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Abstract

Gray-box identification techniques provide a promising way to build mathematical
models that can be tailored to reproduce specific features of real systems and that have
a suitable structure for their use in control or compensation schemes. In this thesis,
some of the main concepts, definitions, and tools originally formulated in the black-
box context to build Nonlinear polynomial AutoRegressive models with eXogenous
inputs (NARX) and their necessary extensions to deal with the gray-box scenario are
addressed. A more general NARX representation that fits the gray-box scenario is
formalized when it is assumed that the auxiliary information can be converted as a
new class of regressors that can optionally be included in the model. Some guidelines
on how to determine a promising class of regressors from data are explored. Aiming
at work on issues that have important implications for both the science and industry,
the use of gray-box NARX models is studied for modeling and compensation of dy-
namic systems with hysteresis, a nonlinear behavior present in several applications.
For a more consistent representation of this nonlinear behavior, some constraints on
the structure and a specific one on the parameters of NARX polynomial models are
proposed to be considered during the identification procedure. Such identified models
are then able to describe not only the dynamic behavior, but also the static response
which, despite being a very important feature for hysteretic systems, has been gener-
ally neglected in the literature. In addition, a more general framework is developed to
explain how hysteresis occurs in such models. In the context of compensation, three
approaches to design compensators are formulated for general dynamic systems and
also for hysteretic systems. In short, the proposed approaches provide different ways
to identify NARX models or rewrite the identified ones as a function of the compen-
sation input signal and then use this function/compensator to calculate their values
iteratively. Numerical and experimental examples are given throughout the text to en-
rich some discussions. Results obtained with a simulated piezoelectric actuator and an
experimental pneumatic control valve demonstrate the efficiency of the identification
and compensation proposals. Also, it has been found that the compensators based on
gray-box techniques outperform those based on models identified through black-box
techniques, and that any of the three proposed approaches significantly reduce the
tracking error compared to the uncompensated system.

Keywords: Gray-box identification; Compensation of nonlinearities; NARX polyno-
mial models; Hysteresis.



Resumo

Técnicas de identificação caixa-cinza fornecem uma maneira promissora de cons-
truir modelos matemáticos que podem ser ajustados para reproduzir características
específicas de sistemas reais e que têm uma estrutura adequada para seu uso em es-
quemas de controle ou compensação. Nesta tese, alguns dos principais conceitos,
definições e ferramentas originalmente formuladas no contexto caixa-preta, para cons-
truir modelos NARX polinomiais (do inglês, Nonlinear polynomial AutoRegressive models
with eXogenous inputs), e suas extensões necessárias para lidar com o cenário caixa-
cinza são abordadas. Uma representação NARX mais geral que se ajusta ao cenário
caixa-cinza é formalizada ao se assumir que as informações auxiliares podem ser con-
vertidas como uma nova classe de regressores que podem ser opcionalmente incluídos
no modelo. Algumas diretrizes sobre como determinar uma classe promissora de
regressores a partir de dados são exploradas. Visando trabalhar com questões que te-
nham implicações importantes tanto para a ciência quanto para a indústria, estuda-se a
utilização de modelos NARX caixa-cinza para modelagem e compensação de sistemas
dinâmicos com histerese, comportamento não linear presente em diversas aplicações.
Para uma representação mais consistente deste comportamento não linear, algumas
restrições na estrutura e uma específica nos parâmetros dos modelos NARX polinomi-
ais são propostas para serem consideradas durante o procedimento de identificação.
Esses modelos identificados são então capazes de descrever não apenas o comporta-
mento dinâmico, mas também a resposta estática que, apesar de ser uma característica
muito importante para os sistemas histeréticos, geralmente tem sido negligenciada na
literatura. Além disso, uma estrutura mais geral é desenvolvida para explicar como
a histerese ocorre em tais modelos. No contexto de compensação, três abordagens
para projetar compensadores são formuladas para sistemas dinâmicos em geral e tam-
bém para sistemas histeréticos. Resumidamente, as abordagens propostas fornecem
diferentes maneiras de identificar modelos NARX ou reescrever os identificados em
função do sinal de entrada de compensação e então utiliza-se essa função/compensador
para calcular seus valores de forma iterativa. Exemplos numéricos e experimentais são
fornecidos ao longo do texto para enriquecer algumas discussões. Para demonstrar a
eficácia das propostas de identificação e compensação, resultados simulados e expe-
rimentais são obtidos, respectivamente, com um atuador piezoelétrico e uma válvula
de controle pneumática. Além disso, verificou-se que os compensadores baseados em
técnicas caixa-cinza superam aqueles baseados em modelos identificados por meio de
técnicas caixa-preta e que qualquer uma das abordagens propostas reduz significativa-
mente o erro de rastreamento em comparação com o sistema não compensado.

Palavras-chave: Identificação caixa-cinza; Compensação de não linearidades; Mo-
delos NARX polinomiais; Histerese.
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ỹ output resulting from quasi-static analysis
ϕi, k a class of additional regressors defined as functions of lagged values of uk and yk

nu,ny maximum input and output lags
nϕi

maximum lag for the i-th function included ϕi, k

nθ dimension of the parameter vector θ̂
τd pure time delay
τu, τy arbitrary input and output delays
τs number of time steps that yk should be delayed with respect to uk

Σy sum of parameters of all linear output regressors
rk,mk reference and compensation signal
Ts sampling time

•̆ indicates a variable or function of the inverse model M̆
•̂ estimate of •
•̇ time derivative of •
(•)T denotes the transpose of •
(•)−1 denotes the inverse of •
| • | absolute value of •
sign(•) sign function of •
max(•), min(•) maximum and minimum values of •



List of Acronyms

AIC Akaike’s Information Criterion
ARX AutoRegressive model with eXogenous inputs
CLS Constrained Least Squares
ERR Error Reduction Ratio
ELS Extended Least Squares
FF Forgetting Factor
FIR Finite Impulse Response
KP Krasnosel’skii-Pokroviskii
MAPE Mean Absolute Percentage Error
NARX Nonlinear AutoRegressive model with eXogenous inputs
NSAVI Normalized Sum of the Absolute Variation of the Input
PRBS Pseudo Random Binary Signal
PRVS Pseudo Random Variable Steps
PRFS Pseudo Random Filtered Signal
pH Potential of hydrogen
PID Proportional-Integral-Derivative
RLS Recursive Least Squares
LMIs Linear Matrix Inequalities
LS Least Squares



Contents

1 Introduction 15

1.1 Context and Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2 Contributions of this Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3 List of Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.4 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 A Review on Modeling of Hysteretic Systems 22

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Phenomenological Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1 Bouc-Wen Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.2 Prandtl-Ishlinskii Operator . . . . . . . . . . . . . . . . . . . . . . 26

2.3 NARX Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.2 Dynamic Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3.3 NARX Clustering Representation . . . . . . . . . . . . . . . . . . 45

2.3.4 Model Structure Selection . . . . . . . . . . . . . . . . . . . . . . . 50

2.3.5 Parameter Estimation . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.3.6 Model Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.3.7 Overview of Works on Hysteresis . . . . . . . . . . . . . . . . . . 56

2.3.7.1 Black-Box approaches . . . . . . . . . . . . . . . . . . . . 57

2.3.7.2 Weakly Gray-Box approaches . . . . . . . . . . . . . . . 58

2.3.7.3 Hysteretic operator . . . . . . . . . . . . . . . . . . . . . 59

2.3.7.4 The use of equilibria . . . . . . . . . . . . . . . . . . . . . 63

12



2.3.8 Guidelines for Future Work . . . . . . . . . . . . . . . . . . . . . . 69

2.3.8.1 Local and non-local memory . . . . . . . . . . . . . . . . 69

2.3.8.2 Asymmetric loops . . . . . . . . . . . . . . . . . . . . . . 71

2.3.8.3 Lack of validation . . . . . . . . . . . . . . . . . . . . . . 73

2.4 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3 Control Approaches for Hysteretic Systems 75

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.2 Compensation Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.2.1 Model-Based Compensation . . . . . . . . . . . . . . . . . . . . . 77

3.2.2 Compensation Based on Compensator Identification . . . . . . . 79

3.3 Feedback Control Approaches . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.4 Compensation with Feedback Control Approaches . . . . . . . . . . . . . 82

3.5 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4 Hysteresis Identification and Compensator Design via NARX Models 85

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2 Identification of Hysteretic Systems . . . . . . . . . . . . . . . . . . . . . 86

4.2.1 Static Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.2.2 Quasi-static Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.3 Preliminary Statements for Compensator Design . . . . . . . . . . . . . . 93

4.4 Roots of an Algebraic Polynomial . . . . . . . . . . . . . . . . . . . . . . . 95

4.5 Isolating the Compensation Input . . . . . . . . . . . . . . . . . . . . . . . 99

4.6 Compensation Based on Compensator Identification . . . . . . . . . . . . 101

4.7 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5 Numerical and Experimental Results 104

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.2.1 Identification of a Bench Test System . . . . . . . . . . . . . . . . . 104

5.2.1.1 Estimating directMmodels ±MR andMI . . . . . . . . 105

5.2.1.2 Estimating inverse M̆model . . . . . . . . . . . . . . . . 114



5.2.2 Compensation of a Bench Test System . . . . . . . . . . . . . . . . 116

5.2.2.1 Design of the compensation input signals . . . . . . . . 116

5.2.2.2 Compensation performance . . . . . . . . . . . . . . . . 117

5.3 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.4 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6 Conclusions 131

6.1 Final Considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

Bibliography 135



Chapter 1

Introduction

1.1 Context and Motivation

Mathematical modeling of dynamical systems concerns the area of knowledge that

deals with techniques developed to mathematically describe, even if roughly, the be-

havior present in real systems. In general, the techniques used for this purpose can be

grouped into two frameworks, one based on the laws and first principles that govern

the investigated dynamical system and the other one based on empirical data collected

from such a system where little or no prior knowledge is necessary. The former leads to

mathematical models where all terms and parameters have physical meaning. How-

ever, the common lack of full understanding of some phenomena that characterize real

systems and the fact that such models are built to describe the behavior of a specific

system, which limits their application to other systems, makes this modeling approach

not always efficient or feasible to be used. Besides, often such models also have their

application somewhat limited in model-based control or compensation design due to

their structural complexity (Peng and Chen, 2013; Hassani et al., 2014). In the latter,

mathematical models are built from data, which is generally an easier way compared

to the one based on first principles and allows choosing a more suitable structure to be

used in control or compensation schemes. Such techniques are part of a mature field

known as system identification (Ljung, 1999; Isermann and Münchhof, 2011; Billings,

2013).

The system identification field deals with building mathematical models typically

from black-box or gray-box perspectives. When it comes to black-box modeling, it

must be assumed that the only available source of information about the dynamic

behavior is the input and output data collected from the investigated system, while

gray-box techniques also use auxiliary information about the system (Aguirre, 2019).

Auxiliary/additional information refers to some kind of prior knowledge commonly

based on physical insights about the dynamic behavior of the system, which will

be incorporated into the model during the identification procedure (Eskinat et al.,

1993). The inclusion of such information in the model aims to improve its predictive

performance or make it suitable for some particular purpose, since specific features

and/or an adequate structure that allows the use of the identified model in control

or compensation schemes are not ensured by black-box techniques (Sjöberg et al.,

1995). Some ways to achieve this refer to the use of constraints on the structure
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and/or parameters, adoption of algorithms for recursive parameter updating and/or the

inclusion of a certain class of regressors that are able to extract information underlying

the data that has a known relevant feature, such as specific nonlinearity, time-invariant

or time-varying behavior, among other.

Most experimental systems have some level of nonlinear and time-varying behavior,

which are commonly related to physical and chemical phenomena, as well as caused

by aging or component wear (Bequette, 1991). Some examples include processes asso-

ciated with wind turbines (Gebraad et al., 2013), pneumatic control valves (Choudhury

et al., 2008), robotic manipulators (Koo, 1995), and potential of hydrogen (pH) (Stebel

and Czeczot, 2009). Despite the nonlinear features, in most cases, works in the literature

address ways to get linear time-invariant models to predict the system behavior at a

specific operation region, which provide only a localized representation. However, for

cases where the system has highly nonlinear dynamic behaviors and when its operat-

ing point may change over a large region, such a system cannot be well approximated

using linear models. In this sense, some nonlinear systems are often classified in the

literature as systems with hard or severe nonlinearities due to their dominant nonlinear

characteristics, generally non-differentiable and unknown, which tend to present con-

siderable challenges for identification and control purposes (Tao and Kokotovic, 1995;

Choudhury et al., 2008; Visone, 2008; Billings, 2013; Biagiola et al., 2016; Pop et al.,

2018). Thus, due to the nonlinear nature of these systems, traditional identification

techniques aimed at building linear models and well established approaches for the

design of conventional linear controllers (e.g. in the frequency domain) are generally

inefficient (Schoukens and Pintelon, 1991; Hatipoglu and Ozguner, 1998; Coelho and

dos Santos Coelho, 2016). Recent works have addressed several tools to identify and

control these types of systems, encouraging further research to solve open problems

(Tao and Lewis, 2001; Hassani et al., 2014; Aguirre, 2015; Gomez, 2015; Hermansson

and Syafiie, 2015; Al Janaideh et al., 2016b; Bhadra et al., 2019a; Karami et al., 2021).

Dynamical systems that present some type of severe nonlinearity have attracted

great interest due to the presence of these nonlinear behaviors in many applications and

devices. As mentioned before, such nonlinearities are commonly related to phenomena

of ferromagnetism, plasticity, friction, and chemical reactions, among others (Bequette,

1991; Visintin, 1994). Some examples include mechanical, electronic, biomedical and

pH neutralization processes, as well as sensors and actuators such as pneumatic control

valves and piezoelectric actuators (Choudhury et al., 2008; Stebel and Czeczot, 2009;

Peng and Chen, 2013; Rakotondrabe, 2013). Because these systems and equipment are

widely found in various industrial sectors, where their inadequate operation tends to

directly impact economic, environmental and even safety issues, their control is an

essential step. Such relevance has led several research groups to deal with different

approaches for the design of model-based controllers (Hong et al., 1996; Ikhouane and

Rodellar, 2007; Abdullah et al., 2012; Esbrook et al., 2013; Chaoui and Gualous, 2016;

Abreu et al., 2018b; Bhadra et al., 2019a; Larico and Garcia, 2019; Lacerda Júnior et al.,
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2019). An alternative that has also drawn attention in the literature refers to the design of

model-based compensators in order to mitigate the nonlinear effects of the system prior

to feedback control design, so that the system becomes more linear and, consequently,

more amenable for control (Visone, 2008; Al Janaideh et al., 2011; Qin et al., 2013; Chaoui

and Gualous, 2016; Yi et al., 2019). In short, compensation approaches aim to design

a compensation input that attenuates the nonlinearity, allowing for more accurate

control and tracking, which typically starts with a suitable dynamic model that has a

simple structure and that represents the most fundamental aspects of the system. In

this context, the use of Nonlinear polynomial AutoRegressive models with eXogenous

inputs (NARX) presents some advantages due to their ability to represent a wide class

of nonlinear behaviors (Leontaritis and Billings, 1985a,b) and their structural flexibility

which, when combined with gray-box identification techniques (Aguirre, 2019), are

promising for their use in control or compensation schemes. In addition, it has been

argued that it is viable to enforce constraints on the model structure in order to make

it suitable for designing compensators (Pearson, 1999).

Among the severe nonlinearities widely investigated in the literature, one can men-

tion those related to friction (Romano and Garcia, 2011; Baeza and Garcia, 2018), dead-

zone (Aguirre, 2014), dead-band (Choudhury et al., 2008), hysteresis (Morris, 2011) and

those related to pH neutralization (Bhadra et al., 2019b). This doctoral thesis focuses

on the study of hysteresis, which is a nonlinear behavior present in several applica-

tions and, therefore, has important implications for both the scientific field and the

industrial sector. Specifically, it deals with the problem of hysteresis identification and

nonlinearity compensation in dynamical systems using NARX polynomial models.

In the literature, some works have associated the occurrence of hysteresis with

the existence of several fixed points whenever such systems are subject to constant

(Morris, 2011) or time-varying (Martins and Aguirre, 2016) input signals. For the

case where the input signal is time-varying, a characteristic loop behavior exhibited

in the input-output plane has been adopted as the hallmark of such systems. As

a consequence, many works in the literature have been dedicated to building and

evaluating models with respect to their ability to reproduce the hysteresis loop and

the temporal response of such systems when subjected to time-varying input signals

(Ni et al., 1998; Smyth et al., 2002; Hu and Ben Mrad, 2003; Oh and Bernstein, 2005;

Al Janaideh et al., 2008b; Zakerzadeh et al., 2011; Domínguez-González et al., 2014;

Zhang et al., 2017a). However, we have not found any critical analysis addressing

whether or how the hysteretic behavior affects the steady-state of such systems, i.e. when

the input signal is/becomes constant. This work explores this question and proposes

a new framework to explain how hysteresis occurs in NARX models. In addition,

based on gray-box techniques, the use of some constraints during the identification

procedure is proposed to ensure that the identified NARX models are able to describe

both dynamical and static features of hysteresis, which is not even tested by most works

in the literature, e.g. see (Leva and Piroddi, 2002; Parlitz et al., 2004; Worden et al., 2007;
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Deng and Tan, 2009; Worden and Barthorpe, 2012; Martins and Aguirre, 2016; Zhang

et al., 2017a; Lacerda Júnior et al., 2019).

As for the compensation of hysteresis, there are some works in the literature that

use specific models based on first principles, such as Bouc-Wen (Rakotondrabe, 2011)

and the Prandtl-Ishlinskii operator (Gu et al., 2012; Rakotondrabe, 2013). However

not every hysteretic system can be represented by such models. Besides, there are

many challenges related to the estimation of the parameters of such nonlinear-in-the-

parameter models. Also, their structural complexity represents an additional difficulty

in the design of compensators. On the other hand, NARX polynomial models are both

quite general and can present simple structure. However, the literature on the use of

NARX models in the compensation of hysteresis is still scarce (Dong and Tan, 2014;

Lacerda Júnior et al., 2019). One of the very few papers that is concerned with obtain-

ing structurally simple NARX models that are particularly suitable for model-based

control is (Leva and Piroddi, 2002). Although the authors identify a compact model

for a hysteretic system, they have not used the identified model in any control or com-

pensation scheme. It is also important to note that the methodology proposed by them

does not guarantee that the identified models are suitable for designing compensators.

This can be verified by manipulating such a compact model in (Leva and Piroddi, 2002)

to obtain a compensator following the strategies provided in the present work. As a

result, it can be seen that the compensator obtained would have a singularity when the

velocity variable is equal to zero. A similar problem would happen in (Lacerda Júnior

et al., 2019). The lack of NARX-based methods for hysteresis design can arguably be

explained by the modeling problems that could not be solved in the context of black-

box techniques. With such hurdles out of the way, simple model-based techniques

can be now developed. This doctoral thesis also proposes, based on gray-box models,

three systematic procedures to ensure that the identified NARX models are suitable

for designing compensators. The compensation procedures are formulated to handle

general dynamical systems as well as hysteretic systems modeled by NARX models.

1.2 Contributions of this Work

The main goal of this thesis is to investigate the identification of hysteresis and the

compensation of nonlinearities in dynamical systems using NARX models identified

from data, aiming to propose systematic approaches to build models that are accurate

and also suitable for model-based compensation. The contributions of this work are

summarized below.

• Detailed review on hysteresis modeling. In this literature search, some classical

phenomenological models of hysteresis are briefly discussed, while a more in-

depth analysis based on black-box and gray-box modeling of NARX polynomial

models to predict hysteretic systems is made. As the main concepts, definitions
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and tools for building NARX models are formulated in the black-box context,

all the necessary extensions to deal with the gray-box scenario have been de-

veloped. In this sense, a NARX representation that fits the gray-box scenario is

formalized when it is assumed that the auxiliary information can be converted

as a class of additional regressors ϕi, k in the model; see Remark 2.1. A critical

review is developed considering the pros and cons that some works that use

NARX models present to describe some features of hysteresis. The review ends

by analyzing some more subtle properties of hysteretic systems and provides

interesting guidelines for building gray-box NARX models with the ability to

reproduce these properties.

• Development of a detailed mathematical formulation to generate an excitation

input signal suitable for the identification of nonlinear dynamical systems; see

Section 2.3.2. In this proposal, the input signal is a sequence of steps here called

Pseudo Random Variable Steps (PRVS). Based on some preliminary experiments

carried out on the system, the design procedure is able to consider dynamic

dependencies related to the increasing or decreasing input signal value and its

magnitude, which commonly affects the output of some nonlinear systems. Also,

to deal with nonlinear systems that demand more subtle excitation signals, such

as hysteretic systems that have a strong dependence on the rate of change of

the input signal, a mathematical formulation that generates an excitation input

signal with smoother transitions is revisited (Tavares, 2020; Tavares et al., 2021).

This input signal is here called Pseudo Random Filtered Signal (PRFS), which was

developed in collaboration with Lucas Amaral Tavares.

• Regarding the identification of hysteretic systems, the proposition of some con-

straints on the structure and a specific one on the parameters of NARX models are

made to guarantee a continuum of steady-state solutions (Definition 2.5), which is

an important feature for hysteresis. As a consequence, the identified models that

comply with such constraints are able to describe not only the dynamic behavior

of hysteresis, but also its static behavior, providing more consistent models when

compared to those that do not. In addition, following a quasi-static analysis, a

schematic framework is put forward to explain how the hysteresis loop results

from an interplay of attracting and repelling regions in the input-output plane.

• Formulation of three systematic approaches to design compensators for general

dynamical systems, and also for hysteretic systems, represented by NARX poly-

nomial models. The first one provides a compensator by rewriting the identified

model as an algebraic polynomial whose unknown variable is the compensation

input signal and then calculating the roots of this polynomial iteratively. As this

type of compensator might produce more than one root per iteration, an algo-

rithm is proposed to determine which one should be used as the compensation

input at each instant of time. The second approach consists of some structural
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specifications that are enforced during the identification procedure in such a way

that the compensation input can be isolated when the identified model is rewrit-

ten as a compensator. In the third approach, the compensation law is directly

identified from the data. These were developed with the collaboration of Lucas

Amaral Tavares. Numerical and experimental results are shown for both iden-

tification and compensation proposals. It has been found that the compensators

based on gray-box models outperform those that use models identified following

black-box techniques.
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1.4 Thesis Outline

This manuscript is organized as follows. Chapter 2 presents a brief review on

some of the main phenomenological models of hysteresis and provides an in-depth

analysis of NARX models covering the main concepts, definitions, and tools originally

formulated in the black-box context and necessary extensions to deal with the gray-box

scenario. Besides, a critical review of some works that use NARX polynomial models

to describe hysteretic systems, as well as some interesting properties inherent in such

systems that have not yet been explored using these polynomial models and alternative

ways to achieve them in a gray-box context, are also addressed.

Chapter 3 reviews approaches commonly used in the literature for the control and

compensation of hysteretic systems and points out some remaining challenges and

limitations found in these approaches.

Based on the theoretical foundation and a critical look at the literature previously

presented, Chapter 4 deals with the main proposals of this work. In terms of hysteresis

modeling, some constraints on the structure and parameters of NARX models are

proposed to ensure that the identified models are able to describe both dynamic and

static features of hysteresis. In addition, a more general framework is developed

to explain how hysteresis occurs in such models. For the compensation context, three

approaches are proposed to ensure that NARX models identified for general dynamical

systems, and also for hysteretic systems, are suitable for the design of compensators.

Chapter 5 concerns a simulated piezoelectric actuator and an experimental pneu-

matic control valve that are used to illustrate the efficiency of the identification and

compensation proposals.

Finally, Chapter 6 presents the final considerations and some proposals for future

work.



Chapter 2

A Review on Modeling of Hysteretic

Systems

2.1 Introduction

Hysteresis is a nonlinear behavior that is present in several systems and devices.

It is commonly related to phenomena such as ferromagnetism, plasticity, and friction,

among others (Visintin, 1994). Some examples include mechanical, electronic and

biomedical systems, as well as sensors and actuators such as magneto-rheological

dampers, piezoelectric actuators and pneumatic control valves (Choudhury et al., 2008;

Rakotondrabe, 2013; Peng and Chen, 2013). An intrinsic feature of such systems is the

memory effect, meaning that the output depends on the history of the corresponding

input.

In addition to the memory effect, the literature provides different definitions and

conditions to distinguish such systems and characterize the hysteretic behavior. In

some cases, the occurrence of hysteresis has been associated with the existence of

several fixed points whenever these systems are subject to constant (Morris, 2011) or

time-varying (Martins and Aguirre, 2016) input signals. Additionally, hysteresis has

also been defined as a hard nonlinearity that depends on the magnitude and rate of the

input signal. If not properly taken into account during controller design, these aspects

may pose performance limitations, such as the occurrence of undesirable oscillations,

tracking inaccuracy, and even instability (Tao and Kokotovic, 1995; Rakotondrabe,

2013). Hence, a common goal is to attenuate the hysteretic behavior of the system

(Visone, 2008; Chaoui and Gualous, 2016; Yi et al., 2019) prior to feedback control

design.

In many approaches, the compensation of hysteresis starts with obtaining a suitable

model. In the literature, several hysteresis models have been proposed based on

phenomenological, black-box, and gray-box modeling approaches. In order to address

these issues, this chapter reviews the modeling of hysteretic systems, while control and

compensation schemes are discussed in Chapter 3.

It is worth mentioning that, as the most important phenomenological hysteresis

models are already well established in the literature, only a brief contextualization of

such models is presented. In this case, the reader will be referred to some fundamental

and comprehensive works. Conversely, there are very few works regarding black-
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box and gray-box modeling of NARX polynomial models for the representation of

hysteresis. For these modeling approaches, a critical review mainly addressing some

gaps related to gray-box identification techniques, as well as the advances found in the

literature that use such models for hysteretic systems, is provided.

This chapter is organized as follows. Section 2.2 briefly reviews the phenomenolog-

ical models, where special attention is given to the Bouc-Wen model and the Prandtl-

Ishlinskii operator. Section 2.3 provides an in-depth analysis of NARX models, with

definitions and formulations originally raised in the black-box context, where some are

extended to the gray-box scenario.

2.2 Phenomenological Models

In the realm of models based on first principles, important contributions have been

made based on differential equations and operators (Hassani et al., 2014), such as

the Bouc-Wen model (Wen, 1976), the Duhem model (Oh and Bernstein, 2005), the

Preisach model (Ge and Jouaneh, 1996) and the Prandtl-Ishlinskii operator (Brokate

and Sprekels, 1996). These models have been widely used to represent hysteresis

behavior due to their ability to describe a variety of hysteresis loops that resemble

the properties of a wide class of real nonlinear hysteretic systems (Smyth et al., 2002).

Besides, such models are known to be challenging for system identification techniques

(Quaranta et al., 2020). In some cases, as for the Bouc-Wen model that has a well known

structure, the challenge stems from the problem of estimating its parameters, which

appear nonlinearly in the equation. This has led many works in the literature to focus

on how to estimate the parameters of such a model, which often requires sophisticated

optimization algorithms (Kyprianou et al., 2001; Worden and Hensman, 2012; Carboni

et al., 2018). Apart from the computational effort required in the identification of

phenomenological models, their application in the design of compensators is somewhat

limited due to their structural complexity (Peng and Chen, 2013; Hassani et al., 2014).

In order to give a glance over two of these well known phenomenological models, a

brief review is made in what follows for the Bouc-Wen and Prandtl-Ishlinskii models.

2.2.1 Bouc-Wen Model

The first works that addressed the hysteresis phenomenon, through a functional,

were developed by Robert Bouc (Bouc, 1971). In this approach, the hysteresis phe-

nomenon is described by the following equation:

Ḟ (t) = g
(

x(t),F (t), sign(ẋ(t))
)

ẋ(t), (2.1)

where g(·) is a nonlinear mapping, x(t) is a displacement, F (t) represents a resultant
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force, and sign(ẋ(t)) is the sign function (Definition 2.1) of the displacement time deriva-

tive.

Definition 2.1. [Sign function (Popioøek, 1990)]. sign(·) : R→ R is a function that extracts

the sign of a real number x, defined as:

sign(x) =





1, if x > 0;

−1, if x < 0;

0, if x = 0.

(2.2)

According to Sain et al. (1998), Bouc proposed the functional (2.1) in order to obtain

a model to describe the relationship between the forced vibrations of a hysteretic

system under periodic excitation. This type of relationship might be illustrated as

shown in Figure 2.1, in which the relationship between an output force F and an input

displacement x is presented.

F

xxmaxxmin x1

F1

F2

Figure 2.1: Schematic representation of the input-output relationship for a hysteresis func-
tional. For an input value x1, there are two output values F1 (•) and F2 (•), which depend on
the input rate. (· · · · · ·) refers to the hysteresis loop, while (A ) indicates its orientation and in
which the periodic input x varies.

As can be seen in Figure 2.1, the force F is not a function of displacement x, since

there are two force values F1 and F2 associated with a single displacement value x1. In

addition, it is noticeable that, except for the extremum values of the input x, each force

value depends on the history of the corresponding input. Such dependence is related

to the memory effect, which is one of the features commonly used in the literature to

characterize hysteretic systems (Visintin, 1994). Additionally, Bouc (1971) worked with

the assumption that the shape of the hysteresis loop in Figure 2.1 remains the same

for any input frequency, which refers to the rate-independent property present in such

systems and will be further discussed in Section 2.3.7.3.
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The class of dynamical systems studied by Bouc (1971) can be represented as:

Èx(t) + F (t) = p(t), (2.3)

where p(t) refers to system input. Models (2.1) and (2.3) describe a hysteretic oscillator.

In order to obtain an analytical solution for (2.1) that preserve some hysteresis properties

(Ikhouane and Rodellar, 2007), Bouc (1971) proposed a variant of the Stieltjes integral

for the output F , such that (2.1) and (2.3) could be rewritten as:

Èx(t) + µ2x(t) +

Nh∑

ih=1

hih(t) = p(t), (2.4)

ḣih(t) + βih |ẋ(t)|hih(t) − Aih ẋ(t) = 0, ih = 1, · · · ,Nih , (2.5)

for which hih corresponds to the hysteretic behavior of the Nih restoring forces acting on

the system, whose constant coefficients µ, βih and Aih must be estimated. Models (2.4)

and (2.5) are known as the Bouc model.

In order to improve the predictive capacity of the Bouc hysteresis model so that a

greater variety of hysteresis loops can be represented, Wen (1976) extended model (2.5)

based on laws of physics, giving rise to the so-called Bouc-Wen model expressed as:

ḣ(t) = Aẋ(t) − β|ẋ(t)||h(t)|n−1h(t) − γẋ(t)|h(t)|n, (2.6)

such that h(t) determines the hysteresis output, x(t) is the model input. The scale and

general shape of the hysteresis loop are determine by A, β and γ, while its smoothness

is adjusted by n (Wang and Zhu, 2011). This model is widely used in the literature

to model devices with hysteresis, such as piezoelectric actuators, magneto-rheological

dampers, among others (Domínguez-González et al., 2014; Ahmad, 2018).

Example 2.1. Bouc-Wen model and its Hysteresis Loop.

In order to illustrate how the parameters of the Bouc-Wen model (2.6) can signifi-

cantly influence the shape of the hysteresis loop, the following two test scenarios are

adopted. In the first one, it is shown how different values of n might affect the hysteresis

loop, while the other parameters are kept constant at a given value; see Figure 2.2(a).

In the second test scenario, the case where the value of parameters n and A is fixed, and

different values of β and γ are considered; see Figure 2.2(b). A more in-depth analysis

of the parameters of the Bouc-Wen model and their influence on the hysteresis loop can

be found in (Ismail et al., 2009; Charalampakis, 2010).
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Figure 2.2: Illustration of different hysteresis loops of the Bouc-Wen model (2.6). (a) the effect
of n on hysteresis loop for A=1, β=1, γ=2 and n={1, 2, 3}, while in (b) the hysteresis loops for n=1
and A=1 with β=γ=0. 5 and β=0. 9 and γ=0. 5. The input signal is x(t)= sin(2π f t) with f = 1 Hz.

△

As can be seen in Figure 2.2, the parameter estimation step of the Bouc-Wen model

is strictly related to its efficiency in predicting the hysteresis phenomenon present in

real systems. Thus, to deal with this problem, many works have used and proposed

different methods to estimate the parameters of this model, such as those based on

evolutionary algorithms, least squares, and adaptive methods, among others (Ha et al.,

2005; Hassani et al., 2014; Wei et al., 2014; Tavares et al., 2019).

A detailed investigation of some properties of the Bouc-Wen model and issues

related to the modeling and control of dynamical systems that include this type of

hysteresis is presented in (Ikhouane and Rodellar, 2007; Ismail et al., 2009).

2.2.2 Prandtl-Ishlinskii Operator

Among the phenomenological models used to represent hysteretic systems are those

based on differential equations, such as the Bouc-Wen model reviewed in Section 2.2.1,

as well as models based on operators (Zakerzadeh et al., 2011). This latter type of

model has attracted great interest since the early 1970s, when Mark Alexandrovich

Krasnosel’skii and co-workers proposed the mathematical formulation of hysteresis

operators (Visintin, 1994).

