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Abstract

The main topic of the thesis is the study of Elliptic Partial Differential Equations. The thesis is
divided into two Parts: (I) Trudinger-Moser Type inequality on weighted Sobolev spaces; and
(IT) on existence and nonexistence of isoperimetric inequalities with different monomial weights.

In part I, we establish the Trudinger-Moser inequality on weighted Sobolev spaces in the
whole space, and for a class of quasilinear elliptic operators in radial form of the type Lu :=
—r~0(r*/ (r)|?u'(r))’, where 6,3 > 0 and a > 0, are constants satisfying some existence con-
ditions. It is worth emphasizing that these operators generalize the p- Laplacian and k-Hessian
operators in the radial case. Our results involve fractional dimensions, a new weighted Pdlya-
Szego principle, and a boundness value for the optimal constant in a Gagliardo-Nirenberg type
inequality.

In part II, we consider the monomial weight 24 = |21|% ... |zx|%, where a; is a nonneg-
ative real number for each ¢ € {1,..., N}, and we establish the existence and nonexistence
of isoperimetric inequalities with different monomial weights. We study positive minimizers of
/. 50 sAHN=1(x) among all smooth bounded open sets 2 in RY with fixed Lebesgue measure with
monomial weight [, zPdx.

Key-words: weighted Trudinger-Moser inequality, weighted rearrangement, Schwarz sym-
metrization, isoperimetric inequalities, Sobolev inequalities, monomial weights.



Resumo

O objetivo geral da tese ¢é o estudo de Equacoes Diferenciais Parciais Elipticas. A tese é dividida
em duas Partes: (I) Desigualdade do Tipo Trudinger-Moser sobre espagos de Sobolev com pe-
sos; e (II) A existéncia e nao-existéncia de desigualdades isoperimétricas com pesos monomiais
diferentes.

Na Parte I, estabelecemos uma desigualdade do tipo Trudinger-Moser sobre espacos de
Sobolev com pesos sobre o intervalo (0, +00), relacionada com a classe de operadores elipticos
quasilineares cuja forma radial é dada por Lu := —r~?(r®|u/(r)|°«/(r))’, onde 6,8 > 0 e o > 0,
sao constantes satisfazendo algumas condicoes de existéncia. Vale enfatizar que esses operadores
generalizam o p-Laplaceano e k- Hessiana, no caso radial. Os resultados envolvem dimensao
fraciondria, um principio de Pdlya-Szegd com pesos e uma limitagao para a constante 6tima
associada com a desigualdade do tipo Gagliardo-Nirenberg.

Na Parte II, consideramos pesos monomiais 4 = |z1|% ... |zx|%", onde a; é um ntimero real
nao negativo para cada i € {1,..., N}, e estabelecemos a existéncia e nao-existéncia de desigual-
dades isoperimétricas com pesos monomiais diferentes. Estudamos minimizadores positivos de
f 80 xAHN~1(x) sobre todos os conjuntos abertos, limitados e suaves cujo volume fQ xBdx é fixo.

Palavras-Chave: Desigualdade de Trudinger-Moser com pesos, rearranjamento com pesos,
simetrizacao de Schwarz, desigualdades isoperimétricas, desigualdades de Sobolev, pesos mono-
miais.
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Introduction

The thesis is divided into two Parts: (I) Trudinger-Moser type inequalities for weighted Sobolev
spaces; and (IT) on existence and nonexistence of isoperimetric inequalities with different mono-
mial weights. Each Part is divided into Chapters. Each Chapter is related to a preprint, see
[1, 2], as follows.

Part I

e E. Abreu and L.G. Fernandes Jr. On a weighted trudinger-moser inequality in R¥.
arXiv:1810.12329v1, 29 October 2018.

Part II:

e E. Abreu and L.G. Fernandes Jr. On existence and nonexistence of isoperimetric inequal-
ities with different monomial weights. arXiv:1904.01441v2, 11 April 2019.

It is worth emphasizing that each Part is completely independent.

Part 1

It is well known that the classical Sobolev embedding
WhP(Q) — L4(Q) is continuous for any p < ¢ < Np/(N — p), where p < N and Q is a
domain in R, see [4, 33]. If p = N, although the embedding WP (Q2) < L7(Q) is continuous
for N < ¢ < oo, WHN(Q) ¢ L>(Q). Motivated by this approach, Adams [4] proved that for
every 0 < p < 1 the Sobolev space WH¥(Q)(2unbounded) is embedded in the Orlicz space
Ly, (), where

N
N—

e N-2 i v,
U,n(t) =e —Zﬁtw—l .

Hempel, Morris and Trudinger [34] showed that the best Orlicz space Ly (2) for the embed-
N

ding of W, (Q) (where Q is a bounded domain in RN ) occurs when ¥ = ¢ := ¢!™ ' — 1. More
precisely, the space VVO1 M(Q) may not be continuously embedded in any Orlicz space Ly ()
whose defining function ¥ increases strictly more rapidly than the function ¢.

The case when € is a bounded domain was studied by J. Moser [39], which showed the
following sharp result

1 u( lul )% SO(N7/’L)7 lfMSMN
sup A Ivullze dx (1)
wew ¥ @y 19U Jo = +oo, if u> p,




1
where py := Nwy_1|Q|is the Lebesgue measure of 2, wy_; is the (N —1)-dimensional Hausdorff
measure of the unit sphere in RY, and C(V, i) is a positive constant depending on N and p.
The case Q = RY, was studied by Ruf [42] for N = 2, and Li and Ruf [37] for N > 3. In
all cases a sharp result was obtained. Namely, there exists D(V, ) which depends on N and pu
satisfying

[ Bstde < DY) @)

for all u € WHN(RY) with [ullyrveyy =1 and o < puy. Here, the inequality (2) is not valid if

H > [N -
The attainability of the best constant

dn, = sup / U, n(u)de, (3)
]RN

’LLEWLN(RN)ZH’U,HWLN(RN):I

associated with (2), was studied by Ishiwata [35] (see section 1.1, Theorem 1.5 and Theorem
1.6). A similar study was done for singular weights, see [36] .

To establish the attainability of dy ,, Ishiwata proved that the compactness of a maximizing
sequence to (3) happens, excluding the concentration behavior and the vanishing behavior of the
maximizing sequence. He also showed that the functional J(u) := [z, Vs, (u)dz does not have
critical points on M := {u € WH*(R?) : [ull 2@y = 1} for p sufficiently small, which implies
non-existence results in this case.

Our approach for Trundiger-Moser inequality will be done for the class of quasilinear elliptic
operators in radial form of the type

Lu = —r 0 (r (r) [P (1)),

where 0,5 > 0 and a > 0. For some problems involving the operator L, see [23, 27]. It is
worth emphasizing that these operators generalize the p -Laplacian and k-Hessian operators in
the radial case, more precisely,

(i) Laplacian a=0=N-1,=0
(ii) p-Laplacian (p > 2) a=0=N-1,=p—2
(iii) k-Hessian (1< k< N) a=N-k,6=N—-1,=k—1

where these operators act on the weighted Sobolev spaces

W, 5(0, R) := W'P((0, R), dAq, dAg) for 0 < R < o0

o

defined in section 2. The proposition 1.1, in section 2 (see Kufner-Opic [40]), gives us the
following Sobolev-type embedding

W, 5(0,R) = L§(0,R), where 1 <¢<g¢',a—p+1>0,0<R<+o0,

and the number ¢* := S_J“—;JZ’; is the critical exponent associated with the weighted Sobolev space

Wl”g (0, R). We would like to emphasize that the embedding still holds for « — p+ 1 = 0, and

«

1< g < o0



As in the classical case, a function in W;:g (0, R) (when a — (p — 1) = 0) could have a local
singularity, which proves that > , , ). otivated by this approach, Oliveira
ingularity, which hat W%, ,(0,R) ¢ Lg°(0,R). Motivated by thi h, Olivei

and Do O [28] studied this embedding, and they proved some results on validity and attainability
of the Trudinger-Moser inequality (for bounded domains see section 1.1, Theorem 1.2, Theorem
1.3 and Theorem 1.4).

In the first part, chapters 1 and 2, our goal here is twofold: we prove a Trudinger-Moser type
inequality for weighted Sobolev spaces involving fractional dimensions in the unbounded case
(0, 00); and, we discuss the existence of extremal functions in such inequalities.

We attempt to replace the constant ¢, (wich depends on «, 6 and R) in Theorem 1.2 by a
uniform constant d(«, 6, 1) (wich depends on «, 6 and 1), by replacing the Dirichlet norm with
weight ||u/||zz by the Sobolev norm with weights ||U’||Wi’§(0,oo)7 in the same spirit of the results

stated before [37, 42]. Furthermore, we investigate the compactness on maximizing sequences
for such inequalities in the same sense of the results established by Ishiwata [35].
Let

lp]-1
A, u(t) = e“tp* Z tp 717 with |p| the largest integer less than p.

One of our main results is:

Theorem 0.1. Let p > 2, 0,a > 0 and p > 0 be real numbers such that o — (p — 1) = 0 and

1
< fiag = (1 +0)ws. Then there exists a constant D(0,«, u) which depends on 6, o and
such that

AM%AM@WM@SD@mm ()

for all u € Wi:g(07oo) with ||UHW;:§(0,OO) = 1. Furthemore, the inequality (4) fails if 1 > [0,
that is, for any p > pag there exists a sequence (u;) C W (0 o0) such that

/ A, B G0 dAo(z) — 00 as j — oo.
0 ||ujHW;:g(0,oo)

To state our next results, we need to define the best constant associated with the inequality

(4), namely
> ju()]
d(f, o, p) == su Ay | 77— | dho(2), 5
o= | <| ) () 5)

O#ueWaljg(O,oo |uHWi’g(0,oo
where o — (p — 1) = 0.

Theorem 0.2. Under the assumptions of Theorem (0.1, there exists a positive nonincreasing
function u in Wijg(O, o0) with Hunl,s(O o) = 1 such that

d@mmzlm%MM@WM@,

in the following cases:



(1) p>2and 0 < p < fin,

(i1) p=2 and % < < Hap,

where ) )
HulHLg(o,oo) : ”UHLg(o,oo)

B(2,0)" =

in 7]
0£uEW, 5(0,00) HUHLg(o,oo)

Theorem 0.3. Let p = 2, 0 > 0 and o« = 1. Then there exists py such that d(0,a, p) is not
achieved for all 0 < p < pg-

To prove the statement (1), Moser [39] used the well known Schwarz Symmetrization ar-
guments, which provide a radially symmetric function u# defined on the ball B(0), where
LN(Q) = LY(Bg(0)) and all the balls {z € Bg(0); u#(x) > t} have the same £ measure of the
sets {x € Q;u(z) > t}. Furthermore, u? satisfies the Pélya-Szego inequality.

/ VN < / V|V da. (6)
Br(0) Q

Thus, the prove of (1) was reduced to the subset of radially non-increasing symmetric functions.
In our case, Pdlya-Szego inequality for Wolé:g (0,00) was not available. That was one additional
difficulty in this type of problem. See, for instance, [28].

In chapter 1, section 1.2, we present the half weighted Schwarz symmetrization with the goal
of working around the problem. Thus, we will reduce again the Trudinger-Moser inequality to
non-increasing functions.

The Part I is organized as follows.

Chapter 1:

In section 1.1, we define some elements and present some previous results about Trudinger-
Moser inequality on W;’_pw(O, R), where R < oco. In section 1.2, we prove a new Pdlya-Szego
Principle on W;:e using a new class of isoperimetric inequalities on R with respect to weights |x|*.
In section 1.3, we establish the Trudinger-Moser inequality on Wi:g (0, 00), under the assumptions
of Theorem 0.1.

Chapter 2:

In the section 2.1, we obtain the Theorem 0.2 studying the compactness of a maximizing
sequence (u,) for (5). In the section 2.2, we show the Theorem 0.3 proving that the functional
F(u) = [7 Ay u(|u(x)])dNg () does not have critical points on {u € Wllf(O, 00) : HuHWi,;(O,OO) =
1}. Finally, in the section 2.3 we present a brief discourse about Gagliardo-Nirenberg-Sobolev
type inequality and we show that 2/B(2,0) < 2r(1+46) = 1 6. Thus, the case (i7) of the Theorem
0.2 makes sense.

Part 11

A great attention has been given recently to the isoperimetric inequalities with weights, see
for instance [6], [7], [9], [11], [12], [13], [14], [15], [17], [16], [19], [24], [25], [26], [29], [32], [41] and
the references therein. However, in the wide literature, most works approach volume functional
and perimeter functional carrying the same weight.

4



It is worth emphasizing that some researchers have been studying isoperimetric inequalities
when the volume and perimeter carry two different weights, see [6], [7], and [25]. In [6], motivated
by some norm inequalities with weights which are well-known as Caffarelli-Kohn-Niremberg (see
[18]), it was studied by Alvino et al., the following isoperimetric inequality:

minimize / |z|*HN " (2) among all smooth sets Q C R satisfying / lzf'de = 1. (7)
o0 Q

The existence of an isoperimetric inequality with monomial weights was shown by Cabré,
and Ros-Oton, see Theorem 1.4 in [16], namely

Theorem A (Cabré-Ros-Oton). Let A = (ay,...,ayn) be a nonnegative vector in RY,
ot = |z .oy, D =a;+-+an+N, and RY = {(x1,...,2n);2; > 0 whenever a; > 0}.
Let Q C RN be a bounded Lipschitz domain. Denote

m(Q) = /Q zdx and P(Q) = /8 ) zAdHN " (2).

Then,

, (8)

where Bt :== B;(0) NRY.
As in the classical case, the inequality (8) implies the following Sobolev Inequality with

monomial weights
1
< Cpn (/ ]Vu|p3:Adx> : 9)
RN

A

o
/ Jul?" xAdx
RY

for every u € C}(Q2), where p* = é’—l_)p, and p < D. The best constant in (9) is given by

and by

1 —1\7 'T'(D

CpN = C’lD%_l_E P2 p—() , for 1 <p< D,
| Porl o Ar(®)r(?)

