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Resumo

Estudamos as propriedades do estado fundamental do modelo de Hubbard estendido
unidimensional com meio preenchimento de elétrons da perspectiva de sua matriz densidade
reduzida de particula. Focamos na matriz de densidade reduzida de 2 férmions e realizamos
uma analise de suas correlagoes quanticas e coeréncia ao longo das diferentes fases do modelo.
Especificamente, estudamos sua (i) entropia de emaranhamento, (ii) norma de coeréncia
¢y, (iii) matriz de cumulante irredutivel de dois corpos e (iv) espectro de emaranhamento.
Nossos resultados mostram que essas diferentes propriedades se complementam dependendo
da fase do sistema, exibindo comportamentos peculiares como descontinuidades, valores
maximos ou minimos nas transi¢coes quanticas de fase, proporcionando assim uma visao
qualitativa do diagrama de fases do modelo. Em particular, na regiao supercondutora,
obtemos que o espectro de emaranhamento sinaliza uma transicao no sistema entre
ordenamentos de emparelhamento dominante do tipo singleto (SS) para tripleto (TS).
Além disso, a partir da andlise do autovetor dominante no estado reduzido, podemos
relacionar a transicdo SS-T'S com a separacao espacial entre os pares de férmions nos dois

diferentes ordenamentos de pareamento.

Palavras-chave: Modelo de Hubbard Estendido. Matriz de Densidade Reduzida. Correla-
¢oes Quanticas. Coeréncia. Transi¢oes de Fase Quanticas. Espectro de Emaranhamento.

Transicao entre Fases Supercondutoras do tipo Singleto e Tripleto.



Abstract

We study the ground state properties of the one-dimensional extended Hubbard model at
half-filling from the perspective of its particle reduced density matrix. We focus on the
reduced density matrix of 2 fermions and perform an analysis of its quantum correlations
and coherence across the different phases of the model. Specifically, we investigate its
(i) entanglement entropy, (ii) ¢; norm of coherence, (iii) irreducible two-body cumulant
matrix, and (iv) entanglement spectrum. Our results show that these different properties
are complementary, depending on the phase of the system, exhibiting peculiar behaviors
such as discontinuities or maximum/minimum values at the quantum phase transitions,
which provides a qualitative view of the phase diagram of the model. In particular, in the
superconducting region, we obtain that the entanglement spectrum signals a transition
between a dominant singlet (SS) and triplet (TS) pairing ordering in the system. Moreover,
from the analysis of the dominant eigenvector in the reduced state, we can relate the
SS-T'S transition to the spatial separation between the fermion pairs in the two different

pairing orderings.

Keywords: Extended Hubbard Model. Reduced Density Matrix. Quantum Correlations.
Coherence. Quantum Phase Transitions. Entanglement Spectrum. Singlet and Triplet

Superconducting Phase Transition.
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1 Introduction

1.1 Motivation

A wide range of condensed matter phases can emerge when the constituents of
the system are brought together and allowed to interact with each other. Due to the
many-body interactions among its constituents, when the number of constituents is large,
the system condenses into a collective behavior with specific macroscopic properties [4].
Most familiar examples of condensed matter phases include magnetism, arising from the
exchange interaction between local magnetic moments; solids and liquids, which arise from
the electromagnetic forces between atoms; superconductors or superfluids, arising from
the interaction between fermions or bosons; as well as more unconventional ones such as

topological phases, emerging from nonlocal correlations among its constituents [5].

There are different ways of analysing many-body phases. In conventional phases, one
can usually rely on the structure of the system’s local correlations and corresponding order
parameters, which provide information about the macroscopic properties of the system.
In recent years, different approaches have also been put forward, relying on interesting
connections between Quantum Information and Condensed Matter theories. Much activity
has been conducted on the border of these fields and many interesting concepts have been
addressed [6]. In particular, quantum information insights about many-body entanglement
have proved a powerful tool in the study and characterization of many-body systems,

giving a unique perspective in our understanding of condensed matter phases [7].

The entanglement between the constituents of the system is shown to be tightly
connected to the characteristics of the different phases that a model can support. When
the system is driven along a quantum phase transition, entanglement can often show
peculiar critical behaviors, offering a qualitative display of the transition and a deeper
characterization of the many-body wavefunction [6]. However, quantum correlations and
many-body entanglement of a system can appear in different forms among its constituents,
and it is usually a very hard task to highlight all its different intricate structures and to

quantify them properly.

The usual approach deals with the entanglement between two partitions of the
system, which, for a pure global state, can be easily quantified by the von Neumann
entropy of the reduced density matrix. More recently it was realized that not only the
von Neumann entropy of the reduced density matrix has important information about
the phase, but also its spectral properties, i.e., the eigenvalues of the reduced density

matrix - usually called as entanglement spectrum - can host valuable and more detailed
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information about the phase [8-10]. As for example, in unconventional topological phases
in which the entanglement spectrum becomes degenerate due to the presence of non abelian
edge excitations in the system. Apart from bipartite entanglement, different quantum
correlations and entanglement quantifiers were also put forward [6,11-13], including for
example the analysis of total correlations |14], multipartite entanglement [6,(15-17], pairwise
concurrences and quantum discord quantifiers [11,|18-22], particle entanglement [23-31],
coherences [13,32] among others [33]. In a general form, these studies proved very fruitful
highlighting how different facets of the correlations shared between the microscopic
constituents can be useful and complementary to each other for a complete characterization
of quantum systems and their phases of matter. We shall explore one of these facets in

this thesis, specifically, the particle correlations shared among its constituents.

In this thesis, we thus study the one-dimensional extended Hubbard model (EHM)
[34] within the perspective of its n-particle reduced density matrices (n-particle RDM).
The core work and results presented in this thesis have been published in the following
article: [35]. Specifically, we focus on the n = 2 case, corresponding to the two-body reduced
density matrices. We analyse the quantum correlations and many-body entanglement
present in the reduced density matrices among the different phases of the model and across
its quantum phase transitions. Most studies of the EHM in the quantum information
context have dealt with the quantum correlations and entanglement among the modes of
the system [36-45]. Here modes can be any defined set of single particle degrees of freedom,
as e.g., the spatial localized degrees along the sites of the chain, or (spatially delocalized)
momentum degrees of freedom for single particles. It was first observed by Shi-Jian Gu
et al. [36] that the entanglement of a single site with the rest of the chain is sensitive to
three main symmetry broken phases of the model, namely the charge-density-wave (CDW),
spin-density wave (SDW) and phase separation (PS). Further investigation considering the
entanglement of spatial blocks with ¢ sites and the rest of the chain [37] showed to be even
more sensitive to other phases, as superconducting and bond ordered phases. In a previous
work [23], we started our investigations within this different perspective, i.e., analysing
the quantum correlation of the particle reduced density matrix. Our results focused in
the case of n = 1, showing that the von Neumann entropy of the 1-particle RDM (usually
called as entanglement of particles or fermionic entanglement [46-67]) is useful for the
analysis of the model, capturing its main phase transitions except for subtle transitions
between different superconducting forms, and the bond-order wave phase. Therefore, in
this work we take a step beyond the simplest n = 1 case, considering the more general
case with n = 2, which contains further information about the correlations and properties
of the system [68]. We perform a thorough analysis of the RDM properties using different
quantum information and many-body quantum correlation tools. Specifically, we analyse
not only its (i) von Neumann entropy, quantifying the entanglement of these particles with

the rest of the system; as well as its (ii) quantum coherence, as a direct manifestation of
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Figure 1 — Schematic picture for the phase-diagram of the model, highlighting its different
phases and quantum phases transitions as discussed in the literature (see main
text).

the quantum superposition principle in the reduced states; (iii) entanglement spectrum
and entanglement gap, providing a more detailed information of the spectrum structure
on the different phases; and (iv) its 2-body cumulant, which is a genuinely two-body
correlation matrix, i.e., cannot be described from its 1-particle RDM. In a general form, we
obtained that these quantifiers are sensitive to most phases of the model, showing peculiar
behavior at their quantum phase transitions. Depending on the specific phase or quantum
phase transitions under scrutiny, the analysis of these quantifiers can be complementary,
providing different facets of the quantum system (e.g. different forms of superconductivity
in the model are not easily perceived from quantifiers (i)-(ii)-(iii)-nor from its simpler

1-particle RDM- while the entanglement spectrum can discriminate it).

