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Resumo

O modelo autorregressivo condicional (modelo CAR) é a distribui¢ao mais popular para
conjuntamente modelar a incerteza a priori sobre dados espacialmente correlacionados.
Em geral, é utilizado em modelos espaciais hierarquicos onde modela a incerteza sobre os
efeitos aleatérios espaciais. Uma limitacdo do modelo CAR é sua incapacidade de produzir
correlacoes altas entre areas vizinhas. Propomos um modelo robusto para dados de area
que ameniza esse problema. Representamos o mapa por um grafo nao direcionado onde
os nos representam as areas e as arestas conectam nos vizinhos no mapa. Atribuimos as
arestas pesos distintos e aleatorios. O modelo é baseado em uma distribuicao multivariada
t— Student, espacialmente estruturada, em que a matriz de precisdo é indiretamente
construida assumindo-se uma distribuicdo multivariada para os pesos aleatorios das arestas.
Tal distribuicao t— Student correlaciona espacialmente os pesos das arestas e induz
um outro modelo t-Student para o efeitos espaciais das areas que os correlaciona e é
capaz de acomodar outliers e comportamento de cauda pesada para estes efeitos. Mais
importante, o modelo proposto pode produzir uma correlagao marginal mais alta entre os
efeitos espaciais do que o modelo CAR, superando uma das principais limitagoes deste
modelo. Ajustamos o modelo proposto para mapear a incidéncia de alguns tipos cancer
na regiao sul do Brazil e comparamos seu desempenho com varios modelos alternativos
propostos na literatura. Os resultados mostram que o modelo proposto é competitivo e
fornece resultados similares e, em alguns casos, melhores que os obtidos ajustando modelos
comumente usados para analisar este tipo de dados. Na segunda proposta, abordamos o
problema de redugao de dimensionalidade em modelos de regressao. Um dos métodos mais
utilizados para evitar sobreajuste e selecionar variaveis relevantes em modelos de regressao
com muitos preditores é a técnica de regressao penalizada. Sob tais abordagens, a sele¢ao
de variaveis ¢é realizada de forma nao probabilistica utilizando algum critério de otimizacao.
Abordagens Bayesianas para a regressao penalizada tém sido proposta assumindo uma
distribuicao a priori para os coeficientes de regressao que desempenha um papel semelhante
ao termo de penalidade nas estatisticas classicas: comprimir em direcao a zero coeficientes
nao significativos e colocar uma massa de probabilidade significativa em coeficientes
que podem ser agrupados. Geralmente, tais distribui¢oes a priori, chamadas shrinkage
priors (ditribuicoes a priori de encolhimento), assumem independéncia entre os efeitos das
covariaveis, o que pode nao ser uma suposi¢ao apropriada em muitos casos. Neste trabalho,
focamos na reducao de dimensionalidade de variaveis categéricas com muitos niveis. Estas

vaidveis sao incluidas no modelo através de variaveis dummy induzindo esparsidade na



matrix de delineamento, o que pode gerar sobreajuste e dificuldades na interpretacao dos
resultados. O efeito dos niveis destas variaveis categoéricas sao naturalmente correlacionados.
Para lidarmos com este problema, propomos duas distribuicoes a priori de encolhimento
para os coeficientes associados aos niveis de variaveis categéricas, correlacionando-os.
As distribui¢oes propostas sao proprias e, além de esparsidade, tém a propriedade de
agrupar efeitos similares. [lustrarmos o uso destas distribui¢oes aplicando-as na reducao de
dimensionalidade em um regressao linear. Seus desempenhos sdao analisados e comparados
a métodos pré-existentes por meio de estudos de dados simulados e considerando dados de

precos de habitacao disponiveis no Airbnb.

Palavras-chave: Estatistica espacial, modelo CAR, grafo de arestas, distribui¢oes a priori

de regularizacao, modelo espacial robusto.



Abstract

The conditional autoregressive model (CAR model) is the most popular distribution for
jointly modeling the a priori uncertainty over spatially correlated data. In general, it is
used in hierarchical spatial models where it models the uncertainty about random spatial
effects. A limitation of the CAR model is its inability to produce high correlations between

neighboring areas. We propose a robust model for area data that alleviates this problem.

We represent the map by an undirected graph where nodes represent areas and edges
connect neighboring nodes on the map. We assign distinct and random weights to the
edges. The model is based on a spatially structured t—Student multivariate distribution, in
which the precision matrix is indirectly constructed assuming a multivariate distribution

for the random weights of the edges.

Such t— Student distribution spatially correlates the edge weights and induces another
t-Student model for the spatial effects of the areas that correlates them and is able to
accommodate outliers and heavy tail behavior for these effects . More importantly, the
proposed model can produce a higher marginal correlation between spatial effects than
the CAR model, overcoming one of the main limitations of this model. We adjusted the
proposed model to map the incidence of some types of cancer in southern Brazil and
compared its performance with several alternative models proposed in the literature. The
results show that the proposed model is competitive and provides similar and, in some
cases, better results than those obtained by fitting models commonly used to analyze this
type of data. In the second proposal, we approach the problem of dimensionality reduction
in regression models. One of the most used methods to avoid overfitting and to select
relevant variables in regression models with many predictors is the penalized regression
technique. Under such approaches, variable selection is performed in a non-probabilistic
way using some optimization criterion. Bayesian approaches to penalized regression have
been proposed assuming an a priori distribution for the regression coefficients that plays
a role similar to the penalty term in classical statistics: compressing towards zero non-
significant coefficients and putting a probability mass significant in coefficients that can be
grouped. Generally, such a priori distributions, called shrinkage priors (shrinkage a priori
distributions), assume independence between the effects of the covariates, which may not
be an appropriate assumption in many cases. In this work, we focus on the dimensionality

reduction of categorical variables with many levels. These variables are included in the



model through variables dummy inducing sparsity in the design matrix, which can generate
overfitting and difficulties in interpreting the results. The effect of the levels of these
categorical variables are naturally correlated. To deal with this problem, we propose two a
priori shrinkage distributions for the coefficients associated with the levels of categorical
variables, correlating them. The proposed distributions are proper and, in addition to
sparsity, they have the property of grouping similar effects. We illustrate the use of these
distributions by applying them to dimensionality reduction in a linear regression. Their
performances are analyzed and compared to pre-existing methods through simulated data

studies and considering housing price data available on Airbnb.

Keywords: Spatial statistic, CAR model, graph of edges, shrinkage prior, robust spatial

models.
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1 Introducao

Os modelos estatisticos para dados espaciais sao divididos por [Cressie| [1993] em
duas classes amplas: modelos geoestatisticos com suporte espacial continuo e modelos
em um lattice, também chamados de modelos de area |[Banerjee et al., 2014]. Nesta tese,
trabalhamos modelos espaciais para dados de area, especificamente com a estrutura de
covariancia responsavel por capturar a correlagdo imposta pela natureza espacial dos
dados. Analisar esta correlacao é essencial nas estatisticas, visto que os dados de area sao
aplicados em muitas situagoes, incluindo o mapeamento das taxas de doengas, |Elliott and
Wartenberg, 2004], agricultura |Besag and Higdon, [1999], econometria [Lesage and Pace,
2009], ecologia [Arslan and Akyurek, 2018] e andlise de imagens, [Besag, [1986].

A abordagem desses problemas envolve a constru¢ao de um modelo espacial baseado
nos campos aleatérios de Markov (GRMF por suas siglas em inglés). Um campo aleatério
descreve a associacao espacial entre um conjunto de varidveis univariadas através de
distribuicoes condicionais bivariadas, e como seu nome implica, a distribuicao conjunta de
todas essas varidveis segue uma distribuicio Gaussiana multivariada [Rue and Knorr-Held,
2005]. Um dos modelos mais utilizados, propoe que cada varidvel seja representada por
um efeito espacial e uma distribuicao Gaussiana com uma média ponderando observagoes
vizinhas e a variancia inversamente proporcional ao nimero de areas vizinhas. A definicao
da vizinhanca é dada por um grafo, onde os nds sao cada uma das areas e as arestas sao as
conexoes entre as areas que compartilham uma borda geografica. Este modelo é chamado

de modelo autorregressivo condicional (CAR) e foi proposto por |Besag) [1974].

O modelo CAR depende de um tnico parametro p de ponderagao da média
condicional. Este parametro visa medir uma for¢a de dependéncia espacial de todo o
mapa. No entanto, na literatura ha trabalhos que chamam a atencao para resultados nao
intuitivos. Especificamente, em Wall| [2004], ha resultados contraditérios, por exemplo,
o sinal do valor estimado do parametro é positivo e a correlagdo entre as areas pode
ser negativa. Alguns desses resultados sdo explicados em [Assungao and Krainski [2009].
No entanto, existem problemas mais sérios, em alguns casos, embora o valor de p esteja
préximo a seu valor maximo, ele gera correlagoes marginais muito baixas, mesmo na versao

imprépria do modelo CAR, onde o valor do pardmetro é 1, seu maximo valor.

Além disso, o fato de ser fungdo de em um tnico parametro, o modelo CAR forca

os efeitos aleatorios a exibirem um nivel global tinico de autocorrelacao espacial, que
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varia da independéncia a uma suavizacao espacial forte. Um nivel uniforme de suavidade
espacial para toda a regiao nao é realista, ja que provavelmente exitem sub-areas de
autocorrelagao espacial separadas por descontinuidades. Tal alisamento espacial localizado
pode ocorrer onde comunidades ricas e pobres vivem lado a lado e, neste contexto, é
provavel que a variavel resposta evolua suavemente dentro de cada comunidade com uma
mudanca repentina em seu valor na fronteira em que as duas comunidades sdo encontradas.
Existem varias propostas para lidar com a suavizagao localizada. Lawson and Clark [2002]
combina o modelo intrinseco com um componente de “salto” para descontinuidades, Brewer
and Nolan [2007] suaviza a varidvel por medio de uma variancia espacial aleatoria, Lu
et al. [2007] modela a estrutura de adjacéncia das unidades de drea usando regressao
logistica, [Reich et al.| [2006] suaviza a varidvel por meio de uma varincia espacial em um
ambiente espago-temporal e |[Lee and Mitchell [2011] modela a correlagdo parcial entre
efeitos aleatorios em unidades de areas adjacentes. Porém, esses modelos podem exigir um

certo grau de programacao para implementé-los [Lee, 2013].

Para resolver esses problemas, propomos duas abordagens diferentes para modelos
espaciais. A primeira abordagem segue a mesma estrutura hierarquica do CAR, onde os
efeitos espaciais relacionados as areas representam os nés de um grafo. Este grafo representa
a estrutura de vizinhanga definida pela regiao geografica. No entanto, assumimos que os
pesos das arestas deste grafo sao distintos e aleatorios. Consideramos um novo grafo, um
grafo de arestas, o qual estabelece a estrutura de vizinhanca entre as arestas do grafo
original. Duas arestas sao consideradas vizinhas se incidem em um mesmo né. Propomos
um modelo conjunto para o peso das arestas que compoem o grafo original o qual impoe
uma estrutura de correlacao entre o peso das arestas similar a estrutura presente no CAR.
Tal modelo inclui um segundo efeito espacial relacionado a estrutura de vizinhanca entre as
arestas. Assumimos uma distribuicao a priori normal multivariada para o vetor dos pesos
das arestas, condicional em sua matriz de covariancia, e uma distribuicao Wishart-Inversa
para tal matriz. Como consequéncia, a distribuicdo conjunta do peso das arestas areas tém
uma distribuicao t-Student cuja matriz de covariancias tem estrutura similar a um modelo
CAR. Considerando propriedades da matriz de incidéncia do grafo e alguns resultados de
algebra provamos que o efeito aleatério representado por cada né no grafo original (ou
seja, entre os efeitos aleatérios espaciais) é uma combinacao linear dos efeitos aleatérios de
suas arestas incidentes. Usando propriedades da distribuic¢ao ¢-Student provamos que a
distribui¢ao conjunta dos efeitos aleatérios (nds) representados no grafo original também é

uma distribuicao ¢-Student.

Este modelo induz uma correlagao marginal maior do que a fornecida pelo modelo
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CAR entre os efeitos aleatérios. Como a distribui¢ao ¢-Student tem cauda pesada, o
modelo proposto impede a suavizacao extrema do mapa. Apresentamos as propriedades da

correlagdo marginal, condicional e correlacao parcial deste modelo, simulando dados reais.

Em uma segunda contribuicao deste trabalho propomos outra maneira de minimizar
os problemas do modelo CAR. Para contornar sua dependéncia em um tnico parametro,
abordaremos o problema de modelar o comportamento conjunto dos efeitos espaciais de uma
perspectiva diferente em que tais efeitos espaciais sao vistos como niveis de uma variavel
categorica. Um problema recorrente de dificil solugao neste tipo de modelagem é a presenca
de um grande niimero de niveis ou categorias, como seria o caso, dado que o nimero de niveis
depende do ntimero de areas. (Criscuolo [2019] oferece uma solugdo Bayesiana para este
tipo de problema considerando um modelo de particao aleatoria para os niveis da variavel
categorica. Inspirado nesta ideia de agrupamento, neste trabalho definimos distribui¢oes
a priori de encolhimento (shrinkage prior) para os niveis da variavel categorica (efeitos
espaciais), as quais impoem uma correlagao espacial entre tais niveis. Tais distribuigoes sdo
inspiradas pelo modelo CAR assumindo que parametro p é substituido por um vetor p cujas
coordenadas representam os peso das arestas. Também propomos uma nova distribuicao a
priori para o vetor dos pesos das arestas, a qual também impoe uma correlacao espacial
por meio do grafo de arestas. A distribuicdo proposta permite a conjugacao simplificando
a implementacao computacional. A distribuicao marginal a priori dos efeitos espacias
indica que nossa proposta favorece ambos, esparsidade e agrupamento. Considerando tal
shrinkage prior simultaneamente estimamos os pesos das arestas e o efeito de cada nivel da
variavel categérica além de identificar possiveis “clusters” dos efeitos espaciais sem gasto
computacional adicional uma vez que todas as distribui¢oes condicionais a posteriori sao
conhecidas. Através de simulagdo, comparamos o desempenho das distribui¢cdes propostas
com outras distribuicoes de encolhimento recentemente propostas na literatura. Mostramos
que tais distribui¢oes tém um desempenho preditivo similar ao de outras abordagens e
resultados mais interpretaveis. As distribui¢oes propostas também sao consideradas na
analise dos dados do Airbnb visando estimar os efeitos da localizacdo do imével no preco

de seu aluguel e identificar regioes para as quais tais efeitos sdo similares.

Na préxima secao, apresentamos algumas definigoes e resultados necessarios para o

desenvolvimento da tese.
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1.1 Campos Aleatorios de Markov Gaussianos

Campos aleatorios sao distribui¢des multivariadas que sao, em geral, utilizadas
para descrever a associagao espacial entre variaveis Y = (Y1, ..., Y,,). Um campo aleatério
Markoviano estende o conceito de cadeia de Markov para um contexto espacial e assume

que tal distribui¢do conjunta de X satisfaz a seguinte condicao:
fYY =) = F(Yi]Y ),

em que, Y ,.; ¢ o vetor formado por todas as componentes de Y que sao vizinhos de i.
Neste capitulo discutiremos, brevemente, os campos aleatorios de Markov Gaussianos que

sao frequentemente utilizados como distribuicao a priori para os efeitos espaciais.

Um Campo aleatério de Markov Gaussiano (GMRF) é um campo de Markov
onde a distribui¢ao do vetor aleatério Y de dimensao finita é Gaussiana, satisfazendo as
suposicoes de independéncia condicional. Uma discussao detalhada sobre GMRF pode ser
encontrada em (Rue and Knorr-Held| [2005]) e (Assungao and Krainski| [2009)]).

Todos os resultados validos para a distribuicao normal, também serao validos para
um GMRF. Na seguinte se¢ao apresentamos os resultados mais relevantes da distribuicao
normal multivariada. Apods definir formalmente um GMRF com todas as propriedades
herdadas da distribuicao normal, apresentaremos a conexao entre o grafo G e os pardmetros
da distribui¢cao normal multivariada p e 3. Serda mostrado que toda a informagao do grafo
estd condensada na matriz de covaridncias ¥ por meio da matriz de precisao Q = X7, e

que o vetor de médias p nao tera influéncia na estrutura de vizinhanca do grafo.

1.1.1 A distribuicao normal multivariada

Para facilitar o entendimento dos campos aleatorios Markovianos Gaussianos revi-
samos a distribui¢cao normal multivariada e algumas das suas propriedades bésicas.
Ja . . T . . .
Um vetor aleatério n—dimensional y,,.; = (Y1,¥2,---,Yn) , n < oo tem distribui-
¢ao Normal n—variada com vetor de média p,,..; e matriz de covariancias 3, ,, se sua

funcao de densidade de probabilidade (f.d.p) assume a seguinte forma:

foy) = @2m) 2= eXp{—;(y —p)' Sy —p)}, yeR™ (1.1)
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Esta distribuicdo sera denotada por y ~ N(u,X) onde p e X sdo tais que p; = E(y;) ,
Eij = COU(yi,yj), 2” = VCLT(yz) (& COT’I”(yZ',yj) = 2¢j(2ii2jj)_1/2.

Para apresentar algumas propiedades da distribugao em (1.1, considere a seguinte
particio: Y = (Y4, ¥p) , ke S, p=(1a pp)',

Yaa 2B
Yip XpBnB

assumindo tal particao, algumas propriedades basicas da distribui¢cao normal sao:

o Yy~ N(py,Xa4) é a distribuicdo marginal do vetor y, de ordem A x 1;
o X p = 0 se e somente se Yy, e Yz sao independentes;

« A distribuicdo condicional de y, dado yp ¢ N(pyp, X)) onde,

Pap = Ma+ZapZpp(ys—pp) e (1.2)
Sap = Taa— ZanEppEsa. (1.3)

1.1.2 Definicao e propriedades basicas do GMRF

Para construir um GMRF consideramos um grafo G = (V, &), com V = {vy, ..., v, }

os n vértices, onde cada vértice representa uma das componentes do vetor y = (Y1, ¥2, ..., Un)

e o conjunto £ as arestas conectam noés que tém algum tipo de associagdo. Um GMRF

assume que ¥y = (Y1, Y2, .-, Yn) ~ N(u,X) e que as arestas do grafo conectam os nés i e

j se e somente se y; L y;|y_,;, isto é, se y; é independente de y;, dados os componentes de
Yy exceto y; e y;.

Em um GMRF, a matriz de covariancia carrega a informagao das conexdes entre os

nés através da matriz de precisio X' = Q que é uma matrix simétrica e definida positiva.
Teorema 1. Sey ~ N(u,Q), entdo para i # j, yi L y;ly_,; < Qij = 0.

A demonstracao deste teorema pode ser encontrada em Rue and Knorr-Held [2005].

Este resultado estabelece que os componentes nao nulos de @ determinam a relacao de
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vizinhancga presente em G. Isto implica que qualquer distribuicao normal com matriz de
covariancia definida positiva é também um GMRF e vice-versa. Formalmente, um GMRF

¢ definido como segue:

Definicao 1. Um vetor aleatério y = (y1,vo,-..,Yn) € R" é chamado GMRF corres-
pondente a um grafo G = (V,E) com média p e matriz de precisio Q > 0, se e somente

se a f.d.p. de y tem a sequinte forma:
n 1
wly) = n) QI exp (5w - ) Qy - ).
em que a matriz Q satisfaz a condigdo:

Se Q for uma matriz completamente densa, entao G esta totalmente conectado,
isto é, o vértice esta conectado a todos os outros vértices do grafo. Vamos nos concentrar

no caso em que @ é esparsa.

