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Resumo

Nesta tese estudamos quenches locais sobre sistemas quanticos de muitos corpos. Investig-
amos, apos um quench local, a variacao da entropia de von Neumann do estado reduzido de um
subsistema contido em um sistema geral de spin de muitos corpos. Encontramos desigualdades do
tipo Lieb-Robinson que sao independentes do volume do subsistema. Essas desigualdades crescem
exponencialmente com o tempo, mas decrescem exponencialmente com a distancia do subsistema
a regiao onde o quench é realizado. O fato de que as desigualdades sao independentes do volume
do subsistema garante uma limitacao na propagacao de informacao em sistemas de muitos corpos
mais forte do que se é conhecido previamente. Em particular, mostramos que o emaranhamento
em sistemas bipartites satisfaz um “cone de luz” efetivo, independente do tamanho do sistema.

Um modelo particular de sistema de muitos corpos é o modelo de Ising quantico em cadeias uni-
dimensionais. No6s encontramos um novo fenémeno para ele, o qual denominamos de propriedade
de blindagem. Suponha que o sistema se encontre no estado de Gibbs e que o campo magnético
externo aplicado em um certo sitio dessa cadeia seja nulo, entdo nao importa quais sao as in-
teragoes nem os campos magnéticos aplicados nessa cadeia, os estados reduzidos das subcadeias
a esquerda e a direita desse sitio sao exatamente o estado de Gibbs de cada subcadeia sozinha.
Sendo assim, mesmo que a interacao entre os sitios extremais das subcadeias seja arbitrariamente
forte, o estado de Gibbs de cada subcadeia se comporta como se nao houvesse interacao entre
as subcadeias. Em geral, considere uma rede que pode ser dividida em duas regides desconexas
e separadas por uma interface. Se essa interface possui apenas um sitio e o campo magnético
externo nesse sitio se anula, entao nés garantimos para essas redes o mesmo resultado valido para
cadeias. Quando essa interface possui mais de um sitio, a propriedade de blindagem ¢ satisfeita,
sob certas hipdteses, para o estado fundamental. Uma situacao particular em que essas hipdteses

sao satisfeitas ocorre quando o sistema é livre de frustragao.



Abstract

In this thesis we have studied local quenches on quantum many body systems. We have inves-
tigated the variation of von Neumann entropy of subsystem reduced states of general many-body
lattice spin systems due to local quantum quenches. We obtained Lieb-Robinson like bounds that
are independent of the subsystem volume. More specifically, the bound exponentially increases
with time but exponentially decreases with the distance between the subsystem and the region
where the quench takes place. The fact that the bounds are independent of the subsystem volume
leads to stronger constraints (than previously known) on the propagation of information through-
out many-body systems. In particular, it shows that bipartite entanglement satisfies an effective
"light cone”; regardless of system size.

A particular model for a quantum many body system is the quantum Ising model. We have
found a new phenomenon for it, which we have called shielding property. Namely, suppose that
the state of the system is the Gibbs state and that the field in one particular site is null, then
whatever the fields on each spin and exchange couplings between neighbouring spins are, the
reduced states of the subchains to the right and to the left of this site are exactly the Gibbs
states of each subchain alone. Therefore, even if there is a strong exchange coupling between the
extremal sites of each subchain, the Gibbs states of the each subchain behave as if there is no
interaction between them. In general, if a lattice can be divided into two disconnected regions
separated by an interface of sites with zero applied field, we can guarantee the same result if the
surface contains a single site. When there are more sites in the interface, the system satisfies
the shielding property for the ground state under some conditions. We show that one particular

situation where the system satisfies these required conditions is when it is frustration free.
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Introduction

In the field of quantum many body systems we study and understand a lot of curious quantum
phenomena and properties of matter. It has a vast range of applications, which goes from the
control of the matter states to the transmission of quantum information. It is important to the
fundamental physics point of view and to the construction of new technologies.

The non-equilibrium dynamics of a many body system has a wide variety of techniques to
deal with it and one important case is to follow a perturbation of an equilibrated system. It is
common to assume an abrupt perturbation, usually called a quench. It is a global quench if the
perturbation is made in the whole system and local if it is made only on a small portion of the
system.

One daily experience which we have with local quenches, not necessarily quantum, is the
keyboard of our computer. We press a button and it makes a fast change in the system near that
key. This changing “flows” along the system providing the desired modifications to perform the
computation tasks. To be able to predict how this quench in the keyboard button would provide
changes in the system and make the right task, someone had to study this perturbation flows along
this system. However, if we want to build a quantum computer, we have to know how quenches
flow along quantum systems, since their components must be modelled by Quantum Mechanics.

One question raised is how long a local quench takes to “arrive” in a distant part of the system.
That is, if we can measure just one distant part of the system, how long we have to wait until our
measurement is able to give us certainty that a quench, and which quench, was done in that first
part. In the example of the computer, if someone has access only to the screen of this computer,
how much time she/he have to wait to know that another person had typed a letter in the keyboard
and which letter was typed.

Schrodinger’s equation is non-relativistic, so, in principle, it does not forbid instantaneous



propagation of information across space. On the other hand, the seminal paper by Lieb and
Robinson [1] suggests that a de facto causality should be valid when a perturbation propagates on
a many-body system with short-range interactions. Further refinements [2] of their work led to a
number of results, collectively known as Lieb-Robinson bounds. In reference [3]| the authors show
that if a many-body system satisfies a Lieb-Robinson bound, there is indeed a limit for the speed
of propagation of (any significant amount of) information, giving rise to the notion of an effective
light-cone. Applications of Lieb-Robinson bounds include clustering of correlations for the ground
state of gapped systems® [4]. Tt can also be used to show an area law, again for ground states of
gapped systems, which means that the entropy of some region of this system grows proportionally
with the area of this region, not its volume [6].

Lieb-Robinson bounds guarantee that information in systems with short-range interactions
flows with a finite velocity. A particular family with this behaviour are systems with locally
commuting Hamiltonians, that is, systems such that the terms of the Hamiltonian which are non-
trivial in different subsets of the system commute with each other, even if these subsets have
non-null intersection. In these cases a local perturbation in one subset, respecting commutation,
does not change the state of subsets outside it. One example of system like this is the quantum
Ising chain when we force the external magnetic field in one site to be null. Thus, changing
parameters in one side of the chain, relative to that site where the external magnetic field is null,
does not change the reduced state of the other side. Furthermore, we will see that the quantum
Ising model has an equilibrium property related to this dynamical behaviour, which other models
with locally commuting Hamiltonians do not exhibit, called shielding property.

In Chapter 1 we will give some important definitions with some experimental motivations. We
also discuss and give examples of global and local quenches and effective light-cones. In Chapter 2
we explain in details the Lieb-Robinson bounds and the concept of effective light-cone. After it we
are able to show our first result, published in [7]. In Chapter 3 we discuss the locally commuting
Hamiltonians and show one second main result, the shielding property of the quantum Ising
model. This result is published in [8]. In the rest of the chapter we discuss further refinements

and consequences of it. In the end we present our conclusions.

6An equivalent relation between spectral gap and exponential decay of correlations is already presented in

Quantum Field Theory [5].



Chapter 1

Preliminaries

In this chapter we discuss some important concepts for the development of this thesis. In the
first section we define the family of systems we work with and experimental implementations.
Since our definitions are quite general and abstract, we show some examples. After it, we discuss
global and local quenches. We give examples of them and their implications on the spreading of

correlations and entanglement, obeying a so called light-cone effect.

1.1 Definitions and Experimental Motivation

Ultracold quantum gases can be stored in artificial potentials of light [9] and are good exper-
imental examples of lattice systems. In Figure 1.1 we can see two or three orthogonal standing
waves superimposed, which create optical lattice potentials. Cold neutral atoms can then be
trapped in these potentials. These lattices can be described by the mathematical sets Z? and Z3,
respectively.

In these examples the lattice is given by the spatial position of the minimum of the optical
potentials, that is, the probable position of the atoms. But we could prefer to define some lattice
systems in a more abstract way. For example, a chain with long range interaction could be

described by a lattice of higher dimension where the interactions are of first neighbours !. However,

! Actually, any many body system with N bodies can be described by a lattice of dimension N and interactions
of first neighbours. Put site ¢ in the position 1 of the i-th axis and connect the sites by an arrow when they have

interactions between each other.



-

-

4

»

-

»

N

= —\-.’

Figure 1.1: Optical lattices created superimposing two or three orthogonal standing waves. a)
Two dimensional case; the potential minima are like tubes along the space and are well described
by the lattice Z?. b) Three dimensional case; here the potential minima are well described by Z?

and have the same illustration of this lattice. (Figure extracted from reference [9]).

if the reader prefers keep in mind a lattice which describes spatial positions, there is no problem
for the purposes of this thesis.

Some examples of two dimensional lattices can be viewed in Figure 1.2. The first is a square
lattice, the same as Figure 1.1.a. The second is a triangular lattice and the third a Kagome
lattice. The last one is a Bethe lattice, and it is contained in a family of lattices which we give as
an example in Example 3 of the next chapter. For the biggest part of this thesis, however, we will

not work with a particular lattice. Our results hold quite generally, for a wide class of lattices.

a) b) c) d)

VAVAVAVAVAN
VAVAVAVAV
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Figure 1.2: Examples of two dimensional lattices. The arrows illustrate the spin of each site,
example to be considered latter. a) Square lattice, also called Z?; it is the lattice which describes
Figure 1.1.a. b) Triangular lattice. c) Kagome lattice. d) Bethe lattice; this lattice is contained

in a family of lattices which we give as an example in the end of next chapter, in Example 3.



The letter we will use to denote the lattice of the whole system is I' and, at least theoretically,
it can have an infinite size. On the other hand, to properly define the mathematical objects, we
will work most part of the time on a finite part of this lattice, which we will denote by A.

The distance d(i, j) between two sites 7,7 € I' is defined by the number of edges of a shortest
path connecting these two sites. In Figure 1.3 we illustrate this definition for the lattices of
Figure 1.2. In the middle of each lattice we have site ¢ in black. The sites in pink are in a distance

1 from 7, the blue ones are in a distance 2 from ¢, and so on.
|

Figure 1.3: For each lattice of Figure 1.2 we consider a site ¢ colloured of black and the sites of

O0—O0—0—0—0O—
O—O0—0—0—0—
O—O0—O0—0—0O—

distance d from this site colloured of the same color. For d = 1 they are colloured pink, for d = 2

they are colloured blue, and so on.

To each site v € I' we will associate a Hilbert space H;. In the example of a quantum gas we
could have a sufficiently high potential such that each atom occupies one site of the lattice and
each site contains only one atom (Figure 1.4.a) [9, 10]. It could be done in a way such that the
relevant physical degree of freedom is only the spin of these atoms or of their valence electrons.
In this case the Hilbert space of each site ¢ is the space of the atomic spin. This situation is
illustrated in Figure 1.2, where the arrow in each site represents the magnetization of that site.

Another example given is if the potential is not too high and the atoms are able to move from
one site to another with some probability (Figure 1.4.b). The Hilbert space to be considered here
would be the Fock space [11].

In any case, the Hilbert space of the system correspondent to the lattice A is given by the
tensorial product of the Hilbert space of the sites contained on it

H=QQ ™M (1.1)
ieA
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Figure 1.4: Two dimmentional optical lattice. a) If the lattice depth is high it is possible to
arrange the atoms such that we have only one occupation per site. b) If the lattice depth is
not too high, it is possible to the atoms to hop from one site to another, creating a non-trivial

occupation of the sites. (Figure extracted from reference [9]).

This is a finite tensorial product and if each H; has finite dimension, then also H has finite
dimension. We do not define the Hilbert space of the whole system, since it is not always well
defined if I" has infinite size.

To each finite set X C I" we define an interaction by a self-adjoint operator ®(X) on Hx. For
every finite A C I" the Hamiltonian of that portion of the system is defined by

Hy =) &(X)®@Lyx. (1.2)
XCA

For every operator A which can be written as Ax ® 1\ x, where Ax is not the identity operator
on Hx, we say that it has support X and denote it by supp(A) = X.

Note that we have defined two finite sets, A and X, contained in I', and the purposes of
these definitions must be clarified. We use A to denote a “big” subset, in the sense that it can
be arbitrarily large. Moreover, once we deal with short-range interactions we would have that
®(A) = 0. The set X is any set contained in A. For short range interactions only the small sets
X are relevant.

Now, an important example is the Bose-Hubbard model, which describes a gas of bosons where
the particles can occupy positions in the sites of some lattice. Let the finite lattice A which we are
considering this model be given as in figure Figure 1.4.b., that is, A = {1,2,3,4,5}?, a subset of
I' = Z2. The Hilbert space of this model is given by the Fock space and its Hamiltonian is given



1
_<i_,j2\ i€A
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The operator azT is the creation operator and it creates one particle in the site i. The operator a;
is the annihilation operator and it destroys one particle in the site 5. These two operators together
al a; act moving one particle from site j to site i. The index (i, j) under the summation means
that we are summing only over first neighbours. So, the first terms of Hamiltonian (1.3) mean
that the particles can hop only to neighbouring sites of its current localization. The parameter J
is the strength of this hopping amplitude.

The number operator is given by n; = ajai, while the term %U n;(n; — 1) represents the
interaction among the particles occupying the same site i. Note that if the number of particles in
a site is N then the number of interactions is $ N(N — 1), since one particle do not interact with
itself and the factor % appears to avoid counting twice the same interaction between two particles.
The parameter U which appears in the Hamiltonian is the strength of these interactions.

It is usual to hide the identity operators when writing a Hamiltonian, then it is more common

to find the Hamiltonian of the Bose-Hubbard model written as the following.

1
H=-J> ala; + U ni(n; —1) (1.4)
— 2
.<Z.’é2\ FISHN

The interactions ®(X) and sets X of this example have the following relation.
U -ny(n; — 1) if X = {i};
O(X)=1{—7J-ala, if X ={i,j}, i,7 neighbours: (1.5)

0 on the other cases.

Note that the interactions between the sites of the lattices do not necessarily correspond to the
interactions between the atoms. However, for a spin lattice system, the interactions between the
sites can be the interactions between the atoms or electrons. In the next section we shall discuss
an example in more details.

Finally, we make a summary of all the definitions we have made in this section:

- Lattice I' (it can have infinite size);



- Finite subset A C T7;

- Finite subset X C A C T}

- Sites 7,7 € T

- Distance d(, j) = number of vertices of a shortest path connecting i and j;

- ‘H; = Hilbert space of site i;

- H = Q,ca H; = Hilbert space of A (it has finite dimension, if each H; also has finite
dimension);

- Self-adjoint operator ®(X) = interaction among sites of set X;

- Hy = Hamiltonian of set A.

1.2 Global and Local Quenches; Effective Light-Cone

In this section we discuss two works in the literature to show examples of global and local
quenches on lattice systems. Furthermore, in these references they compute the velocity of corre-
lations, magnetization and entanglement spreading, being also examples of effective light-cones.

One of them is an experimental realization of an effective light-cone [10] while the other one
is a numerical computation via t-DMRG method [12]. Both of them deal, of course, with specific
systems and models, in contrast with our work described in Chapter 2 where we consider a large
class of lattice models. We compute a rigorous bound for the velocity of a class of effective light-
cones, which is not tight, while in references [10, 12] they compute the velocity of the effective
light-cones of their respective models.

