UNIVERSIDADE FEDERAL DE MINAS GERAIS
Instituto de Ciéncias Exatas
Programa de Pés-graduagao em Matematica

André Abreu Mendanha

Typical properties of contractive operators on separable Hilbert spaces

Belo Horizonte
2023



André Abreu Mendanha

Typical properties of contractive operators on separable Hilbert spaces

Dissertagao apresentada ao Programa de
Pos-Graduagao em Mateméatica da Universi-
dade Federal de Minas Gerais, como requi-
sito parcial a obtencao do titulo de Mestre
em Matematica.

Orientador: Silas Luiz de Carvalho

Belo Horizonte
2023



2023, André Abreu Mendanha.
Todos os direitos reservados

C537t

Mendanha, André Abreu.

Typical properties of contractive operators on separable
Hilbert spaces [recurso eletrdnico] / André Abreu Mendanha
- 2023.

104 1. il.

Orientador: Silas Luiz de Carvalho.

Dissertagcao (mestrado) - Universidade Federal de Minas
Gerais, Instituto de Ciéncias Exatas, Departamento de
Matematica.

Referéncias: f.87-88.

1. Matematica — Teses. 2. Analise Funcional - Teses.
3. Teoria espectral (Matematica) — Teses. 4. Hilbert, Espaco
de — Teses. |. Carvalho, Silas Luiz de. Il. Universidade
Federal de Minas Gerais, Instituto de Ciéncias Exatas,
Departamento de Matematica. Ill. Titulo.

CDU 51(043)

Ficha catalografica elaborada pela bibliotecaria Irenquer Vismeg Lucas Cruz

CRB 6/819 - Universidade Federal de Minas Gerais — ICEx




Universidade Federal de Minas Gerais
Departamento de Matematica
Programa de Pés-Graduacao em Matematica

FOLHA DE APROVACAO

Typical properties of contractive operators on
separable Hilbert spaces

ANDRE ABREU MENDANHA

Dissertagdo defendida e aprovada pela banca examinadora constituida por:

Prof. Silas Luiz de Ca
UFMG

Doc

“b CESAR ROGERIO DE OLIVEIRA
g Data: 04/08/2023 13:37:20-0300

Verifique em https://validar.iti.gov.br

Prof. César Rogério de Oliveira
UFSCar

Doc assinado digi

“b MARCOS DA SILVA MONTENEGRO
g Data: 04/08/2023 14:01:09-0300

Verifique em https://validar.iti.gov.br

Prof. Marcos da Silva Montenegro
UFMG

Belo Horizonte, 04 de agosto de 2023.

Av. Anténio Carlos, 6627 — Campus Pampulha - Caixa Postal: 702
CEP-31270-901 - Belo Horizonte — Minas Gerais - Fone (31) 3409-5963
e-mail: pgmat@mat.ufmg.br - home page: http://www.mat.ufmg.br/pgmat




Dedicado a Domingos e Débora,
os maravilhosos pais que Deus colocou em
minha vida.

O matematico que sou nao existiria sem
VOCes.



AGRADECIMENTOS

Comeco agradecendo a Deus, acima de todas as coisas foi Ele quem me capacitou
e abriu as portas para que eu fosse a pessoa e o profissional que sou hoje. Assim como
todas as coisas que faco, o fim principal dos meus estudos é a doxologia. Olhando pra
tras, e pra tudo ao redor dessa dissertacao, as palavras que saem de mim certamente sao
de louvor. Obrigado Deus.

Mais uma vez agradego & meus pais, Domingos Savio Mendanha e Débora Gomes
de Abreu Mendanha, ambos viram o pior de mim na jornada da escrita da dissertacao.
Ambos tiveram paciéncia e me apoiaram todo o tempo, nao tenho palavras pra agradecer
tudo que ja fizeram e ainda fazem por mim.

Para minha namorada, Luisa Satyro, prometo correr atras dos dias em que sumi
para escrever e estudar. Obrigado por ter suportado pacientemente, te amo. Junto
também agradeco a familia dela, Seu Luiz, Dona Andrea e Igor Satyro, vocés fazem meus
fins de semana serem mais leves.

Agradeco & meus amigos: Mateus Paz, Julia Manuela, Nei Marques, Plinnio Nasci-
mento, Lucas Gomes, Breno Augusto, Anna Clara Viana, Carlos Eduardo dos Santos,
Mariana Victoria e Isadora Rodrigues. A forca que todos vocés ja me deram certamente
nunca conseguirei expressar em palavras. Além disso, nao sei como encontraram um
amigo numa pessoa tao sumida quanto eu, e exatamente por isso agradeco tanto.

Ao meu orientador, Silas Luiz de Carvalho, fica 0 meu mais sincero obrigado. Suas
correcoes e sua disposicao em se aventurar comigo em um dos estudos mais densos e
macabros que ja vi foram inestiméveis. Guardarei sempre com gratidao nossas reunioes,
conversas e os incriveis cafés que ja passou.

Agradego a meus colegas de jornada na Matematica que de alguma forma tem um
dedo nesse trabalho: Bryant Rosado, Cyro Barros, Estevao Ferraz, Frederico Marinho,
Frederico Cangado, Matheus Resende, Mesek Felipe e Vinicius Pinheiro. Agradego pelas
varias discussoes ao longo dos anos e pelo muito que ja me ensinaram. Em especial, fica
meu agradecimento em dobro ao Bryant - também conhecido como mago do Tikz - sua
ajuda para plotar as arvores contidas no Apéndice B foi inestimavel.

Agradego também ao CNP(q pelo aporte financeiro, sem tal ajuda nao estaria nem
perto de onde estou.

Por fim, tenho plena certeza que as pessoas citadas acima sao manifestagoes do
Deus Trino em minha vida. Por isso agradeco novamente a Ele.



RESUMO

Este é um trabalho focado em Analise Funcional, mais precisamente na compreensao das
propriedades tipicas de operadores contrativos em diferentes topologias. Estudamos o es-
pago de contra¢oes C'(H) em um espaco de Hilbert separével H e nosso principal objetivo
é discutir a existéncia de uma o6rbita unitaria tipica de um operador e suas propriedades
espectrais tipicas. Como as propriedades tipicas dependem da topologia que escolhe-
mos para C'(H) discutimos os problemas mencionados anteriormente em cinco topologias
diferentes: a topologia fraca, a topologia polinomial fraca, a topologia forte, a topologia
forte-estrela e a topologia da norma. Vimos que essas topologias nao necessariamente
possuem as mesmas propriedades; na topologia fraca, na topologia polinomial fraca e na
topologia forte-estrela, encontramos que duas contragoes tipicas nao sao equivalentes uni-
tariamente. No entanto, na topologia forte, todas as contragoes tipicas sao equivalentes
unitariamente a um operador shift. Na topologia da norma, investigamos quao dificil é
obter resultados semelhantes aos anteriores.

Palavras-chave: analise funcional; propriedades espectrais; contracoes; propriedades tipi-
cas



ABSTRACT

This work is focused in Functional Analysis, more precisely in understanding the typical
properties of contractive operators in different topologies. We study the space of contrac-
tions C'(H) in a separable Hilbert space H and our main goal is to discuss the existence
of a typical unitary orbit of an operator and its typical spectral properties. Since typical
properties depend on which topology we put on C'(H), we discuss the previously stated
problems in five different topologies, the weak topology, the polynomial weak topology,
the strong topology, the strong-star topology and the norm topology. We find that these
topologies non-necessarily have the same properties, in weak topology, polynomial weak
topology and strong-star topology we find that two typical contractions are not unitarly
equivalent. However, in the strong topology all of the typical contractions are unitarly
equivalent to a shift. In the norm topology we investigate how difficult is to obtain similar
results in this topology.

Keywords: functional analysis; spectral properties; contractions; typical properties
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INTRODUCTION

This work is focused in Functional Analysis, more precisely in understanding the
typical properties of contractive operators in different topologies. Many studies that
focused on the typical behavior have been done over the years, the main one studied in
this text, i.e., [6], the classical result which states that in (C[0, 1], ]| - ||s) the continuous
nowhere differentiable functions are typical (see [17]), the Wonderland Theorem proved
by Barry Simon (see |[19]), which states that in every regular metric space of operators X
an typical operator has only singular continuous spectrum, are examples of results in the
so-called “soft-analysis”.

As mentioned before, here we study in details the main results of [6] and when
necessary we use other articles in order to prove the necessary results.

We study the space of contractions C'(H) in a separable Hilbert space H, i.e., the
space of operators H — H with norm less or equal 1, and our main goal is discuss the
existence of a typical unitary orbit of an operator and its typical spectral properties. One
careful person could note that typical properties depend on which topology we put on
C(H), so study these problems in different topologies is a natural thing. In our studies,
we discuss the previously stated problems in five different topologies.

We expect that the reader is familiar with the standard theory of Linear Algebra (a
good reference is [3]), Topology (a good reference is [13]) and Functional Analysis (good
references are [2] and [17]). Another important theory for understanding some proofs
is the theory of spectral measures and Borel Functional Calculus (a good reference is
[16]), however it is possible to read and understand mostly of the theorems without this
knowledge.

Chapter 0 recalls some definitions and results that are needed along the text. If you
feel comfortable with meager sets, G sets, analytic sets, Polish Spaces, the Baire property,
Baire Category Theorem and the Spectral Theorem, you can proceed to Chapter 1.

In Chapter 1 we define the main objects that will be studied here and summarize
some of the general properties of the topologies. We also prove some results that involve
more than one topology at same time.

In Chapter 2 we investigate the main properties of the weak topology and after
that we study the typical properties of contractions with this topology. Some of the main
results include: every weak typical contraction is unitary; the continuous spectrum of a
weak typical contraction is all {\ € C : |\| = 1} and, both, point spectrum and residual
spectrum of a typical contraction is empty; two weak typical contractions are not unitarly
equivalent.

In Chapter 3 we investigate the polynomial weak topology and after that we study
the typical properties of contractions with this topology. Some of the main results include:
C'(H) with the polynomial weak topology is a Polish space; the theory of polynomial weak
typical contractions are exactly the theory of weak typical contractions.
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In Chapter 4 we investigate the strong topology and after that we study the typical
properties of contractions with this topology. Some of the main results include: all of the
strong typical contractions are unitarly equivalent to a shift; in consequence the point
spectrum of strong typical operators is the set {\ € C : |A\| < 1}; the continuous spectrum
is {A\ € C: |\| = 1} and the residual spectrum is empty.

In Chapter 5 we investigate the strong-star topology and after that we study the
typical properties of contractions with this topology. Some of the main results include:
strong-star typical contractions are the product of a unitary operator and a positive con-
tractive operator with dense range; two strong-star typical contractions are not unitarly
equivalent.

In Chapter 6 we investigate the norm topology and how difficult is to obtain similar
results in this topology.

About the reading order, readers interested in a specific topology can go directly
to the chapter about it after reading Chapter 1. However, we recommend the reader to
read the main results of Chapter 2 before a deep dive into Chapter 3.

Regarding the proofs, a curious reader will note that most of the them are labelled
with letters. These letters are just to make the reading more pleasurable, a point to a
little pause to drink a coffee if you want to.
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0. PRELIMINARIES

This chapter is a tool box which summarizes some definitions and theorems that
are used along the text. Basically, here we recall some important definitions and theorems
indicating a reference for non-familiar readers.

Definition 0.1. A subset of a topological space X is called

1. meager in X if it can be written as a countable union of nowhere dense sets, i.e., a
countable union of sets that it closure has empty interior.

2. non-meager in X if it is not meager in X.

3. co-meager in X if it is the complement of a meager set in X.
Theorem 0.2. (see [20]) If U < A is meager and V' < B, then U xV < A x B is meager.

Theorem 0.3. (see [13]) f AcY < X and A is meager in' Y, then A is meager in X.

It is a well-know result that if Y is dense or open, the converse of Theorem 0.3
follows.

Definition 0.4. A Baire space is any topological space satisfying any of the following
statements (all of them are equivalent):

1. Every countable intersection of dense open sets is dense.
. Bvery countable union of closed sets with empty interior has empty interior.

. Fvery meager set has empty interior.

2
3
4. Every nonempty open set is non-meager.
5. Fvery co-meager set is dense.

6

. Whenever a countable union of closed sets has an interior point, at least one of the
closed sets has an interior point.

An interesting fact about Baire spaces is that the notion of co-meager and meager
sets are mutually excludent, i.e., a set cannot be meager and co-meager at the same time.
Namely, if some set A is meager and co-meager in a Baire space X, we have that A® is
also meager, and so A U A® = X is meager. Therefore X has empty interior which is an
absurd. With this in mind, we can understand meager sets as “small sets” and co-meagers
sets as “large sets”.

Remember that the Baire Theorem guarantees that any complete metric space is
a Baire space (see Chapter 6 of |[17]). Since our focus here is on Hilbert spaces which are
complete metric spaces, we are in fact investigating some properties over Baire spaces.
We point out here that we will say that a metric is complete if the space endowed with
this metric is complete.
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Definition 0.5. A Polish space is a separable completely metrizable space.

Naturally Polish spaces are Baire spaces too.

The next result characterizes metric spaces out of topological spaces:

Urysohn Metrization Theorem. (see [13]) Let X be a second countable topological
space. Then X is metrizable if and only if is Ty and reqular.

Recall that:

Definition 0.6. A topological space X is called

e second countable if there exists a countable collection U of open subsets of X such
that any open subset of X can be written as the union of elements of some subfamily
of U. U is called a countable base of X ;

o T if for every pair of distinct points, each one has a neighborhood not containing
the other point;

e reqular if given any closed set F' and any point x that does not belong to F', there
exists a neighbourhood U of x and a neighbourhood V' of F' that are disjoint.

In the appendix B we also present a characterization of Polish spaces.

Definition 0.7. A subset A < X of a topological space X is said to have the Baire
property (or BP) if there exist an open set U < X such that AAU is a meager subset of
X. Here, \ denotes the symmetric difference. (Sometimes, sets with the Baire property
are called almost open sets).

Another important class of sets are the analytic sets.

Definition 0.8. Let A be a subset of X a Polish space. A is called an analytic set if there
exists a Polish space Y and a continuous function f:Y — X such that f(Y) = A.

There exists a useful result, usually attributed to Luzin and Sierpinski, which
guarantees that every analytic set has the BP. We will write it down because of its
usefulness, however, even if it isn’t a standard result, we will not provide its proof. It
involves a lot of descriptive set theory, which isn’t the scope of this work (see [12] for the
details).

Theorem 0.9. Fvery analytic set has the BP.

Definition 0.10. A set in a Topological Space is called G if it is an countable intersection
of open sets.

As was said before, in Appendix B we present a characterization of Polish spaces.
However, there exists a simple and useful characterization of Polish subspaces of Polish
spaces.

Theorem 0.11. (see [12]) A subspace of a Polish space is Polish if and only if it is a Gy.

We also have a useful tool to characterize co-meager sets after Gy sets. Since we
didn’t find any reference with a proof of such characterization we present one below.
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Theorem 0.12. Let X be a topological space. If Y is a dense Gs subset of X thenY is
co-meager.

Proof. Write Y = () .y Un, where each U, is a open set. In order to prove that Y is co-
meager it suffices show that each US is a nowhere dense set, i.e., that int (CL(US)) = @.

Note that CL(UY) = UY, since U, is open. Moreover, since U, is dense it follows
that int (CL(US)) = @.

An important notion to keep in mind is the following:

Theorem 0.13. Let X be a topological space and C' be the class of all pairs of the form
(x,y) where x is a net in X and y is an element of X. For any subset U with y € U, we
say that a net x converges to y with respect to U if x is eventually in U. We denote this
by v -y y. Let

T={Uc X|(z,y) e C andy e U imply x —y y}.
Then T is a topology on X and its called the topology induced by this notion of convergence.

Proof. Obviously z —x y for any pair (x,y) € C and x —4 y is vacuously true. Then
g, XeT.

Let U,V € T, we will show that U nV € T. Let ye U n'V and (z,y) € C, since
x is eventually in U and V' there are 7, 7 such that x, € U and z, € V for all r > i and
s = j. Since zx is defined in a directed set there is a k such that k > 4, 5. It is clear that
xy € U NV for every t = k. We conclude that U n'V e T.

Let U, € T for every a € I, where [ is an index set. We want to show that
Uuer Ua € T, so we pick y € | J,o; Us € T and any (x,y) € C. Using definition there exist
an a such that y € U,, x is eventually in U, < | J.; Us. We conclude that z is eventually
in | J,.; Us and so | J,.; Us € T. Hence, T is a topology.

|

Definition 0.14. Let A be the Borel o-algebra in R, H be a Hilbert space and let Proj(H)
be the set of orthogonal projection operators on H. A (spectral) resolution of the identity
on H s a map

P: A — Proj(H)
so that
1. PR) =1, and
2. If A = UjeN Aj, with Aj € A and are pairwise disjoint for each j € N, then one has

the strong limit

P(A) = s-lim Zn: P(A))

Using this notion of resolution of the identity we can define a notion of integral
which results in a linear operator (as discussed in [16]). The principal result of this theory
to our studies is the following.
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Theorem 0.15. (see [16]) To each self-adjoint operator T : domT < H — H corresponds
a unique resolution of the identity PT on H, so that

T = f tdPT (1)
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1. GENERAL DEFINITIONS AND RESULTS

In what follows always let H be a Hilbert separable space. We know that, under
this assumption, the space admits an orthonormal basis.

We will use the standard notation (:,-) for the inner product in H. If U < H,
span{U} will denotes the linear subspace of H generated by U, and Ut := {z € H :
(x,uy = 0 Yu € U}. If UV < H, then U L V indicates that (u,v) = 0 for each
ueUve V.V < H denotes that V is a linear subspace of H.

Let X be a Baire space and let ® be a property on the points of X. ® is called a
typical property on X, or that a typical element of X satisfies ®, if {z € X | x satisfies ®}
is a co-meager subset of X. Note that if {®,},en is a collection of typical properties on
X, then a typical element of X satisfies all of the ®,, properties simultaneously.

If V < H, we denote the orthogonal projection onto V' by Py. Furthermore, let
By ={veV ||| <1} and Sy ={veV ||| =1}.

Set for each T' € B(H) it unitary orbit O(T) := {UTU ' : U € U(H)} and denote
the adjoint of T by T*. The spectrum of 7" is denoted by o(T'), its point spectrum by

o,(T), its continuous spectrum by o.(7") and its residual spectrum by o,.(7"). The resolvent
of T is denoted by p(T'). (See [17] for details).

Definition 1.1. Let B(H), C(H), U(H) and P(H) denote the sets of bounded, contrac-
tive, unitary and contractive positive self-adjoint linear H — H operators respectively.

Definition 1.2. Let T, T, € B(H) with a € A, where A is any directed set.

1. We say that {T,}aen converges to T weakly if for every xz,y € H, lim(T,z,y) =
(Tx,y). We denote this by T = w-lim,, T,,, and the topology induced by this notion of
convergence is called the weak topology. Topological notions referring to this topology
are preceded by w-.

2. We say that {Ty}acn converges to T weakly polynomially if for every k € N, w-lim, T*
T*. We denote this by T = pw-lim, T, and the topology induced by this notion of
convergence s called the polynomial weak topology. Topological notions referring to
this topology are preceded by pw-.

3. We say that {T,}aen converges to T strongly if for every x € H, lim, To,x = Tx.
We denote this by T = s-lim, T, and the topology induced by this notion of con-
vergence is called the strong topology. Topological notions referring to this topology
are preceded by s-.

4. We say that {T,}aen converges to T in the strong-star sense, if T = s-lim, T,, and
T* = s-lim, T. We denote this by T' = s*-lim, T, and the topology induced by this
notion of convergence is called the strong-star topology. Topological notions referring
to this topology are preceded by s*-.
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The obvious observation is that w < pw < s < s*.

The next result helps us to understand some properties of the topologies defined
above. The proof of each statement will be presented in the Chapter of the respetive
topology.

Theorem 1.3. Let {e; : i € N\{0}} < By be a dense subset.
1. For every A,B e B(H), set

do(A,B) = Y, 277K Aesep) —(Beise;)]
1,7€N\{0}

Then, d,, is a complete separable metric on C(H) which generates the weak topology.

2. For every A, B € B(H), set
dpw(A,B) = Y, 277" A, €50 — (Bei, e5)
i,j,;neN\{0}

Then, dy, is is a complete separable metric on C(H) which generates the polynomial
weak topology.

3. For every A, B € B(H), set

di(A,B) = > 27||Ae; — Be,]]
1€N\{0}

Then, ds is a complete separable metric on C(H ) which generates the strong topology.

4. The strong-star topology in C(H) is generated by the metric dg« (A, B) = ds(A, B) +
ds(A*, B*), and this metric is complete.

We observe that Theorem 1.3 presents a characterization of these topologies by
sequences.

Theorem 1.4. The weak, polynomial weak, strong, and strong-star topologies coincide
over U(H). Moreover, U(H) is a Polish space when endowed with such topologies.

Proof. As noted before one has w < pw < s < s* over B(H). We will show that s ¢ w
and s* C s.

Let us start proving that the strong-star limit of a net (U, )aer < U(H), say U, is
also unitary. To see this, note that

|Uz|| = [lim Upz|| = lim ||Ugz|| = lim [|z[| = ||z
U] = [[lim Ugz|| = lim [JUZz]| = lim ||| = [|2]
given that for each o € A and each x € H we have ||Uyz|| = ||UZ¥x|| = ||z||. So, both

U,U* are isometries, from which follows that U is unitary.

Let (Uy)aen be a net such that s-lim U, = U for some U € U(H). We will show
that s*-limU, = U. Thus, fix x € H, U € U(H) and note that the only thing we need to
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prove is that s-lim U = U*. So,

Uz — U*a|* = |[U3=]]* + [|U2]]* — 2Re(Uw, Ux)
= 2||z||* - 2Re(Uw, U*z)

Then, since w-1limU, = U, we get Uz, U*x) = {x, U, U*x) — {(x,UU*z) = (x,z) =
||z|[* and so

Uz — U*z|[* - 2||2[]* — 2Re|[2]|* = 0
Therefore, s* < s.

Now, let (Uy)aen be a net such that w-lim U, = U for some U € U(H). We will
show that s-1imU, = U. Fix x € H, U € U(H), and note that

Uy — Uz||* = (Upw, Upz) + (U, Uy — 2Re{Uqz, Ux)
= 2z, z) — 2Re(Uyz, Ux)

Then, since w-lim U, = U we have lim{(U,z,Ux) = (Uz,Ux) = {(x,x) and so

lim ||Uyr — Uz||? = lim(2(z, z) — 2 Re(U,z, Ux))
= 2z,x) —2Relz,2) =0

This shows that s-limU, = U, and so s € w. We conclude now that w = s = s*, and
since w < pw < s < s* it follows that w = pw = s = s* in U(H).

[t remains to prove that U(H) is Polish. By Theorem 1.2 (C'(H), s*) is a complete
metric space and so, by the fact that U(H) is s*-closed in C'(H) we conclude that U(H) is
a complete metric space. Using again Theorem 1.2, (C'(H), s) is a separable metric space,
so U(H) c C(H) is separable. Hence, U(H) is a separable complete metric space, i.e., a
Polish space.

An interesting phenomenon is that unitary equivalence of Hilbert spaces preserves
the convergences with respect to each one of these topologies:

Theorem 1.5. Suppose that H =y K (i.e., H and K unitarily equivalent), let : H — K
be a unitary operator, let (A,), < C(H) and Ae C(H). Then

1. if w-lim A, = A then w-limy A, = pAp~L;
2. if pw-lim A,, = A then pw-lim Y A,p~" = AP~
3. if s-lim A,, = A then s-lim YA~ = A1,

4. if s*-lim A,, = A then s*-lim A, = P Ayp~L.

Proof. (1) Fix z,y € K, then
W(An = AW a, )k = (A = A~ e, 0™y =0

and so w-lim A=t = AL,
(2) If pw-lim A,, = A, then w-lim A* = A for every k € N. By using item (1), we
obtain w-limA¥y~1 = 1 A¥)~1 for every k € N. And for each k € N we also note that

(YA = AT AT AT = p AR
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Analogously we have (Ayp—1)k = ¢pAkyp~1 for each k € N. Therefore pw-lim A, ! =
YA~
(3) Fix z € K. Then

[(An = Al = [[(An — Ay~ 2|y === 0

and so s-lim YA, =1 = Ayp~1L.
(4) If s*-lim A,, = A then s-lim 4,, = A and s-lim A} = A*. By using item (3), we
obtain s-lim A, ~! = A~ and s-limp A*yp~! = 1p A*¢p~!. Moreover, we note that
wa_l)* _ W—l)*A*Qﬂ* _ ¢A*¢_1

and so (YA, 1)* = Y A*¢p~! by the same argument. Thus, s*-lim ¢ A, = Ay~
[ |
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2. THE WEAK TOPOLOGY

2.1 Understanding the topology

Recall that we have defined the weak topology by using nets, i.e., we have defined
the topology induced by the convergence of nets. This is natural by considering the results
discussed here, but in order to write some of the following proofs we will need a description
in terms of open sets.

Definition 2.1. Define the WOT topology (Weak Operator Topology) in B(H) by the
coarsest topology for which the map fp, : T — (Tx,y) is continuous for every x,y € H.
In other words, the WOT topology is the topology generated by the sub-basis consisting of
the elements

foy(B(Tz,2)) ={Ae B(H) : [{(A-T)z,y)| < e}
where x,y € H, ¢ >0 and T € B(H).

The next result shows that this topology coincides with the weak topology previ-
ously defined.

Theorem 2.2. A net (Ty)aen  B(H) converges to a T € B(H) in the WOT topology if,
and only if, w-limT, =T

Proof. (a) Let (T,)aea = B(H) be a net converging to T' € B(H) in the WOT topology.
Fix z,y € H and note that for every ¢ > 0, theset V. = {Ae B(H) : {(A—T)z,y)| < ¢}
is a neighborhood of 7" in the WOT topology. By using the convergence of (T,),, we
conclude that there exists § € A such that for every o > 3, T, € V.. With this, if « > [,
then

(To =Tz, y)| <e
and since x,y € H are arbitrary we conclude that w-1im 7T, = T

(b) Let (Tn)aen © B(H) be a net such that w-1im 7, = T'. Pick a neighborhood
V of T in the WOT topology. We can assume that

V= ﬂ{A € B(H) : [((A—=T)a;,ys)| < €}

for some k € N, and z;,y; € H for all 1 < k.
Since w-1im T, = T for all ¢+ < k, there exists I'; € A such that for all a > T;

(T = T)ws,ys)| < e

Let I' € A be such that I' > I'; for every i < k, so if @« > I for all i« < k, then
(T, — T)ai, y)| < e. In particular, T, € (\_{A € B(H) : [((A—T)x;,y)| <e}. This
concludes the proof.
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Now we are able to prove the metrizability of this topology in C'(H), as stated in
Theorem 1.3.

