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Abstract

We analyze variants of the contact process that are built by modifying the percolative
structure given by the graphical construction and develop a robust renormalization
argument for proving extinction in such models. With this method, we obtain results
on the phase diagram of two models: the Contact Process on Dynamic Edges intro-
duced by Linker and Remenik and a generalization of the Renewal Contact Process
introduced by Fontes, Marchetti, Mountford and Vares.
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1 Introduction

The contact process was introduced by Harris [14] as a Markov process that models
contact interactions on a lattice and has become one of the most studied interacting
particle systems ever since. It may alternatively be defined in terms of a percolative
structure usually referred to as a graphical representation [15]. In the classical setting,
this is done with the aid of infinitely many independent Poisson point processes (PPP)
which are suitably assigned to the sites and to the edges of the lattice. Using the common
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interpretation of the contact process as a model for an infection, the Poisson marks
represent the space-time location where either a transmission across an edge takes
place or where a site is cured. Apart from providing an appealing interpretation and
allowing for a construction of the contact process, the graphical representation is also
an important tool in the study of the process (and more generally, in other classes of
interacting particle systems). Notably, the proof by Bezuidenhout and Grimmett [3] of
the result that the critical contact process dies out makes fundamental use of it.

By replacing the PPPs in the graphical representation by other types of point pro-
cesses, one is led to natural generalizations of the contact process. That is the case for
the Contact Process on Dynamic Edges (CPDE) [22] and the Renewal Contact Process
(RCP) [8-11]. Even though the Markov property and other useful features like the FKG
inequality may no longer hold, the usual questions regarding survival or extinction still
make good sense and remain interesting from various aspects, including the percolative
perspective itself.

In this paper, we call a Generalized Contact Process (GCP) any process that is
obtained from a percolative structure of recovery and transmission marks in the same
way as the contact process, but where the distribution of these marks is given by some
other point process. Our contributions in the study of these processes are twofold. First,
by extending ideas from the existing literature and inspired by the above mentioned
works (especially [10,11]), we propose a quite robust renormalization approach for the
study of survival or extinction for the GCP. Then we specialize to two types of GCP (the
aforementioned CPDE and variants of the aforementioned RCP), and prove some results
concerning their phase diagram. We expect that our methods may be applicable in
greater generality, as for example, to allow the study of extinction for contact processes
in random environments with space-time correlations.

We now provide a more detailed definition for the models under consideration and
present our main results.

Generalized Contact Process. Let \V, and N, , be point processes on the line, indexed
by the sites # € Z¢ and by the pairs of nearest neighbors z,y € Z? respectively. Given
an initial configuration &, € {0, 1}Zd we define a process (&;):>o taking values in {0, 1}Zd
where & (x) = 1 (resp. &(x) = 0) is interpreted as = being infected (resp. healthy) at
time t. From the initial configuration the process evolves in time, with the marks in N,
and NV, , playing the roles of the instants of time when = may get cured, and when the
infection may be transmitted across the edge zy respectively. More precisely, if z,y € Z?
and s < t, we define a path v from (z, s) to (y,t) as a cadlag function v : [s,¢] — Z¢ that
fulfills the following properties:

* it does not contain any cure marks: for every u € [s, t] (v(u),u) & Ny )
* its discontinuities have size one and only occur at transmission times: if y(u) #
7(u—) then (u) and ~(u—) are nearest neighbors in Z% and u € Ny (y_) ~(u)-

The event that there is a path from (z, s) to (y, ) is denoted by (z, s) ~ (y,t). We define
&(y) as

& (y) = 1 if and only if we have (z,0) ~» (y,t) for some = with & (z) = 1.

We may pick a set A C Z? to be the set of initially infected sites, by taking &' := 1 4 in
which case we write ¢/ for the resulting process. Identifying a configuration ¢ € {0, 1}Zd
with its set of infected sites {z € Z9; ¢(z) = 1} allows us to write &4 = Uye&™, a
property known as additivity. For any starting configuration A, we define the extinction

time from A as
= inf{t; ¢! =0}.
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We say that the GCP dies out or that extinction occurs if 71} < oo, where {0} represents
the set containing only the origin. On a vertex-transitive graph, assuming that our point
processes are i.i.d., additivity implies that if 7{°} < oo a.s. then the same holds for any
finite starting set A.

In Section 2 we present a reformulation of the renormalization approach used in [11]
that can be used for proving extinction for the GCP under certain conditions. This
renormalization is applied to the CPDE and the RCP models. In both models, N, and
N, are independent renewal processes and to emphasize this we denote them by R,
and R, ,. However, we remark that the GCP includes more general point processes.

Contact Process on Dynamic Edges. Some of our results concern a model of contact
process on a dynamic random environment that was introduced in [22]

The environment is given by a dynamic percolation [28] on the edges of the Z?
lattice. Initially each edge is independently declared open with probability p and closed
otherwise. In the environment dynamics, each edge updates its state to open or closed
with respective rates vp and v(1 — p). Hence the environment is in equilibrium, given by
the product of Bernoulli measures of parameter p and v > 0 is the total rate at which
edges update.

Conditional on the environment, the contact process evolves as following: infected
individuals try to transmit the infection to each of its healthy neighbors at a fixed rate A
and heals at rate one. However, any attempt for transmissions is only successful when it
is allowed by the environment, i.e. when it is done across an open edge. We write IP,, , »
for the joint law of the process and the environment on some suitable probability space.
More details about the model are given in Section 3.

Monotonicity with respect to A allows us to define the critical parameter

Ao(v,p) :=inf{\ > 0; IPv,p_A(T{O} =00) > 0}.

Let p.(d) be the critical point for Bernoulli bond percolation on Z¢. Our main result is
the following:

Theorem 1.1. Consider the CPDE on Z¢ with d > 2.

(i) Ifp < p.(d), then
lim A = .
Ulirol o(v,p) = o0

(ii) If p > p.(d), then

sup Ao (v, p) < oo.
v>0

Remark 1.2. Since p — Ao(v,p) is non-increasing, by monotonicity the second item
implies that when p > p,
sup  Ao(v,p) < 0. (1.1)
p=>p,v=>0
Theorem 1.1 only mentions dimension d > 2, since for d = 1 we have that (i) is covered
in [22] and (ii) is vacuous. Several questions concerning the CPDE were investigated
in [22], mostly related to the behavior of the model as a function of the parameters v, p
or \. The results obtained there hold for any infinite vertex-transitive regular graph, the
only exception being Theorem 2.4 which includes item (i) in Theorem 1.1 for the graph
Z (with the obvious adaptation that p.(1) = 1). The proof there relies on arguments that
are essentially (1 + 1)-dimensional and does not seem to extend easily to higher spatial
dimensions. However, the authors conjectured that the result should still hold beyond Z
and item (i) answers this conjecture affirmatively for 72, d > 2.
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If \ stands for the critical parameter of the contact process on the static lattice then
a simple coupling shows that A\o(v,p) > A\. However, as shown in Corollary 2.8 in [22]
there are choices for v and p for which \g(v, p) = co. In fact their results imply that if

p1 = sup{p > 0; there is v > 0 with A\g(v,p) = 0o},

then p; € (0,1) and Theorem 1.1(ii) complements their result with the bound p; < p,,
see Figure 1. A natural question that follows is if these critical points are equal or not.
For CPDE on Z it holds p; < p.(1) = 1, but we do not know if strict inequality holds in
general. If so, then the phase diagram would be divided into three different regions,
with respect to the value of p.

p
1 ___________________________________
Xo(+, p) bounded
» (Theorem 1.1(ii))
o b oo oo .

Ao(+, p) unbounded
(Theorem 1.1(i))

Figure 1: Phase diagram for the behavior of A\¢(v, p), complementing Figure 1 in [22].
The immunity region J in blue is the set of points with \y(v,p) = oco. It falls below the
line p = p1, and the critical value p; is shown to be at most p. by Theorem 1.1(ii).

The proof of Theorem 1.1(ii) is based on a one-step renormalization argument, while
the proof of Theorem 1.1(i) relies on the multiscale renormalization construction pre-
sented in Section 2.

Renewal Contact Process. The second model for which we apply the method in
Section 2 is a further generalization of the Renewal Contact Process (RCP) that appeared
in the series of papers [8-11]. There, the authors consider the GCP in which the
transmissions are governed by PPPs of rate A and the cures by renewal processes whose
interarrivals have a certain distribution ». One can define the critical parameter whose
value depends on the specific choice of distribution v as:

Ae(v) := inf{\ > 0; P(r1% = o0) > 0}.

One of the goals for the investigation carried on in [8-11], was to relate the question
whether \.(v) is strictly positive to the tail decay of v.

Analogously, if renewals with interarrival distribution ;1 were associated to the
transmissions while the cures were given by PPP’s of rate §, then one could define
the critical parameter as

Se(p) :=inf{d > 0; P(r{% = o0) = 0}. (1.2)

The critical parameter . has not been investigated in the series of works [8-11]. The
main novelty here is to allow for both the transmissions and the cures to be determined by
renewal processes. Their interarrival distributions will be denoted 1 and v, respectively.
Let us denote IP,, , the law of the resulting GCP on some suitable probability space.

A natural definition for the critical parameter is done by fixing one interarrival
distribution while scaling the other. In fact, for any fixed § > 0 let us define the
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distribution v5 on R, given by v;s(t, 00) := v(dt, 00) for every ¢ > 0. Then, we can define
the critical parameter

Sc(p,v) == inf{§ > 0; P, (7% = 00) = 0}. (1.3)

The definition in (1.3) includes the one in (1.2) since 0.(u, Exp(1)) = d.(). However,
notice that monotonicity of P, ,; (719} = o0) in 4 is not clear for general v. A similar
definition, considering scalings for u, leads to the definition of A.(u,v). The parameter
Ac(v) investigated in [8-11] is the same as A.(Exp(1),v).

We investigate the behavior of d.(u, ). To emphasize that we are fixing the edge
(or transmission) renewal processes and scaling the site (or cure) processes, we adopt
the more explicit name Edge Renewal Contact Process (ERCP). Similarly, we write Site
Renewal Contact Process (SRCP) in case we are fixing the cure processes. Also, we write
ERCP(u, v) and SRCP(u, ) whenever we want to emphasize the dependence on the fixed
distributions.

