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RESUMO

A caracteristica que mais diferencia os seres humanos de quaisquer outras entidades conhecidas
reside no arsenal cognitivo proporcionado pela mente que € instanciada em seu complexo
cérebro. Esse conjunto de ferramentas cognitivas dos seres humanos compreende o que se
denomina de inteligéncia. Um aspecto fundamental da inteligéncia humana € a capacidade de
conduzir investigagdes e descobertas cientificas, trazendo indmeros beneficios a humanidade,
desde tratamentos médicos até tecnologias de exploracdo espacial. Para facilitar, disseminar e
amplificar o uso das capacidades cognitivas humanas, pesquisadores t€m buscado automatizar
esses processos por meio da Inteligéncia Artificial (IA). Esses esfor¢os, amparados pela
tecnologia atual, estdo revolucionando a pesquisa cientifica, tornando-a mais rapida e
descentralizada, sobretudo com o uso das IA Generativas (Gen-Al). No entanto, para que
modelos de [A sejam amplamente adotados a processos de descoberta cientifica e em aplicagdes
de missdo-critica, € imprescindivel tornd-la compreensivel aos seres humanos, o que € o foco
da Inteligéncia Artificial Explicavel (XAI). Diversas técnicas foram desenvolvidas para prover
interpretabilidade a modelos de IA, como a geracdo de regras l6gicas simbdlicas, interpretagcdes
por meio de graficos e imagens, descri¢ao da importancia das varidveis e andlises por meio do
uso de amostras (exemplos), destacando-se a Andlise Contrafactual. A andlise contrafactual
beneficia modelos de IA em aspectos como andlise do comportamento do modelo, verificacdo
de erros, avaliacdo de equidade e vieses, incremento de dados, extracio de regras simbdlicas,
estudos de otimizacdo, além de fornecer subsidios para ajustar dados de amostras de modo
que se obtenha uma saida (predi¢do) distinta do modelo. Este trabalho investiga o uso de
estruturas geométricas, especialmente o grafo de Gabriel, para balizar a realizacdo de anélises
contrafactuais. O grafo de Gabriel permite representar a similaridade entre as amostras de
um conjunto de dados e é adotado para direcionar a criacdo de exemplos contrafactuais sob
diferentes restricdes e comportamentos das dimensdes espaciais. A ideia central € selecionar
estrategicamente pontos reais de referéncia baseando-se na estrutura geométrica do grafo
associada as métricas estatisticas das amostras. Uma vez selecionada a amostra de referéncia,
pode-se escolher diferentes estratégias de criacdo das novas instdncias contrafactuais. A
avaliacdo da abordagem com conjuntos de dados reais evidenciou a eficdcia do uso de estruturas
de dados baseadas no grafo de Gabriel na geracdo de exemplos contrafactuais e ressaltou o
potencial de estruturas geométricas em iniciativas de explicabilidade. Contudo, a drea ainda
demanda esforc¢os adicionais, especialmente no desenvolvimento de algoritmos para lidar com
dados complexos e de elevada dimensionalidade.

Palavras-chave:inteligéncia artificial (ia); inteligéncia artificial explicavel (xai); andlise
contrafactual; geomatria computacional; grafo de Gabriel; estruturas geométricas; modelos
de ia; interpretacao de modelos; medidas de similaridade; otimizacao.



Abstract

The present thesis investigates the application of geometric structures, particularly the Gabriel
Graph, for the generation of counterfactual examples to enhance explainability in Artificial
Intelligence (AI) models. The research explores the potential of these structures to improve
model interpretability by generating counterfactual samples that are realistic, diverse, and
feasible, enabling better insights into decision boundaries and influencing features. The
methodology involves the use of geometric data structures and statistical metrics to guide
counterfactual generation, employing real-world datasets for validation. Results indicate the
efficacy of the proposed methods in producing high-quality counterfactuals and emphasize
the computational efficiency and applicability of geometric approaches in handling complex
datasets. The findings highlight the role of geometric techniques in advancing Explainable
Al (XAI), particularly in critical domains like healthcare, finance, and industrial systems,
while identifying future research directions, such as developing efficient algorithms for high-
dimensional data.

Keywords: artificial intelligence (Al); explainable artificial intelligence (XAl); counterfactual
analysis; computational geometry; Gabriel graph; geometric structures; Al models; model
interpretation; similarity measures; optimization.
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Chapter 1

Introduction

1.1 Context Analysis and Guiding Questions

The widespread and growing dissemination of Artificial Intelligence (AI) has significantly
increased the demand for explainability and interpretability. As Al models become more
complex, understanding the rationale behind their decisions has become critical for fostering
trust and ensuring ethical deployment. Different strategies for understanding the behavior
of Al models have been developed over time, among them has emerged Counter Factual
Examples Investigation. Counterfactual investigation has emerged as a prominent methodology
for providing interpretability and explainability in Al systems, enabling the exploration of
hypothetical scenarios to clarify decision-making processes.

While numerous methods exist for conducting counterfactual analyses, approaches leveraging
geometric methods combined with statistical metrics remain rare. The present study aims
to address this gap by exploring the utility of geometric data structures for generating
counterfactual examples. This research is motivated by the potential of geometric methods
to not only produce high-quality counterfactual samples but also to provide insights into the
decision process of machine learning models. In order to highlight the work in right place,
one may consider employing the typology of of XAl systems proposed by Cabitza et all [1].
Such topology has a practical approach, instead using theoretical and speculative concepts,
the authors have considered a naively constructed definition of explanation for the aims of
explainable Al and designed a software architecture point of view. The present thesis research
new branch is highlighted on the Figure 1.1.

1.2 Hypotheses and Objectives

The primary objective of this research is to investigate whether geometric data structures, when
associated with statistical metrics, can facilitate the generation of counterfactual samples that
meet specific quality requirements. The study hypothesizes that geometric approaches can:

* Generate counterfactual samples that are realistic, diverse, and feasible within the data
domain.

* Enhance the interpretability of classifier decision-making processes by visualizing
decision boundaries and influential features.

* Identify the most suitable geometric data structures for different dataset characteristics.
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Demonstrate computational efficiency suitable for real-time systems subject to temporal
constraints.

What is the phenomenon causing the
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Figure 1.1: Thesis approach placed within Cabitza et all Topology [1] highlighted in green.

1.2.1 General Objectives

In general terms this work aims to validate the potential of geometric data structures for
generating counterfactual samples that enhance the interpretability and explainability of Al
models.

1.2.2 Specific Objectives

On can subdivide the objectives into the following detailed view:

1.
2.

To design and implement geometric methods for generating counterfactual examples.
To evaluate the performance of these methods across diverse datasets.

To identify the most effective geometric structures for counterfactual generation under
various dataset characteristics.

To quantify the quality of counterfactual samples using predefined metrics, such as
feasibility, diversity, and sparsity.

To assess the computational efficiency of the proposed methods in real-time settings.
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1.3

Work Methodology

This research employs the following systematic methodology to achieve its objectives:

1.4

Theoretical Framework: A comprehensive review of literature on counterfactual
analysis, geometric methods, and statistical metrics to establish a strong theoretical
foundation.

Observations of theoretical concepts: Computational experiments for observations of
theoretical concepts.

Methods Development and Implementation: Design and implementation of geometric
methods for counterfactual generation, leveraging data structures such as Gabriel graphs,
Dominating sets, Voronoi diagrams, and convex hulls.

Experimental Validation: Execution of computational experiments using benchmark
datasets and a real-world dataset from an industrial steelmaking process.

Evaluation Metrics: Validation of counterfactual samples based on feasibility, diversity,
proximity, and interpretability.

Relevance of the Work and Contribution

This work is relevant to advancing the field of Explainable Al (XAI) by introducing novel
geometric methods for counterfactual analysis. These methods hold potential for practical
applications in critical domains such as healthcare, finance, and industrial systems, where
interpretability and trustworthiness are paramount. Additionally, the study bridges a gap in the
literature by systematically combining geometric structures with statistical metrics, providing
a new perspective for counterfactual generation.

1.4.1 Areas of Applicability: Potential Applications and Stakeholders

The methods and results of this study have the potential to serve a wide array of applications.
Several distinct research areas that could benefit from this work include:

Explainable Al (XAI).

Data science (DS) ans Machine Learning (ML).

Safe and ethical Al systems.

Computational social science (CSS).

Automatic scientific discovery and knowledge discovery in databases (KDD).
Healthcare.

Industrial applications (aerospace, automotive, and manufacturing process).
Enhanced human-computer interaction (HCI).

Recommendation Systems

By addressing the challenges of counterfactual generation through geometric methods, this
research open new roads for advancing the interpretability and trustworthiness of Al systems.
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1.4.2 Additional Contributions

Throughout the research activities, additional contributions were made through publications
and review efforts. Some of these contributions can be found in the following list:

e Carneiro, M. V., Salis, T. T., Almeida, G. M., & Braga, A. P. (2021). Prediction of
Mechanical Properties of Steel Tubes Using a Machine Learning Approach. Journal of
Materials Engineering and Performance, 30(1), 434-443.

e Alvarenga, W. J., Campos, F. V., Costa, A. C., Salis, T. T., Magalhaes, E., Torres, L. C.,
& Braga, A. P. (2022). Time domain graph-based anomaly detection approach applied to
a real industrial problem. Computers in Industry, 142, 103714.

e Silva, D. A. C., Salis, T. T., & Braga, A. P. (2021, November). Industrial case study of
causal modeling of continuous casting and lamination of steel tubes. In 2021 IEEE Latin
American Conference on Computational Intelligence (LA-CCI) (pp. 1-6). IEEE.

* Durdaes, R. G., Salis, T. T., Coelho, F. G. F,, & de Pddua Braga, A. (2022, July).
Explainability Analysis of a Machine Learning Model for Industrial Applications.
In 2022 International Conference on Electrical, Computer and Energy Technologies
(ICECET) (pp. 1-6). IEEE.

* Silva, D. A. C,, Salis, T. T., & Braga, A. P. Structural Causal Model as Alternative to
Black-Box Approaches Applied to an Industrial Problem" for possible publication in
Neural Computing and Applications. Neural Computing and Applications (April, 2022)

Not published. Finished, Under revision articles:

e Vitor M. Hanriot, Turibio T. Salis, Luiz C. B. Torres, Frederico Coelho, Antonio P.
Braga. Large Margin Classifier with Graph-based Adaptive Regularization Threshold
for Autonomous Machine Learning. Patter Recognition Letters. (Under revision by the
journal)

e Salis, T. T, Braga, A. P. Explainable Artificial Intelligence in Industry: practical case
studies and survey. (Originally submitted to Engineering Applications of Artificial
Intelligence, transferred to Elsevier Expert Systems with Applications. Submission In
progress)

Paper in preparation (following the evolution of current experiments)

e Salis T.T., Balbino M., Torres L. C. B., Nobre C., Braga, A.P. Formulation of
counterfactual explanations from characteristics’ space geometric representations.

Papers Review:

e TNNLS-2022-P-20342.R2 entitled "HGBER: Heterogeneous Graph Neural Network
with Bidirectional Encoding Representation” for the IEEE Transactions on Neural
Networks and Learning Systems.

* TNNLS-2020-P-14486.R2 entitled "An Intelligent Method for Predicting the Pressure
Coefficient Curve of Airfoils based Conditional Generative Adversarial Networks" for
the IEEE Transactions on Neural Networks and Learning Systems.
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* EAAI-22-4828 "A Review of Wearable Sensors Based Fall-Related Recognition
Systems", for Engineering Applications of Artificial Intelligence

e Springer Nature. "A Parallel Reconfigurable Architecture for Scalable LVQ Neural
Networks" for Neural Processing Letters

e Springer Nature. "A Targeted Universal Attack on Graph Convolutional Network by
Using Fake Nodes" for Neural Processing Letters

* Engineering Applications of Artificial Intelligence. = EAAI-22-90 Computational
approach towards shear strength prediction of RC shear wall using ensemble and hybrid
SVM models" (EAAI-22-90) to Engineering Applications of Artificial Intelligence

* Springer Nature "A New Convolutional Neural Network Architecture for Automatic
Segmentation of Overlapping Human Chromosomes" for Neural Processing Letters.

1.5 Thesis Structure

Chapter 2 aims to explore the context of Explainable Artificial Intelligence (XAI), highlighting
its historical evolution, philosophical foundations, and practical applications. It addresses the
importance of explainability in Al systems to foster trust, understanding, and transparency. It
discusses concepts such as explanation, understanding, and trust, linking them to human needs
and the ethical and legal requirements of Al-based systems. Additionally, it examines the
role of counterfactual thinking as a cognitive tool for understanding decisions and indicating
changes in Al models’ training process. Finally, the text provides a comprehensive view of
XAI techniques, emphasizing the relevance of counterfactual explanations as an intuitive and
accessible way to interpret complex models.

Chapter 3 delves into the application of counterfactual explanations (CE) within Explainable
Artificial Intelligence (XAl), emphasizing their utility in understanding AI model decisions and
proposing actionable changes to achieve desired outcomes. It explores various methodologies
for generating counterfactual examples, their role in improving model interpretability, and
their application across diverse fields, such as finance, healthcare, and image classification.
The chapter also highlights challenges, including feasibility, plausibility, and actionability of
counterfactuals, as well as risks like data privacy concerns and adversarial vulnerabilities.
Furthermore, it outlines criteria for evaluating the quality of counterfactual explanations,
offering insights into their effectiveness as a tool for decision support and model refinement.In
general, this chapter reviews the literature on methods for generating counterfactual examples.
Chapter 4 presents the theoretical foundation and application of geometric structures, starting
from fundamental concepts such as points and dimensions, visiting mathematical abstractions
like distances and their variations, to advanced structures such as Gabriel graphs, Voronoi
diagrams and Dominating sets. It explores their role in machine learning and pattern
recognition, illustrating how these structures are used to analyze data and classify points in
high-dimensional spaces. The discussion is enriched with computational experimental insights
into the challenges posed by high-dimensional data, such as the curse of dimensionality, and
highlights the impact of metrics and thresholds in graph-based classification methods. This
section establishes the geometric and computational framework that supports the proposed
approaches.
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Chapter 5 details novel approaches for generating counterfactual examples and perform
counterfactual analysis in classification problems through the use of geometric structures, such
as the Gabriel Graph, associated to statistic metrics.

Chapter 6 describes the performance of computational experiments to validate the performance
of the proposed geometric methods in order to validate the hypotheses raised by the work.
The tests involved testing the performance of the proposed methods against 20 different real
databases.

Chapter 7 exposes the conclusions conclusions obtained from the work. Chapter 8, in turn,
points out several routes for future work and points still open that can be addressed by new
researches. Appendix A comments XAl history and main topics.

Appendix B outlines the historical development of the most common methods for achieving
explainability in Al It also describes a series of experiments using real-world databases to
validate such methods. Finally, the chapter briefly presents several actual industrial case studies
involving XAl besides diverse referenced in the bibliography.
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Chapter 2

Counterfactual Analysis in Explainable
Al: Foundations, Evolution, and Key
Insights

The characteristic that most differentiates human beings from everything else is the rich
cognitive arsenal provided by their minds. This set of mental features embraces the concept
of what we call intelligence.

The cognitive capacity of the human mind is the key to understanding reality and making
decisions based on conscience rather than individual moment passions. This conscious
decision-making is dependent on our ability to organize concepts and discern between good
and evil, beauty and ugliness, right and wrong, or, at a higher abstraction level: better versus
worse.

When individuals neglect their cognitive abilities, their actions can lead to negative
consequences. Philosopher Hannah Arendt, in her concept of the *banality of evil” [5], suggests
that evil often arises from a lack of genuine thought. Failing to exercise this distinctly human
capacity inevitably leads to moral decay and potentially catastrophic outcomes. It is our
consciousness, our ability to think, reason, and discern, that defines us as human.

Beyond moral discernment, human cognitive capacity enables the development of methods
to observe and understand reality to discover the truth. This course generated philosophy in
ancient Greece, encompassing disciplines such as logic, reasoning, and argumentation, which
are fundamental in pursuing truth. Philosophy initially aimed to establish an inner ordering
of the thinking, mind and soul [6].It developed forms of logical reasoning for guaranteeing
deductive process correctness, understanding, and explaining the observed reality [7].

The search for truth and the means to understand it led to the development of the scientific
method. Such a systematic approach allowed humanity to explore and comprehend the natural
world. This method has been a catalyst for numerous benefits for mankind, improving the
quality of life from essential medical treatments, increasing food production, passing by to
enhancing transportation and knowledge dissemination and even enabling spatial cutting-edge
technologies. This progress is a testament to the power of human cognitive capacity.

Seeking to amplify its potential and disseminate the use of intelligence (just as it was done
for activities involving physical strength), researchers from different areas investigate ways
to automate, facilitate, escalate, and spread human cognitive skills. Initiatives to enhance
and mechanize human intelligence features, primarily through computational means, gave rise
to research areas such as Computational Intelligence (CI), and Data Science (DS). Using an
exaggeration for the sake of didactics, one could say that one goal of such automation would
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be to "find a cure for a disease from a command prompt."

Many Al-related tasks involve understanding a given reality through the data that represents
it. These tasks consist in a way of speeding up the discovery of knowledge about a specific
phenomenon. In other words, it attempts to expedite scientific discovery by data-driven
approaches. The term "Scientific discovery" here will be limited to "formulating and validating
hypotheses seeking to explain observable phenomena."

Concerning simple causal relationships between binary categorical variables, for example,
the pioneering works on the automatic generation of hypotheses date back to the 60s [8].
In some more complex situations, where data sets contain a mix of integer, continuous,
and categorical variables, the distinguished tool is a subset of Al called Machine Learning
(ML). ML methods have considerable learning power and generalization capacity, working as
universal function approximators, and are successfully applied in several experiments.

This way, ML models could naturally represent an excellent option in attempts
to automate the knowledge-discovering process, phenomenon prediction, and hypotheses
proposing.However, several high-performance ML models have notable drawbacks inherent
in their way of knowledge representation. The problem is that interpreting, understanding, and
explaining the knowledge assimilated by particular models is not a nominal feature. Such a
model’s original design did not include explanation functionalities. For example, explaining, in
a human-friendly language, the knowledge embedded in neuron activation values and synaptic
weights across the entire artificial neural network topology, is a challenging task.

Automatic knowledge discovery via ML is feasible, but issues in explaining the models’
reasoning process to humans hinder it. Al models often operate as "black boxes," making
it challenging for users to understand how they arrive at their decisions [9]. Some "non-
explainable" models are employed accepting their black-box condition. But, when the scenario
asks for justifications, such models are restricted. For example, in mission-critical systems,
healthcare, financial transaction decisions, atomic power plants, civil constructions [10], and
hazardous (classified) areas controlling [11,12].

In order to adopt a specific AI model as part of automatic scientific discovery methods,
automatic hypotheses formulation, or critical-mission systems, it is necessary to make their
behavior understandable. Providing Al model explanations to end users represents a key
challenge for Al system design [13].1t is necessary to enhance transparency, explaining the
underlying mechanisms of Al models so users can comprehend it, building, this way, trust in
the models’ outputs [9]. The models’ explainability contributes to promoting trust in Al [14].

Aiming to build trust in Al through explainability, researchers have produced a particular
study field denominated Explainable artificial intelligence (XAI). XAl has received growing
attention, as one can see from the number of works and events involving the topic [4, 14-18].
Nowadays, XAl initiatives seek to meet demands from distinct audiences. The primary needs
involve:

* Justifications, seeking to support the results (reliability, trust, acceptance).
* Models Training improvement (maximize accuracy, identify and avoid biases and errors).

* Elucidate findings and formulate hypotheses, causality (automatic knowledge discovery
and communication).

* Law, ethics, transparency and justice (justify outputs and propose feasible actions to
change them). Laws! in various countries and regulations of different institutions and
companies address the issue of data protection and the use of artificial intelligence.

'Tt is worth mentioning that the explainability subject is also involved in social, ethical [19], and legal issues
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* Interactivity targeting to facilitate human-Al mutual understanding. (good human-in-the-
loop fluidity).

» Simulate different scenarios ("possible worlds").
Current year publications indicate some topics regarding the explanations main objectives:

* Explanations should be tailored to users’ cognitive styles, social-cultural-cultural factors,
and Al literacy levels [27,28].

* The complexity and depth of explanations should be adjustable based on user expertise
and task complexity [29].

* XAl systems should provide both system-level and prediction-level information to build
users’ mental models to support understanding [29].

* Explanations must reflect the underlying data and model accurately [30].
» User controlling the level of explanation is important [29].

* XAI explanations should enhance understanding, trust, accountability, and transparency
[31].

* Even when users struggle to understand explanations fully, they may still prefer their
inclusion and perceive benefits such as skill improvement and trust increasing [32].

As explainability took center stage, knowing such a concept closer became interesting. So,
what exactly is an explanation? In order to address this inquiry, it is necessary to delve into the
domains of philosophy to some extent. It will be discussed in the next section. To see details
on the XAI development, survey works and XAl main techniques, please see Appendixes A
and B.

2.1 Explaining Explanation, Understanding and Trust

It was noted that XAl research aims to generate explanations that clarify Al models decision-
making, promoting user understanding to build trust. However, in a rigorous scientific
context, this statement is vague due to the lack of consensus on the concepts of explanation,
understanding, and also trust, in both of its typical investigation areas: philosophy and
psychology.

Delving deeper into these concepts is crucial, even if their initial clarity is limited, because
they are fundamental to the current research. Gaining a clearer understanding of these concepts
will enhance confidence in the methodological approach and ensure the investigation remains
on the correct trajectory. That said, the main points of this investigation will now be addressed.

[20,21]. Regulations regarding Al models’ decision justification already have drawn the attention of geopolitical
leadership centers legislation, for instance, the General Data Protection Regulation (GDPR) from European Union
[22]; the Code of Federal Regulations, and the specific executive order on Al in the USA [23,24]; and The Personal
Data Protection Law in Brazil [25]. Such regulations impact the activities of machine learning professionals who
must meet the requirements that now have law power. While these laws can impose challenges, they also provide
opportunities for ML researchers to take the lead in designing algorithms that supply explanation features [26].
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2.1.1 About trust

As it was exposed before, in terms of Human-Machine Interface (HMI), the model’s behavior
understanding and trusting is a requirement of the human psychological factor in the loop.
Following this behavior, in everyday life, one tend to trust people more when they can explain
their actions [33]. Individuals who clearly express their feelings, intentions and have a tendency
to accurately express their emotions and to reveal their inner mental states are more likely to be
seen as trustworthy [34]. In this sense one can rise two questions: is there any formal criteria
to determine when it is justified to trust someone? And, before that, What is trust?

Trust is a significant topic in psychology and philosophy because it is essential for the
success of various human activities, including teamwork in companies, business, politics,
religion, scientific research, and the transmission of knowledge. Nevertheless, the concept
of trust does not have a narrow area or an obvious boundary. PytlikZillig and Kimbroughb,
in their vast survey work [35], have compiled some common elements from many definitions.
One can see their statement bellow:

Common essences of trust include that trust involves a trustor (subject) and trustee
(object) that are somehow interdependent; involves a situation containing risks for
the trustor (which also implies the trustor has goals); is experienced by the trustor
as voluntary (implying autonomy, agency, and intrinsic motivation); and includes
(or excludes) different types, forms, or sources of trust concepts, some of which
may form the bases of others, and many of which involve or relate to positive
evaluations or expectations [35].

One can see a visual representation of such explanation in Figure 2.1.

Positive expectations, willingness
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May have different types
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|

has takes
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Voluntarily —_, Trustor autonomy
Intrinsic Motivation

Figure 2.1: Common essences of trust in different conceptualizations.

Trying to compile a direct definition for Trust, using the common elements, one can suggest:
"Trust is a psychological state in which an individual presents a good willingness to accept
vulnerability or potential losses, driven by a positive expectation of another person’s intentions
or actions." In this sense, the greater this willingness, the stronger the trust in the other party
[36]. It entails reliance upon something else, and the belief that this other will not fail in
meeting certain trustor’s expectations [33].

PytlikZillig and Kimbroughb comment in their review that researchers continue to engage
in debates over various aspects of trust, particularly [35]:
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* The types of relationships that must be present for psychological or behavioral states to
qualify as trust.

* Whether all conceptualizations of trust necessitate elements regarding to risk, conscious
deliberation of risk, volition, and/or active choice on the part of both the trustor and
trustee.

* The extent to which risk and trust can be considered separable concepts.

* The distinction between trust as a psychological phenomenon versus a behavioral one.
* The cognitive versus affective dimensions of trust.

* The previous trustor-trustee relationship and expectations about future actions.

* The specific requirements from which trust must originate.

Trust versus reliance

The concept of trust encompasses elements such as emotions, interpersonal relationships, and
risk awareness. When referring to inanimate objects, such as IA models, electronics stuff, the
sign trust may not be the most appropriate. In these cases, a more superficial and functional
one is often more suitable: reliance.

Some researchers have explored this distinction [33,37-39]. They have identified a key
difference:

Trust involves a conscious decision based on the assessment of risks and available
alternatives. It implies a deliberate evaluation of options and a subsequent choice to depend
on a system or individual, with full awareness of the potential risks involved.

Confidence (or reliance), in contrast, pertains to a general sense of security or safety, often
without the active consideration of risks or alternatives. It reflects an expectation that things
will function as foreseen, primarily grounded in past experiences or established norms.

Summarizing: The essential difference is that in case of trust, a decision is made to rely or
not to rely on the person or system [33].

Talking about the similarity, it is possible to say that trust is an iterative process where
individuals gather information and adjust their judgments based on new insights. The idea that
confidence involves evaluating evidence (previous experience) suggests that the processes of
"building trust" and "building confidence" are similar [40]. In this sense, the explanations are
suppliers of information for trust and evidences for confidence.

In conclusion, the terms trust and confidence are closely correlated yet distinct in certain
aspects. Hence, the mission of XAlI, previously described as building trust from explanation,
could alternatively be framed as building confidence from explanation, depending on the
context. Having said that, one have sufficient trust... I mean, confidence...that is, assurance
to proceed.

2.1.2 About understanding

Understanding is the cognitive process by which an individual grasps the meaning, significance,
or nature of something. It involves the ability to integrate information [41], form mental models
using concepts [42], and apply such concepts in a coherent and context-sensitive manner [43].
Understanding goes beyond mere knowledge acquisition [44—47]. It requires connecting ideas,
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seeing relationships between them, validating the process and explaining why things are the
way they are [48].

Distinct areas researches agree that understanding is a multifaceted cognitive process
involving a set of mind-related elements. It requires the formation of mental models, which
are developed through internal experiences, imagination, believes and the analysis of both
linguistic information. This mind process goes beyond mere word decoding, requiring the
integration of text with its broader [49, 50].

Understanding is shaped by three key factors: the generation of thought, the transformation
of personal knowledge and experiences, and the individual’s mental representation of the world
[51].

Understanding process is closely tied to inference and memory activities, which include
activating relevant knowledge, maintaining information, and retrieving it from long-term
memory [52,53].

Other important element regarding understanding is mental modeling. This is a distinct
cognitive capacity in humans,facilitates unique forms of learning and prediction [54]. In
the context of physics education, the construction of accurate mental models of physical
phenomena is essential in conferring understanding. Consequently, pedagogical strategies
could emphasize explicit modeling processes to enhance comprehension [55].

Bringing together the main elements previously discussed, the Figure 2.2 shows a flowchart
to illustrate the process of constructing understanding.
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Figure 2.2: Mental process of the understanding building and trust establishment.

The presented flowchart appears to offer a conceptual representation of the mind’s
internal processes of understanding generation. It indicates the real world interpretation, the
decoding and encoding of conceptual structures and relationship, the reasoning process and
the generation of understanding. In essence, it illustrates how external environmental stimuli
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are continuously received, processed, and integrated into a dynamic system of perception and
reasoning to produce understanding.

Stimuli from the Real World: The understanding generation process begins with the
external reality perception. The things (semiotics’ Referents) in the real world, encompassing
the environment, objects,live beings, actions, events...constantly provides an array of stimuli
to human minds. These stimuli may include visual or auditory signals, perceptual elements
and some few aspects of the reality used to synthesize explanations. Note that, for illustrative
purposes only, explanation here refers to the behavior/outcome of a given model. The model
outcome figures as the explanandum and the explanation is the input stimulus. On can see the
process in more detail below.

Sensors and Filter (Sensors & Filter): Raw information is first captured by the individual’s
“sensors” (physical senses and cognitive faculties, such as attention) and then passes through
a mind internal filter. This psychological and cognitive filter selects, weighs and interprets
incoming stimuli based on prior experiences, beliefs, values, current mental states, and other
contextual factors. This mechanism serves to reduce noise and maintain focus on what is
deemed most relevant. However, it can filter (diminish or completely remove) important
elements due to psychological aspects of the individual.

