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Ficha catalográfica elaborada pelo bibliotecária Belkiz Inez Rezende 
Costa - CRB 6ª Reg. nº 1510  

Assis, Érika Helena. 
 

A848t      Torre de automorfismos e grupos completos /  Érika   
           Helena Assis  — Belo Horizonte, 2018. 
                63 f. il.; 29 cm. 
 
                Dissertação (mestrado) - Universidade Federal de  
           Minas Gerais – Departamento de Matemática. 
 
                 Orientadora: Ana Cristina Vieira. 
                  
                 1. Matemática - Teses. 2. Automorfismo- Teses. 
            3. Teoria dos grupos - Teses. 4. Grupos finitos. I.  
            Orientadora. II. Título. 
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❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡✈❡❧♦♣ t❤❡ ❢❛♠♦✉s ❲✐❡❧❛♥❞t✬s t❤❡♦r❡♠✱ ♣r♦✈❡❞ ✐♥ ✶✾✸✾✳ ❚❤✐s

❝❧❛ss✐❝❛❧ r❡s✉❧t s❛②s t❤❛t t❤❡ ❛✉t♦♠♦r♣❤✐s♠ t♦✇❡r ♦❢ ❛ ✜♥✐t❡ ❝❡♥tr❡❧❡ss ❣r♦✉♣ G st❛❜✐❧✐③❡s ❛❢t❡r

✜♥✐t❡❧② ♠❛♥② st❡♣s✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ st✉❞② r❡s✉❧ts ❛❜♦✉t t❤❡ ❝♦♠♣❧❡t❡ ❣r♦✉♣s✳

❑❡②✇♦r❞s✿ ❛✉t♦♠♦r♣❤✐s♠ t♦✇❡r✱ ❝♦♠♣❧❡t❡ ❣r♦✉♣s✳

✸



❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❞❡♠♦♥str❛r❡♠♦s ♦ ❝é❧❡❜r❡ ❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t✱ ❞❡ ✶✾✸✾✳ ❊st❡ ❢❛♠♦s♦

r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ q✉❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝♦♠ ♦ ❝❡♥tr♦ tr✐✈✐❛❧ ❡st❛❜✐✲

❧✐③❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳ ❆❧é♠ ❞✐ss♦✱ ❡st✉❞❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳

P❛❧❛✈r❛s ❝❤❛✈❡s✿ ❚♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s✱ ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❛ ❉❡✉s ♣♦r ♠❡ s✉♣r✐r ❡♠ t♦❞❛s ❛s ♠✐♥❤❛s ♥❡❝❡ss✐❞❛❞❡s✱ ♠❡ ❛♠✲

♣❛r❛r ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❡ ♠❡ ♣♦ss✐❜✐❧✐t❛r ❛♣r❡♥❞❡r ❧✐çõ❡s ♠❛✐♦r❡s q✉❡ ❛s ❛❝❛❞ê♠✐❝❛s✳

➚ ♠✐♥❤❛ ♠ã❡✱ ▼❛r✐❛ ❘❛✐♠✉♥❞❛✱ ❡ ♠✐♥❤❛ t✐❛✱ ❘♦s❛ ▼❛r✐❛✱ ♣♦r ❛❝r❡❞✐t❛r❡♠ ♥♦s ♠❡✉s s♦♥❤♦s✱

♣♦r s✉❛s ♦r❛çõ❡s r❡♣❧❡t❛s ❞❡ ❢é ❡ ♣♦r s❡r❡♠ ❡①❡♠♣❧♦s ❞❡ ❢♦rç❛ ❡ ♣❡rs❡✈❡r❛♥ç❛ ♥❛s ❞✐✜❝✉❧❞❛❞❡s✳

❆♦ ❲❛❣♥❡r ♣❡❧♦ ❛♠♣❛r♦ ♣❡r♠❛♥❡♥t❡ ❡ ♣♦r s❡r ❛❜r✐❣♦ ♥♦s ❞✐❛s ♠❛✐s ❞✐❢í❝❡✐s✳

❆♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s ❡ ❛♠✐❣♦s ♣❡❧♦ ❝❛r✐♥❤♦ ❞❡ s❡♠♣r❡✳

❆ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛✱ ❆♥❛ ❈r✐st✐♥❛✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ❡ ✐♥t❡♥s♦ ❛♣♦✐♦✳ ❆❧é♠ ❞✐ss♦✱ s♦✉ ❣r❛t❛

♣❡❧♦ ❝❛r✐♥❤♦✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ t♦❧❡râ♥❝✐❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ às ❞ú✈✐❞❛s ♠❛✐s s✐♠♣❧❡s q✉❡ ♠❡ s✉r✲

❣✐r❛♠ ♥♦ ár❞✉♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥❝❧✉sã♦ ❞❡ss❛ ❞✐ss❡rt❛çã♦✳

❆♦s ❛♠✐❣♦s q✉❡ ❝♦♥q✉✐st❡✐ ❞✉r❛♥t❡ ❛ ♠✐♥❤❛ ❣r❛❞✉❛çã♦✱ ❡s♣❡❝✐❛❧✐③❛çã♦ ❡ ♥♦ ♠❡str❛❞♦✳ ❚♦❞♦s

❝♦♥tr✐❜✉ír❛♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♣❛r❛ r❡❛❧✐③❛çã♦ ❞❡st❡ s♦♥❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳
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■♥tr♦❞✉çã♦

❉❛❞♦ ✉♠ ❣r✉♣♦ G✱ ❞❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s s❡✉s ❛✉t♦♠♦r✜s♠♦s ♣♦r Aut(G)✱ q✉❡

s❛❜❡♠♦s q✉❡ é ✉♠ ❣r✉♣♦ s♦❜ ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s✳ ◗✉❛♥❞♦ G é ✉♠ ❣r✉♣♦ ❞❡

❝❡♥tr♦ tr✐✈✐❛❧ t❡♠♦s q✉❡ G ❡stá ✐♠❡rs♦ ❡♠ s❡✉ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❡ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡

♦ ❝❡♥tr♦ ❞❡ Aut(G) t❛♠❜é♠ é tr✐✈✐❛❧✳

❖❜s❡r✈❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ t❡♠♦s ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ ❣r✉♣♦s✱

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ G✳ ❯♠❛ ♣❡r❣✉♥t❛ ♣♦❞❡ s❡r ❢❡✐t❛✿ P♦❞❡♠♦s

❛✜r♠❛r q✉❡ ❡st❛ ❝❛❞❡✐❛ s❡ ❡st❛❜✐❧✐③❛❄ ❊♠ ✶✾✸✾✱ ❲✐❡❧❛♥❞t ✭✶✾✶✵ ✲ ✷✵✵✶✮ ❣❛r❛♥t✐✉ q✉❡ s✐♠✱ ♣❛r❛

❣r✉♣♦s ✜♥✐t♦s✱ ❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✵✳✵✳✶✳ ❆ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧ ❡st❛❜✐❧✐③❛

❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳

❘❡ss❛❧t❛♠♦s q✉❡ ❡①✐st❡♠ ❡①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ✐♥✜♥✐t♦s✱ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✱ ❝✉❥❛ t♦rr❡ ❞❡

❛✉t♦♠♦r✜s♠♦s ♥ã♦ ❡st❛❜✐❧✐③❛✳

❆♣ós ❞❡✜♥✐r s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ❛ t♦rr❡ s❡ ❡st❛❜✐❧✐③❛✱ ❛ ♣ró①✐♠❛ q✉❡stã♦ ❛ s❡r r❡s♣♦♥❞✐❞❛ é

❝♦♠♦ ❡❧❛ s❡ ❡st❛❜✐❧✐③❛✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❛♥❛❧✐s❛♥❞♦ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦✱

t❡♠♦s q✉❡ ❡❧❛ s❡ ❡st❛❜✐❧✐③❛ q✉❛♥❞♦ ❛ ❝❛❞❡✐❛ ❛t✐♥❣❡ ✉♠ ❣r✉♣♦ ❡s♣❡❝✐❛❧✱ ❝❤❛♠❛❞♦ ❣r✉♣♦ ❝♦♠♣❧❡t♦✱

q✉❡ é ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧ ♦♥❞❡ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ é ✐♥t❡r♥♦✳

P♦rt❛♥t♦✱ ♦ ♦❜❥❡t✐✈♦ ❞❡ss❡ tr❛❜❛❧❤♦ é ❝♦♥❤❡❝❡r ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❝♦♠

❝❡♥tr♦ tr✐✈✐❛❧ ❡ ❞❡♠♦♥str❛r ♦ ❝❧áss✐❝♦ ❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t✳ ❆❧é♠ ❞✐ss♦✱ ❡♥t❡♥❞❡♠♦s q✉❡ ♦

❡st✉❞♦ ❞♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s s❡ ❢❛③ ♥❡❝❡ssár✐♦✳

▼❛✐s ❞❡t❛❧❤❛❞❛♠❡♥t❡✱ ❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✶✱

✈❛♠♦s ❞❡✜♥✐r ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❡ ❡st✉❞❛r ♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳ ❏á ♥♦

❈❛♣ít✉❧♦ ✷✱ ❛❜♦r❞❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❡ ♦s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ❞❡

❲✐❡❧❛♥❞t✳ ◆♦ ❈❛♣ít✉❧♦ ✸✱ ✈❛♠♦s ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❛ ♥♦ss❛ ❞✐ss❡rt❛çã♦✳ ❆❧é♠

❞✐ss♦✱ ❡①♣❧♦r❛r❡♠♦s ♦ ❣r✉♣♦ ❞✐❡❞r❛❧ ✐♥✜♥✐t♦✱ D∞✱ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❣r✉♣♦ ✐♥✜♥✐t♦ ❝♦♠ ❝❡♥tr♦

tr✐✈✐❛❧ ❝✉❥❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ♥ã♦ s❡ ❡st❛❜✐❧✐③❛✳

✻



❈❛♣ít✉❧♦ ✶

❚♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♠❡ç❛r❡♠♦s ❝♦♠ ♦ ❡st✉❞♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ ✉♠

❣r✉♣♦ ❡ ❡st✉❞❛r❡♠♦s ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❝♦♥❤❡❝✐❞♦s✳ ❊♠ s❡❣✉✐❞❛✱ ✈❛♠♦s

❞❡s❝r❡✈❡r ❡ ❞❡✜♥✐r ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳

◆♦ss❛ ú❧t✐♠❛ s❡çã♦ é ❞❡❞✐❝❛❞❛ ❛♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ❞❛ ❚❡♦r✐❛ ❞❡ ●r✉♣♦s✱ ♦s

q✉❛✐s sã♦ ♣ré✲r❡q✉✐s✐t♦s ♣❛r❛ ❞✐s❝✉t✐r ♦s r❡s✉❧t❛❞♦s ♣♦st❡r✐♦r❡s ❞♦ tr❛❜❛❧❤♦✳

❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❬✶✵❪✳

✶✳✶ ❆✉t♦♠♦r✜s♠♦s

❉❛❞♦ ✉♠ ❣r✉♣♦ G✱ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t✐✈♦✱ ♦✉ s❡❥❛✱ ✉♠ ✐s♦♠♦r✜s♠♦ ϕ : G −→ G✱ é ❞✐t♦

✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ G✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ G é ❞❡♥♦t❛❞♦ ♣♦r Aut(G)✳

❙❡ ϕ ∈ Aut(G) ❡ H✱ K s✉❜❣r✉♣♦s ❞❡ G ♦♥❞❡ K ⊂ H✱ t❡♠♦s

ϕ(H) ∼= H ❡ |ϕ(H) : ϕ(K)| = |H : K|.

❙❡ ❛✐♥❞❛ K ⊳ H s❡❣✉❡ q✉❡

ϕ(K) ⊳ ϕ(H) ❡ H/K ∼= ϕ(H)/ϕ(K).

❯♠ ❛✉t♦♠♦r✜s♠♦ ♣r❡s❡r✈❛ ♣r♦♣r✐❡❞❛❞❡s t❡ór✐❝❛s ❞❡ ❣r✉♣♦s✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ Aut(G) é ✉♠ ❣r✉♣♦

s♦❜ ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s✳

◆♦ss♦ ♦❜❥❡t♦ ❞❡ tr❛❜❛❧❤♦ sã♦ ♦s ❣r✉♣♦s ❞❡ ❛✉t♦♠♦r✜s♠♦s✳ P♦r ✐ss♦✱ ♥❡st❛ ♣r✐♠❡✐r❛ s❡çã♦

❡st✉❞❛r❡♠♦s ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ❛❧❣✉♥s ❣r✉♣♦s ❝♦♥❤❡❝✐❞♦s✳

❉❡♥♦t❛r❡♠♦s ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❞❡ ❣r❛✉ n ♣♦r Sn ❡ s❛❜❡♠♦s q✉❡ ❡st❡ ❣r✉♣♦ é ♥ã♦ ❛❜❡❧✐❛♥♦✱

♣❛r❛ n ≥ 3✳ ❈♦♠❡ç❛r❡♠♦s ❡st✉❞❛♥❞♦ ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ S3✳

✼



✶✳✶✳ ❆❯❚❖▼❖❘❋■❙▼❖❙ ✽

❊①❡♠♣❧♦ ✶✳✶✳✶✳ ❖ ❣r✉♣♦ s✐♠étr✐❝♦ S3 é ❞❛❞♦ ♣♦r

〈x, y|x2 = y3 = 1, xy = y−1x〉.

❙❡✉s ❛✉t♦♠♦r✜s♠♦s sã♦✿

ϕ1 : x 7−→ x ϕ2 : x 7−→ x ϕ3 : x 7−→ xy−1

y 7−→ y y 7−→ y−1 y 7−→ y

ϕ4 : x 7−→ xy ϕ5 : x 7−→ xy ϕ6 : x 7−→ xy−1

y 7−→ y−1 y 7−→ y y 7−→ y−1

❚❡♠♦s |Aut(S3)| = 6 ❡ ♥♦t❛♠♦s q✉❡ ϕ2ϕ5 = ϕ6 ❡ ϕ5ϕ2 = ϕ4✱ ❡♥tã♦ Aut(S3) ♥ã♦ é ❛❜❡❧✐❛♥♦✳

P♦rt❛♥t♦✱ Aut(S3) ∼= S3✳

❱❛♠♦s ❞❡♠♦♥str❛r✱ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ q✉❡ Aut(Sn) ∼= Sn✱ ♣❛r❛ n ≥ 3 ❡ n 6= 6✳ ❖ ♣ró①✐♠♦

❣r✉♣♦ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❊①❡♠♣❧♦ ✶✳✶✳✷✳ ❖ ❣r✉♣♦ ❞❡ ❑❧❡✐♥✱ ❞❡♥♦t❛❞♦ ♣♦r K✱ é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❞❡ ♦r❞❡♠ ✹ ♦♥❞❡

t♦❞♦ ❡❧❡♠❡♥t♦ ♥ã♦ tr✐✈✐❛❧ t❡♠ ♦r❞❡♠ ✷✳ ❉❡♥♦t❛♥❞♦ K = {1, a, b, ab}✱ ♦s s❡✉s ❛✉t♦♠♦r✜s♠♦ sã♦✿

γ1 : a 7−→ a γ2 : a 7−→ b γ3 : a 7−→ b

b 7−→ b b 7−→ ab b 7−→ a

γ4 : a 7−→ b γ5 : a 7−→ ab γ6 : a 7−→ ab

b 7−→ ab b 7−→ a b 7−→ b.

◆♦t❡ q✉❡ ❝♦♠♦ γ2γ3 = γ6 ❡ γ3γ2 = γ4✱ Aut(K) ♥ã♦ é ❛❜❡❧✐❛♥♦ ❡ |Aut(K)| = 6✳ P♦rt❛♥t♦✱

Aut(K) ∼= S3✳

❖ ❣r✉♣♦ ❞❡ ❑❧❡✐♥ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝♦♠ ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ♥ã♦

❛❜❡❧✐❛♥♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦

é ❛❜❡❧✐❛♥♦✳ ❘❡❧❡♠❜r❛♠♦s q✉❡ U(Zn) = {a ∈ Zn|(a, n) = 1} ❡ |U(Zn)| = φ(n)✱ ♦♥❞❡ φ(n) é ♦

✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ❊✉❧❡r ❡♠ n✳

❊①❡♠♣❧♦ ✶✳✶✳✸✳ Aut(Z) ∼= Z2, Aut(Zn) ∼= U(Zn)✳

❆ ♣❛rt✐r ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ s❡ p é ♣r✐♠♦✱ ❡♥tã♦ Aut(Zp) ∼= U(Zp)✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ❝♦r♣♦s ✜♥✐t♦s✱ ✈❡r ❬✶❪✱ s❡ F é ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❡♥tã♦ ♦ ❣r✉♣♦ ♠✉❧t✐✲



✶✳✷✳ ❚❖❘❘❊ ❉❊ ❆❯❚❖▼❖❘❋■❙▼❖❙ ✾

♣❧✐❝❛t✐✈♦ ❞❡ F é ❝í❝❧✐❝♦✳ ❯♠❛ ✈❡③ q✉❡ Zp é ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❡ U(Zp) é s❡✉ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱

❡♥tã♦ U(Zp) é ❝í❝❧✐❝♦✳ ❈♦♠♦ |U(Zp)| = p−1✱ t❡♠♦s q✉❡ U(Zp) ∼= Zp−1✳ ❆ss✐♠✱ Aut(Zp) ∼= Zp−1✳

P♦r ✜♠✱ r❡❝♦r❞❛♠♦s q✉❡ ♦ ❣r✉♣♦ ❞✐❡❞r❛❧ ❞❡ ♦r❞❡♠ 2n é ♦ ❣r✉♣♦ ❞❡ s✐♠❡tr✐❛s ❞❡ ✉♠ ♣♦❧í❣♦♥♦

r❡❣✉❧❛r ❞❡ n ❧❛❞♦s ❡ ♣♦❞❡ s❡r ❞❛❞♦ ♣♦r✿

D2n = 〈r, θ|r2 = 1, θn = 1, rθr−1 = θ−1〉.

❉✐s❝✉t✐r❡♠♦s ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞♦ ❞✐❡❞r❛❧ D8✱ ❝✉❥❛ ♦r❞❡♠ é ✽✳

❊①❡♠♣❧♦ ✶✳✶✳✹✳ D8 = 〈r, θ|r2 = 1, θ4 = 1, rθ = θ−1r〉✳ ❙❡✉s ❛✉t♦♠♦r✜s♠♦s sã♦✿

ϕ1 : r 7−→ r ϕ2 : r 7−→ r ϕ3 : r 7−→ rθ ϕ4 : r 7−→ rθ

θ 7−→ θ θ 7−→ θ−1 θ 7−→ θ θ 7−→ θ−1

ϕ5 : r 7−→ rθ2 ϕ6 : r 7−→ rθ2 ϕ7 : r 7−→ rθ−1 ϕ8 : r 7−→ rθ−1

θ 7−→ θ θ 7−→ θ−1 θ 7−→ θ θ 7−→ θ−1

❖❜s❡r✈❛♠♦s q✉❡ |Aut(D8)| = 8✳ ❆❧é♠ ❞✐ss♦✱ o(ϕ2) = 2✱ o(ϕ3) = 4 ❡ ϕ2ϕ3 = ϕ−1
3 ϕ2✳ ▲♦❣♦✱

Aut(D8) = 〈ϕ2, ϕ3〉 ∼= D8✳

✶✳✷ ❚♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s

❈♦♥s✐❞❡r❡ g ❡ x ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❣r✉♣♦ G✳ ❉❡✜♥✐♠♦s xg := gxg−1 ❝♦♠♦ ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ x

♣♦r g✳ P❛r❛ ❝❛❞❛ g ∈ G✱ ❞❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦

τg :G −→ G

x 7−→ gxg−1 = xg.

❆✜r♠❛♠♦s q✉❡ τg é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s x✱ y ∈ G✱ ❡♥tã♦

τg(xy) = g(xy)g−1 = τg(x)τg(y).

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ x ∈ Ker(τg) s❡❣✉❡ q✉❡ xg = 1 ❡ ❡♥tã♦ x = 1✳ ▲♦❣♦ Ker(τg) = 1 ❡✱ ❛ss✐♠ τg é

✐♥❥❡t♦r❛✳ ❆❣♦r❛✱ ❞❛❞♦ x ∈ G✱ ❝♦♥s✐❞❡r❡ y = g−1xg ∈ G✳ ❚❡♠♦s

τg(y) = τg(g
−1xg) = x
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❡ ❛ss✐♠ τg é s♦❜r❡❥❡t♦r❛✳ P♦rt❛♥t♦ ❛ ❛♣❧✐❝❛çã♦ τg é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ G✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

❡❧❛ é ✉♠ ❡❧❡♠❡♥t♦ ♣❛rt✐❝✉❧❛r ❞♦ ❣r✉♣♦ Aut(G)✳

❆ss✐♠ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❙❡❥❛ g ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✉♠ ❣r✉♣♦ G✳ ❖ ❛✉t♦♠♦r✜s♠♦ τg é ❝❤❛♠❛❞♦ ❛✉t♦✲

♠♦r✜s♠♦ ✐♥t❡r♥♦ ✐♥❞✉③✐❞♦ ♣♦r g✳ ❉❡♥♦t❛♠♦s Inn(G) = {τg|g ∈ G}✱ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s

♦s ❛✉t♦♠♦r✜s♠♦s ✐♥t❡r♥♦s ❞❡ G✳

❊①❡♠♣❧♦ ✶✳✷✳✷✳ ◆♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✱ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ t♦❞♦s ♦s ❛✉t♦♠♦r✜s♠♦ ❞❡ S3 sã♦

✐♥t❡r♥♦s✳ ❉❡ ❢❛t♦✱ ϕ1 ✐♥❞✉③✐❞♦ ♣♦r 1✱ ϕ2 ✐♥❞✉③✐❞♦ ♣♦r x✱ ϕ3 ✐♥❞✉③✐❞♦ ♣♦r y−1✱ ϕ4 ✐♥❞✉③✐❞♦ ♣♦r

xy✱ ϕ5 ✐♥❞✉③✐❞♦ ♣♦r y ❡ ϕ6 ✐♥❞✉③✐❞♦ ♣♦r xy−1✳

▲❡♠❛ ✶✳✷✳✸✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦s ❞❡ G✱ Inn(G)✱ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠

Aut(G)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ g, h ∈ G✳ P❛r❛ t♦❞♦ x ∈ G t❡♠♦s q✉❡✿

τgh(x) = xgh = (gh)x(gh)−1 = g(hxh−1)g−1 = τg(hxh
−1) = τg ◦ τh(x).

❊✱ ❛ss✐♠✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ✐♥t❡r♥♦s ♣❡rt❡♥❝❡ ❛ Inn(G)✳

❈❧❛r❛♠❡♥t❡ ❛ ❛♣❧✐❝❛çã♦ IdG ∈ Inn(G) ❡ ♥♦t❡ q✉❡ ♣❛r❛ τg ∈ Inn(G)✱ t❡♠♦s

(τg ◦ τg−1)(x) = τg(g
−1xg) = g(g−1xg)g−1 = x.

❙❡♥❞♦ ❛ss✐♠✱ (τg)−1 = τg−1 ✳ ❈♦♠ ✐ss♦✱ Inn(G) é ✉♠ s✉❜❣r✉♣♦ ❞❡ Aut(G)✳

❆❧é♠ ❞✐ss♦✱ Inn(G) ⊳ Aut(G)✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ ϕ ∈ Aut(G) ❡ τg ∈ Inn(G) t❡♠♦s✿

(ϕτgϕ
−1)(x) =ϕ(τgϕ

−1(x))

=ϕ(gϕ−1(x)g−1)

=ϕ(g)xϕ(g)−1

=τϕ(g)(x), ∀x ∈ G.

P♦rt❛♥t♦ ϕτgϕ−1 = τϕ(g) ∈ Inn(G)✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♠♦str❛ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❞♦s ❛✉t♦♠♦r✜s♠♦s ✐♥t❡r♥♦s✳

❚❡♦r❡♠❛ ✶✳✷✳✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ ❞❡♥♦t❡ ♣♦r Z(G) ♦ s❡✉ ❝❡♥tr♦✱ ♦✉ s❡❥❛✱

Z(G) = {g ∈ G | xg = gx, ∀ x ∈ G }.

❊♥tã♦ t❡♠♦s✿
G

Z(G)
∼= Inn(G).
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♦❜s❡r✈❛r ❛ ❛♣❧✐❝❛çã♦

τG :G −→ Aut(G)

g 7−→ τg

P❡❧♦ ▲❡♠❛ ✶✳✷✳✸✱ τG é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ Im(τG) = Inn(G)✳ ❆❧é♠ ❞✐ss♦✱

g ∈ Ker(τG) ⇐⇒ τg(x) = x, ∀ x ∈ G ⇐⇒ gx = xg, ∀x ∈ G ⇐⇒ g ∈ Z(G).

❊♥tã♦ t❡♠♦s Ker(τG) = Z(G)✳

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ s❡❣✉❡ q✉❡

G

Z(G)
∼= Inn(G)

❝♦♠♦ q✉❡rí❛♠♦s✳

❈♦r♦❧ár✐♦ ✶✳✷✳✺✳ ❙❡ G t❡♠ ❝❡♥tr♦ tr✐✈✐❛❧✱ ❡♥tã♦ Inn(G) ∼= G✳

◗✉❛♥❞♦ Z(G) é tr✐✈✐❛❧✱ é ♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝❛r Inn(G) ❝♦♠ G✳ ❆ ❛♣❧✐❝❛çã♦ τG✱ ❝♦♠♦ ❞❡✜♥✐♠♦s

♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✹✱ é ❝♦♥s✐❞❡r❛❞❛ ✉♠❛ ✐♠❡rsã♦ ❞❡ G ❡♠ Aut(G)✳ ❆ss✐♠✱

♣♦❞❡♠♦s ✈❡r G ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦ ❞❡ Aut(G)✳ ❘❡♣r❡s❡♥t❛♠♦s t❛❧ s✐t✉❛çã♦ ❝♦♠ ❛ s❡❣✉✐♥t❡

♥♦t❛çã♦✿ G
τG
−֒→ Aut(G) ❡✱ ❝♦♠ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦✱ G E Aut(G)✳

❘❡❧❡♠❜r❛♠♦s q✉❡ ❞❛❞♦s G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱ ❞❡✜♥✐♠♦s ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡

H ❡♠ G ❝♦♠♦

CG(H) = {g ∈ G|gh = hg, ∀h ∈ H}.

▲❡♠❛ ✶✳✷✳✻✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❙❡ Z(G) = 1✱ ❡♥tã♦ CAut(G)(Inn(G)) = 1✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ ϕ ∈ CAut(G)(Inn(G))✳ ▲♦❣♦

τgϕ = ϕτg, ∀ g ∈ G =⇒ τg = ϕτgϕ
−1, ∀g ∈ G.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✶✳✷✳✸✱ t❡♠♦s q✉❡ ϕτgϕ−1 = τϕ(g)✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

τg = ϕτgϕ
−1 = τϕ(g) =⇒ τg = τϕ(g), ∀ g ∈ G.

◆❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✹✱ ✈❡r✐✜❝❛♠♦s q✉❡Ker(τG) = Z(G)✳ ❈♦♠♦ Z(G) é tr✐✈✐❛❧✱

❡♥tã♦ Ker(τG) = 1✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❛♣❧✐❝❛çã♦ τG é ✐♥❥❡t✐✈❛✳ ❯♠❛ ✈❡③ q✉❡ τg = τϕ(g)✱

t❡♠♦s q✉❡ g = ϕ(g)✱ ∀ g ∈ G✳ ▲♦❣♦ ϕ = Id✱ ❝♦♠♦ q✉❡rí❛♠♦s✳
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❖❜s❡r✈❛çã♦ ✶✳✷✳✼✳ ❙❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ G✱ ❡♥tã♦ Z(G) ≤ CG(H)✳ ❙❡♥❞♦ ❛ss✐♠✱

s❡ CAut(G)(Inn(G)) = 1✱ ❡♥tã♦ Z(Aut(G)) = 1✳ ▲♦❣♦✱ q✉❛♥❞♦ G é ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✱

t❡♠♦s q✉❡ Aut(G) é ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳

❙❡❥❛ G ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❞❡♥♦t❛r G0 = G✳ ❈♦♥s✐❞❡r❡

τG : G −→ Aut(G).

◆❡st❡ ❝❛s♦✱ s❛❜❡♠♦s q✉❡ G
τG
−֒→ Aut(G) é ✉♠❛ ✐♠❡rsã♦ ❞❡ G ❡♠ Aut(G) ❡ G ⊳ Aut(G)✳

❆❣♦r❛✱ ✈❛♠♦s ❞❡♥♦t❛r G1 = Aut(G0) ❡ ❝♦♥s✐❞❡r❛r

τG1
: G1 −→ Aut(G1).

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✷✳✼✱ Z(G1) é tr✐✈✐❛❧✳ ❊♥tã♦✱ G1

τG1

−֒−→ Aut(G1) ❡ G1 ⊳ Aut(G1) = G2✳

P♦rt❛♥t♦✱

G = G0 ⊳ G1 ⊳ G2.

❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r r❡❝✉rs✐✈❛♠❡♥t❡ ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ ❣r✉♣♦s✳ ❆ ♣❛rt✐r

❞♦ ❡①♣♦st♦✱ ❡st❛♠♦s ❛♣t♦s ❛ ❡♥✉♥❝✐❛r à ❞❡✜♥✐çã♦ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s✳ ❯t✐❧✐③❛r❡♠♦s ♦s

♥ú♠❡r♦s ♦r❞✐♥❛✐s ♣❛r❛ ❞❡✜♥✐✲❧á✱ ♣♦r ✐ss♦ s♦❧✐❝✐t❛♠♦s ✈❡r ♦ ❆♣ê♥❞✐❝❡ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✽✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳ ❉❡✜♥✐♠♦s ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡

G ❝♦♠♦ ❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ ❣r✉♣♦s

G = G0 ⊳ G1 ⊳ · · · ⊳ Gα ⊳ Gα+1 ⊳ . . .

s❡♥❞♦ α ✉♠ ♥ú♠❡r♦ ♦r❞✐♥❛❧✳ ❙❡ α é ✉♠ ♦r❞✐♥❛❧ s✉❝❡ss♦r✱ ❞❡✜♥✐♠♦s Gα+1 = Aut(Gα) ❡

t❡♠♦s q✉❡ CGα+1
(Gα) = 1✳ P❛r❛ γ ✉♠ ♦r❞✐♥❛❧ ❧✐♠✐t❡✱ ❞❡✜♥✐♠♦s Gγ =

⋃

β<γ Gβ✳

❆♣ós ❞❡t❛❧❤❛r ❛ ❝♦♥str✉çã♦ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❡ ❢♦r♠❛❧✐③❛r s✉❛ ❞❡✲

✜♥✐çã♦✱ é ♥❛t✉r❛❧ ❛ s❡❣✉✐♥t❡ ❞ú✈✐❞❛✿ ❆ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s s❡ ❡st❛❜✐❧✐③❛❄ ❆ q✉❡stã♦ ❢♦✐

s♦❧✉❝✐♦♥❛❞❛ ♣❡❧♦ ♠❛t❡♠át✐❝♦ ❲✐❡❧❛♥❞t✱ ♣❛r❛ ❣r✉♣♦s ✜♥✐t♦s✱ ❡♠ ✶✾✸✾✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❛♣r❡s❡♥t❛✲

♠♦s ♦ t❡♦r❡♠❛ ❝❡♥tr❛❧ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✿

❚❡♦r❡♠❛ ✶✳✷✳✾✳ ❆ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧ s❡♠♣r❡ ❡st❛✲

❜✐❧✐③❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳

❆ ♣r♦✈❛ ❞❡st❡ t❡♦r❡♠❛ ❡stá ♥♦ ❝❛♣ít✉❧♦ ✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦✳ ❆❧é♠ ❞♦ t❡♦r❡♠❛✱ q✉❡ r❡s♣♦♥❞❡

♥♦ss❛ ♣❡r❣✉♥t❛ ♣r✐♥❝✐♣❛❧✱ t❡♠♦s ♦✉tr♦ ❢♦❝♦ ❞❡ ❡st✉❞♦✳ ❊❧❡ ❝♦♥s✐st❡ ❡♠ ❞✐s❝✉t✐r ♦ ❣r✉♣♦ ❡♠ q✉❡

❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s s❡ ❡st❛❜✐❧✐③❛✳
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❖❜s❡r✈❡ q✉❡ ❛ t♦rr❡ s❡ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ❣r✉♣♦ Gα s❡ Gα = Gγ✱ ∀γ > α✳ ◆♦t❡ ❡♥tã♦ q✉❡

Gα = Gα+1 = Aut(Gα)✳ ❆❧é♠ ❞✐ss♦✱ Gα
∼= Inn(Gα) ❡ ❞❛ r❡❧❛çã♦ Gα = Gα+1 = Aut(Gα) t❡♠♦s

q✉❡ t♦❞♦s ♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ Gα sã♦ ✐♥t❡r♥♦s✳ ❙❛❜❡♠♦s q✉❡ Z(Gα) = 1 ❡ ♦❜s❡r✈❛♠♦s q✉❡

Aut(Gα) = Inn(Gα)✱ ❣r✉♣♦s ❝♦♠ t❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞❡✜♥✐♠♦s ❝♦♠♦ ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳ ❯♠

❞♦s ♦❜❥❡t✐✈♦s ❞♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ é ❡st✉❞❛r ♠❡❧❤♦r ♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳

✶✳✸ ❈♦♥❝❡✐t♦s ❣❡r❛✐s s♦❜r❡ ❣r✉♣♦s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s r❡❧❡♠❜r❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ t❡♦r✐❛ ❞❡ ❣r✉♣♦s q✉❡ s❡rã♦ út❡✐s ♥♦

❞❡❝♦rr❡r ❞♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

❘❡❧❡♠❜r❛♠♦s q✉❡✱ ❞❛❞♦ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱ ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ H ❡♠ G é

❞❡✜♥✐❞♦ ❝♦♠♦

NG(H) = {g ∈ G | gHg−1 = H}.

◆♦t❡ q✉❡ NG(H) = G s❡✱ ❡ s♦♠❡♥t❡ s❡✱ H ⊳ G✳ ❆❧é♠ ❞✐ss♦✱ s❡ K ≤ G é t❛❧ q✉❡ K ⊆ NG(H)✱

❡♥tã♦ ❞✐③❡♠♦s q✉❡ K ♥♦r♠❛❧✐③❛ H✱ ♦✉ s❡❥❛✱ ❞❛❞♦ k ∈ K ❡ a ∈ H t❡♠♦s q✉❡ kak−1 = ak ∈ H✳

➱ ❢á❝✐❧ ✈❡r q✉❡ NG(H) ❡ CG(H) sã♦ s✉❜❣r✉♣♦s ❞❡ G ❡ q✉❡ CG(H) ❡stá ❝♦♥t✐❞♦ ❡♠ NG(H)✳

❙❡ t♦♠❛r♠♦s g ∈ NG(H) ❡ x ∈ CG(H) ❡♥tã♦ gxg−1 ∈ CG(H)✳ ❉❡ ❢❛t♦✱ s❡ h ∈ H✱ ❧♦❣♦

h(gxg−1) =(hg)xg−1

=(gh1)xg
−1, para algum h1 ∈ H

=gxh1g
−1

=(gxg−1)h.

P♦rt❛♥t♦✱ CG(H) ⊳ NG(H)✳

❘❡❝♦r❞❛♠♦s q✉❡ ❞♦✐s ❡❧❡♠❡♥t♦s x ❡ y ❞❡ ✉♠ ❣r✉♣♦ G sã♦ ❝♦♥❥✉❣❛❞♦s s❡ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦

g ∈ G t❛❧ q✉❡ gxg−1 = y✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❛ ❝♦♥❥✉❣❛çã♦ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡ s✉❛s

❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ sã♦ ❛s ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦✳ P❛r❛ x ∈ G✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Cl(x) s✉❛

❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❡ ❡♥tã♦

Cl(x) = {xg | g ∈ G}.

❉❛❞♦ G ✉♠ ❣r✉♣♦ ❡ x ∈ G✱ ❝♦♥s✐❞❡r❡ CG(x) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ G q✉❡

❝♦♠✉t❛♠ ❝♦♠ x✱ ♦✉ s❡❥❛

CG(x) = {g ∈ G | xg = x}.

❙❡❥❛ Y = {gCG(x) | g ∈ G}✳ ◆♦t❡ q✉❡ |Y | = [G : CG(x)]✱ ♦✉ s❡❥❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❧❛ss❡s

❧❛t❡r❛✐s ❞❡ CG(x) ❡♠ G✳ ❱❛♠♦s ♠♦str❛r q✉❡ |Cl(x)| = |Y |✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡
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❛♣❧✐❝❛çã♦

ϕ : Cl(x) −→ Y

xg 7−→ gCG(x).

◆♦t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ϕ é s♦❜r❡❥❡t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ ϕ(xg1) = ϕ(xg2)✱ ❡♥tã♦ g1CG(x) = g2CG(x)✳

❆ss✐♠✱

g1CG(x) = g2CG(x) ⇐⇒ g−1
1 g2 ∈ CG(x) ⇐⇒ g−1

1 g2x = xg−1
1 g2 ⇐⇒ xg1 = xg2 .

▲♦❣♦✱ ϕ é ❜✐❥❡t✐✈❛✳ P♦rt❛♥t♦✱ |Cl(x)| = [G : CG(x)]✳

❙❡❥❛♠ p ✉♠ ♣r✐♠♦ ❡ G ✉♠ ❣r✉♣♦✳ ❘❡❝♦r❞❛♠♦s q✉❡ G é ❞✐t♦ ✉♠ p✲❣r✉♣♦ s❡ t♦❞♦ ❡❧❡♠❡♥t♦

❞❡ G t❡♠ ♦r❞❡♠ ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ p✳ ❙❡ G é ✉♠ p✲❣r✉♣♦ ✜♥✐t♦✱ ❡♥tã♦ G t❡♠ ♦r❞❡♠ ♣♦tê♥❝✐❛

❞❡ p✳ ❆ ♣❛rt✐r ❞❛s ♦❜s❡r✈❛çõ❡s ❛♥t❡r✐♦r❡s✱ ✈❛♠♦s ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛♠ G ✉♠ p✲❣r✉♣♦ ✜♥✐t♦ ❡ N ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡ ♥ã♦ tr✐✈✐❛❧ ❞❡ G✳

❊♥tã♦ N ∩ Z(G) 6= 1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

ϕ : G −→ Aut(N)

g 7−→ ϕg : N −→ N

n 7−→ ng.

◆♦t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ é ✉♠❛ ❛çã♦ ♣♦r ❝♦♥❥✉❣❛çã♦ ❞❡ G ❡♠ N ✳ ❈♦♠♦ Cl(x) = {xg|x ∈ G}✱

s❡❣✉❡ q✉❡ ϕ ♣❛rt✐❝✐♦♥❛ N ❡♠ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ Cl(x) = {x}

s❡✱ ❡ s♦♠❡♥t❡ s❡ x ∈ Z(G)✳ ❚❡♠♦s q✉❡ |Cl(x)| = [G : CG(x)]✳ ❈♦♠♦ G é ✉♠ p✲❣r✉♣♦✱ |N | ❡

[G : CG(x)] sã♦ ♣♦tê♥❝✐❛s ❞❡ p✳ ◆♦t❡ q✉❡✿

N =
⋃

·
x∈N

Cl(x) = (
⋃

·
|Cl(x)|>1

Cl(x))
⋃

· (
⋃

·
|Cl(x)|=1

Cl(x)).

❊♥tã♦✱

|N | =
∑

|Cl(x)|>1

|Cl(x)|+
∑

|Cl(x)|=1

|Cl(x)|.

❈❧❛r❛♠❡♥t❡ t❡♠♦s q✉❡
∑

|Cl(x)|=1 |Cl(x)| = |Z(G) ∩N |✳ ❙❡♥❞♦ ❛ss✐♠✱

|N | =
∑

|Cl(x)|>1

|Cl(x)|+ |Z(G) ∩N |.
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❙❛❜❡♠♦s q✉❡ p ❞✐✈✐❞❡ [G : CG(x)] = |Cl(x)|✱ ♣❛r❛ t♦❞♦ x ∈ N ♦♥❞❡ |Cl(x)| > 1✱ ❡ ❞✐✈✐❞❡ |N |✳

❊♥tã♦ p ❞✐✈✐❞❡ |Z(G) ∩N |✳ ▲♦❣♦ Z(G) ∩N 6= 1✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❖ ❝♦♥❝❡✐t♦ ❞❡ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦ é ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ P♦r

✐ss♦ é ♥❡❝❡ssár✐♦ r❡❧❡♠❜r❛r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❯♠ s✉❜❣r✉♣♦ H ❞❡ G é ❞✐t♦ ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G s❡

ϕ(H) = H✱ ♣❛r❛ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ G✳ ❉❡♥♦t❛r❡♠♦s H <
❝❛r

G✱ ♣❛r❛ ✐♥❞✐❝❛r q✉❡ H é

❝❛r❛❝t❡ríst✐❝♦ ❡♠ G

❆❧é♠ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦✱ é út✐❧ ♦❜s❡r✈❛r q✉❡ ♣❛r❛ ❝❛❞❛ g ∈ G✱

t❡♠♦s ♦ s❡❣✉✐♥t❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ G

τg :G −→ G

x 7−→ xg.

▲♦❣♦ τg(H) = H✱ ♦✉ s❡❥❛✱ ♣❛r❛ q✉❛❧q✉❡r h ∈ H ❡♥tã♦ τg(h) ∈ H✳ ❙❡♥❞♦ ❛ss✐♠✱ Hg = H✱ ♣❛r❛

q✉❛❧q✉❡r g ∈ G✳ P♦rt❛♥t♦ H ⊳ G ❡ s❡❣✉❡ q✉❡ t♦❞♦ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G é ♥♦r♠❛❧ ❡♠

G✳ ▼❛s ❛ r❡❝í♣r♦❝❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ❛♥❛❧✐s❡ ♥♦ss♦ ♣ró①✐♠♦ ❡①❡♠♣❧♦✿

❊①❡♠♣❧♦ ✶✳✸✳✸✳ ❙❡❥❛ H ✉♠ ❣r✉♣♦ ♥ã♦ tr✐✈✐❛❧✳ ❈♦♥s✐❞❡r❡ G = H × H ❡ ♦s s✉❜❣r✉♣♦s H1 =

{1} × H ❡ H2 = H × {1}✱ ❝♦♠♦ H ♥ã♦ é tr✐✈✐❛❧ t❡♠♦s q✉❡ H1 6= H2✳ ❖s s✉❜❣r✉♣♦s H1 ❡ H2

sã♦ ♥♦r♠❛✐s ❡♠ G✳ ❉❡ ❢❛t♦✱ s❡ (1, h) ∈ H1 ❡ (h1, h2) ∈ G✱ ♦♥❞❡ h1, h2 ∈ H t❡♠♦s q✉❡

(h1, h2)(1, h)(h1, h2)
−1 = (h1, h2)(1, h)(h

−1
1 , h−1

2 ) = (1, h2hh
−1
2 ) ∈ H1.

❆♥❛❧♦❣❛♠❡♥t❡✱ H2 ⊳ G✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ G✿

γ : G −→ G

(h1, h2) 7−→ (h2, h1).

◆♦t❡ q✉❡ γ(1, h) = (h, 1)✱ ♣❛r❛ t♦❞♦ (1, h) ∈ H1✳ ❈❧❛r❛♠❡♥t❡✱ γ(H1) 6= H1✳ ❆ss✐♠ H1 é

♥♦r♠❛❧ ❡♠ G ❡ ♥ã♦ é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G✳ ❖❜s❡r✈❛♠♦s ♦ ♠❡s♠♦ ♣❛r❛ ♦ s✉❜❣r✉♣♦ H2✳

❉❡st❛❝❛r❡♠♦s✱ ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ❡ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐ss❡rt❛çã♦✱ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦

♦ ❝♦♥❝❡✐t♦ ❞❡ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦✳ P♦r ❤♦r❛✱ ✈❛♠♦s r❡❝♦r❞❛r q✉❡✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ❙❡ N <
❝❛r

H ❡ H ⊳ G ❡♥tã♦ N ⊳ G✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ g ∈ G ❡ τg ✉♠ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ❞❡ G ✐♥❞✉③✐❞♦ ♣❡❧♦ ❡❧❡♠❡♥t♦ g✳

❯♠❛ ✈❡③ q✉❡ H ⊳G✱ t❡♠♦s q✉❡ ψ|H : H −→ H é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ H✳ ❈♦♠♦ N <
❝❛r

H✱ s❡❣✉❡

q✉❡ (ψ|H)(N) = N ✳ ❆ss✐♠✱ s❡ n ∈ N ✱ ❡♥tã♦ ng = ψ(n) ∈ N ❡ t❡♠♦s N ⊳ G✳

❖s ❚❡♦r❡♠❛s ❞❡ ❙②❧♦✇ t❛♠❜é♠ s❡rã♦ út❡✐s ❛♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❆♣❡♥❛s ❡♥✉♥❝✐❛r❡♠♦s

t❛✐s t❡♦r❡♠❛s✱ ❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✵❪✳

❚❡♦r❡♠❛ ✶✳✸✳✺✳ ✭❚❡♦r❡♠❛s ❞❡ ❙②❧♦✇✮✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❙❡ |G| = pαm✱ p ✉♠ ♣r✐♠♦ ❡

(p,m) = 1✱ ❡♥tã♦✿

✶✳ P❛r❛ ❝❛❞❛ β✱ 1 ≤ β ≤ α✱ ❡①✐st❡ H ≤ G t❛❧ q✉❡ |H| = pβ❀

✷✳ ❙❡❥❛ Sylp(G) = {P ≤ G : |P | = pα}✳ ❙❡ np = |Sylp(G)| ❡♥tã♦ np|m ❡ np ≡ 1 ✭mod p✮❀

✸✳ ❉❛❞♦s P,Q ∈ Sylp(G)✱ ❡①✐st❡ g ∈ G t❛❧ q✉❡ P g = Q❀

✹✳ ❙❡ S é ✉♠ p✲s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦ ❡①✐st❡ P ∈ Sylp(G) t❛❧ q✉❡ S ⊆ P ✳

❆ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✺✱ ♦s p✲s✉❜❣r✉♣♦s ❞❡ ❙②❧♦✇ ❢♦r♠❛♠ ✉♠❛ ú♥✐❝❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

❞❡ s✉❜❣r✉♣♦s ❝♦♥❥✉❣❛❞♦s✳ ◆♦t❡ q✉❡ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♥s✐st❡ ❞❡ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ s❡✱

❡ s♦♠❡♥t❡ s❡ gPg−1 = P ♣❛r❛ ∀g ∈ G✱ ✐st♦ é Sylp(G) = {P}✳ ❚❛❧ s✐t✉❛çã♦ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡

s❡ P ⊳ G✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ |G| = pαm ❡ p ♥ã♦ ❞✐✈✐❞❡ m✳ ❙❡ P ∈ Sylp(G) ❡ é ♥♦r♠❛❧✱ ❡♥tã♦

Sylp(G) = {P}✳ ◆♦t❡ q✉❡ ❛ ♦r❞❡♠ ❡ ♦ í♥❞✐❝❡ ❞❡ P sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✸✳✶✳✷✱ P é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G✳ ❆ ♣❛rt✐r ❞✐ss♦✱ t❡♠♦s q✉❡ ♦s s✉❜❣r✉♣♦s ❞❡ ❙②❧♦✇ ♥♦r♠❛✐s sã♦

s❡♠♣r❡ ❝❛r❛❝t❡ríst✐❝♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✻✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ p ✉♠ ♣r✐♠♦✱ t❛❧ q✉❡ p ❞✐✈✐❞❡ |G|✳ ❙❡ N ⊳ G ❡

P ∈ Sylp(G)✱ ❡♥tã♦ P ∩N ∈ Sylp(N)✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ |G| = pαm✱ ❝♦♠ (p,m) = 1✳ ❙❡❥❛ P ∈ Sylp(G) ❧♦❣♦

|P | = pα✳ P♦r ❤✐♣ót❡s❡✱ N ⊳G ❡ P ≤ G ❧♦❣♦ P ∩N ⊳P ✳ ❆ss✐♠ s❡♥❞♦✱ t❡♠♦s q✉❡ |P ∩N | ❞✐✈✐❞❡

❛ |P |✱ ✐st♦ é✱ |P ∩N | = pβ✱ ♦♥❞❡ β ≤ α✳ ❱❛♠♦s ♠♦str❛r q✉❡ P ∩N é ✉♠ p✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇

❞❡ N ✳



✶✳✸✳ ❈❖◆❈❊■❚❖❙ ●❊❘❆■❙ ❙❖❇❘❊ ●❘❯P❖❙ ✶✼

G

NP

N P

pα

rr

N ∩ P

pβ

{1}

❙❛❜❡♠♦s q✉❡ |N | = [N : N ∩ P ]|N ∩ P |✳ P❛r❛ ♠♦str❛r ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✱ ❜❛st❛ ✈❡r✐✜❝❛r

q✉❡ p ♥ã♦ ❞✐✈✐❞❡ [N : N ∩ P ]✳ ❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

|N |

|N ∩ P |
=

|NP |

|P |
=⇒ [N : N ∩ P ] = [NP : P ].

❖❜s❡r✈❡ q✉❡ [G : P ] = [G : NP ][NP : P ]✳ ❈♦♠♦ P é ✉♠ p✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇ ❞❡ G t❡♠♦s

q✉❡ p ♥ã♦ ❞✐✈✐❞❡ [G : P ]✳ ▲♦❣♦ p ♥ã♦ ❞✐✈✐❞❡ [NP : P ] ❡ ❡♥tã♦ p ♥ã♦ ❞✐✈✐❞❡ [N : N ∩ P ]✱ ❝♦♠♦

q✉❡rí❛♠♦s✳



❈❛♣ít✉❧♦ ✷

●r✉♣♦s ❝♦♠♣❧❡t♦s

❏á ♠❡♥❝✐♦♥❛♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s ♥♦ ❡st✉❞♦ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s

❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳ ❖s ♣r✐♥❝✐♣❛✐s t❡♦r❡♠❛s s♦❜r❡ ♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s✱

❡①✐❣❡♠ ♦ ❡st✉❞♦ ❞♦ s✉❜❣r✉♣♦ ❝♦♠✉t❛❞♦r ❞❡ ✉♠ ❣r✉♣♦ G✳ ❋r✐s❛♠♦s✱ t❛♠❜é♠✱ q✉❡ ♠✉✐t♦s

❞♦s r❡s✉❧t❛❞♦s q✉❡ ❛ss❡❣✉r❛♠ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t✱ ❡♥✈♦❧✈❡♠ ♦ ❝á❧❝✉❧♦

s♦✜st✐❝❛❞♦ ❞♦s ❡❧❡♠❡♥t♦s ❝♦♠✉t❛❞♦r❡s ❞❡ ✉♠ ❞❛❞♦ ❣r✉♣♦ G✳ P♦r ✐ss♦✱ ♦ ♦❜❥❡t✐✈♦ ✐♥✐❝✐❛❧ ❞❡st❡

❝❛♣ít✉❧♦ é ❝♦♥❝❡✐t✉❛r ❡ ❞✐s❝✉t✐r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❡❧❡♠❡♥t♦ ❝♦♠✉t❛❞♦r ❡ ❞♦ s✉❜❣r✉♣♦

❝♦♠✉t❛❞♦r ❞❡ ✉♠ ❣r✉♣♦✳

❋❡✐t♦ ✐ss♦✱ ♥❛s ú❧t✐♠❛s s❡çõ❡s✱ ❡st✉❞❛r❡♠♦s ♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱

✈❛♠♦s ❞❡✜♥✐r ❡ ❡①❡♠♣❧✐✜❝❛r ♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s✳ ❚❛♠❜é♠ ❞❡♠♦♥str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡

❍♦❧❞❡r ✭∼✶✽✾✵✮✴❇❛❡r ✭∼✶✾✺✵✮✱ q✉❡ ❡st❛❜❡❧❡❝❡ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ✉♠ ❣r✉♣♦

s❡r ❝♦♠♣❧❡t♦✳ P♦r ✜♠✱ ✈❛♠♦s ♣r♦✈❛r ❞♦✐s r❡s✉❧t❛❞♦s✱ ❛♠❜♦s ❞♦ ♠❛t❡♠át✐❝♦ ❇✉r♥s✐❞❡ ✭∼✶✾✶✵✮✱

t❛♠❜é♠ s♦❜r❡ t❛✐s ❣r✉♣♦s✳

✷✳✶ ❈♦♠✉t❛❞♦r❡s

❈♦♠❡ç❛r❡♠♦s ❛ ❞✐s❝✉t✐r ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ ♦s ❡❧❡♠❡♥t♦s ❝♦♠✉t❛❞♦r❡s ❡ ♦ s✉❜❣r✉♣♦

❝♦♠✉t❛❞♦r ❞❡ ✉♠ ❣r✉♣♦ G✳

❉❛❞♦s x1 ❡ x2 ❡❧❡♠❡♥t♦s ❞❡ G✱ ❞❡✜♥✐♠♦s ♦ ❡❧❡♠❡♥t♦ ❝♦♠✉t❛❞♦r ❞❡ x1 ❡ x2 ❝♦♠♦✿

[x1, x2] = x−1
1 x−1

2 x1x2.

◆♦t❡ q✉❡ x1 ❝♦♠✉t❛ ❝♦♠ x2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ [x1, x2] = 1✳ ❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ✉♠ ❡❧❡♠❡♥t♦

❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ≥ 2 é ❞❡✜♥✐❞♦ r❡❝✉rs✐✈❛♠❡♥t❡ ♣❡❧❛ r❡❣r❛

[x1, · · · , xn] = [[x1, · · · , xn−1], xn].

✶✽



✷✳✶✳ ❈❖▼❯❚❆❉❖❘❊❙ ✶✾

P♦r ❝♦♥✈❡♥çã♦✱ [x1] = x1 ❡ [x,n y] = [x, y, · · · , y
︸ ︷︷ ︸
n−vezes

]✳ ❆❣♦r❛✱ s❡ X1 ❡ X2 sã♦ s✉❜❝♦♥❥✉♥t♦s ♥ã♦

✈❛③✐♦s ❞❡ ✉♠ ❣r✉♣♦ G✱ ♦ s✉❜❣r✉♣♦ ❝♦♠✉t❛❞♦r ❞❡ X1 ❡ X2 é ❞❛❞♦ ♣♦r

[X1, X2] = 〈[x1, x2]|x1 ∈ X1, x2 ∈ X2〉.

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ❞❛❞♦s X1, · · · , Xn s✉❜❝♦♥❥✉♥t♦s ♥ã♦ ✈❛③✐♦s ❞❡ G✱ ♦♥❞❡ n ≥ 2✱ ❞❡✜♥✐♠♦s✿

[X1, · · · , Xn] = [[Xn, · · · , Xn−1], Xn].

P♦r s✐♠♣❧❡s ✈❡r✐✜❝❛çã♦✱ t❡♠♦s [X1, X2] = [X2, X1]✳ ❆❧❣✉♠❛s ✈❡③❡s é ❝♦♥✈❡♥✐❡♥t❡ ❡s❝r❡✈❡r

[X,n Y ] ♣❛r❛ [X, Y, · · · , Y
︸ ︷︷ ︸
n−vezes

]. P♦r ✜♠✱ r❡❝♦r❞❛♠♦s q✉❡ ♦ s✉❜❣r✉♣♦ ❞❡r✐✈❛❞♦ ♦✉ s✉❜❣r✉♣♦ ❝♦♠✉✲

t❛❞♦r ❞❡ G é ❞❡✜♥✐❞♦ ❝♦♠♦ G′ = [G,G]✱ ♦✉ s❡❥❛✱

G′ = 〈[x1, x2]|x1, x2 ∈ G〉.

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ G′ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G✳

❊①❡♠♣❧♦ ✷✳✶✳✶✳ ❖ ❣r✉♣♦ ❞♦s q✉❛tér♥✐♦s✱ ❞❡♥♦t❛❞♦ ♣♦r Q8✱ é ✉♠ ❣r✉♣♦ ♥ã♦ ❛❜❡❧✐❛♥♦ ❞❡ ♦r❞❡♠

✽✳ ❙✉❛ ❛♣r❡s❡♥t❛çã♦ é✿

Q8 = 〈a, b|a4 = 1, a2 = b2, [a, b] = a2〉.

❖s s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ Q8 sã♦✿ 〈a〉✱ 〈b〉✱ 〈a2〉 ❡ {1}✳ ❖❜s❡r✈❛♠♦s q✉❡ s✉❜❣r✉♣♦ ❞❡r✐✈❛❞♦ ❞❡

Q8 é 〈a2〉✳

❆❣♦r❛✱ ✐♥tr♦❞✉③✐r❡♠♦s ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❝á❧❝✉❧♦ ❞❡ ❝♦♠✉t❛❞♦r❡s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✷✳ ❙❡❥❛♠ x✱ y ❡ z ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❣r✉♣♦✳ ❊♥tã♦✿

✶✳ [x, y] = [y, x]−1✳

✷✳ [xy, z] = [x, z]y[y, z]✳

✸✳ [x, yz] = [x, z][x, y]z✳

✹✳ [x, y−1] = ([x, y]y
−1

)−1✳

❉❡♠♦♥str❛çã♦✳ ✶✳ [y, x]−1 = (y−1x−1yx)−1 = x−1y−1xy = [x, y].

✷✳ [x, z]y[y, z] ❂ y−1[x, z]y[y, z] ❂ y−1x−1z−1xyz ❂ (xy)−1z−1(xy)z ❂ [xy, z].

✸✳ ❆♥á❧♦❣♦ ❛♦ ✐t❡♠ ❛♥t❡r✐♦r✳

✹✳ ([x, y]y
−1

)−1 ❂ (y[x, y]y−1)−1 ❂ (yx−1y−1x)−1❂x−1yxy−1 ❂ [x, y−1]✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❙❡❥❛♠ H ❡ K s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G✳ ❊♥tã♦✿
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✶✳ [H,K] = [K,H]❀

✷✳ [H,K] ≤ H s❡✱ ❡ s♦♠❡♥t❡ s❡✱ K ≤ NG(H)✳

❉❡♠♦♥str❛çã♦✳ ✶✳ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷ ✐t❡♠ ✶✳

✷✳ ❉❛❞♦s h ∈ H ❡ k ∈ K✱ ♦❜s❡r✈❡ q✉❡ [h, k] = h−1k−1hk ∈ H s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t❡♠♦s q✉❡

k−1hk ∈ H✱ ∀k ∈ K✳ ■st♦ é✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ K ≤ NG(H)✳

▲❡♠❛ ✷✳✶✳✹✳ ❙✉♣♦♥❤❛ q✉❡ H ❡ K sã♦ s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G ❡ q✉❡ K ♥♦r♠❛❧✐③❛ H✳ ❊♥tã♦

[HK,K] = [H,K][K,K]✳

❉❡♠♦♥str❛çã♦✳ ❈❧❛r❛♠❡♥t❡ t❡♠♦s q✉❡✿

[H,K][K,K] ⊆ [HK,K][HK,K] = [HK,K].

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ h ∈ H ❡ k1, k2 ∈ K✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷ ✭✐t❡♠ ✷✮✱ s❡❣✉❡ q✉❡✿

[hk1, k2] = [h, k2]
k1 [k1, k2] = [hk1 , kk12 ][k1, k2].

P♦r ❤✐♣ót❡s❡ K ♥♦r♠❛❧✐③❛ H✱ ❛ss✐♠ [hk1, k2] ∈ [H,K][K,K]✳ P♦rt❛♥t♦✱ [H,K][K,K] ⊆

[HK,K]✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❞♦ s✉❜❣r✉♣♦ ❝♦♠✉t❛❞♦r ❡ s❡rá út✐❧ ❡♠

♥♦ss♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✺✳ ❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ ✉♠ ❣r✉♣♦ G✳ ❊♥tã♦ ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡

G/H é ❛❜❡❧✐❛♥♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G′ ≤ H✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ G/H ❛❜❡❧✐❛♥♦✳ ❙❡❥❛♠ x, y ∈ G✱ ❧♦❣♦

xyH = yxH =⇒ x−1y−1xyH = H =⇒ [x, y] ∈ H.

