
Autran Macêdo
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Anilton Joaquim, Cláudio Camargo, João Augusto Pacheco, Lúıs Fernando Faina,
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Resumo

Problemas de Scheduling estão relacionados com o sequenciamento de um conjunto de

atividades a serem executadas por um conjunto de recursos ao longo de um determinado

péıodo de tempo. Este tipo de problema possui diferentes configurações. Neste trabalho

focamos uma classe de problema conhecida como problemas deterministico-estáticos. Nós

apresentamos Verificação Simbólica de Modelos (VSM) como uma nova abordagem de

solução para esta classe de problemas.

VSM é uma técnica de verificação formal que tem alcançado êxito na verificação de

diferentes sistemas complexos. Nós temos utilizado VSM para dar solução exata a prob-

lemas determińıstico-estáticos do tipo job-shop e flow-shop. Ao longo deste trabalho, nós

apresentamos a modelagem e os resultados que obtivemos na solução destes problemas.

Finalmente, nós apontamos também direções futuras para este trabalho.
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Abstract

Scheduling relates to ordering a set of activities to be performed by a set of resources

over a period of time. Scheduling ranges over a very large variety of problems, however

we are concerned with deterministic static scheduling problems. In this thesis, we present

Symbolic Model Checking (SMC) as a new approach to solve this class of problem.

SMC is a finite state formal verification technique that has been successfully used

to verify many complex systems. We have been using SMC to give exact solution to

deterministic static scheduling problems, such as job-shop and flow-shop problems. We

present the modeling and the results we have obtained solving some instances of these

problems, and finally, we point out future directions to this work.
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Chapter 1

Introduction

1.1 Motivation

Scheduling relates to ordering a set of activities to be performed by a set of resources

over a period of time. Scheduling problems arise when the necessary resources for perform-

ing the activities are scarce. Due to this scarcity it becomes essential to determine the best

order of execution for all activities. Determining the best order implies in scanning a space

that have a finite or countably infinite number of possible solutions. This class of problem

is known to be NP-Hard. Therefore, depending on the size of the instance problem, it is

necessary the use of appropriate tools to get a feasible solution.

Scheduling problems range over a great variety of domains. We can find scheduling

problems in areas, such as manufacturing, publishing, transport, health, computing, etc.

For this reason, scheduling problems have different classes of problems. We are concerned

with a class in which all parameters about resources and activities are stated in advance.

This class of problems is known as deterministic static scheduling problems. For now on,

we refer to activities as jobs and resources as machines.

The main objective of this work is to explore the application of formal methods to the

solution of scheduling problems. Specifically we are applying a formal method based in

a temporal logic model checking technique. This technique is known as Symbolic Model

Checking (SMC). SMC models a problem as finite state transition graph. Efficient algo-

rithms traverses the state space searching for model properties. The properties are specified

using temporal operators or quantitative algorithms.

The application of SMC in scheduling problems presents a new perspective to solving
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this class of problems. SMC is a general problem solver in opposite to certain traditional

tools. Being so, SMC provides great flexibility to solve a wide range of scheduling. Be-

sides, the efficiency of its algorithms and its internal representation allows the modeling of

complex instance problems.

1.2 Traditional Approaches

Researchers have studied many different scheduling problems. There are problems

involving one machine, several machines, related and unrelated machines. Besides, there

are also different job characteristics and optimality criteria to consider. In common with

all of them is that the great majority of this problems are NP-Hard. This implies that

it seems unlikely that there is a polynomial time algorithm relating the size of the input

problem that gives an exact solution to them. Therefore there are different approaches to

cope with them.

Some approaches consist of relaxing the restrictions of the problem. The relaxation

makes the problem simpler and consequently easier to solve. For example, the problem of

non preemptive scheduling of independent jobs on two identical processors, and minimum

makespan as optimization criterion is NP-hard; but if we relax this problem by allowing

preemption it becomes an O(n) complexity time problem [12], where n is the number of

jobs. In general, the relaxation is used to help in the design of approximation algorithms.

Among approximation algorithms, there are also different approaches to cope with

scheduling problems. There are constructive methods in which one important representative

is the shifting bottleneck heuristic [2, 8]. There are also iterative methods in which we can

find the local search algorithms that comprises tabu search, simulated annealing [4, 9], and

genetic algorithms [54]. All these algorithms are very efficient and in some cases are used

to determine bounds to certain exact approaches.

Exact approaches to scheduling problems use enumerative methods such as branch-

and-bound (B&B) algorithms [5, 15, 16, 24, 25, 65]. B&B algorithms perform an (implicit)

enumeration of all feasible solutions (schedules) and have been very successful in solving

important scheduling problems. However, to get efficiency, some implementations are de-

signed taking into considerations so many intrinsics characteristics of the instance problem

that is not guaranteed that the same efficiency will occur in a different instance of the

same problem. This means that some implementations work fine just with that specific

instance. Any change in characteristic of the problem may incur some kind of algorithm
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modification and re-implementation.

1.3 Symbolic Model Checking

Symbolic Model Checking (SMC) [66] is an automatic formal technique proposed for

verifying finite states concurrent systems. SMC models a system being verified as a state-

transition graph. Properties about the model are specified in a temporal logic. The model

checking process consists of exploring all states of the model to determine if the specified

properties are satisfied. This verification always terminates and the truth value of the

properties are presented. When any property is falsified, SMC is able to give a counter-

example: a path in the model that demonstrates the property falsification. Counter-

example is a trace of states that presents a possible computation in which the model does

not satisfy the property. It is a very important tool for debugging systems. It generally

provides very good insights about the erroneous behavior of the system being modeled.

SMC has been successful in verifying several large and complex systems such as the

Futurebus+ protocol [30] and the PCI bus performance [18]. States and transition between

states of the model are represented symbolically by boolean formulas and implemented by

OBDDs [17]. The use of OBDD allows SMC to verify systems with as many as 1030 states

(in some specific cases it was already reached 10120 states [31]).

1.4 The Proposed Approach and Results

Symbolic Model Checking (SMC) is a temporal formal method technique appropriate

to finite states systems. Since solving scheduling problems consists of identifying a feasible

solution over all possible solutions, SMC is very appropriate to this class of problem. The

underlying model of SMC and its basic model checking algorithms can solve many class of

scheduling problems, such job-shop problem (JSP). In this case, SMC is able to compute

the minimum makespan, that corresponds to a sequence of jobs over machines such that

this sequence imposes the least minimum time to accomplish all jobs. In SMC, computing

the minimum makespan of a JSP, for example, reduces to the reachability problem between

two states of the model.

SMC is a general problem solver. Like CPLEX[56], SMC is able to deal with some

non predictable questions. In a manufacturing plant, for example, the production manager

could face a situation where he/she needs to recalculate its production line schedule to
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adequate to some new circumstances. For example:

1. one needs to determine a new minimum makespan since a specific job must finish

before all others. It is not the case of simply computing the new makespan not consid-

ering this specific job. Again, SMC answers this question by evoking an appropriate

quantitative algorithm combined with an appropriate temporal logic property.

2. one needs to determine a new makespan, since, for some reason, he/she needs now

to serialize two specific machines. We will see that we can deal with this restriction

only evoking a quantitative algorithm with an appropriate CTL property;

Our study about SMC has begun in the context of a Video on Demand (VOD) System.

At first, we have applied SMC to determine the nominal capacity of a multimedia server

[11, 21]. We have analyzed the ALMADEM-VOD server a component of a VOD system.

We have determined the performance bounds to the server, and these bounds have pointed

out to a discrepancy with the actual server. The discrepancy was analyzed and an error was

found in the code of the server. After correcting this error, ALMADEM-VOD improved

its performance (number of clients being served at the same time) in 40%.

After VOD work, we have started the study about scheduling which involved the ap-

plication of SMC in solving some class of scheduling problems known as flow-shop and

job-shop problems. We have modeled job-shop problems into SMC and computed the min-

imum makespan of some non-trivial instances [63]. We have determined, for example, the

minimum makespan of a job-shop 6 × 6 (six jobs in six machines), whose solution spaces

is around (6!)6 possible sequences.

SMC can be seen as a finite state problem solver tool box. When the current symbolic

algorithms are not well appropriate to deal with a specific problem, we can implement new

algorithms and incorporate them into the tool box. It is important to mention that no

modification is necessary to the original verification algorithms already installed. Indeed,

in this work, we present three new algorithms that we have implemented to cope with

scheduling problems: MINCOND, MINCOND-P, and MINCOUNT-P.

MINCOND returns the size of the shortest path (i.e. number of edges) between two

specified states sI and sF , such that a specified condition C holds somewhere along this

path. The number of times C holds in the path does not matter. This algorithm is very

useful to answer for example ”what is the makespan since we want a job j terminates

before a job k?” That is job j terminates before a job k corresponds to the condition we

want to be satisfied. MINCOND is able to find a minimum path between sI and sF such
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that along this minimum path the condition is satisfied at least once. That is the case of

example 1 above.

MINCOND-P is slightly different from MINCOND. MINCOND-P returns the size of

the shortest path (i.e. number of edges) between sI and sF , such that condition C holds in

ALL states of the path that precedes sF . MINCOND-P starts from sI searching for paths

that lead to sF . However, only states that satisfy C are considered. This algorithm is very

useful to deal with problems like ”what is the new makespan since machine 1 and machine

3 can not run in parallel anymore?” This is the case described in example 2 above.

MINCOUNT-P is an extension to the algorithm MINCOUNT [22]. Consider

π1, π2, . . . , πp being all paths between states sI and sF . MINCOUNT searches for states that

satisfies a condition C along the paths πi, 1 < i < p and returns m = min(m1, m2, . . . , mp)

such that mi is the number of states satisfying C along the path πi. MINCOUNT-P ex-

tends MINCOUNT by presenting the path relating to m. This algorithm is very useful

when we are facing problems like the following. In many manufacturing industries, the

jobs can be processed by anyone of the machines of the production line. If we want to

determine a sequence for the jobs over the machines, such that the makespan is minimum

and some specific machine is used as less as possible, then the MINCOUNT-P does this

task.

Several examples have been applied to MINCOND and MINCOND-P. The results

have confirmed the viability of the approach. SMC has correctly computed the minimum

makespan of the problems, and SMC indeed has served as tool box.

Finally, we have also applied SMC to solving the problem of integration between pro-

duction and scheduling planning. Classical models for production (tactical) and scheduling

(operational) planning is concerned with different types of information. The former works

with more general information such as quantity of products to be produced over periods

of time (weeks or months). The latter works with more detailed information, such as jobs,

machines, running time of jobs over machines. Tactical managers need to know whether

their production planning is feasible at the operational level. In other words, if there exist

a scheduling of production (operational planning) such that the production planning is

feasible. Due to the lack of operational informations at tactical level, that is not always

the case. We have presented a SMV model to solve this problem. We have also presented

the result we have obtained solving an hypothetical integration problem.
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1.5 Contributions

In this work we have proposed the application of SMC (a formal method technique)

to give exact solution to scheduling problems. The model checking approach assures the

correct answer to different questions that can occur in a plant, for example. These questions

can appear in unexpected fashion and in general can be answered by SMC only by using

appropriate algorithms and/or specifying a correspondent CTL formula.

The algorithms we have proposed enhance the capability of SMC as finite state general

problem solver. It implements some features that are not obtained directly by original

CTL formulations.

We also have presented new algorithms that enhance the verification power of SMC.

Besides we have presented SMC models for job-shop, flow-shop and integration decision

planning problems.

The SMC approach to scheduling problems also opens up new possibilities to two

independent research groups: Combinatorial Optimization and Formal Methods. To the

former, it offers a new view of how to solve this kind of problems. Since SMC makes

available temporal logic feature, it can be used to determine if is possible to get some job

finished before a given deadline, for example. To the latter group, it offers a great amount

of research about how to deal with big state space.

1.6 Organization of the Thesis

The next chapter presents an introduction to Formal Methods and describes Model

Checking technique. This description includes Kripke structures, temporal logic, and

OBDD. It also includes SMC tools such as SMV and Verus. Chapter 3 presents the

result we have obtained with the formal verification of a VOD server. Chapter 4 describes

scheduling problems and declares the class of scheduling problems we are working in this

thesis. Chapter 5 presents how we can model scheduling problems into SMC. We also

present example of a model and the results we have obtained solving some instance prob-

lems. Chapter 6 presents the algorithms we have designed to enhance the verification

power of SMC that are used to solve scheduling problems. At last, we have Chapter 7 that

describes how SMC can deal with the problem of integrating different levels of decision.

Finally, we present the conclusion about this work and the future directions of this work.



Chapter 2

Symbolic Model Checking - SMC

Formal Methods (FM) are mathematical based techniques and tools for specifying and

verifying systems. Specification techniques are used to formalize the requisites and proper-

ties of a system and its product usually can be converted in system documentation. Some

examples of specification techniques/tools are Z [77], VDM [58], CSP [53]. Verification

techniques and tools go one step beyond. They are able to help the system designer to find

errors in the system. The system is modeled in a suitable language and properties about

the system can be verified. Some examples are SMV [66], CV [39]. Other examples of

specification and verification techniques/tools as well as real case applications of FM can

be found in [81, 32].

Many verification techniques and tools in general are very known by Theorem Provers

and Model Checkers. In both of them the verification process comprises three phases

[66, 55]:

Modeling - description of characteristics and behaviors of the system in a given language;

Specification - description of the system’s properties that we want verify; and

Verification - execution of the verification process in order to determine if the properties

hold for the model.

In the Theorem Prover (TP) approach, the system is modeled as a set of formulas Φ

(of an appropriate mathematical logic). The specification is also described as a formula

φ and the verification is the process of finding a proof for φ such that Φ ⊢ φ. The proof

usually is a manual or interactive process.
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In the Model Checking (MC) approach, the system is modeled for an appropriate logic.

The model (M) is finite and the specification is described as formula φ. The MC process

consists of verifying whether M satisfies φ by scanning all reachable states of M from a

state s of this model. This process can be represented mathematically by M, s |= φ.

The MC approach is more restrictive than TP approach in the following aspects: (1) it

deals with finite systems; (2) it proves the satisfiability of φ with respect toM, not to all

modelsM, such thatM |= φ. These aspects make TP a more general technique than MC

approach. However, they also confer important features to MC that usually are not present

in TP. In general, the MC verification process is fast and fully automatic. Besides, MC is

able to present a counterexample, when φ is falsified. Counterexample is a computation

sequence in the model that proves thatM |=/φ.

This chapter presents Symbolic Model Checking (SMC), a representative of MC ap-

proach, that is the tool used in this thesis to exactly solve scheduling problems. Initially,

we make a review about MC formalism concerning Kripke structure, the underlying

model of MC, and Computation Tree Logic, a temporal logic that is used to reason

about the modeling systems. We also present how a simple microwave is modeled by

a Kripke structure and how CTL can reason about this model, concerning a microwave

property. After that, we make a review about SMC focusing its symbolic model and

OBDD, the data structure used to implement this model. We also present a basic SMC

search algorithm used to find the minimum path between two states of the model. This

algorithm is used in this thesis to solve some scheduling problems and has inspired some

new algorithms presented in Chapter 6. Finally, we present two SMC tools that we have

used along this thesis: SMV and Verus.

2.1 Model Checking - MC

MC is a technique originally proposed to deal with finite states systems 1. The system

being verified is represented by an appropriate model and the properties we want to verify

are specified in a correspondent reasoning system. The MC process consists in scanning

(all) states of the model to check if the model conforms the properties. Although MC

approach can only deal with finite states systems, there are important systems that fall

into this class, such as digital circuit design and communication protocols.

1Nowadays, there are some extensions that allow Model Checking to be used with infinite systems, but

these techniques are out of scope of this work.
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MC technique has some variants. Temporal logic model checking [29, 74] represent

the system as finite state transition graph and a temporal logic [64] is used to specify

properties about the system. Efficient algorithms search the state space to check if the

model satisfies the properties. In automata approach, the system and the properties are

represented as automata. Then, the system is compared to the properties to determine if

they hold to the system. This comparison is accomplished by techniques such as language

inclusion, refinement orderings, and observational equivalence [32]. Another approach is

model checking by using integer linear programming (ILP) [33, 28]. In this approach, the

system and the properties about the system are modeled as a linear inequality system. The

equations relating to the the system properties are expressed in a such way that model the

properties that the system should not have. The inequality system then is applied to an

ILP method. If an integral solution is found then the system has the necessary conditions

for the violation of the system properties.

The MC approach we will strengthen here is the temporal logic model checking. Finite

states transition systems are modeled as Kripke structure and a temporal logic is used to

specify properties.

2.1.1 Kripke Structure

Kripke structure [31] is a well known model for finite states transition systems. For-

mally, let AP be a set of atomic proposition. A Kripke structure K over AP is a 4-tuple

(S, S0, ρ, L), where S is a finite set of states, S0 is the set of initial states, ρ ⊆ S × S is a

transition relation (that is total - that is, all states have successors), and L : S → 2AP is a

function that labels each state with the set of propositions true in that state.

A state in a Kripke structure represents a snapshot of the system being modeled. The

system is represented by a set of variables and each state represents the valuation of these

variables in a specific moment. Considering D a finite set and V = {v1, v2, . . . , vn} the

variables of the system, the valuation for s ∈ S is the result of the function s : V → D,

that associates a value in D for each variable in V .

The Kripke structure use formulas of propositional logic to represent states. Let D =

{FALSE, TRUE} and V = {v1, v2, v3}, the valuation (v1 ← TRUE, v2 ← FALSE, v3 ←

TRUE) can be expressed by the following formula of the propositional logic (v1 ∧ ¬v2 ∧ v3).

As a formula can be true in many states, it can be used to represent the set of states in

which the valuation is true.
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The propositional logic is also used to represent the transition between states. To

this extent another set of variables V ′ is created, such that for each v ∈ V there is a

corresponding variable v′ ∈ V ′. Variables in V are used to represent the current state and

V ′ to represent the next state. A valuation to V and V ′ corresponds to setting an ordered

pair of states, and can be expressed by formulas as before. For instance, consider that

the current states are represented by the formula (v1 ∧ ¬v2 ∧ v3), if in the next state

v1 ← FALSE, then the transition between the current to the next state can be expressed

by the formula (v1 ∧ ¬v2 ∧ v3 ∧ ¬v′

1 ∧ ¬v
′

2 ∧ v′

3). The set of transitions of a system

is referred to as transition relation, and if ρ represents a transition relation, then ρ(V, V ′)

denotes a formula that expresses it.

Finally, let us consider the set of atomic propositions AP . Each atomic proposition has

the form v = d, where v ∈ V and d ∈ D. An atomic proposition v = d is true in a state

s, if s(v) = d. When v ranges over boolean domain {TRUE, FALSE}, we write v to mean

s(v) = TRUE and ¬v to mean s(v) = FALSE.