In reference [10] it is experimentally implemented a global quench on a system which is well
described by the Bose-Hubbard model (Equation (1.4)). As we mentioned in the beginning of the
previous section, it is possible to trap ultracold atoms in optical lattices. The authors of [10] have
made this with atoms of Rubidium %"Rb and aligned them in a chain. In the various realizations
which they have done, the number of atoms in each chain ranged between 10 to 18.

At the begining of the experiment, they put the system in equilibrium for a high value for the
depth of barrier between the sites. Suddenly, they decrease the depth of this barrier to some lower
value, which is the global quench which they have done, as we can see in Figure 1.5.a. This quench

gives rise to the creation of entangled quasi-particles in the sites of the chain (Figure 1.5.b). These



quasi-particles are called hollons and doublons, which correspond to a null and a double on-site

occupation, respectively.

position

qguench

_g‘o o/ \o/ \@

d=vt

Figure 1.5: a) Global quench done in the system. Ini-
tially the barrier between the sites had a certain depth.
Suddenly it gets smaller. b) The quench creates entan-
gled quasiparticles which propagate in opposite direc-
tions. These quasiparticles are called hollons and dou-
blons, which are states of null and double occupations

in some site, respectively. (Figure extracted from refer-

ence [10]).
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Figure 1.6: Correlations in the system after the quench of Figure 1.5, for sites of distances d from

each other for many values of d. We can see that correlations propagate across the system. (Figure

extracted from reference [10]).

After a variable evolution time, the authors rapidly raise the height of the barrier to “freeze”

the density distribution. Finally they detect the atoms by fluorescence imaging. With the data of

many realizations in hand they could compute the average of correlations between sites of distance

d, for various values of d. Their results are shown in Figure 1.6. We can see that the peak of

correlations behave as propagating along the system, from closer sites to more distant sites as

a function of time. This is the first experimental observation of an effective light-cone for the

spreading of correlations.

In reference [12] it is considered the spin-1/2 XXZ chain and open boundary conditions, which



is given by the Hamiltonian
N—-1
H = Z 0i 0t T ool + Aofol . (1.6)
i=1

Each term of this equation represents a spin interaction between the labelled sites in the labelled
directions. In this case these interactions are between first neighbours only, they have strength 1
in the z and y-directions and strength A in the z-direction. The value of A defines the phase of
the system at zero temperature. For A < —1, the system is in a ferromagnetic phase, where all
spins tend to align in the z-direction; for A > 1 the system is in a antiferromagnetic phase, where
the spins tend to anti-align in the z-direction; and for —1 < A < 1 the system is in a critical
phase, where the spins do not have a clear alignment between each other (actually, the spins have

null expected value in this phase). See Figure 1.7 for an illustration of these phases.

+444444 44999

aAaasAaRRRS
frengeggise

Figure 1.7: Illustration of the three phases of the Hamiltonian (1.6). The first chain, where all
spins are aligned, represents the ferromagnetic phase; the second, where all spins are aligned but
in opposite directions when they are first neighbours, represents the antiferromagnetic phase; the
last one, where there are no well defined alignment for the spins, represents the critical phase
(the spins have null expected value in this phase). It is also a good illustration for some phases
of the Ising model: ferromagnetic, antiferromagnetic and paramagnetic, which we comment in

Section 3.1. (Adapted figure from reference [12]).

The authors of [12] considered two finite chains, one in the ferromagnetic phase and the other
in the critical phase, which was separated and in the ground state for t < 0. At t = 0 they
join these two chains creating an interaction between the sites at the boundary of each chain, as

illustrated in Figure 1.8. More precisely, the Hamiltonian of this chain is given by
H(t) = Hy + O(t) (o707, + ololy, + 00707, ) + H, (1.7)
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where H;, and Hg are Hamiltonians of the form (1.6) for the left and right chains, respectively, i is
the index of the most right site of the left chain and § is some constant. ©(t) is the step function.
It is zero for t < 0 and equal 1 for ¢ > 0. Therefore, this is indeed a local quench. The left chain is
chosen to be in the ferromagnetic phase, so the parameter A = Ay of Hy is lower than —1. The
right chain is chosen to be in the critical phase, so the parameter A = Ag of Hg is between —1

and 1.

AL AH

Aj S Ap

Figure 1.8: Tllustration of the local quench considered by the authors of [12]. In the first moment
(t < 0) the two chains are decoupled and in their respective ground states. For ¢t > 0 there is a
coupling between the two chains. In the equation of the Hamiltonian (1.7) it is described by the

term ©(t) which was null for ¢ < 0 and equal 1 for ¢ > 0. (Figure extracted from reference [12]).

For t < 0 the system is in equilibrium and the authors calculated via DMRG the ground state
of this system. For ¢ > 0, after the quench, they calculated the evolved state of the system via
t-DMRG. We can see the effective light-cone of this system in Figure 1.9.

A color map of the expected value of the magnetization and of the variation of von Neumann
entropy of each site of the right chain as a function of time is shown in Figure 1.9.a. and c.,
respectively. These maps were made for the values of A, = —20, Agr = 0.5 and § = Ag. This
variation of entropy in each site is the entropy of this site for the evolved state subtracted by the
entropy of this same site for the ground state. The solid line in these maps shows a linear fit of the
“wave front”. The dotted lines indicate cuts in time and the spin profile of these cuts are shown

in Figure 1.9.b. and d., respectively.

11
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Figure 1.9: Color maps and profiles of spin and variation of von Neumann entropy in the right
chain for the parameters A, = —20, Agr = 0.5 and 6 = Ag. a) Color map of the magnetization
of each site as a function of time. Lines represent cuts in time and their profiles are given in item
b. b) Profile of the magnetization of each site for certain values of time, indicated in item a. c)
Color map of the variation of von Neumann entropy of each site as a function of time. The dotted
lines represent cuts in time and their profiles are given in item d. d) Profile of the variation of von
Neumann entropy of each site for certain values of time, indicated in item c. (Figure extracted

from reference [12]).

We can see that when the system is in the ground state (Figure 1.9.b. and d., first panel) the
magnetization and variation of entropy are null. For the evolved state after the quench (second
panel) we can see that these quantities have considerable values for sites closer the quench and

they are almost zero for the distant sites. In the third panel the situation is similar, but both

12



quantities are significantly non-zero in more sites than before. In the fourth panel the “wave”

front has already reached all the sites.
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Chapter 2

Bounding Entanglement Spreading
After a Local Quench

Entanglement is a fundamental quantity of quantum information and computation, being es-
sential to perform tasks such as teleportation or superdense coding [13]. In recent years it is
becoming increasingly relevant also to quantum many-body physics. It can be a good order pa-
rameter for quantum phase transitions [14]. Algorithms for computing one-dimensional quantum
many body ground states, such as the density matrix renormalization group (DMRG) [15] method
or the variational calculus over matrix product states (MPS) [16], have their efficiency based es-
sentially on the spatial scaling of entanglement within these states [17]. It is a key ingredient for
the (subsystem) thermalization of many-body isolated quantum systems [18].

Entanglement may also be of interest for non-equilibrium phenomena [19, 20]. The spatial
scaling of entanglement within the eigenstates of a many-body Hamiltonian, as well as its growth
in time, is a signature of the many-body localized phase [21]. The dynamics of entanglement due
to global or local quenches may be computed by conformal field theory techniques [22], or by the
time variants of DMRG or MPS based algorithms [23], or at least have its growth bounded [3, 24].

The behavior of a many-body system after a quantum quench can raise fundamental questions,
such as whether the system equilibrates or not (see, e.g., [25]). It can be investigated with
increasing detail in modern experimental settings such as ultracold atoms in optical lattices [10] or
trapped ions [26]. Moreover, novel numerical techniques, such as t—DMRG, allow one to simulate

the evolution of significantly large systems, especially spin chains [23, 27]. In simulations of
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quantum chains by t—DMRG the entanglement of every bipartition of the chain (in two contiguous
regions) is naturally computed for every instant of time. After a local quantum quench, it can be
seen that entanglement of these bipartitions satisfies an effective “light-cone” in the same way as
any other local quantity of the system, such as magnetization, as we have explained in the last
chapter.

In [3] this light-cone effect can be partially explained for a local quench on the initial state
of the system. There, a unitary operation with support on a small region of the system can
be applied, with the purpose of establishing a communication channel between distant regions
of the system. The authors of [3] estimate the variation of quantum entropy—with respect to
the evolutions with and without an applied unitary—for any region away from the quench. They
found a bound for its growth in time assuming a Lieb-Robinson bound [1] for the model. However,
their bound is proportional to the volume of the region, restricting its validity. For instance, it
cannot be applied if one takes the thermodynamic limit of the subsystem. Moreover, the bound
could not be used to guarantee an area law for entanglement [6] of the evolved states, since it is
proportional to the subsystem volume.

Here we provide Lieb-Robinson-like bounds for the variation of quantum entropy of the reduced
states of any region away from a quench. We consider two kinds of quenches: a local perturbation
on the Hamiltonian and on the initial state. We assume only that the model satisfies a Lieb-
Robinson bound and that the volume of lattice spheres grows at most exponentially with their
radius.

We discuss three consequences of the bounds. First, we show the validity of an effective light-
cone for entanglement, in a sense we shall explain in detail later. Second, we point out how the
bounds guarantee, for every instant of time, an area law for entanglement of the evolved states,
as long as the initial state also satisfies an area law and is an eigenstate of the Hamiltonian.
And third, we discuss how the bound implies a strong restriction on the information capacity of
quantum channels established between distant regions of a many-body system.

This chapter is organized as follows. In Section 2.1 we defined some norms of operators, in
Section 2.2 we state a Lieb-Robinson bound and in Section 2.3 we state further necessary concepts
and results. In Section 2.4 we prove bounds for the variation of entanglement after a local quench

and point out some special cases. In Section 2.5 we discuss implications of the bounds obtained.
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2.1 Norms of Operators

In this section we will give some definitions and necessary results. Denote by L(X,)) the
set of linear operator A : X — ), between two Hilbert spaces X and ). When X = ), denote
L(X,X) by L(X). Denote by A* the adjoint operator of A. The set of unitary operators U(X) is
a subset of L(X), which has the property that UU* = U*U = 1y, for all U € U(X).

The trace norm is defined by

1A]ly = Tr (VA A). (2.1)

When A € L(X), there is another useful and equivalent form for the trace norm given by
[A[l = max{[Tr(AU)| : U € U(&)}. (2:2)
The spectral norm is defined by
[Alloo = max{[|Aul| : uw € X, [[u]| = 1}. (2:3)

We will denote ||Al|s only by [|A]| for simplicity.

To read more details about these norms and demonstrations of the above statements, see
reference [28].

You will see that in Equations (2.4) and (2.6) we use the same notation “|| - ||” to another
quantities, which are not norms in general. We will keep these double notations in order to

maintain consistence with the literature.

2.2 Lieb-Robinson Bounds

In the following we shall state and explain the Lieb-Robinson bounds derived in refer-
ences [2, 29]. The large class of quantum many-body systems considered here are those defined in
Section 1.1, with some additional assumptions.

In order to get a Lieb-Robinson bound, the interaction must decay fast enough with the
diameter of finite subsets of I'. This is encoded by a non-increasing function F' := [0, 00) — (0, 00)

that must satisfy, for some p > 0:

!There is one family of norms called Schatten p-norms usually denoted by ||Al|, and the trace norm is the

Schatten 1-norm. The spectral norm is the limit of ||A||, when p — oo, which justify its name.
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| F]] = SilelpZF(d(iyj)) < 0, (2.4)

jer

(6 R+ )~ (i, k) F(d (K. ]
C, = sup Z _ ( (4,k))F(d(k, j))
6J €l ker F(d(i,j))

< 00. (2.5)

With such an F', the following condition guarantees a fast enough decay of ®:

@], = s X;j yl,i(;(()y(i,j)) < 0. (2.6)

To become more familiar with these hypothesis, consider a concrete example 2. Take I' = Z¢ and
d(z,y) = |x — y|. In this case we can chose the function F(z) = (1 + z)~¢¢ for any € > 0. We

can see directly that this function satisfy Equation (2.4). Moreover, we have that

1
Co<2Mettl Ny~ o (2.7)
P AEATIE

which guarantees that condition (2.5) is also satisfied for ;1 = 0. But note that C,, < Cj for every
w1 > 0, and this guarantee that F'(x) satisfy (2.5) for every p > 0.
Two types of systems which satisfy equation (2.6) in the lattice I' = Z¢ are:
- those with first neighbour interactions;
- those with interactions that decay exponentially.
We give more details of these examples in Appendix A.

We define the ® boundary of a subset X by
O X ={ie X :qY CT withY NX°#2,1€Y and ®(Y) # 0}. (2.8)

This is the set of sites contained in X which have interactions with other sites outside set X. It is

a boundary defined by the interactions between the sites, not only by the geometry of the lattice.

2These hypothesis are quite abstract and one question which could arise is how someone has thought about
them. It usually happens in this way: the mathematician has an intuition that the theorem is true and thinks
about how to make the proof. During the calculations she/he perceives that with these technical conditions she/he
can get into the desired conclusions. Thus, the mathematician puts these conditions as hypothesis of the Theorem
and then the proof is done. In the particular case of Equations (2.4), (2.5) and (2.6), we do not know if it really

happened in this way, but many times it is like this that technical conditions appear.
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For example, consider a chain, that is, the lattice I' = Z, with first neighbours interactions. The
® boundary of the set X = {5,6,7,8,9} is the set 9 X = {5,9}. If we take an interaction of first
and second neighbours in this same chain the ® boundary of the set X = {5,6,7,8,9} is the set
90X = {5,6,8,9}.

Denote by |X| the number of elements of a set X. Then, the following bound can then be
obtained [2, 29]:

Lieb-Robinson Bounds. Let X,Y C A with d(X,Y) > 0; let A and B be operators defined
on Hy with support on X and Y, respectively; and let A(t) = etfat Ae=*Hat. Then, the following

inequality holds true for every up >0 and t € R:

2| A[lIBIE]]
Cu

ITA(), BlI| < min {|0g X[, [9pY [}e XY menl), (2.9)

2[[[[uCp

where v, =
w

Note that, in the right hand of the above equation, the only term with temporal dependence is
e~ HAY)=uwltl) - Since d(X, Y') has unit of length, v, has unit of velocity. When we have small times
t and large distances d(X,Y’) between the sets, the exponential will be very small, making the
quantity ||[A(t), B]|| correspondingly small. So, for d(X,Y) > v,|t| we would have insignificantly
values for ||[A(t), B]|| and it is what we are calling by effective light-cone.

The physical meaning of ||[A(t), B]|| is not clear, but it is using the bound (2.9) that we can
find similar bounds to other more intuitive quantities. In Section 2.4 we make exactly this. Using
Equation (2.9) we find a bound to the variation of the von Neumann entropy of a state of a region

Y when we compare its evolution with and without a local quench on a region X distant from Y.

2.3 The von Neumann Entropy and Continuity Inequali-
ties

In thermodynamics, the entropy function was derived in order to define mathematically which
state could evolve adiabatically to another state. If state R has more entropy than state R, then

there is an adiabatic process which makes R’ evolve until R [30].
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In quantum information we have an analogy. Let p and p’ be pure states of bipartite systems.
If p has more entanglement than p’, then there is an LOCC (local operations and classical commu-
nication) such that through this LOCC it is possible to convert the state p’ into p [31]. The von
Neumann entropy is the unique entanglement measure between a bipartition of a system when it

is in a pure state. It is given by the expression

S(p) = —Tr(plog, p) (2.10)

So, for estimating the variation of entanglement we shall need continuity inequalities for quan-
tum entropy. We will also bound the variation of reduced states of the system, measured by the
trace norm. For this, we shall use two well known inequalities.

