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RESUMO

Este é um trabalho focado em Análise Funcional, mais precisamente na compreensão das
propriedades típicas de operadores contrativos em diferentes topologias. Estudamos o es-
paço de contrações CpHq em um espaço de Hilbert separável H e nosso principal objetivo
é discutir a existência de uma órbita unitária típica de um operador e suas propriedades
espectrais típicas. Como as propriedades típicas dependem da topologia que escolhe-
mos para CpHq discutimos os problemas mencionados anteriormente em cinco topologias
diferentes: a topologia fraca, a topologia polinomial fraca, a topologia forte, a topologia
forte-estrela e a topologia da norma. Vimos que essas topologias não necessariamente
possuem as mesmas propriedades; na topologia fraca, na topologia polinomial fraca e na
topologia forte-estrela, encontramos que duas contrações típicas não são equivalentes uni-
tariamente. No entanto, na topologia forte, todas as contrações típicas são equivalentes
unitariamente a um operador shift. Na topologia da norma, investigamos quão difícil é
obter resultados semelhantes aos anteriores.

Palavras-chave: análise funcional; propriedades espectrais; contrações; propriedades típi-
cas



ABSTRACT

This work is focused in Functional Analysis, more precisely in understanding the typical
properties of contractive operators in different topologies. We study the space of contrac-
tions CpHq in a separable Hilbert space H and our main goal is to discuss the existence
of a typical unitary orbit of an operator and its typical spectral properties. Since typical
properties depend on which topology we put on CpHq, we discuss the previously stated
problems in five different topologies, the weak topology, the polynomial weak topology,
the strong topology, the strong-star topology and the norm topology. We find that these
topologies non-necessarily have the same properties, in weak topology, polynomial weak
topology and strong-star topology we find that two typical contractions are not unitarly
equivalent. However, in the strong topology all of the typical contractions are unitarly
equivalent to a shift. In the norm topology we investigate how difficult is to obtain similar
results in this topology.

Keywords: functional analysis; spectral properties; contractions; typical properties



Symbols

ClA closure of A
Clτ A closure of A relative to topology τ
intA interior of A
intτ A interior of A relative to topology τ
x¨, ¨y inner product
spantUu linear subspace generated by U
UK tx P H : xx, uy “ 0 @u P Uu

U K V xu, vy “ 0 for all u P U, v P V
V ď H V is a linear subspace of H
H – K H and K are isomorphic
H –U K H and K are unitarily equivalent
À

jPJ Hj external direct sum of Hilbert Spaces pHjqjPJ
Àinn

jPJ Hj internal direct sum of Hilbert Spaces pHjqjPJ

PV orthogonal projection onto V
BV tv P V : ||v|| ď 1u

SV tv P V : ||v|| “ 1u

BpHq set of bounded linear operators H Ñ H
CpHq set of contractive linear operators H Ñ H
UpHq set of contractive unitary linear operators H Ñ H
P pHq set of contractive positive linear operators H Ñ H
T ˚ adjoint of T
OpT q tUTU´1 : U P UpHqu

σpT q spectrum of T
σppT q point spectrum of T
σcpT q continuous spectrum of T
σrpT q residual spectrum of T
ρpT q resolvent of T
supppµq support of a measure µ
µ„ν µ and ν are equivalent
µ K ν µ and ν are mutually singular
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INTRODUCTION

This work is focused in Functional Analysis, more precisely in understanding the
typical properties of contractive operators in different topologies. Many studies that
focused on the typical behavior have been done over the years, the main one studied in
this text, i.e., [6], the classical result which states that in pCr0, 1s, || ¨ ||8q the continuous
nowhere differentiable functions are typical (see [17]), the Wonderland Theorem proved
by Barry Simon (see [19]), which states that in every regular metric space of operators X
an typical operator has only singular continuous spectrum, are examples of results in the
so-called “soft-analysis”.

As mentioned before, here we study in details the main results of [6] and when
necessary we use other articles in order to prove the necessary results.

We study the space of contractions CpHq in a separable Hilbert space H, i.e., the
space of operators H Ñ H with norm less or equal 1, and our main goal is discuss the
existence of a typical unitary orbit of an operator and its typical spectral properties. One
careful person could note that typical properties depend on which topology we put on
CpHq, so study these problems in different topologies is a natural thing. In our studies,
we discuss the previously stated problems in five different topologies.

We expect that the reader is familiar with the standard theory of Linear Algebra (a
good reference is [3]), Topology (a good reference is [13]) and Functional Analysis (good
references are [2] and [17]). Another important theory for understanding some proofs
is the theory of spectral measures and Borel Functional Calculus (a good reference is
[16]), however it is possible to read and understand mostly of the theorems without this
knowledge.

Chapter 0 recalls some definitions and results that are needed along the text. If you
feel comfortable with meager sets, Gδ sets, analytic sets, Polish Spaces, the Baire property,
Baire Category Theorem and the Spectral Theorem, you can proceed to Chapter 1.

In Chapter 1 we define the main objects that will be studied here and summarize
some of the general properties of the topologies. We also prove some results that involve
more than one topology at same time.

In Chapter 2 we investigate the main properties of the weak topology and after
that we study the typical properties of contractions with this topology. Some of the main
results include: every weak typical contraction is unitary; the continuous spectrum of a
weak typical contraction is all tλ P C : |λ| “ 1u and, both, point spectrum and residual
spectrum of a typical contraction is empty; two weak typical contractions are not unitarly
equivalent.

In Chapter 3 we investigate the polynomial weak topology and after that we study
the typical properties of contractions with this topology. Some of the main results include:
CpHq with the polynomial weak topology is a Polish space; the theory of polynomial weak
typical contractions are exactly the theory of weak typical contractions.
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In Chapter 4 we investigate the strong topology and after that we study the typical
properties of contractions with this topology. Some of the main results include: all of the
strong typical contractions are unitarly equivalent to a shift; in consequence the point
spectrum of strong typical operators is the set tλ P C : |λ| ă 1u; the continuous spectrum
is tλ P C : |λ| “ 1u and the residual spectrum is empty.

In Chapter 5 we investigate the strong-star topology and after that we study the
typical properties of contractions with this topology. Some of the main results include:
strong-star typical contractions are the product of a unitary operator and a positive con-
tractive operator with dense range; two strong-star typical contractions are not unitarly
equivalent.

In Chapter 6 we investigate the norm topology and how difficult is to obtain similar
results in this topology.

About the reading order, readers interested in a specific topology can go directly
to the chapter about it after reading Chapter 1. However, we recommend the reader to
read the main results of Chapter 2 before a deep dive into Chapter 3.

Regarding the proofs, a curious reader will note that most of the them are labelled
with letters. These letters are just to make the reading more pleasurable, a point to a
little pause to drink a coffee if you want to.
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0. PRELIMINARIES

This chapter is a tool box which summarizes some definitions and theorems that
are used along the text. Basically, here we recall some important definitions and theorems
indicating a reference for non-familiar readers.

Definition 0.1. A subset of a topological space X is called
1. meager in X if it can be written as a countable union of nowhere dense sets, i.e., a

countable union of sets that it closure has empty interior.

2. non-meager in X if it is not meager in X.

3. co-meager in X if it is the complement of a meager set in X.

Theorem 0.2. psee r20sq If U Ă A is meager and V Ă B, then UˆV Ă AˆB is meager.

Theorem 0.3. psee r13sq If A Ă Y Ă X and A is meager in Y , then A is meager in X.

It is a well-know result that if Y is dense or open, the converse of Theorem 0.3
follows.

Definition 0.4. A Baire space is any topological space satisfying any of the following
statements (all of them are equivalent):

1. Every countable intersection of dense open sets is dense.

2. Every countable union of closed sets with empty interior has empty interior.

3. Every meager set has empty interior.

4. Every nonempty open set is non-meager.

5. Every co-meager set is dense.

6. Whenever a countable union of closed sets has an interior point, at least one of the
closed sets has an interior point.

An interesting fact about Baire spaces is that the notion of co-meager and meager
sets are mutually excludent, i.e., a set cannot be meager and co-meager at the same time.
Namely, if some set A is meager and co-meager in a Baire space X, we have that AC is
also meager, and so A Y AC “ X is meager. Therefore X has empty interior which is an
absurd. With this in mind, we can understand meager sets as “small sets” and co-meagers
sets as “large sets”.

Remember that the Baire Theorem guarantees that any complete metric space is
a Baire space (see Chapter 6 of [17]). Since our focus here is on Hilbert spaces which are
complete metric spaces, we are in fact investigating some properties over Baire spaces.
We point out here that we will say that a metric is complete if the space endowed with
this metric is complete.
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Definition 0.5. A Polish space is a separable completely metrizable space.

Naturally Polish spaces are Baire spaces too.
The next result characterizes metric spaces out of topological spaces:

Urysohn Metrization Theorem. psee r13sq Let X be a second countable topological
space. Then X is metrizable if and only if is T1 and regular.

Recall that:

Definition 0.6. A topological space X is called
• second countable if there exists a countable collection U of open subsets of X such

that any open subset of X can be written as the union of elements of some subfamily
of U . U is called a countable base of X;

• T1 if for every pair of distinct points, each one has a neighborhood not containing
the other point;

• regular if given any closed set F and any point x that does not belong to F , there
exists a neighbourhood U of x and a neighbourhood V of F that are disjoint.

In the appendix B we also present a characterization of Polish spaces.

Definition 0.7. A subset A Ă X of a topological space X is said to have the Baire
property (or BP) if there exist an open set U Ă X such that A△U is a meager subset of
X. Here, △ denotes the symmetric difference. (Sometimes, sets with the Baire property
are called almost open sets).

Another important class of sets are the analytic sets.

Definition 0.8. Let A be a subset of X a Polish space. A is called an analytic set if there
exists a Polish space Y and a continuous function f : Y Ñ X such that fpY q “ A.

There exists a useful result, usually attributed to Luzin and Sierpiński, which
guarantees that every analytic set has the BP. We will write it down because of its
usefulness, however, even if it isn’t a standard result, we will not provide its proof. It
involves a lot of descriptive set theory, which isn’t the scope of this work (see [12] for the
details).

Theorem 0.9. Every analytic set has the BP.

Definition 0.10. A set in a Topological Space is called Gδ if it is an countable intersection
of open sets.

As was said before, in Appendix B we present a characterization of Polish spaces.
However, there exists a simple and useful characterization of Polish subspaces of Polish
spaces.

Theorem 0.11. psee r12sq A subspace of a Polish space is Polish if and only if it is a Gδ.

We also have a useful tool to characterize co-meager sets after Gδ sets. Since we
didn’t find any reference with a proof of such characterization we present one below.
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Theorem 0.12. Let X be a topological space. If Y is a dense Gδ subset of X then Y is
co-meager.

Proof. Write Y “
Ş

nPN Un, where each Un is a open set. In order to prove that Y is co-
meager it suffices show that each UC

n is a nowhere dense set, i.e., that int
`

ClpUC
n q

˘

“ ∅.
Note that ClpUC

n q “ UC
n , since Un is open. Moreover, since Un is dense it follows

that int
`

ClpUC
n q

˘

“ ∅.
■

An important notion to keep in mind is the following:

Theorem 0.13. Let X be a topological space and C be the class of all pairs of the form
px, yq where x is a net in X and y is an element of X. For any subset U with y P U , we
say that a net x converges to y with respect to U if x is eventually in U . We denote this
by x ÑU y. Let

T “ tU Ă X | px, yq P C and y P U imply x ÑU yu .

Then T is a topology on X and its called the topology induced by this notion of convergence.

Proof. Obviously x ÑX y for any pair px, yq P C and x Ñ∅ y is vacuously true. Then
∅, X P T .

Let U, V P T , we will show that U X V P T . Let y P U X V and px, yq P C, since
x is eventually in U and V there are i, j such that xr P U and xs P V for all r ě i and
s ě j. Since x is defined in a directed set there is a k such that k ě i, j. It is clear that
xt P U X V for every t ě k. We conclude that U X V P T .

Let Uα P T for every α P I, where I is an index set. We want to show that
Ť

αPI Uα P T , so we pick y P
Ť

αPI Uα P T and any px, yq P C. Using definition there exist
an α such that y P Uα, x is eventually in Uα Ă

Ť

αPI Uα. We conclude that x is eventually
in

Ť

αPI Uα and so
Ť

αPI Uα P T . Hence, T is a topology.
■

Definition 0.14. Let A be the Borel σ-algebra in R, H be a Hilbert space and let ProjpHq

be the set of orthogonal projection operators on H. A (spectral) resolution of the identity
on H is a map

P : A Ñ ProjpHq

so that
1. P pRq “ I, and

2. If Λ “
Ť

jPN Λj, with Λj P A and are pairwise disjoint for each j P N, then one has
the strong limit

P pΛq “ s- lim
n

ÿ

j“1

P pΛjq

Using this notion of resolution of the identity we can define a notion of integral
which results in a linear operator (as discussed in [16]). The principal result of this theory
to our studies is the following.
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Theorem 0.15. psee r16sq To each self-adjoint operator T : domT Ă H Ñ H corresponds
a unique resolution of the identity P T on H, so that

T “

ż

tdP T
ptq

.
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1. GENERAL DEFINITIONS AND RESULTS

In what follows always let H be a Hilbert separable space. We know that, under
this assumption, the space admits an orthonormal basis.

We will use the standard notation x¨, ¨y for the inner product in H. If U Ă H,
spantUu will denotes the linear subspace of H generated by U , and UK :“ tx P H :
xx, uy “ 0 @u P Uu. If U, V Ă H, then U K V indicates that xu, vy “ 0 for each
u P U, v P V . V ď H denotes that V is a linear subspace of H.

Let X be a Baire space and let Φ be a property on the points of X. Φ is called a
typical property on X, or that a typical element of X satisfies Φ, if tx P X | x satisfies Φu

is a co-meager subset of X. Note that if tΦnunPN is a collection of typical properties on
X, then a typical element of X satisfies all of the Φn properties simultaneously.

If V ď H, we denote the orthogonal projection onto V by PV . Furthermore, let
BV :“ tv P V : ||v|| ď 1u and SV :“ tv P V : ||v|| “ 1u.

Set for each T P BpHq it unitary orbit OpT q :“ tUTU´1 : U P UpHqu and denote
the adjoint of T by T ˚. The spectrum of T is denoted by σpT q, its point spectrum by
σppT q, its continuous spectrum by σcpT q and its residual spectrum by σrpT q. The resolvent
of T is denoted by ρpT q. (See [17] for details).

Definition 1.1. Let BpHq, CpHq, UpHq and P pHq denote the sets of bounded, contrac-
tive, unitary and contractive positive self-adjoint linear H Ñ H operators respectively.

Definition 1.2. Let T, Tα P BpHq with α P Λ, where Λ is any directed set.
1. We say that tTαuαPΛ converges to T weakly if for every x, y P H, limαxTαx, yy “

xTx, yy. We denote this by T “ w- limα Tα, and the topology induced by this notion of
convergence is called the weak topology. Topological notions referring to this topology
are preceded by w-.

2. We say that tTαuαPΛ converges to T weakly polynomially if for every k P N, w- limα T
k
α “

T k. We denote this by T “ pw- limα Tα, and the topology induced by this notion of
convergence is called the polynomial weak topology. Topological notions referring to
this topology are preceded by pw-.

3. We say that tTαuαPΛ converges to T strongly if for every x P H, limα Tαx “ Tx.
We denote this by T “ s- limα Tα, and the topology induced by this notion of con-
vergence is called the strong topology. Topological notions referring to this topology
are preceded by s-.

4. We say that tTαuαPΛ converges to T in the strong-star sense, if T “ s- limα Tα and
T ˚ “ s- limα T

˚
α . We denote this by T “ s˚- limα Tα, and the topology induced by this

notion of convergence is called the strong-star topology. Topological notions referring
to this topology are preceded by s˚-.
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The obvious observation is that w Ă pw Ă s Ă s˚.
The next result helps us to understand some properties of the topologies defined

above. The proof of each statement will be presented in the Chapter of the respetive
topology.

Theorem 1.3. Let tei : i P N t0uu Ă BH be a dense subset.
1. For every A,B P BpHq, set

dwpA,Bq “
ÿ

i,jPN t0u

2´i´j
|xAei, ejy ´ xBei, ejy|

Then, dw is a complete separable metric on CpHq which generates the weak topology.

2. For every A,B P BpHq, set

dpwpA,Bq “
ÿ

i,j,nPN t0u

2´i´j´n
|xAnei, ejy ´ xBnei, ejy|

Then, dpw is is a complete separable metric on CpHq which generates the polynomial
weak topology.

3. For every A,B P BpHq, set

dspA,Bq “
ÿ

iPN t0u

2´i
||Aei ´ Bei||

Then, ds is a complete separable metric on CpHq which generates the strong topology.

4. The strong-star topology in CpHq is generated by the metric ds˚pA,Bq “ dspA,Bq `

dspA
˚, B˚q, and this metric is complete.

We observe that Theorem 1.3 presents a characterization of these topologies by
sequences.

Theorem 1.4. The weak, polynomial weak, strong, and strong-star topologies coincide
over UpHq. Moreover, UpHq is a Polish space when endowed with such topologies.

Proof. As noted before one has w Ă pw Ă s Ă s˚ over BpHq. We will show that s Ă w
and s˚ Ă s.

Let us start proving that the strong-star limit of a net pUαqαPΛ Ă UpHq, say U , is
also unitary. To see this, note that

||Ux|| “ || limUαx|| “ lim ||Uαx|| “ lim ||x|| “ ||x||

||U˚x|| “ || limU˚
αx|| “ lim ||U˚

αx|| “ lim ||x|| “ ||x||

given that for each α P Λ and each x P H we have ||Uαx|| “ ||U˚
αx|| “ ||x||. So, both

U,U˚ are isometries, from which follows that U is unitary.
Let pUαqαPΛ be a net such that s- limUα “ U for some U P UpHq. We will show

that s˚- limUα “ U . Thus, fix x P H, U P UpHq and note that the only thing we need to
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prove is that s- limU˚
α “ U˚. So,

||U˚
αx ´ U˚x||

2
“ ||U˚

αx||
2

` ||U˚x||
2

´ 2RexU˚
αx, U

˚xy

“ 2||x||
2

´ 2RexU˚
αx, U

˚xy

Then, since w- limUα “ U , we get xU˚
αx, U

˚xy “ xx, UαU
˚xy Ñ xx, UU˚xy “ xx, xy “

||x||2 and so
||U˚

αx ´ U˚x||
2

Ñ 2||x||
2

´ 2Re ||x||
2

“ 0

Therefore, s˚ Ă s.
Now, let pUαqαPΛ be a net such that w- limUα “ U for some U P UpHq. We will

show that s- limUα “ U . Fix x P H, U P UpHq, and note that

||Uαx ´ Ux||
2

“ xUαx, Uαxy ` xUx, Uxy ´ 2RexUαx, Uxy

“ 2xx, xy ´ 2RexUαx, Uxy

Then, since w- limUα “ U we have limxUαx, Uxy “ xUx, Uxy “ xx, xy and so

lim ||Uαx ´ Ux||
2

“ limp2xx, xy ´ 2RexUαx, Uxyq

“ 2xx, xy ´ 2Rexx, xy “ 0

This shows that s- limUα “ U , and so s Ă w. We conclude now that w “ s “ s˚, and
since w Ă pw Ă s Ă s˚ it follows that w “ pw “ s “ s˚ in UpHq.

It remains to prove that UpHq is Polish. By Theorem 1.2 pCpHq, s˚q is a complete
metric space and so, by the fact that UpHq is s˚-closed in CpHq we conclude that UpHq is
a complete metric space. Using again Theorem 1.2, pCpHq, sq is a separable metric space,
so UpHq Ă CpHq is separable. Hence, UpHq is a separable complete metric space, i.e., a
Polish space.

■

An interesting phenomenon is that unitary equivalence of Hilbert spaces preserves
the convergences with respect to each one of these topologies:

Theorem 1.5. Suppose that H –U K (i.e., H and K unitarily equivalent), let ψ : H Ñ K
be a unitary operator, let pAnqn Ă CpHq and A P CpHq. Then

1. if w- limAn “ A then w- limψAnψ
´1 “ ψAψ´1;

2. if pw- limAn “ A then pw- limψAnψ
´1 “ ψAψ´1;

3. if s- limAn “ A then s- limψAnψ
´1 “ ψAψ´1;

4. if s˚- limAn “ A then s˚- limψAnψ
´1 “ ψAψ´1.

Proof. (1) Fix x, y P K, then

xψpAn ´ Aqψ´1x, yyK “ xpAn ´ Aqψ´1x, ψ´1yyH
nÑ8
ÝÝÝÑ 0

and so w- limψAnψ
´1 “ ψAψ´1.

(2) If pw- limAn “ A, then w- limAk
n “ Ak for every k P N. By using item (1), we

obtain w- limψAk
nψ

´1 “ ψAkψ´1 for every k P N. And for each k P N we also note that

pψAnψ
´1

q
k

“ ψAnψ
´1ψAnψ

´1
¨ ¨ ¨ψAnψ

´1
“ ψAk

nψ
´1
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Analogously we have pψAψ´1qk “ ψAkψ´1 for each k P N. Therefore pw- limψAnψ
´1 “

ψAψ´1.
(3) Fix x P K. Then

||ψpAn ´ Aqψ´1x||K “ ||pAn ´ Aqψ´1x||H
nÑ8
ÝÝÝÑ 0

and so s- limψAnψ
´1 “ ψAψ´1.

(4) If s˚- limAn “ A then s- limAn “ A and s- limA˚
n “ A˚. By using item (3), we

obtain s- limψAnψ
´1 “ ψAψ´1 and s- limψA˚

nψ
´1 “ ψA˚ψ´1. Moreover, we note that

pψAψ´1
q

˚
“ pψ´1

q
˚A˚ψ˚

“ ψA˚ψ´1

and so pψAnψ
´1q˚ “ ψA˚

nψ
´1 by the same argument. Thus, s˚- limψAnψ

´1 “ ψAψ´1.
■
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2. THE WEAK TOPOLOGY

2.1 Understanding the topology
Recall that we have defined the weak topology by using nets, i.e., we have defined

the topology induced by the convergence of nets. This is natural by considering the results
discussed here, but in order to write some of the following proofs we will need a description
in terms of open sets.
Definition 2.1. Define the WOT topology (Weak Operator Topology) in BpHq by the
coarsest topology for which the map fx,y : T Ñ xTx, yy is continuous for every x, y P H.
In other words, the WOT topology is the topology generated by the sub-basis consisting of
the elements

f´1
x,ypBpTx, εqq “ tA P BpHq : |xpA ´ T qx, yy| ă εu

where x, y P H, ε ą 0 and T P BpHq.

The next result shows that this topology coincides with the weak topology previ-
ously defined.
Theorem 2.2. A net pTαqαPΛ Ă BpHq converges to a T P BpHq in the WOT topology if,
and only if, w- limTα “ T

Proof. (a) Let pTαqαPΛ Ă BpHq be a net converging to T P BpHq in the WOT topology.
Fix x, y P H and note that for every ε ą 0, the set Vε “ tA P BpHq : |xpA´T qx, yy| ă εu
is a neighborhood of T in the WOT topology. By using the convergence of pTαqα, we
conclude that there exists β P Λ such that for every α ą β, Tα P Vε. With this, if α ą β,
then

|xpTα ´ T qx, yy| ă ε

and since x, y P H are arbitrary we conclude that w- limTα “ T .
(b) Let pTαqαPΛ Ă BpHq be a net such that w- limTα “ T . Pick a neighborhood

V of T in the WOT topology. We can assume that

V “

k
č

i“1

tA P BpHq : |xpA ´ T qxi, yiy| ă εu

for some k P N, and xi, yi P H for all i ď k.
Since w- limTα “ T for all i ď k, there exists Γi P Λ such that for all α ą Γi

|xpTα ´ T qxi, yiy| ă ε

Let Γ P Λ be such that Γ ą Γi for every i ď k, so if α ą Γ for all i ď k, then
|xpTα ´ T qxi, yiy| ă ε. In particular, Tα P

Şk
i“1tA P BpHq : |xpA ´ T qxi, yiy| ă εu. This

concludes the proof.
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■

Now we are able to prove the metrizability of this topology in CpHq, as stated in
Theorem 1.3.

Theorem 2.3. Let tei : i ě 1u Ă H be a dense subset of BH . Then,

dwpA,Bq “
ÿ

i,jPN t0u

2´i´j
|xAei, ejy ´ xBei, ejy|

is a complete separable metric on CpHq which generates the weak topology.

Proof. (a) We start proving that dwpA,Bq is indeed a metric. Define

||A||w :“
ÿ

i,jPN t0u

2´i´j
|xAei, ejy|

and note that ||A ´ B||w “ dwpA,Bq, so it is sufficient to show that || ¨ ||w is a norm.
• Note that

||A||w “
ÿ

i,jPN t0u

2´i´j
|xAei, ejy| ď

ÿ

i,jPN t0u

2´i´j
||A|| ¨ ||ei|| ¨ ||ej||

“ ||A||
ÿ

i,jPN t0u

2´i´j
“ ||A||

so the sum is well defined.

• Fix α P C. Then,

||αA||w “
ÿ

i,jPN t0u

2´i´j
|xαAei, ejy| “ |α|

ÿ

i,jPN t0u

2´i´j
|xAei, ejy| “ |α| ¨ ||A||w

.

• Fix A,B P CpHq. Then

||A ` B||w “
ÿ

i,jPN t0u

2´i´j
|xpA ` Bqei, ejy| “

ÿ

i,jPN t0u

2´i´j
|xAei, ejy ` xBei, ejy|

ď
ÿ

i,jPN t0u

2´i´j
|xAei, ejy| `

ÿ

i,jPN t0u

2´i´j
|xBei, ejy| “ ||A||w ` ||B||w

• Since 2´i´j|xAei, ejy| ě 0 for all i, j P N we have that ||A||w ě 0.

• If A “ 0, it is obvious that ||A||w “ 0.

On the other hand if ||A||w “ 0 we obtain that |xAei, ejy| “ 0 for every i, j P N.
Fix x0, y0 P H t0u and note that x “ x0{||x0||, y “ y0{||y0|| P SH , so there exists
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subsequences penk
qk, pemk

qk such that limk enk
“ x and limk emk

“ y. Thus,

|xAx, yy| “ |xApx ´ enk
q, yy ` xAenk

, yy|

“ |xApx ´ enk
q, y ´ emk

y ` xAenk
, y ´ emk

y ` xApx ´ enk
q, emk

y

` xAenk
, emk

y|

ď |xApx ´ enk
q, y ´ emk

y| ` |xAenk
, y ´ emk

y| ` |xApx ´ enk
q, emk

y|

` |xAenk
, emk

y|

ď ||A|| ¨ ||x ´ enk
|| ¨ ||y ´ emk

|| ` ||Aenk
|| ¨ ||y ´ emk

||

` ||A|| ¨ ||x ´ enk
|| ¨ ||emk

||
kÑ8
ÝÝÝÑ 0

and so, xAx, yy “ 0. By making some calculation we obtain that xAx0, y0y “ 0, and
since x0, y0 P H t0u are arbitrary, it follows that A “ 0.
Hence, || ¨ ||w is a norm in CpHq, and it follows that dspA,Bq is a metric in CpHq.

Now, we want to see that this metric generates exactly the weak topology as previously
defined.

(b) We begin by fixing V a w-open set in CpHq, by Theorem 2.2 we can assume
that there exists k P N, T P CpHq, ε ą 0 and xi, yi P BH for all i ď k such that

V “

k
č

i“1

tA P BpHq : |xpA ´ T qxi, yiy| ă εu

We want to obtain a δ ą 0 such that the ball

BwpT, δq “ tA P CpHq : dwpA, T q ă δu

is a subset of V . Note that if dwpA, T q ă δ, then |xAei, ejy ´ xTei, ejy| ă 2i`jδ for each
i, j P N t0u.

Now we use the density of tei : i ě 1u Ă H to obtain subsequences pψi
nqnPN and

pξinqnPN of tei : i ě 1u such that limn ψ
i
n “ yi and limn ξ

i
n “ xi for every i ď k.

Let C ą 0 be such that C2 ă ε{8 and C ă ε{8. We can obtain, for every i ď k, a
Ni P N such that n ě Ni implies ||xi ´ ξin|| ă C and ||yi ´ ψi

n|| ă C. Fix N “ maxiďkNi,
and now for this N write ψi

N “ eppiq and ξiN “ eqpiq. If M “ maxiďk ppiq ` qpiq, choose
δ ą 0 such that 2Mδ ă ε{4. Finally, if A P BwpT, δq, it follows that for every i ď k:

|xpT ´ Aqxi, yiy| “ |xpT ´ Aqpxi ´ ξiNq, yiy ` xpT ´ AqξiN , yiy|

ď |xpT ´ Aqpxi ´ ξiNq, yi ´ ψi
Ny| ` |xpT ´ AqξiN , yi ´ ψi

Ny|

` |xpT ´ Aqpxi ´ ξiNq, ψi
Ny| ` |xpT ´ AqξiN , ψ

i
Ny|

ď ||T ´ A|| ¨ ||xi ´ ξiN || ¨ ||yi ´ ψi
N || ` ||T ´ A|| ¨ ||ξiN || ¨ ||yi ´ ψi

N ||

` ||T ´ A|| ¨ ||xi ´ ξiN || ¨ ||ψi
N || ` |xpT ´ Aqeqpiq, eppiqy|

ď 2C2
` 2C ` 2C ` 2ppiq`qpiqδ ď 2 ¨

ε

8
` 2 ¨

ε

8
` 2 ¨

ε

8
` 2Mδ

ă 3 ¨
ε

4
`
ε

4
“ ε

therefore, A P
Şk

i“1tA P BpHq : |xpA ´ T qxi, yiy| ă εu.
(c) Let T P CpHq, ε ą 0 and set BwpT, εq “ tA P CpHq : dwpA, T q ă εu. We have
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to obtain δ ą 0, k P N and xi, yi P BH with i ď p such that the set

V “

p
č

i“1

tA P BpHq : |xpA ´ T qxi, yiy| ă δu

is contained in BwpT, εq. Let k P N be such that 22p´k`1q ă ε{4, and for every j ď k, let

Vj “

k
č

i“1

tA P BpHq : |xpA ´ T qei, ejy| ă δu

and

V “

k
č

j“1

Vj .

