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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ❝♦♥❝❡❞❡r✲♠❡ ❛ ❣r❛ç❛ ❞❡ ♠❛✐s ✉♠❛ ❝♦♥q✉✐st❛ ❡ ♣♦r ♣❡r♠✐t✐r q✉❡ ❡✉

❝❤❡❣❛ss❡ ❛té ❛q✉✐✳ ❆ ❙❛♥t❛ ❚❡r❡s✐♥❤❛✱ q✉❡ ❞❡s❞❡ ♦ ♣r♦❝❡ss♦ s❡❧❡t✐✈♦✱ ❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦ t♦❞♦s ♦s

❞✐❛s ❞❡ss❛ ❝❛♠✐♥❤❛❞❛ ♥ã♦ ♣❡r♠✐t✐♥❞♦ q✉❡ ❡✉ ❞❡s✐st✐ss❡✳ ❆ ♠✐♥❤❛ ✈✐❞❛ é ♠❛r❝❛❞❛ ♣❡❧❛ ♣r❡s❡♥ç❛

❞❡ ✈♦❝ês ❡ ❞❡ ♣❡ss♦❛s ❡s♣❡❝✐❛✐s q✉❡ ❝♦❧♦❝❛♠ ♥♦ ♠❡✉ ❝❛♠✐♥❤♦✳ ▼✐♥❤❛ ❣r❛t✐❞ã♦ ♣❡❧❛s ♣r♦t❡çõ❡s ❡

❜❡♥çã♦s ❞✐ár✐❛s✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s✱ q✉❡ ♠❡❞✐❛♥t❡ ❛s ❞✐✜❝✉❧❞❛❞❡s✱ ♥ã♦ ♠❡❞✐r❛♠ ❡s❢♦rç♦s ♣❛r❛ q✉❡ ❡✉

s❡❣✉✐ss❡ ❡♠ ❢r❡♥t❡✳ ❖❜r✐❣❛❞❛ ♣♦r ♠❡ ❛♣♦✐❛r❡♠ ❡ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♠✳

❆♦ ♠❡✉ ♥♦✐✈♦ ❏♦❡❧✱ ♠✐♥❤❛ ❣r❛t✐❞ã♦ ♣♦r t♦❞♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❛♣♦✐♦ ❡ ♣❛❝✐ê♥❝✐❛✳ ❖❜r✐❣❛❞❛

♣♦r t♦❞♦ ♦ s❡✉ ❛♠♦r ❡ ♣♦r s❡♠♣r❡ ❞✐③❡r ✧❙■▼✧ ❛♦s ♠❡✉s ♣r♦❥❡t♦s✦

❯♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ à ❈❛r♦❧ ❘❛♠♦s✳ ❋❧♦r✱ ♦❜r✐❣❛❞❛ ♣♦r ♠❡ ❛❝♦❧❤❡r ❡ ❛❜r✐r ❛s ♣♦rt❛s ❞❛

s✉❛ ❝❛s❛ ❡ ❞❡ s✉❛ ✈✐❞❛ ♣❛r❛ q✉❡ ❡✉ ♣✉❞❡ss❡ r❡❛❧✐③❛r ❡st❡ s♦♥❤♦✳ ❱♦❝ê s❛❜❡ q✉❡ é ♣❡ç❛ ❢✉♥❞❛♠❡♥t❛❧

♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❡ ♠❡str❛❞♦✳ ❆❣r❛❞❡ç♦ s❡♠♣r❡ ♣❡❧❛ s✉❛ ✈✐❞❛✦

❆♦s ❛♠✐❣♦s q✉❡ ✜③ ♥❛ ❯❋▼●✱ ❛❣r❛❞❡ç♦ ♣♦r ♠❡ ❛❝♦❧❤❡r❡♠ ❡ ❡st❛r❡♠ ❝♦♠✐❣♦ ♥♦s ♠♦♠❡♥t♦s

❞❡ ❛❧❡❣r✐❛ ❡ ❞❡ ❛♥❣úst✐❛✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♥♦ ♣r✐♠❡✐r♦ s❡♠❡str❡✳ ❖❜r✐❣❛❞❛ ♣❡❧❛ ♣❛r❝❡r✐❛ ♥♦s ❡st✉❞♦s

❡ ♣❡❧♦s ♠♦♠❡♥t♦s ❢❡❧✐③❡s ♥❛ s❛❧✐♥❤❛ ❞♦ ♠❡str❛❞♦ ❡ ♥♦ ❝❛❢é✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ à ❋❡r♥❛♥❞❛✱

♠❡❧❤♦r ✈❡t❡r❛♥❛ q✉❡ ❡✉ ♣♦❞❡r✐❛ t❡r✱ ♣♦r s❡♠♣r❡ ♠❡ ❛❝♦♥s❡❧❤❛r ❡ ❞✐✈✐❞✐r ❝♦♠✐❣♦ ✦

❆ ♠✐♥❤❛ ❛♠✐❣❛ ❞❛ ✈✐❞❛✱ ❊❧❛✐♥❡✱ ❛❣r❛❞❡ç♦ ♣❡❧❛s ♦r❛çõ❡s ❡ ♣♦r s❡♠♣r❡ ❢❛③❡r ♣❛rt❡ ❞❛ ♠✐♥❤❛