Theorem 2.3. Let {e; : i > 1} < H be a dense subset of By. Then,

do(A,B) = ), 277K Aesep) —(Beiep)l

1,7€EN\{0}
is a complete separable metric on C(H) which generates the weak topology.

Proof. (a) We start proving that d,(A, B) is indeed a metric. Define

[Allw = D, 2777 (Ae;, e
i, jeN{0}
and note that ||A — Bl|, = d(A, B), so it is sufficient to show that || - ||,, is a norm.
e Note that

1Al = D) 277 KAenepl < Y, 277(All- el - llesl

i,7eN\{0} i,7eN\{0}

=llAl >, 27 =4

1,7EN\{0}

so the sum is well defined.
e Fix a e C. Then,

oAl = >, 277 Kadesep] = la| Y, 27 Aei el = lal - ||Allw

1,J€N\{0} 1,J€N\{0}

e Fix A, Be C(H). Then

1A+ Bllo= Y, 2777KA+Blesepl = Y, 277 [(Aei,e;) + (Bei e))

i,7eN\{0} i,7eNV{0}
< D 27 Aeepl + > 27K Bei )] = [|Allw + || Bl
i,7eNN{0} i,7eNV{0}

e Since 27777|(Ae;, ;)| = 0 for all 7, j € N we have that ||A||, = 0.
o If A =0, it is obvious that ||A||, = 0.

On the other hand if ||Al|, = 0 we obtain that [(Ae;, e;)| = 0 for every i,j € N.
Fix zo,y0 € H\ {0} and note that x = zo/||zol|,y¥ = vo/||vo|| € Sk, so there exists
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subsequences (e, )k, (ém, )r such that limy e,, = = and limye,,, = y. Thus,

’<ALE, y>’ = KA(Q? - e”k)’ y> + <A€nk> y>’
= |<A($ - enk)7 Yy— 6mk> + <A€nk7y - 6mk> + <A(‘T - enk)’ emk>
+ (Aen,, €my)|
< KA(:E - enk)7y - emk>’ + KAenk,y - emk>’ + KA(CE - enk)7emk>’
+ |<Aenk’6mk>|
< |[A]l - [lz = enll - [y — em || + |[Aen]] - [ly — emy ]

k
+ AL (o = en | llem, Il === 0

and so, (Az,y) = 0. By making some calculation we obtain that (Axg,yo) = 0, and
since zg,yo € H\ {0} are arbitrary, it follows that A = 0.

Hence, || - ||, is a norm in C'(H), and it follows that ds(A, B) is a metric in C'(H).
Now, we want to see that this metric generates exactly the weak topology as previously
defined.

(b) We begin by fixing V' a w-open set in C'(H), by Theorem 2.2 we can assume
that there exists k e N, T'e C(H), ¢ > 0 and x;,y; € By for all i < k such that

k
V= ﬂ{A € B(H) : [((A—T)xi,y;)| < e}

We want to obtain a § > 0 such that the ball
B,(T,0) ={AeC(H) :d,(A,T) <}

is a subset of V. Note that if d,(A,T) < ¢, then [(Ae;,e;) — (Te;,e;)| < 27494 for each
i,7 € N\ {0}.

Now we use the density of {¢; : i = 1} = H to obtain subsequences (¢’ )en and
(€1)per of {e; : @ = 1} such that lim, ¢ = y; and lim, & = x; for every i < k.

Let C' > 0 be such that C? < ¢/8 and C < £/8. We can obtain, for every i < k, a
N; € N such that n > N; implies ||z; — & || < C and |Jy; — ¥!|| < C. Fix N = max;;, N;,
and now for this N write ¥} = ey and & = equ). If M = max;<, p(i) + (i), choose
§ > 0 such that 2M§ < /4. Finally, if A € B, (T, ), it follows that for every i < k:

[T = A)zi, yiyl = (T — A) (i — Exy), wiy + (T — A i)
< (T = A) (@i = &),y — )| + [T = Ay, 4 — Uiy
+ [T = A) (s — &), ¥l + (T = Ay, div)
< T = All - s = Enll - My = ol + 1T = All - [1Ex ] - v — ¥l
T = All - s — 1| 1nl] + (T = A)egys epiip)

<202+20+2C+2p(“+q“)6<2-§+2-§+2-§+2M5

€ g
3.— —_ =
< 4+4 €

therefore, A e (\_,{Ae B(H) : [{(A—T)z;,y)| < ¢}.
(c) Let T e C(H), e >0 and set B,(T,e) ={Ae C(H):d,(A,T) <e}. We have
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to obtain 6 > 0, k € N and x;,y; € By with ¢ < p such that the set
P
V=(){AeB(H) : K(A—T)z;,y| <}
i=1
is contained in B, (T,¢). Let k € N be such that 2251 < ¢/4. and for every j < k, let
k
Vi =({Ae B(H) : (A~ Tesep)| < 5}
i=1
and

k
vzﬂvj.

7j=1

If § =e/4, then A € V implies

du(AT) = 37 2777 (A=T)es ep)

1,7€N\{0}
= 2 A= Deepl + Y 2 I(A-Ther, el
1<i,j<k i,j>k
e i Py
< 1( 2, 2 ) + 23 27 (AN+ T el e
1<i,j<k i,j>k
0 o0
<S4 Vo = S gL 92k
4 £ < 4
i=k j=k
<t+s=¢
2 2 7

from which follows that A € B, (T, ¢).

(d) Since every compact metric space is complete, so it is sufficient to show that
C(H) is a compact space. We follow the arguments presented in [5].

For each g € By let B, be a copy of By equipped with the weak topology. Since
H is reflexive, we use Kakutani’s Theorem to conclude that every B, is compact. In
particular, X =[] geBy Bg 1s compact due to Tychonoft’s Theorem.

Let ¢ : (C(H),w) — X be defined by ¢(T') = (1'g)gen,. We claim that ¢ is
continuous and injective.

Namely, let (T,)aen © C(H) be a net such that w-lim7,, = T" for some T' € C(H).
We know that for each fixed g € By we have that lim{(T,g,y) = (T'g,y) for every y € H.
So, w-limT,g = T'g, and in particular, im(749)sen, = (1'9)gen,. Hence, lim¢(T,) =
¢(T) and we conclude that ¢ is continuous.

If o(T) = ¢(S), it follows that Tx = Sx for every z € By, and so T = S. Therefore,
¢ is injective.

It remains to prove that ¢(C(H)) is closed in X (which is compact), and so com-
pact. Let (T,)aen < C(H) be such that lim ¢(7,) = F € X. If w, denotes the projection
into the g-th coordinate, we have that w-limT,g = 7,(F), so we need to construct a
linear map 7' : H — H such that T'g = 7,(F') for every g € By.

Define, for each g € By, the map Tg = m,(F') and extend it to all H by linearity.
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Fix € Cand x,y € H. If fx + y ¢ By, the linearity follows directly from the definition,
but if Sz + y € By, then

T(Bz +y) = T(pr+y (F) = w-lim Ty (Bz +y)
= fw-lim T, x + w-lim T,y =

= pr,(F) + 7y (F) = Tz +Ty.

So, T is a linear map such that Tg = m,(F) for every g € By. Note that T is also
contractive: if g € By we have that ||T,g|| < 1 for every a € A, i.e., T,,g € By for every
a € A. Recall that By is a closed convex set, so it is weakly closed (see |2]). We conclude
that Tg = m,(F') € By, i.e., ||[Tg|| < 1. Taking the supremum we conclude that ||T]| <1
then T' e C(H), and obviously F' = ¢(T'). Hence, ¢(C(H)) is closed in H.

Since every B, is Hausdorff, X is also Hausdorff. And so, by using that ¢ is
continuous we conclude that C'(H) is compact.

(e) In Theorem 4.2 we have shown that the space (C(H),s) is separable. Since
w < s, it follows that the topology (C'(H),w) is also separable.

2.2 Studying the properties of w-typical contractions

A w-typical contraction in C'(H) is a unitary operator, i.e., U(H) is w-co-meager
in C(H). This was proved by Eisner in |7] and we will show in details what she did.

Lemma 2.4. The weak closure of U(H) is C(H)

Proof. 1t follows from Theorem 3.5 that Cl,, U(H)

= Now by w < pw we obtain
C(H)=Cl,UH)cCl,UH)cC(H),ie., Cl,UH

C(H).
) = C(H).
_

Lemma 2.5. Let {T,,}nen be a sequence of linear operators in H such that w-limT,, = T.
If ||Tx|| < ||Tx|| for all x € H, then s-limT,, = T.

Proof. 1f x € H, then

Tz — Tx||* = ||Thz||* + ||Tx||* — 2Re{Tyx, Tx)
< 2||Tz||* — 2Re(Tyx, T .
Note that 2||Tz||* is a real number, so we can write the last part of the equation as

2Re(Tx —T,x, Tx), which converges to zero since w-1im T}, = T'. With that, ||T},z —Tz||*
converges to zero and we conclude that s-lim 7T, = T.

Denote by I(H) the set of all isometries H — H and recall that U(H) < I(H) <
C(H). We now state and prove the main result of this section

Theorem 2.6. U(H) is w-co-meager in C(H)

Proof. This proof is divided into two steps. In the first step we show that I(H)\U(H) is
a w-meager set, in the second one that C(H)\I(H) is a w-meager set. By combining both
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results it is easy to show that C(H)\U(H) is w-meager. Before we proceed, fix {z;};en a
dense subset of H\{0}.

(a) First of all, note that I(H)\U(H) is exactly the set of non-invertible isometries.
Now, let T' e I(H)\U(H).

Note that Im T is closed. Indeed, if y € CI(ImT'), then there exists (z,)neny < H
such that T'z, — y. The sequence (T'z,), converges, so it is a Cauchy sequence. By using
that 7" is a isometry we conclude that (z,) is also a Cauchy sequence. Since H is Hilbert,
there exists z € H such that z, — z, and then y = lim,, Tz, = Tz. So, y € ImT.

Since 7' is not invertible, Im(7") # H, so there exists j € N such that d(x;, Im(7")) >
0. By setting M, = {T'e I(H) : d(z;,ImT) > 1/k}, we can write

IHNUH) = | ] M.

k.j=1

Note that in order to prove that for each j, k € N, int,, (Clw(Mj,k)) = @, it is sufficient to
prove that U(H) n Cl, (M) = @. This is because if we pick z € int,, (Clw(Mj,k)) then
there exists a w-open subset V' < C(H) such that v € V < Cl, (M, ). By Lemma 2.4
U(H) is a dense subset, so there exists pe V n U(H), and so p e U(H) n CL,(M; ).

Fix j, k € N and suppose that U € U(H) n Cl,(M; ). Thus, there exists {1}, }nen <
M;j such that w-1im7,, = U. But ||T,,z|| = ||z|| = ||Uz|| for all n € N, given that each
T, is an isometry and U is unitary. By Lemma 2.5 s-lim 7}, = U.

If y = U txy, then lim T,y = Uy = z;. Hence, lim, d(z;,ImT,) = 0,which is
absurd, because T}, € M, ; for alln € N, i.e., d(x;,ImT,) > 1/k for all n € N. Therefore, for
each j, k € N, U(H) n Cl,(M;) = @, and by the previous discussion, int,, ( Cl,(M;)) =
@, for all j, k € N. This concludes the proof that I(H)\U(H) is a w-meager set.

(b) Now we show that C'(H)\I(H) is w-meager. Set, for each j, ke N

Tx; 1
Ny = {Te C(H) : HH:U‘JHH <1- E}
J

We claim that .
C(HN(H) = ] Njx.

kj=1
Namely, suppose that 7' € N;, for some j, k € N, and that '€ I(H). Then, ||Tz;||/||z;|| =
l|lz;[|/l|z;]] = 1 and ||Tx;||/||z;|] < 1—1/k < 1, an absurd. So, if T € UI?ij:levh then
TeC(H)\I(H).

On the other hand, if 7" € C(H)\I(H ), then there exists =, such that ||Tz;|| < ||z;]].
Suppose, on the contrary, that for every j € N, ||T'z;|| = ||z;||. By picking an arbitrary
y € H we obtain a subsequence {(;,}men Of {7;};en which converges to y. With that,
| Ty|| = || limy, T'Cnl| = limy, ||TGnl| = limy, ||Gn|] = |y]|. On the another hand, by using
the fact that 7" is a contraction, we get ||Ty|| < [|T|| - ||ly|| < |ly||. Now, by combining
both results we conclude that for each y € H, ||y|| < ||Ty|| < ||y, i-e., then ||Ty|| = ||yl],
and so 7' is an isometry. Hence, there exists x; such that ||Tz;|| < ||z;||, and so there
exists k € N such that T'e N; .

Again, for the same reason, it is enough to show that U(H) n Cl, (N, ;) = @, for
every j, k € N.
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Let U € U(H) and choose a sequence (U,) = N, such that w-limU,, = U. Since

|Unll < 1, then ||Upz|| < ||Unl| - |lz|| < ||z]| = ||[Ux||. So, by using the Lemma 2.5,
s-limU, =U.
Note that for each x; € H, lim,, ||U,z;|| = ||Uz;|| = ||z;]], so
1_1 < Unj|| nooo 1,
koo sl

which is absurd. Hence, by the previous discussion, C'(H)\I(H) is also w-meager.
(c) Note that

C(H\U(H)

(CHNI(H)) v I(H))\U(H)
(CHEN(H)N\U(H)) w (I(H)\U(H))
= (C(HN(H)) v (I(H)\U(H))

Then, C(H)\U(H) is the union of w-meager sets, and so C(H)\U(H) is also w-meager.
This proves that U(H) is w-co-meager in C(H ).
|

This is an interesting result. By Theorem 1.4, the weak topology coincides with
the strong-star topology in U(H ), so we understand U(H) with the weak topology really
well. Moreover, we have the following result:

Theorem 2.7. A is w-co-meager in C(H) if, and only if, A~ U(H) is w-co-meager in
U(H).

Proof. (a) Suppose that A is w-co-meager in C'(H), so C(H)\ A is w-meager in C(H). In
particular, U(H) n (C(H)\ A) is w-meager in C(H). Since U(H) is w-dense by Lemma
2.4, U(H) n (C(H)\A) is w-meager in U(H ). Thus, the set U(H)\ <U(H) N (C(H)\A)>

is w-co-meager in U(H), but
U(H)\ (U(H) ~ (C(H) \A)) — AnU(H)
This shows that A n U(H) is w-meager in U(H).
(b) If AnU(H) is w-co-meager in U(H), then U(H)\ (A~ U(H)) is w-meager in
U(H). By Theorem 0.3, U(H)\ (AnU(H)) is w-meager in C(H ), hence C'(H)\ <U(H) \
(An U(H))) is w-co-meager in C'(H). Now

CUH)N (UMH)N (A0 U(H))) = AU (CH)N\U(H)),

and so Au (C(H)\U(H)) is w-co-meager in C'(H). Since (C(H)\U(H)) is w-meager in
C(H), we conclude that A is w-co-meager in C'(H).
|

With this result, we conclude that w-typical properties on C(H) are w-typical
properties on U(H). Recall that U(H) is a Baire Space so it makes sense to ask about
typical properties on U(H).
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2.3 Spectral properties of w-typical contractions

A necessary tool for the characterization of the spectrum of a w-typical contraction
is measure theory (for unfamiliar readers a good reference is [1]). We will state many
results below, however we will only prove some of them. Before proceed some new notation
is required.

If (X, A) is a measurable space and pu, v are two measures on that space, we say
that p and v are equivalent (u~v) if u(A) = 0 if, and only if, ¥(A) = 0. We say that
p and v are mutually singular (u L v) if there exists disjoint sets A, B € A such that
pu(U) = 0 for all U measurable subset of A, and v(U) = 0 for all U measurable subset of
B. We say that z is an atom of a measure p if p({z}) > 0.

If (X, 7) is a topological space, we let B(7) be the Borel o-algebra generated by
7 and make (X, B(7)) a measurable space. If p is a measure on (X, B(7)), we define
supp o = {z € X : V N, neighborhood of z we have p(N,) > 0}.

Definition 2.8. Denote by P the collection of probability measures over the Borel sets of
Sl:={2€eC:|z| =1}. We say that u, € P converges weakly to . on P if

fdpn — | fdp
51 51

for all continuous functions defined on S*.

Definition 2.9. Let U € U(H), fiz (xn)n>1 an orthonormal basis of H and let Fy; denote
the resolution of identity of U. We define the maximal spectral type of U by the probability
measure

pu(A) = D 27 Fy(A)zy, )
n=1
for every A € B(S").

The first thing to show is that the choice of the orthonormal basis doesn’t change
the class of uy.

Lemma 2.10. If (2,)n>1 and (Yn)n=1 are both orthonormal basis of H, then
0 o0
Z 27 Fy(A)zp, Ty ~ Z 27 Fy(A) Y, Yn) -
n=1 n=1

Proof. Denote by uf;(A) = >, 27"(Fyy(A)xn, T,y and by pl; (A) = 3.7 27 Fy (A)Yn, Yn)-
(a) Suppose that pf(A) = 0. Then, for every n € N, (Fy(A)z,, z,) = 0. Fix
m € N and let ¢ = y,,,. We have that ¢ = limy, x,,, for some subsequence (z,, )k, so

[y (A, )| = KEu(A) (@ — 2n,), ) + Fu(A)an,, )] < KEu(A) (Y — 2n,), ¥ — 2n,)|
+ [CFu(A)n,, § = )l + KE(A) (Y = 2 ), o)l + [KFU(A) Ty, )l
<Y = 2, |1 + [Fr(A)an, | - 11¢ = 2, ]| + [F (A - (19 = || 12, ]

k—o0 0

Then, (Fy(A)Ym, ym) = 0, and since m is arbitrary it follows that u,(A) = 0.
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(b) In item (a) we shown that uf;(A) = 0 implies uY;(A) = 0 for each A € B(S').
Thus, item (b) follows from item (a) swapping z and y.
|

We define a function f : (U(H), w) — P by the law f(U) = py. Such function has

some good properties:

Theorem 2.11. (see [14]) The function f: (U(H),w) — P given by the law f(U) = uy
satisfies the following conditions:

1. f is a continuous function;

2. If C < P is measure class invariant (i.e., if p € C and v ~p, then v € C), then
f~HC) is unitary invariant (i.e., if U € f~Y(C) and W € U(H), then WUW ! €
/1))

Theorem 2.12. (see [14]) The following sets are w-co-meager in U(H):
1. {UeU(H) : uy is atomless};
2. {UeU(H) :supp uy = S'};
3. {VeU(H): uy Lv} for any v measure on S*.

Theorem 2.12 is really useful in the study of the spectral properties of a w-typical
contraction.

Theorem 2.13. If U € U(H) the following statements holds:
1. o(U) = supp piyr;
2. 0,(U) ={Ae C: Xis an atom of uy}.

Proof. (1) Recall that o(U) = supp Fy, where
supp Fyy :={A e C: Fy(N) # 0,V neighborhood of \}.

Firstly, we show that if A € o(U) then A € supp Fy;. Namely, let V' be a neigh-
borhood of A and denote by E the closed subspace such that Fy (V) projects. Since E
is closed in a separable metric space, E is separable itself. Fix {z,},>1 an orthonormal
basis of E, and by using the same argument, let {w,},>; be an orthonormal basis of E*.
Hence, {t,},>1, defined by ts, = 2, and t3, 1 = w,, is an orthonormal basis of H. Let

vr(A) = D 2 Fy (A, t).

Suppose that uy (V) = 0. Then, vy(V) = 0, since uy~vy. Note that when
ton_1 = w,, we have

(Fy(Vitan—1, tan—1) = (Fy(V)wy,, w,y =0,

since Fy(V)w, € E and w, € E*+. So,

o0
0= 27" Fy(V)zn, 20y,
n=1
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and we conclude that 0 = (Fy;(V)z,, 2, = ||2a||>. This is absurd, since {z,},>1 is an
orthonormal basis of E. Thus py (V) # 0, and since V' is an arbitrary neighborhood of A,
we conclude that A € supp uy.

On the other hand, if A € supp uy, let V' be a neighborhood of A, it follows that
a0
0< Z 27 EFy(V)xn, ) -
n=1

Thus, there exists n € N such that 0 < (Fy/(V)zp, x,), and then
0 < (Fy(V)tn, ) = (Fy (V) 2, 20) = (Fy (V) 2, Fy(V)z) = ||Fy(V)z,||*

We conclude that there exists n € N such that Fi;(V)x,, # 0, and so Fy;(V') # 0. Since V
is an arbitrary neighborhood of A, we conclude that A € supp Fyy, so A € o(U).

(2) Recall that X € 0,(U) if, and only if, Fi;({\}) # 0.

Suppose that A € 0,(U), so Fyy({\}) # 0. Therefore, there exists € Sy such that
Fy({A\})x # 0. Let {t,,}n>1 be an orthonormal basis of H such that ¢; = = and let

vi(A) = D 27" Fu(A)tn, tn)

By using that (Fy({\})t1,t1) > 0, we get vy({\}) > 0. Since puy~vy, we have that
po({A}) > 0, and so A is an atom of .

On the other hand, if A is an atom of uy, then uy({A}) > 0, and so, there exists
n = 1 such that (Fy(A)z,, x,) > 0. Thus,

0 < (Fy({AN)2n, 2) = (Fo({A}) 20, 20) = (Fo({A))za, Fo({AD)za) = [[Fo({A})zal?,

from which follows that Fy;({\}) # 0. Therefore, A € 0,(U).

Now we can describe the spectrum of a w-typical contraction.

Theorem 2.14. A w-typical contraction U satisfies o.(U) = S*

Proof. By Theorem 2.6, a w-typical contraction U is unitary. By Theorem 2.12 and
Theorem 2.13 we have that

{UeU(H):0,(U) =02} ={UecU(H) : p is atomless}
and
(UeUH) :0(U)=S"={UeU(H) :supp uy = S'}

are both w-co-meager in U(H). Since 0, (U) = @ for every unitary operator (see [15]), so
we conclude that o.(U) = S*.
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2.4 Unitary equivalence of w-typical contractions

Before we investigate the existence of w-co-meager unitary orbits in C'(H), we need
one result info about the maximal spectral type.

Theorem 2.15. Let U,V €e U(H). Then

Hu~pvuy-1 .

Proof. Again, the proof follows from a well-know result about spectral measures. Namely,
it follows that for every x € H, (Fy(A)x, z)~(Fyyy-1(A)zx, x).

If py(A) = 0, then (Fy(A)zy, z,) = 0 for all n € N, and so (Fyyy-1(A)z,, x,) =0
for all n € N. Thus, vyyy-1(A4) = 0.

On the other hand, if pyyy-1(A) = 0, then (Fyyy-1(A)z,, z,) = 0 for all n € N.
Thus, (Fy(A)z,,z,) =0, and so py(A) = 0.

Lemma 2.16. Let (An)n, (Sn)n < C(H) and A,S € C(H). If w-limA, = A and
s-lim S,, = S, then w-lim A,S,, = AS. In particular, if (S,), < U(H) and S € U(H),
then w-1im S, A, St = SAS™L.

Proof. (a) Assume that w-lim A,, = A and s-lim S,, = S. Let z,y € H, then

[(AnSpz — ASz, )| < [(AnSpz — ApSz, y)| + [(ApSz — ASz,y)|
Awl] - [1Sn2 — Sz|| - [[y]| + [(AnSz — ASz, )|
|

| S = S| - [lyl| + KAnSz — ASz, )| = 0,

VAS/AN/AN

from which follows that w-1im A,,S,, = AS.
(b) Note that if w-1im A,, = A then w-1lim A* = A*. Let x,y € H, then

(KA =A%)z, )l = [Cz, (An = A)y)l

= [{(An — A)y, z)|
= [{(An = A)y, )] — 0.

By Theorem 1.4, one has (U(H),w) = (U(H), s*), so s-1im S;1 = S~1. Tt follows from (a)
that w-1lim A*S! = AS~! and by using the same argument as before w-lim S, 4, = SA.
Using (a) again, one concludes that w-1im S, A, S, ' = SAS™1.

Theorem 2.17. For every U € C(H), O(U) is an w-meager subset of C(H). In partic-
ular, w-typical contractions are not unitarly equivalent.

Proof. (a) Let Ue C(H). If U ¢ U(H), since U(H) is unitary invariant we have O(U) <
C(H)\U(H). Since U(H) is w-co-meager, it follows that O(U) is w-meager.

Assume now that U € U(H). In this case it follows from Theorem 2.12 that for
any v measure on S', the set P(v) = {V € U(H) : py L v} is w-co-meager.

Now, by Theorem 2.15, the maximal spectral type is invariant under conjugacy
in U(H), i.e., for every V € U(H), uy~pyyy-1. In particular, it is impossible to have
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po L pypy-1, ie, OU) c U(H)\P(uy). Since U(H)\P(uy) is w-meager, we conclude
that O(U) is w-meager.
(b) Set

E = {(Uy,Uy) e C(H) x C(H) : Uy and U, are unitarily equivalent}

Since (C(H),w) and (U(H),w) are Polish spaces we have that (C(H) x C(H),w x w)
and (C(H) x U(H),w x w) are also Polish spaces. We can define f : C(H) x U(H) —
C(H)xC(H) by thelaw f(A,U) = (A,UAU '), and immediately conclude that f(C(H) x
U(H)) =E.

We claim that f is continuous. Namely, let (A4,,U,), € C(H)xU(H) and (A,U) €
C(H) x U(H) be such that (A,,U,) ™ (A,U). Note that w-1lim A,, = A is immediate.
By using the Lemma 2.16 we have that w-1lim U, AU, ! = UAU !, and so (w x w) —
lim (A, U,) = f(A4,U).

