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ABSTRACT

This Thesis is devoted to the study of the dimensions of the strata of the moduli of smooth
pointed curves by fixing Weierstrass semigroups at the marked point. We provide a new
lower bound for the dimension of each stratum by diminishing Deligne-Pinkham’s bound
by the dimension of the positive graded part of the first module of the cotangent complex
associated to a suitable monomial curve. This new lower bound is better than a lower
bound given recently by N. Pflueger. We also prove a conditional result which provides

the exact dimension when the Weierstrass semigroup is symmetric.

Keywords: Weierstrass Points, Deformation Theory, Gorenstein Curves, Complex Co-

tangent, Deligne-Pinkham’s upper bound.
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0 INTRODUCTION

Once introduced the term moduli by B. Riemann in 1857 to designate the number of
parameters on which the complex structure of a Riemann surface of genus g > 1 depends
(he proved that is 3g — 3), moduli spaces started to play a central role in Algebraic
and Complex Geometries. The naive idea is that a moduli space parametrize classes of
algebraic and/or geometric objects. To describe the structure of this set of classes is, in
general, a rather non trivial problem. In regard to moduli space of compact Riemann
surfaces of genus ¢, or equivalently, moduli of smooth algebraic curves of genus g, its
structure was understood in a celebrated work by P. Deligne and D. Mumford in the late
60’s, where they realized a compactification of the moduli spaces of genus-g curves as a
moduli stack by allowing stable curves at the boundary.

A current open question in Algebraic Geometry is to describe the Chow ring of the
Deligne-Mumford compactification Mg of the moduli space of smooth curves with fi-
xed genus g > 1. Excellent papers were published trying to answer this great question.
Starting with the remarkable works due to C. Faber [Fal, ] and later by many mathe-
maticians, trying among other things to answer some conjectures proposed by Faber, as
we can see in the works of L. Gatto [Gal, ], Gatto-Ponza | |, Penev-Vakil | ],
Pandharipande-Pixton | |, A. Pixton [Pix], and many others. However, a definitive
answer seems to be far from being attained. More precisely, we know how to describe the
Chow ring of M, for g < 6.

As we can see in the above cited papers, some of the cycles of M, can be described
in terms of Weierstrass points. In this way the study of the loci of curves with prescribed
Weierstrass gaps becomes very interesting. This leads us to introduce and study the

spaces:

/\/1571 ={[C,p] € M,.|S, =S}

where S denotes a fixed numeric semigroup of genus ¢, while S, denotes the Weierstrass
semigroup of the curve C at p. Here M, ; stands for the moduli space of smooth pointed
curves of genus g. So, we should investigate the dimension and global structure of M;l.

About the dimension of M;l we must highlight two classical and two others recent
results. The first one comes from two classical works, by P. Deligne [] and by H. Pinkham

[Pi], to get the following upper bound
dim MS, < 2g — 2+ [End(S) : S]. (1)

The above upper bound is attained and Rim-Vittuli [RV] studied classes of semigroups
that attain this bound, such classes contain the negatively graded semigroups. Later on,

Eisenbud-Harris | , ], using Limit Linear Series on stable curves, obtained a lower
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bound, namely:
39 —2— wt(S) < dim M, (2)

where wt(S) denotes the weight of the semigroup . Although the dimension of Eisenbud-
Harris is attained, for example when wt(S) < % g, it provides negative values for certain
classes of semigroups, even when the dimension of the moduli space J\/li1 is positive.

Through deformations of monomial curves and their syzygies, Contiero and Stohr [('5]
introduced a method to obtain good upper bounds for dim ./\/lil when S is a nonhype-
relliptic and nontrigonal symmetric semigroup. The bounds obtained are in examples
and in families of semigroups, better than those given by Deligne-Pinkham. The symme-
tric semigroups are examples of semigroups where the upper and lower bounds given by
Deligne-Pinkham and Eisenbud—Harris seem to be far from the exact dimension of j\/l‘gg,l,
see Chapter 3 of this thesis.

Recently, N. Pflueger [’{1] improved Eisenbud—Harris lower bound, he also used limit
linear series, now with the advances on the theory given by B. Osserman |

? Y ?

]. The lower bound given by N. Pflueger is:
39 — 2 —ewt(S) < dim M;l (3)

where ewt(S) denotes the effective weight of S. Even obtaining classes of semigroups
where their bound is attained, Pflueger constructed classes of semigroups where his bound

S, see [Pf1, 2.6] and [P2].

There are few works in the literature regarding to the structure of Mi .- We must

does not provide the exact dimension of M

emphasize here the work of H. Pinkham [Pi] on equivariant deformation theory that
provides a tool to study these spaces.

Kontsevich-Zorich [IKX”7] constructed the space of moduli of pointed curves not fixing
the semigroup but only its greater gap, namely [, = 2¢g — 1, i.e. they constructed the
space U/\/l;1 where S runs over the symmetric semigroups. They also showed that this
space has 3 connected components. It is worth emphasizing the importance of this space
in the theory of dynamic systems, cf. | ] and [7]. Indeed billards in convex polygons
correspond to billards in suitable compact Riemann surfaces of genus g with a holomorphic
differential having zero of order 29 — 2 at a point. A simple application of the Riemann-
Roch Theorem shows that the Weierstrass semigroup at this point in the Riemann surface
is symmetric. E. Bullock [Bul] classified the generic curve of each connect component of
the Kontsevich-Zorich space in terms of Weierstrass semigroups. Furthermore, he showed
in [Bu?] that ./\/l‘; 1 is stably rational for g < 6, except for a few cases. His study was done
case by case.

A compactification of M$ | was obtained by Stéhr [S] and then by Contiero-Stéhr [('5],
in the symmetric non-trigonal case, by considering Gorenstein curves at its boundary. The

compactification is obtained through an explicit construction and realizes it as a closed
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subset in a suitable projective space. Contiero and his former student A. Fontes [C1],
extended the construction also to trigonal numerical semigroups.

Recently N. Pflueger described some particular cases of numerical semigroups, called
Castelnuovo semigroups, where Mi ; is not irreducible and is not of pure dimension, these
are the first examples in the literature.

Using some classical works,we can show that if & is symmetric and generated by at
most 4 elements, then a compactification of ./\/li1 is a projective space whose dimension
is well known, see Equation (3.1).

The present thesis is organized in three main chapters as follows: in Chapter 1 we
provide the necessary tools to the development the others chapters, such as algebraic and
formal deformations of schemes. We also summarize the construction of the /\/l—g1 made
by Contiero, Fontes and Stohr [C'S) , 5]. We conclude this chapter with a clearer proof
of Deligne’s formula and point out how to obtain the upper bound for dim Mﬁl given
by Deligne-Pinkham, which is the main upper bound until now and the main subject of
study here.

In the chapter 2 we apply the techniques developed by [C'S; C'F, S] to construct the
moduli ./\/lil when S runs over the family S =< 6,7 4 67,8 + 67,9 + 67,10 + 67 >, cf.
Theorem 13. Additionally, we also compute the dimension of Mﬁl for all semigroups in
this family, see Corollary 3. In this same chapter we also collect the known dimensions
of Mgl for semigroups and families of semigroups, see Tables 1, 2 and Corollary 4. With

this collecting data in hands, a completely natural question emerges:
What is the role that T+ (k[S]) plays on the dimension of MS,?

Here T (k[S]) stand for the positive graded part of the first cotangent complex associa-
ted to the k-algebra k[S].

A partial answer for the above question is the main result of Chapter 4. We show
that 2g — 2 — [End(S) : §] — dim TH*(k[S]) is a lower bound for the dimension of M?

1
when Mil is non empty. The proof uses deeply the theory of equivariant deformatigon
of Pinkham and a result in Ph.D. Thesis of Schlessinger, c¢f. Theorem 16. This new
lower bound is never smaller than Pflueger’s bound in [P{1], so we get an improvement
of it, see Proposition 4. As a final result we investigate the case when the monomial
curve associated do § is Gorenstein, i.e. § is symmetric, see Section 3.1. In this case
we provide a conditional result that our new lower bound is also an upper bound. The
condition depends on finding a tight upper bound for the degree of the normal sheaf of
a canonical Gorenstein (monomial) curve. It is known that this tight upper bound is
attained when the curve is locally complete intersection. We strongly believe that this
tight bound is an achievable result, we do not know any counterexample and we keep

working on it.



1 PRELIMINARIES

1.1 A GLIMPSE ON DEFORMATION

We review some of the relevant elements of deformation theory, details can be found in
[Fs], [Js] and/or [Rh]. We fixed once and for all an algebraically closed field k.
Deformation theory is closely related to the problem of classification of algebro-

geometric objects. For example, if we consider a class M of algebro-geometric objects:
M = {projective nonsingular curves of genus g} /(isomorphism),

M = {closed subschemes of P"with given Hilbert polynomial}.

The basic problem, but far from having an easy answer, is the following: What is the
structure of M? Would be wonderful if the following could be true

Postulate. Classes of algebro-geometric objects are parametrized by also algebro-geometric

objects.

The interest and the difficulty of this problem come from the existence of families. The
existence of families of objects in M implies that M is not just a set but has some kind of
"structure”, hopefully will be a scheme, which will be the moduli space of the classification
problem. In most cases M is not a scheme but has a weaker structure. So the above
postulate is not true, but can be true if we consider another classes of algebro-geometric
spaces, e.g. algebraic stacks.

The basic notion of family is related to the natural fact that all objects of algebraic
geometry can be 7 deformed” by varying the coefficients of their defining equations.

If for example we want to consider a class M of algebraic varieties (e.g., smooth and/or

projective curves), then a family will be a flat morphism

X

|7

S

whose fibres X (s) = 771(s),s € S, are elements of M. If the class M consists of complete
and/or nonsingular varieties, then 7 will be also required to be proper and/or smooth.
Here X and S are called, respectively, the total space and the parameter space of the
family. If S is connected then m is called a family of deformations of X(sg) for any

S()GS.
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Example 1. Let M be a class of closed subschemes of P". A family will be a diagram:

XCSxPr

S
where 7 is the restriction of the first projection, the inclusion is closed, and all fibres of 7
are in M. Typically, a family of hypersurfaces of degree d in P" parametrized by an affine
space A" = Spec(k[ti, ..., t,]), k being a field, will be a hypersurface H C A™ x P" defined
by a homogeneous polynomial P(t, X) € k[ty, ..., t,, Xo, ..., X;] of degree d in Xy, ..., X.

In order to provide a more formal definition of what deformation is, we will consider

the following categories of k-algebras:

A := the category of local artinian k-algebras with residue field k;
A := the category of complete local noetherian k-algebras with residue field k;
A* := the category of local noetherian k-algebras with residue field k,
where morphisms are unitary k-homomorphisms, which are local in A, A and A*. Note

A* ¢ A c A. An algebraic scheme means a scheme over k of finite type.

Let X be an algebraic scheme. A deformation of X parametrized by S (or over S) is

a cartesian diagram of morphisms of schemes

X — X

Spec(k) —— S

where 7 is flat and surjective, and S is connected. We call S and X, respectively, the
parameter scheme and the total scheme of the deformation.

If S is algebraic, for each k-rational point ¢ € S the scheme-theoretic fibre X'(¢) is also
called a deformation of X. When S = Spec(A) with A in ob(A*) and s € S is the closed
point we have a local family of deformations (shortly, a local deformation) of X over A.
The deformation n will be also denoted (S,7n) or (A4,7n) when S = Spec(A). The local
deformation (A, n) is infinitesimal (resp., first order) if A € ob(A) (resp., A = k[e], with
€2 =0).

Remark 1. If X is nonsingular and/or projective we will require 7 to be smooth and/or

projective.

A morphism between two deformations (.S, n) and (S, ) of X is a morphism ® : X — )
such that the following diagram

X 2.y
ok
S 4,5
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is commutative.

A deformation of X over S is called trivial if the cartesian diagram is of the form:

X ——— X2 X Xgpaeq9 S

| L

Spec(k) ——— — S

All fibres over k-rational points of a trivial deformation of X parametrized by an algebraic
scheme are isomorphic to X. The converse is not true: there are deformations which are
not trivial but have isomorphic fibres over all the k-rational points (see Example (2)
below). The scheme X is called rigid if every infinitesimal deformation of X over A is
trivial for every A in ob(A).