Decoding (Decoding): Once the information has passed through the filter, it is decoded
into elementary concepts/entities. This process involves assigning initial meanings, discerning
patterns, and try to relate these inputs to pre-existing concepts. Such decoding is influenced by
memories, established knowledge, and belief systems. Here, once again, the individual’s belief
system and psychological state can introduce noise into the process.

Memory (Short-Term and Long-Term Memory): Short-term and long-term memory
systems work in tandem. Long-term memory stores past experiences, knowledge, and
beliefs, whereas short-term memory functions as a “mental workspace” where newly decoded
information is temporarily held for processing. This ongoing interaction between memory and
decoding facilitates the formation or reformation of conceptual understanding.

Concept Formation (Individual Concepts) and Encoding (Encoding): Once information
is decoded and connected to existing knowledge structures, it is transformed into individual
concepts. Subsequently, these concepts undergo an internal encoding process, wherein
connections and different types of relationship between ideas are established.

Reasoning Process: At this stage, internal reasoning mechanisms verify whether the
emerging understanding “makes sense” in light of previously established knowledge and logical
validation. This acts as an internal consistency check, ensuring coherence and logical alignment
with the individual’s conceptual framework.

Understanding and Trust (Understanding & Trust): Ultimately, this process yields
understanding, a consolidated comprehension of the given phenomenon or information.
Building upon this understanding, the individual’s emotional responses, behaviors, and the
degree of trust in the acquired interpretation begin to form or strengthen.
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Emotions, Behavior, and Feedback to the Environment: The culmination of these internal
cognitive processes can trigger emotional states and behaviors, which in turn influence the
external environment through actions.

Summary: The flowchart illustrates the complex dynamics by which the human mind
generates the state of understanding that supports the disposition to trust. It embraces
receiving environmental stimuli, filtering and processing them, constructing concepts, fostering
understanding, experiencing emotions, and ultimately driving individuals’ behavior. All these
internal operations are continually shaped and molded by prior experiences and accumulated
memories.

The way an explanation is compound can significantly influence how it is filtered,
decoded, encoded, and ultimately understood. A carefully structured explanation can reduce
cognitive load, avoid communication personal impedance, facilitate the decoding/identification
of elementary concepts, facilitate the relationship between individual concepts, thus enhancing
the overall internal reasoning process to produce understanding. On can find bellow some key
principles to consider:

* Clarity and Simplicity: Using clear, concise language, adjusting necessary jargon
(proper usage of signs/semiotics). Simple and direct structure reduces cognitive load and
noise, ensuring essential content is preserved through initial perception. Clarity/properly
usage of signs make the decoding process easier.

* Contextualization and Relevance: Embedding previous information and user’s familiar
contexts. Recognizable patterns linked to prior knowledge streamline decoding,
facilitating smoother integration of new concepts.

* Logical Structure and Coherence: Organizing content with a clear flow, from
introductory statements through logically sequenced points, to a concise conclusion. This
coherence aids internal reasoning and comprehension.

* Use of Examples and Analogies: Anchoring abstract ideas with concrete examples and
analogies. Linking unfamiliar material to well-understood domains accelerates encoding
and strengthens retention.

* Chunking and Segmenting: Breaking down complex explanations into manageable
segments. Smaller units prevent working memory overload and facilitates decoding and
encoding process leading to coherent understanding.

* Meaningful Redundancy: Reinforcing key concepts through diverse presentations.
Meaningful repetition—varying perspectives or contexts—enhances encoding and
reduces forgetfulness.

* Metacommunication and Organizational Cues: Use signals and markers (e.g.,
previews, summaries, connection sentences/paragraphs ) to guide attention. Such cues
help form a mental roadmap, improving coherence checking and integration.

» Establishing Credibility and Trust: Building trust through authoritative, reliable
sources. Confidence in the explanation’s origin encourages open-minded filtering
reducing (mind filter/impedance) and deeper processing.
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* Alignment with the Listener’s Goals and Intentions: Highlighting personal relevance
and practical benefits. Demonstrating usefulness encourages sustained focus and
effective reasoning.

Regarding the correlation between explanation and understanding,one may say that, to
understand why a phenomenon occurs means having an accurate explanation for it. Grasping a
scientific theory involves being able to create, or at least comprehend, the various possible
explanations this same theory offers for different phenomena [56]. Therefore, scientific
understanding always depends on having a scientific explanation.

The relevance of explanation in constructing understanding of scientific discovery has
been demonstrated thus far. Given that both knowledge embedded in data and insights into
model behavior are considered scientific discoveries, it becomes essential to conduct a deeper
investigation into the nature of the explanation.

2.1.3 About explanation

The etymology of the word revels that it comes from the Latin prefix ex-, the means out, or
to put it out, plus plicare, that signifies to fold. When someone explica (takes the folds out)
something, it is like unfolding what is rolled up, twisted, or crumpled so that it is impossible to
understand what it is about.

Other sources can indicate that such a word comes from the Latin explanare. To explain
means make it clear, make it plain. Latin prefix ex (from in to out) plus planus (flat), generating
the concept of "making it flat, playing". Despite any variations, the central concept remains
the same: It’s about undoing folds, untying entanglements that hide something, making it
intelligible. It refers to revealing things that are underlying, bringing to light something that is
currently in the shadows, to reveal.

Tracking back the origins of explanation from a philological perspective, it becomes
clear that throughout much of history, people understood explanation in terms of causation.
Explaining a given reality, event, or phenomenon involves identifying its truth cause. In this
sense, explaining would mean reveal the cause.

Since the ancient philosophers, for example, Aristotle’s "theory of causation” is conceivable
as a "theory of explanation". Aristotle considers that understanding something requires
knowing its causes. According to him, but au contraire to most recent guidelines, causation and
explanation cannot be comprehended separately [57]. This way, his theory has linked causation
and explanation intrinsically.

But, the idea that explanation promises independent analysis took hold in the twentieth
century. Generally, this shift has occurred due to the linguistic turn'in philosophy.More
precisely, it was the result of philosophers of science trying to understand the nature of modern
theoretical science and conciliate staunch empiricism with recent theories involving non-
observably entities like atomic and subatomic particles, fields, and genes. The new scenario of
modern science has made these concepts more complex. The problem is: now, in philosophy,
both the words "truth" and "explanation" can be understood in two different ways,realistic or
epistemic [61].

'The "linguistic turn" in 20th-century philosophy emphasizes the central role of language in shaping people
understanding of the world and philosophical problems [58, 59]. It focuses on the analysis of language rather
than metaphysical inquiry. The term was introduced by Gustav Bergmann in 1960 [60] and influenced various
philosophical traditions, including phenomenology, critical theory, and pragmatism [59].
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In common sense, people can perceive an explanation as a reason, as a motive for
something. Asking for an explanation means asking for a reason. Or even, it is a searching
for understanding, aiming to comprehend something that in the moment is obscure.

People usually agree that, explanations focus in to produce understanding. When one
understands a phenomenon, essentially perceives how different pieces of information or
elements are logically and/or semantically connected. Good explanation succeed in providing
that.

Choosing an explanation among many

Another subject of explanation is the possibility of choosing an explanation, among many. Such
matter is known as Inference to the Best Explanation (IBE) [62, 63]. IBE involves generating
plausible explanations and selecting the one that best satisfies explanatory virtues, such as
power and coherence [64].

The basic idea of IBE is that the best explanation for a particular phenomenon is the one
that best accounts for the available evidence, fits our previous knowledge, and is the simplest or
most elegant. Essentially, IBE involves inferring from observed evidence to formulate the best
possible explanation that accounts for it. Harman, in [65], argues that IBE involves selecting
the hypothesis that provides the best explanation of the available evidence. The author argues
that the best explanation is the one that most effectively accounts for the evidence, has the
strongest explanatory power, and is the most plausible or likely. According to Harman, IBE is
applied not only in scientific inquiry but also in everyday life when one makes judgments and
decisions based on available evidence. Harman illustrates this by providing examples:

"...When a detective puts the evidence together and decides that it must have been
the butler, he is reasoning that no other explanation which accounts for all the facts
is plausible enough or simple enough to be accepted. When a scientist inferences
the existence of atoms and subatomic particles, he is inferring the truth of an
explanation for various data which he wishes to account for..." [65].

One can see that it is possible to have different explanations regarding a specific context. So,
there may be options for choosing between them and some selection criteria based on people’s
preferences or systems users requirements.

Users’ requirements for explanations acceptance

Some researchers have investigated the behavior of system users regarding to the acceptance of
explanations. They have found some requirements, primarily:

» Explanations should be coherent, realistic, and feasible.

* They must align with users’ mental models to enhance understanding, satisfaction, trust,
and performance [66, 67].

* Explanations should support users’ sensemaking by providing deeper insights beyond
simple loose feature lists or salience images [67].

» User involvement in the explanation generation process, such as through feedback, can
improve acceptance and understanding [68].

» Explanations should be user-centered, catering to individual needs and avoiding
information flood [69].



36

Attempts at explanation standardization

Recent research has explored the formalization of explanations in various domains, including
applications in computer science. In formal logic and philosophy context, the formalization of
explanation has been characterized as formal logical derivations [70,71]. In cognitive science,
formal explanations are intrinsically linked to instances of the representation of concepts [72,
73]. In computer science, formal techniques for compositional verification provide a basis for
componential explanation ! formalization [74], while dialectical explanation support has been
formalized for argument-based reasoning [75].

Formal explanations have also been investigated in relation to data models and theory
models [76]. Other perspective in recent work has included timing component on developing
formal concepts for explanation [77].1t is possible to find direct application of explanation
theories in Al systems, for instance, the development of an explanatory method and a Graphic
User Interface (GUI) based on Achinstein’s Theory [78]. Some explanation models are widely
influential, like Hempel’s [79] and Achinstein’s [80].

Hempel’s deductive-nomological model of explanation reconstructs explanations as logical
arguments with laws and boundary conditions as premises [81]. Hempel’s views on scientific
understanding and explanation have been debated, with some arguing for consistency in his
approach [82].

According to Hempel’s theory [79], a good explanation must meet two main criteria: it
must be logically valid and it must be supported by empirical evidence. The first criterion
means that the explanation must follow logically from a set of premises, often in the form of
scientific laws or general principles. The second criterion means that the explanation must be
based on observations or data that support the premises.

The first criterion of Hempel’s theory can be seen a way to formalize the explanation. For
example:

(PANQ) = R

constituted by explanans :

P represents the law statement

() represents the initial conditions and
R the explanandum

In this notation, the arrow (—) represents logical implication, which means that if both
P and @) are true, then R must also be true. The conjunction symbol (A) represents logical
conjunction, which means that both P and () must be true for the statement (P A Q) to be true.
Therefore, the statement (P A Q) — R captures the idea that a scientific explanation must use
a law-like statement and relevant initial conditions to logically entail the explanandum.

The sentences that articulate the explanatory information is known as the explanans, while
the entire collection of sentences is referred to as the explanantia. The components of the
explanans are the laws and explanatory theories, along with the initial conditions. The term
explanandum refers to the fact or phenomenon to be explained.

For instance:

(PANQ) — R

where:
P represents the law of gravity

'In simple terms, a componential explanation describes how the properties of a system, which is made up of
several components, can be understood by looking at the properties of those components and how they interact
with each other [74].
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() represents the initial conditions (the apple’s position and the Earth’s gravitational field)

R represents the explanandum (why the apple fell from the tree).

This means that if the law of gravity and the initial conditions are true, then the explanandum
(why the apple fell from the tree) must also be true.

Another formal approach to scientific explanation related to Hempel’s theory is the Causal-
Mechanical (CM), developed by Wesley Salmon [83]. Like Hempel’s theory, the CM highlights
the importance of general laws and initial conditions in scientific explanations. However,
the CM establishes a greater emphasis on the causal mechanisms underlying the phenomena.
Furthermore, the work suggests that explanations should focus on identifying and describing
these mechanisms in detail.

Achinstein’s Theory of Explanation, proposed by philosopher Peter Achinstein [80], offers
a way to handle scientific explanation, focusing on the concept of explanation as a response to
why-questions and the use of evidence in generating explanations. Here are some key elements
of his theory:

» Explanation as Answering Why-Questions: explanations are not merely causal accounts
but are responses to specific why-questions. Explanations aim to show why something
happened or is the case, based on evidence.

* Difference from Causal or Unificationist Theories: Focus on evidence and understanding.
An explanation must offer an account that is informative and relevant to the context of
the question being asked.

* Objective vs. Subjective Explanation: distinction between potential and actual
explanations. A potential explanation is something that could explain an event under
certain conditions, while an actual explanation is one that really does explain it in a given
context, depending on the information available and the nature of the why-question.

e Illocutionary': the explanations are seen as speech acts related to generate understanding,
clarity in someone.

* Evidence and Explanation: One of the core components of Achinstein’s theory is the role
of evidence. An explanation to be successful, it must be supported by relevant evidence.
This contrasts with some earlier views of explanation that didn’t emphasize the necessity
of having evidence linked to the explanatory claim.

2.1.4 Type of explanations in Al

Human explanations are inherently complex, influenced by the cognitive biases of both the
person explaining and the person receiving the explanation. It’s important to consider these
biases when generating explanations [84, 85]. Some researchers emphasize the importance of
aligning Al explanations with human cognitive processes [84, 86].

In order to meet various requirements, operating within distinct constraints, researchers
have implemented various strategies to explain models’ behaviors to users. One can see some

llocutionary acts, also known as "speech acts," occur when actions are performed through speaking. In
this context, spoken words are not merely sounds but are understood as actions. For example, when a teacher
says, "You are dismissed," signaling the end of class, the teacher’s words create a change in the situation.
Similarly, when a judge announces a final decision, the act of speaking brings about a corresponding action.
In an illocutionary act, words serve as vehicles for carrying out another action.
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of them in the summary table below. Table 2.1 shows the main approaches in terms of method.
Table 2.2 presents the main formats of presenting the explanation and Table 2.3 exposes the
main GUI strategies.

Explanation Type Description

Feature Highlights key input features that influenced the
Importance/Attribution | decision (e.g., SHAP [87,88], LIME [89]).
Counterfactual A counterfactual explanation reveals what
Explanations should have been different in an instance to

observe a diverse outcome [90].

Model Simplifications | Simplifies complex models into interpretable
forms like decision trees.

Saliency Highlights important parts of input data (e.g.,
Maps/Visualizations image pixels or words) that influenced the
model’s output.

Table 2.1: Types of Explanations in XAI Systems

Explanation Format Description

Textual Explanations Provides plain-language descriptions of the
decision-making process.

Numerical Summaries | Quantifies feature importance or probabilities in
numerical form.

Graphical/Visual Uses visual aids like bar charts, partial

Explanations dependence plots, and heatmaps to explain
decisions.

Set of Rule-Based | Expresses decision-making logic as conditional

Explanations “if-then” nest rules.

Table 2.2: Common Formats for Explanations in XAl

Among this various methods, counterfactual Explanations have gained prominence in XAl,
offering insights into how predictions could change under different conditions. This is an
intuitive approach fully suitable to the human cognitive processes because it uses simple
concepts to help users understand an Al model decisions.

Studies have shown that counterfactual explanations elicit higher user satisfaction and trust
compared to causal explanations [91]. Counterfactual Explanations figures as the focus of the
present work. One can see some important concepts regarding to such an approach in the next
section.

2.1.5 Counterfactual reasoning and explanation

In explanation theory, explanations clarify complex systems by providing reasons or
justifications for specific outcomes, fostering user trust. Formalizing the concept of explanation
allows a structured approach, ensuring coherence, logic, and consistency with observed model
results. Within this context, Counterfactual Explanations have become an progressively
relevant method, offering an intuitive way to understand complex decision-making processes
by highlighting how slight input changes could lead to different outcomes.
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Delivery Method Description
Interactive Dashboards | Users can interact with explanations and adjust
input values to see how predictions change.

Reports/Static Generates fixed reports summarizing the
Summaries model’s decisions and logic.
Visual Overlays Provides interactive visual indicators (e.g.,

heatmaps) on images to show areas of focus in
decision-making.

Inline Explanations Shows explanations within the user interface
next to the Al’s outputs (tables, labels, hints).
Dialogues/Chatbots Allows users to query the system for
explanations using conversational agents.
Multimodal Combines textual, graphical, and numerical
Explanations formats in a single user interface.

Table 2.3: Delivery Formats of Explanations in XAl (user interaction)

The origins of counterfactual thinking can be traced back to early philosophers such as
Aristotle and Plato.These philosophers were interested in exploring the epistemological status
of subjunctive suppositions (statements that express hypothetical situations). Socrates, in many
Plato’s Dialogues, often uses hypothetical questioning, equivalent to modern counterfactual
analysis concept. By presenting "if-then" scenarios or inverting the prepositions, he encourages
his interlocutors to envision different outcomes, consider various conditions, and examine the
implications of their beliefs. This approach, a key aspect of the Socratic method, helps clarify
concepts, verify the truth, uncover logical inconsistencies, and build trust in rational inquiry.

Jancke and friends, in their survey work, have established that individuals employ
counterfactual reasoning to examine and make sense of the past, plan courses of action, make
emotional and social judgments, and guide adaptive behavior [2]. The researches proposed that
counterfactual reasoning depends on three processing stages as exhibited by Figure 2.3.

Counterfactual thinking involves mentally simulating alternatives to actual past events.
Much of human knowledge relies on this type of subjunctive reasoning and "contrary-to-fact"
conditional statements, rooted in our ability to consider hypothetical events that could occur.
For instance, it includes reasoning about what might have happened, what would have happened
if certain conditions were met, or what tendencies, faculties, or potentialities an object could
manifest in suitable environments [92]. In other words, counterfactual thinking is a process
of mentally generating alternatives to facts, speculating a better or worse counterpart of one’s
current situation [93].

It can be describe as a "If Antecedent then Consequent" structure, where the Antecedent
is factually false [94]. It deals with the elucidation of events that have not occurred. Such
an approach involves the conduct of mental experiments which enable the recreation of
hypothetical versions of historical events, divergent from the actual (factual) sequence of
occurrences.

The primary objective of such a cognitive exercise is to facilitate the testing of past
hypotheses against the extant evidence [95]. The representations and cognitive processes
underlying the imagination of alternatives to reality (facts) are similar to those under rational
thought, including reasoning from counterfactual conditionals [96].

Counterfactual reasoning can result in behavioral and affective consequences supporting
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Re-evaluating tfactual state of aftairs:
Updating prior beliefs and expectations

Simulating factual state of affairs: ACTIVATION
Expectancy violation and negative affect
Mental simulation of a counterfactual
state of a set of circumstances: INFERENCE
Nearest possible world

— ADAPTATION

Re-evaluating tfactual state of aftairs:
Emotions and behavior regulation

et

Figure 2.3: Main steps of the counterfactual reasoning process. Figure originally published in [2]

adaptive behavior [2]. It can promotes relational, analytical or creative process style [97].
Supports learning from past experience [98]. Supports future actions plan and predictions [99].
It generate emotions like guilt, regret, blame, and relief are important for managing social
behavior. These feelings help people evaluate and control their interactions with others. By
thinking about *what could have been,” individuals learn from past experiences and adjust their
future actions to improve or confirm their current behavior [100].

In mathematics, especially in the realm of causal inference, counterfactual reasoning
is formalized through methods that enable assessment of hypothetical interventions or
modifications in the variables of functions. Structural equation models, potential outcomes,
and related tools offer a mathematical language to express and quantify “what-if” scenarios.
This allows researchers to derive counterfactual probabilities and effect estimates with clarity
and consistency. By providing a reliable computational infrastructure, these methods instill
trust in the soundness of mathematical inference and its applications in empirical research.
One can cite as examples the Judea Pearl’s framework [101, 102] and the Rubin Causal Model
(also called the Potential Outcomes framework [103, 103]) that are two influential conceptual
and mathematical frameworks used for reasoning about cause-and-effect relationships and can
be used for formalizing counterfactual reasoning.

There is a way of formalizing Counterfactual Reasoning via Modal Logic [104]. Modal
Logic provides a formal system for reasoning about possible worlds, which is also relevant to
counterfactual thinking [105]. For instance, let’s consider the statement:

"If it rains, the streets will be wet."
One can express this statement in modal logic as follows:
If it rains, then necessarily the streets will be wet.

Let P = "it rains" and () = "the streets will be wet". So, one can express the statement in
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symbolic form as:
P —0Q

The symbol "—" represents the conditional "if...then" and "[J" represents the modal
operator "necessarily."

This way, the statement " — [JQ" can be interpreted as
"If P is true, then () is necessarily true in all possible worlds."

We can also express counterfactual ideas using modal logic. For example, considering the
counterfactual statement:

"If I had studied harder, I would have passed the exam."”
We can express this statement in modal logic as follows:

If I had studied harder, then in other distinct scenario (a possible world where I studied
harder), I passed the exam.

Setting P = "I studied harder" and () = "I passed the exam", so, one can express the
statement in symbolic form as:

P — 0Q

The symbol ¢ represents the modal operator "possibly." The statement "P — Q" can be
read as

"If P is true, then Q) is "possibly" true in at least one possible world."

In this example, the modal operator ¢ is used to express the idea that if I had studied harder,
it is possible that I would have passed the exam in at least one possible world (other hypothetical
scenario, counterfactual scenario), even if I did not in our actual world (factual scenario).

In the context of artificial intelligence, counterfactual explanations of model confidence
can improve user understanding and trust in Al systems [106]. The next chapter addresses
counterfactual analysis applied to the explainability of Al models.

2.1.6 Conceptual remarks

Some researchers highlight that are a conceptual distinction between the terms Counterfactuals
and hypothetical. Both are thoughts about possibilities, however, they differ in when a change
is imagined to take place. Hypothetical are thoughts about changes that lie in the future, while
Counterfactuals are thoughts about changes that lie in the past [107]. But, the present work
does not make such conceptual distinction.

There are studies from Psychology of Emotions area investigating the benefits and harms
that certain effects of counterfactual thinking can bring to individuals [93, 100, 108]. One
primary perspective in this field suggests that counterfactual thinking can be a tool for
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emotional regulation. By imagining alternative outcomes, people can reduce the intensity of
negative emotions associated with a particular event or situation. The psychology of emotions’
approach to counterfactual thinking suggests that this process is relevant to emotion regulation,
decision-making, personal learning and motivation [109-113].
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Chapter 3

Counterfactual explanations applied to Al

Considering the XAl perspective, counterfactual explanations (CE) focus on investigating and
identifying differences between some actual (real, factual) situation and a distinct one that
could have happened if one or more input features had been different. This approach can help
understand which features were most important in the model’s decision-making process and
how different combinations of inputs can generate different outputs.CE allows to explore how
specific input features affected the model’s output and contrariwise, given a certain output,
verifying what is the necessary input adjustment to obtain it.

Distinct aspects of such an investigation can be found on the literature. Hendrickson
establish that CE is about evaluating conditional claims regarding to alternative realities
(possibilities) and their correspondent consequences [114]. Crupi, highlights CE can be used
to provide a set of input features that need to be changed in order to achieve any desired
outcome [115]. Watcher and colleagues enunciate three aims for the analysis: to inform and
help the subject understand why a particular decision (output) was reached; to provide grounds
to contest adverse decisions (justifications about the factual scenario); and to understand what
could be changed (counterfactual scenario) to receive a desired result in the future, based on
the current decision-making model [116].

In addition, counterfactual investigation can help in some situations where it is necessary
to understand an important phenomena that is very rare. Uncommon events can prove difficult
to analyze systematically because they do not generate many sampling observations. In such
situations counterfactual analysis can be used to make small sample sizes feasible to be studied
scientifically [117]. Indeed, generation of counterfactual samples (counterfactual outputs) for
data augmentation purposes consist in a wide investigation field [118-121].

Counterfactual data augmentation (CDA), adding minimally perturbed inputs during
training, helps reduce model reliance on spurious correlations and improves generalization
to out-of-distribution (OOD) data [122]. For image classifiers, for instance, augmenting a
training dataset, using counterfactual examples, has been empirically shown to break spurious
correlations [123].

Another highlighted point is that the generated counterfactual examples can be used to
provide explanation of model behavior as well as studying the regions in the input space where
the model performance deteriorates [124].

Judea brings that counterfactual is one of the most fundamental concepts in theories of
causation [125]. Counterfactuals are often posited to indicate a causal connection between an
actual event and its imaginary counterpart [126].

Miller point a psychological/social perspective of counterfactual investigation: people
sometimes do not ask "why event P happened", but rather "why event P happened instead
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of some event )" ? Or even "why not — () ?". This has important social and computational
consequences for explainable AI [127].

In real world situation, someone can ask: “What do I need to do for my loan to be
accepted?” In this case, the user can be told: “if you had the attribute Al equal to X instead
Y you would get the loan" [128]. Using textual explanation it could be: "increase your
down payment by 1000 and limit credit card debt to a maximum of 5000 for the next two
months" [129]. Such a subject is part of the CE analysis scope [130].

One can find real applications of CE in real activities, for instance: credit applications
[131], employability [132], visual explanations in images classification [133], economics [134],
medical images classification [135] and also in biological systems modeling [136, 137].

Some concerns are reported in counterfactual applications, mainly regarding data protection
regulations, data leaking risks, malicious reverse engineering exploring system vulnerabilities
and hypersensitiveness of the models [138]. Despite these concerns, counterfactual
explanations remain valuable for enhancing decision support, managing controlled changes,
and uncovering new insights [132].

3.1 Methods of Counterfactual Examples Generation

It is possible to find researches on counterfactual explanations dealing with mixed data types
through integer programming [139]. The researchers shows how a set of constraints associated
to an integer programming solver can be used to find coherent counterfactual explanations.
Their proposed method was validated by using FICO explainability dataset [140].

One can see a model agnostic method for finding interpretable counterfactual explanations
of classifier predictions by using class prototypes [141]. The authors show that encoders or
k-d trees can be used to generate class prototypes. These class prototypes can speed up the
search for counterfactual instances and result in more interpretable explanations. The proposed
method is validated on an image (MNIST) and tabular (Breast Cancer Wisconsin Diagnostic)
datasets.

Some works aims to investigate the feature-highlighting explanations and its dependence on
several key assumptions that are often overlooked. These assumptions include that suggested
changes in feature values translate clearly into real-world actions, that features can be fairly
compared by examining only their distribution in the training data, that each feature is relevant
only to the specific decision in question, and that the model remains stable over time, follows
predictable patterns, and produces binary outcomes [142].

One can find a wide variety of methods involving minimization of an objective function
as a mean of solving the generation of counterfactual examples. The objective function can
weight distinct terms and samples attributes. For instance, the squared difference between the
predicted and the desired outcomes on a perturbed instance scaled by a L1 norm [116].

Clustering-based approaches can also be found [143]. The authors introduced an
algorithm called Transitive Global Translations (TGT), for computing Global Counterfactual
Explanation (GCE). The strategy involves obtaining a low-dimensional representation of
the data, identifying clusters of points within that representation, and then analyzing the
dissimilarities between the clusters to infer their underlying meanings. The researches
demonstrate that TGT utilizes compressed sensing to detect dissimilarities between each pair
of groups, while ensuring that these dissimilarities remain consistent across all groups, make
possible identify key features. The solutions from compressed sensing are only able to explain
the differences between one pair of groups. As a result, the authors generalize the compressed
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sensing solution to find a set of consistent explanations among all groups simultaneously. TGT
method is assessed on UCI Iris, Boston Housing, and Heart Disease datasets.

Some researches show that counterfactual explanations can be made more robust by using
a wider range of plausible counterfactuals instead only the closest counterfactuals [144]. One
application of such an approach is generating realistic examples from users actions (user inputs
disturbing) by evaluating its reality on the empirical data statistic distribution [145]. To suggest
a feasible users actions, the authors define a cost function based on the Mahalanobis’ distance
[146] and the Local Outlier Factor (LOF) [147]. The proposed method was assessed on FICO
[140] and German [148] datasets.

There are works that investigate the intersection between uncertainty estimation and
interpretability. For instance, in [149] the authors introduce a method to help explain
uncertainties of differentiable probabilistic model by perturbing input features. The method
called Counterfactual Latent Uncertainty Explanations (CLUE), indicates how to change an
input, while keeping it on the data manifold, such that a model becomes more confident about
the input’s prediction. Five dataset were employed in the experiments. Four tabular (LSAT,
COMPAS, Wine, Credit) and one composed of images (MNIST).

