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❡♠ q✉❞✐ts ❢♦tô♥✐❝♦s ❝♦❞✐✜❝❛❞♦s

❡s♣❛❝✐❛❧♠❡♥t❡

❆rt✉r ❆r❛ú❥♦ ▼❛t♦s♦

❖r✐❡♥t❛❞♦r✿ ❙❡❜❛st✐ã♦ ❏♦sé ◆❛s❝✐♠❡♥t♦ ❞❡ Pá❞✉❛
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▼❡❞✐çã♦ ❞❛ ❋❛s❡ ❚♦♣♦❧ó❣✐❝❛ ❋r❛❝✐♦♥ár✐❛

❡♠ q✉❞✐ts ❢♦tô♥✐❝♦s ❝♦❞✐✜❝❛❞♦s

❡s♣❛❝✐❛❧♠❡♥t❡

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲

●r❛❞✉❛çã♦ ❡♠ ❋ís✐❝❛ ❞♦ ■♥st✐t✉t♦ ❞❡

❈✐ê♥❝✐❛s ❊①❛t❛s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡✲

r❛❧ ❞❡ ▼✐♥❛s ●❡r❛✐s ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r✲

❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ❉♦✉t♦r

❡♠ ❈✐ê♥❝✐❛s

❆rt✉r ❆r❛ú❥♦ ▼❛t♦s♦

❖r✐❡♥t❛❞♦r✿ ❙❡❜❛st✐ã♦ ❏♦sé ◆❛s❝✐♠❡♥t♦ ❞❡ Pá❞✉❛

❇❡❧♦ ❍♦r✐③♦♥t❡
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❆♦s ♠❡✉s ♣❛✐s✱ ♠✐♥❤❛ ✐r♠ã ❡ ♠✐♥❤❛ ❡s♣♦s❛



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✱ ♣♦rq✉❡ ✈✐✈♦ ❝♦♠ ❢é ♥♦ ❙❡✉ ❛♠♦r✳

❆♦s ♠❡✉s ♣❛✐s ❡ ♠✐♥❤❛ ✐r♠ã✱ ♣r✐♥❝✐♣❛✐s r❡s♣♦♥sá✈❡✐s ♣♦r ❡✉ t❡r ❝♦♥❞✐çõ❡s ❞❡ ❝✉rs❛r ❛

♣ós✲❣r❛❞✉❛çã♦✳

❆ ♠✐♥❤❛ ❡s♣♦s❛ ❏ú❧✐❛✱ ♠❡✉ ❛♠♦r✱ ♠❡✉ ❣r❛♥❞❡ ❛♠♦r✱ q✉❡ s❡♠♣r❡ ❢♦✐ ❝♦♠♣r❡❡♥s✐✈❛ ❡

❝♦❧❛❜♦r❛t✐✈❛ ❝♦♠ ♦s ♠❡✉s ♣❧❛♥♦s✳

❆ ♠✐♥❤❛ ❢❛♠í❧✐❛ q✉❡ s❡♠♣r❡ ❡ ♠✉✐t♦ ♠❡ ✐♥❝❡♥t✐✈♦✉✱ ❡♠ ❡s♣❡❝✐❛❧ ♠✐♥❤❛s t✐❛s✴♠ã❡s ❈❧á✉✲

❞✐❛ ❡ ❈❧❛r❡t❡✱ ♠✐♥❤❛s ♠❛❞r✐♥❤❛s ▼❡ss❡ ❡ ❩❡❧♠❛ ❡ ♠❡✉ ♣❛❞r✐♥❤♦ ❱❛♥❞❡r❧❡✐✱ ❡ ♠❡✉s

♣r✐♠♦s✴✐r♠ã♦s ❈❤r✐st✐❛♥ ❡ ●❛❜r✐❡❧✱ q✉❡ ❡st✐✈❡r❛♠ ♠❛✐s ♣ró①✐♠♦s ❞❡ ♠✐♠ ♥♦s ♠♦♠❡♥t♦s

♠❛✐s ✐♠♣♦rt❛♥t❡s✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❆♥❛✱ P❡t❡❝♦✱ ❏ã♦ ❡ ❆❧✐❝❡✱ ❛♠✐③❛❞❡s ✐♥❛❜❛❧á✈❡✐s✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❞❛ ❢ís✐❝❛ ●✉✐❧❤❡r♠✐t♦✱ ➱r✐❝♦✱ ❇❛r❜r✐t❛ ✭❋❧♦✇❡r✮✱ ❲❛✇❛✱ ❆❧❡❥❛✱ ❇r❡♥♦✱

❩é✱ ❳ó❝❤✐t❧✱ ❘❡❣✐❛♥❡✱ ■♥❣r✐❞ ❡ ❑❛r♦❧ q✉❡ s❡ ❛❢❛st❛r❛♠ ❞♦ ❞❡♣❛rt❛♠❡♥t♦ ♠❛s ♥ã♦ ❞♦ ♠❡✉

❝♦r❛çã♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❇❛r❜r✐t❛ ✭❇❧❛❝❦✮✱ ●✐❧✱ ❉❛✈✐✱ ❉❡♥✐s❡✱ ❘❛❢❛❡❧✱ P❛✉❧✐♥❤❛✱ ❘❡♥❛♥✱ ❆♥❛✱

❉❛♥✐✱ ❍❡❧❡♥❛✱ ❚❤✐❛❣✉❡t❛✱ ❇❡tã♦✱ ❙❤❡✐❧❧✐t❝❤❛✱ ❊r✐❝❦✱ ❳❛❜❧á✉✱ ❡ P✉♠❜❛ q✉❡ ❡stã♦ ❝♦♠✐❣♦

❞❡s❞❡ ❛ ❣r❛❞✉❛çã♦ ♦✉ ♦ ♠❡str❛❞♦✳ ❚❛♠❜é♠ ❛♦s ❞❡♠❛✐s ❛♠✐❣♦s ❞♦ ▲❛❜✱ ❞❛ s❛❧❛ ❡ ❞♦

❊♥❧✐❣❤t q✉❡ ✜③ ❞✉r❛♥t❡ ❡st❡ ❞♦✉t♦r❛❞♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❙❡❜❛st✐ã♦✱ ❛ q✉❡♠ ❛❞♠✐r♦ ♠✉✐t♦ ♣♦r s❡r ✉♠ ♣❡sq✉✐s❛❞♦r ❡ ♣r♦❢❡ss♦r

tã♦ ❞❡❞✐❝❛❞♦ ❡ t❛♠❜é♠ ✉♠ ❛♠✐❣♦✳

❆♦ ♣r♦❢❡ss♦r ❩❡❧❛q✉❡tt✱ q✉❡ ♥♦s ♣r♦♣ôs ❡st❡ tr❛❜❛❧❤♦ ❡ ❝♦❧❛❜♦r♦✉ ❝♦♥♦s❝♦ ❞❡s❞❡ ♦ ♠❡✉

♠❡str❛❞♦ ❛té ❛❣♦r❛✳

❆s ❛❣ê♥❝✐❛s ❞❡ ❢♦♠❡♥t♦ ❈◆Pq✱ ❈❛♣❡s✱ ❋❛♣❡♠✐❣ ❡ ■◆❈❚✱ ♣❡❧♦ ✜♥❛♥❝✐❛♠❡♥t♦ ❞❛ ♣❡sq✉✐s❛✳



✏❲❤② s♦ s❡r✐♦✉s❄✑

❏♦❦❡r



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ r❡❛❧✐③❛♠♦s ❞♦✐s ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ♦❜s❡r✈❛r ❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛ ❢r❛❝✐♦♥ár✐❛

❡♠ s✐st❡♠❛s ❞❡ ❞♦✐s q✉❞✐ts ❢♦tô♥✐❝♦s✳ ❖ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❡♠ q✉❡ ♦s q✉❞✐ts sã♦ ❝♦❞✐✲

✜❝❛❞♦s é ❛ ♣♦s✐çã♦ tr❛♥s✈❡rs❛❧ ❞❡ ♣❛r❡s ❞❡ ❢ót♦♥s ❣❡r❛❞♦s ♣❡❧❛ ❝♦♥✈❡rsã♦ ♣❛r❛♠étr✐❝❛

❞❡s❝❡♥❞❡♥t❡ ❡s♣♦♥tâ♥❡❛ ❛♣ós s❡r❡♠ tr❛♥s♠✐t✐❞♦s ♣♦r ❢❡♥❞❛s ♠ú❧t✐♣❧❛s✳ ❖s ❢ót♦♥s ♥❡st❡

❢❡♥ô♠❡♥♦ sã♦ q✉❛♥t✐❝❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❡♠ ♠♦♠❡♥t♦ ❡ ❡♥❡r❣✐❛✳ ■♥✐❝✐❛❧♠❡♥t❡ r❡✲

✈✐s❛♠♦s ❛ t❡♦r✐❛ s♦❜r❡ ❛ ♦r✐❣❡♠ ❞❛s ❢❛s❡s ❛❞q✉✐r✐❞❛s ♣❡❧♦s ❡st❛❞♦s q✉â♥t✐❝♦s ❞❡ ✉♠ ❡

❞❡ ❞♦✐s q✉❜✐ts ❛♦ ❡✈♦❧✉✐r✱ ♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ❛s ❢❛s❡s ❞✐♥â♠✐❝❛✱ ❣❡♦♠étr✐❝❛ ❡ t♦♣♦❧ó❣✐❝❛✳

❊①❛♠✐♥❛♠♦s ❡♠ s❡❣✉✐❞❛ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛ ♣❛r❛ ❞♦✐s q✉❞✐ts✱ ❡ ❞✐s❝✉t✐♠♦s

❛ s✉❛ r❡❧❛çã♦ ❝♦♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①✐❞❛❞❡ ❞❡ ✉♠ ❡s♣❛ç♦✳ ▼♦str❛♠♦s ❡♥tã♦ ✉♠❛ ❢♦r♠❛

❞❡ ♠❡❞✐r ❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❡❧❛ ❞❡✈❡ ❛♣❛r❡❝❡r ❝♦♠♦ ✉♠❛ ❢❛s❡ r❡❧❛t✐✈❛

❡♥tr❡ ❞♦✐s ❡st❛❞♦s q✉â♥t✐❝♦s q✉❡ ✐♥t❡r❢❡r❡♠✳ ❘❡❛❧✐③❛♠♦s ❛ ♠❡❞✐çã♦ ❝♦♥str✉✐♥❞♦ ✉♠ ✐♥✲

t❡r❢❡rô♠❡tr♦ ó♣t✐❝♦ ❝♦♠ ✉♠ ♠♦❞✉❧❛❞♦r ❡s♣❛❝✐❛❧ ❞❡ ❧✉③ ✐♥s❡r✐❞♦ ♥❡❧❡ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r

❛s ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ♥❡❝❡ssár✐❛s✳ ❆ ♣♦❧❛r✐③❛çã♦ é ✉t✐❧✐③❛❞❛ ❝♦♠♦ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

❛✉①✐❧✐❛r ♣❛r❛ q✉❡ ❛s ♦♣❡r❛çõ❡s ❛t✉❡♠ ❞❡ ❢♦r♠❛ ❝♦♥❞✐❝✐♦♥❛❧✳ ❖s r❡s✉❧t❛❞♦s s❡ ♠♦str❛♠

♣ró①✐♠♦s às ♣r❡✈✐sõ❡s t❡ór✐❝❛s✱ ❞❡♠♦♥str❛♥❞♦ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❢❛s❡ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞♦

❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❞♦ ❡st❛❞♦✳ ❊♠ ✉♠❛ s❡❣✉♥❞❛ ♠♦♥t❛❣❡♠ ♠❡❞✐♠♦s ❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛

❢r❛❝✐♦♥ár✐❛ ♣❛r❛ q✉❞✐ts s❡♠ ✉t✐❧✐③❛r ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❯♠❛ ♥♦✈❛ ❢♦♥t❡ ❞❡

♣❛r❡s ❞❡ ❢ót♦♥s ❡♠❛r❛♥❤❛❞♦s ❡♠ ♣♦❧❛r✐③❛çã♦ é ✉t✐❧✐③❛❞❛ ♥❡st❛ ♥♦✈❛ ♠♦♥t❛❣❡♠✳ ❖ ❡♠❛✲

r❛♥❤❛♠❡♥t♦ ♥♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❛✉①✐❧✐❛r✱ ♣♦❧❛r✐③❛çã♦✱ é ✉t✐❧✐③❛❞♦ ❝♦♠♦ ✉♠ r❡❝✉rs♦ ♣❛r❛

❡❧✐♠✐♥❛r ♦ ✐♥t❡r❢❡rô♠❡tr♦✱ ♣r♦♣✐❝✐❛♥❞♦ ✉♠❛ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛ ♥❛ ✈✐s✐❜✐❧✐❞❛❞❡ ❞❛s ❝✉r✲

✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♠❡❞✐❞❛s✱ ❡ ✉♠ ❣r❛♥❞❡ ❛✉♠❡♥t♦ ♥❛ r❡❧❛çã♦ s✐♥❛❧✴r✉í❞♦✳ ◆❡st❛ ♥♦✈❛

♠♦♥t❛❣❡♠✱ ❢♦♠♦s ❝❛♣❛③❡s ❞❡ r❡❛❧✐③❛r ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ❡♠ ❛♠❜❛s ❛s ♣❛rt❡s ❞♦ s✐st❡♠❛

❞❡ ❞♦✐s q✉❞✐ts✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ♣❡r❢♦r♠❡❞ t✇♦ ❡①♣❡r✐♠❡♥ts t♦ ♦❜s❡r✈❡ t❤❡ ❢r❛❝t✐♦♥❛❧ t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡s ✐♥

t✇♦ q✉❞✐ts ♣❤♦t♦♥✐❝ s②st❡♠s✳ ❚❤❡ q✉❞✐ts ❛r❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ tr❛♥s✈❡rs❡ ♣♦s✐t✐♦♥ ❞❡❣r❡❡ ♦❢

❢r❡❡❞♦♠ ♦❢ ♣❤♦t♦♥ ♣❛✐rs ❣❡♥❡r❛t❡❞ ❜② t❤❡ s♣♦♥t❛♥❡♦✉s ♣❛r❛♠❡tr✐❝ ❞♦✇♥ ❝♦♥✈❡rs✐♦♥ ❛❢t❡r

❜❡✐♥❣ tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ ♠✉❧t✐♣❧❡ s❧✐ts✳ ❚❤❡ ♣❤♦t♦♥s ✐♥ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❛r❡ q✉❛♥t✉♠

❝♦rr❡❧❛t❡❞ ✐♥ ♠♦♠❡♥t✉♠ ❛♥❞ ❡♥❡r❣②✳ ■♥✐t✐❛❧❧② ✇❡ r❡✈✐❡✇ t❤❡ t❤❡♦r② ❛❜♦✉t t❤❡ ♦r✐❣✐♥ ♦❢

t❤❡ ♣❤❛s❡s ❛❝q✉✐r❡❞ ❜② t❤❡ ❡✈♦❧✈✐♥❣ q✉❛♥t✉♠ st❛t❡s ♦❢ ♦♥❡ ❛♥❞ t✇♦ q✉❜✐ts✱ ✇❤❡r❡ ✇❡

✐❞❡♥t✐❢② t❤❡ ❞②♥❛♠✐❝✱ t❤❡ ❣❡♦♠❡tr✐❝ ❛♥❞ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡s✳ ❚❤❡♥ ✇❡ ❡①❛♠✐♥❡ t❤❡

❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡s ❢♦r t✇♦ q✉❞✐ts✱ ❛♥❞ ❞✐s❝✉ss ✐ts r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❝♦♥✲

❝❡♣t ♦❢ ❝♦♥♥❡❝t❡❞♥❡ss ♦❢ ❛ s♣❛❝❡✳ ◆❡①t ✇❡ s❤♦✇ ❛ ✇❛② t♦ ♠❡❛s✉r❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡✱

❝♦♥s✐❞❡r✐♥❣ t❤❛t ✐t ♠✉st ❛♣♣❡❛r ❛s ❛ r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t✇♦ ✐♥t❡r❢❡r✐♥❣ q✉❛♥t✉♠ st❛✲

t❡s✳ ❚♦ r❡❛❧✐③❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ✇❡ ❜✉✐❧❞ ❛♥ ♦♣t✐❝❛❧ ✐♥t❡r❢❡r♦♠❡t❡r ✇✐t❤ ❛ s♣❛t✐❛❧ ❧✐❣❤t

♠♦❞✉❧❛t♦r ✐♥s✐❞❡ ✐t t♦ ✐♠♣❧❡♠❡♥t t❤❡ ♥❡❝❡ss❛r② ✉♥✐t❛r② ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✐s

✉s❡❞ ❛s ❛♥ ❛✉①✐❧✐❛r② ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❢♦r t❤❡ ♦♣❡r❛t✐♦♥s t♦ ❛❝t ❝♦♥❞✐t✐♦♥❛❧❧②✳ ❚❤❡ r❡s✉❧ts

❛r❡ ❝❧♦s❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s✱ s❤♦✇✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣❤❛s❡ ✇✐t❤ t❤❡

❍✐❧❜❡rt s♣❛❝❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ st❛t❡✳ ■♥ ❛ s❡❝♦♥❞ s❡t✉♣ ✇❡ ♠❡❛s✉r❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡

❢♦r q✉❞✐ts ✇✐t❤♦✉t ✉s✐♥❣ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ✐♥t❡r❢❡r♦♠❡t❡r✳ ❆ ♥❡✇ s♦✉r❝❡ ♦❢ ♣♦❧❛r✐③❛t✐♦♥ ❡♥✲

t❛♥❣❧❡❞ ♣❤♦t♦♥ ♣❛✐rs ✐s ✉s❡❞ ✐♥ t❤✐s ♥❡✇ s❡t✉♣✳ ❚❤❡ ❡♥t❛♥❣❧❡♠❡♥t ✐♥ t❤❡ ❛✉①✐❧✐❛r② ❞❡❣r❡❡

♦❢ ❢r❡❡❞♦♠✱ ♣♦❧❛r✐③❛t✐♦♥✱ ✐s ✉s❡❞ ❛s ❛ r❡s♦✉r❝❡ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✐♥t❡r❢❡r♦♠❡t❡r✱ ♣r♦♣✐t✐❛✲

t✐♥❣ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ✈✐s✐❜✐❧✐t② ♦❢ t❤❡ ♠❡❛s✉r❡❞ ✐♥t❡r❢❡r❡♥❝❡ ❝✉r✈❡s✱ ❛♥❞

❛ ❧❛r❣❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦✳ ■♥ t❤✐s ♥❡✇ s❡t✉♣✱ ✇❡ ❛r❡ ❛❧s♦ ❝❛♣❛❜❧❡ ♦❢

r❡❛❧✐③❡ t❤❡ ✉♥✐t❛r② ♦♣❡r❛t✐♦♥s ✐♥ ❜♦t❤ ♣❛rts ♦❢ t❤❡ t✇♦ q✉❜✐t s②st❡♠✳



❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ✺

❘❡s✉♠♦ ✼

❆❜str❛❝t ✽

✶ ■♥tr♦❞✉çã♦ ✶✶

✷ ❋✉♥❞❛♠❡♥t♦s ❚❡ór✐❝♦s ✶✺

✷✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❡ ❢❛s❡s ♣❛r❛ ✉♠ ❡ ❞♦✐s q✉❜✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✷✳✶✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❡ ❢❛s❡s ♣❛r❛ ✉♠ q✉❜✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
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✸ ❈♦♠♦ ♠❡❞✐r ❛ ❋❚❋ ✸✵

✸✳✶ ❋❚❋ ❝♦♠♦ ❢❛s❡ r❡❧❛t✐✈❛ ❡♠ ✉♠❛ ✐♥t❡r❢❡rê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✷ Pr❡✈✐sõ❡s t❡ór✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹ ❘❡s✉❧t❛❞♦s ✸✽

✹✳✶ ❊①♣❡r✐♠❡♥t♦ ❝♦♠ ✐♥t❡r❢❡rô♠❡tr♦ ❙❛❣♥❛❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✹✳✶✳✶ ❋♦♥t❡ ❞❡ ♣❛r❡s ❞❡ ❢ót♦♥s ❡♠❛r❛♥❤❛❞♦s ❡♠ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ✳ ✳ ✸✽
✹✳✶✳✷ ■♥t❡r❢❡rô♠❡tr♦ t✐♣♦ ❙❛❣♥❛❝ ✐♠♣❧❡♠❡♥t❛♥❞♦ ♦♣❡r❛çõ❡s ❧♦❝❛✐s ✳ ✳ ✳ ✳ ✹✵
✹✳✶✳✸ ❈✉r✈❛ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❛tr❛✈és ❞❛ ❞❡t❡❝çã♦ ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✹✸
✹✳✶✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❡♠ ❝❛♠✐♥❤♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡ ❞❛s

❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s ❡♠ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ❞♦s ♣❛r❡s ❞❡ ❢ót♦♥s ✳ ✹✻
✹✳✶✳✺ ❉✐s❝✉ssã♦ ❞♦s r❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✷ ❊①♣❡r✐♠❡♥t♦ ❝♦♠ ❢♦♥t❡ ❡♠❛r❛♥❤❛❞❛ ❡♠ ♣♦❧❛r✐③❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✺ ❈♦♥❝❧✉sã♦ ✺✾

✻ P❡rs♣❡❝t✐✈❛s ✻✷



❆ ❈á❧❝✉❧♦ ❞❛ ❢❛s❡ ❞✐♥â♠✐❝❛ ❡ ❞❛ ❋● ♣❛r❛ ❞♦✐s q✉❞✐ts ✻✻

❇ ❈á❧❝✉❧♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ r❡❛❧✐③❛❞❛ ♣❡❧♦ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡ ✼✸

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✻



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❍✐st♦r✐❝❛♠❡♥t❡✱ ♦ ❝❛♠✐♥❤♦ ❛té ❛ ❋❛s❡ ❚♦♣♦❧ó❣✐❝❛ ❋r❛❝✐♦♥ár✐❛ ✭❋❚❋✮ ❝♦♠❡ç❛ ❝♦♠ ❛ ❝❤❛✲

♠❛❞❛ ❋❛s❡ ●❡♦♠étr✐❝❛ ✭❋●✮✳ ❊st❛ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ❡♠ ✶✾✺✻ ♣♦r ❙✳ P❛♥❝❤❛r❛t♥❛♠❬✶❪ ❡♠

✉♠ tr❛❜❛❧❤♦ s♦❜r❡ tr❛♥s❢♦r♠❛çõ❡s ♥❛ ♣♦❧❛r✐③❛çã♦ ❞❛ ❧✉③ ❡♠ ó♣t✐❝❛ ❝❧áss✐❝❛✳ ❙❡✉ s✉r❣✐✲

♠❡♥t♦ ♥♦ ❝♦♥t❡①t♦ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ s❡ ❞❡✉ ❝♦♠ ♦ ❋ís✐❝♦ ▼✳ ❱✳ ❇❡rr②❬✷❪ ❡♠ ✶✾✽✹✳

❇❡rr② ✐♥✈❡st✐❣❛✈❛ ❛ ❡✈♦❧✉çã♦ ❞❡ ✉♠ ❡st❛❞♦ q✉â♥t✐❝♦ s♦❜ ❛ ❛çã♦ ❞❡ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦

❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ s❡♥❞♦ q✉❡ ❡♠ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡❧❡ ❝♦♥s✐❞❡r♦✉ q✉❡ ❛ ❞❡♣❡♥✲

❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡ ❞❡ s❡✉s ❛✉t♦❡st❛❞♦s s❡ ❞❛✈❛ ❛tr❛✈és ❞❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ♣❛râ♠❡tr♦s ♠♦❞✐✜❝❛❞♦s s❡❣✉♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❝❤❛♠❛❞❛ ❛♣r♦①✐♠❛çã♦ ❛❞✐❛❜át✐❝❛✳

❇❡rr② ♣❡r❝❡❜❡✉ q✉❡ ♥❡st❡ ❝❛s♦✱ ❛❧é♠ ❞❛ ❢❛s❡ r❡❧❛❝✐♦♥❛❞❛ à ❡✈♦❧✉çã♦ ✉♥✐tár✐❛ ❛ss♦❝✐❛❞❛

❛♦ ❍❛♠✐❧t♦♥✐❛♥♦✱ r❡❢❡r✐❞❛ ❝♦♠♦ ❢❛s❡ ❞✐♥â♠✐❝❛✱ ♦ ❡st❛❞♦ ❛❞q✉✐r❡ t❛♠❜é♠ ✉♠❛ ♦✉tr❛ ❢❛s❡

r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❝❛♠✐♥❤♦ ❞❡✜♥✐❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s à ♠❡❞✐❞❛ ❡♠ q✉❡ ❡❧❡s sã♦

♠♦❞✐✜❝❛❞♦s✱ r❡❢❡r✐❞❛ ❝♦♠♦ ❢❛s❡ ❣❡♦♠étr✐❝❛✳ P♦st❡r✐♦r♠❡♥t❡ ❡♠ ✶✾✽✼✱ ❨✳ ❆❤❛r❛♥♦✈ ❡

❏✳ ❆♥❛♥❞❛♥❬✸❪ ❝❤❡❣❛r❛♠ ❡♠ ✉♠❛ ❡①♣r❡ssã♦ ❝❤❛✈❡ ♣❛r❛ ❛ ❋● s❡♠ ♣r❡❝✐s❛r ❝♦♥s✐❞❡r❛r ❛

♣❛r❛♠❡tr✐③❛çã♦ ❡ ❛ ❛♣r♦①✐♠❛çã♦ ❛❞✐❛❜át✐❝❛✱ ❣❡♥❡r❛❧✐③❛♥❞♦✲❛ ♣❛r❛ ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦✲

r❛❧ q✉❛❧q✉❡r✳ ❆ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ é ❡♥tã♦ tr❛♥s❢❡r✐❞❛ ❞♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s

♣❛r❛ ♦ ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦✳ ❉❡ ❢♦r♠❛ ♥ã♦ r✐❣♦r♦s❛✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡

♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦ é ✉♠❛ ✏❝♦♠♣❛❝t❛çã♦✑ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt q✉❡ ❞❡s❝r❡✈❡

♦ s✐st❡♠❛ q✉â♥t✐❝♦✳ ❚♦❞♦s ♦s ✈❡t♦r❡s ❞❡ ❡st❛❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt q✉❡ ❞✐❢❡r❡♠ ♣❡❧❛

♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ sã♦ ❧❡✈❛❞♦s ♥♦ ♠❡s♠♦ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

♣r♦❥❡t✐✈♦✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❡❧❡s r❡♣r❡s❡♥t❛♠ ♦ ♠❡s♠♦ ❡st❛❞♦ ❢ís✐❝♦✳ P♦rt❛♥t♦✱ ❞❛❞♦ q✉❡

❝♦♠❜✐♥❛çõ❡s ❝♦♥✈❡①❛s ♥ã♦ sã♦ t♦♠❛❞❛s✱ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦ ✐rá

r❡♣r❡s❡♥t❛r ✉♠ ❡st❛❞♦ ♣✉r♦✳ P❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❞❡ ❞✐♠❡♥sã♦ ✷ ♣♦r ❡①❡♠♣❧♦✱ ♦

❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦ é ♠❛♣❡❛❞♦ ♥❛ ❝❤❛♠❛❞❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤✶✳ P♦rt❛♥t♦✱ q✉❛♥❞♦

✶◆♦ ❝❛s♦ ❞❡ ✉♠ s✐st❡♠❛ ó♣t✐❝♦✱ q✉❛♥❞♦ é ✉t✐❧✐③❛❞♦ ♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ♣♦❧❛r✐③❛çã♦✱ t❡♠♦s ❛ ❡s❢❡r❛
❞❡ P♦✐♥❝❛ré✳

✶✶



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✶✷

✉♠ q✉❜✐t✷ ❡✈♦❧✉✐✱ ❡❧❡ ♣❡r❝♦rr❡ ✉♠ ❝❡rt♦ ❝❛♠✐♥❤♦ ♥❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤✱ ❡ ❛❣♦r❛ é ❛ ❡st❡

❝❛♠✐♥❤♦ ❛♦ q✉❛❧ ❛ ❋● s❡ r❡❧❛❝✐♦♥❛✳

◆❛ ♠❡s♠❛ é♣♦❝❛ s✉r❣✐r❛♠ tr❛❜❛❧❤♦s ❡①♣❡r✐♠❡♥t❛✐s s♦❜r❡ ❛ ♦❜s❡r✈❛çã♦ ❞❛ ❋●❬✹✕✻❪✱ ♦♥❞❡

❥á s❡ ♣♦❞❡ ♥♦t❛r ♦ ✉s♦ ❞♦ t❡r♠♦ ❢❛s❡ t♦♣♦❧ó❣✐❝❛✳ P♦ré♠ ❞❡✈❡♠♦s ❞❡✐①❛r ❝❧❛r♦ q✉❡ ♦

❡♠♣r❡❣♦ ❞♦ t❡r♠♦ ❢♦✐ ❢❡✐t♦ ❡♠ ✉♠ s❡♥t✐❞♦ ❞✐❢❡r❡♥t❡✳ ◆❡st❛s r❡❢❡rê♥❝✐❛s ✏t♦♣♦❧ó❣✐❝❛✑ s❡

r❡❢❡r❡ à ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❋● ❞❡ ❞❡♣❡♥❞❡r s♦♠❡♥t❡ ❞♦ ❝❛♠✐♥❤♦ ♣❡r❝♦rr✐❞♦ ♣❡❧♦ ❡st❛❞♦

♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦✱ ♠❡s♠♦ q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ t❡♥❤❛ s✐❞♦ ♣r♦♠♦✈✐❞❛ ♣♦r

❞✐♥â♠✐❝❛s ❞✐❢❡r❡♥t❡s✳ ❏á ♥♦ ❝❛s♦ ❞❛ ❋❚❋✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❝❛♣ít✉❧♦ ✷✱ ✏t♦♣♦❧ó❣✐❝❛✑ s❡

r❡❧❛❝✐♦♥❛ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①✐❞❛❞❡ ❞❡ ✉♠ ❡s♣❛ç♦✳ ❊♠ ✶✾✾✶✱ ❑✇✐❛t ❡ ❈❤✐❛♦❬✼❪ ❝♦♠❡ç❛✲

r❛♠ ❛ ❡①♣❧♦r❛r ❡st❛❞♦s ❜✐♣❛rt✐❞♦s ♣❛r❛ ♦❜s❡r✈❛r ❛ ❋● ✉t✐❧✐③❛♥❞♦ ✉♠ s✐st❡♠❛ ❢♦tô♥✐❝♦ ❡

✐♥t❡r❢❡r♦♠❡tr✐❛ ❞❡ ❞♦✐s ❢ót♦♥s✱ ❣❛r❛♥t✐♥❞♦ ❛ss✐♠ q✉❡ ❛ ❋● s❡ ♠❛♥✐❢❡st❛ ❡♠ ✉♠ s✐st❡♠❛

ó♣t✐❝♦ ❡♠ ♥í✈❡❧ q✉â♥t✐❝♦✳ ❊♠ s❡❣✉✐❞❛ ❇r❡♥❞❡❧ ❡t✳ ❛❧✳❬✽❪ ❡ ❙❤✐❤ ❡ ❙tr❡❦❛❧♦✈❬✾❪ ✉t✐❧✐③❛r❛♠

s✐st❡♠❛s s❡♠❡❧❤❛♥t❡s ❡♠ s❡✉s tr❛❜❛❧❤♦s✱ ❞❡♠♦♥str❛♥❞♦ q✉❡ ❛ ❢❛s❡ ❛❞q✉✐r✐❞❛ ♣❡❧♦ s✐st❡♠❛

❣❧♦❜❛❧ ❞❡♣❡♥❞❡ ❞❛ ♣♦❧❛r✐③❛çã♦ ✐♥✐❝✐❛❧ ❞❡ ❝❛❞❛ ❢ót♦♥ ✭♦ s✐st❡♠❛ ❡st❛✈❛ ❝♦❞✐✜❝❛❞♦ ♥❡st❡

❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✮ ❡ q✉❡ ❡❧❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♣❧✐❝❛♥❞♦✲s❡ ❧♦❝❛❧♠❡♥t❡ ❡t❛♣❛s ❞✐❢❡r❡♥t❡s

❞❛ tr❛♥s❢♦r♠❛çã♦ ❡♠ ❝❛❞❛ ❢ót♦♥✳ ❈♦♥t✉❞♦✱ ❛ ✐❞é✐❛ ❞❡st❛s r❡❢❡rê♥❝✐❛s ❛✐♥❞❛ ❝♦♥s✐st✐❛ ❡♠

♦❜s❡r✈❛r ❛ ❋● ❛❞q✉✐r✐❞❛ ❛tr❛✈és ❞♦ ❝❛♠✐♥❤♦ ♣❡r❝♦rr✐❞♦ ♣♦r ✉♠❛ ❞❛s ♣❛rt❡s ❞♦ s✐st❡♠❛

❣❧♦❜❛❧ ♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦ ❝♦rr❡s♣♦♥❞❡♥t❡ àq✉❡❧❛ ♣❛rt❡✳

❙♦♠❡♥t❡ ❡♠ ✷✵✵✵✱ ❛ ♣r✐♠❡✐r❛ ❡✈✐❞ê♥❝✐❛ ♠❛✐s ❝❧❛r❛ ❞❛ ❋❚❋ ❛♣❛r❡❝❡ ❡♠ ❞♦✐s tr❛❜❛❧❤♦s✱

✉♠ ❞❡ ❙❥öq✈✐st❬✶✵❪ ❡ ✉♠ ❞❡ ❙❥öq✈✐st ❡ ❍❡ss♠♦❬✶✶❪✱ q✉❡ ✐♥✈❡st✐❣❛✈❛♠ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦

❡♠❛r❛♥❤❛♠❡♥t♦ ♥❛ ❋●✳ ❊❧❡s ❞❡♠♦♥str❛♠ q✉❡ ♣❛r❛ ✉♠ ❡st❛❞♦ ♠❛①✐♠❛♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦

✭▼❊❙✮ ❞❡ ❞♦✐s q✉❜✐ts✱ ❛ ❋● só ♣♦❞❡ s❡r ✐❣✉❛❧ ❛ ✵ ♦✉ π✳ ▼❛✐s t❛r❞❡✱ ▼✐❧♠❛♥ ❡ ▼♦ss❡r✐❬✶✷❪

❞❡♠♦♥str❛r❛♠ q✉❡ ❡st❡s ❞♦✐s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛ ❞♦✐s t✐♣♦s ❞❡ ❝❛♠✐♥❤♦

q✉❡ ♣♦❞❡♠ s❡r tr❛ç❛❞♦s ♥❛ ❝❤❛♠❛❞❛ ❜♦❧❛ ❙❖✭✸✮✸✳ ▲✐▼✐♥❣ ❡ ❚❛♥❣❬✶✸❪ s✐♥t❡t✐③❛♠ ❡♠ s❡✉

tr❛❜❛❧❤♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ▼❊❙ ❞❡ ❞♦✐s q✉❜✐ts ❡ ♦s ♣♦♥t♦s

❞❡ss❛ ❜♦❧❛✳ ❯♠ ❞♦s t✐♣♦s ❞❡ ❝❛♠✐♥❤♦ ❡✈✐❞❡♥❝✐❛ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❡s♣❛ç♦ ❙❖✭✸✮ é ❞✐t♦

s❡r ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ✐st♦ é✱ ❡❧❡ ♣♦ss✉✐ ✉♠❛ t♦♣♦❧♦❣✐❛ ♥ã♦ tr✐✈✐❛❧✱ ♦ q✉❡ ❧❡✈❛ à

❢❛s❡ π✳ ❊st❡ r❡s✉❧t❛❞♦ é r❡❢♦rç❛❞♦ ❡♠ ♠❛✐s ✉♠ tr❛❜❛❧❤♦ ❞❡ ▼✐❧♠❛♥❬✶✹❪✱ ❞❡♠♦♥str❛♥❞♦