An infinitesimal deformation n of X is called locally trivial if every point x € X has
an open neighbourhood U, C X such that

U, — Xlu,

nlu, : l lﬂ/

Spec(k) —— S
is a trivial deformation of U,.

Example 2. Let Spec(k[z,y]/(zy)) be the local equation of a simple node in the plane
A% = Spec(k[z, y]). We consider the family X given by Spec(k|z,y, s]/(zy — s)) in A3 =
Spec(k[z,y, s]), together with its map to the parameter space S = A' = Spec(k|[s]). Thus,

via the projection

AP — Al

(z,y,5) + s

we obtain a diagram
Spec(k[z,y]/(zy)) ——— X

| I

Spec(k) ——— S = A!

i.e. we have a flat family X — A! whose fibres are affine conics. For s # 0 the fiber is
a nonsingular hyperbola. For s = 0 we recover the original nodal singularity. Note that
this family is not trivial since the fibre X'(0) is singular, hence not isomorphic to the fibres

X (s),s # 0, which are nonsingular.

Example 3. Let f : X — Y be a surjective morphism of algebraic schemes, with X
integral and Y an irreducible and nonsingular curve. Then f is flat. This is a special case
of Prop. I11.9.7 of [R1i1]. Therefore f defines a family of deformations of any of its closed
fibres.
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Due to basis extension properties of flat morphism, we are able to extend the parameter
space of the deformation. Let us consider a deformation of X as (1.1) and a morphism

¥ : 8" — S. The induced deformation by 1) is the cartesian diagram

X — X xg Y

l lw*m :

Spec(k) —— 5

Definition 1. A deformation (S,n) of X is called miniversal or semi-universal if every

deformation (S',n') of X is isomorphic to a deformation *(r), for some map ¢ : S" — S.

One of the main classical results on first order deformation, that is useful for dealing with

rigid /non-rigidness is the well known:

Kodaira—Spencer Correspondence ([Is]). Let X be an algebraic variety and Tx =

Hom(Q%, Ox) = Der,(Ox, Ox) its tangent sheaf. There is a 1-1 correspondence

o { isomorphism classes of first order } HY(X, Ty), (1.2)

locally trivial deformations of X

such that a(n) = 0 if and only if n is the trivial deformation class. Since every first order
deformation of a smooth algebraic variety is locally trivial, we get in particular that if X

18 nonsingular, then o is a 1-1 correspondence

' isomorphism classes of
" | first order deformations of X

} +—— HY (X, Tx).

Proposition 1 ([Js], Prop. page 23 ). The Ox- module of first-order deformations is
isomorphic to the normal bundle Nx = Homx(Z/Z? Ox).

1.2 FORMAL DEFORMATION

Since first order deformations of smooth varieties are locally trivial, the most interesting
study of (local) deformations lies on deformation of singularities. The naive idea is that
we may think of the localized deformation as a deformation by restricting the singular
variety and the base space to arbitrary small neighbourhoods of the singularity and
of the closed point of the base space.

Let us start with a typical model of this thesis, that is the case of a projective curve C
with a unique (isolated) singularity. Take a (global) deformation of C, that is a cartesian
diagram

C= X xgSpec(k) —— X
n: l ln ,
S

{so} := Spec(k) ——
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where 7 is a proper flat morphism and sq is a closed point of S.
We first localize the base space of above global deformation of C, getting the local defor-

mation
X xgSpec(k) =C —— X xgSpec(Og5,) — X

| | |

{so} = Spec(k) ——— Spec(Og5,) —— S

The above localized deformation Spec(Qg,) Xs X — Spec(Os,) is trivial if and only if
the global deformation X — S of C becomes trivial if we restrict to a sufficiently small

neighbourhood of sg. More generally, a second global deformation

X' xg Speck) =C —— X’

! |

{5} := Spec(k) —— S

induces the same local deformation if and only if they are isomorphic after eventually
restricting the bases S and S’ to some open neighbourhood of sy and s, respectively.

In order to study localizations of the global deformations, using a powerful microscope,
we have to restrict the base space to an arbitrary small neighbourhood of its closed
point so. Hence, we may even consider for each n > 1 the infinitesimal deformations:

X xgSpec(k) 2 C —— X XgSpec(Og g /miT) —— X xg Spec(Og5,) —

1 ;o | J

{so} = Spec(k) ———— Spec(Og,/m*™) ———— Spec(Ogy,) ———

S0

where by properties of base extensions the special fibre of the infinitesimal deformation
X xg Spec(Og,q, /miT) — Spec(Og,5, /m2t!) is isomorphic to C.
We may even obtain a formal deformation defined as the inverse system of the

above infinitesimal deformations, as can be read of from the following diagram.

C > » X xg Spec(Ogs/ml) —— X Xg Spec(Og g, /M) —— -+

| | |

{s0} » Spec(Og,q, /ML) ———— Spec(Og, g /M) ——— -+

S0

g

Remark 2. There is a technical difficulty just on the first line of the above diagram,
because the tensor product need not be compatible with the projective limit. So it is required

a more suggestive language to deal with it.

For a moment let us ignore this technical difficult and let us restrict the curve C to
small open neighbourhoods of its singularity p. The composed morphism C — X — S
induces local morphisms Spec(O¢,) — Spec(Ox uy) — Spec(Os s, ) of local schemes and



1. Preliminaries 14

so we obtain the commutative diagram

Spec(O¢ ) —— Spec(Ox )

J |

C = Spec(k) xg X —— Spec(Og,) Xs X — X -

l | |

{to} = Speck ———— Spec(Ogs,) —— S
It follows by base extensions properties that we get a cartesian diagram

Spec(O¢p) — Spec(Ox z)

l |

Spec(k) — Spec(Os4,)

Thus we have that the above deformation of the local scheme Spec(O¢,,) and the defor-

mation of C have the same base space.

Spec(O¢ ) — Spec(Ox 4,)

S
1 1

Spec(k) —— Spec(Og.,)

Now we discuss when a series of infinitesimal deformation comes from a deformation, that

is, a deformation over some A € ob(A), by considering the general setting of the above
typical case including the suggestive language to avoid (or ignore) the technical difficult.

Let’s consider X an algebraic scheme and A € ob(A). A formal deformation of X
over A is 1) € Defx(A),(see example (6) page 20) i.e.

X —I

R

Spec(k) —— Spec(A4,,)

>

I
3
3

n>0

where A, = A/ mj“ , each 7, is a fiber product, and the pullback X, ®gpec(a,) Spec(A,—1)
is isomorphic to X,,_;.

A natural question is: is it true that all these fiber products are pullbacks of some
deformation over A? That is, we ask for the existence of a deformation 7 : X — Spec(A),

making the fiber product diagram:

fo
X > X1 > X,

| b )

Spec(k) > » Spec(A,,—1) —— Spec(4,) > > Spec(A)

2\
~
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We say that (A, n,) is effective if such a deformation

X — X

l s

Spec(k) —— Spec(A)
exists.
Remark 3. A formal deformation is the same as giving a morphism of formal schemes
71 X — Specf(A)
where X = (X; 1'&1(’)%), Specf(A) is a formal spectrum; and ™ = Jm 7,
Remark 4. A formal deformation is effective if and only if there exists a deformation

X —— X

! iy

Spec(k) —— Spec(A)

such that X is the completation of X along X, i.e.. X = X = (X; @OX/Z;)

Example 4. For X = P" the formal deformation

P P,

U l l ,

Spec(k) —— Spec(A4,,) -

is effective; the associated formal scheme' is the completation of P, along P", denoted by

Theorem 1 (Grothendieck, [I2s], Thm 2.5.13). Let X be a projective scheme.

1. Let A€ obA and 7 : X — Specf(A) be a formal deformation of X over A. Assume
that there exists j such that the diagram

p g——

N

Specf(A)

is commutative, where p is the projection. Then 7 is effective.

2. Assume that H*(X,Ox) = 0. Then every formal deformation of X is effective.

' [Rh1] pag 190
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Now we recall the concept and basic properties of functors of Artin rings that was
developed by M. Schlessinger in his Ph.D. thesis.

For a given A € ob(A*) we will consider the following:

Aj = the category of local artinian A-algebras with residue field k

A, = the category of local noetherian A-algebras with residue field k

They are subcategories of A and A* respectively. If A is in ob(A) then we will let

Ay = the category of complete local noetherian A-algebras with residue field k. This
is a subcategory of fl:category of complete local artinian rings with residual field k.

A functor of Artin rings is a covariant functor

F: Ay — (sets)

~

where A € ob(A). Let A € ob(A,). An element £ € F(A) will be called an infinitesimal
deformation of & € F(k) if € — & under the map F(A) — F(k); if A = k[e] then € is

called a first order deformation of &,.

Example 5. Functors of Artin rings are obtained by fixing an R in Ob(AA) and letting:

hi/a : Ay —  (sets)
A - hR/A(A) = HOIIlAA<R, A)
Such a functor is clearly nothing but the restriction to A, of a representable functor on
Ay
Definition 2. A functor of Artin rings F' is called prorepresentable if is isomorphic to

hg/a for some R € ob(AA). In case A =k we write hg instead of hgx.

Every representable functor hg/a, R € ob(A,), is a trivial example of prorepresentable
functor.
Typically a prorepresentable functor of Artin rings arises as follows. We consider a

scheme M and the restriction

U:A — (sets)
A — VY(A) =Hom(Spec(A), M)

of the functor of points
Hom(—, M) : (schemes)® — (sets)

VU is a functor of Artin rings; if ¢ : Spec(A) — M is an element of W(A) then ¢ is an

infinitesimal deformation of the composition

Spec(k) — Spec(A) 5 M
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where the first morphism corresponds to A — A/my4 = k. For a fixed k-rational point

m € M, we may consider the subfunctor
F: A — (sets)

of ¥ defined as follows:

hi A M
F(A) = Hom(Spec(A), M), — 4 merphism Spec(4) = M1
whose image is {m}

Note that, an element of F'(A), i.e., a morphism

o Spec(4) — M

closed point +— {m}

corresponds to a homomorphism of local k-algebras

$:0 =0y — A

Since A is artinian, ¢ factors through the completion O — O with respect to the maximal
ideal and therefore the properties of O detected by the study of infinitesimal deforma-
tions will be preserved under completion. We have F' = hg, where R = (’A)M,m, so F'is
prorepresentable.

A prorepresentable functor F' = hp/, satisfies the following conditions:

Hy) F(k) consists of one element (the canonical quotient R — R/mp = k).

Let
A//

l (1.3)
A —— A

be a diagram in A, and consider the natural map
a: F(A x4 A") = F(A") xpa F(A") (1.4)
induced by the commutative diagram:

F(A" x4 A") —— F(A")

| iy

F(A) —— F(A),

then

H)) (left exactness) For every diagram (1.3) « is bijective.
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Hy) F(k[e]) has a structure (see [Ls] page 52) of finite dimensional k-vector space.

A property weaker than H; satisfied by a prorepresentable functor F' is the following:
H.) « is bijective if A =k and A” = k[e].

Lemma 1 ([Is], Lemma 2.2.1 ). If F is a functor of Artin rings having properties Hy and
H. then the set F(kle]) has a structure of k-vector space in a functorial way. This vector
space 1s called the tangent space of the functor F' , and denoted tr. If F' = hg/ then
tp = tg/a. For a natural transformation f : F' — G between such functors, df : tp — tg
is called the differential of f.

Every functor of Artin rings F' can be extended to a functor

~

Ay — (sets)

defined by
F(R) = lim F(R/mi*™)

for every R € ob(Ay), and for every ¢ : R — S-

A A

F(p): F(R) = F(S)
to be the map induced by the maps F(R/m?%) — F(S/m%),n > 1.
Definition 3. An element @, € F(R) is called a formal element of F.