The vulnerabilities of counterfactual explanations was studied in the work [138]. The
authors show how counter factual explanations can be manipulated from specif perturbation
in the input space. They also demonstrates how counterfactual generation may converge to
drastically different samples (examples, observations) even under a modest perturbation. They
describe how some models can unfairly provide low-cost recourse for specific subgroups in the
data while appearing fair to auditors. Such experiments use Communities and Crime and the
German Credit datasets [148].

Some researches brings explanation framework based on adversarial generated
counterfactual examples that can handle tabular data, including categorical and discrete
variables. Among them one can see in [124] an algorithm that uses a gradient-free optimization
technique based on genetic algorithms to adjust adversarial approach to tabular data. The
proposed framework is model agnostic and it is specific for classification tasks. It uses
adversarial concepts to promote perturbations and generate new examples. The method was
validated on German Credit Data [150]

In the research [151] the authors describe a method to learn a consistent estimator of
a continuous optimal Transport Map ' from two empirical distributions.Optimal transport
maps define an one-to-one correspondence between probability distributions, however, these
maps are generally defined on empirical observations and cannot be generalized to new
counterfactual samples. The propose method in [151] enables to extend the transport plan
concept to new observations without computing again the discrete optimal transport map.
The method provides statistical guarantees to counterfactual explanations, once they were
originated from the optimal transport-based.

Many investigations assumed that each user has some limited ability to change (a subset
of) their features in the input vector, and the goal of the users is to use this limited capacity
to influence the resulting decision of the model. In order to formalize this condition, the
researchers in [154] provides a general definition of recourse sensitivity, which needs to be
instantiated with an utility function that describes which changes are relevant to the user. The
authors provides counterfactual examples adopting different attribution methods: LIME [89],
SHAP [155], Integrated Gradients [156] and SmoothGrad [157]. Experiments used 53 gray
scale figures that were created from the User Icon picture application.

! An optimal transport map transforms one probability distribution into another, while minimizing a given cost
defined over their respective supports [152, 153]
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Other perspective commented in the bibliography involves data causal structure. The
authors in [158] approach this matter demonstrating how to instantiate counterfactual examples
considering causal structure in the data. They adopt Judea Pearl’s method [159] for computing
counterfactuals. The idea is first produce a structural causal model (SCM) and associated graph
that describe the true data generating process. The authors shows that such approach allows to
compute counterfactuals using the true causal relationships between the data, whether it be
between input features or between input and output features.

Another frequent subject regarding counterfactual examples generation is the diversity of
the generated sample. A typical example is the framework called Dice [160]. The researches
have proposed a method to capture the samples diversity by building on determinantal point
processes (DPP) !. The DiCE framework can generate counterfactuals examples that are diverse
and well approximate local decision boundaries. They develop an optimization function include
three main terms: distance between the counterfactual and the desired outcome; the distance
between the factual and the counterfactual; and a diversity metric. The three terms has weight
factors to balance the effect of each part. Experiments involves four real-world datasets (Adult-
Income,LendingClub,German-Credit, COMPAS). The authors provide an implementation of
the framework at https://github.com/microsoft/DiCE.

The diversity of generated samples, coupled with the hypersensitivity of the model to
some small input changes, can lead to significant output variations, resulting in potentially
misleading counterfactual explanations. Addressing such a matter, the work [162] introduce a
method to detect unknown classes while still generalizing the new instances of existing classes.
The authors propose a dataset augmentation technique that the authors called Counterfactual
Image Generation. It is based on generative adversarial networks. The idea is generating new
examples that are close to training set examples yet do not belong to any training category.

The research described in [163] proposes a framework called CausaLM for producing
causal model explanations using counterfactual language representation models. The approach
involves fine-tuning of deep contextualized embedding models with auxiliary adversarial tasks
derived from the causal graph of the problem. The main contribution relays on the intersection
of natural language processing, deep models interpretations and causal inference. To test their
method, it was created novel data sets specifically to the experiments.

Many works point similarities between counterfactual and adversarial examples generation.
On can see in [164] a study investigating counterfactual explanations under algorithmic
recourse and adversarial perspective. The authors investigates counterfactual explanations
through the lens of adversarial examples subjects. In terms of problem-solving, counterfactual
and adversarial examples share a common concept. They both involve finding a modified input
that satisfies specific constraints about models outputs. The main difference is that the aim of
adversarial attacks is to create adversarial examples, inputs that are nearly indistinguishable
from natural data but are incorrectly classified by the machine learning model [165]. Practical
experiments described in the paper [164] involve UCI Adult, COMPAS and German Credit
datasets [148].

It is possible to find researches addressing counterfactuals applied to Natural Language
processing [166]. The authors have described a framework that focus on generating contrastive
explanations with counterfactual examples in Natural Language Inference (NLI). The method
presented in their work is called Knowledge-Aware Contrastive Explanation generation
framework (KACE). Initially, the framework identifies key phrases (or rationales) from input

'In contrast to traditional structured models like Markov random fields, which become intractable and hard
to approximate in the presence of negative correlations, determinantal process points offer efficient and exact
algorithms for sampling, marginalization, conditioning, and other inference tasks [161]
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sentences and utilizes them as key perturbations to generate counterfactual examples. Once the
framework obtains qualified counterfactual examples, it combines them with original examples
and external knowledge to feed into a knowledge-aware generative pre-trained language model,
which ultimately generates the contrastive explanations. The method adopts a three-part
(valid, distance and diversity) loss function to select qualified counterfactual examples. The
experimentation involves The SNLI [167] and IMDB datasets [168].

On can find in [169] the description of a general-purpose counterfactual generator that
allows for control over perturbation types and locations, trained by fine tuning GPT-2 on
multiple datasets of paired sentences. The method called Polyjuice is able to automatically
produce diverse sets of realistic counterfactuals examples. It allows users controlling over the
kinds and locations of perturbations. Polyjuice framework is open source, and it is available
at [170].

Data Augmentation is also a subject involved in counterfactual examples generation
problem [122]. It is possible to find retrieval-augmented generation framework for
creating diverse counterfactual perturbations, such as the method called Counterfactual Data
Augmentation (CDA) [122].

Besides tabular data, many researches involve complex data types. For example, the authors
in [171] investigate generating counterfactual examples in a text-to-SQL scenario. The task of
text-to-SQL is to convert a natural language question to its corresponding SQL query in the
context of relational tables. In addition, the author describes a weakly supervised method
called DTE (Detecting-Then-Explaining) for error detection, localization, and explanation.
Tests involving NOISYSP, WikiSQL and WTQ.

The researchers in [172] introduce a framework called Datasets Interface, a framework
fated to synthesize counterfactual examples to exhibit a specified distribution shift. Distribution
shifts are one of the major source of failure of deployed machine learning models. Practical
experiments involves ImageNet dataset.

The actions sequence is also investigate in the scope of counterfactual generation. Optimal
sequence to generate new examples is discussed [129]. The work deals with the counterfactual
and contrastive examples generation problem through the lens of program synthesis. The main
goal is to synthesize an optimal sequence of actions that, if an individual executes successfully,
can change the model classification. The method combines search-based program synthesis
and test-time adversarial attacks to construct sequences of actions over a domain specific.
The technique for synthesizing action sequences is based on the optimization procedure. The
objective function models the cost of each action and business constraints.

Evolutionary approach is also commented in some works [173]. The authors have described
an evolutionary approach to, given a set of prototype examples representing a set of categories,
a similarity function, and a new example classified in some other category, find the cost-
minimizing changes to the attribute values such that the case is reclassified as a member of
a (different) preferred category adopting an evolutionary approach.

Some researches brings particular heuristic to find or generate counterfactual examples. The
work [174] proposes finding counterfactuals examples through a geometric heuristic search
procedure. The idea is to carry out the search by growing spheres around certain instances
determined by the heuristics criterion.

A method called Constrained Adversarial Examples (CADEX) is presented [128]. CADEX
uses adversarial examples to provide understanding about the model by finding counterfactual
explanations close to the original input. CADEX searches for examples obeying constrains
regarding to the business domain. The main objective is find the counterfactual example that
is as close as possible to the factual while satisfying a number of business constraints. The
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method adopt adversarial concepts by following the gradient in input space using optimizers.
The researches show that this approach typically results in an input that lies right on the decision
boundary between the classes.The method was evaluated on German Credit dataset [148].
CADEX framework is open-source, and it is available at [175].

The method named FACE (Feasible and Actionable Counterfactual Explanations) is
presented in the research [130]. The work approaches counterfactual examples generation by
providing actionable and feasible paths to transform a selected instance into another one that
meets certain goals. FACE method employs probability density-weighted metrics associated
with distances routes to identify "feasible paths." The idea is conciliate dense populated and
short trajectories from the factual example until its counterpart. Such routes can be achieved
and customized to suit specific problems. The authors demonstrate that, by using FACE
approach, it is possible to generate counterfactual examples consistent with the input data
distribution. The algorithm was validated on the MNIST dataset.

A Benchmark Study for Counterfactual Generating Methods can be found in the work
[176]. The researchers contributed executing a Benchmark Study for ten Counterfactual
Generating Methods on Tabular Data. The authors proposed to evaluate the explanations and
the generating process by using a set of proposed metrics.

For more works regarding counterfactual examples generation one can check [177]. The
survey seek to review and categorize researches on counterfactual explanations, a specific class
of explanation that provides a link between what could have happened had input to a model
been changed in a particular way.

3.1.1 General remarks

Current approaches rarely take into account the feasibility of actions needed to achieve the
proposed explanations, and in particular they fall short of considering the causal impact of such
actions [115].

The two most common approaches for generate counterfactual examples is by using convex
optimization methodologies or custom heuristic rules [176].

A polynomial time algorithm can be used to find the optimal counter factual explanation on
every possible realization of the counterfactual environment dynamics [178].

Counterfactual explanations can naturally be model-agnostic, as they are suitable to explain
the output of any opaque approach in post-hoc [126, 179].

Users find explanations involving categorical features easier to understand than those
involving continuous features. Additionally, counterfactual explanations lead to higher
prediction accuracy compared to no-explanation controls, but they do not surpass the accuracy
of causal explanations. While this isn’t directly about the benefits or limitations, it may be
relevant to the research question [180].

It is important to note that some researchers tend to either join or intentionally distinguish
contrastive reasoning from counterfactual reasoning despite their conceptual similarity [126].

Contrastive focus on why one outcome occurred instead of another. It is a contrasts-based
comparison that typically says why a particular decision or prediction was made as opposed to
another possible outcome. Counterfactual explanations focus on how the outcome would have
been different if certain values of the input had changed.

3.1.2 Rating Criteria for The Counterfactual Examples

It is possible to use some criteria to rate the counterfactual examples. The most common are:
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* Accuracy: refers to how well these examples achieve the intended outcome (target class
and constraints).

* Feasibility (Valid): This measures whether the counterfactual example is possible in
the real world, given the problem’s constraints. For example, in a health care study,
a generated counterfactual example that involves reducing the patient’s age would not
be considered feasible. Alternatively, some situations that break some physical laws or
overpass the devices’ nominal capacity in engineering applications may not be feasible.

* Plausibility: This feature assesses the degree to which the counterfactual example is
believable given a specific context. It tells how much the new example is credible or
likely to occur (probability distribution) based on data and domain knowledge.

* Coverage (diversity): This measures the diversity of the generated counterfactual
examples.

* Actionability: It refers to whether the changes suggested by the counterfactual are
actionable by the individual or system, meaning that the user can take concrete steps
to realize the proposed changes.

* Proximity: It refers to the distance between the factual example and its proposed
counterfactual.

* Sparsity: It reflects the number of features that were changed in the factual example to
generate the counterfactual.

Three of these criteria may be require a better distinction. In few words: Feasibility is
about whether a change is possible under practical constraints. Plausibility is about whether
the change is credible considering the data’ statistical behavior. Actionability is about whether
the change(s) can be performed by the user.

Such criteria can be used to construct a loss function with additional factors associated to
features” weights: MyLossFunc = 01 x Lossgist + 02 * L0SSyq1ia + 03 * LOSScopegare- This
makes it possible to create metrics to quantify the quality of the counterfactual generated and
assist in their selection process, for instance, trying to find dominating counterfactuals using a
Pareto’s frontier.

3.2 Towards a Geometric Paradigm in Counterfactual
Reasoning

Although conceptualizing counterfactuals as transformations within a geometrically defined
input space is both elegant and intuitively appealing, a systematic theoretical foundation and
empirical validation for such approaches are still largely unexplored. Addressing this gap
could enhance the theoretical landscape of counterfactual analysis and drive the development
of innovative tools and computational techniques. These advancements could enable more
nuanced and flexible explorations on modeling counterfactual reasoning process, ultimately
opening new avenues for interdisciplinary research and applications. This work aims to address
this gap by investigating the use of geometric data structures to model counterfactual analysis
for interpreting AI models. Therefore, the next chapter will present the theoretical foundations
of the geometric concepts used in the proposed methods, helping the reader better understand
how these methods work.
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Chapter 4

Geometric Structures

This chapter presents the theoretical foundations supporting the development of the proposed
methods for example generation and counterfactual analysis. A thorough understanding of the
fundamental concepts related to the data structures used in these methods is crucial for grasping
the proposed methodology. The chapter also describes some computational experiments
performed to observe details of the theory content.

These computational experiments aimed to better understand the theoretical and geometric
nuances associated with distinct distance metrics and their behavior across varying
dimensionalities. They provide a practical framework to validate and refine theoretical
constructs, offering insights into how geometry properties adapt to different metric definitions
and dimensions. By simulating and analyzing scenarios that are otherwise difficult to observe
analytically, computational experiments bridge the gap between abstract mathematical theory
and its empirical manifestations, fostering a more comprehensive grasp of geometric behavior
and its implications in the proposed method of counterfactual examples generation.

4.1 Fundamental Concepts

4.1.1 Point

A point is that which has no part [181]. It has no parts because it can not be divided into
smaller components. It has no sizes, no extension: without length, without width, height, area
or volume. A point does not occupy any space, it is dimensionless. It’s purely a position in
space.

Although a point takes up no space, it represents a specific position in space. It signifies a
precise location in a given spacial context. In geometry, a point’s location is always understood
relative to a reference system, typically involving a reference point known as the origin. The
origin works as the starting point from which all other positions (points) are measured. Figure
4.1 shows a point p located in the position 3 from the origin point o in one-dimensional space.
In this one-dimensional context, the position of the point p consists in the displacement over a
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Figure 4.1: A point p located in the position 3 from the origin point o in one-dimensional space.

line. Its position can vary along the line length.
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Similarly, in another context, in a two-dimensional space now, the position of the point p is
indicated by adopting two values (coordinates), one value to indicate the displacement in each
of the two dimension = and y. The Figure 4.2 presents such a context. In this two-dimensional
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Figure 4.2: A point p located in the position (3, 2) from the origin point o in a two-dimensional space.

context, the position of a given point p consists in the displacement over an area. Its position
can vary inside the plane’s area.

In one more context, in a three-dimensional space, the position of the point p is indicated
by adopting three values, one value to indicate the displacement in each of the three dimension.
For instance, z, y and z.

In such a three-dimensional context, the position of a given point p consists in the
displacement within a volume. Its position can vary into the volume.

4.1.2 Dimension

Dimension can be understood as each of the extensions an object can have. The number of
spatial dimensions consists of the degrees of freedom an object has to move in space. It refers
to the types of movement it is possible to do in the space. For instance, in a three-dimensional
space we have three mutually perpendicular types of motion (left/right, forward /backward,
up/down), and any point in such a space can be reached by combining the three possible types
of motion [182].

To better comprehend the concept, it is useful to begin by considering a point as the initial
element. A point has neither extension nor size. When the point is continuously displaced in a
single direction, tracing a linear path, a straight line is formed, representing an extension into

Figure 4.3: A point p located in the position (3, 1, 4) from the origin point o in a three-dimensional space.
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one dimension (Figure 4.4). The resulting line contains an infinite number of points and exists
solely in one dimension, characterized by a single extension. As Euclid described, "a line is
length without width" [181]. To indicate the position of a given point p along the length of the

Infinite number of points

Figure 4.4: Straight displacement of a point creating a line /.

line, a single value is sufficient, for example p = (3). Thus, it is understood that the point p is
in position 3 from a given origin.

On its turn, this line [ moving in a direction at right angles (perpendicular) to itself for a
distance equal to its length, generates a square s , a two-dimensional (two extensions) element,
as one can see in Figure 4.5. The produced square contains an infinite number of lines and is
bounded by 4 lines and 4 points [183].
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Figure 4.5: Line orthogonal displacement generating a square s.

To indicate the position of a given point along the area of the square, a single value is not
sufficient anymore. It is necessary to indicate two values, one for each dimension. For example
p = (3,2). Thus, it is understood that point p lays in the position (3,2) from a given origin.
This pair of values is called coordinates.

This time, by moving the square s perpendicularly to its own plane, over a distance
equivalent to its side length, a three-dimensional solid, specifically a cube, is formed (Figure
4.6). The produced cube has an infinite number of continuous planes, it is bounded by
six distinct planes (faces), twelve edges, and eight points (vertices) [183]. To indicate the
position of a given point into the volume of the cube will be necessary 3 values. For example
p = (3,2,4). Thus, it is understood that point p lays in the position (3, 2,4) from a given origin.

Applying a similar procedure, if the cube is dislocated in a direction that is simultaneously
perpendicular to all its three spatial dimensions, over a distance equal to the length of one
of its edges, a four-dimensional object known as a tesseract, or 4-dimensional hypercube, is
generated (Figure 4.7). The tesseract consists of an infinite number of cubes and is bounded by
eight distinct cubic cells, twenty-four square faces, thirty-two edges, and sixteen vertices [183].
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Figure 4.7: Displacement of a cube c in the representative direction of the 4th dimension generation a tesseract ¢.

The Figure 4.8 shows the tesseract in different perspectives. The Figure 4.8a is taken from
the 1977 book, Geometry, Relativity and the Fourth Dimension, by Rudolf Rucker [182] while
4.8 was taken from A Primer of Higher Space, from 1913, by Claude Bragdon [183]. To
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Figure 4.8: 2-D representation of a tesseract in different perspectives. c.

indicate the position of a given point into the hypervolume of the tesseract will be necessary 4
values. One value corresponding to each dimension (extension). For example p = (3,2,4, 1).
Thus, it is understood that point p lays in the position (3, 2,4, 1) from a given origin.

It is important to remark that a three-dimensional cube cannot be accurately depicted
on a two-dimensional plane. As illustrated in Figure 4.7, the third dimension is typically
represented by a diagonal line (in red), as opposed to a line perpendicular to the horizontal
and vertical dimensions (in green), to create a notion of depth using perspective. Although
the fourth dimension remains theoretical, it can represented by a direction on the plane that
is perpendicular (in black) to the diagonal line used for the third dimension. By adopting this
approach, the previous series can be extended by continuously dislocating the 3-D cube for one
edge length in the direction of the fourth dimension, generating a tesseract [182]
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4.1.3 Distance

The concept of distance is basic to human experience. In everyday life it usually means some
degree of closeness of two physical objects or ideas, for instance, length, time interval, gap,
rank difference, coolness or remoteness [184].From the mathematical point of view, distance
measure is defined as a quantitative tool to measure how far apart two vectors are from each
other [185].

In this sense distance is correlated with the idea of dissimilarity, difference, distinction,
farness. Similarity, contrariwise, indicates how alike two objects are. The relationship between
distance and similarity is inversely proportional: as the similarity decrease, the distance tends
to increase and vice versa. In this work, the term distance is used as an abstraction of how to
quantify the separation between two points in a given n-dimensional space. Distance is taken
here as a metric to indicate the degree of separation of two distinct points.

The main requirement to perform a metric calculation in a specific problem is to obtain an
appropriate distance /similarity function [186]. The performance of many algorithms depends
upon selecting a good distance function over input data set [187].

To understand the abstraction of a distance function, one can start from a fundamental
mathematical operation, the subtraction (also referred to as the difference operation) that
introduces the basic concept of distinguishing between two elements. One can initiate by
defining the distance between a and b as: D(a,b) = a — b. Going one step ahead, one can
use the module, obtaining only positive magnitudes: D(a,b) = |a — b|. So, according to the
current function, one can say that: D(a,b) = D(b, a).Figure 4.9 shows the difference operation
between two points in 1-D space scenario.
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Figure 4.9: 1-D space distance calculation via subtraction operation. Origin(o) = 0, point a = 7, point a = 9 and
distance D(a, b) = 2.

To investigate the behavior of the studied metric, an additional dimension is incorporated.
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Notice that in the context of the two dimensions, we observe two differences, one for each axis
(or dimension). Along the x-axis, the difference is 1, and along the y-axis, the difference is
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2. When working with multiple dimensions, some questions regarding the distance calculation

may arise:

e Should the total distance (or difference) be the sum of the individual differences in each
dimension d: D(a,b) = Z?:l la —b|? Or would it be more appropriate to say "the
distance is the length of the segment ab" and calculate it using the Pythagorean theorem

(d(a,8) = /3L, (0 — bi)2

* Will The differences in each dimension contribute similarly to the total, or should

the metric adopt some weighting strategy:d(a,b) =

2?21 w;(a; — qy)?? Here w;

represents the intensity, the weight of the contribution of each dimension individually.

e It is known that the exponent applied to the difference (a — b)? amplifies the value of
larger differences, giving them more relevance in the distance calculation. Higher values
of the exponent can modify the metrics sensitivity to the higher differences.

Over time, various distance metrics have been developed to address specific challenges
inherent to different types of data and their spatial behavior. Table 4.1 summarizes the main
distance metrics commented in the recent literature.

Distance Metric Formula

Behavior and Main
Properties

Suitable Applications

Euclidean

Measures the straight-

line (L2 norm)
distance between
two points. Sensitive

to  magnitude and
units of measurements.
Assumes the space is
isotropic (uniform in
all directions).

Common in clustering
(e.g., K-means),
regression, and general
distance-based machine
learning models. Best
for continuous, real-
valued data.

Manhattan

Z|@z’—bi|

i=1

Also known as LI
norm or taxicab
distance. Measures
distance by summing
absolute  differences.
More robust to outliers
and works well with
high-dimensional data.

Useful in applications
where movement is
restricted to grid-like
paths, such as path-
finding algorithms and
some optimization
problems.
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Mahalanobis Accounts for Best applied in
correlations among multivariate data
\/ (@—0)"S"'(a—b) variables. Scales analysis, anomaly
distances according to detection, and
the covariance matrix situations with
S. Invariant to linear correlated variables.
transformations and
sensitive to statistical
properties of data.
Indicates how similar a
point is to the dataset
distribution.
Cosine Measures the cosine Common  in  text
1Y b of the angle between analysis, natural
[[all[o] two vectors, focusing language processing,
on direction rather than and scenarios where
magnitude. Ranges vector orientation
from O (identical) to is more important
2 (opposite direction). than magnitude (e.g.,
Sensitive to orientation document similarity).
but not scale.
Minkowski A generalization Used in  machine
) of Euclidean (p=2) learning tasks that
d ? and Manhattan require flexible distance
Z @i = bil? (p=1) distances. measures based on data
=1 The  parameter p characteristics. Allows
determines sensitivity adjusting  sensitivity
to large differences in through parameter p.
any dimension.  For
p — 00, it becomes
Chebyshev distance.
Chebyshev Measures the Used in chessboard
max |a; — by maximum absolute distance problems,
' difference along any games, or  when

coordinate dimension.
Captures the largest
distance along one axis
and is unaffected by
smaller differences in
other dimensions.

considering maximum
variance across
dimensions.

Table 4.1: Summary of Main Distance Metrics

To illustrate the behavior of various distance metrics, contour graphs with gradients were
generated over a 100x100 points grid. The display uses colors from the visible light spectrum,
from red, which indicates closer distances (regions of more similar points), to violet, indicating
greater distances (more dissimilar points). Figure 4.10 and Figure 4.11 shows the gradients
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corresponding to different Minkowski p values.

p=04 p=0.7

p =1 (Manhattan)

Figure 4.10: Minkowski distance gradient for distinct p.

p=6 p = 100 (p—> Chebyshev)

Figure 4.11: Minkowski distance gradient for distinct p higher values.

Figure 4.12 presents the gradient of the Mahalanobis distance according to distinct datasets
distribution. The gradient over the grid reflects how far a point is from the dataset’s distribution.
Smaller Mahalanobis distances indicate that a point is closer and "more similar" to the
distribution, while larger distances suggest the point is further away and less likely to belong to
the dataset’s distribution.

For information purposes, the application of other distance metrics discussed in the
literature are presented. The Figure 4.13 shows some gradients of three more different metrics.
The Cosine distance shows the regions of the space where vectors point in the same direction
as the reference vector, as closer points regions (here in first quadrant). In contrast, regions
with vectors pointing in the opposite direction (third quadrant) are considered as ’far points’
region. Canberra distance highlights small distances (close to zero) and is often used for data
that is scattered around an origin and uses only absolute values.Wave Hedges normalizes the
differences allowing to use vectors that adopt different scales. One can see distances grouped
by families in the table C.1 of Appendix C.
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Figure 4.12: Mahalanobis distance gradient for distinct bivariated distributions.

Cosine Canberra Wave Hedges

Figure 4.13: Cosine distance metric gradient from the indicated vector (in black). Canberra distance gradient
from a reference point close to the origin. Wave Hedges distance from the origin.

4.2 Gabriel graph

A Gabriel graph is a method of connecting points to illustrate their proximity. Two points
are connected if they are the closest pair within the circle whose diameter is the line segment
between them. In other words, if two points are connected, there are no other points inside the
ball defined by the segment connecting them.

Gabriel graph (GQG) is a sub-graph of the Delaunay triangulation [188]. In addition, it is a
subset of points on the Voronoi diagram [189]. GG of a set of points S is a graph whose set
of vertices V' € S and its set of edges &2 must obey the following definition: given a data set
S = {p1,02,P3, -, Pay ---, Pn} Where p € R", a Gabriel graph of S is an undirected graph of
vertices Vin.S and edges in . In that graph a pair of vertices {p,, p,} are connected if, and
only if, there is no points closer to one of them.

In this context, S is a set of patterns(points) in the n-dimensional space. The GG of .S has
vertices € R" and edges connecting pairwise that vertices. The pair p, and p, are connected by

the Edge ﬁwy if the circle (sphere, hypersphere) having ﬁw as a diameter, contains no other

point of S. Figure 4.14 shows the main entities and concepts handled by a Gabriel graph.
Structural information extracted from a Gabriel graph has been applied to many problems

in machine learning, particularly in the construction of large margin classifiers [190-193].
One can note some others features:

* The Gabriel Graph is a planar graph. It can be drawn on a two-dimensional plane without
any edges crossing [194].

* It contains an Euclidean minimum spanning tree, which means that it can connect a set
of points in a way that minimizes the total length of the edges [194].



59

No more points inside the
diameter xy
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Figure 4.14: Gabriel Graph and its adjacency matrix. If two points are connected then there is no other point
inside the n-dimensional ball defined by the segment (edge) connecting them. It connects two points if there is no
one else closer.

* The Gabriel Graph is based on a simple criterion: the edge between two points is included
in the graph if and only if no other point lies within the circle whose diameter is defined
by the two points [193].

* Since it is based only on distance calculations, on-chip embed machine learning model
can also be executed [191].

* It can be also appropriate for online and incremental learning, since graph parameters
are obtained directly from the data set, without need of user interaction for learning
[190,191].

The literature shows distinct variations of Gabriel Graph, including The k-Gabriel graph
that allows at most & points in the ball [195-197]. Witness Gabriel graphs introduce a set
of "witness" points that must not be in the ball [198]. Relaxed Gabriel graphs combining
Delaunay triangulations, 3-skeletons' and Gabriel graph [200].

4.3 Torres at all’s GGClassification

The Gabriel graph-based classifier (GGClassification) adopts in the present investigation was
proposed by Torres at all in [191]. It is a large margin classifier whose discrimination function
is driven by margin vectors, structural SVs (SSVs), which are analogous to the SVM’s support
vectors. The mainly difference lays is the fact that GGClassification’s SVs are obtained directly
from the own data set structure.The researchers point out that there is only one input needed to
generate the model, which is the set of distances between the patterns in the training set.