♣♦rt❛♥t♦ q✉❡ ❡♠ ❝❡rt♦s ❝❛s♦s ❛ ❋● ♣♦❞❡ ❛♣r❡s❡♥t❛r ✉♠❛ ♥❛t✉r❡③❛ t♦♣♦❧ó❣✐❝❛✳ ◆♦ ❛♥♦

s❡❣✉✐♥t❡✱ ❡♠ ✷✵✵✼✱ ❞♦✐s tr❛❜❛❧❤♦s ❡①♣❡r✐♠❡♥t❛✐s❬✶✺✱ ✶✻❪ ♦❜s❡r✈❛r❛♠ ❛ ❋❚❋ ♣❛r❛ ❞♦✐s

q✉❜✐ts✱ ❛té q✉❡ ❡♠ ✷✵✶✶ ❖①♠❛♥ ❡ ❑❤♦✉r②❬✶✼❪ ❛ ❣❡♥❡r❛❧✐③❛r❛♠ ♣❛r❛ ❞♦✐s q✉❞✐ts✳ ◆❡st❛

r❡❢❡rê♥❝✐❛ ♦ ❡s♣❛ç♦ ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡♠ q✉❡stã♦ é ♦ ❞❛s ♠❛tr✐③❡s ❙❯✭d✮✹ q✉❡

♦❜❡❞❡❝❡♠ ❛ s❡❣✉✐♥t❡ r❡❣r❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✿ ✉♠❛ ♥♦✈❛ ♠❛tr✐③ ♦❜t✐❞❛ ♠✉❧t✐♣❧✐❝❛♥❞♦✲s❡ ❛

✷❯♠ q✉❜✐t é ❛ ♥♦♠❡♥❝❧❛t✉r❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ✉♠ s✐st❡♠❛ q✉â♥t✐❝♦ ❞❡ ❞♦✐s ♥í✈❡✐s✱ ❡ q✉❞✐t ♣❛r❛ ✉♠
s✐st❡♠❛ q✉â♥t✐❝♦ ❞❡ d ♥í✈❡✐s✳

✸❖ ❣r✉♣♦ ❡s♣❡❝✐❛❧ ♦rt♦❣♦♥❛❧✱ ❞❡♥♦t❛❞♦ ♣♦r ❙❖✭d✮✱ é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s d × d ♦rt♦❣♦♥❛✐s ❡ q✉❡
♣♦ss✉❡♠ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✶✳ ❊♠ ✸ ❞✐♠❡♥sõ❡s ❡❧❛s ❞❡s❝r❡✈❡♠ t♦❞❛s ❛s r♦t❛çõ❡s ❞❡ R

3 ❡♠ t♦r♥♦ ❞❛
♦r✐❣❡♠✱ ❡ ♣♦r ✐ss♦ é ❝❤❛♠❛❞♦ ❣r✉♣♦ ❞❡ r♦t❛çã♦✱ ❝✉❥❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ é ❛ ❜♦❧❛ ❙❖✭✸✮

✹❖ ❣r✉♣♦ ❡s♣❡❝✐❛❧ ✉♥✐tár✐♦✱ ❞❡♥♦t❛❞♦ ♣♦r ❙❯✭d✮✱ é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s d×d ✉♥✐tár✐❛s ❡ q✉❡ ♣♦ss✉❡♠
❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✶✳
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♠❛tr✐③ ♦r✐❣✐♥❛❧ ♣♦r ✉♠ ❢❛t♦r ❞❡ ❢❛s❡ q✉❡ ♥ã♦ ❛❧t❡r❛ ♦ ❞❡t❡r♠✐♥❛♥t❡ é ❝♦♥s✐❞❡r❛❞❛ ✐❣✉❛❧

à ♠❛tr✐③ ♦r✐❣✐♥❛❧✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ❞♦✐s q✉❜✐ts ✭♦♥❞❡ ❞❂✷✮ ❡ss❛s ♠❛tr✐③❡s ❙❯✭✷✮ ❞❡ ❢❛t♦

❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ❜♦❧❛ ❙❖✭✸✮✳

❆ ♣❛rt✐r ❞❛í ✈ár✐♦s tr❛❜❛❧❤♦s s✉r❣✐r❛♠ ♥❡ss❛ ár❡❛✱ tr❛t❛♥❞♦ ❛ ❋❚❋ ♣❛r❛ ♠✉❧t✐q✉❜✐ts❬✶✽❪✱

♣r♦♣♦♥❞♦ ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ♠❡❞✐✲❧❛ ❡♠ s✐st❡♠❛s ❢♦tô♥✐❝♦s ❞❡ q✉❞✐ts❬✶✾❪ ❡ ♠✉❧t✐q✉❜✐ts❬✷✵❪✱

❣❡♥❡r❛❧✐③❛♥❞♦ ❛ t❡♦r✐❛ ♣❛r❛ ❞♦✐s q✉❞✐ts ❝♦♠ ❞✐♠❡♥sõ❡s ❞✐❢❡r❡♥t❡s❬✷✶❪✱ ❡ ❡①♣❧♦r❛♥❞♦ ❡①✲

♣❡r✐♠❡♥t❛❧♠❡♥t❡ s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣❛r❛ ❞♦✐s q✉❜✐ts❬✷✷❪✳ P♦❞❡♠♦s

♣❡r❝❡❜❡r q✉❡ ❛s ❛t❡♥çõ❡s s❡ ✈♦❧t❛r❛♠ ♣❛r❛ ♦s s✐st❡♠❛s ♠✉❧t✐♣❛rt✐❞♦s✱ ✉♠❛ ✈❡③ q✉❡ ♦

❡s♣❛ç♦ q✉❡ ♦s ❞❡s❝r❡✈❡ ♣♦❞❡ ♣♦ss✉✐r ✉♠❛ t♦♣♦❧♦❣✐❛ ♥ã♦ tr✐✈✐❛❧✱ ✐st♦ é✱ ♦ ❡s♣❛ç♦ q✉❡ ❞❡s✲

❝r❡✈❡ ❡ss❡ t✐♣♦ ❞❡ s✐st❡♠❛ ♣♦❞❡ s❡r ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ◆♦s ❝❛s♦s ❡♠ q✉❡ ❞❡ ❢❛t♦

♦ s✐st❡♠❛ é ❞❡s❝r✐t♦ ♣♦r ✉♠ ❡s♣❛ç♦ ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❛ ♠❛♥✐❢❡st❛çã♦ ❞❛ ❋❚❋

♣♦❞❡ s❡r ♦❜s❡r✈❛❞❛✳ ❊❧❛ s✉r❣❡ ♣♦rt❛♥t♦ ❝♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞❛ ❞✐♥â♠✐❝❛

❞❡ ❡✈♦❧✉çã♦ ❞♦s ❡st❛❞♦s ♠✉❧t✐♣❛rt✐❞♦s✱ ❡ ♣♦r ✐ss♦ ❤á ✉♠ ✐♥t❡r❡ss❡ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ s❡

✐♥✈❡st✐❣❛r ❛ ❋❚❋✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛ ✈❡③ ❡st❛❜❡❧❡❝✐❞❛ ✉♠❛ ♦✉ ♠❛✐s ❢♦r♠❛s ❞❡ s❡ ♠❡❞✐✲❧❛✱

❡st✉❞♦s ❢✉t✉r♦s ♣♦❞❡♠ ❞❡t❡r♠✐♥❛r s❡ ❛ ❋❚❋ ♣♦ss✉✐ ♣♦t❡♥❝✐❛❧ ❞❡ ❛♣❧✐❝❛çã♦ ❡♠ ✐♠♣❧❡♠❡♥✲

t❛çõ❡s ❞❡ ♣♦rt❛s ❧ó❣✐❝❛s ♣❛r❛ ❝♦♠♣✉t❛çã♦ q✉â♥t✐❝❛✱ ❝♦♠♦ ♥❛ ♣♦rt❛ π/8 ♣♦r ❡①❡♠♣❧♦✱ q✉❡

é ✉♠❛ ❞❛s ❝❤❛♠❛❞❛s ♣♦rt❛s q✉â♥t✐❝❛s ✉♥✐✈❡rs❛✐s✳ P❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ss❡ t✐♣♦ é ✐♠♣♦r✲

t❛♥t❡ ✈❡r✐✜❝❛r s❡ ❛ ♠❡❞✐çã♦ ❞❛ ❋❚❋ é r♦❜✉st❛ à ❞❡❝♦❡rê♥❝✐❛ s♦❢r✐❞❛ ♣❡❧♦ s✐♥❛❧ ✉t✐❧✐③❛❞♦

♥❛ ♦❜❡r✈❛çã♦ ❛♦ s❡r tr❛♥s♠✐t✐❞♦ ♣♦r ✉♠ ❝❛♥❛❧ r✉✐❞♦s♦✳ ❊①✐st❡♠ ❛❧❣✉♠❛s ❡✈✐❞ê♥❝✐❛s❬✷✸❪

❞❡ q✉❡ ✐st♦ r❡❛❧♠❡♥t❡ ♦❝♦rr❡✱ ♦ q✉❡ ❛❜r❡ ♣❡rs♣❡❝t✐✈❛s ❞❡ ♥♦✈♦s tr❛❜❛❧❤♦s ❡①♣❡r✐♠❡♥t❛✐s✳

❍á ❛✐♥❞❛ ✉♠❛ ❝♦♥❥❡❝t✉r❛ ✭✈❡r ❝♦♥❝❧✉sã♦ ❡♠ ❬✶✾❪✮ s♦❜r❡ s❡ ❛ ❋❚❋ ❡st❛r✐❛ r❡❧❛❝✐♦♥❛❞❛ à

❛❧❣✉♠❛ t❡st❡♠✉♥❤❛ ❞❡ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✱ ❞❛❞♦ q✉❡ s❡✉ ✈❛❧♦r ❞❡♣❡♥❞❡ ❞❛s ❞✐♠❡♥sõ❡s ❞❛s

♣❛rt❡s ❞♦ s✐st❡♠❛ ♠✉❧t✐♣❛rt✐❞♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❝❛♣ít✉❧♦ ✷✳

❯♠❛ r❡✈✐sã♦ ❡♠ ✷✵✶✺ s♦❜r❡ ♦ ❛ss✉♥t♦❬✷✹❪ ❛♣♦♥t❛✈❛ q✉❡ ♥❡♥❤✉♠❛ ✈❡r✐✜❝❛çã♦ ❡①♣❡r✐♠❡♥✲

t❛❧ ♣❛r❛ q✉❞✐ts ❤❛✈✐❛ s✐❞♦ ❢❡✐t❛ ❛té ❛q✉❡❧❡ ♠♦♠❡♥t♦✱ ♠❛s ❡♠ ✷✵✶✻ ♥ós ❞♦ ❧❛❜♦r❛tór✐♦ ❞❡

Ó♣t✐❝❛ ◗✉â♥t✐❝❛ ❝♦♦r❞❡♥❛❞♦ ♣❡❧♦ ♣r♦❢❡ss♦r ❙❡❜❛st✐ã♦ ❞❡ Pá❞✉❛ ♥❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡✲

r❛❧ ❞❡ ▼✐♥❛s ●❡r❛✐s✱ ❡♠ ❝♦❧❛❜♦r❛çã♦ ❝♦♠ ♦s ♣r♦❢❡ss♦r❡s ▲✉✐s ❖①♠❛♥ ❡ ❆♥tô♥✐♦ ❑❤♦✉r②

❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❋❧✉♠✐♥❡♥s❡✱ ♣✉❞❡♠♦s ♠❡❞✐r ❛ ❋❚❋❬✷✺❪ ♣❛r❛ ❞♦✐s q✉❞✐ts ♠❛①✐✲

♠❛♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦s ❝♦♠ ❞✐♠❡♥sõ❡s d = 2✱ ✸ ❡ ✹✳ ◆❡st❛ t❡s❡ ✈❛♠♦s ❞❡s❝r❡✈❡r ❡st❡

tr❛❜❛❧❤♦ ♥♦ q✉❛❧ ✉t✐❧✐③❛♠♦s t❛♠❜é♠ ✉♠ s✐st❡♠❛ ❢♦tô♥✐❝♦ ❡ ✐♥t❡r❢❡r♦♠❡tr✐❛ ❞❡ ❞♦✐s ❢ó✲

t♦♥s✱ ♣♦ré♠✱ ♥ós ❝♦❞✐✜❝❛♠♦s ♦ ❡st❛❞♦ ♥♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ❝❛♠✐♥❤♦ ❞♦s ❢ót♦♥s ❛♦

✐♥✈és ❞❛ ♣♦❧❛r✐③❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ✈❛♠♦s ❞❡s❝r❡✈❡r t❛♠❜é♠ ✉♠ s❡❣✉♥❞♦ tr❛❜❛❧❤♦ ♥♦ q✉❛❧

♦❜t✐✈❡♠♦s ✉♠❛ ♠❡❧❤♦r❛ ♥❛ q✉❛❧✐❞❛❞❡ ❞♦s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛♥❞♦ ✉♠❛ ♠♦♥t❛❣❡♠ s❡♠ ✉♠

✐♥t❡r❢❡rô♠❡tr♦ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❆ t❡s❡ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥♦ ❝❛♣ít✉❧♦ ✶

s❡rã♦ ♠♦str❛❞♦s ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❝❛❧❝✉❧❛r ❛s ❢❛s❡s ❛❞q✉✐r✐❞❛s ♣♦r ✉♠ ❡ ♣♦r ❞♦✐s q✉❜✐ts

s✉❥❡✐t♦s ❛ ✉♠❛ ❝❡rt❛ ❡✈♦❧✉çã♦✱ ❡ ❝♦♠♦ r❡♣r❡s❡♥t❛r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❡ss❡s s✐st❡♠❛s✳ ❊♠

s❡❣✉✐❞❛ ✈❛♠♦s ❞❡r✐✈❛r ❛ ❋❚❋ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❞♦✐s q✉❞✐ts✱ ❡ ♥❛ ú❧t✐♠❛ s❡çã♦ ✈❡r❡♠♦s

✉♠❛ ❜r❡✈❡ ❡①♣❧✐❝❛çã♦ ❞♦ ♠♦t✐✈♦ ♣❡❧♦ q✉❛❧ s❡ ✉t✐❧✐③❛ ♦ t❡r♠♦ ✏t♦♣♦❧ó❣✐❝❛✑ ♣❛r❛ ❛ ❢❛s❡
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❡♠ ❝❡rt❛s s✐t✉❛çõ❡s✳ ◆♦ ❝❛♣ít✉❧♦ ✷ ✈❛♠♦s ❡sq✉❡♠❛t✐③❛r ✉♠❛ ❢♦r♠❛ ❞❡ s❡ ♠❡❞✐r ❛ ❋❚❋✱

❡ ♠♦str❛r❡♠♦s ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ ♦ ❝❛s♦ ❞♦s ▼❊❙✳ ◆♦ ❝❛♣ít✉❧♦ ✸ ✐r❡✲

♠♦s ❞❡s❝r❡✈❡r ♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡ ❡①✐❜✐r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳ P♦r ✜♠ ✈❛♠♦s

❛♣r❡s❡♥t❛r ❛s ❝♦♥❝❧✉sõ❡s ❡ ❛♣♦♥t❛r ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ❞❡ ♥♦✈♦s tr❛❜❛❧❤♦s✳
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❋✉♥❞❛♠❡♥t♦s ❚❡ór✐❝♦s

✷✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❡ ❢❛s❡s ♣❛r❛ ✉♠ ❡ ❞♦✐s q✉❜✐ts

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é t♦r♥❛r ♠❛✐s ❝❧❛r❛ ❛ ❞✐❢❡r❡♥❝✐❛çã♦ ❡♥tr❡ ❛s ❢❛s❡s ❞✐♥â♠✐❝❛✱ ❣❡✲

♦♠étr✐❝❛ ❡ t♦♣♦❧ó❣✐❝❛✳ P❛r❛ t❛♥t♦✱ ✐r❡♠♦s r❡♣❛ss❛r ♦s ❝❛s♦s ❞❡s❝r✐t♦s ♥♦s tr❛❜❛❧❤♦s ❞❡

❙❥öq✈✐st❬✶✵❪ ❡ ▼✐❧♠❛♥❬✶✹❪ q✉❡ ❝♦♥té♠ ❡①❡♠♣❧♦s ❝♦♠ ♦s s✐st❡♠❛s ♠❛s s✐♠♣❧❡s ❞❡ ✉♠❛ ❡

❞❡ ❞✉❛s ♣❛rt❡s✱ ✐st♦ é✱ ✉♠ q✉❜✐t ❡ ❞♦✐s q✉❜✐ts✳ ❉❡✈❡♠♦s t❡r ❡♠ ♠❡♥t❡ q✉❡ ❛ ❢❛s❡ t♦t❛❧

❛❞q✉✐r✐❞❛ ♣♦r ✉♠ ❡st❛❞♦ ❛♦ s♦❢r❡r ✉♠❛ ❡✈♦❧✉çã♦ é s❡♠♣r❡ ❞❛❞❛ ♣♦r

γt = arg 〈ψ(0) | ψ(t)〉 = γd + γg ✭✷✳✶✮

♦♥❞❡ γd é ❛ ❢❛s❡ ❞✐♥â♠✐❝❛ ❡ γg é ❛ ❢❛s❡ ❣❡♦♠étr✐❝❛✳ ❆ ❢❛s❡ ❞✐♥â♠✐❝❛ t❡♠ ♦r✐❣❡♠ ♥♦s

❛✉t♦✈❛❧♦r❡s ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ ❞❡t❡r♠✐♥❛ ❛ ❡✈♦❧✉çã♦ ❞♦ ❡st❛❞♦✱ ❡ é ❞❛❞❛ ♣♦r

γd = −i
∫ τ

0
dt 〈ψ(t)| d

dt
|ψ(t)〉 . ✭✷✳✷✮

❙❡ ✉t✐❧✐③❛r♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ s✉❜st✐t✉✐r ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞♦ ❡s✲

t❛❞♦✱ ♦❜t❡♠♦s γd = −1
~

∫ τ
0 dt 〈ψ(t)|H(t) |ψ(t)〉✳ ❱❡♠♦s ❡♥tã♦ q✉❡ ❛ ❢❛s❡ ❞✐♥â♠✐❝❛ é ♥❛

✈❡r❞❛❞❡ ♦ ❢❛t♦r ❞❡ ❢❛s❡ ❞♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ q✉❡ ❛t✉❛ ♥♦ ❡st❛❞♦✱ ♣♦ré♠ ❝♦♠ ♦ ❍❛♠✐❧✲

t♦♥✐❛♥♦ s✉❜st✐t✉í❞♦ ♣♦r s❡✉ ✈❛❧♦r ❡s♣❡r❛❞♦✳ ❈♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❍❛♠✐❧t♦♥✐❛♥♦s

q✉❡ ♣♦❞❡♠ ❞❡♣❡♥❞❡r ❞♦ t❡♠♣♦✱ ♦ ❡st❛❞♦ ❡✈♦❧✉í❞♦ é ❞❛❞♦ ♣♦r |ψ(t)〉 = U(t) |ψ(0)〉 ♦♥❞❡
U(t) = e−

i
~

∫ τ
0 dtH(t) é ♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ ❣❡♥❡r❛❧✐③❛❞♦✳ P❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ ♦ ❍❛♠✐❧t♦✲

♥✐❛♥♦ ✐♥❞❡♣❡♥❞❡ ❞♦ t❡♠♣♦✱ r❡❝✉♣❡r❛♠♦s ❛ ❡①♣r❡ssã♦ ❝♦♥❤❡❝✐❞❛ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦✱

U(t) = e−
i
~
tH ✱ ❡ ❛ ❢❛s❡ ❞✐♥â♠✐❝❛ é ❞❛❞❛ ♣♦r γd = −1

~
t 〈ψ(t)|H |ψ(t)〉 ✭é ♣♦ssí✈❡❧ ♠♦s✲

tr❛r q✉❡ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ t❛♠❜é♠ ♥ã♦ ❞❡♣❡♥❞❡rá ❞♦ t❡♠♣♦✱ ❡ ♣♦r ✐ss♦

✶✺
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❛ ✐♥t❡❣r❛çã♦ r❡s✉❧t❛ s✐♠♣❧❡s♠❡♥t❡ ❡♠ t✮✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❛✐♥❞❛ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❡

❛✉t♦✈❡t♦r❡s ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ sã♦ ❝♦♥❤❡❝✐❞♦s✱ H |En〉 = En |En〉✱ ❡ q✉❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧

♣♦❞❡ s❡r ❡①♣❛♥❞✐❞♦ ♥❡ss❛ ❜❛s❡✱ |ψ(0)〉 = ∑
an |En〉✱ é ♣♦ssí✈❡❧ ❡❢❡t✉❛r ♦s ❝á❧❝✉❧♦s ♣❛r❛

♦❜t❡r γd = −1
~
t
∑
En|an|2✳

❏á ❛ ❢❛s❡ ❣❡♦♠étr✐❝❛ ❞❡♣❡♥❞❡ ❞♦ ❝❛♠✐♥❤♦ r❡❛❧✐③❛❞♦ ♣❡❧♦ ❡st❛❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

♣r♦❥❡t✐✈♦✱ ❡ é ❝♦♠✉♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ❢❛③❡♥❞♦✲s❡ γt − γd✳ ◆♦ ❝❛s♦ ❞❡ s✐st❡♠❛s ❜✐♣❛rt✐❞♦s✱

❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦ r❡✈❡❧❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞♦ s✉r✲

❣✐♠❡♥t♦ ❞❡ ✉♠ t❡r❝❡✐r♦ t✐♣♦ ❞❡ ❢❛s❡✱ q✉❡ ♣♦ss✉✐ ✉♠❛ ♥❛t✉r❡③❛ t♦♣♦❧ó❣✐❝❛✳ ❙♦♠♦s ❡♥tã♦

t❡♥t❛❞♦s ❛ ❛❝r❡s❝❡♥t❛r ✉♠ t❡r♠♦ γtop ♥❛ s♦♠❛ ❞❡ γt✱ ♠❛s ❛ ❢♦r♠❛ ❝♦♠♦ γg é ❝❛❧❝✉❧❛❞❛ ❥á

❡♥❣❧♦❜❛ ❡ss❛ ❝♦♥tr✐❜✉✐çã♦✳ ❆ s❡❣✉✐r ✈❡r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❡ss❛s ❢❛s❡s ♣♦❞❡♠

s❡ ❝♦♠❜✐♥❛r r❡s✉❧t❛♥❞♦ ♥❛ ❢❛s❡ t♦t❛❧✳

✷✳✶✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❡ ❢❛s❡s ♣❛r❛ ✉♠ q✉❜✐t

❖ ❡st❛❞♦ ♣✉r♦ ♠❛✐s ❣❡r❛❧ ❞❡ ✉♠ q✉❜✐t ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

|ψ〉 = cos(θ/2) |0〉+ eiϕ sin(θ/2) |1〉 , ✭✷✳✸✮

❝✉❥❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ é ❢❡✐t❛ ♥❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✳✷✳✶✳ ❖s ♣♦❧♦s

♥♦rt❡ ❡ s✉❧ r❡♣r❡s❡♥t❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❡st❛❞♦s |0〉 ❡ |1〉✱ ❞❡ ♠♦❞♦ q✉❡ ♦s â♥❣✉❧♦s θ

❡ φ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s â♥❣✉❧♦s ♣♦❧❛r ❡ ❛③✐♠✉t❛❧ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s✳ ❉❡✈✐❞♦

❛ ♥♦r♠❛❧✐③❛çã♦ ❞♦ ❡st❛❞♦ ❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤ ♣♦ss✉✐ r❛✐♦ ✐❣✉❛❧ ❛ ✶✱ ❡ ♦s ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s

r❡♣r❡s❡♥t❛♠ ❡st❛❞♦s ♦rt♦❣♦♥❛✐s✳

❯♠❛ r♦t❛çã♦ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❡✐①♦ ❡♠ q✉❛❧q✉❡r ❞✐r❡çã♦ ❞❡s❧♦❝❛ ♦ ✈❡t♦r q✉❡ r❡♣r❡s❡♥t❛ ♦

❡st❛❞♦ ♥❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❡❢❡✐t♦ ❞❡ ✉♠❛ r♦t❛çã♦ ❡♠

t♦r♥♦ ❞♦ ❡✐①♦ ③ ♣r♦❞✉③✐❞❛ ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦ Ĥ = ~ωσ̂z/2✱ ♦♥❞❡ σ̂z é ❛ ♠❛tr✐③ ❞❡ P❛✉❧✐

♥❛ ❞✐r❡çã♦ ③ ❡ |0〉 ❡ |1〉 sã♦ ❛✉t♦❡st❛❞♦s ❞❡❧❛ ❝♦♠ ❛✉t♦✈❛❧♦r❡s ✶ ❡ ✲✶✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆♣❧✐❝❛♥❞♦✲s❡ ♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ ♦ ❡st❛❞♦ s❡ t♦r♥❛

|ψ(t)〉 = e−iωt
2 cos(θ/2) |0〉+ ei(ϕ+

ωt
2
) sin(θ/2) |1〉 . ✭✷✳✹✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✸✮ ❡ ✭✷✳✹✮ ❡♠ ✭✷✳✶✮ t❡♠♦s
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γd = −i
∫ τ

0
−iω

2
cos2(θ/2) + i

ω

2
sin2(θ/2)dt

= −ω
2

(
1 + cos θ

2
− 1− cos θ

2

)∫ τ

0
dt

= −ωt
2

cos θ. ✭✷✳✼✮

P♦rt❛♥t♦✱ ❛ ❢❛s❡ ❣❡♦♠étr✐❝❛ ✜❝❛

γg = − arctan

(

tan(
ωt

2
) cos θ

)

+
ωt

2
cos θ ✭✷✳✽✮

❚❡♠♦s ❡♥tã♦ ✉♠❛ ❡①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ ❢❛s❡ ❝♦♠♦ q✉❡rí❛♠♦s✳ P❛r❛ ♦ ❝❛s♦

❞❡ ✉♠❛ r♦t❛çã♦ ❝♦♠♣❧❡t❛ ❞❡ 2π✱ ♦✉ s❡❥❛✱ ωt = 2π✱ t❡♠♦s

γt = −π, γd = −π cos θ ❡ γg = −π(1− cos θ).

➱ ♠❛✐s ❢á❝✐❧ ❝❤❡❝❛r ♦ ❝á❧❝✉❧♦ ❞❡ γt ✉s❛♥❞♦ ❛ ❡q✳✭✷✳✺✮✱ ♦♥❞❡ t❡♠♦s arg{−1} = arg{e−iπ} =

−π✳ ❊ss❛ é ✉♠❛ s✐t✉❛çã♦ q✉❡ ♣♦❞❡ ❝❛✉s❛r ❝♦♥❢✉sã♦ ♣♦r ❞♦✐s ♠♦t✐✈♦s✳ Pr✐♠❡✐r♦ q✉❡ ❛ ❢❛s❡

t♦t❛❧ é s❡♠♣r❡ ✐❣✉❛❧ ❛ −π ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛❧ é ♦ ❡st❛❞♦ ✐♥❝✐❛❧✱ ♠❛s s✉❛ ♦r✐❣❡♠ ❢ís✐❝❛

❝❛rr❡❣❛ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ â♥❣✉❧♦ θ✳ ❆ ❢❛s❡ t♦t❛❧ ♣♦❞❡ s❡r ♣✉r❛♠❡♥t❡ ❞✐♥â♠✐❝❛

✭θ = 0 ♦✉ θ = π✮✱ ♣✉r❛♠❡♥t❡ ❣❡♦♠étr✐❝❛ ✭θ = π/2✮✱ ♦✉ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ❛♠❜❛s q✉❡

r❡s✉❧t❛ ❡♠ −π ✭q✉❛❧q✉❡r ♦✉tr♦ ✈❛❧♦r ❞❡ θ ❡♥tr❡ ✵ ❡ π✮✳ ❊♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ❡ss❡ ✈❛❧♦r é

❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ ❛♦ ❞❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛ q✉❡ s✉r❣❡ ♣❛r❛ ❞♦✐s q✉❜✐ts✱ ♣♦ré♠ s✉❛ ♥❛t✉r❡③❛

♥❛❞❛ t❡♠ ❛ ✈❡r ❝♦♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❡s♣❛ç♦ ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♣❛r❛ r❡♣r❡s❡♥t❛r

♦ ❡st❛❞♦✱ ❥á q✉❡ ❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤ ♣♦ss✉✐ ✉♠❛ t♦♣♦❧♦❣✐❛ tr✐✈✐❛❧✳ ◆❛s ♣ró①✐♠❛s s✉❜s❡çõ❡s

✈❡r❡♠♦s ❝♦♠♦ ❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛ s✉r❣❡ ♣❛r❛ ✉♠ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❜✐ts ❞❡✈✐❞♦ à t♦♣♦❧♦❣✐❛

♥ã♦ tr✐✈✐❛❧ ❞❛ ❜♦❧❛ ❙❖✭✸✮✳

✷✳✶✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❞♦✐s q✉❜✐ts

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❙❝❤♠✐❞t❬✷✻✱ ✷✼❪✱ ♦ ❡st❛❞♦ ♣✉r♦ ♠❛✐s ❣❡r❛❧ ❞❡ ❞♦✐s

q✉❜✐ts ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛





❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s ❚❡ór✐❝♦s ✷✵

❆ ❞✐r❡çã♦ ❞❛ r♦t❛çã♦ é ❞❛❞❛ ♣❡❧❛ r❡t❛ q✉❡ ✈❛✐ ❞❛ ♦r✐❣❡♠ ❛ ✉♠ ♣♦♥t♦ ❞❛ ❜♦❧❛✱ ❡♥q✉❛♥t♦

♦ â♥❣✉❧♦ ❞❛ r♦t❛çã♦ é ❞❛❞♦ ♣❡❧❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛ ♦r✐❣❡♠ ❡ ♦ ♣♦♥t♦✳ P♦rt❛♥t♦✱ ♣♦♥t♦s

♦♣♦st♦s ❞❛ ❜♦❧❛ r❡♣r❡s❡♥t❛♠ ❛s r♦t❛çõ❡s ❞❡ ✉♠ ❝❡rt♦ â♥❣✉❧♦ ❡ ❞♦ ♥❡❣❛t✐✈♦ ❞❡st❡ â♥❣✉❧♦✳

◆♦t❛♠♦s ❡♥tã♦ q✉❡ ✉♠ ♣♦♥t♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❜♦❧❛ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ r♦t❛çã♦ ❞❡ π ❡ ♦

♣♦♥t♦ ♦♣♦st♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ r♦t❛çã♦ −π ❞❡s❝r❡✈❡♠ ✜s✐❝❛♠❡♥t❡ ❛ ♠❡s♠❛ s✐t✉❛çã♦

❡✱ ♣♦r ✐ss♦✱ ❞✐③❡♠♦s q✉❡ ♦s ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s ❞❛ ❜♦❧❛ ❙❖✭✸✮ sã♦ ✐❞❡♥t✐✜❝❛❞♦s✳

❊♠ s❡✉ tr❛❜❛❧❤♦ ▼♦ss❡r✐ ❡ ❉❛♥❞♦❧❧♦❢ ♠♦str❛♠ ❛✐♥❞❛ q✉❡ ♦ ♠♦❞♦ ❝♦♠♦ ❞❡✈❡♠♦s ❝♦♠❜✐♥❛r

❛s ❜♦❧❛s ❞❡ ❇❧♦❝❤ ❡ ❛ ❙❖✭✸✮ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ❡st❛❞♦ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡ ❞❛ ❝♦♥❝♦rrê♥❝✐❛❬✷✾❪

C✳ ❊❧❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ r❛✐♦ r ❞♦ ✈❡t♦r q✉❡ r❡♣r❡s❡♥t❛ ♦ ❡st❛❞♦ r❡❞✉③✐❞♦ ❞❡ ✉♠

❞♦s q✉❜✐ts ♥❛ ❜♦❧❛ ❞❡ ❇❧♦❝❤✱ ❛❧é♠ ❞❡ ♠❡❞✐r ♦ ❣r❛✉ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ❡st❛❞♦ ❣❧♦❜❛❧✳

❆ ❝♦♥❝♦rrê♥❝✐❛ ✈❛r✐❛ ❡♥tr❡ ✵ ❡ ✶✱ ✈❛❧❡♥❞♦ ✵ ♣❛r❛ ❡st❛❞♦s ♣r♦❞✉t♦ ❡ ✶ ♣❛r❛ ♦ ▼❊❙✳

◗✉❛♥❞♦ C = 0 t❡♠♦s r = 1✱ ❡ ♣♦rt❛♥t♦ ♦ ❡st❛❞♦ ❞❡ ✉♠❛ ❞❛s ♣❛rt❡s é ♣✉r♦✱ s❡♥❞♦

♥❡❝❡ssár✐♦ ❛♣❡♥❛s ❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤ ♣❛r❛ r❡♣r❡s❡♥tá✲❧♦✳ ◆❡ss❡ ❝❛s♦ ❛ ❜♦❧❛ ❙❖✭✸✮ t❛♠❜é♠

s❡ ❝♦♥✈❡rt❡ ❡♠ ✉♠❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤✱ ❝✉❧♠✐♥❛♥❞♦ ♥❛ s✐t✉❛çã♦ ❡s♣❡r❛❞❛ ♦♥❞❡ ✉♠ ❡st❛❞♦

♣r♦❞✉t♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ❞✉❛s ❡s❢❡r❛s ❞❡ ❇❧♦❝❤✱ ✉♠❛ ♣❛r❛ ❝❛❞❛ q✉❜✐t✳ ❏á ♥♦ ❝❛s♦

❡♠ q✉❡ C = 1 t❡♠♦s r = 0✱ ❡ ♦ ❡st❛❞♦ ❞❡ ✉♠❛ ❞❛s ♣❛rt❡s s❡ r❡❞✉③ ❛♦ ♣♦♥t♦ ♥♦ ❝❡♥tr♦

❞❛ ❜♦❧❛ ❞❡ ❇❧♦❝❤✳ ◆❡ss❛ s✐t✉❛çã♦ ♦ ❡st❛❞♦ ❣❧♦❜❛❧ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❝r✐t♦ ♣❡❧❛ ❜♦❧❛

❙❖✭✸✮✱ ❤❛✈❡♥❞♦ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❝❛❞❛ ♣♦♥t♦ ❞❛ ❜♦❧❛ ❡ ✉♠ ❡st❛❞♦ ▼❊❙✳ ■st♦

❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ t♦❞♦s ♦s ❡st❛❞♦s ▼❊❙ ❡stã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ r♦t❛çã♦

❧♦❝❛❧✱ ✐st♦ é✱ ❛♣❧✐❝❛❞❛ ❡♠ ✉♠ ❞♦s q✉❜✐ts✳ ❈♦♠♦ ❡①❡♠♣❧♦ ♣♦❞❡♠♦s ✐❧✉str❛r ♦s ❡st❛❞♦s

❞❡ ❇❡❧❧ ♥❛ ❜♦❧❛ ❙❖✭✸✮✳ Pr✐♠❡✐r♦ t♦♠❛♠♦s ♦ ❡st❛❞♦ ❞❡ ❇❡❧❧ |ψ+〉 = 1/
√
2(|01〉 + |10〉)

♦❜t✐❞♦ ❢❛③❡♥❞♦✲s❡ α = π/2✱ β = θ1 = φ2 = 0 ❡ θ2 = φ1 = π ♥❛ ❡q✳✭✷✳✾✮ ❡ ♦ ❝♦❧♦❝❛♠♦s

