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Abstract− In the present work an analytical formulation to syn-
thesize non-uniform phase distributions at cylindrical apertures is
described. Assuming three distinct amplitude distributions, the re-
spective phases are established to provide cosecant-squared radia-
tion patterns. Non-uniform amplitude distributions are investigated
and adopted to reduce sidelobe levels and unwanted ripples in the
synthesized radiation patterns. Analytical results for the estab-
lished amplitude and phase distributions at cylindrical apertures
are presented. The radiation patterns for such distributions are
obtained by aperture method analysis, successfully demonstrating
the usefulness of the new analytical formulation.

Index Terms− Omnidirectional aperture antennas, Cosecant-squared radiation
pattern, Aperture method.

I. INTRODUCTION

Cosecant-squared radiation patterns may be an important option for mobile communication systems
and air surveillance radar applications [1], [2]. Such radiation patterns compensate for propagation
losses, providing greater directivity in the directions of longer pathways [3]. Fig. 1 shows an example of
the idealized cosecant-squared radiation pattern, for directions between 105 and 155 degrees. Techniques
for synthesizing amplitude and phase distributions at aperture antennas to provide cosecant-squared
radiation patterns have been investigated for quite a long time [4]. In [4], for example, the authors
employed the Stationary Phase Method (SPM) to propose a differential equation in order to determine
the non-uniform phase distribution over a planar aperture to obtain the desired radiation pattern.

There are various types of antennas designed to meet the specifications of the cosecant-squared
radiation pattern, as seen in [5] and [6]. In [5], an antenna array based on integrated substrate waveguide
(SIW) technology for 5G base stations was investigated, emphasizing the importance of cosecant-
squared radiation patterns in mobile networks. Additionally, there are studies that use optimization
algorithms to attain the desired pattern [6].

Among the antennas that meet the specifications for radiating a cosecant-squared pattern, it is
important to mention the omnidirectional dual-reflector configurations [1], [7], [8]. In these works,
the shaping of the main-reflector was suited to generate a cosecant-squared radiation pattern in the
elevation plane for a uniform coverage, but only controlling the far-field power density. It is known
that the synthesis of both amplitude and phase distributions at the antenna aperture is a fundamental
tool in the shaping of dual-reflector antennas for a more efficient radiation of the desired pattern.
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Fig. 1. Example of the desired cosecant-squared radiation pattern for directions between 105 and 155 degrees.

Continuing the studies of [4], in [9] a method was proposed to obtain a non-uniform phase distribution
at planar apertures, adopting a constant amplitude. However, the resulting radiation patterns showed
high sidelobe levels and unwanted ripples. This can be avoided by employing a tapered amplitude
distribution at the aperture [10]. In [10], however, the phase at the antenna aperture is constant and can
not provide a cosecant-squared pattern. Recently, in [11], an antenna design procedure was proposed in
which the phase synthesis of [4] is achieved based on the tapered amplitude distribution at the aperture
of the omnidirectional dual-reflector proposed in [10]. It should be noted that these omnidirectional
antennas have cylindrical apertures. Thus, the present work, which is an extension of [11] and [12],
investigates an antenna design procedure where the phase synthesis of [4] is obtained for new amplitude
distributions in cylindrical apertures, which have not yet been explored in the literature.

This study is organized as follows. Section II presents the formulation for the phase synthesis at
cylindrical apertures. The method is based on [9], but two different tapered amplitude distributions are
considered to reduce sidelobe levels and ripples of the radiation pattern. Given the amplitude distri-
butions at the aperture and the desired cosecant-squared pattern, the corresponding phase distributions
are obtained, two of them in closed form (a significant contribution of this work). In Section III, the
Aperture Method (Ap-M) equations are described and used to validate the phase synthesis technique.
Relevant case studies are presented and discussed in Section IV. Finally, conclusions are presented in
Section V.

II. NON-UNIFORM PHASE SYNTHESIS TECHNIQUE

The synthesis technique for determining the non-uniform phase distribution ψ(ξ) over the cylindrical
aperture to provide the cosecant-squared radiation pattern is based on the theory of [9]. The steps of the
present technique are schematically illustrated in Fig. 2. According to Fig. 2, note that two functions
must be defined: Fnorm(u) and GA(ξ). The function Fnorm(u) represents the desired far field amplitude
in the antenna elevation plane and GA(ξ) is the prescribed power density over the cylindrical aperture,
proportional to the square of the aperture field amplitude (i. e., the amplitude is given by

√
GA).

For a cosecant-squared radiation pattern, Fnorm(u) is expressed as follows [9]:
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Fig. 2. Flowchart of the non-uniform phase synthesis technique.