A first observation is that since we allow for transmissions that are given by general
renewal processes, it is not clear in principle whether the infection can spread to
infinitely many sites in finite time. In order to avoid such undesirable behavior, we
only study 6.(u,v) for continuous p and v. Such choice prevents the coincidence of
transmission marks and is enough for our purposes, see Section 4.2 for the details.
Another possibility would be the introduction of independent random delays to the
transmission processes, using for instance i.i.d. uniform random variables in (0, ¢). Also,
notice that if we suppress the cures in an ERCP, the resulting model can be seen as
a generalization of Richardson model, which corresponds to the case where p is an
exponential distribution. We refer to a RCP without cures and transmission given by u
as a Richardson(u) model.

Let us denote by R the collection of renewal marks obtained from some distribution
. Besides continuity, there are two hypotheses on distributions that we use frequently.

The first one is a quantitative control on the renewal marks of a heavy-tailed dis-
tribution: we say that u satisfies condition (G) if there exists ¢, > 0 and ¢, > 0 such
that

P(RN[t,t+t4] #0) <t=* fort > t. (G)

Condition (G), which appeared already in [9], can be interpreted as R having increasingly
large gaps. In [9, Proposition 7] it is shown that (G) holds whenever p satisfies conditions
A)-C) defined therein, which we reproduce here:

A) Thereis 1 < M; < o0, €1 > 0 and ¢; > 0 such that

for every ¢t > t;, 61/ spu(ds) < tu(t, Myt).
[0,4]

B) Thereis 1 < Ms < o0, € > 0 and ro > 0 such that

for every r >y, eu[Mg, Mj*'] < p[Mz+, My+?),

C) There is M3 < oo, €3 > 0 such that

fort > Ms,  t(17%) < pu(t, 00) < 7.

Condition C) controls the tail decay of n, while A) and B) concern its regularity. Thus, [9,
Proposition 7] provides a straightforward way to verify if i satisfies (G). In particular,
hypothesis (G) holds when pu(t,00) = L(¢)t~* with « € (0, 1), where L is a slowly varying
function at infinity.
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The second hypothesis on the interarrival distribution is a moment condition that
is behind a sufficiently fast decay of correlations for events depending on R. In [11,
Theorem 1.1] it is proved that a sufficient condition for A.(v) > 0 in a SRCP(Exp(1), v) is
the moment condition

/ x exp [G(IH x)l/ﬂ v(dz) < oo for some 6 > 44/(In2)d. (M)
1

Condition (M) goes in the opposite direction of (G); it implies that it is hard to find large
intervals without renewal marks, see Lemma 4.1(i). It is slightly stronger than finite first
moment.

Now, we are ready to state our results about ERCP. Define

r := max{||z||, ; (0,0) ~» (z,t) in Richardson(;) model}.

We estimate the speed of infection in Richardson(u) model. This is based on a
comparison with a toy model of iterated percolation, see Section 4.2. The estimates
in Proposition 1.3 are used as a tool for proving Theorem 1.4, but we believe they are
interesting by themselves.

Proposition 1.3. Let d > 1 and i be a continuous distribution.
(i) For any a > 1 it holds lim;_, t(fit)a = 0, almost surely.
n
(ii) Suppose p satisfies (G). Then, the process r; has sublinear growth: for every

p € (0,e4) we have
-— Tt

tggo e =0 almost surely. (1.4)

Our main contribution in the investigation of ERCP is a set of conditions on x and
v under which we can show whether d.(u, v) is trivial or not. Heuristically, when p is
a heavy-tailed distribution, Proposition 1.3 shows that the speed of the infection in an
environment without cures is slow. Any rate § > 0 of cure is sufficient for it to die out, as
shown in Theorem 1.4(i) below. On the other hand, when p and v have a fast tail decay
one expects a non-trivial phase transition, similar to what is observed in the standard
Contact Process.

Theorem 1.4. Let u, v be continuous interarrival distributions and consider a ERCP(u,v)
in 7%,

(i) Ifd > 1, p satisfies A)-C) and v satisfies [2"v(dz) < oo for all n > 1, then the
ERCP(u, vs) dies out almost surely, for each § > 0, i.e., §.(u,v) = 0.

(ii) If d > 2 and p has finite first moment then 6.(u,v) > 0.

(iii) If d > 1 and ;v and v satisfy (M), then P, ,, (T{O} = oo) = 0 for sufficiently large 9,
ie., d.(u,v) < oo.

Remark 1.5. The restriction to d > 2 in (ii) allows a simpler argument by using at most
once the transmission process at each given edge, therefore avoiding the dependencies
between various residual times. A suitable extension to d = 1 is expected.

Related works. Let us now comment on some related works, apart from [8-11] and [22],
which were already mentioned. There is a substantial literature on the contact process on
static random environments, that is, versions of the contact process in which the recovery
and transmission rates may vary spatially, and are sampled from some environment
distribution, but the dynamics is still driven by Poisson point processes. Due to this last
point, these models are fundamentally different from the ones we consider, but there
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are similarities in the line of investigation and the analysis. Klein [17] considers an
environment obtained from i.i.d. recovery and transmission rates, and gives a condition
on the environment distribution that guarantees almost sure extinction; his method
is a multi-scale construction that has similarities to the one we employ. Newman and
Volchan [23] consider a one-dimensional recovery environment (and transmissions with
constant rate \), and give a condition on the environment distribution that guarantees
survival regardless of \. See also [1,4,12,19].

Summary of the paper. This paper is organized as follows. In Section 2 we develop
the renormalization argument for a GCP. Section 3 contains the results for CPDE and
Section 4 contains the results for ERCP.

2 Renormalization scheme for generalized contact process

As mentioned in the introduction, in order to prove extinction for GCP we develop a
version of the renormalization in [11]. The construction in this section is very close to the
one in [11], but is presented here with some details to make it more self-contained and
ease applications in different GCP. For instance, Lemmas 2.2 and 2.4 are straightforward
adaptations of [11, Lemmas 2.5 and 2.6]. The main differences between the construction
here and the one in [11] are:

* The previous construction was developed in the context of Renewal Contact Process
and the construction here can be applied to GCP in general.

« Instead of considering a fixed sequence of boxes B,, = [0,2"]¢ x [0, h,], now we
allow spatial dimensions to grow faster, which can be useful to decouple variations
of the Contact Process with space correlations.

e In[11], the renormalization related crossing events on different scales by consider-
ing spatial and temporal crossings separately. Here, the same idea is present but
we combine these crossings in a single event we call a half-crossing. Moreover, we
now introduce the notion of a hierarchy of boxes, reminiscent of the arguments
from [25,29]. Whenever one has a half-crossing of a large scale box, the hierarchy
encodes the structure of smaller scale boxes that are also half-crossed. This pro-
vides an alternative way of using this renormalization to prove extinction of the
infection, and we apply it to CPDE in Section 3.1.

The choice of scales depends on some parameters that need to be tuned in order for
the argument to work. This tuning depends on the specific point processes we choose
for the model.

2.1 Main events
We begin recalling the definition of a general space-time crossing.

Definition 2.1 (Crossing). Given space-time regions C, D, H C Z% x R we say there is a
crossing from C to D in H if there is a path v : [s,t] — Z® such that v(s) € C, v(t) € D
and for every u € [s,t] we have (v(u),u) € H.

Given a = (a1,...,aq), and b = (by,...,bq) with a; < b; for every i, let [a,b] =
H‘Ll[ai, b;] and consider the space-time box B := [a,b] X [s,t] whose projection into the
spatial coordinates is [a, b]. For each 1 < j < d we denote by

9y B = {(z,u) € B; z; =a;} and G;FB = {(z,u) € B; xj =b;}

the face of B that is perpendicular to direction j. The hyperplane {(z,u) € Z¢ x R; x; =
@} divides B into two half-boxes, B; and Bj*, that contain faces J; B and 8]-+B,
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respectively. Using this notation, four crossing events of the box B = [a, b] X [s, t] will be
important in our investigation.

Temporal crossing. Event 7'(B) in which there is a path from [a, b] x {s} to [a,b] x {t}
in B.

Temporal half-crossing. Event T'(B) := T([a,b] x [s, t£5]). In words, we have a tempo-
ral crossing from the bottom of B to the middle of its time interval.

Spatial crossing. For some fixed direction j € {1,...,d} we define S;(B) as the event
that there is a crossing from J; B to G;FB in B, i.e., there is a crossing connecting
the opposite faces of B that are perpendicular to direction j.

Spatial half-crossing. For some fixed direction j € {1,...,d}, we define the events
S;+(B) = Sj(B;') and S; _(B):= S;(B; ), in which we have a spatial crossing in
B of a half-box connecting the opposite faces of direction j. To ease notation, we
write S; y = S; and S; _ = S, 4, allowing indices 1 < j < 2d.

Given a box B, consider the event

H(B):=T(B)U ﬁjl S,(B) (2.1)

Jj=1

that we refer to as half-crossing of B; this event will play a central role in the renor-
malization approach to be developed in the next sections. Our first aim is to show that
H (B) satisfies the so-called cascading property, meaning that its occurrence implies the
existence of two well-positioned smaller boxes inside B which are also half-crossed.

2.2 Cascading property for half-crossing events; hierarchies

In what follows we will analyze half-crossing events inside boxes of type B :=
[~Ik, [x]% x [0, hy] where (I;,) C IN and (h;) C R are increasing sequences to be determined
later. They must be interpreted as sequences of spatial and temporal scales along which
we analyze occurrence of half-crossing events. In fact, if the origin starts infected, i.e.
if £9(0) > 0 and the resulting infection from that point survives till time h;, then either
T(By,) occurs or the infection must leave box B, through some of its faces 8]-+Bk or 8]-* By
for 1 < j < d. Thus, one can write

P(ri% = x0) < IP(T(Bk) U ,i_jl Sj(Bk)) = P(H(By)). (2.2)

Any space-time translation of the box Bj is called a scale-k box. This section is
devoted to proving a deterministic lemma that relates half-crossings of boxes at two
successive scales. In Lemma 2.5 we prove that for this sequence of boxes the event
H(By) is cascading, meaning that its occurrence implies the occurrences of two similar
events inside disjoint boxes from the previous scale. Moreover, we are able to

e find an upper bound (uniform in k) for the amount of pairs of boxes that we need to
look at in order to find these two half-crossings;

» control the positions of such pairs of boxes, obtaining that they might be taken
well-separated in space and time. For a class of examples, this allows to decouple
the corresponding half-crossing events.