✈✐❞❛✳ ❊ ❛♦s ❛♠✐❣♦s q✉❡ tr❛❣♦ ❞❛ ❣r❛❞✉❛çã♦✱ ♠✉✐t♦ ♦❜r✐❣❛❞❛ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠❡✉ ♣♦t❡♥❝✐❛❧

❡ ✐♥❝❡♥t✐✈❛r❡♠ s❡♠♣r❡✳ ❙✐♥t♦ ♠✉✐t❛s s❛✉❞❛❞❡s ❞❡ ✈♦❝ês✦

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❘♦❣ér✐♦ ▼♦❧✱ ❛❣r❛❞❡ç♦ ♣♦r ❛❝❡✐t❛r ♠❡ ♦r✐❡♥t❛r ❛♥t❡s ♠❡s♠♦ ❞❡ ♠❡

❝♦♥❤❡❝❡r✳ ❖❜r✐❣❛❞❛ ♣♦r t❛♥t♦s ❡♥s✐♥❛♠❡♥t♦s✱ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡ ❡♠♣❡♥❤♦ ❞✉r❛♥t❡ t♦❞♦

♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞✉r❛♥t❡ ❛ ♣❛♥❞❡♠✐❛✳ ❙♦✉ ❣r❛t❛ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ tr❛❜❛❧❤❛r

❝♦♠ ♦ ♣r♦✜ss✐♦♥❛❧ q✉❡ ✈♦❝ê é✳ ▼✉✐t♦ ♦❜r✐❣❛❞❛✦

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s q✉❡ ♣❛ss❛r❛♠ ♣❡❧❛ ♠✐♥❤❛ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛ ❡ ❝♦♥tr✐❜✉✐r❛♠

❝♦♠ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❡ t❡♥❤♦ ❤♦❥❡✳

❆❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❝♦♠ ❛ tã♦ s♦♥❤❛❞❛ ❜♦❧s❛✦

P♦r ✜♠✱ ♠❛♥✐❢❡st♦ ❛q✉✐ ❛ ♠✐♥❤❛ ❣r❛t✐❞ã♦ ❛ t♦❞♦s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ▼✐♥❛s

●❡r❛✐s✭❯❋▼●✮✳

▼✉✐t♦ ♦❜r✐❣❛❞❛✦



✏◆❛❞❛ é ♣❡q✉❡♥♦ s❡ ❢❡✐t♦ ❝♦♠ ❛♠♦r✑✳

❙❛♥t❛ ❚❡r❡s✐♥❤❛ ❞♦ ▼❡♥✐♥♦ ❏❡s✉s



❘❡s✉♠♦

❖ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① é ✉♠❛ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♣❛r❛ ♣❛r❛♠❡tr✐③❛r ❝✉r✈❛s ❛♥❛❧ít✐❝❛s✱

❜❡♠ ❝♦♠♦ ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω = A(x, y)dx+B(x, y)dy✱

♦♥❞❡ A ❡ B sã♦ ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ♥❛ ♦r✐❣❡♠ ❞❡ C2✳ ❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡ss❛

❞✐ss❡rt❛çã♦ é ❡♥t❡♥❞❡r ❛ ❡①t❡♥sã♦ ❞♦ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ❢❡✐t❛ ♣♦r ❏✳ ❈❛♥♦ ♥♦ ❛rt✐❣♦

✧❆♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣♦❧②❣♦♥ ❝♦♥str✉❝t✐♦♥ t♦ ❣✐✈❡ s♦❧✉t✐♦♥s ♦❢ P❢❛✣❛♥ ❢♦r♠s✧❬✸❪✳

❆ ❡①t❡♥sã♦ r❡❛❧✐③❛❞❛ ♣♦r ❏✳ ❈❛♥♦ ❝♦♥s✐st❡ ❡♠ ✉♠ ♠ét♦❞♦ ❣❡r❛❧ q✉❡ s❡ ❛♣❧✐❝❛ ♣❛r❛ ❢♦r♠❛s s✲

●❡✈r❡②✱ ✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢r❛❝❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ sér✐❡s ❢♦r♠❛✐s✳ ❊ss❡ ♠ét♦❞♦ ♣❡r♠✐t❡

❡♥❝♦♥tr❛r s♦❧✉çõ❡s s✲●❡✈r❡② ♣❛r❛ ❢♦r♠❛s P❢❛✣❛♥❛s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s s✲●❡✈r❡②✳

P❛❧❛✈r❛s ❈❤❛✈❡✿ ▼❛t❡♠át✐❝❛❀ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥❀ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①❀ ❋♦r♠❛s

