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Abstract

We will elaborated on correct inferences, or sometimes plausible ones, when
inferring quantum states and processes. Making correct inferences can be
considered part of being a rational agent, because one way to act rationally is to
reason logically to the conclusion that a given action will achieve our objective
and then to act on that conclusion. Yet, correct inference is not all of rational-
ity; in some situations, there is no provably correct thing to do, especially in
possession of incomplete information and noise data, but something must still
be done. The aspects of quantum mechanics are maturing in both theory and
experiment and we still need higher-dimensional systems to test them. Here,
we will explore procedures to infer unknown mixed states and unknown quan-
tum dynamics, which can be experimentally viable and efficiently processed.
The heart of our methods are hierarchies of semi-definite programs and its
flexible formulations. We presented numerous schemes to achieve the optimal
results in the paradigm of complete and incomplete information. We tested
our methods in different experiments, such as quantum optics and nuclear
magnetic resonance (NMR) systems and presented the results here.

Keywords

quantum state tomography, quantum process tomography, quantum information,
quantum maps, positive maps, completely positive maps, positive operators, rational
agents, semi-definite programs, SDP, Kraus operators, Choi operators, Choi map,
detecting entanglement, convex sets, density matrices, SIC-POVM.
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Resumo

Iremos desenvolver sobre inferências corretas e, às vezes, plausíveis ao inferir
estados e processos quânticos. Fazer uma inferência correta pode ser consider-
ado parte de ser um agente racional, porque uma forma de agir racionalmente é
pensar logicamente até chegar a conclusão que uma determinada ação irá atin-
gir nossos objetivos e, então, agir de acordo com essa conclusão. No entanto,
para uma inferência correta não basta somente racionalidade; em alguns casos,
não há nenhuma evidência da melhor coisa a se fazer, especialmente quando
temos informações incompletas e dados ruidosos, mas alguma coisa ainda
deve ser feita. Os aspectos da mecânica quântica estão amadurecendo tanto
na teoria quanto nos experimentos e ainda precisamos de sistemas de maiores
dimensões para testá-los. Aqui, desenvolvemos vários métodos a fim de inferir
estados quânticos desconhecidos e processos quânticos também desconhecidos
com pouca, ou toda informação, que podem ser experimentalmente viáveis
e eficientemente processados. O coração dos nossos métodos são hierarquias
de programas semi-definidos e suas formulações flexíveis. Apresentaremos
uma enormidade de receitas para atingir nossos no paradigma de informação
completa e incompleta. Testamos nossos métodos em diferentes experimentos,
como sistemas em óptica quântica e ressonância magnética nuclear (RMN) e
apresentamos os resultados aqui.

Palavras-chave

tomografia de estado quântico, tomografia de processo quântico, informação quântica,
operações quânticas, mapas positivos, mapas completamente positivos, operadores
positivos, agentes racionais, programação semi-definida, SDP, operadores de Kraus,
operadores de Choi, mapa de Choi, matriz densidade, SIC-POVM.
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CHAPTER 1
Introduction

Working at a problem, we would like to guess the whole solution, but, if we
fail, sometimes we satisfy ourselves guessing some feature of the solution.
Wrangling over data, testing, and restating problems are the everyday basis of
an inferrer.

As Pólya said in [58], to be a good inferrer you must be a good guesser;
to be a good guesser you should be able to examine your guesses, compare
them with the facts, modify them if necessary and, so, acquire an extensive
experience with guesses that failed and guesses that came true. With such an
experience, you may be able to rationalize more competently about possible
solutions.

For example, we usually attain a discovery in physics in two steps: first, we
note a certain regularity in the observed data; then, we explain this regularity
as a consequence of some general law. Different scientists might take these
two steps and, possibly, with a long interval of time between them, e.g., the
observation of photoelectric effect by Hertz in his experiments in 1887 [26] and
the explanation of the phenomenon by Einstein in 1905 [18].

The first mental model of a scientist is usually the “Simplex sigillum veri”, or
“Simplicity is the seal of truth”, but here we are confining ourselves to “Try the
simplest thing first!”.

Trying the simplest thing first is part of an attitude which is reasonable and
advantageous in face of little or great problems. This first examination may
serve useful when applying the Ockham’s razor, if we need to return and give a
closer look in more complex possibilities.

Physicists are usually inclined to imagine that Nature obtains the greatest
effect with the least effort. We succeed in forming lots of principles of this sort
in all areas of physics. In this thesis, we will find a great number of methods
written as maxima or minima problems. Especially, we will attack the problem
of inferring quantum states and maps in cases where little or no information is
available.
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The problem of inferring probability distributions is old as the theory of
probability itself. Laplace gave us the first well-known principle to supply a
criterion of choice, which reads,

Principle 1 (Laplace Principle of Insufficient Reason). One should assign equal
probabilities when no prior information is available about the events and if there is no
reason to think otherwise.

However, as Jaynes said in [32], except in cases where there is an evi-
dent element of symmetry that clearly renders the events equally possible, this
assumption may appear just as arbitrary as any other. Due to the lack of
any constructive principle which would give us a reason for preferring one
probability distribution over another (when both agree equally well with the
available information), the scientific community practically abandoned this
way of formulating problems from Laplace up to Jaynes in 1957 [32, 33].

Then, Shannon [66], with the birth of classical information theory, gave the
missing ingredient, allowing Jaynes to formulate his principle [32], namely,

Principle 2 (Jaynes’ Principle of Maximum Entropy). In making inferences based
on partial information, we must use the probability distribution which has maximum
entropy subject to any prior knowledge.

Now, we can extend the principle of insufficient reason with Jaynes’ princi-
ple of maximum entropy (MaxEnt) with the following difference: we assert for
the positive reason that it is uniquely determined as the one which is maximally
noncommittal regarding missing information using the maximum entropy dis-
tribution, instead of the negative one that there is no reason to think otherwise.
We use this principle often in statistical mechanics, as the maximum entropy
gives the estimate of thermodynamical properties.

In quantum scenarios, the subject of estimating density matrices based on
measurement results, or simply Quantum State Tomography (QST), is valuable
on its own. It is essential in Quantum Computation; Quantum Information
Processing [54]; Quantum Process Tomography (QPTs) [46]; and in validation
of quantum dynamics. However, the number of required measurements for
a complete tomography grows exponentially in the dimension of the system.
In this case, an informationally complete context of measurements becomes
impractical in real experiments, requiring proper inference schemes.

If we try to apply Principle 2 to infer quantum properties, e.g., entangle-
ment, Horodecki et al. [27] showed that Jaynes principle fails, suggesting it
is not a proper inference scheme in quantum information processing when
entanglement plays the lead role.

The lack of scalable methods to deal with measurements errors and reliable
quantum inference schemes justifies this doctoral work. We are in pursuit
of a principle which relies on semi-definite programming (SDPs), instead of
nonlinear optimization problems like MaxEnt and other formulations. We
chose SDPs knowing that modern interior-point algorithms can solve them
with polynomial computational complexity [53].

14



Inferences of this kind are highly interdisciplinary. Dialoging with concepts
like Rational Agents from the field of Artificial Intelligence and Decision Theory
is one of the many milestones of this thesis.

We will enter in realm of the quantum inferences using this interdisciplinary
language, starting with Rational Agents in Chapter 2; Quantum inference on
informationally complete contexts in Chapter 3; Estimation on informationally
incomplete contexts in Chapter 4; Estimation of quantum processes in infor-
mationally incomplete contexts in Chapter 5; One application of our methods
in Quantum process tomography with informational incomplete data of two
J-coupled heterogeneous spins relaxation in a time window much greater than
T1 in Chapter 6; and concluding our journey in Chapter 7.
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CHAPTER 2
Rational Agents

The idea of this thesis is offering mechanisms to construct a Rational Agent
capable of dealing with our experimental data and produce proper inferences
about our physical systems. In this chapter, we concentrate on general princi-
ples of rational agents and on components for constructing them, following
Russell et al.’s work [63].

In [63], Russell defines an agent as something that acts: it operates au-
tonomously, perceives their environment, adapts to change, persists over a
prolonged time, creates, and pursues goals. A rational agent is one that acts to
achieve the best outcome or the best expected outcome considering limitations,
e.g., when there is uncertainty involved, when there is not enough time, or
memory to do all the computations. We will pursue an efficient rational agent,
where we limit ourselves in using polynomial algorithms1 in our inferences.

2.1 Agents and environments

To be more precise, we can say:

Definition 2.1 (Russell et al. [63]). An agent is anything that can perceive its
environment through sensors and can act upon that environment through actuators.
We illustrated this definition in Fig. 2.1.

For example, our agent could be an inferrer that perceives what happens
in an optical table via some data generated by the photocounting devices
(sensors) and could act sending signals to the table’s controller board (actuator)
to realign some components.

Russell used the term percept to refer to the agent’s perceptual inputs at
any given instant. He also defined the agent’s percept sequence as the complete
history of everything the agent has ever perceived. In general, an agent’s
choice of action at any given instant can depend on the entire percept sequence

1I.e., we can solve them by a deterministic Turing machine using a polynomial number of
operations, or with polynomial complexity.
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2.2. Being rational

Agent
PerceptsSensors

Actions
Actuators

?

E
n
v
i
r
o
n
m
e
n
t

Figure 2.1: Agents interact with environments through sensors and actuators.

observed, but not on anything it has not perceived. In other words, we will infer
only with given information.

With that, we are now in place to choose how the agent will behave, i.e.:

Definition 2.2 (Russell et al. [63]). An agent function that maps any given percept
sequence to an action defines the agent’s behavior.

How can we choose between different behaviors is a natural question after
this definition. We need our agent to think rationally.

2.2 Being rational

Definition 2.3 (Russell et al. [63]). When the agent always do the right thing, he
achieves perfect rationality.

This definition seams simple at first glance, but faces two major challenges
while implementing the agent’s rationality: first, defining the right thing to
do, and, second, always doing this right thing. Let us start with the first, what
does it mean to do the right thing?

This is a decision problem, where Decision Theory is a field of its own. A
complete description of the theory lies outside of the scope of this thesis, but
we will elucidate our arguments following the definitions in Young et al.’s work
in [74], keeping in mind that we want to create an inferrer agent.

Central to decision theory, is the notion of a set of decision rules for an
inference problem. We can compare different decision rules examinating the
risk functions (or performance measures). The risk function describes the expected
loss in use of the rule, under hypothetical repetition of the sampling experiment
giving rise to some data x, as function of the parameter of interest, say θ.
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2.2. Being rational

We can describe formally a statistical decision problem using the following
elements (cf. Young et al. [74]):

(I) : A parameter space Θ, which will usually be a subset of Rd for some
d ≥ 1 so that we have a vector of d unknown parameters. This represents
the set of possible unknown states of nature. The unknown parameter
value θ ∈ Θ is the quantity we wish to make an inference about;

(II) : A sample space X , the space in which the observed data (percept se-
quences) x lie. Typically, we have n preceived observations, so the data
are of the form x = (x1, . . . , xn) ∈ Rn;

(III) : An action space A. This represents the set of all actions, or decisions,
available to the inferrer, e.g., in a hypothesis testing problem, where it
is necessary to decide between two hypotheses H0 and H1, there are
two possible actions corresponding to “accept H0” and “accept H1”. So
here A = {a0, a1}, where a0 represents accepting H0 and a1 represents
accepting H1;

(IV) : A loss function L : Θ×A → R. This function links the action to the
unknown parameter. If we take action a ∈ A when the true state of
nature is θ ∈ Θ, then we incur a loss L(θ, a);

(V) : A set D of decision rules. An element d : X → A of D is such that
we associate a specific action d(x) ∈ A with each point x in X , e.g.,
with hypothesis testing, we can adopt the rule: “Accept H0 if x̄ ≤ π,
otherwise accept H1”, where x̄ = 1

n ∑n
i=1 xi. This corresponds to a

decision rule

d(x) =

{
a0, if x̄ ≤ π,

a1, if x̄ > π.

(VI) : The risk associated with a decision rule d based on random data X. It is
the expected loss with respect to the distribution of X for the particular
parameter value θ.

R(θ, d) = Eθ L(θ, d(X))

= ∑
x∈X

L(θ, d(X)) f (x; θ), for discrete X; (2.1)

These six elements define what we call a complete decision problem.
Obviously, there is not one fixed loss function for all tasks and agents. We

will use various artificial ones while deciding the element (IV). In a point
estimation problem, a typical example is use of the squared error loss function,
namely,

L(θ, a) = (θ − a)2. (2.2)

Using Eq. (2.2), the risk R(θ, d) of a decision rule is just the mean squared error
of d(X) as an estimator of θ, i.e., Eθ{d(X) − θ}2. In this context, our agent
could aim for a decision rule d that minimize this mean squared error.

