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Abstract

In this thesis, we study the typical behaviour (from the topological viewpoint) of the
decaying rates of the orbits of unitary evolution groups and Cy-semigroups on Hilbert
spaces. We have found that: (1) some dynamical quantities related to evolution groups
have an oscillating behaviour between a polynomially rapid decay and an arbitrarily slow
decay; (2) the decaying rates of each typical orbit, in Baire’s sense, of Cy-semigroups which
are stable but not exponentially stable depend on sequences of time going to infinity. The
proofs are based on the relations between such decaying rates and some spectral properties

of their respective generators.



Resumo

Nesta tese, estudamos o comportamento tipico (do ponto de vista topolégico) das taxas de
decaimento das érbitas de grupos unitarios de evolugao e Cy-semigrupos em espacos de
Hilbert. Encontramos que: (1) algumas quantidades dinamicas relacionadas aos grupos
de evolucao tem um comportamento oscilando entre um decaimento polinomialmente
rapido e um decaimento arbitrariamente lento; (2) as taxas de decaimento de cada érbita
tipica, no sentido de Baire, de Cy-semigrupos que sao estaveis mas nao exponencialmente
estaveis dependem de sequéncias do tempo que vao para infinito. As provas sao baseadas
nas relagoes existentes entre essas taxas de decaimento e propriedades espectrais dos

respectivos geradores.
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Introduction

This thesis is divided the following parts:

Part I

In Part I, based on works by Simon [56] and by Carvalho and de Oliveira [15, 16], we
study the behaviour of the decaying rates (from the topological viewpoint) of dynamical
quantities related to the wave packet solutions of the Schrédinger equation ; in particular,
we show that, in the same vein of Simon’s Wonderland Theorem [56], Baire generically,
the rates for which the solutions of the Schrodinger equation escape, in time average,
from each finite-dimensional subspace depend on sequences of time going to infinity. In
this part of the thesis, we also discuss a result about dynamical lower bounds and dense

point spectrum, of independent interest.

Part 11

In Part II, we propose a new (and original) approach to the problem of obtaining lower
bounds for the decaying rates of Cjy-semigroups on Hilbert spaces, and then show that
the decaying rates of the orbits of Cy-semigroups which are stable but not exponentially
stable, typically in Baire’s sense, depend on sequences of time going to infinity. Namely,
in order to obtain lower bounds for the decaying rates of Cy-semigroups, many authors
(see [8, 9, 11, 50] and references therein) usually have related estimates on the norm of

the resolvent of the generator to quantitative decaying rates of the form
1T A sy = O(r (1)), t — o0,

with tlim r(t) = 0, which implies that all classical solutions of the abstract Cauchy problem
—00

x(t) = Az(t), t > 0,
(ACP)
z(0)==x, v € H,
converge uniformly (on the unit ball of D(A) endowed with the graph norm) to zero

at infinity with rate r. Since D(A) C H is dense, one could argue that such solutions

1



display typical behaviour. In the present thesis, we consider a different notion of typical
behaviour, in terms of dense Gy subsets of initial values x € H. In this setting, we show
that there exist dense Gy sets of initial values z € H such that the orbit (7'(¢)z):>0
contains a sequence that decays to zero no faster than a fixed but arbitrarily slow rate,
and a sequence that decays to zero at a fixed rate arbitrarily close to r. In this sense, we

show that typical orbits display unexpected and erratic behaviour.

Appendices

In the appendices we recall some important concepts and results on spectral theory, theory

of unitary evolution groups and Cy-semigroups used in this work.



Part I Some results on quantum dynamics



Selected Notation

Separable complex Hilbert space
T Self-adjoint operator in H
o(T) Resolvent set of T

R\, T) Resolvent operator of T at A € o(T) C C

o(T) Spectrum of T’

ET Resolution of the identity of T

W Finite positive Borel measure on R

,uET Spectral measure of T" with respect to £ € H
B(z,¢) Open interval (z — €,z + €) centered at x € R



Contextualization and main results

Contextualization

There is a vast literature concerning the large time asymptotic behaviour of the solutions

to the Schrodinger equation

0 = —iT¢, t € R,
£(0)=¢, e,

(SE)

where T' is a self-adjoint operator in a separable complex Hilbert space H. Namely, the
relations between the quantum dynamics of solutions of (SE) and the spectral properties
of T are a classical subject of the mathematics and physics literatures. In this context,
we refer to [5, 12, 14, 15, 16, 17, 23, 20, 29, 31, 32, 55, 56, 57, 59], among others.

We recall that, for each ¢ € H, the unitary evolution group R > ¢ — e %7 is so that
the curve e "¢ in some sense (see Remark B.1), solves (SE). The state £, in the context
of quantum mechanics, is called wave packet and describes the “non-relativistic quantum
state” of a one-particle system. Next, we list some quantities usually considered to probe

the large time behaviour of the dynamics e “7¢.

1. The (time-average) quantum return probability, which gives the (time-average)
probability of finding the particle at time ¢ > 0 in its initial state &, is defined

as

) =7 [ 1€ TP s (2

2. Let A be a positive operator such that, for each t € R, e *“"D(A) C D(A). For
each £ € D(A), the (time-average) expectation value of A in the state { at time

t > 0 is defined as
t
1 . .
Ay =7 [ A e as (b)
0



3. Let {e,} be an orthonormal basis of . The (time-average) g-moment, g > 0, of the

position operator at time ¢ > 0, with initial condition &, is defined as
t
1 —1s
(X1 i= 7 [ S lnble e e ds. ©
0 n

Each one of the quantities defined in (c) is a special case of (b), where for each ¢ > 0,

A represents the g-moment of the position operator:
X[7= 5 [nl"en, Jen.
n

These quantities describe the (time-average) behaviour of the “basis position” of the
wave packet e #T¢, as t goes to infinity (see [5, 20, 29, 31, 32, 38] and references therein).
Actually, in the specific case (which is more relevant from a physical point of view) where
H =(*(Z"), v eN, and {e,} is the canonical basis {4, }, such quantities characterize the
spreading of the wave packet e *7¢.

Next, we present well known results that relate such quantities to some properties of
the spectral measure ,ug of T associated with & (see Definition A.3). Firstly, we refer to

Wiener’s Lemma [22].

Theorem (Wiener’s Lemma). Let £ € H. Then,
.
tim 5 [l e T Pds = Y L (D
0 AR

Now we refer to the notorious RAGE’s Theorem, named after Ruelle, Amrein, Georgescu,
and Enss [22].

Theorem (RAGE’s Theorem). Let A be a compact operator on H. Then, for every & € H,
. T .
lim (|AZ]), = 0
if and only if ,ugT s purely continuous.

Taking into account RAGE’s Theorem, special cases of interest are projectors onto
finite-dimensional subspaces of H. Namely, let {e, } be an orthonormal basis of H and let

Py be the (compact) projection on a sphere of radius N € N, that is,

Py = Z (€n, )en.

In|<N
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We note that

(e7Te, Pye™™g) = (7€, Y (en,e ™ E)en)

n|<N

= D e e

In|<N

Thus, if 42/ is purely continuous, that is, if x4 has no atoms (for each A € R, uf ({A}) = 0),
then, by RAGE’s Theorem,

t
. 1 —isT 2 _
tlgilog/ Z (e ¢ e,)|"ds = 0.
0 InlsN
Since N is arbitrary and the dynamics e~**7¢ is unitary, one has the following result [38].

Corollary (RAGE’s Corollary). If MgT is purely continuous, then, for every g > 0,

lim ({|X]7))¢¢ = oo.

t—o00

Remark.

1. We note that, by Wiener’s Lemma, the (average) probability of finding the particle
at time ¢t > 0 in its initial state £ is asymptotically null if and only if ,ug is purely

continuous.

2. Since any projector onto a finite-dimensional subspace of ‘H satisfies the hypotheses
of RAGE’s Theorem, initial states whose spectral measures are purely continuous
can be interpreted as those whose trajectories that escape, in time average, from
every finite-dimensional subspace. Actually, by RAGE’s Corollary, in this case, it

can be said that there is a spreading of the wave packet.

Now we recall some basic definitions.

Definition. A sequence of bounded linear operators (7)) strongly converges to 7" in H
if, for every £ € H, T,,6 — TE¢ in H.

We recall that the resolvent set of T, o(T'), is the set of all A € C for which the

resolvent operator of T at A,
R\T):H — D(T), R\T) =\ -T)",
exists and is bounded. The spectrum of T is the set o(T") = C\p(T).

7



Definition. Let T be a self-adjoint operator and let (7,,) be a sequence of self-adjoint
operators. One says that T,, converges to T"in the strong resolvent sense if R(i, T,,) strongly

converges to R(i,T).

We also recall that T is said to have purely continuous spectrum if, for every £ € H,
p¢ is purely continuous.

A complete metric space (X,d) of self-adjoint operators, acting in #, is said to be
regular if convergence with respect to d implies strong resolvent convergence of operators.
One of the results stated in [56], the so-called Wonderland Theorem, says that, for some
regular spaces X, {T' € X | T has purely continuous spectrum} is a dense Gy set in X.
Hence, for these spaces, by Wiener’s Lemma and RAGE’s Theorem, for each compact
operator A and each 0 # £ € H,

{T'e X| tli)r&(pg)(t) = tlggo(\Ath =0 and tli}rgo(<|X|q>)t,§ = oo for each ¢ > 0}

contains a dense G set in X. In this context, it is quite natural to study the behaviour
of the decaying rates (from the topological viewpoint) of these dynamical quantities.

Consider the following classes of self-adjoint operators.

Jacobi matrices. For every fixed a > 0, consider the family of Jacobi matrices, M, given
on (*(Z) by the action

(MU)J = Ujfl + Uj+1 + ’Uj’dj,

where (v;) is a sequence in (*(Z), such that, for each j € Z, |v;| < a. Denote by X, the
set of these matrices endowed with the topology of pointwise convergence on (v;). Then,
X, is (by Tychonoff’s Theorem) a compact metric space such that convergence in metric
implies strong resolvent convergence. Actually, M, — M in X, if and only if, for each

jEZ, klim v;-“ = v; and, therefore, if and only if M}, converges strongly to M.
—00

Schrodinger operators. Fix ' > 0 and consider the family of Schrodinger operators,
Hy, defined in the Sobolev space H?*(R) by the action

(Hyu)(z) = —Au(x) + V(x)u(z),

with V' € B*(R) (the space of bounded Borel functions) so that, for every = € R,
|V (z)] < C. Denote by X¢ the set of these operators endowed with the topology of
pointwise convergence on (V' (x)). Then, X¢ is (again by Tychonoff’s Theorem) a compact

metric space so that convergence in metric implies strong resolvent convergence. Namely,



if Hy, — Hy in X, then, for each € R, one has that klim Vi(z) = V(x). Thus, for each
—00

u € L2(R), by the second resolvent identity and dominated convergence,

[(Ri(Hv,) — Ri(Hy))ulle @y = [|[Ri(Hv,) (Vi — V) Ri(Hy )ul|L2(w)
< [(Ve = V)Ri(Hy )u||r2@m — 0

as k — oo.

In this part of the work, we study the decaying rates of (|A{|); for these two different
classes of self-adjoint operators (see [15, 16, 56] for another classes). Namely, we use
RAGE’s Theorem and an argument involving separability to obtain some results about
the typical behaviour of such decaying rates (Theorems II and III). In this part, we also
prove a result about dynamical lower bounds and dense point spectrum (Theorem I), of

independent interest.

Brief discussion of our main results

Carvalho and de Oliveira showed in [15] that for several classes of discrete Schrodinger
operators (from the topological viewpoint), (pe)(t) has an oscillating behaviour between
a (maximum) polynomial rapid decay and a (minimum) polynomial slow decay. In [16],
they have confirmed this polynomial dual behaviour for ((|.X]?))¢¢. In this setting, here
we discuss some results about the decaying rates of (|A§T|)t for X, and X¢ (Theorems 11
and III). For X,, we also say something about ((|X|?)):¢ (Theorem I).