Teorema 2. Seja o grafo G = (V,E) que representa um GMRF para y, com média p e
matriz de precisio Q simétrica e definida positiva. Entao a distribucdo de cada componente
y; de y, dado o vetor y_, formado por todas as componentes de y, exceto y; é uma

distribucao normal tal que:

1
Eyily—i) = pi— 0 > Qijlys — 1)
W i
Prec(yily—:) = Qu,
Qij

COT’T(yi7y'|y_i-) = - ) Z%j?
e Qi Qjj

onde i ~ j denota que o nd j é vizinho do no i.

1.2 Modelos hierarquicos Bayesianos para dados espaciais de area

Considere uma regiao geografica particionada em n sub-regioes indexadas por
inteiros 1,2, ...,n. Assuma que esta colecdo de sub-regides é dotada de um sistema de
vizinhanca {V; : i : 1,...,n}, onde V; denota a cole¢ao de sub-regides que, em um sentido

bem definido, sao vizinhos da subregiao 7. Em termos geograficos,

Vi = {j : as subregiodes i e j compartilham fronteira}, para i€ {1,2,...,n},
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Para este caso, os grafos que subsidiam a constru¢ao dos GMRF serao aqueles que
expressam essas estruturas de vizinhanga. Neste contexto, as arestas € no grafo B = (G, ),
representam as conexoes na estrutura geografica e, consequentemente definem os vizinhos
que sao usados para modelar a dependéncia espacial. Os componentes do vetor y sdo nds
do grafo. Sejam yq, ..., ¥, as observagoes feitas nas areas 1, ..., n. Denotemos por j ~ i que
o nd j é um vizinho do né 7. O padrao espacial na resposta é modelado por uma matriz
de covaridveis X = (z1,...,2,) . Um conjunto de efeitos aleatérios @ = (6, ...,60,), sdo
incluidos para modelar qualquer autocorrelagao espacial que permanecga nos dados apds os

efeitos da covaridvel terem sido contabilizados.

O vetor de covaridveis para a unidade de &rea V; sdo denotados por x| =
(1,241, ..., xyp). O modelo hierdrquico Bayesiano pode ser escrito de forma geral como:
Yilpi ~ f(yilps, 7), para t=1,...,n, (1.4)

g(ug) = w:ﬂ + 0; + ¢;.

As respostas y; vém de uma familia exponencial de distribuicoes f(Y;|us,0?). O
valor esperado de Y; é denotado por E(Y;) = u;, enquanto 0% é um pardmetro de escala
adicional necessario se a familia Gaussiana for usada. Os valores esperados das respostas
estdo relacionados ao preditor linear através de uma fungao de ligacao invertivel g(.),
por exemplo, a fungao logit (familia binomial), identidade (familia Gaussiana) ou log

natural (familia de Poisson). O vetor de parametros de regressao sao denotados por

B=(Bo,---,53)".

1.2.1 DistribuicGes a priori

Para cada pardmetro de regressao [3;, com j € 1,...,p, ¢ atribuida uma distribuicao
a priori Gaussiana independente nao informativa. Para o pardmetro 7 da verossimilhanca
Gaussiana é atribuida uma distribuig¢ao a priori Gamma (para detalhes, ver |Gelman et al.
[2004]). Para o vetor @ ¢ possivel implementar uma série de modelos de efeitos aleatérios

diferentes, sendo o mais simples assumindo independéncia a priori:

91' NN(O,T@),
T U(O, M.,-g).

Neste caso U(0,M,,) é uma distribuicdo uniforme no intervalo (0, M), com,

M., = 1000. Esta especificacao ¢ apropriada se as covaridveis incluidas no modelo (|1.4)
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eliminaram toda a estrutura espacial da resposta. No entanto, para a maioria dos conjuntos
de dados, é provavel que exista uma autocorrelacao espacial residual, nestes casos, pode

ser necessaria alguma distribuicdo a priori que impoe autocorrelagao espacial.

Por exemplo, o modelo CAR proposto por [Besag [1974], os modelos intrinsecos e
BYM [Besag et al., |1991] e as alternativas desenvolvidas por Leroux et al. [2000]. Cada
modelo é um caso especial de um campo aleatério de Markov Gaussiano (GMRF), e
pode ser escrito na forma geral 8 ~ N(0,72Q), onde Q é a matriz de precisdo. Esta
matriz controla a estrutura de autocorrelagao espacial dos efeitos aleatorios e é baseada

na vizinhanga dada pela matriz da adjacéncia A.
A matriz da adjacéncia A ¢é definida com a; =0, a;; =1seie ja; =0set
e a matriz do vizinhanga M, com M = diag{d;,ds,...,d,} do grafo definido G. Essas

distribuicoes a priori sdio comumente especificadas como um conjunto de n distribui¢oes con-

dicionais univariadas f(0;|0_;) parai € 1,...,n, em que, 0_; = (01,...,6;_1,0;11,...,6,).

O modelo CAR é definido pelas condicionais:

)
0;10_; ~ N <pzjgZ ,Tgni> . (1.5)

i
em que n; denota o nimero de vizinhos para a i—ésima regiao e p ¢ um parametro de
autocorrelagao espacial. Assim,

6~ N(0,7,Q), (1.6)

onde, Q@ = (M — pA). Para que a matriz de precisdo Q seja invertivel, se tem que definir
uma faixa de valores para o pardmetro p. Seja {\;} o conjunto de autovalores da matriz
M~Y2AM~1/2.Se \; é o menor valor préprio da matriz M~Y2AM~/2 ¢ )\, é o maior
valor préprio da matriz M~Y2AM Y2, Se 1/\; < p < 1/),, entdo (M —~A) é definida
positiva. Existe uma definicao semelhante, mas usando a matriz de peso W, tal que w;; = 0,
w;; = 1/d;; se i e jw;; =0sein j. Noentanto, ambas as definicoes sao equivalentes, isso

é provado no apéndice

Neste modelo, a esperanca condicional é a média dos efeitos aleatérios em areas
vizinhas, enquanto a variancia condicional é inversamente proporcional ao niimero de
vizinhos. O 1ltimo é apropriado porque, se os efeitos aleatorios forem espacialmente
correlacionados, quanto mais vizinhos uma area tiver, mais informacao havera provediente
de seus vizinhos sobre o valor do efeito aleatério. Embora popular, existem muitos resultados
intrigantes em relagdo ao modelo CAR. Conforme discutido por Wall [2004] e |Assungao
et al. [2010], o modelo CAR produz uma pequena correlagdo marginal que depende de um

parametro espacial e da topologia estatica de vizinhanca assumida a priori. Além disso, a
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modelagem CAR também fornece variancia nao constante em cada area e a correlagao
entre pares de areas separadas pelo mesmo ntmero de vizinhos nao sao necessariamente
iguais [Rue and Knorr-Held, 2005, Besag and Kooperberg, 1995, Bernadinelli et al., 1995,
Banerjee et al., 2003|. Consequentemente, o modelo CAR tende a suavizar descontinuidades,
tornando-o inadequado para algumas reconstrugoes de imagens |Aykroyd, [1998]. Alguns
desses resultados contra-intuitivos sdo explicados detalhadamente por|Assuncao et al. [2010].
Portanto, os mesmos autores propuseram uma extensao para permitir a autocorrelagao
espacial fraca e forte, substituindo 6; em com 6#; + ¢;, que sao respectivamente

0,
0;10_; ~ N(PZ]NZ 779%‘)7
n

¢i ~ N<07Td>)7
T9 U(O,MTG).

Este modelo é conhecido como BYM ou modelo de convolugao, proposto por Besag
et al. [1991]. Ele, requer que dois efeitos aleatérios sejam estimados para cada ponto de
dados, enquanto apenas sua soma € identificavel a partir dos dados. Logo, Leroux et al.
[2000] propds distribuigdes a priori alternativas para modelar intensidades variaveis de
autocorrelacao espacial, usando apenas um unico conjunto de efeitos aleatérios. O modelo

de Leroux ¢ dado por

(1.7)

oy Tt )

p n ) n
prisiGij+1—p pdijai;+1—p
em que p é um parametro de autocorrelacao espacial. O caso p = 0 corresponde a
independéncia, enquanto p &~ 1 corresponde a uma forte autocorrelagao espacial. Quando
p = 1 no modelo[1.5] e [1.7 se obtem o modelo impréprio ICAR, proposto por Besag et al.

[1995]. E chamado impréprio, porque a matriz de precisdo que gera nio possui inversa.

O problema ¢é que a estrutura de vizinhanga desses modelos determina o grau de
suavizacao e é usada para estimar o risco relativo. Assim, o modelo tende a mitigar muito os
riscos quando se utiliza a estrutura usual de vizinhanca adjacente. Rodrigues and Assuncao
[2012] investigou estruturas de vizinhanga mais flexiveis para modelos autorregressivos
condicionais espaciais e propos o modelo HND (higher-neighourhood dependence), no qual
a estrutura de vizinhanca faz parte do espaco de parametros. Entdo, mantendo o modelo
definido em [1.4] o vetor @ tem uma distribuigdo normal multivariada com média vetor de

zeros e matriz de precisao dada por

Q = p(MI 4+ XRY ... +)RM) (1.8)
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onde A\{+Xo+---+ Ay =1e A\ > 0. O inteiro k é o didmetro do grafo que é o caminho mais
longo entre todos os caminhos mais curtos que conectam dois sites. Em outras palavras,
o didmetro conta o nimero minimo de etapas necessarias para sair de um site e ir para
qualquer outro site do grafo. O R ¢é o grafo Laplaciano que inclui as vizinhaga até a ordem
[ > 1. O modelo permite a definicao multipla de uma vizinhanca de suavizacao e pode
ser especialmente util na situacdo em que o risco subjacente é praticamente constante. O
modelo estende os modelos BYM e Leroux, considerando uma dependéncia de vizinhaca
superior. No entanto, Rodrigues and Assungao [2012] descreve que é recomendavel que
seja aplicado a outros tipos de dados espaciais requerendo a especificacao de estruturas
de vizinhanga, como problemas de espacgo-tempo ou analise de dados de sobrevivéncia

espacial.

Em alguns casos, propoe-se alterar a estrutura do grafo, como no caso do modelo
proposto por Datta et al. [2019] chamado DAGAR (Directed Acyclic Graph Autoregressive)

é determinado pelas distribuigoes condicionais 6;

91 = €1
(92 = b21¢91 + €9
93 = bglwl + b3202 + €3

Or = bp101 + broblo + - - + by ok —10k_1 + €,

em que ¢; ~ N(0,7;) independente. Entao, se B = (b;;), se tem

0 ~N(0,L"FL), sendo, L=1-0B.

Outro modelo alternativo é o modelo GSN (generalized skew-normal), proposto por
Prates et al. [2012]. Este artigo desenvolve um novo processo espacial usando distribuigoes
generalizadas enviesadas normais e independentes quando as suposi¢oes usuais do processo
Gaussiano sao questionaveis e a transformacao para um campo aleatério Gaussiano nao é
apropriada. O modelo proposto fornece flexibilidade na captura dos efeitos de assimetria e
comportamento de cauda pesada dos dados. Isso é feito mantendo a dependéncia espacial
através do uso uma estrutura autorregressiva condicional. Da mesma forma anterior,
no o modelo definido em [I.4, o vetor @ agora tem una distribuicao a priori Gaussiana
generalizada ou GSGSF (por suas siglas em inglés, Generalized skew-Gaussian spatial
field),
0 ~ GSGSF, (n, 2, T',H,(v)) (1.9)
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onde ¥ tem uma dependéncia espacial gerada por uma estrutura CAR e H,(v) é uma das

distribuigoes enviesadas definidas em [Prates et al. [2012].

Na segunda parte desta tese, construimos as distribuicoes a priori de encolhimento
(shrinkage prior) para a modelagem de dados categéricos. Na préoxima segao, é feita uma
revisao de alguns métodos de regularizacao utilizados na reducao de dimensionalidade em

modelos de regressao.

1.3 Visao geral: penalizacao do tipo L1

Considere o modelo de regressao linear normal
Y = XB+e€ e~ N(0,0°1,), (1.10)

onde Y é um vetor n x 1 das variaveis dependentes, X é a matriz de delineamento de
dimensao n X p cuja entrada z;; representa o valor observado da j-ésima covariavel para o
i-ésimo individuo, i =1,...,nej=1,...,p, B=(B1,...,3,)" é o vetor dos coeficientes

de regressao e I,, é a matriz identidade de ordem n x n.

Em problemas de regressao envolvendo um grande ntiimero de preditores, o problema
de super-dispersao é um ponto critico. Para amenizar esse tipo de problema, métodos de

reducao de dimensionalidade tém sido propostos.

Os métodos classicos de regularizacdo minimizam a soma dos quadrados dos
residuos sujeitos a um termo de penalizacdo que impoe uma suposicao de esparsidade ou
agrupamento. O termo para induzir esparsidade visa reduzir para zero efeitos de covariaveis
nao significativas (préximos de zero). O termo para induzir o agrupamento surge quando
se deseja detectar varidveis cujos efeitos (s sao similares e diferente de zero [Liu et al.,

2014].

Os métodos com penalizacdo do tipo L1— agrupam as estimativas dos coeficientes
de regressao em dire¢ao a zero [Tibshirani, 1996|. Diferentes penalidades do tipo L1—
sao introduzidas para efeitos de covariaveis em modelos lineares, por exemplo, o Lasso
convencional [Tibshirani, 1996], Lasso para agrupamento [She, 2010] e Lasso para fusao
[Tibshirani et al., [2005] introduzido para tratar covaridveis categdricas com muitos niveis.
Em particular, as penalidades envolvidas nos métodos Lasso para agrupamento e fusao

foram introduzidas para tratar preditores categéricos nominais e ordinais, abordando
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caracteristicas especificas. Para obter uma solugao esparsa, o Lasso utiliza a norma L1—

como termo de penalidade.

Os problemas de esparsidade e o agrupamento dos efeitos de covaridveis podem
ser abordados usando o paradigma Bayesiano, onde o efeito da penalizacao é introduzido
através de distribuicoes a priori de encolhimento ou shrinkage priors. Shrinkage priors
para os métodos Lasso bayesiano e os métodos bayesianos Lasso para agrupamento e fusao
foram propostos por Hans [2009], Kyung et al. |[2010] e Li and Lin [2010]). Nos métodos
bayesianos, as penalidades sao substituidas por distribui¢oes a priori sobre os s, as quais
sao construidas hieraquicamente como uma mistura da distribu¢do normal multivariada e

uma escolha adequada da distribuicao a priori para a matriz de covariancia.

O método Lasso convencional proposto Tibshirani| [1996] assume para a estimagao

dos coeficiente de regressao [3; a seguinte penalizacao
p
A Z |6J |7
j=1

em que o parametro A é um parametro de ajuste que controla a forca geral da penalidade.
Na versao bayesiana deste método, o Lasso Bayesiano, a penalizacao e substituida pela

seguinte estrutura hierarquica para a distribuicdo a priori dos (s

7(Blo, m1,...,7,) ~ N,(0, O'QD.,-),

onde D, = diag(7{,...,77) e a distribui¢do a priori para (7,...,7,) é

p )\2
(T, ..., Tp) X 1_[1 5 exp{—/\QTjQ/Z}.
j:

Esta estrutura de penalidade reduz o coeficiente de regressao para zero. Se o efeito
for suficientemente pequeno, o coeficiente de regressao pode até mesmo ser definido com
precisao para zero. Assumindo-se grandes valores de A, apenas os efeitos s mais influentes

sao mantidos no modelo e todos os outros efeitos sdo reduzidos a zero |Groll et al. [2019)].

O método Lasso para agrupamento foi proposto por [She [2010] para reduzir
dimensionalidade de uma covaridvel categérica. Neste método, utiliza-se a norma L2 de 3;

para construir a funcao de penalizacao a qual é dada por

)‘Z|5j|+)‘2|5i_5j|7
=

i<j

No Lasso para agrupamento Bayesiano, a estrutura hierarquica é definida por
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n(Blo, T1,...,7p) ~ Np, (0, JQT,SImk),

k

em que m; é o numero pré-especificado de varidveis no k—ésimo grupo do Lasso de

agrupamento Bayesiano, e

p
(71, .. 1) o [[ Gamma((my +1)/2,2*/2).
j=1
Em alguns casos, a caracteristica de interesse pode ter ordenacao natural como, por
exemplo, uma estrutura espacial ou temporal a qual deve ser considerada durante a anélise.
Tibshirani et al. [2005]) propéem uma metodologia para redugao de dimensionalidade
nestas situagoes conhecida como Lasso para fusao (fused Lasso). A funcao objetivo neste

método é

mﬁ{fé (v —xzﬁf} (111)

i=1

P p
sujeito a Y _[B;] <t1 e > |8 — Bi—1| <t (1.12)

j=1 j=2

A primeira restrigdo em ((1.12) é a restri¢do assumida no método Lasso e tem a mesma
funcao "encolhendo'para zero os coeficientes nao significativos. A segunda restricdo em
penaliza diretamente grandes mudangas em relagao a estrutura temporal ou espacial,
o que forca os coeficientes a variarem suavemente para refletir a légica subjacente do
sistema. O método Lasso para agrupamento é uma generalizagao do método Lasso para
Fusdo que identifica e agrupa covariaveis relevantes com base em seus efeitos (coeficientes).
A ideia basica é penalizar as diferencas entre os coeficientes de forma que coeficientes

diferentes de zero e similares sejam agrupados. Isso pode ser feito usando a seguinte

regularizacao: Y37, |B; — B;] < ta.

1.4 Contribuicoes deste trabalho

Como mencionamos, existem varias distribuig¢oes a priori propostas na literatura
para modelar o comportamento de efeitos espaciais como, por exemplo, os modelos
propostos por Knorr-Held and Best| [2001], MacNab and Dean [2000], Martinez-Beneito
et al. [2008], |Silva et al. [2008], |Carlin and Banerjee [2003] e |Jin and Carlin [2005] para
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citar alguns. Nosso objetivo principal neste trabalho é construir novos modelos que sejam
capazes de amenizar os problemas mencionados na introducao deste capitulo. Este objetivo
é alcancado ao propormos duas distribuigoes a priori para o efeito espacial 8. No primeiro
modelo discutido no Capitulo 3, propomos uma distribuicao de cauda pesada induzido
pelas corregoes entre os pesos das arestas que conectam os nos (efeitos espaciais) em
nosso grafo original. Na segunda abordagem discutida no no Capitulo 3 propomos uma
distribuicao tipo shrinkage prior para tais efeitos visando a redugdo de dimensionalidade

em nosso problema de predigao.

O modelo proposto no Capitulo 2 traz a novidade na forma como construimos a
matriz de precisao. Representamos o mapa através de um grafo em que os nos sao os
efeitos espaciais e as arestas sao fornecidas pelos mapa geogréafico. Os pesos p das arestas
sao aleatorios. A esses pesos, atribuimos uma distribuicao t— Student multivariada onde a
matriz de covaridncias tem uma estrutura semelhante a do modelo CAR, mas definida
sob grafo de arestas. Entao, o componente 6; do vetor 8 é definido como a soma de suas
arestas incidentes. Alcancamos isso empregando a matriz de correlagdo dos pesos das
arestas e a matriz de incidéncia do grafo. O modelo espacial resultante para 8 tem uma
distribuicao multivariada de t— Student e herda as correlagoes impostas pelo grafo de
arestas e as propriedades essenciais da distribuicao ¢, como sua capacidade para dados
atipicos e comportamento de cauda pesada. Também induz uma correlacao marginal mais
alta do que o modelo CAR, fornecendo uma solucao para uma das principais limita¢oes do
CAR. Ajustamos o modelo proposto para analisar mapas reais de cancer e comparamos seu
desempenho com varios modelos propostos na literatura. Nosso modelo proposto se ajusta
melhor em quase todos os casos. O modelo é chamado RENeGe (do inglés, Randomly

edge-weighted neighborhood graphs model).

