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LOGARITHMIC NLS EQUATION ON STAR GRAPHS:
EXISTENCE AND STABILITY OF STANDING WAVES
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ABSTRACT. In this paper we consider the logarithmic Schrodinger equation on
a star graph. By using a compactness method, we construct a unique global
solution of the associated Cauchy problem in a suitable functional framework.
Then we show the existence of several families of standing waves. We also
prove the existence of ground states as minimizers of the action on the Nehari
manifold. Finally, we show that the ground states are orbitally stable via a
variational approach.

1. INTRODUCTION

Partial differential equations on graphs, or on higher-dimensional ‘networked’
domains, arise naturally in many topics of physics such as optics, acoustics, con-
densed matter and polymer physics. Modern applications of PDEs on graphs in-
clude machine mechatronics, biology, electrical and communication networks and
traffic flow. We refer to [29] for further information and bibliography. Earlier, the
linear Schrodinger equation on a metric graph was subject of extensive research
due to its applications in quantum chemistry, nanotechnologies and mesoscopic
physics (see [14, [I5] and references therein). Studies of the nonlinear Schrédinger
equation on graphs have started appearing recently. In particular, existence and
stability of standing waves for nonlinear Schrodinger equation on a star graph with
a power nonlinearity |u|” ~! 4 have been studied extensively. Among such works,
let us mention [I7, 1, 2 (3, [ [5, 7, 8, O] 13| 20} 21} 22} 27, 130].

In recent years, the logarithmic NLS equation has attracted a great deal of
attention from both the mathematicians and physicists (see e.g. [12} 24} [32]); this
equation is applied in many branches of physics, e.g., quantum optics, nuclear
physics, fluid dynamics, geophysics and Bose-Einstein condensation (see, e.g. [34]
and references therein).

To set the stage, let I' be a star graph consisting of a central vertex ¢ and NV
edges (half-lines) attached to it. For simplicity, each edge will be identified with
the positive semi-axis J, = (0,4+00), where zero corresponds to the central vertex
c. Thus we see that we can identify I" with the (disjoint) union of the intervals
Je = (0,400), e = 1, ..., N, augmented by the central vertex. The following
notation will be convenient: given a function on the graph u : I' — C¥, its
restriction to the semi-axis J, is denoted with u.. Moreover, we will denote with
uc(0) the limit of u.(z) as * — 0 in J.. For a function u to be continuous on
T', in addition to the continuity of every restriction w. on J., one has to require
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continuity at the central vertex; that is, u(0) = u,.(0) for e, r = 1, ..., N. Given
a function F' : C — R, if the integrand does not require more precision, we will

abbreviate
N
S [ Ploetae = [ Pl

Associated to a star graph I', we have a natural Hilbert space L?(T'), which is
defined as the orthogonal direct sum of spaces L?(R*). The space L?(I') consists
of functions that are in L?(R™) for every edge of I', equipped with the norm given
by

N
2
Jall3a = [ fePde =3 [ Juco)Pas.
e=1

LP-spaces on I' are defined analogously. The Sobolev space H!(T') on the graph
I" consists of all continuous functions u = (ue)_; such that u, € H'(R*). The
continuity condition imposed on functions from the Sobolev space H!(I') means
that any function u from this space assumes the same value at the central vertex,
and thus u(0) is uniquely defined. We say that u is symmetric if u. does not depends
on e. For a general reference on analytical properties of functions defined over a
graph, see the classical monograph [15].

This paper is devoted to the analysis of existence and stability of the ground
states for the logarithmic Schrédinger equation on a star graph I' with an attractive
delta condition in the vertex,

i0u + Ayu 4 uLog|ul” =0, (1.1)

where v is a complex-valued function of (z,t) € I' x R. Here, the nonlinear term in
(CT) is defined componentwise: namely, (uLoglu|?), = u; Loglui|? for i = 1,...,N.
For v € R, the Laplace operator —A,, on the graph I" which appear in (1)) ad-
mit a precise interpretation as self-adjoint operator on L?(I') associated with the

quadratic form §, (see [26]),

il 2
Bl =3 [ o) =y ),

defined on the domain dom(g,) = H'(I'). To be more specific, it is clear that this
form is bounded from below and closed on H*(T"). Then the self-adjoint operator
on L?(T") associated with §., is given by

—(Ayu), = —0%u; fori=1,..., N,

on the domain
N
dom(—A,) = {ue H () : u; € H*(R"), Z 9,ui(0) = —yur(0)}.  (1.2)

When ~ = 0, the condition at the vertex ([2)) is usually referred to as the Kirch-
hoff’s boundary condition. Notice that —A., generalizes to the graph the well know
Schrédinger operator with delta potential of strength v on the line. The follow-
ing spectral properties of —A, are known: oess(—A,) = [0,00); if v < 0, then
op(—Ay) =05 if v > 0, then o, (—A,) = {—7?/N?}.
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The nonlinear Schrodinger equation (L)) is formally associated with the energy
functional E defined by

1 1
E(u) = 5&Y[u] —5 /F lul® Log |u|” da.

Unfortunately, due to the singularity of the logarithm at the origin, the functional

fails to be finite as well of class C' on dom(§,) = H*(I'). Due to this loss of

smoothness, it is convenient to work in a suitable Banach space endowed with a

Luxemburg type norm in order to make functional E well defined and C' smooth.
Indeed, we will work with functions in the Banach space (see Section [2])

W()={ueH\T): |ue|? Log |ue|* € L'(R ) for e =1, .. ., N}. (1.3)

Then, we have that the energy functional E is well-defined and of class C* on W (T").

In [T1], when ' = R, by considering the line as a two-edge star graph, it is proved
that the Cauchy problem for (L)) is globally well-posed in W (R). Moreover, it was
shown in [I1] that there exists a unique positive (up to a phase) ground state and
it is orbitally stable in the case where v > 0.

The main aim of this paper is to extend the existence and stability results of [11]
by considering a N-edge star graph with N > 2. An analogous analysis is given for
the standard NLS equation on a star graph in [5], and both are inspired by [22] [g].

The next proposition gives a result on the existence of weak solutions to (LIJ) in
the energy space W(T"). The proof is contained in Section Bl

Proposition 1.1. For any ug € W(I'), there is a unique mazimal solution u €
CR,W()NCYR,W'(T)) of I such that u(0) = uy and sup,cp @)y )y <

00. Furthermore, the conservation of energy and charge hold; that is,
E(u(t)) = E(uo) and |[u(®)| 72y = lluol2ry  for allt € R

In the previous proposition, W/(T') is the dual space of W (T"). A standing wave
solution of () is a solution of the form u(z,t) = e“!p(r) where w € R and
p € W(I')\ {0} is a real valued function which has to solve the following stationary
problem

—Ayo+we—pLogle>=0 in W(T). (1.4)

An explicit description of all the solutions of the stationary problem (L) is
obtained for every value of v > 0. In fact, the stationary solutions to (L4) are
given in the following result. We denote by [s] the integer part of s.