1.2 Extended Hubbard Model

In this section we review the main properties of the one-dimensional extended
Hubbard model. All of our studies are focused in the half-filling case. The reader familiar

with the model might skip to the next section.

The EHM model is a generalisation of the usual Hubbard model [34,69], encompas-
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sing broader interactions between the fermionic particles, such as an inter-site interaction,

thus supporting a richer phase diagram. Precisely, the model is described as,

L
Hpgn = —t> > (@l 45410 +aly,050) +
j=lo=1,]

L L
+U D iy + VY iy, (1.1)

j=1 j=1
where L is the lattice size, d;a and a;, are creation and annihilation operators, respectively,
of a fermion with spin o =1,/ at site j, 1, = &;J&jm f; = 7+ + 7jy. The hopping
(tunnelling) between neighbor sites is parametrized by ¢, while the on-site and inter-site

interactions are given by U and V', respectively. We set t = 1 as defining our energy scale.

Many efforts have been devoted to the investigation of the phase diagram of the
EHM at half filling, with methods ranging from analytical, perturbative, approximations
based on bosonization as well as numerical ones [70-80]. Despite the apparent simplicity
of the model it is predicted to exhibit a very rich phase diagram. The model can support
several distinct phases, namely: spin-density wave (SDW), singlet (SS) and triplet (TS)
superconductors, phase separation (PS), charge-density wave (CDW) and bond-order wave
(BOW) - see Fig.(l]) for a sketch of the phase diagram.

In the strong coupling limits, it is intuitive the characterization of the different
phases the model can support. In the case of strong repulsive onsite interaction, U > 0,
U >V, the fermions avoid double occupation and due to the hopping an antiferromagnetic
ordering between neighbor sites is formed, generating a periodic modulation of spins along
the chain, so-called spin density wave (SDW). The presence of such a phase can be captured
by the analysis of the ground state spin correlations (050@, which exhibit a staggered

(alternating) pattern, where 0% = 3(f;y — 7).

In the opposite case of a strong repulsive inter-site interaction, V> 0, V > U,
particles avoid occupying neighbor sites, tending in this way to occupy the same sites.
A periodic modulation of charge is now formed, creating a charge-density wave pattern
captured by density-density correlations (f;7,), which exhibit an alternating (staggered)

pattern, in the ground state wavefunction.

In the case of strong attractive interactions (U,V < 0or U >0, V < 0 with |V| >
|UJ), the particles tend to cluster together and the ground state becomes inhomogeneous
with different average charge densities in distinct spatial regions. Such a phase is called
phase separation (PS) and can be observed from the analysis of the charge profile along
the chain, which shows a non-uniform distribution with distinct regions of high and low

density.

In the weak coupling limit the analysis becomes subtler, since perturbative ar-

guments might not be accurate and intuition might fail. For small attractive inter-site
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interactions (V' < 0), superconducting phases are expected to appear, characterized by
the pairing of fermions which could be observed from pairing correlations. The fermions
can be paired in different forms, with the possibility of singlet or triplet pairings to occur.
It is predicted [70,71] a singlet-superconductor (SS) for approximately U < 2V, while a
triplet-superconducting (TS) for U > 2V.

The last phase in the model is the controversial bond-order-wave (BOW). For
small to intermediate values of positive U and V, in a narrow strip between CDW
and SDW phases, it has been predicted [71-77] the appearance of a phase exhibiting
alternating strengths for the expectation value of the kinetic energy operator on the bonds,
characterized by the order parameter <B]’7j+1ég7g+l>, where Bmmﬂ = ZU(&LW&mH,mLH.c.)
is the kinetic energy operator associated with the m’th bond. Such a phase should
appear from (i) a continuous CDW-BOW transition; and (ii) a Berezinskii-Kosterlitz-
Thouless (BKT) transition from BOW to SDW. While from one side the CDW-BOW phase
boundary can be well resolved, described by a standard second order phase transition,
the BOW-SDW boundary is more difficult to locate it precisely, since it involves a BKT
transition, a topological transition of infinite order that is not characterized by a local
order parameter. The BKT transition line remains a challenge to delineate and is still

subject to debate [72H74}76|77].

1.3 Organization

The thesis is organized as follows. In Chap. 2 we review the definition of n-particle
reduced density matrices and their properties. We also introduce the quantum correlation
and entanglement quantifiers studied in this thesis, as well as the concept of entanglement
spectrum and entanglement gap. In Chap. 3 we review the numerical techniques based on
Matrix Product States (MPS) used to obtain ground states and correlation functions. In
Chap. 4 we present our results. We first discuss the general qualitative behavior of the
quantifiers in the whole phase diagram and then perform a deeper analysis of finite-size

scalings and spectral properties along specific regions in the model.

We also emphasize that this thesis is not an extensive and complete material on the
subject addressed, but it intends to be a direct and humble exposition of several extensive

subjects, always bringing references to the readers.
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2 Review: Reduced Density Matrices of Indis-

tinguishable Particles

2.1 n-Particle Reduced Density Matrix

In this section we review the definition and some properties of particle reduced
density matrices. In a system of N indistinguishable fermions, described by the set of
anticommuting creation (and annihilation) operators {&I’U} ({Gis}), where i = 1,..., L
stands for the site index and ¢ =t1,] for the spin index, a pure state can always be

expanded in the following form,

L
W)y = > S Wioriyor @y oy - L oy [VGC) (2.1)

irin=1o1..on=T{

where the coefficients w;,,..iyoy are antisymmetric in all indices, satisfy the normalization
condition of the state and |vac) is the vacuum state. We can compute the n-particle
reduced density matrix p, (1 < n < N — 1) of n fermions performing the partial trace

over the rest N — n fermions, as follows,

Pn = Trr,..n (1) (Y] - (2.2)

The partial trace defines a bipartition n : N — n between n fermions and the rest of the
system. Usually the calculation of the particle reduced density matrix using the partial
trace described above can be cumbersome. We can, however, obtain it in a different way,
which will turn useful for our purposes. Instead of taking the partial trace one can compute
all n-body correlators, which correspond to the matrix elements of j,, and in this way
reconstruct the reduced state as in a tomographic process. In other words, the reduced

density matrices of one and two fermions have the following entries:

« N\

[pl](iffi)7(j0j) = <1> < | wlajcfj |¢>a (2.3)
« N
[pﬂ(z’oijaj),(kakeag) 9 <¢| Ui, ]o-]a’ka‘kaﬁag V) , (2.4)

where ( I\JD is the binomial coefficient. One can also obtain the 1-particle reduced density

matrix from an integration of the 2-particle reduced density matrix,

[p ] (i0y),(joj) NZ zalkak (korjoy) (25)

kak

with A" = 1/2 the normalization constant. In general, an n-particle RDM can always be

obtained from its higher orders (k > n)-particle RDM from a proper integration over its
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tensor elements. The inverse is obviously not true. It is important to recall, however, that
the elements of higher orders (k > n)-particle RDM are partially related to the elements
of their lower orders, apart from their cumulants [81]. Specifically, for the case of 2-particle
RDM, its elements are formally decomposed into a reducible part, built from the 1-particle

RDM, and an irreducible part, which is defined as the two-particle cumulant Ay:

N\ .. 2 1A R
<2> 102 30,0 kontorry = N Pl i) ko) [P) o000y —

N2 121ty [P1) oy oy + | D], (2.6)

i0ijo;),(kogloy)
where A, is the 2'nd order cumulant, corresponding to the elements of py that cannot be
obtained from lower orders p,.o. We can see that cumulants are Hermitian matrices. This
follows from Eq. (2.6)), as the cumulant is the difference between two Hermitian matrices:
P2 (which is Hermitian by definition as a density matrix) and the reducible part (the terms

constructed from py), which is also Hermitian.

2.2 Quantum correlations, Entanglement and Coherence

In this section we review the definition and properties of the quantum correlations

and entanglement quantifiers studied in the paper.

