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�Nur wer das Risiko eingeht, zu weit zu gehen,

kann möglicherweise heraus�nden, wie weit man gehen kann.�

(T. S. Eliot)



RESUMO

Neste trabalho obtemos duas desigualdades de tipo Willmore para certas hipersuperfícies em var-

iedades Riemannianas completas e não compactas. A primeira é uma desigualdade geométrica

rígida para hipersuperfícies fechadas em variedades Riemannianas com curvatura de Ricci ass-

intoticamente não negativa. A segunda desigualdade, também geométrica, está vinculada a

ambientes Riemannianos com curvatura de Bakry-Émery-Ricci não negativa e cuja rigidez esta

atualmente em desenvolvimento. Para este �m, utilizamos métodos usuais em teoria de compara-

ção que são ambos provenientes das equações de Riccati e de Jacobi, e cujos elementos remetem

ao trabalho de E. Heintze and H. Karcher [29], especialmente no que tange o crescimento de

volume de tubos geodésicos em torno de hipersuperfícies. Além disso, esses métodos foram re-

centemente aplicados no trabalho de Wang [49] para simpli�car signi�cativamente a prova de uma

desigualdade de tipo Willmore em variedades Riemannianas completas e não compactas e com

curvature de Ricci não negativa, e que foi primeiramente revelada no trabalho de Agostiniani,

Fagagnolo and Mazzieri [3].

Palavras-chave: curvatura assintoticamente não negativa; desigualdades tipo Willmore; razão

de volume assintótico; curvatura de Bakry-Émery-Ricci.



ABSTRACT

In this work we obtain two Willmore-type inequalities for certain hypersurfaces in complete and

noncompact Riemannian manifolds. The �rst is a sharp geometric inequality for closed hyper-

surfaces in Riemannian manifolds with asymptotically nonnegative Ricci curvature. The second

concerns Riemannian manifolds with nonnegative Bakry-Émery Ricci curvature, whose sharp-

ness is under current development. To accomplish this, we use standard comparison methods

derived both from the Riccati and Jacobi equations, whose elements goes back to the work of

E. Heintze and H. Karcher [29], specially in regards to volume growth of geodesic tubes around

hypersurfaces. Moreover, these methods have been applied in a recent work by Wang [49] to

greatly simplify the proof of the Willmore-type inequality in complete noncompact Riemannian

manifolds of nonnegative Ricci curvature, which was �rst proved by Agostiniani, Fagagnolo and

Mazzieri [3].

Keywords: asymptotically nonnegative curvature; Willmore-type inequality; asymptotic vol-

ume ratio; Bakry-Émery Ricci curvature.
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CHAPTER 1

INTRODUCTION

1.1 Overview in comparison geometry

Comparison Geometry can be traced back to the nineteenth century, but it did not take root

until the 1930's, thorough the work of H. Hopf, Morse-Schoenberg, Myers and Synge. The

real breakthrough, however, came in the 1950's with the pioneering work of Rauch and the

foundational work of Alexandrov, Toponogov and Bishop [27].

A classical guideline to this geometric branch of Riemannian Geometry has been the comparison

of the geometry of a given general manifold M with that of a simply connected model space

MH of constant sectional curvature H in the hope to obtain global properties from in�nitesi-

mal (=curvature) assumptions. A typical conclusion is that M retains particular geometrical

properties of the model under the assumption that its sectional curvature is bounded between

constants [14], [32]. The intuition behind all comparison theorems is that negative curvature

forces geodesics to spread apart faster as you move away from a point, while positive curvature

forces them to spread slower and eventually to begin converging.

The curvature tensor of the Riemannian manifold (M, g) is the fundamental local invariant of the

metric tensor g which characterizes the geometry of the manifold. It has been playing a central

role in understanding the local geometry of a manifold and its global geometry and topology.

Assuming lower or upper bounds on the sectional curvature leads to plethora of information

about the metric and distance functions. So it is natural to wonder if anything can be deduced

if we weaken the hypothesis to other curvature quantities, such as Ricci or scalar curvature. A

�rst phenomenon is that (in what concerns Comparison Geometry) Ricci curvature admits only

lower bounds (check out [48]).

Assuming a lower bound on the Ricci curvature is the same as assuming a lower bound on

the average of sectional curvatures taken over all 2-planes containing a preferred vector. This

has led some mathematicians to consider special partial traces of the curvature tensor known

as intermediate Ricci curvature [55], [53]. Intermediate Ricci curvature is a natural quantity

that interpolates between sectional and Ricci curvature. In this context, modulo the discussion

if there are many examples of manifolds satisfying certain partial positivity conditions on the

curvature, it has been a particularly interesting subject to comparison geometers to investigate
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what geometric and topological results remain true if one replaces sectional by intermediate Ricci

curvature (see [12]).

A fundamental truth in classical Comparison Geometry is that a lower bound on the Ricci curva-

ture implies that the Riemannian measure is bounded above by the measure in the corresponding

model space, so that not only Ricci curvature performs well alongside comparison theory but

it also has exceptional relevance to di�erential geometry in the large. Aside from being the

only nontrivial contraction of the full curvature tensor, the Ricci curvature is also special since

it occurs in the theory of Ricci �ow and the theory of General Relativity, as it appears in the

Einstein equation relating the stress energy of matter to the curvature of spacetime (see [46]).

One of the most iconic theorems in Comparison Geometry is the classical Bishop-Gromov Volume

Comparison Theorem and it is considered a major breakthrough for its innumerous applications

and generalizations (see e.g. [50]). In particular, its generalization to asymptotic nonnegatively

curved spaces not only has many applications to the topology and geometric structure of man-

ifolds with lower curvature bounds (see e.g. Theorem 3.1. in [56]) and that of open manifolds

(cf. [19]), but it also has a core relevance for this thesis: see Theorem A.3.1 at the appendix.

In this dissertation we use techniques from Comparison Geometry derived from the Riccati and

the Jacobi equations, whose features go back to the work of E. Heintze and H. Karcher [29],

specially in regards to volume growth of geodesic tubes around hypersurfaces, to bring about

Willmore-type inequalities in complete and noncompact spaces with two curvature assumptions:

�rst, we assume that the space has asymptotically nonnegative Ricci curvature; and second, that

it has nonnegative Bakry-Émery Ricci curvature. In the next sections, we describe the context

in which we are employing these comparison techniques.

Most notably, we argue that the corresponding simply connected model geometry for asymptot-

ically nonnegative Ricci curvature (in a sense to be speci�ed) is the Riemannian warped product

[0,∞)×ϱ N with metric g = dr ⊗ dr + ϱ(r)2gN ,

for suitable choice of function ϱ ∈ C∞([0,∞),R∗
+

)

, with ϱ′ > 0 on (0,∞), where (N, gN ) is

simply connected and compact. This occurs for various reasons:

(µg) �rst, for suitable ϱ, the Ricci curvature is smallest in the radial direction;

(µg) second, in the radial direction, the Ricci curvature directly involves a Jacobi equation;

(µg) third, its geodesic tubes TΓ0(r), where Γ0 = {0} × Nn−1, have a well ordered volume

growth;

1.2 Willmore-type inequalities

In the nineteen sixties, Willmore [54] introduced the concept of what is now know as the Willmore

energy. In summary, the Willmore energy is a functional de�ned on compact surfaces in Euclidean
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space that measures how much a given surface deviates from being a round sphere. One of his

original interests was to �nd the optimal immersion of a compact surface in three space of a given

topological type. The Willmore energy has many generalizations from ambient spaces with more

general curvature conditions to hypersurfaces in higher dimensional ambient manifolds, see [28],

[36] and the references therein.

A classical theorem due to Willmore [54] asserts that any compact domain D ⊂ R
3 with regular

boundary ∂D = Σ has

∫

Σ

(

H

2

)2

dσ ≥ 4π

where H is the mean curvature of Σ. Moreover, equality holds only for round spheres. Thus,

inside the class of genus zero the inequality above is optimal.

It is now widely known that the Willmore inequality extends to Rn, n ≥ 3, to closed submanifolds

of any codimension (see e.g. [15]). More generally, in 2020 Agostiniani, Fagagnolo and Mazzieri

[3] established a sharp Willmore-type inequality for compact domains in noncompact Riemannian

manifolds with nonnegative Ricci curvature. Their result reads as follows.

Theorem 1.2.1.
[

Willmore-type inequality in nonnegatively curved spaces
]

Let (M, g) be a noncompact, complete n-dimensional Riemannian manifold with Ric ≥ 0 and

Euclidean volume growth. If Ω ⊂ M is a bounded and open subset with smooth boundary Σ = ∂Ω

then

∫

∂Ω

∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

n−1

dσ ≥ AV R(g)|Sn−1|,

where AV R(g) ∈ (0, 1] is the asymptotic volume ratio of (M, g). Moreover, the equality holds if

and only if (M \ Ω, g) is isometric to

(

[r0,∞)× Σ, dr ⊗ dr +
( r

r0

)2
gΣ

)

, where rn−1
0 =

( |Σ|
AV R(g)|Sn−1|

)

.

In particular, Σ is a connected totally umbilic hypersurface with constant mean curvature.

The argument in [3] is based on PDE methods, and was acknowledged in a subsequent work

by Wang [49] as beautiful; nonetheless, highly nontrivial. In his work, Wang obtained the same

Willmore-type inequality for noncompact and complete Riemannian manifolds of nonnegative

Ricci curvature and his argument is based on standard comparison methods in Riemannian

geometry derived from the Riccati equation.

In a di�erent direction, Brendle [9] studied the Isoperimetric problem for minimal hypersur-

faces in R
n+1 and obtained a Sobolev inequality which holds for any submanifold in Euclidean
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space. This established a long standing conjecture that states that the isoperimetric inequality

holds for compact minimal hypersurfaces in place of domains. We note that Brendle's method,

the Alexandrov-Bakelman-Pucci maximum principle, can be extended to more general ambient

manifolds as in [10] and [31]. In particular, using Brendle's Sobolev inequalities in nonnegatively

curved spaces together with Hölder's inequality is possible to obtain a weaker Willmore-type

inequality. Brie�y, if D is a compact domain with smooth boundary ∂D = Σ in a complete

noncompact Riemannian manifold (M, g) of nonnegative sectional curvature then, as shown in

Appendix A.2, we have

∫

Σ

∣

∣

∣

∣

H⃗

n− 1

∣

∣

∣

∣

n−1

dσ ≥ |Sn−2|
n− 1

AV R(g)

while αn−1 > αn−2

n−1 , where αk is the k-dimensional area of the Euclidean unit sphere S
k, H⃗

denotes the mean curvature vector of Σ, de�ned in (2.2) ahead, and AV R(g) the asymptotic

volume ratio of (M, g).

Now we can compare the Willmore's type inequality with the Sobolev inequalities in the above

context. On the one hand, the overall extensiveness of these Sobolev inequalities regarding

codimension and the �exibility on the function f are broader, not to mention that the claims on

these inequalities concern submanifolds possibly with boundary. On the other hand, aside from

an application of Hölder's inequality, the constant AV R(g)|Sn−1| appearing in the Willmore-type

inequality is �ner, while the hypothesis on the curvature is weaker and the rigidity statement is

somehow stronger.

Willmore-type inequalities are a certain class of geometric inequalities named after the British

mathematician T. J. Willmore. Generally speaking, these inequalities involve extrinsic and intrin-

sic geometric quantities such as curvature, area, volume, etc, related to the shape of submanifolds

of �xed topological type in a wide range of Riemannian manifolds.

In this work we obtain two Willmore-type inequalities for the boundary of a compact domain in

noncompact and complete Riemannian manifolds. The �rst concerns Riemannian manifolds with

asymptotically nonnegative Ricci curvature, extending the main theorem in [3] to this ambient.

The second treats those settings whose Bakry-Émery Ricci curvature is nonnegative.

1.3 Willmore-type inequality for asymptotically nonnegative

Ricci curvature

Back to the pursuit of extending Brendle's isoperimetric inequality, in 2022, Dong, Lin and Lu

[21] extended Brendle's result to complete noncompact Riemannian manifolds of asymptotically

nonnegative curvature. It is important to observe that the theorems obtained by Dong, Li and Lu

do not yield our inequality, let aside the curvature assumptions. In particular, the equality cases

analyzed in their work force the whole ambient manifold to be isometric with the Euclidean space,
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Ricw ≥− (n− 1)(λ ◦ distp0)(w)gw
(

resp. secw ≥ −(λ ◦ distp0)(w)
)

,

for w ∈ M where distp0(w) is the distance from w to p0 and the associated function λ satisfy

b0
.
=

∫ ∞

0
tλ(t)dt < ∞ (1.1)

which implies

b1
.
=

∫ ∞

0
λ(t)dt < ∞. (1.2)

Note that from the de�nition of the associated function λ, either λ vanishes identically and we

write λ = 0 or there exists δ > 0 such that λ > 0 on [0, δ), in which case λ ̸= 0. In the following,

we write λ ̸= 0 meaning that λ does not vanish identically. Now, according to Lemma 2.1 in

[56], the function

Θ(r) =
vol(Bp0(r))

ωnrn

is nonincreasing on [0,∞) and 0 ≤ Θ(r) ≤ e(n−1)b0 , where Bp0(r) is the metric ball of radius

r centered at p0 and ωn denotes the volume of the n-dimensional unit ball in Euclidean space,

ωn = |Bn|. Therefore, we may introduce the asymptotic volume ratio of (M, g) by

AV R(g) = lim
r→∞

Θ(r) (1.3)

Throughout this work we consistently assume that the dimension of the underlying ambient man-

ifold is at least 3 and that it has positive asymptotic volume ratio, for otherwise our inequalities

are trivial.

