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RESUMO

SILVA, E. A. Análise Espectral Singular Aplicada na Filtragem de Sinais em Malhas
de Controle. 2022. 91 p. Dissertação (Mestrado Engenharia Elétrica) – Programa de Pós-
Graduação em Engenharia Elétrica, Universidade Federal de Minas Gerais, Belo Horizonte
– MG, 2022.

Em sistemas de controle linear, controladores PID ainda são amplamente utilizados em

controle de processos industriais, onde uma operação eficiente requer o projeto de um

filtro. Este filtro viabiliza a implementação de uma ação derivativa e atenua o ruído de

medição, reduzindo a variabilidade do sinal de controle. No entanto, ele influencia o

desempenho e a robustez do sistema realimentado. Neste contexto, o presente estudo

buscou analisar os efeitos da utilização de um filtro não-paramétrico baseado no método

Singular Spectrum Analysis (SSA) para tratar ruído de medição em malhas de controle

PID e também como filtro de trajetória on-line, necessário em estratégias de controle não

linear, tais como backstepping, feedback linearization. Cujo objetivo é gerar trajetórias

contínuas e limitadas derivando-se um sinal inicialmente descontínuo, tais como degrau e

pulso. O SSA é utilizado na análise de séries temporais e se baseia na decomposição de

um sinal em um conjunto de componentes aditivos, além de ser altamente adaptável ao

comportamento dos sinais, inclusive não estacionários. Os testes consideraram modelos

First-Order Time Delay (FOTD) para aproximar a dinâmica de processos industriais típicos,

para controladores PI e PID sintonizados de maneira ótima, na presença e ausência de

ruído de medição. O Integral Absolute Error (IAE) foi utilizado para mensurar o desempenho

e a Total Variance (TV) para a variabilidade do sinal de controle e da variável de processo.

Como resultados, pode-se destacar que processos dominados por atrasos de transferência

apresentaram alta sensibilidade à mudanças no nível de atenuação do filtro em relação

aos demais. Em contraste, processos balanceados e com tempo-morto dominante o filtro

foi capaz de melhorar tanto a variação total do sinal de controle quanto o desempenho.

Além disso, o PID apresentou melhor desempenho do que o PI em todos os processos

e cenários considerados, porém para valores maiores de TV devido a ação derivativa.

Quanto aos filtros de trajetória, o método SSA se mostrou efetivo como um filtro de trajetória

capaz de gerar derivadas limitadas de sinais de entrada inicialmente descontínuos. Cujo

ajuste empírico dos parâmetros do filtro levou a curvas semelhantes às obtidas por um filtro

paramétrico.

Palavras-chave: Controle de Processos; Filtragem de Ruído; Filtro Não-paramétrico; Ruído

de Medição; Análise Espectral Singular.



ABSTRACT

SILVA, E. A. Análise Espectral Singular Aplicada na Filtragem de Sinais em Malhas
de Controle. 2022. 91 p. Dissertação (Mestrado Engenharia Elétrica) – Programa de Pós-
Graduação em Engenharia Elétrica, Universidade Federal de Minas Gerais, Belo Horizonte
– MG, 2022.

In linear control systems, PID controllers are still widely used in industrial process control,

where efficient operation requires the design of a filter. This filter enables the implementation

of a derivative action and attenuates measurement noise, reducing the variability of the

control signal. However, it influences the performance and robustness of the feedback system.

In this context, the present study sought to analyze the effects of using a non-parametric

filter based on the Singular Spectrum Analysis (SSA) method to handle measurement noise

in PID control loops and also as an online trajectory filter, necessary in nonlinear control

strategies such as backstepping and feedback linearization, with the objective of generating

continuous and limited trajectories by deriving an initially discontinuous signal, such as step

and pulse. SSA is used in time series analysis and is based on decomposing a signal into a

set of additive components, in addition to being highly adaptable to the behavior of signals,

including non-stationary ones. The tests considered First-Order Time Delay (FOTD) models

to approximate the dynamics of typical industrial processes, for PI and PID controllers

optimally tuned, in the presence and absence of measurement noise. The Integral Absolute

Error (IAE) metric was used to measure the performance and the Total Variance (TV) the

variability of the control signal and the process variable. As results, it can be highlighted that

lag-dominated processes showed high sensitivity to changes in the filter attenuation level

compared to the others. In contrast, for balanced and delay-dominated processes, the filter

was able to improve both the total variation of the control signal and performance. Additionally,

PID showed better performance than PI in all considered processes and scenarios, but for

higher TV values due to the derivative action. Regarding trajectory filters, the SSA method

proved effective as a trajectory filter capable of generating limited derivatives of initially

discontinuous input signals, with empirical adjustment of the filter parameters leading to

curves similar to those obtained by a parametric filter.

Keywords: Process Control; Noise Filtering; Non-parametric Filter; Measurement Noise;

Singular Spectrum Analysis.
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CHAPTER

1

INTRODUCTION

1.1 Motivation & Objectives

In linear control systems, Proportional-Integral-Derivative (PID) controllers are still the

majority of controllers used in the industry, due to their simplicity, few parameters, and cost-

effectiveness. According to Åström and Hägglund (2001), they are used in process control,

motor drive, optical and magnetic memories, automobiles, flight control, and instrumentation.

PID controllers require the design of a low-pass filter to make the derivative action realizable.

This filter is also conveniently used to attenuate high-frequency measurement noise,

inherent in sensor devices in closed-loop systems. Given that excessive noise leads to unde-

sirable deviations in the control action, causing excessive actuator motion. As a mechanical

device, this variation can lead to the wear of its internal components and malfunction.

On the other hand, the filter dynamics impact the performance and robustness of the

control system. Thus, an attempt to make the system more robust to the measurement noise

leads to a conflict: higher measurement noise attenuation versus better performance and

robustness.

Given this, the first objective of the present study was to investigate the effects of

using a real-time non-parametric noise filter based on the Singular Spectrum Analysis (SSA)

method in a linear control system with PID controllers. Analyzing, in an exploratory way, the

impact of filtering on the closed-loop system, in terms of the performance and variability of the

control action and process variable, for different degrees of measurement noise attenuation.

For balanced, lag, and delay-dominated process dynamics, PI and PID controllers, and

scenarios with and without measurement noise.

In Motion control and industrial robot control problems usually require online computa-

tion of smooth and bounded trajectories and their derivatives from a rough input signal. They

are also necessary for the design of nonlinear control laws such as feedback linearization,
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backstepping, and Active Disturbance Rejection Control (ADRC) techniques. Additionally,

abrupt changes in an input signal often lead to vibration, stress, and wear of mechanical com-

ponents. Therefore, the smoothness of trajectory signals can impact the overall performance

of control systems.

A common way to generate smooth and bounded trajectories is using a filter-based

approach in which a rough input signal and its derivatives are smoothed by successive

applying Finite Impulse Response (FIR) Moving Average (MA) filters. They are simple,

efficient, and capable of complying with kinematic constraints imposed on the shape of the

trajectories. Another approach is to use a data-driven method, such as the non-parametric

SSA filter.

Considering this, the second objective of this study was to investigate the use of

a real-time version of the non-parametric SSA filter, known as Causal Singular Spectrum

Analysis (CSSA), as a novel online trajectory generating approach. Based on a cascade of

CSSA filters that successively smooth an initially rough input signal, such as a step, pulse,

and sawtooth signals and its derivatives, to generate smooth and bounded trajectories.

Nonparametric filters differ from the parametric-based approach by not assuming a

stationary and known statistical distribution for the signal, e.g., Gaussian. This way they can

better deal with model nonlinearities, by adapting the output according to the structure of the

data.

The SSA method can adapt to the behavior of the signal. It decomposes the original

signal into sub-components representing the time series trend, oscillations, and noise. It

does not require statistical assumptions about the original time series or its components to

be satisfied. A disadvantage of the approach is the need to tune two parameters to vary the

noise attenuation degree and the need to define them empirically by trial and error in each

application.

1.2 Outline

This master’s thesis is organized as follows. Chapter 2 presents some preliminary

concepts and mathematical background, including the PID controller in section 2.1, controller

design and measurement noise in section 2.2, the SSA in section 2.4, and the trajectory

filter in section 2.3. A brief overview of some PID tuning methods are provided in Appendix A.

In Chapter 3, the basic SSA method is described in section 3.1, its real-time version in

section 3.2, and its frequency response approach in section 3.4. Chapter 4 presents the

results for the SSA applied in PID control loops in section 4.1 and in the trajectory generating

scheme in section 4.2. Finally, Chapter 5 presents the conclusions and suggestions for future

works.
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CHAPTER

2

PRELIMINARY CONCEPTS

This chapter gives some preliminary and mathematical backgrounds for the remaining

thesis. It begins with an introduction to the PID controller, followed by some tuning methods

commonly used to design PID controllers. Subsequently, the controller design problem with

requirements on measurement noise attenuation is described, with some related works.

Then, the non-parametric SSA method is introduced, and related works in the context of

noise attenuation in time series and control engineering are given. It ends with a description

of trajectory filters and some related studies.

2.1 The PID Controller

A PID control law is composed of three terms, as shown in Equation 2.1. The

Proportional (P) term, multiplies the error, e = ysp − ym, defined in the feedback loop of

Figure 1, the Integral (I) term, proportional to the accumulated error over time, and the

Derivative (D) term, proportional to the derivative, or the rate of change of the error. The

integral term minimizes the zero steady-state error while the derivative term acts as a

prediction on the future values of the error.

u(t) = kc

(

e(t) +
1

Ti

∫ t

0
e(τ)dτ + Td

de(t)

dt

)

(2.1)

The controller parameters are the proportional gain kc, the integral time Ti, and the

derivative time Td.

The Transfer Function (TF) of Equation 2.1 relating the control action U(s) with the

error E(s) are shown in Equation 2.2 and 2.3 in their parallel or non-interacting form and
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C(s)
+

Disturbance d

P (s)

+
Noise η

+
ysp

e +u
y

+

−

ym

ProcessPID Controller

Figure 1 – Block diagram of a feedback loop with an ideal PID controller C(s), plant P (s), set-point
ysp, error e, control action u, disturbance d, system output y, and measurement noise η.

illustrated in Figure 2 (a).

Cp
PI(s) =

U(s)

E(s)
= kc

(

1 +
1

Tis

)

= kc +
ki

s
(2.2)

Cp
PID(s) =

U(s)

E(s)
= kc

(

1 +
1

Tis
+ Tds

)

= kc +
ki

s
+ kds (2.3)

where ki = kc/Ti, and kd = kcTd.

Equation 2.4 and 2.5 are the series or the interacting form of Proportional-Integral (PI)

and PID algorithms, illustrated in Figure 2 (b), and are commonly used in commercial

controllers (ÅSTRÖM; HÄGGLUND, 2006).

Cs
PI(s) = kc

(

1 +
1

Tis

)

(2.4)

Cs
PID(s) = kc

(

1 +
1

Tis

)

(1 + Tds) (2.5)

P kce(t)

I ki
∫
e(t)dt

D kd
e(t)
dt

+
e(t) u(t)

I ki
∫
r(t)dt

P kcr(t)+ +

D kd
e(t)
dt

e(t) u(t)

Figure 2 – (a) Parallel and (b) Interacting form of the PID algorithm.

Source: Adapted from Åström and Hägglund (1995).

The practical implementation of the PID requires a filter for the derivative term, also

important to limit the controller gain at high frequencies. Equation 2.6 and 2.7 show two

common filter choices, a first and a second order low-pass filter.

Cf
PI(s) = kc

(

1 +
1

Tis
+

Tds

1 + sTd/N

)

(2.6)

Cf
PID(s) = kc

(

1 +
1

Tis
+ Tds

)(

1

1 + sTf + s2T 2
f /2

)

(2.7)
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where Td/N and Tf are the filter time constant, with damping ζ = 1√
2

and N = 10 or 100

(ÅSTRÖM; HÄGGLUND, 2006).

PID controllers have survived many changes in technology, from mechanical and

pneumatic controllers to integrated circuits, and from microprocessors to electronic tubes

and transistors (YU, 2006; ÅSTRÖM; MURRAY, 2021). According to Bauer et al. (2016),

the concept of PID control was introduced in the industry between 1930 and 1950, first on a

smaller scale, with few pneumatic control loops, until the present day, with large-scale use,

with hundreds of PID control loops, implemented digitally.