Fnorm(u) =


0, −1 ≤ u ≤ u1

A/u, u1 < u < u2

0, u2 ≤ u ≤ 1

, (1)

where u = sin(θ−3π/2) represents the direction of observation at the antenna far-field, u1 = sin(θ1−
3π/2), u2 = sin(θ2−3π/2). Consequently, θ = 0◦ and 180◦ correspond to u = −1 and +1, respectively.
The angles θ1 and θ2 define the starting and ending directions of the cosecant-squared radiation pattern,
as illustrated in Fig. 3. From the definition of Fnorm(u) in (1), the normalized radiated power density
is:

h(u) =

´ u
−1 |Fnorm(τ)|

2 dτ´ 1
−1 |Fnorm(τ)|2 dτ

, (2)

where τ is a dummy integration variable. Considering the desired cosecant-squared pattern for θ1 <
θ < θ2 given by (1), the normalized radiation power density in (2) is analytically evaluated as:

h(u) =
u2 (u− u1)

u (u2 − u1)
. (3)

Furthermore, the normalized aperture power density g(ξ) is defined by:

g(ξ) =

´ ξ
−1GA(η) dη´ 1
−1GA(η) dη

, (4)

where ξ is the normalized cylindrical aperture coordinate along the axial direction, such that ξ = −1

at the bottom of the aperture and ξ = 1 at the top (see Fig. 3), and η is a dummy integration variable.
From h(u) and g(ξ) provided by equations (3) and (4), respectively, it is possible to obtain the

mapping function u(ξ) by directly imposing energy conservation:

h(u) = g(ξ). (5)

Finally, the non-uniform phase distribution ψ(ξ) over the cylindrical aperture is determined by the
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Fig. 3. Schematic representation of a cylindrical aperture for the cosecant-squared radiation pattern.

solution of the differential equation [9]:

dψ(ξ)

dξ
= −kWA

2
u(ξ), (6)

where k = 2π/λ and WA is the height of the cylindrical aperture (see Fig. 3). Depending of the
complexity of GA(ξ), equations (4) and (6) may have to be evaluated numerically to determine the
field distribution at a cylindrical aperture as a function of

√
GA (amplitude) and ψ (phase).

A. Analytical Solutions for Non-Uniform Phase

In the present study, we propose to obtain ψ(ξ) adopting three different distributions for GA(ξ)
(namely GA1, GA2, and GA3). The investigated amplitude distributions are depicted in Fig. 4. Assuming
GA1 = 1 for a cylindrical aperture, g(ξ) is evaluated from (4) as [12]:

g(ξ) =
1 + ξ

2
, for − 1 ≤ ξ ≤ 1. (7)

Substituting (3) and (7) into (5), it is possible to obtain the mapping function u(ξ) in analytical form:
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Fig. 4. Investigated GA distributions.
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u(ξ) =
2u1u2

u2 + u1 − ξ(u2 − u1)
. (8)

Evaluating (6) analytically with the help of (8), one obtains:

ψ(ξ) =

(
kWAu1u2
u2 − u1

)
ln [u2 + u1 − ξ(u2 − u1)] . (9)

However, the phase distribution given by equation (9) with uniform amplitude at aperture provides
larger sidelobe levels [12]. To reduce these undesired sidelobe levels, we propose a tapered amplitude
distribution (GA2) that is given by (see Fig. 4):

GA2 = cos

(
ξπ

2

)
, for − 1 ≤ ξ ≤ 1. (10)

Considering GA2 of (10), one can calculate the normalized power density g(ξ) at a cylindrical aperture
from (4):

g(ξ) =
1 + sin(ξ π/2)

2
, for − 1 ≤ ξ ≤ 1. (11)

From the conservation of energy, i.e. equating (3) to (11), one obtains:

u(ξ) =
2u1 u2

2u2 + [1 + sin(ξ π/2)](u1 − u2)
. (12)

Consequently, differential equation (6) is analytically evaluated to provide the following non-uniform
phase distribution for GA2:

ψ(ξ) =
−2kWA

√
u1

√
u2

π
tan−1

[
(u1 + u2) tan(ξ π/4) + u1 − u2

2
√
u1

√
u2

]
. (13)

Extending the analysis, another possible amplitude distribution over the cylindrical aperture, with a
more intense attenuation at the aperture edges than GA2, is given by (see Fig. 4):

GA3 = cos2
(
ξπ

2

)
, for − 1 ≤ ξ ≤ 1. (14)

Following the same steps described to obtain the previous phases, the mapping function u(ξ) for GA3
is given by:

u(ξ) =
2u1 u2

2u2 + [1 + ξ + sin(ξ π)/π](u1 − u2)
. (15)

Finally, given equation (15), the differential equation (6) must be numerically evaluated. Thus, the
phase distribution ψ(ξ) corresponding to the amplitude distribution GA3 must be numerically obtained.