18



2.3. Omniscience, learning, and autonomy

Other commonly used loss functions are the absolute error,

L(θ, a) = |θ − a|, (2.3)

and

L(θ, a) =

{
0, if |θ − a| ≤ δ,

1, if |θ − a| > δ,
(2.4)

where δ is some prescribed tolerance limit.
Typically, an inferrer will devise one appropriate to the circumstances. This

is not as easy as it sounds. Usually, after choosing a loss function L(θ, a), there
is no way to find a decision rule d ∈ D which makes the risk function R(θ, d)
uniformly smallest for all values of θ. Instead, it is necessary to consider several
criteria, which help to narrow down the class of decision rules we consider in
the hope of end up with a unique decision rule for the given inference problem.
This optimal decision rule is what we call the right thing to do.

With a rational agent you will get what you asked for. Consider, for ex-
ample, a quantum state tomographer agent. We can choose to infer states
maximizing entropy while minimizing the mean squared error of the frequen-
cies as performance measure. We will see this when we present our different
inferece schemes in further chapters. As a general rule, it is better to design perfor-
mance measures according to what one actually wants in the environment, rather than
according to how one thinks the agent should behave.

With this in mind, we can define a rational agent properly:

Definition 2.4 (Rational Agent). For each possible given data (percept sequence),
a rational agent should select a decision rule that minimize the risk (or maximize its
performance measure), given the evidence provided by the given data (percept sequence)
and whatever built-in knowledge the agent has.

Unfortunately, the world is a highly demanding place. The computational
requirements to always do the right thing at any given time can increase rapidly.
This led us to deal with the issue of limited rationality, i.e., acting appropriately
when there is not enough time, or memory, to do all the computations one
would like. That is why we choose to pursue the matter with efficient rational
agents, limiting ourselves with polynomial algorithms.

2.3 Omniscience, learning, and autonomy

Rationality is different from perfection. Rationality maximizes expected per-
formance, while perfection maximizes actual performance. Yet, if we expect
an agent to do what turns out to be the best action after the fact, it will be
impossible to design an agent to fulfil this specification.

That is why we need to be careful while distinguishing between rationality
and omniscience. An omniscient agent knows the actual outcome of its actions
after the fact and can act accordingly, but omniscience is impossible2.

2Unless we improve the performance of our foretelling.
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2.4. Specifying the task environment

Our definition of rationality in Def. 2.4 does not require omniscience: our
rational choice depends only on the percept sequence to date (cf. Def. 2.2).

The agent’s initial configuration could reflect some prior knowledge of the
environment with the possibility of acquiring new data. There are extreme
cases in which the environment is completely known a priori. In such cases, the
agent need not perceive or learn: it simply acts correctly. For example, suppose
we have all the information we need to infer one state and this information has
no errors of any kind. In this case, there is no inference, the agent should just
do a linear inversion. We will have more to say about this scenario in Chapter
3.

To the extent that an agent relies on the prior knowledge of its designer
rather than on its own percepts, we say that the agent lacks autonomy. A rational
agent should be autonomous, i.e., it should learn what it can to compensate
for partial or incorrect prior knowledge. As a practical matter, one rarely
requires complete autonomy from the start: when the agent has had little or
no information, it could act randomly or it could give some non-informative
inference (in our scenario could infer the normalized identity as result). After
enough perceived information of its environment, the behavior of a rational
agent can become effectively independent of its prior knowledge. Hence, the
inclusion of learning allows one to design a single rational agent that will
succeed in a vast variety of environments.

Now that we have a definition of rationality, we are almost ready to think
about building rational agents. One way of summarizing what we talked about
in this chapter is thinking about task environments, which are essentially the
“problems” to which rational agents are the “solutions”.

2.4 Specifying the task environment

We begin by showing how to specify a task environment. In our discussion
on the rationality of the quantum state inferrer agent, we had to specify the
performance measure, the environment, and the agent’s actuators and sensors.
We group all these under the heading of the task environment, and call it PEAS
(Performance, Environment, Actuators, Sensors) description.

In designing an agent, the first step must always be to specify the task
environment as fully as possible. First, what is the performance measure to
which we would like our quantum state inferrer to aspire? Desirable qualities
include goodness of fit of the measured probabilities; trace distance between
the estimated state and the reference one; amount of entanglement and so on.
Obviously, some of these goals conflict, so it can require some tradeoffs.

We have sketched the basic PEAS elements for our quantum state inferrer
in Tab. 2.1.

Next, what is the inferring environment that the agent will face? In our case,
our environment consists of a laboratory, which our data come from: it can be
an optical table, quantum antenna, or some other physical system where we
perform our measurements. The agent could also interact with the laboratory,
for instance, we can have preliminary measurements to align our apparatus
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2.4. Specifying the task environment

Agent type Performance
measure

Environment Actuators Sensors

Quantum
state inferrer

Goodness of
fit, trace
distance,
amount of
entanglement

laboratory,
optical table,
quantum
antenna

screen output,
write files,
send packets,
control
apparatus

CCD cameras,
photon count-
ing devices,
voltmeter

Table 2.1: PEAS description of the task environment for a quantum state
inferrer.

autonomously. Obviously, the more restricted the environment, the easier the
design problem.

The actuators for our inferrer include those available to a software agent:
display something in the screen, write files, send network packets, control the
electronical and mechanical apparatus and so on. The sensors for our agent
can be CCD cameras, photon counting devices, voltmeter, and other physical
measurement devices.

This concludes the ideas involved when looking at the problem of construct-
ing a rational agent. With this skeleton, we will be able to elaborate separate
aspects of our agent to infer quantum states, maps, and properties of physical
systems.
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CHAPTER 3
Quantum state inference on

informationally complete
contexts

The task of our quantum inferrer agent is receive, analyze the percept sequence
and infer ρ.

Agent PerceptsSensors

ActionsActuators

E
n
v
i
r
o
n
m
e
n
t

Are these valid quantum
measurements data?

Yes No Process data

How credible is the result?

Figure 3.1: First interaction of our quantum inferrer agent: data processing in
order to describe a valid quantum experiment.

In this chapter, we will elaborate our agent to execute the task in Fig. 3.1.
First, we must check whether our data satisfy our working hypotheses. Then,
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3.1. Working hypotheses

depending on the result, we process it to make it so; finally, we apply our
performance measures, which will inform us how credible are these data.

3.1 Working hypotheses

Our agent will rationalize based on five hypotheses:

• H0 : Quantum mechanics is a valid physical theory;

• H1 : The data came from a quantum experiment;

• H2 : We prepare the same state ρ, or effectively ρ;

• H3 : We trust in our measurement apparata;

• H4 : Born’s rule is the quantum mechanical rule for associating measure-
ment probabilities with states and effects, namely,

p(Ei = xi | ρ, E) = tr(ρ Ei), (3.1)

where the set {Ei} is a POVM (see Def. 3.3).
Let us explain our hypotheses: H0 express the fact our agent is not con-

cerned with the validity of quantum mechanics itself, so it will consider it
valid and sound; H1 is a possible ground were, as we will see later, we will
rely on (the positive semidefiniteness of ρ, see Def. 3.2); our objective is one
proper inferred ρ, so, we assume H2 also in order to guarantee the agent’s work
reliability; H3 is necessary to guarantee that we are measuring a given Ei, but
we can relax H3 to an ε-good approximation of Ei in the trace-norm (see Def.
3.1), namely, ∥∥∥Eideal

i − Eactual
i

∥∥∥
1
≤ ε, for some small ε > 0; (3.2)

and, finally, H4 connects the measured data perceived in the sensors with the
assumed quantum mechanical theory. We can read the left-hand side of Eq.
(3.1) as “the probability of measuring the effect Ei and obtaining the outcome
xi, given we prepare the system in a state ρ and Ei is a possible event in the set
{Ei}.

Now that we explained our working assumptions, we are in place to define
some terms extensively used in this thesis:

Definition 3.1 (Schatten p-norm). For any operator A ∈ L(H) and any real
number p ≥ 1, one defines the Schatten p-norm of A as

‖A‖p =
[
tr
(
(A† A)p/2

)]1/p
.

We also define

‖A‖∞ = max{‖A|u〉‖ : |u〉 ∈ H, ‖|u〉‖ = 1},

which coincides with limp→∞‖A‖p.
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3.2. The (im)perfect experiment

Definition 3.2 (Density Matrix). We can represent a quantum state in finite dimen-
sions by a Density Matrix ρ, a d× d (with d ∈ N, d ≥ 1) linear operator in L(H);
ρ is positive semi-definite (having non-negative eigenvalues); it has trace equals one;
and n = d2 − 1 linearly independent parameters.

Definition 3.3 (Positive Operator Valued Measure). We call a set {Ei} a Positive
Operator Valued Measure (POVM) when the elements Ei are a positive semi-definite
operators with eigenvalues smaller than one and ∑i Ei = 1. A POVM describes a
measurement with i labelling the possible events.

Definition 3.4 (Projective Measurement). We call a set of orthogonal projectors
{Pi} a ProjectiVe Measurement (PVM) when ∑i Pi = 1 and P2

i = Pi. A PVM
describes a measurement it is a special case of a POVM.

Definition 3.5 (Informationally Incomplete POVM). We call a POVM informa-
tionally incomplete when the set {Ei} has less than d2 − 1 linearly independent
operators.

Definition 3.6 (Informationally Complete POVM). We call a POVM informa-
tionally complete when the set {Ei} has exactly d2 − 1 linearly independent opera-
tors.

Definition 3.7 (Symmetric Informationally Complete POVM [61]). We call a
POVM symmetric informationally complete when the set {Ei} is an IC-POVM
(according to Def. 3.6) and tr

(
EiEj

)
= c, ∀ i 6= j for the same constant c.

Definition 3.8 (Super-complete POVM). We call a POVM super-complete when
the set {Ei} has more than d2 − 1 linearly independent operators and other m ∈ N

and m > 0 linearly dependent ones.

3.2 The (im)perfect experiment

In an ideal world, experiments with ideal measurement apparata and perfect
preparation schemes give us a set of noiseless data. In this case, we do not
need to discuss about noise sources, faulty detectors, blind counts and so forth.
Our agent will use Born’s rule (3.1) and solve one linear system to handle the
tomography scheme.

We need to be careful to distinguish between complete and noiseless data.
We relate the completeness of a given information only with the number of lin-
early independent parameters collected in the percept sequence. Nevertheless,
one can have enough noise in the system to render the complete information
useless, but we will treat them as separate entities in this thesis.

Suppose we have a percept sequence with actual probabilities pi and we
chose to measure an Informationally Complete POVM (IC-POVM) defined in
Def. 3.6. We can write the prepared state ρ ∈ L(Hd) ∼= L(Cd) as

ρ =
d2−1

∑
i=1

θiEi, (3.3)
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3.2. The (im)perfect experiment

where Ei form a basis in Hilbert-Schmidt space and θi is the solution to the
following linear system [54]:

G−1~p = ~θ, Gij = tr
(
EiEj

)
. (3.4)

Here, we kept the notation from classical statistics concerning ~θ ∈ Θ (cf.
Section 2.2). The parameter space Θ usually is a subset of Rn for some n ≥ 1 (in
this case, n = d2− 1). Depending on the basis, pi can be equal to θi, but it is not
the general case. One should note that the choice of measuring an IC-POVM
also implies G having an inverse.

Yet, the world is a dirty place and we have limited resources. Typically,
instead of having the actual probabilities pi, we possess N observations of
different events, corresponding to the set {Ei} (still assumed to be an IC-
POVM). Therefore, the perceived data (a generic element of the sample space
X ) has the form ~x = (x1, . . . , xN)

T ∈ RN .
The first real-world task of our agent is choosing a decision rule (cf. Section

2.2) to process ~x into ~θ, considering we do not have direct access to ~p. Our
agent can decide as following:

d(xi) ≡
Number of times that we observed xi

Total number of observations
≡ fi. (3.5)

We call Eq. (3.5) the frequentist approach. The frequentism is an interpretation
of probability and defines an event’s probability as the limit of its relative
frequency fi in a large number of trials, i.e.,

pi ≡ lim
N→∞

#xi
N

, (3.6)

where #xi counts the number times that we observed xi.
There are different interpretations of probability leading to different choices

of d(xi), but we will use the frequentist approach for the sake of simplicity
and operationality. Thus, the first implementation of our agent could be the
following:

(i) : Colect xi;

(ii) : Use the decision rule d(xi) in Eq. (3.5) to produce fi;

(iii) : Assume that fi ≈ pi;

(iv) : Infer θ using the linear system in Eq. (3.4);

(v) : Construct ρ using Eq. (3.3) and display it.