Theorem 1.2. Let N > 2, v > 0 and w € R. Then, the stationary problem (L4)

has [(N —1)/2] positive solutions ¢f; .., with k =0, ..., [(N —1)/2], given, up to
permutations of edges, by
He—ile—he)® ;1
. _JeTe , i=1,.., kK
(964)i(@) = {ewTﬂe_é(I"’h“f, 1=k+1,..., N; (15)

where hy, =v/(N — 2K).

The proof of this result is contained in Section 4l We remark that the solution
is unique only in the case N = 2, that is, in the case of a two-edge star graph.

The next step in the study of stationary solutions to (I4) is to understand their
stability. To this aim, and when possible, we give a variational characterization of
the stationary solutions.
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For v > 0 and w € R, let us define the following functionals of class C* on W (T'):

1 w+1

1 2 2
S (1) = 53 [0l + 5=l = 5 [ ol Log uf*da,

mwwzaw+wwém—ﬂwﬁ%w%m

Note that (L4) is equivalent to S/, (p) = 0, and I, (u) = (S, ,(u),u) is the
so-called Nehari functional. Moreover, we consider the minimization problem

d, (@) = inf {Su(w) : w € W(T)\ {0}, L., (u) = 0}

1,
= gint {Julfe  ue W)\ {0} Ly (w) = 0],
and define the set of ground states by
Gury = {0 € W)\ {0} : Suy () = dy (), Loy () =0}

Remark 1.3. The set {u € W(I')\{0}, L, ,(u) = 0} is called the Nehari manifold.
Since I, ~(u) = (S, ,(u),u), it clearly contains all the nontrivial critical points of
Sw,y- It is standard to show that if u € G, , then u is a solution to the stationary

equation (4.

Before proceeding to our main results, we recall the definition of the error func-
tion

(1.6)

2 -
erf(s) = ﬁ/o e "dt for all s € R. (1.7

We remark that the error function is strictly monotonically increasing on R. We
define the inverse error function as follows. For a positive r, if r = erf(s) the inverse
function s = erf ! (7). The domain r for the inverse function is the interval [0, 1],
and the range is [0, +00).

The existence of minimizers for (L) is obtained through variational argument.
We will show the following theorem in Section

Theorem 1.4. Let N > 2, w e R and v*(N) =N (erf_l(l —2/N)). Then, there
exists a minimizer of dy(w) for any v > ~v*(N). Moreover, the set of ground states
is given by G,y = {€¢0, | : 0 € R}, where ¢Y, _ is defined by (LT).

So S,y admits a constrained minimum on the Nehari manifold for every w € R
if the strength v of the J-interaction at the vertex is sufficiently strong. Moreover,
in this case, any minimizing sequence of (LL6) is relatively compact in W (I'). On
the other hand, if 0 < v < 4*(N), then the infimum d,(w) is approximated by
the action of a soliton (i.e. the ground state on the line) escaping to infinity. In
particular, there exists a minimizing sequence of d, (w) that converges weakly to the
vanishing function; see the proof of Proposition [5.1] for more details. Notice that,
for N > 2, the function N — +*(V) is strictly monotonically increasing, y*(2) = 0
and v*(N) — +o00 as N — +oco. In particular, in the case of a two-edge star graph
we have the following result which was proved in [I1]: there exists a unique (up
to a phase) ground state for all ¥ > 4*(2) = 0. On the other hand, when N > 3
and 0 <y < ¥*(N), it is conjectured that the action S, , has a local constrained
minimum that is larger than the infimun, but we do not have a proof of this fact.
We note that the conjectured behavior has in fact been proved recently for the
standard power nonlinearity by Adami-Cacciapuoti-Finco-Noja in [6].
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It is important to note that the basic idea underlying this work as well as [5], is
that a ground state exists if and only if the action S, - of the unique symmetric
stationary state (;58)17 is lower than the action of the soliton associated with the
same frequency; see Sections [b] and [6] for a complete description. This explains the
fact that the threshold v*(2) for the two-edge graph equals zero.

Now we come to the stability of the ground state. The basic symmetry associated
to equation (L)) is the phase-invariance. Thus, the definition of stability takes into
account only this type of symmetry and is formulated as follows.

Definition 1.5. We say that a standing wave solution u(x,t) = e“'¢(x) of (L)
is orbitally stable in W (T') if for any € > 0 there exists n > 0 such that if ug € W(T')
and [[ug = @y ) <, then the solution u(t) of LI with u(0) = ug exist for all
t € R and satisfies

inf [|u(t) — e* <e.
supinf [u(t) = e"ollwr) <€
Otherwise, the standing wave e“'¢(x) is said to be unstable in W (T).

Making use of the arguments in [T1} 22], from the compactness of the minimizing
sequences (see Lemma [TT] below) and uniqueness of the ground states up to phase
shown in Theorem [[.4] the orbital stability of the ground states follows.

Theorem 1.6. Let N > 2, w € R andy > v*(N). Then the standing wave e"*¢?,
is orbitally stable in W (T').

We end this introduction with two remarks. Firstly, nothing rigorous is known
about orbital stability or instability of excited states, which exists for every N > 3
and w € R; it is conjectured that excited states are unstable, but we do not have a
proof of this fact. On the other hand, an important breakthrough in the problem
of determining the existence of ground states for Kirchhoff’s graphs has come with
the paper by Adami-Serra-Tilli [T0]. We claim that the techniques presented in
that paper can be easily adapted to the focusing logarithmic nonlinearity. Indeed,
the rearrangements preserve the energy space W (I') (see the proof of Proposition
below). Thus, implementing on graphs the rearrangement theory in a more
thorough way, it is possible to give results for a general class of graphs (with no
reason to limit to star-shaped only).

The rest of the paper is organized as follows. In Section[2, we analyse the struc-
ture of the energy space W(I'). Moreover, we recall several known results, which
will be needed later. In Section [3] we give an idea of the proof of Proposition [[.1l
In Section[d] an explicit construction of all stationary states of problem is obtained.
In Section Bl we compute explicitly the infimum dy(w) (Kirchhoff’s case), which will
be a key ingredient for our analysis to follow. In Section [6]l we prove, by variational
techniques, the existence of a minimizer of d,(w) for any v > ~v*(N). We also
explicitly compute the ground states (Theorem [[4]). The Section [7is devoted to
the proof of Theorem In the Appendix we show that the energy functional F
is of class C* on W(T).