P❢❛✣❛♥❛s✳



❆❜str❛❝t

❚❤❡ ◆❡✇t♦♥✲P✉✐s❡✉① ❆❧❣♦r✐t❤♠ ✐s ✉s❡❞ t♦ ♣❛r❛♠❡t❡r✐③❡ ❛♥❛❧②t✐❝❛❧ ❝✉r✈❡s✱ ❛s ✇❡❧❧ ❛s t♦ ✜♥❞

❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s ♦❢ ❛ P❢❛✣❛♥ ❢♦r♠❛ ✇❛② ω = A(x, y)dx + B(x, y)dy✱ ✇❤❡r❡ A ❛♥❞ B ❛r❡

❣❡r♠s ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ❛t t❤❡ ♦r✐❣✐♥ ♦❢ C2✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥

✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ◆❡✇t♦♥✲P✉✐s❡✉① ❆❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ❏✳ ❈❛♥♦ ✐♥ t❤❡

❛rt✐❝❧❡ ✧❆♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣♦❧②❣♦♥ ❝♦♥str✉❝t✐♦♥ t♦ ❣✐✈❡ s♦❧✉t✐♦♥s ♦❢ P❢❛✣❛♥

❢♦r♠s✧❬✸❪✳ ❏✳ ❈❛♥♦ ❡①t❡♥s✐♦♥ ❝♦♥s✐sts ♦❢ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ t❤❛t ❛♣♣❧✐❡s t♦ s ✲●❡✈r❡② ❢♦r♠s✱ ❛

✇❡❛❦❡r ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❢♦r♠❛❧ s❡r✐❡s✳ ❚❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s t♦ ✜♥❞ s ✲●❡✈r❡② s♦❧✉t✐♦♥s

❢♦r P❢❛✣❛♥ ❢♦r♠s ✇✐t❤ s ✲●❡✈r❡② ❝♦❡✣❝✐❡♥ts✳

❑❡② ✇♦r❞s✿ ▼❛t❤❡♠❛t✐❝s❀ ◆❡✇t♦♥✬s ♣♦❧②❣♦♥❀ ◆❡✇t♦♥✲P✉✐s❡✉① ❛❧❣♦r✐t❤♠❀ P❢❛✣❛♥ ❢♦r♠s✳



❙✉♠ár✐♦

✶ Pr❡❧✐♠✐♥❛r❡s ✹

✶✳✶ ●❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡ ❝✉r✈❛s ❛♥❛❧ít✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❙ér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸ ❆ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✹ ❙ér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✺ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷ ❖ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ ✉♠❛ ✶✲❢♦r♠❛ P❢❛✣❛♥❛ ✶✵

✷✳✶ ❖ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✸ ❘❡❧❛❝✐♦♥❛♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s ✐♥✐❝✐❛❧ ❡ ❝❛r❛❝t❡ríst✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ✸✹

✸✳✶ ❖ ❛❧❣♦r✐t♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✷ ❖ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✸ ❊♥❝♦♥tr❛♥❞♦ ✉♠❛ s♦❧✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✹ ❆ s♦❧✉çã♦ ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ✺✹

✹✳✶ ❆ s♦❧✉çã♦ ❢♦r♠❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✷ ❆ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s♦❧✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺ ❙♦❧✉çõ❡s ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ s✲●❡✈r❡② ✼✾

✺✳✶ ❙ér✐❡s s✲●❡✈r❡② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✸

✶



■♥tr♦❞✉çã♦

❊♠ ♠❡❛❞♦s ❞♦ sé❝✉❧♦ ❳❱■■✱ ■s❛❛❝ ◆❡✇t♦♥ ❞❡s❝r❡✈❡✉ ♠ét♦❞♦s ❛❧❣♦rít✐♠✐❝♦s ♣❛r❛ ❛ ❝♦♥str✉çã♦

❞❡ ❛♣r♦①✐♠❛çõ❡s ❞❡ s♦❧✉çõ❡s ❞❡ ❡q✉❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❡♠ ❞✉❛s ✈❛r✐á✈❡✐s ❡♠ s❡✉ ❧✐✈r♦ ✧▼ét♦❞♦s

❞❡ ✢✉①õ❡s ❡ sér✐❡s ✐♥✜♥✐t❛s✧✳ ❉❡♥tr❡ ♦s ♠ét♦❞♦s ❞❡s❝r✐t♦s ♣♦r ◆❡✇t♦♥✱ ❞❡st❛❝❛♠♦s ♦ ❝❤❛♠❛❞♦

♠ét♦❞♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥✱ q✉❡ ♣❡r♠✐t❡ ❝♦♠♣✉t❛r✱ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ F (x, y) = 0✱ ❛ ✈❛r✐á✈❡❧

y ❝♦♠♦ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s y(x) ❝♦♠ ❡①♣♦❡♥t❡s ❢r❛❝✐♦♥ár✐♦s✱ ❞❡ ❢♦r♠❛ q✉❡ F (x, y(x)) = 0✳

❆♥♦s ♠❛✐s t❛r❞❡✱ ❡♠ ✶✽✺✵✱ ❱✐❝t♦r P✉✐s❡✉①✱ ❡♠ s❡✉s ❡st✉❞♦s s♦❜r❡ ✐♥t❡❣r❛✐s ❞❡ ❢✉♥çõ❡s ❞❡

✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s✱ t❡✈❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦♥s✐❞❡r❛r ❞✐❢❡r❡♥t❡s r❛♠♦s ❞❡✜♥✐❞♦s ♣❡❧❛ ❝✉r✈❛

F (x, y) = 0✳ ❖ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❝♦♥s✐st❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ♥♦ ♠ét♦❞♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛❞♦ ♣♦ré♠ ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❝♦♠♣❧❡t❛✳ ❆ ♣r♦✈❛ r❡❛❧✐③❛❞❛ ♣♦r ❱✳ P✉✐s❡✉①

s❡ ❜❛s❡✐❛ ♥❛ ❋ór♠✉❧❛ ■♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤② ❡ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ❛ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡s

❝♦♠ ❝♦✜❝✐❡♥t❡s ❝♦♠♣❧❡①♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❢♦r♠✉❧❛çã♦ ♣r♦♣♦st❛ ♣♦r ◆❡✇t♦♥ s❡ ❛♣❧✐❝❛ ❛ sér✐❡s

❝♦♥✈❡r❣❡♥t❡s ♦✉ ♥ã♦✱ ✉♠❛ ✈❡③ q✉❡ é ✉♠❛ ❢♦r♠✉❧❛çã♦ ❛❧❣♦rít♠✐❝❛✳ ❊st❡ ♠ét♦❞♦ ❝♦♠♣❧❡t♦ é

❝♦♥❤❡❝✐❞♦ ❤♦❥❡ ❝♦♠♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① é ✉♠❛ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♣❛r❛ ♣❛r❛♠❡tr✐③❛r ❝✉r✈❛s ❛♥❛❧ít✐❝❛s✳

❊❧❡ t❛♠❜é♠ é ✉s❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❝❛♠♣♦s ❞❡

✈❡t♦r❡s ❛♥❛❧ít✐❝♦s ❡♠ 0 ∈ C2✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛

ω = A(x, y)dx+B(x, y)dy✱ ♦♥❞❡ A ❡ B sã♦ ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ♥❛ ♦r✐❣❡♠ ❞❡ C2✳

❈✳ ❈❛♠❛❝❤♦ ❡ P✳ ❙❛❞ ♠♦str❛r❛♠ ❡♠ ❬✷❪ q✉❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦

❝♦♥✈❡r❣❡♥t❡✳ ❊❧❡s ✉s❛r❛♠ r❡s✉❧t❛❞♦s s♦❜r❡ í♥❞✐❝❡s ❞❡ ❢♦❧❤❡❛çõ❡s ❝♦♠♣❧❡①❛s ❤♦❧♦♠♦r❢❛s ❡ ♦

♣r♦❝❡ss♦ ❞❡ r❡❞✉çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❖❜s❡r✈❡ q✉❡ ✉♠❛ ❝✉r✈❛ ❢♦r♠❛❧ ❝♦♠ ♣❛r❛♠❡tr✐③❛çã♦

(x(t), y(t)) ∈ C[[t]]2✱ ❝♦♠ x(0) = y(0) = 0✱ é s♦❧✉çã♦ ❞❡ (ω = 0) s❡

ω(x(t), y(t)) = A(x(t), y(t))x′(t) +B(x(t), y(t))y′(t) = 0.

❙❡♥❞♦ ❛ss✐♠✱ ✉♠❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω é ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡✜♥✐❞❛ ♣♦r f(x, y, y′) = A(x, y) +B(x, y)y′ = 0.

❊♠ ✶✽✺✻✱ ❈✳ ❇r✐♦t ❡ ❏✳ ❇♦✉q✉❡t ❛♣r❡s❡♥t❛r❛♠✱ ❡♠ ❬✶❪✱ ✐❞❡✐❛s ✐♥✐❝✐❛✐s ❞❡ ♠ét♦❞♦s ♣❛r❛ ♦❜t❡r

s♦❧✉çõ❡s ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ f(x, y, y′) = 0✳ P♦r ✈♦❧t❛ ❞❡ ✶✽✾✵✱ ❍✳

❋✐♥❡✱ ♥♦s tr❛❜❛❧❤♦s ❬✻❪ ❡ ❬✼❪✱ ✉t✐❧✐③♦✉✲s❡ ❞❛ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ ❡st❡♥❞❡r ❛s

✐❞❡✐❛s ✐♥✐❝✐❛✐s ❞❡ ❈✳ ❇r✐♦t ❡ ❏✳ ❇♦✉q✉❡t✳ ▼❛✐s t❛r❞❡✱ ❡♠ ✶✾✷✻✱ ❊✳ ■♥❝❡ ♠♦❞✐✜❝♦✉ ❛s ✐❞❡✐❛s ❞❡ ❍✳

❋✐♥❡ ❡♠ ❬✾❪✱ ❛♣r❡s❡♥t❛♥❞♦ ✉♠❛ ❡①t❡♥sã♦ ❞❛ ❝♦♥str✉çã♦ ❞♦ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✱ ❛ ✜♠

