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pessoas foi posśıvel apresentar um belo produto final.
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Abstract

The objective of this work is to study the techniques developed in the theory of blocks

for finite groups and then, using the machinery of profinite groups and results from the

modular representation theory of profinite groups, to extend the fundamental results

of the theory of blocks of finite groups to profinite groups. We are thus interested in

studying the block structure of the complete group algebra krrGss of a profinite group

G, where k is a field of characteristic p.

Our approach is as follows. We extend the concepts and fundamental properties

of relative projectivity and vertices from profinite krrGss-modules to pseudocompact

krrGss-modules. We introduce the concept of blocks of profinite groups, characterizing

a block of a profinite group G as the inverse limit of blocks of finite groups G{N , where

N is a open normal subgroup of G. Then we introduce the concept of defect group

for a block of a profinite group, developing the basic properties and characterizations

of these groups analogous to those existing for the finite case. We demonstrate a

version of Brauer’s Correspondence Theorem for virtually pro-p groups. Finally, we

study the structure of the blocks of a profinite group with cyclic defect group. We

demonstrate that these blocks have a Brauer tree algebra structure analogous to the

finite case and we demonstrate that the Brauer trees for these blocks are all star type

trees when the cyclic defect group is Zp.

Key words: Pseudocompact algebra, profinite group, inverse limit, block, defect

group, Brauer tree, Brauer tree algebra.
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Resumo

O objetivo deste trabalho é estudar as técnicas desenvolvidas na teoria de blocos para

grupos finitos e então, utilizando o maquinario de grupos profinitos e os resultados

da teoria das representações modulares para grupos profinitos, estender os resultados

fundamentais da teoria de blocos de grupos finitos para grupos profinitos. Estamos,

portanto, interessados em estudar a estrutura dos blocos da álgebra de grupo completa

krrGss de um grupo profinito G, onde k é um corpo de caracteŕıstica p.

Nossa abordagem foi feita como segue. Estendemos os conceitos e propriedades funda-

mentais de relatividade projetiva e vértices de krrGss-módulos profinitios para krrGss-

módulos pseudocompactos. Introduzimos o conceito de blocos de grupos profinitos,

caracterizando um bloco de um grupo profinito G como o limite inverso de blocos

de grupos finitos G{N , onde N é um subgrupo normal aberto de G. Posteriormente

introduzimos o conceito de grupo de defeito para um bloco de um grupo profinito,

desenvolvendo as propriedades básicas e caracterizações destes grupos análogas às ex-

istentes para o caso finito. Demonstramos uma versão do Teorema de Correspondência

de Brauer para grupos virtualmente pro-p. Finalmente, estudamos a estrutura dos

blocos de um grupo profinito com grupo de defeito ćıclico. Demonstramos que estes

blocos possuem uma estrutura de álgebra de árvore de Brauer análoga ao caso finito

e demonstramos que as árvores de Brauer para estes blocos são todas árvores do tipo

estrela quando o grupo de defeito é Zp.

Palavras Chave: Álgebra pseudocompacta, grupo profinito, limite inverso, bloco,

grupo de defeito, árvore de Brauer, álgebra de árvore de Brauer.

4



Contents

1 Introduction 7

2 Block Theory for Finite Group Algebras 15

2.1 Relative Projectivity . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.1.1 G-algebras and the Trace map . . . . . . . . . . . . . . . . . . 18

2.2 Blocks and Defect Groups . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.1 Defect groups . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.2 Brauer construction and defect groups . . . . . . . . . . . . . 23

2.3 Brauer correspondence for finite groups . . . . . . . . . . . . . . . . . 24

2.4 Blocks with cyclic defect groups. Brauer Trees and Brauer Tree Algebras 25

2.4.1 Brauer trees and Brauer tree algebras . . . . . . . . . . . . . . 26

3 Inverse Limits, Profinite Groups and Pseudocompactness 33

3.1 Inverse Limits and Profinite Groups . . . . . . . . . . . . . . . . . . . 33

3.2 Pseudocompactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4 Complete tensor product, Coinvariants and Homomorphisms 40

4.1 Complete tensor product . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1.1 Induction and restriction . . . . . . . . . . . . . . . . . . . . . 43

4.2 Coinvariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3 Homomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.4 Radicals and socles of pseudocompact krrGss-modules and coinvariants 49

5 Tools of the Modular Representation Theory of Profinite Groups 52

5.1 Relative Projectivity . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5



5.1.1 Vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.2 Relative traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6 Blocks of Profinite Groups and Modules 62

6.0.1 Finite dimensional modules in krrGss-blocks . . . . . . . . . . 66

6.1 Blocks of G as inverse limits of finite dimensional blocks. . . . . . . . 69

7 Defect Groups 76

7.1 Definition and basic properties . . . . . . . . . . . . . . . . . . . . . . 76

7.2 Blocks and vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.3 Brauer homomorphism and defect group . . . . . . . . . . . . . . . . 84

8 Brauer Correspondence for Virtually pro-p Groups 89

9 Blocks with Cyclic Defect Group - Brauer Tree Algebras 96

9.1 Blocks with cyclic defect groups . . . . . . . . . . . . . . . . . . . . . 96

9.1.1 Indecomposable projective modules of blocks with cyclic defect

group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

9.2 Brauer trees and Brauer tree algebras . . . . . . . . . . . . . . . . . . 104

9.2.1 Examples: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

Bibliography 114

6



Chapter 1

Introduction

The modular representation theory of finite groups is an area of algebra in which the

basic problem is to describe what modules can arise over the group algebra k rGs,

where G is a finite group and k is a field of characteristic p ą 0 dividing the order of

G. The approach of this theory is not to classify the indecomposable modules in the

sense of ordinary representation theory, |G| coprime to p or p “ 0, but instead to find

methods for organizing the modules over a particular group algebra.

The fact that the characteristic of k divides the order of G implies immediately that

the group algebra krGs is not semisimple. With this, the majority of krGs-modules are

not completely reducible, therefore not every krGs-module is projective. Hence, we can

ask “How close to being projective is a krGs-module?” in this regard, the beautifully

simple concepts of relative projectivity, vertex and sources are very important.

Studying the structure of the modules defined over krGs could be a difficult task.

Considering a decomposition of krGs into a direct product of indecomposable algebras,

called blocks, the indecomposable krGs-modules can be treated as modules for one

of these blocks. Studying modules for the blocks might be an easier task. This work

was started by Richard Brauer in the 1930s. He studied finite group actions on vector

spaces over fields with positive characteristic. Brauer observed that each block is

associated with a special subgroup, called a defect group. Furthermore, he found that

if D is a p-subgroup of G then there is a correspondence between the blocks of G with
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defect group D and blocks of the normalizer of D in G with defect group D. This is

called the Brauer correspondence (see Theorem 2.3.1).

While Brauer was studying the defect groups, he observed that for a defect group of

prime order, it is possible to construct a graph, called the Brauer tree, that encodes

information of the blocks [5]. Basically, this graph is a tree with a cyclic ordering

between the edges. This result was later extended to blocks with cyclic defect group

by E. C. Dade, [8]. It is possible to relate Brauer trees with the structure of blocks with

cyclic defect group. This is the notion of a Brauer tree algebra. A finite dimensional

algebra A is a Brauer tree algebra if there is a Brauer tree such that the edges of

the tree correspond to the simple modules S in such a way that the corresponding

indecomposable projective module PS has the following description. PS{radpPSq –

socpPSq – S and radpPSq{socpPSq is a direct sum of two (possibly zero) uniserial

modules U and V corresponding to the two vertices u and v at the end of the edge.

The composition factors of U, V can be read off from the graph. Blocks with cyclic

defect groups are Brauer tree algebras (see Theorem 2.4.5).

For infinite groups in general, modular representation theory cannot be trivially re-

produced by changing finite groups to infinite groups. There are basic concepts and

properties that use strongly the finiteness of the groupG. In [22] and [21], J. MacQuar-

rie transferred certain foundational results from the modular representation theory of

finite groups to the wider context of profinite groups. Profinite groups are a category

of groups where the objects can be arbitrarily large, they are usually infinite groups,

but come equipped with a strong connection with certain finite quotient groups.

If k is a finite field of characteristic p and G is a profinite group, we associate to G the

complete group algebra which will be denoted by krrGss. This is a topological algebra,

and, as a topological space, krrGss is Hausdorff, compact and totally disconnected. If

k is an infinite discrete field, that is, k is an infinite field with discrete topology, then

krrGss still makes sense. This algebra will not be compact, but it is pseudocompact

(see for example [6]). During the development of this work we note that many results

about profinite algebras and modules remain true for the case of pseudocompact

objects.

8



Based on the work of J. MacQuarrie for modular representations of profinite groups,

we begin a study of the blocks of krrGss, where G is a profinite group and k is a

field of characteristic p. We define the defect group of a block of G, prove its basic

properties and give several alternative characterizations (Theorem 7.3.4). We then

prove a Brauer Correspondence for blocks of virtually pro-p groups (Theorem 8.0.7).

We then turn to the study of blocks with cyclic defect group. When k is algebraically

closed and B is a block of krrGss with cyclic defect group, Theorem 9.2.3 describes the

structure of the block and its finitely generated indecomposable projective modules,

and encodes this information in a Brauer tree. We prove, analogously to the finite

case that blocks with cyclic defect group have the structure of Brauer tree algebra.

Furthermore, we observe in Theorem 9.2.5 that there is only one type of Brauer tree

associated to blocks of krrGss with infinite cyclic defect group, that is, Brauer trees

of star type (a Brauer tree with a central vertex with all edges emanating from this

vertex).

We give here a very brief overview of each chapter, drawing attention to the main

results. In Chapter 2, we begin discussing a variety of main the definitions and

results from the block theory approach to the modular representation theory of finite

groups. In Chapter 3 we give an introduction to profinite groups. Next, the necessary

pseudocompactness machinery is introduced. In Chapter 4 we introduce the useful

tool of coinvariant modules and give several properties. This structure lets us work

with pseudocompact modules in a easier way. In Chapter 5 we introduce basic tools

to be used from the modular representation theory of profinite groups. In Chapter 4

and Chapter 5 we do not demand that the field k be finite. So the results presented

here belong to the pseudocompact world. The results of [22] were stated only for

the case of k finite, but frequently the proofs of [22] pass through without change

to the pseudocompact world. Where more care is required we describe the necessary

modifications (for example see Lemma 4.3.1). Hence in Chapter 4 and Chapter 5,

several results from [22] that were proved for profinite algebras will be proved for

the more general class of pseudocompact algebras. In Chapter 5 we introduce the

notion of trace as a set (Definition 5.2.7). Analogously to the finite theory, where the
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trace map is a central tool of block theory, the notion of trace introduced here will be

important too.

In Chapter 6 we introduce our main object of study, the blocks of a profinite group.

We prove several basic properties of blocks, and provide a well-behaved inverse sys-

tem (Proposition 6.1.2) that will allow us to deduce information about a block of G

from information about blocks of the finite quotients of G. In Chapter 7 we intro-

duce the defect group of a block of a profinite group (Definition 7.1.1) and prove its

basic properties. Furthermore, we introduce the analogous concept of Brauer homo-

morphism (Definition 2.2.13) and we establish several characterizations of the defect

group (Theorem 7.3.4).

Chapter 8 is dedicated to the proof of a Brauer correspondence for virtually pro-

p groups (Theorem 8.0.7). In this chapter several results proved apply arbitrary

profinite groups, but, unfortunately, there is a technical result that it was only possible

to confirm for virtually pro-p groups (Lemma 8.0.6).

Finally, in Chapter 9 we do a detailed discussion of the structure of blocks with cyclic

defect group. We describe the structure of the finitely generated indecomposable

projective modules of blocks with cyclic defect groups (Section 9.1). Next we introduce

the concept of a Brauer tree and we prove in Theorem 9.2.3 that blocks with cyclic

defect group have the structure of Brauer tree algebras in the same sense as in the

finite case. Furthermore, in Theorem 9.2.5 we prove that there is only one type of

Brauer tree for blocks with infinite cyclic defect group. At the end of this chapter we

present some simple examples of Brauer trees and Brauer tree algebras for blocks of

profinite groups with cyclic defect groups.

Introdução

A teoria das representações modulares de grupos finitos é uma área da álgebra cujo

problema básico é descrever quais módulos podem surgir sobre a álgebra de grupo

krGs onde, G é um grupo finito e k é um corpo de caracteŕıstica p ą 0 dividindo a

ordem de G. A abordagem desta teoria não é classificar os módulos indecompońıveis

no sentido da teoria das representações comum, |G| coprimo para p ou p “ 0, em vez
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disso, o objetivo é encontrar métodos para organizar os módulos sobre uma álgebra

de grupo particular.

O fato da caracteŕıstica de k dividir a ordem de G implica de forma imediata que

a álgebra de grupo krGs não é semissimples. Com isso, a maioria dos krGs-módulos

não são completamente redut́ıveis e portanto nem todo krGs-módulo é projetivo. As-

sim é natural perguntar “Quão perto de ser projetivo está um krGs-módulo?” Com

isto, os belos e simples conceitos de projetividade relativa, vértice e fontes são muito

importantes.

Estudar a estrutura dos módulos definidos em krGs pode ser uma tarefa dif́ıcil. Con-

siderando uma decomposição de krGs em um produto direto de álgebras indecom-

pońıveis, chamados blocos, os krGs-módulos indecompońıveis podem ser tratados

como módulos para um desses blocos. Estudar módulos para os blocos pode ser

uma tarefa mais fácil.

Este trabalho foi iniciado por Richard Brauer na década de 1930. Ele estudou ações de

grupos finitos em espaços vetoriais sobre corpos com caracteŕısticas positivas. Brauer

observou que cada bloco está associado a um subgrupo especial, denominado grupo

de defeito. Além disso, Brauer descobriu que se D é um p-subgrupo de G, então existe

uma correspondência entre os blocos de G com o grupo de defeitos D e os blocos do

normalizador de D em G com grupo de defeito D. Isso é conhecido na literatura como

a correspondência de Brauer (ver Teorema 2.3.1).

Enquanto Brauer estudava os grupos de defeito, ele observou que para um grupo de

defeito de ordem primo é posśıvel construir um grafo, denominado árvore de Brauer,

que codifica as informações dos blocos [5]. Basicamente este grafo é uma árvore

com uma ordem ćıclica entre as arestas. Este resultado foi posteriormente estendido

para blocos com grupo de defeitos ćıclicos por E. C. Dade, [8]. É posśıvel relacionar

as árvores Brauer e a estrutura de blocos com grupo de defeito ćıclico. Esta é a

noção de uma álgebra da árvore de Brauer. Uma álgebra de dimensão finita A é

uma álgebra de árvore de Brauer se houver uma árvore de Brauer tal que as arestas

da árvore correspondam aos módulos S simples de tal forma que o módulo projetivo

indecompońıvel correspondente PS tem a seguinte descrição: PS{radpPSq – socpPSq –

S e radpPSq{socpPSq é uma soma direta de dois (com um deles podendo ser nulo)
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módulos unisseriais U e V correspondentes aos dois vértices u e v no final da aresta.

Os fatores de composição de U, V podem ser lidos no grafo. Os blocos com grupos

de defeito ćıclico são álgebras da árvore de Brauer (ver Teorema 2.4.5).

No caso de grupos infinitos em geral a teoria das representações modulares não pode

ser trivialmente reproduzida pela troca de grupos finitos por grupos infinitos uma vez

que, existem conceitos básicos e propriedades que utilizam fortemente a finitude do

grupo G. Em [22] e [21], J. MacQuarrie transferiu certos resultados fundamentais

da teoria das representações modulares de grupos finitos para o contexto mais am-

plo de grupos profinitos. Grupos profinitos são uma categoria de grupos em que os

objetos podem ser arbitrariamente grandes, geralmente são infinitos, porém eles vêm

equipados com uma forte conexão com certos grupos quocientes finitos.

Se k é um corpo finito de caracteŕıstica p e G é um grupo profinito, associamos a

G a álgebra de grupo completa que será denotada por krrGss. Esta é uma álgebra

topológica e como espaço topológico, krrGss é Hausdorff, compacto e totalmente de-

sconexo. Se k é um corpo infinito discreto, isto é, k é um corpo infinito com topologia

discreta, então krrGss ainda faz sentido. Esta álgebra não será compacta, mas é

pseudocompacta (ver por exemplo [6]). Durante o desenvolvimento deste trabalho,

notamos que muitos resultados sobre álgebras e módulos profinitos permanecem ver-

dadeiros para o caso de objetos pseudocompactos.

Com base no trabalho de J.MacQuarrie para representações modulares de grupos

profinitos, começamos um estudo dos blocos de krrGss, onde G é um grupo profinito

e k é um corpo da caracteŕıstica p. Definimos o grupo de defeitos de um bloco de

G, provamos suas propriedades básicas e damos várias caracterizações alternativas

(Teorema 7.3.4). Em seguida, provamos uma Correspondência de Brauer para blocos

de grupos virtualmente pro-p (Teorema 8.0.7).

Então, passamos ao estudo de blocos com grupo de defeitos ćıclicos. Quando k é

algebricamente fechado e B é um bloco de krrGss com grupo de defeito ćıclico, o Teo-

rema 9.2.3 descreve a estrutura do bloco e seus módulos projetivos indecompońıveis

finitamente gerados e codifica essas informações em uma árvore Brauer. Provamos

analogamente ao caso finito, que blocos com grupo de defeito ćıclico possuem a es-

trutura da álgebra de árvore de Brauer. Além disso, observamos no Teorema 9.2.5
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que existe apenas um tipo de árvore Brauer associada a blocos de krrGss com grupo

de defeitos ćıclicos infinitos, ou seja, árvores Brauer do tipo estrela (uma árvore de

Brauer com um vértice central com todas as arestas emanando desse vértice).

Damos aqui uma breve descrição de cada caṕıtulo, com ênfase nos principais resulta-

dos. No Caṕıtulo 2, começamos discutindo uma variedade de definições e resultados

principais da teoria de blocos focando na teoria da representações modulares de grupos

finitos. No Caṕıtulo 3, damos uma introdução aos grupos profinitos. Em seguida, o

maquinário de pseudocompacidade necessário é introduzido. No Caṕıtulo 4, apresen-

tamos a ferramenta útil dos módulos coinvariantes e fornecemos várias propriedades.

Essa estrutura nos permite trabalhar com módulos pseudocompactos de uma maneira

mais fácil. No Caṕıtulo 5, apresentamos as ferramentas básicas a serem usadas a

partir da teoria das representações modulares de grupos profinitos. No Caṕıtulo 4

e no Caṕıtulo 5, não exigimos que o campo k seja finito. Portanto, os resultados

apresentados aqui pertencem ao mundo pseudocompacto. Os resultados de [22] foram

enunciados apenas para o caso de k finito, mas freqüentemente as provas de [22]

passam sem mudança para o mundo pseudocompacto. Onde deveremos tomar mais

cuidado, descrevemos as modificações necessárias (por exemplo, veja Lema 4.3.1).

Conseqüentemente, nos Caṕıtulos 4 e 5, vários resultados de [22] que foram provados

para álgebras profinitas serão provados para a classe mais geral de álgebras pseu-

docompactas. No Caṕıtulo 5, introduzimos a noção de traço como um conjunto

(Definição 5.2.7). Analogamente à teoria finita, onde o mapa de traços é uma fer-

ramenta central da teoria de blocos, a noção de traço introduzida aqui também será

importante.

No Caṕıtulo 6, apresentamos nosso principal objeto de estudo, os blocos de um grupo

profinito. Provamos várias propriedades básicas de blocos e fornecemos um sistema

inverso bem comportado (Proposição 6.1.2) que nos permitirá deduzir informações

sobre um bloco de G a partir de informações sobre blocos dos quocientes finitos de G.

No Caṕıtulo 7, introduzimos o grupo de defeitos de um bloco de um grupo profinito

(Definição 7.1.1) e provamos suas propriedades básicas. Além disso, introduzimos

o conceito análogo de homomorfismo de Brauer (Definição 2.2.13) e estabelecemos

várias caracterizações do grupo de defeitos (Teorema 7.3.4).
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O Caṕıtulo 8 é dedicado à prova de uma correspondência de Brauer para grupos

virtualmente pro-p (Teorema 8.0.7). Neste caṕıtulo vários resultados provaram ser

aplicados para grupos profinitos arbitrários, mas infelizmente há um resultado técnico

que só foi posśıvel confirmar para grupos virtualmente pro-p (Lemma 8.0.6).

Finalmente, no Caṕıtulo 9, fazemos uma discussão detalhada da estrutura de blocos

com grupo de defeito ćıclico. Descrevemos a estrutura dos módulos projetivos inde-

compońıveis finitamente gerados de blocos com grupo de defeito ćıclico (Seção 9.1).

A seguir introduzimos o conceito de árvore de Brauer e provamos no Teorema 9.2.3

que blocos com grupo de defeito ćıclico possuem a estrutura de álgebras de árvore de

Brauer no mesmo sentido que no caso finito. Além disso, no Teorema 9.2.5 provamos

que existe apenas um tipo de árvore Brauer para blocos com grupo de defeito ćıclico

infinitos. No final deste caṕıtulo, apresentamos alguns exemplos simples de árvores de

Brauer e álgebras de árvores de Brauer para blocos de grupos profinitos com grupos

de defeitos ćıclicos.

14



Chapter 2

Block Theory for Finite Group
Algebras

In this chapter, we present a summary of the part of the modular representation

theory and the block theory of finite group algebras. The idea of this chapter is to

give a guide to the readers of the basic tools required to study the block theory for

finite groups.

The main sources to write this chapter were the books “Local Representation Theory”

by J.L. Alperin [1], “Representations and Cohomology I” by D.J. Benson [3], “A

Course in Finite Group Representation Theory” by Peter Webb [31] and “The Block

Theory of Finite Group Algebras, Volume 1 and 2” by M. Linckelmann [19],[20]. We

consider that Alperin’s book is the most accessible reference for this topic, but we

must at times be careful since this book assumes that the base field k is algebraically

closed, where in practice ours might not be.

A basic knowledge of rings, fields, algebras and modules for these objects is assumed.

Unless explicitly stated, the term “module” will refer to a left module.

2.1 Relative Projectivity

Consider a finite group G and k a field of characteristic p ą 0. We want to know

what are the modules over the group algebra krGs. If the characteristic of k divides
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the order of G, many krGs-modules are not projective. But we can approach in the

modules that are “almost projective”, in the sense explained bellow (2.1.2). We use

the notation AXB to denote the A´B-bimodule X.

Definition 2.1.1. 1. Let H be a subgroup of G and V a left krHs-module. The

induced krGs-module is defined by

V ÒG:“ krGskrGskrHs bkrHs V “ krGs bH V,

where the multiplication from G is given by gpxbvq “ gxbv, for all g P G, x P

krGs and v P V .