P P

where p = p%l, and k is the number of strictly positive entries of A.
Additionally, the best constant C), x gives the possibility to prove a Trudinger-Moser type
inequality, more especially, that there exists constants ¢; > 0 and ¢ > 0 such that

D
D1
/exp ( cifu(z)) ) xAdeCQ/mAdx
Q HVUHLD(Q,:CAdx) Q




where 2 C RY is a bounded open set.
Motivated by inequality (9) and the Caffarelli-Kohn-Nirenberg inequality, Castro presented
in [20] the following result

Theorem B (Castro). Consider N > 1, p>1, F = (f1,...,fn), G=(g1,...,98) € RN, Let
f=h++fnvandg=gi+- - +gn, for p* > 1 defined by

1 g+1 f

J— P +N’

1
pr N p
suppose
1 1 .
1. —fi+|1—=]gi>0foralli=1,...,N,
P p
2.0 fi—¢gi<1foralli=1,...,N.
N
3 1-——<f—-—g<1l
p

Then there exists a constant C' > 0 such that for allu € C} (RY)

</sz |xGu(x)|P*dx) g <C (/RN yg;Fvu(x)w)’l’

For p = 1, we may rewrite the previous result as:
The following three conditions

Z) a; > 0,

i) 0<a; — L2 < 1,

i) a—b<1, wherea:=a;+as+---+ay and b:=b; + by + -+ by.

are sufficient for the existence of a constant C' > 0, that depends on a, b, and N, such that

N+a—1

(/ xB|u(m)|NJXﬁ1dx) : SC'/ 2| Vu(x)|dr,
RN RN

Jor every u € C} (RY).

Motivated by Theorem B and problem (7), we approach the existence and nonexistence of
isoperimetric inequality where the volume and perimeter have different monomial weights, more
specifically, we study the following isoperimetric problem:

Find the constant C4 g n € [0, +00), where

/ rAdHN " (2)
09

= §) is a smooth open set and 0 < / Bdr <ocop.  (10)
Q

{ /Q :ch:cl o

Even though some cases in one dimension are included, throughout the Part II we consider
N > 2. For the case N = 1, see [6]. One of our main results is:

CA,B,N := inf

6



Theorem 0.4. Let N > 2, and Let A = (ay,...,an), B = (b,...,by) be two nonnegative
vectors in RY. Leta=a;+---+an, b=by +---+ by, @i =a—a;, and b; =b —b;. Then, we
have the following
(L) if
Can >0,

12y

then

_N—l—a—l ‘<N+a—1

< a; 11
0=a N+b "= N+b (11)
or equivalently
N+a;—1 i N+a;—1
0<a; — Lbi and a < +C_L (12)
N +b; bi+1 7 N+b—1

(II) if a—b <1 and the condition (11) holds, then

CA,B,N > 0.

For the case a — b = 1, on certain conditions, we present the exact value of Cy p n.

Theorem 0.5. Let N > 2, and let A = (ay,...,an), B = (b1,...,bx) be two nonnegative
vectors im RN. Leta=a,+---+ay,a=by +---+by, @ =a—a;, and b; =b—b;. If a; = b;
forall j € {1,...,N}\{i}, and a; = b; + 1, then

CanN = a;.

Theorem 0.6. Let N =2, A = (0,1), and B = (0,0). Then, there is no bounded, open and
Lipschitz set Q0 C R? such that

_ P9

Our Theorem 0.4 establishes all cases of existence and nonexistence of isoperimetric inequality
for two nonnegative vectors satisfying a — b < 1, which also implies the improvement and the
necessity of (ii) in Theorem B. The condition (12), equivalent to (11), is even more general,
because it shows us how to choose the entrie i of the vectors A and B, since we have already
chosen the others N — 1 entries. For instance, if we have N — 1 equal entries in the vectors A
and B, a; = b; for all j € {1,..., N}\{¢}, then the condition (12) tells us that the isoperimetric
inequality exists only if a; < b; + 1.

Theorem 0.5 is surprising, since U4 p n in this case does not depend on N. It is worth
emphasizing that in the proof we get a decreasing sequence (£2.)_., C RY, it means Q. C Qj
whenever € < 9§, such that

fags aAHN (z)

an xBdx

—a; as € — 0,



however the [, zdz — 0 as e — 0.

The Theorem 0.6 shows us slightly what the Theorem 0.5 indicated. In other words, we
expected that there is no minimizer set for (10) whenever A and B are nonnegative vectors in
R satisfying A = B + ¢;, where ¢; = (0,0,...,0,1,0,...,0).

The Part II is organized as follows.

Chapter 3:

In section 3, we define some basic elements that we will use throughout the Part II. In section
3.2, we state some lemmata which will be used in the prove of Theorem 0.4. Finally, in section
3.3, we prove Theorem 0.5.

Chapter 4:

In section 4.1, we present Steiner symmetrization, one of the simplest and most powerful
symmetrization processes ever introduced in analysis. In section 4.2, we study the case N = 2,
A = (0,az), and B = (0,0) based on Steiner symmetrization and elementary arguments, and
establish Theorem 0.6.



Part 1

Trudinger-Moser type inequality on
weighted Sobolev spaces



Chapter 1

On a weighted Trudinger-Moser
inequality in RN

We prove Theorem 0.1, which extends to the interval (0, c0) a similar inequality obtained by De
Oliveira and Do O [28] for bounded intervals. The main ingredient in the proof is the definition
of a “half”Schwarz symmetrization for functions in W;’g ((0,00)). By proving a suitable version
of the Pdlya-Szego inequality, we reduce the problem to the space of non-increasing functions.
Then, for i < pa9, we are able to obtain the finiteness of d(6, o, pt) (5) by combining the results
in [28] with sharp decay estimates.

1.1 Basic definitions and previous results

Let 0 < R < 400, 1 < p < +oo and 6 > 0. Let us denote by L(0, R) the weighed Lebesgue
space defined as the set of all measuable functions u on (0, R) for which

1/p

R
lillgom = | [ P <o

where

1460
272

—————, for all 8 >0,
(5%

dXo (1) = wpafdr, wy =
with (z) = [;7 " 'e~*dt the Gamma Function. Besides, we denote by
TR~

Wi:g((), R) := {u € LE(0,R);u € LP(0,R)and lim wu(z) = O}

and

=

lellwisiom = (11 0 + 1l )

In the following proposition, see [40] for more details, we collect some embedding results for
the weighted spaces W;:g , which will be used in this paper.

10



Proposition 1.1. Let u : (0, R] — R be an absolutely continuous function. If R < oo, u(R) =0
and

(1) for1 <p<gq< oo, assume
— 4 _ gzl _
(@) a>p—1,0=al —q¢5=—1, or
() a<p—1,0>—1.
(2) for 1 <q<p< oo, assume

— 4 _ gL _
(¢c) a>p 1,9>ap q== =1, or
(d) a<p-1,0> -1

R i R 5
(/ |u|qx6dx) <C (/ |u’|pmadx) ,
0 0

where C' 1s a constant which does not depend on u.

then

Next, we present results due to Oliveira and Do O [28].

Theorem 1.2. Let o,0 > 0 and p > 2 be real numbers such that « — (p — 1) = 0. Then there
exists a constant c,g depending on o, 0 and R such that

D™= AN (1) (1.1)
=00, i p> pap,

sup

1
/R u( P S Ca,0, Zf H S Ha,p = (1 + e)waa
(&
u€W,b(0,R) 70

where ||u'||zp = 1.
They also showed the existence of extremal functions for inequality (1.1), as follows

Theorem 1.3. Under the assumptions of Theorem 1.2, there are extremal functions for Cy g r(1t)
when (1 < fi.0; that is, there exists u € W;;g(o, R) such that

R p
Ca,@,R(M) = / €u|u|1’TId)\9(r)7
0

where

R p
Cap.r(p) = sup / e“““l)pjd)\g(r).

1, _
uGWafg(O,oo):Hu’HLgfl 0

In the same spirit of Adachi and Tanaka (see [3]), Oliveira and Do O showed the following
result

11



Theorem 1.4. Let 0, > 0 and p > 2 be real numbers such that « — (p — 1) = 0. Then for any
p € (0, pap) there is a constant C,, 9 depending on p, p and 6 such that

> |u(r)] ||U||Lg(o,oo) P
App | 7 ) do(r) < Cppo | 77— (1.2)
0 [/ 22 0,00) 14/]] 220,00
for allu € Wlp(O R)\{0}. Besides that, for any p > pa.p there is a sequence (u;) C W) %(0,00)
such that ”u]”Lg(O,oo) =1 and

1 o .
| A Qs drate) = 0 as = o

||U; ||L£(o,oo) 0
where

lp]-1

A — eu“’ Z tp 13, with |p]| is the largest integer less than p.

pu(t)

As mentioned in the Introduction, Ishiwata [35] studied the attainability of dy, (3) in the
classical case. He emphasized the importance of evaluating vanishing behaviour on maximizing
sequence in unbounded case. Next, the main results in [35] are presented.

Theorem 1.5. Let N > 2 and

4
[l s

BQ = 2 5 -
opewr2(®2) [|[V|7a |97

Then dy ,, is attained for 0 < p < pn if N > 3 and for 2/By < pup < pp = 4w if N = 2.
Theorem 1.6. Let N = 2. If n < 1, then dy, is not attained.

, .. .. 1.
1.2 Podlya-Szego Principle on ng

As mentioned in the introduction, we are going to define a half weighted Schwarz symmetrization
to prove a Pdlya-Szego Principle, see the inequality (6).

We define the measure j; by duy(x) = |z|'dz. Besides, if M C R is a measurable set with
finite p;-measure, then let M* denote the interval (0, R) such that

pu((0, R)) = pu(M).
Further, if u : R — R is a measurable function such that
w ({y € R;Ju(y)| > t}) < oo forall t>0,

then let u* denote the half weighted Schawarz symmetrization of w, or in short, the half 1-
symmetrization of u, given by

u*(x) = sup {t > 0; i ({y € Rfu(y)| > t}) > u(0,2)},

for every x > 0.

12



Remark 1.7. The word “half” appears here because our symmetrization is slightly different in
three aspects:

(1) it is defined on (0,00);

(i1) we are comparing the distribution p(t) :==  ({y € R; |u(y)| > t}) with the measure of (0, ),
instead of By (0);

(7i1) the set M* is a semi ball with the same measure of M, instead of a ball.

Remark 1.8. We gather basic properties of the half j;-symmetrization of u:

(1) w* is monotone nonincreasing;

(17) / lulPatde = / |u*[P'dz, for every 1 < p < oo;
0 0

(vit) / aldr = / a'dx, for every 0 <t < oo.
{|u|>t} {u*>t}

We will carry out the proof of the next result based on Isoperimetric Inequality on R with
weight |2|* [see [6], Theorem 6.1]. Besides that, it is worth noting that Theorem 8.1 in [6] does
not cover the case k < [+ 1 when N = 1. For negative values of k, the proof is a consequence
of the well-known Hardy-Littlewood inequlaity. See also Cabré and Ros-Oton [16] for monomial
weights, and Talenti [45] for some cases when N > 2.

Theorem 1.9. Let k,l be real numbers such that 0 < k < [+ 1, and 1 < p < oo. Set
m = pk + (1 —p)l. Then

/ |u/|p |x|pk+(1fp)l dx > / |(u*)/|p |x|pk+(1fp)l dz, (1.3)
0 0

for every u € W,}Q’f;((), 00), where u* denotes the half w-symmetrization of u.

Proof. Observe that it is sufficient to consider u a non-negative function. Let
oo
I ;:/ |u’\p\x|pk+(1_p)l dx and
0 o
I* ::/ |(u*)/|p |$|pk+(lfp)l dx.
0

The Coarea Formula holds

I ::/ / /)P [P 410 () dt and
0 u=t

I = / / (™) [P PP aHO ()t
0 u

I::/ / |z|* dH°(x)dt and
0 u=t

I ::/ / |z|* dHO (z)dt,
0 Jur=t

13
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hence, we obtain from Isoperimetric inequality on R with weight |z|* [see [6], Theorem 6.1] and
definition of w* that

/u_t‘l“’deo(x) 2/ 2ff dHO (@),

u*=t

Therefore, I > I* when p = 1.
Now, asssume that 1 < p < co. By Holder’s Inequality we have

1 l .
/ o) dH(z) < (/ |x|’“p+“‘p”|u’|p1dH0<x>) (/ —}x,'|dﬂ°<w>)
u=t u=t u=t |U

for a.e t € [0, 00), thus we get

I> /OOO (/u:t |x|kd7-[0(a:))p (/u:t %d%%@)l_p dt. (1.4)

Since that |(u*)'| and |z| are constants along with {u* = t}, hence, for u* we obtain the equality,
i.e,
1-p

I :/0°° (L*:t\xykdﬂﬂ(a:))p (/m:t ‘(ch;/‘d’i—lo(x}) dt. (1.5)

In addition, by definition of u*, see also Remark 1.8, we have

/ ].m\ldavz/ || de,
u>t u* >t

and as a consequence of Coarea Formula we get

/u @d'ﬂo(x):/mt =] dH° (), (1.6)

= /] | (u)|

for a.e t € [0, 00) which is sometimes called Fleming - Rishel’s Formula, see Corollary A.22.
Again, by Isoperimetric Inequality on R with weight |z|* [see [6], Theorem 6.1] and the defi-
nition of u* we obtain

/ lofF dHO () > / 2]* dHO (). (1.7)
u=t u*=t
Therefore, from (1.4), (1.5), (1.6), and (1.7) we have

1>

thus, (1.3) follows. O

1.3 Trudinger-Moser inequality on Wi;g (0, 00)

In this section, we establish a Trudinger-Moser type inequality on Wi:g (0,00) (Theorem 0.1) via
the Pélya-Szegd Principle presented in section 1.2.

14



Lemma 1.10. (i) Let u be a function in Wijg(O, o0). Then,

p—1l _ 1 (p—1)0+a

wew ||u||’£g(10700) ||u,||Lg(0,oo) for all = > 0. (1.8)

[u(@)” < pwy

Consequently, the embedding Wi:g(O, 00) < L3(0,00) is compact for all q satisfying

p*(1+0) p(1+06)
p-Dita-"Ta-p-p "

where a« > (p—1) and a < p+ 0.
(ii) Let u € Ly(0, R) be a nonincreasing function, then

u(z)| < (1—”) Up [ /0 ’ |u(s)|pd)\9(s)} l/p, for all 0 <z < R. (1.9)

w1 +0

Hence, if (u,) C W;;g((), 00) is a nonincreasing sequence converging weakly to u in W;;g(o, 00),
then u, — w strongly in L{(0,00), for each p < ¢ < p* (a >p—1).

Proof. 1t is easy to check out the inequality (1.9) for a nonincreasing function. Then, we will do
only the inequality (1.8).
For every 0 < x < y we have

u(@)” < July)” +p/y ()"~ | (¢)] dt.