▲♦❣♦✱ ∀ x, y ∈ G t❡♠♦s q✉❡ [x, y] ∈ H✳ P♦rt❛♥t♦✱ G′ ≤ H✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ G′ ≤ H✳ ❙❡❥❛♠

x, y ∈ G✱ ❡♥tã♦

xyH = yxx−1y−1xyH = yx([x, y])H.

❈♦♠♦ G′ ≤ H✱ t❡♠♦s q✉❡ ([x, y])H = H✳ ❆ss✐♠✱ xyH = yxH ❡✱ ❡♥tã♦ G/H é ❛❜❡❧✐❛♥♦✳
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✷✳✷ ●r✉♣♦s ❝♦♠♣❧❡t♦s

◆❡st❛ s❡çã♦✱ ❞❡✜♥✐r❡♠♦s ♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s ❡ ❞❡♠♦♥str❛r❡♠♦s q✉❡ Sn✱ q✉❛♥❞♦ n ≥ 3 ❡

n 6= 6✱ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ❣r✉♣♦ ❝♦♠♣❧❡t♦✳ ❆❧é♠ ❞✐ss♦✱ ❛♥❛❧✐s❛r❡♠♦s ♦ ♠♦t✐✈♦ ❞❡ S6 ♥ã♦ s❡r

❝❧❛ss✐✜❝❛❞♦ ❝♦♠♦ ❝♦♠♣❧❡t♦✳ P♦r ✜♠✱ ❞❡♠♦♥str❛r❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❡ss❡s

❣r✉♣♦s✱ ❛♠❜♦s ❞♦ ♠❛t❡♠át✐❝♦ ❇✉r♥s✐❞❡✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❯♠ ❣r✉♣♦ G é ❞✐t♦ ❝♦♠♣❧❡t♦ s❡ Z(G) = 1 ❡ Aut(G) = Inn(G)✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ G é ❝♦♠♣❧❡t♦ s❡❣✉❡ q✉❡ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ G é ✐♥t❡r♥♦✳ ❆❧é♠

❞✐ss♦✱ ♥♦t❡ q✉❡G ∼= Aut(G)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✹✳ ❈♦♠❡♥t❛♠♦s q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❡

❲✐❡❧❛♥❞t✱ ❛ t♦rr❡ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ s❡ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ❣r✉♣♦ Gα s❡ Gα = Gα+1 = Aut(Gα)✳

❙❡♥❞♦ Gα
∼= Inn(Gα)✱ t❡♠♦s Inn(Gα) ∼= Aut(Gα)✳ ❈♦♠♦ ♦s ❣r✉♣♦s sã♦ ✜♥✐t♦s✱ s❡❣✉❡ q✉❡

Inn(Gα) = Aut(Gα)✳ ■st♦ é✱ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡st❛❜✐❧✐③❛ s❡ ❡①✐st❡

✉♠ ♦r❞✐♥❛❧ α t❛❧ q✉❡ Gα é ✉♠ ❣r✉♣♦ ❝♦♠♣❧❡t♦✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❥✉st✐✜❝❛♠♦s ♥♦ss♦ ✐♥t❡r❡ss❡ ♣❡❧♦s

❣r✉♣♦s ❝♦♠♣❧❡t♦s✳

❖ s✐♠étr✐❝♦ Sn✱ q✉❛♥❞♦ n ≥ 3 ❡ n 6= 6✱ é ✉♠ ❣r✉♣♦ ❝♦♠♣❧❡t♦✳ P❛r❛ ❞❡♠♦♥str❛r q✉❡ Sn
é ❝♦♠♣❧❡t♦✱ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❥á ♠❡♥❝✐♦♥❛❞❛s✱ ✈❛♠♦s ❝♦♥❤❡❝❡r♠♦s ✉♠ ♣♦✉❝♦ s♦❜r❡ ♦s ❣r✉♣♦s

s✐♠étr✐❝♦s✳ ◆ã♦ ✐r❡♠♦s ❞❡♠♦♥str❛r t♦❞♦s ♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s à ❡str✉t✉r❛ ❞♦s Sn✳ Pr❡t❡♥✲

❞❡♠♦s ❡♥✉♥❝✐❛r ❡ ❝♦♠❡♥t❛r ❛ ♠❛✐♦r✐❛ ❞♦s t❡♦r❡♠❛s ❡ ♣r♦♣♦s✐çõ❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ✈❡r✐✜❝❛r♠♦s

q✉❡✱ q✉❛♥❞♦ n ≥ 3 ❡ n 6= 6✱ ♦ Z(Sn) é tr✐✈✐❛❧ ❡ t♦❞♦s ♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ Sn sã♦ ✐♥t❡r♥♦s✳ P❛r❛

♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❡str✉t✉r❛ ❞♦s ❣r✉♣♦s s✐♠étr✐❝♦s ✐♥❞✐❝❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✹❪ ❡ ❬✷❪✳

❯♠❛ ❢♦r♠❛ ❞❡ r❡♣r❡s❡♥t❛r ❛s ♣❡r♠✉t❛çõ❡s ❞❡ Sn é ✉t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❡♠ ❝✐❝❧♦s✱ ❡ ✉t✐❧✐✲

③❛r❡♠♦s ❡st❛ ♥♦t❛çã♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn é ✉♠ r−❝✐❝❧♦ ❞❡ Sn, r ≥ 2, s❡

❡①✐st❡♠ i1, i2, . . . , ir ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ {1, 2, . . . , n} t❛✐s q✉❡✿

σ(i1) = i2, σ(i2) = i3, . . . , σ(ir−1) = ir, σ(ir) = i1 ❡

σ(j) = j ∀ j ∈ {1, . . . , n} − {i1, . . . , ir}.

◆❡ss❡ ❝❛s♦✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ σ = (i1i2 · · · ir) ∈ Sn.

❙❡❥❛ σ ∈ Sn ✉♠ r✲❝✐❝❧♦ ❡ s❡❥❛ τ ∈ Sn ✉♠ s✲❝✐❝❧♦✱ r, s ≥ 2✳ ❉✐③❡♠♦s q✉❡ ❛s ♣❡r♠✉t❛çõ❡s σ

❡ τ sã♦ ❞✐s❥✉♥t❛s s❡ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦ ❞❡ {1, 2, . . . , n} é ♠♦✈✐❞♦ ♣♦r ❛♠❜❛s✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ s❡

σ, τ ∈ Sn sã♦ ❝✐❝❧♦s ❞✐s❥✉♥t♦s✱ ❡♥tã♦ στ = τσ✳

❚♦❞❛ ♣❡r♠✉t❛çã♦ ♥ã♦ tr✐✈✐❛❧ σ ∈ Sn✱ n ≥ 3✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ✭❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛✱ ❛ ♠❡♥♦s

❞❡ ♦r❞❡♥❛çã♦✮ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❞❡ ❝✐❝❧♦s ❞✐s❥✉♥t♦s✳ ❊st❛ é ❛ ❝❤❛♠❛❞❛ ❡str✉t✉r❛ ❝í❝❧✐❝❛ ❞❡

σ✳ ❈✐❝❧♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✷ sã♦ ❝❤❛♠❛❞♦s tr❛♥s♣♦s✐çõ❡s✳ ❉❡st❛ ❢♦r♠❛✱ t♦❞♦ ❝✐❝❧♦ ❞❡ Sn ♣♦❞❡

s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐s❥✉♥t♦✮ ❞❡ tr❛♥s♣♦s✐çõ❡s✳ ❆❧é♠ ❞✐ss♦✱

❞❡✜♥✐♠♦s q✉❡ ✉♠❛ ♣❡r♠✉t❛çã♦ é ♣❛r s❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❞❡ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡
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tr❛♥s♣♦s✐çõ❡s ❡ ♥♦t❛♠♦s q✉❡ ❝✐❝❧♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ í♠♣❛r sã♦ ♣❡r♠✉t❛çõ❡s ♣❛r❡s✳ ❖ ❝♦♥❥✉♥t♦

An ❞❛s ♣❡r♠✉t❛çõ❡s ♣❛r❡s ❞❡ Sn é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ ♦r❞❡♠ n!
2
✱ ❝❤❛♠❛❞♦ s✉❜❣r✉♣♦

❛❧t❡r♥❛❞♦ ❞❡ Sn✳ P♦r ✜♠✱ r❡❧❡♠❜r❛♠♦s q✉❡ Sn é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ { (1 2), (2 3), · · · , (n−

1 n)}✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❣❛r❛♥t❡ q✉❡ ❛ ❝♦♥❥✉❣❛çã♦ ❡♥t❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Sn ♣r❡s❡r✈❛ s✉❛ ❡str✉t✉r❛

❝í❝❧✐❝❛✳

❚❡♦r❡♠❛ ✷✳✷✳✷✳ ❉✉❛s ♣❡r♠✉t❛çõ❡s α, β ∈ Sn sã♦ ❝♦♥❥✉❣❛❞❛s ❡♠ Sn s❡✱ ❡ s♦♠❡♥t❡ s❡✱ α ❡ β

tê♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❝í❝❧✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ α ❡ β sã♦ ❝♦♥❥✉❣❛❞❛s✱ ❧♦❣♦ ❡①✐st❡ γ ∈ Sn t❛❧ q✉❡

β = αγ = γαγ−1✳ ❈♦♥s✐❞❡r❡

α = (i
(1)
i · · · i

(1)
k1
) · · · (i

(s)
i · · · i

(s)
ks
).

◆♦t❡ q✉❡ α(i(l)j ) = i
(l)
j+1✱ ♦♥❞❡ 1 ≤ l ≤ s ❡ 1 ≤ j ≤ k1, · · · , ks✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ β = γαγ−1

s❡❣✉❡ q✉❡ βγ = γα✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❛✜r♠❛♠♦s q✉❡ β(γ(i(l)j )) = γ(i
(l)
j+1)✱ ♦♥❞❡ 1 ≤ l ≤ s✳ ❉❡ ❢❛t♦✱

♦❜s❡r✈❡ q✉❡

β(γ(i
(l)
j )) = γαγ−1(γ(i

(l)
j )) = γα(i

(l)
j ) = γ(i

(l)
j+1).

❙❡♥❞♦ ❛ss✐♠✱

β = (γ(i
(1)
1 ) · · · γ(i

(1)
k1
)) · · · (γ(i

(s)
1 ) · · · γ(i

(s)
ks
)).

▲♦❣♦ β t❡♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❝í❝❧✐❝❛ ❞❡ α✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ q✉❡ α ❡ β sã♦ ❞✉❛s

♣❡r♠✉t❛çõ❡s ❞❡ Sn ❝♦♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❝í❝❧✐❝❛✳ ❙❡❥❛♠

α = (i
(1)
i · · · i

(1)
k1
) · · · (i

(s)
i · · · i

(s)
ks
) ❡ β = (i

′(1)
i · · · i

′(1)
k1

) · · · (i
′(s)
i · · · i

′(s)
ks

).

❱❛♠♦s ❞❡✜♥✐r γ ∈ Sn ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ γ(i(l)k ) = i
′(l)
k ✱ ♦♥❞❡ 1 ≤ l ≤ s ❡ 1 ≤ j ≤ k1, · · · , ks✳

❊♥tã♦ s❡❣✉❡ q✉❡ αγ = β✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❆ s❡❣✉✐r✱ t❡♠♦s ✉♠ ❧❡♠❛ té❝♥✐❝♦ q✉❡ s❡rá út✐❧ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s q✉❡✱ q✉❛♥❞♦ n ≥ 3 ❡ n 6= 6✱

t♦❞♦s ♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ Sn sã♦ ✐♥t❡r♥♦s✳

▲❡♠❛ ✷✳✷✳✸✳ ❙❡❥❛♠ n 6= 6 ❡ τ ∈ Sn ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ♦r❞❡♠ ✷ q✉❡ é ✉♠ ♣r♦❞✉t♦ ❞❡ k tr❛♥s♣♦✲

s✐çõ❡s ❞✐s❥✉♥t❛s✳ ❊♥tã♦✿

✶✳ ❖ t❛♠❛♥❤♦ ❞❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ τ é

n!

2k(n− 2k)k!
;
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✷✳ ❙❡ k > 1 ❡♥tã♦ |Cl(τ)| 6= |Cl(σ)|✱ ♣❛r❛ q✉❛❧q✉❡r tr❛♥s♣♦s✐çã♦ σ ❞❡ Sn✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ |Sn| = n! ❡ 2| n!✱ t❡♠♦s q✉❡ ❡①✐st❡ τ ∈ Sn✱ ♦♥❞❡ τ 6= 1 ❡ o(τ) = 2✳ ❆ss✐♠✱

♦ ❣r✉♣♦ Sn ♣♦ss✉✐ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ♦r❞❡♠ ✷ q✉❡ é ♣r♦❞✉t♦ ❞❡ k tr❛♥s♣♦s✐çõ❡s ❞✐s❥✉♥t❛s✳

❖❜s❡r✈❛♠♦s q✉❡ τ ❝♦♥s✐st❡ ❞❡ ✉♠ ♣r♦❞✉t♦ ❞❡ k tr❛♥s♣♦s✐çõ❡s ❞✐s❥✉♥t❛s✱ ♦♥❞❡ 1 ≤ k ≤ n
2
✱

♣♦✐s ❝❛❞❛ tr❛♥s♣♦s✐çã♦ ♣♦ss✉✐ ❞♦✐s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s q✉❡ ♥ã♦ s❡ r❡♣❡t✐rã♦ ❡♠ ♥❡♥❤✉♠❛ ♦✉tr❛

❡ t❡♠♦s ♥♦ ♠á①✐♠♦ n ❡❧❡♠❡♥t♦s ♣❛r❛ s❡r❡♠ ❞✐str✐❜✉í❞♦s✳ ❋✐①❛❞♦ ♦ ♥ú♠❡r♦ ❞❡ tr❛♥s♣♦s✐çõ❡s✱

✈❡♠♦s q✉❡ τ ✜①❛ ♥♦ ♠á①✐♠♦ n− 2k ♣♦♥t♦s✳

❈♦♥t❛r❡♠♦s ♦ t❛♠❛♥❤♦ ❞❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ τ ❡♠ t❡r♠♦s ❞❡ k ❡ n✳ ❆♥❛❧✐s❛♥❞♦✱

♥♦✈❛♠❡♥t❡✱ q✉❡ τ s❡ ❡s❝r❡✈❡ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ k tr❛♥s♣♦s✐çõ❡s ❞✐s❥✉♥t❛s✱ ✈❡♠♦s ❡♥tã♦ q✉❡ ❛s

♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❡s❝r❡✈❡r ❛ ♣r✐♠❡✐r❛ tr❛♥s♣♦s✐çã♦ sã♦ n(n−1)
2

✳

❆ ♣ró①✐♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❛ ♣❛r❛ ❛ s❡❣✉♥❞❛ tr❛♥s♣♦s✐çã♦ s❡rá (n−2)(n−3)
2

✳ ❉❡ ❢❛t♦✱

❛♦ ❡s❝♦❧❤❡r♠♦s ❛ ♣r✐♠❡✐r❛ tr❛♥s♣♦s✐çã♦✱ ❞♦✐s ❡❧❡♠❡♥t♦s ❥á ♥ã♦ ♣♦❞❡♠ ♠❛✐s s❡r❡♠ ❡s❝♦❧❤✐❞♦s✱

❞❡ss❛ ❢♦r♠❛✱ ❛ ♣ró①✐♠❛ ❡s❝♦❧❤❛ s❡rá ❡♥tr❡ n− 2 ❡❧❡♠❡♥t♦s✳

Pr♦ss❡❣✉✐♥❞♦ ❛ ❝♦♥t❛❣❡♠ ❞❡ss❛ ❢♦r♠❛ ❡ ♣♦r ❛r❣✉♠❡♥t♦s ❞❡ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛✱ s❡❣✉❡ q✉❡

❛ ♣♦ss✐❜✐❧✐❞❛❞❡ t♦t❛❧ ❞❡ ❡s❝♦❧❤❛s s❡rá ❞❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦✱ ❡♥tã♦ t❡r❡♠♦s

n!

2k(n− 2k)!k!

♠❛♥❡✐r❛s ❞❡ ❡s❝r❡✈❡r ♦ ♣r♦❞✉t♦ ❞❡ k tr❛♥s♣♦s✐çõ❡s ❞✐s❥✉♥t❛s✱ s❡♥❞♦ k! ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡r♠✉✲

t❛çõ❡s ❡♥tr❡ ❛s tr❛♥s♣♦s✐çõ❡s ❞✐s❥✉♥t❛s✳ ▲♦❣♦ ♦ t❛♠❛♥❤♦ ❞❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ τ s❡rá ❞❛❞♦

♣♦r

|Cl(τ)| =
n!

2k(n− 2k)!k!
.

P❛r❛ ♣r♦✈❛r♠♦s ♦ ✐t❡♠ ✷✱ ♥♦t❡ q✉❡ s❡ k = 1✱ ❡♥tã♦ τ é ✉♠❛ tr❛♥s♣♦s✐çã♦ ❡

|Cl(τ)| =
n!

2(n− 2)!
.

◗✉❡r❡♠♦s ❣❛r❛♥t✐r q✉❡ ♣❛r❛ k > 1✱ ♦ t❛♠❛♥❤♦ ❞❛ ❝❧❛ss❡ ❞❡ τ é ❞✐❢❡r❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❛

❝❧❛ss❡ ❞❡ ✉♠❛ tr❛♥s♣♦s✐çã♦ ✱ ✐st♦ é✱

n!

2(n− 2)!
6=

n!

2k(n− 2k)!k!
.

❱❛♠♦s ♣r♦✈❛r ❡♥tã♦ q✉❡

2(n− 2)! 6= 2k(n− 2k)!k!, ♣❛r❛ 1 < k ≤
n

2
. ✭✷✳✶✮

❙❡ k = 2✱ é ❢á❝✐❧ ✈❡r q✉❡ 4(n− 4)!2! 6= 2(n− 2)!✱ n ≥ 2✳ ❆ss✉♠✐♠♦s ❡♥tã♦ q✉❡ k ≥ 3 ♦ q✉❡
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♥♦s ❞á ✸ tr❛♥s♣♦s✐çõ❡s ❞✐s❥✉♥t❛s✱ ♦✉ s❡❥❛✱ t❡♠♦s n ≥ 6✳ ▼❛s ♣♦r ❤✐♣ót❡s❡ n 6= 6✳ ❆ss✐♠ t❡r❡♠♦s

n > 6✳ ❖❜s❡r✈❡ q✉❡ t❡r❡♠♦s ✉♠❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✷✳✶✮ ❝❛s♦ n = 6 ❡ k = 3✱ ♦ q✉❡ ❝♦♠♣r♦✈❛ ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ♥♦ss❛ ❤✐♣ót❡s❡✳ P❛r❛ ♠♦str❛r♠♦s ✭✷✳✶✮✱ ♠♦str❛r❡♠♦s q✉❡

2k(n− 2k)!k! < 2(n− 2)!

q✉❡ é ♦ ♠❡s♠♦ q✉❡

2k−1(n− 2k)!k! < (n− 2)!.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♥ú♠❡r♦ ❜✐♥♦♠✐❛❧ t❡♠♦s

1 ≤

(
n− k

k

)

=
(n− k)!

k!(n− 2k)!

❡ ❞❛í s❡❣✉❡ q✉❡

k!(n− 2k)! ≤ (n− k)!

♦✉ ❡♥tã♦

2k−1k!(n− 2k)! ≤ 2k−1(n− k)!.

❆ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡

2k−1 < (n− 2)(n− 3) . . . (n− (k − 1)), ✭✷✳✷✮

♣♦✐s ❞❛í t❡r❡♠♦s✱ ♥♦ss❛ r❡❧❛çã♦ ❞❡s❡❥❛❞❛✳

P❛r❛ ♠♦str❛r ✭✷✳✷✮✱ ♦❜s❡r✈❡ q✉❡ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ss❛ ✐♥❡q✉❛çã♦ t❡♠♦s k − 2 ❢❛t♦r❡s ❝♦♠ ♦

❞❡ ♠❡♥♦r ✈❛❧♦r s❡♥❞♦ (n − (k − 1))✳ ❯♠❛ ✈❡③ q✉❡ ❡st❡ ❢❛t♦r ❡①❝❡❞❡ ✹✱ t❡r❡♠♦s q✉❡ ♦s ❞❡♠❛✐s

❢❛t♦r❡s t❛♠❜é♠ ❡①❝❡❞❡rã♦ ✹✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ n > 6 ❡ 1 < k ≤ n
2
✱ t❡♠♦s 0 < k−1 ≤ n

2
−1 = n−2

2
✳

▼❛s ♣❛r❛ t❡r♠♦s ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ (n− (k− 1)) ♣r❡❝✐s❛♠♦s q✉❡ k− 1 s❡❥❛ ♦ ♠❛✐♦r ♣♦ssí✈❡❧✱ ♦✉

s❡❥❛✱ n−2
2
✳ ▲♦❣♦✱ ❝❤❡❣❛♠♦s q✉❡

n−

(
n− 2

2

)

=
n+ 2

2
> 4

♣❛r❛ n > 6✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✷✳✷✮ ❡①❝❡❞❡ 4k−2 = 22(k−2) ≥ 2k−1✳

❆❣♦r❛✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r q✉❡ Sn✱ ♣❛r❛ n 6= 6 ❡ n ≥ 3✱ é ✉♠ ❣r✉♣♦ ❝♦♠♣❧❡t♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹✳ P❛r❛ n ≥ 3✱ t❡♠♦s q✉❡ Z(Sn) = {1}✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ α ∈ Sn ❡ α ♥ã♦ tr✐✈✐❛❧✳ ❱❛♠♦s ♠♦str❛r q✉❡ s❡♠♣r❡ ❡①✐st❡ τ ∈ Sn

t❛❧ q✉❡ ατ 6= τα ❡ ❞❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ α /∈ Z(Sn)✳ ❖❜s❡r✈❡ q✉❡ s❡♥❞♦ α 6= 1 ❡①✐st❡
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i ∈ {1, · · · , n} t❛❧ q✉❡ α(i) = j 6= i✳ ❈♦♠♦ n ≥ 3✱ ❡①✐st❡ k ∈ {1, · · · , n}✱ ♦♥❞❡ k 6= i ❡ k 6= j✳

❚♦♠❡ τ = (i k)✱ ❛ss✐♠ t❡♠♦s q✉❡

ατ(i) = α(k) 6= j ❡ τα(i) = τ(j) = j.

P♦rt❛♥t♦✱ ατ 6= τα✳

❚❡♦r❡♠❛ ✷✳✷✳✺✳ ❙❡ n 6= 6 ❡♥tã♦ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ Sn é ✐♥t❡r♥♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ σ ∈ Aut(Sn) ❡ ψ ✉♠❛ tr❛♥s♣♦s✐çã♦ ❡♠ Sn✳ ❯♠ ❛✉t♦♠♦r✜s♠♦ ❧❡✈❛

❝♦♥❥✉♥t♦s ❝♦♠ m ❡❧❡♠❡♥t♦s ❡♠ ❝♦♥❥✉♥t♦s ❝♦♠ m ❡❧❡♠❡♥t♦s✱ ♦✉ s❡❥❛✱ σ ❧❡✈❛ n!
2(n−2)!

❡❧❡♠❡♥t♦s

❞❛ ❝❧❛ss❡ ❞❡ α ❡♠ n!
2(n−2)!

❡❧❡♠❡♥t♦s✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✸✱ ✉♠❛ ❝❧❛ss❡ ❝♦♠ ❡st❡ t❛♠❛♥❤♦ só ♣♦ss✉✐

tr❛♥s♣♦s✐çõ❡s✱ ❛ss✐♠ σ ❧❡✈❛ tr❛♥s♣♦s✐çõ❡s ❡♠ tr❛♥s♣♦s✐çõ❡s✳

❚♦♠❡ ci = (i i + 1) ♣❛r❛ 1 ≤ i ≤ n − 1 ❡ s❡❥❛ ψi = σ(ci)✳ P❛r❛ i = 1 ❡s❝r❡✈❛ ψ1 = (a1 a2)✳

❖❜s❡r✈❛♥❞♦ q✉❡ c1 = (1 2) ❡ c2 = (2 3) ♥ã♦ ❝♦♠✉t❛♠✱ t❡♠♦s q✉❡ ψ1 ❡ ψ2 t❛♠❜é♠ ♥ã♦ ❝♦♠✉t❛♠✱

♣♦✐s

ψ1ψ2 = σ(c1)σ(c2) = σ(c1c2) 6= σ(c2c1) = ψ2ψ1.

P♦❞❡♠♦s ❡s❝r❡✈❡r ❡♥tã♦ ψ2 = (a2 a3) ❝♦♠ a3 6= a1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ψ3 ♥ã♦ ❝♦♠✉t❛ ❝♦♠

ψ2✱ ♣♦✐s c3 ♥ã♦ ❝♦♠✉t❛ ❝♦♠ c2✳ ❆ss✐♠ ψ3 ❞❡✈❡ ♣♦ss✉✐r a2 ♦✉ a3✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ✈❡③ q✉❡

c1 ❝♦♠✉t❛ ❝♦♠ c3✱ ψ1 ❝♦♠✉t❛ ψ3✳ ❙❡♥❞♦ ❛ss✐♠✱ ψ3 = (a3 a4) ♦♥❞❡ a4 /∈ {a1, a2, a3}✳ ❉❛

♠❡s♠❛ ❢♦r♠❛✱ ψ4 ♣♦ss✉✐ ✐♥t❡rs❡çã♦ ❝♦♠ ψ3 ❡ é ❞✐s❥✉♥t♦ ❞❡ ψ1✱ ψ2✳ ❆ss✐♠ s❡♥❞♦ ψ4 = (a4 a5)✱

a5 /∈ {a1, a2, a3, a4}✳ ❈♦♥t✐♥✉❛♥❞♦ ❞❡st❡ ♠♦❞♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ψi = (ai ai+1) ❝♦♠ a1, . . . , an

❞✐st✐♥t♦s✱ ai ∈ {1, 2, . . . , n}✳

❙❡❥❛ γ ∈ Sn ✉♠❛ ♣❡r♠✉t❛çã♦ t❛❧ q✉❡ γ(i) = ai✳ ❊♥tã♦ (ci)
γ = ψi✳ ❙❡ α é ❛✉t♦♠♦r✜s♠♦

✐♥t❡r♥♦ ✐♥❞✉③✐❞♦ ♣♦r γ✱ ♦✉ s❡❥❛✱

α : Sn −→ Sn

η 7−→ ηγ

♠♦str❛r❡♠♦s q✉❡ α−1σ ✜①❛ ❝❛❞❛ ci✳ ◆♦t❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ {ci} ❣❡r❛ Sn✳ ❙❡ α−1σ ✜①❛r t♦❞♦ ci✱

t❡r❡♠♦s q✉❡ α−1σ ✜①❛rá t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Sn✱ ♦✉ s❡❥❛✱ α−1σ = Id✳ ❙❛❜❡♠♦s q✉❡ ψi = σ(ci)✱

❧♦❣♦ α−1(σ(ci)) = α−1(ψi)✳ ❈♦♠♦

α−1 : Sn −→ Sn

η 7−→ ηγ
−1

❡ ψi = cγi t❡♠♦s

α−1(σ(ci)) = α−1(ψi) = α−1(cγi ) = (cγi )
γ−1

= ci.

❆ss✐♠ α = σ é ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳
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❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✹ ❡ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✺✱ ♣r♦✈❛♠♦s ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✷✳✷✳✻✳ Sn é ✉♠ ❣r✉♣♦ ❝♦♠♣❧❡t♦✱ ♣❛r❛ t♦❞♦ n ≥ 3 ❡ n 6= 6✳

P❛r❛ n = 6✱ ♥ã♦ t❡♠♦s Sn ∼= Aut(Sn)✳ ❖✉ s❡❥❛✱ S6 t❡♠ ✉♠ ❛✉t♦♠♦r✜s♠♦ q✉❡ ♥ã♦ é ✐♥t❡r♥♦✳

P❛r❛ ❞❡♠♦♥str❛r ✐ss♦✱ é ♥❡❝❡ssár✐♦ ❞✐s❝✉t✐r ❝❡rt❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❣r✉♣♦ S6 ❡ ❞♦ s❡✉ ❣r✉♣♦ ❞❡

❛✉t♦♠♦r✜s♠♦s✱ Aut(S6)✳

❖ ❣r✉♣♦ S6 ♣♦ss✉✐ ✉♠ s✉❜❣r✉♣♦✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ❞❡ K✱ ❝♦♠ ♦r❞❡♠ ✶✷✵ ❡ q✉❡ ♥ã♦ ❝♦♥té♠

tr❛♥s♣♦s✐çõ❡s✳ ❖ s✉❜❣r✉♣♦ K ❞❡ S6 é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❞❡♠♦♥str❛r q✉❡ S6 ❡ Aut(S6) ♥ã♦

sã♦ ✐s♦♠♦r❢♦s✳ P❛r❛ ❝♦♠❡ç❛r♠♦s ❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞♦ s✉❜❣r✉♣♦ K ❞❡ S6✱ r❡❝♦r❞❛♠♦s

q✉❡ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ X✱ ♦ ❝♦♥❥✉♥t♦ Sim(X) é ❝♦♥s✐❞❡r❛❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s

❛s ♣❡r♠✉t❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦ X✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ Sim(X) é ✉♠ ❣r✉♣♦✳ ❯♠ s✉❜❣r✉♣♦ S

❞❡ Sim(X) é ❞❡♥♦♠✐♥❛❞♦ tr❛♥s✐t✐✈♦✱ s❡ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❡❧❡♠❡♥t♦s x, y ∈ X✱ ❡①✐st✐r ✉♠❛

♣❡r♠✉t❛çã♦ σ ∈ S✱ t❛❧ q✉❡ σ(x) = y✳ ❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡①❡♠♣❧✐✜❝❛r ❛s ❞❡✜♥✐çõ❡s r❡❧❡♠❜r❛❞❛s

❛❝✐♠❛✱ ❞❡st❛❝❛♠♦s q✉❡ K4 = {1, (12)(34), (13(24), (14)(23)} é ✉♠ s✉❜❣r✉♣♦ tr❛♥s✐t✐✈♦ ❞❡ S4✳

❆❣♦r❛✱ s❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ G✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ X = {xH | x ∈ G}✱

♥♦t❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ X ❝♦rr❡s♣♦♥❞❡ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡

H ❡♠ G ❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : G −→ Sim(X)

g 7−→ ϕg : X −→ X

xH 7−→ gxH.

