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Resumo

A pesquisa em materiais topológicos tem se mostrado uma extensa fonte de previsão e
observação de novos e exóticos fenômenos em física da matéria condensada. Nos últimos 20
anos, surgiram uma variedade de novos materiais com propriedades topológicas. Os mais
proeminentes são os Isolantes Topológicos e os Semimetais de Weyl. Nesta tese de doutorado,
usamos Espectroscopia de Fotoemissão Resolvida em Ângulo (ARPES) para caracterizar
a estrutura eletrônica de dois materiais topológicos: o isolante topológico quaternário
BiSbSe2.5Te0.5 e o candidato a semimetal de Weyl TaTe4. Relatamos a realização de um
isolante topológico quaternário estável, BiSbSe2.5Te0.5, caracterizado por uma dopagem
positiva e com portadores de carga com massa efetiva menor quando comparado ao Bi2Se3.
Sobre o TaTe4, relatamos a existência de uma superfície de Fermi bidimensional composta
por quatro cones de Dirac/Weyl na primeira zona de Brillouin. A estrutura eletrônica
desses estados metálicos se mostrou compatível com trabalhos anteriores encontrados
na literatura, mostrando uma coexistência de ondas de densidade de cargas e estados
topológicos em uma superfície de Fermi bidimensional.

Palavras-chave: isolantes topológicos, semimetais de Weyl, ondas de densidade de carga,
espectroscopia de fotoemissão resolvida em ângulo.



Abstract

The research in topological materials had been an extensive source for prediction and
observation of new and exotic phenomena at the condensed matter level. During the last
20 years, a variety of new topological phases of matter had emerged. The most prominent
are Topological Insulators and Weyl Semimetals. In this thesis, we used Angle-resolved
Photoemission Spectroscopy to characterize the electronic structure of two topological
materials: the quaternary topological insulator BiSbSe2.5Te0.5 and the topological Weyl
semimetal candidate TaTe4. We reported the realization of a stable quaternary topological
insulator, BiSbSe2.5Te0.5, characterized by a positive doping and charge carriers with smaller
effective mass when compared with Bi2Se3. About TaTe4, we report a 2D Fermi surface
composed by four Dirac/Weyl cones in the surface first Brillouin zone. The electronic
structure of these metallic states is compatible with previous findings in the literature,
showing a coexistence of CDW and topological features in a 2D Fermi surface.

Keywords: topological insulators, Weyl semimetals, charge-density waves, angle-resolved
photoemission spectroscopy.



Contents

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1 TOPOLOGICAL MATERIALS . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.1 Topological Band Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.1.1 Topological Invariants . . . . . . . . . . . . . . . . . . . . . . . . 15
1.1.2 Quantum Hall Effect . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2 Topological Insulators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.2.1 2D Topological Insulators . . . . . . . . . . . . . . . . . . . . . . 24
1.2.2 3D Topological Insulators . . . . . . . . . . . . . . . . . . . . . . 28

1.3 Topological Nodal Semimetals . . . . . . . . . . . . . . . . . . . . . . . 32
1.3.1 Weyl and Dirac Semimetals . . . . . . . . . . . . . . . . . . . . . 32
1.3.2 Axion Insulators . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2 BASICS OF ANGLE-RESOLVED PHOTOEMISSION SPECTROSCOPY . . 38
2.1 Photoemission Spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . 38

2.1.1 The photoelectric Effect . . . . . . . . . . . . . . . . . . . . . . . 38
2.1.2 X-Ray Photoelectron Spectroscopy . . . . . . . . . . . . . . . . . 40
2.1.3 Angle-Resolved Photoemission Spectroscopy - ARPES . . . . . . . 42

2.2 Theory of Photoemission . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.2.1 Photoemission Theory of Independent Electrons . . . . . . . . . . 45
2.2.2 Photoemission Theory of Interacting Electrons . . . . . . . . . . . 49

2.3 ARPES: Instrumentation and Implementation . . . . . . . . . . . . . . 52
2.3.1 Photon Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.3.2 Sample Environment . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.3.3 Electron Analyzer . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.3.4 ARPES Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 57

3 EXPERIMENTAL REALIZATION OF THE QUATERNARY TOPOLOGI-
CAL INSULATOR BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . . . . . . . . . . 60
3.1 Bi-Chalcogenide Topological Insulators . . . . . . . . . . . . . . . . . . 60
3.2 Synthesis and Characterization of BiSbSe2.5Te0.5 . . . . . . . . . . . . 61
3.3 Topological Surface States of BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . 66

4 TOPOLOGICAL STATES IN THE CDW COMPOUND TaTe4 . . . . . . . 70
4.1 Basics of Charge Density Waves . . . . . . . . . . . . . . . . . . . . . . 70
4.2 Quasi-1D Transition Metal Tetra-Chalcogenides . . . . . . . . . . . . . 72



4.3 Experimental background of TaTe4 . . . . . . . . . . . . . . . . . . . . 72
4.4 2D Fermi Surface and Topological States of TaTe4 . . . . . . . . . . . 74

CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

LIST OF PUBLICATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85



List of Figures

Figure 1.1 – Topological classification of geometrical objects . . . . . . . . . . . . . 16
Figure 1.2 – Electronic bandstructure of insulators, semiconductors, semimetals and

metals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
Figure 1.3 – Edge states at the interface between topologically distinct insulators . . 19
Figure 1.4 – Classical Hall effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
Figure 1.5 – Laughlin experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
Figure 1.6 – Edge states and the quantum Hall effect . . . . . . . . . . . . . . . . . 23
Figure 1.7 – Quantum Hall Effect vs. Quantum Spin Hall Effect . . . . . . . . . . . 25
Figure 1.8 – Band inversion in HgTe-CdTe quantum wells . . . . . . . . . . . . . . . 26
Figure 1.9 – Topology of Edge states . . . . . . . . . . . . . . . . . . . . . . . . . . 27
Figure 1.10–3D time-reversal invariant momentum (TRIM) points . . . . . . . . . . 29
Figure 1.11–Bi1−xSbx phase diagram . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Figure 1.12–Bi2Se3 with a single Dirac cone at Γ . . . . . . . . . . . . . . . . . . . 32
Figure 1.13–Dirac and Weyl cones . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Figure 1.14–Topological Fermi arcs . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
Figure 1.15–Berry flux through Weyl nodes . . . . . . . . . . . . . . . . . . . . . . 36
Figure 2.1 – The photoelectric experiment . . . . . . . . . . . . . . . . . . . . . . . 39
Figure 2.2 – Maximum kinect energy vs. light frequency for different materials. . . . 40
Figure 2.3 – Energy distribution in the photoemission process . . . . . . . . . . . . 41
Figure 2.4 – XPS data of Bi2Se3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
Figure 2.5 – The ARPES experiment . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Figure 2.6 – The free-electron final state model . . . . . . . . . . . . . . . . . . . . 44
Figure 2.7 – Three-step model vs. One-step model . . . . . . . . . . . . . . . . . . . 47
Figure 2.8 – Inelastic background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
Figure 2.9 – Many-body interactions . . . . . . . . . . . . . . . . . . . . . . . . . . 50
Figure 2.10–Photoemission Self-energy . . . . . . . . . . . . . . . . . . . . . . . . . 52
Figure 2.11–Electron Mean Free Path . . . . . . . . . . . . . . . . . . . . . . . . . . 53
Figure 2.12–Synchrotron Light Source . . . . . . . . . . . . . . . . . . . . . . . . . 54
Figure 2.13–Hemispherical Electron Energy Analyzer (HSA) . . . . . . . . . . . . . 56
Figure 2.14–Geometry of the sample manipulator . . . . . . . . . . . . . . . . . . . 58
Figure 3.1 – Crystalline structure of Bi-Chalcogenides . . . . . . . . . . . . . . . . . 61
Figure 3.2 – The Bridgman method . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
Figure 3.3 – X-Ray diffraction data of BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . . . 63
Figure 3.4 – Microscopy measurements of BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . 63
Figure 3.5 – XPS data of BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . . . . . . . . . . . 64
Figure 3.6 – Energy Filtered TEM images of BiSbSe2.5Te0.5 . . . . . . . . . . . . . . 66



Figure 3.7 – ARPES of Bi2Se3 and BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . . . . . 67
Figure 3.8 – Electron effective mass of BiSbSe2.5Te0.5 . . . . . . . . . . . . . . . . . 69
Figure 4.1 – q-vector nesting on 1D and 2D Fermi surfaces. . . . . . . . . . . . . . . 71
Figure 4.2 – Energy gap formation in CDW systems . . . . . . . . . . . . . . . . . . 71
Figure 4.3 – Crystalline structure of TaTe4 . . . . . . . . . . . . . . . . . . . . . . . 73
Figure 4.4 – X-ray diffraction data of TaTe4 . . . . . . . . . . . . . . . . . . . . . . 74
Figure 4.5 – Reciprocal lattice structure of TaTe4 . . . . . . . . . . . . . . . . . . . 75
Figure 4.6 – ARPES energy-momentum map of TaTe4 along Γ-Z and Γ-X reciprocal

directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Figure 4.7 – Angle-integrated spectra of TaTe4 . . . . . . . . . . . . . . . . . . . . . 76
Figure 4.8 – ARPES energy-momentum maps of TaTe4 along Γ-Z and X-R reciprocal

directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
Figure 4.9 – In-plane Fermi surface of TaTe4 . . . . . . . . . . . . . . . . . . . . . . 78
Figure 4.10–Energy-momentum dispersion of the quasi-1D state . . . . . . . . . . . 79



13

Introduction

The theoretical prediction and consequent experimental realization of topological
insulators in mid-2006 represented an important milestone in the research of condensed-
matter physics. In 2016, Haldade, Thouless and Kosterlitz were awarded with the Physics
Nobel Prize for their studies about the topological phases of matter. After the discovery of
topological insulators, other types of topological materials emerged as new opportunities
of research in that area, including the topological nodal semimetals. The universality of
the effects present in those materials makes them important players for the idealization
of new electronic devices based on spintronics and quantum computing. For a complete
characterization of these materials, it is necessary to understand the behaviour of the
electrons inside them, that is, to obtain information about their electronic bandstructure.

From the perspective of experimental physics, the main technique for acquiring
information about the bandstructure of different materials is Angle-resolved Photoemission
Spectroscopy (ARPES). Based on the photoelectric effect, this technique provides a direct
relation between energy and crystalline momentum of electrons inside the material, among
other properties. This thesis focuses on studying the electronic structure of topological
materials using ARPES. The non-destructive character and high power of visualization
of surface effects among different materials make ARPES the perfect technique for study
topological materials. The content of this thesis is divided in four chapters covering the
description of the physics behind topological materials, the experimental and theoretical
aspects involving ARPES and the presentation of two projects developed during this
doctorate.

The first chapter covers theoretical background about the main properties associated
with topological materials. Some concepts of topological band theory are presented to
familiarize the reader with the topological classification of electronic bandstructures.
These concepts were presented in a historical order starting from the description of the
quantum Hall effect, which started the foundations of the topological materials research. A
comprehensive description about the theory of topological insulators is presented focusing
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in the most important aspects, without entering on deeper theoretical discussions. In other
words, this content should be a guide for experimentalist without further knowledge of
topological band theory. The chapter ends with a brief discussion about topological nodal
semimetals, focusing on the physical phenomena observed on photoemission experiments.
Topological Weyl and Dirac semimetals are presented in this manner, together with a brief
presentation of the recent discovered topological phase known as axion insulator.

The second chapter presents theoretical and experimental aspects associated to
Angle-resolved Photoemission Spectroscopy (ARPES). Starting from the historical back-
ground describing the photoelectric effect and the development of experimental techniques
associated with the photoemission phenomenon. The theory concerning the photoemission
process is presented divided in two parts: the photoemission theory of independent elec-
trons and the photoemission theory of interacting electrons; which includes a many-body
approach of the photoemission process. After that, fundamental aspects related to the
instrumentation and implementation of an ARPES experiment are presented, from the
types of photon sources used in photoemission experiments to the design of the electron
energy analyzer.

The next two chapters cover the scientific projects executed during this doctorate.
The first project addresses the growth and characterization of the topological insulator
BiSbSe2.5Te0.5. The realization of this quaternary compound as a topological insulator
phase was performed through structural and chemical characterizations, showing the
formation of a non-stoichiometric compound where the topological features remain. The
electronic characterization of the material was accomplished by the observation of the
topological surface states using ARPES.

The second project presents the results obtained during one year of doctoral
stay at Université Paris-Saclay (France) under the supervision of Prof. Andrés Felipe
Santander-Syro. The resulting project addresses the electronic properties of the quasi-1D
transition metal tetrachalcogenide TaTe4 studied by ARPES. TaTe4 has an important role
in topological materials research, since it is classified as a topological semimetal candidate
and it also presents a charge-density wave (CDW) phase observed at room temperature.
The interplay between CDW and topological features unlock interesting discussions about
the electronic properties of the material, creating new targets for the quest of new exotic
topological phases of matter.

At the end, a brief conclusion gathering the central results associated with the
projects presented in this thesis and a list of articles published by the author in international
scientific journals during his scientific career.
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Chapter 1

Topological Materials

1.1 Topological Band Theory

1.1.1 Topological Invariants

Topology is the topic of mathematics interested in the properties of geometrical
objects that are preserved under continuous transformations [1]. Two geometrical objects
are considered topologically equivalent if they can be transformed into one another
through continuous deformations, like flattening and stretching. For instance, a sphere is
topologically equivalent to a cube or a disk (see figure 1.1). The same sphere is topologically
distinct from a torus, since the transformation involves the appearance of a hole on
the surface. In summary, this requirement is what topologically distinguishes different
geometrical objects. The topological classification of geometrical objects implicates the
determination of a particular number capable of distinguishing among different topological
classes [1]. This number is called topological invariant. For parameterized surfaces, the
topological invariant is determined using the Gauss-Bonnet formula [2], which relates the
Gaussian curvature (K) of a surface S with a number called Euler characteristic (χ):

χ = 1
2π

∫
S
KdA (1.1)

The Euler characteristic is easily calculated for convex polyhedra, χ = V − E + F , where
V , E and F are respectively the number of vertices, edges and faces of the polyhedron [3].
For general surfaces, the Euler characteristic is linked to the genus (g) of the surface:
χ = 2− 2g; which denotes the number of holes [1].

There are several manners of classify different phases of matter. For instance,
by their physical (solid, liquid and gas), electrical (metals and insulators) or magnetic



Chapter 1. Topological Materials 16

Figure 1.1 – Topological classification of the geometrical objects by the genus (g) - number
of holes. Continuous deformations like flattening and stretching can trans-
form a sphere into a cube or a disk (all have g = 0). However, continuous
deformations cannot transform a sphere into objects with different genus
(g = 1, 2, ...).