This will ultimately allow us to control the right-hand side in (2.2) which is useful for
proving existence of regimes when the infection dies out.
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Let us now describe the rate of growth for the sequences of scales (I;) and (hy) to
be considered. Given the initial scales [y € IN and hg > 0 and two constants a, 5 € IN we
define recursively

lk+1 = Oélk and hk+1 = ﬂhk, for k Z 0. (23)

Note that [, and h; grow exponentially fast. For other possibilities of scale progression,
see Remark 2.6.

We are now ready to state and prove the main results in this section. Temporal and
spatial half-crossing will be treated separately. Both cases follow the same pattern: given
a scale-n box B,, that has been half-crossed, we can find two suitable disjoint regions
inside B,, that were traversed by the half-crossing. After covering these regions with
scale-(n — 1) boxes we conclude that in each region one of such boxes must have been
half-crossed too. Let us begin with the temporal ones.

Lemma 2.2 (Temporal half-crossings). Fix n > 1 and g > 4. There are collections
By = By, and B = B ,, of scale-(n — 1) boxes such that

T(B,) C U H®BNH®B).
(B,B")eBox B,

Moreover, we may assume that By and B, have (2a — 1)? elements each, and that the
vertical distance between any pair of boxes B € By and B’ € B, is (8/2 — 2)hy—1.-

Remark 2.3. It is not needed to take a, 3 € IN, but we do so for simplicity since our
model is discrete in space. The arguments would still follow by making a slightly different
choice of boxes B,,.

Proof. By construction we have h,, = 8h,,_1. The event T(Bn) entails the two following
temporal crossings

T([~ln, 1)t % [0, hp—1]) and  T([~ln, 1u]% x [(8/2 = Dhn_1, (8/2)hn_1]).
For z € [~a,a — 1] NZ =: Z,, let us define
Iz = ln,lz + [07 lnfl]

that forms a covering of [—1,,, ] by 2« intervals of length I,, ;. On T'([~1,,,1,]¢ x [0, hy_1])
we can find a path 7 : [0, h,,_1] = [~ln,[,]? spanning the box in the temporal direction.
Let us consider its range Z = ([0, h,—1]). Projecting Z into each one of the coordinate
directions j yields discrete intervals Z; C [—l,,(,]. Define the box count of Z; as

cj =min{|I|; I C Zy, I; C Uerl.}. (2.4)

We decompose T ([~ln, 1] % [0, h,,—1]) according to the values assumed by each c;.

If for every 1 < j < d we have ¢; < 2 then the whole path v is contained inside a
d-dimensional box with side length 2/,,_1, yielding a temporal crossing. In this case, we
can choose some 2 € (Z, \ {o — 1})¢ such that

T Cly_12+410,20,_1]%,

and the number of possible z is given by (2a — 1)%.

Now, let us consider the case in which some ¢; > 3 and thus 7 is not contained in
some of the boxes with side length 2[,,_; described above. In this case, we refine the
argument by considering time. For any time ¢ € [0, h,,—1] we define Z(t) := ([0, ¢]) and
for any fixed direction j we consider its projection Z;(t) and its box count ¢;(t). Define

ty = inf{t € [0, h,—1]; 31 < j < d such that ¢;(t) > 3}.
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Figure 2: An illustration for the argument in Lemma 2.2 when d = 2. On the event T(Bn)
H(B) N H(B') occurs for a box B € By and another B’ € BB{. For B;, when the projection
of the temporal crossing into space coordinates is not contained in one of the (2o — 1)¢
sub-boxes of side length 2/,,_; a spatial crossing of a half-box of scale n — 1 must occur.

Since v can only change value when there is transmission to a neighboring site, at time
t1 we have ¢;,(t1—) = 2 and ¢, (¢t1) = 3 for some special direction jy and ¢;(t1) < 2 for
every other direction. Thus, there is z € (Z,, \ {a — 1})¢ such that

I(tl—) Clp_12+ [O, 2ln_1]d but I;, (tl) g_ ln_12+ [O, QZn_l]d and Cjo(tl) = 3.

Notice that this means path v must have crossed a half-box of /,,_;z + [0, 2171_1]51 on
direction jy during time interval [0, 1] C [0, h,—1], see Figure 2. In any case, we have
that H(B) happens for some box B in

Bo = {(ln—12 + [0, 2 1] X [0, hn_1]; 2 € (Zo \ {a — 1})d}.

Applying the same argument for event T'([—l,,[,]? x [(8/2 — Vhn_1,(8/2)hn_1]), we
conclude that we can take 5] as the vertical translation of boxes of By by (8/2—2)h,,—;. O

We now turn our attention to spatial half-crossings for which a similar result also
holds.

Lemma 2.4 (Spatial half-crossing). Assume that a > 5. Letn > 1 and 1 < j < 2d. There

are collections B; = B;,, and B; = B, of scale-(n — 1) boxes such that

S;(B,) C U HBNH®B).
(B,B")eB; x B

Moreover, we may assume that B; and B} have (26 — 1) - (2a — 1)?~! elements and that
any pair of boxes B € B; and B’ € B’ have spatial distance at least (/2 — 2)2l, 1.

Proof. By symmetry, we can assume j = 1. On the event S ([0,1,] x [~ln, ]9 x [0, hy])
we have a half-crossing of box B,,, that entails the crossing of two smaller boxes:

510,20, 1] X [l 1n]* 7t x [0,hy]) and  S1([ln — 2ln—1, 1] X [~ln, 1n]%71 % [0, hy)).

Similarly to what was done in the proof of Lemma 2.2, we will build a collection B; inside
the first box and take B as a translation of 5;. Hence the spatial distance of boxes in 53;
and Bj is at least («/2 — 2)2l,,_;. Consider the collection of boxes

C = {(ln—12 +[0,20,—1]%) x [0, hp); 2 € {0} x (Zo \ {a —1})* 1}
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Consider a path v : [s1,t;] — Z? that realizes S;([0,2l,,_1] X [~ln, ]! x [0, h,]) and
let Z; be the projection of v([s1,t1]) on direction j and ¢; be its box count, i.e.,

cj=min{|I|; I C Zy, T; C U,erl,}.

Like in the previous lemma, if ¢; < 2 for every 2 < j < d, we can ensure that v is
contained in some box B € C and S;(B) happens. On the other hand, if some ¢; > 3
then Sj(B) happens for some box B € C. In both cases, the crossing of our smaller
box implies the occurrence of some half-crossing of a box B € C inside it, of the form
[0,2l,,_1] x [0, h,,]. Finally, we adjust the time dimension of B with a similar argument.
Denote by 7(B) the space-projection of a space-time box B. Define

By :={m(B) x [ihn_1, (i + Dhy,_1]; BEC,0<i< B —1,i€1/2+Z}.

Our path y ensures that either we have S;(B) for some direction 1 < j < d and box B € B,
or we have T(B) for some B € B;. It is easy to check that B; has (28 — 1) - (2 — 1)4-¢
elements. O

Putting together Lemmas 2.2 and 2.4 we readily obtain a result that relates the
occurrence of half-crossings at successive scales:

Lemma 2.5 (Cascading half-crossings). For anyn > 1, « > 5 and 8 > 6 it holds

H(Bn)CU( U H(B)mH(B’)).

J=0 (B,B')EB;x B,

Hence, whenever we have a half-crossing of a scale-n box we can find half-crossings of
two scale-(n—1) boxes B and B’ that either have vertical distance at least (8/2—2)h,,_1 or
have spatial distance at least («/2—2)2l,,_1. Moreover, we can find such pair considering
at most

C(d,a, B) = ((2a — 1)%)* + (2d) - (28— 1) - (20 — 1)471)” (2.5)
pairs of boxes (B, B').

Lemma 2.5 provides explicit control on the amount and on the position of the boxes
where the half-crossings are found when moving from one scale to the previous one.
This allows us to derive upper bounds for the probability of half-crossings at large scales
as we explain next. We will present two possible approaches for obtaining such upper
bounds. One of them is to derive a contracting inequality relating the probability of the
crossing events at two successive scales. The other one is to move all the way down to
the bottom scale obtaining what we call an hierarchical structure.

Recurrence inequality. Let u,, := sup(, ) P(H((z,t) + B,)). Lemma 2.5 implies

Up < O(O[, Ba d)u%—l + 0(057 /87 d) (Iél%)/() COV(]IH(B)a ]lH(B’))v (26)

where the maximum runs over pairs of scale-(n — 1) boxes (B, B’) ranging in B; x B
with 0 < j < 2d and C(«, 3,d) is given by (2.5). Provided that one is able to obtain good
upper bounds on the covariance of the events H(B) and H(B’), then (2.6) becomes a
contraction, and therefore u,, | 0. This is a very common strategy in renormalization.

Remark 2.6. Notice that although we have worked with sequences I, h; that grow at
an exponential rate, Lemma 2.5 allows us to consider more general scale progressions.
In fact we may consider the more general relations

lgy1 = ogly and hgpyq = Brhy,  fork > 1,
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and H(B,) is contained in a union of at most C(d, ay_1, fn—1) pairs of scale-(n — 1)
boxes. For instance, one can use sequences that grow faster than exponentially, in
order to obtain better decoupling inequalities, i.e. better bounds on the covariance. This
approach has been applied in [11, Theorem 1.1], and it will be used in the proof of
Theorem 1.4(iii). The main difference is that [11] does not focus on events H(B,,), but
instead considers spatial and temporal crossings separately as in [11, Lemmas 2.5, 2.6].
In the construction therein o = 2, which means that pairs of boxes (B, B’) with B = B’
are considered. Here, we have opted to take o > 5 to ensure boxes B and B’ are actually
separated.

Hierarchy. Lemma 2.5 also allows for the definition of a hierarchy of boxes. The idea
is simple: fix ¥ > 1 and consider box By = [~lj,[x]? x [0, h;]. Using Lemma 2.5, the
original scale-k box gives birth to a pair of scale-(k — 1) boxes. After iterating the use of
the same lemma we end up with a collection of 2* scale-0 boxes, all of which have been
half-crossed. This structure of boxes can be encoded via a binary tree, in a construction
that is similar to the one in [25] regarding random interlacements.

Let us introduce some notation. We use words a € {0,1}" to encode the leaves of a
binary tree of depth n. Consider that @ is the root vertex, and 0 and 1 denote the left
and right children of @, respectively. We append digits to the right of a word a € {0,1}"
in order to create longer words, e.g., al € {0,1}"*! is the word that encodes the right
child of a. Morever, for a,b € {0,1}" we define the depth of a by |a| := n and define
aNbe U {0, 1}* to be the common ancestor of a and b of highest depth. In other words,
a and b are descendants of a A b but there is no c child of a A b that has both a and b as
descendants.

