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“For nothing s self-sufficient, neither in us ourselves nor in things; and if our soul has
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to produce this one event—and in this single moment of affirmation all eternity was
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Resumo

O framework de reconfiguragao introduz o conceito de transformagao em problemas com-
putacionais, mostrando novas preocupacoes como resultado da necessidade de compreen-
der estas mudancas sob uma variedade de operagoes e restricoes.

Esta dissertacao estuda o problema de Token Swap, um tipo de tarefa de reconfig-
uragao em que comecamos com fichas distribuidas nos vértices de um grafo e buscamos
mové-las até que cada ficha alcance o vértice alvo que lhe corresponde. O objetivo é
realizar essa transformacao usando o menor ntimero possivel de operacoes de troca.

O principal resultado dessa dissertagao é a construcao das ferramentas matematicas
necessarias e da prova de existéncia de um algoritmo 6timo para grafos da classe threshold
e, subsequentemente, cografos. Entao, alguns trabalhos preliminares sobre modelos de
programagcao linear inteira para os problemas de Token Swap e Parallel Token Swap

também sao apresentados, juntamente com o raciocinio por tras de cada restricao.

Palavras-chave: teoria dos grafos; reconfiguragao; programacao inteira.



Abstract

The reconfiguration framework introduces the concept of transformation into computa-
tional issues, posing new concerns as a result of the need to comprehend these changes
under a variety of operations and constraints.

This dissertation studies the Token Swap problem, a type of reconfiguration prob-
lem in which we start with tokens placed on the vertices of a graph and aim to move them
so that each token ends up on its correct target vertex. The objective is to achieve this
using as few swap operations as possible.

The main result of this dissertation is the construction of the necessary mathe-
matical tools and the proof of existence of an optimal algorithm for the class of threshold
graphs and subsequently cographs. Then, some preliminary work on integer linear pro-
gramming models for the problems of Token Swap and Parallel Token Swap will also be

presented, together with a simple reasoning behind each constraint.

Keywords: graph theory; reconfiguration; integer programming.
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Chapter 1

Introduction

The reconfiguration framework [19] formalizes the notion of transformation of abstract
objects and questions arises from the necessity of understanding these changes under
various operations and constraints.

A simple problem in this class is sorting a list of numbers by adjacent swaps between
two elements. A swap sequence can be calculated in polynomial time by a modified bubble
sort algorithm [24]. The minimum number of swaps is called the swap number and in this
case, is exactly the number of pairs of elements that are out of order.

Under other conditions, in a related problem, the list is to be sorted by prefiz-
reversals, an elementary operation that flips a prefix of the list. In this case, finding the
minimum number of flips is NP-Hard [9]. This problem is called the pancake sorting
problem.

Another well-known reconfiguration problem is the n-puzzle, a sliding puzzle on
a grid of n numbered square tiles with exactly one tile missing. In this problem, each
step slides a tile to an adjacent empty tile space to achieve a final sorted configuration
state. Research of the 15-puzzle dates back to the late 19®* century [21] and is commonly
used as an introductory problem for modelling heuristics. Figure 1.1 is an example of a
15-puzzle instance.

Considering the reconfiguration framework, the interest usually lies in one of the
three following problems: connectivity, diameter or distance. These problems translate,
respectively, into the following questions: (a) can any configuration be reconfigured into
another?; (b) what is the maximum number of required steps between any pair of configu-
rations?; and (c) given two configurations, what is the minimum number of operations to
move from one to the other? In the examples aforementioned, the distance between two
configurations (the initial and the target) was used. More information on reconfiguration

problems can be found in the surveys avaliable in the literature [35, 27, 28|.
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Figure 1.1: Instance of the 15-puzzle problem in a grid graph. Each vertex is represented
by a circle and the rectangle is the tile currently positioned in the vertex. The —1 rectangle
represents the empty tile. Each light blue colored rectangle is a possible swap operation
with the empty tile in the current configuration.

This dissertation focuses on a reconfiguration problem called the Token Swap prob-
lem (TS), defined in Definition 1.0.1.

Definition 1.0.1 (Token Swap problem). Let G := (V, E) be a graph with n = |V/|
vertices and |E| edges. Let fo : V +— V be an initial bijective token placement. The
objective is to reconfigure this initial token placement into the identity token placement
f. that maps every node to itself with minimum distance. The reconfiguration must
consist of a token swapping sequence S, in which each element of S is a pair of adjacent
graph vertices, meaning that the elementary operation is restricted to a swap between

two tokens placed on vertices that share an edge in the graph.

The decision version of this problem aims to determine if it is possible to have
a swap sequence S that transforms fy to f, in k£ or less swaps, for a given k£ € N. In
Figure 1.2, a complete example of a TS instance is shown. The formal mathematical
definitions needed to fully understand this work will be given in Section 1.2.

As we will review in this section, TS is know to be hard, in many senses, but
solvable in polynomial-time for a few special cases. In this work we generalize some
results in the literature for a much larger class of graphs, namely, cographs. Our main
contribution is the following theorem: The Token Swapping Problem can be solved in

polynomial time in cographs.

Figure 1.2: Example of a instance of the Token Swap problem with V' = {a,b,c,d,e, f}
and tokens represented by colored dotted arrows to differentiate. The arrows point from
the vertice that is originally positioned in mapping fy to the target vertice in the identity

map f,.
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Every reconfiguration problem may be defined using a reconfiguration graph where
each node is a possible state of the combinatorial or geometric object and an edge exists
between two vertices if and only if each of the vertices can be reached in exactly one
reconfiguration step from the other [28]. In the case of the TS, the vertices of the re-
configuration graph correspond to the possible token placements and the reconfiguration
graph will be connected as long as the original graph is also connected. The connectivity
guarantees that any configuration can be reconfigured into any other, as it is possible to
take any spanning tree of the original graph and greedly move any token corresponding
to a leaf to its correct position. Then, the leaf can be disregarded and the procedure
continues inductively until the final configuration is achieved. This process give us an
upper-bound of O(n?) swaps for any instance of the TS problem [38].

Although the reconfiguration graph of a given graph G could be theoretically built
from G, in practice this is not viable, since, in general, the number of configurations is
factorial in |V/].

If the TS problem is brought to the realm of permutation group theory, it is possible
to model this problem by a group (F’ o), in which every element of F’ is a bijective function
representing a possible configuration. The binary operation is function composition and
every element of I’ can be represented by the product of finitely many elements of a
subset C' of F' and their inverses. The elements of C' are called the generators of the
group (F,o) and they represent each possible transpositions corresponding to the edges
of the original graph. Thereupon, given a TS instance, the Cayley Graph I'(F,C) of
the symmetric group will correspond (under isomorphism) exactly to the reconfiguration
graph of the original problem, the distance between two configurations will be the shortest
path between those two vertices and the worst case will match the diameter of this graph.
The shortest path in a Cayley Graph, also known as the Minimum Length Generator
Sequence problem, is a generalization of the TS problem, and a PSPACE-complete
problem [20]. The diameter of the Cayley Graphs has been researched in the context of
transposition trees [3, 12, 6, 15, 16, 11, 25, 10]—i.e., transpositions generators from the
edges of a tree. It resulted in many heuristic algorithms to calculate upper-bounds that
do not depend on the vertex number of the Cayley Graph!.

Applications of the TS problem encompass a wide range of fields and some ex-
amples are: computing efficient interconnection network structures [5], computational
biology [6, 18], model Wireless Sensor Networks (WSS) [37], protection routing [29] and
qubit allocation for quantum computers [32, 31]. More applications can be found in [2].

Although variants and particular cases of TS have been studied of decades the
reconfiguration version of TS considered was first formalized in 2015 [38|, and further
generalizations and variations were studied in the same year [39]. The TS problem was

proved NP-Complete, even when restricted to bipartite graphs with degree bounded

In the case of the TS, the vertex number of a Cayley Graph is O(n!).
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by 3. It is also APX-complete and W[1]-hard parameterized by number of swaps,
but fixed parameter tractable (FPT) for the class of nowhere dense graphs [22, 26].
Subsequently, it was proved that the problem remains hard even when both the treewidth
and the diameter of the input graph are constant [8]. These are some special classes of
graphs in which the problem can be solved through exact polynomial time algorithms:
cliques, paths, cycles, stars, brooms, lollipop [22|, complete bipartite graphs and complete
split graphs [7], where the last two are subclasses of cographs. We remark that all these
graph classes are extremely restricted, in the sense that, for each n, there is a constant
number of graphs on n vertices in any of them.