Since FE is the image of a continuous function between Polish spaces, E is analytic
and, by using Theorem 0.9, has the BP. We will use Kuratowski-Ulam Theorem to show
that F is meager in (C'(H) x C(H),w x w) (see Appendix A for definitions and a proof).
First of all, let T'e C'(H) and note that

Er={SeC(H):(T,S)e E} ={SeC(H):Sand T are unitarily equivalent}
={UTU " :U e U(H)} = O(T)

By item (a), we have that Ep is w-meager in C'(H) for all T'e C'(H), so we conclude that
{I'e C(H) : Eris w-meager} = C(H),

and so {T' e C'(H) : Er is w-meager} is w-co-meager. By Kuratowski-Ulam Theorem F is
meager in (C(H) x C(H),w x w), and then we conclude that two w-typical contractions
are not unitary equivalent.
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3. THE POLYNOMIAL WEAK TOPOLOGY

3.1 Understanding the topology

The method used to understand the polynomial weak topology is a bit different
from what we do in the others sections. In the first theorem of the section, we prove that
the pw-topology is metrizable, and so second countable, T} and regular. After that, we
prove that the of pw-topology is Polish, and to do that we use as discussed in [6]: the
Strong Choquet characterization of this type of space (see Appendix B for details).

Theorem 3.1. Let {e; : i > 1} = H be an dense subset of By. Then, the pw-topology is
generated by the metric

dp(A,B) = >, 27" A;, €50 — (Bei, e5)

i,7,neN\{0}

Proof. (a) The first thing to do is to show that the series is absolutely convergent. Note
that

du(A,B) = 3 27IT(A" — By )

i,j,neN0}
< D0 27 A+ |1Bull)lledl] - el
i,j,neN{0}
<2 ) 27 T"<w
1,7,neN\{0}

In particular, it is commutatively convergent. Thus, we can write
e} o e}
dpu( A, B) = Y z—n( N2 A ) <B”ei,ej>|) = Y 27, (A", BY)
n=1 i,j€N\{0} n=1
Now, we can use this in order to show that d,,, is a metric. Namely:
e if A= B, then A" = B" for every n € N, so d,,(A", B") = 0, and then d,, (A, B) = 0;

o if A # B, then d,(A, B) > 0, and since d, (A", B") = 0 for every n € N, it follows
that d,, (A, B) > 0;

e we know that d, (A, B) = d (B, A), so

0 o0
dp(A, B) = Y 27"dy, (A", B") = > 27"dyy(B", A") = dyy(B, A);

n=1 n=1
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e note that

e¢]

(A, C) = > 727", (A", C") < Z 27"(dy(A", B") + dy(B™,C™)) =
n=1
o0

22 "d, (A", B") +22 "d,(B",C")

n=1

= dpw(A, B) + dp,(B,C).

(b) Now, we show that the topology generated by this metric is exactly the pw-
topology. Let A, <, A denote the fact that the net (Aa)aca converges to A with respect
to this metric d,,

Let (Ag)aca © C(H) and A € C(H) be such that A, % A. Thus, for every
e > 0, there exists § € A such that for every o > S, dp(Aa, A) < . In particular,
dy (A, A™) < 2"¢ for every n € N.

For each fixed n € N and ¢ > 0. There exists § € A such that for every a > 3,
dpw(Aa, A) < 27", In particular, d, (A}, A") < e. So, w-lim A? = A", for each n € N,
from which follows that pw-1lim A, = A.

(c) Let (An)aer = C(H) and A € C(H) be such that pw-lim A, = A. Let ¢ > 0
and choose M € N such that Y~ 27"+ < ¢/2.

It follows from pw-lim A, = A that w-lim A? = A" for every n € N. Hence,
fro each n € N there exists f; € A such that for every a > [ we have d,,(A", B") <
2" 1g /(M —1). Choose 8 > B, for every n < M, and note that if a > 3, then

M—-1 0
27, (A", A™) — 2 27, (A, A™) + Z 2, (AT, A™)

e(M—-1) &
EM1+22n+1

So, for every € > 0, there exists 5 € A such that for every o > f3, dp, (A, A) < €, Le.,

pw AaaA i
M-1
<2 (2

n=1

A, <, A. This shows that the topology generated by d,,, is exactly the pw-topology.
[ |

Before we proceed, some lemmas are required.

Lemma 3.2. Let (A,), € B(H) and A€ B(H) be such that w-lim A,, = A. If for every
x € Su, ||Az|| = limsup,y ||Anz||, then A = s-lim A,,.

Proof. Let x € Sy. Then,

||Az — An:L'||2 = ||Aac||2 + ||Anx||2 — 2Re(Ax, A, x) .
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By taking the limsup of both sides, we have
0 < limsup ||Azr — A, z|* = ||Az||* + limsup ||A,z||* — 2lim Re( Az, A, z)
neN neN n
< 2||Az||* — 2Re(Az, Az) = 0.

Since x € Sy is arbitrary, it follows that A = s-lim A,,.
[

Lemma 3.3. Letn > 0, {x; : i < n} < Sy and B € C(H). Then, for every ¢ > 0,
there exists a w-open set W < C(H) such that B € W, and for every A € W, we have
||Az;|| = ||Bx;|| — €, for every i < n.

Proof. (a) We start proving the singleton case, i.e., when {x; : i < n} = {zo}. If Bxy =0,
the result holds for every W w-open set containing B. So, we can assume Bzxj # 0.

Fix € > 0 and consider the set
W ={AeC(H) : [{Azy, Bxo)| > ||Bxo||* — ||Bxo||e},

which obviously contains B. We claim that W is w-open.

We will show that W¢ = {A € C(H) : [(Azg, Bxo)| < ||Bxol|> — ||Bxolle} is
w-closed. Let (Ty,), € W¢ and T € C(H) be such that w-1im7T,, = T. In particular,
lim(T,,x¢, Bxoy = {T'zy, Bxy), and then

(Thao, Bao)| < || Baol* — || Baolle = [(To, Bao)| < ||Baol* — || Baolle,

therefore, T € W¢.
Now let A € W. By using Cauchy-Schwarz inequality we get

[{Axo, Bao)| _ ||Bao||* — || Bolle

Azl = >
~ [[Ba] [ Baol|

= |[Bxol -,

concluding the proof in this case.

(b) For the general case, let {z; : i <n} c Sy and € > 0. For every i < n, we can
use item (a) in order to obtain a w-open set W; ¢ C'(H) such that B € W; and such that
for every A e W;, ||Az;|| = ||Bxi|| — €.

If we set W = (),_, W, then W is w-open and B € W. Moreover, if A € W, then
for every i <n A€ W, and so ||Ax;|| = ||Bx;|| — e.

|

Theorem 3.4. The set C(H) endowed with the polynomial weak topology is a Polish
Space.

Proof. (a) By using Urysohn Metrization Theorem and the fact that (C(H),pw) is a
separable metric space, we conclude that (C'(H), pw) is second countable, 77 and regular.
It remains to show that it is a strong Choquet space. (see Definition B.3 and Corollary
B.8 in Appendix B).

Let {x, : n € N} be a dense subset of Sy and suppose that the n-th move of player
Lis (A, U,), where A, € U, c C(H) and U, is a pw-open set.

(b) We claim that there exists a w-open set W,,, with the following properties:
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1. A, eW, cCl,(W,) c{AeC(H):d,(A A,) <1/(n+ 1)}
2. Cl,(W,) € W,,_1;
3. for each A € W,, and each i < n, ||Ax;|| = ||Anzi]| = ||Anzs|] — 1/(n + 1).

We obtain the set W,, by applying the Lemma 3.3 with ¢ = 1/(n + 1) and B = A,,.
Namely, by Lemma 3.3 there exists a w-open set Z, < C(H) such that A, € Z,, and for
every A € Z,, and each i < n, ||Az;|| = ||Anzi|| — 1/(n + +1).

Note that since W,,_; is a non-empty w-open set, there exists 6 > 0 such that
By(An,6) € W,y and Cl, (By(A,,8)) © W,_1. Let r = min{4,1/(2n + 2)} and set
Wy, == Z, 0 By,(A,,r).

Since A, € Z, and A, € By(A,,r), W, # @. Also, since Z,, and B,(A,,r) are
both w-open, W, is w-open too.

Naturally, Cl,(W,,) < Cl, (Bw(An,r)). Since By, (A, 1) < By(Ay,0) and By, (A, r) <
By (A,,1/(2n + 2)), we have

gl(Wn) < Cl(By(An, 7)) < Cl(By(An, 0)) € Wiy

w w

and

(gul(wn) < Cl (Bw(An, 1))
< Cl (Bw(An, 1/(2n + 2)))
< By(An,1/(n+1)) ={AeC(H):d,(A A,) <1/(n+ 1)},

and so, W, is the desired set.

(c) Let player IT respond to the move of player I by playing a pw-open set V,, < U,
such that
A, eV, cCl(V,) cU,nW,
pw

Such V,, exists because U, n W,, is a w-open set, in particular pw-open, and by using
that pw-topology is metrizable, we can find v > 0 such that B, (4,,v) < U, n W,, and
Clyy, (Bpw(An,fy)) c U, nW,.

(d) In this step we show that the strategy defined in the previous items is winning
for player II (see Definition B.3). Let {(A,,U,),V, : n € N} be a run in the game in which
player II follows the above strategy.

Note that
Viri €Uyt 0 Wi € Wiy € Wiy,
and since A,41 € V41, we have that A, € W,. Then d,(A,+1,A4,) < 1/(n+ 1) and
hence A, is weakly convergent.
Let A = w-lim A,,. By using that

WoleDWQD"-

and A, € W, we get A,, € W, for every m > n. Since Cl,(W,,) = W,,_; it follows that
A e W, for every n € N. So, it follows that for each i,n € N, || Ax;|| = ||Anxi|| —1/(n+ 1),
and so ||Axz;|| = limsup,,cy || Anz;|| for every i € N.

If we fix € Sy there exists a sequence (z,, )r < {z, : n € N} such that limg z,,, =
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x. For each € > 0 there exists N € N such that n; > N implies ||z — x,, || < ¢e. Then,
[ Anz|| < [[Anz = Anain, || + [[Anzn || < [|An]] - [[2 = 2o, ]| + [[Anzn, || < € + || Anzn, ]l

from which follows that
k—o0

hmsupHA z|| < €+hmsup|]A Tn, || <€+ ||Azy, || — € + ||Az]].

Then, limsup,, ||A,z|| < e+||Az|| and since € is arbitrary, we conclude that lim sup,, ||4,x|| <
||Az||. It follows from Lemma 3.2 that A = s-lim A,,, and in particular, A = pw-1lim A,,.

We know that A,, € V,,, and then we have

VocCl(V,) cU,n W, cU, V1,
pw

from which follows that A,, € V,, for every m > n. Therefore, A € Cl,, V,, for every n € N
Since Cl,,(V,) < V,,_1, we conclude that A € V,, for every n € N and so A €
This shows that the strategy is winning for player II.

neN

Note that, by the same argument as in the proof of Theorem 3.4, C'(H) is a Polish
space for any metrizable topology on C'(H) which is finer than the weak topology and
coarser than the strong topology.

3.2 Studying the properties of pw-typical contractions

In this section, we prove that the theory of typical pw-contractions is exactly the
theory of w-contractions, i.e., we will prove that a property ® is pw-typical in C(H) if,
and only if, ® is w-typical in C(H). Before we proceed, we need a result which states
that Cl,,(U(H)) = C(H).

Theorem 3.5. (proved by Peller in [18]) U(H) is pw-dense in C'(H).

Proof. (a) Let (K, (-|-)) be a separable Hilbert space and let R be a contraction in K.
Define R : @F_ | K — @, K by the law R(zg,z1,...) = (R,0,0,0,...) and Zx :
K — K by the law Pr = (I — R*R)"2. We note that I — R*R is self-adjoint, and so the
function %5 is well defined. Moreover,

|Zrz||* + ||Rz|)* = (I — R*R)"?z|(I — R*R)"?x) + (Rx|Rx)
((I = R*R)z|z) + (R*Rz|z) = (z|z) = ||z[|*.

In particular, 2y is a contraction, because
1Dl = ||2]|* = || Ra] |* < [
Let A, : @,_, K —> @, _, K given by

An(l'o,l‘l, .. ) = (RZL‘(),07 o ,O, @Rl’o,l’l, .. )
——
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Note that A, is an isometric operator:

o0
[An(zo, 21, & = [[Roll” + || Zraol P + ) [

=1

o0 0¢]

= [laoll* + D el > = D [fal|”
i=1 =0

= H([L’Q,Jﬁl,)Hé_}

We claim that pw-lim A, = R. In order to prove this we denote the inner product of
@ Kby, ]andfix f = (fo,...),9 = (go,...) € D,_, K. Note that for every k € N,

we have

Aﬁf = (ka07(& . 707 -@RRkilfmoa s 7079RRk72f07 .- '7-@Rf07flaf2> o )

n n

Fix n,k € N. We can rewrite f € @)_, K as f = P(f) + R(f), where

P(f) = (fo: f1,-- -, fen+x,0,0,...)
and R(f) = f — P(f). Now, note that

[ALf, 9] — [RFf. ]| = [[P(ALf — RFf), P(g)] + [Q(ALS — R f), P(g)]
[ (AEf = R*f), Q)] + [QALf — R¥f),Q(g)]]
= |[P(AEf — R¥F), P(9)] + [Q(ALF — R f), Q(9)]]

[ [y —

[t P(g)] +
<|[P(A}f = RB'f). P(g)

|+ QUL — 7).Qlo)]
+llQ(ALf = B DllellQ()lle

HfoH Hgmﬂlu(ZHle) ( i Hgi|\2>l/2

(@RR f0|gzn+z)

Mpr

—_

I\Mwﬁ

i=kn+k+1

% 2\ 1/2

=HfoHZHgmHHH\fH@( > )
=1 i=kn+k+1

Given that g € @,_, K, we know that the series >, ||¢:||* converges. In particular, we

have that 3%, . ||l === 0 and ||gin1s|| “— 0. So, we conclude that

~ k 0 1/2 -
(45 £.9) = TR L gl < 1foll Y gl + flla( D) Nlail?) 220
=1 i=kn+k+1

Hence, pw-lim A, = R, and since A, is an isometry, we conclude that R can be approxi-
mated by isometries.

(b) Let T' be a contraction in H. Firstly, we prove that the operator T' can be
approximated by isometric operators.

Fix B = {z,};2, an orthonormal basis of H. Let K; = Cl(span{zs,}? ;) and
Ko, = Cl (span ({2, }22; U {z2,-1}07)) for every m > 1.
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Note that for every n € N, K,, ¢ K,, ;1. Moreover, for every n € N, K,, = K, 1
since the Hilbert dimensions of both spaces are equal.

Let P, be the orthogonal projection over K,,, and note that s-lim P,, = I: for each
z € H, we can find \; € C, with j € N\ {0} such that

o0 [} m—1
T = Z Ay, = (Z AonTon + Z )\2n—1$2n—1> Z Aon—1Ton—1 = Ppx+ Z Aon—1T2n—1
n=1 n=1 n=1

n=m

and so

o0
| Pt — || = H 3 AQn_len_lH moh
=m

thus, (P, ), is a sequence of operators in H such that P,(H) < P,;1(H) and s-lim P, = I.

Let n € N and note that H is equal to :fé& K the inner direct sum of the
orthogonal sets (Kr(f))teN, where we define these sets by induction: let K = K,,, and for
a given Ky ) we use the above construction to obtain an infinite dimensional and infinite
co-dimensional closed subspace Ky t+1) ) @, K KP. In particular, every Ky " i unitarily
equivalent to K,, and so

H= K ;(—% l 2y P K,

teN

Let ¢ : P Ky — @n K ) the standard unitary operator (i.e., 1y is the in-
verse of the function f given by the rule ko, ki, ... ) = Doy Ke) and let o)y : @, K (O

@,cn K be a unitary operator such that its restriction to KY @ {0} ®{0}@--- is the
identity operator.

Let T,, = P”T|Kn and T, : @By K = Doy I be given by Tn(zo,zl,...) =
(T120,0,...). In particular, w;lfnwg(zo, 21y...) = (Thz0,0,...). Moreover, T,zy =
U1y T (5, 20)-

If f e K, then for every n = m we have ||T,,f — Tf|| = ||P,Tf —Tf|| — 0,
since s-lim P, = I. Moreover, the sequence (T,), converges strongly to 7', given that
Ur, K,=H. In partlcular UMby YT, bet)y converges strongly to T. Then ,T,, converges

strongly to ¢yt Ty "5 !, and in particular, it converges weakly.

By item (a) there exists a sequence of isometries (Agff ))meN such that pw- lim,, A% =

T, i.e., we can approximated 7T}, in the pw-topology by isometries, and since 1, and
are unitary operators, we conclude that 7}, can be approximated by isometries in the
pw-topology. Since pw-lim7T,, = T and the pw-topology is metrizable we conclude that
T is also approximated by isometries.

(c) The last step consist in showing that any isometric operator V' can be ap-
proximated by unitary operators. According to Wold’s decomposition (see Appendix
C), there exist V-invariant subspaces Hy, Hy < H such that U = V| Hy is unitary and

Vo = V} H, is a right shift in Hs, i.e., there exists a Hilbert space K and a unitary opera-
tor ¢ : Hy — @, K such that 'V (ko, k1,...) = (0, ko, k1,...).
We define V,, in H, so that

O Vb (ko ks o) = (knykoy ks oo ket gty -2 ) -
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The operator 1 ~'V,2) is obviously a bijection. Moreover
"w_lvn¢(k0, kla s )H(—B = H(kTm k07 kl? tt kn—la kn-‘rl; s )H(—B

0
= Y kil i = 11(Ko, k)l
i=0

Therefore, 1)~V,1) is unitary, and so V,,. We claim that s-lim V,, = V in H,. Namely, let
(ko, k1,...) € @, K, and note that

||¢71(Vn - ‘/O)w(k(bkl?' . )H@ = ||(kn707 s 707kn+1 - knakn+2 - knJrla . )H@
< HanK + H<0707"'707 kn—&-lvkn-‘r%---)H@
+1/1(0,0,...,0, kny ka1, - )lle

1/2 1/2
= allie + (D Monsallie) " + (X kel )

11 =0

< Wl +2( Y sl i)

=0

12
= leallie +2( 5 IksllE) =20

i=n

1/2

Then, s-lim ¢V, = ='W in @, K. In particular, s-limV,, = V in Hs.
Let U, = U ® V,, which is unitary since V,, and U/ are unitary, and if we write
x = Py, v + Py,, then

1@ = V)all = U @ Vi — U @ Vo) (a2 + Puy)|| = Ve Prayr — Vo Paeel | 225 0.

This shows that s-limif, = V, and since every U, is unitary we conclude that V' can be
approximated by unitary operators.

A directly consequence of Theorem 3.5 is the following result.
Corollary 3.6. The set U(H) is pw-co-meager pw-Gg in C(H).

Proof. 1t follows from Theorem 3.5 that U(H) is pw-dense in C(H). We know that
(U(H),w) is Polish, by Theorem 1.4, and that (C'(H),w) is also Polish, so U(H) is w-Gs.
In particular, since every w-open set is pw-open, we have that U(H) is pw-Gs. Therefore,
U(H) is pw-co-meager in C(H ).

|

The last result in this chapter shows the previously stated claim that the theory
of typical pw-contractions is exactly the theory of typical w-contractions.

Theorem 3.7. A set C — C(H) is pw-co-meager in C(H) if, and only if, C is w-co-
meager in C(H). In particular, a property ® of contractions is pw-typical if, and only if,
® is w-typical.

Proof. By Theorem 3.5 and Corollary 3.6, U(H) is a pw-co-meager subset of the Polish
space C(H). By Theorem 1.4 the weak and polynomial weak topologies coincide on U (H ),
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and in these topologies, U(H) is a Polish space, and so a Baire space. So, we can discuss
in U(H) typical properties related to Baire spaces.

Since U(H) < C(H) is pw-co-meager, it is in particular pw-dense. Hence, a set
M c U(H) is pw-meager in U(H) if, and only if, it is pw-meager in C(H).

Since U(H) is pw-co-meager, a set C < C(H) is pw-co-meager in C'(H) if, and only
if, CnU(H) < C(H) is pw-co-meager in C'(H). By the discussion above, it follows that
this is equivalent to C n U(H) < U(H) be pw-co-meager in U(H), which is the same as
saying that C n U(H) < U(H) is w-co-meager in U(H).

We conclude that C < C'(H) is pw-co-meager in C(H) if, and only if, Cn U(H) <
U(H) is w-co-meager in U(H). By Theorem 2.7, this is exactly the same as saying that
C c C(H) is w-co-meager in C'(H).

|
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4. THE STRONG TOPOLOGY

4.1 Understanding the topology

Recall that we have defined the Strong Topology by using nets, i.e., we have defined
the topology saying how the convergence of nets works. However, for some of the results,
it is better to define its open sets.

Definition 4.1. Define the SOT topology (Strong Operator Topology) in B(H) as the
coarsest topology for which the evaluation map f, : T — Tx is continuous for every
x € H. In another words, the SOT topology is the topology generated by the sub-basis
consisting of the elements

1 (B(Tx)) = {Ty e B(H) : ||Tor — Tzl|| < ¢},
where € H, e >0 and T € B(H).

Theorem 4.2. A net (T,)aen < B(H) converges to T € B(H) in the SOT topology if,
and only if, s-lim T, =T.

Proof. First of all, let (T,)aen < B(H) be a net that converges to '€ B(H) in the SOT
topology, and let x € H. For a fixed € > 0, let V. = {Ty € B(X) : ||[Tox — Tz|| < e} be
a SOT-neighborhood of T. Then, there exists 5 € A such that for each o > [ it is true
that T, € V..
Then, for each a > f, ||T,x — Tz|| < ¢, from which follows that s-lim 7, = T
On the other hand, let (7,)aen = B(H) be a net such that s-lim7, = T. Let VV
be a SOT-neighborhood of T', by taking a subset of V' it is possible to assume that

V = {T()EB(H) . for aHZEIHTgZL'Z—TIZH <€},

where [ is some fixed finite index set.

Since s-lim7T,, = T, it follow that for each 7 € I, limT,z; = Tx;. Or, in other
words, for each § > 0 there exists §; € A such that ||T,x; — Tz;|| < 6, for all & > . Then,
let 0 = ¢ and let § > §; for all ¢ € I (which is possible since [ is finite). Now, note that
if « > p = G, then ||T,x; — Tx;|| < ¢ for all i € I. So, for all & > (3, we conclude that
T, €V, then (T,)aen © B(H) converges to T e B(H) in the SOT topology.

Now we are able to prove the metrizability of this topology in C'(H), as stated in
Theorem 1.3.
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Theorem 4.3. Let {e; : i = 1} < H be a dense subset of By. Then,
w .
di(A, B) = Y 27| Ae; — Bei|
i=1
is a complete separable metric on C(H) which generates the strong topology.

Proof. (a) First of all, define ||A||s :== Y,.2, 27||Ae;|| for every A € C(H), and note that
this is a norm:

e Note that » "
1A]ls = Z;WIIA@H < Z;?iHAII = [|A]
so ||A]|s is well defined.
e Obviously, [|A||s = 0.

e If ||A]ls = 0, then for every i € N we have ||Ae;|| = 0. If y € By, there exists a
sequence (e, ) such that limge,, = y, and then limy Ae,, = Ay. But Ae,, =0,
so Ay = 0. since the result follows for every y € By, one concludes that A = 0. If

A =0, obviously ||A]|s = 0.

e If « € C, then
laAlls = D 27 lade|| = ) o277 Aes|| = |a] Y 27| Aeil| = |af - || Al -
i=1 i=1 i=1
e If A,Be C(H), then

e @] 0
A+ Bll, = Y 27| Ae; + Beil| < Y 27 (|| Aeil| + || Beil ) = [|Alls + 1Bl -

i=1 i=1

Hence, || - ||s is a norm in C(H), and since ds(A, B) = ||A — Bl|s, it follows that
ds(A, B) is a metric in C(H). Now we want to show that this metric generates the strong
topology as defined.

(b) Let T'e C(H) and let V be an s-neighborhood of T'. We want to obtain r > 0
such that
U={AeC(H) :d;(A,T)<r}cV.

We can assume that for each ¢ > 0 and k € N,
k
V=({AeC(H) : ||Ay, — Ty < e}
i=1

Without loss of generality, we can assume that ||y;|| < 1 for every i = 1,... k.
Then, for each i € {1,...,k}, we can use that {e; : j = 1} < H is a dense subset of By in
order to obtain n; € N such that

lyi — eni|| < /4.
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We can also choose r > 0 such that
Mir <e/2.

We state that U < V. Namely, if ds(A,T) < r, then 27¢||Ae; — Te;|| < r for every
i > 1. In particular, 27| Ae,, — Te,,|| < r for every i € {1,... k}.

So, if i € {1,...,k}, we have

14y: = Tyill = [1(A = T) (i — en,) + (A = Ten,|
< 1A = T) (i — ea)l| + 1A~ Te |
<A =) I = eI+ 2
e 9 S g
< o< -+-o=
<AI+ITIS +S<S+ 5=

We conclude that if A€ U, then Ae V.
(c) Let T € C(H). For each r > 0 we have to obtain a s-neighborhood V < U =
{AeC(H):ds(A,T) <r}. So, we need to obtain € > 0, k € N and vy, ...,y such that

k
(V{AeCH):||Ay; — Tyl| <e} < U

i=1

We claim that it is enough to choose € = r/2, k such that 27**! < r/2 and y; = e; for
every i € {1,...,k}. To see this, pick A € V' and see that

0

k
d(A,T) = > 27| Ae; — Tejl |+ > 27'||Ae; — Tey|

i=1 i=k+1

<622-+§]‘WMWHWW

i=k+1

) 2—(k+1)
<5+222"<6+2<1 1>
i=k+1 2

roor
<e4+27F < 4 =
2 2
Hence, V < U. Concluding the proof of that metric d; generates the strong topology.
Now, we have to shown that this metric is complete and separable.

(d) Let’s show that the metric is complete. Let (A4,), < C(H) be a Cauchy
sequence with respect to ds metric. For each € > 0 and each ¢ € N there exists N € N
such that if n,m > N, then d,(A,, A,,) < 27%. So, it follows that for every i € N\ {0},
||Ane; — Ameil| < . Hence, (A,e;), is a Cauchy sequence in H for every i € N\ {0}.

We can now define Ae; = lim A, e; and by using the density of (e;); in By we can
extend it for every x € By, and then we can extend it again by linearly for every x € H.
We claim that A € C(H). Namely, for each € By, let (eg,); be such that lime;, = .
Now,

hmhmHA IE <1

Y

and we are done.
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One way to see that limdg(A, A,) = 0 is to check if s-lim A,, = A, after all, we
proved that the strong topology is generated by this metric. Fix some ¢ > 0, and again
let © € By and let (eg,); be such that lim ey, = 2. Then let e be such that

)
< -,
4

Hx_eki

and for such ey,, there exists N € N such that for every n > N,

4]
1(An = Ael] < 5.