By definition @ can be represented as a system of elements {u, € F(R/m%™)},>0

such that for every n > 1 the map
F(R/mE™) — F(R/mp)
induced by the projection

R/mitt — R/mb, (1.5)
Up > Up_1, (1.6)

4 is also called a formal deformation of ug.
If for example F' is the functor of infinitesimal deformations of a nonsingular variety

X, each u, is an infinitesimal deformation of X parametrized by Spec(R/m"*). The

compatibility condition (1.6) is that w, pulls back to u,_; under the closed embedding
Spec(R/m™) C Spec(R/m™1).

In this case the formal element 4 is also called a formal family of deformations of X.
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Lemma 2 ([IIs], Lemma 2.2.2). Let R € ob(Ax). Then there exist a bijection
{11 € F(R)} +— {natural transformations hp/y — F}.

Definition 4. 1. f : F — G is smooth if for every surjection B — A, F(B) —
F(A) x4y G(B) is also surjective.

2. F is smooth if for every surjection B — A, F(B) — F(A) is surjective (i.e., the

natural transformation from F to the trivial functor is smooth).
Definition 5. Fiz @ € F(R), where R € ob(Ay). Recall that @ induces  : hg/n — F.

1. We call @ semi-universal if @ : hg/a — F is smooth, and tg)x — tp is bijective

(where tr/y is the tangent space for hr/A ).
2. We call 4 unwersal if @ : hg/n — F' is an isomorphism.

Definition 6. Let R be a local k-algebra with residue field k. A small extension of R is
a k-extension of R by k:
0—-k—R —-R—0

such that k> =0 in R'.

Theorem 2 (Schlessinger, [Msl]). Let F' @ Ay — (sets) be a functor of Artin rings
satisfying condition Hy. Let A* — A and A” — be homomorphism in Ay and let

a: F(A xq A") = F(A") xpa) F(A") (1.7)
be the natural map. Then:

i) F has a semi-universal formal element if and only if satisfies the following conditi-

ons:

H) if A” — A is a small extension, then the map (1.7) is surjective.
H.) if A=k and A” = k[e|, then the map (1.7) is bijective.
Hf) dlmk(tF> < 0.

ii) F' has a universal element if and only if also satisfies the following condition:

H) the natural map
F(A x4 A) = F(A") xpu F(A)

is bijective for every small extension A" — A in Ay.
Example 6. For an algebraic scheme X, define

Defy : A — (sets)
A +— Defx(A) = {deformation of X over A} /isomorphism.

Then Def x (k) = {point}, and Defy satisfies H and H..
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1.3 THE COTANGENT SHEAF T

Let X — S be a morphism of schemes. An eztension of X/S is a closed immersion
X C X', where X’ is an S-scheme, defined by a sheaf of ideals Z C Ox such that Z? = 0.

To give an extension X C X' of X/S is equivalent to giving an exact sequence on X:
f: O%I—)Oxlg(QX—)O

where Z is an Ox-module, ¢ is a homomorphism of Og-algebras and Z? = 0 in Ox.. In
this way, ¢ is called an extension of X/S by Z or with kernel Z.

Given two extensions Ox, and Ox», they are called isomorphic if there is an Og-
homomorphism a : Ox; — Oy~ inducing the identity on both Z and Ox. It follows that

a must necessarily be an S-isomorphism.

Notation 1.

1. We denote by Ex(X/S,Z) the set of isomorphism classes of extensions of X/S with
kernel Z. In case Spec(B) — Spec(A) is a morphism of affine schemes and Z = N

we have the following identification:

Exa(B, N) = Ex(X/8,T).

2. If S = Spec(A) is affine we will sometimes write Ex (X, Z) instead of Ex(X/Spec(A),T).

Exactly as in the affine case (see Appendix A) we can prove that Ex(X/S,Z) is a

['(X, Ox)-module with identity element the class of the trivial extension:
07— Ox®T - Ox =0

where Ox@Z is defined similarly as in the module case (see Appendix (A)). The corres-

pondence
7 — Ex(X/S,T)

defines a covariant functor from Ox-modules to I'(X, Ox )-modules.

The most important case in deformation theory is when Z = Oy, being related to first
order deformations.

Note that given a morphism of finite type of schemes f : X — S we can define a
quasi-coherent sheaf T'5 /s on X with the following properties. If U = Spec(A) is an affine
open subset of S and V' = Spec(B) is an affine open subset of f~!(U), then

L(V,Tx)s) = Tp/a-

It follows from the properties of the first cotangent modules that T /s 18 coherent.
T)lc/s is called the first cotangent sheaf of X/S.
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Proposition 2 ( [Is], Prop. 1.1.9). 1. If X is an algebraic scheme, then Ty is sup-
ported on the singular locus of X. More generally if X — S is a morphism of finite
type of algebraic schemes, then T)l(/s 18 supported on the locus where X is not smooth

over S.

2. If we have a closed embedding X C'Y with Y nonsingular, then we have an ezxact

sequence of coherent sheaves on X
0—Tx = Tyx = Nxy = Ty =0 (1.8)
so that, letting Ng(/y = ker[Nx/y — Tx|, we have the short exact sequence
0—Tx = Tyjx = Nyy =0 (1.9)
Ny Jy 18 called the equisingular normal sheaf of X in Y.

Theorem 3 ([I:s], Thm. 1.1.10 ). Let X — S be a morphism of finite type of algebraic
schemes and I be a coherent locally free sheaf on X. Assume that X s reduced and

S-smooth on a dense open subset. Then
Ex(X/S,T) = Extg, (s, ).
An immediate consequence of this theorem is:

Corollary 1 ([Is], Cor. 1.1.11 ). Let X — S be a morphism of finite type of algebraic
schemes, smooth on a dense open subset of X. Assume X to be reduced. Then there is a

canonical isomorphism of coherent sheaves on X :
Ty s = Exty, (s, Ox).
In particular, if S = Spec(k), then
Ty = Exty, (Q, Ox)
and if moreover X = Spec(By), then
T, = Exti(Qp, i Bo)-

Remark 5. A analysis of the proof of Theorem (3) shows that without assuming X

reduced we only have an inclusion
1 1 1

Theorem 4 ([\Ma], Thm. 6.2 ). The first order deformation of X are in one to one

correspondence with T .

Proposition 3 ([Is], Thm. 2.4.1 (iii)). For a k-algebra By, Def g, (ke]) = T, .
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Remark 6. Suppose By = k[, ...,x4|/J, with J prime. Then there is an exact sequence:

77777

and thus T éo can be computed. The result is: If J is generated by a regular sequence

(fi, ..., fn), then

k[zq,...,xq)"

Th = B
Bo % % ®k[371 ----- xd] 0
ox1 Oxg
: ) ; :
Ofn Ofn
o0z Oxy

Example 7. 1. For a hypersurface By = V/(f), T, = %.
(s 325)
2. For f =2* —y* and g = 2° — y?, we have T, =k and Té(,) ~ K2,

Remark 7. Note that if X is smooth, then T = 0. This implies that any two classes of
first order deformation of X are isomorphic over kle| (in fact obtainable by a change of

coordinates in Ay ).
Remark 8. If X has isolated singularities, T as vector space has finite dimension.

Remark 9. Suppose the singularities of X admit a good k*-action, so Ox is a (positive)

graded module. Then all modules considered above inherit a grading.

Theorem 5 (Pinkham 1974 [Pi]). A singularity X with a good k*-action has a k*-
equivariant versal deformation m: X — S. The restriction w_ : X_ — S_ to the subspace

of negative weight is versal for deformations of X with negative weight.

1.4 BACKGROUND ON M,

Let C be a complete projective curve of genus g > 1 and P a smooth point of C. We may

consider an ascending chain of k-vector spaces
k =H°(C,0:(0- P)) C HY(C,Oc(1 - P)) CHY(C,O0¢(2-P)) C ...
where
H°(C,Oc(n - P)) = {f € k(C) | f has a pole of order at most n at P}.
A positive integer n is called a gap associated to the pair (C, P) if
HY(C,Oc(n - P)) = H’(C,Oc((n + 1) - P)),

otherwise we say that n is a nongap.
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By virtue of Riemann-Roch Theorem for singular curves, dim H°(C,Oc(d - P)) =
d+1— g for each d > 2¢g — 1, i.e. there are precisely ¢ integers l; < --- < [, between 0
and 2¢g — 1 for which does not exists a rational function on k(C) with pole divisor I; P.
Therefore, we associate to the point P the set Sp := N—{l;,--- ,l,}, that is, by properties
of valuation at P, Sp is a sub-semigroup of the positive integers, i.e., contains the zero
number and it is closed under addition.

A point P € Cis ordinary if Sp = {0, g+1, g+2, ...}, otherwise P is called a Weierstrass
point. For any Weierstrass point P € C, let 0 = nyg < n; < --- be the nongap sequence of
C at P. So for each n; we can take a function z,,, € H°(C, O¢(n;-P))\H*(C, O¢((n;—1)-P))

for which the pole order at P is n;, hence
H°(C,O¢(n; - P)) =k, @k, ®--- Dku,,.

In particular, dim H°(C, O¢(n; - P)) = n; + 1.

Let (£,V) be a linear system of degree d and dimension r on a smooth curve C, thus
L is a line bundle of degree d on C and V is a sub-vector space of H*(C, £) of dimension
r+1. We recall that a point P € C is a ramification point of (£, V') if there exists a section
z € V such that ordp(z) > r + 1. In this case, an equivalent way to define Weierstrass
points is that P € C is a ramification point of the canonical linear system (K¢, H(C, K¢))
where K¢ is the canonical line bundle of C. As we see above, this equivalent definition fits
nicely when C is singular, we just interchange the canonical system by the the dualizing
system.

Given a numerical semigroup S C N of genus g := #(N\ §) > 1, we may ask for a
complete projective curve that realizes this semigroup as a Weierstrass semigroup. If we
restrict to only is smooth curve, there are numerical semigroups which are not Weierstrass
semigroups, see for example [F't]. But if we assume that C may be singular, then every
numerical semigroup is the Weierstrass semigroup of a suitable monomial curve, namely,
we take a projective closure of the affine monomial curve Cs := {(t"™,...,t"")} where S
is generated by my, ..., m,, thus its unique point at infinite is smooth and realizes S.

Let us now consider the set
M3, :={(C,P)| Sp =S}/

where = stands for pointed isomorphism of curve, i.e., isomorphisms of curves that send

marked points to marked points.

S
9,1

suitable singular curves. On the one hand, since the /-th gap defines an upper semi-

There are two powerful tools for dealing with M¢,, both based on deformations of
continuous function, the set Mi 1 is locally closed in the moduli space M, ; of smooth
pointed curves of genus g = ¢(S). Hence we get an appropriate ambient to embed (locally
closed) /\/1571. Thus we can use the theory of Limit Linear Series of curves of compact

type to study Mil. In this approach the definition of Weierstrass points as ramification
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points of the canonical sheaf is more useful. Here we must cite the works of Eisenbud—
Harris [FH1, | and Esteves—Medeiros [[XM] on limit linear series with applications
to Weierstrass points, and more recently the works of Bullock [Bul, | and Pflueger
[Pf1, ]. We see in this approach a fundamental problem, we have to find a suitable
curve whose ”Weierstrass semigroup”is the fixed one &, but we do not know what is a
Weierstrass point on a nodal curve with more than one component. Of course that we
always consider the case where ./\/li1 is non-empty and then study the limit of Weierstrass
semigroups.

On the other hand, we have the theory of (formal versal) deformations of singularities.
In particular, deformations of affine monomial curves which are curves far from being

stable, because their singularities are unibranched. There are fundamental works using

this approach to study Mﬁl, for example the Ph.D. thesis of Pinkham [Pi], the work
of Stoehr [S] and the Contiero-Stohr [('S]. The advantage with these works is that we

already have a suitable curve with a required Weierstrass point to deform. However, there
are some disadvantages, the first one is that we do not have a natural ambient space to

include Mil, a second is that we have to deal with rather abstract objects and rather

less intuitive techniques than Limit Linear Series. But the cited works in this paragraph

S
9,1’

that we will try to convince the readers that it is until now the most appropriated.

point out to a computational approach to study the spaces M¢ ;, and this is our approach
Using the approach of Limit Linear Series, N. Pflueger made a substantial improvement

of a lower bound for ./\/l‘; 1 given by Eisenbud-Harris. He showed the following:

Theorem 6 (Pflueger’s lower bound, [P{1]). Let S be a numerical semigroup of genus
g >1. Setewt(S) 1= 3, ,.(F{ai| ai < L}) the effective weight of S where {ay, ..., a,}

s a system of generators of S. If Mil 15 nonempty then
39 —2—ewt(S) < dimMﬁl.