Let T be a self-adjoint operator in H. We recall that T" has dense point spectrum if
the set of eigenvalues of T' is dense in o (7).

Taking into account some ideas of Simon [56] (which were also explored by Carvalho
and de Oliveira in [15, 16]), it is natural, in X,, to consider the density of the set of
Jacobi matrices with dense point spectrum. It is well known that this dense subset can be
obtained by using Anderson’s localization. Namely, for every fixed a > 0, let Q = [—a, a]?
be endowed with the product topology and with the respective Borel o-algebra. Assume
that (wj)jez = w € Q is a set of independent, identically distributed real-valued random
variables with a common probability measure p not concentrated on a single point and
such that [ |w;|’dp(w;) < oo, for some 6 > 0. Denote by v := p” the probability measure
on . The Anderson model is a random Hamiltonian on ¢%(Z), defined for each w € Q by

(hwu)j = uj—l + Uj+1 —|— (UjUj.
It turns out that [20, 59]
o(hy) = [=2,2] + supp(p),

9



and v-a.s. w, hy, has pure point spectrum [14, 61]. Thus, if 4 denotes the product of infinite

copies of the normalized Lebesgue measure on [—a, al, that is, (2a)~'/, then
D={MeX,|o(M)=[-a—2,a+ 2], (M) is pure point}

is so that u(X,\D) = 0 and therefore, D is a dense subset of X,,.
Now we recall that to describe the algebraic growth ({|X|));¢ ~ ¢t for large t, one

usually considers the lower and upper transport exponents, respectively, given by

a (§,q) = liginfm

Int ’
1 X |4

a+(€7 Q) := lim sup M
t—o00 Int

There are some relations between such exponents and the behaviour (as function of
the time) of the spreading of the wave packet. Namely, if there exists a ¢ > 0 such that
a®(&,q) > 0, then there is no dynamical localization (the system (7,¢) is said to be
dynamical localized if, for every ¢ > 0 and every v > 0, limy_,oo t 77 ((|X|%))s¢ = 0). In this
case, one says that there is transport, since for at least one temporal sequence, part of
the wave packet is not contained in a bounded region of the space. For more details about
the wave packet spreading phenomenon, see [5]; for a discussion about various types of
localization, see [23, 30].

We note that if a=(£,q) = ¢ for ¢ > 0, then one says that the transport is ballistic,
since the“time law” that describes the behavior of the wave packet refers to the uniform
rectilinear movement. If a™(§,q) = ¢ for ¢ > 0, then one says that the transport is
quasiballistic. In this context, our first result says that for every T' € D C X,, the

dynamics of every initial condition in a robust set have quasiballistic behaviour.

Theorem 1. Let —oco < a < b < oo, and let T be a self-adjoint operator with purely dense
point spectrum equal to [a,b]. So, there exists a dense Gs set GT in H such that, for each
£e G, if ({|X|9))e is well defined (finite) for each t,q > 0, then

at(&,q) > q for each ¢ > 0.
Remark.

1. There are rather general sufficient conditions for which ((|X|?));¢ is well defined
[29]. Namely, let 7' be a bounded self-adjoint operator on H and let B = {e,}nez

be an orthonormal basis of H. Then,
L1 ((|X]%))t.e, is well defined (finite) for all ¢,q > 0;

10



1.2. a(eg, q) are increasing functions of ¢;

1.3. a®(eg,q) € [0,q], for all ¢ > 0.

2. Theorem I gives a rather general sufficient condition for an operator with pure point
spectrum to present non-trivial dynamical lower bounds. The main ingredient in the
proof of this result involves a fine analysis of the generalized fractal dimensions (see
Definition 1.2) of spectral measures of operators with pure point spectrum. Namely,
in order to prove Theorem I, we explore relations between such dimensions and the
spacing properties of its eigenvalues (see Theorem 1.1), and then apply a result due
to Barbaroux et. al. [5] (see Theorem 1.2).

3. There are in the literature numerous other examples of operators satisfying the
hypotheses of Theorem I (see [14, 20, 23, 25, 55, 57, 61]), showing that this is a

result of independent interest.

Our next results are about the behaviour of the decaying rates of (|AY]);.

Theorem II. Let a: R — R be such that

lim sup a(t) = oc.
t—r00

Then, for each compact operator A and each 0 # & € H,

{M € X, | M has purely continuous spectrum, limsup a(t)<|AéV[|)t =00

t—o00

.. M .
and hggff(\Ag [}: =0}
18 a dense G set in X,.

Theorem II1. Let C' > 0 and let a be as in the statement of Theorem II. Then, for every
compact operator A, there exists a dense G set Go(A) in L*(R) such that, for every

€ € Gu(A),

{H € Xc | H has purely continuous spectrum on (0,00), limsup a(t){|A{]); = oo}

t—o00

1s a dense G set in Xc.

Remark.

1. Tt is possible to check that the behaviour of liminf in the statement of Theorem
IT follows from Theorem 1.2 in [15]. Thus, our main contribution here refers to the
behaviour of lim sup. In order to prove the behaviour of lim sup, we use the density of
the set of Jacobi matrices in X, with dense point spectrum, combined with RAGE’s

Theorem.

11



2. Theorem III is a partial version of Theorem II to the class of (unbounded) Schrédinger
operators X¢. In order to prove Theorem III, we use RAGE’s Theorem, a theory of
existence of negative eigenvalues for Schrodinger operators [22, 53], and an argument

involving separability.

Organization of the text

In Chapter 1, we discuss in details the proof of a result, of independent interest, about
dynamical lower bounds and dense point spectrum (Theorem I).

In Chapter 2, we prove Theorems II and III.

12



Chapter 1
Dynamics and dense point spectrum

Our main goal in this chapter is to present a proof of Theorem I.

1.1 Weakly-spaced sequences

In order to properly present our proof of Theorem I, we need the following notion.

Definition 1.1. Let (a;) C R. One says that (a;) is weakly-spaced if, for each o > 0,
there exists a subsequence (a;,) of (a;) such that
1. ¢ = aj, — a;,, > 0 is monotone and lliglo(ajl —aj,,)=0.

2. There exists C,, > 0 so that, for every | > 1, aj, — a;,,, > C, /U

Proposition 1.1. Let —0o < a < b < o0o. If Uj{a;} is a dense subset of [a,b], then (a;)

15 weakly-spaced.

Proof. Let a > 0. Firstly, we note that, for each z > 1,

(xf1>a+<xi1)a>2. (1.1)

Namely, set

So,

(51 e = () (53) ()
()G )

Since f(0) = 2, the inequality in (1.1) follows.

13



For each [ > 1, set

1
by :=a+ l—a;
by (1.1), for I > 2 one has K; := b1 — 2b; + b1 > 0. Note that
lim l1+a<bl — bl+1) = Q. (12)
=00

Now, for [ sufficiently large such that b, € [a, b), pick a;, satisfying

. Kl (6]
0 S Qg — bl S mln{7, W} (13)
Then, by (1.2) and (1.3), for [ sufficiently large, one has
Ajp — Ay = (ajz - bl) - (ajl+1 - bl+1) + (bl - bl+1)
o 3

> — >
= 4+ 1)He - A]l+a = 9llta’
s, — Qg = (ajz - bl) - (ajl+1 - bl+1) + (bl - bl+1)
o Ta 200
< + - .
= Yita " glta ~ [l+a

Hence,
@ < 2c
9ll+a = Ajp — Ajy gy = [i+a’
Moreover,
(ajl - ajl+1) - (ajz+1 - ajz+2) = (ajz - 2ajz+1 + ajl+2)

= 45 — b — 2(a’jl+1 - bl+1> + ., — biya + (bl —2bj41 + bl+2)
> —2(aj,, —bg1) + K41 >0,

which implies that aj —a;,,, goes to zero monotonically. Therefore, (a;) is weakly-spaced.

]

1.2 Fractal dimensions and Proof of Theorem 1

The study of fractal dimensions of spectral measures in the context of quantum mechanics
appeared as an attempt to answer the following question: “What determines the spreading
of a wave packet?” In this context, we highlight the works [4, 5, 31, 32]. Here, we use a

notorious result due to Barbaroux et. al. [5] (Theorem 1.2) in order to prove Theorem I.
Definition 1.2. Let u be a finite positive Borel measure on R and let ¢ € R\ {1}. The
lower and upper g-generalized fractal dimensions of u are defined, respectively, as

oy e[ (B €e)) T ()] o In[f u(B(z,€))" 'du(z)]
D, (q) = hIg(l)ﬂf - 1)ne and D:[(q) = hrrelﬁ)up ETY ,

where the integration is performed over supp(u).

14



These g-generalized fractal dimensions give the average lower and upper polynomial
behaviour (in the measure itself) of the measure of balls (weighted by the exponent (¢—1))
as their radii go to zero. Now we consider the mean-g dimension, which, for every ¢ > 0,

q # 1, coincide with ¢-generalized fractal dimensions.

Definition 1.3. Let p be a finite positive Borel measure on R and let ¢ € R\ {1}. The

lower and upper mean-q dimensions of u are defined, respectively, as

m, (q) := liminf tn[e™ Jp p(B(w, ) da] and  m,!(q) := limsup Infe” Jp w(B(, )" dx]‘

# el0 (g—1)Ine €10 (g—1)Ine

The next result lists some properties of the above dimensions.

Proposition 1.2 (Theorem 2.1. and Propositions 3.1 and 3.3 in [6]). Let u be a finite

positive Borel measure on R. Then,

1. For every ¢ >0, ¢# 1, DF(q) =m}(q).

2. D, (q) and D} (q) are nonincreasing functions of ¢ € R\ {1}.
3. If i has bounded support, then for all ¢ € (0,1), 0 < D (q) < D (q) < 1.

For a more detailed discussion on such dimensions, see [6].
Our next result relates such spacing properties (Definition 1.1) of the eigenvalues of
self-adjoint operators with purely point spectrum, to the generalized fractal dimensions

of their spectral measures.

Theorem 1.1. Let T be a self-adjoint operator with purely point spectrum. Suppose that

the sequence of eigenvalues of T is weakly-spaced. Then,
{£€H|Dr(¢)=0 and D:T(q) =1 foreach0 < q<1}
¢ ¢
is a dense G set in H.

Consider the following result due to Barbaroux et. al. [5].

Theorem 1.2 (Theorem 2.1 in [5]). Let T' be a self-adjoint operator in H. Then, for each
& €H and each g > 0,

a*(&,q) > DF. (L) q.

ne \1+¢q
Remark 1.1. We note that Theorem I is a consequence of Proposition 1.1, Theorems
1.1 and 1.2. Namely, since, in this case, T" has purely dense point spectrum equal to [a, b],
if follows from Proposition 1.1 that the sequence of eigenvalues of T' is weakly-spaced.
Thus, Theorem I is a direct consequence of Theorems 1.1 and 1.2. Therefore, it remains

to prove only Theorem 1.1.

15



In order to prove Theorem 1.1, we need of some preparation. Let » > 0 and let p be
a finite positive Borel measure on R so that supp(u) C [—r,r]. Consider, for every ¢ > 0

and every g € R,

r+1
q
Culg,t) ==t / (/6‘”‘y'du(y)) da.
—r—1 R
Lemma 1.1. Let p be as before and ¢ > 0, g # 1. Then,
o ImCu(gt)
b e~ P
‘ InC)(q,t) _
1 o\ D )
msup I (@)
Proof. We show that
Gl t)
InC)(q,t
lim sup nCula.) =-m,(q). (1.5)

Since supp(u) C [—r,7], one has, for each ¢ > 1 and each x € [—r — 1,7 + 1]°,
w(B(z, 1)) = 0. Hence, it follows that, for ¢ > 1,

't

r+1 r+1
q q
Culg,t) =t / ( / e”ydu(y)) dz >t / ( / et'”du(y)) dz
—r—1 R —r—1 \r—y|<%
r+1
> L / Bz, 2)1de = L [ w(B@, L))de
ed K ’ ed a ’ t
—r—1 R
and, therefore,
. InC,(q,1t) N . InC(g,t) -
Btk LT G 1 — s < - :
it = e S (9),  limsup (¢— Dt~ &

Let 0 < 6 < 1. Then, for each x € R and ¢ > 0,

/ e lldu(y) = / e dp(y) + / e~ vdu(y)

R _1

|$—y\<t%5 \f—y|2t1_5

n(B(z, t%)) +e " u(R).