Quantum correlations: Perhaps the most familiar quantum information concept
which has proved a powerful tool in the study of quantum correlations in many-body
system is the well known von Neumann entropy. Given a pure state, the von Neumann
entropy of a reduced density matrix has information about the quantum correlations
between the partition and the rest of the system. In systems of indistinguishable particles,
a partition of the system could be defined in different forms: (i) a partition between two
sets A and B of modes of the system, performed through partial trace over one of the sets,
or (ii) a partition between the n and N — n particles of the system, performed through the
partial trace of N —n particles on the state. The first approach provides information about
the quantum correlations between the modes of the system, while the second one concerns
the quantum correlations among the particles [46-62]. These two notions of quantum
correlations are complementary, and the use of one or the other depends on the particular
situation under scrutiny. For example, if one is interested in certain quantum information
protocols a description in terms of modes might be more appropriate, while correlations in
eigenstates of a many-body Hamiltonian could be more naturally described by its particle

perspective. In this work we deal exclusively with the particle framework.

We define in this way the quantum correlations between the set of n and N —n

particles in a pure state as,

@n (1) (¢]) = S(pn); (2.7)
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where S(p,) = —Tr(pnlog(pn)) is the von Neumann entropy of the n-particle reduced
density matrix. It is worth making a few observations. Since the system is composed of
indistinguishable fermions, due to the antisymmetrization of the wavefunction, @),, is never
null. However, for states described by a single Slater determinant (an uncorrelated fermionic
state), the n-particle RDM p,, is a maximally mixed state over the (]D -dimensional subspace
of occupied n-particle states. This results in a non-zero minimum entropy, ¢, min = In (]Z )
This minimum entropy is not zero precisely due to the antisymmetrization postulate and
can be interpreted as the "exchange correlations'. Any state that is not a single Slater
determinant (i.e., a correlated state, typically a superposition of determinants) will have
Qn > Qnmin- Therefore, the difference ), — Q) min is the significant term that quantifies

correlations beyond those strictly required by the Pauli principle.
One can show [8283] that the von Neumann entropy of the reduced state, and
consequently our quantum correlation quantifier, is bounded as follows:

() <@ opte < (1) 25)

n

where d is the number of single-particle degrees of freedom in the system (d = 2L in our
system). The minimum is reached if and only if the pure state i) can be described by a

single Slater determinant.

Quantum coherence: In quantum mechanics the coherence of a state is a direct
manifestation of the quantum superposition principle. Despite its fundamental importance
in quantum theory, only more recently its proper quantification and characterization have
been formalized [84], and a few different measures of quantum coherence were proposed.
In this work we concentrate on the analysis of the ¢ norm of coherence, defined by the
integration of the absolute value of the off-diagonal matrix elements,

CE (pn) = 3 1(Pn)isl- (2.9)
1#]
We notice that this particular quantifier is basis dependent.

Entanglement spectrum: The entropy of the reduced density matrix, as discussed
previously, provides useful information about the correlation among the constituents of the
system. It was realized however that further insights about the many-body properties of the
system can be obtained from its spectral structures. Specifically, given the reduced density
i) (i], with & < &.1. Writing p, = e,

we see that & and |i)(i| can be regarded as eigenvalues and eigenvectors of a fictitious

matrix p,, it can be diagonalized as p, = >; e~

n-body Hamiltonian H,. Many efforts have been devoted studying the entanglement
spectrum in spatial partitions of ground state wavefunctions, leading e.g. to a better

understanding of bulk-edge properties in topological insulators and superconductors [8H10].

We study in this thesis the entanglement spectrum in particle partitions, a subject

much less explored so far [26-28] (see also [85] for momentum partitions or |24} 86| for



Capitulo 2. Review: Reduced Density Matrices of Indistinguishable Particles 18

hybrid spatial/particle partition approaches), focusing on its entanglement gap,
Q, =& — & (2.10)

and analysis of the dominant eigenvector of the reduced state, i.e., the one corresponding

to the largest eigenvalue.

Cumulant matrix: The cumulant matrix AQ, as defined in Eq., contains
the two-particle information that cannot be obtained from the single particle reduced
density matrix (p;), or in other words, from single-particle observables. It describes in
this way fundamental two-particle correlations in ps, also called as irreducible two-particle
correlations [87]. We study the contribution of such correlations from the ¢; norm of the
cumulant matrix, defining the n-particle irreducible correlation as follows,

Dy = [|(An)llr = X Nl (2.11)

)

with \; the eigenvalues of the cumulant matrix. It is worth noting that for states described
by a single Slater determinant, cumulants of any order vanish [87], A,=0for2<n<N -1,

thus leading to null particle irreducible correlations.

2.3 Subspaces sizes
The dimension of the total antisymmetric subspace of the Hilbert space for two
particles corresponds to dy = (22L> This space can be split into singlet and triplet subspaces.

The fraction of the dimension for the singlet subspace (sg) is given by:

ds 2

dy,  L(L+1) <2L>_1 L+1 (2.12)

- 2 ) T 4L -2
which in the thermodynamic limit L — oo reduces to limy_,o ds,/d2 = 1/4.

Similarly, the dimensions for the three triplet subspaces (tg,?+) are given by:

d, L(L—1)(2L\" L-1

o _ _ 2.1
ds 2 2 AL =2 (2.13)
dy, L(L—-1)[2L\" L-1

Gry _ _ 2.14
d 2 2 AL =2 (2.14)

All subspaces converge to the same ratio of 1/4 in the thermodynamic limit.
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2.4 Symmetry of the density matrix of two particles

First, let us define the one and two particles operators named S, and L respectively

by the equations

. 1& . .
S, = B Z (Mia — Tip) (2.15)
/—\»2 1 g ]. L A A A o
St = SN+ 13 (e — i) (e — o)
ij
= Y alalsdistia (2.16)
ij

where a =1, 3 =/ are the fixed spin components, and N is the total number operator.

Also, let us write useful (anti)commutators identities of fermion operators:

{aloaje} = 0i500 (2.17)
{Gia, 055} = 0; (2.18)
[A,B] = {A,B}-2BA; (2.19)
[AB,C] = A{B,C}—{A,C}B; (2.20)
[A,B] = —[B, Al (2.21)
From these equations it follows another useful result:
(fric ko] = 1l {tia, ke } — {8l ko | i
= —0arllia (2.22)
(fricr hy] =y {iar al, } — {ls, al, } tia
= Giplacdl,. (2.23)

Using the above equations, we can then arrive at the commutator of the spin operator S,

with the creation and annihilation operators:

(Sein] = ;;[ma,akg]—[ﬁm,akg]

_ ;(—%akaw&aw) (2.24)
[Seile] = 53 [fuaril] = [ il

_ ;(5Ma,ga_5ﬁaa;ﬁ). (2.25)

Here we want to show that if the ground state of a Hamiltonian has a U(1) S,
symmetry, its two particle reduced state will also have the same symmetry. So, let’s call

this ground state |¢) and assume that the former is true (calling our operator G for now):

)], G| = 0. (2.26)
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If we take a partial trace of one particle in the above equation, we have

Tri® ) (9], é} =0 (2.27)

Zak(, W)Wl Glal, = 0 (2.28)

X ks ) w|Ga,m—akUG|¢><¢|aka = 0 (2.29)
kzaka 0) (W], G + e 1) (6] [ G, al,]

iéaka\w><w|a20—[aka,é} ) (wlaf, = 0 (2.30)

that is also true and give us a neat equation for any operator G:

PN G Y g [ G al, |

ko

— ik, G| [¥) (Wl af, = O. (2.31)

We can use it to derive a set of equations that must hold in an iterative way. If Gisa

Hermitian operator, the second and third terms can be simplified as

0.6+ (S Gt 0l — ) = 2.32)

ko

which means that if the first term is zero, the parenthesis is automatically zero. If it
is not the case, the difference between them have to be evaluated. For the purpose of
demonstrating this, we will use the S, operator (which is clearly hermitian) for the first

test case, and using the commutation relations, we have for the left side:

[p(N—l)p’ gz}
;Z Ao W) ¢| ( aaaka 5ﬂaakﬁ)