Suppose that the Hilbert space of the many body system has dimension D. The following
continuity inequality holds [32]:

/ 1 / 1 /
1S(p) = S(p)| < §||p —p|1logy (D —1) + h(§llp — 0[], (2.11)

where h(z) = —xlog, v—(1—x) log, (1 — x) is the binary entropy function. Moreover, the quantum
conditional entropy Sxy(pxy) = S(pxy) — S(py), where pxy is a state of a bipartite system XY

and py is the corresponding reduced state of part Y, satisfies the continuity inequality [33]:

1Sxpy (pxy) = Sxy (Pxy)| < 4llpxy — Pxyllilogy Dx + 2h(||pxy — Py llL), (2.12)

valid whenever ||pxy — p'yy |1 < 1, where Dy is the Hilbert-space dimension of part X.

2.4 A Bound for the Variation of Von Neumann Entropy
under Local Quenches

To understand the spreading of correlations and transport on many-body systems one may
resort, both theoretically and experimentally [10, 20], to follow the dynamics of the system after
a local quench. One can distinguish two kinds of local quenches: a sudden local change on the
Hamiltonian H and on the initial state [¢) of the many-body system. That is, in the first case,
from time ¢t = 0 and on, the Hamiltonian changes to H + W. For the second case, an initial state

|1} is quickly changed to U [¢). Both W and U must have support on a small portion of the
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system. In either case, we can compare the evolution of the system with and without the applied
quench.

First we show that, for small times, the reduced state of regions far from the region where the
quench takes place is slightly perturbed. Note that inequality (2.13) shown below corresponds for

g = 1 to a quenched Hamiltonian while for ¢ = 2 to a quenched initial state.

Lemma 1. Let (I', {H}icr, ®) be a model satisfying the conditions described in Section 2.2 and let
A be any finite subset of T'. Let X, Y C A be two subsets with d(X,Y) > 0. Let W be a self-adjoint
operator on Hp and let Ux be a unitary operator, both of them with support on X. Let |1) be a unit
vector of Hy and denote [U0(1)) = e #nt [, [YH(8)) = e V) [g2()) = e~ ATy ().
Denote the reduced states on region Y as follows pi-(t) = Tra\y (|09(t)) (¥4(t)]), for ¢ = 0,1,2.
For any p > 0 and t € R the following inequality holds true:

105 () — pL(t)[]1 < cqe I —oulth (2.13)
for g = 1,2, where ¢; = %minﬂ@@)ﬂ, |06Y'|} and ¢y = %};Hminﬂ&pXL |0eY'|}.

Proof. First we show the inequality for ¢ = 1. Let Uy be an operator acting on H, with
support on Y and let Uy be its restriction to Hy. We have then [34]:

Te{[p% (1) = py DOV} = | (W° ()| Uy [9°(1)) = (&' ()| Uy [ (1)) | (2.14)
_ | <1/)| 6iHAtUY6—z‘HAt . 6i(HA—f—W)tUye—i(HA—i-W)zt |,¢)> | (2‘15)
< ||€iHAtUY6—z’HAt _ ez’(HA+W)tUY€—i(HA+W)t|| (216)
_ Hefz (HA+W)t zHAtU eszAt i(HA+W)t U H (2'17>
_ H/ dt i(HA+W) zHAt’U e —iHpt ez(HAJrW)t’H (2.18)
— || /0 dt' e AW [ LW Uy ()]0 (2.19)
t
<| [ atliw.oy @l (2:20)

where Uy (t) = etat{Jy e~#at | Recalling that W has support on X, we can apply inequality (2.9)

to the integrand of the last expression and get:

- 2 F [¢] /
{8 0) — A 010} < 2N i . oy v [ oot
o 0
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Finally, from trace norm characterization (2.2) and observing that il et dt’ < (uv,) eIt we

get inequality (2.13).
For ¢ = 2, take Uy, Uy and Uy (t) as above, so [3]:

Te{[o3(t) — o3 (0)]0v }| = | (W) Uy [°(2)) — ()| Uy [¢°()) | (2.21)

= [ (I (Uy (1) = UxUy (1)Ux) |¢) | (2.22)

< [|Uy (t) = Ux Uy () Ux]| (2.23)

= [|UxUy (t) — Uy (t)Ux]| (2.24)

= [|[Ux, Uy ())]]]- (2.25)

Again, using the Lieb-Robinson bound (2.9) and expression (2.2) for the trace norm, we get

inequality (2.13) for ¢ = 2. ]

If we use Lemma 1 above directly with the continuity inequality (2.11) for entropy we obtain
bounds for the variation of entropy that grow linearly with |Y|, since the right hand side of
Equation (2.11) grows logarithmically with dim(#Hy). In order to avoid this we can stratify Y in
sets of increasing distance to X and compute the entropy as a sum of conditional entropies between
these sets. The advantage is twofold: (i) the conditional entropies are computed on regions of
increasing distance to X and, hence, of exponentially decreasing variation; (ii) the continuity
inequality (2.12) for conditional entropy depends on the dimension of just one of the parts. We
must assume, however, that the volume of each set does not grow too fast with its distance to X
in order to get the desired bound. We shall detail these conditions in the following.

For [ € IN, let

X, ={jenld(y,X)=1} (2.26)
be the set of all points of I' with distance [ to X. For i € I' and [ € N, let

Ri(i) = {j € T1d(i.5) = 1} (2:27)
be a sphere of radius [ centered in i (see Figure 1.3). Denote by

It(X) = {i € X|R,(i) C X} (2.28)

the interior of X and let 0X = X —Int(X) be its boundary. Note that for systems with (non-zero)

nearest-neighbor interactions it holds that 0.X = Je X. We must have then the following.
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Lemma 2. For every finite X CT" and [ > 0 it must hold that
X, C U R(). (2.29)
i€dX
Proof. Indeed, take j € X; and ¢ € X such that d(j,X) = d(j,i) = [. Clearly we have
j € Ry(i). Take a path of length [ connecting j to 7. Since [ > 0 this path necessarily contains
a point k of Ry(z). It must hold that & ¢ X, otherwise one can construct a path of length
[ — 1 connecting j to a point of X, in contradiction with condition d(j, X) = [. In other words,

1€ 0X. 0

Now we are ready to state the following.

Theorem 1. Assume the same conditions and notation of Lemma 1. Furthermore, assume that
| Ri(i)] < be (2.30)

for every i € ', | > 0 and some constants b, > 0. Suppose also that D = sup,;p dim(H,;) < oo.
Let t € R be such that d(X,Y) > JEov,[t]. Then, the following inequalities hold true:

(P (1)) = S (£))] < yge™ 2@l (2.31)

forq=1,2 and p > 2a, where v, = 4,/c,(1 — e_%)_l(|8X|\/qblog2 D +1) and v, = HF—v,.

=

Proof. Define Y; =Y N Xyxyyy for | € N. If N = max{l:Y; # @}, the definitions of N and
Y, guarantee that ¥ = Uf\ioYl. Moreover, if Y, = U%:z Y,., we have Y, = Y, Y, =Y, UY/}H and
Yy = Y. See Figure 2.1 for a pictorial description of all these sets.

All these definitions imply that for any density operator acting on Hy it must hold that:

N-1

S(oy) = (Z Smml(%)> + (o), (2.82)
=0

where Sy, 7., (py,) denotes the conditional entropy

Sywie, (P57) = S(py,) — S(py,,)- (2.33)

The telescopic sum of Equation (2.32) is illustrated in the Figure 2.2. The coloured sets in
parentheses represent each term of Equation (2.33) for each value of [. The last set, the one which

is alone, represents the term S(py, ) of Equation (2.32).
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Figure 2.1: Pictorial depiction of sets X,Y,Y;, and X, defined in the proof of Theorem 1 and in
Section 2.5.

(- (B0 (- 08) - N

Figure 2.2: Pictorial ilustration of Equations (2.32) and (2.33).

Letting AS,(t) = S(p3(t)) — S(pL(t)) for ¢ = 1,2, we have on the one hand:

+1S(pY, (1) = S(p3,, (1))]- (2.34)

On the other hand, from Lemma 1 we get, for [ =0, ..., N:
163, (8) = p§, ()| < cqeH@ETIHD, (2.35)
since d(X,Y;) = d(X,Y}) = d(X,Y) + 1. Moreover, by using dim(Hy,) < DYl inequalities (2.35),
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the continuity inequalities for entropy (2.11), and conditional entropy (2.12), the right hand side
of Equation (2.34) can be bounded by:

N-1
Z {4Cq€*#(d(X,Y)+l—vu|t\) log, (DIYl\) + 2h<cq€*u(d(X,Y)+lfvu|t\))}
=0

1 1
+ §qu—u(d(X7Y)+N—vu|t\) log, (DIYNI —D+h (2Cq€—u(d(X7Y)+N—Uut|)) ) (2.36)

In order to bound the binary entropy functions we use that h(xz) < 2y/x for z € [0,1], so we can

write:

N-1
’qu(m < Z {4qu—u(d(X,Y)+l—vu|t\) log, (DIYz\) + 4\/@6—u(d(X7Y)+l—vu\tl)/2}
+ 7Cq€—u(d(X,Y)+N—vult|) log, (D|YN| _ 1) + ﬁ\/c—qe—u(d(X,Y)JrN—vu\tl)/?‘ (2_37)

In this expression the last two terms are smaller than the term of index N of the summand.

Therefore, we can bound the expression by a single sum ranging from 0 to /N and get:

N
|AS,(t)] < Z{4cqe*/i(d(X7Y)+l*Uu‘t|) log, (D|Yl|) + 4\/C—q67u(d(X,Y)+lfvuIt\)/2}. (2.38)
1=0
N N
= 4c¢, log, (D)efu(d(X»Y)*thl) Z Vi|e ™ + 4\/@6*u(d(X7Y)*vultl)/2 Z e M2, (2.39)
1=0 1=0

where we get the equality by rearranging the terms. We can bound the second summand in
Equation (2.39) immediately by > e~ 2! = (1 — e~2)~'. To bound the first summand we just
have to observe that Y| < |Ujcax Racxy)+i(i)] < |0X|be® @ XY where the first inequality

comes from the definition of ¥; and Lemma 2 while the second comes from hypothesis (2.30).

Therefore,
3 > ad(X,Y
S Yile < [0 berdn) $ et _ x| L
=0 - =0 1 — e~ (p—a)
since i > «, and we get
IAS,(1)] < 4eg X | logy (D)b(1 — e~ (=0))~1e= (k)XY )+, a0
+4(1 — e_%)—l\/c—qe—%(d(X,Y)—vultD' o1

Finally, defining v, = M%avﬂ, using that d(X,Y) > v |t| and 4 —a > 4, we can conclude the

desired bound:

AS (1) < 4(1 — e 2) (¢, |0X |blog, D + /e )e™ 2 XY ult), (2.42)
q q q
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Let us now consider some examples. They are all illustrated in Figure 2.3.

Example 1. If ' = Z with d(i,j) = |i — j| in Theorem 1, inequality (2.31) holds with v,y = v,
and b = 2. Indeed, one just has to realize that such metric space I' satisfies (2.30) with b = 2
and o = 0 since every sphere in this space has precisely two elements, irrespective the size of its
radius.

Assuming further that r is the range of interaction [meaning that ®(Z) = 0 for every set Z
with diameter larger than rjand X is a contiguous region, one has |[0X| = 2 and |0 X| < 2r.

Therefore, the bound is completely independent of the size of regions Y and X.

One says that " has fractal dimension n if there exists n > 1 and a > 0 such that
Ri(i)] < al? (2.43)

for every [ > 0 [4, 35]. Note that lattices Z™ are particular cases of such space. In such models

one has the following.

Example 2. In Theorem 1, if I has fractal dimension n, inequality (2.31) holds for every o > 0

(and o < §), with b = aci?n__li') Indeed, from Equation (2.43) we get that |Ry(i)] < al™™' <

(n—1)!

a ot e for every o > 0.

Finally, we note that a bound can be valid even for more “exotic” spaces. If I' is a rooted tree
graph with n > 1 branches, we have that |R;(i)| = n' + 1, so its fractal dimension is infinite. But

we still have the following.

Example 3. In Theorem 1, if T is a rooted tree graph with n branches, inequality (2.31) holds
for p>2Inn, a =Inn, and b = 2. Since |Ry(i)| < 2n' = 2™ we just have to set a« = Inn and

b=2.

Bellow, in the Figure 2.3 we show an illustration of some sets which we have described in the
previous examples: the chain of example 1, a square lattice which has fractal dimension equal
3 and a rooted tree graph with 2 branches. Note that the lattices of Figure 1.2a.,b.,c. are also

examples included in Example 2 and the lattice of Figure 1.2d. is included in Example 3.
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Figure 2.3: Hlustration of lattices which are included in examples 1, 2 and 3, respectivelly.

2.5 Discussion

First of all, let us explain in what sense we claim that entanglement satisfies an “effective
light-cone”. Let X, = Uiy X be the enlargement of a subset X C A up to distance x, as depicted
in Figure 2.1. Again, as in Section 2.4, take pizz (t) to be the reduced state in region X, of the
evolved states [1)9(t)), where ¢ = 0,1, or 2. Recall that the system evolves without perturbations
if ¢ = 0 but is subjected to a local quench in region X, at ¢ = 0, in the Hamiltonian for ¢ = 1 or in
the initial state if ¢ = 2. Let Ey(z,t) = S(p% (t)) = S(p}_x, (t)) be the entropy of entanglement
of the evolved state [1)9(t)) under the bipartition defined by X, that is, A = X, UA — X,).
For a large class of models our results show that this entanglement function satisfies an effective
“light-cone”, whatever the size |A| of the whole system. Namely, by using inequality (2.31) with
Y = A — X,, we see that whenever d(X,A — X,) =z > v;,t we shall have |E%(x,t) — E9(z,t)| = 0
for ¢ = 1 and 2. Therefore, significant variations of entanglement can take place only inside the

“light-cone” z < v t.
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As a particular case of the above discussion, we point out some implications for t—DMRG
simulations of local quenches on spin chains. In such algorithms one naturally computes the
entanglement of the system for every bipartition (in two contiguous regions) and every instant of
time. These values for entanglement are important to establish how large the sizes of the matrices
involved in the simulation must be in order to achieve good approximations. In particular, a
condition for the efficiency of the algorithms is that the simulated states must satisfy an area law
for entanglement [6]. Now, assume that a quench in the Hamiltonian is applied on an extreme
point of the chain and take x to be the distance between this site and the cutting point of a
bipartition. As a particular case of the above discussion, we guarantee that |Eq(z,t) — F1(x,t)]
satisfies the bound (2.31) with z = d(X,Y) and has no dependence whatsoever with the size
of the regions or the whole system. Now, if the initial state is an eigenstate of the unperturbed
Hamiltonian and satisfies an area law, we have Ey(z,t) = Ey(x,0) < ¢y, where ¢ is some constant.
Therefore, by our bound, the evolved state will still satisfy an area law for any finite time. Indeed,
from Theorem 1 we have that ) (z,t) < co + c1e?l] for every & > xq, where ¢; = y1e7#%, and
some fixed xy > v,t. Then, for some fixed value of ¢, we have an area law. Note that an area law,
by itself, can already be drawn, for instance, from reference [24]. There, the authors find that
Ey(x,t) < ¢o + ¢)|t| holds for every z, where ¢] is a constant dependent only on the parameters
of the Hamiltonian. Our bound, however, can impose a stronger restriction on the entanglement
growth for fixed t and increasing values of x.