By Holder Inequality and lim u(y) = 0, we get

Yy—00

< | )P ol (1) e

<pw, T wata ( / \u(t)|pd)\9(t)) ’ ( / \u’(t)\pd)\a(t))p,
0 0

which proves (1.8). O
The next remark will be used in the proof of Theorem 0.1.

Remark 1.11. By inequality (1.8), we have |u(x)| <1, for all

P
(p—1)(1+0)

= Qo

whenever u € Wi:g(O, 00) with ||u||W;:g(07oo) <1 and o — (p—1) = 0. It is worth noting that ay
depends on p, and 6.
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Theorem 0.1. Let p > 2, 0, > 0 and p > 0 be real numbers such that « — (p — 1) = 0 and
1

p < g = (14 60)ws. Then there exists a constant D(0,a, p) which depends on 6, « and p
such that

/0 " Ay (u(@))de(z) < DO, a ) (1.10)

for all u € W;:g((), 00) with ”unlvg(o ooy = 1. Furthemore, the inequality (1.10) fails if pt > fia0,
that is, for any p > pag there exists a sequence (u;) C Wi:g(o, 00) such that

/ A, @)l dAg(z) — 00 as j — oo.
0 ”ujHW;:g(O,oo)

Proof of Theorem 0.1
We can assume by Theorem 1.9 and Remark 1.8 that u is a nonincreasing positive function

on (0,00) and we also recall that ||uHW1,§(0 oy S L.
Let a > ag (see Remark 1.11) to be chosen later. Next, we divide the integral at (1.10) into
two parts, that is,

/ " A (Ju(@)]) o) = / Al + [ A, (L)

It follows from Lemma 1.10 and Remark 1.11 that

o0 o0 ,] 00 .
/Ap,u(|u|)d)\9($) = Z%/ |u|ﬁjrew@dr

i=Lp] ¢
lp) oo
< LLJ@IM—'/ |ulPr?dr
Lp! Jo _
(1 +0)rT % s
+  w Z % {WG/ |u|p7“9dr}p
j=lp)+1  Jlwg ™ 0
[
Lp] s i1+ (p—1
Y AT g gy
Ip|! 0 g/p—1 . (1+0)(G=(p+1))
PR i il L+ 0 = (p—1)a >

To estimate the other part at (1.11), let

u(r) —ua), 0<r<a
v(r) = { 0, r > a.

Note that if 1 < ¢ <2 and b > 0, we have (z + b)? < |z|? + ¢b? 'z + b? for all x > —b. Then, by

16



Lemma 1.10 we obtain

u(r) < ()P () iu(a) + u(a)'
p_
1

p— p— p p—1 T
< wv(r)r T +o(r)rTu(a)? + u(a)»T + (p = 1)/

= 140 © 146\
< U(T)P— |:1 ) <WQ/O |U|p7“ d’l”)} + (CL1+—0(,L)9)

1
MR

e [1 + %@i, <w9 /Doo |u|pr9dr>] +d(a). (1.13)

Setting

p—1

146 > 0 v
w(r) :=v(r) [1 + pRET (wg/o ulPr dr)] ,
it follows that

a a 1 9 o0 p—1
wa/ jw'[Prédr = Wa/ '[P [1%—% (wa/ |u|pr9dr)} rdr
0 0 alt We 0
1+6 > p-l a .
{14— prETI (wa/o ]u\prgdrﬂ wa/o |/ [Predr
140 o p—1 oo
< {1—1— alj;w (wg/o |u|p7“0dr)] [1 —wg/o |u|predr}
1

< 1, (1.14)

where the last inequality comes from the non-positivity of the function f : [0,1] — R defined by
f(t) = (1 +~t)P~ (1 —¢) — 1 for any v fixed in the interval (0,1/(p — 1)), whence the inequality
(1.14) is valid with

(@—nu+m)w”wga<m'

Wo

Next, it follows from (1.13) that
u(r)ﬁ < w(r)rT +d(a),
and consequently, we obtain
/ " Apu(lu(@))dho(z) < w / el 0 gy
0 0
< wyerd@ /a e“‘w‘p%redr. (1.15)
0

We combine (1.12), (1.14), (1.15) and Theorem 1.2 to conclude the first part of the proof of the
theorem.

17



For the second part, we will make a change of variable as in [28]. We define w(t)
H)I%au(Re_ﬁ) for all u € Wifg(O, R), where a — (p — 1) = 0. Then, we get

[ wopa = [,

R » B R1+9w9 [ee) y pe—t
/0 L B / w(t)Petdt

and

R p 1+6 e _p_
o we R B || P-T —¢
/ 6M|u|p d)\e(r) = / e.‘"a,Q dt
0 0

We consider Moser’s functions

Hence, we obtain from (1.16), (1.17) and (1.18) that

P

ujl

plw; | P—1

o1
R n “f> 146 poo
“ ) W,
/ . < Hlw b o,R) dhg(r) = o R / e;ta79<1+p(a,9,R)aj)
0 0

1+6

2] 1)
T J
Z e He,0(14p(a,0,R)a;) P~ 1 ,

_1
a+1 (1 +

(1.16)

(1.17)

(1.18)

J ) 1 o
where p(a, 0, R) = 2252 a; = %/ e P dt+ 7 e and w;(t) = wdt (1+0)sTu,(Re” T9).
0

140)Pwq ? 77
Thus, if 1 > f1ae

2
" #< Ju ] >” ( i
. L w— . L+ p(00,R)a ) T
lim e Walp(©-F0) dXg(r) > lime a0 (100, R)a; )

Jj—=oo Jo Jj—o0

—= +OO’

which concludes the theorem.
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Chapter 2

Maximizers for variational problems
associated with Trudinger-Moser type
inequalities

Borrowing ideas from [35], we discuss the existence of a maximizer for the maximizing problem
associated with the weighted Trudinger-Moser type inequality, and we obtain both the existence
and the nonexistence results. In order to show the existence of a maximizer of d(6, «, i), we
need to avoid a lack of compactness caused by the concentration of maximizing sequences.

2.1 Concentration compactness at infinity

In this section, we are going to prove Theorem 0.2. To show the attainability, we study the
behaviour of maximizing sequences to (5). Throughout this section we assume that (u,) is a
. Lp . .
bounded sequence in W_ (0, 00) satisfying
U, = u in W, 5(0,00), where a— (p—1)=0.
We begin with

Lemma 2.1. Let 0 < p < pag. Assume that (uy,) is a positive maximizing sequence to (5).
Then, we have

00 lp] 0 Lp]
M plp] / o) plp]
A Up|) — — |u,| P17 dAg — A u|) — —=|ul?~1 dhg — 0
/0 21 (| D J‘ | | 0 0 P:PL(| |) J' | ‘ 0

as n — oo. (2.1)

Proof. We can rewrite (2.1) as follows

/ BLPH‘LM (|un|> d/\e - / B|_pj+1# (’UD d/\g -0
0 0

as n — 00, where

o0

i,
By u(t) == Z %tplj, where k€ N and ¢ € [0,00).
j=k
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It follows from Mean Value Theorem and convexity of By,j1, that
| Bloju(tn(x)) = Bipj1u(u(a))|
(BLpJ+1u) (@)t (@) + (1 = yu(@)ulz >> (@) — u(@)
= g Pnun () (1= ()| 7
- Bm,um( 2)in(2) + (1= 1(@)u(a)) - funla) — ()
< u% o () () + (1 = () u)| 7
(@) By n(@) + (1= (@) By u0(@))] - () = o)
< g P () (1= () u(@) 77 [ A () + Apyu(u(2))]
() — u() (2.2)

Now, by Hoélder’s and Minkowski’s inequalities and (2.2) we get

[ B o = [ Byl

3=

< ([ utente) + (1= et (o))

- ( / (@) + Ay @) f”e(l‘)); (/m () — () dAe(x)>1

1
p L L o0 .
SM—_1<||unH EOU N (] )(/ (Ap,p(un(x)))"dke(w))
p L (0,00) Ly o)) \Jo

([ Gpntate) i) =l

p il o0 %
< py— P n
- ,up_ 1 < u Léyl(opo)) </0 Apgulu (Jf))d)‘é)(x))

([ Anantatandnte) ) =l (23)

-1
T
Lyt

where ¢,r,t > 1 are real numbers satisfying % + % +% =1, qu < fap, zﬁ >pandt > 1%21.
Besides, in the last inequality at 2.3) we used the following inequality

lp)-1 I lp)—1
_p_ J . _p_
eHtP=t Z i'tp%J < eautP=T
j=0 J: Jj=0

Therefore, from (2.3), Lemma 1.10, and compactness embedding we conclude the proof of the
Lemma. [

To study the compactness of a maximizing sequence to (5) based on the concentration-
compactness type argument, we analyze the possibility of a lack of compactness which is called
vanishing. For this, we will introduce some components as follows
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R—00 n—o0

o= gt ([T Pt + [ ) @),

o= fim_tim ([ ) P ) + / ' (SIEIONE)

Vo= lim lim ( /O RAP,M(\UH\)dAG(a:O

R—00 n—o0

= it (" @ o) )

R—o00 n—00
R

no = lim lim |un(2)[7 TP dAg(2), and
R—ocon—oo [,
Moo = lim lim [ fug(2)[ 7T P dAg ()

—00 N—00 R

taking an appropriate subsequence if necessary. It is easy to see that, if (u,)nen is @ maximizing
sequence to (5) (||un||W1,1;(0 o) = 1), then

L lp]

v; T Nis
lp]!

1 = o+ fioo, d(p, 0, 1) = g + Vs and (2.4)

1 > 1o+ N (ifpis an integer),
where 1 = Oor 7 = oo.

Definition 2.2. (u,) is a normalized vanishing sequence, (NV'S) in short, if (u,) satisfies
||un||W1,g(0700) =1 (witha—(p—1)=0), u=0 and vy = 0.

Example 2.3. Let ¢ be a smooth nonincreasing function with compact support on [0, 400)
satisfying ||| Lr(00) = 1 We set

_ Ad(hga)
() (14 MNeXo)?

where v = 45, Ao = [|¢/|] and (\,) is a positive sequence such that A\, — 0 as n — oo.

p
L5(0,00)7
Thus, (¢n),ey 5 @ normalized vanishing sequence.

The main aim here is to show that d(a, 6, 1) is greater than the vanishing level. More precisely

d(a, 0, 1) > sup / A, (Jug(2)]) dAg(2).
{(un)cW 2 (0,00):(un) is & NVS} J0

Thus, we define the normalized vanishing limit as follows

Definition 2.4. The number

dout(, 0, 1) = sup / Ay (Jun()]) Ao ), (2.5)
{(un)cW 2 (0,00):(un) @5 a NVS} /0

15 called a normalized vanishing limit.
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The normalized vanishing limit will depend on « and p.
Next, we rewrite the elements defined above. For this purpose, given a real number R > 0,
we take a function ¢ € C*(R), such that

or(z) = 1, if 0<uz<R,

0<o¢gr(x)<1, if R<zx<R+1,
or(x) =0, if R+1<x,
|0 ()] < 2, if x e R.

After that, we define the functions ¢% and ¢ by

Op(x) = dr(x), OF () :=1- P()

Lemma 2.5. Let R >0, n € N, and u}, p = ¢pu, (i =0,00). We have

R—00 n—o0

= g i ([P + [P ) o

v = Jim lm | Ay (fup(@)]) dho(z), and @)
n; = lim lim |uiL’R|p%1Lde/\0(x)' (28

R—o00 n—o0 0

Proof. We will prove only (2.6) with ¢ = 0. On the one hand,

R 00 R+1
/ uy [Py < / 60 PNy < / fup [P g, (2.9)
0 0 0
On the other hand, from the Mean Value Theorem we obtain
| rar, = [ i, + (Y par,
0 0
= / | SR "dAa + po,rs (2.10)
0
where
pue = [ 16, + 1) ) 0l 0R (5 ao)
0
4 [ 6%+ ) Gl ()R - () o)
0

and 0 < t,(z) < 1.
We get

1
6%+ @)W PN | 16 PN |
p |pRUy + 1n(2)(DR) Uun|PdNa [(OR) Un|"dNa
0 0
2p[||u;z||Lﬁ + 2||Un||L£(R,R+1)]p_1||Un||L§;(R,R+1)

-1
< 2 1+ 2llunllzmpreny]” Nunllrzmrr-

IN

|pn,R|

IN
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By compactness embedding, W'? ((R,R+1)) < LP((R,R+1)) with R > 0, we have
nh_{lc}o HUnHLﬁ(R,RH) = ||U||LZ(R,R+1)- Thus,

lim lim p,r=0. (2.11)

R—o00 n—o0

We conclude (2.6) (with ¢ = 0) from (2.9), (2.10) and (2.11). The other cases follow from similar
arguments. OJ

Next, our goal is to determine the normalized vanishing limit defined at (2.5).
Proposition 2.6. It holds that

p—1

I
dnvl(puenu) = (p— 1)‘
0 otherwise.

if p s integer,

Proof. We can suppose that w, is non-increasing (see Theorem 1.9 and Remark 1.8), then by

Lemma 1.10
146\r 1 ([ z
mmns< ) -M</!%@WM@>
W x P 0

Assuming that 1 < R < oo, then

1+6 Sy
Z '/ |un |7 TdNy < < i > wg/ 205 g
j

Jj=|pl+1 J= LPJ+1 R
- °° (1 +9) 1)
- i Lp +1 1+9 —71)

1+6
R(l_Hg) LPJJrl Z ( >

=[p]
Thus

o0

. . w > P _j
lim lim — [t |77 dNg = 0. (2.12)
R—ocon—oo '

Jj=lp]+1

If p is not integer, we get

1p]
/ | 7T P N < (1 +6)p1 wolp = 1) . (2.13)
R SN @ (lp) = - RTOGEY

Hence, using (2.12) and (2.13), we obtain v, = 0, if p is not integer.
Now, if p is integer, then |p| = p — 1 and passing to subsequence if necessary, we have
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N y
v = J i S [P,
j=lp]+1
p—1
oA T i 1l 2 o)

pr! p
= o), 1l Zg .0
p—1
< B (2.14)
(p—1)!
Taking u, := ¢, as in the Example 2.3 we obtain (2.12) as well. Besides, we get
190123
. . p . . . oo
Jim T o = Jim T SO (2.15)
From (2.12), (2.13), (2.14) and (2.15) the proposition follows.
O

Proposition 2.7. Let p > 2 be an integer number. Then

pP!

m7 if p>2 and p € (0, pag),

d(p, 0, u) >
prt

: 2
m7 if p=2 and p € (maﬂa,e} ;

where B(2,0) is defined as in Theorem 0.2.
Proof. Let o = 25, and v € Wi:g((), 00). We set

v (x) = to(t°x), for all t,z € (0,00).