Notation: The space L*(RT,C) will be denoted by L*(R") and its norm by || -
| L2(m+). This space will be endowed with the real scalar product

(u,v) =R wodz for w,ve L*(RT).
R+
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The space H'(R",C) will be denoted by H*(R"), its norm by | - || g1 (r+). We
denote by C§° (RT) the set of C* functions from R to C with compact support.
(-,-) is the duality pairing between E’ and E, where F is a Hilbert (more generally,
Banach space) and FE’ is its dual. Throughout this paper, the letter C' will denote
positive constants.

2. PRELIMINARIES

In this section we analyse the structure of the energy space W(I'). We also
recall several known results on the logarithmic Schrédinger equation and the basic
properties of the symmetric rearrangements on a star graph.

2.1. The energy space. First we need to introduce some notation. Define
F(z) = |z|*Log|z|> for every z € C,
and as in [18], we define the functions A, B on [0, 00) by

2 2 : < g < —3.
A(s)z{ s Log(s?), fo<s<e;

B(s)=F A(s). 2.1
3524 4e 3s —e 6 ifs>e3 (5) (s + Als) (21)

Furthermore, let be functions a, b, defined by
z

a(z) = @ A(lz]) and b(z) = W B(|z]) forzeC, z#£0. (2.2)

Notice that we have b(z) — a(z) = zLog|z|>. It follows that A is a nonnegative
convex and increasing function, and A € C* ([0, +00)) N C? ((0,+00)). The Orlicz
space LA(RT) corresponding to A is defined by

LAR") = {u € Lipo(R") : A(Jul) € L'(RY)},

equipped with the Luxemburg norm

ol sy = in {k >0 /R A(ku())) do < 1}_
Here as usual L}

Lo(RT) is the space of all locally Lebesgue integrable functions.

It is proved in [I8 Lemma 2.1] that A is a Young-function which is Ag-regular
(see [31, Chapter III] for more details) and (LA(R™), | - || ar+)) is a separable
reflexive Banach space. Let us denote by W(R™) the reflexive Banach space
W(RT) = H'(RT) N LA(RT) equipped with usual norm || - ||y g+, defined by
llullwe+y = lull g @y + lullpags)-

Finally, we consider the reflexive Banach space

W) ={ueH'T):u.€ WR N fore=1,..., N},

equipped with norm

N
HUH?/V(F) = Z ||ui||12/V(R+) :
=1

It is easy to see that one has the following chain of continuous embedding W (T") —
L?(T') — W'(T'). Moreover, we have that

W() = {uec H'(T) : lue|* Log |ue|* € L'(RY) fore =1, ..., N}. (2.3)
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The proof of ([Z3) follows immediately from analogous equality for functions of the
real half line: namely, W(R¥) = {u € H'(R*) : [u|* Log|u|* € L'(R*)}. For the
proof of the last statement we refer to Cazenave [18, Proposition 2.2].
The following remark will be useful later on.
Remark 2.1. For every € > 0, there exists Cc > 0 such that
|B(z) — B(w)| < Ce (|2|" + |w]'"¢) |z —w| for all z, w € C.

Integrating the above inequality on RT | applying Holder’s and Sobolev’s inequalities
and summing on each edge of graph T', we deduce that for all u, v € H(T),

[ 1Bu) = B(uDldo < € (1+ by + ol ) u = vllry - (24

We list some properties of the Orlicz space LA(R™T), which will be needed later.
For a proof of such statements we refer to [I8, Lemma 2.1].

Proposition 2.2. Let {u,,} be a sequence in LA(R"), the following facts hold:
i) If U — u in LART), then A(|um|) — A(Ju|) in L*(RT) as n — cc.
i) Let u € LYRY). If up(2) — u(z) a.e. x € RY and if

lim A (Jum(z)]) de = / A (Ju(x)]) de,

then uny, — u in LA(RY) as n — co.
iii) For any u € LA(RY), we have

. 2 2
min { el o el o } < / Alu@)) de < max{ul eyl |-
(2.5)
2.2. Variational characterization of the ground state on the half-line and

on the line. We recall a well-known result on the logarithmic Schrodinger equation

on the line: namely, the set of solutions of the stationary problem (see [16, Appendix
DJ)

—8§ga+wg0—gpLog|<p|2:O, zeR, weR, peW(R),
is given by {e“¢, (- —y);0 € R,y € R}, where

wtl 1.2

du(zr) =€e"2 e 27, (2.6)

In addition, the soliton ¢, is the only minimizer (modulo translation and phase)
of problem

dr(w) = inf {Sr(u,w) : uwe W(R)\ {0}, I(u,w) = 0}, (2.7)

where

1 w+1 1 2 2
Sa(u,) = g 100l ey + “glultae — 5 [ Il Log ul* d

2 2
T 11,0) = 10,2z + @ a2y — / ful? Log [uf? da.

Moreover dg(w) = e**1/7/2. For the proof of this result we refer to A.H. Ardila
[12]. This implies that half soliton x4 ¢, is the solution of the problem

dg+ (w) = inf {Sg+ (v, w) : uw € W(RT)\ {0}, Ig+ (u,w) = 0}, (2.8)
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where

w+1

1 1
Sp+ (u,w) = 10, ullF2mey + —5—lull oy — 5 [ lul*Loguf® da,
2 (R*) 2 D2 Jos

T (1) = [0, + [y = [ 1 Lol do.

Moreover, we have that dg+(w) = dr(w)/2. To prove the last statement, assume
that u € W(R™') \ {0} is such that Iz+ (u,w) = 0 and

Sp+ (U, w) < Sp+ (X4 P, w)-
Then, denoted by @ the even extension of u, we see that I (i, w) = 0 and
Sk (t,w) < Sr(¢uw,w).

Thus, since @ is even and ¢,, is the only minimizer (modulo translation and phase)
of problem (2.7), we infer that @ must be equal to ¢, up a phase factor.

2.3. Symmetric rearrangements. In this subsection we recall the basic proper-
ties of symmetric rearrangements u* of a measurable function u : I' — CV, where
I' is a star graph.

Given u : T' — C¥, we introduce \,(s) and ,(s) defined by

M(s) = [{Jul = s} and () = sup{s|ha(s) > Nt}

and as in [5], we define the symmetric rearrangement u* of u by u* = (uf, ..., u}y)
with

ui(z) = ... =ujy(z) = qu(a).
The basic properties of the function v* are given in the following proposition.

Proposition 2.3. Let u € H(T'). Then the following assertions hold.