1
5 Z aaaka + (S,Baak,@) |¢> <w| aka =0 (233)
ko
PN 8] = o, (2.34)

This process can be iterated just changing our state |¢) (1| by p¥~1P (the rank does not
make a difference) in the eq. , and we get the same conclusion for the reduced density
matrix of one less fermion each time. We see that all RDM’s inherit this property including
p* and p'? q.e.d. This equation is basically generated by the action of the particle trace
operation, in a number conserving setting. For the other operator 52 we were not able to
demonstrate analytically that p? can be diagonalized in the same basis, but we verified it

numerically and it is shown in the results section.
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3 Tensor Network Theory

3.1 Matrix Product States

Tensor Networks (TN) provide an interesting tool for studying many body systems
both theoretically and numerically. The fact that the dimension of the Hilbert space
exponentially increases with the number of particles is a curse in lattice models which there
is still no analytical solution available. Algorithms based on TN can then provide a useful
framework for such complex systems e.g. topologically ordered phases, quantum spin liquids,
etc. Also, TN methods are very flexible and are used in systems in different dimensions,
of finite or infinite lattice sizes, translationally invariant, with open/periodic boundary
conditions, states with symmetries, fermionic/bosonic systems. Another direction of recent
studies using TN techniques is the relation to the holographic principle and the AdS/CFT
correspondence in quantum gravity [88-94]. We cite as examples the most known Tensor
Networks ansatz: Matriz Product State (MPS) [95-97|, Projected Entangled Pair States
(PEPS) [98] and the Multiscale Entanglement Renormalization Ansatz (MERA) [99,/100].

In this chapter, the main references used are [101H105]. We first cover useful
notation of tensor networks showing basic properties needed in the MPS representation.
In the second part of the chapter we develop an algorithm to find the ground state of any
one-dimensional Hamiltonian, in which the desired accuracy is controlled by the amount

of entanglement present in corresponding obtained state.

3.2 The Penrose Notation

Tensors are generalizations of matrices or vectors, i.e. a multidimensional array
containing complex numbers. You can think of them as an element of C%4**4r where d;
is the ith dimension of a rank r tensor, or imagine an object which you give a set of defined
indices (e.g. {i; = 1,iy = 4,...,7, = 0} where the indices run from 0 to d; — 1) and it gives
you a complex number back. This is all there is to it. But students of general relativity may
remember that dealing with multiple tensors, explicitly writing all indices, can be a very
harsh task to follow. The Penrose graphical notation (also called tensor diagram notation)
is a visual representation of tensors that was first proposed by Roger Penrose [106], and
came to simplify this task. This graphical notation is very simple, tensors are geometrical
shapes (we use a square) with legs (or wires) representing their indices. Therefore, a vector
can be represented by a square with one leg, a matrix is a square with two legs and so
on. We only care if the vector is a ket or bra, the difference being legs facing different

directions, e.g. downward and upward respectively. We put textual indications on the
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tensors and their legs and then we have a didactic way to show and explain manipulations

applied to these objects. See figure 2| for some examples.

° i
a) @ b) A c) B
|a |a al |B

Figure 2 — TN representation of a) a vector v,, b) a matrix A7 and c) a tensor By .

Operations on tensors also have a simple representation. For example, multiplying

a matrix with a vector is equivalent to sum the repeated index in

da
> Alv, = us, (3.1)

which is equivalent to connect the leg of the tensors with the same index - see diagram a
in fig. |3l The outer product (generalization of tensor product for vectors) is the point-wise

product of values of each tensor

[A® B g (3.2)

Ly g oy g i1yesir

and is represented by placing the tensors next to each other, no indices are contracted -
see diagram b in fig. [3] Einstein’s notation is always implicit in a TN, we just replace the
sum on repeated indices by connecting the legs of the tensors. When replacing them with
the resultant tensor we say that the indices were contracted (diagram a in fig. [3| shows an

index a being contracted).

Figure 3 — a) A matrix A multiplying a vector v and b) the outer product of A and B.

The trace or the partial trace can be done just connecting the legs of the dimensions
being traced out. Figure [dh shows a generic tensor that may represent a density operator

of two particles in which the second has been traced out:

p1="Trs[p] = Z POis i, (3.3)

sl
12,15

Another operation used very often is grouping/splitting indices, decreasing/increas-
ing the rank of the tensor and reorganizing its elements. This permits to reduce the rank

of a tensor, allowing to generalize some linear algebraic notions defined on matrices (such
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i | [
a) pr|l=>, 1P

Figure 4 — Trace of a tensor.

as eigen/singular value decompositions, unitarity, etc). Figure |5| show a rank-5 tensor 7'
being transformed in a matrix by grouping its indices (represented by a thicker leg). If two
arbitrary tensors have many legs being contracted, we can group together the shared legs
in just one index, then group all indices not being contracted and make a simple matrix
multiplication over the resulting matrices. Subroutines perform exactly this operation

when contracting multiples indices.

| | | grouping I
G = iy
| | split<t_ing |

Figure 5 — Grouping and splitting operations on a generic tensor 7.

The form how the grouping is done is arbitrary. It can be for example a higher-
dimensional generalization of column-major ordering. The product |0) ® |1) = |01) is
similar: a 2 x 2 dimensional rank-2 vector being mapped in one rank-1 4-dimensional vector
using the Kronecker product as the grouping operation. The most important example
of how grouping can be useful in TN is the Singular Value Decomposition (SVD). Any
matrix has a unique SVD:

X =USVT, (3.4)

where U and V are isometric (UTU = VVT = T), and S is diagonal and contains the
singular values. We then generalize the SVD to tensor using the grouping and splitting
operations (fig. @ The method used to group indices do not make difference, being implicit
in the overall SVD operation. This central operation allows quantum state representations

with low entanglement as we will see later - which uses low rank approximation of a matrix

X® = gskyt, (3.5)

We gave the very basics of tensor network notation. A tensor network can be any
combination of tensors with shared legs. When there are many tensors with legs being
contracted, it is hard to determine how the most computationally fast way to do it. Time
and memory performance are important facts to construct an optimized algorithm and
overcome time-consuming routines. Often the cost of this procedure is represented by
the number of operations performed by the computer, which depends on the underlying
graph and is N P-complete. In the specific case of the variational-MPS, the best way of

contraction is already known and used here.
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I 1]
U

U
| | | grouping I SVD spliting
T — T | — —
|| |
vi vi

Figure 6 — General Singular Value Decomposition using the grouping and splitting opera-
tions.

3.3 Matrix Product State Representation

The pure state of a many-body system of N qudits can be described in the most

general form as
d

W)y = > Ciyiv i) ®iz) - @ lin), (3.6)

UlyeeslN
with Cil,..

represented by a big rank-N tensor C' with d” complex elements - where d is the dimension

Ly € Cand |i;) ® |ig) -+ ® |iny) a given basis. In TN notation this state is
of each part. As mentioned before, the tensor C' may be very computationally costly for our
present computers if N is reasonably big. As an example, we start constructing an MPS
representation of a system of 4 qudits, grouping the indices iy, i3 and 74 and performing a
SVD in order to get the Schmidt decomposition (fig. [7):

|¢> = Z)‘i |Lz> ® |Rz> ) (3-7)

where {|L;)} and {|R;)} are orthonormal set of vectors and A; the Schmidt weights. The
singular values of the decomposition correspond to the Schmidt weights, and we can
see that this structure captures the entanglement along this cut. The values of non-zero
Schmidt weights can be used to calculate the von Neumann entropy along the parts. We

keep performing the SVD in each leg, and the result is shown in figure

We end up with another exact representation of a state of 4 qudits that captures
the entanglement structure between the chain. If we contract the singular values into the
local tensors M® we get the Matrix Product State representation of the state. Then, if
we have a small Schmidt rank between qudits along the chain, say D non zero Schmidt
weights, we truncate the diagonal matrices A) with only this D values, and truncate
the matrices M® with only the important orthonormal vectors of the sets {|L;)} and
{|R;)}. Now we have only O(dN D?) coefficients which is polynomial in N and overcome

the exponential cost of the exact representation.
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) = MO
HER | I

= MO

= |yo @—M” @—M@) WM(‘”

Figure 7 — Matrix Product State algorithm to represent a state of 4 particles.