So,

[ Ane — Azl < [|(An = A) (@ — ex)[| + [[(An — Ae || <
<[l

which shows that lim A,x = Ax for all x € By. If y € H\ {0}, then y/||y|| € By, and so

1 1

limAn<L> = A<L> = —limA,y = —Ay = limA,y = Ay,
1]l [yl 1yl [yl

and finally, that s-lim A,, = A. This shows that d, is complete.

(e) In order to prove that C'(H) is separable when endowed with the strong topology
let (z)r=1 be a dense subset of H and set A = {(Txx)r>1: T € C(H)} = HY. Since H is
separable and metrizable, the same is true for HY, so A is separable. Let {T},},>1 be the
set of operators corresponding to a countable dense subset of A.

We claim that (7},),>1 is s-dense in C(H). Namely, let 7' € C(H) and since
(Tz)r=1 € A there exists (T),,);>1 such that (T,,,74)j>1 — (TTx)k>1 When j — co. In

j
particular, lim; T, xy = Tz, for all k > 1.

Fix y € H and € > 0. By using the density of (xj)g>1, there exists k € N such that

g
ly - ell < =

and, for such fixed k, let N be such that n; > N, then

9
(T, = Thanl | < 5.

Now, if n; > N, then

T,y = Tyll < [[(To, = T)(y — )l + (T, — T

<2y-ml[+S<c+s ¢
X — X - XX = - = .
YT Ty S5Ty

So, s-limT},; = T" and we conclude that strong topology is separable.
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4.2 Some general results and lemmas

The theory of s-typical contractive operators depends on the following fact: in
some sense all of the s-typical contractions are unitarily equivalent to a shift. With that
we can understand all the theory understanding this shift. In particular, if we want to
study spectral properties of typical operator it is sufficient to study spectral properties of
this shift.

The problem is: every beautiful painting demands a hard work of the artist... We
will need a great amount of lemmas and another theorems to create this piece of art. Let
us begin.

Lemma 4.4. Let v,y € Sy be such that v # —y, and set o = (2 + 2Relx,y))~V2. Then
oz +y)|| = 1.

Proof. Note that

la(z +yII* = o* @ +y,z +y) = o*(|[2[]* + [[y[]* + 2Re(z, 1))
= a2+ 2Re(z,y)) = ’a? =1,

and we are done.

Lemma 4.5. Let A€ C(H), (by)nen < Su, and z € Sy be such that lim Ab,, = z. Then,
(bn)nen @s convergent.

Proof. We will prove that the sequence (b, ),y is Cauchy. Let £ > 0 and note that for n
and m sufficiently large, b, # —b,,. Namely, if for all N € N there exist n(N),m(N) > N

such that b,(n) = —bm(n), then there exists a subsequence (cy)y of (b,), such that for all
keN, ¢, = —cp41. Since lim Ab,, = z, we have
2‘|ACQ}€H = HACgk — AC2k+lH _k_—>_oo_> 0 .

On the other hand lim ||Acgx|| = z. By the uniqueness of the limit, it follows that
z = 0, an absurd, since z € Sy. This shows that for n and m sufficiently large, b, # —b,,.

Thus, by n and m sufficiently large a,, ,, = (2 + 2Re{by, by, )) "2 is well defined,
and then, by Lemma 4.4 it follows that ||y, m(by + bi)|| = 1. Now, note that

122 < [122 = (Abn = 2) = (Abp = 2)[| + [|(Abn = 2)[| + [[(Ab — 2)]]-
And since ||z|| = 1, we obtain
2 = |I(Abn = 2)[| = [[(Abm = 2)[| < [[Aby + Ab]] -
So,

O‘n,m(2 — [[(Ab, — 2)[| = |[(Abr, — 2)]]) an7m||Abn + Abp||

||AH : ||O‘n,m(bn + bm)”
— <1,

NN



47

Now, since lim Ab, = z, there exists N € N such that ||Ab, — z|| < /8 for all
n > N. Thus, if n,m > N, then that 2 — ||Ab, — z|| — ||Aby — z|| = 2 — /4 then

—_— 1 < 1
7 2_||Abn_2’|_||Abm_Z|| 2_5/4

Thus, (2 —¢/4)* < o2, = 2 + 2Re(by, by, from which follows that

165 = bl > = 1ba]* + [|bm] |* — 2 Rebn, by = 2 — 2Rebn, b
<24+2-(2-¢/4)?=c—-£*/16< ¢,

proving that the sequence (b, ),en is Cauchy.
n

Lemma 4.6. Let n € N\ {0} and let {e; : i < n} be an orthonormal family. Let {f; :
i < n} < H be such that ||fi — e;|| < 1/n for all i < n. Then, {f; : i < n} is linearly
ndependent.

Proof. Suppose that for each ¢ < n, there exists o such that >, _ |o;| > 0and Y}, o f; =
0. Then, we have

H Z Q€
<n

2
= H Z%’ei - Z%’fi
<n <n
1 2 1 5, 1
< (_Z|az‘|> <—Z|sz‘| :_Hzaiei
<<n <<n <<n

2 2
< (X laul - lles = fill)
<n

2

<1

2
So, ‘ Dien W€ ‘ || 2i<n Qi€
0 and then 1 < 1/n, an absurd.

Hence, > ,_, |as| = 0or >, o;f; # 0. In each case, we conclude that the set {f;};
is linearly independent.

2
, but since >’

|a;] > 0, we conclude that )

<n <n Qi€ #

Lemma 4.7. Let Vy, Vi < H be subspaces satisfying Vo L V1. Let A; - V; - H, with i =
1,2, be contractive linear operators such that Aq(Vy) L A1(V1). Then, A : span{Vp, V1} —
H, given by

A(avg + Bvy) = aAo(vo) + BA;(v1),

18 also contractive.

Proof. Let v € span{Vj, V1} be such that ||v|| = 1. We can write v = &, + &, where &; € V;.
In case §; = 0 or & = 0 we use the fact that A; is contractive and the fact that
|I&i] < [Jv]| to obtain
|Av]] = [[As&l| < [[Adl] - [[&]] < 1

In case both are different from zero, we write v = agvg + vy, where a; = ||&]
and v; = &/|&|]. With these definitions, we obtain |ag|? + |a;]? = 1 and v; € Sy;. Now,
note that

[Av]]* < Jao|* - |[Aovol]? + ca]? - [JArw| P < Jawol? + [au]* =1,
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concluding the proof.

4.3 Strongly stable contractions

In this section we begin the study of s-typical properties in C'(H). We will define
a special type of contraction, and after that we will prove that this special contraction is
s-typical.

Definition 4.8. We say that a contraction A is strongly stable if s-lim A™ = 0. We denote
the set of all strongly stable contractions by S.

Remark 4.9. We note that a contraction is strongly stable if, and only if for each x € Sy
and e > 0, there exists N € N such that ||ANx|| < €. Indeed, for each e > 0 and y € H\{0},
set x = y/||ly|| € Su, pick N satisfying the property above for €/||y|| and conclude that
if n > N, ||A"x|| < ||A"N]|| - ||[ANz|| < ¢/||[y||, showing that ||[A™y|| < €. The other
implication is obvious.

Theorem 4.10. S is an s-co-meager, s-Gs subset of C(H).

Proof. (a) The first thing to note is that €(H) := {A e C(H) : ||A|| < 1} is norm-dense
in C'(H). To see this, we use the fact that A = lim(1 —27")A, and so, for n > 0,

(1 =27 Al = 1 =277 - JlAlf < 1 = 27" <1

Then, since €(H) is norm-dense, it is s-dense in C(H).
The second thing is that every operator in €(H) is strongly stable. Indeed, by
taking x € Sy, it follows that

A" ]| < [JA[" - [Jo]] = [JA]]" === 0.

So, since €(H) < S ¢ C(H) and €(H) is s-dense in C'(H), we conclude that S is
s-dense in C(H).

(b) It remains to prove that S is s-Gs. For that, let {x; : i € N} be a dense subset
of Sy. Now, we claim that

S= [ Jtaecw) : ||Am| <277}

i,jEN neN

Let us show that this equality holds and afterwards that {A € C(H) : ||A™z;|| <
277} is s-open for all 7, j,n € N.

If Ae S, it follows from Remark 4.9 that for each x € Sy and € > 0, there exists
N € N such that ||[ANz|| < . We conclude that for every 4,j € N, there exists N € N
such that [|AVz;|| <277, in other words, Ae ;. U, {Ae C(H): |[A"z;|| <277}

On the other hand, let Ae A=), {A€ C(H):|[|A"x;|| <277}, v € Sy and
e > 0. Since {z; : i € N} is dense in Sy there exists k € N satisfying ||z, — z|| < /2. Let
j € N be such that 277 < £/2, and by using the properties of A, exists N € N such that
AN || < 277, s0

[AY || < [|AY (@ — @)l + 1A @il] < [JAIY - ||l — | + [[AY || < /2 + 277 <.
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Hence, A€ S.

(c) To see that {A e C(H) : ||A™x;|| < 277} is s-open for all i, j,n € N it suffices
to show that its complement is s-closed. For each i,j,n € N, let (T,,)men < {A € C(H) :
||A"x;|| = 277} and T' € C(H) be such that s-1imT},,, = T. We know that for every k € N,
s-limT% = T*. In particular, s-lim T = T, and then

[[T72;|| = || lim T || = lim || T a4)| = lim 277 = 277

Hence, T € {Ae C(H) : ||A™z;|| = 277}, proving that this set is closed.

4.4 Studying the properties of s-typical contractions
The main goal of this section is prove the following result.

Theorem 4.11. Let G denote the set of contractive operators A satisfying the following
properties:

1. Sy < A(Sg), i.e., for every y € Sy there exists x € Sy such that Ax = y;
2. dim(ker A) = ©

Then G is an s-co-meager subset of C(H).

In order to prove this theorem we will study the two properties separately, denoting
by G, and G, the contractions satisfying only the Property 1 and Property 2 respectively.
Given that, G = G; n G,, we conclude that it is enough prove that G; and G, are both
s-co-meager in C'(H).

The strategy of the proof that G; is an s-co-meager subset involves a result from
Linear Algebra called Singular Value Decomposition, or simply SVD (see [10] and [11] for
details).

Singular Value Decomposition. Let A be an m x n complex matriz, ¢ = min{m,n}
and r = rank A. Then, there exists is an m x n matriz ¥ = [o;;], with o;; = 0 for all
i # ] and 011 = 0 = - = 0pp > 0= 0441)(r1) = - = Oyq, and there exist a unitary
m x m matriz V and a unitary n x n matric W such that A = VIW*.

In particular, if A -V — W is a linear map with dimV = n and dimW = m,
one can find an orthonormal basis {v;}i<n, of V and {w;}i<y of W such that A maps the
i-th basis vector of V' to a non-negative multiple of the i-th basis vector of W, for every
i <dim A(V), and it maps the other basis vectors to zero.

With SVD, we can prove the following result:

Lemma 4.12. Let V < H be a finite dimensional subspace and let A : V. — H be a
contractive linear operator. Let W = A(V) and let Y < H be an arbitrary subspace
satisfying Y L W. Then, for all X < H satisfying X LV and dim X = dimW + dimY’,
there exists a contractive linear operator A : span{V, X} — H such that A|v = A and

A(Bspan{V,X}) = Bspan{I/V,Y}-
Proof. (a) Case Y = {0}.
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Let dimV = n and dimW = m. Obviously, m < n. The SVD states that there
exists an orthonormal base {v; : ¢ < n} < V such that {Av; : ¢ < n} are pairwise
orthogonal. Moreover, [|Av;|| > 0 if, and only if, i < m. Set w; = Av;/||Av;|| for all
1< m.

Let X < H be such that X L V and dimX = dimW + dimY = m. Fix an
orthonormal basis {z; : i < m} < X and define A : span{V, X} — H such that fl|v =A

and Az; = /1 — |[Av;|[2 - w; for all i < m. We claim that A satisfies the properties we

want.

We begin by checking that A is a contraction. Let u € Sepan{V,x}, 1€, U €
span{V, X} and ||u|| = 1. We can write v = > ,_ ov; + >, f;x; for some o, f; € C,
with 1 = ||u||2 = Zi<n |O'/i|2 + Zi<m |5Z|2 Then,

1Aul 2 = || > asdv; + Z Bin/1 — [[Av;| 2 - w;

<n

- H > aillAvi |- wi + Z Bin/T = [[Avs| 2 - w;

= 3 Il lAvill + Bir/T= TFAwTP) - i |
<Z(\ai|‘llz‘1v¢|l+|ﬁ,~| 1 — |[Auv[]2)?

If 0 < p,q, 7 <1, we use the Cauchy-Schwarz inequality in R? in order to obtain

(pr+qv1—12)2 = (p,q), (r, V1 —12))pe|?
< |I(p,; D)3 (r, V1 = 72)] |

=+ )+ 11" =p + ¢
Then, (pr + ¢v/1 —r2)> < p? + ¢%, and by using this in previous relation we obtain

[[Aul® < Y (le] - [ Avil| + |Bilv/1 = [[Avi][?)®

<m
S Z Joil* + 16:* < Z Jo|* + Z 1B;]* =
<m <n <m

Next, we show that for each y € By, there exists x € Bgpanqyv,x} such that Ar = y. Let
Y = > Biwi, where f5; € C are such that ||y||> = >,_, [5i]* < 1. We define

z =) BilllAvillv; + /1T [[Av][? - 2:),

<m

and claim that z € Bypanv,x}, with Ar = y. First, note that

2]? = X 18P AP + 8P (L = |[Aul?) = X 16 <1

<m <m
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and so x € Byyangv,x}. Moreover,

Az = > Bi(||Avi|| Av; + /1 — [| Av;|PAx;)
= Z Bi (|| Avi| [ Av; + (1 — || Av||*)w;) =
=3 Bi(llAvi][Pw; + (1 — || Avy|[*)w;)

<m

:Zﬁz‘wz‘zy

<m
Then, A is a contractive linear operator such that fl\v = A and A(-Bspan{v, X}) = Bpan(w,y}-
This concludes the proof of the case Y = {0}.

(b) General case.

Since dim X = dimW + dimY write X = X, ® X; where X0~J_ X1, dim Xy =
dim I and dim X; = dim Y. By the Case (a) there exists a contraction A : span{V, X} —
H such that A’v = A and A(Bgpan{v,xo}) = Bw. We extend such A by setting A’Xl :

X; — Y as any isometric isomorphism (which exists since dim X; = dimY’). By Lemma
4.7 we conclude that A is also contractive.

It remains to prove that A(BSP&H{V, X}) = Bypan(w,y}. Since Ais contractive, we just
have to show that Bepangw,yy © A(Bspaniv,x})- Let u € Bopangwyy. We can write u = w+y,
with w e W and y € Y. Since A‘ 1 is an isometric isomorphism, there exists x; € X; such
that Az =y and |[|z1]] = ||y]]-

_For a vector space U and an o > 0 we denote By = aBy. It is easy to conclude
that A(Bg,.v.x,)) = By for every a > 0. Fix a = +/[[u[[* — [|y|[* = [|w]], it follows that
it w € By}, then there exists & € BsC;an{V,Xo} such that A¢ = w.

We know that X; L Xy, and since Xo® X; = X and X 1 V, we have that £ | x4,
and so

1€+ @ [[* = [I]1* + [l |* < o + [l = [Jw|* + [yl* = [Jul* < 1.

Then, £ 4+ 21 € Bepan(v,x} and fl(f +x1) = w+y = u, proving that A(Bspan{\/,X}) =
Bspan{W,Y}-
[ |

Theorem 4.13. G, is a s-co-meager subset of C(H).
Proof. (a) Let
M={AeC(H):Ye>0andye Sy 3z e Sy such that ||y — Az|| < &}

Firstly, we show that M is an s-dense subset s-G of C(H). Let y € Sy, € > 0, and define
the set
C(y,e) = {Ae C(H):3 x e Sy such that ||y — Ax|| < &},

which is s-open.
To see this, we show that C(y,e)¢ is s-closed, i.e., that the set {Ae C(H):V z €
Su,|ly — Az|| = €} is s-closed. Let (T),)nen < C(y,)¢ and let T € C(H) be such that
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s-limT,, = T. Then,
ly = Tz|| =lim ||y — T,z|| > ¢
which shows what we need.

Now, we prove that C(y,¢) is s-dense in C'(H). Let U < C(H), and by taking a
subset if necessary, we can assume that U = (,_.;{4A € C(H) : ||ly; — Az;|| < &;}, where [
is a finite index set, x;,y; € H and ¢; > 0 for all i € I.

Let V = span{z; : i € I} and let A € U. Note that APy € U, so we can assume
that A‘v . = 0. Set W = A(V) and note that since V' is finite dimensional W is also,
so we can obtain Y < H, with dim(Y) = 1, such that Y L W and y € span{WV,Y}.
Explicitly, if y € W let Y any one dimensional subspace such that Y L W. Otherwise, let
Y = span{Py 1 (y)}.

Let now X < H be a (dim W + dim Y')-dimensional subspace such that X 1 V|
which obviously exists since dim(V') < o0 and dim(H) = . By Lemma 4.12 there exists
a contraction A : span{V, X} — H such that A‘V = A‘V and A(Bspan{v,X}) = Bpan{w,y}-
In particular, there exists a z € Bgyangy,x} such that Az = y. Since A is contractive,
lly|| = 1 and ||z|| < 1, it follows that

L=yl = [ Az < [JA]| - [|a]| = ||zl < 1

Hence, x € Sy.

We extend A by setting A’SP&H{V,X}L — 0,50 Ae UnC(y,e) (which is true because
A extends A and A € U). On the other hand, ||[Az —y|| =0 < &, so A€ C(y,e). Then,
C(y,¢€) is s-dense.

(b) We will prove that

(4.1) M=[)Cy.2™

neN
yeD

where D < H is a countable dense subset. The inclusion M < () C(y,27") is obvious. In
order to prove the other one, let A € ﬂneNyeD C(y,27"). Let ¢ > 0 and yy € Sy. Since D
is dense, there exists y € D such that ||yo — y|| < /2. Let n € N be such that 27" < ¢/2,
and since A € C(y,27"), there exists x € Sy satisfying ||y — Ax|| < 27™. Hence,

lyo — Az|| < |ly — Az|[ + ||lyo —yl| <e/2+ 27" <.

Then, relation (4.1) holds and by Baire Category Theorem, it follows that M is

an s-dense s-Gj.

(c¢) Now, we claim that M = G;. Namely, for A € G;, y € Sy, there exists x € Sy
such that Az =y. Then, [[Ar —y[| = 0 < ¢ for every € > 0, and so A € M.

On the other hand, if A € M and z € Sy there exist (b,)ney < Sy such that
||Ab, — z|| < 27", so lim Ab,, = z. By Lemma 4.5, (b,)nen converges to some b € Sy. So,

z = lim Ab, = A(limb,) = Ab,

from which follows that A € G;.
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Now, we show that the set G; is s-co-meager.

Lemma 4.14. The set of contractive operators A such that, for each n € N and € > 0,
there exists Z < H such that dimZ > n and ||A‘Z|| < g, is an s-dense s-Gs subset of
C(H).

Proof. (a) For each n € N and ¢ > 0, we define the set

C(n,e) = {Ae C(H):3 Z < H such that dim Z > n and ||4] || <e}.

We claim that C(n,e) is s-open for every n € N and € > 0. Namely, for each
A € C(n,e) there exists Z < H such that dim Z > n and [|4] || < . We can assume
without loss of generality that Z finite dimensional (this because if there exists an infinite
dimensional space W satisfying these properties we can pick any finite dimensional subset
Z with dim Z > n, and then HA‘ZH < HA‘WH) Thus, we can assume that dim Z = k < co.
Let {z; : i < k} be an orthonormal base of Z.

Since every norms in Z are equivalent, there exists K > 0 such that for each z € Z,
|z]]1 < K||z]|, where || X,_, cizil|i = 254 |au]- Let n = e —||A|, || and define
z

i<k

U= T eCH): (T - A)x,|| <n/2K},

i<k
which is an s-neighborhood of A, by Theorem 4.2.
We want to show that U < C(n,e). Thus, let 7' € U and note that

(4.2) 171,11 < (1T = A Il + ALl

We already know how to control ||A| ||, so we just need to control the other norm. Let
Dok 0 € Z be such that || Y, _, a;z;|| =1, so

)‘(T—A)(éaixi) ‘ = H;ai(T—A)xi
< (T~ Ayl

< Z ’Oéi % = %HZO{Z{EZ
i<k i<k

n
<—'KH iT;
5K ;ax

1

:2'

Hence, ||(T — A)|,|| < 1/2 < n, and by relation (4.2), we conclude that
1Tl < 0+ 11A4], Il =<

Thus T' € C(n,e), and we conclude that C(n,¢) is s-open.

(b) The next step is show that C'(n, ¢) is s-dense. Let U < C(H) be any non-empty
s-open set, and again, by taking a subset if needed we can assume that

U= AeCH): ||y — Avil| < &}

el
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where [ is finite, v;,y; € H and ¢; > 0.

Let A e U, V = span{v; : i € I} and define B € C(H) by B|v = A‘V and
B‘Vl = 0. Obviously B € U, and since dim V+ = o is such that HB‘VLH =0<e, we
have B € C(n,e). So, B € C(n,e) n U and we conclude that C(n,¢) is s-dense.

(c) Now we claim that the set of contractive operators A such that, for each n € N
and ¢ > 0 there exists Z < H such that dim Z < n and ||A4|,]| < ¢, is exactly the set

) cm,2™)

n,meN

This is straightforward, because if A is a contractive operator such that, for each n € N
and & > 0, there exists Z < H such that dim Z < n and [|4|,]| < & we let ¢ = 27 and
then conclude that A € C(n,27™) for all n,m € N. On the other hand, for each ¢ > 0 and
each A € (1), .y C(n,27) let m € N be such that 27™ < e. Then, there exists Z < H

such that dim Z > n and [|4],]| <27 <e.
By Baire Category Theorem it follows that ﬂn’meN C(n,27™) is s-dense and s-Gj.
[

Theorem 4.15. G, is an s-co-meager subset of C(H).

Proof. By Theorem 4.13 and Lemma 4.14, the set of contractive operators A satisfying
1. for every n € Nand ¢ > 0, there exists Z < H such that dim Z > n and [|4| || < ¢/n

2. for every y € Sy, there exists x € Sy such that Az =y
is an s-co-meager subset of C'(H). We will show that every element of this set satisfies
dim(ker A) = co.
Pick A satisfying the Properties 1 and 2, let n € N and choose £ = 1. By Property
1 there exists Z < H such that dimZ > n and HA‘ZH < 1/n. Let {e;}}=) = Z be an
orthonormal set. For each i < n, there exist f; € H such that ||f;—e;|| < 1/nand Af; = 0.
Fix 1 < n: if Ae; = 0, set f; = e;. Otherwise, by Property 2 there exists xz; € Sy
such that Ax; = Ae;/||Ae;||. Set in this case, f; = e; — ||Ae;||x;. With that, we get

Afz:Aez_HAezH :0

A@i
|| Ael|
Note that f; # 0. Indeed, if f; = 0, then e; = ||Ae;||x;, and by taking the norm in both

sides we get 1 = || Ae;]|, which is absurd since ¢; € Z and [|4] || < 1/n.

In both cases, [|fi —ef| = 0 < 1/n or |[f; — ei]| = [|Aei]| < 1/n concluding the
construction.

It follows from Lemma 4.6 that {f; : ¢ < n} is linearly independent, but since
{fi i <n} cker A, then dimker A > n. Hence, dimker A = co.

Remark 4.16. Since a finite intersection of co-meager is co-meager in any topology,
Theorem 4.11 is a direct consequence of Theorem 4.13 and Theorem 4.15.

Before we proceed to the proof of the main result of this chapter, let us study some
of properties that the operators in G satisfy.
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Theorem 4.17. Let A € G. Then AA* = [ and A*A = Prana*, Ran A* is infinite-
dimensional and infinite-co-dimensional subspace of H. In particular, A* is an isometry
(hence A is a co-isometry) and, A is an isometry on (ker A)*.

Proof. (a) Let {e; : i € N} be an orthonormal basis of H. By the definition of G, for every
i € N there exists a; € Sg such that Aa; = e¢;. We claim that A*e; = q;. First, note that

0 = (Aa; — e;, Aa; — ;) = (Aa;, Aa;) — 2Re{Aay, ;) + {e;, e;) = 2 — 2ReAay, ;)
and since (A*e;, a;) = (Aa;, e;y, we conclude that Re(A*e;, a;) = 1. We also have that
1= [Cei, el = [ei, Aaip| = [(A%es, ap] < |[A%ei| < [[AF|] - [les]| < 1.
Then, ||A*e;|| = 1, and we conclude that
(A%e; — a;, A%e; — a;) = (A%e;, A%e;) — 2Re(A%e;, a;) + (aja;) =1—-2+1=0

So, A*e; = a; and with this we have AA*e; = Aa; = e;, from which follows that AA* = I.
(b) Note that

(A*A)? = A*AA*A = A*(AA*)A = A*TA = A*A.

Moreover, (A*A)* = A*A. Then, A*A is a projection onto Z = {z € H : A*Azx =
x}. Obviously, Z < Ran A*; on the other hand, if z € Ran A*  there exists y € H such
that A*y = x. Then,
A*Ax = A*AA™y = A%y =,
So x € Z, and we conclude that A*A = Pran a*.
(c) Since (A*)*A* = AA* = I, it follows that A* is an isometry. Now, if x € Ran A*,
there exists y € H such that z = A*y and

(Azx, Az) = (AA*y, AA*y) = (AA™y,y) = (A*y, A*y) = (x,x).

Then, A is a isometry in Ran A*.

(d) Since {e; : ¢ € N} is an orthonormal set and A* is an isometry, it follows
that {a; : i € N} is also orthonormal. Given that Ran A* = CI (span{A*e; : i € N}) =
Cl (span{a; : i € N}) the Hilbert dimension of H is infinite, and so its the algebraic di-
mension is also infinite.

(e) Since A* is a isometry, we have that Ran A* is a closed subspace and so
(ker A)* = Cl(Ran A*) = Ran A*. We conclude that codim(ker A)t = codim Ran A*.
Note that

H/(ker A)" =~ ker A,

then, codim Ran A* = dimker A = o0, since A € G. Then Ran A* is infinite co-dimensional.
[ |

4.5 Unitary equivalence of s-typical contractions

Since all infinite-dimensional complex separable Hilbert spaces are isometrically
isomorphic, we can restrict ourselves to study a particular one.
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Definition 4.18. Let H = (*(N x N) and denote the canonical orthonormal basis of H
by {e;(n) :i,n e N}, i.e.,

1 j=dandk =n,

0 otherwise.

ei(n)(j, k) = {
We define the infinite-dimensional left shift operator S by the law Seg(n) = 0 and Se;1(n) =
e;(n) for all i,n € N.