In reference [3] the authors show that a Lieb-Robinson bound indeed implies a limitation for
the propagation of information throughout the many-body system in the information-theoretical
sense. Assume two observers A and B have access to regions X and Y of the many-body system,
respectively. They can establish a communication channel from A to B in the following way.
Observer A can encode an alphabet with m letters in the state of the system by applying one out
of m unitaries on the initial state |¢), all of them with support on region X. Observer B can
then perform measurements on region Y in order to discern which unitary was applied and, hence,
which letter of the alphabet was intended to be sent. If p; is the probability for the ith letter
to be sent, the maximum amount of information that can pass through this channel is measured
by the Holevo capacity, given by C(t) = S(X2, pipyi(t)) — iy pi(S(py.a(t)), where py;(t) is the
reduced state on Y given by the evolution of Uj; [¢) at time t.
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Through a bound for [S(py;(t)) — S(py;(t))], for any i # j, the authors of [3] show that the
Holevo capacity is small for small times (t < d(X,Y")/v,). Their bound, however, is proportional
to the volume of Y. Therefore, it is necessary to additionally assume this volume grows at most
polynomially with d(X,Y’). By Example 2, for systems with n spatial dimensions, however, such
additional assumption is no longer required. Even if observer B has access to an arbitrarily large
portion of the system, no significant amount of information can be sent through the channel for
small times.

We may add that the communication channel could be alternatively implemented by observer
A encoding the letters of the alphabet on Hamiltonian perturbations W; with support on X. Our
results also guarantee the Holevo capacity would be small for small times, even for arbitrarily

large regions Y.
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Chapter 3

A Shielding Property for Thermal

Equilibrium States on the Quantum

Ising Model

The transverse Ising chain is a paradigmatic model of quantum many body systems. It is
exactly soluble via Jordan-Wigner transformation [36] and exhibits a quantum phase transition
from a paramagnetic phase to a ferromagnetic one [37]. It is frequently used as a benchmark for
analytical [38] or numerical techniques [39]. It can be used to illustrate or test new concepts, such
as the role of entanglement on phase transitions [14], decoherence of open quantum systems [40]
and quantum thermodynamics definitions of work [41]. It is also more than a toy model, being
used to describe some trapped cold rubidium atoms [42] and even solids [43].

The main result of this chapter is a property of the transverse Ising model which we have found
and is presented in Theorem 2. Along the chapter we discuss implications to local quenches. This
chapter is organized as the following.

In the first section we define the Ising models and in the second one we give further definitions.
In Section 3.3 we discuss the dynamics of general quantum many body systems such that Hamil-
tonians satisfy some properties of commutation. The longitudinal and transverse Ising model are
examples of systems included in this category. Actually, the transverse Ising model is an example
under the condition that the magnetic field applied in one site at the middle of the chain has to
be null.
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In the Section 3.4, we write about local quenches without dynamics, that is, when one compare
two systems with similar Hamiltonians, such that only some parameters in a local region differ
from each other. In this same section we present our main result, the shielding property for
thermal equilibrium states on the quantum Ising model. This result is valid for chains and lattices
which can be divided in two subsets which have only one site in their interface. In Section 3.5 we
present an alternative proof for the shielding property which is more intuitive.

In the following sections we discuss the validity of the shielding property for the lattices which
have more sites in the interface between their subsets. In Section 3.6 we explain why the previous
proofs do not work in this case and in Section 3.6 we discuss correlations, even with the validity of
the shielding property. In Section 3.8 we present another proof for the shielding property, which
is equivalent to the other two when the lattice has only one site in the interface, but which exhibit
more structure when the lattice has more sites in the interface. In Sections 3.9, 3.10 and 3.10, we

discuss consequences of this new proof.

3.1 The Ising Models

The classical Ising model was conceived in 1920 as a mathematical model of ferromagnetism in
statistical mechanics. It was created by the physicist Wilhelm Lenz who has proposed the problem
of solving this model to his student Ernst Ising. It is a model for lattice systems where each site i
can be in one of two spin states o; = +1. Note that o; is not a matrix in this definition, it is just
a variable which can assume these two values.

Three important phases of this model are: ferromagnetic, antiferromagnetic and paramagnetic.
In the ferromagnetic phase all the spins are aligned; in the antiferromagnetic the spins are anti-
aligned; and in the paramagnetic phase there is no well defined order for this alignment. In the
Figure 1.7 of chapter 1 we have a good illustration for these phases. Remember that there we
were dealing with the XXZ model. The two cases have differences but, for our purposes in this
text, we can say that both are similar.

The Hamiltonian of the classical Ising model on a general lattice (or graph) is given by

H = _Zjijaigj —Zhigi, (31)
1,J i
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where the coefficient J;; represents the strength of interaction between sites 7 and j, while h;
represents an external magnetic field applied on site . The edges of the lattice determine which
parts of the system interact: J;; # 0 if sites ¢ and j are connected by an edge while J;; = 0
otherwise.

The quantum Ising model is a generalization of the above model and the spin variables are
treated as quantum features of the system. For this purpose, the states o; are replaced by some
Pauli matrix oF, for k = .y, 2.

The (quantum) longitudinal Ising model has its Hamiltonian given by
r -

The longitudinal Ising model has a direct correspondence with the classical Ising model since its
Hamiltonian is a diagonal matrix in the standard basis of the Hilbert space. Therefore it is used
to call by quantum Ising model only the transverse one, which we describe as following.

The quantum or transverse Ising model has its Hamiltonian given by:
x -

Note that the only difference between Equations (3.3) and (3.2) is the last term, where in the
first equation it is in the x-direction while the other is in the z-direction. Physically it means
that in Hamiltonian (3.2) the external magnetic field is applied in the same direction of the
interaction between the spins and in Hamiltonian (3.3) it is applied in a perpendicular direction.
This changing makes all the difference and we will see that the longitudinal and transverse Ising
models have different properties.

The Hamiltonian of a more general transverse Ising model, where the external magnetic field

also has a component in the y-direction, can be written as:
H=—Y Jyoio; = Y hot =3 gio. (3.4)
(i3) i i

On the one hand, this Hamiltonian is different from the Hamiltonian of Equation (3.3), because
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of the terms involving ¢?. On the other hand, note that

h; g9;
hot + giot = B + g7 x (af + ot
Vhi + g7 VhE + i

where z; = a;z + by is some direction perpendicular to z, with a; = h;/\/h? + g? and b; =
gi/\/h? + g2. Thus the Hamiltonian (3.4) can be written as
= Jyoio; = > \/hi + gioy (3.5)
(4.4) i

Define y; such that o70}" = of. We have that the operators o7,0}, o/ and 1; satisfy the same
algebra as 0%, 0%, 0¥ and 1. Furthermore these new operators associated to the space of different
sites still commute between each other, that is, [0, ]] =0ifi # j,fora = z;,y;, zand b = z;,y;, 2

In this sense, Equation (3.4) is equivalent to Equation (3.3).

3.2 Further Definitions: Subsets and Gibbs State

Here we provide some definitions for the development of the text. Many times in this chapter
we will use some general sets of our lattices, but which have some properties. To avoid be repeating
similar definitions, we will define them now and use the same letter for the similar situations. We
also define the thermal equilibrium states, since our main result is made for a system in this

context.

3.2.1 Subsets of the Lattice

Let the finite lattice A as was defined in Section 1.1. Let the sets X and Y be two subsets
of A such that X UY = A. Denote by S = XNY, A= X\Y and B = Y\X. Furthermore, if
1 € A and j € B, we suppose that i and j are not connected by an edge. We call S the interface
between A and B, or between X and Y. We illustrate these sets in the Figure 3.1.a. and b.

Note that the sets X and Y are different from those defined in Chapter 2.
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. . A S- 'B.

Figure 3.1: Two illustrations for the sets X, Y, A, B and S. The sites of A and B do not interact

directly between each other and the set S is called interface.

3.2.2 Gibbs State

The Gibbs state of a quantum many body system with Hamiltonian H is given by
_BH

P = T e (3.6)

where 8 = 1/kgT, kg is the Boltzmann constant and 7" is the temperature of the system. This

is the state of thermal equilibrium of the system. That is, if the system is in contact with a

thermal reservoir at temperature 7" and it is in equilibrium, then the state of the system is given
by Equation (3.6).

Furthermore, when 8 — oo, or equivalently, when T — 0, we have that the state p tends to

the ground state of the system. Thus, the ground state is the equilibrium thermal state of the

system at null temperature. For further details, see App. B.

3.3 Dynamics After a Local Quench on Systems with Lo-
cally Commuting Hamiltonians

Last chapter we studied a light-cone behaviour of a many body system after a local quench.

Here we will see that systems with local commuting Hamiltonians are particular cases where the
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light-cone have null velocity.
Let H be any many-body Hamiltonian that can be written as H = Hx + Hy, where
supp(Hx) = X and supp(Hy) =Y, and suppose that

[Hy, Hy] = 0. (3.7)

Remember that the equation above implies that e #(Hx+Hy) — g=ithx o—itHy Tf () is any observable
with supp(OQ) C A =Y\ S, then Hx and O commute. Therefore, the expected value of O at time

t is given by:

(O(1)), = Tr(p(t)O)
— Tr<€—itHX€—itHypeitHy eitHX O)

= Tr(e ™Y pe'tfy ), (3.8)

where p is any initial state for the system. From the second line to the third line we used the fact
that e#x commutes with O and that the trace is invariant under cyclic permutations.

From Equation (3.8) we can see that the expected value of O has dependence only on Hy.
Since O is an arbitrary observable of region A, it holds that the reduced state of the system in
region A has dependence only on the parameters of region Y (assuming the initial state p does
not hold any dependence on the Hamiltonian).

Note that the Hamiltonian considered above is static. Now, suppose that the Hamiltonian has

a time dependence and it is written as
H(t) = Hx(t) + Hy (t). (3.9)

Suppose that
[Hx(t1), Hy (t2)] = 0 (3.10)

for all t1,t5 > 0. These commutation relations imply that

[/Ot HX(t')dt’,/Ot Hy(t’)dt’} 0, (3.11)

for all ¢ > 0. Then, following the same steps of Equation (3.8), the expected value of an observable
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O (with supp(O) C A) is given by

(O(t), = Tr(p(t)O)
Ty (ez‘f(f Hx (¥)dt' i [ Hy () i Jo Hy (¢t i [ HX(t/)dt'O>

=Tr (e_i Jo HY(t/)dt/pe_if()t HY(t/)dt/(’)) ) (3.12)

We arrive at the same conclusion: the reduced state of set A has no dependence on Hx(t), for all
t > 0. Then, respecting commutation with the Hamiltonian of set Y, one is free to make quenches
on the Hamiltonian of set X and do not change the reduced state of A.

Now, remember that in Chapter 2 we have defined sets X and Y (see Figure 2.1) and we had
that X UY # A and that X NY = (), different from the sets X and Y defined in Section 3.2.1. To
drop confusions, now we will refer to the sets X and Y of Chapter 2 by X and Y, respectively.

In Chapter 2 we have considered a sudden local quench. The Hamiltonian H is suddenly
changed to H + W, where supp(W) = X. If [H, W] = 0, to any observable with support outside
set X, by Equation (3.12), the expected value of this observable has no dependence on W. Since
X NY =0, we have that the observables of Y have no dependence on W. We can conclude that
the evoluted state py () is the same as if there was no quench. Remember that Equation (2.31)
provides a bound for the quantity |S(p%(t))—S(p% (t))|, which is the difference between the entropy
of the evolution of the state of set Y for the cases with and without the quench. In our particular
case here we would have a critical value, that is, |S(p%.(t)) — S(pL(t))| = 0.

The longitudinal Ising model (Equation (3.2)) is an example of a system such that condition
(3.7) is always satisfied, no matter which choice of sets X and Y we take. Furthermore, we could
have J;; and h; as functions of time for 7,7 € X. Condition (3.10) would be satisfied for any
function of these parameters. By Equation (3.12) the observables of the set A would have no
dependence on these changes.

On the other hand, the transverse Ising model (Equation (3.3) or (3.4)) does not satisfy
condition (3.7) in general. However suppose that the external magnetic field in all the sites of
the interface are null for all ¢ > 0. Then, observables in set A would have no dependence on the
parameters of Hy. By Equation (3.12) again, one is free to change the strength of the interactions
and of the external magnetic field of set X, in the sense that, if someone is able only to measure

observables of set A, she or he will never know about these changes.
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As a visual illustration of this effect, we have simulated, via t—DMRG [23, 27], the evolution
of a transverse Ising model on a chain with 60 sites with initial parameters J; = 1 for all the
sites, his = 0 and h; = % for i # 15. The system is initially prepared in the ground state, when
we perform a local quench in the first site, changing its magnetic field to hy = —10. We show in
Figure 3.2 the magnetization of each site of the chain as a function of time. At the left part of
the plot we see the perturbation propagating and being reflected on site 15, where we have made
the external magnetic field null. On the right part we can see that the magnetization of all the

sites after site 15 remain unaltered.
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Figure 3.2: Temporal evolution of the magnetization of each site of a transverse quantum Ising

chain. The external magnetic field of site 15 was fixed null and the evolution was calculated via

tDMRG.

3.4 The Equilibrium States of Locally Perturbed Systems

Until now we have worked on the effect of local quenches on the dynamical properties of lattice
systems. A related problem is to consider, in the same lattice, two similar Hamiltonians which
differ only in a “small” region and compare the equilibrium states outside this region.

For example, in references [44, 45] it is shown that the norm of the difference between the
perturbed and unperturbed reduced states of the ground states exponentially decays with the

distance between the region where the perturbation takes place and the region where we take the
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reduced state. In reference [46] it is shown that, above a critical temperature, the Gibbs states
are also stable against distant Hamiltonian perturbations.

Now, if we apply these results of references [44, 45, 46] on the Ising models we will not find
anything really different comparing with other lattice models, since these bounds are not tight in
general. But the transverse Ising model does have a special behaviour under some conditions. In
the following we will enunciate and prove this theorem. In the rest of this chapter we will discuss

the features and consequences of this special property.

3.4.1 The Shielding Property for Thermal Equilibrium States on the

Quantum Ising Model

We consider the Gibbs states (Equation (3.6)) at arbitrary temperature of the transverse Ising
model defined on finite open chains. Namely, we take the spins to be embedded on a straight line,
where they interact only with their first neighbours, so we can use integer numbers ¢ to index each
site:

N—1 N
H=-> Jioioi, — > hio?. (3.13)
i=1 i=1
Note that this is just a particular case of Equation (3.3). The previous one is for general lattices
and the last one for chains.

We assume the couplings and fields to be arbitrary, with the exception that the field must be
null in some particular site L. We show that the reduced state of one side, say the sites to the
right of site L (those with ¢ > L), have no dependence on the parameters of the Hamiltonian of

the other side, that is, the sites with ¢+ < L. We will refer to this feature as the shielding property.

Theorem 2. Let a chain of N sites be described by the transverse Ising model. Suppose that for
some fized site L we have hy, = 0. If the state p of the chain is the Gibbs state, then the reduced

state of sites L, ..., N has no dependence on hy,...,hy_1,J1, ..., Jp_1, and is given by

”
eiﬁH

PL,...N = W’ (3.14)
where H" is given by
N-1
H' = — Z (JianZ-ZH + hi+10f+1)7 (3.15)
i=L

defined on the space of sites L, ..., N.
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Note that this is a surprising effect, given that the exchange coupling J;,_1, which intermediates
an interaction between each halve of the chain, can be arbitrarily large. Let us show the proof
before discussing implications, generalizations and related issues with this result.