Bennett (2001) highlights that pneumatic controllers in the mid-1900s provided

only proportional action and acted as On-Off controllers, in addition to presenting other

characteristics such as high gain and non-linearities. Over time, between 1929 and 1940,

there was a need for a controller that performed regulation and not just On-Off control, in

addition to the integral and derivative actions, known as reset and pre-act or hyper-reset,

respectively (BENNETT, 1993). These names came from the fact that the first aimed at

zeroing (or resetting) the systematic error, while the second aimed to anticipate future

changes in the error signal.

In 1940 came the need to optimally tune the parameters’ gains of the pneumatic

PID controllers, which gave rise to the tuning method of Ziegler & Nichols (ZN) (BENNETT,

1996). In the mid-1950s, several process units worked with mechanical, hydraulic, pneumatic,

and electrical PID controllers. Which was followed by an increase in the use of electronic

components, since they provide all the functions that pneumatic controllers were capable

of, in addition to allowing mathematical operations (BENNETT, 2001). Also important is

the fact that they reduce the effects of dead-time, which improves performance at low and

high frequencies, and their easier connection to reading and recording devices (BENNETT,

2001).

This was followed by the advent of digital computers, which required renewed treat-

ment of aspects such as wind-up of the integral action, sampling, and limited floating-point

arithmetic precision. On the other hand, it facilitated the use of the non-interactive version of

PID, allowed smoother manual to automatic mode transitions, and handle set-point changes

(BENNETT, 2001).

Today’s PID controllers are quite different from those used 50 years ago. According

to Åström and Hägglund (2006), they are currently used together with logic, function blocks,

selectors, and action sequences to perform more complex functions. Allowing its use in more

sophisticated control strategies, with the goal of obtaining good regulation, smooth transition,

and safe operation, in addition to quick process start-up and shutdown (YU, 2006).

Despite their simplicity, PID controllers are still the most popular way to perform

feedback in the industry (WITRANT et al., 2016). Vilanova and Visioli (2012) notes that they
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are the most used controllers in the industry due to their excellent cost-benefit trade-off.

According to Åström and Hägglund (2006), in process control, they constitute more than 95%

of the control loops. Being used in several applications, such as process control, motor drive,

optical and magnetic memories, automobiles, flight control, and instrumentation, among

others (ÅSTRÖM; HÄGGLUND, 2001).

However, it is a fact that many control loops in industrial process control present

low performance due to poorly tuned controllers (HÄGGLUND, 2002; HÄGGLUND, 1999).

Ender (1993) points out the fact that approximately 30% of the PI and PID controllers in

activity operate in manual mode, underlining that in 65% of control loops, their operation in

manual mode was better than in automatic mode due to the poor tuning of the controller’s

parameters.

Hägglund (1999) cite, as consequences of poorly tuned control loops, the insufficient

capacity to reject disturbances, leading to large and long deviations from the set-point.

A process that operates under these conditions may impair the quality of the products

generated, consume more resources and energy than necessary and result in the need for

reprocessing manual intervention, and maintenance.

Based on the historical importance of PID control, its wide use even today in the

industry and the operating state of most control loops, studies that seek to improve the

operation of such controllers are of fundamental importance.

2.2 Controller Design & Measurement Noise

2.2.1 Controller Design & Measurement Noise Attenuation

A disadvantages of feedback is that measurement noise is introduced into the system

(SEGOVIA; HÄGGLUND; ÅSTRÖM, 2013). The main effect of this noise is to cause abrupt

changes in the control action (ÅSTRÖM; HÄGGLUND, 2006). These variations cause unde-

sired actuator motion, leading to wear and failure of its mechanical components (SEGOVIA;

HÄGGLUND; ÅSTRÖM, 2014a). Measurement noise is generally of high-frequency and

is assumed to enter the system additively at the process output (SEGOVIA; HÄGGLUND;

ÅSTRÖM, 2014a). To reduce the effects of measurement noise in the closed-loop system,

a first or second-order low-pass filter, in this case a parametric one, characterized by the

time constant Tf , is traditionally employed (HÄGGLUND, 2012; SEGOVIA; HÄGGLUND;

ÅSTRÖM, 2014).

G1
f (s) =

1

1 + sTf

(2.8) C2
f (s) =

1

1 + sTf + s2T 2
f /2

(2.9)

However, Segovia, Hägglund and Åström (2013) points out that most controller tuning
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methods do not consider the effects of measurement noise during the design phase. The

filter time constant is either ignored during the process or chosen after it (HUBA, 2015). In

this case, a rule of thumb such as a fraction of the derivative time is employed (GARPINGER;

HÄGGLUND; ÅSTRÖM, 2012). Or, as in Segovia, Hägglund and Åström (2014a) and

Segovia, Hägglund and Åström (2014b), the inverse of the crossover frequency scaled by a

design parameter.

Such empirical rules can have several disadvantages (SEGOVIA; HÄGGLUND;

ÅSTRÖM, 2014), such as a controller highly sensitive to measurement noise, leading to

excessive control action, or with poor robustness, in the case of a filter with low time constant

(ISAKSSON; GRAEBE, 2002). Huba (2015) argues that the derivative filter and its design

should be an inherent part of the controller design. Noting that the best way to deal with

conflicting goals involved in controller design is to adopt a PID tuning method that considers

four parameters, the proportional gain kc, the integral gain ki, the derivative gain kd, and the

filter time constant Tf (HUBA, 2015).

However, this filter introduces additional dynamics in the control loop (SEGOVIA;

HÄGGLUND; ÅSTRÖM, 2014). According to Segovia, Hägglund and Åström (2014b), the

filter changes the system dynamics, and if poorly designed, it can deteriorate robustness

and load disturbance rejection. That is one of the reasons why the derivative action is rarely

used in industrial process control (ISAKSSON; GRAEBE, 2002; HUBA, 2015; SEKARA;

MATAUSEK, 2009).

According to Isaksson and Graebe (2002), the simpler structure of the PI, compared

to the PID, which has different configurations (ideal, series, and parallel), is also one of the

reasons. In addition, it highlights the lack of tuning methods for PID controllers that also

take into account the filter parameters. However, the main reason, according to (ISAKSSON;

GRAEBE, 2002; ÅSTRÖM; HÄGGLUND, 2006; KRISTIANSSON; LENNARTSON, 2006;

SEKARA; MATAUSEK, 2009), is the fact that the derivative action amplifies the measurement

noise, resulting in high variations in the control signal, making a PID more noise sensitive

than a PI controller.

Isaksson and Graebe (2002) point out that, although PI can deal satisfactorily with

first-order process dynamics, a well-tuned PID controller can achieve significant improve-

ments. As noted in Kristiansson and Lennartson (2006), in which the use of the derivative

action significantly improved performance compared to PI, for equal stability margins and

only a moderate increase in control activity, for all processes, including those with significant

time delay.

In this context, a well-designed filter can even improve the closed-loop performance

(HÄGGLUND, 2013). Huba (2015) emphasizes that the success of PID controllers depends

heavily on this. This leads to the following compromise: choosing a filter with a given order

and structure, seeking to attenuate the measurement noise without impacting too much the
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robustness and performance of the system (SEGOVIA; HÄGGLUND; ÅSTRÖM, 2013).

2.2.2 Related Works

This section presents some works that explored the trade-off between robustness,

performance, and measurement noise attenuation, using parametric filters combined with

different PID tuning methods.

In Segovia, Hägglund and Åström (2013) and Segovia, Hägglund and Åström (2014),

the authors investigated the effect that signal filtering has on noise attenuation, control action,

load disturbance rejection, and robustness to model uncertainty. They used a second-order

Butterworth filter with a single parameter Tf , in series with the controller, to ensure zero

gain at high frequencies (i.e., high-frequency roll-off) (ÅSTRÖM; HÄGGLUND, 2006). The

evaluation metrics included the maximum gain of TF between the measurement noise

and the controller output Mn, in addition to the total variation of the control signal TVu to

characterize noise, the Integral Error (IE) for performance assessment and the maximum

value of the sensitivity function Ms for robustness. The PID controllers were designed by the

Approximated-MIGO (AMIGO) tuning rules for a maximum sensitivity of Ms = 1.4. Processes

with balanced, lag-dominated, and delay-dominated dynamics were tested and approximated

by a FOTD model. Simple tuning rules were formulated for the filter time constant Tf based

on the process and controller characteristics. For PI, Tf is proportional to the normalized time

delay of the process τn = τ/(τ + τd) and the integral time Ti. For a PID, Tf is proportional to

the time derivative Td. The filter significantly reduced the undesirable control actions caused

by the measurement noise, with a moderate deterioration in closed-loop performance and

unchanged robustness. The authors also highlighted the importance of extending the rules

for more tuning methods and models other than a FOTD.

In the work of Huba (2015), the effects of filtering noise in the closed-loop perfor-

mance for PI and PID controllers were studied. They used binomial filters with different

orders n, characterized by its time constant Tn. The relative total variance was employed

to evaluate the control effort, and the IAE metric measured the performance. A modified

Multiple Real Dominant Pole (MRDP) method was used to design the controllers and define

Tn. A FOTD model approximated the processes in analysis. The simulations considered the

cases with and without filtering and the presence and absence of measurement noise. A PI

with a filter order n > 1 and a PID with a filter of order n > 2 showed the best performances.

Moreover, a PID with an appropriate filter had superior performance than a filtered PI for a

process with lag-dominated dynamics. The derivative action reduced the total variance of

the control action and improved the rejection to load disturbances. However, the study did

not consider the robustness to model uncertainty.

Sekara and Matausek (2009) proposed a new tuning method based on maximizing

the proportional gain instead of the integral gain. It uses four parameters: the proportional
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gain kc, integral gain ki, the damping of controller zeros ζ and the noise sensitivity Mn,

given by the gain of TF relating the measurement noise to the control action, which map to

the derivative time kd and filter time constant Tf . Performance is improved by decreasing

the value of ζ in the optimal range from 1 to 1/2 until the minimum value of the IAE, a

performance metric related to disturbance rejection. The controller had a first-order low-pass

filter with a time constant Tf . The initial values of the controller parameters, used as initial

solutions to the optimization problem, were obtained from the M-constrained Integral Gain

Optimization (MIGO) method. The results showed that maximizing the proportional gain

returns substantial improvements in performance. Even when comparing with similar studies,

such as Segovia, Hägglund and Åström (2013) and Segovia, Hägglund and Åström (2014),

the proposed method showed better IAE and the sensitivity. The proposed tuning method

requires knowledge of the process TF, and the study used only FOTD models for processes

with balanced, lag-dominated, and delay-dominated dynamics.

In Kristiansson and Lennartson (2006), the authors studied the optimal and robust

tuning of PID controllers for stable and non-oscillatory processes and the trade-off between

performance and measurement noise attenuation. The IE, IE = Jv = 1/ki, measured the

load disturbance rejection, while the generalized maximum sensitivity GMs characterized

the robustness, given by the maximum weighted gains of the sensitivity and complementary

sensitivity functions. And the magnitude of the control sensitivity function measured the

control activity Ju, given by the product of the controller’s TF with the sensitivity function.

The optimization problem was minimizing Jv, or maximizing the integral gain ki, subject to

constraints on the robustness GMs and on the control activity Ju. A first-order low-pass filter

was included in the controller’s TF with the filter time constant as a fraction of the process

time constant Tf = τ/β. Although a different parametrization was used for the controller,

the tuning rules were translated to kc, ki, and kd parameters of a PID. They require process

characteristics such as the critical process gain kcrit and the dominant time constant τ63, i.e.,

the time it takes for the step response to reach 63% of its steady-state gain. The tuning rules

returned competitive results when compared to well-established tuning methods, such as

ZN, Internal Model Control (IMC), Skogestad Internal Model Control (SIMC), and methods

that assign empirical values to the filter time constant Tf . The proposed tuning method

resulted in low control activity, reasonable robustness at high frequencies, acceptable noise

sensitivity, good stability margins, and near-optimal performance.