One of the most popular operator-based models used to characterize hysteresis

behavior is the Preisach model (Hu and Ben Mrad, 2003). From this model, two

operator-based models can be derived, the Krasnosel’skii-Pokroviskii (KP) model and

the Prandtl-Ishlinskii model. In terms of predictive performance, the KP model appears

as a good alternative compared to the Preisach, since discontinuity issues are overcome

by it, but it still has a high structural complexity that makes its analytical inversion
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unfeasible and that hinders its use in real-time applications (Banks et al., 1997; Hassani

et al., 2014). On the other hand, the Prandtl-Ishlinskii model has a simple mathematical

structure and its inverse can be calculated analytically. Therefore, such features make

this model more effective for real-time applications when compared to the Preisach and

KP models (Gu et al., 2012).

The Prandtl-Ishlinskii model is defined as the sum of several weighted elementary

operators, also called play operators (Kuhnen, 2003). Each of these operators is parame-

terized by a radius, or threshold, denoted as ra j. Thus, the j-th play operator Pra j
for a

continuous input u(t) is illustrated in Figure 2.3 and defined by the following equation:

νra j
(t) = max

(

min(u(t) + ra j, νra j
(t−)), u(t) − ra j

)

≜ Pra j

(

u(t); νra j
(t−)

)

, (2.7)

for which νra j
(t) and νra j

(t−) are, respectively, the current and previous state of the play

operator.

u(t)
ra j

νra j
(t)

−ra j

Slope=1

Figure 2.3: Play operator. u(t) is the input signal, and νra j
(t) represents the state values of the

j-th operator.

For each play operator, there are two possible modes in which its state can be found

at time t, as can be seen in Figure 2.3 and observed in (2.7). One of these modes

corresponds to the linear region, i.e. where the state varies linearly subject or not to a

translation, such that νra j
(t) = u(t) ± ra j, which is illustrated by blue continuous lines in

Figure 2.3. The second mode is called the play region, where the state is constant, given

by νra j
(t) = νra j

(t−) and indicated by dashed lines in Figure 2.3 (Esbrook et al., 2014).

Considering that the hysteresis behavior might be represented by a Prandtl-Ishlinskii

operator composed of nr play operators Pra j
(2.7), its output H(·) is given by:

ν(t) = H
(

u(t); νra(t
−)

)

=

nr∑

j=1

θ jPra j

(

u(t); νra j
(t−)

)

, (2.8)

whereνra(t)≜[νra1
(t) νra2

(t) · · · νranr
(t)]T is the vector composed of the state variables νra j

(t),

of the nr play operators, at the current time t, and νra(t
−) ≜ [νra1

(t−) νra2
(t−) · · · νranr

(t−)]T
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is the vector of state variables at the instant immediately preceding the current time.

Each weight θ j is assumed to be bounded, non-negative and greater than zero, while

the radii ra j satisfy the following condition: 0 = ra1 < ra2 < · · · < ranr < ∞ (Esbrook et al.,

2014).

In order to rewrite (2.8) in a compact form, one can define P ≜ [Pra1
Pra2
· · · Pranr

]T,

which represents the temporal evolution of states νra(t) of (2.8) with respect to input

u(t), such that:

νra(t) = P
(

u(t); νra(t
−)

)

. (2.9)

Furthermore, θ ≜ [θ1 θ2 · · · θnr]
T and ra ≜ [ra1 ra2 · · · ranr]

T. Thus, one can represent

the output of the Prandtl-Ishlinskii operator (2.8) as:

ν(t) = H
(

u(t); νra(t
−)

)

= θTνra(t). (2.10)

Example 2.2. Prandtl-Ishlinskii Operator and its Hysteresis Loop.

For illustrative purposes, consider that the Prandtl-Ishlinskii operator (2.10) is com-

posed of three play operators (2.8), i.e. nr = 3, with radii given by ra = [0 0. 8 1. 7]T

and weighted by θ = [5. 88 1. 58 0. 47]T (Abreu et al., 2018a). The input-output relation

of each play operator and the resulting hysteresis loop are shown in Figures 2.4(a) and

2.4(b), respectively.
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Figure 2.4: Illustration of an operator (2.10). (a) output of the operators Pra1
, Pra2 and Pra3 ,

and in (b) the hysteresis loop of the operator (2.10). The input signal is u(t)=3 sin(2π f t) with
f = 1 Hz.

△

More details on Prandtl-Ishlinskii models can be found in the following references

(Visintin, 1994; Brokate and Sprekels, 1996).
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2.3 NARX Model

In a more general field of modeling nonlinear systems, the Nonlinear Autoregres-

sive with eXogenous inputs (NARX) representation is considered a convenient choice

due to its ability to predict a wide class of nonlinear behaviors (Leontaritis and Billings,

1985a,b). According to Billings (2013), although initially introduced as a kind of math-

ematical representation, the name NARX became known as a framework for the identi-

fication of nonlinear systems, whose main goal is to build models that are quite general

and that present simple structures. Therefore, the NARX philosophy concerns not only

obtaining models that closely fit the behavior of the investigated systems, but that can

also be used to help understanding the nonlinear dynamics inherent in such systems,

since the structural simplicity of their models would make possible a more in-depth

analysis of the fundamental dynamical properties (Aguirre and Billings, 1995b; Aguirre

and Mendes, 1996; Pearson, 1999). Indeed, such a philosophy is commonly associated

with some procedure for choosing the terms to be included in the model, so that the can-

didate regressors are ranked and included one by one, according to their importance,

until reaching a desired predictive performance.

The classic concepts for building NARX models are grounded on black-box modeling,

for which it is assumed that all relevant information about dynamic behavior is present

only in the input and output signals collected from the investigated system. Therefore,

it should be emphasized that black-box models do not rely on prior knowledge about

the system (Sjöberg et al., 1995; Chan et al., 2015; Ayala et al., 2015; Fu et al., 2016). Thus,

relevant features that should be present in a model to reproduce more subtle aspects

of the system dynamics, as well as its use for a model-based control or compensation

context that, in general, rely on an appropriate model structure, are not ensured by

black-box techniques. To circumvent this issue, the use of gray-box techniques to build

models that can be tailored to reproduce specific relevant features, that are accurate

and that have a suitable structure for their use in control or compensation schemes, has

become a promising way (Aguirre, 2019).

As for the use of gray-box modeling, it is first pointed out that there are very few

works in the literature and that the term gray-box is applied in a variety of ways.

For instance, some of them range from those in which the auxiliary information is the

model structure itself, i.e. the estimation of parameters for well established models

(Parlitz et al., 2004; Worden et al., 2007), to those that the only auxiliary information is

the fact that the data set is collected from a system that has a known relevant feature

(Leva and Piroddi, 2002; Aguirre, 2014), such as specific nonlinearity, time-invariant or

time-varying behavior, among other features. The latter way is a more comprehensive

gray-box approach, since the methods adopted to incorporate in a model the ability to

mimic a relevant feature are based on the physical insights about the dynamic behavior

of the real system. This provides advantages in the applicability of this approach,

which can be extended and that is simpler than the adoption of physically-inspired
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model structures to handle different types of systems. A common route raised by such

methods is to use physical insights to suggest specific functions of the measured data, to

be included as new candidate regressors during identification, and/or constraints to be

imposed during the parameter estimation step (Billings and Chen, 1989; Aguirre et al.,

2004; Martins and Aguirre, 2016). Although such a gray-box approach can be effective,

a systematic representation and guidelines of how to extract useful information from

data and incorporate it into a NARX model remain an open subject for research in the

identification of nonlinear systems. In light of this problem, some preliminary aspects

that ground the formulation of NARX models in the black-box context, as well as their

extension to the gray-box scenario, are stated in Section 2.3.1.

The classic concepts behind the NARX philosophy for nonlinear system identifi-

cation are briefly reviewed and discussed from Section 2.3.2 to Section 2.3.6, which

address some of the main steps used to build such models. It is noteworthy that the

main tools related to the black-box and gray-box techniques tend to remain, except

for their adaptation to suit the representation adopted for the gray-box models, and

for cases where more refined algorithms are required. Both occurrences have been

addressed in these sections, as needed. In addition, it is important to keep in mind that

the main focus of this chapter is to deal with the modeling of hysteresis nonlinearity

in dynamical systems. Therefore, although such a review is presented in a more com-

prehensive manner, the main discussions throughout the text involve the literature on

hysteresis, but are not limited to it.

In the context of hysteretic systems, the use of NARX models that are especially

dedicated to the description of such systems and/or that can be effectively used to

design compensators that mitigate their hysteresis nonlinearity is an open and recent

branch of research, whose results are still scarce in the literature (Deng and Tan, 2009;

Dong and Tan, 2014; Martins and Aguirre, 2016; Lacerda Júnior et al., 2019). Based on

this research field, some works that use them for hysteretic systems are also reviewed,

adopting a critical posture, in Section 2.3.7. Such a review intends, mainly, to present a

concise analysis and discussion addressing chronologically the advances found in the

literature, as well as discuss their pros and cons to mimic some features of hysteretic

systems. Finally, Section 2.3.8 points out some alternative ways and guidelines for

building models with the ability to reproduce some more subtle aspects of hysteresis,

which refer to interesting topics to be pursued in the future.

2.3.1 Preliminaries

A black-box NARX representation is given by (Leontaritis and Billings, 1985a,b):

yk = F
(

yk−1, · · · , yk−ny ,uk−τd
, · · · ,uk−nu

)

, (2.11)

where yk ∈ R is the output at instant k ∈ N, and uk ∈ R is the input signal, which

are obtained by measuring the continuous data y(t) and u(t) at sampling intervals Ts,
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respectively, and τd ∈N
+ is the pure time delay. Moreover, ny and nu are the maximum

lags for the output and input, respectively, and F(·) is a nonlinear function of the lagged

outputs and inputs.

Among the numerous model classes that can be obtained by restricting the func-

tion F(·) are: polynomial, rational models, and neural networks (Billings, 2013). As

a consequence of this choice, in addition to different model structures and identifi-

cation techniques, each model type has its pros and cons to represent the behavior

of a dynamical system. An interesting work that provides an in-depth analysis and

some useful guidelines linking different discrete-time model structures with some of

the important qualitative behaviors that these can produce was done by Pearson (1999).

This type of study is rarely found in the literature and it brings a valuable perspec-

tive on choosing an appropriate class of models to describe systems that have specific

dynamic features. Based on NARX representation (2.11), Pearson (1999) emphasized

that such models stand out due to their ability to produce a wide variety of qualitative

behaviors that can be obtained by a simple description of the system. Some of the qual-

itative behaviors that NARX models, especially in polynomial form, may exhibit are:

input amplitude-dependent stability, super and subharmonic generation, asymmetric

responses to symmetric input changes, and output multiplicity. Most of them are cited

by works in the literature as features commonly found in hysteretic systems (Deng and

Tan, 2009; Wei et al., 2014; Martins and Aguirre, 2016; Fujii et al., 2018). Furthermore,

other more exotic behaviors such as chaos, bifurcation, and a variety of real systems

have been described using NARX models in (Billings, 2013) and the references therein.

In terms of data fitting, NARX neural networks are an excellent choice due to their

property of universal approximators, which leads to models with good performance

for predicting nonlinear systems (Ayala et al., 2015; Chan et al., 2015; Fu et al., 2016).

However, such models tend to have a larger number of parameters and complex

functions that hinder their analysis and manipulation and, therefore, make their use

unfeasible to help understand and relate their terms to the dynamic behaviors of the

investigated system. On the other hand, the use of NARX polynomial models has been

argued to be an appealing way, since it may be possible to achieve good performance

and generality through models with about six terms (Aguirre et al., 2002; Martins

and Aguirre, 2016; Lacerda Júnior et al., 2019). In addition, such polynomial models

also have some advantages related to structural flexibility and the fact that they are

linear-in-the-parameters, which makes them easy to be implemented and enables the

use of algorithms from the least squares family for parameter estimation (Ljung, 1999;

Isermann and Münchhof, 2011). It has been argued that for a model with these features

it is feasible to enforce some constraints on its structure and parameters, in order to

make it suitable for model-based control or compensation, as well as to predict more

subtle dynamics (Pearson, 1999; Leva and Piroddi, 2002; Aguirre, 2019). Moreover,

as such models are linear-in-the-parameters, the problem of getting trapped in local

minima is avoided during estimation, which commonly occurs with models based on
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neural networks. From now on, NARX polynomial models will be considered as the

model class. Just out of curiosity, a theoretical justification for using them to represent

nonlinear systems has been presented in (Chen and Billings, 1989).

As one of our intentions here is to address ways, commonly used in the literature,

to incorporate in a model the ability to describe more subtle dynamic aspects, we start

with the description of the adopted gray-box representation, which is given by:

yk = Fℓ
(

yk−1, · · · , yk−ny ,uk−τd
, · · · ,uk−nu , ϕi, k−1, · · · , ϕi, k−nϕi

)

, (2.12)

where nϕi
is the maximum lag considered for the i-th specific function that can option-

ally be included as a candidate regressor in the model, represented by ϕi, k, Fℓ(·) is a

polynomial function of the regressor variables up to degree ℓ ∈N+, and the other vari-

ables are the same as defined in (2.11). The additional term ϕi, k is commonly defined

as a function of lagged values of yk and uk, as done in (Billings and Chen, 1989; Leva

and Piroddi, 2002; Martins and Aguirre, 2016). It should be remembered that, as afore-

mentioned, some works in the literature are based on the use of (2.12) to improve the

predictive power of the identified models and/or by means of appropriate parameter

estimation tools, which are addressed in Section 2.3.5.

Remark 2.1. It should be clear that simply including a class of regressors ϕi, k in a

model does not make it a gray-box model. In fact, gray-box techniques are grounded

on building models using some prior knowledge about the investigated system, i.e.

auxiliary information, so that such knowledge can be incorporated into the model in order

to improve its predictive performance or make it suitable for some specific purpose.

As previously explained, some ways to achieve this refer to the use of constraints

on the structure and/or parameters, adoption of algorithms for recursively updating

parameters, and/or inclusion of certain regressorsϕi, k that provide relevant information

about the system. Therefore, since it is assumed that ϕi, k is chosen based on prior

knowledge about the system to be identified, (2.12) is a gray-box representation.

The reason for explicitly including a certain class of regressors ϕi, k during the iden-

tification procedure is based on the fact that, if the pool of candidate regressors that is

used is not large enough or does not provide relevant information about the dynamic

features of interest, then the procedure will be unable to identify the appropriate model

(Billings, 2013). Therefore, a careful look at the dynamic details present in the measured

output of the investigated system, such as its high correlation or strong dependence on

system signals in a complex manner, becomes a powerful tool. For instance, in order to

identify hysteretic systems, which have hard nonlinearities that depend on the rate of

the input signal, the addition of the first difference of the input, e.g. ϕi, k = uk−uk−1, as a

candidate regressor has been adopted and discussed in the literature (Khalid et al., 2014;

Martins and Aguirre, 2016). This additional regressor has provided a good estimate of

the input rate inherent in such systems and thus improving the predictive power of the

identified model, being this a way used to extract that information from the data. A point
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to be considered is that this regressor could casually appear in the identified model

if, during the structure selection procedure (Section 2.3.4), each term was chosen sep-

arately, e.g. uk and uk−1. However, the estimated parameters would have to be exactly

reciprocal in order to have the effect of θiϕi, k = θi(uk−uk−1), which is extremely unlike in

the context of black-box modeling. Therefore, although this information is buried in

the collected data, the probability of identifying a parsimonious hysteretic model with

such regressor is almost zero unless the first difference is explicitly incorporated into

the set of candidate regressors. Likewise, this fact is even more evident for cases where

more complicated functions are desired, such as absolute value, sine and sign functions

(Billings and Chen, 1989; Leva and Piroddi, 2002).

Remark 2.2. Note that parsimony is a criterion inherent in the NARX philosophy, whose

core idea is not in a gross approximation of the system behavior, but rather to find a

model structure as simple as possible that contains only the most significant terms

(Billings, 2013). Thus, such a criterion also aims to avoid the use of excessive terms

in the model, which would lead to problems ranging from those related to numerical

to those that induce additional spurious dynamic behaviors. These are commonly

referred to as overfitting or overparametrization (Aguirre and Billings, 1995a).

Indeed, the goal is to choose functions ϕi, k that allow the models to predict systems

whose nonlinearities cannot be well approximated using only regressors based on

monomials of lagged input and output values. Thus, a relevant question arises: How to

determine, or which are, such functions? For this purpose, two ways that can be explored

are presented below.

Example 2.3. Ways to Extract Information.

In order to illustrate some possible ways of determining promising functions ϕi, k

that might provide relevant information about the dynamic features of interest and,

thus, extract such information from the collected data, two examples are presented

below. The first one aims to deal with the hysteresis, seeking insights through the

analysis of the terms that make up a well known phenomenological model, for which

we chose the Bouc-Wen model; see Section 2.2.1. The second example refers to an idea

recently raised to describe a kind of time-varying dynamics of a system by means of a

specific function of its output signal, which is based on a mathematical interpretation

proposed to capture this behavior. Such functions can be used as candidate regressors

of model (2.12).

A) Hysteresis

Consider that a discrete counterpart of the Bouc-Wen model (2.6) can be approxi-

mated by:

ykTs − y[k−1]Ts

Ts
= A

ukTs − u[k−1]Ts

Ts
− β

∣
∣
∣
∣
∣

ukTs − u[k−1]Ts

Ts

∣
∣
∣
∣
∣
y[k−1]Ts − γ

ukTs − u[k−1]Ts

Ts

∣
∣
∣
∣
∣
y[k−1]Ts

∣
∣
∣
∣
∣
, (2.13)
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for small values of Ts and, for convenience, using yk and uk here, respectively, as the

model output and input (Ahmad, 2018). For the intended analysis, one can assume

Ts=1, so that (2.13) can be rewritten as:

yk = yk−1 + A[uk − uk−1] − β
∣
∣
∣uk − uk−1

∣
∣
∣yk−1 − γ[uk − uk−1]

∣
∣
∣yk−1

∣
∣
∣. (2.14)

A basic property of the absolute value function is stated below.

Property 2.1. [(Popioøek, 1990)]. The absolute value | · | of a real number x can be expressed

as the product of this real number and its sign function (Defintion 2.1), such that:

∣
∣
∣x
∣
∣
∣ = x · sign(x).

From Property 2.1, model (2.14) is recast as:

yk = yk−1 +A [uk−uk−1]
︸    ︷︷    ︸

ϕ1, k

−β[uk−uk−1] sign(uk−uk−1)
︸          ︷︷          ︸

ϕ2, k

yk−1 −γ[uk−uk−1] sign(yk−1)
︸     ︷︷     ︸

ϕ3, k

yk−1. (2.15)

Since model (2.15) is a discrete version of a phenomenological model, its structure

provides some interesting suggestions for functions of the input and output signals

that might be used as candidate regressors of model (2.12). Specifically, note that we

highlight the three main terms ϕi, k found. As mentioned above, for hysteretic systems,

the term ϕ1, k in (2.15) can easily be defined taking into account the insights of the

interrelationship between their characteristic behavior related to the strong dependence

on the rate of the input signal, which is widely discussed in the literature, and a

mathematical operator that may provide such a feature. Conversely, termsϕ2, k andϕ3, k

indicate more complex functions that probably could not be defined based on a simple

analysis of the behavior of these systems. In (Martins and Aguirre, 2016), the use of term

ϕ2, k as a regressor of polynomial models led to a sufficient condition that enables them to

reproduce a hysteresis loop, thus indicating the improvement achieved when such term

is used. More details of this work are revisited in Section 2.3.7. Based on the term ϕ3, k,

we did not find studies in the literature dealing with its use. For this reason, some initial

tests were performed here to predict a simulated Bouc-Wen model, however, the results

obtained do not indicate an improvement in the predictive performance of the models

identified using ϕ3, k as one of the candidate regressors. In a very short view, such tests

consisted of considering ϕ1, k, ϕ2, k and ϕ3, k as possible additional candidate regressors

during the identification procedure and then evaluating the predictive performance of

the identified models. It was observed that, in some cases, ϕ3, k was not even selected

to compose the final model and that, when selected, the improvement in the prediction

was not significant. The tools used to select the model structure during these tests

were the error reduction ratio together with the Akaike’s information criterion, which

are detailed in Section 2.3.4. Therefore, in principle, the use of ϕ3, k can be disregarded,

despite the need for a more careful investigation.
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As a matter of interest, a NARX model (2.12) was identified for an experimental

electronic circuit with hysteresis, in which the sign of the first difference of the output,

i.e. sign(yk−yk−1), was included as one of the regressors (Lacerda Júnior et al., 2019).

However, the authors do not mention a reason for its use or why it should be included

as a candidate regressor, which also needs further investigation.

It is noteworthy that this type of approach to extract information can be extended

to other systems whose phenomenological models are known, so that the functions

found can be used as candidate regressors in the identification using model (2.12).

B) A Kind of Time-Varying Behavior

Here, the approach presented is based on a thorough examination of the collected

data set, without depending on the knowledge of a phenomenological model, as a

way of detecting behaviors that are hidden in it. Recently in (Abreu et al., 2021),

this approach was used to detect relevant behaviors of a potential of hydrogen (pH)

neutralization process from experimental data, for which a class of regressors ϕi, k was

proposed to improve the ability of the identified NARX models to describe varying

behavior in such processes ± such varying behavior may not necessarily be time-

dependent. To illustrate this, consider Figure 2.5.

From the temporal responses in Figure 2.5(a), it is possible to notice that the mea-

sured output signal has a subtle behavior with respect to its rate of change over time,

which is clearer in the enlarged figure. Such varying behavior becomes more evident

when compared with the estimated output of the black-box model, which was iden-

tified using only the input and output signals of the pH process. For instance, in the

range of 220− 290 k, the decay rate of the measured output can be approximated by an

exponential, while the decay rate of the estimated output by a constant. In addition,

note that the input signal in this range has a constant value, which suggests that the

core information of interest is within the measured output signal.

In order to extract useful information about this varying behavior, which might be

related to nonlinear and/or time-varying dynamics commonly found in pH processes

(Marques, 2015), Abreu et al. (2021) propose the use of the time derivative of the output

signal, which can be approximated as:

ẏ(t) ≈
ykTs − y[k−1]Ts

Ts
= ϕ1, k. (2.16)

In Figure 2.5(b), the first difference of the output signal (2.16) for the black-box model

and the process is shown. As can be seen, the calculation of (2.16) for the measured

output signal provides relevant information about the varying behavior, while for

the estimated output it indicates that the black-box model is not able to predict such

behavior, as expected. Therefore, the authors proposed the use of delayed values of the

first difference of the measured output signal (2.16) as a candidate regressor during the
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identification procedure, so that the identified models can incorporate this information,

improving their predictive power. More details can be found in (Abreu et al., 2021).
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Figure 2.5: An excerpt of the collected data, with the sampling time of Ts=1 s, and the predictive
results obtained for the pH neutralization process studied in (Abreu et al., 2021). (a) estimates
of the pH process, and (b) the first difference of the output. (−) refers to the input, (−) the
measured output, and (· · · ) the estimated output ± see Eq. (9) in (Abreu et al., 2021) ± using
constant parameters.
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Note that the approach described in this example tends to be more general than

the one described in the previous one, since it assumes that all information is within

the collected data set and can be discovered with a thorough examination. However,

this task may not be as easy as it seems, since it depends on a critical look at all the

dynamic details, and then extract/represent this information through a mathematical

operator. △

Given the initial definitions and assumptions provided above, some of the main

steps and concepts of NARX philosophy for nonlinear system identification are pre-

sented in what follows.

2.3.2 Dynamic Tests

As the identification procedure aims to build models from a set of data collected

from an investigated system, a fundamental first step refers to the design of dynamic

tests that excite the characteristics of interest. Therefore, issues related to the range

of amplitude and frequency to be excited, as well as the type of signal used for this

purpose, need to be determined a priori. An important aspect to be pursued in this

context is the use of a persistently exciting input signal (Ljung, 1999; Billings, 2013). In

terms of nonlinear identification, such a signal is commonly described to be able to

excite a certain frequency range and reach a variety of operating points within the

amplitude range of the investigated system (Schoukens and Ljung, 2019).

Another interesting point that deserves attention is that a sampling time Ts should

be defined so that the collected data preserve the fundamental features of the system

during the dynamic tests. This subject is important mainly due to the trade-off between

low and high values of Ts, which can affect the reconstruction of information and the

identification of nonlinear systems (Shannon, 1949; Billings and Aguirre, 1995). In

short, for excessively large Ts, the relevant dynamic information in the set of data

collected from the system will be lost and, thus, its use becomes inappropriate for

reconstruction and identification. On the other hand, for very small Ts, the data

may become highly correlated, which affects the performance of the algorithms used

(Aguirre, 1994; Billings, 2013). Billings and Aguirre (1995) presented a procedure based

on linear and nonlinear correlation functions of the data, which can be used to choose

an appropriate value of Ts for the identification of nonlinear systems. Based on it, two

ways are commonly adopted. The first one refers to an ideal scenario, for which it

is possible to repeat the experiments, now using the appropriate value found for the

sampling time. However, there are several situations in which repeating or even doing

an experiment (e.g. for the use of historical data) becomes unfeasible due to factors

related to time, high costs, safety, among others. The second way, widely used in the

literature, aims to convert this sampling time into a decimation factor so that the original

data can be decimated to provide a properly sampled data set.
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For the specific case of hysteretic systems, an interesting question related to how

the discretization method and the choice of the sampling time affect the parameter

estimation of a polynomial model was investigated in (Lacerda Júnior et al., 2017).

From the results of this study, the authors came to the conclusion that the use of any

decimation factor in hysteretic data leads to less accurate models compared to the case

in which their parameters are estimated without decimating such data. Therefore, since

the value chosen for the sampling time is directly related to the quality of the identified

model and the use of decimation factors leads to the loss of relevant dynamic charac-

teristics in the data collected from hysteretic systems, such a task must be performed

with caution. It is suggested that, whenever possible, preliminary experiments should

be carried out to guide the choice of the most appropriate sampling time and, thus, to

avoid the application of decimation in hysteretic data.

Regarding the design of a persistent input signal for identification purposes, there

are some descriptions and mathematical formulations provided in the literature to

achieve it. In the context of linear identification, a Pseudo Random Binary Signal (PRBS) is

commonly used to excite the dynamic features of the system due to the fact that it is easy

to generate, covers a wide frequency range, and excites only two amplitudes values

to capture the linear behavior around a desired operating point. The mathematical

formulation used to implement this signal can be found in (Ljung, 1999; Keesman, 2011).

However, it has been argued that, in general, such an excitation signal is inappropriate

when it comes to identifying nonlinear systems, since it may not bring out the nonlinear

behaviors that arise when different operating points over the full amplitude range are

traversed (Leontaritis and Billings, 1987; Nelles, 2001; Shariff et al., 2013). Thus, an

alternative solution usually described for this problem is to extend the PRBS, so that

different amplitude values can be explored. Although this type of solution has been

widely used by works in the literature, it is hard to find a detailed description of how

to design it, e.g. the input was generated to maintain and change its value following

some probability distribution (Hernández and Arkun, 1993; Bomberger and Seborg,

1998; Retes and Aguirre, 2019). Therefore, in what follows, we present a detailed

formulation for the design of this type of excitation signal, in which it is possible to

consider more complicated dependencies inherent to some dynamical systems.

In order to illustrate the procedure proposed for designing this excitation input,

which is referred to in this work as Pseudo Random Variable Steps (PRVS), consider the

schematic representation in Figure 2.6. The input is a sequence of steps, with amplitudes

within the range umin ≤ uk ≤ umax, ∀k. Assuming that preliminary experiments can be

carried out on the system, then, one must initially determine the amplitude values

(us l̊ ∈ R
+ for l̊ = 1, 2, · · · ,ns) for each step signal that will be applied to the system. It

is suggested that these ns values are proportionally distributed within the amplitude

range of the investigated system and satisfy the following condition: 0 < us 1 < us 2 <

· · · < us ns ≤ (umax − umin); see Figure 2.6(a). The objective with the choice of ns different

amplitude values is to take into account the nonlinear dynamic behaviors that might be
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noticed in the system output. Also, another dynamic behavior that might commonly

affect the output of some nonlinear systems refers to its dependence on how the input

signal changes its value over time, i.e. for cases in which the input signal is an increasing

step or is a decreasing step; see Figure 2.6(a). In this sense, it is assumed that each of these

step signals us l̊ are applied as an increasing step and a decreasing step, so that their

corresponding outputs can be used to properly adjust the setup coefficients k
up

min, l̊
and

k
up

max, l̊
, and kd

min, l̊
and kd

max, l̊
, respectively. It is worth mentioning that k(•)

min, l̊
∈ N+ refers

to a minimum number of samples that the excitation input might be kept constant at a

given value, while k(•)

max, l̊
∈ N+ refers to its maximum number of samples. Thus, based

on temporal responses collected from the investigated system for each step signal us l̊,

the corresponding pair k(•)

min, l̊
and k(•)

max, l̊
should be chosen so that the resulting excitation

input signal will be kept constant until the system provides some response and that it

will not be kept constant long enough to reach the steady-state response, respectively.

k
up

max, l̊
k

umin

umax

u

umean us1us2· · · usns

kd

max, l̊
kd

min, l̊
k

up

min, l̊

(a)

down

up umin

umax

k 50250 75

(b)

Figure 2.6: Schematic representation for the design of a PRVS excitation signal. (a) the main
setup coefficients to be determined, and (b) a resulting excitation signal.

In the sequel, after determining the values of the setup coefficients, it is necessary

to define how to assign a certain degree of randomness to changes in the ampli-

tude values and in the number of samples for which the excitation input will be kept

constant. This type of feature aims to make pseudo random signals more appropri-

ate for nonlinear identification purposes, i.e. providing a persistently exciting signal

(Billings, 2013). First, in this work, we consider that the excitation input signal to

be generated can be represented as a vector u ∈ RN, which is compose of a total of

N ∈ N+ samples. From this, it is assumed that all possible input signal values are

uniformly distributed within the full amplitude range, being denoted by a continuous

uniform random variable Å whose values are equally likely. Its shorthand notation is

Å ∼ U(0,umax−umin), which means that Å is distributed according to a continuous uniform

distributionU(0,umax−umin) with lower and upper limits of amplitude values defined

here as 0 and (umax − umin), respectively. Also, we assume that å ȷ̊ ∈ R is a possible
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value, i.e. a realization, obtained by performing the ȷ̊-th numerical trial (or experiment)

of Å (Kay, 2006). In a similar vein, it is considered that the number of samples, for

which each value å ȷ̊ is kept constant, is determined by the ȷ̊-th realization of a discrete

uniform random variable K̊(•)

l̊
as κ̊(•)

l̊, ȷ̊
∈ N+. Thus, its shorthand notation is defined as

K̊(•)

l̊
∼ U

{

k(•)

min, l̊
, k(•)

max, l̊

}

, whereU
{

k(•)

min, l̊
, k(•)

max, l̊

}

represents a discrete uniform distribution

with lower and upper limits k(•)

min, l̊
and k(•)

max, l̊
, respectively. It should be noted that κ̊(•)

l̊, ȷ̊

consists of an integer value that is a realization of K̊(•)

l̊
, whose lower and upper limits are

dependent on the behavior of the input signal as an increasing or a decreasing step and

its magnitude, which are obtained using the preliminary experiments, as previously

explained. Therefore, in order to properly compose the PRVS signal vector u to be

generated with N samples according to the procedure described above, the following

algorithm can be defined:

∆̊ ȷ̊ = å ȷ̊ − å ȷ̊−1, (2.17)

l̊ =





1, for |∆̊ ȷ̊| ≤ us 1;

2, for us 1 < |∆̊ ȷ̊| ≤ us 2;
...

...

ns, for us [ns−1] < |∆̊ ȷ̊| ≤ us ns .

(2.18)

N̊ ȷ̊ =





κ̊
up

l̊, ȷ̊
, for ∆̊ ȷ̊ > 0;

κ̊d

l̊, ȷ̊
, for ∆̊ ȷ̊ < 0.

(2.19)

s̊ ȷ̊ = å ȷ̊1, for 1 ≜ [1 1 · · · 1]T being a N̊ ȷ̊ × 1 vector; (2.20)

which must be done iteratively (for ȷ̊ = 1, 2, · · · , ȷ̊∗
f
) until an excitation input signal

u ≜
[

s̊1; s̊2; · · · ; s̊ ȷ̊∗
f

]

∈ RN (2.21)

is generated, such that N=N̊1+N̊2+ · · ·+N̊ ȷ̊∗
f
. The initial value å0 in (2.17) can be taken

as a realization of Å. For the last iteration ȷ̊∗
f
, which initially has an unknown value,

the corresponding number of samples N̊ ȷ̊∗
f

obtained with (2.19) can be adjusted, when

necessary, so that N̊ ȷ̊∗
f
=N−N̊1 − N̊2 − · · · − N̊ ȷ̊∗

f
−1 is satisfied and, thus, generates the input

signal (2.21); see Figure 2.6(b). This procedure is briefly illustrate in Example 2.4.
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Example 2.4. Design of a PRVS Excitation Signal.

In order to identify nonlinear models to predict an experimental pH neutralization

process, Abreu et al. (2021) used the procedure presented here to generate a suitable

PRVS input signal. Based on the titration curve presented in Figure 2.7(a), which

provides insights into the nonlinearity inherent in this process (McMillan and Cameron,

2004), the operation region umin ≤ uk ≤ umax is defined and also the amplitude values

us l̊ for each step signal to be used in the preliminary experiments. It should be noted

that the setup coefficients included in Figure2.7(a) are merely illustrative, but help to

give an idea of how to choose them; compare to Figure 2.6(a). The temporal responses

collected from the pH process for the input signal as an increasing step and a decreasing

step with amplitude us5=5 and the corresponding value chosen for the coefficients k(•)
min, 5

and k(•)
max, 5 are shown in Figures 2.7(b) and 2.7(c), respectively.