Theorem 1.3.1.
[

Willmore-type inequality in asymptotic nonnegatively curved spaces
]

Let (M, g) be a noncompact, complete n-dimensional Riemannian manifold with asymptotically

nonnegative Ricci curvature with base point p0 and associated function λ. Let Ω be an open and

bounded set with smooth boundary Σ = ∂Ω, whose mean curvature is H. Then

e(n−1)b0

∫

Σ

(∣

∣

∣

∣

H(x)

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ(x) ≥ AV R(g)|Sn−1| (1.4)

where AV R(g) is the asymptotic volume ratio of g. In the following, we distinguish two cases.

(W1) If λ = 0 so that (M, g) has nonnegative Ricci curvature then equality holds i� M \Ω is

isometric to
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(

[r0,∞)× Σ, dr ⊗ dr +
( r

r0

)2
gΣ

)

, where rn−1
0 =

( |Σ|
AV R(g)|Sn−1|

)

.

In particular, Σ is a connected totally umbilic hypersurface with constant mean curva-

ture;

(W2) If λ ̸= 0 and equality holds then Σ is a totally umbilic hypersurface with nonnegative

constant mean curvature on its connected components. If Σ is connected then equality

in (1.4) holds if and only if M \ Ω is isometric to

(

[r0,∞)× Σ, dr ⊗ dr + ϱ(r)2gΣ

)

, where r0 = distg(p0,Σ), (1.5)

and ϱ is the solution to the Jacobi equation ϱ′′(r) − λ(r)ϱ(r) = 0, over the interval

[r0,∞), with ϱ(r0) = 1, ϱ′(r0) = H
n−1 and satisfying the following property:

lim
r→∞

ϱ(r + r0)

eb0
(

H
n−1(1 + b0) + b1

)

r
= 1 (1.6)

In particular, Ω is a geodesic ball centered at p0.

Note that if b0 = 0 in the inequality (1.4) above so that (M, g) has nonnegative Ricci curvature,

we obtain
∫

Σ

∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

n−1

dσ ≥ AV R(g)|Sn−1|, (1.7)

which is the main result in [3]. Therefore, the inequality (1.4) generalizes the Willmore-type

inequality for noncompact complete Riemannian manifolds of nonnegative Ricci curvature to

asymptotic nonnegatively curved spaces.

In a somewhat related direction, Bray studied the isoperimetric problem for surfaces in the

three-dimensional Schwarzschild manifold. His interest was motivated by considerations in gen-

eral relatively, regarding the positive mass theorem and the Penrose inequality. Earlier results of

Schoen and Yau [47] and Ilmannen and Huisken [30] are historically key papers for understand-

ing the general perspective on the subject. Since asymptotically �at manifolds are asymptotic

(Ricci and sectional) nonnegatively curved spaces, it seems to the author that the present thesis

supplements, somehow, these prior works.

The issue of the decay of the associated function λ is of delicate nature and it is related with

various asymptotic behavior of quantities arising from the estimates obtained in our elementary

inequalities, e.g. the volume element. In Section 3.2 we completely describe this matter and

work out a su�cient condition for the inequality (1.4) to be strict depending solely on the decay

of λ, see Proposition 3.2.3 for details.
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The disadvantage of making comparison geometry in manifolds with asymptotically nonnegative

curvature is caused by the dependence of the base point p0. However, because of the decay

condition on the curvature, it is expected that the behavior of these manifolds at in�nity resemble

the behavior of those manifolds with nonnegative curvature.

Next, we introduce a class of manifolds that include those with asymptotically nonnegative

curvature. This new class will be useful to explore some speci�c types of warped product spaces to

which we can extend the Willmore-type inequality from Theorem 1.3.1. Moreover, we investigate

to what extent we may bring o� the rigidity statement in the main theorem, not only for null-

homologous hypersurfaces but also for a broader class of hypersurfaces.

Let (M, g) be a complete noncompact n-dimensional Riemannian manifold. We say that g has

asymptotically✽ nonnegative Ricci (resp. sectional) curvature relatively to a k-dimensional

submanifold Nk ⊂ M with associated function λ if λ satis�es (1.1) and

Ricw ≥− (n− 1)(λ ◦ distN)(w)gw
(

resp. secw ≥ −(λ ◦ distN)(w)
)

,

for w ∈ M, where distN(w) is the distance from w to N. Observe that if N is a single point

p0, then the idea of asymptotic✽ nonnegative curvature reduces to the concept of asymptotic

nonnegative curvature. In addition, it is not clear whether asymptotic✽ nonnegatively curved

spaces possess a well de�ned notion of asymptotic volume ratio. We address this issue at Section

3.3 and restrict ourselves to spaces that have this property as de�ned there. For the statement

of the next theorem, be mindful of Figure 1.2.

Theorem 1.3.2.
[

Willmore-type inequality in asymptotic✽ nonnegatively curved spaces
]

Let (M, g) be a noncompact, complete n-dimensional Riemannian manifold with asymptotically✽

nonnegative Ricci curvature relatively to a closed and connected hypersurface Γ0 and associated

function λ, with λ ̸= 0. Suppose that Γ0 separates M into two connected components: M \ Γ0 =

M+ ∪M−, with M+ unbounded. Let Σ ⊂ M+ be a closed hypersurface homologous to Γ0. Let

Ω ⊂ M be the open set with the property ∂Ω = Γ0 ∪ Σ and assume further that |Ω| < ∞. Then

e(n−1)b0

∫

Σ

(∣

∣

∣

∣

H(x)

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ(x) ≥ AV R✽(g)|Sn−1| (1.8)

where H is the mean curvature of Σ and AV R✽(g) is the asymptotic✽ volume ratio of g as de�ned

in Digression 3.3.1. Moreover, if equality holds then Σ is a totally umbilic hypersurface whose

mean curvature is constant on its connected components. In addition to that, if Σ is connected

then equality in (1.8) holds i� M+ \ Ω is isometric to

(

[r0,∞)× Σ, dr ⊗ dr + ϱ(r)2gΣ

)

, where r0 = distg(Γ0,Σ), (1.9)
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(Λ2) Assume that there exists a continuous monotone decreasing nonnegative function λ :

[0,∞) → R such that, for all r ∈ [0,∞), we have λ(r) ≥ max{λ1(r), λ2(r)} and

b0
.
=

∫ ∞

0
tλ(t)dt < ∞. (1.12)

(Λ3) The function [0,∞) ∋ r 7→ h(r)
r is eventually nonincreasing.

(Λ4) There exists τ0 ≥ 0 such that h′(r) ≥ 0 for all r ∈ [τ0,∞) and lim
r→∞

h(r) = ∞.

We now consider the product M
.
= [0,∞)×N endowed with the Riemannian metric

g
.
= dr ⊗ dr + h(r)2gN . (1.13)

Our main application of Theorem 1.3.2 is the following.

Corollary 1.3.4.
[

Application to warped product spaces
]

Let (M, g) be a warped product manifold satisfying conditions (Λ1)�(Λ3). Then, Γ0 = {0}×N

is a compact hypersurface whose area satis�es

∣

∣Γ0
∣

∣ ≥ AV R✽(g)|Sn−1|
(

eb0
(∣

∣

∣

h′(0)
h(0)

∣

∣

∣
(1 + b0) + b1

)

)n−1 . (1.14)

Let Σ ⊂ M be a connected and closed hypersurface with mean curvature H. If Σ is homologous

to Γ0 then

e(n−1)b0

∫

Σ

(∣

∣

∣

∣

H(x)

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ(x) ≥ AV R✽(g)|Sn−1|. (1.15)

Equality in (1.15) holds i� Σ is a slice {r0} × N, h is the solution to h′′(r)− λ(r)h(r) = 0 over

[r0,∞), h(r0) = 1, h′(r0) = H/(n− 1) and limr→∞ h(r)/
[

eb0
(

h′(r0)(1 + b0) + b1
)

r
]

= 1.

If hypothesis (Λ1) does not hold then (M, g) has RicM ≥ 0. Then, hypothesis (Λ1) suggests

that the ambient does not have, possibly, nonnegative Ricci curvature. For instance, if (N, gN) is

Einstein, meaning that RicN = (n−2)ρgN then (M, g) does not have nonnegative Ricci curvature.

The hypothesis (Λ2) guarantees that (M, g) has asymptotically✽ nonnegative Ricci curvature

relatively to Γ0. The condition (Λ3) is there to ensure �niteness of the asymptotic✽ volume ratio

of g and, �nally, (Λ4) guarantees that AV R✽(g) is positive. See Lemma 3.4.1 for details. It is

interesting to bear in mind that the base manifold N may have whatever topology (see Figure

1.4).
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MR = (s,∞)× S
n−1, gR =

1

1−ms2−n + q2s4−2n
ds⊗ ds+ s2gSn−1 , (1.17)

where m > 2q > 0 are constants and s is de�ned as the larger of the 2 solutions of the equation

1−ms2−n + q2s4−2n = 0.

1.4 Willmore-type inequality for nonnegative Bakry-Émery

Ricci tensor

As pointed out earlier, in this work we also obtain a Willmore-type inequality for smooth metric

measure spaces. Formally, a smooth metric measure space is a triple (M, g, e−fdvolg), where

(M, g) is a complete Riemannian manifold together with a weighted volume form e−fdvolg, where

f is a smooth function on M, sometimes called the potential function.

Weighted volume measures arise naturally from the study of conformal deformations of a Rie-

mannian metric. Normally, given two conformally related Riemannian metrics, it is desirable to

establish geometric and topological results relatively to the new metric and using data associ-

ated to the original metric. To accomplish this, it is interesting to have a concept of curvature

associated to a weighted Laplacian. Such a concept has been introduced by Bakry and Émery

[4].

The N-Bakry-Émery Ricci tensor is de�ned by

RicNf
.
= Ric +D2f − 1

N
df ⊗ df, for N > 0,

and the ∞-Bakry-Émery Ricci tensor is de�ned by

Ricf
.
= Ric +D2f, so that RicNf

.
= Ricf − 1

N
df ⊗ df.

The Bakry-Émery Ricci tensor gives an analogue of the Ricci tensor for a Riemannian manifold

with smooth measure. Therefore, it is interesting to investigate what geometric and topological

results for the Ricci tensor extend to the Bakry-Émery Ricci tensor.

The Bakry-Émery Ricci tensor has an extension for di�usion operators [4] and nonsmooth metric

measure spaces. The study of lower bounds on the Bakry-Émery Ricci tensor leads to geometrical

and topological information on gradient Ricci solitons [41] [42], which takes valuable part in the

theory of Ricci �ow. Moreover, for N positive integer, the equation RicNf = λg corresponds to a

warped product Einstein metric on M×
e−

f
N
FN , see Proposition 9.106 in [7].

There are many references in the literature which work with volume growth of geodesic balls

in relation to the corresponding model, [52], [44], [5]. This technique has been extensively used
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to obtain numerous theorems in geometric analysis and it is hard to emphasize enough the

importance of its applications. In particular, it is quite natural to ask if there is an analogue of

the classical volume comparison theorem of Heintze-Karcher type for tubular neighborhoods of

a submanifold (see e.g. [40], pp. 179�184).

The purpose of the present study is to investigate the existence and sharpness of a Willmore-type

inequality for nonnegative Bakry-Émery Ricci curvature on noncompact smooth metric measure

spaces. To this end, we de�ne a corresponding notion of asymptotic volume ratio and work with

the volume of a geodesic tube around a compact domain in these spaces. We point out that the

mean curvature (Laplacian) comparison results for hypersurfaces obtained here are not new and

that we highly base our study on [52] and the techniques in [49]. For example, in Chapter 4 we

prove the following

Theorem 1.4.1.
[

Willmore-type inequality for nonnegative N-Bakry-Émery
]

Let (M, g) be a noncompact, complete n-dimensional Riemannian manifold with nonnegative N-

Bakry-Émery Ricci curvature. Let Ω be an open and bounded set with smooth boundary Σ = ∂Ω,

whose mean curvature is H. Then

∫

Σ

∣

∣

∣

∣

Hf (x)

n+N − 1

∣

∣

∣

∣

n+N−1

e−f(x)dσ(x) ≥ f -AV R(g)|Sn+N−1| (1.18)

where f -AV R(g) is the f-asymptotic volume ratio of g and Hf = H− ⟨ξ, gradg f⟩.

As a result of Theorem 4.3.1, there are no f -minimal hypersurfaces Σ = ∂Ω in complete and non-

compact spaces with nonnegative N-Bakry-Émery Ricci curvature whose f -asymptotic volume

ratio does not vanish. In Chapter 4 we obtain similar statements for spaces whose ∞-Bakry-

Émery Ricci curvature is nonnegative under additional assumptions on both the derivatives of

the potential f and the weighted mean curvature Hf .

Conventions

In the following development, we assume that all manifolds are smooth and connected. Moreover,

when treating subspaces of a given manifold M we refer to an embedded submanifold simply as

a manifold and we explicitly declare when a submanifold is immersed.