(i) The symmetric rearrangement u* is positive, symmetric and non increasing.
Moreover, u* € H'(T), ||“*||Lp(1‘) = ||u||LP(F) and ||6mu*||L2(F) < (N/2) ||azu||L2(F)'
(ii) If u € W(T'), then u* € W(T') and

/|u*|2L0g|u*|2daz:/|u|2L0g|u|2daz.
r r

Proof. The proof of (i) is contained in Proposition A.1 and Theorem 6 of [5]. Now
we prove (ii). We first recall that, by @I, |z|>Log|z|*> = A(|z]) — B(|z]) for
every z € C. Moreover, since u € W(T), it follows that A(|u.|) € L'(RT) and
B(|ue]) € LY(RY) for e = 1, ..., N. Here, u, is the restriction of u on the edge
Je. As it was observed in [5, Proposition A.1], the symmetric rearrangement is
equimeasurable, that is,

{lul = s} = {u" > s} (2.9)
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Since A € C1 (E+) is an increasing function with A(0) = 0, it easily follows from
Layer cake representation [28, Theorem 1.13] and (2.9]) that

N +
JLAGba =32 [ Auli = [ A = o ds

—+o0

N
SRR CIT zs}|ds=;/R+A<|ui<w>|>dw

- /FA(|u*|)dx. (2.10)

Similarly, since B € Cl(EJr) is an increasing function with B(0) = 0, by applying
the same argument as above we see that

N N
[ Bulyas - > | Bl - > | Blui@his = [ B(uds.

(2.11)
In particular, A(|u?|) € L*(RT) and B(|u?|) € L*(RT) fore =1, ..., N. Therefore,
u* € W(T') and the result follows from (ZI0) and (ZIT]). O

3. THE CAUCHY PROBLEM

In this section we sketch the proof of the global well-posedness of the Cauchy
Problem for () in the energy space W(I'). The proof of Proposition [[T] is an
adaptation of the proof of [I9, Theorem 9.3.4] (see also [I1]). So, we will approxi-
mate the logarithmic nonlinearity by a smooth nonlinearity, and as a consequence
we construct a sequence of global solutions of the regularized Cauchy problem in
C(R, HY{(TI")) N CY(R, H~(T)), then we pass to the limit using standard compact-
ness results, extract a subsequence which converges to the solution of the limiting
equation (II). Finally, by using special properties of the logarithmic nonlinearity
we establish uniqueness of the global solution.

Before outlining the main ideas of the proof of Proposition [Tl we first need to
introduce some notation. Let I'y be a compact star graph consisting of a central
vertex ¢ and N edges attached to it, where each edge e of I'y is associated with
a open bounded interval J. = (0,k) of length £ > 0 and zero corresponds to
the central vertex c. Let us recall that the Sobolev space H'(T'y) consists of all
continuous functions u = (ue)Y ; such that u, € H'(0,k) fore =1, ..., N. We
denote with Cp(T'x) the space of all complex-valued, continuous functions on the
graph I'y, which tend to zero near all of the outer vertices. Furthermore, the
Sobolev space H}(Tx) on the graph I'y consists of all functions f € Co(T'x) such
that f. € HY(0,k) for every e = 1, ..., N. As usual, it follows that the inclusion
map H} () = H!(T) is continuous. The dual space of H{ (') will be denoted by
H! (Fk).

First we regularize the logarithmic nonlinearity near the origin. For z € C and
m € N, we define the functions a,, and b,, by

if 2] > L1 b if |z] < m;
am(z):{a(,a, if s> 8 bm(z):{ (), i |z:;m,
>m

mza(L), if [z] < L Zb(m), if |z
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where a and b were defined in (2:2). For any fixed m € N, we define a family of
regularized nonlinearities in the form g, (z) = by (2) — am/(2), for every z € C.
In order to construct a solution of (ILT), we solve first, for m € N, the regularized
Cauchy problem
i0u"™ + Ayu™ + g (u™) = 0. (3.1)

Proposition 3.1. For anyug € H*(T), there is a unique solution u € C(R, H*(T'))N
CHR,HYT)) of BI) such that u(0) = ug. Furthermore, the conservation of en-
ergy and charge hold; that is,

Em(u™(t) = Em(uo) and (O] 12y = lollZ2ry for allt € R,
where

|2|
Em(u) = %Sy[u] - %AGm(u)dx, Gm(2) :/0 gm(8)ds.

Proof. Since g, is globally Lipschitz continuous C — C, the global well-posedness
in HY(T') and the conservation laws are well known, and follow from the standard
fixed point argument and Gronwall lemma; see [5] for an exhaustive treatment in
the case of NLS equation with a power nonlinearity |u[P~ u. ([

For the proof of Proposition [[LT] we will use the following lemma.

Lemma 3.2. Let {u™}, . be a bounded sequence in L°(R, H'(T)). If (u|r, )men
is a bounded sequence of WL (R, H=Y(T'y)) for k € N, then there exists a subse-
quence, which we still denote by {u™}, . and there exists u € L°(R, H*(T')) for
every k € N, such that the following properties hold:

(i) ulp, € Whoo(R, H™!(T})) for every k € N.

(i) u™(t) — u(t) in HX(T') as m — oo for every t € R.

(iii) For every t € R there exists a subsequence m; such that ue” (z,t) — u,(x,t)
as j — oo, for a.e. t €RT ande=1, ..., N.

(iv) u™(z,t) = u,(z,t) as m — oo, for a.e. (z,t) ERT xR ande=1,..., N.

Proof. We just sketch the proof since it follows the same ideas as the proof of

Lemma 9.3.6 in [19]. In fact, fix k¥ € N. Note that {um|Fk}meN is a bounded

sequence of L®((—k, k), HY(Tx)) N Wt ((—=k,k), H *(T'x)). Therefore, by [19,
Proposition 1.1.2] there exists a subsequence, which we still denote by {u™}, y,
and there exists u € L>((—k,k), H'(T')) such that w™(t)|, — wu(t) in H'(T;)
for all ¢t € (—k, k). Letting k — +oo and considering diagonal sequence, we see
that there exists u € L®(R, H'(T')) such that u™(t) — wu(t) in H(T') for every
t € R. Thus, u € L=®(R, H(T')), and (ii) follows. In addition, by [19, Remark
1.3.13(ii)] and (ii), we have that u € WH°(R, H~(T)) for every k € N. Hence (i)
is established. The remainder of the proof follows similarly to the remainder of the
proof of [I9, Lemma 9.3.6]. O

Proof of Proposition [I.dl Our proof follows the ideas of Cazenave [19] Theo-
rem 9.3.4]. Applying Proposition Bl we see that for every m € N there exists a
unique global solution u™ € C(R, H(I")) N C*(R, H~Y(T")) of @), which satisfies

Emu™ (1)) = Em(uo) and  [[u™ ()32 = |luol|7» for all t € R, (3.2)

where

() = 58, + 3 [ @ulludds 5 [ w(upas.
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and the functions ®,, and ¥, defined by

Ell ||
D, (2) = %/0 am(s)ds and W, (z) = %/0 b (s)ds.