2. If U is a krGs-module, the restricted krHs-module U ÓH is the original krGs-

module U with action restricted to the subalgebra krHs.

If H is a subgroup of G the functor p q ÒGH is left adjoint to p q ÓGH . The unit η : 1 Ñ

p q ÒGÓH is given by ηV pvq “ 1b v and the counit ε : p q ÓHÒ
GÑ 1 by εUpgbuq “ gu.

Definition 2.1.2. A krGs-module U is relatively H-projective if given any diagram

of krGs-modules and krGs-module homomorphisms of the form

U

ϕ
��

V
β
// //W

such that there exists a krHs-module homomorphism U ÝÑ V making the triangle

commute, then there exists a krGs-module homomorphism U ÝÑ V making the tri-

angle commute.

Observe that a projective module is the same thing as a 1-projective module. The

next result gives a useful characterization of relative projectivity. We write U | V to

mean that the module U is isomorphic to a direct summand of the module V .

Lemma 2.1.3. Let G be a finite group and H a subgroup of G. If U is a krGs-module

then the following are equivalent:

1. U is relatively H-projective.
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2. If a surjective homomorphism W � U of krGs-modueles splits as a krHs-module

homomorphism, then it splits as a krGs-module homomorphism.

3. U | pU ÓHÒ
G).

4. U | pX ÒGq for some krHs-module X.

An important characterization of relative projectivity is Higman’s criterion. Before

we establish this criterion we introduce one tool that will be involved.

Definition 2.1.4. If H ď G and U1, U2 are krGs-modules, then the trace map

is the map TrGH : HomkrHspU1 ÓH , U2 ÓHq ÝÑ HomkrGspU1, U2q defined by α ÞÝÑ
ř

gPG{H gαg
´1, where G{H denotes a set of left coset representatives of H in G.

The properties of this map are discussed in [3, Lemma 3.6.3]. Now, we state Higman’s

Criterion:

Theorem 2.1.5. Let G be a finite group and let H ď G. Then a krGs-module U is

relatively H-projective if and only if idU P Tr
G
HpHomkrHspU ÓH , U ÓHqq.

Our interest is to study the indecomposable modules relatively projective to subgroups

of G. Observe that modules projective relative to small subgroups may be considered

as “closer” to being projective.

Definition 2.1.6. Let U be an indecomposable krGs-module. A subgroup Q of G

is called a vertex of U if it is a minimal subgroup of G such that U relatively Q-

projective.

If Q is a vertex of U , then a source of U is an indecomposable krQs-module S such

that U | S ÒG.

If U be an indecomposable krGs-module, by [3, Proposition 3.10.2], the vertices of U

are p-subgroups of G and they are conjugate in G.

Proposition 2.1.7. Let U be an indecomposable krGs-module with vertex Q, and P

Sylow p-subgroup of G which contains Q. Then dimpUq is divisible by |P : Q|.

For a proof see [12, Theorem 9, Corollary 2].
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Example 2.1.8. Let P be a Sylow p´subgroup of G. Proposition 2.1.7 shows that P

is a vertex of the trivial krGs-module, since it has dimension 1.

2.1.1 G-algebras and the Trace map

Let G be a finite group and A be a finite dimensional associative k-algebra. Then A

is a G-algebra over k if A can be endowed with an action G ˆ A ÝÑ A of G on A,

written pg, aq ÝÑ ga for any a P A and g P G, such that the map sending a P A to
ga is a k-algebra automorphism of A for every g P G. If A is a G-algebra over k, we

denote for every subgroup H of G by AH the subalgebra of all H-fixed points in A;

that is, AH “ ta P A | ha “ a @ h P Hu.

Observe that, if H,L are subgroups of G, and if H ď L, then AL Ď AH .

Definition 2.1.9. Let H,L be subgroups of G with H ď L. The trace map is the

linear map TrLH : AH ÝÑ AL defined by TrLHpaq “
ř

gPL{H
ga, where L{H denotes a

set of left coset representatives of H in L.

If U,W are finite dimensional krGs-modules, HomkpU,W q is a finite dimensional G-

algebra with action pgρqpuq “ gρpg´1uq. In particular, when G “ L, the notations

TrGH used in Definitions 2.1.4 and 2.1.9 are consistent for finite groups.

Lemma 2.1.10. Let G be a finite group, H,L subgroups of G and let A be a finite

dimensional G-algebra. Then

1. If H ď L, for any a P AH and b P AL, bTrLHpaq “ TrLHpbaq and TrLHpaqb “

TrLHpabq.

2. If H ď L, then TrGL ˝ Tr
L
H “ TrGL .

3. [Mackey’s Formula]For any a P AL, TrGL paq “
ř

gPHzG{L

TrHHXgLp
gaq, where HzG{L

denote the set of double coset representatives of H and L in G.

For a proof of these properties of the trace map you can confer [19, Proposition 2.5.4,

2.5.5]. Observe that, by Part 1 of 2.1.10, TrLHpA
Hq is an ideal of AL.
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2.2 Blocks and Defect Groups

Sometimes studying the modules over krGs can be a hard task, but considering a

decomposition of krGs into indecomposable direct algebra factors, called blocks, then

instead of studying the structure of modules over krGs we can study the modules for

the blocks of krGs, which might be easier.

Definition 2.2.1. Let A be a finite dimensional k-algebra. An element e P A is

idempotent if e2 “ e. Two idempotents e, f of A are orthogonal if ef “ fe “ 0. A

non-zero idempotent is primitive if it cannot be written as the sum of two non-zero

orthogonal idempotents.

We denote by ZpAq the center of A. An idempotent e P A is called centrally prim-

itive if e is a primitive idempotent considered as an idempotent of ZpAq.

There is a unique decomposition of 1A as 1A “ e1`¨ ¨ ¨`en, where each ei is a centrally

primitive idempotent, and that decomposition corresponds to a unique decomposition

of A as A “ B1 ˆ ...ˆ Bn, where each Bi “ Aei ([31, Proposition 3.6.1]). Each Bi is

called a block of A and each ei is called block idempotent.

Example 2.2.2. 1. Let G be the symmetric group S3 of order 6. Observe that

G “ C3 ¸ C2 “ă a, b : a3 “ b2 “ 1, bab´1 “ a´1 ą, where C3 “ă a ą is the

cyclic group generated by a and C2 “ă b ą is the cyclic group generated by b.

If k is a field of characteristic 2, then the block idempotents of krGs are e1 “

1 ` a ` a2 and e2 “ a ` a2. Furthermore, observe that krGse1 – krxs{px2q and

krGse2 –M2pkq.

If k is a field of characteristic 3, since C3 is normal in G, by [3, Proposition

6.2.2], krGs only has one block.

2. Let G be the group S3 ˆ S3. Note first that if H,L are finite groups, then

krHˆLs – krHsbk krLs by [19, Theorem 1.1.4]. If k is of characteristic 2, then

by [29, Proposition 2.3], the block idempotents of krGs are teibej : 1 ď i, j ď 2u.

So krGs “ B1ˆB2ˆB3ˆB4 “ krGspe1b e1q ˆ krGspe1b e2q ˆ krGspe2b e1q ˆ

krGspe2 b e2q.
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If k is a field of characteristic 3, since C3 ˆ C3 is normal in G, then, by [3,

Proposition 6.2.2], krGs only has one block.

3. Let k be a field of characteristic 2 and let G be the group S3 ˆ S3 ˆ ¨ ¨ ¨ ˆ S3
loooooooooomoooooooooon

n-times

, for

n ą 2. In this case, the blocks of G are of the form

krGspe11 b e
1
2b ¨ ¨ ¨ be1nq,

where either e1i “ e1 or e1i “ e2, for 1 ď i ď n.

Definition 2.2.3. Let U be an A-module and Bi a block of A. Then U lies in Bi if

BiU “ U and BjU “ 0 for all j ‰ i.

If U is an A-module then U has a unique direct sum decomposition U “ U1‘ ...‘Un,

where each Ui lies in the block Bi (cf. [1, IV,§13, Proposition 2]).

So, suppose that krGs has a decomposition into indecomposable direct algebra factors

krGs “ B1 ˆ ¨ ¨ ¨ ˆBn,

where each block Bi has the form krGsei for some block idempotent ei.

The next result says that the simple modules can give interesting information about

the structure of the blocks.

Proposition 2.2.4. Let S, T be simple krGs-modules. Then the following are equiv-

alent:

(1) S, T lie in the same block of G.

(2) There is a sequence of simple krGs-modules S “ S1, S2, ..., Sn “ T such that

Sj, Sj`1, for each j P t1, 2, ..., n´ 1u, are composition factors of an indecompos-

able projective krGs-module.
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(3) There is a sequence of simple krGs-modules S “ T1, T2, ..., Tm “ T , such that

Tj, Tj`1, for each j P t1, 2, ...,m´ 1u, are equal or there is a non-split extension

of one by the other.

For a proof see [31, Proposition 12.1.7]

2.2.1 Defect groups

The defects groups are subgroups of G that measure how long are the blocks to be

semisimple algebras. To define a defect of a block of G, our main tool will be the

relative trace map. In this section we will consider krGs as a G-algebra with G acting

on krGs by conjugation.

Definition 2.2.5. Let B be a block of krGs for a finite group G with block idempotent

e. A defect group of B is a minimal subgroup D of G such that e P TrGDpkrGs
Dq.

Theorem 2.2.6. Let G be a finite group and B a block of G with block idempotent e.

Let D be a defect group of B.

1. The group D is a p-subgroup of G.

2. For any subgroup H of G such that e P TrGHpkrGs
Hq there is an element g P G

such that D Ď gH “ gHg´1.

3. The defect groups of B form a G-conjugacy class of p-subgroups of G.

For a proof see [19, Theorem 5.6.5].

If the order |D| “ pd, then d is called the defect of B. The defect of a block B can

be characterized through the dimension of simple modules lying in B as follows:

Theorem 2.2.7. Let k be an algebraically closed field of characteristic p, let G be a

finite group of order pam with pp,mq “ 1 and let B be a block of krGs with defect

d. Then d is the smallest integer such that pa´d divides the dimensions of all simple

modules lying in B.

For a proof see [7, §86.5].
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Proposition 2.2.8. If B is a block of G with block idempotent e, and defect group D,

then any krGs-module lying in B is D-projective, and there is a simple krGs-module

T lying in B with vertex D.

For a proof see [16, Theorem 2.2].

Observe that if B is a block of the finite group G and the trivial module k lies in

B, then, follow from Proposition 2.2.8 and example 2.1.8 that B has defect group a

p-Sylow subgroup of G.

Now, considering krGs as a krGˆGs-module, with the action pg1, g2qx “ g1xg
´1
2 , for

all g1, g2 P G and x P krGs, we have that each block B of krGs is the same as an inde-

composable summand of krGs as a krGˆGs-module, with the above multiplication.

Definition 2.2.9. Let G be a finite group. The diagonal homomorphism is the

group homomorphism δ : G ÝÑ GˆG, defined by δpgq “ pg, gq.

Observe that if H and K are subgroups of G with δpHq and δpKq conjugate in GˆG

then H and K are conjugate in G (cf. [1, IV,§13, p. 96]).

So, we can frame defect groups in terms of relative projective modules.

Observe that krGs – k ÒGˆGδpGq as krGˆGs-module (cf. [19, Proposition 5.11.6]). Thus

a block B is δpGq-projective, and it has a vertex δpQq, as a krGˆGs-module, where

Q is a p-subgroup of G.

Theorem 2.2.10. Let D be a subgroup of G and let B be a block of G with block

idempotent e. The following statements are equivalent.

1. D is a defect group of B.

2. δpDq is a vertex of B as krGˆGs-module.

For a proof see [31, Theorem 12.4.5].

The following theorem, due J.A. Green, describes defect group as an intersection of

two Sylow subgroups.

22



Theorem 2.2.11. The defect group D of any block B of G is expressible as an

intersection PXgPg´1, for some g P G, where P is a p-Sylow subgroup of G containing

D.

For a proof see [3, Proposition 6.1.1].

Corollary 2.2.12. Let G be a finite group and B a block of G with defect group D.

Then D is the largest normal p-subgroup of NGpDq.

For a proof see [31, Corollary 12.3.4].

2.2.2 Brauer construction and defect groups

Definition 2.2.13. 1. Given a subgroup D of G, the Brauer quotient is defined

as the quotient algebra

krGsrDs “ krGsD{
ÿ

QšD

TrDQpkrGs
Q
q. (2.1)

2. The Brauer homomorphism is the natural projection

BrD : krGsD ÝÑ krGsrDs.

Observe that TrDQpkrGs
Qq is an ideal of krGsD for each subgroup Q of D. So, the sum

ř

QšD

TrDQpkrGs
Qq is again an ideal.

With the help of the Brauer homomorphism is possible provide one more charac-

terization of the defect group, useful to understand the Brauer correspondence (see

2.3.1).

Theorem 2.2.14. Let D be a p-subgroup of a finite group G and B a block of G with

block idempotent e. The following are equivalent:

1. B has a defect group D.

2. δpDq is a vertex of B as krGˆGs-module.
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3. D is a maximal p-subgroup such that BrD ‰ 0.

4. e P TrGDpkrGs
Dq and BrDpeq ‰ 0.

For a proof see [20, Theorem 6.2.1].

We finish this section with some examples of defect groups:

Example 2.2.15. 1. Let k be a field of characteristic 2 and let G be the group

S3 “ă a, b : a3 “ b2 “ 1, bab´1 “ a´1 ą. In Example 2.2.2 we saw that

krGs has two blocks B1 “ krGse1 and B2 “ krGse2, where e1 “ 1 ` a ` a2 and

e2 “ a`a2 are the respective block idempotents. Observe that TrGC2
pe1q “ e1 and

TrG1 paq “ e2, where C2 “ă b ą (the cyclic group generated by b). Additionally,

since CGpC2q “ C2, then BrC2pe1q “ 1, BrC2pe2q “ 0, Br1pe1q “ e1 and

Br1pe2q “ e2. Then, by Theorem 2.2.14, ă b ą is a defect group of B1 and 1 is

a defect group of B2.

If k is a field of characteristic 3, then as we noted in Example 2.2.2, krGs only

has one block, and by Proposition 2.2.8, C3 is a defect group of this block.

2. Let k be a field of characteristic 2 and let G be the group S3 ˆ S3. In Example

2.2.2 we noted that krGs has four blocks: krGspe1be1q, krGspe1be2q, krGspe2b

e1q and krGspe2b e2q. By [29, Proposition 2.6], krGspeib ejq has a defect group

DiˆDj, where Di is a defect group of krS3sei and Dj is a defect group of krS3sej,

for i, j P t1, 2u.

3. Let k be a field of characteristic 2 and let G be the group S3 ˆ S3 ˆ ¨ ¨ ¨ ˆ S3
loooooooooomoooooooooon

n´times

, for

n ą 2. Then, the block idempotents are of the form e11 b e12 b ¨ ¨ ¨ b e1n, where

either e1i “ e1 or e1i “ e2, for 1 ď i ď n. The defect groups are of the form
śn

i“1Di, where Di is a defect group of krS3se
1
i, for 1 ď i ď n.

2.3 Brauer correspondence for finite groups

Let D be a p-subgroup of G. It is possible to establish a bijective correspondence

between the blocks of krNGpDqs with defect group D and the blocks of krGs with

defect group D.
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By [3, Lemma 6.2.1], krGsD “ krCGpDqs ‘
ř

QšD

TrDQpkrGs
Qq. So we consider the

Brauer map as the surjective map BrD : krGsD ÝÑ krCGpDqs. If B is a block of G

with defect group D and block idempotent e, then BrDpeq turns out to be a block

idempotent of NGpDq, whose corresponding block has defect group D. This map

establishes the following correspondence:

Theorem 2.3.1 (Brauer’s Correspondence). Let G be a finite group and D be a p-

subgroup of G. The Brauer map BrD establishes a one-one correspondence between

the blocks of G with defect group D and the blocks of NGpDq with defect group D.

For a proof see [31, Theorem 12.6.4].

2.4 Blocks with cyclic defect groups. Brauer Trees

and Brauer Tree Algebras

In this section, we give a summary of the techniques related with the study of blocks

of finite groups with cyclic defect groups. If G is a finite group, the structure of a

block of G with cyclic defect group is determined by the properties of a certain type

of graph with extra structure, called a Brauer tree. The information of the blocks can

be encoded inside this finite graph. For more details, we recommend [20, Chapter 11],

[3, Chapter 6] and [1, Chapter V].

Throughout of this section, we consider k to be an algebraically closed field of char-

acteristic p.

Denote by S a set of representatives of the isomorphism classes of simple modules in

B and |S| the number of elements of S.

Lemma 2.4.1. Let G be a finite group and B a block of G with non-trivial cyclic

defect group D. Then |S| divides p´ 1.

Proof. By [20, Theorem 11.1.3], |S| is equal to the order of the inertial group E (cf.

[20, Definition 6.7.7]). But |E| divides p ´ 1 by [20, Theorem 11.1.1], so |S| divides

p´ 1.
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2.4.1 Brauer trees and Brauer tree algebras

Definition 2.4.2. A Brauer tree Γ is a finite, connected, undirected graph without

loops or cycles (so it is a tree) together with a circular ordering of the edges emanating

from each vertex. A Brauer tree with exceptional vertex of multiplicity m

is a Brauer tree with a distinguished vertex, to which we attach a positive integer m.

The cyclic ordering on the edges around a vertex is given by circling the vertex in an

anti-clockwise direction. For example

v

S2

S3

S1

the edge S1 emanating from the vertex v has a “next” edge S2, emanating from v

and to the edge S2 emanating from a vertex v has a “next” edge S3, and the edge S3

emanating from a vertex v has a “next” edge S1. Call γv the cyclic permutation on

the set of edges adjacent to v associating the “next edge” to any edge in the above

ordering.

Another example, consider the following Brauer tree
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v4

v5

v3 v2 v1

S4

S3

S1S2

then to the edges emanating from the vertex v3, the ordering is S4, S3, S2. To the

vertex v2 the ordering is S2, S1, and to the vertex v1 the ordering is S1. To the

vertices v4, v5 the order is analogous to the case of v1.

Following, we define the radical and the socle of a module before introducing the

Brauer tree algebra’s concept.

Definition 2.4.3. Let A be finite dimensional k-algebra and let U be an A-module.

1. The radical of U , denoted by radpUq, is the intersection of all maximal A-

modules.

2. The socle of U , denoted by socpUq is the maximal semisimple submodule of U .

Observe that by [31, Theorem 7.3.8] there is one-to-one correspondence between iso-

morphism classes of indecomposdable projective A-modules and isomorphism classes

of simple A-modules given by: if P is an indecomposable projective A-module, then

P {radpP q is isomorphic to a simple A-modulo S, and, on the other hand, if S is

a simple A-module, there is an indecomposable projective module PS, unique until

isomorphism, such that PS{radpPSq – S.

Finally, we are ready to introduce the concept of a Brauer tree algebra.

Definition 2.4.4. Given a Brauer tree Γ, we say that a finite dimensional k-algebra

A is the Brauer tree algebra associated to Γ if

1. There is a one-to-one correspondence between the edges of the tree and the iso-

morphism classes of simple A-modules,

2. the top P {radpP q of the indecomposable projective A-module P is isomorphic to

the socle of P ,
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3. the projective cover P corresponding to the edge S is such that

radpP q{socpP q – U v
pSq ‘ Uw

pSq

for two (possibly zero) uniserial A-modules U vpSq and UwpSq, where v, w are

the vertices adjacent to the edge S,

4. if v is not the exceptional vertex and if v is adjacent to the edge S then U vpSq

has spvq ´ 1 composition factors, where spvq is the number of edges adjacent to

v,

5. if v is the exceptional vertex with multiplicity m, and if v is adjacent to S, then

U vpSq has m ¨ spvq ´ 1 composition factors,

6. if v is adjacent to S then the composition factors of U vpSq are described as

radjpU v
pSqq{radj`1pU v

pSqq – γj`1v pSq,

for all j as long as j is smaller than the number of composition factors of U vpSq.

Some examples will help to better understand the idea of a Brauer tree algebra. The

following examples are from [1, V, §17]. Consider the following Brauer tree, with

exceptional vertex colored black with multiplicity two:
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S1

S2

S4S3

The Brauer tree algebra A has four indecomposable projective modules, and these

modules can be represented by the following diagrams:
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PS1

B
S1

S2
D

S3

S1
F

S2

socpPS1
q

S3
H

S1

PS2

socpPS2
q

S2

S3

S1

S2

S3

S1

S2

PS4

R

socpPS4
qT

S4

S3

S4

PS3

S3

S1

S2

S3

S1

S2

S3

S4
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Another example, Let Γ be the Brauer tree with exceptional vertex v and multiplicity

m

v

S

Then the Brauer tree algebra A has exactly one simple module S, and the projective

module corresponding to the Brauer tree algebra can be represented by the following

diagram:

PS

radpPSq

socpPSq

0

S

S

S

S

S

where S appears m` 1 times in total.

It is possible to show that this Brauer tree algebra is the group algebra krGs when G

is a cyclic p-group of order pn, and in this case m “ pn ´ 1. The simple module S

is the trivial krGs-module k. This example shows that the group algebra of a cyclic

p-group is a Brauer tree algebra.
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Observe that this group algebra is indecomposable so has only one block, and this

block is a Brauer tree algebra. With some conditions, we can find a relation between

the blocks of group algebras and Brauer tree algebras. The idea is that blocks with

cyclic defect groups, can be seen as Brauer tree algebras.

Theorem 2.4.5. Suppose k algebraically closed and B is a block of G with non-trivial

cyclic defect group D. Then B is a Brauer tree algebra for a tree with |S| edges and

multiplicity |D|´1
|S| .

For a proof see [33, Theorem 5.10.37].
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Chapter 3

Inverse Limits, Profinite Groups
and Pseudocompactness

In this chapter we introduce the basic definitions and standard results required to work

with pseudocompact objects. We start by introducing the notion of inverse limits of

topological spaces and defining profinite groups. Next we introduce the concepts and

properties of pseudocompact algebras and modules. The properties presented here

are oriented to develop a block theory for profinite groups.

The main sources to write this chapter were: for the first part the books “Profinite

Groups” by L. Ribes and P. Zalesskii [25] and “Profinite Groups” by J. Wilson [32].

For the second part the books “Algebraic topology” by S. Leftschetz [18] and the

articles [11],[15].

Basic knowledge about topological spaces, continuity and compactness are required.

3.1 Inverse Limits and Profinite Groups

To see more details about these topics we recommend the books [25] and [32].

Definition 3.1.1. A directed set is a partially ordered set I with the additional

property that for all i1, i2 P I, there exists j P I such that j ě i1 and j ě i2.
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Definition 3.1.2. An inverse system tXi, ϕij, Iu of topological spaces Xi is a family

of topological spaces indexed by a directed set I, together with a continuous map ϕij :

Xj ÝÑ Xi wherever i ď j. The maps must satisfy that the diagram

Xk
ϕik //

ϕjk
  

Xi

Xj

ϕij

>>

commutes whenever i ď j ď k and that ϕii “ idXi.

