign holds always if two conditions are met before the quanton-detector interac-

tion takes place: the which-way detector is in a pure state, and the quanton state is a uniform

superposition of the path-basis states (so that P = 0 and V0 = 1).

This term, adopted by Englert in Ref. [110], was coined by the physicist and philosopher Mario Bunge in 1973
to avoid associating classical notions such as “particle” or “wave” with quantum objects.
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Once the wave-particle duality relation was fully understood in the two-path case, a

natural next step was to explore its extension to interferometers with more than two paths.

Early attempts [113–116], both in predictive and retrodictive scenarios, faced difficulties in

generalizing the notion of visibility in a consistent and physically meaningful way. More recent

developments, however, have succeeded in capturing the wave-like behavior of a quanton in

a multipath interferometer by associating it with the quantum coherence of its state in the

path basis [99, 117–119]. Another obstacle in extending the duality relation is the lack of

an analytical expression for distinguishability in the general case. This limits the analysis of

particle-like behavior to the amount of path information accessible through a given measurement,

which may underestimate the true distinguishability. In the remainder of this chapter, we adopt

the coherence-based approach to characterize the wave-like behavior, while the particle-like

behavior is quantified by the which-path knowledge extracted via discrimination strategies. Using

this framework, we derive entropic wave-particle duality relations for a quanton traversing an

interferometer with N equally probable paths, each tagged by a symmetric state of a which-path

detector.

5.2 Entropic wave-particle duality relation in a multipath

interferometer

5.2.1 General interferometric scenario

Consider a quanton that, upon entering an N -path interferometer, is put in the superposition state

|ψ⟩q =
N−1∑
ℓ=0

√
ηℓ|ℓ⟩q, (5.4)

where {|ℓ⟩q}N−1
ℓ=0 denotes the orthonormal basis corresponding to the N possible paths and ηℓ

is the probability of taking the ℓth path. Inside the interferometer, the quanton interacts with

another quantum system, assumed to be in a fixed pure state |α0⟩d, through a controlled unitary

operation

Ûqd|ℓ⟩q|α0⟩d = |ℓ⟩q|αℓ⟩d, (5.5)

which transforms the initial bipartite state |ψ⟩q|α0⟩d into

|Ψ⟩ =
N−1∑
ℓ=0

√
ηℓ|ℓ⟩q|αℓ⟩d. (5.6)

The correlation generated by this interaction allows one to obtain information about which

path the quanton has taken by measuring the auxiliary system. Therefore, this system acts as a

which-way detector.
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5.2.2 Characterizing wave-like properties

Following recent approaches [99,119], we use the relative entropy of coherence [Eq. (4.2)] in the

path basis as a measure to characterize the quanton’s wave-like properties in the interferometric

scenario described above. First, we compute the a priori coherence, i.e., the coherence of the

quanton before its interaction with the detector takes place. Using Eq. (5.4), we obtain

C0
r (|ψ⟩q⟨ψ|) = H({ηℓ}), (5.7)

where H({ηℓ}) is the Shannon entropy of the path probability distribution. After the interaction,

the quanton’s state is found by tracing out the detector in Eq. (5.6):

ρ̂q = Trd|Ψ⟩⟨Ψ|

=
N−1∑
ℓ,ℓ′=0

√
ηℓηℓ′⟨αℓ′|αℓ⟩|ℓ⟩q⟨ℓ′|. (5.8)

The coherence of this state is given by

Cr(ρ̂q) = H({ηℓ}) − S(ρ̂q) = H({ηℓ}) − S(ρ̂d), (5.9)

where

ρ̂d = Trq|Ψ⟩⟨Ψ|

=
N−1∑
ℓ=0

ηℓ|αℓ⟩d⟨αℓ|. (5.10)

is the detector’s state after the interaction; in the last step of (5.9) we used the fact that S(ρ̂q) =
S(ρ̂d), since the global state is pure. Comparing Eqs. (5.7) and (5.9), we observe that Cr(ρ̂q) ≤
C0

r (|ψ⟩q⟨ψ|), with the equality holding if and only if |αℓ⟩ = |α0⟩ for all ℓ. This shows that the

process of acquiring which-path knowledge via coupling to a which-way detector inevitably

reduces the coherence of the quanton. In particular, when the detector states are mutually

orthogonal, we have S(ρ̂q) = S(ρ̂d) = H({ηℓ}). In this case, the coherence vanishes, meaning

that no interference effects emerge due to the availability of full which-path information in the

detector.

The effective quantity that we will use to characterize the quanton’s wave-like properties

is the normalized version of Eq. (5.9), given by

C = Cr(ρ̂q)
log2 N

, (5.11)

which satisfies 0 ≤ C ≤ 1. For simplicity, in this chapter we will refer to this normalized quantity

as coherence.
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5.2.3 Characterizing particle-like properties

As described above, the coupling with the quanton stores which-path information in the detector.

To gain knowledge about the quanton’s path, one must perform a measurement that discriminates

the detector states, noting that not all measurements can extract all the available information. In

this context, following Refs. [99, 119], we characterize the particle-like properties of the quanton

by the mutual information between the detector states and the outcomes of a measurement

designed to discriminate them.

Let D and M be the random variables associated with the detector states and the

measurement outcomes, respectively. We can express the mutual information between them as

I(M : D) = H(D) −H(D|M), (5.12)

where H(D|M) denotes the conditional entropy of D given M . The variable D takes values in

the set {ℓ}N−1
ℓ=0 , corresponding to the state |αℓ⟩, with probability ηℓ; hence, H(D) = H({ηℓ}).

On the other hand, M takes values in the set {j}N ′−1
j=0 , corresponding to the outcome probabilities

pj = Tr(Π̂j ρ̂d) of a given measurement Π = {Π̂j}N ′−1
j=0 performed on the detector. Note that

N ′ depends on the chosen discrimination strategy. For instance, in the strategies discussed in

Chapter 2, we have N ′ = N for ME measurement, N ′ = N + 1 for optimal FRIO, and N ′ = 2N
for concatenated FRIO. H(D|M) can be written as the statistical sum of the Shannon entropies

of the conditional probability distributions p(αℓ|j),

H(D|M) =
N ′−1∑
j=0

pjH({p(αℓ|j)}). (5.13)

Thus, the mutual information between M and D is given by

I(M : D) = H({ηℓ}) −
N ′−1∑
j=0

pjH({p(αℓ|j)}). (5.14)

Similarly to coherence, we use the normalized version of this quantity to characterize the

quanton’s particle-like properties:

K(Π) = I(M : D)
log2 N

, (5.15)

which satisfies 0 ≤ K(Π) ≤ 1. The notation K(Π) highlights that this quantity—which we refer

to as which-path knowledge [111, 112]—depends on the specific discrimination strategy applied,

expressed by the second term on the right-hand side of Eq. (5.14). When the measurement is able

to extract all the available information stored in the detector states, K(Π) reaches its maximum

value:

D = max
Π

K(Π). (5.16)
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The maximum mutual information over all POVMs is known as the accessible information; in the

context of wave-particle duality relations, it corresponds to the path distinguishability [99, 110].