If δ “ ε{4, then A P V implies

dwpA, T q “
ÿ

i,jPN t0u

2´i´j
|xpA ´ T qei, ejy|

“
ÿ

1ďi,jďk

2´i´j
|xpA ´ T qei, ejy| `

ÿ

i,jąk

2´i´j
|xpA ´ T qei, ejy|

ď
ε

4

ˆ

ÿ

1ďi,jďk

2´i´j

˙

`
ÿ

i,jąk

2´i´j
p||A|| ` ||T ||q||ei|| ¨ ||ej||

ď
ε

4
` 2

8
ÿ

i“k

8
ÿ

j“k

2´i´j
“
ε

4
` 2 ¨ 22p´k`1q

ă
ε

2
`
ε

2
“ ε ,

from which follows that A P BwpT, εq.
(d) Since every compact metric space is complete, so it is sufficient to show that

CpHq is a compact space. We follow the arguments presented in [5].
For each g P BH let Bg be a copy of BH equipped with the weak topology. Since

H is reflexive, we use Kakutani’s Theorem to conclude that every Bg is compact. In
particular, X “

ś

gPBH
Bg is compact due to Tychonoff’s Theorem.

Let ϕ : pCpHq, wq Ñ X be defined by ϕpT q “ pTgqgPBH
. We claim that ϕ is

continuous and injective.
Namely, let pTαqαPΛ Ă CpHq be a net such that w- limTα “ T for some T P CpHq.

We know that for each fixed g P BH we have that limxTαg, yy “ xTg, yy for every y P H.
So, w- limTαg “ Tg, and in particular, limpTαgqgPBH

“ pTgqgPBH
. Hence, limϕpTαq “

ϕpT q and we conclude that ϕ is continuous.
If ϕpT q “ ϕpSq, it follows that Tx “ Sx for every x P BH , and so T “ S. Therefore,

ϕ is injective.
It remains to prove that ϕpCpHqq is closed in X (which is compact), and so com-

pact. Let pTαqαPΛ Ă CpHq be such that limϕpTαq “ F P X. If πg denotes the projection
into the g-th coordinate, we have that w- limTαg “ πgpF q, so we need to construct a
linear map T : H Ñ H such that Tg “ πgpF q for every g P BH .

Define, for each g P BH , the map Tg “ πgpF q and extend it to all H by linearity.
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Fix β P C and x, y P H. If βx` y R BH , the linearity follows directly from the definition,
but if βx ` y P BH , then

T pβx ` yq “ πpβx`yqpF q “ w- limTαpβx ` yq

“ βw- limTαx ` w- limTαy “

“ βπxpF q ` πypF q “ βTx ` Ty .

So, T is a linear map such that Tg “ πgpF q for every g P BH . Note that T is also
contractive: if g P BH we have that ||Tαg|| ď 1 for every α P Λ, i.e., Tαg P BH for every
α P Λ. Recall that BH is a closed convex set, so it is weakly closed (see [2]). We conclude
that Tg “ πgpF q P BH , i.e., ||Tg|| ď 1. Taking the supremum we conclude that ||T || ď 1,
then T P CpHq, and obviously F “ ϕpT q. Hence, ϕpCpHqq is closed in H.

Since every Bg is Hausdorff, X is also Hausdorff. And so, by using that ϕ is
continuous we conclude that CpHq is compact.

(e) In Theorem 4.2 we have shown that the space pCpHq, sq is separable. Since
w Ă s, it follows that the topology pCpHq, wq is also separable.

■

2.2 Studying the properties of w-typical contractions
A w-typical contraction in CpHq is a unitary operator, i.e., UpHq is w-co-meager

in CpHq. This was proved by Eisner in [7] and we will show in details what she did.

Lemma 2.4. The weak closure of UpHq is CpHq

Proof. It follows from Theorem 3.5 that Clpw UpHq “ CpHq. Now by w Ă pw we obtain
CpHq “ Clpw UpHq Ă Clw UpHq Ă CpHq, i.e., Clw UpHq “ CpHq.

■

Lemma 2.5. Let tTnunPN be a sequence of linear operators in H such that w- limTn “ T .
If ||Tnx|| ď ||Tx|| for all x P H, then s- limTn “ T .

Proof. If x P H, then

||Tnx ´ Tx||
2

“ ||Tnx||
2

` ||Tx||
2

´ 2RexTnx, Txy

ď 2||Tx||
2

´ 2RexTnx, Txy .

Note that 2||Tx||2 is a real number, so we can write the last part of the equation as
2RexTx´Tnx, Txy, which converges to zero since w- limTn “ T . With that, ||Tnx´Tx||2

converges to zero and we conclude that s- limTn “ T .
■

Denote by IpHq the set of all isometries H Ñ H and recall that UpHq Ă IpHq Ă

CpHq. We now state and prove the main result of this section

Theorem 2.6. UpHq is w-co-meager in CpHq

Proof. This proof is divided into two steps. In the first step we show that IpHqzUpHq is
a w-meager set, in the second one that CpHqzIpHq is a w-meager set. By combining both
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results it is easy to show that CpHqzUpHq is w-meager. Before we proceed, fix txjujPN a
dense subset of Hzt0u.

(a) First of all, note that IpHqzUpHq is exactly the set of non-invertible isometries.
Now, let T P IpHqzUpHq.

Note that ImT is closed. Indeed, if y P ClpImT q, then there exists pznqnPN Ă H
such that Tzn Ñ y. The sequence pTznqn converges, so it is a Cauchy sequence. By using
that T is a isometry we conclude that pznq is also a Cauchy sequence. Since H is Hilbert,
there exists z P H such that zn Ñ z, and then y “ limn Tzn “ Tz. So, y P ImT .

Since T is not invertible, ImpT q ‰ H, so there exists j P N such that dpxj, ImpT qq ą

0. By setting Mj,k “ tT P IpHq : dpxj, ImT q ą 1{ku, we can write

IpHqzUpHq “

8
ď

k,j“1

Mj,k .

Note that in order to prove that for each j, k P N, intw
`

ClwpMj,kq
˘

“ ∅, it is sufficient to
prove that UpHq X ClwpMj,kq “ ∅. This is because if we pick x P intw

`

ClwpMj,kq
˘

then
there exists a w-open subset V Ă CpHq such that x P V Ă ClwpMj,kq. By Lemma 2.4
UpHq is a dense subset, so there exists p P V X UpHq, and so p P UpHq X ClwpMj,kq.

Fix j, k P N and suppose that U P UpHq XClwpMj,kq. Thus, there exists tTnunPN Ă

Mj,k such that w- limTn “ U . But ||Tnx|| “ ||x|| “ ||Ux|| for all n P N, given that each
Tn is an isometry and U is unitary. By Lemma 2.5 s- limTn “ U .

If y “ U´1xj, then limTny “ Uy “ xj. Hence, limn dpxj, ImTnq “ 0,which is
absurd, because Tn P Mj,k for all n P N, i.e., dpxj, ImTnq ą 1{k for all n P N. Therefore, for
each j, k P N, UpHq XClwpMj,kq “ ∅, and by the previous discussion, intw

`

ClwpMj,kq
˘

“

∅, for all j, k P N. This concludes the proof that IpHqzUpHq is a w-meager set.
(b) Now we show that CpHqzIpHq is w-meager. Set, for each j, k P N

Nj,k :“
!

T P CpHq :
||Txj||

||xj||
ă 1 ´

1

k

)

We claim that

CpHqzIpHq “

8
ď

k,j“1

Nj,k .

Namely, suppose that T P Nj,k, for some j, k P N, and that T P IpHq. Then, ||Txj||{||xj|| “

||xj||{||xj|| “ 1 and ||Txj||{||xj|| ă 1 ´ 1{k ă 1, an absurd. So, if T P
Ť8

k,j“1Nj,k, then
T P CpHq IpHq.

On the other hand, if T P CpHqzIpHq, then there exists xj such that ||Txj|| ă ||xj||.
Suppose, on the contrary, that for every j P N, ||Txj|| ě ||xj||. By picking an arbitrary
y P H we obtain a subsequence tζmumPN of txjujPN which converges to y. With that,
||Ty|| “ || limm Tζm|| “ limm ||Tζm|| ě limm ||ζm|| “ ||y||. On the another hand, by using
the fact that T is a contraction, we get ||Ty|| ď ||T || ¨ ||y|| ď ||y||. Now, by combining
both results we conclude that for each y P H, ||y|| ď ||Ty|| ď ||y||, i.e., then ||Ty|| “ ||y||,
and so T is an isometry. Hence, there exists xj such that ||Txj|| ă ||xj||, and so there
exists k P N such that T P Nj,k.

Again, for the same reason, it is enough to show that UpHq X ClwpNj,kq “ ∅, for
every j, k P N.
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Let U P UpHq and choose a sequence pUnq Ă Nj,k such that w- limUn “ U . Since
||Un|| ď 1, then ||Unx|| ď ||Un|| ¨ ||x|| ď ||x|| “ ||Ux||. So, by using the Lemma 2.5,
s- limUn “ U .

Note that for each xj P H, limn ||Unxj|| “ ||Uxj|| “ ||xj||, so

1 ´
1

k
ą

||Unxj||

||xj||
nÑ8
ÝÝÝÑ 1 ,

which is absurd. Hence, by the previous discussion, CpHqzIpHq is also w-meager.
(c) Note that

CpHqzUpHq “
`

pCpHqzIpHqq Y IpHq
˘

zUpHq

“
`

pCpHqzIpHqqzUpHq
˘

Y pIpHqzUpHqq

“ pCpHqzIpHqq Y pIpHqzUpHqq

Then, CpHqzUpHq is the union of w-meager sets, and so CpHqzUpHq is also w-meager.
This proves that UpHq is w-co-meager in CpHq.

■

This is an interesting result. By Theorem 1.4, the weak topology coincides with
the strong-star topology in UpHq, so we understand UpHq with the weak topology really
well. Moreover, we have the following result:

Theorem 2.7. A is w-co-meager in CpHq if, and only if, A X UpHq is w-co-meager in
UpHq.

Proof. (a) Suppose that A is w-co-meager in CpHq, so CpHq A is w-meager in CpHq. In
particular, UpHq X

`

CpHq A
˘

is w-meager in CpHq. Since UpHq is w-dense by Lemma

2.4, UpHq X
`

CpHq A
˘

is w-meager in UpHq. Thus, the set UpHq

´

UpHq X
`

CpHq A
˘

¯

is w-co-meager in UpHq, but

UpHq

´

UpHq X
`

CpHq A
˘

¯

“ A X UpHq

This shows that A X UpHq is w-meager in UpHq.
(b) If AXUpHq is w-co-meager in UpHq, then UpHq

`

AXUpHq
˘

is w-meager in

UpHq. By Theorem 0.3, UpHq
`

AXUpHq
˘

is w-meager in CpHq, hence CpHq

´

UpHq

`

A X UpHq
˘

¯

is w-co-meager in CpHq. Now

CpHq

´

UpHq
`

A X UpHq
˘

¯

“ A Y pCpHq UpHqq ,

and so AY pCpHq UpHqq is w-co-meager in CpHq. Since pCpHq UpHqq is w-meager in
CpHq, we conclude that A is w-co-meager in CpHq.

■

With this result, we conclude that w-typical properties on CpHq are w-typical
properties on UpHq. Recall that UpHq is a Baire Space so it makes sense to ask about
typical properties on UpHq.
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2.3 Spectral properties of w-typical contractions
A necessary tool for the characterization of the spectrum of a w-typical contraction

is measure theory (for unfamiliar readers a good reference is [1]). We will state many
results below, however we will only prove some of them. Before proceed some new notation
is required.

If pX,Aq is a measurable space and µ, ν are two measures on that space, we say
that µ and ν are equivalent (µ„ν) if µpAq “ 0 if, and only if, νpAq “ 0. We say that
µ and ν are mutually singular (µ K ν) if there exists disjoint sets A,B P A such that
µpUq “ 0 for all U measurable subset of A, and νpUq “ 0 for all U measurable subset of
B. We say that x is an atom of a measure µ if µptxuq ą 0.

If pX, τq is a topological space, we let Bpτq be the Borel σ-algebra generated by
τ and make pX,Bpτqq a measurable space. If µ is a measure on pX,Bpτqq, we define
suppµ “ tx P X : @ Nx neighborhood of x we have µpNxq ą 0u.

Definition 2.8. Denote by P the collection of probability measures over the Borel sets of
S1 :“ tz P C : |z| “ 1u. We say that µn P P converges weakly to µ on P if

ż

S1

fdµn Ñ

ż

S1

fdµ

for all continuous functions defined on S1.

Definition 2.9. Let U P UpHq, fix pxnqně1 an orthonormal basis of H and let FU denote
the resolution of identity of U . We define the maximal spectral type of U by the probability
measure

µUpAq “

8
ÿ

n“1

2´n
xFUpAqxn, xny

for every A P BpS1q.

The first thing to show is that the choice of the orthonormal basis doesn’t change
the class of µU .

Lemma 2.10. If pxnqně1 and pynqně1 are both orthonormal basis of H, then

8
ÿ

n“1

2´n
xFUpAqxn, xny „

8
ÿ

n“1

2´n
xFUpAqyn, yny .

Proof. Denote by µx
UpAq “

ř8

n“1 2
´nxFUpAqxn, xny and by µy

UpAq “
ř8

n“1 2
´nxFUpAqyn, yny.

(a) Suppose that µx
UpAq “ 0. Then, for every n P N, xFUpAqxn, xny “ 0. Fix

m P N and let ψ “ ym. We have that ψ “ limk xnk
for some subsequence pxnk

qk, so

|xFUpAqψ, ψy| “ |xFUpAqpψ ´ xnk
q, ψy ` xFUpAqxnk

, ψy| ď |xFUpAqpψ ´ xnk
q, ψ ´ xnk

y|

` |xFUpAqxnk
, ψ ´ xnk

y| ` |xFUpAqpψ ´ xnk
q, xnk

y| ` |xFUpAqxnk
, xnk

y|

ď ||ψ ´ xnk
||
2

` ||FUpAqxnk
|| ¨ ||ψ ´ xnk

|| ` ||FUpAq|| ¨ ||ψ ´ xnk
|| ¨ ||xnk

||

kÑ8
ÝÝÝÑ 0

Then, xFUpAqym, ymy “ 0, and since m is arbitrary it follows that µy
UpAq “ 0.
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(b) In item (a) we shown that µx
UpAq “ 0 implies µy

UpAq “ 0 for each A P BpS1q.
Thus, item (b) follows from item (a) swapping x and y.

■

We define a function f : pUpHq, wq Ñ P by the law fpUq “ µU . Such function has
some good properties:

Theorem 2.11. psee r14sq The function f : pUpHq, wq Ñ P given by the law fpUq “ µU

satisfies the following conditions:
1. f is a continuous function;

2. If C Ă P is measure class invariant (i.e., if µ P C and ν „µ, then ν P C), then
f´1pCq is unitary invariant (i.e., if U P f´1pCq and W P UpHq, then WUW´1 P

f´1pCq).

Theorem 2.12. psee r14sq The following sets are w-co-meager in UpHq:
1. tU P UpHq : µU is atomlessu;

2. tU P UpHq : suppµU “ S1u;

3. tV P UpHq : µV K νu for any ν measure on S1.

Theorem 2.12 is really useful in the study of the spectral properties of a w-typical
contraction.

Theorem 2.13. If U P UpHq the following statements holds:
1. σpUq “ suppµU ;

2. σppUq “ tλ P C : λ is an atom of µUu.

Proof. (1) Recall that σpUq “ suppFU , where

suppFU :“ tλ P C : FUpNq ‰ 0 , @ neighborhood of λu .

Firstly, we show that if λ P σpUq then λ P suppFU . Namely, let V be a neigh-
borhood of λ and denote by E the closed subspace such that FUpV q projects. Since E
is closed in a separable metric space, E is separable itself. Fix tznuně1 an orthonormal
basis of E, and by using the same argument, let twnuně1 be an orthonormal basis of EK.
Hence, ttnuně1, defined by t2n “ zn and t2n´1 “ wn, is an orthonormal basis of H. Let

νUpAq “

8
ÿ

n“1

2´n
xFUpAqtn, tny .

Suppose that µUpV q “ 0. Then, νUpV q “ 0, since µU„νU . Note that when
t2n´1 “ wn, we have

xFUpV qt2n´1, t2n´1y “ xFUpV qwn, wny “ 0 ,

since FUpV qwn P E and wn P EK. So,

0 “

8
ÿ

n“1

2´2n
xFUpV qzn, zny ,
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and we conclude that 0 “ xFUpV qzn, zny “ ||zn||2. This is absurd, since tznuně1 is an
orthonormal basis of E. Thus µUpV q ‰ 0, and since V is an arbitrary neighborhood of λ,
we conclude that λ P suppµU .

On the other hand, if λ P suppµU , let V be a neighborhood of λ, it follows that

0 ă

8
ÿ

n“1

2´n
xFUpV qxn, xny .

Thus, there exists n P N such that 0 ă xFUpV qxn, xny, and then

0 ă xFUpV qxn, xny “ xFUpV q
2xn, xny “ xFUpV qxn, FUpV qxny “ ||FUpV qxn||

2

We conclude that there exists n P N such that FUpV qxn ‰ 0, and so FUpV q ‰ 0. Since V
is an arbitrary neighborhood of λ, we conclude that λ P suppFU , so λ P σpUq.

(2) Recall that λ P σppUq if, and only if, FUptλuq ‰ 0.
Suppose that λ P σppUq, so FUptλuq ‰ 0. Therefore, there exists x P SH such that

FUptλuqx ‰ 0. Let ttnuně1 be an orthonormal basis of H such that t1 “ x and let

νUpAq “

8
ÿ

n“1

2´n
xFUpAqtn, tny

By using that xFUptλuqt1, t1y ą 0, we get νUptλuq ą 0. Since µU„νU , we have that
µUptλuq ą 0, and so λ is an atom of µU .

On the other hand, if λ is an atom of µU , then µUptλuq ą 0, and so, there exists
n ě 1 such that xFUpAqxn, xny ą 0. Thus,

0 ă xFUptλuqxn, xny “ xFUptλuq
2xn, xny “ xFUptλuqxn, FUptλuqxny “ ||FUptλuqxn||

2 ,

from which follows that FUptλuq ‰ 0. Therefore, λ P σppUq.
■

Now we can describe the spectrum of a w-typical contraction.

Theorem 2.14. A w-typical contraction U satisfies σcpUq “ S1

Proof. By Theorem 2.6, a w-typical contraction U is unitary. By Theorem 2.12 and
Theorem 2.13 we have that

tU P UpHq : σppUq “ ∅u “ tU P UpHq : µU is atomlessu

and
tU P UpHq : σpUq “ S1

u “ tU P UpHq : suppµU “ S1
u

are both w-co-meager in UpHq. Since σrpUq “ ∅ for every unitary operator (see [15]), so
we conclude that σcpUq “ S1.

■
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2.4 Unitary equivalence of w-typical contractions
Before we investigate the existence of w-co-meager unitary orbits in CpHq, we need

one result info about the maximal spectral type.

Theorem 2.15. Let U, V P UpHq. Then

µU„µV UV ´1 .

Proof. Again, the proof follows from a well-know result about spectral measures. Namely,
it follows that for every x P H, xFUpAqx, xy„xFV UV ´1pAqx, xy.

If µUpAq “ 0, then xFUpAqxn, xny “ 0 for all n P N, and so xFV UV ´1pAqxn, xny “ 0
for all n P N. Thus, νV UV ´1pAq “ 0.

On the other hand, if µV UV ´1pAq “ 0, then xFV UV ´1pAqxn, xny “ 0 for all n P N.
Thus, xFUpAqxn, xny “ 0, and so µUpAq “ 0.

■

Lemma 2.16. Let pAnqn, pSnqn Ă CpHq and A, S P CpHq. If w- limAn “ A and
s- limSn “ S, then w- limAnSn “ AS. In particular, if pSnqn Ă UpHq and S P UpHq,
then w- limSnAnS

´1
n “ SAS´1.

Proof. (a) Assume that w- limAn “ A and s- limSn “ S. Let x, y P H, then

|xAnSnx ´ ASx, yy| ď |xAnSnx ´ AnSx, yy| ` |xAnSx ´ ASx, yy|

ď ||An|| ¨ ||Snx ´ Sx|| ¨ ||y|| ` |xAnSx ´ ASx, yy|

ď ||Snx ´ Sx|| ¨ ||y|| ` |xAnSx ´ ASx, yy| Ñ 0 ,

from which follows that w- limAnSn “ AS.
(b) Note that if w- limAn “ A then w- limA˚

n “ A˚. Let x, y P H, then

|xpA˚
n ´ A˚

qx, yy| “ |xx, pAn ´ Aqyy|

“
ˇ

ˇxpAn ´ Aqy, xy
ˇ

ˇ

“ |xpAn ´ Aqy, xy| Ñ 0 .

By Theorem 1.4, one has pUpHq, wq “ pUpHq, s˚q, so s- limS´1
n “ S´1. It follows from (a)

that w- limA˚
nS

´1
n “ AS´1, and by using the same argument as before w- limSnAn “ SA.

Using (a) again, one concludes that w- limSnAnS
´1
n “ SAS´1.

■

Theorem 2.17. For every U P CpHq, OpUq is an w-meager subset of CpHq. In partic-
ular, w-typical contractions are not unitarly equivalent.

Proof. (a) Let U P CpHq. If U R UpHq, since UpHq is unitary invariant we have OpUq Ă

CpHq UpHq. Since UpHq is w-co-meager, it follows that OpUq is w-meager.
Assume now that U P UpHq. In this case it follows from Theorem 2.12 that for

any ν measure on S1, the set Ppνq “ tV P UpHq : µV K νu is w-co-meager.
Now, by Theorem 2.15, the maximal spectral type is invariant under conjugacy

in UpHq, i.e., for every V P UpHq, µU„µV UV ´1 . In particular, it is impossible to have
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µU K µV UV ´1 , i.e., OpUq Ă UpHq PpµUq. Since UpHq PpµUq is w-meager, we conclude
that OpUq is w-meager.

(b) Set

E :“ tpU1, U2q P CpHq ˆ CpHq : U1 and U2 are unitarily equivalentu

Since pCpHq, wq and pUpHq, wq are Polish spaces we have that pCpHq ˆ CpHq, w ˆ wq

and pCpHq ˆ UpHq, w ˆ wq are also Polish spaces. We can define f : CpHq ˆ UpHq Ñ

CpHqˆCpHq by the law fpA,Uq “ pA,UAU´1q, and immediately conclude that fpCpHqˆ

UpHqq “ E.
We claim that f is continuous. Namely, let pAn, Unqn Ă CpHqˆUpHq and pA,Uq P

CpHq ˆUpHq be such that pAn, Unq
wˆw
ÝÝÝÑ pA,Uq. Note that w- limAn “ A is immediate.

By using the Lemma 2.16 we have that w- limUnAU
´1
n “ UAU´1, and so pw ˆ wq ´

lim fpAn, Unq “ fpA,Uq.
Since E is the image of a continuous function between Polish spaces, E is analytic

and, by using Theorem 0.9, has the BP. We will use Kuratowski-Ulam Theorem to show
that E is meager in pCpHq ˆCpHq, wˆwq (see Appendix A for definitions and a proof).
First of all, let T P CpHq and note that

ET “ tS P CpHq : pT, Sq P Eu “ tS P CpHq : S and T are unitarily equivalentu
“ tUTU´1 : U P UpHqu “ OpT q

By item (a), we have that ET is w-meager in CpHq for all T P CpHq, so we conclude that

tT P CpHq : ET is w-meageru “ CpHq ,

and so tT P CpHq : ET is w-meageru is w-co-meager. By Kuratowski-Ulam Theorem E is
meager in pCpHq ˆ CpHq, w ˆ wq, and then we conclude that two w-typical contractions
are not unitary equivalent.

■
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3. THE POLYNOMIAL WEAK TOPOLOGY

3.1 Understanding the topology
The method used to understand the polynomial weak topology is a bit different

from what we do in the others sections. In the first theorem of the section, we prove that
the pw-topology is metrizable, and so second countable, T1 and regular. After that, we
prove that the of pw-topology is Polish, and to do that we use as discussed in [6]: the
Strong Choquet characterization of this type of space (see Appendix B for details).

Theorem 3.1. Let tei : i ě 1u Ă H be an dense subset of BH . Then, the pw-topology is
generated by the metric

dpwpA,Bq “
ÿ

i,j,nPN t0u

2´i´j´n
|xAnei, ejy ´ xBnei, ejy|

Proof. (a) The first thing to do is to show that the series is absolutely convergent. Note
that

dpwpA,Bq “
ÿ

i,j,nPN t0u

2´i´j´n
|xpAn

´ Bn
qei, ejy|

ď
ÿ

i,j,nPN t0u

2´i´j´n
p||An|| ` ||Bn||q||ei|| ¨ ||ej||

ď 2
ÿ

i,j,nPN t0u

2´i´j´n
ă 8

In particular, it is commutatively convergent. Thus, we can write

dpwpA,Bq “

8
ÿ

n“1

2´n
´

ÿ

i,jPN t0u

2´i´j
|xAnei, ejy ´ xBnei, ejy|

¯

“

8
ÿ

n“1

2´ndwpAn, Bn
q

Now, we can use this in order to show that dpw is a metric. Namely:

• if A “ B, then An “ Bn for every n P N, so dwpAn, Bnq “ 0, and then dpwpA,Bq “ 0;

• if A ‰ B, then dwpA,Bq ą 0, and since dwpAn, Bnq ě 0 for every n P N, it follows
that dpwpA,Bq ą 0;

• we know that dwpA,Bq “ dwpB,Aq, so

dpwpA,Bq “

8
ÿ

n“1

2´ndwpAn, Bn
q “

8
ÿ

n“1

2´ndwpBn, An
q “ dpwpB,Aq ;
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• note that

dpwpA,Cq “

8
ÿ

n“1

2´ndwpAn, Cn
q ď

8
ÿ

n“1

2´n
pdwpAn, Bn

q ` dwpBn, Cn
qq “

“

8
ÿ

n“1

2´ndwpAn, Bn
q `

8
ÿ

n“1

2´ndwpBn, Cn
q

“ dpwpA,Bq ` dpwpB,Cq .

(b) Now, we show that the topology generated by this metric is exactly the pw-
topology. Let Aα

d
ÝÑ A denote the fact that the net pAαqαPΛ converges to A with respect

to this metric dpw
Let pAαqαPΛ Ă CpHq and A P CpHq be such that Aα

d
ÝÑ A. Thus, for every

ε ą 0, there exists β P Λ such that for every α ą β, dpwpAα, Aq ă ε. In particular,
dwpAn

α, A
nq ă 2nε for every n P N.

For each fixed n P N and ε ą 0. There exists β P Λ such that for every α ą β,
dpwpAα, Aq ă 2´nε. In particular, dwpAn

α, A
nq ă ε. So, w- limAn

α “ An, for each n P N,
from which follows that pw- limAα “ A.

(c) Let pAαqαPΛ Ă CpHq and A P CpHq be such that pw- limAα “ A. Let ε ą 0
and choose M P N such that

ř8

n“M 2´n`1 ă ε{2.
It follows from pw- limAα “ A that w- limAn

α “ An for every n P N. Hence,
fro each n P N there exists βk P Λ such that for every α ą βk we have dwpAn, Bnq ă

2n´1ε{pM ´ 1q. Choose β ą βk for every n ă M , and note that if α ą β, then

dpwpAα, Aq “

8
ÿ

n“1

2´ndwpAn
α, A

n
q “

M´1
ÿ

n“1

2´ndwpAn
α, A

n
q `

8
ÿ

n“M

2´ndwpAn
α, A

n
q

ă

M´1
ÿ

n“1

´

2´n2n´1 ε

M ´ 1

¯

`

8
ÿ

n“M

2´n
||An

α ´ An
||

ď
εpM ´ 1q

2pM ´ 1q
`

8
ÿ

n“M

2´n`1
ă ε .

So, for every ε ą 0, there exists β P Λ such that for every α ą β, dpwpAα, Aq ă ε, i.e.,
Aα

d
ÝÑ A. This shows that the topology generated by dpw is exactly the pw-topology.

■

Before we proceed, some lemmas are required.

Lemma 3.2. Let pAnqn Ă BpHq and A P BpHq be such that w- limAn “ A. If for every
x P SH , ||Ax|| ě lim supnPN ||Anx||, then A “ s- limAn.

Proof. Let x P SH . Then,

||Ax ´ Anx||
2

“ ||Ax||
2

` ||Anx||
2

´ 2RexAx,Anxy .
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By taking the limsup of both sides, we have

0 ď lim sup
nPN

||Ax ´ Anx||
2

“ ||Ax||
2

` lim sup
nPN

||Anx||
2

´ 2 lim
n

RexAx,Anxy

ď 2||Ax||
2

´ 2RexAx,Axy “ 0 .

Since x P SH is arbitrary, it follows that A “ s- limAn.
■

Lemma 3.3. Let n ą 0, txi : i ă nu Ă SH and B P CpHq. Then, for every ε ą 0,
there exists a w-open set W Ă CpHq such that B P W , and for every A P W , we have
||Axi|| ě ||Bxi|| ´ ε, for every i ă n.

Proof. (a) We start proving the singleton case, i.e., when txi : i ă nu “ tx0u. If Bx0 “ 0,
the result holds for every W w-open set containing B. So, we can assume Bx0 ‰ 0.

Fix ε ą 0 and consider the set

W “ tA P CpHq : |xAx0, Bx0y| ą ||Bx0||
2

´ ||Bx0||εu ,

which obviously contains B. We claim that W is w-open.
We will show that WC “ tA P CpHq : |xAx0, Bx0y| ď ||Bx0||2 ´ ||Bx0||εu is

w-closed. Let pTnqn Ă WC and T P CpHq be such that w- limTn “ T . In particular,
limxTnx0, Bx0y “ xTx0, Bx0y, and then

|xTnx0, Bx0y| ď ||Bx0||
2

´ ||Bx0||ε ñ |xTx0, Bx0y| ď ||Bx0||
2

´ ||Bx0||ε ,

therefore, T P WC .
Now let A P W . By using Cauchy-Schwarz inequality we get

||Ax0|| ě
|xAx0, Bx0y|

||Bx0||
ą

||Bx0||2 ´ ||Bx0||ε

||Bx0||
“ ||Bx0|| ´ ε ,

concluding the proof in this case.
(b) For the general case, let txi : i ă nu Ă SH and ε ą 0. For every i ă n, we can

use item (a) in order to obtain a w-open set Wi Ă CpHq such that B P Wi and such that
for every A P Wi, ||Axi|| ě ||Bxi|| ´ ε.