The first thing to note is that S € C(H). Since ||Se2(0)|| = [le1(0)]] = 1, we
have that ||S|| = 1. On the other hand, for each x € H there exists {\;,}inen such that
T = D% new Ain€i(n), and then

|Sz||* = H 2 )\mSei(n)HQ = H Z )\ineil(n>H2
ineN

1€N\{0}
neN
= > Pl < ) Pl = [zl
1€N\{0} i,neN
neN

This shows that ||S|| < 1, proving that ||S]| = 1.
Theorem 4.19. The set O(S) = {USU™! : U € U(H)} is an s-co-meager subset of C(H).

Proof. (a) By Theorems 4.10 and 4.11, it is enough to show that every A € S n G is
unitary equivalent to the operator S. By Theorem 4.16 A* is an isometry, so by Wold
Decomposition (see Appendix C) we have H = Hy @ Hg, where A* is unitary and
A*‘Hs is a right shift.

(b) We claim that Hy = {0}. Recall that Hy = (), Hi, where H; = (A*)'(H).
Let v € Hy. For every i € N, there exists v; € H such that (A*)v; = v. Using that A*
is an isometry, we obtain that A% = v;, but since A € S, A is strongly stable, and so
0 = lim; A'v = lim; v;. Now, note that

1y

0 < [Jull = [[(A) il < [[(AI]- il < Juil] == 0

Thus, v = 0 and so Hy = {0}.

(c) We claim that A 11, 18 unitary equivalent to S. Recall that Hg =y P,y Mo,
where My = H © (A*)(H) = (Ran A*)* = ker A. Since A* is a right shift in @,_ ker A,
it follows that its adjoint A is a left shift.

We claim that (*(N x N) =y @, yker A. To see this let f = (fo, fi,...) €

@;en ker A, where f; € ker A for every i € N, and {e; },en be a basis for ker A. We can write
fi =2 Me, for some M € C, and then define a function F : @, ker A — *(N x N)

n=0"n
by the law (F'f)(n,m) = A for every f e @), ker A.
In the next steps we will prove that F is an unitary operator and that A = F~1SF.

(d) We begin by showing that F is well defined, i.e., that Ff really lies in £*(N x N).
Let f € @,y ker A be such that f; = >,° Me,. Then,

n=0"n-"n

1B = S AlP = 2| 3 A = 33 P

neN neN  meN neN meN
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On the other hand,

IFAlE = 35 Pl

n,meN

from which follows that ||F f||,2 = || f||g. This shows that F' is well defined and also that
is an isometry.

(e) We now show that F is indeed a linear map. Let f, g € @, ker A be such that
fi=>0 o Ne,and g; = >, pihe,, and let ¢ € C too. We have that

n=0"'n

Cf+g=(Qb+g»Qi+mw~)=<§:C”%ﬁ%em§:éx+ﬁmemu->
n=0 n=0

Then,
F(Cf+g)(n,m) = (A, + py, = CFf + Fg,

and so f is a linear map.

(f) To see that F is surjective, let 3 Aren(m) € 2(NxN). Let f € @, ker A
be such that f, = >, _A%e,. First of all, fe (—BleN ker A, since

Dl =20 D Ml <

neN neN meN

(here we use that >} Amen(m) € 62(N x N)).
Now, we claim that F'f = )] en(m). Note that for each j, k e N, (Ff)(j,k) =
)\i, and on the other hand

(2 Anealm) (k) = 3 Nalealm)(GiR) = M.

n,meN n,meN

n,meN m

Since j, k are arbitrary, it follows that F'f = >
tive.

nmeN Amn(m), and so F' is surjec-

(g) Since F' is unitary, it also is invertible, so if FAf = SFf for every [ €
@,y ker A, then FA = SF and A = F~'SF.

Fix f e @,y ker A with f; = >," Me,. We have that

Af = (fu, fos )

Then, (Af); = fj+1. We can write (Af); = >0 nlen, so i = M. Therefore, we have
(FAF)GK) = = N |
On the other hand, we have (Ff)(j,k) = X].. We can write

Ff= > Xen(m),

n,meN

and then,

SFf= > AiSen(m) = >0 Nieai(m)= > Anle,(m

n,meN neN\{0} n,meN
meN
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from which follows that (SEf)(j, k) = X, en At (en(m) (4, k) = N so (SFf) (5, k) =

(FAf)(j, k) for every j,k € N. Now, by the previous discussion, it follows that A =
F~1SF. We conclude that A € O(S), and we are done.

This shows us that the study of s-typical properties of operators reduces to the
study of the properties of S. In particular, the spectral properties of s-typical operators
can be obtained by studying the spectrum of S. Moreover, in the proof of Theorem 4.19
we showed that A is basically a left shift (since Hy = {0} and A* is a right shift in
@ien ker A), thus, such spectral properties are the properties of a left shift.:

Corollary 4.20. An s-typical contraction A satisfies
1. 0,(A) ={ e C: |\ <1};
2. 0.(A)={AeC: |\ =1}
3. 0,(A) =@.
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5. THE STRONG-STAR TOPOLOGY

5.1 Understanding the topology

After studying a really interesting topology where all the theory of typical operators
reduces to the study of only one operator, we return to a topology where typical operators
are not unitary equivalent. The reason of this change is the fact that now we have a
topology where we control the operator and its adjoint together, or in other words, the
function A — A* is continuous in strong-star topology.

Definition 5.1. We define the «-SOT topology in B(H) as the coarsest topology that
makes the map p, : T — ||Tx|| + ||T*z|| continuous. In other words, *-SOT is the
topology generated by the sub-basis consisting of the sets

{Ae B(H): p,(T — A) < ¢}
for each x € H, T € B(H) and ¢ > 0.

Theorem 5.2. The s*-topology coincides with the «-SOT topology.

Proof. (a) Let (Ty)aer and T' € B(H) be such that s*-lim 7T, = T, i.e., s-lim T, = T and
s-im 7T = T*. Let V be a »SOT-neighborhood of 7', and by taking a subset of V' if
necessary we can assume that there exists n € N and, for each ¢ < n, x; € H such that

V= (V{AeB(H): ||Tz; — Az;|| + ||T*z; — A*x;|| < e}
=0

It follows, from s*-lim 7, = T, that for each ¢ < n there exists f;, 8 € A such
that:
o if > B then ||(T, — T)xi|| < &/2;
e if a > (¥ then ||(TF — T*)x;|| < g/2.
Let 8 € A be such that 8 > §; and 8 > B for every ©« < n. Then, if a > f, it
follows that o > 3;, B for every i < n, and so

£

225.

€
(T3 = Tl + [|(T5 = Tzl < 5 +
This shows that T, € V' for every a > [, and the limit in the *-SOT topology of
this net coincides with its limit in the strong-star topology.

(b) On the other hand, let (7, )sea be a net that converges to 7' in the »-SOT
topology. Let x € H and note that V = {Ae B(H) : ||[Tx — Ax|| + ||T*z — A*z|| < ¢} is a
#-SOT-neighborhood of T'. So, there exists 5 € A such that for each a > 3, T, € V. We
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conclude that for each o > 3,

(Te = T)=|

<|
(T — 7)) <

(T — T)x|| + ||(TF — T*)x|| < e and
(T = T%)z|| + [[(Te, = T)x|| < e.

Now, given that z is arbitrary, it follows that s-lim7, = 7 and s-lim7} = T, so
s*-limT, =1T.
[ |

Theorem 5.3. The strong-star topology in C(H) is generated by the metric dg (A, B) =
ds(A, B) + ds(A*, B*), and this metric is complete.

Proof. The first thing we note is that ds« (A, B) is obviously a metric:
o dy(AA) =ds(AA) + ds(A*, A*) =0
e If A+ B, then ds(A, B) > 0 and ds(A*, B*) > 0, so, ds (A, B) >0

o ds(A B) = dy(A,B) + dy(A*, B*) = dy(B, A) + dy(B*, A*) = dy(B, A), for all
A,BeC(H)

o do(A,C) = dy(A, C)+dy(A*,C*) < dy(A, B)+dy(B, C)+d,(A*, B¥)+dy(B*,C*) =
e (A, B) + dys (B, C), for all A, B,C e C(H)

Now we show that this metric induces the strong-star topology.

(a) Let T'e C(H) and let V' be an s*-neighborhood of T. We need to obtain r > 0
such that
U={AeC(H) : dx«(AT)<r}cV

We can assume that
k
V= {AeCH):||Ay; — Tyl + || A*y: — T*yil| <&}
=1

for some € > 0 and k € N. Without loss of generality, we can assume that ||y;|| < 1 for
every i = 1,..., k. For each fixed i € {1,...,k}, by using the fact that {e; : i > 1} < H is
a dense subset of By, there exists n; € N such that

lyi — enill < /8
So, let » > 0 be such that for every ¢ < k
My <g/2.

We state that U < V. Namely, if dg« (A, T) < r, then 27°(||Ae; — Te;|| + ||A*e; —
T*e;||) < r for every i > 1; in particular, 27 (|| Ae,, — Tey, || + ||A*en, — T en,||) < r for
every i € {1,... k}.
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So, if 1 € {1,...,k}, then

[Ay; — Tyil| + [|[A%y: — T*yil| = |[(A = T)(yi — en,) + (A —=T)ey,||
+ (A" =T*)(yi — en,) + (A" = T%)en,||
< |[(A=T)(yi — en)l] + [[(A = T)en,
+ [(A* = T*)(yi — en)|| + [|(A* = T)en,
<|[[A=TIyi — en,|| + [[A* =T*|[ - ||y — en,|| + 2™
19

<4€+8< +6—5
T8 272 2

This shows that if A€ U then Ae V.
(b) Let T e C(H). For each r > 0, we have to obtain an s*-neighborhood V' <
={Ae C(H):d«(A,T) < r}, that is, we have to obtain € > 0, k € N and yy,...,yx
such that

k
({AeC(H): [|Ay; — Tyl + || A%y — T*yil| <€} < U

Let € = r/2, k € N be such that 2752 < r/2 and y; = ¢; for every i € {1,...,k}. Now, we
show that V < U. Indeed, if A € V, then

o]
dye (A, T) = Y 27 (|| Ae; — Tey|| + || A*ys — T*yi))

=1

27 (|| Ae; — Teill + [|A*y; — T*yil])

k
=1

~

e ¢]
+ Y, 27(IlAe; = Beil| + || A%y, — Tyill)

i=k+1

T 2 (Al T+ AR T

I\M?r

i=k+1
<5+22Z2_i
i=k+1
2~ (k+1) ror
<5+22( ><5+2””2<—+—= :
-1 7 T3~ "

proving that V < U.

(c) Now, we show that this metric is complete. Let (A,), be a Cauchy sequence
with respect to dg+ metric and let € > 0, then there exists N € N such that if n,m > N,
then dg« (A, Ay) < €. Since dg« (A, B) = ds(A, B) + ds(A*, B¥), it follows that if n,m >
N, then ds(A,, An) < e and dg(Af, A%) < e. So, (A,), and (A%), are both Cauchy
sequences in dg.

Now, since ds is a complete metric, there exists A, B € C(H) such that 0 =
limds(A,, A) =limds(A%, B). And now, we note that to every z,y € H,

(Az,yy = im{A,z,y) = lim{x, A%y) = {x, By),

and so A* = B. Hence, limds(A, A,) = limdy(A, A,) + limdg(A*, A%) = 0. |
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As it was said before, the map A — A* is s*-continuous. Moreover, it is an s*-
homeomorphism. In the next two theorems, we prove this and write down some useful
consequences.

Theorem 5.4. The map ¢ : (C(H),s*) — (C(H),s*) given by ((A) = A* is an s*-
homeomorphism.

Proof. The first thing to note is that (2 = I, so (7! = (. It remains to show that ( is
s*-continuous.

Let (T},), < C(H) and T € C(H) be such that s*-lim7,, = 7. We want to show
that s*-1im ((7},) = ((T), i.e., that s*-1lim T = T*. This is obvious, since s*-lim7T,, =T
implies s-1im7;, = T" and s-lim 7} = T, and so s*-lim 7)Y = T™.

[
Corollary 5.5. Let U < C(H) and set U* = {A* : Ae V} = ((U). Then,
1. U is s*-open if, and only if, U* is s*-open;
2. U 1is s*-closed if, and only if, U* is s*-closed;
3. U is s*-Gg if, and only if, U* is s*-Gs;

4. U is s*-co-meager if, and only if, U* is s*-co-meager.

5.2 Studying the properties of s*-typical contractions

Since we are dealing with a more rigid topology, one may expect a more complicated
structure of the theory of typical operators. Unfortunately this is true, but on the other
hand we have an interesting theory to investigate. The main result of this section reduces
the theory of typical operators to the theory of typical properties of unitary and positive
self-adjoint operators in the better understood strong topology.

Some preparations are required.

Lemma 5.6. Let {e; : i € N} be an orthonormal basis in H and define D € C(H) by the
law Dey = 0, De;yq = e; for each i € N. Then, for every A € C, Ran(D — \I) is dense in
H.

Proof. Essentially D is a left shift, so the proof use this fact. It is easy to check that D*
is given by D*(e;) = e;41, so we can use the set identity Cl (Ran(D — \I)) = (ker(D* —
)™

Note that ker(D* — XI) = {0} for every A\ € C. Namely, let z = Y. me; €

ker(D* — X]), SO
w —
2 Ni€ir1 = A
n=0

from which follows that 79 = 0 and 7; = M;4; (i € N). Thus, 7; = 0 for every i € N, and
then 2 = 0. This shows that Cl (Ran(D — AI)) = (ker(D* — XI))l =H.

M8

i€ ,

Il
=}

n

Theorem 5.7. The set T = {A e C(H) : ¥V A € C Ran(A — A) is dense in H} is
s*-co-meager and s*-Gs in C(H).
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Proof. (a) Firstly, we show that 7 is s*-dense in C(H). Let U < C(H) be a non-empty
s*-open set. Then, there exist {x; : i <n} < Sy, 0 <e <1 and A € U such that, for each
B € C(H) satistying ||Bx; — Ax;|| < € and ||B*z; — A*x;|| < 2¢ for all i < n, we have
that Be U.

Namely, there exist {z; : i < n} < Sy, 6 > 0 and A € U such that for each
B e C(H) such that (||Bx; — Ax||> + || B*z; — A*z;||?)V? < 6, we have B € U. By fixing
e = min{6/(2v/5),1} and B € C(H) satisfying || Bx; — Axi|| < e, || B*z; — A*x|| < 2¢, we
get

62 62\ 12 52\1/2 §
Bi—AiQ B* A*z 1/2 <— —> :<—> = = 5
(1B~ Azl +| nly < (oo 2) = (4 <

So, BeU.

(b) What we want now is to obtain B € U n T, i.e., B € U such that for each
A e C, Ran(B — AI) is dense in H.

Set V' = span{x;, Az;, A*x; : i <n} and define Q : V — V by Qu = (1 — ¢) Py, Av.
Let dimV = m and let {x;(0) : i < m} be an orthonormal basis in V. Since dim V*+ = oo,
we can pick an orthonormal basis {x;(j) : i < m,j € N\{0}} in V* and we can define
T :VYt — H by Tai(j) = z:(j — 1), for every i < m,j € N\{0}. Now, set B = Q@ eT.
We need to show that Be U n T.

The first thing to show is that B is contractive. Note that

1QIl = (1—e)||[PvA|,|| < A=)l - [|[A] < 1—¢.

Now, let x = >, ; Aij2i(j) € V+. So,

ez =] 3 autmG)| =] 3 dumG -0 = X Pl =l

JeN{0} JeN{0} JENN{0}
<<m <<m <<m

We conclude that ||T'z||/||z|| = 1 and ||T|| = 1. Thus,
1Bl < QI +ellT][ < 1-e+e=1,

which proves that B is a contractive operator.

(c) The next step is to prove that for each A € C, Ran(B — A\[) dense in H. For
each A € C, we claim that

Ran (T - §I]Vl> < Ran (B|,., = A, ) < Ran(B — AI)

The second inclusion is quite obvious. In order to prove the first one, pick = € Ran (T —
%I‘Vi)’ so there exists y € V' such that Ty — 2y = x. Then, eT'(y/e) — A(y/e) = z. So,
T = (B‘VL - )\I‘VL)(y/E), which implies x € Ran (B‘VL — )‘I‘VL)‘

Thus, it suffices to prove that Ran (T — ?I‘Vl) is dense in H. Let n = \/e and
set, for each i < m, the sets V; := span{x;(j) : j € N}, W; := span{z;(j) : j € N\{0}}, and
define the map D; : V; — V; by the law D;(z;(0)) = 0 and D;(z;(j)) = z;(j — 1) for each
J € N\ {0}.

The first two things we point out here is that V* = ;1_01 W, and H = (—B’Z:Ol V..
Let us prove it.
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Fix z € V4. Since {x;(j) : i <m,j € N\{0}} is a basis of V1, it follows that

for some «; ; € C. Notes that for each i < m, Z]EN\{O} a;ri(j) € Wi, so x € @I, Wi
On the other hand, if x € @' W, then z = 31" Z]EN\{O} @, ;2i(j), and so (5.1) holds.
This proves that z € V.

Now, if z € H = V@ V= it follows that Pyz = Z?Z)l a;02;(0) for some ;9 € C
({x:(0) : ¢ < m} is a base of V), and Pyix = X icno}.iem @i, %:(J) for some a;; € C.
Then,

m—1

r=Pyxr+ Pyix = Z a;.02;(0 Z a; (] Z ;2 (J Z Z a; jzi(j),

=0 JENN\{0} jeN i<m jeN
<<m <m

proving that e @, "Vi. The other inclusion is obvious. Hence, V+ = @?:01 W, and
H =@~

By Lemma 5.6 Ran (Di — nI}VZ_) is dense in V; for every ¢ < m. Our next step is
to show that Ran (Di - n[!vi) = Ran (Di‘Wi - n[‘w)’ and with that we can prove that
Ran (Di}Wi — n[‘Wi) is dense in V.

Since W; < V;, one of the inclusions is obvious. In order to prove the other one,
let Z;O:o a;z;(j) € V; and note that

(i ) Z ari(j—1) 27704;% i (i1 — may)ai(j) -

Now, note that (D; —nI)(ZJ Lw;izi(4)) = (D; 17[)(2;0:0 a;zi(j)), with w; = o — .
Namely,

- 77”(2%%@)) = iwjxi(j -1) - i nw;xi(7)

j=1
o0
= wyz;(0 Z (Wijt1 — nw;)x; () -
7j=1
Since w; = a; — Nay and

. By | . J+1 — . .
Wil —NWj = Qg1 — 177 Qo — Na + 177 Qg = Q1 — Nag,

it follows that
o0 o0
_77])<ij$¢ ) Z ajr1 —nag)zi(j) = —nl) (Z%xz )
j=1 j=0

This shows that Ran (Di — 77[‘\4) = Ran (Di‘wi — 77[|W¢)’ and by the previous
discussion, we conclude that Ran (D"‘Wi —nl ’W) is dense in V;.



65

It remains to prove that Ran(7T — nl‘vL) = Q—):’:Ol Ran (Di‘w, — U[‘W,)- Indeed,

T 77]< Z O‘Z]xz )Z Z al]xzjil Z 77041]%

jeN\{0} JENN\{0} jeN\{0}
<m <m <m
= > au(wi(i — 1) = nai()
JENV{0}
<<m

= Z Z — 1) (i 2:(5)
zmz[ (Y am)].

JjeN\{0}

By putting all the pieces together, we conclude that

m—1
Wi): Vi=H.

1=0

m—1 m—1
Ran(T — n[‘vl) = @ Ran (Di‘Wi - 77[’Wi) = @ Ran (Di}Wi —nl
i=0 =0

With this, it follows that Ran(B — A\I) is dense in H, and so B e T.

(d) Now we need to show that B € U. What we will do is ensure the conditions we
stated before, i.e., we will prove that ||Bz; — Ax;|| <e, ||B*x; — A*x;|| < 2¢ for all i < n.

Recall that V' = span{z;, Ax;, A*z; : i <n} and B = Q @ T, where @ acts in V
and T in V*, so

||Bx; — Ax;|| = ||Qx; — Azy|| = ||(1 — ) Py Ax; — Py Az;|| = ||ePyAxy|| < e
Another form to write B is B = QPy + TPy 1, so B* = PyQ* + e Py, T* and

||B*z; — A% ;]|

[Py Qi + e Py T x; — Ay

el|PyiT*x;|| + ||PyQ*x; — Az

el Pyl 11 el + 1B - Q% — A%
e+ ||(1—e)PyA*z; — Py A*z;|

e+ |lePyAtz|] < 2e

NN N

Thus, Be U n T, and since U is an arbitrary s*-open set, we conclude that 7 is s*-dense
in C(H).

(e) It remains to prove that T is s*-Gs in C(H). We start by defining, for each
y€ Sy, 0 >0and L >0, the set

R(y,0,L) = {Ae C(H) : 3 X e C with |\| < L such that dist (Ran(4 — X),y) =6}

Let us show that for each y € Sy, 6 > 0, R(y,d,1) is s-closed. For that, let (A,)men <
R(y,0,1) and A € C(H) be such that s-lim A, = A. For each n € N, we know that
A, € R(y,8,1), so there exists ), € C such that |\,| < 1 and dist (Ran(A, —\,1),y) > 6.
Since |A,| < 1 for every n € N, there exist a subsequence (A, )nen of (M), and A € C such
that A,, — X. We will show that dist (Ran(4 — XI),y) = é.
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Suppose that this is false, i.e., that there exists x € H such that ||Az— Az —y|| <.
Since lim A, = Az and lim \,, = A, it follows that for n; sufficiently large, ||A,, x —
An, @ — y|| < 0. This happens because

An,z = A = yl| < [[(An, = A D)z — (A= A)z|| + [[Az — Az — y]
< |(Ap, = A Dz — (A= MDa|| + 6 =5 5.

k

But this contradicts the fact that dist(Ran(A, — A\,I),y) = § for every n € N. Hence,
R(y,0,1) is s-closed, and consequently s*-closed (in fact, if (A,)nen = R(y,d,1) and
s*-lim A,, = A, then s-lim A,, = A, and since R(y,d, 1) is strongly closed, it follows that
A€ R(y,0,1)).

(f) We claim that if Y < Sy is a countable dense subset, then

7= c\(|JRw.2 ).

yeY
neN

Namely, let A € T. Then, for each A € C, Cl (Ran(A — )\I)) = H. In particular,
for each A € C with |[A\| < 1 and for each y € Y, dist(Ran(A — \I),y) < 27"

On the other hand, let A € C'(H) be such that for each y € Y, n € N, A € C with
Al < 1, dist(Ran(A—AI),y) < 27™. Let z € Sy. Since Y is dense, there exists a sequence
(Zm)men < Y such that lim 2, = z. Now, for each m € N there exists h,, € Ran(A — \I)
such that ||h,, — z,|| < 27™. Thus,

1 = 21l < [ = 2| + [l = 2l] <27 + ||2m — 2]] == 0

and we conclude that Ran(A — AI) is dense. Hence, T'e T, and so T is a s*-G; subset of
C(H).
|

For technical reasons we state the following corollary of Theorem 5,7:

Corollary 5.8. The set
E={AeC(H):Ran(A) is dense in H}
is s*-co-meager and s*-Gs in C(H).

Proof. (a) The set T defined in Theorem 5.7 is s*-co-meager and 7 < &, so € is s*-co-
meager.

(b) By using the same terminology presented in the proof of Theorem 5.7, we claim
that

(5.2) E=CHN\ ) Ry,270

yeY,neN

and that R(y,27",0) is s*-closed. In order to show that for each y € Y,n e N, R(y,27™,0)
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is s*-closed, we note that

R(y,27",0) = {Ae C(H) : 3 A e C with |\
= {Ae C(H) : dist (Ran(A),y)

0 such that dist (Ran(A — XI),y) = 27"}

<
> 27"},

If (Ap)men < R(y,27",0) is such that s*-lim A,, = A, the first thing we note is that
dist (Ran(A,,),y) = 27". Hence, for every x € H and m € N, ||A,,z — y|| = 27", then
27" < limy, [|[Apx — y|| = || Az — y|| We conclude that A € R(y, 27".0).

(¢) Let us prove relation (5.2). Let us A € &, then Ran(A) is dense, so for each
n e Nand y € Y, dist(Ran(A),y) < 27". We conclude that for each n € N and y € Y,
Aé¢ R(y,27™,0),s0 Ae C(H)\ UerneN R(y,27™,0).

On the other hand, if A € C(H)\{J,cy e B(y,27",0), then A e C(H)\R(y,27",0)
for each n e Nand y € Y. So for each n € N and y € Y, dist(Ran(A4),y) < 27", ie.,
for each n € N and y € Y, there exists ¥ € H such that HAa:y —y|| < 27". Hence, the
sequence (z¥),ecy satisfies hmn AzY =y.

Let h € H\{0}. Then, z := h/||h|| € Su. By the density of YV, there exists y € Y
such that ||z — y|| < &/(2||h]|). For this y there exists m € N such that |[AzY, — y|| <
2™ < ¢/(2||h||). Then,

|z = Azp |l < |lz =yl + |ly — A7 || < Hh||

and we conclude that ||h — A(||h||zY,)|| < €. Since h is arbitrary, Ran(A) is dense and so
Aef.

We also need a similar result for positive self-adjoint operators.

Theorem 5.9. The set
= {P e P(H): Ran(P) is dense in H}
is s-co-meager and s-Gs in P(H).