Approximation algorithms have also been studied for the problem. In particular,
there are 2-approximation algorithms for square of paths [18] and for trees [38, 26], the
latter being known to be tight [7]. It is established that the known techniques for approx-
imating T'S on trees cannot achieve better approximation factors [2]. Both approximation
algorithms can be adapted to general graphs, providing a- and 4-approximation algo-
rithms, respectively, where « is a value for which the input graph admits an a-spanner
tree. In [8] it was conjectured that TS remains NP-Complete even in trees and [7] re-
inforced this conjecture by showing a counterexample of the Happy Leaf Conjecture [36].
And finally, it was shown that TS and other two variations (Weighted Token Swapping
and Parallel Token Swapping) are NP-Complete on trees [2].

1.1 Organization of the Work

This chapter focuses on introducing the mathematical tools and other already re-
searched graph classes necessary for understanding the rest of this dissertation. Chapter 2
explains the main subject of this dissertation, introducing the class of cographs. The first
section, Section 2.1, presents the method for finding an optimal swap sequence for thresh-
old graphs and the respective proof of correctness, while Section 2.2 improves on the past
proof to generalize the method for cographs.

The following chapter, Chapter 3, presents two initial integer linear programming
models for the Token Swap problem and Parallel Token Swap problem, being Section 3.1
and Section 3.2, respectively. Then, the subsequent sections and subsections render a dis-
cussion about each of the constraints and their design. The dissertation is then concluded

with a simple revision and exploration of what can be done in the future.
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1.2 Preliminaries

For an integer k, the notation [k] := {1,2,...,k} is used. For a set V, a mapping
function f : V — V is a bijective function that internally maps elements of the set. An
identity map is a special mapping function f, that maps every element to itself.

For a set V', an ordering of the elements of the set is a bijective function M : V
[|V]] and the shorthand u <, v for the comparison M(u) < M (v) of the order of two
elements u,v € V is adopted.

A graph G := (V, E) is a pair of a vertex set V = {vy,v9,...,v,} and edge set E,
and the elementos of E are pairs of elements of V. The graph is called undirected when
edges F are unordered tuples, while in directed graphs edges are ordered tuples.

The shorthand ‘uv’ is used to describe a pair {u,v} (or (u,v) in case directed
graphs) and the functions V(G) and E(G) are used to respectively retrieve the sets V'
and F when they are omitted in the graph definition.

A subgraph G = (V, E) of the graph G, denoted as G C G, is a graph such that
V CV(G)and E C E(G)NV? and is called an induced subgraph when F = E(G)NV?2.

The outdegree d,,:(v) and indegree §;,(v) of a vertex v € V(G) is the number of
edges (v,w), Yw € V(G) and (w,v), Yw € V(G) that belong to E(G), respectively. The
degree 0(v) of a vertex is defined as the sum of d;,(v) and d,,(v) for directed graphs and
as the number of edges having v as endpoint for undirected graphs.

The open neighborhood Ng(u) of a vertex is defined as a set of all vertices v such
that wv € E(G) and u itself is included. If w is not included, the set is called a closed
neighborhood as is denoted as Ng[u]. The complement of a graph G is a graph G with
the same vertex set V(G) such that an edge exists between two distinct vertices if and

only if it does not exist on G.

fa) fo fi

a a a a a a
blzb---» ----- b /b bk b
c Clepee|C cl e c
d—d}->|d'Xxd| — |d'/Nd
€ —> @ lreeprnnns e e e e
f—= flolf = f—

Figure 1.3: Let fy be the TS instance represented in Figure 1.2, f, . be the mapping
function representation of swap (a,c) and f; be the resulting mapping of the operation
Joo fac)- Each rectangle represents a function with domain on the left, codomain on the
right and color coded arrow mappings. It is possible to observe the resulting operation
by following each arrow from left to right between f, . and fo.

An instance of the TS problem is composed of an undirected graph G := (V| E)



1.2. Preliminaries 19

and a mapping function f; that denotes an initial token placement on vertices of G. A
swap is defined by a vertex pair s := (u,v) and it can be applied to exchange two tokens
in the current mapping of an instance provided that uv € E. More formally, any swap
s = (u,v) can be represented as a mapping function fs, such that fs(u) = v, fs(v) = u
and fi(w) = w, Yw € V \ {u,v}. fs can be applied to any token placement f by the
composition fo fy = fi. An example on how the composition operation can swap function
values is shown in Figure 1.3.

Let G := (V, E) be a graph. Two vertices u,v € V are connected if there is at least
one path of vertices (vy,va,...,v) in G such that v;v;41 € E,Vieg—1], v1 = v and v}, = v.
A graph G is connected if all vertex pairs of V' are connected and disconnected otherwise.
The function distg(u,v) denotes the minimum number of edges in any path of vertices
between nodes u and v for a graph G. Note that this distance is considered infinite in
the case there is no path between the two vertices. A token placement f is considered
valid if all vertex pairs (f(u),u) are connected. As all token placements in this paper
are assumed to be valid, every disconnected subgraph of a TS instance can be separated
into smaller connected instances with restrictions to the domain of the initial placement.
Hence, all graphs can be assumed connected without loss of generality.

Let S := (s1,89,...,8k) be a sequence of swaps. A swap sequence S solves an
instance of the TS problem if and only if the identity function is resulted by applying
each swap iteratively, as shown in Equation 1.1. Every intermediate mapping function
created is represented by a f,, where p is the number of swaps applied from the initial
configuration. Moreover, two placement mappings are said to be adjacent if there is
exactly one swap to transform one placement into another. The Token Swap problem
asks for a sequence of swaps that solves a given instance with the minimal number of
swaps k. The function OPTg(f) is a special function to symbolize an optimal swap

sequence size for a token placement f.

((((fO o f51) Osz) O"') © fsk) = f
~— —
h ) (1.1)

-~

f2

Ik

This version of the problem is equivalent to the problem of finding a swap sequence
between two arbitrary mapping functions fy, f. by the use of the following process of
token renaming from fy to fo: if a token 7 has fo(i) = u, the 7 is renamed to the token
fe(u), generating an instance of the TS problem with the same graph and initial mapping
fo = f.ofo. Given a S that solves the TS instance, the vertices can just be renamed back to
get a swap sequence of the initial problem. Any swap sequence S is also reversible, meaning
that if S transforms f; to f;, then it is possible to transform f; to f; by applying the swap

sequence of S in the reverse order. This property is specially useful in some applications
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like quantum computing, where all quantum logic operations must be reversible.

Another important definition needed throughout this work is the notion of the
Lowest Common Ancestor (LC'A), sometimes called nearest common ancestor, for trees.
A tree G is a undirected and connected graph that has no cycles and is called rooted,
denoted as G", if there exists a special node r € V(G) called root that functions as a
reference node for heights in the graph. Any vertex u of a tree with §(u) = 1 is called a
leaf, with the possible exception of the root of a rooted tree. A subtree is a subgraph of a
tree that is still a tree. A subtree G of a rooted tree G” can also be rooted in relation to
the original root, as the nearest vertex from the subtree to r in G" will be the subtree’s
root. For a given rooted tree G", u,v € V(G"), the lowest common ancestor between u
and v, denoted as LC Agr(u,v), is the lowest node such that both nodes are descendants
of (possibly one of them). In other words, it is the nearest shared ancestor of both v and
v.

This notion is extended to calculate the LC'A for any vertex subset of the tree.
Let G” be a rooted tree and V' C V(G") a vertex subset. The lowest common ancestor
LCAg-(V) is the nearest node from the root in the set of nodes built from the lowest
common ancestors between every pair of nodes in V.

Given the set of every pairwise LC'A of the subset, the LC'A of the entire subset
V is the nearest node from the root in the set.

The problem of calculating LC Agr(u,v) is called offline when the graph and
queries are being given as input and has been first proposed in [1| with an optimally
efficient algorithm. Other versions were studied later [17], with many different algorithms
and general improvements over the years [4]. Some of these algorithms present a linear
time pre-process stage that creates a data structure that can be dynamically queried in
asymptotically constant time and others offers efficient algorithms that queries on trees
that can be changed dynamically. The exact improvements and methods used to calculate
the lowest common ancestor go out of the scope of this work. From the above, the calcu-
lation of the LCAGT(V) can also be derived in optimally efficient time, as the number of
pairs of vertex is bounded by O(|V|?).

A Conflict Graph CGy := (V(G), Ecq) is a directed graph that, for a token place-
ment [ of a graph G, an edge (u,v) € E¢g if and only if f(u) = v. Note that each node
has outdegre 1, as there can be only one token per vertex, and indegree 1, as there is
exactly one vertex for each token. Then, the graph is composed by a set of vertex disjoint
directed cycles. Observe that the directed graph may contain self-loops whenever a token
is already in the correct vertex. The number of cycles in the Conflict Graph is bounded
by the number of vertices in the graph and it matches this bound when the current token
configuration matches the identity map f,.