♥❛ ♦r✐❣❡♠ ✭❡st❛ ❡s❝♦❧❤❛ ♣♦❞❡ s❡r ❢❡✐t❛ ❛r❜✐tr❛r✐❛♠❡♥t❡✮✳ ❊♠ s❡❣✉✐❞❛✱ é ♣♦ssí✈❡❧ ♠♦str❛r

q✉❡ ✉♠❛ r♦t❛çã♦ ❧♦❝❛❧ ❞❡ π ♥❛s ❞✐r❡çõ❡s x✱ y ❡ z ❧❡✈❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛♦s ❡st❛❞♦s ❞❡

❇❡❧❧ |Φ+〉 = 1/
√
2(|00〉+ |11〉)✱ |Φ−〉 = 1/

√
2(|00〉 − |11〉) ❡ |ψ−〉 = 1/

√
2(|01〉 − |10〉)✱ ♦

q✉❡ ♥♦s ❢♦r♥❡❝❡ ♣♦♥t♦s ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❜♦❧❛ ❙❖✭✸✮ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✳✷✳✸✳ ❋✐♥❛❧♠❡♥t❡✱

♣❛r❛ ♦s ❝❛s♦s ✐♥t❡r♠❡❞✐ár✐♦s ♦♥❞❡ 0 < C < 1✱ ❝❛❞❛ ♣♦♥t♦ ❞❛ ❜♦❧❛ ❞❡ ❇❧♦❝❤ é ❛ss♦❝✐❛❞❛ ❛

✉♠❛ ❜♦❧❛ ❙❖✭✸✮✳ ❆ s❡❣✉✐r ✈❛♠♦s ✈❡r ❝♦♠♦ ❛ ♦r✐❣❡♠ ❞❛s ❢❛s❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❡✈♦❧✉çã♦

❞❡ ✉♠ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❜✐ts ♣♦❞❡♠ s❡r ♠❡❧❤♦r ❝♦♠♣r❡❡♥❞✐❞❛s ❝♦♠ ❡st❛ r❡♣r❡s❡♥t❛çã♦✳

✷✳✶✳✸ ❋❛s❡s ♣❛r❛ ❞♦✐s q✉❜✐ts

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❡✈♦❧✉çõ❡s ❧♦❝❛✐s✱ ♦✉ s❡❥❛✱ ❡✈♦❧✉çõ❡s ♦♥❞❡ ♦ ♦♣❡r❛❞♦r ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ❛t✉❛♠ ❡♠ ❝❛❞❛ q✉❜✐t✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❞❡

✉♠ q✉❜✐t t♦♠❛r❡♠♦s ♦ ❡①❡♠♣❧♦ ♦♥❞❡ Ĥ = ~ω1σ̂z,1/2+ ~ω2σ̂z,2/2✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❡st❛❞♦

❡✈♦❧✉í❞♦ s❡ t♦r♥❛
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γt = arg { e−i
(ω1+ω2)

2
t|c00|2 + e−i

(ω1−ω2)
2

t|c01|2 + ei
(ω1−ω2)

2
t|c10|2 + ei

(ω1+ω2)
2

t|c11|2
}

= arg {e−i
(ω1+ω2)

2
t 1

4
[1 + cos θ1 cos θ2 + cosα(cos θ1 + cos θ2) + sinα cosβ sin θ1 sin θ2]+

e−i
(ω1+ω2)

2
t 1

4
[1− cos θ1 cos θ2 + cosα(cos θ1 − cos θ2)− sinα cosβ sin θ1 sin θ2]+

ei
(ω1−ω2)

2
t 1

4
[1− cos θ1 cos θ2 − cosα(cos θ1 − cos θ2)− sinα cosβ sin θ1 sin θ2]+

ei
(ω1+ω2)

2
t 1

4
[1 + cos θ1 cos θ2 − cosα(cos θ1 + cos θ2) + sinα cosβ sin θ1 sin θ2]

}

= arg { e
−i

(ω1+ω2)
2

t + ei
(ω1+ω2)

2
t

2

1

2
[1 + cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2]+

e−i
(ω1+ω2)

2
t − ei

(ω1+ω2)
2

t

2

1

2
[cosα(cos θ1 + cos θ2)]+

e−i
(ω1−ω2)

2
t + ei

(ω1−ω2)
2

t

2

1

2
[1− cos θ1 cos θ2 − sinα cosβ sin θ1 sin θ2]+

e−i
(ω1−ω2)

2
t − ei

(ω1−ω2)
2

t

2

1

2
[cosα(cos θ1 − cos θ2)]

}

= arg { cos(
ω1 + ω2

2
t)
1

2
[1 + cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2]−

i sin(
ω1 + ω2

2
t)
1

2
[cosα(cos θ1 + cos θ2)]+

cos(
ω1 − ω2

2
t)
1

2
[1− cos θ1 cos θ2 − sinα cosβ sin θ1 sin θ2]−

i sin(
ω1 − ω2

2
t)
1

2
[cosα(cos θ1 − cos θ2)]

}

= arg { cos(
ω1

2
t) cos(

ω2

2
t)− sin(

ω1

2
t) sin(

ω2

2
t)[cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2]−

i cosα[sin(
ω1

2
t) cos(

ω1

2
t) cos θ1 + cos(

ω2

2
t) sin(

ω2

2
t) cos θ2]

}

◆♦✈❛♠❡♥t❡ t❡♠♦s ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ❞❛ ❢♦r♠❛ A− iB✱ ❡ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❡①♣r❡ssã♦

❞❛ ❢❛s❡ t♦t❛❧ t♦♠❛r❡♠♦s − arctan(
B/ cos(

ω1
2
t) cos(

ω2
2
t)

A/ cos(
ω1
2
t) cos(

ω2
2
t)
)✱ ♣♦rt❛♥t♦

γt = − arctan

(
cosα[tan(ω1

2 t) cos θ1 + tan(ω2
2 t) cos θ2]

1− tan(ω1
2 t) tan(

ω2
2 t)[cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2]

)

✭✷✳✶✶✮

❆❣♦r❛✱ ❞❡r✐✈❛♥❞♦ ✭✷✳✾✮ ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✷✮ t❡♠♦s
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γd = −i
∫ τ

0
−iω1 + ω2

2
(|c00|2 − |c11|2)− i

ω1 − ω2

2
(|c01|2 − |c10|2)dt

= −i
∫ τ

0
−iω1 + ω2

2

1

2
cosα(cos θ1 + cos θ2)− i

ω1 − ω2

2

1

2
cosα(cos θ1 − cos θ2)dt

= − cosα(
ω1

2
cos θ1 +

ω2

2
cos θ2)

∫ τ

0
dt

= − cosα(
ω1

2
t cos θ1 +

ω2

2
t cos θ2) ✭✷✳✶✷✮

❆ ❢❛s❡ ❣❡♦♠étr✐❝❛ ❞❡st❛ ✈❡③ ✜❝❛ ❡♥tã♦

γg =− arctan

(
cosα[tan(ω1

2 t) cos θ1 + tan(ω2
2 t) cos θ2]

1− tan(ω1
2 t) tan(

ω2
2 t)[cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2]

)

+

cosα(
ω1

2
t cos θ1 +

ω2

2
t cos θ2) ✭✷✳✶✸✮

▼❛✐s ✉♠❛ ✈❡③ ❝❤❡❣❛♠♦s ❛ ✉♠❛ ❡①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ ❢❛s❡✱ ❝♦♠♦ ❞❡s❡❥á✈❛♠♦s✳

❆t❡♥t❛♥❞♦ ♣❛r❛ ❛ ❡q✳✭✷✳✾✮✱ ✈❡♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ α ❞❡t❡r♠✐♥❛ ♦ ❣r❛✉ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦

❞♦ ❡st❛❞♦✱ s❡♥❞♦ q✉❡ ♣❛r❛ α = 0 ♦✉ α = π t❡♠♦s ✉♠ ❡st❛❞♦ ♣r♦❞✉t♦ ❡ ♣❛r❛ α = π/2

t❡♠♦s ✉♠ ▼❊❙✳ P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ✉t✐❧✐③❛♥❞♦ ❛ r❡❧❛çã♦ arctan[(x + y)/(1 − xy)] =

arctanx+ arctan y✱ t❡♠♦s

γt = γt,1 + γt,2 γd = γd,1 + γd,2 ❡ γg = γg,1 + γg,2,

♦♥❞❡ γt,i✱ γd,i ❡ γg,i ✭i = 1, 2✮ sã♦ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ♦❜t✐❞❛ ♥❛s ❡qs✳✭✷✳✻✮✱ ✭✷✳✼✮ ❡ ✭✷✳✽✮✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ■ss♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r✱ ❥á q✉❡ ♦ ❡st❛❞♦ ♣r♦❞✉t♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ❞✉❛s

❡s❢❡r❛s ❞❡ ❇❧♦❝❤ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❏á ♣❛r❛ ♦ ▼❊❙ t❡♠♦s q✉❡ ❛ ❢❛s❡ ❞✐♥â♠✐❝❛ ❞❡s❛♣❛r❡❝❡✱ ❡

três s✐t✉❛çõ❡s ❞✐❢❡r❡♥t❡s ♣♦❞❡♠ ♦❝♦rr❡r ♣❛r❛ ❛ ❢❛s❡ t♦t❛❧✳ ➱ ♠❛✐s ❢á❝✐❧ ❝♦♠♣r❡❡♥❞❡r ✐ss♦

❛♥❛❧✐s❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r 〈ψ(0) | ψ(τ)〉 ❞♦ q✉❛❧ ❡①tr❛í♠♦s ♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ ❝❛❧❝✉❧á✲

❧❛✳ ◗✉❛♥❞♦ α = π/2✱ ❡❧❡ s❡ t♦r♥❛ ✉♠ ♥ú♠❡r♦ r❡❛❧✱ ❞❡ ♠♦❞♦ q✉❡ s❡✉ ❛r❣✉♠❡♥t♦ ✐rá

❞❡♣❡♥❞❡r ❞♦ ✈❛❧♦r ❛ss✉♠✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

γt = γg =







0 s❡ 〈ψ(0) | ψ(τ)〉 > 0,

✐♥❞❡✜♥✐❞♦ s❡ 〈ψ(0) | ψ(τ)〉 = 0,

π s❡ 〈ψ(0) | ψ(τ)〉 < 0.

✭✷✳✶✹✮

❊ss❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❛ ❢❛s❡ ❡stá ❞✐r❡t❛♠❡♥t❡ ❧✐❣❛❞❛ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ ▼❊❙ é r❡♣r❡✲

s❡♥t❛❞♦ ♣❡❧❛ ❜♦❧❛ ❙❖✭✸✮✱ q✉❡ é ✉♠ ❡s♣❛ç♦ ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛
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❊❢❡t✉❛r❡♠♦s ❛❣♦r❛ ✉♠ ❝á❧❝✉❧♦ ♦♥❞❡ ✈❛♠♦s ❞❡r✐✈❛r ❛ ❋❚❋ ♣❛r❛ ✉♠ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❞✐ts✱

✐st♦ é✱ ✈❛♠♦s ♦❜t❡r ❛ ❋❚❋ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s✳ ❋❛r❡♠♦s ✐ss♦ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ♥♦t❛✲

çã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ ❡s❝r❡✈❡r ♦ ❡st❛❞♦ ❡ ❛ ❡✈♦❧✉çã♦✱ ❛❧é♠ ❞❡ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠❛t❡♠át✐❝❛

❝❤❛♠❛❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❞❡ ♠❛tr✐③❡s✳

✷✳✷ ❈á❧❝✉❧♦ ❞❛ ❋❚❋ ♣❛r❛ ❞♦✐s q✉❞✐ts

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❡st❛❞♦ ♣✉r♦ ♠❛✐s ❣❡r❛❧ ❞❡ ❞♦✐s q✉❞✐ts |ψ〉 =
∑d

m,n=1 αmn |m,n〉✱ ❡
✈❛♠♦s ♦r❣❛♥✐③❛r s❡✉s ❝♦❡✜❝✐❡♥t❡s αmn ❡♠ ✉♠❛ ♠❛tr✐③ α d①d ❝♦♠♦ ✜③❡♠♦s ❡♠ ❬✶✾❪✳ ❈♦♠

❡st❛ ♥♦t❛çã♦ ❛ ♥♦r♠❛ ❛♦ q✉❛❞r❛❞♦ ❞♦ ✈❡t♦r ❞❡ ❡st❛❞♦ é 〈ψ | ψ〉 = Tr[α†α] = 1✱ ❡ ♦

♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ ❞♦✐s ❡st❛❞♦s é 〈φ | ψ〉 = Tr[β†α]✱ ♦♥❞❡ β é ❛ ♠❛tr✐③ d①d ❝♦♥t❡♥❞♦ ♦s

❝♦❡✜❝✐❡♥t❡s ❞♦ ❡st❛❞♦ |φ〉✳ ❯t✐❧✐③❛r❡♠♦s ❛❣♦r❛ ♦ ❢❛t♦ ❞❡ q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ❛❞♠✐t❡ ❛

❝❤❛♠❛❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r✱ ❡ ❡s❝r❡✈❡♠♦s ♦ ❡st❛❞♦ ❡♠ t = 0 ❝♦♠♦

α(0) = U(0)Q(0),

♦♥❞❡ U é ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛ ❡ Q é ✉♠❛ ♠❛tr✐③ ❤❡r♠✐t✐❛♥❛ ♣♦s✐t✐✈❛✲s❡♠✐❞❡✜♥✐❞❛✶✳

❯t✐❧✐③❛r❡♠♦s t❛♠❜é♠ ♦ ❢❛t♦ ❞❡ q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ✉♥✐tár✐❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ U =
d
√
detUS ♦♥❞❡ S ∈ ❙❯✭d✮❀ ♣♦❞❡♠♦s ♣r♦✈❛r ✐ss♦ ♠♦str❛♥❞♦ q✉❡ ❛ ♠❛tr✐③ S = U/ d

√
detU

é ✉♥✐tár✐❛ ❡ ♣♦ss✉✐ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✶✱ s❡♥❞♦ ♣♦rt❛♥t♦ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❙❯✭d✮✳

P❛r❛ ♠♦str❛r q✉❡ S é ✉♥✐tár✐❛ t❡♠♦s

(
U

d
√
detU

)−1

=

(
U

d
√
detU

)†

d
√
detUU−1 =

U †

( d
√
detU)∗

| d
√
detU |2U−1 = U †,

♦ q✉❡ só é ✈❡r❞❛❞❡ s❡ | d
√
detU |2 = 1 ✉♠❛ ✈❡③ q✉❡ U−1 = U †✳ ▼❛s ❝♦♠♦ |detU | = 1✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r t❛♥t♦ detU q✉❛♥t♦ d
√
detU ❝♦♠♦ ✉♠ ❢❛t♦r ❞❡ ❢❛s❡ eiφ✱ ❡ ❞❡ ❢❛t♦ ❛

✐❣✉❛❧❞❛❞❡ é ✈❡r❞❛❞❡✐r❛✳ P❛r❛ ♠♦str❛r q✉❡ detS = 1 t❡♠♦s

det

(
U

d
√
detU

)

=
detU

( d
√
detU)d

= 1.

✶❯♠❛ ♠❛tr✐③ é ❞✐t❛ ♣♦s✐t✐✈❛✲❞❡✜♥✐❞❛ q✉❛♥❞♦ t♦❞♦s ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ♣♦s✐t✐✈♦s✱ ❡ ♣♦s✐t✐✈❛✲
s❡♠✐❞❡✜♥✐❞❛ q✉❛♥❞♦ t♦❞♦s ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ♣♦s✐t✐✈♦s ♦✉ ✐❣✉❛✐s ❛ ③❡r♦✳
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P♦rt❛♥t♦✱ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ✜❝❛

α(0) = eiφ(0)S(0)Q(0). ✭✷✳✶✺✮

❙♦❜ ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ❧♦❝❛✐s Us ❡ Vi ✭♦s í♥❞✐❝❡s s ❡ i ✐❞❡♥t✐✜❝❛♥❞♦ ❝❛❞❛ q✉❞✐t✮✱ ❛ ♠❛tr✐③

❞❡ ❝♦❡✜❝✐❡♥t❡s é tr❛♥s❢♦r♠❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠

α(t) = Us(t)α(0)V
T

i (t), ✭✷✳✶✻✮

♦♥❞❡ V T

i é ❛ tr❛♥s♣♦st❛ ❞❡ Vi✱ s❡♥❞♦ q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r é ♣r❡s❡r✈❛❞❛✳ P♦❞❡♠♦s

✈❡r ✐ss♦ ❡s❝r❡✈❡♥❞♦

α(t) = eiφ(t)S(t)Q(t) ✭✷✳✶✼✮

❡ s✉❜st✐t✉✐♥❞♦ ✭✷✳✶✺✮ ❡ ✭✷✳✶✼✮ ❡♠ ✭✷✳✶✻✮✱ ♦ q✉❡ ❢♦r♥❡❝❡

eiφ(t)S(t)Q(t) = Us(t)e
iφ(0)S(0)Q(0)V T

i (t)

= eiφ(0) d
√

detUs(t)detVi(t)Ūs(t)S(0)Q(0)V̄i
T
(t)

= eiφ(0) d
√

detUs(t)detVi(t)Ūs(t)S(0)Ūs
†
(t)Ūs(t)Q(0)V̄i

T
(t)

♦♥❞❡ Ūs(t) ❡ V̄i(t) sã♦ ❛s ♣❛rt❡s ❙❯✭d✮ ❞❛s ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ❧♦❝❛✐s✱ ❜❛st❛♥❞♦ ❡♥✲

tã♦ ❢❛③❡r ❛s ✐❞❡♥t✐✜❝❛çõ❡s eiφ(t) = eiφ(0) d
√

detUs(t)detVi(t)✱ S(t) = Ūs(t)S(0)Ūs
†
(t)✱ ❡

Q(t) = Ūs(t)Q(0)V̄i
T
(t)✳ ❉❡ss❛ ❢♦r♠❛ ❡♥①❡r❣❛♠♦s ❛ ❡✈♦❧✉çã♦ s❡♣❛r❛❞❛ ❡♠ três s❡t♦r❡s

❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r✿ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❢❡❝❤❛❞❛ ♥♦ ❡s♣❛ç♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

φ(0) 7→ φ(t)✱ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❢❡❝❤❛❞❛ ♥♦ ❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s ❤❡r♠✐t✐❛♥❛s ♣♦s✐t✐✈❛s✲

s❡♠✐❞❡✜♥✐❞❛s Q(0) 7→ Q(t)✱ ❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❢❡❝❤❛❞❛ ❡♠ ❙❯✭d✮ S(0) 7→ S(t)✳ ❈♦♠♦

❛s r❛í③❡s ❞❡ ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ♣♦ss✉❡♠ ♠ú❧t✐♣❧♦s ✈❛❧♦r❡s✱ é ♣r❡❝✐s♦ t❡r ❝✉✐❞❛❞♦ ♣❛r❛

s❡ ❞❡✜♥✐r ❛s q✉❛♥t✐❞❛❞❡s ❛❝✐♠❛✳ P❛r❛ ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ✈❛r✐❛♥❞♦ ♥♦ t❡♠♣♦✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ q✉❛❧q✉❡r ✉♠❛ ❞❛s r❛í③❡s ♣♦ssí✈❡✐s é t♦♠❛❞❛ ❝♦♠♦ ♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❡ ♦s ✈❛❧♦r❡s

s✉❜s❡q✉❡♥t❡s ❞❡✈❡♠ ❢♦r♠❛r ✉♠❛ ❡✈♦❧✉çã♦ ❝♦♥tí♥✉❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ❛ss✐♠

φ(t) é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✱ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞❛ ♣❛rt❡✳

P♦❞❡♠♦s ❡♥tã♦ ❡s❝r❡✈❡r ❛ ♣r♦❥❡çã♦ α‖(t) ❞♦ ❡st❛❞♦ ❡✈♦❧✉í❞♦ s♦❜r❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡

✉t✐❧✐③❛r ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ♣❛r❛ ✐♥✈❡st✐❣❛r ❛s ❝♦♥tr✐❜✉✐çõ❡s ✈✐♥❞❛s ❞❡ ❝❛❞❛ s❡t♦r ❞❛

♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s ♣❛r❛ ❛ ❢❛s❡ t♦t❛❧✳ ◆❛ ♥♦t❛çã♦ ❞❡ ❉✐r❛❝ t❡♠♦s q✉❡ ❡ss❛ ♣r♦❥❡çã♦ é

❞❛❞❛ ♣♦r
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∣
∣
∣ψ‖(t)

〉

= (|ψ(0)〉 〈ψ(0)|) |ψ(t)〉 = 〈ψ(0) | ψ(t)〉 |ψ(0)〉 ,

❡ r❡t♦r♥❛♥❞♦ à ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ t❡♠♦s

α‖(t) = Tr[α†(0)α(t)]α(0).

▼❛s Tr[α†(0)α(t)] é ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ❞❛ ❢♦r♠❛ veiγ ❝♦♠ v = |Tr[α†(0)α(t)]| ❡

γ = arg{Tr[α†(0)α(t)]}✱ ❡ ♣♦rt❛♥t♦ t❡♠♦s

α‖(t) = veiγα(0),

❯t✐❧✐③❛♥❞♦ ❛ ❡q✳✭✷✳✶✺✮ ❡ ❢❛③❡♥❞♦ γ = ∆φ+ γs + γq ♦❜t❡♠♦s

α‖(t) = v
(

ei(∆φ+φ(0))
) (
eiγsS(0)

) (
eiγqQ(0)

)
,

♦♥❞❡ ∆φ é ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ❛ ❢❛s❡ t♦t❛❧ ✈✐♥❞❛ ❞♦ s❡t♦r ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✱ ❡

γs ❡ γq sã♦ ♣♦ssí✈❡✐s ❝♦♥tr✐❜✉✐çõ❡s ✈✐♥❞❛s ❞♦s s❡t♦r❡s ❍❡r♠✐t✐❛♥♦ ❡ ❙❯✭d✮✳ ❱❡r✐✜❝❛♥❞♦ ❛

❤❡r♠✐t✐❝✐❞❛❞❡ ❞♦ t❡r♠♦ eiγqQ(0) t❡♠♦s

eiγqQ(0) = e−iγqQ†(0),

♠❛s Q(0) = Q†(0)✱ ❡ ❛ ✐❣✉❛❧❞❛❞❡ só s❡ ♠❛♥té♠ s❡ γq = 2kπ ✭k = 0, 1, ...✮✳ P♦❞❡♠♦s ♥♦s

r❡str✐♥❣✐r ❛♦ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ✵ ❡ 2π s❡♠ ♣❡r❞❡r ❣❡♥❡r❛❧✐❞❛❞❡✱ ❞❡ ♠♦❞♦ q✉❡ ❜❛st❛ ❝♦♥s✐❞❡r❛r

k = 0✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ γq = 0✳ P♦rt❛♥t♦ ♥❡♥❤✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ❢❛s❡ ❞❡❝♦rr❡ ❞❡st❡

s❡t♦r✳ ◆♦ s❡t♦r ❙❯✭d✮ ♣r❡❝✐s❛♠♦s ✈❡r✐✜❝❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦ t❡r♠♦ eiγsS(0)✱ ♦ q✉❡

❢♦r♥❡❝❡

det(eiγsS(0)) = 1

eiγsddetS(0) = 1,

♦♥❞❡ d é ❛ ❞✐♠❡♥sã♦ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ♣❛rt❡s ❞♦ ❡st❛❞♦ ❜✐♣❛rt✐❞♦✳ ❈♦♠♦ t❡♠♦s t❛♠❜é♠

detS(0) = 1✱ ❛ ✐❣✉❛❧❞❛❞❡ só s❡ ♠❛♥té♠ s❡ eiγsd = 1✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

γs =
2lπ

d
l = 0, 1, 2, ..., d− 1. ✭✷✳✶✽✮
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P♦rt❛♥t♦✱ s♦♠❡♥t❡ ✈❛❧♦r❡s ❞❡ ❢❛s❡ ❢r❛❝✐♦♥ár✐♦s ♣♦❞❡♠ s✉r❣✐r ❞♦ s❡t♦r ❙❯✭d✮✳ ❊st❛ é ❛

❋❚❋✱ q✉❡ s♦♠❛❞❛ ❛ ∆φ ♥♦s ❞á ❛ ❢❛s❡ t♦t❛❧✳ ❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♠♣♦rt❛♥t❡ ❞❡ss❛ ❢r❛çã♦ é

♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛❞♦ ♣❡❧❛ ❞✐♠❡♥sã♦ ❞❛s ♣❛rt❡s ❞♦ s✐st♠❡♠❛ ❜✐♣❛rt✐❞♦✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦

♥♦ ❝❛♣ít✉❧♦ ✷✳ ❱❡♠♦s q✉❡ ♣❛r❛ d = 2 r❡❝✉♣❡r❛♠♦s ❡①❛t❛♠❡♥t❡ ❛ ❢❛s❡ π q✉❡ ❛♣❛r❡❝❡

❛❜r✉♣t❛♠❡♥t❡ ♥❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❢❛s❡ t♦t❛❧ ❞❛ ❡q✳✭✷✳✶✹✮ q✉❛♥❞♦ ♦ ❡st❛❞♦ é ❡♠❛r❛♥❤❛❞♦✳

❆ ❢❛s❡ ✵ ❞❛ ❡q✳✭✷✳✶✹✮ ♦✉ ♦ ❝❛s♦ ❞❡ ✉♠ ❡st❛❞♦ ♣r♦❞✉t♦ ❝♦rr❡s♣♦♥❞❡♠ ❛ l = 0✱ q✉❛♥❞♦

♥❡♥❤✉♠❛ ❢❛s❡ ❞❡ ♥❛t✉r❡③❛ t♦♣♦❧ó❣✐❝❛ s✉r❣❡ ♥❛ ❡✈♦❧✉çã♦✳ ❖ ❝á❧❝✉❧♦ ❞❛ ❢❛s❡ ❞✐♥â♠✐❝❛

❡ ❞❛ ❋● ♣❛r❛ ❞♦✐s q✉❞✐ts s❡rá ❞❡✐①❛❞♦ ♣❛r❛ ♦ ❛♣ê♥❞✐❝❡ ❆✱ ❞❛❞♦ q✉❡ ♥❡st❡ tr❛❜❛❧❤♦

♥ós r❡❛❧✐③❛♠♦s ❛ ♠❡❞✐çã♦ ❞❛ ❋❚❋ ❥✉st❛♠❡♥t❡ ❛tr❛✈és ❞❛ ❢❛s❡ t♦t❛❧✳ ❆♥t❡s ❞❡ ♣❛ss❛r ❛♦

❝❛♣ít✉❧♦ ✷ ♦♥❞❡ ♠♦str❛r❡♠♦s ❝♦♠♦ ♣♦❞❡♠♦s ♠❡❞✐r ❛ ❋❚❋✱ ❢❛r❡♠♦s ✉♠❛ rá♣✐❞❛ ❞✐s❝✉ssã♦

s♦❜r❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞❡ ✉♠ ❡s♣❛ç♦✳ ❖ ♦❜❥❡t✐✈♦ é ❛♣♦♥t❛r ❛ ❞✐❢❡r❡♥ç❛

❡♥tr❡ ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ ✉♠ ❡s♣❛ç♦ ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❥á q✉❡ ❡st❡

❝♦♥❝❡✐t♦✱ ❛ ❡①❡♠♣❧♦ ❞♦ q✉❡ ✈✐♠♦s ♥❛ ❜♦❧❛ ❙❖✭✸✮✱ é ♦ r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛

❢❛s❡ ❢r❛❝✐♦♥ár✐❛ ❝♦♠♦ ❢❛s❡ t♦♣♦❧ó❣✐❝❛✳ ■r❡♠♦s ❛♣♦♥t❛r t❛♠❜é♠ q✉❛❧ ❡s♣❛ç♦ ❛ss✉♠❡ ♦

♣❛♣❡❧ ❛♥á❧♦❣♦ ❛♦ ❞❛ ❜♦❧❛ ❙❖✭✸✮ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s✳

✷✳✸ ◆❛t✉r❡③❛ t♦♣♦❧ó❣✐❝❛ ❞❛ ❢❛s❡ ❢r❛❝✐♦♥ár✐❛

◆❡st❛ s❡çã♦ ❞❡✜♥✐r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s q✉❡ ♥♦s ❛✉①✐❧✐❛rã♦ ❛ ❡♥t❡♥❞❡r ✉♠

♣♦✉❝♦ ♠❡❧❤♦r ♣♦rq✉❡ ❛ ❋❚❋ tr❛③ ❛ ♣❛❧❛✈r❛ t♦♣♦❧ó❣✐❝❛ ❡♠ s❡✉ ♥♦♠❡✳ ❱❛♠♦s ❝♦♠❡ç❛r

❝♦♠ ❛ ✐❞❡✐❛ ❞❡ ❝❛♠✐♥❤♦ ❡♠ ✉♠ ❡s♣❛ç♦✿ ❝♦♥s✐❞❡r❛♥❞♦ ❞♦✐s ♣♦♥t♦s x ❡ y ❡♠ ✉♠ ❡s♣❛ç♦✱

s❡ ❤♦✉✈❡r ❛❧❣✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ✵ ❛ ✶ ❝♦♠ f(0) = x ❡ f(1) = y✱

❡❧❛ ♥♦s ❞á ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ x ❡ y✳ ❉❛í ♣♦❞❡♠♦s s❡❣✉✐r ❝♦♠ ❛ ♥♦çã♦ ❞❡ ✉♠ ❡s♣❛ç♦

❝♦♥❡❝t❛❞♦ ♣♦r ❝❛♠✐♥❤♦s✿ ❞✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ é ❝♦♥❡❝t❛❞♦ ♣♦r ❝❛♠✐♥❤♦s s❡ ❡①✐st❡ ✉♠

❝❛♠✐♥❤♦ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ♥❡❧❡✳ ❉♦✐s ❡①❡♠♣❧♦s s✐♠♣❧❡s sã♦ ♦s s❡❣✉✐♥t❡s✿ ♦

❡s♣❛ç♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ❜♦❧❛ é ❝♦♥❡❝t❛❞♦ ♣♦r ❝❛♠✐♥❤♦s❀ ❥á ♦ ❡s♣❛ç♦ r❡♣r❡s❡♥t❛❞♦

♣♦r ❞✉❛s ❜♦❧❛s s❡♠ ♥❡♥❤✉♠❛ ✐♥t❡rs❡❝çã♦ ♥ã♦ é ❝♦♥❡❝t❛❞♦ ♣♦r ❝❛♠✐♥❤♦s✳

P❛ss❛♠♦s ❛❣♦r❛ ♣❛r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①✐❞❛❞❡✿ ✉♠ ❡s♣❛ç♦ é ❞✐t♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦

s❡ ❞♦✐s r❡q✉✐s✐t♦s sã♦ ❝✉♠♣r✐❞♦s✿

• ❡❧❡ é ❝♦♥❡❝t❛❞♦ ♣♦r ❝❛♠✐♥❤♦s❀

• t♦❞♦ ❝❛♠✐♥❤♦ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ♣♦❞❡ s❡r ❝♦♥t✐♥✉❛♠❡♥t❡ tr❛♥s❢♦r♠❛❞♦✱ ❝♦♥t✐♥✉❛♥❞♦

❞❡♥tr♦ ❞♦ ❡s♣❛ç♦✱ ❡♠ q✉❛❧q✉❡r ♦✉tr♦ ❝❛♠✐♥❤♦ ♣r❡s❡r✈❛♥❞♦ ♦s ♣♦♥t♦s ❡♠ q✉❡stã♦✳

❯♠❛ ♠❛♥❡✐r❛ ♠❛✐s s✐♠♣❧❡s ❞❡ ❡♥①❡r❣❛r ❛ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ é ♣❡♥s❛r ❡♠ ✉♠ ❝❛♠✐♥❤♦

❢❡❝❤❛❞♦ ✭♦✉ s❡❥❛✱ ✉♠ ❝❛♠✐♥❤♦ ♦♥❞❡ ♦s ❞♦✐s ♣♦♥t♦s ❡♠ q✉❡stã♦ sã♦ ♦ ♠❡s♠♦✮ ❡ t❡♥t❛r

❝♦♥tr❛í✲❧♦ ❛té ❡❧❡ s❡ t♦r♥❛r ♦ ♣ró♣r✐♦ ♣♦♥t♦✱ ❝♦♠♦ ✐❧✉str❛ ❛ ❋✐❣✳✷✳✺✳
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❈♦♠♦ ♠❡❞✐r ❛ ❋❚❋

✸✳✶ ❋❚❋ ❝♦♠♦ ❢❛s❡ r❡❧❛t✐✈❛ ❡♠ ✉♠❛ ✐♥t❡r❢❡rê♥❝✐❛

P❛r❛ ♠❡❞✐r ❛ ❋❚❋ ♣r❡❝✐s❛♠♦s ✐♥t❡r❢❡r✐r ♦ ❡st❛❞♦ q✉❡ ❛❞q✉✐r❡ ❛ ❢❛s❡ ❝♦♠ ✉♠ ❡st❛❞♦

♣r❡♣❛r❛❞♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ❡ q✉❡ ♥ã♦ s♦❢r❡ ❛ tr❛♥s❢♦r♠❛çã♦✱ ♦✉ s❡❥❛✱ ❛ ❋❚❋ ♣r❡❝✐s❛ ❛♣❛r❡❝❡r

❝♦♠♦ ✉♠❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ♣❡r❝❡❜ê✲❧❛✳ ❯♠ ❡sq✉❡♠❛

✐❧✉str❛t✐✈♦ ❞❡ss❛ s✐t✉❛çã♦ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ó♣t✐❝♦ é ♠♦str❛❞♦ ♥❛ ❋✐❣✳✸✳✶✳

◆❡ss❡ ❡sq✉❡♠❛✱ s✉♣♦♠♦s ✉♠❛ ❢♦♥t❡ ❞❡ ♣❛r❡s ❞❡ ❢ót♦♥s ♣r❡♣❛r❛♥❞♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ✈ár✐❛s

r❡❛❧✐③❛çõ❡s ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ |ψs(0)H,ψi(0)V 〉✳ ❏á ❛t❡♥❝✐♣❛♥❞♦ ❛s s✐t✉❛çõ❡s q✉❡ ✈❡r❡✲

♠♦s ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞♦ ❝❛♣ít✉❧♦ ✹✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡ |ψ〉 r❡♣r❡s❡♥t❛ ♦ ❣r❛✉ ❞❡

❧✐❜❡r❞❛❞❡ ❞❡ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ❞♦s ❢ót♦♥s✱ ❡♥q✉❛♥t♦ H ❡ V ✐♥❞✐❝❛♠ q✉❡ ❛s ♣♦❧❛r✐③❛✲

çõ❡s ❞♦ ♣r✐♠❡✐r♦ ❡ ❞♦ s❡❣✉♥❞♦ ❢ót♦♥ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❤♦r✐③♦♥t❛❧ ❡ ✈❡rt✐❝❛❧✳ ❖ ❢❡✐①❡

♣r❡♣❛r❛❞♦ ✐♥❝✐❞❡ ❡♠ ✉♠ ❞✐✈✐s♦r ❞❡ ❢❡✐①❡s ♣♦r ♣♦❧❛r✐çã♦ q✉❡ s❡♣❛r❛ ♦s ❢ót♦♥s ❡♠ ❞♦✐s

❝❛♠✐♥❤♦s ❞✐st✐♥t♦s✱ s❡♥❞♦ q✉❡ ❡♠ ❛♠❜♦s ❤á ✉♠❛ ♣❧❛❝❛ ❞❡ ♦♥❞❛ tr❛♥s❢♦r♠❛♥❞♦ ❛ ♣♦✲

❧❛r✐③❛çã♦ ❞♦s ❢ót♦♥s ❡♠ ✉♠❛ s✉♣❡r♣♦s✐çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❤♦r✐③♦♥t❛❧ ❡ ✈❡rt✐❝❛❧ ❝♦♠