In Segovia, Hägglund and Åström (2014a) and Segovia, Hägglund and Åström

(2014b), the authors extended the results obtained in Segovia, Hägglund and Åström (2013)

and Segovia, Hägglund and Åström (2014) to the λ-Tuning and SIMC methods. The study

addressed the trade-off between robustness, disturbance rejection, and measurement noise

attenuation in the design of PI and PID controllers, aiming to design rules for computing the

filter time constant Tf from the process characteristics. A second-order Butterworth filter

ensured high-frequency roll-off, i.e., limited gain at high frequencies, for PID controllers. As
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evaluation metrics, the IAE measured the performance, i.e., load disturbance rejection, the

standard deviation of the control signal measured the control activity due to the measure-

ment noise, and the maximum sensitivity Ms, and complementary sensitivity Mt measured

robustness. The iterative tuning procedure, the processes dynamics analyzed, and the

FOTD approximation models were the same in those studies. The authors observed that

filtering substantially reduces undesirable control activities due to measurement noise, with a

moderate deterioration in performance, without changes in robustness. It was also possible

to formulate rules for choosing Tf based on process parameters such as the dead-time τd,

the time constant τ , the normalized dead-time τn = τd/(τd + τ) and α, a trade-off parameter

for the λ-Tuning and SIMC methods. For them, a small value of α, 0.05, returned a good

compromise between robustness, performance, and measurement noise attenuation.

Micić and Mataušek (2014) proposed a new PID tuning method based on optimization

of the proportional gain under constraints on the sensitivity to measurement noise Mn, on the

maximum sensitivity Ms, and complementary sensitivity Mp. They considered parallel PID

controller structures with set-point weighting and first and second-order low-pass filters. The

experimental tests included second and fourth-order Butterworth filters. The processes test

batch included stable, oscillatory, integrating, and unstable processes. Optimal values for the

proportional gain kc, ki, kd and the filter time constant Tf were obtain by applying the Particle

Swarm Optimization (PSO) method with the constraints incorporated in the cost function

by penalizing their violation. The results showed fast set-point and load disturbance step

response with negligible overshoot, when compared to a PID designed by the SIMC method.

The proposed PID based on PSO method showed reasonable robustness to time delays of

≈ 1 s. But they did not seek general tuning rules that considered all these objectives for PID

design or consider PI and Proportional-Derivative (PD) controllers in the analysis.

In Šekara, Trifunović and Govedarica (2011) though, the authors explored the trade-

off between robustness and performance for higher-order controllers other than PID con-

trollers of second-order, under constraints on robustness and sensitivity to measurement

noise. The controller structure was given by the Direct Synthesis (DS) method for a general-

order process with time delay. It consists of two adjustable parameters, the time constant λ

and the relative damping factor ζ, of the dominant poles of the process. The relative damping

ζ controls the trade-off between robustness and performance and influences the sensitivity

to measurement noise at high frequencies. The processes tested included 16 representative

typical dynamic characteristics, such as delay-dominated, unstable, and integrator dynamics.

The higher-order controller showed better load disturbance rejection than optimal PID, with

significantly lower IAE and similar robustness for stable processes. Meanwhile, it showed

considerably higher robustness and performance for unstable processes than an optimal

PID. The proposed method requires adequate knowledge of the process TF and, similarly to

the previous studies, did not go as far as deriving general tuning rules based on the process

characteristics.
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2.3 Trajectory Filter Generators

This section describes two traditional parametric approaches for computing trajecto-

ries in control applications. The first is based on a state-space representation, and the other

on a cascade of FIR filters. In addition, some related studies on these and more complex

trajectory filter approaches are described.

2.3.1 State-Space Trajectory Filter

A parametric trajectory filter in state-space form, as described in Farrell and Polycar-

pou (2006) and shown in Equation 2.10-2.12, where s is a complex frequency of the Laplace

transform.

G(s) =
Y (s)

U(s)
=

a0

sn + an−1sn−1 + · · ·+ a1s + a0

(2.10)
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In this approach, the low-pass filter in Equation 2.10 is represented in its controllable

canonical form in Equation 2.11 and 2.12, which returns, as states, the n − 1 desired

derivatives of the input.

2.3.2 FIR Trajectory Filter

A trajectory filter based on a cascade of FIR filters, as described in Biagiotti and

Melchiorri (2012), is depicted in Figure 3. It generates a trajectory with the desired degree of

smoothness from a rough input signal, such as steps and pulses. Successive filtering of this

input signal f0 and its derivatives by a MA filter Hi result in a bounded and smooth trajectory.

H1
d

dt
H2

d

dt
· · · Hn

d

dt

f0 f1 f2 fn f ′

n

FIR1 FIR2 FIRn

f ′

2
f ′

1

Figure 3 – Cascaded FIR filters to generate trajectories.
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The impulse response hi(t) and the i-th MA filter Hi(s) are given in Equation 2.13

and 2.14, for i = 1, 2, . . . , n, where n is the total number of filters. It performs an averaging

operation on the samples of the input signal from t = 0 to t = Ti. An example of how this

process works, for a scaled unit step input f0 = au(t), for a>0, is presented in Figure 4 and

Figure 5.

hi(t) =







1
Ti

, 0 ⩽ t < T

0, otherwise
(2.13) Hi(s) =

1

Ti

1− e−sTi

s
(2.14)

Assuming, for instance, that f0(t) represents the position and the velocity trajectory is

required. It can be obtained simply by taking the derivative of f0(t), resulting in f ′
0(t) = aδ(t).

As one can see in Figure 4 (b), it is not a bounded signal, has an area equal to a but infinite

amplitude. Therefore, it is not suitable for trajectory tracking applications.
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Figure 4 – Effect of filtering a step input signal f0(t) = au(t) by a MA filter h1(t).

Instead, before taking the derivative, the input signal f0(t) is convolved with a MA

filter h1(t), in Figure 4 (c), resulting in a smoother version given by f1(t) = f0(t) ∗ h1(t)

in Figure 4 (d), where ∗ represents the convolution operation. Its derivative now, shown in

Figure 4 (e), is a bounded signal and can be shaped according to the choice of the filter

parameter T1 and the amplitude a of the input.

Supposing the acceleration profile is also required, to avoid getting an unbounded

derivative again, such as f ′′
1 (t) in Figure 5 (f), f ′

1(t) is convolved with another MA filter h2(t),

shown in Figure 5 (g), resulting in a signal f2(t) = f ′
1(t) ∗ h2(t), Figure 5 (i). Its derivative,

f ′
2(t) in Figure 5 (j), is now a bounded signal. The smoothing effect achieved by successive

filtering of the original input signal can be seen by taking the integral of f2(t), as shown in

Figure 5 (h).
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Figure 5 – Further filtering f ′
1 by a MA filter h2(t) to get bounded derivative f ′

2.

This procedure is then repeated if higher-order derivatives are required. Using a

cascade of n FIR filters, the first n − 1 derivatives are continuous signals, and the n-th

derivative is a piece-wise constant signal. Besides, a parametric filter allows restrictions on

the minimum and maximum values of the trajectories to be imposed by adjusting the filter

parameter Ti, which also controls the degree of smoothness for the filtering.

2.3.3 Related Works

Trajectory schemes aim at producing a set of signal profiles from a rough reference

input by computing its derivatives. Usually, the reference input represents the position, and

the trajectory scheme generates bounded velocity, acceleration, jerk, snap, and so on, which

also satisfy kinematic constraints (BIAGIOTTI; MELCHIORRI, 2012). Gerelli and Bianco

(2010) state that controlled robotics and mechatronics applications require smooth signals

produced by trajectory generators to improve system performance.

Sudden changes in the control signal can lead to vibration, wear of mechanical

components, induced noise, and disturbances (LU, 2008). Zanasi, Bianco and Tonielli

(2000), Kim, Jeon and Kim (1994), and Zheng, Su and Müller (2009) emphasize that the
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availability of smooth reference trajectories with bounded derivatives is fundamental in

getting accurate and quick tracking performance in complex motion control systems. Gerelli

and Bianco (2010) stress that smooth reference signals are the most relevant requirement

in the control of robotic applications. The bounds on the derivatives, i.e., minimum and

maximum velocity and acceleration, are a direct consequence of physical constraints of

actuators, such as voltage and current limits (GERELLI; BIANCO, 2010; ZANASI; BIANCO;

TONIELLI, 2000).

Several techniques for trajectory generation are available in the literature. In industrial

robotic and mechanical systems, smooth trajectories are usually obtained offline by com-

puting optimal profiles (ZANASI; BIANCO; TONIELLI, 2000; ZHENG; SU; MüLLER, 2009).

Another offline approach is the selection of polynomial functions (JEON; HA, 2000; ZHENG;

SU; MüLLER, 2009). These techniques are not suited for real-time applications due to their

high computational cost (ZANASI; BIANCO; TONIELLI, 2000; JEON; HA, 2000). According

to Gerelli and Bianco (2010), an online alternative is to generate trajectories by nonlinear

filtering through a feedback controller. Studies that explore this approach can be found in

Zanasi, Bianco and Tonielli (2000), Zanasi and Morselli (2003), Lu (2008) and Gerelli and

Bianco (2010).

Zanasi, Bianco and Tonielli (2000) proposed a nonlinear discrete-time trajectory

filter based on a Variable Structured Controller (VSC), sliding mode control with a chain

of integrators, capable of providing a minimum-time response without overshoot and sym-

metrical bounds on the first and second derivatives. Zanasi and Morselli (2003) presented

a generalization of this method for higher-order derivatives and a broader class of input

signals. In Lu (2008) a time-optimal jerk-constrained trajectory generator with disturbance

rejection capabilities was proposed for speed control of electrical drives. Zheng, Su and

Müller (2009) used a modified nonlinear tracking differentiator, robust to noise, to generate

smooth trajectories from rough input signals such as steps. In Gerelli and Bianco (2010) a

VSC, based on an algebraic nonlinear control law, in series with a chain of three integrators,

was used to produce continuous trajectories for velocity and acceleration profiles.

Although trajectory filter generators with nonlinear controllers can be successfully

used in robotic applications, they are rather complex and computational demanding (BIA-

GIOTTI; MELCHIORRI, 2012). A simpler online alternative can be obtained through linear

filtering with FIR filters (BIAGIOTTI; MELCHIORRI, 2012; BESSET; BÉARÉE, 2017; ZHENG;

SU; MüLLER, 2009). Studies that use this filter-based approach are Kim, Jeon and Kim

(1994), Olabi et al. (2010), Biagiotti and Melchiorri (2012), and Besset and Béarée (2017).

In Kim, Jeon and Kim (1994), a velocity trajectory is generated through convolution

with a digital filter for the control of industrial robots and Computer Numerical Control (CNC)

machining tools, together with a PID controller and a notch filter for vibration reduction.

Olabi et al. (2010) proposed a method of jerk-limited trajectory planning for continuous
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machining robots that consist of convolving a trapezoidal velocity-shaped signal with a FIR

MA filter. Biagiotti and Melchiorri (2012) used a cascade of FIR MA filters, combined with

the features of multi-segment polynomial trajectories, to generate time-optimal profiles with

kinematic constraints on velocity, acceleration, and jerk. In Besset and Béarée (2017), a

low computational complex acceleration-limited signal is convolved with a FIR MA filter to

generate jerk-constrained trajectories for robot applications.

2.4 Singular Spectrum Analysis and Related Works

2.4.1 Singular Spectrum Analysis

The SSA is a technique for time series analysis and prediction that includes classic

elements of series analysis, statistics, multivariate geometry, dynamic systems, and signal

processing (GOLYANDINA; NEKRUTKIN; ZHIGLJAVSKY, 2001; ALEXANDROV, 2009). It

decomposes the original time series in terms of its internal components, which are additive

and interpretable, such as trend, periodical components, and noise (GOLYANDINA et al.,

2013).

This technique can be applied in trend analysis, detection, and extraction of quasi-

periodic components, noise attenuation, and point change detection (ALEXANDROV, 2009).

According to Hassani (2007), other applications include identification of trends and patterns

with different resolutions and complexity, smoothing, extraction of seasonal components,

cycles, and periodic signals with varying amplitudes.

It does not require any statistical assumptions to be fulfilled for the time series or its

components (GOLYANDINA; NEKRUTKIN; ZHIGLJAVSKY, 2001). It is not necessary also a

parametric model that characterizes its statistical distribution, nor non-stationarity conditions

(ZHIGLJAVSKY, 2010; HASSANI, 2007). It is simple to use, requires few parameters to be

adjusted, and allows trend extraction in the presence of noise and oscillating components

(ALEXANDROV, 2009).

The method consists of two complementary stages: decomposition and reconstruc-

tion. The decomposition stage is composed of the embedding and the decomposition steps.