This implementation has some flaws: the assumption in the step (iii) is very
strong, we can have a small number of observations, rendering the approx-
imation unreasonable, and it also fails to consider that sources of noise can
disturb the measurements; the method in step (iv) does not take into account
the losses and, consequently, the risk of choosing the decision rule in Eq. (3.5);
and, finally, we cannot guarantee the positive semi-definiteness of ρ in step
(v). Therefore, we need better methods connecting d(xi) with valid quantum
probability distributions.
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3.3. Maximum likelihood estimation

3.3 Maximum likelihood estimation

The well-known statistically based approach employed in quantum tomogra-
phy is the Maximum Likelihood Estimation (MaxLik) [40, 28, 60, 31]. MaxLik
searches for an estimate of the density matrix such that the observed data are
most likely:

max
ρ
L(ρ | d(X), E) ≡ q(d(X) | ρ, E)

subject to ρ � 0 ;

tr(ρ) = 1,

(3.7)

where q(d(X) | ρ, E) is the joint probability density function of the observed
data X given ρ over the set {Ei}, considering some decision rule d(·) upon X.

The MaxLik approach depends on the parametric model assumed for
L(ρ | d(X), E) (cf. [74]). We may use for example a multinomial distribution,
as considered in [28]:

L(ρ | d(X), E) =
N!

∏j #xj
∏

i
p(Ei = xi | ρ, E)#xi =

N!
∏j #xj

∏
i

tr(ρEi)
#xi , (3.8)

where ρ is a variable, #xi counts the number times that we observed the out-
come xi and N is the total number of observations N = ∑i #xi.

In photocounting experiments [1], we have #xi photon count rates, and
considering linear measurement model, we have

Ntr(ρEi)− #xi = N∆i, ∀ i = 1, . . . , m, (3.9)

(or frequencies tr(ρEi)− fi = ∆i ) where ∆i are independent, identically dis-
tributed (i.i.d.) measurement errors.

While seeing Eq. (3.9), one might remember Section 2.2, where we defined
an abstract loss function L(θ, d(X)) = |θ − d(X)| in Eq. (2.3). This is not a
coincidence, since the error ∆i captures the idea of an incurred loss when we
choose to represent tr(ρEi) — which is our parameter of interest θi — by fi (in
the case of frequentist decision rule in Eq. (3.5)).

There is another model used in photonic tomography, proposed by James
et al. [31],

L(ρ | d(X), E) =
1

Nnorm
∏

i
exp

(
−1

2
(N tr(ρEi)− #xi)

2

σ2
i

)
, (3.10)

where σi =
√

#xi is the standard deviation in the Poissonian distribution. This
model assumes that the photon detection counting is well approximated by a
Gaussian (when the count numbers are large enough).

In practice, instead of maximizing L(ρ | d(X), E), we maximize the loga-
rithm of it (also called log-likelihood function [74]), in case of Eq. (3.10), reads:

`(ρ | d(X), E) ∝ −∑
i

(
(N tr(ρEi)− #xi)

2

σ2
i

)
, (3.11)

i.e., Eq. (3.11), resembles the squared error loss function L(θ, d(X)) = (θ −
d(X))2 defined in Eq. (2.2) of Section 2.2.
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3.4. Quantum tomographies via SDPs

Moreover, we may interpret any penalty function approximation problem

min
ρ

∑
i

φ(N tr(ρEi)− #xi) (3.12)

as a maximum likelihood estimation problem with noise density

L(ρ | d(X), E) =
e−φ(d(X))∫
e−φ(µ)dµ

, (3.13)

measurements X (cf. [7] for more details), and some decision rule d(·) upon
X. One may see this observation as a statistical interpretation of the penalty
function approximation problems.

For a general non-linear L(ρ | d(X), E), solving (3.7) is a challenge on its
own. Usually, numerical methods for specific likelihoods are still computation-
ally inefficient and expensive. In case of (3.8), the RρR algorithm and variants
[28, 60] have shown practical behavior. For the likelihood (3.10) a common
method is to parametrize the density matrix as follows:

ρ =
T†T

tr(T†T)
, (3.14)

where T is an upper triangular matrix, to fall into an unconstrained optimiza-
tion problem in the entries of T. Although unconstrained, this new problem
in T is non-convex and plagued with many local maxima, but Gonçalves et al.
[21] proved that these local maxima are all global.

3.4 Quantum tomographies via SDPs

As we said in Chapter 2, we will pursue an efficient rational agent, where we
limit ourselves in using polynomial algorithms.

In [45], we introduced our first scheme: the Variational Quantum State
Tomography (VQT). We formulated VQT as an SDP (Semi-Definite Program-
ming). An SDP is a class of optimization problems characterized by having a
linear objective function, constrained by linear matrix inequalities (LMIs). One
advantage of SDPs is that we can solve them efficiently using modern interior-
point algorithms. For more details about SDPs and its efficient solutions, cf.
[35, 7, 25, 53].

Suppose we are measuring an IC-POVM (Def. 3.6) and using the frequentist
decision rule in Eq. (3.5). We can write the VQT scheme presented in [45] as

min
ρ, ~∆

d2−1

∑
i=1

∆i

subject to ρ � 0 ;

tr(ρ) = 1 ;

|tr(ρEi)− fi| ≤ ∆i fi , i = 1, . . . , d2 − 1;

0 ≤ ∆i ≤ 1 .

(3.15)
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3.4. Quantum tomographies via SDPs

Let us analyze the problem in (3.15) line by line. The first line has our objective
function: where we are minimizing our expected losses (or errors). In the
second and third lines, we are constraining ourselves with positive semi-
definite matrices of trace one, this will play the role of our hypothesis H2
in Section 3.1. We define our losses in the last two lines: in this case, each
individual loss cannot be greater than the observed relative frequency fi.

Sometimes, modeling our losses as in (3.15) can be too restrictive to the
point of being infeasible, but SDPs are flexible enough to allow different loss
functions. For example, we saw in the last section that we can relate Gaussian
noise with least squares minimization. So, if we want a solution like (3.11), we
can write the following:

min
ρ, ~∆

d2−1

∑
i=1

∆i

subject to ρ � 0 ;

tr(ρ) = 1 ;

(tr(ρEi)− fi)
2

σ2
i

≤ ∆i , i = 1, . . . , d2 − 1;

∆i ≥ 0 .

(3.16)

We can also try

min
ρ, ∆

∆

subject to ρ � 0 ;

tr(ρ) = 1 ;∥∥∥M vec(ρ)−
−→
f
∥∥∥

2
≤ ∆

∆ ≥ 0 ,

(3.17)

where vec(ρ) is the vector representation of ρ (in Dirac’s notation, this results
in flipping a bra to a ket, vec(|a〉〈b|) ≡ |a〉|b〉, with |a〉,|b〉 being standard basis
elements) and M is a measurement matrix, with each row being vec(Ei)

T . The
problem (3.17) is a conic program and uses the `2-norm for vectors (we could
use `1-norm as well).

There is also another scheme in [3] using Bayesian estimates, namely,

min
ρ, τ

τ

subject to ρ � 0 ; tr(ρ) = 1; τ ≥ 0 ;(
M vec(ρ)−−→µ

)TΣ†(M vec(ρ)−−→µ
)
≤ τ ,

(3.18)

where ~µ is a Bayesian estimate of the mean, Σ† is the Moore-Penrose pseudoin-
verse of the Bayesian estimate of the covariance matrix and τ plays the role of
the `2-distance. We are not entering in details of Bayesian estimation.
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3.5. Agent’s design

3.5 Agent’s design

Now, we have everything to design our agent, again, assuming we are measur-
ing an IC-POVM (Def. 3.6) and using the frequentist decision in Eq. (3.5):

(i) : Colect xi;

(ii) : Use the decision rule d(xi) in Eq. (3.5) to produce fi;

(iii) : Execute programs (3.15), (3.16) and (3.17);

(iv) : Exclude unfeasible solutions and compare the expected losses;

(v) : Choose and display the best estimate of ρ.

We have a better design compared to our first one in Section 3.2. Now we
have methods that minimize expected losses while respecting our working
hypotheses in Section 3.1. We illustrated this in Fig. 3.2.

Choosing the best estimate of ρ will depend on what we want. One possible
choice is selecting the state with the maximum entropy, or, sometimes, the state
with the least entanglement according to some appropriate measure.

Agent PerceptsSensors

ActionsActuators

E
n
v
i
r
o
n
m
e
n
t

FrequentistColect x

Choose the best estimate

i

d(x )i fiRun (3.16);
Run (3.17);
Run (3.18); Compare

results

Figure 3.2: Last design of our agent for the informationally complete context.
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CHAPTER 4
Estimation on

informationally incomplete
contexts: the need for

inference

In this chapter, we will relax the assumption of measuring an informationally
complete POVM, i.e., we are now using Def. 3.5 for our set {Ei}. Being in this
context means that we possess less than d2− 1 linearly independent coefficients.
This lack of information has important consequences and we need to address
them carefully.

Whenever we have an incomplete set of measurements, the inferred state
may not be uniquely determined by the available data. Therefore, we need
suitable estimation methods for correct interpretation and quantum diagnostics,
which will not bias the undetected components.

The quantum version of Jaynes’ Principle [32] of Maximum Entropy esti-
mation (MaxEnt) [9] is usually the tool of choice in this scenario. However, this
is not an easy task due to the nonlinearities in the reconstruction algorithm.

Another possible approach, which avoids nonlinear difficulties, is using
Compressed Sensing [24], our Variational Quantum Tomography (VQT) [45]
and our revised version of VQT in [22].

Here, we analyze the similarities and differences between VQT and MaxEnt
for quantum tomography with incomplete data, from the first method [45]
towards the revised version [22]. First, we examine the behavior of these two
methods in setting the probabilities related to the missing information. Then,
we show that our revised version captures the idea behind the Maximum
Entropy approach, in the sense that it sets the unmeasured probabilities as
uniform as possible. This modified VQT is still an SDP, so it is still an efficient
formulation for our agent.
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4.1. Variational Quantum Tomography

4.1 Variational Quantum Tomography

We introduced the Variational Quantum Tomography in Section 3.4 in the
context of complete data. Although still assuming the frequentist decision rule
in Eq. (3.5), we are now measuring an informationally incomplete POVM (Def.
3.5) and we need to add an extra term in our objective function to deal with
this lack of information, namely

min
ρ, ~∆

∑
i∈I

∆i + ∑
i/∈I

tr(Eiρ)

subject to ρ � 0 ;

tr(ρ) = 1 ;

|tr(ρEi)− fi| ≤ ∆i fi , i ∈ I ;

0 ≤ ∆i ≤ 1 .

(4.1)

The difference from Eq. (3.15) is the extra term in our objective function and
the set of indexes of measured data I (cf. Section 3.4 for other details of the
formulation).

With this extra term in the objective function,

∑
i/∈I

tr(Eiρ),

we can choose the solution that also minimizes the expectation values of the
unmeasured observables. Minimizing the unknown subspace is a reason-
able model, and we successfully applied this inference scheme in an actual
experiment [43, 19].

However, the problem (4.1) does not have unique solution, i.e., we can have
more than one estimate that minimizes our expected losses and satisfies the
constraints. This motivated us to revise our method and we will give more
details in the next sections.

4.2 Maximum Entropy estimation

Buzek et al. [9] introduced the Maximum Entropy approach in the context of
quantum state tomography with incomplete data. The idea is to take as an
estimate for ρ the density matrix that maximizes the von Neumann entropy,

S(ρ) = −tr(ρ ln ρ), (4.2)

and is compatible with the available observed data. This estimate is the solution
of the following optimization problem:

max
ρ

− tr(ρ ln ρ)

subject to ρ � 0,

tr(ρ) = 1,

tr(Eiρ) = fi, i ∈ I .

(4.3)
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4.2. Maximum Entropy estimation

Although we have to deal again with constraints in the semidefinite positive
cone, it is possible to devise an explicit solution for (4.3), using the first order
optimality conditions.

Applying the KKT first order optimality conditions [34, 37], we obtain

ln(ρ) + 1 + λ01 + ∑
i∈I

λiEi = S,

tr(Eiρ) = fi, i ∈ I (4.4)

tr(ρ) = 1,

ρ � 0, S � 0

ρ S = 0,

where 1 is the identity operator and λi are Lagrange multipliers. Assuming
that ρ � 0, we get

ln(ρ) + 1 + λ01 + ∑
i∈I

λiEi = 0,

tr(Eiρ) = fi, i ∈ I (4.5)

tr(ρ) = 1.