❞❡ ❡♥❝♦♥tr❛r s♦❧✉çô❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ♠ét♦❞♦ ❞❡ ❊✳

■♥❝❡ ♣♦❞❡ ❛♣r❡s❡♥t❛r ❢❛❧❤❛s ♥❛ ✐t❡r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳

P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ❡♠ ✶✾✾✸✱ ❏✳ ❈❛♥♦ ♣r♦♣ôs ✉♠❛ ✈❛r✐❛♥t❡ ❞❡ss❡ ♠ét♦❞♦✱ ❝♦♠

❝♦♥❞✐çõ❡s s♦❜r❡ ❝❛❞❛ ❡t❛♣❛ ❞♦ ❛❧❣♦r✐t♠♦✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❡❧❡ s❡❥❛ ❡❢❡t✐✈❛♠❡♥t❡ ❛♣❧✐❝á✈❡❧ ❡

✷



❙❯▼➪❘■❖

q✉❡ ♣r♦❞✉③❛ ✉♠❛ s♦❧✉çã♦ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❡ ♣♦r

❝♦♥s❡❣✉✐♥t❡✱ ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω✳ ❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ❏✳ ❈❛♥♦ é ✉♠ ♠ét♦❞♦ ❣❡r❛❧ ♥♦

q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡✱ s❡♠ ♥❡❝❡ss✐t❛r ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❡t❡r♠✐♥❛❞❛s✳ ❖ t❡①t♦

✧❆♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣♦❧②❣♦♥ ❝♦♥str✉❝t✐♦♥ t♦ ❣✐✈❡ s♦❧✉t✐♦♥s ♦❢ P❢❛✣❛♥ ❢♦r♠s✧

❬✸❪✱ ❡s❝r✐t♦ ♣♦r ❏✳ ❈❛♥♦✱ é ❛ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ❞❡st❡ tr❛❜❛❧❤♦✳

❖ ♠ét♦❞♦ ❞❡ ❏✳ ❈❛♥♦ t❛♠❜é♠ s❡ ❛♣❧✐❝❛ ❛ ❜✉s❝❛ ❞❡ s♦❧✉çõ❡s ❞❡ ❢♦r♠❛s s✲●❡✈r❡②✳ P❛r❛

s ≥ 0✲✜♥✐t♦✱ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ s✲●❡✈r❡② é ❞❡✜♥✐❞❛ ♣❡❧❛ ❝♦♥❞✐çã♦ s❡❣✉✐♥t❡✿

∑

ij

Aijx
iyj é s✲●❡✈r❡② ⇐⇒

∑

ij

Aij

(i+ j)!s−1
xiyj é ❝♦♥✈❡r❣❡♥t❡✳ ✭✶✮

❯♠❛ ❢♦r♠❛ ω é s✲●❡✈r❡② s❡ s❡✉s ❝♦❡✜❝✐❡♥t❡s ♦ sã♦✳ ❊♠ ✶✾✵✸✱ ❊✳ ▼❛✐❧❧❡t ♣r♦✈♦✉ q✉❡ ✉♠❛ s♦❧✉çã♦

❢♦r♠❛❧ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥ár✐❛ ❛❧❣é❜r✐❝❛ t❡♠ ❛❧❣✉♠❛ ♦r❞❡♠ s✲●❡✈r❡②✳ ▼❛✐s t❛r❞❡✱ ♦

r❡s✉❧t❛❞♦ ❢♦✐ ❡st❡♥❞✐❞♦ ♣❛r❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❛♥❛❧ít✐❝❛s ♣♦r ❘✳ ●ér❛r❞ ❬✽❪ ❡ ❇✳ ▼❛❧❣r❛♥❣❡ ❬✶✵❪

✳ ❊♠ ❬✸❪✱ ❏✳ ❈❛♥♦ ♠♦str♦✉✱ ♣♦r ❡ss❡ ♠ét♦❞♦ ❛❧❣♦rít✐♠✐❝♦✱ q✉❡ ♣❛r❛ ✉♠❛ ❢♦r♠❛ P✛❛✜❛♥❛ s✲●❡✈r❡②

❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❞❡ í♥❞✐❝❡ s✲●❡✈r❡②✱ ❝♦♠ s ✜①♦✳ ■ss♦ ❡st❡♥❞❡ ♣❛r❛ s q✉❛❧q✉❡r✱ ♦

r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❈✳ ❈❛♠❛❝❤♦ ❡ P✳ ❙❛❞✱ ♣❛r❛ s = 1✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ ❞✐ss❡rt❛çã♦ é ❡♥t❡♥❞❡r ♦ ♠ét♦❞♦ ❛❧❣♦rít✐♠✐❝♦ ♣r♦♣♦st♦ ♣♦r ❏✳ ❈❛♥♦ ❡♠

❬✸❪✱ ❞❡s❡♥❧✈♦❧✈❡♥❞♦ ♦s ❝á❧❝✉❧♦s ❡ ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❢♦r♠❛ ❞❡t❛❧❤❛❞❛✳ ❆❝r❡❞✐t❛♠♦s q✉❡ ❡ss❡