The reconstruction performs the grouping and the diagonal averaging steps. In the em-

bedding step, the one-dimensional signal is mapped into a multi-dimensional series given

by a matrix called trajectory (GOLYANDINA et al., 2013). A key parameter in this step is

the window length L. Then, the trajectory matrix is decomposed in terms of its singular

values, using the Singular Value Decomposition (SVD) or eigendecomposition, leading to a

representation based on a sum of orthogonal elementary matrices of rank one (HASSANI,

2007). The grouping step consists of merging the elementary matrices according to pre-

defined criteria, such as their contribution to the original time series, pattern similarities,
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and component correlation. Finally, in the diagonal averaging step, the multi-dimensional

groups are mapped back into a one-dimensional time series as additive components of the

original series (HASSANI, 2007). In this step, an important parameter is the number R of

components selected for the reconstruction.

As Alexandrov (2009) points out, it is similar to the Principal Component Analysis

(PCA) technique, which is applied to a multidimensional series, decomposed by the SVD

method, and returns a new representation, with a lower dimension and different physical

meaning. The SSA, nonetheless, preserves its original dimension and physical meaning

throughout the decomposition process. Although relatively new, it is a powerful technique

that is being applied to many practical problems in different areas of science (HASSANI;

THOMAKOS, 2010).

2.4.2 Related Works

The following studies are examples of works that used SSA in noise filtering and time

series smoothing, in areas such as: Bio-mechanics, Alonso, Castillo and Pintado (2005); Geo-

dynamics, Chen et al. (2013); Materials Science, Salgado and Alonso (2006); Economics

and Finance, Hassani, Dionisio and Ghodsi (2010); and in Control Engineering, Haavisto

(2010), Zhang and Wang (2016), Phuong et al. (2016), Phuong, Ohishi and Yokokura (2019),

and Phuong, Ohishi and Yokokura (2020).

In Alonso, Castillo and Pintado (2005), the authors analyzed a stationary sinusoid,

a non-stationary bio-mechanical signal, and two others from the literature. They used the

SSA and a parametric Butterworth filter to reduce the noise in those time series and allow

its numerical differentiation to obtain velocity and acceleration signals. Empirical values

were assigned to the parameter window length L. Meanwhile, the number of principal

components R was based on each component’s eigenvalues, a measure of its contribution to

the reconstruction of the original time series. The SSA returned smoother signals, compared

to the parametric filter, for both stationary and non-stationary signals. Furthermore, the SSA

did not require additional adjusting methods to correct the resulting signal as the Butterworth

filter. However, some time series required applying the SSA repeatedly to effectively attenuate

noise. A fundamental drawback highlighted by the authors is the lack of rules to assign

values to the filter’s parameters. They suggest, for future research, the development of

automatic parameter selection methods and the successively use of cascaded SSA filters to

obtain better results.

In Chen et al. (2013), the authors analyze seasonal signals from Global Positioning

System (GPS) time series, collected over ten years and referring to weekly monitoring data

of deformations, tectonic movements, and displacement of surfaces such as glaciers. The

signals’ trend can be described as a sum of sinusoids with varying amplitude and phase,

mixed with noise. The study used the SSA, Least Square (LS) fit, and the linear Kalman filter
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to identify and extract these sinusoidal trends. The window length L was chosen empirically

between 2-3 years (105-157 weeks). The SSA and the Kalman filter identified the sinusoids

more accurately by correctly capturing changes in the amplitude over time, with SSA showing

slightly better results in terms of the mean squared error. In contrast, the LS fit did not identify

such variations. By varying the window length L, the SSA extracted almost all the critical

information from the original signal, capturing even some nonlinearities.

In Salgado and Alonso (2006), the SSA is used in a tool wear detection analysis.

The test stress consists of subjecting a tool to torsion and measuring its longitudinal and

transversal deformation with accelerometers. The result of this measurement is a signal

embedded in noise, with the trend showing the vibration, the component of interest, also

present at high frequencies. The advantage of the SSA method relies on the fact that it

is based not only on the frequency of each component but also on the decomposition of

the time series in terms of the singular values of the trajectory matrix, allowing the correct

identification of the trend. The value of the embedding dimension was L = 5, for a time

series of length N = 500. The high-frequency vibration trend was correctly identified and

extracted, without noisy components, with the SSA filter. This signal was then fed into a

multi-layer perceptron neural network that relates it to the material wear. The authors also

point out that the choice of the main components to reconstruct the time series by the SSA

method must be based on a systematic procedure and not just defined empirically.

Hassani, Dionisio and Ghodsi (2010) analyzed a time series of closing prices of stock

market indices traded in the US, Portugal, France, Germany, and Greece, containing 4629

observations from 1990 to 2007 for each index. The goal was to assess dependencies in

financial time series using statistical correlation metrics robust to nonlinearities. Additionally,

the time series are non-stationary and noisy due to abrupt price oscillations in short periods.

To smooth the time series and retain the general trend, the authors employed a Autoregres-

sive Moving Average (ARMA) filter, as well as a linear filter, a Generalized Autoregressive

Conditional Heteroscedasticity (GARCH), a nonlinear filter, and the SSA. The SSA was able

to denoise the time series better than the remaining filters, returning time series with the

lowest standard deviation. In contrast, the GARCH method did not identify nonlinearities in

the time series. The authors concluded that the quality of the filtered time series significantly

improves the correlation indices, thus allowing a more accurate causality analysis.

In Haavisto (2010), a Recursive Singular Spectrum Analysis (RSSA) is used to

detect and remove rapid oscillations in a feedback-controlled copper flotation circuit in real-

time. Rapid oscillations alter the balance between concentrate grade and valuable mineral

recovery, reducing the performance of the mineral processing plant. They applied the SSA

due to its time delay and phase-shift invariant characteristics to smoothen the signal, extract

the oscillation and detect similarities in the signal structure. The analysis covered 4320

samples of 13 signals from the controlled process. The proposed RSSA method parameters
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adopted were L = 90 (1.5h) and λ = 0.95, the forgetting factor. Removing the less significant

components/eigenvalues smoothed the signals, highlighting the desired leading sinusoidal

oscillations with distinct phases. Moreover, the method allowed the detection of structural

changes in the signals after filtering them by computing a heterogeneity metric.

Zhang and Wang (2016) applied an online version of the SSA combined with an

Extended State Observer (ESO) and a Positive Position Feedback (PPF) in a ADRC method.

To perform attitude control and sloshing suppression in a liquid-filled spacecraft. Sloshing

is the motion of a free liquid surface inside a container, which impacts the spacecraft’s

motion and possibly results in unstable behavior. The ADRC maintains control performance

under uncertainties and disturbances. The ESO estimates the total disturbance, and the

SSA identifies the sloshing mode from the remaining state variables and extracts it with an

Eigensystem Realization Algorithm (ERA) to feed the PPF for damping the sloshing effect.

The authors used an embedding dimension of L = 30, N = 60 samples, sampling interval

Ts = 0.1 s, and reconstructed the original signal with the first R = 4 components. The

proposed method stabilized the system, while a PD controller failed to achieve. Additionally,

the controller showed robustness to changes in the parameters up to ±10% and to low-

frequency sinusoidal disturbances.

In Phuong et al. (2016) a novel Instantaneous State Observer (ISOB) based on the

SSA filter to perform load torque estimation in motion control is proposed. The aim was to

improve the performance of the speed control system of an industrial robot arm. Generally,

the measurement noise introduced by the accelerometer sensors substantially degrades the

system’s performance. The experimental results showed reasonable noise attenuation for

the proposed method and for the Variable-Noise-Covariance Kalman filter based ISOB, while

a 16-point window MA filter failed to reduce vibration (i.e., noise) effectively. In contrast, the

SSA-ISOB method showed more precise load torque estimation than the Kalman filter-based

method, given the fact that SSA is suitable for non-stationary signals and the Kalman filter

assumes a stationary distribution for the noise. They applied an iterative version of the SSA

to a batch of experimental data rather than performing the experiments in a real-time system.

Similarly, Phuong, Ohishi and Yokokura (2019) proposed a SSA based Disturbance

Observer (DOB) for wide-band sensorless force estimation to improve accuracy of a force-

controlled system. The wide-band force estimation is fundamental in the control of interacting

robots and is usually highly noisy for this reason. Another undesired component is the

harmonic dithering effect caused by a dither signal introduced on the motor side for friction

compensation. So, the Harmonic Estimation SSA based DOB method aimed to estimate the

force component from the total load torque and the derivative of the position signal while

simultaneously suppressing measurement noise and removing harmonic dither signals. The

experimental results were compared with the original DOB method, without SSA, with the

SSA based DOB achieving more accurate torque estimation with significant noise attenuation
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and faster response without time delay. The undesired dither harmonic component was

correctly identified and extracted with the SSA and the LS method. Phuong, Ohishi and

Yokokura (2020) extended this method to identify and remove undesired periodic components

superimposed in the measurements.
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CHAPTER

3

METHODS

This chapter describes the basic SSA methodology, followed by its real-time version,

the CSSA. Then an example applying the method to a real time series is provided. It proceeds

to describe some aspects of the frequency-domain interpretation of the SSA method as a

Filter Bank (FB) of FIR filters. An example illustrating this description closes the chapter.

3.1 Basic SSA

The non-parametric SSA filter, in its original form, is applied to a real-valued time

series XN of length N :

XN =
(

x0 x1 · · · xn · · · xN−2 xN−1

)

(3.1)

The filtering process consists of four steps, divided in two stages. The first is the

Decomposition stage, which comprises the Embedding and the SVD steps. The second is

the Reconstruction stage, which performs the Grouping and the Diagonal Averaging steps.

1. Decomposition

a) Embedding:

This step maps the original one-dimensional time series in Equation 3.1 into a K-

dimensional series Xm, called the trajectory matrix, illustrated in Figure 6.

The trajectory matrix is made of a set of K-column vectors of length L that are subsets

of the original time series, where K = N − L + 1. It is a Hankel matrix, given that the

elements in its anti-diagonals are the same.
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Figure 6 – Trajectory matrix design.

The filter parameter L ∈ Z is called the window length or the embedding dimension and

is constrained to 2 ⩽ L ⩽ N/2. It represents the maximum number of components into

which the original time series is decomposed.

b) Singular Value Decomposition (SVD):

In the second step the trajectory matrix is decomposed in terms of its right and left

singular vectors U ∈ R
L×L and V ∈ R

K×K , and singular values Σ ∈ R
L×K , using the

SVD method:

Xm = UΣV
T (3.2)
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where each column of the singular vectors is sorted in decreasing order of magnitude of

its corresponding singular values σ11 ≥ σ22 ≥ . . . ≥ σLK .

From the representation in Equation 3.2, the trajectory matrix is then splitted into q =

max{i|σii > 0} ⩽ L elementary matrices:

Xm =
q⩽L
∑

i=1

σiuiv
T
i (3.3)
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Resulting in a set of matrices XD that represents the trajectory matrix of each component:

XD = {Xm1
, Xm2

, . . . , Xmq
}, Xmi

∈ R
L×K (3.4)
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c) Eigendecomposition (Alternative):

An alternative to the SVD method is the eigendecomposition of the covariance matrix

defined in Equation 3.5.

Cm =

(

XmX
>
m

)

K
, Cm ∈ R

L×L (3.5)

Which results in a representation of the original covariance matrix in terms of its eigen-

values Λ ∈ R
L×L and eigenvectors U ∈ R

L×L, as shown in:

Cm = UΛU
T (3.6)
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From this representation, the original trajectory matrix can be decomposed into q =

max{i|λii > 0} ⩽ L matrices, by the projection of each column in Xm onto the respective

eigenvector in U:

Xm =
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











x(q)
pc1

x(q)
pc2

...

x(q)
pcK











>

Xmq

where xpci
∈ R

K×L is the i-th principal component of the time series.

Resulting in the same set of decomposed matrices XD as in Equation 3.4.

2. Reconstruction

a) Grouping:

In this step, the matrices of XD are merged into disjoint groups. Defining I = {I1, I2, . . . , Ii, . . . , Ip}

such that a given set of indices Ii = {i1, i2, . . . , ipi
} corresponds to the matrix indices

that belongs to the i-th group. Then, the grouping step is perform as in Equation 3.8, by

adding up all the matrices that belongs to that group.