Proof. (a) We begin showing that P is s-dense in P(H). Let U < P(H) be an s-open
non-empty subset. Then, there exist n € N, {z; : i <n} < Sy, e > 0 and A € U such that
for each B € P(H) such that ||Bz; — Ax;|| < e for each i < n it follows that B € U. Thus,
there exists B € U such that Ran B is dense in H. We will, during the proof, assume that
e<1

(b) Set V' = span{z;, Ax; : i < n}. Let @ : V — V be any invertible contractive
self-adjoint operator such that ||Q) — PVA}VH g, one possibility is

Q= %PVA|V - %”v

e To see that () is invertible, it is enough to show that () is injective. This is because
V' is finite dimensional and V' is the domain and the counter-domain of ). Let v € V'
be such that Qv = 0, so

PrAv+v=0= PyAv = —v,



68

and then —1 € U(PvA‘V). On the other hand, we have for each v € V' that

(PyAv,v)y = {Av, Pyv) = (Av,v) = 0

So, PVA|V is a positive operator, and then O'(PvA‘V) c [0, +0), an absurd. Hence,
@ is invertible.

e Note that

QI = ||5PvAl, + 511,|| < SIPvAl L+ Sl T < e < 1,

hence, @) is contractive.

o LetveV, so
(Qu, vy = ((¢/2) Py Av + (¢/2)Iv, v
_ §<PVAU,U> + g<v,v>
_ %<Av,v> + g<v,v> >0

Then, @ is positive and in particular self-adjoint.

e Note that

1Q — PrAl, Il = l(e/2)1],, — (e/2) Py Al || < III\VII + %IIPVAIVH <e

(c) Set B = Q@®I|,,,. We claim that B is a positive self-adjoint operator, || B, || <
1, ||B],.|| = 1 and B is invertible.

o Let v € H. Write v = Pyx + Py1x, so

<B:B7:C> = <QP{/$ + Plea ZZ'> = <QP\/[E,$> + <Plea ZZ'>
={(QPyx,Pyx)+{QPyx, Pyrz)y+ {(Pyix, Pyix) + (Pyrx, Pyx)
= (QPyx, Pyz) + {(Pyiz, Pyiz) = 0

in the last step, we have used that () is positive. This shows that B is a positive
operator, and in particular self-adjoint.

e [|B|,l| <1, ||B|,.ll = 1 follow directly from ||Q|| < 1 and ||I]| = 1. In particular,
1Bl < 1.

e To see that B is invertible, recall that @ is invertible, so the operator D = Q@I |V L
satisfies BD = DB = I.

Then, B € P(H) and since B is invertible, Ran(B) is dense H, and so B € P.
(d) Now we prove that B € U. namely, let i < n, and note that

|1Bx; — Azi|| = [|Q; — Axil| = [|Qu: — PrA| zill < [1Q — PyA[, || - [zl < e

Hence, B € U. Since U is an arbitrary s-open set and B € U nP, we conclude that
P is an s-dense set.
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(e) It remains to prove that P is s-Gs. For y € Sy and ¢ > 0 define
R(y,0) = {Ae P(H) : dist(Ran(A),y) = 4}

In order to prove that this set is s-closed, let (A, )men < R(y,d) be such that s-1im 4, =
A. The first thing to note is that dist (Ran(Am),y) > 0. Hence, for every x € H and
m e N, ||A,z —y|| = 0, then § < lim,, ||Anz — y|| = ||Az — y||. We conclude that
A€ R(y,9).

(f) Let Y < Sy be a dense countable subset. We claim that

P=PH)\ | Ry.2™

yeY,neN

The proof of this equality uses the same arguments presented in the proof of relation
(5.2). Using this the proof ends.

We know that in P(H) it is possible to define the square root of any operator (see
[16] for details). The next result investigates some continuity properties of the square
root on P(H). After that, we will gather all the tools needed to prove the main result of
the chapter.

Lemma 5.10. The function -V : P(H) — P(H), A — AY? is s-continuous. In particu-
lar, Y2 is s*-continuous.

Proof. If T'e P(H), then o(T') < [0,+400). Moreover, ||T|| < 1 and so the spectral radius
of T' is less or equal to 1. Hence, o(A) < [0,1].

We know that the polynomial functions are dense in (C([0, 1],R), ||||s) (see Stone-
Weierstrass Theorem in [9]), so for each € > 0, there exists a polynomial p : [0,1] — R
such that

max |p(z) — 2% = ||p(z) — "] <€

z€[0,1]
Set f(z) = p(z) — 2'/? and let (A,), < P(H), A € P(H) be such that s-lim 4, = A.
Then, by the functional calculus, ||f(A)|| < [|f]lo < € and ||f(An)|] < [|f]lw < € (see
[16]). Therefore,

1425 — Alf2al] < (1A% — p(A)al| + lp(A)e — p(Aal] + [Ip(Ad)o — A2
LFCAY- Nzl + llp(A)e = p(Awel + [1F (A -z

2e + ||p(A)z — p(An)z|

NN N

We note that s-lim A¥ = A* for every k € N, and so s-limp(A,) = p(A). Thus,
0 < limsup ||[AY2z — A2z < 2¢,

from which follows that lim sup || AY/ 25— AY ?z|| = 0. Similarly we prove that lim inf || A"/2z—
A?z|| = 0 and so lim ||AY2z — A)/*z|| = 0. Hence, s-lim Ay/* = A1/2
Note that in P(H) the strong and the strong-star topologies coincide given that
for each A e P(H), A* = A. Hence, -'/? is s*-continuous.
|
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The main result of the section characterizes the structure of s*-typical contractions:

Theorem 5.11. There exists an s*-co-meager and s*-Gg5 set, H < C(H), and an s-co-
meager s-Ggs, P < P(H), such that the function W : U(H) x P — H given by ¥ (U, P) =
UP is a homeomorphism, where U(H) and P are endowed with the strong topology and
H is endowed with the strong-star topology.

Moreover, if (o,11) : H — U(H) x P denotes the inverse of ¥, then for each
AeH and U e U(H), UAU' € H and ¢y(UAUY) = Ugy(A)U (i = 0, 1).

Proof. (a) With the notation of Corollary 5.8 set

H=EnE ={AeC(H):Ran(A) and Ran(A*) are dense in H}.

It follows from Corollaries 5.5 and 5.8 that H is s*-G5 and s*-co-meager.

(b) Define ¢, : H — P(H) by ¢,(A) = (A*A)Y2. Let us show that this function
is well defined. The first thing to note is that (A*A)Y2 is positive and ||(A*A)Y?|| =
|[(A*A)||? < 1, hence (A*A)YV2 e P(H).

Using the notation as in Theorem 5.9, we claim that ; maps to P. Note that
Ran(A*A) is dense in H: namely, for h € H and € > 0, it follows from Ran(A*) and
Ran(A) both being dense in H that there exists y € H such that ||h — A*y|| < /2 and
z € H such that ||y — Az|| < /2. Then,

" 9
[Ih = AT Az < [k = A%y|| + [|[A%y — A" Az]| < 5 + [[A"]] - [ly — A2l] <&,

and we conclude that Ran(A*A) is dense. Since Ran(A*A)  Ran(A*A)Y2, Ran(A*A)'/?
is also dense.

(c) We need to show that 1; is an s*-continuous function. Define the map F :
H — P(H) by the law F(A) = A*A and note that ¢, = F/2. If F is s*-continuous, then
¢y is s*-continuous, given that the map -2 : P(H) — P(H) is s*-continuous by Lemma
5.10.

Let (A,), € C(H) and A € C(H) be such that s*-lim A,, = A, andsos-lim A4, = A
and s-lim A% = A*. Therefore, s-lim A* A, = A*A, and since (T*T)* = T*T for every
T € B(H), we conclude that s-lim(A*A,)* = (A*A)*, and so s*-lim A*A,, = A*A. Thus,
F' is s*-continuous, from which follows that ¢y : H — P is also s*-continuous.

(d) Now we need to define ¢)y. Recall that ¢;(A) is a positive self-adjoint operator
with dense range for each A € H. So, since H = Cl(Ran(¢)(A))) = (ker(;(A)))*L, we
conclude that ker(¢(A)) = {0} and hence 1;(A) is injective. Thus, we can define the
operator ¢ (A)~' : Ranv;(A) — H, which is closed and positive. Namely,

e we use the positivity of 1;(A) to show that ¥, '(A) is positive. Let ¢,(A)y = x €
Ran 1 (A),s0

W (A)z, ) = W (A (A)y, vi(A)y) = (y, 1 (A)y)y = 0;

e Let (2,), be such that z, — x and ¢;*(A)x, — y. Since z,, € Rant;(A), there
exists y, € H such that ¥ (A)y, = T, 80 y,, = 1 (A) " (A)y, = V1(A) L, — .
By the continuity of ¢4 (A) it follows that x, = ¥1(A)y, — ¥1(A)y, and by the
uniqueness of the limit, one concludes that v (A)y = x. Moreover, y = 1, (A) 1.
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We can extend densely 1;(A)~! to a function defined in all H. Now, we consider
the operator At (A)~!, which has a dense range and it is an isometry. Namely,

e since Rant(A)™" = H and ClI(A) = H (given that A € H), it follows that
ClRan(Ay, (A)™Y) = H;

e For each x € Ran;(A)™}, we get

(A (A) ", Ay (A) o) = (Wi (A) T A* Ay (A) e, )
= (1 (A) (A1 (A) e, @)
= <ZE, :L‘> )

and so Ay (A)~! is an isometry.

Hence, A¢;(A)~! : Ranv(A) — Ran A has a dense range and is a isometry, so we
can extend it to an operator 1)g(A) : H — H, which is unitary. Indeed,

e for each y € H, given that Cl(Ran A) = H, there exists (y,), < Ran A such that
limy, = y. For each n € N, there exists z, € Ran); '(A) such that Ay, (A4)" 'z, =
Yn, SO

19— Ymll = [|A01(A) ™ (20 = 2m) | = 120 — 2|

Since (y,)n is a Cauchy sequence, the sequence (z,),, is also Cauchy, so there exists
z € H such that z, — z. By continuity, it follows that A, (A)~'z = y, proving that
1 is surjective.

e Given that Ay (A)~! is an isometry it follows that vy is also an isometry. Now, let
(Yn)n < Raney(A) and y € H be such that y = limy,,. Thus,

[ A1 (A) " yl| = lim [[Agpy (A) || = lim ||yl = [Jy/]]

and 1y(A) is a unitary operator.

(e) We claim now that every A € H can be written as A = 1(A)11(A), where
Yo(A) € U(H) and ¢;(A) € P. This decomposition is unique and unitary invariant, i.e.,
for each Ae H and U € U(H), ;(UAUY) = Uyp;(A) U™ (1 = 0,1).

First of all, if # € H, then ¢ (A)x € Ran v, (A) and 1o (A)1 (A)z = Ay (A) 1 (A)x =
Az, hence 1g(A)1(A) = A.

In order to prove the uniqueness, let U,V € U(H) and P,Q € P be such that
UP =VQ. Then,

P?> = PU*UP = (UP)*UP = (VQ)*'VQ = QV*VQ = Q?,

and by the uniqueness of the square root of positive operators, we conclude that P = Q).
So UP = VP, and since Cl(Ran P) = H we conclude that U = V.

If Ac H and U € U(H), then UAU™! € H and
UAU™ = Uipg(A)yhr (A) U™ = Uho(A)U - U™ ey (AU

By the uniqueness of the decomposition, we conclude that ¢;(UAU 1) = Uy;(A)U !
(i =0,1).

(f) Recall that W : U(H)xP — H is given by ¥(U, P) = UP where U(H) and P are
endowed with the strong topology and H is endowed with the strong-star topology. This



72

map in continuous. Namely, let (U,), < U(H), (P,), € P and U € U(H), P € P be such
that s-limU, = U and s-lim P, = P. Hence, s*-limU, = U and s*-lim P, = P (since
P* =P, P*=P U*=U."and U* = U™!), from which follows that s-lim U, P, = UP
and s-lim P*U} = P*U*. Hence, s*-lim V(U,, P,,) = ¥(U, P).

It follows from item (e) that W is injective, and it is obviously that (v, ) is the
inverse of W. It remains to prove that 1y is s*-continuous.

(g) Let (A,), € H and A € H be such that s*-lim A, = A. For each y €
Ran(11(A)) there exists x € H such that y = 11 (A)z. So,

[1%0(An)y = o(A)yll = [[¢o(An)r(A)x = o (A)r(A)z]]
< [[¢o(An) 1 (A)z — Po(An)r (An)z|]
+ |10 (An)thn (An)x — tho(A)¢hr (A)z]
< [lsho(An] - [0 (A)z — 1 (An) ] + || Anz — Ax]]
= [[¢1(A)z — 1(An)al] + [[Anz — Az]].

Now, since 1 is s*-continuous it follows that ||1)o(A,)y — ¥o(A)y|| — 0. By the density
of Ran 1 (A) we conclude that s-lim ¢g(A,) = 1(A), and since 1g(A) € U(H). It follows
that s*-lim¢g(A,) = ¥(A). This proves that v is s*-continuous.

5.3 Unitary equivalence of s*-typical contractions

Corollary 5.12. For every Ae C(H), O(A) is an s*-meager subset of C(H). In partic-
ular, s*-typical contractions are not unitarily equivalent.

Proof. Let A € C(H) be arbitrary. If A ¢ H, since H is unitary invariant we have
O(A) c C(H)\H. Since H is s*-co-meager, it follows that O(A) is s*-meager. So, we can
assume that A € H, in this case we have

UHO(A) = {(Yo(UAUY),pn(UAUY)) : U € U(H)}
= {(Upo(AU, U (A)UY) : U e U(H)}
c{Ug(AU U eUH)} x {Up (AU :UeU(H)}
= O(ho(A)) x O(Y1(A))

It follows from Theorem 1.4 that (U(H),s) = (U(H),w) and by combining this result
with Theorem 2.17, we conclude that O(1)y(A)) is s-meager. By Theorem 0.2 we conclude
that U~1(O(A)) is sxs-meager in U(H) x P. Since ¥ is a homeomorphism, it follows that
O(A) is s*-meager in H, and consequentially in C(H).

The second part of the proof follows the same arguments presented in the proof of
Theorem 2.17.

5.4 Spectral properties of s*-typical contractions

The main result in this section states that the point spectrum and the residual
spectrum are empty. Moreover, we will prove that typically the continuous spectrum is
equal to {A e C: || < 1}.
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Lemma 5.13. The set
S={AeC(H):YXeC,|\ <1 we have X € 0(A)}
is s*-co-meager and s*-Gs in C(H).

Proof. (a) We begin proving that S is s*-dense. Let U € C(H) be an s*-open set. Then,
there exist n € N, {x; : i < n} < Sy, e > 0 and A € U such that for each B € C(H)
satisfying ||Bz; — Ax;|| < € and ||B*z; — A*x;|| < e for every i < n, we have B e U.

Set V' = span{x;, Ax;, A*z; :i <n} and let Q : V — V given by ) = PVA‘V. Let
T € C(V1) be such that X € o(T) for every A € C with |A\| < 1 (for instance, let T be the
left shift, T¢, = 0 and T&; = & for (£,)nen an orthonormal basis of V+). Set B = QT
and since o(T') € o(B), we have A € 0(B), so B€ S.

On the other hand, for each i < n we have

||Bz; — Az;|| = ||Qz; — Azy|| = ||PVA‘V371~ — Az;|| =0 < e and
1B%2; — A*xi|| = ||Q 2 — Ail| = || Py A™| o — A*if| = 0 <,

and then B € U. Since U is an arbitrary s*-open set, we conclude that S is s*-dense.

(b) It remains to prove that S is an s*-Gy set. In order to do that, we define, for
every 0 > 0, the set

S(0) ={AeC(H):3XeCsuch that A <1, |[[(A—ADz|| =6
and ||(A* — X)z|| = 0 Vz € Sy}

Note that S(0) is s*-closed: if (A,), € S(6) and A € C(H) are such that s*-lim A, = A,
we have for each x € Sy
§ <|[(An — AD)z|| = 0 < lim|[(A, — A)z|| = ||(A — A\])z|| and
§ < ||[(A* = ADx|| = § < lim ||(A* — X)z|| = ||(A* — X])z]|.

So, A € S(9). Now, we claim that

S=C(H))\|Jse2™
Actually, we will show that C(H)\S =/, S(27").

Let A € C(H)\S. Then, there exists A € C, |A[ < 1 such that A € p(A), and
(A=XI)~', (A* = MX)~" € B(H). By denoting Ay = A — Al and A% = A* — ], we have
that

1= [lzf| = [[Ay sz < [|AY] - [|Axz]] and
L= lz|l = [[(AD) A5l < [I(A) ] - [ Az

Then, [|[Axz|| = 1/][A1]] and [[Az2]] > 1/][(A5) || Let 6 = min{1/[JAL"(], 1/]|(A5) [}
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and n € N such that 27" < ¢§. Then,

27" <6 < ||Axzx|| = [|(A — Al)z|| and
27" <6 < ||Afx]] = [[(A* = A)z]|.

With this, we conclude that A€ S(27"), and so Ae |, S(27").

On the other hand, if A e | J, S(27") then there exists n € N such that A € S(27").
Hence, there exists A € C with |A| < 1, such that ||(A—A)z|| = 27" and ||(A* — \)z|| =
27" for every x € Sy. In particular, ||(A — AI)z|| > 0 and ||(A* — M)x|| > 0 for every
x € Sy, 50 A ¢ a,(A) and ) ¢ 0,(A*).

Note that (ker(A* — X))+ = Cl(Ran(A — AI)), so it follows from A ¢ o,(A*) that
Cl(Ran(A — X\I)) = {0}+ = H. Hence, Ran(A — \I) is dense in H, and then \ ¢ o,.(A).

The last step is prove that A ¢ 0.(A). Let A € 0.(A) and then Cl(Ran(A—\I)) = H,
but Ran(A—AI) # H. We claim that Ran(A—AI) is a closed set. Let £ € Cl(Ran(A—A\I))
, so there exists (1;)jeny © H such that lim;(A — X)n; = £&. By using that A e S(27"), we
get

J,k—00

[In; = mel 127" < [[(A = AD)(n; = e[| = 0.

So, (1;)jen is a Cauchy sequence that converges to a n € H. By the continuity
of A — A, we conclude that (A — A)n = €. So, Ran(A — AI) is a closed set, and since
Cl(Ran(A — AI)) = H, it follows that Ran(A — AI) = H, an absurd. This shows that
A o.(A).

Since A ¢ 0.(A) U 0, (A) U ,(A) = o(A) and A € C, |A] < 1 we conclude that
A ¢S, and we are done.

Theorem 5.14. An s*-typical contraction satisfies 0.(A) = {A e C: |A| < 1}.

Proof. By Theorem 5.7, an s*-typical contraction belongs to 7 n T%, i.e., an s*-typical
contraction A is such that Cl(Ran(A — A\I)) = Cl(Ran(A* — X)) = H for each \ € C.
Hence, 0,(A) = 0,.(A*) = 2.

Since (ker(A—A\I))* = Cl(Ran(A* —\I)) = H and (ker(A* —\I))* = Cl(Ran(A —
M) = H, it follows that ker(A* — AI) = {0}. Hence 0,(A) = 0,(A*) = @.

We recall that the spectral radius of a contraction A is limited by ||A|| < 1, so
o(A) c {Ae C: |\ < 1}. It follows from Theorem 5.13 that {A € C: |\ < 1} < o(A),
hence 0(A) = {A € C : |\| < 1}. By the preceding discussion conclude that o.(A4) = {A €
C: |\ <1}

|
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6. THE NORM TOPOLOGY

Before anything we note that in this chapter, all the topological notions will refer
to the norm topology.

In the norm topology, unfortunately, it is not possible to give a simple description
of the spectral properties of typical operators. One intuitive explanation for this fact is
that the space B(H) is not separable. To see this, we recall a classic example

Example 6.1. Let (* = {x € CV : sup,;_, |z;| < o} be endowed with the norm
2|0 = sup1<je || < 00. This space is not separable. Indeed, if we pick some sequence

(y”)neN < (7, where y* = (y})72,, we can define v = (x;)72, with z; = 0 if |y]| 1 and
xj = yj + 1 otherwise.

With that, ||x|| < 2 and ||x — y"*||w = 1 for each n € N. Therefore, there doesn’t
exist a dense sequence in €.

Theorem 6.2. The space B(H) is not separable.

Proof. Since H is separable, it has a countable orthonormal basis (e,),eny. Now for every
A € (*, define the operator T\ : H — H by the law T\(e,) = A\,e, over the elements of
the basis, and then extend it linearly and densely over H.

We define now the map i : {* — B(H) by i(\) = T). We claim that i is an
isometry. Namely,

o let A,y e (* and a € C. Naturally, for each j € N we have (o)X +7); = a); + 75, so
Toriy(€n) = (@A +9)nen = anen + Men = &Ihe, + The,
It follow that i(aX + ) = Torsy = T\ + T, = ai(N) +i(7).
e Let € H, and let (1,),, = C be such that z = | _ 7ne,. Then,

2
Tl = || 2 tdnea|| = 3 al2An Pllenll? < I E 2l 2,

neN neN

from which follows that ||T)\|| < ||A||e. Now, let y = > 7nen, where n; = [Alleo 4

AT
j the first index where |\;| # 0, and 1, = 0 when & # j (The case A = 0 is obvious).
With that H I
1Tl = ||
Y
By combining both results we conclude that ||T)|] = ||A|]c-

Thus, ¢* is a subspace of B(H). Since B(H) is metric, if it is separable then ¢*
wold be separable too, an absurd. So, B(H) is not separable.
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6.1 Stability of the spectrum

We will also see some of the properties of B(H) that make the theory of typical
spectral properties really complicated. Before this, we will need some terminology and
results.

Definition 6.3. Let A€ B(H) and X\ € C. We say that X € o(A) is stable if there exists
e > 0 such that for every D € B(H) with ||D|| <&, A€ (A + D). Similarly, we say that
A € 0,(A) is p-stable if there exists € > 0 such that for every D € B(H) with ||D|| < ¢,
Aeo,(A+ D).

Theorem 6.4. (see [8]) An operator A on a separable Hilbert space H is not in the closure
of the set G = {T' € B(H) : T is invertible} if, and only if, there exists a constant k > 0
such that ||Az|| = k||z|| for every x € (ker A)t, and dim(ker A) # dim(Ran(A))*.

The proof of this result goes beyond the scope of this work, so we will only cite it
and use it. We need it in order to prove the following result.

Theorem 6.5. Let A€ B(H) and A € C. Then, the following statements are equivalent:
1. Xe o(A) is stable;

2. dim(ker(A — X)) # dim(Ran(A — MI))L and there exists € > 0 such that for every
z € (ker(A — X))t we have ||(A — X)z|| = €||z|].

Before we present the proof of Theorem 6.5 another result is required.
Lemma 6.6. )\ € 0(A) is not stable if, and only if, A — A € C1(G)

Proof. (=) If A € 0(A) is not stable, then for every € > 0 there exists D € B(H) such
that ||D|| < € and € € p(A + D). So, under these conditions, A — Al + D is invertible.
Let, for each n € N, D,, be given as above by letting ¢ = 1/n. Set, for each n € N,
T,=A—=X+D,.

Then, T,, € G and

1 .
T, — A+ M| =||[A=M+ D, — A+ M| =||D,)] < — =50,
n

which shows that T,, - A — A\, and so A — AI € CI(G).

(<) Suppose that A — Al = limT,,, where every T,, is invertible. For each ¢ > 0,
let n € N be such that ||7,, — A+ M|| <e. Set D, =T, — A+ X, so ||D,|| <e. We claim
that A € p(A + D,,). Namely, since

A+ Dy~ N =A+T,— A+ N -\ =T,,

it follows that A + D,, — Al invertible. So, A € p(A + D,,).

Proof of Theorem[6.5. It follows from Lemma 6.6 that

(6.1) A € o(A) is stable if, and only if, A — A\ ¢ C1(G)
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(1) implies (2). If A € o(A) is stable, then A — A\I ¢ CI(G). It follows from Theorem 6.4
that dim(ker(A — A\I)) # dim(Ran(A — A\I))*, and there exists ¢ > 0 such that for every
z € (ker(A — X))t we have |[(A — \)z|| = ¢]|z|].

(2) implies (1). If dim(ker(A— X)) # dim(Ran(A— X))+ and if there exists ¢ > 0
such that for every z € (ker(A — \I))*, we have |[(A — \)z|| = ¢||z||, then it follows from
Theorem 6.4 that A — Xl ¢ Cl(G). By relation (6.1), A € o(A) is stable.

We prove a similar result for the point spectrum.

Theorem 6.7. Let A€ B(H) and X\ € C. Then the following are equivalent:
1. Xe o,(A) is p-stable;

2. dim(ker(A — AI)) > dim(Ran(A — X))t and there exists € > 0 such that for every
z € (ker(A— X)L, [|(A = XDz|| = €||z]|.

Proof. We prove first the case A = 0.

(1) implies (2). If 0 € 0,(A) is p-stable, then 0 € o(A) and it is stable. So, it
follows from Theorem 6.5 that dim(ker(A)) # dim(Ran(A))* and there exists ¢ > 0 such
that for every z € (ker(A))*, ||Az|| = ¢||z]|.

Suppose that dim(ker(A)) < dim(Ran(A))*. We will obtain for each ¢ > 0 an
operator D € B(H) such that ||D|| < e, D‘(kem)l = 0 and that for every x € ker(A)\{0},
Dz € Ran(A)*\ {0}. By assuming that such D exists we conclude that:

o if x € ker(A)\ {0}, then Dz # 0 and Az = 0;

e if 2 € (ker(A))\{0}, then Dz = 0 and Az # 0.
So, if z € H\{0}, we can write x = 7 + x1, with xo € ker(A) and x; € (ker(A))*,
and then
(A+ D)x = (A+ D)(xo + 21) = Dy + Ax;y .

Since for every z € ker(AN{0}, Dx € Ran(A)"\{0}, we conclude that Dzo+Az; # 0.
So, for each x € H\ {0} we get (A + D)z # 0, and then 0 ¢ 0,(A + D), which is absurd,
since 0 is p-stable. Therefore, dim(ker(A)) > dim(Ran(A))*.

Obtaining of D: For each € > 0, let (k,)nex be an orthonormal basis for ker A and
let (7,,)ner be an orthonormal basis for (Ran(A))t. We are assuming that |K| < |R|, so
there exists an injective function i : K — R. Now, we define D by Dk, = $ry,) for each
ne K, and Dz = 0 for each x € (ker(A))*. We extend D linearly and densely over H.

Of course, D\(kerA)l = 0 and for each z € ker(A)\ {0} we have Dz € Ran(A)*\{0}.

If z € H\{0}, we write z = >, _;- nkn + x1, where >, .- nnk, € ker(A) and z; € (ker A)*.
Hence,

2

2 €
1Dzl = || 32 mDki + D[ = || 3 miSricn
nekK nek
g2 &2
= 2l < (X Il + [ ?)
nek nek

= (5) 1P
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So, ||D|| < €, by the previous discussion we conclude the proof of this part of the state-
ment.

(2) implies (1). Since dimker(A) > dim(Ran(A))*, it follows that dim ker(A4) > 0,
and so 0 € 0,(A).

(a) Note that A : (ker(A))* — Ran(A) is a bounded invertible operator. Naturally,
A is bounded. In order to prove that A is injective, let x € (ker(A4))* with Az = 0; then,
x=0.