The idea is generating an adjacency matrix that represents the Gabriel graph of the training
dataset. After that, seeking for the graph’s edges that are connecting vertices (patterns) labeled

'The graph will connect two points if the lens-shaped region formed by two intersecting circles (with radius
controlled by a parameter ) does not contain any other points. It was first defined in [199]
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with distinct classes. Theses patterns lay on the frontier between classes [3]. Such edges, whose
vertices belong to opposite classes, will guide the generation of the separation hyperplanes. The
hyperplanes can be generated passing by the middle points of the edges connecting vertices of
different classes. So, the combination of all hyperplanes yields a large margin classifier that
is based on the spatial information of all patterns [191]. Individual hyperplanes (classifiers)
are combined in order to design a global large margin classifier that minimizes the error
corresponding to the learning data set.
Figure 4.15 shows the main concepts involving Gabriel graph classification method.
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Figure 4.15: Gabriel graph margin maximization - Adapted from [3]

In certain types of problems, noise and overlap between data classes can occur.
Consequently, the methodology for identifying the support edges may result in selecting
vertices that are distant from the optimized margin [3].

To address this issue GGClassification adopts some metrics to quantify the purity of the
examples (samples) based on the descriptors of [201]. Such metrics can help to identify
populated and mixed class areas. On can see below some relevant metrics:

* Va(z;): Vertex degree. Total number of Gabriel-neighbors of the pattern x;.
* Vi (x;): Number of Gabriel-neighbors that belongs to the same class of the pattern x;.

* V,,(z;): Number of Gabriel-neighbors that belongs to the opposite class of the pattern
Z;.

* Sample Quality:
Qz;) = 42 (4.1)
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Figure 4.16 shows a graph with () metric corresponding to each vertex (example). The
samples belong to exclusive classes (+1 or -1, red or black).

Figure 4.16: () metric of each example on graph. Colors red and black represent distinct classes.

The () score of the samples can be used to divide the labels into groups. For instance,
Q(z;) = 0: x; is a noise. In this situation, all the Gabriel-neighbors are from the opposite class.
If Q(z;) = 1 then all the Gabriel-neighbors are from the same class of z;. If 0 < Q(z;) < 1:
x; can be select as a support vector or can be labeled as "in overlap region".

As it has been conceived by the authors, () metric is then used to remove certain samples
from the training set. The samples exclusion is determined by thresholds calculated for each
class, in other words, there are two thresholds, one for class +1 (T'C") and another for class -1
(T'C™). If the sample’s ) value is lower than its class threshold then it will be removed from
the training set [3, 191].

One can see details bellow:

1.
2.

For each sample x; € G, calculate Q(x;) via equation 4.1 .

Group Q(x;) by class, such that QT and ()~ represent the quality measure for samples
with labels +1 and —1, respectively.

. Group Q(z;) by class, such that Q* and )~ represent the quality measure for samples

with labels +1 and —1, respectively.

nc” = count(z;), nc” = count(xw; )
ncl = count(z; < x7), ncZ = count(x; < x)
+ —
. _nct __ ncC
« net’ @ ne-

Calculate the threshold values TC™ and TC~ for each class as the average of the quality
measure values belonging to Q@ and Q—, where

> Q) > Q)

Qz)eQ+ TO- — Q(zi)€Q~

+ -
e =" Tom
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5. Remove from the graph G all vertices (samples) x;] where Q(x;) <TC™ and all vertices
x; which Q(z;) <TC~.

Other important GGClassification method’s metric for the present work context is V. (x;).
It can point to actual samples relayed in a densely populated area of the same class. It can be
interesting in tasks involving identifying feasible examples (both factual and counterfactual).

It is also possible to use statistic metrics directly. Depending on the needs such metrics can
make it easier selecting samples instances. For instance, Figure 4.17 shows a Gabriel graph
containing a probability density metric for each sample.

Figure 4.17: Probability Density metric of each example on graph.

4.4 Voronoi Diagram

Voronoi Diagram is a geometric structure that provides a vast amount of information about
proximity (similarity) between a given set of points or objects [202]. It consists in a widely
studied data structure in the field of Computational Geometry.

The concept is not new, dating back more than a century, however, there are still many
applications in several areas such as biology, computer science, computer graphics, pattern
recognition, computer vision, engineering among others [203].

The Voronoi Diagram can be understood as being an allocation of space to some key
locations called sites or centroids. The space is divided into regions called cells according
to how close its points are to these centroids.

Formalizing: consider a set P of key points in space called sites or centroids. We have
P = {s1, s9, 83, ..., Sp }» Where each point s; € P correspond to sites (key locations). One can
define the Voronoi diagram of P as the space subdivision in a set of n Voronoi cells Ve =
{Ver,Veg, Vs, ..., Ve, }, one cell for each site s; € P, with the important property that, any
point p within the cell V' ¢; correspondent to the site s; is closer to that site s; than to any other
site 7 in P.
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In other words, any point p of the space is located within a certain cell V¢;, if and only if,
dist(p, s;) < dist(p,s;) Y s; € P withj # i. The Voronoi cell V¢; € Vor(P) corresponds
to the site s; and can be seen as the area of influence of that site s; [204].

The Voronoi diagram generated from P is denoted here as Vor(P). The geometric data
structure Vor(P) consists of: all sites in P, the set of generated cells V¢ (corresponding to
the complete space subdivisions generated from P), the edges that delineates each cell and, in
addition, the vertices of such cells.

Figure 4.18 shows the Voronoi diagram generated from a set of sites. The points showed
in the picture correspond to the sites (patterns, samples, examples, observations...). The
subdivisions (partitioned areas) of space, like the one yellow highlighted, are called Voronoi
cells. The lines that surround the Voronoi cells are called Voronoi edges. In a 2D space, one
can treat cells as polygons and the edges as the sides of these polygons. The intersection point
between the edges are called vertices.

P - Set of points (sites)

Figure 4.18: Set of points and its Voronoi diagram.

An important problem in pattern recognition system design concerns synthesis of the
multidimensional decision surfaces of the pattern categorizer from given sets of previously
identified sample pattern measurement vectors [205].

One can use the Voronoi diagram structure to identify such separation surfaces and
maximize the margin of the separating hyperplanes. For instance, it is possible to use the
border edges (edges that separate cells belonging to sites of opposite classes) to generate the
decision boundary.

Under SVM point of view, the frontier sites represent the support vectors and the edges
between distinct classes can be seen as the optimized hyperplanes.

Other notable aspect of the Voronoi diagram is its connection to both convex hulls and
clustering [204,206,207]. This property makes it a valuable tool for dealing with classification
matters and approaching the Minimal Connector Problem [208].

The Voronoi diagram’s geometric structure facilitates the identification of a spatial partition
close to a given point. Additionally, this diagram allows determining which partition or cell a
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particular point should be located based on its attributes. In other words, it provides information

on where a particular point should be placed.
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Figure 4.19: Voronoi cells area statistics.

Moreover, the Voronoi diagram enables the identification and instantiation of multiple new
points within a cell of influence belonging to a particular site. Another helpful feature of the
Voronoi diagram is its ability to extract valuable statistical metrics from the produced space
partition. Figure 4.21 show a Voronoi diagram with the area (volume, hypervolume) of each
partition (cell). Figure 4.20 show a diagram highlighting cells in function of their statistical

properties inside the all data set.

Figure 4.20: Voronoi cells area statistics.
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Figure 4.21: Voronoi cells area statistics.

4.5 Dominating Set

Considering a Graph G with vertices and edges (V, E), the dominating set is a subset D C V/,
given that for every node v € V/, either v € D or a neighbor v of v belongs to D [209].

To explain it simply, a dominating set of a graph is a group of vertices such that every vertex
in the graph is either a member of the dominating set or adjacent to a member.

This means that, its possible to access all the graph from the dominating set vertices. From
ds it is possible to ensure that all other vertices of the graph are either included in own ds or
adjacent to one of its members.

On can see in Fig. 4.22 that all the vertices of the graph G = {a,b, ¢, d, f,g,h,i,j, k} are
in the dominating set DS = {e, f, g} or can be directly accessed for some one in there.

Dominating set incorporates statistical properties of the data set sampled within a time
frame. The elements of the dominating set, which are key points of the sample data in the
original graph, provides some level of representativeness to the outcome [189].

The core structural information extract from the data permits the application of dominating
sets in different scenarios, mainly in modeling complex networks, For example:

Social Networks: Dominating sets can be used to identify influential individuals in social
networks.

Bioinformatics: Dominating sets can be used to identify the most important proteins or
genes 1in a biological structure.

Epidemiology: Immunization optimization studies, dominating sets can be used to identify
a group of individuals that should be vaccinated in order to minimize the disease spreading.



Graph G Dominating set of G

Figure 4.22: A graph G and one of its dominating sets. The highlighted vertices constitute one of the dominating
set of the Graph G.

Communication networks: Identifying a minimum dominating set of nodes that can be used
for efficient routing networks communication protocol packages; managing power in wireless
sensor networks.

Utilities and services positioning: Identifying the optimal location for facilities such as sales
points, police stations, fire stations, hospitals.

The dominating set have the examples that have import information regarding the localities.
The dominating examples surroundings comprise relevant characteristics that can represent the
largest space. Figure 4.23 demonstrate such property. The representativeness of a dominating

Figure 4.23: Dominating set representativeness

set depends on the specific context and purpose of the analysis. In some cases, a small
dominating set may provide a good approximation of the entire dataset, while in other cases a
larger dominating set may be needed to capture the full complexity of the dataset.



67

4.6 The Curse of Dimensionality

In high-dimensional spaces, the Euclidean distance tends to grow disproportionately. All the
points can appear far way and almost equidistant from each other. This phenomenon is often
referred to as the "curse of dimensionality [210,211]."

One can see an example of the non-linear increase in distances on Figure 4.24. It shows the
diagonals of the square, cube, and tesseract. It is possible to follow the distance increasing by
adding unitary-length dimensions in space. By repeating the series shown in the Figure 4.24

D C
(LD

0) d=1 (1)
*-— - -~

d=12

(0,0)

(0,0,0)
A

Figure 4.24: Distance non-linear increasing by adding unitary extensions in space.

for dimensions from 1 to 1000 and generating a line chart of the diagonal length in the function
of the number of dimensions of the hypercubes, the result is the curve exhibited in Figure 4.25.

Diagonal Length of a Hypercube (side length = 1) as a Function of Dimension (0 to 1000)
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Figure 4.25: Non-linear increasing of the Hypercubes’ diagonal length by adding unitary extensions in space.

One can face even more severe conditions by handling hyperspheres instead of hypercubes.
The 1-D space inside a 1-D sphere of radius r is the length of a line segment 2r. The 2-D space
inside a 2-D sphere of radius r is the circular area of 2. The 3-D space inside a 3-D sphere
of radius r is the spherical volume %wrg’. The 4-D space inside a 4-D sphere of radius 7 is
the hypersphere of hypervolume equal to %WQTA [182]. For Higher dimension spaces, strange-
to-intuition effects begin to appear.As one increases the dimension of a n-sphere, with fixed



68

radius, into the realm of hypergeometry, the volume increases. For a while... after that, the
counterintuitive result is: as one keeps adding dimensions, eventually the hypervolume start

decreasing [212].
Figure 4.26 presents the results of an experiment in which the dimensionality of an unit-

radius n-sphere was incrementally increased from 1 to 50.

Volume of n-spheres (radius = 1) for n from 1 to 50

—— Volume of n-spheres

Dimension n

Figure 4.26: Counter intuitive behavior of th n-hypersphere hypervolume. It starts with growth, reaches a
maximum value and then immediately decreases exponentially.

Conversely, when the reference radius is increased by a single unit, the behavior of
the hypervolume remains the same, but its magnitude increases exponentially. Figure 4.27
compares the hypervolume evolution of two n-hyperspheres, radius = 1 and radius = 2. Due
to the high difference between the volumes magnitude, the chart presents two distinct y

(Hypervolume) axis.

Volume of N-Spheres for Radius = 1 and 2 (N from 1 to 50)
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Figure 4.27: Comparison between hypervolumes evolution: radius = 1 vs radius = 2 n—hypersphere

As dimensionality grows, the data becomes progressively sparse, and the density of
data points diminishes relative to the expanding volume. Consequently, the required data
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volume must grow exponentially to match this expansion effectively and ensure reliability.
Numerically, this increases the average distance between points, while the variation between
these same distances tends to decrease, leading to a more homogeneous distribution of
distances. On can see such a practical effects on the following section.

4.7 Experiments on the theory exposed

Te present section details the experiments conducted to investigate the hypotheses derived from
the theoretical framework outlined earlier.

Creating computational experiments is interesting for several reasons. First, they transform
abstract theoretical concepts into visual and interactive forms, making them more tangible
and easier to understand—an advantage particularly valuable for geometric ideas, where
seeing shapes and transformations can significantly deepen comprehension. Second, these
experiments provide a controlled environment for testing and validating theories, ensuring
their robustness and reliability. Even well-established models benefit from such scrutiny, as
experiments may uncover edge cases or reveal unexpected behaviors. Finally, this process
fosters innovation and improvement; for instance, by exposing new insights or inspiring novel
approaches, computational with visual appeal experiments can lead to advancements that
theory alone might not readily yield.

4.7.1 Dimensionality Effects on distance matrix statistics

An experiment was developed to observe the dimensionality effect on an euclidean distance
matrix. In the experiment, dimensions were progressively added to 200 randomly created
points. Then, the distance matrix was generated from which some statistics were extracted,
including the mean, standard deviation and coefficient of variation. This effect can be observed
in Figure 4.28. One can see the increasing behavior of the mean of the distances in function of
the dimensionality, while the coefficient of variation (CV)! decreases.

To observe the behavior of the homogeneity of the distances in even higher dimension, the
previous experiment was re-executed considering dimensions from 1 to 1000. One can see
the homogeneity, here represented by the coefficient of variation, decreasing obeying a 1/x
function, where z is the number of dimensions.

4.7.2 Dimensionality Effects on Gabriel graph

The context is that the data occupies an increasingly smaller fraction of the total available
space. As a result, the distances between points become larger and more uniform, leading to
a scenario where each point is significantly isolated from the others. This situation challenges
the efficiency of methods like the Gabriel Graph, which rely on distances. An experiment was
conducted to observe the effect of dimensionality on the characteristics of the Gabriel Graph.
In this experiment, the Gabriel graph was generated from various data dimensions, and several
statistical metrics of the resulting geometric structure were evaluated, including the mean
distance within the distance matrix, the coefficient of variation, the number of connections
from the adjacency matrix, and the individual number of connections for each point. Figures

'The CV is a measure of relative variability. It is defined as the ratio of the standard deviation to the mean
(CV = Z x 100), often expressed as a percentage. It is often used to compare the variability of data sets with
different units, means or magnitudes
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Figure 4.28: Behavior of the mean and the coefficient of variation of the distances.
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Figure 4.29: Behavior the coefficient of variation of the distances (dimensions 1 to 1000).
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from 4.30 to 4.33 shows the results of how the dimensionality affects some of the Gabriel Graph
attributes.
Figure 4.30 shows the mean increasing, as expected.

Mean of the euclidian distances

Figure 4.30: Evolution of the GG’s distance matrix: average (dimensions 1 to 370).

Figure 4.31 brings the growing homogeneity of the values in the distance matrix. It is
reflected by the coefficient of variance decreasing behavior. Figure 4.32 shows the increase in

Coefficient of variation

Figure 4.31: Evolution of the GG’s distance matrix: coefficient of variation (dimensions 1 to 370).
the number of neighbors (individual connections) for each point in the adjacency matrix.

4.7.3 Dimensionality Effects on similarity-based classifiers

Similarity-based classifiers estimate the class label of a test sample based on the similarities
between the test sample and a set of labeled training samples, and the pairwise similarities
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Figure 4.32: Evolution of the GG’s adjacency matrix: average of the numbers of neighbors (dimensions 1 to 370).
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Figure 4.33: Behavior of the distance in higher dimensions leading to multiples connections: at the highers
dimensionality, each point in the graph is connected to all the others).
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between the training samples [213]. The problem is that models trained on sparse data and
non-representative distances variance may not capture general patterns well. The model is
more likely to overfit to the specific noise in the training set. With insufficient data, the model
tends to overfit the training data [214]. Depending of the degree of the sparsity, each point itself
can appear as a cluster.

Tasks regarding searching, organizing, filtering, and clustering usually rely on calculating
similarity metrics. The distances metrics calculation and distance values behavior can be tricky
in high dimensional scenarios. Objects in high-dimensional spaces tend to appear scattered and
far away from each other, while the variation of the distances tend to be more similar (distances
become more homogeneous. Vast, but more uniform). This makes traditional distances metrics,
organization and classification methods less effective when compared to smaller-dimensions
space scenarios.

To qualitatively observe the drop in performance of similarity-based models, an experiment
was conducted in which two models (SVM and GGClassification) were trained and tested
on databases with progressively larger dimensionality. Both the models are trained from 10
different folds within an iterative loop that increases the dimensionality progressively from 1 to
150. Figure 4.34 presents the mean of GGClassification’s AUC (considering each one of the 10
folds) in each dimensionality. Figure 4.35 shows the same performance metric correspondent

Average of AUC x Number of Dimensions in Space

Average AUC (10 olds)

Number of

Figure 4.34: GGClassification AUC in function of the number of dimensions (From 1 to 150).

to the SVM.

Several approaches have been proposed to address the curse’s issues. Dimensionality
reduction techniques, such as PCA and t-SNE, have shown promise in improving classification
accuracy and preserving data utility [214,215]. Feature selection methods that account for the
curse of dimensionality and focus on discriminative features have demonstrated competitive
performance [216,217]. Compositionally sparse functions ! [218].Additionally, strategies such
as addressing variance contributed by noisy variables [219] and exploring non-local solutions
[220] have been suggested. These approaches aim to enhance the efficiency and effectiveness
of learning algorithms in high-dimensional spaces across various applications.

'Compositionally sparse functions are functions that can be represented as the composition of a relatively
small number of constituent functions, each depending on only a small number of variables [218].
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Average of AUC x Number of Dimensions in Space

Average AUC (10 folds)

Number of Dimensions

Figure 4.35: SVM AUC in function of the number of dimensions (From 1 to 150).

4.7.4 Distance metric influence on Gabriel graph properties

An experiment was developed to observe the combined effect of distance metric and
dimensionality effect on Gabriel graph properties. In the experiment, dimensions were
progressively added to randomly created points. Then, the Minkowski distance matrix was
generated for distinct p values.

Besides that, it was included weights to the dimensions (features). Each weight was
proportional to the inverse of the correspondent dimension variances. Variance-based
dimension weights are used to adjust the importance of each dimension in a dataset based
on their variability. The idea behind this is that dimensions with lower variance are given more
weight as they are considered more stable. Small differences on such dimensions will have a
larger influence on the total distance. The equation 4.2 indicates the calculation of the inverse
variance weights, as follows:

4.2)

where
* w; : weight of the dimension 1.
e o7 : variance of the dimension i.

* ¢ : small value to avoid division by zero error.

One more step was performed aiming to normalize the dimension weights. Equation 4.3
presents the calculation.

1
O’;-z—l-e

Wi = =07 4.3)
% Zj=1 012-1—1-6

where n is the number of dimensions.
Figure 4.36 illustrates the variation in the average distances corresponding to different
values of p and weights (weighted distance or not weighted).
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Figure 4.36: Average distances comparison using distinct Minkowski p and weight (dimensions from 1 to 370)

One can observe that the rate of increase in average distance exhibits variation according to
the choice of parameter p and the dimension-specific weighting strategy.

Figure 4.37 shows the variation in the coefficient of variation of the distances and the
average number of neighbors for different values of p and weights (weighted distance or not
weighted).

On can see that the average of the number of neighbors tended to be lower for higher p
and. While the coefficient of variation of the distance tended to be slightly larger to weighted
distances.

4.7.5 Distance metric influence on similarity-based classifiers

Experiments were performed to observe the distance metric influence in a simple similarity-
metric classifier. To do so, a KNN ! model was adopted. The purpose was investigating the
effect of Minkowski distance parameter p on the model performance while facing different
classification tasks.

Both a grid searching and a Differential Evolution (DE) > were performed to assess
distinct combinations of k£ and p against the classification of four UCI [222] benchmark
datasets (Appendicitis, Wisconsin Breast Cancer, Pima and Ionosphere). Each k vs p distinct
combination was tested 30 times using different folds (random 70-30 splits). DE optimization’s

'Roughly, a KNN calculates the distance between the sample x (to be classified) and all the other points in the
training data set. So, the closest (smallest distance) K neighbors are taken and the class of the sample x is defined
based on the label (class) of these same k neighbors. The resulting label is the majoritarian label considering these
k nearest neighbors.

Differential Evolution is an optimization algorithm introduced by Storn and Price ( [221]), known for
its effectiveness in handling multimodal and non-differentiable objective functions. It iteratively improves a
population of candidate solutions by combining and mutating them, followed by individuals selection based on
fitness (quality) scores,this way mimicking a biological evolutionary process.
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objective function was given from the average accuracy in ten runs. In other words, the aptitude
(quality) metric of each member (each pair p,k) was obtained from 30 different executions with
70-30% distinct splits. The median accuracy of these ten runs was taken as a fitness metric. The
higher, the better. Population size was set as 20 members (ten times the number of parameters)
and the max number of generations equal to 200.
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Figure 4.38: Performance (Accuracy) variation for each k vs p distinct combination. Accuracy obtained from 30
runs. p varying from 0.1 to 6 step =0.1. K range depending on the dataset size.

Figure 4.38 shows the DE Optimization best solutions over the grid search results. It is
possible to see that the distance metric affects the Knn model performance, even working under
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the same hyperparameter k. One can find distinct accuracy for the same & along the p variation.

4.7.6 Impact of Quality Thresholds TC+ and TC- on GGClassification
Performance

Recalling the theory, GGClassification method does not make use of external parameters. All
the information necessary for its classification strategy is embedded in the data set, whose
is being represented by Gabriel graph. The descriptors used to deal with noise and class
overlapping are fixed metrics, T’C'* and T'C'~, which are automatically obtained from the graph
itself.

The original method uses fixed values for both class thresholds. However, given the
importance of border quality in the present work, experiments were conducted to make the
class thresholds more flexible by testing different values for both.

In this sense, the strategy consisted in to perform a grid search (T'C*versusTC™) from 0 to
1, using resolution equal to 0.05. That is, each distinct combination (7’C'tvs.T'C"™) in the range
[0,0.05,0.1,...,0.95] was assessed. In order to properly evaluate each parameter combination, it
was applied k-fold cross validation adopting k=10. The grid search with k-fold cross validation
has performed facing 19 binary classification bench march data sets.

In addition to the classes threshold values variation, another change in the original method
was evaluated. It is about shift the class of the filtered pattern instead of removing it from the
graph, as originally works. All different parameter selection from the grid search was applied
to both filter options ("removing samples" and "shifting the class label of the samples").

To evaluate the experimental results, factorial analysis and paired analysis were performed
in order to compare the results of the three distinct approaches (original one, threshold for
remove samples, threshold for shift the class).

The experiments employed 19 real-world data sets. Where 16 available are in the UCI
repository [222]. Data set Appendicitis is from KEEL-data set repository [223]. Breast Cancer
Hess Probes [224]. The multiclass data set Glass was convert into binary classification by doing
"7 versus. all". All data sets were normalized with mean £ = 0 and standard deviation o0 = 1,
without missing values.

One more set of experiments was carried out in order to investigate TC'" and T'C'~ values
selection through differential evolution (DE) optimization. Differential evolution was modeled
by adopting three parameters vector as members, one parameter referring to 7C'", the second
one to T'C'~ and the third to indicate the filter action ("remove" or "class shift").The intervals
were set from 0 to 1.

The objective function was given from the average AUC in ten k-fold cross validation runs.
In other words, the aptitude metric of each member (each trinominal vector TC*, T'C~, "type
of filter action") was obtained from ten different folds. The average AUC of these ten runs was
taken as a fitness metric. The higher, the better. Population size was set as 30 members (ten
times the parameters number) and the max number of generation equal to 200.

Using such configuration, differential evolution was performed to select the best parameter
combination for each of the 19 evaluated data sets.

All the computational experiments, charts and statistical analysis were carried out in the R
language platform and specific libraries (packages) for each matter. The DE implementation
employed in these experiments was DEoptim, a R package for global optimization by
differential evolution [225], [226].
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Experimental Results

The distinct combinations of the GGClassification’s parameters were assessed via k-fold cross
validation.Four strategies were experimented to be compared:

1. GGClassification’s original configuration.
2. Grid search parameter combinations for removing the samples filtered.
3. Grid search parameter combinations for shifting the class of the samples filtered.

4. DE - differential evolution optimization. Best parameters combination found via DE.

The results will be presented below. Figure 4.39 shows AUC boxplots of each distinct
configuration faceted by dataset.

Table 4.2 summarizes the distinct configurations average AUC in front all experimented
data bases considering all threshold combinations.The last row brings the average Friedman
rank ! [227] of each model parameter selection (Grid - shift class, original , Grid - remove and
DE). Friedman’s test has showed that there is evidences of significant difference between DE
parameter selection performance and the others. The same for Original parameter selection. In
general, there is no evidences of significant difference between Grid Search - remove and Grid
Search - class shift.

It is possible to see the parameter selection rank facet by data set besides theirs meta-data
on Figure 4.44.

Each distinct combination (T'C*vs. TC ™) visited through grid search was assessed by k-
fold cross validation. The grid result can be observed on Figure 4.40. It shows AUC heatmap
resulting from the grid search (T'C'Tvs. T'C'™) applying remove mode configuration. Figure 4.41
shows the same heatmap to class shift mode configuration. Multiple comparisons between the
distinct parameter selection methodologies were performed based on the k-fold cross validation
results. Figure 4.42 shows Tukey’s method results for the "model configuration" factor. The
"model configuration" factor here can be "original method", "filter to remove patterns" and
"filter to class shift". That, applied individually to all bench march data set. In the majority
of cases DE optimization has selected the best parameters values. Figure 4.43 show the
coordinates TC'*, TC'~ corresponding to the better results of each selection method (original,
grid search remove and shift and DE optimization).

Discussion of Results

Grid search with k-fold cross validation results show that TC't and TC~ overlapping
thresholds has influence on GGClassification performance. That effect occurs with varied
intensities for each experimented data set, as it is possible to see in boxplots (4.39) and
heatmaps (4.41 and 4.40).

For hardly imbalance data sets, some of TC" and T'C'~ pairs can promote a large exclusion
rate of the minority class. This can become a problem, since there may not be any remaining
patterns of such a class.

'Friedman’s test is a non-parametric statistical test used to detect differences in treatments across multiple test
attempts. It creates a classifiers rank for each data set. The average rank is used to formulate the hypothesis /0 of
"All experimented classifiers are equivalent".Basically, the comparative procedure initially involves ranking each
row (data set), and calculate the average rank for each column (classifier, "factor").Multiple comparison between
the averages ranks promotes p-values that can indicate evidences of significant difference between the classifiers.
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base shift original remove DE

1 ILPD 0.59 0.62 0.58 0.69
2 appendicitis  0.73 0.75 0.74 0.83
3 australian 0.79 0.83 0.81 0.85
4 banknote 1.00 1.00 1.00 1.00
5 breastHess 0.70 0.76 0.69 0.83
6 breastcancer 0.95 0.96 0.96 0.99
7 bupa 0.57 0.64 0.58 0.67
8 climate 0.66 0.80 0.72 0.75
9 diabetes 0.67 0.72 0.68 0.76
10 fertility 0.61 0.68 0.66 0.82
11 german 0.59 0.62 0.59 0.69
12 glass 0.89 0.90 0.90 0.97
13 golub 0.72 0.74 0.74 0.85
14 haberman 0.59 0.62 0.58 0.64
15 heart 0.74 0.81 0.78 0.82

16 ionosphere 0.76 0.79 0.74 0.84
17 parkinsons 0.90 0.91 091 094
18 segmentation 0.95 0.95 0.96 0.96
19 sonar 0.86 0.86 0.86 0.89
Rank 3.71 2.10 3.07 1.10

Table 4.2: Model configuration mean AUC - all threshold (T'C T vs. T'C ™) combinations

Grid search indicates that depending on the data set to be learned, small thresholds range
can promote considerable performance variation.

One can see in the multiple comparative analysis that the GGClassification original
configuration has showed better performance than the most of the grid search selection space.
Furthermore, it is possible to note that the "shift class" strategy is not efficient in the most of
the cases.

As can be seen in Figure 4.43 the best TC* and T'C'~ values found by grid search, DE
optimization and original method did not always coincide. That occurred because grid search
was performed by using intervals of 0.05, the original method, on the other hand, can find
continuous values obtained from the () descriptor average. DE results are also continuous,
however, it can traverse the entire search space. Thus, patterns coordinates (I'CT,7C™)
provided by the three schemes may not match.