In Figure 1.2 the conflict graph is shown with dotted lines. The joint representation

is an easy way to visually represent a Conflict Graph and the original graph as one, as
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seen in Figure 1.2, and will be used throughout this dissertation.

Let f be a token configuration and C'GY, the related conflict graph with permu-
tation cycle set C'S(CGYy,). Every swap that can applied to f; transform CS in some
way. These transformation can be classified into two types: Merge and Split as they are
described in the following paragraph.

Take two distinct permutation cycles C;, C; € CS(CGy,) and assume, without
loss of generality, that C; = (u,w,...,ux,u) and C; = (v,vy,...,v,,0), for k,p € Ny.
A Merge is a swap (u,v) that is applied between the two cycles C; and C; resulting in
a configuration f; such that CS(CGy,) = (CS(CGy,) \ {C;, Cj}) U{Ci;}, where Cj; =
(v,u1, ..., U, u, vy, ..., 0y, v). Now, take a permutation cycle C' € CS(CGy,) and assume,
without loss of generality, that C' = (u,u1,..., Uk, U, Vgs1, .- ., Upsp, w), for k,p € Np.
A Split is a swap (u,v) that is applied on the cycle C resulting in a configuration f;
such that CS(CG}) = (CS(CGy,) \ {C}) U{C;, Cy}, where C; = (v, uy,...,ug,v) and
Cj = (U, Vs, .. -,

Uk+ps U’) :

Lemma 1.2.1. Let G be a graph and f be a configuration of a TS problem instance. Any
possible swap (u,v) € E(G) is either a merge or a split transformation in CS(CGy).

Proof. By the conflict graph definition, every vertex must have outdegree one and indegree
one and they are in cycles and self-loops. As every vertex is on a cycle and vertices between
cycles are disjoint, every swap must be applied either internally on a cycle or between
two cycles. A swap applied internally on a cycle is called a split swap and a swap applied

between two cycles is called a merge swap by the above definition. O]

From these transformations, there are two special cases that are worth mentioning:
Swap between a cycle of size one and any other cycle and swap on an edge of the cycle.
Figure 1.4 is an example to help visualize split and merge swaps. These two cases can
be used as tools to add or remove, respectively, a node from a cycle and will be useful
in this work. For any cycle C' € C'S and vertex v € V(G), it is said that v dominates
the cycle C' if and only if the vertices V(C') are a subset of the open neighborhood of v,
V(C) € Ng(v).
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Figure 1.4: Let G be a connected graph with seven vertices where edge (¢, g) must exist
in F(G). The left image denotes the current configuration as directed cycles and the blue
rectangle shows which swap will be applied to achieve the configuration on the right image.
This operation merges the two cycles and reapplying the swap returns the configuration
to its original configuration, effectively splitting the two cycles.

Let f be a token placement map of a TS instance. The sum of the distances
d(f(u),u) is the sum of the distances between each token to its target vertex. With the
sum, one could test if a swap sequence S solves the instance by checking if is 0 for the
resulting placement f|s). For trees, every swap can be classified in one of three categories
related to the sum of distances of an instance: (a) The swap decreases the sum by two
through moving two tokens closer to their target vertices, also called a happy swap; (b)
the swap does not change the total sum by moving one token closer and one token further
from their target vertices and (c) the swap increases the sum by two, as it moves two
tokens further from its target vertices.

Intuitively, one could think that any swap sequence that solves a TS instance with
swaps restricted to categories (a) and (b) will have less swaps than a swap sequence that
solves the same instance and uses swaps of category (c) —as [33] tried to prove, but
subsequently found an error [34]. Then, [36] conjectured that any optimal swap sequence
would not swap already correct tokens on leafs and called them happy leafs, resulting in
the so-called Happy Leaf Conjecture This conjecture was disproved by [7], as they shown
that there is a class of infinite trees that need (c) swaps to achieve an optimal solution
and that any algorithm that do not consider swaps on happy leafs has an approximation
factor of at least % for general graphs and trees. An example of this graph family and the

process used can be seen at Figure 1.5.
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Figure 1.5: Let Ty := (V, E) be a graph with a path with 2k 4+ 1 vertices built by using
the vertex order vy, ..., vg, ¢, vy, ..., v,. Additionally, the center vertex ¢ will have k leafs
l1,...,l;. Let tokens be positioned at ¢ and let its leaves be correct, while the path nodes
are inverted, ie. the token on vertex v; have the final position at v, and vise-versa. Any
algorithm that anchors happy leaves will be bounded by the same swap number in a path
P, with inverted tokens, which in this case is 2k? + k. But, by using the leaf nodes
as a staging area for tokens, it is possible to expertly switch tokens from vy, ..., v to
l1,...,l, then swap [,... 1, to v],..., v}, correcting the first half, then performing the
same process to correct the second half. After this process, only the original happy leaves
remain out of place, and they can be corrected by using the center node as a pivot. This
procedure, described in more detail in |7], yields a tighter upper bound on the number of
swaps with 32 + 9k total swaps.

In the realm of Group Theory, it is possible to represent each permutation cycle C
as a mapping function fo, as seen before in Figure 1.3, by a decomposition of a original
configuration f. A partition P(A) = {Py,..., P} of a set A is a grouping of its elements
into non-empty subsets P; € [k], such that every element of the set A belong to exactly one
of these subsets. Let G be a graph, f be a token configuration and P(V(G)) be a vertex
partition such that every configuration fp, P € P(V(G)) is a valid token configuration

on (. This partitioning is called a valid partition.

f fPl fP2
a a a a a— a
b b b b b b
& & _ C C o C C
d d d d d>{d
€ € e — e (& (&
f—f f—1r fF—1f

Figure 1.6: Let f be a wvalid token configuration and P({a,b,c,d,e, f}) =
{{a,b,d},{c,e},{f}} be a partition of f. This partition is valid, as elements fp, fp,
and fp, are a valid token configurations. Moreover, this partition is also the coarsest
partition, as there is no other partition of greater size such that every element are valid.
The above example shows that the composition operation of the elements of the partition
returns to the original mapping. Note that the mapping fp, is equivalent to the identity
configuration and not shown.

From the configuration f and valid element of the partition P € P(V(G)), a
configuration fp is built such that fp(v) = f(v), Vo € P and fp(v) = v, Vv € V(G) \ P.
The coarsest valid partition is defined as the partition where for each other partition of

greater size there is at least one subset P that the configuration fp do not result in a
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valid token configuration. For any valid partition P(V(G)) of a TS problem instance, the
composition of all element configurations fp results in the original partition f as seen in
Equation 1.2, with k£ = [P(V(Q))|.

frofpmo...ofp =f (1.2)

Lemma 1.2.2. Let P(V(G)) be a coarsest valid partition of a graph G and a configuration
f of a TS instance. There is a partition configuration fp, P € P(V(G)) if and only if there
is a cycle C € CS(CGy) such that V(C) = P and fp(v) = u if and only if (v,u) € E(C).

Proof. (—) Assume any partition P € P(V(G)) with configuration fp. As this config-
uration is valid by the definition, there is a set of cycles C'S(CGy,) and every vertex in
V(G) \ P must be in a self-loop of C'S(CGy,). If the subgraph of the vertices of P on
CGYy, is disconneted, then each connected subgraph of this subgraph is a disjoint cycle
and it is possible to create a smaller partitions of P that are still valid, which is a contra-
diction on the coarsest valid partition. So, there is exactly one C' € C'S(CGy, ), such that
V(C) = P. From the definition of the configuration fp and the original configuration f,
where f(v) =u, fp(v) = f(v) =u for (v,u) € E(CGy) N P*= E(C).

(¢-) Assume a cycle C € CS(CGy). A valid partition of the vertices P € P(V(G))
can be built from the vertices of each cycle V(C') = P, for each C € CS(CGy). If this
created partition is not the coarsest, then there is a cycle in CS(CGy) that is not a
cycle, but a disjoint union of two or more cycles, which is absurd. By definition, for each
(v,u) € E(C), the related partition configuration will be fp(v) = w and fp(v) = v for
ve V(G)\V(CO). O

Note that for Equation 1.2 the order of the applications between the functions does
not matter. Lemma 1.2.2 proves that this partition representation of a token configuration
is equivalent to the cycle set representation. Partitioning swaps can be useful to determine
which swaps can be run in parallel in variants of the token swap like Parallel Token Swap.
The Corollary 1.2.2.1 shows an interesting interaction between tokens and swaps that can

be used to optimize swap sequences.

Corollary 1.2.2.1. Let S be an optimal sequence of swaps for a graph G and initial
configuration fo. Then, for any two distinct swaps si,So € S, they cannot interact with

the same two tokens.