If we set W “
Ş

iănWi, then W is w-open and B P W . Moreover, if A P W , then
for every i ă n A P Wi and so ||Axi|| ě ||Bxi|| ´ ε.

■

Theorem 3.4. The set CpHq endowed with the polynomial weak topology is a Polish
Space.

Proof. (a) By using Urysohn Metrization Theorem and the fact that pCpHq, pwq is a
separable metric space, we conclude that pCpHq, pwq is second countable, T1 and regular.
It remains to show that it is a strong Choquet space. (see Definition B.3 and Corollary
B.8 in Appendix B).

Let txn : n P Nu be a dense subset of SH and suppose that the n-th move of player
I is pAn, Unq, where An P Un Ă CpHq and Un is a pw-open set.

(b) We claim that there exists a w-open set Wn, with the following properties:
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1. An P Wn Ă ClwpWnq Ă tA P CpHq : dwpA,Anq ă 1{pn ` 1qu;

2. ClwpWnq Ă Wn´1;

3. for each A P Wn and each i ď n, ||Axi|| ě ||Anxi|| ě ||Anxi|| ´ 1{pn ` 1q.
We obtain the set Wn by applying the Lemma 3.3 with ε “ 1{pn ` 1q and B “ An.
Namely, by Lemma 3.3 there exists a w-open set Zn Ă CpHq such that An P Zn, and for
every A P Zn and each i ď n, ||Axi|| ě ||Anxi|| ´ 1{pn ` `1q.

Note that since Wn´1 is a non-empty w-open set, there exists δ ą 0 such that
BwpAn, δq Ă Wn´1 and Clw

`

BwpAn, δq
˘

Ă Wn´1. Let r “ mintδ, 1{p2n ` 2qu and set
Wn :“ Zn X BwpAn, rq.

Since An P Zn and An P BwpAn, rq, Wn ‰ ∅. Also, since Zn and BwpAn, rq are
both w-open, Wn is w-open too.

Naturally, ClwpWnq Ă Clw
`

BwpAn, rq
˘

. SinceBwpAn, rq Ă BwpAn, δq andBwpAn, rq Ă

BwpAn, 1{p2n ` 2qq, we have

Cl
w

pWnq Ă Cl
w

`

BwpAn, rq
˘

Ă Cl
w

`

BwpAn, δq
˘

Ă Wn´1

and

Cl
w

pWnq Ă Cl
w

`

BwpAn, rq
˘

Ă Cl
w

`

BwpAn, 1{p2n ` 2qq
˘

Ă BwpAn, 1{pn ` 1qq “ tA P CpHq : dwpA,Anq ă 1{pn ` 1qu ,

and so, Wn is the desired set.
(c) Let player II respond to the move of player I by playing a pw-open set Vn Ă Un

such that
An P Vn Ă Cl

pw
pVnq Ă Un X Wn

Such Vn exists because Un X Wn is a w-open set, in particular pw-open, and by using
that pw-topology is metrizable, we can find γ ą 0 such that BpwpAn, γq Ă Un X Wn and
Clpw

`

BpwpAn, γq
˘

Ă Un X Wn.
(d) In this step we show that the strategy defined in the previous items is winning

for player II (see Definition B.3). Let tpAn, Unq, Vn : n P Nu be a run in the game in which
player II follows the above strategy.

Note that
Vn`1 Ă Un`1 X Wn`1 Ă Wn`1 Ă Wn ,

and since An`1 P Vn`1, we have that An`1 P Wn. Then dwpAn`1, Anq ă 1{pn ` 1q and
hence An is weakly convergent.

Let A “ w- limAn. By using that

W0 Ą W1 Ą W2 Ą ¨ ¨ ¨

and An P Wn, we get Am P Wn for every m ě n. Since ClwpWnq Ă Wn´1 it follows that
A P Wn for every n P N. So, it follows that for each i, n P N, ||Axi|| ě ||Anxi|| ´1{pn`1q,
and so ||Axi|| ě lim supnPN ||Anxi|| for every i P N.

If we fix x P SH there exists a sequence pxnk
qk Ă txn : n P Nu such that limk xnk

“
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x. For each ε ą 0 there exists N P N such that nk ě N implies ||x ´ xnk
|| ă ε. Then,

||Anx|| ď ||Anx ´ Anxnk
|| ` ||Anxnk

|| ď ||An|| ¨ ||x ´ xnk
|| ` ||Anxnk

|| ď ε ` ||Anxnk
|| ,

from which follows that

lim sup
n

||Anx|| ď ε ` lim sup
n

||Anxnk
|| ď ε ` ||Axnk

||
kÑ8
ÝÝÝÑ ε ` ||Ax|| .

Then, lim supn ||Anx|| ď ε`||Ax|| and since ε is arbitrary, we conclude that lim supn ||Anx|| ď

||Ax||. It follows from Lemma 3.2 that A “ s- limAn, and in particular, A “ pw- limAn.
We know that An P Vn, and then we have

Vn Ă Cl
pw

pVnq Ă Un X Wn Ă Un Ă Vn´1 ,

from which follows that Am P Vn for every m ě n. Therefore, A P Clpw Vn for every n P N.
Since ClpwpVnq Ă Vn´1, we conclude that A P Vn for every n P N and so A P

Ş

nPN Vn.
This shows that the strategy is winning for player II.

■

Note that, by the same argument as in the proof of Theorem 3.4, CpHq is a Polish
space for any metrizable topology on CpHq which is finer than the weak topology and
coarser than the strong topology.

3.2 Studying the properties of pw-typical contractions
In this section, we prove that the theory of typical pw-contractions is exactly the

theory of w-contractions, i.e., we will prove that a property Φ is pw-typical in CpHq if,
and only if, Φ is w-typical in CpHq. Before we proceed, we need a result which states
that ClpwpUpHqq “ CpHq.

Theorem 3.5. pproved by Peller in r18sq UpHq is pw-dense in CpHq.

Proof. (a) Let pK, p¨|¨qq be a separable Hilbert space and let R be a contraction in K.
Define R̃ :

À8

n“1K Ñ
À8

n“1K by the law R̃px0, x1, . . . q “ pRx0, 0, 0, 0, . . . q and DR :
K Ñ K by the law DR “ pI ´R˚Rq1{2. We note that I ´R˚R is self-adjoint, and so the
function DR is well defined. Moreover,

||DRx||
2

` ||Rx||
2

“ ppI ´ R˚Rq
1{2x|pI ´ R˚Rq

1{2xq ` pRx|Rxq

“ ppI ´ R˚Rqx|xq ` pR˚Rx|xq “ px|xq “ ||x||
2 .

In particular, DR is a contraction, because

||DRx||
2

“ ||x||
2

´ ||Rx||
2

ď ||x||
2

Let An :
À8

n“1K Ñ
À8

n“1K given by

Anpx0, x1, . . . q “ pRx0, 0, . . . , 0
loomoon

n

,DRx0, x1, . . . q
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Note that An is an isometric operator:

||Anpx0, x1, . . . q||
2
‘ “ ||Rx0||

2
` ||DRx0||

2
`

8
ÿ

i“1

||xi||
2

“ ||x0||
2

`

8
ÿ

i“1

||xi||
2

“

8
ÿ

i“0

||xi||
2

“ ||px0, x1, . . . q||
2
‘ .

We claim that pw- limAn “ R̃. In order to prove this we denote the inner product of
À8

n“1K by r¨, ¨s and fix f “ pf0, . . . q, g “ pg0, . . . q P
À8

n“1K. Note that for every k P N,
we have

Ak
nf “ pRkf0, 0, . . . , 0

loomoon

n

,DRR
k´1f0, 0, . . . , 0

loomoon

n

,DRR
k´2f0, . . . ,DRf0, f1, f2, . . . q

Fix n, k P N. We can rewrite f P
À8

n“1K as f “ P pfq ` Rpfq, where

P pfq “ pf0, f1, . . . , fkn`k, 0, 0, . . . q

and Rpfq “ f ´ P pfq. Now, note that
ˇ

ˇrAk
nf, gs ´ rR̃kf, gs

ˇ

ˇ “
ˇ

ˇrP pAk
nf ´ R̃kfq, P pgqs ` rQpAk

nf ´ R̃kfq, P pgqs

` rP pAk
nf ´ R̃kfq, Qpgqs ` rQpAk

nf ´ R̃kfq, Qpgqs
ˇ

ˇ

“
ˇ

ˇrP pAk
nf ´ R̃kfq, P pgqs ` rQpAk

nf ´ R̃kfq, Qpgqs
ˇ

ˇ

ď
ˇ

ˇrP pAk
nf ´ R̃kfq, P pgqs

ˇ

ˇ `
ˇ

ˇrQpAk
nf ´ R̃kfq, Qpgqs

ˇ

ˇ

ď

ˇ

ˇ

ˇ

k
ÿ

i“1

pDRR
k´if0|gin`iq

ˇ

ˇ

ˇ
` ||QpAk

nf ´ R̃kfq||‘||Qpgq||‘

ď

k
ÿ

i“1

||f0|| ¨ ||gin`i|| `

´

8
ÿ

i“1

||fi||
2
¯1{2´ 8

ÿ

i“kn`k`1

||gi||
2
¯1{2

“ ||f0||
k

ÿ

i“1

||gin`i|| ` ||f ||‘

´

8
ÿ

i“kn`k`1

||gi||
2
¯1{2

Given that g P
À8

n“1K, we know that the series
ř8

i“1 ||gi||
2 converges. In particular, we

have that
ř8

i“kn`k`1 ||gi||
2 nÑ8

ÝÝÝÑ 0 and ||gin`i||
nÑ8
ÝÝÝÑ 0. So, we conclude that

ˇ

ˇrAk
nf, gs ´ rR̃kf, gs

ˇ

ˇ ď ||f0||

k
ÿ

i“1

||gin`i|| ` ||f ||‘

´

8
ÿ

i“kn`k`1

||gi||
2
¯1{2

nÑ8
ÝÝÝÑ 0

Hence, pw- limAn “ R̃, and since An is an isometry, we conclude that R̃ can be approxi-
mated by isometries.

(b) Let T be a contraction in H. Firstly, we prove that the operator T can be
approximated by isometric operators.

Fix B “ txnu8
n“1 an orthonormal basis of H. Let K1 “ Cl

`

spantx2nu8
n“1

˘

and
Km “ Cl

`

span
`

tx2nu8
n“1 Y tx2n´1u

m´1
n“1

˘˘

for every m ą 1.
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Note that for every n P N, Kn Ă Kn`1. Moreover, for every n P N, Kn – Kn`1

since the Hilbert dimensions of both spaces are equal.
Let Pn be the orthogonal projection over Kn, and note that s- limPn “ I: for each

x P H, we can find λj P C, with j P N t0u such that

x “

8
ÿ

n“1

λnxn “

´

8
ÿ

n“1

λ2nx2n `

m´1
ÿ

n“1

λ2n´1x2n´1

¯

`

8
ÿ

n“m

λ2n´1x2n´1 “ Pmx`

8
ÿ

n“m

λ2n´1x2n´1 ,

and so

||Pmx ´ x|| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

n“m

λ2n´1x2n´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

mÑ8
ÝÝÝÑ 0 ,

thus, pPnqn is a sequence of operators in H such that PnpHq Ă Pn`1pHq and s- limPn “ I.

Let n P N and note that H is equal to
Àinn

tPNK
ptq
n , the inner direct sum of the

orthogonal sets pK
ptq
n qtPN, where we define these sets by induction: let Kp0q

n “ Kn, and for
a given Kptq

n we use the above construction to obtain an infinite dimensional and infinite
co-dimensional closed subspace Kpt`1q

n K
Àm

t“1K
ptq
n . In particular, every Kptq

n is unitarily
equivalent to Kn, and so

H “

inn
à

tPN
Kptq

n –U

à

tPN
Kptq

n –U

à

tPN
Kn

Let ψ1 :
Àinn

tPNK
ptq
n Ñ

À

tPNK
ptq
n the standard unitary operator (i.e., ψ1 is the in-

verse of the function f given by the rule fpk0, k1, . . . q “
ř

tPN kt) and let ψ2 :
À

tPNK
ptq
n Ñ

À

tPNKn be a unitary operator such that its restriction to Kp0q
n ‘ t0u ‘ t0u ‘ ¨ ¨ ¨ is the

identity operator.
Let Tn “ PnT

ˇ

ˇ

Kn
and T̃n :

À

tPNKn Ñ
À

tPNKn be given by T̃npz0, z1, . . . q “

pTnz0, 0, . . . q. In particular, ψ´1
2 T̃nψ2pz0, z1, . . . q “ pTnz0, 0, . . . q. Moreover, Tnz0 “

ψ´1
1 ψ´1

2 T̃nψ2ψ1p
ř8

n“1 ziq.
If f P Km, then for every n ě m we have ||Tnf ´ Tf || “ ||PnTf ´ Tf || Ñ 0,

since s- limPn “ I. Moreover, the sequence pTnqn converges strongly to T , given that
Ť8

n“1Kn “ H. In particular, ψ´1
1 ψ´1

2 T̃nψ2ψ1 converges strongly to T . Then ,T̃n converges
strongly to ψ2ψ1Tψ

´1
1 ψ´1

2 , and in particular, it converges weakly.

By item (a) there exists a sequence of isometries pA
pnq
m qmPN such that pw- limmA

pnq
m “

T̃n, i.e., we can approximated T̃n in the pw-topology by isometries, and since ψ1 and ψ2

are unitary operators, we conclude that Tn can be approximated by isometries in the
pw-topology. Since pw- limTn “ T and the pw-topology is metrizable we conclude that
T is also approximated by isometries.

(c) The last step consist in showing that any isometric operator V can be ap-
proximated by unitary operators. According to Wold’s decomposition (see Appendix
C), there exist V -invariant subspaces H1, H2 ď H such that U “ V

ˇ

ˇ

H1
is unitary and

V0 “ V
ˇ

ˇ

H2
is a right shift in H2, i.e., there exists a Hilbert space K and a unitary opera-

tor ψ : H2 Ñ
À8

n“1K such that ψ´1V ψpk0, k1, . . . q “ p0, k0, k1, . . . q.
We define Vn in H2 so that

ψ´1Vnψpk0, k1, . . . q “ pkn, k0, k1, . . . , kn´1, kn`1, . . . q .
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The operator ψ´1Vnψ is obviously a bijection. Moreover

||ψ´1Vnψpk0, k1, . . . q||‘ “ ||pkn, k0, k1, . . . , kn´1, kn`1, . . . q||‘

“

8
ÿ

i“0

||ki||
2
K “ ||pk0, k1, . . . q||‘ .

Therefore, ψ´1Vnψ is unitary, and so Vn. We claim that s- limVn “ V in H2. Namely, let
pk0, k1, . . . q P

À8

n“1K, and note that

||ψ´1
pVn ´ V0qψpk0, k1, . . . q||‘ “ ||pkn, 0, . . . , 0, kn`1 ´ kn, kn`2 ´ kn`1, . . . q||‘

ď ||kn||K ` ||p0, 0, . . . , 0, kn`1, kn`2, . . . q||‘

` ||p0, 0, . . . , 0, kn, kn`1, . . . q||‘

“ ||kn||K `

´

ÿ

iě1

||kn`i||
2
K

¯1{2

`

´

ÿ

iě0

||kn`i||
2
K

¯1{2

ď ||kn||K ` 2
´

ÿ

iě0

||kn`i||
2
K

¯1{2

“ ||kn||K ` 2
´

ÿ

iěn

||ki||
2
K

¯1{2
nÑ8
ÝÝÝÑ 0

Then, s- limψ´1Vnψ “ ψ´1V ψ in
À8

n“1K. In particular, s- limVn “ V in H2.
Let Un “ U ‘ Vn, which is unitary since Vn and U are unitary, and if we write

x “ PH1x ` PH2x, then

||pUn ´ V qx|| “ ||pU ‘ Vn ´ U ‘ V0qpPH1x ` PH2xq|| “ ||VnPH2x ´ V0PH2x||
nÑ8
ÝÝÝÑ 0 .

This shows that s- limUn “ V , and since every Un is unitary we conclude that V can be
approximated by unitary operators.

■

A directly consequence of Theorem 3.5 is the following result.

Corollary 3.6. The set UpHq is pw-co-meager pw-Gδ in CpHq.

Proof. It follows from Theorem 3.5 that UpHq is pw-dense in CpHq. We know that
pUpHq, wq is Polish, by Theorem 1.4, and that pCpHq, wq is also Polish, so UpHq is w-Gδ.
In particular, since every w-open set is pw-open, we have that UpHq is pw-Gδ. Therefore,
UpHq is pw-co-meager in CpHq.

■

The last result in this chapter shows the previously stated claim that the theory
of typical pw-contractions is exactly the theory of typical w-contractions.

Theorem 3.7. A set C Ă CpHq is pw-co-meager in CpHq if, and only if, C is w-co-
meager in CpHq. In particular, a property Φ of contractions is pw-typical if, and only if,
Φ is w-typical.

Proof. By Theorem 3.5 and Corollary 3.6, UpHq is a pw-co-meager subset of the Polish
space CpHq. By Theorem 1.4 the weak and polynomial weak topologies coincide on UpHq,
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and in these topologies, UpHq is a Polish space, and so a Baire space. So, we can discuss
in UpHq typical properties related to Baire spaces.

Since UpHq Ă CpHq is pw-co-meager, it is in particular pw-dense. Hence, a set
M Ă UpHq is pw-meager in UpHq if, and only if, it is pw-meager in CpHq.

Since UpHq is pw-co-meager, a set C Ă CpHq is pw-co-meager in CpHq if, and only
if, C X UpHq Ă CpHq is pw-co-meager in CpHq. By the discussion above, it follows that
this is equivalent to C X UpHq Ă UpHq be pw-co-meager in UpHq, which is the same as
saying that C X UpHq Ă UpHq is w-co-meager in UpHq.

We conclude that C Ă CpHq is pw-co-meager in CpHq if, and only if, C XUpHq Ă

UpHq is w-co-meager in UpHq. By Theorem 2.7, this is exactly the same as saying that
C Ă CpHq is w-co-meager in CpHq.

■
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4. THE STRONG TOPOLOGY

4.1 Understanding the topology
Recall that we have defined the Strong Topology by using nets, i.e., we have defined

the topology saying how the convergence of nets works. However, for some of the results,
it is better to define its open sets.

Definition 4.1. Define the SOT topology (Strong Operator Topology) in BpHq as the
coarsest topology for which the evaluation map fx : T Ñ Tx is continuous for every
x P H. In another words, the SOT topology is the topology generated by the sub-basis
consisting of the elements

f´1
x pBεpTxqq “ tT0 P BpHq : ||T0x ´ Tx|| ă εu ,

where x P H, ε ą 0 and T P BpHq.

Theorem 4.2. A net pTαqαPΛ Ă BpHq converges to T P BpHq in the SOT topology if,
and only if, s- limTα “ T .

Proof. First of all, let pTαqαPΛ Ă BpHq be a net that converges to T P BpHq in the SOT
topology, and let x P H. For a fixed ε ą 0, let Vε “ tT0 P BpXq : ||T0x ´ Tx|| ă εu be
a SOT-neighborhood of T . Then, there exists β P Λ such that for each α ą β it is true
that Tα P Vε.

Then, for each α ą β, ||Tαx ´ Tx|| ă ε, from which follows that s- limTα “ T .
On the other hand, let pTαqαPΛ Ă BpHq be a net such that s- limTα “ T . Let V

be a SOT-neighborhood of T , by taking a subset of V it is possible to assume that

V “ tT0 P BpHq : for all i P I ||T0xi ´ Txi|| ă εu ,

where I is some fixed finite index set.
Since s- limTα “ T , it follow that for each i P I, limTαxi “ Txi. Or, in other

words, for each δ ą 0 there exists βi P Λ such that ||Tαxi ´Txi|| ă δ, for all α ą β. Then,
let δ “ ε and let β ą βi for all i P I (which is possible since I is finite). Now, note that
if α ą β ě βi, then ||Tαxi ´ Txi|| ă ε for all i P I. So, for all α ą β, we conclude that
Tα P V , then pTαqαPΛ Ă BpHq converges to T P BpHq in the SOT topology.

■

Now we are able to prove the metrizability of this topology in CpHq, as stated in
Theorem 1.3.
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Theorem 4.3. Let tei : i ě 1u Ă H be a dense subset of BH . Then,

dspA,Bq “

8
ÿ

i“1

2´i
||Aei ´ Bei||

is a complete separable metric on CpHq which generates the strong topology.

Proof. (a) First of all, define ||A||s :“
ř8

i“1 2
´i||Aei|| for every A P CpHq, and note that

this is a norm:
• Note that

||A||s “

8
ÿ

i“1

2´i
||Aei|| ď

8
ÿ

i“1

2´i
||A|| “ ||A||

so ||A||s is well defined.

• Obviously, ||A||s ě 0.

• If ||A||s “ 0, then for every i P N we have ||Aei|| “ 0. If y P BH , there exists a
sequence penk

qk such that limk enk
“ y, and then limk Aenk

“ Ay. But Aenk
“ 0,

so Ay “ 0. since the result follows for every y P BH , one concludes that A “ 0. If
A “ 0, obviously ||A||s “ 0.

• If α P C, then

||αA||s “

8
ÿ

i“1

2´i
||αAei|| “

8
ÿ

i“1

|α|2´i
||Aei|| “ |α|

8
ÿ

i“1

2´i
||Aei|| “ |α| ¨ ||A||s .

• If A,B P CpHq, then

||A ` B||s “

8
ÿ

i“1

2´i
||Aei ` Bei|| ď

8
ÿ

i“1

2´i
p||Aei|| ` ||Bei||q “ ||A||s ` ||B||s .

Hence, || ¨ ||s is a norm in CpHq, and since dspA,Bq “ ||A ´ B||s, it follows that
dspA,Bq is a metric in CpHq. Now we want to show that this metric generates the strong
topology as defined.

(b) Let T P CpHq and let V be an s-neighborhood of T . We want to obtain r ą 0
such that

U “ tA P CpHq : dspA, T q ă ru Ă V .

We can assume that for each ε ą 0 and k P N,

V “

k
č

i“1

tA P CpHq : ||Ayi ´ Tyi|| ă εu .

Without loss of generality, we can assume that ||yi|| ď 1 for every i “ 1, . . . , k.
Then, for each i P t1, . . . , ku, we can use that tej : j ě 1u Ă H is a dense subset of BH in
order to obtain ni P N such that

||yi ´ eni
|| ă ε{4 .
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We can also choose r ą 0 such that

2nir ă ε{2 .

We state that U Ă V . Namely, if dspA, T q ă r, then 2´i||Aei ´ Tei|| ă r for every
i ě 1. In particular, 2´ni ||Aeni

´ Teni
|| ă r for every i P t1, . . . , ku.

So, if i P t1, . . . , ku, we have

||Ayi ´ Tyi|| “ ||pA ´ T qpyi ´ eni
q ` pA ´ T qeni

||

ď ||pA ´ T qpyi ´ eni
q|| ` ||pA ´ T qeni

||

ă ||pA ´ T q|| ¨ ||pyi ´ eni
q|| ` 2nir

ď p||A|| ` ||T ||q
ε

4
`
ε

2
ď
ε

2
`
ε

2
“ ε

We conclude that if A P U , then A P V .
(c) Let T P CpHq. For each r ą 0 we have to obtain a s-neighborhood V Ă U “

tA P CpHq : dspA, T q ă ru. So, we need to obtain ε ą 0, k P N and y1, . . . , yk such that

k
č

i“1

tA P CpHq : ||Ayi ´ Tyi|| ă εu Ă U

We claim that it is enough to choose ε “ r{2, k such that 2´k`1 ă r{2 and yi “ ei for
every i P t1, . . . , ku. To see this, pick A P V and see that

dspA, T q “

k
ÿ

i“1

2´i
||Aei ´ Tei|| `

8
ÿ

i“k`1

2´i
||Aei ´ Tei||

ă ε
k

ÿ

i“1

2´i
`

8
ÿ

i“k`1

2´i
p||A|| ` ||T ||q

ď ε ` 2
8
ÿ

i“k`1

2´i
ď ε ` 2

´2´pk`1q

1 ´ 1
2

¯

ď ε ` 2´k`1
ă
r

2
`
r

2
“ r

Hence, V Ă U . Concluding the proof of that metric ds generates the strong topology.
Now, we have to shown that this metric is complete and separable.

(d) Let’s show that the metric is complete. Let pAnqn Ă CpHq be a Cauchy
sequence with respect to ds metric. For each ε ą 0 and each i P N there exists N P N
such that if n,m ą N , then dspAn, Amq ă 2´iε. So, it follows that for every i P N t0u,
||Anei ´ Amei|| ă ε. Hence, pAneiqn is a Cauchy sequence in H for every i P N t0u.

We can now define Aei “ limAnei and by using the density of peiqi in BH we can
extend it for every x P BH , and then we can extend it again by linearly for every x P H.
We claim that A P CpHq. Namely, for each x P BH , let pekiqi be such that lim eki “ x.
Now,

||Ax|| “ lim
i

||Aeki || “ lim
i
lim
n

||Aneki || ď lim
i
lim
n

||An|| ¨ ||eki || ď 1 ,

and we are done.
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One way to see that lim dspA,Anq “ 0 is to check if s- limAn “ A, after all, we
proved that the strong topology is generated by this metric. Fix some δ ą 0, and again
let x P BH and let pekiqi be such that lim eki “ x. Then let ekibe such that

||x ´ eki || ă
δ

4
,

and for such eki , there exists N P N such that for every n ą N ,

||pAn ´ Aqeki || ă
δ

2
.

So,

||Anx ´ Ax|| ď ||pAn ´ Aqpx ´ ekiq|| ` ||pAn ´ Aqeki || ď

ď ||pAn ´ Aq|| ¨ ||px ´ ekiq|| ` ||pAn ´ Aqeki ||

ă 2
δ

4
`
δ

2
“ δ ,

which shows that limAnx “ Ax for all x P BH . If y P H t0u, then y{||y|| P BH , and so

limAn

´ y

||y||

¯

“ A
´ y

||y||

¯

ñ
1

||y||
limAny “

1

||y||
Ay ñ limAny “ Ay ,

and finally, that s- limAn “ A. This shows that ds is complete.
(e) In order to prove that CpHq is separable when endowed with the strong topology

let pxkqkě1 be a dense subset of H and set A “ tpTxkqkě1 : T P CpHqu Ă HN. Since H is
separable and metrizable, the same is true for HN, so A is separable. Let tTnuně1 be the
set of operators corresponding to a countable dense subset of A.

We claim that pTnqně1 is s-dense in CpHq. Namely, let T P CpHq and since
pTxkqkě1 P A there exists pTnj

qjě1 such that pTnj
xkqjě1 Ñ pTxkqkě1 when j Ñ 8. In

particular, limj Tnj
xk “ Txk for all k ě 1.

Fix y P H and ε ą 0. By using the density of pxkqkě1, there exists k P N such that

||y ´ xk|| ă
ε

4

and, for such fixed k, let N be such that nj ą N , then

||pTnj
´ T qxk|| ă

ε

2
.

Now, if nj ą N , then

||Tnj
y ´ Ty|| ď ||pTnj

´ T qpy ´ xkq|| ` ||pTnj
´ T qxk||

ď 2||y ´ xk|| `
ε

2
ď
ε

2
`
ε

2
“ ε .

So, s- limTnj
“ T and we conclude that strong topology is separable.

■
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4.2 Some general results and lemmas
The theory of s-typical contractive operators depends on the following fact: in

some sense all of the s-typical contractions are unitarily equivalent to a shift. With that
we can understand all the theory understanding this shift. In particular, if we want to
study spectral properties of typical operator it is sufficient to study spectral properties of
this shift.

The problem is: every beautiful painting demands a hard work of the artist... We
will need a great amount of lemmas and another theorems to create this piece of art. Let
us begin.

Lemma 4.4. Let x, y P SH be such that x ‰ ´y, and set α “ p2 ` 2Rexx, yyq´1{2. Then
||αpx ` yq|| “ 1.

Proof. Note that

||αpx ` yq||
2

“ α2
xx ` y, x ` yy “ α2

p||x||
2

` ||y||
2

` 2Rexx, yyq

“ α2
p2 ` 2Rexx, yyq “ α2α´2

“ 1 ,

and we are done.
■

Lemma 4.5. Let A P CpHq, pbnqnPN Ă SH , and z P SH be such that limAbn “ z. Then,
pbnqnPN is convergent.

Proof. We will prove that the sequence pbnqnPN is Cauchy. Let ε ą 0 and note that for n
and m sufficiently large, bn ‰ ´bm. Namely, if for all N P N there exist npNq,mpNq ą N
such that bnpNq “ ´bmpNq, then there exists a subsequence pckqk of pbnqn such that for all
k P N, ck “ ´ck`1. Since limAbn “ z, we have

2||Ac2k|| “ ||Ac2k ´ Ac2k`1||
kÑ8
ÝÝÝÑ 0 .

On the other hand lim ||Ac2k|| “ z. By the uniqueness of the limit, it follows that
z “ 0, an absurd, since z P SH . This shows that for n and m sufficiently large, bn ‰ ´bm.

Thus, by n and m sufficiently large αn,m “ p2 ` 2Rexbn, bmyq´1{2 is well defined,
and then, by Lemma 4.4 it follows that ||αn,mpbn ` bmq|| “ 1. Now, note that

||2z|| ď ||2z ´ pAbn ´ zq ´ pAbm ´ zq|| ` ||pAbn ´ zq|| ` ||pAbm ´ zq|| .

And since ||z|| “ 1, we obtain

2 ´ ||pAbn ´ zq|| ´ ||pAbm ´ zq|| ď ||Abn ` Abm|| .

So,

αn,mp2 ´ ||pAbn ´ zq|| ´ ||pAbm ´ zq||q ď αn,m||Abn ` Abm||

ď ||A|| ¨ ||αn,mpbn ` bmq||

“ ||A|| ď 1 .
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Now, since limAbn “ z, there exists N P N such that ||Abn ´ z|| ă ε{8 for all
n ą N . Thus, if n,m ą N , then that 2 ´ ||Abn ´ z|| ´ ||Abm ´ z|| ě 2 ´ ε{4 then

αn,m ď
1

2 ´ ||Abn ´ z|| ´ ||Abm ´ z||
ď

1

2 ´ ε{4

Thus, p2 ´ ε{4q2 ď α´2
n,m “ 2 ` 2Rexbn, bmy, from which follows that

||bn ´ bm||
2

“ ||bn||
2

` ||bm||
2

´ 2Rexbn, bmy “ 2 ´ 2Rexbn, bmy

ď 2 ` 2 ´ p2 ´ ε{4q
2

“ ε ´ ε2{16 ď ε ,

proving that the sequence pbnqnPN is Cauchy.
■

Lemma 4.6. Let n P N t0u and let tei : i ă nu be an orthonormal family. Let tfi :
i ă nu Ă H be such that ||fi ´ ei|| ă 1{n for all i ă n. Then, tfi : i ă nu is linearly
independent.