[ (Y,
o " ||Ut||W;:§(0,oo)

We get

ey P—= lp
b1 ]2, tr-1 HUH Py
> Iu L9 +_ 9
= —_1)! p p || ||P Py
B = O g+ 102 (g, 4 e, )
9 «
Pt

mhp,&u(t)'

Note that Pr% hyo,(t) = 1. Thus, it is sufficient to show that A/
ﬁ

nou(t)>0for 0 <t <1

Through straightforward calculation we obtain
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1!
W p

PO P p )2
(o, + e i)

p—2
>—1P —1
o757, (ol + 2 10/15;)”
9

1

_H
p(p—1)

%p e P 1P p—1
ol 37, 101 (Wl + 112

—1
— lollgy I 775
Thus we get h;,, ,(t) > 0 for 0 <t < 1if p > 2. Now, for p = 2 it is slightly different, because
4 2
2t b el
2 > \2 |2 vl Ly 2 2 |[40/]|2
(Ioll3; + &2 i) (Il + & 113

Taking v € W,b(0,00), such that B(2,6)~! = B(v)~!, we obtain hj, ,(t) > 0 for 0 < ¢t < 1, if
< p < 2m(1 4 0), [see Proposition 2.10]. O

h/2,n9,,u<t> -

2
= llvllzs 0]z

(2 0)

Lemma 2.8. Let p; <1 (i =0,00) and let p > 2 be an integer. Then, we obtain

d(p,0, 1) H%R%v;;g(ovoo)

2 / AZLM (lu;z,R’) dg + A D —1
0 p—1

|
H nRIw . 5(0,00)

OO i >l
/O Ap# (lun,RD - (p_ 1)[ |un7R‘ d)\g )

whenever n and R are sufficiently large.
Proof. By definition, we have

=t
[e%S) j ||Un,R||p%1j

d(eb,)> Y B =1

|
Jj=p— 1 ||U R||p

ww
1 - :“ i ik
7 D (7
Hun RH 1P(0 00) j=p—1 .] Lé’*l
1 > N
i 1| Bl (2.16)
||UnRHp 1p(000 ; nRHp 1(] (p—1)) ]l , L;’]fpl

8(0 00)
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From p; < 1 and (2.16) we obtain

p
(0,0, 1)l g

J #j ; Lo
> Z—Iluanlpl +Z -1 flluz,Rllzllj

=17 j=p |WnR\ mm) 0
o0 .
= | Al abar
1 o0 4 =t .
+ T -1 / Apu(lug gl) — m\%,ﬂpd)\a
Hun R‘ (0 o) 0 P ‘

for large R and large n.

]

Proposition 2.9. Let p > 2 be an integer. Assume that (u,) is a positive maximizing sequence

to (5). Then,

(1o, 10) = (1,d(p, 0, 1)) and (poo; Vo) = (0,0).

Proof. By contradiction, supposse that 0 < po < 1. Then 0 < ps < 1, by relation (2.4). From

Lemma 2.5 and Lemma 2.8 we have

1 ppt
dlo, 0, ) > v+ | —— — 1| v — |
#pfl (p - 1)

By relation (2.4) and together with (2.17) we get
d(a, 0, p)p; > vy, for i =0, 00.
Thus,
d(a, 0, 1) = d(c, 0, 11) (110 + poo) > Vo + Voo = d(a, 0, 1)
and consequently
d(a, 0, )i = v;.

From the last relation and (2.17) we obtain

p—1
v < = 1)!771‘7
whence,
p—1 ,up_l
d(o, 0, 1) = v + Vs ( _1)!(770+7700)§(p_1)!>

(2.17)



which contradicts the Proposition 2.7.
Now, again, by contradiction, suppose that py = 0. Thus, by Lemma 2.8

1.0, [y

> [ Ay e]) o
0

1 o 0 ’up—l 0 |P
+ 5/0 Ay (4.al) = L5 1al”) 0 (2.18)

for large R and large n.
Taking the double limit in (2.18), limg_,o lim,, o, We obtain

1 pup~t
d(e, 8, ) po > vo + 5 (Vo - mno) > 1,

hence, vy = 0 from relation (2.4), and py = 0, getting a contradiction from Proposition 2.6,
relation (2.4), and Proposition 2.7. Finally, using the same arguments we can get v, = 0
whenever (i, = 0. Therefore, the proposition follows. O

Theorem 0.2. Letp > 2, 0,a > 0 and p > 0 be real numbers such that « — (p — 1) = 0. Then
there exists a positive nonincreasing function w in Wi:g(O, 00) with ||u||W1,g(0 o) = 1 such that

0.0 = [ " A (Ju(@))dro(2),

in the following cases:

(i) p>2and 0 < pt < o,
(i) p=2 and 555 < 1t < [,
where ) )
[0']]720,00) * 12ell72
B(2,6)" =  inf Zi000) — TFp00)

OyéuEWi’g (0,00) HuHig(O,oo)

Proof of Theorem 0.2.
First of all, assume that (u,) is a non-increasing positive maximizing sequence to (5). We
will show that

lim |un|pflwdA9:/ [P g, (2.19)
0

n—oo 0

Indeed, given R > 0, note that

/ (|un|p’%1tpj _ Mﬁ[ﬂ) d)g
0

<

R
/ <|un|ﬁLpJ _ |u|p%1LpJ) d)g
0

+ / |un|fﬂdeA9+/ |u|7T P dg
R R

= I(n,R)+II(n,R)+ I1I(R).
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By compact embedding we have limg_,o lim, o I(n, R) = 0. From Dominated Convergence

Theorem, we obtain limg_,, lim,, oo IT1(R) = 0. If pis an integer, we get limpg_, o, lim,, o I1(n, R) =
0 from pe = 0 (Proposition 2.9). If p ¢ N, we obtain limpg . lim, o II1(n, R) = 0 from in-
equality (2.13). Hence, (2.19) follows. Now, assume that either p > 2 and p € (0, jtq,0) or p = 2
and p € (2/B(2,0), p119). Writing

A 0.) = [ A @ = [ A uaad = [ Al

t (a0~ [T A (ud n)
— IV(n)+V(n),

where

Vi) = dlp. 6. = [ Ay ()

and
IV(n) = / Ay (Jual) g — / Ay (ful) .

We get, by definition of d(«, 6, i), that

Since

o0 lp]
H T LpJ)
A U — |u|rT d\
/O ( D1 (l |) LPJ'| | 0

p] oo » »
+“—,/ (a7 = fuf 777 ) an,.
]! Jo

From Lemma 2.1 and relation (2.19) we obtain
7}1_{1;10 IV(n) =0.
Thus, u # 0 and
4.0, = [ Apy(ju o
0

Now, we assert that ||u||Wp1,7p119(07oo) = 1. Indeed, on the one hand,

||u||WZ}’7pL9(O,OO) S hq?i)logf ||un||W;f’1’9(0,oo) =1
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On the other hand,

> u
d(p> 07 :u) > / Ap,u # d)\Q
0 HUHW;’_I)LG(O,OO)

Py
. ||u||ﬁj
H lep (OOO)
> ;i T,
- [p] i
|| ||p i J Lp] J: Ly
> 1 d(p, 0
= WT (]% nu)'
W“’

Therefore, ||u||W;fL9(0’oo) =1 and

d(p, 0, 1) = / A (Jul) do.
0

[
2.2 Lack of compactness
Throughout this section, we assume that p =2 and p < 7(1+6)/3.
By Theorem 1.4 (inequality (1.2)), we get
[
/ =l < 0729 HUHL] ? (220)
/175 - [lull7 Y

for all u € W, 16 2(0,00), j € N, and 0 < v < (1 + O)w;. We are going to use the inequality (2.20)
to prove the Theorem 0.3.

Theorem 0.3. Let p = 2, 0 > 0 and o« = 1. Then there exists po such that d(0, o, p) is not
achieved for all 0 < p < pg.

Proof of Theorem 0.3
Let S:={v € Wllﬁ(O, 00) : ||v||W11,92(0,OO) = 1}. For each u € S, we define a family of functions
by
w(z) = t%u(tﬁx),
where t > 0 is a parameter. Besides, let v, := ut/||ut||Wlly,92(0’oo). Thus, v, is a curve in S passing

through u when t = 1. Then, it is sufficient to show that

d
%F(Ut) =1 <0,
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where F(w) i /0 " Ay (w(a)) dro ().

Through a direct calculation we have that ||utHi] =t 1 |u|| ™ 12 [(w)'||32 = t[ju/]|3, and
1 1

Flo) =31

! i
=7 (2, + w2, )

o a2,

d
EF(%)

Z

i 0i j-1
(= D62l (IallZy + lle25)” = 58l 2l (HuliZg + el 2

2j
(Iluli2, + ez, )

we obtain

d

_ = 1 2j . 2 2
00 ler = 32l (G = V)lluliZ; = sl 1%

= —pllullZglh 13 + Z Il [ - Dl - )

< gt |l
< pllulZa )2 | -1+ 3 ? 2.21
_,UH ||Lg|| ||L% Z Hu” 2HU/HL2 ( )
From inequality (2.20) (with v := 27(1 +6)/3) and (2.21) we get
d
) =
00 'uj 1 ‘ 3 J
<IU/HU/HL2HUHL2 ( 1+02 1+9 20]22 1)|j (27T(1+6))
= llullZ3lle 2
=
1 C2 _— 72—
( T 3r040)2 <27r1+0> “Z“ ( 1+0)) )
00 7j—2
SMHUHigHU/H%g( 14y, HW(% e M]Z:;J( ) )
) 1\
. L 1 27 (146 - -
Thus, taking po = e r——— ( ) , where a : Z] (2> , the proof of the theorem
follows.
O
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2.3 Gagliardo-Nirenberg Inequalities

In this section, we discuss about the best constant of the Gagliardo-Niremberg inequality, and
we will explore some ideas contained in [5, 18, 21].
It is known the interpolation inequality with weights

el 230,00y < K (P @, 0, 0) 111750, 00y 12l 50 ) (2.22)

Wherel<p§q<p*:apf(gfi),Och—l,QZOandl—ﬂy:g Eﬁ* ; It is worth noting
that when a« =p —1 we have 1 —y =12
Throughout this section we will assume that a < p + 6. So, we can compute the optimal

k= K(p,q,a,0) in (2.22) if we determine the explicit solution of the minimization problem

1 [ 1 [
inf { E(u ::—/ u’pd)\a—l——/ wl” dNo = Jul] 1o 0000 :1}. 2.23
{Bw = [TWpan o [T v g, (223)

It follows from Lemma 1.10 and Theorem 1.9 (with o = m, and | = ) the existence of a
minimizer for (2.23). Now if u, is a minimizer of the variational problem (2.23), then

1

1
B(uo) < B(w) = o'W ooy + 5 Il 0.0

for all u € Woll:g((O, 00)) satisfying ||u||Lg((O7OO)) = 1. Thus,

E(tis) < 11 000y | 1 1Tz (0,000
P HuHig((o pHuHL‘I ((0,00))

for every 0 # u € Waljg(O, 00). Scaling u as uy(x) = u(tz), we get

/|P p
1N 2000y, ey (2-1) 120000

E(“oo) < tp—(a+1)+§(1+9 O TLa((0,00)) < .
p||uHLq ((0,00)) pHu“Lg((o,oo))

A direct computation proves that the minimum over ¢ is achieved at

(1+60)(¢—p) B o
pg+p(1+0)—q(l1+a)A

Y

where
14178 (0,00 1l (0,00
A= w and B = LE((O, )
p “uHLg((o,oo)) p ||UHL3((O7OO))
Therefore,

1y 7] 7 Nl =
(1+8)(g—p) (1+6)(¢—p)
Euee) < {(qp+p(1+9)q(1+a)> T <qp+p(1+0)fq(1+a)> ] pllull 69

and the equality holds when u = u.
The next result is important in the study of attainability in the Trudinger-Moser inequality
with weigth when p = 2.
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Proposition 2.10. Ifp=2, a=p—1, and 0 > 0, then the infimum

2 2
HU’HLg((o,oo)) ) ||U||Lg((o,oo))

B(2,0)7! = inf

4 7
0£uEW, 5(0,00) ] L((0,00))

is attained by a positive nonincreasing function in Wlly’;(((), 00)). Moreover,
B(2,0)"" < w(1+0).

Proof. The first part has been discussed at the beginning of this section. Then, we focus on the
second part. Set

2 2
1 100 3 0,000

B(u) 1
||U||Lg((o,oo))

Note that it is sufficient to exhibit a function u € Wi’;(((), o0)) such that
B(u)™' = (1 + 0) and it is not a solution of

—(u'w) wy + urwy — MPalwy = 0, (2.24)

for all A > 0.

On the one hand, through a direct calculation we can see that for every positive function v
. 1,2
in W5 ((0,00)) of the form

v(x) = ar (1 + agz®)™,

where ay, as, as, a4 are real numbers, it is not a solution for (2.24). On the other hand, choosing

u() = T
then
HUHig((o,oo)) = 3(;39)
||u|‘i§((0,oo)) = (fjfe)
!|U'|’i§((o,oo)) - @
Therefore, B(u)™' = m(1 + 6), and then the proposition follows. O
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Part 11

Isoperimetric inequalities with different
monomial weights
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Chapter 3

Sobolev and isoperimetric inequalities
with different monomial weights

We discuss the existence and nonexistence of isoperimetric inequalities where the volume and
perimeter carry different monomial weights related with the Hardy-Sobolev type inequalities with
monomial weights studied by Castro [20]. The Theorems 0.4 and 0.5 improve some conditions
imposed by Castro [20].

3.1 Some definitions

Let us introduce some elements that we will use in the following chapters.
Given a nonnegative function w : RY — R, locally lipschitz on RY, we set the P, -Perimeter
of a measurable set E by

P,(E) := sup {/Ediv(w(:c)y(:c))d:c; ve CHRY,RY), |y <1 on ]RN} :

We now consider the specific density w(x) = x4 = |2;]% - ... - |ay|®, where a; > 0 for every

i=1,...,N. Let p € [1,00), and let Q@ C R be an open set. We will denote by L?(Q, z4) the
space of all Lebesgue measurable real functions u : {2 — R such that

e AR
Q

Then let WP(Q, 24, 2P) be the weighted Sobolev space of all functions u € LP(Q2, ") possessing
weak first derivatives which belong to LP(€2, zP). The space will be equipped with the norm

P
< +00.