DE Optimization has obtained the best parameters selection for the majority of data sets,
but spending a huge computational effort. It takes hours to perform completely the parameter
search for each data set, considering 30 members population and max generation 100. Two of
the data sets (bank note and german) spent almost 3 days, running on an AWS EC2 t2.medium
machine (Linux OS, 3.3 GHz processor, 4 GB RAM).

Figure 4.44 shows the parameter selection rank and detailed metadata of each benchmark
data set adopt in the present work. N means number of patterns (samples, observations), Ny
the number of dimensions (attributes, columns), NC'* number of patterns labeled as (+1), and
NC™ the number of (-1) labeled patterns.
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base sht AUC org_AUC rem_AUC DE_AUC sht_rank org_rank rem_rank DE_rank  base N Nd NC+t NC—

1 ILPD 0.59 0.62 0.58 0.68 3.00 2.00 4.00 1.00 ILPD 579 10 165 414
2 appendicitis 0.73 0.75 0.74 0.83 4.00 2.00 3.00 1.00 appendicitis 106 7 85 21
3 australian  0.79 0.83 0.81 0.85 4.00 2.00 3.00 1.00 australian 690 14 383 307
4 banknote 1.00 1.00 1.00 1.00 3.50 2.00 3.50 1.00 banknote 1372 4 762 610
5 breastHess  0.70 0.76 0.69 0.83 3.00 2.00 4.00 1.00 breastHess 133 30 34 99
6 breastcancer (.95 0.96 0.96 0.99 4.00 3.00 2.00 1.00 breastcancer 683 9 239 444
7 bupa 0.57 0.64 0.58 0.64 4.00 1.00 3.00 2.00 bupa 345 6 200 145
8 climate 0.66 0.80 0.72 0.75 4.00 1.00 3.00 2.00 climate 540 18 46 494
9 diabetes 0.67 0.72 0.68 0.76 4.00 2.00 3.00 1.00 diabetes 768 8 268 500
10 fertility 0.61 0.68 0.66 0.82 4.00 2.00 3.00 1.00 fertility 100 9 88 12
Il german 0.59 0.62 0.59 0.69 4.00 2.00 3.00 1.00 german 1000 24 300 700
12 glass 0.89 0.90 0.90 0.97 4.00 3.00 2.00 1.00 glass 214 9 185 29
13 golub 0.72 0.74 0.74 0.85 4.00 3.00 2.00 1.00 golub 72 50 25 47
14 haberman 0.59 0.62 0.58 0.64 3.00 2.00 4.00 1.00 haberman 306 3 81 225
15 heart 0.74 0.81 0.78 0.82 4.00 2.00 3.00 1.00 heart 270 13 120 150
16  ionosphere 0.76 0.79 0.74 0.84 3.00 2.00 4.00 1.00 ionosphere 351 33 126 225
17 parkinsons 0.90 0.91 0.91 0.94 4.00 3.00 2.00 1.00 parkinsons 195 22 48 147
18  segmentation).95 0.95 0.95 0.95 3.50 2.00 3.50 1.00 segmentation210 18 180 3
19 sonar 0.86 0.86 0.86 0.88 3.50 2.00 3.50 1.00 sonar 208 60 111 97

Figure 4.44: Detailed Table - Parameter selection methods performance, rank and bases meta-data
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Chapter 5
Methodology

The new proposed method presented by the present work aims to generate counterfactual
examples via geometric and statistical data structures. The concept involves the creation
of interpretable counterfactual explanations by identifying the minimal changes needed in a
sample! to alter its classification by a model. The research proposes using geometric structures,
that map the similarity between samples, to generate counterfactual examples in classification
problems. Accord to the new proposed method, the counterfactual examples are generated
based on three principal elements:

* the similarity mapping provided by the geometric structure.

* the classification label (actual from the dataset or predicted by the operational trained
model).

* users’ requirements (use case constraints).

One significant advantage of employing similarity-based geometric structures, such as the
Gabriel Graph, for generating counterfactual instances is the precision and efficiency in
producing representative, plausible and diverse examples. Unlike other methods that demand
substantial computational resources, the Gabriel Graph relies solely on distance calculations,
reducing time and computational effort. This approach maintains the overall structure of the
original dataset, facilitating the generation of meaningful and interpretable results by accurately
reflecting the similarities and differences among the samples.

Furthermore, the Gabriel Graph structure has a built-in mechanism that can be employed to
control the distance between the original and the generated counterfactual examples, allowing
users to fine-tune the results according to their specific needs. These features make it a valuable
tool for engineers, data scientists, and other researchers working on diverse datasets, from
health care to industrial applications.

non

IThe terms "samples"”, "examples", "lines in dataset”, "line in dataframes", "register or line in a database",
"instances", "patterns", "tuples", "records", "observations", "points" and "data points" are used interchangeably
across various fields, though each term is more prevalent in specific contexts. "Examples", "patterns"
and "instances" are common in Machine Learning, including Pattern Recognition and Artificial Intelligence.
"Samples" and "observations" are widely used in Statistics. "Lines in datasets" and "line in dataframes" are
primarily encountered in Data Science, especially in R and Python/Pandas programming. "Register" or "line in a
database", and "record" are typical in Database Management and Information Systems. "Tuples" are frequently
used in relational databases theory and formal data modeling. "Data points" can be found in several disciplines,
such as Mathematics and Data Analysis. Despite these differences in terminology, they all refer to individual rows,

entries, or units of information in a structured data format. In the present work they are accept as synonymous.



85

In this sense, the main idea of the proposed method is to explore counterfactual scenarios
via similarity-based geometric structures. This way, facilitating a deeper understanding of
the input data and model’s behavior, providing information about decision boundaries, model
vulnerabilities, training data biases and generalization issues.

The similarity mapping allows, in addition, identifying the most representative samples
(examples) in the input dataset. The characteristics of such reference samples can indicate
ways of instantiate new samples according to the user requisition.

That approach of directly access the samples’ geometric information can reduce the
computational complexity of the instances generation procedures and improve the quality of the
generated counterfactual examples. The geometric structure representing the data space and its
relevant points can directly guide the generation of the new samples. The present work proposes
various strategies to guide the generation of counterfactual examples. Broadly speaking, it is
about five fundamental steps:

1. Generating geometric data structures.

2. Using the geometric data structures to classify.

3. Choosing the reference points on the other side of the frontier.
4. Instantiating new points based on the references points.

5. Choosing some of the new instantiated points.

5.1 Generating geometric data structures

The basic and most important data structured used in the proposed method is based on
GGClassification. One can see details about it in section 4.3:Torres at all’s GGClassification.

The first step consists in generating the Gabriel graph. The inputs consist of the factual
dataset and a distance metric. The output is the adjacency matrix (Adj M) correspondent to the
Gabriel graph.

The AdjM is square,nxn, where n is the number of samples in the input dataset. The
vertices of the Gabriel graph corresponds to the samples of the dataset. Each entry Adj M |i][j]
indicates whether there is an edge between the vertex ¢ and vertex j. If AdjM][i|[j] = 1 then
there is an edge between 7 and j, while if AdjM [i][j] = O there are no connection. The Gabriel
graph connects two points, Adj M [i][j] = 1, if the n-ball of diameter 7§ contains no other points.
So, if a "1" appears at the [i, j] index of the Adj M matrix, it means that there is no other factual
example inside the n-ball defined by the samples 7 and j.

The second step is about filtering. One can decide to filter factual samples, based on
some criteria, aiming to suppress eventual noise or class overlapping in the dataset. The
filtering process can be driven by samples quality scores and thresholds generated from the
samples geometric information, labels and neighborhood (for details, see section 4.3). After
any filtering, the Gabriel graph represented by its adjacency matrix is generated again from the
new "clean" dataset.

The third step aims to generate all the remaining geometric structures needed to guide
the creation of counterfactual examples. It start from obtaining the Support Edges (SE) from
AdjM. SEs are those edges with vertices ¢ and j that belong to different classes. They are
located in the separation margin between classes [191, 193]. Each SE in AdjM generates the
following elements:
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* endpoints c and d: the vertices ¢ and j in Adj M that form a SE are taken as the endpoints
cand d.

* middle point m: the middle point of the SE is so calculated as m = (¢ + d)/2.
e hyperplane normal vector w: w = ¢ — d. !
e biasb:b=m-w.?

* the hyperplane’s signal s: The point c’s signal is attributed to the hyperplane w. The
signal of the hyperplane is the same of the point c.

The steps discussed above generate several pieces of information that support the creation
and classification (predict) of the counterfactual examples. One can see the available
information in the following list:

* Coordinates of the factual examples
— Coordinates (characteristics) of the factual examples in the dataset.
* Gabriel Graph Properties

— Adjacency matrix of the Gabriel graph.
— Dataset and graph balancing properties:

* Number of class 1 examples.
* Number of class 2 examples.
x Number of class 1 examples that are connected to another class 1.
* Number of class 2 examples that are connected to another class 2.

* Quality and Statistics Metrics of each sample

— Number of neighbors of the same class.

Number of neighbors of the opposite class.

Total number of neighbors.

Purity metric.

Class 1 purity threshold.

Class 2 purity threshold.
* Filtered Examples and Graph Properties

— Filtered examples.

'The vector w represents the weights (or coefficients) that define the orientation (angle of inclination) of the
hyperplane.The vector w connects ¢ and d that belongs to opposite classes. This vector is used to define the
disposition of the local separation, ensuring that the separating hyperplane is perpendicular to the support edge.
By constructing the hyperplane perpendicular to the edge (represented by ¢ — d), an optimal separation of the
classes is achieved. The vector w and the hyperplane normal to it provide all the necessary geometric information
for distinguishing the classes in their vicinity.

2The bias determines the position of the hyperplane in relation to the origin of the input space (characteristics).
The bias shifts the hyperplane, allowing it to pass through different regions of the space. The dot product between
the midpoint m and the vector w (b = m - w) results in a value that positions the hyperplane passing by m. In its
time, w, defines the inclination (angle), while bias b defines the position within the space.
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Density.

Support edges.

Support edge endpoints.

Support edge midpoints.
* Hyperplanes Related to Supporting Edges

— Coefficients of the hyperplanes perpendicular to the support edges.
— Bias of the hyperplanes perpendicular to the support edges.
— Sign of the hyperplanes perpendicular to the support edges.

5.2 Using the geometric data structures to classify examples

With a comprehensive arsenal of statistical and geometric data, one can classify and guide
the creation of new examples based on factual space disposition. The classification process,
roughly speaking, works as a mixtures of local experts [228,229].

Assuming that the data can be effectively described by a set of functions, each defined
over a specific local region of the input space, a modular architecture can model this data by
assigning different modules to different regions of the space [229]. For the proposed method,
each hyperplane w, defined by one distinct SE, represents one specific module (or a distinct
expert).

The classification process of a given sample = begins by classifying the sample according to
all hyperplanes individually. Each hyperplane, generated from the midpoints of the boundary
edges, gives its "opinion" regarding the classification of the sample x. This way, each
hyperplane can classify the sample z individually.

The classification of the sample = provided by a hyperplane n is determined through its
equation H,(z) = xTw, — b,. The H,(z) result value is subsequently smoothed using
a hyperbolic tangent function: th, = tanh(H,(x)), which sign, sgn(th,), represents the
prediction made by the hyperplane n.

The individual predictions are then forwarded to a mediator that assigns weights to them.
The mediator weighs the opinions and produces a final classification decision. Each hyperplane
is assumed to yield optimal performance within its local neighborhood. Itis an expert on its own
vicinity. The mediator weights the predictions accordingly to such assumption and generates
the final output. The Figure 5.1 aims to visually explain such a process.

The process works as a system of experts and gating networks [228]. The parameters of
each local expert H,, depend only on the frontier vertices ¢, and d,, and can be obtained by
directly calculation [191], while the weighting parameters Pb is given by the mediator playing
a role of gating network [228,230].

One can interpret the gating network from a probabilistic perspective, where it works as a
classifier. It maps a given input z into the probabilities that the various experts will be able
to generate the desired output to it [229]. So, each sample z induces a set of probabilities
P. Each probability Pb; in P refers to a specific hyperplane H;. The idea is that the higher
the probability Pb;, the higher the chance that the corresponding hyperplane ; is correct in
classifying the sample z.

The weighting parameter Pb; of an expert hyperplane H; when classifying an example
x 1s calculated according to the equation 5.1, called Softmax. It is an alternative to squared
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error minimization, and implement a normalized exponential multi-input generalization of the
logistic nonlinearity [231].

max [d(x, my )]
Pb;(H;,x) =exp | — 0%, m) , Vk=1,...,n (5.1)

This function preserves the hierarchical order of its input values and is a differentiable
generalization of the “winner takes all” operation for choosing the maximum value [230].

Another interesting feature of Softmax is that it meets the probability constraints of being
non-negative and having a sum equal to one. In formal terms, 0 < Pb; < 1,Vi =1,...,n and
>+, Pb; = 1, where n in the number of hyperplanes.

The final value is then calculated as sign (), h;(x) Pb;(x)).The probabilities Pb;(z),
which are combined with the respective hyperplane decision H;(x), give larger values to those
hyperplanes that are closer to x according to the distance metric d. Figure 5.2 exemplifies the
weights attribution with a 2D spacial perspective. As commented before, the proposed method
also counts with signed values of those weights. This metric revels which class label and the
respective intensity (importance) correspondent to each individual hyperplane (expert in the
mixture). Figure 5.3 exemplifies the weights attribution with a 2D spacial perspective.

The sample x classification process also supplies the following information to drive the
generation of counterfactuals and to help understanding the classification behavior:

* Yhat: Final classification of a given sample

e yraw: raw classification value from the Softmax sum.

* YSoftMax: The vector of absolute weights. One value for each expert (hyperplane).
* YSignedSoftmax: Signed values of the weights.

 dist2pms: Vector of distances (between the sample to each middle point that represents
each hyperplane).

¢ decishyper: Classification that each individual hyperplane gave to the sample, based on
its own equation.
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* deciswgt: Weighted-distance classification of each hyperplane.

The hyperplanes weights combined to their parameters w, can generate a features importance
chart, and in each sense (+ or -) each feature is contributing. Figure 5.4 shows an example:
It is possible to follow the discussion between the experts through the weighted classification

Feature Contributions to Classification Decision

25

Contribution to Classification

Figure 5.4: Force and feature importance plot calculated from the data generated by the classification process.)

voting. Figure 5.5 shows two distinct classification process from two different datasets.
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Figure 5.5: Force and feature importance plot calculated from the data generated by the classification process.)
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5.3 Instantiating new samples based on the references

Some relevant elements can be raised when analyzing the geometric structures and the
classification process from the perspective of counterfactual examples:

* Points and edges metrics:
— Statistical and quality (purity) metrics of samples allow targeting reference points

on both sides of the border.

— Such metrics can be used by cost functions or counterfactual selection criteria.
* Midpoints and Support Edges as Decision Boundaries:

— The edges connecting samples of opposite classes represent the critical transitions
between classes. Edges indicate factual direct paths for class change.

— The midpoints of these edges are pivotal. They lie exactly between factual opposing
class samples and are used to generate separation hyperplanes.

— The distance to the midpoints can parameterize functions and heuristics of
counterfactual examples generating.

* Separation Hyperplanes:

— The hyperplanes represent the decision boundaries inferred from the own data or
from the model (under investigation) output space.

— Hyperplanes are locals deciders experts. Prediction in their immediate vicinity have
high accuracy.

* Classification Using Mixture of Experts/Softmax:

— It is possible to weigh the influence of each hyperplane on the classification
continuously through all the space. Softmax provides a vector of probability values,
one for each hyperplane.

— "Reversing the Mixture of Expert" permits to input a target class expecting a "x"
sample in the output.

Several strategies for generating counterfactual samples are proposed based on these
principles of creating a new counterfactual example z;. by implement a change A on a
reference point x,.. Figure 5.6 shows the strategies proposed grouped according to the items
previously commented.

These primary methods suggested are summarized in Table 5.1.
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How to perform the adjustments ?

* Interpolation
o Linear
o spherical

* Random sampling within a limited
space

xcf =‘ Xac + A~ o n-ball
L

o Voronoi polytope

How to choose an actual ¢ Minimal to cross the frontier

reference example ?

* Purity Metrics
o Q Metric

¢ Feature-based
o Feature importance
L o Statistical differences

o High density

* Support edge vertices

oc,d
om

* Prototypes and Archetypes

* Mixture of Local Experts
o Higher probabilities
(Pb) to the target class

Figure 5.6: Strategies for generation of counterfactual samples.

Method

Details

1. Same-Class Edges

Brief Explanation: Generate new samples by interpolating
between endpoints of edges connecting samples of the same
class.

Formula:
T =(1—a)c+ad, aecl0l]

Explanation of Variables:
* x.s: Counterfactual sample.
* ¢, d: Endpoints of the edge within the same class.

* a: Interpolation factor, controlling the position along the
edge between ¢ and d. if o = 0 then xz; = c.
if a =1 then x. = d. The o domain permits to
run along the entire edge between ¢ and d.

Pros:

* Explores within-class variations;  maintains class
properties; it can be in high density or purity areas.

Cons:

* Limited to existing points regions.

Continued on next page
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Method

Details

2. Opposite-Class
Edges

Brief Explanation: Create counterfactuals by interpolating
beyond support edges connecting opposite classes.

Formula:
g =(1—a)c+ad, «a€l0,1]

Explanation of Variables:
* x.s: Counterfactual sample.

* ¢,d: Endpoints of the edge connecting opposite classes
actual samples (c and d).

* a: Interpolation factor, allowing extrapolation to generate
counterfactuals. if o = 0 then z; =c if a =
1 then . = d. The o domain permits to run along
the entire edge between ¢ and d. The « value adjustment
permits to create counterfactuals closer to one side of the
frontier or closer to the opposite side. That is , closer to ¢
endpoint or closer to d.

Pros:

* Cost; slightly crosses the boundary, laying very close to the
expert hyperplane.

Cons:

* It may fall in low density areas.

Continued on next page
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Method Details
3. Hypersphere | Brief Explanation: Generate samples within a hypersphere (hs)
Volume Sampling | with radius r centered at a relevant point z,..

Centered at Reference
Points

Formula:
Tep = Trer +7-u,  ul| <1

Explanation of Variables:
* x.s: Counterfactual sample.
* 7. Center of the hypersphere (reference point).
 r: Radius of the hypersphere.

e u: Unit vector within the hypersphere, determining
direction.

Pros:
* Creates diverse samples; explores local neighborhood.

* The radius r can vary according to some distances (between
original samples and p, distance between p and the frontier.)

Cons:

* May include invalid regions; choice of r affects validity;
curse of dimensionality (volumes calculation).

Continued on next page
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Method Details

4. Hypersphere | Brief Explanation: Sample in the hypersphere defined by an
Volume from Same- | edge connecting two same-class samples 7 and j (at some place
Class Edges on the opposite side of the boundary).

Formula:

T; + x5 d(x;, x;
Lret = 12 j, T:%a :ECf::L‘ref'i'T‘ua Huuél

Explanation of Variables:

* 7. Center of the hypersphere, midpoint of edge
connecting x; and ;.

 r: Radius of the hypersphere, half the distance between x;
and ;.

 wu: Unit vector within the hypersphere.
Pros:

» Explores larger regions; aiming to keep class consistency.
Cons:

* Computational cost; r can affect validity; curse of
dimensionality (volumes calculation).

Continued on next page
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Method Details

5. Utilizing Purity- | Brief Explanation: Use high purity score samples (high
Based Reference | percentage of same-class neighbors) as anchors to guide
Points counterfactual generation.

Formula:
Tef = Lref +A

Explanation of Variables:

* x.¢: Counterfactual sample.

* 7. High purity reference point.

* A: Adjustment applied to the reference point.
Pros:

e For small A, it ensures counterfactuals are well within
target class; enhances robustness.

Cons:

» For large A, it can lose accuracy; requires purity score
calculation; limited by data sparsity.

6. Sampling In High-
Density Regions

Brief Explanation: Move towards regions with higher
probability density (pd) of the target class.

Formula:
Tep = Trep + A
Subject t0:  pdiarget (Trer) > 6,
pdtarget(CUcf ) >0
Variables:

* x.¢: Generated counterfactual sample.
* x,.¢: Initial reference point.
* pdirge: Probability density of the target class.

 #: Minimum density threshold for valid counterfactuals.

Continued on next page
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Method

Details

7. Convex Hull-

Oriented

Brief Explanation: Project samples onto the convex hull of
target class samples or use the hull’s centroid as a reference.

Formula:

Projection: .y = min[d(z.,. — p)] Vp € CH,
| K
Centroid:  x,.f = T ; x;, Vr; € CHg

Tef = Tref + A
Variables:
* x.¢: Generated counterfactual sample.
* Z4.: Original sample.
* ('Hy: Convex hull of the target class.

* p: Point within the convex hull.

A: Adjustment vector applied to the reference point.

8. Reference to

Prototypes
Archetypes

and

Brief Explanation: Adjust samples towards prototypes or
archetypes of the target class.

Formula:
Lef = Tac + 5(xprototype - xac)

Variables:
* x.s: Generated counterfactual sample.
* T, Original sample.
* Tpootype: l1arget class prototype or archetype.

* 0: Adjustment factor determining the movement towards
the prototype.

Continued on next page
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Method

Details

9. Local Height-
Importance Features

Brief Explanation: Modify the most influential features based
on their geometric importance in experts’ w.

Formula:
Tefi = Taei + 0x;y, O = —e - sign(w;)
Variables:
* 2.s;: Adjusted value of feature i.
* Zgci: Original value of feature 1.
» w;: Weight of feature 7 in the hyperplane.

* e: Adjustment step size.

10. Spherical
Interpolation

Brief Explanation: Interpolate between samples along the
surface of a hypersphere.

Formula:

sm(q — t)@)c N 811.1(t0)d’ te0,1]
sin ¢ sin 0

Lef =
Variables:
* x.4: Generated counterfactual sample.
* ¢, d: Samples being interpolated.

* 0: Angle between samples c and d.

* ¢: Interpolation factor controlling the transition between c
and d. The shape of the transitioning trajectory between c
and d in this method case is spherical.

Continued on next page
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Method Details
11. Statistical | Brief Explanation: Adjust features based on statistical
Characteristic differences towards target class characteristics.
Adjustment
Formula:
Lefi = Lacyi + O‘(Iutarget,i - xuc,i)
Variables:

* 2.s;: Adjusted value of feature i.
* T,4.;: Original value of feature ¢.
* [larger,i: Mean value of feature 7 in the target class.

* «: Adjustment factor between 0 and 1.

12. Nearest Opposite | Brief Explanation: Generate counterfactuals by interpolating
Class between . and the nearest opposite-class sample.

Formula:
Lref = min(d(xlwv mépcl))
Tep = (1 — 0)xge + e, a€[0,1]
Variables:
* x.s: Generated counterfactual sample.
* T,.: Actual original sample.

* x,.5: Nearest opposite-class sample.

xf,pd: Any actual sample 7 of the opposite class.

* «: Interpolation factor controlling the movement between
Tac and T.y.

Table 5.1: Methods developed for generating counterfactual examples based on geometric and statistics data
strictures.

Some figures are presented below to exemplify the geometric approach proposed for
generating counterfactual examples. As it was commented before, the main idea is to
select reference points based on specific criteria that align with the users’ needs during the
counterfactual investigation. Then, using these reference points, choose a sampling strategy to
generate new samples (counterfactual examples). It is possible to use statistical and geometric
information to guide the choice of the references points. It is also worth remembering that the
proposed method’s data structure still provides purity information and statistical metrics for
each sample in the dataset.

Figure 5.7 shows the Gabriel graph with its edges in gray. The factual samples are plotted
in two colors (red and green) according to their class label. The support edges (SE) that connect
examples from opposite classes are in purple. The middle points of the SE are in blue dots. The
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hyperplanes instantiated from the SE’s middle points in gray dashed lines. The division chain
is shown in blue lines. The concave hulls of each class are in red and green lines according
to each class. Such geometric structures can supply information to guide the localization of
factual reference points and drive the generation of new counterfactual examples.

Figure 5.7: Examples of geometric structures that can guide the choice of references points.

Following the selection of reference points tailored to the specific requirements of
the ongoing counterfactual investigation, on can proceed to the phase of generating the
counterfactual examples. To do so, various strategies, including linear or spherical
interpolations, regular or random sampling, and the modification of specific attributes, can
be adopted. The Figure 5.8 shows an enlarged local view of the Gabriel Graph. This example

B
\ L Same class vertices
\\\ J (actual examples)
o

a) Gabriel graph-zoom view b) Selecting references points

® [
New counterfactual

~— examples created by
Linear interpolation

New counterfactual
examples created by

C) Creating new examples: d) Spherical interpolation

Linear interpolation

Figure 5.8: Generation of counterfactuals samples via linear and spherical interpolation.

shows the selection of an edge that connects two factual samples (vertices) of the same class.
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After choosing the neighboring vertices, the Figure 5.8-c shows the generation of new samples
(counterfactuals) through linear interpolation guided by the graph edge. The Figure 5.8-d
exemplifies the generation of new counterfactual samples through spherical interpolation.

The Figure 5.9-a shows the generation of new samples (counterfactuals) through sampling
in a spherical region. It can be regular sampling or random sampling within the space. Figure
5.9-b shows the generation of new (counterfactual) samples by linear interpolation between
real samples of opposite classes. As it was previously pointed, it can adopt regular sampling
or random sampling within the trajectory. On can se the vertices (actual samples) ¢ and d
belonging to distinct classes, the support edge connecting them (purple line) , the middle point
m, the hyperplane w originated from the SE and the new counterfactual samples generated in
the inter-class space from c to d.

(@]
Same class vertices
(actual examples)
[ ] New counterfactual examples

created in a Hypersphere

a) Hypersphere sampling

New counterfactual examples ‘e Support edge
created over a support edge in "7
the frontier region

Hyperplane w
b) Opposite class interpolation

Figure 5.9: Generation of counterfactuals samples in the frontier region (inter-class space).

5.4 Validating and choosing samples based on business rules’
constraints

Both the reference points and the evaluation of the generated counterfactual examples can
utilize purity and cardinality indexes, statistical information, and various distance metrics
calculations.

The Figure 5.10 shows a factual point (green fulfilled circle), a frontier contour (blue
continuous line), support edges (purple continuous lines), their middle points (blue dots) and
4 counterfactual examples (orange, magenta, cyan and yellow). On can see that the orange
sample is very close to the boundary middle point in a sparsely populated region. The magenta
sample is located in a richly populated region in the opposite class to the green factual example.
The cyan sample is at the external bound of the opposite class while the yellow sample resides
in the shell that encloses the opposite class.
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Choosing reference actual /*°
points or counterfactuals in OO"
the opposite class side. —
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o

Figure 5.10: Generation of counterfactuals samples in the frontier region (inter-class space).

Given the variety of reference points for generating counterfactual examples and the
diversity of the new samples produced, the proposed method offers various metrics to help
users select the most suitable samples for their needs. For instance, the optimal counterfactual
sample can be chosen by their purity and cardinality metrics or by using metrics such as the
Manhattan distance (L1 norm), Euclidean distance (L2 norm), Chebyshev distance (L-infinity),
Mahalanobis distance, among others besides the weighted combination of them.

Figures from 5.11 to exhibit the contours of different distance variations to illustrate the
variation in distance metrics. It is important to note that the choice of distance metric induces
distinct patterns of variation across the distinct space dimensions. Consequently, reference
points and the generated counterfactuals can be selected based on these characteristics.

Figure 5.11: Behavior of the L1 Norm variation from a given point (black triangle).
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Figure 5.13: Behavior of the L-infinity Norm (Chebyshev) variation from a given point (black triangle).

The proposed method also makes possible to use weighted distance (cost) functions. It
allows to use flexible combination of multiple distance norms, for instance L, Ly, L., and
Mahalanobis. This flexibility enables more precise control over distance measurement by
assigning continuous-valued weights to each norm. This approach balances sensitivity and
restrictiveness, capturing diverse aspects of the feature space in linear time.

This flexibility is particularly beneficial in counterfactual scenarios, where different data
dimensions or definitions of "closeness" are important. Researchers can prioritize norms
like Mahalanobis for distribution-sensitive similarity or L.,, to deal with outliers or large
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Figure 5.14: Behavior of the Mahalanobis distance variation from a given point (black triangle).

deviations, L, for interpretability and discover influential features. One can see a example
of a customized distance (cost) function on Figure 5.15. This example showed the use of
custom functions involving only distance metrics. However, in the same way, one can use
the purity and cardinality metrics of the samples. The possibility of create flexible distance

Plot Customized Countour

Weight L1

g @ .
0 03 08 ﬂ‘; 12

Weight L2
B 03]

0 03 o8 09 12
Weight L-inf
g 1]
° 03 o8 o 12 15 8
Weight Mah
° @
.~ | 1 | | | | |
o

o 03 08 09 12 15 18

Figure 5.15: Behavior of a given customized distance metric variation from a given point (black triangle). Observe
the different weights given to the different distance metrics.

and custom function ensures that counterfactual instances align with the users and business
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context’s objectives and constraints.