♠ét♦❞♦ ♣♦ss❛ r❡✈❡❧❛r ✐♥❢♦r♠❛çõ❡s ❞❡ ❝❛rát❡r ❣❡♦♠étr✐❝♦ ❡ t♦♣♦❧ó❣✐❝♦ s♦❜r❡ ✉♠ ❣❡r♠❡ ❞❡ ✉♠❛

❢♦r♠❛ P❢❛✣❛♥❛ ❡ s✉❛s s♦❧✉çõ❡s✱ t❡♥❞♦ ❣r❛♥❞❡ ♣♦t❡♥❝✐❛❧ ❝♦♠♦ ♦❜❥❡t♦ ❞❡ ♣❡sq✉✐s❛ ❢✉t✉r❛✱ ❡♠ q✉❡

♦s ❝á❧❝✉❧♦s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ ♣♦❞❡rã♦ t❡r ✉t✐❧✐❞❛❞❡✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛♠♦s ❛s

❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s ❡ ❞❡✜♥✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❜❡♠

❝♦♠♦ ❛♣r❡s❡♥t❛♠♦s ♦ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣❛r❛ ❢✉♥çõ❡s ❢♦r♠❛✐s✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱

tr❛❜❛❧❤❛♠♦s ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛✱ ❜❡♠ ❝♦♠♦

❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❛ ❝♦♥str✉çã♦✳ ◆♦ ❈❛♣ít✉❧♦ ✸✱ ❞✐s❝♦rr❡♠♦s s♦❜r❡ ♦ ♠ét♦❞♦ ❞♦ ❛❧❣♦r✐t♠♦

❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣r♦♣♦st♦ ♣♦r ❏✳ ❈❛♥♦ ❡ s♦❜r❡ ❛s ❝♦♥❞✐çõ❡s ✐♠♣♦st❛s ♥❡st❡ ♥♦✈♦ ♠ét♦❞♦✳ ◆♦

❈❛♣ít✉❧♦ ✹✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s♦❧✉çã♦ ❝♦♥str✉í❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱

♥♦ ❈❛♣✐t✉❧♦ 5✱ ❞✐s❝♦rr❡♠♦s s♦❜r❡ sér✐❡s s✲●❡✈r❡② ❡ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s s✲●❡✈r❡②

♣❛r❛ ❢♦r♠❛s s✲●❡✈r❡②✳

✸



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛s ❞❡✜♥✐çõ❡s ♣r❡❧✐♠✐♥❛r❡s ✉s❛❞❛s ♥❡st❡ tr❛❜❛❧❤♦✳ ❉❡s❝r❡✈❡♠♦s ♦

❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✱ ♦ q✉❛❧ é ✉♠ ♦❜❥❡t♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣❛r❛♠❡tr✐③❛r ❝✉r✈❛s ❛♥❛❧ít✐❝❛s✱

❡ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡st❛s ♣❛r❛♠❡tr✐③❛çõ❡s✳ P❛r❛ ♠❛✐♦r❡s

❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✺❪✱ ❬✶✶❪ ❡ ❬✶✷❪✳

✶✳✶ ●❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡ ❝✉r✈❛s ❛♥❛❧ít✐❝❛s

❙❡❥❛ U ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ Cn✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠❛ ❢✉♥çã♦ f : U → C é ❛♥❛❧ít✐❝❛ ♦✉ ❤♦❧♦♠♦r❢❛ s❡ ♣❛r❛ t♦❞♦ A =

(a1, · · · , an) ∈ U ✱ ❡①✐st❡ ✉♠ ❛❜❡rt♦ V ⊂ U ✱ ❝♦♠ A ∈ V ✱ ♦♥❞❡ f ♣♦ss✉✐ ❡①♣❛♥sã♦ ❡♠ sér✐❡

❞❡ ♣♦tê♥❝✐❛s

f(z) =
∑

i0,··· ,in

ci1,··· ,in(z1 − a1)
i1 · · · (zn − an)

in , ✭✶✳✶✮

❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ t♦❞♦ z = (z1, · · · , zn) ∈ V ✳

❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❤♦♠♦r❢❛s ❡♠ U ♣♦r O(U)✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❉❛❞♦ A ∈ Cn✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ Ω := {(F,U) : A ∈ U,F ∈ O(U)}✳

❉✐③❡♠♦s q✉❡ ✉♠ ❣❡r♠❡ ❞❡ ❢✉♥çã♦ ❤♦❧♦♠♦r❢❛ ♥♦ ♣♦♥t♦ A é ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♣❡❧❛

r❡❧❛çã♦ ❡♠ Ω✿

(F,U) ∼ (G, V ) ⇐⇒ ❡①✐st❡ ✉♠ ❛❜❡rt♦ W ⊂ U ∩ V, A ∈W ❡ F|W ≡ G|W .

❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡♠ A ♣♦r OA.