We now show how Kripke structure K = (S, S0, ρ, L) models a system from proposi-

tional formula SI and from the system R.

• S is the set of states consisting of all possible valuations for V ;

• S0, initial states, is the the set of s ∈ S such that satisfies the formula SI ;

• ρ ⊆ S×S is the transition relation. ρ(s, s′) holds if R yields to true when each v ∈ V

and each v′ ∈ V ′ is assigned to s(v) and s(v′), respectively;

• L : S → 2AP is the function that labels the states. L(s) ⊆ AP is the set of p ∈ AP ,

such that p is true.

A computation in the system is represented by a path in K. A valid path from a state

s is an infinite sequence of states π = s0s1s2 . . . , such that s0 = s and ρ(si, si+1) holds

∀i ≥ 0. As an example, consider the program of Figure 2.1-a. According to this program

V = {x, y}, D = {0, 1}. The set of initial states is represented by SI(x, y) ≡ (x = 0)∧(y =

1) and the transition relation by ρ(x, y, x′, y′) ≡ (x′ = y) ∧ (y′ = y). The corresponding

Kripke structure K = (S, S0, ρ, L) to these formulas is the following:

• S = {(0, 0), (0, 1), (1, 0), (1, 1)}

• S0 = {(0, 1)}

• ρ = {((0, 0), (0, 0)), ((0, 1), (1, 1)), ((1, 0), (0, 0)), ((1, 1), (1, 1))}.
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• L((0, 0)) = {x = 0, y = 0}, L((0, 1)) = {x = 0, y = 1}, L((1, 0)) = {x = 1, y = 0},

L((1, 1)) = {x = 1, y = 1}

The Figure 2.1-b illustrates K. The states are numbered only to ease the explanation

about this figure. Observe that starting from S0 states 1 and 2 are not reachable.The

only valid computation in this system is that related to the path 0,3,3,3,3,3,. . .

example {procedure
   var

   begin
      while (true)
   end
}

x := 0;
y := 1;

x = y;

(x = 0)  ^ (y = 1)(x = 0)  ^ (y = 0) (x = 1)  ^ (y = 0)

(x = 1)  ^ (y = 1)

( x = 0  ^  y = 1 )   ^  ( x’ = 1   ^  y’ = y )( x = 0  ^  y = 0 )  ^

( x’ = 0   ^  y’ = y )

( x = 1  ^  y = 1 )   ^  ( x’ = 1   ^  y’ = y )

( x = 1  ^  y = 0 )   ^  ( x’ = 0   ^  y’ = y )

0 2

3

1

Figure 2.1: A program example and its correspondent Kripke structure.

Definition 2.1 A state sn is reachable from a state s0, if there is a path π = s0s1s2 . . . sn

such that ρ(si−1, si) holds for 0 ≤ i ≤ n.
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Linear temporal domain representaion

Branching−time domain representaion

Figure 2.2: Linear and branching-time structure of time of temporal logics.

.

2.1.2 CTL - Computation Tree Logic

Temporal logic is a formalism very useful to describe sequences of transitions between

states [66]. With temporal logic we are able to reason about the system in terms of

occurrences of events. For example, given a model K the temporal logic offers reasoning

power to determine if a certain event will eventually occur or if it always occurs.

There exists several types of temporal logic [72]. These logics vary according tempo-

ral structure (linear or branching-time) and time characteristic (continuous or discrete).

Linear temporal logics reason about the time as a chain of time instances. Branching-

time logics reason about the time as having many possible futures from a given instance

of time. (See figure 2.22.) Time is continuous if between two instances of time is always

possible to find another one. Time is discrete if between two instances of time is not

always possible to find another one.

The logic of our study is a branching-time and discrete one known as Computation

Tree Logic (CTL) [29]. Its name is due to the reasoning over trees of computation. The

tree is (metaphorically) obtained unwinding the Kripke structure from a determined state

(taken as root). Figure 2.3 presents an example.

CTL provides operators to be applied over the paths formed by the computation tree.

When these operators are specified in a formula they must appear in a pair and in this

order: path quantifier followed by temporal operator. A path quantifier defines the scope of

2This figure was taken from [72].
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c

Kripke Structure

a    b

b    c 

cc

c

a    b

b    c 

a    b

Infinite Tree

Figure 2.3: A Kripke structure and a relating computation tree. Kripke state labeled to

”a b” was taken as root and the Kripke structure was unwinded from this state. The

unwinding process generated an infinite tree over which CTL is applied to.

the paths over which a formula f must hold. There are two path quantifiers: A, meaning all

paths; and E, meaning some path. A temporal operator defines the appropriate temporal

behavior that is supposed to happen along a path relating a formula f . The temporal

operators are the following:

• F (”in the future” or ”eventually”) - starting from the root, f holds in some state of

the path;

• G (”globally” or ”always”) - starting from the root, f holds in all states of the path;

• R (”release”) - there is a state s in the path where formulas f and g hold and all

preceding states from s does not satisfies f ;

• U (”until”) - there is a state s in the path where a formula g is satisfied and all

predecessor states of s satisfies f .

• X (”next time”) - starting from the root, f holds in the second state of the path.

A well formed CTL formula is defined as follows:

1. TRUE, FALSE are CTL formulas;

2. If p ∈ AP , then p is a CTL formula, such that AP is the set of atomic propositions;

3. If f and g are CTL formulas, then ¬f , f ∨ g, f ∧ g, AFf , EFf , AGf , EGf , A[fRg],

E[fRg], A[fUg], E[fUg], AXf , EXf , are CTL formulas.
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Considering the Kripke model M = (S0, S, ρ, L), we denote that M satisfies a CTL

formula f from a state s ∈ S as

M, s |= f

Let f and g be CTL formulas, the satisfaction relation |= is defined inductively as follows

[55]:

M, s |= TRUE and M, s |= FALSE for all s ∈ S

M, s |= p ⇔ p ∈ L(s)

M, s |= ¬f ⇔ M, s 6|= f

M, s |= f ∨ g ⇔ M, s |= f or M, s |= g

M, s |= f ∧ g ⇔ M, s |= f and M, s |= g

M, s |= AFf ⇔ for all paths from s, sk ∈ S is reachable and sk |= f

M, s |= EFf ⇔ for some path from s, sk ∈ S is reachable and sk |= f

M, s |= AGf ⇔ for all paths π = s0s1s2 . . . , si |= f , for all i ≥ 0, and s0 = s

M, s |= EGf ⇔ for some path π = s0s1s2 . . . , si |= f , for all i ≥ 0, and s0 = s

M, s |= AXf ⇔ for all sx such that ρ(s, sk) is defined, sk |= f

M, s |= A[fUg] ⇔ for all paths π = s0s1s2 . . . sk . . . , si |= f, 0 ≤ i < k and sk |= g

M, s |= E[fUg] ⇔ for some path π = s0s1s2 . . . sk . . . , si |= f, 0 ≤ i < k and sk |= g

M, s |= A[fRg] ⇔ for all paths π = s0s1s2 . . . sk . . . , si 6|= f, 0 ≤ i < k and sk |= g

M, s |= E[fRg] ⇔ for some path π = s0s1s2 . . . sk . . . , si 6|= f, 0 ≤ i < k and sk |= g

Despite all combinations we can get with path quantifiers and temporal operators pre-

sented above, we can express any CTL formula using ∨, ¬, EX, EU, EG [31]:

• AF f = ¬ EG ¬f

• AG f = ¬ EF ¬f

• AX f = ¬ EX ¬f

• A[f U g ] ≡ ¬ E[¬g U (¬f ∧ ¬g)] ∧¬ EG ¬g

• A[f R g] ≡ ¬ E[ ¬f U ¬g]

• EF f = E[⊤ U f ]

• E[ f R g ] ≡ ¬ A[ ¬f U ¬g ]
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Figure 2.4 presents the computation of the most frequently used CTL operators. Some

typical examples of CTL formulas relating to concurrent reactive systems are presented

below.

EF(started ∧ ¬ready) - it is possible to get to a state where started holds but ready does

not hold.

AG(req → AFack) - it is always the case that if the signal req is high, then eventually

ack will also be high.

A[greenLight U armMoves ] - it is always the case that the robot’s arm moves after the

green light is on;

E[greenLight R armMoves ] - it does exist a situation in which the robot’s arm moves

before green light is on;

M, s   |=   EG g M, s   |=   AG g

M, s   |=   AF gM, s   |=   EF g

s s

ss

g

g

g g

g

g

g g

g

g g g

g

g

Figure 2.4: Basic CTL operators over a computation tree. The black states represent the

states in which proposition g holds. The ”s” designates the state taken as root. This figure

presents the configuration of computation trees so that the respective CTL operator can

yields to true.
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 setup
 door−open

¬cooking

 setup
¬door−open

 cooking

 setup
¬door−open

¬cooking

¬setup
¬door−open

¬cooking

¬setup
 door−open

¬cooking

setup

cook
pause

open

open

close

cancel
tim

eo
ut

 / 
ca
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el

cancel

setup

open

close

Figure 2.5: A Kripke structure representing a microwave.

2.1.3 A Microwave Example

We present an example of verification using CTL logic. The example is about a simpli-

fied microwave, inspired in a similar example given by Clarke, Grumberg, and Peled [31].

The possible operations in our microwave are the following: (a) we can open or close the

door of the microwave; (b) we can set the time of cooking; (c) we can cook; (d) we can

pause or cancel the cooking; (e) we can restart the cooking; and (f) the microwave turns

itself off after the time of cooking is over - timeout. This microwave can be modeled by

three boolean variables:

setup represents the parameters of the microwave set by user, such as time of cooking;

door-open indicates whether the door of the microwave is opened or not;

cooking indicates if the microwave is cooking the meal.

Figure 2.5 presents a Kripke structure related to our microwave example. The transition

between states are labeled to the events that cause the transition to be taken. These labels

are merely illustrative. The initial state is indicated by the incoming edge without source.

By definition, states of Kripke structure are label to the variables that are true in that

state. To easy the understanding of the model, we labeled their states using all variables

according to their respective value in each state. Variables in bold face have true value.

Variables preceded by negation symbol (¬) have false value.
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A very important (life) safety property concerns with cooking with door opened. We

can verify this property with CTL logic by expressing

AG(cooking → ¬doorOpened)

We can simplify this formula in terms of equivalent ones:

AG(cooking → ¬door-open) ≡

¬EF¬(cooking→ ¬door-open) ≡

¬EF¬(¬cooking∨¬door-open) ≡

¬EF(cooking∧door-open)

Therefore, we need to find out if there exists a state in the model such that the proposition

cooking ∧ door-open holds in any state. Since there is no state that satisfies this proposition,

the model satisfies the property ¬EF(cooking ∧ door-open).

2.1.4 CTL Model Checking

CTL model checking consists of searching for states of Kripke model with label f ,

where f is a CTL formula. The set of states labeled to f are the ones that satisfies the

formula. Formally, let f be a CTL formula and label(s) be the set of subformulas of f

that are true in s ∈ S. The CTL model checking problem is related to determining the set

S = {s | M, s |= f → f ∈ label(s)}.

The model check process has two phases: translation and labelling. The translation

phase consists of rewriting a CTL formula in terms of ¬, ∨, EX, EG, and EU. The labelling

is a process of i steps, where i is the number of sub-formulas of f . In each ith step, the

i − 1 nested CTL operator (sub-formula) labels a state if the sub-formula is true in that

state.

The labelling process observe the following rules:

• label s to p, if p ∈ AP and p ∈ L(s);

• label s to ¬f1, if s is not labeled with f1

• label s to f1 ∨ f2 if s is labeled with f1 or with f2;

• label s to EXf , if t is labeled with f and R(s, t);
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• label s to E[f1 U f2]

1. if any s is labeled with f2, then label it with E[f1 U f2];

2. repeat backward from s: label t to E[f1 U f2] if t is labeled with f1 and exists

a state u labeled with E[f1 U f2], such that R(t, u);

• label s to EG[f ]

1. label all states to EG[f ];

2. delete EG[f ] from any state s in which if s is not labeled with f ;

3. delete EG[f ] from any state s if does not exist a state t labeled with EG[f ],

such that R(s, t).

Using a more efficient EG labelling algorithm that takes into consideration the decomposi-

tion of graph into ”nontrivial strongly connected components” [31, 55], the complexity of

the labelling algorithm is O(i.(V + E)), where i is the number of connectives ∨ and ∧ in

the CTL formula, V is the number of states, and E is the number of transitions.

2.2 Symbolic Model Checking - SMC

Although the complexity of the labelling algorithm is linear in the size of the model,

the model suffers from state explosion problem. This problem is related to the exponential

growth of the number of states of the model in the number of variables and in the number of

components of the system that execute in parallel. In the early implementations of model

checking, where the transition relation was represented by adjacency list, this problem

implied severe limitation in the systems that could be verified.

However, using a symbolic representation of states implemented by ordered binary deci-

sion diagram (OBDD) [17], McMillan has proposed a new approach to model check systems

known as Symbolic Model Checking (SMC). SMC [66] is a formal verification technique,

that has been successful in verifying several large and complex systems such as the Fu-

turebus+ protocol [30] and the PCI bus performance [18]. States and transition between

states of the model are represented symbolically by boolean formulas and implemented by

OBDDs. The use of OBDD allows SMC to verify systems with as many as 1030 states (in

some specific cases it was already reached 10120 states [31]).
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2.2.1 Ordered Binary Decision Diagrams - OBDDs

OBDDs [17] are the main data structure of SMC. OBDDs are an efficient way to

represent boolean formulas. Often, they provide a much more concise representation than

traditional representations, such as conjunctive normal forms and disjunctive normal forms.

OBDDs are a canonical representation for boolean formulas. This means that two boolean

formulas are logically equivalent if and only if its OBDDs are isomorphic. This property

simplifies the execution of frequent operations, like checking the equivalence of two formulas

or deciding if a formula is satisfiable or not.

An OBDD is a directed acyclic graph with two kinds of vertex: non-terminal and

terminal. Each non-terminal vertex v is labeled by var(v), a distinct variable of the corre-

sponding boolean formula. Each v has at least one incident arc (except the root vertex).

Each v also has two outgoing arcs directed toward two children: left(v), corresponding to

the case where var(v) = 0, and right(v), corresponding to the case where var(v) = 1.

An OBDD has two terminal vertices labeled by 0 and 1, representing the truth value

of the formula, respectively, false and true. For every truth assignment to the boolean

variables of the formula, there is a corresponding path in the OBDD from root to a terminal

vertex. If the path ends in the terminal vertex labeled by 0, then the assignment does not

satisfy the formula, and conversely, if the terminal vertex labeled by 1 is reached, then the

formula is satisfied by the assignment. Figure 2.6 illustrates an OBDD for the boolean

formula (a ∧ b) ∨ (c ∧ d) compared to a Binary Decision Tree for this same formula.

OBDD, however, has drawbacks. In our approach, the most significant is related to

the the variable ordering. Given a boolean formula, the size of the corresponding OBDD

is highly dependent of the variable ordering. The OBDD can grow from linear to expo-

nential to the number of variables of the formula. In addition, the problem of choosing an

variable order that minimize the OBDD size is co NP-complete [17]. Despite the existence

of heuristics to automatic ordering the variables, sometimes is necessary to order them

manually.

2.2.2 The Model

A system (problem) is represented as a state transition graph implemented by OBDDs.

In this graph, system variables are modeled as atomic propositions represented by boolean

variables. An assignment of values to all boolean variables defines a state in the graph

(we assume that different states have different labels as described in [66]). For example,
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Figure 2.6: Binary decision tree (on top) and a correspondent OBDD (below) for the boolean

formula (a ∧ b) ∨ (c ∧ d). The dashed arc is taken when var(v) = 0. The solid arc is taken

when var(v) = 1.

if the model has three boolean propositions a, b, and c, then (a = 1 b = 1 c = 1),

(a = 0 b = 0 c = 1), and (a = 1 b = 0 c = 0) are possible states. The symbolic

representations of these states are (a b c), (a b c), and (a b c), respectively, where a means

that this variable is true in the state and a means that this variable is false.

Boolean formulas over variables of the model can be true or false in a given state. The

value of a boolean formula in a state is obtained by assigning to the formula the values of

the variables in that state. Formulas represent all states in which the formulas are true.

For example, the formula a∨ c is true in all the three example states discussed above. The

graph representation used by our algorithms is a direct consequence of this observation.

We use a boolean formula to denote the set of states in which that formula is satisfied. For

example, the formula true represents the set of all states, the formula false represents the

empty set with no states, and the formula a ∨ c represents the set of states in which a or
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c are true. Because symbols are used to represent states, algorithms that use this method

are called symbolic algorithms.

a b c a’ c’b’a b c a b c

Figure 2.7: Example of a transition and its symbolic representation.

Transitions can also be represented by boolean formulas. A transition s → t is repre-

sented by using two distinct sets of variables, S for the current state s and T for the next

state t. Each variable in S has exactly one correspondent variable in T . For instance, if

there are variables a, b, c ∈ S, then there are variables labeled as a′, b′, c′ ∈ T . Let fs be the

formula associated with the state s and ft be the formula associated with the state t. Then,

the transition s→ t is represented by the formula fs ∧ ft. For example, a transition from

the state (a b c) to the state (a b c) is represented by the formula ¬a∧¬b∧¬c∧¬a′∧b′∧¬c′,

as illustrated in Figure 2.7. The meaning of this formula is the following: there exists a

transition from state s to state t if and only if the substitution of the variable values for s,

in the current state variables, and of those of t, in the next state variables, yields true to the

formula. The transition relation of the whole system is constructed from the disjunction

of all transitions in the graph.

In the same way as boolean formulas can represent sets of states, they can also rep-

resent sets of transitions. Symbolic Model Checking (SMC) takes advantage of this fact

by representing sets of transitions using BDDs. The BDD representation can group sets

of transitions into a single formula, which often significantly reduces the size of the final

representation.

2.2.3 Search Algorithms

In [17], Bryant presents efficient algorithms to execute basic operations over boolean

formulas. The time complexity of these algorithms is proportional to the size of the OBDD

being manipulated. To our approach, our primary interest is the MIN algorithm [22], that

traverses the SMC state transition graph, in a breadth-first search way, looking for the

minimum path (number of arcs) between two specific states.

The MIN algorithm takes two sets of states S (start) and F (final), and returns the

shortest path (number of arcs) between s ∈ S and f ∈ F. If there is no such path, the

algorithm returns ∞ (infinity). At each step, the algorithm computes the set of states
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that are reachable from S by paths of increasing length using a forwards search algorithm.

Intuitively, the loop in the algorithm computes the set of states that are reachable from F .

If at any point, we encounter a state satisfying F , we return the number of steps taken to

reach that state. Figure 2.8 illustrates this behavior, where the shaded area corresponds to

the states reachable from S visited at each step. In the algorithm presented in this figure,

function T (S) returns the set of states that are successors of some state s ∈ S; R and R′

represent sets of states.