Definition 3.1.3. Given an inverse system tXi, ϕij, Iu and a topological space Y , a

set of continuous maps tψi : Y ÝÑ Xi | i P Iu is said to be compatible if whenever

i ď j we have ϕijψj “ ψi.

Definition 3.1.4. The inverse limit, lim
ÐÝ
iPI

Xi “ pX,ϕiq, of the inverse system

tXi, ϕij, Iu is a topological space X together with a compatible set of continuous map-

pings tϕi : X ÝÑ Xiu having the following universal property:

Whenever Y is a topological space and tψi : Y ÝÑ Xiu is a compatible set of continu-

ous maps, there exists a unique continuous map ψ : Y ÝÑ X such that ϕiψ “ ψi for

each i P I.

Thus, we require that there exists a unique ψ such that the following diagrams com-

mute:

Y
ψ

//

ψi   

X

ϕi
~~

Xi

Observe that if the inverse limit exists, then it is unique. We will always demand that

a finite set have the discrete topology. If the objects in our system are finite, several

topological properties pass to the limit. Discrete spaces are Hausdorff and totally

disconnected, which passes to the limit. A finite space is compact, and this property

passes to the cartesian product by Tychonoff’s theorem. If X is an inverse limit of

an inverse system consisting of finite sets, then we say that X is a profinite space.
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In that case, if X is a profinite space, then it is a Hausdorff, compact and totally

disconnected topological space. For a proof of these assertions see [25, Chapter 1]. If

Y is a subset of a topological space X, denote by Y the topological closure of Y in

X.

Lemma 3.1.5. Let X be an inverse limit of an inverse system tXi, ϕiju of topological

spaces and let Y be a subset of X. Then:

1. The ϕipY q and ϕipY q form an inverse system of subsets of Xi, and Y “
Ş

i ϕ
´1
i pϕipY qq “

lim
ÐÝi

ϕipY q.

2. Y “ lim
ÐÝi

ϕipY q “ lim
ÐÝi

ϕipY q.

For a proof see Corollary of [4, Propostion 9, p. 49].

Definition 3.1.6. A subset J of the directed set I is cofinal if, for every i P I there

is j P J with j ě i. In this case whenever tXi : i P Iu is an inverse system indexed

by I, then tXi : i P Ju is also an inverse system and lim
ÐÝjPI

Xi – lim
ÐÝiPJ

Xi.

If we add a group structure to the objects of our inverse system of finite spaces,

and if the system maps are group homomorphisms, then the inverse limit is called a

profinite group.

We use the notation H ďO G to denote open subgroups of G, H ďC G to denote

closed subgroups of G, N ĲO G to denote open normal subgroups of G and N ĲC G

to denote closed normal subgroups of G.

Example 3.1.7. • If G is a profinite group and I is directed set of open normal

subgroups of G ordered by reverse inclusion such that
Ş

tN : N P Iu “ 1G, then

G “ lim
ÐÝ
NPI

G{N .

• Consider the system of p-groups indexed by the natural numbers N and given by
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...

��

Z{p3Z

��

Z{p2Z

��

Z{pZ

where the maps are just the standard projection maps. This inverse system has

inverse limit the p´adic integers Zp.

Definition 3.1.8. • A profinite group is a pro-p group it is the inverse limit of

finite p-groups

• A profinite group is virtually pro-p if it has an open pro-p subgroup.

The Zp “ lim
ÐÝn

Z{pnZ is an example of a pro-p group and a virtually pro-p group. The

group GLnpZpq of invertible n ˆ n matrices with entries in Zp is virtually pro-p but

not pro-p.

Remark 3.1.9. Throughout this work the directed set will usually be a set of open

normal subgroups of a profinite group G, ordered by reverse inclusion. In this case,

cofinal means that for each open normal subgroup M of G, there is N in the cofinal

subset with N ďM .

3.2 Pseudocompactness

In this section we collect well-known definitions, results and constructions about pseu-

docompact algebras and modules.

Unless otherwise specified, throughout this section k will denote a discrete field of

characteristic p. When the coefficient ring is unspecified it is assumed to be in k,
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so, for example, by algebra we understand k-algebra. Furthermore, throughout this

section all modules are assumed topological left modules.

Definition 3.2.1. A pseudocompact algebra is an associative, unital, Hausdorff

topological k-algebra A having a basis of 0 consisting of open ideals I with cofinite

dimension in A that intersect in 0 and such that A “ lim
ÐÝI

A{I.

A pseudocompact algebra can be defined equivalently as an inverse limit of discrete

finite dimensional algebras in the category of topological algebras. An example of a

pseudocompact algebra is the complete group algebra krrGss of a profinite group G,

that we define as the inverse limit of the finite dimensional group algebras krG{N s as

N runs through the open normal subgroups of G.

Definition 3.2.2. Let A be a psudocompact algebra. The Jacobson radical JpAq

of A is the intersection of the maximal open left ideals of A.

Lemma 3.2.3. Let A be a pseudocompact algebra. Then:

1. Write A “ lim
ÐÝI

tA{I, αII 1 : A{I 1 Ñ A{Iu as an inverse limit of finite dimensional

quotient algebras A{I. Then

JpAq “ lim
ÐÝ
I

JpA{Iq.

2. Let A,B be pseudocompact algebras and let α : AÑ B be a continuous surjective

algebra homomorphism. Then αpJpAqq “ JpBq.

For a proof of Item 1., see [15, Lemma 2.3] and for Item 2. see [15, Corollary 2.4].

Definition 3.2.4. A pseudocompact algebra A is local if it has a unique maximal left

ideal. If A is local, then the Jacobson radical JpAq is the unique maximal left ideal.

Lemma 3.2.5. Let A,B be pseudocompact algebras with A local.

1. If e is a non-zero idempotent of A, then e R JpAq

2. If f : A ÝÑ B is a non zero algebra homomorphism, then fpAq is a local algebra.
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Proof. 1. Write A “ lim
ÐÝI

tA{I, ϕII 1u. By Lemma 3.2.3, JpAq “ lim
ÐÝI

JpA{Iq. Since
Ş

I “ 0, there exists an open ideal I0 of A such that e R I0. Since e is idempotent

and ϕI0 : AÑ A{I0 is an algebra homomorphism, then ϕI0peq is idempotent in

A{I0. Since ϕI0pJpAqq “ JpA{I0q by Lemma 3.2.3, then ϕpeq R JpA{I0q by [19,

Theorem 1.10.5]. Now, working in the cofinal subsystem of A{I0 with I Ď I0,

ϕIpeq R JpA{Iq, and hence e R lim
ÐÝ

JpA{Iq “ JpAq.

2. Since A is local and fpAq – A{K, with K “ kerpfq, then K Ď JpAq. Now,

using the one-one correspondence between ideals of A contained in K and ideals

of A{K we have that I{K Ď JpAq{K for all proper ideals I{K of A{K. Then

A{K – fpAq is local.

Definition 3.2.6. A pseudocompact A-module is a topological A-module U pos-

sessing a basis of 0 consisting of open submodules V of finite codimension that intersect

in 0 and such that U “ lim
ÐÝV

U{V .

Definition 3.2.7. Let tUi, ϕiju and tVi, ψiju be two inverse systems of pseudocompact

A-modules, indexed by I. A map of inverse systems H : tUi, ϕiju Ñ tVi, ψiju is a set

of continuous maps thi : Ui Ñ Vi : i P Iu such that if i ď j, then the following

diagram commutes:

Ui
ϕij

//

hi

��

Uj

hj

��

Vi ψij
// Vj

The maps hi are called the components of H.

Any map of inverse systems H : tUi, ϕiju Ñ tVi, ψiju induces a unique continuous

map lim
ÐÝ

H : lim
ÐÝ

hi : lim
ÐÝ

Ui Ñ lim
ÐÝ

Vi (cf. [25, Ch 1,§1.1]). If H : tUi, ϕiju Ñ tVi, ψiju

is such that each hi is onto, then lim
ÐÝ

hi is onto and if each component hi is 1-1, then

lim
ÐÝ

hi is 1-1 (cf. [11, IV. §3, Lemma 1]).

38



The notion of linearly compact modules and their properties is a useful tool, that will

be frequently used in this work to confirm that topological modules are pseudocom-

pact.

Definition 3.2.8. If V is a topological vector space, cosets of closed subspaces of V

are called closed linear varieties. We say that V is linearly compact if for every

family F “ tWi : i P Iu of closed linear varieties with the finite intersection property,

we have that
Ş

iPIWi ‰ H.

Lemma 3.2.9. Let A be a pseudocompact algebra and V , U pseudocompact A-modules.

1. The module V is linearly compact.

2. If ever ρ : V ÝÑ U is a continuous homomorphism, then ρpV q is linearly

compact and hence closed in U .

3. The submodule abstractly generated by a finite subset of V is closed.

4. If U is finitely generated as an A-module, then every A-module homomorphism

U Ñ V is continuous.

For a proof of Items 1 to 3 see [15, Lemma 2.2] and for Item 4 see [28, Proposition

3.5].

Lemma 3.2.10. 1. If V is a discrete finite dimensional vector space, then V is

linearly compact space.

2. A product of linearly compact spaces is linearly compact.

3. Let tVi, ϕij, Iu be an inverse system of linearly compact vector spaces and let

Wi be a closed linear variety in Vi for each i such that ϕijpWiq Ď Wj. Then

tWi, ϕij, Iu forms an inverse system and its inverse limit is not empty.

4. A continuous bijective map between two linearly compact spaces is an isomor-

phism.

For a proof see [18, II, §6, 27.]
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Chapter 4

Complete tensor product,
Coinvariants and Homomorphisms

In this chapter we introduce the concept and properties of coinvariant modules. If k is

an infinite discrete field of characteristic p, then the completed algebra krrGss will not

be compact but, it is pseudocompact. Coinvariant modules are a useful tool that let

us handle easier the pseudocompact krrGss-modules. This such tool was used in [22,

§2] for profinite algebras. Many results about profinite algebras and modules remain

true in the case of pseudocompact objects.

We start this chapter introducing basic definitions and standard results related with

the notion of tensor products of pseudocompact modules. Next we introduce the

concept and properties of coinvariant modules that we required for develop the block

theory for profinite groups.

4.1 Complete tensor product

Several times in this section we will give results for pseudocompact algebras and

pseudocompact modules but we will cite a proof for the profinite case. When we do

this, the proof in the given reference passes without change to the pseudocompact

case.
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Let A be a pseudocompact k-algebra, U a pseudocompact right A-module, V pseu-

docompact left A-modules and W a k-vector space. A continuous linear map ϕ :

U ˆ V Ñ W is said to be A-middle linear if, for all u, u1, u2 P U, v, v1, v2 P V and

λ P A, we have

ϕpu1 ` u2, vq “ ϕpu1, vq ` ϕpu2, vq,

ϕpu, v1 ` v2q “ ϕpu, v1q ` ϕpu, v2q

ϕpuλ, vq “ ϕpu, λvq

Definition 4.1.1. Let U be a right A-module and V a left A-module, then the com-

plete tensor product of U and V over A is a pseudocompact k-vector space U pbAV

and a middle linear map ϕ : U ˆ V Ñ U pbAV with the following universal property:

Given any pseudocompact k-vector space W and continuous A-middle linear map ψ :

U ˆV Ñ W , there exists a unique continuous linear transformation ϕ1 : U pbAV Ñ W

such that ϕ1ϕ “ ψ.

Observe that the universal property is analogous to the universal property of the

abstract tensor product. There is an obvious and useful description of the complete

tensor product as an inverse limit:

Lemma 4.1.2. Let A be a pseudocompact k-algebra. The completed tensor product

U pbAV of the pseudocompact right A-module U “ lim
ÐÝ

Ui and the pseudocompact left

A-module V “ lim
ÐÝ

Vj is defined by

U pbAV “ lim
ÐÝ
i,j

Ui bA Vj

The equivalence of these statement for profinite modules is given in [25, Lemma 5.5.1],

but the proof works for pseudocompact modules .

Remark 4.1.3. Observe that the completed tensor product U pbAV is a topological

completion of the abstract tensor product U bA V . Then U bA V is dense in U pbAV .
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This can be interpreted as the statement that U pbAV is topologically generated by the

set of elements of the form upbv with u P U and v P V .

Next, we state some general properties of the completed tensor product that are in

direct analogy with those of the abstract tensor product.

Proposition 4.1.4. Lat A be a pseudocompact k-algebra. Let U,U1, U2 be pseudo-

compact A-modules and V, V1, V2 be pseudocompact left A-modules. Then:

1. X pbA and pbAV are right exact covariant functors.

2. U pbApV1 ‘ V2q – U pbAV1 ‘ U pbAV2

3. pU1 ‘ U2qpbAV – U1pbAV ‘ U2pbAV .

4. ApbAV – V and U pbAA – U .

5. If either U or V is finitely presented as an A-module, or if both U, V are finitely

generated as A-modules, then U bA V – U pbAV

For a proof of Item 1 to 4 see [25, Proposition 5.5.3] and for Item 5 see [24, Proposition

2.2].

Proposition 4.1.5. Let A,B be pseudocompact k-algebras. Let U be a pseudocompact

right B-module, V be a pseudocompact B ´ A-bimodule, and W be a pseudocompact

left A-module. Then

1. V pbAW is a left B-module with multiplication λpvpbwq “ λvpbw, for λ P B, v P

V and w P W .

2. U pbBV is a right A-module with multiplication pupbvqβ “ upbvβ, for β P A, v P

V and u P U .

3. U pbBpV pbAW q – pU pbBV qpbAW .

The proof is exactly the same as for the finite case, you can see [13, Chapter IV,

Theorem 5.8].
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4.1.1 Induction and restriction

Let G be a profinite group and H a closed subgroup of G. If V is a pseudocompact

krrHss-module, then the induced krrGss-module is defined by

V ÒG“ krrGsspbkrrHssV,

with action from G on the left factor.

If U is a krrGss-module, then the restricted krrHss-module U ÓH is the original

module U with coefficients restricted to the subalgebra krrHss.

Remark 4.1.6. Observe that induction is left (but not right) adjoint to restriction.

For more details see [24, §2.2].

Lemma 4.1.7. Let G be a profinite group, H ďC G and U a pseudocompact krrGss-

module. Then there is an isomorphism of left krrGss-modules

krrGsspbkrrHssU – krrG{HsspbkU,

where the action of krrGss on krrGsspbkrrHssU is via left multiplication on krrGss, and

its action on krrG{HsspbkU is the diagonal action.

Proof. Following, step-by-step, the proof of [25, Proposition 5.8.1], we can define

continuous homomorphisms Φ : krrGsspbkrrHssU ÝÑ krrG{HsspbkU , given by gpbu ÞÝÑ

gH pbgu, and Ψ : krrG{HsspbkU ÝÑ krrGsspbkrrHssU , given by gH pbu ÞÝÑ gpbg´1u.

Observe that Φ and Ψ are mutually inverse:

ΦpΨpgH pbuqq “ Φpgpbg´1uq “ gH pbgg´1u “ gH pbu.

ΨpΦpgpbuqq “ ΨpgH pbguq “ gpbg´1gu “ gpbu.
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Lemma 4.1.8. Let G be a profinite group, H ďC G and U “ lim
ÐÝN

UN a pseudocom-

pact krrGss-module. Then U ÓHÒ
G– lim

ÐÝN
UN ÓHNÒ

G.

Proof. This follows from [25, Lemma 5.5.2, Proposition 5.2.2, Proposition 5.8.1].

4.2 Coinvariants

In this section we introduce the notion of coinvariant modules. These objects will

provide us with a tool to control the behaviour of the inverse systems of krrGss-

modules.

Definition 4.2.1. Let U be a pseudocompact krrGss-module and N a closed normal

subgroup of G. The module of N-coinvariant UN is defined as kpbkrrNssU – U{INU ,

where k is considered as the trivial krrHss-module and IN denotes the augmentation

ideal of krrN ss (that is, the kernel of the map krrN ss Ñ k given by n ÞÝÑ 1).

The action of G on UN is given by gpλpbuq “ λpbgu.

Observe that N acts trivially on UN , since an element n P N acts on a generator of

UN as follows:

npλpbuq “ λpbnu “ λnpbu “ λpbu.

Thus we can consider UN to be a krG{N s-module if we choose.

The module UN with the canonical quotient map ϕN : U Ñ UN , satisfies the following

universal property (cf. [22, Lemma 2.5]):

Every continuous krrGss-module homomorphism ρ from U to a pseudocompact krrGss-

module X on which N acts trivially factors uniquely through the canonical projection

map ϕN : U ÝÑ UN . That is, there is a unique continuous homomorphism ρ1 :

UN ÝÑ X such that ρ “ ρ1ϕN .

We collect here several technical properties of coinvariant modules:
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Lemma 4.2.2. Let G be a profinite group, N,M closed normal subgroups of G with

N ď M and H a closed subgroup of G. Let U,W be pseudocompact krrGss-modules

and let V be a krrHss-module. Then

1. pUNqM is naturally isomorphic to UM .

2. pU ‘W qN – UN ‘WN .

3. VHXN is naturally a krrHN{N ss-module.

4. pV ÒGqN – VHXN Ò
G{N .

5. UN ÓHN{N– pU ÓHNqN .

For a proof of this Lemma it is sufficient follow, step-by-step, the proof of [22, Lemma

2.6].

The properties of the completed tensor product imply that p qN is a right exact func-

tor from the category of finitely generated krrGss-modules to the category of finitely

generated krrG{N ss-modules.

Lemma 4.2.3. If U is a finitely generated pseudocompact krrGss-module and N ĲO G,

then UN is a finite dimensional pseudocompact module.

Proof. If U is generated by n elements x1, x2, ..., xn then so is UN by 1pbx1, 1pbx2, ..., 1pbxn.

But UN is a module for the finite dimensional group algebra krG{N s. So dimkpUNq ď

|G{N |n.

Proposition 4.2.4. If U is a pseudocompact krrGss-module, then tUN : N ĲO Gu

together with the set of canonical quotient maps forms a surjective inverse system with

inverse limit U .

For a proof of this Proposition it is sufficient to follow, step-by-step, the proof of [22,

Proposition 2.7].

Remark 4.2.5. Throughout this text, whenever N ďM are closed normal subgroups

of the profinite group G, the notation ϕMN will be reserved exclusively for the canonical

maps UN Ñ UM .

45



In the special case of U “ krrGss we have krrGssN “ krrG{N ss and the corresponding

maps ϕN , ϕMN are in fact algebra homomorphisms.

Lemma 4.2.6. Let U be a pseudocompact krrGss-module and V a closed submodule of

U . Suppose that for each N ĲO G, UN has a submodule WN such that ϕNpV q Ď WN ,

ϕMNpWNq Ď WM whenever N ďM , and lim
ÐÝN

WN “ V . Then U{V – lim
ÐÝ
N

UN{WN .

Proof. For each N , let πN : UN ÝÑ UN{WN be the canonical projection. If N ď M ,

πMϕMNpWNq Ď πMpWMq “ 0. So there is a surjective map ϕMN : UN{WN Ñ

UM{WM , given by u`WN ÞÝÑ ϕMNpuq`WM . Since tUN , ϕMNu is an inverse system,

then tUN{WN , ϕMNu form an inverse system. We assert that U{V – lim
ÐÝN

tUN{WN , ϕMNu.

Let π : U Ñ U{V be the canonical projection map. For each N ĲO G, πNϕNpV q Ď

πNpWNq “ 0, so there is a map π1N : U{V Ñ UN{WN , given by u`V ÞÝÑ ϕNpuq`WN .

Observe that if N ď M , ϕMNπ
1
N “ π1M . Then we have a map of inverse systems

tπ1Nu : tU{V, idu Ñ tUN{WN , ϕMNu with surjective components. By [11, IV. §3,

Lemma 1], the induced map π1 : U{V Ñ lim
ÐÝN

UN{WN , given by u ` V Ñ pπ1NpuqqN ,

is a continuous surjective map.

But, π1 is injective, since

π1pu` V qq “ 0 ô ϕNpuq `WN “ WN , @ N

ô ϕNpuq P WN , @ N

ô u P
č

N

ϕ´1N pWNq

ô u P V.

Hence π1 is a continuous bijective map from U{V to lim
ÐÝN

UN{WN . By Lemma 3.2.10,

U{V – lim
ÐÝN

UN{WN .
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4.3 Homomorphisms

Let U and W be pseudocompact krrGss-modules, then HomkrrGsspU,W q denotes the

topological k-vector space of continuous krrGss-module homomorphisms from U to W

with the compact-open topology. IfW “ lim
ÐÝi

Wi, then HomApU,W q “ lim
ÐÝi

HomkrrGsspU,Wiq,

where we make tHomkrrGsspU,Wiqu into an inverse system via the maps

ηij : HomkrrGsspU,Wjq ÝÑ HomkrrGsspU,Wiq

αj ÞÝÑ ϕijαj,

where ϕij : Wj ÝÑ Wi is the map from the inverse system of W . Furthermore, for

each i the maps HomkrrGsspU,W q ÝÑ HomkrrGsspU,Wiq are given by α ÞÝÑ ϕiα, where

ϕi is the standard projection from W to Wi.

In particular, when U is finitely generated, HomkrrGsspU,W q is a pseudocompact krrGss-

module. For more details you can confer [24, §2.2].

Lemma 4.3.1. Let U,W be pseudocompact krrGss-modules. Then HomkrrGsspU,W q –

lim
ÐÝNĲOG

HomkrrGsspUN ,WNq.

Proof. Write U “ lim
ÐÝN

UN and W “ lim
ÐÝN

WN . It is sufficient to confirm that for

each N ĲO G, HomkrrGsspUN ,WNq – HomkrrGsspU,WNq.

Consider the continuous map ΓN : HomkrrGsspUN ,WNq Ñ HomkrrGsspU,WNq given by

α ÞÝÑ αϕN , where ϕN is the canonical projection U Ñ UN . Observe that ΓN is

injective since α P kerpΓNq if, and only if, αpϕNpuqq “ 0 for all u P U . This is

equivalent to α “ 0. On the other hand, by the universal property of coinvariant

modules, ΓN is surjective. So HomkrrGsspUN ,WNq – HomkrrGsspU,WNq.

Now, HomkrrGsspU,W q “ lim
ÐÝN

HomkrrGsspU,WNq – lim
ÐÝN

HomkrrGsspUN ,WNq.

Lemma 4.3.2. If U is a finitely generated pseudocompact A-module, then E “

EndApUq is a pseudocompact A-algebra.
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For a proof see [24, Lemma 2.3].

In particular, when U is an indecomposable finitely generated krrGss-module, EndkrrGsspUq

is a local ring. To see this we use the notion of algebraic compactness and its prop-

erties.