For a fixed k£ > 1 we consider box Bj as the root of the hierarchy, and encode its
descendants obtained via Lemma 2.5 by a binary tree. More precisely, a collection of
boxes

Hye = {Bu(a); a € Uo{0,1}'}

is called a hierarchy of By, if By,(@) = By, and for every a € U~} {0, 1}’ the boxes Bj,(a0)
and By(al) are disjoint scale-(k — |a| — 1) boxes contained in By (a). A hierarchy is said
to be achievable if for all boxes Bj(a) its children are a pair of boxes (B, B’) from the
choice of pairs given in Lemma 2.5. Finally, let us define the collection of all achievable
hierarchies

Xk := {Hx; Hi is an achievable hierarchy},

which is a deterministic set. It is clear from Lemma 2.5 that #X;, < C-C2.....c2" ' < ¢?*
for C = C(d, a, ) given by (2.5).

Define the set of leaves of H;, as
L(Hy) == {B € Hy; B = By(a), a € {0,1}*},

that is, the set of scale-0 boxes of H. Then, for any probability measure given by a GCP
we have

P(H(BY))< Y. ]P( N H(B)) gCQ’“maXIP( N H(B)). 2.7)

Hi
Hir€Xy  BEL(Hy) 4 BEL(Hx)

Recall that we want to prove that the infection dies out almost surely. Since
P(r1% = 00) < P(H(Byg)), the estimate in (2.7) shows it is sufficient to prove that
P(Nperm)H(B)) < 2" for e sufficiently small, uniformly over H;, € Xj.

Fix any achievable hierarchy H,, € X}. By construction, it contains 2* scale-0 boxes
(its leaves) and any two of them are either separated by a spatial distance of at least
(a/2 — 2)2l, or by a temporal distance of at least (5/2 — 2)hg. Indeed, we have for a # b
with |a| = |b| = k that By(a) and By (b) are both contained in By (aAb), but are in different
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children of By(a Ab). Hence, by definition of achievable hierarchy boxes By ((a A b)0) and
By((a A b)1) are well-separated, implying that By (a) and By (b) enjoy the same property.

Fix some ordering {L1, L, ..., Lor } for L(H;) such that L; is always either above or
at the same height of every previous leaf. Since

IP(FJH(LJ)> = H]P(H(Lj) | H(L)N...NH(L;1)), (2.8)

j=1

we focus on estimating the conditional probabilities above. This task depends on the
point processes chosen for the GCP.

3 Contact process on dynamic edges

The authors in [22] define the CPDE on Z, but also remark that the definition extends
easily to any connected graph with bounded degree. Here we will focus on the case of
7. The idea is to start with an underlying dynamic environment process ¢; € {0, 1}2(Z"
and, conditional on the realization of this environment to define an infection process
ne € {0, 1}Z'i similar to the classical contact process, with the main difference that
its evolution depends on the changing environment. More precisely, let us fix two
parameters v > 0 and p € (0,1). Independently of everything else, each edge e in
the environment is assigned an initial state (y(e) with the Bernoulli distribution with
parameter p, Ber(p), and independently updates its state as follows:

0 — 1 atrate wp,
1— 0 atrate v(l—p).

We say that the edge e is open at time ¢ if (;(e) = 1 and that it is closed at time ¢ otherwise.
We may think of the state of each edge e independently alternating between open and
closed at the given rates. This defines the Markov process {(;};>o taking values in
{0,1}#(Z" ysually called dynamic bond percolation on Z¢ with density parameter p and
rate v. In fact, the choice for the initial distribution (, as being the product of Ber(p)
implies that (; is stationary. Hence, for each fixed time ¢, the configuration {(;(€)}.c g(zq)
is distributed as an independent bond percolation process on Z¢.

We will now define the contact process 7, whose evolution will depend on a parameter
A > 0 and on the underlying environment (;. At each site z, the state n;(x) evolves as
follows:

1— 0 atrate 1,

0— 1 atrate A G(zy)m(y). (3.1)

y~z

In words, each site y attempts to infect a neighboring site y at rate A through the edge
e = zy as in the usual contact process on Z?. However, it will only succeed in case that
edge is found open at the time of the attempt.

In [22, Section 3.1] the authors define this process via a standard graphical construc-
tion, employing a collection of independent Poisson point processes on (0, c0):

* {O.} of rate vp, whose marks provide the opening times of edge e.
» {C.} of rate v(1 — p), whose marks provide the closing times of edge e.

» {Z.} of rate )\, whose marks provide the times of potential transmissions along
edge e.

* {R.} of rate 1, whose marks provide the cure (recovery) times of site x.
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This graphical construction serves as a tool in our methods. The reader may consult [22,
Section 3.1] for more details.

Remark 3.1. It is worth noticing that actually the CPDE can be seen as a Renewal
Contact Process with renewals on the edges and a delay. However, using the results
available from previous works on RCP is not straightforward. The interarrival distribution
w of the model depends on parameters A, v, p, and is therefore affected by changes on
any of these parameters.

Using the above notation, the critical parameter is given by

Xo(v,p) = inf{\ > 0; IPUP,\(nt Z0, Vt > 0) > 0}.

3.1 Proof of Theorem 1.1(i)

In this section we apply the hierarchical approach to renormalization. On the course
of the proof we will need to use a straightforward estimate on how long the usual contact
process restricted to a finite (static) cluster can survive. We state it as a lemma and
include its proof for the reader’s convenience.

Lemma 3.2. Let G be any connected subgraph of Z¢ with at most n vertices and
7 = 7(G) the extinction time of the contact process on the subgraph G started from the
configuration n§'. There exists = r(\,d) > 0 such that for every v > 1/n,

P(T(G) > ™) < exp[—e %) /2]. (3.2)

Proof. We fix GG throughout the proof and provide bounds that are uniform in G. Let
T; be the event in which for every vertex in G there is a cure mark before the first
transmission in [j, j + 1] (or before j + 1, if there are no transmissions). It is clear that if
T; occurs for some j < k — 1, then 7 < k. Hence {7 > k} C ﬂk 1TC which implies for

k=lem],
T > e’ 1:[ — IP(TQ))k < exp[—k . IP(TO)] < eXp[_IP(TO) 6””/2]7

where we have used the fact that the events T are independent and have the same
probability together with the fact that |e¥”] > ¢”"/2 if v > 1/n. Since G has at most 2dn
edges and n vertices, it is clear that

P(Tp) >1P( N (Znp=0n () {R.N 01]#@}) e=2dAn (1 _ o=y

e€E(G) veV(G)
> exp[— (2d)\ + 1)n},

using that 1 — e~! > e~!. Taking x(\,d) := 2d\ + 1, the inequality (3.2) follows. O

Proof of Theorem 1.1(i). Let p < p.(d) and A > 0 be fixed. Our goal is to show that for v
smaller than some vy(p, A, d) > 0, the CPDE dies out almost surely. In order to apply our
renormalization approach, we need to define the sequence of scales [, and hj as in (2.3).
Recall that they become fully determined once we choose the values for «, 3, Iy and hg.
We start by fixing @ = 5. The other values will be determined next depending on p, A and
d.

Let us write § = §(p) := 1(pc(d) — p) and fix 8 = B(p,d) > 6 sufficiently large so that

e~ (B/2=2)0 5 (3.3)

Having fixed a and S it only remains to chose Iy and h( suitably. In the following, we
take
v:=0/hg (3.4)
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so that v will be determined once hy has been chosen.

For a scale-k box By, = [~l1,1;]? x [0, ht] and a hierarchy H;, € X}, label the leaves in
Hy as Lq,..., Ly in such a way that leaves located higher in time are assigned greater
indices. Fix some leaf L; of the form 7(L;) X [s;, s; + ho| (recall the notation 7(L;) for its
space projection). Also recall that O, and C., are PPPs whose arrivals represent the times
at which the edge e opens and closes, respectively. We say that an edge e with both
endvertices in 7(L;) is L;-available if at least one of the following conditions is satisfied:

(i) e opens during the time interval associated to L;: O, N [Sj, 8; + ho] #£ 0;

(ii) e does not update in the time interval of length (/3/2 — 2)hg prior to the time interval
of Lj:
(O UCe)N[s; — (B/2 —2)ho, s,] = 0;
(iii) e updates during [s; — (8/2 — 2)ho, s;], and e is open at time s;.
Hence we have
P(e is L;-available) < (1 — e P*"0) 4 (e v(#/272h0) L P(¢,, (e) = 1)
= (1= ) (D)
< pd+e 82720 Ly

1
< §(p+pc(d)), (3.5)

where we used (3.4) in the second line and the last inequality is due to our choices of
and ¢ in (3.3).

Consider the graph whose vertices are sites in 7(L;) and whose edges are those that
are L; available. Let us call C;(z) the cluster containing the vertex = € w(L;) in this
graph. Notice that C;(z) is either equal to {z} or is an open cluster of a Bernoulli bond
percolation process in 7(L;) with parameter at most (p + p.(d))/2, hence subcritical. By
the exponential decay of the cluster size distribution (cf. [13, Theorem (6.75)])

FY =(p,d) >0 st P(Cj(z)| >m)<e V™ ¥meNN. (3.6)
For each e = xy with both endvertices x,y € 7(L;) and t € [s;, s; + ho] let us define

éj,t(e) = Dyes L ;j-available} - (3.7)

Using the graphical construction in terms of the point processes O, C, Z and R we can
define inside L; the process 7);; where, the initial configuration is given by 7; s, (z) = 1
for every x € m(L;) and instead of ¢;(xy) one uses (;(zy) in (3.1). Roughly speaking,
replacing ¢ by fj amounts to enlarging the open clusters at the basis of L; and then to
keep them frozen for time hy. Indeed, their external boundary is made of edges that
are not L -available and by (i) they remain closed. Of course the initial clusters evolve
dynamically with time according to processes O and C, but notice that whenever an edge
is open for ( if is also open for CAJ As a consequence, every infection path for 7 is also an
infection path for 7);.

We say that the leaf L; is good if the half-crossing event occurs inside L; for the
process 7);. Let us denote this event by H (Lj;). Notice that for different leaves, these
events depend on disjoint regions of the Poisson point processes O, C, Z and R so they
are independent.