❆✜r♠❛♠♦s q✉❡ Im(ϕ) é ✉♠ s✉❜❣r✉♣♦ tr❛♥s✐t✐✈♦ ❞❡ Sim(X)✳ ❉❡ ❢❛t♦✱ s❡ t♦♠❛r♠♦s x, y ∈ X✱

❡♥tã♦ ❡①✐st❡♠ a, b ∈ G t❛❧ q✉❡ x = aH ❡ y = bH✳ ❙❡❥❛ g = ba−1 ∈ G✱ ❝❧❛r❛♠❡♥t❡ σ = ϕg ∈

Im(ϕ)✳ ❖❜s❡r✈❡ q✉❡✿

ϕg(aH) = gaH = (ba−1)aH = bH.

❉✐❛♥t❡ ❞✐ss♦✱ ❡①✐st❡ σ ∈ Im(ϕ) t❛❧ q✉❡ σ(x) = y✳

➚ ✈✐st❛ ❞✐ss♦✱ ✈❛♠♦s ❞❡♠♦♥str❛r ♦ ❧❡♠❛ ❛❜❛✐①♦✳

▲❡♠❛ ✷✳✷✳✼✳ ❊①✐st❡ ✉♠ s✉❜❣r✉♣♦ tr❛♥s✐t✐✈♦ K ❞❡ S6 ❝♦♠ ♦r❞❡♠ ✶✷✵ q✉❡ ♥ã♦ ❝♦♥té♠ tr❛♥s♣♦✲

s✐çõ❡s✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ ✉♠ ❣r✉♣♦ G ❡ ✉♠ s✉❜❣r✉♣♦ H✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ s❡❣✉✐♥t❡ ❤♦♠♦♠♦r✜s♠♦

ϕ : G −→ Sim(X)

g 7−→ ϕg : X −→ X

aH 7−→ gaH
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♦♥❞❡ X = {aH| a ∈ G}✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ Im(ϕ) é ✉♠ s✉❜❣r✉♣♦ tr❛♥s✐t✐✈♦ ❞❡

S6 ❝✉❥❛ ♦r❞❡♠ é ✶✷✵✳ ❈♦♥s✐❞❡r❡ G = S5✱ P ∈ Syl5(S5) ❡ H = NG(P )✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙②❧♦✇✱

t❡♠♦s q✉❡ n5 ≡ 1 (mod 5) ❡ q✉❡ n5 ❞✐✈✐❞❡ ✷✹✳ ❙❡♥❞♦ ❛ss✐♠✱ n5 = 6 ♣♦✐s P ♥ã♦ é ♥♦r♠❛❧ ❡♠

S5✳ ❊♥tã♦ [G : NG(P )] = 6✳

❉✐❛♥t❡ ❞✐ss♦✱ t❡♠♦s |X| = 6 ❡ |Sim(X)| = 6! ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Sim(X) ∼= S6✳ ❉❡st❡ ♠♦❞♦✱

♥♦ ❤♦♠♦♠♦r✜s♠♦ ❛❝✐♠❛ t❡♠♦s ϕ : S5 → S6✳ ❆✜r♠❛♠♦s q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ é ✐♥❥❡t♦r✳ ❉❡

❢❛t♦✱ ♦❜s❡r✈❡ q✉❡
ker(ϕ) = {g ∈ S5| ϕg = Id}

= {g ∈ S5| aH = gaH, ∀a ∈ G}.

❙❡ a = 1✱ ❡♥tã♦ H = gH✱ ♦✉ s❡❥❛✱ g ∈ H✳ ▲♦❣♦ ker(ϕ) ≤ H ❡ ❛ss✐♠ [G : H] ≤ [G : ker(ϕ)]✳

❈♦♠♦ ker(ϕ) ⊳S5 t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ ker(ϕ) = 1 ♦✉ A5✳ ❖❜s❡r✈❡ q✉❡ [S5 : ker(ϕ)] ≥ 6✱

❡♥tã♦ ❛ ú♥✐❝❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❝♦❡r❡♥t❡ é ker(ϕ) = 1✱ ♠♦str❛♥❞♦ q✉❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ t❡♠♦s q✉❡ |Im(ϕ)| = |S5| = 120 ❡ Im(ϕ) ≤ S6✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡

Im(ϕ) é ✉♠ s✉❜❣r✉♣♦ tr❛♥s✐t✐✈♦ ❞❡ S6✳ ❉❡♥♦t❡ K = Im(ϕ)✱ ❛❣♦r❛ ❜❛st❛ ♠♦str❛r q✉❡ K ♥ã♦

♣♦ss✉✐ tr❛♥s♣♦s✐çõ❡s✳ ❆ ❞❡♠♦str❛çã♦ é ♣♦r ❝♦♥tr❛❞✐çã♦✳

❙❛❜❡♠♦s q✉❡ K ❝♦♥té♠ ✉♠ ❡❧❡♠❡♥t♦ α ❞❡ ♦r❞❡♠ ✺ q✉❡ ❞❡✈❡ s❡r ✉♠ ✺✲❝✐❝❧♦✱ ❞✐❣❛♠♦s

α = (1 2 3 4 5)✳ ❙✉♣♦♥❤❛ q✉❡ (i j) s❡❥❛ ✉♠❛ tr❛♥s♣♦s✐çã♦ ❡♠ K✳ ❈♦♠♦ K é tr❛♥s✐t✐✈♦✱ ❡①✐st❡

✉♠ β ∈ K t❛❧ q✉❡ β(j) = 6 ❡♥tã♦ β−1(6) = j✳ P♦rt❛♥t♦ β(i j)β−1 ∈ K✱ ♦✉ s❡❥❛✱ é ✐❣✉❛❧ ❛ (l 6)

♣❛r❛ ❛❧❣✉♠ l 6= 6✳ ❈♦♥❥✉❣❛♥❞♦ (l 6) ♣♦r t♦❞❛s ❛s ♣♦tê♥❝✐❛s ❞❡ α t❡r❡♠♦s q✉❡ (1 6)✱ (2 6)✱ (3 6)✱

(4 6) ❡ (5 6) ♣❡rt❡♥❝❡♠ ❛ K✳ ❏á r❡❧❡♠❜r❛♠♦s q✉❡ ❡ss❡s ❡❧❡♠❡♥t♦s ❣❡r❛♠ ♦ S6✱ ❛ss✐♠ K = S6✱

❛❜s✉r❞♦✳

❊st❛♠♦s ❛♣t♦s ❛ ♠♦str❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✷✳✽✳ ❊①✐st❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ S6 q✉❡ ♥ã♦ é ✐♥t❡r♥♦✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✷✳✼✱ t❡♠♦s K ✉♠ s✉❜❣r✉♣♦ tr❛♥s✐t✐✈♦ ❞❡ S6✱ ❝✉❥❛ ♦r✲

❞❡♠ é ✶✷✵ ❡ ♥ã♦ ♣♦ss✉✐ tr❛♥s♣♦s✐çõ❡s✳ ❈♦♥s✐❞❡r❡ σ : S6 −→ Sim(X)✱ ♦♥❞❡X = {α1K,α2K, · · · , α6K}✳

❆♥❛❧♦❣❛♠❡♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✼✱ ♠♦str❛♠♦s q✉❡ σ é ✐♥❥❡t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡

q✉❡ |Sim(X)| = |S6|✱ ❡♥tã♦ σ é s♦❜r❡❥❡t✐✈❛✳ P♦rt❛♥t♦✱ σ ∈ Aut(S6)✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱

q✉❡ σ ∈ Inn(S6)✳ ❙❡♥❞♦ ❛ss✐♠✱ σ é ✉♠❛ ❝♦♥❥✉❣❛çã♦ ❡ ♣r❡s❡r✈❛ ❡str✉t✉r❛ ❝í❝❧✐❝❛ ❞♦s ❡❧❡♠❡♥t♦s

❞❡ S6✳ ➚ ✈✐st❛ ❞♦ ❡①♣♦st♦✱ σ((1 2)) = σ(1 2) é ✉♠❛ tr❛♥s♣♦s✐çã♦✳ P♦ré♠

σ : S6 −→ S6

(1 2) 7−→ σ(1 2) : X −→ X

αiK 7−→ (1 2)αiK,

♣❛r❛ ❝❛❞❛ i✳ ❈♦♠ σ(1 2) é tr❛♥s♣♦s✐çã♦ ❡♥tã♦ ❛❧❣✉♠❛ ❝❧❛ss❡ αiK t❡♠ q✉❡ s❡r ✜①❛❞❛✱ ♦✉

s❡❥❛✱ ❡①✐t❡s i t❛❧ q✉❡ (1 2)αiK = αiK✳ ❙❡ ✐st♦ ❛❝♦♥t❡❝❡r✱ α−1
i (1 2)αiK = K✱ t❡r❡♠♦s q✉❡
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α−1
i (1 2)αi ∈ K✳ ❆❜s✉r❞♦✱ ♣♦✐s α−1

i (1 2)αi é ✉♠❛ tr❛♥s♣♦s✐çã♦ ❡ K ♥ã♦ ♣♦ss✉✐ tr❛♥s♣♦s✐çõ❡s✳

◆♦t❡ q✉❡ σ(1 2) ♥ã♦ ✜①❛ ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s ❡ ❧♦❣♦ σ(1 2) ♥ã♦ é ✉♠❛ tr❛♥s♣♦s✐çã♦✳ ❆ss✐♠✱

ϕ ∈/ Inn(S6)✱ ♦✉ s❡❥❛✱ S6 ♣♦ss✉✐ ✉♠ ❛✉t♦♠♦r✜s♠♦ q✉❡ ♥ã♦ é ✐♥t❡r♥♦

❆ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✽✱ t❡♠♦s ♥♦ss♦ r❡s✉❧t❛❞♦ ❛❧♠❡❥❛❞♦✱ ✐st♦ é✱ ♦ ❣r✉♣♦ S6 ♥ã♦ é ✉♠

❣r✉♣♦ ❝♦♠♣❧❡t♦✳

✷✳✸ ❚❡♦r❡♠❛s s♦❜r❡ ❣r✉♣♦s ❝♦♠♣❧❡t♦s

❆ ú❧t✐♠❛ s❡çã♦ ❞♦ ❝❛♣ít✉❧♦ é ❞❡❞✐❝❛❞❛ ❛♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ♦s ❣r✉♣♦s ❝♦♠♣❧❡✲

t♦s✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣♦s✐çõ❡s q✉❡ ❛✉①✐❧✐❛r❛♠ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛s✳

❙❡♥❞♦ ❛ss✐♠✱ ✈❛♠♦s ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ ❝❡♥tr❛❧ ❡ ❢❛t♦r ❞✐r❡t♦ ❞❡ ✉♠ ❣r✉♣♦✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✳ ❙❡❥❛♠ G1, . . . , Gn ♦s s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ G✳ ❉✐③❡♠♦s q✉❡ G é ♦

♣r♦❞✉t♦ ❝❡♥tr❛❧ ❞❡ G1, . . . , Gn s❡

✶✳ G = G1 . . . Gn❀

✷✳ [Gi, Gj] = 1 ♣❛r❛ i 6= j❀

✸✳ Z(Gi) = Z(G)✱ ♦♥❞❡ 1 ≤ i ≤ n✳

❉❡✜♥✐çã♦ ✷✳✸✳✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❉✐③❡♠♦s q✉❡ H ✉♠ ❢❛t♦r ❞✐r❡t♦

❞❡ G s❡ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G ❡ ❡①✐st❡ K ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G t❛❧ q✉❡ G = HK

❡ H ∩K = {1}✳ ❉❡♥♦t❛r❡♠♦s G = H ×K✳

❯t✐❧✐③❛r❡♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❣r✉♣♦s ❝♦♠♣❧❡t♦s ❛s ♣r♦♣♦s✐çõ❡s q✉❡

s❡❣✉❡♠✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✸ ✭▲❡✐ ▼♦❞✉❧❛r ❞❡ ❉❡❞❡❦✐♥❞✮✳ ❙❡❥❛♠ H,K,L s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G ❡

❛ss✉♠❛ q✉❡ K ⊆ L✳ ❊♥tã♦

HK ∩ L = (H ∩ L)K.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪✳

❘❡❝♦r❞❛r❡♠♦s✱ ❞❡ ❢♦r♠❛ ❜r❡✈❡✱ ❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ s❡♠✐✲❞✐r❡t♦ ❞❡ ❣r✉♣♦s✳ ❈♦♥s✐❞❡r❡♠♦s

H ❡ K ❣r✉♣♦s ❡ s✉♣♦♥❤❛♠♦s q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

ϕ : H −→ Aut(K)

h 7−→ ϕh : K −→ K

k 7−→ ϕh(k)
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❆ss✐♠✱ ❞✐③❡♠♦s q✉❡ H ❛❣❡ s♦❜r❡ K✳ ❈♦♥s✐❞❡r❛♥❞♦ ϕ ❡st❛ ❛çã♦ ❡ ♦ ❝♦♥❥✉♥t♦

H ×K = {(h, k)|h ∈ H ❡ k ∈ K}

é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠ ♣r♦❞✉t♦ ❡♠ H ×K ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❛çã♦ ϕ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

(h1, k1)(h2, k2) = (h1h2, k1ϕh1(k2)),

♦♥❞❡ h1, h2 ∈ H ❡ k1, k2 ∈ K✳ ❆ ♣❛rt✐r ❞♦ ♣r♦❞✉t♦ ❞❡✜♥✐❞♦✱ é ❢á❝✐❧ ✈❡r q✉❡ ♦ ❝♦♥❥✉♥t♦ H ×K

é ✉♠ ❣r✉♣♦✱ ❞❡♥♦♠✐♥❛❞♦ ♦ ♣r♦❞✉t♦ s❡♠✐✲❞✐r❡t♦ ❞❡ H ❡ K✳ ❉❡♥♦t❛r❡♠♦s ♣♦r H ⋉K✳ ❖❜s❡r✈❡

q✉❡ q✉❛♥❞♦ ❛ ❛çã♦ é tr✐✈✐❛❧✱ ♦ ♣r♦❞✉t♦ s❡♠✐✲❞✐r❡t♦ é ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ H ×K✱ ✉♠❛ ✈❡③ q✉❡

ϕh(k) = k ∀ h ∈ H✱ ∀ k ∈ K✱ ❡ ❛ss✐♠

(h1, k1)(h2, k2) = (h1h2, k1k2).

Pr♦♣♦s✐çã♦ ✷✳✸✳✹✳ ❙❡❥❛ A ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♥ã♦ tr✐✈✐❛❧✳ ❈♦♥s✐❞❡r❡ D = A × A ❡ ❞❡✜♥❛

ϕ ∈ Aut(D) ♣♦r

ϕ :D −→ D

(a1, a2) 7−→ (a1, a1a2).

❙❡❥❛ L = D ⋊ 〈ϕ〉 ♦ ♣r♦❞✉t♦ s❡♠✐✲❞✐r❡t♦ ❞❡ D ❡ 〈ϕ〉✳ ❊♥tã♦ Z(L) = L′ ∼= A✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪✳

❆❣♦r❛✱ ✈❛♠♦s ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞á ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ✉♠

❣r✉♣♦ s❡r ❝♦♠♣❧❡t♦✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❣r✉♣♦s ❝♦♠♣❧❡t♦s ❞❛❞❛ ♣♦r ❍♦❧✲

❞❡r✴❇❛❡r✳ ❖ ❧❡✐t♦r t❛♠❜é♠ ❡♥❝♦♥tr❛rá ♦ r❡s✉❧t❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪✳

❚❡♦r❡♠❛ ✷✳✸✳✺✳ ❯♠ ❣r✉♣♦ G é ❝♦♠♣❧❡t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡♠♣r❡ q✉❡ G ∼= N ♦♥❞❡ N ⊳ H

❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ N é ✉♠ ❢❛t♦r ❞✐r❡t♦ ❞❡ H✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ G é ✉♠ ❣r✉♣♦ ❝♦♠♣❧❡t♦ ❡ ❛ss✉♠❛ q✉❡ G ∼= N ♦♥❞❡

N ⊳ H✳ ❱❛♠♦s ♠♦str❛r q✉❡ H = N × C✱ ♣❛r❛ ❛❧❣✉♠ C ⊳ H✱ t❛❧ q✉❡ H = CN ❡ C ∩N = {1}✳

❈♦♥s✐❞❡r❡ C = CH(N)✳ ❈♦♠♦ C = CH(N) ⊳ NH(N) = H✱ ❡♥tã♦ C ⊳ H✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡

C ∩ N = Z(N)✳ ❆ss✉♠✐♠♦s q✉❡ G ∼= N ✱ ❥á q✉❡ G t❡♠ ❝❡♥tr♦ tr✐✈✐❛❧ ♦ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠

N ✳ ❊♥tã♦✱ C ∩ N = {1}✳ ❆❣♦r❛✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ H = CN ✳ ❯♠❛ ✈❡③ q✉❡ N é ❝♦♠♣❧❡t♦✱

t❡♠♦s q✉❡ Aut(N) = Inn(N)✳ ▲♦❣♦✱ s❡ ϕ ∈ Aut(N)✱ ❡♥tã♦ ❡①✐st❡ y ∈ N t❛❧ q✉❡ ϕ = τy✳ ❊♠
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♣❛rt✐❝✉❧❛r✱ s❡ x ∈ H ❡ t♦♠❛♠♦s

ϕ :N −→ N

n 7−→ nx,

t❡♠♦s q✉❡ ϕ ∈ Aut(N) ❡

τy(n) = ϕ(n)

⇐⇒ ny = nx

⇐⇒ yny−1 = xnx−1

⇐⇒ (x−1y)n = n(x−1y), ∀n ∈ N.

P♦rt❛♥t♦✱ x−1y ∈ C✳ ■st♦ é✱ x ∈ yC ❡♥tã♦ x = yc✱ ♣❛r❛ ❛❧❣✉♠ c ∈ C✱ ❡ H = NC✳ ❚❡♠♦s q✉❡

H = N × C✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ G t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❝✐t❛❞❛✳ ▼♦str❛r❡♠♦s

q✉❡ G é ❝♦♠♣❧❡t♦✱ ✐st♦ é Z(G) = 1 ❡ G ∼= Aut(G)✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ Z(G) 6= 1✳

▲♦❣♦✱ Z(G) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♥ã♦ tr✐✈✐❛❧ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✹✱ ❡①✐st❡ ✉♠ ❣r✉♣♦ L t❛❧

q✉❡ Z(L) = L′ ∼= Z(G)✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s M ♦ ♣r♦❞✉t♦ ❝❡♥tr❛❧ ❞❡ L ❡ G✳ ❙❡♥❞♦ ❛ss✐♠✱

Z(L) = Z(M) = Z(G)✱ [L,G] = 1 ❡ L,G ⊳M ✳ ❚❡♠♦s M = LG ❡ L∩G = Z(G)✳ ❈♦♠♦ G⊳M ✱

♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ G é ❢❛t♦r ❞✐r❡t♦ ❞❡M ✱ ♦✉ s❡❥❛✱M = G×K✱ ♦♥❞❡ K⊳M ✳ ❙❛❜❡♠♦s q✉❡

[G,K] = 1 ❧♦❣♦ K ❡ G ❝♦♠✉t❛♠ ❡ K ≤ CM(G)✳ ❯♠❛ ✈❡③ q✉❡ [L,G] = 1✱ ❡♥tã♦ L ≤ CM(G)✳

❆✜r♠❛♠♦s q✉❡ CM(G) = L ❡✱ ❛ss✐♠✱ K ≤ L✳ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ❛ ▲❡✐ ❞❡ ❉❡❞❡❦✐♥❞✱ t❡♠♦s

CM(G) =M ∩ CM(G)

=LG ∩ CM(G)

=L(G ∩ CM(G))

=LZ(G)

=L.

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ▲❡✐ ❞❡ ❉❡❞❡❦✐♥❞✱ ♦❜s❡r✈❛♠♦s q✉❡

L =L ∩M

=L ∩GK

=(L ∩G)K

=Z(G)K.

❆ss✐♠✱ L′ = [L,L] = [Z(G)K,Z(G)K]✳ ❈♦♠♦ K ≤ CM(G)✱ s❡❣✉❡ q✉❡ [Z(G)K,Z(G)K] =
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[K,K] = K ′✳ P♦r ✜♠✱ ♥♦t❡ q✉❡

Z(G) = Z(L) = L′ = K ′ ≤ K ∩G = 1.

❈♦♠ ❡st❛ ❝♦♥tr❛❞✐çã♦ ❣❛r❛♥t✐♠♦s q✉❡ Z(G) = 1✳ ❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ G ∼= Aut(G)✳ ❏á

♣r♦✈❛♠♦s q✉❡ ♦ ❝❡♥tr♦ ❞❡ G é tr✐✈✐❛❧✱ ❡♥tã♦ G ∼= Inn(G)✳ ❙❛❜❡♠♦s q✉❡ Inn(G) ⊳ Aut(G) ❡✱

♣♦r ❤✐♣ót❡s❡✱ ✈❛♠♦s t❡r q✉❡ Aut(G) = Inn(G)×R✱ ♣❛r❛ ❛❧❣✉♠ R ⊳Aut(G) ❡ [R, Inn(G)] = 1✳

▲♦❣♦ R ≤ CAut(G)(Inn(G))✳ ❈♦♠♦ CAut(G)(Inn(G)) = {1}✱ ❡♥tã♦ R = 1✳ ❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉í♠♦s

q✉❡ Aut(G) = Inn(G) ❡✱ ❛ss✐♠ G é ❝♦♠♣❧❡t♦✳

❊①♣❧♦r❛r❡♠♦s r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❡♠ s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s✱

Aut(G)✱ ❞❡ ✉♠ ❣r✉♣♦ G ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧ é ✉♠ ❣r✉♣♦ ❝♦♠♣❧❡t♦✳

❚❡♦r❡♠❛ ✷✳✸✳✻ ✭❇✉r♥s✐❞❡✮✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧ ❡ Inn(G) <
❝❛r

Aut(G)✱ ❡♥tã♦

Aut(G) é ❝♦♠♣❧❡t♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ q✉❛♥❞♦ Aut(G) é ✐s♦♠♦r❢♦ ❛ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ N ❞❡

✉♠ ❣r✉♣♦ H ❡♥tã♦ N é ✉♠ ❢❛t♦r ❞✐r❡t♦ ❞❡ H ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✺✱ ❣❛r❛♥t✐♠♦s q✉❡ Aut(G) é

❝♦♠♣❧❡t♦✳ ❙✉♣♦♥❤❛ q✉❡ N ⊳ H ❡ ❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ✐s♦♠♦r✜s♠♦

ψ : Aut(G) −→ N.

❉❡♥♦t❡ I = ψ(Inn(G))✳ ❈♦♠♦ Inn(G) <
❝❛r

Aut(G) t❡♠♦s q✉❡ I <
❝❛r

N ✳ ❈♦♠♦ G t❡♠ ❝❡♥tr♦

tr✐✈✐❛❧✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ✐s♦♠♦r✜s♠♦ τ : G −→ Inn(G)✳ ❊♥tã♦

G
τ

−→ Inn(G)
ψ

−→ I

g 7−→ τg 7−→ ψ(τg)✳

◆♦t❡ q✉❡ ❝♦♠♦ I <
❝❛r

N E H✱ ❡♥tã♦ I E H✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ h ∈ H t❡♠♦s q✉❡ hψ(τg)h−1 ∈ I✳

◆♦t❡ q✉❡ ❞❛❞♦ h ∈ H✱ ♦ ❡❧❡♠❡♥t♦ h ✐♥❞✉③ ✉♠ ❛✉t♦♠♦r✜s♠♦ ♣♦r ❝♦♥❥✉❣❛çã♦ s♦❜r❡ I✳ ❈♦♠♦

G ∼= I✱ ♦ ❡❧❡♠❡♥t♦ h t❛♠❜é♠ ✐♥❞✉③ ✉♠ ❛✉t♦♠♦r✜s♠♦ s♦❜r❡ G✱ ❛ s❛❜❡r ϕ✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡

q✉❡✿

G
ϕ

−→ G
τ

−→ Inn(G)
ψ

−→ I

g 7−→ ϕ(g) 7−→ τϕ(g) 7−→ ψ(τϕ(g))✳

❆❣♦r❛✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ ❞✐❛❣r❛♠❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ I ✐♥❞✉③✐❞♦ ♣♦r h✳

G

ψτ
��

ϕ
// G

ψτ
��

I
τh // I
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❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❞✐❛❣r❛♠❛✱ ♦❜s❡r✈❛♠♦s q✉❡ ψτϕ = τhψτ ✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦ g ∈ G✱ t❡♠♦s

q✉❡✿

(ψτϕ)(g) =(τhψτ)(g)

⇐⇒ (ψτ)(ϕ(g)) =(τhψ)(τg)

⇐⇒ ψ(τϕ(g)) =τh(ψ(τg))

⇐⇒ ψ(τϕ(g)) =hψ(τg)h
−1.

❈♦♠♦ τϕ(g) = ϕτgϕ
−1✱ s❡❣✉❡ q✉❡✿

ψ(τϕ(g)) =hψ(τg)h
−1

⇐⇒ ψ(ϕτgϕ
−1) =hψ(τg)h

−1

⇐⇒ ψ(ϕ)ψ(τg)ψ(ϕ)
−1 =hψ(τg)h

−1.

▲♦❣♦✱

ψ(ϕ)ψ(τg)ψ(ϕ)
−1 = hψ(τg)h

−1 =⇒ ψ(τg)([ψ(ϕ)]
−1h) = ([ψ(ϕ)]−1h)ψ(τg).

❖✉ s❡❥❛✱ ([ψ(ϕ)]−1h) ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ I✳ P♦rt❛♥t♦✱ ([ψ(ϕ)]−1h) ∈ CH(I) = C

❡ H = CN ✳ ◆♦t❡ q✉❡ C ∩N = CN(I) ❡ ❝♦♠♦ CAut(G)(Inn(G)) = {1}✱ t❡♠♦s q✉❡ C ∩N = {1}✳

P♦r ✜♠✱ ❝♦♠♦ N ⊳ H✱ C = CH(I) ⊳ NH(I) = H✳ ❆ss✐♠✱ H = C ×N ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❘❡❧❡♠❜r❛♠♦s q✉❡ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ♠✐♥✐♠❛❧ ❞❡ ✉♠ ❣r✉♣♦ G✱ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡

♥ã♦ tr✐✈✐❛❧ q✉❡ ♥ã♦ ❝♦♥té♠ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ♥ã♦ tr✐✈✐❛❧ ❞❡ G✳ ■st♦ é✱ s❡ N ⊳ G ❡ N < H✱

❡♥tã♦ N = {1}✳

❚❡♦r❡♠❛ ✷✳✸✳✼ ✭❇✉r♥s✐❞❡✮✳ ❙❡ G é s✐♠♣❧❡s ♥ã♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ Aut(G) é ❝♦♠♣❧❡t♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ♥ã♦ ❛❜❡❧✐❛♥♦ ❡ s✐♠♣❧❡s✱ Z(G) = {1} ❡ t❡♠♦s G ∼= Inn(G) = I✳ ❆❧é♠

❞✐ss♦✱ I ♥ã♦ ♣♦❞❡ ❝♦♥t❡r ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ♥ã♦ tr✐✈✐❛❧✳ ❆ss✐♠✱ I é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧

♠✐♥✐♠❛❧ ❞❡ Aut(G)✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ Aut(G) ♥ã♦ é ❝♦♠♣❧❡t♦✳ P❡❧♦ r❡s✉❧t❛❞♦

❛♥t❡r✐♦r✱ I ♥ã♦ é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ Aut(G) = A✳ ▲♦❣♦ I 6= ϕ(I)✱ ♣❛r❛ ❛❧❣✉♠ ϕ ∈ Aut(A)✳ ◆♦t❡

q✉❡ I ∩ ϕ(I) ⊳ A✳ ❈♦♠♦ I ∩ ϕ(I) ≤ I ❡ I é s✐♠♣❧❡s t❡♠♦s q✉❡ I ∩ ϕ(I) = {1}✳ ❈♦♠ ✐ss♦✱

[I, ϕ(I)] = {1}✳ ▲♦❣♦ ϕ(I) ≤ CA(I) = {1}✳ ❉✐❛♥t❡ ❞✐ss♦✱ ϕ(I) = 1 ❡ I = {1}✱ ♣♦✐s ϕ é ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ A✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ G = 1 ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ Aut(G) é ❝♦♠♣❧❡t♦✳

❘❡ss❛❧t❛♠♦s q✉❡ s❡ r❡t✐r❛♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ G s❡r ♥ã♦ ❛❜❡❧✐❛♥♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ♦✉

s❡❥❛✱ s❡ G é s✐♠♣❧❡s ❡ ❛❜❡❧✐❛♥♦ ❡♥tã♦ G é ❝í❝❧✐❝♦ ❞❡ ♦r❞❡♠ ♣r✐♠❛✱ ✐st♦ é G ∼= Zp✳ ❙❛❜❡♠♦s q✉❡

Aut(Zp) ∼= Zp−1✱ ❧♦❣♦ Aut(G) ♥ã♦ é ❝♦♠♣❧❡t♦✳



❈❛♣ít✉❧♦ ✸

❙✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s

❆ ♥♦ss❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t t❛♠❜é♠ ❡stá ❢✉♥❞❛♠❡♥t❛❞❛ ♥♦ ❡st✉❞♦ s♦❜r❡

♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❱❛♠♦s ❞✐s❝✉t✐r s♦❜r❡ ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s

✈✐s❛♥❞♦ ❞❡s❡♥✈♦❧✈❡r ❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

❊①✐st❡ ✉♠❛ ❢✉♥çã♦ f : ω −→ ω t❛❧ q✉❡ s❡♠♣r❡ q✉❡ H ❢♦r ✉♠ s✉❜❣r✉♣♦ s✉❜♥♦r♠❛❧ ❞❡ ✉♠

❣r✉♣♦ ✜♥✐t♦ G✱ ♦♥❞❡ CG(H) = 1✱ ❡♥tã♦ |G| ≤ f(|H|)✳

❖ ❚❡♦r❡♠❛ ❛❝✐♠❛✱ t❛♠❜é♠ ❞❛ ❛✉t♦r✐❛ ❞♦ ♠❛t❡♠át✐❝♦ ❲✐❡❧❛♥❞t✱ é ❡ss❡♥❝✐❛❧ ♣❛r❛ ❣❛r❛♥t✐r ❛

❡st❛❜✐❧✐❞❛❞❡ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳ ◆❡st❡ ❝❛♣ít✉❧♦✱

♥♦ss♦ ♦❜❥❡t✐✈♦ é ❞✐s❝✉t✐r t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❞❡♠♦♥strá✲❧♦✳ ❆s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s ❢♦r❛♠

❬✶✵❪ ❡ ❬✶✹❪✳

✸✳✶ ❙ér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛

◆❛ ✐♥tr♦❞✉çã♦✱ ❥á r❡ss❛❧t❛♠♦s ♥♦ss♦ ✐♥t❡r❡ss❡ ♥♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦

❡ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳ ❙❡♥❞♦ ❛ss✐♠✱ ✐♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ G✳ ❉✐③❡♠♦s q✉❡ H é ✉♠ s✉❜❣r✉♣♦ s✉❜♥♦r✲

♠❛❧ ❡♠ G s❡ ❡①✐st❡♠ ❞✐st✐♥t♦s s✉❜❣r✉♣♦s H = H0, H1, . . . , Hn = G t❛✐s q✉❡

H = H0 ⊳ H1 ⊳ · · · ⊳ Hn = G

❢♦r♠❛ ✉♠❛ sér✐❡ ✜♥✐t❛ ❞❡ H ♣❛r❛ G✳ ❉❡♥♦t❛r❡♠♦s H <
s♥

G✳

❯♠ s✉❜❣r✉♣♦ H <
s♥

G ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G✳ ❆ ♥♦r♠❛❧✐❞❛❞❡

❡♥tr❡ ❣r✉♣♦s ♥ã♦ é ✉♠❛ r❡❧❛çã♦ tr❛♥s✐t✐✈❛✱ ♦✉ s❡❥❛✱ s❡ K ⊳H ❡ H ⊳G ♥ã♦ é ♣♦ssí✈❡❧ ❣❛r❛♥t✐r q✉❡

K ⊳G✳ P❛r❛ r❡❢♦rç❛r ♥♦ss❛ ❛✜r♠❛çã♦✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ ❣r✉♣♦ D8✱ q✉❡ ❥á ❞❡✜♥✐♠♦s ♥♦ ♣r✐♠❡✐r♦

❝❛♣ít✉❧♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦❜s❡r✈❡ s❡✉ r❡t✐❝✉❧❛❞♦

✸✸
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D8

{1, θr, θ2, θ3r} 〈θ〉 {1, r, θ2, θ2r}

〈θr〉 〈θ3r〉 〈θ2〉 〈r〉 〈θ2r〉

{1}

❈♦♥s✐❞❡r❡ 〈r, θ2〉 = {1, θ2, r, rθ2} ❡ 〈r〉 = {1, r}✳ ◆♦t❡ q✉❡

θrθ−1 = θrθ3 = rθ6 = rθ2 /∈ 〈r〉.