From the first equation in (4.5), we obtain

ρ = exp

(
−∑

i∈I
λiEi − λ01− 1

)
� 0, (4.6)

and defining 1/ exp(−λ0 − 1) = N = tr(exp ∑i −λiEi), we have

ρME =
1
N exp ∑

i∈I
−λiEi. (4.7)

Clearly, ρME � 0 and tr(ρME) = 1 due to the normalization constantN . We can
determine the Lagrange multipliers solving the non-linear system of equations

tr
(
EjρME

)
= f j, j ∈ I , (4.8)

that is,

tr

(
Ej exp

(
∑
i∈I
−λiEi

))
= N f j, j ∈ I . (4.9)

Since we usually have noisy data { fi}, we solve the following non-linear
least-squares problem

min
λ

∑
j∈I

[
tr

(
Ej exp

(
∑
i∈I
−λiEi

))
−N f j

]2

, (4.10)

instead of the non-linear equations (4.9).
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4.3 VQT, Eigenbasis Measurements and Maximum Entropy

Since we are considering quantum tomography with incomplete measure-
ments, an important point is how the methods assign the probabilities as-
sociated to unmeasured POVM elements. To simplify our analysis, we will
consider first the case of eigenbasis measurements in an ideal experiment (free
of noise). We can write the true state ρ using spectral decomposition:

ρ = ∑
i∈I

ciPi + ∑
i/∈I

ciPi, (4.11)

where Pi’s are d orthonormal projectors onto the eigenspace of ρ. The task of
tomography now is to determine the coefficients ci’s (eigenvalues) based on
observed data. Assuming we have m < d projectors (d is the dimension of the
Hilbert space), and that {Pi} is an orthonormal set, it is easy to show that

ci = tr(Piρ), ∀ i, (4.12)

and since we have an ideal experiment, we also obtain

tr(Piρ) = fi, ∀i ∈ I , (4.13)

where fi’s are the measured data. Due to the normalization constraint, we have
that

∑
i/∈I

ci = 1−∑
i∈I

ci = 1−∑
i∈I

fi, (4.14)

and the constraint ρ � 0 implies that ci ≥ 0, ∀i.
Now let us consider the MaxEnt solution, given by (4.7):

ρME =
1
N exp

(
∑
i∈I
−λiPi −∑

i/∈I
0Pi

)

= ∑
i∈I

e−λi

N Pi +
1
N ∑

i/∈I
Pi, (4.15)

where λi are the Lagrange multipliers related to the constraints (4.13). Since
ρME must satisfy those constraints, we have

f j = tr

(
Pj

(
∑
i∈I

e−λi

N Pi +
1
N ∑

i/∈I
Pi

))
=

e−λj

N . (4.16)

Thus, e−λi /N = fi = ci, ∀i ∈ I , as we expected. Moreover, as tr(ρME) = 1,
we obtain

∑
i∈I

fi +
d−m
N = 1, (4.17)

which implies that, for the unmeasured coefficients,

ci =
1
N =

1−∑j∈I f j

d−m
, ∀ i /∈ I . (4.18)
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4.3. VQT, Eigenbasis Measurements and Maximum Entropy

In other words, the MaxEnt solution

ρME = ∑
i∈I

fiPi + ∑
i/∈I

(1−∑j∈I f j

d−m

)
Pi, (4.19)

uniformly distributes the remainder 1−∑j∈I f j among the other coefficients
ci, ∀ i /∈ I .

Now let us compare this solution with the VQT solution. Considering the
formulation (4.1), and applying equations (4.12),(4.13),(4.14), we obtain

min
ci ,∀i/∈I ∑

i/∈I
ci

subject to ∑
i/∈I

ci = 1−∑
i∈I

fi,

ci ≥ 0, ∀ i /∈ I .

(4.20)

Since we are assuming an ideal experiment, ci = tr(Piρ) = fi, ∀ i ∈ I , we have
∆i = 0, ∀ i ∈ I . Furthermore, the variables of the problem (4.20) are ci, ∀ i /∈ I ,
and any feasible solution of (4.20) is also optimal, because the objective function
is the same as the left hand side of the first constraint. Thus we can express the
solution of VQT as

ρVQT = ∑
i∈I

fiPi + ∑
i/∈I

ciPi. (4.21)

Therefore, there is no constraint or penalty in the objective function that forces
ci, i /∈ I , to agree with those of MaxEnt solution.

To guarantee that the VQT solution agrees with the MaxEnt solution, at
least in the ideal eigenbasis case, we propose a change in the VQT formulation
(4.1). Let us define the vector c̃, of size d2 −m, with components

c̃i = tr(Eiρ), ∀ i /∈ I . (4.22)

Considering that Ei are usually POVM elements (or projectors), we will assume
that c̃i ≥ 0. Thus we have that

‖c̃‖1 = ∑
i/∈I
|tr(Eiρ)| = ∑

i/∈I
tr(Eiρ). (4.23)

Our proposal consists in using

‖c̃‖∞ = max
i/∈I
|tr(Eiρ)| = max

i/∈I
tr(Eiρ), (4.24)

instead of ‖c̃‖1 in the objective function of the problem (4.1). Whenever we fix
the sum of the components of c̃, minimizing ‖c̃‖∞ promotes a more uniform
distribution of these coefficients.

In this case, the VQT∞ (VQT with ‖.‖∞) formulation becomes

min
ρ, ∆

∑
i∈I

∆i + max
i/∈I

tr(Eiρ)

subject to |tr(Eiρ)− fi| ≤ ∆i fi i ∈ I
∆i ≥ 0,

tr(ρ) = 1,

ρ � 0,

(4.25)
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4.4. Noisy data and the MaxLik-MaxEnt approach

and for the ideal eigenbasis case, the equivalent of (4.20) is

min
ci ,∀i/∈I

max
i/∈I

ci

subject to ∑
i/∈I

ci = 1−∑
i∈I

fi,

ci ≥ 0, ∀i /∈ I .

(4.26)

Notice that the problem (4.26) has a unique solution that corresponds to the
uniform distribution of the remainder 1−∑i∈I fi among the coefficients ci, ∀i /∈
I , which coincides with the MaxEnt solution in this case.

Despite the agreement with MaxEnt in the eigenbasis case, the proposed
modification does not turn the problem (4.25) harder than (4.1). This is true
because minimizing ‖c̃‖∞ is equivalent to minimizing some auxiliary variable
δ subject to |c̃i| ≤ δ, ∀ i /∈ I . Therefore, we have again a linear SDP:

min
ρ, ∆, δ

δ + ∑
i∈I

∆i

subject to ρ � 0,

tr(ρ) = 1,

|tr(Eiρ)− fi| ≤ ∆i fi i ∈ I ,

tr(Eiρ) ≤ δ i /∈ I ,

0 ≤ ∆i ≤ 1,

δ ≥ 0.

(4.27)

Although the equivalence between the solution of the VQT formulation (4.27)
and the one of MaxEnt is true only for the eigenbasis case, the relationship
between these two problems is clear: both of them, each in its own way, try to
set the unmeasured probabilities the most uniformly as possible.

4.4 Noisy data and the MaxLik-MaxEnt approach

To assist or MaxEnt approach in case of noisy data, we will use with Maximum
Likelihood (MaxLik) [40, 28, 60, 31], see Section 3.3. Regardless the method we
use to solve (3.7), whenever we do not have a tomographically complete set of
measurements or some data is missing (incomplete data), there is a convex set
of maximizers of L(ρ | d(X), E), that is, a convex set of matrices for which the
likelihood achieves its maximum value. Then the intersection of this set with
the set of density matrices may be a non-empty convex set and, in this case, we
have more than one solution for (3.7). Each of these solutions is compatible
with the data, in the sense that minimizes some relative distance between the
observed data f j and the probabilities predicted by quantum mechanics tr

(
Ejρ
)
.

However, these solutions differ on how to fit the unmeasured probabilities.
One way to choose a unique solution from the set of ML (Maximum Likeli-

hood) solutions, in this case, is to apply the MaxEnt method constrained to the
set of ML solutions. To accomplish this task, after we have one ML solution,
say ρML, we know that

tr(Eiρ) = p̄i ≡ tr(EiρML), ∀ i ∈ I , ∀ ρ ∈ SML, (4.28)
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where SML is the ML solution set. Therefore, we can obtain the Maximum
Entropy solution among the ML solutions solving the problem (4.3) switching
fi by p̄i for all i ∈ I . This is the Maximum Likelihood - Maximum Entropy
(MaxLik-MaxEnt) [59] estimate for ρ. Other possible approach is the joint
maximization of likelihood and entropy through a Lagrangian function [68].

4.5 Numerical simulations: VQT∞ and MaxLik-MaxEnt

To compare the VQT∞ and the MaxEnt approach, for each rank, we sampled
1000 uniformly distributed density matrices1 representing four-qubits states,
and we fixed a SIC-POVM basis [61] (see Def. 3.7) to measure.
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Figure 4.1: Convergence of VQT∞ and MaxEnt increasing the number of
measurements.

For each rank, we computed the worst, the average and the least number
of measurements needed for each method to converge to the reference state,
depicted in Fig. 4.1. We considered that a method converges if the trace
distance,

D(ρ, σ) =
1
2
‖ρ− σ‖1, ‖·‖1 is the Schatten p-norm, see Def. 3.1, (4.29)

to the real state is less than 10−4.
1According to the Haar measure [75] when we have a pure state and according to Hilbert-

Schmidt measure [75] otherwise.
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4.6. Agent’s design

Firstly, we consider noise-free data. As one can see, the required num-
ber of measurements to converge is almost the same for MaxEnt and VQT∞
methods. Fig. 4.1 also shows that the worst case for each method does not
exceeds the O(rd log(d)2) number of measurements (r is the rank) mentioned
in compressed sensing works [24] in quantum tomography.

Afterwards, we compared the convergence of both methods in terms of
average trace distance and average entropy for rank one states as the measure-
ments increase, illustrated in Fig. 4.2. Again, one can see a similar behavior
between MaxEnt and VQT∞, the former with a slightly smaller distance and
greater entropy than the second.
The impact of the proposed modification (4.27) comes up when we compare

the distance of c̃, the vector of remaining probabilities, to the uniform vector
whose entries we define in (4.18). Fig. 4.4 shows, for ranks one and six, the
average Kullback-Leibler divergence,

DKL(~p ||~q) ≡ −∑
i

log
(

pi
qi

)
, pi, qi ≥ 0, ∑

i
pi = ∑

i
qi, = 1, (4.30)

to the uniform distribution. As one can see, the VQT∞ is closer to the MaxEnt
than the original VQT. When the number of measurements is sufficient to
determine uniquely the state, then we observe the agreement of the methods.

To assess the convergence properties in a more realistic scenario we in-
troduced two kinds of error in the true probabilities, one using a Gaussian
perturbation with zero mean and standard deviation 10−6 and the other con-
sidering values uniformly distributed in an interval of 5% deviation of the true
probabilities.

We used the MaxLik-MaxEnt method in comparison with VQT∞. For the
likelihood function, we used a variant of (3.11). In Fig. 4.5, we plot the average
trace distance depending on the number of measurements for random rank
one states for the two kinds of error.

These numerical simulations corroborate the relationship between VQT∞
and MaxEnt methods proved in Section 4.3 for eigenbasis measurements. The
new proposed formulation (4.25), as the MaxEnt approach, tries to fit the
unmeasured probabilities the most uniformly as possible. We see that the
results for these methods are quite close and the VQT∞ has the advantage
of the linear SDP programming against non-linear optimization problems
of MaxEnt. Each optimization using VQT takes no more than five seconds
whereas MaxLik-MaxEnt tomography spends about twelve seconds in the
worst case. We did the simulations on a Intel Core 2 Duo, 2 GB RAM computer,
in MATLAB, using Yalmip/SEDUMI [44, 67] to model and solve the SDP
problems.

4.6 Agent’s design

Summarizing, we proposed a variant of the VQT method for quantum to-
mographies with incomplete information, namely VQT∞, that tries to fit the
unmeasured probabilities to be the most uniformly as possible. Therefore,
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Figure 4.2: (a): Trace distance to the real rank-1 state for VQT∞ and MaxEnt.
(b): von Neumann entropy of VQT∞ and MaxEnt estimates.
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VQT∞ has a similar behavior to the well-known MaxEnt approach in the noise-
free case, and to the MaxLik-MaxEnt in the presence of noise. We confirmed
this claim theoretically for the case of eigenbasis measurements, in our numeri-
cal simulations, and we implemented it successfully in actual experiments, cf.
[57, 48].