The infection spreads better inside L; when using 7);, as discussed above. Therefore,
it follows that H(L;) ¢ H(L;) and

ok

P(FjH(Lj)) <P(NAL)) = P(HL)).

j=1
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where we have used independence and translation invariance. In view of (2.7), it suffices
to prove that P(H (L)) < 1/(2C(d, o, 8)) where C(d, a, 8) has been fixed in Lemma 2.5.
This will be done by suitably choosing [y and hyg.

By (3.6) the probability of the event
U; o= {3z € n(L;); |Cj(@)| = (2d/4)Inlo}

is bounded by
P(U;) < c(d)Ig - e=¥ /)l — ()], (3.8)

Since every infection path inside L; must only jump through L;-available edges, each of
these paths is contained in a cluster C;(x), that is typically much smaller than 7(L;).
Let us now fix [, sufficiently large so that

%lln lo<ly and Iy > [4c(d)C(d, o, B)]"7. (3.9)
Then, estimate (3.8) implies
1
< — .
PO < 16,a,5) (510

Moreover, any spatial half-crossing for 7; inside L; has to traverse at least [y edges.
Therefore, the occurrence of such half-crossings implies the occurrence of U;.

On U we know that all of the available clusters in 7(L;) are small, that is, each C;(x)
contains at most (2d/+)Inl, sites. In order for a temporal half-crossing to occur the
process 7j; must survive for time at least hy/2 in one of these small clusters.

Letv = v(p, A\, d,lp) = max{y+x, (2d/v)Inly} where k = k(\, d) is given in Lemma 3.2
and ¥ (p, d) is given in (3.6). Define

V;j := {3z € n(L;); 7; survives longer than ev(24/¥)Inlo inside Cj(z)}.

By Lemma 3.2,
—(v—-k n d—(v—k)(2d /v _ 1
P(UNV;) < e(d)ld-e~@=m@d/e)nlo — gy d=0=mEde) « og)-d < o (3.11)
Therefore, uniformly over
ho>2- eu(2d/w)1nlo =9. l(l)’(Qd/1/’) (3.12)
the following bound holds
N 1
PH(L)) <PU)+PUNV)< ———— 3.13
(H(L))) < PU)+ BUSOV) < g, (3.13)

as it can be seen by just plugging (3.8) and (3.11). Thanks to (3.4) this implies that any
choice of v € (0, 6l0_”(2d/w)/2) is sufficient to establish (3.13). This finishes the proof with
vy = zg”<2d/1”>/2. O

3.2 Proof of Theorem 1.1(ii)

Let us introduce some notation that will be used throughout this section. For each n &
IN and z € Z¢, define
Bn(z) =z 4+ {-n,...,n}%

For a bond percolation configuration ¢ in Z? and any connected subgraph B of Z?, we
denote by G¢(B) the random subgraph of B induced by the open bonds in (. We denote
by G7(B) the connected component with largest cardinality of G¢(B) (we can adopt
some arbitrary procedure to decide between components in the case of a tie).

The following result follows from Proposition 3.2 in [27] (which in turn is proved
using results from [6] and [24]).

EJP 27 (2022), paper 91. https://www.imstat.org/ejp
Page 16/31



Results on the contact process with dynamic edges or under renewals

Proposition 3.3. Assume that d > 2, p > p.(Z%) and ¢ is sampled from the product
Bernoulli(p) distribution. Then, there exists § > 0 such that the following holds for n
sufficiently large. With probability higher than 1 — exp{—(logn)'*°}, the component
G¢(Bn(0)) has cardinality larger than n=1, and all other components of G¢(Bp(0)) have
cardinality smaller than n?=2.

For the rest of this section we fix d > 2 and p > p.(Z?). We will prove that
sup {\o(v,p) : v > 0} < 0. (3.14)

By Theorem 2.3 in [22] we have that \g(v,p) converges to a finite limit as v — oc.
Hence, (3.14) will follow from showing that

sup {Mo(v,9) : 0 < v < T} <0 for all v > 0. (3.15)

Therefore, for the rest of this section we fix ¥ > 0 and we will prove that (3.15) holds.
The dynamic environment {(; };>o will have edge density parameter equal to p and edge
update speed v € [0, 9] which will be clear from the context or irrelevant.

For x € Z%, ¢ > 0 and n € IN, define the event

G¢,(By(x)) has more than n=% vertices; all other
An (.’I}, t) = t d—1 .
components of G¢, (B, (z)) have fewer than n“~ 2 vertices
Then let

Bu(w,t) = ( () Anl,0)) 0 Aza(a,1).

yEB, (z)
Proposition 3.3 and a union bound give the following.
Lemma 3.4. For n sufficiently large we have, for any = € Z® and t > 0,

P(E,(z,t)) >1—(2n+ 1)d - exp{—(log n)H‘S} — exp{—(log 2n)1+5},

where ¢ is given in Proposition 3.3.

For future reference, we make a few observations about these events. First, we have

E,(z,t) C {for every y € B, (z) we have G¢ (B, (y)) C G¢,(B2n(x))}

Indeed, if E,(z,t) occurs and y € By (z), then G7,(B,(y)) has more than n=% vertices
and is contained in some cluster C of G, (Ba,(z)); moreover, all clusters of G¢, (B2, (z))
except for G7, (Ba,(z)) have fewer than (2n)?~ 2 < n9= 7 vertices, so it follows that C =
G2, (Bon(x)).

Second, as an immediate consequence of the previous observation, we have that

if z,2" have B, (z) N B,(2') # @, then

, \ . . (3.16)
Ey(2,t) N By (2',t) C{GE,(Ban(x)) N GE (Ban(2')) # @}

Third and finally, if £, (x,t) occurs and 5 is a bond percolation configuration obtained
from (; by modifying the state of a single bond, then G¢, (B2,(z)) and Gz(Bgn(x)) have
at least one vertex in common. This is easy to check from the definition of E, (z,t) and
inspection of a few cases, so we leave the details to the reader.

We now define the event

E/ (z,t) = ﬂ E,(z,s), nelN, zez t>0.
sEt,t+1]

We then have
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Lemma 3.5. For any ¢ > 0 there exists ng such that ifn > ny we have P(E/ (z,t)) > 1—¢
for allv € [0,v], * € Z% and t > 0.

Proof. Fix v,z,t as in the statement. Let 7 C [0,c0) denote the set of update times
of the edges of By, (z). Then, T is a Poisson point process whose intensity is smaller
than Cyun?, for some constant C,; > 0. In particular, for any s > 0 we have

P(T N [s,s+ (Cqun?)~'] = @) > P(Poisson(1) = 0) = e~ !

On the event (E/ (z,t))°, let 7 denote the smallest s € [t, ¢+ 1] such that (E,(z, s))¢ occurs.
Letting A = (E/ (x,t))*N{T N (7,7 + (Cqvn?)~!] = @}, we have, by the strong Markov
property,

P(A) > P((E,(,1))%) - e

Now, noting that

t+2
(Cqun®)™1 1,4 S/t L(E, (2,5 ds

and taking expectations, we obtain

t+2

(Caon®) ™" - eV P((E, (2,1))") < B [ /

<2 [(2n+ 1)? - exp{—(logn)+*} + exp{—(log 2n)'*3}],

LB, (z,9)e ds}

where the last inequality follows from Lemma 3.4 and Fubini’s theorem. We thus have
P((E! (x,1))¢) < 2eCqun? [(Qn + 1)¢ - exp{—(logn)'*°} 4 exp{—(log 2n)1+5}],

and the right-hand side can be made as small as desired by taking n sufficiently large,

uniformly for v € [0, 7]. O
We now give some further definitions. A finite sequence v = (o, ...,z ) of vertices
of Z% is called a self-avoiding path if zy, ..., z,, are all distinct and z; ~ z;,; for each i.

For such a sequence v and ¢t > s > 0, we let ®(v, s,t) denote the indicator function of
the event that, in the graphical construction of the process, there exist times s < t; <
... < t;, < t such that, for each i, there is a transmission mark in the edge {z;_1,z;} at
time ¢;. We emphasize that this definition does not involve the recovery marks or the
edge percolation environment, but only the transmission marks.

For a finite connected subgraph B of 74, let Tz denote the (finite) set of all self-
avoiding paths contained in B.

Lemma 3.6. Lett > 0 and B be a finite connected subgraph of Z¢. Then, for any ¢ > 0,
we can take A\ large enough so that

P(®(vy,s,s+t)=1forally€Tg)>1—¢ foralls>0.

Proof. By translation invariance, it suffices to treat s = 0. We divide [0, ¢] into |T'p|
sub-intervals of equal lengths and disjoint interiors. The event in question is achieved if
each edge of B has a transmission mark in the interior of each of these sub-intervals.
This has probability as high as desired when A\ — oo. O

We now define a further event F,(z,t) forn € N, z € Z% and t > 0, as follows.
Lett; <ty <--- <ty denote, in increasing order, the (random) times within the time
interval [t, ¢+ 1] at which there is either an edge update or a recovery mark inside Bs, (z).
Alsoletty =t and txy1 = ¢+ 1. Then, F,(z,t) is defined as the event that

®(v,t;,t;+1) =1forally € I'p,, (») and all i € {0,...,N}.
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In words, this is the event that, between two successive times ¢;,¢;+1 (each of which can
correspond to a recovery mark or an edge update inside Bs,(x)), every self-avoiding path
inside Bs,(z) can be traversed by following transmissions. This guarantees that, if at
time ¢; one of the vertices of G, (Ban(z)) is infected, then immediately before time ¢;1

i

all vertices of this cluster will be infected.
Lemma 3.7. For any n € N and € > 0, there exists A’ > 0 such that

P(F,(z,t)) >1—¢ forany A > N, v € (0,9, = € Z%, and t > 0.

Proof. Fixn € IN and ¢ > 0. By translation invariance, it is sufficient to prove that there
exists \' > 0 such that P(F,(0,0)) > 1 —cforany A > M and v € [0,7]. Lett; < --- <ty
denote the times in [0,1] at which there is either an edge update or recovery mark
inside Bs,,(0), and let tc = 0 and ¢ty4+; = 1. Let

X = inf{|t¢+1 — t1| 11 E {O, N 7N}}
It is easy to see that there exists § > 0 such that
P(X >0, N<1/§)>1- % for any v € [0, 7].