▲♦❣♦ 〈r〉 ♥ã♦ é ♥♦r♠❛❧ ❡♠ D8✳ ▼❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡❣✉✐♥t❡ sér✐❡

〈r〉 ⊳ 〈r, θ2〉 ⊳ D8.

❚❡♠♦s q✉❡ 〈r〉 <
s♥

D8✳

◆♦s ♣r✐♠❡✐r♦s ❝❛♣ít✉❧♦s✱ ❥á ❞❡✜♥✐♠♦s ❡ ❛té ✉t✐❧✐③❛♠♦s ❛ ♥♦çã♦ ❞❡ s✉❜❣r✉♣♦s ❝❛r❛❝t❡ríst✐❝♦s✳

❆❣♦r❛✱ ✈❛♠♦s ❞❡st❛❝❛r ✉♠❛ ♣r♦♣♦s✐çã♦ q✉❡ ❡st❛❜❡❧❡❝❡ q✉❛♥❞♦ ✉♠ s✉❜❣r✉♣♦ s✉❜♥♦r♠❛❧ ❞❡ ✉♠

❣r✉♣♦ ✜♥✐t♦ é ❝❛r❛❝t❡ríst✐❝♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❙❡ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G ❝✉❥❛ ♦r❞❡♠ ❡ ♦

í♥❞✐❝❡ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ❡♥tã♦ H <
❝❛r

G✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ |H| = m ❡ [G : H] = n✱ t❛❧ q✉❡ (m,n) = 1 ❡ |G| = mn✳ ❙❡ ϕ ∈ Aut(G)✱

❡♥tã♦ ϕ(H) = I t❛♠❜é♠ t❡♠ ♦r❞❡♠ m ❡ HI é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❉❡♥♦t❡ d = |H ∩ I|✳ ❚❡♠♦s

q✉❡ d|m ❡ |HI| = m2

d
✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡❣✉❡ q✉❡ (m

2

d
)|mn✳ ❈♦♠♦ (m,n) = 1✱ s❡q✉❡ q✉❡ m = d ❡

t❡♠♦s H = ϕ(H)✱ ∀ ϕ ∈ Aut(G)✳ P♦rt❛♥t♦✱ H <
❝❛r

G✳

❘❡ss❛❧t❛♠♦s q✉❡ s♦❜ ❡ss❛s ❤✐♣ót❡s❡s✱ H é ♦ ú♥✐❝♦ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G ❞❡ ♦r❞❡♠ m✱ ❧♦❣♦

❝❛r❛❝t❡ríst✐❝♦✳ ❆❣♦r❛✱ ✈❛♠♦s ❝♦♠❡ç❛r ❛ ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✸✳✶✳✸✳ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ f : ω −→ ω t❛❧ q✉❡ s❡♠♣r❡ q✉❡ H ❢♦r ✉♠ s✉❜❣r✉♣♦

s✉❜♥♦r♠❛❧ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G✱ ♦♥❞❡ CG(H) = 1✱ ❡♥tã♦ |G| ≤ f(|H|)✳

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✸✳✶✳✸ s❡rá ❝♦♥str✉✐r ✉♠❛ sér✐❡ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡

❞❡ s✉❜❣r✉♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❡♠ H✱ ❛ s❛❜❡r

1 = S0 < S1 < · · · < St = H.
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❡ ❞❡♣♦✐s ❝♦♥str✉✐r ✉♠❛ sér✐❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡ ♣❛r❝✐❛❧ ❞❡ s✉❜❣r✉♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❡♠ G

1 = R0 ≤ R1 ≤ · · · ≤ Rt.

❆ sér✐❡ é ❞❡♥♦♠✐♥❛❞❛ ♣❛r❝✐❛❧ ♣♦✐s ♦ s✉❜❣r✉♣♦ Rt 6= G✳

P❛r❛ ❞❡✜♥✐r ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❛s sér✐❡s ❞❡s❡❥❛❞❛s✱ ♣r❡❝✐s❛♠♦s ✐♥tr♦❞✉③✐r ✉♠ ✐♠♣♦rt❛♥t❡ s✉❜✲

❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦✿ Op(G)✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ r❡❝♦r❞❡♠♦s q✉❡ s❡ H ❡ K sã♦ p✲s✉❜❣r✉♣♦s

♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ G✱ HK é ✉♠ p✲s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G✳ P♦r ✐♥❞✉çã♦✱ ✈❡r✐✜❝❛♠♦s q✉❡

s❡ H1, H2, . . . , Hn sã♦ p✲s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ G✱ ❡♥tã♦ H1H2 . . . Hn t❛♠❜é♠ é ✉♠ p✲s✉❜❣r✉♣♦

♥♦r♠❛❧ ❞❡ G✳ ❙❡❣✉❡ q✉❡ G t❡♠ ✉♠ ú♥✐❝♦ p✲s✉❜❣r✉♣♦ ♥♦r♠❛❧ ♠❛①✐♠❛❧✱ ❛ s❛❜❡r ♦ s✉❜❣r✉♣♦

❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s❡✉s p✲s✉❜❣r✉♣♦s ♥♦r♠❛✐s✳ ■st♦ ♠♦t✐✈❛ ❛ ♥♦ss❛ ❞❡✜♥✐çã♦

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ p ✉♠ ♣r✐♠♦✳ ❉❡✜♥✐♠♦s ♦ Op(G) ❝♦♠♦ ♦ ú♥✐❝♦

p✲s✉❜❣r✉♣♦ ♥♦r♠❛❧ ♠❛①✐♠❛❧ ❞❡ G✳

❊①❡♠♣❧♦ ✸✳✶✳✺✳ ❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦ s✐♠étr✐❝♦ S4✱ ❝✉❥❛ ♦r❞❡♠ é 23 ·3✳ ❙❛❜❡♠♦s q✉❡ ♦s s✉❜❣r✉♣♦s

♥♦r♠❛✐s ❞❡ S4 sã♦✿ K ✭♦ ❣r✉♣♦ ❞❡ ❑❧❡✐♥✮✱ A4 ✭♦ s✉❜❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ♣❛r❡s ❞❡ S4✮ ❡ ♦s

s❡✉s s✉❜❣r✉♣♦s tr✐✈✐❛✐s✳ ❆ss✐♠✱ t❡♠♦s q✉❡ O2(S4) = K✳

❉❛❞♦ ϕ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ✉♠ ❣r✉♣♦ G ❡ H ❡ K p✲s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ G✱ t❡♠♦s q✉❡

ϕ(H) ❡ ϕ(G) t❛♠❜é♠ sã♦ p✲s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ G✳ ❆❧é♠ ❞✐ss♦✱ r❡ss❛❧t❛♠♦s q✉❡ Op(G) é ✉♠

s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G✳

❉❛❞❛s ❛s ❞❡✜♥✐çõ❡s ❞♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ G ❡ ❞♦ s❡✉ Op(G)✳ ❉❡♠♦♥str❛✲

r❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳✶✳✻✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ p ✉♠ ♣r✐♠♦✳ ❙❡ H é ✉♠ p✲s✉❜❣r✉♣♦ ❞❡ G ❡ s✉❜♥♦r♠❛❧

❡♠ G✱ ❡♥tã♦ H ≤ Op(G)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ H <
s♥

G✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ sér✐❡ ✜♥✐t❛ t❛❧ q✉❡

H = H0 ⊳ H1 ⊳ · · · ⊳ Hl−1 ⊳ Hl = G.

❱❛♠♦s ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ l✳ ❙❡ l = 1✱ ❡♥tã♦ H ⊳ G✳ ▲♦❣♦ H é ✉♠

p✲s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G✱ s❡❣✉❡ q✉❡ H ≤ Op(G)✳

❆❣♦r❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r l > 1 ❡ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡ H ≤ Op(Hl−1)✳ ◆♦t❡

q✉❡ Op(Hl−1) <
❝❛r

Hl−1 ❡ Hl−1 ⊳Hl✱ ❡♥tã♦ Op(Hl−1)⊳Hl = G✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ■st♦ s✐❣♥✐✜❝❛

q✉❡ Op(Hl−1) ≤ Op(G) ❡ ❧♦❣♦ H ≤ Op(G)✳

❆❧é♠ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✻✱ é út✐❧ ♦❜s❡r✈❛r q✉❡✿
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❖❜s❡r✈❛çã♦ ✸✳✶✳✼✳ ❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ p ✉♠ ♣r✐♠♦✱ t❛❧ q✉❡ p ❞✐✈✐❞❡ |G|✳ ◆ã♦

é ♣♦ssí✈❡❧ ❛✜r♠❛r q✉❡ ♦ Op(G) é ✉♠ p✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇ ❞❡ G✳ P❛r❛ ❡①❡♠♣❧✐✜❝❛r✱ ✈❛♠♦s

❛♥❛❧✐s❛r ♥♦✈❛♠❡♥t❡ ♦ ❣r✉♣♦ s✐♠étr✐❝♦ S4✳ ❈♦♠♦ |S4| = 23 · 3✱ t❡♠♦s q✉❡ s❡ P ∈ Syl2(S4) ❡♥tã♦

|P | = 23✳ ❏á ✈❡r✐✜❝❛♠♦s q✉❡ O2(S4) = K ❡ |K| = 22✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✳

❉❡✜♥✐çã♦ ✸✳✶✳✽✳ ❯♠ ❣r✉♣♦ ✜♥✐t♦ G é ❞✐t♦ s❡r s❡♠✐ss✐♠♣❧❡s s❡ ♥ã♦ t❡♠ s✉❜❣r✉♣♦s ❛❜❡❧✐❛♥♦s

♥♦r♠❛✐s ♥ã♦ tr✐✈✐❛✐s✳

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡①❡♠♣❧✐✜❝❛r ♦s ❣r✉♣♦s s❡♠✐ss✐♠♣❧❡s✱ ♠❡♥❝✐♦♥❛♠♦s ♦s ❣r✉♣♦s s✐♠étr✐❝♦s

Sn✱ ♦♥❞❡ n ≥ 5✳ ❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ❡st❛♠♦s ❛♣t♦s ❛ ❝♦♠❡ç❛r ❛ ❞✐s❝✉t✐r ♦s ❧❡♠❛s ✐♥✐❝✐❛✐s ♣❛r❛

❞❡♠♦♥str❛r♠♦s ♦ ❚❡♦r❡♠❛ ✸✳✶✳✸✳

▲❡♠❛ ✸✳✶✳✾✳ ❙❡❥❛ H ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ sér✐❡ ❞❡ s✉❜❣r✉♣♦s ❡♠ H

1 = S0 < S1 < · · · < St = H ✭✸✳✶✮

♦♥❞❡ ❝❛❞❛ Si é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ H ❡✱ ❛❧é♠ ❞✐ss♦✱ ♦✉ Si+1/Si é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s

s✉❜♥♦r♠❛✐s s✐♠♣❧❡s ❞❡ H/Si ♦✉ Si+1/Si é ✉♠ pi✲❣r✉♣♦✱ ♣❛r❛ ❛❧❣✉♠ ♣r✐♠♦ pi ❞✐✈✐❞✐♥❞♦ |H|✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s s✉♣♦r q✉❡ ♦ ❣r✉♣♦ ✜♥✐t♦ H é s❡♠✐ss✐♠♣❧❡s✳ ◆❡st❡ ❝❛s♦✱

❞❡✜♥✐♠♦s S1 ❝♦♠♦ ♦ s✉❜❣r✉♣♦ ❞❡ H ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡

♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H✳ ❈❛s♦ H ♥ã♦ t❡♥❤❛ ♥❡♥❤✉♠ s✉❜❣r✉♣♦ s✉❜♥♦r♠❛❧✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦✱

❡♥tã♦ ❞❡✜♥✐♠♦s S1 = 1✳ ❆❣♦r❛✱ ✈❡r✐✜❝❛r❡♠♦s q✉❡ S1 é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ H✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s

❝♦♥s✐❞❡r❛r ϕ ∈ Aut(H) ❡ T ≤ H✱ t❛❧ q✉❡ T <
s♥

H✱ ♥ã♦ ❛❜❡❧✐❛♥♦ ❡ s✐♠♣❧❡s✳ ❈♦♠♦ ϕ é ✉♠

❛✉t♦♠♦r✜s♠♦ ❞❡ H ❡ T ≤ H✱ t❡♠♦s q✉❡ ϕ(T ) ∼= T ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ϕ(T ) <
s♥

H✱ ♥ã♦

❛❜❡❧✐❛♥♦ ❡ s✐♠♣❧❡s✳ ❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ S1✱ t❡♠♦s q✉❡ ϕ(T ) ⊆ S1✳ ❙❡♥❞♦

❛ss✐♠✱ S1 é ✐♥✈❛r✐❛♥t❡ ♣❛r❛ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ ❡♠ Aut(H)✱ ❡♥tã♦ é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ H✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈❛♠♦s s✉♣♦r q✉❡ ♦ ❣r✉♣♦ ✜♥✐t♦ H ♥ã♦ é s❡♠✐ss✐♠♣❧❡s✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡

N ≤ H✱ t❛❧ q✉❡ N é ♥♦r♠❛❧ ❡♠ H✱ ❛❜❡❧✐❛♥♦ ❡ ♥ã♦ tr✐✈✐❛❧✳ ❈♦♥s✐❞❡r❡ ♦ ♣r✐♠♦ p1✱ t❛❧ q✉❡

p1 ❞✐✈✐❞❡ |N |✱ ❡ s❡❥❛ P ∈ Sylp1(N)✳ ❈♦♠♦ N é ❛❜❡❧✐❛♥♦✱ t❡♠♦s q✉❡ P ⊳ N ❡✱ ❡♥tã♦ P é ✉♠

pi✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇ ❞❡ N ♥♦r♠❛❧✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ P é ❝❛r❛❝t❡ríst✐❝♦ ❡♠

N ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ P <
❝❛r

N ❡ N ⊳H✱ s❡❣✉❡ q✉❡ P ⊳H✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ❉❡ ❛❝♦r❞♦ ❝♦♠

❛ ❞❡✜♥✐çã♦ ❞♦ Op(G) ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G ❡ ❞❡ ✉♠ ♣r✐♠♦ p✱ t❡♠♦s q✉❡ Op1(H) é ♦ ♣r♦❞✉t♦

❞❡ t♦❞♦s ♦s s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ H ❝✉❥❛ ♦r❞❡♠ é ✉♠❛ ♣♦tê♥❝✐❛ ❞♦ ♣r✐♠♦ p1✳ ❉❡ss❡ ♠♦❞♦✱

P ≤ Op1(H) ❡✱ t❛♠❜é♠✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ Op1(H) 6= 1✳ ◆❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s S1 = Op1(H)

❡✱ t❡♠♦s q✉❡ S1 <
❝❛r

H✳
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❆ ✜♠ ❞❡ ❝♦♥t✐♥✉❛r ❛ ❞❡✜♥✐çã♦ ❞❛ sér✐❡✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ ❣r✉♣♦ H/S1✳ ❙❡ H/S1 é s❡♠✐ss✐♠✲

♣❧❡s✱ ❞❡✜♥✐♠♦s S2/S1 ❝♦♠♦ ♦ s✉❜❣r✉♣♦ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡

♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H/S1✳ ❈❛s♦ H/S1 ♥ã♦ é s❡♠✐ss✐♠♣❧❡s✱ ❝♦♥s✐❞❡r❡ ✉♠ ♣r✐♠♦ q✉❡ ❞✐✈✐❞❡ |H/S1|✱

❛ s❛❜❡r p2✳ ❉❡✜♥✐♠♦s S2/S1 = Op2(H/S1)✱ ❡ s❛❜❡♠♦s q✉❡ Op2(H/S1) 6= 1✳ ❊♠ t♦❞♦ ❝❛s♦✱

S2/S1 <
❝❛r

H/S1 ❡✱ ❝♦♠ ✐ss♦✱ S2 <
❝❛r

H✳ ❈♦♥t✐♥✉❛♠♦s ❞❡st❛ ❢♦r♠❛ ❡ ❡♥tã♦ t❡♠♦s ✉♠❛ sér✐❡

1 = S0 < S1 < · · · < St = H

♦♥❞❡ ❝❛❞❛ Si <
❝❛r

H✱ ♣❛r❛ ∀ i = 1, . . . , t✳

❱❛♠♦s ♥♦s r❡❢❡r✐r ❛ sér✐❡ ❡♠ ✭✸✳✶✮ ❝♦♠♦ ❛ sér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛ ❞❡ H✳

▲❡♠❛ ✸✳✶✳✶✵✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❈♦♥s✐❞❡r❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❡ ✉♠❛ sér✐❡ S✲

❝❛r❛❝t❡ríst✐❝❛ ❞❡ H✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ sér✐❡ ♣❛r❝✐❛❧ ❞❡ s✉❜❣r✉♣♦s ❡♠ G

1 = R0 < R1 < · · · < Rt ✭✸✳✷✮

♦♥❞❡ ❝❛❞❛ Ri é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G ❡✱ ❛❧é♠ ❞✐ss♦✱ Ri+1/Ri é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s

s✉❜♥♦r♠❛✐s s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ G/Ri✱ ❝❛s♦ Si+1/Si s❡❥❛ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s

s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H/Si ♦✉ Ri+1/Ri é pi✲❣r✉♣♦✱ ❝❛s♦ Si+1/Si s❡❥❛ pi✲❣r✉♣♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❝♦♥str✉✐r ✉♠❛ sér✐❡ ♣❛r❝✐❛❧ ❞❡ s✉❜❣r✉♣♦s Ri ≤ G

1 = R0 < R1 < · · · < Rt

♦♥❞❡ ❝❛❞❛ Ri <
❝❛r

G✱ ∀ i = 1, . . . , t ✳ ❈♦♥s✐❞❡r❡ H ≤ G ❡ s✉❛ sér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛✱ ❝♦♥❢♦r♠❡ ♥♦

▲❡♠❛ ✸✳✶✳✾✱ ❛ s❛❜❡r

1 = S0 < S1 < · · · < St = H.

P❛r❛ i = 0✱ s❛❜❡♠♦s q✉❡ S0 = 1 ❡✱ ❡♥tã♦ ❞❡✜♥✐♠♦s R0 = 1✳ P❛r❛ i = 1✱ ❛♥❛❧✐s❛r❡♠♦s ❛

s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ❞❡ H✳ ❙❡ H é s❡♠✐ss✐♠♣❧❡s✱ ❡♥tã♦ t❡♠♦s q✉❡ S1 é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s

s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛r❡♠♦s R1 ❣❡r❛❞♦ ♣♦r

t♦❞♦s ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ G✳ ◆❡st❡ ❝❛s♦✱ ❛♥❛❧♦❣❛♠❡♥t❡ ❛

❛r❣✉♠❡♥t❛çã♦ ❢❡✐t❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✾✱ ❣❛r❛♥t✐♠♦s q✉❡ R1 <
❝❛r

G✳ ◗✉❛♥❞♦ H ♥ã♦

é s❡♠✐ss✐♠♣❧❡s✱ ❞❡✜♥✐♠♦s S1 = Op1(H)✱ ♣❛r❛ ❛❧❣✉♠ ♣r✐♠♦ p1 q✉❡ ❞✐✈✐❞❡ |H|✳ ❙❡♥❞♦ ❛ss✐♠✱

❞❡✜♥✐♠♦s R1 = Op1(G)✳ ❏á ❞✐s❝✉t✐♠♦s q✉❡ Op1(G) <
❝❛r

G✱ ❡✱ ♣♦rt❛♥t♦ t❡♠♦s R1 <
❝❛r

G✳

P❛r❛ i = 2✱ ✈❛♠♦s ♦❜s❡r✈❛r ❛ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ❞♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡ H/S1✳ ❆ss✐♠✱ s❡ H/S1 é

s❡♠✐ss✐♠♣❧❡s✱ t❡♠♦s S2/S1 ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s

❞❡ H/S1✳ ❙❡♥❞♦ ❛ss✐♠✱ t♦♠❡ R2/R1 ❣❡r❛❞♦ ♣♦r t❛✐s s✉❜❣r✉♣♦s ❞❡ G/R1✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ q✉❡

R2 <
❝❛r

G✳ ❆❣♦r❛✱ q✉❛♥❞♦H/S1 ♥ã♦ é s❡♠✐ss✐♠♣❧❡s✱ s❡❣✉❡ q✉❡ S2/S1 = Op2(H/S1)✳ ❉✐❛♥t❡ ❞✐ss♦✱
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✈❛♠♦s ❝♦♥s✐❞❡r❛r R2/R1 = Op2(G/R1)✳ ❈♦♠♦ R2/R1 <
❝❛r

G/R1✱ ❡♥tã♦ R2 <
❝❛r

G✳ Pr♦❝❡❞❡♥❞♦ ❞❛

♠❡s♠❛ ♠❛♥❡✐r❛✱ ❞❡✜♥✐♠♦s Ri ≤ G✱ ♦♥❞❡ Ri é ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G✱ ∀ i = 3, . . . , t✳

❘❡ss❛❧t❛♠♦s q✉❡ Ri/Ri−1 é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦

❛❜❡❧✐❛♥♦s ❞❡ G/Ri−1✱ s❡ Si/Si−1 é ♦ s✉❜❣r✉♣♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ H/Si✳ P♦r ♦✉tr♦ ❧❛❞♦✱

Ri/Ri−1 = Opi(G/Ri−1)✱ s❡ Si/Si−1 = Opi(H/Si−1)✳

❆ sér✐❡ ❡♠ ✭✸✳✷✮ é ❞✐t❛ ✉♠❛ sér✐❡ ❡♠ G ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ sér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛ ❞❡ H✳

▲❡♠❛ ✸✳✶✳✶✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ H ✉♠ s✉❜❣r✉♣♦ s✉❜♥♦r♠❛❧ ❞❡ G✳ ❈♦♥s✐❞❡r❡ ❛ sér✐❡

S✲❝❛r❛❝t❡ríst✐❝❛ ❞❡ H ❡ s✉❛ sér✐❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ G✱ ❝♦♠♦ ♥♦s ▲❡♠❛s ✸✳✶✳✾ ❡ ✸✳✶✳✶✵✳ ❊♥tã♦

Si ≤ Ri✱ ∀ i = 1, . . . , t✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ ❛s sér✐❡s sã♦ r❡❧❛❝✐♦♥❛❞❛s ♣❡❧❛ ✐♥❝❧✉sã♦ Si ≤ Ri✱ ∀ i =

1, . . . , t✳ P♦r ❝♦♥str✉çã♦ ❞❛s sér✐❡s✱ ❝❧❛r❛♠❡♥t❡ S0 ≤ R0✳ P❛r❛ i = 1✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❞✉❛s

♣♦ssí✈❡✐s s✐t✉❛çõ❡s✳ ◆❛ ♣r✐♠❡✐r❛ s✐t✉❛çã♦✱ s❡ S1 ❢♦r ❣❡r❛❞♦ ♣❡❧♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s

❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H✱ s❛❜❡♠♦s q✉❡ R1 é ❣❡r❛❞♦ ♣❡❧♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦

❛❜❡❧✐❛♥♦s ❞❡ G✳ ❈♦♠♦ H ≤ G✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s

❞❡ H t❛♠❜é♠ sã♦ ❞❡ G✱ ❧♦❣♦ S1 ≤ R1✳ ◆❛ s❡❣✉♥❞❛ s✐t✉❛çã♦✱ s❡ S1 = Op1(H)✱ s❛❜❡♠♦s q✉❡

R1 = Op1(G)✳ ❈♦♠♦ Op1(H) ⊳ H ❡ H <
s♥

G✱ s❡❣✉❡ q✉❡ Op1(H) <
s♥

G✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✸✳✶✳✻✱ Op1(H) ≤ Op1(G) ❡✱ ♣♦rt❛♥t♦✱ S1 ≤ R1✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ ❛❧❣✉♠ 1 < i < t✱ ✐st♦ é✱ Si ≤ Ri✳ ❱❛♠♦s

♣r♦✈❛r q✉❡ Si+1 ≤ Ri+1✳

❙❡ (Si+1Ri)/Ri = 1✱ ❡♥tã♦ Si+1 ≤ Ri ≤ Ri+1 ❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❛❧♠❡❥❛❞♦✳ ❙❡♥❞♦ ❛ss✐♠✱

❛ss✉♠✐♠♦s q✉❡ (Si+1Ri)/Ri 6= 1✳ ❖❜s❡r✈❡ q✉❡

Si+1Ri

Si+1 Ri

Si+1 ∩Ri

Si−1

◆♦t❡ q✉❡
Si+1Ri

Ri

∼=
Si+1

Si+1 ∩Ri

,

❡♥tã♦ (Si+1Ri)/Ri é ✉♠❛ ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛ ❞❡ Si+1/Si✳ ❙❛❜❡♠♦s q✉❡ Si+1/Si ♦✉ é ✉♠

pi✲❣r✉♣♦ ♦✉ é ❣❡r❛❞♦ ♣♦r s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H/Si−1✳ ❉✐❛♥t❡

❞✐ss♦✱ t❡♠♦s q✉❡ (Si+1Ri)/Ri ♦✉ é ✉♠ pi✲❣r✉♣♦ ♦✉ é ❣❡r❛❞♦ ♣♦r s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✳
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❘❡❝♦r❞❛♠♦s q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ Si+1/Si✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞❡ (Si+1Ri)/Ri✱ ❞❡♣❡♥❞❡ ❞❛

s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ❞❡ H/Si✱ ❝♦♠♦ ❞✐s❝✉t✐♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✶✵✳ ❉❡✈✐❞♦ ❛ ❡ss❡

❢❛t♦✱ ❛♥❛❧✐s❛r❡♠♦s ❛ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ❞❡ H/Si ♣❛r❛ ✜♥❛❧✐③❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♥♦ss♦

r❡s✉❧t❛❞♦✳ P♦ré♠✱ ❛♥t❡s ❞❡ ❝♦♥t✐♥✉❛r♠♦s✱ ❛✜r♠❛♠♦s q✉❡ (Si+1Ri)/Ri <
s♥

G/Ri✳ ❉❡ ❢❛t♦✱ ❝♦♠♦

H <
s♥

G✱ ❝♦♥s✐❞❡r❡ ♦s s✉❜❣r✉♣♦s ❞✐st✐♥t♦s H = A0, A1, · · · , AK = G✱ t❛✐s q✉❡

H = A0 ⊳ A1 ⊳ · · · ⊳ Ak = G.