XIi
=
∑

i∈Ii

Xmi = Xmi1
+ Xmi2

+ · · ·+ Xmipi
(3.8)

Extending to all sets of indices results in a set of grouped matrices:

XI = {XI1
, XI2

, . . . , XIp
} (3.9)
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Extending this procedure for each component k = 1, 2, . . . , q ⩽ L, the original time

series is approximated by its reconstructed version X̃R
N :

X̃R
N =

R∑

k=1

X̃
(k)
N (3.12)

where R is a parameter that controls the number of components used to approximate

the time series, with 1 ⩽ R ⩽ L.

If R ≡ L, then X̃R
N ≡ XN , the reconstructed series is equal to the original one, if

R < L, then X̃R
N is an approximation of XN considering the first R components. The

SSA filtering steps are summarized in the pseudo-algorithm shown in Algorithm 1. Note

that (3.12) is just one specific example of the possible reconstructions permitted by the

SSA method. Any combination of components can be chosen for reconstruction, not just

the first principal components or sequential components.

Algorithm 1 – SSA Algorithm

Input: XN ∈ R
N : original time series

2 ⩽ L ⩽ N/2 ∈ Z: embedding dimension
1 ⩽ R ⩽ L ∈ Z: number of components for reconstruction

Output: X̃R
N ∈ R

N : reconstructed time series

1: procedure SSA(XN , L, R)
2: Xm ← Embedding(XN , L) . Figure 6
3: XD ← Decomposition(Xm) . Equation 3.3 or 3.7
4: XI ← Grouping(XD, I) . Equation 3.8 and 3.9
5: X̃R

N ← DiagonalAveraging(XI , R) . Equation 3.11
6: end procedure

3.2 Real-time SSA

The SSA method requires a batch of samples from the time series to be available. In

order to use it in a real-time application, a modified version of it, called CSSA and proposed

in (LELES; MOZELLI; GUIMARAES, 2017, p. 4) was adopted.

The method collects samples from a continuous time signal xn = x(nTs) with Ts the

sampling interval, to form a time series XN of fixed length N . After that, as new samples

arrive, the old ones are discarded, as in a sliding window illustrated in Figure 8.

[

· · · x1 x2 x3 x4 · · · xN−1 xN xN+1 xN+2 xN+3 · · ·

]

[

XN

x2 x3 x4 · · · xN−1 xN xN+1 xN+2

]

Figure 8 – Sliding window to update the time series.
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Besides, for each incoming sample xn, instead of performing the diagonal averag-

ing on each component’s matrix, its reconstruction x̃n, is done directly from the updated

eigenvectors U after the decomposition step, according to Equation 3.13, which performs

the same operation as Equation 3.7, where u(k) are the eigenvectors of the k-th component.

x̃(k)
n =

L∑

i=1

u
(k)
L u

(k)
i xn−L+i (3.13) x̃R

n =
R∑

k=1

x̃(k)
n (3.14)

The reconstructed sample considering then the first R components of the time series

is obtained by Equation 3.14. The pseudo-algorithm of this filter is presented in Algorithm 2.

Algorithm 2 – CSSA Algorithm
Input: xn ∈ R: sample of the original time series

N ∈ Z: minimum number of samples to form a time series
2 ⩽ L ⩽ N/2 ∈ Z: embedding dimension
1 ⩽ R ⩽ L ∈ Z: number of components for reconstruction

Output: x̃R
n ∈ R: reconstructed sample

1: procedure CAUSALSSA(xn, N, L, R)
2: n← 0, XN ← 0
3: while new sample to process do
4: if n < N then
5: XN ← AddSample(XN , xns)
6: x̃R

n ← xn

7: else if n == N then
8: X̃R

N ← SSA(XN , L, R) . Algorithm 1
9: else if n > N then

10: XN ← UpdateTimeSeries(XN , xn) . Figure 8
11: Xm ← Embedding(XN , L) . Figure 6
12: Cm ←

(

XmX
>
m

)

/K . Equation 3.5
13: U← Eigendecomposition(Cm) . Equation 3.7
14: x̃R

n ← Reconstruction(XN , U) . Equation 3.13 and 3.14
15: end if
16: n← n + 1
17: end while
18: end procedure

In the CSSA algorithm, n and XN are global variables that maintain its state between

function calls and are initialized once. The filter executes as long as new samples arrive.

For n < N , the filter is inactive. When n = N , the minimum number of samples has

been reached, then the SSA filter is executed on XN . After that, for n > N , the series is

updated with the new sample, the eigendecomposition is performed on the new covariance

matrix and the operations in Equation 3.13 and Equation 3.14 are executed to compute the

reconstructed sample.
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nents are located. Figure 11 (b) shows three components: the low-frequency trend, and

two oscillatory components with a period of 7 and 14 days. The pairwise scatterplot of the

eigenvectors shows which components are related. In Figure 11 (c), the components 2-3

and 5-6 are clearly correlated, and they represent the oscillatory components shown in

the Periodogram of the time series. The period of oscillation is the number of edges of the

polygon formed by the pairs of eigenvectors. The correlation matrix in Figure 11 (d) show

the degree of correlation between the time series components. Useful in the grouping step

and in verifying the embedding dimension’s choice.

For a detailed explanation of parameter selection for the Singular Spectrum Analysis

(SSA), please refer to Golyandina (2010), Golyandina et al. (2013) and more recently Leles

(2017).

3.4 Filter Bank SSA

The SSA method can also be viewed in terms of a linear filtering process. The

projection operation that results in a set of decomposed matrices XD through Equation 3.3

or Equation 3.7, in the decomposition and the diagonal averaging steps, leads to the

description of the SSA as a FB of Figure 12.

XN Al(z) Sl(z) pl + X̃N

AL(z) SL(z) p
L

A1(z) S1(z) p1

...

...

X̃
(l)
N

X̃
(1)
N

X̃
(L)
N

D1(z)

Dl(z)

DL(z)

...

...

Figure 12 – Block diagram of the SSA as a FIR FB.

The eigenvectors from the trajectory matrix decomposition form the coefficients

of the filters Al(z) and Sl(z), for each component l = 1, 2, . . . , L. The TF of Al(z) in

Equation 3.15 is a causal filter and represents the projection operation that results in the

principal components, a process called forward filtering. Meanwhile, the TF of Sl(z) in

Equation 3.16, is an anti-causal filter and is responsible for the inverse projection, and also
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the diagonal averaging step, by normalizing by L, performing the reverse filtering process,

where u
(l) =

[

u
(l)
0 u

(l)
1 . . . u

(l)
k . . . u

(l)
L−1

]>
are the eigenvectors of the l-th component.

Al(z) =
L−1∑

k=0

u
(l)
k z−k (3.15) Sl(z) =

1

L

L−1∑

k=0

u
(l)
k zk (3.16)

The binary gain pl ∈ {0, 1} in Figure 13 indicates whether or not a given component

is selected for the reconstruction of the time series. The l-th branch of the FB, for pl = 1,

relates the l-th reconstructed component X̃
(l)
N with the original time series XN through the

transfer function of a FIR filter Dl(z) given by Equation 3.17.

XN Al(z) Sl(z) pl X̃
(l)
N

Dl(z)

Figure 13 – SSA FB: l-th eigenfilter Dl(z) = Al(z)Sl(z)pl.

Dl(z) =
X̃

(l)
N (z)

XN(z)
= Al(z)Sl(z) =

(
L−1∑

k=0

u
(l)
k z−k

)(

1

L

L−1∑

k=0

u
(l)
k zk

)

=
L−1∑

k=−(L−1)

d
(l)
k zk =

L−1∑

k=1−L




1

L

L−1∑

i=|k|
u

(l)
i u

(l)
|k|−i



 zk (3.17)

According to Tomé et al. (2018), the filter coefficients d
(l)
k are the entries of the matrix

Dl = u
(l)

u
(l)>

along the k-th diagonal. The main diagonal is given by k = 0, and above

and below the main diagonal by k > 0 and k < 0, respectively. Dl is a symmetric matrix,

d−k = dk, and the sum of each matrix component results in an identity matrix as shown in

Equation 3.18, where δ(k) is the unit impulse signal.

L∑

l=1

Dl =
L∑

l=1

u
(l)

u
(l)>

= I
L×L

=⇒
L∑

l=1

d
(l)
k = δ(k) (3.18)

This implies that if the reconstruction is done with all the components, pl = 1, ∀l=1,...,L,

then the original time series is exactly recovered:

X̃N(z) = XN(z)
L∑

l=1

Dl(z) = XN(z)





L∑

l=1





L−1∑

k=1−L

d
(l)
k zk









= XN(z)





L−1∑

k=1−L

(
L∑

l=1

d
(l)
k

)

zk



 = XN(z)





L−1∑

k=1−L

δ(k)zk



 = XN(z) (3.19)

Which, in the time-domain, is equivalent to convolve the time series with an impulse

signal. Additionally, the symmetry property allows a closed-form description of the filter’s
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frequency response Dl(z), as described in Equation 3.20-3.23.

Dl(z) = d
(l)
0 +

−1∑

m=1−L

d(l)
m zm +

L−1∑

k=1

d
(l)
k zk, (m← −k) (3.20)

= d
(l)
0 +

L−1∑

k=1

(

d
(l)
−kz−k + d

(l)
k zk

)

,
(

d−k ← dk, z ← ejω
)

(3.21)

Dl(e
jω) = d

(l)
0 +

L−1∑

k=1

d
(l)
k

(

ejωk + e−jωk
)

,
(

ejωk + e−jωk ← 2 cos (kω)
)

(3.22)

Dl(e
jω) = d

(l)
0 + 2

L−1∑

k=1

d
(l)
k cos (kω), ∀ l = 1, 2, . . . , L (3.23)

Representing the frequency response of a real-valued and zero-phase filter, which

implies in no signal distortion and that each component is in phase with the original time

series.

Therefore, regarding the reconstruction stage, the SSA can be viewed as a linear

filtering process performed through a bank of FIR filters generated by the spectral decompo-

sition of the time series in terms of its eigenvectors. For a more detailed characterization of

the SSA in the frequency-domain, the reader is referred to Tomé et al. (2018), Kume (2012),

Harris and Yuan (2010) and Leles et al. (2016).

3.5 Example: Applying SSA in the Frequency-Domain

To analyze the SSA method in the frequency-domain, the time series in Equation 3.24

is considered for N = 1024 samples. It consists of a sum of two sinusoids with amplitudes 4

and 2 and frequencies 0.1 Hz and 0.2 Hz, mixed with gaussian noise with zero mean µ = 0

and unit standard deviation, σ2 = 1. Figure 14 shows a snippet of the time series and its

Discrete-Time Fourier Transform (DTFT).

XN = 4× sin (2π(0.1)k) + 2× sin (2π(0.2)k) + ν(k) (3.24)

Figure 15 shows the the eigenfilters Dl(e
j2πf) = Al(e

j2πf)Sl(e
j2πf), l = 1, 2, . . . , L,

where ω = 2πf , for decomposing the time series into L = 5, 10, 20 and 30 components. By

increasing the parameter L, the frequency response of the filters becomes narrower, thus,

more precise for a given frequency where a component of the time series might be located.

The impulse response d
(l)
k ≡ d(l)(k) of the eigenfilters l = 1, 5, 9 and 20 are presented

in Figure 16. They represent filters with Finite Impulse Response (FIR) and zero-phase due

to their even symmetry, d(l)(−k) ≡ d(l)(k).

The linear filtering process, as described in the FB description of the SSA in Fig-

ure 12, is illustrated in Figure 17 to extract the oscillatory and noisy components of the time









50

CHAPTER

4

RESULTS

This chapter presents the results regarding the use of the SSA method to attenuate

measurement noise in PID control loops and the use of the SSA in a trajectory filter gener-

ating approach. The SSA for PID control describes the processes modeling, the controller

synthesis, the performance measurement metrics, and the numerical simulations analyzing

the performance and the measurement noise attenuation for different scenarios and pro-

cess dynamics. Finally, the numerical simulations of the SSA trajectory generating filter are

presented.

4.1 SSA in PID Control

The block diagram in Figure 18 was considered to analyze the effects of applying the

SSA noise filter in the performance and sensitivity to measurement noise of the closed-loop

system with a PID controller.

SSA C(s)
+

d

P (s)

+
η

+
ysp

e +u
y

+

−

ym

ProcessController

Noise Filter PID

Figure 18 – Block diagram of the closed-loop system analyzed: SSA noise filter, process P (s), ideal
PID controller C(s), set-point ysp, error e, control signal u, load disturbance d, process
variable y, and measurement noise η.