✐❣✉❛❧ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❊♠ s❡❣✉✐❞❛✱ ❞♦✐s ❞✐s♣♦s✐t✐✈♦s ✐♥tr♦❞✉③❡♠ ❛s ♦♣❡r❛çõ❡s ❧♦❝❛✐s Us ❡

Vi ❝♦♥❞✐❝✐♦♥❛❞❛s ❛ ❛t✉❛r s♦♠❡♥t❡ ♥❛s ❝♦♠♣♦♥❡♥t❡s ✈❡rt✐❝❛❧ ❞❡ ❝❛❞❛ ❢ót♦♥✳ ❯♠ t❡r❝❡✐r♦

❞✐s♣♦s✐t✐✈♦ é ❡♥❝❛rr❡❣❛❞♦ ❞❡ ✐♥tr♦❞✉③✐r ✉♠❛ ❢❛s❡ ∆φ ♥❛ ❝♦♠♣♦♥❡♥t❡ ✈❡rt✐❝❛❧ ❞❡ ✉♠ ❞♦s

❢ót♦♥s✳ ◆❡st❡ ♣♦♥t♦ ✈❡♠♦s q✉❡ ♦s ❡st❛❞♦s ❡✈♦❧✉í❞♦ ❡ ✐♥✐❝✐❛❧ q✉❡ ❞❡s❡❥❛♠♦s ✐♥t❡r❢❡r✐r✱ ✐st♦

é✱ |ψ(t)〉 = UsVi |ψs(0), ψi(0)〉 ❡ |ψ(0)〉 = |ψs(0), ψi(0)〉✱ t❡♠ s✉❛s ❝♦♥tr✐❜✉✐çõ❡s ❛❞✈✐♥❞❛s

❞❡ ❝❛❞❛ ❢ót♦♥ s❡♣❛r❛❞❛s ♥♦s ❞♦✐s ❜r❛ç♦s ❞♦ ✐♥t❡r❢❡rô♠❡tr♦✳ ❖s ❢❡✐①❡s sã♦ ❡♥tã♦ ❞✐r❡❝✐✲

♦♥❛❞♦s ♣❛r❛ s❡ r❡❝♦♠❜✐♥❛r❡♠ ❡♠ ♦✉tr♦ ❞✐✈✐s♦r ❞❡ ❢❡✐①❡s ♣♦r ♣♦❧❛r✐③❛çã♦✱ ❞❡ ♠♦❞♦ q✉❡

só ❤❛✈❡rá ✉♠ ❢ót♦♥ ❡♠ ❝❛❞❛ s❛í❞❛ ❞✐st✐♥t❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦ q✉❛♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡

♣♦❧❛r✐③❛çã♦ ❞❡ ❛♠❜♦s ❢♦r❡♠ ❤♦r✐③♦♥t❛❧ ♦✉ ✈❡rt✐❝❛❧✳ ◆♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡

♣♦❧❛r✐③❛çã♦ ❞❡ ✉♠ ❞♦s ❢ót♦♥s ❢♦r ❤♦r✐③♦♥t❛❧ ❡ ❛ ❞♦ ♦✉tr♦ ✈❡rt✐❝❛❧✱ ♦s ❞♦✐s ❢ót♦♥s s❡❣✉✐rã♦

♣♦r ✉♠❛ ♠❡s♠❛ s❛í❞❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦✳ ❉♦✐s ❞❡t❡❝t♦r❡s sã♦ ♣♦s✐❝✐♦♥❛❞♦s ❡♠ ❝❛❞❛ ✉♠❛

✸✵
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❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ❞✐❛❣♦♥❛✐s ❞❛ ❢♦r♠❛ Us = eiφsŪs ❡ Vi = eiφi V̄i ❝♦♠

Ūs = diag[eiξ1 , eiξ2 , . . . , eiξm ] ❡ V̄i = diag[eiχ1 , eiχ2 , . . . , eiχn ]✱ ♦ q✉❡ ♥♦s ❧❡✈❛ à ❝♦♥❞✐çã♦✶
∑

m ξm =
∑

n χn = 0 ♣❛r❛ q✉❡ ❞❡ ❢❛t♦ t❡♥❤❛♠♦s Ūs, V̄i ∈ ❙❯✭d✮✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♣r♦❞✉t♦

❡s❝❛❧❛r ❡♥tr❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡ ♦ tr❛♥s❢♦r♠❛❞♦ é

Tr[α†(0)α(t)] = ei(φs+φi)Tr[α†(0)Ūs(t)α(0)V̄i
T
(t)]

= ei∆φTr[α†(0)










eiξ1 0 · · · 0

0 eiξ2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · eiξm



















α11 α12 · · · α1n

α21 α22 · · · α2n

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

αm1 αm2 · · · αmn










V̄i
T
(t)]

= ei∆φTr[α†(0)










eiξ1α11 eiξ1α12 · · · eiξ1α1n

eiξ2α21 eiξ2α22 · · · eiξ2α2n

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

eiξmαm1 eiξmαm2 · · · eiξmαmn



















eiχ1 0 · · · 0

0 eiχ2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · eiχn










]

= ei∆φTr










α∗
11 α∗

21 · · · α∗
m1

α∗
12 α∗

22 · · · α∗
m2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

α∗
1n α∗

2n · · · α∗
mn



















ei(ξ1+χ1)α11 ei(ξ1+χ2)α12 · · · ei(ξ1+χn)α1n

ei(ξ2+χ1)α21 ei(ξ2+χ2)α22 · · · ei(ξ2+χn)α2n

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

ei(ξm+χ1)αm1 ei(ξm+χ2)αm2 · · · ei(ξm+χn)αmn










= ei∆φTr










∑

m e
i(ξm+χ1)|αm1|2

∑

m e
i(ξm+χ2)α∗

m1αm2 · · ·
∑

m e
i(ξm+χn)α∗

m1αmn
∑

m e
i(ξm+χ1)α∗

m2αm1
∑

m e
i(ξm+χ2)|αm2|2 · · ·

∑

m e
i(ξm+χn)α∗

m2αmn

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

∑

m e
i(ξm+χ1)α∗

mnαm1
∑

m e
i(ξm+χ2)α∗

mnαm2 · · ·
∑

m e
i(ξm+χn)|αmn|2










=
∑

m,n

|αmn|2ei(ξm(t)+χn(t)+∆φ). ✭✸✳✷✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✷✮ ♥❛ ❡q✳✭✸✳✶✮ ♦❜t❡♠♦s

I = 1 + Re{
∑

m,n

|αmn|2ei(ξm(t)+χn(t)+∆φ)}

= 1 +
∑

m,n

|αmn|2 cos(ξm(t) + χn(t) + ∆φ)

= 2
∑

m,n

|αmn|2 cos2(
ξm(t) + χn(t) + ∆φ

2
). ✭✸✳✸✮

✶❈❛s♦
∑

m ξm = c ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ❝♦❧♦❝❛r eic/d ❡♠ ❡✈✐❞ê♥❝✐❛ ♥❛ ♠❛tr✐③ ❡ r❡❞❡✜♥✐r ❝❛❞❛ ❢❛s❡
❢❛③❡♥❞♦ ξ′m = ξ − c/d✱ ❡ ❛❣♦r❛

∑
m ξ′m = 0✳ P♦rt❛♥t♦✱ ♥♦ ❝❛s♦

∑
m ξm 6= 0 ✐ss♦ ❛♣❡♥❛s r❡s✉❧t❛r✐❛ ♥❛

❛❞✐çã♦ ❞❡ ✉♠❛ ❢❛s❡ tr✐✈✐❛❧ q✉❡ ♣♦❞❡r✐❛ s❡r ✐♥❝♦r♣❛r❛❞❛ ❡♠ φs✳
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❆ ❡q✳✭✸✳✸✮ ♥♦s ♣❡r♠✐t❡ ❡♥tã♦ ♦❜t❡r t❡♦r✐❝❛♠❡♥t❡ ♦ ♣❛❞rã♦ ❡s♣❡r❛❞♦✱ ✉♠❛ ✈❡③ ❡s♣❡❝✐✜❝❛❞♦s

❛ ❡✈♦❧✉çã♦ ❛tr❛✈és ❞♦s ♣❛râ♠❡tr♦s ξm(t) ❡ χn(t) ❡ ♦ ❡st❛❞♦ ❛tr❛✈és ❞♦s ❝♦❡✜❝✐❡♥t❡s αmn✳

✸✳✷ Pr❡✈✐sõ❡s t❡ór✐❝❛s

❱❛♠♦s ❛♥❛❧✐s❛r ♦ ▼❊❙ ❛♥t✐❝♦rr❡❧❛❝✐♦♥❛❞♦ ♥♦s ❝❛s♦s ❞❡ ✉♠ q✉❜✐t ✭d = 2✮✱ ❞❡ ✉♠ q✉tr✐t

✭d = 3✮ ❡ ❞❡ ✉♠ q✉q✉❛rt ✭d = 4✮✳ ❖s ❡st❛❞♦s ❡♠ ❝❛❞❛ ❝❛s♦ sã♦ ❞❛❞♦s ♣♦r

|ψ〉 = 1√
2
(|12〉+ |21〉) (d = 2) ✭✸✳✹✮

|ψ〉 = 1√
3
(|13〉+ |22〉+ |31〉) (d = 3) ✭✸✳✺✮

|ψ〉 = 1√
4
(|14〉+ |23〉+ |32〉+ |41〉) (d = 4) ✭✸✳✻✮

♦✉ s❡❥❛✱ αm,d−m+1 = 1/
√
d ❡ αm,n = 0 s❡ n 6= d−m+ 1✳

❆♣❡s❛r ❞❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦♣❡r❛r ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❡♠ ❝❛❞❛ q✉❞✐t ❡ ✐♠♣❧❡♠❡♥t❛r

❡✈♦❧✉çõ❡s ❧♦❝❛✐s t♦t❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱ ✈❛♠♦s ❛❜♦r❞❛r ❛♣❡♥❛s ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s ❡♠

q✉❡ ❛s ♦♣❡r❛çõ❡s ❡♠ ❝❛❞❛ ♣❛rt❡ sã♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ♠❡s♠❛✱ ❛t❡♥t❛♥❞♦ ♣❛r❛ ♦ ❞❡t❛❧❤❡

❞❡ q✉❡ ❡❧❛s s❡rã♦ ✐❣✉❛✐s ♣❛r❛ ♠♦❞♦s m ❡ n s✐♠❡tr✐❝❛♠❡♥t❡ ♦♣♦st♦s✳ ▼❡s♠♦ ❝♦♠ ❡ss❛

s✐♠♣❧✐✜❝❛çã♦ ❛s ✐♥✢✉ê♥❝✐❛s ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡ ❞❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❥á

s❡ r❡✈❡❧❛♠ ❛tr❛✈és ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❝✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛✳ ❆s ♦♣❡r❛çõ❡s s❡rã♦

❞❡s❝r✐t❛s ♣♦r ✉♠ ♣❛râ♠❡tr♦ r❡❛❧ t ♥♦ ✐♥t❡r✈❛❧♦ t ∈ [0, 1]✱ s❡♥❞♦ q✉❡ ✈❛♠♦s ❡s❝♦❧❤❡r

ξ1 = χ2 =
π

2
t

ξ2 = χ1 =− π

2
t







d = 2
✭✸✳✼✮

ξ1 = χ3 =
2π

3
t− π

3
(2t− 1)H

(

t− 1

2

)

ξ2 = χ2 =− 2π

3
t

ξ3 = χ1 =
π

3
(2t− 1)H

(

t− 1

2

)







d = 3 ✭✸✳✽✮
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ξ1 = χ4 =− π

4
t+

π

2
(1− 2t)H

(

t− 1

2

)

ξ2 = χ3 =
π

4
t

ξ3 = χ2 =
3π

4
t− π

2
(1− 2t)H

(

t− 1

2

)

ξ4 = χ1 =− 3π

4
t







d = 4

✭✸✳✾✮

♦♥❞❡ H(t) é ❛ ❢✉♥çã♦ ❞❡ ❍❡❛✈✐s✐❞❡ ❞❡✜♥✐❞❛ ♣♦r

H(t) =







0 s❡ t < 0,
1
2 s❡ t = 0,

1 s❡ t > 0.

✭✸✳✶✵✮

❆ t❛❜❡❧❛ ✸✳✶ ❡①❡♠♣❧✐✜❝❛ ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣❛r❛ ❛s ❢❛s❡s q✉❛♥❞♦ t ❛ss✉♠❡ ♦s ✈❛❧♦r❡s ✵✱

✵✳✺ ❡ ✶✳

t = 0 t = 0.5 t = 1

d = 2
ξ1 = χ2 = 0 ξ1 = χ2 =

π
4 ξ1 = χ2 =

π
2

ξ2 = χ1 = 0 ξ2 = χ1 = −π
4 ξ2 = χ1 = −π

2

d = 3
ξ1 = χ3 = 0 ξ1 = χ3 =

π
3 ξ1 = χ3 =

π
3

ξ2 = χ2 = 0 ξ2 = χ2 = 0 ξ2 = χ2 =
π
3

ξ3 = χ1 = 0 ξ3 = χ1 = −π
3 ξ3 = χ1 = −2π

3

d = 4

ξ1 = χ4 = 0 ξ1 = χ4 = −π
8 ξ1 = χ4 = −3π

4
ξ2 = χ3 = 0 ξ2 = χ3 =

π
8 ξ2 = χ3 =

π
4

ξ3 = χ2 = 0 ξ3 = χ2 =
3π
8 ξ3 = χ2 =

5π
4

ξ4 = χ1 = 0 ξ4 = χ1 = −3π
8 ξ4 = χ1 = −3π

4

❚❛❜❡❧❛ ✸✳✶✿ ❱❛❧♦r❡s ❞❛s ❢❛s❡s ♥❛s ❡qs✳✭✸✳✼✮✱ ✭✸✳✽✮ ❡ ✭✸✳✾✮ ♣❛r❛ t = 0✱ t = 0.5 ❡ t = 1✳

❆ ✐❞é✐❛ ♣♦r trás ❞❡ss❛ ❡s❝♦❧❤❛ é ❢❛③❡r ❝♦♠ q✉❡ ♥❛ ♠❡t❛❞❡ ❞❛ ❡✈♦❧✉çã♦ ♦s ❢❛s♦r❡s ei(ξm+χd−m+1)

❡st❡❥❛♠ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉✐❞♦s ♥♦ ❝ír❝✉❧♦ tr✐❣♦♥♦♠étr✐❝♦✱ ❡ q✉❡ ❛♦ ✜♥❛❧ t♦❞♦s s❡ ❛❧✐✲

♥❤❡♠ ♥❛ ♣♦s✐çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à γs ✭♦✉ ✉♠ ♠ú❧t✐♣❧♦ ❞❡❧❛✱ ♠❡s♠♦ q✉❡ ♥❡❣❛t✐✈♦✮✱ ❝♦♠♦

✐❧✉str❛ ❛ ❋✐❣✳✸✳✸✳

❆s ❝✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣r❡✈✐st❛s ❡♠ t♦❞♦s ♦s ❝❛s♦s sã♦ ♠♦str❛❞❛s ♥❛ ❋✐❣✳✸✳✹✳ ❈♦♠♦

♣♦❞❡♠♦s ✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ é ♦ ♠❡s♠♦ ♣❛r❛ t♦❞❛s ❛s ❞✐♠❡♥sõ❡s✳ ❆s ❢r❛♥❥❛s ❞❡ ✐♥t❡r❢❡✲

rê♥❝✐❛ ❞❡s❛♣❛r❡❝❡♠ ❝♦♠♣❧❡t❛♠❡♥t❡ q✉❛♥❞♦ t = 1/2 ♣♦✐s ♦ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❞✐ts s❡ t♦r♥❛

♦rt♦❣♦♥❛❧ ❛♦ ❡st❛❞♦ ✐♥✐❝✐❛❧✳ ❊♠ s❡❣✉✐❞❛✱ ❛s ❢r❛♥❥❛s r❡❛♣❛r❡❝❡♠ ❝♦♠ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡

❢❛s❡ ❢r❛❝✐♦♥ár✐♦ ✐❣✉❛❧ ❛ 2π/d✱ ❛t✐♥❣✐♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ✈✐s✐❜✐❧✐❞❛❞❡ ♠á①✐♠❛ ❡♠ t = 1✳

P❛ss❛♠♦s ❛❣♦r❛ à ♣❛rt❡ ❝❡♥tr❛❧ ❞♦ tr❛❜❛❧❤♦✱ ♦♥❞❡ ❞❡s❝r❡✈❡♠♦s ♦s ❡①♣❡r✐♠❡♥t♦s ❢❡✐t♦s

♣❛r❛ ❣❡r❛r ♦s ❡st❛❞♦s ❞❛s ❡qs✳✭✸✳✹✮✱ ✭✸✳✺✮ ❡ ✭✸✳✻✮✱ ♣❛r❛ ❛♣❧✐❝❛r ❛s ❡✈♦❧✉çõ❡s ❞❛s ❡qs✳✭✸✳✼✮✱

✭✸✳✽✮ ❡ ✭✸✳✾✮✱ ❡ ♣❛r❛ ♦❜s❡r✈❛r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❛s ❝✉r✈❛s ❞❛ ❋✐❣✳✸✳✹✳
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I

I

I

d=2

d=3

d=4

a)

b)

c)

{
{

{

❋✐❣✉r❛ ✸✳✹✿ ❈✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ❛✮ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✸✳✹✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦
❞❛s ❡qs✳✭✸✳✼✮✱ ❜✮ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✸✳✺✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✽✮✱ ❡ ❝✮ ♦ ❡st❛❞♦
❞❛ ❡q✳✭✸✳✻✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✾✮✳ ❚♦❞♦s ♦s ❣rá✜❝♦s ❡①✐❜❡♠ ❛s ❝✉r✈❛s ♣❛r❛
três ✈❛❧♦r❡s ❞❡ t✿ t = 0 ✭♣r❡t♦✮✱ t = 0.5 ✭✈❡r♠❡❧❤♦ ♣♦♥t✐❧❤❛❞♦✮ ❡ t = 1 ✭❛③✉❧ tr❛❝❡❥❛❞♦✮✳



❈❛♣ít✉❧♦ ✹

❘❡s✉❧t❛❞♦s

✹✳✶ ❊①♣❡r✐♠❡♥t♦ ❝♦♠ ✐♥t❡r❢❡rô♠❡tr♦ ❙❛❣♥❛❝

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞♦✉t♦r❛❞♦ é ♠❡❞✐r ❛ ❋❚❋✱ ❡ ♣❛r❛ r❡❛❧✐③❛r ❡ss❛

t❛r❡❢❛ ❝♦♥str✉í♠♦s ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ó♣t✐❝♦ ✐♥s♣✐r❛❞♦ ♥❛ ♣r♦♣♦st❛ ♦r✐❣✐♥❛❧ ❛♣r❡s❡♥t❛❞❛

❡♠ ❬✶✾❪✳ ◆♦ss♦ ❡st❛❞♦ q✉â♥t✐❝♦ é ❡♥tã♦ ♦ ❡st❛❞♦ ❞♦ ♣❛r ❞❡ ❢ót♦♥s ❣ê♠❡♦s ❣❡r❛❞♦ ♣❡❧❛

❈♦♥✈❡rsã♦ P❛r❛♠étr✐❝❛ ❉❡s❝❡♥❞❡♥t❡ ❊s♣♦♥tâ♥❡❛ ✭❙P❉❈ ✲ ❙♣♦♥t❛♥❡♦✉s P❛r❛♠❡tr✐❝ ❉♦✇♥

❈♦♥✈❡rs✐♦♥✮ ❝♦❞✐✜❝❛❞♦ ♥♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❡s♣❛❝✐❛❧❬✸✵❪✳ ❋✐③❡♠♦s ♠♦❞✐✜❝❛çõ❡s ♥❛ ♣r♦✲

♣♦st❛ ♦r✐❣✐♥❛❧ ♣❛r❛ ✉t✐❧✐③❛r ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ❞♦ t✐♣♦ ❙❛❣♥❛❝✱ ❥á q✉❡ ♣♦r ❝♦♥str✉çã♦ ♦s

❢ót♦♥s ♣❡r❝♦rr❡♠ ♦ ♠❡s♠♦ ❝❛♠✐♥❤♦ ❞❡s❞❡ ❛ ❣❡r❛çã♦ ❛té ❛ r❡❝♦♠❜✐♥❛çã♦ ♥♦ ❞✐✈✐s♦r ❞❡

❢❡✐①❡s ❛♥t❡s ❞❡ s❡❣✉✐r ♣❛r❛ ♦s ❞❡t❡❝t♦r❡s✳ ❊ss❛ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ♦❝♦rr❛

♦ ❝❤❛♠❛❞♦ ❡❢❡✐t♦ ❍♦♥❣✲❖✉✲▼❛♥❞❡❧❬✸✶❪ ✭❍❖▼✮✱ ✐st♦ é✱ ♣❛r❛ q✉❡ ❤❛❥❛ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡

❞♦✐s ❢ót♦♥s✳ ❆ ♠♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧ ✉t✐❧✐③❛❞❛ é ♠♦str❛❞❛ ♥❛ ❋✐❣✳✹✳✶✳

✹✳✶✳✶ ❋♦♥t❡ ❞❡ ♣❛r❡s ❞❡ ❢ót♦♥s ❡♠❛r❛♥❤❛❞♦s ❡♠ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧

❯t✐❧✐③❛♠♦s ✉♠ ❧❛s❡r ❝♦♥tí♥✉♦ ❞❡ ✸✺✺♥♠ ♠♦❞❡❧♦ ●❡♥❡s✐s ❈❳✲✸✺✺✲✶✵✵✲❙❚▼ ❞❛ ❡♠♣r❡s❛

❈♦❤❡r❡♥t ♦♣❡r❛♥❞♦ ❛ ✾✵♠❲ ♣❛r❛ r❡❛❧✐③❛r ♦ ❡①♣❡r✐♠❡♥t♦✳ ❖ ❢❡✐①❡ ❞❡ ❧❛s❡r ♣❛ss❛ ♣♦r

✉♠❛ ❧❡♥t❡ LP ❞❡ ❢♦❝♦ ✸✵❝♠ ❡ ❜♦♠❜❡✐❛ ✉♠ ❝r✐st❛❧ ♥ã♦ ❧✐♥❡❛r β✲❇♦r❛t♦ ❞❡ ❇ár✐♦ ✭❇❇❖✮

❞❡ ✶♠♠ ❞❡ ❡s♣❡ss✉r❛✱ ❣❡r❛♥❞♦ ♣❛r❡s ❞❡ ❢ót♦♥s ❡♠ ✼✶✵♥♠ ❝♦♠ ✉♠ ❝❛s❛♠❡♥t♦ ❞❡ ❢❛s❡

❚✐♣♦ ■■ ❛❥✉st❛❞♦ ♣❛r❛ q✉❡ ❛ ♣r♦♣❛❣❛çã♦ ❞♦s ❢ót♦♥s s❡❥❛ ❝♦❧✐♥❡❛r✳ P❛r❛ ❡st❡ t✐♣♦ ❞❡

❝❛s❛♠❡♥t♦ ❞❡ ❢❛s❡ ❡ ♦ ❢❡✐①❡ ❞❡ ❜♦♠❜❡❛♠❡♥t♦ ❝♦♠ ♣♦❧❛r✐③❛çã♦ ✈❡rt✐❝❛❧✱ ♦s ❢ót♦♥s ❣❡r❛❞♦s

♣♦ss✉❡♠ ✉♠ ❞❡❧❡s ♣♦❧❛r✐③❛çã♦ ❤♦r✐③♦♥t❛❧ ❡ ♦ ♦✉tr♦ ✈❡rt✐❝❛❧✳ ❯♠ ❡s♣❡❧❤♦ ❞✐❝ró✐❝♦ ✭❉✮

é ❝♦❧♦❝❛❞♦ ❛♣ós ♦ ❝r✐st❛❧ ♣❛r❛ r❡✢❡t✐r ♦ ❧❛s❡r ❞❡ ❜♦♠❜❡❛♠❡♥t♦✱ ❡♥q✉❛♥t♦ ♦s ♣❛r❡s ❞❡

❢ót♦♥s s❡❣✉❡♠ ♣❛r❛ ✉♠❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛ ✭❋▼✮ ♦♥❞❡ sã♦ ♣r♦❞✉③✐❞♦s ♦s ❝❤❛♠❛❞♦s ❡st❛❞♦s

❞❡ ❢❡♥❞❛❬✸✷✕✸✹❪✳ Pr♦❞✉③✐r ❡ss❡s ❡st❛❞♦s ♥♦s ♣❡r♠✐t❡ tr❛❜❛❧❤❛r ❝♦♠ ♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

✸✽
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♣♦s✐çã♦ tr❛♥s✈❡rs❛❧ ♥♦ q✉❛❧ ❛s ✈❛r✐á✈❡✐s sã♦ ❞✐s❝r❡t❛s✱ ❡ ❛ ❡t✐q✉❡t❛ ❞❡ ❝❛❞❛ ♠♦❞♦ é ❞❛❞❛

♣♦r ❝❛❞❛ ❢❡♥❞❛ q✉❡ ❝♦♥st✐t✉✐ ❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛✳ ❖ ♥ú♠❡r♦ ❞❡ ❢❡♥❞❛s ❞❡t❡r♠✐♥❛ ❛ ❞✐♠❡♥sã♦

❞♦ ❡st❛❞♦ ❞❡ ❝❛♠✐♥❤♦ ❞♦ ❢ót♦♥ ❡ ♣♦❞❡ s❡r ❛❥✉st❛❞♦ ♣❛r❛ s❡ ♦❜t❡r ❞✐❢❡r❡♥t❡s ❞✐♠❡♥sõ❡s✱ ♦

q✉❡ é ❢❡✐t♦ ❞❡s❧♦❝❛♥❞♦✲s❡ ✈❡rt✐❝❛❧♠❡♥t❡ ✉♠ ❛rrr❛♥❥♦ ❝♦♥t❡♥❞♦ ❞✐❢❡r❡♥t❡s ❢❡♥❞❛s ♠ú❧t✐♣❧❛s

✭✈❡r ❞❡t❛❧❤❡ s✉♣❡r✐♦r ❞❛ ❋✐❣✳✹✳✶✮✳ ❊❧❛s ♣♦ss✉❡♠ ✶✵✵µ♠ ❞❡ ❧❛r❣✉r❛ ❡ ❛ s❡♣❛r❛çã♦ ❝❡♥tr♦

❛ ❝❡♥tr♦ é ❞❡ ✷✺✵µ♠✳ ❊♠ ❬✸✹❪ ❢♦✐ ♠♦str❛❞♦ q✉❡ ♦ ▼❊❙ ❛♥t✐❝♦rr❡❧❛❝✐♦♥❛❞♦ é ❣❡r❛❞♦ s❡ ♦

♣❡r✜❧ tr❛♥s✈❡rs❛❧ ❞♦ ❢❡✐①❡ ❞❡ ❜♦♠❜❡❛♠❡♥t♦ é ♠❛✐s ❡str❡✐t♦ q✉❡ ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ❛s ❢❡♥❞❛s

♥♦ ♣❧❛♥♦ ❡♠ q✉❡ ❡❧❛s ❡stã♦✱ ♦ q✉❡ é ❜❡♠ ❛♣r♦①✐♠❛❞♦ q✉❛♥❞♦ ♦ ❢❡✐①❡ ❞❡ ❜♦♠❜❡❛♠❡♥t♦

é ❢♦❝❛❧✐③❛❞♦ ♥♦ ♣❧❛♥♦ ❞❛s ❢❡♥❞❛s✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦s✐❝✐♦♥❛♠♦s ❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛ ♥♦ ♣❧❛♥♦

❢♦❝❛❧ ❞❛ ❧❡♥t❡ LP✳ ❖ ❡st❛❞♦ ❧♦❣♦ ❛♣ós ❛s ❢❡♥❞❛s ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

|ψ0〉 =
∑

m,n

αmn |mH,nV 〉 , ✭✹✳✶✮

♦♥❞❡ αmn é ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ♦❜t❡r ✉♠ ❢ót♦♥ s✐❣♥❛❧ ♣❛ss❛♥❞♦ ♣❡❧❛

❢❡♥❞❛ m ❡ ✉♠ ❢ót♦♥ ✐❞❧❡r ♣❛ss❛♥❞♦ ♣❡❧❛ n ✭♣♦r r❛③õ❡s ❤✐stór✐❝❛s ♦s ❢ót♦♥s ❣ê♠❡♦s ❞❛

❙P❉❈ sã♦ ❞❡♥♦♠✐♥❛❞♦s s✐❣♥❛❧ ❡ ✐❞❧❡r✮✳ ❆♣❡s❛r ❞❡ q✉❡ ♥❡st❛ ♠♦♥t❛❣❡♠ tr❛❜❛❧❤❛♠♦s ❝♦♠

♦ ▼❊❙✱ ✈❛♠♦s r❡♣r❡s❡♥t❛r ♦ ❡st❛❞♦ ♠❛✐s ❣❡r❛❧ ❝♦♠ t♦❞♦s ♦s ❝♦❡✜❝✐❡♥t❡s αmn ❛ ♣r✐♥❝í♣✐♦

❡ ♠♦str❛r q✉❡ ❛ t❛①❛ ❞❡ ❞❡t❡❝çã♦ ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛ ♥❛ s❛í❞❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦ ♣♦ss✉✐ ♦

♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❡q✳✭✸✳✸✮✳

✹✳✶✳✷ ■♥t❡r❢❡rô♠❡tr♦ t✐♣♦ ❙❛❣♥❛❝ ✐♠♣❧❡♠❡♥t❛♥❞♦ ♦♣❡r❛çõ❡s ❧♦❝❛✐s

❯♠ ❝♦♥❥✉♥t♦ ❞❡ q✉❛tr♦ ♣❧❛❝❛s ❞❡ q✉❛rt③♦ ✭◗P✮ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶♠♠ ❞❡ ❡s♣❡ss✉r❛ é

✐♥s❡r✐❞♦ ❛♣ós ❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛ ♣❛r❛ ❝♦♠♣❡♥s❛r ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❝❛♠✐♥❤♦ ❡♥tr❡ ♦s ❢ót♦♥s ❞❡✲

✈✐❞♦ ❛ ❜✐rr❡❢r✐♥❣ê♥❝✐❛ ❞♦ ❝r✐st❛❧✱ ❢❡♥ô♠❡♥♦ ❡st❡ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✇❛❧❦♦✛ ❧♦♥❣✐t✉❞✐♥❛❧❬✸✺❪✳

▼❛✐s ❛ ❢r❡♥t❡ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ♠❡❞✐❞❛s q✉❡ ❞❡t❡r♠✐♥❛r❛♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❧❛❝❛s

♥❡❝❡ssár✐❛ ❡ q✉❡ ✈❡r✐✜❝❛r❛♠ ❛tr❛✈és ❞♦ ❡❢❡✐t♦ ❍❖▼ ❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❞♦s ❢ót♦♥s ♥❛s

✈❛r✐á✈❡✐s ❧♦♥❣✐t✉❞✐♥❛✐s ❞❡ ❡s♣❛ç♦ ❡ t❡♠♣♦✳ ❊♠ s❡❣✉✐❞❛✱ ♦s ❢ót♦♥s ♣❛ss❛♠ ♣♦r ✉♠❛ ❧❡♥t❡

❝✐❧í♥❞r✐❝❛ LC ❞❡ ❢♦❝♦ ✺❝♠ ❝✉❥♦ ♣❧❛♥♦ ❢♦❝❛❧ ❡stá s♦❜r❡ ❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦

❞❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❛s ❢❡♥❞❛s s❡ ❢♦r♠❡ ❞✐st❛♥t❡ ❞❛ ❧❡♥t❡ ♦♥❞❡ ♦ ♠♦❞✉❧❛❞♦r ❡s♣❛❝✐❛❧ ❞❡

❧✉③ ✭❙▲▼ ✲ ❙♣❛t✐❛❧ ▲✐❣❤t ▼♦❞✉❧❛t♦r✮ ✈❛✐ ❡st❛r✳ ❖ ♣❛r é ❞✐✈✐❞✐❞♦ ❛♦ ✐♥❝✐❞✐r ❡♠ ✉♠ P❇❙

✭P♦❧❛r❛③✐♥❣ ❇❡❛♠ ❙♣❧✐tt❡r✮ ❞❡ ♠♦❞♦ q✉❡ ❛♠❜♦s ✐rã♦ ♣❡r❝♦rr❡r ♦ ♠❡s♠♦ ✐♥t❡r❢❡rô♠❡tr♦

♣r♦♣❛❣❛♥❞♦ ❡♠ ❞✐r❡çõ❡s ❝♦♥trár✐❛s ♣♦r ❝❛♠✐♥❤♦s ❧♦♥❣✐t✉❞✐♥❛✐s q✉❡ ♥ã♦ ❡stã♦ s♦❜r❡♣♦s✲

t♦s✱ ❛té s❡ r❡❝♦♠❜✐♥❛r❡♠ ♥♦✈❛♠❡♥t❡ ♥♦ P❇❙✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❡①✐st❡ ✉♠ ❛tr❛s♦ ❡♥tr❡ ❡❧❡s

❞❡✈✐❞♦ ❛♦ ✇❛❧❦♦✛ ❞♦ ❝r✐st❛❧✱ q✉❡ é ❝♦♠♣❡♥s❛❞♦ ❝♦♠ ❛s ♣❧❛❝❛s ❞❡ q✉❛rt③♦✳

❆♣ós ❡♥tr❛r ♥♦ ✐♥t❡r❢❡rô♠❡tr♦✱ ♦ ❢ót♦♥ s✐❣♥❛❧ ♣❛ss❛ ♣♦r ✉♠❛ ♣❧❛❝❛ ❞❡ ♠❡✐❛ ♦♥❞❛ ✭❍❲P

✲ ❍❛❧❢✲❲❛✈❡ P❧❛t❡✮ ♦r✐❡♥t❛❞❛ ❛ ✷✷✱✺◦ q✉❡ r❡❛❧✐③❛ ❛ tr❛♥s❢♦r♠❛çã♦ |mH〉 → (|mH〉 +



❈❛♣ít✉❧♦ ✹✳ ❘❡s✉❧t❛❞♦s ✹✶

|mV 〉)/
√
2✳ ▲♦❣♦ ❛♣ós ❛ ❍❲P ❤á ♦✉tr❛s ❞✉❛s ❧❡♥t❡s ❝✐❧í♥❞r✐❝❛s LC ❞❡ ❢♦❝♦ ✺❝♠ ❡♠ ✉♠❛

❝♦♥✜❣✉r❛çã♦ ❞❡ t❡❧❡s❝ó♣✐♦ ❝♦♥❢♦❝❛❧✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st❡♥❞❡r ❛ ♣r♦♣❛❣❛çã♦ ❞❛ ✐♠❛❣❡♠

❞❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛ ❛té ♦ ❙▲▼ ❡ ♣❡❧♦ r❡st♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✳ ■ss♦ é ♥❡❝❡ssár✐♦ ♣♦rq✉❡

❛ ✐♠❛❣❡♠ ♣r♦❥❡t❛❞❛ ♣❡❧❛ ♣r✐♠❡✐r❛ LC ♥ã♦ ❡stá ❝♦❧✐♠❛❞❛✱ ❡ ❛♥t❡s ❞❡ ❝❤❡❣❛r ♥♦ ❙▲▼

❛ ❞✐✈❡r❣ê♥❝✐❛ ❢❛③ ❝♦♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞♦ ❢❡✐①❡ ✜q✉❡ ✐♥❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ t❡❧❛ ❞♦ ❙▲▼

❡ ❝♦♠ ♦s ❞❡♠❛✐s ❡❧❡♠❡♥t♦s ó♣t✐❝♦s✳ ❊♠ s❡❣✉✐❞❛ ♦ s✐❣♥❛❧ ♣❛ss❛ ♣♦r ✉♠ ❞❡s❧♦❝❛❞♦r ❞❡