S F0:

S F1:

S F2:

S F3:

proc MIN (S, F)

i = 0;

R =S;

R′ = T (R) ∪ R;

while (R′ 6= R ∧ R′ ∩ F = ∅) do

i = i + 1;

R = R′;

R′ = T (R) ∪ R;

if (R′ ∩ F 6= ∅)

then return i;

else return ∞;

Figure 2.8: The MIN algorithm determines the minimum path between state s ∈ S and

state f ∈ F , in a breadth-first search way.

2.2.4 SMV - An OBDD Symbolic Model Checking Tool

SMV [66] is a symbolic model checker that implements all theorical features described

above (Kripke model, CTL, and OBDD). SMV models a problem as a finite state machine.

It is able to model synchronous and asynchronous problems. Non-determininsm is pro-

vided and it can be used to model uncertaint events or unavailable modeling information.

The properties about the model can be specified by CTL or LTL expressions. The input

language provides code encapsulation (module) and passage of parameters among modules.

The semantics of the assignment is similar to the assignment of data flow languages. An

example of SMV program is presented in Figure 2.9. It is an an excerpt of a model relating

to the microwave example presented in Section 2.1.3.

An SMV model is implemented by modules. The modules models processes that run

in parallel and all SMV programs must be constructed with at least the module main.

The microwave model presented in this SMV program has two modules: the module main,
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1 MODULE main

2 VAR

3 door : {opened, closed};

4 cook : boolean;

5 setup : 0..5;

6 m : mw cell (setup, cook);

7 ASSIGN

8 init (door) := closed;

9 next (door) := {opened, closed};

10 init (setup) := 0;

11 next (setup) := case

12 m.i = 0 : {0,1,2,3,4,5};

13 esac;

14 cook := ((door = closed) & (setup > 0));

15 SPEC !cook → EF m.cooking

16 SPEC cook → AF m.cooking

17 MODULE mw cell (time, go)

18 VAR

19 i : 0..5;

20 ASSIGN

21 init (i) := time;

22 next (i) := case

23 go & (i > 0) : i - 1;

24 1 : i;

25 esac;

26 DEFINE

27 cooking := i > 0;

Figure 2.9: A SMV model for the microwave example presented in Section 2.1.3.
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ranging over lines 1 to 14, models a microwave user, setting the clock time for cooking a

meal, and openning or closing the door of the microwave; the module mw cell, ranging over

lines 17 to 27, models the microwave cooking a meal. This SMV program also has two

specifications in lines 15 and 16. These specifications are CTL properties that the SMV

must verify.

The VAR section of a SMV program determines the state space of the Kripke structure,

since the state space is composed by all possible combinations of values of all variables of

the model. Variables in SMV can be one of the following types: boolean; scalar ; numeric,

that is a range of integer numbers; or user defined. Array of variables are allowed. The

lines 3 through 6 and line 19 present the variables declared for the microwave example.

The variable door (line 3) represents the door of the microwave. Its type is scalar what

means that it can assume one of the values stated between the brackets, opened or closed,

in this case. The line 4 presents the declaration of variable cook. This variable is boolean

and models the microwave state of cooking a meal. If cook is assigned to true, then the

microwave is cooking. If cook is assigned to false, then the microwave is idle. The variable

setup in line 5 is numeric and its range varies from 0 to 5. This variable represents the

possible set up time of the microwave for cooking a meal. Line 6 presents an example of

user defined type. m represents the microwave action of cooking a meal, that is, it controls

the passage of cooking time. Its behavior is defined by the module mw cell declared in lines

17 through 27.

The ASSIGN section of a SMV program defines the transition relation of the model.

This section defines the initial and the next valuations of the program variables. Each

valuation determines a state in the spcae of the model. In this program example, the

ASSIGN section ranges over lines 7 through 14, in module main, and over lines 20 through

25, in module mw cell. The init and next declaration along these lines define, respectively,

the initial value and the next value of the variables in the state space.

Line 8 states that the variable door is initially assigned to closed. This means that the

microwave door is always closed in the initial state of this model. Just considering this

variable, if we have omitted this line, we would have two initial states, one state in which

the value of variable door is opened, and another state in which its value is closed. The

value of door in a next state can be opened or closed, as defined in line 9. This kind of

assignement is non-deterministic.

Lines 10 and 11 relate to variable setup. Assigning a value to this variable models a

person setting the microwave timer for cooking a meal. Initially this variable is assigned
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to 0. Its value in a next state depends on the condition m.i = 0, in the case construction.

If m.i is greater than 0, it means that the microwave is cooking a meal, hence a new setup

time is not allowed. Otherwise, if m.i = 0 yelds to true, the variable setup is assigned

non-deterministically to any integer value between 0 to 5.

The variable cook indicates the condition for the microwave cooking a meal. cook

is assigned to true or false depending the result of the boolean expression stated in line

14. Finally, the variable i of module mw cell represents the clock time of the microwave.

Initially, it is assigned to the value assigned to setup, line 21. At each state, i is decremented

by 1, if door is assigned to closed and setup is greater than 0, line 23. Note the relation

between line 23 and line 14.

The SPEC section of a SMV program is where we declare the properties (specifications)

we want to be verified. In this model, we are interested to know if it is possible the

microwave cooks a meal having its door opened or its clocktime set to 0 (see line 15). We

are also interested in determining if the microwave really cooks a meal since all conditions

for cooking are set (line 16).

SMV can be found fully documented at Carnegie Mellon University [79] or at Istituto

per la Ricerca Scientifica e Tecnologica [26], where also can be freely downloaded.

2.2.5 Verus - A Symbolic Model Checking Tool for Real Time

Systems

Verus is a formal verification tool originally designed for time critical systems. It is

based on CTL-OBDD-SMC technology and provides features specific time features, such

as: deadline, delay, and priority. Verus also provides quantitative timing information

about the model, such as: the minimum and maximum time interval between two events;

the number of times an event has occurred in a given interval. These kind of informations

are very important to detect system errors and/or optimize the system parameters.

The time in Verus is discrete, although some other tools adopt continuous time ap-

proach [3, 52]. The continuous time demands a large state space to model a system, in

general inhibiting the modeling of complex systems. Discrete time was project decision:

it allows Verus to cope with very complex systems, with a state space of the order of

1030 states [18, 20]. It has been used successfully in different types of system, such as

airplane controllers [20], robotics [19], hardware design [18], flexible manufacturing [50],

and multimedia systems [21].
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1 boolean occurred;

2 alarm () {

3 boolean ring;

4 while (true) {

5 if (occurred) ring = true;

6 else ring = false;

7 wait (1);

8 }

9 }

10 event () {

11 while (true) {

12 occurred = select{false, true};

13 wait (1);

14 }

15 }

16 spec

17 AG (occurred –> AF alarm.ring);

Figure 2.10: A Verus program that models a non-deterministic event and its respective

alarm.

The Verus modeling language is similar to C language. This language paradigm is well

known by the majority of designers and generally minimizes training. To present the Verus

language, we will model a non deterministic event and an alarm (that rings when the event

occurs). A Verus program relating to this scenario is presented in Figure 2.10.

This program presents two functions: alarm and event. Each Verus function models

an independent process. The function alarm is declared over lines 2 through 9. It models

an alarm that rings every time its associate event occurs. The function event models a

non-deterministic occurrence of a certain event, and it is declared over lines 10 through 15.

As we can see the function main is not mandatory.

The communication between funtions occurs by global variables. A variable is global

when it is declared outside a function, like variable occurred at line 1. This variable is

boolean and models the occurrence of the event. The other variable type recognized by
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Verus is integer.

The function alarm models an alarm that rings as soon as an event occurs. The boolean

variable ring at line 3 models the ringing of the alarm. If this variable is true then the

alarm is ringing. The function alarm loops forever assigning ring according to the value of

occurred. If occurred is true, this means that the event has occurred, then ring must be

set to true. The alarm will keep on ringing until the event be ceased, that is, the variable

occurred be set to false. The variable occurred is assigned by the function event. This

function loops forever assigning occurred non-deterministically to true or false (line 12).

The passage of time in the model is implemented by the wait statement, lines 7 and

13. This statement is responsible for creating the states of the model space. The functions

of a Verus program can only perceive the new values of the program variables after wait

statements.

Lines 16 and 17 present the specification of a property that Verus must verify. The

property of line 17 informally speaking specifies that “everywhere in the model (AG) that

event occurs (that is, the variable occurred is true), always in the future (AF) the alarm

will ring (that is, the variable alarm.ring is true)”.

Verus is fully documented and is free for download in the site of Prof. Sérgio Campos,

at Federal University of Minas Gerais (http://www.dcc.ufmg.br/~scampos).



Chapter 3

Symbolic Model Checking over a

Video on Demand System

The development of new technologies for high bandwidth networks, wireless commu-

nication, data compression, and high performance CPUs has made it technically possible

to deploy sophisticated infrastructures for multimedia applications [44, 80]. This type of

infrastructure opens up opportunities for exploring multimedia applications such as qual-

ity audio and video on demand (from home), virtual reality environments, digital libraries,

and cooperative design. Figure 3.1 illustrates an infrastructure for such applications.

´
Wireless

Link

´PC
set-top-box
TV and

SERVER

Client
Mobile

Network
High Bandwith

Figure 3.1: Overall architecture for a video service.

The user has access to the applications mentioned above through a laptop (connected,

for instance, to a wireless link), a PC-based workstation, or a TV set connected to a set-top

box. Due to the high interactivity of such applications, the success of the service is heavily

dependent on the delays incurred in the high bandwidth network, on the delays incurred
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at the server and client machines, and on the performance at the multimedia server. All

these delays will determine the number of clients a VOD server can cope with at the same

time.

A VOD server is quite distinct from conventional servers, such as database and Web

servers, which do not have to take into account strict time constraints. In a VOD server,

failure to meet the time application constraints will certainly lead to user dissatisfaction

and consequently to risks of commercial failure. Further, to be cost effective a VOD server

must present good performance (which is usually measured as the number of users which

can be served simultaneously).

By the time we have been studying Verus the ALMADEN project was in course. AL-

MADEM was a project financed by the Brazilian Ministry of Science and Technology,

whose main purpose was the research about applications and algorithms for high perfor-

mance multimedia networks. One of the products of this project was the ALMADEM-VOD

server [69], whose prototype was operational, but without any formal evaluation about its

performance bounds.

This chapter describes our work in the ALMADEM project, in determining the perfor-

mance bounds of the ALMADEM-VOD server. We describe the ALMADEM-VOD server

and its respective Verus model. We also describe the verification of this model and the min-

imum (in the worst case) and the maximum number of clients (in the best case) determined

by Verus.

3.1 The ALMADEM-VOD Server

The fundamental premise in the development of the ALMADEM-VOD server is that it

should use only off-the-shelf low cost components, as also done in [44, 70, 80]. As a result,

the server was implemented on a PC-based platform running the Linux operating system.

To fulfill the real time requirements of the video application, the operating system was

adapted in specific points such as the disk access and process scheduling routines.

Considering the video service architecture presented in Figure 3.1, a user accesses a

Web interface through a remote client machine to select a film. Once the film is selected,

a requisition for a stream for that film is sent to the server, through a TCP connection.

The server then runs an admission control routine which schedules the request, if there

are enough resources available. Typically, the main bottleneck is disk bandwidth. Once

the request is scheduled, blocks of data are sent periodically to the client in push mode
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as UDP messages. This software organization corresponds to the ALMADEM-VOD video

server, and is illustrated in Figure 3.2.

STORAGE

DISK NETWORK

NETWORK

1
2
3

N

BUFFERthread priority=3 thread priority=2

thread priority=1

CLERK

Figure 3.2: Software architecture of the video server.

Two data structures and three separate processes are distinguished. The data structures

are called storage and buffer. The processes (implemented as POSIX threads) are called

disk, network, and clerk. To ensure proper timing in the scheduling of these threads, we

rely on one of the real time scheduling policies available with the Linux operating system.

We use the SCHED FIFO policy which implements a first-in-first-out scheduling scheme

with static priorities. In this policy, the priority number of a thread is direct proportional

to the system priority. Despite its simplicity, this scheme works quite well if the machine

is dedicated to the video server task (i.e., we run the video server in run level 1).

The storage structure is composed of secondary or tertiary devices and is used to

hold the collection of films available to the users. The current implementation of the

ALMADEM-VOD server considers only secondary devices in the form of conventional

SCSI-2 [78] disks of 4G bytes each. The disks store the films encoded and compressed in

MPEG-1 [67] format. Each film is divided in blocks which are retrieved for delivery to

the client machine. In its simplest implementation, which is adopted in this study, the

ALMADEM-VOD server considers a contiguous layout of films on disk. In this layout, all

blocks of a same film are stored contiguously on disk. More sophisticated layout schemes,

involving striping techniques [10, 27], region-based allocation [46], and randomized place-

ment [76], have been discussed extensively in the literature but are not the focus of this

work.

The buffer structure is basically main memory space used to synchronize the disk and

network threads. It is implemented as a circular buffer which is filled by the disk thread

and emptied by the network thread.
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The network thread is responsible for taking the blocks of film from the buffer and

shipping them across the network. It is scheduled whenever the disk thread is blocked at

the disk driver waiting for a disk access to complete.

The thread named clerk listens at a TCP port for the requests from the client machines.

Such requests might come from new clients or from a current client which requests, for

instance, a pause in the exhibition. Once it detects a client request, this thread passes the

information to an admission control routine for proper scheduling. If the server is saturated

(i.e., it is currently serving a maximum number of clients), a request for a new stream is

not scheduled and a denial message is sent to the respective client.

The disk thread is responsible for reading the data from the secondary storage and

storing them at the buffer area. To avoid delays introduced by the operating system

(which we cannot control), disk accesses are performed through direct access functions

which communicate directly with the SCSI controller device. For each active client, a

separate block (which is composed of several MPEG frames) of (average) size B bytes is

read, passed to the buffer area, and from there shipped (by the network thread) to the

corresponding client machine. While that client consumes the frames in that block, other

clients can be attended to. This cyclic scheduling process is repeated with a fixed time

period equal to T , as illustrated in Figure 3.3. To implement this fixed time period, the

disk thread monitors the Real Time Clock (RTC) device in the Linux kernel.
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Figure 3.3: Service cycle with a duration of T seconds. ts accounts both for seek and

rotational delay times.

The time period T defines the service cycle. At each service cycle, all scheduled clients

are served. To serve a client, the server incurs two fundamental delays: a seek time ts and

a transfer time tr. The time ts is the time to position the disk head at the proper cylinder,

plus the time to position the disk head at the proper block of data in this cylinder (i.e.,

ts includes rotational latency time). The time tr is the time to read the block of data

from disk. The total time Ts spent serving all clients in the system is called the service
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time. The sleeping time Tz is the portion of the service cycle in which no clients are served.

Such sleeping time is necessary because, to avoid buffer overflow at the client machine, the

server does not attend a same client twice in a service cycle. The ratio Ts/T defines the

occupation of the service cycle. Larger the occupation of the service cycle, higher is the

load in the system.

In the ALMADEM-VOD server (as seen in Figure 3.3), the transfer time can vary from

one film to another because the block sizes, though constant for a same film, differ from

one film to another. The reason is that the coding scheme might vary from one film to

another (for instance, a film might be encoded for a smaller window size) and that the

compression rate is not constant across various films. The important detail is that, in the

ALMADEM-VOD server, any block of any film is composed of roughly a same number of

frames, which defines the duration of the service cycle. To exemplify, consider that each

client consumes frames at the typical rate of 30 fps (frames per second). Then, if each

block sent to a client includes 30 frames, the value of T is 1 second to avoid interruption in

the continuous display of the film at the client machine. If each block includes 120 frames,

then the value of T is 4 seconds.

To simplify the implementation, the ALMADEM-VOD server uses a Constant Data

Length (CDL) block instead of a Constant Time Length (CTL) block [80]. The length of

the blocks in which a given film is divided is determined by the maximum consumption rate

at the client. This ensures smooth display at the client machine. However, buffer overflow

might occur at the client because the rate of arrival exceeds the average consumption rate.

To avoid this problem, the client sends a pause message to the server whenever it detects

that its buffer is filling up.

Let Rci be the rate (in bytes per second, or Bps) with which the ith client consumes a

block of data. Further, let Bi be the size (in bytes) of the blocks of data for the ith client,

as indicated in Figure 3.3. Then, the period T is given by

T =
Bi

Rci

(3.1)

Additionally, let Rd be the transfer rate of the disks in our secondary storage and let N

be the maximum number clients which can be served in a cycle. We can then write

N
∑

i=1

Bi = (T −N ts)Rd (3.2)

By substituting equation (3.1) into equation (3.2), we obtain

N =
T

ts

(

1−
N
∑

i=1

Rci

Rd

)

(3.3)
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Equation 3.3 shows that the maximum number of clients in the system is a direct function

of the ratio
∑N

i=1 Rci/Rd and thus, that the sum of all rates Rci must be smaller than the

disk transfer rate Rd. Furthermore, the average block size (which determines the duration

of the cycle service) must be large enough to provide an amortization of the time wasted

with seek operations. In fact, a small average block size reduces the value of T making the

fraction T/ts smaller. This implies that the fraction of time available in a cycle for actually

reading data from disk is smaller. This leads to a reduction in the maximum number of

clients which can be attended simultaneously.
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Figure 3.4: Service cycle occupation in the ALMADEM-VOD server for periods varying

from 1s to 9s. The number of clients in the system is 20.

Amortizing seek time (through an increase in the service cycle) is critically important

because it improves server performance (in terms of the maximum number of clients which

can be served). However, an excessive increase in the service cycle is counter-productive

because it implies in an excessive latency — the time a new user waits to be served. This

is because new users are only served in the cycle which initiates following their arrival.

Additionally, large service cycles require larger memory buffers at the server and at the

client machines.

Figure 3.4 illustrates the occupation of the service cycle in the ALMADEM-VOD server
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for values of the period T varying from 1 second to 9 seconds. The number of clients in

the system is 20. When T = 1 the occupation of the service cycle is high because of seek

time (ts). The system spends more time doing seek than reading block of films. When T

is increased, seek time is amortized by the reading time. As shown, the amortization of

the seek time is less significant after T = 7s and does not improve much after T = 4s.

For periods larger than 4 seconds, the server incurs higher latency without considerable

additional gains in server performance. Thus, for the ALMADEM-VOD server, we adopt

T = 4s as a good compromise between client latency and server performance.