With this work, we achieved the main goal of this thesis: now we can design
a rational agent that can infer quantum states properly in the spirit of Jaynes’
Principle (see Principle 2) using algorithms of polynomial complexity solely.
The final design is the following (see Fig. 4.3):

(i) : Colect xi;

(ii) : Use the decision rule d(xi) in Eq. (3.5) to produce fi;

(iii) : Check the completeness of the measured {Ei}i∈I ;

(iv) : If {Ei}i∈I is informationally complete, execute (3.15), otherwise, execute
(4.27) (here we chose one loss function for the probabilities in each case,
but we can choose others like we did in Section 3.5);

(v) : Exclude unfeasible solutions and compare the expected losses;

(vi) : Choose and display the best estimate of ρ.

Agent PerceptsSensors

ActionsActuators

E
n
v
i
r
o
n
m
e
n
t

FrequentistColect x

Choose the best estimate

i

d(x )i fiIs {E } IC?i

Compare results

Yes No

Run (3.16) Run (4.27)

Figure 4.3: Final design of our quantum inferrer agent for the informationally
incomplete context.
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Figure 4.4: Average Kullback-Leibler divergence of c̃ to the uniform distribu-
tion. (a) rank one, (b) rank six.
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Figure 4.5: (a): Trace distance to the reference rank-1 state with probabilities
perturbed by a Gaussian noise. (b): Trace distance to the reference state with
5% uniform noise.
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CHAPTER 5
Estimation of quantum

processes in informationally
incomplete contexts

After dealing with inferences of quantum states in Chapter 4, we will proceed
to a more complex scenario: characterization of quantum dynamics.

5.1 Linear mappings and quantum channels

We describe these dynamics with linear mappings of the form Φ : L(HI) →
L(HO), whereHI andHO are the Hilbert spaces of input and output respec-
tively and, here, dim(HI) = dim(HO) = d. This abstract representation can be
useful in some situations, but here we prefer to work with more operational
forms of quantum channels (see Watrous’ lecture notes in [72] for an extesive
discussion on quantum channels and its representations).

Suppose we have finite and non-empty sets of operators

{Aa : a ∈ Γ}, {Ba : a ∈ Γ} ⊂ L(HI ⊗HO)

for which the equation
Φ(ρ) = ∑

a∈Γ
Aa ρB†

a (5.1)

holds for all ρ ∈ L(HI). We call the expression in Eq. (5.1) the Kraus representa-
tion [36] of the map Φ and it is never unique . We usually reserve this term for
the case where Aa = Ba for each a ∈ Γ. In this case, we call the operators Aa
Kraus operators, and they exist if, and only if, Φ is completely positive [36], i.e.,
Φ⊗ 1L(HK) is positive for all possible extensions in L(HK) and dim(HK) ≥ 1.
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5.1. Linear mappings and quantum channels

To show an example of the non-uniqueness of the Kraus representation, we
can expand Aa and Ba using an IC-POVM (Def. 3.6),

Φ(ρ) = ∑
a∈Γ

Aa ρB†
a = ∑

a∈Γ

(
d2

∑
i=1

ca
i Ei

)
ρ

(
d2

∑
j=1

da
j Ej

)†

=
d2

∑
i,j=1

χijEi ρE†
j ,

(5.2)

where χij = ∑a∈Γ ca
i da

j and the bar above means the complex conjugate. The

set of coefficients {χij} defines the super-operator χ ∈ L(HI ⊗HO) [54] , which
has all the information about the process. It is a d2 × d2 positive semi-definite
operator, and we can think of it as a density matrix in the Hilbert-Schmidt
space with d4 independent real parameters (or d4 − d2 in the trace preserving
case).

From Aa and Ba (or χ and E), we can also obtain the Choi-Jamiołkowski
representation [11] of Φ,

J(Φ) = ∑
a∈Γ

vec(Aa)vec(Ba)
† =

d2

∑
i,j=1

χijvec(Ei)vec(Ej)
†, (5.3)

where J(Φ) ∈ L(HO ⊗HI), and the operation vec(·) transforms ρ into a col-
umn vector (cf. Section 3.4). To recover the action of Φ using this representation,
we use the following relation:

Φ(ρ) = trHI

(
J(Φ)(1HO ⊗ ρT)

)
. (5.4)

Differently from Kraus representation, J(Φ) is unique, we can write it into
its spectral decomposition,

J(Φ) =
r

∑
i=1

λivec(K̃i)vec(K̃i)
†, (5.5)

and bring it back to Kraus form

Φ(ρ) =
r

∑
i=1

Ki ρK†
i , (5.6)

with vec(Ki) =
√

λivec(K̃i) and r = rank(J(Φ)) is the Kraus rank of Φ, i.e., the
minimum number of Kraus operators needed to represent Φ. This number will
play the same role as the rank of inferred states in Chapter 4.

We can also obtain interesting properites of Φ using J(Φ):

(i): Φ is completely positive if, and only if, J(Φ) is a positive semi-definite
operator;

(ii): Φ is trace-preserving (tr(Φ(ρ)) = tr(ρ)) when

trHO(J(Φ)) = 1HI ; (5.7)
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5.2. Variational Quantum Process Tomography (VQPT)

(iii): Φ is unital (Φ(1) = 1) when

trHI (J(Φ)) = 1HO . (5.8)

See reference [72] for a complete treatise on quantum maps. We can also define
what we mean by a quantum channel, namely

Definition 5.1 (Quantum Channel). We call Φ a quantum channel when it is
both completely positive and trace-preserving.

5.2 Variational Quantum Process Tomography (VQPT)

The first question which arises when Φ is unknown is what do we need to
fully characterize the dynamics. To answer this question, we need to choose a
quantum process tomography (QPT) scheme. Each procedure demands different
resources and operations.

There are four general types of QPT procedures: (i) standard quantum process
tomography (SQPT) [12]; (ii) ancilla-assisted process tomography (AAPT) [14, 42, 2];
(iii) direct characterization of quantum dynamics (DCQD) [50, 51, 52]; (iv) selective
and efficient quantum process tomography (SEQPT) [4, 5, 65].

In (i), we obtain the information indirectly, performing a set of quantum state
tomographies (QSTs) [15, 16, 60, 47, 45, 43] of linear independent states, which
spans the Hilbert-Schmidt space of interest, after the action of the unknown
map. The second scheme (ii) – also an indirect procedure – makes use of an
auxiliary system. The information is then extracted by means of QST of the
joint space (system and ancilla). The third one (iii) obtains the dynamical
information directly – using quantum error detection (QED) [54] concepts – mea-
suring stabilizers and normalizers. Finally, the last method (iv) – which also
measures the parameters directly – consists in estimating averages over the
entire Hilbert space of products of expectation values of two operators. For the
special case of one-parameter quantum channels, there is also an interesting
method developed by Sarovar and Milburn [64].

We showed we can infer quantum states propely out of incomplete and
noisy information with VQT and VQT∞ in Chapter 4. Here, we extend VQT to
the tomography of quantum processes [46]. The new method inherits all the
advantages of the VQT and opens the door to the characterization of maps in
larger systems, where lots of measurements could be necessary. We will present
our method recasting both SQPT(i) and AAPT(ii) – which rely on tomography
of states – in the paradigm of incomplete information, as we did in Chapter 4
with quantum states.

Suppose we prepare ρk, with k = 1, . . . , m, input states. After the action of
the map, we can write the output states as

$̃k ≡ Φ(ρk) =
d2

∑
i,j=1

χijEiρ
kE†

j . (5.9)
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5.2. Variational Quantum Process Tomography (VQPT)

Suppose also that we measured nk, with nk ≤ d2, elements of an IC-POVM
(Def. 3.6) in the kth output state, which reads

tr
(

Eλ$̃k
)
= fλ, λ(i, k) ∈ I , (5.10)

where I is the set of indexes of measured data (same as in Chapter 4) and
λ(i, k) is a fused index of i and k (we will write just λ from now on to avoid
cumbersome notation). Note we also assumed the frequentist decision rule in
Eq. (3.5) to map our measurements onto fλ.

The SQPT method demands quantum state tomography in all linearly inde-
pendent states which span the Hilbert-Schmidt space. With nk measurements
in k = 1, . . . , m different states, the variational SQPT reads:

min
χ, ~∆

∑
λ∈I

∆λ + ∑
λ/∈I

tr
(

Eλ$̃k
)

subject to χ � 0 ;

tr
(

$̃k
)
≤ 1 ;

|tr
(

$̃kEλ

)
− fλ| ≤ ∆λ fλ , λ ∈ I ;

0 ≤ ∆λ ≤ 1 ;

k = 1, . . . , m ,

(5.11)

whit $̃k defined in Eq. (5.9). We can also write Eq. (5.11) in terms of our VQT∞
inference scheme as

min
χ,~∆, δ

δ + ∑
λ∈I

∆λ

subject to χ � 0 ;

tr
(

$̃k
)
≤ 1 ;

|tr
(

$̃kEλ

)
− fλ| ≤ ∆λ fλ , λ ∈ I ;

|tr
(

$̃kEλ

)
| ≤ δ , λ /∈ I ;

0 ≤ ∆λ ≤ 1 ;

δ ≥ 0 ;

k = 1, . . . , m .

(5.12)

The SDPs in Eqs. (5.11) and (5.12) return the operator χ, which we can use
to infer the unknown process Φ using the representations in Eqs. (5.2) and (5.3).
Note that, at the same time, we were able to infer $̃k optimally.

We can analyze the convergence of these methods in function of the Kraus
rank of Φ (similarly to the analysis in Section 4.5). In Fig. 5.1, we simulated
the reconstruction of two-qubit processes with d4 = 256 linearly independent
parameters using the scheme in Eq. (5.11). For each rank, we randomly
generated1 100 Choi matrices J(Φ); fixed a SIC-POVM basis [61] (see Def. 3.7);
and chose the sequence of measured Eλ at random.

1According to the Haar measure [75] when we have a pure map and according to Hilbert-
Schmidt measure [75] otherwise.
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Figure 5.1: Reconstruction of two-qubit processes of all ranks. We plot the
number of linearly independent POVM elements necessary to reconstruct the
map against the process rank. For each rank, we randomly generated 100
processes.

We can also recast the AAPT method. In this case, we need to add an
ancillary system with the same dimension of the first one. Then the quan-
tum process takes place in half subspace, and we perform a quantum state
tomography in the whole space, ancilla plus main system.

The output state now reads

$̃ = (Φ⊗ 1)(ρ) =
d2

∑
i,j=1

χij(Ei ⊗ 1)ρ(Ej ⊗ 1)†. (5.13)

With n ≤ d4 measurements performed in this scheme, AAPT can be recast as

min
χ, ~∆

∑
i∈I

∆i + ∑
i/∈I

tr(Ei $̃)

subject to χ � 0 ;

tr($̃) ≤ 1 ;

|tr($̃Ei)− fi| ≤ ∆i fi , i ∈ I ;

0 ≤ ∆i ≤ 1 ,

(5.14)

now with $̃ defined by Eq. (5.13). In terms of our VQT∞ inference scheme, we
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have
min
χ, ~∆

δ + ∑
i∈I

∆i

subject to χ � 0 ;

tr($̃) ≤ 1 ;

|tr($̃Ei)− fi| ≤ ∆i fi , i ∈ I ;

|tr($̃Ei)| ≤ δ , i /∈ I ;

0 ≤ ∆i ≤ 1 ;

δ ≥ 0 .

(5.15)

5.3 Agent’s design

Comparing with Eqs. (4.1) and (4.27), we see that the programs in Eqs. (5.11),
(5.12), (5.14) and (5.15) are roughly quantum state tomographies in larger
spaces.

So, to design a rational agent to infer quantum maps, we can refer to our
previous design in Section 4.6, while choosing how to model the output states:
using Eq. (5.9) in case of SQPT procedure or Eq. (5.13) in case of AAPT.
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CHAPTER 6
Quantum process
tomography with

informational incomplete
data of two J-coupled
heterogeneous spins

relaxation in a time window
much greater than T1

In this chapter, we will present an application of quantum process tomography
(cf. Chapte 5) as written in [48]. Throughout this chapter, it will be clear the
paramount effort needed to properly infer quantum states and processes in
complex scenarios.