Now, by Lemma 3.6 and a union bound, we can obtain A\’ > 0 such that, for any A > )\
and any v € [0,7],
P(F,(0,0)| X > 6, N<1/6)>1— g

completing the proof. O

Finally, define

vn(z, k) == (nz,nk,0,...,0) € Z%, (z,k) € Z% k>0
d—2

and
ne(2) == L{E} (vy(2, k), k) N F(vn(2,k), k) }, (2,k) € Z%, k> 0.

It will be useful to note the following:

Claim 3.8. If7)y(z) = 1 and at least one site of G7, (Ban(vn(2,k))) is infected at time k,

then all sites of G{,  (Ban(vn(z,k))) are infected at time k + 1.

Proof. Let t; < ty < --- < ty denote the times within [k, k + 1] at which there is ei-
ther an edge update or a recovery mark inside Bsy, (v, (2, k)). The definition of F,(z, k)
guarantees that, in [k,¢1), the component Gf, (B2n(vn(2,k))) becomes fully infected.
As observed after Lemma 3.4, the definition of E/ (z, k) guarantees that the compo-
nents G¢, (Ban(vn(z,k))) and Ge,, (Ban(vn(z,k))) have at least one vertex in common.
In particular, at least one infection remains in G¢, (Ban(vn(z,k))). Proceeding recursively,
we obtain the result. O

Proof of Theorem 1.1(ii). Fix ¢ > 0. Assume that n is large enough, as required by
Lemma 3.5, and then assume that ) is large enough, as required by Lemma 3.7. These
choices guarantee that P(n;(z) =1) > 1 —2eforall A > X, v € [0,9], k € N and z € Z.
We also have that if (k, z) and (k/, 2’) have either |k — k/| > 4 or |z — 2| > 4, then nx(z)
and 7 (2’) are independent. Hence, (n;(z)) dominates a Bernoulli field with range of
dependence 4 (in /.,-norm) and density above 1 — 2¢. If ¢ is sufficiently small, then with
positive probability there is an infinite sequence 0 = zg, 21, ... € Z such that |z — 21| < 1
and 7 (z) = 1 for every k. By combining Claim 3.8 and (3.16), we obtain that there is
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an infinite infection path contained in the space-time set Uy (B2, (v, (2, k)) X [k, k + 1]).
This proves that (B, (0) ~ co) > 0; since

IP(BZH(O) ~ OO) S |BQrL(O)‘ : IP((O’O) ~ 00)7

it follows that IP((0,0) ~~ o0) > 0. O

4 Edge renewal contact process

4.1 Uniform control for renewals

Our study of ERCP is based on a uniform control for the probability of having renewal
marks in an interval of fixed length. The next lemma summarizes inequalities that
achieve this goal. These estimates are in the core of all subsequent computations and
justify our hypotheses on p and v.

Lemma 4.1 (Uniform estimates). Let u be any probability distribution on R, and let R
be a renewal process with interarrival u started from some 7 < 0.

(i) If f : [0,00) — [0,00) is non-decreasing, lim,_,~, f(z) = co, and [ zf(z) u(dz) < oo,
then uniformly on T we have

iggP(Rﬁ[t,t—Fh] =0) < Fh)

C
4.1
3 (4.1)
for some positive constant C = C(p, f) whenever f(h) > 0. Moreover, if [ x ju(dz) <
oo then given any € > 0 there is hg = ho(e) > 0 such that uniformly on 7, we have

supP(RN[t,t+ hol =0) <e. (4.2)
>0

(ii) If u is continuous, then given € > 0 there is wy = wo(e) > 0 such that uniformly on 7
we have
supP(RN[E,t+wo) #0) <e. (4.3)
t>0
Proof. We can assume that 7 = 0. Indeed, if R is a renewal process started from 0 and
7 < 0 then the process R’ = 7 + R is a renewal process started from 7 and we have

supP(R' N [t,t +h] =0) =supP((r+R)N[t,t +h] =0) = sup P(RN|[s,s+ h] =0)

t>0 t>0 s>—T
<supP(RN|[t,t+h]=0).
t>0

The first statement in (i) is exactly Lemma 2.3 of [11]. We also notice that the
inequality (4.2) is a straightforward consequence of (4.1). Indeed, it suffices to show
that when [ z (dz) < oo one can find a function f satisfying the requirements for (4.1)
and then take h sufficiently large. Finding such function f is a standard analysis exercise
and we omit the proof.

The proof of (ii) is based on the fact that when p is continuous its renewal function
U(t), i-e. the expected number of renewals up to time ¢, is uniformly continuous on R .
The continuity of U(-) follows at once from that of u. To ensure uniform continuity, we
have to control the behavior of U(t) as ¢ — co. This follows from the classical renewal
theorem, which implies lim_,o. (U (t + h) — U(t)) % (understood as zero if the

= o ude
integral diverges). Hence, given ¢ > 0 there is wg = wp(e) such that

sup P(R N (¢, ¢ + wo] # 0) < sup(U(t +wp) — U(t)) <e. O
t>0 t>0
EJP 27 (2022), paper 91. https://www.imstat.org/ejp
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4.2 Growth of ERCP

We start this section by showing that if x4 is continuous then a.s. the infection cannot
reach infinitely many sites in finite time. A first observation is that conditions for finite
speed of infection already exist for First Passage Percolation in Z?. This classical model
considers that every edge e of the graph has a random passage time 7. > 0, with (7,)
being i.i.d. with distribution p, representing the time it takes for an infection to traverse
edge e. In First Passage Percolation, a known condition in y for having a finite speed of
infection is 1({0}) < p. = p.(Z?), cf. [16]. In words, one has to prevent the existence of
an infinite cluster of edges that can be crossed instantaneously by the infection.

Although the infection spreads in a different way in a RCP, a similar phenomenon can
occur. For instance, if ¢ has an atom at ¢t > 0 with u({t}) > p. then the cluster at time
t is a.s. infinite. Moreover, the same behavior can be obtained by combining atoms at
different times: e.g., if 11(1)2 + u(2) > p. then we have the same problem, since it implies
P(R >2) > p..

We estimate the speed of growth in an ERCP without cures, which is a Richardson(u)
model. Our strategy is to make a comparison with a toy model of iterated percolation.
The idea is the following. Fix p < pc(Zd) and let P; be a family of independent Bernoulli
bond percolation models on Z¢. Moreover, for V C Z< let us denote by C;(V) the
connected component of V' in P; by open edges. Given an initial finite non-empty set Cy,
we define an increasing sequence of sets by

Cp:=C,(Cp-1), foreveryn > 1.

Coupling. Fix d > 1 and a continuous distribution x for the transmissions. We compare
iterated percolation with Richardon(u) model. Assume that only the origin is infected at
time 0. By Lemma 4.1(ii) we can choose an increasing sequence of times (s,,),>0 with
so := 0 and lim s,, = oo satisfying

P(R O [sn, $n41] # 0) < %pc(Zd). (4.4)

Indeed, we can fix ¢ = ;p.(Z%) and define s, := nwo(c). The sequence of times (s,)
is important for the coupling we describe next. Define 7, as the set containing only the
origin of Z¢. Notice that if a site v is infected at time s; there must be a sequence of
sites 0 = xg, 1, . ..,x, = v such that R, _,», N [so, s1] # 0 for every 1 < i < k. Hence, we
can find all infected sites at time s; by exploring the connected component of the origin
in a canonical way: order the set of edges and always explore the smallest edge that
has not been explored yet but has some extremity in the current infected cluster. Due
to (4.4), this exploration produces a finite (random) set £; of explored edges and finds
all sites that have been infected till time s;.

Let us define 7; as the set of all sites that are an extremity of some edge in &;.
Notice that sites in 7; may not be actually infected (since we may have ¢ € £ with
R.NI0,s1] =0), but we consider them infected all the same.

We define sets &,,+1 and Z,, 1 inductively. Given Z,,, consider an exploration process
on edges of & to find the infected cluster at time s,,41, starting from Z,, infected at time
sn. This consists of checking the processes {R. N [sn, Sn+1]; € € £} until we determine
the cluster. We define &, as the union of all new explored edges with &, and define
Z,+1 as the set of all sites that are the extremity of some e € &,,11.

Since we only look at each edge at most once and different edges have independent
renewal processes, this construction is a minor modification of the iterated percolation
described above. Indeed, the set of explored edges in step n, &, \ &,—1, is contained in
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the union of C,(Z,_1) with its external boundary of edges, a set we denote C,(Z,_1). We
conclude that it holds
Z, CCn(Zy—1), foreveryn >1

and, since in each step we have Z,, \ Z,,_; is finite, the infection cannot reach infinitely
many sites in finite time.

Iterated percolation growth. We have just described a coupling in which the growth
of an iterated percolation model dominates the growth of ERCP. We can actually use the
coupling to estimate its rate of growth. We consider the variation of iterated percolation
that is relevant for us: given Cy C Z¢ finite, define C,, := C,,(C,,_1), for every n > 1. The
main quantity for us is

R, = max{||z||;; z € Cp,}.

Having control on R,,, we are able to control C,, since C,, C B(R,,). We are able to prove
that the growth of R, is very close to linear.