❖ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡♠ 0 ∈ Cn é ❞❡♥♦t❛❞♦ ♣♦r On. ❊st❡ ❝♦♥❥✉♥t♦

♣♦ss✉✐ ❡str✉t✉r❛ ❞❡ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ♦ q✉❛❧ é ✐s♦♠♦r❢♦ ❛♦ ❛♥❡❧ ❞❛s sér✐❡s ❞❡ ♣♦tê♥❝✐❛s

❝♦♥✈❡r❣❡♥t❡s ❞❡ ❝❡♥tr♦ ❡♠ 0 ∈ Cn✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✶❪✳

❙❡❥❛ O2 ♦ ❛♥❡❧ ❞❡ ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡♠ 0 ∈ C2✳ ❉❡✜♥✐♠♦s ❛ r❡❧❛çã♦ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛✿

F ∼ G s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ U ∈ O2 ✉♥✐❞❛❞❡ t❛❧ q✉❡ F = UG. ✭✶✳✷✮

✹
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❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❯♠❛ ❝✉r✈❛ ❛♥❛❧ít✐❝❛ ♣❧❛♥❛ ❧♦❝❛❧ ❡♠ 0 ∈ C2 é ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♣❡❧❛

r❡❧❛çã♦ ❡♠ ✶✳✷ ❞❡ ✉♠ ❣❡r♠❡ F ∈ O2 s❛t✐s❢❛③❡♥❞♦ F 6= 0 ❡ F (0) = 0✳

❯♠❛ ✈❡③ q✉❡ ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡♠ 0 ∈ C2 ❝♦rr❡s♣♦♥❞❡♠ ❜✐❥❡t✐✈❛♠❡♥t❡ ❛ sér✐❡s

❞❡ ♣♦tê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡s ❝♦♠ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠✱ s❡❣✉❡ q✉❡ ✉♠❛ ❝✉r✈❛ ❛♥❛❧ít✐❝❛ ♣❧❛♥❛ ❧♦❝❛❧ ❡♠

0 ∈ C2 é ✐❞❡♥t✐✜❝❛❞❛ ❛ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡ ♥ã♦ ♥✉❧❛✱ ❝❡♥tr❛❞❛ ❡ s❡ ❛♥✉❧❛♥❞♦

♥❛ ♦r✐❣❡♠✳ P♦r ❡ss❛ r❛③ã♦✱ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ♣❛r❛ ❡st✉❞❛r ❝✉r✈❛s

❛♥❛❧ít✐❝❛s✳

✶✳✷ ❙ér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ ♥❛s ✈❛r✐á✈❡✐s x ❡ y é ✉♠ ♦❜❥❡t♦ ❞❛ ❢♦r♠❛

F (x, y) =
∑

r,s≥0

Arsx
rys,

❝♦♠ Ars ∈ C✱ ♣❛r❛ ❝❛❞❛ r, s ≥ 0. ❈❛❞❛ Ars é ❝❤❛♠❛❞♦ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ í♥❞✐❝❡ (r, s)✱ ❡ ♦ ♠♦♥ô♠✐♦

Arsx
rys é ❝❤❛♠❛❞♦ t❡r♠♦ ❞❡ ❜✐❣r❛✉ (r, s) ❡ ❣r❛✉ d = r + s. ❖ ❝♦♥❥✉♥t♦ ❞❛s sér✐❡s ❞❡ ♣♦tê♥❝✐❛s

❢♦r♠❛✐s é ❞❡♥♦t❛❞♦ ♣♦r C[[x, y]].

❉❛❞❛s ❞✉❛s sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❡♠ C[[x, y]]

F (x, y) =
∑

r,s≥0

Arsx
rys ❡ G(x, y) =

∑

r,s≥0

Brsx
rys,

♣♦❞❡♠♦s ❞❡✜♥✐r ❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛✐s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

F +G =
∑

r,s≥0

(Ars +Brs)x
rys ❡ FG =

∑

r,s≥0

Crsx
rys

❡♠ q✉❡ Crs =
∑

Ar′s′ +Br′′s′′ ✱ ♦♥❞❡ r′ + r′′ = r ❡ s′ + s′′ = s✳

❖❜s❡r✈❡ q✉❡ ❛ sér✐❡ ❝♦♥st❛♥t❡ ♥✉❧❛✱ ❜❡♠ ❝♦♠♦ ❛ sér✐❡ ❝♦♥st❛♥t❡ F = 1✱ ❝♦♥s✐st❡♠

r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥♦s ❡❧❡♠❡♥t♦s ♥❡✉tr♦ ❡ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛s ♦♣❡r❛çõ❡s ❞❡✜♥✐❞❛s ❡♠ C[[x, y]]✳

❖❜s❡r✈❡ q✉❡ ❛s ❞✉❛s sér✐❡s ❛q✉✐ ♠❡♥❝✐♦♥❛❞❛s sã♦ ❞❡ ❢❛t♦ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s✳ ❊♠ s✉♠❛✱