Proof. Suppose that for each i ă n, there exists αi such that
ř

iăn |αi| ą 0 and
ř

iăn αifi “

0. Then, we have
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăn

αiei

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăn

αiei ´
ÿ

iăn

αifi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď

´

ÿ

iăn

|αi| ¨ ||ei ´ fi||
¯2

ă

´ 1

n

ÿ

iăn

|αi|

¯2

ď
1

n

ÿ

iăn

|αi|
2

“
1

n

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăn

αiei

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

So,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ř

iăn αiei

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

ă 1
n

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ř

iăn αiei

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

, but since
ř

iăn |αi| ą 0, we conclude that
ř

iăn αiei ‰

0 and then 1 ă 1{n, an absurd.
Hence,

ř

iăn |αi| “ 0 or
ř

iăn αifi ‰ 0. In each case, we conclude that the set tfiui
is linearly independent.

■

Lemma 4.7. Let V0, V1 ď H be subspaces satisfying V0 K V1. Let Ai : Vi Ñ H, with i “

1, 2, be contractive linear operators such that A0pV0q K A1pV1q. Then, A : spantV0, V1u Ñ

H, given by
Apαv0 ` βv1q “ αA0pv0q ` βA1pv1q ,

is also contractive.

Proof. Let v P spantV0, V1u be such that ||v|| “ 1. We can write v “ ξ0 `ξ1, where ξi P Vi.
In case ξ0 “ 0 or ξ1 “ 0 we use the fact that Ai is contractive and the fact that

||ξi|| ď ||v|| to obtain
||Av|| “ ||Aiξi|| ď ||Ai|| ¨ ||ξi|| ď 1 .

In case both are different from zero, we write v “ α0v0 ` α1v1, where αi “ ||ξi||
and vi “ ξi{||ξi||. With these definitions, we obtain |α0|

2 ` |α1|
2 “ 1 and vi P SVi

. Now,
note that

||Av||
2

ď |α0|
2

¨ ||A0v0||
2

` |α1|
2

¨ ||A1v1||
2

ď |α0|
2

` |α1|
2

“ 1 ,
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concluding the proof.
■

4.3 Strongly stable contractions
In this section we begin the study of s-typical properties in CpHq. We will define

a special type of contraction, and after that we will prove that this special contraction is
s-typical.

Definition 4.8. We say that a contraction A is strongly stable if s- limAn “ 0. We denote
the set of all strongly stable contractions by S.

Remark 4.9. We note that a contraction is strongly stable if, and only if for each x P SH

and ε ą 0, there exists N P N such that ||ANx|| ă ε. Indeed, for each ε ą 0 and y P H t0u,
set x “ y{||y|| P SH , pick N satisfying the property above for ε{||y|| and conclude that
if n ě N , ||Anx|| ď ||An´N || ¨ ||ANx|| ă ε{||y||, showing that ||Any|| ă ε. The other
implication is obvious.

Theorem 4.10. S is an s-co-meager, s-Gδ subset of CpHq.

Proof. (a) The first thing to note is that CpHq :“ tA P CpHq : ||A|| ă 1u is norm-dense
in CpHq. To see this, we use the fact that A “ limp1 ´ 2´nqA, and so, for n ě 0,

||p1 ´ 2´n
qA|| “ |1 ´ 2´n

| ¨ ||A|| ď |1 ´ 2´n
| ă 1

Then, since CpHq is norm-dense, it is s-dense in CpHq.
The second thing is that every operator in CpHq is strongly stable. Indeed, by

taking x P SH , it follows that

||Anx|| ď ||A||
n

¨ ||x|| “ ||A||
n nÑ8

ÝÝÝÑ 0 .

So, since CpHq Ă S Ă CpHq and CpHq is s-dense in CpHq, we conclude that S is
s-dense in CpHq.

(b) It remains to prove that S is s-Gδ. For that, let txi : i P Nu be a dense subset
of SH . Now, we claim that

S “
č

i,jPN

ď

nPN

tA P CpHq : ||Anxi|| ă 2´j
u .

Let us show that this equality holds and afterwards that tA P CpHq : ||Anxi|| ă

2´ju is s-open for all i, j, n P N.
If A P S, it follows from Remark 4.9 that for each x P SH and ε ą 0, there exists

N P N such that ||ANx|| ă ε. We conclude that for every i, j P N, there exists N P N
such that ||ANxi|| ă 2´j, in other words, A P

Ş

i,j

Ť

ntA P CpHq : ||Anxi|| ă 2´ju.
On the other hand, let A P A :“

Ş

i,j

Ť

ntA P CpHq : ||Anxi|| ă 2´ju, x P SH and
ε ą 0. Since txi : i P Nu is dense in SH there exists k P N satisfying ||xk ´ x|| ă ε{2. Let
j P N be such that 2´j ă ε{2, and by using the properties of A, exists N P N such that
||ANxk|| ă 2´j, so

||ANx|| ď ||AN
px ´ xkq|| ` ||ANxk|| ď ||A||

N
¨ ||x ´ xk|| ` ||ANxk|| ă ε{2 ` 2´j

ă ε .
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Hence, A P S.
(c) To see that tA P CpHq : ||Anxi|| ă 2´ju is s-open for all i, j, n P N it suffices

to show that its complement is s-closed. For each i, j, n P N, let pTmqmPN Ă tA P CpHq :
||Anxi|| ě 2´ju and T P CpHq be such that s- limTm “ T . We know that for every k P N,
s- limT k

m “ T k. In particular, s- limT n
m “ T n, and then

||T nxi|| “ || limT n
mxi|| “ lim ||T n

mxi|| ě lim 2´j
“ 2´j .

Hence, T P tA P CpHq : ||Anxi|| ě 2´ju, proving that this set is closed.
■

4.4 Studying the properties of s-typical contractions
The main goal of this section is prove the following result.

Theorem 4.11. Let G denote the set of contractive operators A satisfying the following
properties:

1. SH Ă ApSHq, i.e., for every y P SH there exists x P SH such that Ax “ y;

2. dimpkerAq “ 8

Then G is an s-co-meager subset of CpHq.

In order to prove this theorem we will study the two properties separately, denoting
by G1 and G2 the contractions satisfying only the Property 1 and Property 2 respectively.
Given that, G “ G1 X G2, we conclude that it is enough prove that G1 and G2 are both
s-co-meager in CpHq.

The strategy of the proof that G1 is an s-co-meager subset involves a result from
Linear Algebra called Singular Value Decomposition, or simply SVD (see [10] and [11] for
details).

Singular Value Decomposition. Let A be an m ˆ n complex matrix, q “ mintm,nu

and r “ rankA. Then, there exists is an m ˆ n matrix Σ “ rσijs, with σij “ 0 for all
i ‰ j and σ11 ě σ22 ě ¨ ¨ ¨ ě σrr ą 0 “ σpr`1qpr`1q “ ¨ ¨ ¨ “ σqq, and there exist a unitary
m ˆ m matrix V and a unitary n ˆ n matrix W such that A “ V ΣW ˚.

In particular, if A : V Ñ W is a linear map with dimV “ n and dimW “ m,
one can find an orthonormal basis tviuiăn of V and twiuiăm of W such that A maps the
i-th basis vector of V to a non-negative multiple of the i-th basis vector of W , for every
i ă dimApV q, and it maps the other basis vectors to zero.

With SVD, we can prove the following result:

Lemma 4.12. Let V ď H be a finite dimensional subspace and let A : V Ñ H be a
contractive linear operator. Let W “ ApV q and let Y ď H be an arbitrary subspace
satisfying Y K W . Then, for all X ď H satisfying X K V and dimX “ dimW ` dimY ,
there exists a contractive linear operator Ã : spantV,Xu Ñ H such that Ã

ˇ

ˇ

V
“ A and

ÃpBspantV,Xuq “ BspantW,Y u.

Proof. (a) Case Y “ t0u.
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Let dimV “ n and dimW “ m. Obviously, m ď n. The SVD states that there
exists an orthonormal base tvi : i ă nu Ă V such that tAvi : i ă nu are pairwise
orthogonal. Moreover, ||Avi|| ą 0 if, and only if, i ă m. Set wi “ Avi{||Avi|| for all
i ă m.

Let X ď H be such that X K V and dimX “ dimW ` dimY “ m. Fix an
orthonormal basis txi : i ă mu Ă X and define Ã : spantV,Xu Ñ H such that Ã

ˇ

ˇ

V
“ A

and Ãxi “
a

1 ´ ||Avi||2 ¨ wi for all i ă m. We claim that Ã satisfies the properties we
want.

We begin by checking that Ã is a contraction. Let u P SspantV,Xu, i.e., u P

spantV,Xu and ||u|| “ 1. We can write u “
ř

iăn αivi `
ř

iăm βixi for some αi, βi P C,
with 1 “ ||u||2 “

ř

iăn |αi|
2 `

ř

iăm |βi|
2. Then,

||Ãu||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăn

αiAvi `
ÿ

iăm

βi
a

1 ´ ||Avi||2 ¨ wi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăm

αi||Avi|| ¨ wi `
ÿ

iăm

βi
a

1 ´ ||Avi||2 ¨ wi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

iăm

ˇ

ˇ

ˇ

ˇpαi||Avi|| ` βi
a

1 ´ ||Avi||2q ¨ wi

ˇ

ˇ

ˇ

ˇ

2

ď
ÿ

iăm

p|αi| ¨ ||Avi|| ` |βi|
a

1 ´ ||Avi||2q
2 .

If 0 ď p, q, r ď 1, we use the Cauchy-Schwarz inequality in R2 in order to obtain

ppr ` q
?
1 ´ r2q

2
“ |xpp, qq, pr,

?
1 ´ r2qyR2 |

2

ď ||pp, qq||
2
R2 ||pr,

?
1 ´ r2q||

2
R2

“ pp2 ` q2qpr2 ` 1 ´ r2q “ p2 ` q2 .

Then, ppr ` q
?
1 ´ r2q2 ď p2 ` q2, and by using this in previous relation we obtain

||Ãu||
2

ď
ÿ

iăm

p|αi| ¨ ||Avi|| ` |βi|
a

1 ´ ||Avi||2q
2

ď
ÿ

iăm

|αi|
2

` |βi|
2

ď
ÿ

iăn

|αi|
2

`
ÿ

iăm

|βi|
2

“ 1 .

Next, we show that for each y P BW , there exists x P BspantV,Xu such that Ãx “ y. Let
y “

ř

iăm βiwi, where βi P C are such that ||y||2 “
ř

iăm |βi|
2 ď 1. We define

x “
ÿ

iăm

βip||Avi||vi `
a

1 ´ ||Avi||2 ¨ xiq ,

and claim that x P BspantV,Xu, with Ãx “ y. First, note that

||x||
2

“
ÿ

iăm

|βi|
2
||Avi||

2
` |βi|

2
p1 ´ ||Avi||

2
q “

ÿ

iăm

|βi|
2

ď 1 ,
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and so x P BspantV,Xu. Moreover,

Ãx “
ÿ

iăm

βip||Avi||Ãvi `
a

1 ´ ||Avi||2Ãxiq

“
ÿ

iăm

βi
`

||Avi||Avi ` p1 ´ ||Avi||
2
qwi

˘

“

“
ÿ

iăm

βi
`

||Avi||
2wi ` p1 ´ ||Avi||

2
qwi

˘

“
ÿ

iăm

βiwi “ y

Then, Ã is a contractive linear operator such that Ã
ˇ

ˇ

V
“ A and ÃpBspantV,Xuq “ BspantW,Y u.

This concludes the proof of the case Y “ t0u.
(b) General case.
Since dimX “ dimW ` dimY write X “ X0 ‘ X1 where X0 K X1, dimX0 “

dimW and dimX1 “ dimY . By the Case (a) there exists a contraction Ã : spantV,X0u Ñ

H such that Ã
ˇ

ˇ

V
“ A and ÃpBspantV,X0uq “ BW . We extend such Ã by setting Ã

ˇ

ˇ

X1
:

X1 Ñ Y as any isometric isomorphism (which exists since dimX1 “ dimY ). By Lemma
4.7 we conclude that Ã is also contractive.

It remains to prove that ÃpBspantV,Xuq “ BspantW,Y u. Since Ã is contractive, we just
have to show that BspantW,Y u Ă ÃpBspantV,Xuq. Let u P BspantW,Y u. We can write u “ w`y,
with w P W and y P Y . Since Ã

ˇ

ˇ

X1
is an isometric isomorphism, there exists x1 P X1 such

that Ãx1 “ y and ||x1|| “ ||y||.
For a vector space U and an α ě 0 we denote Bα

U “ αBU . It is easy to conclude
that ÃpBα

spantV,X0u
q “ Bα

W for every α ě 0. Fix α “
a

||u||2 ´ ||y||2 “ ||w||, it follows that
if w P Bα

W , then there exists ξ P Bα
spantV,X0u

such that Ãξ “ w.
We know that X1 K X0, and since X0 ‘X1 “ X and X K V , we have that ξ K x1,

and so

||ξ ` x1||
2

“ ||ξ||
2

` ||x1||
2

ď α2
` ||x1||

2
“ ||w||

2
` ||y||

2
“ ||u||

2
ď 1 .

Then, ξ`x1 P BspantV,Xu and Ãpξ`x1q “ w` y “ u, proving that ÃpBspantV,Xuq “

BspantW,Y u.
■

Theorem 4.13. G1 is a s-co-meager subset of CpHq.

Proof. (a) Let

M “ tA P CpHq : @ ε ą 0 and y P SH D x P SH such that ||y ´ Ax|| ă εu

Firstly, we show that M is an s-dense subset s-Gδ of CpHq. Let y P SH , ε ą 0, and define
the set

Cpy, εq “ tA P CpHq : D x P SH such that ||y ´ Ax|| ă εu ,

which is s-open.
To see this, we show that Cpy, εqC is s-closed, i.e., that the set tA P CpHq : @ x P

SH , ||y ´ Ax|| ě εu is s-closed. Let pTnqnPN Ă Cpy, εqC and let T P CpHq be such that
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s- limTn “ T . Then,
||y ´ Tx|| “ lim ||y ´ Tnx|| ě ε

which shows what we need.
Now, we prove that Cpy, εq is s-dense in CpHq. Let U Ă CpHq, and by taking a

subset if necessary, we can assume that U “
Ş

iPItA P CpHq : ||yi ´ Axi|| ă εiu, where I
is a finite index set, xi, yi P H and εi ą 0 for all i P I.

Let V “ spantxi : i P Iu and let A P U . Note that APV P U , so we can assume
that A

ˇ

ˇ

V K “ 0. Set W “ ApV q and note that since V is finite dimensional W is also,
so we can obtain Y ď H, with dimpY q “ 1, such that Y K W and y P spantW,Y u.
Explicitly, if y P W let Y any one dimensional subspace such that Y K W . Otherwise, let
Y “ spantPWKpyqu.

Let now X ď H be a pdimW ` dimY q-dimensional subspace such that X K V ,
which obviously exists since dimpV q ă 8 and dimpHq “ 8. By Lemma 4.12 there exists
a contraction Ã : spantV,Xu Ñ H such that Ã

ˇ

ˇ

V
“ A

ˇ

ˇ

V
and ÃpBspantV,Xuq “ BspantW,Y u.

In particular, there exists a x P BspantV,Xu such that Ãx “ y. Since Ã is contractive,
||y|| “ 1 and ||x|| ď 1, it follows that

1 “ ||y|| “ ||Ãx|| ď ||Ã|| ¨ ||x|| “ ||x|| ď 1

Hence, x P SH .
We extend Ã by setting Ã

ˇ

ˇ

spantV,XuK “ 0, so Ã P U XCpy, εq (which is true because
Ã extends A and A P U). On the other hand, ||Ãx ´ y|| “ 0 ă ε, so Ã P Cpy, εq. Then,
Cpy, εq is s-dense.

(b) We will prove that

(4.1) M “
č

nPN
yPD

Cpy, 2´n
q

where D Ă H is a countable dense subset. The inclusion M Ă
Ş

Cpy, 2´nq is obvious. In
order to prove the other one, let A P

Ş

nPN,yPD Cpy, 2´nq. Let ε ą 0 and y0 P SH . Since D
is dense, there exists y P D such that ||y0 ´ y|| ă ε{2. Let n P N be such that 2´n ă ε{2,
and since A P Cpy, 2´nq, there exists x P SH satisfying ||y ´ Ax|| ă 2´n. Hence,

||y0 ´ Ax|| ď ||y ´ Ax|| ` ||y0 ´ y|| ă ε{2 ` 2´n
ă ε .

Then, relation (4.1) holds and by Baire Category Theorem, it follows that M is
an s-dense s-Gδ.

(c) Now, we claim that M “ G1. Namely, for A P G1, y P SH , there exists x P SH

such that Ax “ y. Then, ||Ax ´ y|| “ 0 ă ε for every ε ą 0, and so A P M.
On the other hand, if A P M and z P SH there exist pbnqnPN Ă SH such that

||Abn ´ z|| ă 2´n, so limAbn “ z. By Lemma 4.5, pbnqnPN converges to some b P SH . So,

z “ limAbn “ Aplim bnq “ Ab ,

from which follows that A P G1.
■
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Now, we show that the set G2 is s-co-meager.

Lemma 4.14. The set of contractive operators A such that, for each n P N and ε ą 0,
there exists Z ď H such that dimZ ě n and ||A

ˇ

ˇ

Z
|| ă ε, is an s-dense s-Gδ subset of

CpHq.

Proof. (a) For each n P N and ε ą 0, we define the set

Cpn, εq “ tA P CpHq : D Z ď H such that dimZ ě n and ||A
ˇ

ˇ

Z
|| ă εu .

We claim that Cpn, εq is s-open for every n P N and ε ą 0. Namely, for each
A P Cpn, εq there exists Z ď H such that dimZ ě n and ||A

ˇ

ˇ

Z
|| ă ε. We can assume

without loss of generality that Z finite dimensional (this because if there exists an infinite
dimensional space W satisfying these properties we can pick any finite dimensional subset
Z with dimZ ě n, and then ||A

ˇ

ˇ

Z
|| ď ||A

ˇ

ˇ

W
||). Thus, we can assume that dimZ “ k ă 8.

Let txi : i ă ku be an orthonormal base of Z.
Since every norms in Z are equivalent, there exists K ą 0 such that for each z P Z,

||z||1 ď K||z||, where ||
ř

iăk αixi||1 “
ř

iăk |αi|. Let η “ ε ´ ||A
ˇ

ˇ

Z
|| and define

U “
č

iăk

tT P CpHq : ||pT ´ Aqxi|| ă η{2Ku ,

which is an s-neighborhood of A, by Theorem 4.2.
We want to show that U Ă Cpn, εq. Thus, let T P U and note that

(4.2) ||T
ˇ

ˇ

Z
|| ď ||pT ´ Aq

ˇ

ˇ

Z
|| ` ||A

ˇ

ˇ

Z
|| .

We already know how to control ||A
ˇ

ˇ

Z
||, so we just need to control the other norm. Let

ř

iăk αixi P Z be such that ||
ř

iăk αixi|| “ 1, so
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pT ´ Aq

´

ÿ

iăk

αixi

¯
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăk

αipT ´ Aqxi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

iăk

p|αi| ¨ ||pT ´ Aqxi||q

ă
ÿ

iăk

|αi|
η

2K
“

η

2K

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăk

αixi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

ď
η

2K
¨ K

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăk

αixi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
“
η

2
.

Hence, ||pT ´ Aq
ˇ

ˇ

Z
|| ď η{2 ă η, and by relation (4.2), we conclude that

||T
ˇ

ˇ

Z
|| ă η ` ||A

ˇ

ˇ

Z
|| “ ε .

Thus T P Cpn, εq, and we conclude that Cpn, εq is s-open.
(b) The next step is show that Cpn, εq is s-dense. Let U Ă CpHq be any non-empty

s-open set, and again, by taking a subset if needed we can assume that

U “
č

iPI

tA P CpHq : ||yi ´ Avi|| ă εiu
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where I is finite, vi, yi P H and εi ą 0.
Let A P U , V “ spantvi : i P Iu and define B P CpHq by B

ˇ

ˇ

V
“ A

ˇ

ˇ

V
and

B
ˇ

ˇ

V K “ 0. Obviously B P U , and since dimV K “ 8 is such that ||B
ˇ

ˇ

V K || “ 0 ă ε, we
have B P Cpn, εq. So, B P Cpn, εq X U and we conclude that Cpn, εq is s-dense.

(c) Now we claim that the set of contractive operators A such that, for each n P N
and ε ą 0 there exists Z ď H such that dimZ ď n and ||A

ˇ

ˇ

Z
|| ă ε, is exactly the set

č

n,mPN

Cpn, 2´m
q

This is straightforward, because if A is a contractive operator such that, for each n P N
and ε ą 0, there exists Z ď H such that dimZ ď n and ||A

ˇ

ˇ

Z
|| ă ε we let ε “ 2´m and

then conclude that A P Cpn, 2´mq for all n,m P N. On the other hand, for each ε ą 0 and
each A P

Ş

n,mPNCpn, 2´mq let m P N be such that 2´m ă ε. Then, there exists Z ď H

such that dimZ ě n and ||A
ˇ

ˇ

Z
|| ă 2´m ă ε.

By Baire Category Theorem it follows that
Ş

n,mPNCpn, 2´mq is s-dense and s-Gδ.
■

Theorem 4.15. G2 is an s-co-meager subset of CpHq.

Proof. By Theorem 4.13 and Lemma 4.14, the set of contractive operators A satisfying
1. for every n P N and ε ą 0, there exists Z ď H such that dimZ ě n and ||A

ˇ

ˇ

Z
|| ă ε{n

2. for every y P SH , there exists x P SH such that Ax “ y

is an s-co-meager subset of CpHq. We will show that every element of this set satisfies
dimpkerAq “ 8.

Pick A satisfying the Properties 1 and 2, let n P N and choose ε “ 1. By Property
1 there exists Z ď H such that dimZ ě n and ||A

ˇ

ˇ

Z
|| ă 1{n. Let teiu

n´1
i“0 Ă Z be an

orthonormal set. For each i ă n, there exist fi P H such that ||fi´ei|| ă 1{n and Afi “ 0.
Fix i ă n: if Aei “ 0, set fi “ ei. Otherwise, by Property 2 there exists xi P SH

such that Axi “ Aei{||Aei||. Set in this case, fi “ ei ´ ||Aei||xi. With that, we get

Afi “ Aei ´ ||Aei||
Aei

||Aei||
“ 0

Note that fi ‰ 0. Indeed, if fi “ 0, then ei “ ||Aei||xi, and by taking the norm in both
sides we get 1 “ ||Aei||, which is absurd since ei P Z and ||A

ˇ

ˇ

Z
|| ă 1{n.

In both cases, ||fi ´ ei|| “ 0 ă 1{n or ||fi ´ ei|| “ ||Aei|| ă 1{n concluding the
construction.

It follows from Lemma 4.6 that tfi : i ă nu is linearly independent, but since
tfi : i ă nu Ă kerA, then dimkerA ě n. Hence, dimkerA “ 8.

■

Remark 4.16. Since a finite intersection of co-meager is co-meager in any topology,
Theorem 4.11 is a direct consequence of Theorem 4.13 and Theorem 4.15.

Before we proceed to the proof of the main result of this chapter, let us study some
of properties that the operators in G satisfy.
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Theorem 4.17. Let A P G. Then AA˚ “ I and A˚A “ PRanA˚, RanA˚ is infinite-
dimensional and infinite-co-dimensional subspace of H. In particular, A˚ is an isometry
(hence A is a co-isometry) and, A is an isometry on pkerAqK.

Proof. (a) Let tei : i P Nu be an orthonormal basis of H. By the definition of G, for every
i P N there exists ai P SH such that Aai “ ei. We claim that A˚ei “ ai. First, note that

0 “ xAai ´ ei, Aai ´ eiy “ xAai, Aaiy ´ 2RexAai, eiy ` xei, eiy “ 2 ´ 2RexAai, eiy ,

and since xA˚ei, aiy “ xAai, eiy, we conclude that RexA˚ei, aiy “ 1. We also have that

1 “ |xei, eiy| “ |xei, Aaiy| “ |xA˚ei, aiy| ď ||A˚ei|| ď ||A˚
|| ¨ ||ei|| ď 1 .

Then, ||A˚ei|| “ 1, and we conclude that

xA˚ei ´ ai, A
˚ei ´ aiy “ xA˚ei, A

˚eiy ´ 2RexA˚ei, aiy ` xai, aiy “ 1 ´ 2 ` 1 “ 0

So, A˚ei “ ai and with this we have AA˚ei “ Aai “ ei, from which follows that AA˚ “ I.
(b) Note that

pA˚Aq
2

“ A˚AA˚A “ A˚
pAA˚

qA “ A˚IA “ A˚A .

Moreover, pA˚Aq˚ “ A˚A. Then, A˚A is a projection onto Z “ tx P H : A˚Ax “

xu. Obviously, Z Ă RanA˚; on the other hand, if x P RanA˚, there exists y P H such
that A˚y “ x. Then,

A˚Ax “ A˚AA˚y “ A˚y “ x ,

So x P Z, and we conclude that A˚A “ PRanA˚ .
(c) Since pA˚q˚A˚ “ AA˚ “ I, it follows thatA˚ is an isometry. Now, if x P RanA˚,

there exists y P H such that x “ A˚y and

xAx,Axy “ xAA˚y, AA˚yy “ xAA˚y, yy “ xA˚y, A˚yy “ xx, xy .

Then, A is a isometry in RanA˚.
(d) Since tei : i P Nu is an orthonormal set and A˚ is an isometry, it follows

that tai : i P Nu is also orthonormal. Given that RanA˚ “ Cl
`

spantA˚ei : i P Nu
˘

“

Cl
`

spantai : i P Nu
˘

the Hilbert dimension of H is infinite, and so its the algebraic di-
mension is also infinite.

(e) Since A˚ is a isometry, we have that RanA˚ is a closed subspace and so
pkerAqK “ ClpRanA˚q “ RanA˚. We conclude that codimpkerAqK “ codimRanA˚.
Note that

H
L

pkerAq
K

– kerA ,

then, codimRanA˚ “ dimkerA “ 8, sinceA P G. Then RanA˚ is infinite co-dimensional.
■

4.5 Unitary equivalence of s-typical contractions
Since all infinite-dimensional complex separable Hilbert spaces are isometrically

isomorphic, we can restrict ourselves to study a particular one.
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Definition 4.18. Let H “ ℓ2pN ˆ Nq and denote the canonical orthonormal basis of H
by teipnq : i, n P Nu, i.e.,

eipnqpj, kq “

#

1 j “ i and k “ n ,

0 otherwise .

We define the infinite-dimensional left shift operator S by the law Se0pnq “ 0 and Sei`1pnq “

eipnq for all i, n P N.

The first thing to note is that S P CpHq. Since ||Se2p0q|| “ ||e1p0q|| “ 1, we
have that ||S|| ě 1. On the other hand, for each x P H there exists tλinui,nPN such that
x “

ř

i,nPN λineipnq, and then

||Sx||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i,nPN

λinSeipnq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPN t0u

nPN

λinei´1pnq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

iPN t0u

nPN

|λin|
2

ď
ÿ

i,nPN

|λin|
2

“ ||x||
2 .

This shows that ||S|| ď 1, proving that ||S|| “ 1.

Theorem 4.19. The set OpSq “ tUSU´1 : U P UpHqu is an s-co-meager subset of CpHq.

Proof. (a) By Theorems 4.10 and 4.11, it is enough to show that every A P S X G is
unitary equivalent to the operator S. By Theorem 4.16 A˚ is an isometry, so by Wold
Decomposition (see Appendix C) we have H “ HU ‘ HS, where A˚

ˇ

ˇ

HU
is unitary and

A˚
ˇ

ˇ

HS
is a right shift.

(b) We claim that HU “ t0u. Recall that HU “
Ş

iPNHi, where Hi “ pA˚qipHq.
Let v P HU . For every i P N, there exists vi P H such that pA˚qivi “ v. Using that A˚

is an isometry, we obtain that Aiv “ vi, but since A P S, A is strongly stable, and so
0 “ limiA

iv “ limi vi. Now, note that

0 ď ||v|| “ ||pA˚
q
ivi|| ď ||pA˚

q
i
|| ¨ ||vi|| ď ||vi||

iÑ8
ÝÝÝÑ 0

Thus, v “ 0 and so HU “ t0u.
(c) We claim that A

ˇ

ˇ

HS
is unitary equivalent to S. Recall that HS –U

À

iPNM0,
where M0 “ H a pA˚qpHq “ pRanA˚qK “ kerA. Since A˚ is a right shift in

À

iPN kerA,
it follows that its adjoint A is a left shift.

We claim that ℓ2pN ˆ Nq –U

À

iPN kerA. To see this let f “ pf0, f1, . . . q P
À

iPN kerA, where fi P kerA for every i P N, and teiuiPN be a basis for kerA. We can write
fj “

ř8

n“0 λ
j
nen for some λjn P C, and then define a function F :

À

iPN kerA Ñ ℓ2pN ˆ Nq

by the law pFfqpn,mq “ λnm for every f P
À

iPN kerA.
In the next steps we will prove that F is an unitary operator and that A “ F´1SF .
(d) We begin by showing that F is well defined, i.e., that Ff really lies in ℓ2pNˆNq.

Let f P
À

iPN kerA be such that fj “
ř8

n“0 λ
j
nen. Then,

||f ||
2
‘ “

ÿ

nPN

||fn||
2

“
ÿ

nPN

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

mPN

λnmem

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

nPN

ÿ

mPN

|λnm|
2
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On the other hand,

||Ff ||
2
ℓ2 “

ÿ

n,mPN

|λnm|
2 ,

from which follows that ||Ff ||ℓ2 “ ||f ||‘. This shows that F is well defined and also that
is an isometry.

(e) We now show that F is indeed a linear map. Let f, g P
À

iPN kerA be such that
fj “

ř8

n“0 λ
j
nen and gj “

ř8

n“0 µ
j
nen, and let ζ P C too. We have that

ζf ` g “ pζf0 ` g0, ζf1 ` g1, . . . q “

´

8
ÿ

n“0

pζλ0n ` µ0
nqen,

8
ÿ

n“0

pζλ1n ` µ1
nqen, . . .