It follows from (3.2)) that u™ is bounded in L (R, L?(T')). Moreover, we have that
the sequence of approximating solutions u™ is bounded in the space L>°(R, H(T"))
(see proof of Step 2 of [19, Theorem 9.3.4]). It also follows from the NLS equation
B.I) that the sequence d;u™|p,, is bounded in the space L>(R, H~'(T\)). There-
fore, we have that {u™}, _ satisfies the assumptions of Lemma (3.2l Let u be the
limit of u™.

Now we show that the limiting function u € L>(R, H'(T)) is a weak solution
of the logarithmic NLS equation (II]). To do so, we first write a weak formulation
of the NLS equation ([B3.0)). Indeed, for any test continuous function v = ()Y,
with ¢, € C5°([0,4+00)) and ¢ € C§°(R), we have

—/wa,w O (t) + Fy[u™, ¥]o(t)] dH/R (ﬁ:/w Gon (U )15 () dx)¢(t) dt = 0.

(3.3)
Furthermore, since g,,(z) — 2L0g|z|2 pointwise in z € C as m — 400, we apply
the properties (ii)-(iv) of Lemma ([B.2]) to the integral formulation (33 and obtain
the following integral equation

N
_/R[@u,w &' () + Ty [u, V] p(1)] dt+/R (Z;/W u; Log |us) s (x) dw)¢(t) dt = 0.

(3.4)
In addition, u(0) = ug by property (ii) of Lemma Moreover, it is easy to see
that u € L>°(R,W(T")) (see proof of Step 3 of [19, Theorem 9.3.4]). Therefore,
by integral equation (34), v € L (R, W(I')) is a weak solution of the logarithmic
NLS equation (II)). In particular, from Lemma in Appendix, we deduce that
u € WHee(R, W/(I)).

Now we show uniqueness of the solution in the class L (R, W (T'))NW (R, W'(T)).
Indeed, let u and v be two solutions of (II]) in that class. Then u — v satisfies a
weak formulation similar to the integral equation ([B4) for the partial differential
equation

0 (u —v) + Ay (u — v) + (uLog|ul> — v Log|v|?*) = 0.
Multiplying this equation by i(u — v) and integrating over ', we have

N
d 2 2 2\
— |lu(t) — v(®)]| =-9 / u;Log |u;|” — v;Log |v;|” ) (w7 — v5)dz.
7 o =92 [ )

Thus, from [19, Lemma 9.3.5] we obtain

() = o(8) | oy < 8 / Ju(s) — 0(s) 22 g ds.

Therefore, the uniqueness of the solution follows by Gronwall’s Lemma.
We claim that the weak solution u of the logarithmic NLS equation (IIJ) satisfies
both conservation of charge and energy. Indeed, by weak lower semicontinuity of
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the H*(I')-norm, Fatou’s lemma and arguing in the same way as in the proof of the
Step 3 of [19, Theorem 9.3.4] we deduce that

E(u(t) < E(uo) and [[u(®)|3aqy = uol3aqy forallteR. (3.5)

Now fix tg € R. Let ¢ = u(to) and let w be the solution of (I.I)) with w(0) = ¢. By
uniqueness, we see that w(- —tg) = u(-) on R. From (&3], we deduce in particular
that

E(uo) < E().
Therefore, we have that both ||u(t)||iz(r) and E(u(t)) are constant on R. Finally,

the continuity of the solution v € C(R, W (T'))NC*(R, W'(T')) in time ¢ follow from
the arguments identical to the case of the logarithmic NLS equation on RV (see
proof of Step 4 of [19, Theorem 9.3.4]). O

4. STATIONARY PROBLEM

The aim of this section is to prove Theorem Some preparation is needed.

By elliptic regularity, the solutions of the stationary problem ([4) are in fact
smooth on each edge, except at the vertex, where they satisfy the boundary condi-
tion.

Lemma 4.1. Let v € R\ {0}, w € R and u € W(T') be a solution of (LA). Then,

forl =1, ..., N, the restriction u; : R™ — C of u to the I-th edge verifies the
following:
u, € C*(R1), (4.1)
— 2w +wuy —w Log|w|* =0 on RY, (4.2)

Opur(x),u(z) = 0, as x — oo.
Moreover, u satisfies the jump condition Oyu1(0) + ...+ dun(0) = —yuq(0).

Proof. Fixl € {1,...,N}. The proof of item ([&I]) follow by a standard bootstrap
argument using test functions & € C§°(R™) (see e.g. [19, Chapter 8]). Indeed, from
(C4) applied with ¢ = (¢;)¥, where ¢, = £ and v; = 0 for i # I, we deduce that

— O%(&wy) + wéwyp = —0%Eu; — 20,€ 0,u; + £y Log lui? (4.4)
in the sense of distributions on R*. The right hand side is in L?(RT) and so

éu; € H?(R'). This implies that w; is in C2(R*) N HZ_(RT) and is a classical

loc

solution of this equation on R™, from which (@T]) and ([&2) follows. Moreover, since
w € HY(R™T), it follows that u;(z) — 0 as @ — co. Thus, by [@2), 92w (x) — 0 as
x — 00, and so dyui(r) — 0 as * — oo. Finally, we consider any test continuous
function on T, ¢ = (p;); with ¢;(0) = 1. From ([4)), we see that

N
Tylu, ] + Z {w/ wipidr — / u; Log |u;|? cpid:v} =0. (4.5)
i=1 R* R*

Thus, starting from (£H) and using ([@2) after an integration by parts gives the
jump condition at the vertex, which concludes the proof. ([

Lemma 4.2. Let w € W(RT) N C?(RY) be a non-trivial classical solution of

—%u+wu—uloglu>=0, on RY. (4.6)
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Then there exist 0 € R and ¢ € R such that
u(z) = eer e 3’ for gll x € RY, (4.7

Proof. We may write u(z) = @) p(x), where 0, p € C*(R*) and p > 0. Multiply-
ing the equation (£6) by 0,u, we obtain

0,u(@)|” = (w + 1) Ju()|” + |u(@)|* Log Ju(x)|* = K, (4.8)
where K € R. Since u € HY(R™), it follows that u(z) — 0 as  — oo. Thus, by

[@E6), 92u(x) — 0 as © — oo, and so d,u(x) — 0 as x — oco. Then, letting x — oo
in ([A3)), we see that K =0, so

|0, u(@)” = (w+ 1) [u(@)|* + |u(@)|* Log |u(x)[* = 0. (4.9)