(diamagnets, paramagnets and ferromagnets) properties. The connection between topology
and the different topological phases of matter is done by the topological classification of
insulators [4]. Using topological considerations, insulators can be classified into different
topological classes, linked to different topological invariants. An insulator is a material
that presents an energy gap for electronic excitations, separating the ground state from
all excited states. In other words, they have full-filled energy bands and an energy gap
separating the last occupied electronic state from the first non-occupied state. Figure 1.2
shows the representative bandstructures of insulators, semiconductors, semimetals and
metals. The topological classification of insulators associates the concept of continuous
deformations to adiabatic changes in the Hamiltonian of the material [4]. Insulators are
considered topologically equivalent if there is an adiabatic path where the Hamiltonians
are transformed into one another, so the system always remains in the ground state. This
process is only possible if there is an energy gap separating the ground state from the
excited states. The size of gap controls how smooth the adiabatic displacements should
be. Therefore, insulators are called topologically distinct if there is no adiabatic path to
transform them into one another; in this case, the energy gap must vanish at some point.

The bandstructure of a material is obtained from the Hamiltonian of the many-body
system under the crystalline periodic potential. According to Bloch’s theorem [5], the
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Figure 1.2 – Comparative representation of the electronic bandstructure of insulators,
semiconductors, semimetals and metals. In insulators, occupied and non-
occupied states are separated by an energy gap. Semiconductors are materials
that have a relatively small energy gap, accessible to external excitations.
Semimetals present an overlap between energy bands creating a zero energy
gap. Metals do not present an energy gap between occupied and non-occupied
states, so there are states available for electrical conduction.

electronic states in the crystal are expressed in terms of Bloch eigenstates:

|ψn(k)〉 = eik·r|un(k)〉 (1.2)

Where un(k) = un(k + G) has the periodicity of the reciprocal lattice vector G. The
topological classification of insulators is manly associated with the concept of Berry phase
(γC), or geometrical phase. It is a phase factor acquired by a quantum state during a
adiabatic cycle in the parameter space of the Hamiltonian [6]. Along the closed path C, it
is defined by the expression:

γC = −i
∮
C

〈u(k)|∇k|u(k)〉 · dk (1.3)

The argument of the integral is called Berry connection and it is analogous to the magnetic
vector potential [7]. If the closed path C defines a surface S, the application of Stoke’s
theorem [8] results in a expression for the Berry phase in terms of the surface integral:

γC =
∫
S
∇×A d2k (1.4)

Where F = ∇ ×A is called Berry curvature [6]. The analogy of the Berry connection
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with the magnetic vector potential introduce important considerations. The Berry phase
has the form of a magnetic flux Φ, while the Berry curvature resembles the magnetic
field B. A gauge transformation displaces the Berry connection, whereas Berry curvature
and Berry phase remains intact since they are gauge-invariant. The effect of the gauge
transformation in the Bloch eigenstates is:

A→ A′ = A +∇χ (1.5a)

|Ψ〉 → |Ψ′〉 = ei(q/~)χ|Ψ〉 (1.5b)

An important consequence from the definition of the Berry phase is that the integrated
Berry curvature over a close two-dimensional space is an integer multiple of 2π. This
quantization defines a topological invariant named Chern number (n), given by:

n = 1
2π

∮
S

Fd2k (1.6)

This equation has the same structure of the Gauss-Bonnet formula in equation 1.1 with
the Berry curvature F performing the role of the Gaussian curvature K. The Chern
number defines different topological classes of insulators, i.e, insulators with different
Chern numbers cannot be transform into one another unless the energy gap vanishes.

The topological classification of insulators implicates an interesting phenomenon
when two topologically distinct insulators are disposed in contact. The energy gap should
vanish at some point along the interface to maintain the continuity of the Bloch wavefunc-
tions. As consequence, localized electronic states must appear at the interface [9]. The
appearance of these edge states (or surface sates in the 3D case) creates a connection
between topologically distinct electronic bands from both materials, locally closing the
energy gap, see figure 1.3.

1.1.2 Quantum Hall Effect

The first system where notions of topology could be applied in the context of
condensed matter physics was the quantum Hall effect [10]. The classical Hall effect occurs
when a voltage is applied on a metallic plate subjected to a perpendicular magnetic field
B, see figure 1.4. The Lorentz force originated from the magnetic field is responsible for
creating a charge accumulation perpendicularly to the electrical current I. This charge
accumulation generates an electric field and, at some moment, the Lorentz forces originated
from the electrical and magnetic fields cancel one another. The transverse voltage generated
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Figure 1.3 – Edge states at the interface between topologically distinct insulators. If the
interface between two insulators has ∆n 6= 0, the energy gap should vanish
at the interface. The connection between conduction and valance bands of
both materials is done by those edge states.

by the magnetic field is called Hall voltage (VH) and the Hall conductivity (σxy) is defined
by:

σxy = I

VH
= ρee

B
(1.7)

Where e is the electron charge and ρe is the density of charge carriers. The classical Hall
effect was first observed in the late 19th century by Edwin Hall [11] and the quantum
version was discovered almost a hundred years later.

The quantum Hall effect was first observed by Klaus von Klitzing [12] at the metal-
oxide-semiconductor junction of a Si-MOSFET transistor. In this system, an insulating
layer of SiO2 separates a layer of silicon doped with acceptors and a metal. An electric field
is generated by a voltage applied between the metal and the semiconductor. Increasing the
voltage, the electric field bends the energy levels of the semiconductor and the electrons
near the interface can occupy the conduction band, so they move freely in the junction
Si-SiO2. This phenomenon is observed when a sufficiently intense magnetic field is applied
to a two-dimensional electron gas (2DEG) subject to low temperatures [13]. The Hall
conductance (σxy) is quantized in plateaus of integer multiples of e2/h:

σxy = ν
e2

h
(1.8)
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Figure 1.4 – Classical Hall effect. The Lorentz force generated by the magnetic field B
produces a deflection of the charges in the direction perpendicular to the
electrical current I. The charge accumulation on the edges generates the Hall
voltage VH .

The quantized Hall conductance is obtained by a quantum description of the system.
Consider an electron confined to a two-dimensional rectangular plane with dimensions
L1 and L2 as in figure 1.4. The Hamiltonian of the electron subjected to the external
magnetic field B is given by [7] :

Ĥ = 1
2m(p− eA)2 (1.9)

Where p is the momentum operator, A is the magnetic vector potential and m is the
electron mass. The solution of this problem depends on a suitable choosing of the vector
potential A, i.e, a proper gauge transformation that makes the problem more easily
solvable. Since the magnetic field is given by B = Bẑ, a suitable choice for the magnetic
vector potential is A = xBŷ. This gauge is called Landau gauge [14]. The Schrodinger
equation describing the system is:

− ~2

2m

[
∂2

∂x2 +
(
∂

∂y
− ieB

~
x

)2]
Ψ(x, y) = EΨ(x, y) (1.10)

Assuming periodic boundary conditions in y, the eigenstates of the system can be described
by:

Ψ(x, y) = Θ(x)eiky ·y (1.11)
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With ky = 2πq/L2 and q is an integer. The Θ(x) component is obtained from:

− ~2

2m

[
∂2

∂x2 −
(
ky + eB

~
x

)2]
Θ(x) = EΘ(x) (1.12)

This expression has the form of a Schrodinger equation of a quantum harmonic oscillator [15]
with the origin displaced by x0 = −~ky/eB. The energy levels of the system are:

En =
(
n+ 1

2
)
~ω (1.13)

Where n is an integer and ω corresponds to the electron cyclotron frequency ω = eB/m.
The quantized energy levels are called Landau levels [16]. The eigenvalues En are highly
degenerated and the correspondent eigenstates can be parameterized by ky, which defines a
set of eigenstates with wavefunctions centered at different values of x0. The dimensions of
the system restricts the values of x0 from 0 to L1, which creates the following restrictions
for ky:

0 < |ky| <
eBL1

~
(1.14)

From these boundary conditions, it is possible to calculate the degeneracy (D) of each
Landau level, i. e, the number of allowed values for ky.:

D = eBL1/~
2π/L2

= BL1L2

h/e
(1.15)

The numerator of the equation defines the magnetic flux (Φ) generated by the magnetic
field B, so the degeneracy of the Landau levels is given by the magnetic flux in terms
of the fundamental flux Φ0 = h/e [9]. The total amount of electrons flowing through the
material (N) is given by:

N = νD = ν
Φ
Φ0

(1.16)

Where ν is called Landau filling factor [9]. In the integer quantum Hall Effect, it is precisely
the number of filled Landau levels.

The conductance plateaus in the quantum Hall effect is explained by the quantiza-
tion and degeneracy of the Landau levels. The position of the Fermi level is controlled by
the intensity of the magnetic field B. If the Fermi level is placed between Landau levels,
the increasing of the Hall voltage raises the electrical current linearly by a fixed proportion
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of σxy. The electrical current is associated with the number of available electronic states,
since it gives the number of conducting electrons per unit of time. If the magnetic field
increases, the Fermi level can reach the next Landau level and new electronic states become
available for conduction. Thus, the electrical current will raise more rapidly for the same
variation of the Hall voltage. The electrical conductivity is then raised by an integer of
e2/h.

Since the Hall conductivity does not depend on the geometry [17], it must be related
to topological properties of the system. The conductivity in plateaus can be obtained
by a thought experiment proposed by Robert Laughlin in 1981 [18]. In the hypothetical
situation, the edges of the material are brought into contact forming a cylinder, see figure
1.5. The magnetic field B points perpendicular to the cylinder surface, which is crossed by
the magnetic flux Φ. The Laughlin argument consists of evaluating the electrical charge
flowing through the ends of the cylinder during a magnetic flux variation of ∆Φ = Φ0,
which induces an electrical field E. The electrical charge transported along the cylinder is
obtained from Ohm’s law - J = σE:

Q = σxy∆Φ (1.17)

In this geometrical configuration, there is a linear relation between the magnetic flux and
the magnetic vector potential given by:

Φ =
∫

A · dl = 2πR|A| (1.18)

A variation of Φ0 in the magnetic flux is equivalent of a gauge transformation in the
magnetic vector potential of A → A + Φ0/2πR. The effect of this transformation in
equation 1.10 is a translation of the center of the Landau eigenstates by:

x0 → x0 −
Φ0

2πRB (1.19)

This translation is equivalent to the length of the cylinder (L). Therefore, the electrical
charge transported by a variation of Φ0 in the magnetic flux is Q = Ne. For Φ = Φ0,
equation 1.16 reduces to N = ν. Replacing Q = νe and ∆Φ = h/e in equation 1.17, the
obtained Hall conductivity is exactly σxy = νe2/h, with the integer number originated from
the Landau filling factor. This integer number is a topological invariant, more precisely,
the Chern number of the system [19].

Assuming the Fermi level between Landau levels, i. e, inside the energy gap, the
quantum Hall system is equivalent to an insulator. However, it is characterized by a
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Figure 1.5 – Laughlin experiment. The quantum Hall effect is originated from the magnetic
flux Φ passing through a cylinder of radius R and length L. The magnetic
field points perpendicular to the cylinder surface. A variation of Φ0 in the
magnetic flux generates a charge transfer of Q = νe along the ends of the
cylinder, from which follows σxy = νe2/h.

topological invariant different from zero. The energy gap must vanish at the interface with
the vacuum (n = 0), resulting in metallic edges. It means that the longitudinal electrical
current is not zero on the edges. Classically, these conducting channels are imagined as
the Landau orbits bouncing along the edges, see figure 1.6.

Figure 1.6 – Edge states and the quantum Hall effect. The topological order forces the
appearance of longitudinal currents with opposite directions along the edges.
Classically, these states are described by Landau orbits bouncing along the
edges.

The fractional version of the quantum Hall effect was observed later by Tsui et
al. [20]. In that case, the Landau filling factor assumes fractional values (ν = 1

2 ,
2
3 ,

1
5 ,

2
5 , ...).
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This effect is originated from electron-electron interactions that forms quasiparticles
carrying a fractional value of the electron charge e.

1.2 Topological Insulators

1.2.1 2D Topological Insulators

Some experiments carried out in the late 19th century demonstrated the existence
of the classical Hall effect in the absence of external magnetic fields [21]. An additional
contribution to the Hall conductivity is originated from the magnetization of the material
[22]. This phenomenon is called anomalous Hall effect. In paramagnetic materials, this
effect takes place even in the absence of magnetization and the Hall state is associated
with the topology of the bandstructure [23]. The quantum analogues of these phenomena
follow the same protocol. The observation of the quantum Hall effect requires breaking of
time-reversal symmetry, role played by the presence of external magnetic fields. In 1988,
it was proposed the appearance of the quantum Hall effect in the absence of external
magnetic fields. The phenomenon should be observed when an electron system is subjected
to a periodic magnetic flux, where the total magnetic flux is zero [24]. Later on, this
requirement was replaced by the existence of a strong enough spin-orbit coupling [25]. The
transversal force created by the spin-orbit coupling separates electrons with opposite spins,
forming spin currents along the edges of the material [26].

The quantum spin Hall effect occurs in materials with a strong spin-orbit coupling
[27]. Since there is no external magnetic field, time-reversal symmetry is preserved and edge
currents are not observed. If taken separately for each electron spin, the system is equivalent
to a spinless version of a quantum Hall insulator. The quantized Hall conductivity for
each case is ±e2/h. The charge accumulation on the edges creates edge currents with
opposite directions attached to the electron spins that cancel one another, resulting in a
total edge current equals to zero. Hall conductance is also zero. Nevertheless, there is an
accumulation of electrons with opposite spins on opposite edges. This condition results
in a net spin current on the edges of the material and a nonzero spin Hall conductivity
(σs) originated from the transversal force created by the spin-orbit coupling, which acts
in opposite directions depending on the electrons spin. A comparison between regular
quantum Hall effect and quantum spin Hall effect is presented in figure 1.7.

In 2006, Bernevig et al. [28] proposed the realization of a quantum spin Hall state
in CdTe/HgTe quantum wells. The system is composed by a thin layer of HgTe surrounded
by two layers of CdTe. In the absence of spin-orbit coupling, HgTe and CdTe should
present similar bandstructures with p-type valence bands formed by 5p-electrons from
Tellurium and conduction bands formed by s-electrons (6s for HgTe and 5s for CdTe). The
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Figure 1.7 – Quantum Hall Effect vs. Quantum Spin Hall Effect. The quantum Hall state
is characterized by a non-zero Hall conductivity and metallic states at the
edge of the material. The quantum spin Hall state is characterized by zero
Hall conductivity and spin-dependent metallic edges states.

spin-orbit coupling lifts the degeneracy of the p-levels and, if strong enough, can cause
an electronic band inversion in HgTe, see figure 1.8. In this case, CdTe bandstructure
is composed by a p-type valence band and an s-type conduction band, while the HgTe
bandstructure has the opposite configuration. The inverted bandstructure topologically
distinguishes HgTe and CdTe, so the quantum spin Hall state can be realized in the HgTe
layer. The topological phase transition in CdTe/HgTe quantum wells is controlled by the
thickness of the HgTe layer, which controls the intensity of the spin-orbit coupling. If the
thickness lies below a critical value dc, HgTe is an ordinary insulator with the energy gap
separating conduction and valence bands. Above the critical thickness, there is a band
inversion and the material becomes a topological non-trivial insulator. From this point,
the system performs a quantum spin Hall state, with the appearance of spin-dependent
states at the HgTe-CdTe interfaces. The class of materials where this effect is present are
called spin Hall insulators or two-dimensional topological insulators.