No Capitulo 3 consideramos um problema de variaveis categoricas com muitos niveis.
Estas variaveis sao representadas usando uma variavel indicadora para cada nivel possivel da
variavel categérica inflando o niimero de parametros do modelo. Como conseqiiéncia, temos
instabilidade nas estimativas dos coeficientes, gerando os resultados dificeis de interpretar
(Criscuolo| [2019]). Além da questao da interpretacgdo, a inclusao de varidveis categoricas
com muitos niveis em um modelo preditivo facilmente leva a uma matriz esparsa (Bateni
et al.| [2019]). A consequéncia pode ser um problema de otimizagdo mal condicionado que
resulta em um modelo sobreajustado. Propomos uma abordagem via shrinkage prior que
é atribuida ao preditor categorico @ onde seus niveis sao correlacionados. Os efeitos de
cada nivel da variavel categorica corresponde aos nés de grafo. As arestas deste grafo

conectam niveis associados. Se a variavel é nominal temos um grafo completo com todos
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os nos conectados entre si. Se a variavel é ordinal, as arestas conectam niveis subsequentes
na ordenacgao e no caso de uma variavel categorica espacial as arestas conectam niveis
vizinhos cuja vizinhancga é estabelecida pelo mapa geografico original. Nosso método
caracteriza a estrutura de dependéncia entre variaveis através da matriz de precisao da
distribuicao shrinkage prior. A matriz de precisao proposta expande a matriz do CAR,
com dependéncia de um tnico parametro para uma classe que heterogeneiza a matriz de
covariancia, convertendo o pardmetro p do CAR em um vetor p aleatério. A distribuicao
a priori para o vetor p, carrega a dependéncia espacial dada pelo grafo de arestas, mas
a imposicao desta distribuicdo nao gera um gasto computacional, pois implica calculos
algébricos simples, produzindo resultados tedricos e distribui¢oes condicionais a posteriori
conhecidas. A distribuicao marginal do vetor @ tem uma forma fechada e favorece a

esparsidade e o agrupamento.

Ambos os trabalhos contribuem para o desenvolvimento da andalise de dados na

area e consideram um modelo probabilistico flexivel e de facil extensao.
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2 Inducing high spatial correlation with ran-

domly edge-weighted neighborhood graphs

2.1 Abstract

Traditional models for areal data assume a hierarchical structure where one of
the components the random effects that spatially correlate the areas. The conditional
autoregressive (CAR) model is the most popular distribution to jointly model the prior
uncertainty about these spatial random effects. One limitation of the CAR distribution is
the inability of producing high correlations between neighboring areas. We propose a robust
model for areal data that alleviates this problem. We represent the map by an undirected
graph where the nodes are the areas and randomly-weighted edges connect nodes that are
neighbors. The model is based on a multivariate Student-t distribution, spatially structured,
in which the precision matrix is indirectly built assuming a multivariate distribution for
the random edges. The weights’ joint distribution is a spatial multivariate Student-¢ that
induces another ¢ distribution for the areas’ spatial effects, which inherit its capacity to
accommodate outliers and heavy-tail behavior. Most importantly, it can produce a higher
marginal correlation between the spatial effects than the CAR model overcoming one of
the main limitations to this model. We fit the proposed model to analyze real cancer maps
and compared its performance with several state-of-art competitors. Our proposed model

provides better fitting in almost all cases.

Keywords: Graph of edges, Spatial correlation, Student-¢ distribution.

2.2 Introduction

The conditional autoregressive (CAR) model introduced by |Besag [1974] has been
one of the main drivers of spatial models for area or lattice data. It appeared again
in Besag et al. |[1991] in its intrinsic version (ICAR), gaining visibility and importance
as the main framework to specify joint distributions through the set of the conditional
distribution of each area given its neighbors [Martinez-Beneito and Botella-Rocamora,,
2019]. The spatially motivated Markov property enjoyed by this model, coupled with its

computational ease for Bayesian analysis and the availability of fast computation |Gelfand
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and Vounatsou, |2003], are responsible for its large appeal. Typically, the CAR and ICAR
models are used to describe the joint behavior of random effects associated with each small
area on a map. Such effects are latent factors representing the spatial dependence beyond
the small area geographical boundary. A key point regarding the construction of CAR or
ICAR models is the specification of an appropriate neighborhood structure. The usual
is to take as neighbors any pair of areas sharing boundaries. This approach is popular
because it can be easily calculated using GIS (Geographic Information System) routines.
The Markov property is defined in terms of this neighborhood structure inducing a sparse

precision matrix. This strategy facilitates Bayesian computational approaches.

Spatial statisticians extended the CAR and ICAR models in many different di-
rections. Classes of space—time generalized linear models are proposed by Knorr-Held
and Best [2001], [MacNab and Dean| [2000], Martinez-Beneito et al. [2008] and Silva et al.
[2008]. |Carlin and Banerjee [2003] and Jin and Carlin [2005] extend the idea to model
spatial survival data. Spatially-varying parameters models are introduced by |Assuncao
[2003], Assuncao et al. [2002] and Gelfand et al. [2003] and generalized additive models
can be found in [Fahrmeir and Lang [2001]. Extensions incorporating two correlated sets of
spatial effects are proposed by [Jin and Carlin [2005], |Gelfand and Vounatsou, [2003] and
Knorr-Held et al. [2006].

Notwithstanding its popularity, there exist several critical points related to CAR
and ICAR models [Martinez-Beneito and Botella-Rocamora, 2019, p. 134]. In one line
of criticism, [Wall [2004] showed that there are many puzzling results involving the CAR
model. For example, the correlation between any pair of neighboring areas is negatively
associated with the number of neighbors of each region but this is not sufficient to explain
the dependence structure. Besides is that sites with equal numbers of neighbors have
different variances. Even more puzzling, the spatial structure depends on the CAR spatial
parameter p in an unexpected way: a pair of areas more correlated than another one if,
for instance, p = 0.5 may become less correlated for some other value of p different of 0.5.
The ICAR model may exacerbate these problems. [Wall [2004] concluded that the spatial
correlation induced by the CAR model is not intuitive and does not follow a practical
scheme. All these counterintuitive results were explained away by |Assuncao and Krainski
[2009]. They showed that the correlation structure between two areas depends on the entire
neighborhood graph structure, and not only their immediate neighborhood. A crucial role
in how these puzzling results appear is played by the second largest eigenvalue modulus of
the neighborhood matrix used in the CAR or ICAR models. A more serious concern is the

lack of ability of CAR or ICAR spatial effects models to produce high pairwise spatial
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correlation even when the parameter p is near or equal to 1, as in the ICAR (Gelfand and
Vounatsou, |2003).

Another approach to model area data can be found in [Leroux et al. [2000] and
MacNab and Dean| [2000]. These models assume that the precision matrix is a linear
combination of a diagonal matrix and the precision matrix of the ICAR model. They
accommodate over-dispersion but inherit the lack of interpretability issue of the CAR
model. More recent developments in this topic include Prates et al. [2012], Rodrigues and
Assuncao| [2012], and Datta et al.|[2019]. The CAR structure may not be appropriate to
describe the spatial correlation if some areas experience atypical spatial effects. In [Prates
et al. [2012], the normal distribution involved in the CAR model is replaced by distributions
in the generalized skew-normal/independent class, a robust class of distributions that is
able to simultaneously accommodate heavy-tail and asymmetry. [Rodrigues and Assuncao
[2012] proposes a spatial model in which the neighborhood structure is a parameter that
must be estimated. This model preserves the Markov property as it assumes that, given
the neighborhood graph, the areal parameters follow a conditional autoregressive model.
The directed acyclic graph autoregressive (DAGAR) model [Datta et al., [2019] constructs
the spatial precision matrix considering a directed acyclic graph derived from the original
undirected graph associated with the map. DAGAR model provides a different approach to
model multivariate Gaussian data always providing a positive definite covariance matrix.
Its use is particularly appealing to analyze large spatial datasets due to the sparsity

induced in such matrix.

We will focus on spatial data that may be represented by an undirected graph.
Our goal is to build a model (Section able to alleviate one of the main constraints of
CAR-based models: its incapacity of generating high marginal correlations. As usual, we
represent the map with a graph where the nodes stand for the small areas and edges link
geographically neighboring areas. The novelty in our approach is that we assign spatial
random effects to the edges of this neighborhood graph. The spatial random effect of each
area is the sum of its incident edges’ effects. The joint distribution for the incident edges’
effects is a multivariate Student-t distribution where the spatial covariance matrix has
a CAR-like structure. The resulting spatial model for the area effects (randomly edge-
weighted neighborhood graphs (RENeGe model) is a multivariate Student-¢ distribution
inheriting the heavy-tail behavior and robustness to outliers. More importantly, it induces a
higher marginal correlation than the CAR model, overcoming one of the main limitations of
the CAR and ICAR models. We study the marginal and conditional correlation properties
of this model and a deep look at the partial correlation is provided in Section The
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proposed model is applied to the analysis of many cancer maps, and its performance is
compared to six other alternative spatial models (Section . This comparison shows that
it is a competitive model, providing the best fit in almost all cases. We start presenting

some preliminar concepts that are useful for the model definition (Section .
2.3 Preliminary Definitions

Consider a map with n contiguous geographical regions. The map is identified with
an undirected graph G = (V, &), where V = {vy,...,v,} is the set of vertices or nodes
representing the areas and £ is the set of p edges connecting unordered pairs of distinct
vertices and representing the adjacency relationship among regions. The edge connecting
v; € V and v; € V is alternatively represented by [ij] or (v;,v;). We assume that the
edges are undirected, implying that [ij] = [ji]. If two nodes v; and v; € V are connected,
this will be denoted by v; ~ v;. When v; € V is a node in the edge [ij] € £ we say that
the edge is incident on v;. Usually, the graph is visualized by plotting each vertex on a
typical spatial location inside the corresponding area, such as its geographical centroid.
The spatial neighbourhood structure is represented by the set £ of edges. These edges will
determine the stochastic dependence between the areas. The most common choice is to
have an edge [ij] = (v, v;) when areas ¢ and j share boundaries but other neighbourhood
structures may be assumed. A path from node v; to node v, is a set of different nodes
V1, V9, ..., Uy in V which are connected by edges (v, v2), ..., (Vm_1,Vm) Where v; # v;11,
for i =1,...,n, except, possibly, by the initial and final vertices. A path with v; = v,,, is
called a circuit. A graph is said to be connected if, for any pair of nodes v; and v;, there is
at least one path connecting them. Although it is not strictly necessary, we assume that
the graph is connected. We also assume the most common situation in practice, that the
number p of edges is larger than the number n of nodes. The adjacency matriz A, of G is
a n x n binary matrix representing the neighborhood structure. That is, A,(i,j) = a;; = 1,
if v; ~ v; (or, equivalently, if [ij] € £), and it is 0, otherwise. We assume that a; = 0 for

alli eV, with V ={v,...,v,}.
Associated with the original graph G, we define the graph of edges L£(G) that

is a fundamental tool for our purposes. The graph of edges represents the adjacency
relationship among the edges of the original graph G. The nodes in £(G) are the edges
[ij] € € connecting the nodes v; and v;, with ¢ # j. The edges in £(G) are also determined
by the topology of G. Two nodes [ij] and [kl] in £L(G) are adjacent if, and only if, the edges
[ij] and [kl] are incident on a common vertex. This means that the pair of neighbouring
edges must be of the form [ij] and [jk| for some v; € V. Let Z;, = {[ik] € £, v, € V} be the
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set of edges incident on area 7. The adjacency matrix A, associated with the graph of edges
L(G) is a p X p matrix defined based on the edges’ neighborhood structure in £(G). That
is, Ac([25], [7k]) = apje = 1, if [i] and [jk] belong to Z;. Otherwise, A.([ij], [jk]) = 0.
Finally, the incidence matriz C associated with G is a n X p binary matrix such that
cie = 1 if edge e is incident on node ¢, and ¢;. = 0, otherwise. Figures present a toy

example of the graph of edges L£(G).

o 1P o W
(4) 12) @;/ = //

() @ [14] [14]
Figure 3 — £(G) edges.

Figure 1 -G Figure 2 — &£

2.4 Randomly edge-weighted neighborhood graphs model RENeGe

for spatial random effects

In a map partitioned into n contiguous regions, let @ = (64,...,6,) be a random
vector where 6; is a random variable associated with the i-th region. Assume that the
coordinates in @ are spatially correlated. The vector @ may represent the spatial effects in a
hierarchical model. The goal is to model the uncertainty about 8 accounting for this spatial
correlation. Differently from the CAR-related models, we build the prior distribution for 8
in such a way that their correlation is induced by the prior correlation in spatial effects
assigned to the neighbourhood graph edges. The novelty of our approach is the use of a
distribution over the pairs of neighbouring areas to induce a distribution over individual

areas.

We look for a model able to generate a stronger marginal correlation between

neighboring areas, overcoming one of the main limitations of the CAR model.

2.4.1 Modeling the edges’ random effects

Assume that our map is represented by the connected graph G such that each

component of @ is a node in G. There are p undirected edges connecting pairs of neighboring
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nodes in G. Let pj;;; € R be a random variable or weight associated with the edge [ij]

connecting nodes ¢; and 6;. The vector of such weights is p € R”.

Spatial effects observed in area data are surrogates for unknown or unobserved
factors that vary on a scale extending beyond the geographical boundaries of the small
areas. As these effects spread throughout the surrounding neighborhood of an area, they
can be viewed acting on the edges that connect neighboring areas. Instead of directly
modeling the 6; effects in each small area, we can obtain them as a result of a random
effects model for the neighborhood graph edges. Two edges, [ij] [ik], incident on the same
i-th node, should be correlated due to the extrapolating scale of the hidden factors. By
defining 6; as a function of the correlated weights pj;;), we will induce spatial correlations
between the areas. Differently from CAR, this definition will allow for ¢ and j neighboring
areas to be more strongly correlated than in the CAR or ICAR models. This stronger

correlation will affect also pairs of areas that are not directly connected in G.

Assume that the edges weights vector p € R? has the centered p-variate normal

distribution,

p|S ~ N(0, (v —p—1)5), (2.1)

where (v —p —1)S is an unknown p X p covariance matrix representing the correlation
among the edges weights and v > p + 1. The uncertainty about S is modeled with
an Inverse-Wishart (/W) distribution. Besides the flexibility to model positive-definite
matrices, the Inverse-Wishart distribution has the additional advantage of its conjugacy
with the normal distribution. We represent the dependence structure of the components
in p through the graph of edges £(G) and its associated adjacency matrix A, € RP x RP.
Let M, = diag(my, ..., m,) be the diagonal matrix where my, is the number of edges in
L(G) that are neighbors of edge k or, equivalently, the sum of the k-th row elements of
A.. We center the distribution of the precision matrix S~' around a sparse matrix to
induce conditional independence between unlinked edges, that is, we assume that E(S™")

is proportional to (M, — vA.). More specifically, we let
SN IWP<V77—0_1(M6 _’VAe)_l)ﬂ (22)

where 79 > 0 is precision parameter, v is a constant assuming values in the interval
(1/Xp,1/A1) and Ay and A, are, respectively, the minimum and the maximum eigenvalues
of M[Y2A_M ;2. This constraint over v guarantee that the matrix (M, —vA,) is a
positive-definite matrix. It follows from and that p has a centered p-variate
Student-t distribution with escale parameter 7, ' (M, —vA.) (v —p—1)/(v —p+1) and
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v — p+ 1 degree of freedom and with density

()

p(p To(M, —~vA,) |'/?
O = rEE) e M)
—(v+1)/2
To(M, —vA,)
1+ p . 2.3
Y [+p M, (23)

This distribution is denoted by p ~ t,(0,75 (M, — vA.) (v —p—1)/(v —p+
1),y —p+1). As a consequence, the correlation structure between the edges weights follows
the CAR structure:

Covlp] = 75" (M, —vA,) . (2.4)

An alternative proof for is given by results obtained by Iranmanesh et al.
[2012]. As the Inverse-Wishart distribution in (2.2) is the inverse matrix variate gamma
distribution with parameters v/2, 2 and 7, (M, — yA.)~!, Theorems 2.1 and 3.1 in
[ranmanesh et al. [2012] provide that p has a p-dimensional generalized multivariate
t-distribution with parameters (0,7, ' (M, — yA.)~!,v/2,2), recovering the distribution
in [@.3).

2.4.2 The induced distribution for the areas’ random effects

The proposed model assumes that the random effect 6; associated with area i is a

linear combination of the effects of edges incident on area 7, that is,

v—mn-—1 v—mn-—1

I/—p—l[ige:zi [k v—p—1

where C' is the n X p incidence matrix and Z; is the set of edges incident on area 7. Given
S, we have from ([2.1)) that

0|S ~ N, (0, (v —n — 1)%), (2.5)

where ¥ = CSC". The choice of v may inflate or deflate the variance of 6;, being handful
to establish more or less informative priors for 8. The prior distribution for ¥ is thus
obtained from the prior distribution in (2.2]) and is given by

X =CSC'~ IW,(v,7y'C(M,—~vA.)'C", (2.6)
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as long as the scale matrix 7, 'C(M, —vA,)"'C" is positive definite. As v € (1/),,1/)\1),
this can be proved by assuming Theorem 4.2.1 in |Golub and Van Loan| [1996]. In this
proof, we invoke Lemma 2.17 in Bapat [2014], that guarantees that, as G is not a bipartite

graph, the rank of C' is n.

Mixing qﬁ) and @), it follows that @ ~ t,, (0, Tg_lKg:Z:g,y —n+ 1), where
K=C(M,—-~A,) 'C" with density

res) e

p(0) = T (V_THH) T2y —n —

-1 —(v+1)/2
Mg) (2.7)

K|V (146"
1)"/2| | <+ v—mn-—1

The covariance structure of @ inherits the CAR-type correlations between the
edges’ weights pj;;, in £(G) transformed by the incidence matrix C ending up with the

symmetric, positive definite matrix given by

Cov[@] = C Cov(p) C' = 7,'C(M., —~vA,) 'C". (2.8)

The distribution in is known as the generalized n-variate Student-t¢ distribution
with location 0, scale K and shape parameters v —n+1 > 0 and (v —n—1)7, ' > 0, which
is denoted by 6 ~ T, (0, Kr'v—-n—-1),v—n+ 1). Consequently, we have [Kotz and
Nadarajah| [2004, Arellano-Valle and Bolfarine, [1995] that

(i) The marginal distribution of each component 6; of 8 is 6; ~ T(0, 7, (v —n—1) K, v),
a univariate centered ¢ distribution where K;; is entry that lies in ¢th line and ith
column of matrix K = C(M, — vA.)"'C".

(ii) Let the column vectors 84 and @ define a partition of @ where 84 and 8p have
dimensions n; and ny = n — ny, respectively. Let the matrices K4, Kpp and
K ,p of order ny X nq, ny X ny and ny X ne, respectively, be the partition of K
induced by 84 and @p. The conditional distribution of 84|05 is the generalize n;-
variate Student-t distribution 84 | 05 ~ T, (u*, St (v —n—1)+05K5505,
v—mny+1), where p* = KopKpp0p and X% = K 44 — K apKppKpa.

2.4.3 The covariance structure of 0

By assuming a CAR-type structure for p, the correlation among the edges weights
inherits the counterintuitive results pointed out by [Wall [2004] and Assuncao and Krainski

[2009]. As Cov(0) = C Cov(p) C*, these results are passed on to the covariance structure
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of . Our goal in this section is to investigate the impact of the covariance of p in the
marginal Cov(6;, ;). For simplification, we set 7, ' = 1 in this section. It is not possible to
obtain the exact value for Cov(6;,0;) as it requires the calculation of the inverse matrix

(M, —~A,)!. To investigate such an impact, we consider the relationship
(Mo —~A)™ = (I - W)~ 'M* (2.9)

where W, is a p X p matrix whose entries are given by W o = i / djir)- The binary
variable app;) is equal to 1 if, and only if, edges [ik] and [kj] are edges incident on a same
node k, ajyin = 0 for all edges [ik], and d;) denotes the total number of edges in £(G)
that are neighbors of edge [ik].