Proof. We first rewrite the Ising Hamiltonian in the following way. If we have that hy, = 0 for

some L =2,...,. N —1, we can set H = H' + H" where

L-1
H' = =Y (Jioio?,, + hio?) (3.16)
i=1
and
N-1
HY = — Z (Jio7oi 1 + hiv107,,). (3.17)
i=L

Note that H! has support on the space of sites 1, ..., L, while H! has support on the space
of L,..., N. However even though they have intersecting supports they commute. In any case, we

can write:

H = H1;.,.1y (3.18)

and

HY" =1,.1;,_,H", (3.19)

where H' is defined on the space of sites 1, ..., L while H” on the space of L, ..., N, and we are
omitting the tensor product among operators.

With all of it in mind, we can write then
e P = g PH" . o=BHY (3.20)
= (e T 1y Ay) - (1y.. 1 e PH"), (3.21)

Therefore, the reduced density operator of the Gibbs state on sites L, ..., IV, satisfies:

PL,..N X Trl,...,Lfl(eiﬁH) (3.22)

= {TI‘LM,L_l(G_BH/)]IL+1...]1N)} . G_ﬁH”. (323)

We will show that the partial trace of e #H' appearing in Equation (3.23), is a multiple of the
identity 1, so the theorem follows after normalization. Writing the exponential e #*" as its series

expansion, the partial trace becomes

TI'L_,.,L—l (6_/8H/) = i fL‘ {TI'l _____ L—1 (Hln)} . (324)



Y

To reach the desired result it suffices to show that Try _,1(H™) = ¢, 1, for all n = 0,1,2, ...
where ¢,, is some constant. The case n = 0 is trivial, so let us take care of positive values of n.

First, we have that

L-1 n
H/n = ( — Z(Ji]ll...]li,IO'fO'erl]liJrg...]lL + hz]ll]llelx]ll+1]lL>) . (325)
i=1

Note that H' = fI(l)]lL + P[(I)JE, where [:1(1) and ﬁ(l) are defined on the space of the sites

1,...,L — 1. So any power of H" will have this form, that is:

H™ = ij(n)]lL—FH(n)Uz. (326)

More explicitly, we have that

Hm = ( Z a’(n77717~--777L—171L)n1772‘"nL—l) ]lL + ( Z a(n,m,...,nL_l,az)nl’OZ--'77L_1> UE (327)

My NL—1 My-5ML—1

where the sum ranges over variables 7, ...,n;_1 and each of these n; assume the values o7, 0%, 0/

77 1771

and 1;. Writing in a more concise way:

H/TL = Z a(nvnlr--an)nlnz'”nL? (328)

where the sum is made on the variables 7, ...,n.. For ¢ =1, ..., L — 1, the variable n; assumes the
values 07,07, 07 or 1;, and the variable 7, assumes only the values 0% or 1.

We will prove that each term of H,, has null trace. For concreteness and ease of notation, we
will detail the argument for the term H, (3), where the field is null at site L = 3 and the chain has
Ji = Jy = 1. The proof for any term of H™, for all n = 1,2...; all values of L (between 2 and
N — 1), will follow naturally the same steps.

With these assumptions, Equation (3.26) becomes
H? = — (0705 + hio} + 0505 + hyo3)?
=—{(4+hl + B3)oios + (4+ b + h3)haoTls + (24 b} + h3)hol105 — 2hihaotod M
—{@+ 1} + B3)oils + (2+ 2h3)1103 — 2ihahaofod + 2ha0705 |05 (3.29)
Here, 1:1(3) is the operator in the curly brackets of the last two lines of Equation (3.29). We can

see that its trace is null due to the fact that every one of its terms has at least one Pauli matrix

in its factors. We will show why this must be the case.
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Take for instance the last term of Equation (3.29), cjo%ci. It was obtained by the multi-
plication of the terms o{o313, 110513 and 1 0503, which we will call kpyj, Kz and k3. That

is:

K - Kpg) - Kig) = (070513) - (T1oy13) - (110503)

o (ojo3ls) - (110503)

x (010305) = m1213- (3.30)

Note that the products of n’s are tensorial products, while the products of x’s are matrix products.
We can represent schematically as in Figures 3.3 and 3.4 the product in Equation (3.30) as a “board
game”.

In Figure 3.3 we show how the game is constructed. For sites 1 and 2 we associate a square

while for site 3, where hy = 0, we associate a line. We put L = 3 white pieces on this game,

Y

i

occupying the vertices of the squares and the lines. We will label these vertices as o7, o

1;, fori=1,2,3.

o7 and

Figure 3.3: Board game associated to a chain when hg = 0.

In figure 3.4 we show example steps of the game, where each row is one step. We put one white
piece for each site 7, for ¢ = 1,2, 3, and these pieces can move on the square or line associated to
this site. In the first row we put these pieces positioned on the labelled spaces in a way that the
term k) = ojo313 is represented. In the next step (second row) we change the positions of these
pieces to represent kpj - k[z) which is proportional to ojo313. And again (third row) we change
their positions to represent [y - K[g) - £3) Which is proportional to o{o303.

We will say that a piece is on the left when it is in some position labelled by o7 or /. At the

beginning we start with two pieces on the left, an even number. Multiplying x; by k2 we move
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Figure 3.4: Scheme to understand the product xpjsjg kg as a “board game”. The rows represent
different steps (n = 3) of a board game with L = 3 white pieces. The pieces can move from one

vertex to another only when they are connected by continuous lines.

one piece vertically without changing the number of pieces on the left side. Multiplying & - K[
by k3 we change the side of two pieces, so the number of pieces on the left is still even. We have
an even number of pieces on the left and because of this at least one of the pieces corresponding
to sites 1 or 2 has to be different of identity. This guarantees that the partial trace is null.

We can easily generalize the argument for the general case. Figure 3.4 would be similar, but
with L pieces and n rows. The important fact is that: it does not matter the positions of the
pieces corresponding to sy - ... - k1), if Ky = of, it will just move the i-th piece vertically, and
if Ky = ofof,, it will just change the side of pieces i and ¢ + 1. Furthermore, these are the only
possible “moves”. As ry;) always has an even number of pieces on the left and the allowed moves
just change the side of an even number of pieces, we have that the product xp;...k[z) (proportional
to m1...nz) just has an even number of pieces on the left. Then, if n;, = o7, at least one 7, for

i1=1,...,L —1,is a Pauli matrix, and then

TI‘L._.7L_1(771...’I7L_10'E) = Tr(nl...nL_l)ai =0 (331)

which implies that Tr(H,) = 0. Therefore, by Equation (3.26) we have that Try ;i (H™) =

-----

Tr(lf[(n))]lL, which implies that Trl,,..7L_1(e_5H/) =cly.
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3.4.2 The Shielding Property on General Lattices with One Site in

the Interface

We can make the proof of Theorem 2 to more general lattices and slightly more general

Hamiltonians and we can state the following.

Theorem 3. Let A be a lattice as described in Section 3.2.1 with S = {L} for some site L.

Assume that the Hamiltonian of the system is:
H==3 Joio; = hiof = _ g}, (3.32)
.3 i i

where hy, = gr, = 0. For any temperature, the reduced state on the set Y of the Gibbs state of the
whole lattice has no dependence on h;, g; and J; ;, for alli,j € X. Furthermore, the reduced state

s given by
e_6];[//

Py = W>
where H" = =%, icp(Jijoio? + hjo! + gio).

(3.33)

Figure 3.5: An example of a more general lattice.
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s EU

Figure 3.6: Scheme for the proof of the Theorem 3. It is analogous to Figure 3.4.

Proof: The proof is along the same lines of Theorem 2. When the lattice is not a chain,
the argument of the board game is analogous to the argument for chains and it is pictured in
Figure 3.6. The fact that we have an even number of pieces on the left does not depend on
the relative geometry of the squares, so this fact is true for this alternative board game and the
previous proof follows naturally.

Now, the Hamiltonian of this theorem is different from the Hamiltonian of the first theorem,
because of the terms involving of. But as we have already discussed in Section 3.1 by Equa-
tion (3.5) we can see that the Hamiltonian (3.32) (or (3.4)) can be put in the same form of the
Hamiltonian (3.3). Thus we conclude the Hamiltonian (3.32) in a more general lattice satisfies

the shielding property. O]

This shows that if a system is described by the transverse quantum Ising model on a lattice
which separates two regions by only one site then the shielding property is satisfied. Note that
in each side of the lattice we can even have long range interactions between sites. Moreover, the
transverse field may vary from site to site, as long as it is always transverse to the interaction
direction.

Moreover, it is only necessary that one side of the chain is described by the transverse Ising
model and that the Hamiltonians on each side commute. Say that the left side is described by
the transverse Ising model and the right side also has, for instance, external magnetic field in the
z-direction. By the same arguments of the proofs of Theorems 2 and 3, it is possible to show that

the reduced state of the right side has no dependence on the parameters of the left side. Of course
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the left side can have dependence on the parameters of the right side.

3.4.3 The Shielding Property for an Open Chain of Three Spins

In this section we provide two examples which illustrate why the result of Theorem 2 is counter-
intuitive. Suppose we have a chain with three sites (namely 1, 2 and 3) with ferromagnetic
interaction between adjacent sites in the z-direction. Suppose an arbitrarily large magnetic field
is applied on site 1 and it becomes polarized. One could expect that sites 2 and 3 will also have
polarized magnetizations. This is true when the magnetic field is applied in the z-direction, the
same direction of the interactions. However this is not the case for the quantum Ising model,
since there the external magnetic field is transverse. When the magnetic field is applied in some
orthogonal direction (say z-direction) our intuitive notion fails. Note moreover that this is just
a particular consequence of the proof of Theorem 2. In the following we show the equations and
results which characterize two examples, but the reader interested in the explicitly calculations

can find them in App. C.

Longitudinal Ising Model with Three Spins
For the longitudinal Ising model with three spins we consider the following Hamiltonian.
H = —hof — 0j05 — 0503, (3.34)

For simplicity we are considering that the interactions between sites 1 and 2 and between 2 and 3
are equal to 1, but our conclusions would be similar for other choices of parameters. We can show

that the reduced state of site 3 is given by

1 1
p3 = 5]1 + 5 tanh?(3) tanh(Sh)oz, (3.35)

and thus the expected value of its magnetization in the z-direction is given by
(o3) = tanh?(B) tanh(Bh). (3.36)

We can see that it has an explicitly dependence on the magnetic field applied on site 1, even with

null external magnetic field in the interface (site 2).
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Analogously we can consider a chain with N sites such that only in site 1 is applied a non-zero
external magnetic field (Hamiltonian given by H = —hyo} — 0j05 — ... — 0% _,0%). We can find

that the reduced state at site ¢, for i =1, ..., N, is given by
1 1 i—1 z

pi = 5]1 + §tanh (B)tanh(hy5)07, (3.37)

and then the magnetization in the z-direction of this same site is given by
(0;) = tanh'""(B)tanh(h,3). (3.38)

Thus, the reduced state on every site of the lattice has dependence on the external magnetic field
hi on site 1. We can see that this behaviour is completely different from that related in Theorem 2.
Transversal Ising Model with Three Spins

Now, consider the transverse Ising model with three sites, given by the following Hamiltonian
H = —ho{ — Jyoj05 — Jo0503. (3.39)

We can show that the reduced state of sites 2 and 3 is given by

1 sinh(8Jz)
P 1B I e VA '

which does not have dependence on the strength of the magnetic field h nor on the exchange

coupling J;, confirming the predictions of Theorem 2.

3.5 Duality for the Tranverse Ising Model

The result of Theorem 2 can also be explained by the duality of the quantum Ising chain [47],
perhaps in a more intuitive way. The duality allows us to write the Hamiltonian in terms of a
Hamiltonian for a dual chain where the parameters h’s and J’s swap their roles. To be more
precise, define the operators:

N
Hit1j2 = 050541,  Mjy12 = H o (3.41)
k=j+1
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fori=1,...N—1and j=0,....,N —1. Set ENt1/2 = ONs Bijp =07 and P12 = 1. With these
definitions, Hamiltonian (3.13) can be written as:
N-1 N
H=- ]Zl JilG 12 = ]Zl 151 okt 1 /- (3.42)
Since the operators uy, ; » and 7, , satisfy the algebra of Pauli operators, the Hamiltonian A
written as in Equation (3.42) can be seen as the Hamiltonian of a dual spin chain (actually, it is
not true for i = N, but for large N this is not relevant). Since h; appears multiplying uf ; o447, 1 /o,
it can be interpreted as the strength of the interaction between the dual sites, and as J; appears
multiplying pi7,, , only, it can be interpreted as the external magnetic field.
Therefore, as we assume hy = 0, for some L = 2, ..., N — 1, the dual chain has two decoupled
halves (see figure 3.7). We can then safely conclude that the reduced states of each side of the

dual chain do not have dependence on the parameters of the Hamiltonian of the other side, since

the whole state is a product of the Gibbs states of each half.

thZO

Figure 3.7: Representations of the original and of the dual chains. The sites of the dual chain
correspond to the links of the original chain and vice-versa. Making the external magnetic field

null in one site of the original chain is equivalent to cutting off the interaction in the dual chain.

To arrive on our desired conclusions for the original chain we can explore the fact that all the
local observables of one side of the original chain is a combination of observables of only that side
of the dual chain. This is possible to show by finding the inverse of Equations (3.41) as follows:

i—1

O’f = H /’LZ+1/2 s O';:B = l’l’ffl/2l’bl‘r'[+l/2 fOl“ 1= ].7 7N —1
k=0

= UNt12 for 1= N. (3.43)
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and

i—1

o] =iojo} = i1 jaliv1/2 H Migrpe for i=1,...N—1
k=0
N-1
= 14172 II Hiy1/2 for i=N. (3.44)
k=0

Since the Gibbs state of the dual chain is a product state, a local observable of one side of
the original chain can be written only as a function of the parameters of the Hamiltonian on the
same side. We conclude that the reduced state p; ;_; of the original chain does not depend on
the parameters hy,...., hy, Jp,...Jn. This argument, however, does not clearly show the desired
property for the reduced state containing site L, although Theorem 2 ensures it must also hold in

that case.

3.6 Inconclusive Proofs for Lattices with More Sites in the

Interface

The shielding property is a strong property in the sense that it holds for any choice of param-
eters in the sets A and B, respecting the condition that the external magnetic field is null in the
site L, which is the interface between A and B. But if we have more sites in the interface we
cannot attest if the property holds using the arguments of the previous proofs anymore. In this
section we will explain why the previous proofs are inconclusive in these cases. First we discuss

the proof using the game board and later the proof using the duality of the Ising model.

Game Board and More Sites in the Interface

Let us consider, for simplicity, that the interface contains two sites. In Figure 3.8 we illustrate
one example of a chain with two sites in the interface. Suppose that the external magnetic field
applied in these two sites is null. We will follow steps analogous to the proof of Section 3.4.1.

We will enumerate the sites of set A with labels 1, ..., L — 1, the two sites of the interface will

be labelled by L and L’ and the sites of set B are labelled with L + 1, ..., N. The Hamiltonian of
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Figure 3.8: Example of a lattice with two sites in the interface.