Next, writing of the system of equations satisfied by 6 and p we have in particular
that pd20 + 20,p0,0 = 0. Which implies that there exists K € R such that
p%0,0 = K. On the other hand, by [@9) we have that |d,u| is bounded, it follows

that p2(9,0)% is bounded. Since p(z) — 0 as z — oo, we must have K = 0.
Therefore, 9,0 = 0 and u(x) = e??p(z), where § € R and p > 0 satisfies

—2p+wp—pLoglp>=0, on R*. (4.10)
We remark that if we take 3(s) = ws—s Logs?, since 8 € C0, +0c0), is nondecreasing
for s small, (0) = 0 and 3(v/e*) = 0, by [33, Theorem 1] we have that each solution
p > 0 is either trivial or strictly positive. Since u # 0, we infer that p > 0 on R*.
Finally, the equation (£I0) may be integrated using standard arguments. Indeed,
by explicit integration there exists ¢ € R such that for > 0 (see [25]),

wtl 1y qc)?
3

pla) = e“Fe
which completes the proof. O

Proof of Theorem Let ¢ be a solution to (IL4). From Lemma [fIland from
characterization given by Lemma 2] the restriction ¢; : RT™ — C of the stationary
state ¢ must satisfy

pi(z) = eieie%ﬂef%(m“iy, (4.11)
where 6;, ¢; € R. By continuity at the vertex we have that ¢t = ... = ¢~ and
c; = ¢;h with h > 0 and ¢; = £1. Moreover, by the jump condition we see that

N
hZei =.
=1

Now we determine ¢; and h. As in [4 [5], due to the bell shape of the function
i, we say that a stationary state ¢ has a “bump” (resp. “tail”) on the edge 7 if
€, = —1 (resp. ¢ = 1). Notice that Zi\il €; must have the same sign of 7. In
particular, a stationary state must have more tails than bumps. We choose to
index the stationary states by the number s of bumps. Therefore, we see that the
functions

p ei‘gewTﬂe_%(w_hNF7 1=1,.., K
(¢"); (x) = {ewe“fe%@”hvz, kAl N (4.12)
where 0 € R, k=0, ..., [N —1)/2] and h,, = v/(N — 2k) are the only candidates

to be solution to (L4). Conversely we can verify directly that this is indeed the
case. This conclude the proof of Theorem [I.2} O
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5. MINIMIZATION PROBLEM FOR THE KIRCHHOFF CASE

The aim of this section is to prove that the infimum of the action functional for
the Kirchhoff case S, o restrict to the Nehari manifold is given by do(w) = 2dg+ (w)
(see (28). The knowledge of dp(w) will be a key ingredient in the next section in
the proof of the existence of the ground states for v > 0.

Proposition 5.1. Let w € R. Then dy(w) = 2dp+ (w).

Before proceeding to the proof of Proposition (.1l we establish the following
lemma.

Lemma 5.2. Let w € R. Then there exists a sequence of functions {p,}
W(R™) with ©,(0) = 0 such that

neN <

lim ||g0n||%2(R+) = 4dg+ (w) and lim I+ (¢n,w) =0.

n——+o0o n—-+o0o
Proof. Let n € N. We consider the sequence of functions
on(x) = erf(z)¢y,(z —n) for all z € RT; (5.1)
where the functions erf and ¢, are defined by (7)) and (28 respectively. It is
clear that ¢, € W(R") with ¢,,(0) = 0 for every n € N. Set ¥, (x) = ¢ (z — n)
for all x > 0. We claim that ¢,, — 1, strongly in W(R") as n — +occ. Indeed, by

elementary computations we see that

~ w n2 ~ w n?
lon—tnlF2msy < v 2me"r e and 100 n—02tn|72 @+) < A(nP+1)eF e T,
which implies that o, — ¥, strongly in H'(R*) as n — +00. On the other hand,

we remark that |@y, () — ¥, (z)| < e“2 e for every 2 € RT and n > 3. Thus, by
the definition of A(s) given in (21I), we have that for sufficiently large n,

/ Allpn — dal)da = — / (0 — WP Loglgn — tnl?da
R+ R+
s/ |san—¢n|dx+/ (o — P < 36,
R+

R+

which immediately induces, by Z3), that ¢, — tb, strongly in L4(R") as n —
+oo. In particular, ||¢n—1n ||‘2/V(R+) — 0. To conclude, we remark that by continuity

: 2 o 22 _w+l . erf(n) +1 1y
ngr}rloo ||<Pn||L2(]R+) = ngr}rloo ||7/)n||L2(]R+) =e ﬁngrfoo 9 = e T
. _ . N _ w1 : —n? —
nll)rfoo I+ (n,w) = nll)rfoo Ig+ (Yn,w) = —e nﬂlfoo ne 0,
and the lemma is proved. O

Proof of Proposition 5.1} We use the argument in [5, Theorem 3]. First, we
claim that do(w) > 2dg+(w). Indeed, let w € W(T') such that I, ,(u) = 0 and let
u* be its symmetric rearrangement. Then, using Proposition 23] we see that u* is
positive, symmetric and u* € W (T"). Moreover, by property (ii) of Proposition [2.3]
we have that

4
Quy(u”) :

* * *(2 *(2
= m”amu 1 2(r) + wllw(| 72y —/F|U " Log [u*|" dz < L5 (u) =0,
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which combined with 25, ,(u) = L, 5 (uw)+ ||u||2L2(F) and the properties of u* implies
that

do(@) = 5 it ([l p) < u € W)\ {0}, Loy () = 0}

> %inf{”u”%g(r) cu € W(I)\ {0}, u symmetric, Qu(u) <0}.  (5.2)

Next we use the scaling uy(-) := A/2u(\-) with A\ = N/2. From a simple calculation,
we obtain

Qw,'y(u)\) = w+Log(2/N),'y(u)- (53)
Thus, combining (2.2)), (53) and due to the symmetry of u leads to

1. .
do(w) > 5mf{||u||§2(r) u € W(D)\ {0}, u symmetric, I, 10g(2/n3) (1) < 0}

- ginf {||v||§2(R+) L v e W(R)\ {0}, I+ (v,w + Log (2/N)) < o}
= Ndg+(w + Log (2/N)) = 2dg+ (w).

Secondly, we prove that the lower bound 2dg+(w) is optimal by means of a mini-
mizing sequence. Let n € N. We consider the sequence of functions

_ @n(x) ifi=1;
(un)i() = {0 ifi 41

where the function ¢,, is defined by (5I). Notice that the sequence u,, belongs to
W (T'). Moreover, it follows from Lemma [5.2] that

nl;rgo I, 0(upn) = nl;rgo Ig+ (pn,w) = 0. (5.4)

Define the sequence v, (z) = A\pup(z) with

Iw n
An = €xp 7’0(1; ) ,
2||“n||L2(r)
where exp(x) represent the exponential function. Then, it follows from (4] that

lim,, 00 A, = 1. Moreover, an easy calculation shows that I, ¢(v,) = 0 for any
n € N. Thus, by the definition of dy(w) and Lemma [5.2] leads to

1
do(w) < nlggo Sw,0(Anun) = 3 nlggo A?z”“ﬂ”%,?(l“) = 2dpg+ (w),

and the proposition is proved. O

6. EXISTENCE AND IDENTIFICATION OF THE GROUND STATE

Before giving the proof of Theorem [[.4] we need to establish some preliminaries.
Firstly we extend the one-dimensional logarithmic Sobolev inequality to star graphs.