III. RADIATED FAR-FIELD BY THE APERTURE METHOD

In the present work, Ap-M is used to validate the non-uniform phase synthesis technique described
in Sect. II. The amplitude (

√
GA) and phase (ψ) distributions synthesized for the cylindrical aperture

are then employed to establish the equivalent surface current densities, which are further integrated to
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determine the radiated far field [13]. According to the equivalence principle [14], the equivalent electric
and magnetic current densities J⃗A(r⃗A) and M⃗A(r⃗A), respectively, are obtained:

J⃗A(r⃗A) = − [GA(ξ)]
1/2 ejψ(ξ)

Z0
ẑ, (16)

M⃗A(r⃗A) = [GA(ξ)]
1/2 ejψ(ξ)ϕ̂, (17)

where Z0 =
√
µ0/ϵ0 is the free-space impedance.

From the radiation integral equation [13], the electric far field radiated by J⃗A(r⃗A) and M⃗A(r⃗A) is
calculated:

E⃗(r⃗) ≈ −j kZ0

4π

exp(−jkr)
r

¨
SA

{
J⃗A(r⃗

′)−
[
J⃗A(r⃗

′) · r̂
]
r̂ +

1

Z0
M⃗A(r⃗

′)× r̂

}
exp(jkr⃗ ′ · r̂) dSA,

(18)
where r⃗ ′ locates the equivalent currents at the aperture and dSA is the infinitesimal cylindrical area
given by

dSA =
WA

2
ρA dξ

′ dϕ′, (19)

with ρA being the radius of the cylindrical aperture. The dot product r⃗ ′ · r̂ in (18) can be evaluated as:

r⃗ ′ · r̂ = ρA sin θ cos(ϕ− ϕ′) +
WA

2
ξ′ cos θ. (20)

Furthermore, using (16) and (17) with a proper coordinate conversion, one obtains:

J⃗A(r⃗
′) −

[
J⃗A(r⃗

′) · r̂
]
r̂ +

1

Z0
M⃗A(r⃗

′)× r̂

=
1

Z0

{[
sin θ + cos(ϕ− ϕ′)

]
θ̂ − cos θ sin(ϕ− ϕ′) ϕ̂

} [
GA(ξ

′)
]1/2

exp[jψ(ξ′)]. (21)

Substituting (19)–(21) into (18), one obtains the spherical θ-component of the electric field in the far-
field region, after integration over ϕ′:

Eθ(r⃗) ≈ −jkWAρA
4

exp(−jkr)
r

[sin θ J0(kρA sin θ) + jJ1(kρA sin θ)]

×
ˆ 1

−1

[
GA(ξ

′)
]1/2

exp[j(kWAξ
′ cos θ)/2] exp[jψ(ξ′)] dξ′, (22)

where J0 and J1 are Bessel functions of order zero and one, respectively. Due to the symmetry of the
cylindrical aperture, the azimuthal component of the electric field in the far-field region is zero (i. e.,
Eϕ = 0). Finally, the directivity can be calculated by:

D(θ, ϕ) =
2π|rEθ(r⃗)|2

Z0Prad
, (23)

where Prad is the power radiated by the aperture, given by:
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Prad =
1

2Z0

"
|Eθ(r⃗)|2 r2 senθ dθ dϕ. (24)

Thus, (22) and (24) can be numerically evaluated using the SciPy library in the Python programming
language [15].

IV. CASE STUDIES

To demonstrate the usefulness of the synthesis technique proposed in this work, some case studies are
presented considering the three non-uniform phase distributions obtained by GA1, GA2, and GA3. For
each case study, a comparison is established among the three phase distributions ψ(ξ). The radiation
patterns provided by such distributions were simulated by the Ap-M analysis of Sect. III. From the
results presented, we evaluate the influence of the parameter WA on the phase calculation and the
corresponding radiation patterns. Afterwards, a variation of angle θ2 is performed to verify whether the
present synthesis technique meets the desired pattern beam-width specifications (see Fig. 3).