Permissions and attributions

The Proof of the Willmore-type inequality in asymptotic nonnegatively curved spaces, Theorems

1.3.1 and 1.3.2, developed in Chapter 3 are reproduced from the original publication in the Arxiv

[45] under the rights retained by the author.
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CHAPTER 2

BACKGROUND

In this chapter we brie�y establish the basic notations and preliminary tools for the remaining of

the text. This chapter is intended only to establish the sign conventions, symbols and possibly

some motivation to the theme we will be talking about along this work. It is not intended to

give a review of basic Riemannian geometry, but only as a quick foreword to the basic elements

we will be using here. For more detailed introductory texts the reader may refer to consolidated

references on the �eld such as [43], [33] and the references therein.

2.1 Metrics, connection and curvature

On a smooth manifold M there exists many Riemannian metrics, but once a Riemannian metric

g has been selected, M has been given a substantial amount of rigidity ([18], pp. 153). It is

this rigidity imposed by the metric that distinguishes the subject of geometry from topology (see

[23], [22]).

Given a Riemannian manifold (M, g), there exists a unique Levi-Civita connection ∇ (see e.g.

[20], pp. 53 � 55) which is the tool that enables one to de�ne the curvature of g. In its whole

con�guration, the Riemann curvature tensor is a
(

3
1

)

-tensor �eld that associates to each pair

of vector �elds X,Y ∈ X(M) a mapping

R(X,Y ) : X(M) → X(M)

given by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z.

where ∇ is the unique Levi-Civita connection of g and [X,Y ] is the commutator of X and Y

(see [43], pp. 33 � 35). The sectional curvature (at a given point w ∈ M) is a function on the

space of two-planes Π ⊂ TwM de�ned by

secM(u, v) = ⟨R(u, v)v, u⟩, {u, v} an orthonormal basis of Π.
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The Ricci curvature of g, denoted by Ric (or RicM, when is important to specify the underlying

manifold) is the symmetric
(

2
0

)

-tensor �eld de�ned as the trace of the curvature tensor R on its

�rst and last indices. Thus for X,Y ∈ X(M)

Ric(X,Y ) = tr
(

Z 7→ R(Z,X)Y
)

.

A Riemannian metric g is said to be an Einstein metric if its Ricci curvature ful�ls Ric = κg,

for some constant κ.

2.2 Submanifolds

Let N be a submanifold of M. Let νN be the normal bundle of N and indicate by SνN its unit

normal bundle , that is, those vectors in νN of norm 1. We have the orthogonal decomposition

TM
∣

∣

N
= TN⊗ νN. (2.1)

The symmetric bilinear second fundamental form of N is the
(

2
1

)

-tensor �eld de�ned by

α(X,Y ) = (∇XY )⊥, X, Y ∈ X(N)

and the tensor �eld of self-adjoint endomorphisms Aζ of N, with ζ ∈ νN, de�ned by ⟨AζX,Y ⟩ =
⟨α(X,Y ), ζ⟩, where X,Y ∈ X(N), is called the shape operator of N with respect to ζ. The

mean curvature vector H⃗ of N at x is the normal vector de�ned by

H⃗(x)
.
=

dim(N)
∑

i=1

α(Xi, Xi) (2.2)

in terms of an orthonormal basis X1, ..., Xdim(N) of TxN. The submanifold N is said to be

minimal if H⃗ = 0. For more details, refer to [17]. Now let f ∈ C∞(M) be a function. This

function induces, in a natural manner, the weighted measure e−fdvolg and, as consequence, we

may form the triple (M, g, e−fdvolg) which is referred to as a smooth metric measure space .

Analogously, we have an induced metric measure space (N, i∗g, e−fdvolN), where i : N → M is

the inclusion. The weighted mean curvature vector N is de�ned by

H⃗f
.
= H⃗ + (gradg f)

⊥

The immersed submanifold N is called f-minimal if its weighted mean curvature vector H⃗f

vanishes identically. For more details, refer to [16]. From now on we specialize to submanifolds
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with codimension 1, i.e. hypersurfaces. Let Σ ⊂ M be a hypersurface and �x a unit and normal

vector ζ ∈ νxΣ and de�ne, respectively, the mean curvature H and the weighted mean

curvature Hf of Σ at x relatively to ζ by

H(x) = −
n−1
∑

k=1

⟨∇Xk
Xk, ζ⟩,

Hf (x) = H(x)− ⟨gradg f, ζ⟩

in terms of an orthonormal basis X1, ..., Xn−1 of TxΣ. An immersed hypersurface Σ in M is

called a f-minimal hypersurface if H(x) = ⟨gradg f, ζ⟩.

2.3 Cut locus and distance

If W ⊂ M is open then a function g : W → R is said to be a (local) distance function if

|gradg g|g = 1. Distance functions can be thought of potential functions for an important class

of geodesic vector �elds and are the main object of this work.

Let Σ be, once and for all, a �xed embedded and closed hypersurface in (M, g). Denote by w the

variable in M and by the letter x the variable in Σ. We either take Σ to be null-homologous, in

which case ∂Ω = Σ, for some open and bounded set Ω, or we take it to be homologous to some

connected hypersurface Γ0 in which case we write ∂Ω = Σ ∪ Γ0, for some open set Ω (see Figure

2.1). In the latter, we also assume that M \ Γ0 = M+ ∪M− where M+ and M− are disjoint open

subsets with Σ ⊂ M+. Either way, we consider the oriented distance

r(w) = distg(w,Σ), w ∈ M \ Ω (or w ∈ M+ \ Ω). (2.3)

Let ξ : Σ → TM be the outward-pointing (relatively to Ω � see Figure 2.1) unit, smooth and

normal to Σ vector �eld. The normal exponential map is the restriction of the exponential

map of M to νΣ and it is denoted by exp⊥. Given x ∈ Σ, consider the geodesic γξx(t) = expxtξx.

De�ne the cut time of (x, ξx) by

τc(ξx)
.
= sup {b > 0 : r(γξx(b)) = b} ∈ (0,∞] (2.4)

where r = r(w) is the distance (2.3). We say that the geodesic γξx realizes the distance in

the interval [0, τc(ξx)]. The cut locus of Σ, denoted by C(Σ), is the image of {τc(ζ)ζ : ζ ∈
SνΣ and τc(ζ) < ∞} under the normal exponential map. As in the case where Σ is a point,

the function τc : SνΣ → R is continuous. Since, for each x ∈ Σ, there is a unique unit outward-

pointing normal vector ξx we can write τc(x) or τc(ξx) interchangeably and consider τc as a

continuous function over Σ. Furthermore, the set C(Σ) is closed and the normal exponential

map
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transverse Jacobi �eld J along γξ satisfying J(t) = 0. If there is such a t > 0, then we let tf(ξ)

be the smallest such t and call γξ(tf(ξ)) the �rst focal point of Σ along γξ. We have τc(ξ) ≤ tf(ξ),

as in the case when Σ is a point. Notice that we may have tf(ξ) = ∞. For more details on the

matter refer to [20] (pp. 227 � 235).

Denote the space of vector �elds along γ = γξ that are normal to the velocity �eld γ̇ by X
⊥(γ). A

Jacobi tensor �eld J along γ is a smooth
(

1
1

)

-tensor �eld of endomorphisms X⊥(γ)⊥ → X
⊥(γ)

which satis�es the Jacobi equation

J
′′ + Rγ̇(J) = 0

where Rγ̇ is the endomorphism X 7→ Rγ̇(X) = R(X, γ̇)γ̇. Generally speaking, transverse Jacobi

�elds help us detect focal points of submanifolds, which correspond to the �rst moment where

the determinant of certain Jacobi tensor �elds vanish. The following construction sketches this

situation and will be used throughout the text: let (e1, ..., en−1) ⊂ TxΣ be an orthonormal basis

consisting of eigenvectors of the shape operator Aξ and let (Eα) be a parallel (n−1) orthonormal

frame along the geodesic γ such that Eα(0) = eα. We then consider the operator Jξ = Jξ(t)

which takes the velocity γ̇ to itself and maps J ⊥(γ) into J ⊥(γ) according to the rule (see Figure

2.2)

Jξ(t)Ek(t) = Jk(t), k = 1, ..., n− 1 (2.6)

where Jk is the Jacobi vector �eld with initial conditions Jk(0) = ek and DtJk(0) = λkek, where

the λ′
ks ful�ll Aξek = λkek. Then, Jξ is easily seen to be a Jacobi tensor �eld along γ. Moreover,

the �eld of endomorphisms U(t)
.
= J′ξJ

−1
ξ (t), which is well de�ned over the interval [0, tf(ξ)),

satis�es UJk = DtJk, k = 1, ..., n− 1 and is a solution to the Riccati equation

DtU + U2 + Rγ̇ = 0. (2.7)

In this work, we will be frequently producing quantities relatively to the distance (2.3). One of

the most important tensors associated to a function is its Hessian. In particular, it is well known

that the Hessian operator of any local distance function satis�es the Riccati equation (2.7). It

is easy to see that if Hr is the Hessian operator of (2.3), i.e., D2r(·, ·) = ⟨Hr·, ·⟩, where D2r is

the usual
(

2
0

)

Hessian, then Hr = U along the integral curves of gradg r. Observe that the mean

curvature is H(x)
.
= trU(0), or in other words, H(x) = ∆r(0). By (2.2), we have

H⃗ = −trU(0)∂r = −H∂r

We say that Σ hasmean convex boundary (MCB) if the mean curvature vector H⃗ is an inward

pointing normal. The following example is a particular case of Example 4.3 in [6].
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CHAPTER 3

SPACES WITH ASYMPTOTICALLY NONNEGATIVE RICCI

CURVATURE

In this chapter we establish a Willmore-type inequality for asymptotic nonnegatively curved

Riemannian manifolds. This chapter is organized as follows. In the next section we show some

elementary inequalities that will play a pivotal role in this work. These inequalities are based on

ODE methods that go back to Sturm, but which are quite trivial whence no reference is given.

The proof of the main theorem, Theorem 1.3.1, occupies Section 3.2 and it is divided into two

steps: the main inequality and the discussion of the rigidity statement. In Section 3.3, we develop

the adaptation of the proof of the main theorem to the class of asymptotic✽ nonnegatively curved

spaces, namely Theorem 1.3.2. Next, Section 3.4 is reserved to discuss how Corollary 1.3.4 may

be obtained from Theorem 1.3.2, we postpone the converse of Theorems 1.3.1 and 1.3.2 to this

section and give concrete examples of our inequality.

3.1 Elementary inequalities

Throughout this section we assume that λ is nontrivial, i.e., λ ̸= 0 and we �x a point x ∈ Σ and

a unit speed geodesic γξ that starts at x and realizes the distance (2.3), that is, r(γξ(t)) = t for

t in some interval [0, α), where α > 0. Hence, all quantities considered here depend only on the

variable t and the point x is momentarily ignored. Also, from now on, by abuse of notation, the

function λ is meant to be (λ ◦ distp0 ◦ γξ)(t). We observe that if H(x) ̸= 0 then all comparisons

proved in this section are easier.

Let Jξ(t) be the Jacobi tensor �eld de�ned in (2.6) along the geodesic γξ which, from now on,

we denote simply by γ. Consider the function J : [0, tf(ξ)) → R de�ned by

J (t)
.
=
(

detJξ(t)
)1/(n−1)

(3.1)

and compare it with 4.B.4 in [24]. Note that we may always arrange the basis (e1, ..., en−1) of

TxΣ so that Jξ(0) = the identity of TxΣ.

Lemma 3.1.1. Assume Ric(γ̇(t), γ̇(t)) ≥ −(n − 1)(λ ◦ distp0)(γ(t)) for all t in the domain of

de�nition of γ and note that detJξ > 0 on [0, tf(ξ)). Then, the function J de�ned in (3.1)
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satis�es






J ′′ − λJ ≤ 0;

J (0) = 1, J ′(0) = H/(n− 1).
(3.2)

where H = H(x) is the mean curvature of Σ at x. In addition to that, if U
.
= J′ξJ

−1
ξ then the

equality J ′′ − λJ = 0 holds if and only if U = trU
n−1Pγ̇ and Rγ̇ = −λPγ̇ along γ, where Pγ̇ is the

orthogonal projection onto the orthogonal complement of the velocity �eld γ̇.

Proof. Write J (t) = e
1

n−1
log det Jξ(t) and di�erentiate J to get

J ′ =
1

n− 1

(

d

dt
logdetJξ

)

J

=
1

n− 1

(

trU
)

J .

Hence,

J ′′ =

(

− 1

n− 1
trU2 − 1

n− 1
trRγ̇

)

J +
1

n− 1

(

trU
)

J ′

≤ − 1

(n− 1)2
(trU)2J − 1

n− 1
Ric(γ̇, γ̇)J +

1

(n− 1)2
(trU)2J

≤ (λ ◦ distp0)(γ)J .

The last statement follows from the Example 2.4.1. The initial conditions are clear. □

In order to avoid a notational inconvenience, we de�ne the letter h to be

h
.
=

H

n− 1
. (⋆)

Lemma 3.1.2. Let y and j be, respectively, the unique solutions to the following initial value

problems (IVP)







y′′(t)− λ(t)y(t) = 0,

y(0) = 1, y′(0) = |h|;







j′′(t) = 0,

j(0) = 1, j′(0) = |h|.