0 100 200 300 400 500 600 700 800
k

4
5
6
7
8
9

10

y(
p

H
)

0 100 200 300 400 500 600 700 800
k

4
5
6
7
8
9

10

y(
p

H
)

0 2 4 6 8 10 12 14 16 18 20
Volume of base solution (liters)

2

3

4

5

6

7

8

9

10

11

12

y(
p

H
)

(b)

(c)

(a)

us1 us2 us3 us4 us5 us6 umean

umin

umax
k

up

min, 5
=114

k
up

max, 5
=228

kd
min, 5

=250

kd
max, 5

=500

Figure 2.7: Preliminary experiments carried out for the design of the PRVS excitation signal
used in (Abreu et al., 2021) to identify a pH neutralization process. (a) the titration curve with
amplitudes values us l̊ used in the experiments, and temporal responses for the step input signal
with amplitude us5 = 5 as step up and down in (b) and (c), respectively. (−) refers to the input,
and (−) the measured output.

It should be remembered that, as mentioned before, the literature provides only

some guidance on how to determine the minimum and maximum number of samples,

i.e. k(•)

min, l̊
and k(•)

max, l̊
, for which the excitation input might be kept constant at a given

amplitude value. Therefore, for the pH process under study, it was defined that the

minimum k(•)

min, l̊
must be determined as the time required for the process output to reach

approximately 45% of its covered value range, in the preliminary experiments, and the

maximum as k(•)

max, l̊
= 2k(•)

min, l̊
; as illustrated in Figures 2.7(b) and 2.7(c). The values

obtained for each setup coefficient are summarized in Table 2.1.
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Table 2.1: Setup coefficients chosen to design a PRVS signal for the pH process.

Input Number of Amplitude Values - us l̊

Signal Samples us 1=1 us 2=2 us 3=3 us 4=4 us 5=5 us 6=6

Increasing step
k

up

min, l̊
54 64 74 94 114 134

k
up

max, l̊
108 128 148 188 228 268

Decreasing step
kd

min, l̊
60 110 150 180 250 280

kd

max, l̊
120 220 300 360 500 560

Based on the coefficients determined in Table 2.1 and using the proposed algorithm

(2.17)±(2.21), Abreu et al. (2021) obtained the excitation input signal u and the corre-

sponding process output shown in Figure 2.8.

0 0.5 1 1.5 2 2.5 3 3.5
k

4
5
6
7
8
9

10

u
(p

H
)

0 0.5 1 1.5 2 2.5 3 3.5
k

4
5
6
7
8
9

10

y(
p

H
)

×104

×104

(b)

(a)

Figure 2.8: Data collected, with Ts=1 s, from the pH neutralization process studied in (Abreu
et al., 2021). (a) PRVS excitation input signal, and (b) measured output.

△

Although this type of input signal, i.e. sequence of steps, is commonly used to

identify nonlinear systems, there are some systems that demand more subtle excitation

signals. For instance, to identify hysteretic systems, whose nonlinearity is dominant at

low-frequency and has a strong dependence on the rate of change of the input signal, the

use of smoother signals tends to be more appropriate to preserve these characteristics

in the collected data (Ikhouane and Rodellar, 2007; Cao et al., 2013; Khalid et al., 2014).

Therefore, in order to design smoother and persistently exciting input signals, Tavares

(2020) proposed a concise mathematical formulation that allows the user to select the

frequencies and operating points of interest to be covered, so that such information is
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preserved in the identification data. In this work, this type of excitation input signal is

referred to as a Pseudo Random Filtered Signal (PRFS). To address the formulation raised

in (Tavares, 2020) to generate this input signal, its procedure is briefly revisited below.

A schematic representation is given in Figure 2.9 to provide an overview of the

framework used and the main coefficients involved in the design of a PRFS.
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Figure 2.9: Schematic representation for the design of an excitation input as a PRFS. (a) the
main setup coefficients to be determined, and (b) a resulting excitation signal.

As the goal here is to generate signals that, besides being persistently exciting, have

smoother value changes, the first decisions to be made refer to the range of frequencies

and operating points to be covered, as well as how to assign randomness to changes

in the amplitude values. Therefore, the user must determine the frequencies ( fı̊ ∈ R
+

for ı̊ = 1, 2, · · · ,nf) of interest to be contained in the excitation signal u ∈ RN. For this

purpose, fifth-order low-pass Butterworth filters, Bı̊(q), are designed with a respective

cutoff frequency fı̊. Such filters are then applied to a vector b̊ı̊ ≜ [b̊1 b̊2 · · · b̊Nı̊
]T ∈ RNı̊

composed of Nı̊ ∈ N
+ realizations extracted from a normal random variable B̊ that



2.3 NARX Model 44

provides the degree of randomness to reach a variety of input signal values within the

full amplitude range. Its shorthand notation is B̊ ∼ N(0, 1), where N(0, 1) represents

a standard normal distribution with mean 0 and variance 1. Each of these filtered

random value vectors is represented by:

fb̊ı̊ = Bı̊(q)b̊ı̊ ≜
[

fb̊1
fb̊2 · · ·

fb̊Nı̊

]T
∈ RNı̊ , (2.22)

which, for convenience, is conditioned to have its maximum and minimum values as 1

and −1, respectively, as follows:

fb̊ı̊ = 2

[
fb̊ı̊ −min(fb̊ı̊)

max(fb̊ı̊) −min(fb̊ı̊)

]

− 1. (2.23)

It should be noted that once the excitation signalu to be generated has N samples, the Nı̊

samples that make up each of the vectors fb̊ı̊ must be chosen so that N=N1+N2+ · · ·+Nnf

is satisfied. In addition, in order to ensure that specific operating points are covered,

one can determine those of interest as being oι̊ ∈ R for ι̊ = 1, 2, · · · , v. The maximum

amplitude to be explored around each of these points oι̊ is defined as Gι̊ ∈ R
+. Therefore,

once the desired frequencies and operating points have been defined, it is assumed that

for each of the frequencies fı̊, all v operating points are covered with the same number

of samples and, thus, Nı̊ must be defined as a multiple of the number of operating

points. An illustrative representation of these setup coefficients is shown in Figure 2.9.

After that, in order to properly compose the excitation input vector u according

to the procedure described above to generate one PRFS, the following signal can be

computed:

sı̊ =





G1b̊
∗
ı̊, 1
+ o1, with b̊∗

ı̊, 1
≜

[

fb̊1
fb̊2 · · ·

fb̊ Nı̊
v

]T

;

G2b̊
∗
ı̊, 2
+ o2, with b̊∗

ı̊, 2
≜

[

fb̊ Nı̊
v +1

fb̊ Nı̊
v +2
· · · fb̊

2
Nı̊
v

]T

;

...
...

Gvb̊
∗
ı̊, v
+ ov, with b̊∗

ı̊, v
≜

[

fb̊
[v−1]

Nı̊
v +1

fb̊
[v−1]

Nı̊
v +2
· · · fb̊Nı̊

]T

;

(2.24)

thus yielding a vector sı̊ ∈ R
Nı̊ . Note that, as aforementioned, for each operating point

oι̊ the Nı̊ filtered realizations of B̊, which make up the vector fb̊ı̊ (2.23), are equally

divided and represented as values of a vector b̊∗
ı̊, ι̊

in (2.24), i.e. fb̊ı̊ =
[

b̊∗
ı̊, 1

; b̊∗
ı̊, 2

; · · · ; b̊∗
ı̊, v

]

.

So, calculating (2.24) for ı̊ = 1, 2, · · · ,nf, we have the excitation input given by:

u ≜
[
s1; s2; · · · ; snf

]
∈ RN. (2.25)

As the concatenation of signals sı̊ to compose umight produce higher frequencies that

are not desired, an additional filtering is performed in (2.25), i.e. u=Bı̊(q)u, for which we
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suggest using a filter with at least twice the highest frequency value fı̊. Considering the

algorithm (2.22)±(2.25), an illustrative excitation input signal is shown in Figure 2.9(b),

for which the following setup coefficients were used: nf = 3, f1 = 0. 5 Hz, f2 = 1. 0 Hz,

f1 = 4. 0 Hz, v = 3, o1 = 1, o2 = 3, o3 = 7, G1 = 1, G2 = 3, G3 = 2, N = 24750, N1 = 7200,

N2 = 10800, and N3 = 6750. This type of excitation input signal, i.e. PRFS, will be used

in Chapter 5 to identify hysteretic systems.

2.3.3 NARX Clustering Representation

An interesting way to represent a NARX polynomial model (2.12) is to express it

as the summation of terms, i.e. regressors, with degrees of nonlinearity in the range

[1 ℓ]. Each (p + m + qi)-th order term can contain a p-th order factor in yk−τ ȷ , an m-th

order factor in uk−τ ȷ , and a qi-th order factor in ϕi, k−τ ȷ , which refers to the i-th regressor

included to compose the gray-box model (Remark 2.1), and is multiplied by a constant

parameter cp,m,qi
(τ1, · · · ,τp+m+qi

), with τ ȷ ∈ N+ being an arbitrary delay. So rewriting

(2.12) in this way, we have (Peyton-Jones and Billings, 1989):

yk=

ℓ∑

qi=0

ℓ−qi∑

m=0

ℓ−m−qi∑

p=0

ny,nu,nϕi∑

τ1,τm,τqi

cp,m,qi
(τ1, · · · ,τp+m+qi

)

p
∏

ȷ=1

yk−τ ȷ

m∏

ȷ=1

uk−τp+ ȷ

qi∏

ȷ=1

ϕi, k−τp+m+ ȷ , (2.26)

where
ny,nu,nϕi∑

τ1,τm,τqi

≡

ny∑

τ1=1

· · ·

ny∑

τp=1

nu∑

τp+1=τd

· · ·

nu∑

τp+m=τd

nϕi∑

τp+m+1=1

· · ·

nϕi∑

τp+m+qi
=1

,

and the upper limit is ny if the summation refers to factors in yk−τ ȷ , nu for factors in

uk−τ ȷ or nϕi
for factors in ϕi, k−τ ȷ . It is worth mentioning that if it is desired to deal with

a black-box NARX polynomial model, for which no additional regressors ϕi, k should

be considered, the summation symbol and terms related to ϕi, k in (2.26) can simply be

excluded. Conversely, it is important to keep in mind that, although the representation

(2.26) takes into account the i-th regressor included in model (2.12), when more than

one additional regressor is adopted, a small modification is required to represent it

properly. Such modification consists of including the corresponding number of sum

operators that is in accordance with the number of included regressors. For instance,

considering a gray-box NARX model (2.12) with two additional regressorsϕ1, k andϕ2, k,

the first part of the representation (2.26) becomes yk=
∑ℓ

q2=0

∑ℓ−q2

q1=0

∑ℓ−q1−q2

m=0

∑ℓ−m−q1−q2

p=0
· · · ,

which corresponds to the necessary modification.

Remark 2.3. As the parameters of model (2.26) are estimated from data sampled at sam-

pling intervals Ts, it would be appropriate to represent them as cp,m,qi
(Ts,τ1, · · · ,τp+m+qi

).

However, for simplicity, the argument Ts is dropped (Billings, 2013).



2.3 NARX Model 46

Example 2.5. NARX Expanded as a Summation of Terms.

For illustrative purposes, the NARX model (2.26) is expanded taken ℓ=2, yielding:

yk = c0,0,0 +
∑ny

τ1=1
c1,0,0(τ1)yk−τ1

+
∑nu

τ1=τd
c0,1,0(τ1)uk−τ1

+
∑nϕi

τ1=1
c0,0,1(τ1)ϕi, k−τ1

+
∑ny

τ1=1

∑ny

τ2=1
c2,0,0(τ1, τ2)yk−τ1

yk−τ2
+

∑nu

τ1=τd

∑nu

τ2=τd
c0,2,0(τ1, τ2)uk−τ1

uk−τ2

+
∑nϕi

τ1=1

∑nϕi

τ2=1
c0,0,2(τ1, τ2)ϕi, k−τ1

ϕi, k−τ2
+

∑ny

τ1=1

∑nu

τ2=τd
c1,1,0(τ1, τ2)yk−τ1

uk−τ2

+
∑ny

τ1=1

∑nϕi

τ2=1
c1,0,1(τ1, τ2)yk−τ1

ϕi, k−τ2
+

∑nu

τ1=τd

∑nϕi

τ2=1
c0,1,1(τ1, τ2)uk−τ1

ϕi, k−τ2
. (2.27)

△

Based on the NARX model formulated as (2.26), Aguirre and Billings (1995b) defined

the concepts of term clusters and cluster coefficients in the context of system identification.

Such concepts aim not to look at each regressor that makes up a NARX model as in (2.27),

but rather in a compact form, as members of a class that share similar characteristics.

The similarity adopted was related to the degree of nonlinearity of the regressors, since

it is intuitively known that those belonging to this same type of class or term cluster

explain the same type of nonlinear behavior, regardless of their lag. Thus, having

grouped the regressors of the investigated model in an appropriate term cluster, its

corresponding cluster coefficient is defined as the summation of the parameters of all

the regressors that are contained in such a cluster (Aguirre and Billings, 1995b). To

formalize these concepts, the authors started from the premise that the sampling time

Ts is small enough such that:





yk−1 ≈ yk−2 ≈ · · · ≈ yk−ny ,

uk−τd
≈ uk−τd−1 ≈ · · · ≈ uk−nu ,

ϕi, k−1 ≈ ϕi, k−2 ≈ · · · ≈ ϕi, k−nϕi
,

(2.28)

and, thus, (2.26) can be rewritten as:

yk ≈

ℓ∑

qi=0

ℓ−qi∑

m=0

ℓ−m−qi∑

p=0

[ ny,nu,nϕi∑

τ1,τm,τqi

cp,m,qi
(τ1, · · · ,τp+m+qi

)

]

y
p

k−1
um

k−τd
ϕ

qi

i, k−1
. (2.29)

Definition 2.2. [Term clusters and cluster coefficients (Aguirre and Billings, 1995b)].

The constants
∑ny,nu,nϕi
τ1,τm,τqi

cp,m,qi
(τ1, · · · ,τp+m+qi

) in (2.29) are the coefficients of the term clusters

Ωypumϕ
qi
i
, which contain the set of all terms, or regressors, of the form y

p

k−τy
um

k−τu
ϕ

qi

i, k−τϕi

for

m + p + qi ≤ ℓ, where τy, τu and τϕi
are any time lags. Such coefficients are called cluster

coefficients and are represented as Σypumϕ
qi
i
, which refers to the sum of the coefficients of all terms

that make up the cluster Ωypumϕ
qi
i
.
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Remark 2.4. As will be seen, Definition 2.2 has a close and important relationship with

the steady-state, which is a particular case of the classical premise adopted in (2.28) to

achieve (2.29) (Aguirre and Billings, 1995b; Aguirre and Mendes, 1996). Nevertheless,

we chose to keep this classical formulation because it allows us to deal even with those

regressors that vanish at steady-state, such as ϕ1, k = uk − uk−1 which is commonly used

to describe hysteretic systems (Example 2.3). Note that if steady-state was assumed

during formulation, terms like this ϕ1, k would be eliminated from (2.29) and hence

from Definition 2.2.

The following example illustrates the application of Definition 2.2.

Example 2.6. NARX Clustering Representation.

Consider the following NARX model:

yk=θ1yk−1+θ2uk−2+θ3ϕ1, k−1+θ4yk−2uk−4+θ5yk−1yk−2+θ6yk−1uk−1 + θ7uk−1ϕ1, k−2, (2.30)

whereϕ1, k=uk−uk−1 and τd=1. In order to describe such a model in the form of (2.26), we

have: θ1=c1,0,0(1), θ2=c0,1,0(2), θ3=c0,0,1(1), θ4=c1,1,0(2, 4), θ5=c2,0,0(1, 2), θ6=c1,1,0(1, 1) and

θ7=c0,1,1(1, 2). From Definition 2.2, the term clusters and cluster coefficients of model

(2.30) are, respectively, represented by: Ωy with coefficient Σy=θ1, Ωu with Σu=θ2, Ωϕ1

with Σϕ1
=θ3, Ωyu with Σyu=θ4+θ6, Ωy2 with coefficient Σy2=θ5 and Ωuϕ1

with Σuϕ1
=θ7.

Hence, model (2.30) in clustering representation (2.29) can be expressed as:

yk≈Σyyk−1 + Σuuk−1 + Σϕ1
ϕ1, k−1 + Σyuyk−1uk−1 + Σy2 y2

k−1 + Σuϕ1
uk−1ϕ1, k−1.

△

In (Aguirre and Mendes, 1996), a more detailed investigation showed that the term

clusters and cluster coefficients (Definition 2.2) can be exactly defined when it comes to

the steady-state analysis of NARX polynomial models, since the approximation (2.28)

must be taken as an equality, such that: yk = Åy,∀k, uk = Åu,∀k and ϕi, k = Åϕi,∀k. In

addition, it was presented how these concepts are useful to characterize the number,

location and stability of fixed points. The definition of fixed points is given below.

Definition 2.3. [Fixed points (Aguirre and Mendes, 1996)]. The steady-state analysis of

model (2.12) is computed by taking yk= Åy,∀k, uk= Åu,∀k and ϕi, k= Åϕi,∀k, yielding Åy= ÅFℓ( Åy, Åu, Åϕi),

whose solution(s) Åy for a given constant value of input Åu and Åϕi is defined as the fixed point(s),

or equilibria, of model (2.12).

It is important to point out that the extensions in the formulations and definitions

presented throughout this work are directly linked to the inclusion of candidate regres-

sor ϕi, k. Therefore, it should be clear that the main difference between these and those

originally proposed in the black-box context refers to the need for proper mathematical

manipulation of the predefined regressor ϕi, k, which will be some function of lagged

values of yk and uk, during the intended analysis.
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Remark 2.5. For steady-state analysis, in (2.29), yk and yk−1 are replaced by Åy, uk−1 by Åu,

and ϕi, k−1 by Åϕi, respectively. Also, the symbol ª≈º is replaced by ª=º. The solution of

model (2.29), adopting these modifications, will yield the fixed points, or equilibria, of

model (2.12) for a given Åu and Åϕi.

The number of solutions for which the model remains invariant, given Åu and Åϕi,

depends on the maximum degree of output regressors in the model. The condition that

each solution must satisfy to be locally stable is defined below.

Definition 2.4. [Stability of Fixed points (Aguirre and Mendes, 1996)]. The local stability

of the fixed points (Definition 2.3) is verified by evaluating the eigenvalues of the Jacobian matrix

of model (2.12) at each fixed point. Its Jacobian matrix is determined as:

D =





0 1 0 · · · 0

0 0 1 · · · 0
...

...
... · · ·

...

0 0 0 · · · 1
∂Fℓ

∂yk−ny

∂Fℓ

∂yk−ny+1

∂Fℓ

∂yk−ny+2
· · · ∂Fℓ

∂yk−1





, (2.31)

and the condition to be evaluated is:

∣
∣
∣eig(D)yk= Åy,uk= Åu, ϕi, k= Åϕi

∣
∣
∣ < 1, (2.32)

where eig(·) indicates the eigenvalues and its subscript emphasizes the analysis at each fixed

point Åy for a given Åu and Åϕi. Thus, roughly, if all eigenvalues of (2.31) satisfy condition (2.32),

the fixed point is stable, otherwise it is unstable. It is worth mentioning that, for the sake of

simplicity, many of the works in the literature have shortened the notation of (2.31) and (2.32)

as: ∣
∣
∣
∣
∣
∣
∣

eig





∂Fℓ
(

y, Åu, Åϕi

)

∂y





∣
∣
∣
∣
∣
∣
∣

< 1, (2.33)

where y = [yk−1 . . . yk−ny]
T, and with Fℓ(·) being the right side of model (2.12).

Example 2.7. NARX Clustering Representation at Steady-State.

For the model in Example 2.6, it was seen that:

yk≈Σyyk−1 + Σuuk−1 + Σϕ1
ϕ1, k−1 + Σyuyk−1uk−1 + Σy2 y2

k−1 + Σuϕ1
uk−1ϕ1, k−1,

which, from Remark 2.5, can be rewritten as:

Σy2 Åy2 + [Σyu Åu + Σy − 1] Åy + Σu Åu = 0. (2.34)

Note that, as for steady-state analysis uk= Åu,∀k, then ϕ1, k=uk−uk−1 = 0,∀k and, conse-

quently, the term clusters that possess ϕ1, k as a regressor vanish, i.e. Ωϕ1
= Ωuϕ1

= ∅ in

(2.34).
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Since (2.34) is a quadratic polynomial, there are two fixed points (Definition 2.3),

which are given by the following analytical expressions:





Åy1 =

1 − Σy − Σyu Åu +
√

[Σyu Åu + Σy − 1]2 − 4Σy2Σu Åu

2Σy2

, (2.35)

Åy2 =

1 − Σy − Σyu Åu −
√

[Σyu Åu + Σy − 1]2 − 4Σy2Σu Åu

2Σy2

. (2.36)

For the stability analysis of fixed points (2.35) and (2.36), as stated in Definition 2.4, the

following conditions are obtained for the eigenvalues of the Jacobian matrix of model

(2.30):





−1 <





d1 +

√

d2
1
+ 4d2

2





yk= Åy,uk= Åu

< 1,

−1 <





d1 −

√

d2
1
+ 4d2

2





yk= Åy,uk= Åu

< 1,

(2.37)

where d1 =
∂Fℓ

∂yk−1
= θ1 + θ5yk−2 + θ6uk−1 and d2 =

∂Fℓ

∂yk−2
= θ4uk−4 + θ5yk−1. Therefore, if

both conditions in (2.37) are satisfied for the fixed point (2.35) or (2.36) and for a given

constant input value Åu, then such a fixed point is asymptotically stable. △

In terms of hysteretic systems, a small but important difference related to the number

of solutions that characterize such nonlinear systems is briefly mentioned here and will

be investigated more carefully in Chapter 4. For this type of nonlinearity, some works

have been directed to answer the following fundamental and primary question: What is

hysteresis? (Bernstein, 2007; Morris, 2011). Based on their statements raised, a common

feature expected in hysteretic models is the fact that any solution obtained with a

constant input is an equilibrium and, therefore, such models have a continuum of steady-

state solutions, whose definition is given below which assumes that Fℓ in (2.12) is smooth

and that it has two additional candidate regressors ϕ1, k=uk − uk−1 and ϕ2, k=sign(ϕ1, k).

Definition 2.5. [Continuum of steady-state solutions (Morris, 2011)]. Let uk= Åu,∀k, be

any constant input of model (2.12). Hence, ϕ1, k=uk − uk−1=0 and ϕ2, k=sign(ϕ1, k)=0,∀k, thus

yielding yk=Fℓ(yk−1, · · · ,yk−ny , Åu), where yk is the output at instant k given Åu. If in steady-state,

for each constant Åu, yk converges and remains at some constant value Åy, then the model (2.12)

has a continuum of steady-state solutions.
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It should be remembered that the reason for using ϕ1, k=uk−uk−1 and ϕ2, k=sign(ϕ1, k)

as additional candidate regressors of model (2.12), to describe hysteretic systems, was

briefly discussed in Example 2.3 A). More details about it can be found in Section 2.3.7.

2.3.4 Model Structure Selection

One of the most important steps in identifying nonlinear systems corresponds to

the selection of the model structure. In the literature, there are some works that address

the difficult task of selecting a suitable structure for a given application (Billings et al.,

1989; Aguirre and Billings, 1995b; Aguirre and Mendes, 1996; Piroddi and Spinelli, 2003;

Baldacchino et al., 2013; Shi and Wu, 2013; Falsone et al., 2015). In the case of polynomial

models, some interesting relationships between their structure and dynamic properties

have been presented. In particular, it has been argued that the choice of an inadequate

structure does not allow obtaining a representative model, even if the identification

data set to be used to estimate the model parameters is changed.

The complexity of determining which terms should make up the polynomial model

(2.12) grows exponentially with the increase of the degree of nonlinearity ℓ and the

maximum delays ny of the output, nu of the input, and nϕi
of the additional regressor.

In order to calculate the maximum number of candidate terms, the following expression

is provided (Korenberg et al., 1988):

nθ =M + 1, (2.38)

where nθ is the number of terms in the model and

M =

ℓ∑

ı=1

nı,

with

nı =
nı−1(ny + nu + nϕi

+ ı − 1)

ı
, n0 = 1.

As one might note, even for relatively low meta-parameters values (i.e. ℓ, ny, nu and

nϕi
), the number of candidate terms (2.38) tends to be too high, giving rise to an excessive

amount of possible combinations of terms that could be impractical to solve by brute

force (Korenberg et al., 1988; Aguirre, 1994). Furthermore, as the NARX philosophy

aims to identify parsimonious models, the use of all, or excessive, nθ candidate terms to

compose the final model generally leads to inadequate models and should be avoided;

see Remark 2.2. Therefore, in order to deal with the structure selection problem, several

works in the literature have been dedicated to providing effective procedures that help

to reduce the number of candidate terms or that determine which terms should be

included in the model to improve its predictive capacity (Aguirre, 1997; Piroddi, 2008;

Martins et al., 2013; Falsone et al., 2015; Retes and Aguirre, 2019; Araújo et al., 2019). In
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what follows, some interesting tools commonly used for structure selection of NARX

polynomial models are briefly reviewed.

First of all, we draw attention to the fact that such a polynomial model (2.12) is

linear-in-the-parameters and, therefore, can be expressed in linear regression form as:

yk = ψ
T
k−1θ̂ + ξk =

nθ∑

l=1

θ̂lψl, k−1 + ξk, (2.39)

for whichψk−1 ∈ R
nθ contains linear and nonlinear combinations of output yk−1,. . . ,yk−ny ,

input uk−τd
,. . . ,uk−nu and additional termsϕi, k−1,. . . ,ϕi, k−nϕi

, which are weighted by the es-

timated parameter vector θ̂ ∈ Rnθ , ξk ∈ R is the residual1, and T indicates the transpose.

Moreover, ψl, k−1 and θ̂l represent the l-th regressor and its corresponding parameter,

which are elements of vector ψk−1 and θ̂, respectively. It should be mentioned that

representation (2.39) corresponds to the starting point for the parameter estimation

step, which is discussed in Section 2.3.5.

In terms of structure selection, a widely used criterion is based on a mono-objective

optimization problem that aims to provide the order in which each of the nθ (2.38)

candidate regressors should be inserted in the model (2.12) to be identified, so that the

one-step-ahead prediction error is minimized, called the Error Reduction Ratio (ERR)

(Korenberg et al., 1988; Chen et al., 1989). The basic principle behind this criterion

is that model (2.39) can be represented in its orthogonal form, which has allowed to

evaluate the contribution of each candidate regressor independently and, thus, helping

to select the relevant terms to be included in a polynomial model. Therefore, consider

model (2.39) rewritten as:

yk =

nθ∑

l=1

ĝlwl, k−1 + ξk, (2.40)

where ĝl refers to the parameters that weight their corresponding regressors wl, k−1,

which are orthogonal to the identification data set. This orthogonal representation can

be achieved, for example, with the Householder transformation (Householder, 1958).

As the regressors in (2.40) are orthogonal to each other over the data set composed

of N samples, the property thatwT
l1
wl2 = 0, ∀l1 , l2, is satisfied throughout this data set,

for whichwl ≜ [wl, 1 wl, 2 · · · wl,N]T ∈ RN is the measurement vector of the l-th regressor

wl. Thus, multiplying (2.40) by itself and taking the time average over the data, yields:

1

N
yTy =

1

N

nθ∑

l=1

ĝ2
lw

T
l wl +

1

N
ξTξ, (2.41)

where y ≜ [y1 y2 · · · yN]T ∈ RN is the vector of output measurements, and ξ ≜

[ξ1 ξ2 · · · ξN]T ∈ RN is the residual vector. Based on (2.41), it is possible to notice that

1The residual over the identification data set is defined as the difference between the data and the
one-step-ahead prediction, i.e. ξk = yk −ψ

T
k−1
θ̂.
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the output variance yTy

N
can be explained by the variance

∑nθ
l=1

ĝ2
l
wT

l
wl

N
of the orthogonal

regressors, while ξTξ

N
corresponds to its unexplained part. Therefore, the contribution

that each regressor provides to explain the output variance can be calculated indepen-

dently as
ĝ2

l
wT

l
wl

N
. Thus, in order to quantify the contribution of the l-th regressor as a

fraction of the output variance, ERR is defined as:

[ERR]l =
ĝ2

l
wT

l
wl

yTy
. (2.42)

The parameters of such an orthogonal model (2.40) can be calculated as (Billings, 2013):

ĝl =
wT

l
y

wT
l
wl

. (2.43)

Therefore, (2.42) can be used to rank and select candidate regressors hierarchically

according to their contribution to reduce the residual variance. Other techniques

that help to classify candidate regressors, based on some optimization problem, to be

included in the model according to their importance can be found in (Mendes and

Billings, 2001; Piroddi and Spinelli, 2003; Martins et al., 2013; Araújo et al., 2019).

Although the ERR criterion is able to order the candidate regressors hierarchically,

there is still a need for an additional procedure that helps determining the number

of regressors to be included in the model. For this purpose, the so-called information

criteria, which consist of statistical cost functions to be optimized, have been shown

to be an interesting way to guide the choice of the size of the final model. A concise

description and discussion of the use of some well known information criteria, in a

nonlinear context, can be found in (Aguirre, 1994; Mendes and Billings, 2001) and the

references therein. One of the most popular is the Akaike’s Information Criterion (AIC),

which is defined by the following cost function (Akaike, 1974):

AIC(nθ) = Nln[σ2
ξ(nθ)] + 2nθ, (2.44)

where σ2
ξ(nθ) is the variance of the residuals associated with model (2.12) composed of

nθ terms. The AIC aims to assess the trade-off between the model complexity, which is

related to the number of terms included to compose it as 2nθ, and its ability to reduce

the variance of the residuals as Nln[σ2
ξ(nθ)]. Thus, as the number of terms is increased

in the model, e.g. considering the order determined with ERR, (2.44) tends to reach

a minimum for some value of nθ. This value indicates that the model complexity

becomes more relevant than its goodness of fit and, therefore, such a procedure can

be terminated. An important point to be considered is the fact that the use of an

information criterion provides models that are optimal in a statistical sense, which

does not guarantee that such models are the best in dynamic terms, i.e. those that

best mimic the dynamical features of the investigated system. Furthermore, when it
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comes to identifying nonlinear systems, the rule to stop the inclusion of regressors in

the model is not exact due to the possibility of local minima for different values of nθ,

which makes the stopping rule not evident. However, the use of information criteria

has proved to be a useful way to guide and limit the search space for the best model

structure (Gooijer et al., 1985; Aguirre, 1994; Martins et al., 2013). In practical terms,

one can search around the first local minimum.

Remark 2.6. The term-by-term choice procedure, according to its importance, has

some advantages related to the fact that, in general, few terms are really necessary

and, therefore, this procedure tends to provide simple parsimonious models capable

of accurately predicting the system behavior. This is usually done using the ERR

(2.42) together with AIC criterion (2.44). Not only that, if the system is linear, such

a procedure will tend to select only linear terms to compose an adequate model to

describe it (Billings, 2013).

Another type of technique that is also used in the structure selection stage aims

to eliminate insignificant terms, so that the initial set of candidate regressors can be

reduced, and thereby facilitating the identification of an adequate model (Kadtke et al.,

1993). In this sense, an interesting procedure grounded on the concepts of term clusters

and cluster coefficients (Definition 2.2) has proved to be a powerful aid for structure se-

lection (Aguirre and Billings, 1995b; Billings, 2013; Martins and Aguirre, 2016). Briefly,

this procedure starts with the use of ERR (2.42) to rank the most significant regressors

hierarchically. Whereas these regressors are included one at a time in the model, follow-

ing such a classification, the cluster coefficients of each term cluster are monitored so

that spurious clusters can be detected and discarded from the pool of candidate regres-

sors. It is noteworthy that the presence of spurious terms in the model is prone to affect

its global dynamics, since such terms explain nonlinear behaviors that, in principle, are

not present in the collected data (Aguirre and Billings, 1995a). Therefore, as mentioned

above, when discarding all regressors belonging to the spurious clusters of the set of

candidate regressors by means of this procedure, we have a reduction in the initial

set of candidate terms that leads to subsequently identifying models with improved

dynamics. Based on this new set of candidate terms, the model can be identified using,

for example, the ERR together with AIC criterion, as discussed above.