Proposition 4.3.3. Let G be a profinite group and let U be an indecomposable finitely

generated krrGss-module. Then U has local endomorphism ring.

Proof. Since U is pseudocompact, it is linearly compact by Item 1 from Lemma 3.2.9.

But, linearly compact modules are algebraically compact (cf. [9, Proposition 4.11]).

It hence follows from [9, Proposition 4.10] that the abstract endomorphism ring of U

is local.

Since U is finitely generated, by Item 2 of Lemma 3.2.9, the rings of abstract and

continuous endomorphisms coincide.

Lemma 4.3.4. Let U,W be pseudocompact krrGss-modules with U finitely generated.

If π : W ÝÑ U is a surjective krrGss-homomorphism such that πN : WN ÝÑ UN is

split for each N ĲO G, then π is a split homomorphism.

Proof. Write W “ lim
ÐÝN

tWN , ϕMNu and U “ lim
ÐÝN

tUN , ϕMNu. Since πN : WN ÝÑ UN

splits for each N ĲO G, then there is ιN : UN ÝÑ WN such that πN ιN “ idUN .

Let XN Ď HomkrrGsspUN ,WNq be the non-emtpy set of splitting maps of πN . For

N ďM , the map XN Ñ XM given by α ÞÝÑ αM makes XN into an inverse system.

We claim that each XN is a closed linear variety. For each N ĲO G, consider the

continuous linear map γN : HomkrrGsspUN ,WNq Ñ EndkrrGsspUNq given by α Ñ πNα.

Then γ´1N pidUN q “ XN . Moreover, a simple verification shows that the set XN is the

same as tα ` kerpγNqu, for some α P XN . Then XN “ α ` kerpγNq is a closed linear

variety. Now, by Item 3 of Lemma 3.2.10, lim
ÐÝN

XN ‰ H. An element ι P lim
ÐÝN

XN is

a splitting of π.
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4.4 Radicals and socles of pseudocompact krrGss-

modules and coinvariants

In this section we introduce the notion of radical and socle of a pseudocompact mod-

ule, and we developed the relation with coinvariant modules. Radical and socles of

pseudocompact modules will be key tools to study the structure of blocks of krrGss.

Definition 4.4.1. Let A be a pseudocompact k-algebra and let U be a pseudocompact

A-module. The radical of U , denoted by radpUq, is the intersection of the maximal

open submodules of U .

Lemma 4.4.2. Let U be pseudocompact krrGss-module with U “ lim
ÐÝN

tUN , ϕMNu.

Then

1. radpUq “ lim
ÐÝ
N

radpUNq, and the inverse system tradpUNq, ϕMNu is surjective.

2. For any i ě 1, radipUq “ lim
ÐÝN

radipUNq, where radipUq “ radpradi´1pUqq and

the inverse system is surjective.

3. U{radpUq – lim
ÐÝN

UN{radpUNq.

4. For any j P N, radjpUq{radj`1pUq – lim
ÐÝN

radjpUNq{rad
j`1pUNq.

Proof. 1. Given open subgroups N,M with N ď M , ϕMN : UN ÝÑ UM is a

surjective homomorphism. Then, by [2, Proposition 9.15], ϕMNpradpUNqq “

radpUMq. Thus, the restriction of the inverse system of UN to their radicals

yields an inverse system with inverse limit lim
ÐÝN

radpUNq Ď U . Furthermore,

radpUq is sent to radpUNq, for each N , so that radpUq Ď lim
ÐÝN

radpUNq. On the

other hand, let u R radpUq. Then there is a maximal open submodule W of U

such that u R W . Then, there is N 1 ĲO G such that IN 1U Ď W and u R ϕN 1pW q.

But, by The Correspondence Theorem, for modules (cf. [10, §10.2, Theorem 4])

ϕN 1pW q is maximal in UN 1 , so radpUN 1q Ď ϕN 1pW q and hence ϕN 1puq R radpUN 1q.

Then ϕNpuq R radpUNq for all N ď N 1. Hence, u R lim
ÐÝNďN 1

radpUNq. Then,

lim
ÐÝN

radpUNq Ď radpUq.

2. This is a particular case of Item 1.
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3. The result follows by applying Lemma 4.2.6 with V “ radpUq and WN “

radpUNq.

4. This is a particular case of Item 3.

Definition 4.4.3. Let A be a pseudocompact algebra and U a pseudocompact A-

module. We say that U is semisimple is for every closed submodule W of U , there

is a closed submodule W 1 of U such that U “ W ‘W 1.

Lemma 4.4.4. Let A be a pseudocompact algebra and U a pseudocompact A-module.

The following are equivalent:

1. U is a direct product of simple modules.

2. U is semisimple.

3. Every open submodule of U has a complement.

For a proof see [14, Lemma 3.9].

Observe that if N ď M are open subgroups of G, and X is a simple module of UN ,

then ϕMNpXq is simple or zero. Hence ϕMNpsocpUNqq Ď socpUMq.

Lemma 4.4.5. Let G be a profinite group and U a finitely generated pseudocompact

krrGss-module with U “ lim
ÐÝN

tUN , ϕMNu. Then lim
ÐÝN

tsocpUNq, ϕMNu is the maximal

closed semisimple submodule of U .

Proof. First we confirm that L “ lim
ÐÝN

tsocpUNq, ϕMNu is a semisimple submodule of

U . Let W be an open submodule of L. Then L{W is finite dimensional. Consider the

canonical projection q : LÑ L{W . By Lemma 4.4.4, it is sufficient to confirm that q

splits.

Since p qN is a right exact functor, for each N ĲO G, we have surjective maps qN :

LN Ñ pL{W qN . Since LN Ď socpUNq, and socpUNq is a semisimple submodule of UN ,

then qN splits, for each N ĲO G. So, by Lemma 4.3.4, the map q is split, as required.
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To finish we confirm that every closed semisimple submodule of U is contained in L.

Let V be a closed semisimple submodule of U . By Lemma 4.4.4, V is a direct product

of simple modules. It is thus sufficient to confirm that every simple submodule S of

V is contained in L. Let S be a simple submodule of V . Then, ϕNpSq Ď socpUNq, for

each N . so S Ď lim
ÐÝN

SocpUNq “ L. Hence, V Ď L.

Remark 4.4.6. Observe that the inverse system of tsocpUNq, ϕMNu need not be sur-

jective, and it can happen that socpUq “ 0.

Definition 4.4.7. The socle of U , denoted by socpUq, is the maximal closed semisim-

ple submodule of U .

Lemma 4.4.8. Let G be a profinite group and U a finitely generated pseudocompact

krrGss-module with U “ lim
ÐÝN

tUN , ϕMNu. Then U{socpUq – lim
ÐÝN

UN{socpUNq.

Proof. The result follows by applying Lemma 4.2.6 with V “ socpUq and WN “

socpUNq.
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Chapter 5

Tools of the Modular
Representation Theory of Profinite
Groups

In this chapter we introduce the basic definitions and results of the modular repre-

sentation theory for profinite groups required in the next chapters. Furthermore, we

introduce analogous notions of the trace map for pseudocompact algebras. In the

finite theory the trace map is a central piece in the study of the block theory of finite

groups, and the analogous notion introduced here will have an equivalent importance

in the block theory of profinite groups.

5.1 Relative Projectivity

Between the years 2005 and 2011, some results of the modular representation theory

of finite groups were extended to the category of profinite groups. In [22], [21], were

extended the notions of relative projectivity and vertex of the modules defined over

finite group algebras to modules over completed group algebras defined over finite

field of characteristic p.

Recall that if k is an infinite discrete field of characteristic p, then krrGss is a pseudo-

compact algebra. As in Chapters 3 and 4, many results presented here, about profinite

algebra and modules, remain true in case of pseudocompact objects.
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Definition 5.1.1. Let H be a closed subgroup of G. A pseudocompact krrGss-module

U is relatively H-projective if given any diagram of pseudocompact krrGss-modules

and krrGss-module homomorphisms of the form

U

ϕ
��

V
β
// //W

such that there exists a continuous krrHss-module homomorphism U ÝÑ V making

the triangle commute, then there exists a continuous krrGss-module homomorphism

U ÝÑ V making the triangle commute.

Observe that a projective module is the same thing as a 1-projective module. Many

familiar characterizations of relatively projective modules follow exactly as finite case:

Lemma 5.1.2. Let G be a profinite group, H a closed subgroup of G and U be a

pseudocompact krrGss-module. The following are equivalent:

1. U is relatively H-projective.

2. If a continuous krrGss-module epimorphism V ÝÑ U splits as a krrHss-module

homomorphism, then it splits as a krrGss-module homomorphism.

3. U is isomorphic to a direct summand of U ÓHÒ
G.

4. The natural projection π : U ÓHÒ
GÝÑ U sending gpbu ÞÝÑ gu splits.

5. U is a direct summand of a module induced from some pseudocompact krrHss-

module.

Proof. 1.ô 2.ô 3.ô 5. can be proved in a similar way to the finite case (cf. Lemma

2.1.3) and 4.ñ 3. is obvious.

It remains to confirm 3. ñ 4. Observe that π is component at U of the counit of

the induction-restriction adjuction (see Remark 4.1.6). So, if α : U ÝÑ U ÓHÒ
G and

β : U ÓHÒ
GÝÑ U are the split homomorphisms coming from 3., then, by properties
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of adjoint functors, β “ πγ ÒH , for some endomorphism γ : U ÓHÝÑ U ÓH . Then

idU “ βα “ pπγ ÒGqα “ πpγ ÒH αq. Hence π is split.

Remark 5.1.3. Here and elsewhere, when U, V are krrGss-modules, we write U |V to

mean that U is isomorphic to a continuous direct summand of V .

The fact of U being a pseudocompact krrGss-module and being able to write U as

inverse limit of its coinvariant modules UN (cf. Proposition 4.2.4) let us find new

characterizations of relative projectivity of U .

Proposition 5.1.4. Let U be a finitely generated pseudocompact krrGss-module, and

H ďC G. Then U is relatively H-projective if and only if U is relatively HN-projective

for every N ĲO G.

Proof. Assume that U is relatively HN -projective for every N ĲO G. Then, by

Lemma 5.1.2, the natural projection πN : U ÓHNÒ
GÝÑ U splits. Denote by IN the

non-empty set of splittings of πN . Observe that IN is a closed linear variety, since IN

is the inverse image of idU by the continuous map ρN : HomkrrGsspU,U ÓHNÒ
Gq ÝÑ

EndkrrGsspUq given by α ÞÝÑ πNα.

Now, the proof of [22, Proposition 3.3] can be followed step-by-step, since lim
ÐÝN

IN ‰ H

by Item 3 of Lemma 3.2.10.

Proposition 5.1.5. Let U be a finitely generated pseudocompact krrGss-module, and

H ďC G. Then U is relatively H-projective if, and only if, UN is relatively HN-

projective for every N ĲO G.

Proof. We essentially follow the proof of [22, Proposition 3.5]. Fix M ĲO G and

consider the cofinal system of open normal subgroups N of G contained in M (see

Remmark 3.1.9). The module UN is relatively HM -projective, so by Lemma 5.1.2, the

canonical projection πN : UN ÓHMÒ
GÑ UN splits. But UN ÓHMÒ

G– pU ÓHMÒ
GqN by

Lemma 4.2.2. Then, by Lemma 4.3.4, U is relatively HM -projective. Now, following

the proof of [22, Proposition 2.13], the result follow.
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Next, we define the trace map, and with this finally we state our characterization of

finitely generated relatively H-projective krrGss-modules:

Definition 5.1.6. If H ďO G and U , W are krrGss-modules, then the trace map

TrGH : HomkrrHsspU ÓH ,W ÓHq ÝÑ HomkrrGsspU,W q,

is defined by α ÝÑ
ř

sPG{H sαs
´1, where G{H denotes a set of left coset representatives

of H in G.

The following theorem collect all characterization for relatively projective modules.

Theorem 5.1.7. Let G be a profinite group, let H ďC G, and let U be a finitely

generated pseudocompact krrGss-module. Then the following are equivalent:

1. U is relatively H-projective.

2. If ever a continuous krrGss-epimorphism V ÝÑ U splits as a krrHss-module

homomorphism, then it splits as a krrGss-module homomorphism.

3. U is isomorphic to a direct summand of U ÓHÒ
G.

4. The natural projection π : U ÓHÒ
GÝÑ U sending gpbu ÞÝÑ gu splits.

5. U is isomorphic to a direct summand of a module induced from some pseudo-

compact krrHss-module.

6. U is relatively HN-projective for every N ĲO G.

7. UN is relatively HN-projective for every N ĲO G.

8. For every N ĲO G there exists a continuous krrHN ss-endomorphism αN of U

such that idU “ TrGHNpαNq.

The last item can be proved mimicking the finite case.

5.1.1 Vertices

Thanks to the pass from profinite modules to pseudocompact modules, mentioned in

the previous section, the theory of vertices and sources developed in [22] for profinite
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modules can be transferred to the pseudocompact case. In this section, we collect the

more relevant results about vertices.

Mostly proofs of the following results can be done by mimicking in the proofs of the

profinite case, we refer the reader interested in the proofs to [22].

Definition 5.1.8. If U a finitely generated indecomposable pseudocompact krrGss-

module, a vertex of U is a minimal closed subgroup Q such that U is relatively

projective to Q.

The following results were proved for profinite krrGss-modules in [22, §4], however,

they proofs are valid in a more general context as pseudocompact krrGss-modules.

Lemma 5.1.9. If U is an indecomposable finitely generated pseudocompact krrGss-

module, then a vertex of U exists.

Theorem 5.1.10. Let G be a profinite group, U an indecomposable finitely generated

krrGss-module, and let Q,R be vertices of U . Then there exists x P G such that

Q “ xRx´1.

Lemma 5.1.11. If U is a finitely generated indecomposable krrGss-module, then any

vertex of U is a pro-p group.

Example 5.1.12. Let G be a profinite group with Sylow p-subgroup P . Then P is a

vertex of the trivial krrGss-module k.

If k had a vertex Q properly contained in P , then for some N ĲO G we have that

QN{N is properly contained in PN{N . But then the module kN “ k would be

relatively QN{N-projective, which contradicts the fact that any vertex of the trivial

krG{N s-module is a p-Sylow subgroup of G{N by [1, III, §9, p.67].

Lemma 5.1.13. Let G be a profinite group, N ĲC G and U a finitely generated

indecomposable krrGss-module on which N acts trivially. If U has vertex Q, then U

has vertex QN{N as krG{N s-module.

Proof. Since N act trivially on U , then U – UN . So U has vertex R{N as a krG{N s-

module for some N ď R ď QN . Furthermore, N acts trivially on U ÓRÒ
G, since for

g P G, n P N and u P U ,
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npgpbRuq “ ngpbRu “ gn1pbRu “ gpbRn
1u “ gpbRu.

So, by Lemma 4.2.2,

U ÓRÒ
G
– pU ÓRÒ

G
qN – UN ÓR{NÒ

G{N
– U ÓR{NÒ

G{N .

Hence U | U ÓRÒ
G as a krrGss-module. Thus U is R-projective, so that gQ ď R, for

some g P G.

But, pgQqN ď R if and only if gQN ď R, since N is normal in G. So we have that
gQN ď R ď QN . Hence R “ QN .

The next result is a version of [12, Theorem 9] for profinite groups.

Proposition 5.1.14. Let U be an indecomposable finite dimensional krrGss-module

with vertex Q. If P is a p-Sylow subgroup of G containing Q, then Q is open in P .

Proof. Since P,Q are closed subgroups of G, to see that Q is open in P it is sufficient

to confirm that the index of Q in P is finite.

Since U is finite dimensional, there is a cofinal system of open normal subgroups N

of G such that U – UN . Then, by Lemma 5.1.13, U has vertex QN{N as krG{N s-

module. Furthermore, by [32, Proposition 2.2.3], PN{N is a p-Sylow subgroup of

G{N , for each N in the cofinal system. Since Q ď P , then QN{N ď PN{N .

By Proposition 2.1.7, |PN{N : QN{N | divides dimpUq, for each N in the cofinal

system. Then, for each N in the cofinal system, |PN{N : QN{N | is bounded above

by dimpUq. Thus |P : Q| ă 8.

5.2 Relative traces

In the modular representation theory of finite groups, the trace map is a tool frequently

used. For modular representations of profinite groups and block theory it will be a

useful tool as in the finite case. In this section we introduce the trace map for profinite
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groups and open subgroups analogously as the finite case. Furthermore, for closed

subgroups we introduce a trace from a closed subgroup as a subset. This new notion

will be a key tool to be used in the next chapters.

Definition 5.2.1. Let G be a profinite group and A a pseudocompact k-algebra. We

say that A is a pseudocompact G-algebra if A is endowed with a continuous action

G ˆ A ÝÑ A of G on A, written pg, aq ÞÝÑ ga for all a P A and g P G, such that the

continuous map sending a P A to ga is a k-algebra automorphism.

Definition 5.2.2. If A,B are pseudocompact G-algebras, a continuous k-algebra ho-

momorphism f : A ÝÑ B is a homomorphism of G-algebras if fpgaq “ gfpaq

for all a P A and g P G.

Definition 5.2.3. If H is a closed subgroup of G, the subalgebra of fixed elements

of A by H is defined by AH “ ta : ha “ a, @ h P Hu.

Observe that AH is closed in A, since, for each h P H, we can consider the continuous

map ρh : A ÝÑ Aˆ A given by a ÞÝÑ pa, haq, so AH “
Ş

hPH ρ
´1
h ptpa, aq : a P Auq.

Given g P G, we have that

Ag
´1Hg

“
g
pAHq “ tga : a P AHu.

Observe that if L,H are closed subgroups of G with L ď H, then AH Ď AL.

Example 5.2.4. The complete group algebra krrGss can be considered as a G-algebra

with action of G given by conjugation, that is, gx “ gxg´1, for each g P G and

x P krrGss.

Definition 5.2.5. Let A be a pseudocompact G-algebra and H,L subgroups of G with

H ďO L. The corresponding trace map is the continuous map

TrLH : AH ÝÑ AL

a ÞÝÑ
ÿ

gPL{H

ga,
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where L{H denote a set of left coset representatives of H in L.

The next result is a version of [19, Proposition 2.5.4, 2.5.5] for pseudocompact G-

algebra.

Lemma 5.2.6. Let G be a profinite group and let A be a pseudocompact G-algebra.

Then

1. If H is an open subgroup of G, for any a P AH and b P AG, bTrGHpaq “ TrGHpbaq

and TrGHpaqb “ TrGHpabq.

2. If H,L are open subgroups of G with L ď H, then TrGH ˝ Tr
H
L “ TrGL .

3. [Mackey’s Formula]If H is a closed subgroup and L an open subgroup of G.

Then, for any a P AL, TrGL paq “
ř

gPHzG{L

TrHHXgLp
gaq.

These properties of the trace map carry through just as for finite groups.

If H is a closed subgroup and N,M are open normal subgroups of G with N ď M ,

by Item 2 of Lemma 5.2.6, we have that

TrGHNpA
HN
q “ TrGHMpTr

HM
HN pA

HN
qq Ď TrGHMpA

HM
q.

Definition 5.2.7. Let A be a pseudocompact G-algebra. If H is a closed subgroup of

G, define the trace of H as TrGHpA
Hq “

Ş

NĲOG
TrGHNpA

HNq.

The following result is a useful tool that relates the set trace of H with the trace map

for finite groups.

Lemma 5.2.8. Let G be a profinite group and D be a closed pro-p subgroup of

G. Considering krrGss as G-algebra with multiplication given by conjugation, then

TrGDpkrrGss
Dq Ď lim

ÐÝN
Tr

G{N
DN{NpkrG{N s

DN{Nq.

Proof. We first make tTr
G{N
DN{NpkrG{N s

DN{Nqu into an inverse system via the maps

ΦMN : Tr
G{N
DN{NpkrG{N s

DN{Nq ÝÑ Tr
G{M
DM{MpkrG{M s

DM{Mq given by the canonical
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projection ϕMN : krG{N s ÝÑ krG{M s restricted to Tr
G{N
DN{NpkrG{N s

DN{Nq, when-

ever N ď M . Let y P Tr
G{N
DN{NpkrG{N s

DN{Nq, so there is a P krG{N sDN{N such

that y “ Tr
G{N
DN{Npaq “

ř

gNPG{DN
gNa. It is sufficient to show that ϕMNpyq P

Tr
G{M
DM{MpkrG{M s

DM{Mq. Observe that ϕMNpaq P krG{M s
DM{M .

Since DN ď DM ď G, we can consider a set X of left coset representatives of DN

in DM . On the other hand, we can consider a set Z of left coset representatives of

DM in G. So ZX “ tzx:z P Z, x P Xu is a set of left coset representatives of DN in

G. Now, we can write y as y “
ř

zxPZX
zxa. Then

ΦMNpyq “ ϕMNpyq “ ϕMNpTr
G{N
DN{Npaqq

“ ϕMNp
ÿ

zxPZX

zxNaq

“
ÿ

zPZ

ÿ

xPX

ϕMNp
zxNaq

“
ÿ

zPZ

ÿ

xPX

ϕMN pzNqϕMN pxNqϕMNpaq

“
ÿ

zPZ

ˇ

ˇ

ˇ

ˇ

DM

DN

ˇ

ˇ

ˇ

ˇ

ϕMN pzNqϕMNpaq

“

ˇ

ˇ

ˇ

ˇ

DM

DN

ˇ

ˇ

ˇ

ˇ

Tr
G{M
DM{MpϕMNpaqq

P Tr
G{M
DM{MpkrG{M s

DM{M
q.

Thus we have lim
ÐÝN

tTr
G{N
DN{NpkrG{N s

DN{Nq,ΦMNu with compatible maps

ΦN : lim
ÐÝN

Tr
G{N
DN{NpkrG{N s

DN{Nq ÝÑ Tr
G{N
DN{NpkrG{N s

DN{Nq given by x ÞÝÑ ϕNpxq.

Now, let y P TrGQpkrrGss
Qq. We must confirm that y P lim

ÐÝN
Tr

G{N
QN{NpkrG{N s

QN{Nqq.

But, by [4, II. §5, Proposition 9],

lim
ÐÝ
N

Tr
G{N
QN{NpkrG{N s

QN{N
qq “

č

NĲOG

ϕ´1N pTr
G{N
QN{NpkrG{N s

QN{N
qq.