Since the movement of the spin current is attached to the electron spin, elec-
trons are allowed to travel through just one direction along the interface. This behavior
makes edge states robust and protected against backscattering from non-magnetic defects.
The topological nature of the quantum spin Hall state suggests the description of the
phenomenon is terms of a topological invariant. This topological invariant is called Z2

invariant [29]. Since there is no Hall conductance in quantum spin Hall effect, the Chern
number describing these systems is n = 0. Thus, the topological classification of the 2D
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Figure 1.8 – Band inversion in HgTe-CdTe quantum wells. When HgTe thickness is above
the critical thickness dc, s-band and p-band are inverted and the system
becomes a quantum spin Hall insulator.

topological insulators involves another number for the Z2 invariant, related to the concept
of time-reversal symmetry (T ). T -symmetry is represented by an anti-unitary operator Θ
and a T -invariant Bloch Hamiltonian must satisfy:

Θ Ĥ(k) Θ−1 = Ĥ(−k) (1.20)

There are two topological classes of time reversal invariant bandstructures in two dimensions,
with the topological invariant assuming two possible values, ν = 0 or ν = 1. The
determination of the Z2 topological invariant ν is provided by the identification of the
points in the 2D Brillouin zone where the crystalline momentum is invariant to time-reversal
transformations; i. e, where k is equivalent to −k. These points are called time-reversal
invariant momentum (TRIM) points. The anti-unitary operator Θ defines a unitary matrix
W with coefficients given by:

Wmn = 〈um(k)|Θ|un(−k)〉 (1.21)

From where the following quantity is defined for each TRIM point Γi:

δi = Pf[W (Γi)]√
Det[W (Γi)]

= ±1 (1.22)
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Which is equivalent to determine the signal of the determinant of matrix W (Γi). The Z2

invariant ν is obtained from:

(−1)ν =
4∏
i=1

δi (1.23)

The determination of the topological invariant can become extremely complicated
depending on the bandstructure and the absence of other types of symmetries in the
material. A simple method consists of determine the change of the Z2 invariant at the
interface between two insulators. For spin-1/2 particles, all eigenstates of a T -invariant
Hamiltonian are at least twofold degenerate, property known as Kramers degeneracy [30].
The electronic states are degenerate at the TRIM points due to time-reversal invariance,
but the degeneracy is lifted by the spin-orbit coupling away from these points, see figure
1.9. The change of the Z2 invariant ∆ν is obtained counting the number of times the
Kramers pairs cross the Fermi level of the material. If the number of crossings is even,
∆ν = 0, it means that the edge is formed by two topologically equivalent insulators. The
Kramers pairs are not edge states and an insulator state is obtained positioning the Fermi
level inside a band gap. If the number of crossings is odd, ∆ν = 1 and the insulators
are topologically distinct, which classifies the Kramers pairs crossing the Fermi level as
protected metallic edge states.

Figure 1.9 – Topology of Edge states. The topology of the edge bandstructure classifies
the topology of the materials forming the interface. Outside TRIM points,
spin-orbit coupling lifts the degeneracy of Kramer’s pairs. The topology is
obtained from the number of times the Fermi Level is crossed.
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1.2.2 3D Topological Insulators

The quantum spin Hall effect is responsible for the appearance of the topolog-
ical edge states in two-dimensional topological insulators. Those materials are simply
characterized by a single Z2 invariant associated with the degeneracy of the Kramers
pairs and how many times the Fermi level is crossed. In 3D topological insulators, the
formation of the topological state involves aspects there are not a simply extension of
the two-dimensional case. The topological state is composed by 2D surface states that
could or could be topologically protected [9]. In summary, 3D topological insulators are
materials that are insulators in the bulk, but metallic on the surface.

A 3D topological insulator is characterized by four Z2 topological invariants (ν0,
ν1, ν2, ν3), each number assuming values of 0 or 1 [31]. These numbers are obtained in a
similar manner to the 2D Z2 invariant ν in equation 1.23. Differently from 2D topological
insulators, there are 8 points of time-reversal invariant momentum (TRIM) in the first
Brillouin zone of three-dimensional materials, see figure 1.10. The ν0 index is called strong
invariant and it classifies topological insulators in two classes: weak topological insulators
(ν0 = 0) and strong topological insulators (ν0 = 1). Its determination involves the δi
quantities calculated for each 8 TRIM points. The strong invariant ν0 is obtained from:

(−1)ν0 =
8∏
i=1

δi (1.24)

The other three indexes are called weak invariants and they are associated with the
projections of the three lattice directions of the crystal, forming time-reversal invariant
planes, see figure 1.10. Each weak invariant is obtained from TRIM points of different
planes. The δ[n1n2n3] quantities are labeled by a discrete vector expressing the TRIM point
Γi = ν1b1 + ν2b2 + ν3b3, where b1, b2 and b3 are the primitive reciprocal lattice vectors.
The weak invariants νi=1,2,3 are given by:

(−1)νi =
∏

ni=1,nj 6=i=0,1
δ[n1,n2,n3] (1.25)

Kramers degeneracy also performs an important role in the three-dimensional bandstruc-
ture. The points where the electronic states are degenerate are named Dirac points. Out of
this point, the degeneracy lifted by the spin-orbit coupling creates a cone structure in two
dimensions, named Dirac cone [32]. The strong invariant ν0 determines the robustness of
the topological surface states in a manner that for the surface Brillouin zone, the number
of Dirac cones crossing the Fermi level classifies the topological state as stronger or weak.
If there is an odd number of Dirac cones crossing the Fermi level, ν0 = 1 and the system is
classified as a strong topological insulator. For the case of an even number of Dirac cones
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crossing the Fermi level, ν0 = 0 and the material is a weak topological insulator. When all
four invariants are equal to zero, the material is an ordinary insulator.

Figure 1.10 – Points of time-reversal invariant momentum (TRIM). In 3D crystals, the first
Brillouin zone has 8 point of time-reversal invariant momentum (k = −k).
Γ1 = (0, 0, 0) is the Γ-point. The projection on the reciprocal lattice vectors
defines the TRIM planes where ν1, ν2 and ν3 are determined.

The distinction between strong and weak topological insulator has an important
significance due the connection between momentum and spin of the electrons. Time-reversal
symmetry creates a sort of chirality on the surface states, called spin texture. The 1D edge
states in a 2D topological insulator are formed by states locked to the electron spins. In
three dimensions, the 2D surface states form a right or left-hand spin orientation for the
Dirac cones. The robustness of the surface states are linked to the spin texture. If there
is an odd number of Dirac cones, backscattering is forbidden because there is no state
with an opposite spin texture for the electrons; differently from what occurs with an even
number of Dirac cones. In the strong topological phase described by ν0 = 1, the presence
of surface states is guaranteed by the odd number of Dirac cones. If the Fermi level lies
inside the bulk bandgap, it should have at least one electronic state crossing it. Weak
topological insulators do not have the same assurance in relation to the presence of surface
states crossing the Fermi level. The three weak invariants (ν1, ν2 and ν3) are associated to
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the projection of the TRIM points into the three reciprocal lattice directions (100, 010
and 001), respectively. These projections define the symmetry of the 2D Fermi surface at
each direction. The associated planes can be interpreted as 2D layers of quantum spin Hall
states stacked in the respective lattice direction. The presence of protected surface states
is defined separately for each crystallographic plane, concluding that the observation of
topological phases depends on the sample orientation. The robustness to defects is linked
to the position of the defects in the crystallographic matrix. This feature is what makes
this class named weak topological insulators, as the topological protection of the surface
states is not stable and resilient as the strong phase.

Strong and weak topological insulators also differs on how they are constructed.
The easiest construction of a 3D topological insulator consists on the stacking of 2D
quantum spin Hall insulator layers. The edge states on each layer form a chiral surface
coating along the stacking direction and the robustness of these states depends on the
coupling among layers. For weakly coupled layers, the surface states intersect the Fermi
level an even number of times. This state is referred as a weak topological insulator, and
has ν0 = 0. The weak invariants (ν1, ν2, ν3) index the reciprocal lattice vector associated
with the 2D Z2 invariant of the original quantum spin Hall state for each referred reciprocal
lattice direction. The formation of the strong topological phase does not have the origin
on 2D quantum spin Hall insulators. In a strong topological insulator, the surface states
form a distinct phase that could be described as topological metal. The spin-momentum
locking of electrons creates an electronic structure that can be imagined as two spinless
ordinary metals.

The first topological insulator was experimentally realized in 2008 [33]. The semi-
conductor alloy Bi1−xSbx was predicted to render a topological phase in the particular
range of 0.07 < x < 0.22. The mechanism responsible for the non-trivial character is a
band inversion caused by the variation of Bi and Sb concentrations. A phase diagram is
presented in figure 1.11 with a representation of the four bands that forms the bandstruc-
ture close to the Fermi level: T , Ls, La and H. For values below x = 0.04, the system is
a semiconductor with the bandgap formed by valence (La) and conduction (Ls) bands
and the bandgap decreases as the Sb concentration is increased. The bandgap vanishes
at x = 0.04 and reopens with inverted bands until x = 0.07. At this value, the T band
touches the conduction band and the systems enter in a strong topological phase, which
remains until x = 0.22 where the upcoming band H touches the conduction band La, and
the systems becomes an ordinary semiconductor with the bandgap increasing as the Sb
concentration increases. The observation of the topological surface states was done using
high-resolution angle-resolved photoemission spectroscopy, where five Dirac cones were
reported in the first Brillouin zone of the 2D Fermi surface. The odd number classifies
Bi1−xSex as a strong topological insulator at the 0.07 < x < 0.22 range.
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Figure 1.11 – Bi1−xSbx phase diagram. The diagram shows the relative positions of the
electronic bands (Ls, La, T and H) as function of Sb concentration. The
topological insulator phase is observed in the interval 0.07 < x < 0.22,
depending on the position of the Fermi level.

A few years later, the Bi-Chalcogenide family emerged as the most promising class
of topological insulators [34]. The stoichiometric crystals Bi2Se3, Bi2Te3 and Sb2Te3 were
identified as strong topological insulators holding surface states with a single Dirac cone
centered at the Γ-point. The relatively large bandgap (from 0.1 to 0.3 eV) makes these
materials promising to applications at room temperature, since the topological state is
observed without the requirement of low temperatures. In figure 1.12, a high-resolution
ARPES measurement of a Bi2Se3 single crystal is presented. It was measured with photon
energy of 21.2 eV at the Brazilian Synchttron light laboratory (LNLS) in Campinas/SP.
The energy-momentum map shows the surface band dispersion providing a clear evidence
of surface states in 3D topological insulators. Bi-Chalcogenide family are called the second
generation of 3D topological insulators and they all present the associated topological
features: 2D topologically-protected metallic surface states with a single Dirac-cone at Γ,
conduction without dissipation, robustness to non-magnetic defects and spin-momentum
polarization. Another main advantage of these materials is that they are stoichiometric,
making them easy to produce with high purity. They present the same basic atomic
structure: rhombohedral lattice formed by stacking of quintuple-layers with P-C-P-C-P
atoms, where P is the pnictogen atom (Bi or Sb) and C is the chalcogen atom (Se or Te).
The quintuple-layers are bounded by weak van der Waals forces what makes them easily
cleavable to spectroscopy experiments.
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Figure 1.12 – Bi2Se3 with a single Dirac cone at Γ. (a) Three-dimensional representation
of the Dirac cone. (b) Energy-momentum relation of Bi2Se3 obtained by
Angle-resolved Photoemission Spectroscopy, evidencing the surface states
forming the Dirac cone, marked by dashed lines inside the 0.3 eV bulk
bandgap.

1.3 Topological Nodal Semimetals

1.3.1 Weyl and Dirac Semimetals

The topological classification of the bandstructures is extended beyond the concept
of topological insulators. In fact, new topological phases of matter can emerge in systems
where an energy gap is not present [35]. The discovery of the topological nodal semimetals
opened a new branch on the study of topological band theory. These materials are
characterized by a finite number of points where conduction and valence touch one
another [36]. The band touching points are called Weyl nodes and they are robust and
protected by crystal lattice symmetries. The interest about those materials relies on the fact
that the energy dispersion in the region near a Weyl node is linear and it can be described
as massless fermions with definite chirality, known as Weyl fermions [37]. Depending on
the type of degeneracy at the Weyl node, materials are classified as topological Weyl
semimetals or topological Dirac semimetals [38].

In 1928, Paul Dirac created an equation to describe elementary spin-1/2 particles
in a relativistic quantum mechanical treatment [39]. The general form of the Hamiltonian
is:

H = c p · α +mc2β (1.26)
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Where αi and β are known as Dirac matrices and c is the velocity of light. In three
dimensions, the solution is given by four-component wavefunctions. The 4x4 Dirac matrices
are obtained from tensor products of the Pauli matrices σi (σi = σx, σy, σz) and the identity
matrix (I):

αi = σx ⊗ σi (1.27a)

β = σz ⊗ I (1.27b)

The eigenvalues of equation 1.26 are given by:

E± = ±
√
m2c4 + p2c2 (1.28)

Each of these eigenvalues is twofold degenerate, resulting in a total of four eigenstates.
The positive energy corresponds to the two states of an electron: spin up and down; while
the negative energy is associated to spin up and down states of a positron. In condensed
matter physics, the negative energy is associated with electron holes.

One year after Dirac enunciates his equation, Hermann Weyl proposed a modifica-
tion of the equation where the mass term is removed (m = 0) [40]. The modification leads
to the decoupling of equation 1.26 into two independent 2x2 equations:

H± = ±v p · σ (1.29)

These equations describe massless fermions with definite chirality. During more than 90
years, they had not been observed. In the last decade, Weyl fermions were observed as
low-energy excitations in the electronic bandstructures of topological semimetals [41]. The
linear dispersion of the electronic bands around a Weyl node is described by the Weyl
equations in equation 1.29. Each Weyl node host Weyl fermions with a definite chirality. For
each chiral equation, there are two eigenvalues given by E = ±v|p| that are degenerated
in p = 0. The separation of chiral fermions with opposite chirality at different Weyl nodes
originates an interesting property of Weyl semimetals. The topological classification of
bandstructures involves the concept of Berry curvature (F) discussed before, which defines
the topological entanglement between conduction and valence bands. Weyl nodes represent
singularities in the bandstructure, acting as monopoles of Berry curvature [42]. Depending
on the chirality, a Weyl node is a source (+ chirality) or a sink (− chirality) of Berry
curvature. They always appear in pairs; otherwise, the Berry flux becomes divergent. The
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chirality of the monopoles is defined as the Berry curvature flux (N ) trespassing a sphere
that encloses the Weyl node:

N = 1
2π

∫
S
F · dS = ±1 (1.30)

This flux has the form of the Chern number defined in equation 1.6. Two Weyl nodes
with opposite chirality can be disposed together to form a Dirac node, in that case, the
associated Chern number is zero and there is no monopole of Berry curvature. A Dirac
node has fourfold degeneracy.