It consists of a non-parametric SSA based noise filter, in series with an ideal PID

controller, that manipulates the process P (s) while subjected to a load disturbance d, at the
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process input, by comparing the measured value of the output ym, mixed with noise η, to the

set-point ysp.

4.1.1 Process Dynamics and Modeling

The processes P (s) used in Figure 18 were based on Segovia, Hägglund and Åström

(2013), Segovia, Hägglund and Åström (2014) and cover a significant range of dynamics

usually encountered in process control. They are: (i) lag-dominated PL in Equation 4.1; (ii)

balanced PB in Equation 4.2, and (iii) delay-dominated dynamics PD in Equation 4.3.

PL(s) =
1

(s + 1)(0.1s + 1)(0.01s + 1)(0.001s + 1)
(4.1)

PB(s) =
1

(s + 1)4
(4.2) PD(s) =

e−s

(
5

100
s + 1

)2 (4.3)

For the controller design, the processes were approximated by the FOTD model in

Equation A.1.

G(s) =
kpe−τds

τs + 1
(A.1)

The response curve of each process to a unit step input defined the parameters kp,

τd, and τ . The gains of the step response and the unit step determined the gain kp. The time

delay τd was obtained through the intersection of the tangent line at the inflection point of

the response curve with the time axis, a procedure similar to the one shown in Figure 37 (b).

The time constant was given by τ = t63% − τd, where t63% is the instant when the response

reaches ≈ 63% of its steady-state value. Their values are presented in Table 1.

Table 1 – FOTD parameters’ model for lag, balanced and delay-dominated process dynamics.

PL(s) PB(s) PD(s)

kp 1 1 1
τd 0.08 1.43 1.01
τ 1.04 2.92 0.09

4.1.2 Performance Measurement

As in Segovia, Hägglund and Åström (2014), the Integral Absolute Error (IAE) metric

in Equation 4.4 was chosen to measure the performance of the controller in the closed-loop

system of Figure 18.

IAE =
∫ ∞

0
|e(t)|dt (4.4)

where e is the error due to a unit step input.
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To measure the control activity u and system output y variability due to measure-

ment noise, the Total Variance (TV) metric was chosen according to Huba (2015) and are

reproduced in Equation 4.5 and 4.6.

TV (u) =
∑

k

|u(k + 1)− u(k)| − |2ūm − u∞ − u0| (4.5)

TV (y) =
∑

k

|y(k + 1)− y(k)| − |2ȳm − y∞ − y0| (4.6)

where k is the sample index, ȳm /∈ (y0, y∞) and ūm /∈ (u0, u∞) are extreme values of

y and u and chosen as ȳm = 10× ym and ūm = 10× um. Meanwhile, y0, u0, y∞ and u∞ are

the initial and steady-state values of y and u, respectively.

4.1.3 PID Controller Synthesis

The PI and PID controller parameters used in the simulations are shown in Table 2.

Which were obtained applying the AMIGO tuning rules in Table 10 on the FOTD model

parameters of the processes, presented in Table 1, for a sensitivity of Ms = 1.4.

Table 2 – PI and PID controller parameters for lag, balanced and delay-dominated process dynamics
with AMIGO tuning rules.

PL(s) PB(s) PD(s)

PI PID PI PID PI PID

kc 4.13 6.44 0.41 1.1 0.18 0.24
ki 7.67 17.86 0.16 0.47 0.47 0.51
kd 0 0.24 0 0.69 0 0.03

They were projected in the continuous-time given that the sampling period Ts of the

simulations are small enough, such that they are valid in the discrete-time tests.

4.1.4 Experimental Results

The simulations of the system in Figure 18 aimed to investigate the behavior of

the closed-loop system performance, measured by the IAE, and the control activity due

to measurement noise, measured by the TV, as the values of L and R were changed,

considering both the presence and absence of measurement noise. In the first scenario, the

error signal e(t) was decomposed into a fixed number of components, constant value of

L, the embedding dimension parameter, while its reconstruction was made with a different

number of components, varying R for each L. In the second scenario, the opposite was

analyzed, the number of components R used to reconstruct the signal was kept constant

while the value of L was changed.
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The simulations lasted 15 s, with sampling period of Ts = 0.01 s, for a unit step

reference input ysp applied at t = 5 s, with no load disturbance, d = 0. The measurement

noise η added at the process output y was from a Gaussian distribution with zero mean and

Signal-to-Noise Ratio (SNR) of 0.01.

For the CSSA, the non-parametric noise filter, the sliding window’s length for the

time series was chosen as N = 200 samples, as illustrated in Figure 8. The values of L

and R for each scenario were: (i) L = [15, 25, 35, . . . , 85, 95], and R was varied from 1 to 15

components, for each fixed value of L; and (ii) R = [1, 2, . . . , 10], and L was varied from 10

to 100, for each fixed value of R.

These values of L and R satisfied the filter constraints, 2 ⩽ L ⩽ N/2 and 1 ⩽ R ⩽ L,

and cover a wide range of possible values of L, given the choice of N . The combination of

L and R results in different noise attenuation degrees. Because the reconstruction with a

few significant components excludes the high-frequency ones, which are less significant in

terms of spectral density, and is usually where the noisy components are located.

4.1.4.1 Lag-dominated dynamics

The results for PL, lag-dominated dynamics, are shown in Figure 19, 20, 21 and 22.

Each point in Figure 19 and 21 represents the value of the IAE and TV of the control action u

and system output y, from the simulation of the closed-loop system for a given combination

of L and R. Where Ri, i = 1, 2, . . . , 15, means that the error signal e was reconstructed

with the first i components, and Lj, j = 10, 20, . . . , 100, means that the error signal e was

decomposed into j components.

The results in Figure 19 (a)-(b), in the absence of measurement noise, as the

attenuation degree increases, by increasing L and reducing R, both the performance and

the signal variability deteriorates, i.e. larger IAE and TV of the control signal u and process

variable y, for both PI and PID controllers. The best result is achieved when the filter is

not activated, which happens for L = R = 15. This suggests that, in the absence of

measurement noise, the filter is discarding important information present in the signal when

disregarding some of its components.
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Figure 19 – Performance (IAE) vs. Measurement noise (TV) of the control signal u and process
variable y for a lag-dominated dynamics, for a unit step input, SNR = 0.01, N = 200, R

varying from 1 to 15 for each L, and Ts = 0.01 s (L fixed and R varying).

In contrast, in the presence of measurement noise, Figure 19 (c)-(d), the higher

the attenuation degree, the lower the TV of the control signal u and process variable y,

as expected, since the suppression of the noise implies less signal variability, but at the

expense of a worse performance, higher IAE, for both controllers. At some point, for the

TV (y), greater noise attenuation increases the TV as well. Additionally, the PID controller

performed better than the PI for most simulations, but with higher values of TV.

Some of these results can be viewed in the time-domain behavior of the control

action u and system output y, for the case where noise is added to the system’s output and

for some values of L and R, as shown in Figure 20.
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according to Figure 31.

SSA1
d
dt

SSA2
d
dt

· · · SSAn
d
dt

f0 f1 f2 fn f ′

n

FB1 FB2 FBn

f ′

2
f ′

1

Figure 31 – Block diagram of a non-parametric trajectory filter of cascaded CSSA FIR FB.

Instead of a single parameter, as was Ti for the moving average filter, the CSSA

requires three parameters to be tuned: (i) the sliding window length N ; (ii) the embedding

dimension L; and (iii) the number of components for reconstructing the time series R.

Consequently, to investigate the response of the proposed trajectory filter, the experiments

sought to vary one of the parameters, L or R, while the other remained unchanged.

4.2.1 Experimental Results

Figure 32, 33, and 34 show the results of the CSSA and the parametric trajectory

filters applied to the following signals: pulse, ramp and sawtooth, respectively. These signals

and their filtered versions for the CSSA and the FIR filter are shown in Figure 32-34 (a). While

its first and second filtered derivatives are shown in Figure 32-34 (b) and (c), respectively.

The beginning of the simulations in which the filter was not yet active but only

accumulating samples to The beginning sections of the simulations are hidden, given that

the filter was not yet active but only accumulating samples to reach the minimum sliding

window length N . The simulations in Figure 32 and 33 were performed for N = 150 samples,

with sampling period Ts = 0.01 s, signal’s decomposition into L = 100 components, and

reconstructing with only the first, R = 1. While in Figure 34, were used N = 50, Ts = 0.1 s,

L = 40. For the parametric filter were chosen a0 = 102, a1 = 120 and a2 = 21.

The results in Figure 32, 33 and 34 show that the parametric and non-parametric

trajectory filters obtained similar results, with the non-parametric resulting in signals with

a slightly larger amplitude. Nonetheless, they returned bounded derivatives from an initial

discontinuous input signal, at least for Figure 32 and 34. The results in Figure 33 show that

if the input is continuous, filtering does not distort the signal derivatives significantly.

To further analyze and compare the non-parametric trajectory filtering response, the

values of L and R were varied. The results are shown in Figure 35, for L in [10 :5 :45] for

each value of R = [1, 2, 3, 4], and Figure 36, for R varying in [1, 2, . . . , 10] for each value

of L = [10, 20, 30, 40]. The simulation used N = 50, Ts = 0.1 s, a0 = 103, a1 = 102 and

a2 = 30.

In Figure 35 the best results were obtained for R = 1, the lowest possible value.

In this case, by reconstructing the signal with its most important component, the method
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CHAPTER

5
CONCLUSIONS

5.1 Conclusions

The present work introduced preliminary concepts about PID control, controller tuning

methods and the controller design with measurement noise attenuation with an appropriate

noise filter, and a few related works on this issue. To motivate the use of a robust but

straightforward controller synthesis, the AMIGO tuning method. And the need to further

investigate the use of different filter structures and concepts to address the problem of

including measurement noise attenuation requirements in the design phase of controller

tuning methods.

Following this, the SSA main aspects were described, and related works in different

areas of science that used the method were presented. Motivating aspects regarding the

design of trajectory generating filters for non-linear control laws were also discussed, with

related works on this issue.

The basic SSA methodology was then described, followed by its real-time version,

the CSSA method. The frequency-domain interpretation of the SSA as a linear filtering

process was also provided. The methodological aspects ended by discussing two examples

on the time and frequency-domain analysis of time series with the SSA.

In this context, this study aimed to investigate the effects of using a non-parametric

noise filter based on the SSA method in PID control loops, and the use of the SSA in a novel

trajectory filter approach, suitable for nonlinear control methods.

Regarding the first, an exploratory analysis was conducted to investigate the use of

a non-parametric SSA based noise filter in linear control with PID controllers. The numerical

simulations consisted of varying the filter’s attenuation degree for processes with balanced,

lag, and delay-dominated dynamics, for PI and PID controllers, both in the presence and

absence of measurement noise. The trade-off between performance and measurement
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noise attenuation was analyzed through the IAE and TV of the control action and the process

variable, using the CSSA method.

In the absence of measurement noise, no filtering achieved the best performances

for both PI and PID controllers, regardless of the process dynamics. Since there is no noise,

the SSA filters relevant components of the error signal, causing the control action and output

performance to deteriorate, with an unnecessary increase in variability.

Meanwhile, the trade-off between better performance, lower IAE, and greater noise

attenuation, lower TV, becomes clearly noticeable in the presence of measurement noise.

For lag-dominated dynamics, a higher attenuation degree resulted in less signal variability,

to a certain extent, at the expense of worse performance.

On the other hand, for the balanced and delay-dominated dynamics, for some values

of L and R, a higher attenuation degree simultaneously improved both the performance

and TV. In addition, the PID achieved better performance than the PI for all processes

investigated, regardless of the presence or absence of measurement noise in the closed-

loop system.

The largest discrepancy between PI and PID was obtained for the balanced dynamics,

followed by the delay, and the lag-dominated dynamics. Furthermore, the process with

balanced dynamics showed greater sensitivity to changes in the filter’s attenuation degree.

Resulting in an unstable closed-loop system for the PI and marginally stable for the PID in

extreme scenarios for the values of L and R.

In contrast, the delay and lag-dominated dynamics showed robustness to changes in

L and R, resulting in stable systems with fairly similar response curves. The results showed

that the proposed method based on the use of the CSSA as a non-parametric noise filter

can be successfully applied in linear control application.

The second analysis was the use of the CSSA in a novel trajectory filter generator.