6.1 Introduction

During the last few years, we have seen proposals and experimental imple-
mentations of quantum information processors for various quantum systems
[38]. While there is still no ultimate physical platform, nor an underlying
information processing model, most of the known candidates must deal with
adverse quantum effects. Nuclear Magnetic Resonance (NMR) techniques
have been successfully used to implement quantum protocols, e.g., quantum
teleportation [55] and Shor’s [70] algorithm. NMR remains indispensable in
quantum computing as it continues to provide new insights, new methods and

48



6.1. Introduction

new techniques, as well as allowing for testing interesting quantum computing
tasks, although there are still huge difficulties in initialization, error-correction
and scalability [54].

In the NMR Ensemble Quantum Computing (EQC) introduced by Cory
et al. [13], a key observation is that, compared to the ideal case where we
have one hundred percent of polarized molecules, the proportion of molecules
effectively contributing to the magnetization in a pseudo-pure state is about
one part in a million, nonetheless one still has a macroscopic detectable signal.
On the other hand, when performing an algorithm with EQC, one has to deal
with two intrinsic limitations of the liquid state NMR, namely: (i) the natural
relaxation process the spins are subjected to is non-unital, which means that
the state simulated by a pseudo-pure state has a non-linear time evolution,
what can compromise the quantum computation. (ii) Related to this fact, there
is the recovery of the magnetization towards equilibrium, characterized by the
spin-lattice relaxation time T1, which diminishes the amplitude of the com-
ponent corresponding to the simulated state along the time. This means that
expectation values measured in different rounds of the experiment will not be
comparable, unless one takes into account the reduction of their magnitudes
along the time. When the quantum computation lasts about the transverse
relaxation time T2, the typical coherence time, these drawbacks are negligible,
and one can ignore both the non-linear evolution and the degradation of the
simulated state, and also some particular expectation value can be taken as a
reference in order to normalize the other measurements in the computation.
Notwithstanding, the spins natural relaxation is an ever present process (Φrelax)
superimposed to the map of the particular computation one is performing. In
the present work, our goal is to characterize the relaxation process in the same
way one would reconstruct the map corresponding to a quantum computation,
i.e., by means of quantum process tomography with the least possible assump-
tions. We will be able to quantify, along the time, how much the relaxation
process departs from being unital and trace preserving, and we will also char-
acterize how the relaxation process affects the normalization of expectation
values. This way we will learn in which time window it is safe to assume the
relaxation process is approximated unital or trace preserving, complementing
other previous studies [6, 23, 20]. Thus we hope to shed some light in how one
could compensate for the two drawbacks aforementioned, and consequently
increase the time window for quantum simulations in liquid state NMR. The
present work also serves the purpose to test, in a real NMR experiment, and in
a non trivial situation, the efficiency, robustness, flexibility and simplicity of
implementation of our quantum tomography techniques [45, 46, 22].

Robust techniques for quantum process tomography in NMR EQC have
been developed in the case the process is assumed to be Markovian and trace
preserving [6] , or when some model is assumed for the Hamiltonian governing
the process [23]. In both cases, the process tomography was performed in a
time window of about T2, and therefore the process could be safely assumed to
be unital. We, on the contrary, will assume the worst case scenario, meaning the
process may be non-unital, non-Markovian, and not trace preserving. Besides
that, we want to follow the quantum process for very long times, much more
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than the spin-lattice relaxation time T1, which raises the problem of how to
compare measurements taken at different times, which is what we call the
normalization problem. A pedagogical discussion of why the state simulated by
a pseudo-pure state evolves non-linearly under the relaxation process, and an
ad hoc phenomenological method to circumvent the normalization problem were
presented by Gavini-Viana et al. [20]. The basic idea is that a pseudo-pure state,
according to Cory et al. [13], has the form

ρpp = [(1− α)12n + 2α|ψ〉〈ψ|]/[(1− α)2n + 2α], (6.1)

where n is the number of spin- 1
2 particles and 12n is the 2n× 2n identity matrix1.

In a quantum computing simulation, we are concerned with unitary evolutions,
which of course affect only |ψ〉〈ψ|, the simulated state. However, if Φ is a
non-unital map, Φ(12n) 6= 12n , rewriting Φ(ρpp) as a pseudo-pure state is
equivalent to a non-linear evolution of |ψ〉〈ψ|. Note also that the new pseudo-
pure state Φ(ρpp), differently from the case of unital evolutions, has a new
“α”. Therefore, the normalization problem is equivalent to account for the time
evolution of “α” under non-unital processes, such that we can always track the
evolution of the resulting pseudo-pure state.

To avoid confusion, it is important to remember that a quantum process
is a complete positive map, that can be expressed in the usual Kraus sum
representation (see Section 5.1), namely:

Φ(ρ) = ∑
i

KiρK†
i , (6.2)

where the Ki are the Kraus operators. A map is unital if and only if

∑
i

KiK†
i = 12n , (6.3)

a condition that does not imply trace preservation. To be trace preserving, a
map must satisfiy

∑
i

K†
i Ki = 12n . (6.4)

The state simulated by a pseudo-pure state evolves linearly under unital and
non-trace preserving maps, and therefore these maps pose no particular chal-
lenge to usual process tomography techniques in liquid state NMR EQC. In
particular, the quantum process tomography method we developed in [46]
(see Chapter 5), and experimentally tested in Quantum Optics by Vianna et al.
[71], could be employed without any modification to handle these maps, as
well as non-unital ones. A caveat about our basic assumption of the complete
positiveness (CP) of the map is that the tomographed map could eventually be
non-CP due to noisy measurements [73], or in the case of correlations between
the initial prepared state and the environment [62].

The choice of the objective linear function can relate our methods [46, 45,
22] (see Chapters 3 and 4) to other approaches. For example, by choosing

1One should remember that the pseudo-pure state is not an actual quantum state of the NMR
system, but rather the result of spatial or temporal labelling [54].
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the nuclear (trace) norm of the positive semidefinite matrix of interest as
the objective function, we have a matrix completion approach equivalent to
compressed sensing [24]. Note however, that nuclear norm minimization is
also a good heuristic for quantum tomography in general, including the case of
informationally complete measurements. Detailed comparison of our methods
with maximum likelihood and maximum entropy was reported in [22] (see
Chapter 4). Our methods were tested for state and process tomography in
Quantum Optics experiments [43, 57, 71], and in liquid state NMR it was tested
for state tomography [56].

6.2 The NMR system

The NMR experiment was performed on a liquid-state enriched carbon-13
Chloroform sample, at room temperature, in a Varian 500 MHz shielded spec-
trometer. This sample exhibits two qubits encoded in the 1H and 13C spin- 1

2
nuclei. The heteronuclear interaction of the two spins is characterized by the
magnitude of the J-coupling being much smaller than the resonant frequencies
of the two nuclei, 500 MHz and 125 MHz, for 1H and 13C, respectively. This
system is useful for the simulation of quantum information processing in a
Hilbert space of two qubits.

The quantum model adopted in room temperature liquid-state NMR experi-
ments is of an ensemble of N (O(1015)) non-interacting independent molecules.
Therefore the Hamiltonian can be written as

H{N} = H ⊗ 1⊗N−1 + 1⊗ H ⊗ 1⊗N−2 + . . .

· · ·+ 1⊗N−2 ⊗ H ⊗ 1 + 1⊗N−1 ⊗ H

H{N} = ∑N
i=1

⊗N
j=1
(
δijH + (1− δij)1

)
, (6.5)

where 1 is the 2 × 2 identity matrix, δij is the Kronecker’s delta, and H is
an effective Hamiltonian for a single molecule. The wave function and the
density matrix corresponding to the N-particle Hamiltonian are assumed to be
separable, namely:

Ψ{N} =
N⊗

i=1

ψi and ρ{N} =
N⊗

i=1

ρi, (6.6)

where ψi and ρi are the wave function and density matrix for a single molecule,
respectively, where we shall work only in the spin degrees of freedom.

In an NMR experiment, one does not have access to the particular state of a
distinct molecule in the preparation procedure, all one has is the average state
of a representative molecule of the ensemble. Therefore, we can write:

ρ{N} =
N⊗

i=1

ρi = ρ⊗N , (6.7)

where ρ stands for this representative state, which we shall discuss further later.
Our observables are related to the resultant macroscopic magnetization

induced by an external static magnetic field, and we assume they are operators
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of the form:

A{N} = A⊗ 1⊗N−1 + 1⊗ A⊗ 1⊗N−2 + . . .

· · ·+ 1⊗N−2 ⊗ A⊗ 1 + 1⊗N−1 ⊗ A,

A{N} = ∑N
i=1

⊗N
j=1
(
δij A + (1− δij)1

)
. (6.8)

Therefore, we have expectation values of the kind:

〈A{N}〉 = ∑N
i=1 tr

(
ρ⊗N

[⊗N
j=1
(
δij Ai + (1− δij)1

)])
= N tr(ρA). (6.9)

This rationale, assuming Eqs. (6.5-6.8) as premisses, formalizes a model in
which one has equally prepared, but independent, black boxes and the same
measurement “buttons” are pressed in all of them when the measurement
occurs. Thus, we have a reducible to a single box model and we can generalize
and specialize our arguments back and forth, i.e., what happens in a single
box, will happen in the other ones and vice versa. We shall use this freely.
This model fits the common knowledge that measurements in NMR have
contributions of all the molecules in the ensemble [54, 13, 56], justifying the
detected macroscopic signals.

The observables of interest in the NMR experiment are generally the com-
ponents of the macroscopic nuclear magnetization, which are proportional to
the ensemble average values of the nuclear spin operators. The matrix repre-
sentation of these operators in the |S,m〉 basis (with S = 1/2) reads Sx = σx/2,
Sy = σy/2, Sz = σz/2, with the usual Pauli matrices given by:

σx =

 0 1

1 0

; σy =

 0 −i

i 0

; σz =

 1 0

0 −1

.

For example, one can calculate the magnetization in the z-direction of an
ensemble of nuclear spins using the following relation:

〈Mz〉 ≡ Îz ∝ tr(ρσz), (6.10)

where Îz is the empirical value associated with the observation of the mag-
netization in the z-direction and ρ is the density matrix of the system of a
single specimen. Remember that the left-hand side of this equation represents
the statistical average over the entire ensemble of N molecules, and not the
expectation value for a given particular member of the ensemble.

The relevant effective two-spin Hamiltonian in Eq. (6.5) is given by

H = −h̄ωHSz ⊗ 1− h̄ωC1⊗ Sz + 2πh̄JSz ⊗ Sz, (6.11)

where the labels H and C stand for hydrogen and carbon, respectively, as the
first and second particles. The resonant frequencies ωH and ωC include the
effects of isotropic chemical shift σiso in acetone solution for each nucleus, i.e.,
ω = ωL(1− σiso). The Larmor frequency is given by ωL ≡ γnB0, where γn
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6.2. The NMR system

is the gyromagnetic ratio of the nucleus, and B0 is the static magnetic field in
z-direction.

At thermal equilibrium, the density matrix obtained from the Hamiltonian
in Eq. (6.11) is given by the maximum entropy principle [32]:

ρeq =
e−H/kBT

tr
(
e−H/kBT

) , (6.12)

where kB is the Boltzmann constant and T is the temperature. In the high
temperature limit, one can expand this exponential as

ρeq ≈
1
4

1⊗ 1 +
1
4

h̄ωH
kBT

Sz ⊗ 1 +
1
4

h̄ωC
kBT

1⊗ Sz +
1
2

h̄π J
kBT

Sz ⊗ Sz. (6.13)

Note that the last term of Eq. (6.13) is usually neglected (see for example [54,
56]), for it is actually very small compared to the other terms. Notwithstanding,
as we will show, this term contains crucial information about the time window
for quantum computing simulations.

Now, we are able to calculate the total magnetization of the system in the
z-direction, using the equilibrium state in Eq. (6.13), the relation in Eq. (6.10)
and Curie’s law, which leads to

Meq
z =

nHγ2
H h̄2B0

4kBT
+

nCγ2
C h̄2B0

4kBT
+

nJπ
2ι2J h̄2B0

kBT
, (6.14)

where nH and nC are the number of hydrogen and carbon nuclei per unit
volume, respectively, which are equal and correspond to the number of chlo-
roform molecules per unit volume (nH = nC = n); nJ stands for the number
of responsive pairs of J-coupled nuclei per unit volume, and ι J its “gyromag-
netic ratio”. These responsive pairs of spins correspond to a small fraction of
chloroform molecules (NJ/N � 1), for which the spins of 1H and 13C are in a
chosen coherent state prepared by a certain sequence of radiofrequency pulses
(RF). The first issue on normalizing the experimental data arises due to the
fact that neither NJ nor its density nj, are straightforwardly revealed by the
magnetization measurements. We shall discuss this later.