IN

Thus,
1

(/etwyldu(y))q < 2qmax{ﬂ(3(x’ﬂ__6)),M(R)eta}q
: Qqu(B(L%))QH(IMR)%_W&' (1.6)
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Since, by Proposition 1.2, m(¢) > 0, it follows from (1.6) that, for sufficiently large ¢,

1 —atb
Culg,t) < th/u(B(x, tl—_é))qda:+(2r+2)2qu(R)qte o

R
1
< 2‘1+1t/,u(B(x, tl—_é))qu,
R
and then,
.. . InC,(q,1)
1 f—2 7 > ot
=0 it = 2 e (@)
1 t
lim sup nCula. ) > —m, (q).

(1-9) t500 (¢—1)Int
Since 0 < ¢ < 1 is arbitrary, the complementary inequalities in (1.4) and (1.5) follow. The

results are now a consequence of Proposition 1.2. ]

Lemma 1.2. Let T be a bounded self-adjoint operator on H and q € (0,1). Then, for
each v > 0,

1. GI={{eH] D 1(q) <7} is a Gs set in H,
G

2. Gﬂ ={{eH| D:T(q) > v} is a Gs set in H.
¢

Proof. We just present the proof of item I. For each j > 1, let g; : (0,00) — (0, 00),
gj(t) == £t Since, for each 7 > 1 and each ¢ > 0, the mapping

H 5 & gi(t)Cyr (g, 1)
is continuous (by dominated convergence), it follows that, for each j, k,n € N, the set

(€ e H | g;(0)C,r(a,)) > n}

t>k

is open; thus, by Lemma 1.1,

Gz, = ﬂ{£ S hm 1 sup gj(t)CﬂsT(q,t)l/(qfl) =00}

j>1

= NNNULE e 900z @0 >n)

i>1n>1k>1t>k

is a G set in H. O

Proof (Theorem 1.1). Fix 0 < ¢ < 1 and let (e;) be an orthonormal family of eigenvectors
of T', that is, T'e; = \je; for every j > 1. Let (b;) C C be a sequence such that |b;] > 0,
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for all j > 1, and 3777, [b;[* < co. Given £ € H, write £ = 2, aje;, and then consider,
for each k > 1,
k 00
fk = Z a;€; + Z bjej'
j=1 j=k+1

It is clear that & — £. Moreover, for kK > 1 and each ¢ > 0,

/ WL (B(z, )yl (z) = Zugk N L (D)

supp(uf, )

IA

Zﬂgk {Ah)! Z\aa!2q+ Z b1,
j=k+1
from which follows that D:F (¢) = 0. Hence, GI_ = {{ € H | D ( ) = 0} is a dense set
and, therefore, by Lemma 152 a dense Gy set in H.
Now we discuss the upper dimensions. Fix an n € N with n > %} and let (Aj,) be a
subsequence of (A;) so that: 1. lim;_,o();, — Aj,,) = 0 monotonically; 2. there exists a
C,, > 0 such that, for every [ > 1, \;, — >C, /l“r Consider, for each k > 1,

Jz+1

&k —Z(M@H— Z \/—1 €jis

I=r(k)
where we set r(k) large enough so that {ei, ..., €k, €j, )+ €j, 415 -} 15 an orthonormal set.
Again, & — & in H.
For each m > 1, put €, := [\;,, — Aj,.,.|/2. Then, for each m > M(k) and each
1<l <m,

1, (BN, em)) = pg, ({1,

where M (k) is large enough so that for each m > M(k), each [ > 1 and each 1 <i <k,
Ai & B(\j,, €m). Hence, for m > max{M (k),r(k)} =: s(k),

/ He (B, €)™ dpd (@) = Y pd (B, n)) ™ i ({A))

supp(ud )

v

WL (B )" 0l ((0)

Vv
&5
e

S»—A
g
3;\/
\%
S

7\



where Fj, is a constant depending only of k£, which results in

1—(1+,)q
D'y (q) > gy = g
ey (I—q)(1+3)

Thus, G(Ttn O is a dense set and, therefore, by Lemma 1.2, a dense G set in H. Since

Glo= () Gl

]
n>17q

and, by Proposition 1.2, GI, = {{ € H | D+ (q) = 1}, follows from Baire’s Theorem that
€
(€ €M | Do) =0 and D¥(q) = 1}
3 3
is a dense Gy set in H. Finally, let Q, := {x € Q | x > 0}. Since, by Proposition 1.2,

{£eH| D;T(q) =0 and D:T(q) =1 foreach0 < q <1}
: :

= N {€ €M | Dyr(a) =0 and Dyr(q) =13,

q€Q+m(0a1)

the result is proven. O
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Chapter 2
Dynamics for compact operators

In this chapter, we prove Theorems II and III.

2.1 Proof of Theorem I1I

In order to proof Theorem II, some preparation is required.
Let T be a self-adjoint operator in H. Now, for every measurable f : R — C, we
denote ET(f) simply by f(T), where ET represents the resolution of the identity of T'.

Proposition 2.1 (Proposition 10.1.9 in [22]). A sequence of self-adjoint operators (T,)
converges to a self-adjoint operator T in the strong resolvent sense if and only if f(T,)

strongly converges to f(T') in H for every bounded and continuous f : R — C.

Definition 2.1. Let p be a o-finite positive Borel measure on R. One says that p is
(uniformly) Lipschitz continuous if there exists a constant C' > 0 such that, for each
interval I with ¢(I) < 1, u(I) < C¢(I), where £(-) denotes the Lebesgue measure on R.

Theorem 2.1 (Theorem 3.2 in [38]). If pf is Lipschitz continuous, then there exists a

constant Ce such that for any compact operator A and any t > 0,
(JAeDe < CellAllLe™,
where || Al|; denotes the trace norm of A.

Theorem 2.2. Let £ € . Then, the set L := {M € X, | " is Lipschitz continuous}

1s a dense set in X,.
Proof. See the proof of Theorem 1.2 in [15]. O
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Proof (Theorem II). The proof that
{M € X, | lminf |42}y, = 0}

is a dense Gy set in X, is a direct consequence of Theorem 2.2 in [4], Lemma 3.2 and
Theorem 3.2 in [38], and Theorem 1.2 in [15]. For the convenience of the reader, we present
a simple proof of this fact in details.

Since, by Proposition 2.1 and dominated convergence, for each ¢t € R the mapping
Xa2 M = a(t)(JAY )
is continuous, it follows that, for each £ > 1 and each n > 1, the set

UM € Xo | a()(AY]): > n}

t>k

is open, so

(M € X, | limsupa(t) (|42} = oo} = () (UM € Xa | a()(|AY): > n}

n>1k>1t>k

is a G set in X,.

Now, as previously discussed, it is well known that
D={MecX,|o(M)=[-a—2,a+ 2], (M) is pure point}
is a dense subset of X,. Thus, by RAGE’s Theorem,
Dc{MeX,| lirtrisup Oé(t)(lAéV[Dt =00}

is a dense G set in X,.

We note that, for each 7 > 1,
Lj={MeX,| h{ninftl*%q/xg‘ﬂ)t =0}
—00

is also a G set in X,. Since, by Theorem 2.1, for each j > 1, L C L;, it follows from

Baire’s Theorem that

. N M _ _
{M € X, |liminf t(|A]), = 0} = (L

Jj=1

is a dense Gy set in X, concluding the proof of the theorem. m
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2.2 Proof of Theorem III

In order to prove Theorem III, we need the following results.

Theorem 2.3 (Theorem 4.5 in [56]). The set
{Hy € X¢ | Hy has purely continuous spectrum on (0,00)}

18 a dense Gg set in X¢.

Theorem 2.4 (Corollary 4.6.1 in [53]). Let V : R — R be a bounded Borel function. If
there exists ¢ > 0 such that, for every x > ¢, V(z) <0 and

7V(:c)d:€ = —00,

then Hy = A +V has at least one negative eigenvalue.
If T is a self-adjoint operator, denote the set of its eigenvalues by (7).

Lemma 2.1. Let T be a self-adjoint operator such that X(T) # 0, and let o be as in the

statement of Theorem II . Then, for any compact operator A,
Go(A,T) :={£ € H | limsup a(t)(|Ag|>t =00}
t—o0
18 a dense Gs set in H.

Proof. Since, for each t € R, the mapping
H > & alt){| AL )

is continuous (by dominated convergence), it follows that
Go(T, A) = (Y (VUL € H | a®)(AL])e > n}
n>1k>1t>k

is a G5 set in H.
Given £ € H, write & = & + &, with & € Span{&}+ and & € Span{&y}, where &,

with ||&]|% = 1, is an eigenvector of T associated with an eigenvalue \. If & # 0, then

pe (A = [IEY{ADEN%
> 2Re(E" ({AN)&, EY({AN&) + BT ({AN&%

€213, > 0,
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where ET({\}) represents the resolution of the identity of T" over the set {\}. Now, if
& =0, define, for each k£ > 1, c
— S0

S =8+ 7

It is clear that & — £. Moreover, by the previous arguments, for each k£ > 1, one has

pe, ({A}) > 0.

Thus, G := {¢ € H | pf has an atom} is a dense set in #. Nevertheless, by RAGE’s
Theorem, G C G,(T, A), proving that G,(T, A) is a dense Gy set in H. O

Proof (Theorem III). By the arguments presented in the proof of Theorem II, for every

¢ € LX(R),
{Hy € X¢ | liinsup a(t)<|A£IV|>t =00}

is a G set in X¢.
Now, given Hy € X, we define for every k > 1,
k C
Vi = Vir) — :

k+
We note that, for each & > 1 and each z > k, Vj(x) < 0. Moreover, for each k > 1,

k/Vk(x)dx = —o0.

Therefore, by Theorem 2.4, for every k > 1, Hy, has at least one negative eigenvalue; in
particular, ¥(Hy, ) # (. Since Hy, — Hy in X¢, it follows that

Y= {Hy € X¢ | X(Hy) # 0}

is a dense set in X.

Now, let (Hy,) be a countable dense subset in Y (which is separable, since X¢ is
separable); then, by Lemma 2.1 and Baire’s Theorem, (0,5, Go(Hy,, A) is a dense G set
in L?(R). Moreover, for every £ € (51 Ga(Hy,, A),

{Hy € Xc | limsup a(t){|AZV]); = oo} D | J{Hw}

t—o0 E>1

is a dense Gy set in Xc. The theorem is now a consequence of Theorem 2.3 and Baire’s
Theorem. O

Remark 2.1. Note that this separability argument used in the proof of Theorem I has
allowed, in some sense, the use of the typical behaviour in L*(R) (Lemma 2.1) in the

determination of the typical behaviour in X¢.
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Part II Some results on asymptotic of Cy-semigroups
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Selected Notation

H Complex Hilbert space

B(H) Space of all bounded linear operators on H
1 Identity operator on H

D(A) Domain of the linear operator A in H

rng(A) Range of A
N(A) Kernel of A
o(A) Resolvent set of A

R(\ A) Resolvent operator of A at A\ € p(A) C C

o(A) Spectrum of A

N Normal operator in H

EN Resolution of the identity of N

uly Spectral measure of N with respect to x € H

(T'(t))i>so  Cop-semigroup
wo(T) Exponential growth bound of (7'(¢));>0
Cy The set {\ € C: Re(\) > 0}
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Contextualization and main results

Contextualization

A central question in the theory of differential equations refers to the asymptotic behaviour
of their solutions; for instance, whether they reach an equilibrium and, if so, with which
speed. This kind of question is addressed by the asymptotic theory of Cy-semigroups.
More specifically, here we consider the theory of stability for solutions of the abstract

Cauchy problem on a Hilbert space H, that is,

#(t) = Ax(t), t =0,
z(0) ==z, v € H,

(ACP)

where A is the generator of a Cp-semigroup (7()):>o on H.