S
___—_E/'i_ -

Therefore, we state the affordable Matrix Product State ansatz, in periodic and

open boundary conditions, given by:

OBC :[w[Al) = S AVAD AN iy iy, i), (3.8)
115N
PBC: [¢[Al) = Y Tr[AVAD AL fir, iz, .. i) (3.9)
11, 0IN
They are represented in figure [§] We see that we have the physical indices i1, iz, ... iy

and legs between the tensors A’ that are called virtual or bond links (they are implicit in
the matrix multiplication in eqgs. and . These bond links have dimension D, which
determines the maximum amount of entanglement the MPS can capture across any cut
on the chain. In this dissertation, we will use the Open Boundary Conditions form of the

MPS representation.

a) AD MA@ 4G 4@ — -er T — AN

|i1 |i2 |’Ls |i4 | |iN

o C

AW —A® 4G 1 A® [ e T 1 AN

|il |i2 |ls |’i4 | |iN

Figure 8 — Matrix Product State representation with a) Open Boundary Conditions or b)
Periodic Boundary Conditions.

3.4 Gauge Freedom and Canonical Form

At this point, a quantum state |¢)) may be written in different MPS representations.
We can insert non singular matrices MM ~! = 7 with dimensions D x D on the bond

links, define new matrices

BW = AWM BY = MTAONM, BW) = AW (3.10)
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and thus form a new MPS representation of the same state as shown in figure [0} We can

even choose different M@ for each bond link.

W;[A]) = 14D —A® 4G 4@ — . T — A0

|i1 |i2 |i3 |i4 | |iN

= |4® A<2> oA

|’i1 |i2 |iN

|’¢[B]> = B(l) —B(z) —B(3) —B(4) — ... — _B(N)

|i1 |’i2 |i3 |i4 | |i1v

Figure 9 — MPS gauge freedom of a state.

We then define a canonical form of the MPS representation. The canonical form
can be obtained by recursively applying SVD’s in the MPS, starting in the first site to the
penultimate site (figure [7]is a good example). Each time a SVD (A® = U®SOVIO) is
performed (always organizing the singular values in decreasing order) we define the new
matrices A/ = U® and A'HD = SOV AGD At the end we say that the MPS is in

the left-canonical form which satisfies
STAA; =Tpyp. (3.11)
J

Alternatively, we may start performing SVD’s in the last site to the second site, defining
the new matrices A') = V1@ and A'C-1 = AC-Dy®SH) Thus we say that the MPS is

in the right-canonical form which satisfies
S AAL = Tpyp. (3.12)

In both canonical forms the matrices obey the constraints shown in figure [I0] As we will
see, the variational algorithm starts with a MPS filled with random entries. The first step
is to perform this algorithm to put the MPS in one of the canonical forms. The matrix
that remained unused (A for the right-canonical form and A®Y) for the left-canonical
form) is the start point of the variational algorithm, therefore it does not matter which
constraint it initially obeys. Also, we can use a mixed left/right isometric form putting
the left (right) matrices in the left(right)-canonical form taking as reference a particular
site in the middle of the chain.

3.5 Mixed States and Matrix Product Operators

Given a MPS representation of a pure state [1), we can represent its density matrix
p = |¢) (¢] just by placing the ket and bra vectors next to each other (fig. [11)). It is useful
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Figure 10 — MPS (a) left-canonical form and (b) right-canonical form constraints.

p = Y[A]) (W[A]| =
R R | iy
A A2 g A — ... — L q*N
Al | A2 I A3 | A4 ... — || AN
|i1 |i2 |i3 |i4 | |iN

Figure 11 — Graphical representation of the density matrix p = [¢) (¢].

to obtain the reduced density matrix of a few sites of the chain. As an example, suppose
we want the density matrix of particles at the positions ¢ = 2 and ¢ = 4. We use the
trace operation and contract all the other indices as shown in figure [[2p. If the MPS
representation is in the right gauge for ¢« > 4 and in the left gauge for ¢ < 2, the cost of
this operation is extremely reduced as many contractions give identities (fig. ) This

p2a = Triz2a[p| =
il

1
AT A2 g8 A o — ] aey
a) 0 | 13 | | |iN
Al A2 A At — ... — L1 AN
|i2 |i4
-/ .
|22 |zﬁ1
12| |i4

NP
-
| |
| |
N

I

iaf Jia

|i2 |i4

Figure 12 — MPO density matrix representation of two particles.

reduced density matrix representation is an example of a matriz product operator (MPO),

defined in a general form in figure [13} The Quantum Ising Hamiltonian

N-1 N
H=-JY ofol,,—g> o} (3.13)

i
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v M MHMHM—/M—/M{—---— M—|M [—jvr

Figure 13 — MPO graphical representation.

is represented with the MPO’s

z 0 0
M = o” 0 0|, v,=(001), vg=1]0 |. (3.14)
—go® —Jo* 1T

The Hamiltonian in this representation is simply given by H = v; MNvg.

3.6 Variational-MPS Algorithm

Our aim is to find the ground state of a one-dimensional Hamiltonian in the MPS
representation. The Quantum Ising MPO of the previous section is an example of such
Hamiltonian, and are represented by red squares in TN notation of all figures in this

section. We use a variational approach that minimizes the Rayleigh quotient

|GS) = min M, (3.15)

REANL
where the domain D is composed by states that are well-approximated by MPS. The

steps to reach the ground state are summerized as: (1) first we guess a MPS, (2) then we
minimize the Rayleigh quotient choosing just one site of the MPS as a variable, (3) we
proceed to the next sites performing the previous step until we went through all the chain

and finally (4) test if the energy converged.

In the first step, we can set each A® matrix with random numbers, and set the
MPS in the right-canonical form. In steps (2) and (3) we start in the first site passing
through the chain to the end, and then went back passing through the chain to the first
site (we say that a sweep was performed). A generic step is represented in figure , where

the tensor A® is the variable and all other tensors are fixed. In this process of contracting

Figure 14 — Rayleigh quotient in TN notation.
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all the fixed tensors into just one, we define environment tensors shown in figure [I5] We

rewrite the minimization process as

A0 i A [ 20)

A6 (ADO] 0 |AD) - (3.16)

If the sites in the left of site ¢ are in the left-canonical form, and those to the right are in

(%)
H il =

o | =

Figure 15 — Environment tensors definition.

right-canonical form, the environment tensor 7 reduces to the identity as shown in figure
[16] Therefore, as we move along the chain we change the canonical form of the matrices in

order to satisfy this requirements. The minimization process simplifies to

AG| gg® A(i)>
(i) ; < eff
ATl Ay

(3.17)

H e(})f is hermitian and the minimization solution is given by its eigenvector with minimum
Hyl /10 | - | 2|/

G

Figure 16 — Simplification in the minimization process.

~

eigenvalue. The eigenvalue/eigenvector is calculated using the grouping operation in H, e(})f
transforming it into a matrix, and then using Matlab subroutines such as eigs/schur which
quickly solve for the minimum eigenvalue. Finally, in step (4) we compare the energy
between the sweeps and stop after the difference reaches some threshold. It may seem
that H.ss is very expensive to compute in each minimization step, as there are many
legs to contract in the whole tensor. First, we mention before that is already known the

quickest way to perform the contraction. Also, we can divide H.s¢ in three tensors as
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shown in figure [L7, where L") refers to the contraction of every tensor to the left of site
i, R® refers to the contraction of every tensor to the right of site i, and M® the MPO
of the corresponding site. Before the minimization process begin in the first site, R® is
calculated for every site. As we move through the chain L® is recursively calculated using
the resultant matrices A® of the minimization process. This recursive update is the reason
the computational cost is considerably reduced: H, é})f is easily obtained from the stored

LW R®_ and M® tensors without re-contracting the entire chain for each site.

I

Y, | = LOH MOH o

Figure 17 — Decomposition of H, e(jc)f.