[ullwir@ea ey = VUl ey + llullzr@.05)

Besides that, let BV (2,24, 27) be the weighted BV -space of all functions u € L*(Q, z?) such
that

sup {/ div (zv(z)) u(z)dz; v € C} (4 RY) satisfyingr = 0on dRY, and || < 1} < 400.
RN
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A norm on BV (Q, 24, 2P) is given by

|ull By (0,04 08) = | Dul|(22,2%) + 1l 21 (.05,

where

| Dul|(Q, z) := sup {/ div (z'v(z)) u(z)dz;v € CH(GRY), v =00ndRY, and [v] < 1} .
RN

It follows from Riesz Representation Theorem (see Theorem A.1 and Theorem A.27) that
there exists a Radon measure || D%u|| on © and a || DAul||-measurable function o : Q@ — R such
that

(i) |o(x)] =1 for || DAul|-a.e, and

(i) /Qdiv (z%v(2)) u(z)dx = — /Q(V(x),a(x))dHDAuH for all v € C! (Q,RY).

Besides that, for each open set V' CC €2, we have
| DAul|(V) = sup {/ div (z'v(z)) u(z)dz;v € CH(V;RY), v =00ndRY, and |v| < 1} :
RN

Thus, we denote [D?4u] = oL_||D4ul|, and the components of [D4u] by Du for eachi =1,..., N.
We say that a H™-measurable subset £ C RY has finite perimeter with weight x* and finite
volume with weight 2P, in Q, if yp € BV (Q, 24, 2P). We thus denote the weighted perimeter of
E with weight x*, or the Py-perimeter of E, or the weighted perimeter Py (E) by

for every Borel set D in RY. In addition, if A is the vector 0, then the perimeter P, coincides
with the classical perimeter. When u = xg € BV, (2) we denote V¥ instead of o.

For a nonnegative measurable function v : RV — R, we set by m., the Lebesgue measure
with weight (z), namely,

mo (1) = [ (e

for all H¥-measurable set M in RY. If y(x) = 2P := |z|® - ... - |zx|*V, we denote mp, instead
of mgs.
Next, if a measurable set M with 0 < m,(M) < oo, then let R4 5 n(M) denote the isoperi-
metric quotient of M by
Pa(M)

Rapn(M) = NTaT
[mp(M)] N+

and if u € C! (RY) \{0}, then let

/ \Vu(z)|z?dr
RN

QA,B,N(U) = Nia—1"
+
{/ |u|N]<VFﬁla:de}
RN
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These two elements will be related later (see Lemma 3.3).

Let us introduce some observations.

If ©2 is a smooth bounded open set, then the weighted perimeter P, is equivalent to the
following

Py(Q) = /a wl@)dH (o)

and the same happens for w(r) = 24, where HV~! is the (N — 1)-dimensional Hausdorff measure.
We thus have for Q € RY a smooth bounded open set that

/xAd’HNl(:L')
RAB,N(Q) = 2O Nta—1 - (3'2)

{ /Q dex] o

It is worth emphasizing that the constant Cy g y (defined in (10)) satisfies

Capn =Inf {Rapn(M); M is measurable with 0 < mp(M) < +o0}.

Throughout the subsequent chapters we will use the following notation:
We say that a vector A € RY is nonnegative if all its entries are nonnegative.

— N

For x = (1‘1,. ey i1, LGy Ljg 1y e oo s Lh—1s Ly Tt 1 - - - ,$N) € RY a VeCtOT, and

A= ; i O € RY a nonnegati tor, let us de-
A1y ey Qi 1,05, Qg 1y .-y A1, Ak, A1, -..,AN a nonnegative vector, let us de

note by

T = (T1,.. ., %1, Tig1, .-, TN);

Az‘ = (CLl, B ¢ 7 [P ¢ 7 T N ,CLN);

Eik = ($1,...,$i,1,xi+1,...,...,$k,1,$k+1,...x]v);

Aik = (aly"'aai—lyai-i-la"'?'"7a'k’—17ak+17"'aN);

Q

i = 0= = a1+ Q-1+ Qi e+ ang

Qip, '= a4 — A — A =01+ -+ a1+ Qi1+ A1 + Qg1 -+ an.
Finally, when N € N and r > 0, we denote by By(r) the ball centered in 0 and radius r in RY,
and RY = {z = (z1,...,2zy) € RY;2; > 0 whenever a; > 0}. Moreover By(r) = By(r) NRY,
where RY := {z = (z1,...,2n) € RY;z; > 0 for every i € {1,...,N}}.

3.2 Existence of isoperimetric inequalities

This section contains relevant results for two theorems presented in the introduction, Part II.

Here, we prove the item (I) of Theorem 0.4 based on two important lemmata, moreover we

establish the sufficient condition (/1) using classical arguments such as coarea formula.
Borrowing ideas from [6], we establish the following important result.

Lemma 3.1. Let A = (ay,...,ay) and B = (by,...,ax) be two nonnegative vectors in RY. If

CA,B,N >0
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then
N+a—1

“ b+ N T

or equivalently
N+a —1
N + b
Proof. Arguing by contradiction, we assume that

N+4a—-1
“TThEN
Consider ¢t > 2 and B(te;, 1) the ball centered in te; and radius 1

Using the area formula, we obtain

/ s dHN T (z) = / 21" - oy N dHY T (2)
OB (tei,1) 3 petad (@i t) 2 ad, +tad =1
a; _.Zi
:/ t+ (1 — [z L dz,
By-1(1) (1—lzil?)2
a gl
*/ (1—[z:)> S
By-1(1) (1 —|7:]?)2

<@eege [T
Bn_1(1) (1 - ‘xi|2)§

On the other hand, by change of variable and elementary inequalities, we get

/ dex:/ ‘xlybl ..... |.Z'N‘bNd.’L'
B(te;,1) aiteta?  +(wi—t)2 42l e <1
t+1 _
t—1 By ([1-(2i—1)?]7)
t+1 N ) b;+(N—1) B
= )" (1= (2 —1)%) % duy T, 'dT;
t—1 Bn-1(1)

_ b;+(N—1)
— / TPidz; / “(1-y®) T dy
Bn-1(1)

bi+(N-1)
2/ ’dxl
Bn_1(

v) 7 dy
> tb"/ T; Zd:zcz/ (1 — y2) G dy.
By-1(1) 0
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It follows from inequalities (3.4) and (3.5) that

A
€T.

[ @ gy [
D < LS IUALE L (3.6)

N+b . N+b
e o
B(te;,1) B

_ 1
ffid@/ (1—¢*)
0
Thus by (3.3) and inequality (3.6), we obtain

/ A dHN " (2)
0B(te;,1)

N-1(1)

tlggo Npaol = 0
{ / ZL“Ad:E:|
B((te;,1)
Which is a contradiction with C'4 g x > 0. ]

The previous lemma gives us the first behavior and huge dependence upon the vector
B = (b,...,by) in relation to the vector A = (ai,...,ay). For instance, if a; = 0, then
the isoperimetric inequality exists only if b; = 0.

Lemma 3.2. Let A= (ay,...,ay) and B = (by,...,ay) be two nonnegative vectors in RY. If
CA,B,N >0

then

N+a—-1 N+a—1
a; — ’LS
N+b N+b

or equivalently

bi+1 7~ N+b—1

Proof. Again, by an argument of contradiction, we assume that

N+a-1 >N+a—1
N+b N+b

a;

(3.7)

We define for a positive € the set

Q. ={z eRY;|z| <R, z;>0 forall j€{l,...,N} and z; < |z, }.
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We may see that

R
00 =32 €RY;2; >0 forall j€{l,...,N},z; =¢[7|, and |7;| < ————
(1+¢2)2

(1+e2)2 a

R 1
U{QZERN;.CE]'>O forall je{l,... N}, — <|7;| <R, and z; = (RQ—\EP)Q}
U{z eRY;2; >0 forall je{l,...,N}\{i},2; =0,|z| < R}

N
U {r eRY;z; >0 forall je{l,..., N\{k}, 2, =0,|2| <R, and z; < [Ty}
k=1,k+i

N
= AluAzuAd | ok

k=1,k#i

(3.8)

By definition of 2. and change of variables, we get

8|El| .
/ dex:/ / ffix;”dxid@ (3.9)
L

1
(1+¢2)2

(R27|f¢\2>1/2
B\ ) Jo

gbi-i-l _
> 5|z P T
bi + 1 B+ < R >
N-1 1

(1+£2)2

R
(1+e2)1/2

gbi-HRN-i-b _
= N+b / szl Ti bi+1d§i- (310)
(b; +1)(14+¢e2)2 JBf )

N-1

By (3.8), we obtain

/ zAdHN " (2) :/ xAdHNl(x)—l—/
2. Al

eAdHN T (2) + / zAdHN " (z)

A2 42

N
+ Y / A dHN " (). (3.11)
k=1,ki ” CF

We now estimate the boundary area with density z*dHN~1(x). First, we calculate on C*’s.
Let k # 1. If a;, > 0, then

/k zAdHN " (z) = 0. (3.12)
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Otherwise, if a; = 0, then

ez
/ a:Ad’HN*I(:c) :/ / ff};’cx?idxidfik
(i)

(112)1/2
(R2—[za?)"” S
+ / / fzklkl'?zdl‘zdflk
+ + R
BN—2(R)\BN—2(W) 0
ga,i-i-l —
= Ty [T T
ai + 1 B+ R
N-2\ 15.2)172
1 ) a;+1
+ a; +1 [n+ + R f“gk (R2 ‘EZH ) 2odzy,
v BN72(R)\BN72((1+62>1/2)

5a2‘+1RN+a71 = 3
B 2) Mg=l /+ T [T AT
(a; + D)(1+e2)" =z JBL (1)
a;+1
+ L / (1 _ [zl > gz,
(a; +1) (1 + 52)W Bf_, <(1+€2)%)\B$_2(1) 1+ €2 ik

RN+G*10(8(11'+1) RN+a71€a,~+1
<

Nia 1 Nia 1 / . Tk T,
(1+¢e2) > (1+e2) 2 JBf,(0re2)\B5 0

RN—i—a—lO(gai—i-l) RN+a—1€ai+1 N+a;—2 T .

- (1+e2) 5 ! (1+e2) 5 <(1 . 1> /B+ 1) T
2

RNWLa*lO(gaiJrl) RN+(1*10(€C11'+3)

S (1 + 2) N+§—1 _'_ (1 + 2) N+§—1 N (313>
€ €

We now compute the boundary area on Al. Tt follows from Area Formula and change of
variables that

/ xAd’HNl(x)—/ ffie‘“
Al Bt ( I >

N—-1 1
(14+£2)2

Z; ai(l + 82)%(151-

aiRN—&-a—l -
= W/ T, | v dT;. (3.14)
+¢€ 2 Bf_,(1)

Finally, we estimate the last integral. By change of variable and elementary inequalities, we
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obtain

/ e dHN (@) = / 7 (R — |m) ? dz;
A2 BY_(R\BY_,( —&+»
: e ()
= RN+“—1/ N (1— [3?) 7 dx,
BB (ke )

RN—i—a—l

- / :L'.zz ( - ’TZP >2 dz;
(1+ 52)N+;"71 B (1+)3 85, 1) 1+e?

a;

2

RN+a—1 - 1 2
< W/ , T (1 - 2> dz;
(1+e2)™ 2 JBY_ (e INBL_, (1) 1+e

_ M/ T4z,
(1+e)75 ot it o)
RN-Hl—l a; a;— A;
- ((1 +e) TR - 1) / T,
(1 + 62)T Bj_‘\—ffl(l)
_ RN+a_10(5ai+2)- (315)

Thus, it follows from (3.9), (3.11), (3.12) or (3.13), (3.14), and (3.15) that

i RNJrafl 4
N+a—2 I xi

fi|aidfi + RN—HI_I (O(@ai+1> + O(5ai+2> + O(€Gi+3))

Pa(©e) _(+e) = Je

N+a—1 — N+a—1

[mp(Q)] Vo cbitl pN+b - Nib

e Ele E’L bi+1dfi

(i +1)(1+e2) 72 Jpi 0
W E;Az |§’L aidfi
_ =L (b 41) (1+e5) 2 BY (1)
€ i N+4+a—1
1 — N+b

o\ Mtb / f?zﬁi bﬁldfi

(bi+ D)(1+¢e2)=2 Jat_ )

+0 (€Gi+1*N§igl(bi+l)> +0 <€ai+2* Nﬁigl(bﬁl)) +0 <€ai+3* Nﬂgl(bﬁl)) (316)

Therefore, the inequality (3.16), and (3.7) imply that

PA(Q2)

lim - =0,
=0 [1m5(0.)] NS

which is a contradiction with our assumption. O

The next result is expected and the proof relies on classical arguments, see for example [44].
For convenience of the reader, we sketch the proof.

Lemma 3.3. Let Q2 be a Lipschitz bounded open set. Consider w a nonnegative locally lipschitz
function and v a nonnegative continuous function on RY. Then there exists a smooth and
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compactly supported sequence (u.)e~o on RY such that

lim |ue[Py(x)de = / v(z)dx, for each p > 1, (3.17)
e—0 RN Q
and mainly
im [ [V ()|w(z)ds = / w(z)da. (3.18)
e—0 RN 80

Proof. We begin with the following assertion.
Claim 1.

[ o 1) = xao)l do < R (00),

where yq is the characteristic function on the set ), and h is any vector in R¥.
proof of the claim 1. Let ¢ be a smooth and compactly supported function on RY. We then
have

[ oo +1) = xa@lelahde = [ xao) ela = 1) = o) do = [ fota = 1) = p(o)] de

By fundamental theorem of calculus and divergent theorem, we get

/ng(:v —h)—p(r)dr = — /Q /01 V(x — th)hdtdz

_ _/Q <h /01 Vo(z — th)dt) do
= [ ([ ot mat) (ot

where 1 denotes the outward unit normal vector with respect to €.
This gives the estimate,

< sup [p(y)||h[HY(0Q).

yERN

| ae + 1) = xa@)] pla)da

Thus, the proof of claim 1 follows. O
Claim 2. Let a mollifier p € C%°(RY) supported in the unit ball By(0,1). We define

w(w) = p. * xolx) = /

pe(x —y)xa(y)dy,
RN

where p.(z) = e Vp (%). Then
ue — Yo in LY(Q,dr), and L'(Q,v(z)dz).

proof of the claim 2. By properties of the function p, we obtain

wl) = xola) = [

- pe(y) [xa(r —y) — xalz)] dy.
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By the previous inequality and claim 1, it follows that

QALN|Ua<x)‘_'XQ(Jﬂ|7(x)dx 52(7(77S2)J/

R

<Cn®) [ ) [ ale =) = xala)] dody

< COHY09) [ olo-lo)dy

Jue(e) = xol@)ldz

= eC(v, QHY1(09) /RN lylp(y)dy,

where C(v,Q) = sup{y(y);y € RY, dist(y,Q) < 1}.