Definition. Let A : D(A) C H — H be a linear operator. The resolvent set of A,
denoted by p(A), is the set of all A € C for which the resolvent operator of A at A,

R(MA):H — D(A), RN\ A) = (N — A)_l,
exists and is bounded.

Definition. The spectrum of A is the set o(A) = C\p(A).

We recall that a Cy-semigroup (7'(t)):>o on H is said to be bounded if there exists
a constant C' > 0 so that, for each t > 0, ||T(t)||g) < C; if C' =1, then it is called a
Cp-semigroup of contractions.

We also recall that (T'(t))¢>0 is (strongly) stable if, for every x € H,

Jim [T (8l = 01

(T'(t))s>0 is exponentially stable if there exist constants C' > 0 and a > 0 such that, for
every t > 0,
1Tl < Ce™™.
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Over the three last decades, the asymptotic theory of Cy-semigroups on Hilbert spaces
had a fast development, with a large number of long-standing open problems being solved.
Among such problems, one can highlight the characterization of exponential stability for
Co-semigroups of contractions on Hilbert spaces (Gearhart’s Theorem), due to Herbst,
Howland and Priiss [33, 36, 48].

Theorem (Gearhart’s Theorem). Let (T'(t))i>0 be a bounded Cy-semigroup of contractions
on a Hilbert space H, with generator A. Then, (T'(t));>o0 is exponentially stable if and only
if
iR C o(A) and 11|I>\I‘1 sup ||R(iX, A) || sy < oo.
00
The stability theorem, by Arendt, Batty, Lyubich and Vu [3, 43], states that a bounded Cp-
semigroup on a reflexive Banach space is (strongly) stable if the spectrum of its generator

is countable and contains no residual spectrum.

Theorem (Arendt-Batty-Lyubich-Vu’s Theorem). Let X be a reflexive Banach space
and let (T(t))i>0 be a bounded Cy-semigroup on X with generator A. Assume that the

eigenvalues of A do not intercept the imaginary axis. If o(A) NiR is countable, then
(T'(t))e>0 is stable.

We also highlight the recent results obtained by Borichev and Tomilov [11], by Batty,
Chill and Tomilov [8], and very recently by Rozendaal, Seifert, and Stahn [50], which
relate estimates on the norm of the resolvent of the generator to quantitative decaying

rates of the form

IT(t) A s = O(r(t), t— oo,

with tllglo r(t) = 0, developed in order to explore polynomial and logarithmic scales, among
others, of decaying rates of Cy-semigroups (see Batty-Chill-Tomilov’s Theorem ahead).
As it is known, this strategy has allowed numerous applications of the theory to PDEs;
namely, estimates on the norm of the resolvent of the generator are often easier to compute
than the estimates on the norm of the semigroup itself. In this context, we refer to [1, 2,
8, 13, 18, 19, 21, 24, 27, 28, 39, 41, 42, 45, 50], among others.

An important intermediate step between Gearhart’s Theorem [33, 36, 48] and the
results by Rozendaal et al. [50] is Batty-Duyckaerts’s Theorem [9], which relates the
decaying rates of || T(t)A!|px), iR C o(A), with the arbitrary growth of the norm of
the resolvent of the generator. In order to properly recall such result, some preparation is

required.
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For every A, the generator of a bounded Cy-semigroup (7'(¢));>0 on a Banach space
X, with iR C p(A), we define a continuous non-decreasing function
M(y) := max |[R(iX, A)llsx), y =0,
AG[_yvy]

and the associated function

Miog(y) := M (y)(log(1 + M(y)) +log(1 +y)), y > 0.
We denote by Mlggl : [Miog(0), 00) — R the inverse of M.

Theorem (Batty-Duyckaerts’s Theorem). Let (T'(t))i>0 be a bounded Cy-semigroup on
a Banach space X, with generator A such that iR C o(A). Then, there exists C' > 0 such
that

IT() A lsx) = O(COMR /)T, t— . (@)

For a refinement of (d) on Hilbert spaces, see [8, 11] (see also Batty-Chill-Tomilov’s
Theorem ahead).

The proof of the theorem presented above by Batty and Duyckaerts’s [9], which uses
a technique developed by Korevaar [37], makes use of Cauchy’s Theorem and Neumann
series expansions. Usually, the problem of obtaining lower bounds for the decaying rates
of stable bounded Cy-semigroups passes through the understanding of some theory of
integral representation (like, for instance, Cauchy’s theory and the functional calculus of
sectorial operators [8, 9]). In this part of the thesis, we use the joint resolution of the
identity for normal operators [10, 52] to find the typical asymptotic behaviour, in Baire’s
sense, of the orbits of normal Cy-semigroups of contractions. We also use recent results
of the asymptotic theory of Cy-semigroups [8, 44] to say something about non-normal
semigroups, and then discuss applications to some evolution equations. To the best of our

knowledge, none of this has been detailed in the literature yet.

Brief discussion of our main results

Exact asymptotic behaviour of normal semigroups

Let, for every A € C and every t > 0, g;(\) = e}, and let N be a normal operator in #;
denote by Re(\) the real part of A\. If C, C o(N), then, by the (Spectral) Functional
Calculus, ()50 := (g:(N))>0 is a normal Cy-semigroup of contractions generated by N.
It is well known that every normal Cp-semigroup of contractions is of this form [51].
Namely, if (7'(t))+>0 is a normal Cy-semigroup of contractions on H and A is its generator,

then A is normal and C, C o(A); in this case, (T'(t));>0 can be rewritten as (e‘);>g.
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As discussed previously, after Batty and Duyckaerts [9] have related the decay of stable
bounded Cy-semigroups to the arbitrary growth of the norms of the respective resolvents,
the study of polynomial and logarithmic scales of such rates has been the subject of many
recent papers (for instance, [8, 11, 50]). In contrast with this setting, our next result says
that the decaying rates of the orbits of normal Cy-semigroups of contractions, typically

in Baire’s sense, may depend on sequences of time going to infinity.

Theorem IV. Let N be a normal operator in H such that sup{Re(\) : A € a(N)} =0
and let a, B : R, — (0,00) be real functions so that

lim a(t) = o0 and lim B(t)e ™ =0, Ve > 0.

t—o00 t—o00

Suppose that (e )y is stable. Then,
Gn(a, B) = {x | limsup a(t)||e™ x|y = 00 and li{n inf B(t)||e™ x|y = 0}
t—o0 —00

1s a dense Gy set in H. Moreover, the assumption on [ is optimal, that is, 3 can not be

chosen to grow faster than sub-exponentially.

Remark. We note that for every N satisfying the hypotheses of Theorem IV, the set

Gn(a, B) has empty interior (see Remark 4.1 ahead); so, it is always a proper subset of H.

Example. Let ¢ : [2,00) — C be given by the action p(y) := ﬁ + iy, and then define
M, : D(M,) C L2([2, 00)) — L*([2, 00)),

(M, f)(y) = =) f(y),

where f € D(M,) := {u € L*([2,00)) | pu € L*(]2,00))}.
We note that M, is a normal operator and o(M,) = {—ﬁ —1y, y > 2}, which implies
that sup{Re(\) : A € (M)} = 0. Moreover, it is possible show that

e M | 52,00y = O™V (e)

(Example 5.2 in [8]). We also note that M, satisfies the hypotheses of Theorem IV.
Therefore, although in this case, by (e), all classical solutions of (ACP) do go to zero with
sub-exponential rate, typically in Baire’s sense, the orbits of this semigroup do not have
this asymptotic behaviour. Namely, by Theorem IV, each typical orbit goes arbitrarily
slow to zero for a sequence of time going to infinity and sub-exponentially fast for another

one. We note that, in this case, D(M,) N Gn(a, B) = 0.
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Example. Let A : (*(Z) — (*(Z) be the linear operator given by
(Au)y = Up_1 + Upy1, N € Z.

It is known that A is unitarily equivalent to the multiplication operator M, on L?[0, 27),
with ¢(z) = 2cos(x), from which follows that A is a bounded self-adjoint operator with
continuous spectrum o(A) = 0(My) = 0.(My) = [—2,2] (see [22] for details).

Now we consider the discrete Laplacian, /A, given on ¢*(Z) by the action
(Au), = (Au), — 2uy,.

So, /A is a bounded self-adjoint operator with continuous spectrum o(A) = [—4, 0], from
which follows that (e!”);s¢ is stable but not exponentially stable; therefore, /\ satisfies
the hypotheses of Theorem IV.

It is clear that all orbits of the semigroup (e'2);>q are infinitely differentiable, since
the discrete Laplacian is a bounded linear operator. This illustrates, in Theorem IV, that

in some cases very regular initial data may belong to the typical set Gy(a, 3).

Now we recall that every normal operator N can be written as N = Ni + iN;, where
Npg and Nj are self-adjoint operators such that NgN; = N;Ngi. The next theorem, a new
spectral classification of (strong) stability for normal Cy-semigroups of contractions, is a

direct application of Gearhart’s Theorem and Theorem IV.
Theorem V. Let N be a normal operator in H so that C, C o(N). Then:
1. All orbits of (e"N);>o converge to zero with exponential rate if and only if 0 & o(Ng).

2. There is a dense Gs set Gy C H so that for each x € Gy, (eNx)i>0 goes arbitrarily
slow to zero for some sequence of time going to infinity, and sub-exponentially fast

for another sequence if and only if 0 € o(Ng) but 0 is not an eigenvalue of Ng.

3. There is a dense Gs set Fx C H such that for each x € Fy, (eNz);>0 does not

converge to zero if and only if 0 is an eigenvalue of Ng.

Remark. Theorem V is optimal in the sense that, if Ny # 0, then the dense Gy sets
given by cases 2. and 3. are necessarily proper. For case 2., this follows from Remark 4.1

stated ahead. For case 3., this follows from the fact that, for each z € N(Ng)*,

lim ||e"Vz||3 = 0.
t—00
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Non-normal semigroups

Our next result is a partial extension of Theorem IV to non-normal semigroups. We recall
that the exponential growth bound of a Cy-semigroup (7'(t)):>o on H is defined as [60]
In ||T(t
wo(T) := lim In [|T()llse0)

t—o00 t

Theorem VI. Let (T(t))i>0 be a bounded Cy-semigroup on H such that wo(T) = 0, and
let A be its generator. Suppose that, for some k > 1,

1T A |5a0 = O(r(1), ¢ — oo, (H)

with lim r(t) = 0. Let o, B : Ry — (0,00) be real functions so that

t—o00

lim a(t) =00 and li%n inf 5(t)r(t) = 0.
—00

t—o00

Then,

Ga(a, ) = {x | limsup a(t) [T (t)z ]l = oo and liminf 5(1)|T(t)x]lx = 0}

t—o00

18 a dense Gg set in H.

Remark.

1. The difference between Theorems IV and VI is that the former, under the perspective
of this work, describes the exact asymptotic behaviour of normal Cy-semigroups of
contractions. Moreover, thanks to the Spectral Theorem, we do not need to use

hypothesis (H) in order to prove Theorem IV.

2. We note that, by Batty-Duyckaerts’s Theorem, if iR C o(A), then hypothesis (H)

is satisfied.

3. Suppose that there exists an a > 0 such that ||T(t)A~ |3y = O(t*). Since, for
every k > 1,
ITOA ™ 560 = IIT¢/F)A 560,
one has
1T () A |50 = O™*).
Thus, it follows from Theorem VI that
ﬂ{x | limsup a(t)||T'(t)z||3 = oo and li%ninftka/QHT(t)IHH =0}
k>1 tmro0 o
is a dense Gs set in H. Therefore, in this case, Baire generically in H, the orbits

of the semigroup have an arbitrarily slow decaying rate for some sequence of time

going to infinity and a super-polynomially fast decaying rate for another one.
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Consider the following result [8].