Unfortunately, as with any other discrimination strategy, there is no general solution to the

problem of finding the accessible information.

5.2.4 Entropic wave-particle duality relation

Holevo’s theorem [120] establishes that I(M : D) ≤ S(ρ̂d) −∑
ℓ ηℓS(|αℓ⟩d⟨αℓ|) = S(ρ̂d). From

Eq. (5.9), this can be rewritten as I(M : D) ≤ H({ηℓ})−Cr(ρ̂q). Dividing both sides by log2 N ,

we obtain K(Π) ≤ 1 − C. Therefore, using Eqs. (5.9) and (5.14), we find

C + K(Π) =
2H({ηℓ}) − S(ρ̂d) −∑N ′−1

j=0 pjH({p(αℓ|j)})
log2 N

≤ 1. (5.17)

This is the entropic wave-particle duality relation between coherence and accessible which-path

knowledge that we will explore in the remainder of the chapter.

5.3 UniformN -path interferometers with symmetric detector

states

5.3.1 Interferometric scenario

In this section, we analyze an N -path interferometer assuming a uniform path probability

distribution for the quanton (i.e., ηℓ = 1/N for all ℓ). In this so-called uniform interferometer,

we also assume that the controlled unitary coupling between the quanton and the which-way

detector is given by

Ûqd =
N−1∑
ℓ=0

|ℓ⟩q⟨ℓ| ⊗ V̂ ℓ
d , (5.18)

where V̂d is defined in Eq. (2.5), which leads to symmetric detector states {|αℓ⟩d}N−1
ℓ=0 [see

Eq. (2.2)]. As a result, the problem of acquiring which-path knowledge amounts to discriminating

equiprobable symmetric states, for which the measurement strategies from Chapter 2 can be

applied. Although this scenario may seem restrictive, we will see that it provides valuable

physical insights into the problem.

In a uniform interferometer, the path predictability of the quanton is zero, while the

normalized a priori coherence is maximal, i.e., C0 = C0
r (|ψ⟩q⟨ψ|)/ log2 N = 1 [see Eq. (5.7)].

After coupling to the which-way detector, Eqs. (5.9) and (5.11) show that the quanton’s coherence

is reduced to

C = 1 − S(ρ̂d)
log2 N

. (5.19)
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Interestingly, the a priori scenario can be completely reversed. If the detector states are mutually

orthogonal, we have S(ρ̂d) = log2 N , so that the a posteriori coherence vanishes. In this case,

a projective measurement in the detector basis yields exact which-path information. Uniform

interferometers, therefore, offer the most striking contrast between predictive and retrodictive

wave-particle duality relations.

As a final comment, by comparing Eq. (5.19) with Eq. (4.27), we find that

C = Crel(ρ̂d,ΠME)
log2 N

. (5.20)

This means that the quanton’s coherence in a uniform interferometer corresponds to the amount

of coherence consumed in performing the ME measurement on the detector state ρ̂d. It remains

unclear to us whether this result has a deeper physical significance or is merely coincidental.

5.3.2 Wave-particle duality with standard FRIO measurement

Here, we consider the case in which the detector states are discriminated using the standard

FRIO measurement. As discussed in Sec. 2.4, this strategy is characterized by the parameter

ξ ∈ [0, 1], which means that the conditional probability appearing in Eq. (5.13) depends on ξ.

From Bayes’ rule, it can be expressed as

p(αℓ|j) = p(j|αℓ)
Npj

. (5.21)

Using the POVM defined by the detection operators of this strategy [Eq. (2.31)], the probabilities

of conclusive {p(j|αℓ)}N−1
j=0 and inconclusive p(?|αℓ) identifications of the detector states will

be given by

p(j|αℓ) = ⟨αℓ|Π̂j(ξ)|αℓ⟩ = Ps(ξ)⟨βℓ(ξ)|Π̂ME
j |βℓ(ξ)⟩, (5.22)

p(?|αℓ) = ⟨αℓ|Π̂?(ξ)|αℓ⟩ = Q(ξ), (5.23)

where Ps(ξ) = 1 − Q(ξ), |βℓ(ξ)⟩, and Π̂ME
j are defined in Eqs. (2.23), (2.21a), and (2.6),

respectively. The total probabilities of obtaining conclusive and inconclusive outcomes are

given by pj = 1
N

∑N−1
ℓ=0 p(j|αℓ) = Ps(ξ)/N and p? = 1

N

∑N−1
ℓ=0 p(?|αℓ) = Q(ξ). Therefore, the

conditional probability distribution for the standard FRIO measurement reads

p(αℓ|j) = ⟨βℓ(ξ)|Π̂ME
j |βℓ(ξ)⟩ ≡ λjℓ(ξ), (5.24)

p(αℓ|?) = 1
N
, (5.25)

where the latter corresponds to a random guess of the detector state, and thus of the quanton’s

path. By replacing this distribution into Eq. (5.14), and noting that H({λjℓ(ξ)}) is identical for
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all j = 0, . . . , N − 1, the which-path knowledge can be written as

K(ΠFRIO) = Ps(ξ)
(

1 − H({λ0ℓ(ξ)})
log2 N

)
. (5.26)

As expected, this quantity vanishes when Ps = 0, as all outcomes are inconclusive and discarded.

Finally, for the standard FRIO measurement, the duality relation (5.17) becomes

C + K(ΠFRIO) = 1 − S(ρ̂d)
log2 N

+ Ps(ξ)
(

1 − H({λ0ℓ(ξ)})
log2 N

)
≤ 1. (5.27)

The above relation is trivially saturated when the detector states are orthogonal, in which case

K(ΠFRIO) = 1 for all ξ, or when they are all identical, leading to C = 1 (which is not a case of

interest). Relevant particular cases are easily derived from Eq. (5.26), as we show next.

Extreme cases: ME and optimal MC measurements

When performing the ME measurement (ξ = 0, and hence Ps = 1) to discriminate the detector

states, the which-path knowledge is given by

K(ΠME) = 1 − H({λ0ℓ(0)})
log2 N

. (5.28)

The ME POVM for discriminating equiprobable symmetric states is given by Π̂j = n
N

|uj⟩⟨uj| =
Φ̂−1/2|αj⟩⟨αj|Φ̂−1/2, where Φ̂ = ∑N−1

j=0 |αj⟩⟨αj|. This measurement, known as the square-root

measurement [121], has two important features regarding the maximization of the mutual

information. First, it provides a close approximation to the accessible information when the

states to be discriminated are equally likely and nearly orthogonal [122]. Second, it satisfies the

necessary (but not sufficient) condition for attaining the accessible information [42]. Accordingly,

the ME discrimination of the detector states yields an extremum—though not necessarily a

maximum—of the which-path knowledge, and closely approximates Kmax when d⟨αℓ|αℓ′⟩d ≈ 0
for all ℓ ̸= ℓ′. The equality K(ΠME) = Kmax always holds for two-path interferometers,2 as the

optimal measurements for both criteria coincide [123]. For interferometers with N > 2 paths,

the equality holds only at the saturation points of the duality relation.