Then, j ≤ y on [0,∞). Moreover, if J satis�es the conditions in (3.2) and H = trU(0), we

have

J ≤ y, on [0, tf(ξ)).
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log

(

|h|+
∫ t

0
λ(s)y(s)ds

)

≤
∫ t

ϵ
sλ(s)ds+

∫ t

ϵ

λ(s)ds

|h|+
∫ s
0 λ(u)(|h|u+ 1)du

+ log

(

|h|+
∫ ϵ

0
λ(s)y(s)ds

)

(3.4)

Proof. To prove the statements, we proceed as in [56]. Integrating the equation y′′ − λy = 0 we

get

y′(t) = |h|+
∫ t

0
λ(s)y(s)ds, (3.5)

which holds for all t ≥ 0 so, integrating once again in [0, t] with t > 0 and using that λ ̸= 0, we

get

y(t)− y(0) = t|h|+
∫ t

0

∫ u

0
λ(u)y(u)duds

= t|h|+
∫ t

0

(
∫ t

u
λ(u)y(u)ds

)

du

= t|h|+
∫ t

0
(t− u)λ(u)y(u)du (3.6)

≤ t|h|+ t

∫ t

0
λ(u)y(u)du

which gives

y(t)− 1

|h|+
∫ t
0 λ(s)y(s)ds

≤ t

which is equivalent to (3.3). Next, multiplying it by λ we get

λy

|h|+
∫ t
0 yλ

≤ tλ+
λ

|h|+
∫ t
0 yλ

. (3.7)

Now, from Lemma 3.1.2, we have t|h|+ 1 ≤ y so that

λ(t)

|h|+
∫ t
0 λ(s)y(s)ds

≤ λ(t)

|h|+
∫ t
0 λ(s)(|h|s+ 1)ds

.

Thus, integrating (3.7) on [ϵ, t], for 0 < ϵ < t, and using the above inequality gives (3.4). □

Proposition 3.1.5. Let y be the unique solution to the IVP in Lemma 3.1.2. Then

y(t) ≤
(

eb0ft+ 1
)

, for 0 ≤ t < ∞ (3.8)

where f = |h|(1 + b0) + b1, and b0 and b1 are de�ned by (1.1) and (1.2) respectively.



3.1. Elementary inequalities 36

Proof. Let ϵ > 0 be a real number (a �xed parameter), and de�ne an auxiliary function ρϵ :

[ϵ,∞) → R by

ρϵ(t) =

∫ t

ϵ
sλ(s)ds+

∫ t

ϵ

λ(s)ds

|h|+
∫ s
0 λ(u)(|h|u+ 1)du

+ log
(

|h|+
∫ ϵ

0
λ(s)y(s)ds

)

.

We now distinguish two cases.

Case 1. � Assume �rst that h ̸= 0. In this case we may choose the parameter to be ϵ = 0.

The heart of the matter is that we need to better control the second term on the right hand side

of (3.4). Considering that term, integration by parts show us that

∫ t

0

(

1

1 + s|h|

)

(1 + s|h|)λ(s)
|h|+

∫ s
0 λ(u)(|h|u+ 1)du

ds =
1

1 + t|h| log
(

|h|+
∫ t

0
λ(s)(|h|s+ 1)ds

)

− log |h| −
∫ t

0

−|h|
(1 + s|h|)2 log

(

|h|+
∫ s

0
λ(u)(|h|u+ 1)du

)

ds

≤ 1

1 + t|h| log
(

|h|+
∫ t

0
λ(s)(|h|s+ 1)ds

)

− log |h|+ |h|logf
∫ t

0

1

(1 + s|h|)2ds.

Observe that ρ′0(t) ≥ 0 so that ρ0 is nondecreasing and note that ρ0 is bounded above by b0+logf .

Hence, by (3.5) and analysing inequality (3.4) with ϵ = 0 and h ̸= 0 we conclude that

y′(t) ≤ eρ0(t) ≤ eb0f

holds for all t ≥ 0.

Case 2. � We now suppose that h = 0. In this case, the function ρϵ becomes

ρϵ(t) =

∫

t

0

sλ(s)ds+ log

(
∫

t

0

λ(s)ds

)

− log

(
∫

ϵ

0

λ(s)ds

)

+ log

(
∫

ϵ

0

λ(s)y(s)ds

)

−
∫

ϵ

0

sλ(s)ds.

(3.9)

Again, ρ′ϵ ≥ 0 and ρϵ is nondecreasing. In addition, letting t → ∞ we see from (3.9) that ρϵ

satis�es

ρϵ(t) ≤ b0 + log b1 + log

(

∫ ϵ
0 λ(s)y(s)ds
∫ ϵ
0 λ(s)ds

)

−
∫ ϵ

0
sλ(s)ds.

Therefore, by (3.5), after applying the exponential function, we may rewrite inequality (3.4) as
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y′(t) ≤ eρϵ(t) ≤
(

eb0b1
1

e
∫ ϵ

0
sλ(s)ds

)

∫ ϵ

0
λ(s)y(s)ds
∫ ϵ

0
λ(s)ds

, (3.10)

which holds only for t > 0. Since the LHS of (3.10) does not depend on ϵ and it holds for all

ϵ > 0 small, we may take the limit on the RHS, if it exists, when ϵ → 0. But, the quotient of

integrals above clearly satis�es

lim
ϵ→0+

1
∫ ϵ

0
λ

∫ ϵ

0
λy = lim

ϵ→0+
y(ϵ) = 1.

Thus, letting ϵ → 0 in (3.10) gives y′ ≤ eb0b1. As a result, regardless of the signal of h we have

y′ ≤ eb0f . Integrating this di�erential inequality gives (3.8). □

Remark 3.1.6. In view of Proposition 3.1.5, it is natural to wonder about the asymptotic

behavior of t 7→ y(t)/(eb0ft+1). As we will see later, it will play a crucial role in understanding

the connection between the decay of λ and the rigidity statement. To understand this issue, we

introduce the notation X(t) = (eb0ft+ 1). By equations (3.6) and (3.5) we have

(

y(t)

X(t)

)′
=

eb0f

X(t)2

[

t

(

|h|+
∫ t

0
λ(s)y(s)ds

)

− y(t)

]

+
1

X(t)2

[

|h|+
∫ t

0
λ(s)y(s)ds

]

=
eb0f

X(t)2

[

− 1 +

∫ t

0
uλ(u)y(u)du

]

+
1

X(t)2

[

|h|+
∫ t

0
λ(s)y(s)ds

]

.

So, on the one hand, the signal of the above derivative depends on the factor −1+
∫ t
0 uλ(u)y(u)du.

On the other hand, it depends on the numerator y′X−X
′y which is increasing as long as λ does

not vanish since

(

y′(t)X(t)− X
′(t)y(t)

)′
= λ(t)y(t)X(t) ≥ 0.

In particular,

d

dt

∣

∣

∣

∣

t=0

(

y(t)

X(t)

)

= |h| − eb0f < 0. (3.11)

3.2 A sharp geometric inequality, 1st case

In this section we give the proof of the Theorem 1.3.1. First we slightly deviate from the course

of the proof to establish some notations and terminology.
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Digression 3.2.1. We now look at the collective behavior of geodesics that start at the boundary

Σ = ∂Ω and realize the distance r(w) = distg(w,Σ), for w ∈ M \Ω to gather all the information

developed so far into single maps. For each x ∈ Σ, de�ne

Xx(t) = eb0f(x)t+ 1, t ∈ R, (3.12)

where f : Σ → R is the function f(x) = |h|(x)(1+ b0)+ b1 and b0 and b1 are de�ned by (1.1) and

(1.2) respectively. Remind that h(x) = H(x)/(n − 1) as de�ned in (⋆), where H(x) is the mean

curvature of Σ at x. Recall that

Jx(t) = detJξ(x)(t)
1

n−1 , t ∈ [0, tf(ξx)),

as de�ned in (3.1), where ξ(x) = ξx is the outward, unit and normal vector at x ∈ Σ and

tf(ξx) is the �rst time the geodesic γξx hits a focal point. We sometimes consider parameters as

variables and write, e.g., X(x, t) instead of Xx(t) or J (x, t) in place of Jx(t). By Proposition

3.1.5 and Lemma 3.1.2 we have J n−1
x (t) ≤ X

n−1
x (t), t ∈ [0, tf(ξx)). Next, de�ne the function

θ̂ : Σ× [0,∞) → R by

θ̂(x, t) =

(

Jx(t)

Xx(t)

)n−1

. (3.13)

For each x ∈ Σ the quantity θ̂(x, ·) is clearly positive on [0, tf(ξx)). Also, if yx denotes the

unique solution to y′′x(t)− λ(t)yx(t) = 0, with suitable initial conditions, where λ(t) is implicitly

understood to be the function λ(distp0(γξx(t))), then by Proposition 3.1.5 we have

θ̂(x, t)
1

n−1 ≤ Jx(t)

yx(t)
, x ∈ Σ, t ∈ [0, tf(ξx)), (3.14)

where t 7→ Jx(t)/yx(t) is monotone decreasing by Lemma 3.1.2. Moreover, for any 0 ≤ a <

b ≤ ∞ such that b ≤ τc(x), where τc(x) is the cut time de�ned in (2.4), we shall consider the

supremum of θ̂(x, ·) for t ∈ [a, b). That supremum is denoted by

sup
[a,b)

θ̂(x)
.
= sup

t∈[a,b)
θ̂(x, t) ≤ 1, x ∈ Σ.

Finally we de�ne the function whose asymptotic behavior is key for this work. Let θ : Σ×[0,∞) →
R be de�ned by

θ(x, t)
1

n−1 =
yx(t)

Xx(t)
.
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In Remark 3.1.6 we analysed the �rst derivative of θx(t) = θ(x, t). In particular, if λ ̸= 0 then

by (3.11) we have

∂

∂t

∣

∣

∣

∣

t=0

θ(x, t)
1

n−1 < 0, (3.15)

so that for all x ∈ Σ, the function t 7→ θx(t)
1

n−1 is decreasing on a neighborhood of zero (Figure

3.2 describes the essentially three possibilities for the graph of θ, all of which ful�ls θ(0) = 1).

□

Next, we proceed with the proof of Theorem 1.3.1, which is divided into two steps. To prove

inequality (1.4) we may assume, without loss of generality, that Ω has no hole, i.e., M \Ω has no

bounded component.

Proof of inequality (1.4). Suppose �rst that λ = 0. Then, by hypothesis, (M, g) has nonneg-

ative Ricci curvature and, therefore, the argument in [49] goes through without modi�cation to

conclude inequality (1.4). We now assume that λ ̸= 0. Thus, all the comparison arguments in

Section 3.1 hold.

Denote by TΩ(R) the geodesic tube of radius R about Ω. Then, for any R > 0, we have

vol(TΩ(R)) = |Ω|+
∫

Σ

∫ R∧τc(x)

0
detJξ(x)(t)dtdσ(x)

≤ |Ω|+
∫

Σ

∫ R∧τc(x)

0
X(x, t)n−1dtdσ(x)

≤ |Ω|+
∫

Σ

∫ R

0

(

eb0f(x)t+ 1
)n−1

dtdσ(x)

= |Ω|+ e(n−1)b0 R
n

n

∫

Σ
f(x)n−1dσ(x) +O(Rn−1),

where R ∧ τc denotes the minimum between R and τc. Dividing both sides of the inequality

above by ωnR
n = |Sn−1|Rn/n and letting R → ∞ we obtain

AV R(g) ≤ e(n−1)b0 1

|Sn−1|

∫

Σ
f(x)n−1dσ(x)

which implies (1.4).

Equality discussion. We �rst prove the case (W1). If λ = 0 then (M, g) has nonnegative Ricci

curvature. If equality in (1.4) holds, we have

∫

Σ

∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

n−1

dσ = AV R(g)|Sn−1|.
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Then the argument in [49] goes through ipsis litteris to conclude this �rst part. Next, we move

to the case (W2). Suppose we have

e(n−1)b0

∫

Σ

(∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ = AV R(g)|Sn−1|. (3.16)

We must show that Σ is a totally umbilical hypersurface with constant mean curvature on

components. Observe �rst that from the continuity of τc and from the inequalities in Proof of

inequality (4) above we deduce τc ≡ ∞ on Σ. Now, on the one hand, for all x ∈ Σ and R′ > 0,

the hypothesis λ ̸= 0 together with (3.14) ensures that

sup
[R′,∞)

θ̂(x) = sup
[R′,∞)

(

Jx(t)

Xx(t)

)n−1

≤ sup
[R′,∞)

(

Jx(t)

yx(t)

)n−1

=

(

Jx(R
′)

yx(R
′)

)n−1

≤ 1. (3.17)

On the other hand, for any 0 < R′ < R, we have

vol(TΩ(R)) = |Ω|+
∫

Σ

∫ R

0
detJξ(x)(t)dtdσ(x)

= |Ω|+
∫

Σ

∫ R

R′

θ̂(x, t)X(x, t)n−1dtdσ(x) +

∫

Σ

∫ R′

0
detJξ(x)(t)dtdσ(x)

≤ |Ω|+
∫

Σ
sup
[R′,R]

θ̂(x)

∫ R

R′

(

eb0f(x)t+ 1
)n−1

dtdσ(x) +

∫

Σ

∫ R′

0
detJξ(x)(t)dtdσ(x)

= |Ω|+ e(n−1)b0 R
n

n

∫

Σ
sup
[R′,R]

θ̂(x)f(x)n−1dσ(x) +O(Rn−1).

Dividing both sides by |Bn|Rn
/

|Sn−1| = Rn/n and letting R → ∞, we get

|Sn−1|AV R(g) ≤e(n−1)b0

∫

Σ
sup

[R′,∞)
θ̂(x)

(
∣

∣

∣

∣

H(x)

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ(x), (3.18)

for all R′ > 0. Subtracting (3.16) from (3.18), one easily deduces that for almost every x ∈ Σ

and R′ > 0

sup
[R′,∞)

θ̂(x)− 1 = 0.