The matrix W, is a transition matrix of a random walk defined on the graph of
edges L(G). Its elements are non-negative, its rows sum up to 1, and the diagonal elements
are equal to zero. A particle sitting in an edge [ij] at time ¢t moves to a different edge
randomly selected among those in Z;, the neighbors of [ij] in £(G), with equal probability.
The power matrix W represents the transition probabilities in s steps for this Markov
chain. The non-zero elements in the [ij]-th row of W indicate the other edges to which
one may visit s steps ahead. That is, W1, > 0 if there is at least one path composed
by s edges in £(G) linking the initial edge [ik] to the final edge [ji].

For the matrix W, to be ergodic and aperiodic, £(G) must be a connected graph.
As we assume that G is a connected graph, the graph of edges £(G) is also connected.
Furthermore, W, and M 6_1/ A.M e_l/ 2 are similar matrices and, therefore, they share the
same eigenvalues. Thus, for v € (1/X,,1/\1), the matrix (I —~yW ) is non-singular and,

from results in |Assuncao and Krainski| [2009], its inverse is given by
(I —AW ) =T+ AW+ W2 + W3 .. (2.10)
Replacing the result in in equation , we have that
Cov[f] = C(I + YW .+ V¥*W?2 + W32 + ... )M, 'C".

For i ~ j, the element Cov(;, ;) in this matrix is given by

1

1 1 1
- y vy d 7 — |+ 1)
Gnez; YUl | [iklez;, “lk] Gtlez; “Ul |\ ke “ERT i)~ [ik) “lr]

[ik]~[51] [ir]~[41]

+
djij)
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while, if i = j, we have V(6;) = Cov(0;, 6;) given by

1 1
djig)

Py 1 1
[ik]€T; djing [if]€Z; djij) [ik]€T; d[zk ~[ik] djir]
[ik]~[ij] [17"] [é7]

Yoo+ D

lij)eZs i lij]eZs

+ ...

For pairs of areas that are not adjacent, the formula is more convoluted, summing

over all the paths connecting the two areas. The proof can be found in the supplementary
material [B.1]

The expansion in expression ([2.11) shows that the correlation structure between 6;
and ¢; cannot be explained considering only the interaction between first-order neighbors.
The Cov(6;,6;) is a polynomial in v where the k-th order coefficient is a weighted sum
of all paths of order k connecting edges [ik] and [jI]. If we consider only a first order
approximation, Cov(0;,0;) ~ d[;jl], inversely proportional to the number dj;;; of edges in
L(G) that are neighbors of edge [ij]. Consequently, it is inversely proportional to the total
number of neighbors in G of nodes ¢; and 6; since dj;;) = d; +d; — 2 where d, is the number
of neighbors of node 0,, s = 4, . Including, for instance, the third term, the product
ik [uv] Ofuo]jt) 1S equal to 1 only if the edges [ik] and [jI] are 2nd-order neighbors in £(G).
That implies that the edge [uv] connects nodes i and j in G, establishing a more complex
dependence structure between the related nodes in the original graph G by imposing that
(i) nodes k and j are 1st-order neighbor, (ii) nodes k and [ and nodes i and j are 2nd-order

neighbors and (iii) and nodes ¢ and [ are 3rd-order neighbors.

2.4.4 The regular lattice case

We obtain additional properties of our model by considering that the graph G is
a regular lattice or rectangular grid with n? nodes symmetrically wrapped into a torus.
In this simpler structure, the number of first-order neighbors of each node 6; is constant
and equal to four (see Figure {4)). To simplify the expressions, we take 79 = 1. Denote by
Cov(pjis] ~ ppjs)), for all [ix] € Z; and [jx] € Z;, the covariance between edges weights py
and py;,) whenever the edges [i*] and [j*] are nth-order neighbor in £(G). The index n is

omitted from the notation for the first-order neighbor case.

If G is a regular lattice, then the graph of edges £(G) is also a regular lattice. The

covariance between any pair of nodes 6; and ¢; in G depends on the weights related to the
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edges belonging to Z; and Z;:

2 oo .
Var(ppij)) + 6 Cov(ppis ~ prjsg) +9 Cov(ppin ~ ppisy), i~ 7,

Cov(ppia] 2 prjag) + 6Cov(ppa " prja) + 9Cov(ppia "2 ppiay), if i 2 5.
(2.12)

As p follows a CAR model, Cov(pps ~ ppjs)) decreases with the neighboring order n.

Cov(6;,0;) = {

Hence, we also have Cov(6;, ;) decreasing in our model. A direct consequence of (2.12),

the marginal correlation between the first-order neighbor 6; and 60, is given by
_ Var(pjiy)) + 6Cov(plisg ~ pljg) + ICOV(ppin ~ plj))

Coni66) - . 2.13
orr(0:, 6;) 4Var(pjij)) + 12Cov(pjia ~ pjjs) -

The marginal correlations differ from that produced by the CAR model. Figure {4 compare
such correlations for first, second and third-order neighbors taking an inner line in a
regular lattice with 400 nodes. The correlations are obtained assuming the covariance

matrix C(M, —vA,) 'C" with v = 0.8 under the proposed model. In the CAR model,
we assume (D, — pA,)~" with p = 0.8.

The proposed model produces a higher (in absolute value) marginal and conditional
correlation between 0; and 6; than the CAR model irrespective of their order of neighboring.
For first-order neighbors, the marginal correlation is around 0.8 while, under the CAR
model, it is below 0.45. As expected, under both models, the correlation is high for nodes
near each other and decreases as the distance between the nodes increases. For instance,
for 3rd-order neighbors, the CAR model produces correlation approximately null while

this marginal correlation is above 0.25 under the proposed model.

Although the marginal correlations under both models are positive for all neighbor-
ing order, the proposed model produces a conditional correlation structure between 6; and
6, that is negative if these nodes are neighbors of even order (Figure . This behavior
for the conditional correlation seems puzzling. In order to gain an empirical view, we
used a one-dimensional temporal grid in Figure [6] We simulated 6; following our model
where each 6; is the sum of the antecedent and the subsequent edges’ effects, that is,

i = pli—1, + Pli,i+1)- We assume the parameter values v = 0.8 and 7 = 1.

The typical realization is seen in the top graph of Figure [l We deleted the pair
(6, 6;) from this particular realization and kept all the other values fixed. Then we simulated
a large number of (6;, 6;) values conditioned on all the other values 6_;; in this time series.
In turn, we removed nodes 0; and ¢; that are neighbors of first, second and third orders
(j=1i+1,i+2, or i+ 3). From the bottom plots in Figure[f] for 2nd-order neighbors, if

the generated value 6; is higher than its conditional mean, then the generated value of 6,
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Figure 4 — Marginal correlations (plots (d), (e), and (f)) and conditional correlations (plots
(g), (h), (i)) between §; and 6; assuming first (d,g), second (e,h) and third (f,i)
neighboring order, under the proposed (blue dashed line) and the CAR (red

solid line) models.
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Figure 5 — Conditional correlations for neighboring of order 1 to 9.

tends to be smaller than its conditional mean. For first (j = ¢ + 1) and third (j = ¢ + 3)
order neighbors, when the generated value 6; is higher than its conditional mean, the

generated value of 6; tends to be higher than its conditional mean.

As v is positive, another interesting characteristic of the proposed model given
by expression , is that the correlation increases monotonically with the growth of
~. However, the increasing rates differ depending on the path connecting the nodes. Let
t — 7 denote that nodes ¢ and j are separated by a common neighbor and are in the same
horizontal or vertical straight line in the grid. Denote by i—j a pair of nodes separated by

a single common neighbor but with a connecting path that is not a straight line.

Figure [7| shows the evolution of the terms Y*CW*D~'C" in and its cumu-
lative sums Z;‘le VCWID™'C" for paths of different orders k and taking v = 0.4 and
v =0.9. As this is a convergent series, the first terms in (2.11) are more relevant to obtain
a good approximation for Cov(6;, 8;). The relevance degree depends on the type of paths
connecting the nodes. The influence of the higher order neighbors in Cov(6;,6;) increases
with ~. Their influence decays more slowly, requiring more terms from to get a

better approximation the true covariance.

Considering a third-degree approximation under the proposed model, it follows
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Figure 6 — Generate time series (a), the conditional expectations (black dot) and the
generate values (dashed lines) removing observations that are neighbors of first
(b), second (c¢) and third (d) orders.

from (2.11)) that

dijy + 7 Zpmgetii) (g dim) ™1+ 7 Ze,, (g dppmy dipag) =" i 0~ 5,
Cov(6:,05) = § 7 gt (dim ding) +7° e, (diigydppm)dinr) ™ i i7j
VZ[ik]N[k]‘] (d[ik]d[kzﬂ) + 92 ZCU (d[ij]d[lm]d[nk])fl if ©— 7,

where C;; denotes all paths with three edges connecting nodes ¢ and j. Figure [8|shows how
the correlation between 6; and 60; evolves for different values for v and compares it with
the CAR(p) model for different values for p and different neighboring structures. In the
proposed model, the relationship of the correlation with the spatial parameter v has a

similar role as p in the CAR model. However, under our model, the correlation between
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Figure 7 — Cumulative summation Z;‘?:l FVCWID™'C" and the values of CY*W*D~'C*
for different neighboring orders k£ and path types, v = 0.9 and 0.4 (i ~ j red
solid line, — j green dot-dashed line and i—j blue dotted line).

neighboring areas is higher for any value of . This behavior is explained by the stronger
influence of the higher order neighbors in our model. This influence is more noticeable for

first-order neighbors nodes.
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(right) neighbors under the proposed (blue dashed line) and CAR (red solid
line) models for different values of v and p.

2.5 A close look at the negative partial correlations

The sign changing phenomenon experienced by the correlation of (6;,0;,9), k =
1,2,..., given 6(_; a1, discussed in the previous section has a mathematical justification
if we look at it conditionally on S. This requires further explanation, which we provide
next. We return to general graphs, not necessarily regular grids. We have 8 o« C'p implying
that 6; < ctp where ¢; is a p dimensional column-vector whose coordinates are the entries
in the ¢-th row of matrix C. Let T be the vector space spanned by the set of vectors
{e1,...,¢c,}. The dimension of the vector space T is p because the rows of an incidence
matrix C' are linearly independent if and only if no connected component is bipartite
in the graph [Bapat, 2014 p.22]. Define the inner product < ¢;,¢; >= ¢S ¢; with the

< C;,C; >
B =cos ! (“ J )

lleillllell

consequent angle definition

Let C_(; j) be the (n —2) x p matrix obtained from C' after deleting rows i and j. Without
loss of generality, assume that (v —p — 1) = 1. We denote by S_(; ;) the subspace spanned
by the n — 2 rows of C_(; ;) and by Sf@ ;) its orthogonal subspace, that is,

Si_(i,j) = {C = (Cla s >Cp)t <8 >= 073 = S*(’ivj)’c < V} ’

We have the following theorem:



2.5. A CLOSE LOOK AT THE NEGATIVE PARTIAL CORRELATIONS 53

Teorema 3. Let S,

C—(i,5)

Np<0, S), 91 = C;p, Hj =C;p and 0_(1‘]‘) = C—(i7j)p' Th@’ﬂ,

be the sub-space spanned by the rows of C_; jy. Assume p|S ~

>0, Zf Bc.lc.l <7T/2
i %5

(2.14)
<0, if Bcf'vcj' > 7'('/2,

Cov(0;,0,|0_(5), S) =

where f.1 .1 is the angle between the orthogonal projections c; and ch in the sub-space
St ]
_(17])'

Proof: Decompose V into V = S_; ;) ® Sf(m). Consider the unique representation of ¢;

and ¢; in their orthogonal components:
C;, = C,(i,j)aq + CiL and C; = C,(iyj)(lg + C]-L, (215)

where a; and ay are (n — 2) x 1 vectors of constants. Under the assumptions for p, it
follows that 8 | § ~ N, (0, CSC"). Consequently, we have

Cov(6;, 05105, S) = Cov(cip, €;p|C i p, S)
— ciSe; - (CfSCj—(i,j)al)(Cz’;gct—(i,j)%)
aiC_;SC; jas
< ¢, C’:(i’j)al >< cj,C'i(Z-J)ag >
< Ct_(ivj)a,l, Ct_(m)aQ > '

= <ec > — (2.16)

Considering the results in (2.15]), we obtain that

1 L
()

Cov(eip,c;plC—ijp, S) =< i e; > = llej| llej ] cos(Ber or) -

J

Therefore, the covariance sign is determined by the angle 8.1 ... O
1 77]

A geometric interpretation of the result in Theorem 3 is the following. Let S, i)
. . J_ .
. 1s a plane in R and SC—(i,j) is

its perpendicular plane. Consider a graph with 4 nodes connected in the form of a line

be a (p — 1)—dimensional hyperplane. For p = 3, S,

0, — 0y — 03 — 0,, that is, the nodes 6; and 6;,, are first-order neighborn for all 7. To
determine the sign of Cov(0y,6|0_(12)), in the Figure [J] (a), we geometrically represent

the vectors ¢; and ¢, related to nodes 6; and 6y, respectively, the plan S, generated

(1,2)
by the vectors c_(; 2) and its perpendicular plan. Figure @(b) shows that the vectors ¢;
and ¢y are on the same side of the plan generated by ¢_(;2) and the angle 60%#? between
vectors ¢ and ¢y is smaller than 7/2. Consequently, it follows that Cov(6;,62]0_(1.2)) > 0.

Figures 9] (d) and (c) show that the vectors ¢; and ¢; related to the second-order neighbor
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nodes ¢; and 03 are on opposite sides of the generated plane c_(; 3) and that the angle
Bcf,c?{ > /2. Thus, as opposed to what was observed for neighbors nodes of first order,

for these neighbors nodes of even order we have that Cov(fy,65|0_(13)) < 0.

P34]

St " Se_ )
07(1’2)
Pl12]
Co 4
. 1
23] =
(a)
P34
[ ]. SC—<1,3>
A
ch p[12]
"
® -
1 Cy \<
€-(1.3) 23] St
. €—(1,3)

Figure 9 — Geometric representation for the sign of Cov(0;,6;|0_(; ;). Geometric repre-

sentation of vectors ¢, ¢; and the plane Sc_, (a) and ¢1, c3 and the plane
Se_13 (c). Angle geometric representation 5Cf,c2i between the vectors ci, ¢y
and the plan S+ o) rotated (b) and ﬁcf-,cé- between the vectors ci, c3 and the

plan SC{(I ,, Totated (d).

2.5.1 Comparing the exact and the second order approximation correlation
matrices

Given the convergent series in (2.11)), we can approximate the correlation matrix
of @ by taking only the first k£ terms. If this approximation is appropriate, we can see the
correlation structure as one approximately determined only by the node local neighborhood
up to the k-th order. For the CAR and ICAR models, |Assuncao and Krainski [2009]
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showed that the quality of such approximation depends on how close to 1 is |A\s|, the second
largest eigenvalue of W, which is the neighborhood matrix of G. The parameter |\q| is

the spectral radius and it is a high-level summary of the graph neighborhood structure.

We are interested in knowing how sensitive is the approximation quality when the
neighborhood structure changes. We can make the graph denser and more complex by
adding edges or, in the opposite direction, we can thin and simplify the graph by pruning
some of its existing edges. The presence of C' in makes difficult an analytic approach.
Hence, we carry out an empirical evaluation of the impact of thinning or enlarging the
neighborhood graph in the approximation quality based on truncating expression ([2.11]).
We show the results using a second-order approximation for the correlation matrix. We
change the neighborhood structure of some real maps by randomly adding or removing
some edges. More specifically, to thin the graph, we randomly select an edge to be removed
until only n — 1 edges remain in the original graph. The removal is carried out under
the constraint that the graph remains connected. To make it denser, we enlarge the
neighborhood structure by randomly including edges between second-order neighbors in

the original graph. This experiment is repeated 100 times for each addition or deletion.

Figure shows the maximum absolute difference between the entries of the
correlation matrix and its second order approximation. Four different neighborhood
structures are considered: the USA, two american states (Wyoming and Iowa) and one the
Brazilian state (Minas Gerais), with the neighborhood graphs shown in the left-hand side
column. The horizontal axis in the plots shows the number of removed (negative values)
or added edges (positive values) in the original neighborhood graph. The second column
of plots show five selected simulations while the third columns shows the 95% pointwise
confidence bands based on 100 simulations. For sparse neighbourhood structures, such
as those from the USA and Wyoming, the differences between the matrices are larger.
In this type of sparse neighborhood , we need to take a higher-order to obtain better
approximation of the correlation matrix. In the inverse direction, graphs that are dense can
have their correlation matrix well represented by considering only the local neighborhood
of each pair. In other words, the more dense is the graph, the smaller the effect of far away
neighbors. This result is similar to that obtained in |Assuncao and Krainski [2009] using
the CAR and ICAR models.
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Figure 10 — Neighboring structures (left), the difference for five selected samples (middle)
and the average and interval with 95% of the generated difference between
the exact correlations and its second order approximation.

2.6 Modeling spatial data using RENeGe

In this section, we empirically explore different features of RENeGe model. First,
its ability to induce a higher marginal correlation between neighboring areas than CAR
models is presented. Next, we show that RENeGe does not oversmooth when recovering
random effects. Finally, we make a comparative analysis of five types of cancer mortality

data using our model and a set of alternative models.

2.6.1 Inducing correlation between neighbors

One great limitation of the CAR model is the small correlation this model induces

between neighboring areas, even when a high value for the spatial parameter p is assumed
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[Ver Hoef et al., 2017|. To compare the marginal correlation induced by RENeGe and
CAR models, we consider simulated datasets assuming that the areas are organized in a
regular square lattice witn n = 30 nodes. Wrapping the grid into a torus, we have four

neighbors for each area.

Data are generated assuming that independently (Y; | 8,7,) ~ N(0;,7,), where
7, € Ry is the precision parameter and 8 = (6,,...,6,) € R™.

For RENeGe, we assume that 8 ~ T, (0; %; v—n-+ 1) where K = C(M . —
vA,)"IC". For the CAR model, we consider 8 ~ N, (0, ((7.Dg — pAg))~'). We take
T, = Tp = T. = 1 and v = 32. We select three high values for the spatial parameters v and
p of the two models: 0.800,0.900, and 0.999. We calculated the Moran’s index [ in each

simulated map:

_ 2lie 2?21 Aii(yi —9) (Y5 — )

I
2 )
Sy Z?:1 Z;}:1 Az‘j

where s, is the sample standard deviation and A;; is the adjacency matrix defined by the

torus-wrapped regular square lattice.

Table [1] shows the average value of the Moran’s index taken over 100 simulated
datasets. It also presents the theoretical bounds limiting the possible values of the Moran
I index in the last column. For any value of the spatial parameters, RENeGe has much
higher correlation between neighboring areas than the CAR model. Taking v = 0.9 in
RENeGe, we have I = 0.357 while I = 0.22 even when p = 0.999 in the CAR model.
Although it is clear that RENeGe induces higher correlation between neighboring values
than CAR, it is disappointing that the index does not come close to its maximum value
even when the spatial parameter v has a value very close to limit 1. The pairwise correlation
between neighbors reaches only 0.384 when v = 0.999. It is possible that conditionally
specified spatial models may have some kind of intrinsic limitation to reach very high

values for this marginal correlation.

Parameter RENeGe CAR  Theoretical

(v, p) Bounds
0.8 0170 0.062 (—1.03,1.02)
0.9 0.357  0.081 (—1.03,1.02)
0.999 0.384 0222 (—1.03,1.02)

Table 1 — Average Moran [ index under the RENeGe and CAR models for different values
of v and p.
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2.6.2 RENeGe does not oversmooth

Markov Random Fields have often been used for image reconstruction |Cross and
Jain, [1983| |Qian and Titterington, [1991, |Chaur-Chin and Chung-Ling, [1993|, |Aykroyd)
1998|. However, such models tend to oversmooth discontinuities. To contrast this aspect
with our proposed RENeGe, we consider a toy image reconstruction example. Our focus is
not on image processing, which is a specialized topic with a huge literature. We are using
an image because it highlights the differences between the methods as we can visually

contrast the smoothing properties of the CAR and RENeGe models.