In the other extreme (ξ = 1), the detector states are discriminated via optimal MC

measurement. If the states are linearly independent (so that the optimal MC becomes the optimal

UD), we have that λjℓ = δjℓ [see Eq. (5.24)], and the which-path knowledge becomes

K(ΠUD) = Ps. (5.29)

This is in accordance with [119] for equiprobable states.
2 In Englert’s derivation of the duality relation for two-path interferometers, distinguishability is obtained through

the ME measurement [?].
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Figure 24 – Coherence vs which-path knowledge for uniform interferometers with N = 2 (left)
and N = 3 (right) paths, which are marked with a qubit detector. The detector states
are discriminated via ME (ξ = 0), optimal FRIO (ξ = 0.6), and optimal MC/UD
(ξ = 1). The shaded area is the region forbidden by the duality relation.

Numerical results and discussion

To illustrate the above results, we start by considering two- and three-path interferometers

supplemented by a two-dimensional detector. In Fig. 24, we plot C [Eq. (5.19)] as a function

of K(ΠFRIO) [Eq. (5.26)] for N = 2 (left panel) and N = 3 (right panel), using three values of

the separation parameter: ξ = 0 (solid line), ξ = 0.6 (dot-dashed line), and ξ = 1 (dashed line).

Clearly, the bound in the duality relation (5.27) is tightest for the ME measurement (ξ = 0) and

becomes progressively looser as ξ increases. In the case of linearly dependent detector states

(right panel), the which-path knowledge never reaches unity, and the duality relation is saturated

only when C = 1. This contrasts with the linearly independent case, where the detector states

can be orthogonal, allowing K(ΠFRIO) = 1.

The most relevant case in current studies of wave–particle duality involves quantons

and detectors in dimensions greater than two. In the remainder of this section, we present

the results of numerical simulations for this scenario, carried out as follows. First, we fix the

number of paths in the interferometer (N ) and the dimension of the detector’s Hilbert space (n).

Then, we generate Xd random sets of detector states; from each set, we compute the quanton’s

coherence using Eq. (5.19) and the which-path knowledge using Eq. (5.26), for a fixed value

of the parameter ξ. The obtained results are displayed in a scatter plot of C versus K(Π). In all

subsequent plots, the shaded area corresponds to the region forbidden by the duality relation in

Eq. (5.17).
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Figure 25 – Coherence vs which-path knowledge for uniform N -path interferometers with N -
dimensional detector states discriminated via ME measurement. The simulations
were performed with (a) 105, (b) 3 × 105, (c) 2.5 × 105, and (d) 3 × 106 randomly
generated sets of detector states.

First, we consider the detector states discriminated via ME measurement (ξ = 0). In

Fig. 25, we show the results for N = 3, 4, 5, 6, with n = N . In all cases, the scatter plots exhibit

the resulting (K, C) points spanning a well-defined region—whose shape varies with N—within

the bounds imposed by the duality relation. The boundaries of these regions exhibit cusps and

inflection points. For N = 4 and N = 6, we observe cusps that touch the saturation line of the

duality relation. This means that, beyond the trivial saturation points, namely (1, 0) or (0, 1),
there also exist intermediate points where the relation is saturated for these values of N . In

fact, this behavior was observed only for interferometers with a non-prime number of paths; the

number of upward-pointing cusps and nontrivial saturation points corresponds to the number of

proper divisors ofN , excluding 1. As we shall discuss in detail in Sec. 5.4, these saturation points

occur for uniform detector states embedded in n-dimensional subspaces, where n is a divisor of

N in the range 1 < n < N . It is important to emphasize that, in the results presented here, these

saturation points are only approximately reached, since the randomly generated detector states

are always linearly independent and have no vanishing components.

Still considering ME discrimination, in Fig. 26 we present results for a six-path inter-

ferometer with detector states lying in subspaces of dimension ranging from n = 5 to n = 2.

A comparison with the plot in Fig. 25(d) shows that, for linearly dependent detector states, the

region occupied by the (C,K) points becomes smaller as n decreases, due to the increasingly

limited which-path knowledge.

We now assess the duality relation (5.27) in the case where which-path knowledge is

obtained via standard FRIO discrimination of the detector states, using a fixed value of the

separation parameter ξ > 0. In the first and third rows of Fig. 27, we plot C as a function of

K(ΠFRIO) for interferometers with N = 3, 4, 5 and 6 paths, where the quanton is coupled to an

N -dimensional detector, and either ξ = 0.6 (first row) or ξ = 1 (third row) is used. To facilitate

comparison with the ME case, we also plot the boundaries of the corresponding regions from
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Figure 26 – Coherence vs which-path knowledge for uniform six-path interferometers with n-
dimensional detector states discriminated via ME measurement. The simulations
were performed with (a) 3×105, (b) 105, (c) 5×104, and (d) 104 randomly generated
sets of detector states.

the C × K(ΠME) diagrams shown in Fig. 25, as solid black lines.3 For all values of N and ξ, the

(C,K) points obtained via standard FRIO now span a much broader region. Since the quanton’s

coherence is independent of the discrimination strategy applied to the detector states, this effect

is entirely due to a decrease in the which-path knowledge,4 which shifts these points from right

to left within the region allowed by the duality relation. From Eq. (5.26), we see that this effect

is driven by the success probability of state separation, Ps(ξ), which modulates K(ΠFRIO). For

instance, when the detector states have a very small coefficient amin, both Ps(ξ) [see Eq. (2.23)]

and K(ΠFRIO) approach zero. This is illustrated in Fig. 28, where we generate 5 × 103 random

detector states, each having at least one coefficient ak ensured to be small. The plot also shows

that, as ξ increases, the distribution of (C,K) points moves further away from the saturation

line. As in the two-path case, these features demonstrate that the bound in the duality relation is

tighter for the ME measurement. Furthermore, for fixed N , the tightness of the bound decreases

with increasing ξ.

5.3.3 Wave-particle duality with concatenated FRIO measurement

Here, we consider the case in which the detector states are discriminated using the concatenated

FRIO measurement. As discussed in Sec. 2.5, this strategy is described by a 2N -outcome

POVM built from the detection operators defined in Eq. (2.39). Each half is associated with

the probability distributions {p(j|αℓ)}N−1
j=0 and {p̃(j|αℓ)}N−1

j=0 , which describe the conclusive

identification of the input state conditioned on a successful or a failed separation, respectively.
3 These boundaries were obtained using the boundary function in MATLAB, which computes a tight enclosing

boundary around a set of points in 2D space. When the density of points near the boundary is low, the resulting
curve tends to be less smooth, as observed for N = 5 and, especially, for N = 6.