Thus, the claim 2 follows, and so the equality (3.17). O
Now, we will prove equality (3.18). Taking f € CLH(RY;RY), we get
/ us(x)div (w(x) f(z)) de = —/ (Vu.(z),w(x)f(z))dx. (3.19)
RN RN

We then have

/R ue()div (o) (1) dr

< sup () / V() ().

yeRN

Taking the supremum over all f € CH(RY;RY) satistying |f| <1 on RY, we get

/ w(z)dHN < liminf/ |Vu.(x)|w(x)dx. (3.20)
o0N RN

e—0

For the proof of the reverse inequality, we consider § > 0 arbitrary. By uniform continuity
of w on 0L, there exists 0(5,0)) > 0, that depends on ¢ and 02, such that

lw(z+y) —w(z)| <0
whenever |y| < (5, 090).

It follows from equality (3.19), divergence theorem and previous statement that

[ vute). f@taris| = | [ utoydio (wia) @) da

= /RN pg(y)/gdiv (W +y)f(r+y))dedy

[ ot /m<f<a:+y>,n<a:>>w<x+y>dHN‘1<l')dy‘

- /]RN p=(y) /89<f(a¢ +y),n(@))w(z + y)dHNl(w)dy’

< s | [ o) [ ot ) - wllar o)y

< sup |f(y)| {(S’HNl(aQ) + /agw(x)dHNl(x)] : (3.21)

yeRN
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Here, 1 denotes the outward unit normal vector with respect to 2, and £ < 0(4, 02).
Applying the reverse Holder inequality to the inequality (3.21), we obtain

/RN (Ve (z)|w(x)de < SHN1(0Q) + /mw(x)HN_l(x), for every e < 0(6,09). (3.22)

By inequalities (3.20), and (3.22), we get the equality (3.18), and the proof of the lemma is
complete. O

Remark 3.4. Given a Lipschitz bounded open set, in order to analyze the isoperimetric quotient

/ zAdHN " (2)
= e (3.23)

[ /Q a:de} o

it is sufficient to consider ) contained in RY , if a —b < 1. The strategy below is due to Cabré
and Ros-Oton, see [16].

We may assume, by symmetry, that A = (ay,...,a,0,...,0), where a; > 0 for every i €
{1,...,k} and some 0 < k < N. We split the domain Q in at most 2% disjoint subdomains );,
je{l,...,J}, where each subdomain §2; is contained in the cone {e;x; > 0,i € {1,...,k}} for
different &; € {—1,1}. Thus, we have Q = Q; U...UQy,

J
Ps(Q) = Z P4(Q2), since the weight is zero on {z; =0}, and
j=1
J
mp(Q) = mp(y).
j=1
Hence
Pa( Pa (9 Pa(Q
LN)-HL—I il min{ A( 3\7)-&-0,—1 ) 1 S J S J} = A( ‘7(3\7)-&-(1—1 ) (324>
[mp(Q)] [mp ()] ¥+ [mp(Q25)] ¥+

since a — b < 1, moreover, the equality in (3.24) can hold when a — b = 1. After reflections
regarding the x;-axis, where i € {1,...,k}, we can assume that ;, C RY, since this movement
changes neither the volume mpg(£2;,) nor the perimeter Py (£2;,).

In addition to that, given a Lipschitz bounded open set 2 C RY, the isoperimetric quotient
(3.23) of 2 may be approximated on R, namely there exists a sequence of smooth open sets
(Q5)550 With Q5 C Q C RY satisfying

/ PAdHY () / PN (2)
0Ng o0

N+a—1

[/ dex} [/ dex}
Qs Q
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Lemma 3.5. Let A = (a1,...,ay) and B = (by,...,by) be two nonnegative vectors. Assume
that a — b < 1, then

OA,B,N = inf{QAB,N(u) S C&(RN>\{O}}

Proof. Consider € > 0, then there exists a smooth bounded open set  such that Q C RY see
Remark 3.4, satisfying

Rapn() <Capn+e.

B A

Applying Lemma 3.3 for the functions v(z) = 2”, and w(x) = x*, we then have

Capny > inf{Oapn(u):ue Cy(RM)\{0}}.

To get the reverse inequality, without loss of generality, we may assume that u is a nonnegative
function. By coarea formula, we get

/ $A|Vu\dx:/ / sAHN () dt
RN 0 u=t
N+a—1

o0 TN+b
> CapnN / { / g:de} dt. (3.25)
0 u>t

It follows from Minkowski’s inequality for integrals and Fubini’s theorem that

N+b
0 N+a—1
/ [EB|U|N]X721 d[E = / :L’B |:/ X{z>0;u(x)>z}(t)dt:| dQT
RN RN 0

N+b
B 00 N+a—1
:/ T |:/ X{yeRN;u(y)>t}(x)dt:| dx
RN 0

o0 B Nta—1 %
= / { / (=" X erNw@y)>n () ¥ dt] dx
RN 0

N+b

- o ., Nﬁigl Nt¥a—1
/ ( / T X{yeRN;u(y)>t}($)d$) dt
0 RN

IA

+b
a—1

r N+a—1 #
S N+b
= / < / deq:) dt : (3.26)
L 0 u>t

Hence, by (3.25) and (3.26), we then get

/ \Vu|z?ds
RN

CA,B,N S Nta—1 "

]
RN

This concludes the proof of the lemma. n
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Theorem 0.4. Let N > 2, and Let A = (ai,...,an), B = (b1,...,by
vectors in RY. Leta=a;+---+an, b=b+ -+ by, @& =a — a;, cmd
have the following

(1) if
Capn >0,

then

N4+a—-1 N+a—-1

0<a; — b; <
R T R
or equivalently
0<a; — L_bi and a < +C_l .

(II) if a —b <1 and the condition (11) holds, then
CA,B,N > 0.

Proof of the Theorem 0.4
The part (/) of the theorem follows from Lemmata 3.1 and 3.2.

) be
bi

e two nonnegative
=b—10;. Then, we

To prove the part (/7), firstly we consider that a — b < 1. Since the condition (11) holds, we

then get

N+a-1 N4+a-—1
0<a; — b; < 1.
ST TN N+b *

Thus it follows from Theorem B and Lemma 3.5 that

OA,B,N > 0.
We now assume that a — b = 1. It follows from condition (11) that
0 S a; — bz S 1,

for every i € {1,...,N}.

If a; —b; < 1 for each i € {1,..., N}, then the theorem follows from Theorema A and
Lemma 3.5. Otherwise, there exists j € {1,..., N} such that a; — b; = 1 and a; = b; for every
i€ {l,...,N}\{j}, then the result relies on the proof of the Theorem 0.5 and Lemma 3.5.

3.3 Sharp constant for A =B +¢;

Theorem 0.5. Let N > 2, and let A = (ay,...,ay), B = (by,...,bx
vectors imn RN. Leta=a,+ - -+ay,a=by+---+by, @i =a — az,cmd

forall j € {1,...,N}\{i}, and a; = b; + 1, then

) be
b =

CaBN = a;.
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Proof of the Theorem 0.5
The proof consists of showing that if a; = b; + 1, then a; = C4 g n. To prove that

a; <Capn (3.27)

we will use the Lemma 3.5 and an idea contained in [20].
Given v € CH(R), v > 0, we have, integrating by parts that

L

1 ,
v(y)dy T R(Iy y) v(y)dy

1 b; /
= — K d
bi+1/R|y| yv'(y)dy

< / 191/ ()| dy. (3.28)

We now apply the inequality (3.28) to the function v(y) = ff""u(ml, e T 1, Yy Tig 1y -, TN)
with u > 0, thus we then have

[

Integrating with respect to the variables xy,...2; 1,211, ..., 2y, We obtain that

a;

“%?i@y (w(Ty, . Tim1, Yy Tigr, - TN)) |dy.

A 1
bzxf‘lu(ilfb...:ci1,Z/,£Ci+1,...,a:'N)|dy§a_/Hy
t JR

/ |Vu(z)|z?dx
RN

/RN lu(z)|zP da |

Therefore, the inequality (3.27) follows from Lemma 3.5 and inequality (3.29).
To prove the reverse inequality, we will use the proof of Lemma 3.2. Indeed, by the proof of
Lemma 3.2, we get

a; <

(3.29)

%/ :L‘?l fﬂ%‘dfi
PA(Q“;\J)wLa—l < gai—gNzJ\?i;l (bi+1) (e ® Bi-a Nta_1
(2] | ]
(bi+ 1)1+ o
N+a—1 N+a—1

_i_O(gaiJrlf 5 (bi+1)> +O(6ai+27 5 (b¢+1))

Nz / @Zi ;| dz;
A TS +0(e) + O(2)
= 1 =

NI / xiBz fz|bz+1dfz
(b + 1)1 +e*)2 Jai @

N-1

= (b + 1)(14+£%)2 + O(e) + O(?),
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where (). is the same set as defined in Lemma 3.2. Therefore,

I; PA<QE) o
1m = a;,
e—0 mB(QE)

which concludes the proof.
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Chapter 4

On the existence of minimizers for
isoperimetric inequalities with
monomial weights

The aim of this chapter is to study minimizers for the isoperimetric quotient defined at (3.2).
Here each class of isoperimetric problems, we mean for each pair of vectors A and B, can involve
different techniques, see for example the very elegant preprint [8]. It is worth underscoring that
some ideas in this chapter can coincide with [8], because these works were done in the same
direction and period.

4.1 Steiner symmetrization with weights

Here we recall the definition of the classical Steiner symmetrization. Considering A and B two
nonnegative vectors in RY with a; = b; = 0, we define the Steiner Symmetrization in regard to
the plane {x; = 0} as follows. We may assume without loss of generality that i = N. Given a
set £ C RY and x € RV~ we denote by E, the corresponding one-dimensional section of E

E, ={y e R;(z,y) € E}.

The distribution function u of F is defined by setting for all € RV—!

p(x) = /z dH'.

Moreover, denoting the essential projection of E by n(E)* = {x € RN~L; u(x) > 0}, we set the
classical Steiner symmetrization of E with respect to the hyperplane {xy = 0} being the set

ES = {(1;73/) c RV-1 x R;z € W(E)*j_%x) <y< @} whenever ay = by = 0.

Thus, by Fubini’s theorem, we obtain that u is a H" !~ measurable function in R¥=1, E* is a
measurable set in RV~ and

mp(E?®) = /SxBNdHN(x,y) = /ExBNdHN(x,y) =mp(F).
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Borrowing ideas from [22], see also [10], the main aim now is to prove that
Pa(E%) < Pa(E),

and it requires some preliminary results that we will present here.
Given F a set of locally finite perimeter in RY, we briefly recall that z € 0*E, the reduced
boundary of E, if || Dxgl|| (B(x,r)) > 0 for all r > 0,

1
lim / vEd||Dxg| = vE (),
r=0 | Dxell (B(x,7)) Jpe
and |v¥(z)| = 1. The vector v¥(z) = (vf(z),...,vE(z)) is called the generalized inner normal

to E at x. The reduced boundary 0*E of E is also the set of all points 2 € RY such that the
vector v¥(z) is the derivative of the measure Dy with respect to || Dzl

ey Dye(B(.r)
() = 0 D al (Bla.r))

at every x € RY such that the indicated limit exists, and [v¥(z)| = 1.

Theorem C (De Giorgi). Assume E has locally finite perimeter in RY.
(1) Then

O'E = (U Kj> UN,
j=1

where || Dxg||[(N) =0 and K; is a compact subset of C*-hypersurface S; for every j € N.
(i) Furthermore, v¥(x)|s, is normal to S; for all j € N, and

(iii) ||[Dxg| = HNTLO*E.

The next theorem due to Vol'pert (see [46]) gives us some important information about
the reduced boundary of E, the corresponding one-dimensional section of 9*F, and the normal
vector v¥(z) at a point x € O*F.

Theorem D. Let E be a set of finite perimeter in RY. Then, for HY"'- a.e v € RN 71,
(i) E, has finite perimeter in R;

(it) 0"Ey,=(0"F),;

(ii1) vi(z,y) #0 for all y such that (x,y) € O*F

(iv) for H'-a.e. y € O*E,

lim yg(z,2) =1, lim yg(zr,2) =0 if vi(zr,y) >0,

z—yt 2=y~
lim xg(z,z) =0, lim yg(z,2)=1 if Vﬁ(x,y) < 0.
z—yt z—y~

We then get a Borel set Gg C w(E)" such that the conclusions (i) — (iv) of Theorem D yield
for all z € G, and HN=! (n(E)"\Gg) = 0.
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Lemma 4.1. Let A and B be two nonnegative vectors in RN with ay = by = 0, let E C
RY, and let E be a set with finite perimeter Pa(E) and finite volume mp(E). Then u €

BV (RN‘l, afiy, xEN); and for any C* function ¢ : RN"' — R, satisfying ¢ =0 on ORY ", we
have

/ go(:c)dDiZN,u :/ e UP (2 y) () dHY T (2, y). (4.1)
RN-1 O*E
Furthemore, for any Borel set F C RN~

HDZN“H (F) < Py (B, F x R). (4.2)

Proof. Let ¢ be a C* function ¢ : RY — R with compact support, satisfying ¢ = 0 on 8]1%%;1,
and let (¢j)j€N be a sequence in C}(R), satisfying 0 < ¢; <1 for each j € N, and such that

lim %( )=

]*)OO

for every y € R.
It follows from definition of 1 and the generalized Gauss-Green theorem that

/RN_I aaxi (7 o(a)) () = /RN / 8% N )XE(ﬂU y)dH (y)dH " ()
=t [ [ () )i a0

]*)OO

- /a ) pla)dH  e.) (4.3)

where v* denotes the inner normal to the boundary of E.