In the first case study, ψ is obtained for the three distributions GA1, GA2, and GA3 with WA = 10λ,
aiming for a cosecant-squared radiation pattern given by (1) with θ1 = 95◦ and θ2 = 140◦. Fig. 5 shows
the three distributions ψ(ξ) determined from (9) and (12) for GA1 and GA2, respectively, and from the
numerical evaluation of (6) for GA3. The graphs are given in terms of the aperture coordinate z instead
of ξ. From the figure one observes that the phase variation in the cylindrical aperture considering GA3
is greater than the others. Fig. 6 presents the cosecant-squared pattern defined by (1) for θ1 < θ < θ2

and the Ap-M radiation patterns obtained for GA1, GA2, GA3, and their respective phases ψ(ξ). Due
to the tapered behavior of (10) and (14) over the cylindrical aperture (i. e., for −1 < ξ < 1), GA2 and
GA3 are both capable of reducing undesirable ripples in the radiation pattern for 95◦ < θ < 140◦, as
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Fig. 5. Phase distributions ψ for GA1, GA2, and GA3 of the first case study.
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Fig. 6. Ap-M radiation patterns for the first case study.

desired. Particularly, the distribution GA3, which has the most intense field attenuation at the aperture
edges, provides the smallest sidelobe levels, as expected.

In the second case study, the values of θ1 and θ2 were kept equal to 95◦ and 140◦, respectively, but
the width WA of the cylindrical aperture was increased to 50λ. The phases ψ were calculated for GA1,
GA2, and GA3 as in the first case, and are illustrated in Fig. 7. From this figure one observes that the
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Fig. 7. Phase distributions ψ for GA1, GA2, and GA3 of the second and third case studies.
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phase distributions basically have the same behavior of those of the first case illustrated in Fig. 5. The
Ap-M radiation patterns are illustrated in Fig. 8 with the corresponding cosecant-squared template. As
expected, the increase of WA from 10λ to 50λ provides better control of the power density radiated by
the aperture and, consequently, the present radiation patterns have a better conformity with the desired
cosecant-squared pattern than those for WA = 10λ illustrated in Fig. 6. Once again, note that for (10)
and (14), the radiation patterns determined by the Ap-M show lower sidelobe levels than those of the
uniform distribution GA1.

The third case study was conducted for θ2 = 120◦, keeping θ1 = 95◦ and WA = 50λ. The phase
distributions for GA1, GA2, and GA3 are shown in Fig. 7 with dashed lines. It can be observed that,
as in the previous cases, the phase related to GA1 shows a smaller variation, while the one for GA3
has a greater variation over the aperture. It is also noteworthy that, compared to the second case study
(shown with solid lines in Fig. 7), the reduction of angle θ2 from 140◦ to 120◦ led to a decrease in
the phase variation over the aperture. The corresponding Ap-M radiation patterns are shown in Fig. 9,
from which one observes that, once more, the three amplitude distributions provided radiation patterns
conformed to the idealized cosecant-squared pattern. However, the tapered amplitude distributions GA2
and GA3 proposed in this work provide a considerable reduction of the sidelobe levels. Additionally,
it is noteworthy that, among the non-uniform amplitude distributions, GA3 exhibited lower sidelobe
levels and pattern ripples than GA2 and, obviously, GA1.

The maximum directivity values obtained in Fig. 6, Fig. 8, and Fig. 9 for all three case studies
are summarized in Table I. From the table one observes that, according to the Ap-M simulations, the
uniform amplitude GA1 always provides the highest directivity, while GA3 always provides the smallest
one. This exemplifies the compromise between higher directivities and lower sidelobe levels that the
antenna designer must keep in mind, in which case the present formulation can be used as a useful
design tool.
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Fig. 8. Ap-M radiation patterns for the second case study.
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Fig. 9. Ap-M radiation patterns for the third case study.

TABLE I. Maximum directivity for the three investigated amplitude distributions GA.

Case Amplitude Directivity (dBi) θ (degrees)

1

GA1 10.19 99.44
GA2 9.91 98.83
GA3 9.50 98.83

2

GA1 12.78 96.75
GA2 12.68 96.65
GA3 12.41 96.65

3

GA1 13.33 97.03
GA2 12.99 96.65
GA3 12.78 96.37

V. CONCLUSIONS

A technique for synthesizing non-uniform phase distributions over cylindrical apertures to provide
cosecant-squared radiation patterns was described, incorporating three distinct amplitude distributions.
One of them is uniform and the other two are tapered at the aperture edges to reduce sidelobe levels
and undesired ripples in the antenna radiation pattern. The phase distributions obtained were validated
by Ap-M analysis, confirming that the tapered amplitudes indeed reduce the sidelobe levels. It is also
noteworthy that analytical solutions for non-uniform phase distributions were derived for the amplitude
distributions GA1 and GA2.
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