Proposition 4.2. For any fixed a > 1 we have that almost surely, asn — o

(p/2) < hTmF and hTII/n m =0. (4.5)
Proof. The first step of our proof is to show that R, must grow at least linearly. This
is quite straightforward, since in any step of the growth process we must have some
x € C, that achieves ||z|| = R,, and an edge with extremity on « such that if it is open on
Pp+1 then R, 11 > R,, + 1. This shows R,, dominates stochastically R, + Bin(n,p). Hence,
using Chernoff bounds we can write

n 2
P(R, < (p/2)n) < P(Bin(n,p) < (p/2)n) < e~ B = 07/,

Since Y, P(R,, < (p/2)n) converges, using the Borel-Cantelli lemma we conclude that
R, > (p/2)n for every sufficiently large n and the lower bound in (4.5) is proved. For the
upper bound, we define events

An+1 = {Rn+1 > Rn + 7]111 Rn}

for some constant 7(p,d) > 0 that is chosen below. Consider the filtration F,, :=
o(P;; i < n) and notice that 4,, € F,,. Given F,, we have that on event A,,;; there must
be some point = € 0B(R,,) (notice that it does not need to belong to C,,) that satisfies
x <> x + 0B(nln R,,) in percolation P, ;. Hence, exponential decay of cluster size, see
e.g. [13, Theorem (6.75)], gives the estimate

P(Apir | Fo) < Y Pl@oz+0BnnR,) | F,) < cRi e Vpdninfin,
z€IB(Ry)

Choose 7n(p, d) := %, which leads to P(A,,+1 | F) < c¢R,, 2. The linear growth estimate
says there is n; (random) such that R,, > (p/2)n for n > n;, and we notice that x — cx~?2

is decreasing for n > ny. This means that

Z P(Apt1 | Fn) < c(p,d) Z n~? < oco.

n>niy n>niy

Using a conditional Borel-Cantelli lemma, see [7, Theorem 5.3.2], we have thatlP (m An)=
0 implying that there is a random n9 such that R,,+; < R,, +nln R, for n > ny. This im-
plies estimates on the growth of R,,. Indeed, fix a > 1 and define function f : [1,00) = R
given by f(x) := x + nlnz. Notice that if we take = of the form y(lny)* we can write

fly(lny)*) = y(Iny)* + nlnfy(Iny)*] = y(Iny)* + nlny +na-Inlny
<y(ny)* + (ny)* < (y+1)(In(y +1))" (4.6)
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for any y > yo(a,n). Using that R, eventually grows at least linearly, we can find a
random n3 > no sufficiently large so that R,,, = y(lny)® for some y > yo. Now, by (4.6)
we have

Rnyi1 < f(Rny) = f(y(Iny)®) < (y+1)(In(y +1))°

and repeated application of (4.6) leads to R, n, < (y + n)(In(y + n))* for every n > 0.
Hence, we have asymptotically that lim n(lliirh)a < 1. Since any choice of a > 1 works, the
result follows. g

Growth of heavy-tailed ERCP. The coupling between ERCP and iterated percolation
we have just described works for any sequence of times (s,,) increasing to infinity and
satisfying (4.4). Recall the definition

r := max{||z||, ; (0,0) ~» (z,t) in Richardson(x) model}.

Proof of Proposition 1.3(i). Let wy = wo(p.(Z%)/2) as given in Lemma 4.1(ii) and con-
sider the sequence s,, := nwy. We just have to combine the linear growth of s,, with the
estimates given by Proposition 4.2. For any fixed time ¢, define n(t) := [-]. Clearly, we
have r; < R, ;) and since lim n(fji’;)a = 0 the result holds. O
Notice that in Proposition 1.3 the rate of growth of s,, is essential in the final estimate.
When p is heavy-tailed, our estimate on r; can be greatly improved by considering
a sequence of times that grows faster. We assume that p satisfies (G). Then, for ng
sufficiently large and the sequence of times ¢y = 2"° and ¢, = ¢, + t* we can ensure

P(RN [ty tns1] #0) <p < pC(Zd) (4.7)

and let P, be independent Bernoulli bond percolation models with parameter p. In other
words, we start the coupling only at time ¢;, when we have a (random) finite infected set
Ty and then

{x; (0,0) ~ (z,t,) in Richardson(y) model} C Z,, C C,(Z,,_1) foreveryn > 1. (4.8)

Proof of Proposition 1.3(ii). The growth of R,, is estimated in Proposition 4.2. Fixing
a > 1, we notice that r,, < R,, < n® for n large. It is also clear that 7, is non-decreasing.
Thus, for some s > 0 sufficiently large, if we define n = n(s) as the unique integer
satisfying t,—1 < s < t,, then r; < n® We just have to estimate n(s).

Consider intervals [; := [2"0+i~1 270+i] Each of them cannot have too many points
of sequence (t;). Indeed, since for t; € I; we have t;,, —t; = t}' > 2(noti-les we have

no+i—1
St . e o(noti—1)(1—eq)
#{j, t] S Iz} < 2(n0+i71)€4 B 4)
Since s > 2ll°g25]  we conclude that

[logy s]—m0
n(s) < Z 2(noti—1)(1—es) < ¢(no, 64)2U°gz sj(l—ea) < c(no, €4)s* 4.
i=1

Notice that since we can take any a > 1, the result in (1.4) follows. O

Corollary 4.3. If u(t,00) = L(t)t~* with o € (0,1), L(t) slowly varying, and . satisfies
the Strong Renewal Theorem (cf. [5]), then for all n > 0 we have

lim <1 (4.9)

s—o0 §¥tN T
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Proof. The estimate in (4.9) follows in the same manner, by noticing that if we have the
Strong Renewal Theorem then
té
P(RAOfE+tT#0) <Y PRO[t+5— 1,1+ 5] #0) ~ tca

s=1

L(t)
tl—oc

for some slowly varying function L. Hence, this probability goes to zero whenever
€ < 1 — «. This implies that we can take ¢, arbitrarily close to 1 — o and the result
follows. O

4.3 Extinction in heavy-tailed ERCP

Proposition 1.3(ii) gives a bound on how fast the infection can spread without any
cures: for large t, the infection is contained inside {(z,t); ||z||; < ¢”} for some p < 1.

Fix B8 > 0. The next step in our investigation is to show that eventually we are able
to cure all the infection in a region of the form B(2%") x [27,2" + 2"“4]. Choosing j
sufficiently large, this will imply that the process dies almost surely for any renewal
process vs for the cures, given that » has moments of all orders. The following lemmas
introduce some bad events that would represent obstacles for stopping the infection
in one of such regions all at once. We show that each of these events cannot happen
infinitely often.

Our first lemma estimates the probability of having large clusters of transmissions
inside B(2°"). For that, we recall that a finite connected subgraph of Z? that contains
the origin is said to be a lattice animal. Let us denote by A,, the set of lattice animals
with m edges. By Equation (4.24) of [13] we have that #A,, < 74"+t < C™ for some
positive constant C(d). The probability finding a cluster of m adjacent transmissions in
region B(2°") x [27,2" 4 27“4] decays quickly with n.

Lemma 4.4. Let p satisfy (G). Consider the event U,, = U, (m, ) defined by

U, = U U {Re.N[27",2" + 2" £ (), for every e edge of M} (4.10)
.’EEB(23") Mex+Ap,

There is m(eq, 3,d) € N such that P (lim,, U,) = 0.
Proof. Using the union bound and the estimate from (G), we can write
P(U,) < c(d)2%m . cm . g7neam — ™ . (dB—eamn
and it suffices to choose m > % to make ) PP(U,) summable. O
A second estimate that is useful is a consequence of [9, Lemma 3]. It says that even

when there are transmissions in an interval [2",2" + 2"¢] for an edge of B(2°"), the
probability of having too many transmissions in this edge decays fast with n.

Lemma 4.5. Let u satisfy C). Let V,,(eq, 8,71) be the event
V,, := {3e edge of B(2°™); |R, N [2",2" + 2¢4"]| > 2n€an}, (4.11)
There is 1 = 1(p) with i € (0,1) such that it holds P(lim,, V,,) = 0.

Proof. Taking I = [2",2™ + 2"“] and denoting by [ = 2" its length, Lemma 3 of [9]
shows that

P(RNI|>1'"%1n®]) <2- el < 9=cin®  forlarge n and some ¢ > 0,
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where constant e3 > 0 satisfies u(t, c0) > t—(—e3) for large t (the proof of Lemma 3 of [9]
only uses the lower bound of condition C) ). Taking € (1 — €3,1) we have that

117 In? | = 2(Imes)ean |2 gean  gnean
for large n. The union bound implies
P(V,) < K(d)2¥"P(|R N 1| > 2" < K(d)2%0n2—ccin”|
for some constant K (d) > 0. Then, ), (V) is summable and the result follows. O

The last event we consider is the only one related to cures. Notice that on the
event US N V< the region B(2°") x [2",2" + 2"¢] only has clusters of transmissions with
at most m edges and each of these edges do not have many transmissions. Hence,
for each cluster M we can find an interval I, C [2",2" + 2" with length at least
264m [ (m2nean) = 2(1=men /i satisfying that R, N Iy = ) for every edge of M.

Let us denote by H, the renewal process with interarrival vs5 that is associated to site
r € Z4.

Lemma 4.6. Let 8,¢, > 0 and n € (0,1). Consider the event W,, = W, (§3, e4,n) defined
by
Wo= |J (JHonI=0}, (4.12)

zeB(28n) I

where the second union is over all intervals I C [2",2" + 2"“4] of length |I| = 2(1="e4n /iy,
If v has finite moments of all orders then it holds P (lim,, W,,) = 0.

Proof. Lett; = 2" + j-2(1=m<" /(2m) and notice that intervals I; = [t;,¢;41] for 0 < j <
[2m - 27€47] cover [27, 2" 4 274]. If we have an interval I of length |I| = 214" /; that
has no cure marks for every = € B(2°"), then this interval must contain some /;. Hence,

[2m-27°4™]
P(W,) < K(d)2%" Y PHNI =)
7=0

By (4.1) in Lemma 4.1, we can translate moments of s into estimates for P(H N I; = 0).

Consider the function
dp + ney

(1=mea
Since E,,[X f(X)] = E,[(X/§)'*?] < oo and every I, has length 2(:=<47 /(2m), it follows
that

f(z) := 2%, with a >

P(W,) < ¢(d, m, a,d) - 2(d0+neamall=mesn,

Our choice of a makes the coeficient multiplying n in the exponent negative, and we
conclude that ), IP(W,) converges. O

From the estimates above, we have

Proof of Theorem 1.4(i). By Proposition 1.3(ii), there is p(u) < 1 such that r, < ¢? for
every large t. Fix 8 > p and consider the bad events U, (m, §), Vy.(e4, 5,m), Wi (eq, 8,1)
described in Lemmas 4.4, 4.5 and 4.6 with m and 7n chosen so that all the bounds in
these lemmas hold.

Since 3 > p, for large n we have that B(2°") x [27,2" + 2¢4"] will contain all infected
sites of time interval [2",2™ + 24"]. Moreover, on U5 N VS N WS every cluster M of
transmissions cannot have more than m edges and must have an interval I, of length at
least 2(1="¢" /m without transmissions. Since we also have that I;; must have a point
of H, for every = € B(2°"), the result follows. O
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4.4 Phase transition

Lemma 4.1 is at the core of the proof of Theorem 1.4(ii) and (iii).

Proof of Theorem 1.4(ii). We make a straightforward comparison with planar oriented
percolation. It is sufficient to prove the statement for d = 2. We can actually prove there
is a positive probability of survival in the quadrant Zi x Ry. In Zi, consider the graph
with oriented edges z + (1,0) and z + (0,1). Given any ¢ > 0, notice that by Lemma 4.1
we can find A such that

P(R*N[t,t+h]=0)<e, foranyt>0.