So we must confirm that y P
Ş

NĲOG
ϕ´1N pTr

G{N
QN{NpkrG{N s

QN{Nqq.
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By definition 5.2.7, y P TrGQNpkrrGss
QNq, for each N ĲO G. Fix N ĲO G. Then

y “ TrGQNpaq “
ř

gPG{QN
ga, for some a P krrGssQN . It is sufficient to show that

ΦNpyq P Tr
G{N
QN{NpkrG{N s

QN{Nqq. So,

ΦNpyq “ ϕNpyq “ ϕNp
ÿ

gPG{QN

gaq

“
ÿ

gPG{QN

ϕNp
gaq

“
ÿ

gPG{QN

ϕN pgqϕNpaq

“
ÿ

gPG{QN

gNϕNpaq P Tr
G{N
QN{NpkrG{N s

QN{N
qq.
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Chapter 6

Blocks of Profinite Groups and
Modules

In this chapter we arrive at the core of this work, the development of a systematic

block theory for completed group algebras. We will begin by addressing basic notions

related to the block decomposition of a group algebra and the behavior of the modules

defined on an algebra that admits such a decomposition.

Throughout this chapter, k is an infinite discrete field of characteristic p and A a

pseudocompact k-algebra. We have the following definitions equal as in the finite

case (cf. Definition 2.2.1).

Definition 6.0.1. An element e P A is idempotent if e2 “ e. Two idempotents

e, f of A are orthogonal if ef “ fe “ 0. A non-zero idempotent is primitive if it

cannot be written as a sum of two non-zero orthogonal idempotents.

We denote by ZpAq the center of A.

Definition 6.0.2. An idempotent e P A is called centrally primitive if e is a

primitive idempotent of ZpAq.

Lemma 6.0.3. Let A be a pseudocompact k-algebra. There is a unique set of pairwise

orthogonal centrally primitive idempotents E “ tei : i P Iu in A such that
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A “
ź

iPI

Bi “
ź

iPI

Aei. (6.1)

Proof. By [11, IV. §3, Corollaries 1,2] applied to ZpAq there is a set of pairwise

orthogonal centrally primitive idempotents E “ tei : i P Iu in A such that

A “
ź

iPI

Bi “
ź

iPI

Aei.

Note if there is another set of pairwise orthogonal centrally primitive idempotents

F “ tfi : i P Iu with the same property as E, by [27, II, Theorem 6.6.64], there is an

invertible element x P A such that xei “ fix for every i P I. But since ei, fi P ZpAq

then xei “ xfi. So ei “ fi for every i P I. Hence E “ F .

Each Bi is called block of A (or A-block), each ei is called a block idempotent

and E is called the complete set of centrally primitive orthogonal idempotents of A.

The decomposition of A like (6.1) is called The block decomposition.

Lemma 6.0.4. Let A be a pseudocompact algebra and let e P A be an idempotent. If

X is a not necessarily closed ideal of A, then eXe “ eXe.

Proof. First, we confirm that eXe is closed in eAe. Observe that eXe “ X X eAe,

since if y P X X eAe, we have that y “ eae, for some a P A and y P X. Then

y “ eae “ epeaeqe “ eye P eXe. On the other hand, if eye P eXe, then eye P eAe

and eye P X, since X is an ideal of A. Thus eXe is closed in eAe. It now follows by

the definition of closure that eXe Ď eXe.

Let f : A ÝÑ eAe be the continuous map given by a ÞÝÑ eae. Then fpXq Ď fpXq.

That is eXe Ď eXe. Hence eXe “ eXe.

Lemma 6.0.5. Let A be a pseudocompact k-algebra and e be a primitive idempotent

of A. Then

1. eAe is a local algebra.
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2. (Rosenberg’s Lemma) If J is a set of closed ideals of A and e P
ř

IPJ I, then

there is some I P J such that e P I.

Proof. 1. By [30, Theorem 29.15], eAe is a linearly compact algebra, hence a pseu-

docompact algebra, with unity e. On the other hand, by [11, IV. §3, Corollary

1], Ae is an indecomposable projective pseudocompact A-module. Then, by

Lemma 4.3.2, EndpAeq is pseudocompact, and by Proposition 4.3.3, EndApAeq

is a local pseudocompact algebra. Now, arguing as the finite case (cf. [3, Lemma

1.3.3]) we obtain that eAe – EndApAeq
op: Define the maps

ρ : EndApAeq
op
ÝÑ eAe , γ : eAe ÝÑ EndApAeq

op

f ÞÝÑ fpeq , x ÞÝÑ γpxqpaeq “ aex.

Observe that fpeq P eAe since fpeq P Ae and fpeq “ fpeeq “ efpeq P eAe.

Furthermore, γpxq P EndApAeq since γpxqpaeqe “ aexe “ aex P Ae, for some

ae P Ae.

We confirm that γ and ρ are algebra homomorphisms. Let f1, f2 P EndApAeq,

then ρpf1f2q “ pf1f2qpeq “ f2pf1peqq “ f2pf1peqeq “ f1peqf2peq “ ρpf1qρpf2q.

Let x, y P eAe and ae P Ae, then γpxyqpaeq “ aexy “ γpyqpaexq “ γpyqpγpxqpaeqq “

γpxqγpyqpaeq.

It remains to confirm that ρ and γ are mutually inverse. Let x P eAe, then

ργpxq “ γpxqpeq “ ex “ x. Since x P eAe is arbitrary, then ργ “ idEndpAeq. On

the other hand, let f P EndApAeq and ae P Ae, then γρpfqpaeq “ γpfpeqqpaeq “

aefpeq “ fpaeeq “ fpaeq. Again, since f P EndApAeq and ae P Ae is arbitrary,

γρ “ ideAe.

2. By Lemma 6.0.4, ep
ř

IPJ Iqe “ ep
ř

IPJ Iqe “
ř

IPJ eIe. So, if e P
ř

IPJ I then

e P
ř

IPJ eIe. Since the algebra eAe is local by Item 1, then each ideal eIe, with

I P J , is either contained in the Jacobson radical of eAe or equal to eAe. Thus

there is at least one I P J such that eIe “ eAe. So e P I.
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Definition 6.0.6. Let U be a pseudocompact A-module. We say that U lies in a

block B of A if BU “ U and B1U “ 0 for all B1 ‰ B.

If B is a pseudocompact algebra with unity e, then U lies in Bi if, and only if, eU “ U

and e1U “ 0 for all e1 P E distinct from e.

If U is a pseudocompact A-module lying in some block B of A, and V is a closed

submodule of U , then V and U{V lie in B. If U1, U2 are A-modules lying in B then

U1 ‘ U2 lies in B.

The next result is a pseudocompact version of [1, IV, §13, Proposition 2].

Proposition 6.0.7. Let A “
ś

iPI Bi be the block decomposition of A and let U be

a pseudocompact A-module. Then U has a unique decomposition of the form
ś

iPI

Ui,

where Ui lies in the block Bi.

Proof. Let ei be the block idempotent of Bi. Define Ui “ eiU , a A-module lying

in Bi. Observe that, by Lemma 3.2.9 and Lemma 3.2.10,
ś

iPI

Ui is a pseudocompact

A-module.

Define for each i P I the continuous homomorphism ρi : U Ñ Ui given by u ÞÝÑ eiu.

Now, for each finite subset K of I, define the continuous homomorphism ρK : U ÝÑ
ś

iPK

Ui by ρKpuq “ pρipuqqiPK .

The homomorphisms ρK induce a continuous surjective homomorphism ρ : U ÝÑ
ś

iPI

Ui, which is an injective since kerpρq “
Ş

iPI

kerpρiq and if u P kerpρq, then u “ u ¨1 “

peiqiPIu “ peiuqiPI “ pρipuqqiPI “ 0.

So ρ is a continuous bijective homomorphism, and since U is pseudocompact, by

Lemma 3.2.10, U –
ś

iPI

Ui.

The uniqueness of the decomposition follows from the uniqueness of the complete set

of centrally primitive orthogonal idempotents.

Observe that, in particular, indecomposable pseudocompact modules lie in a unique

block. Furthermore, if B is a block of A, there is a simple A-module lying in B: The
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left A-module B lies in B, so if V is a maximal submodule of B, then B{V is a simple

module lying in B.

6.0.1 Finite dimensional modules in krrGss-blocks

Recall our convention that the symbols ϕN and ϕMN are reserved for the canonical

projections between coinvariant modules.

Remark 6.0.8. By [23, Proposition 6.4], the complete set of centrally primitive or-

thogonal idempotents E in krrGss is a discrete set and can be obtained as the direct

limit of the corresponding complete sets EN of krG{N s. We make the direct system

explicit, as we will use in future:

If N ď M are open normal subgroups of G, define ψMN : EM ÝÑ EN by send-

ing c P EM to the unique centrally primitive idempotent d of krG{N s such that

ϕMNpdqc ‰ 0. Since c is primitive as a central idempotent, this is equivalent to

saying that ϕMNpdqc “ c.

Lemma 6.0.9. Let U, V be finite dimensional krrGss-modules lying in the same block

of G. Then there is N0 ĲO G acting trivially on U , V and such that U, V lie in the

same block of G{N0.

Proof. Since U, V are finite dimensional, it is sufficient to prove the lemma supposing

that both are indecomposable krrGss-modules. Let e be the block idempotent such

that eU “ U, eV “ V and e1U “ 0 “ e1V for all e1 P E r teu.

Since U has finite dimension, the automorphism group AutpUq of U has the discrete

topology. Then the kernel K of the continuous group homomorphism σ : G ÝÑ

AutpUq is an open normal subgroup of G acting trivially on U . Analogously for V

we have an open normal subgroup K 1 of G acting trivially on V . Since M “ K XK 1

acts trivially on U and V , then U and V can be treated as krG{M s-modules.

Since M acts trivially on U and V , then x ¨U “ ϕMpxq ¨U and x ¨ V “ ϕMpxq ¨ V for

all x P krrGss. In particular, U “ e ¨ U “ ϕMpeq ¨ U and V “ e ¨ V “ ϕMpeq ¨ V .
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Using the notation in Remark 6.0.8, if f, g are the block idempotents of the krG{M s-

modules U, V respectively, then, since ϕMpeqf “ f and ϕMpeqg “ g, we have that

ψMpfq “ ψMpgq “ e

Now, by construction of the direct limit there is N0 ď M such that ψMN0pfq “

ψMN0pgq “ eN0 . Thus U, V lie in the same krG{N0s-block with block idempotent

eN0 .

The following results show a relation between simple modules lying in the same block

of G. The statement presented is analogous to the finite case presented by Webb [31,

Proposition 12.1.7].

Proposition 6.0.10. Let S, T be simple krrGss-modules. Then the following are equiv-

alent:

(1) S, T lie in the same block of G.

(2) There is a sequence of simple krrGss-modules S “ S1, S2, ..., Sn “ T such that

Sj, Sj`1, for each j P t1, 2, ..., n´ 1u, are composition factors of an indecompos-

able projective pseudocompact krrGss-module.

(3) There is a sequence of simple krrGss-modules S “ T1, T2, ..., Tm “ T , such that

Tj, Tj`1, for each j P t1, 2, ...,m´ 1u, are equal or there is a non-split extension

of one by the other.

Proof. Item (2) says that each pair of simple modules Si, Si`1 are composition factors

of an indecomposable projective module Pi, 1 ď i ă n, where S1 “ S and Sn “ T .

The following diagram represents this relation

S1 S2 ¨ ¨ ¨ Sn´1 Sn.

P1 P2 ¨ ¨ ¨ Pn´1

The edges point at which simple modules are composition factors of which projective

modules. Since each Pi (1 ď i ă n) is indecomposable, it only lies in one krrGss-block.

Hence each composition factor of Pi lies in the same block. In particular each Si lie
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in the same krrGss-block as Pi and Pi`1. Then all the Pi lie in the same krrGss´block,

hence S, T lie in the same krrGss-block. So we have proved p2q ñ p1q.

Assume that p1q is true, that is, S, T lie in the same block of G. Then, by Lemma

6.0.9, S, T lie in the same block of G{N , for some N ĲO G acting trivially on S and

T . By [31, Proposition 12.1.7], there is a sequence of simple krG{N s-modules S “

S1, S2, ..., Sn “ T such that Sj, Sj`1, are composition factors of an indecomposable

projective krG{N s-module Pi, for each j P t1, 2, ...m´ 1u. By [11, IV. §3, Corollaries

1,2], krrGss “
ś

iPI P
1
i a product of indecomposable projective krrGss-modules. Then

krG{N s “
ś

iPIpP
1
i qN . In particular, Pi is isomorphic to a direct summand of the

projective krG{N s-module pP 1i qN . Since the homomorphism ϕN : krrGss ÝÑ krG{N s,

defined in Remark 4.2.5, is surjective, then Si, Si`1 are composition factors of P 1i

too. Hence the sequence of krrGss-modules S “ S1, S2, ..., Sn “ T has the property

required, proving p1q ñ p2q. This argument can be represented with the following

diagram

P 11 P 12 ¨ ¨ ¨ P 1n

S S2 ¨ ¨ ¨ Sn´1 T

P1 P2 ¨ ¨ ¨ Pn

,

Assume that p3q is true, then there is a sequence of simple krrGss-modules S “

T1, T2, ..., Tm “ T , such that there is a non-split extension of Ti by Ti`1 for every

1 ď i ď m. Then for each 1 ď i ď m, there is an indecomposable module Ui such

that the following sequence 0 ÝÑ Ti ÝÑ Ui ÝÑ Ti`1 ÝÑ 0 (or 0 ÝÑ Ti`1 ÝÑ Ui ÝÑ

Ti ÝÑ 0) is exact. So, Ti, Ti`1 are composition factors of Ui for all i P t1, ...,mu.

We can express this relation with the following diagram:

U1 U2 ¨ ¨ ¨ Um

S T2 ¨ ¨ ¨ Tm´1 T.
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Since each Ui, 1 ď i ď m, is indecomposable, then it can be lie only in one block of G.

Thus each Ti lies in one block of G and hence S, T lie in the same block of G proving

p3q ñ p1q.

Assume that p1q is true. By Lemma 6.0.9, there is N ĲO G acting trivially on S and

T such that S, T lie in the same block of G{N . By [31, Proposition 12.1.7], there is a

sequence of simple krG{N s-modules S “ T1, T2, ..., Tm “ T , with a non-split extension

of Ti by Ti`1, for every 1 ď i ď m. The non-split of sequence krG{N s-modules from

finite version are non-split sequence of krrGss-modules in the obvious way proving

p1q ñ p3q.

6.1 Blocks of G as inverse limits of finite dimen-

sional blocks.

Consider krrGss as a module for the complete group algebra krrGˆGss with the fol-

lowing continuous multiplication:

krrGˆGss ˆ krrGss ÝÑ krrGss

ppg1, g2q, xq ÝÑ g1xg
´1
2 ,

where g1, g2 P G and x P krrGss. The canonical projections ϕMN : krG{N s Ñ krG{M s

and ϕN : krrGss Ñ krG{N s defined in Remark 4.2.5 are krrGˆGss-module homomor-

phisms.

Each block of krrGss is equal to an indecomposable summand of krrGss as a krrGˆGss-

module. Furthermore, the blocks of krrGss are pairwise non-isomorphic as krrGˆGss-

modules, since the annihilators of the blocks in krrGˆ 1ss are pairwise non-equal (cf.

[1, p. 96]).

Let B be a block of G, considered as krrGˆGss-module, and N ĲO G. Define BN

as the coinvariant module BNˆN . Observe that BNˆN “ BNˆ1, since given x P BNˆ1

and n,m P N , there is m1 P N such that
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pn,mqx “ nxm´1
“ nm1x “ pnm1, 1qx “ x,

so that N ˆ N acts trivially on BNˆ1. By Proposition 4.2.4, B “ lim
ÐÝN

tBN , ϕMNu,

where, whenever N ďM , ϕMN : BN ÝÑ BM is the canonical quotient map.

Define the diagonal map δ : G ÝÑ GˆG as δpgq “ pg, gq, for each g P G.

Lemma 6.1.1. krrGss as a krrGˆGss-module is isomorphic to the induced module

k ÒGˆGδpGq .

Proof. We essentially follow the proof of the finite case [19, Proposition 5.11.6].

Consider the continuous maps ρ : krrGss ÝÑ k ÒGˆGδpGq , defined by g ÞÝÑ pg, 1qpb1, for

each g P G. Note that pg, 1qpb1 “ p1, g´1qpb1, since

pg, 1qpb1 “ p1, g´1qpg, gqpb1 “ p1, g´1qpbpg, gq1 “ p1, g´1qpbg1g´1 “ p1, g´1qpb1.

Then, if x, y P G, then px, yqρpgq “ px, yqpg, 1qpb1 “ pxg, yqpb1 “ pxgy´1, 1qpb1 “

ρppx, yqgq. Hence ρ is a krrGˆGss-module homomorphism.

On the other hand, let γ : k ÒGˆGδpGq ÞÝÑ krrGss be defined by pg, hqpbλ ÞÝÑ gλh´1, for

each g, h P H and λ P k. Observe that γ are well defined, since if g, h, z P G and

λ P k, then

γppgz, hzqpbλq “ gzλz´1h´1 “ gzz´1h´1λ “ gh´1λ “ gλh´1.

Furthermore, if x, y P G, then px, yqγppg, hqpbλq “ px, yqgλh´1 “ xgλh´1y´1 “

γppx, yqpg, hqpbλq. Hence γ is a krrGˆGss-module homomorphism.

Now, we confirm that γ and ρ are mutually inverse.

ργppg, hqpb1q “ ρpgλh´1qq “ pgh´1, 1qpb1q “ pg, hqpb1.

γρpgq “ γppg, 1qpb1q “ g.
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Proposition 6.1.2. Let B be a block of G. There is an open normal subgroup N0 of

G such that B is the inverse limit of blocks of G{N associated to the cofinal system

of open normal subgroups N of G contained in N0.

Proof. Let E be the set of blocks idempotents in krrGss. We use the direct system

tEN , ψMNu of sets of blocks idempotents of G{N that was described in Remark 6.0.8.

If e P E is the block idempotent of B, there is N0 ĲO G and e0 P EN0 such that

e “ ψN0pe0q. Consider the cofinal system N of open normal subgroups N of G with

N ď N0.

For each N ď N0, let eN “ ψN0Npe0q the unique centrally primitive idempotent

of krG{N s such that ϕN0NpeNqe0 “ e0. Observe that, whenever N ď M ď N0,

ϕMNpeNqeM “ eM . So, for eachN ď N0, the blockXN ofG{N , with block idempotent

eN , is a direct summand of BN as a krrGˆGss-module, then there are krrGˆGss-

homomorphisms ιN : XN ÝÑ BN inclusion, and πN : BN ÝÑ XN multiplication by

eN with πN ιN “ idXN . Now we can form a new inverse system of blocks XN via the

maps γMN : XN ÝÑ XM given by xN ÞÝÑ πMϕMN ιNpxNq, whenever N ď M . In

particular, γMNpeNq “ eM , since

γMNpeNq “ πMϕMN ιNpeNq “ ϕMNpeNqeM “ eM ,

where the last equality is a consequence of eM being a primitive idempotent. Then

γMNpxNq P XM , for each xN P XN . Furthermore, γMN is a surjective homomorphism,

since if yeM P XM with y P krG{M s, then there is x P krG{N s such that y “ ϕMNpxq,

so
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yeM “ ϕMNpxqeM

“ ϕMNpxqϕMNpeNqeM

“ ϕMNpxeNqeM

“ γMNpxeNq.

Furthermore, if N ďM ď K, and xeN P XN , then

γKMγMNpxeNq “ pπKϕKM ιMqpπMϕMN ιNqpxeNq

“ ϕKM ιMpϕMNpxeNq ¨ eMq ¨ eK

“ ϕKM ιMpϕMNpxqϕMNpeNq ¨ eMq ¨ eK

“ ϕKM ιMpϕMNpxqeMq ¨ eK

“ ϕKMpϕMNpxqeMq ¨ eK

“ ϕKMpϕMNpxqqϕKMpeMq ¨ eK

“ ϕKNpxq ¨ eK

“ ϕKNpxqϕKNpeNq ¨ eK

“ pπKϕKN ιNqpxeNq

“ γKNpxeNq.

Thus γKMγMN “ γKN . Hence tXN , γMNu form an inverse system. Denote by X the

inverse limit of the inverse system of XN .

Now, observe that the split homomorphisms πN are components of a map of inverse

systems from tBN , ϕMNu to tXN , γMNu. Then, by Lemma 4.3.4, the induced con-

tinuous map π “ lim
ÐÝN

πN is a split krrGˆGss-homomorphism. Hence X is a direct

summand of B. But B is indecomposable as a krrGˆGss-module, thus

B “ X “ lim
ÐÝ
N

XN .
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Remark 6.1.3. For the rest of this chapter,given a block B of G with block idempo-

tent e, the notation tXN , γMN , N P N u will refer to a fixed inverse system of finite

dimensional blocks of G{N as constructed in Proposition 6.1.2.

Note that this inverse system is not unique, due to the choice of N0 and the block

idempotent e0 of G{N0, but it will be important that once these choices are made, the

maps γMN are canonical.

Example 6.1.4. Let k be a field of characteristic 2 and let G be the profinite group
ś

iPI S3, the infinite direct product of copies of the group S3 “ă a, b | a3 “ b2 “

1, bab´1 “ a´1 ą. Considering the directed set of finite subsets J Ă I, the complete

group algebra krrGss is the inverse limit of an inverse system tkr
ś

iPJ S3s, ϕKJu of

finite group algebras, where if K, J Ă I are finite subsets of I with K Ď J , then

ϕKJ : kr
ś

iPJ S3s Ñ kr
ś

iPK S3s is the map induced from the canonical projection
ś

iPJ S3 Ñ
ś

iPK S3.

By example 2.2.2-1, we know that e1 “ 1 ` a ` a2 and e2 “ a ` a2 are the block

idempotents of krS3s. We assert that given a finite subset J0 of I, the block idempotent

e of krrGss is characterized by the property that for each finite subset J of I, ϕJpeq “
Â

jPJ e
1
j, where e1j “ e2 if j P J0, otherwise e1j “ e1.

To prove the assertion, fix a finite subset J of I and some i P I ´J for which e1i “ e2,

it is sufficient to confirm that in this case, ϕJpeq “ 0.

Let J 1 “ J Ytiu. Then the projection ϕJJ 1 : kr
ś

jPJ 1
S3s Ñ kr

ś

jPJ

S3s sends the finite ten-

sor product
Â

jPJ 1 e
1
j to 2¨p

Â

jPJ e
1
jq “ 0. So, ϕJpeq “ ϕJJ 1ϕJ 1peq “ ϕJJ 1p

Â

jPJ 1 e
1
jq “ 0,

proving the assertion.

Now, using Proposition 6.1.2, if B is a block of G with block idempotent e and J0 Ă I is

the finite subset of I for which e1j “ e2 for each j P J0, then B “ lim
ÐÝJ0ĎJ

XJ , where XJ

is the block of the finite group
ś

jPJ S3 with block idempotent
Â

jPJ e
1
j, where e1j “ e2

for j P J0 and e1j “ e1 otherwise.