Theorem (Batty-Chill-Tomilov Theorem’s). Let (T(t)):>0 be a bounded Cy-semigroup on
a Hilbert space H, with generator A, so that iR C o(A). Then, given a > 0 and b > 0, the

following assertions are equivalent:
1. |[(is1 = A) "My = O(ls|*(In|s])™*),  |s| = oo,
2. |T(t) A~ |y = O(t~« (Int) /%), ¢ — oo,

Theorem VI can be naturally combined with Batty-Chill-Tomilov Theorem’s in order
to produce refined scales of decay of Cy-semigroups. Namely, if we replace condition (H)
in Theorem VI by the condition depicted in item 2. of Batty-Chill-Tomilov Theorem’s,
then, typically, every typical orbit of the semigroup have an arbitrarily slow decaying rate
for some sequence of time going to infinity, and a polynomially fast decaying rate for
another one. There are in the literature numerous examples of bounded Cy-semigroups

satisfying these assumptions (see Chapter 3, [1, 2, 8, 11, 27, 50] and references therein).

Schrodinger semigroups

Stimulated by the category theorems of Eisner and Serény in [26], which show that the
set of all weakly stable unitary groups (isometric semigroups) is of first category, while
the set of all almost weakly stable unitary groups is residual for an appropriate topology,
we also prove some category theorems for Schrodinger semigroups. Specifically, we show
that, for a given class of Schrédinger semigroups, they are, Baire generically, stable but
not exponentially stable.

Fix [ > 0 and let the family of (negative continuous) Schrédinger operators, Hy,
defined in H?(R¥), v € N, by the action

(Hyu)(z) := Au(z) + V(z)u(z),

with V' € B>®(R") (the space of bounded Borel functions) such that, for each x € R”,
—1 < V(x) < 0. Denote by X} the set of these operators endowed with the topology
of pointwise convergence on (V(z)). Then, X} is (by Tychonoff’s Theorem) a compact

metric space, so that convergence in metric implies strong resolvent convergence.

Theorem VII. For everyl > 0 and every v € N,
{H e X} | (e")>0 is stable but not exponentially stable}

is a dense G5 set in X[ .

32



Remark. It follows from the Theorems IV and VII that, for every [ > 0 and every v € N,
typically in X}, the orbits of each Schrodinger semigroup (e'");>q, typically in L*(RY),
have decaying rates depending on sequences of time going to infinity. Hence, for every

X/, the dynamics is typically (from the topological viewpoint) nontrivial.

Definition. Let p be a finite (positive) Borel measure on R. The pointwise lower and

upper scaling exponents of p at w € R are defined, respectively, by

In pu(B Inpu(B
d, (w) = linelui)nf W and df(w) = lirr:ﬁ)up W

if, for all small enough € > 0, u(B(w,€)) > 0; d} (w) := oo, otherwise.

Our next result says something about the local scale spectral properties of this class
of Schrodinger semigroups. It indicates the subtlety of the relation between the dynamics

of a Schrodinger semigroup and the local scale spectral properties of its generator.

Theorem VIII. For eachl > 0 and eachv € N, there exists a dense G5 set Gy in L*(RY),
such that, for every f € GY,

JU(f) ={H € X[ | d;},;,(O) =0 and d:?(O) =00}

is a dense G set in X[ .

Organization of the text

In Chapter 3, we discuss explicit applications of Theorem VI to some specific evolution
equations.

Chapter 4 contains a detailed study of the relation between the decaying rates of a
normal semigroup and the local scale spectral properties of its generator; in particular, in
this chapter we prove Theorems IV, V and VI.

In Chapter 5, we prove Theorems VII and VIII.
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Chapter 3
Applications

Next, we illustrate Theorem VI by presenting applications to specific evolution equations.
We gather below equations whose associated semigroups are polynomially stable, that is,
all classical solutions of (ACP) converge uniformly (on the unit ball of D(A) endowed
with the graph norm) to zero at infinity with polynomial rate, but not exponentially
stable [1, 2, 27, 58]; therefore, they are examples of semigroups for which the hypotheses
of Theorem VI are satisfied. Hence, the (mild) solutions of these equations, typically in

Baire’s sense, depend on sequences of time going to infinity.

3.1 Damped wave equation on the torus

Let M be a smooth compact connected Riemannian manifold with boundary M. The

respective damped wave equation (one of the basic models in control theory) is given by

uy — Au+a(z)yy, = 0 in Ry x M,
w = 0 inRy x OM,
u(0,-) = wgin M,
u(0,-) = wyin M. (3.1)

The study of the asymptotic behaviour as t — oo of the solutions of such equation
has attracted significant interest. An approach that has been successfully used to address
this problem is an involved asymptotic theory of Cy-semigroups. In this context, we refer
to [2, 13, 39, 58], among others.

We note that if one multiplies (3.1) by u; and integrates on M, one gets the following
dissipation identity

5Bty = = [ alu)Pds

M
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where the energy of a solution is defined by
E(u,t) = [|Vu()f2n + 1w (®)[E20)-

We also note that if one sets

u | Uy B 0 I U
m Au — auy A —a Uy

Thus, such equation can be rewritten as an abstract Cauchy problem (ACP) in the Hilbert
space H := Hj(M) x L*(M), with the wave operator A defined by

then
dU B

= _ = AU.
dt

D(A) := (H*(M) N Hy(M)) x Hy (M),

0 I
A —a |

It is not hard to show, through Lumer-Philips’s Theorem, that A generates a Cy-semigroup

A=

(T'(t))e>0 of contractions. We note that any estimate on the decaying rates of the norm of
the semigroup is an estimate on the decaying rates of the energy of the system (since the
natural norm on H corresponds to such energy).

For the case M = T? := R?/Z?, the 2-dimensional torus with the standard flat metric,

the damped wave equation reduces to
uy — Au+a(z)uy, = 0 in Ry x T2
u(0,-) = wugin T?
uy(0,-) = wyin T? (3.2)

where a € L>°(T?), a > 0. It was shown in [2] that, under some conditions on a, (T'(t))¢>o

is polynomially stable with decay between 1/t'/2 and 1/t?/3; recently, it was proven [58]

that, also under conditions on a, this decay is exactly t=/3.

3.2 Wave equation with localized viscoelasticity

The system below corresponds to the wave equation with localized viscoelasticity of

Kelvin-Voigt type [1],

P11l — klux:r - k2uxxt = 0 in ] - L, O[ X ]Oa 00[7 (33>
pavy — k3v, = 0 in]0, L[ x ]0, 00[, (3.4)
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with ki, ko and k3 denoting positive elastic constants; p;, ps stand for the mass and

densities. Here, we consider Dirichlet boundary conditions, which can be written as
u(—L,t) =0, wv(L,t)=0, t>0. (3.5)
The transmission conditions are given by
u(0,t) = v(0,t), kiug(0,t) + koug(0,t) = k3v,(0,t), > 0. (3.6)
Finally, the initial data are given by
u(z,0) = wo(x), uz,0) =wui(x) in |—L,0[,
v(xz,0) = wvo(x), v(z,0)=wvy(x) in ]0,L]. (3.7)

This equation is related to a transmission problem with localized Kelvin-Voigt viscoelastic
damping; see [1] for details. We note that this equation was studied by several authors
(see [18, 41, 45] and references therein).
It is easy to see that (3.3)-(3.7) can be rewritten as an abstract Cauchy problem (ACP)
in the Hilbert space
H =H; x L2
where

H™ = H™(—L,0) x H™(0,L), m=1,2, L?>=1L1*-L,0)x L*0,L),

H; = {(u,v) € H' : u(—L) = v(L) = 0,u(0) = v(0)},

equipped with the inner product

0
<<U1,U1,771,,[,L1),(UQ,UQ,T]Q,ILLQ)>’H: kl /ulzu_hdx_{—kii/vlrmdx
—L 0
L

0
+ p1/n1%dx~|—p2/,u1mdx.
“L 0

In this case, the linear operator A is given by
D(A) = {U EH: (na M) S HlLv (klu + k2777 U) € H27 klux(o) + k’277x(0) - ]{731);(;(0)},

where U = (u,v,n, 1) and

k‘1 k'2
p_lam(') 0 p_lam(')
0 2900 (") 0

S O ~N O
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It was shown [1], using Hille-Yosida’s Theorem, that A generates a Cy-semigroup
(T'(t))e>0 of contractions on H. It was also shown that (7'(¢)):>o is polynomially stable
with decay 1/t? and that this rate is polynomially optimal.

3.3 Thermoelastic systems of Bresse type

Now we consider a systems of Bresse type with frictional damping effective in one of its

equations [27],

prow — k(o + ¢ + lw)y — kol(wy —lp) = 0 in]0,L[ x ]0,00], (3.8)
Pay — Dy + k(e + ¥ +lw) + vy, = 0 in]0, L[ x ]0, 00, (3.9)
prwy + kol(wy — 1)y — kl(pe + ¢ +lw) = 0 in |0, L[ x |0, 00|, (3.10)

with positive constants py, pa, k, ko, b,l and . We also consider the Dirichlet-Neumann-

Neumann boundary conditions

@(tu 0) :(p(t,L) = 1/}:r(t70)
= ,(t, L) = w,(t,0) = w,(t,L) =0 in ]0, 0], (3.11)

with the following initial conditions:

QD(ZL‘,O) = @O(x)v ¢t<x70) = ng(l') in ]Oa L[a
¥(x,0) = Yo(@), tu(x,0) = ¢1(x) in ]0, L],

w(0,2) = wo(z), wi(x,0) = wi(x) in |0, L[. (3.12)
This system, also known as circular arc problem, have been the subject of studies by many
authors (see [27, 28, 42] and references therein).

Once more, (3.8)-(3.12) can be rewritten as an abstract Cauchy problem (ACP) in the
Hilbert space

H=H;(0,L) x L*(0,L) x H!0,L) x L*0,L) x H0,L) x L2(0,L),
with norm given by

U5 = pullellzz + pallllz: + pullwlZz + Bllvbz 72 + Kllgs + ¥ + Iwl|72 + kollws — Lol 7,

where
L
L2(0,1) = {u € L*(0, L) : /u(x)dx =0} and H!(0,L) = L2(0, L) N Hy(0, L).

0
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The corresponding linear operator A is given by

D(A)={UecH:pec H*0,L)NH0,L), ¥,we H*0,L),
Vg, wy € HY(0,L), ¢ € HYO0, L), ¥y, @, € H0,L)},

[ 0 I 0 0 0 0
ka () _ kol? kg (. (ktho)l 5 .
plam( ) =1 0 plax( ) 0 plo 9.() 0
A 0 0 0 I 0 0
— kg, () 0 La,,()—E1 -2 — kKl 0
P2 P2 P2 P2 P2
0 0 0 0 0 I
_ (ktko)l 5 () 0 _ Ky 0 kg, () - 2T 0
L p1 x p1 p1 p1 i

It is well known that, by Hille-Yosida’s Theorem, A is the generator of a Cp-semigroup
(T'(t))e>0 of contractions on H [27]. It was shown in [27] that if

ﬂ:E and K # Ko,

p2 b

then (T'(t));>0 is polynomially stable with decay 1/t'/? and such decay is polynomially

optimal.