❆❧é♠ ❞✐ss♦✱ ✈❛♠♦s ♦❜s❡r✈❛r ❛ ✜❣✉r❛ ❛❜❛✐①♦

G = Ak

Ak−1
✳✳✳

✳✳✳ AjRi

Aj
✳✳✳

✳✳✳ A1Ri

A1 StRi

A0 = H = St
✳✳✳

✳✳✳ Si+1Ri

Si+1 Ri

Si

❉❡ss❛ ♠❛♥❡✐r❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ sér✐❡

(Si+1Ri)/Ri ⊳ · · · ⊳ (StRi)/Ri ⊳ (A1Ri)/Ri ⊳ · · · ⊳ (AkRi)/Ri = G/Ri.
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P♦rt❛♥t♦✱ (Si+1Ri)/Ri <
s♥

G/Ri✳

❆❣♦r❛✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❛ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ❞❡H/Si✳ P❛r❛H/Si ♥ã♦ s❡♠✐ss✐♠♣❧❡s✱ (Si+1Ri)/Ri

é ✉♠ pi✲❣r✉♣♦✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ♦✉tr♦ ❝❛s♦✱ t❛❧ ❢❛t♦ ❞❡❝♦rr❡ ❞❡ q✉❡ Si+1/Si = Opi(H/Si)✱ ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ Ri+1/Ri = Opi(G/Ri)✳ ❈♦♠♦ (Si+1Ri)/Ri é ✉♠ pi✲❣r✉♣♦ ❡ (Si+1Ri)/Ri <
s♥

G/Ri✱ t❡♠♦s q✉❡ (Si+1Ri)/Ri ≤ Opi(G/Ri)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✻✳

❙❡ H/Si é s❡♠✐ss✐♠♣❧❡s✱ ❡♥tã♦ Si+1/Si é ❣❡r❛❞♦ ♣♦r s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦

❛❜❡❧✐❛♥♦s ❞❡ H/Si✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ (Si+1Ri)/Ri t❛♠❜é♠ é ❣❡r❛❞♦ ♣♦r s✉❜❣r✉♣♦s s✉❜♥♦r✲

♠❛✐s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ G/Ri−1✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞❛ sér✐❡ ❡♠ G ❝♦rr❡s♣♦♥✲

❞❡♥t❡ ❛ sér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛ ❞❡ H✱ t❡♠♦s q✉❡ Ri+1/Ri é ❣❡r❛❞♦ ♣❡❧♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱

s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ G/Ri✳ ❆ss✐♠✱ (Si+1Ri)/Ri ≤ Ri+1/Ri✱ ❡♥tã♦ Si+1Ri ≤ Ri+1 ❡ t❡♠♦s

Si+1 ≤ Ri+1✳ ◆♦✈❛♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ (Si+1Ri)/Ri ≤ Ri+1/Ri✱ ❧♦❣♦ Si+1 ≤ Ri+1✳ ❆ss✐♠✱

❝♦♥✜r♠❛♠♦s ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦ ❡♥tr❡ ❛s sér✐❡s✳

✸✳✷ ❈á❧❝✉❧♦ ❞❡ ❝♦♠✉t❛❞♦r❡s ❡ s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s

◆❡st❛ s❡çã♦✱ ✉t✐❧✐③❛r❡♠♦s ♦ ❝á❧❝✉❧♦ ❞❡ ❡❧❡♠❡♥t♦s ❡ s✉❜❣r✉♣♦s ❝♦♠✉t❛❞♦r❡s ♣❛r❛ ❞❡s❡♥✈♦❧✲

✈❡r♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ G✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❡✜♥✐çõ❡s✱

♣r♦♣♦s✐çõ❡s ❡ t❡♦r❡♠❛s ❞✐s❝✉t✐❞♦s ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛ ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

✸✳✶✳✸✳

■♥✐❝✐❛❧♠❡♥t❡✱ r❡❝♦r❞❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ X ⊆ G✳ ❉❡✜♥✐♠♦s ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ X ❡♠ G✱ ❞❡♥♦t❛❞♦

♣♦r XG✱ ❝♦♠♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❡♠ G q✉❡ ❝♦♥té♠ X✱ ♦✉ s❡❥❛

XG =
⋂

H ⊳ G ❡ X⊆H

H.

❉❛❞♦ g ∈ G✱ ❞❡✜♥✐♠♦s Xg ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ g−1Xg = 〈g−1xg | x ∈ X〉✳ ❖ ❝♦r❡ ❞❡ X ❡♠ G✱

❞❡♥♦t❛❞♦ ♣♦r CoreG(X)✱ é ❞❡✜♥✐❞♦ ❝♦♠♦

CoreG(X) =
⋂

g∈G

Xg.

❉❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✱ ♦❜s❡r✈❛♠♦s q✉❡ XG é ♦ ♠❡♥♦r s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G ♦ q✉❛❧ ❝♦♥té♠ X✳

❆❧é♠ ❞✐ss♦✱ s❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G s❡✱ ❡ s♦♠❡♥t❡

s❡ HG = H✳ ❆❣♦r❛✱ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ✈❛♠♦s ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛çã♦ ❛❧❣✉♠❛s

♣r♦♣♦s✐çõ❡s✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✷✳ ❙❡❥❛♠ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ G✳ ❊♥tã♦
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✶✳ XH = 〈X, [X,H]〉✳

✷✳ [X,H]H = [X,H]✳

❉❡♠♦♥str❛çã♦✳ ✶✳ ❉❛❞♦s x ∈ X ❡ h ∈ H✱ t❡♠♦s q✉❡ xh ∈ XH ✳ ◆♦t❡ q✉❡

x[x, h] = x(x−1h−1xh) = xh ∈ 〈X, [X,H]〉.

❉❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶✱ t❡♠♦s X ⊆ XH ✳ ❈♦♠♦ x[x, h] = xh ∈ XH ✱ s❡❣✉❡ q✉❡ [X,H] ≤ XH ✱

∀ x ∈ X ❡ h ∈ H✳ ❙❡♥❞♦ ❛ss✐♠✱ 〈X, [X,H]〉 ≤ XH ✳ P♦rt❛♥t♦✱ XH = 〈X, [X,H]〉✳

✷✳ ❈❧❛r❛♠❡♥t❡ [X,H] ≤ [X,H]H ✳ ❆❣♦r❛✱ ✈❛♠♦s ✈❡r✐✜❝❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ ❖❜s❡r✈❡

q✉❡ ♦ ❣r✉♣♦ [X,H]H é ❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ [x, h1]
h2 ✱ ♦♥❞❡ x ∈ X ❡ h1, h2 ∈ H✳

❉❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷ ✐t❡♠ ✸✱ t❡♠♦s q✉❡ [x, h1h2] = [x, h2][x, h1]
h2 ✳ ❆ss✐♠✱ ♥♦t❡ q✉❡ [x, h1]

h2 =

[x, h2]
−1[x, h1h2]✳ ▲♦❣♦✱ [x, h1]h2 ∈ [X,H] ❡✱ t❡♠♦s [X,H]H = [X,H]✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✸✳ ❙✉♣♦♥❤❛ q✉❡ H ❡ K sã♦ s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G ❡ q✉❡ J = 〈H,K〉✳

❊♥tã♦

✶✳ [H,K] E J ❀

✷✳ KJ = [H,K]K✳

❉❡♠♦♥str❛çã♦✳ ✶✳ ❙❡❥❛♠ h1, h2 ∈ H ❡ k ∈ K✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✱ s❡❣✉❡ q✉❡

[h1, k]
h2 = [h1h2, k][h2, k]

−1 ∈ [H,K].

▲♦❣♦✱ H ♥♦r♠❛❧✐③❛ [H,K]✳ ❈♦♠♦ [H,K] = [K,H]✱ ❞❛❞♦s k1, k2 ∈ K ❡ h ∈ H t❡♠♦s q✉❡

[k1, h]
k2 = [k1k2, h][k2, h]

−1 ∈ [K,H].

❆ss✐♠✱ K ♥♦r♠❛❧✐③❛ [K,H] = [H,K] ❡ ❡♥tã♦ [H,K] E J ✳

✷✳ ❱❛♠♦s ♠♦str❛r q✉❡ [H,K]K é ♦ ♠❡♥♦r s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ J ♦ q✉❛❧ ❝♦♥té♠ K✳ ❆✜r✲

♠❛♠♦s q✉❡ [H,K]K E J ✳ P❡❧♦ ✐t❡♠ ✶✱ [H,K]g = [H,K]✱ ∀g ∈ J ✳ ❙❡ g ∈ K✱ ❡♥tã♦

([H,K]K)g = [H,K]gKg = [H,K]K.

▲♦❣♦ K ♥♦r♠❛❧✐③❛ [H,K]K✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ g ∈ H ❡ k ∈ K✳ ❆ss✐♠

g−1k−1g = g−1k−1gkk−1 = [g, k]k−1 ∈ [H,K]K.
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P♦rt❛♥t♦✱ s❡ g ∈ H ❡♥tã♦ Kg ≤ [H,K]K ❡ ❡♥tã♦

([H,K]K)g = [H,K]gKg ≤ [H,K]K.

❉✐❛♥t❡ ❞✐ss♦✱ H t❛♠❜é♠ ♥♦r♠❛❧✐③❛ [H,K]K✳ P♦rt❛♥t♦✱ [H,K]K E J ✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ N

é ✉♠ s✉❜❣r✉♣♦ ❞❡ J t❛❧ q✉❡ K ≤ N E J ✳ ◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ h ∈ H ❡ k ∈ K✱ t❡♠♦s q✉❡

(h−1k−1h)k = [h, k] ∈ N ✳ ▲♦❣♦ [H,K] ≤ N ❡✱ ❡♥tã♦ [H,K]K ≤ N ✳

❱❛♠♦s ❞❡✜♥✐r ✉♠❛ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ❞❡♥♦♠✐♥❛❞❛ sér✐❡ s✉❝❡ss✐✈❛ ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s✳

❉❡✜♥✐çã♦ ✸✳✷✳✹✳ ❙❡❥❛ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❞❡ G✳ ❯♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❣r✉♣♦s XG,i✱

i = 0, 1, 2, . . . é ❞❡✜♥✐❞❛ ♣❡❧❛s s❡❣✉✐♥t❡s r❡❣r❛s

XG,0 = G✱ XG,1 = XG ❡ XG,i+1 = XXG,i

.

❆❧é♠ ❞✐ss♦✱ X ❡stá ❝♦♥t✐❞♦ ❡♠ t♦❞♦ XG,i ❡

· · · XG,2 ⊳ XG,1 ⊳ XG,0 = G.

❈❧❛r❛♠❡♥t❡✱ XG,1 é ♦ ❢❡❝❤♦ ♥♦r♠❛❧ XG ❡♠ G✳ ❆ s❡q✉ê♥❝✐❛ ❛ss✐♠ ❞❡✜♥✐❞❛ é ❝❤❛♠❛❞❛ sér✐❡

s✉❝❡ss✐✈❛ ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞❛rá ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s ✈✐❛ ❛ sér✐❡ s✉❝❡ss✐✈❛

❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✺✳ ❙❡❥❛ H <
s♥

G ❡ s✉♣♦♥❤❛ q✉❡

H = Hn ⊳ Hn−1 ⊳ · · · ⊳ H0 = G

é ✉♠❛ sér✐❡ ✜♥✐t❛ ❞❡ H ♣❛r❛ G✳ ❊♥tã♦ HG,i ≤ Hi✱ ∀ 0 ≤ i ≤ n✱ ❡ ❡♥tã♦ H = HG,n✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ♣♦r ✐♥❞✉çã♦ s♦❜r❡ i✳ P❛r❛ i = 0✱ ♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❛✜r♠❛çã♦ é ✈á❧✐❞❛ ♣❛r❛ ❛❧❣✉♠ i > 0✱ ♦✉ s❡❥❛✱ HG,i ≤ Hi✳ ❱❛♠♦s ✈❡r✐✜❝❛r

♣❛r❛ i+1✳ ❯t✐❧✐③❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ sér✐❡ s✉❝❡ss✐✈❛ ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s ❡ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

t❡♠♦s✿

HG,i+1 = HHG,i

≤ HHi ≤ HHi

i+1 = Hi+1.

❖ t❛♠❛♥❤♦ ❞❛ sér✐❡ s✉❝❡ss✐✈❛ ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s é ❝❤❛♠❛❞♦ í♥❞✐❝❡ s✉❜♥♦r♠❛❧ ❞❡ H ❡♠ G ❡

s❡rá ❞❡♥♦t❛❞♦ ♣♦r s(G : H)✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✺✱ ✉♠ s✉❜❣r✉♣♦ H é s✉❜♥♦r♠❛❧

❡♠ G s❡✱ ❡ s♦♠❡♥t❡ s❡✱ H = HG,n ♣❛r❛ ❛❧❣✉♠ n ≥ 0✳ ❈❧❛r❛♠❡♥t❡✱ s(G : H) = 0 ♣r❡❝✐s❛♠❡♥t❡
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q✉❛♥❞♦ H = G✳ ❏á s(G : H) = 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ H ⊳ G ❡ H 6= G✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♥❞♦

❞❡t❛❧❤❛❞❛♠❡♥t❡ ❛ sér✐❡

H = HG,n ⊳ HG,n−1 ⊳ · · · ⊳ HG,1 ⊳ HG,0 = G

❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❞❡ t♦❞❛s ❛s sér✐❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ H ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦

s✉❜♥♦r♠❛❧ ❡♠ G ❛ sér✐❡ s✉❝❡ss✐✈❛ ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s é ❛ ♠❛✐s ❝✉rt❛✳ P♦r ✜♠✱ r❡ss❛❧t❛♠♦s q✉❡

H <
s♥

K <
s♥

G =⇒ H <
s♥

G ❡ s(G : H) ≤ s(G : H) + s(K : H).

❱❛♠♦s ❞❡♠♦♥str❛r ✉♠❛ ❢ór♠✉❧❛ út✐❧ ♣❛r❛ HG,i✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡

♣r♦♣♦s✐çã♦

Pr♦♣♦s✐çã♦ ✸✳✷✳✻✳ ❙❡❥❛♠ H ❡ K s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G✳ ❙❡ H ≤ NG(K) ❡ HK ≤ G✱

❡♥tã♦ HK = 〈H,K〉 = KH✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ h ∈ H ❡ k ∈ K✱ ❧♦❣♦ hk ∈ HK✳ ◆♦t❡ q✉❡

hk = hkh−1h = (hkh−1)h.

❈♦♠♦ H ≤ NG(K)✱ t❡♠♦s q✉❡ hkh−1 = k1✳ ❆ss✐♠✱

hk = (hkh−1)h = k1h ∈ KH.

P♦rt❛♥t♦✱ HK ⊆ KH✳ P♦r ♦✉tr♦ ❧❛❞♦✱ kh ∈ KH✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

kh = hh−1kh = h(h−1kh).

❈♦♠♦ H ≤ NG(K)✱ t❡♠♦s q✉❡ h−1kh = k2✳ ❆ss✐♠✱

kh = hk2 ∈ HK.

P♦rt❛♥t♦✱ KH ⊆ HK✳ P♦r ✜♠✱ HK = KH✳ ❙❛❜❡♠♦s q✉❡ HK ⊆ 〈H,K〉 é s❡♠♣r❡ ✈á❧✐❞♦✳

❈♦♠♦ HK ≤ G✱ t❡♠♦s q✉❡ 〈H,K〉 ≤ HK✳ ❆ss✐♠✱ HK = 〈HK〉✳

❆❣♦r❛✱ ✈❛♠♦s ♥♦s ❞❡❞✐❝❛r ❛♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✼✳ ❙❡ H ≤ G✱ ❡♥tã♦ HG,i = [G,iH]H ♣❛r❛ t♦❞♦ i ≥ 1✳

❉❡♠♦♥str❛çã♦✳ ❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ i✳ P❛r❛ i = 0✱ HG,0 = G ❡ ♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✳

❆❣♦r❛✱ ❛ss✉♠✐♠♦s ♦ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ♣❛r❛ 0 < i✱ ✐st♦ é HG,i = [G,iH]H✳ ❙❡♥❞♦ ❛ss✐♠✱ ✈❛♠♦s
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✈❡r✐✜❝❛r ♦ r❡s✉❧t❛❞♦ ♣❛r❛ i+1✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❛ sér✐❡ s✉❝❡ss✐✈❛s ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s✱

t❡♠♦s q✉❡ HG,i+1 = HHG,i

✳ ❆ss✐♠✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ t❡♠♦s q✉❡

HHG,i

= H [G,iH]H .

❆❣♦r❛✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ H ♥♦r♠❛❧✐③❛ [G,H]H✳ ❙❡❥❛♠ h1, h2 ∈ H ❡ g ∈ G✱ ❝♦♥s✐❞❡r❡ [g, h1]h2 ✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✱✭✐t❡♠ ✸✮✱ t❡♠♦s q✉❡

[g, h1h2] = [g, h1][g, h1]
h2 =⇒ [g, h1]

−1[g, h1h2] = [g, h1]
h2 .

❆ss✐♠✱ [g, h1]
h2 ∈ [G,H]✳ ❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ H ♥♦r♠❛❧✐③❛ [G,H]H✳

■♥❞✉t✐✈❛♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ H ⊆ NG([G, iH])✱ ♣❛r❛ t♦❞♦ i ≤ 1✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s

❣❛r❛♥t✐r q✉❡ 〈[G,iH], H〉 = [G,iH]H✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✱ s❡❣✉❡ q✉❡

H [G,iH]H = [[G,iH], H]H = [G,i+1H]H.

❆ss✐♠✱ HG,i+1 = [G,i+1H]H✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❉✐❛♥t❡ ❞♦s r❡s✉❧t❛❞♦s ❡①♣♦st♦s✱ ✈❛♠♦s ❞✐s❝✉t✐r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✷✳✽✳ ❙❡❥❛♠ H <
s♥

G✱ K <
s♥

G ❡ ❛ss✉♠❛ q✉❡ H ∩K = 1✳ ❙❡ H é ✉♠ ❣r✉♣♦ s✐♠♣❧❡s

♥ã♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ [H,K] = 1✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ [H,K] 6= 1✳ P♦❞❡♠♦s ❡s❝♦❧❤❡r K ❞❡ ❢♦r♠❛ q✉❡

s = s(〈H,K〉 : H) s❡❥❛ ♦ ♠❡♥♦r ♣♦ssí✈❡❧✱ ♦✉ s❡❥❛✱ s❡ ❡①✐st❡ L <
s♥

G t❛❧ q✉❡ s(〈H,L〉 : H) < s✱

❡♥tã♦ [L,H] = 1✳ ❈♦♥s✐❞❡r❡ J = 〈H,K〉✳

P❛r❛ s 6= 0✱ ❡♥tã♦ H E J ✳ ◆♦t❡ q✉❡ ❝♦♠♦ K ≤ J = NJ(H)✱ ❡♥tã♦ [H,K] ≤ H✱

♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❖❜s❡r✈❡ q✉❡ [H,K] E H✱ ♣♦✐s ❞❛ Pr♦♣♦s✐çã♦✸✳✷✳✷✭✐t❡♠ ✷✮ t❡♠♦s q✉❡

[H,K]H = [H,K]✳ ❈♦♠♦ H é ✉♠ ❣r✉♣♦ s✐♠♣❧❡s ❡ [H,K] 6= 1✱ t❡♠♦s q✉❡ [H,K] = H✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✷✳✸ ✭✐t❡♠ ✷✮✱ s❡❣✉❡ q✉❡ [H,K]K = KJ ❡✱ ❡♥tã♦ t❡♠♦s H ≤ KJ ✳ ❯♠❛ ✈❡③ q✉❡✱

KJ é ♦ ♠❡♥♦r s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ J q✉❡ ❝♦♥té♠ K ❡ s é ♦ ♠❡♥♦r ♣♦ssí✈❡❧✱ t❡♠♦s q✉❡ KJ = J ✳

❆❣♦r❛✱ ♥♦t❡ q✉❡ ❝♦♠♦ K <
s♥

J ✱ ❛ss✐♠ t❡♠♦s q✉❡ K = KJ,n✱ ♣❛r❛ ❛❧❣✉♠ n✱ ❝♦♥❢♦r♠❡ ❛

Pr♦♣♦s✐çã♦ ✸✳✷✳✺✳ ❈♦♠♦ KJ = J ✱ ❧♦❣♦ KJ,n = J ✱ ♣❛r❛ t♦❞♦ n✱ ❡ ♣♦rt❛♥t♦ K = J ✳ ❊♥tã♦

H = H ∩ J = H ∩K = 1✱ ❛❜s✉r❞♦✳

❆❣♦r❛✱ ✈❛♠♦s ❛♥❛❧✐s❛r s > 1✳ ◆❡st❡ ❝❛s♦✱ H ♥ã♦ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ J ❡ ❡♥tã♦ ❡①✐st❡

✉♠ ❡❧❡♠❡♥t♦ g ∈ K✱ t❛❧ q✉❡ H 6= Hg = g−1Hg✳ ❖❜s❡r✈❡ q✉❡ Hg <
s♥

G ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

H ∩Hg <
s♥

H✳ ❈♦♠♦ H é s✐♠♣❧❡s t❡♠♦s q✉❡ H ∩Hg = 1✳
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❖❜s❡r✈❡ q✉❡ H <
s♥

J ✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞❛ sér✐❡ s✉❝❡ss✐✈❛ ❞❡ ❢❡❝❤♦s ♥♦r♠❛✐s ❞❡

H ❡♠ J t❡♠♦s q✉❡✿

H ⊳ · · · ⊳ HJ ⊳ J.

▲♦❣♦ s(HJ : H) = s(J : H) − 1 = s − 1✳ ❈♦♠♦ 〈H,Hg〉 ≤ H〈H,Hg〉 ≤ HJ ✱ s❡❣✉❡ q✉❡

s(〈H,Hg〉 : H) ≤ s− 1✳ ▼❛s s é ♦ ♠❡♥♦r ♣♦ssí✈❡❧✱ ❧♦❣♦ [H,Hg] = 1✳

❙❡❥❛♠ h1, h2 ∈ H✱ ❡♥tã♦

1 = [h1, h
g
2]

= [h1, g
−1h2g]

= [h1, h2h
−1
2 g−1h2g]

= [h1, h2[h2, g]], ∀g ∈ G.

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷ ✭✐t❡♠ ✸✮✱ s❡❣✉❡ q✉❡

[h1, h2[h2, g]] = [h1, [h2, g]][h1, h2]
[h2,g].

❈♦♠♦ H ♥♦r♠❛❧✐③❛ [H,K]✱ t❡♠♦s q✉❡✿

h−1[h′, k]−1h[h, k] ∈ [H,K], ∀ h, h′ ∈ H ❡ k ∈ K.

P♦rt❛♥t♦✱ [H, [H,K]] ≤ [H,K]✳ ❆ss✐♠

1 = [h1, [h2, g]][h1, h2]
[h2,g] =⇒ [h1, h2]

[h2,g] = [h1, [h2, g]]
−1 ∈ [H,K].

❈♦♠♦ g ∈ K ❡ [h2, g]
−1[h1, h2][h2, g] ∈ [H,K]✱ ❡♥tã♦ [h1, h2] ∈ [H,K] ♣❛r❛ t♦❞♦ h1, h2 ∈ H✳

▲♦❣♦ [H,H] ≤ [H,K]✳ P♦r ❤✐♣ót❡s❡ H é ✉♠ ❣r✉♣♦ s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦✱ s❡❣✉❡ q✉❡ H ′ =

[H,H] = H✳ ❉✐❛♥t❡ ❞✐ss♦✱ t❡♠♦s q✉❡ H ≤ [H,K]✳ ◆♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ✈❡r✐✜❝❛♠♦s q✉❡ KJ = J ✳

❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ H = 1✱ ❛❜s✉r❞♦✳

❈♦r♦❧ár✐♦ ✸✳✷✳✾✳ ❯♠ s✉❜❣r✉♣♦ s✉❜♥♦r♠❛❧ s✐♠♣❧❡s ♥ã♦ ❛❜❡❧✐❛♥♦ ❞❡ G ♥♦r♠❛❧✐③❛ t♦❞♦ s✉❜❣r✉♣♦

s✉❜♥♦r♠❛❧ ❞❡ G✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ H <
s♥

G✱ ♦♥❞❡ H é s✐♠♣❧❡s ❡ ♥ã♦ ❛❜❡❧✐❛♥♦✱ ❡ K <
s♥

G✳ ❱❛♠♦s ♣r♦✈❛r q✉❡

H ♥♦r♠❛❧✐③❛ K✳ ❈♦♠♦ K <
s♥

G✱ ❝♦♥s✐❞❡r❡ n = s(G : K) ❡

K = K0 ⊳ K1 ⊳ K2 ⊳ · · · ⊳ Kn = G
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✉♠❛ sér✐❡ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦ ❞❡ K ❡♠ G✳ ❋❛③❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❛ sér✐❡ ❝♦♠ H ≤ G✱ t❡♠♦s q✉❡

H ∩K = H ∩K0 ⊳ H ∩K1 ⊳ H ∩K2 ⊳ · · · ⊳ H ∩Kn = H

▲♦❣♦ H ∩ K <
s♥

H ❡✱ ♣♦r ❤✐♣ót❡s❡✱ H é s✐♠♣❧❡s t❡♠♦s q✉❡ H ∩ K = 1 ♦✉ H ∩ K = H✳ ❙❡

H ∩ K = H✱ t❡♠♦s H ≤ K✳ ❙❡♥❞♦ ❛ss✐♠✱ [K,H] ≤ K✱ ❡♥tã♦ H ≤ NG(K)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✷✳✶✳✸✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ H ∩K = 1 ❡♥tã♦ [H,K] = 1✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✽✳ ❊ ❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s

❛ ❞❡♠♦♥str❛çã♦✳

P❛r❛ ♣r♦ss❡❣✉✐r♠♦s✱ ✈❛♠♦s ❞❡✜♥✐r ♦ s✉❜❣r✉♣♦ Op(G) ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G✳

❙✉♣♦♥❤❛ q✉❡ N1 ❡ N2 sã♦ s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G✱ t❛✐s q✉❡ G/N1 ❡ G/N2

sã♦ p✲❣r✉♣♦s✳ ❈♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦

π : G −→ G/N1 ×G/N2

❞❡✜♥✐❞♦ ♣♦r π(h) = (hN1, hN2)✳ ◆♦t❡ q✉❡ Ker(π) = N1 ∩ N2✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱

t❡♠♦s q✉❡✿
G

N1 ∩N2

∼=
G

N1

×
G

N2

❙❡♥❞♦ ❛ss✐♠✱ G/(N1∩N2) t❛♠❜é♠ é ✉♠ p✲❣r✉♣♦✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ♦ ♠❡♥♦r s✉❜❣r✉♣♦

♥♦r♠❛❧ N ❞❡ G t❛❧ q✉❡ G/N é ✉♠ p✲❣r✉♣♦✳ ❉✐❛♥t❡ ❞✐ss♦✱ t❡♠♦s ❛ ❞❡✜♥✐çã♦ ❛❜❛✐①♦✿

❉❡✜♥✐çã♦ ✸✳✷✳✶✵✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ p ✉♠ ♣r✐♠♦✳ ❉❡✜♥✐♠♦s Op(G) ❝♦♠♦ ♦ ♠❡♥♦r

s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G t❛❧ q✉❡ G/Op(G) é ✉♠ p✲❣r✉♣♦✳

P❛r❛ ✜♥❛❧✐③❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✸✱ ✈❛♠♦s ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✷✳✶✶✳ ❙✉♣♦♥❤❛ H ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G ❡ p ✉♠ ♣r✐♠♦✳ ❊♥tã♦

Op(G) ♥♦r♠❛❧✐③❛ Op(H)✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❞❡♥♦t❛r Op(G) = R ❡ Op(H) = M ✳ ❆✜r♠❛♠♦s q✉❡

[R,M,M ] = [R,M ]✳ ❈♦♠❡ç❛r❡♠♦s ✈❡r✐✜❝❛♥❞♦ q✉❡ [R,M,M ] ≤ [R,M ]✱ ❡ t❛♠❜é♠ ✈❛♠♦s

♣r♦✈❛r q✉❡ [R,M,M ] ⊳ [R,M ]✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ M ♥♦r♠❛❧✐③❛ [R,M ]✳ ❉❡ ❢❛t♦✱

s❡❥❛♠ a,m ∈ M ❡ r ∈ R✳ ◆♦t❡ q✉❡ [r,m]a = [ra,ma] ❡ ra ∈ R✱ ma ∈ M ✱ ♣♦✐s R ⊳ G✳ ❙❡♥❞♦

❛ss✐♠✱ ♦❜t❡♠♦s [R,M ]a ∈ [R,M ]✱ ∀ a ∈M ✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦✳

❆❧é♠ ❞✐ss♦✱ é ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ [R,M ] ≤ R✳ ❯♠❛ ✈❡③ q✉❡ R ⊳ G✱ s❡❣✉❡ q✉❡

[r,m] = r−1m−1rm = r−1rm ∈ R.

❉✐❛♥t❡ ❞✐ss♦✱ [R,M ] ≤ R✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✸✱ t❡♠♦s q✉❡ [[R,M ],M ] ⊳
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〈[R,M ],M〉✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r q✉❡

[R,M,M ] = [[R,M ],M ] ⊳ 〈[R,M ],M〉 ≤ [R,M ].

P♦rt❛♥t♦✱ [R,M,M ] ≤ [R,M ] ❡ [R,M,M ] ⊳ [R,M ]✳

❆❣♦r❛✱ ✈❛♠♦s ✈❡r✐✜❝❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ✐st♦ é✱ [R,M ] ≤ [R,M,M ]✳ ❙❡❥❛♠ r ∈ R ❡

x, y ∈M ✳ ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♠✉t❛❞♦r❡s✱ ✈❡r✐✜❝❛♠♦s q✉❡✿

[xy, r] = (xy)−1r−1(xy)r = y−1x−1r−1xyr.

P♦r ♦✉tr♦ ❧❛❞♦✱

[x, r][[x, r], y][y, r] = [x, r][x, r]−1y−1[x, r]y[y, r]

= (y−1x−1r−1xry)(y−1r−1yr)

= y−1x−1r−1xyr.

❆ss✐♠✱ [xy, r] = [x, r][[x, r], y][y, r]✳ ❊♥tã♦ [xy, r] = [x, r][y, r] mod [R,M,M ]✱ ❥á q✉❡ [[x, r], y] =

[[r, x]−1, y] ∈ [R,M,M ]✳ ❉✐❛♥t❡ ❞✐ss♦✱ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦

ϕ :M −→ [R,M ]/[R,M,M ]

❞❡✜♥✐❞❛ ♣♦r ϕ(x) = [x, r][R,M,M ] é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❈♦♥s✐❞❡r❡ K = Ker(ϕ)✳ P❡❧♦ ❚❡♦✲

r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ t❡♠♦s q✉❡

M

K
∼= Im(ϕ) ≤

[R,M ]

[R,M,M ]
.