Now, if y € Ran(A) there exists « € H such that Az = y. Write x = zo + 21, with
zg € ker(A) and z; € (ker(A))*, so y = Ar = Awxg + Az, = Axy. Hence, 2, € (ker(4))*
and Ax; = y, which proves that A is surjective.

Another thing to prove is that Ran(A) is a closed co-finite-dimensional subspace
of H. Let (), < (ker(A))* be such that lim Az,, = y. By our hypothesis, we have that

1
llen = 2ml| < ZlllAzn — Azn|]

Since (Ax,,), converges, it is Cauchy, and so by the previous relation it follows that (x,,),
is also Cauchy. So, there exists z € (ker(A))* such that limx, = x, from which follows
that Az = y and y € Ran(A). Hence, Ran(A) is closed.

In order to prove the statement regarding the co-finite-dimensional subspace, just
consider the relation

codim(Ran(A)) = dim (H/ Ran(A)) = dim(Ran(A))*
< dimker(A) < dim(H) = Ng.

With that, we let k = 1 + dim(Ran(A))*.
(b) Let D € B(H) be such that ||D|| < 3.
For every x € ker(A), consider the following sequence:
o Iy=uI;
o If , is defined, write Dx, = u, + v, with u, € Ran(A) and v, € (Ran(A4))*. Let
Tpi1 = A7 u,.
We set

@) =N (-D'e, & pla) = Y1),

neN neN

First of all, we need to show that these functions are well defined. Note that, by the
hypothesis there exists ¢ > 0 such that for every z € (ker(A))*, ||Az|| = ¢|z||. If we write
y = Az € Ran(A), it follows that

|Az|| = ellz]] = [lyl| = e]|A™ yII: > ||A7I
and then,
[lunll _ [1D2nll Han [|n]]
6.2 n < D < .
(62) ol 2l <oy e <
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By continuing the process we show that ||z,|| < (Qggg'n = (Z‘La;')ln, and then
1)
(G )—] - Il Y, s < -
neN neN

proving that £ is well defined.
In order to prove that p(z) is well defined we use equation (6.2) to show that

lzall _ell2l]
ok2 (2k2)nt1”

[lon]| < [|Dznl < &

then,

Hp( 8”33“2 2k'2 n+1 < 0.

nEN

Moreover, these functions are linear and p(z) € Ran(A)* (The last assertion follows from
the fact that v, € Ran(A)* and that Ran(A)* is closed). Namely,

o (ax +y)o = ax +y = axy+ Yo;

e suppose now that (a:v + y)n = Ty + Yy, SO

(Oél’ + y)nJrl = Ail(PRan(A)D(ax + y)n> = AilPRan(A)D(axn + yn)
= aA_IPRan(A)Dmn + A_lpRan(A)Dyn = QTp+1 + Yn+1;

e note that v, = Praya)r Dr,. By using the previous two items we conclude that
PRan(A)LD(ax + y)n = aPRan(A)lin + PRan(A)iDyn'
By using that the linearity of £(x) and p(z) follows.

(c) We claim that for each x € Bie(a), ||{(z) — || < 1/k. Before we proceed, we
need to consider study the polynomial function P(x) = 22? —x — 1. This polynomial has
roots x = 1 and x = —1/2, and so we can conclude that P(z) > 0 if x > 1. We recall
that £ = 1 + dim(Ran(A))*, and it follows that P(k) = 0, i.e.,

1

<UP—k—-1=k<2k’-1=—— < -
0 = T o1 Sk
1

Therefore, 2k21—1 < 1. Now, let & € Byer(a)- So,

< X lml <liell Y !

le@) —all = || X (-1

neN\{0} neN\{0} neN\{0} )

1 1 2k? — 2k% + 1_1

< ey 1o T T apor Sk
neN{0} (2k2)

Hence, ||£(z) — z|| < 1/k. By Lemma 4.6, if {x(i) : i < k} is an orthonormal family in
ker(A), then {£(x(7)) : i < k} are linearly independent.
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(d) Recall that g = x € ker(A), and so

(4+ D)(x) = (A+ D) Y (=1)"2n) = 2 (~1)"(Azy + D)

neN neN
= Axg + Z (-1)" Az, + Z(—l)”(un + vy,)
neN\{0} neN
= > (=D)"Azy + Y (1) Az + (=)0,
neN\{0} neN neN
= Y (=1) 0, = pla).

neN

It follows from dimker(A) > k that there exists an orthonormal family {z(i) : i < k}
of ker(A). Recall now that dim(Ran(A))* < k and p(z) € Ran(A)*, so there exists
x € span{z(i) : i < k}\{0} such that p(z) = 0. Then, (A + D){(x) = 0 and 0 € 0,,(0).

This concludes the proof of this part of the statement, after all, we have shown
that there exists § > 0, where § = such that for every D € B(H) with ||D|| < 6,
0Oeo,(A+ D).

(e) In order to prove the general case, we apply what we have proved to T' = A—AI.
We only need to show that

£
2k2

0 € 0,(T) is p-stable if, and only if, A € g,(A) is p-stable.

If 0 € 0,(T), then there exists € H\ {0} such that Tx = 0, which by its turn is true if,
and only if, there exists x € H\ {0} such that Az = Az, i.e., A € 0,(A).

Now note that if 0 € 0,(T), then there exists € > 0 such that for every D € B(H)
with ||D|| < ¢, 0 € 0,(T + D). We note that 0,(T + D) = 0,(A + D — \I), so it follows
from the previous discussion that 0 € 0,(7" + D) if, and only if, A € 0,(A + D). Then,
0 € 0,(T) is p-stable if, and only if, there exists ¢ > 0 such that for every D € B(H) with
|D|| <e, Aeo,(A+ D), ie., A€ o,(A) is p-stable. This concludes the proof.

6.2 Topological properties of some sets

As it was said before, some properties of B(H) make the theory of typical spectral
properties more complicated than what we have seen before for the others topologies in
C(H). In order to prove the main results of this section, we need to recall some general
facts.

Definition 6.8. Let A€ B(H). The approzimate point spectrum of A, o.,(A), is defined
as

oup(A) = {Ae C:3I(x,), © H such that ||x,|| = 1Vn e N and ||(A — A\)z,|| — 0}

A sequence (z,), < H satisfying the above conditions are usually called a Weyl
sequence for A at \ € C.

The first thing to note is that the nomenclature approximate point spectrum makes
sense, that is 0,,(A) < o(A). Suppose that A € g,,(A), but A — Al invertible. It follows
from Definition 6.8 that there exists (z,), < H such that ||z,|| = 1 for every n € N
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and |[(A — M)z,|| — 0. On the other hand, 1 = [[z,|| = |[(A — M)A — X))z, || <
[[(A—=XD)7H| - |[(A = A)z,|| — 0, an absurd. Hence, A € o(A).

Another thing to note is that 0,(A) < 0,,(A), although the point spectrum may
be empty. Our main goal now is to show that ¢,,(A) is never empty. In the process, we
prove some topological properties of some sets.

Lemma 6.9. If Ae B(H) is such that ||A — I|| <1, then A is invertible.

Proof. Let B=1— A, so ||B|| =r < 1. Then,

o0
Z=> B
n=0
converges in B(H). If we write Z, = I + B+ --- + B", we obtain
7"l-B)=I+B+---+B"-B-DB*—...—-B"" =1 pt!

But then ||B"*!| < 7" — 0, so Z(I — B) = I. Similarly, (I — B)Z = I. So, [ — B is
invertible, with (I — B)~! = %" | B". We conclude the proof by noting that I — B = A.
[

Theorem 6.10. Let G = {A € B(H) : A is invertible}, G, = {A € B(H) : A is left invertible}
and G, = {A € B(H) : A is right invertible}. Then, Gy, G, and G are open subsets of
B(H).

Proof. (a) Let A € Gyand B € B(H) be such that BA = I. We claim that B(A;||B||™) <
Gi.

If ||T — Al| < ||B]|™!, then || BT — I|| = ||B(T — A)|| < 1. It follows from Lemma
6.9 that Z = BT is invertible. Set X = Z~ !B, so

XT=Z7'Br=2"'7=1

This proves that T is left invertible. Hence B(A;||B||™!) < G; and we conclude that G,
is open.

(b) Similarly to G, we show that B(A4;||B||™') < G, for A € G,., where B € B(H)
is such that AB = 1.

If ||T — Al| < ||B||7, then ||TB —I|| = ||(T — A)B|| < 1. It follows from Lemma
6.9 that Z = T'B is invertible. Set X = BZ™!, so

TX =TBZ '=277"1=1

This proves that T is right invertible. Hence B(A4; ||B||™!) < G, and we conclude that G,
is open.
(c) Since G = G; U G,, it follows that G is also open.
|

A direct consequence of the arguments presented in the proof of Theorem 6.10 is
the following result

Corollary 6.11. Let A, B € B(H), then
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1. If BA=1 and ||T — A
2. If AB =1 and ||T — A|

| < ||B||™!, then T is left invertible;
| < ||B||™!, then T is right invertible.

One could look at these results and want to generalize then in some sense. A
good try is to replace B(H) with some general Banach algebra with identity. Indeed,
Conway proves in [4] Lemma 6.9, Theorem 6.10 and Corollary 6.11 in a Banach algebra
with identity.

Now we prove that the approximate point spectrum of a bounded operator is always
nonempty. After that we will be able to prove the main results of the Chapter.

Theorem 6.12. If A€ B(H), do(A) < 04,(A). In particular, 0,,(A) # &

Proof. Let A\ € do(A) and {\,} < p(A) be such that A\, — A. We claim that ||(A —
A D) 7H| — o0

Suppose that this is false. Then, by taking a subsequence if necessary, there exists
M > 0 such that ||(A — X\, I)7Y| < M for each n € N. Since A\, — ), let n be sufficiently
large so that |\, — A\| < M~!. Then,

(A=A = (A= XD < [A— Al < M2 <A = M\

It follows from {\,} < p(A) that A— A, is invertible, and then by Corollary 6.11, A— I
is invertible. Therefore, A € p(A), which is absurd since do(A) < Cl(c(A4)) = o(A).
Hence, [|(A — X\, 1)7Y| — o0.

Let (z,), © H be such that ||z,|| = 1 and «a, = [|(A — \T) " z,|| > [|(A —
A D)7Y| = 1/n. Tt follows from previous claim that o, — 0. Set y, = a; {(A— N\, I) " a,,
50 |[yml| = [0 ]| = 1. Now,

(A - /\])yn = (A - /\nI)yn + (/\nj - Al)yn = aglxn + ()‘n - )‘)yn
= [[(A = ADyal| < lag'| + X = A =0,

from which follows that A € ,4,(A).

We know that the spectrum o(A) is bounded by CI(B(0, ||A]|)). Moreover, C is a
connected set, so do(A) # &, proving that o,,(A) # @.

We are finally able to state and prove the main results of this chapter. The first
one shows that some important sets have non-empty interior, and that others are nowhere
dense. We note that such results will destroy our hopes of finding a simple description of
typical spectral properties.

Theorem 6.13. Let A € C. Then the following sets of operators have non-empty interior:
1. {Ae B(H): A ¢ o(A)};
2. {Ae B(H) : A€o, (A)};
3. {Ae B(H): Aeog,(A)}.
In particular, the following sets have non-empty interior:
4. {Ae B(H):Ran(A — \) = H};
5. {Ae B(H) : Ran(A — \I) is not dense in H}.
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On the other hand, the following sets of operators are nowhere dense:
6. {Ae B(H): Aeo.(A)};
7. {A e B(H) : Ran(A — \I) is dense in H but not equal to H}.

Proof. Let S, () be the set in item n (n = 1,...,7) related with A € C. For instance
S3(1) ={Ae B(H):1e0,(A)}.

First of all, we prove the results in case A = 0, and after that we study the general
case.

(a) S1(0) e S4(0): Note that {Ae B(H):0¢ 0(A)} = {Ae B(H) : Ais invertible},
which is an open set by Theorem 6.10. Now, since every invertible operator satisfies
Ran(A) = H, it follows that S1(0) < S4(0), so int S4(0) # @.

(b) S3(0): Let (e;)ien be an orthonormal basis of H, and let D be the defined left
shift in this basis, i.e., Dey = 0 and De; 1 = e; for every ¢ > 0. Since Dey = 0 it follows
that D € 53(0)

It is obvious that Ran(D) = H and ker(D) = span{eg}, so it follows that
dim(Ran(D))* = 0 < 1 = dim ker(D)

. Moreover, if z € (ker(D))* = Cl(span{e;},) we write x = >~ | m;¢; and so

2 - 2 < 2 2
D22 = || X meia| | = 5 Imf® = el
i=1 =1

Hence, ||Dz|| = ||z||, and by Theorem 6.7, we conclude that 0 is p-stable. Then there
exists € > 0 such that for each S € B(H) with ||S|| < ¢, 0 € 0,(S + D).

We claim that B(D,e) < 55(0). Namely, let A € B(D,¢), so ||[A— D|| <e. It
follows from the p-stability of 0 that 0 € 0,(A — D + D) = 0,(A), so A € S3(0).

(c) Sg(0) and S7(0): It is obvious that Sg(0) < S7(0), so it is sufficient to study
S7(0).

Let A € B(H) be such that Cl(Ran(A)) = H but Ran(A) # H. Then, A is not

invertible, which means that 0 € o(A).

Now, note that if there exists ¢ > 0 such that ||Az|| > €||z|| for every x € (ker(A))*,

then Ran(A) closed. This is because if (Ax,), converges to some y in H, then

n,m—00

0.

1
Hxn - xm“ < EHAxn - Axm“

Hence, (z,), is a Cauchy sequence in H, and there exists x € H such that z =
limz, and Az = y. Thus, y € Ran(A) showing that Ran(A) is closed. This contradicts
the fact that A € S;(0). With that, 0 do not satisfy the second condition in Theorem 6.5,
and 0 is not stable.

By Lemma 6.6, A € CI(G), where G = {T' € B(H) : T is invertible}. Since A is not
invertible, we get A € 0G, and so S7(0) < 0G.

We use that to obtain C1(S7(0)) < Cl(0G) = 0G, and so int C1(S7(0)) < int 0G = @.
Hence, both Sg(0) and S7(0) are nowhere dense.

(d) S2(0) and S5(0): Let D* be the right shift over an orthonormal basis (e;);en



84

(see the proof of item (b)). Note that 0 ¢ o,(D*), since if z = >, 7;€;, then

0 o6}
0=D%r = Zmei = an‘eiJrl
i=0 i=0

and so 7; = 0 for each i € N. Another property of D* is that it is not surjective (namely,
span{eg} < (Ran(D*))Y). Hence, 0 € o(D*)\ 0,(D*). Tt follows that D* € S5(0), since
Ran(D*) = Cl(span{e;}2,), and so, Cl(Ran(D*)) # H.

We know that ||D*z|| = ||z|| for each x € H. Moreover, dimker(A) = 0 # 1 =
dim(Ran(A))*, so, 0 is stable. Then, there exists ¢ > 0 such that for each S € B(H) such
that [|S]| <&, 0€ o(S + D*).

Now, we will show that 0 ¢ o,(D*) is also stable, i.e, that there exists ¢/ > 0 such
that for every S € B(H) with ||S|| < €, 0 € 0,(D* + S). Fix ¢ = {min{e, 1} and let
S € B(H) be such that ||S|| < 6. If 0 € 6,(S + D*), then there exists x € H such that
D*x = —Sx, so ||Sz|| = ||D*z|| = ||z||. Therefore, 1 < [|S|| < < 1, an absurd.

By combining the previous results, we conclude that there exists § > 0 (namely,
0 = min{e, £'}) such that for each S € B(H) satistying ||S|| < 9, 0 € o(S+D*)\o,(S+D*).
Hence,

B(D*,§) c{Ae B(H):0eo(A)\o,(A)} = S2(0) U Se(0) = S2(0) L G .

Let V' = B(D*,0)\0G. Note that V # & (namely, G has empty interior, so it
is not possible that B(D*,d) < 0G), and V is open (B(D*,0) and 0G is closed). Hence,
V < S5(0) and so S3(0) has non-empty interior.

Since S3(0) < S5(0), it follows that S5(0) has non-empty interior.

(e) The general case. Let A € {C} and define fA\(T) = T+ AI. We claim that f) is
a homeomorphism. Namely,

o if /A(T) = fo(U), then T+ A\ = U + Al. So, T = U and we conclude that f) is
injective;

o if e B(H), welet S =T — X € B(H). So, fa(S) = S+ A =T and f, is
surjective;

e let V c B(H) be an open set and let '+ X € f\(V). Thus, T'e V, and there exists
e > 0 such that B(T,e) < V. We claim that B(f\(T),e) < fa(V).

Let U + M € B(f\(T),e). Note that ||[U —=T|| = |[U + X —T — M|| < ¢, so
Ue B(T,e) c V. Hence, U + A\ € f\(V), proving that f,(V') is open. We conclude
that f) is an open map;

e Note that f;' = f_. Namely, frf A(T) = T — M + X =T and f \fr(T) =
T + M — Xl = T. By the previous discussion f; ! is an open map too. We conclude
that f) is continuous and then is a homeomorphism.
(f) Note that S1(\) = {Ae B(H): A¢ 0(A)} = {Ae B(H) : A—\I is invertible} =
{I'+ X\ € B(H) : T is invertible} = {T'+ A\ € B(H) : 0 ¢ o(A)} = f,(51(0)). Since
S1(0) has non-empty interior and f) is a homeomorphism, we conclude that S;(\) have
non-empty interior.
Like we did before, S;(\) < S4(\), so S4(A) has non-empty interior.
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(g) Note that

So(A\) ={Ae B(H): Aeo.(A)}
= {Ae B(H): A— M is injective and Cl(Ran(A — \I) # H}
= {T + Al : T is injective and Cl(Ran(T")) # H}
= [2(52(0))

Since S3(0) has non-empty interior and f) is a homeomorphism, we conclude that So(\)
has non-empty interior.

Moreover, Sa(A) < S5(A), so S5(\) has non-empty interior.

(h) S3(A\) = {Ae B(H) : Ne 0,(A)} = {A e B(H) : A— X is not injective} =
{T'"+ M € B(H) : T is not injective} = {T'+ X : 0 € 6,,(T")} = f1(53(0)). Since S5(0) has
non-empty interior and fy is a homeomorphism, we conclude that S3(\) has non-empty
interior.

(i) S7(\) = {A € B(H) : Ran(A — A\I) is dense in H but not equal to H} =
{T'+ X\l € B(H) : Ran(T) is dense in H but not equal to H} = f(57(0)). Since S7(0) is
nowhere dense and f) is a homeomorphism, we conclude that S7()) is nowhere dense.

Clearly Sg(A\) < S7(A), hence Sg(A) is nowhere dense. This ends the proof of the
theorem.

As we have said, these results show that it is hard to present a simple description
of typical spectral properties in the norm topology. For example, fix A\ € C; then, {A €
B(H) : A ¢ 0(A)} has non-empty interior. One could imagine that this set is co-meager,
but it follows from Baire Category Theorem that a meager set, i.e., the complement of a
co-meager set, has empty interior.

On the other hand {A € B(H) : A € 0,.(A)} is a subset of the complement of
{Ae B(H): A¢ o(A)}, and by Theorem 6.13 we know that it has non-empty interior, an
absurd. We can prove similar results for any of the sets in Theorem 6.13.

Theorem 6.14. The set {A € B(H) : 0,(A) # &} is dense in B(H).

Proof. Let B € B(H). Since 04,(B) # @, there exist A € o(B) and a sequence (z,,), < Sy
such that lim || Bz,, — Az, || = 0.

For every n € N, let P, be the orthonormal projection onto span{z,}, and set
A, = B(I — P,) + AP,. Note that

Az, = Bx,, — Bz, + \x,, = \x,, .

So, A€ 0,(A,), and 0,(A,) # @.

We claim that ||A,, — B|| = ||\z, — Bz,||. On one hand, if x € H is such that
l|z|| = 1, we can write x = P,x + Rx, where Rx € (span{x,})t. We can see that
||Poz|| < [|z]| = 1, and if we write P,x = n,x, for some 7, € C, it follows that |n,| =
[[mnnll = [|Paz]] < 1, so

||(An _B)xH = ||Aan_Ban|| = |77n| : ||)‘xn _anH < ||)‘xn - BInH'
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This shows that ||A, — B|| < |[|[\x, — Bx,||. On the other hand,
[(An = B)an|| = |[Azn — Bxnl|,

So ||A, — B|| = ||\x,, — Bz,||, and we conclude that ||A, — B|| = ||\, — Bz,|| — 0.
Hence, lim A,, = B and A, € {Ae B(H) : 0,(A) # @} for each n € N. This concludes the
proof of the theorem.
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A. The Kuratowski-Ulam Theorem

The discussion presented here follows [20], and with some additions of [12].
For FEc X xY,ze X and yeY, we set

E,={yeY :(z,y) € £}

and
EY={xe X :(z,y) e E}

Our main goal is prove the following result:
The Kuratowski-Ulam Theorem. Let X,Y be second countable Baire spaces and sup-
pose that A < X xY has the Baire property. Then, the following statements are equivalent.
1. A is meager (respec. co-meager);
2. {x e X : A, is meager (respec. co-meager)} is co-meager;
3. {yeY : AY is meager (respec. co-meager)} is co-meager.

In what follows, if A,U < X we will say that A is meager in U if A n U is meager
in U. We begin proving the following result:

Lemma A.1. Let X be a topological space and suppose that A < X has the BP. Then,
either A is meager or there exists a nonempty open set U < X on which A is co-meager
(i.e., AnU is co-meager in U). If X is a Baire space, exactly one of these alternative

holds.

Proof. Since A has the BP, there exists an open set U such that M := AAU is meager.
If A is non-meager then U # @ and A is co-meager in U (namely, since U\ A < M, we
conclude that U\ A is meager in U).

In particular, if both of the alternatives hold, then A is meager and co-meager in
U. Since U is a non-empty open set and X is Baire, we conclude that U is Baire. Hence,
it is impossible to A n U be meager and co-meager at the same time.

|
Lemma A.2. Let X,Y be topological spaces and A < X x Y. Then, for any v € X,
1. (A:E)C = (Ac>x7'
2. if A, is nowhere dense then AS is dense;
3. if A open (respec. closed) then A, is open (respec. closed);
4. if A is closed then A, is nowhere dense if and only if AS is dense.
Note that by item 1 in Lemma A.2, it makes sense to write AS without parenthesis

in the following sentences. The order of the operations performed in the set A does not
change the final obtained set.
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Proof. (1) Note that y € (A,)¢ if, and only if, (z,y) ¢ A, and this is equivalent to say
that (z,y) € A% on the other hand, this occurs if, and only if, y € (A%),. We conclude
that (A,)¢ = (A%),.

(2) Suppose that A, is nowhere dense, so int(Cl(A,)) = &, and then
int(A,) < int(Cl(A,)) =

hence, int(A4,) = @, and then CI(AS) =Y. So, A is dense.

(3) For each x € X let f, : Y — X x Y such that f,(y) = (z,y), and then
A, = f71(A). We just have to prove that f, is continuous.. Let (y4)o € Y be a net that
converges to y € Y; then, f,(y.) = (x,y,) converges to f.(y) = (z,y), proving that f is
continuous. So, if A open (respec. closed) implies A, is open (respec. closed).

(4) One implication follows from item (2). Now, let A be a closed subset such that
A is dense. Since A, is closed, by item (3), it follows that

int(Cl A,) = int A,

Since Y = CI(AY), it follows that int A, = @, and A, is nowhere dense.
|

Lemma A.3. Let X be a Baire Space and let Y be second countable. Let A< X xY be
a closed, nowhere dense set. Then,

{x e X : A, is nowhere dense}

is a dense G set.

Proof. Let A < X xY be closed and nowhere dense, let (V},), be a countable basis for Y
and let U = A%, then, U is open and dense. Set, for each n € N

W,={xeX :U,nV, # 3},
and note that

W, ={re X :3yeV,such that (z,y) e U} =
={re X :3JyeY such that (z,y) e U n (X x V,,)}
=71x(Un (X xV,)),

where 7y stands for the projection over X. Since projections are open maps, we conclude
that W, is open. We claim that W), is also dense.

Suppose that this is not the case and note that (X \Cl(W,,)) x V,, is a non-empty
open set. Moreover, if (z,y) € Un ((X\CI(W,,)) x V,,) then z € X\CI(W,,), and so x ¢ W,
which implies U, n'V,, = @. Thus, there does not exist z € V,, such that (z, z) € U, which
is absurd, since (z,y) € U, and we conclude that U n ((X \Cl(W,)) x V;,) = @. Then,
(X\CI(W,,)) x V,, is a non-empty open set disjoint from U, contradicting the fact that U
is dense. Hence, W, is dense.

It follows from Lemma A.2

A, is nowhere dense if, and only if, U, is dense,



91

SO
{x e X : A, is nowhere dense} = {z € X : U, is dense} = ﬂ W, .

neN

The result now follows from the fact that X is a Baire space.
[ |

Corollary A.4. Let X be a Baire Space and let Y be second countable. Let A< X xY
be a nowhere dense set. Then,

{x e X : A, is nowhere dense}
1S a co-meager set.

Proof. If A is a nowhere dense set, then CI(A) is also nowhere dense. It follows from
Lemma A.3 that {x € X : (Cl A), is nowhere dense} is a dense G4 set and in particular
co-meager.

We claim that

{re X :(ClA), is nowhere dense} c {x € X : A, is nowhere dense} .

Let € X be such that (Cl A), is nowhere dense, i.e., int CI(C1 A), = @. It follows
from Lemma A.2 that int(Cl A), = .

We want to prove that A, is nowhere dense, i.e., int(Cl(A;)) = @. It suffices to
prove that Cl(A4,) < (ClA),.

Let y € ClA,; then, there exists a net (Yo)aea = Ag such that y, — y. We
have that ((2,9a))aer < A and (z,y.) — (z,y), so (x,y) € ClA. This prove that that
y € (ClA),, and therefore the inclusion Cl1 A, < (ClA),.

Hence, A, is nowhere dense, and so

{r e X : (ClA), is nowhere dense} c {x € X : A, is nowhere dense} .

Since {x € X : (Cl1 A), is nowhere dense} is co-meager, {x € X : A, is nowhere dense}
is also co-meager.

Definition A.5. Let X be a non-empty set, let Y be a topological space, let Ac X xY
and let U be a non-empty open set in'Y. We define

ARY = {x e X : A, is non-meager in U}

and
A*Y ={re X : A, is co-meager in U} .