4 That is, K(ΠFRIO) ≤ K(ΠME).
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Figure 27 – Coherence vs which-path knowledge for uniform N -path interferometers with N -
dimensional detector states discriminated via standard FRIO (first and third rows;
orange dots) and concatenated FRIO (second and fourth rows; green dots), using the
separation parameter ξ shown in the insets. The simulations were performed with
(a) 105, (b) 3 × 105, (c) 105, and (d) 106 randomly generated sets of detector states.
In each plot, the black solid line depicts the boundary of the corresponding region in
the C × K(ΠME) diagram shown in Fig. 25.

These distributions are given by

p(j|αℓ) = ⟨αℓ|Π̂j(ξ)|αℓ⟩ = Ps(ξ)⟨βℓ(ξ)|Π̂ME
j |βℓ(ξ)⟩, (5.30)

p̃(j|αℓ) = ⟨αℓ|Π̂f
j (ξ)|αℓ⟩ = Pf (ξ)⟨β̃ℓ(ξ)|Π̂ME

j |β̃ℓ(ξ)⟩, (5.31)
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Figure 28 – Coherence vs which-path knowledge for uniform four-path interferometers with four-
dimensional detector states discriminated via ME, FRIO, and UD measurements.
The simulations were performed with 5 × 103 randomly generated sets of detector
states, each having at least one coefficient ensured to be small.

where Ps(ξ) = 1 − Pf (ξ), |βℓ(ξ)⟩, |β̃ℓ(ξ)⟩, and Π̂ME
j are defined in Eqs. (2.23), (2.21a), (2.21b),

and (2.6), respectively.5 The total probabilities of obtaining conclusive and inconclusive out-

comes are given by pj = 1
N

∑N−1
ℓ=0 p(j|αℓ) = Ps(ξ)/N and pf

j = 1
N

∑N−1
ℓ=0 p̃(j|αℓ) = Pf (ξ)/N .

Therefore, the conditional probability distribution for the concatenated FRIO measurement reads

p(αℓ|j) = ⟨βℓ(ξ)|Π̂ME
j |βℓ(ξ)⟩ ≡ λjℓ(ξ), (5.32)

p̃(αℓ|j) = ⟨β̃ℓ|Π̂ME
j |β̃ℓ⟩ ≡ γjℓ, (5.33)

where γjℓ is independent of the separation parameter ξ. By replacing this distribution into

Eq. (5.14), and noting that H({γjℓ}) is identical for all j = 0, . . . , N − 1, the which-path

knowledge can be written as

K(ΠCONC) = Ps(ξ)
(

1 − H({λ0ℓ(ξ)})
log2 N

)
+ Pf (ξ)

(
1 − H({γ0ℓ})

log2 N

)

= K(ΠFRIO) + Pf (ξ)
(

1 − H({γ0ℓ})
log2 N

)
, (5.34)

5 Note that Pf (ξ) = Q(ξ) [see Eq. (2.32c)]. For the concatenated FRIO measurement, we use the notation Pf (ξ)
to emphasize that a failure in the separation process does not correspond to an inconclusive outcome in the
discrimination stage, in contrast to the standard FRIO.
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where we used Eq. (5.26). This expression shows that K(ΠCONC) ≥ K(ΠFRIO). In fact, for a given

set of detector states, we can establish the hierarchy

K(ΠFRIO) ≤ K(ΠCONC) ≤ K(ΠME). (5.35)

This hierarchy is expected, since the ME measurement yields the highest overall probability of

correct identifications among these three discrimination strategies, followed by the concatenated

and standard FRIO.

Finally, for the concatenated FRIO measurement, the duality relation (5.17) becomes

C + K(ΠCONC) = 1 − S(ρ̂)
log2 N

+ Ps(ξ)
(

1 − H({λ0ℓ(ξ)})
log2 N

)
+ Pf (ξ)

(
1 − H({γ0ℓ})

log2 N

)
≤ 1. (5.36)

Numerical results and discussion

Like in the standard FRIO case, in the second and fourth rows of Fig. 27, we plot C as a function

of K(ΠCONC) for interferometers with N = 3, 4, 5 and 6 paths, where the quanton is coupled to

an N -dimensional detector, and either ξ = 0.6 (second row) or ξ = 1 (fourth row) is used. Again,

the solid black lines represent the boundaries of the regions in the C × K(ΠME) diagrams shown

in Fig. 25. The regions spanned by the (K, C) points are now closer to those observed in the ME

case; in particular, the cusps and nontrivial saturation points are recovered for interferometers

with a non-prime number of paths. Note in the C × K(ΠCONC) diagrams that this proximity

tends to be greater as the quanton’s coherence increases or as ξ decreases. In both scenarios,

the concatenated FRIO approaches the ME measurement. Increased coherence is associated

with reduced distinguishability of the detector states {|αℓ⟩}. In this case, the separation stage

succeeds with low probability Ps(ξ), and the resulting failure states are discriminated via ME

with high probability Pf (ξ) = 1 − Ps(ξ). On the other hand, as ξ decreases, the input states are

separated with increasing success probability and undergo progressively smaller transformations

before being discriminated via ME measurement.

As a consequence of these results, the bound in the duality relation is tighter for the

concatenated FRIO compared to the standard FRIO. Moreover, the tightness decreases with

increasing ξ, as can be seen in the diagrams of Fig. 27. In all cases, one observes a reduction

in the region spanned by the (K, C) points and an approach to the saturation line.6 This effect

is driven by the second term on the right-hand side of Eq. (5.34), which, in comparison with

K(ΠFRIO), is responsible for shifting these points in the opposite direction—from left to right.
6 For a fixed ξ > 0, the approach to the saturation line do not occur only for N = 3. In this case, the detector

states at the upper boundary of the region take the form |αℓ⟩ = a0|0⟩ + aminω
ℓ|1⟩ + aminω

2ℓ|2⟩, leading to
identical failure states at the separation stage (|αℓ⟩

fail−−→ |0⟩ for all ℓ) and making concatenation ineffective.
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In summary, corroborating the hierarchy established for which-path knowledge with

respect to the discrimination strategies applied to the detector states [Eq. (5.35)], it is evident

that the ME measurement yields the tightest bound in the duality relation, followed by the

concatenated and standard FRIO measurements. Moreover, for both standard and concatenated

FRIO, the tightness of the bound for fixed N decreases with increasing ξ, as shown in the

diagrams of Fig. 27.

5.4 Saturating the duality relation in interferometers with

non-prime number of paths

As stated above, the duality relation C + K(ΠME) ≤ 1 for uniform N -path interferometers with

symmetric detector states is saturated at nontrivial (K, C) points when the detector states are

uniform and span an n-dimensional space, where n is a divisor of N in the range 1 < n < N .7

Thus, denoting by τ(N) the number of positive divisors of N , the number of nontrivial saturation

points is given by σ(N) = τ(N) − 2, which is consistent with the examples shown in Fig. 25. In

this section, we provide a more detailed analysis of these aspects.