Dirac and Weyl semimetals indicate a class of materials that presents low energy
excitations consisting of degenerated quasiparticles with distinct chirality and linear energy
dispersions. Weyl semimetals require breaking of either time-reversal symmetry (T ) or
lattice inversion symmetry P [43]. The differentiation between these two scenarios is done by
counting the number of Weyl nodes present in the material. If only P-symmetry is broken,
T -symmetry guarantees that a Weyl none at certain momentum k has a counterpart of
momentum −k with the same chirality. As the total Berry flux should be conserved, other
two Weyl nodes with opposite chirality must be present. So, a Weyl semimetal with broken
P-symmetry has a number of Weyl nodes that is multiple of four, while the other case
describes Weyl semimetals with broken T -symmetry. If both symmetries are present, there
are pairs of degenerate Weyl nodes forming a fourfold degenerate Dirac node and the
system is a topological Dirac semimetal [44]. In other words, a topological Dirac semimetal
can be understood as the combination of two Weyl semimetals. The Dirac/Weyl cones
from each case are presented in figure 1.13.

Figure 1.13 – Dirac and Weyl cones at time-reversal (T ) and inversion (P) symmetry.
(a) Dirac semimetal with one fourfold degenerated Dirac point. (b) Weyl
semimetal with broken T -symmetry. (c) Weyl semimetal with broken P-
symmetry.
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The topological nature of the band touching points is manifest on the appearance
of surface states connecting Weyl nodes with opposite chirality. In topological insulators,
the surface states form a 2D Dirac cone that connects bulk bands with different topology.
They intersect the Fermi level forming Fermi circles, except if the Fermi level is exactly at
the Kramers degenerate point. In Weyl semimetals, the connection between Weyl nodes
is associated with an unclosed line of constant energy observed on the Fermi surface of
the material. These constant energy lines originated from the projections of a plane that
connects bulk Weyl cones on the Fermi surface and are known as Fermi arcs [45]. If the
Weyl nodes are positioned at a different energy position (E 6= EF ), the Fermi arcs appears
tangentially connecting the pairs of Fermi circles formed by the 2D projection of the Weyl
cones, see figure 1.14.

Figure 1.14 – Topological Fermi arcs. Fermi arcs appear as constant-energy states con-
necting Weyl nodes with opposite chirality at the Fermi surface. (a) Fermi
arc defined by the plane tangent to the Weyl cones. (b) Projection of the
Fermi arc on the Fermi surface for different values of Fermi energy.

The appearance of Fermi arcs is directly associated with the fact that Weyl nodes
are sources and sinks of Berry flux. Consider an imaginary plane placed between two Weyl
nodes with opposite chirality, see figure 1.15. There is a non-zero Berry flux crossing it, so
the imaginary plane has a Chern number n = 1. Outside the Weyl nodes, the material
presents a band gap, so the imaginary plane can be imagined as projected 2D Hall insulator
since it has non-zero Chern number. The edge states associated with imaginary planes
between Weyl nodes is what creates the Fermi arc, which connects the projection of the
Weyl nodes on the Fermi surface [38]. Other physical consequences of the topology in Weyl
semimetals include the chiral anomaly [46] and the anomalous Hall effect [47].
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Figure 1.15 – Berry flux through Weyl nodes. The non-zero Berry flux passing through
imaginary planes between Weyl nodes defines topological states associated
with a Chern number n 6= 0. These topological states are represented by
Fermi arcs in the projected Fermi surface.

The first experimental realization of a topological Weyl semimetal was performed
in 2015 with the semimetal TaAs [48]. Fermi arcs were observed by high-resolution ARPES
supported by theoretical considerations. Ab initio calculations were employed to determine
and address the gapless touching points and reported twelve pairs of Weyl points inside the
3D Brillouin zone, all confirmed by Fermi arcs observed in ARPES measurements. TaAs
is a stoichiometric material representative of the transition metal monopnictide family,
which includes other materials that were also successfully reported as Weyl semimetals:
TaP [49], NbP [50] and NbAs [51]. Recently, a new type of Weyl semimetals has been
observed in transition metal di-chalcogenides MoTe2 [52] and WTe2 [53]. In those materials,
the Weyl cone is tilted and the Weyl nodes are the touching points between electron
and hole pockets in the Fermi surface. Their layered nature of these compounds makes
them ideal candidates for the fabrication of devices holding the exotic features of a Weyl
semimetal [54].

1.3.2 Axion Insulators

The characterization of an axion insulator is associated with existence of axion
particles in the context of condensed matter physics. In 1997, Peccei and Quinn proposed
the existence of an elementary particle to solve the charge-parity problem in quantum
chromodynamics [55]. The associated axion field is introduced as an additional term in
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the Maxwell’s equation that couples magnetic and electric fields [56]. Until today, this
hypothetical particle has not been observed. Therefore, low-energy excitations in topological
materials were predicted to create an axion term in the Hamiltonian [57]. Materials where
these excitations are present receive the name of axion insulators. Topological field theory
predicts the existence of axion excitations as a coupling into the electromagnetic field
given by the axion field (θ):

∇ · E = 4πρ− α

π
(∇θ) ·B (1.31a)

∇×B = 4π
c
µ0J + 1

c

∂E
∂t

+ α

π

[
1
c
B(∂θ

∂t
) + (∇θ)× E

]
(1.31b)

Where α is the fine structure constant. It is clear from the expression that only spatial and
temporal changes in θ induce observable effects. In time-reversal topological insulators, the
axion field leads to a linear coupling between magnetic and electric fields, inducing electric
polarization when a magnetic field is applied and a magnetization when an electric field is
applied [57]. This effect is known as magnetoelectric effect [58]. An axion insulator has a
quantized magnetoconductance associated with the axion angle θ that assumes integer
values of π in the topological state [57]. This quantized value determines a topological
classification for insulators that is equivalent to the Z2 invariant in three dimensions. Since
time-reversal symmetry is broken, axion insulators do not have protected surface states.

The axion insulator was first predicted in magnetic systems as iridates [59] and
magnetically-doped topological insulators [60]. It was a few years after the discovery
of topological semimetals that axion electrodynamics were proposed to describe the
electromagnetic response in topological Weyl semimetals [61]. Weyl semimetals are a
topological phase characterized by gapless bulk states with chiral symmetry and topological
Fermi arcs connecting points were conduction and valence bands touch one another (Weyl
nodes). The formation of a charge-density wave (CDW) can destroy the intrinsic chiral
symmetry, opening an energy gap at the Weyl nodes and converting the otherwise bulk
semimetal into a bulk insulator. The phase fluctuations of the CDW couple directly to an
axion field. This gap-opening mechanics should be observed at any Weyl semimetal that
exhibits a charge-density wave coupling to the spacing between Weyl nodes. The CDW
instability turns Weyl semimetals into axion insulators.

The first experimentally realization of an axion insulator was reported in 2019 by
transport measurements in quasi-1D (TaSe4)2I [62]. This compound is a Weyl semimetal
at room temperature and the formation of a charge-density wave at low temperatures
induces the opening of the bandgap at the Weyl nodes. The phase of this charge-density
wave can be identified as a contribution to the axion field and its effect is observed in
magnetotransport measurements.
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Chapter 2

Basics of Angle-resolved Photoemission Spectroscopy

2.1 Photoemission Spectroscopy

Photoelectric emission (or photoemission) is the process when electrons are ejected
from a material illuminated by a light source [63]. This process only happens under spe-
cial circumstances and the ejected electrons are called photoelectrons. The experimental
techniques based on photoemission are called Photoelectron Spectroscopies. The following
sections have the purpose of gather the most important concepts related to the photoe-
mission process and familiarize the reader with the technical analysis of a photoemission
spectroscopy data, especially of Angle Resolved Photoemission Spectroscopy (ARPES).

2.1.1 The photoelectric Effect

The photoelectric effect was first investigated in 1887 by Heinrich Hertz [64] during
experiments with a spark gap generator. He observed the increasing of the generated
sparks when the device is illuminated. Later on, controlled experiments were carried out to
investigate this phenomenon [65,66]. Consider two cleaned metallic plates placed inside a
sealed vacuum chamber and connected by a wire, see figure 2.1. The photoemission process
occurs when one plate is illuminated by a light source. Electrons from the illuminated
plate purchase kinect energy from the light source, some of them having enough energy to
reach the other plate. Thus, an electrical current is detected by the ammeter. A variable
power supply with the negative pole connected to the non-illuminated plate generates an
electric field that start to repel the photoelectrons. In this case, only electrons with higher
kinect energy reach the non-illuminated plate. If the power supply voltage is increased,
fewer electrons reach the non-illuminated plate and the current measured by the ammeter
is reduced. For a sufficiently high voltage, the current vanishes. In the zero-current regime,
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the maximum kinect energy of the photoelectrons is obtained multiplying the cut-off
voltage by the electron charge.

Figure 2.1 – The photoelectric experiment. A light source is used to drag out electrons
from a metallic plate and a power supply controls the electrical current flowing
through the circuit. When the electrical current vanishes, the maximum kinect
energy of the photoelectrons is obtained reading the voltmeter.

Classical electrodynamics predicts that the kinect energy of the photoelectrons
should increase with the intensity of the indecent light beam [7], which was not observed.
An increment on the maximum kinect energy was only observed when the light source was
replaced by another with higher frequency. Later experiments were carried out by many
scientists to study this unforeseen situation [66,67]. They observed a linear dependency
between the maximum kinect energy of the photoelectrons and the light frequency, with a
cutoff frequency from where no electrons are ejected from the material. This frequency
is called threshold frequency and it is different for different materials, see figure 2.2.
The photoelectric effect was successful explained by Albert Einstein in 1905 [68] using a
quantum mechanical treatment for the light-matter interaction. In that approach, light
is described by massless particles called photons. The energy of the photon is obtained
multiplying the light frequency (ν) by the Planck’s constant (h = 6.63× 10−34 J · s). The
linear dependency of the maximum kinect energy with the photon energy is given by:

Kmax = hν − φ (2.1)

The difference between the photoelectron kinect energy and the photon energy defines the
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work function of the material (φ), which is labeled for an enormous quantity of materials
nowadays [69].

Figure 2.2 – Maximum kinect energy vs. light frequency for different materials.

2.1.2 X-Ray Photoelectron Spectroscopy

The linear dependency in equation 2.1 describes the electrons weekly bounded to
the material. A complete description including photoelectrons with any values of kinect
energy is given by:

Ekin = hν − φ− |EB| (2.2)

Which relates the kinect energy of the photoelectrons (Ekin) to the binding energy (EB)
of the electrons inside the material. This equation is extremely important for spectroscopy
experiments. It represents the energy conservation in the photoemission process. The infor-
mation about the energy of the electrons inside a material is obtained by the measurement
of the kinect energy of the photoelectrons. This relation is explored in details in figure
2.3. The energy of the last occupied state of the sample is called Fermi energy (EF ) and
it is conventionally set to zero. The vacuum energy (Evac) is the minimum energy that
an electron must have to escape the material. The difference between theses energies is
the work function (φ). The photoemission spectrum of a sample is constituted by two
parts: the core levels and the valence band [63]. The spectrum of the core levels provides
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information about the chemical composition of the material, as it is related to the electrons
that are bounded to the atoms. The spectrum of the valence band provides information
about the electrons that are attached to the crystalline structure. These electrons form
the bandstructure of the materials and they are responsible for electrical and thermal
conductivity [5].

Figure 2.3 – Energy distribution in the photoemission process. In right, the energy distri-
bution of the photoelectrons measured as function of the kinect energy (Ekin).
in left, the energy distribution of the electrons inside the solid in terms of
binding energy (EB). EB = 0 at EF .

X-Ray Photoemission Spectroscopy (XPS), also called Electron Spectroscopy for
Chemical Analysis (ESCA), is the experimental technique that uses the spectrum of the
core levels to study the chemical composition of a sample [70]. Each element has a distinct
set of core level energies that appears as sharp peaks in the photoemission spectrum,
see figure 2.3. Figure 2.4 shows the XPS data acquired from a Bi2Se3 single crystal. The
position of the peaks is the signature of the elements present in the sample. Other kinds of
information can also be obtained from the XPS data, for instance: energy shifts indicate
chemical bonds between elements; the amplitude of the peaks can be used to estimate
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the amount of each chemical component; and the sharpness of the peaks can differentiate
from surface and bulk photoelectrons.

Figure 2.4 – XPS data of Bi2Se3. Selenium 3d and Bismuth 5d peaks are identified. The
XPS data was acquired using a photon energy of 312 eV in the PGM beam-
line/LNLS.

2.1.3 Angle-Resolved Photoemission Spectroscopy - ARPES

Photoelectrons with the same kinect energy escape the material with different
values of momentum. An ARPES experiment consists of measuring both kinect energy
and momentum of the photoelectrons. The basic components of an ARPES experiments
are illustrated in figure 2.5. The electron energy analyzer is composed by an aperture that
selects the photoelectrons from a specified angular range. The three components of the
photoelectron momentum (kout) are given by:

kxout = 1
~

√
2mEkin sin θ cosφ (2.3a)

kyout = 1
~

√
2mEkin sin θ sinφ (2.3b)

kzout = 1
~

√
2mEkin cos θ (2.3c)

The concomitant measurement of both kinect energy and momentum of the photo-
electrons is what makes ARPES such a powerfull technique. This peculiarity is particularly
important due the possibility of retrieve the energy-momentum relation of the electrons
inside the material, i. e, the electronic bandstructure [71]. Energy and momentum con-
servation laws are used to obtain the relation between the momentum of the electrons
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Figure 2.5 – The ARPES experiment. Electromagnetic radiation produced by the photon
source ejects electrons from a sample. The electron analyzer measures the
kinect energy and the exit angle of the photoelectrons. The geometry of the
experiment is controlled by the movement of the sample, since the electron
energy analyzer and the photon source are fixed.

inside the solid (kin) and the momentum of the photoelectrons (kout), since the photon
momentum is always negligible. The conservation of the momentum parallel to the surface
is guaranteed by the periodicity of the crystalline structure:

kin,‖ = kout,‖ (2.4)

This expression is essential for the analysis of an ARPES data. Since surface states
are uniquely determined by their in-plane momentum, the parallel momentum of the
photoelectrons is sufficient to study their dispersion.