Proof. Suppose that there is two swaps s1, sy € S that exchange the same two tokens @
and j and assume that s; appears before on the sequence than s,. Now, take every swap
of S (in-order) that are in-between s; and s, that exchange either ¢ or j and call this
new sequence 5; ;. Notice that, by removing the swap s; from S, every swap on 5, ; that

interacts with only ¢ will now be interacting with j and vice-versa. Swaps that interact
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with both tokens will continue interacting with both, but the position of the tokens in
the vertices will be swapped.

Removing this swap does not affect any other token, as it doesn’t matter which
token is paired with the other tokens in the swaps. As the tokens on sy will now be
already swapped, it is possible to just remove this swap. This second removal guarantees
that the tokens ¢ and j will be in the same position as the original sequence S, creating
a new S that can solve the instance and have less swaps than S, which is absurd, as S is

optimal. O

1.3 Graph Classes and Upper Bounds

This section is a summary of results regarding Token Swapping on specific graph
classes and upper bounds on the numbers of swaps. Special focus will be given to graph
classes that are related to cographs, as this class is the main focus of this dissertation.

O—0O—0O-=0 ole @ @
(a) (b) (c) (d)
(f) (8) (h)

T

(e)

Figure 1.7: Graphs representing graph classes related to efficient algorithms for token
swap problems. Figure 1.7a is a path of size 4; Figure 1.7b is a star; Figure 1.7c is a
complete graph; Figure 1.7d is a cycle; Figure 1.7e is a broom graph; Figure 1.7f is a
lollipop graph; Figure 1.7g is a complete bipartite graph; and Figure 1.7h is a complete
split graph.

The problem of swapping tokens on paths, with an example in Figure 1.7a, goes
back to the classic problem of ordering an array of integers by the exchange of adjacent
numbers, which an efficient algorithm is known for quite some time [20, 24]. This algo-
rithm, detailed by Algorithm 1, is a variation of the well known bubble-sort algorithm
and the resulting number of swaps is well defined by the inversion number. Let fy be
a mapping function for a path G and i,7 € V(G). If i <y j and fo(i) > fo(j), then

either the elements (i, j) or the places (fy(7), fo(j)) are called an inversion of fy. The size
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of the set of all inversions of fj is called the inversion number. For any initial mapping
function fy, the minimum number of swaps is upper bounded by the maximum number
of inversions (and thus, the diameter of the corresponding Cayley Graph is also bounded

by this same value), which is 0(n?).

Algorithm 1: Solving TS on path graphs

Input: G, f

Output: Swap Sequence S

M = getOrder(G);

bound = |V (G)];

f=Jo;

S=();

do

t=0;

for : =1 to bound — 1 do

if f(M~'[j]) > f(M~'[j]) then
applySwap(G, f, (j,j +1));
addToSequence(S, (7,7 +1));
t=7J;

end

end
while t # 0;

return S;

For cycle graphs, shown in Figure 1.7d, the method is an extension of the inversion
number method of a path because the inversion number cannot be applied directly, as
token can be moved either in a clockwise or anticlockwise manner to its target vertice.
The optimal algorithm, presented by [20], first finds a feasible solution through an integer
program and proves that this program can be calculated in polinomial time by restricting
the search space to optimal solutions and then applying transformations to contract the
resulting swap sequence until no other transformation is possible, resulting in a optimal
swap sequence.

A broom graph is a graph such that the center of a star is connected to a path and
a lollipop is a graph where a node from a cycle is connected to a path and are respec-
tively shown in Figure 1.7e and Figure 1.7f. The proofs of correctness of the polynomial
algorithms for brooms and lollipop graphs are similar and based on a evaluation function
on the sum of the distances of each token to it’s target vertice. Each swap alter this
evaluation function by adding or subtracting the distances and the identity function is
achieved if and only if the sum is zero. The polynomial algorithms are fairly simple and

are presented by [22].
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1.3.1 Token Swapping on Stars

A star, shown in Figure 1.7h, is a tree such that every vertice is a leaf except by the
center vertice that is connected to every leaf vertice. In this graph, as cycles are disjoint,
there is exactly one cycle such that the center vertice is a member of and can be solved in
exactly the number of leafs in the cycle. For every other cycle, the minimum number of
swaps to solve is the number of leafs in the cycle plus one, as it is necessary to move the
center token to allow other tokens to achieve their destination. Figure 1.8 is an example

of finding an optimal swap sequence on a star graph instance.

=i (¢) f1o flae) = f2

(d) fao flaa) = f3 () f30 flap) = fa

Figure 1.8: Example of a optimal swap sequence S being applied to a token configuration
on a star graph with four leafs. The joint representation identifies each token and its
target vertice as a distinct colored arrow.

Based on this, the total number of swaps is given by y + [, where y is the total
number of incorrect leafs and [ is the number of cycles in the configuration that have
size greater than 2 and the center vertex is not a part of [3, 7|. Note that, in this case,
each cycle is solved separately and no interaction between the initial cycles is needed to
achieve the identity configuration, also meaning that there is no specific order of swaps
between cycles, as long the cycle with the center vertex is solved first or the center vertex
is assumed correct for the other cycles. These past results also give an upper-bound on

the diameter of the corresponding Cayley Graph.
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1.3.2 Token Swapping on Cliques

Clique graphs, also called complete graphs, are graphs such that there is an edge
connecting every pair of distinct vertices. The Figure 1.7c is an example of a complete
graph with five nodes. In a clique graph with a token configuration, every token is either
already correct or adjacent to its target vertex.

Then, for each cycle of size k, it is possible to solve it using exactly k — 1 swaps,
as every swap can move a token to its target vertex, except for the swap in a cycle of size
2 that solves two tokens at the same time. The total swaps needed for any clique is then
n — r, where n is the total of vertices and r is the total of cycles and the upper bound

n — 1 is given when there is exactly one cycle on the configuration [23].

1.3.3 Token Swapping on Complete Split

A split graph is a graph such that its vertex set can be partitioned into a clique and
an independent set, a set of vertices with no edges between any pair of vertices of the set.
The Figure 1.7h is an example of a split graph with six nodes: A clique of size four and an
independent set of size two. A complete split graph has every possible edge between the
vertices of the clique and the independent set. For every cycle of a token swap instance
on a complete split graph, the cycle must be either completely contained on the clique,

the independent set or having vertices from both structures, as seen in Figure 1.9.

CLIQUE INDEPENDENT SET
/\

Figure 1.9: Any Token Swap instance with a cycle contained between vertices a, b, ¢ and
d can be solved with the same strategy described in Section 1.3.2. For other cycles that
involve more than one vertex and vertices f and e, it is necessary to move the tokens from
the independent set to the clique first.

Let k be the size of a cycle in a Token Swap instance on a complete split graph.
If the cycle is completely contained on the clique, the cycle can be independently solved
as a normal clique cycle with k£ — 1 swaps. However, cycles contained in the independent

set have no edges between them and every token must have to be moved to the clique
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to be solved. The process guarantees a k£ + 1 sequence of swaps to solve the cycle. For
cycles contained in both structures, it is possible to use a clique vertex to pivot every
swap through it, similarly as solving a cycle that contains the center vertex of a star, in

k — 1 swaps. The entire process is outlined in [40].

1.3.4 Token Swapping on Complete Bipartite

A complete bipartite graph, shown in Figure 1.7g, is a graph such that its vertex
set can be partitioned into two independent sets with all edges between them. Similarly
to complete split graphs, for an instance of token swap on a complete bipartite graph
with partitions X and Y, the cycles can be divided into: a) It is completely contained in
partition X; b) It is completely contained in partition Y; ¢) It has vertices from partitions
X and Y; and d) Is a cycle of size one.

Cycles of type ¢) can be independently solved in k — 1 swaps and cycles of type
d) are already correct. Although cycles of type a) and b) are contained in separate
independent sets and can be solved efficiently in the way showed by Section 1.3.3 in k41
swaps each, it is possible to save swaps by merging a cycle of type a) and b) [38]|. This
notion of merging cycles to save swaps will be generalized into cographs, which form a

superclass of complete bipartite graphs, in Section 2.2.
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Chapter 2

Solving Token Swap on Cographs

A cograph is defined recursively as follows:

e A graph with a single vertex is a cograph;
o If G1,Go, ..., G} are cographs, then so is their disjoint union;

e if G is a cograph, then so is its complement G.

Some authors also describe another rule called the join operation to build cographs.
Given two cographs G; and G, a join join(G;, G;) results in a graph G such that V(G) =

This operation can be described by the basic cograph operations join(G;,G;) =

G; U ?j, resulting in a valid operation to build cographs.

A cotree CT(G) of a cograph G = (V, E) is a rooted tree representing its structure.
The leaves of CT(G) are exactly V' and each internal node is labelled 0 or 1 and will be
called O-node and 1-node, respectively. Each 1-node represents a join and each 0-node
represents a disjoint union between the graphs represented by its subtrees.