5.4.1 Qualitative analysis based on numerical simulations

Consider the duality relation in the case where the detector states are uniform, as defined in

Eq. (2.7). In this scenario, both the standard and concatenated FRIO strategies reduce to the ME

measurement, since no further separation is possible (see Sec. 2.4). For a fixed integer n ≤ N ,

there are
(

N
n

)
distinct n-dimensional subspaces generated by subsets of the orthonormal basis

{|k⟩}N−1
k=0 , and each of these subspaces supports a corresponding set of uniform symmetric states.

To assess the duality relation for a given N -path interferometer in this case, we generate all(
N
n

)
sets of uniform n-dimensional detector states, for n ranging from 1 to N . From each set,

we compute the quanton’s coherence using Eq. (5.19) and the which-path knowledge using

Eq. (5.28). The results obtained forN = 12, 18, and 20 are shown in the C×K(ΠME) diagrams of

Fig. 29. For a given n, all sets of uniform detector state generate the same quanton’s coherence8

C = 1 − log2 n

log2 N
. (5.37)

This expression shows that, as n increases, coherence decreases. Therefore, in these diagrams,

each set of (K, C) points with the same coherence corresponds, from top to bottom, to a value
7 The trivial saturation points (1, 0) and (0, 1) are attained for uniform detector states in spaces of dimension

n = 1 and n = N , respectively.
8 In this case, the detector state in Eq. (5.10) is given by ρ̂d = 1

n

∑
k∈I |k⟩d⟨k|, where |I| = n. Thus, for a

given n, S(ρ̂d)—and consequently the coherence [Eq. (5.19)]—is the same for all ρ̂d, regardless of which
n-dimensional subspace is considered.
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Figure 29 – Coherence vs which-path knowledge for uniform N -path interferometers with uni-
form n-dimensional detector states discriminated via ME measurement. From top to
bottom, each set of points with same coherence corresponds to a value of n, ranging
from 1 to N . The simulations were performed with all possible sets of uniform
n-dimensional detector states and the insets show the values of n (beyond the trivial
n = 1 and n = N ) for which the duality relation is saturated.

of n ranging from 1 to N . In all cases, we have σ(N) = 4, as expected for the chosen values

of N , with nontrivial saturation points occurring only at subspaces of the detector space whose

dimensions are nontrivial divisors of N .

The diagrams of Fig. 29 also show that, among the
(

N
n

)
sets of uniform n-dimensional

detector states, many are physically equivalent or inequivalent, in the sense that they provide the

same or different amounts of which-path knowledge, respectively, resulting in superimposed or

displaced (C,K) points. For instance, for n = N − 1, all N sets of uniform states are physically

equivalent, resulting in a single point in the diagram. On the other hand, both classes of detector

states are present for all n in the range 1 < n < N − 1.

In this analysis, we also extract the sets of detector states that lead to the saturation of the

duality relation. The numerical results point that the states within a given set can be written as

|um,τ
ℓ ⟩ = 1√

N/m

N/m−1∑
k=0

ωkmℓ|τ ⊕ km⟩, (5.38)

where m is an integer such that N = nm, τ ∈ {0, 1, . . . ,m−1}, and ⊕ denotes addition modulo

N ; note that an irrelevant global phase factor, ωτℓ, has been discarded in this expression. For each

n = N/m, there exist m physically equivalent sets that lead to saturation. Each set is labeled

by τ and is defined in the n-dimensional subspace spanned by the basis vectors {|τ ⊕ km⟩}n−1
k=0 ,

whose indices are equally spaced by m. As an example, consider N = 6. For n = 2, the

sets {|u3,0
ℓ ⟩}, {|u3,1

ℓ ⟩}, and {|u3,2
ℓ ⟩} lie in the subspaces spanned by {|0⟩, |3⟩}, {|1⟩, |4⟩}, and

{|2⟩, |5⟩}, respectively. For n = 3, the sets {|u2,0
ℓ ⟩} and {|u2,1

ℓ ⟩} lie in the subspaces spanned by

{|0⟩, |2⟩, |4⟩} and {|1⟩, |3⟩, |5⟩}, respectively. Next, we provide a formal derivation of the results
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presented in this subsection.

5.4.2 Characterizing the saturating sets of detector states

In our interferometric scenario, the detector state defined in Eq. (5.10) becomes diagonal, i.e.,

ρ̂d = ∑
k∈I a

2
k|k⟩d⟨k|, leading to the quanton’s coherence [Eq. (5.19)] C = 1 −H({a2

k})/ log2 N .

From Eqs. (2.2), (2.6), and (5.24), the conditional probability distribution {λ0ℓ(0)} for the ME

measurement is given by

λ0ℓ(0) = ⟨αℓ|Π̂ME
0 |αℓ⟩ = 1

N

∣∣∣∣∣∣
∑
k∈I

akω
kℓ

∣∣∣∣∣∣
2

≡ |λℓ|2. (5.39)

Thus, the corresponding which-path knowledge [Eq. (5.28)] is written as K(ΠME) = 1 −
H({|λℓ|2})/ log2 N . The saturation of the duality relation, namely C + K(ΠME) = 1, imposes

the following condition on the Shannon entropies of the probability distributions {a2
k} and

{|λℓ|2}:

H({a2
k}) +H({|λℓ|2}) = log2 N. (5.40)

We now demonstrate that this condition is satisfied if and only if the detector states are given by

Eq. (5.38).

When the detector states are uniform, the probability distribution {a2
k} is uniform on its

support I (i.e., a2
k = 1/n for all k ∈ I) and reaches the maximum entropy, H({ 1

n
}) = log2 n.

From Eq. (5.40), this yields the following condition on the entropy H({|λℓ|2}):

H({|λℓ|2}) = −
N−1∑
ℓ=0

|λℓ|2 log2 |λℓ|2 = log2
N

n
. (5.41)

This is the maximum entropy attained by {|λℓ|2} when it is uniform on a support of size

m = N/n. Explicitly,

|λℓ|2 =


n

N
, for ℓ ∈ L ⊂ {0, . . . , N − 1}, |L| = m,

0, otherwise.
(5.42)

It follows immediately from this result that saturation can only occur when n is a divisor of N ,

as stated earlier.