3.7 Simulation Parameters

In order to obtain numerically the ground states of the EHM and its particle
reduced density matrices, we use the Matrix Product State (MPS) ansatz, which can be a
faithful representation of systems in one dimension with local interactions. The method can
be accomplished by mapping the fermionic model to a spin-half system, i.e., representing
the fermionic operators with a Jordan-Wigner transformation [107], that preserves the
anti-commutation relations, and thus recovering the usual tensor product Hilbert space
structure needed for the implementation of MPS. The variational algorithm to minimize
energy was performed using the Density Matrix Renormalization Group (DMRG), which is
standard in such a task. In our calculations we used 20 sweeps in the minimization process,
which proved enough for the energy convergence of the order of at least O(107®) and up
to O(1071%), depending on the region of the phase diagram and the system size. We also
implemented a fast and efficient algorithm to calculate correlators of fourth order, needed
to construct the 2-particle RDM’s. The MPS representation accuracy was controlled by
two parameters, y and D, corresponding to the minimum allowed singular value permitted
and the bond link (size of the virtual dimension of the matrices), respectively. Whereas we
use an adaptive algorithm which increases the bond link as needed, x &~ O(107%) is the
minimum singular value considered and D = 2000. All quantities computed in this article
have not significantly changed for larger bond links (D ~ 4000), indicating a very good

precision to the calculations. E.g, the entanglement gap, which is the subtler quantity
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under study, has changed its value only at the order of O(107'?) thus validating a good

precision. We consider open boundary conditions in the model because it is best suited to

the MPS formalism and finite-size scaling analysis.
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4 Results

4.1 Resume

With all the tools we have crafted, we now face the challenge to study the quantum
phase transitions present in the Extended Hubbard Model and show our results for the
model. In a short resume, our quantifiers capture most of the quantum phase transitions
of the model, with exception to some BOW related phase transitions. The quantifiers show
peculiar behaviors such as discontinuities, maximum or minimum values at the quantum

phase transitions.

It is interesting to interpret such behaviors based on the order parameters for
the different phases of the model. As discussed in Sec., the different phases are
characterized by their order parameters O; (e.g. charge-operator (CDW), spin-operator
(SDW) and others) and corresponding correlators (O;0;). These correlators correspond
to specific elements of the RDM. On the verge of a second-order phase transition the
correlator’s correlation length, which is an implicit function of the Hamiltonian gap, tends
to diverge. Therefore, these terms will be dominant in the RDM and a peculiar behavior of
our quantifiers is also expected along these transitions, corroborating with our numerical
results. Although there is an implicit connection between the order parameter correlators,
the Hamiltonian gap and our quantifiers, the latter will in general correspond to intricate
functions of the RDM elements, thus not necessarily implying a clear (linear) connection
among all these properties. In fact we find (as we discuss in more detail below) that some
quantifiers may be more sensitive to certain transitions than others, thus working in a

complementary form in order to describe the phase diagram of the model.

4.2 Quantum Phase Transitions

In Fig.(18) we show the quantum correlations (@) and irreducible correlations
(D) for the phase diagram of the model. We see that both the quantum correlations
of 2 fermions with the rest of the N — 2 particles (@)2) as well the correlation between
the reduced 2 fermions (D3) in the reduced state behave qualitatively similar, showing
discontinuities at the 1st order transitions of the model, while are continuous reaching

minimum values at the 2nd order phase transitions.

In Fig. we show the quantum coherence (Cs) in the reduced density matrices.
We recall that the coherence here is computed in the real space basis. While at 1st order

transitions Cy also display discontinuities, at the 2nd order phase transitions it presents
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Figure 18 — Results for the two-body reduced density matrix in a system at half filling
(N = L fermions) along the full phase diagram of the model. We show the
quantum correlations ()2 and the irreducible two-body correlations Dy. We
consider a system with L = 16 sites. We see that these quantities capture most
of the quantum phase transitions of the model, e.g displaying discontinuities
at 1st order transitions and continuous maximum/minimum values at 2nd
order transitions.
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Figure 19 — Results for the two-body reduced density matrix in a system at half filling
(N = L fermions) along the full phase diagram of the model. We show the
coherence (5 and the entanglement gap (2. We consider a system with L = 16
sites with exception to the entanglement gap main panel, which we use a
system with L = 10 sites for the complete phase diagram, and highlight
in the inset its behavior for larger L = 16 sites across the superconducting
region. We see that all these quantities capture most of the quantum phase
transitions of the model, e.g displaying discontinuities at 1st order transitions
and continuous maximum /minimum values at 2nd order transitions.
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maximum values. Since coherence is a basis dependent quantity, and we work at the real
space representation for the reduced density matrix, at the quantum phase transitions we

expect it to be maximum due to the divergence of the coherence length.

We also show in Fig. the entanglement gap (€22). Even though the eigenvalues
of the reduced density matrix can be gapless, the two “dominant” excitations contain
relevant information of the phase, in the same spirit as Penrose-Onsager criterion [108,109].
We see that the entanglement gap displays a similar behavior of maximum/minimum and
discontinuities along the transitions of the model. We further notice a peculiar behavior of
the entanglement gap within the superconducting phase (see inset of the right panel of
Fig. (19)), suggesting a phase transition, or a change of dominant eigenvalue with the gap
closing/crossing. We devote a more detailed analysis of this point in Sec. highlighting
the presence of a TS/SS superconducting transition. Moreover, the entanglement gap also
displays an anomalous behavior in the strong coupling regions U/V ~ 1 with t < 1 |
which is not seen in the other quantifiers nor expected from the known phase diagram of
the model (Fig.(1))). While for U,V > 0 we see a very abrupt closure of the entanglement
gap, in the opposite case with U,V < 0 there is a less apparent (but still emergent)
minimum in the quantifier. We attribute these behaviors to the different “defects” (at a
few-body level) that can occur in the corresponding phases, as we discuss in Sec.(|4.2.3)).
Depending on the ratio V/U different types of local defects prevail in the ground state
wavefunction. The entanglement gap, interestingly, is more sensitive to such few-body
fluctuations in the wavefunction as compared to the other quantifiers. This increased
sensitivity may be a consequence of its definition, based on a restricted (the dominant)
set of eigenvalues/eigenvectors of the RDM. In this way it can work as a magnifying
glass on specific changes over the RDM such as those caused by few-body fluctuations,
differently from the other quantifiers which are complex functions integrated over all
degrees of freedom of the reduced density matrix. Since fluctuations at a few-body level are

suppressed over the full degrees of freedom, they become less apparent for such quantifiers.

We discuss now in more detail the behavior of the quantifiers along specific regions

of interest in the phase diagram.

421 Ujt=4

Along the line with fixed U/t = 4 and varying inter-site interactions V/t, the
model shows different phase transitions, namely, PS-SDW, SDW-BOW and BOW-CDW
transitions. We show in Fig. our quantifiers along this line, for different system sizes.
We see the behaviors for the quantifiers discussed previously. A few aspects are worth
remarking. The quantifiers show two discontinuities along the PS phase. This is due to
the existence of different PS phases in this region, where the fermions tend to cluster in

two different structures, as discussed also in Refs. [37,|70].
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We perform a finite-size scaling analysis for the interaction V*(L). ; where the
quantifiers are maximum /minimum along the line, in the region U/t > 0, and compare
with expected results for the critical interaction of the literature. We show our results in
Fig.(20)-(bottom panel). We obtain that,

V*<L — OO)[QQ] = 2.22 V*(L — OO)[CQ] = 2.23,
V*(L — OO)[DQ} = 2.02, V*(L — OO)[QQ] =224,
(4.1)

It is interesting to put these results in perspective with those obtained in the
literature. According to the literature, the best estimates for the quantum phase transitions
in this region correspond to V/t ~ 2.16 72,73, 75-77] for the CDW-BOW transition, and
V/t ~ 1.88 —2.00 [72,73]76,,77] or V/t ~ 2.08 [74] for the BOW-SDW transition. We see
in this that while @5, Cy and {2 are close to the expected CDW-BOW transition point,
D, is closer to the BOW-SDW transition.