At each client machine, it is necessary to run the ALMADEM-VOD client module which

is composed of three sub-modules: network, buffer, and decoder. The network component

is implemented as a thread which receives blocks of film from the server and saves them in

the buffer data structure. From the buffer, each block is passed to the decoder component

through a Linux pipe. This architecture isolates the decoder (which is normally a com-

mercial piece of software) from the client code (which we implemented) and provides for

great flexibility. For instance, we were able to substitute the MPEG decoder for an audio

player in a couple of hours.

3.2 Modeling the ALMADEM-VOD Server in Verus

Verus has a specification language that is similar to the programming language C.

The Verus language provides special primitives that allow the user (i.e., designers and

engineers) to model timing aspects of a system such as deadlines, priorities and time

delays. Thus, modeling a multimedia system in Verus resembles writing a C program. A

Verus specification is converted into a state transition graph and efficient search algorithm

determines if the model satisfies the properties.

The modeling of the ALMADEM-VOD server has occurred while the designers of this

system were developing it. The system parameters we have considered in the model were

obtained from the version that was running at that time. The system parameters are: (1)

a period of 4 seconds; (2) a consumption rate Rci at each client machine which varies from

1Mbps to 1.2Mbps (mega bits per second); (3) a film block size B which varies from 500

KBytes to 600 KBytes; (4) a contiguous layout of the blocks of each film in disk; (5) a

disk transfer rate of 7.8 MBps (mega bytes per second); (6) a disk seek time (including

rotational delay time) which varies from 10 ms to 20 ms (milliseconds). The disk transfer

rate were determined by reading disk blocks from disk. Although the nominal disk transfer

rate of the disk is 10 MBps, reading 500 KBytes to 600 KBytes disk blocks of films has led
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1 while (true) {

2 . . .

3 seekTime = select {2,3,. . . ,19,20}; /* valid seek time */

4 while (seekTime > 0) {

5 wait (1); /* passage of seek time */

6 seekTime = seekTime - 1; }

7 readingTime = select {12,13,. . . ,19,20}; /* valid disk time */

8 while (readingTime > 0) {

9 wait (5); /* passage disk transfer time */

10 readingTime = readingTime - 1; }

11
...

12 }

13
...

14 /* minimum and maximum service time in a cycle of 4 seconds*/

15 MIN (beginningOfService, endOfService);

16 MAX (beginningOfService, endOfService);

Figure 3.5: An illustration of the ALMADEM-VOD server specification in Verus.

to disk transfer rate presented in item 5.

As mentioned before, performance in a VOD system is measured by the number of

users it can serve simultaneously. The designers of the ALMADEM-VOD system had

already measured the system performance, but they did not have any information about

how close to optimum this performance was. Since the ALMADEM-VOD server is the

bottleneck of the system, we have modeled it to determine the minimum and maximum

number of users, respectively the worst and best case, the server can support in a cycle

of service (4 seconds).

A simplified excerpt of the specification of the ALMADEM-VOD server is presented

in Figure 3.5. The variable seekTime corresponds to the seek and rotational delay times

(ts), and the variable readingTime relates to the transfer time (tr). The model loops

forever serving blocks of films to the clients (lines 1-12). As the requested block of film can

be in any place of the disk, the block position is randomly selected (line 3). This position is

related to the seek time the read-write disk head needs to reach the requested position from

the current one. The values 2 through 20 represents units of milliseconds. The movement

of the read-write disk head to the target is represented by lines 4 to 6. The transfer time is

also randomly selected (line 7) because the size of blocks also varies. The values 12 through
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20 corresponds to transfer time ranging from 60 to 100 milliseconds. The transferring is

represented by lines 8-10, and each wait (line 9) corresponds to 5 milliseconds. The MIN

and MAX statements (lines 15 and 16) relate to the quantitative algorithms mentioned

in Section 2.2.3. These algorithms are able to determine, respectively, the minimum and

maximum distance between two events. In the case of this model the events are the

beginning and the end of a cycle of service. Using these algorithms we were able to

determine the bounds of the of users served simultaneously.

3.3 Results

We have compared the quantitative results provided by Verus with the empirical results

obtained from the server. The critical system parameters, discussed in Section 3.2, are the

same both for the Verus model and for the version of the server used in our experiments.
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Figure 3.6: Variation of the service time occupation by clients for the server and for Verus

(T = 4s).

In Figure 3.6, we illustrate how the service time evolves as the number of clients in

the system increases. The continuous curve is relative to measurements obtained from the
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ALMADEM-VOD server, while the dashed curves illustrate the minimum and maximum

service times according to Verus. We observe two major facts: (1) the ALMADEM-VOD

server always operates at or above the maximum service time predicted by Verus; (2) the

ALMADEM-VOD server presents an unexpected non-linearity in its service time when

saturation has not been reached yet (i.e., with 25 clients in the system).

These two observations motivated a through inspection of the implementation of our

server and of the Verus model we built, in an attempt to make the results generated by

the ALMADEM-VOD server and by Verus consistent.

We have analyzed the dynamic behavior of the Verus model and it was working properly.

We have then measured once more the various system parameters we were using and found

a problem. The Verus model we built considers a constant disk transfer rate. However,

modern disk devices use a multi-zone organization in which there are more sectors per track

in the outer tracks. As a result, the outer tracks yield a higher transfer rate because their

tangential speed is higher. To correct the problem, we have changed the Verus model to

consider that the transfer rate assumes basically 4 distinct values depending on the track

the block of data is in. The new predictions for the service time are shown in Figure 3.7.
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Figure 3.7: Service time for the ALMADEM-VOD server and for the revised Verus model

(T = 4s).
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We observe that now the maximum service times predicted by the revised Verus model

are higher. However, under heavy load, the service times obtained from the ALMADEM-

VOD server continue to exceed the maximum service times predicted by Verus. Further,

the non-linearity in the service time of the server is still without explanation. Clearly,

the implementation of the server is running into non anticipated overheads. In the search

for an explanation, we have investigated the code for the VOD server and then noticed a

peculiarity which had not been accounted for in the Verus model we built. This peculiarity

is as follows.

In our laboratory, the video server sends blocks of film to its clients through a Myrinet

switch which runs at a raw bandwidth of 1 Gbps (giga bits per second). At this bandwidth,

conventional implementations of the link layer are unable to handle all the data which

arrives at the network physical device. The result, which we observed systematically, is

that packets of data are lost at the client machine if a block of film large enough is passed

at once to the Linux link layer at the server side. Unfortunately, the block sizes which the

server uses (between 500 KBytes and 600 KBytes) are large enough to cause the problem.

To deal with this problem, we have changed the implementation of the network thread

to include the notion of mini-cycles. In each mini-cycle, only a portion of each block of

film (called a mini-block) is sent to each client. While the link layer of a client X handles

the reception of a mini-block, mini-blocks can be sent to the other clients in the system.

By doing so, we avoid overloading the link layer at client machines. As a result, packet

losses are no longer observed.

Mini-cycles are a technical solution to a technological mismatch i.e., current network

devices are too fast for conventional operating systems. In this regard, mini-cycles are

not really a part of the design of the ALMADEM-VOD server and were not considered in

the Verus model we have built. Since we have tested our implementation of mini-cycles

extensively, it seemed to us that mini-cycles would not interfere with the server operation.

However, they do. If we simply run the mini-cycles, in situations of light load (for instance,

when there is only one client in the system) too many mini-blocks will be sent to each client

machine at once, overloading the corresponding network device. To deal with this type

of problem, we have decided to put the network thread to sleep within a mini-cycle, such

that each mini-cycle would have a minimal duration. As a result, the dynamic behavior

of the system is now far more complex, because we have to manage several mini-cycles

(with service and sleeping times) within each service cycle. At this point, a programming

mistake was done.

To simplify the dynamics of the server operation, an attempt was made to guarantee
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disk { network {

while (1) { while (1) {

... ...

pthread_cond_signal(&cs); pthread_cond_wait(&cs,&mtx);

... ...

Read blocks from disk; mini-cycles();

... ...

} }

} }

Figure 3.8: Synchronization of disk and network threads through a pair of signal and wait

primitives.

that the network thread would not starve neither be overflow with too much data. To

accomplish this effect, the programmer synchronized the network and disk threads through

a pair of signal and a wait primitives, as illustrated in Figure 3.8. The idea is that the

network thread would wait until the disk thread indicates that the blocks of film are avail-

able in the buffer. This was decided at implementation time as an extra measure to ensure

consistent behavior. However, the side-effect is that true concurrency is prevented which

results in considerable overhead when the system operates in situations of medium to high

load. This overhead led to the results observed in Figure 3.7. To fix the problem, we

removed the signal and wait primitives from the code. As a result, the evolution of the

service time is now as illustrated in Figure 3.9.

3.4 Conclusion

The advantages of the use of formal verification for analyzing systems are well known.

Some of them are the capability of finding subtle errors, and the improvement of the

understanding of the system being analyzed. Both advantages have been materialized in

the context of the ALMADEM-VOD.

The formal verification of the ALMADEM-VOD server has led to a better understand-

ing of the server operation and has revealed inefficiencies in the server. The understanding

about the server has been improved because to model the server in Verus we had to study

the system requisities and its architectural organization together the team project. This

study has facilitated the search and the finding of the causes of the inefficiencies pointed

out by Verus.



3. Symbolic Model Checking over a Video on Demand System 40

0

1000

2000

3000

4000

5000

6000

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70

T
im

e 
(m

ili
se

co
nd

s)

Number of Clients

ALMADEM-VoD server
Verus (maximum)
Verus (minimum)

Figure 3.9: Service time for the new versions of the server and of the Verus model (T = 4s).

As observed, the service time for the ALMADEM-VOD that had an erratic behavior

now increases linearly. Further, it is within the minimum and maximum service times

indicated by Verus. Since the period is 4000 milliseconds (i.e., T = 4s), we expect that

the server will be able to attend a maximum of 50 clients on average. According to Verus,

this maximum will be close to 35 clients in the worst possible situation and close to 70 in

the best case scenario. This has represented a performance improvement around 40%.

The use of Verus has been shown a good choice. The quantitative algorithms has been

very effective in determining the performance bounds of the server. These bounds relate to

the minimum and the maximum number of clients, respectively, in the worst and best case.

Worst case in this context is related with a series of client request that impose frequent

hard disk movement, such that each movement has great amplitude. In the best case, the

movement amplitude is very small. Besides, the Verus modeling language resembling C

has allowed an effective participation of the project team during the verification process.

This participation was determinant for the better understanding of the server mentioned

above.



Chapter 4

Scheduling

Scheduling [6] is a decision-making function and a body of a theory. As a function,

it determines an allocation of resources to tasks over a period of time. This allocation is

computed regarding to an optimization criterion. As a body of a theory, it comprehends a

collection of models, principles, techniques and conclusions about the scheduling function.

Scheduling problems arise when the necessary resources for performing a set of tasks

are scarce. In general, the resources are machines, but can be any kind of good, such

as money, water. Due to the scarcity of resources, it is necessary to determine the best

order for executing the tasks, so that the overall result accomplish a certain optimization

criterion. In general, choosing the ”best order” implies to investigate all possibles orders.

Since, the number of possible orders is a combination of all possible values of the problem

parameters, some instance problem can be intractable. Therefore, special approaches are

necessary to deal with them. That is the role of Scheduling area.

There are many examples of scheduling problems in our daily life, such as economics,

logistics, transport, sports, computing. A common one occurs in airports and bus stations.

Consider an airport that has dozens of gates (resources) and hundreds of airplanes (tasks)

that arrive and depart daily. The problem in this scenario is to determine the best schedule

(airplanes-gates) such that the departure delay of airplanes is minimum. It is not a simple

problem since there are different sizes of gates and airplanes; different amount of time

necessary for preparing all kinds of airplane for landing and taking-off; and there is non-

determinism in weather condition and in a great sort of events (airplane malfunction) [73].

This chapter describes our study about Scheduling. Our interest for this area appeared

after reading an article by Adams, Balas and Zawack [2]. This article presented an algo-

rithmic approach for a problem known as job-shop problem. This class of problem is known
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to be NP-hard [45] and our interest since then has been related to studying how Symbolic

Model Checking (SMC)1 can solve this specific kind of problem. Being that, this chapter

presents the basic concepts about Scheduling, the class of problem known as workshops,

traditional approaches to solve workshops, and how the SMC approach differs from these

traditional ones.

4.1 Basic Concepts

The complexity of a scheduling problem is determined by its environment, which is

usually stated in terms of three fields α|β|γ [61].

The α field is associated with the machine environment. A problem can involve one

or more machines. These machines can be parallel identical machines, identified by P ;

uniform parallel machines, identified by Q; or parallel unrelated machines, identified by R.

Q represents non identical machines but related to each other by some way, for example,

uniform speed. R represent machines that are not related to each other in any way. When

the jobs are compounded by multiple operations and an ordering is imposed on these

operations, we have a scenario known as workshop. If the ordering is the same for each job,

we have a flow-shop, designated by F . If the ordering is not the same for all jobs, than we

have a job-shop, indicated by J . If no ordering is imposed on the operations, we have an

open-shop, identified by O.

The β field is associated with the job characteristics, such as: preemption, identified by

pmtn; release time, identified by r; and order of precedence in the jobs, indicated by prec.

Finally, the γ field is concerned with the optimality criterion. It defines the objective of

the problem, i.e. the criterion to be optimized. Some of these criteria are: cj , completion

time of job j;
∑

cj, total completion time of the schedule; Cmax, completion time of all

jobs (also known as makespan); Lj lateness of job j; Lmax lateness of all jobs. Examples

of scheduling problems stated in terms of α|β|γ is presented below:

1|prec|Cmax a scheduling problem in one machine; the jobs have precedence among them;

looking for the makespan (the minimum completion time of all jobs);

R2|rj, pmtn, prec|Lmax the problem occurs in a 2 unrelated machines; the jobs have re-

lease time, can be preempted, and there is a precedence order among them; the

optimization criterion is to minimize the total lateness.

1See Chapter 2.
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J10||Cmax - the problem is a job-shop in 10 machines and the optimization criterion is the

makespan.

In coarse grain, we can organize Scheduling problems as stochastic and determinis-

tic problems. Stochastic scheduling problems have its parameters defined as probability

functions [73]. For example, the workers assembly one bike type Y in 23 minutes in 30%

of times, and in 70% of times they assembly in 32 minutes. In deterministic scheduling

problems all parameters are strictly stated. There are two variants in this class of prob-

lem: Dynamic and Static. Dynamic scheduling problems are characterized by the fact that

events can modify an already established running schedule. For example, a high prior-

ity contract is firmed and all schedule production must be modified. In static scheduling

problems all parameters are known in advance and they do not change. This taxonomy is

illustrated in Figure 4.1 [38].

Problem

Dynamic

Stochastic

Scheduling

Static

Deterministic

Figure 4.1: A taxonomy for scheduling problems. The shaded rectangle represents the

class of deterministic static scheduling problems that is the focus of this thesis.

Among deterministic static scheduling problems there are some problems that are

known as workshops. The workshops characterize by having multiple operations in each job

and an imposed ordering over these operations. Depending of this ordering, the workshop

can be a flow-shop, a open-shop or a job-shop. Therefore, in the next sections, we describe

these problems and also present some traditional approaches that give solution to them.
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4.1.1 Workshops

A workshop environment consists of a set M of machines and a set T of tasks. The set T

is partitioned and each partition of T defines a job. The number of partitions is determined

by the number n of jobs. The workshop varies according to the kind of ordering imposed

to tasks. Depending on the kind of ordering, the workshop is a flow-shop, a open-shop or

a job-shop.

A flow-shop has the following characteristics: |M | = |job i| such that job i is a partition

of T , for all i, 1 ≤ i ≤ n; and if the machines are numbered 1, 2, . . . , m, the tasks of job i,

i, 1 ≤ i ≤ n, are numbered (i, 1), (i, 2), . . . , (i, m). Besides, the sequence of task execution

is the same for all jobs. In other words, the tasks of all jobs have to be executed by the

same sequence of machines. Examples of flow-shop are the pipeline in a computer as DLX

computer [51] and the assembly line of an automobile. The Figure 4.2 [71] illustrates a

flow-shop. In this Figure, the job 1 is executed by machines 1, 2, . . . , m and, in this

case, task execution order is dictated by this machine sequence: task 11 (task 1 of job 1)

is executed by machine 1, task 12 (task 2 of job 1) is executed by machine 2, . . . , task

1m (task m of job 1) is executed by machine m. This same sequence of task execution is

applied to all other jobs.

Machine 1 Machine 2

.

.

.

job 1

job2

job n

Machine m. . .

Figure 4.2: The structure of flow-shop.

An open-shop is similar to flow-shop, except that the order of task execution of job i

can be different from job j [14]. In other words, the sequence of machines for each job can

be different. Figure 4.3 illustrates an open-shop. By this Figure, we can see that task 11

(task 1 of job 1) is executed by machine 1, while task 21 (task 1 of job 2) is executed by

machine 2. Machine 2 also executes task nm (task m of job n), while tasks 1m and 2m

are executed by machine m.

Considering the α|β|γ fields and the makespan criterion, the flow-shop and the open-
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Machine 1 Machine 2 Machine m. . .

job2

. . .

. . .

job n

job 1

Figure 4.3: The structure of an open-shop.

shop are stated, respectively, as F ||Cmax and O||Cmax. The F and O in the α field indicates

the existence of more than one machine and the kind of workshop. Both class of problems

have NP-hard complexity [14], but there are instances that are tractable. For example,

F2||Cmax is solved by Johnson’s algorithm in O(nlogn) time [57] and O2||Cmax is solved

by Gonzalez-Sahni algorithm in O(n) time [47]. Complexity of other scheduling problem

instances can be found in [73].

A job-shop scheduling problem (JSP) can be stated as follows. Consider a set M of

machines and a set T of tasks. The set T is partitioned. Each partition of T defines a job

and the number of partitions is determined by the number of jobs. A task is executed by

only one machine and is defined by the time a machine takes to execute it. Each machine

executes one task at time (preemption is not allowed) and the sequence of machines for each

job is predetermined. The problem is to determine the best sequence of tasks to be executed

by the machines so that an optimization criterion is achieved. The optimization criterion

we are interested for is the minimum makespan (i.e., the total time for completion of all

jobs). JSP problems are NP-hard and one of the most intractable problems ever considered

[41].

A JSP problem can be represented by a disjunctive graph G = {N, A, D} [2, 7, 48, 7, 75],

such that:

N is the set of nodes of the graph. N = T ∪ {0, ∗}, where nodes 0 and ∗ are the dummy

tasks of start and finish;

A is the set of arcs (pairs of tasks) that imposes an execution order (technological prece-
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dence) among tasks of a job. For example, the pair (i, j) states that task i is the

technological precedence of task j. In other words, task j can only be executed if

task i has been already finished;

D is the set of disjunctive arcs. D =
⋃

{Dk : k ∈ M}, where Dk is the set of pairs of

all tasks that are to be executed by machine k ∈ M . If i, j ∈ T are to be executed

in k, then the pairs (i, j), (j, i) ∈ Dk. (i, j), (j, i) are arcs with opposite directions

representing the possibility of machine k choosing task i to run before task j or vice-

versa, respectively. (i, j), (j, i) are named disjunctive because in a possible schedule

just one of these arcs is chosen.