Another functionality provided by the counterfactual examples generation method proposed
here is compliance with specific business rules. The objective is to model business scenario
restrictions related to variables (attributes, characteristics).

Business rules define specific constraints and guidelines within a business scenario. These
rules can limit certain values of variables (characteristics) within a given context. It is common
to find the following types of business constraints when modeling systems:

* Immutable Features: Features that cannot be changed (e.g. gender, birth place).

Bounded Features: Features that have upper and/or lower limits (e.g., temperature, age).

Monotonic Relationships: Features that should only increase or decrease.

Conditional Constraints: Changes in one feature reflects on another (e.g., weight
increases, BMI (Body Mass Index) must also increase).

Feasibility Constraints: Only certain combinations of feature values are valid.

To accommodate such a business rules and some customized user-defined limitations, a
constraints matrix is proposed. This matrix aims specify restrictions on each feature. including
bounds, immutability, monotonicity, and conditional dependencies. It allows the user to
dynamically impose relevant business constraints for each generation request. The constraints
matrix structure is proposed as following:

Feature ID | Type Lower | Upper | Monot Immut | Depend | Condition

Age 1 Bounded 18 65 none true

Credit Score 4 Bounded 300 850 increase | false

Job Type 2 Categorical none false

Weight 3 Conditional increase | false bmi bmi <-
function (Weight
Height)
Weight /
(Height+Height)

4

Table 5.2: Example Constraints Matrix for Counterfactual Generation

* Feature Name: The feature name. char(30).
* Feature ID: The feature ID (index in the dataset). integer.

* Constraint Type: Type of constraint, such as Bounded, Immutable, Monotonic,
Categorical, or Conditional. char(15)

* Lower Bound: Applicable lower limit (min). numeric

* Upper Bound: Applicable upper limit (max). numeric

* Monotonicity: Specifies if the feature should only increase or decrease. integer
* Immutable: Indicates if the feature is fixed. integer

* Dependency Feature and Dependency Condition: Defines feature dependencies for
Conditional constraints. function object
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Table 5.2 brings an illustrative example of constraints matrix. Upon gathering the constraint
matrix, the counterfactual generation procedure processes it by applying the constraints
according to the constraint matrix:

e Immutable Constraints: Features marked as immutable remain fixed at their original
values (o = 1).

* Bounded Constraints: Bounded features are clamped (min or max) to their specified
lower and upper bounds, when necessary.

* Monotonicity Constraints: Features with monotonic constraints are adjusted in the
required direction only (min, max).

* Conditional Constraints: Adjustments to features are conditioned on related feature
values.

5.5 Proposed Geometric - Statistical Methods and The
Interpretability of Models’ Behavior

The new methods for generating counterfactual examples can assist in gain deeper insights into
model behavior. The present section aims to briefly outlines how these methods contribute to
understanding and interpreting machine learning models outcomes.

5.5.1 Boundary Exploration and Decision Logic

* Highlighting Decision Boundaries: Methods such as Opposite-Class Edges and Convex
Hull-Oriented Sampling directly explore decision boundaries, revealing the conditions
under which the model changes its classification. This insight aids in understanding how
the model perceives transitions between classes.

* Identifying Critical Features: Techniques like Local Height-Importance Features
expose the key features and their weight contributions in the classification decision,
enhancing transparency regarding the model’s internal decision-making process.

5.5.2 Validity and Robustness Testing

* Testing Robustness: By generating counterfactuals in high-density or low-density
regions (e.g., Sampling In High-Density Regions), one can analyze the model’s
consistency and robustness in various data environments.

* Identifying Weaknesses: Counterfactuals generated in sparse areas (e.g., Nearest
Opposite Class) may uncover regions where the model lacks sufficient training or
performs poorly, suggesting areas for improvement.

5.5.3 Interpretability and Plausibility

* Enhanced Interpretability: Methods like Hypersphere Sampling Centered at Reference
Points create local counterfactuals, which are intuitive for end-users to understand and
relate to their decision-making process.
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* Generating Plausible Scenarios: Approaches such as Utilizing Purity-Based Reference
Points ensure counterfactuals are realistic and lie within feasible regions of the data space,
enhancing trust in the model.

5.5.4 Understanding Class Characteristics

* Class-Specific Analysis: Techniques like Reference to Prototypes and Archetypes and
Convex Hull-Oriented Sampling enable the exploration of class-specific structures. These
methods help in understanding what defines each class and how the model differentiates
between them.

5.5.5 Diversity and Generalization Insights

* Exploring Diverse Scenarios: Techniques such as Spherical Interpolation and
Hypersphere Volume from Same-Class Edges generate diverse counterfactuals that
simulate broader spaces and conditions, providing insights into the model’s ability to
generalize across different situations.

* Data Representation Analysis: By examining how the model reacts to variations within
and between classes, one can gain an understanding of whether the model has learned
meaningful patterns or overfitted to the training data.

5.5.6 Debugging and Improving Models

* Locating Errors: Counterfactuals generated in problematic areas (e.g., low-density or
boundary regions) can highlight where the model may have learned spurious correlations
Or errors.

* Informing Model Refinement: Insights from counterfactual analysis can guide feature
engineering, training data augmentation, or even architecture adjustments to improve the
model.

5.5.7 Ethical and Fairness Evaluation

* Bias Detection: By observing how the model responds to counterfactuals across different
subgroups, one can identify potential biases or fairness issues.

 Justifying Decisions: Counterfactuals provide tangible examples that justify model
decisions, aiding in compliance with regulatory frameworks such as GDPR and ensuring
ethical Al practices.
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Chapter 6

Experiments and Results

Experiments were conducted for each main stage of the proposed method described in the
previous chapter. To do so, it was used nineteen real-world benchmark datasets from the UCI
repository [222], as well as two gene expression datasets: Golub [232] and BcrHess [233].
One more dataset (continuous casting) was taken from a steel making industrial process to be
adopted in an actual use case scenario during the counterfactual generation and selection stages.
The datasets underwent pre-processing treatment, including previously known noise filtering,
removal of missing values (/N A) and wrong zeros values, attribute scaling to the range [-1, 1]
and class labeling standardization set as +1 or -1. Table 6.1 show the benchmark 20 datasets
metadata.

base N Nd NCt NC—-
ILPD 579 10 165 414
appendicitis 106 7 85 21
australian 690 14 383 307
banknote 1372 4 762 610

breastHess 133 30 34 99
breastcancer 683 9 239 444

bupa 345 6 200 145
climate 540 18 46 494
diabetes 768 8 268 500
fertility 100 12 88 12
german 1000 24 300 700
glass 214 9 185 29
golub 72 3 51 21
haberman 306 3 81 225
heart 270 13 120 150

ionosphere 351 12 225 126
parkinsons 195 22 48 147
segmentation 210 18 180 30
sonar 208 60 111 97
contcasting 838 21 222 616

Table 6.1: Datasets metadata
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The next sections describe the experiments according to the proposed method’s main steps.
To see details of the geometric method proposed in this work, see the previous chapter.

6.1 Generating geometric data structures and factual
samples classification

As one can see from the experiments described in the theoretical foundations (Chapter 4), that
the distance metric and the samples quality thresholds (7'C') can influence on the Gabriel Graph
classifier (GGClassification) performance.

This first experiment aimed to assess whether an alternative combination of distinct
Minkowski’s p parameter and 7'C's thresholds could enhance classification performance and,
consequently, improve the accuracy of generating counterfactual samples. It was adopted an R
implementation of Differential Evolution (DE) optimization to search the best combination of
such parameters [225], [226].

To ensure statistical significance, the experiments were replicated using ten-fold cross-
validation. The median Area Under the Curve (AUC) from the ten-fold cross-validation is
presented in Table 6.2.

base AUC tcl tc2 minkowKki_p
ILPD 0.684 0.699 0.477 1.06
appendicitis  0.736  0.969 0.569 1.56
australian 0.873 0.146 0.569 1.57
banknote 1.000 0.640 0.793 2.00
breastHess 0.786 0.323 0.905 1.01
breastcancer 0.937 0.543 0.587 2.97
bupa 0.679 0.978 0.595 1.12
climate 0.866 0.235 0.0443 4.95
diabetes 0.728 0.400 0.0825 1.59
fertility 0.778 0.405 0.739 1.68
german 0.718 0.198 0.545 1.86
glass 0.988 0.773 0.700 1.13
golub 0.854 0.0077 0.00577 3.07
haberman 0.643 0.814 0.758 4.06
heart 0.82 0.535 0.0836 1.83
ionosphere 0.751 0.585  0.435 5.99
parkinsons 0.97 0.756  0.582 3.54
segmentation 0.974 0.850  0.865 2.00
sonar 0.89 0.0346  0.299 3.26
contcasting 0.88  0.085 0.865 2.00

Table 6.2: AUC of Minkowski distance and quality thresholds parameters optimization

One more experiment was performed in order to assess the use of weighted-dimensions
Minkowski distance. The median of AUC from the ten-fold cross-validation is presented in
Table 6.3. Using a different parametrization for the Gabriel graph classifier instead of the
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base AUC tel tc2 minkowki_p
ILPD 0.674 0.855 0.370 1.49
appendicitis  0.730 0.982  0.0520 2.27
australian 0.877 0.616 0.757 1.45
banknote 1.000 0477 0.693 2.66
breastHess 0.786 0.539 0.197 1.01
breastcancer 0.937 0.164 0.0899 2.97
bupa 0.683 0.663 0.269 1.11
climate 0.866 0.603  0.500 4.80
diabetes 0.737 0.0635 0.116 1.84
fertility 0.778 0364 0.611 1.76
german 0.718 0.425 0.0496 1.87
glass 0.961 0.321 0.929 2.26
golub 0.86 0229 0.375 4.65
haberman 0.627 0909 0.244 2.92
heart 0.82 0.880 0.451 1.99
ionosphere 0.751 0.789  0.154 5.98
parkinsons 0.97 0431 0.139 3.63
segmentation 0.974 0.209  0.895 2.94
sonar 0.873 0982 0.504 3.15

Table 6.3: AUC of dimension-weighted Minkowski distance optimization

default one can enhance its performance.

Table 6.4 presents a side-by-side comparison of all the results obtained from the
classification performance experiments. On can see a merged view with datasets’ metadata
and the correspondent AUC values from different approaches. AUC metric was obtained from
the median of 10-fold cross validation strategy.

Base N Nd NC* NC~ Eucori DE_Euc DE_Mink_nwg DE_Mink_wg
ILPD 579 10 165 414 0.62 0.69 0.684 0.674
appendicitis 106 7 85 21 0.75 0.83 0.736 0.730
australian 690 14 383 307 0.83 0.85 0.873 0.877
banknote 1372 4 762 610 1.00 1.00 1.000 1.000
breastHess 133 30 34 99 0.76 0.83 0.786 0.786
breastcancer 683 9 239 444 0.96 0.99 0.937 0.937
bupa 345 6 200 145 0.64 0.67 0.679 0.683
climate 540 18 46 494 0.80 0.75 0.866 0.866
diabetes 768 8 268 500 0.72 0.76 0.728 0.737
fertility 100 12 88 12 0.68 0.82 0.778 0.778
german 1000 24 300 700 0.62 0.69 0.718 0.718
glass 214 9 185 29 0.90 0.97 0.988 0.961
golub 72 3 51 21 0.74 0.85 0.854 0.86
haberman 306 3 81 225 0.62 0.64 0.643 0.627
heart 270 13 120 150 0.81 0.82 0.82 0.82
ionosphere 351 12 225 126 0.79 0.84 0.751 0.751

Continued on next page.
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Table 6.4 (continued)
Base N Nd NCT™ NC- Eucori DE_Euc DE_Mink_nwg DE_Mink_wg
parkinsons 195 22 48 147 0.91 0.94 0.97 0.97
segmentation 210 18 180 30 0.95 0.96 0.974 0.974
sonar 208 60 111 97 0.86 0.89 0.89 0.873
contcasting 838 21 222 616 0.86 0.88 0.88 —

Table 6.4: Merged table of datasets metadata and AUC values from different methods. The contcasting dataset
was not tested in weighted Minkowski distance experiment.

6.2 Generating counterfactual examples

Further experiments were conducted to evaluate the accuracy of the new geometric method
proposed in this thesis for generating counterfactual examples that belong to the target class.
For the current experiment accuracy is reach the target class. The same twenty datasets listed
in Table 6.2 were utilized during the performance test. The results are presented in Table 6.5.
The accuracy metric is represented by the median of the percentage of success (correct target
class generation) across 100 runs.

Base ds fi_20_10 mahala hs_surf_int hs_b_2pts hs_ref se prj_ch prot edge
ILPD 100.00 100.00 85.00 100.00 100.00  100.00 0.00 100.00 100.00 100.00
appendicitis  100.00 0.00 89.00 100.00 100.00  100.00 0.00 100.00  90.00 100.00
australian ~ 100.00 0.00  100.00 100.00 100.00 100.00 0.00 100.00 100.00 100.00
banknote 100.00 100.00 90.00 100.00 100.00 100.00 11.00  100.00 100.00 100.00
breastHess 100.00 0.00  100.00 100.00 100.00 100.00 0.00 100.00 100.00 100.00
breastcancer 100.00 100.00 99.00 100.00 100.00  93.30  99.00 0.00 100.00 100.00
bupa 100.00 0.00 72.00 63.00 25.00 100.00 0.00 100.00 100.00 100.00
climate 100.00 100.00  100.00 96.00 98.00 100.00  99.00 100.00 100.00 100.00
diabetes 100.00 0.00  100.00 100.00 100.00 100.00 10.00  100.00 100.00 100.00
fertility 100.00 100.00  100.00 99.00 100.00 100.00 100.00 100.00 100.00 100.00
german 100.00 100.00 100.00 100.00 100.00 100.00  26.00 100.00 100.00 100.00
glass 100.00 0.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
golub 100.00 0.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
haberman  100.00 100.00 48.00 94.00 91.00 86.70 100.00 0.00 80.00 100.00
heart 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
ionosphere  100.00 0.00 100.00 70.00 65.00 100.00 100.00 0.00 40.00 93.00
parkinsons  100.00 0.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
segmentation 100.00 0.00 100.00 100.00 100.00 100.00  99.00 100.00 100.00 100.00
sonar 100.00 100.00  100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
contcasting  100.00 100.00  100.00 100.00 100.00 100.00  99.00 100.00 100.00 100.00

Table 6.5: Median of the accuracy (%) in 100 runs. Ten different methods facing nineteen benchmark
datasets. Description of the methods used in counterfactual generation. Each abbreviation corresponds
to a specific technique or approach. The methods are: ds (Dominating Set-Oriented), fi_20_10 (Feature
Importance Adjustment considering top 20% most important features and 10% incremental changes), mahala
(Mahalanobis Distance-based Sampling), hs_surf_int (Hypersphere Volume Sampling Centered at Reference
Points), hs_b_2pts (Hypersphere Volume from Same-Class Edges), hs_ref (Utilizing Purity-Based Reference
Points), se (Support Edge Crossing. Support edge interpolation from side c to side d), prj_chull (Projection onto

Convex Hull), proto (Reference to Prototypes and Archetypes), and edge (Same-Class Edges Interpolation).
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6.3 Imposing restrictions through the Constraint Matrix

To enforce some business rules, a restriction matrix was created to specify the limitations
on modifying each characteristic when generating counterfactual examples. Table 6.6 was
constructed from process specialists knowledge to run the present experiment (Imposing
restrictions through the Constraint Matrix).

Feature Type Lower Upper Monotonic Immutable
1 VAZAO_AGUA_MIN Bounded 2157.00 2656.50 none FALSE
2  VAZAO_AGUA_MAX Bounded 2212.00 2322.00 none FALSE
3 LC_VELOC_AVG Bounded 0.64 1.07 none FALSE
4 PESO_BARRA Bounded 3556.00 7648.00 none FALSE
5 NIVEL_ACO_MAX Immutable 45.00 125.00 none TRUE
6 POSICAO_TAMPAO_AVG Bounded 492.58 1511.13 none FALSE
7 POSICAO_TAMPAO_MAX Bounded 555.00 1568.00 none FALSE
8 POSICAO_TAMPAO_MIN  Bounded 450.00 1448.00 none FALSE
9 POSICAO_TAMPAO_DEV  Immutable 5.02 34196 none TRUE
10 TEMP_ENT_MIN Bounded 21.10 35.64 none FALSE
11 TEMP_ENT_MAX Bounded 25.80 33.70 none FALSE
12 TEMP_DELTA_AVG Immutable 3.63 5.37 none TRUE
13 CORRENTE_AVG Bounded 299.36 300.13 none FALSE
14 FREQ_MOLDE_AVG Bounded 108.81 181.88 none FALSE
15 PRESSAO_Z1_AVG Bounded 4.32 10.59 none FALSE
16 PRESSAO_Z2_AVG Bounded 2.92 9.80 none FALSE
17 DIM_PLA_LAM Immutable 273.00 273.10 none TRUE
18 ESP_PLA_LAM Immutable 9.27 21.44 none TRUE
19 PESO_DISTR_MAX Bounded 12.05 39.12 none FALSE
20 PESO_DISTR_MIN Bounded 3.02 38.77 none FALSE
21 PESO_DISTR_AVG Immutable 8.74 38.98 none TRUE

Table 6.6: Constraint matrix applied to continuous casting use case

The counterfactual generation process under constraints works iteratively, changing one
feature at each step. Te procedure aims to update the original factual point while ensuring that
feature-specific constraints were respected according to the constraint matrix. The constraints
matrix outlined limits on permissible values, monotonic relationships, and whether certain
features were immutable. This process ensures that generated counterfactuals adhere to user-
specified constraints while making the transition across decision boundaries. Below, one can
find the key steps involved in the experiment.

The reference actual sample xi,., is taken from the dataset with an associated class label.
The goal is to identify the closest sample,zj,., from the opposite class with the highest intensity
metric according to Signed Softmax. The idea is finding "who is the closest and more opposite
factual counterpart”. Among the opposite class samples, the closest point is then selected
based on the same distance metric used in the classification. The resulting sample,zj*, serves
as the opposite class reference for generating counterfactuals. The equation 6.1 formalizes the
calculation.

xj* = arg min{dist(Tise, ¥jac)} YV Xjac € (—1) - Class(xi,.) (6.1)

The counterfactual generation is achieved by applying an incremental changes in xi,,
towards the closest opposite class point xj*, while ensuring adherence to constraints defined
in the constraint matrix.This process is iteratively repeated for a specified number of
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counterfactual new samples, a specif number of target success or a stop criteria. The core
steps are as follows:

For each feature ft in the references samples, zi,. and z7*, it was calculated the direction
of change. From x7,. (actual sample) towards z7* (actual sample that was select as the opposite
class reference), as described by equation 6.2:

Ay = sign(zjty — Tiae,ft) (6.2)

Where @i, represents each feature of the sample i, and j}*t are the features of x;*.
Using this direction, the proposed value for each feature in the counterfactual sample is
computed as described by the equation 6.3:

Tef ft = xiac,ft + Aft je’ (63)

Where z. f, is the new counterfactual sample features’ values, xi,. s represents the features
of the actual sample xi,. and Ay, the adjust factor (the intensity of the modification).

The proposed value is then adjusted to respect the feature constraints as specified in the
constraint matrix:

* Bounds: The feature value is restricted within the lower and upper bounds, using the
following operation:

Tef,pr = max(Lower, min(z.y, y¢, Uppery,)) (6.4)

* Monotonicity: If the feature is defined to be monotonic (e.g., increasing), then the value
is adjusted to ensure compliance:

if Monotonicy, = "increase" and s fr < Tige, ft, then Teg pr = Tige, ft (6.5)

Similar adjustments are made for features marked as decreasing.

* Immutability: Features marked as immutable remain unchanged during the generation
process.

For the present use case it was possible to find a valid counterfactual under the restrictions in
all of 30 runs.

6.4 Supporting Differential Evolution optimization

For investigate supporting differential evolution optimization, it was employed the R language
implementation called DEoptim. The objective was supporting DE by supplying geometric
and statistical information that are available in the proposed data structure. DE optimization
aims to minimize the objective function, which in the present experiment represents a
combination of distance from a reference sample and penalties associated with the constraint
matrix violations.

The constraints were provided through a comprehensive constraint matrix, which included
feature bounds, monotonicity, and immutability requirements. Specifically, penalties were
introduced into the objective function whenever proposed solutions violated the given
constraints, such as exceeding feature bounds, violating monotonic relationships, altering
immutable features or the classification do not reaches the target class.
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Additionally, to further enhance the performance of the DE optimization, it was supplied
geometric and statistical information about the data to guide the process. For instance, feature
weights were incorporated into the objective function to emphasize the importance of specific
features, and Minkowski distance was used to measure similarity to the reference sample.
Moreover, geometric information, such as support edges (frontier) and actual samples statistical
information, can be used to initialize the population of candidate solutions. By doing so, we can
ensure that the initial candidates are positioned in regions of the solution space that are more
likely to yield feasible and optimal counterfactual examples, thereby improving the efficiency
of the optimization process.

For the present use case it was possible to find a valid counterfactual under the constraint
matrix restrictions via DE for all of the 30 runs.

6.5 Discussion and Analysis of Experiment Results

The results presented in Table 6.5 show the median accuracy from 100 runs of ten different
counterfactual generation methods evaluated across nineteen benchmark datasets.

Each dataset has unique characteristics, as detailed in Table 6.1, such as the number of
samples, number of features, and class distribution. This section provides a detailed discussion
of how was the performance of the counterfactual generation methods during the computational
experiments.

6.5.1 Performance of counterfactual methods across different datasets

The hypersphere-based methods ( hs_surf_int, hs_b_2pts, and hs_ref) consistently achieved
high accuracy rates across almost all datasets, indicating robustness in reaches the target
class.These methods performed particularly well even on high-dimensional datasets such as
sonar (60 dimensions), breastHess (30 dimensions), and german (24 dimensions).

The low Mahalanobis distance method (mahala) also demonstrated good performance
across several datasets, for instance those with lower dimensionality, such as golub (only
3 dimensions), the appendicitis (7 dimensions), and heart (13 dimensions).The accuracy
achieved by this method suggests that it is well-suited for datasets where feature correlations
can be effectively captured using a Mahalanobis distance metric, allowing the generation of
counterfactuals that align well with the target class.

Conversely, methods based on dominating sets (ds) and features importance 20_10 showed
varied performance across datasets.The dominating sets method exhibited excellent results in
datasets such as climate and german, both of which have a relatively high number of features.
This suggests that the use of dominating sets can be advantageous in complex feature spaces
when disposing off significant number of samples (climate 540 and german 1000 samples).
DS method could identify representative samples as anchors is such conditions. However, the
performance of the dominating sets method declined sharply for datasets like breastHess and
bupa, suggesting its sensitivity to class imbalance and limited sample sizes.

The support edge crossing (se) and convex hull projection (prj_ch) methods showed strong
results for same unbalanced datasets and also for same with high number of features. However,
their performance dropped considerably in datasets with more class overlapping, such as bupa
and haberman. This could be attributed to the fact that these methods rely on the geometric
relationships between class boundaries, which become less distinguishable in the presence of
class overlapping.
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The clusters’ prototypes (prot) method generally performed well across most datasets,
achieving 100% of accuracy in datasets such as breastHess, german, and sonar that presents
high dimensionality. The effectiveness of this method in diverse datasets suggests its suitability
for finding prototypical examples that are representative of the target class, thus ensuring the
generation of plausible counterfactuals.

6.5.2 Impact of dataset characteristics on method performance

The number of samples, dimensionality, and class distribution played a significant role in
determining the effectiveness of the counterfactual generation methods.

Datasets with a higher number of dimensions, such as sonar and breastHess, tended to
benefit more regular spacing sampling far from the border, as the reference points hypersphere-
based methods. The ability of these methods to explore the feature space more uniformly, and
far from the frontier, likely contributed to their consistent high accuracy across these datasets.

Class overlapping also played a significant role in determining method performance. The
datasets appendicitis, bupa, and haberman, which presents overlapping and some imbalance
between positive and negative class instances showed lower performance for methods like
dominating sets and support edge crossing, this last because works close to the border.

6.5.3 Qualitative comparison between other models

This section aims to present a comparative study on some qualitative characteristics of the
counterfactual generation methods. For this purpose, part of the table published in the
benchmark study [253] is adopted. The table originally presents a comparison of some
methods for generating counterfactual examples (the first nine lines). The initial part of the
table originally published in [253] was used here and completed with the geometric methods
proposed in the present work. The new proposed method appear from the tenth line until the
last one (after the vertical separation line).

Table 6.7: Qualitative counterfactual explanation generation algorithm characteristic from the benchmark study
[253]. The authors indicated that the Black filled circles indicate the feature is present, while white filled circles
represent that the feature is not present. CO: Convex Optimization. HE: Heuristic. SS: Satisfiability Solver. REQ.:
Required. NRE.: Not Required. OPT.: Optional. Spar.: Sparsity. Prox.: Proximity. Feas.: Feasibility. Diver.:
Diversity. W: (allows using weights). R: Range: (allows using ranges). OHE: One-Hot Encoding. The original

table with the nine first lines appears in the benchmark investigation published in [253]

Algorithm Find Method Data Access Model Access Model Comp. Spar. Prox. Feas. Diver. w R OHE
ALIBIC [234] Cco REQ. OPT. Agnostic . . o o o o o
CADEX [235] co NRE. REQ. Specific o o o ° . ° o
DiCE [160] co OPT. REQ. Specific . . . o o o o
Growing Spheres [174] HE OPT. NRE. Agnostic o ° o o o o o
LORE [236] HE REQ. NRE. Agnostic o o o . o . )
MACE [237] SS REQ. REQ. Specific . . o o . . o
ML-Explain [238] co NRE. REQ. Specific o o . o o ° .
SEDC [239] HE REQ. NRE. Agnostic o . o o . . o
SynAS [240] CcO REQ. REQ. Specific o o o o o o o
Same-Class Edges HE REQ. NRE. Agnostic . o . o . . o
Opposite-Class Edges Interpolation HE REQ. NRE. Agnostic o . o ] . [ o
Hypersphere Sampling Around Reference Points HE REQ. NRE. Agnostic [} o ] . ] . o
Spherical Interpolation Across the Border HE REQ. NRE. Agnostic o . o . . . o
Utilizing Purity-Based Reference Points HE REQ. NRE. Agnostic o o ] o . . o
Shortest Path in Graph to Target Samples HE REQ. NRE. Agnostic . . o [} ] . o
Density-Based Sampling Towards High-Density Regions HE REQ. NRE. Agnostic o o . o . . o
Projection in the Hull co REQ. NRE. Agnostic . . o . . . o
‘Voronoi Diagram Regional Sampling HE REQ. NRE. Agnostic o o . . . . o
Reference to Prototypes HE REQ. NRE. Agnostic o o . o . . o
Reference to Archetypes HE REQ. NRE. Agnostic . o o ] . [ o
Feature Importance Adjustment HE REQ. NRE. Agnostic . ] o o . . o
Random Spherical Interpolation (Slerp) HE REQ. NRE. Agnostic o o o . . . o
Multi-Objective Optimization co REQ. REQ. Agnostic . . [ [} . . o
Statistical Characteristic Adjustment HE REQ. NRE. Agnostic o o . o . . o
Delaunay Triangulation Sampling HE REQ. NRE. Agnostic o . . . . . o
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Algorithm Find Method Data Access Model Access Model Comp. Spar. Prox. Feas. Diver. w R OHE
DE Optimization with Geometric Constraints co REQ. REQ. Agnostic . . . . . . o
Statistical based features adjustments HE REQ. NRE. Agnostic o . . o . . o
Combination of proposed methods HE REQ. NRE. Agnostic . . . . . . o

6.5.4 General conclusion from the experiments’ results

The results of the experiments indicate that there is no silver bullet solution for counterfactual
examples generation. Some datasets characteristics, such as dimensionality, class balance,
overlapping and sample size, should be considered when selecting the appropriate method. A
hybrid approach that combines multiple methods may offer the most comprehensive solution, as
it can leverage the strengths of each individual method to mitigate the weaknesses encountered
in specific datasets.
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Chapter 7

Conclusion

The present research addressed the challenge of enhancing interpretability in Artificial
Intelligence classifier models through the geometric-driven generation of counterfactual
examples. By employing geometric data structures, particularly the Gabriel Graph classifier
(GGClassification), this work demonstrated novel methodologies for generating high-quality
counterfactual samples. These methodologies aim to improve the understanding of the
Al model’s classifier behavior, providing insights into decision-making processes and
enabling practical applications in critical domains such as healthcare, finance, and industrial
systems. This chapter consolidates the study’s findings, contributions, and implications while
highlighting potential future directions.