Figure 3.9: Scheme for the proof analogous as in Figure 3.4.

this system is given by Equation (3.3) with hy = hy = 0. We can set H = H! + H'!, with

L—-1 L—1 L—-1
I z .z z .z 1 T
i,j=1 i=1 =1
1<J
and
N N N
II z _z z __z z _z T
HY = — Z JijO'i O'j - Z (JLiULUi + JL/iO'L/O'i) - Z hiai (346)
i,j=L+1 i=L+1 i=L+1
1<J

Such as in Section 3.4.1 we have that H! has support on the space of sites 1, ..., L, while H!! has
support on the space of L, ..., N, and they commute with each other. That is:

7, H" =0, H'=H1,,,.1y and H'=1,.1;, H" (3.47)
The partial trace of the Gibbs state is proportional to
Tri. 11 (6_BHI> = {Tl"l ..... L1 (6_’8H,) ]lL—i-l--lN} oAl (3.48)
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It is now that the situation becomes different from that of section 3.4.1, since here we cannot
guarantee that Try 4 (e‘ﬁH'> = 1,1, anymore. If we proceed in the same way as before we
would find a game board for this new lattice as pictured in Figure 3.9. There we illustrate an
undesired situation for the purpose of the proof. The argument that we could have only an even
number of white pieces in the left positions is also valid here, but not useful. We could have a
situation where all the pieces of the set A are on the positions which represent the identity operator
and the two pieces of the interface sites occupying the positions which represent the operators o7

and o7,. Thus, we can only guarantee that
Trl,...,L—l (eiﬂH/) = Cl]]-L]]-L’ + 020'20'2/ (349)

where ¢; and ¢y are constants which can have dependence on the parameters of set X. In the
case of section 3.4.1 the constant disappears after the normalization. Now, we cannot guarantee
that these constants will disappear, therefore the proof is inconclusive. Actually, for some cases
these constants will have dependence on the parameters of the set X and we will provide some

examples in the next section.

Duality and More Sites in the Interface

To explain why the proof using the duality for the Ising model is inconclusive for lattices
with more sites in the interface let us consider the lattice of Figure 3.10.a. Let the interface be

composed of sites 2 and 3 and the Hamiltonian of the system be given by
H = —ojo; — 0505 — 050, —050] — hio{ — haoy — hsoy — hyoy (3.50)

A similar duality of that in Section 3.5 would require a lattice as in Figure 3.10.b. The operators
associated to these dual sites would require equivalent properties of the Pauli matrices. Call them
ph pke ke and pk for k= 2,2, y. One of these properties is that they have to be a square
root of identity operator, that is (u5)? = 1, for k = z, 2,y and K = I,11,II1,IV. The dual

Hamiltonian would have the form

H = —pu7 — iy — Wi — Moy — hapgpgr — hapg gy — hapfrridy — haptz gy (3.51)

49



Comparing Equations (3.50) and (3.51) and using the property that the dual operators are square

roots of identity operator, we have that

WIilTr = 03,  WIHIr = 01, WMihgy =0y, and  ujriip, = o3, (3-52)

With the first two equalities we have that u7,uf;; = ofoj and with the last two we have that

Wikt = o5oy. Thus we would have that ofoj = 0§07, which is an inconsistency.

a) b)

2lh2:0

3 II1 IV

Figure 3.10: a) Example of a system with two sites on the interface which does not satisfy the
shielding property. The reduced state on site 4 has dependence on the external magnetic field h,
applied on site 1. b) An example of dual lattice where links swap their roles with sites, when the
original lattice has more than one site in the interface. In this section we show that it does not

work as in Section 3.5.

On the other hand, we could try to make a linear dual chain using similar definitions for the
dual operators as those done in Equation (3.41). So, define
4
Miy12 = 0; 001, Hj 1 = H O = 0j..04 (3.53)
k=j

fori=1,2,3,j=1,2,3,4, and define pj, , = 1. We can rewrite the Hamiltonian (3.50) as

H=- Miz+1/2 - N§+1/2Mi+1/2 - N§+1/2 - N§+1/2N§+1/2
- hlﬂg+1/2ﬂf+1/2 - h2,u:f+1/2li§+1/2 - h3ﬂ§+1/2ﬂ§+1/2 - h4/ﬁ§+1/2ﬂi+1/2- (3.54)
But this form is not similar to the previous one. First, the transverse Ising model have inter-
actions only in perpendicular directions of external magnetic fields, while in Equation (3.54) we

have interactions in the same direction of the external magnetic fields: the terms —p7,,, and

—[i341 /o Tepresent external magnetic fields in the z-direction while the terms —u3.  oui,,/, and
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—[341/245+1/2 Tepresent interactions also in the z-direction. Furthermore, we are working with
Ising models with interactions only between first neighbours and the term —p5 574 o of Equa-
tion (3.54) is an interaction of long range.

Therefore, we cannot use Equation (3.54) to reach the same conclusions that we had in Sec-
tion 3.5. Actually, for the system of Figure 3.10.a., we can show that the magnetization of site
4 has dependence on the external magnetic field h; applied in site 1, even with hy = hg = 0, for

positive temperatures, that is, § < co. See App. D for the detailed calculations.

3.7 Correlations and the Shielding Property

The shielding property states that the reduced state of set Y has no dependence on the pa-
rameters of set A. However, it does not guarantee that these sets do not have correlations. Take
for example the chain of three sites considered in Section 3.4.3. By Equation (3.40) we can see

that the correlation (cj0%) — (0%)(0}) between sites 1 and 3 is given by
J
(0303) — (07)(03) = tanh (8J,) tanh (5«/(]12 n h2> \/ﬁ (3.55)
Ji+h
which is different from zero.
Another interesting example to be considered is the following. Let a chain of 5 sites where the

external magnetic field is null on sites 2 and 4. The Hamiltonian of this system is given by
H = —hyof — Jioj05 — Jo0505 — hgos — Jso30; — Jyoi0: — hsos. (3.56)

By the shielding property, Theorem 2, we have that neither (07) nor (oZ) have dependence on
hs. But, we can show that the correlation (00Z) — (07)(0Z) has dependence on hz. This can be
understood looking at this chain in a bit different way, as shown in Figure 3.11. There we see this
chain as a two dimensional lattice, where sets 2 and 4 are the interface, site 3 is set A and sites
1 and 5 compose set B. Now, we have a lattice where the interface contains more than one site,
where we already know that the shielding property does not hold, in general. We can understand
the quantity ojof as an observable of one side of the lattice, which can have dependence on the

parameters of the other side of the lattice, since the interface has two sites.
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Figure 3.11: a) A chain with 5 sites described by the transverse Ising model with external magnetic
field null in sites 2 and 4. The observables on site 1 and on site 5 separately have no dependence
on the parameter hg, but the correlations still exist. b) To explain the fact that the correlations

still exist we can see the chain as a two dimensional lattice where the interface considered now

has two sites.

3.8 The Parity Operator and the Shielding Property

Here, we show an alternative proof for the shielding property which is equivalent to the other
two proofs in the case of one site in the interface, but which exhibits more structure when the
interface contains more sites. Furthermore, this proof allows us to understand why the examples
of the previous sections satisfy the shielding property on the ground state and do not satisfy for
the Gibbs states with positive temperatures.

For simplicity, let us consider a lattice which is “almost” a chain as we can see in the Figure 3.12.
The interface is given by the red sites and are labelled by L and L’. The set A is on the left of
the interface and its sites are in black, labelled from 1 to L — 1; the set B is on the right of the
interface and its sites are in blue, labelled from L + 1 to V.

The Hamiltonian of this system is given by Equation (3.3), with Ay = hy = 0. We will

decompose this Hamiltonian in three terms:

H=H"+H°+ H"  where H® = —J poio%,, (3.57)
L-1
H' = = > (Jioio}, + hiof) — Jp_105_10] — J, 105107, (3.58)
i=1
and
N—-1
H' = — Z (Jio7oiiy + his103y) — JLojoly — JLo107 4 (3.59)
i=L+1

Note that these three operators commute with 1.1, 1071 1p.. 1y and 14.. 107, 1041 1.

Then we can write H!, H" and H® in a basis of eigenvectors of the operators
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Figure 3.12: A lattice which is almost a chain. The interface contains two sites (in red) which we
label by L and L’. The sites of set A (in black) are on the left of the interface and we label them
by 1,2,..., L — 1. The sites of set B (in blue) are on the right of the interface and we label them
by L+1,...,N.

1,.1, 4y0f1p1p.. Iy and 14...1 07,1 141...1 . They assume the following form

]lL—f-SO'i ﬂL/—I—SIUE/

HY = —Jpply pa0ioidpy, v=— > ss' iy 5 5 ; (3.60)
s,8'=—1,1
ssn L1y +sof 1 +50j,
H =H@l.n= Y H"et—Lte el (3.61)
s,8'=—1,1
where
/ L—2 -1
HI(S’S) = — Z Ji]l1,...,1'710;0';4_1]li+2,...,L71 - Z hi]l1,‘..,i710'26]1i+1,...,L71
i=1 1=1
—sdpaly, 100 1 — 8T, 11 1207 4, (3.62)
and
11 1" Iy +sop 1y + S/Uz’ 1(s,s")
H' =1, ;1 1QH = Z 1, 11 ® ® H™>, (3.63)
s,8'=—1,1 2 2
where
, N N
H"6s) = — Z Jilpyi, 10707 Liva N — Z hilpsa, ic107 L, N
i=L+1 i=L+1
—sJp4107 1 yo, N — 80107 1 Aoga N (3.64)

We want to calculate the reduced state of the Gibbs state in each side of the “chain”. To do
this, first note that

H H') =0, [H',H*]=0 and [H® H"]=0, (3.65)
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then the Gibbs state is proportional to
e PH —g=PH' g=PHZ o= pH!! (3.66)

= (e‘ﬁHl]lLH N) (]117."7L_1€_'80202/]1L+1,...,N) (]11,...,L—1€_BH”) (3-67)

Now, let Pr be some projector operator and B some operator. We have that

—BPr _ﬂn n —p" n -
66P®B:; n! (Pr® B) :Pr®; ! (B)" = Prae”. (3.68)
Since hzsai ® ﬂles 7L s a projector operator, for s,s’ = 1, —1, we can write
" ]l Z ]1 / ! Z/ 1" s,s,
oBH" _ Z L+ so; 2 L +soy ®€,5H ( ). (3.69)
s,s'=—1,1 2 2
We also have
’ /(s,s’ 1 z 1, ! zZ,
e = Y ) g I T 0L o QU T 5OL (3.70)
s,s'=—1,1 2 2
and
Z 2 / ]1 S z ]1 / S, Z/
e = Y e L S0L o Lyt S0 (3.71)
s,8'=—1,1 2 2
Thus, the Gibbs state in proportional to
—BH —BSS/J , —ﬂH/(S‘S/) ]lL + SO'i ]lL/ + S/Uz/ _IBH//(S,S/)
M= 3" e LL'g ® ® ®e (3.72)
s,8'=—1,1 2 2
Now, let us consider a parity operator on the sites 1,..., L — 1, defined by
L—1
P = H ol (3.73)
i=1
Then it satisfies
PH'®p = f'=5=5), (3.74)

for s,s" = 1,—1, which can be verified by direct calculations. Using the cyclic property of the

trace and that P2 =1, _; ;, we have
Tr (H'**)) = Tr (PH'®*)P) = Tr (H'), (3.75)
which means that
Tr (H'OY) =Tr (H'C5D) and  Tr (H'O7Y) = Te (HCMY) (3.76)
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Using this property we can compute the partial trace of the Equation (3.72), obtaining:

/ U 5,5/ ]l + S z ]1 / _'_ 8/ Z/ " s,s/
Tr:[’._.,L_l (e—,BH) — Z 6—88 JLL/Tr <€—5H( )) L 2 UL ® L 2 UL ® G_BH ( ) (377)

s,8'=—1,1

Therefore:

_gH)
Ty p1(ePH) R Tr (6 pH ) 1, +03 - 1, + 07, B
Tr(e=PH) Tr (e=PH) 2 2

]]._Z ]l/_ Z/ n(—1,—
+ L20L® L20L ®e P ”)

+ eJLL’

_gH'(L,-1)
Tr (6 B ) ]lL + O'z 2 ]lL/ - Uz/ ® e_5H//(1,*1)
Tr (e=BH) 2 2

(3.78)

1 - o o ;r % o e_ﬁH,,u,l)) |

This equation shows that, in general, the shielding property does not hold when the interface

1L+SUE ﬂL/—l-S/O'

L represent sectors in
2 2 p

contains two sites. Indeed, in Equation (3.78) the terms
the Hilbert space where the spins of the sites of the interface are well defined in the z-direction.

That is, the sign of s and s’ define the spins directions of the sites in the interface. For example,

z

ILL;FUi ® L% s the projector on the sector where the spin in site L is positive in the

2

the term
z-direction and the spin in site L’ is negative in this same direction. Note also that the terms

1;/—s'0?
L — L' Now,

2

1p+s0% 1y/+s'0?, 1p—so%
5 = ® and =5+ ®

Tr(e—ﬂH'(s’S/)) multiply the terms which appear 5

suppose that
Tr (e 77 77) =0, (3.79)

This hypothesis with our observations above means that the interface spins can only be both
positive or both negative, that is, they are aligned. Taking the global trace on Equation (3.78)

we get that
—BH'(LD)
o~ (e ) _ 1 , (3.80)
Te(e ) Ty (o P g

so we would have

- 9 9

Trl:--vL*l(e_BH) 1 1, +o0} ® 1+ 03, ® e_ﬁHu(u)
Tr(e*/o’H) o Tr (675]{//(171) + e,ﬁH//(fl,fl))

]1 - z ]1/— Z/ 1n(—=1,—
+ L2UL® L 2% ® e PH" ”), (3.81)
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which has no explicitly dependence on H!. Thus we could conclude that the reduced state of the
right set has no explicitly dependence on the parameters of the left set. However, the hypothesis
of Equation (3.79) is too strong for the Gibbs state with positive temperatures, in general. On
the other hand, for the ground state, we can find parameters which maintain the spins aligned.
In the case of the ground state, instead of Equation (3.79), we assume that

T _ﬁH/(l,fl)
lim D)

= 0. 3.82
B—oo  Tr(e=FH) (382)

We point out that we could also have a similar discussion replacing H':=D by H'®D in
Equations (3.79) and (3.82). In this case, we would find that the spins of the interface are anti-
aligned.

In conclusion, we have that if the system is in a state such that the two spins of the interface
are with a well defined relative alignment between each other (that is, either aligned in the same
direction or in opposite directions), then we can have the shielding property.

Finally, this proof and conclusions can be generalized for any lattice and any number m of sites
in the interface. Remember that the interface is defined in Section 3.2 and we have the condition
that the external magnetic field is null on all sites of it. Let us maintain the labelling that ¢ € A,
fori=1,....,L—1andt € Bfort= L+1,..., N and label the sites of the interface S by L, ..., L,,.

The equivalent to Equation (3.62) would be

-1 L-1 m L—1
HI(SI""’Sm) = — Z JijO';-ZO'; — Z th';E — Z Z SkJiLkO.z (383)
i,j=1 i=1 k=1 i=1

i<j
where here we have hidden the identity operators from the notation for simplicity. Using the

parity operator as in Equation (3.75), we would have that
T (H/em)) = T (H/C o) (3.84)

Let s7, ..., s, be fixed values for the variables sy, ..., s,,, where s; = £1, for 7 = 1, ..., m. Suppose

that
Tr (eBHI(S’{ """ Sm) # 0, and that Tr (e’BH/(Sl’“"Sm)) = 0. (3.85)
for all (s1,...,8m) # (s],...,s5) and (s1,...,8m) # (—s3,...,—s%). Thus, similarly to Equa-
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tion (3.81), we have

Trl _____ L—l(eifBH) _ 1 é ]].L —+ S:;O'Z 2 BH//(S1 ..... sk
TI‘(e—ﬂH) TI‘ (675[{//(3’{ ,,,,, S5 _|_ 67/3H//(7s’{ ,,,,, 73;"774)) = 2
( m ]].L — S:UZ ) _BI{//(—S1 ,,,,, —sm)]
+| & :
i=1 2
(3.86)

and it means that if the system is in the Gibbs state, then the reduced state of set Y does not

have explicitly dependence on the parameters of set A. Furthermore, if we have that

_ /(s*,...,s:n) _ 1(S7 5ees sm)
Tr(e PH™ ) Tr(e~ "7 )
lim 0, and that lim = 0. 3.87
AT ey 7 J o e (3:87)
for all sy, ..., 8, # 87, ..., s, and s1, ..., Sy # —s7, ..., —s.,, then we can conclude that if the system

is in the ground state, then the reduced state of set Y does not have dependence on the parameters
of set A.