Remark 10. Pflueger’s lower bound is attained, for example if ewt(S) < %g, then
3g — 2 — ewt(S) = dim/\/lg,l. However, as we notice in the introduction, there are
numerical semigroups where Pflueger’s lower bound is not attained, for example if S is a

Castelnuovo semigroup introduced by Pflueger in [{2].

1.4.1 Weierstrass points on canonical curves

We recall that a point P € C is said to be a Gorenstein point (see [S1]) if the stalk of the
dualizing sheaf we p is a free O-module. The curve C is Gorenstein if all of its points are
Gorenstein, or equivalently, if w is an invertible sheaf.

Now, let x, ..., z,, be k-linear independent elements of k(C), so that for n > 1 we have

the morphism
(o, ey Tp) : C — P
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whose image by the extension theorem of valuation theory is a projective algebraic curve

(see [52]). Thus we obtain a morphism C — P" such that the diagram

C——>Ppr

AN

C

(here C — C is the normalization of C) commutes if and only if the Op-ideal Y Opz;
is principal. Let 8 be a non-zero differential one form such that we = wg - 8. By choosing
a basis f,..., 341 for the space of the regular differentials on C, we can write 3, =
z;f(i = 0,..,9 — 1), where zg,...,x,1 is a basis of H°(C,wc). In this way, we have
(Bos -y Bg—1) = (z0, ..o, Ty—1)-

The following two theorems are well known in the literature.

Theorem 7 ( [S1]). Let C be a curve of genus g > 1. For each P € C, we have we p =
Oxg + -+ + Opxy_y. The morphism (Bo,- -, Bg-1) : C — P91 induces a morphism
C — P91 if and only if the curve C is Gorenstein.

Theorem 8 ( [R]). Let C be a Gorenstein curve. The morphism C — P97! is an iso-

morphism onto the image curve if only if C is non-hyperelliptic.

Let us now recall the compactification given by Contiero-Stoehr in [C'S] of ./\/lj1 by
assuming that S is a symmetric semigroup.

Let C be a complete integral Gorenstein curve of arithmetic genus g > 1 defined over
k. For each smooth point P of C, let & be the Weierstrass semigroup of C at P. By
the very definition, for each n € S there is a rational function x, on C with pole divisor
nP. Let us assume that the semigroup & is symmetric, i.e. the last gap ¢, is the biggest
possible, I, = 2¢g — 1. Equivalently, n € S if, and only if, /{; —n ¢ S. Let w be the
dualizing sheaf of C. A basis for the vector space H°(C,w) is {ng, Tpy, - - -, Tn,_, }, and

thus w = O¢((29g —2)P). By assuming that C is nonhyperelliptic, the canonical morphism
(Tng * Ty © ot @y, ) 1 C > P9

is an embedding. Thus C becomes a curve of degree 2g—2 in P9~! and the integers [;—1 are
the contact orders of the curve with the hyperplanes at P = (0:...:0:1). Conversely,
any nonhyperelliptic symmetric semigroup S can be realized as the Weierstrass semigroup

of the Gorenstein canonical monomial curve
Cs = {(s"0tlo™ . gmplomr=l . o gno—2gle=l . gno-1ghi=ly | (g1 4) ¢ P} Cc P9

at its unique point P at the infinity.
Since § is symmetric, each nongap s € §,s < 4g — 4 can be written as a sum of two

other nongaps (see [Ol, theorem 1.3]),

s=as+ by, as < b, <29 — 2.



1. Preliminaries 26

By taking as as the smallest possible, the 3g — 3 rational functions z, x;, form a

P-hermitian basis of the space of global sections H°(C,w?) of the bicanonical divisor. If

r > 3, then a P-hermitian basis of the vector space H°(C,w") (cf. [C'S, Lemma 2.1]) is
r—1 S
Ty T, (1=0,...,9—1),
x;f*ixasxbsx;rl (1=0,...,7m—2, s=2g,...,4g — 4),
x;;g?’_zxmxgg_mxng%x;gil (t=0,...,7—=3).

A consequence of the existence of a P-hermitian basis of H(C,w") for any r > 1 is a

Max-Noehter’s theorem, namely the following homomorphism
K[X,,. .., X, ] — H(C,w")

induced by the substitutions X,,, = =, is surjective for each r > 1, where k[ Xy, ..., Xpn, ]

is the vector space of r-forms.

Let I(C) = @,2, I,(C) C k[Xy, ..., X,,_,] be the ideal of C € P9~!. The codimension
of I(C) in k[ X, ..., Xy, ] is equal to (2r — 1)(g — 1), in particular,

dim B(C) = (g — 2)(g - 3)/2.
For r > 2, let A, be the vector space in k[Xp,,..., Xy, ,] spanned by the lifting of the
P-hermitian basis of H°(C,w"). Since A, N I,(C) = 0 and
dim A, = dim H%(C,w") = codim I,.(C),

it follows that

K[ Xng,- s Xo, ] = A, @ L(C), 7> 2.

For each nongap s < 4¢g — 4, let us consider all the partitions of s as sum of two nongaps

not greater than 2g — 2,
$ = ag + b, with ag; < bg, (1 =1,...,vs), where ay := as.

Hence, given a nongap s < 4g —4 and i = 1,..., v, we can write

s
Lag; Loy, = Z CsinLay, Lb,,
n=0

where a,, and b,, are nongaps of S whose sum is equal to s, and cy;,, are suitable constants in

k. By normalizing the coefficients c,;s = 1, it follows that the (9'51) —(3g—3) = W

quadratic forms

s—1
Fsi = Xasiszi - XastS o Z CSinXa"an

n=0
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vanish identically on the canonical curve C, where the coefficients c,;, are uniquely deter-
mined constants. They are linearly independent, hence they form a basis for the space of
quadratic relations I5(C).

It is necessary to make some assumptions on the symmetric semigroup S to assure
that the ideal I(C) is generated by quadratic relations. More precisely we suppose that S
satisfies 3 < ny < g and S # (4,5). According to [C'I', Lemma 3.1], both the conditions
ny # 3 and ny # gon S are to avoid possible trigonal Gorenstein curves whose Weierstrass
semigroup at P equal to S = (3,g+ 1) and S = (9,9 + 1,...,2g — 2), respectively. This
two avoided cases are treated by Contiero and Fontes in [C'F]. By the assumptions on the
semigroup S it follows by the Enriques—Babbage theorem that C is nontrigonal and it is
not isomorphic to a plane quintic.

If C is smooth, then Petri’s theorem | | assure that the ideal of C is generated by
the quadratic relations. Given a canonical curve C, not necessarily smooth, an algorithmic
proof that the ideal of C is generated by the quadratic forms F,; was done by Contiero
and Stohr in [C'S, Theorem 2.5].

On the other hand, for each symmetric semigroup S with 3 < n; < g and S # (4,5),
we can take the following (g —2)(g — 3)/2 quadractic forms

s—1
Fo = X0, Xy, = Xa.Xp, = Y CainXa, Xs,, (1.10)

n=0
where ¢, are constants to be determined in order that the intersection NV (F,;) Cc P9~}
is a canonical Gorenstein curve of genus g whose Weierstrass semigroup at P is S. Ana-

logously, let
FS(IO) = Xasiszi - Xasts (111>

be the quadratic forms that generate the ideal of the canonical monomial curve Cg, cf.
('S, Lemma 2.2]. One of the keys to construct a compactification of /\/lf’l is the following

lemma.

Syzygy Lemma (cf. [C'S], Lemma 2.3). For each of the (9—2)(g—5) quadratic binomials
FS(S? different from Fé —)%29 o1 (1=0,...,9—3) there is a syzygy of the form

X?g ZF//‘}_Z&‘”S,L X F(O) 0

nst

(s'7)

nsi . 0re integers equal to 1, —1 or 0, and where the sum is taken

where the coefficients

over the nongaps n < 2g — 2 and the double indices si withmn +s=2g—2+ 5.

Let us described briefly the algorithmic construction of a compactification of ./\/l;i 1
which was done by Stéhr [S] and Contiero-Stéhr [('S]. First, we replace the binomials

F 5(22 and F S(ZO ) on the left hand side of the Syzygy Lemma by the corresponding quadratic
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forms Fy; and Fy;. Hence we obtain a linear combination of cubic monomials of weight
less than s’ + 2g — 2. By virtue of [C'S, Lemma 2.4] this linear combination of cubic
monomials admits the following decomposition.

X29—2F5/i/ + Z g(Sli,)XnFsi - nr(izz,)XnFsz + Rs’i’

nst

nst nst

where the sum on the right hand side is taken over the nongaps n < 2g —2 and the double

(/1)

s are constants, and where

indices si with n 4+ s < s’ + 2¢g — 2, where the coefficients 7
Ry is a linear combination of cubic monomials of pairwise different weights < s’ 4+2¢g— 2.

For each nongap m < s’ + 2g — 2 we denote by gy, the unique coefficient of Ry
of weight m. Finally, let us consider the following quasi-homogeneous polynomial in the

constants cgjp,

s'+29—3

/
Rslz‘l (tn[)’ tnl, ce ,tn971> = Z Qs’i’mtm .
=0

Since the coordinates functions x,, n € S and n < 2g—2, are not uniquely determined
by their pole divisor nP by assuming the characteristic of the field k to be zero (or a
prime not dividing any of the differences m — n where n, m are nongaps of S such that

n,m < 2g — 2), we transform

i1
Xni — an + Z Cnini,ijfja
=0
for each i = 1,...,¢9 — 1, and so we can normalize %g(g — 1) of the coefficients cg;,, to
be zero, see [5, Proposition 3.1]. Due to these normalizations and the normalizations

of the coefficients cy;,, = 1 with n = s, the left to us is to transform z,, — c"z,, for

1=1,...,9 — 1. Summarizing, we get

Theorem 9. [C'S, Theorem 2.6] Let S be a symmetric semigroup of genus g satisfying
3<n <gandS # (4,5). The isomorphism classes of the pointed complete integral
Gorenstein curves with Weterstrass semigroup S correspond bijectively to the orbits of the

G (k)-action

S

(CyeeyCoiny o) > (0o, & M Cainy 2 2)

on the affine quasi-cone of the vectors whose coordinates are the coefficients cgy, of the

normalized quadratic Fy; satisfying the quasi-homogeneous equations Qg iy, = 0.

Remark 11. Roughly speaking, the compactification of Deligne—Mumford of the moduli
space of genus g smooth curves says that a general model for curves are the stable ones,
which leads us to think the same about the study of curves and Weierstrass points. Howe-
ver, the compactification of Contiero—Stoehr of./\/li1 says that the natural model for curves

with symmetric Weierstrass points are the Gorenstein ones, which are not stable.
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1.5 DELIGNE-PINKHAM'S BOUND

The purpose of this section is to give a clearer proof of the important Deligne’s formula
for the smoothing component of the formal versal deformation space of a singularity, and
so derive the main upper bound for ./\/li1 using a result due to Pinkham.

Let C be a reduced projective algebraic curve defined over k and g € C a closed point.
We fix the following notations:

1) O denotes the local ring of C at ¢, and O its normalization;

2) 0= dim O /O is the singularity degree of C at ¢;

3) Der(O) := Der(O, O) is the module of k derivations of O, and similarly Der(O) :=
Der (0O, O);

4) p:= dimkDerlzL@ — dimk#ﬁir(@

(O)NDer(0)

Deligne’s Formula. Let E be an irreducible component of the formal versal deformation
of Spec(O). If the fiber above the generic point of E is smooth , then

dim E = 30 — p. (1.12)

Proof. Since the statement of the theorem just depends on the completion of O, we use
the same symbol for the local ring O and its completion O. We also assume that q is the
unique singular point and so the universal deformation of C does exist.