The grayscale image is represented by a two-dimensional regular lattice with n pixels
or cells. Denote by 6; € R the shading variable at pixel ¢. Let 3; be the observed image at
pixel i, which is a degraded copy of 6;. That is, Y; = 5+ 6; + ¢;, where ¢; N (0,7,) and 7,
is the precision parameter. To model the uncertainty about the true shading pixel variables
0 = (0y,...,0,), for comparison purpose, we assume the spatial models RENeGe or CAR.
To complete the model specification, we assume that 3 ~ N (g, 75 ). For all precision

parameters, we consider flat Gamma distributions.

Consider the 8836 x 8836 tiger image in Figure [I1a] implying in a graph with
p = 17484 edges. The observed image is given in Figure and it is generated by adding
independent Gaussian errors to the original pixels with precision 10. To analyse the data,
we assume that 8 ~ N(0,0.1), and 7,, 79, and 7¢ follow a Gamma(10~2,1072) distribution,
and v ~ Uniforme(0, 1). For RENeGe model, we fix v = 8838. Both models were fit by
collecting 500 MCMUC iterations after discarding the first 100 as burn-in.

Figure 11| shows the images estimated using RENeGe (Figure and the CAR
(Figure models. We obtain a better image recovery using RENeGe. For example,
the regions around the mouth and the nose are less blurred in the image estimated using
the proposed model. The image using the CAR model is over smoothed, not showing the

contrasts that exists in the original image.

2.6.3 Case Study: cancer maps

In this section, we analyse the spatial pattern of deaths caused by five types of
cancer: lung/bronchial, colon/rectal, stomach, female breast cancer, and male prostrate

cancer.

They are selected due to the fact that thet have higher letality among the different

cancers. We collect the total number of deaths occurred in the 2008-2019 periods in
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Figure 11 — Original (a) and noised images(b) and the images estimated using RENeGe (c)
and the CAR (d) models.

areas from four states located in the south of Brazil: Rio Grande do Sul, Santa Catarina,
Parana and Sao Paulo. This region has 73 million inhabitants and it is partitioned into
n = 159 administrative areas called micro-regions. Cancer and population data were
collected from the DATASUS website (http://datasus.saude.gov.br/), the official Brazilian
Health Department data repository. This region has been selected because it contains
approximately 35% of the Brazilian population and its data has good quality, having little

under reporting or cause of death misreporting problems.

As covariate, we consider the the Municipal Human Development Index (MHDI), a
composite index measuring social deprivation and calculated by the United Nations. These
data were obtained from https://www.br.undp.org/. MHDI is a combination of three
indicators capturing different dimensions of human development: longevity, education, and

economic well-being. The index varies from 0 to 1. The closer to 1, the greater the human


https://www.br.undp.org/
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development. Figure |12/ shows the spatial distribution of the MHDI in the southern region
of Brasil. There is a clustered spatial pattern in the MHDI distribution.

MHDI

0.3

r 0.2

0.1

r 0.0

Figure 12 — Thematic map of the Municipal Human Development Index (MHDI) in the
micro-regions of the Brazilian Southern region.

Let Y; and E; denote the observed and the expected counts of death by cancer at
microregion ¢, respectively. The expected value Ej; is calculated using the age-sex population
distribution and assuming that the age-specific risk is constant in the entire map. The

data are analyzed assuming that
Yi|0;, 7, o Poisson(E;\;), i =1,...,150.
The \; follows the log-linear regression structure log(\;) = X5 + 0; + €; + log(E;) where 6;

is the spatial random effects at area i and ¢; ~ N(0,0?) is the local random effects.

To fit RENeGe, we assume uninformative prior distributions in the following
hierarchical structure: S~N (0, 10%); 8|2 ~ N, (0, (v—n—1)X); ¥ ~ IW,, (v, 0%, 7, ' C(M —
yA)~1C"); v ~ Uniform(0, 1) and 79 ~ Gamma(1072,1072).

We compare RENeGe with the plain CAR model [Besag et al.,|1995], the generalized
skew-normal (GSN) model [Prates et al., 2012], Leroux model [Leroux et al., 2000], the
BYM model [Besag et al., [1991], the model introduced by [Rodrigues and Assungao, 2012]
that extends BYM and Leroux models by considering a higher neigborhood dependence




2.6. MODELING SPATIAL DATA USING RENEGE 61

(HND) and the DAGAR model Datta et al.[ [2019]. In all these models, we considered flat

prior distributions for all parameters.

To compare the models, we apply some usual model selection criteria: the Deviance
Information Criteria (DIC), the Extended Bayesian Information Criterion (EBIC), the
extended Akaike information criterion (EAIC), the Watanabe-Akaike information criterion
(WAIC) and the Root Mean Squared Error (RMSE). To assess the predictive accuracy
of the models, we removed 31 microregions from the map in order to obtain a connected
graph representing the remaining areas. RENeGe and the other models are fitted to this
subset of regions and the counts for the removed areas are estimated using the posterior
averages. This procedure is repeated 5 times and the BIAS and RMSE are respectively

calculated using the formulas

L X, (Y = YY)
5n

i1 T (Yi — ¥5)?

BIAS =
5n ’

RMSE = \l

where Y; is the observed count in area ¢ and }Afij is its predicted value at replication j.

Although the models have similar performance, all model selection criteria (Table
point out that the proposed model outperforms the other models for all datasets. In
general, DAGAR, GSN, and HND are the models with the poorest performances.

Figures|13|and [14] respectively, show the relative risk and spatial random effects esti-
mates for the two most prevalent types of cancers, female breast cancer and lung/bronchial
cancer, under all fitted models. Results for the other cancers can be found in the Appendix
The estimates are the posterior mean of 6; in the case of the Bayesian model.

Although Table 2| shows differences between the models, these differences cannot
be clearly visualized in Figure [13] CAR, GSN, Leroux, BYM, HND and DAGAR models
provide very similar maps for the relative risk of Lung/Bronchi cancer mortality and the
estimates are comparable to the naive SMR estimate. Estimates provided by RENeGe are
almost homogeneous and very small in all areas. The lung cancer is the most prevalent
cancer and its large numbers allow for stable rates that are not much different from the
Bayesian smoothed rates for this cancer. The relative risk are grouped in relatively large
clusters indicating that neighboring areas tend to have similar risk. CAR, GSN, Leroux,
BYM, HND and DAGAR models indicate a very clear North-South gradient with the lung
cancer risk increasing as we move towards the south. This gradient is the most distinctive
spatial pattern in this map, with small differences across the East-West direction. This
is also observed under RENeGe but the differences are not so noticeable. Disturbing the

smooth trend along the North-South gradient in this map, we have three high risk spatial
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Model DIC EBIC EAIC WAIC RMSE BIAS
Breast cancer

RENeGe 1384.14 1918.02 1513.35 1332.42 776.82 84.31

CAR 1388.86  2042.80  1549.58  1335.89 T77.87 85.52
GSN 1492.47  2146.58  1653.22  1442.46 879.64 87.52
Leroux 1390.25  2025.94 1546.48  1344.21 T77.84 85.53
BYM 1390.10  2053.67  1553.18  1335.38 77771 85.52
HND 1390.54  2044.65  1551.30  1340.53 T77.71 85.60

DAGAR  1483.81 2117.22 1639.48  1437.95 879.73 87.41

Lung/Bronchial Cancer
RENeGe 1497.79 2110.66 1648.41 1456.84 452.83 85.45

CAR 1514.37  2204.80 1684.06  1457.24 462.83 86.47
GSN 1663.19  2542.00 1879.18  1563.84 264.87 86.57
Leroux 1509.94  2208.67 1681.66  1440.59 462.78 86.49
BYM 1508.60  2173.84 1672.09  1457.52 462.86 86.46
HND 1561.27  2440.08  1777.25  1461.92 462.94 86.39

DAGAR  1599.71 221258 1750.34  1558.77 462.44 86.77

Colon/rectal cancer
RENeGe 1493.61 1975.42 1612.02 1473.48 1353.27 166.77

CAR 1535.04  2181.42 1693.90  1481.71 1353.68  166.97
GSN 1644.51  2279.93  1800.68  1606.46  1455.65 168.74
Leroux 1609.60  2459.86  1818.57  1529.40  1353.68  167.02
BYM 1540.23  2207.45 1704.21 148229  1353.63  166.95
HND 1542.59  2178.01  1698.75  1504.54  1353.72  166.81

DAGAR 171152  2561.79 192049  1631.33  1355.61 168.95

Stomach cancer
RENeGe 1502.12 2059.86 1518.57 1429.40 461.87 85.50

CAR 1514.37  2204.80 1684.06  1457.24 462.83 86.47
GSN 1663.19  2542.00 1879.18  1563.84 564.87 86.59
Leroux 1509.94  2208.67 1681.66  1440.59 462.78 86.49
BYM 1508.60  2173.84  1672.09  1457.52 462.86 86.46
HND 1561.27  2440.08  1777.25  1461.92 462.94 86.39

DAGAR  1711.52  2561.79  1920.49  1631.33 464.79 88.42

Prostate cancer
RENeGe 1509.60 1459.86 1418.57 1429.40 788.31 123.32

CAR 1527.12  2216.26  1696.49  1468.43 798.34  124.29
GSN 2511.65 6729.18 3548.18  1725.84 900.21 226.08
Leroux 1530.563  2296.37  1718.75  1431.95 798.29 124.31
BYM 1526.38  2200.23  1691.99  1476.42 798.07  124.35
HND 2409.72  6627.26  3446.25  1623.92 798.29 124.16

DAGAR  1632.45 2398.29  1820.67  1533.88 800.22  126.23

Table 2 — Model comparison criteria for all fitted models.
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clusters on the South. Two of them are on the border between Brazil and Uruguay while
the third one contains Porto Alegre. The relative risks in these clusters are around 2,
meaning that they have a risk twice as large as the average risk in the entire region. The
estimates for the relative mortality risk of breast cancer are spatially more heterogeneous
than the lung cancer risk. Except for the GLM, all other models provide visually similar
estimates for the mortality risk. The maps do not show any striking differences between
the spatial models. In fact, they look identical and differences between the models must
be ascertained through the model selection metrics from Table 2] Returning to the breast
cancer maps, they point out to the same four spatially unconnected areas with the highest

relative risk, around twice the average risk.

Figure |14] shows the random effects estimates 6; for the Breast (right) and
Lung/Bronchial (left) cancer mortality under all fitted spatial models. In these maps, we
see that the spatial effects intertwine the effects of the variables for almost all models.
The graphics on the left of Figures [13|and (14| show that, for Lung/ Bronchial cancer, the
spatial effects are essentially grouped in three clusters and are positive in the South and
negative in the North of the region. The most important difference is the risk decrease
in most models of the few clusters of high risk in the South. Our RENeGe model also
provides similar cluster behavior for the spatial effects but points three areas with more
extreme spatial effect: one below —1 (Capao Bonito, Sao Paulo State) and two around 1
(Campanha Meridional and Litoral Lagunar, extreme south of the region). Similar feature
is observed under HND model. Considering the substantial smoothing induced by the
CAR, as seen in Section [2.6.2] we may suspect that the higher estimates produced by
RENeGe may be closer to the unknown truth.
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Lung/Bronchial cancer Breast Cancer
RENeGe 2.0
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Figure 13 — Posterior means for the relative risk of the Breast (left) and Lung/Bronchial
(right) cancer mortality in the southern region of Brazil under all fitted models.
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Figure 14 — Posterior means for the spatial effects in the Breast (left) and Lung/Bronchial
(right) data in the southern region of Brazil under all fitted models.
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Another important aspect is that the spatial pattern in 0, (Figure is very
similar to that found in \; (Figure @ for the majority of the models. The smooth North-
South gradient is almost the same in both maps. This is indicative that the quality-of-life
index, as measured by MHDI, has little correlation with the lung/bronchi cancer mortality
risk. In fact, this will be reinforced by the results shown later in Table |3| For the breast
cancer risk, we also have practically the same spatial pattern when comparing 6; in Figure
is very similar to that found in )\; in Figure Again, the risk for this cancer seems

to have little association with the MHDI social-economic index.

Table |3| shows the posterior means and the 95% highest posterior density (HPD)
intervals for the parameters in the models analysed. Using a non-spatial GLM Poisson
regression model, we find a significant parameter associated with the covariate MHDI. It is
positive for breast cancer but negative for lung cancer. There is some possible explanation
for this: lung cancer is mainly due to cigarette consumption that used to be higher in
Brazil in those areas with greater income. Breast cancer mortality may be related with the
lack of preventive examinations which are higher in poorer areas. However, this covariate
coefficient is outside the HPD intervals for most spatial models. That is, as soon as we
allow for random spatial effects, the covariate is not relevant any longer. This puzzling
result may be caused by the confounding between the strongly spatially patterned covariate
and the spatial effects. Several recent papers have been dedicated to this thorny issue in
spatial statistics [Hodges and Reich, 2010, [Hughes and Haran|, 2013| [Hanks et al., 2015,
Prates et al., 2019, Nobre et al., 2020]. Although we do not pursue this further in this
paper, some kind to control for spatial confounding may be necessary in the analysis of

these cancers in Brazil if the MHDI covariate is used.
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Coefficients ‘ Mean 95% HPD ‘ Mean 95% HPD ‘ Mean  95% HPD
Breast cancer
RENeGe CAR GSN
Intercept | -0.21 (-0.60, 0.14) | -0.68 (-1.34, -0.26) | -0.29  (-0.49, -0.08)
MHDI | -0.11  (-0.68, 0.46) | 0.60  (-0.05, 1.60) | -0.03  (-0.36, 0.28)
70 | 1.99 (1.53, 2.61) 1.39  (1.10,1.77) | 0.00 (0.00, 0.00)
p|-1.077 (-2.27,0.75) | 0.28 (0.03, 0.66) 0.06 (0.06, 0.06)
o? | 1.99 (1.53, 2.78) - - - -
Leroux BYM HND
Intercept | -0.45 (-1.06, 0.23) | -0.52 (-0.94, -0.13) | -0.29  (-0.49, -0.08)
MHDI | 0.23  (-0.81, 1.18) | 0.34  (-0.25, 1.01) | -0.03  (-0.36, 0.28)
9 | 0.41 (0.27, 0.71) 0.16 (0.05, 0.35) 0.00 (0.00, 0.01)
p| 0.13 (0.02, 0.38) 0.21 (0.14, 0.28) 0.06 (0.06, 0.06)
DAGAR GLM
Intercept | -0.52 (-0.94, -0.13) | -0.60 (-0.70, -0.50)
MHDI | 0.34  (-0.25, 1.01) | 1.04 (0.94, 1.14)
79 | 0.16 (0.05, 0.35) - -
p| 0.21 (0.14, 0.28) - -
Lung/bronchi Cancer
RENeGe CAR GSN
Intercept | 0.22 (0.04, 0.40) 0.17 (0.03, 0.30) 0.61 (10.45 0.76)
MHDI | -0.001 (-0.27, 0.27) | 0.10  (-0.11, 0.31) | -0.62 (-0.85, -0.37)
79 | 1.92 (1.43, 2.53) 0.10 (0.08, 0.12) 0.00 (0.00, 0.01)
p| -1.06 (-2.21,0.75) | 0.99 (0.98, 1.00) 0.06 (0.06, 0.06)
o? | 1.91 (1.43, 2.53) - - - -
Leroux BYM HND
Intercept 0.1 (-0.04, 0.3) 0.16  (-7e-02, 0.35) | 0.610  (0.44, 0.76)
MHDI 0.2 (-0.09, 0.4) 0.09 (-2e-01, 0.46) | -0.62 (-0.84, -0.36)
Ty 0.1 (0.07, 0.1) 0.087 (7e-02, 0.11) | 0.005  (0.00, 0.00)
P 1.0 (0.91, 1.0) 0.002 (6e-04, 0.06 ) | 0.05 (0.05, 0.05)
DAGAR GLM
Intercept | 0.17  (-0.07, 0.35) | 0.53 (0.43, 0.63)
MHDI | 0.10  (-0.18, 0.47) | -0.35 (-0.45, -0.25)
79 | 0.09 (0.07, 0.12) - -
p | 0.00 (0.00, 0.01) - -

Table 3 — Posterior means and 95% HPD intervals under all models.

Figure [15| presents the posterior means and the 95% HDP intervals for the spatial

random effects of 32 areas selected as follows: 10 areas with the lowest SMR (bottom), 11
areas with the intermediary SMR, and 11 areas with the highest SMR (top). For both types
of cancers, the higher the SMR, the higher the spatial effect. Areas with the intermediary
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and low values for the SMR experience negative spatial effects. However, these areal effects
approach zero for areas with intermediary SMR in both types of cancers. Thus, the relative
risk in these areas is essentially explained by the global effect, except when fitting the
GSN and HND models to analyze Lung/bronchial cancer data, for which the MHDI is
a significant factor to explain the mortality rate. In general, the uncertainty about the
random effects is higher in areas with the smallest SMR. This is more clearly perceived
for Breast cancer data. However, there is no well-defined standard for the estimates of
spatial effects in each area when comparing the models. For instance, for Breast cancer,
the RENeGe indicates the highest uncertainty about the areal effects in Florai, Auriflora,
Paraibuna/Paraitinga, and Cerro Azul while for Sdo Paulo and Cascavel, there is more

uncertainty about this effect when assuming the CAR model.
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Figure 15 — Posterior estimates of spatial effects for Breast (a) and Lung/Bronchi (b)
cancers, under all models.

2.7 Conclusions

The CAR model, the most popular approach to handle data spatially correlated,
is unable to take into account the high spatial correlation thus over-smoothing out
discontinuities. While this model characteristic is important in many practical situations,
it is not appropriate if heterogeneity is an important feature to be captured by the model.
This, for instance, occurs in the reconstruction of images where its is important to recover
the correct texture or in desease mapping, if the neighboring structure is not properly

defined by areas that share borders on the map.

We propose a robust spatial model that accounts, in part, for this limitation of
the CAR model. We consider a Student-t distribution for the random effects. The novelty
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is the way the precision matrix for such a distribution is built. It is built assigning a
Student-¢ distribution for the random weights of the edges connecting the spatial random
effects. Several properties of the covariance matrix are discussed and compared to that of

CAR model. We prove that the correlation induced by the proposed model is higher.

The proposed model showed that, if compared to CAR model, it better accounts
for heterogeneity providing a better reconstruction of the image. For the cancer datasets,
the proposed model outperform many other spatial models previously introduced in the

literature showing to be a competitive model to account for spatial correlation.
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3 Spatial shrinkage prior: A probabilistic ap-
proach to model for categorical variables

with many levels

3.1 Abstract

One of the most used methods to prevent overfitting and select relevant variables
in regression models with many predictors is the penalized regression technique. Under
such approaches, variable selection is performed in a non-probabilistic way, using some
optimization criterion. A Bayesian approach to penalized regression has been proposed by
assuming a prior distribution for the regression coefficients that plays a similar role as the
penalty term in the classical statistics: to shrink toward zero non-significant coefficients and
to put a significant probability mass to non-despicable coefficients. These prior distributions,
called shrinkage priors, usually assume independence among the covariates, which may
not be an appropriate assumptions in many cases. We propose two shrinkage priors to
model the uncertainty about coefficients that are spatially correlated. The proposed priors
are assumed as an alternative approach to model the uncertainty about coefficient of
categorical variables with many levels. To illustrate their uses, we consider the linear
regression model. We evaluate the proposed method through several simulation studies

and analyzing the housing prices dataset available from Airbnb.