Key Findings
o Effectiveness of Geometric Structures:

— The Gabriel Graph proved to be a highly effective tool for guiding the generation of
counterfactual examples. Its ability to capture similarities, spatial relationships, and
decision boundaries enabled the creation of realistic and actionable counterfactuals.

— The use of statistical concepts, such as probability density, Mahalanobis distance,
proximity, and sparsity, enhanced the quality of generated samples, ensuring they
were both plausible and interpretable.

¢ Performance Across Datasets:

— The proposed methods demonstrated consistent performance across diverse datasets
during the computational experiments, including high-dimensional data. This
robustness underscores the adaptability of geometric approaches to varied actual
data scenarios.

— Experiments revealed that the Gabriel Graph’s adjacency matrix structure facilitated
efficient exploration of decision boundaries, outperforming traditional methods
regarding computational cost and interpretability.

— The GGeclassification’s geometric approach can provide a useful set of data
structures containing a pure geometric mapping of the space, similarities
relationships, sample density, sample purity (quality) metrics, hyperplane details,
and the traceability of the Exper Mixture classification process. Such information
arsenal, combined with statistical metrics obtained from the own dataset, can guide
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the generation of counterfactual examples according to the specific needs of the use
case in question.

* Practical Applications:

— The methods were effective in actual datasets, including industrial use cases
(continuous casting and rolling mill).

— The study highlighted the potential of geometric counterfactual generation in
enhancing fairness, bias detection, and robustness of Al models.

* Improvement of the Gabriel graph-based classifier (GGClassification)

performance:

— Empirical proof that the performance of the Gabriel Graph-based classifier
(GGClassification) can be improved by adopting different distance metrics and
sample quality thresholds. One of the contributions of this work was to extrapolate
the original operation of GGclassification, allowing the use of different distance
metrics, filtering strategies and sample quality threshold values.

* Ethical and Explainability Contributions:

— The proposed methods align with ethical considerations in Al by promoting
justification of the models’ outputs.

Contributions

This research makes some contributions to the field of XAI:

1.

Novel Methodology: The introduction of geometric structures, particularly the Gabriel
Graph Classification data structure, as a basis for counterfactual sample generation
represents a novel contribution. This approach proposes a deeper investigation regarding
using geometric and graph modeling for AI’s interpretability purposes.

Empirical Validation: Comprehensive experiments validated the proposed methods,
demonstrating their efficacy in generating high-quality counterfactuals and enhancing
model interpretability.

. Practical Impact: In a broader picture regarding XAlI, the research realized a vast

investigation and tested methodologies for real-world applications, mainly to industrial
scenarios, offering a pathway for industries to adopt interpretable Al techniques. The
geometric-driven counterfactual examples generation can be applied in industrial shop-
floor, for instance, supporting real-time golden batch analysis. For example, suggesting
changes in machine settings according to the current/real conditions of the product to be
processed.

Theoretical Advancements: By integrating geometric and statistical metrics, the study
advances the theoretical understanding of counterfactual generation, providing new
insights for future research.

. GGClassification improvement: extrapolate the original operation of GGclassification,

allowing the use of different distance metrics, filtering strategies and sample quality
threshold values.
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Implications and Limitations

The findings of this research bring some implications:

* Improved Decision-Making: The proposed methods enable users to understand model
behavior, fostering trust and facilitating better decision-making.

* Scalability and Efficiency: The computational efficiency of the geometric approach
makes it suitable for real-time applications, addressing a critical need in high-stakes
scenarios.

* Interdisciplinary Applications: The methodologies have potential applications beyond
Al including operations research, optimization, decision-making processes, machinery
setups (settings) in traceability, and control systems.

However, the study also has limitations.

Limitations

* High-Dimensional Challenges: While the methods performed well across datasets,
handling extremely high-dimensional data remains a computational challenge. Future
work could explore optimization techniques or dimensionality reduction strategies that
maintain interpretability.

* Algorithmic Complexity: The complexity of some geometric operations, particularly in
large-scale datasets, may limit the scalability of the approach in specific contexts. The
computational complexity of some geometric structures is still a limiting factor in higher
dimensions.

* Two class investigation: The present investigation dealt only with binary classification
problems (datasets with samples classified into only two classes). However, initial tests
indicate that investigations of classification problems with more than two classes and
regression problems are promising.

Sumary and final remarks

Despite the conceptual simplicity of "how to change the classification of a sample by making
minimal changes to its characteristics”, its computational implementation is complex. It is not
simple to create a generic and robust platform. Much of the complaints about the lack of source
code and functional examples for generating counterfactual examples are due to this.

The experiments have indicated that geometric data structures such as Gabriel graphs can
be used successfully to generate satisfactory counterfactual examples in different datasets
conditions. Experiments conducted using distinct datasets have demonstrated that the analyzed
geometric techniques can produce meaningful counterfactuals that can help understand the
behavior of models and have insights regarding what changes are necessary to invert a particular
classification model output.

The Gabriel graph, in particular, has shown a versatile and computationally low-cost tool.
It supplies essential similarities and information that can be conciliated with the statistical
characteristics of the dataset under analysis. By generating a graph that connects data points
based on their proximity and removing connections that are not significant, the Gabriel graph
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can effectively capture the structure of the data and highlight key patterns and relationships.
Such similarities-based structures associated with statistical information in the space can be
valuable in generating counterfactual examples under different requirements. In general, one
can conclude from the present study that these geometric structures could be more often
employed in the context of XAl and present them as possible tools for future investigations.
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Chapter 8

Suggestions for Future Works

In a more focused context on geometric approaches, it is recommended to continue exploring
the following topics:

1.

6.

Graph theory incorporation: Investigate the integration of additional graph structures
and graph theory techniques.

Include additional geometric structures: including other representation such as
Delaunay triangulation or Minimum Spanning Trees.

. Multi-class classification: Expand the methodology to handle multi-class classification

problems or intraclass clusters.

New distance metrics: extend the use of distance metrics, for instance investigating the
usage of Mahalanobis distance in the Graph construction.

. Frontier and overlapping treatment: Overlapping and frontier analysis is an interesting

matter regarding geometric structures.

Generating interpretability from the geometric and statistics information.

In the broader context of Al, the literature highlights some points with potential for relevant
advancements:

1.

Addressing Security And Privacy Involving Counterfactual Generation: The use
of XAI and counterfactual generation in machine learning introduces privacy risks,
which currently remain largely unnoticed [241]. Counterfactuals carry information that
adversarial users can exploit to launch model extraction attacks [242].

Answering Counterfactual Questions And Causal Inference: Investigating ways of
standardizing ways of representing counterfactual questions and how to deal with causal
relationships in counterfactual generation problems [243].

Addressing Causal Mechanisms In Counterfactual Scenarios: For instance, to deal
with scarcity in "few-shot" learning [244, 245].

Researches In Handling Images Features In Counterfactual Examples Generation:
[246].
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. Data-Independent Counterfactual Examples Generation: Investigations of model-

agnostic methods and exploring counterfactual generation in multi-modal contexts
(integrating multiple types of data, text, image, tables) [247].

Building Explanation Using Psychology-Based Format: Novel potential to the
explanations using gestalt techniques [248-250].

Investigating Geometric Approaches: It can open new branches to counterfactual
examples generation researches. It also can be expanded to other tasks involving
explaining machine learning models’ decisions.

. Lack Of Code Implementation: Although the numerous approaches, many of them

lack code implementation or present code issues [251-253].

Causal Understanding And Counterfactuals: Investigate the integration of causal
models with counterfactual explanations.

Robustness And Stability: Focus on the robustness and stability of counterfactual
explanations under diverse data distributions and classes overlapping rates.

User-Centric Explanations: Tailor counterfactual explanations to the needs of distinct
comprehension levels of different user groups (including non-experts) [254].

Integration With Existing Systems: Explore methods for integrating counterfactual
explanations into existing decision-making systems and workflows.

Evaluation Metrics: Develop standardized metrics for evaluating the quality and
effectiveness of counterfactual explanations.

Validity And Sparsity With Human-In-The-Loop: Future research should explore
methods that improve the quality of generated counterfactuals by investigating ways of
ensuring their plausibility according to user interactions [255].

Visualization Of Counterfactual Explanations: There is a significant gap in
the methods used to visualize counterfactual explanations effectively. Since these
explanations are often presented to users with varying levels of expertise, research on
user-friendly visualization methods is crucial [255].

Counterfactuals For Regression Models: Most counterfactual research has been
focused on classification tasks. Future work should consider developing counterfactual
methods for regression models, which predict continuous outcomes rather than discrete
classes [251].

Unification Of Vocabulary And Terminology In Counterfactual Research: Current
literature on counterfactual examples often uses inconsistent terminology, leading
to confusion. Research that standardizes terms such as "contrastive explanation,”
"algorithmic recourse,” etc., is needed to facilitate better communication and
development in the field [251].

Investigating Legal And Ethical Issues: Using counterfactuals in critical artificial
intelligence models. Malicious usage and how to avoid it [256].
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19.

20.

21.

22.

23.

24.

25.

Exploring Counterfactual Explanations For Reinforcement Learning Models: How
to use counterfactual examples to improve models training. Analyzing borders details
and low performance of a given space region.

Deeper Investigating Trade-Offs Between Fidelity And Plausibility: It is a key point
regarding counterfactual generation, but it still requires investigation.

Temporal Counterfactual Explanations: Many applications in the real world deal
with time-dependent variables. Future research could focus on exploring temporal-
dependency in counterfactuals analysis. For instance, taking into account the sequential
nature of time-series or handling time-series data type.

Algorithmic Optimization: Developing faster algorithms for geometric computations,
particularly for high-dimensional and large-scale datasets, will enhance the scalability of
the proposed methods.

Integration With Other Explainability Techniques: Combining geometric
counterfactual generation with methods like SHAP and LIME could provide richer and
more comprehensive explanations.

Enhanced User Interaction: Future work could explore interactive tools that allow users
to visualize and manipulate counterfactual examples in real-time, improving accessibility
and usability.

Real Time Application of Counterfactual Examples Investigations: Future work
could explore geometric-driven counterfactual examples generation in industrial
applications, specially in shop-floor, for instance, supporting real-time "golden
batch/optimization quality analysis" by suggesting changes in machine settings according
to the current/real conditions of the product to be processed.
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Appendix A
XAI Brief History

A.1 Explanation in artificial intelligence

The knowledge extraction and explanation is a subject that has been investigated since the
rise of classical Al in the sixties and seventies( [257-259]) following the great expansion of
the subject Artificial Neural Networks (ANN )in the 1980s [260-262] until the mid-1990s
[263-266]. From then on, the theme reached a vast and diverse amount of work, as can be seen
in the survey and comparisons publications: [4,16,267-282]. Notably, in the past ten years, Al
has presented a new boost, primarily due to the development of deep networks in a field called
Deep Learning (DL). DL also has received attention of the Exaplanibility enthusiasts [283].

In the present days, IA is already widespread in people’s daily lives, including automatically
making decisions that affect their lives [13, 284]. Given this fact, providing accounts of
the behavior of the models becomes relevant and the claims for explainability emerged from
different entities.

A.2 Al dissemination and the claims for accountability: XAl

Artificial Intelligence, in particular Machine Learning, already figures as the leading General
Purpose Technology (GPT) of the present days [285]. Given this context, accountability for
the ML models’ behavior becomes relevant. Comprehending why models make a particular
prediction can be as crucial as their prediction accuracy [286]. Understanding model decision-
making reasoning becomes necessary when choosing an Al tool [287].

It is worth mentioning that the explainability subject is also involved in social, ethical [19],
and legal issues [20,21]. Regulations regarding Al models’ decision justification already have
drawn the attention of geopolitical leadership centers legislation, for instance, the General Data
Protection Regulation (GDPR) from European Union [22]; the Code of Federal Regulations,
and the specific executive order on Al in the USA [23,24]; and The Personal Data Protection
Law in Brazil [25]. Such regulations impact the activities of machine learning professionals
who must meet the requirements that now have law power. While these laws can impose
challenges, they also provide opportunities for ML researchers to take the lead in designing
algorithms that supply explanation features [26].

Regarding the industrial environment, the justification and the models’ decision-making
process comprehension are crucial to guarantee trust in the results. Many professionals,
including engineers and operators, must trust their methods and tools [10]. The experience
in the industrial shop floor shows that if people do not trust a system, they usually stop using
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it and start to adopt parallel solutions. Explainability appears as a way to enhance user trust in
the models [288].

Besides trusting in the models, and their decision process, there is also a technological
requirement regarding connectivity and fluidity in human-Al interaction [13, 289, 290]. Al
systems must communicate their results and intentions effectively, giving justifications for their
conclusions to the people who share the informatics ecosystem [13].Such fluency in human-
Al interaction becomes relevant in a high-connected network. For instance, in an Industry
4.0 (I4.0) environment, where machines, systems, and people work collaboratively, producing
and sharing information, seeking to optimize several tasks. Furthermore, the model’s result
explainability is a prerequisite to guarantee scientific value to the investigation results [16].

Such demand for "Al-explanation ability" has produced a particular study field denominated
Explainable Artificial Intelligence (XAI). XAl area has received growing attention, as one can
see based on the quantity of works and promoted events involving the topic. Nowadays, XAl
researches aim to meet demands from different research fields.

A.3 XAI main objectives

Currently,X Al researchers seek to meet different demands from different audiences [4, 15, 16].
The main needs involves:

* Justifications seeking to support the results (reliability, acceptance).
* Models Training improvement (identify avoid biases, errors).
* Elucidate findings and formulate hypotheses, causality (automatic knowledge discovery).

» Law, ethics, transparency and justice (justify outputs and propose feasible actions to
change them).

* Interactivity targeting to facilitate human-AI mutual understanding. (Human-in-the-loop
good fluidity).

* Simulate different scenarios ("possible worlds").

When using Al to solve problems, there is often a trade-off between getting accurate
predictions and understanding how the Al model arrived at its conclusion. This means that
sometimes, in order to get the most accurate results, we have to sacrifice our ability to explain
exactly how the Al arrived at those results.

When working with complex data and functions, it is often assumed that a more
complicated model will result in more accurate predictions, especially when dealing with
time series and images. However, the behavior of these complex models can be complicated
for people to understand. Another XAI objective is helping to make these models more
interpretable, assisting, this way, in the Accuracy Vs interpretability trade-off.

Figure A.1 shows some popular models and their position within the Accuracy-
Interpretability trade-off.

Such investigations concerning XAl usually deal with some commonalities. It is important
to know these aspects for a better understanding of the topics discussed later.
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A.4 XAl essential concepts

As Al and XAl fields continuing to expand, it accumulate different concepts, ideas, and terms
associated with them. To help organize the vast and complex landscape regarding XAl, various
taxonomies have been proposed to organize and classify the main elements [1,4,126,271,273,
276,277,281-283,291-299]

Analyzing these different works, it is possible to identify some essential concepts when
investigating methods of Al implicit knowledge explanation. In general, it is about the kind
of model, how to manipulate the models’ acquired knowledge, how to expose the knowledge
explanation to users, the kind of explanation (which question to answer), and finally, how to
verify whether that whole explanation process had performed correctly (explanation outputs

quality).
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Appendix B

AI Explaination: Methods and
Experimentation

The present Appendix section describes the main XAI methods’ operating principles
and provides a practical demonstration of their application utilizing real-world databases.
Additionally, some others actual applications are listed. For organizational purposes, the
addressed methods are separated into two large distinct groups: (1) Natural Explainability
Models (Transparent Models) and (2) Post-Hoc Explainability Methods. Due to the importance
of time series to industry, engineering and biotech areas, the work also presents a section
devoted to reviewing time series-based XAl methods.

B.1 Transparent Models - Rule-based models

Observational Calculi - Association rules mining

Pioneering works related to the automatic generation of hypotheses by computational means
date back to the 1960s and involved causal relationships between binary categorical variables
[8]. In the seventies, researchers implemented a method to calculate probabilistic metrics of
propositional rules. Such a method was applied to support an automatic diagnostic system
[300]. Such approaches reached their biggest icon in the nineties, with the Apriori algorithm
[301]. Apriori is typically adopted in association rule mining in sales transaction analysis
(market basket analysis).

For databases containing binary categorical variables, there is even a mathematical
formalism called Observacional Calculi that guides the process of extracting hypotheses
[302, 303]. Such work has proposed several metrics to quantify the statistical relevance of
the discovered propositional rules [303]. The classic association rules mining methods, such
as Apriori, adopt binary attributes that flag the existence or not of each item (sold goods) in
the shopping basket (sale transaction). The coexistence pattern of items considering diverse
transactions allows the analyst to understand the customers’ purchase behavior.

However, industrial processes are more complex, commonly presenting some non-linear
relationships between the variables. The industrial systems’ databases include continuous
variables (real attributes) and categorical information that must be part of the discovered
association rules.

To handle continuous variables, for instance, it is necessary to adopt some discretization
method seeking to transform the continuous attributes into discrete ones [304]. The most
straightforward approach is segmenting continuous attributes by adopting fixed intervals. Each
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one of the ranges of each variable will appear as a new binary attribute (or a category),
thus indicating that a given variable is within a specific range, assigning that category to the
corresponding transaction (row, sample).

Another relevant question is: when performing shopping basket analysis, it is possible to
include any item as an antecedent or consequent of the extracted rules. On the other hand, in
the case of industrial process analysis, some variables are seen exclusively as antecedents while
others are necessarily consequent of the rules. Operational parameters such as machine settings
and actual process conditions are seen as antecedents, while quality indexes and operational
performance indicators are seen exclusively as consequences.

Some libraries have already handled those issues. For instance, the R package called arules
[305].Arules implementation allows tuning filters involving items names, items’ position in the
rule (antecedent or consequent), and including rules’ probabilistic metrics.

The bibliographic exploration of the association rule mining theme shows works applied to
industrial databases. Table B.1 summarizes some of them.

Bib | Area Algorithm Summary

[306] | Metallurgy - Blast Furnace | Apriori It seeks to analyze the relationship
between operational parameters and the
corresponding  production indicators.
It comments on the discretization of
continuous variables at intervals defined
by process specialists. The generated
labels, corresponding to each variable
interval, are formed by concatenating the
variable id and the range (interval) id.
[307] | Metallurgy - Blast Furnace | Apriori It seeks to determine the qualitative
relationship  between the  various
measurement points along the refractory
surface of the Blast Furnace. Each
measurement point appears as an "item".
The flag 1 for certain item indicates
a positive variation in the instant of
temperature measurement.

[308] | Maintenance Engineering | Apriori ERP - SAP ECC Maintenance module
data. Extract rules from maintenance
services tickets huge database. It

comments some ways of visualizing
association rules.

[309] | Semiconductor Assembly | Apriori Associating process conditions with
quality issues to perform predictive
analysis.

[310] | Sales Department Multidimensional Sales analysis. It uses multidimensional

Association Rules data from ERP system. It determines
fixed points for continuous variables
discretization.

[311] | Oil and gas Apriori [301], | Algorithms comparison. It uses data

Eclat [312] , FP- | from manufacturing processes. It formats
Growth [313] the data to meet the specific needs of

each algorithm by grouping and labeling
sequence of events.

Table B.1: Examples of association rules mining from industrial system databases.
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B.1.1 Experiment 4 - Mining association rules from an industrial process
data base

The present experiment used the Apriori algorithm to investigate the association rules extraction
from an industrial process database. The tests adopted an Apriori implementation named arules
[305,309] from the R platform. The industrial process database belongs to a steel plant and
involves information from cylindrical bars continuous casting and seamless tubes rolling mill
process.

The experiment’s interest data are some process variables sampled from a continuous
casting machine and the corresponding quality results assessed after the rolling mill execution.
Each transaction (record, row) on the dataset contains the process variables followed by the
corresponding quality result. Here, the quality result works as flags, indicating the occurrence
of particular defects.

The investigation sought to mine rules treating them as hypotheses about the process realms.
The experiment has generated hypotheses to explain how continuous casting conditions would
influence the occurrence of the defect called husky (shelly) raw material fold in the rolled pipes.

In order to restrict the analysis, the test filter a specific period, steel grade (LC46), and
bars gauge (310 mm). Furthermore, to reduce the number of discovered rules, arules’s filtering
resource was tuned to return only rules that present DMC-flag as the consequence of the rules.
Table B.2 shows the apriori algorithm return. It is possible to see the discovered rules.

id | lhs rhs support confidence | coverage lift | count
[1] | VAZAO_AGUA_MIN=[2.16e+03,2.22¢+03) => | TEVE_DMC_RUIDO=1 | 0.06818182 | 1 0.06818182 | 4.3 | 66
[2] | VAZAO_AGUA_MAX=[2.21e+03,2.25e+03) => | TEVE_DMC_RUIDO=1 | 0.07128099 0.07128099 | 4.3 | 69

1
[3] | NIVEL_ACO_MAX=[98,125] => TEVE_DMC_RUIDO=1 | 0.05268595 | 1 0.05268595 | 4.3 | 51
[4] | LCI_POS_NO_SEQUENCIAL=[4,10] => TEVE_DMC_RUIDO=1 | 0.06095041 | 1 0.06095041 | 4.3 | 59
[5] | PESO_BARRA=[6.73e+03,7.65e+03] => TEVE_DMC_RUIDO=1 | 0.08884298 | 1 0.08884298 | 4.3 | 86

Table B.2: Main rules discovered by arules, the Apriori algorithm implementation in R platform.

The arules implementation returned a large number of rules. In order to highlight the most
significant ones, those who presented the higher antecedent-consequent influence factor, the
algorithm sorted the list according to the metric named /ift. Then, these discovered rules were
presented to the process specialists, who pointed out three of them: [1], [2], and [3].

Rules [1] and [2] has prioritized by the specialists. Rule [3] has became an instigating
hypothesis requiring more detailed analysis. Rule [4] gained minor attention, but not
discharged. The process variable LCI_POS_NO_SEQUENCIAL (heat’s sequential position)
has not prior connection with DMC defect. Rule [5] was not prioritized because, according
to the experts, there are no previously known phenomenological reasons for the antecedent
variable PESO_BARRA ("WEIGHT_OF_THE_BAR") to be associated with the DMC defect.

It is worth mentioning that hypotheses [1] and [2] refer to the same tag (measured variable’s
signal coming from the plant). The process variable is the cooling water flow. The antecedent
variable exposed in [1] consists of the minimum water flow value assumed in the period. In
contrast, the antecedent variable in [2] reflects maximum water flow value. According to the
process experts, large fluctuations or inadequate water flow rates can, in certain situations,
cause heterogeneous cooling of the material and irregular solidification of the steel bar, thus
leading to DMC formation. The problem can be intensified during the subsequent rolling and
heat treatment process.
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The rules discovered by the Apriori algorithm proved to be consistent hypotheses for
process issue investigations. For instance, in the present study, more detailed historical analyses
of the antecedent variable in the rules [1] and [2] have revealed intermittent failures in the water
supply in the period in question. In order to mitigate the occurrence of this same problem on
new occasions, some warnings (alarms) were implemented in the continuous casting machine’s
SCADA system.

B.1.2 Expert Systems

The topic of explainability has been a subject of interest even in the domain of expert systems
within the classical Al paradigm. The literature reveals several works dating back to the 1970s,
as is evident from the bibliographic survey presented in Moore’s (1988) study [259]. Davis’
and his colleagues (1977) work [258] emphasizes the significance of explainability for the
specialist community and presents a rules-based system with its own grammar. Their system
is equipped with a textual front end (a kind of chat) that accepts various explanation requests.
The researchers successfully developed a system that can generate textual explanations in high-
level language for queries such as "how did you decide that sample A might be classified as
Class B? From the paper:"...how did you decide that organism-1 might be an e.coli?..." [258].
The generated response is based on the propositional rules chain that were employed in the
system (model) inference process, which is associated with the respective relevance metrics.
This exemplifies a typical instance of explainability, where the user gains an understanding of
the reasoning behind the model’s behavior.

Systems that rely solely on crisp rules are an older paradigm and have been followed by
systems that incorporate fuzzy rules and other advanced methodologies [314]. In industrial
environments, expert systems have become increasingly prevalent on the factory floor. They
automatically compute sets of propositional rules and generate outputs based on the current
values obtained from the process variables. In addition, expert systems frequently assume
the responsibility of prescribing the sequence, timing, and execution parameters of activities,
especially in the context of process planning [315].

Different industrial applications for rule-based expert systems can be found in reviews
written over time: electrical power systems [316], nuclear [317], robotics, modeling and
simulation, energy planning and control, production [318], transportation [314], in addition
to other areas that do not directly involve the factory floor [319].

The following topic describes an experiment that aims to implement fault diagnosis
explanation via a rule-based system.

B.1.3 Experiment 5 - Fault diagnosis explanation via a rule-based system

This study examines applying a rule-based expert system to diagnose equipment faults. The
experiment involved levying propositional rules for equipment operation on a seamless steel
tube rolling line. These rules were collected with the participation of process specialists, such
as operators, responsible engineers, and electrical and mechanical maintainers.

Subsequently, a graphic panel was created to provide a visual representation of the actual
equipment and sub-parts actual situation based on the recorded rules. Resources from an
already installed Plant Information Management System (PIMS) were used to accomplish that
purpose. The specific PIMS used was the OSI Soft PI platform [320].

This proof-of-concept’s primary objective was to create a quite simple graphic display
that identifies the equipment and its sub-components that may be experiencing a failure. The
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equipment and locations in question were organized into a seven-level hierarchical tree, with
the rules focusing mainly on the deeper levels of the tree (sensors with smaller granularity).

Initially, the hierarchical structure of the equipment, or installation locations, was imported
from the Enterprise Resource Planning (ERP) system SAP R3 to the PIMS system. Once the
hierarchical structure was included, the rules reported by the experts were registered and the
output status defined by each rule was labeled using a color code.

The graphic representation follows the hierarchical structure of the registered equipment,
allowing users to drill down to the most elementary hierarchical level and provide a detailed
explanation of the alert reasons level by level. Such a graphic interface aimed to represent the
mental model of the equipment hierarchy.

Figure B.1 - a provides an example of the developed panel, indicating the state of the Cone
Type Piercer equipment (CTP Roller) at a given moment.

Figure B.1 - b exemplifies some registered rules involving tags or process variables. The
subdivisions on the heat map reflect the hierarchical structure, indicating the constituent parts
of the visualized equipment/device. The colors indicate the different situations in which the
equipment can be found.

The various variables or tags used in the rules are read from the field every second. The
rules are then processed sequentially, and the graphical panel is automatically updated. The
graphical panel shows the diagnosis, obtained from the set of rules, and its explanation showing
"why" a particular equipment is "red" or "orange".

The logical rules’ persistence and automatic calculation ensure that the knowledge related to
the process in question is maintained, shared, and standardized. The graphical representation,
a heat map chart, facilitates interpretation and displays which rules are being met and which
are not.

CTP.04 HIDRAULICO.H2E
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Figure B.1: Expert system based on crisp rules. Diagnosis and its explanation.

B.2 Post-Hoc Explainability

B.2.1 Shapley Values - Features Importance

Those techniques seek to describe opaque model responses by classifying or measuring the
influence (relevance or importance) that each attribute (feature, characteristic) has in the
model’s final output [4]. The main idea is to quantify the participation of individual datasets’
attributes in the model’s final result.

In order to quantify the participation of individual attributes the most popular approaches
adopt concepts described in the Game Theory [321], mainly the method proposed by Lloyd
Shapley [87].
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From the Shapley Values perspective, each feature appears as a "participant" in a Game
Theory coalition game [322]. Then, a numerical value called Shapley Value is assigned to each
characteristic, demonstrating its individual contribution to the model’s final result.

Currently, one of the most widespread computational tools regarding explainability through
Shapley Values is the so-called Shap, from SHapley Additive exPlanations [286] with
implementations available in R and Python languages [155,323-325].

Nowadays, available implementations have graphical resources that display the attributes’
Shapley values, both for each particular sample and generalizing for the entire dataset.

Shap tool performs explanation by following the steps that led to the model’s decision.
It is possible to demonstrate, using charts, how the attributes’ values, one by one, conducted
the model to this or that result. The values of each attribute, for example, guide the model
to classify the samples in this or that class. The subsection Computational Experiments will
address that issue in more detail.

the subsequent section takes care about the practical demonstration of the use of Shapley
Values as a means of explaining the response of opaque models facing two different situations.