Lemma 6.1. Let u be any function in H'(T') and « be any positive number. Then

a2
Aw%mes;wwmm+@%@waw—uﬂ%®Mwhw
(6.1)
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Proof. The proof of (6.1]) follow immediately from the standard logarithmic Sobolev
inequality on H*(R) (see |28, Theorem 8.14]), considering that any function in
H'(RT) can be extended to an even function in H*(R), and applying this reasoning
to each component of u. We omit the details. ([l

Lemma 6.2. Let v > 0 and w € R. Then, the quantity d,(w) is positive and

satisfies
1 _
dy(w) > 4\/7 wtle=237 (6.2)

Proof. Notice that if f € H'(RT), then by Holder and Sobolev inequalities we have
that

[FO) < el flFame) + ¢ 10 T2 (6.3)

Now, let w € W(T') \ {0} be such that I, ,(u) = 0. From (3] with ¢ = 2y/N we
see that

N
Y _
7 |u1 (0 NZ{ luill72@r) + € 1||3zui||%2(n@+)}
2
N2

||U||L2 o ts ||8 u||L2(F (6.4)

which combined with I, 5 (u) = 0 and the logarithmic Sobolev inequality (G.II) with

o= \/g gives

7T 2y* 2
(w1 Log (/3) = 25 ) Il < (o8 (2lulle) -

2
Thus, ||u||iz(F) > %\/ge“’“e*%. Finally, by the definition of d(w) given in (L.6]),
we get ([6.2).

Lemma 6.3. Let N > 2, w € R and v*(N) := N (exf '(1 — 2/N)). If v > v*(N),
then the following inequality holds:

dy(w) < do(w). (6.5)

Proof. We consider the symmetric function ¢g77 defined by (LH). Then, it is clear
that ¢, € W(T) and I, (¢, ,) = 0. Moreover, by elementary computations we
see that

N gl N gl
0 _ v w—+1 _ _ - _ L
Swn(@p) = 1 Ve (1 erf(N)> 5 (1 erf(N)) do(w). (6.6)
Since v > v*(N), this implies
N gl
3 (1 —erf (N)) < 1,
which combined with ([6.6) and by the definition of d.(w) gives
dy (W) < Suvy (04)4) < do(w),

and the lemma is proved. (|

The proof of the following lemma can be found in [I1, Lemma 4.10].
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Lemma 6.4. Let {u,} be a bounded sequence in W(R™) such that u,, — u a.e. in
R*. Then uw e W(R") and

lim {|un|2 Log |un|? dz — |ty — u|? Log [u, — u|2} dx = / lul® Log |ul” dx.
n—oo froy R+

Proof of Theorem [[.4l First, every minimizing sequence of (L)) is bounded in
W(T). Let {u,} be a minimizing sequence. We remark that the sequence {u,}
is bounded in L?(T"). Now, by (6.4), the logarithmic Sobolev inequality (6.I)) and
recalling that I, ,(u,) = 0, we see for o > 0,

242
1 CY2 2 eWe*(“’“) 2 2 2
(5 %) 10wl < (Lou( S )) bl Lo (2l ey e

Taking « > 0 sufficiently small, we have that {u,} is bounded in H'(I"). Moreover,
it follows from I, ,(un) = 0, (64) and (Z7) that

1

which implies, by ([2.35]), that the sequence {u,} is bounded in W(T"). In addition,
since W(T') is a reflexive Banach space, there exists ¢ € W(I") such that, up to a
subsequence, u, — ¢ weakly in W(T'). Moreover, as it was observed in the proof
of [B, Theorem 1], by weak convergence we have u,(0) = (0).

Now we show that ¢ is nontrivial. Suppose that ¢ = 0. Since u, satisfies
I, ~(un) = 0, we obtain

lim Lo 0(up) = lim lu1.n (0)]* = 0. (6.7)

Define the sequence v,, = Apu,, with

_ Iw,O(un)
An =P G2, )
nllL2(T)

where exp(x) represents the exponential function. Then, it follows from (67) that
lim,, 00 An = 1. Moreover, an easy calculation shows that I, ¢(v,) = 0 for any
n € N. Thus, by the definition of d,(w), we see that

. 1.,
dofw) < Tim_ Suo(va) = 5 lim { A2 unlZery } = dy(w),

n—r oo
that it is contrary to (6.5) and therefore we conclude that ¢ is nontrivial.
Secondly, we prove that I, ,(¢) = 0 and ¢ € G, . If we suppose that I, - (¢) <
0, by elementary computations we find that there is A € (0,1) such that I,, ,(Ap) =
0. Then, from the definition of d(w) and the weak lower semicontinuity of the
L?(T")-norm, we have

1 2 1 2 1., . 2
d’y(w) < 3 ||>‘<P||L2(F) < ) ”‘PHL?(F) < ghnrglo%f ”unHLz(r) = d’y(w)a

which is impossible. On the other hand, assume that I, ~(¢) > 0. Since the
embedding W(T') < H(T') is continuous, we see that u, — ¢ weakly in H!(T).
Thus, we have

el 2oy = lltn = @l122ry = Il 22y = 0 (6.8)

10etualaqr) = 19sttn — Buil2aqy — 10e0l 220y = O, (6.9)
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as n — oo. Combining (68), ([@I) and Lemma 6.4 leads to
nh_)ngo Loy (Un — @) = nh_)ngo Loy (un) = Loy (9) = —Luq (),

which combined with I, 5(¢) > 0 give us that I, ~(u, —¢) < 0 for sufficiently large
n. Thus, by (68)) and applying the same argument as above, we see that

1 . 2 1 2
dy(w) < 3 nlggo l[un — 90”[,2(1“) =dy(w) - 3 ||<P||L2(r) ’

which is a contradiction because ||cp||%2(r) > 0. Therefore, we deduce that I, () =
0. To conclude, by the weak lower semicontinuity of the L?(T")-norm, we have

1 2 1 . 2
dy(w) < 5 9lL2(ry < 5 Miminf lun|lzz ) = dy(w), (6.10)

which implies, by the definition of d(w), that ¢ € G, .
Finally, we prove that ¢gﬁ is the ground state. By Remark [[.3] and Theorem
[[2 it is sufficient to verify that

S (B 1) < Suny(5E)) for 0< K <[(N-1)/2]—1. (6.11)

For v > 0 and z € R we set f,(z) = x(erf(y/x)), where the function erf is defined
by (7). By elementary computations we have that

S (005 = VI (N - (N — 20)). (6.12)

We claim that f, is strictly increasing on RT. Indeed, it is clear that f, € C*(RT),
f+(0) =0 and f,(z) — 2v/y/7 as ¥ — oo. Moreover, we have that f7/(x) < 0 for
all z € RT, which combined with

A Hw)=m Jim fi() =0
implies that f!(x) > 0 for all z € R*. In particular,
£ (N =2k + 1)) < £ (N — 25). (6.13)
Combining (6.12) and (613) we get (611). This completes the proof of theorem. O

7. STABILITY OF THE GROUND STATES

This section is devoted to the proof of Theorem [[L6l We first prove compactness
of the minimizing sequences.