Keywords: Spatial statistics, Robust spatial model, edge graph, shrinkage prior.

3.2 Introduction

Penalized regression or regularization is a statistical methodology widely used to
avoid overfitting if the model includes a large number of predictors. This method allows to
select relevant variables from a large set without losing computational efficiency (Derksen
and Keselman [1992], Tibshirani| [1996]). The regularization technique adds a penalty term
to the sum of the model squared residuals grouping the coefficients that are close to zero

and penalizing high-valued regression coefficients. Estimates for the regression coefficients
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are obtained solving the equation
) 1
min {1V = g1 = X B + N8, } (31)

where [|B]|, = ( 2, |Bj|q>é7 Y = (y1,.-.,ys)" is a n-dimensional response vector, 1
denotes the n x 1 vector of ones, X is a n x D matrix of covariates, 5y € R is the intercept,
B = (B1,...,0p)" is the D-dimensional vector of the regression coefficients and, A is the
penalty parameter. The value of A is proportional to the level of shrinkage to zero of
the coefficients. If A = 0 we recover the traditional least squares estimates. There are
several types of penalties which are defined by the value of ¢. If ¢ = 1 then we obtain the
least absolute shrinkage and selection operator (Lasso) (Tibshirani [1996]). In this case,
we add to the model a L; penalty equal to the absolute value of coefficients” magnitude.
This regularization criterion may provides sparse models as part of the coefficients can be
shrunk toward zero and eliminated from the model. If ¢ = 2, the Ridge’s penalty proposed
by Hoerl and Kennard| [1970] is obtained. In this case all coefficients are shrunk by the

same factor but none is eliminated from the model.

In Bayesian statistics, regularization and variable selection problems have been
addressed as a problem of prior specifications. Variable selection procedures have been
discussed by several authors and may be found, for instance, in |George and McCulloch
[1993], [Smith and Kohn| [1996], Kuo and Mallick [1998], [Vannucci et al. [2012] and |Li and
Zhang [2010]. A commom approach for variable selection is to consider as prior a finite
mixture of distributions as in spike-slab method |George and McCulloch [1993]. Bayesian
methods for regularization consist of building a prior distribution for the regression
coefficients that plays a role similar to the penalty term in . This prior shrinks to zero
coefficients that are not significant and puts a significant probability mass to non-despicable
coefficients. Bayesian methods rise to several advantages, such as to allow the penalty
parameter to be estimated simultaneously with the model, adding more flexibility to the
selection process(Van Erp et al. [2019]). Also, the estimation of the parameters can be
done using the MCMC methods which, in general, is robust to non-convex or multimodal
penaltie, conditions that often generate problems when considering the classic methods.
Bayesian shrinkage priors corresponding to the Lasso, grouped Lasso, Elastic nets, and
Fused Lasso have been proposed by |Park and Casella [2008], Hans [2009], Kyung et al.
[2010] and |Li and Lin [2010]. In such shrinkage prior formulations, the penalties correspond
to the special choices of priors and are expressed as a scale-mixture of normal distribution.
For example, in linear regression model, the Ridge’s penalty is equivalent to assume

a Gaussian prior distribution for 8 centered around zero and with standard deviation
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defined as a function of A. Lasso is recovered if the prior distribution for 8 is the Laplace
distribution with mean equal to zero and the scale parameter is dependent of A (James
et al. [2013]). For large values of A, only the most influencial covariates are mantained in
the model. These distributions are called shrinkage priors. All these methods, however,
assume independence among the variables or a dependence structure that are completely
known. Both assumptions can be strong in several contexts and, if not accounted for, can

lead to poor predictions.

The dependence structure between variables plays an important role in predicting
the response and in the presence of a large number of predictors it is desirable to select the
ones that significantly affect the response. To account for correlated covariables in normal
linear model, [Liu et al. [2014] propose a Bayesian regularization approach in which the
dependence structure among the covariates is characterized through a graph Laplacian

matrix.

As mentioned in |Liu et al. [2014], a better predictive capacity of the model can be
obtained when the dependence structure among the effects is taken into account. This
strategy enables us to borrow information across variables and overcomes colinearity
[Storey and Tibshirani, 2003, Kim and Xing, [2009, [Li and Li, 2010, Liu et al., 2014]. This
is a problem that frequently occurs if the model includes categorical variables with many
levels [Gertheiss and Tutz, 2010, Pauger and Wagner} 2017, |Criscuolo, 2019]. Such variables
are represented using an appropriate dummy coding which requires the introduction of
indicator variables representing each level of the categorical feature. If this number of levels
is high, the learned coefficients become very unstable, making hard the interpretation of
the results. To aggregate such levels is desirable. However, it is not clear how to aggregate
them into higher-level categories obtaining an interpretable and statistically efficient model.
A response to this problem is provided by |Gertheiss and Tutz, 2010| that proposed a
Lasso-constrained regression approach for analysis of variance aiming at collapsing levels
of a categorical covariate. Pauger and Wagner| [2017] proposed a Bayesian regularization
method to aggregate the covariates’ levels based on the effect fusion prior. This prior is
a modification of the spike-slab distribution as a regularizer considering all level effects
as well as their differences. It allows for sparsity and for clustering similar coefficients.
A different approach for custering the levels of a categorical variable is considered by

[Criscuolol |2019] which introduced a random partition model to clusterize the coefficients.

Although some of the existents shrinkage priors take into account the correlation

among the covariates, none of them consider the correlation induced by the spatial neighbor
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structure that may, for example, occur in credit risk analysis or when predicting the house

rent prices where the geographical location is an important feature.

Motivated by this, our goal is to propose shrinkage prior distributions to model
categorical predictors which levels are spatially correlated. Besides sparsity, this prior
also has the fuzion property clustering the covariate levels that share a similar effect.
We represent these levels as spatial random effects @ = (6,,...,6,) which neighboring
structures will be represented by a graph, where r is the number of different categories
and 6; is the effect of the ith level of the categorical covariate. The nodes of the graph will
represent the random level effect @, and the edges will connect neighboring level effects. As
in |Liu et al. [2014], we assume a multivariate normal prior for @ which covariance matrix
depending on the random weights associated to the edges connecting neighbor nodes. The
novelty is the way the prior for this random edges weights are built. Our method explicitly
characterizes the dependency structure between two levels effects in @ through the weights
of edges that connect such levels. The variability of each level effect is defined by the

weights of edges that are incident in such node.

To define the proposed model let us consider the following definitions. Let G = (V, £)
be an undirected graph where V = {vy,...,v,} is the set of vertices or nodes representing
the levels of our categorica variable and £ is the set of p edges connecting unordered
pairs of distinct vertices and representing the adjacency relationship among levels. The
edge connecting v; € V and v; € V is by [ij]. We assume that the edges are undirected,
implying that [ij] = [ji]. If two nodes v; and v; € V are connected, this will be denoted by
v; ~ v;. When v; € V is a node in the edge [ij] € £ we say that the edge is incident on
v;. Associated with the original graph G, we define the graph of edges L£(G). The graph
of edges represents the adjacency relationship among the edges of the original graph G.
The nodes in £(G) are the edges [ij] € £ connecting the nodes v; and v;, with i # j. The
edges in £(G) are also determined by the topology of G. Two nodes [ij] and [kl] in £(G)
are adjacent if, and only if, the edges [ij] and [kl] are incident on a common vertex. This
means that the pair of neighbouring edges must be of the form [ij] and [jk] for some

v; € V. Let Z;, = {[ik] € £, v, € V} be the set of edges incident on area 1.

3.3 Proposed model

Consider a sample of n subjects independently selected in the population. Let
Y = (y1,...,yn)" denotes the vector of dependent continuous variables, where y; € R is the

response for ith subject. Assume that D covariates are measured and let X; = (z;1, ..., %; p)
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be the vector of covariates for the ith subject generating a design matrix X = (X1, ..., X©)*
of order n x D. Such covariates might include quantitative and dummy encoding of
categorical variables with few levels. Denote by 8 = (8i,...,8p)" the D-dimensional

vector of regression coefficients that are assumed to be the same for all subjects.

Assume a categorical variable Z with a large number 7 of levels. As in |Criscuolo
[2019] we assume that this variable is represented by an undirect graph G = (V, £), where
each level of Z is associated to a vertex in V and the edges in set £ connects pairs
of neighbour vertices or levels in V. The neighborhood structure in G depends on the
categorical variable features. The graph G is complete if Z is a nominal variable. If Z is
ordinal variables, the structure of G is simplified as we can only connect levels following
its natural ordination. If our categorical feature is related to some spatial measurement,
the graph G may represent a map where vertices denote the regions in the map and edges
connect regions that are spatially neighbors. Denote by Z; = (21, ..., 2;) the one-hot
encoding of Z indicating the vertex to which subject ¢ belongs. Thus, for the subject 7, the
coordinate z; = 1 if it belongs to vertex r, and it is zero otherwise. Let Z be the n x r
matrix (Z°,..., Z!)!. Consider the r-dimensional vector 8 = (4, ...,0,), where 6, is the
regression coefficient associated to the rth level of Z and it is shared by all responses Y;

in vertex r.

We assume that the vertex effect is additive and that for all subject 7 there is a

linear relationship between y;, X,; and Z; such that:
yi=X:B+ Z:0 + ¢, (3.2)

for i = 1,...,n, where the errors ¢; are independent and identically distributed (iid) as

e YN (0,0?%). The matrix representation of 1} is given by:

Y =XB+27Z60+e, (3.3)

where e ~ N(O0, O'ZI ») and I, denotes the identity matix of order n. Consequently, the
joint distribution for Y, given ¥ = (X, Z.8.0, 0?), is the following n-variate normal

distribution

Y | ¥~ N, (XB+ Z0,5°I). (3.4)

To complete the model specification, for the regression coefficients, we a priori
assume that B|o ~ Np(ug,cXg), where pug € RP is the known vector of prior means and
Y is a D x D symmetric, positive definite matrix; the prior distribution of the model
variance o2 is the inverse-gamma distribution with parameters a > 0 and b > 0, denoted
by 02 ~ IG(a,b).
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Regarding the categorical variable Z, our goal is to reduce dimension, shrinking
toward zero the effect of non-significant levels and clustering the effects of significant
ones that share similar or equal effects. Besides, we should respect the neighbor structure
of the levels of Z. With this purpose, we introduce a shrinkage priori for the effects 6
which enables grouping levels that are strongly correlated. If our categorical covariate is an
indicator of a geographical region, we want to detect groups of areas where Z is expected
to take the same value. If no group is detected, the categorical variable are expected to

take different values over the complete region. This prior is introduced in next section

3.3.1 Spatial Fusion-Shrinkage Prior for ¢

The spatial fusion-shrinkage prior distribution (SEFS-prior) for the vector 6 is
inspired by the distribution defined in |Liu et al. [2014]. To this end, let pj;; denotes the
random weight for the edge [ij] connecting levels i and j of the categorical covariate Z
and denote by p the vector of all no-null weights related to graph G. The prior for 6
is hierchically built firstly specifying the conditional distribution of @ given the random
weights p. Taking the advantage that our representation of the categorical variable defines

the Laplacian matrix, as in [Liu et al|[2014], we assume that
6|Q, 0% ~ N,(0,0°Q7"). (3.5)

However, we consider a slightly different structure for the r x r precision matrix @ precision

matrix by considering

L+ ppy + Zjer lopj)] —p[12) o —P[ir]
- 1+ po + 3 N o
Q- P P+ L enl ) i 36)

where p;;; > 0 for all i« = 1,...,r and the random weights p;;; € R are such that
pij) = Py # 0, if ¢ ~ j and p;; = 0, otherwise. The matrix @ given in (3.6) is positive
definite because it is a real, symmetric and strictly diagonally dominant matrix. However,

it can be a sparse matrix as it depends on the neighborhood structure.

The elements of Q provide a good conditional interpretation for the proposed
model. One of the advantages of the prior distribution in is that the partial correlation

is calculated directly from the precision matrix and is provided directly by the values of
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the p vector. For two elements (6;,6;) € 0 it follows that

— Pl se i~ j
COTT(Qi, 9]‘07”, p) = \/(1+p[i]+zl;éi |p[“]‘)(1+p[j]+2l#j |p[]'l]|) (37)

0 otherwise.

To obtain a prior for @ that is able to shrink to zero effects 6; that are non-significant
and to cluster the ones with similar effect, the prior for p should be appropriately choosen
to guarantee that the random matrix @ is positive definite and it can also capture the
dependency structure defined by the nature of the data. Besides, it should be such that the
marginal distribution of @ has a connection with some cluster-type penalty. Under the |Liu
et al. [2014] approach, the dependency structure between the fixed effects is the regression
model is characterized through a full Laplacian matrix and the prior distribution for the
unknown elements p generate a marginal distribution for 8 that has a direct connection
with the cluster-type penalty presented by She| [2010]. She [2010] proposed a regularization
method based on a Li-type penalty based on the magnitude of the coefficient and the
pairwise difference between them. The prior for p proposed by |Liu et al.| [2014] models a
general structure of dependence between the covariates but does not specifically accounts
for a neighborhood dependence structure as it occurs if, for instance, the categorical
variable represents a geographic or spatial location. We modify such prior distribution to
take into account this "spatial feature" considering the neighboring structure in the graph

of the edges that connect the levels of our categorical covariate.

Inspired by the work of [Liu et al. [2014], we propose a new prior distribution for
p such that the induced prior marginal distribution for @ takes into account the spatial
correlation between the effects 6; and 6; induced by the correlation among the incident
edges on these nodes. We consider the adjacency relationship among the edges of the
original graph G represented by the graph of edges L£(G). Based on this structure, we build

the following prior distribution for p

p(ply) = CylQ| ™2 11 p[;]?’/? exp{ } ITITpenl™ 3% exp { M - > |p[kl]|} )
=1

=2 j<i 2|piiz (K]~ (i3]
(3.8)

for all py; > 0 and pp; € R, where nj;; is the number of neighbors of the edge pj;; in
the edge graph £(G), Cy is a normalizing constant and v € R, is a hyperparameter. The
summation involved in the second term of the exponential function in (3.8) is over all

neighbors of edge [ij] in the graph £(G).
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The prior distribution in (3.8) is proper and, if mixed with the prior in (3.5), we

obtain a prior distribution for 8 that accommodates both sparsity and clustering. These

properties are discussed in the following theorems.

Teorema 4. The prior distribution defined in (@ S proper.

Proof. We have to prove that its integral over ther parametric space is finite. From results
in [Liu et al|[2014], we have to |Q| > 1. Using Fubini’s theorem, it follows that
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inverse-gamma distribution. For the second integral, if n;; > 0 it follows that
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which concludes the proof.
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Teorema 5. Assume the distributions in ezpressions (3.8) and (3.5). Let ¢;; = sign(pi;),

then, the prior distribution of @, given o2, is given by
1
p(0lo) = —73 &% 292+VUZ|9|+UZ > npill0s — 0311, 50 + 16: + 0511, <0] | | 5
=2 j<i
I~

(3.10)
where nyj is the number of neighbors of the edge pji; in the edge graph L(G),y € Ry is a

hyperparameter and 14 is the indicator function of event A.

Proof. Assuming the distributions in expression (3.5 and (3.8)) and integrating out p, it

follows that the distribution of 8, given o? is

1 oo T 1 ,}/2
0)0%) — / { 1 92} 3% exp { — d 3.11
p(8]0?) 7, gexp 552 (L )07 ¢ p” exp 20 | %P (3.11)
oo T n[2]
2 P
[ T e {5 lomal + )} lopal 2 exp |~ 2 — 5 oy { dp.
0 =9 j<i | o] (k] ~[ij]

As a texp{—alz|} = [5°(2n) /2732 exp {—%t} exp {—g} dt, it follows that first
integral in (3.11)) is

2

Tew{-g, ey, {5520t - Jlou}-
1 _ £
/0 exp { 5o (1 + )07 } Py exp { 20 } dpp) X exp 20 |0 ]

The second integral in (3.11)) is
3/2 n[2 ]
/ HHGXP{ [0l (0: + c150;)? }|p[ij]|_/ exp—5—— D> |pwl ¢ dp

1=2 j<i Q‘p[w]‘ [kl]~[i7]
3/2 nfi 1
x HH/ exp{ — 5 Lol 0+ c0,) Y o4 exp ﬁ dpiy x T —
=2 j<i Plij [kl ~[ij] N [ki]
1
x H [Iexp {_n[ij]|9i + Cijej!}
i=2 j<i o
= HHGXP{ [ZJ] _ej‘]‘pij>0+ |91+9j|1pij<0]},
1=2 j<1
which concludes the proof. O

In situations where it is reazonable to assume only positive values for all compo-

nentes of p, a less general prior for 8 that also induces sparsity and grouping can be built
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assuming that

2
Vi)

T 2 r
- —3/2 Y —3/2
p(ply) = ColQI™2 ] p”* exp { %o } 11T ppy” exp {—
i=1 ) i=2j<i

- Z P[kl]},

2065) it
(3.12)

for pi; > 0 and pj;;) > 0, where ny;) is the number of neighbors of the edge py;) in the edge
graph £(G), Cp is a normalizing constant and v € R is a hyperparameter. The summation
involved in the second term of the exponential function in (3.12]) is over all neighbors of
edge [ij] in the graph £(G).

The prior distribution defined in ((3.12) is also proper and by mixing it with the
distribution in (3.5) we obtain that the prior distribution of @, given o2, is given by

1 1 T T T
p(Blo) = —mexp | =55 [ 20 +y0 3 16+ 0> > onglbi =01 (3.13)
g o7\ i=1 i=1 =2 j<i
Jrvi

The positive spatial fusion-shrinkage prior given in is denoted by pSFS-Prior.

3.3.1.1 The geometry of the proposed priors for

The geometry of the contour curves related to the prior distribution of € provides
evidence about its capacity of clustering similar values and shrink to zero the non-significant
ones. Contour curves with a diamond shape, which vertices are located on the horizontal
and vertical axes, favor sparsity as the vertices are defined by at least one coordinate equal
to zero. The Lasso-prior given in Figure|16] (c) is an example in this family of distributions.
If the vertices of this diamond contour curve are over the line §; = +65 as shown in Figure
(d), the prior favors the clustering of the effects. The contour curve of the GL-prior
distribution proposed by |Liu et al. [2014] has an octagonal shape (Figure [16] (¢)) meaning
that it has both properties.

The prior distributions for @ given in and accommodate both sparsity
since it includes the term |6;| and grouping by including the terms |6; — 6,| and |6; + 6.
The constants v and n;) reflect the degree of sparsity and grouping, respectively, induced
by such priors. Panels (a) and (b) on Figure [16] show the contour plot for the SFS-prior
and pSFS-prior, respectively, providing geometric evidence of these characteristics in the
bi-dimensional case. We assume ¢ = 1 and varie v and the number ny; of neighbors of
the edge pj;; in the edge graph £(G). The black line in Panel (a) and (b) in Figure

respectively show the contour curves of SF'S-prior and pSEFS-prior if v = nj;;; = 1. Assuming
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this parametrization these priors favor both sparsity and clustering. The dashed (blue)
lines (dot-dashed (red) lines, resp.) show the contour curves of SFS-prior and pSFS-prior
if y=1(y=2,4,6) and nj;;; = 2,4,6 (ny;) = 1). From the dashed (blue) lines we notice
that, fixing v = 1, if ny; is large the contour curves of the SE'S-prior assume the standard
of a grouping prior distribution favoring the clustering of neigbour effects. Fixing nj;;, if v

is large the dot-dashed (red) lines shows it assumes the Lasso-prior shape favoring sparsity.

(a) SFS-prior (b) pSFS-prior

1

(c) Lasso (d) Grouping (e) GL-prior

Figure 16 — Bidimensional contour plot of —log(p(f]c?)) for the proposed priors, SFS-
prior(a) and pSFS-prior (b), Lasso prior (c¢), Grouping prior (d) and GL-prior

(e).