❢❛s❡ ✭P❤✲❙❤ ✲ P❤❛s❡ ❙❤✐❢t❡r✮ ❝♦♠♣♦st♦ ♣♦r ❞✉❛s ♣❧❛❝❛s ❞❡ ✉♠ q✉❛rt♦ ❞❡ ♦♥❞❛ ✭◗❲P ✲

◗✉❛rt❡r✲❲❛✈❡ P❧❛t❡✮ ♦r✐❡♥t❛❞❛s ❛ ✹✺◦✱ ✉♠❛ ❍❲P ♦r✐❡♥t❛❞❛ ❛ ✉♠ â♥❣✉❧♦ ϕ✱ ❡ ✉♠❛ ❍❲P

♦r✐❡♥t❛❞❛ ❛ ✉♠ â♥❣✉❧♦ ϕ + θ ✭✈❡r ❛ ♦r❞❡♠ ♥♦ ❞❡t❛❧❤❡ ✐♥❢❡r✐♦r ❡sq✉❡r❞♦ ❞❛ ❋✐❣✳✹✳✶✮✳ ➱

♣♦ssí✈❡❧ ♦❜t❡r ❛tr❛✈és ❞❛s ♠❛tr✐③❡s ❞❡ ❏♦♥❡s ♣❛r❛ ❛s ♣❧❛❝❛s ◗❲P ❡ ❍❲P ❛ tr❛♥s❢♦r♠❛çã♦

♣r♦♠♦✈✐❞❛ ♣❡❧♦ P❤✲❙❤✱ q✉❡ ❡♠ ❣❡r❛❧ é |H〉 → ei2θ |V 〉 ❡ |V 〉 → e−i2θ |H〉✳ ❖s ❝á❧❝✉❧♦s

sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❛♣ê♥❞✐❝❡ ❇✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ s✐❣♥❛❧ s♦❢r❡ ❛ tr❛♥s❢♦r♠❛çã♦ (|mH〉 +
|mV 〉) → (|mH〉 + ei4θ |mV 〉) ✭♦ ❢❛t♦r e−i2θ ❝♦❧♦❝❛❞♦ ❡♠ ❡✈✐❞ê♥❝✐❛ s❡ t♦r♥❛ ✉♠❛ ❢❛s❡

❣❧♦❜❛❧ ❡ ♣♦r ✐ss♦ ♥ã♦ ❡stá ❡①♣❧✐❝✐t❛❞♦✮✳

◆❛ s❡q✉ê♥❝✐❛✱ ♦ ❢ót♦♥ ✐♥❝✐❞❡ ♥♦ ❙▲▼✱ q✉❡ é ✉♠ ❞✐s♣♦s✐t✐✈♦ ♣r♦❣r❛♠á✈❡❧ ❝❛♣❛③ ❞❡ ♠♦❞✉❧❛r

❛ ❢❛s❡ ❞♦ ❢❡✐①❡ r❡✢❡t✐❞♦ ❡♠ ✉♠❛ t❡❧❛ ❞❡ ❝r✐st❛❧ ❧íq✉✐❞♦ ♣r❡s❡♥t❡ ♥❡❧❡✳ ❆ ♠♦❞✉❧❛çã♦

é ❢❡✐t❛ ❛tr❛✈és ❞❡ ✉♠ ♣r♦❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❞♦r q✉❡ ✉t✐❧✐③❛ ❡s❝❛❧❛s ❞❡ ❝✐♥③❛ ✭❊❈✮ ❝♦♠♦

♣❛râ♠❡tr♦✱ s❡♥❞♦ q✉❡ ❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❝♦rr❡s♣♦♥❞❡ ✉♠❛ ❝❡rt❛ t❡♥sã♦ ❡❧étr✐❝❛ ❡♥✈✐❛❞❛ ❛♦

❙▲▼✳ ❆ t❡♥sã♦ ♣r♦✈♦❝❛ ✉♠ r❡♦r❞❡♥❛♠❡♥t♦ ❞❛s ♠♦❧é❝✉❧❛s ❞♦ ❝r✐st❛❧ ❧íq✉✐❞♦✱ r❡s✉❧t❛♥❞♦ ♥❛

♠♦❞✉❧❛çã♦ ❞❡ ❢❛s❡ ❞❡s❡❥❛❞❛✳ ❯t✐❧✐③❛♠♦s ✉♠ ❙▲▼ ♠♦❞❡❧♦ ▲❈❖❙✲❙▲▼ ①✶✵✹✻✽ ❞❛ ❡♠♣r❡s❛

❍❛♠❛♠❛ts✉✱ q✉❡ ♠♦❞✉❧❛ ❛♣❡♥❛s ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ♣♦❧❛r✐③❛çã♦ ♥❛ ❞✐r❡çã♦ ♣❛r❛❧❡❧❛ àq✉❡❧❛

❞❡ ♠❡♥♦r ❞✐♠❡♥sã♦ ❞♦ ❛♣❛r❡❧❤♦ ✭✈❡r ✜❣✉r❛ ❋✐❣✳✹✳✷✮✱ ❡ q✉❡ ✜③❡♠♦s ❝♦✐♥❝✐❞✐r ❝♦♠ ❛ ❞✐r❡çã♦

❞❡ ♣♦❧❛r✐③❛çã♦ ❤♦r✐③♦♥t❛❧ ❞♦s ❢ót♦♥s✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ ♥♦s é ❡①tr❡♠❛♠❡♥t❡ út✐❧ ♣❛r❛

q✉❡ ♣♦ss❛♠♦s r❡❛❧✐③❛r ✉♠❛ ♦♣❡r❛çã♦ ♥♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧✱ ♣♦ré♠

❝♦♥❞✐❝✐♦♥❛❞❛ à ♣♦❧❛r✐③❛çã♦✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❢❛❜r✐❝❛♥t❡✱ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❝♦rr❡t♦

❞♦ ❛♣❛r❡❧❤♦✱ ♦ â♥❣✉❧♦ ❡♥tr❡ ♦ ❢❡✐①❡ ✐♥❝✐❞❡♥t❡ ❡ ❛ ❞✐r❡çã♦ ♥♦r♠❛❧ à t❡❧❛ ❞❡ ❝r✐st❛❧ ❧íq✉✐❞♦

♣r❡❝✐s❛ s❡r ✐❣✉❛❧ ♦✉ ♠❡♥♦r ❞♦ q✉❡ ✶✵◦✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦

♠♦♥t❛❞♦ ♣♦ss✉✐ ✉♠ ❝❛♠✐♥❤♦ ✐♥t❡r♥♦ ❡♠ ❢♦r♠❛ ❞❡ tr✐â♥❣✉❧♦ ♣♦r ♦♥❞❡ ♦s ❢ót♦♥s ♣r♦♣❛❣❛♠

♣❛r❛ s❛t✐s❢❛③❡r ❡st❛ ❝♦♥❞✐çã♦✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ ♦♣❡r❛çã♦ ❞✐❛❣♦♥❛❧ Ūs =
∑

m e
iξm |m〉 〈m| ❝♦rr❡s♣♦♥❞❡ ❡①❛t❛♠❡♥t❡

❛ ✐♥tr♦❞✉③✐r ✉♠❛ ❢❛s❡ ♣❛r❛ ❝❛❞❛ ♠♦❞♦ ❞❡ ❢❡♥❞❛ m ❞❡✜♥✐❞♦ ♥♦ ♣❧❛♥♦ ❞❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛

♦✉ ❡♠ ✉♠ ♣❧❛♥♦ ♦♥❞❡ ❡st❡❥❛ ♣r♦❥❡t❛❞❛ ❛ ✐♠❛❣❡♠ ❞❡❧❛✳ P♦r ✐ss♦ é ♥❡❝❡ssár✐♦ ♣r♦♣❛❣❛r

❛ ✐♠❛❣❡♠ ❞❛s ❢❡♥❞❛s ❛té ❛ t❡❧❛ ❞♦ ❙▲▼✳ ❆s ❢❛s❡s sã♦ ✐♥tr♦❞✉③✐❞❛s ❞✐✈✐❞✐♥❞♦✲s❡ ❛ t❡❧❛

❞♦ ❙▲▼ ❡♠ d r❡❣✐õ❡s r❡t❛♥❣✉❧❛r❡s ❝♦♠ ❊❈ ❞✐❢❡r❡♥t❡s ✭✈❡r ❞❡t❛❧❤❡ ✐♥❢❡r✐♦r ❞✐r❡✐t♦ ❞❛

❋✐❣✳✹✳✶✮ q✉❡ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❝❛❞❛ ♠♦❞♦ ❞❡ ❢❡♥❞❛✱ s❡♥❞♦ q✉❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❊❈ ❡ ❛

❢❛s❡ ξm ✈❡♠ ❞❡ ✉♠❛ ❝❛❧✐❜r❛çã♦ ❢❡✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✳ P♦rt❛♥t♦✱ ❛♣ós ♦ ❙▲▼✱ ♦ s✐❣♥❛❧ s♦❢r❡

❛ tr❛♥s❢♦r♠❛çã♦ (|mH〉+ ei4θ |mV 〉) → (eiξm |mH〉+ ei4θ |mV 〉)✳
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❋✐❣✉r❛ ✹✳✷✿ ❋♦t♦ ❞♦ ❙▲▼ ❞❛ ❡♠♣r❡s❛ ❍❛♠❛♠❛ts✉✱ ♠♦❞❡❧♦ ▲❈❖❙✲❙▲▼ ①✶✵✹✻✽✳

❆♥❛❧✐s❛♥❞♦ ❛❣♦r❛ ♦ ❢ót♦♥ ✐❞❧❡r✱ ❛♦ ❡♥tr❛r ♥♦ ✐♥t❡r❢❡rô♠❡tr♦ ❡❧❡ ❣❛♥❤❛ ✉♠❛ ❢❛s❡ π/2

❞❡✈✐❞♦ à r❡✢❡①ã♦ ♥♦ P❇❙✱ ♣♦ré♠ ❡❧❛ ❛♣❛r❡❝❡ ❝♦♠♦ ✉♠ ❢❛t♦r ❞❡ ❢❛s❡ ❣❧♦❜❛❧✳ ❈♦♠♦ ♦

❢ót♦♥ ♣♦ss✉✐ ♣♦❧❛r✐③❛çã♦ ✈❡rt✐❝❛❧ ♦ ❙▲▼ ♥ã♦ ❛❞✐❝✐♦♥❛ ❢❛s❡✱ ♦ q✉❡ s✐❣♥✐✜❝❛ χn = 0 ❡

V̄i = I✳ ■ss♦ ❛ ♣r✐♥❝í♣✐♦ s❡r✐❛ ✉♠ ♣r♦❜❧❡♠❛✱ ♠❛s ♥❛ ✈❡r❞❛❞❡ r❡♣r❡s❡♥t❛ ✉♠❛ s✐♠♣❧✐✜❝❛çã♦

♥♦ ❡①♣❡r✐♠❡♥t♦✳ ❙❡ ♦❜s❡r✈❛r♠♦s q✉❡ ♣❛r❛ ♦ ▼❊❙ só ♦s t❡r♠♦s ❝♦♠ n = d − m + 1

❝♦♥tr✐❜✉❡♠ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❝✉r✈❛ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♥❛ ❡q✳✭✸✳✸✮✱ ❡ q✉❡ ♥❛s tr❛♥s❢♦r♠❛çõ❡s

❡s❝♦❧❤✐❞❛s t❡♠♦s ξm = χd−m+1✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡♠ ✉♠ ❞♦s ❢ót♦♥s ❛s ❢❛s❡s ξ′m = 2ξm ❡

♦❜t❡r ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ♣❛r❛ I✳ P❛r❛ d = 2 ♣♦r ❡①❡♠♣❧♦ t❡♠♦s

I = cos2(
ξ1(t) + χ2(t) + ∆φ

2
) + cos2(

ξ2(t) + χ1(t) + ∆φ

2
),

♠❛s ❝♦♠♦ ξ1 = χ2 ❡ ξ2 = χ1✱ t❡♠♦s

I = cos2(
2ξ1(t) + ∆φ

2
) + cos2(

2ξ2(t) + ∆φ

2
).

❏á ♥♦ ❝❛s♦ ❞♦ ❡st❛❞♦ ♣r♦❞✉t♦ t❡rí❛♠♦s
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I =
1

2

[

cos2(
ξ1(t) + χ1(t) + ∆φ

2
) + cos2(

ξ1(t) + χ2(t) + ∆φ

2
)+

cos2(
ξ2(t) + χ1(t) + ∆φ

2
) + cos2(

ξ2(t) + χ2(t) + ∆φ

2
)

]

=
1

2

[

cos2(
ξ1(t) + ξ2(t) + ∆φ

2
) + cos2(

2ξ1(t) + ∆φ

2
)+

cos2(
2ξ2(t) + ∆φ

2
) + cos2(

ξ2(t) + ξ1(t) + ∆φ

2
)

]

,

s❡♥❞♦ ✐♠♣♦ssí✈❡❧ ✉♠ ❙▲▼ ❛♣❧✐❝❛r ♥♦ ♠❡s♠♦ ❢ót♦♥ ✉♠❛ ❢❛s❡ ξ′1 q✉❡ ❡q✉✐✈❛❧❤❛ s✐♠✉❧t❛♥❡✲

❛♠❡♥t❡ ❛ ξ1 + ξ2 ❡ 2ξ1✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❡s❞❡ q✉❡ ♦ ❡st❛❞♦ ❣❡r❛❞♦ s❡❥❛ ❡♠❛r❛♥❤❛❞♦✱ ❜❛st❛

✉t✐❧✐③❛r ❛♣❡♥❛s ✉♠ ❙▲▼ ❡ r❡❛❧✐③❛r ✉♠❛ ♦♣❡r❛çã♦ ❧♦❝❛❧ ❡♠ ✉♠❛ ❞❛s ♣❛rt❡s ♣❛r❛ ♦❜s❡r✈❛r

♦ ♠❡s♠♦ ❡❢❡✐t♦ ✈✐st♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ s❡ ❢❛③ ♦♣❡r❛çõ❡s ❧♦❝❛✐s ♥❛s ❞✉❛s ♣❛rt❡s ❞♦ ❡st❛❞♦

❜✐♣❛rt✐❞♦✳

◆❛ ❞✐r❡çã♦ ❝♦♥trár✐❛ à ❞♦ s✐❣♥❛❧✱ ❛s tr❛♥s❢♦r♠❛çõ❡s ♣r♦♠♦✈✐❞❛s ♣❡❧♦ P❤✲❙❤ sã♦ |H〉 →
−e−i2θ |V 〉 ❡ |V 〉 → −ei2θ |H〉 ✭✈❡r ❛♣ê♥❞✐❝❡ ❇✮✱ ❡ ♣♦rt❛♥t♦ ♦ ✐❞❧❡r s❡ tr❛♥s❢♦r♠❛ ❞❡

❛❝♦r❞♦ ❝♦♠ |nV 〉 → |nH〉 ✭♦ ❢❛t♦r −ei2θ s❡ t♦r♥❛ ✉♠❛ ❢❛s❡ ❣❧♦❜❛❧✮✳ ❆♣ós ♣❛ss❛r ♣❡❧❛

❍❲P✱ ♦ ❢ót♦♥ s♦❢r❡ ❛ tr❛♥s❢♦r♠❛çã♦ |nH〉 → (|nH〉 − |nV 〉)/
√
2✱ ❡ ♦ ❡st❛❞♦ ❧♦❣♦ ❛♥t❡s

❞❛ r❡❝♦♠❜✐♥❛çã♦ ♥♦ P❇❙ é

|ψ1〉 =
−i
2

∑

m,n

αmn(e
iξm |mH〉+ ei4θ |mV 〉)⊗ (|nH〉 − |nV 〉)

=
−i
2

∑

m,n

αmn(e
iξm |mH,nH〉 − eiξm |mH,nV 〉+ ei4θ |mV, nH〉 − ei4θ |mV, nV 〉).

✭✹✳✷✮

✹✳✶✳✸ ❈✉r✈❛ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❛tr❛✈és ❞❛ ❞❡t❡❝çã♦ ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛

❆ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ ❞♦✐s ❢ót♦♥s é ♦❜s❡r✈❛❞❛ ❛tr❛✈és ❞❛s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛✳ ❈♦♠♦

♠❡♥❝✐♦♥❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✸✱ ✉♠❛ ❝♦♥t❛❣❡♠ ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛ ♦❝♦rr❡ q✉❛♥❞♦ ♦s ❞♦✐s ❞❡t❡❝t♦✲

r❡s ❞❡t❡❝t❛♠ ♦s ❢ót♦♥s ❣ê♠❡♦s s✐♠✉❧tâ♥❡❛♠❡♥t❡✳ ✏❙✐♠✉❧tâ♥❡❛♠❡♥t❡✑ é ✉♠❛ ✐❞❡❛❧✐③❛çã♦✱

❡ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ✉t✐❧✐③❛♠♦s ✉♠❛ ❥❛♥❡❧❛ t❡♠♣♦r❛❧ ❞❡ ✺♥s✳ P♦❞❡♠♦s ♣❡r❝❡❜❡r ❡♥tã♦

q✉❡ ❛♣❡♥❛s ♦s t❡r♠♦s |mH,nH〉 ❡ |mV, nV 〉 ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐✲

❞ê♥❝✐❛✱ ❥á q✉❡ só ♥❡ss❡s ❝❛s♦s ♦s ❢ót♦♥s ❞♦ ♣❛r ✈ã♦ ♣❛r❛ ❞❡t❡❝t♦r❡s ❞✐❢❡r❡♥t❡s ❛♣ós ❛
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r❡❝♦♠❜✐♥❛çã♦ ♥♦ P❇❙✱ ♣r♦❞✉③✐♥❞♦ ✉♠❛ ❝♦♥t❛❣❡♠ ✈á❧✐❞❛✳ ❈♦♠♦ ❡ss❡s t❡r♠♦s ♣♦ss✉❡♠

♣♦❧❛r✐③❛çõ❡s ♦rt♦❣♦♥❛✐s ❡❧❡s sã♦ ❞✐st✐♥❣✉í✈❡✐s ❡ ♥ã♦ ♣♦❞❡♠ ✐♥t❡r❢❡r✐r✳ P❛r❛ ❛♣❛❣❛r ❛ ✐♥✲

❢♦r♠❛çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ✐♥s❡r✐♠♦s ✉♠❛ ❍❲P ♦r✐❡♥t❛❞❛ ❛ ✷✷✱✺◦ ❡ ✉♠ P❇❙ ❡♠ ❝❛❞❛ s❛í❞❛

❞♦ ✐♥t❡r❢❡rô♠❡tr♦✳ ❊♠ s❡❣✉✐❞❛ ♦s ❢❡✐①❡s sã♦ ❢♦❝❛❧✐③❛❞♦s ♣♦r ❧❡♥t❡s ▲ ❞❡ ❢♦❝♦ ✷✵❝♠ ❡♠

✉♠❛ ✜❜r❛ ♠✉❧t✐♠♦❞♦ ❝♦♥❡❝t❛❞❛ ❛♦s ❞❡t❡❝t♦r❡s✳ ▲♦❣♦ ❛♥t❡s ❞❛ ❡♥tr❛❞❛ ❞❡ ❝❛❞❛ ✜❜r❛ ❤á

✉♠ ✜❧tr♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❝❡♥tr❛❞♦ ❡♠ ✼✶✵♥♠ ❝♦♠ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❞❡ ✶✵♥♠✱ ❡ ✉♠❛

❧❡♥t❡ ❞❡ ♠✐❝r♦s❝ó♣✐♦ ♣❛r❛ ❛❝♦♣❧❛r ♦s ❢ót♦♥s ♥❛ ✜❜r❛ ♠✉❧t✐♠♦❞♦✳

❆s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛ sã♦ ♣r♦♣♦r❝✐♦♥❛✐s à ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦

〈ψ1|E−
1 E

−
2 E

+
2 E

+
1 |ψ2〉 = ||E+

2 E
+
1 |ψ1〉 ||2, ✭✹✳✸✮

♦♥❞❡ E+
j ✭E−

j ✮ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r❡q✉ê♥❝✐❛ ♣♦s✐t✐✈❛ ✭♥❡❣❛t✐✈❛✮ ❞♦ ♦♣❡r❛❞♦r ❝❛♠♣♦

❡❧étr✐❝♦ ♥♦ ❞❡t❡❝t♦r Dj ✳ ❊♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❝❛♠♣♦ ❛♥t❡s ❞❛ r❡❝♦♠❜✐♥❛çã♦ ♥♦

P❇❙ t❡♠♦s

E+
1 =

1√
2
(iE+

sV + E+
iH) ❡ E+

2 =
1√
2
(E+

sH + iE+
iV ), ✭✹✳✹✮

♦♥❞❡ E+
sµ ❡ E+

iν sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ♦♣❡r❛❞♦r❡s ♣❛r❛ ♦ s✐❣♥❛❧ ❡ ♣❛r❛ ♦ ✐❞❧❡r ♣❛r❛ ❛s

❞✐❢❡r❡♥t❡s ♣♦❧❛r✐③❛çõ❡s µ, ν = H,V ✳ ❖s ❢❛t♦r❡s i ❧❡✈❛♠ ❡♠ ❝♦♥t❛ ❛s r❡✢❡①õ❡s ♥♦ P❇❙ ❞❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ ♣♦❧❛r✐③❛çã♦ ✈❡rt✐❝❛❧ ❞♦s ❢ót♦♥s ❛♣ós ❛ r❡❝♦♠❜✐♥❛çã♦✳ ❈❛❞❛ ❝♦♠♣♦♥❡♥t❡

❞❡ ❝❛♠♣♦ é ❡①♣❛♥❞✐❞❛ ❡♠ t❡r♠♦s ❞❛s ❢✉♥çõ❡s ηm(r) ❞♦s ♠♦❞♦s ❞❡ ❢❡♥❞❛ ✭❞✐str✐❜✉✐çã♦

❡s♣❛❝✐❛❧ ❞♦ ❝❛♠♣♦ ♣r♦♣❛❣❛❞♦ ❛♣ós s❡r tr❛♥s♠✐t✐❞♦ ♣❡❧❛ ❞❡♥❞❛ m✮ ❝♦♠♦

E+
sµ =

∑

p

apµηp(r) ❡ E+
iν =

∑

q

bqνηq(r), ✭✹✳✺✮

♦♥❞❡ ♦s ♦♣❡r❛❞♦r❡s ❛♥✐q✉✐❧❛çã♦ apµ ❡ bqν ❛t✉❛♠ ♥♦s ❡st❛❞♦s ❞❡ ❋♦❝❦ ❞♦ s✐❣♥❛❧ ❡ ❞♦ ✐❞❧❡r

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

apµbqν |mσ, nǫ〉 = δpmδµσδqnδνǫ |vac〉 . ✭✹✳✻✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❡qs✳✭✹✳✺✮ ♥❛s ❡qs✳✭✹✳✹✮✱ ❡ ❡st❛s ♣♦r s✉❛ ✈❡③ ❥✉♥t♦ ❝♦♠ ❛ ❡q✳✭✹✳✷✮ ♥❛

❡q✳✭✹✳✸✮✱ ♦❜t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ C(r1, r2) ♥♦r♠❛❧✐③❛❞❛
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C(r1, r2) =
1

16
||



i
∑

p

apHηp(r2)
∑

p′

ap′V ηp′(r1) +
∑

p

apHηp(r2)
∑

q

bqHηq(r1)

−
∑

q

bqV ηq(r2)
∑

p

apV ηp(r1) + i
∑

q

bqV ηq(r2)
∑

q′

bq′Hηq′(r1)





∑

m,n

αmn(e
iξm |mH,nH〉 − eiξm |mH,nV 〉+ ei4θ |mV, nH〉 − ei4θ |mV, nV 〉)||2.

❆q✉✐ ♣♦❞❡♠♦s ✈❡r ❝♦♠ ❛ ❛❥✉❞❛ ❞❛ ❡q✳✭✹✳✻✮ q✉❡ ♦s t❡r♠♦s ❡♠ q✉❡ ❛♣❛r❡❝❡♠ ♦s ♣r♦❞✉t♦s

apHap′V ❡ bqV bq′H ❛t✉❛♥❞♦ ❡♠ q✉❛❧q✉❡r t❡r♠♦ ❞♦ ❡st❛❞♦ ③❡r❛♠✱ ❡♠ ✈✐rt✉❞❡ ❞❡ s❡ ❛♣❧✐❝❛r

♦ ♦♣❡r❛❞♦r ❛♥✐q✉✐❧❛çã♦ ❞✉❛s ✈❡③❡s ♥♦ ♠❡s♠♦ q✉❞✐t ❝♦♠ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ♦❝✉♣❛❞♦✳ ❆❧é♠

❞✐ss♦✱ ♦s t❡r♠♦s ❡♠ q✉❡ ❛♣❛r❡❝❡♠ ♦s ♣r♦❞✉t♦s apHbqH ❡ bqV apV ❛t✉❛♥❞♦ ♥♦s t❡r♠♦s ❞♦

❡st❛❞♦ ❡♠ q✉❡ ❛ ♣♦❧❛r✐③❛çã♦ ❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s q✉❞✐ts é ❞✐st✐♥t❛ ❞❛ q✉❡ ❡stá ♥♦

í♥❞✐❝❡ ❞♦ ♦♣❡r❛❞♦r ❛♥✐q✉✐❧❛çã♦ t❛♠❜é♠ ③❡r❛♠✳ ❆ss✐♠✱ ❝♦♠♦ ❞✐t♦ ❛♥t❡r✐♦♠❡♥t❡✱ ❛♣❡♥❛s

♦s t❡r♠♦s |mH,nH〉 ❡ |mV, nV 〉 ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛✳ ❆ ❢✉♥çã♦

❞❡ ❝♦rr❡❧❛çã♦ s❡ r❡❞✉③ ❡♥tã♦ ❛

C(r1, r2) =
1

16
||
∑

m,n

αmn(ηm(r2)ηn(r1)e
iξm(t) + ηn(r2)ηm(r1)e

i4θ) |vac〉 ||2

=
1

16
|
∑

m,n

αmn(ηm(r2)ηn(r1)e
iξm(t) + ηn(r2)ηm(r1)e

i4θ)|2,

❡ ♣♦❞❡♠♦s ♥♦t❛r ❝♦♠♦ ♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ♣♦❧❛r✐③❛çã♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ❝♦♠♦ ❛✉①✐❧✐❛r ♣❛r❛

❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛s ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ♥♦s q✉❞✐ts ❡s♣❛❝✐❛✐s✳ ❈♦♠♦ t♦❞♦s ♦s ♠♦❞♦s ❞❡

❢❡♥❞❛ sã♦ ❛❝♦♣❧❛❞♦s ♥❛ ✜❜r❛ ❞❡ ❞❡t❡❝çã♦✱ ❛ t❛①❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s C q✉❡ s❡❣✉❡ ❛ ❝✉r✈❛

❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡s❝r✐t❛ ♥❛ ❡q✳✭✸✳✸✮ é ❞❛❞❛ ♣❡❧❛ ✐♥t❡❣r❛❧ ❞❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ s♦❜r❡ ♦

♣❧❛♥♦ tr❛♥s✈❡rs❛❧ ❞♦s ❢❡✐①❡s

C =

∫

d2r1d
2
r2C(r1, r2).

❯♠❛ ✈❡③ q✉❡ ❛s ❢✉♥çõ❡s ❞♦s ♠♦❞♦s ❞❡ ❢❡♥❞❛ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡

∫

d2r1d
2
r2η

∗
m(r1)ηn(r2) = δmn ,

é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ❛ t❛①❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s s❡ t♦r♥❛
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C =
1

16

∑

m,n

[

2|αmn|2 + e−i(ξm(t)−4θ)α∗
nmαmn + ei(ξm(t)−4θ)α∗

nmαmn

]

,

❡ s❡ αnm = αmn ✭q✉❡ é ♦ ❝❛s♦ ❞♦ ▼❊❙✮ ❝❤❡❣❛♠♦s ❛

C =
1

16

∑

m,n

|αmn|2|2 + e−i(ξm(t)−4θ) + ei(ξm(t)−4θ)|2

=
1

4

∑

m,n

|αmn|2(1 + cos(ξm(t)− 4θ))

=
1

2

∑

m,n

|αmn|2 cos2(
ξm(t)− 4θ

2
). ✭✹✳✼✮

▲❡♠❜r❛♥❞♦ q✉❡ ξm(t) ❛q✉✐ ❡stá ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ✉♠ ❢❛t♦r ✷ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ s❡çã♦

❛♥t❡r✐♦r ♣❛r❛ ❝♦♠♣❡♥s❛r ♦ ❢❛t♦ ❞❡ q✉❡ χm(t) = 0✱ ❡ ❢❛③❡♥❞♦ ❛ ❛ss♦❝✐❛çã♦ ∆φ → −4θ✱

✈❡♠♦s q✉❡ ❛ ❡q✳✭✹✳✼✮ ♣♦ss✉✐ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛ ❡q✳✭✸✳✸✮ ❝♦♠♦ ♥❡❝❡ss✐tá✈❛♠♦s✳ ❉❡ ❢❛t♦✱ ❛

✐♥t❡r❢❡rê♥❝✐❛ ❞❡s❝r✐t❛ ♣❡❧❛ ❡q✳✭✹✳✼✮ ♣♦❞❡ s❡r ♣❡♥s❛❞❛ ❝♦♠♦ ♦ r❡s✉❧t❛❞♦ ❞❛ s✉♣❡r♣♦s✐çã♦

❞♦ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❞✐ts
∑

m,n αmne
i(ξm−4θ) |mH,nH〉 ❛ss♦❝✐❛❞♦ ❛ α(t) ❝♦♠ ♦ ❡st❛❞♦

∑

m,n αmn |mV, nV 〉 ❛ss♦❝✐❛❞♦ ❛ α(0)✳

✹✳✶✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❡♠ ❝❛♠✐♥❤♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡ ❞❛s

❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s ❡♠ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ❞♦s ♣❛r❡s ❞❡ ❢ót♦♥s

❆♥t❡s ❞❡ ❡①❡❝✉t❛r♠♦s ♦ ❡①♣❡r✐♠❡♥t♦ ✜③❡♠♦s ❛ ♠♦♥t❛❣❡♠ ♠♦str❛❞❛ ♥❛ ❋✐❣✳✹✳✸ ❛✮ ♣❛r❛

✈❡r✐✜❝❛r ❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❞♦s ❢ót♦♥s ❧♦♥❣✐t✉❞✐♥❛❧♠❡♥t❡✳ ❆ ❍❲P ♣♦s✐❝✐♦♥❛❞❛ ❛♥t❡s

❞♦ P❇❙ tr❛♥s❢♦r♠❛ ♦ ❡st❛❞♦ ❣❡r❛❞♦ ♥♦ ❝r✐st❛❧ q✉❡✱ r❡♣r❡s❡♥t❛♥❞♦ ❛♣❡♥❛s ♦ s✉❜❡s♣❛ç♦ ❞❛

♣♦❧❛r✐③❛çã♦✱ s❡ t♦r♥❛

|Ψ〉 = cos(2ϕ) sin(2ϕ) |H,H〉−cos2(2ϕ) |H,V 〉+sin2(2ϕ) |V,H〉−sin(2ϕ) cos(2ϕ) |V, V 〉 ,
✭✹✳✽✮

♦♥❞❡ ϕ é ♦ â♥❣✉❧♦ ❡♠ q✉❡ ❛ ♣❧❛❝❛ ❡stá ♦r✐❡♥t❛❞❛✳ ◗✉❛♥❞♦ ϕ = 22, 5◦ t❡♠♦s

|Ψ〉 = 1

2
(|H,H〉 − |H,V 〉+ |V,H〉 − |V, V 〉),

❡ ❛♣❡♥❛s ♦s t❡r♠♦s |H,V 〉 ❡ |V,H〉 ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛✳ ❊♠

❬✸✻❪ ❡❢❡t✉❛♠♦s ✉♠ ❝á❧❝✉❧♦ ♦♥❞❡ ✈❡♠♦s ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ss❛s ❝♦♥t❛❣❡♥s ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛
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❛s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛ ❡♥tr❡ t♦❞♦s ♦s ♣❛r❡s ❞❡ ♠♦❞♦s ♣♦ssí✈❡✐s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛

|αmn|2✱ ❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ d = 2, 3, 4 sã♦ ♠♦str❛❞♦s ♥❛s ❋✐❣s✳✹✳✺ ❛✮✱ ❜✮ ❡ ❝✮✳
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❋✐❣✉r❛ ✹✳✺✿ ❚❡st❡s ♣❛r❛ ✈❡r✐✜❝❛r ❛ ❝♦rr❡❧❛çã♦ ❡s♣❛❝✐❛❧ ♥❛s ✈❛r✐á✈❡✐s ❞❡ ❝❛♠✐♥❤♦ tr❛♥s✲
✈❡rs❛❧ ❞♦s ❢ót♦♥s✳ ❖ t❡st❡ é ❢❡✐t♦ ♠❡❞✐♥❞♦✲s❡ ❛s ❝♦♥t❛❣❡♥s ❡♠ ❝♦✐♥❝✐❞ê♥❝✐❛ ❛♣ós s❡r s❡❧❡✲
❝✐♦♥❛❞♦ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❞❡ ❢❡♥❞❛ ❡♠ ❝❛❞❛ s❛í❞❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦ ♣❛r❛ s❡r ❞❡t❡❝t❛❞♦✳
❆s t❛①❛s ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s ♠❡❞✐❞❛s ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♠♦❞♦s ❞❡ ❢❡♥❞❛ sã♦ ♣r♦♣♦r❝✐♦♥❛✐s
às ❛♠♣❧✐t✉❞❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ |αmn|2✳ ❛✮ P♦♣✉❧❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s ♣❛r❛
❞♦✐s q✉❜✐ts✱ ❜✮ ❞♦✐s q✉tr✐ts ❡ ❝✮ ❞♦✐s q✉q✉❛rts✳ P❛r❛ ♦ ▼❊❙ ❛♥t✐❝♦rr❡❧❛❝✐♦♥❛❞♦ ❡s♣❡r❛✲s❡
♦❜s❡r✈❛r ❝♦♥t❛❣❡♥s ❛♣❡♥❛s ♥❛ ❛♥t✐❞✐❛❣♦♥❛❧ ❡ q✉❡ ♦ ✈❛❧♦r ❞❛s ❝♦♥t❛❣❡♥s s❡❥❛♠ ✐❣✉❛✐s✳

❱❡♠♦s q✉❡ só ❤á ❝♦♥t❛❣❡♥s ❛♣r❡❝✐á✈❡✐s ♥❛ ❛♥t✐❞✐❛❣♦♥❛❧ ❝♦♠♦ é ❡s♣❡r❛❞♦ ♣❛r❛ ♦ ▼❊❙✱

♠❛s ❤á ✉♠ ❞❡s❜❛❧❛♥❝❡❛♠❡♥t♦✷ ❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦s ❡st❛❞♦s✳ ❱❡r✐✜❝❛♠♦s ❡♥tã♦ q✉❡

♦s ❡st❛❞♦s ❞❡ ❞♦✐s q✉❞✐ts ♦❜t✐❞♦s sã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❡ss❡

❞❡s❜❛❧❛♥❝❡❛♠❡♥t♦ ♥ã♦ ✐♥✢✉❡♥❝✐❛ ♥♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ ❢❛s❡ ❡♥tr❡ ❛s ❝✉r✈❛s ❞❛❞♦ ♣♦r

arg{Tr[α†(0)Ūs(t)α(0)V̄i
T
(t)]✱ ♠❛s ❛♣❡♥❛s ❢❛③ ❝♦♠ q✉❡ ❛ ✈✐s✐❜✐❧✐❞❛❞❡ ❞❛❞❛ ♣♦r |Tr[α†(0)α(t)]|

s❡❥❛ ♥ã♦ ♥✉❧❛ ❡♠ t = 0.5✱ ❡ ❛ss✉♠❛ ✉♠ ✈❛❧♦r ✐♥❢❡r✐♦r ❛♦ ✐♥✐❝✐❛❧ ❡♠ t = 1✳ P♦❞❡♠♦s ✈❡r ✐ss♦