Lemma 7.1. Let N > 2, w € R and v > v*(N) = N (erf '(1 —2/N)). Let
{un} € W(T') be a minimizing sequence for d(w). Then, up to a subsequence,

there is 0 € R such that u, — e¥ o~ in W(T).

Proof. We see by the proof of Theorem [[.4] that there is ¢ € G,, 4 such that, up to
a subsequence, u, — ¢ weakly in W(I') and u; ,(x) — ¢;(z) a.e. in RT for i =1,
..., N. Furthermore, by (6.8) and (G.I0) we have u,, — ¢ in L*(T'). Then, since
the sequence {u,} is bounded in H!(T'), from (2.4) we obtain

lim B(|un|)dw=/FB(|cp|)d:E.

n—oo r

Thus, since 1, 4 (un) = I, 4(¢) = 0 for any n € N, we obtain

lim {||amunlliz(m+/FA(|un|)dx} = {||8m<p||iz(p)+/FA(|¢|)dx}. (7.1)

n—r oo
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Moreover, by weak lower semi-continuity of the L?-norm and Fatou lemma, we
deduce

||6$(pi||iQ(R+) S hnnl)gf ||awul,n||iz(R+) 9 (72)
A (Jgi(2)]) de < liminf A (Jugpn(x)]) de, (7.3)
R+ n— oo R+

for every i = 1, ..., N. Therefore, by (1)), (C2)) and (Z3) we infer that (see, for
example, [23] Lemma 12 in chapter V])

nlggo ||8mui,n||i2(ug+) = ||8m¢i||iz(ug+) ’ (7.4)
tiw, [ Aluin(@)de = [ Ao de (7.5)
n—=o0 Jr+ R+

Since u, — ¢ weakly in HY(T), it follows from (7.4)) that u;,, — ¢; in H*(R™).
Furthermore, by Proposition 2.2Hi) and (Z.5) we have u; , — ¢; in L4(R*). Thus,
by definition of the W (T')-norm, we infer that u, — ¢ in W(T") and the conclusions
follow directly from Theorem [[.4l O

Proof of Theorem [1.6. We argue by contradiction. Suppose that qbgﬁ,y is not
stable in W (T"). Then there exist € > 0, a sequence (un o)nen such that

1
0
Hu">0 - wﬁ”w(r) < n’ (7-6)
and a sequence (7, )nen such that
. 6,0 _ €
() — €90, ey = & (7)

where u,, denotes the solution of the Cauchy problem (1) with initial data wuy o.
Set v, = up(tn). By (TH) and conservation laws, as n — oo,

2
||Un||2L2(r) = ||un(tn)||i2(r) = ||Un,0||iz(p) - HQS(_OJ,')/HL2(F) (7.8)
E(vn) = E(un(tn)) = E(uno) — E(4) ). (7.9)
In particular, it follows from (7.8)) and (Z9) that, as n — oo,
Sy (V) = S (60) = d (). (7.10)

Moreover, combining (7.8) and (I0) leads to I, (vn) — 0 as n — oo. Define the

sequence f, = p,v, with
1
pn = exp %ﬁjn) s
2||Un||L2(r)

where exp(z) is the exponential function. It is clear that lim, .. p, = 1 and
I, ~(fn) = 0 for any n € N. Furthermore, since the sequence {v,} is bounded in
W(T), we get ||, — fullw@) — 0 as n — oo. Then, by (ZI0), we have that {f,} is
a minimizing sequence for d-(w). Thus, by Lemma[lI] up to a subsequence, there
is 6y € R such that f,, — ei9°¢gﬁ in W(I'). Therefore, by using the triangular
inequality, we have

[tn(tn) — €00 llwry < llvn — fallw) + 1 fn — €80 lwr) — 0,

as n — 00, it which is a contradiction with (Z7). This finishes the proof. O
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8. APPENDIX

The purpose of this Appendix is to show that the energy functional E is of class
C! on W(I).
Proposition 8.1. The operator E : W(T') — R is of class C* and for u € W(T)
the Fréchet derivative of E in u exists and it is given by

E'(u) = —Ayu — uLog|u|® — u.

The proof of Proposition [R] relies on the following result.

Lemma 8.2. The operator L : v — —A u + uL0g|u|2 is continuous from W(T')

to W/(T'). Moreover, the image under L of a bounded subset of W (T') is a bounded
subset of W/(T').

Proof. As usual, the operator —A., is naturally extended to —A, : HY(I') —
H~Y(T") defined by

(=Ayu,v) = §,u,v], for wu,ve HYD).

Now, using that W (T') — H'(T) is a dense embedding, we obtain that u — —A,u
is continuous from W(T') to W/(T"). On the other hand, by [I8, Lemma 2.3], u —
uLog |ul? is continuous and bounded from W (R*) to W/(R"). This implies that

u — uLog|ul? is continuous and bounded from W (I') to W'(I'), and the lemma is
proved. ([l

Proof of Proposition [8.1] We first show that F is continuous. Notice that
1 1 1
E(u) = =§4[ul + = / A(jul)dx — = / B(|ul|)dz. (8.1)
2 2 Jr 2 Jr

The first term in the right-hand side of (8I) is continuous H!(I') — R, and it
follows from Proposition [Z2[i) that the second term is continuous W(I') — R.
Moreover, by (Z4]) we get that the third term right-hand side of (81 is continuous
HY(T') = R. Therefore, E € C(W(T),R). Now, direct calculations show that, for
u, v € W(I'), t € (—1,1) (see [18, Proposition 2.7]),

E(u+ tv) — E(u)

. o 2
}1_% n = (-Ayu+uLoglul” — u,v)

Thus, E is Géateaux differentiable. Then, by Lemma we see that F is Fréchet

differentiable and E’'(u) = —A, — uLog |u|2 — u. 0
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