It follows from mp(£2) < 400 and (4.3) that the distributional derivative with weight DZ-ZN i,
1 =1,..., N, is a real measure with bounded variation and y € BV <]RN -1 v , B~ > Besides
that, the equality (4.3) proves (4.1) and, consequently, (4.2). O

Lemma 4.2. Let A and B be two nonnegative vectors in RY with ay = by = 0, let E C R%,
and let E be a set with finite perimeter P4(E) and finite volume mg(E). Then

N / e UE (2, y)
— () = L AH (y),
30 Sy, Wl

fO?" each i = 17"'7N - 1; and fOT HN_I' a.e. r € WN(E)+- H@’l“e; ajNM

continuous part of D?N 1 with respect to HY 1.

denotes the absolutely

Proof. Let Gg be the Borel set by Theorem D. Assume that ¢ is any function in C, (RN _1),
satisfying ¢ = 0 on 8]1%%;1, then it follows from Lemma 4.1, Theorem D, and coarea formula
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that

= T mANM 0 N=1(n
/GEQ()/@% P ) o)

Therefore, the proof of lemma follows. m

Lemma 4.3. Let A be a nonnegative vector in RN with ay = 0, and let E be a bounded set of
finite perimeter P4(E) in RY. Then

Py (E*; D xR) < Py (E;D x R) + || Dxgs|| (D x R),
for every Borel set D C RVN~1.

Proof. Let {11}, be a sequence of nonnegative functions from C! (RM1) such that p; — p
HN —a.e in RV and |Dpj| — |Dpl in the sense of measures, see Theorem A.32, and let
ES = {(x,y) e RV x R;p;(z) > 0 and |y| < “JT(QC)} Given an open set 2 C R¥"1 and a

function ¢ = (¢1,...,on) € CHQ x R, RY), satisfying ¢ = 0 on IRY, and |¢| < 1. It follows
from definition of E7 and basic properties that

2 ., 0
N _ —A;N
| xaiv (Hota)) i) = [ [0S ) dyde
0 N N
+/QXRXEéay (I en (2, y)) dH™ (2,y)

//1 \ I_ZZN { . (x?"w <x’ Hjéx)y> Mjéﬂﬂ)) _ %xgig_’g(x)% <ygoi (:v, @y))} dydz

8 AN
+ / X g, (x PN (x,y)) dydzx

1N1

Y D Ly
< [ Nz}l i (x e O

9 [ Ay
+/§sz XE3 oy (35 PN (:c,y)) dydzx

_ 8 _
< / 2|V () da + / XE; (mANsDN (l’,y)) dydz. (4.4)
Q QxR Y
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The last step is a consequence of ||¢|| < 1.
Combining estimates (4.2) and (4.4), and taking the limit as j — 400, yields

/QX]R X = div (xZNsO(flf,yD dH" (z,y) < HDZMH (€2) + /QX]R Xps aay

QxR ay

(-TZNSON (z, y)) dydz

<xZN§0N (, y)) dydz.

Taking the supremum over all functions ¢ € C! (Q x R, RN ), satisfying ¢ = 0 on ORY, and
loll <1, we get

Py (E*QxR) < Py(E;QxR)+ ||[Dixes|| (2 xR).
This implies that
Py (E*; D xR) < Py (E;D x R) + || Dyxg:|| (D x R),

for every Borel set D ¢ RV,
Therefore, the proof of lemma follows. O

Theorem 4.4. Let D be a Borel set in RN™!, and let E C RY be a bounded set of finite perimeter
PA(E). Then

Pu(E*,D x R) < P4(E, D x R).

Proof. By Lemma 4.2, we have

An An An B (1
O 4 = / L@y)dﬂo( PP (9’17’2“<x)) for HY' a1 € n(E).
oz; (0*E) |VN<I y)| ’VN (xa §H($)) |

(4.5)

We first assume that D C GgNGEgs. It follows from Theorem C, coarea formula, and generalized
Gauss-Green theorem that

Py (E% D xR) = / N AHN (2, )
0*EsN(DxR)

v Es N-1
=/ Es—y\VN (z, y)|[dH" (2, y)

* Esn(DxR) |VN (% )l

L \VN g )

-2 v, 5u<x>>|d” (@) (46)

By equalities (4.5) and (4.6), we get
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i B = AE ) o\ e
Py (E ,DXR)/DJZM +; </(8ES)I—V]]\2/ .y dH (y)) dHN " (z)
= 4x2AN —|—
A

7 e G Y R
‘/D\4 o </<E> eI “”) e

AN J740 L TAN U]E(x,y) 0 2 N=1(,
<y </<E> i “”) +Z</@*E>I ZE e (”) o

By discrete Minkowski inequality and by inequality above, we get

s. 12AN Nﬁlxsz VJE@’y) 2 N-1(.
Pusoxms [ J ) *Z ' <|v]€<x,y>|) e

7j=1

// dHN (2, y)
O*E), |VN r y

—/ N AHN T (2, )
9*EN(DxR)

= Py (E;D x R).

We now consider D C R¥\Ggs N Gg. Since HY~! (7(E)* N D) = 0, we get from Theorem
C, coarea formula that

Dixe:| (D x R) = / | ) [ dHY 2, y)
9* Esn(DxR)

// W AHO () dH N (2, y)
0*E*),

Hence, from the last equality and the Lemma 4.3, we get
Ps(E®, D x R) < PA(E, D x R).

Therefore, the proof of theorem is completed. n

4.2 Case N =2,A=(0,a3) and B = (0,0)

Throughout this section, we consider B = (0,0) and A = (0, a2) with 0 < ay < 1.
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The goal here is to figure out the minimizers for

Py (U)
ag+1 )

[mp (U)] >

and the best constant Cy g defined at (10), or at least to try to understand the behavior of
minimizers.

Remark 4.5. Among the possible bounded, open and Lipschitz sets @ C RY, minimizers of the
1soperimetric quotient

Py (U)
ag+1)

[mp (U)] 2

may be assumed, by translation argument, that

d (2, 0R%) = inf {||v — w|;v € Q and w € IR} } = 0.

Besides that, if there exists (x9,0) and (x1,0) on the boundary 02 of 2, with xy < x4, then
{(2,0); 20 <z <21} CIN. Indeed, the set QU defined as

Q:= {(x,y) € R? (z,y) € Q or x € [wg,11] and there exists z > 0, satisfying (z,2) € Q,
and 0 <y <z}

s a bounded, open and Lipschitz set with

Pa() o Pa()
ag+l = ag+l”

[mp (]2 [mp ()] 2

Moreover, by Theorem 4.4, we may assume that the set Q C RY is symmetric in relation to the
y-axis. However, the boundary 02 of Q0 may have parallel lines segments to the x-axis. Thus
there exists a partition P ={0 < yo < y1 < -+ < Ym—1 < Ym} of the interval [0, y,,] and lipschitz

nonnegative functions ¢; : [yj—1,y;] = R, j =0,...,m, such that
m
o=,
=0
where

Q; = {(:E,y) ERi;yj_l <y<y; and —@;(y) <z <piy) ory=y; and —M; <z < Mj},
y—1:=0, M; = min{p;(y;), pj+1(y;)}, for each j € {0,...,m — 1}, and
Qo= {(2,9) ERY 1 Ymo1 <Y< Ym and — on(y) <z < pu(y)}.

The next lemma gives a great information about the functions above.
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Lemma 4.6. Let A = (0,a3) be a vector in R? with ay > 0, let B = (0,0), let Q@ C R% be a set
of form

where
Q= {(z,y) e Ryyj1 <y <y; and —p;(y) <z <p;(y) or y=y; and —M; <z < M;},
y_1:=0, M; = min{p;(y;), pj+1(y;)}, for each j € {0,...,m — 1}, and

Q= {(2,9) € RY Y1 <Y <ym and —on(y) <z < em(y)}.

Assume that  minimizes the isoperimetric quotient

Py (U)
ag+1

mp (U)] 5

Then, each @; is a nonincreasing function with ©;1(y;) < ©;(y;).

Proof. To establish the inequality ¢1(y1) < ¢o(y1), one can argue as follows.

Suppose that z; = sup{pi1(y);y € [y1,%]} > Zo = wo(y1). Setting 7,, := sup{y €
[y1, 92lip1(y) = Z1} and Yo = inf{y € [yo, y1]; vo(y) < Z1}. We may thus replace the par-
tition P:={0=yo <1 <y2<Ys < ...<Ynt by P :={0=9yo <y2 <ys <...<ynt and
the function ¢y by ¥ : [yo, y2] — R defined by

wo(y) if y € [yo,To0)
Yo(y) == Z1 if ¥ € [To0:T10]
o1(y) if y € [0, 2],

so that

Pa(@) Pa(®)

ag+1 — ag+1
[ms()] 2

[mp(Q)]

)

where
m—1
o =0yu o,
7j=2

Q) ={(z,y) € R%;y0 <y <yo and — p(y) <z < o(y) or y =y, and —my < x < My}, and

mo = min{Yo(y2), p2(y2) }-
Therefore, ¢1(y1) < ¢o(y1), and the other cases follow directly from the same argument.

We now prove only that ¢ is a non-increasing function, the others are similar. For this
purpose, denote 2o := sup{po(y);y € [vo,¥1l}, and yoo = sup{z € [yo,y1]; po(2) = 20}. Next,
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let t1,t9 € [Yo.0,U1], t1 < ta, satisfying ¢o(t) < wo(t1) = po(te) for all t € [t1,ts]. Thus, we may
replace the function ¢o by wo0 : [yo, y1] = R defined by

20 = @o(Yoo0) if ¥ € [Yo,Yo,]

[
vo(y if ¥ € Yoo, t1
Pooly) = ‘POEtl)) if y € L ta] |
wo(y) if y € [t2, 31,
so that
Pa(Q)  _  Pa(®)
mp(Q)]F T (@)
where

m—1
=ou 9,
j=1

Q) = {(z,y) eRy;y0 <y <yr and — poo(y) <z < @oo(y) or y =11 and —my <z < my},
and mo = min{poo(y1), ¢1(y1)}-
Since we can replace o each time there are ti,ty € [yo,y1], t1 < t2, satisfying ¢o(t) <
wo(t1) = @o(te) for every t € [t1,ts] (as we showed before), then g is non-increasing.
Therefore, the proof is completed. n

Lemma 4.7. Assume the assumptions of lemma 4.6. If 0 minimizes the isoperimetric quotient

Py (U)
ag+1)

[mp(U)]

then the functions ; are strictly decreasing.

Proof. We consider only i € {1,...,m — 1}, and the cases i € {0,m} can proceed similarly.
Let 1; be a smooth nonnegative function with compact support in (y;_1, ;). It follows that the
function F': [0, +00) — R defined by

(J > [ ewas [* <soify>+wi<y>>dy> F.(t): | (1 ) )ldy
st + [ o (L D)) dyt aizontm) + [ 0 (14 () +000)°) dy
+ 4 (0iyi) — i1 (yi) + mzl [/yj y* <1+(w}(y>)2>%dy+y?2(90j(yj)—s0j+1(yj))]

j=lg#i Lvi1

has a minimum point at ¢ = 0. Hence,

ag—1 Py (Q) as +1 ag—1  [Yi yi ’ 2 _% ’ /
272 e [mp (Q)]2 Yi(y)dy = y* (14 (#i(y)) ©i ()i (y)dy.
[mB (Q)]T 2 Yi—1 /yil ( )

(4.7)
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We now claim that there is no interval (y;_,, ;) C [yi—1,y:] such that o; |, is constant.

K3

Assume by contradiction that this assertion is not true. Then, there is an interval (y;_;,y.) C

[yi—1, 3] such that @(y) = 0, for every y € (y;_y,yj). Taking ¢5 € Co(yi1,4i), ¢i # 0, a
nonnegative function, we then obtain

Yi _1
/. Yy (1 + (wé(y))2> " iyl (y)dy =0,
and

Yi

| Vi(y)dy > 0.

Which leads to a contradiction to (4.7).
Therefore, it follows from Lemma 4.6 and statement above that (; is strictly decreasing. [

We can now apply Lemma 4.7 to ensure that

Q= {(xvy) € RQA?'I € (_l'o,x()) and 0 < y < (,D(.ZU)},

where xy > 0, ¢ : [—x0, 9] — R is an even, nonnegative, and Lipschitz function with ¢(zg) = 0.
Furthermore, ¢ is non-increasing on the interval [0, x).
The next goal is to show that ¢ is a strictly decreasing function on the interval [0, zo].

Theorem 0.6. Let N =2, A = (0,1), and B = (0,0). Then, there is no bounded, open and
Lipschitz set Q0 C R? such that

_ Pa()

Proof of the Theorem 0.6
Arguing by contradiction, suppose that there is a bounded, open and Lipschitz set  C R?
such that

_ Pa(Q)
Capo= Q)

Combining Remark 4.5, and Lemmata 4.6 and 4.7, we then have
Q= {(z,y) € R%;z € (—z0,m) and 0 <y < p(z)},

where xy > 0, ¢ : [—x0, 9] — R is an even, nonnegative, and Lipschitz function with ¢(zg) = 0.
It follows from Theorem 0.5 that

/% p(2)\/ 1+ (¢'(2)) da

Which leads to a contradiction.
Therefore, the proof of theorem follows. m
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Proposition 4.8. Assume0 < ay < 1 andxy > 0. Let ¢ : [—x9, 9] — R be an even, nonnegative
and Lipschitz function. Further, assume that ¢ is nonincreasing on [0, xo] with ¢(xg) = 0. Let
Q C R be the set

Q={(z,y) e R%;z € (—mg,20) and 0 <y < p(z)}.

Assume that 0 minimizes the isoperimetric quotient

Pu(U)
ag+1

[mp(U)] 2

then ¢ is strictly decreasing on the interval [0, zo).