Remark A.6. If U is a Baire space it follows from Definition A.5 that A*Y < A”U.

Lemma A.7. Let X be a Baire Space, let Y be a second countable Baire space and let
A < X x Y be such that it satisfies the Baire property. Then, the following statements
are equivalent:

1. A is meager;
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2. {x e X : A, is meager} is co-meager.

Proof. (a) If A is meager, then we can write A = | J, A,, where A,, is nowhere dense for
every n € N. It follows from Corollary A.4 that {x € X : (A,), is nowhere dense} is a
co-meager set.

Since nowhere dense implies meager, we have that
{x e X : (A,), is nowhere dense} c {x € X : (4,), is meager}

and then {z € X : (A,), is meager} is co-meager. In particular, the set () {z € X :
(Ay)z is meager} is co-meager. We claim that

ﬂ{x € X : (A,); is meager} ¢ {zr € X : A, is meager}

n

Namely, let © € X be such that (A,), is meager for every n € N. Note that if y € A,,
then (z,y) € A and there exists m € N such that (x,y) € A,,, so y € (An).. Therefore,

Since every (A,), is meager, we conclude that | J,(A,), is also meager, and then
A, is meager. We conclude that () {r € X : (4,), is meager} < {z € X : A, is meager},
and so {z € X : A, is meager} is co-meager.

(b) Suppose that A is non-meager. Since A has the BP, by Lemma A.1, there
exists a non-empty open U < X and a non-empty open V' < Y such that A is co-meager
in U x V. So, it follow from the previous discussion that {x € U : A, is meager in V} is
co-meager in U. But

{relU:A,is meagerin V} c {re X : A, is meager in V} = A*V |

and then A*Y is co-meager in U.

Note that U is non-meager: if U is meager, since X is a Baire space, it follows that
U has empty interior, an absurd since U is a non-empty open set.

Since U is non-meager, it follows that A*" is non-meager. Namely, if A*V is a
meager set, then A*Y is meager in U, an absurd since U is a Baire space.

We claim that A%Y is non-meager. Note that V is a non-empty set in a Baire
space, so V is also a Baire space, and then A*V < A%V < A%Y | If A®Y is a meager set,
then A*Y is also meager, an absurd.

On the other hand, if {x € X : A, is meager} is co-meager, then its complement is
meager in X. But the complement of this set is

{re X : A, is non-meager} = A°Y

contradicting the fact that A”Y is co-meager in Y. Then, A is meager.

We are finally ready to prove the Kuratowski-Ulam Theorem.

The Kuratowski-Ulam Theorem. Let X.Y be second countable Baire spaces and sup-
pose that A — X xY has the Baire property. Then, the following statements are equivalent.

1. A is meager (respec. co-meager);
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2. {xr e X : A, is meager (respec. co-meager)} is co-meager;
3. {yeY : AY is meager (respec. co-meager)} is co-meager.

Proof. (a) Since X and Y are both second countable and Baire spaces, it follows from
Lemma A.7 that the following statements are equivalent:

1. A is meager;

2. {x e X : A, is meager} is co-meager;

3. {y e Y : AY is meager} is co-meager.
(b) Now, if A is co-meager then A is meager and then the following statements are
equivalent

1. A is co-meager;

2. {re X : AY is meager} is co-meager;

3. {yeY : (AY)Y is meager} is co-meager.
Now, it follows from Lemma A.2 that

{re X : AY is meager} = {x € X : A, is co-meager}
and
{yeY : (AY)% is meager} = {y € Y : AV is co-meager} ,

which shows that the following statements are also equivalent

1. A is co-meager;

2. {z € X : A, is co-meager} is co-meager;

3. {y e Y : AV is co-meager} is co-meager.
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B. The characterization of Polish spaces
through Strong Choquet spaces

B.1 A world of definitions

We follow the strategy presented in [12].
Let A be a non-empty set and let n € N. We denote ny A" the set of finite n-

sequences s = (Sg,51,...,8,_1) of elements of A. When n = 0, A° = {&}, where @
denotes the empty sequence.
If s e A" and m < n we set sm = (sg,...,Sm—1) (if m = 0, then s|0 = @). If

s,t are finite sequences from A, we say that s is an initial segment of ¢ or that ¢ is an
extension of s if there exists m < length(t) such that s = t|m (we write s < t).

Two finite sequences are compatible if one of them is an initial segment of the other;
otherwise, we say that they are incompatible. We denote two incompatible sequences s, t
by s L t.

Let AN = |, .y A4n and let AN be the set of all infinite sequences of elements
of A. The concatenation of two finite sequences s = (8;)i<n, and t = (¢j)j<m IS S A T =
(80,8153 Sn—1,t0,t1,...,tm—1) (When we concatenate a sequence s with a 1-sequence (a),
we usually write s A a instead of s A (a)).

Definition B.1. A tree on A is a subset T < A<N closed under initial segments, i.e., if
teT and s c t, then seT. (in particular, @ € T if T is non-empty).

We call the elements of T the nodes of T. An infinite branch of T is a sequence
x € AN such that for every ne N, zln e T.

The body of T, denoted by [T'], is the set of all infinite branches of T', i.e.,
[T]={reAY:VneNzneT}.

We call a tree T pruned if every s € T has a proper extension t 2 s, t € T.

Obviously, this notion of tree is different from the notion presented in Graph The-
ory; however, some intuition is also present here. Usually, we may visualize trees as
follows:
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o (b,c',e") N&f”)

(b,c,e",..)

The bold line represents an infinite branch (b,c,e”,...) € [T]. The tree above
is not pruned; a good example of a pruned tree is the full binary tree {0,1}<N pictured
below:

(0) (1)

(0,0) (0,1) (1,0) (1,1)

B.2 Kbonig’s Lemma

Definition B.2. If T is a tree on A, we call T finite splitting if for every s € T, there
exist at most finitely many a € A such that s Aa€T.

Ko6nig’s Lemma. Let T be a tree on A. If T' is finite splitting then, [T # @ if, and only
if, T is infinite.

Proof. (a) Suppose that [T'] # @. Then, there exists an infinite branch in 7', i.e., there
exists x € AN such that z|n € T for every n € N. In particular, {z|n :n e N} = T, and so
T is infinite.

(b) Suppose that [T] = @. Note that & splits in a finite number of nodes, say
(a1),...,(ay) € T. Again, each one of these nodes (a;) splits in a finite number of nodes;
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thus, by induction, each (a;) splits in a finite number of paths. Since the body of T is
empty, we conclude that these paths will end in a finite time, so T is finite.

B.3 Strong Choquet games and spaces

Definition B.3. Let X be a non-empty topological space. The strong Choquet game G%
1s defined as follows:

I Io,Uo mlyUl
17 Vo Vi

Players I and 11 take turns playing non-empty open sets of X with the requirement of I
playing a set U, = V,,_y with a point x,, € U,, while Il must play V,, < U, with x, € V,.
So, one has

UyoVoo UiV o

with x,, € Uy, V,.

Player II wins this run of the game if [, Vn( =N, Un) # @, and player I wins
if (N Val( =N, Un) = 2.

A strategy for a player in this game is a “rule” that tells him how to play. For
example, a strategy to player I1 works as follows: given the player I previous moves
(x0,Up), - -, (xn, Uy) tell how 1T have to choose V,,. Formally, this is defined as follows.

Definition B.4. Let T be the tree of legal positions in the strong Choquet game G%, i.e., T’
consists of all finite sequences ((xo, Up), Vo, (x1,U1), ..., V) and ((xo,Up), Vo, . .., (xn, Uy))
where U; and V; are non-empty open subsets of X, Uy > Vo o2 Uy 2 V; -+ 2V, and
UyoVWwoU o2V o DU, with x; € U;,V; for every i € N. A strategy for 11 in G%
18 a subtree o < T such that

1. 0 s non-empty;

2. If ((xo, Uy), Vo, (21, U1), ..., V,) € o, then for each open non-empty U,,1 < V,, and
Tnt1 € Un+1; ((1’0, U0)7 %7 BRI an (xn+17 Un-‘rl)) €0o;

3. If ((xo, Uo), Vo, - . ., (x, Uy)) € 0, then for a unique V,, < U, with x,, € V,,
((1‘0, Uo), ‘/0, ey (xn, Un), Vn) €0.
We say that a position p € T is compatible with o if p € o. A run of the game
((x0,Up), Vo, ...) is compatible with o if ((xo,Us),Vo,...) € |o]. The strategy o is a
winning strategy for 11 if he wins every run compatible with o.

A space X is called strong Choquet if player I/ has a winning strategy in G%.
The main goal of this appendix is to use strong Choquet spaces to characterize the Polish
spaces. This approach of using topological games to characterize spaces with a given
property is really interesting and have many results. For instance, we can characterize
Baire spaces using another type of game, called Choquet game (for interested readers, we
recommend [12]). We need some auxiliary results in what follows.

Lemma B.5. A non-empty completely metrizable space X is strong Choquet.
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Proof. Denote the metric of X by d and suppose that the n-th move of player I is (z,, U,),
with U,, open and z,, € U,,. Since U, is open, there exists &,, > 0 such that B(z,,&,) < U,.
Set 0, = min{e,, 1/n} and let the response of player I to be V,, = B(z,,,). Naturally,
V, is open, z, € V,, and V,, < U,,.

Let us prove that with this strategy the player /1 always wins. Fix a run of the
game ((zg,Up), Vo, ...) with II using the above strategy. We claim that the sequence
(z4)n is Cauchy. This happens because for each m,n > k, z,,, x, € Vi = B(xy,dx), and
SO 5

d(xp, T) < 20) < z LEENY
Since X is complete, there exists z € X such that limx,, = x. For each n € N there exists
m € N such that C1V,, < V,, so x € CI(V},,) < V,,; moreover, x € V}, for every k < n. Since
n € N is arbitrary, it follows that x € V}, for every k € N.

We conclude that x € (), Vi, and so player I wins this run of the game. Hence,
X is strong Choquet.
[ |

Lemma B.6. Let (Y,d) be a separable metric space. LetU be a family of non-empty open
sets in'Y. Then, U has a point-finite refinement V, i.e., V is a family of non-empty open
sets with Uy, U = Uyey V., such that for every V e V, there exists U € U such that
V < U and for every y € Y the set {V €V :ye V} is finite. Moreover, given ¢ > 0 we
can also assume that diam(V') < e for every V e V.

Proof. The first thing to note is that Y is second countable. Since it is separable, there
exists a dense countable subset B, and so the set {B(xz,¢) : x € B,e € Q\{0}} is a countable
basis of Y.

By the previously paragraph, there exists a sequence (U, ), of open sets such that
U, Un = Upey U and that for every n € N, there exists U € U such that U, < U.
Moreover, given € > 0 we can assume that diam(U,,) < ¢.

Let U, = UpeN U7(Lp) with Uy(Lp) open, Ul < UT(LPH) and C1UP < U,. One way to
do this is to note that U, = B(x,¢) for some x € B and some € € Q\ {0}. Then, define
UP = B(z,e —¢/(p + 1)), so U, = Upen U and the properties follow.

Set Vi, = Un\UJ,,—,,(Cl Uém)) and note that since every finite union of closed sets
is closed, it follows that V,, is open.

We claim that | J,V, = U, Un. Namely, V,, < Uy, so U, Vi < U, Un. On the
other hand, let z € | J, U, and let m € N be the least index for which z € U,,,. We claim
that x € V,,. Of course, z € U,,, suppose that = € Cl Uy(lm)). Then, there exists
j < m such that z € Cl(U ](m)) c Uj, which is absurd since m is the least index for which
z € U,,. We conclude that z € V,,,, and so z € | J, V.

Let V = {V, : V, # @}. It follow from the previous discussion that | J; o, U =
Uvyey V. Moreover, V,, < U,, and by construction there exists U € U such that U, < U,
so V,, < U. It remains to prove that for every y € Y, the set {V € V : y € V} is finite.

n<m (

Let ye Y. If {V eV :y e V} = & there is nothing to prove, so suppose that
this set is not empty. Then, there exists n € N such that y e V,, c U,, = UpeN UP . We

conclude that there exists p € N such that y € UT(LP ), and since

UT(LP) c UT(LP+1) c UT(LP+2) e
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we conclude that y € U for every j = p. Then, if m > p and m > n,

ye | Jcro™),

j<m
and so y ¢ V,,, for every m > max{p,n}. We conclude that if V,,, e {V € V : y € V}, then

m < max{p, n}, and hence the set {V € V :y e V} is finite.
|

Theorem B.7. Let X be a non-empty separable metrizable space and let X be a Polish
space in which X is dense. Then, the following statements are equivalent:

1. X 1s strong Choquet;
2. X is Gy inX;
3. X 1is Polish.

Proof. We know that (2) implies (3) and by Lemma B.5, it follows that (3) implies (1).
So, it remains to prove that (1) implies (2).
(a) Suppose that X is strong Choquet, fix a metric d on X and a winning strategy

o for player I1 in G%. In this step, we will construct a tree S of sequences of the form
(l’o, (‘/07 ‘/0)7 Ty, ... an) or (I07 (%7 %)7 T1,...,Tn, <Vn7 vn))7 Satisfying:

e V; is open in X and Vi is open in X;

exv;eViand ;e Vi n X (with V., = X’),

° ‘A/l NnXclV;

° Vb o Vl S

e If U, =V, 1 n X then the infinite sequence ((xo,Up), Vo, (x1,Uq) ... ) is compatible

with o.

Additionally, for each p = (=g, (Vo, ‘A/o)lxl, R (Vn_}?Vn_l)) € S (including
the empty sequence), if V, = {V,, : (o, (Vo, Vo), 21, ..., (Vae1, Vie1), @n, (Vi Vi) € S,
then:

e XNV, c UVG% vV
e for every V;, € V,, diam(V},) < 27";
e for every & € X, there exist at most finitely many (,, (V,,, V,,)) such that

(o, (Vo, Vo), 1, (Viiy, Vn_l), Ty (Vi Vn)) €S
and i € V.

The construction uses induction. We begin with putting @ € S.

Fix p = (=, (Vo,f/o)7 ey (Via, Vn_l)) eSandzreV, | n X; Choose V1 as the
only answer of player I7 in o in the run of the game ((zo, X), Vo, (z1, Von X) ..., (x,V,—1n
X)) ) )

Since V)., is openin X and X is a SubspaceA of X, there exists an openset Z,,, < X
such that prw NX =Vyag Set Opry = Zpre N V-1 and note that O, ., is a non-empty
open set in X (given that z € O,,,) that satisfies

Op/\x = ZLpprz N Vn—l - Vn—l
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and ) )
OpA:p NX = Zp/\x N anl NX= V;)/\z N anl = V};/\m .

So, z,V, ., and O, ., are candidates to be some of the z,,V,, and Vn, respectively.
Unfortunately, we cannot guarantee the other properties we want for S with these choices.
However, we can adjust this collection to be what we want. By Zorn’s Lemma, we can
construct the maximal collection O, ,, of sets O satisfying:

e O isopen in X;
e OnXcV,u
b n—lDO~

The previously constructed O, ., are of course in O,,,. Now, let

0= |J Opue

acef/n,1 nX

and use Lemma B.6 to refine O, into a family ¢/, of non-empty open sets satisfying the
following properties: UOeop O = UUeup U; for every U € U, there exists O € O), such that

U < O; for every & € X the set {U € U, : & € U} is finite and diam(U) < 27" for every
Uel,
Moreover, each Ve U, satistyies the following properties:
o Vis open in X;
e since there exists O € O, such that V < O and for some z € Vn_l N X we have that
O n X c V,,u, we conclude that V n X < V), ,,;
e since there exists O € O, such that VcOand O c Vn,l, it follows that V < V,,_;.

For every U € U,), there exists O € O, such that U < O, and for this O there exists

T € Vn_l N X such that O € O, ,,. Choose exactly one z satisfying O € O, ., and put p Az
and p A (z, (Voaz, U)) in S. We claim that this definition of S satisfies all the previously
stated properties.

By using the previous construction, it is obvious that
e V; is open in X and Vi is open in X;
zieViand ;€ Vign X (with V., = X),
\}; NnXclV;
e VgD Vyo;

e If U, = V,_; n X then the infinite sequence ((zq, Up), Vo, (z1,U1) . ..) is compatible
with o.

~

In order to prove the other property, fix p = (xo, (Vo, Vo), 71 o1, (Vi Vi 1)) €
S and V {V (zo, (VO,VO) 1oy (Ve 1,Vn 1)s Tny (Vi, Vi) € S} The first thing to
note is the obvious fact that Vp =U,.

We begin showing that X n Vn,l c UVG% V. fz e X n Vn,l then by the
previous discussion let the set Op,,., be as in our construction. Thus, z € O,., and

Oprz € Oppaz < Op, s0
re |Jo=Ju=)V.

O€e0y, Uely Vev,
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This shows that « € [y, V.

The fact that every V,, e l>p satisfies that diam(Vn) < 27" comes from l>p = U, and
the fact that every element of U, has its diameter less than 27".

If # € X, it follows from our construction that the set {U € U, : & € U} is finite.
And since for each U, there exists a unique x € V,,_1 n X such that p A (z, (Vorz,U)) € S,
we conclude that there are at most finitely many (x,, (V,, V,,)) with

A~ ~

(xOJ (%7 %)7 L1yen oy (VTL—17 Vn—l)a L, (Vn7 Vn)) € S

and i € V.

(b) Let Z, = {Vy : (w0, Vo, Vo), 21, -, Zu, (Vir, Vi) € S} and Wy, = Uy, e Vi
Since each Vj, is open in X , W, is also open in X. We will prove by induction that
X < W, for each n € N.

For the case n = 0, let p = @; then, V, = {Vi : (0, (Vo, Vo)) € S}. Tt follows from

~

item (a) that X n V., Uvep, V., but then X = X n V.4, so

X c UVzWO
VeV,

Now, assume that X € W,, for every m < n. Let z € X and note that since X < W,
there exist V,, such that = € V,,, and a sequence (o, -y Tpy (Vi Vn)) € S, label it by p.
By the construction of S, it follows that X n V, < UVef;p V < Wy, and so x € W, 41.
This proves that X < W, ..

So, X ¢ W, for every n € N, that is, X < ("), W,.

(c) We claim that X = (1) W,. Namely, let & € (), W,, and let S; be the subtree
of S consisting of all initial segments of the sequences (zg, (Vp, VO), T1y ooy Ty, (Vi Vn)) €S
for which # € V,,. Since & € W, for every n € N, there exists (zo, (Vo, %), Tl .y Ty, (Vi Vn)) €
S for which # € V,, for every n € N. Hence, S; is infinite.

For each p = (xo, (b, VO),xl, cos 1, (Vio, Vn—l)) e S it follows from item (a)
that there exist at most finitely many (z,, (V,, V,)) with p A (25, (V,, Vi) € S and & €
V,,. This proves that S; is finite splitting, and so by Konig’s Lemma, we conclude that
[Sj] #* .

Now, let ¢ = (zo, (Vo, Vo), ...) € [Sz]. Item (a) implies that ((zo, X), Vo, (1, Vo N
X)...) is compatible with ¢. Since ¢ is a winning strategy for player I1, we conclude
that (), (V, n X) # @.

On the other hand, & € V,, for every n € N and diam(V,,) < 27", so (), Vi, = {#}
and

Xofif=Xn[Vu=(|XnV,)#0.

This shows that & € X, and so X = ("), W,,. Since every W, is an open subset of
X it follows that X is G5 subset of X.

[ |

Corollary B.8. A nonempty, second countable topological space is Polish if, and only if,
it 1s T, regular and strong Choquet.
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Proof. (a) Suppose that Y is a second countable Polish space. In particular, Y is a second
countable and metrizable space, so by Urysohn Metrization Theorem (see Chapter 0)
it follows that Y is 77 and regular. Another thing to note is that we can let Y be
simultaneously X and X in the previously theorem. In particular, since Y is Polish, we
conclude that Y is strong Choquet.

(b) Suppose that Y is a second countable, 77, regular and strong Choquet space.
It follows from Urysohn Metrization Theorem that Y is metrizable. We know that we
can find a complete metrizable space Y in which Y is dense, and since Y is separable and
dense, Y is also. Since Y is strong Choquet, it follows from Theorem B.7 that Y is Polish.
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C. Wold’s decomposition

Wold’s Decomposition. Let H be a Hilbert space and let V : H — H be an isometry.
Then, there exist K1, Ko, V-invariant subspaces of H, such that

H=K &K,

where V‘Kl s unitary and V\KQ is the right shift in Ky (i.e., there exists a Hilbert space
K such that Ky =y @2, K and V is a right shift on this space).

Proof. (a) Let H be a Hilbert Space and let V' be an isometry in H. We first note that
V™(H) is closed for every m € N. Namely, let (V™(z,))neny and y € H be such that
lim, V™(z,) = y. Since (V™ (2,))nen converges in H, it is a Cauchy sequence. Now, given
that ||[V™(x, — zg)|| = ||z — zk|| we conclude that (x,,)ney is also a Cauchy sequence; let
x be its limit. It follows from the continuity of V' that V"z = y. Then y € V"™(H), and
V™(H) is closed.

(b) Let, for each i € N, H; = V(H). Thus,
H:HODH13H23-~~

Now, we use the fact that H; is closed in H, and consequently in H; 1, to define M; =
H;,© H;, for each i € N.

Now we claim that

inn

(C.1) H=(N#)e (D)

i=0 i=0

from this, it suffices to set Ky = (1,5, H; and K, = (—ng M;, and we are done.

First of all, let us show that these spaces are well defined. If hq, hy € ﬂi>0 H; and
a € C, then for each i € N hy, ho € H;. So, for each i € N, ahy + hy € H;, and consequently
ahy + hs € ﬂiZO H;. Then, this intersection is a vector subspace and in particular isn’t
empty.

In order to prove that El—)gg M; is well defined we need to show that for each
1,7 € N such that ¢ # j, M; 1L M;. Without loss of generality, assume 7 > 7. Since

M; < H; € Hiyy and M; = H; © H;4, it follows that M; L M; and we are done.

(¢) Let us see prove relation (C.1). Let x € H. Since H = Hy = H; ® M, there
exist hy € Hy and mgy € My such that © = hy + mg. If hy € mi>0 H; we are done, given
that M; c (—D;n;) M; for every j € N. Otherwise, since H; = Hy @ M, there exist hy € Hy
and my € M; such that hy = hy + my for some . Now, x = hy + 21.1:0 m;. Again, if
ho € ﬂi>0 H; we are done, otherwise we continue.

Suppose that this process never ends. Then for each n € N it follows that = =
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hn, —I—ZZ o Mis Ny = hyy1 +my,, where h; € H; and m; € M; for each ¢ € N. If we can prove
that the sequence (h,)nen converges to some h € ﬂizo H; we are done; namely, taking the

limit in both sides of z = h,, + ZZ 0 My, we get

o0
xzh—i—Zmi
i=0

. o0 .
The series ), ,m; converges, given that for each n e N

ZHmsz l]*

(and so the sequence of partial sums is bounded and monotone). Moreover, it follows
from the fact that M; L M;, for every 7 # j, that

o0 ) oo
HZmi = M jmill? < 0.
i=0 i=0

So, let us prove that the sequence (h,), converges. If m > n (without loss of
generality), then

m—1 m—1
b= (e S =[S -3

proving that this sequence is a Cauchy sequence and so it converges in H to some h. It
remains to show that h € (| H;. Let i € N, then for each n > i, h,, € H,, € H;, and since
H, is closed it follows that lim,, h,, = h € H;. Hence, h € ﬂpo

Let z € (mz‘zo Hi> N (El—)mn M) We can write 7 = ZiZO m;, with m; € M; for

|2 n,m—00
—_—

[l 0,

=0

every i € N. Note that x € H; for every I € N. In particular, {x,m;) = 0 and then

a2 = <z, ey = a,mey = 0.

120 120

Then z = 0, and so <ﬂi>0 HZ-> 1 (@g}) Ml>

(d) Our next step consisting in showing that these spaces are both V-invariant. For
each h € ﬂi>0 H;and each n € N there exists z, € H such that V"z, = h. In particular, for
each n € N we have that V"2, = Vh, and then for each n € N, it is true that Vh e H,,.
Hence, V'h € ()5 H;. This shows that (1,5, H; is V-invariant.

Now, let z = >, m; € @—)gg M;, with m; € M;, so Vo = >, Vm,;. We will
show that le € Mi+1- Since m; € Mz = Hi@Hifl, it follows that le S V(Hl) = HiJrl,
and so it remains to show that for every y € H;, (Vm;,y) = 0. Let y € H;, so there exists
Yo € H;_1 such that y = Vyg,and then

Vmg,yy = Vmg, Vyo) = (my, yo) = 0

(here we are using the fact that m; € H; © H;_1). Then, Vm; € M;;; and we conclude
that Ve @™ M,

=0
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(e) We know that V' is an isometry in H; in particular, it is a isometry when we
restrict to V : K7 — K. In order to prove the surjectivity, let x € K; and note that
x € H; for every i = 0. Then, for each i > 0 there exists y; € H such that Viy; = z; in
particular, Vy, = x. We will prove that y; € K;. Let ¢« = 0 and note that

g1 = Vil = [V = V' yia|| = |lz — 2|| = 0;

then, Viy;,1 = 11, and since i is arbitrary, we conclude that y; € K;. This proves that V
is unitary in Kj.
(f) Write Ky =y @20 M;. We have proved that V(M;) < M1 and with this it
follows that
V(mg,mi,ma,...) = (0,Vmg,Vmy, Vims,...)

Note now that M; = V{(H © V(H)). Namely, let z € M;, so x € H; and = | H, ;. Since
x € H; there exists y € H such that x = V(y). We claim that z € VI(H © V(H)). Let
VheV(H), since V is an isometry, it follows that

(y, Vhy = Vy,V2hy = - = (V' (y),V*(h)) = (&, VT (h)) = 0,

soye HOV(H) and then x € VI(H OV (H)).
On the other hand, if z € V/(H © V(H)), then there exists y € H © V(H) such
that V(y) = x. Obviously, x € H; by definition. Moreover, if Vi*1h € H;,;, then

&, VI (R) = (Viy), VI (h)) = - =y, V) = 0,

so z € H; © H;, 1, from which that M; = VI(H©V(H)).

Recall that V' is an isometry, so for each i € N,
dim My = dimHOV(H) =dim V' (HOV(H)) = dim M; .

Hence, My =y M; for every ¢ € N. By setting K = M,, we can write

Ky =y (:)]V@ =y (:)f{

120 120

and V' is the right shift over @,., K. This concludes the proof.
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