4.2.2 Superconducting phase

We focus here in the analysis of the superconducting phase of the model. It is
convenient to first discuss a few symmetries of the model and the two-body reduced
density matrix. We first define the total spin operator 52 and total spin along z-axis §Z,

respectively, as

—

S? = *N+ Z = fyy) (g — Ry,) +

- > agﬁah%am (4.2)

ij

S, = fz — 7)) (4.3)

with N being the total number operator. It is not hard to see that the Hamiltonian
commutes with the above operators, thus possessing a su(2) symmetry |[110]. It is not
direct that the two-body reduced density matrix should inherit the symmetries of the
Hamiltonian. We notice, however, from its own definition that terms that do not conserve
the total spin along z direction are null. Thus the reduced density matrix inherits at least

the symmetry S..

Interestingly, we observed numerically that the two-body reduced density also has
symmetry 52, therefore indeed sharing the su(2) Hamiltonian symmetry. We were not able,
however, to demonstrate it analytically, rather we observed numerically along all phase
diagram and for different system sizes that this property is present. The su(2) symmetry

in the reduced state leads to interesting consequences and avenues of investigation for



Capitulo 4. Results 36

S
Q X [Q—Q JHHL]C
~ —ﬁttzed ’

x [y,
1.5 H—fitted
(D],
fitted
x [,
—fitted

1 . .

0 0.05 0.1

1/L

Figure 20 — Results for the two-body reduced density quantifiers along the line in the phase
diagram with U/t = 4 fixed, for varying V/t and system sizes L, highlighting
transitions between PS1-PS2-SDW-CDW. We show in (top-left panel) the
quantum correlations @y, (top-right panel) irreducible correlations Dy,
(middle-left panel) coherence Cy and (middle-right panel) entanglement
gap €. In the (bottom panel) we show the finite-size scaling analysis for
the interactions V/(L); ; where the quantifiers are maximums, or minimums,
in the region with U/t > 0. The fitted lines use a second order polynomial in
1/L.
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the analysis of the state in the superconducting phase. We first recall that the total spin
operator commutes with S, and split the Hilbert space of the reduced density matrix into

triplet and singlet subspaces with quantum number (52, S.) given by,
te =(2,£1), to=(2,0), s0=1(0,0) (4.4)

where £(s) denotes triplet (singlet) subspace. The dimension of the antisymmetric subspace
of the Hilbert space for two particles corresponds to dy = (22L> The fraction of the
dimension for the singlet on such space is given by,

%L_ML+D<M>4__L+1

dy 2 2 4L —2

(4.5)

which in the thermodynamic limit L — oo reduces to limy,_, ds,/d2 = 1/4. Similarly, for

triplet subspaces g, t+ we have,

dto ty L—-1 15
= = —1/4 4.
do 41, — 2 / ( 6)

All subspaces converge to the same ratio of 1/4 in the thermodynamic limit. The symmetries

imply in a block diagonal structure for the reduced state in the above subspaces, and can

be written as,

p2 = Z Pi(PiﬁQPD (4'7)

i=50,t0,t 4
with P; the projectors onto the singlet and triplets subspaces, and p; = Tr(p2P;) the
overlap of the reduced density matrix in its respective subspace. We obtain numerically
that the overlap p; of the reduced density matrix on each subspace is constant along
all phase diagram of the model, depending only on the number of sites in the system.
Moreover, in the thermodynamic limit the overlap of all subspaces tend to the fraction
of their dimensions over the antisymmetric Hilbert space, precisely, p; — d;/ds = 1/4 for
N — oo with i = g, to, t4 - see FigP2I]

Spectral properties. We study the spectral properties of the reduced density matrix,
taking in consideration the splitting of singlet and triplet quantum numbers. We show
in Fig. the largest eigenvalues of the reduced density matrix in the superconducting
region, for varying system sizes and on-site interactions. We see that around U/t ~ —3,
with V/t = —0.5, there is a single dominant eigenvalue, corresponding to the singlet
subspace. Indeed in this region we expect, according to the literature, the existence of a
SS phase. As the on-site interaction is decreased (in modulus), triplet eigenvalues become
(L,V/t)) the

triplet dominant eigenvalue surpass the singlet and becomes the largest eigenvalue. In this

comparable to the dominant singlet, until at a certain interacting value (U%,_,,

region we expect the dominance of a TS phase. The existence of different superconducting

orderings was also studied in Refs. [70}/71},78,79].

In Fig. we show the gap €2y in the superconducting region, making clearer the

regions with dominance of a SS or TS eigenvalues, as well as their dependence with system
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Figure 21 — Asymptotic limit of the subspaces probabilities as a function of 1/L. The
fitted lines use a second order polynomial in 1/L.

(L,V/t) for a change of

singlet /triplet dominance increases (in modulus) for larger system sizes as well as for larger

size and interactions. We see that the critical interaction UJ,_,,

(in modulus) inter-site interaction. A quantitative analysis of the transition line between
(L,V/t) for

L — o0) is beyond the scope of this thesis. It requires the analysis of much larger system

the two different superconducting phases in the thermodynamic limit (UZ,_,,
sizes, which at the moment are numerically too expensive. It is worth remarking that even
though a TS phase “enlarges” in the phase diagram for increasing system sizes, the trends
in our finite-size data suggest that the two different SS/TS orderings remain present in
the thermodynamic limit. This analysis is based on the behavior of the entanglement gap
Qs (shown in Fig. away from the critical point: in the region of singlet dominance (e.g.,
V/t = —0.5and U/t ~ —1), the gap {2, becomes larger as we increase the system size. This
opening of the gap with L indicates the stability of the singlet-dominant phase. A similar
trend occurs in the region of triplet dominance (e.g., for V/t = —0.5 and U/t ~ —0.25,
where for large enough system sizes we see a dominance of triplet eigenvalues (L ~ 18
sites), and further increasing the system size the gap increases as well, corroborating the

triplet eigenvalue dominance in the thermodynamic limit.

Dominant eigenvectors. We perform a deeper analysis of the dominant eigenvalue
of the reduced density matrix, studying their eigenvector structure. In order to understand
how the fermions are ordered within the eigenvector, we study its coherent superpositions.

Specifically, we introduce a “canonical” basis in real space for the antisymmetric Hilbert
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Figure 22 — Entanglement spectrum of the reduced density matrix ps for a system with
L = 18 (L = 24) sites and interactions V/t = —0.5 (V/t = —0.6) for the
top (bottom) panel. We show here only the first 100 (8) largest eigenvalues
of the spectrum. In the bottom panel, the 8 largest eigenvalues are pairwise
degenerate, resulting in 4 distinct lines.
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Figure 23 — Entanglement spectrum gap for the lines V/t = —0.5 (top) and V/t = —0.6
(bottom), for varying system sizes and on-site interactions. Empty (filled)
symbols denote a dominant singlet (triplet) eigenvalue. In the case where
the triplet is the dominant eigenvalue we have a three-fold degeneracy in the
largest eigenvalues (§; = &23) all belonging to triplet subspaces. We show in
this case the gap with the next largest eigenvalue (§4), according to the figure
legend.
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space of two-fermions, in the singlet (|s;)) and triplet (|t£J]>) subspaces, as follows,

(alyd), — @)

|50,ij> = \/5 |UCLC> ) (4-8)
(alal, +alal)

|t0.45) t N\/ﬁ i lvac) , (4.9)

tr o)) = @ZT'T(UCAL;T@) |vac) . (4.10)

The dominant eigenvector |D) can always be decomposed in such a basis, |D) = 3=, ; ¢;; %
|s0(¢04]),;), depending if it belongs to the singlet or triplet subspace. We show in Fig.(24)
the coherence profiles for the dominant eigenvector along the superconducting region.
In Fig.—(top left) we show the case where the system belongs to a SS phase, with
interaction values U/t = —3.4, V/t = —0.5 and the dominant eigenvector belonging to
the singlet subspace. In this case the coherence profile |¢;;|* shows an almost uniform
distribution along the chain for a fixed distance |i — j| between the sites, displaying in
this way a coherent superposition of fermionic pairs along all the chain of the system.
Moreover, the coherence is maximum for fermion pairs at the same site (i = j), i.e., the
fermions prefer a spatially local pairing ordering. In Fig.—(top right) we show now
the case where the system belongs to a TS phase, with interacting values U/t = —0.2,
V/t = —0.6 and the dominant eigenvector belonging to the triplet subspace. We see a
similar profile with, however, a predominance of triplet pairs between nearest-neighbor

sites (we recall that triplet pairs are forbidden to occupy the same site, i # j).