The children of an 1-node are 0-nodes or leaves and the children of a 0-node are 1-
nodes or leaves. Two vertices are adjacent in a cograph if and only if their lowest common
ancestor (LCA) in the cotree is a 1-node. The cotree of any particular cograph is unique.

Figure 2.1 shows a simple example of a cograph and its cotree representation.

Figure 2.1: a) Example of a cograph with labeled nodes; b) Cotree trat represents the
structure of the cograph 2.1a.



2.1. Solving Individual Permutation Cycles 31

Let G be a cograph and C'T(G) the respective cotree. Let fy be a token placement
on G and CG the related conflict graph with set of permutation cycles C'S. Let C'S° be
the set of all cycles C' € C'S such that the lowest common ancestor in the cotree of G' of
the vertices of the cycle is a 0-node of the cotree. Let C'S! be the set of all cycles C' € C'S
such that the lowest common ancestor in the cotree of G of the vertices of the cycle is a
1-node of the cotree, or the cycle is a self-loop. These two sets form a partition of the set
of cycles of the Conflict Graph and will be called the zero-cycles set and the one-cycles set
respectively. Figure 2.2 shows the cotree in Figure 2.1 with a zero-cycle and a one-cycle.

By looking at most of the classes presented at Section 1.3 that have a polinomial
time algorithm, it is possible to notice that most of this classes (stars, cliques, complete
bipartite and complete split graphs) are subclasses of the cograph class. So, it seemed
logical to begin inquiring into other subclasses of cographs for a more definitive pattern
that could be used for the more general class. From this intuition, the class of threshold
graphs were the first chosen as research subject, as it is both a superclass of complete split
and a subclass of the cographs. From the results that were found emerged an interesting
pattern that could be generalized for the cograph class and will be presented in this

chapter.

Figure 2.2: The cotree of the graph showed in Figure 2.1 is being used. Let f be a config-
uration where nodes 1,2,3 are part of a permutation cycle C and nodes 4,5,6,7 are part
of another permutation cycle (5, without paying attention to the exact cycle configura-
tion. The lowest common ancestor of each cycle is denoted as a gray rectangle inside each
corresponding labeled rectangle. The respective partitions are P(C}) = {{2,3},{1}} and
P(Cy) = {{4,5},{6,7}} respectively.

2.1 Solving Individual Permutation Cycles

The following two lemmas show how an individual permutation cycle C' can be
solved with |C| — 1 if it is a one-cycle and with |C] + 1 if it is a zero-cycle without

affecting the rest of the configuration.
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Lemma 2.1.1. Any cycle C of CS' can be solved in |C| — 1 swaps.

Proof. We proceed by induction on |C|. As base case consider |C| < 3. If |C| = 1 the
cycle is already solved and 1 — 1 = 0 swaps were used. If |C| = 2 the cycle can be solved
with 2 — 1 = 1 swap by swapping the two nodes of the cycle as they are adjacent in G.

Now we consider a one-cycle C' of size at least 3. Let T" be the subtree of CT(G)
rooted at LC'Ag-(C). Notice that in the at least two subtrees rooted on a child of the
root of T that have at least one vertex of C' there is a vertex v € C whose predecessor
u in C belongs to a subtree rooted in a different child of T'. Then, a swap between u
and v (we know they are adjacent in G because their LCA is a 1-node) splits C' into one
self-loop on v and a cycle C' with size |C| — 1.

To ensure that the obtained C' is a one-cycle we can choose v in such a way that

LCAg-(C) = LCAg-(C). With that aim, we chose v such that its removal would keep
vertices of C in at least two subtrees rooted in different children of 7. This is always
possible as C' has at least 3 vertices.

Then, the inductive hypothesis is applied on C. Since C' can be solved in |C| — 2

swaps, C' is solved in C' — 1 swaps.
[

Lemma 2.1.2. Any cycle C of CS° can be solved in |C| + 1 swaps.

Proof. As G is connected, there must exist at least one ancestor of LC'Ag-(C) in CT(G)
that is a 1-node and connects the graph (or more locally, the nodes of C'). Let the nearest
ancestor node be called w and let T" be the subtree of CT(G) rooted at w. All the vertices
in C' are contained in a subtree rooted on a child of 7" and there must exist a vertex u
that belongs to a subtree rooted in a differnet child of 7. Then, since T is rooted on a
I-node, u must dominate V (C').

Assume that v already has a correct token in the current configuration. We now
merge it into C' by using any swap (u,v), v € V(C), and call this new cycle C'. In this
new cycle, the 1-node w is the lowest common ancestor and the technique presented at
Lemma 2.1.1 can be used to solve C' in |C| — 1 swaps, which is equivalent to |C| swaps,
as there is one vertex more. In total, the number of swaps is |C| + 1 because of the first
swap needed to add u to the cycle.

Notice that as the token of u is assumed to be correct, its token went back to the
same place as before when the sequence of swaps is applied. This means that in fact,
the token currently in v does not need to be the correct token. We can just assume it is

correct for applying the swaps indicated in this Lemma. ]

With both of the methods presented, all permutation cycles of any TS instance
on a cograph G can be solved with |V(G)| — |CS!| + |CS°| swaps. Now, next lemmas

will carry on with the analysis of the optimality of each method. First, it is possible to
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show that the methods derived form the lemmas achieve the minimum number of swaps

for individual cycles by Lemma 2.1.3 and Lemma 2.1.6.

Lemma 2.1.3. Indwvidually, any cycle C of C'S* cannot be solved in less than |C| — 1

swaps.

Proof. A solved instance (an identity mapping) has |C| self-loop cycles on the vertices of
C'. Since each split swap increases the number of cycles by 1, at least |C| — 1 split swaps

are needed to transform the single cycle C into |C| cycles. O

Lemma 2.1.4. Let G be a cograph with a token placement f. Let Cy and Cy be the two
cycles resulting from any split swap on a zero-cycle C. Fither Cy or Cy must be a cycle

with exactly the same lowest common ancestor as the original cycle C.

Proof. Let T be the subtree of CG rooted on LC'Ag-(C'). By definition of the LC'A, the
vertices in C' are placed in at least two subtrees rooted on different children of LC'Agr(C)
in T'. If they belong to more than two of those subtrees, then when C' is split into C} or
(5, by the pigeon-hole principle |14, 30], either C or Cy (or both) have vertices in more
than one of those subtrees and it has the same lowest common ancestor as C'.

Assume now that the vertices in C' are placed in exactly two subtrees rooted on
children of LC'Ag-(C) and that a single inner-swap divides C'in such a way that C is fully
contained in the subtree rooted on one child of LC'Agr(C) and Cy is fully contained in
another subtree rooted on another child of LC'Ag-(C'). Notice that this is the only way in
which the two new created cycles have lowest common ancestors that differ from the one
of C. Such a swap must necessarily involve vertices from both subtress of LC' Agr(C') as
swaps between two vertices on the same subtree do not change the number of arcs of the

cycle that cross from one child to the other. Now, notice that such a swap is impossible
because LC' Agr(C) is a 0-node. O

Lemma 2.1.5. Let G be a cograph with a token placement f and let C' be a zero-cycle.

No split-swap can transform the C into two one-cycles.

Proof. By Lemma 2.1.4 at least one of the two cycles obtained after the split-swap main-

tains the same least common ancestor of the original cycle. Then it is still a zero-cycle. [

Lemma 2.1.6. Individually, any cycle C € CS° cannot be solved in less than |C| + 1

swaps.

Proof. By Lemma 2.1.5, applying just split swaps to C' there will always remain at least
one zero-cycle. Then in order to solve the cycle at least one merge-swap is needed. Each
merge swap decreases the number of cycles in C'G by one. Then, at least one merge swap
and |C| splits swaps are needed for the single cycle C' to be transformed into |C/| self-loops.

Therefore, at least C' + 1 swaps are needed. O
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This model of solving cycles can be used to prove the optimality of some subclasses
of the cograph class. In complete graphs, every permutation cycle belongs to C'S?, as every
vertex is connected to every other, resulting in an empty C'S® set. In star graphs, the
number of cycles C' € C'S* with |C] > 1 cannot be more than 1, as all nodes are only
neighbors of the center node and the center node can be only part of one-cycle, resulting
in every other non-trivial cycle belonging to C'S®. These two classes can be generalized
to the class of threshold graphs, that will be considered in Lemma 2.1.9. There are many
equivalent definitions for this class, but, for the sake of conciseness, we defined a threshold
graph as a graph that can be constructed from a single vertex graph by repeatedly adding
either an isolated vertex or a dominating vertex. Also, a threshold graph is a graph free of
induced cycles of size four (Cy), induced paths of size four (P;) and induced two disjoint
edges (2K,).