¯

.

Then,
F pζf ` gqpn,mq “ ζλnm ` µn

m “ ζFf ` Fg ,

and so f is a linear map.
(f) To see that F is surjective, let

ř

n,mPN λ
n
menpmq P ℓ2pNˆNq. Let f P

À

iPN kerA
be such that fn “

ř

mPN λ
n
men. First of all, f P

À

iPN kerA, since
ÿ

nPN

||fn||
2

“
ÿ

nPN

ÿ

mPN

|λnm|
2

ă 8

(here we use that
ř

n,mPN λ
n
menpmq P ℓ2pN ˆ Nq).

Now, we claim that Ff “
ř

n,mPN λ
n
menpmq. Note that for each j, k P N, pFfqpj, kq “

λjk, and on the other hand
´

ÿ

n,mPN

λnmenpmq

¯

pj, kq “
ÿ

n,mPN

λnmpenpmqpj, kqq “ λjk .

Since j, k are arbitrary, it follows that Ff “
ř

n,mPN λ
n
menpmq, and so F is surjec-

tive.
(g) Since F is unitary, it also is invertible, so if FAf “ SFf for every f P

À

iPN kerA, then FA “ SF and A “ F´1SF .
Fix f P

À

iPN kerA with fj “
ř8

n“0 λ
j
nen. We have that

Af “ pf1, f2, . . . q

Then, pAfqj “ fj`1. We can write pAfqj “
ř8

n“0 η
j
nen, so ηjn “ λj`1

n . Therefore, we have
pFAfqpj, kq “ ηjk “ λj`1

k .
On the other hand, we have pFfqpj, kq “ λjk. We can write

Ff “
ÿ

n,mPN

λnmenpmq ,

and then,

SFf “
ÿ

n,mPN

λnmSenpmq “
ÿ

nPN t0u

mPN

λnmen´1pmq “
ÿ

n,mPN

λn`1
m enpmq ,
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from which follows that pSFfqpj, kq “
ř

n,mPN λ
n`1
m penpmqpj, kqq “ λj`1

k , so pSFfqpj, kq “

pFAfqpj, kq for every j, k P N. Now, by the previous discussion, it follows that A “

F´1SF . We conclude that A P OpSq, and we are done.
■

This shows us that the study of s-typical properties of operators reduces to the
study of the properties of S. In particular, the spectral properties of s-typical operators
can be obtained by studying the spectrum of S. Moreover, in the proof of Theorem 4.19
we showed that A is basically a left shift (since HU “ t0u and A˚ is a right shift in
‘iPN kerA), thus, such spectral properties are the properties of a left shift.:

Corollary 4.20. An s-typical contraction A satisfies
1. σppAq “ tλ P C : |λ| ă 1u;

2. σcpAq “ tλ P C : |λ| “ 1u;

3. σrpAq “ ∅.
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5. THE STRONG-STAR TOPOLOGY

5.1 Understanding the topology
After studying a really interesting topology where all the theory of typical operators

reduces to the study of only one operator, we return to a topology where typical operators
are not unitary equivalent. The reason of this change is the fact that now we have a
topology where we control the operator and its adjoint together, or in other words, the
function A ÞÑ A˚ is continuous in strong-star topology.

Definition 5.1. We define the ˚-SOT topology in BpHq as the coarsest topology that
makes the map ρx : T Ñ ||Tx|| ` ||T ˚x|| continuous. In other words, ˚-SOT is the
topology generated by the sub-basis consisting of the sets

tA P BpHq : ρxpT ´ Aq ă εu

for each x P H, T P BpHq and ε ą 0.

Theorem 5.2. The s˚-topology coincides with the ˚-SOT topology.

Proof. (a) Let pTαqαPΛ and T P BpHq be such that s˚- limTα “ T , i.e., s- limTα “ T and
s- limT ˚

α “ T ˚. Let V be a ˚-SOT-neighborhood of T , and by taking a subset of V if
necessary we can assume that there exists n P N and, for each i ď n, xi P H such that

V “

n
č

i“0

tA P BpHq : ||Txi ´ Axi|| ` ||T ˚xi ´ A˚xi|| ă εu .

It follows, from s˚- limTα “ T , that for each i ď n there exists βi, β˚
i P Λ such

that:
• if α ą βi then ||pTα ´ T qxi|| ă ε{2;

• if α ą β˚
i then ||pT ˚

α ´ T ˚qxi|| ă ε{2.
Let β P Λ be such that β ą βi and β ą β˚

i for every i ă n. Then, if α ą β, it
follows that α ą βi, β

˚
i for every i ă n, and so

||pT ˚
α ´ T ˚

qxi|| ` ||pT ˚
α ´ T ˚

qxi|| ă
ε

2
`
ε

2
“ ε .

This shows that Tα P V for every α ą β, and the limit in the ˚-SOT topology of
this net coincides with its limit in the strong-star topology.

(b) On the other hand, let pTαqαPΛ be a net that converges to T in the ˚-SOT
topology. Let x P H and note that V “ tA P BpHq : ||Tx´Ax|| ` ||T ˚x´A˚x|| ă εu is a
˚-SOT-neighborhood of T . So, there exists β P Λ such that for each α ą β, Tα P V . We
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conclude that for each α ą β,

||pTα ´ T qx|| ď ||pTα ´ T qx|| ` ||pT ˚
α ´ T ˚

qx|| ă ε and
||pT ˚

α ´ T ˚
qx|| ď ||pT ˚

α ´ T ˚
qx|| ` ||pTα ´ T qx|| ă ε .

Now, given that x is arbitrary, it follows that s- limTα “ T and s- limT ˚
α “ T ˚, so

s˚- limTα “ T .
■

Theorem 5.3. The strong-star topology in CpHq is generated by the metric ds˚pA,Bq “

dspA,Bq ` dspA
˚, B˚q, and this metric is complete.

Proof. The first thing we note is that ds˚pA,Bq is obviously a metric:

• ds˚pA,Aq “ dspA,Aq ` dspA
˚, A˚q “ 0

• If A ‰ B, then dspA,Bq ą 0 and dspA˚, B˚q ą 0, so, ds˚pA,Bq ą 0

• ds˚pA,Bq “ dspA,Bq ` dspA
˚, B˚q “ dspB,Aq ` dspB

˚, A˚q “ ds˚pB,Aq, for all
A,B P CpHq

• ds˚pA,Cq “ dspA,Cq`dspA
˚, C˚q ď dspA,Bq`dspB,Cq`dspA

˚, B˚q`dspB
˚, C˚q “

ds˚pA,Bq ` ds˚pB,Cq, for all A,B,C P CpHq

Now we show that this metric induces the strong-star topology.
(a) Let T P CpHq and let V be an s˚-neighborhood of T . We need to obtain r ą 0

such that
U “ tA P CpHq : ds˚pA, T q ă ru Ă V

We can assume that

V “

k
č

i“1

tA P CpHq : ||Ayi ´ Tyi|| ` ||A˚yi ´ T ˚yi|| ă εu

for some ε ą 0 and k P N. Without loss of generality, we can assume that ||yi|| ď 1 for
every i “ 1, . . . , k. For each fixed i P t1, . . . , ku, by using the fact that tei : i ě 1u Ă H is
a dense subset of BH , there exists ni P N such that

||yi ´ eni
|| ă ε{8

So, let r ą 0 be such that for every i ď k

2nir ă ε{2 .

We state that U Ă V . Namely, if ds˚pA, T q ă r, then 2´ip||Aei ´ Tei|| ` ||A˚ei ´

T ˚ei||q ă r for every i ě 1; in particular, 2´nip||Aeni
´ Teni

|| ` ||A˚eni
´ T ˚eni

||q ă r for
every i P t1, . . . , ku.
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So, if i P t1, . . . , ku, then

||Ayi ´ Tyi|| ` ||A˚yi ´ T ˚yi|| “ ||pA ´ T qpyi ´ eni
q ` pA ´ T qeni

||

` ||pA˚
´ T ˚

qpyi ´ eni
q ` pA˚

´ T ˚
qeni

||

ď ||pA ´ T qpyi ´ eni
q|| ` ||pA ´ T qeni

||

` ||pA˚
´ T ˚

qpyi ´ eni
q|| ` ||pA˚

´ T ˚
qeni

||

ă ||A ´ T || ¨ ||yi ´ eni
|| ` ||A˚

´ T ˚
|| ¨ ||yi ´ eni

|| ` 2nir

ď 4
ε

8
`
ε

2
ď
ε

2
`
ε

2
“ ε .

This shows that if A P U then A P V .
(b) Let T P CpHq. For each r ą 0, we have to obtain an s˚-neighborhood V Ă

U “ tA P CpHq : ds˚pA, T q ă ru, that is, we have to obtain ε ą 0, k P N and y1, . . . , yk
such that

k
č

i“1

tA P CpHq : ||Ayi ´ Tyi|| ` ||A˚yi ´ T ˚yi|| ă εu Ă U

Let ε “ r{2, k P N be such that 2´k`2 ă r{2 and yi “ ei for every i P t1, . . . , ku. Now, we
show that V Ă U . Indeed, if A P V , then

ds˚pA, T q “

8
ÿ

i“1

2´i
p||Aei ´ Tei|| ` ||A˚yi ´ T ˚yi||q

“

k
ÿ

i“1

2´i
p||Aei ´ Tei|| ` ||A˚yi ´ T ˚yi||q

`

8
ÿ

i“k`1

2´i
p||Aei ´ Bei|| ` ||A˚yi ´ T ˚yi||q

ă ε
k

ÿ

i“1

2´i
`

8
ÿ

i“k`1

2´i
p||A|| ` ||T || ` ||A˚

|| ` ||T ˚
||q

ď ε ` 22
8
ÿ

i“k`1

2´i

ď ε ` 22
´2´pk`1q

1 ´ 1
2

¯

ď ε ` 2´k`2
ă
r

2
`
r

2
“ r ,

proving that V Ă U .
(c) Now, we show that this metric is complete. Let pAnqn be a Cauchy sequence

with respect to ds˚ metric and let ε ą 0, then there exists N P N such that if n,m ą N ,
then ds˚pAn, Amq ă ε. Since ds˚pA,Bq “ dspA,Bq ` dspA

˚, B˚q, it follows that if n,m ą

N , then dspAn, Amq ă ε and dspA
˚
n, A

˚
mq ă ε. So, pAnqn and pA˚

nqn are both Cauchy
sequences in ds.

Now, since ds is a complete metric, there exists A,B P CpHq such that 0 “

lim dspAn, Aq “ lim dspA
˚
n, Bq. And now, we note that to every x, y P H,

xAx, yy “ limxAnx, yy “ limxx,A˚
nyy “ xx,Byy ,

and so A˚ “ B. Hence, lim ds˚pA,Anq “ lim dspA,Anq ` lim dspA
˚, A˚

nq “ 0. ■
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As it was said before, the map A ÞÑ A˚ is s˚-continuous. Moreover, it is an s˚-
homeomorphism. In the next two theorems, we prove this and write down some useful
consequences.

Theorem 5.4. The map ζ : pCpHq, s˚q Ñ pCpHq, s˚q given by ζpAq “ A˚ is an s˚-
homeomorphism.

Proof. The first thing to note is that ζ2 “ I, so ζ´1 “ ζ. It remains to show that ζ is
s˚-continuous.

Let pTnqn Ă CpHq and T P CpHq be such that s˚- limTn “ T . We want to show
that s˚- lim ζpTnq “ ζpT q, i.e., that s˚- limT ˚

n “ T ˚. This is obvious, since s˚- limTn “ T
implies s- limTn “ T and s- limT ˚

n “ T ˚, and so s˚- limT ˚
n “ T ˚.

■

Corollary 5.5. Let U Ă CpHq and set U˚ :“ tA˚ : A P Vu “ ζpUq. Then,
1. U is s˚-open if, and only if, U˚ is s˚-open;

2. U is s˚-closed if, and only if, U˚ is s˚-closed;

3. U is s˚-Gδ if, and only if, U˚ is s˚-Gδ;

4. U is s˚-co-meager if, and only if, U˚ is s˚-co-meager.

5.2 Studying the properties of s˚-typical contractions
Since we are dealing with a more rigid topology, one may expect a more complicated

structure of the theory of typical operators. Unfortunately this is true, but on the other
hand we have an interesting theory to investigate. The main result of this section reduces
the theory of typical operators to the theory of typical properties of unitary and positive
self-adjoint operators in the better understood strong topology.

Some preparations are required.

Lemma 5.6. Let tei : i P Nu be an orthonormal basis in H and define D P CpHq by the
law De0 “ 0, Dei`1 “ ei for each i P N. Then, for every λ P C, RanpD ´ λIq is dense in
H.

Proof. Essentially D is a left shift, so the proof use this fact. It is easy to check that D˚

is given by D˚peiq “ ei`1, so we can use the set identity Cl
`

RanpD ´ λIq
˘

“
`

kerpD˚ ´

λIq
˘K.

Note that kerpD˚ ´ λIq “ t0u for every λ P C. Namely, let x “
ř8

n“0 ηiei P

kerpD˚ ´ λIq, so
8
ÿ

n“0

ηiei`1 “ λ
8
ÿ

n“0

ηiei ,

from which follows that η0 “ 0 and ηi “ ληi`1 (i P N). Thus, ηi “ 0 for every i P N, and
then x “ 0. This shows that Cl

`

RanpD ´ λIq
˘

“
`

kerpD˚ ´ λIq
˘K

“ H.
■

Theorem 5.7. The set T “ tA P CpHq : @ λ P C RanpA ´ λIq is dense in Hu is
s˚-co-meager and s˚-Gδ in CpHq.
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Proof. (a) Firstly, we show that T is s˚-dense in CpHq. Let U Ă CpHq be a non-empty
s˚-open set. Then, there exist txi : i ă nu Ă SH , 0 ă ε ă 1 and A P U such that, for each
B P CpHq satisfying ||Bxi ´ Axi|| ď ε and ||B˚xi ´ A˚xi|| ď 2ε for all i ă n, we have
that B P U .

Namely, there exist txi : i ă nu Ă SH , δ ą 0 and A P U such that for each
B P CpHq such that p||Bxi ´Axi||

2 ` ||B˚xi ´A˚xi||
2q1{2 ă δ, we have B P U . By fixing

ε “ mintδ{p2
?
5q, 1u and B P CpHq satisfying ||Bxi ´Axi|| ď ε, ||B˚xi ´A˚xi|| ď 2ε, we

get

p||Bxi ´ Axi||
2

` ||B˚xi ´ A˚xi||
2
q
1{2

ď

´ δ2

20
`
δ2

5

¯1{2

“

´δ2

4

¯1{2

“
δ

2
ă δ

So, B P U .
(b) What we want now is to obtain B P U X T , i.e., B P U such that for each

λ P C, RanpB ´ λIq is dense in H.
Set V “ spantxi, Axi, A

˚xi : i ă nu and define Q : V Ñ V by Qv “ p1 ´ εqPVAv.
Let dimV “ m and let txip0q : i ă mu be an orthonormal basis in V . Since dimV K “ 8,
we can pick an orthonormal basis txipjq : i ă m, j P N t0uu in V K and we can define
T : V K Ñ H by Txipjq “ xipj ´ 1q, for every i ă m, j P N t0u. Now, set B “ Q ‘ εT .
We need to show that B P U X T .

The first thing to show is that B is contractive. Note that

||Q|| “ p1 ´ εq
ˇ

ˇ

ˇ

ˇPVA
ˇ

ˇ

A

ˇ

ˇ

ˇ

ˇ ď p1 ´ εq||Pv|| ¨ ||A|| ď 1 ´ ε .

Now, let x “
ř

i,j λi,jxipjq P V K. So,

||Tx||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPN t0u
iăm

λi,jTxipjq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPN t0u
iăm

λi,jxipj ´ 1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

jPN t0u
iăm

|λi,j|
2

“ ||x||
2 .

We conclude that ||Tx||{||x|| “ 1 and ||T || “ 1. Thus,

||B|| ď ||Q|| ` ε||T || ď 1 ´ ε ` ε “ 1 ,

which proves that B is a contractive operator.
(c) The next step is to prove that for each λ P C, RanpB ´ λIq dense in H. For

each λ P C, we claim that

Ran
´

T ´
λ

ε
I

ˇ

ˇ

V K

¯

Ă Ran
´

B
ˇ

ˇ

V K ´ λI
ˇ

ˇ

V K

¯

Ă RanpB ´ λIq

The second inclusion is quite obvious. In order to prove the first one, pick x P Ran
`

T ´
λ
ε
I

ˇ

ˇ

V K

˘

, so there exists y P V K such that Ty ´ λ
ε
y “ x. Then, εT py{εq ´ λpy{εq “ x. So,

x “
`

B
ˇ

ˇ

V K ´ λI
ˇ

ˇ

V K

˘

py{εq, which implies x P Ran
`

B
ˇ

ˇ

V K ´ λI
ˇ

ˇ

V K

˘

.
Thus, it suffices to prove that Ran

`

T ´ λ
ε
I

ˇ

ˇ

V K

˘

is dense in H. Let η “ λ{ε and
set, for each i ă m, the sets Vi :“ spantxipjq : j P Nu, Wi :“ spantxipjq : j P N t0uu, and
define the map Di : Vi Ñ Vi by the law Dipxip0qq “ 0 and Dipxipjqq “ xipj ´ 1q for each
j P N t0u.

The first two things we point out here is that V K “
Àm´1

i“0 Wi and H “
Àm´1

i“0 Vi.
Let us prove it.
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Fix x P V K. Since txipjq : i ă m, j P N t0uu is a basis of V K, it follows that

(5.1) x “
ÿ

jPN t0u
iăm

αi,jxipjq

for some αi,j P C. Notes that for each i ă m,
ř

jPN t0u
αi,jxipjq P Wi, so x P

Àm´1
i“0 Wi.

On the other hand, if x P
Àm´1

i“0 Wi, then x “
řm´1

i“0

ř

jPN t0u
αi,jxipjq, and so (5.1) holds.

This proves that x P V K.
Now, if x P H “ V ‘ V K it follows that PV x “

řm´1
i“0 αi,0xip0q for some αi,0 P C

(txip0q : i ă mu is a base of V ), and PV Kx “
ř

jPN t0u,iăm αi,jxipjq for some αi,j P C.
Then,

x “ PV x ` PV Kx “

m´1
ÿ

i“0

αi,0xip0q `
ÿ

jPN t0u
iăm

αi,jxipjq “
ÿ

jPN
iăm

αi,jxipjq “
ÿ

iăm

ÿ

jPN

αi,jxipjq ,

proving that x P
Àm´1

i“0 Vi. The other inclusion is obvious. Hence, V K “
Àm´1

i“0 Wi and
H “

Àm´1
i“0 Vi.

By Lemma 5.6 Ran
`

Di ´ ηI
ˇ

ˇ

Vi

˘

is dense in Vi for every i ă m. Our next step is
to show that Ran

`

Di ´ ηI
ˇ

ˇ

Vi

˘

“ Ran
`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

, and with that we can prove that
Ran

`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

is dense in Vi.
Since Wi Ă Vi, one of the inclusions is obvious. In order to prove the other one,

let
ř8

j“0 αjxipjq P Vi and note that

pDi ´ ηIq

´

8
ÿ

j“0

αjxipjq
¯

“

8
ÿ

j“1

αjxipj ´ 1q ´

8
ÿ

j“0

ηαjxipjq “

8
ÿ

j“0

pαj`1 ´ ηαjqxipjq .

Now, note that pDi ´ηIq
`

ř8

j“1 ωjxipjq
˘

“ pDi ´ηIq
`

ř8

j“0 αjxipjq
˘

, with ωj “ αj ´ηjα0.
Namely,

pDi ´ ηIq

´

8
ÿ

j“1

ωjxipjq
¯

“

8
ÿ

j“1

ωjxipj ´ 1q ´

8
ÿ

j“1

ηωjxipjq

“ ω1xip0q `

8
ÿ

j“1

pωj`1 ´ ηωjqxipjq .

Since ω1 “ α1 ´ ηα0 and

ωj`1 ´ ηωj “ αj`1 ´ ηj`1α0 ´ ηαj ` ηj`1α0 “ αj`1 ´ ηαj ,

it follows that

pDi ´ ηIq

´

8
ÿ

j“1

ωjxipjq
¯

“

8
ÿ

j“0

pαj`1 ´ ηαjqxipjq “ pDi ´ ηIq

´

8
ÿ

j“0

αjxipjq
¯

.

This shows that Ran
`

Di ´ ηI
ˇ

ˇ

Vi

˘

“ Ran
`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

, and by the previous
discussion, we conclude that Ran

`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

is dense in Vi.
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It remains to prove that RanpT ´ ηI
ˇ

ˇ

V Kq “
Àm´1

i“0 Ran
`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

. Indeed,

pT ´ ηIq

´

ÿ

jPN t0u
iăm

αi,jxipjq
¯

“
ÿ

jPN t0u
iăm

αi,jxipj ´ 1q ´
ÿ

jPN t0u
iăm

ηαi,jxipjq

“
ÿ

jPN t0u
iăm

αi,jpxipj ´ 1q ´ ηxipjqq

“

m´1
ÿ

i“0

ÿ

jPN t0u

pDi ´ ηIqpαi,jxipjqq

“

m´1
ÿ

i“0

”

pDi ´ ηIq

´

ÿ

jPN t0u

αi,jxipjq
¯ı

.

By putting all the pieces together, we conclude that

RanpT ´ ηI
ˇ

ˇ

V Kq “

m´1
à

i“0

Ran
`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

“

m´1
à

i“0

Ran
`

Di

ˇ

ˇ

Wi
´ ηI

ˇ

ˇ

Wi

˘

“

m´1
à

i“0

Vi “ H .

With this, it follows that RanpB ´ λIq is dense in H, and so B P T .
(d) Now we need to show that B P U . What we will do is ensure the conditions we

stated before, i.e., we will prove that ||Bxi ´Axi|| ď ε, ||B˚xi ´A˚xi|| ď 2ε for all i ă n.
Recall that V “ spantxi, Axi, A

˚xi : i ă nu and B “ Q ‘ εT , where Q acts in V
and T in V K, so

||Bxi ´ Axi|| “ ||Qxi ´ Axi|| “ ||p1 ´ εqPVAxi ´ PVAxi|| “ ||εPVAxi|| ď ε .

Another form to write B is B “ QPV ` εTPV K , so B˚ “ PVQ
˚ ` εPV KT ˚ and

||B˚xi ´ A˚xi|| “ ||PVQ
˚xi ` εPV KT ˚xi ´ A˚xi||

ď ε||PV KT ˚xi|| ` ||PVQ
˚xi ´ A˚xi||

ď ε||PV K || ¨ ||T ˚
|| ¨ ||xi|| ` ||PV || ¨ ||Q˚xi ´ A˚xi||

ď ε ` ||p1 ´ εqPVA
˚xi ´ PVA

˚xi||

“ ε ` ||εPVA
˚xi|| ď 2ε .

Thus, B P U X T , and since U is an arbitrary s˚-open set, we conclude that T is s˚-dense
in CpHq.

(e) It remains to prove that T is s˚-Gδ in CpHq. We start by defining, for each
y P SH , δ ą 0 and L ě 0, the set

Rpy, δ, Lq “ tA P CpHq : D λ P C with |λ| ď L such that dist
`

RanpA ´ λIq, y
˘

ě δu

Let us show that for each y P SH , δ ą 0, Rpy, δ, 1q is s-closed. For that, let pAnqnPN Ă

Rpy, δ, 1q and A P CpHq be such that s- limAn “ A. For each n P N, we know that
An P Rpy, δ, 1q, so there exists λn P C such that |λn| ď 1 and dist

`

RanpAn ´λnIq, y
˘

ě δ.
Since |λn| ď 1 for every n P N, there exist a subsequence pλnk

qnPN of pλnqn and λ P C such
that λnk

Ñ λ. We will show that dist
`

RanpA ´ λIq, y
˘

ě δ.
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Suppose that this is false, i.e., that there exists x P H such that ||Ax´λx´y|| ă δ.
Since limAnk

x “ Ax and limλnk
“ λ, it follows that for nk sufficiently large, ||Ank

x ´

λnk
x ´ y|| ă δ. This happens because

||Ank
x ´ λnk

x ´ y|| ď ||pAnk
´ λnk

Iqx ´ pA ´ λIqx|| ` ||Ax ´ λx ´ y||

ă ||pAnk
´ λnk

Iqx ´ pA ´ λIqx|| ` δ
kÑ8
ÝÝÝÑ δ .

But this contradicts the fact that distpRanpAn ´ λnIq, yq ě δ for every n P N. Hence,
Rpy, δ, 1q is s-closed, and consequently s˚-closed (in fact, if pAnqnPN Ă Rpy, δ, 1q and
s˚- limAn “ A, then s- limAn “ A, and since Rpy, δ, 1q is strongly closed, it follows that
A P Rpy, δ, 1q).

(f) We claim that if Y Ă SH is a countable dense subset, then

T “ CpHqz

´

ď

yPY
nPN

Rpy, 2´n, 1q

¯

.

Namely, let A P T . Then, for each λ P C, Cl
`

RanpA ´ λIq
˘

“ H. In particular,
for each λ P C with |λ| ď 1 and for each y P Y , distpRanpA ´ λIq, yq ă 2´n.

On the other hand, let A P CpHq be such that for each y P Y , n P N, λ P C with
|λ| ď 1, distpRanpA´λIq, yq ă 2´n. Let z P SH . Since Y is dense, there exists a sequence
pzmqmPN Ă Y such that lim zm “ z. Now, for each m P N there exists hm P RanpA ´ λIq

such that ||hm ´ zm|| ă 2´m. Thus,

||hm ´ z|| ď ||hm ´ zm|| ` ||zm ´ z|| ă 2´m
` ||zm ´ z||

mÑ8
ÝÝÝÑ 0

and we conclude that RanpA´ λIq is dense. Hence, T P T , and so T is a s˚-Gδ subset of
CpHq.

■

For technical reasons we state the following corollary of Theorem 5,7:

Corollary 5.8. The set

E “ tA P CpHq : RanpAq is dense in Hu

is s˚-co-meager and s˚-Gδ in CpHq.

Proof. (a) The set T defined in Theorem 5.7 is s˚-co-meager and T Ă E , so E is s˚-co-
meager.

(b) By using the same terminology presented in the proof of Theorem 5.7, we claim
that

(5.2) E “ CpHq
ď

yPY,nPN

Rpy, 2´n, 0q

and that Rpy, 2´n, 0q is s˚-closed. In order to show that for each y P Y, n P N, Rpy, 2´n, 0q
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is s˚-closed, we note that

Rpy, 2´n, 0q “ tA P CpHq : D λ P C with |λ| ď 0 such that dist
`

RanpA ´ λIq, y
˘

ě 2´n
u

“ tA P CpHq : dist
`

RanpAq, y
˘

ě 2´n
u .

If pAmqmPN Ă Rpy, 2´n, 0q is such that s˚- limAm “ A, the first thing we note is that
dist

`

RanpAmq, y
˘

ě 2´n. Hence, for every x P H and m P N, ||Amx ´ y|| ě 2´n, then
2´n ď limm ||Amx ´ y|| “ ||Ax ´ y||. We conclude that A P Rpy, 2´n, 0q.

(c) Let us prove relation (5.2). Let us A P E , then RanpAq is dense, so for each
n P N and y P Y , distpRanpAq, yq ă 2´n. We conclude that for each n P N and y P Y ,
A R Rpy, 2´n, 0q, so A P CpHq

Ť

yPY,nPNRpy, 2´n, 0q.
On the other hand, if A P CpHq

Ť

yPY,nPNRpy, 2´n, 0q, then A P CpHq Rpy, 2´n, 0q

for each n P N and y P Y . So for each n P N and y P Y , distpRanpAq, yq ă 2´n, i.e.,
for each n P N and y P Y , there exists xyn P H such that ||Axyn ´ y|| ă 2´n. Hence, the
sequence pxynqnPN satisfies limnAx

y
n “ y.

Let h P H t0u. Then, z :“ h{||h|| P SH . By the density of Y , there exists y P Y
such that ||z ´ y|| ă ε{p2||h||q. For this y there exists m P N such that ||Axym ´ y|| ă

2´m ă ε{p2||h||q. Then,

||z ´ Axym|| ď ||z ´ y|| ` ||y ´ Axym|| ă
ε

||h||
,

and we conclude that ||h´Ap||h||xymq|| ă ε. Since h is arbitrary, RanpAq is dense and so
A P E .

■

We also need a similar result for positive self-adjoint operators.

Theorem 5.9. The set

P “ tP P P pHq : RanpP q is dense in Hu

is s-co-meager and s-Gδ in P pHq.

Proof. (a) We begin showing that P is s-dense in P pHq. Let U Ă P pHq be an s-open
non-empty subset. Then, there exist n P N, txi : i ă nu Ă SH , ε ą 0 and A P U such that
for each B P P pHq such that ||Bxi ´Axi|| ď ε for each i ă n it follows that B P U . Thus,
there exists B P U such that RanB is dense in H. We will, during the proof, assume that
ε ď 1

(b) Set V “ spantxi, Axi : i ă nu. Let Q : V Ñ V be any invertible contractive
self-adjoint operator such that ||Q ´ PVA

ˇ

ˇ

V
|| ď ε, one possibility is

Q “
ε

2
PVA

ˇ

ˇ

V
`
ε

2
I

ˇ

ˇ

V

• To see that Q is invertible, it is enough to show that Q is injective. This is because
V is finite dimensional and V is the domain and the counter-domain of Q. Let v P V
be such that Qv “ 0, so

PVAv ` v “ 0 ñ PVAv “ ´v ,
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and then ´1 P σpPVA
ˇ

ˇ

V
q. On the other hand, we have for each v P V that

xPVAv, vy “ xAv, PV vy “ xAv, vy ě 0 .

So, PVA
ˇ

ˇ

V
is a positive operator, and then σpPVA

ˇ

ˇ

V
q Ă r0,`8q, an absurd. Hence,

Q is invertible.

• Note that

||Q|| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ε

2
PVA

ˇ

ˇ

V
`
ε

2
I

ˇ

ˇ

V

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď
ε

2
||PVA

ˇ

ˇ

V
|| `

ε

2
||I

ˇ

ˇ

V
|| ď ε ď 1 ,

hence, Q is contractive.