Corollary 6.1.5. Let B be a block of G with block idempotent e. Let S be a finite

dimensional krrGss-module lying in B. Then there is an open normal subgroup N0 of
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G acting trivially on S such that S lies in the block XN0 of G{N0. Furthermore, S

lies in XN for each N ĲO G contained in N0.

Proof. Write B “ lim
ÐÝN

tXN , γMN , N P N u, where XN is block of G{N with block

idempotent eN as described in Remark 6.1.3. Fix M P N . There is a simple krG{M s-

module T lying in XM . Then T lies in B. If N ď M , then T is a krG{N s-module

with multiplication xT “ ϕMNpxqT , for x P krG{N s. Furthermore T lies in XN , since

eNT “ ϕMNpeNqT “ eMT “ T .

Since S, T are finite dimensional krrGss-modules lying in the same block B, by Lemma

6.0.9, there is N0 ĲO G with N0 ď M , such that S, T lie in the same krG{N0s-block.

But T lies in XN0 hence so does S.

Proposition 6.1.6. Let G be a profinite group, R a closed subgroup of G and B a

block of G considered as a krrGˆGss-module. Then B is δpRq-projective if, and only

if, XN is δpRqpN ˆNq-projective for each N ĲO G.

Proof. pñq If B is δpRq-projective, then BN “ BNˆN is δpRqpN ˆNq-projective for

each N ĲO G by Theorem 5.1.7. Since XN | BN , then XN is δpRqpN ˆNq-projective

for each N ĲO G.

pðq Assume that XN is δpRqpN ˆNq-projective for each N ĲO G.

We use the isomorphism of Lemma 4.1.7 to write

BN ÓδpRqpNˆNqÒ
GˆG

– krrGˆG{δpRqpN ˆNqsspbkBN .

Since XN | BN , for each N ĲO G, there are canonical maps πN : BN ÝÑ XN and

ιN : XN ÝÑ BN such that πN ιN “ idXN . Note that tπNu is a map of inverse systems,

cf. the proof of Proposition 6.1.2. Then, for each N ĲO G, define the continuous

krrGˆGss-homomorphisms
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qN : krrGˆG{δpRqpN ˆNqsspbkBN Ñ XN

zpbb ÞÝÑ πNpbq.

We assert that qN splits as a krrGˆGss-homomorphism: qN is the composition of the

split homomorphisms krrGˆG{δpRqpN ˆNqsspbkBN Ñ krrGˆG{δpRqpN ˆNqsspbkXN

and the canonical projection XN ÓδpRqpNˆNqÒ
GˆG XN Ñ XN . But since XN is

δpRqpNˆNq-projective for each N ĲO G, by Theorem 5.1.7, the canonical projection

is split, so qN is the composition of two split maps.

Using that πN are components of a map of inverse systems between tBNu Ñ tXNu,

it can be checked that qN are the components of a map of inverse systems. So, by

Lemma 4.3.4, the induced map q : krrGˆG{δpRqsspbkB ÝÑ lim
ÐÝ

XN “ B is split.
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Chapter 7

Defect Groups

In this chapter we introduce the concept and properties of the defects groups in

analogy with the theory developed for blocks of finite groups. Throughout this chapter

we will observe that defect groups are central pieces in the study of blocks.

From now on we will suppose that k is algebraically closed. While this is often not

necessary, it simplifies several arguments.

7.1 Definition and basic properties

Recall that we treat krrGss as a G-algebra with action given by conjugation. Whenever

we treat a subalgebra or quotient algebra of krrGss as a G-algebra, the action from G

is induced from this one.

Note that the center ZpkrrGssq of krrGss is the same as krrGssG. So every block

idempotent of krrGss belongs to krrGssG.

Definition 7.1.1. Let B be a block of a profinite group G with block idempotent e.

A defect group of B is a closed subgroup D of G such that e P TrGDpkrrGss
Dq and

minimal with this property.

Theorem 7.1.2. Let B be a block of G. A defect group of B exists.
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Proof. Let e be the block idempotent of B and consider D “ tH ďC G : e P

TrGHpkrrGss
Hqu. Make D into a partial order, ordering by inclusion. Observe that

D ‰ H, since G P D. Let C be a chain of elements of D. We assert that L “
Ş

HPC
H P

D.

Fix N ĲO G. Since LN is open in G, LN “ HN for some H P C. Hence e P

TrGLNpkrrGss
LNq for all N ĲO G. So L P D and by the definition of TrGL pkrrGss

Lq

(cf. Definition 5.2.7) it is a lower bound for C. By Zorn’s Lemma, there is a minimal

element D in D.

Analogous to the finite case (cf. Proposition 2.2.8) we have the following result:

Proposition 7.1.3. If B is a block of G with block idempotent e, and defect group

D, then any finitely generated krrGss-module lying in B is D-projective.

Proof. Let U be a finitely generated krrGss-module lying in B. By Theorem 5.1.7,

it is sufficient to confirm that for each N ĲO G, there exists a continuous krrDN ss-

endomorphism αN of U such that idU “ TrGDNpαNq.

Fix N ĲO G. Since D is a defect group of B, then e P TrGDNpkrrGss
DNq. So there

is xN P krrGss
DN such that e “ TrGDNpxNq. Now consider the continuous map αN :

U ÝÑ U defined by u ÞÝÑ xNu. Then αN P EndkrrDNsspUq, and idU “ TrGDNpαNq,

since for each u P U ,

TrGDNpαNqpuq “
ÿ

gPG{DN

gαNpg
´1uq

“
ÿ

gPG{DN

gxNpg
´1uq

“
ÿ

gPG{DN

pgxNg
´1
qu

“ TrGDNpxNqu

“ eu

“ u.
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So, by Theorem 5.1.7, U is D-projective.

The next result is a version profinite of [1, IV, §13, Proposition 3].

Proposition 7.1.4. Let B be a block of G. Then B has a vertex δpHq, as a krrGˆGss-

module, where H is a pro-p subgroup of G.

Proof. By Lemma 6.1.1, krrGss – k ÒGˆGδpGq as krrGˆGss-module. Then B is δpGq-

projective. Now, by Lemma 5.1.11, B as krrGˆGss-module has a vertex a closed

pro-p subgroup of G ˆ G contained in δpGq, that is, a subgroup of the form δpHq,

where H is a pro-p subgroup of G.

The next result is a version for profinite groups of [31, Lemma 12.4.4] and will be

used to the proof of Proposition 7.1.6.

Proposition 7.1.5. Let H be a closed subgroup of G and B a block of G with block

idempotent e. Then e P TrGHpkrrGss
Hq if, and only if, B is δpHq-projective as a

krrGˆGss-module.

Proof. pñq Suppose that e P TrGHpkrrGss
Hq. So for each N ĲO G, there is xN P

krrGssHN such that e “ TrGHNpxNq. Note that writing krrGss “ B‘B1, T rGHNpB
HNq Ď

B and TrGHNpB
1HNq Ď B1. Hence we may suppose that xN P B

HN . We assert that

B ÓδpGqpNˆNq is δpHqpN ˆNq-projective. Consider the continuous map αN : B ÝÑ B

given by y ÞÝÑ xNy. This map is a krrδpHqpN ˆNqss-homomorphism since

αNpphn1, hn2qyq “ xNhn1yphn2q
´1

“ hn1pphn1q
´1xNhn1qyphn2q

´1

“ hn1xNyphn2q
´1

“ phn1, hn2qαNpyq.

Now, observe that if R is a set of left coset representatives of HN in G, then

tpr, rq : r P Ru is a set of left coset representatives of δpHqpN ˆNq in δpGqpN ˆNq.

So
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Tr
δpGqpNˆNq
δpHqpNˆNqpαNqpeq “

ÿ

pr,rqPδpGqpNˆNq{δpHqpNˆNq

pr, rqαNppr
´1, r´1qeq

“
ÿ

pr,rqPδpGqpNˆNq{δpHqpNˆNq

rαNpr
´1erqqr´1

“
ÿ

pr,rqPδpGqpNˆNq{δpHqpNˆNq

rxNr
´1err´1

“ TrGHNpxNqe

“ ee

“ e

Thus Tr
δpGqpNˆNq
δpHqpNˆNqpαNq is the identity map on B and, by Theorem 5.1.7, B ÓδpGqpNˆNq

is δpHqpN ˆNq-projective. Let Z be a krrδpHqpN ˆNqss-module such that

B ÓδpGqpNˆNq| Z Ò
δpGqpNˆNq .

Since B is δpGqpN ˆNq-projective for each N ĲO G, by Theorem 5.1.7, we have that

B | B ÓδpGqpNˆNqÒ
GˆG

| Z ÒδpGqpNˆNqÒGˆG

So, for each N ĲO G, B is δpHqpN ˆ Nq-projective. By Theorem 5.1.7, B is δpHq-

projective.

pðq Now, assume that B is δpHq-projective as a krrGˆGss-module. Then B is

pG ˆ HNq-projective for each N ĲO G. By Theorem 5.1.7, for each N ĲO G there

is a continuous krrGˆHN ss-endomorphism αN of B such that idB “ TrGˆGGˆHNpαNq.

Now, arguing as in the finite case (cf. [20, Propodition 6.2.3]), αN is in particular

a left krrGss-endomorphism of B as a left B-module. Then αN is given by a right

multiplication, that is, for some x P B, αNpyq “ yx for all y P B.

On the other hand, αNpyhq “ αNpyqh for all h P HN . So yhx “ yxh for all y P B

and all h P HN . Considering, y “ e we have ehx “ exh. But since e acts trivially on

elements of B, we have that hx “ xh. So, hxh´1 “ x and hence x P BHN Ď krrGssHN .
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Now, if l runs over a set of left coset representatives of HN in G, then p1, lq runs

over a set of representatives of G ˆ HN in G ˆ G. So, idB “ TrGˆGGˆHNpαNq “
ř

p1,lqP GˆG
GˆHN

p1, lqαNp1, l
´1q. Then, for all y P B,

y “ idBpyq “ TrGˆGGˆHNpαNqpyq

“
ÿ

p1,lqPGˆG{GˆHN

p1, lqαNpp1, l
´1
qyq

“
ÿ

p1,lqPGˆG{GˆHN

1αNp1ylql
´1

“
ÿ

p1,lqPGˆG{GˆHN

ylxl´1

“ y
ÿ

lPG{HN

lxl´1

“ yTrGHNpxq.

But the unique possibility for y “ yTrGHNpxq for all y P B is for TrGHNpxq be the

unity of B, that is, e “ TrGHNpxq P Tr
G
HNpkrrGss

HNq. So, for every N ĲO G, e P

TrGHNpkrrGss
HNq. Then e P

Ş

N Tr
G
HNpkrrGss

HNq “ TrGHpkrrGss
Hq.

The next result is a version of [31, Theorem 12.4.5] for profinite groups:

Proposition 7.1.6. Let D be a closed subgroup of G and let B be a block of G with

block idempotent e. The following statements are equivalent.

1. D is a defect group of B.

2. δpDq is a vertex of B as krrGˆGss-module.

Proof. This follows from Proposition 7.1.5.

Proposition 7.1.7. Let G be a profinite group and B a block of G. Then the defect

groups of B are a conjugacy class of pro-p subgroups of G.
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Proof. Since vertices are pro-p subgroups of G by Proposition 7.1.4, so are defect

groups by Proposition 7.1.6. It remains to check conjugacy. Let Q,D be defect

groups of B. By Proposition 7.1.6, δpQq, δpDq are vertices of B as a krrGˆGss-

module. Additionally, by Theorem 5.1.10 and Lemma 5.1.11, there is x, y P G such

that px, yqpd, dqpx´1, y´1q “ pq, qq P δpGq, for d P D, q P Q. Then xdx´1 “ ydy´1 and

so

δpqq “ px, yqpd, dqpx´1, y´1q “ pxdx´1, ydy´1q

“ pxdx´1, xdx´1q

“ δpxqδpdqδpx´1q.

Then, δpQq “ δpxqδpDqδpx´1q and so Q “ xDx´1.

Proposition 7.1.8. Let B be a block of G with defect group D and let P be a p-Sylow

subgroup of G containing D. Then D is open in P .

Proof. Let S be a simple krrGss-module lying in B with vertex Q contained in D, as

we may by Proposition 7.1.3. By Proposition 5.1.14, Q is open in P , and hence D is

open in P .

7.2 Blocks and vertices

In this section we show that defect groups are well-behaved with respect to the inverse

system of finite dimensional blocks of Remark 6.1.3.

The following result, due to Green in the finite case [12, Theorem 12], is rarely men-

tioned for finite groups, but becomes incredibly useful for profinite groups because

simple modules are finite dimensional:

Proposition 7.2.1. Let G be a profinite group and B a block of G with defect group

D. There is a simple module T lying in B with vertex D.
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Proof. Write B “ lim
ÐÝN

XN as in Remark 6.1.3. Let S be the set of all simple modules

lying in B. There is T P S with the following property: dimpT q “ pra, with p - a and

r as small as possible among all simple krrGss-modules in B.

Using Corollary 6.1.5, fix a cofinal system N of N ĲO G acting trivially on T such

that T lies in XN . By Proposition 7.1.3, T has a vertex Q contained in D. We want

to show that Q “ D, then it is sufficient to confirm that D ď Q.

Let P be a Sylow subgroup of G containing Q. By [32, Proposition 2.2.3], PN{N is

a p-Sylow subgroup of G{N , and Q ď P , then QN{N ď PN{N . So, by Proposition

2.1.7, |PN{N : QN{N | divides dimpT q. So it follows from Theorem 2.2.7 that XN

has defect group QN{N .

Now, by Proposition 7.1.6, XN has vertex δpQN{Nq as a krG{NˆG{N s-module. But,

δpQN
N
q –

δpQqpNˆNq
pNˆNq

(through the isomorphism pq, qqpN ˆNq ÞÝÑ pqN, qNq), so XN is

δpQqpN ˆNq-projective for each N P N . By Proposition 6.1.6, B is δpQq-projective.

Then δpDq ď δpQq, and thus D ď Q. Hence Q “ D.

Corollary 7.2.2. Let B be a block of G with defect group D. There is N0 ĲO G

such that XN has defect group DN{N for every open normal subgroup N of G with

N ď N0.

Proof. By Proposition 7.2.1, we can consider a simple module T lying in B with

vertex D. By Corollary 6.1.5, there is N0 ĲO G such that T lies in XN0 . Consider

an open normal subgroup N of G contained in N0. Then, by Lemma 5.1.13, T has

vertex DN{N as a krG{N s-module.

By Proposition 2.2.8 there is a defect group
DpNq
N

of XN such that DN
N
ď

DpNq
N

. But,

since B is relatively δpDq-projective as a krrGˆGss-module, then XN is δpDN{Nq-

projective as a krG{N ˆG{N s-module. So, DN{N “ DpNq{N , as required.

Example 7.2.3. Let k be a field of characteristic 2 and let G be the profinite group
ś

iPI S3, the infinite direct product of copies of the group S3 “ă a, b | a3 “ b2 “

1, bab´1 “ a´1 ą. Consider the block of G with block idempotent e. As we saw in

Example 6.1.4, if J0 is the finite subset of I with e1i “ e2, then B “ lim
ÐÝJ0ĎJ

XJ , where
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each XJ is a block of the finite group
ś

jPJ S3 with block idempotent
Â

jPJ e
1
j, where

e1j “ e2 if j P J0, otherwise e1j “ e1. Then B has a defect group D “
ś

iPI Di, where

Di “ 1 if i P J0, otherwise Di “ă b ą.

Furthermore, observe that D has index 2|J0| in the 2-Sylow subgroup
ś

iPI ă b ą,

where |J0| denote the size of J0. In particular, D is open in
ś

iPI ă b ą.

Now, as in the finite case (cf. Theorem 2.2.11), we can give the important property

that any defect group is the intersection of two Sylow subgroups.

Theorem 7.2.4. Let G be a profinite group and B a block of G with defect group D.

Then D is expressible as an intersection P X gPg´1, for some g P CGpDq, where P is

a Sylow pro-p subgroup of G containing D.

Proof. Write B “ lim
ÐÝN

XN as in Remark 6.1.3. By Corollary 7.2.2, we can take a

cofinal system of open normal subgroups N of G such that each XN has defect group

DN{N .

Let P be a Sylow pro-p subgroup ofG containingD. By [32, Proposition 2.2.3], PN{N

is a Sylow p-subgroup of GN , and by Theorem 2.2.11, there is gN P CG{NpDN{Nq,

such thatDN{N “ PN{NX gNPN{N . Denote by CN the set ρ´1N ptgN P CG{NpDN{Nq :

DN{N “ PN{N X gNPN{Nuq Ď ρ´1N pCGpDN{Nqq, where ρN is the continuous pro-

jection from G to G{N .

We thus have a collection of closed, non-empty sets tCN : N ĲO Gu. We wish to

show that their intersection is non-empty. Since G is compact it suffices to confirm

that any intersection of finitely many of them is non-empty.

Let N1, ..., Nn be open normal subgroups of G. Then M “ N1 X ... X Nn ĲO G and

so by the previous argument CM ‰ H. This means that there exists x P G such

that DM{M “ pPM{Mq X xMpPM{Mq. Then, for each i P t1, 2, ..., nu, DNi{Ni “

pPNi{Niq X
xMpPNi{Niq. So CM Ď CN1 X ...X CNn and thus CN1 X ...X CNn ‰ H.

Then, there is x P
Ş

N CN Ď
Ş

N ρ
´1
N pCG{NpDN{Nqq “ CGpDq, such that DN{N “

PN{N XxN PN{N for each N ĲO G. Then,
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D “
č

N

ρ´1N pDN{Nq

“
č

N

ρ´1N ppPN{Nq X
xM
pPN{Nqq

“
č

N

ρ´1N pPN{Nq X ρ
´1
N p

xN
pPN{Nqq

“ P X xP.

For a profinite group G, we denote by OppGq the largest normal pro-p subgroup of

G. Observe that OppGq is the intersection of the Sylow p-subgroups of G, since the

Sylow p-subgroups are closed under conjugation, and OppGq is contained in some

Sylow p-subgroup P of G. Then gpOppGqq “ OppGq ď
gP for every g P G. But, by

Sylow’s Theorem (cf. [32, Proposition 2.2.2]), gP is a Sylow p-subgroup, so OP pGq is

contained in their intersection.

The next result is a version of [31, Corollary 12.3.4] for profinite groups:

Corollary 7.2.5. Let G be a profinite group and B a block of G with defect group D.

Then D “ OppNGpDqq.

Proof. Let P be a p-Sylow subgroup of G containing a p-Sylow subgroup Q of NGpDq.

Then P X NGpDq “ Q. By Theorem 7.2.4, D “ P X gP for some g P CGpDq. In

particular, g P NGpDq. Then gpP XNGpDqq “
gP XNGpDq is a Sylow p-subgroup of

NGpDq by [32, Theorem 2.2.2]. Thus, by Theorem 7.2.4, D “ pP XNGpDqq X p
gP X

NGpDq. Then OppNGpDqqq ď D. On the other hand, D is a closed normal pro-p

subgroup of NGpDq, so D ď OppNGpDqq. Hence D “ OppNGpDqq.

7.3 Brauer homomorphism and defect group

We wish to give two characterizations of defect groups of blocks of G through the

Brauer homomorphism (Definition 7.3.1).
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Consider krrGss as a G-algebra with action given by conjugation. Let D be a closed

pro-p subgroup of G. Observe that, for each proper open subgroup Q of D (denoted

Q šO D), TrDQpkrrGss
Qq is an ideal of krrGssD by Item 1 of Lemma 5.2.6. Thus

ř

QšOD

TrDQpA
Qq is an abstract ideal of krrGssD and its closure is a closed ideal of

krrGssD [30, Theorem 4.2].

The next definition is motivated by [26, §3]:

Definition 7.3.1. 1. Let G be a profinite group and let A be a pseudocompact G-

algebra. For a closed pro-p subgroup D of G, the Brauer quotient is defined as

the quotient algebra

ArDs “ AD{
ÿ

QšOD

TrDQpA
Qq. (7.1)

2. The Brauer homomorphism is the natural projection

BrD : AD ÝÑ ArDs.

Analogous to [3, Lemma 6.2.4] we have the following characterization for the defect

groups:

Theorem 7.3.2. Let B be a block of a profinite group G with block idempotent e.

Then B has defect group D if, and only if, e P TrGDpkrrGss
Dq and BrDpeq ‰ 0.

Proof. pñq Assume that B has defect group D. Then e P TrGDpkrrGss
Dq. It remains

to confirm that BrDpeq ‰ 0. To do this, we suppose that BrDpeq “ 0 and argue to a

contradiction.

SinceBrDpeq “ 0, then e P
ř

QšOD
TrDQpkrrGss

Qq. So, by Lemma 6.0.5, e P TrDQpkrrGss
Qq

for some Q šO D. Fix an open normal subgroup M of G such that DM{M is a de-

fect group of XM (by Corollary 7.2.2) and such that QM{M has the same index in

DM{M as Q in D. Then ϕMpeq P Tr
DM{M
QM{M pkrG{M s

QM{Mq and BrDM{MpϕMpeqq “ 0
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since BrDM{M is an algebra homomorphism. This contradicts the finite version of the

result (cf. [3, Lemma 6.2.4]), since XM has defect group DM{M .

pðq Now, assume that e P TrGDpkrrGss
Dq and BrDpeq ‰ 0. Then B has a defect group

R contained in D by definition of defect group. By Proposition 5.1.14, R is open in

D. So there is M ĲO G such that RM XD “ R. So RM š DM .

Since R is a defect group of B, then e P TrGRMpkrrGss
RMq. So, there is a P krrGssRM

such that e “ TrGRMpaq. Applying Mackey’s formula (Lemma 5.2.6) we have that

e “
ř

gPDzG{RM TrDDXgRMp
gaq.

Observe that, for each g P DzG{RM , D X gRM šO D, since otherwise,

D X gRM “ D ñ D ď
gRM

ñ RM ď DM ď
gRM

ñ g P NGpRMq

ñ D X gRM “ D XRM š D,

a contradiction.

It follows that if R is proper in D, then e P kerpBrDq “
ř

QšOD
TrDQpkrrGss

Qq,

contrary to our hypothesis. Hence R “ D proving the theorem.

We wish to collect together the characterizations of a defect group proved throughout

this chapter, and provide one further characterization that will help with the Brauer

Correspondence for virtually pro-p groups (cf. Theorem 8.0.7). First we need a version

of [31, Lemma 12.5.1] for profinite groups.

Lemma 7.3.3. Let H,D be closed pro-p subgroups of G. If, for each N ĲO G,

BrDpTr
G
HNpaqq ‰ 0, for some a P krrGssHN , then D is conjugate to a subgroup H of

G.

Proof. Fix some N ĲO G and a such that BrDpTr
G
HNpaqq ‰ 0. Applying Mackey’s

formula,
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TrGHNpaq “
ÿ

gPDzG{HN

TrDgHNXDp
gaq.