Lemma 2.1.7. Let G be a threshold graph with an initial token placement fy. Then,
OPTo(fo) < [V(G)| = [CSHCGy)| + |CSY(CGYy)|.

Proof. Directly from Lemma 2.1.3 and Lemma 2.1.6. [

Lemma 2.1.8. Let G be a threshold graph with an initial token placement fo. Then,
OPTa(fo) = [V(G)| — |CSHCGY,)| +|CS(CGy)l.

Proof. Let p(G, f) = |[V(G)| — |CSYCGy)| + |CS°(CGy)|. Notice that p(G, f,) = 0 as
|CSHCGy,)| = |V(G)| and |CS°(CGYy,)| = 0. In the following, we show that any possible
swap transforming f into an adjacent configuration f cannot decrease the value of p(G, f)
in more than 1. That is, p(G, f) >p(G, f) — 1.

Recall that every swap, either split a cycle C' or merge two cycles C,, and C, in
CGy. Then, there are two possibilities to decrease p(G, f) by more than one: (1) a
zero-cycle is split into two one-cycles or (2) two zero-cycles are merged into one one-cycle.

The first case (1) is not possible since contradicts Lemma 2.1.5.

For the second case (2), observe that the fact that the merged cycle is an one-cycle
implies that LC'Agr(Cy,) # LCAgr(C,), LCAg(C,) is not an ancestor of LC'Agr(C,)
and LC'Ag-(C,) is not an ancestor of LC'Agr(C,,). In all these cases, the merged cycle
would remain a zero-cycle. Let T' be the subtree of CG rooted on LC Agr(C,, U C,).

The vertices of C, and those of C, lie in subtrees rooted in different children of
T and since the root of T is a 1-node, all vertices in C), are adjacent to all vertices in
C, in G. Now, take any two non-adjacent vertices z,y from V(C,) and two non-adjacent
vertices w, z from V(C,) (they must exist on both cycles as they are zero-cycles).

Then, the induced subgraph G[{z,y, w, z}] is a cycle of size 4. This is a contradic-
tion on the definition of threshold graphs.

By the above analysis, it is possible to conclude that any token swap decreases

p(G, f) by at most one unit for any token placement f and obtain the Inequation 2.1.
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p(G, f) = p(G, f)—1 (2.1)

Thus, for any swapping sequence S = (s1,S2,...,5) that transforms the ini-
tial configuration f, to the identity configuration f, through adjacent configurations
fis fas .-, fx = f., each pair of configurations p(G, fj4+1) > p(G, f;) — 1 holds from In-
equation 2.1 for j = 1,2,..., k — 1. Take the sum of these inequations }; p(G, fj1) >
p(G, f;) — 1 shown in Inequation 2.2.

p( 7f1) > p(GafO)_l
p(G, f2) > p(G, i) —1
p(Ga fk—l) > p<Ga fk) —1
p(G, fk) > p(G, fO) - |S| (22)

From inequation 2.2 and substituing p(G, fx) by 0 we get:

p(Ga fk) > p(Ga fO) - |S|
5] > p(G, fo) = p(G. fx)
5] > |V(G)| = |CSHCG)| +|CS°(CGy)l (2.3)

[]

Theorem 2.1.9. LLet G be a threshold and fy an initial token placement for the To-

ken Swap problem. The optimal number of swaps is gwen by |V(G)| — |CSYCGy)| +
|CSY(CGy)l.

Proof. Directly from Lemma 2.1.7 and Lemma 2.1.8. [

2.2 Dependencies Betweeen Permutation Cycles

Section 2.1 introduced techniques for solving cycles of the two types individually
without changing the configurations of other cycles and proved the optimality of this
method for threshold graphs. The proof for general cographs is constructed from the

one for threshold graphs, observing that general cographs allow induced cycles of size



2.2. Dependencies Betweeen Permutation Cycles 36

4. A merge of two zero-cycles into a one-cycle can save exactly two swaps in the final
configuration. Let this type of swap be called a cutback swap.

A Cycle Matching Graph H = (CS°, E) of a cograph G and initial token config-
uration fj is a graph where each node represents an individual zero-cycle of the current
configuration. Let u,v € V(H) and C,, C, be the two related cycles from C'S°. An edge
will exist between two nodes u, v if and only if the lowest common ancestor of the union
of the vertices V(C,) UV (C,) is a one-node. This graph will be used to identify the cases

where two swaps can be saved.
Lemma 2.2.1. Let G be a graph and p(G) a mazimum edge matching of G.

1. Adding a vertex connected by edges to the graph G can increase the size of the

matching |u(G)| in at most one;

2. Adding edges to a single vertex can increase the size of the matching |u(G)| in at

most one;

3. Let G and G be graphs such that G C G C G, [V(G\V(GQ)| = 1 and |V (G)\V(G)| =
L. Then, |u(G)]| < [u(G)] +2.

Proof. The proofs are respectively enumerated below.

1. Let G be the graph obtained by adding to G a vertex x connected to any subset
of V and let u(G) be a maximum edge matching of G. Suppose z is saturated in
w(G) and |p(G)] > [(G@)|. |w(G)| must be |u(G)| + 1, otherwise the size of the
maximum matching |u(G)| results in a contradiction, as it is possible to use the
matching |x(G)| minus the edge involving , obtaining a larger matching of G. If x
is not saturated, then |u(G)| = |u(G)|.

2. Let G be the graph obtained by adding to G any amount of edges involving a vertex
v € V(G) and let u(G) be a maximum edge matching of G. Assume |u(G)| >

|1(G)| + 1. The matching obtained by removing the edge related to v in u(G) (if it
exists) is a valid matching on the original graph G and has size at least |u(G)| + 1,
which contradicts the maximality of the matching of u(G).

3. By part (1) of this lemma, the size of the matching p(G) can be at most 1 more

than the size of u(G), and the size of the matching u(G) can be at most 1 more

than the size of u(G). Combining both inequalities we get:



2.2. Dependencies Betweeen Permutation Cycles 37

w(@) < p(G)+1 2.4
1(G) < (@) +1 (2.5)
w(G) < u(G) +2 (2.6)

0

Let u(H) be a maximum edge matching on the graph H. Each element of this
matching represents a possible merge swap that can save two swaps in the final swap
sequence (by the cost of one swap, two zero-cycles are transformed into one one-cycle),
saving in total 2 x |u(H)| swaps. Note that after applying these swaps, the resulting
configuration will have a totally disconnected Cycle Matching Graph, as only zero-cycles

unsaturated by u(H) will remain.

Lemma 2.2.2. Let G be a cograph with an initial token placement fy. Then, OPTg(fo) <
V(G)| = |CSHCG)| +|CSUCGy)| = 2 x |u(H)|.

Proof. Directly from Lemma 2.1.3, Lemma 2.1.6 and the previous discussion. O

Lemma 2.2.3. Let G be a cograph with an initial token placement fo. Then, OPTg(fo) >
V(G)| = |CSHCGy)| +|CSUCGy)| = 2 x |u(H).

Proof. Let p(G, f) = |[V(G)|—|CSY(CGy)|+|CS*(CGy)|—2x|u(H)|. Note that p(G, f,) =
0 holds. In the following we show that any possible swap transforming f into an adjacent
configuration f cannot decrease the value of p(G, f) in more than 1. That is, p(G, f) >
p(G, f) -1

The following cases encompass every possible split swap of vertices u and v on the

given configuration.

e Case SPLIT-1: Let u and v belong to the same cycle C' € C'S*. This token swap
breaks the original cycle into two vertex disjoint cycles C,, and C,. Assume that
u € V(Cy) and v € V(C,).

Case (A): If C, € CS! and C, € CS?, the value of |C'S!] is increased in 1 and
the size of the matching p(H) does not change, as graph H is not modified,
resulting in p(G, f) =p(G, f)—1;

Case (B): If C,, € CS° and C, € CS! or if C, € CS! and C, € CS°, the
value of |C'S?| is increased by 1, increasing the number of vertices in H by one.

By Lemma 2.2.1, the matching can increase in at most one unit, resulting in
p(G.f) =1 <p(G, f) <p(G, f)+ L



2.2. Dependencies Betweeen Permutation Cycles 38

Case (C): If C, € CSY and C, € CS°, the value of |C'SY| is increased by 2
and |C'S'| is decreased by 1, increasing the number of vertices in H in two with
a guaranteed additional edge between C,, and C, as LCAcgq)(V(C, UCy)) is
a 1-node. Then, |u(H)| increases at least 1 and by Lemma 2.2.1, the increase
is at most 2, resulting in p(G, f) — 1 < p(G, f) < p(G, f) + 1.

e Case SPLIT-0: Let v and v belong to the same cycle C' € C'SY. This token swap
breaks the original cycle into two vertex disjoint cycles C, and C,. Assume that

uweV(C,) and v € V(C,).