While the uniformity of the detector states is a necessary condition for saturating the

duality relation, it is not sufficient. As shown in Fig. 29, not all sets of uniform states lead

to saturation, and the numerical results point to a very specific form for the saturating states

[Eq. (5.38)]. To understand this, consider the vectors {ak} and {λℓ} in CN , which generate the

corresponding probability distributions {a2
k} and {|λℓ|2}. Let I and L denote the supports of
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these vectors, respectively. From Eq. (5.39), we have λℓ = 1√
N

∑
k∈I akω

kℓ, that is, the vector

{λℓ} is the discrete Fourier transform (DFT) of {ak}. In this case, the discrete uncertainty

principle9 states that [124]

|I| · |L| ≥ N ⇒ |L| ≥ N

n
, (5.43)

where we used |I| = n. As shown in Ref. [124], if N admits the factorization N = nm, then the

lower bound |L| = m is attained by vectors {ak} of the form

ak =


1√
n
, if k ∈ {τ ⊕ κm | κ = 0, . . . , n− 1},

0, otherwise,
(5.44)

where τ ∈ {0, . . . ,m− 1} and ⊕ denotes addition modulo N . These are precisely the coefficient

vectors corresponding to the fiducial states |um,τ
0 ⟩, from which the m sets of symmetric states

defined in Eq. (5.38) are constructed. For vectors of this form, the corresponding probability

distributions {|λℓ|2} satisfy Eq. (5.42), which ensures the saturation of the duality relation.10

Therefore, we have demonstrated that the sets of uniform states {|um,τ
ℓ ⟩}, defined in Eq. (5.38),

are indeed saturating sets. These are also the only ones with this property. For any other set of

uniform or non-uniform detector states, the discrete uncertainty principle in Eq. (5.43) implies

that |L| > N/n. In such cases, the probability distribution {|λℓ|2} spreads over a larger support,

and the corresponding increase in its entropy beyond log2(N/n) prevents the saturation condition

in Eq. (5.40) from being fulfilled.

Example: Four-path interferometers with two-dimensional detector states

To gain physical intuition about the above results, we analyze a uniform four-path interferometer

with uniform two-dimensional detector states. Here, we have C = 1/2, and the corresponding

global quanton–detector state, obtained from Eqs. (2.7) and (5.6), is given by

|Ψ⟩ = 1
2

3∑
ℓ=0

|ℓ⟩q|uℓ⟩d = 1
2
√

2

3∑
ℓ=0

∑
k∈I

ωkℓ|ℓ⟩q|k⟩d. (5.45)

9 The discrete uncertainty principle for vectors related by a DFT states that if a vector of length N has n nonzero
entries, then its DFT must have at least N/n nonzero entries. That is, a vector concentrated on a few components
in one domain must be spread over many components in the Fourier-conjugate domain, which limits the
simultaneous sparsity of a vector and its DFT. As an extreme example, if ak = δkk′ , then |λℓ| = 1/

√
N for all ℓ.

10 The DFT of the vector {ak} defined in Eq. (5.44) is given by λℓ = 1√
Nn

∑n−1
κ=0 ω

(τ⊕κm)ℓ = ωτℓ
√

Nn

∑n−1
κ=0 ω

κmℓ.
The sum is a geometric series with ratio r = ωmℓ. Since rn = e2πiℓ = 1 for all ℓ ∈ {0, . . . , N − 1}, and r = 1
if and only if ℓ is a multiple of n, the sum equals n if ℓ ∈ {0, n, 2n, . . . , (m − 1)n}, and is zero otherwise.
Substituting this into λℓ and taking its modulus squared yields the probability distribution shown in Eq. (5.42).
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First, we consider the support I = {0, 2}, which corresponds to the saturating set defined

in Eq. (5.38), in the subspace spanned by {|0⟩d, |2⟩d}. The detector states are given by

|u0⟩d = |u2⟩d = |0⟩d + |2⟩d√
2

≡ |+⟩d, (5.46a)

|u1⟩d = |u3⟩d = |0⟩d − |2⟩d√
2

≡ |−⟩d, (5.46b)

and thus the global state can be written as

|Ψ⟩ = 1
2[(|0⟩q + |2⟩q)|+⟩d + (|1⟩q + |3⟩q)|−⟩d]. (5.47)

Using Eq. (5.39), we obtain the probability distribution
(

1
2 , 0,

1
2 , 0

)
for {|λℓ|2}3

ℓ=0, in agreement

with Eq. (5.42). In this way, we have K(ΠME) = 1/2, so that C + K(ΠME) = 1, as expected. The

same results hold for I = {1, 3}.

Now we consider the support I = {0, 1}, which corresponds to a non-saturating set in

the subspace spanned by {|0⟩d, |1⟩d}. In this case, the detector states are given by

|u0⟩d = |0⟩d + |1⟩d√
2

≡ |+⟩d, (5.48a)

|u1⟩d = |0⟩d + i|1⟩d√
2

≡ |ı+⟩d, (5.48b)

|u2⟩d = |0⟩d − |1⟩d√
2

≡ |−⟩d, (5.48c)

|u3⟩d = |0⟩d − i|1⟩d√
2

≡ |ı−⟩d, (5.48d)

which yields the global state

|Ψ⟩ = 1
2(|0⟩q|+⟩d + |1⟩q|ı+⟩d + |2⟩q|−⟩d + |3⟩q|ı−⟩d). (5.49)

From Eq. (5.39), we obtain the probability distribution
(

1
2 ,

1
4 , 0,

1
4

)
for {|λℓ|2}3

ℓ=0, resulting in

K(ΠME) = 1/4. Thus, C + K(ΠME) = 3/4 < 1, and the relation is not saturated, as expected for

this set of detector states. The same results hold for I = {0, 3}, {1, 2}, and {2, 3}.

To better understand the results, we examine the quanton-detector states in each case.

Equation (5.47) shows that the equally spaced structure of the support, such as I = {0, 2},

allows the four paths to be grouped into pairs that are correlated with orthogonal detector states.

Consequently, the ME measurement is performed on two states, such that each detector click

eliminates two of the four possible paths, yielding the maximum which-path information allowed

by the quanton’s coherence. In contrast, when the support is unequally spaced, as in I = {0, 1},

Eq. (5.49) shows that each path becomes correlated with a distinct detector state drawn from

two mutually unbiased bases [Eqs. (5.48)]. As a result, the ME is performed on four states,

with each detector click excluding only one of the four possible paths and thereby yielding



Chapter 5. Wave-particle duality and quantum state discrimination 107

less which-path information. This contrast highlights how the structure of the uniform detector

states—specifically, the distribution of their relative phases, as determined by the choice of the

support—affects the available which-path information. We expect that similar conclusions can

be drawn by extending the present analysis to arbitrary non-prime values of N , with n = N/m.

5.5 Summary and outlook

In this chapter, we derived entropic wave-particle duality relations for a quanton tagged by

symmetric which-way detector states in a uniform N -path interferometer. The wave- and particle-

like properties were characterized by the normalized quanton’s relative entropy of coherence

(C) and the mutual information obtained via detector-state discrimination [K(Π)], respectively.

This interferometric configuration allowed us to apply the analytically solvable discrimination

strategies presented in Chapter 2 and thus to obtain an exact quantification of which-path

knowledge, rather than only upper bounds.

Using these exact quantifiers, we performed numerical simulations by generating large

samples of random detector states and computing the corresponding values of C and K(Π) for

ME, standard FRIO, and concatenated FRIO measurements. The resulting C × K(Π) diagrams

provided several insights into the trade-off between these quantities, among which we highlight

the following: (i) a clear observation that the ME measurement yields the tightest bound in the

duality relation, followed by the concatenated and standard FRIO measurements; (ii) the close

performance of the concatenated FRIO measurement relative to the ME measurement, and its

advantage over the standard FRIO in terms of which-path information gain; (iii) the identification

of nontrivial saturation points of the relation in interferometers with a non-prime number of paths.