We say that a family of m spins have well defined alignment between each other in the z-
direction if the state of the whole system lies in one of the sectors defined by ®", 1L+S L4519 op by
R M for s7, ..., s;, fixed.

Again, we conclude that if the spins of the interface have a well defined alignment between each
other then the reduced state of the set Y does not have explicit dependence on the parameters of
set A.

An example of system which exemplifies this connection between the shielding property and a
well defined alignment of the spins of the interface is that of Figure 3.10.a. The reduced state of
the interface spins is given by

1 1
pas = Z]l + Zﬂﬁ’ hi, hy)oso;. (3.88)

The function f is a function of the inverse of the temperature of the system 3, and of the external
magnetic fields h; and hy. We have that 0 < f(8, hy, hy) < 1 for finite values of 5 and for all hy,
h4, which means that the spins of the interface do not have a well defined alignment between each

other. It agrees with the fact that this system does not satisfy the shielding property for positive
temperatures. When  — oo we have that f(3, hy, hy) — 1 for all hy, hy, which means that the
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spins of the interface have a well defined alignment between each other. Thus, it guarantees that
this system satisfies the shielding property for the ground state, which agrees with our explicit

calculations in Appendix D.

3.9 Implicit Dependence

In Theorem 2 of Section 3.4.1 we show that the reduced state of one side of a chain described
by the transverse Ising model has no dependence on the parameters of the other side of the chain,
if the external magnetic field is null in the interface. Comparing it with the last section, we see
that we need the further restriction: the reduce state of one side of some lattice described by
the transverse Ising model has no explicit dependence on the parameters of the other side of the
lattice, if the external magnetic field is null in the interface and the spins of the interface have a
well defined alignment between each other.

Firstly, we point out that the condition which requires the spins of the interface to have a
well defined alignment between each other is trivial when we have only one site in the interface,
because a unique site is always aligned with itself.

Now, note that in the second statement we have the word “explicit” when we talk about the
dependence on the parameters. In the case of more than one site in the interface, once the numbers
S1, ..., Sy Which define the alignment of the sites of the interface are fixed, the reduced state of
set Y has no dependence on the parameters of set A. But, the alignment of the sites of the
interface could have dependence on the parameters of set A, causing a more subtle dependence of
the reduced state of set Y on these parameters.

Consider the space of parameters, where we describe the parameters h;, J; j, for ¢, j sites of the
lattice. We define that some system satisfy the shielding property for a window of parameters if
there is a hypercube in the space of parameters such that when they are allowed to vary only on
this hypercube, then the system satisfy the shielding property.

Let us consider the following system, which exemplifies this validity of the shielding property.
Consider the lattice of Figure 3.13. Suppose that the Hamiltonian of this system is given by the
Ising model, with the external magnetic field being null in all sites and the strength of interactions

labelled in this figure. In this same figure we can see the labelling of each site. We will consider
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the interface given by the two sites in the intersection of the pentagons, coloured red. The sites
in black are in set A and the sites in blue are in the set B. The interaction labelled with a is the

free parameter which we will change in set A to observe the modifications in set Y.

Figure 3.13: Example of lattice system which the reduced state of set ¥ has dependence on the

parameters of set A.

Now, suppose that we wish to measure the observable 0§, 7 . We can show that if a > 0,5 we
will always measure 0,07, = 1, if a < 0,5 we will always measure 0,07 = —l and if a = 0,5 the
answer of this measurement is random (see Appendix E for detailed calculations). So, if someone
has access only to the set Y, she/he can infer if a is larger or smaller than 0,5, but this person
could not infer the actual value of a. This shows the dependence of the reduced state of Y on the
parameters of A.

We can show the same conclusions we have got for the above system for a system arbitrarily
large. In Figure 3.14 we show a system which is an extension of the previous one. In this figure,
we have drawn a system with six “pentagons”, but we can choose one with an arbitrarily large
number of “pentagons” and our conclusions would be the same. To calculate the ground state
of these systems we use the same arguments which we have used in the previous example (more
details can be found in Appendix E). In these cases we can also find couple of sites i and j such

that the observable ofc7 is equal 1 if a > 0,5 and equal —1if a <0, 5.
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Figure 3.14: Example of lattice system arbitrarily large which the reduced state of set Y has
dependence on the parameters of set A. It is the extension of the system of Figure 3.13. In this
particular figure we have drawn six “pentagons”, but we can choose a similar system with any

number of pentagons.

3.10 Frustration Free Satisfy the Shielding Property

In this section we will enunciate a Theorem which follows from the calculations of Section 3.8.
Before, let us make two definitions.

Here we state the first one. We say that a lattice is connected if we cannot separate it into
two sub-lattices such that none site of one sub-lattice has interaction with the sites of the other
sub-lattice.

The second definition is the following. Take a lattice system with arbitrary Hamiltonian
H =3y Hx. We say that the system is frustration free if the ground state p, also minimizes the
energy associated with each term of the Hamiltonian separately: Tr(p,Hy) = Trg)iill{Tr(pH x)}
That is, any global ground state p is a ground state for each H.

With this, we can state:

Theorem 4. Let a lattice system be described on the finite lattice A by the transverse Ising model.
Suppose that we have two subsets X and Y , with XNY =S, a connected lattice, and the magnetic
field applied on the sites of S is null. Furthermore the sites of A = A\Y do not interact directly
with the sites of B = A\X. If the system is frustration free for a hypercube of parameters, then
the system satisfy the shielding property for this window of parameters.

This corollary holds since the condition of frustration free guarantee that the spins of the
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interface S have a well defined alignment between each other. Indeed consider the lattice given
in Figure 3.15. Take the Hamiltonian of the Ising model, but make all the external magnetic
fields null. The sites have interaction if they are connected by an edge and the strengths of the
interactions are labelled in the figure. It is fixed —1 for some interactions and equal a variable
M for the others. If M < 0, it is easy to see that all the spins are aligned when the system is in

the ground state and the system is frustration free. Note that the observable o507} is always equal

to 1.
1 u 2 . 3
M -1 -1
6 M 5 -1 A

Figure 3.15: Example of system which is frustration free when M < 0 and satisfies the shielding

property. The shielding property is dropped only for M = 2, when the system is frustrated.

But suppose that we take M > 0. We expect that the sites 1, 2, 5 and 6 turn to be anti-aligned
between each other, that is, site 2 opposite to site 1, site 1 opposite to site 6 and so on. Thus, it
could also change the state of sites 3 and 4 and consequently the value of o3cj. This is exactly
what happens if we take M > 2. In this case the value of o50; will be not well defined anymore

and the ground state is not unique anymore.
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Conclusions

In this thesis we have worked with lattice systems and their behaviour when submitted to
local quenches. We have seen the concept of an effective light-cone which arises for systems
with short range interactions, which means that a local quench takes a finite amount of time
to perturb considerably a distant region from this quench. There are many ways of measuring
this perturbation, and the one we have worked with is the von Neumann entropy of this distant
region. This entropy measures the entanglement of a pure state of a bipartite system. We have
shown a bound for the variation of the von Neumann entropy, comparing the perturbed and the
unperturbed system. This bound decreases exponentially with the distance between the region
where we have made the quench and the region which we are calculating the entropy. Furthermore,
it is valid for any size of the region for which we calculate the entropy.

As we have discussed in details in Section 2.5, our bound for the von Neumann entropy implies
that entanglement in these systems satisfies an “effective light-cone”. Furthermore, our bound
shows that the system satisfy an area law, which guarantee the efficiency of methods like --DMRG.
Finally, suppose that this many body system is used by two agents to establish a communication
between them and that each agent has access only to a region of this system. If these two regions
are distant from each other, the information which one agent can receive from the other is not
significant after a small amount of time.

We have also discussed that when the terms of the Hamiltonian of two regions of the system
commute, then one cannot send any information to the other side no matter how much time passes,
which is a particular case of the above discussion. An example of systems with this property is
the transverse Ising model.

The transverse Ising model, in some sense, satisfy strange property. As we have shown, the

transverse Ising chain satisfy the shielding property. It means that if we divide the chain into
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two halves with one site in their intersection (or interface) and if the external magnetic field is
null in this site, then the reduced state of one side of the chain does not have dependence on the
parameters of the other side. This property is also valid for lattices of any dimension and any
configuration, if the interface between the two halves is only one site. An example of lattice which
satisfy this requirement is the Bethe lattice (Figure 1.2.d.).

A more intuitive way of understanding the shielding property is via the duality of the Isign
chain, where we can write the Hamiltonian in an alternative way. In this new form, we can
understand that the parameters which represent interactions and magnetic fields swap their roles.
A null magnetic field in the original chain would mean a null interaction in the dual chain, which
explain why the two halves would be “decoupled”.

When the interface contains more than one site we can guarantee that the shielding property
holds only when the spins of the interface have a well defined alignment between each other. In
this case, the reduced state of one side has only an implicit dependence on the parameters of the
other site. If we have access only to one side of the lattice, we could infer if the parameters are
smaller or greater than some constants, but not their exactly value. A corollary which follows
from this analysis is that if a system is free of frustration, then it satisfy the shielding property.

On the other side, we cannot infer if a frustrated systems satisfy or do not satisfy the shielding
property. As we could see in the example of Section 3.10, the system considered there is frustrated
and do satisfy the shielding property for 0 < M < 1 and it is frustrated and do not satisfy the
shielding property for M > 1. One further research direction is to try to find hypothesis such that
every frustrated system with these hypothesis do (or do not) satisfy the shielding property.
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Appendix A

Detailing the Hypothesis for the Proof
of Lieb-Robinson Bound

In this appendix we present the calculations of our statements on examples where condi-
tions (2.4), (2.5) and (2.6) are satisfied. A function F' which satisfies conditions (2.4) and (2.5)

for any > 0 can be given by
1
Fz)= ——F—— Al
for some € > 0.

The first statement is that F' satisfies Equation (2.4), given by
1P|l == sup 3 F(d(i, ) < oc. (A2)
el jer
To see this note that the summand above is the same on all possible choices of 7. Thus the
supremum is reached on any value of i. Choose the value i = 0, and then we have d(7, j) = |j].

Then, we can write
1
I7I = = e (A3)

jeza
It is well known that this series converges for all ¢ > 0, proving our first statement.
The second statement is that Equation (2.5) is true. It is given by

1+ d(i, )
C := sup ( :
S, 2 \ T e k) +d

(k,j))) < 00 (A.4)
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We can see the validity of the above condition verifying that C' is upper bounded by

1

C < 2dFett ngzjd = (A.5)
To prove this we shall change variables, choosing n =7 — k and a =i — j. Note that
d(i,j) =li—jl=lal . d@k)=l]i=k|l=|n], (A.6)
and
d(k,j) = |k = jl = (i =) = (i = k)| = [a = n[ = d(a,n). (A7)

With the above equation we can see that the supremum over x and y does not have dependence

on these variables separately, but only on their difference a. So we can write

1_|_ ’a‘ d+e
C<smw 2 ((1 D0 +d<a,n>>> | (4.8)

Now we will separate the above sum in two terms. Those where |n| < |a|/2 and those where

|n| > |a|/2. Note that for the first case we have that d(a,n) > |a|/2 and then

1
< . A9
1+d(a,n) — 1+ |al/2 (A.9)
In the second case we have that
1 1
< . A.10
1+ |n| = 1+ |a|/2 ( )
Thus we can write
d+e
1+ |al ) 1
C < sup ( —_
2 2 \tp) e
Inl<|al/2
d+e
1+ |a] ) 1
+ sup —_ A1l
s 2 <1 T2 0 da ) (A1)
In|>lal/2

Making the sums not only on their respective subsets, but on the whole space, and rearranging

some terms, we have that

2+ 2[al\ " 1 1
o< (T (Z G 2 <1+d<a,n>>d+e) (A12)

nczd nczd
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Note the second term in the parenthesis is actually independent of a, therefore:

d+e€
242
C < sup +2lal .
a€cZ4 2 +_|a|

The supremum of (2212”:") is 2. So we can conclude that statement (A.5) holds, which implies that

1
2, W )

nezd

(A.13)

condition (2.5) is true for this example of function.

We have also stated that Equation (2.6) is satisfied by systems in the lattice I' = Z?, when the
interactions are only between first neighbours or when they decay exponentially, for example. For
these two examples, the interactions are only between pairs of sites, thus fixed ¢ and j, the only
set X such that i,7 € X and we could have ®(X) # 0 is the set X = {7, }. Thus, we can write
Equation (2.6) as

I ]
¥l = 588 = F aGi, ) (A1)

For the case of first neighbour interactions we have an additional condition which we suppose

that there is some number M < oo such that [|®(X)| < M, for all X C I'. Furtheremore, if
d(i,7) # 1, then ®({i,j}) = 0, and the above equation becomes

el . M (A.15)

dl|, =
1211 Zsjugl% e rF(1) — e rF(1)

and since M < oo we have that Condition (2.6) is satisfied for all u > 0.
Now, for the case of exponential decay, we have that there are constants c¢,a > 0 such that
1®({i,i})|| < ce D) for all 4,5 € I'. Using the function F given in Equation (A.1), the

Equation (A.14) becomes

Ce—adﬁj)
P, < — A.16
19l = 580 G ) A0
and using Equation (A.1), we have that
—(a—p)d(i,5)
], < sup ~— (A17)

ijer (14 d(i, j))d+e

For this type of interaction, condition (2.6) is satisfied for all y such that 0 < p < a.
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Appendix B

Thermal Equilibrium States

Let S be a system which is in thermal equilibrium with a thermal reservoir at temperature
T (see Figure B.1). From Statistical Mechanics, we have that the probability p; of finding this
system in a configuration with energy F; is given by

nje*BEj

—_— B.1
> npe=PE (B-1)

p; =

where kp is the Boltzmann constant, 5 = 1/kgT and ny is the number of possible configurations
with energy Ej. Suppose also that Ej, < Ej, for ki < ky. The partition function Z = %), e PEr

is the sum over all the allowed energies of the system.

® ] ®

Figure B.1: A system S in contact with a thermal reservoir R at temperature 7. (Figure extracted

from reference [48]).
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When the system S is a quantum system in the state p, the probability of finding it with
energy E; is given by
p; = Tr(pF;), (B.2)

where P; is the projector on the Hilbert subspace of the states with energy E;.
The Gibbs state, as we have defined in Equation (3.6), is given by
e PH

p= Tr (e )’ (B.3)

Using the spectral decomposition of H = }°, E; P; and putting Equation (B.3) into Equation (B.2)
we recover the probabilities (B.1). Then, we can say that the Gibbs state is a state of thermal
equilibrium.