✷❉❡✈❡♠♦s ❞✐③❡r q✉❡ ♦ ❞❡s❜❛❧❛♥❝❡❛♠❡♥t♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦❝♦rr❡ ❛♣❡♥❛s ♥❛ ♣r❡♣❛r❛çã♦ ❞♦ ❡st❛❞♦✱
♠❛s ♣♦❞❡ s❡r ❞❡✈✐❞♦ t❛♠❜é♠ às ♣❡r❞❛s ♥❛ ♣r♦♣❛❣❛çã♦ ❡ ♥❛ ❞❡t❡❝çã♦ ❞♦s ❢ót♦♥s✳
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t♦♠❛♥❞♦ ♦ q✉q✉❛rt ❝♦♠♦ ❡①❡♠♣❧♦ ❡ ❣❡r❛♥❞♦ ✉♠❛ ❝✉r✈❛ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐

❢❡✐t♦ ♥❛ ❋✐❣✳✸✳✹❝✮✱ ♣♦ré♠ ✉t✐❧✐③❛♥❞♦ ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♣❛r❛ |αmn|2✳
❋✐③❡♠♦s ✐ss♦ ♥♦r♠❛❧✐③❛♥❞♦ ❛s ❝♦♥t❛❣❡♥s ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s ❞❛ ❋✐❣✳✹✳✺❝✮✱ ❡ ♦ r❡s✉❧t❛❞♦ é

♠♦str❛❞♦ ♥❛ ❋✐❣✳✹✳✻✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ♠❡❞✐çã♦ ❞❛ ❋❚❋ ♥ã♦ é ❝♦♠♣r♦♠❡t✐❞❛✳

❋✐❣✉r❛ ✹✳✻✿ ❈✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ♦ q✉q✉❛rt ❝♦♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡t❡r♠✐♥❛❞♦s
❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ ❙ã♦ ❡①✐❜✐❞❛s ❛s ❝✉r✈❛s ♣❛r❛ três ✈❛❧♦r❡s ❞❡ t✿ t = 0 ✭♣r❡t♦✮✱ t = 0.5
✭✈❡r♠❡❧❤♦ ♣♦♥t✐❧❤❛❞♦✮ ❡ t = 1 ✭❛③✉❧ tr❛❝❡❥❛❞♦✮✳ ◆♦ ♣r♦❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❞♦r ✉t✐❧✐③❛❞♦
♣❛r❛ ❣❡r❛r ❛s ❝✉r✈❛s ❝❛❧❝✉❧❛♠♦s t❛♠❜é♠ ❛ ✈✐s✐❜✐❧✐❞❛❞❡ ♣❛r❛ t = 0.5 ❡ t = 1✱ q✉❡ sã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡ ✵✳✼✵ ❡ ✵✳✾✷✱ ❛❧é♠ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ ❢❛s❡ q✉❡ é ✾✵◦✳

✹✳✶✳✺ ❉✐s❝✉ssã♦ ❞♦s r❡s✉❧t❛❞♦s

❖s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♣❛r❛ ♦s ❝❛s♦s t❡ór✐❝♦s ✈✐st♦s ♥❛s ❋✐❣s✳✸✳✹ ❛✮✱ ❜✮ ❡ ❝✮ sã♦

♠♦str❛❞♦s ♥❛s ❋✐❣s✳✹✳✼ ❛✮✱ ❜✮ ❡ ❝✮✳ ❖s ❞❛❞♦s ❢♦r❛♠ ❛❥✉st❛❞♦s ❛tr❛✈és ❞❛ ❡①♣r❡ssã♦

C = A(1−v cos[4θ+ c])✱ ❝✉❥♦s ♣❛râ♠❡tr♦s ♣❛r❛ ❝❛❞❛ ❛❥✉st❡ sã♦ ♠♦str❛❞♦s ♥❛ t❛❜❡❧❛ ✹✳✶✳

❱❡♠♦s q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ é s❡♠❡❧❤❛♥t❡ ❛♦ ♣r❡✈✐st♦ t❡♦r✐❝❛♠❡♥t❡✱ ❝♦♠ ❛ ❝✉r✈❛ ❡①✐✲

❜✐♥❞♦ ♣❛r❛ t = 0.5 ✉♠❛ ✈✐s✐❜✐❧✐❞❛❞❡ q✉❛s❡ ♥✉❧❛ ❡ ♣❛r❛ t = 1 ✉♠ ✈❛❧♦r ♣ró①✐♠♦ ❛♦ ❞❡

t = 0✳ ❖ ❞❡s❧♦❝❛♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❋❚❋ é ❞❛❞♦ ♣❡❧❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♣❛râ♠❡tr♦s

c ♣❛r❛ t = 0 ❡ t = 1✱ s❡♥❞♦ (182± 7)◦✱ (126± 3)◦ ❡ (94± 3)◦ ♣❛r❛ ♦s q✉❜✐ts✱ ♦s q✉tr✐ts ❡

♦s q✉q✉❛rts✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ Pr♦❝✉r❛♠♦s ♣♦r ♣♦ssí✈❡✐s ❝❛✉s❛s ♣❛r❛ ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡

❛s ✈✐s✐❜✐❧✐❞❛❞❡s ♣r❡✈✐st❛s ❡ ❛s ♠❡❞✐❞❛s✱ ❡ ❛♣♦♥t❛♠♦s ❛s s❡❣✉✐♥t❡s✿ ♣r✐♠❡✐r♦ ❛ ✈✐s✐❜✐❧✐❞❛❞❡

❞♦ ✈❛❧❡ ♥♦ ❡❢❡✐t♦ ❍❖▼ ✐♥❞✐❝❛ q✉❡ ❛✐♥❞❛ ❡①✐st❡ ❛❧❣✉♠❛ ❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❡♥tr❡ ♦s ❢ót♦♥s✱

s❡❣✉♥❞♦ q✉❡ ♦ ❞❡s❜❛❧❛♥❝❡❛♠❡♥t♦ ♥❛ ❛♥t✐❞✐❛❣♦♥❛❧ ❞❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❝♦♥tr✐❜✉✐ ♣❛r❛

❛❧t❡r❛r ❛s ✈✐s✐❜✐❧✐❞❛❞❡s✱ t❡r❝❡✐r♦ ✉♠❛ ❡✈❡♥t✉❛❧ ✐♥❡✜❝✐ê♥❝✐❛ ✐♥tr♦❞✉③✐❞❛ ♣❡❧♦ P❤✲❙❤✱ ❡ ♣♦r

ú❧t✐♠♦ ✉♠❛ ✐♠♣❡r❢❡✐çã♦ ♥♦ ❝❛s❛♠❡♥t♦ ❞♦s ♠♦❞♦s tr❛♥s✈❡rs❛✐s ♥❛ s❛í❞❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦✳
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✭❝✮

❋✐❣✉r❛ ✹✳✼✿ ❉❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞♦s ♣❛❞rõ❡s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ❛✮ ♦ ❡st❛❞♦ ❞❛
❋✐❣✳✹✳✺ ❛✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✼✮✱ ❜✮ ♦ ❡st❛❞♦ ❞❛ ❋✐❣✳✹✳✺ ❜✮ s♦❜ ❛ tr❛♥s❢♦r✲
♠❛çã♦ ❞❛s ❡qs✳✭✸✳✽✮ ❡ ❝✮ ♦ ❡st❛❞♦ ❞❛ ❋✐❣✳✹✳✺ ❝✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✾✮✳ ❚♦❞♦s
♦s ❣rá✜❝♦s ❡①✐❜❡♠ ❛s ❝♦♥t❛❣❡♥s ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s ❡ ♦s ❛❥✉st❡s ♣❛r❛ ♦s três ✈❛❧♦r❡s ❞❡
t✿ t = 0 ✭q✉❛❞r❛❞♦s ❡ ❧✐♥❤❛ ♣r❡t♦s✮✱ t = 0.5 ✭❝ír❝✉❧♦s ❡ ♣♦♥t✐❧❤❛❞♦ ✈❡r♠❡❧❤♦s✮ ❡ t = 1

✭tr✐â♥❣✉❧♦s ❡ tr❛❝❡❥❛❞♦ ❛③✉✐s✮✳
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t = 0 t = 0.5 t = 1

P❛râ♠❡tr♦s d = 2

A (386± 4) (417± 5) (404± 5)

v (0.26± 0.01) (0.07± 0.02) (0.18± 0.02)

c −(14± 3) −(77± 15) −(196± 6)

d = 3

A (438± 4) (407± 5) (434± 5)

v (0.38± 0.01) (0.09± 0.02) (0.37± 0.01)

c (31± 2) −(86± 10) −(96± 2)

d = 4

A (430± 3) (474± 4) (451± 4)

v (0.34± 0.01) (0.07± 0.01) (0.37± 0.01)

c −(2± 2) −(128± 11) −(96± 2)

❚❛❜❡❧❛ ✹✳✶✿ ❱❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❛❥✉st❡ ♣❛r❛ ♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛s
❋✐❣s✳✹✳✼✳

❆s ❞✉❛s út✐♠❛s ❢♦r❛♠ t❡st❛❞❛s ✉t✐❧✐③❛♥❞♦ ✉♠ ❧❛s❡r ❞❡ ❍❡✲◆❡✱ s❡♥❞♦ q✉❡ ♦ P❤✲❙❤ ❣❡r♦✉

❝✉r✈❛s ❝♦♠ ✈✐s✐❜✐❧✐❞❛❞❡ ♣ró①✐♠❛s ❞❡ ✶ ❡ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞♦s ♠♦❞♦s ❝r✉③❛♥❞♦ ♦ ✐♥t❡r❢❡rô✲

♠❡tr♦ ✜❝♦✉ ❡♠ t♦r♥♦ ❞❡ ✵✳✹✳ P♦rt❛♥t♦✱ ♦ ❝❛s❛♠❡♥t♦ ❡♥tr❡ ♦s ♠♦❞♦s é ❛ ♣r✐♥❝✐♣❛❧ ❝❛✉s❛

❞❛s ❞✐❢❡r❡♥ç❛s ♥❛s ✈✐s✐❜✐❧✐❞❛❞❡s ♠❡❞✐❞❛s ❡♠ r❡❧❛çã♦ às ♣r❡✈✐sõ❡s t❡ór✐❝❛s✳

✹✳✷ ❊①♣❡r✐♠❡♥t♦ ❝♦♠ ❢♦♥t❡ ❡♠❛r❛♥❤❛❞❛ ❡♠ ♣♦❧❛r✐③❛çã♦

❆ s❡❣✉✐r ✈❛♠♦s ❞❡s❝r❡✈❡r ❛ s❡❣✉♥❞❛ ♠♦♥t❛❣❡♠ q✉❡ ❝♦♥str✉í♠♦s ♣❛r❛ ♠❡❞✐r ♥♦✈❛♠❡♥t❡

❛ ❋❚❋✳ ❊❧❛ tr❛③ ✉♠❛ ✈❛♥t❛❣❡♠ ❡♠ r❡❧❛çã♦ à ♠♦♥t❛❣❡♠ ❛♥t❡r✐♦r ♣♦rq✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦

❤❛✈❡r ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✭▼❛❝❤✲❩❡❤♥❞❡r✱ ❙❛❣❛♥❛❝ ♣♦r ❡①❡♠♣❧♦✮✱ ❡❧✐♠✐♥❛♥❞♦

❛ t❛r❡❢❛ ❞❡ t♦r♥❛r ♦s ❢ót♦♥s ✐♥❞✐st✐♥❣✉í✈❡✐s ❡♠ ❝❛♠✐♥❤♦ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱

é ♣r❡❝✐s♦ q✉❡ ❤❛❥❛ ❡♠❛r❛♥❤❛♠❡♥t♦ t❛♠❜é♠ ♥♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ♣♦❧❛r✐③❛çã♦✳ ❆

❋✐❣✳✹✳✽ ❡①✐❜❡ ❛ ♥♦✈❛ ♠♦♥t❛❣❡♠✳ ❉❡st❛ ✈❡③✱ ❛♦ ✐♥✈és ❞❡ t❡r♠♦s ✉♠ ❝r✐st❛❧ ♥ã♦ ❧✐♥❡❛r ♥❛

❣❡r❛çã♦ ❞♦s ❢ót♦♥s ❣ê♠❡♦s ♣❡❧❛ ❙P❉❈✱ ❡①✐st❡♠ ❞♦✐s ❝r✐st❛✐s ❝♦♠ ❝❛s❛♠❡♥t♦ ❞❡ ❢❛s❡ t✐♣♦

■ ❡ ❝♦♠ ❛s ❞✐r❡çõ❡s ❞♦s ❡✐①♦s ó♣t✐❝♦s ♦rt♦❣♦♥❛✐s ❡♥tr❡ s✐✳ ❊♠ ❬✸✽❪ ❢♦✐ ❞❡♠♦♥str❛❞♦ q✉❡

♥❡ss❛ ❝♦♥✜❣✉r❛çã♦ ❝♦♠ ♦s ❝r✐st❛✐s ❝r✉③❛❞♦s ♦ ❡st❛❞♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❣❡r❛❞♦ é

|Ψ〉 = 1√
2
(|H,H〉+ eiλ |V, V 〉), ✭✹✳✾✮

♦♥❞❡ ♦ ❢❛t♦r ❞❡ ❢❛s❡ eiλ é ♦ ♠❡s♠♦ q✉❡ ❡①✐st❡ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ♣♦❧❛r✐③❛çã♦ ❞♦

❧❛s❡r ❞❡ ❜♦♠❜❡❛♠❡♥t♦ q✉❡ ❣❡r❛♠ ♦s ❢ót♦♥s ❡♠ ❝❛❞❛ ❝r✐st❛❧✳ ❊st❡ é ❡①❛t❛♠❡♥t❡ ♦ t✐♣♦ ❞❡

❡st❛❞♦ ♣ós s❡❧❡❝✐♦♥❛❞♦ ♣❡❧♦ ❡❢❡✐t♦ ❍❖▼ ♥❛ ♠♦♥t❛❣❡♠ ❛♥t❡r✐♦r✳
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❡s❝r❡✈❡r ♦ ❡st❛❞♦ ❞♦ ♣❛r ❞❡ ❢ót♦♥s ♥❛s ✈❛r✐á✈❡✐s ❞❡ ❝❛♠✐♥❤♦ ❡ ♣♦❧❛r✐③❛çã♦ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛

|ψ〉 = 1√
2

∑

m,n

αmn(|mH,nH〉 − |mV, nV 〉). ✭✹✳✶✵✮

◆❛ s❡q✉ê♥❝✐❛ ❤á ✉♠❛ ❧❡♥t❡ ❝✐❧í♥❞r✐❝❛ LC ❡ ❞✉❛s ❧❡♥t❡s Li ♣r♦❥❡t❛♥❞♦ ✉♠❛ ✐♠❛❣❡♠ ❛♠♣❧✐✲

❛❞❛ ❞❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛ ♥♦ ♣❧❛♥♦ ❞♦ ❙▲▼✱ ❛ ✜♠ ❞❡ q✉❡ ❝❛❞❛ ♠♦❞♦ ❞❡ ❢❡♥❞❛ s❡❥❛ tr❛♥s♠✐t✐❞♦

♣♦r ✜❧❡✐r❛s ❞✐❢❡r❡♥t❡s ❞❡ ♣✐①❡❧s ❞❛ t❡❧❛ ❞♦ ❙▲▼✳ ◆❡st❛ ♠♦♥t❛❣❡♠ ✉t✐❧✐③❛♠♦s ✉♠ ❙▲▼ ❞❡

tr❛♥s♠✐ssã♦ ❞❛ ❡♠♣r❡s❛ ▼❡❛❞♦✇❧❛r❦ ♠♦❞❡❧♦ ❉✸✶✷✽ ✭✈❡r ✜❣✉r❛ ❋✐❣✳✹✳✾✮✱ q✉❡ ♥♦✈❛♠❡♥t❡

só ❛t✉❛ ♥❛ ♣♦❧❛r✐③❛çã♦ ❍✳

❋✐❣✉r❛ ✹✳✾✿ ❋♦t♦ ❞♦ ❙▲▼ ❞❛ ❡♠♣r❡s❛ ▼❡❛❞♦✇❧❛r❦✱ ♠♦❞❡❧♦ ❉✸✶✷✽✳

❈♦♠♦ ❛♠❜♦s ♦s ❢ót♦♥s ♣❛ss❛♠ ♣♦r ❡❧❡✱ ❛❣♦r❛ t❡♠♦s ❛ ❧✐❜❡r❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛r ❛♠❜❛s

❛s ♦♣❡r❛çõ❡s Ūs ❡ V̄i ❞✐✈✐❞✐♥❞♦ ❛ t❡❧❛ ❞♦ ❙▲▼ ❡♠ ❞✉❛s ♣❛rt❡s✳ ❊♠ ✉♠ ❞♦s ❜r❛ç♦s ❡stá

♦ P❤✲❙❤ ♣❛r❛ ✐♥tr♦❞✉③✐r ❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ♣♦❧❛r✐③❛çõ❡s H ❡ V ❞♦

❢ót♦♥ ✐❞❧❡r✳ ❆ss✐♠✱ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✹✳✶✵✮ s❡ t♦r♥❛

|ψ〉 = ei2θ√
2

∑

m,n

αmn(e
i(ξm+χn) |mH,nV 〉 − e−i4θ |mV, nH〉). ✭✹✳✶✶✮

❆t❡♥t❛♥❞♦ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❛❣♦r❛ ♦s ♦♣❡r❛❞♦r❡s ❝❛♠♣♦ ❞♦s ❞❡t❡❝t♦r❡s sã♦ ❞❛❞♦s ♣♦r
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E+
1 =

1√
2
(E+

sH + E+
sV ) ❡ E+

2 =
1√
2
(E+

iH + E+
iV ), ✭✹✳✶✷✮

♣♦❞❡♠♦s r❡❛❧✐③❛r ❝á❧❝✉❧♦s s❡♠❡❧❤❛♥t❡s ❛♦s ❛♥t❡r✐♦r❡s ❡ ❡♥❝♦♥tr❛r ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦

♣❛r❛ ❛ ❝♦♥t❛❣❡♠ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s

C =
1

2

∑

m,n

|αmn|2 sin2(
ξm(t) + χn(t) + 4θ

2
). ✭✹✳✶✸✮

◆♦✈❛♠❡♥t❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ✉♠❛ ❍❲P ❡ ✉♠ P❇❙ ♥♦ ❝❛♠✐♥❤♦ ❞❡ ❝❛❞❛ ❢ót♦♥ ♣❛r❛ ❛♣❛❣❛r

❛ ✐♥❢♦r♠❛çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦✱ ❡ ❛s ❧❡♥t❡s Lf ❞✐r❡❝✐♦♥❛♠ ♦s ❢❡✐①❡s ♣❛r❛ ♦s ❞❡t❡❝t♦r❡s✳

❆q✉✐ ✈❡♠♦s ❝❧❛r❛♠❡♥t❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♥t❡r❡ss❛♥t❡✱ ♠❡♥❝✐♦♥❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✱

q✉❡ ❡st❛ ♠♦♥t❛❣❡♠ ♣♦ss✉✐✿ ♦❜té♠✲s❡ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❝♦♥t❛❣❡♠ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s

❡ss❡♥❝✐❛❧♠❡♥t❡ ✐❣✉❛❧ à ❝✉r✈❛ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡r✐✈❛❞❛ ♥❛ ❡q✳✭✸✳✸✮✱ ❡♥tr❡t❛♥t♦✱ ♥ã♦ é ♥❡✲

❝❡ssár✐♦ ✉t✐❧✐③❛r ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❆ ❢♦♥t❡ ❞❡ ❢ót♦♥s ❡♠❛r❛♥❤❛❞♦s ❡♠ ♣♦✲

❧❛r✐③❛çã♦ ♥♦s ♣❡r♠✐t❡ r❡❛❧✐③❛r ❛ ❞❡t❡❝çã♦ ❞✐r❡t❛♠❡♥t❡✱ s❡♠ ♣r❡❝✐s❛r r❡❝♦♠❜✐♥❛r ♦s ❢❡✐①❡s

❡♠ ✉♠ P❇❙ ❝♦♠♦ ♥❛ ♠♦♥t❛❣❡♠ ❛♥t❡r✐♦r✳ ❖ ❡st❛❞♦ ❞♦ ♣❛r ❞❡ ❢ót♦♥s ♥❛ s❛í❞❛ ❞♦ ✐♥t❡r✲

❢❡rô♠❡tr♦ ✭❡q✳✭✹✳✶✶✮✮ ❥á ❡stá ♥❛t✉r❛❧♠❡♥t❡ ♥❛ ❢♦r♠❛ ❞❡ ✉♠ ❡st❛❞♦ ❞❡ s✉♣❡r♣♦s✐çã♦ ❡♥tr❡

❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❡st❛❞♦ ❡✈♦❧✉í❞♦✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡

❞❛ ♣ós✲s❡❧❡çã♦ ❞❡st❛s ❝♦♠♣♦♥❡♥t❡s ♣♦r ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ❞❡ ❝❛♠✐♥❤♦s ❧♦♥❣✐t✉❞✐♥❛✐s✳ ❖

❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ♣♦❧❛r✐③❛çã♦ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡ ❛s ♦♣❡r❛çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦ ❙▲▼

♣r♦❞✉③❡♠ ❛ s✉♣❡r♣♦s✐çã♦ ♥❡❝❡ssár✐❛✳

P❛r❛ ✈❡r✐✜❝❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ♣♦❧❛r✐③❛çã♦✱ ♥ós ❝♦♥✜❣✉r❛♠♦s ♦ ❙▲▼ ✭t❡❧❛ ❝♦♠ ❛

♠❡s♠❛ ❡s❝❛❧❛ ❞❡ ❝✐♥③❛ ♣❛r❛ t♦❞♦s ♦s ♠♦❞♦s ❞❡ ❢❡♥❞❛✮ ❡ ♣♦s✐❝✐♦♥❛♠♦s ❛ ♣❧❛❝❛ ✈❛r✐á✈❡❧

❞♦ P❤✲❙❤ ❞❡ ♠♦❞♦ q✉❡ ♥❡♥❤✉♠❛ ♦♣❡r❛çã♦ s❡❥❛ r❡❛❧✐③❛❞❛✳ ❙❡❣✉✐♥❞♦ ❬✸✾❪✱ ❛♦ ♠❡❞✐r♠♦s

❛s ❝♦✐♥❝✐❞ê♥❝✐❛s ✈❛r✐❛♥❞♦ ❛ ❍❲P✶✱ ❞❡✈❡♠♦s ✈❡r ✉♠❛ ♦s❝✐❧❛çã♦ q✉❛♥❞♦ ❛ ❍❲P✷ ❡stá

❡♠ ✵◦✱ ❡ três ♦✉tr❛s ♦s❝✐❧❛çõ❡s ❞❡s❧♦❝❛❞❛s ❞❡ π✱ π/2 ❡ −π/2 q✉❛♥❞♦ ❛ ❍❲P✷ ❡stá ❡♠

✹✺◦✱ ✷✷✱✺◦ ❡ ✲✷✷✱✺◦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭✐♥t❡r❢❡rê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧✮✳ ❈❛s♦ ♦ ❡st❛❞♦ ♥ã♦ ❡st❡❥❛

❡♠❛r❛♥❤❛❞♦✱ ❛s ♦s❝✐❧❛çõ❡s ♣❛r❛ ❛ ❍❲P✷ ❡♠ ✷✷✱✺◦ ❡ ✲✷✷✱✺◦ ❡st❛r✐❛♠ s✉♣❡r♣♦st❛s ❝♦♠

❛s ♦✉tr❛s ❞✉❛s ✭❝♦rr❡❧❛çã♦ ❝❧áss✐❝❛✮✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s sã♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✳✹✳✶✵✳

❱❡♠♦s q✉❡ ❛s ♦s❝✐❧❛çõ❡s ♥❛s ❝♦♥t❛❣❡♥s ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s ♦❜t✐❞❛s ✈❛r✐❛♥❞♦ ♦ â♥❣✉❧♦ θ1

❞❛ ❍❲P✶ s❡ ❞❡s❧♦❝❛♠✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ â♥❣✉❧♦ ✜①♦ θ2 ❞❛ ❍❲P✷✳ ■st♦ ✐♥❞✐❝❛ q✉❡ ❛

✐♥t❡r❢❡rê♥❝✐❛ é ❝♦♥❞✐❝✐♦♥❛❧ ❡ q✉❡ ♦ ❡st❛❞♦ é ❡♠❛r❛♥❤❛❞♦ ❡♠ ♣♦❧❛r✐③❛çã♦❬✸✾❪✳

P❛r❛ t❡st❛r ❛ ❝♦rr❡❧❛çã♦ ❡s♣❛❝✐❛❧ ❡♥tr❡ ♦s ♠♦❞♦s ❞❡ ❢❡♥❞❛ ❡ ✈❡r✐✜❝❛r ♥♦✈❛♠❡♥t❡ s❡ ♦ ❡st❛❞♦

❣❡r❛❞♦ s❡ ❛♣r♦①✐♠❛ ❞♦ ▼❊❙✱ ❛❝r❡s❝❡♥t❛♠♦s ❞✉❛s ❢❡♥❞❛s s✐♠♣❧❡s ❧♦❣♦ ❛♣ós ♦ ❙▲▼✱ ♦♥❞❡

❡stá ❛ ✐♠❛❣❡♠ ❞❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛ ♣r♦❥❡t❛❞❛✳ ❈❛❞❛ ❢❡♥❞❛ ❡stá ♥♦ ❝❛♠✐♥❤♦ ❞❡ ✉♠ ❞♦s

❢ót♦♥s ❡ ♣♦❞❡ s❡r ✈❛rr✐❞❛ ✈❡rt✐❝❛❧♠❡♥t❡✱ ♣❡r♠✐t✐♥❞♦ s❡❧❡❝✐♦♥❛r ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❞❡ ❢❡♥❞❛
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❋✐❣✉r❛ ✹✳✶✵✿ ❱❡r✐✜❝❛çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ♣♦❧❛r✐③❛çã♦ ❞♦ ❡st❛❞♦ ❣❡r❛❞♦✳ ❆s
❝♦✐♥❝✐❞ê♥❝✐❛s sã♦ ♦❜t✐❞❛s ❡♠ ❢✉♥çã♦ ❞♦ â♥❣✉❧♦ θ1 ❞❛ ❍❲P✶ ♣❛r❛ ❞✐❢❡r❡♥t❡s ♣♦s✐çõ❡s ❞❡

θ2 ❞❛ ❍❲P✷✳

♣❛r❛ s❡r ❛❝♦♣❧❛❞♦ ♥❛ ✜❜r❛ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✜③❡♠♦s ♥♦ ❡①♣❡r✐♠❡♥t♦ ❛♥t❡r✐♦r✳ ❆ss✐♠

♣✉❞❡♠♦s ♠❛✐s ✉♠❛ ✈❡③ ♠❡❞✐r ❛s ❝♦♥t❛❣❡♥s r❡❧❛❝✐♦♥❛❞❛s ❛ |αmn|2 ❡ ♦❜t❡r ❛s ♣♦♣✉❧❛çõ❡s

❞❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s✱ ❝♦♥❢♦r♠❡ ♠♦str❛♠ ❛s ❋✐❣s✳✹✳✶✶ ❛✮✱ ❜✮ ❡ ❝✮✳ ➱ ♣♦ssí✈❡❧ ♥♦t❛r

✉♠❛ ♠❡❧❤♦r❛ ❝♦♥s✐❞❡rá✈❡❧ ♥❛ ❞✐str✐❜✉✐çã♦ ❞♦s t❡r♠♦s ♥❛ ❛♥t✐❞✐❛❣♦♥❛❧ ❝♦♠♣❛r❛♥❞♦ ❝♦♠

♦ r❡s✉t❛❞♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳

❖s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ♠❡❞✐çã♦ ❞❛ ❋❚❋ sã♦ ♠♦str❛❞♦s ♥❛s ❋✐❣s✳✹✳✶✷ ❛✮✱ ❜✮ ❡ ❝✮ ♣❛r❛ ❞♦✐s

q✉❜✐ts ✭d = 2✮ ❡ ♣❛r❛ ❞♦✐s q✉❞✐ts ✭d = 3 ❡ d = 4✮✳ ◆♦✈❛♠❡♥t❡ ♦s ❞❛❞♦s ❢♦r❛♠ ❛❥✉st❛❞♦s

❛tr❛✈és ❞❛ ❡①♣r❡ssã♦ C = A(1 − v cos[4θ + c])✱ ❡ ♦s ♣❛râ♠❡tr♦s ♣❛r❛ ❝❛❞❛ ❛❥✉st❡ sã♦

♠♦str❛❞♦s ♥❛ t❛❜❡❧❛ ✹✳✷✳

t = 0 t = 0.5 t = 1

P❛râ♠❡tr♦s d = 2

A (3360± 24) (3500± 14) (3846± 24)

v (0.581± 0.009) (0.076± 0.006) (0.502± 0.008)

c (2± 1) (148± 4) (185± 1)

d = 3

A (4832± 37) (4893± 5) (5103± 32)

v (0.59± 0.01) (0.110± 0.005) (0.480± 0.008)

c (44± 1) −(35± 3) (172± 1)

d = 4

A (6026± 36) (6214± 17) (6323± 26)

v (0.698± 0.007) (0.126± 0.004) (0.644± 0.005)

c (17.7± 0.7) −(42± 2) (107.2± 0.5)

❚❛❜❡❧❛ ✹✳✷✿ ❱❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❛❥✉st❡ ♣❛r❛ ♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛s
❋✐❣s✳✹✳✶✷✳

❉❡st❛ ✈❡③ ♦s ❝á❧❝✉❧♦s ♣❛r❛ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ❞❡ ❢❛s❡ ❡♥tr❡ ❛s ❝✉r✈❛s ❡♠ t = 0 ❡ t = 1

r❡s✉❧t❛r❛♠ ❡♠ (183 ± 1)◦✱ (128 ± 1)◦ ❡ (91.5 ± 0.8)◦ ♣❛r❛ ♦s q✉❜✐ts✱ ♦s q✉tr✐ts ❡ ♦s
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❋✐❣✉r❛ ✹✳✶✶✿ P♦♣✉❧❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s ♣❛r❛ ❛✮ ❞♦✐s q✉❜✐ts✱ ❜✮ ❞♦✐s q✉tr✐ts
❡ ❝✮ ❞♦✐s q✉q✉❛rts✳

q✉q✉❛rts✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✈❛❧♦r❡s ♣ró①✐♠♦s ❞❛ ♣r❡✈✐sã♦ t❡♦r✐❝❛ ❞❡ 2π/d✳ ❖ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❞❛s ❝✉r✈❛s s❡ r❡♣❡t✐✉ ❝♦♠♦ ❡s♣❡r❛❞♦✱ ❛t✐♥❣✐♥❞♦ ✉♠❛ ✈✐s✐❜✐❧✐❞❛❞❡ ♣ró①✐♠❛ ❞❡ ✵

♣❛r❛ t = 0.5 ❡ ♣ró①✐♠❛ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ t = 1✳ ❈♦♥t✉❞♦✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ✉♠❛

♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛ ❞❛ ✈✐s✐❜✐❧✐❞❛❞❡ ❡ ❞❛ r❡❧❛çã♦ s✐♥❛❧✴r✉í❞♦ ❞❡ t♦❞❛s ❛s ❝✉r✈❛s ❡♠ r❡❧❛✲

çã♦ àq✉❡❧❛s ❞❛ ❋✐❣✳✹✳✼✳ ◆❡st❡ ❡①♣❡r✐♠❡♥t♦ ♦ ❢❛t♦r ❧✐♠✐t❛♥t❡ ♣❛ss❛ ❛ s❡r ❛ ✏q✉❛❧✐❞❛❞❡✑ ❞♦

❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ♣♦❧❛r✐③❛çã♦ ❛♦ ✐♥✈és ❞❛ ❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❞♦s ♠♦❞♦s ❧♦♥❣✐t✉❞✐♥❛✐s ❡

tr❛♥s✈❡rs❛✐s ♥❛ s❛í❞❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦♥❛ ♠♦♥t❛❣❡♠ ❛♥t❡r✐♦r✳ ❆ ✈✐s✐❜✐❧✐❞❛❞❡ ❞❛s ❝✉r✈❛s

♠❡❞✐❞❛s ♥❛s ❜❛s❡s ♦rt♦❣♦♥❛✐s ♥♦ t❡st❡ ❞❡ ❇❡❧❧ ❛♣r❡s❡♥t❛r❛♠ ✈❛❧♦r❡s ❡♠ t♦r♥♦ ❞❡ ✻✽✪

♣❛r❛ θ2 = 22, 5◦ ❡ θ2 = −22, 5◦✱ ♦ q✉❡ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦s ✈❛❧♦r❡s ❞❛s ✈✐s✐❜✐❧✐❞❛❞❡ ❞❛s

❝✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ♠❡❞✐r ❛ ❋❚❋ ✭❋✐❣✳ ✹✳✶✷✮✳
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❋✐❣✉r❛ ✹✳✶✷✿ ❉❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞♦s ♣❛❞rõ❡s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ❛✮ ♦ ❡st❛❞♦ ❞❛
❋✐❣✳✹✳✶✶❛✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✼✮✱ ❜✮ ♦ ❡st❛❞♦ ❞❛ ❋✐❣✳✹✳✶✶❜✮ s♦❜ ❛ tr❛♥s✲
❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✽✮ ❡ ❝✮ ♦ ❡st❛❞♦ ❞❛ ❋✐❣✳✹✳✶✶❝✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✾✮✳
❚♦❞♦s ♦s ❣rá✜❝♦s ❡①✐❜❡♠ ❛s ❝♦♥t❛❣❡♥s ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s ❡ ♦s ❛❥✉st❡s ♣❛r❛ ♦s três ✈❛❧♦r❡s
❞❡ t✿ t = 0 ✭q✉❛❞r❛❞♦s ❡ ❧✐♥❤❛ ♣r❡t♦s✮✱ t = 0.5 ✭❝ír❝✉❧♦s ❡ ♣♦♥t✐❧❤❛❞♦ ✈❡r♠❡❧❤♦s✮ ❡ t = 1

✭tr✐â♥❣✉❧♦s ❡ tr❛❝❡❥❛❞♦ ❛③✉✐s✮✳
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❈♦♥❝❧✉sã♦

■♥✐❝✐❛♠♦s ❡st❛ t❡s❡ r❡✈✐s❛♥❞♦ ❝♦♠♦ sã♦ ❛s r❡♣r❡s❡♥t❛çõ❡s ❣❡♦♠étr✐❝❛s ♣❛r❛ ♦s ❡st❛❞♦s

q✉â♥t✐❝♦s ❞❡ ✉♠ ❡ ❞❡ ❞♦✐s q✉❜✐ts✱ ❡ ❝♦♠♦ ♦❜t❡r ❛s ❢❛s❡s ❛❞q✉✐r✐❞❛s ♣♦r ❡❧❡s ❛♦ s♦❢r❡r❡♠

✉♠❛ ❡✈♦❧✉çã♦✳ ❱✐♠♦s q✉❡ ❡ss❛s ❢❛s❡s ♣♦❞❡♠ tr❛③❡r ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❞✐♥â♠✐❝❛ ❝♦♠

♦r✐❣❡♠ ♥♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ ❞❡s❝r❡✈❡ ❛ ❡✈♦❧✉çã♦✱ ❡ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦

❣❡♦♠étr✐❝❛ ❝♦♠ ♦r✐❣❡♠ ♥♦ ❝❛♠✐♥❤♦ tr❛ç❛❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣r♦❥❡t✐✈♦ q✉❛♥❞♦ ♦❝♦rr❡

❛ ❡✈♦❧✉çã♦✳ ❱✐♠♦s t❛♠❜é♠ q✉❡ ♣♦❞❡ s✉r❣✐r ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ♥❛t✉r❡③❛ t♦♣♦❧ó❣✐❝❛ ♣❛r❛

♦ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❜✐ts ❝❛s♦ ❡❧❡ s❡❥❛ ❡♠❛r❛♥❤❛❞♦✳ ❋♦✐ ♣♦ssí✈❡❧ ❝♦♠♣r❡❡♥❞❡r ♠❡❧❤♦r ❛

♦r✐❣❡♠ ❞❛s ❢❛s❡s ❣❡♦♠étr✐❝❛ ❡ t♦♣♦❧ó❣✐❝❛ ❥✉st❛♠❡♥t❡ ❛♦ ♦❧❤❛r♠♦s ♣❛r❛ ❛s r❡♣r❡s❡♥t❛çõ❡s

❣❡♦♠étr✐❝❛s✳ P❛r❛ ✉♠ q✉❜✐t t❡♠♦s ❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤✱ ❡ ❛ ❢❛s❡ ❣❡♦♠étr✐❝❛ s✉r❣❡ q✉❛♥❞♦ ♦

✈❡t♦r ❞❡ ❇❧♦❝❤ s❡ ❞❡s❧♦❝❛ ♥❛ ❡s❢❡r❛✳ P❛r❛ ❞♦✐s q✉❜✐ts ❛❧❣♦ s❡♠❡❧❤❛♥t❡ ♦❝♦rr❡ s❡ ♦ ❡st❛❞♦

❢♦r ♣r♦❞✉t♦✱ ❥á q✉❡ t❡♠♦s ✉♠❛ ❡s❢❡r❛ ❞❡ ❇❧♦❝❤ r❡♣r❡s❡♥t❛♥❞♦ ❝❛❞❛ q✉❜✐t✳ P♦ré♠✱ q✉❛♥❞♦

♦ ❡st❛❞♦ é ❡♠❛r❛♥❤❛❞♦✱ t❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛❞❛ ♣❡❧❛ ❜♦❧❛ ❞❡ ❇❧♦❝❤ ❡ ♣❡❧❛ ❜♦❧❛ ❙❖✭✸✮✳

❊st❛ ú❧t✐♠❛ ♣♦ss✉✐ ✉♠❛ t♦♣♦❧♦❣✐❛ ♥ã♦ tr✐✈✐❛❧ ♣♦r s❡r ✉♠ ❡s♣❛ç♦ ♥ã♦✲s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱

❞❡ ♠♦❞♦ q✉❡ ❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛ s✉r❣❡ q✉❛♥❞♦ ❛ ❡✈♦❧✉çã♦ ❞❡✜♥❡ ✉♠ ❝❛♠✐♥❤♦ q✉❡ ✏❡♥①❡r❣❛✑

❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ▼♦str❛♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❢❛s❡ t♦♣♦❧ó❣✐❝❛ ♣❛r❛ s✐st❡♠❛s ❜✐♣❛rt✐❞♦s

❞❡ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ❛♦ ❝❛❧❝✉❧❛r♠♦s ❛ ❋❚❋✱ ❝✉❥❛ ♦r✐❣❡♠ ❛ss♦❝✐❛♠♦s ❛♦ ❡s♣❛ç♦ ♥ã♦✲

s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❞❛s ♠❛tr✐③❡s ❙❯✭d✮ ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦ S′ = e2lπ/dS✳ ❉❡ ❢❛t♦✱

q✉❛♥❞♦ d = 2✱ ❛ ❞✉♣❧❛ ❝♦♥❡①✐❞❛❞❡ ❞❡ ❙❖✭✸✮ s❡ r❡✢❡t❡ ♥♦ ❛t♦ ❞❡ ✐❣✉❛❧❛r♠♦s ❛s ♠❛tr✐③❡s

S ❡ −S ♣❡rt❡♥❝❡♥t❡s ❛ ❙❯✭✷✮✳

❊♠ s❡❣✉✐❞❛ ♠♦str❛♠♦s ✉♠❛ ❢♦r♠❛ ♣♦ssí✈❡❧ ❞❡ s❡ ♠❡❞✐r ❛ ❋❚❋✳ ❊❧❛ ♣r❡❝✐s❛ ❛♣❛r❡❝❡r ❝♦♠♦

✉♠❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s q✉❡ ✐♥t❡r❢❡r❡♠ ♣❛r❛ s❡r ♣❡r❝❡❜✐❞❛✱ ❛ss✐♠ ❝♦♠♦ ❝♦♠

q✉❛❧q✉❡r ♦✉tr❛ ❢❛s❡ q✉❡ s❡ ❞❡s❡❥❛ ♦❜s❡r✈❛r✳ ❈♦♥s✐❞❡r❛♠♦s ❡♥tã♦ ❡✈♦❧✉çõ❡s ❧♦❝❛✐s ❝❛♣❛③❡s

❞❡ ❡①♣❧♦r❛r ❛ ♠✉❧t✐♣❧❛ ❝♦♥❡①✐❞❛❞❡ ❞❛s ♠❛tr✐③❡s ❙❯✭d✮ s✉❥❡✐t❛s à r❡❣r❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦

♠❡♥❝✐♦♥❛❞❛✱ s❡♥❞♦ q✉❡ ✉t✐❧✐③❛♠♦s ❛s ❢❛s❡s ξm ❡ χn ❡♠ ❢✉♥çã♦ ❞♦ ♣❛râ♠❡tr♦ t ♣❛r❛

❞❡s❝r❡✈ê✲❧❛s✳ ❈❤❡❣❛♠♦s ❛ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❝✉r✈❛ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ I ❡♥tr❡ ♦ ❡st❛❞♦

✺✾



❈❛♣ít✉❧♦ ✺✳ ❈♦♥❝❧✉sã♦ ✻✵

tr❛♥s❢♦r♠❛❞♦ ❡ ✉♠ ❡st❛❞♦ ✐♥❝✐❛❧ ♣r❡♣❛r❛❞♦ ✐❞❡♥t✐❝❛♠❡♥t❡✱ ❡①♣r❡ssã♦ ❡ss❛ q✉❡ é ❢✉♥çã♦

❞❛s ❢❛s❡s ξm ❡ χn✱ ❞♦s ❝♦❡✜❝✐❡♥t❡s αmn q✉❡ ❞❡t❡r♠✐♥❛♠ ♦ ❡st❛❞♦✱ ❡ ❞❡ ✉♠❛ ❢❛s❡ ∆φ✳ ❊st❛

ú❧t✐♠❛ ❢♦✐ ✉t✐❧✐③❛❞❛ ❝♦♠♦ ♣❛râ♠❡♥tr♦ ❞❡ ✈❛rr❡❞✉r❛ ♣❛r❛ ♦❜t❡♥çã♦ ❞❛s ❝✉r✈❛s ❡s♣❡r❛❞❛s

✉♠❛ ✈❡③ ❡s♣❡❝✐✜❝❛❞♦s ❛s ❡✈♦❧✉çõ❡s ❡ ♦ ❡st❛❞♦✳ P❛r❛ ❡st❡ tr❛❜❛❧❤♦ ❡s❝♦❧❤❡♠♦s ✉♠ ❡①❡♠♣❧♦

♣❛r❛ ❢✉♥çõ❡s ξm ❡ χn ❡ ♦s ❡st❛❞♦s ▼❊❙ ♣❛r❛ ❛s ❞✐♠❡♥sõ❡s ✷✱ ✸ ❡ ✹✳

P❛r❛ ♠❡❞✐r ❛ ❋❚❋ ❝♦♥str✉í♠♦s ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ó♣t✐❝♦ ✉t✐❧✐③❛♥❞♦ ♦s ❢❡✐①❡s ❞❡ ❢ót♦♥s

❣❡r❛❞♦s ♥❛ ❙P❉❈ ❝♦♠♦ ❢♦♥t❡ ♣❛r❛ ❛ ♣r❡♣❛r❛çã♦ ❞♦ ❡st❛❞♦ q✉â♥t✐❝♦✳ ❉❡✈✐❞♦ à ❝♦♥s❡r✈❛✲

çã♦ ❞❡ ♠♦♠❡♥t♦ tr❛♥s✈❡rs❛❧✱ ♦s ❢❡✐①❡s ❣❡r❛❞♦s sã♦ ❡♠❛r❛♥❤❛❞♦s ♥❡ss❡ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✳

❖ ✈❡t♦r ❞❡ ❡st❛❞♦ q✉❡ ❞❡s❝r❡✈❡ ♦ ♣❛r é ❢✉♥çã♦ ❞♦ ♣❡r✜❧ ❞♦ ❝❛♠♣♦ ❞♦ ❧❛s❡r q✉❡ ♣r♦♠♦✈❡

❛ ❙P❉❈✳ ❉❡ss❛ ❢♦r♠❛✱ q✉❛♥❞♦ ♦s ❢❡✐①❡s ❞❡ ♣❛r❡s ❞❡ ❢ót♦♥s ✐♥❝✐❞❡♠ ❡♠ ✉♠❛ ❢❡♥❞❛ ♠ú❧✲

t✐♣❧❛ é ♣♦ssí✈❡❧ ♣r❡♣❛r❛r ♦ ❡st❛❞♦ ❢♦tô♥✐❝♦ ♥♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧✱

s❡♥❞♦ q✉❡ ❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s ✭♦✉ ❞❡ ♠♦♠❡♥t♦ tr❛♥s✈❡rs❛❧✮ sã♦ ❝♦♥tr♦❧❛❞❛s ♣♦r ✉♠❛

❧❡♥t❡ q✉❡ ♠❛♥✐♣✉❧❛ ♦ ♣❡r✜❧ ❞♦ ❧❛s❡r ❞❡ ❜♦♠❜❡❛♠❡♥t♦ ♥♦ ♣❧❛♥♦ ❞❛s ❢❡♥❞❛s✳ ❚❡♠♦s ❛ss✐♠

✉♠❛ ❜❛s❡ ❞✐s❝r❡t❛ ♥❛ q✉❛❧ ❡①♣❛♥❞✐♠♦s ♦ ❡st❛❞♦✱ ❡ ♦ í♥❞✐❝❡ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ é

❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❢❡♥❞❛ ❞❛ ❢❡♥❞❛ ♠ú❧t✐♣❧❛✳ ❆♣ós ♦s ❢❡✐①❡s s❡r❡♠ tr❛♥s♠✐t✐❞♦s ♣❡❧❛ ❢❡♥❞❛

♠ú❧t✐♣❧❛ ♠❛♥t✐✈❡♠♦s ♦s ❝❛♠✐♥❤♦s tr❛♥s✈❡rs❛✐s ❜❡♠ ❞❡✜♥✐❞♦s ❞✉r❛♥t❡ ❛ ♣r♦♣❛❣❛çã♦ ❞♦

❢❡✐①❡ ❛té ♦ ❙▲▼ ♣♦s✐❝✐♦♥❛❞♦ ❞❡♥tr♦ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦✳ ❋✐③❡♠♦s ✐ss♦ ✉t✐❧✐③❛♥❞♦ ❧❡♥t❡s

♣❛r❛ ♣r♦❥❡t❛r ❛ ✐♠❛❣❡♠ ❞♦ ♣❧❛♥♦ ❞❛ ❢❡♥❞❛ ♥♦ ♣❧❛♥♦ ❞♦ ❙▲▼✳ ❈♦♠ ♦s ♠♦❞♦s ❞❡ ❢❡♥❞❛

❜❡♠ ❞❡✜♥✐❞♦s ♥♦ ♣❧❛♥♦ ❞♦ ❙▲▼ ♣♦❞❡♠♦s ♠♦❞✉❧❛r ❛ ❢❛s❡ ❞❛ ❢r❡♥t❡ ❞❡ ♦♥❞❛ ❞❡ ❝❛❞❛

♠♦❞♦ s❡♣❛r❛❞❛♠❡♥t❡ ❣r❛ç❛s à ❡str✉t✉r❛ ♣✐①❡❧❛❞❛ ❞❛ t❡❧❛ ❞♦ ♠♦❞✉❧❛❞♦r✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡

♠♦❞✉❧❛ ❛♣❡♥❛s ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞❛ ❧✉③ ✐♥❝✐❞❡♥t❡✱ ♦ q✉❡ ❢♦✐ ✐♠♣r❡s❝✐♥❞í✈❡❧

♣❛r❛ ❝♦♥s❡❣✉✐r♠♦s ❛♣❧✐❝❛r ❛s ♦♣❡r❛çõ❡s ❞❡ ❢❛s❡ ❧♦❝❛❧♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❡st❡ ❣r❛✉ ❞❡ ❧✐❜❡r✲

❞❛❞❡ ❝♦♠♦ ❛✉①✐❧✐❛r✳ ❖ ❙▲▼ ❢♦✐ ❡♥tã♦ ♣r♦❣r❛♠❛❞♦ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❛s ♦♣❡r❛çõ❡s ❙❯✭d✮

q✉❡ ❧❡✈❛♠ ❛♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❛ ❋❚❋✱ ❡♥q✉❛♥t♦ ♦ P❤✲❙❤ ✐♥tr♦❞✉③✐✉ ❛ ❢❛s❡ ❞❡ ✈❛rr❡❞✉r❛

✉t✐❧✐③❛❞❛ ♣❛r❛ ❝♦♥str✉✐r ❛s ❝✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛✳ ❊st❛ ♣♦r s✉❛ ✈❡③ só ♦❝♦rr❡ s❡ ❤♦✉✈❡r

✉♠❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❡♥tr❡ ♦s ❢❡✐①❡s q✉❡ s❡ r❡❝♦♠❜✐♥❛♠ ♥❛ s❛í❞❛ ❞♦ ✐♥t❡r❢❡rô♠❡tr♦✱ ❞❡

♠♦❞♦ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ♥♦ t❡♠♣♦ ❞❡ ♣r♦♣❛❣❛çã♦ ❞♦s ❢❡✐①❡s ❞❡s❞❡ ❛ ❣❡r❛çã♦ ❛té ❛ r❡❝♦♠❜✐✲

♥❛çã♦ ♣r❡❝✐s❛ s❡r ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❞♦s ✜❧tr♦s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞♦s

♥❛ ❞❡t❡❝çã♦✳ P♦r ✐ss♦ ✉t✐❧✐③❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❧❛❝❛s ❞❡ q✉❛rt③♦ ❡ ✉♠ ✐♥t❡r❢❡rô♠❡tr♦

❞♦ t✐♣♦ ❙❛❣♥❛❝✱ ❡ ✈❡r✐✜❝❛♠♦s ❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❛tr❛✈és ❞♦ ❡❢❡✐t♦ ❍❖▼✳

❱✐♠♦s q✉❡ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ ❞♦✐s ❢ót♦♥s ✈✐st❛ ♥❛ ❝♦♥t❛❣❡♠ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛s ❡①✐❜❡ ♦

♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♣r❡✈✐st♦ t❡♦r✐❝❛♠❡♥t❡ ♣❛r❛ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❡♥tr❡ ♦ ❡st❛❞♦ tr❛♥s✲

❢♦r♠❛❞♦ ❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ✐❞❡♥t✐❝❛♠❡♥t❡ ♣r❡♣❛r❛❞♦✳ ❉❡st❛ ❢♦r♠❛ ❢♦✐ ♣♦ssí✈❡❧ ♠❡❞✐r ❛

❋❚❋ ❛tr❛✈és ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ ❢❛s❡ ❡♥tr❡ ❛s ❝✉r✈❛s ♦❜t✐❞❛s ♥♦ ✐♥í❝✐♦ ❡ ♥♦ ✜♠ ❞❛ ❡✈♦✲

❧✉çã♦✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❢♦r❛♠ (182 ± 7)◦✱ (126 ± 3)◦ ❡ (94 ± 3)◦ ♣❛r❛ ❞♦✐s q✉❜✐ts✱

❞♦✐s q✉tr✐ts ❡ ❞♦✐s q✉q✉❛rts✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ✈❛❧♦r❡s ✜❝❛r❛♠ ♣ró①✐♠♦ ❞♦ ♣r❡✈✐st♦

❞❡ 2π/d✱ ❞❡♠♦♥str❛♥❞♦ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❋❚❋ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡st❛❞♦✳ ❘❡❛❧✐③❛♠♦s

❛✐♥❞❛ ✉♠ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦ ♦♥❞❡ ❤♦✉✈❡ ✉♠❛ ♠❡❧❤♦r❛ ❝♦♥s✐❞❡rá✈❡❧ ♥❛ q✉❛❧✐❞❛❞❡ ❞❛s



❈❛♣ít✉❧♦ ✺✳ ❈♦♥❝❧✉sã♦ ✻✶

❝✉r✈❛s✳ ◆♦✈❛♠❡♥t❡ ✉t✐❧✐③❛♠♦s ❛ ❙P❉❈ ❝♦♠♦ ❢♦♥t❡ ❞❡ ❢ót♦♥s✱ ♣♦ré♠ ❤❛✈✐❛♠ ❞♦✐s ❝r✐st❛✐s

❡♠♣❛r❡❧❤❛❞♦s ❡ ❝♦♠ ♦s ❡✐①♦s ó♣t✐❝♦s ♦rt♦❣♦♥❛✐s ❡♥tr❡ s✐ ♣❛r❛ ❣❡r❛r ♦s ❢❡✐①❡s✳ ❈♦♠ ❡st❛

❝♦♥✜❣✉r❛çã♦ ❥✉♥t♦ à ❢❡♥❞❛ ♠ú❧t✐♣❧❛✱ ♦ ❡st❛❞♦ ✜❝❛ ❡♠❛r❛♥❤❛❞♦ ♥ã♦ só ❡♠ ❝❛♠✐♥❤♦ tr❛♥s✲

✈❡rs❛❧✱ ♠❛s t❛♠❜é♠ ❡♠ ♣♦❧❛r✐③❛çã♦✳ ■ss♦ ♥♦s ♣❡r♠✐t✐✉ r❡♣r♦❞✉③✐r ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ s❡♠

♣r❡❝✐s❛r ❞❡ ✉♠ ✐♥t❡r❢❡rô♠❡tr♦ ❧♦♥❣✐t✉❞✐♥❛❧✱ s❡♥❞♦ q✉❡ ❛ q✉❛❧✐❞❛❞❡ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦

❡♠ ♣♦❧❛r✐③❛çã♦ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❛♥á❧♦❣♦ ❛♦ ❞❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ♥♦ ❡①♣❡r✐♠❡♥t♦

❛♥t❡r✐♦r ♥♦ s❡♥t✐❞♦ ❞❡ ✈✐❛❜✐❧✐③❛r ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ ❞♦✐s ❢ót♦♥s✳ ❖ ❝❛s❛♠❡♥t♦ ❞♦s ♠♦❞♦s

tr❛♥s✈❡rs❛✐s ♥♦ ✐♥t❡r❢❡rô♠❡tr♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❢♦✐ ✉♠ ❣r❛♥❞❡ ❢❛t♦r ❧✐♠✐t❛♥t❡ ♣❛r❛ ❛ ✈✐s✐❜✐❧✐✲

❞❛❞❡ ❞❛s ❝✉r✈❛s ♥♦ ♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦✱ ❡ ♣♦r ✐ss♦ ♦❜t✐✈❡♠♦s ✉♠❛ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛

❞❛ ✈✐s✐❜✐❧✐❞❛❞❡ ❡ ❞❛ r❡❧❛çã♦ s✐♥❛❧✴r✉í❞♦ ♥❛ s❡❣✉♥❞❛ ♠♦♥t❛❣❡♠✳ ❖s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣❛r❛

❛ ♠❡❞✐çã♦ ❞❛ ❋❚❋ ❢♦r❛♠ (183± 1)◦✱ (128± 1)◦ ❡ (91.5± 0.8)◦✱ ♥♦✈❛♠❡♥t❡ ♣ró①✐♠♦s ❞♦s

❡s♣❡r❛❞♦✳
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❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ♣♦rssí✈❡✐s ❞❡s❞♦❜r❛♠❡♥t♦s ❞♦ tr❛❜❛❧❤♦ ❢❡✐t♦ ♥❡st❛ t❡s❡

q✉❡ ♣♦❞❡♠ s❡r ❡①♣❧♦r❛❞♦s ❢✉t✉r❛♠❡♥t❡✳ Pr✐♠❡✐r♦ ♣♦❞❡♠♦s ❝♦♠♣❛r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛s ❝✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ♦ ❡st❛❞♦ ♣r♦❞✉t♦ ❝♦♠ ♦ q✉❡ ✈✐♠♦s ♥❛ s❡çã♦

✸✳✷✳ ◆❡st❡ ❝❛s♦✱ ♦s ❡st❛❞♦s ♣❛r❛ ❛s ❞✐♠❡♥sõ❡s ❝♦♥s✐❞❡r❛❞❛s sã♦

|ψ〉 =1

2
(|1〉+ |2〉)⊗ (|1〉+ |2〉) (d = 2) ✭✻✳✶✮

|ψ〉 =1

3
(|1〉+ |2〉+ |3〉)⊗ (|1〉+ |2〉+ |3〉) (d = 3) ✭✻✳✷✮

|ψ〉 =1

4
(|1〉+ |2〉+ |3〉+ |4〉)⊗ (|1〉+ |2〉+ |3〉+ |4〉) (d = 4) ✭✻✳✸✮

♦✉ s❡❥❛✱ αm,n = 1/d✳ ❆s ❝✉r✈❛s ♣r❡✈✐st❛s sã♦ ♠♦str❛❞❛s ♥❛ ❋✐❣✳✻✳✶✳ ❊♠ ❝♦♥tr❛st❡ ❝♦♠

❛ ❋✐❣✳✸✳✹✱ ♣❛r❛ ♦ ❡st❛❞♦ ♣r♦❞✉t♦✱ ❛s ❢r❛♥❥❛s ♥✉♥❝❛ ❞❡s❛♣❛r❡❝❡♠ ❡♠ t = 1/2✳ ❆s ♠❡s♠❛s

♦♣❡r❛çõ❡s ♥ã♦ ❧❡✈❛♠ ♦ ❡st❛❞♦ ❛ ♣❛ss❛r ♣♦r ✉♠❛ ❡✈♦❧✉çã♦ ❝í❝❧✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ ✈✐s✐❜✐❧✐❞❛❞❡

♠á①✐♠❛ ♥ã♦ é r❡❝✉♣❡r❛❞❛✳ P♦ré♠✱ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❡♥tr❡ ❛s ❝✉r✈❛s ❝♦♥t✐♥✉❛ s❡♥❞♦ 2π/d

✭❡①❝❡t♦ ♣❛r❛ ❞❂✷✱ ♦♥❞❡ ♦ ❡st❛❞♦ ✜♥❛❧ é ♦rt♦❣♦♥❛❧ ❛♦ ✐♥✐❝✐❛❧✮✱ ❛♣❡s❛r ❞❡ s✉❛ ♦r✐❣❡♠ ♥ã♦

s❡r t♦♣♦❧ó❣✐❝❛✶✳

❆ ✜♠ ❞❡ ♦❜s❡r✈❛r♠♦s t❛♠❜é♠ ♦ ❡❢❡✐t♦ ❞❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ✈❛♠♦s ❝♦♥✲

s✐❞❡r❛r ❛ s✐t✉❛çã♦ ❡♠ q✉❡ ❛♣❡♥❛s ❞♦✐s ♠♦❞♦s ❞♦s q✉tr✐ts sã♦ ♦♣❡r❛❞♦s ❝♦♠♦ s❡ ❢♦ss❡♠

✉♠ q✉❜✐t ❡ ❝♦♠♣❛r❛r s✉❛ ❡✈♦❧✉çã♦ ❝♦♠ ✉♠ ♣❛r ❞❡ q✉❜✐ts✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ tr❛♥s❢♦r♠❛çã♦

♣❛r❛ ♦s q✉tr✐ts s❡rá

✶❆q✉✐ ♦❝♦rr❡ ❛❧❣♦ s❡♠❡❧❤❛♥t❡ à s✐t✉❛çã♦ ❝♦♥❢✉s❛ ❝✐t❛❞❛ ♥♦ ú❧t✐♠♦ ♣❛rá❣r❛❢♦ ❞❛ s✉❜s❡çã♦ ✷✳✶✳✶✳

✻✷
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d=2

d=3

d=4

a)

b)

c)

{
{

❋✐❣✉r❛ ✻✳✶✿ ❈✉r✈❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ❛✮ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✻✳✶✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦
❞❛s ❡qs✳✭✸✳✼✮✱ ❜✮ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✻✳✷✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✽✮✱ ❡ ❝✮ ♦ ❡st❛❞♦
❞❛ ❡q✳✭✻✳✸✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✸✳✾✮✳ ❚♦❞♦s ♦s ❣rá✜❝♦s ❡①✐❜❡♠ ❛s ❝✉r✈❛s ♣❛r❛
três ✈❛❧♦r❡s ❞❡ t✿ t = 0 ✭♣r❡t♦✮✱ t = 0.5 ✭✈❡r♠❡❧❤♦ ♣♦♥t✐❧❤❛❞♦✮ ❡ t = 1 ✭❛③✉❧ tr❛❝❡❥❛❞♦✮✳
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ξ1 = χ2 =
π

2
t

ξ2 = χ1 =− π

2
t ✭✻✳✹✮

ξ3 = χ3 =0

❆ ❋✐❣✳✻✳✷ ❡①✐❜❡ ❛s ❝✉r✈❛s ♣❛r❛ ❡st❡ ❝❛s♦✳ ❉❡st❛ ✈❡③ ♥❡♠ ♦ ▼❊❙ ♥❡♠ ♦ ❡st❛❞♦ ♣r♦❞✉t♦

sã♦ ❣♦✈❡r♥❛❞♦s ♣♦r ✉♠❛ ❡✈♦❧✉çã♦ ❝í❝❧✐❝❛ ♥♦ ✐♥t❡r✈❛❧♦ t♦t❛❧ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❝♦♥tr♦❧❡ t✱

❡ ❛s ❢r❛♥❥❛s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♥✉♥❝❛ r❡❝✉♣❡r❛♠ ❛ ✈✐s✐❜✐❧✐❞❛❞❡ ♠á①✐♠❛✱ ❛♦ ❝♦♥trár✐♦ ❞♦

q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ ▼❊❙ ♣❛r❛ ♦s q✉❜✐ts✳ ▼❡s♠♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡st❛❞♦ ♣r♦❞✉t♦

é ❞✐❢❡r❡♥t❡✱ ♣♦✐s ♣❛r❛ ♦s q✉❜✐ts ♦ ❡st❛❞♦ t❡r♠✐♥❛ ❛ ❡✈♦❧✉çã♦ ❡♠ ✉♠ ❡st❛❞♦ ♦rt♦❣♦♥❛❧ ❛♦

✐♥✐❝✐❛❧✱ ♦ q✉❡ ♥ã♦ ❛❝♦♥t❡❝❡ ♣❛r❛ ♦s q✉tr✐ts✳ P♦rt❛♥t♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ✐♥t❡r❢❡rê♥❝✐❛

é s❡♥s✐✈❡❧ ♥ã♦ ❛♣❡♥❛s ❛♦ ❡♠❛r❛♥❤❛♠❡♥t♦✱ ♠❛s t❛♠❜é♠ ❛ ❞✐♠❡♥sã♦ ❞♦s q✉❞✐ts s❡♥❞♦

♦♣❡r❛❞♦s✳

a) b)

❋✐❣✉r❛ ✻✳✷✿ ❈✉r✈❛ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ♣❛r❛ ❛✮ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✸✳✺✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦
❞❛s ❡qs✳✭✻✳✹✮✱ ❜✮ ♦ ❡st❛❞♦ ❞❛ ❡q✳✭✻✳✷✮ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❡qs✳✭✻✳✹✮✱ ♣❛r❛ t = 0

✭♣r❡t♦✮✱ t = 0.5 ✭✈❡r♠❡❧❤♦ ♣♦♥t✐❧❤❛❞♦✮ ❡ t = 1 ✭❛③✉❧ tr❛❝❡❥❛❞♦✮✳

❆❧é♠ ❞✐ss♦✱ s❡ t✐✈❡r♠♦s ❛ ❧✐❜❡r❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛r ❛ ♦♣❡r❛çã♦ V̄i ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ s❡✲

❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❤á ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣❡r✐♠❡♥t❛r ♦✉tr❛s tr❛♥s❢♦r♠❛çõ❡s ✉♥✐tár✐❛s✳

❆♦ ✐♥✈és ❞❡ ❡s❝♦❧❤❡r ❡✈♦❧✉çõ❡s ❝♦♠♦ ♥❛s ❡qs✳✭✸✳✼✮✱ ✭✸✳✽✮ ❡ ✭✸✳✾✮✱ ♣♦❞❡♠♦s t♦♠❛r ❡①❡♠♣❧♦s

♦♥❞❡ ❛s ❡✈♦❧✉çõ❡s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣r❡❝✐s❛♠ s❡r ❞❛ ♠❡s♠❛ ❢♦r♠❛ ♥♦s ❞♦✐s ❢ót♦♥s✱ ♦✉

♣❡❧♦ ♠❡♥♦s ♦♥❞❡ ♦s ♣❛râ♠❡tr♦s ♥ã♦ sã♦ ✐❣✉❛✐s ❛ t♦❞♦ ✐♥st❛♥t❡✳

❖✉tr❛s ♣♦ss✐❜✐❧✐❞❛❞❡s sã♦ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❞♦✐s ❡①♣❡r✐♠❡♥t♦s✿ ✉♠ ❞❡❧❡s ✈✐s❛ ♠❡❞✐r ❛ ❋❚❋

❛♣ós ♦ ❡st❛❞♦ ❞♦s ❢ót♦♥s s❡r s✉❜♠❡t✐❞♦ à ❛♣❧✐❝❛çã♦ ❞❡ r✉í❞♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❡❧❛ s♦❜r❡✈✐✈❡

❛ ❡st❡ t✐♣♦ ❞❡ tr❛♥s❢♦r♠❛çã♦✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ t❡♦r✐❝❛♠❡♥t❡ ♥❛ ❞✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦❬✹✵❪

❞♦ ❘❛❢❛❡❧ ❆♥t✉♥❡s✱ ✉♠ ❞♦s ✐♥t❡❣r❛♥t❡s ❞♦ ♥♦ss♦ ❣r✉♣♦✳ ❖ ♦✉tr♦ ✈✐s❛ ♠❡❞✐r ❛ ❋❚❋ ♣❛r❛

s✐st❡♠❛s ❜✐♣❛rt✐❞♦s ❝♦♠ ❞✐♠❡♥sõ❡s ❞✐❢❡r❡♥t❡s✱ s❡♥❞♦ q✉❡ ♦ ❡st✉❞♦ s♦❜r❡ ❝♦♠♦ ❣❡r❛r ❡ss❡



❈❛♣ít✉❧♦ ✻✳ P❡rs♣❡❝t✐✈❛s ✻✺

t✐♣♦ ❞❡ ❡st❛❞♦ ❡ s♦❜r❡ ❝♦♠♦ sã♦ ❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ❛s ♣❛rt❡s ❢❛③❡♠ ♣❛rt❡ ❞❛ ❞✐ss❡rt❛çã♦

❞❡ ♠❡str❛❞♦❬✹✶❪ ❞❛ P❛✉❧❛ ❉❵á✈✐❧❛ ▼❛❝❤❛❞♦✱ ♦✉tr❛ ✐♥t❡❣r❛♥t❡ ❞♦ ♥♦ss♦ ❣r✉♣♦✳



❆♣ê♥❞✐❝❡ ❆

❈á❧❝✉❧♦ ❞❛ ❢❛s❡ ❞✐♥â♠✐❝❛ ❡ ❞❛ ❋●

♣❛r❛ ❞♦✐s q✉❞✐ts

P❛rt✐r❡♠♦s ❞❛ ❡①♣r❡ssã♦ ❞❡r✐✈❛❞❛ ♣♦r ❆❤❛r♦♥♦✈ ❡ ❆♥❛♥❞❛♥ ♣❛r❛ ♦❜t❡r ❛ ❋● ❡ r❡❧❛❝✐♦♥á✲

❧❛ ❛ ❋❚❋ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❞♦✐s q✉❞✐ts✳ ❙❡❣✉✐♥❞♦ ❬✸❪✱ t❡♠♦s q✉❡ ❛ ❋● é s❡♠♣r❡ ❞❛❞❛

♣♦r

γg = arg 〈ψ(0) | ψ(T )〉+ i

∫ T

0
dt
〈

ψ(t) | ψ̇(t)
〉

, ✭❆✳✶✮

q✉❡ ❝♦rr❡s♣♦♥❞❡ à ❢❛s❡ t♦t❛❧ ❞❛ ❡✈♦❧✉çã♦ s✉❜tr❛í❞❛ ❞❛ ❢❛s❡ ❞✐♥â♠✐❝❛✳ ❈♦♠ ❛ ♥♦t❛çã♦

♠❛tr✐❝✐❛❧ ♣❛r❛ ♦ ❡st❛❞♦✱ ❛ ❡q✳✭❆✳✶✮ s❡ t♦r♥❛

γg = arg{Tr[α†(0)α(T )]}+ i

∫ T

0
dtTr[α†(t)α̇(t)]. ✭❆✳✷✮

P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❡q✉✐✈❛❧❡ ❛ γ = ∆φ+ γs✱ ♣♦✐s

arg{Tr[α†(0)α(T )]} = arg{Tr[α†(0)eiγα(0)]}

= arg{eiγ
=1

︷ ︸︸ ︷

Tr[α†(0)α(0)]} = ∆φ+
2lπ

d
,

❡ ❥á ♥❡st❡ ♣♦♥t♦ ✈❡♠♦s q✉❡ ❛ ❋● ♣♦ss✉✐ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ q✉❡ é ❛ ❋❚❋ ♣❛r❛ ♦

s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦✳ ❱❛♠♦s ✉t✐❧✐③❛r ♥♦✈❛♠❡♥t❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ♣❛r❛ ❡s❝r❡✈❡r

α̇(t) = iφ̇(t)α(t) + eiφ(t)
(

Ṡ(t)Q(t) + S(t)Q̇(t)
)

✻✻
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❡ s✉❜st✐t✉✐r ♥♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✳✭❆✳✷✮✱ ♦ q✉❡ ❢♦r♥❡❝❡

i

∫ T

0
dtTr[α†(t)α̇(t)] = i

∫ T

0
dtTr[α†(t)iφ̇(t)α(t) + α†(t)eiφ(t)

(

Ṡ(t)Q(t) + S(t)Q̇(t)
)

]

= −
∫ T

0
dtφ̇(t)

=1
︷ ︸︸ ︷

Tr[α†(t)α(t)] +i

∫ T

0
dtTr[α†(t)eiφ(t)

(

Ṡ(t)Q(t) + S(t)Q̇(t)
)

]

= −∆φ+ i

∫ T

0
dtTr[α†(t)eiφ(t)

(

Ṡ(t)Q(t) + S(t)Q̇(t)
)

]

r❡s✉❧t❛♥❞♦ ♥♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ ∆φ✳ ❆❣♦r❛✱ s✉❜st✐t✉✐♥❞♦ α†(t) = e−iφ(t)Q(t)S†(t) ✭✉♠❛

✈❡③ q✉❡ Q(T ) = Q†(T )✮ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❝✐❝❧✐❝✐❞❛❞❡ ❞♦ tr❛ç♦✱ r❡t♦♠❛♠♦s ❛ ❡q✳✭❆✳✷✮ q✉❡ s❡

t♦r♥❛

γg =
2lπ

d
+ i

∫ T

0
dtTr[Q2(t)S†(t)Ṡ(t) +Q(t)Q̇(t)]. ✭❆✳✸✮

◆♦t❛♠♦s ❛✐♥❞❛ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❞♦ ❡st❛❞♦ ❢♦r♥❡❝❡

Tr[α†(t)α(t)] = 1

Tr[Q(t)S†(t)S(t)Q(t)] = 1

Tr[Q2(t)] = 1,

❡ ❞✐❢❡r❡♥❝✐❛♥❞♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ t❡♠♣♦ ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s ❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❝✐❝❧✐❝✐✲

❞❛❞❡ ❞♦ tr❛ç♦ t❡♠♦s

Tr[Q̇(t)Q(t) +Q(t)Q̇(t)] = 0

⇒ Tr[Q(t)Q̇(t)] = −Tr[Q(t)Q̇(t)] = 0.