The makespan problem is to determine the start time t for each task, such that the

resulting graph is acyclic and the completion of all tasks occurs in the least minimum time.

This problem can be formulated as follow






























min t∗

tj − ti ≥ di, (i, j) ∈ A (1)

ti ≥ 0, i ∈ N (2)

tj − ti ≥ di ∨ ti − tj ≥ dj , (i, j) ∈ Dk, k ∈M (3)

where di is the fixed processing time of task i (all arcs (i, j) of G are labeled by di), and

ti represents the earliest possible start time of task i, that has to be determined during

optimization.

The restriction (1) imposes an order of execution among tasks of each job. The re-

striction (2) guarantees the completion of all tasks, and (3) assures the non preemption of

machine k ∈ M . Figure 4.4 illustrates a disjunctive graph representing job-shop 3 × 3 (3

jobs over 3 machines).

Because the JSP has been our case study along our work, in the next section we present

some traditional approaches to JSP.

4.2 Traditional Approaches to Job-Shop Problem

Job-shop problem (JSP) have been studied along these 40 years. Its history is related

to the challenging benchmark problem of 10× 10 (10 jobs and 10 machines), proposed by

Fisher and Thompson in 1963 [13]. Along this time, some few instances of JSP have been

determined as being polynomial time complexity (e.g. J2||Cmax), but in essence this class

of problem is NP-hard complex [45, 73].
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Figure 4.4: Disjunctive graph representing a job-shop 3× 3 (3 jobs in 3 machines)

Researchers dealing with JSP have been applying different approaches. Some attack

the problem by relaxing its restrictions. The relaxation makes the problem simpler and

consequently easier to solve. For example, the problem P2||Cmax (the problem of non

preemptive scheduling of independent tasks on two identical processors, and minimum

makespan as optimization criterion) is NP-hard; but if we relax this problem by allowing

preemption it becomes an O(n) complexity time problem [12], where n is the number of

jobs. Although when we relax problem properties we are not solving the original problem,

the result can be used as an intermediate result to achieve the final result [23] or as an

approximation result.

Among approximation algorithms, the shifting bottleneck heuristic [2, 8] is one of the

most powerful algorithm [13]. The idea of this heuristic is to solve, for each machine,

an one-machine problem determining an optimal schedule. The assumption is that the

optimal schedule of each one-machine coincides with an optimal job-shop schedule. Other

heuristics are based on local search that comprises tabu search, simulated annealing [4, 9],

and genetic algorithms [54].

Tabu search and simulated annealing methods are similar. These methods are based

on neighborhood structures and rules that guide to new structures. Applied to schedul-

ing problems these structures relates to schedules. The difference between Tabu search

and simulated annealing lies in the acceptance/rejection criterion for the new schedules.

This criterion in simulated annealing is a probabilistic process, while in tabu search is a

deterministic process [62].

Genetic algorithms represents the principle of natural evolution. Applied in scheduling,

the individuals are sequences or schedules. The individuals are evaluated in terms of fitness
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against a value returned by an objective function. The best fit individuals are combined

to form a new generation of individuals [35, 40, 68].

The use of tabu search, simulated annealing, and genetic algorithms has advantages

and disadvantages. They can be used without complete knowledge about the structural

properties of the problem. They can be coded easily and usually give fairly good solu-

tions. However, the amount of time to compute a solution tends to be relatively long in

comparisons with more rigorous problem-specific approaches [73].

Another approach to scheduling problems is by exact enumerative methods as branch

and bound (B&B) algorithm. The principle of this algorithm is the enumeration of all

feasible solutions (schedules) by using some inference rules, which describe simple cuts and

branchings. Some efficient implementations of this approach for solving JSP are [5, 15, 16,

24, 25, 65].

4.3 Conclusion

As we have already mentioned, our interest in JSP has begun after reading an article

by Adams, Balas and Zawack [2]. JSP is an NP-hard problem [45] and instance problems

of order 10× 10 was a challenge for almost 25 years. Any way, it is very difficult to solve

instances of order of few dozens of jobs.

We have presented approximative and exact approaches that have been solving JSP. The

approximative approach have been successful in solving larger instances than mentioned

above, but this approach does not compute an exact solution. The exact approach generally

use the B&B technique with different kind of branching and cutting rules. The SMC

approach is also an exact method. However there are some differences between B&B and

SMC approaches.

The B&B approach, in general, scans the solution space of a JSP in a depth-first search

way. It is very effective and has been successful in exactly solving important JSP instances,

like 10×10 by Carlier and Pinzon implementation [23]. Very efficient B&B implementations

are designed to solve some specific instances of JSP. However, if some issues of the problem

change in some times we need to modify the B&B implementation.

On the other hand, the SMC approach models JSP as a graph and a breadth-first search

algorithm scan all reachable states to determine the best schedule. SMC is able to deal

with a state space of the order 1030. Although this representative power allows SMC to
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cope with non trivial JSP instances, we can not solve a 10 × 10 instance yet. However,

since SMC is a general problem solver, it has great flexibility in modeling different kinds

of scheduling problems.



Chapter 5

Symbolic Model Checking Applied to

Deterministic Scheduling Problems

In the context of this work, modeling scheduling problems into Symbolic Model Check-

ing (SMC)1 domain means modeling these problems into Ordered Binary Decision Diagram

(OBDD)2 domain. Therefore, initially we present a mathematical modeling of job-shop

scheduling problem (JSP) into OBDD. Next, we present how to model JSP into SMC by

an OBDD-based SMC tool known as SMV. After that, we present the results we have

obtained computing the makespan of some JSP instances using SMV. We also compare

these results to those obtained by CPLEX.

5.1 Modeling JSP into OBDD Domain

Recalling job-shop scheduling problem (JSP)3, M is the set of machines and T is the

set of tasks. T is partitioned and each partition defines a job. The number of partitions is

determined by the number of jobs, that is given as a parameter of the instance problem.

This problem can be represented by a disjunctive graph G = {N, A, D}, such that: N =

T ∪{0, ∗} is the set of nodes of the graph; A is the set of arcs; and D is the set of disjunctive

arcs. di is the fixed processing time of task i ∈ T , and ti represents the earliest possible

start time of task i, that has to be determined during optimization.

Now let us model JSP into OBDD domain. Consider a set of boolean variables N , such

1See Section 2.2
2See Section 2.2.1
3See Section 4.1.1
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that N = |N |, and a finite set of non-negative integers U . We can model the nodes of G

(tasks) by a one-to-one function f : N → N mapping each node to a boolean variable.

The fixed processing time of each task can be modeled by a partial function g : N → U

mapping each task to a time u.

M is represented by a set of boolean variables M, such that |M| = p|M |, where p is

the number of bits necessary to represent g(n), ∀n ∈ N . Let p = 3, each k ∈ M will be

represented by a 3 boolean variables, for instance, ck bit2, ck bit1, ck bit0. These 3 boolean

variables work as 3-bit counter that counts the execution time of a task. When a task

n ∈ N is chosen to run this counter is initially set to g(n). As an example, recall task 1 of

Figure 4.4 and let x be the identification of the machine that runs this task, the symbolic

representation for the fixed processing time of this task is

¬cx bit2 ∧ cx bit1 ∧ ¬cx bit0.

This is the the boolean encoding of 2, since g(1) = 2.

Given h : N →M , that returns the machine associated to the task n ∈ N , the execution

of task n by machine m can be represented by j : N ×M × U → U , such that

j(n, m, g(n)) =







j(n, g(n)− 1) if g(n) > 0 ∧ h(n) = m

0 otherwise

When j(n, m, g(n)) = 0, it means that n has been finished by machine m, then the boolean

variable f(n) must be set to true to indicate this situation at time u. That is the purpose

of function k : N × U → {0, 1}, such that

k(f(n), u) =







1 if h(n, m, g(n) = 0 ∧ v(m, u− 1) = n

0 otherwise

where v : M × U → N returns the task that machine m is running at time u.

JSP impose, by definition, a precedence order of execution between tasks of a same

job. This order of precedence is also known as technological precedence. The technological

precedence among tasks is implemented by OBDD configuration. The configuration returns

the truth value whether a task has finished or not. Recall again Figure 4.4. The task 7,

for example, is finished only if j(6, h(6), g(6)) = 0 and j(7, h(7), g(7)) = 0, that is task 6

(technological precedence of task 7) and task 7 are both finished. Figure 5.1 illustrates this

scenario.

This modeling was implemented by an SMC tool known as SMV, and this implemen-

tation is described in the next section.
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Figure 5.1: An OBDD representing the ordering for the conclusion of task 7. The boolean

variables cx and cy represent hypothetical machines x and y, respectively. In this illustra-

tion the machines are represented by a 3-bit counters. Machine x is the one that runs task

7, and machine y runs task 6. Task 7 can be run only if task 6, technological precedence of

7, is finished. Task 6 is finished when all boolean variables representing machine y is zero.

Task 7 is finished when can reach the terminal node 1, and there is only one path to it.
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5.2 Modeling Job-Shop Problems into SMV

We have start modeling JSP into SMC through the tool Verus. However, by the time we

were doing this work, Verus needed some improvements that could not be done immediately.

For this reason, we started exploring SMV.

Consider an hypothetical manufacturing industry of automobile front panel, as follows.

This industry produces three types of panel and each one needs to be handled by a specific

set of machines to be produced. In this example, we have specified three machines. The

machine ordering for each panel is known in advance. Table 5.1 presents the description of

this problem in terms of time and technological precedence. Panel B, for example, demands

2 units of time on Machine 1, 3 units on Machine 2 and 2 units of time on Machine 3.

However, Panel B must be processed by those machines in the following order: 2, 1 and 3.

This example consists of a classical job-shop problem and its disjunctive graph is the one

illustrated in Figure 4.4.

Machine 1 Machine 2 Machine 3

Panel A 2 3 —

Panel B 2 3 2

Panel C 1 — 4

Demanded time by each machine.

Panel A Machine 1 Machine 2

Panel B Machine 2 Machine 1 Machine 3

Panel C Machine 1 Machine 3

Machine execution ordering for each panel.

Table 5.1: Description of an hypothetical manufacturing industry problem. It presents the

demanded time and execution ordering to produce automobile’s front panels.

The sections below present an SMV program that models this problem. This program

was designed with 3 modules and each of them is explained.

Module Main

Figure 5.2 presents an excerpt of the module Main of the SMV program.
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1 MODULE main

2 VAR

3 boolean: begJS, endJS;

4 t 1: task (1, 2, m1.j);

5 t 2: task (1, 3, m2.j);

6 t 3: task (2, 3, m2.j);

7 t 4: task (2, 2, m1.j);

8 t 5: task (2, 2, m3.j);

9 t 6: task (3, 1, m1.j);

10 t 7: task (3, 4, m3.j);

11 m1: sched3 (t 1, TRUE, t 4, t 3.done, t 6, TRUE);

12 m2: sched2 (t 2, t 1.done, t 3, TRUE);

13 m3: sched2 (t 5, t 4.done, t 7, t 6.done);

14 ASSIGN

15 endJS := t 2.done & t 5.done & t 7.done;

16 COMPUTE MIN (begJS, endJS)

Figure 5.2: An excerpt of the module Main of the SMV program relating to the problem

presented in Table 5.1.

Line 3 presents the declaration of begJS and endJS. These variables model the dummy

tasks 0 and * of the disjunctive graph.

Lines 4 through 10 present the declaration of the tasks of the instance problem. The

variables t 1 and t 2 relate to the panel A on machines 1 and 2, respectively. t 3, t 4 and t 5

relate to the panel B on machines 1, 2 and 3, respectively. Finally, t 6 and t 7 correspond

to the panel C on machines 1 and 3, respectively.

The task variables above are of type task. task is a module that models the behavior

of a task being processed by its respective machine. In SMV, when we declare a variable

as being of a type module, this variable becomes an instance of this module. Each one of

the tasks is characterized by some parameters: identification of its job, its processing time,

and the identification of the job chosen to run. For example, when we declared variable

t 3, we said that task t 3 compounds the job 2, its processing time is 3 units of time, and
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the machine that runs this task is m2. The module task is explained in Section 5.2.

Lines 11 through 13 present the declaration of m1, m2, m3 that model the machines of

the problem. m1 is of type sched3, and m2, m3 are both of type sched2. sched2 and sched3

are modules that model the JSP machines selecting a task to run. The difference between

these two modules is the number of tasks that each ”sched” module must deal with. sched3

deal with up to 3 tasks, and sched2 deal with 2 tasks. For example, m3 must run tasks

t 5 and t 7, however these tasks can only run if their respective technological precedence

has been finished, that is indicated by the variables t4.done and t6.done. When a task

has no technological precedence the word TRUE indicates this situation. See that, in the

declaration of m1 (line 11), t 1 and t 6 have no technological precedence. For a better

understanding about ”sched” modules, we explain module Sched2 in more detail later.

The ASSIGN declaration, in line 14, corresponds to the dynamic of the main module.

When all tasks have been finished, endJS is set to TRUE, indicating the end of the job-

shop. Since the model implements the technological precedence of the job-shop, it is only

necessary to verify the last task of each job, as stated at line 15.

Line 16 relates to the computation of the makespan for the model. The compute

statement calls the MIN procedure, that compute the minimum path between ”a state”

whose variable begJS is true to another ”state” whose variable endJS is true.

Module Task

This module is responsible for modeling a task of a JSP, and has three parameters: me

corresponding to the id of the job that contains the task; time is the fixed processing time

of the task; and sj corresponds to the id of the job selected to run by the machine. A task

only runs if it has been chosen by its respective machine. This choice is indicated by the

parameter sj. Figure 5.3 illustrates an excerpt of module task.

Line 3 declares a variable i, that corresponds to a clock of the task. Initially, i is set to

processing time of the task (line 5). If the content of me equals to sj than the task starts

running (line 7), otherwise its initial value is unchanged (line 8). A task runs until its

completion, that is clock equals to zero. When the clock is set to zero, the variable done4

is assigned to true (line 11).

4
done is not indeed a variable. It is a SMV feature to declare frequent expressions.
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1 MODULE task (me, time, sj)

2 VAR

3 i : 0..4;

4 ASSIGN

5 init(i) := time;

6 next(i) := case

7 (me = sj) & (i > 0): i - 1;

8 1 : i;

9 esac;

10 DEFINE

11 done := (i = 0);

Figure 5.3: Excerpt of our SMV program relating to a task of a JSP.

Module Sched2

In JSP, each job is divided into tasks. Each of them must be executed by a specific

machine. Therefore, a task means a certain job running on a certain machine. Along this

section, we use the terms ”task” and ”job” (in the context of a machine) indistinctly.

When a machine is declared, see lines 11 through 13 of Figure 5.2, the tasks that

must run on the machine are expressed. A ”sched” module models the machines of the

JSP selecting one of these tasks to run. The selection is done according the technological

precedence between the tasks.

Figure 5.4 presents the module sched2 that models a machine that must select one task

among two tasks to be processed. Module sched3 is similar to sched2, except that the

former is designed to deal with 3 tasks.

Line 3 presents the variable that indicates the identity of the job chosen to be run. In

Line 4, the variable j aux models the identity of the job in the previous state. The function

of j aux is to save the identity of the job being run until its completion.

The choice for a job to be run on a machine occurs according the technological prece-

dence. A task is candidate to be executed only if all the following conditions are satisfied:

(a) the task is not yet executed; (b) the task is not being executed; and (c) the technolog-

ical precedence of the task is over. If more than one task accomplishes all the conditions,

then one of them is randomly selected. Lines 8 through 16 model the behavior described

above. Items ”a” and ”b” are indicated by the formal parameters t1 and t2. Recall that
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1 MODULE sched2 (t1, pt1, t2, pt2)

2 VAR

3 j : 0..3;

4 j aux: 0..3;

5 ASSIGN

6 init (j aux) := 0;

7 next (j aux) := j;

8 j := case

9 !t1.done & !t1.running & pt1 &

10 !t2.done & !t2.running & pt2 : t1 id, t2 id;

11 (t1.done | !pt1) &

12 !t2.done & !t2.running & pt2 : t2 id;

13 (t2.done | !pt2) &

14 !t1.done & !t1.running & pt1 : t1 id;

15 1 : j aux;

16 esac;

17 DEFINE

18 t1 id := t1.id;

19 t2 id := t2.id;

Figure 5.4: Excerpt of our SMV program relating to a machine that chooses one task

among two of them to run.
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the correspondent actual parameters are tasks, therefore the variables done and running

come from module task. Item ”c” is modeled by the formal parameter pt1 and pt2, whose

actual parameters are the predecessor of the tasks t1 and t2, respectively. The exclamation

sign (!) relates to the negation sign.

The lines 18 and 19 are only necessary because of variable scope restriction of SMV.

5.3 Computing Makespan

An SMC model represents all possible states that a system can be in a certain moment.

Let this system be a JSP, then all possible sequences are represented. Computing the

makespan of this problem relates to find a feasible sequence among all states of this model.

We have been using the MIN algorithm, described in section 2.2.3, to find a feasible one.

The MIN algorithm computes the minimum path between two states. In the case of

our SMV model, let si be a state in which begJS is true, and sf be a state in which endJS

is true. Determining the makespan corresponds to finding a minimum path between states

si and sf . The MIN algorithm computes this path in a breadth-search way, therefore it

takes into consideration only the states that can direct toward a solution. Since endJS is

true only if all jobs have been finished, then we can guaranteed that

• if does exist a path between si and sf , MIN return the minimum path;

• the minimum path corresponds to a sequence that corresponds to the minimum

makespan.

Table 5.2 presents the results obtained by SMV in determining the minimum makespan

of some JSP and FSP (flow-shop) instance problems. These problems have been run on a

Pentium III 600 MHz PC-Linux with 256 MB of RAM memory. The JSP instance 3 × 2

was taken from [7], the 5×4 was taken from [2], and the 6×6 was based on [43]. The other

JSP instances were derived from these original problems. The FSP instances correspond

to the serialization of the corresponding JSP.