Since the crystalline potential vanishes at the surface, the perpendicular component
of the momentum does not conserve. The free-electron final state model [72] provides a
direct relation for the perpendicular components. In this model, the interface between
sample and vacuum is represented by a potential barrier and the final state of the
photoelectrons is approximated by a free-electron dispersion, see figure 2.6. The kinect
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energy of the photoelectrons is given by:

Ekin = ~2

2mk2
out = ~2

2mk2
in − V0 (2.5)

Where V0 is the potential of the vacuum barrier, called inner potential. The final expression
for the out-of-plane momentum of the electrons inside the solid is:

kin,⊥ =
√

2m
~2 (Ekin cos2 θ + V0) (2.6)

This formula is uniquely determined from measured data (Ekin and θ), if you know
beforehand the value of V0. The calculation of kin,⊥ by this method works reasonably well
only for large kinetic energies, up to 100 eV [72].

Figure 2.6 – The free-electron final state model. (a) The interface between sample and vac-
uum is approximated by a potential barrier V0. (b) The transmission through
the barrier reduces the perpendicular momentum of the photoelectrons while
the parallel momentum is conserved. (c) The photoelectron final state is
approximated by a free-electron state (E ∼ K2).
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2.2 Theory of Photoemission

2.2.1 Photoemission Theory of Independent Electrons

The quantum mechanical treatment of the photoemission process involves the
energy transfer from the incoming photon to the electron inside the solid. The intensity
of the photoemission signal is associated to the transition probability of the electrons
being excited into the final state measured by the electron analyzer [63]. The Hamiltonian
describing an electron subjected to a electromagnetic field is [7]:

Ĥ = 1
2m

(
p− eA(r, t)

)2
+ V (r)

= p2

2m + V (r)− e

2m

(
p ·A(r, t) + A(r, t) · p

)
+ e2

2m
∣∣∣A(r, t)

∣∣∣2 (2.7)

Where p = −i~∇ is the momentum operator, A(r, t) = A0e
i(q·r−ωt) is the magnetic

vector potential and V (r) is the crystalline periodic potential. The first two terms of the
extended equation 2.7 represents the electron Hamiltonian in the absence of electromagnetic
radiation. Third and fourth terms are reduced into one term using the commutator
[p,A(r, t)

]
= i~∇·A(r, t) ≈ 0, valid if q ⊥ A0. The last term refers to two-photon processes

and can be neglected [73]. The Hamiltonian of one electron subject to a electromagnetic
field reduces to:

Ĥ = p2

2m + V (r)− e

m
eiq·r

(
A0 · p

)
e−iωt (2.8)

If the electromagnetic field is treated as a weak perturbation in the electron system,
the Hamiltonian has the form of a time-dependent perturbation Ĥ = Ĥ0 + Ĥ1e

−iωt [15].
For the case of many electrons forming a complex bandstructure, the obtainment of the
eigenfunctions and eigenenergies becomes very complicated. However, the photoemission
intensity is related to the transition probability of the electrons jump from their initial
state to their final photoemitted state. The transition probability of one electron to jump
from the initial state |Ψi〉 to the final state |Ψf〉 is given by the Fermi’s golden rule [74]:

Γi→f = 2π
~

∣∣∣〈Ψf |Ĥ1|Ψi〉
∣∣∣2δ(Ef − Ei − ~ω

)
(2.9)

The delta-function on the right side of the equation portrays the energy conservation in
the photoemission process as described by equation 2.2. The term inside the modulus is
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called transition matrix element (Mif) and it preserves all intrinsic information about
initial and final states and the interaction with the light source.

The photon sources used in photoemission experiments generally comes from lab-
based UV lamps and Synchrotron radiation facilities. The wavelength is very large (124 Å
at 100 eV) compared to atomic dimensions (∼ 1 Å). Since the wavefunction oscillation is
very rapid at atomic dimensions, the photon field experienced by the electrons is treated
as constant (A0e

iq·r ≈ A0). This is called dipole approximation and works well for regular
UV photon sources [75]. Using this approximation and the quantum-mechanical identity
〈Ψf |p|Ψi〉 = im

Ef−Ei

~ 〈Ψf |r|Ψi〉 [15], the transition matrix element, expressed in terms of
its wavefunctions, becomes:

Mif = −iEf − Ei
~

A0

∫
Ψ∗f (r)[er]Ψi(r) d3r (2.10)

Where er is the electrical dipole operator. The practical consequence of the dipole approx-
imation is the appearance of selection rules. They are originated from the polarization
dependence of the matrix element expressed in terms of the photon polarization (ε ‖ A0)
and the dipole momentum of initial and final states.

The photoemission intensity for a given energy Ef is obtained by the summation
of the transition probability for all occupied states in the material:

I(Ef ) ∝
occ∑
i

∣∣∣〈Ψf |ε · er|Ψi〉
∣∣∣2δ(Ef − Ei − ~ω

)
(2.11)

This expression requires the knowledge of the initial and final state wavefunctions. Two
different approaches are employed to solving this issue: the one-step model [76] and the
three-step model [77]. In the one-step model, the photoemission process is treated a single
step: the excitation of the electron from the initial state inside the solid directly to the
vacuum final state. For valence band spectroscopy (ARPES), the initial states are bulk
Bloch waves un(r)eiki·r [5] and the final states are approximated by free-electron waves
eikf ·r, also called the “inversed LEED state” [78].

A more instructive method for the evaluation of the photoemission intensity is
provided by the three-step model. The photoemission process is divided in three independent
and complementary steps: (1) the photoexcitation of an electron into a bulk final state,
(2) the travel to the surface and (3) the transmission through the surface into the vacuum.
A comparative image containing both models is presented in figure 2.7. The first step
gathers all information about the intrinsic properties of material and the initial state is the
same employed for the one-step model. On the other hand, the final state is represented
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Figure 2.7 – Three-step model vs. One-step model in photoemission theory. In the one-step
model, the photoemission process is treated a single step: the excitation of the
electron to the vacuum final state. In the three-step model, the photoemission
process is divided in three steps: the electron excitation into a bulk final state;
the travel to the surface and the transmission through the surface into the
vacuum. Image taken from [63].

by a bulk state from the material. More specifically, a Bloch wave containing plane-wave
contributions with a number of reciprocal lattice vectors G:

Ψf (k) =
∑
G
uf (k,G)ei(k+G)·r (2.12)

Since the photon momentum is negligible compared to the electrons momentum, the
periodicity of the crystalline potential guarantees the momentum conservation between
initial and final states (kf = ki + G).

The second step explores the transport of the electrons through the crystal to
the surface. During this process, part of the kinect energy of the electrons is lost due to
inelastic scattering provoked by interactions with other electrons, phonons and defects in
the material. These interactions produce an inelastic background escorting the spectral
peaks in the photoemission spectrum, see figure 2.8. The inelastic scattering is evaluated in
terms of the electron mean free path which varies from 2 to 20 Å in typical photoemission
experiments [79]. Almost 95% of the photoemission signal comes from a penetration depth
of approximately three times the mean free electron path, what makes photoemission
spectroscopy extremely surface-sensitive. Finally, the third step deals with the transmission
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Figure 2.8 – Inelastic background. Spectral peaks have a "loss-tail" towards lower kinect
energies due to inelastic scattering with other electrons, phonons, etc.

of the electrons through the surface into the vacuum. The transmission rate depends
on the potential vacuum barrier. In the free-electron approximation, the final state is
obtained from the inner potential V0 and approximated by a free electron state in the
vacuum, see figure 2.6. An important consequence of this step is the non-conservation of
the perpendicular momentum.

A photoemission experiment provides a statistical result involving an enormous
quantity of photoelectrons, all subjected to the Fermi-Dirac distribution [80]. The final
expression of the photoemission intensity is:

I(E,k) = IB(E)+f(E, T )
∑
f

occ∑
i

δ(E−Ef−φ)δ(k−kf )|Mif |2δ(Ef−Ei−~ω)δ(kf−ki−G)

(2.13)

Where IB(E) is the inelastic background and f(E, T ) is the Fermi-Dirac distribution. The
influence of the temperature introduced by the Fermi-Dirac distribution requires that
photoemission experiments should be performed at low temperatures to avoid thermal
broadening.
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2.2.2 Photoemission Theory of Interacting Electrons

The development of the photoemission theory presented so far has taken into
account the reasonable premise that the photoelectrons do not interact with the remaining
electrons inside the solid. This approximation is valid for most of the materials studied in
photoemission experiments. The most relevant exception are strong-correlated materials
[81], which are only fully understood if strong interactions are considered among the
electrons [82]. Some examples are transition metal oxides, as high-Tc superconductors [83],
Mott insulators [84], heavy fermions [85] and other low dimensional materials. The
complete description of the photoemission process requires a many-body approach where
photoemission is treated as the sudden removal of an electron from a system with N
electrons. The energy lost by the photoemitted electron is stored by the remaining N-1
electrons. This energy loss is originated from electron-electron interactions [86], phonons [87]
or magnons [88]; see figure 2.9.

The photoemission intensity is obtained from the transition probability of an
electron be photoemitted from the N-electron system:

I(k, ε) ∝
∑
s

∣∣∣〈N − 1, s; k|Ĥ1|N, 0〉
∣∣∣2δ(EN−1,s + ε− EN,0 − ~ω

)
(2.14)

Where the initial state is formed by the N electrons in ground state with energy Ei = EN,0

and the final state is formed by the composition of the N-1 remaining electrons in the
excited state EN,s and the photoelectron with momentum k and energy ε. From the
second quantization formalism and the factorization of the light-matter interaction for
each electron, the interacting Hamiltonian Ĥ1 is given by:

Ĥ1 ∝
N∑
j=1

A(rj) · pj =
∑
i,f

Mifc
†
kf
cki

(2.15)

Where Mif is the one-electron transition matrix element. c†kf
and cki

are creation and
annihilation operators that create an electron with momentum kf and annihilate an
electron with momentum ki, respectively.

The sudden approximation states that the photoelectron decouples from the re-
maining system immediately after photoexcitation, before relaxation [89]. The final state is
factorized into one photoelectron state with momentum k and the remaining N-1 electron
state, which are assumed to be an eigenstate of the unperturbed Hamiltonian:

|N − 1, s; k〉 = c†k|N − 1, s〉 (2.16)
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Figure 2.9 – Many-body interactions in photoemission. (a) Coulomb repulsion (electron-
electron). (b) lattice distortion (electron-phonon), (c) spin distortion (electron-
magnon).

From this statement, the photoemission intensity becomes :

I(k, ε) ∝
∑
s

∣∣∣〈N − 1, s|ck
∑
i,f

Mifc
†
kf
cki
|N, 0〉

∣∣∣2δ(EN−1,s + ε− EN,0 − ~ω
)

(2.17)

Using momentum conservation and assuming that Mif is constant in the energy and
momentum range of interest, the obtained photoemission intensity is:

I(k, ε) ∝
∑
s

∣∣∣〈N − 1, s|ck|N, 0〉
∣∣∣2δ(EN−1,s + ε− EN,0 − ~ω

)
(2.18)

Where it is straightforward to observe that photoemission intensity is proportional to the
probability of removing an electron with energy ε and momentum k from the N-electron
system. In other words, it is proportional to the removal part of the spectral function
A(k, ε). Gathering all this information, the final expression for the photoemission intensity
is condensed to:

I(k, ε) = I0(k, ~ωA)f(ε, T )A(k, ε) (2.19)

Where I0(k, ~ωA) = ∑
i,f Mif is the dipole matrix element, which carries information

about the interaction of the electrons with the photon source, for instance: photon energy
and polarization.
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Before analyzing the spectral function in equation 2.19, it is important to make
a distinction between the energy dispersion of a system with non-interacting electrons
and a system where electron interactions are present. The independent electrons figure
produces an energy-momentum dispersion ε0(k). When evaluated along all reciprocal space,
it retrieves the electronic bandstructure of the material [63]. In the interacting electrons
case, this is not completely true. The photoelectrons suffer an energy renormalization
caused by the energy lost in the excitation of the remaining system. This renormalization
is expressed by the self-energy Σ(k, ε), which quantify the electronic interaction with the
remaining N-1 electrons. The energy-momentum dispersion of the associated quasiparticle
is given by:

ε(k) = ε0(k) + Σ(k, ε) (2.20)

The self-energy Σ(k, ε) is a complex function. The real part gives the energy renormalization
and the imaginary part is related to the lifetime broadening of the quasiparticle, see figure
2.10. The spectral function is directly proportional to the imaginary part of the Green
function:

A(k, ε) = − 1
π
Im G(k, ε) (2.21)

and the Green function G(k, ε) for this case is:

G(k, ε) = 1
ε− ε(k) + i0+ (2.22)

In the independent electrons picture, the spectral function A0(k, ε) is given by:

A0(k, ε) = − 1
π
Im G0(k, ε) = δ

(
ε− ε0(k)

)
(2.23)

Where δ(ε− ε0(k)) denotes a Dirac delta function. The spectral function AI(k, ε) of the
interacting electrons system is obtained from the quasiparticle dispersion in equation 2.20:

AI(k, ε) = − 1
π
Im GI(k, ε) = Σ2(k, ε)(

ε− ε0(k)− Σ1(k, ε)
)2

+ Σ2(k, ε)2
(2.24)

Where Σ1(k, ε) and Σ2(k, ε) are respectively the real and imaginary part of the self-energy
Σ(k, ε). In most cases, the k-dependence can be neglected and Σ(k, ε) = Σ(ε). The
relation between real and imaginary parts of the self-energy is given by Kramers-Kronig
relations [90].
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Figure 2.10 – Photoemission Self-energy. The real part of the self energy Σ(k, ε) =
Σ1(k, ε)+iΣ2(k, ε) gives the energy renormalization, while the imaginary part
gives the lifetime of the quasiparticle, i. e, the full width at half maximum
(FWHM).

2.3 ARPES: Instrumentation and Implementation

The instrumentation required for the execution of an ARPES experiment involves
three important elements: the photon source, the sample environment and the electron
analyzer. The following paragraphs present the most important aspects associated to each
of these components.