3.4 Posterior Inference

To sample from the posterior distribution, we use a Markov chain Monte Carlo
(MCMC) scheme. Thus, we need the full conditional distribution of all parameters. Denote
by D = {X, Z} the observed design matrix and by Y = (Y1,...,Y,) the independent
sample of the response variable. Assuming the model in the likelihood function is

WY | 9) o (08) P exp { Y — (20 -+ XB)IY — (20 + XB)]}.
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Assuming that, a priori, Blo ~ Np(pg,03g), 0? ~ IG(a,b) and the distributions
of @ and p given in expressions (3.5) and (3.8]), we obtain that

« The posterior full conditional distributions (fed) of o2 is the Inverse-Gamma distri-

bution
1 1 - -
518,6,Q.Y,D ~ IG (a+2(n+D+r),b+2(Y+ﬁ+e)) ,
where Y = (Y — (20 + XB))'(Y — (Z6 + XB)), § = (B — 113)"Ss(B — p) and
6=6'Q'e.

e The posterior fcd of B is the normal distribution
Bl0,Q,6.Y,D ~ N(S(X'(Y — Z6) + X3"1i3),08)
where § = (X'X + %51)~1,
e The posterior fcd of @ is the normal distribution
0)0,Q.8,Y,D ~ N,(S'(Z'(Y — XB)),08)
where §' = (ZtZ +Q) .
Considering the SFS-prior it is simpler to separately sample from the posterior

distribution of p;) and py;;. Let ¢;; = sign(py;). It follows from 1) that, given 0 and o2,
pri) and pp; are independent. Thus the posterior fed of py) is given by

_ 1 7
110,0,Y D 372 ——pul; —
p(palo,8,Y, D) o< py eXp{ 202107 5

which is a inverse-Gaussian distribution with mean vo|6;|~! and shape parameter 2
denoted by pylo,0,Y, D ~ IGaussian(yo|6;]~*,~+*). This is also the posterior fed if the
pSES-prior is assumed. The posterior fed of py;) assuming the SF'S-Prior and pSEF'S-Prior

have unknown closed-form and are given, respectively, by
1 n% il
—3/2 2 B
p(pi]o,8,Y, D) o< |pjn| = exp — 5Pl (0 + ;)" — o = > ol ¢
g |24is)| [kl] ~[i]
and

2
Vi)

i [(6; + ¢i360;)* —

- > P[ku}-

~ 1
p(piij)lo, 0. Y, D) o |py] 3/2<%>(p{— 5
Plisl  ki)~lij)

202
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To sample from the posterior, we propose the following Gibbs sampler scheme
with Metropolis-Hasting step. We choose to use the sampling random draws from the

truncated normal with a random walk approach. This is p’[ij] ~ N(p_1, ag). For the value

2 .
0,, convergence types must be analyzed to find the optimal value.

Algoritmo 1: MCMC scheme to sample from the posterior distribution.
1 Input: DY ;

2 initialization (o2, B0 9O p©) ;

3 for t=1 to T do

i | 0™~ p(o]gV, 0470, Q"N Y, D) ;
5 | BY ~p(Blo", 6"V, Q" VY, D);
6 o) ~ p(O]U(t),,B(t), Q(t_l),Y,D) ;

7 for i=1 to n do

8 p ~ plpp), 0@, 6", Y, D);

9 end

10 for [ij/=1 to p do

11 p/[ij] ~ N(pi-1, 012;)5

12 if a(p);lp;)) = unif(0,1) then
13 Plij) = Plij) else

14 Plu) = Pl

15 end

16 Q(t) = f(p[i]a p[ij])

17 end

18 end
19 end

3.5 Simulation study

To evaluate the performance of the proposed approaches for clustering and shrink
to zero non-significant effects we consider a regression model in (3.4]) where the categorical
variable is related to a spatial effect. We consider the map of Brazil divided in its 27 States
assuming that @ has dimension r = 27. We generate T" = 150 samples of size n = 27,000
(1,000 within each State) such that each observation Y; belonging to the rth cluster is
generated from the normal distribution N (1 + 6,,1).

Three different scenarios are assumed. In Scenario 1, we assume that there is no
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spatial cluster thus 27 different effects 6, are independently generated from the distribution
Uniform(—10,10). In Scenarios 2 and 3, three clusters are considered. For r =1,...,3,
we fixed 6, = 800,100, 10 in Scenario 2 and in 6, = —800, 10,800 in Scenario 3. Such
clusters are shown in Figure [17](a).

To analyse the data, we consider the proposed priors given in expressions
and @ assuming v = 1. We aslso assume that, a priori, 8 ~ N(0,0.1), and 0% ~
Gamma(1072,1072). For each data set, we collect 500 MCMC iterations after discarding
the first 100 as burn-in.

We compare SFS-prior and pSEFS-prior with the unpenalized maximum likelihood
(MaxLik), the PPRM [Criscuolo, |2019] model and some models based on different shrinkage
priors: Lasso [Park and Casella), 2008, [Hans, 2009, [Kyung et al., 2010, |Li and Lin, |2010],
grouping [She, 2010], the EffectFusion [Pauger and Wagner, 2017] and the GL-prior [Liu
et al., [2014] methods. The PPRM is a different approach based on random partition that
simultaneously carries out the model fitting and the aggregation of similar categorical

levels into larger groups.

To compare the models, we consider some usual model selection criteria: the
Deviance Information Criteria (DIC), the extended Akaike information criterion (AIC) and
the Root Mean Squared Error (RMSE) given by RMSE = \/2le S (Vi — Yi)2/27T,

where Y;; and ffit are the generated count and its predicte value at area i at replication t.

We also calculate the false positives and negatives rates related to the cluster estimation.
To evaluate the false positive rate, we estimate the clusters from the posterior estimates of
0's by testing the differences between all #'s. To that end, we consider the posterior 95%
confidence intervals for the differences 0; — 6; clustering these two effects if zero belongs
to such an interval.If the built clusters do not conform to the originals, we have a false
positive classification. To calculate the false-negative rate, the posterior estimated 6's are
divided according to the original cluster, then the difference of the estimated values within
each cluster is evaluated. If this difference is approximately zero, the methods correctly
estimated the cluster; if the difference is significant, the method does not estimate the
cluster correctly corresponding to a false negative classification. This procedure is carried
out for each sample replication. It is calculated the percentage of false negative and false

positive classifications based on the total of replicas.

For MaxLik we use the R package MaxLik (Umlauf et al. [2018]). For Lasso, Grouping,
EffectFusion and GL-prior we use the available codes in the author’s webpages. The code

for PPRM was grantted by Tulio Criscuolo. Our models were implemented using the
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software R [Team [2015].

Table 4] shows that for the scenario where there is no cluster and no null effect
(Scenario 1), MaxLik had a better performance. However, according to DIC, the shrinkage
priors which allow for spatial association among the categorical effects (SFS-Prior, pSFS-
prior, and GL-Prior) provided comparable results. However, the SFS-Prior is the only
model that presents a value greater than zero in the false positive which indicates that,
probably, this prior distribution forces too much to cluster when it is not necessary. For
Scenario 2 in which the categorical variable has positive effects in all three clusters, the
pSES-prior leads to better model fitting presenting the smallest DIC and AIC. In this case,
SEF'S-prior and GL-prior also have a reazonable performance according to AIC and DIC,
respectively. For Scenario 3, the best model fitting is obtained assuming the SFS-Prior.
In this scenario the GL-prior that also accounts for spatial association among the effects
has the second best performance. In summary, the proposed approaches were competitive

even in scenarios that did not favor their features.

Figure [17] shows the clusters induced by the posterior estimates of §; in Scenario
3. We calculate the average of the posterior means in each State and put into the same
cluster the States for which such averages are not significantly differents. We consider
the highest density posterior intervals for 6; — 6;, with probability 0.95 to determine the
significant differences. Excepting for Maxlink, Grouping and GL-Prior methods, all other
models perfectly recover the original clustering structure. This is partially in agreement
with our findings in Table [4| that shows that EffectFusion, PPRM, GL-prior,pSFS-Prior

and SF'S-prior perform similarly in this scenario.

3.6 Case Study: Inside Airbnb Datasets

In this section, we fit the proposed and all other model considered in Section [3.5
to analyze the dataset related to the rental price per night of full houses or apartment
registred at Airbnb platform for Toronto and London cities. Toronto is divided in R = 136
regions an a sample of n = 4340 obsrvations is colected. In London there is R = 33 regions
and we observe a sample of size n = 24573. The Airbnb rent dataset is available in the R

package named catdata (Schauberger and Tutz| [2020]).

In this study, the house/apartment location plays an important role in the determi-
nation of the rent price [Gertheiss and Tutz, [2010]. This categorical variable Z, which is of

fundamental importance in our study, usually has many levels which are the geographical
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Model MSE DIC AIC FN FP
Scenario 1
Maxlik 0.30 4436.02 4463.21 0.00
Lasso 0.35  4728.32 4756.32 0.00
Grouping 0.48  6245.62 6245.66 0.00
EffectFussion 0.52  6529.12 5821.72 0.00
PPRM 0.51  7764.17 7803.02 0.00
GL-prior 0.35  4834.09 7901.60 0.00
pSFS-prior 0.32 4992.61 5649.61 0.00
SF'S-prior 0.34  4464.35 4914.63 0.20
Scenario 2
Maxlik 0.67 11014.22 11089.51 1.00 0.00
Lasso 0.29 10604.51 10604.52 0.75 0.00
Grouping 0.11 11345.32 11345.53 0.40 0.00
EffectFussion 0.22 11345.21 11346.23 0.40 0.20
PPRM 0.13 7163.82 12725.62 0.25 0.15
GL-prior 0.12 8733.91 13362.92 0.25 0.25
pSES-prior 0.12 7279.81 10089.52 0.20 0.25
SFS-prior 0.13 8940.71 11032.22 0.25 0.25
Scenario 3
Maxlik 0.57 17521.82 12522.93 1.00 0.00
Lasso 0.23 12057.67 12557.62 1.00 0.00
Grouping 0.23 11057.68 11157.82 1.00 0.15
EffectFussion 0.11  1284.40 3598.04 1.00 0.15
PPRM 0.11  1264.40 3358.54  0.50 0.25
GL-prior 0.10 1107.71 1799.11 0.50 0.25

pSES-prior 0.11  1259.74 2893.99  0.25 0.25
SE'S-prior 0.10 935.83 1658.72 0.25 0.25

Table 4 — Model comparison criteria for all fitted models.

areas in a region, such as the ZIP codes in a metropolitan region. As in Criscuolo| [2019], we
assume that these levels are organized in a planar graph G representing the geographical
adjacency relationship between them, where each node represents a neighborhood, and

the edges connect the neighborhood that shares a geographic border.

We consider the pre-processed dataset from (Criscuolo [2019] selecting only listings
with at least one review and rentals of a full house or apartment. We consider 19 continuous
covariates or discrete ones with a small number of levels. The response variable is the

logarithm of the price per night of stay. All these variates are described in Table [5]

To analyse the data, we assume a priori that 3; % N(0,02), 6;  N(0,0?),

0? ~ Gamma(1072,1072), pug = 0 and v = 1. To initialize the MCMC chains we let 0 = 1,
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Figure 17 — Clusters of the spatial effects for each model.

B’ ~ N(0,0°I), 8° ~ N(0,0°I) and for each pli;y ~ Uniforme(0,1), 3,5 € {1,...,p} and
for each pfj; ~ Uniforme(0,1), i € {1,...,n}. All models are fitted by collecting 10000
MCMC iterations after discarding the first 500 as burn-in.

Table [6] shows the results of the RMSE, DIC, and AIC for all methods. In general,
for all datasets, SF'S-Prior, pSFS-Prior, GL-prior, and PPRM are comparable models
better fitting the data according to RMSE and DIC criteria. Assuming these criteria,
pSFS-Prior is the best model produce the best fit for London. PPRM is the best model

for London data if we consider AIC.

Toronto London
n=4340 R =136 n =24573 R =33
RMSE DIC AIC RMSE DIC AIC
Maxlik 0.58 13580.33 13580.33 0.52 10931.31 10931.31
Lasso 0.32 12895.04 12892.06 0.27 9275.11 9334.06
Grouping 0.35 13500.09 13500.09 0.66 11100.00 11100.03
EffectFussion 0.39 13500.04 13501.02 0.38 9275.37 9334.46
PPRM 0.31 12788.79 12187.71 0.21 8680.03 8681.31
GL-prior 0.29 12712.12 12924.57 0.21 8782.02 9536.98
pSFS-prior 0.29 12683.25 129140.75 0.21 8332.82 9294.63
SFS-prior 0.21 12611.93 12029.19 0.22 8340.58 9831.74

Table 6 — Model comparison criteria for all fitted models.
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Variable Type Description Values
fire extinguisher cat Amenity indicator 0/1
indoor fireplace cat Amenity indicator 0/1
dishwasher cat Amenity indicator 0/1
family kid friendly cat Amenity indicator 0/1
coffeemaker cat Amenity indicator 0/1
freestreet street parking cat Amenity indicator 0/1
Iron cat Amenity indicator 0/1
Dryer cat Amenity indicator 0/1
Airconditioning cat Amenity indicator 0/1
TV cat Amenity indicator 0/1
is superhost cat Indicator if a host is superhost 0/1
guests included cat Number of guests included (0,1], (1, 2], (2,00)
review scores value cat Mean of reviews scores value [0,9], (9, 10]
review scores cleanliness  cat Mean of reviews score cleanliness [0,9], (9, 10]
bathrooms cat Number of bathrooms (0,1],(1,2], (2, 00)
accommodates cat  Number of persons that can be accommodates (0, 2], (2, 4], (4, o)
bedrooms cat Number of bedroom (0,1],(1,2], (2, 00)
minimum nights cat Minimum nights required to book the listing (0, 3], (3, 7], (7, 30], (30, c0)
property type cat Type of the listed property House/Apartment
Z cat Neighborhood Neighbourhood name
Y num log of the listing price per night (0, 00)

Table 5 — Explanatory variables for monthly rent per square meter

The Figures|19/and [L8 show the posterior means of the effects 6; of the neighborhood
indicator for each area of Toronto and London regions, respectively, provided by the
different methods. For the London data set, we learn from PPRM that, with high posterior
probability (> 0.95), the spatial diversity can be represented by only three clusters.
However, the posterior means for the neighboring effects indicate different effects for a
significant number of areas under all methods. With the exception of the MaxLik, all
other methods point to the same three central areas as the ones with the highest effects
on the rental price. In general, such methods indicate that the neighboring effects are
small for areas located far from this central areas. The pSFS-prior and GL-prior tend to
over smooth the effects of neighboring areas making challenging to identify the number of
clusters of similar areas. Considering these methods we estimated nine clusters, and for
SE'S-prior, eight clusters. Estimates provided by Maxlik method are not affected by the
spatial correlation that may occur among the areas. The PPRM is a method for cluster

identifications. Consequently, it identifies well-delimited clusters.

The proposed methods SEFS-prior and pSFS-prior do not carry out a precise
identification of the clusters. Moreover, the SFS-prior tends to over smooth the clusters’
limits because it takes into account two features, clustering, and sparsity, which do not
allow the clusters to be fully identified. You may also notice the similarity between the
GL-prior and the pSFS-prior because their configuration of the covariance matrix is similar.

It is important notice that our model indicates similar behaviors as the PPRM approach,
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(a) MaxLik (b) Lasso (¢) Grouping

(d) EffectFusion (e) PPRM (f) GL-prior

(g) SFS-prior (h) pSFS-prior

Figure 18 — Posterior means (min-max normalized) for the neighborhood-vertices effects
0 in each neighborhood using differents types of penalization, London data

which we use to benchmark its ability to separate districts.

For Toronto data, Lasso points that we have only three different effects for the
complete map being two of than related to two neighbohoods. All other areas have the
same effect in the rental price. PPRM also indicate four groups of areas, two of them
containing a great number of areas which identical neighboring effects. SFS-Prior and
pSES-prior indicates more heterogenety among the neighboring effects. However, under
the SFS-Prior, neighbor areas are more prone to experience similar effect. pSFS-prior and

GL-Prior provided very similar estimates for the effects.

Figure 20/ shows the 95% posterior credible intervals for the neighborhood effects for
Toronto (left) and London(right) for model SFS-prior and PPRM. All areas have significant,

positive spatial effects according to both methods which points to solid evidence of clearly
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(b) Lasso (c) Grouning

(d) EffectFusion (e) PPRM (f) GL-prior

(g) SFS-prior (h) pSFS-prior

Figure 19 — Posterior means (min-max normalized) for the neighborhood-vertices effects
0 in each neighborhood using differents types of penalization, Toronto data

differentiated geographic price regimes.

We have more uncertainty about the neighboring effects under SF'S-prior for both
datasets since we obtained higher wide for posterior credible intervals. Besides, for Toronto
dataset, the SFS-prior indicate a higher effect of the neighboring in the rental price and
also a higher number of areas with similar effects. For London dataset we can not see
a well defined delimitation of the clusters, even so, after evaluating the specific features
associated with the houses, we conclude that the average price fluctuates depending on

geographical aspects.
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3.7 Conclusion

We present an approach to analyzing categorical variables with a high number of
levels and a correlation between these levels. For this, an a priori distribution inspired by

group Lasso and GL-prior for geographical predictors called shrinkage prior is proposed.

We investigated the performance of prior shrinkage by comparing it with Lasso,
grouping, effect fusion, and the GL-prior type penalties, and not penalized type commonly
used in a study of categorical variables. In addition, we compare the performance with a
clustering method that served as a guide to evaluating the generation of possible clusters.
The proposed shrinkage prior performance was superior to some current methods, like a

lasso, groping, and even fussed methods and GL-prior.

We show two different types of a priori distributions, one that only considers clusters
of the same sign and the other that feels different signs. It is important to highlight these
two distributions since it is convenient to use only correlations of the same signal in many

applications in spatial statistics so that the model would be more appropriate.

The proposed method was also applied to real data that corresponds to the data
from the Airbnb dataset for 2007. |Criscuolo| [2019] had already shown that Lasso’s behavior
was not enough to infer the clusters. However, here it is illustrated that they recover
in a very similar way without the extra computational load of the method proposed by
Criscuolo| [2019] still, the technique does not delimit the clusters and tends to smooth the

edges, showing a smoothing behavior and not exclusively clustering.

One of the advantages of the model is that it simultaneously estimates the values
of the precision matrix that correspond to the edge weights, however, the behavior of the

edge weights is not optimized yet, which requires a more in-depth investigation.
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4 Conclusoes

Neste trabalho abordamos dois problemas distintos envolvendo dados espaciais. O
primeiro é a hipersuavizacao promovida por alguns modelos espaciais. O segundo envolve
a reducao de dimensionalidade em problemas de regressao contendo variaveis categoricas

de alta dimensao e cujos niveis sao espacialmente correlacioados.

No primeiro caso, propomos um modelo espacial robusto que explica a limitagao
do modelo CAR para levar em consideracao a alta correlacio espacial, assim suavizando
descontinuidades. Consideramos uma distribui¢ao t—Student para os efeitos aleatorios. A
novidade em nossa abordagem é a forma como a correlacao espacial é induzida. Atribuimos
efeitos aleatorios espaciais as arestas do grafo de vizinhanga. O efeito aleatorio espacial de
cada area é uma combinacao linear dos efeitos das arestas incidentes. Para os efeitos das
arestas incidentes, atribuimos uma distribuicao multivariada t—Student onde a matriz de
covariancia espacial tem uma estrutura semelhante CAR, induzindo um comportamento de
cauda pesada para os efeitos aleatorios espaciais. Provamos que o modelo RENeGe proposto

induz uma correlagdo marginal maior do que o modelo CAR, aliviando uma das principais

limitagdes dos modelos CAR e ICAR.