Let us fix the formal (semiuni)versal deformation of Spec(O):

Spec(0) —— X

| l (1.13)

Spec(k) —— T

and denote by t the only closed point of 7". By the (semiuni)versal property, the universal

deformation of C
C —— X

l l (1.14)
to = Spec(k) —— Tp

is given by a morphism « : Ty — T and an isomorphism Xy = X X1 Tp.

From a theorem of [Ri, Cor 2.10 Exposeé IV] the morphism « is smooth, i.e. flat
with smooth fibers. By the universal property, the first order deformation of C, i.e. the
deformation of C over Spec(k[e]), say:

C — W

! |

Spec(k) —— Spec(kle])

corresponds bijectively to the morphims Spec(k[e]) — T and hence to the elements of

the tangent space O, 4,. Since ¢ is the only singular point of C, the first order deformation
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of C is locally trivial if and only if the induced first order deformation of Spec(Q) is trivial,

i.e. the induced deformation

Spec(O) —— Spec(Oy, 4,)

| |

Spec(k) — Spec(k[e])

is trivial. Equivalently, the composite morphism Spec(kle]) — Ty — T defines the

zero-vector in the tangent space Op; of T" at t. Thus we have a bijection

{ trivial first order

+—— Kernel (Or, s, — Ory) .
deformations of C } ernel (O, ¢, )

By the Kodaira-Spencer correspondence (1.2) we get a bijection
HY(C,T¢) +— Kernel (07,4, — Or4).

where T¢ := Hom,, (¢, Oc) = Deri(Oc, Oc) is the tangent sheaf of C.

Since « : Ty — T is smooth, the following sequence is exact
00— @Oﬁl(t)ﬂgo — GTo,to — @Tﬂg — 0

and hence
dim H'(C, T¢) = dim ©4-1(y 4, = dim O, 4, — dim O (1.15)

By the smooth property of o we also obtain that dim ©,-1¢),, = dima ™' (¢).

Let E be an irreducible component of the base space 1" of the formal versal deformation
of Spec(O) (1.13). Let Ey := a™'(E) 2 E xr Ty. Then, from above equation (1.15) we
obtain

dim H'(C, T¢) = dim Ey — dim F

Since the morphism X, — Tj is flat, all its fibers have the same arithmetic genus g.
By assumption, the fiber of the morphism X — 7" over a generic point e of E is smooth
and so the fiber of the morphism Xy — Tj over the generic point of Fj is also smooth.
The formal moduli scheme of smooth projective curves of genus g is smooth of dimension
3g — 3, that means

dim Ey = 39 — 3

The differential sheaf ()¢ of C may not be torsion-free, but the tangent sheaf 7¢ is a
coherent fractional ideal sheaf (and therefore torsion-free of rank 1) and by the Riemann-

Roch Theorem we have

X(Te) = deg(Te) +1 —g.
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Let C be the nonsingular model of C and g its genus. Since ¢ is the only singular point
of C we get g = g — d. Since Q5|k is locally free of rank 1 and degree 2g — 2, we conclude
that 75 is locally free of rank 1 and has degree 2 — 2g. Thus

deg(7¢) = deg(Ts) —mi+0=2—-29 —p+9
=2—-29—p+30
and hence
X(Te) =3 —3g — p+ 30.
Since dim £ = dim E, — dim H°(C, 7¢), we obtain

dim E = 3§ — p — dim H°(C, T¢).
If we assume that g > 0, then deg(7¢) < 0 and the results follows. ]

Now we point out how to link the formal (semiuni)versal deformation of Deligne’s
Formula and the moduli space Mf’ 1- Everything here is in much more detailed in [RV,
86, pg. 474-476]. Denote by (S, R) the formal (semiuni)versal deformation of k[S].
Pinkham? proved that there is an ideal N of R such that (S’, R') with R = R/NR and

S’ = S/NS is an infinitesimal deformation of k[S]. Let us set
U = {x € Spec(R')|the fiber above z in S’ is smooth}

Pinkham also has shown that U is invariant under the G,,(k) action.

Theorem 10 (c.f. [P’i] Theorem 13.9 page 103.). There exists a morphism U — M1
that factors through the quotient U of U by the action of G,,(k). Additionally, this

morphism induces a bijection between U and ./\/lf’l.

By virtue of the above Pinkham’s theorem, Deligne’s formula says that dim U < 36— p.
Since dim U = dim U — 1, we get dim Mil <30 — u— 1. Now, it can be verified that

30 —u—1=29—2+XS),

where A(S) is the number of gaps [ such that [ +n € S whenever n is a nongap. Hence

S

71, hamely:

we get the main general upper bound for the dimension of M

Theorem 11 (Deligne-Pinkham’s upper bound). For any numerical semigroup S,

dim MS, <29 — 24 X(S).

2 See [I’i] chapter I section 2 for the general case and chapter IV section 13 for monomial curves.
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Deligne-Pinkham’s bound is attained. Rim and Vitulli showed, [RV], that if the
semigroup S is negatively graded, i.e. if the first module T"(k[S]) of the cotangent
complex associated to k[S] does not have elements of positive degree, then S can be
negatively smoothable and so dim Mil =29 — 2+ A(S). Additionally, Rim and Vitulli
classified all numerical semigroups that are negatively graded, (see [RV, Thm. 4.7]),

namely:

Theorem 12 (Negatively graded semigroups). A numerical semigroup S of genus g is

negatively graded if and only if:
1. §=S8,:={0,9+1,9g+2,...} the ordinary one, or
2. S 1s hyper-ordinary, i.e. mN + &y, or
3. if A= A(S) > 1, then
S=1{0,g,9+1,....29—A—1,2g — A\, 29— A+ 1,29 — A +2,...},
if \=1, then

S§={0,9,9+1,...,29g—2,29g—1,2¢9,29g+1,...}

or

S={0,9—-1,9,9+1,9g+2,...}.

Pflueger noticed that if S is a negatively graded semigroup, then his lower bound in

Theorem 6 is equal to the Deligne—Pinkham’s upper bound, see [P{1, Prop. 2.11].
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2 COMPUTATIONS

2.1 FAMILIES OF SYMMETRIC SEMIGROUPS

In this section we apply the techniques developed by in [C'S] and [S] (briefly described
in the preliminaries) to deal with families of symmetric semigroups. We note that if the
symmetric semigroup is generated by less than five elements, the dimension of the moduli
variety Mil is well known, as we noted in Introduction of this thesis or in equation (3.1)
in the beginning of Chapter 3. So, we must consider symmetric semigroups of multiplicity
bigger than 5, just because a symmetric semigroup of multiplicity m can be generated by
m — 1 elements. The main idea is to adapt the techniques developed in [C'S] and [S] to
deal with a projection of the (affine) canonical monomial curve over an (affine) ambient
space whose dimension does not depend on the genus g, but only on the multiplicity of the
semigroup. Thus, we are able to perform with a family of symmetric semigroups with a
given multiplicity. It is clear this approach is very related to the equivariant deformation
developed by Pinkham [Ii].
For each 7 > 1, let

S: = <6,7+67,84+67,9467,10+ 67 >
9

= O6NU| |(i+ 67+ 6N) L (17 + 127 + 6N).

=7

The nongaps of S are:

i+67, j=0,...7,i=1,23/4
6j+5, j=0,..27+1.

By counting the nongaps of § we obtain the genus of S ¢ = 6 + 67 and the largest
nongap is Iy = 127 +11 = 2g — 1, and so S is a symmetric semigroup.

Suppose that C is a complete integral projective Gorenstein curve of arithmetic genus
g and let P be a nonsingular point of C such that the Weierstrass semigroup of (C, P) is
S.

Since S is Weierstrass semigroup, we have that for each n € S there is a meromorphic
function z,, € H(C, (29 — 2)P) = H°(C, (10 + 127)P), whose pole order at P is exactly

n. We introduce the following notation:
T =X, Yi = Tirer (1=17,8,9,10) (2.1)

with normalizations

_ i i
Toi =T, Tjt6r+6i — L Yj-
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Provided that [, = 2, § is nonhyperelliptic, it follows that we can identify C with its

image under the canonical embedding
(Tt ot Ty, _,) : C =PI,

Thus, we can assume that C is a canonical curve in P! and P = (0 : ... : 0 : 1) the
Weierstrass point of C.
A P-Hermitian basis for the vector space H°(C, (29 — 2)P) consists of the following

functions

' (i=0,..,21+1)
z'y; (i=0,..,7, j=1,8,9,10).

Now we will study the quadratic relations of the canonical curve C C P9~ For this,
we consider a P-Hermitian basis of the vector space H%(C,2(2g — 2)P), which consist of

the 3g — 3 functions:

2 (i=0,..,47 + 3)

2'y; (i=0,..,37+2, j=7,8)
a'y; (i=0,..,37+1, j=9,10)
Ty (i =0, ..., 27).

Let X, Y7, Yg, Yy, Yo be indeterminates with respective weights 6,7+ 67,8 + 67,9 4 67

and 10 + 67. For each n € §, we define a monomial Z,, of weight n as follows
Zoi = X', Zjrgrrei = Y;X' and Zizy12r46 = Y7Y10X"

By considering the (¢—2)(g—3)/2 quadratic forms as in (1.11), and making implosion’,

we obtain nine quadratic forms

Fl(g) _ }/'72 _ XT+1YE3 ng) = Y:Yzs — X7+1Y'9 ng) = Y:Yy — XT+1Y10’
Gl =YZ = XYy FY =YYy — ViV Flg = Ys¥yp — X*73,
Gg%) _ Y;}Q _ x2r+3 Ggo) = YoV — X7—+2Y7 Gg%) _ Y120 _ XT+2}/8'

Writing the nine products Fi(o), GSQ) as linear combination of the basis elements of the
k-vector space H°(C,2(2g — 2)P). we obtain, in the indeterminates X, Y7, Yz, Yy, Y10, the
polynomials

12r+i

Foo= FY+ ) fiZiee (i =14,15,16,17,18)
5=0
127+i

Gi = G+ g1y (i = 16,18,19,20),

J=0

L by considering redundancies, for example X2 = X1, then the quadratic form Fl(g) =X — X2 =0.
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that vanish identically on the affine curve DN A®, where D is the image of C on the map

(1:x:y7:yg:y9:y10):C%IP’5

which defines an isomorphism of the canonical curve C onto a curve D C P? of degree
10 + 67.

Lemma 3. The ideal of the affine curve D N A® is equal to the ideal T generated by the
above forms F; and G;. In particular, if C is the canonical monomial curve Cs, then the

ideal of the affine monomial curve
D M A = [(£6, {767 (3+67 49467 410467 . 4 |1
1s generated by the initial forms Fi(o) and Ggo).