2.3.1 Photon Sources

The selection of the photon energy is of essential importance for a photoemission
experiment. The importance of the photon energy is pointed out by the electron mean free
path, i. e, how long the electron travels without being scattered. Figure 2.11 presents the
universal curve of the inelastic electron mean free path obtained from [79]. The majority
of the experiments are carried out using photon energies in the ultraviolet and soft x-rays
range. In this typical range, the electron mean free path varies from 0.2 to 3 Å. That
makes ARPES an extremely surface-sensitive technique. The apparent disadvantage is
particularly interesting for topological materials, where surface states are more relevant.
Three types of photon sources are employed in ARPES experiments nowadays, each applied
depending on the purpose. They are: UV gas-discharge lamps, synchrotron light sources
and UV lasers.
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Figure 2.11 – Electron Mean Free Path vs. Electron Energy. Red dots represent experi-
mental data from different materials. The tendency curve is colored in blue.
Image taken from [79]

UV lamps

UV gas-discharge lamps are the most popular photon sources used in laboratories
around the world. Their compact size makes them perfect for lab-based ARPES systems [91].
They generate discrete values of photon energies from around 8 to 50 eV [91]. The working
principle of a gas-discharge lamp is the ionization of a noble-gas when it is trespassed by
an electrical discharge [92]. When the ions return to ground state, energy is released in
form of photons. A Helium-lamp, generates photons with two main energies: 21.22 eV and
40.81 eV. Other options of UV lamps include Neon (16.67 and 16.85 eV), Argon (11.62
and 11.83 eV), Krypton (10.03 and 10.64 eV) and Xenon-lamps (8.44 and 9.57 eV). The
main advantage of UV lamps is the lower cost of purchase and maintenance. The energy
resolution is also noteworthy: ∼ 2 meV when combined with a monochromator [91]. Some
limitations include the large size of the light beam (∼ 1 mm) and the low photon flux
(∼ 1012 photons/s) when compared to other light sources.
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Synchrotron light sources

The development of the synchrotron light sources [93] introduced Angle-resolved
Photoemission Spectroscopy to another level. The variable photon energy increased con-
siderably the quality of the scientific projects. A synchrotron light laboratory is a scientific
facility projected to produce electromagnetic radiation with high brilliance and tunable
photon energy. The building is projected to keep electrons moving at relativistic velocities
along a close-loop, called storage ring; see figure 2.12. Insertion devices (bending magnets,
undulators and wigglers) are responsible for convert the high-energy electron beam into
photons [93]. The photon beam produced by the insertion devices passes through a set of
optical components to be positioned, focused and monochromatized; finally going to the
experimental end-station, called beamline.

Figure 2.12 – Synchrotron Light Source. A typical beamline containing an undulator, a
monochromator and a focusing device is shown. Image taken from [93]

The main advantage of synchrotron light sources is the variable photon energy. The
capacity to execute energy-dependent measurements opened the possibility to map the 3D
momentum space of the materials [94]. The evaluation of the out-of-plane momentum is
also important to distinguish between surface and bulk states, since surface states does not
have perpendicular components. Other important feature of synchrotron light sources is the
controlling of the light polarization, allowing the analysis of the orbital character of samples
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and experiments with dichroism [95]. The extremely small beam spot is another important
advantage of synchrotron light sources, achieving 50 nm in nano-ARPES beamlines [96].
The photon flux is around ∼ 1012− 1013 photons/s. The energy resolution in some ARPES
beamlines (∼ 10 meV) is relatively worse than Lamp-based ARPES [97]. This issue is
caused due the improvement of the energy resolution been deeply related to the reduction
of the photon flux. There are only few synchrotron facilities around the world, often opened
for scientific proposals in a semiannual basis. The projects approved by their scientific
committees are usually allocated during one week. This short time makes beamtimes
extremely valuables for users.

UV lasers

Lasers are the less popular photon source used in ARPES experiments, but this
reality is changing over the last decade. The main issue with these sources is the low photon
energies generated by them (< 10 eV), because of the proximity with the work function
of most metallic materials (∼ 5 eV). A solution is been provided by the development of
non-linear optical devices to generate sources with higher photon energies. More specifically,
using second harmonic generation (SHG) and high harmonic generation (HHG) [98]. UV
Lasers are employed when the main concern of the users is to have high photon flux
(∼ 109 − 1012 photons/s) combined with high energy resolution (< 1meV) [99].

2.3.2 Sample Environment

ARPES measurements are mandatorily carried out inside ultrahigh vacuum (UHV)
chambers. This requirement is associated with the contamination of the sample surfaces.
The intensity of the ARPES signal is manly originated from the first few atomic layers,
so an atomically clean surface is essential for a successful experiment [72]. The lifetime
of a measurement depends on how long a sample can be appreciated without becoming
covered by an insulator layer of adsorbed molecules. At ambient pressure, few nanoseconds
are sufficient to cover the sample with a monolayer of absorbed molecules [100]. In UHV
chambers, samples can be satisfactorily measured for days depending on their inner pressure.
For a relatively relevant number of materials, an atomically clean surface is obtained by
performing a crystal cleavage in situ. Pressure cannot be bigger than 10−9 mbar, otherwise
the fresh new surface does not remain clean. An uncounted number of other materials are
not cleavable; in those cases, the surface can be cleaned by other methods like polishing,
sputtering and annealing [101]. Some systems are equipped with preparation chambers
where the sample growth is perform in situ using techniques as molecular beam epitaxy
(MBE) [102] and pulsed laser deposition (PLD) [103]. The analysis of the sample quality is
done using Low-energy electron diffraction (LEED) [104], Scanning Tunneling Microscopy
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(STM) [105] or Atomic-force microscopy (AFM) [106], depending on the purpose of the
experiment.

2.3.3 Electron Analyzer

The final element of the photoemission experiment refers to the detection of the
photoelectrons. Electron energy analyzers are responsible for the measurement of kinect
energy and momentum of the photoelectrons. The information regarding the photoelec-
tron energy and momentum are converted into spatial information by an electrostatic
construction specially designed for this purpose. The most relevant equipment used for
ARPES experiments is the hemispherical analyzer (HSA) [107]. It consists of two con-
centric hemispherical electrodes responsible for forcing the photoelectrons into different
trajectories depending on their kinect energy. The electric field created by the electrodes
bends the photoelectrons into concentric trajectories making them reach the detector at
different positions, see figure 2.13.

Figure 2.13 – Hemispherical Electron Energy Analyzer (HSA). Two charged hemispherical
electrodes with radius R1 and R2, produce an electrical field responsible for
forcing the photoelectrons into different trajectories depending on their kinect
energy. The position they reach the detector depends on their trajectory
and the angular selection done by the entrance slit.
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In order to obtain an efficient result for the energy-momentum dispersion, the
experimentalist should take into account some important aspects. The pass energy (EP ) is
responsible for the selection of the energy range to be measured. An electron with kinect
energy EP will execute a trajectory with radius R = (R1 +R2)/2, where R1 and R2 are
the radius of the inner and outer hemispheres, respectively. The value of EP is obtained
from the geometry of the analyzer and the applied voltage on the electrodes (U). The
applied voltage is controlled by the user and the relation with the pass energy is given by:

EP = eU

R2/R1 −R1/R2
(2.25)

The energy resolution (∆E) is another variable controlled by the dimensions of the
equipment. In Particular, the width (s) and the angular resolution (α) of the entrance slit.
For the hemispherical analyzer, the energy resolution is:

∆E = EP

 s

R1 +R2
+ α2

4

 (2.26)

It is important to mention that there are two distinct energy resolutions involved in
the photoemission process: the energy resolution of the photon source and the energy
resolution of electron analyzers. The state-of-the-art hemispherical analyzer achieves energy
resolution around 2-10 meV and angular resolution of 0.2◦.

2.3.4 ARPES Experiment

For a successful ARPES experiment, it is important to have access to different
geometrical configurations of the source-sample-analyzer system. The photon source and
the electron analyzer are fixed, so the controlling of the geometry is done by the position
of the sample. A good sample manipulator should be capable of positioning the sample
along six degrees of freedom: three translational axes and three angular axes, see figure
2.14. Before start the measurements, the experimentalist should find the best configuration
for the sample position. The first step consists of positioning the y-direction of the sample
manipulator. This direction controls the distance between sample and photon source and
the most effective position is obtained when the sample is placed at the focus of the photon
beam. In this case, the maximum intensity of photon source is utilized. The next step is to
positioning the sample along x- and z-directions. Depending on the beam spot size, these
axes are useful to search for an atomically flat region in the sample, where a better signal
is achieved.
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Figure 2.14 – Geometry of the sample manipulator. (a) The sample can move along the
directions x, y and z and rotates by the respective angles φ, δ and θ. The
angle η defines the angular acceptance of the slit. (b) Vertical slits are
parallel to z-axis, while (c) horizontal slits are parallel to x-axis.

The angular calibration is more complicated, it is associated with the image acquired
by the electron analyzer. The entrance slit of the analyzer defines the angular range of
the incoming electrons from −η to +η. The resulting dispersion is a image representing
the photoemission intensity I(Ekin, η) with the axes formed by the kinect energy of the
photoelectrons (the energy range is selected by EP ) and the angular range of the entrance
slit (η). A 2D angular map is obtained rotating the sample along the axis perpendicular to
the entrance slit. There are two possible configurations for the entrance slit of an electron
analyzer: horizontal and vertical. For horizontal slits, the 2D angular map is obtained
varying φ while θ is fixed, resulting in a 3D matrix I(Ekin, θ + η, φ). For vertical slits, the
2D angular map is obtained varying θ while φ is fixed, resulting in a matrix I(Ekin, η, θ).
From the geometrical configuration of the system and using the equations in 2.3, the
3D angular matrix is converted to a 3D momentum matrix I(Ekin, kx, ky) revealing the
in-plane energy-momentum dispersion of the sample EB(k‖).

A potential application of an ARPES experiment is the recovering of the Fermi
surface (FS) of a sample, i. e, the electronic momentum dispersions at the Fermi level:
I(kx, ky, kz) at EB = 0. This operation is done in two parts: the determination of the
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in-plane Fermi surface and the out-of-plane Fermi surface. The in-plane Fermi surface is
obtained following the steps described in the last paragraph, resulting in the 2D momentum
map I(kx, ky) at EB = 0. The out-of-plane Fermi surface involves the construction of a
2D momentum map I(kx, kz), which requires the knowledge of the kz dependency. The
pragmatic solution for this problem consists of measuring the sample at different photon
energies and making use of the free-electron final state model. This procedure should be
carried out with the sample positioned at normal emission (θ = 0), thereby the cosine in
equation 2.6 equals the unity. Therefore, the relation between the perpendicular momentum
(kz) of the electrons inside the solid and the photon energy (~ω) at the Fermi level (EB = 0),
is given by:

kz =
√

2m
~2 (~ω − Φ + V0) (2.27)

Maintaining the sample fixed, I(E, kx) maps are acquired varying the photon energy.
Fixing the kinect energy at the Fermi level, a 2D map I(kx, ~ω) at normal emission is
obtained. The conversion to an out-of-plane Fermi surface I(kx, kz) is done using the
relation in equation 2.27, if the value of V0 is known beforehand. If V0 is unknown, an
iterative method is employed to modify the value of V0 until the kz-axis matches the
out-of-plane periodicity of the reciprocal lattice of the sample.
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Chapter 3

Experimental Realization of the Quaternary Topolog-
ical Insulator BiSbSe2.5Te0.5

3.1 Bi-Chalcogenide Topological Insulators

Since the theoretical prediction [27, 108] and experimental realization [109, 110]
of the topological insulators Bi2Se3 and Bi2Te3, many scientists have started to study
materials with potential two- and three-dimensional topological properties [32, 36, 111].
Topological insulators are regular insulators in the bulk with gapless metallic states on
the surface. Those metallic states emerge as linear dispersive bands within the bulk
bandgap [34], forming the Dirac cone. They are spin-polarized [112] and topologically
protected by time-reversal symmetry [113,114]. These properties are responsible for electric
conduction without dissipation and robustness to defects at the surface [113,114].

Bismuth-chalcogenides are known as the second generation of topological insulators.
Their atomic structure is based on the stacking of atomic sheets disposed in a hexagonal
in-plane arrangement [115, 116]. Groups of five atomic layers form a structure called
quintuple-layer (QL), composed by a X-M-X-M-X stacking where X = Se, Te and M =
Bi, Sb; see figure 3.1. The quintuple-layers are bounded by van der Walls forces [115],
making M2X3 crystals easily to be cleaved along the direction perpendicular to the atomic
layers. Main examples are Bi2Se3, Bi2Te3 and Sb2Te3. The leading properties of regular
topological insulators are present in this class, except Sb2Se3 that has an semiconducting
energy gap with no surface states [34].

The dependence between topological properties and crystalline structure in these
compounds [116–119] has an important role in the experimental realization of new topo-
logical materials. Considerable efforts were done with the investigation of the topological
properties in ternary [120,121] and quaternary [122] compounds. Former measurements
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Figure 3.1 – Crystalline structure of Bi-Chalcogenides. (a) Atomic arrangement of M2X3
crystals evidencing the quintuple-layers and the cleavage plane. (a) Bulk and
surface first Brillouin zones of this class with high-symmetric points.

found in the literature evidenced a strong dependence between Se/Te ratio and Dirac cone
position in Bi2Se3−xTex [123]. A resembling behaviour related to the Bi/Sb ratio was found
in the series Bi2−xSbxTe3 [124] and Bi2−xSbxSe3 [125]. It was also reported a coexistence
of rhombohedral and orthorhombic structure in BiSbSe3, leading to the extinction of the
topological property. The increasing of Antimony in Bi2−xSbxSe3 is responsible for the
transition from hexagonal to orthorhombic [117,126], although theoretical investigations
indicated that the addition of a few amount of Tellurium in this system is sufficient to
stabilize the rhombohedral structure [127]. An idealistic picture of a topological insulator
prescribes the Dirac point placed at the Fermi level. This feature is scarcely observed
in photoemission experiments. Intrinsic vacancies are responsible for heighten the Fermi
level of these materials [128,129]. The standard approach to reach the ideal situation is
doping the material to control the Fermi level position [128]. The substitutions Bi → Sb
and Se → Te are also another source of electron vacancies [125,130] wherefore the Fermi
level can also be tunned by the controlling of the Bi/Sb and Se/Te ratios in a quaternary
compound.

3.2 Synthesis and Characterization of BiSbSe2.5Te0.5

BiSbSe2.5Te0.5 crystals were produced using the Bridgman method [131], see figure
3.2. The powder mixture of the four elements (Bismuth, Antimony, Tellurium and Selenium)
with the expected molar proportions (1:1:0.5:2.5) were placed in an evacuated and sealed
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quartz tube with pressure lower than 10−5 mbar. The tube was heated in a temperature-
controlled furnace up to 1000 K at a temperature rate of 5K/min and remained at the final
temperature for 30 hours. After natural cooling to room temperature during approximately
24 hours, single crystals of BiSbSe2.5Te0.5 were produced.

Figure 3.2 – The Bridgman method for crystal growth. (a) Representation of the Bridgman
system. An evacuated quartz tube with the mixture of the elements are place
inside a temperature-controlled furnace where the mixture is heated until
it starts melting. After natural cooling of the system, crystals are formed
inside the tube, see [131]. (b) Picture of the furnace in the UHV Nanoscopy
Laboratory in UFMG where the samples were grown.

The formation of single crystalline samples were confirmed by X-ray Diffraction
(XRD) measurements of powdered pieces using an Empyrean Panalytical X-ray diffrac-
tometer with a Cu-tube source. The diffraction data is shown in figure 3.3. Since there is
no information about the crystalline structure of BiSbSe2.5Te0.5 crystals in the literature,
the identification of diffraction peaks was done proposing a Bi2Se3 structure, where the
atomic scattering factors of Bi and Se were replaced by the equivalent Bi/Sb and Se/Te
ratios, respectively 1:1 and 2.5:0.5. Almost all diffraction peaks were identified as belonging
to the proposed structure. The obtained lattice parameters are: a = (0.43 ± 0.01) nm and
c = (2.859 ± 0.001) nm, where a is the in-plane lattice parameter and c is the out-of-plane
lattice parameter.