In the latter case, we explained this phenomenon by demonstrating that nontrivial saturation

occurs only for uniform n-dimensional detector states with equally spaced support, where n is a

nontrivial divisor of N .

The discussion of wave–particle duality dates back almost a century, yet it remains

relevant, particularly in the context of duality relations in multipath interferometers. Our findings

provide novel contributions to this topic and open avenues for experimental verification, as the

discrimination strategies explored here have already been demonstrated in the laboratory.
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6 Conclusion

In this thesis, we have explored the optimal discrimination of nonorthogonal quantum states

from a theoretical, experimental, and foundational perspective. In particular, we addressed the

optimal FRIO measurement (and its concatenated form) applied to distinguish between equally

likely symmetric states, resulting in several advances in the field. On the theoretical side, we

derived analytical solutions for the strategy. On the experimental side, we demonstrated the

discrimination of up to seven nonorthogonal qubit states in a photonic setup. Finally, on the

foundational side, we investigated the role of POVM-based coherence as a resource underlying

both the standard and concatenated FRIO, and applied these strategies to derive new entropic

wave-particle duality relations in multipath interferometers.

The results presented here not only deepen our understanding of quantum state discrimi-

nation but also open avenues for future research. From an experimental perspective, the standard

FRIO measurement can be readily extended to qudits using our photonic setup, which would

also allow for the implementation of the concatenated FRIO strategy. By exploiting the FRIO’s

ability to finely tune the balance between inconclusive and error rates, one can envision applying

this setup to quantum communication protocols where trade-offs between efficiency and error

tolerance play a crucial role. Another potential application involves using the randomness of the

optimal FRIO measurement—as characterized by its associated POVM coherence—to develop

high-dimensional quantum random number generators. This could be achieved by generalizing

the approach of Ref. [55], which employs optimal UD of two states. Lastly, in the context of

wave-particle duality relations, the results obtained in our specific scenario raise intriguing

questions about the structure of detector states responsible for the saturation of the relation. A

deeper understanding of these states may provide valuable insights into the form of the optimal

measurement that achieves distinguishability.
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APPENDIX A - FRIO optimization for two
pure states via Lagrange multipliers

Following the approach of Ref. [56], for the optimization problem of minimizing Pe = η0r0+η1r1

under the constraints that Q = η0q0 + η1q1 is fixed and the overlap obeys Eq. (1.31), we address

the Lagrange multipliers method. Consider the function

Q = η0r0 + η1r1 + λ
[
α−

√
(1 − r0 − q0)r1 +

√
(1 − r1 − q1)r0 + √

q0q1

]
+ µ [η0q0 + η1q1 −Q] , (1)

where λ and µ are Lagrange multipliers. The partial derivatives ∂Q/∂rj yield:

∂Q
∂r0

= η0 + λ

2

(√
r1

1 − r0 − q0
−
√

1 − r1 − q1

r0

)
= 0, (2a)

∂Q
∂r1

= η1 + λ

2

(√
r0

1 − r1 − q1
−
√

1 − r0 − q0

r1

)
= 0. (2b)

The equations in r0, r1 indicate that

2ηi

√
ri(1 − ri − qi) = λ

[√
(1 − r0 − q0)(1 − r1 − q1) −

√
r0r1

]
≡ D, (3)

where D is a constant. For the partial derivatives ∂Q/∂qj , we find

∂Q
∂q0

= λ

2

(√
r1

1 − r0 − q0
−
√
q1

q0

)
+ µη0 = 0, (4a)

∂Q
∂q1

= λ

2

(√
r0

1 − r1 − q1
−
√
q0

q1

)
+ µη1 = 0, (4b)

which we can rewrite as

λ

2

(
√
r0r1 −

√
q1

q0

√
r0(1 − r0 − q0)

)
+ µη0

√
r0(1 − r0 − q0) = 0, (5a)

λ

2

(
√
r0r1 −

√
q0

q1

√
r1(1 − r1 − q1)

)
+ µη1

√
r1(1 − r1 − q1) = 0. (5b)

Note that because of relation (3), we conclude that η0q0 = η1q1, yielding solutions

qi = Q

2ηi

, (6)

which is the individual inconclusive rates shown in Eq. (1.32a). The solution to the second-order

equation (3) gives

ri = 1
2 [(1 − qi) − Ci] , (7)
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where

Ci =
√

(1 − qi)2 − D2

η2
i

. (8)

By substituting solution (7) into the constraint (1.31), it is easy to show that

2(α− √
q0q1)2 = (1 − q0)(1 − q1) − C0C1 + D2

η0η1
. (9)

Isolating the term C0C1 in Eq. (9), squaring both sides of the resulting expression, and using

Eq. (8), we obtain, after some algebra

D2 =
4η2

0η
2
1

[
(1 − q0)(1 − q1) − (α− √

q0q1)2
]

(1 −Q)2 − 4η0η1(α− √
q0q1)2 . (10)

Then, by substituting Eq. (10) into Eq. (8), it can be shown that

C2
i =

[
(1 − qi)(1 −Q) − 2(1 − ηi)(α− √

q0q1)2
]2

(1 −Q)2 − 4η0η1(α− √
q0q1)2 . (11)

By substituting the above equation into Eq. (7), we find the individual error probabilities to be

ri = 1
2

(1 − qi) −

[
(1 − qi)(1 −Q) − 2(1 − ηi)(α− √

q0q1)2
]

√
(1 −Q)2 − 4η0η1(α− √

q0q1)2

 , (12)

which, using Q̄ = 1 −Q and Eq. (1.26), corresponds to Eq. (1.32b). Finally, using Eqs. (12), we

obtain the minimum error probability for a fixed Q, as

Pmin
e (Q) = 1

2

[
Q̄−

√
Q̄2 − (Q0 −Q)2

]
, (13)

where we used relation 2√
η0q0η1q1 = Q [see Eq. (6)].
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APPENDIX B - Analyzing input–output
overlaps in quantum state separation

The magnitudes of the overlaps between distinct pairs of states within the input set {|αj⟩}
[Eq. (2.2)] and within the uniform set {|uj⟩} [Eq. (2.7)] are given by

α ≡ |⟨αi|αj⟩| =

∣∣∣∣∣∣
∑
k∈I

a2
kω

kℓ

∣∣∣∣∣∣ , (14)

u ≡ |⟨ui|uj⟩| =

∣∣∣∣∣∣ 1n
∑
k∈I

ωkℓ

∣∣∣∣∣∣ , (15)

where ℓ = j − i ̸= 0. Thus, using these results and Eqs. (2.21a) and (2.22a), the magnitude of

the overlap between distinct pairs of states in the successfully transformed output set {|βj(ξ)⟩}
will be given by

β(ξ) ≡ |⟨βi(ξ)|βj(ξ)⟩| = |(1 − ξ)zα + ξzu| , (16)

where zα = ⟨αi|αj⟩ and zu = ⟨ui|uj⟩. By applying the convexity of the modulus and noting that

α > u, we obtain1

β(ξ) = |(1 − ξ)zα + ξzu|

≤ (1 − ξ)α + ξu

≤ α, (17)

where the equality holds for ξ = 0. For ξ > 0, the inequality β(ξ) < α implies that the states in

{|βj(ξ)⟩} are more distinguishable than those in {|αj⟩}.