Since BrDpTr
G
HNpaqq ‰ 0, there is g P G, such that gHN XD “ D. So D ď gHN .

Let CN be the set of all g P G such that D ď gHN . Observe that CN is a closed

subset of G since each CN is a union of set of the form DgHN for some set of g P G.

But such sets are unions of cosets of HN , and there are only a finitely number of

these cosets. So CN is a finite union of closed sets, hence CN is closed.

Consider the collection of closed, non-empty sets tCN :N ĲO Gu. We assert that
Ş

N CN ‰ H. Since G is compact, it is enough to show that any finite intersection of

objects of the collection is non-empty.

Let N1, ..., Nn be open normal subgroups of G, then N1 X ¨ ¨ ¨ XNn is an open normal

subgroup of G. So CN1X¨¨¨XNn ‰ H, by previous argument. then there is g P G such

that DN Ď gHpN1 X ¨ ¨ ¨ X Nnqg
´1 Ď gHN1g

´1 X ¨ ¨ ¨ X gHNng
´1. So CN1X¨¨¨XNn Ď

CN1 X ¨ ¨ ¨ X CNn . Hence CN1 X ¨ ¨ ¨ X CNn ‰ H.

Then since
Ş

N CN ‰ H, there is x P G such that D Ď xHN for every N ĲO G.

Hence

Dx
Ď HN, @N ĲO G

Dx
Ď

č

N

HN

Dx
Ď H (by [32, Proposition 0.3.3])

D Ď
xH.

Now we can give our complete characterization of defect groups for a block of G:

Theorem 7.3.4. Let G be a profinite group, B a block of G with block idempotent e.

The following are equivalent for a closed subgroup D of G:
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1. B has a defect group D.

2. δpDq is a vertex of B as a krrGˆGss-module.

3. e P TrGDpkrrGss
Dq and BrDpeq ‰ 0

4. D is a maximal pro-p subgroup of G such that BrDpeq ‰ 0.

Proof. 1.ô 2. follow from Proposition 7.1.6, 1.ô 3. follow from Theorem 7.3.2.

3.ñ 4. Assume that D is a subgroup of G such that e P TrGDpkrrGss
Dq and BrDpeq ‰ 0.

Let Q be a pro-p subgroup of G for which BrQpeq ‰ 0. Then, by Lemma 7.3.3, Q is a

subgroup of a conjugate of D. Thus D is a maximal subgroup of G with BrDpeq ‰ 0.

4. ñ 1. Assume that D is a maximal pro-p subgroup of G such that BrDpeq ‰ 0.

Let H be a defect group of B. Then, e P TrGHpkrrGss
Hq and BrHpeq ‰ 0. By Lemma

7.3.3, D is conjugate to a subgroup of H. So, by Lemma 7.3.3, we may assume that

H contains D. But D is by hypothesis maximal with BrDpeq ‰ 0 and hence D “ H,

as required.
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Chapter 8

Brauer Correspondence for
Virtually pro-p Groups

The Brauer correspondence for finite groups describes a relationship between the

blocks of the finite group G with defect group D and the blocks of the normalizer

in G of D with defect group D. In this chapter we demonstrate a version of Brauer

correspondence for blocks of virtually pro-p groups, using the results obtained in the

previous chapters. We follow the approaches given in [3, §6.2], and [31, §12.6].

Remark 8.0.1. Observe that krrGssD is a NGpDq-algebra, since if g P NGpDq and

x P krrGssD, then dpgxg´1qd´1 “ gpg´1dgqxpg´1d´1gqg´1 “ gxg´1, for every d P D.

So gxg´1 P krrGssD.

In particular, krrGssrDs is a NGpDq-algebra and BrD is a NGpDq-algebra homomor-

phism.

Lemma 8.0.2. Let G be a profinite group and D a closed pro-p subgroup of G. Then

krrGssrDs – krrCGpDqss.

Proof. If we consider G as G-space with action given by conjugation, then CGpDq “

GD “ tg P G : dgd´1 “ g, @d P Du. Then, by [26, Lemma 3.4], krrGssrDs – krrGDss “

krrCGpDqss.
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It will be convenient for us to consider BrD as taking values in krrCGpDqss. Thus we

will regard BrD as

BrD : krrGssD ÝÑ krrGssrDs ÝÑ krrCGpDqss, (8.1)

where the second arrow is the inverse of the isomorphism of Lemma 8.0.2.

The next result is a pseudocompact version of [3, Proposition 6.2.2].

Lemma 8.0.3. Let G be a profinite group and D a closed normal pro-p subgroup of

G. Then every idempotent in ZpkrrGssq lies in krrCGpDqss.

Proof. Fix an idempotent e P ZpkrrGssq. For each N ĲO G, DN{N is a normal p-

subgroup of G{N and ϕNpeq is a central idempotent of krG{N s. Then, by [3, Proposi-

tion 6.2.2], ϕNpeq P krCG{NpDN{Nqs for each N ĲO G. So e P lim
ÐÝ

krCG{NpDN{Nqs “

krrCGpDqss.

Lemma 8.0.4. Let G be a profinite group, D a closed pro-p subgroup of G and H a

closed subgroup of G such that DCGpDq ď H ď NGpDq. Let b be a block of H with

block idempotent f and defect group D. There is a unique block B of G with block

idempotent e such that f “ f ¨BrDpeq.

Proof. By hyphotesis DCGpDq ď H ď NGpDq, so D is normal in H. By Lemma 8.0.3,

f P krrCHpDqss. But, again by hypothesis, CHpDq “ CGpDq. So f P krrCGpDqss.

On the other hand, BrD : krrGssD Ñ krrCGpDqss is a surjective algebra homomor-

phism, then BrDp1q “ 1 and so there is a block idempotent e such that f “ BrDpeqf .

If e1 is another block idempotent with this property, then f “ BrDpeiqfBrDpe
1qf “

BrDpeiqBrDpe
1qf “ BrDpei ¨ e

1qf . So ei “ e1 since distinct block idempotents are

orthogonal.
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Definition 8.0.5. Let G be a profinite group, D a closed pro-p subgroup of G and

H a closed subgroup of G with DCGpDq ď H ď NGpDq. If b is a block of H with

block idempotent f , define the Brauer correspondent bG of b to be the unique block of

G with block idempotent e such that f “ f ¨BrDpeq.

The following Lemma corresponds to Lemma [3, Lemma 6.2.5]. This is a central piece

to establish a Brauer correspondence and it will proved for G being a virtually pro-p.

The reason to the restriction for virtually pro-p groups is that when G is virtually

pro-p, D is open in G and hence TrGD is defined as in the finite case.

Lemma 8.0.6. Let G be a virtually pro-p group and let D be an open subgroup. Then

the diagram

krrGssD
BrD //

TrGD

��

krrCGpDqss

Tr
NGpDq

D

��

TrGDpkrrGss
Dq

BrD
// Tr

NGpDq
D pkrrCGpDqssq

commutes. In particular the lower map is surjective.

Proof. Since D is open in G, then TrGD is a map just like it was defined for finite

groups. So the proof is similar to the finite case.

Let x P krrGssD. Then,

TrGDpxq “
ÿ

gPDzG{D

TrDDXgDp
gxq (by Lemma 5.2.6-Mackey’s formula)

“
ÿ

gPDzG{D,
DXgDšD

TrDDXgDp
gxq `

ÿ

gPDzG{D,
DXgD“D

TrDDXgDp
gxq

“
ÿ

gPDzG{D,
DXgDšD

TrDDXgDp
gxq `

ÿ

gPDzG{D,
DXgD“D

gx.

Observe that, if g P G is such that D X gD “ D, then g P NGpDq. Thus,
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BrDpTr
G
Dpxqq “ BrDp

ÿ

gPDzG{D,
DXgDšD

TrDDXgDp
gxq `

ÿ

gPDzG{D,
DXgD“D

gxq

“ BrDp
ÿ

gPDzG{D,
DXgDšD

TrDDXgDp
gxqq `BrDp

ÿ

gPDzG{D,
DXgD“D

gxq

“ BrDp
ÿ

gPDzG{D,
DXgD“D

gxq ( By Definition of BrD)

“ BrDp
ÿ

gPNGpDq{D

gxq

“
ÿ

gPNGpDq{D

BrDp
gxq

“
ÿ

gPNGpDq{D

gBrDpxq

“ Tr
NGpDq
D pBrDpxqq.

The penultimate equality follows from fact that BrD is an NGpDq-algebra homomor-

phism. So BrD ˝ Tr
G
D “ Tr

NGpDq
D ˝ BrD. Since the top map and right map are

surjective, then the bottom map is also surjective.

In this point, we can establish and prove a version of the Brauer Correspondence for

virtually pro-p groups:

Theorem 8.0.7. Let G be a virtually pro-p group and D an open pro-p subgroup of

G. The map Φ sending a block b of NGpDq to its Brauer correspondent bG induces a

bijection between the blocks of NGpDq with defect group D and the blocks of G with

defect group D.

Proof. Since D ĲC NGpDq, by Lemma 8.0.3, each block idempotent in krrNGpDqss lies

in krrCNGpDqpDqss. But, CNGpDqpDq “ CGpDq, so each block idempotent in krrNGpDqss

lies in krrCGpDqss.
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Let b be a block of NGpDq with block idempotent f and defect group D, and let bG

be the Brauer correspondent of b with block idempotent e. By Theorem 7.3.4, there

is a defect group R of bG containing D. We assert that R “ D.

By Lemma 5.2.6-1, TrGDpkrrGss
Dq is an ideal of ZpkrrGssq. So, we may consider the

ideal eTrGDpkrrGss
Dq of eZpkrrGssq. By Lemma 8.0.6 and since BrD is an algebra

homomorphism, then

BrDpeTr
G
DpkrrGss

D
qq “ BrDpeqBrDpTr

G
DpkrrGss

D
qq “ BrDpeqTr

NGpDq
D pkrrCGpDqssq,

which contains f . Note that f R JpkrrCGpDqssq, since otherwise, ϕNpfq would be a

non-zero idempotent in JpkrrCGpDqssNq, for some N , which is impossible since the

radical of a finite dimensional algebra is nilpotent. Then, BrDpeTr
G
DpkrrGss

Dqq Ę

JpkrrCGpDqssq. So eTrGDpkrrGss
Dq Ę JpeZpkrrGssqq. Now, since e is a primitive

idempotent of ZpkrrGssq, by Lemma 6.0.5, eZpkrrGssq is a local algebra and hence

eTrGDpkrrGss
Dq “ eZpkrrGssq. By Lemma 5.2.6,

e P eTrGDpkrrGss
D
q “ eTrGRTr

R
DpkrrGss

D
q

“ TrGRpeTr
R
DpkrrGss

D
qq

“ TrGRTr
R
DpekrrGss

D
q

“ TrGDpekrrGss
D
q.

Then e P TrGDpkrrGss
Dq. But, since bG has defect group R, then R is the smallest

subgroup such that e P TrGRpkrrGss
Rq. So R ď D. Hence D “ R.

The argument above shows that Φ is well-defined, so it remains to check that it is

bijective.

Injectivity: Since eTrGDpkrrGss
Dq “ eZpkrrGssq is a local algebra and BrD is a ho-

momorphism, then BrDpeTr
G
DpkrrGss

Dqq is a local algebra. So f is the only block

idempotent in BrDpeTr
G
DpkrrGss

Dqq.
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Let b1, b2 are two blocks of NGpDq with defect group D and block idempotents f1

and f2 respectively. If Φpb1q “ Φpb2q, then bG1 “ bG2 has defect group D and block

idempotent e. Since f1, f2 lie in the local algebra BrDpeTr
G
DpkrrGss

Dqq, then f1 “ f2.

So b1 “ b2 and hence Φ is injective.

Surjectivity: Let B be a block ofG with defect groupD and block idempotent e. Then,

by Theorem 7.3.4, D is such that BrDpeq ‰ 0 and e P TrGDpkrrGss
Dq. Furthermore,

by Lemma 8.0.6, BrDpTr
G
DpkrrGss

Dqq “ Tr
NGpDq
D pkrrCGpDqssq. So BrDpeq is a central

idempotent of krrCGpDqss in Tr
NGpDq
D pkrrCGpDqssq.

Let b be a block of NGpDq with block idempotent f such that f “ fBrDpeq. If b has

defect group D, then Φpbq “ B. It remain to confirm that b has defect group D.

We have that, f P Tr
NGpDq
D pkrrCGpDqssq, since, writing BrDpeq “ Tr

NGpDq
D paq for some

a P krrCGpDqss, we have

f “ fBrDpeq

“ fTr
NGpDq
D paq

“ Tr
NGpDq
D pfaq (by Lemma 5.2.6)

P Tr
NGpDq
D pkrrCGpDqssq.

Since f P Tr
NGpDq
D pkrrCGpDqssq, there is a defect group R of b contained in D. On the

other hand, by Theorem 7.2.4, R “ QX gQ for a Sylow p-subgroup Q of NGpDq and

some g P CNGpDqpRq. But, by Corollary 7.2.5, D “ OppNGpDqq is the intersection of

all Sylow p-subgroups of NGpDq, then D ď R. Hence R “ D. Thus, B “ Φpbq.

Remark 8.0.8. Note that 8.0.7 is false when we replace the word “open” in its state-

ment with the word “closed”.

Let G be the free pro-p group of rank 2, freely generated by x and y. Let D be a closed

maximal cyclic subgroup of G. By [17, Theorem 5.1], NGpDq is a closed cyclic group

of G, but D is maximal cyclic subgroup of G, then D “ NGpDq.
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There is of course a block of krrNGpDqss with defect group D (namely krrNGpDqss

itself), but there is not a block of krrGss with defect group D ( krrGss has only one

block and its defect group is G).
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Chapter 9

Blocks with Cyclic Defect Group -
Brauer Tree Algebras

As we have seen through of all this work, inside of the block theory, the research is

focused on the study of the behaviour of defect groups. In both cases, finite groups

and profinite groups, the behaviour of these special subgroups gives information of

the block decomposition of krrGss. In particular, for finite group algebras, when the

defect groups are cyclic subgroups, it is possible to encode the information of the

blocks in special graphs, called Brauer trees. In this chapter we will move from finite

group algebras to complete group algebras, and we will show that it is possible realize

pseudocompact blocks with cyclic defect group as Brauer tree algebras.

9.1 Blocks with cyclic defect groups

Remark 9.1.1. Throughout our discussion in this section k will be an algebraically

closed field of characteristic p, G a profinite group and B a block of G with non-trivial

cyclic defect group D, that is, D is a profinite group possessing a dense cyclic abstract

subgroup. We consider P “ tPi : i P Iu a set of representatives of the isomorphism

classes of indecomposable projective modules in B and S “ tSi :“ Pi{radpPiq : i P Iu
a set of representatives of the isomorphism classes of the simple modules in B.

Write B “ lim
ÐÝNPN

XN , where N is a cofinal system of open normal subgroups of G

such that XN is a block with cyclic defect group DN{N , as in Remark 6.1.3.
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Lemma 9.1.2. Let B be a block of a profinite group G with cyclic defect group D.

Then S and P are finite sets.

Proof. Since for each i P I, Si “ Pi{radpPiq P S, where Pi P P , to prove that S and

P are finite sets, it is sufficient to confirm that S is a finite set.

For each N , the number |SN | of isomorphism classes of simple modules in XN divides

p´ 1 by Lemma 2.4.1. Hence |SN | ď p´ 1, for each N P N .

Assume for contradiction that |S| ě p and fix a set tS1, ..., Spu of distinct simples

in S. By Corollary 6.1.5, there is N P N such that tS1, ..., Spu are distinct simple

modules in XN . But this contradicts the paragraph above.

Remark 9.1.3. Since S is a finite set by Lemma 9.1.2, from now on we assume in

addition that for each N P N , N acts trivially on every simple module in B.

Proposition 9.1.4. Let Pi P P. For each N P N , PiN is non-zero and indecompos-

able.

Proof. Let π : Pi Ñ Si be the canonical projection. Since p qN is right exact, then

πN : PiN Ñ SiN ‰ 0 is surjective. Then PiN ‰ 0 for all N P N . Furthermore,

INPi Ď radpPiq for every N , and hence PiN {radpPiN q – Pi{radpPiq “ Si. Hence PiN
is indecomposable.

An interesting property of blocks B with cyclic defect groups is that we can find a

cofinal set of N ĲO G such that BN is no longer a direct product of blocks, but just

a block.

Lemma 9.1.5. Let B be a block of G with cyclic defect group D. There is N0 ĲO G

acting trivially on each Si P S and such that BN is a block for each N ď N0.

Proof. By Lemma 9.1.2, S is finite. So we have the same number of simple modules

in each BN .
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But by Corollary 6.1.5, there is N 1
0 P N such that every Si P S lies in XN , for each

N ď N 1
0. Since each block of BN has a simple module and every simple module lies

in XN , then XN “ BN .

Lemma 9.1.6. Let Pi P P. Then the multiplicity of Pi is equal to dimkpSiq

Proof. Since PiN is indecomposable for each N P N by Proposition 9.1.4, and PiN is

the projective cover of Si as a krG{N s-module, by [31, Theorem 7.3.9], dimkpSiq is

the multiplicity of PiN for each N P N . Since the multiplicity of Pi in krrGss is equal

to the multiplicity of PiN in krG{N s, then the multiplicity of Pi is dimkpSiq.

Lemma 9.1.7. Let Pi be a non-simple indecomposable projective module. Then

radpPiq{socpPiq – lim
ÐÝN

radpPiN q{socpPiN q.

Proof. Since Pi is not simple, there is N 1 P N such that PiN is indecomposable and

not simple. For this N 1, socpPiN 1 q Ď radpPiN 1 q. We work in the cofinal system of open

normal subgroups N of G with N ď N 1. The result follows by applying Lemma 4.2.6

with U “ radpPiq, V “ socpPiq and WN “ socpPiN q.

9.1.1 Indecomposable projective modules of blocks with cyclic
defect group

We maintain the notation fixed in Remark 9.1.1. The objective of this section is to

give a pseudocompact version of [20, Theorem 11.1.8].

Remark 9.1.8. Throughout this section fix a cofinal system M of open normal sub-

groups N of G such that BN is a block with cyclic defect group DN{N and with each

N PM, acting trivially on the Si P S. It follow from our conditions on N that the

set S of representatives of the isomorphism classes of the simple modules in B can be

canonically identified with a set SN of representatives of the isomorphism classes of

the simple modules in BN , via the map Si ÞÝÑ SiN .

Definition 9.1.9. Let A be a pseudocompact k-algebra.
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1. A composition series for a finite dimensional A-module U is a finite series of

submodules

t0u “ U0 Ă U1 Ă ... Ă Un “ U

with Ui maximal in Ui`1 for 0 ď i ď n ´ 1. The simple factors Ui`1{Ui are

called composition factors of U and the integer lpUq “ n is called its length.

2. A finite dimensional A-module U is uniserial if it has a unique composition

series.

3. A pseudocompact A-module U is pro-uniserial if it can be expressed as the inverse

limit of finite dimensional uniserial A-modules.

4. The simple module S is a composition factor of the pseudocompact module U if

it a composition factor of some finite dimensional quotient of U .

Lemma 9.1.10. Fix Pi P P. Then radpPiq{rad
2pPiq “ Ti ‘ T 1i , where Ti, T

1
i are

non-isomorphic simple modules or zero.

Proof. If Pi is a simple module, the we have nothing to do, so assume that Pi is a

non-simple module. Since BN is a block with cyclic defect group DN{N , for each

N PM and PiN is indecomposable by Proposition 9.1.4, then, by [19, Theorem 11.1.8],

there are two unique uniserial submodules XiN , YiN of PiN such that radpPiN q “

XiN ` YiN , socpPiN q “ XiN X YiN .

We will analyze two cases. In the first case, at least one of the modules XiN , YiN is

simple for every N . Assume without loss of generality that YiN is simple for each

N . Since YiN “ socpYiN q “ socpPiN q “ socpXiN q Ď XiN , then YiN Ď XiN . So

radpPiN q “ XiN ` YiN “ XiN and rad2pPiN q “ radpXiN ` YiN q “ radpXiN q. Then

radpPiN q{rad
2pPiN q “ XiN {radpXiN q “ TiN for some simple module TiN . Then since

radpPiq{rad
2pPiq – lim

ÐÝN
radpPiN q{rad

2pPiN q “ lim
ÐÝN

TiN by Lemma 4.4.2, then these

TiN are all isomorphic and radpPiq{rad
2pPiq is simple as required.

For the second case, assume that XiN , YiN are non-simple submodules of PiN for some

N . Then socpPiN q Ď radpXiN q, radpYiN q. Let πN : XiN Ñ XiN {radpXiN q, π
1
N : YiN Ñ
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YiN {radpYiN q be the canonical projections, and consider the map γN : XiN ` YiN Ñ

XiN {radpXiN q ‘ YiN {radpYiN q given by x ` y ÞÝÑ pπNpxq, π
1
Npyqq for x P XiN and

y P YiN . The simple modules XiN {radpXiN q, YiN {radpYiN q are non-isomorphic by [20,

Theorem 11.1.8]. We confirm that γN is well-defined: Let x` y “ x1` y1 P XiN `YiN ,

then z “ x ´ x1 “ y ´ y1 P XiN X YiN “ socpPiN q Ď radpXiN q, radpYiN q. Then

γNpx´ x
1q “ γNpy ´ y

1q “ 0. So

0 “ γNpx´ x
1
q ` γNpy ´ y

1
q

“ πNpx´ x
1
q ` π1Npy ´ y

1
q

“ πNpxq ´ πNpx
1
q ` π1Npyq ´ π

1
Npy

1
q

ñ πNpxq ` π
1
Npyq “ πNpx

1
q ` π1Npy

1
q

ñ γNpx` yq “ γNpx
1
` y1q.

We assert that kerpγNq “ radpXiN q ` radpYiN q. Now, a simple confirmation shows

that radpUiN q ` radpViN q Ď kerpγNq. On the other hand, x ` y P kerpγNq if, and

only if, x P radpXiN q and y P radpYiN q. Then x ` y P radpXiN q ` radpYiN q. Hence,

kerpγNq “ radpXiN q ` radpYiN q.

It follows that pXiN ` YiN q{pradpXiN q ` radpYiN qq is the direct sum of two simple

modules TiN “ XiN {radpXiN q and T 1iN “ YiN {radpYiN q. Next we check that radpXiN`

YiN q “ radpXiN q ` radpYiN q.

By [19, Theorem 11.1.8], every submodule of PiN is equal to X 1
N ` Y 1N for some sub-

module X 1
N of XiN and some submodule Y 1N of YiN . Hence the maximal submodules

of XiN ` YiN have the form XiN ` Y 1N with Y 1N maximal in YiN and X 1
N ` YiN with

X 1
N maximal in XiN . But, since XiN , YiN are uniserial, they have only one maxi-

mal submodule, radpXiN q for XiN and radpYiN q for YiN . Then radpXiN ` YiN q “

pradpXiN q ` YiN q X pXiN ` radpYiN qq “ radpXiN q ` radpYiN q.