X-ray diffraction measurements provide statistical information about the crystalline
structure of the sample. Details about the single-crystalline construction are obtained
by the local information provided by microscopy techniques. Transmission Electron Mi-
croscopy (TEM) experiments were employed resulting in a confirmation that the sample
is mostly composed by a single-phase crystal, precisely BiSbSe2.5Te0.5. A TEM image
of a BiSbSe2.5Te0.5 grain is shown in figure 3.4. TEM experiments were carried out in
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Figure 3.3 – X-Ray diffraction data of BiSbSe2.5Te0.5. The indexed diffraction peaks belong
to a proposed Bi2Se3 structure, where the atomic scattering factors of Bi and
Se were replaced by the equivalent Bi/Sb (1:1) and Se/Te (2.5:0.5) ratios.

a FEI-Termofisher Tecnai G2-20 microscope with a LaB6 filament, operating at 200 kV.
The result on the right side of figure 3.4 is a selected area electron diffraction (SAED)
data acquired from a 100 nm2 spot (red circle in figure 3.4), confirming the formation of
single-phase crystalline structures in the sample. A variety of other grains were measured
with the same result.

Figure 3.4 – Microscopy measurements of BiSbSe2.5Te0.5. (a) Transmission Electron Mi-
croscopy image of an individual BiSbSe2.5Te0.5 grain. (b) Selected area electron
diffraction (SAED) image acquired from the region delimited by the red circle.

The characterization of the crystalline structure is not sufficient to confirm the
formation of BiSbSe2.5Te0.5 single crystals, a chemical analysis is also mandatory. The
chemical composition of the sample was determined by X-ray photoelectron spectroscopy
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(XPS). XPS data were obtained in an UHV system equipped with a Al X-ray source and
a SPECS Phoibos 100 electron analyzer. The experiment was carried out under room
temperature, in a base pressure lower than 6.0× 10−10 mbar. The energy resolution was
approximately 0.8 eV. Figure 3.5 shows the resulted data evidencing core-level peaks from
each element present in the sample. Typical Gaussian plots were employed to render a
quantitative analysis of the photoemission spectra of each element.

Figure 3.5 – X-ray photoelectron spectroscopy data obtained from BiSbSe2.5Te0.5. (a)
XPS data evidencing photoemission peaks of each element. (b) Insets of the
photoemission peaks: Bismuth 4f, Antimony 3d, Selenium 3d and Tellurium
3d. Typical Gaussian curves are employed to render a quantitative analysis
of the chemical composition of the sample. Experimental data is represent by
dots, while solid lines represent the calculated curves.
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The result of the qualitative analysis is shown in Table 1. Small deviations from the
regular peak positions [70] where observed. This effect indicates the absence of segregation
of any chemical component, in agreement with the crystalline characterization of the
sample. The amount of each chemical component is estimated by the intensity of each
photoemission peak. The ratio between the number of atoms (n) of two elements is:

n1

n2
= I1/S1

I2/S2
(3.1)

Where I1, I2 are the intensity of the photoemission peaks and S1, S2 are the atomic
sensitivity factor [70], which varies depending on the element and the selected peak. The
general expression for the atomic fraction of any constituent in a sample (Cx) is given by:

Cx = nx∑
ni

(3.2)

The accurate stoichiometry obtained from this method is Bi0.9±0.1Sb1.1±0.1Se2.5±0.1Te0.5±0.1.
It represents a (Bi,SB):(Se,Te) ratio of approximately 2:3, as expected.

Table 1 – X-ray photoelectron spectroscopy results of BiSbSe2.5Te0.5.

The uniform distribution of the four elements over the sample was verified carrying
out Electron Energy Loss Spectroscopy (EELS) measurements, an experimental technique
where the sample is exposed to a electron beam with a limited range of kinetic energies.
The energy loss measured by an spectrometer is interpreted as inelastic scattering and/or
absorption from the atomic constituents of the sample, which provides information about
the chemical distribution of the elements in the sample. Energy filtered Transmission
Electron Microscopy (EFTEM) images of an ordinary grain were obtained using a Spectrum
Imaging tool, which generates a spatially-resolved distribution of the EELS data, see figure
3.6. Each colored EFTEM image were acquired using energies from the absorption borders
of each element. The combination of XPS and EELS experiments completes the chemical
characterization of BiSbSe2.5Te0.5, proving that the sample is uniquely composed by a
BiSbSe2.5Te0.5 single crystal.



Chapter 3. Experimental Realization of the Quaternary Topological Insulator BiSbSe2.5Te0.5 66

Figure 3.6 – Energy Filtered TEM images of BiSbSe2.5Te0.5. (a) A regular TEM image of
an individual grain. (b) Energy filtered TEM images of the same grain taken
from the absorption energy of each element.

3.3 Topological Surface States of BiSbSe2.5Te0.5

The electronic properties of BiSbSe2.5Te0.5 were studied by Angle-Resolved Photoe-
mission Spectroscopy (ARPES). The experiment was carried out in the PGM beamline
of the Brazilian Synchrotron Light Laboratory (LNLS) using a fixed photon energy of
103.5 eV with linear horizontal polarization. The base pressure during the experiment
was maintained lower than 5.0× 10−10 mbar and the temperature was fixed at 87 K. The
energy-momentum maps were obtained using a SPECS Phoibos 150 electron analyzer with
energy resolution of 10 meV and angular resolution of approximately 0.2◦. Figure 3.7 shows
the energy-momentum maps of BiSbSe2.5Te0.5 and Bi2Se3 for comparison. It was observed
the presence of almost linear surfaces states crossing the Fermi level in both samples. The
separation between Fermi level and Dirac point positions in Bi2Se3 is around 0.37 eV. This
mismatch is caused by Selenium vacancies on the surface of the material, causing a n-type
doping, coherent with previous measurements found in the literature [112,128,129]. The
separation between Fermi level and Dirac point position observed in BiSbSe2.5Te0.5 was
0.22 eV. The addition of Antimony and Tellurium to the Bi2Se3 matrix was demonstrated
to induce a p-type doping in the system, reducing the Fermi level-Dirac point separation
by 0.15 eV.
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Figure 3.7 – Angle-Resolved Photoemission Spectroscopy of Bi2Se3 and BiSbSe2.5Te0.5.
Energy-momentum maps of (a) Bi2Se3 and (b) BiSbSe2.5Te0.5. Fermi and
Dirac point levels are marked by white and blue dotted lines, respectively.

The effect of Antimony doping in the separation between Fermi level and Dirac
point positions was studied before in the Bi2−xSbxTe3 [124, 132] and Bi2−xSbxSe3 [125]
series. In both cases, the Fermi level moves towards the Dirac point level (p-type doping)
as the amount of Antimony increases. For instance, the increasing of the Antimony content
in Bi2−xSbxTe3 from Bi2Te3 (x = 0) to BiSbTe3 (x = 1) reduces the separation in 0.07 eV.
Above x = 1.5, Bi2−xSbxTe3 becomes a conventional conductor. In the Bi2−xSbxSe3 [125]
series, the Antimony doping effect is even stronger. An increase from x = 0 to x = 0.3 moves
the Fermi level around 0.1 eV towards the Dirac point level. The investigation regarding
the Se/Te substitution in Bi2Se3−xTex demonstrates interesting observable effects. As
well as the previous systems, the increasing of Tellurium reduces the separation between
Fermi level and Dirac point positions. Although it also induces an apparent nesting of
the Dirac cone into the valence band [123,130]. This result was not surprising since the
main difference between the bandstructure of Bi2Se3 and Bi2Te3 is the nesting of the Dirac
point inside the bulk valence band in Bi2Te3. From Bi2Se3 (x = 0) to BiSeTe2 (x = 2),
the top of the valence band moves 0.28 eV towards the Fermi level, completely nesting
the Dirac point. For comparison, ARPES measurements carried out with the quaternary
sample BiSbSe2Te [122] indicated a separation of 0.31 eV between Fermi level and Dirac
point positions, a difference of 0.09 eV compared with BiSbSe2.5Te0.5.

From the analysis of the metallic surface states, important information are obtained
about the bandstructure of BiSbSe2.5Te0.5. The effective mass (m∗) of the electrons on the
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surface is evaluated using a semi-classical approach, which associates them to electron
wave-packets [133]. The electron velocity (ve) is associated with the group velocity (vg) of
the corresponding wave-packet:

ve = vg '
1
~
∂E

∂k
(3.3)

Where ∂E/∂k is obtained from the slope of the surface states, see figure 3.8. The final
expression for the electron velocity is:

ve '
ED
~kF

(3.4)

Where ED is the Dirac point level and kF is the Fermi momentum. The semi-classical
argument associates the electron group velocity to the crystalline momentum ~k. In other
words, the electron effective mass evaluated at the Fermi level is given by:

m∗ ' ~kF
ve

= ~2k2
F

ED
(3.5)

The theoretical expression for the electron effective mass commonly used in solid state
physics implies a divergent effective mass for the linear dispersion of the topological surface
states, since it is associated with the second derivative of the energy-momentum relation,
m∗ = ~2(∂2E/∂k2)−1. This expression is obtained assuming a parabolic dispersion and
therefore should not be applied to linear dispersions. The semi-classical approximation
provides an expression that is compatible with arbitrary dispersions and also consistent
with the cyclotron mass [133]. The resulting electron effective masses and the other
relevant quantities obtained for both Bi2Se3 and BiSbSe2.5Te0.5 are shown in Table 2. It
was obtained an electron effective mass for BiSbSe2.5Te0.5 that is two times smaller than
for Bi2Se3. Those values are in agreement with experimental results [112] and theoretical
calculations for a similar stoichiometry (BiSbSe2Te) [134].

Table 2 – Comparison between Bi2Se3 and BiSbSe2.5Te0.5 for Dirac point level - ED, Fermi
momentum - kF , electron velocity - ve and effective mass - m∗.
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Figure 3.8 – Evaluation of the electron effective mass of BiSbSe2.5Te0.5. (a) ARPES energy-
momentum map evidencing the linear dispersion of the surface states. (b)
Momentum dispersive curves of BiSbSe2.5Te0.5 from where was obtained the
Dirac point level (ED) and the Fermi momentum (kF ). Electron velocity
(ve) and effective mass (m∗) where obtained using equations 3.4 and 3.5,
respectively.

In summary, ARPES experiments were used to characterized the electronic band-
structure of BiSbSe2.5Te0.5, particularly the topological surface states. When compared
with a Bi2Se3 reference sample, it was observed a positive doping of 0.15 eV with the
preservation of the bulk band gap and the metallic surface states. The evaluation of the
Dirac point level and the Fermi momentum of both samples presented an electron effective
mass for BiSbSe2.5Te0.5 that is two times smaller than Bi2Se3.
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Chapter 4

Topological States in the CDW Compound TaTe4

4.1 Basics of Charge Density Waves

Charge-density waves (CDW) are collective excitations present in materials with
large anisotropy. These excitations are created by electron-photon interactions that lead
to a new ground state in the material. The instability of one-dimensional materials at low
temperature is responsible for inducing that novel phenomenon. Charge density waves are
characterized by a collective mode in the charge density formed by electron-hole pairs.
The associated charge density is given by

ρ(r) = ρ0 + ρ1 cos 2kF · r + φ (4.1)

where ρ0 is the unperturbed electron charge density of the material, kF the Fermi-
momentum and φ just a phase term. The main consequence of this excitation is the opening
of an energy gap in the former metallic bandstructure. In two- and three-dimensional
systems, the electron-phonon coupling is responsible for instabilities on the Fermi surface
of the materials [135]. The charge-density wave occurs when many electrons are excited
with the same wave vector q = 2kF . If all electrons are excited by this q vector, they
produce a perfect nesting of the Fermi surface, see figure 4.1. This perfect nesting is only
achieved on ideal one-dimensional systems, where all states are connected by the nesting
vector q = 2kF . For realistic high-dimensional materials, only some particular regions of
the Fermi surface are nested.

The mechanism of the energy gap formation in CDW systems can be easily
understood by considering a one-dimensional crystal composed by N identical atoms. The
lattice constant is a, so the size of the crystal is L = Na. The energy gap appears at the
reciprocal lattice point π/a and there are 2N states available for the first Brillouin zone



Chapter 4. Topological States in the CDW Compound TaTe4 71

Figure 4.1 – q-vector nesting on 1D and 2D Fermi surfaces. The perfect nesting is only
achieved on 1D Fermi surfaces. 2D and 3D Fermi surfaces can only be partially
nested by the q-vector.

(−π/a to π/a), see figure 4.2. If there is one available electron per atom, the energy band
is half-filled and the material is metallic. Supposing a small displacement every two atoms,
the system acquires a new periodicity – 2a. The result is an energy gap at k = π/2a,
converting the material to an insulator.

Figure 4.2 – Energy gap formation in CDW systems. (a) In the absence of a CDW, a one-
dimensional crystal with lattice constant a has its valence band completely
filled. (b) In the presence of a CDW, atomic dislocations in the lattice produce
a new periodicity - 2a, and there is an energy gap associated with the CDW.
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Charge density waves are investigated nowadays for a wide range of low-dimensional
materials. The increasing interest is related to metal-to-insulator transitions [136] and
the search for superconducting phases [137]. The so-called quasi-1D transition metal
tetrachacogenides are paradigmatic examples. Some materials as NbTe4 and TaTe4 present
CDW at room temperature [138] and pressure-induced superconductivity [139,140].

4.2 Quasi-1D Transition Metal Tetra-Chalcogenides

Since the discovery of topological states in solids in the last decade [32], the usual
separation between metals, semiconductors and insulators has been modified. Semiconduc-
tors [141], topological insulators [32] and semimetals [142], superconductors [72] and an
extended set of intriguing phases of matter [143] have made the field of transport physics
much more complex. An interesting class of materials to study new electronic phenomena
are the transition metal chalcogenides (TMC). TMCs are formed by the combination
of transition metal atoms with chalcogen ones (usually Selenium, Tellurium or Sulfur).
Their layered structure creates a favorable environment for the appearance of distinct
features related to dimensionality. The most common compounds of this class are the
transition metal dichalcogenides [144]. Remarkable properties were observed, related to
semiconductors and new topological phases of matter. The most notorious examples are the
semiconductor MoS2 [145,146], the Weyl semimetal MoTe2 [147] and the superconductor
NbSe2 [148, 149]. TM trichalcogenides [150] and tetrachalcogenides [151] represent an
opportunity in the search for new interesting phenomena. Among these compounds, the
quasi-1D transition metal tetrachalcogenides stand out.