It is easy to see from Eq. (17) that β(0) = α (no separation) and β(1) = u (maximum

separation). To analyze the behavior of β(ξ) on the interval ξ ∈ [0, 1], let us write f(ξ) =
(1 − ξ)zα + ξzu. Then β(ξ) = |f(ξ)| corresponds to the norm of a convex combination of the

vectors zα and zu in the complex plane. The condition α > u (which arises from a2
k ̸= 1/n for

at least one k ∈ I) implies that zα ̸∝ zu, i.e., these vectors are not aligned, and therefore f(ξ)
traces the straight-line segment connecting zα to zu. As ξ increases from 0 to 1, the norm of

f(ξ) decreases monotonically from α to u. Thus, β(ξ) is a decreasing function on the interval

ξ ∈ [0, 1], meaning that the successfully separated states become more distinguishable as ξ

increases.
1 When a2

k = 1/n for all k ∈ I, we have α = u. This case can be excluded because it corresponds to a scenario
where no further separation of the input states is possible.
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On the other hand, using Eqs. (2.21b) and (2.22b), we find the magnitude of the overlap

between distinct pair of states in the failure output set {|β̃j⟩} to be

β̃ ≡ |⟨β̃i|β̃j⟩| = |zα − na2
minzu|

1 − na2
min

. (18)

Using the reverse triangle inequality, and the fact that u/α < 1, we obtain

β̃ ≥ |α− na2
minu|

1 − na2
min

> α. (19)

Therefore, when the separation fails, the output states become less distinguishable than the

inputs.
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APPENDIX C - Calibration and configuration
of the SLM for state separation

In order to characterize the optical modulation properties of the transmissive LCD used in the

state separation stage, we resort to the standard approach developed by Moreno et al. [70].

First, to characterize the polarization modulation, the LCD is sandwiched by a polarization

state generator (PG) and polarization analyzer (PA), the former composed of a linear polarizer

followed by a quarter-wave plate (QWP) and the later of a QWP followed by a linear polarizer.

With this arrangement, we measure the light intensities as a function of the gray level addressed

to the display by preparing and analyzing the polarization in the bases {h, v}, {±45◦} and {R, L},

which generates 36 measurements,2 each one for gl = 0, . . . , 255. Second, to characterize the

phase modulation, we remove both PG and PA and illuminate each half of the LCD with a small

vertically polarized beam generated by a double pinhole. This double beam is made to interfere

at the focal plane of a spherical lens at the vertical output of a PBS, where the intensity pattern is

recorded by a CMOS camera. By keeping the gray level at the left half of the LCD equal zero

while changing it at the right half, we record 256 interference patterns.

The SLM is built by sandwiching the LCD between a HWP+QWP (before) and

QWP+HWP (after) with fixed orientations. With the dataset from the LCD characterization

outlined above we can predict the configurations of the wave plates to obtain the desired light

modulation. In our case, the imposed constraints were twofold: first, a vertically polarized light

passing through the SLM must not suffer any net rotation for gl = 0 at the LCD and its intensity

must decrease monotonically as gl increases; second, the phase shift introduced by the SLM

as a function of gl must be equal at both outputs of a PBS. We made a numerical search for

the configuration of the wave plates satisfying these constraints and found that only the HWPs

were required before and after the LCD [see Fig. 12(a)] oriented at 28◦ and 29◦ from the vertical

axis, respectively. The resulting modulation properties of this configuration are described in

Appendix 6.

2 In the master’s dissertation of Erick R. de Carvalho [69], the reader can find a complete characterization of
the polarization modulation properties of our LCD, using both the Mueller matrix and quantum operations
formalisms.

fig:setup
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APPENDIX D - Target separation angles and
phase shifts on the LCD

In Sec. 3.1.2, it was shown that to perform the optimal state separation on the path-encoded

symmetric states, the programmable SLM must, for a given gray level at the LCD, add a

phase shift φ in the mode |0⟩ and rotate its polarization according to Eq. (3.4). The parameter

ζ(θ′) = tan θ cot θ′ [see Eq. (3.2)] sets the relationship between the input and output separation

angles (θ and θ′, respectively) with the required rotation of the ancilla to achieve that separation.

Based on this, we can obtain the target output separation angles as a function of the gray level,

namely θ′(gl). From Eq. (3.4) we have

ζ2(θ′) = |⟨v|p(θ′)⟩|2 ≡ Pv, (20)

which is the probability of projecting the rotated ancilla onto the vertical polarization. The SLM

is configured to implement this transformation as close as possible: unwanted effects such as

depolarization [69, 125] prevents it from working exactly as we wish. In a simple model, this

means that an input vertically polarized beam is actually transformed as

|v⟩ → ρ̂(gl) = (1 − ϵ(gl))|p(θ′)⟩⟨p(θ′)| + ϵ(gl) Î2 , (21)

with a desirable ϵ(gl) → 0 for gl = 0, . . . , 255. With this configuration we can extract Pv(gl) =
⟨v|ρ̂(gl)|v⟩ (see the appendix of Ref. [41]) and, assuming that the SLM implements the exact

rotation, we obtain

θ′(gl) = arctan
 tan θ√

Pv(gl)

 . (22)

In Fig. 30(a), we plot θ′(gl) for different values of the input angle, θ = θ′(0). For θ < 19.5◦ (red

dash-dotted curves), the accessible θ′’s get below 45◦, which makes it impossible to achieve

maximum state separation. In this case, although FRIO could be implemented, we would not

reach the MC measurement. On the other hand, for θ > 19.5◦ (black dashed curves), although θ′

reaches 45◦, the accessible angles vary within decreasing ranges. The best scenario to overcome

these issues is provided by the input θ = 19.5◦, shown in the black solid curve, where the red

markers “×” indicate the target separation angles {θ′
t}7

t=1 (note that θ′
1 = θ). For this reason, we

have implemented the optimal FRIO measurement starting with symmetric states with θ = 19.5◦.

Figure 30(b) shows the phase shift imprinted by the SLM as a function of the gray level on the

LCD, obtained through interferometric measurements [70]. The red markers “×” indicate the

phases {φt}7
t=1 corresponding to the gray levels used to achieve the target separation angles. The

values of θ′
t and φt used in our experiment are also given in Table 1.
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Figure 30 – (a) Target separation angle and (b) phase shift as a function of the gray level ad-
dressed to the LCD. In (a), each curve corresponds to a given input angle θ = θ′(0),
which sets the range of accessible θ′’s (see text for details). The red markers “×”
indicate the values of θ′

t and φt used in our experiment (they are also specified in
Table 1).
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