Let us focus on the experiment now. We know that interesting NMR quan-
tum information processing experiments happen in non-equilibrium, where
the responsive J-coupled pairs of spins play an important role. In our experi-
ment, we prepare the system in a desired non-equilibrium magnetization state
at time t = 0 and allow it to relax. First, at t = 0, a certain sequence of RF
pulses prepares the system in some desired non-equilibrium state, where we
have the maximum number of responsive J-coupled spin pairs. This results in
a small macroscopic non-equilibrium magnetization. The second part of the
experiment happens in the time window which we can use the small fraction of
responsive molecules in the non-equilibrium state to simulate the dynamics of
quantum parameters (e.g., [70]). The system is allowed to relax, the molecules
that responded to the preparation start to recover their equilibrium state, di-
minishing NJ , and finally (t → ∞ ) the system reaches the equilibrium with
vanishing NJ .
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The relaxation is such that, after some time has elapsed, the magnetization
returns almost completely to the initial z-direction, satisfying again the thermal
equilibrium requirements. It is worth emphasising that the exact meaning
of “some time” is largely dependent on the details of each particular nuclear
spin system and its environment, ranging typically from microseconds to
several hours. The relaxation consists of two different processes, occurring
simultaneously but, in general, independently, namely: the transverse relaxation
and the longitudinal relaxation [56]. We shall characterize, by the quantum
process tomography, a net effect of these two phenomena, that is paramount
to the problem of NMR simulation of quantum information processing. For
reasons to become clear soon, we shall refer to this net phenomenon as the
J-coupling relaxation.

The longitudinal relaxation is the process that leads the longitudinal com-
ponent of the nuclear spin magnetization to recover its equilibrium value. The
recovery of the Mz component of the magnetization is related to transitions
between the nuclear spin levels. The natural tendency is the system to give
up its excess of energy by effecting transitions from the upper to the lower
energy level. After some time, which is commonly named T1, the Boltzmann
distribution is almost reestablished.

Simultaneously to the longitudinal relaxation, the transverse relaxation is
the process that leads to the disappearance of the components of the nuclear
magnetization M that are perpendicular to the static field B0. The origin of the
transverse relaxation relies on the loss of coherence in the precession motion
of the spins (or dephasing of the spins), caused by the existence of spread in
precession frequencies for the collection of nuclear spins. This spread progres-
sively results in a reduction of the resultant transverse components (e.g., Mx
and My). After some time, which is commonly named T2, the spins distribute
randomly in a precession cone around B0 and the transverse magnetization
tends to zero.

The J-coupling relaxation, which we introduce here, can be considered
as the net effect of both longitudinal and transverse relaxations. In NMR
quantum information processing simulation experiments, correlated spins in
non-equilibrium states are indispensable to simulate quantum algorithms. We
name T J

1 and T J
2 the characteristic times in which the coupled magnetizations

Mij (∀ i,j ∈ {x,y,z}) decay, T J
1 for the longitudinal, or Mzz component, and T J

2
for the transverse components. Note that what we call coupled-magnetization
refers specifically to expectation values of two-spin operators

(
tr
(

ρσH
i ⊗ σC

j

))
,

while uncoupled-magnetization is related to expectation values of one-spin opera-
tors

(
tr
(
ρσH

i ⊗ 1
)

or tr
(

ρ1⊗ σC
j

))
. Our motivation for introducing T J

1 and T J
2

was the following. (i) These parameters can be extracted from the usual NMR
data; (ii) the Mzz component behaves distinctly from all the other coupled
magnetization components; (iii) and finally, these parameters characterize an
important change in the behavior of the relaxation process map, as we will
show.

In order to reconstruct the density matrix of the system along the time, we
need to normalize the experimental data, such that we can relate the measured
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non-equilibrium magnetizations to expectation values. Here, we are not con-
cerned with the simulated states, we deal only with the real non-equilibrium
NMR states, although it is worth to emphasise that, in the preparation proce-
dure, we also assume ergodicity, as we collect the whole set of measurements
using temporal labeling [54, 56, 41].

6.3 The normalization problem

The normalization issue is a daunting problem in NMR experiments. Firstly,
by the data acquisition itself, since it involves taking the intensity of the peaks
from a Fourier transform spectra of an oscillating signal. Secondly, because
we are forced to assume the representative state ρ in Eq. (6.7). It would be
preferable if we could address each molecule individually, such as

ρ{N}(t) = ρ1(t)⊗ ρ2(t) . . .⊗ ρN(t).

If it were the case, we would be able to count how many spins are still co-
herent and responding accordingly, therefore it would be possible to know
exactly the number of responding molecules as in Eq. (6.9) (e.g., if we were
interested in knowing NJ). However such a case is not possible and we shall
stick to the weaker premise of the representative state, losing track of this
counting. Thirdly, as consequence of the traceless nature of the operators cor-
responding to the magnetization components, we do not possess any direct
experimentally measured data related to the trace of the non-equilibrium den-
sity matrix. If we were measuring the eigenprojectors (Pk) of these operators
(A = ∑d

k=1 λkPk), this problem would not appear, as the completeness relation
(1d = ∑k Pk) would give us a trivial recipe for normalization, i.e., we would im-
pose ∑d

k=1 tr(ρPK) = 1. However, what we have is 〈A〉 = tr(ρA), and for this

measurement to be useful, we need some reference expectation value
〈

Are f

〉
.

Of course, the reference expectation value cannot vary in time. For example, in
the EQC NMR experiment reported in [56], which employed the same experi-
mental setup and molecule of the present work, the reference expectation value
was

〈
σH

Z ⊗ σC
Z
〉

in a pseudo-pure state simulating the two-qubit state | ↑↑〉. It
was imposed then that

〈
σH

Z ⊗ σC
Z
〉
/Nre f = 1, and all other expectation values

were divided by Nre f . As we shall see, the quantum tomography techniques we
employ here [45, 46, 22], allow us to circumvent this problem, yielding proper
inferences of the normalized non-equilibrium quantum states and quantum
maps.

We have three different kinds of signals corresponding to our measure-
ments, which we have to deal with in order to normalize the experimental data.
One may grasp this in Fig. 6.1. We have, responding to RF pulses in the reso-
nant frequency ωH of the hydrogen, both coherently coupled and uncoherently
coupled hydrogen nuclei; the same happens to carbon, for RF pulses in the
resonant frequency ωC. As the gyromagnetic ratio of the hydrogen is almost 4
times larger than that of the carbon, the hydrogen species is expected to have
a larger magnetization in equilibrium. The last kind of signal, which is very
small compared to the first two, corresponds to that coherently coupled mag-
netization of the Nj chloroform molecules. To remedy the lack of some relation
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tying the intensity of measured magnetization components, like the complete-
ness relation we have mentioned in the previous paragraph, we normalize
all measured signals [41] corresponding to non-equilibrium magnetizations
backwards, such that the expected value of the magnetization in equilibrium is
equal to one. Therefore, the equilibrium magnetization plays the role of our
reference expectation value that does not vary in time, as discussed in the pre-
vious paragraph. This rescaling of the magnetization signals is also convenient
in order to perform our numerical optimizations with good precision. For the
hydrogen and carbon signals, we have

ÎH
i (t) =

1
M

h̄ωH
4kbT

Î
Hexp
i (t)

Î
Heq
z

and ÎC
j (t) =

1
M

h̄ωC
4kbT

Î
Cexp
j (t)

Î
Ceq
z

, (6.15)

and for the coupled signals we have

Î J
ij(t) =

1
M

h̄π J
2kbT

Î
Jexp
ij (t)

Î
Jeq
zz

, (6.16)

where

M =
h̄(ωH + ωC + 2π J)

4kbT
,

and Î
{H,C,J}exp
i,j (t) are the empirical values associated with the observation of the

magnetization in the i,j ∈ {x,y,z} directions relative to the hydrogen, carbon
and J-coupled signals respectively. The time evolution of these three kinds of
signals is presented schematically in Fig. 6.1. In the figure one can see that at
t = 0, the hydrogen and carbon have the same magnetization, as a consequence
of the state preparation; at t = TC

2 , the coherence has almost vanished; at
t = TC

1 , the system has a magnetization reminiscent of the equilibrium, with
the total hydrogen signal greater than that of the carbon; and at t = 60s, which
we call teq, the system is practically thermalised, with the total signal equal to
one, and the hydrogen signal almost 4 times larger than that of the carbon.

The equilibrium (Eq. (6.13)) and non equilibrium states dealt with in the
NMR experiment are of the kind

ρ ≈ 1
4

1⊗ 1 + ε∆, (6.17)

where ε ≈ 10−5 and ∆ is a traceless matrix, known as the deviation matrix,
corresponding to the last three terms of Eq. (6.13). Though the experimental
magnetization signals come just from the deviation matrix, due to the traceless
nature of the spin operators (for example: tr

(
ρσi ⊗ σj

)
= εtr

(
∆σi ⊗ σj

)
), these

are macroscopic signals, for there are still a huge number (O(ε × 1023) =
O(1018)) of molecules contributing to the magnetization.

As discussed in the Introduction, the time evolution of the state simulated
by a pseudo-pure state (Eq. (6.1)) is non-linear, if the process is non-unital.
It is easy to circumvent this non-linearity. We have simply to tomograph the
process acting directly on the NMR state given by Eq. (6.17), which of course
evolves linearly.
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Figure 6.1: Comparison of the three distinct total signals intensities along time
in the experiment. (Blue) Total hydrogen signals: IH = ∑i=x,y,z | ÎH

i (t)| (cf.
Eq. (6.15)); (Yellow) total carbon signals: IC = ∑i=x,y,z | ÎC

i (t)| (cf. Eq. (6.15));

(Green) total coupled signals: I J = ∑i,j=x,y,z | Î
J
ij(t)| (cf. Eq. (6.16)).

In summary, our strategy to keep measurements taken in different times
properly normalized and comparable consists of two premisses: (i) quantum
tomography accounts for the process acting on the pseudo-pure state along the
time, rather than the process acting on the simulated state; (ii) the process at
any finite time must be compatible with the magnetization converging to unity
in an infinite time, i.e., the equilibrium magnetization is taken as a reference to
normalize all other measurements.

6.4 The quantum tomographies

The standard quantum process tomography (SQPT) [12, 54] consists in obtaining in-
formation about the map by means of quantum tomography of states modified
by the action of the unknown process map. If the density matrices of the tomo-
graphed states have dimension d, then we need d2 linear independent states to
reconstruct the quantum map. As we are dealing with two qubits, d is 4. Our
experiment consists in preparing 20 different time average pseudo-pure states
[54] ($l

k, l = 1,2, . . . , 20), which can be used to simulate 20 different two-qubit
pure states, where the density matrices of 16 of them are linear independent,
spanning the Hilbert-Schmidt space. We also have 51 observations of these
states in the time instants tk (k = 0, 1, . . . , 50). The simulated 20 pure states
correspond to 16 states forming the two-qubit Mutually Unbiased Basis (MUB)
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described in [47], plus the four canonical states | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉 .
The overcomplete set of 20 density matrices were preferred in order to

increase the quality of the process tomography, following the arguments in [8,
39]. This strategy of enlarging the number of measurements with an overcom-
plete basis, in order to increase precision, was also used by Vianna et al. in the
process tomography of a two-qubit map in Quantum Optics [71].

Since we have a large ensemble and sharp peaked measured signals Î
{H,C,J}exp
i,j (t),

we can consider the latter gaussianly distributed with standard deviation
σ2 = 1. Thus, we can deal with the experimental errors with a simple `1-norm
minimization, which is equivalent to a log-likelihood method assuming gaussian
noise [7, 3].

The first thing to do is to perform a quantum state tomography in order to
have a preliminary estimate of the initial states. We use a variation of [45, 22]
also equipped with nuclear norm minimization [24] as follows:

min
ρl

0, ∆

∥∥∥ρl
0

∥∥∥
∗
+ ∑l,i,j ∆l, {H,C,J}

i,j,ij

subject to ρl
0 � 0

|tr
(

ρl
0 σH

i ⊗ 1
)
− Îl, H

i (0)| ≤ ∆l, H
i

|tr
(

ρl
0 1⊗ σC

j

)
− Îl, C

j (0)| ≤ ∆l, C
j (6.18)

|tr
(

ρl
0 σH

i ⊗ σC
j

)
− Îl, J

ij (0)| ≤ ∆l, J
ij

∀ i,j ∈ {x,y,z}
∆l, H

i , ∆l, C
j , ∆l, J

ij ≥ 0 .

where ‖·‖∗ stands for the nuclear norm or trace norm. This type of Semidefinite
Problem (SDP) in the second-order cone can be efficiently solved using well
known algorithms [44, 69, 67].