Hence, according to (3.17), we have Jx(R
′)
/

yx(R
′) = 1 for almost every x ∈ Σ and for all

R′ > 0. By continuity, this holds everywhere. In particular, θ̂ ≡ θ. The initial conditions on

Jx(t) and yx(t) return |H| = H ≥ 0. Inspecting the comparison argument above and reasoning

as in Lemma (3.1.1), we get that

(E1) Hr =
∆r
n−1P∂r ;
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(E2) Ric(∂r, ∂r) = −(n− 1)(λ ◦ distp0),

holds along Φ([0,∞)×Σ), where distp0 in (E2) above is evaluated at the integral curves of gradg r.

It follows from the �rst equation (E1) that Σ is umbilic. It follows from the second equation that

ξx = ∂r
∣

∣

x
must be an eigenvector of the Ricci tensor of (M, g) since Ric ≥ −(n− 1)(λ ◦ distp0)g,

for x ∈ Σ. Therefore Ric(ξx, ek) = 0, where {e1, ..., en−1} is an orthonormal basis for the tangent

space TxΣ. Using the Codazzi equations, we deduce that the curvature tensor of (M, g) satis�es

R(ei, ej , ek, ξ) =
1

(n−1)

(

eiHδjk − ejHδik
)

so that

0 =Ric(ej , ξ) =
(n− 2)

n− 1
ejH.

Consequently, H is locally constant. This establishes the �rst claim. Next, Suppose Σ is con-

nected. Write V = {tξx : x ∈ Σ, t ∈ [0,∞)} and for each t ∈ [0,∞), de�ne Σ∗
t = r−1(t)∩exp⊥(V),

which is the part of the level sets consisting of regular points, and because τc ≡ ∞, it is equal to

r−1(t) itself. Moreover, since r−1[a, b] is compact and contains no critical points of r we conclude,

by Morse theory, that the Σ∗
t
′s are connected, whence M has only one end.

For each t ∈ [0,∞), let H[t] be the mean curvature of Σ∗
t and let φ be the unique solution to

φ′(t) − H[t]
n−1φ(t) = 0, with initial condition φ(0) = 1, which is well posed as long as r−1(t) is

connected. It is easy to see that φ is increasing and ∴ positive (cf. Lemma 3.1.2). Now, let us

show that φ satis�es a Jacobi type equation and that Σ is a geodesic sphere centered at p0. To

obtain these claims, observe that the function r 7→ φ′(r)
φ(r) satis�es a Riccati type equation since,

by the Bochner formula, we have

1

2
∆|∇r|2 = |D2r|2 + ⟨gradg r, gradg∆r⟩+Ric(gradg r, gradg r)

=
(∆r)2

n− 1
+

∂

∂r
∆r − (n− 1)(λ ◦ distp0)(γξx(r))

= (n− 1)

(

(φ′

φ

)′
+
(φ′

φ

)2
− (λ ◦ distp0)

(

γξx(r)
)

)

= 0, (3.19)

for all x ∈ Σ and each integral curve γξx of gradg r. By uniqueness of solutions to (3.19) with

given initial data, the function Σ ∋ x 7→ distp0(x) can only be constant. Therefore, Ω is a

geodesic ball centered at p0 with radius r0 = distg(p0,Σ). Moreover, M \ Ω is easily seen to be

locally a warped product, since de�ning u : M \ Ω → R by

u(w)
.
=

∫ r(w)

0
φ(t)dt, (3.20)

gives gradg u = φ(r)gradg r so that D
2u = φ′g which ful�ls a characterization of warped product

with 1-dimensional factor which goes back to Brinkmann (see e.g. [13], pp. 192 � 194, or the

original [11] ). Next, we globalize this result.

Claim.� The manifold M \Ω is isometric to
(

[r0,∞)×Σ, dr⊗ dr+ ϱ(r)2gΣ
)

. In fact, since
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(D.1) ∂
∂tθ(x0, t)

1

n−1 = 0 for all t ≥ τ for some τ > 0 then λ has compact support;

(D.2) ∂
∂tθ(x, t)

1

n−1 > 0, for all t big enough, then lim
r→∞

∂
∂tθ(x, r)

1

n−1 = 0.

Proof. Assume we have equality in the inequality (1.4). Suppose for the sake of contradiction that

there exists x0 ∈ Σ and some open neighborhood W of x0 in Σ such that t 7→ θ(x, t)
1

n−1 does not

have critical points for all x ∈ W. From (3.15) and the hypothesis, we have ∂
∂tθ(x, t)

1

n−1 < 0 for

all t ≥ 0 so that t 7→ θ(x, t)
1

n−1 is (strictly) decreasing along [0,∞) and therefore so is t 7→ θ̂(x, t),

for all x ∈ W , since we have seen that equality in (1.4) implies θ̂ = θ. Hence, for 0 < R′ < R, a

simple analysis of the asymptotic behavior of vol(TΩ(R))/|Bn|Rn, where the numerator satis�es

a chain of inequalities of the type

vol(TΩ(R)) = |Ω|+
∫

W

∫ R

0
detJξ(x)(t)dtdσ(x) +

∫

Σ\W

∫ R

0
detJξ(x)(t)dtdσ(x)

= |Ω|+
∫

W

∫ R

R′

θ(x, t)X(x, t)n−1dtdσ(x) +

∫

W

∫ R′

0
detJξ(x)(t)dtdσ(x)+

∫

Σ\W

∫ R

0
detJξ(x)(t)dtdσ(x)

< |Ω|+
∫

W
θ(x,R′)

∫ R

R′

X(x, t)n−1dtdσ(x) +

∫

W

∫ R′

0
detJξ(x)(t)dtdσ(x)+

∫

Σ\W

∫ R

0
detJξ(x)(t)dtdσ(x)

yields

AV R(g) <
e(n−1)b0

|Sn−1|

∫

Σ

(∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ,

contradicting equality in (1.4). This proves the �rst assertion of the proposition. To prove (D

.1) suppose ∂
∂tθ(x0, r)

1

n−1 = 0 for all r ≥ τ for some positive τ and some x0 ∈ Σ. Then,

θ(x0, t)
1

n−1 = yx0
(t)/Xx0

(t) = c ∈ R for t ≥ τ (it is easy to see that c = 1, but this has no role

here). Then, we must have yx0
(t) = cXx0

(t), for all t ≥ τ . Therefore,

0 = y′′x0
(t) = λ(t)yx0

(t)

for all t ≥ τ and because yx0
> 0 this proves that λ has compact support. To see (D.2) notice

that t 7→ θ(x0, t)
1

n−1 is eventually increasing, by hypothesis. Since θ = θ̂ and sup{θ̂(x, t) : t ∈
[R′,∞)} = 1, we conclude that the limit of θ(x, r) for r → ∞ is equal to 1 which completes this

case. □

It is relevant to point out that the �rst assertion of Proposition 3.2.3 is equivalent to:
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Suppose that λ ̸= 0. If there exists x0 ∈ Σ and an open neighborhood W of x0 in Σ

such that t 7→ θ(x, t)
1

n−1 does not have critical points on W then the inequality (1.4)

is strict.

3.2.2 The Ricci curvature of the foliation

In this section we investigate some properties of the level sets of the function u de�ned in (3.20).

Thus, we are assuming equality (1.4) in the main theorem holds so that M\Ω splits isometrically

as a warped product [r0,∞) ×ϱ Σ and the level sets u−1(c) are just the slices {s} × Σ, where
∫ s
0 φ = c. Let S = u−1(c), with c > 0 (a regular value), be any level set of u. The unit and

normal vector �eld along S is the gradient gradg r of the distance (2.3), which is the same as the

vector �eld ∂r, so that its shape operator is given by

⟨A∂rX,Y ⟩ = −⟨∇X∂r, Y ⟩ = −D2r(X,Y ) = − ∆r

n− 1
⟨X,Y ⟩, X, Y ∈ X(S).

To understand the relation between the Ricci curvature of the ambient to the Ricci curvature

of these level sets, we need one more element: the sectional curvature of planes spanned by

pairs of vectors {∂r, e} where e is any unit vector in TS, say e ∈ TqS. Denote by E any local

vertical extension of e (that is, a vector �eld E which is everywhere tangent to the �bers of the

Riemannian submersion r : M \ Ω̄ → R). We have

secM(e, ∂r) = −⟨∇∂r∇E∂r, E⟩ − ⟨∇[E,∂r]∂r, E⟩

= − ∂

∂r
D2r(E,E) + ⟨∇E∂r,∇∂rE⟩ −D2r([E, ∂r], E)

= − ∂

∂r

(

∆r

n− 1

)

−
(

∆r

n− 1

)2

We observe that this is in accordance with (E2) since

RicM(∂r, ∂r) =
n−1
∑

k=1

secM(ek, ∂r) = −(n− 1)

{

∂

∂r

∆r

n− 1
+
( ∆r

n− 1

)2
}

= −(n− 1)

{

(φ′

φ

)′
+
(φ′

φ

)2
}

= −(n− 1)
(

λ ◦ distp0
)

,

by (3.19), and in terms of an orthonormal basis e1, ..., en−1 of TqS. We compute the intrinsic

Ricci curvature of S
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RicS(e, e) =
n−2
∑

k=1

secS(e, ek)

= RicM(e, e)− secM(e, ∂r) +
n−2
∑

k

⟨A∂re, e⟩⟨A∂rek, ek⟩

= RicM(e, e) +
∂

∂r

H

n− 1
+ (n− 1)

(

H

n− 1

)2

where e1, ..., en−2 is an orthonormal basis of {e}⊥ in TqS. Using the hypothesis on the Ricci

curvature of g, that is, RicM ≥ −(n− 1)(λ ◦ distp0)g and (3.19) again, we get

RicS(e, e) ≥ −(n− 2)
∂

∂r

H

n− 1
.

Trivially, M \Ω cannot be Einstein (from the beginning, clearly, M cannot be Einstein � unless

it is Ricci �at). Moreover, there is no restriction about Σ being Einstein (cf. Corollary 9.107 in

[7]).

3.3 A sharp geometric inequality, 2nd case

In this section we sketch the proof of Theorem 1.3.2. We �rst digress about its preliminary

conditions.

Digression 3.3.1.
[

The notion of asymptotic✽ volume ratio
]

Assume (M, g) has asymptotically✽ nonnegative Ricci curvature relatively to Γ0, where Γ0 is a

connected and closed hypersurface. Assume additionally that Γ0 separates the ambient M, that

is, M \Γ0 = M+ ∪M− where both M+ and M− are connected subsets of M, at least one of these

components is unbounded and the other is possibly empty. Assume M+ to be the unbounded

component. Take a unit and normal vector �eld ν : Γ0 → νΓ0 that points into M+. Our main

interest relies on the analysis of the asymptotic behavior of

vol(T +
Γ0
(R)) =

∫

Γ0

∫ R∧τc(x)

0
detJν(x)(t)dtdσ0(x),

where dσ0 is the induced volume element on Γ0. We observe now that all comparisons from Section

3.1 go through if we replace the distance distp0 by distΓ0 . Indeed, one de�nes the Jacobian J

just as in formula (3.1) and notices that the only di�erence between the comparisons there and

the case at hand is that we are now considering geodesics γνx in M with γ̇νx(0) = νx which

implies:

distΓ0(γνx(t)) = t ⇒ λ(distΓ0(γνx(t))) = λ(t), 0 ≤ t ≤ τc(νx).
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





(y✽
x)

′′(t)− λ(distΓ0(γξx(t)))y
✽
x(t) = 0,

y✽
x(0) = 1, (y✽

x)
′(0) = |h|(x),

where h = H/(n−1), with H being the mean curvature of Σ. By hypothesis, there exists an open

set Ω with �nite volume such that ∂Ω = Γ0 ∪ Σ. Then vol(T +
Γ0
(R)) ≤ |Ω|+ vol(T +

Σ (R)) so that,

proceeding exactly as in Proof of inequality (4) and letting R → ∞ in a chain of inequalities of

the type

vol(T +
Γ0
(R))

ωnRn
≤ |Ω|

|Bn(R)| +
1

|Bn(R)|

∫

Σ

∫ R∧τc(x)

0
J ✽(x, t)n−1dtdσ(x)

≤ |Ω|
|Bn(R)| +

n

Rn|Sn−1|

∫

Σ

∫ R

0
X(x, t)n−1dtdσ(x)

grants us inequality (1.8).

Equality discussion. Suppose we have the equality

e(n−1)b0

∫

Σ

(
∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

(1 + b0) + b1

)n−1

dσ = AV R✽(g)|Sn−1|. (3.23)

First observe τc ≡ ∞ over Σ along the directions given by ξ. Analogously to what was done in

Digression 3.2.1 we de�ne the functions θ̂✽, θ✽ : Σ× [0,∞) → R setting

θ̂✽(x, t)
1

n−1 =

(

J ✽(x, t)

X(x, t)

)

and θ✽(x, t)
1

n−1 =

(

y✽(x, t)

X(x, t)

)

.