Remark 3.1. There are in the literature numerous other examples of evolution equations
whose associated semigroups satisfy the assumptions in the statement of Theorem VI
(see [8, 19, 50] and references therein); particularly, such result also applies to some

thermoelastic systems of Timoshenko type (see also [21, 24] and references therein).
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Chapter 4

Fine scales of decaying rates

4.1 Normal semigroups: polynomial decaying rates x

spectral properties

It follows from the Spectral Theorem that every normal operator N on a Hilbert space H,

with C C o(IV), generates a normal Cy-semigroup of contractions; namely,

e = / e dEN(N),
o(N)
where EY is the resolution of the identity of N. It is well known that every normal
Co-semigroup of contractions is of this form [51].
We recall that every normal operator N can be written as N = Ngi + ¢N;, where
Ng = N—;N* and Nj= —iN ;N*

are self-adjoint operators and NypN; = N;Ng. In this case, EV corresponds to a joint

resolution of the identity associated with the operator pair {Ng, N;} [10, 52]. Thus, for
every v € H, ||z||n = 1,

letallf, = e

= |G A (y) dp (v)

U(NR)XO'(N])
_ / 1 (v) / N dun(y)
a(Nr) o(NRr)

0

— [ emanni), (4.1)

—0o0
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where p'® denotes the spectral measure of Ny associated with z; the last equality in
(4.1) is a consequence from fact that (e'V);>o is a semigroup of contractions. Thus, at
least when p'® has a certain local regularity (with respect to the Lebesgue measure), we
expect that .

1
Jeolf, = [ (o) ~ i (B0, 7).

If f and g are two real-value functions, f ~ ¢g means that f and g are asymptotically

equivalent, that is,
t
lim M =1.
t—o0 g(t)
We recall that if x4 be a finite (positive) Borel measure on R, then the pointwise lower

and upper scaling exponents of p at w € R are defined, respectively, as

d, (w) := liminfM and d:[(w) — lim sup In p(B(w, €))

# €l0 Ine €l0 Ine ’

if, for all small enough € > 0, u(B(w,€)) > 0; d}(w) := oo, otherwise.

Taking into account (4.1), the following result is expected.

Proposition 4.1. Let N be a normal operator so that C. C o(N), and let x € H, with
x # 0. Then,

In [le"™a[f3, In [le"™a[f3,

litrgglf 7 _d:;\’R (0) and hﬁigp It _d/:iVR (0).

We note that Proposition 4.1 relates, for every € H, the polynomial decaying rates
of ||e®Nx||# to dimensional properties of the spectral measure p2%#. Namely, this result
establishes an explicit relation between the dynamics of the semigroup and the local scale
spectral properties of its generator.

We also note that Proposition 4.1 indicates that the polynomial decaying rates of an
orbit (e"Vz);>o may depend on sequences of time going to infinity; by Proposition 4.1,
this will occur if d;;VR 0) < d:iVR (0). We will show (Corollary 4.1) that if (e'V);>0 is stable
but not exponentially stable, then, Baire generically in H,

d;iVR(O) =0 and d::szR (0) = oc.
Proof (Proposition 4.1). Let u be a finite (positive) Borel measure on R. We show that,

for each w € R,
In[ [ e 1 ¥ldp(y)]

. . _ +

hgg(glf 7 = —d; (w), (4.2)
In[ [ eI ¥ldp(y)]

li - = —d;, (w); 4.

im sup o d,, (w); (4.3)
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so, Proposition 4.1 becomes a direct consequence of (4.1).
Fix w € R. If there exists € > 0 such that u(B(w,¢€)) = 0, then, for each ¢ > 0,

/e—2t|w—y|d'u(y) — / 6_2t|w_y‘d/ub(y) < M(R)€_2t€;

R B(w,e)°

thus,
1 —2tlw—yl g 1 —2tlw—ylg
lim inf e € 1)) = lim sup nlfz e Ky)| = —00

t—o0 Int 500 Int

and the result follows. Suppose that, for each € > 0, u(B(w,€)) > 0. Since

—2t|lw— —2t|lw— — 1
[ tauty = [ eHau) = e )
R B(w,%
it follows that
In[ [, e ¥ldp(y)] Inp(B(w, 7))
. . > _ . M t —_ _ +
T T T e T
and that
1 —2tlw—yl g 1 B 1
lim sup nlfs e Hy) > — liminf M =—d,(w)
o0 Int t—00 Int—1 H

Now, let 0 < 6 < 1. Then, for each t > 0,

/ e Vdp(y) = / e dp(y) + / e vdp(y)
R B(w, 7-5) B(w,155)°
1 4
< M(B(w,m)) +e " u(R). (4.4)
Given that it is not possible to compare directly the two terms on the right-hand side
of (4.4), one needs to analyse two distinct cases.
Case d (w) < oo: One has, from the definition of d; (w), that

o Inp(Blw, gs) -
hggf lnt*(lj‘;) ° = d, (w) < max{2d, (w), 1} =: v

(7 can be defined as any positive number greater than d, (w)), so

In u(B(w, 7))
In

lim sup Ty > —.

t—00
Hence, there exists a sequence (t), with klim trx = 0o, such that, for sufficiently large k,
—00

1 —n(1— 48
pBw, =) 2 "7 > e u(R). (4.5)

k

41



Now, combining (4.4) and (4.5) one has, for sufficiently large £,

1
/e%km‘y'du(y) <2p(B(w, 5=5)),
tk
R
which results in
1 In[fye v vldu(y)] . In pu(B(w, 7)) N
—o B2 e ST Ty - AW

Since 0 < § < 1 is arbitrary, the complementary inequality in (4.2) follows.
It remains to prove the complementary inequality in (4.3). This is trivial if d (w) = 0,
since lim sup In[ f, e ¥ldp(y)]/Int < 0. So, let d,; (w) > 0; it follows from the definition

t—o00

of d; (w) that, for each 0 < e < d; (w), there exists t;. > 0 such that, for t > ¢,

1 —(1- u(w)—e
'M(B(w’tl_—d)) < ¢~ (=9 (w)—e) (4.6)

Combining (4.4) with (4.6), one gets, for sufficiently large ¢,

/ e=20=3l gy, () < 2~ (0-Ddi (w)=)

R

Thus,

1 —2t\w—y\d
t—00 lnt

< —(1=0)(d, (w) =),
and since 0 < § < 1 and 0 < € < d, (w) are arbitrary, the result follows.

Case d,(w) = oo: One has

Cmp(Bwd)
im ————% = —o0;
t—00 Int

given an arbitrary «a > 0, there is ¢, > 0 so that, for each t > t,, u(B(w, %)) <t

Combining this inequality with (4.4) (taking § = %), one obtains, for sufficiently large ¢,

/ e Vdp(y) < p(B(w, t%)) +e " uR) <27,

R

from which follows that

In[ [ e " ¥du(y)]

lim inf < —a
t—o00 Int
and that —
In| |, e~="""=¥d
lim sup e k)l < -
t—00 Int
since v > 0 is arbitrary, the result follows. O]
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4.2 Proof of Theorem 1V

Next, we present a proof of Theorem IV. The main ingredient of this proof is the relation,
given by the Spectral Theorem, between the decaying rates of the semigroup (e'V);>¢ and
the local scale properties of the corresponding spectral measures of Nr. However, some
preparation is required.

We recall that a Cy-semigroup (7'(t)):>o is weakly stable if it converges to zero as

t — oo in the weak operator topology.

Theorem 4.1 (Theorem 5.3 in [44]). Let (T'(t))i>0 be a weakly stable Cy-semigroup on

a Hilbert space H, with generator A, such that wy(T) = 0. Let g : R, — (0,00) be a

bounded function such that tlim g(t) =0 and let € > 0. Then, there exists xog € H so that
—00

[oll3 < sup{g(t)} + ¢ and
>0
(T (t)xo, m0)] > g(t), Wt > 0.
The next result is a particular case of Gearhart’s Theorem [33, 36, 48].

Proposition 4.2. Let N be a normal operator so that Cy C o(N). Then, (e™N);>q is
exponentially stable if and only if 0 & o(Ng).

Lemma 4.1. Let A be a negative self-adjoint operator such that 0 € o(A) and let also
a: Ry — (0,00) such that

tliglo a(t) = oo.

Then, there exist x € H and a sequence t; — oo such that, for sufficiently large j,

w3 (B0, %)) > a(ltj).

Proof. We note that, by Proposition 4.2, (e'4);5o is not exponentially stable. We also
note that it is sufficient to prove the case in which there exists a sequence s; — oo such
that a(s;) < e%, for sufficiently large j. Set g : Ry — (0,00) such that it satisfies the
hypotheses of Theorem 4.1, s;g{g(t)} < 1 and

. 1
lim Tl 0. (4.7)

Since /g also satisfies the hypotheses of Theorem 4.1, there exists z € H, ||z||y < 1, such
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that for every t > 0,

o(t) < i, = k/lﬁwduﬁ(y)
R

= / Wy (y) + / Ay (y)
B( %

1
va)

< uj;‘(B(O,%)) +e vt

Now, if there does not exist a sequence t; — oo so that, for large enough j,

pa (B(0,1/t5)) >

then, by (4.8), for large enough ¢,

which implies, for large enough j,

2 > 1;

g(sia(y/s;) —

since this contradicts (4.7), the result is proven.

(4.8)

]

Proof (Theorem IV). Since sup{Re(\) : A € ¢(N)} = 0 and o(Ng) C R_ is closed, one
has 0 € o(Ng). Therefore, by (4.1), one can assume without loss of generality that N is a

self-adjoint operator such that 0 € o(N) C R_; thus, it follows from Proposition 4.2 that

(e"™)>0 is not exponentially stable.

Since, for each ¢ > 0, the mapping
Ho>x — aft) ey

is continuous, one has that

Gn(a) = {x] lirtnsup a(t)HetNxHH =00}
= (N Uz la®)le™Nals > n}
n>1k>1t>k

is a G set in H. The proof that
Gn(8) = {x | I nf (1) el = 0}
is a G set in ‘H is completely analogous, being, therefore, omitted.
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Let T € H, let (¢;) be the sequence given by Lemma 4.1 and set, for every € H and
every k > 1,
1
T - — EN(Dk)l’ + EE,
where Dy, = (—o0, —1/k) U {0} U (1/k, 00). It is clear that z; — = in H.
Now, since (eV);5q is stable, EY({0}) = 0. Namely, it follows from the Spectral

Theorem and dominated convergence that, for each = € H,

Jim [|e"™z||* = ' ({0}) + Jim / eVdpy (y) = py ({0});
R-\(0}

thus, (e');>¢ is stable if and only if 0 is not an eigenvalue of N, that is, if and only if

EN({0}) = 0. Hence, for each k > 1 and each j such that ;- < 1, one has

u;uB(o,tij)) - <EN<B<0,%))EN(DM,EN(DM+i<EN<B<o,1>>f,z>
= (EV(0D, BV (D)) + 5B (BO. ) 7)
= (B0, 1),

J

from which follows that, for sufficiently large 7,

1/2
Aol = o) [ o)

a(t;) 1.\"?
> (10 )
e tj
/2
alt) ([ n 1 '
= ~(B(0,—
2 (0.0
o Ve
- ke
Consequently, for every k > 1,
lim sup a(t) || e zg[|3 = o00;
t—o00

this proves that Gy(«) is a dense set in H.

Now we prove that
Gx(8) i= {o € H |timint B0zl = 0}
is a dense set in H. Given x € H, define, for each k > 1,
1, = EN(Dy).
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Then, 2, — x in H. Moreover, since EV({0}) = 0, it follows that for each ¢ <
1y (B(0,€)) = 0. Thus,

Y

=

lim B(t)le™arlln < lim B(t)e[|axll = 0. (4.9)
t—o00 t—o00

It remains to prove that the assumption on 3 is optimal. Let x € H be such that
there exits € > 0 with u2([—¢,0]) = 0; then, ||[e®Vz||y = O(e™%). Set a(t) = t and
consider Gy(«), which is a dense G5 in H. Then, for each z € Gy(a) and each € > 0,
u ([—€,0]) > 0. It follows from the Spectral Theorem and Jensen’s inequality that

1 9 1 9 1
||€tNxH%l = (/egtydﬂiv(y)) S(/G%ydﬂiv(y))

—0o0 —€

1 0 oty N €2t€
: (u;V([—e,O])V[ C S L

Thus, for each z € Gy (), one has that ||eVz|3 vanishes slower than exponential as

t — o0. O

The next result, which is a direct consequence of Proposition 4.1 and Theorem IV,
indicates how delicate is the relation between the dynamics of the semigroup and the

spectral properties of its generator.