The explanation of models’ output through Shapley Values was experimented with SHAP
implementation [286,324]. Two tests were carried out. The first one involves a classification
problem, while the second addresses a regression situation.

Opaque models explanation through Shapley Values - Demonstration 1: Classification
Task

The current demonstration adopted a Random Forest classifier implemented by a Sklearn
package [326]. The purpose was to train that opaque classifier with an actual dataset collected
from a steelmaking continuous casting process. Given some process variables, the classifier
learned how to predict the defect presence flag (TEVE_DMC_RUIDO). DMC is a type of steel
pieces defect.

The training process generated a model AUC = 0.84. The method itself and its tuning
parameters are not relevant here. The investigation is concerned with the models’ responses
explanation method, not with the model training itself.

The charts in Figure B.2 show the classification decision process in two opposite situations.
It uses pictorial resources to show the features importance on the models’ output. It tries do
explain the models’ output via features forces dynamics.

The upper plot shows a classification prediction corresponding to a sample that indicates a
DMC defect. The lower plot shows a defect-free prediction situation. That kind of plot intends
to demonstrate how the features’ values take the model’s output from its base status and conduct
it until its final response. The base value consists of the average model output value defined
over the training dataset. Roughly speaking, the plot represents a "forces chart" showing the
behavior of the forces’ dynamics and how it generated the model’s output.

Shap implementation brings a varied plots arsenal that helps in the interpretation of
attributes’ Shapley Values behavior [323,324]. For instance, Figure B.3 shows the force plot
for an entire dataset. To do so, it is a matter of generating several individual explanations, like
the two shown in Figure , rotate them 90 degrees, and line them horizontally from left to right.

Figure B.4 shows the beeswarm and waterfall plots that can help explain the model’s
classification. Figure B.5 shows two different cases of the dependence plot. In the first one it is
possible to see the simple dependence plot, while the second shows a Multi featured example.
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Figure B.2: Plots showing the interaction between the attributes’ values forces and how they displaced the model’s
output from its resting state to its final value.
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Figure B.4: Shap Explanation Plots - beeswarm summary view and waterfall plots examples.
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Figure B.5: Shap Explanation Plots - dependence plots examples

Opaque models explanation through Shapley Values - Demonstration 2: Regression Task

The present demonstration involves a regression task. The problem in question is to predict
some mechanical properties of seamless steel tubes after their heat treatment process. The heat
treatment is a metallurgical process that seeks to impart determined mechanical properties to
metal alloys to meet the specific needs of their application. In the case of steel tubes, these
properties mainly depend directly on the tube geometry, the steel alloy chemical composition,
and the heat treatment process conditions to which the material was submitted during its
manufacturing process [327,328].

The adopted regressor model is a Gradient Boosting Regressor from the Cat Boost
Regressor implementation available in the Sklearn library.

The dataset comprises several variables collected by the heat treatment area’s Material
Tracking System (level 2 system) during the entire process execution. The contained
information embraces the tubes dimensional data, heating and cooling process data of each
tube individually, the metal alloy’s actual chemical composition, and the respective mechanical
properties values achieved after the heat treatment process. Each row in the database represents
an individual produced tube with its process execution conditions and the corresponding
mechanical properties results.

The model input data consists of the dimensional variables and heat treatment process data.
The output to be predicted by the regressor consists of the mechanical property called Yield
Strength (The yield strength property seeks to measure the material’s resistance to its plastic
deformation [327]).

After training the Gradient Boosting Regressor model, the Explainner object of the
Shap implementation was applied in order to test the generated explanation. The regressor
explanation adopts the Shapley values to expose the answer explanation. Figure B.6 shows a
Force Graph for a specific sample. The output of the regressor is explained by the resultant
of the forces shown in the graph. Figure B.7 shows two waterfall plots explaining the output

higm = lower
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)»))l‘--__--({(\

E =944 JEC_REV_TUBE_TEMP_MEAN =673 | PER_TI_N =7.182 | JEC_REV_TSUCHIYAMA = 2.516e+4 PER_N = 0.0033 | PER_TI = 37 PER_MO = 0.018 JEC_AUST_SO
Figure B.6: Force plot explaining the model’s output referring to one single sample.
promoted by two different samples. Note that the individual attributes’ values generate different

Shapley values, producing different force magnitudes and leading the regressor output to
different outputs (final result).
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Figure B.7: Waterfall explaining the outputs from sample number 001 and number 100.

Another way to explain the model output is through Decision plots. Figure B.8 shows an
example of that kind of plot. Note that it is possible to check the dynamics oscillation from the
average value (resting point) until the output given by the regressor.

Notice the different driving promoted by attributes’ distinct values. It is possible to see
how each attribute influenced the model’s output individually. This fact can be helpful, even in
identifying biases caused by unbalanced or unrepresentative data sets.
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Figure B.8: DECISION PLOTS EXPLAINING THE MODEL’S OUTPUT VALUES DYNAMICS FOR TWO DIFFERENT

SAMPLES.

It is also possible to use other plot resources to understand how the variables’ different

values influence the model’s response.

Figures B.9 and B.10 show examples of those

functionality. Note that it is possible to perform individual and combined analyses. The plot
permits investigating which attributes and values influence the model’s output most.
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Figure B.9: Additional explainner plots

10 ¥ e -0.40
e 19 -035
5 “_',‘: - 0.030
=y
B 0 5 - 0.025 5%
5 i -0.25
RS = 1] . Q
T -5 o020 1 FR O =
>0 g P -0.20 @
& o o % >' &
I 10 0015 T
ol @ f] -0.15
g m
— » |- 0.010 == - 0.10
15 L 4 .
Mty
50 w5 - 0.005 - 005
. %
-15
005 0.10 015 020 025 24500 25000 25500 26000 26500 27000
PER_C JEC_REV_TSUCHIYAMA

Figure B.10: Scatter plots showing the relationship between two variables and the magnitude of influence on the
model response.

The next section describes some works that adopt the use of Shapley Values as a way to
explain models’ outputs.
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Applications of Shapley values in model interpretation

It is possible to find several works describing employment of Shapley Values as a way to
understand models’ output. Table B.3 summarizes some of that.

Bib Area Model ImplemerlltSummary
Automotive Catboost| Re Modeling prices of vehicles and
[329] | industry Python | their components leveraging a
(Shap) | combination of machine learning
and game theory concepts.
Automotive XGBoost| Python | Prediction of failures in nitrogen
[330] | industry (Shap) | oxide sensors of urban bus diesel
engines.
Industrial MLP Phyton | Prediction of events that lead to
[331] | Instrumentation the occurrence of operational
stoppages (downtime) of an
industrial Nitrogen compressor.
Relationship LightGBMPhyton | CRM and B2B. Determining
[332] | Management (Shap) | pricing strategies in after-sales
customer relationships.
Siderurgy, ANN Phyton | Electricity consumption forecast
[333] | Melpshop, FEA (Shap) in an FEA (Electric Arc Furnace)
Siderurgy, XGBoost| Phyton | Seeks to detect anomaly patterns
[334] | Rolling Mill (Shap) | in the steel ring rolling process,
recognizing situations that lead
to the risk of deformation of the
parts during the manufacturing
process.
Asset SOM Phyton | Customer profiling and
[335] | Management (Shap) | segmentation.
Mining Random | Shap Leaching reagent consumption
[336] Forests | Regressignprediction in a gold ore
processing circuit
Administration | LSTM | Python | Predictive monitoring of business
[337] (Shap) | processes. Detect specific
instances of process execution to
flag in advance those that require
special attention (those that can
generate unfavorable conditions,
excessive execution time,
promote high cost, quality risk).
It includes KPIs forecasting case
study.
Oil and Gas XGBoost| Python | Modeling the deposit formation
[338] (Shap) | process in shale oil exploration
wells
People LightGBMPython | To trace out and understand the
[339] | Analytics (Shap) | reason for employee attrition.
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Maintenance DNN Python | Fault detection and diagnosis in
[340] | Engineering (Shap) | rotating machinery.
Maintenance Random | Python | Spare parts lifetime estimation
[341] | Engineering Forest (Shap) | applied to an automotive
multimedia assembly company.
Business DNN R Implementing a  predictive
[342] | Process process analytics by integrating
Management the top-floor and shop-floor

data obtained from several
information systems, a deep
learning model to predict the
process outcomes and Shapley
values to explain it.

Quality DNN Python | Mapping the relationship
[343] | Management ensembles (Shap) between a set of production
parameters and the
manufacturing process quality.
Maintenance LSTM | Python | Gas turbine failure prediction.
[344] | Engineering (Shap)
Utilities XGBoost| Python | Prediction of chlorophyll-a
[345] ensemble| (Shap) concentration in a drinking water
supply system.
Maintenance Auto- Discrete | Detect and explain anomalies
[346] encoder | Time in industrial multivariate time-
For series.
SHAP

Table B.3: Examples of industrial applications involving Shapley values-based XAI

More examples of Shapley values industrial-related applications can be found on the surveys
works [288,347].

B.2.2 Explanation via Knowledge Extraction

The main idea behind AI Models’ Knowledge Extraction consists of attempts to understand the
trained models’ behavior through symbolic rules. That use to be a recurrent subject, mainly
regarding to knowledge extraction from neural networks.

Actually the relationship between symbolic rules and connectionist Al models has existed
since the dawn of the field, as can be seen in the historic landmark established by the work
of McCulloch and Pitts in 1943 entitled A logical calculus of the ideas immanent in nervous
activity

"...Because of the “all-or-none” character of nervous activity, neural events and the relations
among them can be treated by means of propositional logic. It is found that the behavior of
every net can be described in these terms, with the addition of more complicated logical
means for nets containing circles, and that for any logical expression satisfying certain
conditions, one can find a net behaving in the fashion it describes..." [348].
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The authors aimed to demonstrate that, how nerves can present the both "on" or "off" state, it
is possible to use logic to understand how they work together. From that principle, is it possible
to describe how groups of nerves work collectively using logical symbolic expressions, and it
is also possible to find a group of nerves that behave in the way a logical expression describes.

The subsequent researches, however, pointed the explanation matter in symbolic pure
approaches, mainly in specialist system such as [257, 258].So, in the mid-80’s, the other
historical milestone, Learning Internal Representations by Error Propagation of Rumelhart,
Hilton and Williams, demonstrated all the potential of the connectionist approach, pushing a
wide application of the Artificial Neural Networks.

"...Thus, if we have the right connections from the input units to a large enough set of hidden
units, we can always find a representation that will perform any mapping from input to output
through these hidden units..." [349].

The work showed the powerful effect of using hidden layers and continuous weight
adjustments through the generalized delta rule. However, due to the very nature of the problem
addressed, the issue of symbolic representation and interpretability of the input-output mapping
was not including the investigation.

From that moment on, the widespread use of neural networks led researchers to interest in
opening the black-box of the neural networks. The idea relied in "...provide an insight into the
neural network’s inner “reasoning..." [350].

One can found researches during all remaining 80’s, [260, 261, 350, 351], passing by the
90’s, with the widely commented works [263-266]. Since then, the topic has produced
a diversified endeavors. Including various shallow models [267, 269, 352], deep structures
[275,279,283] and also graph networks [353].

The large number of works produced stimulated the development of reviews (surveys)
throughout this historical period until recent years. Here, one can see a list of surveys in
chronological order [4, 16,267-280,291,353].

B.2.3 Description of the principals knowledge extraction methods

The present section exposes the principal concepts of Knowledge Extraction from opaque
models. The main approaches are organized based on the translucency property from the
ADT [291] taxonomy.

Translucency concerns the relationship between the extracted knowledge and the model’s
internal structure. How much the extracted knowledge is linked to the model’s internal parts.
In other words, it takes care of the level of detail the knowledge extraction method sees the
model internally.

Such an attribute categorizes the knowledge extraction methods into one of three classes.
(1) Decompositional: takes into account the internal model’s structure during the human-
friendly knowledge representation forming process. For instance, a decompositional method
looks at layers and neurons individually. (2) Pedagogical: it means model-agnostic. See
the trained models as a "black box."Feed the model input with the examples, obtain the
corresponding outputs, and build the symbolic knowledge through some heuristics. (3) Ecletic:
corresponding to methods that combine elements of the previous two.

Pedagogical methods

Pedagogical approaches see the models as "black boxes". Models’ internal parts do not
matter. There is an agent playing the role of an "oracle", asking successive questions to the
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model seeking to extract information about its behavior. It is a attempt of understand the
models’ behavior through their answers. An iconic example is the TREPAN method (Trees
Paroting Artificial Neural Networks) proposed by Mark Craven [268] which builds decision
trees equivalent to trained neural networks’s implicit knowledge.

TREPAN produces a decision tree that approximates the function learned by the trained
neural network. To do so, it uses the trained network itself and the data set.

The generated decision tree promotes clearer understanding of the network’s decision-
making process. The generated symbolic rules in each tree node can be IF-THEN or M-of-
N types. The disadvantage of this method is that depending on the database dimensionality
and the learned function, the generated tree may contain numerous rules, making the model’s
behavior difficult to understand.

There are implementations and available source codes for general use of the TREPAN
algorithm in the Java [354], C [355] Python [356] and R programming language [357].

Works inspired by TREPAN have been developed over time [358], including a hybrid
version for deep models [359], and reaching recent years with the TREPAN RELOADED
[360,361], an extended version that optimizes the decision tree creation process by determining
which features are more understandable for a particular user. To do so, the proposed method
adopts ontologies (set of formulae) that model specific domain’s knowledge.

Decompositional methods

Decompositional methods see the models’ internal structure. In the case of feedforward
neural networks, such methods use synaptic weights and neuronal activation values to generate
symbolic rules.

Usually, such methods can present the following steps: (1) Model training: Model
training itself. It may include previous knowledge insertion procedures [263]. (2) Size
adjustment. It refers to pruning strategies, summarization, discretization, and clustering of
neuron weights and outputs. That step addresses reducing the network, fostering the generation
of more straightforward rules. (3) Knowledge Extraction. It usually involves symbolic rules
formulation or decision tree induction. (4) Merging strategies aspiring rules simplification. (5)
Exhibition. It deals with the knowledge displaying strategies. For instance, how to show the
composed symbolic rules or induced decision trees.

A decompositional method commonly cited in the literature is the Neurorule [265]. This
method extracts "IF-Then" classification rules from trained Multilayer Perceptron (MLP)
neural networks. NeuroRule and other methods derived from it have a workflow similar to that
mentioned above. Its first step involves clustering and discretizing the hidden layer activation
signals generated by the correctly classified samples. Then, it maps the hidden layer activation
values to the network’s outputs through IF-THEN rules. After that, it generates rules to explain
the hidden layer activation clusters as a function of the original attributes that stimulated the
network entry. Finally, it combines the rules generated in the previous steps. This way,
the formulated set of rules can explain the network’s final output values as a function of the
attributes’ values presented at the network input.

Other relevant decompositional rule extraction algorithm is denominated
Continuous/describe Rules Extractor via decision tree Induction (CRED) [362]. Roughly,
CRED decomposes the neural network building decision trees based on the hidden-output and
input-hidden activation patterns. The idea is to induce decision trees considering the hidden
neuron activation values as attributes (characteristics) and the output neuron values as the
response variable. This process converts each output layer neuron into a decision tree. The
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nodes of this tree represent logical tests using hidden layer activation patterns (vectors), and
the leaves represent the corresponding class in the output layer.

Then the same idea is applied to the previous layer. The input activation patterns work
as characteristics (attributes), and the hidden neuron activation pattern (vector) plays as the
response variable. Some determined aggregation criteria are adopted to simplify the generated
rules. Figure B.11 shows that method.

Figure B.11-a represents a hidden layer activation patterns vector. Figure B.11-b shows
a spatial partitioning of the hidden layer’s activation patterns. The plot also exhibits the
classification label corresponding to the output layer’s response. Figure B.11-c shows the
decision tree corresponding to the output space partition. CRED performs its decision tree
induction through the C4.5 algorithm [363].
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Figure B.11: (a)-Activation pattern vector H; (b)-H space partitioning and output’s labeling; (c)-Induced decision
tree

The CRED initial version works exclusively with one-hidden-layer networks, but several
researchers have aimed to adjust CRED’s approach to other types of neural networks. There
is a version for Deep MLPs (DeepRed ) [364]. Besides adapting CRED to work with any
quantity of layers, DeepRed also brought improvements in explaining network knowledge.
While CRED adopts decision trees, DeepRed uses Decision Directed Acyclic Graphs (DDAG)
that have a more remarkable ability to synthesize the extracted rules [365,366]. There is a
version also for Convolutional Neural Networks [279].

Andrejs Bondarenko has developed different methods for extracting rules from feed-
forward neural networks [367,368]. He presented a method for extracting IF-THEN rules
decision trees through linear Piecewise approximation. Another approach presented in his work
was the elliptic rules extraction from RBF Neural Networks. The researcher also contributed
with implementations of the proposed methods in the languages Lua [369] and Python [370].
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Eclectic Methods

Eclectic, or Hybrid, Methods combine pedagogical and decompositional elements. An example
of this category is the Hierarchical and Eclectic Rule Extraction via Tree Induction and
Combination (HERETIC) algorithm [371]. HERETIC supports different network architectures,
allows any number of layers, and accepts partial connections. HERETIC uses decision
tree algorithms to generate, for each neuron, a set of rules that approximates their learned
function. The method converts the generated decision trees into symbolic rules and removes
the redundancies to form the most succinct set of rules as the final output.

Industrial Application of Knowledge Extraction Methods

The bibliography reports industrial applications of knowledge extraction methods. Table B.4
summarizes some of them.

Bib Area Method Type | Summary

[372] Oil and Gas TREPAN P Rule extraction for a better understanding
of the carbon dioxide corrosion process.

[373] Power System REFANN P The application involves transformer

diagnosis and fault detection via
dissolved gas analysis. =~ The method
trains an ANN using transformer oil
dissolved gases information and then
uses TREPAN to extract the implicit
knowledge.

[352,374] | Metallurgy - Rolling Mill | FCANN P Understand the relationship between
process parameters, different conditions
of rolling load, and the final thickness of
the material.

[375] Siderurgy - Melt Shop Own P Extract rules from a tank vacuum
degasser SCADA system to support
operators’s decision making. Rules
are induced from an ELM fed with
continuous and discrete variables.

[376] Environmental/Utilities TREPAN P Extract rules from a phytoplankton
biomass predictor using several physical
and chemical indicators .

[377] Sintering Own D Rules extraction about the sintering
process to aid operators set the process
parameters in order to obtain a product
(sinter) within the specified quality. An
MPL neural network is trained and then
the symbolic rules are extracted from it.

[378] Blast Furnace pTsm-SVM D Integration of a priori knowledge to an
SVM
[379] Environmental MultiRNNExplorer | D Environment pollution forecasting via

RNN. Implements a system dedicated
to visually and exploring the model’s
behavior for both global and individual
levels of the RNN network nodes.

Table B.4: Some examples of industrial applications involving knowledge extraction methods.
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Experiment 3 - Opaque Model Surrogate

The present experiment investigated the symbolic rules extraction from a trained black-box
model employing TREPAN [268] method implementation called TreeSurrogate [357] for the
R platform.

The learning problem involved tuning the Air-Gas ratio’s setpoint of steel ingots’
reheating furnaces. Three other variables determine the Air-Gas ratio’s setpoint: Furnace
front temperature (°C); current heating speed (°/min); and the gas’ lower calorific potential
(kcal/Nm3). These three input variables and the Air-Gas ratio setpoint (variable to be predicted)
are continuous.

The employed Al model consisted of a Multilayer Perceptron (MLP) neural network from
the R platform’s caret package. The dataset was sampled from the furnaces’” SCADA system
and counted with 6645 observations (rows in the dataset) of the four variables.

The network’s training achieved an RMSE equal to 0.061. After the training assessment,
the next step consisted of instantiating a TreeSurrogate object from the trained neural network.
The TreeSurrogate object seeks to extract the neural network acquired knowledge and explain
it graphically through a decision tree or textually via symbolic rules.

Figure B.12-(a) exhibits symbolic rules explaining (justifying) the surrogate decision tree,
and by consequence the network’s, outputs for five different samples. It is possible to verify
why the neural network gave a particular response value in front each situation.

Figure B.12-(b) shows a piece of the decision tree (DT) induced from the trained neural
network’s implicit knowledge. The induced decision tree seeks to parrot the MLP trained
previously.

Surrogate
Decision Tree Rule explaining
Input attributes Output the output value

\
( \

SampleID Temp  VelAquec  PCI .y.hat.tree .path (Symbolic rule justifying the model's output)

500 946 2 1800 2.585163 Temp <= 1039 & VelAquec <= 2 & Temp > 919 & PCI <= 185
6010 1334 2 2000 3.019731 Temp > 1039 & Temp > 1219 & VelAquec <=2 & Temp > 1287
3000 1088 3 1900 3.010470 Temp > 1039 & Temp <= 1219 & VelAquec > 2 & BCI > 1850
4000 860 5 1950  2.800196 Temp <= 1039 & VelAquec > 2 & Temp <= 912 & BCI > 1850
5450 896 4 2000 2.800196 Temp <= 1039 & VelAquec > 2 & Temp <= 912 & BCI > 1850

(a) Symbolic rules justifying the models’ outputs regarding five distinct samples

<919 >919 <912 >812
(4]
PCI PCI
p<0.001 p<0.001
=1 >1850 =1 =1850 <1 =1850 <1 »1850 <1 > 1117 <1 = 1850 =1 »1287 =1 >1284

(b) Part of the parroting decision tree (induced from the MLP)

Figure B.12: Example of two features offered by "iml" library of the R platform. TreeSurrogate function
implements the TREPAN algorithm.
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B.3 Explainable Artificial Intelligence Applied to Time
Series

Industrial plants usually dispose of systems devoted to sampling, persisting, and managing
signals produced by their process. PIMS systems, for instance, seek to keep historic of time-
based variables (tags) gathered from whole the plant. It can include dozens of thousands of
tags. PIMS is widely adopted by Chemical, Oil and Gas, Mining, and Metallurgical plants.
Supervisory (SCADA) systems are another kind of system that also deals with signals.

Supervisory systems seek to monitoring and act in the process. Usually they take care
of one particular process or equipment. Depending on the required sample rate it is also
employed high-speed PDA systems that sample data directly from the controllers (PLC) via
optical fibers. The leading players of such systems offer real-time data exchange features,
allowing, for instance, to transmit signals to math models and receive some information as a
response.

The systems usually format the signals adopting time series structures. The time series
contents can provide information about the current conditions of the process or equipment that
has produced them. Some implicit information in the time series’ behavior allows maintainers
and operators to detect anomalies in their processes, predict events and take corrective actions.

Industrial processes’ dynamics usually produce complex time series. Machine learning
problems that deal with such signals fall into the "interpretability vs. accuracy" trade-off.
For example, the most performative methods in time series classification tasks are ResNet
(Deep model [380]) and HIVE-COTE (Hierarchical Vote Collective of Transformation-Based
Ensembles [381]). Both are considerably opaque. Understanding their behavior and extracting
their implicit knowledge will become more challenging.

Therefore, the best performance of complex models treating time series leads to rising
demand for XAI methods, especially on the industry shop floor. Comprehending why the model
has made some decision or presented some response is enjoyable for time series-based tasks
such as classification, similarity analysis, clustering, prediction, and knowledge extraction.

B.3.1 Applications of time series models explanation

Although the available literature on interpreting opaque models for time series is relatively
scant compared to other data structures, such as tabular data, text, and images, it is possible to
find works addressing that issue. Table B.5 summarizes some of recent works.

Bib Input Summary

[382] CNN Fault diagnosis from a bearing signal. Fault severity
assessment. Presents algorithm that can extract an
informative structure from the deep-layer model. The
architecture includes one additional explainable layer to the
usual deep learning model.

[383] CNN Adopts class activation maps to highlight the most important
time series aspects that contributed to the model output
(decision). Offers a means to handle time series features
importance.
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[384]

CNN

Comments the forecast of a photo-voltaic power plant
energy consumption. To highlight the most important
features of the input they employed Grad-Class Activation
Maps.

[385]

CNN

Brings a wavelet decomposition network. It execute
perturbations in both high and low frequency of the the time
series’ sub-sequences through various network layers. The
approach makes it possible to assign a relevance to each sub-
sequence per layer by observing the model’s output.

[386]

mvTS

Adopts a sliding window to sample sub-sequences of the
signal. The sampled windows can be sent to a classifier.
The classifier makes a prediction for each individual
sampled sub-sequence. The results consists of a probability
distribution over the all input sampled windows. The
probability distribution can be used to assign a relevance to
each sub-sequence. It fits multivariate time series.

[387]

LSTMs
and
ResNets

Performs XAI methods (LIME, LRP,DeepLIFT,Saliency
Maps and SHAP) comparison. Applies XAl methods
previously designed for text and images to time series. It
indicates that SHAP method works robustly for all models,
but DeepLIFT, LRP, and Saliency Maps work better for
some specific architectures.

[346]

mvTS/autoConceives anomaly detection methods to multivariate time-

encoders

series. It brings seven techniques that aims to explain the
root cause of the anomalies. Methods based mainly on
feature attribution, explanation by example, and decision
trees. It deals with multivariate time series

[388]

TS

Adopts RNN to extract the anomalous spikes from the time
series. Treats the spikes as events and then builds an RNN
classifier with attention mechanisms to insert the frequency
and irregularity of the extracted events (spikes). Uses a
LIME version for time series to interpret how the spikes
contribute to the predictions.

[389]

mvTS

Conceives an Explainable-by-design ensemble method
called XEM to perform multivariate time series
classification. It combines an explicit "boosting-bagging"
approach to manage the "bias-variance" trade-off and an
implicit divide-and-conquer heuristic to deal with classifier
errors on different parts of the training dataset (adopts a
decision tree model to learn different parts of the training
data). XEM method tests indicates that it surpass the
state-of-the-art multivariate time series classifiers in front of
the public UEA datasets.
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[390]

mvTS

Proposes distance-based data structures XAI (DDS-XAI). It
consists of a modular and flexible framework designed to
provide explanations about multivariate time series. The
proposed framework has three main steps. 1-Structures
identification and Visualization, 2-Cluster analysis, and 3-
Providing relevant explanations. Each of these steps has
several modules. The method provides the possibility to
explore unknown implicit structures within the time series
and can deliver pertinent explanations because it does not
depend on prior domain knowledge. The process is based
only on the time-series data. The work supply links to open-
source code in R language for all modules of the DDS-XAI
framework

[391,
392]

TS

The authors present a framework designed to generate, in
natural language, explanations about the decisions made by
a CNN when detecting abnormalities in time series. Called
Time-series Visualization framework (TSViz). The method
adopts clustering through Dynamic Time Warping (DTW)
similarity metric and information about features influence
and some time-series statistics. These set of processed
information are sent to a module called Textual Explanation
Generator that builds the output texts in natural language.
Explanations are generated so that the anomalous points
in each channel of the multivariate time series can be
highlighted.

Table B.5: Examples of time series-based XAl methods.
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Appendix C
Tables

C.1 Main Distances’ Formulas grouped by Families

Distance Measure Family Formula

Lp Minkowski family: Euclidean Ly | dg. (A4, B) {/ > e lag — b, p=2
Lp Minkowski family: City block Ly | dop(A, B) =" |a; — b, p=1

Lp Minkowski family: Chebyshev L., | deopey(A, B) = max; |a; — b;|, p = o0

L1 family: Sgrensen ds, (A, B) =311, %

L1 family: Soergel dsy(A,B) = Z;nzl %

L1 family: Kulczynski drw(A, B) = Z;"Zl m|1ij(+7bjb|7)

L1 family: Canberra dean(A, B) = 3771, ‘%;%ZL‘

L1 family: Lorentzian dror(A,B) = > 7" In (1 + |a; — bj|)
Intersection family: Wave hedges dwn(A,B) =370 (1 - ;l;i(((;’] ZZ,])))
Intersection family: Motyka dyot(A, B) = %

Inner product family: Cosine deos(A, B) = L cos™ \/Z]Z; 71 \/szm : b?)
Inner product family: Jaccard djac(A, B) = S Ejzrln(ajbgb ;3]»:1 b
Inner product family: Dice dpice(A, B) = ]271 17(%2]]): 7

Fidelity family: Matsuita dyar(A, B) = /350 (Vg — \/E)2
Fidelity family: Squared-chord dsen(A, B) = X7 (a; — \/E)Z

Table C.1: Distance metrics families.

Organization and table originaly presented in [185].