Finally, some of the main properties and tips on how to detect spurious clusters using

the present procedure are: i) models composed of effective cluster terms are more likely

to mimic the dynamics of the original system fairly, ii) greater robustness for data noise

and for overparametrization issues in the estimated model when spurious terms are

avoided are advantages achieved with this procedure, iii) if the inclusion of a certain

cluster in the model is late, this suggests that it is a spurious cluster, furthermore, iv)

cluster coefficients with an absolute value much smaller than the parameters of the

corresponding cluster, and v) coefficients with oscillatory values. More details on this

procedure can be found in (Aguirre and Billings, 1995b; Billings, 2013).
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2.3.5 Parameter Estimation

Once the structure of the NARX polynomial model (2.12) has been determined, the

next step concerns some techniques that are developed to estimate the parameters that

weigh each of the regressors that compose it. It should be emphasized that, as such a

polynomial model is linear-in-the-parameters, it can be represented in linear regression

form as shown in (2.39). Hence, from the least squares family algorithms, both batch

and recursive estimation techniques can be used to estimate the values of the parameter

vector (Ljung, 1999; Isermann and Münchhof, 2011). In short, it can be argued that batch

estimation techniques fall into the category of algorithms commonly associated with

time-invariant systems, for which it is assumed that invariant models (with constant

parameters) are capable of accurately describing the system behavior. On the other

hand, recursive estimation is commonly used to adapt models in order to capture time-

variant and nonlinear behavior of the investigated system, which is usually done by

updating the model parameters at each sampling time (Pröll and Karim, 1994; Nelles,

2001; Isermann and Münchhof, 2011; Keesman, 2011).

A data set ZN={yk,uk, ϕi, k}
N
k=1

is assumed available. Usually yk and uk are measured,

and the additional regressors ϕi, k can be readily computed from the measurements.

Evaluating the regression model (2.39) along this data set, the resulting set of equations

can be expressed in matrix form as:

y = Ψθ̂ + ξ, (2.45)

where Ψ≜[ψ1 ψ2 · · · ψnθ] ∈ R
N×nθ is the regressor matrix composed by the measure-

ment vectors ψl≜[ψl, 1 ψl, 2 · · · ψl,N]T ∈ RN of the l-th regressor ψl, k−1 defined above for

(2.39), while y and ξ are the same defined in (2.41). From expression (2.45), it is possi-

ble to estimate the parameter vector using the unconstrained least squares (LS) batch

estimator, given by:

θ̂LS = (ΨTΨ)−1ΨTy, (2.46)

which yields an estimate of the model parameters by minimizing the squared Euclidean

norm of the residual vector (Ljung, 1999), i.e. θ̂LS = arg
θ

min(ξTξ). A more refined

alternative to parameter estimation, which will be useful in Chapters 4 and 5, is the

constrained least squares (CLS) batch estimator. For this estimator, it is assumed that

there is a linear set of equality constraints on the parameter vector to be satisfied, which

can be written as c = Sθ, where c ∈ Rnc and S ∈ Rnc×nθ are known constants. Then, the

constrained least squares estimation problem is:

θ̂CLS = arg min
θ : c=Sθ

(

ξTξ
)

, (2.47)

whose solution is (Draper and Smith, 1998):

θ̂CLS = θ̂LS − (ΨTΨ)−1ST[S(ΨTΨ)−1ST]−1(Sθ̂LS − c). (2.48)
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Other algorithms that have proved to be useful for batch estimation of parameters, i.e.

when the data set is processed all at once, and that deal with more subtle aspects related

to their statistical properties are presented in (Young, 1970; Ljung, 1999; Billings, 2013).

In contrast to batch estimators, recursive algorithms provide an update of the model

parameter estimates at run time as the data is collected and made available sequentially.

For this purpose, one can find in the literature a variety of algorithms, commonly

derived based on the LS estimator, so that the parameter vector in (2.39) can be updated

recursively, e.g. using the recursive least squares (RLS) algorithm (Ljung, 1999). Note

that, in this case, (2.39) becomes:

yk = ψ
T
k−1θ̂k + ξk =

nθ∑

l=1

θ̂l, kψl, k−1 + ξk, (2.49)

where θ̂k indicates the parameter vector estimated at an instant k, and the other terms

are the same as defined in (2.39). Therefore, considering that the aim is to update the

parameters of this dynamic model at each sampling time, one can define the class of

RLS algorithms with variable forgetting factor (FF), whose general formulation is:

Kk =
Pk−1ψk−1

ψT
k−1

Pk−1ψk−1 + λk

, (2.50)

θ̂k = θ̂k−1 + Kk[yk −ψ
T
k−1θ̂k−1], (2.51)

Pk =
1

λk

(

Pk−1 −
Pk−1ψk−1ψ

T
k−1

Pk−1

ψT
k−1

Pk−1ψk−1 + λk

)

, (2.52)

in which 0 ≪ λk < 1 is the FF, Kk is called the Kalman gain, and Pk is the covariance

matrix. For the standard RLS, λk is constant for all k (Nelles, 2001). In practice one can

first obtain the parameter vector using the batch LS estimator over a window of data

and then update it with an RLS algorithm.

Based on the RLS algorithm (2.50)±(2.52), many works in the literature have been

developed in order to deal with, for example, issues related to time-varying dynamics

and lack of persistence of excitation in the input signal, as well as to propose methods

that aim to provide an adequate update of predictive models through the adaptation

of the FF value, λk (Paleologu et al., 2008; Keesman, 2011; Beza and Bongiorno, 2014;

Abreu et al., 2016a,b; Abreu et al., 2021).

2.3.6 Model Validation

The last step in system identification corresponds to the validation of the identi-

fied model, in which such a model is evaluated in relation to its predictive capacity.

According to Aguirre (2019), some of the natural questions that arise and should be

answered at this step are: What is the intended use for the model? and Is the model valid?
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In terms of gray-box identification, the former usually arises from a desired goal to

be achieved (e.g. mimicking a specific behavior), whose answer becomes a kind of

auxiliary information that should be used during the identification procedure. Thus,

when dealing with the validation of the identified model, the assessment should be

made to verify if the required features are incorporated into it, since an absolute answer

is something unattainable.

In order to check the quality of the identified models, one can find in the literature

a variety of tools, which are commonly divided into qualitative and statistical methods

(Billings, 2013). Concerning the qualitative validation, the main objective is to verify if

the identified model is able to describe behaviors that are commonly used to character-

ize or that are assumed to be invariant characteristics of the investigated system. One

of the most used and simple methods aims to graphically compare the estimated and

measured temporal responses, in which special attention is focused on the differences

in their fluctuations, gains and phases, among other features present in them. Looking

at these features tends to provide some indication of how well the identified models fit

the system data. For instance, in the scope of hysteretic systems, not only their temporal

responses but also an input-output graph have been widely assumed to be adequate

ways to validate the identified models, since a characteristic loop behavior displayed

on this plane is recognized as an intrinsic feature of such systems. More sophisticated

qualitative methods commonly used to bring out invariant dynamic characteristics can

be found in (Haynes and Billings, 1992; Aguirre and Billings, 1994, 1995a; Billings and

Zheng, 1999; Letellier et al., 2002).

In the context of statistical validation, the core idea is to quantify the similarities

between data measured from the system and those estimated from identified models.

A common type of criterion used for this purpose is based on the calculation of indices

related to the estimation error which, besides quantifying the accuracy of the identified

models to mimic the system, makes it possible to compare them. Some more specific

criteria that were developed to somehow verify if the identified model incorporates the

relevant dynamic information contained in the data set can be found in (Billings and

Voon, 1986; Billings and Tao, 1991). Interesting recommendations and tips related to

basic rules to be followed in the model validation step are discussed in (Billings, 2013;

Aguirre, 2019).

2.3.7 Overview of Works on Hysteresis

Here the aim is to focus mainly on some ways and insights that have been raised

to enable NARX polynomial models to describe subtle aspects of hysteretic systems.

Nevertheless, some early works that were developed following a black-box perspective

and those that used some gray-box approach without much concern about why to use it

(e.g. the use of a class of regressors ϕi, k without apparent reason), hereby called weakly

gray-box approaches, are also briefly discussed below.
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2.3.7.1 Black-Box approaches

From the point of view of black-box modeling, there are few works that compare

techniques in the identification of hysteretic systems (Parlitz et al., 2004; Mohammadza-

heri et al., 2012). In this context, the use of NARX models has been considered a

convenient choice due to their ability to predict a wide class of nonlinear behaviors.

Nevertheless, very few works consider NARX models, especially in polynomial form,

in the representation of hysteresis, and in most cases the approach is black-box and

structure selection is mostly ad hoc. Interesting works that fall in this category are (Par-

litz et al., 2004), where the estimated model has 32 terms and (Worden et al., 2007) where

a model with no less than 84 terms was estimated. Although these models can predict

the temporal response of the hysteretic system, no critical analysis with respect to their

ability to describe behaviors that are commonly used to characterize such systems,

e.g. hysteresis loop, was done. Likewise, Karami et al. (2021) proposed a decoupling

algorithm for NARX polynomial models that was used to identify a hysteretic system,

which led to an estimated model with 196 terms. Zhang et al. (2017a), in turn, proposed

a new truncation condition to be assumed during the structure selection step, whose

models were estimated with about 11 terms. However, the possible occurrence of sin-

gularity problems when the model output is equal to zero was found by the authors

and, although a hysteresis loop is shown, model validation is not very exacting.

Related work was performed by Masri and co-workers using continuous-time poly-

nomials in a black-box fashion (Masri et al., 2004). As with the previous papers, the

authors set off with a large model either 22 or 42 terms, but in a second stage, they

prune the model by eliminating those terms with small coefficients. This procedure

is known to lack robustness with respect to noise (Aguirre, 1994), as was confirmed

by the authors in (Masri et al., 2004). The need for a more careful structure selection

procedure was also acknowledged by them. In a similar vein, apart from continuous-

time monomials the authors in (Brewick et al., 2016) use Chebyshev polynomials and

point out that very compact models were possible to be obtained at the cost of some

performance, but still presenting some important aspects of hysteresis. It should be

emphasized that black-box modeling does not rely on prior knowledge about the sys-

tem, since the works in this field are only intended to build models that closely fit the

collected data set (Chan et al., 2015; Ayala et al., 2015; Fu et al., 2016). Consequently,

relevant features that should be present in a model to reproduce hysteresis and even

an appropriate structure for designing compensators, a subject that will be covered in

Chapter 3, are not ensured by black-box techniques. Hence, the search for models that

have specific features, that are accurate and that have a suitable structure for designing

compensators remains an open problem. Results in the field of neural networks can be

found in (Zhang et al., 2010; Wang and Song, 2014; Wang et al., 2020).
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2.3.7.2 Weakly Gray-Box approaches

As discussed earlier in Section 2.3.1, a particular advantage of models obtained using

gray-box techniques is that they can be tailored to reproduce specific relevant features

and/or to meet possible constraints on the structure and parameters to make them

suitable for a model-based control or compensation scheme (Pearson, 1999; Aguirre,

2019). Furthermore, it was argued the reasons why some works in the literature deal

with the NARX model represented as (2.12) and some ways to determine promising

candidate regressors ϕi, k to be included in this model (see Example 2.3). However,

although these additional regressors tend to play an important role in the predictive

capacity of the identified models, some interesting works apparently adopted them

without knowing/explaining why, or simply because their main focus was not on

identifying a hysteretic model, which is used as a mere example.

In this sense, Leva and Piroddi (2002) proposed an identification algorithm in or-

der to build simple and accurate NARX polynomial models, which could be directly

employed in the design of controllers. In order to assess the validity of the proposed al-

gorithm, the authors used a phenomenological model of a magneto-rheological damper

as a benchmark system, which exhibits hysteretic behavior. Although the main focus

of this paper is an algorithm for a general class of systems and not dedicated to charac-

terizing the hysteresis nonlinearity, a glance over the identified hysteretic model might

be interesting. So rewriting this model following the notation adopted here, we have:

yk=θ1yk−1+θ2ϕ2, k−1ϕ
2
1, k−1+θ3ϕ2, kϕ

2
1, ku1, k+θ4ϕ

3
1, kyk−1+θ5ϕ2, kϕ

10
1, k+θ6ϕ2, kϕ1, ku1, k, (2.53)

for which yk refers to hysteretic force, u1, k and u2, k are, respectively, the sampled inputs

of the control voltage and displacement, while the additional specific functions ϕi, k

were determined as:





ϕ1, k = |vk|
0.2,

ϕ2, k = sign(vk),
(2.54)

where vk is the velocity, which is sampled from the time derivative of the displacement

signal, i.e. v(t) = du2(t)

dt
. It is noteworthy that the final model identified by the proposed

algorithm had 13 terms, however, after a more careful analysis the authors chose to

prune this original model to produce the compact model in (2.53).

Some points that deserve attention in relation to model (2.53) refer to its high value

of the degree of nonlinearity, which is ℓ = 11, and the complexity of its additional

terms (2.54). The former tends to lead to a considerable increase in the number of

candidate regressors and thus hinders the structure selection procedure, as discussed

in Section 2.3.4. In the latter case, the authors did not clarify how such functions were

chosen. In addition, note that if we adopt the way to extract information described

in Example 2.3 A) for the phenomenological model used as a benchmark system, we
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will notice the presence of the sign function, but not fractional powers as ϕ1, k (2.54).

Perhaps, this could be an indication that these fractional powers terms may not be an

adequate choice as a class of candidate regressors to represent such a system.

In a different way, Worden and Barthorpe (2012) presented an approach for building

a NARX model to a discrete version of a Bouc-Wen hysteresis model, i.e. with a fixed

structure, giving rise to the so-called NARX Bouc-Wen model. Due to the presence of

problems related to highly nonlinear terms, nonlinearity in the parameters, and unmea-

sured states in such continuous-time Bouc-Wen model, many of these are reflected in its

discrete form by the need for strong approximations. It was pointed out by the authors

that the minimal NARX Bouc-Wen model achieved has 10 terms with 8 parameters that

appear in a nonlinear way and for which an evolutionary optimization scheme was

adopted to estimate them. Furthermore, they raised many issues that were observed

during the estimation of these parameters, which require further investigation, such as

stability properties, noise sensitivity, and the blow-up effect of the evolutionary algo-

rithm. Also, an alternative was presented to make the model linear-in-the-parameters,

so that classical algorithms like those described in Sections 2.3.4 and 2.3.5 could be used,

at the cost of some more approximations and, consequently, less performance. Finally,

the authors stated that, for this case, polynomial terms up to fifth order will be needed

to represent the minimal NARX Bouc-Wen model, which generates a search space for

candidate polynomial terms large enough to make the structure selection algorithm

prohibitively expensive.

Given both directions covered above, i.e. the black-box and weakly gray-box ap-

proaches, we will now revisit in more detail two works that take a different look at

enabling NARX polynomials to deal with some subtle aspects of hysteresis nonlinearity.

2.3.7.3 Hysteretic operator

As far as we know and as stated by Deng and Tan (2009), their work is probably the

first in the literature on gray-box modeling of hysteretic systems using NARX polyno-

mials, where specific actions to capture the basic behavior or the change tendency of

the hysteresis nonlinearity were made. A key point of this work was the proposal of a

hysteretic operator to be used as an additional regressor ϕi, k of a NARX model (2.12).

Some details follow.

Remark 2.7. The action of adding new inputsϕi, k to the model (2.12) has been addressed

by Deng and Tan (2009) as a kind of an expanded input space approach that transforms

the multi-valued mapping of hysteresis into a one-to-one mapping so that NARX

models can be employed to describe the hysteresis behavior.

In order to extract the change tendency of hysteresis, which should be used as a

new input ϕ1, k, the following hysteretic operator was proposed (Deng and Tan, 2009):

hk ≜ h(uk) =
∣
∣
∣ arctan(uk − uext, k)

∣
∣
∣[uk − uext, k] + h(uext, k), (2.55)
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where hk ∈ R is the output of the operator, uk ∈ R is the current input, uext, k refers to

the dominant extremum adjacent to uk, and h(uext, k) is the output of the operator when

the input is uext, k. Both uext, k and h(uext, k) can be initialized to null values.

Remark 2.8. It should be noted that uext, k and h(uext, k) can be seen as variables that act

as a buffer. More specifically, given that uk reaches an extremum value, it should be

stored in uext, k and the corresponding value of hk in h(uext, k), which are referred to as the

dominant extremum adjacent to uk and whose values are held constant until uk reaches

a new extremum. In the case of uk moving to different input extrema, such a process is

repeated, while for the case where it arrives an extremum already reached at a previous

time, its corresponding stored value can be used.

Remark 2.9. The operator has a simple mathematical description based on the basic

function, i.e. hk =
∣
∣
∣ arctan(uk)

∣
∣
∣uk, that can roughly describe the variation information of

hysteresis. Furthermore, the introduction of previous extremum coordinates uext, k and

h(uext, k) reflects the characteristic memory effect of hysteresis, as done in (2.55).

Theorem 2.1. [(Deng and Tan, 2009)]. For an arbitrary hysteresis with the input uk being

a bounded continuous function, e.g. uk = sin(ωk), assume the hysteresis forms a closed loop

Hk(ω) in the input-output plane when the input travels between two extrema. Then, there

exists a continuous one-to-one mapping Γ : R2 7→ R, such that y(uk) = Γ(uk, hk), where y(uk)

and hk are the outputs of hysteresis and hysteretic operator, respectively.

Proof. See (Deng and Tan, 2009) and, for some more details, see also (Deng et al., 2014;

Tan and Deng, 2014). ■

Remark 2.10. In addition to having proven that adding new inputs to the model can

decompose the multi-valued mapping of hysteresis into a one-to-one mapping (this

is also discussed in (Mohammadzaheri et al., 2012)), it has also been shown that the

hysteretic operator (2.55) is able to describe some subtle features found in hysteretic

systems, such as the ascending, turning and descending behavior that give rise to the

hysteresis loop displayed on the input-output plane.

Example 2.8. Hysteretic Operator and its Hysteresis Loop.

For illustration purposes, the hysteretic operator (2.55) is fed with the input signal

uk = 2. 5 sin(1. 5k) + 4 sin(0. 5k), for which the sampling time is Ts = 0. 02 s and the

data set is 14 s long (N = 700) (Deng and Tan, 2009). Such an input signal and its

corresponding hysteresis loop displayed on the u × h plane are shown in Figure 2.10.
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Figure 2.10: A simulation of the hysteretic operator (2.55). (a) input
uk=2. 5 sin(1. 5k)+4 sin(0. 5k) and in (b) the hysteresis loopHk(ω). (Ð) refers to the input, while
(•) indicates each dominant extremum value uext adjacent to uk and (· · · ) shows its value over
time (see Remark 2.8).

In (Deng and Tan, 2009), the behavior of the hysteresis loop in Figure 2.10(b) is

compared with one obtained from a hysteretic model fed with the same input signal

uk shown in Figure 2.10(a), from which the similarity between them was highlighted.

Based on these results, the authors suggest that the proposed operator (2.55) might

provide useful information about the change feature of hysteresis and, therefore, might

improve the predictive power of a NARX model (2.12) with its inclusion in the set of

candidate regressors. As a side note, the difference between the hysteresis loop shown

in Figure 2.10(b) and the one in (Deng and Tan, 2009) ± see Figure 2 therein ± is due

to some type of normalization used there, for the current example, which was not

explained and therefore we do not use it here. △

In order to state the following two definitions, based on Theorem 2.1, it is assumed

that a hysteretic system, represented by a closed loopHk(ω) in the input-output plane,

is fed with a periodic input signal uk with frequency ω.

Definition 2.6. [Rate-independent Hysteresis (Morris, 2011)]. If the shape of the hysteresis

loop Hk(ω) in the input-output plane is not affected by changes in the input frequency ω, i.e.

it only depends on the input values, such loop behavior is called rate-independent hysteresis

or static hysteresis.

Definition 2.7. [Rate-dependent Hysteresis (Morris, 2011)]. If the shape of the hysteresis

loopHk(ω) in the input-output plane is affected by changes in the input frequency ω, such loop

behavior is called rate-dependent hysteresis or dynamic hysteresis.
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Remark 2.11. In fact, one of the typical features inherent in hysteretic systems is the rate-

independent hysteresis loop displayed on the input-output plane; see Definition 2.6.

However, this loop behavior is a dominant feature when such systems are under a low-

frequency input signal so that other dynamic effects do not interfere (Visintin, 1994;

Mayergoyz, 2003; Ikhouane and Rodellar, 2007; Morris, 2011; Cao et al., 2013). For this

reason, hysteretic systems are commonly known to have an input-output loop behavior

that does not disappear when the input frequency approaches zero (Bernstein, 2007).

In other words, it can be treated as a persistent phase delay, which is not seen in other

types of linear or nonlinear systems.

Remark 2.12. According to Mayergoyz (2003) and Morris (2011), if the input frequency

ω is increased to become comparable to the system dynamics, Definition 2.6 may fail and

an apparent rate-dependent hysteresis loop in the input-output plane will be observed.

Therefore, when dealing with real systems and processes that have rate-independent

hysteretic behavior, it is reasonable to expect that such behavior is valid for a given

limited range of frequencies and becomes rate-dependent at higher frequencies.

Based on the features described in Definitions 2.6 and 2.7, Deng and Tan (2009) used

different models to identify these hysteresis behaviors. In terms of rate-independent

hysteresis, the model used consists of a special case of the NARX model (2.12), in

which the autoregressive terms are removed from the set of candidate regressors. In

the literature, this type of model is also called Finite Impulse Response (FIR) model.

To model the rate-dependent hysteresis behavior, the gray-box NARX model (2.12) is

adopted by them. It should be remembered that, for both cases, the hysteretic operator

(2.55) is included as a candidate regressor ϕ1, k during the identification procedure, in

which some approach should be used to decide which specific regressors will compose

the final model.

In contrast to classical approaches, Deng and Tan (2009) assume that all candidate

terms (2.38) are used to compose the model, which could lead to problems such as

those pointed out in Section 2.3.4 and Remark 2.2. The structure selection procedure

proposed by them consists of two steps. First, through a brute force search, different

combinations of meta-parameters values, within a predefined range, are used to build

models, and those whose estimates fit the measured data in terms of model error are

selected. Then, the selected models are evaluated using a modified version of AIC

(2.44), which will indicate the appropriate model. To estimate the model parameters, a

recursive least squares algorithm, similar to (2.50)±(2.52), is used.

In order to validate the proposed modeling approach, the authors applied it to an

experimental piezoelectric actuator, where the estimated model, for the static case, has

34 terms and, for the dynamic case, 55 terms. As expected, both estimated models have

a large number of terms, which is probably due to the structure selection procedure

adopted. This type of model tends to hinder its use in control or compensation schemes,

as well as in a more careful analysis with respect to its ability to describe more subtle
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hysteresis behavior. In terms of hysteretic systems, one of the characteristics commonly

associated with such systems is the existence of several fixed points (Morris, 2011).

However, to the best of our knowledge, there is only one work in the literature of

NARX polynomials that took the first steps towards exploring this feature (Martins

and Aguirre, 2016), which is revisited in Section 2.3.7.4. In Chapter 4, a more general

framework is developed to explain how hysteresis occurs in NARX polynomials.

2.3.7.4 The use of equilibria

An important step in modeling hysteresis nonlinearity was advanced in (Martins

and Aguirre, 2016), where specific actions on the structure selection of polynomial

models lead to sufficient conditions for such models to be able to display a hysteresis

loop when subject to a certain class of input signals. A key feature of such a proposal

was the explicit use of equilibria. Some details follow.

Definition 2.8. [Loading-unloading signal (Martins and Aguirre, 2016)]. A periodic

signal uk with period N= (k f2−ki1+1) and frequency ω = 2π/N is called a loading-unloading

signal if uk increases monotonically from umin to umax, for ki1 ≤ k ≤ k f1 (loading regime)

and decreases monotonically from umax to umin, for ki2 ≤ k ≤ k f2 (unloading regime); see

Figure 2.11(a).
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kf2

y
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Figure 2.11: A loading-unloading signal in (a), and its corresponding hysteresis loop in (b).

Remark 2.13. It should be emphasized that the purpose of assuming that a loading-

unloading excitation signal is periodic is due to a characteristic loop behavior displayed

in the input-output plane (see Figure 2.11(b)), which is present in hysteretic systems, is

readily observed using such a signal. If this signal is not periodic, this behavior will

not be easily seen.

Definition 2.9. [Quasi-static signal (Martins and Aguirre, 2016)]. If a loading-unloading

signal changes with ω → ϵ, 0 < ϵ ≪ fs/2, where fs is the sampling frequency, the signal is

also called a quasi-static signal.
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A mathematical function that plays an important role in the work revisited here,

and is adopted as a candidate regressor ϕi, k to be included in model (2.12), is defined

below.

Definition 2.10. [Multi-valued functions (Martins and Aguirre, 2016)]. Φ(uk) : R→ R

is a multi-valued function, also called a piecewise-defined function, if:

Φ(uk) =





Φ1, if uk > ϵ;

Φ2, if uk < ϵ;

Φ3, if uk = 0,

(2.56)

where Φ1, Φ2 and Φ3 are arbitrary functions, and ϵ ∈ R.

A commonly used multi-valued function (Definition 2.10) is the sign function (Def-

inition 2.1).

Property 2.2. [(Martins and Aguirre, 2016)]. Consider a model excited by a loading-

unloading quasi-static input (Definition 2.9). If such a model has at least one real and stable

fixed point for input values corresponding to the loading regime, and likewise for the unloading

regime (the equilibria depend on the history of the input), the model will display a hysteresis

loopHk(ω); see Figure 2.11(b).

Theorem 2.2. [(Martins and Aguirre, 2016)]. Given a single-input single-output (SISO)

autoregressive stable model:

yk =

ny∑

τp=1

cy(τp)yk−τp +

nϕ2∑

τq2
=1

cϕ2
(τq2

)ϕ2, k−τq2
, (2.57)

where cy(τp) and cϕ2
(τq2

) are constant parameters and ϕ2, k is a multi-valued function; see

Definition 2.10. If ϕ1, k = uk − uk−1 and ϕ2, k = sign(ϕ1, k), for which uk is a loading-unloading

quasi-static input signal of frequency ω (Definition 2.9), then there will be a rate-dependent

hysteresis loopHk(ω) in the u × y plane confined by the bounding structureH defined by the

model equilibria.

Proof. See (Martins and Aguirre, 2016). ■

Remark 2.14. The bounding structure H confines the hysteresis loop Hk(ω). As the

frequency of the loading-unloading input signal becomes smaller (ω→ ϵ, 0 < ϵ≪ fs/2),

the hysteresis loopHk(ω) converges to the bounding structureH , i.e. H= limω→0Hk(ω),

and therefore the hysteresis loop depends on the input frequency; see Definition 2.7.

Remark 2.15. As the input uk should be assumed as a loading-unloading quasi-static

signal in order to comply with Property 2.2, then its first difference ϕ1, k will satisfy:

ϕ1, k =





> 0, if ki1 ≤ k ≤ kf1
(loading);

< 0, if ki2 ≤ k ≤ kf2
(unloading);

(2.58)
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see Figure 2.11(a). Due to ϕ1, k , 0 ∀k, the regressor ϕ2, k = sign(ϕ1, k) has a constant

value Åϕ2 that depends on the sign/condition of ϕ1, k such as (2.58). Therefore, according

to (2.58) and Definition 2.1, Åϕ2 = 1 for the input uk in loading regime, while Åϕ2 = −1 in

unloading regime; see Definition 2.8.

Remark 2.16. A reasonable assumption has been considered by Martins and Aguirre

(2016) in order to calculate the equilibria (see Definition 2.3) of the identified polynomial

models and hence the bounding structure through an approximate steady-state analysis.

Such an assumption consists in considering that: yk≈ Åy,∀k, uk≈ Åu,∀k, ϕ1, k≈ Åϕ1,∀k and

ϕ2, k≈ Åϕ2,∀k, and from these approximations, the ªmodel equilibriaº (i.e. Åy) is calculated.

These approximations are a direct consequence of the features described in Remark 2.15.

The framework proposed in (Martins and Aguirre, 2016) considers that the bound-

ing structure H is formed by sets of equilibria that are determined when the model

is subject to a loading-unloading quasi-static input signal. As a consequence, the

approximations stated in Remark 2.16 should be assumed which leads to a kind of

approximate steady-state analysis. By definition, the equilibria or fixed points are defined

when the model is subject to a constant input signal using the steady-state analysis

(Definition 2.3), such that: yk= Åy,∀k, uk= Åu,∀k and, consequently, ϕ1, k=uk − uk−1 = 0 and

ϕ2, k = sign(ϕ1, k) = 0,∀k. In (Martins and Aguirre, 2016), the solution(s) Åy of the identi-

fied polynomial model, considering the assumption indicated in Remark 2.16, are also

called equilibria. A more general framework to explain how the hysteresis loop results

from an interplay of attracting and repelling regions in the input-output plane, by means

of a quasi-static analysis, is developed in Chapter 4.

Remark 2.17. If the input uk becomes constant, then ϕ1, k = uk − uk−1 = 0 and ϕ2, k = 0.

Hence (2.57) becomes a purely autoregressive model with fixed point (Definition 2.3)

at Åy = 0. Therefore, the model output will generally not remain on the hysteresis loop

for constant inputs. This problem can be overcome as discussed in Chapter 4.

Example 2.9. Bounding Structure and Hysteresis Loop.

Consider the following autoregressive model (Martins and Aguirre, 2016):

yk = cy(1)yk−1 + cϕ2
(1)ϕ2, k−1, (2.59)

for which cy(1) = 0. 9, cϕ2
(1) = 0. 5, ϕ2, k = sign(ϕ1, k), ϕ1, k = uk − uk−1, and uk = sin(ωk).

From Definition 2.2, the term clusters and cluster coefficients of model (2.59) are trivially

defined as: Ωy with coefficient Σy = cy(1) = 0. 9 and Ωϕ2
with Σϕ2

= cϕ2
(1) = 0. 5,

respectively. Hence, for model (2.59) represented in terms of clustering and from

Remark 2.16, the equilibria are given by:

Åy(ϕ2) ≈





Σϕ2

1 − Σy
= 5, for Åϕ2 = 1 (loading);

−Σϕ2

1 − Σy
= −5, for Åϕ2 = −1 (unloading),

(2.60)
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which are the bounding structure H that confines the hysteresis loop, according to

Theorem 2.2. In Figure 2.12, it may be notice how the input frequency influencesHk(ω)

but not the bounding structure, as pointed out in Remark 2.14.
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Figure 2.12: The black and blue dots are on Hk(ω) (see Remark 2.14) for model (2.59). The
bounding structureH (2.60) in red (∗) will always confineHk(ω). The top limit corresponds to
a loading situation, whereas the bottom limit, to unloading.

△

Remark 2.18. As can be seen in Figure 2.12, the hysteresis loop Hk(ω) will tend to

become indistinguishable from a given value of the input frequency ω, which indicates

that, for very low-frequency values, a rate-independent hysteresis loop (Definition 2.6)

will be observed. For this case, it would be possible to define a limited range of

frequencies for which such behavior is found, e.g. 0 < ω < 0. 1; see Remark 2.12.

Remark 2.19. Polynomial autoregressive model structure typically does not carry infor-

mation about reversal (extremum) points and therefore are models with local memory.

In view of Property 2.2, terms from the cluster Ωyp for p > 1 will be automatically

excluded from the following analysis. Also, asϕ2, k is defined here as a sign function (see

Definition 2.1), terms from the clusterΩϕq2
2

for q2 > 1 will also be excluded because such

terms are likely to lose their fundamental properties to higher powers. For instance, in

the context described in Remark 2.15, if ϕ2
2, k

is selected as a regressor of the identified

model, then Åϕ2
2 will be equal to 1 regardless of whether the input uk is in a loading

or unloading regime. The following theorem is an extension of Theorem 2.2 for the

nonlinear case, referring here to NARX models (2.12).
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Theorem 2.3. [(Martins and Aguirre, 2016)]. Given a particular SISO nonlinear autore-

gressive stable model:

yk = Σ0 +

ny∑

τp=1

cy(τp)yk−τp +

nϕ2∑

τq2
=1

cϕ2
(τq2

)ϕ2, k−τq2
+

ny∑

τp=1

nϕ2∑

τq2
=1

cyϕ2
(τp, τq2

)yk−τpϕ2, k−τq2
, (2.61)

where Σ0, cy(τp), cϕ2
(τq2

) and cyϕ2
(τp, τq2

) are constant parameters. If ϕ1, k = uk − uk−1 and

ϕ2, k = sign(ϕ1, k), where uk is a loading-unloading quasi-static input signal of frequency ω

(Definition 2.9), then there will be a hysteresis loop Hk(ω) in the u × y plane confined by the

bounding structureH defined by the model equilibria.

Proof. See (Martins and Aguirre, 2016). ■

Similar to what was done in Example 2.9, from Definition 2.2 and Remark 2.16, the

equilibria of model (2.61) can be expressed as:

Åy(ϕ2) ≈





Σϕ2
+ Σ0

1 − Σy − Σyϕ2

, for Åϕ2 = 1 (loading);

−Σϕ2
+ Σ0

1 − Σy + Σyϕ2

, for Åϕ2 = −1 (unloading),

(2.62)

which are the bounding structure H and must be stable to ensure that the identified

model is able to reproduce the hysteresis loop; see Theorem 2.3. When the model is

composed of unit-delayed regressors, which is a common choice in the case of systems

with hysteresis (Leva and Piroddi, 2002; Du et al., 2006), the Jacobian matrix of model

(2.61) is D = ∂Fℓ

∂yk−1
= Σy+Σyϕ2

ϕ2, k−1, and the condition for stability is−1 < Σy+Σyϕ2
Åϕ2 < 1;

see Definition 2.4. Therefore, the domain of validity for the hysteresis loop is:





−1 < Σy + Σyϕ2
< 1, for Åϕ2 = 1 (loading);

−1 < Σy − Σyϕ2
< 1, for Åϕ2 = −1 (unloading).