The program in Eq. (6.18) has the following interpretation. We want a
point estimate (ρl

0) of a density matrix (positive semidefinite constraint), with

minimum residuals (∆l, {H,C,J}
i,j,ij ) in the measured data, according to `1-norm

minimization. The normalization of the states {ρl
0} is unknown, and that is why

it is convenient to adopt the trace norm minimization. The traces of the states
{ρl

0} are constrained by the normalization we imposed on the data, cf. Eq. (6.15)
and Eq. (6.16), which corresponds to a unity magnetization in equilibrium, cf.
Eq. (6.14).

After this preliminary estimation, we define a lower bound (N0) for the
trace of the states, namely:

N0 = max
{

tr
(

ρl
0

)}
, l = 1, . . . ,20. (6.19)

Then we rerun the program in Eq. (6.18) with the additional constraint:
tr
(

ρl
0

)
≥ N0. Note that the trace is related to the population in each state.

The largest trace yielded by the first run of the state tomography identifies the
population of responsive molecules. Therefore N0 is our reference population, and
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we are interested, at the initial time, in states with the same populations, in
order to compare, along the time, the different expectation values.

Now we consider the action of the unknown map Φ(tk) upon the initial
states determined in the second run of Eq. (6.18), namely (see Eq. (5.4) and
Section 5.1 for further details):

ρ̃l
k ≡ Φ(tk){ρl

0} = trHI

(
J(Φ(tk))(1HO ⊗ (ρl

0)
T)
)

. (6.20)

where J(Φ(tk)) ∈ L(HO ⊗HI) = L((HH ⊗HC)⊗ (HH ⊗HC)).
At each time tk, quantum process tomography is obtained using a variation

of the method in [46], also equipped with a matrix recovery technique like
nuclear norm minimization, in order to get the information about the trace:

min
J(Φ(tk)), ∆

‖J(Φ(tk))‖∗ + ∑l,i,j ∆l, {H,C,J}
i,j,ij

subject to J(Φ(tk)) � 0

|tr
(

ρ̃l
k σH

i ⊗ 1
)
− Îl, H

i (tk)| ≤ ∆l, H
i

|tr
(

ρ̃l
k 1⊗ σC

j

)
− Îl, C

j (tk)| ≤ ∆l, C
j (6.21)

|tr
(

ρ̃l
k σH

i ⊗ σC
j

)
− Îl, J

ij (tk)| ≤ ∆l, J
ij

∀ i,j ∈ {x,y,z}
∀ l = 1, . . . , 20

∆l, H
i , ∆l, C

j , ∆l, J
ij ≥ 0 ,

with ρ̃l
k defined in Eq. (6.20) and J(Φ) in Eq. (5.3).

The program in Eq. (6.21) can be interpreted as follows. We want a mini-
mum trace positive semidefinite estimate of the Choi matrix (J(Φ(tk))), com-
patible with the data and having minimal losses (see Chapters 3 and 4).

6.5 Results and Discussion

After running the program in Eq. (6.21), we plot in Fig. 6.2 the trace distance
between the states ρl

0 under the action of the map Φ(tk) and the rescaled
equilibrium state 1

M ρeq. We note that the functional form of the curves are like
an exponential decay, as expected.

As a byproduct of the process tomography, the map must give us informa-
tion about the relaxation times TC,H,J

1 , TC,H,J
2 . We define the quantity

〈M̃ij〉(tk) =

√
∑l

[
tr
(

ρ̃l
k σH

i ⊗ σC
j

)
− tr

(
ρ̃eq σH

i ⊗ σC
j

)]2

#l
, (6.22)

where #l stands for the number of summed signals. This quantity is the
average of the magnetization in the i,j-direction (i,j ∈ {x, y, z}) related to the
equilibrium value and it gives us the functional behavior of the magnetization
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Figure 6.2: The relaxation of the states toward equilibrium. The figure shows
the trace distance between the states ρl

0 under the action of the tomographed
quantum map Φ(tk) and the equilibrium thermal state. Note that the states in
t = 0 are perturbations of the thermal state by different sequences of radiofre-
quency pulses. These perturbed thermal states are the ones useful for quantum
information processing simulations.

during the time. As a first attempt to model the functional behavior of Eq.
(6.22), one could fit a typical exponential decay like

M(t) = M0e−t/T∗ + c, (6.23)

where T∗ will be the aimed TC,H,J
1 , TC,H,J

2 . This is of course a Markovian approx-
imation of the underlying process. Notwithstanding, in the top panels of Figs.
6.3-6.5, one can see slight deviations of the exponential decay. On the one hand,
this could be a signature of non-Markovian behavior, on the other hand, it
could also be some artefact caused by the different state preparations necessary
for each observation in time. We should emphasise that the tomography itself
is independent of this exponential fit, but this simple model yields sensible re-
sults, in comparison with previously measured TC,H

1 , TC,H
2 . The newly inferred

T J
1 , T J

2 is also corroborated by Fig. 6.6, which is independent of the exponential
fitting.

The results presented in Figs. 6.3-6.5, and summarized in Table 6.1 with
the estimated errors, were computed using nonlinear least squares fitting with
a trust-region algorithm [49]. The least squares estimator was chosen to be
consistent with the assumption that the experimental errors consist of uniform
Gaussian noise, and also consistent with the `1-norm minimization on the
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Figure 6.3: The Hydrogen (uncoupled-)relaxation. (Top): the quantity 〈M̃z1〉
as a function of time. (Bottom): the quantity

〈M̃x1〉+〈M̃y1〉
2 as function of time.

Note that these “magnetizations” are relative to the equilibrium magnetization,
according to Eq. (6.22).

observed data in Eq. (6.21).
The pseudo-pure states corresponding to the canonical states ( | ↑↑〉, | ↑↓〉,
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Figure 6.4: The Carbon (uncoupled-)relaxation. (Top): the quantity 〈M̃1z〉 as

a function of time. (Bottom): the quantity
〈M̃1x〉+〈M̃1y〉

2 as a function of time.
Note that these “magnetizations” are relative to the equilibrium magnetization,
according to Eq. (6.22).

| ↓↑〉 , | ↓↓〉) have magnetization components (Mz1, M1z, Mzz) only in the
z-direction. From these signals, we can retrieve the TC,H,J

1 , as we can see in the
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Figure 6.5: The J-coupling relaxation. (Top): the quantity 〈M̃zz〉 as a function of

time. (Bottom): the quantity 〈M̃xx〉+〈M̃xy〉+〈M̃xz〉+〈M̃yx〉+〈M̃yy〉+〈M̃yz〉+〈M̃zx〉+〈M̃zy〉
8

as a function of time. Notice how small is this coupled magnetization compared
to the uncoupled magnetizations shown in Figs. 3 and 4. Note also that these
“magnetizations” are relative to the equilibrium magnetization, according to
Eq. (6.22).

top graphics in Figs. 6.3, 6.4, and 6.5.
The other 16 states have both longitudinal and transversal magnetization
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T1(s) T2(s)

Hydrogen 6.2± 0.2 0.24± 0.01

Carbon 7.4± 0.3 0.192± 0.005

J-coupling 5.65± 0.07 0.177± 0.001

Table 6.1: Relaxation times retrieved from the curve fit in the Figs. 6.3, 6.4, and
6.5 using the model in Eq. (6.23).

components (M∗1, M1∗, M∗∗) and give us what we need to retrieve the TC,H,J
2 ,

as one can see in the bottom graphics in Figs. 6.3, 6.4, and 6.5.
We can conclude from the obtained results that, if one desires to simulate

quantum parameters using the chloroform molecule, the time window is 0.177s,
which is the lifetime of the coherent coupling of the spins (T J

2 ) in the chloroform
molecule. Otherwise, we can consider the system (partially) relaxed and unable
to simulate all parameters properly for a quantum computation. In Fig.6.6, we
confirm that T J

2 is the characteristic time window for quantum computation
simulations by means of the properties of the quantum process relaxation
map. One clearly see in that figure that the map is almost perfectly unital
and trace-preserving up to log(T J

2 = 0.177s) = −1.731. After T J
2 the map

dramatically departs from been both trace-preserving and unital, and therefore
the normalization problem comes into play. These results demonstrate the
robustness and flexibility of our quantum tomography methodology.

6.6 Agent’s design

Summarizing, we performed a quantum process tomography of the relaxation
of a two-spin system in an NMR liquid-state experiment. As the experimental
data correspond to expectation values of traceless operators, the use of infor-
mational incomplete quantum tomography techniques to handle the missing
quantum state normalization information was paramount to reconstruct the
time dependent non-unital and non trace-preserving quantum map.

The successful approach we employed allowed us to introduce two new
parameters (T J

1 , T J
2 ) that are relevant for the characterization of the relaxation

process. We learned that the coupled magnetizations have a similar behavior
to the uncoupled ones, but with different characteristic times. We show that T J

2
characterizes the time window for the simulation of quantum computation with
the quantum process tomography, cf. Fig. 6.6. For the simulation of quantum
maps for times greater than T J

2 , one has to account for the time dependent
normalization of the data, where we cannot assume the map associated to
the ever present relaxation process being unital and trace-preserving. We also
introduced an heuristic for the normalization problem in Eqs. (6.15) and (6.16),
which consists in assuming the theoretical equilibrium magnetization as the
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Figure 6.6: Quantification of how much the relaxation process departs from
being unital (cf. Eq. (5.8)) (black circles), and trace-preserving (cf. Eq. (5.7))
(red triangles). The dramatic change in the behavior of the map occurs after
log
(

T J
2

)
≈ −1.8.

reference to compare all the measurements, and the largest trace obtained with
the preliminary state tomography (see Eq. (6.18)) as a lower bound for the trace
of all states.

So, the final design of our rational agent in this scenario is, for each time
step t, do the following (see Fig. 6.7):

(i) : Colect ÎH
i (t), ÎC

j (t) and Î J
ij(t);

(ii) : Our decision rule is normalizing ÎH
i (t), ÎC

j (t) and Î J
ij(t) according to Eqs.

(6.15) and (6.16);

(iii) : Run program in Eq. (6.18) and obtain N0 from Eq. (6.19);

(iv) : Run program in Eq. (6.18) with additional constraint tr
(

ρl
0

)
≥ N0 and

collect the set {ρl
0};

(v) : Run program in Eq. (6.21);

(vi) : Exclude unfeasible solutions and compare the expected losses;

(vii) : Choose and display the best estimate of J(Φ(t)).
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Figure 6.7: Final design of our agent for the quantum process tomography of
the relaxation of a two-spin system in an NMR liquid-state experiment.
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CHAPTER 7
Conclusion

Every journey has an end and so has this thesis. In Chapter 1, we started this
journey discussing what inferences are all about and its possible challenges in
the way; in Chapter 2 we borrowed some elements from Artificial Intelligence
and Decision Theory to define our rational agents, which gave us a simple, but
general framework to include our job as an inferrer; in Chapter 3, we discussed
how can this agent infer valid quantum distributions in actual experiments
in possession of complete information; in Chapter 4, we upgraded our agent,
allowing informationally incomplete contexts; in Chapter 5, we showed how
the knowledge of inferring quantum states can help our agent when inferring
quantum dynamics; and, finally, we put everything we had in Chapter 6 to
model and infer a quantum process tomography in a challenging scenario.

During this PhD, we had opportunities to apply our ideas in real experi-
ments [43, 19, 57, 71, 48], with the last one being the utmost example of how
tricky an quantum inference can be, proving that not just efficient methods,
but also plausible reasoning, spiced with our background knowledge on the
physical system, deserving a separate chapter (see Chapter 6). This opportunity
was paramount to mature or analysis and improve our formulations, e.g., our
improved VQT∞ in [22].

Designing rational agents like the ones in Sections 3.5, 4.6, 5.3 and 6.6 help
us, not just in the process writing this thesis in a pedagogical way. We expect
to inspire this train of thought while deliberating quantum estimates: although
it can be easy with our procedures, being that flexible (in formulating loss
functions, for example), we must deal with it critically and reason carefully,
avoiding overestimations when possible1.

We also designed our agents in an efficient way in tandem with semi-
definite programs (SDP) [7], which are convex linear optimization problems
with linear matrix constraints. A great merit of an SDP is the many avail-
able numerical methods which converge efficiently with use of polynomial
complexity algorithms [7, 69, 67] to find its global minimum.

1Remember: purity is a myth!
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