The column Mks presents the minimum makespan computed by SMV. The value of

all computed makespan values have been checked by another tool [59] and all of them are

correctly computed. The column Time refers to the processing time (in seconds) taken by

SMV to compute the makespan. The columns OBDD nodes and Megabytes correspond
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Job-Shop Flow-Shop

Mks Time OBDD nodes Megabytes Mks Time OBDD nodes Megabytes

3× 2 26 0.03 9,173 1.31 31 0.05 10,085 1.31

3× 3 10 0.09 14,182 1.31 12 0.03 10,080 1.31

3× 4 22 0.08 10,192 1.31 23 0.09 10,845 1.31

4× 3 18 0.23 37,383 1.70 22 0.20 18,248 1.38

4× 4 17 0.49 59,336 2.03 17 0.26 27,262 1.51

5× 4 13 0.17 20,027 1.38 13 0.15 16,805 1.38

5× 5 18 7.03 198,238 4.39 18 1.76 107,605 2.95

6× 6 09 923.23 4,164,265 67.8 11 0.68 56,766 2.1

Table 5.2: Consumption of OBDD nodes, time and memory by SMV when executing some

flow-shop and job-shop problems. The column ”time” is in seconds, except in the 6 × 6

job-shop cell, that is in minutes.

to the number of nodes generated and the amount of RAM memory consumed, during the

computation, respectively.

We can see that SMV demands more time to solve JSP than FSP as we increase the

complexity of the instances of these problems. In certain instances, such as 5×5 and 6×6,

the difference between JSP and FSP in terms of OBDD nodes and consequently memory

space are very significant. This occurs because the size of OBDD for JSP is greater than

for FSP, and the efficiency of OBDD-SMC approach is related to the size of OBDD.

The size of OBDD is related to the number of variables of the problem being modeled

and the ordering of these variables along the OBDD. Depending the ordering of the vari-

ables, the size of OBDD can vary from linear to exponential to the number of variables.

Since finding a good order for variables over a OBDD is a NP-complete problem [17], good

ordering depends of heuristics.

One very useful heuristic is: ”variables of the model that are closely related to each

other must be as near as possible over OBDD”. However, it is very hard to implement

this heuristic in JSP instances, as we explain as follows. Considering to our model (see

Section 5.2), the variables representing tasks of the same job should be close to each other

along the OBDD. However, at the same time, these variables should also be close to the

variables representing tasks that correspond to their respective technological precedence.

Since the technological precedence in a JSP generally involves tasks of different jobs, the

heuristic mentioned above generally is not feasible.

We have also compared the time performance of SMV in computing makespan against
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CPLEX [56], another generic problem solver. CPLEX is a commercial tool for solving

a wide range of optimization problems, whose modeling language is a mathematical lan-

guage. The CPLEX model template relating the JSP and FSP instances are presented in

Appendix B.

The Table 5.3 presents the time comparison mentioned above. The columns SMV

and CPLEX present the time in seconds taken by each of these tools in computing the

makespan of the presented JSPs and FSPs. Recalling that CPLEX is a commercial tool,

we can say that SMV has presented processing times quite similar to CPLEX, except in

the 6× 6 JSP instance.

Job-Shop SMV CPLEX

3× 2 0.03 0.03

3× 3 0.09 0.02

3× 4 0.08 0.04

4× 3 0.23 0.01

4× 4 0.49 0.12

5× 4 0.17 0.08

5× 5 7.03 0.62

6× 6 923.23 4.44

Flow-Shop SMV CPLEX

3× 2 0.05 0.04

3× 3 0.03 0.07

3× 4 0.09 0.03

4× 3 0.20 0.12

4× 4 0.26 0.19

5× 4 0.15 0.06

5× 5 1.76 0.50

6× 6 0.68 105.12

Table 5.3: Time comparison (in seconds) between SMV and CPLEX in computing the

makespan of some JSPs and FSPs.

CPLEX was significantly faster than SMV when processing the 6 × 6 JSP instance.

However, in the 6×6 FSP instance the opposite occurred: SMV was very much faster than

CPLEX. This result was a combination of two factors:

• the size of the OBDD;

• the demanded time of the tasks of the 6× 6 instance.

The first item relates to the fact that the size of OBDD for FSPs generally is much minor

than the JSP counterparts. Consequently, OBDD-SMC tends to be faster over FSPs than

JSPs. The last item relates to the fact that the B&B technique could not cut-off paths of

the solution tree when solving FSP.
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5.4 Conclusion

Traditionally, exact solutions for deterministic scheduling problems have been obtained

by using branch-and-bound (B&B) technique. The main approach of B&B technique is

to find a feasible solution over a solution tree by avoiding to explore some paths that

certainly can not lead to a feasible one. Indeed avoiding certain paths implies in gaining

of time/space performance.

On the other hand, formal verification techniques (FMT) must explore all paths (states)

of the model being verified to assert properties about the model. The exploration of all

states is a necessity because we can only assure a certain property if we explore all states

of the model.

We have been using an FMT based on OBDD-SMC to give exact solutions for determin-

istic scheduling problems. OBDD-SMC is very efficient in modeling and verifying complex

systems with a large number (1030) of states. The efficiency of the SMC algorithms and of

the OBDD representation have led us to model complex JSP/FSP problems.

We have modeled some instances of JSP/FSP and computed their respective makespan

using SMV (an OBDD-SMC tool). The SMV models were automatically generated by a

tool especially created for this thesis (see Appendix C). The configuration of the modeled

problems are presented on Appendix A, and the results of the makespan computation were

presented in Table 5.2.

Being OBDD-SMC a generic problem solver, we have compared the processing time of

SMV against CPLEX, another generic problem solver. The CPLEX template for JSP/FSP

problems can be seen in Appendix B, and the results of this comparison were presented

in Table 5.3. Considering that CPLEX is a commercial software product and has been

receiving a lot of optimization since it was launched, the time performance of OBDD-SMC

is very much comparable to CPLEX, mainly if we consider FSPs. These results points

out that FSP is the class of scheduling problem that is more adherent to the OBDD-SMC

approach.

Besides, considering the 6× 6 FSP instance, SMV was very much faster than CPLEX.

This result occurred because the B&B technique of CPLEX had great difficulty to prove

the optimality of the solution. This difficulty was provided by the configuration of this

instance, whose demanded time of all tasks is the same value. That is, all tasks demand

the same amount of time. In this scenario, B&B technique has great difficulty to cut-off

some paths of the solution tree. On the other hand, SMV was very fast in solving this
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problem.

The time response for computing the makespan of 6 × 6 FSP instance enhances our

expectation that indeed FSP is the niche of application of OBDD-SMC approach. We need

now to model more complex FSP instances to evaluate the OBDD-SMC approach under

more complex instances. In addition, further research is needed to characterize the FSP

instances more accurately in terms of the time of the tasks and the related effect over B&B

technique and OBDD-SMC itself.



Chapter 6

New Model Checking Algorithms

During the formal verification process, we spend much of the time doing quantitative

analysis about the system being verified. Generally we are involved in analyzing paths of

computation, looking for minimum or maximum paths in this model. Usually these paths

carry very important information about the systems being verified.

In these chapter we present new minimum path algorithms applied to scheduling sce-

narios. Although these algorithm were designed with scheduling problems in mind, they

can be used in any other scenario in which we have to reason about the distance between

two states. The algorithms presented in the following subsections use the data described

below:

• I - CTL formula representing the set of initial states;

• F - CTL formula representing the set of final states;

• C - CTL formula representing a condition that must be satisfied along the path

between I through F ;

• i - path size;

• R - current reached set of states;

• R′ - set of states reached from R;

• T (R) - function that computes the set of states that are reachable from R in one

forward transition. It corresponds to the transition relation ρ of the Kripke model.
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6.1 MINCOND Algorithm

MINCOND returns the size of the shortest path (i.e. number of edges) between I and

F , such that condition C holds somewhere along this path. The number of times C holds

in the path does not matter. If there is such path MINCOND returns its size, otherwise it

returns infinity. The illustration presented in Figure 6.1 show a case in which F is reached

in 4 steps.

1 proc MINCOND (I, F, C) {

2 i = 0;

3 R = ∅; R′ = I;

4 P = ∅; P ′ = I ∩ C;

5 loop

6 if ((P ′ ∩ F 6= ∅) ∨ (R′ == R))

7 exit loop;

8 R = R′;

9 P = P ′;

10 i = i + 1;

11 R′ = T (R) ∪R;

12 P ′ = T ((R ∩ C) ∪ P );

13 end loop

14 if (P ′ ∩ F 6= ∅) return i;

15 else return ∞;

16 }

1st Step 2nd Step 4th / Final Step3rd Step

State that satisfies the condition.

FI

Figure 6.1: The MINCOND algorithm and an illustration of its behavior.

The states in which C holds are P and P ′, such that P ′ consists of states that are

reachable from P in one forward transition.

MINCOND starts from I (lines 3-4). P and P ′ are set of states that form paths. At

least in one of these states C holds. At each round of the loop (lines 5-13), MINCOND

computes the set of states that can be reached in one forward transition from R (line 11).

MINCOND also computes the set of states that satisfies condition C (line 12). The loop

is finished if there is a path in P ′ that reaches F (the final states) or if there is not exist

such a path (line 6). In this case, MINCOND returns ∞, otherwise it returns the size of

the path (line 14).

We will prove the correctness of the algorithm by showing that the MINCOND termi-

nates and a certain loop invariants holds. We will use in the proof the following notation:
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• S(i) is the set of all states that can be reached from I in i steps or less;

• Cond(i) = S(i) ∩ C, i.e. the set of all states in S(i) that satisfies C; and

• Path C(i) corresponds to the set of states that form a path in which C holds, in i

steps or less, such that

Path C(i) =







I ∩ C if i = 0

T ((Cond(i− 1) ∨ Path C(i− 1)) if i > 0

The loop invariant is the following

Inv(i) : (R′ = S(i) ∧ P ′ = Path C(i))

Lemma 6.1 The invariant holds in the loop provided loop test holds.

Proof: When i = 0, Inv(0) holds before the loop, by the initialization of MINCOND

(lines 2-4). When i > 0, Inv(i) holds as follows. At each round of loop,

• i is incremented by one,

• R′ is set to T (R) plus all states in R (line 11). R = S(i − 1), hence R′ = T (S(i −

1)) ∪ S(i− 1). By definition of S and function T , we have that R′ = S(i);

• P ′ is set to all states reached from R that satisfies C plus the successors of P (line12).

R ∩ C = Cond(i − 1) and P = Path C(i − 1), consequently, by definition, P ′ =

Path C(i).

Lemma 6.2 MINCOND terminates.

Proof: MINCOND terminates when it exits the loop. There are two conditions for

MINCOND exiting the loop: (a) it does exist a path between I and F so that C holds in

some state of this path; or (b) does not exist such path. In case ”a”, there is a state s ∈ P ′

such that s ∈ F , then MINCOND exits the loop by the first half loop test and returns i. In

case ”b”, despite of (possible) existing paths between I and F , none of them have a state

that satisfies C. Hence, MINCOND exits the loop by the second half loop test, R′ == R.

By construction, R′ ⊇ R, since the number of states is finite, there is a finite sequence

of distinct values for R′. If condition ”a” never holds, condition ”b” will eventually hold.

Consequently, MINCOND always exits the loop.
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Figure 6.2: Gantt chart for the 3 × 3 job-shop relating an hypothetical manufacturing

industry of automobile front panels described in Table 5.1. This illustration presents a

sequence of tasks that results in a minimum makespan.

Lemma 6.3 MINCOND returns the size of the shortest path between I and F so that C

holds in some state of this path.

Proof: Let s be the size of the shortest path of the shortest path between I and F so

that t C holds in some state of this path. Let also m be the size of the shortest path in

which C holds returned by MINCOND. If m > s then MINCOND has had a deviation

in the path through F . However, by algorithm construction, at each step we get all the

successor states reached from the current one. Consequently, there is no way to get this

deviation. If m < s then MINCOND has exited the loop by the first half test and m is

the size of the shortest path. This is a contradiction since we have asserted that the size

of the shortest path is s. Consequently, m = s.

6.1.1 MINCOND Application

Let us consider the manufacturing industry of automobile front panels presented in

Table 5.1. Figure 6.2 has presented a sequencing for the tasks so that the makespan is

minimum. Based on this sequencing the scheduling manager plans a working day in the

plant.
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Figure 6.3: Gantt chart for the 3 × 3 job-shop relating an hypothetical manufacturing

industry of automobile front panels. This illustration presents a sequence of tasks in which

Panel A finishes as soon as possible but minimizes the late of the other tasks.

However, unexpected events can occur. For example, the production manager can

receives an order of the board directory that he must deliver the Panel A as soon as

possible, however minimizing the late of the other tasks. This order brakes its original

sequencing since according it Panel A only finishes after Panel C has been finished. Hence,

he needs to make some changes in this sequencing. It is not a simple change when many

tasks are involved. To cope with this problem, the production manager only needs to

specify a new property and runs SMV again. The property is

COMPUTE MINCOND [begJS, endJS, (t_2.done & !t_7.done)]

In other words, SMV computes the size of the shortest path between the beginning of all

tasks (begJS) and the end of all tasks (endJS), so that along this path there is at least one

state that satisfy the condition t 2.done & !t 7.done. The new makespan for this situation

is 9.

The condition t 2.done & !t 7.done was taken by analyzing the original sequencing. We

have taken the last task of Panel A and assured that it is finished before the first task of

Panel C. An illustration of this new sequencing of task is in the Figure 6.3.
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6.2 MINCOND-P Algorithm

MINCOND-P returns the size of the shortest path (i.e. number of edges) between I

and F , such that condition C holds in ALL states proceeding F . MINCOND-P starts from

I. At each step, it computes the set of states that can be reached in one forward transition

from the current set of states. Only states that satisfy C are considered. This process

continues until it reaches F or it detects that there is no path to F . In the former case,

then MINCOND returns the size of the path, otherwise it returns infinity.

Figure 6.4 presents the algorithm and an illustration of its behavior. Lines 2 and 3

consist of initialization of variables. Since all states preceding F must satisfy C, then we

remove all states that do not satisfy C from I (line 2). At each round of the loop (lines

4 through 11), MINCOND-P computes the set of states that are reached in one forward

transition from R (line 9). We do not consider any state that do not satisfy C, however we

take care to not discard any possible state in F that can lead to a solution. MINCOND-P

exits the loop (lines 5-6) in one of the following situations:

(a) R′ = ∅ – there is no reachable state that satisfies C;

(b) R′ == R – there is no path from I to F in which all states satisfy C; or

(c) R′ ∩ F 6= ∅ – F has been reached.

In case ”a” and ”b”, MINCOND-P returns∞ (infinity), in case ”c” MINCOND-P returns

i, as the size of the shortest path.

We will prove the correctness of the algorithm by showing that the MINCOND-P ter-

minates and a certain loop invariant holds. We will use in the proof the following notation:

• S(i) is the set of all states that can be reached from I in i steps or less;

• Cond(i) = S(i) ∩ C, i.e. the set of all states in S(i) that satisfies C.

The loop invariant is

Inv(i) : R′ = Cond(i)

Lemma 6.4 The invariant holds in the loop provided the loop test holds.

Proof: When i = 0, Inv(0) holds since R′ is set to all states in I that satisfies C (line 2).

When i > 0, Inv(i) holds as follows. R = Cond(i− 1), by line 7. R′ is set to all successor

states of R that satisfies C (line 9), plus all all states in R (line 10). Consequently,

R′ = Cond(i− 1 + 1) = Cond(i).
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1 proc MINCOND-P (I, F, C) {

2 R′ = I ∩ C;

3 i = 0; R = ∅;

4 loop

5 if ((R′ == ∅) ∨ (R′ == R)∨

(R′ ∩ F 6= ∅))

6 exit loop;

7 R = R′;

8 i = i + 1;

9 R′ = T (R) ∩ (C ∪ F );

10 R′ = R′ ∪ R;

11 end loop

12 if (R′ ∩ F 6= ∅) return i;

13 else return ∞;

14 }

FI

1st Step 2nd Step 3rd Step 4th / Final Step

State that satisfies the condition.

Figure 6.4: The MINCOND-P algorithm and an illustration of its behavior. This algorithm

searches for paths between states I and F , in which all states along the path satisfy

condition C. If MINCOND-P finds such paths, it returns the size of the shortest one.

Otherwise MINCOND-P returns infinity. The illustration presents a case in which F is

reached in 4 steps.
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Lemma 6.5 MINCOND-P terminates.

Proof: MINCOND-P terminates because eventually the loop test will be satisfied, as

following. For i ≥ 0,

(a) if Cond(i) = ∅ then MINCOND-P terminates by holding R′ == ∅ test;

(b)if a state in Cond(i) satisfies F then MINCOND-P terminates by holding R′ ∩ F 6= ∅,

and returns i;

(c) otherwise, we have the following. By construction, R′ ⊇ R (lines 9-10), since the

number of states is finite, there is a finite sequence of distinct values for R′, then the loop

test R′ == R will be satisfied.

Lemma 6.6 MINCOND-P returns the size of the shortest path between I and F , such

that conditon C holds in all states preceding F along this path.

Proof: It is guaranteed by the loop invariant that MINCOND-P only considers states

that satisfy C. Consequently, if MINCOND-P reaches F , all states preceeding F satisfy

C. Let s be the size of the shortest path of this kind, and p the size of the shortest path

returned by MINCOND-P. If p > s then MINCOND-P has had a deviation in the path

through F . However, by algorithm construction, at each step we get all the successor states

reached from the current one. Consequently, there is no way to get this deviation. If p < s

then MINCOND-P has exited the loop test (R′ ∩ F 6= ∅) and m is the size of the shortest

path. However, this is a contradiction since we have asserted that the size of the shortest

path is s. Consequently, p = s.

6.2.1 MINCOND-P application

Consider the hypothetical manufacturing industry of automobile front panels of Sec-

tion 5.2. Now suppose the resource power of machine 3 has failed. The mechanic in chief

has to serialize machines 1 and 3 so that they can share the same resource power. Under

this new scenario, machines 1 and 3 can not run in parallel anymore. The production

manager needs to compute a new sequence to the jobs. That is here that SMC shows

its versatility. It can face this unpredictable event by specifying a new model property

or changind the model. In this specific case we can run MINCOND by expressing the

property below in the NuSMV main module

COMPUTE MINCOND_P [begJS, endJS, (!m1_running | !m3_running)]
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Figure 6.5: Gantt chart for the 3×3 job-shop problem example, considering that machines

1 and 3 can not run in parallel anymore.

where m1 running and m3 running represent boolean variables of the model. These variables

indicate whether machines m1 and m3 are running or not. The sign ”!” represents the

unary negation operator. The proposition (!m1 running | !m3 running) corresponds to the

condition that must be held during the minimum makespan computation. This condition

relates to the situation that m1 and m3 can not run in parallel anymore. Figure 6.2.1

presents an illustration of a new sequence that MINCOND is able to compute given the

above restriction. In this case the new minimum makespan is 11.

6.3 MINCOUNT-P Algorithm

Consider π1, π2, . . . , πp being all paths between states I and F . MINCOUNT [22]

searches for states that satisfies a condition C in πi, 1 < i < p. If there is no path between

these states, MINCOUNT returns the special value NOPATH. Otherwise, it returns m =

min(m1, m2, . . . , mp) such that mi is the number of states satisfying C in the path πi.