(2.63)

As shown in (Martins and Aguirre, 2016), assuming that the model is composed

of adequate terms, the term clusters in the nonlinear model will affect the shape of

the hysteresis loop, but will not interfere on its occurrence as long as the conditions

established in Theorem 2.3 are met.

In order to validate the proposals, Martins and Aguirre (2016) used as a benchmark

system the same phenomenological model of the magneto-rheological damper studied

by Leva and Piroddi (2002), which was briefly detailed in Section 2.3.7.2. Aiming at the

model structure selection, they adopted the procedure based on the concepts of term

clusters and cluster coefficients to eliminate spurious clusters from the set of candidate

regressors and, thus, used the ERR together with AIC criterion to build the final model.

Such procedure was described in Section 2.3.4. The model parameters are estimated
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using the Extended Least Squares (ELS) method (Ljung, 1999; Billings, 2013), which is a

modification of the classic LS estimator (2.46) to deal with noise effects. An appealing

feature of this work is the performance and generality achieved with a simple model

of 4 terms, which is promising for designing compensators. Such identified model can

be rewritten, adapting its notation, as:

yk=θ1yk−1 + θ2ϕ2, k−1 + θ3ϕ1, k−1u1, k−1 + θ4ϕ2, k−1ϕ1, k−1yk−1, (2.64)

with:





ϕ1, k = vk,

ϕ2, k = sign(u2, k − u2, k−1),
(2.65)

where the variables yk, u1, k, u2, k and vk are the same as defined in (2.53). As both models

(2.53) and (2.64) were identified to predict the same system, a brief comparison between

them can be made. As for the degree of nonlinearity, note that for model (2.53) it is

ℓ = 11 while for model (2.64) it is ℓ = 3, which indicates that the latter has a simpler

structure than the former. With regard to additional terms (2.65), both can be found if

a discrete version of the phenomenological model used by them is computed, which

suggests that such choices are adequate to describe the evolution rule of this system.

It should be noted that, as ϕ2, k (2.65) is a multi-valued function (Definition 2.10) of

the first difference of the input u2, k, model (2.64) will reproduce a hysteresis loop in the

input-output plane as long as the equilibria are stable; see Theorem 2.3. The results of

stability analysis and simulation that confirm the ability of such a model to mimic the

hysteresis loop are presented in more detail in (Martins and Aguirre, 2016).

It is interesting to note that ϕ1, k (2.65) was defined, for the current numerical exam-

ple, as the velocity, which can be rewritten as: ϕ1, k = vk ≈
u2, kTs−u2, [k−1]Ts

Ts
. As stated by

Mohammadzaheri et al. (2012), when it comes to real-time applications, the inclusion

of additional terms ϕi, k that involve a derivative operation to calculate the input or

output rate, e.g. as ϕ1, k (2.65), is very sensitive to measurement noise, which might

become impractical in such applications, particularly with respect to the output rate.

Therefore, to alleviate this kind of issue, we suggest replacing the derivative by the first

difference when Ts has a value less than 1, which is very common in practice. Note that

this is not a problem, as the relevant information about the change tendency or rate of

the signal of interest that is provided by its derivative is also present in its first differ-

ence, except for a gain difference due to Ts, which will be automatically offset during

the parameter estimation step (Section 2.3.5). This recommendation is also directed to

the additional term (2.16), which was proposed to capture varying dynamics in a pH

process, as addressed in Example 2.3 B).

In terms of comprehensiveness, it is noteworthy that the sufficient conditions pro-

posed by Martins and Aguirre (2016) cover only the dynamical features of the hysteresis

nonlinearity, while its static behavior is neglected, which is evident since such condi-
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tions are guaranteed only for a class of time-varying input signals; see Theorems 2.2

and 2.3. Also, the concept of bounding structureH is limited to cases in which the sets

of equilibria that form this structure are stable; see Remark 2.14. Therefore, for more

general cases, this concept and conditions need to be adapted. For instance, such con-

ditions are not sufficient to ensure the existence of multiple fixed points at steady-state

(see Remark 2.17), which is a very important feature for hysteretic systems (Bernstein,

2007; Morris, 2011). Despite this, to the best of the authors knowledge, there are no

works in the literature of NARX polynomial models that guarantee such a feature. In

Chapters 4 and 5, special attention is devoted to dealing with the static behavior of the

hysteresis nonlinearity (see Definition 2.5), so that the identified NARX models are able

to describe both its static and dynamic features.

2.3.8 Guidelines for Future Work

As discussed so far and in line with the identification philosophy, a model is only

able to describe more subtle aspects of a system if such a feature is incorporated

into it, either through the inclusion of a certain class of regressors ϕi, k, adoption of

constraints on its structure and/or parameters, or by updating the model parameters

over time, among others. Therefore, since in the literature on NARX models there

are only a handful of works devoted to characterizing the hysteresis nonlinearity (see

Section 2.3.7), a number of features and properties related to it are still subject to study.

Thus, in this section, we investigate some interesting properties of hysteretic systems

and briefly discuss alternative ways to achieve them using gray-box NARX models.

2.3.8.1 Local and non-local memory

According to Mayergoyz (2003), non-local memory is a property found in some hys-

teretic systems in which the future value of the output depends not only on the current

value of the output and input, but also on past extremum values of the input. Thus, a

striking feature of such systems is the existence of more than one distinct trajectory for

any reachable state in the input-output plane (see Figure 2.13(b)), and which one the

state will follow depends on a particular sequence of past extremum values of input

(de Almeida et al., 2003; Merola et al., 2015). In addition, some works in the literature

also associate non-local memory with the existence of crossing and partially coincident

minor loops in the input-output plane (see Figure 2.13(c)), since such facts suggest that

the states of the hysteretic system are not uniquely determined by their inputs and

outputs (Mayergoyz, 2003; Berenyi et al., 2005; Drincic and Bernstein, 2009; Liu and

Yang, 2015; Jankowski et al., 2017). Conversely, hysteretic systems with local memory

have their future output value dependent only on the current output and input value,

without being influenced by past extremum values. For this type of hysteresis nonlin-

earity, a common feature is that: for any reachable state in the input-output plane, its
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next values will be reached through only one trajectory for increasing the input value

and one for decreasing it; Figure 2.13(a).
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Figure 2.13: Illustration of features related to hysteretic systems with local and non-local
memory displayed in the input-output plane. (a) local memory, in (b) non-local memory, and
(c) evidence of non-local memory. (· · · · · · ) refers to the hysteresis loop, also called major loop
with extremum input value being {umin,umax}, (−−−−) represents a minor loop with extremum
values {um1
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}, while (−−) is another one with extremum values {um2

1
,um2

2
}. (A ) indicates the

orientation of the hysteresis loop, while (→) illustrates possible trajectories for a state {u1, y1}.

Based on these two properties, a primary question that is somewhat controversial

in the literature concerns which of them is more consistent with real experimental

systems, where some authors have stated that there is a lack of evidence for non-local

memory, while others for local memory (Mayergoyz, 2003; de Almeida et al., 2003).

Despite such controversy, many works have used and developed models to represent

hysteretic systems in which local or non-local memory is assumed. For instance,

considering the phenomenological models (Section 2.2), those based on differential

equations, such as the Bouc-Wen model, the Duhem model, the Dahl and the LuGre

model, have commonly been related to hysteresis with local memory, while those based

on operators, such as the Preisach and the Prandtl-Ishlinskii models, have been shown

to be able to capture the property of non-local memory.

In the case of hysteretic systems with non-local memory, it is essential that the models

used to describe these systems incorporate in their structure ways to detect and store

input extremum values, such as the Preisach model (Ge and Jouaneh, 1996; Al-Bender

et al., 2004). For the case of NARX models, Martins and Aguirre (2016) mentioned

that due to the fact that this information about extremum values of the input signal is

commonly disregarded during the identification procedure (see Remark 2.19), NARX

models are generally unable to capture the non-local memory effect and, therefore, a

more careful investigation is needed to make them capable of handling this feature.

Although not mentioned by Deng and Tan (2009), it is interesting to note that the use

of extremum values of the input in the proposed hysteretic operator (2.55) might be a
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promising way to indirectly incorporate non-local memory in NARX models. In this

sense, some interesting questions to be investigated follow below.

As aforementioned, non-local memory might lead to more than one distinct trajec-

tory (see Figure 2.13(b)) that will depend on a particular sequence of past extremum

values. So, the following question arises: How to enable NARX models to choose the

proper trajectory considering the sequence of extremum values stored so far? In addition,

issues related to the need to store extremum values by dynamic allocation and how many

extremum values are really useful and feasible to capture the non-local memory effect, appear

in this context (de Almeida et al., 2003; Al-Bender et al., 2004; Jankowski et al., 2017).

Another point that deserves attention and still needs answers concerns which benefits

would be achieved in terms of predictive and compensation performance if the model

had non-local memory. Some additional discussions that might be helpful in dealing

with these issues can be found in (Swevers et al., 2000; Bashash and Jalili, 2006; Liu and

Yang, 2015).

2.3.8.2 Asymmetric loops

As mentioned throughout the review, one of the main features adopted in the liter-

ature to characterize hysteretic systems refers to a persistent loop behavior displayed

on the input-output plane, which has led many works to focus on understanding how

it arises. For instance, considering smart materials-based actuators, such a behavior

has been associated with a strong nonlinear dependence on the type of materials, mag-

nitude and rate of the input signal (Al Janaideh et al., 2008a; Rakotondrabe, 2013). In

this context, two important properties of the hysteresis loop have been studied for a

class of time-varying input signals. The first one refers to the symmetry property of

the hysteresis loop, which has commonly been attributed to the type of material used

for the design of the actuator. As an example, many piezoceramic actuators are known

to generally produce symmetric hysteresis loops (Yu et al., 2001; Cao et al., 2019). It

should be mentioned that the phenomenological models reviewed in Section 2.2 were

developed to describe symmetric hysteresis. On the other hand, the second property

is related to the asymmetric hysteresis loop, which has been cited in the literature as

a feature commonly found in shape memory alloys and magnetostrictive actuators

(Kuhnen, 2003; Shakiba et al., 2018). In this case, many works have proposed ways to

incorporate into classical phenomenological models (Section 2.2) the ability to describe

asymmetric hysteresis (Ge and Jouaneh, 1995; Gu et al., 2014; Wei et al., 2014).

In terms of NARX models, both approaches reviewed in Sections 2.3.7.3 and 2.3.7.4

identify models that tend to reproduce symmetric hysteresis loops, e.g. see the hys-

teresis loop in Figure 2.12. Based on the approach discussed in Section 2.3.7.4 and the

Remark 2.14, Martins (2016) highlighted the fact that the format of the bounding struc-

tureH is directly related to the shape of the hysteresis loopHk(ω) and, therefore, the use

of different structuresH leads to different shapes ofHk(ω). Also, it was shown that the
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use of asymmetric multi-valued functions (Definition 2.10) could be an alternative way

to obtain asymmetric hysteresis loop, which is illustrated in the following example.

Example 2.10. Asymmetry in the Bounding Structure and its Hysteresis Loop.

For model (2.59) in Example 2.9, it is assumed that the regressor ϕ2, k = sign(ϕ1, k)

with ϕ1, k = uk − uk−1 (Definition 2.1), which is symmetric, is replaced by an asymmetric

multi-valued function, given by (Martins, 2016):

ϕ2, k =





uk, if ϕ1, k > 0;

−1, if ϕ1, k < 0;

0, if ϕ1, k = 0.

(2.66)

Considering the input frequency asω = 1, the bounding structureH and its resulting

asymmetric hysteresis loopHk(ω) are shown in Figure 2.14.
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Figure 2.14: The black dots are on Hk(ω) (see Remark 2.14) for model (2.59) with regressor
(2.66). The bounding structureH in red (∗) will always confineHk(ω). The top limit corresponds
to a loading situation, whereas the bottom limit, to unloading.

△

As can be seen in Figure 2.14, the use of an asymmetric multi-valued function

might become an effective way for gray-box NARX models to reproduce asymmetric

hysteresis (Martins, 2016). However, there are some relevant questions that have not yet

been answered and require further investigation. In short, two fundamental questions

arise: How to determine an appropriate asymmetric multi-valued function to be used? and

How will this function affect the number, location, and stability of the fixed points?

In order to achieve this goal, it is suggested to use a regression method (e.g. polyno-

mial) to model the relationship between the output (dependent variable) and the input
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signal (independent variable) in two different contexts. Basically, the idea would be

to collect a data set using a loading-unloading quasi-static input signal (Definition 2.9)

and its corresponding output, so that a regression model is fitted for the loading regime

(i.e. for ki1 ≤ k ≤ kf1
) and another for the unloading regime (i.e. for ki2 ≤ k ≤ kf2

) of the

data; see Figure 2.11(a). Then, in (2.66), uk and −1 would be replaced by the regression

model fitted for the loading and unloading regime, respectively. Therefore, assum-

ing (2.66) with these modifications, we believe that it would be possible to indirectly

capture relevant information about the behavior of the hysteresis loop, be it symmet-

ric or asymmetric, and thus use it as a candidate regressor during the identification

procedure. This is a possible way that still needs to be unraveled.

2.3.8.3 Lack of validation

As exhaustively mentioned here and in the literature on hysteretic systems, the

persistent loop behavior exhibited in the input-output plane has been widely accepted

by the scientific community as the hallmark of such systems. As a result, an invaluable

amount of scientific papers developed to model hysteretic systems has focused only on

the description of their hysteresis loop, as well as their temporal response, when such

systems are subject to a time-varying input signal (Ni et al., 1998; Smyth et al., 2002; Hu

and Ben Mrad, 2003; Oh and Bernstein, 2005; Al Janaideh et al., 2008b; Zakerzadeh et al.,

2011; Domínguez-González et al., 2014; Zhang et al., 2017a). Therefore, a fundamental

question arises: Is this feature the only one or sufficient to be assumed to, for example, assess

whether an identified hysteretic model is really representative? or rather, What is hysteresis?

Faced with this question, Bernstein (2007) and Morris (2011) provided an extremely

rich and detailed discussion that goes far beyond the simple fact that hysteretic systems

have a characteristic loop, but somehow analyzes the reason that cause it in different

contexts. Based on the valuable insight they provide about hysteresis nonlinearity, we

raised Definition 2.5 (in Section 2.3.3), so that an important feature that is expected in

hysteretic models can be considered, in addition to the hysteresis loop, when it comes to

modeling such systems. It should be highlighted that Definition 2.5 describes a feature

commonly present in the static response, i.e. in steady-state, of a hysteretic system. We

do not find in the literature studies that impose this feature during the identification

procedure or that show the performance of the identified NARX models in the steady-

state, e.g. see (Leva and Piroddi, 2002; Parlitz et al., 2004; Worden et al., 2007; Deng and

Tan, 2009; Worden and Barthorpe, 2012; Martins and Aguirre, 2016; Zhang et al., 2017a;

Lacerda Júnior et al., 2019). Therefore, in Chapters 4 and 5, we explore this feature

during the identification procedure in order to provide identified NARX models with

the ability to predict dynamical and static features of the hysteresis nonlinearity.
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2.4 Concluding Remarks

This chapter reviewed some features found in hysteretic models. In terms of clas-

sical hysteretic models, a brief contextualization of phenomenological models was

presented, with emphasis on the Bouc-Wen model and the Prandtl-Ishlinskii model.

For the case where a more comprehensive model is considered, not limited to de-

scribing only the hysteresis nonlinearity, some of the main concepts, definitions and

tools formulated based on the NARX philosophy, which corresponds to a black-box

approach, were addressed. However, as the black-box approach does not allow to

obtain models that reproduce more subtle aspects of the system dynamics, such as the

hysteretic behavior, a gray-box modeling approach was revisited. In this case, all neces-

sary extensions in the formulation and definitions to cover the black-box and gray-box

techniques have been made, and also some interesting tips and fair contributions are

duly shared throughout the chapter. The next chapter reviews strategies for controlling

and compensating hysteretic systems when the models discussed here are used.



Chapter 3

Control Approaches for Hysteretic

Systems

3.1 Introduction

This chapter addresses some approaches used to design controllers and compen-

sators for hysteretic systems found in the literature. These approaches are related

to some contributions and proposals developed in this work, which will be detailed

in Chapter 4. For the development of these control and compensation schemes, it is

assumed that such systems are represented as a cascaded model structure (Peng and

Chen, 2013; Gu et al., 2016b).

Input

u(t)

DynamicsHysteresis

H(·) G
Output

y(t)v(t)

System (S)

Figure 3.1: Block diagram of the cascaded model structure used to represent hysteretic systems
S. The output v(t) of the hysteresis model H(·) is the input of the dynamic model G.

As can be seen in Figure 3.1, a way to represent hysteretic systems consists of a

cascade structure, which is composed of a dynamic model G that describes the linear

behavior of the systemS, preceded by a model H(·) that describes the hysteretic behav-

ior (Liu et al., 2010; Gu et al., 2016a). It is noteworthy that this type of representation is

similar to that of Hammerstein models, in which modelG refers to linear dynamics and

model H(·) is a static nonlinearity. However, when dealing with hysteretic systems, it

should be clear that model H(·) describes the nonlinear dynamic behavior of hysteresis.

Some works in the literature have called the cascade between G and H(·) for hysteretic

systems as a pseudo-Hammerstein model (Cao and Chen, 2012; Deng et al., 2014).

This representation can be used to describe hysteretic systems modeled either from

phenomenological models, such as the Bouc-Wen and the Prandtl-Ishlinskii models, or

from gray-box NARX models (see Chapter 2). For the use of NARX representation, we

will assume that both process and hysteresis dynamics are described by a single model.
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The approaches commonly adopted to design controllers and compensators for

hysteretic systems can be classified into three categories: (i) compensation approaches,

(ii) feedback control, and (iii) combination of compensation and feedback control

approaches. Among the controllers and compensators obtained through these ap-

proaches, it is noteworthy that they differ mainly in relation to the type of hysteresis

model that is used during their design, since there is still no proposal for a general

model capable of fully representing this behavior (Gu et al., 2016b). Therefore, in order

to provide a better performance when dealing with regulation or tracking problems in

hysteretic systems, new approaches to control and compensation have been proposed.

As the control and compensation schemes proposed in the literature are formulated

to deal with the hysteretic behavior modeled by a given structure, we will emphasize

those developed for the classes of models presented in Chapter 2. Therefore, the pur-

pose of this chapter is to present the control challenges that remain open and some of

the limitations that are found in existing approaches.

This chapter is organized as follows. Section 3.2 reviews some approaches for

designing compensators based on: the inversion of a predictive model and the identi-

fication of a model that estimates the inverse behavior of the hysteretic system under

investigation. Section 3.3 addresses the problem of designing feedback controllers for

hysteretic systems. Finally, Section 3.4 presents some works that deal with the combi-

nation of both compensation and feedback control approaches.

3.2 Compensation Approaches

Compensation-based approaches aim to design a compensation input that mitigates

undesirable behaviors, e.g. nonlinearities, exhibited by the system so that it becomes

more amenable for control. In the context of hysteretic systems, the designed compen-

sator is cascaded with the system in an open-loop scheme to attenuate the hysteretic

behavior; see Figure 3.2.

Compensation
Input

m(t)

DynamicsHysteresis

H(·) G
Output

y(t)v(t)

System (S)

Reference

r(t)

Compensator

C

u(t)

Figure 3.2: Block diagram of the compensation approach C for a hysteretic system S, which is
represented by a linear dynamic model G preceded by the hysteresis model H(·).

According to Gu et al. (2016b), there exist two steps that are commonly used to

design compensators to mitigate the hysteretic behavior. The first one aims to identify

a model capable of predicting the hysteresis behavior. The second uses this model
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to design a compensator C. In what follows, two different compensation approaches

found in the literature are presented.

3.2.1 Model-Based Compensation

One of the approaches to design the compensatorC is through the construction of an

inverse function H−1(·) of the hysteresis model H(·), which will provide a compensation

input m to mitigate the hysteresis present in the system S; see Figure 3.2. According

to Rakotondrabe (2013), due to the lack of methods to analytically obtain the inverse

of hysteretic models based on differential equations, such models have not been viable

to be used for designing compensators when the construction of the complete inverse

function of these models is considered. Therefore, based on the models reviewed in

Chapter 2, it is worth mentioning that although the Bouc-Wen hysteresis model is of

great relevance in the academic community, due to its ability to predict a wide class

of real hysteretic systems, this model is inapplicable in this compensation approach.

Faced with this problem, Rakotondrabe (2011) proposed an alternative approach that

considers the restructuring of the Bouc-Wen model in an inverse multiplicative scheme

for the compensation of hysteresis in smart materials, so that the inversion of complex

terms (or non-invertible) that make up the model is not required. Thus, this approach

tends to be easy to implement and has a lower computational cost, since a complete

inversion of the model is not required (Wang et al., 2011; Zhou et al., 2012; Hassani

et al., 2014). It should be mentioned that such an approach requires that the input

signal appears explicitly expressed in the models.

Regarding the phenomenological models of hysteresis based on operators, it is note-

worthy that these models have been widely used for compensation since their inverse

can be determined by different methods (Peng and Chen, 2013). For the case of the

Preisach model, which is one of the most popular operators, it should be mentioned

that it is not analytically invertible, but its inverse can be approximated by numerical

methods (Song et al., 2005; Visone, 2008; Ruderman and Bertram, 2010). On the other

hand, the Prandtl-Ishlinskii hysteresis model has the advantage of being analytically

invertible and, consequently, is more suitable for practical applications as it provides

better accuracy and lower computational cost when compared to the inverse Preisach

model (Krejci and Kuhnen, 2001). For this reason, many works have used this model to

design compensators based on its inverse model (Kuhnen and Janocha, 2001; Mokaberi

and Requicha, 2008; Rakotondrabe et al., 2010; Al Janaideh et al., 2011, 2016a). Al-

though operator-based models are invertible, compensation schemes without the need

for complete inversion of such hysteresis models, based on the inverse multiplicative

scheme mentioned above, have also been proposed (Rakotondrabe, 2012; Li et al., 2014;

Aljanaideh et al., 2017). Some works have reported that the use of such a compensa-

tion scheme compared to the construction of the complete inverse function provided

improvements with regard to the simplicity of implementation and the fact that there
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is no extra computational cost for compensation, since the same parameters and struc-

ture of the identified model are maintained. Although the Prandtl-Ishlinskii model has

interesting features for designing compensators using an inverse model, its accuracy

for predicting the hysteretic behavior depends on the number of operators that make

up the model. As a result, the computation time increases with the desired accuracy for

the model, since this model is based on the weighted sum of hysteresis operators (see

Section 2.2.2). Therefore, from a practical point of view, one must consider the existing

trade-off between accuracy and computational time based on this type of model.

It should be emphasized that the compensation approaches reviewed so far have

been proposed assuming the use of some specific phenomenological hysteresis model,

such as the Bouc-Wen and the Prandtl-Ishlinskii models (Rakotondrabe, 2011; Gu et al.,

2012). However, not every hysteretic system is represented by such models. Also, there

are some challenges related to the estimation of their parameters that might appear non-

linearly in the equation, and their structural complexity that represents an additional

difficulty in the design of compensators (Peng and Chen, 2013; Hassani et al., 2014).

On the other hand, as discussed in Section 2.3, a promising alternative to predict the

hysteresis nonlinearity is using NARX models, which can be tailored, in a gray-box

scheme, to reproduce specific features and to meet possible constraints on the structure

and parameters to make them suitable for use in a compensation scheme. However,

the literature on the use of NARX models in the compensation of hysteresis is still

scarce (Dong and Tan, 2014; Lacerda Júnior et al., 2019). One of the very few papers

that is concerned with obtaining structurally simple NARX models that are particu-

larly suitable for model-based control was proposed by Leva and Piroddi (2002) and

discussed in Section 2.3.7.2. Although the authors identified the compact model (2.53)

for a hysteretic system, they have not used this model in any control or compensation

scheme. It is also important to note that the methodology proposed by them does not

guarantee that the identified models are suitable for designing compensators. This

can be verified by manipulating (2.53) so that its inverse function H−1(·) is obtained.

Thus, isolating the input signal u1, k to construct its inverse model, i.e. compensator, the

following resulting equation is obtained:

u1, k=
1

θ3ϕ2, kϕ2
1, k
+ θ6ϕ2, kϕ1, k

[

yk − θ1yk−1 − θ2ϕ2, k−1ϕ
2
1, k−1 − θ4ϕ

3
1, kyk−1 − θ5ϕ2, kϕ

10
1, k

]

. (3.1)

As a result, it can be seen that the compensator (3.1) would have a singularity when the

velocity variable is equal to zero or when the sum of its denominator is equal to zero,

which makes this compensator invalid in these cases.

Recently, Lacerda Júnior et al. (2019) presented a case study in which the identifica-

tion proposals made in (Martins and Aguirre, 2016), and reviewed in Section 2.3.7.4, are

used to identify a NARX model for an experimental electronic circuit with hysteresis,

and this model is used to construct the compensator C based on its inversion. As with

the previous paper, the proposed methodology for obtaining a compensator is subject
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to failure, i.e. singularity issues in their compensators, since there is no guarantee that

the identified models are suitable for designing compensators. For example, consider-

ing the model (2.64) identified in (Martins and Aguirre, 2016), and isolating the input

u1, k as done in (3.1) to construct the inverse function, we have:

u1, k−1=
1

θ3ϕ1, k−1

[

yk − θ1yk−1 − θ2ϕ2, k−1 − θ4ϕ2, k−1ϕ1, k−1yk−1

]

, (3.2)

which is the same as shown in equation (12) in (Lacerda Júnior et al., 2019), except

for a difference in its notation. Again, in cases where the velocity has a value equal

to zero, the compensator (3.2) is not defined. Therefore, these results allow us to

conclude that there is a lack of systematic methods in the literature to ensure that

the identified NARX models are suitable for designing compensators. In Chapter 4,

effective systematic methodologies are provided for designing compensators.

3.2.2 Compensation Based on Compensator Identification

An alternative approach aims to identify the compensator C directly from a set

of data collected from the hysteretic system S under investigation. Therefore, this

approach has the advantage of obtaining the inverse model in a single step, without the

need to first identify a model to predict the hysteretic behavior and only then construct

its inverse function using this predictive model, which was presented in Section 3.2.1.

Conversely, according to Gu et al. (2016b), only an approximate compensation can be

expected when using this approach. For hysteretic systems in which the hysteresis

behavior is modeled by differential equations, no work was found in the literature.

In terms of operator-based hysteresis models, such as the Preisach and the Prandtl-

Ishlinskii models, there are some works that have addressed this type of compensation

approach (Croft et al., 1999; Gu et al., 2012; Qin et al., 2013). Basically, its core idea

revolves around modifications that are carried out in the model, such as structure

specifications, changes in the input mapping function of the inverse model, among

others, in order to benefit the identification of the inverse features.

As for the use of NARX models for this type of compensation, very little has been

done. During the research, the only work found that addresses the identification of

NARX polynomial models to predict the inverse hysteresis behavior was proposed in

(Dong and Tan, 2014). In that work, the authors defined an operator similar to the one

discussed in Section 2.3.7.3, which was proposed by Deng and Tan (2009) to capture

the change tendency of the hysteresis behavior, but now with the aim of mapping

the inverse hysteresis behavior. Thus, the output of this inverse hysteretic operator is

used as an additional candidate regressor ϕi, k for identifying a NARX model (2.12) that

estimates the input ûk rather than the output signal yk of the hysteretic system. Hence,

according to Dong and Tan (2014), it is possible to develop the compensator based on

an inverse gray-box NARX model to attenuate the hysteresis effect in order to obtain
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a more linear relationship between the input and output of the hysteretic system. It

should be mentioned that the structure selection step used by them is the same as in

(Deng and Tan, 2009) and, therefore, the problems discussed in Section 2.3.7.3 could

happen when identifying this compensator. As a side note, the degree of nonlinearity

used to obtain the compensator was not mentioned, which makes some additional

information about it inaccessible, such as the number of regressors required to obtain

the compensator identified by them. Also, nothing was mentioned about the potential

problem of causality, which might happen in this type of compensation approach. In

order to overcome this shortcoming, a procedure is developed in Chapter 4. For the

case of NARX neural models, Li and Chen (2013) proposed the design of a nonlinear

adaptive compensator that is adjusted online to mitigate the hysteresis nonlinearity in

a piezoelectric actuator.

Although the compensation approaches provide advantages in terms of mitigating

hysteretic behavior, easy implementation and simplicity, these approaches are highly

sensitive to unknown effects (Peng and Chen, 2013). More specifically, the performance

of these open-loop schemes might be significantly degraded by parametric uncertain-

ties, unmodeled dynamics and external disturbances, as well as changes in system

dynamics over time. For this type of scenario, the feedback control approaches corre-

spond to an appropriate option and are presented in what follows.

3.3 Feedback Control Approaches

Feedback control approaches have interesting features due to their ability to deal

with the presence of effects arising from model uncertainties, disturbances and nonlin-

earities in the system to be controlled. For the case of hysteretic systems, the feedback

controller is inserted in the closed-loop branch so that, in addition to suppressing the

effects mentioned above, an efficient attenuation of the hysteretic behavior might be

achieved. Figure 3.3 shows the block diagram for this control approach.

Control
Action

uF(t)

DynamicsHysteresis

H(·) G
Output

y(t)v(t)

System (S)

Controller

CF

u(t)

Reference

r(t) +

−

Figure 3.3: Block diagram of the feedback control approachCF for a hysteretic systemS, which
is represented by a linear dynamic model G preceded by the hysteresis model H(·).

In the literature, there are many feedback control approaches that have been devel-

oped based on linear and nonlinear control techniques to deal with hysteretic systems

(Zhou et al., 2004; Ikhouane and Rodellar, 2006; Payam et al., 2009; Riccardi et al., 2013,
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2014; Cheng et al., 2015). The choice of which control technique to use depends on

the purpose and how the control problem is formulated. When it is desired to handle

both transient and steady-state responses, the Proportional-Integral-Derivative (PID)

control technique is one of the most used and accepted options in both academic and

industrial fields (Ang et al., 2005). Due to this recognition, works have investigated

methodologies that enable the compensation of the hysteretic behavior through the

proper tuning of this control law (Ikhouane and Rodellar, 2006; Riccardi et al., 2012,

2013, 2014). In the case where it is desired to obtain robust feedback controllers to

model uncertainties and external disturbances in the system, linear techniques based

on H2 and H∞ norms comprise an interesting option to be considered (Doyle et al.,

1989). The use of these techniques to mitigate hysteresis can be found in (Salapaka

et al., 2002; Chuang and Petersen, 2013; Ahmad et al., 2017). This approach commonly

considers the hysteresis as a bounded disturbance in the nominal model of the system

and adjusts the control law by optimizing an objective function that minimizes the

H2 or H∞ norm. In Figure 3.3, the nominal model for hysteretic systems corresponds

to the linear dynamic model G, while the hysteresis behavior H(·) can be treated as a

disturbance or uncertainty (Gu et al., 2016b).

In the context of nonlinear techniques for designing feedback controllers to handle

hysteretic systems, when it comes to tracking and stabilization problems, the back-

stepping technique is an interesting tool to be studied (Payam et al., 2009). With this

technique, the control law and the Lyapunov function to ensure stability are constructed

systematically (Khalil, 2002). Sliding mode control technique has the characteristic of

providing controllers that are robust to uncertainties and disturbances (Edwards and

Spurgeon, 1998). Its use to attenuate hysteresis can be found in (Liaw et al., 2007; Xu

and Li, 2009). Other control techniques, such as those based on neural networks (Liaw

and Shirinzadeh, 2009) and adaptive control (Chen et al., 2008), have also been applied

to the feedback control of these systems. Furthermore, a large number of modifica-

tions and combinations of these techniques to control hysteretic systems have been

proposed, such as adaptive backstepping (Zhou et al., 2004; Feng et al., 2005; Ikhouane

et al., 2005; Zhou and Wen, 2008; Zhang et al., 2017b) and adaptive sliding mode (Chen

and Hisayama, 2008; Zheng et al., 2014; Mansourfar and Baradarannia, 2018).

A common goal that is pursued in this research field is to adapt existing techniques

or propose new control approaches that are promising to control hysteretic systems.

From the methodological point of view, most of the aforementioned techniques aim

to design controllers that meet and provide improvements in some performance re-

quirement of the closed-loop system. Since stability corresponds to the minimum

performance expected by a control system, ensuring this requirement during controller

design has been of fundamental importance. In order to apply the stability analysis to

nonlinear dynamical systems, two frequently used methods are based on linearization

and Lyapunov theory. Linearization-based methods are commonly used due to the

wide range of tools available to analyze linear systems (Chen, 1999). For this type of
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approach, the system is linearized around a fixed point and the analyzes developed in

the linearized model provide estimates of the local behavior of the nonlinear system.

An alternative to these linearization methods is based on Lyapunov theory which,

in turn, makes it possible to analyze the stability of the fixed points directly from the

nonlinear representation of the system. In this way, it is avoided that complex dynamic

characteristics of the hysteresis, such as strong nonlinear dependencies on its variables,

are neglected when the dynamic model is linearized (Rakotondrabe, 2013). For this

reason, stability analysis in the Lyapunov sense is commonly used to design controllers.