The atomic structure of quasi-1D TM tetrachalcogenides is composed by linear
chains of metallic atoms surround by chalcogen atoms [138]. That specific construction
has important implications for the electronic behavior of these materials. The formation
of a quasi-1D structure produces features that only would be observed in a theoretical
one-dimensional crystal, as charge density waves (CDW) [152] and spin density waves
(SDW) [153]. Some of the most important quasi-1D TM tetrachalcogenides are TaTe4 [138],
NbTe4 [138], (TaSe4)2I [154,155] and (NbSe4)2I [156]. Recent important discoveries are the
pressure-induced superconductivity in TaTe4 [140] and NbTe4 [139] and the realization of
an axion insulator in (TaSe4)2I [62].

4.3 Experimental background of TaTe4

The crystalline structure of TaTe4 is composed by linear chains of Ta atoms
surrounded by eight Te atoms in a square anti-prismatic coordination, see figure 4.3. The
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unit cell is tetragonal (P4cc, space group no. 103) with lattice constants a = 6.514 Å and
c = 6.809 Å [157], where c is the chain direction. Lattice distortions in the Ta chains are
responsible for a CDW transition at 475 K [138]. Below this temperature, a commensurately
modulated (2a,2a,3c) structure is observed. TaTe4 has also been described as a topological
semimetal [158–160], making it an ideal system to investigate the relationship between
CDWs and topological states in low-dimensional systems.

Figure 4.3 – Crystalline structure of TaTe4. (a) Crystal viewed along c-axis evidencing
the Ta chains surrounded by Te atoms. (b) Top image of the crystal oriented
perpendicular to c-axis.

Previous investigations reached different conclusions about the electronic structure
of TaTe4. ARPES measurements carried out twenty years ago reported a coexistence of one-
and three-dimensional signatures [161]. The photoemission experiment revealed valence
states that disperse only along the linear chain direction. They also reported a region of
reduced spectral weight 0.3 eV below the Fermi level. Regions of reduced spectral weight are
commonly observed in quasi-1D materials since one-dimensional materials should not have
a Fermi level cutoff for photoemission experiments [162,163]. The mentioned work also did
not observe any dispersive states crossing the Fermi level. In contrast, magneto-transport
measurements done four years ago [158] reported the appearance of a resistivity plateau at
low temperature. The resistivity plateau is a signature of topological metallic states. The
magnetoresistance observed in TaTe4 is highly anisotropic. It shows an angular dependence
that makes the magnetoresistance 40 times bigger when the magnetic field is applied
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perpendicular to the chain direction c, in comparison with parallel measurements [159].
Shubnikov-de Haas oscillations were also observed at low temperatures [160], resulting in
an angular dependence of a 2D Fermi surface. These findings indicate that TaTe4 has a
three-dimensional bandstructure with metallic states forming a 2D Fermi surface, unlike
what was observed by ARPES experiments. The apparent inconsistency between ARPES
and magneto-transport results make a renewed ARPES investigation of TaTe4 highly
desirable.

4.4 2D Fermi Surface and Topological States of TaTe4

Single crystals of TaTe4 were grown using a self-flux technique [164] by the group of
Prof. Paula Giraldo-Gallo at Universidad de Los Andes (Colombia). A mixture containing
of 1 mol of elemental Ta and 99 mol of elemental Te was deposited put in an alumina
crucibles and sealed in an evacuated quartz tube. The mixture was heated to 700◦C, held
at this temperature for 12 hours and then slowly cooled to 500◦C at a rate of 2◦C/hour.
The remaining melt was decanted and separated from the TaTe4 crystals using a centrifuge.
Silver-colored long rectangular crystals were obtained, with sizes up to 0.1× 0.1×1 cm3.
The crystalline structure was confirmed by X-ray powder diffraction carried out with
powdered pieces of TaTe4 crystals, see figure 4.4.

Figure 4.4 – X-ray diffraction data of TaTe4

The energy-momentum dispersion of TaTe4 was obtained by Angle-resolved Pho-
toemission Spectroscopy (ARPES). The experiments were carried out in the CASSIOPEE
beamlime of Synchrotron SOLEIL (France) using a fixed photon energy of 75 eV with
both linear and horizontal polarization. The base pressure during the experiment was
maintained lower than 4.0 × 10−10 mbar and the temperature was fixed at 13 K. The
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energy-momentum maps were obtained using a Scienta R4000 hemispherical electron
analyzer with vertical slits. Typical energy and angular resolutions were 15 meV and 0.25◦,
respectively. In order to have a pristine surface, the TaTe4 crystal was cleaved in-situ along
the [100] direction. This configuration sets the measurement plane formed by directions
parallel (c) and perpendicular (b) to the linear chains, see figure 4.5.

Figure 4.5 – Reciprocal lattice structure of TaTe4 with high-symmetric points. The mea-
surement plane is evidenced along reciprocal directions b′ [010] and c′ [001],
where c′ is the reciprocal vector pointing along the linear chain direction.

Figure 4.6 presents energy-momentum maps of TaTe4 obtained along Γ-X and
Γ-Z directions. Γ-X is the reciprocal direction associated with the crystalline direction
perpendicular to the linear chains, while Γ-Z is the reciprocal direction associated with the
crystalline direction parallel to the linear chains. The Γ-Z map is mainly composed by two
bands. The upper band has a W-shape centered at Γ and dispersing from approximately
-0.3 eV to -0.6 eV, with the band bottom settled at Z. The lower band has a faced-down
Y-shape also centered at Γ and dispersing from approximately -0.8 eV to -1.2 eV. The Γ-X
map present two overlapping structures: the W-band dispersing from approximately -0.3
eV to -1.0 eV, centered at Γ with the band bottom settled at X; and hole-state centered
at X with no symmetric counterpart. The lack of symmetry in this state is explained
by matrix elements suppressing the mirroring state on positive momentum values. An
important feature observed on both maps is the region with reduced spectral weight
near the Fermi level, from 0 eV to approximately -0.3 eV. The photoemission intensity
in the region of reduced spectral weight is five times less intense than the valence band.
Figure 4.6 shows the angle-integrated photoemission intensity of TaTe4 obtained with
the sample at normal emission position. Two sudden decreasing of the spectral weight
are observed: the Fermi edge cut-off at 0 eV and a exponential decay starting around
approximately 0.3 eV. This exponential decay is a signature of 1D samples, also observed
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Figure 4.6 – ARPES energy-momentum map of TaTe4 along (a) Γ-Z and (b) Γ-X reciprocal
directions. The associated reciprocal direction in the first Brillouin zone is
indicated above each energy-momentum map.

in NbTe4 [162], (NbSe4)3I [162] and (TaSe4)2I [163]. These results reproduce with precision
the features observed by later ARPES experiments [161], confirming the coexistence of
one and three-dimensional signatures in TaTe4.

Figure 4.7 – Angle-integrated spectra of TaTe4. Theoretical curves of Fermi-Dirac distri-
bution and exponential decay are represented by red and blue, respectively.
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The photoemission intensity observed in Γ-Z and Γ-X maps are apparently uniform
in the region of reduced spectral weight, i.e, there is no dispersive states crossing the
Fermi level. This finding is in agreement with [161]. In contrast, magneto-transport
experiments [158, 159] have suggested the presence of metallic states of topological nature
crossing the Fermi level. The divergence is solved employing an analysis of the photoemission
intensity along different reciprocal directions. In figure 4.8, the energy-momentum map
obtained along the X-R direction present dispersive states crossing the Fermi level. Because
of the low photoemission intensity near the Fermi level, the energy-momentum maps were
plot in logarithmic scale with saturated contrast to emphasize the region of reduced spectral
weight. The energy-momentum map along Γ-Z is also shown for comparison. Dispersive
states crossing the Fermi level are clearly observed in the X-R direction. Cone-like states
centered at R extending from the valence band to the Fermi level crossing. The presence of
these cone-like states crossing the Fermi level provide strong evidences for the classification
of this material as a topological material.

Figure 4.8 – ARPES energy-momentum maps of TaTe4 along (a) Γ-Z and (b) X-R recip-
rocal directions. Cone-like states crossing the Fermi level are clearly observed
in the X-R map.

The in-plane Fermi surface of TaTe4 is shown in figure 4.9. A two-dimensional
Fermi surface was predicted by quantum oscillations observed at low temperature [158,160].
The kx-ky map revealed the existence of circular orbits in the 2D Fermi surface formed by
the cone-like states observed in figure 4.8. TaTe4 has a 2D Fermi surface of a topological
material composed by four Dirac/Weyl cones crossing the Fermi level. The flattening of
the circular orbits is a consequence of CDW lattice distortion (2x2x3), which stretches
the perpendicular direction more than the parallel direction. Furthermore, the 2D Fermi
surface also revealed the existence of a quasi-1D state connecting neighboring orbits at
approximately ky = 0.18 Å−1. Its counterpart is suppressed by matrix elements. The
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Figure 4.9 – In-plane Fermi surface of TaTe4. The 2D Fermi surface is formed by circular
orbits originated from Weyl/Dirac cones crossing the Fermi level. The surface
Brillouin zone is highlighted by dashed white lines with the high-symmetry
points.

connecting state resembles some characteristics of Fermi-arcs, constant-energy states that
connect Weyl/Dirac cones in Weyl/Dirac semimetals [45]. This is particularly important
for the electronic characterization of the material as a topological semimetal, instead of a
regular topological insulator [140, 158]. The energy-momentum dispersion of the quasi-1D
state was characterized by energy-momentum maps taken from perpendicular cuts on the
Fermi surface, see figure 4.10. From the energy-momentum map along kx = 0, i.e, crossing
perpendicularly the quasi-1D state, it was observed that it maintains a certain relationship
with the hole-state observed in figure 4.6. The quasi-1D state seems originated from a band
splitting, dispersing from some position inside the valence band. The energy-momentum
map taken along ky = 0.18 Å−1 reveals the absence of connection between the quasi-1D
state and the cone-like states at the Fermi level or any position inside the region of reduced
spectral weight. Therefore, the connection must take place at some point inside the valence
band.

Fermi arcs usually connect Weyl nodes with a constant-energy contour (Type-I) or
tilted Weyl cones with states dispersing in energy (Type-II). The quasi-1D state observed
in TaTe4 has a mixture of both features. As the Weyl node is not placed at the Fermi
level, the connecting state disperses in energy to appear as a quasi-1D in the Fermi surface.
Recently, a new class of Weyl semimetals, named Type-III, was proposed and reported in
(TaSe4)2I [62,165]. In those systems, Fermi-arcs connect electron (or hole) pockets in the
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Fermi surface. That is another possibility for the characterization of the quasi-1D state as
it seems to have a intimate relationship with the hole-state observed in Γ-X map in figure
4.6. The discrimination between both possibilities must be done by finding the connecting
point inside the valence band, which is impossible from these measurements as there are
many bulk states in the valence band hiding the Weyl node. At the same time, the circular
orbits in the 2D Fermi surface cannot be classified as electron pockets, since they overtake
the Brillouin zone boundaries. That feature deviates from the description of the Type-III
Weyl semimetal reported in (TaSe4)2I [62, 165,166]. However, the similarities between the
two systems allow us to continue pursuing the classification of TaTe4 as a new incarnation
of Weyl semimetal.

Figure 4.10 – Energy-momentum dispersion of the quasi-1D state. (a) In-plane Fermi
surface of TaTe4 evidencing the quasi-1D state connecting neighbouring
Weyl/Dirac cones. (b) Energy-momentum map along kx = 0, perpendicular
to the quasi-1D state, showing the dispersion in energy of the state as
originated from a band splitting with the hole-state observed in the Γ-X
map. (c) Energy-momentum map along ky = 0.18 Å−1, tangent to the quasi-
1D state, revealing the absence of connection with the Weyl/Dirac cones at
the Fermi level.

In summary, Angle-resolved photoemission spectroscopy experiments carried out
on TaTe4 single crystals revealed the existence of a 2D Fermi-surface. This Fermi surface
is composed by circular orbits originated from cone-like states crossing the Fermi level,
compatible with topological states of Dirac/Weyl nature. That discovery makes a connection
between antagonistic results in the literature [158–161]. The existence of topological features
in a quasi-1D compound makes TaTe4 an interesting material to explore the correlation
between topology and charge density waves, more specific: the existence of axions in the
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material. The existence of charge-density waves in a topological Weyl semimetal could
lead to the realization of an axion insulator [57]. These features and the observation of a
quasi-1D state on the Fermi surface allow the classification of the material as a topological
semimetal and a complete characterization of the quasi-1D is necessary for distinguish
between different topological semimetal phases. A theoretical analysis of the electronic
structure of TaTe4 is also mandatory.
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Conclusions

The content of this thesis presented the realization of two projects involving the
analysis of the electronic structure of topological materials probed by Angle-resolved
Photoemission spectroscopy (ARPES). First of all, it was presented a review about the
properties of topological materials, more specific: topological insulators and Weyl semimet-
als. The knowledge about the main concepts associated with the electronic properties of
these materials was important for the analysis of the electronic structures presented in the
scientific projects of this thesis. Another review was introduced about the experimental
technique of ARPES, which is the most powerful tool employed in the characterization of
the electronic bandstructure of topological materials. The theory of photoemission was
presented in a comprehensive way were the experimental aspects were highlighted. In
addition, the apparatus involved with the implementation of an ARPES experiments were
also described in detail.

The scientific projects developed during this doctorate were presented in two sepa-
rated chapters were the data was discussed. The first project addressed the process of struc-
tural, chemical and electronic characterization of the topological insulator BiSbSe2.5Te0.5. It
was shown that the disorder induced by the addition of Sb and Te in the Bi2Se3 matrix, at
the given composition, was not capable to suppress the topological nature of the compound.
The Dirac cone observed by ARPES experiment suffered a modification portrayed by chem-
ical doping: electrons move with a smaller effective mass around the Fermi surface with the
topological protection still intact. These findings were published in the Journal of Physical
Chemistry C in May of 2019, see https://doi.org/10.1021/acs.jpcc.9b01811.

The second project presented in this thesis was related to the quasi-1D transition
metal tetrachalcogenide TaTe4. It was measured its energy-momentum dispersions along
the most relevant reciprocal lattice directions and a clear image of the in-plane Fermi
surface of the material was recovered. The practical interest in this material relies on
the fact that it hosts the existence of a charge-density wave in a topological semimetal
candidate, which could lead to the realization of an axion insulator. Unfortunately, the

https://doi.org/10.1021/acs.jpcc.9b01811
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gap-opening observed in this kind of material could not been observed due the localization
of the Weyl nodes related to the valence band of the material. Using ARPES, it was
possible to visualize the topological Weyl/Dirac cones crossing the Fermi level and the
appearance of a quasi-1D electronic state that resembles a Fermi arc. These findings made
a connection between divergent results from the literature and opened new questions about
the topological nature of the material. An article was written about this project and it
is currently under revision of the authors to be submitted to an international scientific
journal.
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