Now, the fact that J ✽(x,t)
X(x,t) ≤ J ✽(x,t)

y✽(x,t)
, x ∈ Σ, t ≥ 0 together with the monotonicity of t 7→ J ✽

x (t)

y✽
x(t)

and equality (3.23) gives sup{θ̂✽(x, t) : t ∈ [R′,∞)} = 1, for almost every x ∈ Σ and for all

R′ > 0 which yields J ✽(x, t) ≡ y✽(x, t) on Σ × [0,∞) so that the mean curvature H of Σ is

nonnegative and

(E1✽) Hr• = ∆r•

n−1P∂r• ;

(E2✽) Ric
(

∂
∂r• ,

∂
∂r•

)

= −(n− 1)(λ ◦ distΓ0),

both hold on Φ(Σ×[0,∞)), where Φ is de�ned by (2.5). Repeating the argument in the Equality

discussion in Section 3.2 we deduce that Σ is a totally umbilic hypersurface with locally constant

mean curvature. In addition to that, if Σ is connected then (E1✽) and (E2✽) together with the

nonexistence of critical points for r•, the fact τc ≡ ∞ over Σ and elementary Morse theory

yield that the referred distance induces a smooth, codimension one umbilical foliation F✽(X)

whose leaves Σ✽
t = Φ

(

Σ× {t}
)

are connected hypersurfaces with constant mean curvature H[t],
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whence M+ \Ω has only one end. The aforementioned foliation is also induced by the closed and

conformal vector �eld given by

X
∣

∣

w
= φ(r•(w))∂r•

∣

∣

w
, and de�ned on M+ \ Ω

(

observe C(Σ) = ∅
)

where φ is the solution to φ′(t) − H[t]
n−1φ(t) = 0, with initial condition φ(0) = 1. Following the

ideas of Montiel (see Proposition 3 in [37]) one shows that M+ \ Ω is locally a warped product.

Following the ideas in our Equality discussion in the preceding section, one shows that

M+ \ Ω is isometric to
(

[r0,∞)× Σ, dr ⊗ dr + ϱ(r)2gΣ
)

, where r0 = distg(Γ0,Σ)

and ϱ(r) = φ(r − r0) is the solution to ϱ′′(t)− λ(t)ϱ(t) = 0, with the required initial conditions,

so that Γ0 and Σ are equidistant hypersurfaces (see Remark 3.2.2) with r0 being the distance

between them. □

3.4 Application to warped product spaces

In this section, we show that Corollary 1.3.4 is a direct consequence of Theorem 1.3.2 and

set the stage for the proof of the converse of our Willmore-type inequality in asymptotic and

asymptotic✽ nonnegatively curved spaces. Moreover, we evaluate explicitly the constants b0(λ),

b1(λ) and AV R✽(gS) for the 3-dimensional Schwarzschild manifold.

Lemma 3.4.1.
[

Basic properties of (M, g)
]

Let (M, g) be the warped product described in the introduction, that is

M
.
= [0,∞)×N, g

.
= dr ⊗ dr + h(r)2gN ,

and satisfying the conditions (Λ1)�(Λ3). Then, (M, g) has asymptotically✽ nonnegative Ricci

curvature relatively to Γ0 and associated function λ with �nite AV R✽(g), as de�ned in Digression

3.3.1. In addition to that, if the condition (Λ4) holds then AV R✽(g) > 0.

Proof. Let {E1
.
= ∂r, E2..., En} be a local orthonormal frame for M so that g(El, Ek) = δlk and

set ek = hEk, for k = 2, ..., n. It follows from elementary properties of warped product spaces

(see e.g. [25], pp. 59 � 60) that the Ricci curvature of M in the radial direction is given by

RicM(∂r, ∂r) = −(n− 1)
h′′(r)
h(r)

.

Whereas in spacial directions
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RicM(Ek, Ek) = RicN(Ek, Ek)−
(

h′′(r)
h(r)

+ (n− 2)
h′(r)2

h(r)2

)

≥ −(n− 1)

[

1

(n− 1)

h′′(r)
h(r)

−
(

n− 2

n− 1

)

ρ− h′(r)2

h(r)2

]

.

Let λ be the function from hypothesis (Λ2) so as to λ is nonincreasing and b0 is well de�ned.

The computations above show that

RicM ≥ −(n− 1)
(

λ ◦ distΓ0
)

g

so that the �rst claim is veri�ed. If (Λ3) holds then t 7→ h(t)n−1

tn−1 is eventually nonincreasing. By

Lemma 2.2 in [56] the function

(0,∞) ∋ R 7→ 1
∫ R

0
tn−1dt

∫ R

0
h(t)n−1dt

is also eventually nonincreasing. Since the (open) geodesic tube around Γ0 of radius R < ∞ is

equal to TΓ0(R) = [0, R)×N we have

vol(TΓ0(R))

|Bn(R)| =
|N|

|Sn−1|
1

∫ R

0
tn−1dt

∫ R

0
h(t)n−1dt. (3.24)

Hence, for big values of radius R, the function R 7→ vol(TΓ0(R))
/

|Bn(R)| is nonincreasing and we

have a �nite asymptotic✽ volume ratio. If (Λ4) holds then it is easy to see that AV R✽(g) > 0.

□

We now reveal how Corollary 1.3.4 is obtained from Theorem 1.3.2. Choose the open set M+

from Theorem 1.3.2 to be equal to M \ Γ0 and M− = ∅. Since Γ0 and Σ are homologous, there

exists an open set Ω with |Ω| < ∞ such that ∂Ω = Σ∪Γ0. The second inequality in the corollary

follows from here and the �rst was observed in Digression 3.3.1. With respect to the rigidity

statement, if equality in (1.15) holds then by Theorem 1.3.2 the manifoldM\(Ω∪Γ0) is isometric

to the model (1.9) (here we use the connectedness assumption on Σ), the hypersurfaces Γ0 and Σ

are equidistant and ∴ Σ is a slice {r0} ×N, where r0 is the distance between Γ0 and Σ. Clearly,

h ≡ ϱ over [r0,∞) so that all the necessary conditions are met. The proof of the su�ciency along

with the converse of Theorems 1.3.1 and 1.3.2 will be shown in the Subsection 3.4.1.

At this point, considering the warped product from Lemma 3.4.1 it is interesting to look at the

behavior of the function F : [0,∞) → R given by

F (t) =

∫

N

(∣

∣

∣

∣

h′(t)
h(t)

∣

∣

∣

∣

(

1 + b0
)

+ b1

)n−1

dvolN.
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The slices {r} × N for which equality in (1.15) occurs represent (global) minima of F . If (Λ4)

holds so that h′(t) ≥ 0 for t ≥ τ0 then

F ′(t) =
(n− 1)|N|
(1 + b0)−1

(

h′(t)
h(t)

(

1 + b0
)

+ b1

)n−2(h′′(t)
h(t)

− h′(t)2

h(t)2

)

, t ≥ τ0.

If equality in (1.15) holds for the slice Σ = {τ0}×N then F ′(t) ≥ 0 on a neighborhood of τ0 and

lim
t→∞

F ′(t) = 0.

3.4.1 The converse of Theorems 1.3.1 and 1.3.2

We are now ready to prove the converse of Theorems 1.3.1 and 1.3.2. If Ω is null-homologous

(resp. homologous to Γ0) then M\Ω (resp. M+ \Ω) is isometric to a warped product of the type

(

[r0,∞)× Σ, dr ⊗ dr + ϱ(r)2gΣ

)

where Σ is a connected constant mean curvature hypersurface in M and ϱ is the solution to

the Jacobi equation ϱ′′ − λϱ = 0 over [r0,∞) with the given initial conditions, i.e., ϱ(r0) = 1

and ϱ′(r0) = H/(n − 1). We divide this part in two cases, the �rst being that case where Ω is

null-homologous.

1st case. � Here r0 is the distance between p0 and Σ, Ω is a geodesic ball of radius r0 and ϱ

satis�es the limit (1.6). A note about the asymptotic volume ration is in order. By de�nition,

AV R(g) = limr→∞
vol(Bp0

(r))
ωnrn

. In our case, we may also compute this quantity by

AV R(g) = lim
R→∞

vol(T +
Σ (R))

ωnRn
(3.25)

by an easy examination of the asymptotics of the inequality vol(Bp0(R)) ≤ vol(T +
Ω (R)) when

divided by ωnR
n and the fact that equality in (1.4) holds. Moreover, for R > 0, we have

T +
Σ (R) = [r0, r0 +R)× Σ and according to formulas (3.24) and (3.25), we have

AV R(g) = lim
R→∞

(

|Σ|
|Sn−1|

(
∫ R

0
tn−1dt

)−1 ∫ r0+R

r0

ϱ(t)n−1dt

)

thereby, alongside an application of L'Hôpital's rule, we obtain
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AV R(g)|Sn−1|
|Σ| = lim

R→∞

(

ϱ(r0 +R)

R

)n−1

=

(

lim
R→∞

ϱ(r0 +R)

R

)n−1

=

[

eb0
(

H

(n− 1)
(1 + b0) + b1

)]n−1

.

This implies that we have equality in (1.4).

2nd case. � Here r0 is the distance between the equidistant hypersurfaces Γ0 and Σ and ϱ

satis�es the limit (1.10). Now, for R > r0 we have vol(T +
Γ0
(R)) = |Ω|+ vol(T +

Σ (R− r0)) and also

T +
Σ (R − r0) = [r0, R − r0) × Σ. Again, by formula (3.24) and the de�nition of the asymptotic✽

volume ratio (see (3.21)), we have

AV R✽(g) = lim
R→∞

vol(T +
Σ (R− r0))

ωnRn
= lim

R→∞
|Σ|

|Sn−1|
1

∫ R

0
tn−1dt

∫ R−r0

r0

ϱ(t)n−1dt.

Clearly we may proceed as before to achieve equality in this case. □

3.4.2 Application to the Schwarzschild and Reissner-Nordstrom manifolds

A particular set of examples of the above construction comes from considering Riemannian

warped products (M, g) of the following type

M = (s,∞)×N, g =
1

ω(s)
ds⊗ ds+ s2gN, (3.26)

where s > 0 and ω(s) is a smooth function on [s,∞). As described in [8], to see the metric g into

the form (1.13), one considers the change of variables F : [s,∞) → R de�ned by F ′(s) = 1/
√

ω(s)

and F (s) = 0. Then, the substitution r = F (s) brings (3.26) into the desired form and if

h : [0,∞) → [s,∞) denotes the inverse of F an easy computation gives

h′(r) =
√

ω(s) and h′′(r) =
1

2
ω′(s),

where s = h(r). With respect to the change of variables r = F (s), the functions λ1 and λ2

become

λ1(s) =
ω′(s)
2s

and λ2(s) =
ω′(s)

2(n− 1)s
−
(

n− 2

n− 1

)

ρ− ω(s)

s2
,

the condition (Λ1) remains unchanged while (Λ2) � (Λ4) are equivalent to the following pair

of conditions
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� there exists a continuous nonnegative nonincreasing function λ : [s,∞) → R s.t. λ ≥
max{λ1, λ2} and

b0 =

∫ ∞

s

F (s)λ(s)F ′(s)ds < ∞ (3.27)

� the function (s,∞) ∋ s 7→ s
F (s) is eventually monotone decreasing.

It is straightforward to check that, after the change described above, the Schwarzschild and

Reissner-Nordstrom spaces introduced in (1.16) and (1.17) respectively, ful�ls the conditions

(Λ1)�(Λ4). In particular, since these spaces have smallest Ricci curvature in the radial direc-

tion, there is an evident choice for the function λ.

Example 3.4.2.
[

The constants b0(λ), b1(λ) and AV R✽(gS) for the 3-d Schwarzschild space
]

The (3-dimensional) model of the Schwarzschild space we are adopting in this example is

M = [0,∞)× S
2, g = dr ⊗ dr + h(r)2gS2 , (3.28)

where h has h′(r) =
√

1−ms(r)−1 so that it meets the initial condition h(0) = m. It is

straightforward to check that M has asymptotically✽ nonnegative Ricci curvature relatively to

Γ0 = {0} × S
2:

RicM ≥ −(n− 1)
h′′(r)
h(r)

g.

In this case we have the clear choice λ(r) = h′′(r)
h(r) for the associated function. Also, in this

example, Σ is taken to be equal to Γ0. We begin by computing the constant b1. Using the

substitution r = F (s), the de�nition of b1 and the change of variables u = ω(s), where ω(s) =

1−ms−1, we get

b1 =

∫ ∞

0
λ(t)dt =

m

2

∫ ∞

s

s−3

√

ω(s)
ds =

2

3

1

m

We now evaluate AV R✽(g). Using formula (3.24), using the substitution r = F (s) and the

change of variables u = ω(s) again, we have

vol(TΣ(R)) =
m3|S2|
48

{

2
√
ω

m3s(R)−3

(

15ω2 − 40ω + 33
)

− 15log

(

ms(R)−1

(1 +
√
w)2

)

}

, ω = ω(s(R)).

Therefore,
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AV R✽(g) = lim
R→∞

vol(TΣ(R))

|B3(R)|

= lim
R→∞

m3

8R3

{ √
ω

m3s(R)−3

(

15ω2 − 40ω + 33
)

− 15

2
log

(

ms(R)−1

(1 +
√
w)2

)

}

= 1.

To compute b0(λ) note that F (s) = (1/2)
(

2s
√
ω +mlog (1 +

√
ω)−mlog (1−√

ω)
)

. Then,

b0 =
m

2

∫ ∞

s

F (s)

s3
√

ω(s)
ds =

1

3

(

1 + log4
)

. □ (3.29)

Observe that it is natural to make an attempt to extract a model for the geometry (1.9) from the

Schwarzschild space by changing the warping function. We now describe one such experiment.