So, radpPiN q{rad
2pPiN q “ pXiN`YiN q{radpXiN`YiN q “ TiN‘T

1
iN

. Since radpPiq{rad
2pPiq

– lim
ÐÝN

radpPiN q{rad
2pPiN q, then radpPiq{rad

2pPiq is also a direct sum of two simple

modules.
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Proposition 9.1.11. Fix Pi P P. There are unique pro-uniserial submodules Xi, Yi

of Pi satisfying the following properties:

1. Xi X Yi “ socpPiq.

2. Xi ` Yi “ radpPiq.

3. radpPiq
socpPiq

–
Xi

socpPiq
‘

Yi
socpPiq

, where Xi
socpPiq

, Yi
socpPiq

have no common composition fac-

tors.

Proof. By Lemma 9.1.10, rad2pPiq is open in Pi. So, consider the cofinal system of

N PM such that INPi Ď rad2pPiq. By Lemma 9.1.10, radpPiq{rad
2pPiq – Ti ‘ T 1i ,

where Ti, T
1
i are non-isomorphic simple modules or zero. If one of them is 0, let it be

T 1i . In this case, set XiN to be radpPiN q and YiN to be socpPiN q. If Ti, T
1
i are both

non-zero, then for each N in the cofinal system, let XiN be the uniserial maximal

submodule of radpPiN q such that XiN {radpXiN q – Ti and let YiN be the uniserial

maximal submodule of radpPiN q such that YiN {radpYiN q – T 1i . By [20, Theorem

11.1.8], XiN and YiN are the unique submodules with this property.

Since ϕMN sends radpPiN q onto radpPiM q, then ϕMNpXiN q “ XiM and ϕMNpYiN q Ď

YiM . So, define Xi “ lim
ÐÝN

tXiN , ϕMNu and Yi “ lim
ÐÝN

tYiN , ϕMNu.

Next, we confirm that Xi and Yi satisfy the properties 1,2 and 3 of the statement:

By [20, Theorem 11.1.8], XiN XYiN “ socpPiN q, XiN `YiN “ radpPiN q and
radpPiN q

socpPiN q
“

XiN
socpPiN q

‘
YiN

socpPiN q
, where

XiN
socpPiN q

,
YiN

socpPiN q
have no common composition factors.

By Lemma 4.4.2, radpPiq “ lim
ÐÝN

tradpPiN q, ϕMNu “ lim
ÐÝN

tXiN`YiN , ϕMNu “ Xi`Yi,

so property 2 follows.

Now, by Lemma 4.4.5, socpPiq “ lim
ÐÝN

tsocpPiN q, ϕMNu. Since Xi “ lim
ÐÝN

XiN “
Ş

N ϕ
´1
N pϕNpXiqq and Yi “ lim

ÐÝN
YiN “

Ş

N ϕ
´1
N pϕNpYiqq, then,
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Xi X Yi “

˜

č

N

ϕ´1N pϕNpXiqq

¸

X

˜

č

N

ϕ´1N pϕNpYiqq

¸

“
č

N

ϕ´1N pϕNpXiqq X ϕ
´1
N pϕNpYiqq

“
č

N

ϕ´1N pϕNpXiq X ϕNpYiqq

“
č

N

ϕ´1N pXiN X YiN q

“
č

N

ϕ´1N psocpPiN qq

“ socpPiq

so property 1 follows.

It remains to confirm that Xi and Yi satisfy property 3. Applying Lemma 4.2.6

with U “ Xi, V “ socpPiq and WN “ socpPiN q we have that Xi
socpPiq

– lim
ÐÝN

XiN
socpPiN q

.

Analogously, Applying Lemma 4.2.6 with U “ Yi, V “ socpPiq and WN “ socpPiN q

we have that Yi
socpPiq

– lim
ÐÝN

YiN
socpPiN q

. Then, Xi
socpPiq

‘
Yi

socpPiq
– lim
ÐÝN

XiN
socpPiN q

‘
YiN

socpPiN q
.

Now, it remains to confirm that radpPiq
socpPiq

–
Xi

socpPiq
‘

Yi
socpPiq

. For each N PM,
radpPiN q

socpPiN q
“

XiN
socpPiN q

‘
YiN

socpPiN q
, and, by Lemma 9.1.7, radpPiq

socpPiq
– lim
ÐÝN

radpPiN q

socpPiN q
. Then,

Xi

socpPiq
‘

Yi
socpPiq

– lim
ÐÝ
N

XiN

socpPiN q
‘

YiN
socpPiN q

“ lim
ÐÝ
N

radpPiN q

socpPiN q
–
radpPiq

socpPiq
.

Then Xi
socpPiq

‘
Yi

socpPiq
–

radpPiq
socpPiq

. The uniqueness of Xi and Yi, follows from the unique-

ness of YiN , XiN for each N .

Note that Proposition 9.1.11 implies that for n P N, the modules Pi{rad
npPiq are

finite dimensional and hence that each radnpPiq is open in Pi. Note that from the

above proof the maps XiN Ñ XiM are surjective whenever N ď M and hence the

maps
XiN

socpPiN q
Ñ

XiM
socpPiM q

are surjective. The maps YiN Ñ YiM are surjective except

perhaps when YiN “ socpPiN q. But in this case
YiN

socpPiN q
“

YiM
socpPiM q

“ 0, so the map
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YiN
socpPiN q

Ñ
YiM

socpPiM q
is surjective anyway. We will use that these maps are surjective in

the rest of the Chapter.

When G is finite, the block B has more structure. Namely there are permutations

ρ, σ of S and the uniserial submodules of each Pi can be named Ui and Vi in a such

way that the distinct composition factors of Ui are given by the ρ-orbit of Si as we

descend the (unique) composition series of Ui, and similarly the distinct composition

factors of Vi are given by the σ-orbit of Si. We lift this structure to profinite groups.

If ever W is a pseudocompact B-module, denote by FactpW q Ď S the set of distinct

representatives of the isomorphism classes of composition factors of W .

The next Lemma is a pseudocompact version of [20, Theorem 11.1.8]:

Lemma 9.1.12. There are two permutations ρ, σ of S and the submodules Xi, Yi of

9.1.11, can be renamed Ui, Vi in a such way that for each i,

• the first |Sρi | composition factors of Ui from the top are

Ui
radpUiq

– ρpSiq,
radpUiq

rad2pUiq
– ρ2pSiq, ...,

rad|S
ρ
i |´1pUiq

rad|S
ρ
i |pUiq

– ρ|S
ρ
i |pSiq “ Si,

• the first |Sσi | composition factors of Vi from the top are

Vi
radpViq

– σpSiq,
radpViq

rad2pViq
– σ2

pSiq, ...,
rad|S

σ
i |´1pViq

rad|S
σ
i |pViq

– σ|S
σ
i |pSiq “ Si,

where |Sρi |, |S
σ
i | are the sizes of the ρ-orbit Sρi of Si and the σ-orbit Sσi of Si.

Proof. We maintain the notations from the proof of Proposition 9.1.11. Since S
is finite, we can find N0 P M such that FactpXiq “ FactpXiN0

q and FactpYiq “

FactpYiN0
q for each i.

Since BN0 is a block of G{N0 with cyclic defect group DN0{N0, by the finite version of

this result [20, Theorem 11.1.8], there are permutations ρN0 , σN0 of S “ SN0 satisfying
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the conclusions of the Lemma with respect to an appropriate renaming of XiN0
and

YiN0
as UiN0

and ViN0
. By how we chose Xi, Yi in Proposition 9.1.11, ϕN0pXiq “ XiN0

.

Rename Xi by Ui if XiN0
“ UiN0

and by Vi if XiN0
“ ViN0

. Rename Yi to be the other

one. This renaming is unambiguous unless Xi “ Yi “ socpPiq, in which case one may

rename arbitrarily.

Define ρ :“ ρN0 and σ :“ σN0 . For each i, the condition that FactpUiq “ FactpUiN0
q

implies that IN0Ui Ď rad|S
ρ
i |pUiq, since otherwise not every isomorphism class of com-

position factor of Ui would appear as a composition factor of UiN0
, and similarly with

Vi. Hence, the first |Sρi | composition factors of Ui are

Ui
radpUiq

– ρpSiq,
radpUiq

rad2pUiq
– ρ2pSiq, ...,

rad|S
ρ
i |´1pUiq

rad|S
ρ
i |pUiq

– ρ|S
ρ
i |pSiq “ Si,

and similarly with Vi, as required.

For each N PM, we define the permutations ρN :“ ρ and σN :“ σ of SN “ S. By

construction, ρN and σN satisfy [20, Theorem 11.1.8] with respect to the block BN of

G{N .

9.2 Brauer trees and Brauer tree algebras

In this section we give a pseudocompact version of the notion of a Brauer tree for a

block of G with cyclic defect group [20, Theorem 11.1.9] and we give a pseudocompact

version of [33, Theorem 5.10.37]. Additionally we give a description of the Brauer trees

for blocks of krrGss.

We maintain the notation fixed in Remark 9.1.1. Now, fix a cofinal systemM1 of open

normal subgroupsN ofG such thatBN is a block with cyclic defect groupDN{N , each

N PM1 acts trivially on each Si P S, FactpUiq “ FactpUiN q, FactpViq “ FactpViN q

for every i P I and, if D is a finite, then |D| “ |DN{N | for every N PM1.

Using the canonical identification S “ SN , ρN :“ ρ and σN :“ σ for each N PM1 as

in Lemma 9.1.12, denote by ΓpBNq the Brauer tree of BN , meaning:
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ΓpBNq is a tree with vertices the ρ-orbits Sρi and the σ-orbits Sσi of S, the edges

are the elements of S, and the edge Si joins the ρ-orbit of Si and the σ-orbit of Si.

Unless |DN{N | “ p and |S| “ p ´ 1, there is a unique exceptional vertex, to which

we attribute the number mN “
|DN{N |´1

|S| (cf. [20, Theorem 11.1.9]).

There is a cyclic ordering γv of the edges around the vertex v “ Sρi given by:

ρpSiq, ρ
2
pSiq, ..., ρ

|Sρi |´1pSiq, ρ
|Sρi |pSiq “ Si.

Similarly, there is a cyclic ordering γv of the edges around the vertex v “ Sσi given

by:

σpSiq, σ
2
pSiq, ..., σ

|Sσi |´1pSiq, ρ
|Sσi |pSiq “ Si.

By [33, Theorem 5.10.37], BN is the Brauer tree algebra of ΓpBNq, meaning that:

1. There is a one-to-one correspondence between the edges of the tree and the

elements of SN ,

2. the top PiN {radpPiN q of the indecomposable projective module PiN in BN is

isomorphic to the socle of PiN ,

3. the projective cover PiN of the simple module corresponding to the edge Si is

such that

radpPiN q{socpPiN q – U v
NpSiq ‘ U

w
NpSiq

for two (possibly zero) uniserial modules U v
NpSiq and Uw

NpSiq in BN , where v, w

are the vertices adjacent to the edge Si,

4. if v is not the exceptional vertex and if v is adjacent to the edge Si then U v
NpSiq

has spvq ´ 1 composition factors, where spvq is the number of edges adjacent to

v,
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5. if v is the exceptional vertex with multiplicity mN and if v is adjacent to Si,

then U v
NpSiq has mN ¨ spvq ´ 1 composition factors.

6. if v is adjacent to Si then the composition factors of U v
NpSiq are described as

radjpU v
NpSiqq{rad

j`1
pU v

NpSiqq – γj`1v pSiq,

for all j as long as j is smaller than the number of composition factors of U v
NpSiq.

Lemma 9.2.1. Via the canonical identification S “ SN , the Brauer trees ΓpBNq are

equal for each N PM1, except for the multiplicity mN .

Proof. Since (apart from the multiplicity) ΓpBNq is completely determined by ρN “

ρ, σN “ σ,SN “ S, for each N PM1, then the Brauer trees ΓpBNq are equal for each

N P M1. By our conditions on M1, either no ΓpBNq has an exceptional vertex, in

which case there is nothing to check, or they all do. In this case, consider N ď M

in M1 and let v be the exceptional vertex of ΓpBMq. By [33, Theorem 5.10.37],

the modules U v
MpSiq are the only modules having strictly more than the size of the

corresponding orbit composition factors. But since U v
NpSiq surjects onto U v

MpSiq, then

U v
NpSiq also has strictly more than the size of the corresponding orbit composition

factors, and hence v is also the exceptional vertex of ΓpBNq.

Definition 9.2.2. Define the Brauer tree of B to be ΓpBq :“ ΓpBNq, for any N PM1,

except for the multiplicity m of the exceptional vertex, which is |D|´1
|S| if D is finite, or

8 if D is infinite.

The next theorem is a pseudocompact version of [33, Theorem 5.10.37]:

Theorem 9.2.3. Let B be a block of a profinite group G with cyclic defect group D.

Then B is the Brauer tree algebra of the Brauer tree ΓpBq in the following sense:

1. There is a one-to-one correspondence between the edges of ΓpBq and the elements

of S.

2. the projective cover Pi of the simple module corresponding to the edge Si is such

that
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radpPiq{socpPiq – U v
pSiq ‘ U

w
pSiq

for two (possibly zero) pro-uniserial modules U vpSiq and UwpSiq, where v, w are

the vertices adjacent to the edge Si,

3. if v is not the exceptional vertex and if v is adjacent to the edge Si then U vpSiq

has spvq ´ 1 composition factors, where spvq is the number of edges adjacent to

v,

4. if v is the exceptional vertex with multiplicity m, and if v is adjacent to Si, then

U vpSiq has m ¨ spvq ´ 1 composition factors if m is finite, or infinitely many if

m “ 8.

5. if v is adjacent to Si then the composition factors of U vpSiq are described as

radjpU v
pSiqq{rad

j`1
pU v

pSiqq – γj`1v pSiq,

for all j as long as j is smaller than the number of composition factors of U vpSiq.

6. The socle of Pi is zero if, and only if, Si is adjacent to a vertex of infinite

multiplicity. Otherwise, socpPiq – Si.

Proof. Recall that we work with the notation fixed in Remark 9.1.1. Property 1

follows by the construction of ΓpBq. Property 2 follows from the construction of ΓpBq

and Proposition 9.1.11.

Let v be a not exceptional vertex of ΓpBq. Since by [33, Theorem 5.10.37], BN is a

Brauer tree algebra with Brauer tree ΓpBNq, and the Brauer trees ΓpBNq are equal

for every N PM1 by construction, then, for each N PM1, the number of composition

factors of U v
NpSiq is spvq ´ 1. Since for each N PM1, FactpU vpSiqq “ FactpU v

NpSiqq,

and since each element of FactpU v
NpSiqq appear only once as a composition factor of

U v
NpSiq, then, U vpSiq has spvq ´ 1 composition factors. Hence Property 3 follows.

If v is the exceptional vertex of ΓpBq, and the multiplicity m is finite, then there is

N 1 P M1 such that IN 1U
vpSiq Ď radnpU vpSiqq, where n “ m ¨ spvq. Since for each
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N ď N 1, the module U v
NpSiq has m ¨ spvq ´ 1 composition factors, then U vpSiq has

m ¨ spvq ´ 1 composition factors.

If m is infinite, for each n P N, there is N PM1 such that mN ¨ spvq ´ 1 ą n. Since

U vpSiq surjects onto U v
NpSiq, it follows that U vpSiq has at least n composition factors

for every n, and hence it has infinitely many composition factors. Hence Property 4

follows.

Assume that U vpSiq has a finite number n of composition factors. Since radnpU vpSiqq

is open in U vpSiq by Propostition 9.1.11, there is N 1 P M1 such that IN 1U
vpSiq Ď

radnpU vpSiqq. Since for each N ď N 1, radjpU v
NpSiqq{rad

j`1pU v
NpSiqq – γj`1v pSiq, then

radjpU v
pSiqq{rad

j`1
pU v

pSiqq – lim
ÐÝ
NďN 1

radjpU v
NpSiqq{rad

j`1
pU v

NpSiqq – γj`1v pSiq,

for all j as long as j is smaller than n.

If v is an exceptional vertex with infinite multiplicity, then, by Item 4., U vpSiq has

infinitely many composition factors. So for each n P N there is N P M1 with mN ¨

spvq ´ 1 ą n. Then radjpU v
NpSiqq{rad

j`1pU v
NpSiqq – γj`1v pSiq, for all j as long as j is

smaller than mN ¨ spvq ´ 1. So

radjpU v
pSiqq{rad

j`1
pU v

pSiqq – lim
ÐÝ
NďN 1

radjpU v
NpSiqq{rad

j`1
pU v

NpSiqq – γj`1v pSiq,

for all j P N. Hence Property 5 follows.

If neither of the vertices adjacent to Si has infinite multiplicity, then Pi is finite

dimensional, since it has a finite number of composition factors. So Pi is isomorphic

to PiN for some N PM1. Then Pi{radpPiq “ PiN {radpPiN q – socpPiN q “ socpPiq.

If some vertex adjacent to Si has infinite multiplicity, then for N ď M P M1 the

map ϕMN : socpPiN q Ñ socpPiM q is the zero map whenever |DN{N | ą |DM{M |. So

socpPiq “ lim
ÐÝN

socpPiN q “ 0. Hence Property 6. follows.
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Theorem 9.2.4. Let B be a block of a profinite group G with cyclic defect group D.

Then D is a finite group if and only if dimpBq ă 8.

Proof. By Theorem 9.2.3, B is a Brauer tree algebra with Brauer tree ΓpBq with |S|
edges and exceptional vertex with multiplicity m “

|D|´1
|S| if D is finite or 8 is D is

infinite. But, dimpBq ă 8 if, and only if, every indecomposable projective module

has finite dimension, since, by Lemma 9.1.2, P is a finite set and each Pi P P has

multiplicity dimkpSiq in B by Lemma 9.1.6. This is equivalent to B being a Brauer

tree algebra with Brauer tree ΓpBq whose exceptional vertex has multiplicity m P N.

So, dimpBq ă 8 if, and only if, D is a finite group.

The next result shows that a block with infinite cyclic defect group has a Brauer tree

of star type: That is, a Brauer tree with exceptional vertex of infinite multiplicity

with all edges emanating from this vertex, as in the following diagram:

8

S1

Sn

S3

S2

Theorem 9.2.5. Let B be a block of a profinite group G with infinite cyclic defect

group D. Then ΓpBq is of star type.

Proof. By Theorem 9.2.3, B is a Brauer tree algebra with Brauer tree ΓpBq with

exceptional vertex of multiplicity m “ 8. Assume that ΓpBq is not star type. Then

ΓpBq has a subgraph of the form
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8

w

S

Ll

L2

L1

v

T1

Tn

T2

w

where n could be 0 but l is at least 1.

For each M PM1, denote by Xv
M , X

w
M the uniserial submodules of the projective cover

PM of S corresponding to the vertices v, w respectively, so that Xv
M `X

w
M “ radpPMq

and Xv
MXX

w
M “ socpPMq. Fix M PM1. Since m “ 8, there exists N PM1 contained

in M such that the projection ϕMN : Xv
N Ñ Xv

M is not an isomorphism.

Since kerpϕMNq X Xv
N ‰ 0, it follows that ϕMN must map socpXv

Nq “ socpPNq to

0. But on the other hand ϕMN : Xw
N Ñ Xw

M is an isomorphism. This can be

seen as follow: The modules Xw
N , X

w
M are isomorphic uniserial modules, which are

not simple by hypothesis, since they have at least S and L1 as composition fac-

tors. Hence socpXw
Nq “ socpPNq Ď radpXw

Nq and similarly with M . The surjective

map Xw
N{socpPNq Ñ Xw

M{socpPMq induced by ϕMN thus induces a surjective map

Xw
N{radpX

w
Nq Ñ Xw

M{radpX
w
Mq. So, by [19, Proposition 4.5.1], ϕMN : Xw

N Ñ Xw
M is

surjective, and hence an isomorphism.

It follow that socpXw
Nq “ socpPNq is not sent to 0 under ϕMN , which yields a contra-

diction.

9.2.1 Examples:

(1) Let G be an infinite cyclic pro-p group, krrGss is the inverse limit of finite group

algebras krG{N s of the finite cyclic p-groups G{N . Each krG{N s is a Brauer tree

algebra with Brauer tree ΓN with two vertices, one exceptional, and one edge,

where the exceptional vertex has multiplicity mN “ |DN{N | ´ 1 “ |G{N | ´ 1

(cf. [1, V, §17]).
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krrGss is indecomposable as an algebra, since each krG{N s is indecomposable.

So, krrGss has only one block, B, and this block has cyclic defect group G.

Then B is a Brauer tree algebra with Brauer tree Γ having two vertices, one

exceptional, and one edge, where the exceptional vertex has infinite multiplicity.

So the Brauer tree of krrGss is the tree below,

8

k

The unique indecomposable projective module P , corresponding to the unique

edge of the Brauer tree can be represented by the following diagram:

P

RadpP q
k

k

k

k

(2) Let k be a field of characteristic 5. For each n ě 1, let Gn “ă a, b | a5
n
“ b2 “

1, bab “ a´1 ą be the dihedral group of order 2 ¨ 5n and let C5n be the cyclic
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subgroup of order 5n generated by a. Observe that C5n is normal in Gn and

CGnpC5nq “ C5n , so, by [3, Proposition 6.2.2], krGns has only one block, with

defect group C5n . By 2.3.1, krGns is a Brauer tree algebra for a Brauer tree

with |Sn| edges and multiplicity |C5n |´1
|Sn| . Its Brauer tree ΓpkrGnsq has 2 edges,

because, by [20, Theorem 11.1.3], |Sn| “ |En| “ |NGnpC5nq{CGnpC5nq| “ 2,

where En is the inertial quotient of the block krGns (cf. [20, Definition 6.7.7]).

The exceptional vertex has multiplicity mn “
|C5n |´1

2
. By [1, V, §17, p.123] the

Brauer tree is star type since C5n is a cyclic normal 5-Sylow subgroup in Gn.

S

T

The simple modules S, T corresponding to the edges are 1 dimensional. One of

them is the trivial module S “ k and the other T “ă t ą is a simple module

with the action of krGns given by a ¨ t “ t and b ¨ t “ ´t.

Now, let G “ lim
ÐÝ
n

Gn and C “ lim
ÐÝn

C5n – Z5. Consider krrGss “ lim
ÐÝn

krGns, an

indecomposable algebra with cyclic defect group C. Then krrGss is a Brauer tree

algebra of Brauer tree star type, with 2 edges S, T and exceptional vertex with

infinite multiplicity. The indecomposable projective modules corresponding to

S an T can be represented by the following diagram:

112



PS

radpPSq
S

rad2pPSq

T

S

T

PT

radpPT q

T

S

T

S
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