The exploratory results showed that the proposed non-parametric CSSA filter could be

employed in an online trajectory generating scheme. The simulations returned bounded

derivatives from initially discontinuous input signals such as steps, pulses and ramps.

The proposed filter followed the same principle applied to a cascade of FIR filters,

which is the successive filtering of the input signal and its derivatives to smooth the input

signal and get bounded derivatives, allowing the use of non-linear control laws such as

feedback linearization and backstepping. These results are encouraging, since the frequency

analysis for nonlinear system is a far more complex task than the linear counterpart.
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5.2 Future Works

Given the plausibility of using the SSA as a noise filter in PID control loops and as a

smoother filter in trajectory filter generators, the following suggestions to further extends this

research are given:

• Expand the analysis to a larger and more significant batch of processes dynamics;

• Test the method with other controllers PID tuning methods;

• Extends the proposal to other linear and nonlinear controllers (more complex than a

PID);

• Apply or propose a recursive version of the SSA, to reduce the computational cost

related to the SVD step in CSSA; and

• Validate the methodology in a real control problem.

An open avenue for future research is an automatic algorithm for component selec-

tion in the grouping step, which can balance optimal or sub-optimal trade-offs among the

controller’s design requirements. That would also rely on graphical information generated by

the filter. Another interesting issue is to devise methods to automatically choose values for

the filter parameters and make them adaptive to changes in the time series structures.
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6

PUBLICATIONS

The findings described in this master thesis were published in three conference

papers and are listed as follows:
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2022. (CBA2022). ISSN 2525-8311. Available: <https://www.sba.org.br/open_journal_

systems/index.php/cba/article/view/3749>.
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APPENDIX

A

PID TUNING METHODS

The process of assigning values to a controller’s parameters while complying with

performance and robustness requirements is called controller tuning. Given its widespread

use, numerous tuning methods are available for PID controllers (ÅSTRÖM; MURRAY, 2021).

Åström and Hägglund (1995) and Åström and Hägglund (2006) are classic references on PID

controllers and some of the main tuning methods. Vilanova and Visioli (2012) and O’dwyer

(2009) present a comprehensive list of tuning methods for several process dynamics and

controller structures.

In this section, some of the most used tuning methods are reviewed, starting from

the simplest and most well-established like the Ziegler & Nichols (ZN) methods, to more

complex methods that consider robustness in the design, such as the M-constrained Integral

Gain Optimization (MIGO) and Approximated-MIGO (AMIGO) methods.

A.1 Ziegler & Nichols - Step Response Method

Proposed by Ziegler and Nichols (1942), this method consists of applying a step to

the open-loop process to get an s-shaped response curve (ÅSTRÖM; HÄGGLUND, 2006),

as shown in Figure 37. The parameters that characterize this response curve are the time

delay τd, the time constant τ and a (ÅSTRÖM; MURRAY, 2021). They are obtained through

the intersection of the tangent line, at the inflection point of the curve, with the time axis, to

find τd, and the instant at which the tangent line intersects the response steady-state value,

gives an estimate of τ (ÅSTRÖM; HÄGGLUND, 1995). The controller parameters for P, PI,

and PID are calculated then as a function of these parameters, according to Table 3.
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Figure 37 – (a) Open-loop step response and (b) process characteristics for the ZN step response
method.

Table 3 – Controller parameters for ZN step response method.

Controller akc Ti/τd Td/τd

P 1 - -
PI 0.9 3 -

PID 1.2 2 0.5

Source: Adapted from Åström and Hägglund (1995), Åström and Hägglund (2006).

A.2 Ziegler & Nichols - Frequency Response Method

The ZN frequency response method relies on the closed-loop characterization of the

process dynamics (ÅSTRÖM; HÄGGLUND, 1995). The method consists of using only the

proportional action kc of the controller (i.e., Ti =∞ and Td = 0) (ÅSTRÖM; HÄGGLUND,

1995), Figure 38. After that, kc is increased until the system response curve shows sustained

oscillations (ÅSTRÖM; HÄGGLUND, 2006). At this instant, the critical gain kcrit, and the

critical period Tcrit, are obtained, as illustrated in Figure 39. Based on these parameters,

simple formulas are use for the controller design (ÅSTRÖM; HÄGGLUND, 1995), which are

given in Table 4.

kc P (s)
+

ysp y

−

Process
Proportional
Controller

Figure 38 – Proportional control for the ZN frequency response method.

The ZN step and frequency response methods are classic methods that had a

profound impact on the use of PID controllers and are still widely used by controller man-

ufacturers and in industrial processes (ÅSTRÖM; HÄGGLUND, 2006). They rely on a few

parameters obtained through the process response curve to devise simple controller tuning

rules (ÅSTRÖM; HÄGGLUND, 2006; ÅSTRÖM; MURRAY, 2021). They were designed to
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Figure 39 – ZN frequency response process: increase proportional gain kc to obtained sustained
oscillation.

Table 4 – Controller parameters for ZN frequency response method.

Controller kc/Kcrit Ti/Tcrit Td/Tcrit

P 0.5 - -
PI 0.4 0.8 -

PID 0.6 0.5 0.125

Source: Adapted from Åström and Hägglund (1995), Åström and Hägglund (2006).

provide good rejection of load disturbances and have poor robustness, due to the use of a

quarter-amplitude decay rate, leading to poorly damped and highly sensitive closed-loop

systems (ÅSTRÖM; MURRAY, 2021).

A.3 Chien, Hrones e Reswick Tuning Method

The method of Chien, Hrones e Reswick (CHR), Chien, Hrones and Reswick (1952),

is based on a First-Order Time Delay (FOTD) process model, Equation A.1, and uses the

same information from the response curve, the time-delay and time constant, as the method

of ZN (ÅSTRÖM; HÄGGLUND, 2006; ÅSTRÖM; HÄGGLUND, 1995). It aims to balance

load disturbance rejection and set-point tracking capabilities, resulting in different formulas

for the controller parameters, with smaller gains compared to the ZN methods (ÅSTRÖM;

HÄGGLUND, 2006).

P (s) =
kpe−τds

τs + 1
(A.1)

where kp, τd and τ are the steady-state gain, the time delay, and the time constant, respec-

tively.

Furthermore, the method accept requirements on the maximum allowed overshoot.

The tuning rules are then given for two cases: (i) the fastest possible response without

overshoot and (ii) the fastest possible response with a 20% maximum overshoot (ÅSTRÖM;

HÄGGLUND, 2006). These rules are presented in Table 5 and Table 6.

It is a more robust method than ZN while still relying on just a few characteristics of

the process dynamics (ÅSTRÖM; MURRAY, 2021).
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Table 5 – Controller parameter for CHR load disturbance response method.

No overshoot 20% overshoot
Controller akc Ti/τd Td/τd akc Ti/τd Td/τd

P 0.3 0.7
PI 0.6 4 0.7 2.3

PID 0.95 2.4 0.42 1.2 2 0.42

Source: Adapted from Åström and Hägglund (1995), Åström and Hägglund (2006).

Table 6 – Controller parameter for CHR set-point method.

No overshoot 20% overshoot
Controller akc Ti/τd Td/τd akc Ti/τd Td/τd

P 0.3 - - 0.7 - -
PI 0.35 1.2 - 0.6 1 -

PID 0.6 1 0.5 0.95 1.4 0.47

Source: Adapted from Åström and Hägglund (1995), Åström and Hägglund (2006).

A.4 Cohen-Coon Tuning Method

The Cohen-Coon (CC), Cohen and Coon (1953), tuning method is more complex

than the ZN and considers more information about the process dynamics. It was designed

for load disturbance rejection and, similarly to the CHR method, approximates the process

by a FOTD model (ÅSTRÖM; HÄGGLUND, 2006).

The method consists of placing the dominant closed-loop poles such that a one-fourth

decay rate is guaranteed, as in ZN methods (ÅSTRÖM; HÄGGLUND, 2006). It does that by

maximizing the proportional gain for P and PD controllers, and by maximizing the integral

gain for PI and PID controllers, or equivalently, by minimizing the IE (ÅSTRÖM; HÄGGLUND,

2006). Table 7 show the tuning rules for this method.

Table 7 – Controller parameters for CC method.

Controller P PI PD PID

akc 1 + 0.35τ
1−τ

0.9
(

1 + 0.092τ
1−τ

)

1.24
(

1 + 0.13τ
1−τ

)

1.35
(

1 + 0.18τ
1−τ

)

Ti/τd - 3.3−3τ
1+1.2τ

- 2.5−2τ
1−0.39τ

Td/τd - - 0.27−0.36τ
1−0.87τ

0.37−0.37τ
1−0.81τ

Source: Adapted from Åström and Hägglund (1995), Åström and Hägglund (2006).
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A.5 Algebraic Pole Placement

The Algebraic Pole Placement (APP) method takes advantage of the fact that some

characteristics of the resulting closed-loop system are determined by its closed-loop poles

(ÅSTRÖM; HÄGGLUND, 2006). In this method, the controller’s structure matches the

complexity of the process model.

It consists of the following steps: (i) specify the poles that give the desired closed-loop

behavior; (ii) compute the characteristic equation of the closed-loop system; (iii) compare,

term by term, with the theoretical characteristic equation formed by a general controller and

the process and (iv) compute the controller parameters that satisfy the constraints (ÅSTRÖM;

WITTENMARK, 2013; CASTRUCCI; BITTAR; SALES, 2011). Based on the controller and

process shown in Figure 40, the desired closed-loop poles can be specified as follows.

C(s)
D(s)

B(s)
A(s)

+
Ysp(s) Y (s)

−

Gc(s)

Controller

Gp(s)

Process

Figure 40 – Closed-loop system: controller and process for the APP method.

Gcl(s) =
Gc(s)Gp(s)

1 + Gc(s)Gp(s)
=

B(s)C(s)

A(s)D(s) + B(s)C(s)
︸ ︷︷ ︸

F (s)

(A.2)

B(s) = b0 + b1s + · · ·+ bnsn (A.3)

C(s) = c0 + c1s + · · ·+ cmsm (A.4)

A(s) = a0 + a1s + · · ·+ ansn, an 6= 0

(A.5)

D(s) = d0 + d1s + · · ·+ dmsm, dm 6= 0

(A.6)

F (s) = f0 + f1s + f2s
2 + · · ·+ f(n+m)s

(n+m) (A.7)

The polynomials in Equation A.3-A.6 of the controller and the process must satisfy the follow-

ing conditions: deg [B(s)] ⩽ deg [A(s)] and deg [C(s)] ⩽ deg [D(s)], with n = deg [A(s)]

and m = deg [D(s)], then deg [F (s)] = n + m. Substituting them in F (s) and comparing the

coefficients with similar powers, results in the system in Equation A.9, where the variables

are the controller parameters.

(a0 + a1s + · · ·+ ansn)(d0 + d1s + · · ·+ dmsm)+

(b0 + b1s + · · ·+ bnsn)(c0 + c1s + · · ·+ cmsm) = f0 + f1s + · · ·+ f(n+m)s
(n+m) (A.8)
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(A.9)

By design, the method places only the closed-loop poles, it does allow control over

the system’s closed-loop zeros. As a general controller tuning method, it applies to arbitrary

controller structures, with PI and PID controllers resulting from first and second-order process

model or by imposing the values of some of the controller’s coefficients during the design

phase.

A.6 Direct Synthesis

In the Direct Synthesis (DS) method, the controller is designed based on the process

model and on the desired closed-loop dynamics (SEBORG et al., 1989, p. 300). The

procedure is illustrated in Figure 41 and Equation A.10. The controller Cd(s) is analytically

computed from the process model P (s) and the desired closed-loop TF Gd
cl(s), so that the

desired closed-loop response is guaranteed (CHEN; SEBORG, 2002).

Cd(s) P (s)
+

Ysp(s) Yd(s)

−

Gd
cl
(s)Ysp(s) Yd(s)

Desired

Controller
Process Desired

Closed-loop

System

Figure 41 – Feedback system for the DS method.