P♦rt❛♥t♦✱ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✳✭❆✳✸✮ ❞❡s❛♣❛r❡❝❡✳ P❛r❛ ❧✐❞❛r ❝♦♠ ♦ ♣r✐♠❡✐r♦

t❡r♠♦ ❞❛ ✐♥t❡❣r❛❧ ✈❛♠♦s ✐❞❡♥t✐✜❝❛r ♦s s❡❣✉✐♥t❡s ✐♥✈❛r✐❛♥t❡s s♦❜ ❡✈♦❧✉çõ❡s ✉♥✐tár✐❛s ❧♦❝❛✐s✿

Tr[ρpf ]✱ p = 1, ..., d✱ ♦♥❞❡ ρf é ❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞❛ ❞♦ q✉❞✐t f = s, i✳ ❉❡ ❢❛t♦✱

s♦❜ ✉♠❛ ❡✈♦❧✉çã♦ ✉♥✐tár✐❛ ❧♦❝❛❧ ρ′f = UfρfU
†
f t❡♠♦s
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Tr[ρ
′p
f ] = Tr[(UfρfU

†
f )

p] = Tr[UfρfU
†
fUfρfU

†
f . . . UfρfU

†
fUfρfU

†
f

︸ ︷︷ ︸
p vezes

]

= Tr[Ufρ
p
fU

†
f ] = Tr[ρpf ]

❱❛♠♦s t❛♠❜é♠ ❡s❝r❡✈❡r ❛s ♠❛tr✐③❡s ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞❛s ❡♠ t❡r♠♦s ❞❛s ♠❛tr✐③❡s Q

❡ S ♣❛r❛ q✉❡ ♦s ✐♥✈❛r✐❛♥t❡s ✜q✉❡♠ ❡♠ ❢✉♥çã♦ ❞❡❧❛s❀ ♣❛r❛ ♦ ❡st❛❞♦ ρ = |ψ〉 〈ψ| =
∑

m,n,m′,n′ αmnα
∗
m′n′ |m,n〉 〈m′, n′| ❝♦♥s✐❞❡r❛❞♦ ♣♦❞❡♠♦s ✈❡r q✉❡

ρs = Tri[ρ] =
∑

n′′

〈
n′′
∣
∣




∑

m,n,m′,n′

αmnα
∗
m′n′ |m,n〉

〈
m′, n′

∣
∣




∣
∣n′′
〉

=
∑

m,n,m′,n′,n′′

αmnα
∗
m′n′δnn′′δn′n′′ |m〉

〈
m′
∣
∣

=
∑

m,n,m′

αmnα
∗
m′n |m〉

〈
m′
∣
∣ . ✭❆✳✹✮

❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ ♦ q✉❞✐t i

ρi = Trs[ρ] =
∑

m′′

〈
m′′
∣
∣




∑

m,n,m′,n′

αmnα
∗
m′n′ |m,n〉

〈
m′, n′

∣
∣




∣
∣m′′

〉

=
∑

m,n,m′,n′,m′′

αmnα
∗
m′n′δmm′′δm′m′′ |n〉

〈
n′
∣
∣

=
∑

m,n,n′

αmnα
∗
mn′ |n〉

〈
n′
∣
∣ . ✭❆✳✺✮

❆❣♦r❛✱ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r α =
∑

m,n αmn |m〉 〈n| ❡ α† =
∑

m′,n′ α∗
m′n′ |n′〉 〈m′|✱

♥♦t❛♠♦s q✉❡

αα† =
∑

m,n,m′,n′

αmnα
∗
m′n′ |m〉

〈
n | n′

〉 〈
m′
∣
∣

=
∑

m,n,m′,n′

αmnα
∗
m′n′δnn′ |m〉

〈
m′
∣
∣

=
∑

m,n,m′

αmnα
∗
m′n |m〉

〈
m′
∣
∣ . ✭❆✳✻✮
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❚❛♠❜é♠✱

(α†α)T =




∑

m,n,m′,n′

αmnα
∗
m′n′

∣
∣n′
〉 〈
m′ | m

〉
〈n|





T

=




∑

m,n,m′,n′

αmnα
∗
m′n′δmm′

∣
∣n′
〉
〈n|





T

=
∑

m,n,n′

αmnα
∗
mn′ |n〉

〈
n′
∣
∣ . ✭❆✳✼✮

❈♦♠♣❛r❛♥❞♦ ❛s ❡qs✳✭❆✳✹✮ ❡ ✭❆✳✻✮✱ ❡ ❛s ❡qs✳✭❆✳✺✮ ❡ ✭❆✳✼✮ ✈❡♠♦s q✉❡

ρs = αα† = SQ2S†, ✭❆✳✽✮

ρi = (α†α)T = (Q2)T. ✭❆✳✾✮

❈♦♠ ❛s ♠❛tr✐③❡s ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞❛s ❡s❝r✐t❛s ❞❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡✱ ❛❧é♠

❞❡ ✐♥✈❛r✐❛♥t❡s s♦❜ ❡✈♦❧✉çõ❡s ✉♥✐tár✐❛s ❧♦❝❛✐s✱ Tr[ρpf ] sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ q✉❞✐t f ♣♦✐s

Tr[ρps] = Tr[(SQ2S†)p] = Tr[SQ2S†SQ2S† . . . SQ2S†SQ2S†

︸ ︷︷ ︸
p vezes

]

= Tr[SQ2pS†] = Tr[Q2p] = Tr[ρpi ],

♦♥❞❡ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ Tr[((Q2)T)p] = Tr[(Q2p)T] = Tr[Q2p]✳ ❖ ✐♥✈❛r✐❛♥t❡ ❝♦r✲

r❡s♣♦♥❞❡♥t❡ ❛ p = 1 r❡♣r♦❞✉③ s✐♠♣❧❡s♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦❀ ❥á ♦ ✐♥✈❛r✐❛♥t❡

♣❛r❛ p = 2 s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ ♦ q✉❛♥t✐✜❝❛❞♦r ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡ ✉♠ ❡st❛❞♦ ♣✉r♦ ❞❡ ❞♦✐s

q✉❞✐ts ❞❡♥♦♠✐♥❛❞♦ ❝♦♥❝♦rrê♥❝✐❛❬✷✾✱ ✹✷❪✳ ❆ ❝♦♥❝♦rrê♥❝✐❛ é ❞❛❞❛ ♣♦r C =
√

2(1− Tr[ρ2f ])✱

❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ✉♠ ❞♦s ✐♥✈❛r✐❛♥t❡s ❡①♣r❡ss❛ ♦ ❢❛t♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❞❡ q✉❡ ♦ ❡♠❛r❛♥❤❛✲

♠❡♥t♦ ♥ã♦ é ❛❢❡t❛❞♦ ♣♦r ♦♣❡r❛çõ❡s ✉♥✐tár✐❛s ❧♦❝❛✐s✳ ❊❧❛ ✈❛✐ ❞❡ ✵ ♣❛r❛ ♦ ❡st❛❞♦ ♣r♦❞✉t♦

❛ Cm =
√

2(d− 1)/d ♣❛r❛ ♦ ▼❊❙✳ ■ss♦ ♣♦rq✉❡ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❛s ♠❛tr✐③❡s ❞❡♥s✐❞❛❞❡

r❡❞✉③✐❞❛s ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ♥❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧ ❝♦♠ ❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞✐❢❡r❡♥t❡

❞❡ ✵✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ Tr[ρ2f ] = 1 ♣❛r❛ ♦ ❡st❛❞♦ ♥♦r♠❛❧✐③❛❞♦✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦ s❡❣✉♥❞♦

❝❛s♦ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ρf = I/d ❡ ♣♦rt❛♥t♦ Tr[ρ2f ] = 1/d✳ ❉❛ r❡❧❛çã♦ ❡♥tr❡ Tr[ρ2f ] ❡ C
♣♦❞❡♠♦s t✐r❛r q✉❡
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Tr[Q4] = 1− C2

2
, ✭❆✳✶✵✮

♦ q✉❡ s❡rá ú❧t✐❧ ♠❛✐s ❛ ❢r❡♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ ✐♥t❡❣r❛❧ ♥❛

❡q✳✭❆✳✸✮✳

❆ ✜♠ ❞❡ ❡①♣❧♦r❛r♠♦s ♦ ♣❛♣❡❧ ❞❡s❡♠♣❡♥❤❛❞♦ ♣❡❧♦s ✐♥✈❛r✐❛♥t❡s ♥❛ ❋●✱ ✈❛♠♦s t♦r♥á✲❧♦s ❡①✲

♣❧í❝✐t♦s ♥❛ ❡①♣r❡ssã♦ ❞❡Q2 ❡♠ t❡r♠♦s ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡ ❞♦s ❣❡r❛❞♦r❡s Tj ✭j = 1, 2, ..., d2−1✮

❞❡ ❙❯✭d✮✳ ❖s ❣❡r❛❞♦r❡s sã♦ ♠❛tr✐③❡s ❤❡r♠✐t✐❛♥❛s ❞❡ tr❛ç♦ ♥✉❧♦ ♥♦r♠❛❧✐③❛❞❛s ❞❡ ❛❝♦r❞♦

❝♦♠ Tr[TjTk] = δjk/2✱ s❡♥❞♦ q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ❤❡r♠✐t✐❛♥❛ ♦✉ ❛♥t✐✲❤❡r♠✐t✐❛♥❛ ❞❡ tr❛ç♦

♥✉❧♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡❧❡s✳ ❯♠ ❡①❡♠♣❧♦ ❢❛♠✐❧✐❛r ♦❝♦rr❡

♣❛r❛ d = 2 ♦♥❞❡ ♦s ❣❡r❛❞♦r❡s sã♦ ❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐❀ ❥✉♥t♦ ❝♦♠ ❛ ✐❞❡♥t✐❞❛❞❡ ❡❧❡s sã♦

✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ♠❛tr✐③❡s d①d ❤❡r♠✐t✐❛♥❛s✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Q2 =
I

d
+ ~q · ~T , ✭❆✳✶✶✮

♦♥❞❡ ~q é ✉♠ ✈❡t♦r ❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s sã♦ r❡❛✐s ❡ ❞ã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

❞♦s ❣❡r❛❞♦r❡s✱ ❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❣❛r❛♥t❡ q✉❡ Q2 t❡♥❤❛ tr❛ç♦ ✐❣✉❛❧ ❛ ✶✳ ❈♦♥s❡q✉❡♥t❡✲

♠❡♥t❡ t❡♠♦s

Q4 =
I

d2
+

2

d
~q · ~T + (~q · ~T )2,

❡ t✐r❛♥❞♦ ♦ tr❛ç♦ t❡♠♦s

Tr[Q4] =
1

d
+Tr








∑

j

qjTj





(
∑

k

qkTk

)



=
1

d
+
∑

j,k

qjqk

δjk/2
︷ ︸︸ ︷

Tr[TjTk]

=
1

d
+
q2

2
. ✭❆✳✶✷✮

■❣✉❛❧❛♥❞♦ ❛s ❡qs✳✭❆✳✶✷✮ ❡ ✭❆✳✶✵✮ ♦ ♠ó❞✉❧♦ ❞❡ ~q ✜❝❛

q =

√

2(d− 1)

d
− C2 =

√

C2
m − C2, ✭❆✳✶✸✮

❡ s✉❜st✐t✉✐♥❞♦ ❞❡ ✈♦❧t❛ ♥❛ ❡q✳✭❆✳✶✶✮ ✜❝❛♠♦s ❝♦♠
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Q2 =
I

d
+
√

C2
m − C2q̂ · ~T . ✭❆✳✶✹✮

❈♦♠♦ ú❧t✐♠♦ ♣❛ss♦ ♣❛r❛ ✜♥❛❧♠❡♥t❡ r❡t♦r♥❛r♠♦s à ❡q✳✭❆✳✸✮ ✈❛♠♦s ✉t✐❧✐③❛r ♦ ❢❛t♦ ❞❡ q✉❡

t❛♠❜é♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r S†Ṡ ✉t✐❧✐③❛♥❞♦ ♦s ❣❡r❛❞♦r❡s✳ ❉❡r✐✈❛♥❞♦ ❛ r❡❧❛çã♦ S†S = I

❝♦♠ r❡s♣❡✐t♦ ❛♦ t❡♠♣♦ ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s ♦❜t❡♠♦s

Ṡ†S + S†Ṡ = 0

S†Ṡ = −Ṡ†S

S†Ṡ = −(S†Ṡ)†

❡✱ ♣♦rt❛♥t♦✱ ♦ ♣r♦❞✉t♦ S†Ṡ é ❛♥t✐✲❤❡r♠✐t✐❛♥♦✳ ◆❡st❡ ❝❛s♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r sã♦ ✐♠❛❣✐♥ár✐♦s✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛

S†Ṡ = i~s · ~T ✭❆✳✶✺✮

♦♥❞❡ ~s ∈ R
d2−1 ❛ss✐♠ ❝♦♠♦ q̂✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✳✭❆✳✶✹✮ ♥❛ ❡q✳✭❆✳✸✮ ♦❜t❡♠♦s

γg =
2lπ

d
+ i

∫ T

0
dtTr

[

S†(t)Ṡ(t)

d
+
√

C2
m − C2(q̂(t) · ~T )S†(t)Ṡ(t)

]

, ✭❆✳✶✻✮

♦ q✉❡ ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r r❡❝♦rr❡♥❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ✉♠❛ ♠❛tr✐③ ✐♥✈❡rsí✈❡❧ ❣❡r❛❧ A ♦❜❡✲

❞❡❝❡ ❛ r❡❧❛çã♦

d(detA)

dt
= detATr

[

A−1dA

dt

]

.

❯t✐❧✐③❛♥❞♦ ❛ r❡❧❛çã♦ ❛❝✐♠❛ ♣❛r❛ S ❡ ❧❡♠❜r❛♥❞♦ q✉❡ S−1 = S† ❡ Tr[S] = 1 t❡♠♦s

0 = Tr

[

S−1dS

dt

]

= Tr[S†Ṡ],

❡ ♣♦rt❛♥t♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✳✭❆✳✶✻✮ ❞❡s❛♣❛r❡❝❡✳ ❙✉❜st✐t✉✐♥❞♦ ❛❣♦r❛ ❛

❡q✳✭❆✳✶✺✮ ♥♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✳✭❆✳✶✻✮ t❡♠♦s
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i

∫ T

0
dtTr[

√

C2
m − C2(q̂(t) · ~T )S†(t)Ṡ(t)] = i

∫ T

0
dtTr[

√

C2
m − C2(q̂(t) · ~T )i(~s(t) · ~T )]

= −
√

C2
m − C2

∫ T

0
dtTr[

∑

j

qj(t)Tj
∑

k

sk(t)Tk]

= −
√

C2
m − C2

∫ T

0
dt
∑

j,k

qj(t)sk(t)

δjk/2
︷ ︸︸ ︷

Tr[TjTk]

=
−
√

C2
m − C2

2

∫ T

0
dtq̂(t) · ~s(t)

❋✐♥❛❧♠❡♥t❡✱ ❞❡✜♥✐♥❞♦ d~x = ~s(t)dt✱ ❝❤❡❣❛♠♦s ❛ ✉♠❛ ❡①♣r❡ssã♦ ❝♦♠♣❛❝t❛ q✉❡ ❡st❛❜❡❧❡❝❡

✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛ ❋● ❡ ❛ ❝♦♥❝♦rrê♥❝✐❛ ❞❡ ✉♠ ❡st❛❞♦ ❞❡ ❞♦✐s q✉❞✐ts q✉❡ ♣❛ss❛ ♣♦r

✉♠❛ ❡✈♦❧✉çã♦ ❝í❝❧✐❝❛

γg =
2lπ

d
− 1

2

√

C2
m − C2

∮

q̂(t) · d~x. ✭❆✳✶✼✮

❊st❡ r❡s✉❧t❛❞♦ ❝❤❛✈❡ ♠♦str❛ q✉❡ ❛ ❋● ♣❛r❛ ✉♠❛ ❡✈♦❧✉çã♦ ❝í❝❧✐❝❛ é ❝♦♠♣♦st❛ ♣❡❧❛ ❋❚❋ ❡

♣♦r ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ✐♥t❡❣r❛❧ ❛❞✈✐♥❞❛ ❞♦s s❡t♦r❡s ❤❡r♠✐t✐❛♥♦ ❡ ❙❯✭d✮ ❞❛ ❞❡❝♦♠♣♦s✐çã♦

♣♦❧❛r✱ ❡ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❤✐stór✐❛ ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❡st❛❞♦ q✉â♥t✐❝♦✳ ❱❡♠♦s q✉❡ ♣❛r❛ ♦

▼❊❙ ❡ss❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡s❛♣❛r❡❝❡✱ ❡ ❛♣❡♥❛s ❛ ❋❚❋ ❛♣❛r❡❝❡✳



❆♣ê♥❞✐❝❡ ❇

❈á❧❝✉❧♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ r❡❛❧✐③❛❞❛

♣❡❧♦ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡

◆❛ s✉❜s❡çã♦ ✹✳✶✳✷ ✐♥tr♦❞✉③✐♠♦s ✉♠ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡ q✉❡ tr❛♥s❢♦r♠❛ ♦ ❡st❛❞♦ ❞❡ ♣♦✲

❧❛r✐③❛çã♦ ❞♦s ❢ót♦♥s ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦r✐③♦♥t❛❧ ❡

✈❡rt✐❝❛❧✳ ▼♦str❛r❡♠♦s ♦ ♣r✐♥❝í♣✐♦ ❞❡ s❡✉ ❢✉♥❝✐♦♥❛♠❡♥t♦ ✉t✐❧✐③❛♥❞♦ ❛s ❝❤❛♠❛❞❛s ♠❛tr✐✲

③❡s ❞❡ ❏♦♥❡s q✉❡ r❡♣r❡s❡♥t❛♠ ❛s ♣❧❛❝❛s ❞❡ ♦♥❞❛ ✉t✐❧✐③❛❞❛s ♥❛ ❝♦♥tr✉çã♦ ❞♦ ❞❡s❧♦❝❛❞♦r

❞❡ ❢❛s❡✳

Pr✐♠❡✐r♦ ❧❡♠❜r❛♠♦s q✉❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❞❛ ❧✉③ ❡stá r❡str✐t♦ ❛♦ ♣❧❛♥♦ ♣❡r♣❡♥❞✐❝✉❧❛r à

❞✐r❡çã♦ ❞❡ ♣r♦♣❛❣❛çã♦✱ ❡ q✉❡ ♥♦ ❝❛s♦ ❞❛ ❧✉③ ♣♦❧❛r✐③❛❞❛ t❡♠♦s ✉♠ ✈❡t♦r ❝❛♠♣♦ ❡❧étr✐❝♦

❜❡♠ ❞❡✜♥✐❞♦✳ P♦rt❛♥t♦✱ ♦ ❡st❛❞♦ ❞❡ ♣♦❧❛r✐③❛çã♦ é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ s✐st❡♠❛ ❞❡ ❞✉❛s

❞✐♠❡♥sõ❡s✱ s❡♥❞♦ q✉❡ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ♦ ✈❡t♦r ❝❛♠♣♦ ❡❧étr✐❝♦ ❡♠ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s

♥❛s ❞✐r❡çõ❡s ❤♦r✐③♦♥t❛❧ ❡ ✈❡rt✐❝❛❧✳ ❘❡♣r❡s❡♥t❛♠♦s ❡ss❛s ❞✐r❡çõ❡s ❛tr❛✈és ❞♦s ✈❡t♦r❡s

❝❛♥ô♥✐❝♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ✉♠ ❡st❛❞♦ ❞❡ ♣♦❧❛r✐③❛çã♦ |P 〉 q✉❛❧q✉❡r

✉t✐❧✐③❛♥❞♦ ♦ ❝❤❛♠❛❞♦ ✈❡t♦r ❞❡ ❏♦♥❡s

|P 〉 = EH |H〉+ EV |V 〉 =
[

EH

EV

]

,

♦♥❞❡

|H〉 =
[

1

0

]

, |V 〉 =
[

0

1

]

❡ EH ❡ EV sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ✈❡t♦r ❝❛♠♣♦ ❡❧étr✐❝♦✳

✼✸
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◆❡st❛ r❡♣r❡s❡♥t❛çã♦✱ ♦ ❡❢❡✐t♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ó♣t✐❝♦ ❧✐♥❡❛r q✉❡ tr❛♥s❢♦r♠❛ ♦ ❡st❛❞♦ ❞❡

♣♦❧❛r✐③❛çã♦ s❡rá ❞❡s❝r✐t♦ ♣♦r ✉♠❛ ♠❛tr✐③ ✷①✷ q✉❡ ❛t✉❛ ♥♦ ✈❡t♦r ❞❡ ❏♦♥❡s✱ ❝❤❛♠❛❞❛ ♠❛tr✐③

❞❡ ❏♦♥❡s✳ ❯♠ ♠❛t❡r✐❛❧ ❜✐rr❡❢r✐♥❣❡♥t❡ é ✉♠ ♠❛t❡r✐❛❧ q✉❡ ♣♦ss✉✐ ❞♦✐s ❡✐①♦s ♣❡r♣❡♥❞✐❝✉❧❛r❡s

❝♦♠ í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ ❞✐❢❡r❡♥t❡s ♣❛r❛ ✉♠❛ ❧✉③ ❧✐♥❡❛r♠❡♥t❡ ♣♦❧❛r✐③❛❞❛ ❛♦ ❧♦♥❣♦ ❞❛

❞✐r❡çã♦ ❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s ❡✐①♦s✳ ❖ ❡✐①♦ ❝♦♠ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♠❡♥♦r é ❝❤❛♠❛❞♦ ❡✐①♦

rá♣✐❞♦✱ ❡ ♦ ♦✉tr♦ ❡✐①♦ ❧❡♥t♦✳ ❙❡ ✜③❡r♠♦s ♦ ❡✐①♦ rá♣✐❞♦ ❝♦✐♥❝✐❞✐r ❝♦♠ ❛ ❞✐r❡çã♦ ❤♦r✐③♦♥t❛❧✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ♠❛tr✐③ ❞❡ ❏♦♥❡s J ❞❡ ✉♠ ♠❛t❡r✐❛❧ ❜✐rr❡❢r✐♥❣❡♥t❡ ❝♦♠♦ s❡♥❞♦

J =

[

einHL 0

0 einV L

]

= einHL

[

1 0

0 ei∆nL

]

,

♦♥❞❡ nH ❡ nV sã♦ r❡♣❡❝t✐✈❛♠❡♥t❡ ♦s í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ ❞♦s ❡✐①♦s rá♣✐❞♦ ❡ ❧❡♥t♦✱ L é

❛ ❡s♣❡ss✉r❛ ❞♦ ♠❛t❡r✐❛❧✱ ❡ ∆n = nV − nH ✳ ❙❡ ❛t✉❛r♠♦s ❝♦♠ ❡ss❛ ♠❛tr✐③ ♥♦ ✈❡t♦r ❞❡

❏♦♥❡s |J〉 ✈❡♠♦s q✉❡ ♦ ❡❢❡✐t♦ ❞♦ ♠❛t❡r✐❛❧ ❜✐rr❡❢r✐♥❣❡♥t❡ é ✐♥tr♦❞✉③✐r ✉♠❛ ❢❛s❡ r❡❧❛t✐✈❛

∆nL ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ♣♦❧❛r✐③❛çã♦ ❤♦r✐③♦♥t❛❧ ❡ ✈❡rt✐❝❛❧✳ ❙❡ q✉✐s❡r♠♦s s❛❜❡r q✉❛❧

é ❛ ♠❛tr✐③ J(ϕ) ♣❛r❛ ✉♠ ♠❛t❡r✐❛❧ ❜✐rr❡❢r✐♥❣❡♥t❡ ❝♦♠ ♦ ❡✐①♦ rá♣✐❞♦ ♦r✐❡♥t❛❞♦ ❡♠ ✉♠❛

❞✐r❡çã♦ ϕ q✉❛❧q✉❡r✱ ❜❛st❛ ❛♣❧✐❝❛r♠♦s ✉♠❛ r♦t❛çã♦ ❡♠ J ❢❛③❡♥❞♦

J(ϕ) = R(ϕ)JR(−ϕ) =
[

cosϕ −senϕ
senϕ cosϕ

][

1 0

0 ei∆nL

][

cosϕ senϕ

−senϕ cosϕ

]

=

[

cos2ϕ+ ei∆nLsen2ϕ (1− ei∆nL)cosϕsenϕ

(1− ei∆nL)cosϕsenϕ ei∆nLcos2ϕ+ sen2ϕ

]

,

♦♥❞❡ R(ϕ) é ❛ ♠❛tr✐③ ❞❡ r♦t❛çã♦ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ✭♦♠✐t✐♠♦s ♦ ❢❛t♦r einHL ❡♠ J

♣♦✐s ❡❧❡ ❛♣❛r❡❝❡ ❛♣❡♥❛s ❝♦♠♦ ✉♠ ❢❛t♦r ❞❡ ❢❛s❡ ❣❧♦❜❛❧✮✳ ◗✉❛♥❞♦ s❡ é ❢❛❜r✐❝❛❞❛ ✉♠❛

♣❧❛❝❛ ❞❡ ♠❛t❡r✐❛❧ ❜✐rr❡❢r✐♥❣❡♥t❡ ❝♦♠ ✉♠❛ ❡s♣❡ss✉r❛ ❡s♣❡❝í✜❝❛ t❛❧ q✉❡ ∆nL s❡❥❛ ✉♠

♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ ❞❡ π t❡♠♦s ❛ ❝❤❛♠❛❞❛ ♣❧❛❝❛ ❞❡ ♠❡✐❛ ♦♥❞❛✱ ❡♥q✉❛♥t♦ q✉❡ s❡ ❛ ❡s♣❡ss✉r❛

❢♦r t❛❧ q✉❡ ∆nL s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ ❞❡ π/2✱ t❡♠♦s ✉♠❛ ♣❧❛❝❛ ❞❡ ✉♠ q✉❛rt♦ ❞❡

♦♥❞❛✳ ❙✉❜st✐t✉✐♥❞♦ ❡ss❡s ✈❛❧♦r❡s ❡ ✉t✐❧✐③❛♥❞♦ ❛❧❣✉♠❛s r❡❧❛çõ❡s tr✐❣♦♥♦♠étr✐❝❛s✱ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ❛s ♠❛tr✐③❡s ❞❡ ❏♦♥❡s H(ϕ) ♣❛r❛ ✉♠❛ ♣❧❛❝❛ ❞❡ ♠❡✐❛ ♦♥❞❛ ❡ Q(ϕ) ♣❛r❛ ✉♠❛

♣❧❛❝❛ ✉♠ q✉❛rt♦ ❞❡ ♦♥❞❛✱ q✉❡ sã♦

H(θ) =

[

cos(2ϕ) sen(2ϕ)

sen(2ϕ) −cos(2ϕ)

]

❡ Q(θ) =

[

cos2ϕ+ isen2ϕ (1− i)cosϕsenϕ

(1− i)cosϕsenϕ icos2ϕ+ sen2ϕ

]

.



❆♣ê♥❞✐❝❡ ❇✳ ❈á❧❝✉❧♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ r❡❛❧✐③❛❞❛ ♣❡❧♦ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡ ✼✺

❈♦♥❤❡❝❡♥❞♦ ❡ss❛s ♠❛tr✐③❡s ♣♦❞❡♠♦s ❡❢❡t✉❛r ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♥❛ ♦r❞❡♠ ❡♠ q✉❡ ❛s ♣❧❛❝❛s

❞❡ ♦♥❞❛ ❛♣❛r❡❝❡♠ ♥♦ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡ ❡ ♦❜t❡r ❛ tr❛♥s❢♦r♠❛çã♦ ♣r♦♠♦✈✐❞❛ ♣♦r ❡❧❡

♥♦ ❡st❛❞♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞♦s ❢ót♦♥s✳ P❛r❛ ♦ ❢ót♦♥ tr❛♥s♠✐t✐❞♦ ♥♦ P❇❙ ❛♦ ❡♥tr❛r ♥♦

✐♥t❡r❢❡rô♠❡tr♦ ❞❛ ❋✐❣✳✹✳✶✱ ❛ ♠❛tr✐③ Jsignal ❞♦ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡ ✜❝❛

Jsignal = Q(π/4)H(ϕ+ θ)H(ϕ)Q(π/4)

= Q(π/4)

[

cos(2(ϕ+ θ)) sen(2(ϕ+ θ))

sen(2(ϕ+ θ)) −cos(2(ϕ+ θ))

][

cos(2ϕ) sen(2ϕ)

sen(2ϕ) −cos(2ϕ)

]

Q(π/4)

= Q(π/4)

[

cos(2θ) −sen(2θ)
sen(2θ) cos(2θ)

]

1

2

[

1 + i 1− i

1− i 1 + i

]

=
1

2

[

1 + i 1− i

1− i 1 + i

]

1

2

[

(1 + i)e2iθ (1− i)e−2iθ

(1− i)e2iθ (1 + i)e−2iθ

]

=

[

0 e−2iθ

e2iθ 0

]

.

❉❛í ❛s tr❛♥s❢♦r♠❛çõ❡s |H〉 → ei2θ |V 〉 ❡ |V 〉 → e−i2θ |H〉 ✉t✐❧✐③❛❞❛s ♥❛ s✉❜s❡çã♦ ✹✳✶✳✷✳

P❛r❛ ♦ ❢ót♦♥ r❡✢❡t✐❞♦✱ ♦s â♥❣✉❧♦s ❞❡ ♦r✐❡♥t❛çã♦ ❞❛s ♣❧❛❝❛s sã♦ ♦ ♥❡❣❛t✐✈♦ ❞♦s â♥❣✉❧♦s

✉t✐❧✐③❛❞♦s ♣❛r❛ ♦ ❢ót♦♥ tr❛♥s♠✐t✐❞♦✱ ❡ ❛ ♦r❞❡♠ ❞❛s ♣❧❛❝❛s t❛♠❜é♠ ♠✉❞❛✱ ❞❡ ♠♦❞♦ q✉❡

✉♠ ❝á❧❝✉❧♦ s✐♠✐❧❛r ♥♦s ❞á ❛ s❡❣✉✐♥t❡ ♠❛tr✐③ Jidler q✉❡ ❛t✉❛ ♥♦ ❡st❛❞♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞♦

❢ót♦♥ r❡✢❡t✐❞♦

Jidler = Q(−π/4)H(−ϕ)H(−ϕ− θ)Q(−π/4)

=

[

0 −e2iθ

−e−2iθ 0

]

.

❉❡ss❛ ✈❡③ t❡♠♦s ❛s tr❛♥s❢♦r♠❛çõ❡s |H〉 → −e−i2θ |V 〉 ❡ |V 〉 → −ei2θ |H〉✱ t❛♠❜é♠ ❝✐t❛❞❛s

♥❛ s✉❜s❡çã♦ ✹✳✶✳✷✳ ❱❡♠♦s ❡♥tã♦ q✉❡ ♦ ❞❡s❧♦❝❛❞♦r ❞❡ ❢❛s❡ ✐♥tr♦❞✉③ ✉♠❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡

❛s ❝♦♠♣♦♥❡♥t❡s ❤♦r✐③♦♥t❛❧ ❡ ✈❡rt✐❝❛❧ ❞♦ ❡st❛❞♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞❡ ✉♠ ❢ót♦♥ q✉❡ ♦ ❛tr❛✈❡ss❛✱

❡ q✉❡ ❡ss❛ ❢❛s❡ r❡❧❛t✐✈❛ ♣♦❞❡ s❡r ❝♦♥tr♦❧❛❞❛ ✈❛r✐❛♥❞♦✲s❡ ♦ â♥❣✉❧♦ ❞❡ ♦r✐❡♥t❛çã♦ ϕ+ θ ❞❡

✉♠❛ ❞❛s ♣❧❛❝❛s ❞❡ ♠❡✐❛ ♦♥❞❛✱ ♦✉ s❡❥❛✱ ❣✐r❛♥❞♦✲s❡ ❡st❛ ♣❧❛❝❛✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❙✳ P❛♥❝❤❛r❛t♥❛♠✳ ●❡♥❡r❛❧✐③❡❞ t❤❡♦r② ♦❢ ✐♥t❡r❢❡r❡♥❝❡✱ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✳ Pr♦❝✳

■♥❞✐❛♥ ❆❝❛❞✳ ❙❝✐✳✱ ❙❡❝t✳ ❆ ✹✹✿✷✹✼✱ ✶✾✺✻✳

❬✷❪ ▼✳ ❱✳ ❇❡rr②✳ ◗✉❛♥t❛❧ ♣❤❛s❡ ❢❛❝t♦rs ❛❝❝♦♠♣❛♥②✐♥❣ ❛❞✐❛❜❛t✐❝ ❝❤❛♥❣❡s✳ Pr♦❝✳ ❘♦②✳

❙♦❝✳ ▲♦♥❞✳ ❆✱ ✸✾✷✿✹✺✕✺✼✱ ✶✾✽✹✳

❬✸❪ ❨✳ ❆❤❛r♦♥♦✈ ❛♥❞ ❏✳ ❆♥❛♥❞❛♥✳ P❤❛s❡ ❝❤❛♥❣❡ ❞✉r✐♥❣ ❛ ❝②❝❧✐❝ q✉❛♥t✉♠ ❡✈♦❧✉t✐♦♥✳

P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✺✽✿✶✺✾✸✕✶✺✾✻✱ ❆♣r ✶✾✽✼✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳✺✽✳✶✺✾✸✳ ❯❘▲

❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳✺✽✳✶✺✾✸✳

❬✹❪ ❆❦✐r❛ ❚♦♠✐t❛ ❛♥❞ ❘❛②♠♦♥❞ ❨✳ ❈❤✐❛♦✳ ❖❜s❡r✈❛t✐♦♥ ♦❢ ❜❡rr②✬s t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡ ❜②

✉s❡ ♦❢ ❛♥ ♦♣t✐❝❛❧ ✜❜❡r✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✺✼✿✾✸✼✕✾✹✵✱ ❆✉❣ ✶✾✽✻✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴

P❤②s❘❡✈▲❡tt✳✺✼✳✾✸✼✳ ❯❘▲ ❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳

✺✼✳✾✸✼✳

❬✺❪ ❚✳ ❇✐tt❡r ❛♥❞ ❉✳ ❉✉❜❜❡rs✳ ▼❛♥✐❢❡st❛t✐♦♥ ♦❢ ❜❡rr②✬s t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡ ✐♥ ♥❡✉tr♦♥ s♣✐♥

r♦t❛t✐♦♥✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✺✾✿✷✺✶✕✷✺✹✱ ❏✉❧ ✶✾✽✼✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳✺✾✳✷✺✶✳

❯❘▲ ❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳✺✾✳✷✺✶✳

❬✻❪ ❉✳ ❏✳ ❘✐❝❤❛r❞s♦♥✱ ❆✳ ■✳ ❑✐❧✈✐♥❣t♦♥✱ ❑✳ ●r❡❡♥✱ ❛♥❞ ❙✳ ❑✳ ▲❛♠♦r❡❛✉①✳ ❉❡♠♦♥str❛t✐♦♥
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