O modelo proposto mostrou que, comparado ao modelo CAR, responde melhor pela
heterogeneidade proporcionando uma melhor reconstrucao de imagem. Para os conjuntos
de dados de cancer, o modelo proposto supera muitos outros modelos espaciais previamente
introduzidos na literatura, mostrando ser competitivo para considerar a correlacao espacial.
Porém, a proposta apresentou um comportamento inesperado com respeito as correlagoes

condicionais, que mudaram de sinal dependendo do grau de vizinhanca entre as variaveis.

Na segunda parte, apresentamos uma abordagem para analisar variaveis categoricas
com um grande nimero de niveis e uma correlacao entre esses niveis. Para isso, foram
propostas duas distribuicoes a priori de encolhimento para preditores inspiradas no Lasso
de agrupamento She [2010] e a GL-prior Liu et al.| [2014]. As distribuigdes propostas
sao denominadas shrinkage prior e sao chamadas SFS-prior e pSFS-prior. A pSFS-prior
assume que os efeitos tém sinal positivo e a SFS-prior considera efeitos reais. A pSFS-prior
foi construida pois, em muitas aplicacbes em estatisticas espaciais, é conveniente usar
apenas correlagoes de mesmo sinal entre os efeitos espaciais para que o modelo seja mais

adequado.
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Investigamos o desempenho das distribui¢oes SFS-prior e pSFS-prior comparando-o
com Lasso, Lasso de agrupamento, fusao Lasso, GL-prior e quando nao tem penalizacao,
as quais sao comumente usadas em um estudo de varidveis categoricas. Além disso,
comparamos o desempenho com um método de clustering que serviu de guia para avaliar a
geracao de possiveis clusters proposto por |Criscuolo| [2019]. O desempenho das distribuigoes

SES-prior e pSFS-prior foi superior a alguns métodos, como um Lasso e GL-prior.

O método proposto também foi aplicado a dados reais que correspondem aos
dados do conjunto de dados do Airbnb de 2007. |Criscuolo [2019] j& havia mostrado que o
comportamento do Lasso ndo era adequado para inferir os clusters de areas com efeitos
iguais. Ficou ilustrado com este exemplo que os métodos propostos recuperam de forma
muito semelhante a de métodoss pré-existente a inferéncia sobre o efeito da varidvel
vizinhanga no preco do aluguel. No entanto, estas técnicas também nao delimitam os
clusters e tende a suavizar as arestas, apresentando um comportamento de suavizagao e

nao exclusivamente agrupamento.

Uma das vantagens do modelo é que ele estima simultaneamente os valores da
matriz de precisao que correspondem aos pesos das arestas, porém o comportamento
dos pesos das arestas ainda nao esta otimizado, o que requer uma investigacao mais

aprofundada.
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APPENDIX A - Prova da matriz definida
positiva do modelo CAR

O objetivo desta se¢do é demostrar a equivaléncia sob a matrizes de covariancias:
(M —~yA)™ e (I —yW)'M ™" . Para esto, precisamos da seguente defini¢do tomada de
Harville [2012].

Definicao 2 (Matrizes semelhantes). Duas matrizes quadradas D e E sio semelhantes

(ou similares) se existir uma matriz invertivel M tal que:
D=M"'EM
e as matrizes semelhantes, tem as seguentes propriedades (A prova pode ser
encontrada em Harville [2012], Teorema 21.3.1.):

Proposicao 1. Se D e E sdo semelhantes entdo possuem o mesmo polinéomio caracteristico

e tem os mesmos valores proprios com a mesma multiplicidade.

Proposiciao 2. Seja a matriz (I —yW)" M~ do tamanho n x n onde w;; = 0 e w; ; # 0
se i e j sao vizinhos. Seja {\;} o conjunto de valores proprio da matriz W. A matriz W
¢ simetrica, por tanto, seus valores proprios sao reais. Seja Ay ser o menor valor proprio
da matriz W e A, ser o maior valor proprio da matriz W. Se 1/ \; < v < 1/\,, entdo
(I — W) é definida positiva.

demonstragao.

Na primeira parte temos que:

(T =W) M) = M(I-W)
— Ml/z(I—’YMl/zWM_l/Q)Ml/z

por tanto, (I —yW)~ M ™! é positiva definida se (I —yMY?*W M ~'/?) é positiva definida.

Por outro lado,

M_1/2(I—’7M1/2WM_1/2)M1/2 — (I—'}/W)
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o seja, (I —yMY*W M~/?) tem valores proprios positivos se e somente se (I — W)

tem valores proprios positivos ja que sao matrizes semelhantes.

Entdo, para provar que (I —yW)™'M ™! é positivamente definida é suficiente provar que
(I — W) é definida positiva.

Seja w um valor préprio de (I —~yW), entéo,

(I —yW)x = wzx

e seja v; o vetor proprio correspondente ao valor préprio w. Entao se x = v;,

U, — ’}/W’UZ = W;v;
— V; — ’7>\Z’UZ = Ww;V;
— (1 — ’7)\1)'01 = w;v;

= (1=7N) = w

entao, para todo (1 —v)\;) > 0 vai implicar que w; > 0, isto acontece se 1 > y\;, Vi
Se i <0—=1/A<vyese X >0— 1/ > 7.

Para todo \; < 0, s6 1/A; < 7 vai garantir (1 —\;) > 0 e para todo A\; > 0 s6
1/, > 7 vai garantir (1 —~\;) > 0.

Assim, 1/A\; < v < 1/), garantird que todos os valores préprios de (I —yW) sejan

positivos.

Proposicao 3. Seja a matriz (M —~vA) do tamanho n x n onde a;; =0 e a;; # 0 se i
e j sdo vizinhos. Seja {\;} o conjunto de valores préprio da matriz M~Y2AM~1/2. A
matriz M~Y2AM Y2 ¢ simetrica, por tanto, seus valores proprios sdo reais. Seja M

ser o menor valor proprio da matriz M~Y2AM~1/2 ¢ Ap ser o maior valor proprio da
matriz M—Y2AM Y2 Se 1/\ < v < 1/),, entdo (M —~A) é definida positiva.

demonstracao. A prova é analoga ao anterior sempre que:

(M - ")/A) — M1/2(I o WM_I/QAM_1/2)M1/2
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o seja, a matriz (M —yA) tem valores préprios positivos se e somente se (I—yM Y2 AM~1/2)

tem valores proprios positivos.

Aparentemente estamos chegando a dois resultados diferentes, por um lado temos que a
condicao 1/\ <y < 1/), é valida se \; sdo os valores proprios de W' e por outro lado
temos que a condicao e valida se ); sdo os valores préprios de M~Y2AM /2. A solucio

e simple, o que acontece é que as matrizes W e M ~/2AM~'/? sao semelhantes, ja que

W = M—lA _ M—I/Q(M—I/QAM—1/2)M1/2

logo, tem os mesmos valores proprios.
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APPENDIX B - Further Results for Chapter

B.1

2

Proof of expansion presented in Section
We need to prove that the expression defined in We have,

Cov[] = C(I + YW, + W2 +*W?2 ... )M, 'C". (B.1)

Cov[d] = CI+AW . +y*W?2+*W?+...)M_'C".
— CIMe_lct + 'YCWeMe_ICt + ’YQngMe_lct 4.

First M_'C" is a p x n matrix, such that (M_'C"),; = 1/dy; if edge e is incident

on node 4, dj;; is the number of neighbors of the edge [ij] on the graph of edges £(G), and
(M;'C").; = 0, otherwise.

Then, to perform the test, we divide into each of the components:

First component: CM_'C"
For i ~ j, the element (4, j) in this matrix is given by

1
djij)

while, if ¢ = 7, the element of the diagonal in this matrix is given by

1
djig)

[i7]€Z;
Second component: CW M 'C"

CW . is a n X p matrix, such that

(CW ) = Z , if edge [ik] is incident on node i

[ik]~e djir)
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(CW.);e =0, otherwise. Then, for i ~ j, the element (7, j) in this matrix is given by

1 1
(CW)(M'CYHyy= > - ( > d[k]) , if edge [ik] is incident on node i
lilez; WV \[ik]~[5l] 1

while, if ¢ = 7, the element of the diagonal in this matrix is given by

1
djig)

(CW) (M, 'C");; =

lijleZ;

1
( > d) , if edge [ik] is incident on node ¢
[ik]~[ij] “1ik]

Third component: CW>M_'C"
Here it gets a little more complicated. First, the matrix Wz is a p X p matrix, such
that the element (e, w) is defined by:

1 1
d dr)’

el [ir]~e]
[ir]~[w]

then,the matrix CW? is a n x p matrix, such that the element (i, ¢) is defined by:

1 1
) o]

[ik]€L; djiky [ir]~
[ir]~ [e]
(CW?);. = 0 if there is no edge [Ir] that is neighboring [e] and [ik]. Then, for i ~ j,

the element (7, 7) in this matrix is given by

_ 1 1 1
(CWH(M'CYy= > o T y

ez, YUl |\ ikjez; “ER )~k “0r]

[ir]~[51]

while, if 7 = 7, the element of the diagonal in this matrix is given by

1 1 1
djig) diir)

(CWHM'CYij= >

[ij]€T; [ik]€Z; dfir) [Ir]~[ik]

[ir)~liy]
Finally, the expression up to the third order is:

For i ~ j, the element (7, j) in this matrix is given by

1 1

diji

1 1

>
[ik]€Z; diiny L€, d[ﬂ] [ik]€T; djir) [ir]~[ik] i

[ik]~[3l] [ir]~[51]

+ +...,
dij)

[jl]EIj
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while, if ¢ = j, the element of the diagonal in this matrix is given by

L, 1 . 1 1 1
v v

i dij) | prer, din iner i) | rer, Qi) gl L

fikI~[is] i} ~5]

+....

by

[i5]€Z; [i5]€Z;

B.2 Posterior full conditional distributions

In this section, we provide details on the calculations of the posterior full conditional

distributions (fcd) that are required to sample from the posterior distributions.

To define a distribution a priori of v, it is necessary to keep in mind that v €
(A1 AT") where Ay be the smallest value of the matrix M~/2AM~'/2 and X, be the
highest value of the matrix M~*2AM /2. (Besag [1974]), as this parameter corresponds
to the same parameter defined in CAR model for the edge graph. Thus, we assign
the distribution prior to v as a restricted uniform to these two values, namely, v ~
Um'f(/\;l,)\fl).

For 5 we adopt an distribution prior Normal g ~ N (,U,B,TB_ Y; 7, wWe consider a
prior distribution Gamma(a,n), o > 0 and n > 0. For 79 we consider a prior distribution

Gamma(ag, n9) with ag > 0 and 79 > 0.

Let the vector y = (y1,...,y,) be an independent and identically distributed
sample from a n—dimensional multivariate normal distribution, the likelihood for the data

is the product of distributions normal:

p(u13.0.7,) o ,exp { =Py — (3+ 0)'ly — (5+ 0)] |

Assuming independence between the prioris, then we have to
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0.8, 8.7 0. vy, x 7 exp (~ 2y~ (5+6))(y - (5+0))

1

x |27 exp (—2<V my—

02—19>
1
x 1| BT D2 exp (—2Tr(KZ_1))

 enfsba ]

2Tﬁ

X Tya_l exp(—7yn)

X 7y % Texp(—74 'no)

x  P(v),

where K = 7, 'C(D — yA)~'C".. We can obtain the conditional distributions for
each of the parameters (0,X%, 5, 7,, 79,7).

Posterior fcd of 6

We have to 8|, 3,7, 79,7,y

1

< exp <—T2y(’y —(B+0)(y—(B+0)) - 2(’/—”—1)0210>
X exp <—[0t((1/ —n—-1)%)"'0 - 27,(y — ZB)'0 + Ot(TyI)O])

01 —n— D) + 7,100 2,y — Z8)'6))

N~ DN~

X exp <—
considering ® = 7,1 + (v —n —1)71¥7*

015, 6,100 x e {—3[(0— 7,8 (y— Z8)'B(0 7,2y — Z8)}.

so we have to

0/, 8,7, 79,7,y ~ MVN (1,87 (y — B),®7").
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Posterior fcd of X

To

2(v—n-—1)
1
X |[B|TeF D2 exp (—QTI(KE_I)) :

2|07677—y77—0777y X ’2‘7n/2€Xp <_ 0210>

taking all the properties of features and determinants into account, with S it is

the sample of squared matrix sums of 8, we have,

2’07ﬁ77—y779777y
1
2(v—n-—1)

exp <_2(V _1n — 1)T1"(SE_1) _ ;TI’(KE—1>>

1
_ S22 e (- Tr(szl)> exp (—QTr(KEl)>

— |2|—n/2—(1/+n+1)/2

1
_ —(v+n+m+1)/2 o -1 o -1
= |X] exp < —2(1/ - 1)Tr (SZ +(rv—n—-1)KX ))

1

o —((v+n)+m-+1)/2 o o o -1
=] exp< —Q(V_n_l)Tr (S+(@-n-1K)Z ))

Yy, 0,y ~IW,(v+m,S+(rv—-—n—-1)K).

Therefore, v essentially acts as the number of observations we had observed before
collecting the data. The estimate of the covariance matrix given by the a posteriori distri-
bution is a linear combination between the sample covariance of 8 and the covariance of

the original graph which is defined by the covariance of the edge graph.

Posterior fcd of

5|Ea 077y77—0a7aya X T;/Q exXp (_g(y - (B + 0>>t(y - (ﬁ + 0)))

X exp {—2:_2 (B - MB)Q} :

B
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therefore, we have to

-0 1
6|27077y77'0777y7 ~ N((y )Ty )

nry + Tz b \/W
This result can be verified |Hoft [2009].

Posterior fcd of 7,

1
716,58, m0 1y, x T exp | —n (04 - (34 0) (w - (5+6)].
that is, that 7,|0, X, 5, 79,7, y has distribution

70,5, 5,70,7, 9, ~ Gammala+n/2,1+5(y — (5+0))'(y — (3+6),

Posterior fcd of 7y

—v/2—ap—1

700,37, 8.7,y « 7, exp [~ ! (Te(C(D — 4 A) ' C'S7Y) /2 4 1)

that is, that 79|60, X, 7, 3,7, y has distribution:

7000, %,7,, 8,7,y ~ Gamma(ag+v/2, Tr(C(D —~vA)'C'E71) /2 + ).
Posterior fcd of ~

1
7‘07 27Ty77—9767y X ‘2’7(V+m+1)/2 €xp <—2TI'(K21)> P(V)v

1
/7|97 E7Ty77—07 67y ~ €Xp <—2TI'(T0_10(D - ,YA)_ICtE_l)> P(fy) (BZ)

The v parameter does not have a known distribution and a Metropolis- Hasting sampling
is required. To sample the posterior distribution of v we make a reparametrizacion
U = logit(vy). This method of transforming the parameter space through a variable altering
method within the Metropolis-Hastings algorithm is useful for problems with constrained

parameter spaces, in this case v € (A} LAY, Givens and Hoeting| [2012].
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B.3 Additional results and graphs of the analysis of colon/rectal,

stomach, and prostate cancers(Section [2.6.3)

Coefficients | Mean 95% HPD | Mean 95% HPD | Mean 95% HPD
Colon/rectal cancer
RENeGe CAR GSN
Intercept | -0.10 (-0.38, 0.18) -0.08 (-0.32, 0.18) 0.08 (-0.22, 0.29)
IDHM | 0.36 (-0.08, 0.79) 0.34 (-0.07, 0.72) 0.08 (-0.25, 0.53)
To 0.14 (0.10, 0.19) 0.12 (0.07, 0.19) 0.00 (0.00, 0.00)
p | 0.75 (0.48, 0.95) 0.01 (0.00, 0.03) 0.06 (0.06, 0.06 )
o? | 1.84 (1.40, 2.3) - - - -
Leroux BYM HND
Intercept | -0.10 (-0.38, 0.18) -0.08 (-0.32, 0.18) 0.08 (-0.22, 0.29 )
IDHM 0.36 (-0.08, 0.79) 0.34 (-0.07, 0.72) 0.08 (-0.25, 0.53)
To 0.14 (0.10, 0.19) 0.12 (0.07, 0.19) 0.00 (0.00, 0.00 )
p | 0.75 (0.48, 0.95) 0.01 ( 0.00, 0.03) 0.06 ( 0.06, 0.06)
DAGAR GLM
Intercept 0.08 (-0.32, 0.18) -0.50 (-0.60, -0.40)
IDHM | 0.34 (-0.07, 0.72) 1.20 (1.10, 1.30 )
To 0.12 (0.07, 0.19) - -
p | 0.00 (0.00, 0.01) - -
Stomach cancer
RENeGe CAR GSN
Intercept | -1.00 (-1.93,-0.16 ) | -0.80 (-2.09, 0.36) -1.93 (-2.34,-1.50)
IDHM 2.01 (0.70, 3.47) 1.69 (-0.12, 3.71) 3.46 (2.78, 4.09)
To 1.58 (1.20, 2.18) 9.78 (7.88, 12.39) 0.10 (0.08, 0.13)
p | -1.07 (-2.28, 0.76) 0.37 (0.05, 0.71) 0.06 (0.06, 0.06)
o | 1.08 (0.73, 2.28) - - - -
Leroux BYM HND
Intercept | -2.09 (-2.51,-1.59) | -0.50 (-1.85, 0.67) -1.93  (-2.34, -1.50)
IDHM 3.71 (2.93, 4.36 ) 1.22 (-0.60, 3.32) 3.46 (2.78, 4.09)
To 3.01 (2.01, 5.19) 2.50 (1.37, 3.77) 0.10 (0.08, 0.13)
p | 0.13 (0.02, 0.40) 1.16 (0.87, 1.58) 0.06 (0.06, 0.06)
DAGAR GLM
Intercept | -0.50 (-1.85, 0.67) -2.75 (-2.85, -2.65)
IDHM 1.22 (-0.60, 3.32) 4.57 (4.47, 4.67)
To 2.50 (1.37, 3.77) - -
p | 0.00 (0.00, 0.01) - -
Prostate cancer
RENeGe CAR GSN
Intercept | -0.10 (-0.57, 0.44) 1.18 (0.73, 1.63) 0.51 (0.15, 0.73)
IDHM | -0.94 (-1.77, -0.22) -2.92 (-3.60, -2.21) -1.88  (-2.23,-1.27)
To 3.60 (1.97, 4.59) 14.20  (11.39, 18.03) 0.26 (0.20, 0.33)
p | -1.10 (-2.28, 0.76) 0.09 (0.00, 0.32) 0.06 (0.06, 0.06)
o | 1.10 (0.65, 2.96) - - - -
Leroux BYM HND
Intercept | 1.28 (0.13, 2.21 ) 0.03 (-0.91, 0.98) 0.51 (0.15, 0.73 )
IDHM | -3.10 (-4.55, -1.29) -1.16 (-2.61, 0.31) -1.88  (-2.23,-1.27)
To 2.96 (2.27, 4.17) 4.31 (2.93, 6.01) 0.26 (0.20, 0.33)
p | 0.02 (10.00, 0.09 ) 1.55 (1.18, 2.09) 0.06 (0.06, 0.06)
DAGAR GLM
Intercept 0.03 (-0.91, 0.98) 1.31 (1.21, 1.41)
IDHM | -1.16 (-2.61, 0.31) -2.89  (-2.99 , -2.79)
To 4.31 (2.93, 6.01) - -
p 1.55 (1.18 , 2.09 ) - -

Table 7 — Posterior means and 95% HPD intervals under all models.
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Colon/Rectal cancer Prostate cancer Stomach cancer

cAR

Figure 21 — Posterior estimates for the relative risk of the Colon/Rectal, Prostate cancer
and Stomach cancer mortality in the southern region of Brazil under all fitted
models.

Colon/Rectal cancer
CAl

Prostate cancer Stomach cancer

Figure 22 — Posterior estimates for the random effects of the Colon/Rectal, Stomach cancer
Prostate cancer mortality in the southern region of Brazil under all fitted
models.
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