❈♦♠♦ [R,M ] ≤ R é ✉♠ p✲❣r✉♣♦✱ s❡❣✉❡ q✉❡ M/K é ✉♠ p✲❣r✉♣♦✳ ❈♦♥s✐❞❡r❡ L✱ ♦ ❝♦r❡ ❞❡ K ❡♠

H✱ ♦✉ s❡❥❛✱ L =
⋂

h∈H K
h✳ ❊♥tã♦ L é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ H ❡ L ≤ K ≤M ✳

❙❡❥❛ H = {h1, . . . , ht}✳ ❊♥tã♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦

ψ :M −→
M

Kh1
× · · · ×

M

Kht

❞❡✜♥✐❞♦ ♣♦r ψ(x) = (xKh1 , . . . , xKht)✳ ➱ ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ Ker(ψ) = L✱ ❡ t❡♠♦s q✉❡ M/L é
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✉♠ p✲❣r✉♣♦✳ ◆♦t❡ q✉❡

H

M

p−grupo

uu
K

L

p−grupo

<<

❙❛❜❡♠♦s q✉❡ M é ♦ ♠❡♥♦r s✉❜❣r✉♣♦ ❞❡ H t❛❧ q✉❡ H/M é ✉♠ p✲❣r✉♣♦✱ ❧♦❣♦ M = K = L✳

❆ss✐♠✱ [x, r] ∈ [R,M,M ]✱ ∀ x ∈ M ❡ r ∈ R✳ P♦rt❛♥t♦ [R,M ] ≤ [R,M,M ]✱ ♦❜t❡♠♦s ❛

❛✜r♠❛çã♦ ❛❧♠❡❥❛❞❛✳

❆❣♦r❛✱ ❞❡♥♦t❡ T = 〈R,M〉 = RM ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✼✱ t❡♠♦s q✉❡ MT,i = [T,iM ]M ✳

❆ss✐♠✱

MT,1 = [T,M ]M = [RM,M ]M.

❈♦♠♦ R,M ≤ G ❡ M ♥♦r♠❛❧✐③❛ R✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✶✳✹ q✉❡

[RM,M ]M = [R,M ][M,M ]M

= [R,M ]M.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✼ ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✹ t❡♠♦s q✉❡✿

MT,2 = [T,2M ]M = [T,M,M ]M

= [RM,M,M ]M

= [R,M,M ]M.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛✜r♠❛çã♦✱ ♦❜t❡♠♦s q✉❡ MT,1 = MT,2 ❡✱ ❧♦❣♦ MT,1 = MT,i ♣❛r❛ t♦❞♦ i ≥ 1✳

❈♦♠♦ M E H ❡ H <
s♥

G✱ s❡❣✉❡ q✉❡ M <
s♥

G ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ M <
s♥

T ✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✷✳✺✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ n ≥ 1✱ t❛❧ q✉❡ M =MT,n✳ ❊♥tã♦

M =MT,n =MT,1 =MT .

P♦rt❛♥t♦✱ M =MR ❡ R = Op(G) ♥♦r♠❛❧✐③❛ M = Op(G)✳
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✸✳✸ ❯♠❛ ❝♦t❛ ♣❛r❛ |G|

❊♥✜♠✱ ✈❛♠♦s ♣r♦✈❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✸✳✶✳✸✳ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ f : ω −→ ω t❛❧ q✉❡ s❡♠♣r❡ q✉❡ H ❢♦r ✉♠ s✉❜❣r✉♣♦

s✉❜♥♦r♠❛❧ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G✱ ♦♥❞❡ CG(H) = 1✱ ❡♥tã♦ |G| ≤ f(|H|)✳

❘❡❧❡♠❜r❛♠♦s q✉❡✱ ♣❡❧♦s ▲❡♠❛s ✸✳✶✳✾ ❡ ✸✳✶✳✶✵✱ ❡①✐st❡ ✉♠❛ sér✐❡ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❞❡

s✉❜❣r✉♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❡♠ H✱ ❛ s❛❜❡r

1 = S0 < S1 < · · · < St = H.

❡ ✉♠❛ sér✐❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡ ♣❛r❝✐❛❧ ❞❡ s✉❜❣r✉♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❡♠ G

1 = R0 ≤ R1 ≤ · · · ≤ Rt < G.

❈♦♠♦ Rt é ✉♠ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ G✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛

ψ : G −→ Aut(Rt)

g 7−→ τg : Rt −→ Rt

a 7−→ ag

❖❜s❡r✈❛♠♦s q✉❡

Ker(ψ) = {g ∈ G|ψ = Id}

= {g ∈ G|ag = a, ∀a ∈ Rt}

= CG(Rt).

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ s❡❣✉❡

G

CG(Rt)
∼= Im(ψ) ≤ Aut(Rt).

P❡❧♦ ▲❡♠❛ ✸✳✶✳✶✶✱ t❡♠♦s H = St ≤ Rt✳ ❉✐❛♥t❡ ❞✐ss♦✱ s❡❣✉❡ q✉❡ CG(Rt) ≤ CG(H)✳ P♦r ❤✐♣ót❡s❡✱

CG(H) = 1✱ ❡♥tã♦

|G| ≤ |Aut(Rt)|.

❙❛❜❡♠♦s q✉❡ ❞❛❞♦ ✉♠ ❣r✉♣♦ K ❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ Sim(K)✱ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞♦s ❡❧❡✲
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♠❡♥t♦s ❞❡ K✱ t❡♠♦s q✉❡ |Sim(K)| = |K|!✳ ❈♦♠♦ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ Aut(K) é ✉♠❛ ❜✐❥❡çã♦

❞❡ K ❡♠ K✱ ♥♦t❛♠♦s q✉❡

|Aut(K)| ≤ |Sim(K)| = |K|!.

P♦rt❛♥t♦✱

|G| ≤ |Aut(Rt)| ≤ |Rt|!.

❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s ♦ t❡♦r❡♠❛ é s✉✜❝✐❡♥t❡ ❧✐♠✐t❛r |Ri+1| ❡♠ t❡r♠♦s ❞❡ |Ri|✳ P♦r

s✉❛ ✈❡③✱ ❧✐♠✐t❛r |Ri| ❡♠ t❡r♠♦s ❞❡ |Ri−1|✳ P♦r ✜♠✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ❧✐♠✐tá✲❧♦s ♣♦r |H|✳

▲❡♠❛ ✸✳✸✳✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ H <
s♥

G✱ ♦♥❞❡ CG(H) = 1✳ ❈♦♥s✐❞❡r❡

1 = R0 < R1 < · · · < Rt

❛ sér✐❡ ♣❛r❝✐❛❧ ❡♠ G ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠❛ sér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛ ❞❡ H✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛

i = 1, . . . , t ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ m✱ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s |H| ❡ i✱ t❛❧ q✉❡ |Ri| ≤ m✳

❉❡♠♦♥str❛çã♦✳ ❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ i✳ ❱❛♠♦s ❞❡♥♦t❛r mi = |Ri| ♣❛r❛ ❝❛❞❛ 0 ≤ i ≤ t✳

❉❡✜♥✐♠♦s m0 = 1✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❧✐♠✐t❛r mi+1 ❡♠ t❡r♠♦s ❞❡ mi ❡ |H|✳ P❛r❛ ✐ss♦✱ ❞✐✈✐❞✐r❡♠♦s

❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞♦✐s ❝❛s♦s✳

❈❛s♦ ✶✳ ❙❡ H é s❡♠✐ss✐♠♣❧❡s✱ ❡♥tã♦ mi+1 ≤ (|H|mi)!✳

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ sér✐❡ S✲❝❛r❛❝t❡ríst✐❝❛ ❞❡H ❡ s✉❛ sér✐❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠G✳

❈♦♠♦H é s❡♠✐ss✐♠♣❧❡s✱ t❡♠♦s q✉❡ Si+1/Si é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ s✐♠♣❧❡s

❡ ♥ã♦ ❛❜❡❧✐❛♥♦s ❞❡ H/Si✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Ri+1/Ri t❛♠❜é♠ é ❣❡r❛❞♦ ♣♦r t❛✐s s✉❜❣r✉♣♦s ❞❡

G/Ri✳

❈♦♠♦ H <
s♥

G✱ t❡♠♦s q✉❡ HRi/Ri <
s♥

G/Ri✳ ❉✐❛♥t❡ ❞✐ss♦✱ Ri+1/Ri ♥♦r♠❛❧✐③❛ HRi/Ri✱

♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✾✳ ❙❡♥❞♦ ❛ss✐♠✱ Ri+1 ♥♦r♠❛❧✐③❛ HRi✳ ❈♦♥s✐❞❡r❡ ψ : Ri+1 −→ Aut(HRi) ♦

❤♦♠♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣♦r ψ(g) = τg✳ ❈♦♠♦ CRi+1
(HRi) ≤ CG(H) = 1✱ t❡♠♦s q✉❡ ψ é ✉♠❛

✐♠❡rsã♦✳❉❡ss❛ ♠❛♥❡✐r❛✱

|Ri+1| ≤ |Aut(HRi)| ≤ (|H|mi)!.

❆ss✐♠✱ ❞❡♥♦t❛♠♦s m = (|H|mi)! ❡ ♦ ❧❡♠❛ ❡stá ♣r♦✈❛❞♦ ♣❛r❛ ❡st❡ ❝❛s♦✳

❈❛s♦ ✷✳ ❙❡ H ♥ã♦ é s❡♠✐ss✐♠♣❧❡s✱ ❡♥tã♦ mi+1 ≤ mi(|H|mi)!✳

❈♦♠♦ H ♥ã♦ é s❡♠✐ss✐♠♣❧❡s✱ Si+1/Si✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Ri+1/Ri✱ é ✉♠ pi✲❣r✉♣♦✳ P♦r

❝♦♥str✉çã♦✱ t❡♠♦s q✉❡ Ri+1/Ri = Opi(G/Ri) ❡✱ ♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ H <
s♥

G ❡ CG(H) = 1✳

❱❛♠♦s ❞❡♥♦t❛r Ni = Opi(H) ❡ H/Ni é ♦ ♠❛✐♦r pi✲❣r✉♣♦ q✉♦❝✐❡♥t❡ ❞❡ H✳ ❆✜r♠❛♠♦s q✉❡

Opi((HRi)/Ri) = (NiRi)/Ri✳

P❛r❛ ♣r♦✈❛r♠♦s ❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡ M ✉♠ s✉❜❣r✉♣♦ t❛❧ q✉❡ Ri EM ❡ M/Ri =

Opi(HRi/Ri)✳ ❯♠❛ ✈❡③ q✉❡✱
(HRi)

(NiRi)
∼=

(HRi)/Ri

(NiRi)/Ri
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é ✉♠ pi✲❣r✉♣♦✱ s❡❣✉❡ q✉❡ M ≤ (NiRi)✳ ❈♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦

ψ : H −→ (HNi)/M

❞❡✜♥✐❞♦ ♣♦r ψ(h) = hM ✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ Ker(ψ) = H ∩M ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✲

✜s♠♦✱ t❡♠♦s q✉❡H/(H∩M) é ✐s♦♠♦r❢♦ ❛ ✉♠ s✉❜❣r✉♣♦ ❞♦ pi✲❣r✉♣♦HNi/M ✳ ❆ss✐♠Ni ≤ H∩M

❡✱ ❡♥tã♦ NiRi ≤M ✳ P♦rt❛♥t♦✱ M = NiRi ❡ ♣r♦✈❛♠♦s ❛ ❛✜r♠❛çã♦✳

❈♦♠♦HRi/Ri <
s♥

G/Ri✱ t❡♠♦s q✉❡Opi(G/Ri) = Ri+1/Ri ♥♦r♠❛❧✐③❛NiRi/Ri = Opi((HRi)/Ri)✱

♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✶✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Ri+1 ♥♦r♠❛❧✐③❛ NiRi✳

❆❣♦r❛✱ ✈❛♠♦s ❞❡♥♦t❛r Ci+1 = CRi+1
(NiRi)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❡ ψ : Ri+1 −→ Aut(NiRi)

♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣♦r ψ(g) = τg✳ ❙❡♥❞♦ ❛ss✐♠✱ Ker(ψ) = Ci+1 ❡

[Ri+1 : Ci+1] ≤ |Aut(NiRi)| < |NiRi|! < (|H||Ri|)!.

▲♦❣♦✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ s❡❣✉❡ q✉❡

[Ri+1 : Ci+1] ≤ (|H|mi)!.

❆❣♦r❛✱ ❜❛st❛ ♠♦str❛r q✉❡ Ci+1 ≤ Ri✳ ❯♠❛ ✈❡③ q✉❡ Ci+1 é ✉♠ s✉❜❣r✉♣♦ ❞❡ Ri✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡r❡♠♦s |Ci+1| ≤ mi✳ ❙❡♥❞♦ ❛ss✐♠✱ |Ri+1| ≤ mi((|H|mi)!)✳ ❋✐♥❛❧♠❡♥t❡✱

t♦♠❛♠♦s m = mi(|H|mi)! ❡ ❧❡♠❛ ❡stá s❛t✐s❢❡✐t♦ t❛♠❜é♠ ♣❛r❛ ❡st❡ ❝❛s♦✳

❆ s❡❣✉✐r✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ Ci+1 ≤ Ri✳ P❛r❛ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ ❛❧♠❡❥❛❞♦✱ ❝♦♥s✐❞❡r❡ Pi+1

✉♠ pi+1✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇ ❞❡ H ❡ Qi+1 ✉♠ pi+1✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇ ❞❡ HCi+1 ❝♦♥t❡♥❞♦ Pi+1✳

Ri+1

HCi+1

Ci+1Ri Qi+1Ci+1

Ri Ci+1 Qi+1 H

Pi+1

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ Pi+1 ♥♦r♠❛❧✐③❛ NiRi✳ P❛r❛ ❥✉st✐✜❝❛r♠♦s ❛ ♦❜s❡r✈❛çã♦✱ ♥♦t❡ q✉❡

Pi+1 ♥♦r♠❛❧✐③❛ Ni✱ ♣♦✐s Ni E H ❡ Pi+1 é ✉♠ pi+1✲s✉❜❣r✉♣♦ ❞❡ ❙②❧♦✇ ❞❡ H✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s

q✉❡ Ri <
❝❛r

G ❡♥tã♦ Ri E G✳ ▲♦❣♦ Pi+1 ♥♦r♠❛❧✐③❛ Ri✳ ❆ss✐♠✱ Pi+1 ♥♦r♠❛❧✐③❛ NiRi✳
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❆✜r♠❛♠♦s q✉❡ CPi+1

i+1 = Ci+1✱ ♦✉ s❡❥❛✱ Pi+1 ♥♦r♠❛❧✐③❛ Ci+1✳ P❛r❛ ♣r♦✈❛r♠♦s ❛ ❛✜r♠❛çã♦✱

❝♦♥s✐❞❡r❡ x ∈ Ci+1 ❡ p ∈ Pi+1✳ ❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ xp ∈ Ci+1✳ ❯♠❛ ✈❡③ q✉❡ x ∈ Ci+1✱ ❡♥tã♦

x ∈ Ri+1✳ ❈♦♠♦ Ri+1 E G ❡ Pi+1 ≤ H <
s♥

G✱ t❡♠♦s xp ∈ Ri+1✳ ❆❣♦r❛✱ t♦♠❡ nr ∈ NiRi ❡

♦❜s❡r✈❡

xp(nr) = [x(nr)p
−1

]p = [(nr)p
−1

x]p = (nr)xp,

♣♦✐s t❡♠♦s q✉❡ Pi+1 ♥♦r♠❛❧✐③❛ NiRi✳ ❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ♣r♦✈❛♠♦s q✉❡ Pi+1 ♥♦r♠❛❧✐③❛ Ci+1✳

❆❣♦r❛✱ ❞❡♥♦t❡ Ti+1 = Ci+1 ∩ Qi+1✳ ❖❜s❡r✈❡ q✉❡ Qi+1 ∈ Sylpi+1
(Qi+1Ci+1)✱ ❡♥tã♦ Ci+1 ∩

Qi+1 ∈ Sylpi+1
(Ci+1)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡ t❛♠❜é♠ q✉❡ ♦ í♥❞✐❝❡ [Ci+1 : Ri∩Ci+1] é ♣♦tê♥❝✐❛

❞❡ pi+1✳ ❱❡❥❛ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✿

Ri+1

HCi+1

Ci+1Ri Qi+1Ci+1

Ri

p
η
i+1

88

p
β
i+1

Ci+1

pαi+1

Qi+1 H

Ri ∩ Ci+1

p
β
i+1

Ti+1 = Ci+1 ∩Qi+1

pαi+1

Pi+1

❆✜r♠❛♠♦s q✉❡ Ti+1 = 1✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦ í♥❞✐❝❡ [Ci+1 : Ri ∩ Ci+1] ❞❡✈❡ s❡r ✶✱ ♦✉ s❡❥❛✱

Ci = Ri−1 ∩ Ci✳ P♦rt❛♥t♦ Ci+1 ≤ Ri✱ ❝♦♠♦ q✉❡r❡♠♦s✳

❱❛♠♦s ♠♦str❛r q✉❡ Ti+1 = 1✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ Ti+1 6= 1✳ ◆♦t❡ q✉❡ Pi+1Ti+1

é ✉♠ pi+1✲❣r✉♣♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✱ ❝♦♠♦ ✈❛♠♦s t❡r Ti+1 ⊳ Pi+1Ti+1✱ s❡❣✉❡ q✉❡ Ti+1 ∩

Z(Pi+1Ti+1) 6= 1✳

❆❣♦r❛✱ t♦♠❡ 1 6= x ∈ Ti+1 ∩ Z(Pi+1Ti+1)✳ ❈♦♠♦ Pi+1 ∈ Sylpi+1
H ❡ H/Ni+1 é ♦ ♠❛✐♦r

pi+1✲❣r✉♣♦ q✉♦❝✐❡♥t❡ ❞❡ H t❡♠♦s q✉❡ ([H : Pi+1], [H : Ni+1]) = 1✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ q✉❡

H = Pi+1Ni+1✳ ❆ss✐♠✱ ✈❛♠♦s t❡r x ∈ CG(Ni+1) = 1✱ ❛❜s✉r❞♦✳ ▲♦❣♦✱ Ti+1 = 1✱ ❝♦♠♦ ❛✜r♠❛❞♦

❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✷✳ ❖ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ f ✱ t❛❧ q✉❡ s❡♠♣r❡ q✉❡

H ❢♦r ✉♠ s✉❜❣r✉♣♦ s✉❜♥♦r♠❛❧ ❞❡ ✉♠ ❣r✉♣♦ G ❡ CG(H) tr✐✈✐❛❧✱ |G| é ❧✐♠✐t❛❞❛ ♣❡❧❛ ✐♠❛❣❡♠ ❞❛

❢✉♥çã♦ ❛♣❧✐❝❛❞❛ |H|✳



❈❛♣ít✉❧♦ ✹

❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t

❖s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ❛♣r❡s❡♥t❛r❛♠ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛

❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t✳ ◆❡st❡ ♠♦♠❡♥t♦✱ ❡st❛♠♦s ❛♣t♦s ❛ ❞❡♠♦♥str❛r ♦

r❡s✉❧t❛❞♦✳ P♦r ✐ss♦✱ r❡❛❧✐③❛r❡♠♦s ❡st❛ t❛r❡❢❛ ♥❡st❡ ❝❛♣ít✉❧♦ ✜♥❛❧✳

P♦r ✜♠✱ ❞✐s❝✉t✐r❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❣r✉♣♦ ❝✉❥♦ ❝❡♥tr♦ é tr✐✈✐❛❧ ❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✲

✜s♠♦s ♥ã♦ t❡r♠✐♥❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳ ❊st❡ ❣r✉♣♦ é ✐♥✜♥✐t♦✱ ♦ q✉❡ ❞❡♠♦♥str❛ q✉❡

❛ ❤✐♣ót❡s❡ ❞❡ ✜♥✐t✉❞❡ é ❡ss❡♥❝✐❛❧✳

✹✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

❆❜❛✐①♦✱ ❞✐s❝✉t✐r❡♠♦s ♦ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❈♦♥s✐❞❡r❡ ✉♠❛ sér✐❡ ❛s❝❡♥❞❡♥t❡ ❞❡ ❣r✉♣♦s

G = G0 ⊳ G1 ⊳ · · · ⊳ Gα ⊳ Gα+1 ⊳ · · ·

♦♥❞❡ CGα+1
(Gα) = 1✱ ∀ α✳ ❊♥tã♦ CGα

(G) = 1✱ ♣❛r❛ t♦❞♦ ♦r❞✐♥❛❧ α✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❡ ✉♠ ♦r❞✐♥❛❧ α✱ t❛❧ q✉❡ C = CGα
(G) 6= 1✳

❈♦♥s✐❞❡r❡ α ♦ ♠❡♥♦r ♦r❞✐♥❛❧ ♣♦ssí✈❡❧ ♥❡st❛s ❝♦♥❞✐çõ❡s✱ ♦✉ s❡❥❛✱ CGγ
(G) = 1✱ ∀γ < α✳ ◆♦t❡

q✉❡ α ♥ã♦ é ✉♠ ♦r❞✐♥❛❧ ❧✐♠✐t❡✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s✱

Gα =
⋃

β<αGβ✳ ❉✐❛♥t❡ ❞✐ss♦✱ t❡♠♦s q✉❡ ❡①✐st❡ β < α t❛❧ q✉❡ CGβ
(G) 6= 1✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛

♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ α✳

❆✜r♠❛♠♦s q✉❡ [Gγ, C] = 1✱ ∀ γ < α✳ ❈♦♠ ❛ ❛✜r♠❛çã♦ ♣r♦✈❛❞❛✱ t❡r❡♠♦s C ⊆ CGα
(Gγ)✱

♣❛r❛ t♦❞♦ γ < α✱ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ C ⊆ CGα
(Gα−1) = 1✳ ❆❜s✉r❞♦✱ ♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡✱ t♦♠❛♠♦s

C 6= 1✳

❆❧é♠ ❞✐ss♦✱ ❛ ❛✜r♠❛çã♦ ❣❛r❛♥t❡ q✉❡ C ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Gγ✱ ♣❛r❛ t♦❞♦ γ < α✳

❱❛♠♦s s✉♣♦r✱ ♥♦✈❛♠❡♥t❡ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❡ ✉♠ ♦r❞✐♥❛❧ γ ❡ ❡❧❡ é ♦ ♠❡♥♦r ♦r❞✐♥❛❧ t❛❧ q✉❡

✺✸
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[Gγ, C] 6= 1✳ ◆♦t❡ q✉❡ γ ♥ã♦ é ✉♠ ♦r❞✐♥❛❧ ❧✐♠✐t❡✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ t♦rr❡✱

Gγ =
⋃

β<γ Gβ✳ ❆ss✐♠ ❡①✐st❡ β < γ✱ t❛❧ q✉❡ [Gβ, C] 6= 1✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ γ = 0✱ t❡♠♦s q✉❡

[G0, C] = 1✳ ❉❡ ❢❛t♦✱ ♣♦✐s C é ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ G = G0 ❡♠ Gγ✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ q✉❡ γ > 0✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ♣❛r❛ t♦❞♦ β < γ✱ t❡♠♦s q✉❡ [Gβ, C] = 1✳ ❆ss✐♠✱ t❡♠♦s q✉❡ [Gγ−1, C] =

1 ❡ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ C ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Gγ−1✳ ❉✐❛♥t❡ ❞✐ss♦✱ C ❡stá ❝♦♥t✐❞♦

❡♠ CGα
(Gγ−1)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈ CGα
(Gγ−1) ❡♥tã♦ x ∈ Gα ❡ ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Gγ−1✳

P♦ré♠✱ G ❡stá ❝♦♥t✐❞♦ ❡♠ Gγ−1✱ ❧♦❣♦ x ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G✳ ❆ss✐♠✱

CGα
(Gγ−1) ⊆ CGγ

(G) = C.

P♦rt❛♥t♦✱ C = CGα
(Gγ−1)✳

❆ ♣❛rt✐r ❞✐ss♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ C é Gγ✲✐♥✈❛r✐❛♥t❡✳ ❖✉ s❡❥❛✱ s❡ a ∈ C ❡ h ∈ Gγ✱ ❡♥tã♦

ah = hah−1 ∈ C = CGα
(Gγ−1).

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ a ∈ C ❡ h ∈ Gγ✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ s❡ g ∈ Gγ−1✳ ❈♦♠♦ Gγ−1 ⊳ Gγ✱

t❡♠♦s h−1gh ∈ Gγ−1✳ ❆ss✐♠✱

(hah−1)g = ha(h−1gh)h−1 = h(h−1gh)ah−1 = g(hah−1).

P♦rt❛♥t♦✱ hah−1 ∈ CGα
(Gγ−1) = C✱ ❡ t❡♠♦s q✉❡ C é Gγ✲✐♥✈❛r✐❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ∀ x ∈ Gγ ❡

y ∈ C t❡♠♦s q✉❡ [x, y] ∈ C ∩Gγ−1✳ ❉❡ss❛ ❢♦r♠❛✱

[Gγ, C] ⊆ C ∩Gγ−1 = CGα
(G) ∩Gγ−1 = CGγ−1

(G) = 1,

❛❜s✉r❞♦✳ ❆ss✐♠✱ ❛ ❛✜r♠❛çã♦ ❡stá ♣r♦✈❛❞❛ ❡ ♦ r❡s✉❧t❛❞♦ t❛♠❜é♠✳

❚❡♦r❡♠❛ ✹✳✶✳✷ ✭❚❡♦r❡♠❛ ❞❡ ❲✐❡❧❛♥❞t✮✳ ❆ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♠

❝❡♥tr♦ tr✐✈✐❛❧ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳ ❉❡✜♥✐♠♦s ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s

❞❡ G ❝♦♠♦ ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ ❣r✉♣♦s✱ ❛ s❛❜❡r

G = G0 ⊳ G1 ⊳ · · · ⊳ Gα ⊳ Gα+1 ⊳ . . . ,

s❡♥❞♦ α ✉♠ ♥ú♠❡r♦ ♦r❞✐♥❛❧✳ P❛r❛ α ✉♠ ♦r❞✐♥❛❧ s✉❝❡ss♦r✱ ❞❡✜♥✐♠♦s Gα+1 = Aut(Gα) ❡ ♣❛r❛ γ

✉♠ ♦r❞✐♥❛❧ ❧✐♠✐t❡✱ ❞❡✜♥✐♠♦s Gγ =
⋃

β<γ Gβ✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ n < ω✱ G é ✉♠ s✉❜❣r✉♣♦

s✉❜♥♦r♠❛❧ ❞❡ Gn ❡ t❡♠♦s q✉❡ CGn+1
(Gn) = 1✳ ❙❡♥❞♦ ❛ss✐♠✱ t❡♠♦s q✉❡ CGn

(G) = {1}✱ ♣❡❧❛



✹✳✷✳ ❖ ●❘❯P❖ ❉■❊❉❘❆▲ ■◆❋■◆■❚❖ ✺✺

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✸✱ ❡①✐st❡ ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ |Gn| ❞❡♣❡♥❞❡♥❞♦

s♦♠❡♥t❡ ❞❡ |G|✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦m t❛❧ q✉❡ |Gn| ≤ m✱ ♣❛r❛ t♦❞♦ n < ω✱ ♦♥❞❡m = f(|G|)✳

❘❡ss❛❧t❛♠♦s q✉❡ ❛ ❝♦t❛ ❞❡✜♥✐❞❛ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❧✐♠✐t❛r Gn ♣❛r❛ t♦❞♦ n✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❡①✐st❡

n t❛❧ q✉❡ Gn = Gn+1✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

✹✳✷ ❖ ❣r✉♣♦ ❞✐❡❞r❛❧ ✐♥✜♥✐t♦

◆❡st❛ ú❧t✐♠❛ s❡çã♦✱ ✈❛♠♦s ❡st✉❞❛r ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞♦ ❣r✉♣♦ G = D∞ ❡ ✈❡r✐✜❝❛r

q✉❡ ❡❧❛ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳

■♥✐❝✐❛❧♠❡♥t❡✱ r❡❧❡♠❜r❛♠♦s q✉❡ ✐♥✈♦❧✉çã♦ ❞❡ ✉♠ ❣r✉♣♦ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ♦r❞❡♠ ✷✳ ❖ ❣r✉♣♦

G = 〈a, b | a2 = b2 = 1〉✱ ❣❡r❛❞♦ ♣♦r ❞✉❛s ✐♥✈♦❧✉çõ❡s✱ é ❝❤❛♠❛❞♦ ❞✐❡❞r❛❧ ✐♥✜♥✐t♦✳ ❯s✉❛❧♠❡♥t❡✱

♦ ❣r✉♣♦ é ❞❡♥♦t❛❞♦ ♣♦r D∞✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ c = ab✳ ❖ ❡❧❡♠❡♥t♦ c t❡♠ ♦r❞❡♠ ✐♥✜♥✐t❛ ❡

aca−1 = a(ab)a−1 = ba = c−1 ❡ bcb−1 = babb−1 = ba = c−1.

❆ss✐♠✱ ❞❡✜♥✐♥❞♦ C = 〈c〉✱ t❡♠♦s q✉❡ C ⊳ G✳

P♦❞❡♠♦s ❞❡✜♥✐r ♦ ❞✐❡❞r❛❧ ✐♥✜♥✐t♦✱ t❛♠❜é♠✱ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ s❡♠✐✲❞✐r❡t♦ ❞❡ ❞♦✐s ❣r✉♣♦s✳

P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ H = 〈a〉✱ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r a ❡ ❞❡ ♦r❞❡♠ ✷✳ ❆❧é♠ ❞✐ss♦✱ t♦♠❡ C = 〈c〉✱

❝í❝❧✐❝♦ ✐♥✜♥✐t♦ ❣❡r❛❞♦ ♣♦r c✳ P♦r ✜♠✱ s❡❥❛ ❛ ❛çã♦

ψ : 〈a〉 −→ Aut(C)

a 7−→ ϕa : C −→ C

c 7−→ c−1

P♦rt❛♥t♦✱ D∞ = 〈a〉⋉ C✳

❆❣♦r❛✱ ✈❛♠♦s ❞✐s❝✉t✐r r❡s✉❧t❛❞♦s út❡✐s s♦❜r❡ ♦ ❞✐❡❞r❛❧ ✐♥✜♥✐t♦✳

▲❡♠❛ ✹✳✷✳✶✳ ❈♦♥s✐❞❡r❡ D∞ = 〈a〉⋉ C✳ ❊♥tã♦ C é ✉♠ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ D∞✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡ G = D∞✳ ❖❜s❡r✈❡ q✉❡ s❡ g ∈ G\C✱ ❡♥tã♦ g = cna✱ ♣❛r❛ ❛❧❣✉♠ n ∈ Z✳

❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡

g2 = (cna)2 = cnacna = cnacna−1 = cn(acna−1) = cnc−n = 1.