Case (A): Let C,,C, € CS'. This case is impossible as stated by Lemma
2.1.5.

Case (B): If C, € CS° and C, € CS* or if C, € CS! and C, € CSY, the
value of |C'S?| is increased by one and |C'S°| does not change. By Lemma 2.1.4,
LCAcqa)(V(Cy)) = LCAcqe)(V(C)), not changing the graph H, resulting
in p(G, f) = p(G. f) = 1;

Case (C): If C, € C'S? and C, € CS°, the value of |C'S?| is increased by 1 and
|C'SY| does not change. By Lemma 2.1.4, either C,, or C, have the same lowest
common ancestor as the cycle C'. That cycle introduces in H a vertex with the
same neighborhood as the vertex corresponding to C' that is being removed.
Then, in practice, exactly one new vertex is added to H. Lemma 2.2.1 shows

that the maximum matching can increase in at most one in this case, resulting

It is no needed to check the merge swaps in this case, as each of them is just the
inverse of a split swap. This means that the previous equations and inequations have
inverted plus and minus signals. No equation or inequation show and increase larger than
1, so no merge swap can decrease p(G, f) in more than 1.

By the above analysis, it is possible to conclude that any token swap decreases

p(G, f) by at most one for any token placement f and obtain:

Thus, for any swapping sequence S = (s1,S82,...,5) that transforms the ini-
tial configuration fy to the identity configuration f, through adjacent configurations
fi, fo, ..., fx = f., for each pair of configurations p(G, fj+1) > p(G, f;) — 1 holds. Taking
the sum of these inequations >, p(G, fj41) > p(G, f;) — 1 we get:
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p(G, f1) > p(G, fo)—1
p<Gaf2) Z p(Gafl) —1
p(G, fre1) > p(G, fi) —1
p(G, fr) = p(G. fo) — S| (2.8)

From inequation 2.8 and substituting p(G, fx) for a 0, we get:

p(G7fk) > p(GafO) - |S|
|S’ > p(G> fO) _p(Gv fk)
|5 > |V(G)] = |CSHCG)| +|CSNCGy)| — 2 x |u(H)] (2.9)

]

Theorem 2.2.4. Let G be a cograph and fy an initial token placement for the Token Swap
problem. The optimal number of swaps is given by |[V(G)|— |[CSY(CG;)|+ |CS°(CGy)| —

2 x |u(H)|.

Proof. Directly from Lemma 2.2.2 and Lemma 2.2.3. [

Corollary 2.2.4.1. Let G be a cograph and fo an initial token placement for the Token
Swap problem. Denote by g(G, fo) the value associated with this instance as defined in
Theorem 2.2.4. Then

9(G, fo) = O(V(G)]) (2.10)

Proof. Let G be a cograph and f, an initial placement for the Token Swap problem, as
illustrated in Figure 2.3a. The corresponding Conflict Graph H, shown in Figure 2.3b, is

built from cycles numbered from left to right.

(a) (b)
Figure 2.3: Example cotree from a cograph and the related Conflict Graph.
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By generalizing the cograph G, it is possible to add an arbitrary number of vertices
on the left side of the cotree, while creating the smallest possible zero-cycles between
them (size of two or three nodes depending on whether the total number is even or odd),
keeping the Conflict Graph disconnected, ensuring that no match is possible. This results

in Equation 2.11.

9G.fo) = V(@) - \OSI<CGf>|+rCSO<CGf>|—2><|u< )

9(G.fo) = V(@) -1+ | 20

9(G.fo) = V(@) + ] -1

9(G.fo) = O(V(G)) (2.11)

Algorithm 2: Solving TS on cographs

Input: G, f
Output: Swap Sequence S

1. Compute the cotree of G.

2. Compute the conflict graph C'Gy.

3. For each cycle in CG determine if it is a zero-cycle or a one-cycle.
4. Compute H using the zero-cycles from C'GY.

5. Compute a maximum matching in H.

6. For each pair of zero-cycles matched in the computed maximum matching,

perform a cutback swap using any edge between vertices of both cycles.

7. Solve the remaining zero-cycles with the procedure implied by the proof of
Lemma 2.1.2 and the remaining one-cycles with the procedure implied by the

proof of Lemma 2.1.1.

8. Return resulting swap sequence as S.

Theorem 2.2.5. Token Swap Problem can be solved in polynomial time in cographs.

Proof. Let G be a cograph and f be a token configuration. By the previous lemmas, the
Algorithm 2 solves the Token Swap Problem in GG with initial configuration f. Since each
step of the algorithm can be performed in polynomial time, the whole algorithm can be

executed in polynomial time. O]



41

Chapter 3

Integer Linear Programming Models

This chapter presents two integer linear programming models for the Token Swap problem
and the Parallel Token Swap problem, respectively, along with an explanation of each

variable and constraint for each model.

3.1 The TS Problem Formulation as an Integer

Programming Problem

The binary variables x;,; determine if a token ¢ is at node u in step t. To correct
model the bijections between tokens and vertices, Equation 3.3 enforces that any token
can be at most in one vertex and Equation 3.4 that a vertex can have at most one token.
The binary variables y,.; flags if a swap happened between nodes u and v in step t. It is
important to note that swaps are symmetric —i.e., a swap (u,v) for u,v € V is exactly
the same as swap (v,u) —, so variables y,,; and y,,; means the same swap. On those
grounds, and the fact that our graph is undirected, a technique that creates an ordering
M : 'V — [n] of the vertices of the graph and use the variables y,,; such that u <,; v can
be adopted, halving the number of variables needed to represent a swap. The ordering

M is assumed to exist throughout the dissertation for any graph.
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9 b} 9 b
_braltol o2 3lA0l 3 3l 4 32
t/ZBOOt/ZBOOt/Zs()Ot/ZZOO
1 1 011 0 071 1 011 0 0
Y 0 01-Y 0 0LAY 0 01-Y 0 0
0 0 0 1 0 0 0 0
1 Ool 001 001 OO
2 2 2 2
3 3 3 3
4 4 4 4
) b} 9 b}

Figure 3.1: Here is an example of how the variable y,,; can model a sequence of swaps.
Let T' = 4 and the TS instance presented at Figure 3.1b. The minimum number of swaps
needed to bring all tokens to its correct positions is three, more precisely (1, 3), (3,5), (3,1).
At Figure 3.1a it is shown how these swaps are represented (in green) with the fourth
panel having no swaps. Note that the swap symmetry is being used to represent swaps
using the upper diagonal of the matrix.

The Figure 3.1 is an example of a TS instance and a complete representation of
an optimal swap sequence using ¥,.;. To retrieve the final sequence, it is necessary to
traverse each matrix in step order and check each v,.;, appending (u,v) to the swap
sequence whenever y,,; = 1. Steps with no y,,; = 1 can be ignored. The total number of

variables is given by Equation 3.1.

Txn>—Txn

5 +T x n? (3.1)
NS - >y N s
Yuwvt Tiut

The TS problem model given by Formulation (3.2)-(3.13) search viable solutions
of the problem with a given upper-bound in the number of swaps 7', allowing at most
one swap per step t € [T]. Each step is composed of a set of variables that describe the
current configuration, which swap is being selected and Equation 3.11 checks if a swap
sequence solves the current instance. The constant T' can be calculated by using any of
the best approximation algorithms, or by using the trivial upper-bound O(n?) on the size

of an optimal swap sequence mentioned in Chapter 1.
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minimize

subject to

ZVUUGE,u<MU,Vt€ (1] Yuvt

T = 1

ZVUEV vut

E Lit = 1
viey Ut

Liut + Tivt4+1 S Yuwt + 1
Tt + Tiut+1 S Yuwt + 1

Tiut + Tiper1 < 1

<1
ZVU,UEV,u<MU Yuvt =

t Z E t+1
ZVUUEE,u<MU Yuv YuveEE u<pv Yowt+

Li,fo(i),0 = 1
Ty = 1

yuvt S {07 1}
Liut € {O, 1}

(3.2)
Vte [T|,VieV (3.3)
Vie [T],YVueV (3.4)
Vie V.Vt e [T —1],
Vuv € E,u <pr v (3.5)
Vie V,Vte [T —1],
Yuv € E u <pr v (3.6)
Vie VYVt e [T —1],
Vuv ¢ E (3.7)
Vt € [T] (3.8)
vVt e [T —1] (3.9)
VieV (3.10)
VieV (3.11)
Vit e [T],Yuv € E (3.12)
VieV,Vu eV,
vt € [T (3.13)

These approximation algorithms use the same intuitive lower-bound given by

O(fo(v),v
3 (f(2) )

veV

where d(u,v) is the distance from vertex u to vertex v in the graph G and the division

by 2 happens since every swap can decrease the distance between tokens by at maximum

two in the sum. This bound is tight for instances of TS that can be solved with only

swaps that decrease the distance sum by two [8]. These values give us a good notion of

the range of values that T' can assume. More detailed explanations of each constraint are

presented in the subsequent Section 3.1.1.