• Let v P V , so

xQv, vy “ xpε{2qPVAv ` pε{2qIv, vy

“
ε

2
xPVAv, vy `

ε

2
xv, vy

“
ε

2
xAv, vy `

ε

2
xv, vy ě 0 .

Then, Q is positive and in particular self-adjoint.

• Note that

||Q ´ PVA
ˇ

ˇ

V
|| “ ||pε{2qI

ˇ

ˇ

V
´ pε{2qPVA

ˇ

ˇ

V
|| ď

ε

2
||I

ˇ

ˇ

V
|| `

ε

2
||PVA

ˇ

ˇ

V
|| ď ε .

(c) Set B “ Q‘I
ˇ

ˇ

V K . We claim that B is a positive self-adjoint operator, ||B
ˇ

ˇ

V
|| ď

1, ||B
ˇ

ˇ

V K || “ 1 and B is invertible.

• Let x P H. Write x “ PV x ` PV Kx, so

xBx, xy “ xQPV x ` PV Kx, xy “ xQPV x, xy ` xPV Kx, xy

“ xQPV x, PV xy ` xQPV x, PV Kxy ` xPV Kx, PV Kxy ` xPV Kx, PV xy

“ xQPV x, PV xy ` xPV Kx, PV Kxy ě 0 ,

in the last step, we have used that Q is positive. This shows that B is a positive
operator, and in particular self-adjoint.

• ||B
ˇ

ˇ

V
|| ď 1, ||B

ˇ

ˇ

V K || “ 1 follow directly from ||Q|| ď 1 and ||I|| “ 1. In particular,
||B|| ď 1.

• To see that B is invertible, recall that Q is invertible, so the operatorD “ Q´1‘I
ˇ

ˇ

V K

satisfies BD “ DB “ I.

Then, B P P pHq and since B is invertible, RanpBq is dense H, and so B P P .
(d) Now we prove that B P U . namely, let i ă n, and note that

||Bxi ´ Axi|| “ ||Qxi ´ Axi|| “ ||Qxi ´ PVA
ˇ

ˇ

V
xi|| ď ||Q ´ PVA

ˇ

ˇ

V
|| ¨ ||xi|| ď ε .

Hence, B P U . Since U is an arbitrary s-open set and B P U XP , we conclude that
P is an s-dense set.
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(e) It remains to prove that P is s-Gδ. For y P SH and δ ą 0 define

Rpy, δq “ tA P P pHq : distpRanpAq, yq ě δu

In order to prove that this set is s-closed, let pAmqmPN Ă Rpy, δq be such that s- limAm “

A. The first thing to note is that dist
`

RanpAmq, y
˘

ě δ. Hence, for every x P H and
m P N, ||Amx ´ y|| ě δ, then δ ď limm ||Amx ´ y|| “ ||Ax ´ y||. We conclude that
A P Rpy, δq.

(f) Let Y Ă SH be a dense countable subset. We claim that

P “ P pHq
ď

yPY,nPN

Rpy, 2´n
q

The proof of this equality uses the same arguments presented in the proof of relation
(5.2). Using this the proof ends.

■

We know that in P pHq it is possible to define the square root of any operator (see
[16] for details). The next result investigates some continuity properties of the square
root on P pHq. After that, we will gather all the tools needed to prove the main result of
the chapter.

Lemma 5.10. The function ¨1{2 : P pHq Ñ P pHq, A ÞÑ A1{2 is s-continuous. In particu-
lar, ¨1{2 is s˚-continuous.

Proof. If T P P pHq, then σpT q Ă r0,`8q. Moreover, ||T || ď 1 and so the spectral radius
of T is less or equal to 1. Hence, σpAq Ă r0, 1s.

We know that the polynomial functions are dense in pCpr0, 1s,Rq, ||¨||8q (see Stone-
Weierstrass Theorem in [9]), so for each ε ą 0, there exists a polynomial p : r0, 1s Ñ R
such that

max
xPr0,1s

|ppxq ´ x1{2
| “ ||ppxq ´ x1{2

||8 ă ε

Set fpxq “ ppxq ´ x1{2 and let pAnqn Ă P pHq, A P P pHq be such that s- limAn “ A.
Then, by the functional calculus, ||fpAq|| ď ||f ||8 ă ε and ||fpAnq|| ď ||f ||8 ă ε (see
[16]). Therefore,

||A1{2x ´ A1{2
n x|| ď ||A1{2x ´ ppAqx|| ` ||ppAqx ´ ppAnqx|| ` ||ppAnqx ´ A1{2

n x||

ď ||fpAq|| ¨ ||x|| ` ||ppAqx ´ ppAnqx|| ` ||fpAnq|| ¨ ||x||

ď 2ε ` ||ppAqx ´ ppAnqx|| .

We note that s- limAk
n “ Ak

n for every k P N, and so s- lim ppAnq “ ppAq. Thus,

0 ď lim sup ||A1{2x ´ A1{2
n x|| ď 2ε ,

from which follows that lim sup ||A1{2x´A
1{2
n x|| “ 0. Similarly we prove that lim inf ||A1{2x´

A
1{2
n x|| “ 0 and so lim ||A1{2x ´ A

1{2
n x|| “ 0. Hence, s- limA

1{2
n “ A1{2

Note that in P pHq the strong and the strong-star topologies coincide given that
for each A P P pHq, A˚ “ A. Hence, ¨1{2 is s˚-continuous.

■
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The main result of the section characterizes the structure of s˚-typical contractions:

Theorem 5.11. There exists an s˚-co-meager and s˚-Gδ set, H Ă CpHq, and an s-co-
meager s-Gδ, P Ă P pHq, such that the function Ψ : UpHq ˆ P Ñ H given by ΨpU, P q “

UP is a homeomorphism, where UpHq and P are endowed with the strong topology and
H is endowed with the strong-star topology.

Moreover, if pψ0, ψ1q : H Ñ UpHq ˆ P denotes the inverse of Ψ, then for each
A P H and U P UpHq, UAU´1 P H and ψipUAU

´1q “ UψipAqU´1 pi “ 0, 1q.

Proof. (a) With the notation of Corollary 5.8 set

H “ E X E˚
“ tA P CpHq : RanpAq and RanpA˚

q are dense in Hu .

It follows from Corollaries 5.5 and 5.8 that H is s˚-Gδ and s˚-co-meager.
(b) Define ψ1 : H Ñ P pHq by ψ1pAq “ pA˚Aq1{2. Let us show that this function

is well defined. The first thing to note is that pA˚Aq1{2 is positive and ||pA˚Aq1{2|| “

||pA˚Aq||1{2 ď 1, hence pA˚Aq1{2 P P pHq.
Using the notation as in Theorem 5.9, we claim that ψ1 maps to P . Note that

RanpA˚Aq is dense in H: namely, for h P H and ε ą 0, it follows from RanpA˚q and
RanpAq both being dense in H that there exists y P H such that ||h ´ A˚y|| ă ε{2 and
z P H such that ||y ´ Az|| ă ε{2. Then,

||h ´ A˚Az|| ď ||h ´ A˚y|| ` ||A˚y ´ A˚Az|| ă
ε

2
` ||A˚

|| ¨ ||y ´ Az|| ă ε ,

and we conclude that RanpA˚Aq is dense. Since RanpA˚Aq Ă RanpA˚Aq1{2, RanpA˚Aq1{2

is also dense.
(c) We need to show that ψ1 is an s˚-continuous function. Define the map F :

H Ñ P pHq by the law F pAq “ A˚A and note that ψ1 “ F 1{2. If F is s˚-continuous, then
ψ1 is s˚-continuous, given that the map ¨1{2 : P pHq Ñ P pHq is s˚-continuous by Lemma
5.10.

Let pAnqn Ă CpHq and A P CpHq be such that s˚- limAn “ A, and so s- limAn “ A
and s- limA˚

n “ A˚. Therefore, s- limA˚
nAn “ A˚A, and since pT ˚T q˚ “ T ˚T for every

T P BpHq, we conclude that s- limpA˚
nAnq˚ “ pA˚Aq˚, and so s˚- limA˚

nAn “ A˚A. Thus,
F is s˚-continuous, from which follows that ψ1 : H Ñ P is also s˚-continuous.

(d) Now we need to define ψ0. Recall that ψ1pAq is a positive self-adjoint operator
with dense range for each A P H. So, since H “ ClpRanpψpAqqq “ pkerpψ1pAqqqK, we
conclude that kerpψ1pAqq “ t0u and hence ψ1pAq is injective. Thus, we can define the
operator ψ1pAq´1 : Ranψ1pAq Ñ H, which is closed and positive. Namely,

• we use the positivity of ψ1pAq to show that ψ´1
1 pAq is positive. Let ψ1pAqy “ x P

Ranψ1pAq,so

xψ´1
1 pAqx, xy “ xψ´1

1 pAqψ1pAqy, ψ1pAqyy “ xy, ψ1pAqyy ě 0 ;

• Let pxnqn be such that xn Ñ x and ψ´1
1 pAqxn Ñ y. Since xn P Ranψ1pAq, there

exists yn P H such that ψ1pAqyn “ xn, so yn “ ψ1pAq´1ψ1pAqyn “ ψ1pAq´1xn Ñ y.
By the continuity of ψ1pAq it follows that xn “ ψ1pAqyn Ñ ψ1pAqy, and by the
uniqueness of the limit, one concludes that ψ1pAqy “ x. Moreover, y “ ψ1pAq´1x.
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We can extend densely ψ1pAq´1 to a function defined in all H. Now, we consider
the operator Aψ1pAq´1, which has a dense range and it is an isometry. Namely,

• since Ranψ1pAq´1 “ H and ClpAq “ H (given that A P H), it follows that
ClRanpAψ1pAq´1q “ H;

• For each x P Ranψ1pAq´1, we get

xAψ1pAq
´1x,Aψ1pAq

´1xy “ xψ1pAq
´1A˚Aψ1pAq

´1x, xy

“ xψ1pAq
´1ψ1pAq

2ψ1pAq
´1x, xy

“ xx, xy ,

and so Aψ1pAq´1 is an isometry.
Hence, Aψ1pAq´1 : Ranψ1pAq Ñ RanA has a dense range and is a isometry, so we

can extend it to an operator ψ0pAq : H Ñ H, which is unitary. Indeed,
• for each y P H, given that ClpRanAq “ H, there exists pynqn Ă RanA such that
lim yn “ y. For each n P N, there exists zn P Ranψ´1

1 pAq such that Aψ1pAq´1zn “

yn, so
||yn ´ ym|| “ ||Aψ1pAq

´1
pzn ´ zmq|| “ ||zn ´ zm||

Since pynqn is a Cauchy sequence, the sequence pznqn is also Cauchy, so there exists
z P H such that zn Ñ z. By continuity, it follows that Aψ1pAq´1z “ y, proving that
ψ0 is surjective.

• Given that Aψ1pAq´1 is an isometry it follows that ψ0 is also an isometry. Now, let
pynqn Ă Ranψ1pAq and y P H be such that y “ lim yn. Thus,

||Aψ1pAq
´1y|| “ lim ||Aψ1pAq

´1yn|| “ lim ||yn|| “ ||y||

and ψ0pAq is a unitary operator.
(e) We claim now that every A P H can be written as A “ ψ0pAqψ1pAq, where

ψ0pAq P UpHq and ψ1pAq P P . This decomposition is unique and unitary invariant, i.e.,
for each A P H and U P UpHq, ψipUAU

´1q “ UψipAqU´1 pi “ 0, 1q.
First of all, if x P H, then ψ1pAqx P Ranψ1pAq and ψ0pAqψ1pAqx “ Aψ1pAq´1ψ1pAqx “

Ax, hence ψ0pAqψ1pAq “ A.
In order to prove the uniqueness, let U, V P UpHq and P,Q P P be such that

UP “ V Q. Then,

P 2
“ PU˚UP “ pUP q

˚UP “ pV Qq
˚V Q “ QV ˚V Q “ Q2 ,

and by the uniqueness of the square root of positive operators, we conclude that P “ Q.
So UP “ V P , and since ClpRanP q “ H we conclude that U “ V .

If A P H and U P UpHq, then UAU´1 P H and

UAU´1
“ Uψ0pAqψ1pAqU´1

“ Uψ0pAqU ¨ U´1ψ1pAqU´1 .

By the uniqueness of the decomposition, we conclude that ψipUAU
´1q “ UψipAqU´1

pi “ 0, 1q.
(f) Recall that Ψ : UpHqˆP Ñ H is given by ΨpU, P q “ UP where UpHq and P are

endowed with the strong topology and H is endowed with the strong-star topology. This
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map in continuous. Namely, let pUnqn Ă UpHq, pPnqn Ă P and U P UpHq, P P P be such
that s- limUn “ U and s- limPn “ P . Hence, s˚- limUn “ U and s˚- limPn “ P (since
P ˚
n “ Pn, P ˚ “ P , U˚

n “ U´1
n and U˚ “ U´1), from which follows that s- limUnPn “ UP

and s- limP ˚
nU

˚
n “ P ˚U˚. Hence, s˚- limΨpUn, Pnq “ ΨpU, P q.

It follows from item (e) that Ψ is injective, and it is obviously that pψ0, ψ1q is the
inverse of Ψ. It remains to prove that ψ0 is s˚-continuous.

(g) Let pAnqn Ă H and A P H be such that s˚- limAn “ A. For each y P

Ranpψ1pAqq there exists x P H such that y “ ψ1pAqx. So,

||ψ0pAnqy ´ ψ0pAqy|| “ ||ψ0pAnqψ1pAqx ´ ψ0pAqψ1pAqx||

ď ||ψ0pAnqψ1pAqx ´ ψ0pAnqψ1pAnqx||

` ||ψ0pAnqψ1pAnqx ´ ψ0pAqψ1pAqx||

ď ||ψ0pAnq|| ¨ ||ψ1pAqx ´ ψ1pAnqx|| ` ||Anx ´ Ax||

“ ||ψ1pAqx ´ ψ1pAnqx|| ` ||Anx ´ Ax|| .

Now, since ψ1 is s˚-continuous it follows that ||ψ0pAnqy ´ ψ0pAqy|| Ñ 0. By the density
of Ranψ1pAq we conclude that s- limψ0pAnq “ ψ0pAq, and since ψ0pAq P UpHq. It follows
that s˚- limψ0pAnq “ ψ0pAq. This proves that ψ0 is s˚-continuous.

■

5.3 Unitary equivalence of s˚-typical contractions
Corollary 5.12. For every A P CpHq, OpAq is an s˚-meager subset of CpHq. In partic-
ular, s˚-typical contractions are not unitarily equivalent.

Proof. Let A P CpHq be arbitrary. If A R H, since H is unitary invariant we have
OpAq Ă CpHq H. Since H is s˚-co-meager, it follows that OpAq is s˚-meager. So, we can
assume that A P H, in this case we have

Ψ´1
pOpAqq “ tpψ0pUAU

´1
q, ψ1pUAU

´1
qq : U P UpHqu

“ tpUψ0pAqU´1, Uψ1pAqU´1
q : U P UpHqu

Ă tUψ0pAqU´1 : U P UpHqu ˆ tUψ1pAqU´1 : U P UpHqu

“ Opψ0pAqq ˆ Opψ1pAqq

It follows from Theorem 1.4 that pUpHq, sq “ pUpHq, wq and by combining this result
with Theorem 2.17, we conclude that Opψ0pAqq is s-meager. By Theorem 0.2 we conclude
that Ψ´1pOpAqq is sˆs-meager in UpHqˆP . Since Ψ is a homeomorphism, it follows that
OpAq is s˚-meager in H, and consequentially in CpHq.

The second part of the proof follows the same arguments presented in the proof of
Theorem 2.17.

■

5.4 Spectral properties of s˚-typical contractions
The main result in this section states that the point spectrum and the residual

spectrum are empty. Moreover, we will prove that typically the continuous spectrum is
equal to tλ P C : |λ| ď 1u.
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Lemma 5.13. The set

S “ tA P CpHq : @ λ P C, |λ| ď 1 we have λ P σpAqu

is s˚-co-meager and s˚-Gδ in CpHq.

Proof. (a) We begin proving that S is s˚-dense. Let U P CpHq be an s˚-open set. Then,
there exist n P N, txi : i ă nu Ă SH , ε ą 0 and A P U such that for each B P CpHq

satisfying ||Bxi ´ Axi|| ă ε and ||B˚xi ´ A˚xi|| ă ε for every i ă n, we have B P U .
Set V “ spantxi, Axi, A

˚xi : i ă nu and let Q : V Ñ V given by Q “ PVA
ˇ

ˇ

V
. Let

T P CpV Kq be such that λ P σpT q for every λ P C with |λ| ď 1 (for instance, let T be the
left shift, Tξ0 “ 0 and Tξi “ ξi´1 for pξnqnPN an orthonormal basis of V K). Set B “ Q‘T
and since σpT q Ă σpBq, we have λ P σpBq, so B P S.

On the other hand, for each i ă n we have

||Bxi ´ Axi|| “ ||Qxi ´ Axi|| “ ||PVA
ˇ

ˇ

V
xi ´ Axi|| “ 0 ă ε and

||B˚xi ´ A˚xi|| “ ||Q˚xi ´ A˚xi|| “ ||PVA
˚
ˇ

ˇ

V
xi ´ A˚xi|| “ 0 ă ε ,

and then B P U . Since U is an arbitrary s˚-open set, we conclude that S is s˚-dense.
(b) It remains to prove that S is an s˚-Gδ set. In order to do that, we define, for

every δ ą 0, the set

Spδq “ tA P CpHq : Dλ P C such that |λ| ď 1, ||pA ´ λIqx|| ě δ

and ||pA˚
´ λIqx|| ě δ @x P SHu

Note that Spδq is s˚-closed: if pAnqn P Spδq and A P CpHq are such that s˚- limAn “ A,
we have for each x P SH

δ ď ||pAn ´ λIqx|| ñ δ ď lim ||pAn ´ λIqx|| “ ||pA ´ λIqx|| and

δ ď ||pA˚
n ´ λIqx|| ñ δ ď lim ||pA˚

n ´ λIqx|| “ ||pA˚
´ λIqx|| .

So, A P Spδq. Now, we claim that

S “ CpHq
ď

n

Sp2´n
q

Actually, we will show that CpHq S “
Ť

n Sp2´nq.
Let A P CpHq S. Then, there exists λ P C, |λ| ď 1 such that λ P ρpAq, and

pA ´ λIq´1, pA˚ ´ λIq´1 P BpHq. By denoting Aλ “ A ´ λI and A˚

λ
“ A˚ ´ λI, we have

that

1 “ ||x|| “ ||A´1
λ Aλx|| ď ||A´1

λ || ¨ ||Aλx|| and
1 “ ||x|| “ ||pA˚

λ
q

´1A˚

λ
x|| ď ||pA˚

λ
q

´1
|| ¨ ||A˚

λ
x||

Then, ||Aλx|| ě 1{||A´1
λ || and ||A˚

λ
x|| ě 1{||pA˚

λ
q´1||. Let δ “ mint1{||A´1

λ ||, 1{||pA˚

λ
q´1||u
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and n P N such that 2´n ď δ. Then,

2´n
ď δ ď ||Aλx|| “ ||pA ´ λIqx|| and

2´n
ď δ ď ||A˚

λ
x|| “ ||pA˚

´ λIqx|| .

With this, we conclude that A P Sp2´nq, and so A P
Ť

n Sp2´nq.
On the other hand, if A P

Ť

n Sp2´nq then there exists n P N such that A P Sp2´nq.
Hence, there exists λ P C with |λ| ď 1, such that ||pA´λIqx|| ě 2´n and ||pA˚ ´λIqx|| ě

2´n for every x P SH . In particular, ||pA ´ λIqx|| ą 0 and ||pA˚ ´ λIqx|| ą 0 for every
x P SH , so λ R σppAq and λ R σppA˚q.

Note that pkerpA˚ ´ λIqqK “ ClpRanpA ´ λIqq, so it follows from λ R σppA˚q that
ClpRanpA ´ λIqq “ t0uK “ H. Hence, RanpA ´ λIq is dense in H, and then λ R σrpAq.

The last step is prove that λ R σcpAq. Let λ P σcpAq and then ClpRanpA´λIqq “ H,
but RanpA´λIq ‰ H. We claim that RanpA´λIq is a closed set. Let ξ P ClpRanpA´λIqq

, so there exists pηjqjPN Ă H such that limjpA´ λIqηj “ ξ. By using that A P Sp2´nq, we
get

||ηj ´ ηk||2´n
ď ||pA ´ λIqpηj ´ ηkq||

j,kÑ8
ÝÝÝÝÑ 0 .

So, pηjqjPN is a Cauchy sequence that converges to a η P H. By the continuity
of A ´ λI, we conclude that pA ´ λIqη “ ξ. So, RanpA ´ λIq is a closed set, and since
ClpRanpA ´ λIqq “ H, it follows that RanpA ´ λIq “ H, an absurd. This shows that
λ R σcpAq.

Since λ R σcpAq Y σrpAq Y σppAq “ σpAq and λ P C, |λ| ď 1 we conclude that
A R S, and we are done.

■

Theorem 5.14. An s˚-typical contraction satisfies σcpAq “ tλ P C : |λ| ď 1u.

Proof. By Theorem 5.7, an s˚-typical contraction belongs to T X T ˚, i.e., an s˚-typical
contraction A is such that ClpRanpA ´ λIqq “ ClpRanpA˚ ´ λIqq “ H for each λ P C.
Hence, σrpAq “ σrpA

˚q “ ∅.
Since pkerpA´λIqqK “ ClpRanpA˚ ´λIqq “ H and pkerpA˚ ´λIqqK “ ClpRanpA´

λIqq “ H, it follows that kerpA˚ ´ λIq “ t0u. Hence σppAq “ σppA˚q “ ∅.
We recall that the spectral radius of a contraction A is limited by ||A|| ď 1, so

σpAq Ă tλ P C : |λ| ď 1u. It follows from Theorem 5.13 that tλ P C : |λ| ď 1u Ă σpAq,
hence σpAq “ tλ P C : |λ| ď 1u. By the preceding discussion conclude that σcpAq “ tA P

C : |λ| ď 1u.
■
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6. THE NORM TOPOLOGY

Before anything we note that in this chapter, all the topological notions will refer
to the norm topology.

In the norm topology, unfortunately, it is not possible to give a simple description
of the spectral properties of typical operators. One intuitive explanation for this fact is
that the space BpHq is not separable. To see this, we recall a classic example

Example 6.1. Let ℓ8 “ tx P CN : sup1ďjă8 |xj| ă 8u be endowed with the norm
||x||8 “ sup1ďjă8 |xj| ă 8. This space is not separable. Indeed, if we pick some sequence
pynqnPN Ă ℓ8, where yn “ pynj q8

j“1, we can define x “ pxjq
8
j“1 with xj “ 0 if |yjj | ě 1 and

xj “ yjj ` 1 otherwise.
With that, ||x||8 ď 2 and ||x ´ yn||8 ě 1 for each n P N. Therefore, there doesn’t

exist a dense sequence in ℓ8.

Theorem 6.2. The space BpHq is not separable.

Proof. Since H is separable, it has a countable orthonormal basis penqnPN. Now for every
λ P ℓ8, define the operator Tλ : H Ñ H by the law Tλpenq “ λnen over the elements of
the basis, and then extend it linearly and densely over H.

We define now the map i : ℓ8 Ñ BpHq by ipλq “ Tλ. We claim that i is an
isometry. Namely,

• let λ, γ P ℓ8 and α P C. Naturally, for each j P N we have pαλ` γqj “ αλj ` γj, so

Tαλ`γpenq “ pαλ ` γqnen “ αλnen ` γnen “ αTλen ` Tγen

It follow that ipαλ ` γq “ Tαλ`γ “ αTλ ` Tγ “ αipλq ` ipγq.

• Let x P H, and let pηnqn Ă C be such that x “
ř

nPN ηnen. Then,

||Tλx||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

nPN

ηnλnen

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

nPN

|ηn|
2
|λn|

2
||en||

2
ď ||λ||

2
8||x||

2 ,

from which follows that ||Tλ|| ď ||λ||8. Now, let y “
ř

nPN ηnen, where ηj “
||λ||8

|λj |
, to

j the first index where |λj| ‰ 0, and ηk “ 0 when k ‰ j (The case λ “ 0 is obvious).
With that

||Tλy|| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

||λ||8

|λj|
λjej

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
“ ||λ||8

By combining both results we conclude that ||Tλ|| “ ||λ||8.
Thus, ℓ8 is a subspace of BpHq. Since BpHq is metric, if it is separable then ℓ8

wold be separable too, an absurd. So, BpHq is not separable.
■
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6.1 Stability of the spectrum
We will also see some of the properties of BpHq that make the theory of typical

spectral properties really complicated. Before this, we will need some terminology and
results.

Definition 6.3. Let A P BpHq and λ P C. We say that λ P σpAq is stable if there exists
ε ą 0 such that for every D P BpHq with ||D|| ă ε, λ P σpA`Dq. Similarly, we say that
λ P σppAq is p-stable if there exists ε ą 0 such that for every D P BpHq with ||D|| ă ε,
λ P σppA ` Dq.

Theorem 6.4. psee r8sq An operator A on a separable Hilbert space H is not in the closure
of the set G “ tT P BpHq : T is invertibleu if, and only if, there exists a constant k ą 0
such that ||Ax|| ě k||x|| for every x P pkerAqK, and dimpkerAq ‰ dimpRanpAqqK.

The proof of this result goes beyond the scope of this work, so we will only cite it
and use it. We need it in order to prove the following result.

Theorem 6.5. Let A P BpHq and λ P C. Then, the following statements are equivalent:
1. λ P σpAq is stable;

2. dimpkerpA ´ λIqq ‰ dimpRanpA ´ λIqqK and there exists ε ą 0 such that for every
x P pkerpA ´ λIqqK we have ||pA ´ λIqx|| ě ε||x||.

Before we present the proof of Theorem 6.5 another result is required.

Lemma 6.6. λ P σpAq is not stable if, and only if, A ´ λI P ClpGq

Proof. pñq If λ P σpAq is not stable, then for every ε ą 0 there exists D P BpHq such
that ||D|| ă ε and ε P ρpA ` Dq. So, under these conditions, A ´ λI ` D is invertible.
Let, for each n P N, Dn be given as above by letting ε “ 1{n. Set, for each n P N,
Tn “ A ´ λI ` Dn.

Then, Tn P G and

||Tn ´ A ` λI|| “ ||A ´ λI ` Dn ´ A ` λI|| “ ||Dn|| ă
1

n
nÑ8
ÝÝÝÑ 0 ,

which shows that Tn Ñ A ´ λI, and so A ´ λI P ClpGq.
pðq Suppose that A ´ λI “ limTn, where every Tn is invertible. For each ε ą 0,

let n P N be such that ||Tn ´A`λI|| ă ε. Set Dn “ Tn ´A`λI, so ||Dn|| ă ε. We claim
that λ P ρpA ` Dnq. Namely, since

A ` Dn ´ λI “ A ` Tn ´ A ` λI ´ λI “ Tn ,

it follows that A ` Dn ´ λI invertible. So, λ P ρpA ` Dnq.
■

Proof of Theorem 6.5. It follows from Lemma 6.6 that

(6.1) λ P σpAq is stable if, and only if, A ´ λI R ClpGq
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(1) implies (2). If λ P σpAq is stable, then A ´ λI R ClpGq. It follows from Theorem 6.4
that dimpkerpA ´ λIqq ‰ dimpRanpA ´ λIqqK, and there exists ε ą 0 such that for every
x P pkerpA ´ λIqqK we have ||pA ´ λIqx|| ě ε||x||.

(2) implies (1). If dimpkerpA´λIqq ‰ dimpRanpA´λIqqK and if there exists ε ą 0
such that for every x P pkerpA´λIqqK, we have ||pA´λIqx|| ě ε||x||, then it follows from
Theorem 6.4 that A ´ λI R ClpGq. By relation (6.1), λ P σpAq is stable.

■

We prove a similar result for the point spectrum.

Theorem 6.7. Let A P BpHq and λ P C. Then the following are equivalent:
1. λ P σppAq is p-stable;

2. dimpkerpA ´ λIqq ą dimpRanpA ´ λIqqK and there exists ε ą 0 such that for every
x P pkerpA ´ λIqqK, ||pA ´ λIqx|| ě ε||x||.

Proof. We prove first the case λ “ 0.
(1) implies (2). If 0 P σppAq is p-stable, then 0 P σpAq and it is stable. So, it

follows from Theorem 6.5 that dimpkerpAqq ‰ dimpRanpAqqK and there exists ε ą 0 such
that for every x P pkerpAqqK, ||Ax|| ě ε||x||.

Suppose that dimpkerpAqq ă dimpRanpAqqK. We will obtain for each ε ą 0 an
operator D P BpHq such that ||D|| ă ε, D

ˇ

ˇ

pkerAqK “ 0 and that for every x P kerpAq t0u,
Dx P RanpAqK t0u. By assuming that such D exists we conclude that:

• if x P kerpAq t0u, then Dx ‰ 0 and Ax “ 0;

• if x P pkerpAqqK t0u, then Dx “ 0 and Ax ‰ 0.
So, if x P H t0u, we can write x “ x0 ` x1, with x0 P kerpAq and x1 P pkerpAqqK,

and then
pA ` Dqx “ pA ` Dqpx0 ` x1q “ Dx0 ` Ax1 .

Since for every x P kerpAq t0u, Dx P RanpAqK t0u, we conclude thatDx0`Ax1 ‰ 0.
So, for each x P H t0u we get pA ` Dqx ‰ 0, and then 0 R σppA ` Dq, which is absurd,
since 0 is p-stable. Therefore, dimpkerpAqq ą dimpRanpAqqK.

Obtaining of D: For each ε ą 0, let pknqnPK be an orthonormal basis for kerA and
let prnqnPR be an orthonormal basis for pRanpAqqK. We are assuming that |K| ă |R|, so
there exists an injective function i : K Ñ R. Now, we define D by Dkn “ ε

2
ripnq for each

n P K, and Dx “ 0 for each x P pkerpAqqK. We extend D linearly and densely over H.
Of course, D

ˇ

ˇ

pkerAqK “ 0 and for each x P kerpAq t0u we have Dx P RanpAqK t0u.
If x P H t0u, we write x “

ř

nPK ηnkn `x1, where
ř

nPK ηnkn P kerpAq and x1 P pkerAqK.
Hence,

||Dx||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

nPK

ηnDkn ` Dx1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

nPK

ηn
ε

2
ripnq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

nPK

|ηn|
2 ε

2

4
ď
ε2

4

´

ÿ

nPK

|ηn|
2

` |x1|
2
¯

“

´ε

2

¯2

||x||
2
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So, ||D|| ă ε, by the previous discussion we conclude the proof of this part of the state-
ment.