However, in some cases, we need to present the path related to m. MINCOUNT-P

extends MINCOUNT in this way. In other words, MINCOUNT-P returns a path corre-

sponding to m. Figure 6.6 presents MINCOUNT-P algorithm and its behavior. It has two

phases. The first one is the running of MINCOUNT algorithm just as proposed by Campos

(line 2). If MINCOUNT returns NOPATH, then MINCOUNT-P returns ∞ (infinity). If

MINCOUNT returns m = 0, no state satisfying C was found, and MINCOUNT P returns

the special value NOPATH. Otherwise, second phase (lines 5-12) begins.
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1 proc MINCOUNT-P (I,C,F) {

2 mincountResult = MINCOUNT (I, C, F );

3 if mincountResult = NOPATH return ∞;

4 if mincountResult = 0 return NOPATH ;

5 M = M ∩ ¬F ;

6 R = ∅; R′ = F ; k = 0;

7 loop

8 R = R′;

9 R′ = T−1(R) ∩M ;

10 printSet (R′);

11 if (R′
⋂

I 6= ∅) exit loop;

12 end loop

13 return R′

14 }

I F

State that satisfies the condition.

1st Step 2nd Step 3rd Step 4th Step 5th / Final Step

Figure 6.6: MINCOUNT-P algorithm returns a path between state I and F , such that

in this path m states satisfies C. m is the least number of states satisfying C over all

paths leading from I to F . If there is no path between I and F , MINCOUNT-P returns

the special value NOPATH. If m = 0, then MINCOUNT-P returns ∞ (infinity). The

illustration shows the behavior of the algorithm. It walks backward reaching states over

paths between I and F . In this illustration, we can see that I is reached in 5 steps.

Let M be the set of states reached from I through F in the first phase, when m > 0. We

remove F from M (line 5), as an initialization step of the second phase for performance

purpose. MINCOUNT-P walks backward over M (line 9). Formally, T−1(X) = {s |

ρ(s, s′) for some s′ ∈ S}, where X is a set of states. At each backward step it reaches

the set of states from the previous one. This set is intersected with M , because we are

not interested in all predecessor states from the previous one, but only those states that

had been reached in the first phase. The printSet function prints all states in R′ (line

10). Since MINCOUNT (first phase) returned m > 0, it is guaranteed that MINCOUNT-P

exits the loop (line 11), when it reaches a state satisfying I.

We will prove the correctness of the algorithm by showing that the MINCOUNT-P

terminates and the following loop invariants hold:

• R = S(k);

• R′ = S(k + 1).

where S(k) is the set of all states in M that can be reached in a backward walk from F in
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k steps or less.

Lemma 6.7 MINCOUNT-P satisfies the loop invariants.

Proof: Considering MINCOUNT-P moves backward and ∅ as the set of states previous

to F , when k = 0, S = ∅ and S ′ = F , then the invariants hold. When k > 0, R = R′ (line

8) what is equivalent to S(k + 1), then the invariant R = S(k) holds for new values of k.

Also, R′ is set to its predecessors in M what is equivalent, by construction, to R′ = S(k+2).

Then, the invariant R′ = S(k + 1) holds for new values of k too.

Lemma 6.8 MINCOUNT-P terminates.

Proof: In the first phase, Campos proved that MINCOUNT terminates [22]. Then,

MINCOUNT-P exits by line 3 or 4, otherwise the second phase begins. It is guaranteed

by the first phase that M has at least one path leading from I to F , such that there is

m states satisfying C [22]. MINCOUNT-P starts by the set of states in F . At each loop

round, MINCOUNT-P moves backward reaching all states in M that lead to the current

set of states. Inevitably, MINCOUNT-P will reach some state in I and the loop test will

be satisfied.

Lemma 6.9 MINCOUNT-P returns a path between I and F such that this path contains

the minimum number of states that satisfy C.

Proof: Let m be the minimum number of states satisfying C along a path between I and

F . All the states that compound this path are in M . By contruction (by MINCOUNT),

the only paths from I to F that does exist in M are those relating to m. Consequently,

finding this path is just a case of choosing a start point and walking through the opposite

point direction. Inevitably this point will be reached.

6.3.1 MINCOUNT-P application

We will present an application to MINCOUNT-P somewhat out of the context of the

JSP. Remembering Section 4.1, scheduling problems can be stated by α|β|γ fields. In

scenarios where field α is characterized by P , Q or R, the jobs can be processed by any one
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of the machines. If we want to determine a sequence for the jobs over the machines, such

that the makespan is minimum and some specific machine is used as less as possible, then

the MINCOUNT-P does this task. The right side of Figure 6.6 can illustrate this case,

being the black nodes the machine we want to use the least minimum of times, and the

nodes I and F being the initial and the final of the jobs. MINCOUNT-P is able to cope

with this problem and present the desired route, if such route exists between I and F .

6.4 Conclusion

All the algorithms presented in this chapter enhance the power of SMC in solving

scheduling problems. The algorithm MINCOUNT-P, for example, is very useful in a plant,

when we want to minimize the use of some machines. In the case of this algorithm, we can

obtain similar result with some mathematical programming tool, such as CPLEX. However,

the mathematical model would be multi-criteria and the modeling would be more complex

than the ones we presented in Appendix B.



Chapter 7

Integration between Production and

Operational Planning

Planning is related to making decisions based on information. Nowadays, important

information about production process comes from computer systems. Over the years,

computer systems have been used to support different phases of production process. They

improve the production process in many aspects, one of them relates to the information

they generate based on datum they collect.

Many techniques, such as PERT/CPM (Program Evaluation Review Technique / Crit-

ical Path Method), MRP II (Manufacturing Resource Planning), have been used to pro-

vide information to support planning and controlling of the production. However, these

techniques in general, deal with tactical and operational decisions in isolation. That is,

information of both levels are not integrated. Our interest in this work relates to the ones

which is concerned with this integration [60].

In this chapter we present how SMC can deal with planning problems. At first, we

give an introduction to the problem of integrating tactical and operational plannings. The

next sections describe the multi-period scheduling problem and how we have modeled this

problem in SMV. Finaly, we present the result we have obtained solving an hipothetical

problem and the conclusion about this study.
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7.1 Integrating Information between

Tactical and Operational Levels

Planning consists of one of the most important component in the economic life of enter-

prises. Considering a manufacturing plant, usually the planning process is hierarchically

organized (from top to bottom) into three levels: strategic, tactical, and operational [49].

One planning level determines the targets to be achieved by the immediately level below.

Strategic level is the higher level of planning. It concerns with establishing long term

goals to the enterprise. In general it involves the establishment of enterprise politics, types

of products or services to be offered, construction and location of new plants or branch

offices. The source of information at this level, in general, is external to the enterprise.

Tactical level is the middle level of planning. It concerns with production planning to

accomplish the clients demands/contracts. In manufacturing industry, it relates to planning

the production over periods of time (weeks or months), minimizing the production costs,

for example. It involves establishing mid term goals, such as how much to produce in each

period of time. The source of information at this level are both external and internal to

the enterprise.

Operational level is the lower level of planning. It concerns with accomplishing tactical

goals by means of scheduling. The planning at this level involves plans of short term goals

and its source of information is internal to the enterprise.

Classical models for production (tactical) and scheduling (operational) plannings con-

cerns with different types of information. The former works with more general information

such as quantity of products to be produced over periods of time (weeks or months). The

latter works with more detailed information, such as jobs, machines, running time of jobs

over machines. Tactical managers need to know whether their production planning is fea-

sible at the operational level. In other words, if there exist a scheduling of production

(operational planning) such that the production planning is feasible. Due to the lack of

operational informations at tactical level, it is not always the case.

When a production request is sent to the operational level, usually, this request was

made without taking into consideration certain operational aspects such as, for example,

idle time of the machines [36]. The idle time appears in operational level in consequence

of the technological precedence of each job. For instance, a certain machine remains idle

waiting for the conclusion of a job by another machine. Figure 7.1 illustrates this case.

This figure presents a JSP 3×3 and its makespan. The JSP is represented by a disjunctive
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graph. The makespan is presented as an optimal sequence of jobs over machines by a

Gantt chart. We can see by the Gantt chart that there is an idle time in machine 3 at time

1. This idle time corresponds to the time that this machine waits for machine 1 finishing

Panel C.

At first sight, one approach to solve the gap between tactical and operational levels of

decision is migrating all information of operational level to the tactical level. However this

approach has two drawbacks: it eliminates the decisions from operational level (concen-

trating all of them into the tactical level); and production planning becomes much more

complex or even impossible to model [36].

One alternative approach to assure the compatibility between production planning and

scheduling is by integrating tactical and operational levels of decision [34, 60]. The main

purpose of this integration is to obtain a production plan that is feasible at operational

level. This feasibility is obtained after some iterations between both levels, during which

they exchange information. Figure 7.2 illustrates this process.

However, the integration between production and scheduling planning models is diffi-

cult. The production planning model is continuous under time and scheduling planning

model is discrete. As we mentioned above, managers at tactical level are concerned with

planning the production for weeks or months ( how much must be produced). Meanwhile,

managers at operational level are concerned with sequencing the jobs of a day work over

the machines (when and how to produce) [42]. One alternative to overcome this difficulty is

to split the continuous model into periods of discrete time of production. This alternative

is known as Multi-Period Scheduling [34, 60].

7.2 Multi-Period Scheduling Problem

Consider that at an operational level we have a classical JSP modeled as stated in

Section 4.1.1. A multi-period scheduling problem for a JSP consists of replicating the JSP

into P periods of discrete time. We will modify the previous notation of JSP to the one

described below:

dpp is the duration of period p ∈ P ;

J is a partition of T . Each Jl ∈ J defines a job of the JSP;

oilpk is the i-th task of the job Jl in the period p ∈ P running over machine k ∈M ;

dilpk is the demanded time for running oilpk;
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Figure 7.1: A 3×3 JSP represented as disjunctive graph (on top) and an optimal sequence

for the corresponding makespan represented by a Gantt chart (in the bottom).
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Figure 7.2: Model for exchange of information between tactical and operational level.

tilpk is the start time of oilpk;

L = {oilpk : i = |Jl|} is the set of the last task of each job;

Qip quantity of product i produced in period p.

The makespan problem of multi-period JSP consists of determining the start time of

tilpk of each task. There are some different precedence relations among tasks of diferent

periods that we can adopt [37]. We have considered the one that a task oilpk ∈ L must

be concluded at the end of p. That is, if the job must be finished in period p, it can be

started in p or in a previous period. Other considerations that we have made to simplify

the model, however not loosing the generality [36] are the following: (a) the setup time of

machines is zero; (b) the technological precedence of each Jl is the same for every p; (c)

|Jl| is constant for all p. Therefore, the definition for this problem can be stated as

min T∗











































tjlpk − tilpk ≥ dilpk.Qip, (oilpk, ojlpk) ∈ A (1)

tilpk ≥ 0, i ∈ N (2)

tjlpk − tilpk ≥ dilpk.Qip or

tilpk − tjlpk ≥ djlpk.Qjp, (oilpk, ojlpk) ∈ Dk, k ∈ M (3)

tilpk + dilpk.Qip ≤
∑p

q=1 dpq oilpk ∈ L (4)
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Figure 7.3: The representation of a multi-period JSP 3× 3.

The restriction (1) imposes the technological precedence among tasks. The restriction

(2) guarantees the completion of all tasks, and (3) assures the non preemption of machine

k ∈M . The restriction (4) assures that the last task of each job finishes at the end of the

appropriate period. Figure 7.3 illustrates a JSP 3× 3 replicated into 3 periods.

7.3 Modeling Multi-Period Job-Shop into SMV

Consider the manufacturing industry of car panels, described in Section 5.2. Consider

that the tactical level wants to determine the quantity of panels to be produced along three

periods of time. We have modeled this problem using SMV and a simplified excerpt of the

main module is presented in Figure 7.4.

The variable NP (line 4) represents the number of periods of the multi-period JSP. In

this case the number of periods is three. Lines 5-11 present the definition of the tasks

of the problem. The lines 12-14 declare the variables m1, m2, and m3 that represent

the machines of the multi-period JSP. These variables are instances of module sched that

indeed implements the technological precedence and period precedence. For instance, line
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1 MODULE main

2 VAR

3 boolean: begJS, endJS;

4 NP: 3..3;

5 t 1: task (1, 2, m1.j);

6 t 2: task (1, 3, m2.j);

7 t 3: task (2, 3, m2.j);

8 t 4: task (2, 2, m1.j);

9 t 5: task (2, 2, m3.j);

10 t 6: task (3, 1, m1.j);

11 t 7: task (3, 4, m3.j);

12 m1: sched3 (t 1, TRUE, NP, t 4, t 3.done, t 3.p, t 6, TRUE, NP);

13 m2: sched2 (t 2, t 1.done, t 1.p, t 3, TRUE, NP);

14 m3: sched2 (t 5, t 4.done, t 4.p, t 7, t 6.done, t 6.p);

15 ASSIGN

16 endJS := (t 2.p = NP) & (t 5.p = NP) & (t 7.p = NP);

Figure 7.4: A simplified excerpt of the main module of our SMV model for a multi-period

JSP. To control the multi-periodicity, we have added variables such as NP and t y.p where

y={1,3,4,6}. Variable t 1.p, for example, indicates in which period t 1 has been done.
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14 declares machine m3. This machine is defined to run tasks t 5 and t 7. The technological

precedence to these tasks are represented by t 4.done and t 6.done, respectively. These

variables are boolean and they are set to TRUE when they have been concluded by their

respective machines.

Besides the boolean variables to control technological precedence described above, we

have to add one more parameter to each task of a machine, due to the multi-periodicity

of the problem. This extra parameter indicates whether the technological precedence for

each task has been concluded in a previous period. It works like a stock of almost-finished

products. This means that a machine can run a task if its technological precedence has

been concluded in a previous period. For example, m2 can run t 2 if t1 has been concluded

in the current or previous period. This is represented in the model by the boolean variable

t 1.done and by integer variable t 1.p, respectively. t 1.done and t 1.p are set and added

appropriately in task module.

Finally, at line 16, the variable endJS represents the end of the multi-period JSP. Now,

in contrast to the model presented in Figure 5.2, this variable is only set to TRUE when

the last task of each job has been concluded at the third period.

Figure 7.5 presents an excerpt of the module task definition. This module models a

machine executing a task. It has three parameters: me indicates job identity to whom the

task belongs; time corresponds to the demanded execution time of the task; and sj relates

to the job identity chosen to run - this choice is made by module sched. This modules uses

two counters: i is a time counter; and p is period counter that indicates which period the

task has been concluded.

Lines 6-10 models the execution of a task by a machine. In the beginning the time

counter of all tasks are initiated with their respective time (line 6). When me is equal to sj

the respective task runs. The task runs until the counter i is set to zero. Setting zero to i

module task triggers the actions below at the same time:

• the variable done is set to TRUE to indicate the task completion (line 17);

• p is incremented by one to indicate that the task is one period ahead. p is incremented

until all periods have been processed (lines 12-15);

• the counter i is reinitialized to time, indicating that is ready to the next period. Lines

7-10 model this described procedure.

The machines in a multi-period JSP must choose a task to run taking into considerations
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1 MODULE task (me, time, sj)

2 VAR

3 i : 0..4;

4 p : 0..NP;

5 ASSIGN

6 init(i) := time;

7 next(i) := case

8 (me = sj) & (i > 0): i - 1;

9 1 : time;

10 esac;

11 init(p) := 0;

12 next(p) := case

13 (i = 0) & (p < NP): p + 1;

14 1 : p;

15 esac;

16 DEFINE

17 done := (i = 0);

Figure 7.5: Excerpt of our SMV model for a task of a multi-period JSP.
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two points: (1) the conclusion of tecnological precedence of the task, and (2) the period

of the JSP in which the tecnological precedence was concluded. Figure 7.6 presents an

excerpt of a SMV program that models a machine that is supposed to run two tasks.

1 MODULE sched m2 (t1, pt1 d, pt1 p, t2, pt2 d, pt2 p)

2 VAR

3 j : 0..3;

4 j aux: 0..3;

5 ASSIGN

6 init (j aux) := 0;

7 next (j aux) := j;

8 j := case

9 t1.p < 3 & !t1.running & (pt1 d — pt1 p > t1.p) &

10 t2.p < 3 & !t2.running & (pt2 d — pt2 p > t2.p) : t1 id, t2 id;

11 (t1.p > 2 — !(pt1 p > t1.p)) &

12 t2.p < 3 & !t2.running & (pt2 d — pt2 p > t2.p) : t2 id;

13 (t2.p > 2 — !(pt2 p > t2.p)) &

14 t1.p < 3 & !t1.running & (pt1 d — pt1 p > t1.p) : t1 id;

15 1 : j aux;

16 esac;

17 DEFINE

18 t1 id := t1.id;

19 t2 id := t2.id;

Figure 7.6: Excerpt of our SMV model for a machine that runs two tasks in an multi-period

JSP.

The formal parameters t1 and t2 corresponds to the job identity to whom these task

belong. The parameters pt1 d and pt1 p correspond to the technological precedence of

task t 1 and the period in which pt1 d was finished, respectively. Lines 8–16 relates to the

process of choice of a task to run made by the machine.
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7.4 Conclusion

We have applied the MIN algorithm to compute the minimum makespan of the multi-

period JSP relating the Figure 7.4. An optimal sequence for this problem is illustrated in

Figure 7.7. This model has taken 4.9 seconds to be created and solved in a GNU/Linux

platform running under Pentium Celeron 300 MHz with 128 Megabytes.

9 11 13 15 17 19 21

time

Period 1 Period 2 Period 3

1 46 13 8 11 20 15 18

3 2 10 9 17 16

7 5 14 12 21 19

1 3 5 7

M3

M2

M1

Figure 7.7: Makespan for a JSP 3× 3 of 3 periods.

The purpose of this study was to show the viability of SMC in dealing with JSP mutli-

period. SMC is an approach completely different from other works, such as Drumond [42],

Carvalho [37] and Camargo [36]. The work of Drumond consists of implementing a decision

support tool for production planning in the context of a port using CPLEX. Camargo and

Carvalho solves integration problem by Benders decomposition. All these works express

the restrictions of the problem by linear equations.

SMV approach consists of creating a model as we create computer program. The

restrictions of the problem are expressed by modules of SMV created for this purpose.

This approach, in enterprises that lack from people with mathematical skills, can be more

comfortable than expressing restriction by mathematical equations.



Chapter 8

Conclusion and Future Works

Traditionally, exact solutions for deterministic scheduling problems have been obtained

by using branch-and-bound (B&B) technique. The main approach of B&B technique is to

find a feasible solution avoiding to explore some paths of the solution tree that certainly can

not lead to a feasible one. Indeed avoiding certain paths implies in gaining of time/space

performance.