Let κ be a positive real number and de�ne m
.
= 2

3κe
b0 , where b0 is given by (3.29). As in the

previous example, choose the warping function h with initial condition h(0) = m. Then de�ne

ϱ : [0,∞) → R by ϱ(r)
.
= m−1h(r), so that ϱ(0) = 1 and ϱ′(0) = 0 and consider the Riemannian

manifold

M = [0,∞)× S
2, g = dr ⊗ dr + ϱ(r)2gS2 .

It is straightforward to check that the Ricci curvature of g is smallest in the radial direction

provided m ≥ 1. Therefore, RicM ≥ −(n − 1)(λ ◦ distΓ0)g, where the associated function λ is

equal to ϱ′′/ϱ = h′′/h so that it satis�es the Jacobi equation ϱ′′ − λϱ = 0. As a result, the

numbers b1 and b0 remain the same as those calculated in the previous example. However,

lim
r→∞

ϱ(r)
(

eb0b1
)

r
= lim

r→∞
3

2eb0
h(r)

r
=

3

2eb0
̸= 1,

and we do not achieve equality in (1.14).

3.4.3 The Schwarzschild space ful�ls (Λ1)�(Λ4)

We now demonstrate that the Schwarzschild manifold ful�ls the hypothesis described above. It is

easy to see that s 7→ s
F (s) is monotone decreasing. In fact, di�erentiate the function g(s) = F (s)

s

to obtain g′(s) = F ′(s)s−F (s)
s2

. The numerator of g′(s) satis�es

(F ′(s)s− F (s))′ = F ′′(s)s = −m(n− 2)

2ω(s)3/2
s−n < 0.
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Since the numerator of g′ is decreasing and lims→∞ g′(s) = 0 we have g′ ≥ 0 and ∴ g is increasing.

This proves that (M, g) has a well de�ned asymptotic volume ratio. The other property that

needs to be checked is b0(λ) < ∞. For this, we subdivide the interval (s,∞) into (m, 2m] and

[2m,∞) to write

b0 =
m(n− 2)

2

(

∫ 2s

s

F (s)s−nF ′(s)ds+
∫ ∞

2s
F (s)s−nF ′(s)ds

)

In the interval m < s ≤ 2m we have 1/(2s)n ≤ s−n ≤ 1/sn so that

∫ 2s

s

F (s)F ′(s)
sn

ds ≤ 1

sn

∫ 2s

s

F (s)F ′(s)ds =
1

sn

(

F (2s)2 −
∫ 2s

s

F (s)F ′(s)ds

)

.

In the interval 2m ≤ s < ∞, we have 1/
√

ω(s) ≤ 1/
√

ω(2m) so that

∫ ∞

2m
F (s)s−nF ′(s)ds ≤ 1

√

ω(2m)

{

F (2m)(2m)1−n

n− 1
+

2

m(n− 1)(n− 2)

(

1−
√

ω(2m)
)

}

.

3.5 Building examples employing conformal approach

Let ḡ be the standard Euclidean metric on R
n. We want to study the possibility to �nd a

metric g, conformal to the Euclidean metric ḡ, say g = e2f ḡ such that (Rn, g) has asymptotically

nonnegative Ricci curvature with base point the origin 0, and such that f is a radial function,

i.e.

Ricg
∣

∣

w
≥ −(n− 1)(λ ◦ distg(0, w))g

∣

∣

w
and f(w) = f(|w|), w ∈ R

n, (⋆⋆)

for some associated function λ and some f ∈ C∞(Rn), where |w| refers to the usual Euclidean

distance from the origin. Set s(w) = |w|, w ∈ R
n, in order for, strictly speaking, f = φ(s), for

some φ ∈ C∞, and in terms of the natural ḡ-orthonormal basis {ei} of Rn write w = wkek. We

begin this study examining what properties the conformal factor f must satisfy. It is widely

known (see e.g. [43], pp. 90 � 91) that the Ricci curvature of g is given by

Ricg = −(n− 2)D̄2f + (n− 2)df ⊗ df −∆ḡfḡ − (n− 2)|df |2ḡ ḡ

where the quantities on the RHS of the above equation are considered with respect to the metric

ḡ. Since f is a radial function, denoting by {dwi} the dual coframe to {ei} so that dwl(ek) = δlk,

we have
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D̄2f
∣

∣

w
=

(

f ′′(s)− f ′(s)
s

)

wjwk

s2
dwj ⊗ dwk

∣

∣

w
+

f ′(s)
s

ḡ
∣

∣

w
, for w ∈ R

n

so that

Ricg
∣

∣

w
= −(n− 2)

(

f ′′(s)− f ′(s)
s

− f ′(s)2
)

wjwk

s2
dwj ⊗ dwk

∣

∣

w
+

−
(

f ′′(s) + (2n− 3)
f ′(s)
s

+ (n− 2)f ′(s)2
)

ḡ
∣

∣

w
.

Now, the inequality (⋆⋆) is realized for some associated function λ and some smooth radial

function f i�

−(n− 2)

(

f ′′(s)− f ′(s)
s

− f ′(s)2
)

wjwk

s2
dwj ⊗ dwk

∣

∣

w
+

−
(

f ′′(s) + (2n− 3)
f ′(s)
s

+ (n− 2)f ′(s)2 − (n− 1)
(

λ(r(w))
)

e2f(s)
)

ḡ
∣

∣

w
≥ 0,

for all w ∈ R
n, where r(w) = distg(0, w) is the distance induced by g, as de�ned in (2.3).
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CHAPTER 4

SPACESWITH NONNEGATIVE BAKRY-ÉMERY RICCI CUR-

VATURE

In this chapter we consider smooth metric-measure spaces to give a simple approach to weighted

volume measures on a Riemannian manifold and achieve a Willmore-type inequality based on

the techniques of asymptotic volume ratio, as developed on the previous chapter, and the knowl-

edge of volume growth of geodesic balls in manifolds with lower bounds on the Bakry-Émery

Ricci curvature. This chapter is ordered as follows. In Section 4.1 we prove some elementary

inequalities for the Bakry-Émery Ricci tensor which are the stepping-stones for volume compar-

ison. Next, in Section 4.2, we introduce the corresponding notion of asymptotic volume ratio for

spaces with nonnegative Bakry-Émery Ricci curvature and, �nally, in the last section we prove

a Willmore-type inequality for these spaces.

4.1 Mean curvature and volume comparison

An approach to comparison geometry based on Ricci curvature is given by the Bochner for-

mula :

1

2
∆|∇u|2 = |D2u|2 + ⟨∇u,∇∆u⟩+Ric(gradg u, gradg u), u ∈ C∞(M). (4.1)

Relatively to the measure e−fdvolg, where f is any smooth function on M, the intrinsic self-

adjoint f-Laplacian (or weighted Laplacian) is

∆fu = ∆u− ⟨gradg u, gradg f⟩, u ∈ C∞(M). (4.2)

We now recall the corresponding Bochner formula for this Laplacian and the Bakry-Émery Ricci

tensor. For any u ∈ C∞(M) (see e.g. [52]) it is straightforward to get

1

2
∆f |∇u|2 = |D2u|2 + ⟨∇u,∇∆fu⟩+RicNf (gradg u, gradg u) +

1

N
(dfgradg u)

2.
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On the one hand, using the inequality

(∆u)2

n
+

1

N
⟨∇u,∇f⟩2 ≥ (∆fu)

2

n+N

we get the following Bochner formula for the N -Bakry-Émery Ricci tensor,

1

2
∆f |∇u|2 ≥ (∆fu)

2

n+N
+ ⟨∇u,∇∆fu⟩+RicNf (gradg u, gradg u). (4.3)

On the other hand, for the ∞-Bakry-Émery Ricci tensor we have

1

2
∆f |∇u|2 ≥ (∆u)2

n
+ ⟨∇u,∇∆fu⟩+Ricf (gradg u, gradg u).

We now turn our attention to mean curvature comparison. Recall that the mean curvature mea-

sures the relative rate of change of the volume element of the geodesic spheres (when considering

distance to a point) and the volume element of the level sets (when considering distance to a

hypersurface). We now restrict our attention to the distance (2.3). With respect to the measure

e−fdvolg, the weighted mean curvature is mf = m − ∂
∂rf where, as in Chapter 2, m = H is the

mean curvature of the level sets with respect to −gradg r.

Recall that we denote by ξ the unit, outward-pointing and normal vector �eld along ∂Ω. The cor-

responding quantity in the model space we are comparing mf with is de�ned by mk
0

.
=

(k−1)Hf

k−1+(Hf )r
,

where Hf = H−⟨ξ, gradg f⟩ and k is understood to be the dimension of the model. For instance,

when dealing with the N -Bakry-Émery Ricci tensor then the underlying dimension is k = n+N .

In general, we will omit the superscript k and the dimension is supposed to be known by context.

Observe, �nally, that mf (0) = Hf .

Lemma 4.1.1.
[

Mean curvature comparison for N -Bakry-Émery
]

Let (M, g) be a Riemannian manifold and Σ a closed hypersurface. Assume RicNf (∂r, ∂r) ≥ 0.

Then

mf (r) ≤ m0(r), (4.4)

holds up to the �rst occurrence of a cut-point.

Proof. Applying the (modi�ed Bochner) inequality (4.3) to the distance (2.3), we get

0 =
1

2
∆f |∇r|2 ≥

m2
f

n+N − 1
+

∂

∂r
mf .

Since m′
0
= − 1

n+N−1m
2
0
we immediately get (4.4), by Sturm-Liouville comparison arguments.

□
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Lemma 4.1.2.
[

Mean curvature comparison for ∞-Bakry-Émery
]

Let (M, g) be a Riemannian manifold and Σ ⊂ M a closed hypersurface, realized as the boundary

of an open and bounded set Ω. Assume Ricf (∂r, ∂r) ≥ 0 along the integral curves of ∂r, where r

is the oriented distance (2.3). If ∂rf ≥ −a, where a ∈ R is ≥ 0, and Hf ≥ 0 then

mf (r) ≤ a+m0(r), (4.5)

holds up to the �rst occurrence of a cut-point.

Proof. By the usual Bochner formula applied to the distance (2.3), we have 0 ≥ m2/(n−1)+m′+

Ric(gradg r, gradg r). Summing and subtracting D2f applied to gradg r and using the curvature

condition Ricf (∂r, ∂r) ≥ 0, we obtain:

(m−m0)
′ ≤ − m2

n− 1
− Ric(gradg r, gradg r) +

m2
0

n− 1

≤ −m2 −m2
0

n− 1
+D2f(gradg r, gradg r).

De�ning the auxiliary function h(r) = (n − 1) + (Hf )r so that (h2)′ = 2
n−1h

2m0 we henceforth

obtain

[

h2(m−m0)
]′ ≤ h2

[

− (m−m0)
2

n− 1
+D2f(gradg r, gradg r)

]

≤ h2D2f(gradg r, gradg r).

Integrating from zero to r and integrating by parts we get

h2(r)
(

m(r)−m0(r)
)

− h2(0)
(

m(0)−m0(0)
)

≤
∫ r

0
h2(t)

∂2f

∂t2
(t)dt

= h2(r)∂tf(r)− h2(0)∂tf(0)−
∫ r

0

∂h(t)2

∂t

∂f

∂t
(t)dt

which, since
(

m(0)−m0(0)− ∂tf(0)
)

= 0, is the same as

h2(r)(mf (r)−m0(r)) ≤ −
∫ r

0
(h(t)2)′∂tf(t)dt.

Now, if ∂rf ≥ −a and Hf ≥ 0 then

h2(r)(mf (r)−m0(r)) ≤ a(h(r)2 − h(0)2) ≤ ah(r)2,
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so that

mf (r)−m0(r) ≤ a. □

In the previous result, it is important to observe that the auxiliary function satis�es h ≥ n − 1

(and it is nondecreasing) so that we may only possibly recover sharpness if a = 0. For this

reason, in what follows, we will consider this case.

It is now straightforward to get comparisons for the volume element based on lower bounds for

the Bakry-Émery Ricci tensors. Indeed, �rstly consider the coe�cient function of the measure

e−fdvolg induced by the coordinates (2.5), which we denote here by e−fdetJξ, i.e.,

Φ∗(e−fdvolg
)

= e−(f◦Φ)detJξdσ ∧ dr,

then

∂

∂t
log
(

e−fdetJξ
)

= (−∂tf + trU) = mf .

Secondly, de�ne the function θ : Σ× [0,∞) → R by

θ(t, x) =
e−f(x)detJξx
(

1 +
Hf (x)

L t
)L

, where L ∈ Z, L ≥ 1 (f = f ◦ Φ).

It is immediate that

∂

∂t
θ = θ

{

mf − Hf

1 +
Hf

L t

}

.

Thirdly, and �nally, on the one hand, if we have a nonnegative N -Bakry-Émery Ricci curvature

RicNf ≥ 0 then take L = n+N − 1 so that by Lemma 4.1.1, we get

∂

∂t
θ = θ

{

mf −m0

}

≤ 0.

On the other hand, if we have a nonnegative ∞-Bakry-Émery Ricci tensor Ricf ≥ 0 and, more-

over, if Hf ≥ 0 and ∂rf ≥ 0, then take L = n− 1 and conclude, by Lemma 4.1.2, that

∂

∂t
θ = θ

{

mf −m0

}

≤ 0.