3.1.1 Modelling Swaps and Initial Token Configuration

The constraints (3.5)-(3.8) are being used to model the behavior of swaps. For a

swap Yuue 10 be possible, it is required that in step ¢ the token on vertex w is on vertex v
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on step t+ 1, given by Inequality 3.5. Similarly, on Inequality 3.6, it was guaranteed that
the second token that is on vertex v on step ¢ must be on vertex u on step t + 1. Note
that each pair of vertices u,v € V were directly chosen from the edge set E, ensuring that
an edge must exist. Inequality 3.7 is there to keep the consistency between each pair of
vertices that do not have an edge in between, as it is impossible to have a token traverse
both in one step. Inequality 3.9 restrict the symmetry of the model, eliminating steps
with no swaps followed by a step with a swap. Inequality 3.8 force each step to have at
maximum one swap, while also permitting steps with no swaps.

The Inequality 3.10 creates the necessary constraints to represent the initial con-
figuration, setting the necessary variables to one. The step ¢t = 0 is fixed on the model
for any given configuration fj, as there must exist one token on each vertice initially. In
Section 3.2 a more in-depth discussion about a parallel variant of the T'S problem that

do not need to guarantee one swap per step will be presented.

3.2 The Parallel TS Problem Formulation as an

Integer Programming Problem

The Parallel Token Swap (PTS) problem is a version of TS where swaps can be
applied in parallel. For a graph G := (V| E), a parallel swap of a set of parallel swaps
P ={s1,59,...,5;} is a swap s such that no other swap in P shares a vertex with s. Any
swap sequence S that solves an instance of PTS or TS can be partitioned into sequences
of parallel swaps P(S) = (P° P!,..., P’). The swaps of each partition can be applied
to a token placement in any order without changing any intermediate step in S (hence
the use of set) or it can be applied by just one representation function fp, as all swaps in
a partition have disjoint vertices. Equation 3.14 shows how this representation function
can be built. A partitioned sequence of parallel swaps solves an instance of T'S or TSP if
and only if the identity function is resulted by applying each partition iteratively, while

the swap application order of each partition does not matter.

fP:fslofszo'--ofsk (314)

It is important to note that the size of any partition has a natural upper-bound
on the size of the Maximum Matching of the graph G, as it is the maximum number of
edges that can be swapped in the graph and still be disjoint. Calculating the maximum
matching size in general graphs can be done in polynomial time [13]. Therefore, for graphs

with maximum matching size of 1, an instance of PTS has the same set of optimal swap
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sequences of the equivalent TS instance. For the general case, the size of a swap sequence
that solves a TS instance can be used as an upper-bound for an equivalent PTS instance.
This variant of the TS problem has a deeper relation to parallel sorting on SIMD machines
consisting of several processors with local memory connected by a network [38, 22| and is
better suited for some reconfiguration problems, like Qubit Allocation [32, 31].

One interesting question that naturally arises from this definition is: "what is the
swap sequence that solves a given PTS instance and minimizes the number of partitions
in |P(S)|?". In the decision version, the existence of at least one swap sequence that
solves a PTS instance with k£ or less partitions is wanted. This version of the problem
has already been proven to be NP-Complete for general k£, but can be calculated in
polynomial time if £ < 2 and have an approximation algorithm for paths [22].

Each step is now related to a partition and a new binary variable for each step
called s; were added to keep track of which steps have at least one y,,; = 1 by using
Inequality 3.22. Note that the number of checks is improved by only verifying variables
Yuwt SUuch that {u,v} € E, as swaps can only exist on the edges. These flags help counting
how many steps are using at least one swap, while any step that do not need to be used
to achieve a minimal swap sequence will not be counted, as s; = 0. This variable and the
fact that each step is now allowed to have any number of parallel swaps allows for the
minimization of s; in the minimization rule given by Equation 3.15, which is equivalent
to minimizing the number of partitions. The total number of variables is increased by T

from Equation 3.1.
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minimize ZWG[T] Sy (3.15)
subject to ZWE‘/ Tt = 1 Vte [T]|,VieV (3.16)
D iy Vit =1 Vte [T, VueV (3.17)
Tiut + Tivt41 < Yuor + 1 Vie VYVt e [T — 1],
Yuv € E,u <pr v (3.18)
Tivt + Tiut+1 < Yuot + 1 Vie V,Vt e [T — 1],
Yuv € E,u <pr v (3.19)
Tiut + Tivt+1 < 1 Vie V,Vte [T —1],
Vuv ¢ E (3.20)
ZWWEV’KW Yuwt + Yoot < 1 Vt € [T] (3.21)
Yuvt < St Vt € [T],Yuv € E,
U <pr v (3.22)
Ti fo(i),0 = 1 VieV (3.23)
Tyr =1 VieV (3.24)
s¢ < 8y Vit e [T —1] (3.25)
Yuot € 10,1} Vt € [T],Vuv € E (3.26)
T € {0,1} Vie V\Vue Vvt e [T] (3.27)
st € {0,1} vt € [T] (3.28)

The model presented by Formulation (3.15)-(3.28) is an adaptation of the T'S model
for the PTS problem. The variables y,,; and z;,; are used in exactly the same way as the
TS model with constraints (3.16)-(3.20) being exactly the same as constraints (3.3)-(3.7).
Inequalities 3.25 and 3.23 are respectively equivalent to the Inequalities 3.9 and 3.10.

Each new constraint will be explained in detail in Section 3.2.1.

3.2.1 Modelling Parallel Swaps

To allow parallel swaps in the model, an efficient way to check if two swaps are
disjoint must be used. If two swaps are not disjoint, then they have exactly one vertex
in common, as it is impossible to have repeated swaps in the same step due to how the

variables 1,,; are modeled. Thus, for any two conflicting swaps, a combination of three
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nodes u,v,w could be taken and assumed, without loss of generality, that w is part of
these two swaps (u,w), (w,v). Consequently, the variables y,,; and ¥, can not be 1 at
the same time in the model, as given by Inequality 3.21. In the case that both edges exist
in the graph of an instance, these swaps would share a vertex and could not be used in
the same swap. On the cases that these vertices have only one edge or no edge, there is
no way two swaps can be used between these three vertices, as Inequalities (3.18)-(3.20)
prohibit them.

Edge Pairings
a,b | bc | c,d | d,e | e, f
a,c | byd | c,e | d, f

a,d | be | ¢, f
a,e | b, f
a, f

(b)

Figure 3.2: Let Figure 3.2a be a graph with vertice set V' = {1,2,3,4,5} and edge set
E ={a,b,c,d,e, f}. Table 3.2b lists all unordered pairs of edges that can be swapped in
a token placement at the same step with green and red otherwise. The reader can check
each pairing by taking the vertice triple of any red pairing and checking in the model. All
green edge pairings are vertice disjoint and there is no three edge parallel partition in this
graph.

The concept was improved by the use of the inherent vertex ordering M of the
graph to remove repeated vertex checks from the model. For any vertex triple u, v,
w with a "center" vertex fixed as w, checking variables v,,; and y,,; are equivalent to
checking variables ¥,.,; and y,.,;. Therefore, checking variables for triples u, w, v such
that © <j; v is enough and remove useless checkings. Figure 3.2 give us an example to

compare swap sequence representations between TS and PTS models.
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Chapter 4

Conclusion

This dissertation presented the Token Swap problem and one parallel variant, the Parallel
Token Swap problem. Initially, the work is focused on introducing the necessary mathe-
matical tools for constructing the subsequent proofs, with special emphasis on the crucial
notion of merge and split swaps. Then, these tools are used to build a method for finding
an optimal swap sequence for the class of threshold graphs. From this method, a new
method is derived to also find an optimal swap sequence for the class of cographs.

Then, to go along with these results, an initial integer linear model for each of
the problems is presented together with a detailed discussion about the constraints. The
next step would be the coding and solving each of these models to check their viability
and compare with other approaches. Moreover, these models could be adapted to other
TS variations, such as the Colored Token Swap problem and the Parallel Colored Token
Swap Generalizations of the TS problem and PTS problem, respectively, where tokens
can have more than one target vertex.

On future works the mathematical notions presented in this dissertation could be
used to understand and build different methods for other graph classes. Moreover, the
presented integer linear models could still be improved with implementation and testing,
as they are an initial model. More constraints would focus on the development of more
valid inequalities to optimize the model. Another route would be the creation of specialty
models focused in some useful and hard classes of graphs like trees, as more specific

constraints could be helpful in getting faster answers.
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