Proof. Suppose that f is a polynomial in variables X, Y7, Yg, Yy, Y19. Notice that, this
polynomial f modulo the ideal Z (generated by the nine quadratic forms Fj, G;) has mo-
nomials not divisible by the nine products Y;Y}, (¢, j) # (7, 10), i.e., fmod(Z) = > ¢, Z,,
where ¢, € k and the monomials Z,, have pairwise different weight with n € §. Thus,
such a linear combination Y ¢, 7, vanishes identically on the curve D N A® if and only if
the corresponding linear combination ) ¢,x,, of rational functions z,, € k(C) is equal to
zero, that is, ¢, = 0 for each n € S. n

We can write more appropriately the functions F;, G; in such a way that the constants

fij, 9ij are more easy to normalize:

Fiy =Y? — X™MYg Fis = Y7Ys — X™1Y, Fig =YYy — X711V
T+1 T+1 T+1
Z T+1—i 2 : TH1—i 2 : T+1—i
- f14,1+61'X Y? - f15,1+6iX Yé - f16,1+6iX YE)
=0 =0 i=0
2742 T4+1 T4+1
§ : 27+2—1 E T+1—1 E : T+1—1
- f14,2+6iX - f15,2+6iX Y? - f16,2+6iX )/8
=0 i=0 =0
T 2742 T+1
T—1 27+4+2—1 T4+1—1
- E Jra446:. X7 "Y1 - E J15,346iX - E f16,34+6iX Yz
i=0 1=0 =0
. T 2742
i Z r—i Z 2742
- E f14,5+6iX YZ) - f15,5+6iX Yle - f16,4+6iX
=0 1=0 =0

T T T
T—1 T—1 T—1
- E f14,6+61'X }/8 - E f15,6+6iX YE) - § f16,6+6iX }/10
=0 =0 =0



2. Computations

36

G16 — }/82 _ X'r-i-l}/lo
T+1

Z +1—3

- 916,1+6iXT 1Y9
i=0
T+1
Z +1—3

- 916,2+6iXT Y3

i=0
T+1

T+1—1
- E 916,3+6iX Y7
i=0

2742

2742—1i
- g 916,4+6iX
i=0

-
T—1
—E 916,6+6iX Yio

=0

G18 — Y;)Q _ X27—+3

—918,1Y7Y10

T+1

T+1—1
- E 918,2+6iX Yio
i=0

7':—1
T+1—1
- E 918,3—0—61'X Yy
i=0

T+1

T+1—1
—E 918,4+6iX Y3
i=0
T+1
T+1—1
—E 918,5+6iX Y7
i=0
2742

27 42—i
- E gl8,6+6iX
i=0

Fir =YsYy — Y7Y10
T4+1

+1—i
- E firi46i X7 Y10

=0
T+1

+1—i
—E fi7246: X7 'Y

=0
T+1

T+1—1
- E f17,3+6iX Yé
=0
T+1
§ T+1—1
- f17,4+6iX Y?
=0

2742

2742—1
- E f17,5+6iX
=0

Gr9 = YoYio — X72Y5
2743

2743—1
— E 919,146i X

i=0
—019,2Y7Y10

T+1

+1—i
—E 919,3+6iXT Yio
i=0

T7+1

T+1—1
- E 919,4+6iX Yy
i=0
7+1
T+1—1
—E 919,5+6iX Ys
i=0
T+1

T+1—1
- E 919,646 X Y7
i=0

Fig = YgYyp — X?7F3

_fl&l}/?}/lo

T7+1

+1—i
—E fis2+6: X Yo
i=0

T+1
T+1—1
_E f18,3+6iX Y;)
=0
T+1
T+1—1
_E f18,4+6iX Yé
=0
T4+1
E T+1—1
- f18,5+6iX }/7
=0

2742

274+2—1
- E f18,646iX

=0

G20 — }/'120 _ XT+2YE3
T+2

T+2—1
- E 920,1+6iX Y7
i=0

2743
27+3—i
- E 920,2+6iX
i=0

—920,33/75/10

T7+1

Z +1—i
- 920,4+6iXT Yio

i=0
T7+1

T+1—1
- E g20,5+6iX Yy
i=0

T+1

T+1—1
- E 920,6-+6i X Y.
i=0

In order to normalize some of the coefficients f;; and g;;, we note that we have just the
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freedom to transform:

r = T+ ag,
T+1

Yyr — yr+ Z Biieix™ T,

T+1
L
ys = YsFNyr+ > veset
i=0
T+1
L
Yo — Yo+ 11Ys+ 1oyr + Z Vs,
=0
T+1

Yo P Y10 + il + faYs + sy + Y flaeid
=0

T+1—1

where vy, vy, p1, Vo, lo, i3, ag € k with weight 1,2,3 and 6 respectively. Thus, by linear

changes of variables we may normalize

f18,1 = 0g18,1 = 9192 = §203 = 0, f15,6 = f16,2 = g16,1 = 0
and
f16,1+6i = f17,4+6i = f18,2+6i = 3§19,346i — 0, (Z =0,..,7+ 1)-

Stoehr construction ensures that the isomorphism class of the pointed Gorenstein curve

(C, P) determines uniquely the coefficients up to G,,,(k)—action
fig = njfz-j and g;; — njgij where n € G,, = k*

and we attached to the coefficients of f;; and g¢;; the weight j.
Now applying the syzygy lemma (1.4.1) to the ideal of Ds N A® we get seven quasi-

homogeneous binomials

YioFly = YaFlg +YiFyy =
ViR — G + iE® — 0,
YmG(O) Ystg) XT+1G2() —0,
YioFY — G0 + v = 0,
YiOFl(g) - XT+2G16 - YéGg%) =Y
YmGgO) XT+2F(0) YgFl(g) — 0,
}/loGgO) XT+2F }/90(2%) _
The seven syzygy of the monomial curve DsNA® give rise to seven syzygy of the curve

DN A% And thus we obtain the seven polynomial equations module A

YioFa — Ysbie + Yo b1 =
T+1

- Z X7 (firrei — froare) Fis + firareiFie — fio2+6:Ghol

- Z X f14 6+6i — f16.6+6i)F1s + f145+6iG19 + fra,4+6:G20),
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YioFi5 — YoGi6 + YsFir =

Z X" "[(g16,6+61 — J15.64+61) G1o — f15,5+6:G20]
i=0

T+1
E T+1—1

+ X [916,3+6iF16 - f17,3+6iG16 - (f17,2+6i - 916,2+6i)F17
=0

—(f15,146i + frr146i) Fis + g16.1+6:G1s),

Y10G16 — YaFis + X7 Ga = — Z X" " g16.64+6:Ga0+

=0
T74+1

Z XT+l_i[f18,5+6iF15 + fis4+6iG16 + fis3+16iF17 — G16,2+6iF1s — G16,1+6:G19],
i=0
YioFi7 — YsGig + Y7Goo =

T+1
T+1—1
+ E X [(919.6+6i — G20,646:) F15 — G20,5+6iF16 + g19,5+6iG16 + G19.416iF17
i=0
T+2
T+2—1
— fir3+6iF1s — fi7,.246:G19 — fir1+6:G20] — E X 920,1+6iF14,
i=0
T+2
42 — T+2—1
YioFig — X7Gh — YsGa = E X 920,1+6iF15
i=0
T+1
T+1—1
+§ X [920,6+6iGl6+920,5+6iF17_<f18,4+6i_920,4+6i)F18_f18,3+6iG19]a
i=0
T+1
+2 — T+1—1
Yi0Gig — X772 Fi6 — YoGhg = E X [919,6+6iF16 + g19,5+6iF17
i=0
+19,4+6:G18 — Gis.a+6il1s — G183+6iG19 — Gis216:G2);
T+2
2 _ T+2—1
Y10G19 — XT 2 Fi7 — YoGop = g X 920,1+6i L6
i=0
T+1

+ Z X7 [920,6+6iF17+920,5+6iG18 _919,5+6iF18 - <919,4+6i _920,4+6i) G19] .
i=0

In order to simplify these equations, we introduce the following polynomials in k[t]:

127414
gi =Y girl" = Gy(t7C, 4770 78707 479707 471076T) (4 = 16,18, 19, 20),
r=1

and write each one as sum of its partial polynomials
g = > gut" (j=1,..,6).
r=;mod 6

similarly for each f;. By using the normalizations of f;;, g;;, we may express each f;, g; in



2. Computations 39

terms of 41 partial polynomials. More precisely, we can write

f14—f14 +f14 +f(4)+f1i "’fuii
fis = +f1 1S+ R+ 1Y
frs —fm +f16 + fis + fi7
f17—f17 +f17 +f(3)+f1(i)

f18—f18 +f18 +f(5)+flg

(1) (2) 3) (4) (6)

916 = Y16 + Y916 T 916 T 916 T 916
g8 = 9\ + 98 + g1 + 9(5) + g1
g19 = 9§6) + 959) + 9§9) + 9(6)

g0 = g + 95 + 9% + g8 + 95

By computing the degrees of the partial polynomials we can counting the number of
coefficients that are still involved, thus we obtain 507 4 84 coefficients. With everything

done so far we get an explicit description of the compactified moduli space ./\/lzi1

Theorem 13. Let S be the semigroup generated by 6,7 + 67,8 + 67,9 + 67 and 10 + 67
where T is a positive integer. The isomorphism classes of the pointed complete integral
Gorenstein curves with Weierstrass semigroup S correspond bijectively to the orbits of the
G -action on the quasi-cone of the vectors of length 50T + 84 whose coordinates are the

coefficients fi;, gi; of the 41 partial polynomials that satisfy the seven equations:

5 4 2 1
fis — 916 — 920 = 90 g16 + 95 frr — (F12) — gl )fls D910 — 12920 + ) f1s,

6
918 — fi6 — g19 = 919)f16 + 919)f17 + 919)918 918 f18 - 9%8)919 - 9%8)9207

4
g19 — fir — g20 = 920 f17 + 920)918 - 919 f18 - (959) - géo))gm + 920 f167

916 — Jis + g20 = ffg)fls + ffé‘)gla + fl(g)fw - Q%)fls - 9%)919 - 9%2)920,
fuu— fio+ fir = flo g — (13 — f)fis — £ fio — (F13 — 16 fus
—ffi)glg - ffj)g2o7
fis — g16 + f17 = 9%)918 - (fl(;)) + ff;))fls + gg?é)fw - fl(:;)glfi f15 920
(f17 - 916 )f17 - (f15 916 )919,
Jir — 919+ g20 = 919)f17 + 919)916 - 920 f16 - (950) - 919 )f15

3
- 1(7)f18 - f17 g9 — f17 920 — 920 f14-

As consequence of the above theorem, we have that the moduli space /\/l ', admits an
embedding into a 507 + 84-dimensional weighted projective space.

Since the vector space T, 11[;]1« corresponds bijectively to the locus of the linearization
of the 41 equations of the linear system obtained by replacing the quadratic terms on the
right sides of the equations of the theorem (13) by zeros, when we solving this system
follows that the vector space Tli[’g]’k can be identified with the space whose entries are the
coefficients of the remaining partial polynomials. Thus, after some computations, we see

that the linearizations depend only on the 11 following partial polynomials
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1 2 4 5 5 6 6
f1(4)a 1(7)>f167916’f147gé0)7f1(4)7f1(8)7 1(4)7f15 and 9()

Counting its coefficients and discounting the three normalizations fi56

gi16, = 0, we obtain 117 4 15 coefficients. Thus

dim Tk[s} =117 + 15.

= f16,2

More precisely, we can obtain the dimension of the graded component of T, k[ S] of negative

weight —7 by counting the coefficients of a given weight 5

(

, it ©+>742,
if 1<i<7t+1,
if 1=0
it ©1>742,
if 1<i<7t+1,
if 1=0
if +>742,
if 1<i<7+1,
if 1=0

0
j=-1-6i dimT} =< 1
0
0
2
1
0
1
1
(0, if i>7+2,
1
2
0
1
2
0
1
3
2

j=-2-6i diml}=

j=—3—6i dimT'=

if 1=741,
if 1<i<7+1
it ¢>742,
if 1=741,
if 1<i<7+41
if 1>742,
it i=7+1,
it 1<i<r7
if i=0.

j=—4-6i dimT} =

j=-5-6i dimT}=

™\ 7~

j=—6-6i dimT} =

Thus, the compactified moduli space ./\/ls has been realized as a closed subspace of

the (117 4 14)-dimensional weighted projective space P(Tk[s])

Now we compute the quadratic quasi-cone and its dimension. Entering with our

solution of the system of 41 linear equations in the quadratic terms of degree at most

two(quadratic approximation) and eliminate the same partial polynomials that the linear

. . . . 1.— .
case, the quadratic quasi-cone Qg is a subvariety of T, ka] « Whose equations are

3
7T13+67‘(f14 9 )+ f14 9( ) 4+ f1(i) f17 + g%ﬁ)géo)) 0

7T7+6T(_f1(i)f15 f14 gg?(;) f1(4 f(Q))

To+or(— fl(i)fl(b f14 f18 f14 9(4)) 0
7710+67(f16 f17 +f1 (920 f15 ) — gé?))ffg))
7T11+67(f14 f14 gég) f15 (5) + f16 9(3)) 0,

(2.2)
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where gég) = gég) — 1(2), fl(g) = fl(g) — 1(2) and m; denotes the projection operator in ¢ that

annihilates the terms of degree not larger than i. We can observe that these equations
does not depend of the coefficients fi41, fi7,2, 916,3: 9204, f1s5 and fiaei, 0 = 2,...,7 + 1.