Gd
cl(s)(s) =

Yd(s)

Ysp(s)
=

Cd(s)P (s)

1 + Cd(s)P (s)
=⇒ Cd(s) =

1

P (s)

Gd
cl(s)

1−Gd
cl(s)

(A.10)

The method cancels most of the process dynamics and includes the necessary

dynamics to match the desired closed-loop response. Thus, unlike the APP method, it places

both the zeros and the poles of the closed-loop system, respecting some constraints on the

dynamics canceling:
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1. Gd
cl(s) must have, at least, the same relative degree of the process P (s)

2. Gd
cl(s) must have, at least, the same time delay of the process P (s)

3. The non-minimum phase zeros of the process P (s) must be zeros of Gd
cl(s)

4. The unstable poles of the process P (s) must be zeros of 1−Gd
cl(s)

5. Gd
cl(s) must satisfy the performance requirements for the transient and steady-state

regime, which must not be too stringent

It is a general controller design method that for some common process models results

in PI and PID controllers (SEBORG et al., 1989).

A.7 Lambda Tuning

The λ-Tuning method, originally proposed by Dahlin (1968), is a particular case

of pole placement in which the process is approximated by a FOTD model (ÅSTRÖM;

HÄGGLUND, 2006). It is also a special case of the DS method (CHEN; SEBORG, 2002).

According to Åström and Hägglund (1995), it is an analytical method suitable for processes

with high dead-time. Its name comes from the desired closed-loop time constant λ, a design

parameter that controls the response time (ÅSTRÖM; MURRAY, 2021). It assumes that the

closed-loop behavior is given by a FOTD model as shown in Figure 42.

kpe
−τds

λs+1
Ysp(s) Ysp

kpe
−τds

λs+1

Gd
cl
(s)(s) Yd(s)

Figure 42 – Block diagram of the desired closed-loop system for the λ-Tuning method.

Due to its formulation, the poles and zeros of the process are canceled by the

poles and zeros of the controller (ÅSTRÖM; HÄGGLUND, 1995). Furthermore, the method

requires knowledge of the process model since the controller parameters are calculated

analytically. An advantage of the method is that it is applicable to systems with non-minimum

phase zeros and to systems with low damping (ÅSTRÖM; HÄGGLUND, 2006). The tuning

rules for PI and PID controllers are given in Table 8.

A.8 Internal Model Control

The Internal Model Control (IMC) is a general controller tuning method that can be

used for PID design (ÅSTRÖM; HÄGGLUND, 2006). It aims to obtain a controller with an

appropriate structure and parameters from the process model and the desired requirements
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Table 8 – λ-Tuning rules for PI and PID controllers for process modeled by a FOTD.

PI Series-PID Parallel-PID

kc
1

kp

τ

τd + λ

1

kp

τ

τd/2 + λ

1

kp

τd/2 + τ

τd/2 + λ
Ti τ τ τ + τd/2

Td -
τd

2

ττd

τd + 2τ

λ [τ, 3τ ] or τd

Source: Adapted from Segovia, Hägglund and Åström (2014a).

(RIVERA; MORARI; SKOGESTAD, 1986), with the closed-loop time constant as one of the

design parameters (RIVERA; MORARI; SKOGESTAD, 1986).

In this method, the controller structure includes a low-pass filter Gf , in series with

an estimate of the inverse of the process model P̂ −1(s), and in parallel the process model

itself P̂ (s) (ÅSTRÖM; HÄGGLUND, 1995), as shown in Figure 43. Hence the name internal

model control. From this architecture, the controller as a whole is still connected in series

with the process (ÅSTRÖM; HÄGGLUND, 2006).

Gf (s) P̂−1(s) P (s)
+

Disturbance d

P̂ (s)

+
ysp

u +
y

−

+

−

ym

e

Approx. Inv.
Process Model

Low-Pass
Filter

Process
Model

Process
Controller

Figure 43 – Block diagram of a controlled system with the IMC tuning method.

Source: Adapted from Åström and Hägglund (2006).

The method considers the robustness in the controller design, with the trade-off

between performance and robustness given by the filter time constant Tf (ÅSTRÖM; HÄG-

GLUND, 1995). The low-pass filter Gf is generally of first-order and reduces the system’s

sensitivity to modeling errors (ÅSTRÖM; HÄGGLUND, 2006).

Additionally, there are no restrictions on the type of process it can be applied to

(RIVERA; MORARI; SKOGESTAD, 1986). A drawback of the method is the canceling of poles



APPENDIX A. PID Tuning Methods 88

and zeros of the process, unavoidable given the controller’s internal structure (ÅSTRÖM;

HÄGGLUND, 1995). Furthermore, it results in higher-order controllers for first-order process

models, with PI and PID controller forms depending on the time-delay approximation adopted

(ÅSTRÖM; HÄGGLUND, 2006).

For instance, considering the TFs in Equation A.11 and the controller given by the

IMC method in Equation A.12.

P = P̂ =
kpe−τds

τs + 1
, P̂ −1 =

τs + 1

kp

, Gf =
1

Tfs + 1
, e−τds ≈







1− τds (PI)
1−sτd/2
1+sτd/2

(PID)
(A.11)

C(s) =
Gf (s)P̂ −1(s)

1−Gf (s)P̂ −1(s)P̂ (s)
(A.12)

If e−τds is approximated by a truncated taylor series expansion, the result is the PI controller

in Equation A.13.

CPI(s) =
1 + τs

kps(Tf + τd)
= [kp(Tf + τd)]−1

(
1

s
+ τ

)

(A.13)

And approximating it using a first-order padé approximation, results is the PID controller in

Equation A.14.

CPID(s) ≈
(1 + sτd/2) (1 + τs)

kps(Tf + τd)
(A.14)

A.9 Skogestad Internal Model Control

The Skogestad Internal Model Control (SIMC) method is an improved version of the

IMC that avoids the cancellation of poles from the process, making the desired closed-loop

response time proportional to the process dead-time (SKOGESTAD, 2003). This method also

uses the desired closed-loop time constant as the single design parameter (SKOGESTAD,

2003).

The SIMC provides a set of simple and effective rules for controller tuning, shown in

Table 9, using FOTD and Second-Order Time Delay (SOTD) models, Equation A.15, that

approximate the process (CASTRUCCI; BITTAR; SALES, 2011). It is similar to the pole

placement method, but in this case, the closed-loop TF is fully specified in terms of its poles

and zeros (ÅSTRÖM; HÄGGLUND, 2006).

Skogestad (2003) highlights that as it is an analytical method, it requires obtaining

a mathematical description of the process. Either by process modeling or by experimental

data, obtaining a FOTD or SOTD model for the process (SKOGESTAD, 2003).

P (s) =
kpw2

ne−τds

s2 + 2ζwns + w2
n

(A.15)

where kp, τd, wn, and ζ are the steady-state gain, the time delay, the natural frequency, and

the damping ratio, respectively.
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Table 9 – SIMC for PI and PID controllers for process modeled by a FOTD.

PI PID

kc
1

kp

τ + τd/3

λ + τd

1

3kpτa

3τa + τd

λ + τd

Ti min{τ + τd/3, 4(λ + τd)} τa + τb

Td -
τb

1 + τb/τa

λ τd τd/2

τa min{τ, 4(λ + τd)}
τb τd/3

Source: Adapted from Segovia, Hägglund and Åström (2014a).

A.10 M-constrained Integral Gain Optimization

The M-constrained Integral Gain Optimization (MIGO) is a robust loop shaping

method that seeks to optimize the load disturbance rejection capacity while imposing con-

straints on the system’s maximum sensitivity (ÅSTRÖM; PANAGOPOULOS; HÄGGLUND,

1998). The authors Åström and Hägglund (2006) consider it one of the greatest contributions

to control theory in face of its capacity to guarantee robustness, by allowing its inclusion as

a requirement in the controller design project.

The method treats the problem of finding the optimal controller parameters as an

optimization problem (ÅSTRÖM; PANAGOPOULOS; HÄGGLUND, 1998). Formulated as

the maximization of the integral gain ki = kc/Ti, or equivalently, the minimization of the

IE (IE = 1/ki), subjected to robustness constraints to uncertainties in the process model,

captured by the desired maximum sensitivity Ms (ÅSTRÖM; HÄGGLUND, 2006).

These constraints translate into constraints on the controller parameters (ÅSTRÖM;

HÄGGLUND, 2006). The maximization of the integral gain is reduced to the solution of a

set of non-linear algebraic equations (ÅSTRÖM; PANAGOPOULOS; HÄGGLUND, 1998).

While the constraint on robustness, the maximum sensitivity allowed, is reduced to a circular

region, around the critical point −1 in the complex s-plane, which should not be encircled by

the Nyquist curve of the loop transfer function (ÅSTRÖM; PANAGOPOULOS; HÄGGLUND,

1998).

The method’s main steps can be summarized as follows: (i) it starts with a fixed

derivative gain kd and the parameters and controller gains are calculated through the

equations resulting from the restrictions; (ii) compute the sensitivity value for this set of

solutions and test whether M ⩾ Ms and (iii) increase the derivative gain kd to its highest

possible value until the robustness constraint is violated (ÅSTRÖM; HÄGGLUND, 2006). The

solution of the numerical problem uses the Newton-Raphson method to search for solutions
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and the Bisection method to obtain the best initial solutions (ÅSTRÖM; PANAGOPOULOS;

HÄGGLUND, 1998).

The method requires knowledge of the process TF. It seeks to reject low-frequency

disturbances, and for reference tracking purposes, it requires set-point weighting (ÅSTRÖM;

HÄGGLUND, 2006). Furthermore, it applies to various types of systems: stable and integrat-

ing processes, with large and small dead-time, real and complex poles, and with positive

and negative zeros (ÅSTRÖM; PANAGOPOULOS; HÄGGLUND, 1998). Finally, it requires a

numerical solution and does not result in formulas or equations for controller parameters

based on the process characteristics.

A.11 Approximated M-constrained Integral Gain Optimiza-

tion

It is an extension of the MIGO method, with its acronym derived from Approximated-

MIGO (ÅSTRÖM; HÄGGLUND, 2006). This method provides tuning rules for PI controllers,

covered in Hägglund and Åström (2002) and Hägglund and Åström (2004), and for PID in

Åström and Hägglund (2004). The tuning rules are based solely on the process character-

istics obtained by the step or the frequency response methods (ÅSTRÖM; HÄGGLUND,

2006). Thus, it combines the ZN experiments with the robust loop shaping method MIGO

(ÅSTRÖM; HÄGGLUND, 2004).

The AMIGO tuning rules were formulated by analyzing the correlation between a set

of optimized controller parameters and the process response, which is characterized by its

static gain kp, dead-time τd, and the normalized time constant τ (ÅSTRÖM; HÄGGLUND,

2004). The method uses more information about the process than the ZN since requirements

for load disturbance rejection and robustness to modeling errors are considered in the

controller design (ÅSTRÖM; HÄGGLUND, 2006).

For a specified maximum sensitivity, one of the method’s design parameters, simple

and general tuning rules for PI controllers are available for the main industrial processes dy-

namics (HÄGGLUND; ÅSTRÖM, 2002). For PID controllers, simple and more general tuning

rules are given only for more conservative tunings, which can result in lower performance

(ÅSTRÖM; HÄGGLUND, 2004; ÅSTRÖM; HÄGGLUND, 2006). When compared with other

methods like ZN, CC and λ-Tuning, the AMIGO method, at least for PI controllers, returns

substantially better results, as one can see in the study of Hägglund and Åström (2002). The

tuning rules for PI and PID for process modeled by FOTD are given in Table 10.

Other studies comparing PID tuning rules can be found in Foley, Julien and Copeland

(2008) and Tan et al. (2006). In Foley, Julien and Copeland (2008), the IMC, SIMC, DS, and

LEE tuning method (LEE et al., 1998) are compared. In Tan et al. (2006), the ZN, CC, IMC,
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Table 10 – AMIGO for PI and PID controllers for process modeled by a FOTD.

PI PID

kc
0.15

kp

+
τ

kpτd

(

0.35−
τdτ

(τd + τ)2

)

1

kp

(

0.2 + 0.45
τ

τd

)

Ti 0.35τd +
13τdτ 2

τ 2 + 12τdτ + 7τ 2
d

τd
0.4τd + 0.8τ

τd + 0.1τ

Td -
0.5τdτ

0.3τd + τ

Source: Adapted from Segovia, Hägglund and Åström (2014a).

Gain and Phase Margin (GPM) method (ÅSTRÖM; HÄGGLUND, 1984), IAE & Integral Time

Absolute Error (ITAE) optimal tuning (HO et al., 1996), and Integral Squared Error (ISE) &

Integral Squared Time Error (ISTE) (ZHUANG; ATHERTON, 1993) are compared.
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