In each case the function θ is nonincreasing for each x ∈ Σ so that θ ≤ θ(0) = e−f(x).
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4.2 The notion of f-asymptotic volume ratio

In this section we establish the corresponding notion of asymptotic volume ratio (AVR) when

we have nonnegativity of the Bakry-Émery Ricci curvature.

Suppose (M, g) is a noncompact, complete, n-dimensional Riemannian manifold and let p0 ∈ M

be an arbitrary (base) point. Let r•(w) = distg(w, p0) be the distance to the point p0.

� If RicNf ≥ 0 for some N ≥ 1 then it is well known (see e.g. [44], [5], [35]) that

(f -VR) the function (0,∞) ∋ R 7→ Θf (R)
.
=

volf (Bp0
(R))

ωn+NRn+N is nonincreasing.

� If Ricf ≥ 0 and, in addition to that, ∂r•f ≥ 0 along minimal geodesic segments from p0
then it is known (see e.g. [52]) that

(f -VR) the function (0,∞) ∋ R 7→ Θf (R)
.
=

volf (Bp0
(R))

ωnRn is nonincreasing.

Now, regardless of these two curvature assumptions, we have exhibited a monotonous quantity,

which is denoted by the same symbol, namely Θf . Henceforth, we convention that the quantity

we are referring to depend on which curvature assumption is in e�ect. Based on this, we may

introduce the f-Asymptotic Volume Ratio by

f -AV R(g) = lim
R→∞

Θf (R). (4.6)

Example 4.2.1.
[

Gaussian soliton
]

Let M
.
= R

n with the usual Euclidean metric ḡ and let f(x) = (λ/2)|x|2, so that D̄2f = λḡ and

Ricf = λḡ. This example shows that, although the underlying ambient is noncompact, we may

have Ricf ≥ λḡ and λ > 0. Moreover, still in the case λ > 0, we have

lim
R→∞

volf (B0(R)) =

∫

Rn

e−
λ
2
|x|2dx < ∞

and ∂r•f = ⟨∇̄f, ∇̄r⟩ = λ|x| > 0, where r•(x) = |x|, so that

f -AV R(ḡ) = 0. □

The previous example is a particular case of a more general scenery, as is shown in the next

result (see [52], pp. 390 or [38]).

Theorem 4.2.2.
[

Volume �niteness I
]

Let (M, g) be complete Riemannian manifold and f ∈ C∞(M) such that Ricf ≥ λ > 0. Then

volf (M) is �nite and M has �nite fundamental group.
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For the N < ∞ case, we can reach stronger conclusions and draw comparisons with the classical

Myers' Theorem ( [51], [39]).

Theorem 4.2.3.
[

Volume �niteness II
]

Let (M, g) be a complete Riemannian manifold and let f ∈ C∞(M) be a function such that

RicNf ≥ (n− 1)H > 0, with N < ∞. Then, M is compact and diamg(M) ≤
√

n+N−1
n−1

π√
H
.

Needless to say, under the circumstances described in the theorem above, we have f -AV R(g) = 0.

At this point, it is clear that, in the case Ricf ≥ 0, we have made two assumptions about the

(potential) function f . The �rst is that, to accomplish mean curvature comparison, we needed

to assume that the time derivatives of f along minimizing geodesics from the boundary are

nonnegative. The second is that, in order to have a well de�ned asymptotic volume ratio,

we needed that the time derivative of f along radial geodesics starting at a given base point,

are nonnegative. For the purpose of obtaining a Willmore-type inequality, we need these two

conditions to be satis�ed at once.

For example, these two conditions are ful�lled if we let our Ω ⊂ M be a connected, open and

bounded set with smooth boundary Σ and assume that there is a point p0 ∈ Ω from which

all radial geodesics starting at p0 meet Σ perpendicularly. Then, take f ∈ C∞(M) having

nonnegative partial derivatives along radial geodesics emanating from p0.

4.3 Willmore-type inequality for nonnegative Bakry-Émery

Ricci curvature

In this section we establish the Willmore-type inequality for the Bakry-Émery Ricci tensor. For

convenience of the reader, we enunciate it here. We start with the N < ∞ case.

Theorem 4.3.1.
[

Willmore-type inequality for nonnegative N-Bakry-Émery
]

Let (M, g) be a noncompact, complete n-dimensional Riemannian manifold with nonnegative N-

Bakry-Émery Ricci curvature. Let Ω be an open and bounded set with smooth boundary Σ = ∂Ω,

whose mean curvature is H. Then

∫

Σ

∣

∣

∣

∣

Hf (x)

n+N − 1

∣

∣

∣

∣

n+N−1

e−f(x)dσ(x) ≥ f -AV R(g)|Sn+N−1| (4.7)

where f -AV R(g) is the f-asymptotic volume ratio of g and Hf = H− ⟨ξ, gradg f⟩.

Proof. As in the previous chapter, denote by TΩ(R) the geodesic tube of radius R about Ω.

Then, compute the volume of this tube with respect to the measure e−fdvolg to get



4.3. Willmore-type inequality for nonnegative Bakry-Émery Ricci curvature 63

volf (TΩ(R)) = volf (Ω) +
∫

Σ

∫ R∧τc(x)

0
e−f(x)detJξ(x)(t)dtdσ(x)

≤ volf (Ω) +
∫

Σ

∫ R∧τc(x)

0
e−f(x)

(

1 +
Hf (x)

n+N − 1
r

)n+N−1

dtdσ(x)

≤ volf (Ω) +
∫

Σ

∫ R∧τc(x)

0
e−f(x)

(

1 +
H+

f (x)

n+N − 1
r

)n+N−1

dtdσ(x)

≤ volf (Ω) +
∫

Σ

∫ R

0
e−f(x)

(

1 +
H+

f (x)

n+N − 1
r

)n+N−1

dtdσ(x)

= volf (Ω) +
Rn+N

n+N

∫

Σ
e−f(x)

(

H+
f (x)

n+N − 1

)n+N−1

dσ(x) +O(Rn+N−1),

Dividing both sides of the inequality above by ωn+NRn+N = |Sn+N−1|Rn+N/(n+N) and letting

R → ∞ we obtain

f -AV R(g) ≤ 1

|Sn+N−1|

∫

Σ

(

H+
f (x)

n+N − 1

)n+N−1

e−f(x)dσ(x),

which clearly implies (4.7). □

Corollary 4.3.2.
[

Non-existence of closed, f -minimal hypersurfaces I
]

If (M, g) is complete and noncompact with RicNf ≥ 0 then there is no f -minimal hypersurface Σ

realized as the boundary of an open and bounded set, provided f -AV R(g) > 0.

Next, we establish the N = ∞ case.

Theorem 4.3.3.
[

Willmore-type inequality for nonnegative ∞-Bakry-Émery
]

Let (M, g) be a noncompact, complete n-dimensional Riemannian manifold with nonnegative ∞-

Bakry-Émery Ricci curvature. Let Ω be an open and bounded set with smooth boundary Σ = ∂Ω,

whose mean curvature is H. If ∂rf ≥ 0 and Hf ≥ 0 then

∫

Σ

∣

∣

∣

∣

Hf (x)

n− 1

∣

∣

∣

∣

n−1

e−f(x)dσ(x) ≥ f -AV R(g)|Sn−1| (4.8)

where f -AV R(g) is the f-asymptotic volume ratio of g and Hf = H− ⟨ξ, gradg f⟩.

Proof. We have

volf (TΩ(R)) = volf (Ω) +
∫

Σ

∫ R∧τc(x)

0
e−f(x)detJξ(x)(t)dtdσ(x)

≤ volf (Ω) +
∫

Σ

∫ R

0
e−f(x)

(

1 +
Hf (x)

n− 1
r

)n−1

dtdσ(x)

= volf (Ω) +
Rn

n

∫

Σ
e−f(x)

(

Hf (x)

n− 1

)n−1

dσ(x) +O(Rn−1),



4.3. Willmore-type inequality for nonnegative Bakry-Émery Ricci curvature 64

Dividing both sides of the inequality above by ωnR
n = |Sn−1|Rn/n and letting R → ∞ we obtain

(4.8). □

Corollary 4.3.4.
[

Non-existence of closed, f -minimal hypersurfaces II
]

Under the same conditions of Theorem 4.3.3, if f -AV R(g) > 0 then there is no f -minimal

hypersurface in M realized as the boundary of an open and bounded set.
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APPENDIX A

REMAINING CONSIDERATIONS

In this �nal chapter we discuss in more depth some topics left along the text. Firstly, regarding

the Willmore-type inequality in spaces of nonnegative Ricci curvature, we provide su�cient

conditions on the open set Ω that guarantees that the whole space is isometric to the Euclidean

space. Secondly, we show how to obtain a weaker version of the Willmore-type inequality using

Sobolev inequalities, as discussed in the introduction.

A.1 The geometry of Ω

Here we consider the equality case in equation (1.7), i.e., suppose

∫

Σ

∣

∣

∣

∣

H

n− 1

∣

∣

∣

∣

n−1

dσ = AV R(g)|Sn−1| > 0.

Then, as described in [3], (M, g) has Euclidean Volume Growth and M \ Ω splits isometrically

as the warped product [r0,∞)×h Σ (which is ∴ endowed with metric dr ⊗ dr + h(r)2gΣ, where

h(r) = r/r0) and Σ is a connected totally umbilic hypersurface with constant mean curvature

H. The nonnegativity of the Ricci tensor together with elementary properties of warped product

spaces (cf. Corollary 2.2.2. in [25]) gives

RicΣ ≥ (n− 2)
1

r20
gΣ.

It then becomes noteworthy to ask what geometric properties of Ω, or its boundary, prevent

the whole space to be isometric with R
n with standard Euclidean metric. It is straightforward

to check that if the diameter or the area of Σ ful�lls, respectively, diamg(Σ) ≥ πr0 or |Σ| ≥
rn−1
0 |Sn−1| then, in fact, (M, g) is isometric to the Euclidean space. An open question is if

vol(Ω) = ωn yields the same conclusion.

In a di�erent direction since Ω̄ is compact with MCB we may use a sharp result for Ω̄ based only

on its intrinsic distance to yield global conclusions. More speci�cally, by a theorem of Li [34],

since Σ has constant mean curvature, say H = (n− 1)k > 0, we have
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sup
x∈Ω

distg(x,Σ) ≤
1

k
. (A.1)

Furthermore, equality in (A.1) holds if and only if Ω̄ is isometric to a closed Euclidean ball of

radius 1/k, in which case AV R(g) = 1 so that (M, g) is isometric to the Euclidean space.

A.2 A weaker Willmore-type inequality

We now describe how to obtain a weaker version of the Willmore-type inequality using Sobolev

inequalities in spaces of nonnegative sectional curvature. Let Σn−1 ⊂ M be any closed hy-

persurface in a complete noncompact Riemannian manifold (M, g) with nonnegative sectional

curvature. Assume Σ = ∂Ω, where Ω is open and bounded in M. Then, take f = 1 over Σ and,

via the identi�cation M ∼= M× {0}, realize Σ as a codimension 2 submanifold in M× R, which

is endowed with the product metric g̃ = g+ dr ⊗ dr, apply Corollary 1.5 from [10] to get

∫

Σ
|H⃗|dσ ≥ (n− 1)|Bn−1| 1

n−1 |AV R(g̃)
1

n−1 |Σ|
n−2

n−1 , (A.2)

where B
k is the euclidean unit ball in R

k. A simple application of Hölder's inequality with

p = n− 1 and q = (n− 1)/(n− 2) on the left hand side of the above yields

(
∫

Σ
|H⃗|n−1dσ

)
1

n−1

≥ (n− 1)|Bn−1| 1

n−1AV R(g)
1

n−1 ,

where we have used AV R(g) = AV R(g̃). As a result,

∫

Σ

∣

∣

∣

∣

H⃗

n− 1

∣

∣

∣

∣

n−1

dσ ≥ |Sn−2|
n− 1

AV R(g).

A.3 A generalization of Bishop-Gromov

The next theorem is from [56] and is stated here for convenience of the reader.

Theorem A.3.1.
[

Volume Comparison for asymptotic nonnegatively curved spaces
]

Let (M, g) be a complete open n-dimensional Riemannian manifold with

Ricw ≥ −(n− 1)(λ ◦ distp0)(w),

for some associated function λ satisfying (1.1). Then,

vol(Bp0(R))

vol(Bp0(r))
≤ e(n−1)b0

(

R

r

)n

, R ≥ r > 0.
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asymptotic✽ volume ratio, 46

Bakry-Émery Ricci tensor, 23

Bochner formula, 57

cut locus, 27

cut time, 27

distance function, 27

Einstein metric, 26

focal point, 28

Hessian operator (of r) Hr, 29

Jacobi �eld, 28

Jacobi tensor �eld J, 29

mean curvature H, 27

mean curvature vector H⃗, 26

minimal submanifold, 26

N-Bakry-Émery Ricci tensor RicNf , 23

normal bundle of N, νN, 26

normal exponential map exp⊥, 27

oriented tubular neighborhood T +
Σ (r), 31

Riccati equation, 29

Ricci curvature Ric, 26

Riemann curvature tensor R, 25

second fundamental form α, 26

sectional curvature, 25

shape operator A, 26

smooth metric measure space, 23, 26

transverse Jacobi �eld, 28

unit normal bundle of NSνN, 26

weighted Laplacian ∆f , 57

weighted mean curvature Hf , 27

weighted mean curvature vector H⃗f , 26
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