By considering the (7 4 1)-dimensional artinian algebra
A= Ekle] = @kej, where "1 = 0,
j=0
we can write the equations in (2.2) in terms of five polynomial equations between 7 + 1
elements of the A.
Theorem 14. The quadratic quasi-cone Q 1is isomorphic to the direct product
Q=M x N,

where M is the (T + 5)-dimensional weighted space of weights 1,2,3,4,5 and 6i,i =

2,...,7+ 1, and N is the quadratic quasi-cone consisting of vectors

T T
(wl, e ,ww) = E wljej, ceey E wl(),jﬁj y
Jj=0 Jj=0

satisfying the five equations

Wiw10 + waws + wawr — wawsg + wawe = 0,
—Wiwy — waws — wawy = 0,

—Wiwy — wswg — wewy = 0,

Waws + ws(wip — wy) — Wewy = 0,

Wiy — Wrwp — Wswy + wawy = 0,
in the artinian algebra A.

Proof. The five conditions (2.2) are equivalent to the five quadratic equations in the

Artinian algebra A when we define w;; of the following form
Wiy = f14,1+67—6j7w2j = f16,8+67—6j7w3j = f17,2+67—6j7w4j ‘= 016,3+67—65 5

Wsj = f14,4+67—6j7¢‘-)6j ‘= 020,4467—65, W75 ‘= f14,5+6‘r—6j> wsJg ‘= f18,5+67——6j7

Wyj = fl5,12+67—6j7w10,j -= §20,6+67—65-

Corollary 2. We have dim Qs = 87 4+ 12. Thus

dim M, < 87 +11.
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Proof. Since the dimension of M is 7 + 5, we only have to show that
dim N =77+ 7

Let U;(i = 1, ..., 10) be the open subset of N defined by the equation w;y # 0, and since A is
Artinian algebra we have that w; is a unit. Now suppose that the vector (wy, ...,wio) € Ui,
then from (14) we may eliminate ws,wg, and wyy from the first three quadratic equations
and the remaining two equations become trivial. Therefore, U; has dimension 7(7+ 1) in

AW+ Similarly we see that
dim(U;) =7(r+1) (1 =1, ...,10).

Thus, if 7 = 1, then N = Uy U---U Uy and dim N = 7(7 + 1). Now we assume that
7> 1 and (wy,...,w19) € N but does not belong to the union U; U- - - U Ujg, meaning that
wij = 0 whenever j = 0, and then the ten coefficients w;; with 7 = 7 do not enter into five

(14), and by induction we have
dim(N\(ThU---UUy)) =7(1 = 1) +10=Tr+3 < 7(r + 1),
and therefore dim N = 7(7 + 1). Thus, we conclude that
MG, <87 +11
[

On the other hand, computing the effective weight of S we have ewt(S) = 107 + 5,
and so by Theorem 6 we get

dim M5, > 3(6 +67) —2 — (5 + 107) = 87 + 11.

Corollary 3. Let S be a semigroup generated by 6,7+ 67,8 + 67,9+ 67 and 10 + 67 with
T >1, then
dim M | =87 + 11

2.2 COLLECTING KNOWN DIMENSIONS

As cited in Section 1.5 of this thesis, if a numerical semigroup S is negatively graded then
the dimension of M§,1 is equal to Deligne-Pinkham’s upper bound 2g — 2 + A\(S) which
is also equal to Pflueger’s bound 3g — 2 — ewt(S) in this case. Additionally, we know the
dimension of Mil for all numerical semigroups whose genus is not bigger than 6, it is
equal to Pflueger’s bound.

In the below table 1 we collect the bounds due to Deligne-Pinkham and Pflueger for
all numerical semigroups of genus g < 6. Clearly, we just consider the non-negatively

graded numerical semigroups. In table 1 D-P stands for the Deligne-Pinkham’s bound,
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Table 1 — negatively graded semigroups of genus < 6

gaps NP dimM3, D-P dimT"*
1.2.4,5 8 9 9 10 1
1,2,3 5,7 10 10 11 1
1,2,3,6, 7 9 9 10 1
1,2,4,5 710 11 11 B 1
1,2,4,5 8,11 10 10 11 1
1,2,3,56,0 12 2 3 1
1,2.3,5,6 10 11 11 2 1
1,238,579 11 11 13 2
1,2.3,5 7,11 10 10 11 1
1,2,3,6, 7,11 10 10 11 1
1,2,3,4,6,8 13 13 14 1
1,2,3,4,6,9 12 2 13 1
1,2,3,47,8 12 2 13 1
1,2.3,4,7.9 11 11 12 1
1,2,3,4,8,9 10 10 12 2

NP for Pflueger’s bound, and finally dim 7%* for the dimension of the positive graded
part of the first cohomology module of the cotangent complex associated to k[S], namely
dim 70 =377 dim TH(k[S])s.

We also collect in table 2 the bounds for the dimensions of Mf’l for families of symmetric
semigroups, including (6,7 + 67,8 + 67,9 + 67,10 + 67) with 7 > 1, the upper bound
obtained by Contiero and Stoehr in [('S, Cor. 4.5] and A. Fontes [C'I'] for the symmetric
semigroups (6,2 + 67,3 + 67,4 + 67,5 + 67) and (6,3 + 67,4 + 67,7 + 67,8 + 67) with

T > 1, respectively.

Table 2 — dim M§,1 for three families of semigroups

semigroup NP CFV-CS D-P dimT"*"
(6,3 +671,4+67,7+67,8+67) 8r+7 8 +7 1274+5 47 -2
(6,74 67,84 67,9467,10+67) 87+ 11 8r+11 127+ 11 At
(6,2+671,3+67,4+67,5+67) 8 +5 8r+5 127r+1 4r—4

By comparing the bounds which appears in table 1 and table 2, and using the theorem

due Rim and Vitulli on negatively graded semigroups, we can conclude the following.

Corollary 4. For § each numerical semigroup of genus g < 6, or any negatively graded
numerical semigroup S, or one of the following symmetric semigroups (6, 7+67,8+67,9+
67,10 4+ 67), (6,3 4+ 67,4+ 67,7 + 67,8 + 67) or (6,2 + 67,3 + 67,4 4 67,5+ 67), we get

39 — 2 —ewt(S) = dimMS, =2g — 2+ A\(S) — dim T (k[S]).

Due to above computations and results it is just natural to ask:
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What is the role that T"" (k[S]) plays on the dimension of M3, ?
The following question is a conjecture proposed by A. Contiero.

Question 2.2.1. For which numerical semigroups S it is true that
dim M3, <29 — 24 X(S) — dim T " (k[S]) ?

In the next chapter we provide some contributions involving the above Question.
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3 A NEW LOWER BOUND

To address Question 2.2.1, we start this chapter recalling how to compute the dimension of
the homogeneous part of degree £ of the cotangent complex T (k[S]) using the description
of the cotangent complex given by Buchweitz in [B].

Let § := (ay,...,a,) be a numerical semigroup of genus g > 1. By a theorem due to

Herzog the ideal of the affine monomial curve associated do S
Cs :={(t",...;t"); t ek} C A"

can be generated by isobaric polynomials F' which are differences of two monomials
Fy= X X0 — X)X P

with «; - B; = 0. As usual, the weight of F; is d; := Zj ajoy; = Zj a;f;;. For each i let

v; = (y1 — Bity - -, — Bir) be a vector in k".
Theorem 15 (cf. Thm. 2.2.1 of [B]). For each ¢ ¢ End(S),
dim T (k[S),=#{ic{l,...,r};a;, +£ ¢ S} —dimV, — 1

where Vy is the subvector space of K" generated by the vectors v; such that d; + ¢ ¢ S. It
also true that
dim 7" (k[S])s = 0, Vs € End(S).

In a recent preprint | , section 5] by A. Contiero, A.Fontes, J. Stevens and myself,

we proved the following result concerning to the Question 2.2.1.

Theorem 16. If /\/l‘gg’1 1s nonempty, then for any irreducible component X of /\/l‘;1 we
have

29 — 2 + A(S) — dim T"*(k[S]) < dim X

Proof. Let Y be the formal versal deformation space of the local ring at the singular point
of the monomial curve Cs. Adding dim T+ linear equations, in order that each component

E intersect the subspace of ) of negative weight, the dimension of the intersection is at
least dim F — dim T (k[S]). So 29 — 2+ A(S) — dim T** is a lower bound for dim X, if
nonempty. O

The next result shows that the above lower bound is not bigger than of Pflueger’s
bound.

Proposition 4. For any numerical semigroup S of genus g > 1,

39 — 2 —ewt(S) <29 — 2+ A\(S) — dim THF(S).
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Proof. For each ¢ € Z, set Ay == {i € {1,...,r};i+{ ¢ S}. Using Theorem 15, we
obtain
dim TVH(K[S]) = D (#A, — dimy Vy) — g+ A(S).
(¢End(S)

Hence, we just have to prove that ewt(S) — Ze¢End(5) fA, > 0. We proceed by induction
on the genus g of S. The statement is trivial for g = 1. If § is a numerical semigroup of
genus g > 1, whose biggest gap is £,, then consider the numerical semigroup S’ := SU{/(,},
whose genus is ¢ — 1 > 1. It is clear that {¢ ¢ End(S)} = {¢ ¢ End(S")} [[{¢| ¢+ a; =

lyand {+a; € S,V j#i}. Now the result follows easily. O
Now, by virtue | , Lemma 5.4] we get an improvement of a lower bound given by
Pflueger in [Pf1] as follows

Corollary 5. If /\/lj1 1s nonempty, then
39 — 2 —ewt(S) <29 — 2+ A\(S) — TH(k[S]) < dim X.
where X is any one of its irreducible component.

The above bound given in Theorem 16 is an effective improvement of Pflueger’s bound,
for the example for symmetric semigroup S :=< 6,7,8 > Pflueger’s bound gives 14 while
lower bound in Theorem 16 gives 15. This example can be considered in a more general
case via classical works as follows.

Recall that the unbranched monomial curve Speck[S] is Gorenstein if and only if the
semigroup S is symmetric. In this case, a compactification of Mi ; when § is nontrigonal
was done by Stoehr in [S] and also by Contiero and Stoehr in [('S], and generalized
by Contiero and Fontes [C'F] for all symmetric semigroups including the trigonal one.
Hence, the moduli space Mil is an open subspace of ./\/l—‘;l. If the symmetric semigroup
S is generated by 4 elements, say S, then by using Pinkham’s equivariant deformation
theory [P1], complete intersection theory and a quasi-homogeneous version of Buchsbaum-
Eisenbud’s structure theorem for Gorenstein ideals of codimension 3 (see [BE, p.466]),
one can deduce that the affine monomial curve Speck[S] can be negatively smoothed
without any obstructions (see [B], [W1] [W2, Satz 7.1]), hence dim M3, = dim ]P’(Tlif;”k),
and therefore

MG =P(Tiisp) (3.1)

and so /\/lg1 is a dense open subvariety of M.

3.1 ON THE GORENSTEIN CASE

In [S] K-O Stoehr showed that if the multiplicity m of the numerical symmetric semigroup

S satisfies 3 < m < g, then the moduli space Mﬁl admits a compactification, by allowing
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Gorenstein singular curves at its bordering, which can be realized as a closed subset
of P(T"(k[S])), see [S, Thm. ? and Appendix|. Later on, Contiero-Stoehr [('S] and
Contiero-Fontes [('I'] extended the techniques in [S] in order that the construction of a
compactification of ./\/lg 1 is completely implementable and include all nonhyperelliptic
symmetric semigroups, i.e.. 2 ¢ §. We already notice that S is symmetric if and only if

the affine monomial curve associated to Cgs is Gorenstein. The conclusion is that:

Theorem 17 (Contiero-Fontes—Stoehr). Let S be a symmetric nonhyperelliptic numerical
semigroup. There is a locally closed embedding M3 | — P(T"~(k[S])).

Hence, in order to get an upper bound for ./\/li1 we may try to compute a tight upper
bound for the dimension of the negatively graded part T~ (k[S]) of the cotangent complex
associated to S.