Corollary 4.1. Let N be as in the statement of Theorem IV. Suppose that (e'N)i>¢ is
stable. Then,
Gy = {a | dy,(0) =0 and d’y,(0) = oc}

Ha

1s a dense G set in H.

Proof. For every n > 1 and ¢t > 0, consider a,(t) := t'/* and f3,(t) := t". Then, by
Proposition 4.1,
Gy = ﬂ QN(Oémﬁn)-

n>1

It follows from Theorem IV that G is a dense G set in H. O

Remark 4.1.

i) We note that for each N, o and § satisfying the hypotheses of Theorem IV, the set
Gn(a, B) has empty interior. Namely, by (4.9)

—00
is a dense set in H.
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ii) In proof of Theorem VI we exhibit another proof that Gy(«) is a dense set in
‘H. The above proof explicitly indicates the relation between the decaying rates of
the semigroup (e'");>o and the local scale properties of the corresponding spectral

measures of Ng (Lemma 4.1).

4.3 Proof of Theorem V

Proof (Theorem V). Again, by (4.1), we assume without loss of generality that N is a
self-adjoint operator such that N < 0.

1.. This is a direct consequence of Proposition 4.2.

2.. This is a consequence of Theorem IV and the fact that (e');>q is stable if and only

if 0 is not an eigenvalue of V.

3.. If there exists an x € H such that
lim [|e"V x| = p2 ({0}) > 0,
t—o0

then it follows that 0 is an eigenvalue of N. Therefore, it remains to prove that, generically
in H, each orbit of (¢"V);5o does not converge to zero if 0 is an eigenvalue of N. Since, for
each ¢t > 0, the mapping

Ho>r — |||y

is continuous, it follows that

Frni={x| tliglo leN x|y >0} = {z] lirtrisup e |3 > 0}
= (UL I le™alln > 0}
k>1t>k

is a G5 set in H.
Now, given & € H, write x = x, + 2o, with #; € Span{z¢}* and z, € Span{z,}, where
xg, with ||zo|lz = 1, is an eigenvector of N associated with the eigenvalue 0. If x5 # 0,

then

le™Nall3, = uy({0}) + / eWdpy (y) > py ({0}) = | EY ({0})=]|3,
R_\{0}
> 2R(EN({0})x1, EY({0})a2) + [|EY ({0})22]l3,

=zl
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from which follows that

lim [le"™ x|l > 0.
t—ro0

Now, if o = 0, define, for each k > 1,

Zo
T =+ ?

It is clear that x;, — x. Moreover, by the previous arguments, one has, for each k£ > 1,
lim || x| > 0.
t—o0

This proves that Fy is a dense set in H. O

4.4 Proof of Theorem VI

The proof of Theorem VI relies, once more, on Theorem 4.1.

Proof (Theorem V). The proof that each one of the sets
Ga(e) :={z | limsup a(t) | T(t)x[l = oo}
t—o00

and
Ga(B) := {x | limind (O T(0)] = 0)

is a G set in ‘H follows the same reasoning presented in the proof of Theorem IV.
Since, by hypothesis (H), there exists C' > 0 such that, for every x € D(A*) and every
sufficiently large ¢,
IT ()]l < Cr(t)]| A%,

it follows that, for every x € D(AF),
lim inf 5(2)||T(t)x||3 = 0.
t—00

Thus, G4(8) D D(A*) is a dense set in H.
It remains to prove that G4(«) is dense in ‘H. We note that, by Theorem 4.1, there
exists xo € H such that ||zl < 1 and, for each ¢ > 0,

1T°(t)woll2 > S (4.10)

at) +2
So, given x € H, suppose now that, for each k > 1, there exists a sequence t; — 00 so

that, for each j, | T°(t;)o||
2 1) %ol

4.11
ol (4.11)

1T (t5)]l7 <
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otherwise, it follows from (4.10) that z € G4(«). Set, for each k > 1,

Zo
Tp =X+ —.

k
It is clear that z;, — z in H. Moreover, by (4.11), for each & > 1 and each j,
20T ()|l T (t5)woll2e [T (E;)woll3
IT(t)allpe > —=—— =+

T(t:)xoll?
 ITGnl )

Thus, combining (4.10) and (4.12) it follows that, for each k& > 1,

lim sup ()| T(t) x| = 0.

t—o00
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Chapter 5

Category theorems for Schrodinger

semigroups

5.1 Proof of Theorem VII

We recall that a metric space (X, d) of negative self-adjoint operators, acting in H, is
called regular if it is complete and convergence with respect to d implies strong resolvent

convergence of operators.

Proposition 5.1. Let (X, d) be a reqular space of negative self-adjoint operators. Suppose
that

1. {Ae X |0€0c(A)} is dense in X,
2.{Ae X |0&o(A)} is dense in X.

Then,
{A € X | ()0 is stable but not exponentially stable}

is a dense G set in X.

Proof. To prove Proposition 5.1, it is enough to show that
1. E:={A € X | (e)o is exponentially stable} is meager in X,
2. Y :={A € X | () is stable} is a dense G5 set in X.

Firstly, let us show that F is an F), set in X. It follows from Proposition 2.1 that each

section of the mapping
Ry xH x X 3 (tz,A) — |lez|n
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is continuous. Thus, for each n > 1, the mapping

etAHB(H)

t t
X3 A—sup sup en|ez|y =supen
20 (|22 =1 >0

is lower semicontinuous, from which it follows that, for each n > 1, the set
1t
Fo={A€X [supen le 50 < 1}
>0

is closed.

Since the inclusion U, > F,, C E is immediate, we just need to prove that £ C U,>1F,.
Let A € E; then, by Proposition 4.2, one has that a := —supo(A) > 0. Nevertheless,
sup;sg €[ e gz < 1, from which it follows that A € U,>1F,. Thus, E is an F, in X.

Now, since {A € X | 0 € 0(A)} is dense in X, it follows from Proposition 4.2 that E°
is dense in X; therefore, E is meager in X and 1. is proven.

It remains to prove 2. By the previous arguments, given x € H, for each £k > 1 and

each n > 1, .
U{Ae x|zl < ﬁ}

>k

is open, hence
Y i={A€ X | lim el =0} = {A€X [liminf ezl = 0}
—00 —00

= NNUMAeX ]l < )

n>1k>1t>k

is a G4 set in X. Since, by Proposition 4.2, {A € X | 0 € 0(A)} C Y, is dense in X, it
follows that Y, is a dense G set in X.
Finally, let Ug>1{xr} be a dense subset in H (which is separable). Then,

Y = (Y.

k>1

Namely, the inclusion Y C (5, Yy, is obvious, and the reciprocal one follows from the

fact that, for each A € ﬂk21 Y., and each x € H, by Moore-Osgood Theorem,

lim |lez]jy = lim lim ||e"z][% = 0.
t—o0 k—o00 t—r00
Thus, by Baire’s Theorem, Y is a dense G5 set in X and 2. is proven. O

Definition 5.1. Let T be a self-adjoint operator in H. The essential spectrum of T is
the set 0ess(T') of the accumulation points of o(7') together with the eigenvalues of T of

infinite multiplicity.
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Proposition 5.2 (Weyl’s criterion). Let V : R — C be a mensurable Borel function
such that
lim |V (z)| = 0.

|z|—o00
Then, the essential spectrum of Hy = A+ 'V is 0ess(Hy) = (—00,0].

Theorem VII is a consequence of Proposition 5.1 and Proposition 5.2.

Proof (Theorem VII). By Proposition 5.1, we just need to show that, for every [ > 0 and
every v € N,

1. {Hy € X/ |0 € o(Hy)} is dense in X/,
2. {Hy € X} |0 & o(Hy)} is dense in X/

Let Hy € X} and define, for each k > 1, V. := xpox) V. Then, by Weyl’s criterion,
the essential spectrum of Hy, is given by oes(Hy, ) = (—00,0]; moreover, Hy, — Hy in
X/. Thus, {Hy € X/ | 0 € 0(Hy)} is dense in X}

Now, let (Hy;) be a sequence in X} such that, for each j > 1,

Ji l
Vi = V — .
T+l g1
It is clear that, for each j > 1, 0 ¢ o(Hy;). Moreover, Hy, — Hy in X}. Therefore,
{Hyv € X} |0 ¢ o(Hy)} is dense in X} O

5.2 Proof of Theorem VIII

Proof (Theorem VIII). Since, by Proposition 4.1,
J(f) = {H] d;?(()) =0 and d:?(()) =00}
- ﬂ {H | limsuptl/”HetHfHLz(Ru) = oo and li{ninft"HetHfHLZ(Ry) =0},
n>1 t—oo —00
it follows from the arguments presented in the proof of Proposition 5.1 that, for every
feL*RY), J/(f) is a Gs set in X7,
Now, let

Cr ={H € X/ | (e");>0 is stable but not exponentially stable}.

It follows from Theorem VII that C} is a dense Gs set in X}. Let Up>1(Hg) be an
enumerable dense subset of C¥% (which is separable, since X} is separable). Then, by

Corollary 4.1,
Gf::rﬂj|dk%m)20ami{%Kw):cm}

k>1
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is a dense G set in L2(R”). Nevertheless, for every f € GY, J/(f) D Up>1 Hy, is a dense
Gy set in X7. O

The next example, together with Theorem VIII, says that for each f € C} and each
H e J/(f), f € g H, or equivalent, that the partial differential equation

Hu=f
does not have a solution in D(H).
Example 5.1. Let A be a negative self-adjoint operator. Then, for u € rng A, de(O) > 2.

Example 5.1 can be seen as a statement from the fact that every spectral measure
associated with every vector of the range of a negative self-adjoint operator has a certain
local regularity with respect to the Lebesgue measure. We note that this is a direct

consequence of Propositions 4.1 and 5.3.

Proposition 5.3. Let A be a negative self-adjoint operator. Then, for u € rng A and
every x € A~ {u}, one has, for each t > 0,
|72
et
Proof. Let x € A~"{u}. Then, by the Spectral Theorem, for each ¢ > 0,

le"ulla <

0
Pl = £2Ade|? = / (ty)” & dyi(y)

—00

0

1 A 13,
< 5 tdu(y) =——73"

—0o0

Remark 5.1.

i) We note that the polynomial decaying rate obtained in Proposition 5.3 is optimal.
Namely, define M : D(M) C L2[0,00) — L?[0, 00) by the action

(Mu)(y) = —yu(y),

where u € D(M) := {u € L?[0,00) | yu € L2[0,00)}. Consider 3 < ¢ < 1, and then
define f5 : [0,00) — R by the action f5(y) = xjo.119°; fs clearly belongs to rng M.
Moreover, for every 0 < e < 1,

€

M E 2 25 et
il (B0.) = [ 1Py = [Py = 5.
0 0
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ii)

Thus, by Proposition 4.1, [|e"™ fs||r20,00) > Cp,t =27, for all ¢ > 1, where Cy, is a

constant depending only on f;.

Let A be as in the statement of Proposition 5.3. If a = —sup 0(A) > 0, then (e4);>¢
is exponentially stable. Actually, [|e"*||5m3) = O(e™**), which implies that, for each
v € H, |lez]l = O(e™*). Proposition 5.3 presents more information about the
decay of |le*ul|y in case u € rng(A + al), since, in this case, it shows that there
exists C, > 0, depending only on u, such that, for every t > 0,

—ta

€
el < Cy .

Namely, let t € R and v € H; then,
[vllz = [le™" e vlla < le™ [|solle™ vl < e7 [l v]l

If w € rng(A + al) and = € D(A) with (A + al)x = u, then, by Proposition 5.3,

1
lzllse — >l ully = [l e Yullsy > efleulla.
(&
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Appendix A

Spectral theorem for normal

operators

In this Appendix, we present some results in the spectral theory of normal operators. The
material presented here is based on [22, 51].