(2) implies (1). Since dimkerpAq ą dimpRanpAqqK, it follows that dimkerpAq ą 0,
and so 0 P σppAq.

(a) Note that A : pkerpAqqK Ñ RanpAq is a bounded invertible operator. Naturally,
A is bounded. In order to prove that A is injective, let x P pkerpAqqK with Ax “ 0; then,
x “ 0.

Now, if y P RanpAq there exists x P H such that Ax “ y. Write x “ x0 ` x1, with
x0 P kerpAq and x1 P pkerpAqqK, so y “ Ax “ Ax0 ` Ax1 “ Ax1. Hence, x1 P pkerpAqqK

and Ax1 “ y, which proves that A is surjective.
Another thing to prove is that RanpAq is a closed co-finite-dimensional subspace

of H. Let pxnqn Ă pkerpAqqK be such that limAxn “ y. By our hypothesis, we have that

||xn ´ xm|| ď
1

ε
|||Axn ´ Axm||

Since pAxnqn converges, it is Cauchy, and so by the previous relation it follows that pxnqn

is also Cauchy. So, there exists x P pkerpAqqK such that limxn “ x, from which follows
that Ax “ y and y P RanpAq. Hence, RanpAq is closed.

In order to prove the statement regarding the co-finite-dimensional subspace, just
consider the relation

codimpRanpAqq “ dim
´

H
L

RanpAq

¯

“ dimpRanpAqq
K

ă dimkerpAq ď dimpHq “ ℵ0 .

With that, we let k “ 1 ` dimpRanpAqqK.
(b) Let D P BpHq be such that ||D|| ă ε

2k2
.

For every x P kerpAq, consider the following sequence:
• x0 “ x;

• If xn is defined, write Dxn “ un ` vn with un P RanpAq and vn P pRanpAqqK. Let
xn`1 “ A´1un.
We set

ξpxq “
ÿ

nPN

p´1q
nxn & ρpxq “

ÿ

nPN

p´1q
nvn

First of all, we need to show that these functions are well defined. Note that, by the
hypothesis there exists ε ą 0 such that for every x P pkerpAqqK, ||Ax|| ě ε||x||. If we write
y “ Ax P RanpAq, it follows that

||Ax|| ě ε||x|| ñ ||y|| ě ε||A´1y|| ñ
1

ε
ě ||A´1

|| ,

and then,

(6.2) ||xn`1|| ď
||un||

ε
ď

||Dxn||

ε
ď ||D||

||xn||

ε
ă

||xn||

2k2
.
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By continuing the process we show that ||xn|| ă
||x0||

p2k2qn
“

||x||

p2k2qn
, and then

||ξpxq|| ď ||x||
ÿ

nPN

ˇ

ˇ

ˇ

p´1qn

p2k2qn

ˇ

ˇ

ˇ
“ ||x||

ÿ

nPN

1

p2k2qn
ă 8 ,

proving that ξ is well defined.
In order to prove that ρpxq is well defined we use equation (6.2) to show that

||vn|| ď ||Dxn|| ď ε
||xn||

2k2
ď

ε||x||

p2k2qn`1
;

then,

||ρpxq|| ď ε||x||
ÿ

nPN

1

p2k2qn`1
ă 8 .

Moreover, these functions are linear and ρpxq P RanpAqK (The last assertion follows from
the fact that vn P RanpAqK and that RanpAqK is closed). Namely,

• pαx ` yq0 “ αx ` y “ αx0 ` y0;

• suppose now that pαx ` yqn “ αxn ` yn, so

pαx ` yqn`1 “ A´1
pPRanpAqDpαx ` yqnq “ A´1PRanpAqDpαxn ` ynq

“ αA´1PRanpAqDxn ` A´1PRanpAqDyn “ αxn`1 ` yn`1 ;

• note that vn “ PRanpAqKDxn. By using the previous two items we conclude that
PRanpAqKDpαx ` yqn “ αPRanpAqKDxn ` PRanpAqKDyn.
By using that the linearity of ξpxq and ρpxq follows.
(c) We claim that for each x P BkerpAq, ||ξpxq ´ x|| ă 1{k. Before we proceed, we

need to consider study the polynomial function P pxq “ 2x2 ´ x´ 1. This polynomial has
roots x “ 1 and x “ ´1{2, and so we can conclude that P pxq ą 0 if x ą 1. We recall
that k “ 1 ` dimpRanpAqqK, and it follows that P pkq ě 0, i.e.,

0 ď 2k2 ´ k ´ 1 ñ k ď 2k2 ´ 1 ñ
1

2k2 ´ 1
ď

1

k

Therefore, 1
2k2´1

ď 1
k
. Now, let x P BkerpAq. So,

||ξpxq ´ x|| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

nPN t0u

p´1q
nxn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď

ÿ

nPN t0u

||xn|| ă ||x||
ÿ

nPN t0u

1

p2k2qn

ď
ÿ

nPN t0u

1

p2k2qn
“

1

1 ´ 1
p2k2q

´ 1 “
2k2 ´ 2k2 ` 1

2k2 ´ 1
ď

1

k
.

Hence, ||ξpxq ´ x|| ă 1{k. By Lemma 4.6, if txpiq : i ă ku is an orthonormal family in
kerpAq, then tξpxpiqq : i ă ku are linearly independent.
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(d) Recall that x0 “ x P kerpAq, and so

pA ` Dqξpxq “ pA ` Dq

´

ÿ

nPN

p´1q
nxn

¯

“
ÿ

nPN

p´1q
n
pAxn ` Dxnq

“ Ax0 `
ÿ

nPN t0u

p´1q
nAxn `

ÿ

nPN

p´1q
n
pun ` vnq

“
ÿ

nPN t0u

p´1q
nAxn `

ÿ

nPN

p´1q
nAxn`1 `

ÿ

nPN

p´1q
nvn

“
ÿ

nPN

p´1q
nvn “ ρpxq .

It follows from dimkerpAq ě k that there exists an orthonormal family txpiq : i ă ku

of kerpAq. Recall now that dimpRanpAqqK ă k and ρpxq P RanpAqK, so there exists
x P spantxpiq : i ă ku t0u such that ρpxq “ 0. Then, pA ` Dqξpxq “ 0 and 0 P σpp0q.

This concludes the proof of this part of the statement, after all, we have shown
that there exists δ ą 0, where δ “ ε

2k2
, such that for every D P BpHq with ||D|| ă δ,

0 P σppA ` Dq.
(e) In order to prove the general case, we apply what we have proved to T “ A´λI.

We only need to show that

0 P σppT q is p-stable if, and only if, λ P σppAq is p-stable.

If 0 P σppT q, then there exists x P H t0u such that Tx “ 0, which by its turn is true if,
and only if, there exists x P H t0u such that Ax “ λx, i.e., λ P σppAq.

Now note that if 0 P σppT q, then there exists ε ą 0 such that for every D P BpHq

with ||D|| ă ε, 0 P σppT ` Dq. We note that σppT ` Dq “ σppA ` D ´ λIq, so it follows
from the previous discussion that 0 P σppT ` Dq if, and only if, λ P σppA ` Dq. Then,
0 P σppT q is p-stable if, and only if, there exists ε ą 0 such that for every D P BpHq with
||D|| ă ε, λ P σppA ` Dq, i.e., λ P σppAq is p-stable. This concludes the proof.

■

6.2 Topological properties of some sets
As it was said before, some properties of BpHq make the theory of typical spectral

properties more complicated than what we have seen before for the others topologies in
CpHq. In order to prove the main results of this section, we need to recall some general
facts.

Definition 6.8. Let A P BpHq. The approximate point spectrum of A, σappAq, is defined
as

σappAq “ tλ P C : Dpxnqn Ă H such that ||xn|| “ 1 @n P N and ||pA ´ λIqxn|| Ñ 0u

A sequence pxnqn Ă H satisfying the above conditions are usually called a Weyl
sequence for A at λ P C.

The first thing to note is that the nomenclature approximate point spectrum makes
sense, that is σappAq Ă σpAq. Suppose that λ P σappAq, but A ´ λI invertible. It follows
from Definition 6.8 that there exists pxnqn Ă H such that ||xn|| “ 1 for every n P N
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and ||pA ´ λIqxn|| Ñ 0. On the other hand, 1 “ ||xn|| “ ||pA ´ λIq´1pA ´ λIqxn|| ď

||pA ´ λIq´1|| ¨ ||pA ´ λIqxn|| Ñ 0, an absurd. Hence, λ P σpAq.
Another thing to note is that σppAq Ă σappAq, although the point spectrum may

be empty. Our main goal now is to show that σappAq is never empty. In the process, we
prove some topological properties of some sets.

Lemma 6.9. If A P BpHq is such that ||A ´ I|| ă 1, then A is invertible.

Proof. Let B “ I ´ A, so ||B|| “ r ă 1. Then,

Z “

8
ÿ

n“0

Bn

converges in BpHq. If we write Zn “ I ` B ` ¨ ¨ ¨ ` Bn, we obtain

Zn
pI ´ Bq “ I ` B ` ¨ ¨ ¨ ` Bn

´ B ´ B2
´ ¨ ¨ ¨ ´ Bn`1

“ I ´ Bn`1

But then ||Bn`1|| ď rn`1 Ñ 0, so ZpI ´ Bq “ I. Similarly, pI ´ BqZ “ I. So, I ´ B is
invertible, with pI ´Bq´1 “

ř8

n“0B
n. We conclude the proof by noting that I ´B “ A.

■

Theorem 6.10. Let G “ tA P BpHq : A is invertibleu, Gl “ tA P BpHq : A is left invertibleu

and Gr “ tA P BpHq : A is right invertibleu. Then, Gl, Gr and G are open subsets of
BpHq.

Proof. (a) Let A P Gl and B P BpHq be such that BA “ I. We claim that BpA; ||B||´1q Ă

Gl.
If ||T ´ A|| ă ||B||´1, then ||BT ´ I|| “ ||BpT ´ Aq|| ă 1. It follows from Lemma

6.9 that Z “ BT is invertible. Set X “ Z´1B, so

XT “ Z´1BT “ Z´1Z “ I

This proves that T is left invertible. Hence BpA; ||B||´1q Ă Gl and we conclude that Gl

is open.
(b) Similarly to Gr, we show that BpA; ||B||´1q Ă Gr for A P Gr, where B P BpHq

is such that AB “ 1.
If ||T ´ A|| ă ||B||´1, then ||TB ´ I|| “ ||pT ´ AqB|| ă 1. It follows from Lemma

6.9 that Z “ TB is invertible. Set X “ BZ´1, so

TX “ TBZ´1
“ ZZ´1

“ I

This proves that T is right invertible. Hence BpA; ||B||´1q Ă Gr and we conclude that Gr

is open.
(c) Since G “ Gl Y Gr, it follows that G is also open.

■

A direct consequence of the arguments presented in the proof of Theorem 6.10 is
the following result

Corollary 6.11. Let A,B P BpHq, then
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1. If BA “ I and ||T ´ A|| ď ||B||´1, then T is left invertible;

2. If AB “ I and ||T ´ A|| ď ||B||´1, then T is right invertible.

One could look at these results and want to generalize then in some sense. A
good try is to replace BpHq with some general Banach algebra with identity. Indeed,
Conway proves in [4] Lemma 6.9, Theorem 6.10 and Corollary 6.11 in a Banach algebra
with identity.

Now we prove that the approximate point spectrum of a bounded operator is always
nonempty. After that we will be able to prove the main results of the Chapter.

Theorem 6.12. If A P BpHq, BσpAq Ă σappAq. In particular, σappAq ‰ ∅

Proof. Let λ P BσpAq and tλnu Ă ρpAq be such that λn Ñ λ. We claim that ||pA ´

λnIq´1|| Ñ 8.
Suppose that this is false. Then, by taking a subsequence if necessary, there exists

M ą 0 such that ||pA ´ λnIq´1|| ă M for each n P N. Since λn Ñ λ, let n be sufficiently
large so that |λn ´ λ| ă M´1. Then,

||pA ´ λIq ´ pA ´ λnIq|| ď |λn ´ λ| ă M´1
ď ||pA ´ λnIq

´1
||

´1 .

It follows from tλnu Ă ρpAq that A´λnI is invertible, and then by Corollary 6.11, A´λI
is invertible. Therefore, λ P ρpAq, which is absurd since BσpAq Ă ClpσpAqq “ σpAq.
Hence, ||pA ´ λnIq´1|| Ñ 8.

Let pxnqn Ă H be such that ||xn|| “ 1 and αn :“ ||pA ´ λnIq´1xn|| ą ||pA ´

λnIq´1|| ´ 1{n. It follows from previous claim that αn Ñ 8. Set yn “ α´1
n pA´ λnIq´1xn,

so ||yn|| “ |α´1
n ||αn| “ 1. Now,

pA ´ λIqyn “ pA ´ λnIqyn ` pλnI ´ λIqyn “ α´1
n xn ` pλn ´ λqyn

ñ ||pA ´ λIqyn|| ď |α´1
n | ` |λn ´ λ| Ñ 0 ,

from which follows that λ P σappAq.
We know that the spectrum σpAq is bounded by ClpBp0, ||A||qq. Moreover, C is a

connected set, so BσpAq ‰ ∅, proving that σappAq ‰ ∅.
■

We are finally able to state and prove the main results of this chapter. The first
one shows that some important sets have non-empty interior, and that others are nowhere
dense. We note that such results will destroy our hopes of finding a simple description of
typical spectral properties.

Theorem 6.13. Let λ P C. Then the following sets of operators have non-empty interior:
1. tA P BpHq : λ R σpAqu;

2. tA P BpHq : λ P σrpAqu;

3. tA P BpHq : λ P σppAqu.
In particular, the following sets have non-empty interior:

4. tA P BpHq : RanpA ´ λIq “ Hu;

5. tA P BpHq : RanpA ´ λIq is not dense in Hu.
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On the other hand, the following sets of operators are nowhere dense:
6. tA P BpHq : λ P σcpAqu;

7. tA P BpHq : RanpA ´ λIq is dense in H but not equal to Hu.

Proof. Let Snpλq be the set in item n (n “ 1, . . . , 7) related with λ P C. For instance
S3p1q “ tA P BpHq : 1 P σppAqu.

First of all, we prove the results in case λ “ 0, and after that we study the general
case.

(a) S1p0q e S4p0q: Note that tA P BpHq : 0 R σpAqu “ tA P BpHq : A is invertibleu,
which is an open set by Theorem 6.10. Now, since every invertible operator satisfies
RanpAq “ H, it follows that S1p0q Ă S4p0q, so intS4p0q ‰ ∅.

(b) S3p0q: Let peiqiPN be an orthonormal basis of H, and let D be the defined left
shift in this basis, i.e., De0 “ 0 and Dei`1 “ ei for every i ą 0. Since De0 “ 0 it follows
that D P S3p0q.

It is obvious that RanpDq “ H and kerpDq “ spante0u, so it follows that

dimpRanpDqq
K

“ 0 ă 1 “ dimkerpDq

. Moreover, if x P pkerpDqqK “ Clpspanteiu
8
i“1q we write x “

ř8

i“1 ηiei and so

||Dx||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

i“1

ηiei´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

8
ÿ

i“1

|ηi|
2

“ ||x||
2

Hence, ||Dx|| ě ||x||, and by Theorem 6.7, we conclude that 0 is p-stable. Then there
exists ε ą 0 such that for each S P BpHq with ||S|| ă ε, 0 P σppS ` Dq.

We claim that BpD, εq Ă S3p0q. Namely, let A P BpD, εq, so ||A ´ D|| ă ε. It
follows from the p-stability of 0 that 0 P σppA ´ D ` Dq “ σppAq, so A P S3p0q.

(c) S6p0q and S7p0q: It is obvious that S6p0q Ă S7p0q, so it is sufficient to study
S7p0q.

Let A P BpHq be such that ClpRanpAqq “ H but RanpAq ‰ H. Then, A is not
invertible, which means that 0 P σpAq.

Now, note that if there exists ε ą 0 such that ||Ax|| ě ε||x|| for every x P pkerpAqqK,
then RanpAq closed. This is because if pAxnqn converges to some y in H, then

||xn ´ xm|| ď
1

ε
||Axn ´ Axm||

n,mÑ8
ÝÝÝÝÝÑ 0 .

Hence, pxnqn is a Cauchy sequence in H, and there exists x P H such that x “

limxn and Ax “ y. Thus, y P RanpAq showing that RanpAq is closed. This contradicts
the fact that A P S7p0q. With that, 0 do not satisfy the second condition in Theorem 6.5,
and 0 is not stable.

By Lemma 6.6, A P ClpGq, where G “ tT P BpHq : T is invertibleu. Since A is not
invertible, we get A P BG, and so S7p0q Ă BG.

We use that to obtain ClpS7p0qq Ă ClpBGq “ BG, and so int ClpS7p0qq Ă int BG “ ∅.
Hence, both S6p0q and S7p0q are nowhere dense.

(d) S2p0q and S5p0q: Let D˚ be the right shift over an orthonormal basis peiqiPN
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(see the proof of item (b)). Note that 0 R σppD˚q, since if x “
ř8

i“0 ηiei, then

0 “ D˚x “

8
ÿ

i“0

ηiei “

8
ÿ

i“0

ηiei`1

and so ηi “ 0 for each i P N. Another property of D˚ is that it is not surjective (namely,
spante0u Ă pRanpD˚qqC). Hence, 0 P σpD˚q σppD˚q. It follows that D˚ P S2p0q, since
RanpD˚q “ Clpspanteiu

8
i“1q, and so, ClpRanpD˚qq ‰ H.

We know that ||D˚x|| “ ||x|| for each x P H. Moreover, dimkerpAq “ 0 ‰ 1 “

dimpRanpAqqK, so, 0 is stable. Then, there exists ε ą 0 such that for each S P BpHq such
that ||S|| ă ε, 0 P σpS ` D˚q.

Now, we will show that 0 R σppD˚q is also stable, i.e, that there exists ε1 ą 0 such
that for every S P BpHq with ||S|| ă ε1, 0 P σppD˚ ` Sq. Fix ε1 “ 1

2
mintε, 1u and let

S P BpHq be such that ||S|| ă δ. If 0 P σppS ` D˚q, then there exists x P H such that
D˚x “ ´Sx, so ||Sx|| “ ||D˚x|| “ ||x||. Therefore, 1 ď ||S|| ă δ ď 1, an absurd.

By combining the previous results, we conclude that there exists δ ą 0 (namely,
δ “ mintε, ε1u) such that for each S P BpHq satisfying ||S|| ă δ, 0 P σpS`D˚q σppS`D˚q.
Hence,

BpD˚, δq Ă tA P BpHq : 0 P σpAq σppAqu “ S2p0q Y S6p0q Ă S2p0q Y BG .

Let V “ BpD˚, δq BG. Note that V ‰ ∅ (namely, BG has empty interior, so it
is not possible that BpD˚, δq Ă BG), and V is open (BpD˚, δq and BG is closed). Hence,
V Ă S2p0q and so S2p0q has non-empty interior.

Since S2p0q Ă S5p0q, it follows that S5p0q has non-empty interior.
(e) The general case. Let λ P tCu and define fλpT q “ T ` λI. We claim that fλ is

a homeomorphism. Namely,
• if fλpT q “ fλpUq, then T ` λI “ U ` λI. So, T “ U and we conclude that fλ is

injective;

• if T P BpHq, we let S “ T ´ λI P BpHq. So, fλpSq “ S ` λI “ T and fλ is
surjective;

• let V Ă BpHq be an open set and let T `λI P fλpV q. Thus, T P V , and there exists
ε ą 0 such that BpT, εq Ă V . We claim that BpfλpT q, εq Ă fλpV q.

Let U ` λI P BpfλpT q, εq. Note that ||U ´ T || “ ||U ` λI ´ T ´ λI|| ă ε, so
U P BpT, εq Ă V . Hence, U ` λI P fλpV q, proving that fλpV q is open. We conclude
that fλ is an open map;

• Note that f´1
λ “ f´λ. Namely, fλf´λpT q “ T ´ λI ` λI “ T and f´λfλpT q “

T ` λI ´ λI “ T . By the previous discussion f´1
λ is an open map too. We conclude

that fλ is continuous and then is a homeomorphism.
(f) Note that S1pλq “ tA P BpHq : λ R σpAqu “ tA P BpHq : A´λI is invertibleu “

tT ` λI P BpHq : T is invertibleu “ tT ` λI P BpHq : 0 R σpAqu “ fλpS1p0qq. Since
S1p0q has non-empty interior and fλ is a homeomorphism, we conclude that S1pλq have
non-empty interior.

Like we did before, S1pλq Ă S4pλq, so S4pλq has non-empty interior.
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(g) Note that

S2pλq “ tA P BpHq : λ P σrpAqu

“ tA P BpHq : A ´ λI is injective and ClpRanpA ´ λIq ‰ Hu

“ tT ` λI : T is injective and ClpRanpT qq ‰ Hu

“ fλpS2p0qq

Since S2p0q has non-empty interior and fλ is a homeomorphism, we conclude that S2pλq

has non-empty interior.
Moreover, S2pλq Ă S5pλq, so S5pλq has non-empty interior.
(h) S3pλq “ tA P BpHq : λ P σppAqu “ tA P BpHq : A ´ λI is not injectiveu “

tT ` λI P BpHq : T is not injectiveu “ tT ` λI : 0 P σppT qu “ fλpS3p0qq. Since S3p0q has
non-empty interior and fλ is a homeomorphism, we conclude that S3pλq has non-empty
interior.

(i) S7pλq “ tA P BpHq : RanpA ´ λIq is dense in H but not equal to Hu “

tT ` λI P BpHq : RanpT q is dense in H but not equal to Hu “ fλpS7p0qq. Since S7p0q is
nowhere dense and fλ is a homeomorphism, we conclude that S7pλq is nowhere dense.

Clearly S6pλq Ă S7pλq, hence S6pλq is nowhere dense. This ends the proof of the
theorem.

■

As we have said, these results show that it is hard to present a simple description
of typical spectral properties in the norm topology. For example, fix λ P C; then, tA P

BpHq : λ R σpAqu has non-empty interior. One could imagine that this set is co-meager,
but it follows from Baire Category Theorem that a meager set, i.e., the complement of a
co-meager set, has empty interior.

On the other hand tA P BpHq : λ P σrpAqu is a subset of the complement of
tA P BpHq : λ R σpAqu, and by Theorem 6.13 we know that it has non-empty interior, an
absurd. We can prove similar results for any of the sets in Theorem 6.13.

Theorem 6.14. The set tA P BpHq : σppAq ‰ ∅u is dense in BpHq.

Proof. Let B P BpHq. Since σappBq ‰ ∅, there exist λ P σpBq and a sequence pxnqn Ă SH

such that lim ||Bxn ´ λxn|| “ 0.
For every n P N, let Pn be the orthonormal projection onto spantxnu, and set

An “ BpI ´ Pnq ` λPn. Note that

Anxn “ Bxn ´ Bxn ` λxn “ λxn .

So, λ P σppAnq, and σppAnq ‰ ∅.
We claim that ||An ´ B|| “ ||λxn ´ Bxn||. On one hand, if x P H is such that

||x|| “ 1, we can write x “ Pnx ` Rx, where Rx P pspantxnuqK. We can see that
||Pnx|| ď ||x|| “ 1, and if we write Pnx “ ηnxn for some ηn P C, it follows that |ηn| “

||ηnxn|| “ ||Pnx|| ď 1, so

||pAn ´ Bqx|| “ ||λPnx ´ BPnx|| “ |ηn| ¨ ||λxn ´ Bxn|| ď ||λxn ´ Bxn|| .
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This shows that ||An ´ B|| ď ||λxn ´ Bxn||. On the other hand,

||pAn ´ Bqxn|| “ ||λxn ´ Bxn|| ,

So ||An ´ B|| ě ||λxn ´ Bxn||, and we conclude that ||An ´ B|| “ ||λxn ´ Bxn|| Ñ 0.
Hence, limAn “ B and An P tA P BpHq : σppAq ‰ ∅u for each n P N. This concludes the
proof of the theorem.

■
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A. The Kuratowski-Ulam Theorem

The discussion presented here follows [20], and with some additions of [12].
For E Ă X ˆ Y , x P X and y P Y , we set

Ex “ ty P Y : px, yq P Eu

and
Ey

“ tx P X : px, yq P Eu

Our main goal is prove the following result:

The Kuratowski-Ulam Theorem. Let X, Y be second countable Baire spaces and sup-
pose that A Ă XˆY has the Baire property. Then, the following statements are equivalent.

1. A is meager (respec. co-meager);
2. tx P X : Ax is meager (respec. co-meager)u is co-meager;
3. ty P Y : Ay is meager (respec. co-meager)u is co-meager.

In what follows, if A,U Ă X we will say that A is meager in U if AXU is meager
in U . We begin proving the following result:

Lemma A.1. Let X be a topological space and suppose that A Ă X has the BP. Then,
either A is meager or there exists a nonempty open set U Ă X on which A is co-meager
(i.e., A X U is co-meager in U). If X is a Baire space, exactly one of these alternative
holds.

Proof. Since A has the BP, there exists an open set U such that M :“ A△U is meager.
If A is non-meager then U ‰ ∅ and A is co-meager in U (namely, since U A Ă M , we
conclude that U A is meager in U).

In particular, if both of the alternatives hold, then A is meager and co-meager in
U . Since U is a non-empty open set and X is Baire, we conclude that U is Baire. Hence,
it is impossible to A X U be meager and co-meager at the same time.

■

Lemma A.2. Let X, Y be topological spaces and A Ă X ˆ Y . Then, for any x P X,
1. pAxqC “ pACqx;
2. if Ax is nowhere dense then AC

x is dense;
3. if A open (respec. closed) then Ax is open (respec. closed);
4. if A is closed then Ax is nowhere dense if and only if AC

x is dense.

Note that by item 1 in Lemma A.2, it makes sense to write AC
x without parenthesis

in the following sentences. The order of the operations performed in the set A does not
change the final obtained set.
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Proof. (1) Note that y P pAxqC if, and only if, px, yq R A, and this is equivalent to say
that px, yq P AC ; on the other hand, this occurs if, and only if, y P pACqx. We conclude
that pAxqC “ pACqx.

(2) Suppose that Ax is nowhere dense, so intpClpAxqq “ ∅, and then

intpAxq Ă intpClpAxqq “ ∅ ;

hence, intpAxq “ ∅, and then ClpAC
x q “ Y . So, AC

x is dense.
(3) For each x P X let fx : Y Ñ X ˆ Y such that fxpyq “ px, yq, and then

Ax “ f´1
x pAq. We just have to prove that fx is continuous.. Let pyαqα Ă Y be a net that

converges to y P Y ; then, fxpyαq “ px, yαq converges to fxpyq “ px, yq, proving that f is
continuous. So, if A open (respec. closed) implies Ax is open (respec. closed).

(4) One implication follows from item (2). Now, let A be a closed subset such that
AC

x is dense. Since Ax is closed, by item (3), it follows that

intpClAxq “ intAx

Since Y “ ClpAC
x q, it follows that intAx “ ∅, and Ax is nowhere dense.

■

Lemma A.3. Let X be a Baire Space and let Y be second countable. Let A Ă X ˆ Y be
a closed, nowhere dense set. Then,

tx P X : Ax is nowhere denseu

is a dense Gδ set.

Proof. Let A Ă X ˆ Y be closed and nowhere dense, let pVnqn be a countable basis for Y
and let U “ AC ; then, U is open and dense. Set, for each n P N

Wn “ tx P X : Ux X Vn ‰ ∅u ,

and note that

Wn “ tx P X : D y P Vn such that px, yq P Uu “

“ tx P X : D y P Y such that px, yq P U X pX ˆ Vnqu

“ πXpU X pX ˆ Vnqq ,

where πX stands for the projection over X. Since projections are open maps, we conclude
that Wn is open. We claim that Wn is also dense.

Suppose that this is not the case and note that pX ClpWnqq ˆ Vn is a non-empty
open set. Moreover, if px, yq P UX

`

pX ClpWnqqˆVn
˘

then x P X ClpWnq, and so x R Wn,
which implies Ux X Vn “ ∅. Thus, there does not exist z P Vn such that px, zq P U , which
is absurd, since px, yq P U , and we conclude that U X

`

pX ClpWnqq ˆ Vn
˘

“ ∅. Then,
pX ClpWnqq ˆ Vn is a non-empty open set disjoint from U , contradicting the fact that U
is dense. Hence, Wn is dense.

It follows from Lemma A.2

Ax is nowhere dense if, and only if, Ux is dense ,
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so
tx P X : Ax is nowhere denseu “ tx P X : Ux is denseu “

č

nPN

Wn .

The result now follows from the fact that X is a Baire space.
■

Corollary A.4. Let X be a Baire Space and let Y be second countable. Let A Ă X ˆ Y
be a nowhere dense set. Then,

tx P X : Ax is nowhere denseu

is a co-meager set.

Proof. If A is a nowhere dense set, then ClpAq is also nowhere dense. It follows from
Lemma A.3 that tx P X : pClAqx is nowhere denseu is a dense Gδ set and in particular
co-meager.

We claim that

tx P X : pClAqx is nowhere denseu Ă tx P X : Ax is nowhere denseu .

Let x P X be such that pClAqx is nowhere dense, i.e., int ClpClAqx “ ∅. It follows
from Lemma A.2 that intpClAqx “ ∅.

We want to prove that Ax is nowhere dense, i.e., intpClpAxqq “ ∅. It suffices to
prove that ClpAxq Ă pClAqx.

Let y P ClAx; then, there exists a net pyαqαPΛ Ă Ax such that yα Ñ y. We
have that ppx, yαqqαPΛ Ă A and px, yαq Ñ px, yq, so px, yq P ClA. This prove that that
y P pClAqx, and therefore the inclusion ClAx Ă pClAqx.

Hence, Ax is nowhere dense, and so

tx P X : pClAqx is nowhere denseu Ă tx P X : Ax is nowhere denseu .

Since tx P X : pClAqx is nowhere denseu is co-meager, tx P X : Ax is nowhere denseu

is also co-meager.
■

Definition A.5. Let X be a non-empty set, let Y be a topological space, let A Ă X ˆ Y
and let U be a non-empty open set in Y . We define

A△U
“ tx P X : Ax is non-meager in Uu

and
A˚U

“ tx P X : Ax is co-meager in Uu .