Proof. Let us begin with a smooth nonnegative function ¢ : [—xg, 9] — R with compact support
n (—xo, o), and G : [0, +00] — R the function defined by

ag+1

[ @t o0 = [ e )i @+ )

—Zo —Z0

Since t = 0 is a minimum point of G, it follows that

P vt = [ (el vl TE SR
(@) S

1

o et (1 <w'<x>>2>‘2 .
h (4.8)

—1

L[ [ K
iy [ / so(w)dx]
2 —zo

Arguing by contradiction, suppose that ¢ = constant on some interval (z1,xs) contained in
[0, 20]. Taking ¢ with compact support in (z1,xs), ¥ # 0, we obtain

as + 1 PA<Q)

o)™ = 20y Q) (4.9)

Thus, by (4.9), there are not two intervals (zq,x2), (2], 2}) contained in [0, x|, such that ¢ is
constant on them and (1) # p(z)).
We have two cases:

(1) ¢ is constant on (xy, z5) with ¢(x;) < ¢(0),
(77) @ is constant on (z1,x9) with p(z1) = ¢(0).
Firstly, suppose that the case (i) happens. It follows that, there exists a partition P :=
{0 < p(z1) < p(0)} of the interval [0, ¢(0)], and Lipschitz nonnegative functions ¢ : [0, ¢(x1)] —

R, 02t [p(21), p(0)] = R such that @a(p(z1)) < ¢1(p(21)) and
Q == Ql U QQ,
where

0 = {(m,y) ERY;0<y <p(r) and —pi(y) <z <@i(y) or y=¢(r) and — M) <z < Ml},
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My = pa(p(21)), and
Q= {(z,9) € R%; (1) <y < (0) and — pa(y) <z < a(y)} -

We once again define H : [0, +oo] — R by

ag+1
2

ap—1 (1) ¢(0) p(1) 5
272 1 h d 2 H = a2 1 /1 h dx
[/0 (p1(y) + th(y)) y+/@(m)<ﬁ (y)] (t) /0 y \/ + (p1(y) + th'(y))

w(z1)
+ [p1(p(x1)) + th(p(z1)) — @a(p(1))] (x1)™ +/0 Y2\ 1+ (¢h(y)) dy,

where h € C'(0, p(x1)] is a nonnegative function with h # 0.
Noting that H is a variation of the isoperimetric quotient with a minimum point at ¢ = 0,
we then get

ag—1

ag=1 ag + 1 p(x1) ©(0) 2 P4(9) o(x1)
272 1(y)d 2(y)d — h(y)d
5 /0 pi(y)dy + [O o ? (y) y] —— /O (y)dy
e(z1) _1
= [ (L 00?) A e + b))t (1.10)

Next, taking h = ¢; = constant on the whole interval [0, p(z1)], ¢1 > 0, (4.10) implies that

R E 4.11
Whence, it follows from (4.9) and (4.11) that
ag—1 1
27 = —. 4.12
— (112
Which leads to a contradiction, since 0 < ay < 1.
Finally, if (4) happens we can proceed similarly.
Therefore, the proof of lemma follows. m
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Appendix

A.1 Basic tools

In this chapter, we gather some elementary results from geometric measure theory used in this
thesis, see [30, 31, 38, 43].

Theorem A.1 (Riesz Representation Theorem). Let L : C. (R";R™) — R be a linear functional
satisfying

sup{L(f); f € C. (R™;R™),||f|| < 1,spt(f) C K} < o0

for each compact set K C R™. Then there exists a Radon measure i on R™ and a p-measurable
function o : R" — R™ such that

(7)) |o(x)| =1 for p-a.e z, and

(1) L(f) = f-odu for all f € C. (R™;R™).
Rn

Here spt(f) denotes the support of function f.

Definition A.2. We call i the variation measure, defined for each open set V.C R™ by
u(V) = sup{L(f); f € Cc (R R™) || f[| < 1,spt(f) CV} < o0

Theorem A.3. Let p, py, (k= 1,2,...) be Radon measures on R™. The following three state-
ments are equivalent:

(7) lim fduy, = fdu for all f € C.(R"™).
k—o0 R™ R™
(1) limsup pk(K) < p(K) for each compact set K C R™ and p(U) < liminfy_,o pu(U) for each
k—o00
opgn set U C R"
(uii) klim wr(B) = p(B) for each bounded Borel set B CC R" with u(0B) = 0.
—00

Definition A.4. If (i) through (iii) hold, we say the measures p converge weakly to the
measure [, written

M — [

Definition A.5. Let y and v be Radon measures on RY. For each point x € R™, define
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v(B(r,r .
Dyv(z) = e p(B(z,r)) if W(B(x,7)) >0, for allr >0
oo if u(B(x,r)) =0 for somer >0,

lim inf W if p(B(x,r)) >0, for allr >0
+00 if w(B(z,r)) =0 for somer > 0.

If Dyv(z) = D, v(r) < +o0, we say v is differentiable with respect to y at x and write
Dyv(z) = Dyv(z) = D,v(x).

D,v is the derivative of v with respect to p.

Theorem A.6. Let p and v be Radon measures on RY. Then D, v exists and is finite u a.e.
Furthermore, D, v 1s p-measurable.

Definition A.7. (i) The measure v is absolutely continuous with respect to u, written
v W,

provided (A) = 0 implies v(A) =0 for all A C R™.
(1) The measures v and p are mutually singular, written

vLp,
if there exists a Borel subset B C R™ such that
u(R™ — B) =v(B) =0.

Theorem A.8 (Lebesgue Decomposition Theorem). Let v, 1 be Radon measures on R™.

(1) Then v = Vge + Vs, where Vo, Vs are Radon measures on R"™ with
Voe K b and vs L p.
(13) Furthermore,
D, =D,vs and D,vs =0 p a.e.,

and

v(A) = /AD#Vdu + vs(A)

for each Borel set A C R™.

Definition A.9. We call v,. the absolutely continuous part, and vy the singular part, of v
with respect to .

62



Definition A.10. (i) Let ACR", 0<s<o0,0<d<o0. Define

7j=1

j=1

where

Here I'(s) = / e "2* tdx, (0 < s < 00), is the usual gamma function.
0

(1) For A and s as above, define

H*(A) = im H5(A) = sup H3(A).

we call H® s-dimensional Hausdorff measure on R".

Theorem A.11. (i) H® is a Borel regqular measure (0 < s < 00).
(1) H™ = L" on R™, for each n € N.
Here L™ denotes the Lebesque measure on R™.

Theorem A.12 (Polar Decomposition). Let L : R™ — R™ be a linear mapping.

(2) If n < m, there exists a symmetric map S : R™ — R"™ and an orthogonal map O : R" — R™
such that

L=00oS8

(17) If n > m, there exists a symmetric map S : R™ — R™ and an orthogonal map O : R™ — R™
such that

L=S00".
Here O* denotes the adjoint of O.

Definition A.13. Assume L : R™ — R™ is linear.
(2) If n <m, we write L =0 0 S as above, and we define the Jacobian of L to be

[L] = |detS|.
(73) If n > m, we write L = S o O* as above, and we definte the Jacobian of L to be
[L] = |detS|.

Remark A.14. (i) It follows from Theorem below that the definition of [L] is independent of
the particular choices of O and S.

(i1) Clearly, [L] = [L*]. Here L* denotes the adjoint of L.
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Theorem A.15. (i) Ifn <m,

[L]? = det(L* o L).

(13) If n > m,

[L]? = det(L o L*).

Theorem A.16 (Rademacher’s Theorem). Let f : R® — R™ be a locally Lipschitz function.
Then f is differentiable L™ a.e.

Now let f : R™ — R™ be Lipschitz. By Rademarcher’s Theorem, f is differentiable L™ a.e.,
and therefore D f(z) exists and can be regarded as a linear mapping from R" into R™ for L£"
a.e. v € R™.

Notation A.17. [F f:R" - R™, f=(f', ..., f™), we write the gradient matriz

ort ... ot
orx Oxn
Df=1 s
afm .. o™
oz Ozn mxn

Definition A.18. The Jacobian of f is
Jf(z) =[Df(z)] (L"a.e.x).
Definition A.19. A set S C R" is said to be countably m-rectifiable if it is H™-measurable and
S =5,U (U E; (Rm)> :
Jj=1

where
(i) H™ (So0) = 0;
(i1) the functions F; : R™ — R™ are Lipschitz, for all j > 1.

Proposition A.20. Suppose that S C R™ is H™-measurable and countably m-rectifiable. Then

S = D Sjs
=0

where
(1) H™ (S0) = 0;
(i) SinS;=0if i # j;
(iii) for j > 1 there exists an m-dimensional C*'-submanifold X; C R™ such that S; C X;.
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Theorem A.21 (Coarea Formula). Suppose that S C R™ is (n + k)-rectifiable, Z C R™ is
k-rectifiable and F : S — Z is a Lipschitz map. Then, for any H" *-measurable subset A C S
we have

/ F(x)dH " (x /’H" “Hz) N A) dHF(2)
A
Corollary A.22. Let f : R™ — R be Lipschitz, with

essinf|V f| > 0.

Suppose also g : R™ — R is L™-summable. Then

gdwz/ (/ I am 1>d.
/{f>t} t r=sy IVf]
i ([, )= |
— gdr | = — I
dt < (>t = V]

Definition A.23. Let Q be an open set. A function f € L' (Q) has bounded variation in  if

In particular, we see

sup {/ fdiv(p);p € Cc ((BR"), Jp] < 1} < 0.
Q
We write
BV (Q)
to denote the space of functions of bounded variation.

Definition A.24. Let ) be an open set. An L™-measurable subset E C R™ has finite perimeter
in Q if

XE € BV(Q)
It is convenient to introduce also local versions of the above concepts.

Definition A.25. A function f € Lj,.(Q) has locally bounded variation in Q) if for each
open set V CC €,

sup {/ fdiv(p);p € CL(V;R™), || < 1} < 00.
1%
We write
BVp(2)

to denote the space of such functions.
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Definition A.26. An L"-measurable subset E C R™ has locally finite perimeter in ) if
XE € BVZOC(Q).

The theorem below asserts that the weak first partial derivatives of a BV function are Radon
measures.

Theorem A.27 (Structure Theorem for BVj,. function). Lef f € BVj,.(2). Then there exists
a Radon measure p on ) and a p-measurable function o : Q2 — R™ such that

(i) |o(x)| =1 for p-a.e., and
(17) / fdiv(p)dx = / @ - odu for all p € C (Q;R™).
Q Q
Notation A.28. (i) If f € BV,.(2), we will henceforth write

IDf]

for the measure 1, and
[Dfl=[Df|[Lo

Hence assertion (ii) in Theorem A.27 reads

| saitris == [ o-oalpsi == [ wans

for all p € C! (Q;R™).
(13) Simalarly, if f = xg, and E is a set of locally finite perimeter in Q, we will hereafter write

IDxEll

for the measure 1, and

<
[l
Q

Consequently,

/ div(i)dz = - / o V2d| Dxe|
E
for all p € C} (;R™).

Notation A.29. If f € BV},.(Q2), we write
=||[Df||Lo" (i=1,...,n)

for o = (o',...,0™). By Lebesgque’s Decomposition Theorem (Theorem A.8)), we may further

set
= e + 1,
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where
pl. < L" and p' L L™
Then
Mfw =L"L f;
for some function f; € Li,.(Q) (i=1,...,n). Write

(0
&{Z-Efi (1=1,...,n)

[ of B
Df: (8_1.1’...78_%>7

[Df]&CE(M}Lc?“'MuZC):EnI—Dfu
D fs = (pgs -5 12) -

Thus
[Df] = [Dflac + [Df]s = L"LDf + [Dfls,
so that Df € L} . (;R™) is the derivative of the absolutely continuous part of [Df].

Remark A.30. (i) ||Df]|| is the variation measure of f; ||Dxg| is the perimeter measure of
E; ||Dxg|(2) is the perimeter of E in €.

(ii) If f € BViee(2) N LY (), then f € BV(Q) if and only if | Df]|(Q) < oo, in which case we
define

IfllBvie) = [l + [IDFIIE).

(7ii) From the proof of the Riesz Representation Theorem, we see

IDFI(V) = sup { /V Fdiv(@)dz: o € CL (VSR || < 1} ,

IDxsll (V) = sup{ / div(p)dz;p € C1 (ViR |o] < 1}
E

for each V-CC Q.

Theorem A.31 (Lower semicontinuity of variation measure). Suposse f, € BV(Q) (k=1,...)
and fr — f in L. _(Q). Then

loc

IDFI(©) < liminf | D],

Theorem A.32 (Local approximation by smooth functions). Assume f € BV (Q)). There exist
functions { fr}32, C BV (Q2) N C>®(2) such that
(i) fr — f in LY(Q) and
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(@0) |DFell(2) = [IDfII($2) as k — oo.
Define the (vector-valued) Radon measure

pup(B) = D fidz
BNQ

for each Borel set B C R™. Set also
up)= [ dpj
BNQ

Then
M — K
weakly in the sense of (vector-valued) Radon measures on R™.

Definition A.33. Let x € R". We say x € 0*FE, the reduced boundary of E, if
(i) |Dxgl| (B(z,r)) >0 for all r > 0,
(47)

1
lim / vEd||Dyg| = vE(x), and
P IO (B ) Jaey” NN =)

(idi) [|v" ()] = 1.
Theorem A.34 (Structure theorem for sets of finite Perimeter). Assume E has locally finite

perimeter in R™.

(1) Then
O'E = (U KJ) UN,
j=1

where || Dxg||[(N) =0 and K; is a compact subset of C*-hypersurface S; for every j € N.
(i1) Furthermore, v*(x)|s, is normal to S; for all j € N, and
(i1i) |Dxg| = HNTLO*E.
Definition A.35. Let x € R". We say x € 0,F, the measure theoretic boundary of E, if

L"(B(z,r)NE)

lim sup >0
r—0 rm
and
L" (B - F
lim sup (B(z,r) ) > 0.
r—0 re

Proposition A.36. (i) 0*FE C 0,F.
(ii) H" ' (0.E — O*E) = 0.
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Theorem A.37 (Generalized Gauss-Green Theorem). Let E C R™ have locally finite perimeter.
(i) Then H" '((0,ENK) < oo for each compact set K C R".

(it) Furthermore, for H" ™' a.e. x € O, F, there is a unique measure theoretic unit inner normal
vE(z) such that

/ div(p)dx = —/ @ - vEdH™ !
E 0.E

for each p € C} (R™";R™).
(iii) | Dxs| = HN' L O*E.

Theorem A.38. Let F be a set of finite perimeter in R™. Then, for H" '- a.e. x € R" 1,
(i) E. has finite perimeter in R;

(i) 0 E.=(0" ),

(i11) vE(x,y) # 0 for all y such that (z,y) € O*E;

(iv) for H'-a.e. y € O*E,

lim xg(z,z) =1, lim yg(z,z) =0 if l/f(a:,y) > 0,

z—yT 22—y~
lim xp(z,2) =0, im xp(z,2) =1 if v (z,y) <0
z—yt 22—y~
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