Some important definitions, theorems, and their proofs about the stability in the sense

of Lyapunov are detailed and found in (Khalil, 2002). It is interesting to mention that,

considering the use of Lyapunov theory, two works were developed. In one work, an

adaptation of the backstepping controller developed in (Payam et al., 2009) through the

inclusion of an integral action into the problem formulation was proposed, aiming to

improve the closed-loop performance with robustness against parametric uncertainties

and constant disturbances; see (Abreu et al., 2018b). In the second work, as far as we

know, the first methodology to design a PID controller via LMIs to deal with the

combination of hysteresis and time-delay was proposed, which are effects often found

in real applications; see (Abreu et al., 2018a).

According to Peng and Chen (2013), although feedback control approaches offer

advantages that are superior to compensation, the presence of uncertainties together

with hard nonlinearities might degrade the performance of such controllers. Therefore,

it is possible to combine the compensation and feedback control approaches so that the

results achieved present better accuracy when compared to those obtained using only

one of these approaches. The combination of the compensation and feedback control

approaches is discussed in the next section.

3.4 Compensation with Feedback Control Approaches

The last approach deals with the design of control laws that combine the advantages

coming from the use of compensators and feedback controllers. Thus, when it comes

to controlling hysteretic systems, one of the compensation approaches presented in

Section 3.2 can be used to construct an inverse hysteresis model, i.e. compensator, that

is cascaded with the system to make the relationship between its input and output

signals more linear. Thereafter, a feedback controller (Section 3.3) is designed and used

to compose the closed-loop scheme so that compensation errors due to imprecision

in the identified inverse hysteresis model and the remaining dynamics of the system

might be mitigated. Figure 3.4 shows the block diagram that illustrates this control

approach.
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Figure 3.4: Block diagram of the compensator C combined with feedback controller CF for
a hysteretic system S, which is represented by a linear dynamic model G preceded by the
hysteresis model H(·).

Due to the different models used to design compensators and the different feed-

back control techniques existing in the literature, many works have dealt with the

combination of these approaches (Ge and Jouaneh, 1996; Song et al., 2005; Shen et al.,

2008; Peng and Chen, 2010; Cao et al., 2013; Schindele and Aschemann, 2013; Liu et al.,

2014). In the field of linear control, studies regarding the use of compensator with

linear techniques, such as PID andH2, have reported a considerable increase in control

performance (Ge and Jouaneh, 1996; Peng and Chen, 2010). Some works highlight the

improvement achieved in the maximum tracking error that was reduced by about 50%

when comparing the case where the approaches are combined with the case where

they are treated separately (Song et al., 2005). In a similar way, controllers based on

nonlinear techniques, such as sliding mode control and backstepping, are combined

with the use of compensators to handle hysteretic systems (Shen et al., 2008; Schindele

and Aschemann, 2013).

Despite the advantages that have been presented by works in the literature about

these combined approaches, some challenges related to the stability analysis of these

control schemes remain an open problem. According to Gu et al. (2016b), the main

challenge when using this approach is to demonstrate the stability of the closed-loop

system when considering the errors generated by the designed compensator, since

obtaining their analytical expressions is not a trivial task.

3.5 Concluding Remarks

This chapter discussed some approaches developed in the literature for designing

control laws for hysteretic systems. The revised approaches were divided into three

categories that address the design of compensators, feedback controllers, and com-

bining compensators with feedback controllers. Some control challenges that remain

open were presented, as well as some advantages and limitations found in existing

control approaches in the literature to deal with hysteresis modeled by the Bouc-Wen,

the Prandtl-Ishlinskii and the NARX models, which were reviewed in Chapter 2.

The next chapter develops some systematic methodologies for designing compen-

sators using NARX models so that the gaps discussed in Section 3.2 are overcome.
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These proposed methodologies are not limited to hysteresis and can be used to deal

with other nonlinearities. In addition, advances in the identification of hysteretic sys-

tem are presented, in which some subtle features of this nonlinearity are now adopted

during the identification procedure and, thus, enabling NARX models to predict it.



Chapter 4

Hysteresis Identification and

Compensator Design via NARX Models

4.1 Introduction

This chapter addresses the problem of identification and nonlinearity compensation

in dynamical systems using NARX polynomial models. As mentioned in Section 2.3,

our analysis gives special attention to the use of NARX models to deal with hysteresis,

since there are few works in the literature dedicated to this subject. Also, a lack of more

critical analyzes with respect to the ability of these models to characterize more subtle

aspects of hysteretic systems, such as the hysteresis loop and a continuum of steady-

state solutions (Definition 2.5), has been observed. Indeed, to the best of our knowledge,

there are no works in the literature that impose the feature of a continuum of steady-

state solutions during the identification procedure or that show the performance of the

identified NARX models in steady-state. In order to achieve this, based on gray-box

identification techniques, some constraints on the structure and parameters of NARX

models are proposed to ensure that the identified models have the ability to predict

both dynamical and static features of the hysteresis nonlinearity. In addition, we

provide a more general framework to explain how hysteresis occurs in such models.

In terms of hysteresis compensation, the lack of NARX-based methods can arguably be

explained by the modeling problems that could not be solved in the context of black-

box techniques. Based on gray-box models, our work has been advanced by proposing

three systematic procedures to ensure that the identified NARX models are suitable for

designing compensators. The compensation procedures are formulated to deal with

hysteresis and other nonlinearities modeled by NARX models.

The chapter is organized as follows. Section 4.2 discusses a constraint to ensure

hysteresis in the identified models and a framework for understanding how the hys-

teresis loop is formed. Based on NARX models, preliminary information about their

use to design compensators, which will be combined in an open-loop scheme with the

investigated system, is presented in Section 4.3. Compensation procedures are formu-

lated from Section 4.4 to Section 4.6, where each section details one of the proposed

approaches. Section 4.7 presents the concluding remarks.

The content of this chapter is similar to that published in (Abreu et al., 2020), with a

richer and more detailed discussion of the proposals, as well as some of the content that
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we published in (Tavares et al., 2022), with a more concise presentation of the dynamic

compensation approach based on the roots of an algebraic polynomial.

4.2 Identification of Hysteretic Systems

The scientific community has investigated which relevant features must be present

in a model to reproduce hysteresis. Some of these features are: a characteristic loop

behavior displayed on the input-output plane (Bernstein, 2007), several stable fixed

points (Morris, 2011), and multi-valued mapping (Deng and Tan, 2009). However, as

discussed in Chapter 2, which and how these features can be used in the identification

procedure remains an open problem.

As proposed by Martins and Aguirre (2016), and reviewed in Section 2.3.7.4, the

inclusion of a regressor ϕi, k given by a multi-valued function (Definition 2.10), such

as the sign function (Definition 2.1) of the first difference of the input, in addition

to polynomial terms of the gray-box NARX model (2.12) is a sufficient condition to

reproduce a hysteresis loop; see Theorem 2.3. Therefore, in this work, the models

adopted are of the type:

yk=Fℓ
(

yk−1, · · · , yk−ny ,uk−τd
, · · · ,uk−nu , ϕ1, k−τd

, · · · , ϕ1, k−nϕ1
, ϕ2, k−τd

, · · · ,ϕ2, k−nϕ2

)

, (4.1)

where:





ϕ1, k = uk − uk−1,

ϕ2, k = sign(ϕ1, k),
(4.2)

and the other variables are the same as defined in (2.12). It is interesting to note that

the addition of the regressors ϕ1, k and ϕ2, k does not affect the number, location and

stability of fixed points (Definition 2.3) (Aguirre and Mendes, 1996).

In what follows, a constraint is proposed to ensure a key-feature of hysteresis. Also,

it is shown how the hysteresis loop can be seen as an interplay of attracting and repelling

regions in the input-output plane of certain models. Then, in the sequel the resulting

models will be used to design compensators. We start with a property that summarizes

a feature commonly expected in models identified to represent hysteretic systems, i.e.

the existence of more than one fixed point in steady-state, as discussed in (Bernstein,

2007; Morris, 2011; Martins and Aguirre, 2016).

Property 4.1. An identified hysteretic model, under a constant input, has two or more real

non-diverging equilibria.

In (Martins and Aguirre, 2016), Property 4.1 was attained by ensuring that the model

had at least one fixed point under loading-unloading quasi-static inputs (Definition 2.9),

with different values for the loading and unloading regime, in which the additional term
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ϕ2, k in (4.2) becomes Åϕ2=1 and Åϕ2= − 1, respectively (see Remark 2.15). Undoubtedly,

this enables NARX models to describe the dynamical features of hysteretic systems, i.e.

mimic their hysteresis loop and temporal response. However, as discussed throughout

the review in Chapter 2, hysteresis is a nonlinear behavior that also appears in the static

response and, despite being a relevant feature of such systems, not many works in the

literature have highlighted this fact (Bernstein, 2007; Morris, 2011). In some works,

this nonlinearity is classified as quasi-static because the analyses are performed when

the system is excited by a periodic signal that is very slow compared to the system

dynamics (Ikhouane and Rodellar, 2007).

Based on a static analysis of NARX models (4.1), we will show that an additional

constraint needs to be considered in the identification procedure in order for Prop-

erty 4.1 to be satisfied. Thereafter, a quasi-static analysis will be used to describe how

hysteresis happens in these models and an illustrative example will be presented.

4.2.1 Static Analysis

By means of static analysis it is possible to determine the fixed points of a model, as

described in Definition 2.3. In what follows, the notation of term clusters and cluster

coefficients presented in Definition 2.2 is used.

Assumption 4.1. [Systems with hysteresis]. In order to comply with Property 4.1, following

recommendations of the literature, the identified models should not have regressors from the

following term clusters:

(i) Ωyp , Ωypϕ
q1
1

and Ωypϕ
q2
2

for p > 1 and ∀q1, q2 (Aguirre and Mendes, 1996),

(ii) Ωϕq2
2

for q2 > 1 (Martins and Aguirre, 2016),

as will be shown in this thesis, the following regressors should also be removed:

(iii) Ωypum and Ωum ∀p,m.

The steady-state analysis (Remark 2.5) is done by taking yk = Åy,∀k, uk = Åu,∀k and,

consequently, ϕ1, k = uk − uk−1 = 0 and ϕ2, k = sign(ϕ1, k) = 0,∀k. For a model that

complies with Assumption 4.1, we get Åy = Σy Åy, where Σy is the sum of all parameters

of all linear output regressors; see Definition 2.2. For the sake of clarity, we discuss

the most common case, in which the hysteretic model has only one linear output term:

θ̂1yk−1 (Martins and Aguirre, 2016; Lacerda Júnior et al., 2019). Hence, the model

has only one fixed point for which stability analysis yields the following: if |θ̂1| < 1

(|θ̂1| > 1), then Åy = 0 is a single asymptotically stable (diverging) equilibria and, as a

result, Property 4.1 is not satisfied. To overcome this problem, with Definition 2.5 in

mind, the following lemma is stated.

Lemma 4.1. Given that Assumption 4.1 holds, if θ̂1 = 1, then the identified model has a

continuum of solutions at steady-state.
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Proof. The steady-state analysis of a model that satisfies Assumption 4.1 and Lemma 4.1

yields Åy = Åy which is trivially true for any value Åy. Hence, the model has a non-

hyperbolic fixed point and will display a continuum of steady-state solutions which will

play the role required by Property 4.1. ■

It is worth mentioning that if the regressors of the term clusters in Assumption 4.1 are

not removed, the steady-state analysis and Lemma 4.1 presented above are not assured

to the identified models and, consequently, a continuum of steady-state solutions is not

achieved by them.

Remark 4.1. Lemma 4.1 guarantees that the model fixed point (Definition 2.3) is non-

hyperbolic and in that way it will be able to guarantee multiple steady-state solutions.

However, the case of a non-hyperbolic fixed point is known to be structurally unstable.

Hence, unless the constraint in Lemma 4.1 is used, the probability of estimating a model

with a non-hyperbolic fixed-point is zero. If the model has more than one linear output

term, the constraint in Lemma 4.1 becomes Σy = 1 and this will guarantee that the

Jacobian matrix has one eigenvalue at 1. In order for the model to have a continuum of

steady-state solutions all the remaining eigenvalues of the Jacobian matrix evaluated

at the fixed point (Definition 2.4) must have modulus less than one.

4.2.2 Quasi-static Analysis

The core idea of the framework proposed in (Martins and Aguirre, 2016) to identify

models with a hysteresis loop is to build a bounding structure H made of sets of

equilibria and to ensure that one set is stable during loading and the other one, during

unloading; see Property 2.2 and Theorem 2.3. Such a scenario is effective, but it does not

help to understand models with more complicated structures and with both attracting

and repelling regions in the u × y plane. This section aims at enlarging the scenario

developed in (Martins and Aguirre, 2016).

In quasi-static analysis, it is assumed that the input uk is a loading-unloading quasi-

static signal (Definition 2.9) that is much slower than the system dynamics to the point

that, at a given time k, the system will be in a certain attracting region, avoiding

any possible repelling regions. Also, such regions depend on uk, ϕ1, k and ϕ2, k. More

specifically, there will be one or two sets of regions during loading and the same number

of sets during unloading. We discuss the case where there will be two sets of regions,

since the occurrence of only one set is a special case of it.

For quasi-static analysis, we assume that yk ≈ yk− j = ỹ, j = 1, 2, . . . ,ny, such that

(4.1) is given by:

ỹ ≈ Fℓ
(

ỹ,uk−τd
, · · · ,uk−nu , ϕ1, k−τd

, · · · ,ϕ1, k−nϕ1
, ϕ2, k−τd

, · · · ,ϕ2, k−nϕ2

)

, (4.3)

which can be usually solved for ỹ, especially if higher powers of the output, i.e. Ωyp

for p > 1, are not in Fℓ(·) (Aguirre and Mendes, 1996). This is achieved in practice by
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removing such term clusters from the set of candidates as done in Assumption 4.1. If

the inputs are all constant, then ỹ will depend on such values.

Given a quasi-static input, if ỹ is in an attractive region, then the model output

moves towards an attracting solution. In what follows, ỹa
L

and ỹa
U

are, respectively, the

solutions to (4.3) in attracting regions under loading and unloading; ỹr
L

and ỹr
U

are the

counterparts in repelling regions. The conditions for ỹ to be attracting is:

∣
∣
∣
∣
∣
∣
∣

eig





∂Fℓ
(

y,uk−τd
, · · · ,uk−nu , ϕ1, k−τd

, · · · ,ϕ1, k−nϕ1
, ϕ2, k−τd

, · · · ,ϕ2, k−nϕ2

)

∂y





∣
∣
∣
∣
∣
∣
∣

< 1, (4.4)

where y = [yk−1 . . . yk−ny]
T. This procedure resembles that of determining the stability

of fixed points (Aguirre and Mendes, 1996). Here the Jacobian matrix is not evaluated

at fixed points, as described in Definition 2.4. Hence, we do not speak in terms of stable

and unstable fixed points.

To illustrate how this helps to understand the formation of a hysteresis loop, consider

the schematic representation in Figure 4.1. The input is a loading-unloading signal such

that umin ≤ uk ≤ umax, ∀k. The sets ỹa
L
, ỹa

U
, ỹr

L
and ỹr

U
are shown. Consider the point

A, which takes place under loading, hence only solutions ỹr
L

and ỹa
L

are active and

should be considered. Given that the system is under the direct influence of ỹr
L
, which

is responsible for pushing upwards (see vertical component yA), and it is the loading

regime, there is a horizontal component uA (related to the input) that points to the right.

The resulting effect is to pull the system along the loop in the NE direction. The same

can be said for point B; however, at that point the vertical component is the result of

the attracting action of ỹa
L
. A similar analysis can be readily done for the unloading

regime, given by points D and E. At the turning points C and F, ϕ2, k switches from 1

to −1 and from −1 to 1, respectively. Hence, the analysis also switches from using ỹa
L

and ỹr
L
, to using ỹa

U
and ỹr

U
. This analysis will be useful in Chapter 5 to understand the

formation of hysteresis loops in identified models.

It is important to point out that the assumption that the set ỹ comes in two disjoint

parts, either for loading or unloading, is a consequence of the solution of (4.3) being

rational instead of polynomial. This is useful to analyze models with more general

model structures. In addition, a NARX polynomial model, due to its simplicity, is typ-

ically unable to reproduce a number of aspects found in more sophisticated hysteretic

models, as in the Preisach model (Ge and Jouaneh, 1996) and in the Masing model

(Jayakumar, 1987) that present some more subtle aspects of hysteresis.

The constraint in Lemma 4.1 enables the model to ªrememberº its last state and

remain there even when the input becomes constant (this was not the case in (Martins

and Aguirre, 2016)). Also, since the hysteresis branches are here formed as a result of

the position of fixed points, which depend on the model parameters which are fixed

in this work, so is the hysteresis loop. In order to enable the model to follow other

branches, as seen in the Preisach model, we would need some mechanism for updating
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parameters recursively; see Section 2.3.5. This is not a concern in this work.

ỹa
L

y

uumaxumin

ỹa
U

ỹr
U

ỹr
L

D

E

C

F A

B

yA

uA

uB

yB

uD

yD

uE

yE

U

L

L

U

Figure 4.1: Schematic representation of hysteresis loop in the u × y plane. Attracting sets are
shown in black continuous lines, whereas the repelling sets are indicated in red dash-dot. The
hysteresis loop is indicated by dotted lines.

The following example illustrates the application of this analysis.

Example 4.1. Static and Quasi-static Analysis to Identify Hysteretic Models.

Consider the following NARX model that complies with Assumption 4.1:

yk = θ̂1yk−1 + θ̂2ϕ1, k−1 + θ̂3ϕ2, k−1ϕ1, k−1uk−1 + θ̂4ϕ2, k−1ϕ1, k−1yk−1 + θ̂5ϕ1, k−1u2
k−1

+θ̂6ϕ1, k−1uk−1yk−1. (4.5)

In order to ensure that such a model has a continuum of steady-state solutions, accord-

ing to Lemma 4.1, the constraint θ̂1 = 1 might be achieved using estimator (2.48) with

c = 1 and S = [1 0 0 0 0 0].

For a more complicated model structure, the constraint in Lemma 4.1 is still in the

form 1 = Sθ (2.47) but with S having more that one element equal to one, e.g. as shown

in (Aguirre, 2014) to obtain NARX models able to reproduce dead-zone and in (Aguirre

et al., 2004) for a quadratic nonlinearity.

The quasi-static analysis of model (4.5) is performed following the steps provided

in Section 4.2.2. So rewriting this model as (4.3), we have:

ỹ ≈ θ̂1 ỹ+θ̂2ϕ1, k−1+θ̂3ϕ2, k−1ϕ1, k−1uk−1 + θ̂4ϕ2, k−1ϕ1, k−1 ỹ+θ̂5ϕ1, k−1u2
k−1 + θ̂6ϕ1, k−1uk−1 ỹ,

which can be described by:
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ỹ(u,ϕ1,ϕ2) ≈





θ̂2ϕ1 + θ̂3ϕ1u + θ̂5ϕ1u2

1 − θ̂1 − θ̂4ϕ1 − θ̂6ϕ1u
, for ϕ2= 1;

θ̂2ϕ1 − θ̂3ϕ1u + θ̂5ϕ1u2

1 − θ̂1 + θ̂4ϕ1 − θ̂6ϕ1u
, for ϕ2=−1,

(4.6)

where the time indices have been omitted for simplicity. Therefore, the solution given

at the top in (4.6) represents the set ỹL, while the bottom is the set ỹU.

To define whether the solutions to (4.6) are in the attracting or repelling regions,

(4.4) should be computed for model (4.5). This yields:

−1 < θ̂1 + θ̂4ϕ2, k−1ϕ1, k−1 + θ̂6ϕ1, k−1uk−1 < 1,

−1 − θ̂1 − θ̂4ϕ2, k−1ϕ1, k−1

θ̂6ϕ1, k−1

< uk−1 <
1 − θ̂1 − θ̂4ϕ2, k−1ϕ1, k−1

θ̂6ϕ1, k−1

. (4.7)

Since it is assumed that the input uk is a loading-unloading signal, the conditions

(4.7) to ensure that the solutions (4.6) are in attracting regions can be readily verified

numerically. For illustration purposes, consider model (4.5) with parameters: θ̂1=1. 00,

θ̂2=0. 77, θ̂3=1. 42× 10−2, θ̂4=− 9. 60× 10−3, θ̂5=3. 16× 10−4, and θ̂6=− 2. 47× 10−4. Also,

suppose that the input signal is uk=70 sin(2πk) with a sampling time of Ts = 0. 001 s.

Based on these assumptions, Figure 4.2 shows the hysteresis loop obtained with model

(4.5) and some additional points in this loop, similar to those in Figure 4.1, used to

highlight the influence of the attracting and repelling regions.
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Figure 4.2: Quasi-static analysis for model (4.5). The hysteresis loop indicated with (· · · ) is a
result of the interaction of (Ð) attracting (ỹa

L
, ỹa

U
) and (- · -) repelling (ỹr

L
, ỹr

U
) sets, calculated

from (4.6) and (4.7), with the input signal u. Compare to Figure 4.1.

Figure 4.3 shows a more detailed picture, compared to Figure 4.2, of how the solu-

tions (4.6), which are responsible for attracting (∗) and repelling (□) the output (•) of
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model (4.5), influence the formation of the hysteresis loop (· · · ) for this model. It is

noteworthy that from Figure 4.3(a) to Figure 4.3(e) are presented the results obtained

with the input signal under the loading regime, while from Figure 4.3(f) to Figure 4.3(j)

are those for the unloading regime. Note that the calculated results are given for two

specific input values (see left side of Figure 4.3), for the range of input values that pro-

duce only regions of attracting or repelling (see middle column of Figure 4.3), and for

the case where both regions are combined (see right side of Figure 4.3). Also, note that

Figure 4.2 is the combination of the results presented in Figures 4.3(e) and 4.3(j).
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Figure 4.3: A more detailed view of the results shown in Figure 4.2. (•) refers to some specific
output values calculated from a given input value uk under loading, in (a)-(e), or unloading,
in(f)-(j), for which the corresponding solutions of (4.6) attract (∗) or repel (□) the output (· · · ).
(Ð) refers to the set formed by the solutions that attract, while (- · -) by the solutions that repel.
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It should be remembered that, as mentioned earlier, there will be one or two sets of

regions during loading and unloading, and that the framework raised in Section 4.2.2

does not change regardless of the number of sets of regions. In the present example,

the hysteresis loop for model (4.5) is the result of the interaction of two sets of regions

that appear for loading and another two sets for unloading, with one set referring to

an attracting region and the other to a repelling one; see Figures 4.2 and 4.3. In order to

illustrate a case where there is only one set of regions during loading and unloading,

assume that model (4.5) is composed only of the first five terms and their corresponding

parameter values that were defined above. After performing the quasi-static analysis

in this new model, similar to what was done above for model (4.5), it is possible to

obtain the results shown in Figure 4.4.
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Figure 4.4: Quasi-static analysis for a model composed of the first five terms of model (4.5)
with input uk=70 sin(2πk). For meaning of line patterns refer to captions of Figures 4.1 and 4.2.

As can be seen in Figure 4.4, the hysteresis loop obtained with the investigated

model is the result of the interaction of attracting sets with the input signal, which also

helps to explain how such models are able to describe hysteresis.

In Chapter 5, the static and quasi-static analysis will be performed for the identified

models. △

4.3 Preliminary Statements for Compensator Design

Given a dynamical nonlinear system S, the first step is to obtain representative

models for S; Figure 4.5(a). In the second step, the identified model is used to design

a compensator C that yields the compensation signal mk for a given reference rk. Thus,

the aim is that the use of the designed compensator C in cascade with the system S,
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in an open-loop scheme as shown in Figure 4.5(b), leads to a system with more linear

dynamic behavior (i.e. yk ≈ rk) and, therefore, more amenable for control as previously

discussed in Section 3.2.
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Figure 4.5: Schematic representation of the steps adopted for the design of compensators based
on identified NARX models. (a) Model identification, and (b) compensator design based on
identified models. M and M̆ are models built to estimate, respectively, the output y and input
u signal of the system S.

In this context, three approaches are proposed. The first two design a compensator

from a model M identified from u, y and, optionally, additional regressors ϕi, with

output ŷk; see Figure 4.5(a). It should be remembered that u and y are assumed to

be collected from a system S, while regressors ϕi can be readily calculated from these

measurements. These two approaches follow a philosophy similar to that reviewed in

Section 3.2.1, which intends to design a compensator C through the construction of an
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inverse function for modelM, so that the compensation input mk can be obtained by

solving such compensator dynamically. Specifically, the first one aims at rewritingM as

an algebraic polynomial with the unknown variable being mk and thus the polynomial

roots correspond to possible compensation input values at a time k; see Section 4.4.

The second approach consists of assigning constraints during the structure selection

step (Section 2.3.4) of the modelM so that the compensation input mk can be isolated

when such model is rewritten as a compensator; see Section 4.5. Finally, following a

philosophy similar to that reviewed in Section 3.2.2, the third proposed approach is

based on a model of the inverse relationship, in which case a model M̆ is obtained to

yield ûk; see Figure 4.5(a) and Section 4.6. Some of the algorithms and considerations

adopted in the three main steps of system identification are also outlined in Figure 4.5(a).

In this thesis, the following remark and subsequent assumptions are made for NARX

polynomial models (2.12).

Remark 4.2. For design, in models M and M̆, yk is replaced by rk, and uk by mk,

respectively. The motivation behind this is that yk should ideally be equal to rk under

compensation, that is, when mk is used as the input to the dynamical system.

4.4 Roots of an Algebraic Polynomial

In this approach, the main idea is to algebraically manipulate an identified model

MR in such way that it yields a polynomial in which the unknown variable is mk. From

Remark 4.2 and omitting the additional term ϕi, k,MR (2.12) can be written as:

rk+τd
= Fℓ

(

rk+τd−1, · · · , rk+τd−ny ,mk, · · · ,mk+τd−nu

)

, (4.8)

which, for convenience, has been written τd instants of time ahead, i.e. k → k + τd ±

meaning that k is replaced by k + τd.

Remark 4.3. The methodologies for the three compensation approaches proposed in

this chapter will not change with the inclusion ofϕi, k, since they might be easily adapted

when this regressor is defined a priori, e.g. ϕ1, k = uk−uk−1. In such cases, only a proper

mathematical manipulation of the predefined additional regressorϕi, k is needed during

compensator design, and so we choose to omit it for simplicity.

As aforementioned, the aim is to find mk that will drive the system to the desired

target rk, i.e. yk ≈ rk. For this purpose, (4.8) is expressed in terms of a polynomial in the

unknown variable mk as:

cℓm, km
ℓm

k
+cℓm−1, km

ℓm−1
k
+ · · · + c1, kmk + c0, k = 0 (4.9)

where 1 ≤ ℓm ≤ ℓ is the degree of the dynamic compensatorC (4.9), whose time-varying

coefficients (c jc, k for jc = 0, 1, . . . , ℓm) can depend on past values of m up to time k − 1,
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and on past and future values of r up to time k + τd. Hence, the following assumption

is needed.

Assumption 4.2. It is assumed that: (i) the compensation signal mk is known up to time k−1;

and (ii) the reference rk is known up to time k+τd.

The following example illustrates this procedure.

Example 4.2. Design of a Polynomial Compensator.

Consider the following NARX modelMR:

yk=θ̂1yk−1 + θ̂2uk−1 + θ̂3uk−1uk−2 + θ̂4u2
k−1 + θ̂5u3

k−1, (4.10)

for which τd=1, ny=1, nu=2, and ℓ=3. From Remark 4.2, this model is rewritten as:

rk+1=θ̂1rk + θ̂2mk + θ̂3mkmk−1 + θ̂4m2
k + θ̂5m3

k ,

which is in the form (4.8) and, therefore, can be expressed in the format of (4.9) as:

[θ̂5]
︸︷︷︸

c3, k

m3
k + [θ̂4]

︸︷︷︸

c2, k

m2
k + [θ̂2 + θ̂3mk−1]

︸          ︷︷          ︸

c1, k

mk + [θ̂1rk − rk+1]
︸        ︷︷        ︸

c0, k

= 0, (4.11)

where, because Assumption 4.2 is satisfied, all values of r and all past values of m

are known. Hence, at each time step k the solutions to (4.11), i.e. the three values of

mk, are the potential compensation inputs. A practical problem is to decide which of

the three roots in this example should be used. If there is only one real root, then it

is chosen as the compensation input. However, if there are three real roots, a more

general decision-making process is required. △

It is important to note that, although the ℓm values of mk are solutions/roots of the

compensator (4.9), not all mk are appropriate to be used in practice. Therefore, assuming

that the investigated systemS can only be excited by input signals uk whose amplitudes

are within the range of umin ≤ uk ≤ umax, ∀k, the following property must be considered.

Property 4.2. A viable root, in practical terms, has a real value that is consistent with the

amplitude range of the investigated system.

Note that Property 4.2 removes possible complex roots and real ones outside the

range of the investigated system. In this way, the proposed decision-making process

to determine the root to be used as the compensation input mk is defined below.
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Definition 4.1. [The decision-making process]. Let mk ≜ [m1, k · · · mℓm, k]
T be the set of

roots of (4.9). If only one element of mk satisfies Property 4.2, then this element will be the

compensation input at time k, otherwise we choose the root according to:

mk = arg min
m j, k, ∀ j∈{1,...,ℓm}

(

|m j, k −mk−1|
)

, (4.12)

subject to :





m j, k ∈ R,

umin ≤ m j, k ≤ umax.

If mk is composed only of complex conjugate values, which can happen when ℓm is even, or of

roots that do not satisfy the above constraints, then mk=mk−1 will be used. The use of (4.12)

selects the solution m j, k that is closest to the compensation value used in the previous time

step, i.e. mk−1. This simple criterion results in smoother signals mk and, consequently, in less

compensation effort.

It is interesting to note that the decision-making process (Definition 4.1) may present

a singularity when none of the possible roots mk satisfies the constraints of (4.12), in

which case mk=mk−1 is considered. However, as pointed out in (Tavares et al., 2022), the

appearance of such a singularity in this compensation approach tends not to happen

when the identified process model is able to accurately describe the system, as seen for

the systems investigated in it. On the other hand, when considering the methodologies

proposed in (Leva and Piroddi, 2002; Lacerda Júnior et al., 2019) to construct an inverse

function of the identified models (i.e. compensators), such as those shown in (3.1)

and (3.2), the simple fact that the input signal becomes constant would lead to a

singularity. Therefore, although there is a kind of singularity in the decision-making

process proposed above, its occurrence is less likely than that discussed in Section 3.2.1

for compensators (3.1) and (3.2) (Leva and Piroddi, 2002; Lacerda Júnior et al., 2019).

Compensation of Hysteretic Systems

As stated in Remark 4.3, when it comes to designing compensators using identified

NARX models that have some predefined additional regressor ϕi, k, a proper math-

ematical manipulation of such a regressor is needed. Therefore, in order to design

compensators using hysteretic models (4.1), which are also symbolized asMR in this

approach, some recommendations and adaptations that should be considered in the

present methodology are provided here.

First, it should be noted that the additional regressors (4.2) only become available

for non-constant inputs, since for any constant input given by uk = Åu,∀k, then ϕ1, k =

uk − uk−1 = 0 and ϕ2, k = sign(ϕ1, k) = 0,∀k. Therefore, it is considered that the hysteretic

models are under loading-unloading inputs and, thus, ϕ1, k > 0 and ϕ2, k = 1 for the

loading regime, whileϕ1, k < 0 andϕ2, k = −1 for the unloading regime; see Remark 2.15.

With this in mind, the compensator C can be developed by following the steps below:
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1. Rewrite the identified model (4.1) so that it explicitly shows the additional regres-

sors (4.2), i.e. replace ϕ1, k with [uk − uk−1] and ϕ2, k with sign(uk − uk−1);

2. From Remark 4.2 and performing the time-shift k→ k + τd, rewrite this equation

in the form (4.8);

3. To express this equation in the format of (4.9), assume that sign(mk −mk−1) = 1 for

mk in loading regime, while sign(mk −mk−1) = −1 for mk in unloading regime, i.e.

the only term that prevents the unknown variable mk from being made explicit is properly

transformed, thus yielding:





cL
ℓm, k

mℓm

k
+cL

ℓm−1, km
ℓm−1
k
+ · · ·+cL

1, kmk+cL
0, k=0, for mk > mk−1 (loading), (4.13)

cU
ℓm, k

mℓm

k
+cU

ℓm−1, km
ℓm−1
k
+ · · ·+cU

1, kmk+cU
0, k=0, for mk < mk−1 (unloading), (4.14)

where the superscripts L and U refer to loading and unloading regimes, respectively.

Because now the system is hysteretic, (4.9) has two counterparts: one for loading (4.13),

and one for unloading (4.14). In this case, the compensation input mk will be a feasible

root of (4.13) or (4.14). Before detailing the decision-making process, the previous steps

are illustrated in the following example.

Example 4.3. Design of a Polynomial Hysteretic Compensator.

Consider the same hysteretic model (4.5) that was used in Example 4.1. Following

step 1, (4.5) is rewritten as:

yk =θ̂1yk−1 + θ̂2sign(uk−1 − uk−2)+θ̂3[uk−1 − uk−2]uk−1+θ̂4sign(uk−1 − uk−2)[uk−1 − uk−2]yk−1

+θ̂5[uk−1 − uk−2].