Remark A.6. If U is a Baire space it follows from Definition A.5 that A˚U Ă A△U .

Lemma A.7. Let X be a Baire Space, let Y be a second countable Baire space and let
A Ă X ˆ Y be such that it satisfies the Baire property. Then, the following statements
are equivalent:

1. A is meager;
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2. tx P X : Ax is meageru is co-meager.

Proof. (a) If A is meager, then we can write A “
Ť

nAn where An is nowhere dense for
every n P N. It follows from Corollary A.4 that tx P X : pAnqx is nowhere denseu is a
co-meager set.

Since nowhere dense implies meager, we have that

tx P X : pAnqx is nowhere denseu Ă tx P X : pAnqx is meageru

and then tx P X : pAnqx is meageru is co-meager. In particular, the set
Ş

ntx P X :
pAnqx is meageru is co-meager. We claim that

č

n

tx P X : pAnqx is meageru Ă tx P X : Ax is meageru

Namely, let x P X be such that pAnqx is meager for every n P N. Note that if y P Ax,
then px, yq P A and there exists m P N such that px, yq P Am, so y P pAmqx. Therefore,
Ax Ă

Ť

npAnqx.
Since every pAnqx is meager, we conclude that

Ť

npAnqx is also meager, and then
Ax is meager. We conclude that

Ş

ntx P X : pAnqx is meageru Ă tx P X : Ax is meageru,
and so tx P X : Ax is meageru is co-meager.

(b) Suppose that A is non-meager. Since A has the BP, by Lemma A.1, there
exists a non-empty open U Ă X and a non-empty open V Ă Y such that A is co-meager
in U ˆ V . So, it follow from the previous discussion that tx P U : Ax is meager in V u is
co-meager in U . But

tx P U : Ax is meager in V u Ă tx P X : Ax is meager in V u “ A˚V ,

and then A˚V is co-meager in U .
Note that U is non-meager: if U is meager, since X is a Baire space, it follows that

U has empty interior, an absurd since U is a non-empty open set.
Since U is non-meager, it follows that A˚V is non-meager. Namely, if A˚V is a

meager set, then A˚V is meager in U , an absurd since U is a Baire space.
We claim that A△Y is non-meager. Note that V is a non-empty set in a Baire

space, so V is also a Baire space, and then A˚V Ă A△V Ă A△Y . If A△Y is a meager set,
then A˚V is also meager, an absurd.

On the other hand, if tx P X : Ax is meageru is co-meager, then its complement is
meager in X. But the complement of this set is

tx P X : Ax is non-meageru “ A△Y ,

contradicting the fact that A△Y is co-meager in Y . Then, A is meager.
■

We are finally ready to prove the Kuratowski-Ulam Theorem.

The Kuratowski-Ulam Theorem. Let X, Y be second countable Baire spaces and sup-
pose that A Ă XˆY has the Baire property. Then, the following statements are equivalent.

1. A is meager (respec. co-meager);
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2. tx P X : Ax is meager (respec. co-meager)u is co-meager;

3. ty P Y : Ay is meager (respec. co-meager)u is co-meager.

Proof. (a) Since X and Y are both second countable and Baire spaces, it follows from
Lemma A.7 that the following statements are equivalent:

1. A is meager;

2. tx P X : Ax is meageru is co-meager;

3. ty P Y : Ay is meageru is co-meager.
(b) Now, if A is co-meager then AC is meager and then the following statements are
equivalent

1. A is co-meager;

2. tx P X : AC
x is meageru is co-meager;

3. ty P Y : pAyqC is meageru is co-meager.
Now, it follows from Lemma A.2 that

tx P X : AC
x is meageru “ tx P X : Ax is co-meageru

and
ty P Y : pAy

q
C is meageru “ ty P Y : Ay is co-meageru ,

which shows that the following statements are also equivalent
1. A is co-meager;

2. tx P X : Ax is co-meageru is co-meager;

3. ty P Y : Ay is co-meageru is co-meager.
■
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B. The characterization of Polish spaces
through Strong Choquet spaces

B.1 A world of definitions
We follow the strategy presented in [12].
Let A be a non-empty set and let n P N. We denote ny An the set of finite n-

sequences s “ ps0, s1, . . . , sn´1q of elements of A. When n “ 0, A0 “ t∅u, where ∅
denotes the empty sequence.

If s P An and m ď n we set s|m “ ps0, . . . , sm´1q (if m “ 0, then s|0 “ ∅). If
s, t are finite sequences from A, we say that s is an initial segment of t or that t is an
extension of s if there exists m ď lengthptq such that s “ t|m (we write s Ă tq.

Two finite sequences are compatible if one of them is an initial segment of the other;
otherwise, we say that they are incompatible. We denote two incompatible sequences s, t
by s K t.

Let AăN “
Ť

nPNAn and let AN be the set of all infinite sequences of elements
of A. The concatenation of two finite sequences s “ psiqiăn and t “ ptjqjăm is s ^ t “

ps0, s1, . . . , sn´1, t0, t1, . . . , tm´1q (when we concatenate a sequence s with a 1-sequence paq,
we usually write s ^ a instead of s ^ paq).

Definition B.1. A tree on A is a subset T Ă AăN closed under initial segments, i.e., if
t P T and s Ă t, then s P T . (in particular, ∅ P T if T is non-empty).

We call the elements of T the nodes of T . An infinite branch of T is a sequence
x P AN such that for every n P N, x|n P T .

The body of T , denoted by rT s, is the set of all infinite branches of T , i.e.,

rT s “ tx P AN : @n P N x|n P T u .

We call a tree T pruned if every s P T has a proper extension t Ľ s, t P T .
Obviously, this notion of tree is different from the notion presented in Graph The-

ory; however, some intuition is also present here. Usually, we may visualize trees as
follows:
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pb, c1, e2, . . .q

∅

paq pbq pcq ¨ ¨ ¨

pa, a1q pa, b1q pb, c1q
pc, d1q

pc, e1q

pb, c1, e2q pc, e1, f2q

The bold line represents an infinite branch pb, c1, e2, . . .q P rT s. The tree above
is not pruned; a good example of a pruned tree is the full binary tree t0, 1uăN pictured
below:

∅

p0q p1q

p0, 0q p0, 1q p1, 0q p1, 1q

B.2 König’s Lemma
Definition B.2. If T is a tree on A, we call T finite splitting if for every s P T , there
exist at most finitely many a P A such that s ^ a P T .

König’s Lemma. Let T be a tree on A. If T is finite splitting then, rT s ‰ ∅ if, and only
if, T is infinite.

Proof. (a) Suppose that rT s ‰ ∅. Then, there exists an infinite branch in T , i.e., there
exists x P AN such that x|n P T for every n P N. In particular, tx|n : n P Nu Ă T , and so
T is infinite.

(b) Suppose that rT s “ ∅. Note that ∅ splits in a finite number of nodes, say
pa1q, . . . , pamq P T . Again, each one of these nodes paiq splits in a finite number of nodes;
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thus, by induction, each paiq splits in a finite number of paths. Since the body of T is
empty, we conclude that these paths will end in a finite time, so T is finite.

■

B.3 Strong Choquet games and spaces
Definition B.3. Let X be a non-empty topological space. The strong Choquet game Gs

X

is defined as follows:

I x0, U0 x1, U1 ¨ ¨ ¨

II V0 V1 ¨ ¨ ¨

Players I and II take turns playing non-empty open sets of X with the requirement of I
playing a set Un Ă Vn´1 with a point xn P Un, while II must play Vn Ă Un with xn P Vn.
So, one has

U0 Ą V0 Ą U1 Ą V1 Ą ¨ ¨ ¨

with xn P Un, Vn.
Player II wins this run of the game if

Ş

n Vn
`

“
Ş

n Un

˘

‰ ∅, and player I wins
if

Ş

n Vn
`

“
Ş

n Un

˘

“ ∅.

A strategy for a player in this game is a “rule” that tells him how to play. For
example, a strategy to player II works as follows: given the player I previous moves
px0, U0q, . . . , pxn, Unq tell how II have to choose Vn. Formally, this is defined as follows.

Definition B.4. Let T be the tree of legal positions in the strong Choquet game Gs
X , i.e., T

consists of all finite sequences ppx0, U0q, V0, px1, U1q, . . . , Vnq and ppx0, U0q, V0, . . . , pxn, Unqq

where Ui and Vi are non-empty open subsets of X, U0 Ą V0 Ą U1 Ą V1 Ą ¨ ¨ ¨ Ą Vn and
U0 Ą V0 Ą U1 Ą V1 Ą ¨ ¨ ¨ Ą Un with xi P Ui, Vi for every i P N. A strategy for II in Gs

X

is a subtree σ Ă T such that
1. σ is non-empty;

2. If ppx0, U0q, V0, px1, U1q, . . . , Vnq P σ, then for each open non-empty Un`1 Ă Vn and
xn`1 P Un`1, ppx0, U0q, V0, . . . , Vn, pxn`1, Un`1qq P σ;

3. If ppx0, U0q, V0, . . . , pxn, Unqq P σ, then for a unique Vn Ă Un with xn P Vn,
ppx0, U0q, V0, . . . , pxn, Unq, Vnq P σ.

We say that a position p P T is compatible with σ if p P σ. A run of the game
ppx0, U0q, V0, . . . q is compatible with σ if ppx0, U0q, V0, . . . q P rσs. The strategy σ is a
winning strategy for II if he wins every run compatible with σ.

A space X is called strong Choquet if player II has a winning strategy in Gs
X .

The main goal of this appendix is to use strong Choquet spaces to characterize the Polish
spaces. This approach of using topological games to characterize spaces with a given
property is really interesting and have many results. For instance, we can characterize
Baire spaces using another type of game, called Choquet game (for interested readers, we
recommend [12]). We need some auxiliary results in what follows.

Lemma B.5. A non-empty completely metrizable space X is strong Choquet.
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Proof. Denote the metric of X by d and suppose that the n-th move of player I is pxn, Unq,
with Un open and xn P Un. Since Un is open, there exists εn ą 0 such that Bpxn, εnq Ă Un.
Set δn “ mintεn, 1{nu and let the response of player II to be Vn “ Bpxn, δnq. Naturally,
Vn is open, xn P Vn and Vn Ă Un.

Let us prove that with this strategy the player II always wins. Fix a run of the
game ppx0, U0q, V0, . . . q with II using the above strategy. We claim that the sequence
pxnqn is Cauchy. This happens because for each m,n ě k, xm, xn P Vk “ Bpxk, δkq, and
so

dpxn, xmq ă 2δk ď
2

k
kÑ8
ÝÝÝÑ 0

Since X is complete, there exists x P X such that limxn “ x. For each n P N there exists
m P N such that ClVm Ă Vn, so x P ClpVmq Ă Vn; moreover, x P Vk for every k ă n. Since
n P N is arbitrary, it follows that x P Vk for every k P N.

We conclude that x P
Ş

k Vk, and so player II wins this run of the game. Hence,
X is strong Choquet.

■

Lemma B.6. Let pY, dq be a separable metric space. Let U be a family of non-empty open
sets in Y . Then, U has a point-finite refinement V, i.e., V is a family of non-empty open
sets with

Ť

UPU U “
Ť

V PV V , such that for every V P V, there exists U P U such that
V Ă U and for every y P Y the set tV P V : y P V u is finite. Moreover, given ε ą 0 we
can also assume that diampV q ă ε for every V P V.

Proof. The first thing to note is that Y is second countable. Since it is separable, there
exists a dense countable subset B, and so the set tBpx, εq : x P B, ε P Q t0uu is a countable
basis of Y .

By the previously paragraph, there exists a sequence pUnqn of open sets such that
Ť

n Un “
Ť

UPU U and that for every n P N, there exists U P U such that Un Ă U .
Moreover, given ε ą 0 we can assume that diampUnq ă ε.

Let Un “
Ť

pPN U
ppq
n with U

ppq
n open, U ppq

n Ă U
pp`1q
n and ClU

ppq
n Ă Un. One way to

do this is to note that Un “ Bpx, εq for some x P B and some ε P Q t0u. Then, define
U

ppq
n “ Bpx, ε ´ ε{pp ` 1qq, so Un “

Ť

pPN U
ppq
n and the properties follow.

Set Vm “ Um

Ť

nămpClU
pmq
n q and note that since every finite union of closed sets

is closed, it follows that Vm is open.
We claim that

Ť

n Vn “
Ť

n Un. Namely, Vm Ă Um, so
Ť

n Vn Ă
Ť

n Un. On the
other hand, let x P

Ť

n Un and let m P N be the least index for which x P Um. We claim
that x P Vm. Of course, x P Um, suppose that x P

Ť

nămpClU
pmq
n q. Then, there exists

j ă m such that x P ClpU
pmq

j q Ă Uj, which is absurd since m is the least index for which
x P Um. We conclude that x P Vm, and so x P

Ť

n Vn.
Let V “ tVn : Vn ‰ ∅u. It follow from the previous discussion that

Ť

UPU U “
Ť

V PV V . Moreover, Vn Ă Un, and by construction there exists U P U such that Un Ă U ,
so Vn Ă U . It remains to prove that for every y P Y , the set tV P V : y P V u is finite.

Let y P Y . If tV P V : y P V u “ ∅ there is nothing to prove, so suppose that
this set is not empty. Then, there exists n P N such that y P Vn Ă Un “

Ť

pPN U
ppq
n . We

conclude that there exists p P N such that y P U
ppq
n , and since

U ppq
n Ă U pp`1q

n Ă U pp`2q
n Ă ¨ ¨ ¨ ,
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we conclude that y P U
pjq
n for every j ě p. Then, if m ą p and m ą n,

y P
ď

jăm

pClU
pmq

j q ,

and so y R Vm for every m ą maxtp, nu. We conclude that if Vm P tV P V : y P V u, then
m ď maxtp, nu, and hence the set tV P V : y P V u is finite.

■

Theorem B.7. Let X be a non-empty separable metrizable space and let X̂ be a Polish
space in which X is dense. Then, the following statements are equivalent:

1. X is strong Choquet;

2. X is Gδ in X̂;

3. X is Polish.

Proof. We know that (2) implies (3) and by Lemma B.5, it follows that (3) implies (1).
So, it remains to prove that (1) implies (2).

(a) Suppose that X is strong Choquet, fix a metric d on X̂ and a winning strategy
σ for player II in Gs

X . In this step, we will construct a tree S of sequences of the form
px0, pV0, V̂0q, x1, . . . , xnq or px0, pV0, V̂0q, x1, . . . , xn, pVn, V̂nqq, satisfying:

• Vi is open in X and V̂i is open in X̂;

• xi P Vi and xi P V̂i´1 X X (with V̂´1 “ X̂);

• V̂i X X Ă Vi;

• V̂0 Ą V̂1 Ą ¨ ¨ ¨ ;

• If Un “ V̂n´1 XX then the infinite sequence ppx0, U0q, V0, px1, U1q . . . q is compatible
with σ.
Additionally, for each p “ px0, pV0, V̂0q, x1, . . . , xn´1, pVn´1, V̂n´1qq P S (including

the empty sequence), if V̂p “ tV̂n : px0, pV0, V̂0q, x1, . . . , pVn´1, V̂n´1q, xn, pVn, V̂nqq P Su,
then:

• X X V̂n´1 Ă
Ť

V PV̂p
V ;

• for every V̂n P V̂p, diampV̂nq ă 2´n;

• for every x̂ P X̂, there exist at most finitely many pxn, pVn, V̂nqq such that

px0, pV0, V̂0q, x1, . . . , pVn´1, V̂n´1q, xn, pVn, V̂nqq P S

and x̂ P V̂n.
The construction uses induction. We begin with putting ∅ P S.
Fix p “ px0, pV0, V̂0q, . . . , pVn´1, V̂n´1qq P S and x P V̂n´1 X X. Choose Vp^x as the

only answer of player II in σ in the run of the game ppx0, Xq, V0, px1, V̂0XXq . . . , px, V̂n´1X

Xqq.
Since Vp^x is open inX andX is a subspace of X̂, there exists an open set Zp^x Ă X̂

such that Zp^x XX “ Vp^x. Set Op^x “ Zp^x X V̂n´1 and note that Op^x is a non-empty
open set in X̂ (given that x P Op^x) that satisfies

Op^x “ Zp^x X V̂n´1 Ă V̂n´1
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and
Op^x X X “ Zp^x X V̂n´1 X X “ Vp^x X V̂n´1 Ă Vp^x .

So, x, Vp^x and Op^x are candidates to be some of the xn, Vn and V̂n, respectively.
Unfortunately, we cannot guarantee the other properties we want for S with these choices.
However, we can adjust this collection to be what we want. By Zorn’s Lemma, we can
construct the maximal collection Op^x of sets Ô satisfying:

• Ô is open in X̂;

• Ô X X Ă Vp^x;

• V̂n´1 Ą Ô.
The previously constructed Op^x are of course in Op^x. Now, let

Op “
ď

xPV̂n´1XX

Op^x

and use Lemma B.6 to refine Op into a family Up of non-empty open sets satisfying the
following properties:

Ť

OPOp
O “

Ť

UPUp
U ; for every U P Up there exists O P Op such that

U Ă O; for every x̂ P X̂ the set tU P Up : x̂ P Uu is finite and diampUq ă 2´n for every
U P Up.

Moreover, each V̂ P Up satisfyies the following properties:
• V̂ is open in X̂;

• since there exists O P Op such that V̂ Ă O and for some x P V̂n´1 XX we have that
O X X Ă Vp^x, we conclude that V̂ X X Ă Vp^x;

• since there exists O P Op such that V̂ Ă O and O Ă V̂n´1, it follows that V̂ Ă V̂n´1.
For every U P Up, there exists O P Op such that U Ă O, and for this O there exists

x P V̂n´1XX such that O P Op^x. Choose exactly one x satisfying O P Op^x and put p^x
and p ^ px, pVp^x, Uqq in S. We claim that this definition of S satisfies all the previously
stated properties.

By using the previous construction, it is obvious that
• Vi is open in X and V̂i is open in X̂;

• xi P Vi and xi P V̂i´1 X X (with V̂´1 “ X̂);

• V̂i X X Ă Vi;

• V̂0 Ą V̂1 Ą ¨ ¨ ¨ ;

• If Un “ V̂n´1 XX then the infinite sequence ppx0, U0q, V0, px1, U1q . . . q is compatible
with σ.
In order to prove the other property, fix p “ px0, pV0, V̂0q, x1, . . . , xn´1, pVn´1, V̂n´1qq P

S and V̂p “ tV̂n : px0, pV0, V̂0q, x1, . . . , pVn´1, V̂n´1q, xn, pVn, V̂nqq P Su. The first thing to
note is the obvious fact that V̂p “ Up.

We begin showing that X X V̂n´1 Ă
Ť

V PV̂p
V . If x P X X V̂n´1 then by the

previous discussion let the set Op^x be as in our construction. Thus, x P Op^x and
Op^x P Op^x Ă Op, so

x P
ď

OPOp

O “
ď

UPUp

U “
ď

V PV̂p

V .
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This shows that x P
Ť

V PV̂p
V .

The fact that every V̂n P V̂p satisfies that diampV̂nq ă 2´n comes from V̂p “ Up and
the fact that every element of Up has its diameter less than 2´n.

If x̂ P X̂, it follows from our construction that the set tU P Up : x̂ P Uu is finite.
And since for each U , there exists a unique x P V̂n´1 XX such that p^ px, pVp^x, Uqq P S,
we conclude that there are at most finitely many pxn, pVn, V̂nqq with

px0, pV0, V̂0q, x1, . . . , pVn´1, V̂n´1q, xn, pVn, V̂nqq P S

and x̂ P V̂n.
(b) Let Zn “ tV̂n : px0, pV0, V̂0q, x1, . . . , xn, pVn, V̂nqq P Su and Wn “

Ť

V̂nPZn
V̂n.

Since each V̂n is open in X̂, Wn is also open in X̂. We will prove by induction that
X Ă Wn for each n P N.

For the case n “ 0, let p “ ∅; then, V̂p “ tV̂0 : px0, pV0, V̂0qq P Su. It follows from
item (a) that X X V̂´1 Ă

Ť

V PV̂p
V , but then X “ X X V̂´1, so

X Ă
ď

V PV̂p

V “ W0

Now, assume that X P Wm for every m ď n. Let x P X and note that since X Ă Wn,
there exist V̂n such that x P V̂n, and a sequence px0, . . . , xn, pVn, V̂nqq P S, label it by p.
By the construction of S, it follows that X X V̂n Ă

Ť

V PV̂p
V Ă Wn`1, and so x P Wn`1.

This proves that X Ă Wn`1.
So, X Ă Wn for every n P N, that is, X Ă

Ş

nWn.
(c) We claim that X “

Ş

nWn. Namely, let x̂ P
Ş

nWn and let Sx̂ be the subtree
of S consisting of all initial segments of the sequences px0, pV0, V̂0q, x1, . . . , xn, pVn, V̂nqq P S
for which x̂ P V̂n. Since x̂ P Wn for every n P N, there exists px0, pV0, V̂0q, x1, . . . , xn, pVn, V̂nqq P

S for which x̂ P V̂n for every n P N. Hence, Sx̂ is infinite.
For each p “ px0, pV0, V̂0q, x1, . . . , xn´1, pVn´1, V̂n´1qq P S it follows from item (a)

that there exist at most finitely many pxn, pVn, V̂nqq with p ^ pxn, pVn, V̂nqq P S and x̂ P

V̂n. This proves that Sx̂ is finite splitting, and so by König’s Lemma, we conclude that
rSx̂s ‰ ∅.

Now, let q “ px0, pV0, V̂0q, . . . q P rSx̂s. Item (a) implies that ppx0, Xq, V0, px1, V̂0 X

Xq . . . q is compatible with σ. Since σ is a winning strategy for player II, we conclude
that

Ş

npV̂n X Xq ‰ ∅.
On the other hand, x̂ P V̂n for every n P N and diampV̂nq ă 2´n, so

Ş

n V̂n “ tx̂u

and
X X tx̂u “ X X

č

n

V̂n “
č

n

pX X V̂nq ‰ ∅ .

This shows that x̂ P X, and so X “
Ş

nWn. Since every Wn is an open subset of
X̂ it follows that X is Gδ subset of X̂.

■

Corollary B.8. A nonempty, second countable topological space is Polish if, and only if,
it is T1, regular and strong Choquet.
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Proof. (a) Suppose that Y is a second countable Polish space. In particular, Y is a second
countable and metrizable space, so by Urysohn Metrization Theorem (see Chapter 0)
it follows that Y is T1 and regular. Another thing to note is that we can let Y be
simultaneously X and X̂ in the previously theorem. In particular, since Y is Polish, we
conclude that Y is strong Choquet.

(b) Suppose that Y is a second countable, T1, regular and strong Choquet space.
It follows from Urysohn Metrization Theorem that Y is metrizable. We know that we
can find a complete metrizable space Ŷ in which Y is dense, and since Y is separable and
dense, Ŷ is also. Since Y is strong Choquet, it follows from Theorem B.7 that Y is Polish.

■
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C. Wold’s decomposition

Wold’s Decomposition. Let H be a Hilbert space and let V : H ÝÑ H be an isometry.
Then, there exist K1, K2, V -invariant subspaces of H, such that

H “ K1 ‘ K2 ,

where V
ˇ

ˇ

K1
is unitary and V

ˇ

ˇ

K2
is the right shift in K2 (i.e., there exists a Hilbert space

K such that K2 –U

À

iě0K and V is a right shift on this space).

Proof. (a) Let H be a Hilbert Space and let V be an isometry in H. We first note that
V mpHq is closed for every m P N. Namely, let pV mpxnqqnPN and y P H be such that
limn V

mpxnq “ y. Since pV mpxnqqnPN converges in H, it is a Cauchy sequence. Now, given
that ||V mpxn ´ xkq|| “ ||xn ´ xk|| we conclude that pxnqnPN is also a Cauchy sequence; let
x be its limit. It follows from the continuity of V that V mx “ y. Then y P V mpHq, and
V mpHq is closed.

(b) Let, for each i P N, Hi “ V ipHq. Thus,

H “ H0 Ą H1 Ą H2 Ą ¨ ¨ ¨

Now, we use the fact that Hi is closed in H, and consequently in Hi´1, to define Mi “

Hi a Hi`1 for each i P N.
Now we claim that

(C.1) H “

´

č

iě0

Hi

¯

‘

´ inn
à

iě0

Mi

¯

from this, it suffices to set K1 “
Ş

iě0Hi and K2 “
Àinn

iě0Mi, and we are done.
First of all, let us show that these spaces are well defined. If h1, h2 P

Ş

iě0Hi and
α P C, then for each i P N h1, h2 P Hi. So, for each i P N, αh1 `h2 P Hi, and consequently
αh1 ` h2 P

Ş

iě0Hi. Then, this intersection is a vector subspace and in particular isn’t
empty.

In order to prove that
Àinn

iě0Mi is well defined we need to show that for each
i, j P N such that i ‰ j, Mi K Mj. Without loss of generality, assume j ą i. Since
Mj Ă Hj Ă Hi`1 and Mi “ Hi a Hi`1 it follows that Mi K Mj and we are done.

(c) Let us see prove relation (C.1). Let x P H. Since H “ H0 “ H1 ‘ M0 there
exist h1 P H1 and m0 P M0 such that x “ h1 ` m0. If h1 P

Ş

iě0Hi we are done, given
that Mj Ă

Àinn
iě0Mi for every j P N. Otherwise, since H1 “ H2 ‘M1, there exist h2 P H2

and m1 P M1 such that h1 “ h2 ` m1 for some . Now, x “ h2 `
ř1

i“0mi. Again, if
h2 P

Ş

iě0Hi we are done, otherwise we continue.
Suppose that this process never ends. Then for each n P N it follows that x “
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hn `
řn´1

i“0 mi, hn “ hn`1 `mn, where hi P Hi and mi P Mi for each i P N. If we can prove
that the sequence phnqnPN converges to some h P

Ş

iě0Hi we are done; namely, taking the
limit in both sides of x “ hn `

řn´1
i“0 mi, we get

x “ h `

8
ÿ

i“0

mi

The series
ř8

i“0mi converges, given that for each n P N

n
ÿ

i“0

||mi||
2

ď ||x||
2

(and so the sequence of partial sums is bounded and monotone). Moreover, it follows
from the fact that Mi K Mj, for every i ‰ j, that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

i“0

mi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

8
ÿ

i“0

||mi||
2

ă 8 .

So, let us prove that the sequence phnqn converges. If m ě n (without loss of
generality), then

||hm ´ hn||
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
hm ´

´

hm `

m´1
ÿ

i“n

mi

¯
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

m´1
ÿ

i“n

mi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

m´1
ÿ

i“n

||mi||
2 n,mÑ8

ÝÝÝÝÝÑ 0 ,

proving that this sequence is a Cauchy sequence and so it converges in H to some h. It
remains to show that h P

Ş

Hi. Let i P N, then for each n ě i, hn P Hn Ă Hi, and since
Hi is closed it follows that limn hn “ h P Hi. Hence, h P

Ş

iě0Hi.

Let x P

´

Ş

iě0Hi

¯

X

´

Àinn
iě0Mi

¯

. We can write x “
ř

iě0mi, with mi P Mi for
every i P N. Note that x P Hi for every I P N. In particular, xx,miy “ 0 and then

||x||
2

“ xx,
ÿ

iě0

miy “
ÿ

iě0

xx,miy “ 0 .

Then x “ 0, and so
´

Ş

iě0Hi

¯

K

´

Àinn
iě0Mi

¯

.

(d) Our next step consisting in showing that these spaces are both V -invariant. For
each h P

Ş

iě0Hiand each n P N there exists zn P H such that V nzn “ h. In particular, for
each n P N we have that V n`1zn “ V h, and then for each n P N, it is true that V h P Hn.
Hence, V h P

Ş

iě0Hi. This shows that
Ş

iě0Hi is V -invariant.

Now, let x “
ř

nPNmi P
Àinn

iě0Mi, with mi P Mi, so V x “
ř

nPN V mi. We will
show that V mi P Mi`1. Since mi P Mi “ Hi aHi´1, it follows that V mi P V pHiq “ Hi`1,
and so it remains to show that for every y P Hi, xV mi, yy “ 0. Let y P Hi, so there exists
y0 P Hi´1 such that y “ V y0,and then

xV mi, yy “ xV mi, V y0y “ xmi, y0y “ 0

(here we are using the fact that mi P Hi a Hi´1). Then, V mi P Mi`1 and we conclude
that V x P

Àinn
iě0Mi.
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(e) We know that V is an isometry in H; in particular, it is a isometry when we
restrict to V : K1 Ñ K1. In order to prove the surjectivity, let x P K1 and note that
x P Hi for every i ě 0. Then, for each i ě 0 there exists yi P H such that V iyi “ x; in
particular, V y1 “ x. We will prove that y1 P K1. Let i ě 0 and note that

||y1 ´ V iyi`1|| “ ||V y1 ´ V i`1yi`1|| “ ||x ´ x|| “ 0 ;

then, V iyi`1 “ y1, and since i is arbitrary, we conclude that y1 P K1. This proves that V
is unitary in K1.

(f) Write K2 –U

À

iě0Mi. We have proved that V pMiq Ă Mi`1 and with this it
follows that

V pm0,m1,m2, . . . q “ p0, V m0, V m1, V m2, . . . q

Note now that Mi “ V ipH a V pHqq. Namely, let x P Mi, so x P Hi and x K Hi`1. Since
x P Hi there exists y P H such that x “ V ipyq. We claim that x P V ipH a V pHqq. Let
V h P V pHq, since V is an isometry, it follows that

xy, V hy “ xV y, V 2hy “ ¨ ¨ ¨ “ xV i
pyq, V i`1

phqy “ xx, V i`1
phqy “ 0 ,

so y P H a V pHq and then x P V ipH a V pHqq.
On the other hand, if x P V ipH a V pHqq, then there exists y P H a V pHq such

that V ipyq “ x. Obviously, x P Hi by definition. Moreover, if V i`1h P Hi`1, then

xx, V i`1
phqy “ xV i

pyq, V i`1
phqy “ ¨ ¨ ¨ “ xy, V hy “ 0 ,

so x P Hi a Hi`1, from which that Mi “ V ipH a V pHqq.
Recall that V is an isometry, so for each i P N,

dimM0 “ dimH a V pHq “ dimV i
pH a V pHqq “ dimMi .

Hence, M0 –U Mi for every i P N. By setting K “ M0, we can write

K2 –U

à

iě0

Mi –U

à

iě0

K

and V is the right shift over
À

iě0K. This concludes the proof.
■
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