For each site z € Z2 we associate a point g(z) € Z2 x R, defined by g(z) := (z,h ||z||,),
the only point in the intersection of the vertical line from (x,0) with the plane through
(1,0,h), (0,1, h) and the origin. We denote by G the graph with vertex set {g(z); = € Z3 }
and oriented edges from g(z) to g(y) if and only if there is one from z to y in the oriented
graph Zi. Clearly, GG is isomorphic to Zi as shown in Figure 3. Define a site bond
percolation model in G by stating that

* Asite g(x) is open if and only if {«} x [h(||z]|; — 1), h(||x||, + 1)] has no cure marks.
* An edge from g(z) to g(y) is open if and only if R, , N [A(||z]|; — 1), h ||z||,] # 0.

Figure 3: Coupling with oriented site bond percolation when d > 2. A path of open sites
and bonds connecting 0 to g(x) in G implies the infection reaches g(x) in the original
model.

Notice that the state of every site and bond is independent and the probability of an
edge being open is at least 1 — . Now, we use Lemma 4.1(ii) to obtain a similar estimate
for the probability of a site being open. There is wy(e) > 0 such that it holds

tig(f)IP(R” Nitt+w) =0)>1—c¢, for any w € (0, wp).

Notice that P(R” N [t,t + w] = 0) = P(R" N [+t, $t + 3w] = () for every ¢ > 0. Taking
do := 52, it follows that for § € (0, Jo) the probability of a site being open is at least 1 — ¢.
This independent site-bond model can be compared with a finite range dependent bond
model: say that an edge e = (z,y) is open if ¢,z and y are all open in G leads to a bond
model in which edges that do not share extremities are independent. By the classical
stochastic domination results of Liggett, Schonmann and Stacey [21], if we choose € > 0
small enough in the beginning it follows that ERCP(u, vs) with § € (0, dg) survives with

positive probability. O
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Proof of Theorem 1.4(iii). Here we use the recurrence inequality approach. The initial
part of the argument is essentially the same as in the proof of [11, Theorem 1.1], with
the only difference that now transmissions and cures are given by renewal processes
with interarrival distributions i and v, respectively. Analogous to [11, Definition 2.2],
we consider the uniform quantities

8n = supP(S;((x,t) + B,)) and i, :=supP(T((x,t) + B,)), (4.13)

where the suprema above are over all (z,t) € 7% x R, and all product probability
measures P describing independent renewal processes with interarrival distributions u
and v and renewal points starting at (possibly different) time points strictly less than
zero. Define

Uy, = 3 + Tp. (4.14)

Most of the reasoning in the proof of [11, Theorem 1.1] still holds, up to the choice
of box sequence. More precisely, consider boxes B,, = [0,2"]¢ x [0, h,]. Using (4.1) in
Lemma 4.1(i) we estimate the probability of decoupling both transmissions and cures.
For some fixed non-decreasing function f to be precised later, we estimate the probability
that some site or edge in [0,2"]? does not have a mark in the interval [t, ¢ + h] by

A2 C(f,p) | 29"C(f,vs)
f(h) fth)y

More than that, the upper bound above can be taken uniform for § > 1 since

Clf.v) _ Cl)
f@h) = f(h) ’
and f is non-decreasing. Hence, the same line of reasoning in the proof of [11, Lem-
mas 2.5, 2.6] shows there are constants ¢ = ¢(d) and C = C(d, i, v, f) such that

sup P ((J(RE V[t + 0] = 0} (RS 01 1,0+ 5] = 0}) <

>0 -

P(RY N [t,t + h] = 0) = P(RY N [6t, 6t + 6h] = 0) <

(4.15)

CQd”
Up < ¢ (hy/hp-1 Q-uEF 4+ —.
( / ) 1 f(hn—l)
Remark 4.7. The derivation of (4.16) uses essentially the same geometric features of
the paths that are used while deriving (2.6) and we omit full details.

(@/0)’n* with an appropriate

(4.16)

Since p and v satisfy (M), if we choose a sequence h,, = e
choice of « like in the proof of [11, Lemma 2.7], and

f(z) =P q1p > 1Y, (4.17)

it follows that there is ng(u, v, ,d) such that if u,, < 279 then u, < 279" for every
n > ng. For sake of completeness, we include this proof in an Appendix. To finish the
proof, we only need to choose § > 1 sufficiently high so that u,,, <270,

Recall that ng(d, u, v, 0) is fixed, and so are the dimensions /,,, and h,,, of box B,,,. To
control the probability of P(S:((z, s) + By,)) and P(T((x, s) + By,)) uniformly in (z, s)
and P we observe the following. Firstly, we control the probability of some edge in
7(Bp,) having too many renewal marks. Let NV denote the number of edges in 7 (B,,).
For a single edge, we can find ky(ng, 1) sufficiently large so that

P(#Re N [8,8 + hny] > ko) < ﬁz—d"o,

implying that

1
11>( U {#ReN[5,5+ hng) = k0}> <N P#R s+ o] > ko) < 7277, (4.18)
e€m(Bn)
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Estimate (4.18) controls the probability that some edge has more than ky renewals. When
every edge of w(B,,) has less than k; renewals, we show that after every transmission
in B,,, there is a high probability that every site gets cured before the next transmission
if 0 is sufficiently large.

Let Z; denote the overshoot at time ¢, i.e., Z; := inf R N [t, 00) — t. We denote by Z!"*
and Zt” %% the overshoots of the renewal processes of edge e and site x. By Lemma 4.1(ii),
given € > 0 there is wy(e, 1) > 0 such that

inf P( min  Z"° > wo) > (1 —¢e)V. (4.19)
t>0  e€m(Bn,)

On the other hand, denoting by M the number of sites in 7(B,,,) we have that

inf IAP( max Z;" <wpg) = (1 — sup IAP(ZtV‘S’x > wo))M

t>0 xG'n’(Bno) t>0
> (1 =supP(R™ N[t t + wo] = @))M
t>0
M
f(0wo)
where the last inequality is a consequence of (4.15).
Hence, we can choose dy(v, wo, f,€) > 0 so that for § > §, we have
inf P( max Z/°" <wg) > (1—e)M. (4.20)

t>0 ‘zen(Bn,)
Combining (4.19) and (4.20) we can write that

inf P(min Z/¢ > max Z;°") > inf P(min Z/*¢ > wy > max Z;°") > (1 — )N M. (4.21)
t>0 e x t>0 e T

Let us estimate P(S,((z,5) + B, )). Define Ty := s and T := T + Mileer(B,,) Z7; -
Then, Tj is an increasing sequence of stopping times for the filtration F; that makes
R.N[0,¢] and R, N[0, t] measurable for every edge e and site z in 7(B,,). By (4.18), we
know that

. 1
IP(TNkO <s+ hng) < 127dn0'
Given Fr,, notice that at 7} there has been unique transmission in (z, s) + By, and

by (4.21) all sites will cure before the next transmission with probability
IAP(min Zgijfe > max Z;j"” | ]_-Tj) >(1- €)N+M7
implying that

Nko
P( n {min Zﬁ?e > max Z;;””}) > (1 — ) NN+Mko,
j=1

Notice that on the event

Nko
[Tk > s+ g} 00 ( () fmin 255, > max 2" 1)
j=1

there are no spatial nor temporal crossings. Hence, it follows

L 1 1
P(S1((z,5) + By,)) < Z2—01"0 +[1- (1 —g)NOHMRo] < 52—(1"0 (4.22)

if we choose ¢(ng, ko, d) > 0 sufficiently small. We emphasize that the choice of parame-
ters above is not circular: we can choose in order kq(no, i), €(no, ko, d), wo(e, 1) and then
do(v, wo, f,€), so that (4.22) holds for § > dy, uniformly on P and (z, s). We can estimate

P(T((z,5) + By,)) in a similar way, which leads to u,,, < 279 and the result follows. O
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5 Appendix

Lemma 5.1. (A version of [11, Lemma 2.7]) Let i, v be probability distributions on R
satisfying condition (M). Let (u,) satisfy a recursion of the form (4.16) with f given
by (4.17). A parameter o > 0 can be chosen so that for h, = e(@/0°7” there exists a
natural number ng = ng(u, v, 0, d) such that if u,, < 279", then for every n > ny we have
Uy < g—dn,

Proof. For the above choices we have f(h,_1) := e*(™~Y for a > 0, which is the param-
eter to be chosen so that 2"¢/f(h,_1) tends to zero sufficiently fast. The recurrence
relation (4.16) becomes

Uy < c(d)( fon

< - . un71)2 + C(p,v,0) exp[(dIn2)n — a(n — 1)],

from where we see that the decay of u,, cannot be faster than e~*("~1), Based on this,
we suppose u,_1 < e #("=1) for some parameter a > 5 > 0. Under this assumption we
have B ) )

(hfn : u%l) - <e<a/0>2<2n—1> : UH) < ¢2(a/0) 2n=1)=25(n—1)

n—1
which leads to
Uy < c(d)eQ(a/e)z(Qn—1)—2B(n—1) +C’(u,y, 9)6(d1n2—a)n+a
< c(d,a,ﬁ79)e[4(a/0)2_5]" e 4 C(u,v,0, a)e(’8+dln2_a)” cemPm, (5.1)

The induction will follow once we ensure
4(a/0)? =B <0and f+dIn2 —a <0

or, equivalently,
2

02>4%anda>6+dln2.

We choose «a and 3 that would allow to take # as small as possible while still being able
to perform the induction. Combining the two inequalities above we have

9 dln2\2
0 >4(\/B+W) > 16d1n2,

by AM-GM inequality, with equality when 8 = d1n 2. This brings us to hypothesis (M) as
the best we can hope for with this argument. We then fix 5 = dIn 2 and take

0vdln2

2dln2 < a < 5

Since £v/dIn2 > 2d1n2, we can take for instance a(d, ) := %(thl? +4VdIn 2). Take
ng = no(u, v,d, 0) sufficiently large so that

1
c(d,a,,@,@)e[‘l(a/g)rz*m” < 1 and C’(u,y,ﬁ,a)e(ﬁ+dln270‘)" < forallmn > ng. (5.2)

1
4
This is possible since both left hand sides tend to zero as n — oco. Suppose that
Up, < e7Pm0 =270 recalling that 8 = dIn2. Then, we have by (5.1) that

1 1
up < —e Py ie_ﬁ” <e A" for every n > ng.

completing the proof. O
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