Applying step 2 in this model, we get (remember that τd = 1):

rk+1 =θ̂1rk + θ̂2sign(mk −mk−1)+θ̂3[mk −mk−1]mk+θ̂4sign(mk −mk−1)[mk −mk−1]rk

+θ̂5[mk −mk−1],

which can be split into two polynomials using step 3, i.e. replace sign(mk − mk−1) with

1 or with −1 by assuming mk in the loading or unloading regime, respectively, so that:

[θ̂3]
︸︷︷︸

cL
2, k

m2
k+ [θ̂5+θ̂4rk−θ̂3mk−1]

︸                 ︷︷                 ︸

cL
1, k

mk+ [θ̂1rk−rk+1+θ̂2−θ̂4rkmk−1−θ̂5mk−1]
︸                                       ︷︷                                       ︸

cL
0, k

=0, for mk>mk−1, (4.15)

[θ̂3]
︸︷︷︸

cU
2, k

m2
k+ [θ̂5−θ̂4rk−θ̂3mk−1]

︸                 ︷︷                 ︸

cU
1, k

mk+ [θ̂1rk−rk+1−θ̂2+θ̂4rkmk−1−θ̂5mk−1]
︸                                       ︷︷                                       ︸

cU
0, k

=0, for mk<mk−1. (4.16)
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Here, (4.15) refers to loading regime similar to form (4.13), while (4.16) refers to un-

loading regime in form (4.14). Therefore, because Assumption 4.2 is satisfied, the roots

of these two polynomials can be computed. △

In terms of the decision-making process for choosing the root to be used as the com-

pensation input mk for hysteretic systems, some adaptations are made in Definition 4.1

in order to adequately deal with the two existing compensators (4.13) and (4.14), which

must be used if mk is in the loading or unloading regime, respectively. For this purpose,

the following process is defined.

Definition 4.2. [The decision-making process for hysteretic systems]. Let the set of roots

be arranged as mk ≜
[

mL
1, k
· · · mL

ℓm, k
mU
ℓm+1, k

· · · mU
2ℓm, k

]T
, in which the j-th root m(•)

j, k
is one of

its first ℓm roots mL
j, k

calculated from (4.13), for the loading regime, or one of its last ℓm roots mU
j, k

calculated from (4.14), for the unloading regime. In order to choose the appropriate root to be

used as the compensation input mk at a time k, the following optimization problem is specified:

mk = arg min
m

(•)
j, k
, ∀ j∈{1,..., 2ℓm}

(

|m(•)

j, k
−mk−1|

)

, (4.17)

subject to :





m(•)

j, k
∈ R,

umin ≤ m(•)

j, k
≤ umax,





mL
j, k
> mk−1, for j ∈ {1, · · · , ℓm}, OR

mU
j, k
< mk−1, for j ∈ {ℓm+1, · · · , 2ℓm}.

If mk is composed only of complex conjugate values, which can happen when ℓm is even, or

of roots that do not satisfy the above constraints, then mk=mk−1 will be used. The first two

constraints are necessary to comply with Property 4.2, while the last two ensure that the root

is consistent with the regime for which it was calculated. The use of (4.17) selects the solution

m(•)

j, k
that is closest to the compensation value used in the previous time step, i.e. mk−1. This

simple criterion results in smoother signals mk and, consequently, in less compensation effort.

A more detailed analysis of this compensation approach with some tips on the

initial compensator conditions, as well as the formulation of this approach to deal with

the compensation of static nonlinearities, are provided in (Tavares, 2020; Tavares et al.,

2022). These references provide some additional results from our collaborative efforts

in terms of developing compensation approaches.

4.5 Isolating the Compensation Input

In what follows, the main idea is to specify a general model structure for MI to

determine the compensation input mk. The following assumption is needed.
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Assumption 4.3. [The general case]. It is assumed that: (i) the only regressor involving

uk−τd
is linear; (ii) nu > τd; (iii) the compensation signal mk is known up to time k−1; and

(iv) the reference rk is known up to time k+τd.

Assumption 4.3 imposes conditions on the selection of the model structure; Fi-

gure 4.5(a). Note that (i) ensures that uk−τd
can be isolated; (ii) allows having as regres-

sors input terms with a delay greater than τd; and the other constraints guarantee that

the control action can be computed from known values. Therefore, the model MI is

rewritten as:

A(q)yk = B(q)uk+ f
(

yk−1, · · · , yk−ny ,uk−τd−1, · · · ,uk−nu

)

, (4.18)

where q−1 is the backward time-shift operator such that q−1uk=uk−1, and the linear

regressors are grouped in A(q)yk and B(q)uk with:

A(q) = 1 − a1q−1 − a2q−2 − · · · − anyq
−ny , (4.19)

B(q) = bτd
q−τd + bτd+1q−τd−1 + · · · + bnuq−nu

︸                          ︷︷                          ︸

B∗(q)

, (4.20)

and f (·) includes all the nonlinear terms and possibly the constant term of the NARX

model (2.12). As before, the additional term ϕi, k has been omitted for simplicity (see

Remark 4.3). Using (4.20), model (4.18) can be rewritten as:

A(q)yk = bτd
uk−τd

+B∗(q)uk+ f
(

yk−1, · · · , yk−ny ,uk−τd−1, · · · ,uk−nu

)

. (4.21)

From Remark 4.2, we have:

A(q)rk+τd
= bτd

mk+B∗(q)mk+τd
+ f

(

rk+τd−1, · · · , rk+τd−ny ,mk−1, · · · ,mk+τd−nu

)

, (4.22)

which, for convenience, has been written τd instants of time ahead, i.e. k → k + τd.

From Assumption 4.3, the compensation input can be obtained from (4.22) as:

mk =
1

bτd

[

A(q)rk+τd
− B∗(q)mk+τd

− f
(

rk+τd−1, · · · , rk+τd−ny ,mk−1, · · · ,mk+τd−nu

)]

. (4.23)

Assumption 4.4. In the case of systems with hysteresis, it should be remembered that ac-

cording to Assumption 4.1-(iii) regressors from the cluster Ωum ∀m are removed. Therefore,

Assumptions 4.3-(i) and 4.3-(ii) should read: the only regressor involving ϕ1, k−τd
is linear, and

let nϕ1
> τd, nϕ2

> τd and nu > τd, respectively, while the other items are maintained.

This is illustrated in the following example.
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Example 4.4. Design of a Compensator from a modelMI.

Consider the NARX model that complies with Assumptions 4.1 and 4.4 described

by:

yk = θ̂1yk−1+θ̂2ϕ2, k−2+θ̂3ϕ1, k−2uk−2+θ̂4ϕ2, k−2ϕ1, k−2yk−1+θ̂5ϕ1, k−1, (4.24)

for which τd=1. Since ϕ1, k=uk − uk−1 and ϕ2, k=sign(ϕ1, k), we have:

yk =θ̂1yk−1+θ̂2sign(uk−2−uk−3)+θ̂3[uk−2−uk−3]uk−2+θ̂4sign(uk−2−uk−3)[uk−2−uk−3]yk−1

+ θ̂5[uk−1−uk−2],

which is in the form (4.18) and, therefore,

A(q)yk = B(q)uk+ f
(

yk−1,uk−2,uk−3,sign(uk−2 − uk−3)
)

, (4.25)

where A(q) = 1 − θ̂1q−1, B(q) = θ̂5q−1 − θ̂5q−2, and

f (·) = θ̂2sign(uk−2 − uk−3)+θ̂3[uk−2 − uk−3]uk−2+θ̂4sign(uk−2 − uk−3)[uk−2 − uk−3]yk−1.

From Remark 4.2, the model (4.25) is recast as:

A(q)rk+1 = θ̂5mk−θ̂5mk−1+ f
(

rk,mk−1,mk−2,sign(mk−1 −mk−2)
)

, (4.26)

and, because Assumption 4.4 is satisfied, we have:

mk =
1

θ̂5

[

A(q)rk+1+θ̂5mk−1 − f
(

rk,mk−1,mk−2,sign(mk−1−mk−2)
)]

,

=
1

θ̂5

[

rk+1 − θ̂1rk+θ̂5mk−1 − θ̂2sign(mk−1−mk−2) − θ̂3[mk−1−mk−2]mk−1

−θ̂4sign(mk−1−mk−2)[mk−1−mk−2]rk

]

. (4.27)

△

4.6 Compensation Based on Compensator Identification

Here, the strategy is to identify NARX models M̆ that describe the inverse rela-

tionship between u and y of S. The advantage is that the compensator C is obtained

directly from M̆ (see Remark 4.2). However, some issues related to the identification

procedure of these models need to be addressed. For simplicity, in this section, we

assume that τd = 1 and, as aforementioned, the additional term ϕi, k has been omitted

for simplicity (see Remark 4.3).

For the inverse model M̆, the output ûk depends on yk. Hence in order to avoid the

lack of causality, yk should be delayed by τs time steps with respect to uk, yielding (Xia,
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2003):

ûk=F̆
(

ûk−1, · · · ,ûk−nu ,yk−1+τs , · · · ,yk−ny+τs

)

, (4.28)

where F̆(·) is the inverse nonlinear function and ûk ∈ R and yk ∈ R are related as

shown in Figure 4.5(a). It should be noted that τs ≥ τd + 1, where usually the equality

is preferred. Similar ways to avoid noncausal models can be found in the literature

(Rakotondrabe, 2011; Lacerda Júnior et al., 2019).

Assumption 4.5. It is assumed that: (i) there is at least one regressor of the output (yk)
j for

j ≥ 1; (ii) the compensation signal mk is known up to time k − 1; and (iii) the reference rk is

known up to time k − 1 + τs.

Assumption 4.5 should be observed during the structure selection of the inverse

model M̆. Note that (i) ensures that there is at least one input signal yk in the identified

models; (ii) and (iii) ensure that mk to be computed at time k is the only unknown

variable. Given Assumption 4.5 and Remark 4.2, the compensation signal mk can be

obtained directly from M̆ as:

mk = F̆
(

mk−1, · · · ,mk−nu ,rk−1+τs , · · · ,rk−ny+τs

)

. (4.29)

When dealing with hysteretic models, it is important to keep in mind that the

additional terms (4.2) should also be properly adapted to this inverse context. As the

regressors (4.2) are functions of the model input uk, which is now given by the system

output yk, then these additional inverse terms to be included as candidate regressors

in model (4.28) become ϕ̆1, k = yk − yk−1 and ϕ̆2, k = sign(ϕ̆1, k); Figure 4.5(a).

4.7 Concluding Remarks

This chapter addressed the problems of identification and compensation of hys-

teretic systems. In the context of system identification, the contribution is twofold. First,

we build models with regressors that use the sign function of the first difference of the

input, as proposed by (Martins and Aguirre, 2016), and present an additional condition

in order to guarantee a continuum of steady-state solutions, which is an important ingredi-

ent for hysteresis (Bernstein, 2007; Morris, 2011). To this aim, a particular constraint on

the parameters is presented in Lemma 4.1. As a consequence, the identified models are

able to describe both dynamical and static features of the hysteresis nonlinearity, whose

comparison with other identified models that do not use Lemma 4.1 will be provided

in Chapter 5. Second, following a quasi-static analysis of these models, a schematic

framework is proposed to explain how the hysteresis loop occurs on the input-output

plane; see Figure 4.1.

In the field of identification there are promising approaches based on computational

intelligence, such as those reviewed in (Quaranta et al., 2020). However, this thesis uses
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NARX polynomials due to the structural simplicity and fair generality. Such features

allow: (i) using constraints such that simple models display hysteresis and (ii) using

such models in compensator design by simple manipulations.

In the context of hysteresis compensation, this thesis proposes three approaches to

design compensators. In one approach, the compensation law can be obtained for

dynamical systems with or without the use of constraints during model identification.

In the second approach, it is shown how to restrict the pool of candidate regressors in

order to solve the compensation problem, so that the compensation law can be obtained

through simple algebraic manipulations performed on the identified models. In the

last approach, it is shown how some issues related to the identification procedure of

inverse models should be addressed to overcome potential causality problems, so that

the compensation law can be directly identified from the data. Such approaches are

not limited to hysteresis and can be extended to other nonlinearities, or even to linear

systems using ARX models.

The next chapter presents the effectiveness of the identification and compensation

proposals through simulated and experimental tests. Initially, it employs the appro-

priate constraints to identify models that are suitable for designing compensators,

according to the approach to be used, and that may predict both the dynamic and static

features of the hysteretic system adopted in the numerical and experimental case. Then,

the compensators designed with these identified models are placed in an open-loop

scheme with the system in order to improve its tracking performance compared to the

uncompensated one.



Chapter 5

Numerical and Experimental Results

5.1 Introduction

This chapter builds NARX models using the procedures addressed in Chapter 4 in

order to predict the dynamic and static behavior of hysteretic systems from a simulated

and an experimental data set, as well as to mitigate the nonlinearity of such systems.

Some peculiarities of each of the proposed compensation approaches, such as the

influence of some structural constraints on the predictive performance of the identified

NARX models, are discussed.

The chapter is organized as follows. The numerical and experimental results for the

model identification and the compensator design are, respectively, given in Sections 5.2

and 5.3. Section 5.4 presents the concluding remarks.

The contents of this chapter are similar to those published in (Abreu et al., 2020)

and part of those in (Tavares et al., 2022).

5.2 Numerical Results

This section builds models to predict the behavior of a hysteretic system from sim-

ulated data, and evaluates the performance of these models in predicting its dynamic

and static features, as well as in compensating the nonlinearity of the simulated system.

5.2.1 Identification of a Bench Test System

Consider the piezoelectric actuator with hysteretic nonlinearity modeled by the

Bouc-Wen model (Wen, 1976), reviewed in Section 2.2.1, and whose mathematical

model is given by (Rakotondrabe, 2011):





ḣ(t) = Au̇(t) − β|u̇(t)|h(t) − γu̇(t)|h(t)|,

y(t) = dpu(t) − h(t),
(5.1)

where y(t) is the displacement, u(t) is the voltage applied to the actuator within the

range−80 V ≤ u(t) ≤ 80 V, dp = 1. 6
µm

V
is the piezoelectric coefficient, h(t) is the hysteretic
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nonlinear term and A = 0. 9
µm

V
, β = 0. 008 V−1 and γ = 0. 008 V−1 are parameters that

determine the shape and scale of the hysteresis loop.

Model (5.1) was integrated numerically using a fourth-order Runge-Kutta method

with integration step δt = 0. 001 s. In this work, the sampling time is set to Ts = δt =

0. 001 s and a sinusoidal input with frequency of 1 Hz is chosen to validate the identified

models (Rakotondrabe, 2011). The excitation input signal was generated using the

algorithm (2.22)±(2.25), which was revisited and discussed in Section 2.3.2 to design a

Pseudo Random Filtered Signal (PRFS); see Figure 5.1(a). The setup coefficients used

to design it were: nf = 1, f1 = 1 Hz, v = 1, o1 = 0, G1 = 80, and N = N1 = 50000. The

data sets are 50 s long (N = 50000). The identification data are shown in Figure 5.1. The

meta-parameters are ℓ = 3, ny = 1 and nu = nϕ1
= nϕ2

= 1. This choice is based on the

discussion in (Martins and Aguirre, 2016; Lacerda Júnior et al., 2019).
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-50

0

50
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)

t(s)
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u
(V

)

t(s)

(b)

Figure 5.1: Identification data obtained from (5.1). (a) excitation as a PRFS, and (b) output.

5.2.1.1 Estimating directMmodels ±MR andMI

In this example, the particularities of the first two compensation approaches pro-

posed in Chapter 4, whose models M are based on the direct relationship between u

and y (see Figure 4.5), are adopted during the identification procedure. Therefore, one

NARX modelMR is identified to fulfill the assumptions that allow using it to design

compensators according to the approach proposed in Section 4.4, and anotherMI for

the approach in Section 4.5.
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ModelMR

For the modelMR, there is no need to specify constraints on the model structure in

order to make it suitable for designing compensators, as discussed in Section 4.4. There-

fore, using the meta-parameters values defined above, the data shown in Figure 5.1,

Assumption 4.1 and the ERR criterion (2.42), the nθ (2.38) candidate regressors to com-

pose the hysteretic model are ranked according to their importance. Then, following

this order, one regressor is included at a time and the trade-off between the model

complexity and its goodness of fit to the identification data is evaluated using the AIC

index (2.44). It is worth remembering that, when it comes to identifying nonlinear

systems, the AIC tends to reach local minima for different values of nθ, which makes

the stopping rule for the inclusion of regressors in the model, i.e. the choice of the size

of the final model, not evident, as stated in Section 2.3.4. Furthermore, as this crite-

rion is statistical, there is no guarantee that the model indicated as optimal, which is

commonly defined as one whose number of nθ provides the first minimum of the AIC,

is actually the best in dynamic terms. Therefore, whenever possible, some additional

steps using the AIC index would be interesting to choose a more appropriate model.

As an alternative procedure, the steps below are recommended:

1. Following the order determined with ERR (2.42), include one regressor at a time

to compose a candidate model and calculate its corresponding AIC(nθ j
) index

(2.44), for which nθ j
refers to the number of regressors in the model, such that

nθ j
= j for j = 1, 2, · · · ,nθmax , with 1≪ nθmax ≤ nθ.

• It is interesting to define a maximum limit of terms nθmax to be analyzed, since the

number of candidate regressors nθ (2.38) tends to be too high.

• In this example, in order to identify modelMR, it was assumed nθmax=20, where the

corresponding AIC(nθ j
) values are illustrated in Figure 5.2.

2. From the nθmax computed AIC(nθ j
) values, select those that are local minima n∗θ j

.

• It does not necessarily have to be a minimum. If a subset of regressors nθ j
(within the

range of j=1, 2, · · · ,nθmax) does not provide a significant improvement in terms of

AIC(nθ j
) index when included in the model, i.e.

∣
∣
∣AIC(nθ j

) −AIC(nθ j−1
)
∣
∣
∣ ≈ 0 starting

with j=2, then it can be assumed that the first number of terms nθ j
within this subset

is a local minimum n∗
θ j

, and should be selected.

• This scenario can be seen in Figure 5.2, for the subset composed of nθ9
, nθ10

and

nθ11
, where n∗

θ9
is a local minimum. Note that even if nθ9

was not a local minimum,

it would be selected as one, as suggested above, because the inclusion of nθ10
and

nθ11
-th regressor in the model does not significantly change the value of AIC(nθ j

)

compared to that obtained with nθ9
, i.e. AIC(nθ9

) ≈ AIC(nθ10
) ≈ AIC(nθ11

).

• For the present example, the local minima were reached when the model is com-

posed of 9, 12, and 17 regressors. These minima are represented as a (•) in Figure 5.2.
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3. Determine a search interval∆n∗
θ

around the first selected local minima, i.e. n∗θ j
±∆n∗

θ
.

• Although the selected n∗
θ j

indicate the number of regressors that lead to optimal

models in the statistical sense, whenever possible, some additional search around

these number of terms is beneficial to help choose a more appropriate model, in

a dynamic sense. In the literature, it is usually found that the model indicated as

optimal using a statistical criterion, such as AIC(nθ j
), is close to the dynamic optimal.

• A search around the first two local minima has been empirically proven enough.

• Considering the first two local minima (i.e. n∗
θ9

and n∗
θ12

shown in Figure 5.2) and

the search interval being ∆n∗
θ
= 2, the models to be investigated are those composed

of 7, 8, 9, 10, 11, 12, 13 and 14 regressors.

4. Calculate a predictive performance index for each model in the search space.

• Evaluate the models that make up the search space determined in step 3 using a

dynamic criterion.

• For this case, some criteria related to estimation error can be used to quantify the

accuracy between the data measured from the system and those estimated from the

free-run simulation of each identified model.

• It is suggested that preference be given to models with fewer regressors, unless

a significant improvement in predictive performance is achieved in a model with

many regressors.

• After evaluating the structures that make up the search space determined in step 3,

the one composed of 9 regressors was selected as the model MR, for the present

example.

Remark 5.1. Note that, as the search space for the best model structure might be limited

by an interval ∆n∗
θ

of regressors around the first two local minima n∗θ j
, this procedure

could be done iteratively.

So, following the recommended procedure above, the identified modelMR is:

yk = θ̂1yk−1 + θ̂2ϕ1, k−1 + θ̂3ϕ2, k−1ϕ1, k−1uk−1 + θ̂4ϕ2, k−1ϕ1, k−1yk−1 + θ̂5ϕ1, k−1u2
k−1

+θ̂6ϕ1, k−1uk−1yk−1 + θ̂7ϕ2, k−1yk−1 + θ̂8ϕ2, k−1ϕ
2
1, k−1 + θ̂9ϕ2, k−1uk−1,

where its free prediction representation is given by:

ŷk = θ̂1 ŷk−1 + θ̂2ϕ1, k−1 + θ̂3ϕ2, k−1ϕ1, k−1uk−1 + θ̂4ϕ2, k−1ϕ1, k−1 ŷk−1 + θ̂5ϕ1, k−1u2
k−1

+θ̂6ϕ1, k−1uk−1 ŷk−1 + θ̂7ϕ2, k−1 ŷk−1 + θ̂8ϕ2, k−1ϕ
2
1, k−1 + θ̂9ϕ2, k−1uk−1. (5.2)
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Figure 5.2: Akaike’s Information Criterion (AIC) calculated to help choose the number of
regressors to be included in the modelMR. (◦) refers to the AIC values, (•) indicates the local
minima, and (· · · ) is illustrative only.

Based on Lemma 4.1 and Example 4.1, for model (5.2) to fulfill Property 4.1, the

constraint θ̂1 = 1 should be imposed. This can be done using (2.48) with the constraint

written as:

c = 1; S = [1 0 0 0 0 0 0 0 0]. (5.3)

Hence, the parameter values estimated by the constrained least squares (CLS) estimator

(2.48) are shown in Table 5.1.

Table 5.1: Model parameters obtained with (2.48) and (5.3).

Model Values

MR (5.2)

θ̂1=1. 0000 θ̂2=0. 7785 θ̂3=0. 0144

θ̂4= − 0. 0098 θ̂5=3. 2660 × 10−4 θ̂6= − 2. 5767 × 10−4

θ̂7=4. 9204 × 10−5 θ̂8= − 0. 0844 θ̂9= − 3. 5147 × 10−5

MI (5.6)

θ̂1=1. 0000 θ̂2= − 0. 2310 θ̂3=0. 0146

θ̂4= − 0. 0099 θ̂5=3. 2333 × 10−4 θ̂6= − 2. 5494 × 10−4

θ̂7=1. 7891 × 10−5 θ̂8=1. 0080 θ̂9= − 0. 0604

M̆ (5.9)

θ̂1=1. 0000 θ̂2=1. 2705 θ̂3= − 0. 0160

θ̂4=0. 0100 θ̂5= − 9. 9216 × 10−6 θ̂6=7. 3525 × 10−6

θ̂7= − 0. 0468 θ̂8=0. 0344 θ̂9=1. 1025

A quasi-static analysis is performed (see Section 4.2.2 and Example 4.1). First, we

write for (5.2) the corresponding to (4.3) as:
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˜̂y ≈ θ̂1
˜̂y + θ̂2ϕ1, k−1 + θ̂3ϕ2, k−1ϕ1, k−1uk−1 + θ̂4ϕ2, k−1ϕ1, k−1

˜̂y + θ̂5ϕ1, k−1u2
k−1

+θ̂6ϕ1, k−1uk−1
˜̂y + θ̂7ϕ2, k−1

˜̂y + θ̂8ϕ2, k−1ϕ
2
1, k−1 + θ̂9ϕ2, k−1uk−1,

yielding:

˜̂y(u,ϕ1,ϕ2) ≈





θ̂2ϕ1 + θ̂3ϕ1u + θ̂5ϕ1u2 + θ̂8ϕ2
1
+ θ̂9u

1 − θ̂1 − θ̂4ϕ1 − θ̂6ϕ1u − θ̂7

, for ϕ2 = 1;

θ̂2ϕ1 − θ̂3ϕ1u + θ̂5ϕ1u2 − θ̂8ϕ2
1
− θ̂9u

1 − θ̂1 + θ̂4ϕ1 − θ̂6ϕ1u + θ̂7

, for ϕ2 = −1,

(5.4)

where the time indices have been omitted for brevity.

The top expression in (5.4) gives the set ỹL, while the bottom one, ỹU. Computing

the derivative of (5.2) with respect to ŷk−1 and using (4.4), we obtain:

−1 < θ̂1 + θ̂4ϕ2, k−1ϕ1, k−1 + θ̂6ϕ1, k−1uk−1 + θ̂7ϕ2, k−1 < 1,

−1−θ̂1−θ̂4ϕ2, k−1ϕ1, k−1−θ̂7ϕ2, k−1

θ̂6ϕ1, k−1

< uk−1 <
1−θ̂1−θ̂4ϕ2, k−1ϕ1, k−1−θ̂7ϕ2, k−1

θ̂6ϕ1, k−1

. (5.5)

Taking ϕ2, k−1 = 1 or ϕ2, k−1 = −1, the conditions for attracting regions under load

or unloading, respectively, are obtained. Considering the parameter values presented

in Table 5.1 and a loading-unloading input signal, the points (5.4) and their attraction

conditions (5.5) are computed numerically and shown in Figure 5.3. Hence, in this way

it is possible to see how model (5.2) is able to describe the hysteresis nonlinearity.
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Figure 5.3: Results of quasi-static analysis for model (5.2) with input uk=70 sin(2πk) V. The
hysteresis loop indicated with (· · · ) is a result of the interaction of (Ð) attracting (ỹa

L
, ỹa

U
) and

(- · -) repelling (ỹr
L
, ỹr

U
) sets. (A ) indicates the orientation of the hysteresis loop. Compare to

Figure 4.1.
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ModelMI

In order to identify modelMI, we take nu = nϕ1
= nϕ2

= 2 which is the smallest value

that complies with Assumption 4.3-(ii), following the mention made in Assumption 4.4

for the approach described in Section 4.5, while ny and ℓwere chosen as detailed above.

Using the data shown in Figure 5.1, Assumption 4.1 and the ERR together with AIC,

as recommended above through steps 1 to 4, the final number of chosen regressors

produces the model:

ŷk = θ̂1 ŷk−1 + θ̂2ϕ1, k−2 + θ̂3ϕ2, k−2ϕ1, k−2uk−2 + θ̂4ϕ2, k−2ϕ1, k−2 ŷk−1 + θ̂5ϕ1, k−2u2
k−2

+θ̂6ϕ1, k−2uk−2 ŷk−1 + θ̂7ϕ2, k−2 ŷk−1 + θ̂8ϕ1, k−1 + θ̂9ϕ2, k−2ϕ
2
1, k−2, (5.6)

whose parameters values estimated by the CLS (2.48) estimator with constraints (5.3)

are shown in Table 5.1.

It is interesting to note that the regressors selected to compose models (5.2) and (5.6)

are practically the same and, roughly, we could point out that the main difference is

related to their delays, where the nonlinear regressors that are functions of the input

signal have a delay of k − 1 in model (5.2), and of k − 2 in model (5.6). Such similarity

highlights the importance of these regressors to describe the investigated system, which

were automatically chosen by the ERR algorithm. In addition, the difference in the delay

of these regressors is the result of the constraints raised for the approach described in

Section 4.5, which are reflected in the different values of meta-parameters used and,

therefore, in the set of candidate regressors.

Performing the quasi-static analysis to model (5.6), we get:

˜̂y(u,ϕ1,ϕ2) ≈





θ̂2ϕ1 + θ̂3ϕ1u + θ̂5ϕ1u2 + θ̂8ϕ1 + θ̂9ϕ2
1

1 − θ̂1 − θ̂4ϕ1 − θ̂6ϕ1u − θ̂7

, for ϕ2 = 1;

θ̂2ϕ1 − θ̂3ϕ1u + θ̂5ϕ1u2 + θ̂8ϕ1 − θ̂9ϕ2
1

1 − θ̂1 + θ̂4ϕ1 − θ̂6ϕ1u + θ̂7

, for ϕ2 = −1,

(5.7)

where the time indices have been omitted for simplicity, and whose solutions are in the

attracting region if the following condition is satisfied:

−1 < θ̂1 + θ̂4ϕ2, k−2ϕ1, k−2 + θ̂6ϕ1, k−2uk−2 + θ̂7ϕ2, k−2 < 1,

−1−θ̂1−θ̂4ϕ2, k−2ϕ1, k−2−θ̂7ϕ2, k−2

θ̂6ϕ1, k−2

< uk−2 <
1−θ̂1−θ̂4ϕ2, k−2ϕ1, k−2−θ̂7ϕ2, k−2

θ̂6ϕ1, k−2

. (5.8)

As before, it is possible to numerically calculate the solutions (5.7) and their attract-

ing conditions (5.8), which helps explain how the hysteresis loop occurs in model (5.6).

Figure 5.4 shows this result.
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Figure 5.4: Results of quasi-static analysis for model (5.6) with input uk=70 sin(2πk) V. For
meaning of line patterns refer to captions of Figures 4.1 and 5.3.

Models MR (5.2) and MI (5.6) are simulated with a loading-unloading input (see

left side of Figure 5.5) and, in cases where the input becomes constant, either during

loading or unloading (see right side of Figure 5.5), the system remains at the corresponding

point of the hysteresis loop. This is a direct consequence of using Lemma 4.1. This feature

is not generally present in identified models found in the literature.

An interesting point to be considered is the fact that modelsMR andMI estimate

the system with a certain accuracy and, therefore, steady-state errors are expected when

time-varying inputs become constant; see Figure 5.5(d). For comparison purposes,

consider the errors highlighted in the enlarged part of Figure 5.5(d), which occur when

the input becomes constant during the loading and unloading regime. In this case,

modelMR provides a steady-state error of approximately 0. 16µm and 0. 18µm, while

MI presents an error of about 0. 23µm and 0. 29µm for the loading and unloading

regime, respectively. In addition, one should emphasize a subtle behavior found in the

results obtained with modelMI during the transition to steady-state, where a sudden

change in the estimated output value led to a larger steady-state error; see Figure 5.5(d).

This sudden change is related to the fact that during the transition to steady-state,

only the input regressors ϕi, k with delay k−1 are immediately canceled. Therefore, as

model MI has regressors that depend on the instant k−3, e.g. ϕ1, k−2=uk−2−uk−3, such

terms produce sudden changes during transition, giving rise to a larger error in the

steady-state. It is noteworthy that such regressors appear in model MI due to the

need to fulfill Assumption 4.3-(ii), so that the input regressor can be explicit to apply

the compensation approach presented in Section 4.5. As the general conclusions that

can be drawn from the results achieved when the input becomes constant during the

loading and unloading regime are the same, from now on we will only discuss the case

for the unloading regime.
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Figure 5.5: Free-run simulation of models (5.2) and (5.6). (a) sinusoidal input of voltage
uk=40 sin(2πk) V and in (b) the case where this input becomes constant during loading (•) and
unloading (♦) with final value 16. 8 V, temporal responses are in (c) and (d) while the hysteresis
loops are in (e) and (f), respectively. (Ð) original data, (- · -) and (- -) are, respectively, the
estimated output of modelsMR (5.2) andMI (5.6).



5.2 Numerical Results 113

The improvement due to using Lemma 4.1 is shown in Figure 5.6. Despite different

initial conditions, all models tend to the behavior of the dynamical system after a tran-

sient. The main difference is the ability of models (5.2) and (5.6) to predict the hysteretic

behavior even when the input becomes constant. On the other hand, models estimated

using black-box techniques and the model identified without using Lemma 4.1 (Mar-

tins and Aguirre, 2016) may diverge over time or converge to a single final value, either

during loading or unloading regimes. Note that, as discussed before, the hysteretic be-

havior leads to different values for the output when the input becomes constant during

loading and unloading with the same final value; see Figure 5.5(d). Most works in the

literature (Leva and Piroddi, 2002; Parlitz et al., 2004; Worden et al., 2007; Deng and

Tan, 2009; Worden and Barthorpe, 2012; Lacerda Júnior et al., 2019) do not test for this

feature which in this work is guaranteed by Lemma 4.1.
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Figure 5.6: Model outputs to an input which is uk=40 sin(2πk) V up to a certain point and then
remains constant. (Ð) the original output, (- · -) and (- -) are, respectively, models MR (5.2)
andMI (5.6), that use Lemma 4.1, (Ð) a black-box model, (· · · ) a gray-box model but without
considering Lemma 4.1 (Martins and Aguirre, 2016).
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5.2.1.2 Estimating inverse M̆model

The identified model that complies with Assumptions 4.1 and 4.5 is given by:

ûk = θ̂1ûk−1 + θ̂2ϕ̆1, k−1 + θ̂3ϕ̆2, k−1ϕ̆1, k−1ûk−1 + θ̂4ϕ̆2, k−1ϕ̆1, k−1yk−1 + θ̂5ϕ̆2, k−1yk−1ûk−1

+θ̂6ϕ̆2, k−1y2
k−1 + θ̂7ϕ̆

2
1, k−1uk−1 + θ̂8ϕ̆

2
1, k−1yk−1 + θ̂9ϕ̆

3
1, k−1, (5.9)

where ϕ̆1, k = yk − yk−1, ϕ̆2, k = sign(ϕ̆1, k), ûk is the estimated input (model output), and

yk is the output of system (5.1) (model input).

Note that the regressors of (5.6) and of (5.9) are different. In both cases, the re-

gressors are automatically chosen from the pool of candidates using the ERR criterion.

Nevertheless, also for (5.9), the steady-state analysis yields Å̂u=θ1
Å̂u, which is similar to

the result found for model (5.6). Proceeding as before, the constrained least squares

estimated parameters are shown in Table 5.1.