In this last section we will give a conditional proof that the dimension of Mf’l is
exactly the lower bound in Theorem 16 in the Gorenstein nonhyperelliptic case. We
strongly believe that our approach can be successful. Additionally, we do not know any
counter-example.

Let C be a complete reduced Gorenstein curve defined over k and ¢ € C its only
singular point. Let w : C < P71 be the closed immersion induced by the dualizing sheaf.
By the fundamental exact sequence for the T's, see [L.S], we have the following exact

sequence:

0= Te— Toe = N = T =0, (3.2)

where Te = Hom,. (€2, Oc) is the tangent sheaf of C, Tpo-1j¢c = Home, (W Qpo-1/x, Oc) the
restriction to C of the tangent sheaf of P~ induced by C — P9~', N' = Hom,,,(Z/1?, O¢)
the normal sheaf and T' = Ext',, (Qc, O¢) = coker(Tps-1c — N) the cotangent complex
sheaf associated to C.

Taking Euler characteristic, we get

X(TY) = x(Te) + XN) = x(Tpo-11c) (3.3)

The differential sheaf Qo of C' may not be torsion-free, but the tangent sheaf 7T¢ is
a coherent fractional ideal sheaf, hence the Riemann-Roch theorem for singular curves
assure, that

X(Tc) = deg(Tc) + 1 —g.

where ¢ is the arithmetical genus of C. Let C' be the nonsingular model of C' and g its
geometrical genus. Since P is the only singular point of C' we get g = g—4. The differential
sheaf Qé’\k of the nonsingular model is locally free of rank 1 and has degree 2g — 2. Thus
Tz is locally free of rank 1 of degree 2—2g and deg(7¢) = deg(7z) —p+6 = 2—29—p+39.
Hence

X(Te) =3 =39 —p+30 (3.4)
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where ¢ and p are as in Deligne’s Formula.

We recall that for any torsion free sheaf F of rank r over a reduced curve, we have
X(F) = rank(F)(1 — g) + deg(F). By definition, N' = Homy,,(Z/Z?,Oc) is torsion free
of rank g — 2 and Tps-1|, = Home, (Qps-1)., Oc)) is locally free rank g — 1, hence

XWN) — X(77P’9*1|C) =g—1+degVNV) — deg(ﬁw*llc) (3.5)

We note that if a curve C is locally complete intersection in P, then deg(N) —deg(Tpn|,) =
2g — 2, just because A" N ® AN"Qpn,, is isomorphic to the dualizing sheaf we, cf. | ,
Thm. 7.11]. Hence x(7') = 3§ — u. Recall that every locally complete intersection
curve is Gorenstein. This fact and the philosophy on Remark 11 lead us to formulate the

following question.

Question 3.1.1. Is it true that if C is a (monomial) canonical Gorenstein curve, then
deg(N) — deg(Tpn|,) <29 —27

Conditional Result. Let S be a symmetric nonhyperelliptic numerical semigroup of
genus g > 1. Assume that the answer to the above question is YES for the canonical

monomial curve C := Cs C P9~1, then
dim M3, =29 — 2 — A(S) — dim T"* (k[N])
if /\/l;1 s nonempty.

Proof. By hypothesis deg(N') — deg(Tpr|,) < 2g — 2, hence from equations (3.4) and (3.5)
we conclude that

dim H(C, T') <35 — pu+ dim H'(C, 7).
In his Ph.D. thesis, Schlessinger [\s1, pg. 66], proved that dim H'(C,7"') = 0. Using the
facts that the cotangent complex is supported in the unique singular point of C and that

the global sections of the cotangent complex is a graded module, so we can split it into

the positively and negatively graded parts, we conclude that
dim T~ (k[S])) < 35 — p — dim T (k[S]).

Now the results follows by noting that dim P(T"~(k[S]))) < 30 —pu—1—dim T**(k[S]) =
29 — 2 — A\(k[S]) — dim T*"(k[S]) and using the lower bound in Theorem 16. O

As a final observation, we note that is easy to compute deg(7ps-1)c) as follows. Since C
is a canonical Gorenstein curve, it is a projective curve of genus g and has degree 2g — 2.
The cotangent sheaf of P9~1 is isomorphic to Ops-1((—g)H) where H is a hyperplane

section. So we get

deg Qpo-1), = deg(Opo-1(—g H) ® O¢) = —g degC.
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So we conclude that deg Tpo-1), = g(2g — 2).

Hence, it only remains to compute de degree of the normal sheaf NV. In general this is
a not a simple question. There are a few works in the literature devoted to this subject
on non-locally complete intersection cases. Even in smooth case (that is l.c.i.) there
are deep conjectures involving the normal bundle, see for example a conjecture due to

Aprodu, Farkas and Ortega in | | and some results in | ]
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A THE FIRST COTANGENT COMPLEX
MODULE

A.1 EXTENSIONS

Let A — R be a ring homomorphism. An A-extension of R (or of R by I) is an exact
sequence:

(R,¢):0-T1—R3R—=0
where R’ is an A-algebra and ¢ is a homomorphism of A-algebras whose kernel [ is an
ideal of R’ satisfying I? = (0). This condition implies that I has a structure of R-module.
(R, ¢) is also called an extension of A-algebras.

If (R',¢) and (R",1) are A-extensions of R by I, an A-homomorphism & : R" — R" is

called an isomorphism of extensions if the following diagram commutes:

0 1 R R 0.

| 4 |

0 1 R R 0

Such a ¢ is necessarily an isomorphism of A-algebras. More generally, given A-extensions
(R, ¢) and (R”,9) of R, not necessarily having the same kernel, a homomorphism of

A-algebras r : ' — R’ such that ¢r = ¢ is called a homomorphism of extensions.

Lemma 4. Let (R, ¢) be an extension as above. Given an A-algebra B and two A-
homomorphisms fi, fo : B — R’ such that ¢ fi = ¢ fs the induced map fo — fr : B — I is
an A-derivation. In particular, given two homomorphisms of extensions r1,r9 : (R, ¢) —
(R",4) the induced map ro — 11 : R — ker(¢) is an A-derivation.

The A-extension (R',¢) is called trivial if it has a section, that is, if there exists a
homomorphism of A-algebras o : R — R’ such that ¢o = 1z. We also say that (R, ¢)
splits, and we call o a splitting. Given an R-module I, a trivial A-extension of R by [
can be constructed whose underlying A-module is R®I and by considering the A-algebra
R & I with multiplication defined by:

(ryi)(s,j) = (rs,rj + si).

The first projection
p: R®I - R

defines an A-extension of R by I which is trivial: a section ¢ is given by ¢(r) = (r,0).
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We can identified the section of p with the A-derivations d : R — I. Indeed, if we have
a section o : R — R®I with o(r) = (r,d(r)) then for all r,7’" € R:

a(rr’)y = (rr',d(rr")) = o(r)o(r’) = (r,d(r)) (', d(r")) = (rr', rd(r") + r'd(r))
and if a € A then:
o(ar) = (ar,d(ar)) = ao(r) = a(r,d(r)) = (ar, ad(r))

hence d : R — [ is an A-derivation. Conversely every A-derivation d : R — I defines a
section o4 : R — R®I by o4(r) = (r,d(r)).
Every trivial A-extension (R, ¢) of R by I is isomorphic to (R®I, p).

Example 8.

1. Every A-extension of A is trivial because by definition it has a section. Therefore
it is of the form A®V for a A-module V. In particular, if ¢ is an indeterminate
the A-extension A[t]/(t?) of A is trivial, and is denoted Ale] (where ¢ = t mod(¢?)

satisfies €2 = 0). The corresponding exact sequence is:
0— () > Alel = A—0
Ale] is called the algebra of dual numbers over A.

2. Assume that K is a field. If R is a local K-algebra with residue field K a K-extension
of R by K is called a small extension of R. Let

(R,f): 0t =R LR—0

be a small K-extension; in other words ¢ € mp is annihilated by mpg so that (t)
is a K-vector space of dimension one. (R, f) is trivial if and only if the surjective
linear map induced by f:

y:% mpg

fi:

is not bijective. Indeed for the trivial K-extension

my o mi

0— (t) = RB(t) = R—0

we have t € mRéé(t)/m?z@(t)’ hence the map f; is not injective because fi(t) = 0.
Conversely, if f is not injective then fi(f) = 0; choose a vector subspace U C
mp /Mm% such that mp /m% = U®(t) and let V C R’ be the subring generated by
U. Then V is a subring mapped isomorphically onto R by f. The inverse of f|V is

a section of f, therefore (R, f) is trivial.

For example, it follows from this criterion that the extension of K-algebras

() Kl Kl
(thrl) (tn+1> (tn)
Notation 2. Given an A-algebra R and an A-module I, we denote by Ex4(R;I) the
space of isomorphism classes of A-extensions of R by I, and by [R/, ¢] the class of (R, ¢).

0— — 0.




Apéndice A. The First Cotangent Complex Module 52

A.2 MODULE STRUCTURE ON Exu(R,I)

Let A — R be a ring homomorphism. In this subsection we will see how to give an
R-module structure to Exa(R, )
Let (R, ) be an A-extension of R by I and f : S — R a homomorphism of A-algebras.

The module structure on Ex4 (R, I) is based on two operations:

(pullback) Given
05TI5R%SR—0
and f : S — R an A-algebra homomorphism, the pullback of (R',¢) by f is the
A-extension f*(R', ) :
f(R,0): 01— R xgS—S—0 €Exa(S,1)

where R’ x S denotes the fibered product defined in the usual way.

(pushout) Given (R',¢) and A : I — J an R-module homomorphism, the pushout of (R', ¢)
by A is the A-extension \.(R/,¢) :

A(R,¢): 01— RJ[J—R—0 €Ex(R,J)
I

where -
, o Ra&J
& HJ o (—a(i): Nq))|jiel

I

Definition 7. Given [R', ¢| and [R" 1] € Exa(R; 1), we have the following diagram:

which defines an A-extension
(R xpR',€):0=IT®I R xpR' % R—0.
Let 6 : I & 1 — I be defined by (i,7) — i + j. Then the addition is
[R'¢] + [R",¢] == [6.(R xr R, §)].

On the other hand, for [R', 9| € Exa(R,I),r € R, letr : [ — I be the multiplication by
r. Definer-[R', @] .= [r.(R',¢)|. The identity element in Exa(R, I) is the trivial extension
(RS, p).

Definition 8. Ex4 (R, I) is an R-module with the pullback and pushout operations defined

above.

Remark 12. If f: R — S is a homomorphism of A-algebras and [ is an S-module, then

by the operation of pullback we get a homomorphism of S-modules

fx:Exa(S, 1) — Exa(R,I).
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We have the following useful result:

Proposition 5. Let A be a ring, f : S — R a homomorphism of A-algebras and let I be

an R-module. Then there is an exact sequence of R-modules:

0 — Derg(R,I) — Ders(R,I) — Dery(S,I) ®s R =
— Exg(R, 1) % Exa(R. 1) L5 Exu(S,1) ®s R

Proof. See [Fs] page 13. O

Definition 9. The R-module Exa(R, R) is called the first cotangent module of R over A

and it is denoted by T}%/A. If A =Xk we will write T} instead of T}%/k.

Proposition 6. Let A — B be an essentially of finite type ring homomorphism and let
B = P/J where P is a smooth A-algebra. Then for every B-module N we have an exact
sequence:

Dery (P, N) — Homp(J/J? N) — Ex,(B,N) — 0. (A1)

If A — B is a smooth homomorphism then Exa (B, N) = 0 for every B-module N .
Proof. See [Fs] page 14. O
The following result is a direct consequence of the exact sequence (A.1).

Corollary 6. Suppose A — B is an essentially finite type ring homomorphism and N
is a finitely generated B-module then Exa(B,N) is a finitely generated B-module. In
particular, if B = P/J for a smooth A-algebra P and an ideal J C P, T};/A is a finitely

generated B-module and we have an exact sequence:

0— HOIHB(QB/A, N) — HOHIB(QP/A Xp B, N) — HOIIIB(I/I2,N> — TI(B/A, N) — 0.
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