In Fig. (24)-(bottom pannels) we show the coherence of the dominant eigenvectors in
the singlet and triplet subspaces, highlighting their dependence with the distance between
the pairs. Interestingly, we notice that as we move from the SS phase towards the TS
phase, the singlet pairs tend to spatially move apart from each other, while the triplet
pairs tend to get closer together. This indicates that the dominance of each pairing phase
is related to the distance between the fermion pairs in the model - spatially closer (and

coherent) pairings prompt a stronger superconducting ordering.

423 U ~ V: Strong Coupling Regime (U, V > t)

Along the line with roughly equal couplings U ~ V and in the strong coupling
regime U,V > t the entanglement gap displays a minimum, indicating in this way a
possible phase transition in the model not yet discussed in the literature. Since they persist
along the strong coupling regime, one can better analyse the system within perturbation
theory picture. Along this approach we observe that there are no macroscopic changes in
the properties of the ground state, rather they follow at a few-body level (different types
of local defects in the wavefunction). Let us analyse the two cases, repulsive U, V' > 0 and

attractive U,V < 0, separately.
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Figure 24 — Coherence profiles |¢;;|? for the eigenvectors of the reduced density matrix.
In the top panels we show the coherence profile for the dominant eigenvector
in a system with (top-left) L = 18 sites, V/t = —0.5, U/t = —3.4 and
(top-right) L = 24 sites, V/t = —0.6, U/t = —0.2, in the singlet and triplet
subspaces respectively. In the bottom panels we show the coherences for the
dominant eigenvectors of the (bottom-left) singlet and (bottom-right)
triplet subspaces, in a system with L = 24, V/t = —0.6 for varying on-site
interactions. In the bottom panels, the coefficients ¢;; are chosen close to the
middle of the chain to minimize finite size effects and represent the bulk of
the system (in the thermodynamic limit they will only depend on the distance

i = ).
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Case U,V > 0 (repulsive): In the region with V' = U/2 and considering the infinite
coupling limit ¢ — 0, the ground state is characterized by macroscopic charge-density-wave
configurations, such as [2020...20) or [0202...02). However, due to the open boundary
conditions in the chain, these CDW configurations may present “defects”, such as singly-
occupied or empty nearest-neighbor sites. The energetic cost of the different defects depend
on the strength of the couplings V' and U, and in this way one of them may prevail over
the others depending on the ratio V/U. Specifically, the different CDW ground states and

their corresponding defects are shown below:

oU 2>V 2 U/2 (singly occupied nearest-neighbor defects): The degenerate ground

states and energy are given by,

lgs)e = |CDWEY, ®|11) @ [CDWI)y,

E,, 1 1
LgU = S+ 7-1), (4.11)
where
[CDWEY), = @ |20), (4.12)
iIcow?y, = @2 102) (4.13)

with £ = 0,2,4, ..., L indicating the sizes of the two possible charge-density-wave configura-

tions in the degenerate subspace, v = V/U and E, the ground state energy.

o/ > U (empty nearest-neighbor defects): In this case the degenerate ground states

and energy are given by,

lgs)e = |CDWEN, @ |cDWHY, .

E,, 1
= = 4.14
il (4.14)

with £ = 0,2, ..., L indicating the defect position, i.e., the pair of empty (¢, ¢ + 1) nearest-

neighbor sites.

Therefore, despite the system is always characterized by a macroscopic CDW phase
for both cases, at a few-body level the wavefunction has different properties. Considering
a nonzero small hopping in the system ¢ ~ € shall not change significantly this picture,
leading only to second-order perturbative corrections to the wavefunction. We conclude in
this way that the entanglement gap minima observed in Figl[T§ along these couplings are a
consequence of the different types of few-body defects in the ground state wavefunction.
We also remark that along this line the closure of entanglement gap follows between singlet
eigenvalues (not shown), a different phenomenology as compared to the triplet-singlet

superconducting phase transition discussed in the previous section.

Case U,V < 0 (attractive): The analysis of the attractive case follows similarly to

the previous one. The different defects and fluctuations, however, appear in the ground state
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from higher orders corrections in perturbation theory. Therefore, despite the entanglement
gap may still capture these fluctuations are much weaker, in accordance with our numerical
results, where the minimum observed in the quantifier is much smoother as compared to
the repulsive case. Specifically, considering the infinite coupling limit the degenerate ground
states are given by clusters of fully occupied sites, such as |...022...220...). Perturbative
corrections correspond e.g. to hoppings of single fermions (|20) — |11)) or doublons
(|20) — |02)) at the edges of the clusters. The prevalence of these two “defects” depend on

the ratio V/U, thus leading to different few-body quantum fluctuations in the wavefunction.

4.3 Conclusions

In this work we studied the ground state properties of the one-dimensional extended
Hubbard model, composed of half-spin fermions, from the perspective of its particle reduced
density matrices. Focusing in the case of two-fermion reduced density matrices, we studied
different facets of the quantum correlations and coherence on such states borrowing tools
from Quantum Information and Entanglement theories. Specifically, we analysed (i) the
entanglement entropy of the reduced states, corresponding to the entanglement between
2 fermions with the rest of N — 2 fermions in the system; (ii) the irreducible two-body
correlations contained in the cumulant matrix; (iii) quantum coherences obtained from
the off-diagonal elements of the reduced density matrix elements and (iv) the spectral

structure and gap of the reduced density matrix.

In a general form, we obtained that all of the above quantifiers provide a qualitative
view of the phase diagram of the model, showing peculiar behaviors such as discontinuities,
maximum or minimum values at the quantum phase transitions and are complementary
to each other for a better description of the system properties. Interestingly, performing a
finite-size scaling analysis of the quantifiers around the BOW related phase transitions,
i.e., for a fixed U/t = 4 and varying V/t for different system sizes, we found that while
the entanglement of particles (), the coherence Cy and the entanglement gap 25 have
their maximum/minimum at the critical value V* ~ 2.22 in the thermodynamic limit, the
irreducible correlations Dy have critical value closer to V* ~ 2.02. Comparing these results
with the literature we tend to conclude that while (09, C5 and )y are most sensitive to the
BOW-CDW phase transition, Dy on the other hand is most related to the SDW-BOW

phase transition.

We observed (numerically) that the two-fermion reduced density matrix has a su(2)
symmetry, thus splitting the Hilbert space into singlet and triplet subspaces. The overlap
of the reduced matrix on such subspaces is intriguingly constant along all phase diagram,
depending only on the number of sites L in the system. In the thermodynamic limit the

overlap onto all subspaces tend to be equal.
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These symmetries opened interesting avenues for the investigation of the spectral
properties of the reduced state. Focusing our analysis on the superconducting region of the
phase diagram, we first observed that the dominant (largest) eigenvalues of the reduced
(L,V/t). Thus

the dominant eigenvalue of the reduced state shifts from the singlet subspace to the triplet

matrix on the different subspaces cross at a critical interacting strength UZ,_,
one, signaling different dominant pairing orderings for the fermionic particles. Moreover,
studying the structure of the dominant eigenvector, we showed that the dominance of a
singlet or triplet eigenvalue in the spectrum of the reduced density matrix is related to
the spatial distance between the fermionic pairs on the eigenvectors. Precisely, within the
singlet subspace the fermion pairs tend to be spatially closer to each other when the singlet
eigenvalue is dominant in the full spectrum. As one moves towards the TS phase these
singlet pairs tend to move apart from each other, as well as decreasing the corresponding

singlet eigenvalue. The same mechanism occurs for the triplet pairs and their eigenvalues.

An interesting perspective for our work stands on delineating possible connections
between our quantifiers with other approaches with more direct experimental access, such
as optical conductivity and optical gap studies [75,|111]. These could be experimentally
probed by spectroscopy approaches, and similarly to our quantifiers they are also based on
two-particle correlations. Nevertheless, a direct relation among them is not straightforward

and would require a deeper analysis.
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