The formation of the hysteresis loop for this model (5.9) is shown in Figure 5.7. The

different orientation of the hysteresis loop has been discussed in (Gu et al., 2012).
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Figure 5.7: Results of quasi-static analysis for model (5.9). For meaning of line patterns refer
to captions of Figures 4.1 and 5.3.

Considering the same input and output signal used to simulate modelsMR andMI

(see Figure 5.5), but now in an inverse context with model M̆ (5.9), we obtain the results

shown in Figure 5.8. It should be noted that, as M̆ is an inverse model, which predicts

the input instead of the output signal, a direct comparison of its predictive performance

with that of modelsMR andMI is not adequate. Model M̆ is also able to remain at its

last output value when the input becomes constant, due to the use of Lemma 4.1. This

model produces an error of about 0. 55 V during the unloading regime; Figure 5.8(d).
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Figure 5.8: Free-run simulation of the inverse model (5.9). (a) and (b) the measured output
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The mean absolute percentage error (MAPE):

MAPE =
100

∑N
k=1 |yk − ŷk|

N|max(y) −min(y)|
, (5.10)

was computed for models (5.2), (5.6), (5.9) and a black-box NARX polynomial model

for sinusoidal input (Table 5.2). It should be remembered that the results obtained for

(5.9) are not comparable to the others, and its MAPE accuracy is provided only as a

reference index of its predictive performance. The results obtained suggest that models

identified using gray-box techniques outperform those built using black-box.

Table 5.2: Model performance.

Context Model MAPE

Section 4.4 MR (5.2) 0. 2309

Section 4.5 MI (5.6) 0. 2523

Black-box not shown 1. 494

Section 4.6 M̆ (5.9) 0. 3753

5.2.2 Compensation of a Bench Test System

Next, the models identified in the previous section are used to design compensators

using the procedure illustrated in Figure 4.5(b).

5.2.2.1 Design of the compensation input signals

Applying the steps described in Section 4.4 to modelMR (5.2), the following com-
pensator, which corresponds to two cubic polynomials, is obtained:

[θ̂5]
︸︷︷︸

cL
3, k

m3
k
+ [θ̂3−θ̂5mk−1+θ̂6rk+θ̂8]

︸                      ︷︷                      ︸

cL
2, k

m2
k+ [θ̂2−θ̂3mk−1+θ̂4rk−θ̂6rkmk−1−2θ̂8mk−1+θ̂9]

︸                                                  ︷︷                                                  ︸

cL
1, k

mk

+ [θ̂1rk−rk+1−θ̂2mk−1−θ̂4rkmk−1+θ̂7rk+θ̂8m2
k−1]

︸                                                     ︷︷                                                     ︸

cL
0, k

= 0, for mk > mk−1, (5.11)

[θ̂5]
︸︷︷︸

cU
3, k

m3
k
+ [−θ̂3−θ̂5mk−1+θ̂6rk−θ̂8]

︸                         ︷︷                         ︸

cU
2, k

m2
k+ [θ̂2+θ̂3mk−1−θ̂4rk−θ̂6rkmk−1+2θ̂8mk−1−θ̂9]

︸                                                  ︷︷                                                  ︸

cU
1, k

mk

+ [θ̂1rk−rk+1−θ̂2mk−1+θ̂4rkmk−1−θ̂7rk−θ̂8m2
k−1]

︸                                                     ︷︷                                                     ︸

cU
0, k

= 0, for mk < mk−1, (5.12)

whose root to be used as the compensation input is chosen as described in Definition 4.2.
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From modelMI (5.6), according to Section 4.5, the following compensation input is

obtained:

mk =
1

θ̂8

[

rk+1−θ̂1rk+θ̂8mk−1−
[

θ̂3mk−1+θ̂4rk+θ̂9[mk−1−mk−2]
]

sign(mk−1−mk−2)[mk−1−mk−2]

−[θ̂2+θ̂5m2
k−1+θ̂6mk−1rk][mk−1 −mk−2]−θ̂7sign(mk−1−mk−2)rk

]

. (5.13)

Similarly, following Section 4.6, after the change of variables in M̆ (5.9) the following

compensator is obtained:

m̆k = θ̂1m̆k−1+θ̂2[rk+1−rk]+[θ3m̆k−1+θ4rk+1]sign(rk+1−rk)[rk+1−rk]

+[θ5rk+1m̆k−1 + θ6r2
k+1]sign(rk+1 − rk)+[θ̂7m̆k−1+θ̂8rk+1][rk+1−rk]

2

+θ̂9[rk+1−rk]
3. (5.14)

The parameters of compensators CR (5.11)-(5.12), CI (5.13) and C̆ (5.14) are given in

Table 5.1.

5.2.2.2 Compensation performance

The designed compensators were applied to the piezoelectric actuator (5.1) with

results summarized in Figure 5.9. From the hysteresis loops, Figure 5.9(c), it is clear

that a practically linear relation between the reference and the compensated output

was achieved. This would greatly facilitate the design and increase the performance of

a feedback controller. For the uncompensated system, the input is the reference rk.

The accuracy achieved by each compensator was quantified by the MAPE index

(5.10). In order to quantify how much more effort must be made to achieve compensa-

tion, the normalized sum of the absolute variation of the input (NSAVI):

NSAVI =

N−1∑

k=1

∣
∣
∣mk+1 −mk

∣
∣
∣

∣
∣
∣rk+1 − rk

∣
∣
∣

, (5.15)

is calculated. These indices are shown in Table 5.3.

Table 5.3: Compensator performance.

Design Approach Compensator MAPE NSAVI

Section 4.4 CR (5.11)-(5.12) 0. 1486 1. 1377

Section 4.5 CI (5.13) 0. 1516 1. 1363

Section 4.6 C̆ (5.14) 0. 5443 1. 1487

Black-box not shown 1. 8194 1. 1542

no compensation 6. 5363 1. 0000
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Figure 5.9: Hysteresis compensation for the piezoelectric actuator (5.1). (a) Compensation
inputs, (b) outputs and in (c) hysteresis loops. (- · -) results obtained with compensator CR

(5.11)-(5.12), (- -) results with compensator CI (5.13), (· · · ) results with compensator C̆ (5.14),
(Ð) uncompensated system output and (Ð) reference r = 40 sin(2πt)µm.
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The results shown in Figure 5.9 and Table 5.3 indicate that the compensators may

provide a significant improvement in the tracking performance of system (5.1). The

improvement achieved in the tracking error, due to the use of compensators CR and CI,

was about 97. 7% at the cost of an approximately 13. 7% increase in the compensation

effort when compared to the uncompensated system. Although these two compensa-

tion approaches produce similar results, the design approach of Section 4.4 does not

need to impose constraints during the identification procedure and therefore can han-

dle more general model structures to design compensators. On the other hand, to

obtain the compensation input mk at each iteration, it is necessary to calculate the roots

of a polynomial compensator CR and then solve the optimization problem proposed

in Definition 4.2, whereas for compensator CI only a single algebraic equation is calcu-

lated. For compensator C̆, which also provides the compensation input by solving a

single algebraic equation, the tracking error was reduced by about 91. 6% at the cost of a

14. 8% increase in the compensation effort. Therefore, despite the particularities of each

compensation approach, a general conclusion that can be drawn from these results is

that either approach significantly reduces tracking error compared to not using one.

To further characterize the performance of the proposed designs, the influence of

the sampling time Ts was also investigated. In Figure 5.10, it can be seen that the model

accuracy somewhat deteriorates as Ts is increased. It should be noted that even the

largest values of Ts in Figure 5.10 are still comfortably small in terms of the sampling

theorem. However, since one of the regressors is the first difference of the input, then

the identification of systems with hysteresis seems to be particularly sensitive to the

sampling time (Lacerda Júnior et al., 2017). Another conclusion that can be drawn from

Figure 5.10 is that, for all three design approaches, the compensation performance is

correlated to the model accuracy, and that the approach in Section 4.4 is somewhat less

sensitive to such accuracy; see Figure 5.10(a).
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Figure 5.10: MAPE index (5.10) computed for the models and compensators described, re-

spectively, by equations (a)MR (5.2) and CR (5.11)-(5.12); (b)MI (5.6) and CI (5.13); (c) M̆ (5.9)
and C̆ (5.14). (◦) model and (•) tracking accuracies. (▲) accuracy of uncompensated system.
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Finally, the same analysis was carried out for situations with different shapes of the

hysteresis loop varying β in the range 0. 004 ≤ β ≤ 0. 1 with increments of ∆ = 0. 002;

see Figure 5.11. The results are quite similar to the ones described so far and are not

shown.

β = 0. 1β = 0. 008β = 0. 004

· · · · · ·

Figure 5.11: Bouc-Wen hysteresis loops.

5.3 Experimental Results

Both identification and compensation approaches are now applied to an experimen-

tal pneumatic control valve. This type of actuator is widely used in industrial processes,

for which control performance can degrade significantly due to valve problems caused

by nonlinearities (Srinivasan and Rengaswamy, 2005) such as friction (Romano and

Garcia, 2011; Baeza and Garcia, 2018), dead-zone, dead-band and hysteresis (Choud-

hury et al., 2008). Hence, in this section we aim at compensation hysteresis using the

developed techniques.

To illustrate the experimental setup adopted to identify models and design com-

pensators for the pneumatic valve under study, which is the actuator of a level pilot

plant, consider the schematic representation in Figure 5.12 (Tavares, 2020). The experi-

mental setup can be summarized as follows. Using MATLAB® software installed on a

microcomputer, the voltage input signal to be applied to the valve is digitally encoded

and sent to a data acquisition board that performs the Digital/Analog (D/A) conversion.

Such a voltage input is converted into a current signal through an auxiliary circuit, i.e.

V/I conversion, and then sent to the pilot plant. In the pilot plant, this current signal,

after passing I/P conversion, becomes a pressure signal applied to the valve. The mea-

sured output is the stem position of the pneumatic valve, which is converted into a

voltage signal via a potentiometer. Such a voltage signal is sent to the data acquisition

board that performs the Analog/Digital (A/D) conversion so that this digital signal can

be read by the microcomputer.

The output and input voltage signals are measured with a sampling time of Ts=0. 01 s.

For model identification, the input signal is set as a PRFS (2.22)±(2.25), for which the

following setup coefficients were used: nf=1, f1=0. 1 Hz, v=1, o1=3 V, G1=0. 8 V, and

N=N1=20000. The identification data are shown in Figure 5.13. For model validation,

the input is a sinusoid with frequency 0. 1 Hz. Both data sets are 200 s long (N=20000).
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Figure 5.12: Schematic representation of the experimental setup involving the pneumatic valve
under study. Adapted from (Tavares, 2020).

The identification of the direct M and inverse M̆ models was performed as in Sec-

tion 5.2. The pool of candidate terms is generated with ℓ=3, ny=1 and nu=nϕ1
=nϕ2

=2.

The model parameters are estimated using (2.48) in order to comply with Lemma 4.1.
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Figure 5.13: Identification data collected from pneumatic control valve. (a) excitation input as
a PRFS, and (b) measured output.
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An interesting point to be emphasized concerns the identification of the direct

modelMR, which is identified to design compensators using the approach described in

Section 4.4, for the valve under study. For this model, the meta-parameters used were:

ℓ=3, ny=2 and nu=nϕ1
=nϕ2

=1, whereas for models MI and M̆ the values previously

defined were adopted. This difference between meta-parameters values and some

more details are discussed in (Tavares, 2020; Tavares et al., 2021, 2022). In what follows,

the three identified models and the respective compensators designed from them are

presented, as well as the results achieved with each one of them so that comparisons

can be made.

The estimated modelMR is:

ŷk=0. 976ŷk−1+0. 024ŷk−2+0. 119ϕ1, k−1+3. 76ϕ2, k−1ϕ1, k−1uk−1−4. 73ϕ2, k−1ϕ1, k−1 ŷk−2. (5.16)

Note that, as the first two terms of this model are linear output regressors, the constraint

used to fulfill Lemma 4.1 became to ensure that the sum of the parameters of these two

regressors was equal to 1, which can be verified as Σy = 0. 976 + 0. 024 = 1. Following

the design approach of Section 4.5, modelMI is identified as:

ŷk=ŷk−1 − 19. 76ϕ1, k−2 + 19. 32ϕ1, k−1+9. 44ϕ2, k−2ϕ1, k−2uk−2−12. 61ϕ2, k−2ϕ1, k−2 ŷk−1, (5.17)

and the inverse model M̆ (Section 4.6) is:

ûk = ûk−1+86. 67ϕ̆1, k−1−85. 02ϕ̆1, k−2−0. 98ϕ̆1, k−1yk−2+1. 72ϕ̆2, k−2ϕ̆1, k−2yk−2

−1. 13ϕ̆2, k−2ϕ̆1, k−2ûk−1, (5.18)

which was estimated from a smoothed version of yk obtained by quadratic regression.

This is done only to estimate M̆ to avoid the error-in-the-variables problem, since yk

serves as the input for M̆. Each model performance is given in Figure 5.14 and Table 5.4.

Table 5.4: Experimental model performance.

Context Model MAPE

Section 4.4 MR (5.16) 3. 4072

Section 4.5 MI (5.17) 3. 9267

Section 4.6 M̆ (5.18) 2. 3746
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Figure 5.14: Left column refers to the direct modelsMR (5.16) andMI (5.17) and right column

to the inverse model M̆ (5.18). (a) input uk=0. 56 sin(0. 2πk) + 3 V and (c) the corresponding
measured output (Ð) y and free-run simulation of modelsMR (- · -) andMI (- -); (b) smoothed
version of y in (c); (d) the corresponding output which is uk in (a) and free-run simulation of
model M̆ (· · · ). (e) and (f) show the same data as (c) and (d), respectively.
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As discussed earlier, the use of Lemma 4.1 provides a way to incorporate into a

model the ability to mimic the feature of hysteretic systems in reaching different output

values when subjected to an input that becomes constant during loading and unloading

with the same final value, as shown in Figures 5.5, 5.6 and 5.8 for the numerical example.

In the same line, such tests were performed for the experimental valve under study,

whose results are shown in Figure 5.15.
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Figure 5.15: Results of modelsMR (5.16),MI (5.17) and M̆ (5.18) for a time-varying input that
becomes constant. (a) sinusoidal input of voltage uk=0. 55 sin(0. 2πk)+3 V that becomes constant
during loading (•) and unloading (♦) with final value 3. 256 V and (c) the corresponding output
of valve (Ð) y and modelsMR (- · -) andMI (- -); (b) smoothed version of y for loading (Ð) and
unloading (· · · ) in (c) which is the input of the inverse model, whose output which is u in (a)
and model M̆ (· · · ) free-run simulation are in (d).

It should be noted that, in terms of the identified direct modelsMR andMI, the same

peculiarities found in the results obtained in the numerical example shown in Figure 5.5

occur in the experimental results; see left side of Figure 5.15. Considering the case

where the time-varying input becomes constant during the unloading regime, which is

highlighted in the enlarged part of Figure 5.15(c), modelsMR andMI present steady-

state errors of about 0. 009 V and 0. 046 V, respectively. In this case, it is interesting to

note that when the measured output reaches the constant value plateau, the estimated

output of model MI has a value similar to that of model MR, however, it undergoes
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a sudden change resulting in a considerable increase in its steady-state error; see

Figure 5.15(c). It is worth remembering that, as explained for the results in Figure 5.5,

this sudden behavior is related to the fact that only the input regressors ϕi, k with

delay k−1 are immediately canceled. Therefore, as modelMR has higher-delay input

regressors, which are multiplied by high magnitude parameters, such terms produce an

underlying dynamic during the transition to steady-state, resulting in such considerable

errors. In terms of the inverse model M̆, the steady-state error produced is about

0. 145 V. In this context, an interesting point refers to the fact that the input of the inverse

model is the measured output, which, as it is a noisy signal, requires pre-processing

to avoid the error-in-the-variables problem. For this reason, note that the smoothed

version of the measured output, shown in Figure 5.15(b), exhibits some fluctuation

rather than being constant and, consequently, this behavior can also be observed in the

estimated output of the inverse model; see Figure 5.15(d).

Models MR (5.16), MI (5.17) and M̆ (5.18) are used to implement the approaches

described in Sections 4.4, 4.5 and 4.6, thus yielding, respectively, the three compensators

presented below. The designed compensator CR is:

3. 76
︸︷︷︸

cL
2, k

m2
k+

[

0. 119−3. 76mk−1−4. 73rk−1

]

︸                              ︷︷                              ︸

cL
1, k

mk+
[

0. 976rk+0. 024rk−1−rk+1+[4. 73rk−1−0. 119]mk−1

]

︸                                                           ︷︷                                                           ︸

cL
0, k

=0,

for mk>mk−1, (5.19)

−3. 76
︸︷︷︸

cU
2, k

m2
k+

[

0. 119+3. 76mk−1+4. 73rk−1

]

︸                              ︷︷                              ︸

cU
1, k

mk+
[

0. 976rk+0. 024rk−1−rk+1−[4. 73rk−1+0. 119]mk−1

]

︸                                                           ︷︷                                                           ︸

cU
0, k

=0,

for mk<mk−1, (5.20)

whose root to be used as the compensation input is chosen as described in Definition 4.2.

Compensators CI and C̆ are, respectively, given by:

mk =
1

19. 32

[

rk+1−rk+19. 32mk−1+19. 76[mk−1−mk−2]−9. 44sign(mk−1−mk−2)[mk−1−mk−2]mk−1

+12. 61sign(mk−1−mk−2)[mk−1−mk−2]rk

]

, (5.21)

and

m̆k = m̆k−1+86. 67[rk+1 − rk]−85. 02[rk−rk−1]−0. 98[rk+1−rk]rk+1. 72sign(rk−rk−1)[rk−rk−1]rk

−1. 13sign(rk−rk−1)[rk−rk−1]m̆k−1. (5.22)

Experimental compensation results are shown in Figure 5.16 and assessed in Ta-

ble 5.5. Note that the three approaches significantly reduce the tracking error. As a side

note, it is worth mentioning that the performance of these three compensators was com-
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pared with one designed from the approach proposed in (Rakotondrabe, 2011), which

is based on the Bouc-Wen model, whose detailed discussion is provided in (Tavares

et al., 2022). It was found that all compensators can achieve nonlinearity compensation

for the valve and that they are competitive. In what follows, for brevity and to keep

the focus on the characteristics of each of the compensation approaches proposed here,

the compensator from (Rakotondrabe, 2011) is not addressed, however, we provide a

detailed discussion and comparison of it in (Tavares et al., 2022).
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Figure 5.16: Hysteresis compensation for the pneumatic valve. (a) Compensation inputs, (b) its
temporal responses and in (c), (d) and (e) the hysteresis loops. (- · -) refers to results obtained
with compensator CR (5.19)-(5.20), (- -) illustrates the results obtained with compensator CI

(5.21), (· · · ) refers to the results by using compensator C̆ (5.22), (Ð) the system output without
compensation, and (Ð) the reference r=0. 34 sin(0. 2πt)+3. 08 V.
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Table 5.5: Performance of the compensation step. Experimental results.

Design Approach Compensator MAPE NSAVI

Section 4.4 CR (5.19)-(5.20) 3. 2636 1. 7321

Section 4.5 CI (5.21) 4. 3228 1. 7913

Section 4.6 C̆ (5.22) 2. 9166 1. 6140

no compensation 18. 1308 1. 0000

The compensation produced by C̆ (5.22) is smoother than the one obtained with CR

(5.19)-(5.20) and with CI (5.21); see Figure 5.16(a). This occurs because, for the compen-

sator C̆, the argument of the sign function depends on the difference of the reference

signal, while, for the compensator CI, it depends on the difference of the autoregres-

sive variable which usually produces stronger oscillations and sudden changes; see

Figure 5.16(a), e.g. in the range of 51−53 s. A similar but somewhat smooth change

in the compensation signal also occurs when using the compensator CR, since during

the transition from loading to unloading regime this compensator switches from using

(5.19) to using (5.20) to compute mk; see Figure 5.16(a), e.g. around 52 s. As a result,

larger compensation effort is required when using compensators CR and CI as quanti-

fied by NSAVI (5.15) in Table 5.5. Such results corroborate the effectiveness that any of

the proposed compensation approaches in mitigating the nonlinearity present in the

investigated valve.

It should be mentioned that, although C̆ requires less compensation effort, a priori,

a careful pre-processing of the data will be necessary during the identification of the

inverse model M̆ if the measured output is a noisy signal. In terms of compensator

CI, special care is required during the structure selection of model MI so that the

compensation input mk can be explicitly calculated, as discussed before. On the one

hand, this compensation law tends to be easier to calculate than the one obtained with

the compensator CR. On the other hand, it tends to produce a compensation input with

more abrupt changes and, consequently, leading to a greater compensation effort, as

discussed above for the results in Figure 5.16. When it comes to compensatorCR, there is

no need for special treatment during the identification of modelMR and therefore more

general model structures can be used to design such a compensator. However, for cases

where modelMR leads to a compensator CR (Section 4.4) with a degree of nonlinearity

greater than 3, which, although not common in practice, but could happen, numerical

solvers would be necessary to find its solutions/roots, besides the need to solve the

optimization problem proposed in Definition 4.2 for choosing which root to use. In this

case, this compensator can become a problem for more demanding online applications.

Fortunately, many systems can be represented by models MR that, when subjected

to the steps described in Section 4.4, produce compensators CR up to 3rd degree of

nonlinearity, for which the roots can be found with analytic expressions, as pointed out

in (Tavares et al., 2022).
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As extensively discussed earlier, the use of Lemma 4.1 enables to the identified

model to ªrememberº its last state and remain there even when the time-varying input

becomes constant. For the experimental valve under analysis, such feature was verified

in the identified modelsMR,MI and M̆, whose results were shown in Figure 5.15. A

natural question that may arise is: Is this feature also observed in compensators designed

even from models that comply with Lemma 4.1? Basically, the answer to this question is

that for compensator C̆ this feature is guaranteed, while for compensators CR and CI

there is no guarantee. However, a more careful investigation of some subtle features,

like the one mentioned above, which are found in the compensators designed using

the three approaches proposed in Chapter 4 refer to topics to be pursued in the future.

For illustrative purposes, the experimental compensation results, when the time-

varying reference becomes constant, are shown in Figure 5.17.
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Figure 5.17: Results of compensators CR (5.19)-(5.20),CI (5.21) and C̆ (5.22) for a time-varying
reference signal that becomes constant. (a) Compensation inputs, and (b) its temporal responses.
(- · -) refers to results obtained with compensator CR, (- -) illustrates the results obtained with
compensator CI, (· · · ) refers to the results by using compensator C̆, (Ð) the system output
without compensation, and (Ð) the reference r=0. 41 sin(0. 2πt)+3. 09 V that becomes constant
with final value 3. 438 V.
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As can be seen in Figure 5.17, the results indicate that all compensators were able

to provide constant input values when the reference becomes constant and that some

steady-state errors are found, which is expected since the compensation methods work

in open-loop. Note that such compensation errors could be overcome if a feedback

controller was combined with the compensation approach. This is a matter to be

investigated in the future.

5.4 Concluding Remarks

This chapter presented the numerical and experimental results achieved with the

identification and compensation proposals raised in Chapter 4. In terms of hysteresis

identification, it has been shown that the use of the proposed constraints on the structure

(Assumption 4.1) and on the parameters (Lemma 4.1) provide NARX models that are

able to describe both dynamical and static features of such systems, whose comparison

with other identified models that do not use these constraints is provided in Figure 5.6.

In addition, performing the quasi-static analysis in such models, which was put forward

in Section 4.2.2, it is possible to see how the hysteresis loop occurs on the input-output

plane; see Figures 4.1, 5.3, 5.4 and 5.7.

In the context of hysteresis compensation, this thesis proposes three approaches

to design compensators. An important aspect of such procedures is that they show

how a model-based compensator can be designed with or without the need to enforce

some structural specifications during the identification procedure in such way that the

identified NARX model can be effectively used to mitigate the hysteresis nonlinearity.

Details of each compensation approach are given in Chapter 4. Such approaches are

not limited to hysteresis and can be extended to other nonlinearities. In addition,

compensators designed by all proposed approaches can be readily employed in online

compensation schemes.

The effectiveness of the compensation schemes is illustrated by means of a simu-

lated hysteretic system (Section 5.2) and an experimental pneumatic valve (Section 5.3).

All compensators provided nonlinearity compensation for both systems. Some pecu-

liarities found in each approach were discussed.

Based on both numerical and experimental results, it has been observed that the

quality of the achieved compensation is correlated with the accuracy of the identified

model; compare Table 5.2 with Table 5.3 and Table 5.4 with Table 5.5. Also, our results

suggest that the compensation effort tends to be lower and more effective whenever the

identified models are more accurate. In particular, compensators based on gray-box

models clearly outperformed those based on black-box models.

Finally, as a general remark, we noticed that the identified models have a disconti-

nuity due to the sign function used in some regressors. When the model has many such

terms, it sometimes happens that the compensation signal presents abrupt transitions.

The use of smoother functions in place of the sign function, in order to alleviate this
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problem, will be investigated in the future. In addition, as the designed compensators

were able to cancel most of the nonlinearity of the investigated systems, the design of

linear feedback controllers would be promising to implement a closed-loop scheme to-

gether with these compensators. This would allow compensation errors, both dynamic

and steady-state, to be reduced and thus improve tracking and regulation performance.

Also, a more analytical study of the compensators designed with each of the proposed

approaches also correspond to interesting topics to be pursued in the future.



Chapter 6

Conclusions

6.1 Final Considerations

This thesis detailed three systematic methodologies for designing compensators, via

identified NARX models, and put forward a new look at the process of identification

and validation of hysteretic systems. In terms of compensation, the goal is that the

use of the designed compensator in cascade with the system under investigation, in

an open-loop scheme (Figure 4.5(b)), makes the relationship between a reference signal

and the resulting output more linear and, therefore, more amenable for control. For

the case of identification and validation of hysteretic systems, some constraints on

the structure and parameters of NARX models are proposed in order to enable such

models to describe not only the dynamic behavior, but also the static response which,

although being a very important feature for hysteretic systems, has been neglected

by many works in the literature. Some more detailed descriptions of the content and

considerations of this thesis are given below.

Chapter 1 introduced and motivated the use of auxiliary information when identi-

fying systems in order to build models suitable to be used for some specific purpose,

such as predicting subtle dynamic behaviors or using them to design compensators.

Also, it punctuated the contributions of this thesis.

Chapter 2 presented the literature review on modeling of hysteretic systems. Some

of the classic phenomenological models of hysteresis, already established in the litera-

ture, were briefly contextualized, with emphasis on the Bouc-Wen model (Section 2.2.1)

and the Prandtl-Ishlinskii operator (Section 2.2.2). Aiming at a more comprehensive

model, not limited to describing only the hysteresis nonlinearity, some of the main

concepts, definitions and tools formulated based on the NARX philosophy, which

corresponds to a black-box approach, were addressed. However, as the black-box

approach does not allow to obtain models that reproduce more subtle aspects of the

system dynamics, such as the hysteretic behavior, a gray-box modeling approach was

revisited. In this case, all necessary extensions in the formulation and definitions to

cover the black-box and gray-box techniques have been made, and also some interest-

ing tips and fair contributions were duly shared, such as the proposed procedures to

generate excitation input signals suitable for nonlinear identification; see Section 2.3.2.

Some works that use NARX models for hysteretic systems were reviewed, adopting

a critical posture on their pros and cons to represent some features of such systems
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(Section 2.3.7). Also, some properties of hysteretic systems, as well as alternative ways

and guidelines for achieving them using gray-box NARX models, which correspond

to interesting topics to be pursued in the future, were discussed in Section 2.3.8.

Chapter 3 reviewed some commonly used approaches to designing compensators

and controllers for hysteretic systems. As the control and compensation schemes

proposed in the literature are formulated to deal with the hysteretic behavior modeled

by a given structure, those developed for the Bouc-Wen, the Prandtl-Ishlinskii and

the NARX models presented in Chapter 2, were addressed. The revised approaches

were divided into three categories that address the design of compensators, feedback

controllers, and combining compensators with feedback controllers. Some control

challenges that remain open were presented, as well as some advantages and limitations

found in existing control approaches in the literature to deal with hysteresis.

Chapter 4 introduced the proposals developed in this thesis to deal with the prob-

lems of identification and compensation of nonlinearities in dynamical systems using

NARX polynomial models. In order to build more appropriate models to describe

hysteretic systems, we addressed some more subtle properties related to features com-

monly present in the static response of such systems (Section 2.3.8.3). By establishing

a continuum of steady-state solutions (Definition 2.5) as an important feature in hys-

teretic models when subjected to constant inputs, we raised an additional condition to

be considered during the identification procedure and also to be evaluated in models

built to predict hysteresis. To guarantee this feature, we proposed some constraints on

the structure (Assumption 4.1) and a particular one on the parameters (Lemma 4.1) of

NARX models. In addition, a more general framework, based on a quasi-static analysis,

was developed to explain how the hysteresis loop occurs in such models as an interplay

of attracting and repelling regions in the input-output plane (Section 4.2.2). In the con-

text of compensation, three approaches to design compensators were formulated for

general dynamical systems and also for hysteretic systems. All proposed approaches

have overcome singularity problems, such as those found in literature when the veloc-

ity variable is equal to zero (Section 3.2), since these problems were avoided during the

design procedure. An important aspect of such procedures is that they show how a

model-based compensator can be designed with or without the need to impose some

structural specifications during the identification procedure, such that the identified

NARX model can be effectively used to mitigate nonlinearities and, thus, make the

behavior of the system more linear and therefore more amenable for control. Such ap-

proaches are not limited to nonlinear systems and can be extended to deal with linear

systems using ARX models.

Chapter 5 presented the effectiveness of the identification and compensation pro-

posals, made in Chapter 4, by means of a simulated piezoelectric actuator (Section 5.2)

and an experimental pneumatic control valve (Section 5.3). As a first step, we employed

both the proposed constraints to obtain models suitable for designing compensators

and those to ensure that such models are also able to describe the static and dynamic
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features of the hysteretic systems under study. In terms of hysteresis identification,

a comparison of these models with other identified models that do not use the pro-

posed constraints showed the improvement achieved by the constrained models in

describing such hysteretic systems when a time-varying input becomes constant; e.g.

see Figure 5.6. Also, some more detailed analyzes of how constraints coming from

each compensation approach affect the predictive performance of the identified NARX

models were presented. An interesting feature found in such analyzes refers to the

case where the identified models, which comply with the constraints of the compensa-

tion approach described in Section 4.5, are subjected to time-varying input signals that

become constant. For these models, a sudden change in the estimated output value,

observed during the transition from time-varying input to steady-state, produces larger

steady-state errors than those obtained from models built to meet the compensation

approach described in Section 4.4, in which there is no need to impose structural con-

straints during the identification procedure. It was found that this sudden change in

the estimated output value is directly related to the necessary constraints for the use

of such models in the design of compensators following the approach of Section 4.5,

as explained in Section 5.2. As a second step, the compensators designed with these

identified models were placed in an open-loop scheme with the investigated system in

order to improve its tracking performance. Both numerical and experimental results

demonstrated that, despite the particularities of each compensation approach, either

approach significantly reduces the tracking error compared to the uncompensated sys-

tem. In terms of compensation quality, it was found that compensation performance is

correlated with the accuracy of the identified model and that the compensation effort

tends to be lower and more effective whenever the identified models are more accu-

rate. In particular, compensators based on gray-box models outperform those based on

models identified using black-box techniques. Some more detailed analyzes address-

ing particularities found in each compensator design approach, such as the possible

need for careful data processing, adoption of constraints on the model structure and/or

the use of numerical solvers, were also discussed.

6.2 Future Work

This section summarizes some possible guidelines for future work already discussed

throughout this thesis and presents some more suggestions.

• As NARX models are not able to describe the property of non-local memory

(Remark 2.19), it is suggested to investigate ways to incorporate this property in

such models during the identification procedure; see Section 2.3.8.1.

• As some hysteretic systems can produce a symmetric or asymmetric hysteresis

loop on the input-output plane, the development of a methodology that allows to
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incorporate in NARX models the ability to describe asymmetric hysteresis is an

interesting future work; see Section 2.3.8.2. For this case, it is suggested to look

for ways to determine an appropriate asymmetric multi-valued function to be

used as a candidate regressor and to investigate how this function will affect the

number, location and stability of fixed points of the resulting models. Note that

the symmetric hysteresis loop is already possible to be achieved with the NARX

models built here.

• The presence of the sign function of the first difference of the input in some

regressors of the identified NARX models generates discontinuity during the

input signal transition from loading to unloading regime and vice-versa. When

the model has many of these regressors, the compensator designed with such a

model tends to produce a compensation input with abrupt transitions. Therefore,

future works include investigating the use of smoother functions in place of the

sign function during the identification procedure, and evaluating whether this

change will result in compensators that provide smoother and more efficient

compensation signals.

• As the designed compensators were able to cancel most of the nonlinearity of the

investigated systems, a natural next step concerns the design of linear feedback

controllers to be implemented in a closed-loop scheme together with these com-

pensators. The objective is to compare the efficiency of the control system when

the compensator is used together with the feedback controller and when these

are used separately.

• Finally, a more analytical study of the compensators designed with each of the

proposed approaches is a relevant topic. In this case, attention should be paid

to compensators designed from the approaches provided in Sections 4.4 and 4.5,

since there is no guarantee that features, such as stability, of the identified models

are maintained when such models are used to design these compensators.
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