On the other hand, formal verification techniques explore all paths (states) of the

model being verified to assert properties about the model. The exploration of all states

is a necessity because we can only assure a certain property if we explore all states of the

model. In this work we have presented SMC (Symbolic Model Checking) based on OBDD

(Ordered Binary Decision Diagram) as an exact solver for scheduling problems.

SMC is a formal verification technique originally proposed to verify concurrent finite

states systems. Applying SMC to solving scheduling problems is a new approach consid-

ering the traditional ones, such as B&B (branch-and-bound) technique. There are several

advantages of OBDD-SMC approach to the scheduling problems:

• the temporal logic of SMC can be used to reason about start and finish time of jobs

relating to a certain makespan. That is, we can compute feasible schedules since we

want a specific job finishes in a certain time. We can also search for feasible schedule

given certain restrictions, such as: a specific job finishes in a certain time; or the

makespan is less than or equal to a given units of time;

• the quantitative algorithms proposed here improve the potential of SMC in dealing

with unpredictable changes in the problem specification. As an example, consider the

following scenario. We have to compute a feasible schedule for a manufacturing plant
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so that this schedule results in the minimum completion time of all jobs. After we

have computed a feasible schedule an unpredictable event occurs: ”two machines can

not run in parallel anymore”. This event changes the original problem specification.

SMC is able to compute a new feasible schedule under this new problem configuration

without the necessity of changes in the model or in any algorithm. It is just the case of

specifying an appropriate CTL formulas and/or launching the appropriate algorithm.

In this work, we have applied OBDD-SMC to different scheduling scenarios. In each

case, we have been successful in showing the practical applicability of this tool for solving

such problems:

• the Video on Demand problem is related to assign client users to a video server.

Efficiency in this kind of system is measured in terms of number of users served at

the same time. In the case studied in this thesis, there was an implemented version

of the server but there was no parameter about how close to the optimum efficiency

the server was. We have applied OBDD-SMC to this problem and we have computed

lower and upper bounds to the server. These bounds have pointed out errors in the

implemented version. After the correction of them, the efficiency of the system server

raised 40%;

• we have determined the minimum makespan of some instances of flow-shop (FSP)

and job-shop problem (JSP). The computed makespan values were checked against

a B&B tool to assure the results. We have modeled and computed correctly the

makespan for several instances of JSP and FSP. Besides, we have changed the in-

stances problem configuration and we have also successfully computed a new related

makespan without any change in the modeled problem. It is an important feature of

our approach. Being a general problem solver, OBDD-SMC can deal with some un-

expected changes in the problem configuration more easily than certain specific tools,

that in general are constructed with determined problem configuration in mind;

• we have presented a template for modeling deterministic scheduling problems via

SMV, an OBDD-SMC tool. Besides, there is an available tool written in Java espe-

cially created for this purpose that automatically generates SMV models;

• the same template above can be used to deal with another class of problem: inte-

gration of production and scheduling plans. Integrating production and scheduling

plannings is difficult because each plan is concerned with different kinds of informa-

tion. Due to this difference not always we can find a scheduling plan that satisfies

the correspondent production plan. Our model was applied to an hypothetical case

and has determined correctly the makespan showing the feasibility of the approach.
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The results of SMV (an OBDD-SMC tool) in computing the minimum makespan of JSP

and FSP instances were compared against to the results obtained by CPLEX. The com-

parison was related to the processing time demanded by these tools to compute makespan.

Considering that CPLEX is a commercial software product and has been receiving a lot

of optimization since it was launched, the time performance of OBDD-SMC is very much

comparable to CPLEX, mainly if we consider FSPs. These results points out that FSP is

the class of scheduling problem that is more adherent to the OBDD-SMC approach.

Considering the 6 × 6 FSP instance, SMV was very much faster than CPLEX. This

result occurred because the B&B technique of CPLEX had great difficulty to prove the

optimality of the solution. This difficulty was provided by the configuration of this instance,

whose demanded time of all tasks is the same value. That is, all tasks of the job demand

the same amount of time. In this scenario, B&B technique has great difficulty to cut-off

some paths of the solution tree. On the other hand, SMV was very fast in solving this

problem. The time response for computing the makespan of this instance enhances our

expectation that indeed FSP is the niche of application of OBDD-SMC approach.

On the other hand, at the present moment, SMV has some difficulty to deal with very

complex JSP instances (above instances 6 × 6). This difficulty is related to the size of

the OBDD. This size is a consequence of the number of the variables of the model and

the ordering of the model along the OBDD. Depending this ordering, the size of OBDD

can vary from linear to exponential to the number of the variables. Since the efficiency

of OBDD-SMC is related to the size of OBDD, finding a good order for the variables of

the model is very important. However, finding a good ordering depends of some heuristics

that are difficult to implement in JSPs.

8.1 Future Works

The fact that SMV was much more efficient than CPLEX in solving complex FSP

instances indicates that this class of problems adheres to OBDD-SMC more conveniently

than JSP. We must investigate FSP instances greater than 6×6. That is, we need to model

more complex FSP instances to evaluate the performance of the OBDD-SMC approach

under these instances. In addition, further research is needed to characterize the FSP

instances more accurately in terms of the time of the tasks and the related effect over B&B

technique and OBDD-SMC itself.

Besides, we need to investigate how to tune OBDD-SMC to deal with JSP. For one side,
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we can study alternatives to order variables of JSP models along the OBDD. This study

can lead to more efficient sizes of OBDD relating to complex JSP instances. By other side,

we can investigate the merging of some combinatorial optimization techniques to OBDD-

SMC, such as the branch-and-bound techniques to prune some parts of the OBDD that

contains paths that can not lead to a feasible solution.

In a another variant of research, consider all paths between states S and F in a Kripke

model. Campos [22] has proposed the MAXCOUNT algorithm that returns the maximum

number of events between these two states. We can extend this algorithm by printing

the path corresponding to the result presented by MAXCOUNT. Let name the extended

algorithm by MAXCOUNT-P. MAXCOUNT-P can be very useful in computing and pre-

senting a feasible schedule so that the maximum number of jobs is finished in a given

amount of time. Nowadays this information can be obtained in an indirect way by the

counter-example.



Appendix A

Instances of JSP and FSP

This appendix presents the configuration of the job-shop (JSP) and flow-shop (FSP)

we have computed in Section 5.3. Each instance identification is followed by its respective

configuration. Each configuration is composed by as much lines as the number of jobs.

Each configuration line presents the technological precedence of the respective job. This

precedence is stated as list of mi(t) meaning that the job requires t units of time of machine

i. For example, the job-shop instance 3 × 2 is a problem consisting of three jobs on two

machines. The configuration has three lines. The first line states that job one (j1) runs at

first on machine two (m2) taking eleven (11) units of time, then in the following it runs on

machine 1 (m1) taking seven (7) units of time.

Job-Shops

JSP 3× 2

j1: m2(11) m1(7)

j2: m1(10) m2(5)

j3: m1(9) m2(8)

JSP 3× 3

j1: m1(3) m2(2) m3(2)

j2: m2(4) m3(3) m1(1)

j3: m2(1) m3(2) m1(3)

JSP 3× 4

j1: m1(3) m2(2) m3(5)

j2: m2(4) m3(3) m4(6)

j3: m2(1) m3(2) m1(9) m4(8)
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JSP 4× 3

j1: m2(1) m1(2) m3(3)

j2: m3(5) m1(4) m2(5)

j3: m1(3) m3(4) m2(4)

j4: m2(6) m3(2) m1(2)

JSP 4× 4

j1: m1(2) m2(3) m3(3) m4(2)

j2: m1(3) m3(3) m2(2) m4(3)

j3: m1(1) m2(3) m4(2) m3(1)

j4: m1(4) m4(1) m3(3) m2(3)

JSP 5× 4

j1: m1(2) m2(3)

j2: m1(3) m3(3) m2(2)

j3: m1(1) m2(3) m4(2)

j4: m1(4) m4(1) m3(3)

j5: m4(4) m3(4)

JSP 5× 5

j1: m1(3) m3(3) m2(2) m4(1) m5(1)

j2: m2(2) m1(3) m3(1) m4(1) m5(4)

j3: m2(3) m1(2) m3(2) m5(1) m4(1)

j4: m1(1) m2(1) m4(3) m3(2) m5(3)

j5: m1(3) m2(2) m3(1) m4(3) m5(2)

JSP 6× 6

j1: m3(1) m1(1) m2(1) m4(1) m6(1) m5(1)

j2: m2(1) m3(1) m5(1) m6(1) m1(1) m4(1)

j3: m3(1) m4(1) m6(1) m1(1) m2(1) m5(1)

j4: m2(1) m1(1) m3(1) m4(1) m5(1) m6(1)

j5: m3(1) m2(1) m5(1) m6(1) m1(1) m4(1)

j6: m2(1) m4(1) m6(1) m1(1) m5(1) m3(1)
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Flow-Shops

FSP 3× 2

j1: m1(7) m2(11)

j2: m1(10) m2(5)

j3: m1(9) m2(8)

FSP 3× 3

j1: m1(3) m2(2) m3(2)

j2: m1(1) m2(4) m3(3)

j3: m1(3) m2(1) m3(2)

FSP 3× 4

j1: m1(3) m2(2) m3(5)

j2: m1(4) m2(3) m3(6)

j3: m1(1) m2(2) m3(9) m4(8)

FSP 4× 3

j1: m1(2) m2(1) m3(3)

j2: m1(4) m2(5) m3(5)

j3: m1(3) m2(4) m3(4)

j4: m1(2) m2(6) m3(2)

FSP 4× 4

j1: m1(2) m2(3) m3(3) m4(2)

j2: m1(3) m2(2) m3(3) m4(3)

j3: m1(1) m2(3) m3(1) m4(2)

j4: m1(4) m2(3) m3(3) m4(1)

FSP 5× 4

j1: m1(2) m2(3)

j2: m1(3) m2(2) m3(3)

j3: m1(1) m2(3) m4(2)

j4: m1(4) m3(3) m4(1)

j5: m3(4) m4(4)
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FSP 5× 5

j1: m1(3) m2(3) m3(2) m4(1) m5(1)

j2: m1(2) m2(3) m3(1) m4(1) m5(4)

j3: m1(3) m2(2) m3(2) m4(1) m5(1)

j4: m1(1) m2(1) m3(3) m4(2) m5(3)

j5: m1(3) m2(2) m3(1) m4(3) m5(2)

FSP 6× 6

j1: m1(1) m2(1) m3(1) m4(1) m5(1) m6(1)

j2: m1(1) m2(1) m3(1) m4(1) m5(1) m6(1)

j3: m1(1) m2(1) m3(1) m4(1) m5(1) m6(1)

j4: m1(1) m2(1) m3(1) m4(1) m5(1) m6(1)

j5: m1(1) m2(1) m3(1) m4(1) m5(1) m6(1)

j6: m1(1) m2(1) m3(1) m4(1) m5(1) m6(1)



Appendix B

Mixed Integer and Linear

Programming Model for JSP

Recall JSP definition in Section 4.1.1. JSP can be represented by a disjunctive graph

G = {N, A, D}, such that: N = T ∪ {0, ∗} is the set of nodes of the graph; A is the set of

arcs; and D is the set of disjunctive arcs. di is the fixed processing time of task i ∈ T , and

ti represents the earliest possible start time of task i, that has to be determined during

optimization. The mathematical formulation for this problem is presented below:































min t∗

tj − ti ≥ di, (i, j) ∈ A (1)

ti ≥ 0, i ∈ N (2)

tj − ti ≥ di ∨ ti − tj ≥ dj , (i, j) ∈ Dk, k ∈M (3)

where di is the fixed processing time of task i (all arcs (i, j) of G are labeled by di), and

ti represents the earliest possible start time of task i, that has to be determined during

optimization.

The restriction (1) imposes an order of execution among tasks of each job. The re-

striction (2) guarantees the completion of all tasks, and (3) assures the non preemption of

machine k ∈ M . Figure 4.4 illustrates a disjunctive graph representing job-shop 3 × 3 (3

jobs over 3 machines).

We have used AMPL [1] to express the mathematical formulation of JSP. Figure B.1

presents a mixed integer-linear (MILP) model for a JSP 3× 2. The sets Tom1 and Tom2

(lines 3 and 4) correspond to the sets Dk, and set Prec correspond to set A, in the mathe-

matical formulation of JSP above.
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1 set M := {1 .. NumMachines}; # machines

2 set T := {0 .. NumTasks+1}; # tasks

3 set Tom1 within {T}; # tasks that must be executed by machine 1

4 set Tom2 within {T}; # tasks that must be executed by machine 2

5 set Prec within {T cross T}; # technological precedence

6 param NumMachines > 0 integer; # number of machines

7 param NumTasks > 0 integer; # number of tasks

8 param d{i in T} >= 0; # processing time of tasks

9 param z > 0; # high value constant

10 var t{i in T} >= 0; # the beginning of task t(i)

11 var x1{(i,j) in Tom1 cross Tom1} binary; # mutual exclusion for machine 1

12 var x2{(i,j) in Tom2 cross Tom2} binary; # mutual exclusion for machine 2

13 minimize obj: t[NumTasks +1]; # Objective function

################

# Restriction for a JSP 3 X 2 #

################

14 subject to prec job {(i,j) in Prec}: t[j] - t[i] >= d[i];

15 subject to preempt1 1 {i in Tom1, j in Tom1: i < j}: t[i] + x1[i,j]∗d[i] - (1 - x1[i,j])∗z <= t[j];

16 subject to preempt1 2 {i in Tom1, j in Tom1: i < j}: t[j] + (1 - x1[i,j])∗d[j] - x1[i,j]∗z <= t[i];

17 subject to preempt2 1 {i in Tom2, j in Tom2: i < j}: t[i] + x2[i,j]∗d[i] - (1 - x2[i,j])∗z <= t[j];

18 subject to preempt2 2 {i in Tom2, j in Tom2: i < j}: t[j] + (1 - x2[i,j])∗d[j] - x2[i,j]∗z <= t[i];

Figure B.1: MILP model for JSP 3× 2.
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#############

# Data for a JSP 3 X 2 #

#############

1 param NumMachines := 2;

2 param NumTasks := 6;

3 param z:= 1000;

4 param d := 0 0 1 11 2 7 3 10 4 5 5 9 6 8 7 0;

5 set Prec := (0,1) (1,2) (2,7) (0,3) (3,4) (4,7) (0,5) (5,6) (6,7);

6 set Tom1 := 2 3 5;

7 set Tom2 := 1 4 6;

Figure B.2: The data for the MILP model for JSP 3× 2

Line 14 corresponds to the restriction 1 relating to technological precedence. Lines 15

through 18 correspond to the restriction 3 relating to the preemption. The disjunction of

this restriction is modeled by integer variables (lines 11 and 12) that can assume values 0

or 1.

The data to the CPLEX model is presented in Figure B.2. The processing time for

each task is given line 4. In this line, for example, task 1 takes 11 units of time. Line 5

declares the technological precedence. Tasks 0 and 7 correspond to the dummy tasks of the

disjunctive graph, respectively, 0 and ∗. For example, the sequence (0,1) (1,2) (2,7) says

that task 1 has no technological precedence, task 2 depends of task 1, and the (dummy)

task 7 depends of task 2. Lines 6 and 7 declare the tasks that must run on its respective

machine.

Adapting this model to other JSP instances implies in defining appropriately the lines

1–4, 11–12, and 15–18, in Figure B.1. It is also necessary to change lines 4–7, in Figure B.2.



Appendix C

Automatic Generator for SMV

Programs

Figure 5.4 presented the code to assure the choice of only one task to run and that

this choice occurs when the machine is idle. However, this codification grows exponentially

with the number of machines modeled by the module. Precisely, the number of lines in the

case is 2m − 1, where m is the number of machines being modeled. Depending the size of

the JSP instance, it is a tedious and error-prone activity to made by hand. For this reason,

we have created a program to make this task automatic.

The program receives a file with the description of a JSP and generates a correspon-

dent SMV program. The program was written in Java and can be obtained by email

(autran@dcc.ufmg.br). The format of the input file for a JSP 3× 2 is presented below:

j1: m1(7) m2(11)

j2: m2(10) m1(5)

j3: m1(9) m2(8)

Each line corresponds to a job. The description of a job begins with its identification

followed by the tasks and the respective processing time. The tasks correspond to the

identity of the machines that must process the job. In the example above, the first line,

for instance, declares that the identity of the job is j1. This job must be processed by two

machines: m1 taking 7 units of time, and m2 that takes 11 units of time.
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[63] Macêdo, A., Campos, S., and Carvalho, C. Symbolic model checking: A new

approach for solving scheduling problems. In X CLAIO - Latin-Ibero-American Con-

ference on Operations Research and Systems. (Sept. 2000), IMSIO - Mexican Institute

for Operations Research and Systems. digital proceedings with no page numbering.

[64] Manna, Z., and Pnueli, A. The temporal logic of reactive and concurrent systems:

specification. Springer-Verlag, 1981.

[65] Martin, P., and Shmoys, D. A new approach to computing optimal schedules

for job-shop scheduling problem. In 5th Conference on Integer Programming and

Combinatorial Optimization - IPCO (1996).

[66] McMillan, K. L. Symbolic Model Checking. Kluwer Academic Publishers, 1993.

[67] Moving Picture Experts Group. MPEG-1. ISO/IEC JTC1/SC29/WG11, June

1996. http://mpeg.telecomitalialab.com/standards/mpeg-1/mpeg-1.htm.

[68] Nakano, R., and Yamada, T. Conventional genetic algorithms for job shop prob-

lems. In 4th International Conference on Genetic Algorithm (1991), R. Belew and

L. Booker, Eds., Morgan Kaufmann, pp. 474–479.

[69] on Demand Lab., V. Projects. http://www.vod.dcc.ufmg.br/vod/projetos.jsp.

[70] Ozden, B., Rastogi, R., and Silberchatz, A. On the design of a lowcost video-

on-demandstorage system. In ACM International Multimedia Conference (1996),

ACM, pp. 40–54.

[71] Parker, R. G. Deterministic Scheduling Theory. Chapman & Hall, 1995.

[72] P.Bellini, R.Mattolini, and P.Nesi. Temporal logic for real-time system speci-

fication. ACM Computing Surveys 32, 1 (2000), 12–42.

[73] Pinedo, M. Scheduling: theory, algorithms and systems. Prentice Hall, 1995.

[74] Queille, J., and Sifakis, J. Specification and verification of concurrent systems in

caesar. In 5th International Symposium on Programming (1981), vol. 137 of Lecture

Notes in Computer Science, pp. 337,351.

[75] Roy, B., and Sussman, B. Les problèmes d’ordonnancement avec constraintes
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