❆ss✐♠✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G\C t❡♠ ♦r❞❡♠ ✷✳ ▲♦❣♦✱ s❡ ϕ ∈ Aut(D∞) ❡ x ∈ C✱ ❡♥tã♦ ϕ(x) ∈ C✱
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♣♦✐s ϕ ♣r❡s❡r✈❛ ❛ ♦r❞❡♠ ❞♦s ❡❧❡♠❡♥t♦s✳

▲❡♠❛ ✹✳✷✳✷✳ ❈♦♥s✐❞❡r❡ D∞ = 〈a〉⋉ C✳ ❖ s✉❜❣r✉♣♦ ❞❡r✐✈❛❞♦ ❞❡ D∞ é ✐❣✉❛❧ ❛ 〈c2〉✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡ G = D∞✳ ❱❛♠♦s ♠♦str❛r q✉❡ G′ = 〈c2〉✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦t❡ q✉❡

c2 = (ab)(ab) = [a, b] ❡✱ ❛ss✐♠✱ 〈c2〉 ≤ G′✳ ❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ ❚♦❞♦

❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡ G/〈c2〉 t❡♠ ♦r❞❡♠ ✷✳ ❈♦♠♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ G/〈c2〉 sã♦ ✐♥✈♦❧✉çõ❡s✱

s❡❣✉❡ q✉❡ ♦ ❣r✉♣♦ é ❛❜❡❧✐❛♥♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✺✱ t❡♠♦s q✉❡ G′ ≤ 〈c2〉✳ P♦rt❛♥t♦✱

G′ = [G,G] = 〈c2〉✳

▲❡♠❛ ✹✳✷✳✸✳ ❖ D∞ t❡♠ ❞✉❛s ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ✐♥✈♦❧✉çõ❡s✱ ❛ s❛❜❡r

Cl(a) = {c2na|n ∈ Z} ❡ Cl(b) = {c2n+1a|n ∈ Z}.

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡✿

cnac−n = cna(acna) = cncna = c2na.

❈♦♠♦ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G é ❞❛ ❢♦r♠❛ (cn) ♦✉ (cna)✱ ♣❛r❛ ❛❧❣✉♠ n ∈ Z✱ t❡♠♦s q✉❡✿

ac
n

= cnac−n = c2na ❡ ac
na = (cna)a(ac−n) = cnac−n = c2na.

P♦rt❛♥t♦✱ Cl(a) = {c2na|n ∈ Z}✳ ❈♦♠♦ c = ab✱ ❧♦❣♦ b = ac ❡ ❛ss✐♠

bc
n

= cn(ac)c−n = (cnac−n)c = c(cnac−n) = c2n+1a.

P♦r ♦✉tr♦ ❧❛❞♦✱

bc
na = cna(ac)ac−n = cncac−n = cc2na = c2n+1a.

❆ss✐♠✱ Cl(b) = {c2n+1a|n ∈ Z}.

❈♦♥s✐❞❡r❡ G = D∞✳ ❙❡❥❛ π ∈ Aut(G) ❞❡✜♥✐❞♦ ♣♦r✿

π :G −→ G

a 7−→ b

b 7−→ a.

❖❜s❡r✈❡ q✉❡ π ∈ Aut(G), π /∈ Inn(G) ❡ t❡♠ ♦r❞❡♠ ✷✳

▲❡♠❛ ✹✳✷✳✹✳ Aut(D∞) = 〈π, τa〉✳
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❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡ G = D∞✳ ❙❡❥❛

τa :G −→ G

x 7−→ axa−1 = axa.

■♥✐❝✐❛❧♠❡♥t❡✱ ❛✜r♠❛♠♦s q✉❡ πτaπ−1 = τb✳ ❱❛♠♦s ✈❡r✐✜❝❛r ♣❛r❛ ♦s ❣❡r❛❞♦r❡s a ❡ b

(πτaπ
−1)(a) = π(τa(b)) = π(aba) = bab = τb(a) ❡ (πτaπ

−1)(b) = π(τa(a)) = π(a) = b = τb(b).

❊♥tã♦ t❡♠♦s q✉❡ Inn(G) ≤ 〈π, τa〉✳ ❈♦♥s✐❞❡r❡ ϕ ∈ Aut(G)✱ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❛r❜✐trár✐♦✳

❱❛♠♦s ♣r♦✈❛r q✉❡ ϕ ∈ 〈π, τa〉✳ ❈♦♥s✐❞❡r❡ A = Cl(a)∪Cl(b)✱ ϕ ♣❡r♠✉t❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ A✳ ❙❡

♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ϕ ♣♦r πϕ ❡ s✉♣♦r✱ s❡♠ ♣❡r❞❡r ❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ϕ(Cl(a)) =

Cl(a)✱ ❧♦❣♦ ϕ(a) = c2na✱ ♣❛r❛ ❛❧❣✉♠ n ∈ Z✳ ❆❣♦r❛✱ s❡❥❛ g = c−n ❡ ψ = τgϕ✱ ❡♥tã♦

ψ(a) = (τgϕ)(a) = τg(ϕ(a)) = τg(c
2na) = g(c2na)g−1 = c−n(c2na)cn.

❏á ✈❡r✐✜❝❛♠♦s q✉❡ c2na = cnac−n✱ ❧♦❣♦✱

ψ(a) = c−n(cnac−n)cn = a.

❈♦♠♦ C = 〈c〉 é ✉♠ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❡♠ G✱ s❡❣✉❡ q✉❡ ψ(C) = C✳ ❉✐❛♥t❡ ❞✐ss♦✱ ψ(c) = c

♦✉ ψ(c) = c−1✳ ❱❛♠♦s ❛♥❛❧✐s❛r ♦s ❞♦✐s ❝❛s♦s ♣♦ssí✈❡✐s✳ P❛r❛ ψ(c) = c✱ t❡♠♦s

ψ(ab) = ab =⇒ ψ(a)ψ(b) = ab =⇒ aψ(b) = ab =⇒ ψ(b) = b.

❈♦♠♦ ψ(b) = b ❡ ψ(a) = a✱ ❡♥tã♦ ψ = Id✳ ❏á ♣❛r❛ ψ(c) = c−1✱ t❡♠♦s

ψ(ab) = aca−1 =⇒ ψ(a)ψ(b) = aca−1 =⇒ aψ(b) = aca−1 =⇒ ψ(b) = ca−1 = aba−1.

▲♦❣♦✱ ψ = τa✳ ❙❡♥❞♦ ψ = τgϕ✱ ♣❛r❛ ψ = Id t❡♠♦s q✉❡ ϕ = τg−1 = τcn ✱ ❡♥tã♦ ϕ ∈ Inn(G) ≤

〈π, τa〉✳ P❛r❛ ψ = τa t❡♠♦s ϕ = τcnτa ❡✱ ♥♦✈❛♠❡♥t❡✱ ϕ ∈ Inn(G)✳ ❊♠ ❛♠❜❛s ❛s s✐t✉❛çõ❡s✱

ϕ ∈ 〈π, τa〉 ❡ Aut(G) = 〈π, τa〉✳

❆❧é♠ ❞✐ss♦✱ é ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡ τaπ t❡♠ ♦r❞❡♠ ✐♥✜♥✐t❛✳ P❛r❛ t❛♥t♦✱ ♥♦t❡ q✉❡

(τaπ)(a) = τaπ(a) = τa(b) = aba−1 = aba.
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❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡✱ t❡♠♦s q✉❡

(τaπ)
2(a) = (τaπ)(aba

−1) = [(τaπ)(a)][(τaπ)(b)][(τaπ)(a
−1)] = ababa−1.

❖❜s❡r✈❡ q✉❡ ♣❛r❛ t♦❞♦ n ∈ N (τaπ)
n(a) 6= a✱ ♣♦✐s ♥ã♦ ❡①✐st❡ r❡❧❛çã♦ ❡♥tr❡ a ❡ b✱ (τaπ)n(a)

é ✉♠❛ ❡①♣r❡ssã♦ ababab . . . a✳ ❙❡♥❞♦ ❛ss✐♠✱ (τaπ)n ♥✉♥❝❛ é ✐❞❡♥t✐❞❛❞❡ ❡✱ ❡♥tã♦ τaπ t❡♠ ♦r❞❡♠

✐♥✜♥✐t❛✳

❈♦♠♦ Aut(D∞) = 〈π, τa〉 ♦♥❞❡ π2 = 1, τ 2a = 1✱ ❡♥tã♦ Aut(D∞) ∼= D∞✳ ❖ ❣r✉♣♦ D∞ ♣♦ss✉✐

♦ ❝❡♥tr♦ tr✐✈✐❛❧✱ ❛ss✐♠ ❛♥❛❧✐s❛♥❞♦ s✉❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ♦❜s❡r✈❛♠♦s q✉❡ ♦s ❣r✉♣♦s q✉❡ ❛

❝♦♠♣õ❡♠ sã♦ ✐s♦♠♦r❢♦s ❛ D∞✳ ❏á ♦❜s❡r✈❛♠♦s q✉❡

Inn(D∞) < Aut(D∞),

♣♦✐s π ∈ Aut(D∞) ❡ π /∈ Inn(D∞)✳ ❆ss✐♠✱ D∞ ♥ã♦ é ❝♦♠♣❧❡t♦✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❛ t♦rr❡ ❞❡

❛✉t♦♠♦r✜s♠♦s ❞♦ ❞✐❡❞r❛❧ ✐♥✜♥✐t♦ ♥ã♦ s❡ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✳

✹✳✸ ❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

◆❛ ❞é❝❛❞❛ ❞❡ ✼✵✱ ❢♦r❛♠ ♣r♦✈❛❞♦s r❡s✉❧t❛❞♦s ✐♥t❡r❡ss❛♥t❡s s♦❜r❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s

❞❡ ❛❧❣✉♥s ❣r✉♣♦s ❡s♣❡❝í✜❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ❘❛❡ ❡ ❘♦s❡❜❧❛❞❡✱ ❡♠ ❬✾❪✱ ♣r♦✈❛r❛♠ q✉❡ ❛ t♦rr❡ ❞❡

❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ❈❡r♥✐❦♦✈✱ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✱ t❛♠❜é♠ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ ♣❛ss♦s✳ ▲❡♠❜r❛♠♦s q✉❡ ✉♠ ❣r✉♣♦ ❞❡ ❈❡r♥✐❦♦✈ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠ ❣r✉♣♦

s❛t✐s❢❛③❡♥❞♦ ❝♦♥❞✐çã♦ ♠✐♥✐♠❛❧ ❞❡ ❝❛❞❡✐❛ ♣❛r❛ s✉❜❣r✉♣♦s✱ t❡♥❞♦ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❛❜❡❧✐❛♥♦

❞❡ í♥❞✐❝❡ ✜♥✐t♦✳

❏á ❍✉❧s❡✱ ❡♠ ❬✻❪✱ ♣r♦✈♦✉ q✉❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦ ♣♦❧✐❝í❝❧✐❝♦ s❡ ❡st❛❜✐❧✐③❛

❛♣ós ✉♠ ♥ú♠❡r♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ♣❛ss♦s✳ ❘❡❝♦r❞❛♠♦s q✉❡ ✉♠ ❣r✉♣♦ ♣♦❧✐❝í❝❧✐❝♦ é ✉♠ ❣r✉♣♦ q✉❡

♣♦ss✉✐ ✉♠❛ sér✐❡ ❞❡ s✉❜❣r✉♣♦s s✉❜♥♦r♠❛✐s✱ ❛ s❛❜❡r

{1} = G0 ⊳ G1 ⊳ · · · ⊳ Gn = G,

♦♥❞❡ Gi+1/Gi é ❝í❝❧✐❝♦✱ ♣❛r❛ t♦❞♦ i = 0, · · · , n✳

❆té ❛q✉❡❧❡ ♠♦♠❡♥t♦✱ ❛ ❞✐s❝✉ssã♦ s❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s✱ ❞❡ ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦ ❡

❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✱ ❡st❛❜✐❧✐③❛ ♦✉ ♥ã♦ ❛✐♥❞❛ ❡st❛✈❛ ❡♠ ❛❜❡rt♦✳ P♦ré♠ ❡♠ ✶✾✽✹✱ ❙✐♠♦♥ ❚❤♦♠❛s

♣r♦✈♦✉ q✉❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦ G ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧ ❡st❛❜✐❧✐③❛ ❛♣ós

♥♦ ♠á①✐♠♦ (2|G|)+ ♣❛ss♦s✱ ♦♥❞❡ c+ ❞❡♥♦t❛ ♦ ❝❛r❞✐♥❛❧ s✉❝❡ss♦r ❞❡ ✉♠ ♥ú♠❡r♦ ❝❛r❞✐♥❛❧ c✳ ❆ss✐♠✱

t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✹✳✸✳✶✳ ❙❡ G é ✉♠ ❣r✉♣♦ ✐♥✜♥✐t♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✱ ❡♥tã♦ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s
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❞❡ G ❡st❛❜✐❧✐③❛ ❛♣ós ♥♦ ♠á①✐♠♦ (2|G|)+ ♣❛ss♦s✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ é ❜❛s❡❛❞❛ ❡♠ r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s

❞❡ ✉♠ ❣r✉♣♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♥ú♠❡r♦s ❝❛r❞✐♥❛✐s ✐♥✜♥✐t♦s ❡ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶✹❪✳

❖ ♠❛t❡♠át✐❝♦ ❙✐♠♦♥ r❡ss❛❧t❛ q✉❡ ❛ ❞✐s❝✉ssã♦ ❛✐♥❞❛ ♥ã♦ ❛❝❛❜♦✉ ❡ ❛✐♥❞❛ ❡①✐st❡♠ ♣❡r❣✉♥t❛s

✐♥t❡r❡ss❛♥t❡s s♦❜r❡ ❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ✐♥✜♥✐t♦s✳ ❙❛❜❡♠♦s q✉❡✱ ♣❛r❛ G ✜♥✐t♦ ❡

❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✱ ❛ t♦rr❡ s❡ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ♦r❞✐♥❛❧ α t❛❧ q✉❡ Gα+1 = Gα✳ ◆❡st❡ ❝❛s♦✱ ❙✐♠♦♥

❞❡✜♥❡ τ(G)✱ ♦ t❛♠❛♥❤♦ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦✱ ❝♦♠♦ α✳ ◆♦ ❝❛s♦ ✐♥✜♥✐t♦✱ ♦ ♠❛t❡♠át✐❝♦

❧❡✈❛♥t❛ ✈ár✐♦s q✉❡st✐♦♥❛♠❡♥t♦s✱ ❡♥tr❡ ❡❧❡s s❡ é ♣♦ssí✈❡❧ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛r❞✐♥❛❧ ✜①♦ κ t❛❧

q✉❡ τ(G) ≤ κ ♣❛r❛ t♦❞♦ G ✐♥✜♥✐t♦ ❝♦♠ ❝❡♥tr♦ tr✐✈✐❛❧✳

❘❡ss❛❧t❛♠♦s q✉❡ ♣❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❣r✉♣♦s ❝♦♠♣❧❡t♦s✱ é ♣♦ssí✈❡❧ ❝♦♥s✉❧t❛r ❛

r❡❢❡rê♥❝✐❛ ❬✶✶❪✳



❆♣ê♥❞✐❝❡ ❆

◆ú♠❡r♦s ♦r❞✐♥❛✐s

❖s ♥ú♠❡r♦s ♦r❞✐♥❛✐s✱ ❛♣r❡s❡♥t❛❞♦s ♣♦r ❈❛♥t♦r ♣♦r ✈♦❧t❛ ❞❡ ✶✽✽✸✱ s❡rã♦ út❡✐s ♥❛ ♥♦ss❛

❞❡✜♥✐çã♦ ❞❛ t♦rr❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠ ❣r✉♣♦✳ P♦r ✐ss♦✱ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❞✐s❝✉ssã♦ s♦❜r❡

♦s ♦r❞✐♥❛✐s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s ♥❡st❡ ❛♣ê♥❞✐❝❡ ❢♦r❛♠ ❬✸❪ ❡ ❬✽❪✳

❆✳✶ ❘❡s✉❧t❛❞♦s

P❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛ t❡♦r✐❛✱ ❈❛♥t♦r ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❜❡♠ ♦r❞❡♥❛❞♦✳

❙❡♥❞♦ ❛ss✐♠✱ ✐♥✐❝✐❛r❡♠♦s r❡❧❡♠❜r❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✳ ❯♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ é ✉♠❛ r❡❧❛çã♦ ❜✐♥ár✐❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ X ❛ q✉❛❧ é

r❡✢❡①✐✈❛✱ ❛♥t✐✲s✐♠étr✐❝❛ ❡ tr❛♥s✐t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ X é ❝❤❛♠❛❞❛ t♦t❛❧

s❡ ♣❛r❛ t♦❞♦ x ❡ y ❡♠ X✱ ♦✉ x ≤ y ♦✉ y ≤ x✳ ◆❡st❡ ❝❛s♦✱ X é ❞❡♥♦♠✐♥❛❞♦ ✉♠ ❝♦♥❥✉♥t♦

t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳

❉❡✜♥✐çã♦ ❆✳✶✳✷✳ ❯♠ ❝♦♥❥✉♥t♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ é ❞✐t♦ s❡r ❜❡♠✲♦r❞❡♥❛❞♦ s❡ t♦❞♦ s✉❜❝♦♥✲

❥✉♥t♦ ♥ã♦✲✈❛③✐♦ t❡♠ ✉♠ ♠❡♥♦r ❡❧❡♠❡♥t♦✳

❆ ♣❛rt✐r ❞❛s ❞❡✜♥✐çõ❡s ❛♥t❡r✐♦r❡s✱ ✈❛♠♦s ❞❡✜♥✐r ♦s ♦r❞✐♥❛✐s✳

❉❡✜♥✐çã♦ ❆✳✶✳✸✳ ❯♠ ♥ú♠❡r♦ ♦r❞✐♥❛❧✱ ♦✉ s♦♠❡♥t❡ ♦r❞✐♥❛❧✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❜❡♠✲

♦r❞❡♥❛❞♦ α t❛❧ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ β ❡♠ α é ✐❣✉❛❧ ♦ ❝♦♥❥✉♥t♦ ❞♦s s❡✉s ❛♥t❡❝❡ss♦r❡s ❡♠ α✱ ✐st♦

é

β = {ξ ∈ α : ξ < β}.

❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s é ✉♠ ❝♦♥❥✉♥t♦ ❜❡♠ ♦r❞❡♥❛❞♦✱ ❡ ♦ ✉t✐❧✐③❛r❡♠♦s ♣❛r❛

❡①❡♠♣❧✐✜❝❛r ♦s ♦r❞✐♥❛✐s✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ✐❞❡♥t✐✜❝❛r ❝❛❞❛ ♥ú♠❡r♦ ♥❛t✉r❛❧ ❝♦♠ ♦ ❝♦♥❥✉♥t♦

❞♦s s❡✉s ❛♥t❡❝❡ss♦r❡s✱ ❛ss✐♠ ❝♦♠♦ ♦ ♠❛t❡♠át✐❝♦ ✈♦♥ ◆❡✉♠❛♥♥✿

✻✵



❆✳✶✳ ❘❊❙❯▲❚❆❉❖❙ ✻✶

0 := ∅,

1 := 0 ∪ {0} = {0},

2 := 1 ∪ {1} = {0, 1},

3 := 2 ∪ {2} = {0, 1, 2},

4 := 3 ∪ {3} = {0, 1, 2, 3},

❊✱ ❡♠ ❣❡r❛❧

n+ 1 = n ∪ {n} = {0, 1, 2, . . . , n}.

❯s✉❛❧♠❡♥t❡ ✉t✐❧✐③❛♠♦s ❧❡tr❛s ❣r❡❣❛s ♣❛r❛ ❞❡♥♦t❛r ♦s ♦r❞✐♥❛✐s✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

♥ú♠❡r♦s ♥❛t✉r❛✐s é ❞❡♥♦t❛❞♦ ♣♦r ω✱ ❞❡ ♠♦❞♦ q✉❡✿

ω = {0, 1, 2, . . . , n, . . . }.

❆❧❣✉♥s ♦r❞✐♥❛✐s sã♦ ✜♥✐t♦s✱ ❡❧❡s sã♦ ❥✉st❛♠❡♥t❡ ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✳ ❊♥q✉❛♥t♦ ♦✉tr♦s sã♦

❝❤❛♠❛❞♦s ❞❡ tr❛♥s✜♥✐t♦s✳ ❖ ♠❡♥♦r ❞❡❧❡s é ♦ ω✳ ❈❛❞❛ ♦r❞✐♥❛❧ α ♣♦ss✉✐ ✉♠ s✉❝❡ss♦r ✐♠❡❞✐❛t♦✱

❛ s❛❜❡r α + 1 = α ∪ {α}✳

❊①❡♠♣❧♦ ❆✳✶✳✹✳ ❖ s✉❝❡ss♦r ❞❡ ω é ❞❡✜♥✐❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

ω + 1 = ω ∪ {ω} = {0, 1, 2, . . . , ω}.

❈♦♥s✐❞❡r❡✱ ❛❣♦r❛✱ ♦ s✉❝❡ss♦r ❞❡ ω + 1✱ ♦✉ s❡❥❛✿

(ω + 1) + 1 = ω + 1 ∪ {ω + 1} = {0, 1, 2, . . . , ω, ω + 1} := ω + 2.

❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱

(ω + n) + 1 = ω + n ∪ {ω + n} = {0, 1, 2, . . . , ω, ω + 1, ω + 2, . . . , ω + n} := ω + (n+ 1).

➱ ♣♦ssí✈❡❧ ❝♦♥t✐♥✉❛r ♦ ♣r♦❝❡ss♦✳ ❆ss✐♠ s❡♥❞♦✱ ✈❛♠♦s ❞❡✜♥✐r ω + ω ♦✉ (ω2) ♣❛r❛ s❡r ♦

❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❡ ♦ ♥ú♠❡r♦ ❞❛ ❢♦r♠❛ ω + n✱ ♦♥❞❡ n ✈❛r✐❛ s♦❜r❡ ♦s ♥❛t✉r❛✐s✳

ω2 = {0, 1, 2, . . . , ω, ω + 1, ω + 2, . . . }

▲♦❣♦✱ ω2 + 1 ❂ ω2 ∪ {ω2} ❂ {0, 1, . . . , ω, ω + 1, ω + 2, . . . , ω2}✳ ❈♦♥t✐♥✉❛♥❞♦ ♦ ♣r♦❝❡ss♦✱



❆✳✶✳ ❘❊❙❯▲❚❆❉❖❙ ✻✷

❞❡✜♥✐♠♦s ♦ s✉❝❡ss♦r ❞❡ (ω2 + 1) + 1✱ ♦✉ s❡❥❛✱

(ω2 + 1) + 1 = (ω2 + 1) ∪ {0, 1, . . . , ω, ω + 1, . . . , ω2, ω2 + 1}.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♦s ♦r❞✐♥❛✐s ωm+n✱ ♦♥❞❡ m ❡ n sã♦ ♥ú♠❡r♦s ♥❛t✉r❛✐s✳ ❊ ωm+n

❝♦♥s✐st❡ ❞❡ t♦❞♦s ♦s ♦r❞✐♥❛✐s ❞❛ ❢♦r♠❛✿

n(= ω0 + 1) n(= ω1 + 1) n(= ω2 + 1) · · ·

✶ ω + 1 ω + 2 · · ·
✳✳✳

✳✳✳
✳✳✳ · · ·

♥ ω + n ω2 + n · · ·
✳✳✳

✳✳✳
✳✳✳ · · ·

ω ω + ω = ω2 ω2 + ω = ω3 · · ·

❚♦❞♦ α ✉♠ ♦r❞✐♥❛❧ ✜♥✐t♦ ♥ã♦✲♥✉❧♦ t❡♠ ✉♠ ❝❤❛♠❛❞♦ ❛♥t❡❝❡ss♦r ✐♠❡❞✐❛t♦✱ ✐st♦ é✱ ✉♠ ♦r❞✐♥❛❧

β t❛❧ q✉❡ α = β + 1✳ ❊st❛ ❛✜r♠❛çã♦ ♥ã♦ é s❡♠♣r❡ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦s ♦r❞✐♥❛✐s tr❛♥s✜♥✐t♦s✳

❉✐❛♥t❡ ❞✐ss♦✱ ✉♠ ♦r❞✐♥❛❧ tr❛♥s✜♥✐t♦ q✉❡ t❡♠ ✉♠ ❛♥t❡❝❡ss♦r ✐♠❡❞✐❛t♦ é ❝❤❛♠❛❞♦ ✉♠ ♦r❞✐♥❛❧

s✉❝❡ss♦r✱ ❥á ♦s ♦✉tr♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ♦r❞✐♥❛❧ ❧✐♠✐t❡✳

❊①❡♠♣❧♦ ❆✳✶✳✺✳ ❖s ♦r❞✐♥❛✐s ω✱ ω2 sã♦ ❡①❡♠♣❧♦s ❞❡ ♦r❞✐♥❛✐s ❧✐♠✐t❡s✳ ❏á ω + 5✱ ω5 + 9✱ sã♦

❡①❡♠♣❧♦s ❞❡ ♦r❞✐♥❛✐s s✉❝❡ss♦r❡s✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❉✳ ❙✳ ❉✉♠♠✐t✱ ❘✳ ▼✳ ❋♦♦t❡✱ ❆❜str❛❝t ❆❧❣❡❜r❛✱ ✸♥❞ ❡❞✳ ❯❙❆✱ ✷✵✵✹✳

❬✷❪ ❉✳ ❙✳ ❙✳ ▼✳ ❋♦♥s❡❝❛✱●r✉♣♦s ❡ s❡✉s ❆✉t♦♠♦r✜s♠♦s✱ ▼♦♥♦❣r❛✜❛ ✭❊s♣❡❝✐❛❧✐③❛çã♦ ❡♠ ▼❛t❡✲

♠át✐❝❛✮✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ▼✐♥❛s ●❡r❛✐s✱ ✷✵✵✽✳

❬✸❪ ❙✳ ●✐✈❛♥t✱ P✳ ❍❛❧♠♦s✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❇♦♦❧❡❛♥ ❆❧❣❡❜r❛s✳ ❯❙❆✱ ✷✵✵✾✳

❬✹❪ ❆✳ ●♦♥ç❛❧✈❡s✱ ■♥tr♦❞✉çã♦ à ➪❧❣❡❜r❛✱ ✺✳❡❞✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✵✾✳

❬✺❪ ❉✳ ●♦r❡♥st❡✐♥✱ ❋✐♥✐t❡ ●r♦✉♣s✱ ✷♥❞ ❡❞✳ ❯❙❆✱ ✶✾✽✵✳

❬✻❪ ❏✳ ❆✳ ❍✉❧s❡✱ ❆✉t♦♠♦r♣❤✐s♠ t♦✇❡rs ♦❢ ♣♦❧②❝②❝❧✐❝ ❣r♦✉♣s✳ ❏✳ ❆❧❣❡❜r❛ ✶✻✭✶✾✼✵✮✱ ✸✹✼✲✸✾✽✳

❬✼❪ ■✳ ▼✳ ■s❛❛❝s✱ ❋✐♥✐t❡ ●r♦✉♣ ❚❤❡♦r②✳ ❯❙❆✱ ✷✵✵✽✳

❬✽❪ P✳ ❚✳ ❏♦❤st♦♥❡✱ ◆♦t❡s ♦♥ ▲♦❣✐❝ ❛♥❞ ❙❡t ❚❤❡♦r②✳ ❯❙❆✱ ✷✵✵✷✳

❬✾❪ ❆✳ ❘❛❡✱ ❏✳ ❊✳ ❘♦s❡❜❧❛❞❡✱ ❆✉t♦♠♦r♣❤✐s♠ t♦✇❡rs ♦❢ ❡①tr❡♠❛❧ ❣r♦✉♣s✳ ▼❛t❤✳ ❩✳ ✶✶✼✭✶✾✼✵✮✱

✼✵✲✼✺✳

❬✶✵❪ ❉✳ ❏✳ ❙✳ ❘♦❜✐♥s♦♥✱ ❆ ❈♦✉rs❡ ✐♥ t❤❡ ❚❤❡♦r② ♦❢ ●r♦✉♣s✱ ✷♥❞ ❡❞✳ ❯❙❆✱ ✶✾✾✺✳

❬✶✶❪ ❉✳ ❏✳ ❙✳ ❘♦❜✐♥s♦♥✱ ❘❡❝❡♥t ❘❡s✉❧ts ♦♥ ❋✐♥✐t❡ ❈♦♠♣❧❡t❡ ●r♦✉♣s✳ ❆❧❣❡❜r❛ ❈❛r❜♦♥❞❛❧❡ ✶✾✽✵✳

▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✳ ❱♦❧✳ ✽✹✽✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥ ✭✶✾✽✶✮✱ ✶✼✽✲✶✽✺✳

❬✶✷❪ ❙✳ ❚❤♦♠❛s✱ ❚❤❡ ❆✉t♦♠♦r♣❤✐s♠ ❚♦✇❡r Pr♦❜❧❡♠✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✾✺✭✶✾✽✺✮✱ ✶✻✻✲✶✻✽✳

❬✶✸❪ ❙✳ ❚❤♦♠❛s✱ ❚❤❡ ❆✉t♦♠♦r♣❤✐s♠ ❚♦✇❡r Pr♦❜❧❡♠ ■■✳ ■sr❛❡❧✳ ❏✳ ▼❛t❤✳ ✶✵✸✭✶✾✾✽✮✱ ✾✸✲✶✵✾✳

❬✶✹❪ ❙✳ ❚❤♦♠❛s✱ ❚❤❡ ❆✉t♦♠♦r♣❤✐s♠ ❚♦✇❡r Pr♦❜❧❡♠✳ ❯❙❆✱ ✷✵✵✾✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿

✇✇✇✳♠❛t❤✳r✉t❣❡rs✳❡❞✉✴ st❤♦♠❛s✴❜♦♦❦✳♣s
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