When the temperature of the system is null, that is, when S tends to infinity, we have that
the Gibbs state is the normalized projection on the ground state sector. We can see this by the

following calculation.

po e oy 2 (Pye=)
im ————— = lim
B—ooTr (e7BAH) B0y, Tr (Pie=PH)

- Bh—{ﬁlo Y, nie BB eBFo (B-4)
_ Py + Ej;éo 6—5(Ej—E0)Pj
B—00 Ny + Zl;ﬁo nie—B(Ei—EO) )
Since Ey < Ej, ma e PFi=Eo) = () and the limit of the above equation becomes
—00
—BH P
lim - =0 (B.5)

B—ooTr (e7BH)  ny

which is the ground sector.

68



Appendix C

Calculations for the Ising Model in a

Chain with Three Sites

Here we exhibit the calculations of the two examples given in Section 3.4.3. Both are chains
with three sites described by the Ising model, where the first of them is the longitudinal Ising

model and the second the transverse Ising model.

Longitudinal Ising Model with Three Spins
Consider the three 1/2-spins with the following Hamiltonian:
H = —ho] — 0f0; — 0503. (C.1)
Since terms in the r.h.s commute with each other it holds that:

o BH _ Boios Bosos Bhoi (C.2)

The series expansion of the first term of the equation above is given by

J@észg%ﬁ@w:<§:(gvn+<zjﬁr>ﬁ@, (C.3)

n=0 n even n odd

and then we can write

e#7i%5 = cosh(B)1 + sinh(B)o%0%. (C4)
Analogously, the second term of equation (C.2) is given by
e#7375 = cosh(B)1 + sinh(B) a0, (C.5)
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and the third term by
et = cosh(Bh)1 + sinh(Bh)o?. (C.6)

Using the equations above we can see that the Gibbs state is proportional to
e PH = (cosh(B)1 + sinh(B)o70)(cosh(B)1 + sinh(B)oio?)(cosh(Bh)1 + sinh(Bh)o?).  (C.7)

Defining a = cosh(3), b = sinh(8), c¢(h) = cosh(Bh) and d(h) = sinh(Sh), the equation above
becomes
—-BH __ 2 2 z z z _z
e P =a*c(h)1 + a*d(h)o; + abd(h)os + abe(h)oios
+ abe(h)osos + b*e(h)oial + abd(h)ojoso; + b*d(h)oj. (C.8)

We can see that Tre ? = 8a%c(h). Making the normalization and the partial trace on the

equation above, the reduced state of site three becomes

e PH 1 1b%d(h)
— iyt = 1 s .
ps 12 8a’c(h) 2 N 2 a’c(h) 73 (C.9)

_ ;]1 + ;tanhQ(ﬂ) tanh(8h) o (C.10)

Thus we can see that the expected value of observable o3 is given by
z z 1 1 2
(03) = Tr(psoi) = Tr (205 + - tanh? () tanh(ﬂh)]l) , (C.11)

and then
(o3) = tanhg(ﬁ) tanh(Sh), (C.12)

which is the Equation (3.36) from the main text. With this equation we can see that the magne-
tization of site 3 has an explicitly dependence on the magnetic field applied on site 1, even with

null external magnetic field in the interface (site 2).
Transversal Ising Model with Three Spins
Consider the Hamiltonian:
H = —ho{ — Ji0j05 — Jo05073. (C.13)
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If we define
H' = —ho{ — Jy0i03 and H" = —Jyo%0%, (C.14)

we can write the Gibbs state of the system as

—ﬁH —/BHI —,@HII
° S S — (C.15)
Tr(e—8H) Tr(e=8H)
since H! and H"' commute.
Using the series expansion of the exponential to write the first term, we have
e =% =" (Hf)". (C.16)

|
n=0 n:

Remembering that o7 and o7 anti-commute, we can evaluate the powers of H’ in the following
way.

(5")" = (72 +1*) 1. (C.17)

Then, for every even n, we have that

(5")" = [(Hf)g]n/2 = (Vr+m) 1, (C.18)

So, for every odd n, we have that

-1

(5")" = (Hf)(”_” CH = <\/J12 n h2)n H
which can be written as

(1) = (,/Jf+h2>n\/%. (C.19)

Putting Equations (C.18) and (C.19) into Equation (C.16), we have that
(—5,/J12 +h2> (—5\/1112 I h2> i
n! n! [J2 + h2

1+ >

n odd

e_ﬁHI = Z

n even

_ cosh (6\/J12 n h2) 1 — sinh (5\/42 n h2> \/% (C.20)

Analogously, the other term of Equation (C.15) becomes

HII

e P = cosh(BJo)1 — sinh(BJ2)7. (C.21)
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Putting Equations (C.20) and (C.21) into Equation (C.15) we have that the Gibbs state of the

system is given by

e PH 1 5 (hot + Jy0503)
_ z _z 2 1 1¥2
To(c) ~ & (]l + tanh(8J2)o505 + tanh (&/Jl +h ) i (C.22)

+ tanh (5.J;) tanh <5\/m> J1017—2FL0120203) .
Ji+h

If we take the partial trace on the first site we get the reduced state po 3 of sites 2 and 3. By

the equation above, it is equal to

Try (e PH) 1 sinh(5.J5)
_ - @@ — _ ]l ————20503 :
2= Tygemmy = 1\ o) 5%

It is Equation (3.40) from the main text, which confirms the predictions of Theorem 2.
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Appendix D

Calculations for the Ising Model in a

Lattice with Four Sites

In this appendix we exhibit the calculations of the example shown in Figure 3.10.a. We define

its Hamiltonian given by
H = —0ojo; — 0505 — hyo{ — 050, — 05045 — hyo}

and we wish to compute the magnetization (o). More then that, we will compute the reduced
state of site 4. To do this we first perform the partial trace over site 1, followed by the partial
trace of sites 2 and 3, giving the desired reduced state.

We can write the Hamiltonian as
H=(H @1,).(1, @ H") (D.1)

where H' = —of05 — 0505 — hyo7, defined on the space of sites 1, 2 and 3, and H" = —ojo} —

0507 — haoy, defined on the space of sites 2, 3 and 4. Then we have that
e PH = (e P @ 1,).(1; @ e PH"), (D.2)

so we get that
Try (e PH) = {Try (e P @ 14} 7P, (D.3)

To calculate Try(e=#"), let us compute Try(H™) and use the series expansion of e 7" (3.24) to

find its partial trace. We have that
H? = (2+ W1 + 200 = a)1 + 20502 (D.4)
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where a; = 2 + h3. Then, it is easy to find even powers of H’, that is

n

n n n— A4 - n n— = n n— VA4
H/2 — Z (k,)al k2k(0'20'3)k — Z <k> a/l k2k ]l + Z <k> al k2k 0_20_3. (D5)

k=0 k=0 k=0
even odd
Summarizing, we can write
H™" = b1 + ¢,050%. (D.6)

With this equation it is also possible to calculate odd powers of H', that is
H? M = (b1 + ¢,050%).(0705 + 050% + hio?).

The above equation shows us that Tr(H”?""!) = 0, for all n = 0, 1,2.... Then we have that

Try(e Py = Tr, <mZ:0 m!H/m> = mzo iTr (H™) = 7;) fn!Trl(H/m). (D.7)
Taking m = 2n and using Equation (D.6), we have that
, oo 2n 00 5271
Try (e=#H") Z TrlHQn => ) (2b 1+ 2¢,0503), (D.8)
= n=0 \47

and, after some arrangements, we get

Try (e PH") = (i 5(;5;"> 1+ <i ﬂ(;f)%) 0503. (D.9)

We can write the above equation as

Try(e 1) = Al + Boios, (D.10)
where o ) ‘
A:;Z (2671) o "I‘f)'kl a7 kok (D.11)
and N 61; ) '
O vad

Now, let us calculate e #"". The powers of H” will follow the same arguments of the powers of
H’, so we have that

H"™" = a,1 + €,050% (D.13)
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and
H"™" = (a1 + v,050%) (0505 + 0505 + hyo?),

(D.14)

where «,, and ¢, can be found analogously to what was done for b,, and ¢,,. Using the Taylor series

of e_ﬁH", we have that
e PH" = C1 + Doioi + Ecio? 4+ Foio? + Go® + Holoio?, (D.15)
where
> o 23 n!
€= it D.16
n; ; @)l (n — k)™ = (D.16)
o0 n 252n ’[’L' .
b= i2 D.17
gjg(?n)'(n—k)!k!a“ ’ (D.17)
odd
o n_ 9g2ntl ) -
G=h i2 D.18
4;);;0 2o+ D)l (n— k)™ (D.18)
and
N n!
o= i D.19
47;);(271“)'(71 DI (D.19)
odd

where we have set a; = 2 + h2. We do not show the expressions of E and F here, since they are
not used.

Putting Equations (D.10) and (D.15) in Equation (D.3), performing the partial trace on spaces
of sites 2 and 3, and normalizing the trace of resulting operator, we have that the reduced state

of site 4 is given by

1
Finally, we get that

T
4

(o

1AG + BH

3AC+ BD (D-20)
AG + BH
)= 4C T BD (D:21)

We can show that the magnetization (D.21) is independent of h; when the value of § goes to

infinity. More specifically, it is equal to

v/ 4+h3

L_ when 8 — .

In conclusion, it is shown that the shielding property does not work, in general, when the

interface has more than one site when the temperature is positive. For null temperature, however,

the shielding property still holds in this example.
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Figure D.1: Plots of the value of the magnetization (o}) of site 4 as a function of the external
magnetic field hy applied in site 1. Each plot was done for different values of 3, which are f =1,
4, 7 and 10. Note that the scale of each plot is also different.
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Appendix E

Calculation for the Ising Lattice with

Implicit Dependence

In this appendix we will show the calculations of the ground state of the system of Figure 3.13
as a function of the parameter a. The method shown here can also be adapted to the calculations

of the ground state of the system of Figure 3.14, which is a finite system of arbitrary size.

dp 1
a 55
1 '
75 28 1 1B: o :M 1 6
M} Vs Cos
d5 N
1 8% 1,5 [

Figure E.1: A second system built to help the calculations of the energies of the ground state of
the system illustrated in Figure 3.13. We take M < —1, which obligates the sites which have
interactions of strength M to be with spins aligned in the same direction. It guarantee that the

states of system of item a. is in correspondence with the probable states of system of item b.

Now, in the system of Figure 3.13, since the external magnetic field is null in all the sites and

7



the interactions are only in the z-direction, we have that the ground state is given by states where
the magnetization in each site are only in the z-direction. Thus, it suffices to calculate the energy
of each configuration of the spins in the z-direction. The configurations with the smallest energy
are the ground states.

To calculate the ground state of this system we are going to calculate first the ground state of
the system of Figure E.1. In this system we can see that we have two couples of sites connected
by an interaction of strength M. We choose M to be negative but sufficiently large in modulus,
which guarantees that the two sites connected by this interaction are always found with their
spins aligned in the same direction. With this hypothesis we can make a correspondence between
the systems of Figures 3.13 and E.1. Let the following correspondence between the sites of these

systems be

20 > 2 34—3p 44 —4p 64 —>6p T4 —>Tp 84— 8p

14— {1p U1} 54— {5pUBy} (E.1)

Each site outside the interface of the first system has correspondence with another site of the
second system and the sites of the interface have correspondence with a set of two sites. Since the
spins of sites 15 and 1’3 (55 and 5’3) are equal, then the spin of this couple of sites has the same
degree of freedom as the spin of site 14 (54).

If the system of Figure E.1. is in a state where all spins have a well defined alignment between
each other and has energy E + 2M, then the correspondent state of the system of Figure 3.13.
has energy F.

To calculate the energy of the states of the system of Figure E.1, we shall compute the energy
of a system which is a simple pentagon, shown in Figure E.2. It is also described by the Ising
model with null external magnetic field in all the sites and the interactions strength are given in
the figure.

In Figure E.3 we can find the energy of each configuration of the spins of the system of
Figure E.2. Note that the energy for a system described by the Ising model with null external
magnetic field in all sites is defined by the relative alignment of the spins between each other, and
not by their spatial alignment. If we take a certain configuration with energy F, the configuration

where we invert all the spins to their opposite direction, comparing with the previous configuration
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a 1 Figure E.2: A system decribed by the Ising

3¢ 5S¢ model, where the external magnetic field is
null in all the sites and the strength of the

1,5 0,5 interactions are labelled in this figure.

2c 1o

it also has energy F. Because of this, in Figure E.3 we had only drawn half of the possible
configurations.

In Figure E.3, we highlight the configurations of the smallest energy. One of them happens for
a > 0,5 and has energy —3 — a and the other happens for a < 0,5 with energy —4 + a. We call
the configuration with energy —3 —a which is drawn in the Figure E.3 by C; and the configuration
with energy —3 — a but with opposite alignment (which is not drawn) by C;. The configuration
with energy —4 + a drawn in Figure E.3 we call by Cy and the one with energy —4 + a but with
opposite alignment (which is not drawn) by C5.

Now, let us turn our attention to the system of Figure E.1. The left subset, that of sites 1g,

2g, 3B, 4B, and 5p, is in correspondence with the system of Figure E.2, making
1 =1 25— 2¢ 3 — 3¢ 43—)40 5 — d¢ (EQ)

Thus, the configurations of the smallest energy for this subset are C; and Cj] for a > 0,5 and Cy
and C} for a < 0,5.
Making a = 0,5, the right subset, that of sites 1%, 5%, 65, 75 and 8p, is in the following

correspondence with the system of Figure E.2.
1IB—>1C 5IB—>5C 6 — 4¢ 7B—>3C 8 — 2¢. (EB)

The configurations of minimum energy for this subset are Cy, C;, Cy and Cj.

Now, let us analyse the whole system. Suppose that the state of the right and left subsets are
both with the configuration C; (or C!), given the above correspondences, then we will say that the
state of whole system is with the configuration C;,C; (or C.C}).

Once the subset of the left is with some configurations where the sites 15 and 55 have positive

spins, for example, it obligates, via the interactions of strength M, the right subset to have a
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Figure E.3: Energy values for the system of Figure E.2 for the possible alignment of the spins. Note
that since the external magnetic field is null in all the sites the energy of a certain spins alignment
is the same for the state with opposite alignment. Because of this we have just illustrated half of
the spins alignment possibilities. We highlight the two configurations of smallest energy, one for

a > 0,5 with energy —3 — a and the other for a < 0,5 with energy —4 + a.

configuration where 1%; and 5% are also positive. Thus, if the system is in the ground state
and the left subset is with the configuration C; or C!, then the subset of the right is with the
configurations C; or C!, respectively, for i = 1, 2.

We can conclude that the ground state of the system of Figure E.1 is the combination of
configurations C;C; and CiCj for a > 0,5 the combination of the configurations CoCs and C5C; for
a < 0,5. The conclusion is exactly the same for the system of Figure 3.13 as we have already
explained in the beginning of the example.

Now, take the observable 0§ o7 . If a > 0,5 we have that the system is in the configuration C;C;
and CiCy, where these two spins are always in agreement. We would always measure 0§ 07 = 1.

Similarly, if @ < 0,5 we would always measure 0,07 = —1 and if a = 0,5 the answer of this
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measurement would be random. This is the conclusion which we have stated in the main text.

.o
|

Figure E.4: A second system built to help the calculations of the energies of the ground state of
the system illustrated in Figure 3.14. It is used in the same way as the system of Figure E.1 is

used to make the calculations for the system of Figure 3.13.

In the main text, we have also mentioned a system (Figure3.14) which is an extension of the
system of Figure 3.13. In that figure, we have drawn a system with six pentagons, but it could

have an arbitrarily large number of pentagons.
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