We recall that, for each densely defined linear operator A in H, corresponds a unique
linear operator A* in H, the so-called Hilbert adjoint of A, whose domain D(A*) consist
of all n € H for which the linear functional

D(A) > & (A&, m)

is continuous; by the Hahn-Banach theorem, such functional can be continuously extended

to H and, therefore, there exists an element unique A*n € H so that

(A&, m) = (&, A™n), £ € D(A).

Definition A.1. Let A : D(A) C H — H be a linear operator. One says that A is a

symmetric operator if
(Ag,m) = (§, An), &n € D(A).

If A is densely defined and A = A*, then one says that A is a self-adjoint operator.

Definition A.2. A densely defined linear operator A : D(A) C ‘H — H is said to be
normal if is closed and if
A*A = AA*.

Now we present some examples of normal and self-adjoint operators [22].

Example A.1 (Multiplication operator). Let u be a o-finite positive Borel measure over

a metric space X. Let ¢ : I C X — C be a measurable function. The respective
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multiplication operator by ¢, M., is the linear operator given by
D(M,) = {4 € Li(F) : o € Lj(F)},

(M) (x) := p(x)i(x), ¥ € D(M,).

It is not hard to show that D(M,) is dense in L2(F) and that M} = M, from which
follows that M, is a normal operator. If ¢ is a real function, then M, is a self-adjoint

operator.

Example A.2 (Schrodinger operator). A Schrodinger operator defined in H?(RY), v € N,

is a linear operator of the form

H=-A+V,

where A is the (self-adjoint) Laplacian and V' a real-valued multiplication operator (the
so-called potential), so that —A + V is a self-adjoint operator in H?(R”) (for instance, by
the Kato-Rellich theorem, V' can be any bounded Borel function [22]).

We note that for every measurable Borel V : RY — C, V € L2_(R")

—~A+V:CPRY) C LA(RY) — L*(RY)

is always a symmetric operator, but not necessarily self-adjoint.

A.1 Resolution of the identity

Every normal operator corresponds to a unique resolution of the identity (and vice versa),

and this is what allows us to present a complete description of each normal operator.

Definition A.3. Denote by A the Borel og-algebra in 2 C C. A resolution of the identity
is a mapping

A3 A E(A) € B(H)

with the following properties:
1. E(0)=0and E(Q) = 1.
2. Every E(A) is an orthogonal projection.
3. If Ay N Ay =0, then E(A; UAy) = E(Ay) + E(A2).
4. E(A1 NAy) = E(A)E(Ay).
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5. For every € € H and every n € H,
A A (E(AEn)

is a regular Borel complex measure, the so-called spectral measure of E with respect

to &7, denoted by pf, .

We note that for £ = 7, the spectral measure of E with respect to £ is always a

real-valued measure, since F(A) > 0; in this case, we denote it by ;%E .

Example A.3. Consider the normal operator M, for ¢ : FF C X — C, acting in Li(F),
defined in Example A.1. The mapping [22]

A5 A EMW(A) = Xp-1(A)
is the resolution of the identity of M.,.

Example A.4. Let N be a normal operator on a finite-dimensional complex Hilbert space
H. It is well know that there exists an orthonormal basis of H whose elements are the

eigenvectors of IV, corresponding to the eigenvalues A;. The mapping [22]

A3 A= EY(A) = Y Ej

A EA

where each F; represents the orthogonal projection onto the eigenspace corresponding to

the eigenvalue );, defines the resolution of the identity of N. We note that
N= > XNE. (A1)
The next result lists some properties of a resolution of the identity [51].
Theorem A.1 (Functional Calculus). Let E be a resolution of the identity. Then:

1. For each measurable f : Q0 C C — C corresponds a closed densely defined linear

operator

E(f)=[| f(\) dE())
/
in H, such that, for every & € D(E(f)),

IE(f)E]? = / FOP duB ().
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2. If f,g:Q Cc C— C are measurable, then
E(f)E(9) C E(fg) and D(E(f)E(g)) = D(E(g)) N"D(E(f4g)).

Hence, E(f)E(g) = E(fg) i and only if D(E(fg)) C D(E(g)).

3. For every measurable f : Q0 C C — C,

E(f) = E(f) and E(f)E(f)" = E(|f*) = E(f)"E(f).

A.2 Spectral theorem

We present below a version of the Spectral Theorem, which says that any normal operator,

in some sense, can be written as (A.1) [51].

Theorem A.2 (Spectral Theorem). Every normal operator N corresponds to a unique
resolution EN of the identity such that

N = /)\ dEN ().

a(N)

Moreover, EN is supported on o(N) C C, in the sense that EN(o(N)) = 1I.
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Appendix B
Unitary evolution groups

In this Appendix, we introduce some concepts concerning unitary evolution groups [22].

A major interest here is the in solutions of the Schrodinger equation

0,6 = —iTE, t € R,
£(0)=¢, e,

(SE)

where T is a self-adjoint operator in a separable complex Hilbert space H.

B.1 Definitions and examples

Definition B.1. A transformation G : R — B() is a one-parameter unitary evolution

group, or simply a unitary evolution group, on H if G(t) is a unitary operator onto H

and G(t+ s) = G(t)G(s), Vt,s € R.

Definition B.2. The generator of a unitary evolution group G(t) is the linear operator
T defined by

D(T):={¢eH| }ILILI%) G(h)ff — > exists},
T¢ = ilim % ¢ e D(T).

Example B.1 (Multiplication group). Consider M, acting in Li(F ), the self-adjoint
operator defined in Example A.1 for ¢ : F C X — C real. It is easy to check that
e”"Met - L2(F) — L3 (F) defined, for each t € R and each f € L7 (F), by

(7™Mt f)(2) = e f(2), w € F,
is a unitary evolution group whose generator is M.
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Example B.2 (Schrédinger group). Consider a Schrodinger operator H = —A + V|
acting in H?(R¥), defined in Example A.2. By the Functional Calculus, e=** is a unitary

evolution group whose generator is H.

B.2 Stone theorem

The next results show that there exists a one-to-one relation between self-adjoint operators

and unitary evolution groups.

Theorem B.1. If T is self-adjoint, there exists a unitary evolution group G(t) for which

T is its generator. In this case, one writes G(t) = e7"1* t € R.

Theorem B.2 (Stone). If G(t) is a unitary evolution group on H, then its generator T
is self-adjoint, that is, G(t) = e=Tt t € R.

Corollary B.1. Let G : R — B(H) be a unitary evolution group. Then, its generator
T is self-adjoint and, therefore, G(t) = =Tt t € R. Moreover, for every & € D(T), the
curve &(t) := et in H is the unique solution of (SE).

Remark B.1. We note that since D(T') is dense in H, for every £ € H, there exists a
sequence (§,) C D(T') such that for every n, (SE¢,) has a unique solution £(¢,&,) with
lim &(¢,&,) = &(t) uniformly for ¢ > 0. Thus, if £ € D(T), one says that £(t), although
n—oo

not differentiable, is a (weak) solution of (SE).

Example B.3. Consider a Schrodinger operator H = —A +V, acting in H?(R”), and the
respective Schrodinger group e~#'t that is directly connected to the Schrodinger equation.
Namely, if f € L2(R¥), then

u(w,t) = (e f)(z), teR,
is the solution to the Schrodinger equation

10u = —Au+Vu, t € R,
up(z) = f(x) for all x € R”.
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Appendix C
Co-semigroups and their generators

Finally, we recall the main concepts of the theory of Cy-semigroups [34, 46, 60]. The most
basic results of the theory are presented. Throughout this section, X represents a Banach

space.

C.1 Definitions and examples

Definition C.1. A family (7'(t)):>o of bounded linear operators acting on X is called a

Co-semigroup if the following properties are satisfied:
1. T(0) =T and T(t +s) =T(t)T(s), t,s>0,
2. ltiffol IT(t)x —x||x =0, Vo e X.
Remark C.1. It is easy to see that there are constants w > 0 and M > 1 such that
1Tl < Me, 20,
and that, for each x € X, the mapping [0, 00) > t — T'(¢)x is continuous.

Definition C.2. The generator of a Cy-semigroup (7'(t))i>o is the linear operator A
defined by

T _
D(A) :={z € X |lim )z = exists},
hi0
Az = lim M, x € D(A).
h10 h

We recall that a Cy-semigroup (7'(t)):>o on X is said to be bounded if there exists
a constant C' > 0 so that, for each t > 0, ||T(t)||p) < C; if C = 1, then it is called a

Cy-semigroup of contractions.
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Example C.1. Let a € R. It follows from the Spectral Theorem that every normal
operator N in a Hilbert space H, with {\ € C | Re(\) > a} C o(N), generates the

normal Cy-semigroup [46]

e = /e”‘ dEN ().

o(N)

We note that (e');>0 is of contractions if and only if a < 0.

Example C.2. Consider X = L?[0, 1] with the norm |ju||x = ||e™Yu(y)||lLr0,1), 1 < p < o0.
Define the interacted fractional integral of order ¢ of u € X by [34]

(I') :%/ (w)dw, y € 0,1, t>0,

where I'(+) denotes the Gamma function; I° := I. (I');>¢ is an unbounded Cy-semigroup

whose generator has empty spectrum.

Now we recall that a classical solution of the abstract Cauchy problem

x(t) = Ax(t), t > 0,
z(0) =z, z € X,

(ACP)

is a continuously differentiable function u : [0,00) — X, taking its values in D(A), which
satisfies (ACP). A continuous function u : [0,00) — X is a mild solution of (ACP) if
there exists a sequence (z,,) C D(A) such that for each n, the problem (ACP,, ) has a
classical solution u(t, z,,) with lim (¢, x,) = u(t) locally uniformly for ¢ > 0.

The next theorem says thatn ?ZCP) has a solution for every x € X, and this solution
is T'(t)x [46].

Theorem C.1. Let (T'(t))i>0 be a Cy-semigroup and let A be its generator. Then,
i) A is a closed densely defined linear operator.

ii) For each x € D(A), t — T(t)x is continuously differentiable for t > 0 and

d
dtT< Jo = AT (t)x =T (t)Az, t > 0.

C.2 Hille-Yosida and Lumer-Phillips theorems

Hille-Yosida’s and Lumer-Phillips’s Theorems [46] give conditions on the behaviour of
the resolvent of a linear operator A, which are necessary and sufficient for A to be the

generator of a Cp-semigroup.
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Theorem C.2 (Hille-Yosida’s Theorem). A linear operator A : D(A) C X — X is the
generator of a Cy-semigroup (T'(t))i>0 such that, for constants w > 0 and M > 1,

1T (®)llx) < Me*', >0,
if and only if
1. A is closed and densely defined;

2. The resolvent set o(A) of A contains (w,o0), and for each \ > w,

1
_w‘

1RO Al < 5

Let X* be the dual to X. We denote the value of z* € X at x € X by (x,z*). For

every x € X, we define the duality set J(x) C X* by
J(z) = {a": (z,2%) = |25 = [|l2"|%-}-

It follows from the Hahn-Banach theorem that, for every x € X, J(z) # 0.

Definition C.3. A linear operator A is dissipative if, for every z € D(A), there exists a
x* € J(x) such that Re(Az,z*) <O0.

Theorem C.3 (Lumer-Phillips’s Theorem). Let A be a linear operator with dense domain
D(A) in X.

1. If A is dissipative and there exists a g > 0 such that rng(Agl — A) = X, then A is

the generator of a Cy-semigroup of contractions.

2. If A is the generator of a Cy-semigroup of contractions, then rng(A — A) = X for
every A > 0 and A is dissipative. Moreover, for every x € D(A) and every x* € J(x),
Re(Ax,x*) <0.

Hille-Yosida’s and Lumer-Phillips’s Theorems are employed to show the existence of
solutions for evolution equations with energy dissipation, for instance, wave equations,
thermoelastic systems of Bresse type and Timoshenko type. We note that in the literature,
there are other results, similar to such theorems, which are often applied to systems

without energy dissipation (see [54] and references therein).
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