♦ ❝♦♥❥✉♥t♦ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ❛♥t❡r✐♦r♠❡♥t❡

❞❡✜♥✐❞❛s✱ ♣♦ss✉✐ ❡str✉t✉r❛ ❞❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ♦ q✉❛❧ s❡rá ❞❡♥♦t❛❞♦ ♣♦r C[[x, y]]✱

❡ ♦ ❝❤❛♠❛r❡♠♦s ❞❡ ❛♥❡❧ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ♥❛s ✈❛r✐á✈❡✐s ① ❡ ②✳

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ❛♣r❡s❡♥t❛ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ ❛s ✉♥✐❞❛❞❡s ❞❡ C[[x, y]]✱

q✉❡ sã♦ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ q✉❡ ♣♦ss✉❡♠ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ❆ sér✐❡ F =
∑

Arsx
rys ∈ C[[x, y]] t❡♠ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❡♠ C[[x, y]]

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A00 6= 0.

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é r❡❛❧✐③❛❞❛ ✐♥✈❡rt❡♥❞♦ ❢♦r♠❛❧♠❡♥t❡ ❛ sér✐❡✱ ❡ ❝❛❧❝✉❧❛♥❞♦

❝♦❡✜❝✐❡♥t❡ ❛ ❝♦❡✜❝✐❡♥t❡✳ ❊st❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✶❪✱ ♣✳ ✺✶✳

✺
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✶✳✸ ❆ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❱❛♠♦s ❝♦♥str✉✐r ♦ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧✳ P❛r❛ t❛♥t♦✱ s❡❥❛

F (x, y) =
∑

Arsx
rys ∈ C[[x, y]]✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s í♥❞✐❝❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❝♦❡✜❝✐❡♥t❡s ♥ã♦

♥✉❧♦s ❞❡ F ✱ é ❞❛❞♦ ♣♦r

∆(F ) = {(r, s)| Ars 6= 0}.

❈♦♥s✐❞❡r❡ ❛ r❡❣✐ã♦

(R+)2 = {(x, y) ∈ R2| x ≥ 0 ❡ y ≥ 0}.

❆ ♣❛rt✐r ❞❡ss❛ r❡❣✐ã♦✱ ❞❡✜♥✐♠♦s ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ F ✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❉❡✜♥✐♠♦s ❘(F ) ⊂ (R+)2 ❝♦♠♦ s❡♥❞♦ ❛ r❡❣✐ã♦ ❞❛❞❛ ♣♦r

❘(F ) = ∆(F ) + (R+)2 =
⋃

(r,s)∈∆(F )

{(r, s) + (R+)2}.

❖❜s❡r✈❡ q✉❡ ❛ ❢r♦♥t❡✐r❛ ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡st❛ r❡❣✐ã♦ é ❢♦r♠❛❞❛ ♣♦r ❞✉❛s s❡♠✐r❡t❛s ♣❛r❛❧❡❧❛s

❛♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s ❡ ♣♦r ✉♠❛ ❧✐♥❤❛ ♣♦❧✐❣♦♥❛❧ ❧✐❣❛♥❞♦✲❛s✳ ❚❛❧ ❧✐♥❤❛ ♣♦❧✐❣♦♥❛❧ é ❝❤❛♠❛❞❛ ❞❡

P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ ❋ ❡ é ❞❡♥♦t❛❞❛ ♣♦r N = N(f).

❖s r❡s✉❧t❛❞♦s ❛❜❛✐①♦ ❝♦♥s✐st❡♠ ❡♠ ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❛ss♦❝✐❛❞♦ ❛ F ✳

▲❡♠❛ ✶✳✸✳✷✳ ❖ ❜✐❣r❛✉ (r, s) ∈ ∆(F ) ❡stá ❡♠ N(F ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✈❛❧❡ ❛ ♣r♦♣r✐❡❞❛❞❡✿ s❡

(r′, s′) ∈ ∆(F ) é t❛❧ q✉❡ r′ < r ❡ s′ < s✱ ❡♥tã♦ (r′, s′) = (r, s)✳

❉❡♠♦♥str❛çã♦✳ ❱✐❞❡ ❬✶✶❪✱ ♣✳ ✺✷✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦s ♣♦♥t♦s ❧♦❝❛❧✐③❛❞♦s ♥♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥✱ N(F )✱ sã♦ ❛q✉❡❧❡s

❧♦❝❛❧✐③❛❞♦s ♠❛✐s ❛❜❛✐①♦ ❡ à ❡sq✉❡r❞❛ ❞❡ ∆(F )✳ P❛r❛ ♠❛✐♦r❡s ✐♥❢♦r♠❛çõ❡s ❡ ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✺❪

♦✉ ❬✶✶❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛ F (x, y) =
∑

Arsx
rys ∈ C[[x, y]]. ❖ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ N(F ) s❛t✐s❢❛③✿

✶✳ N(F ) ❝♦♠❡ç❛ à ❞✐r❡✐t❛ ❞♦ ❡✐①♦ s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x é ❢❛t♦r ❞❛ sér✐❡ F ✳

✷✳ N(F ) t❡r♠✐♥❛ ❛❝✐♠❛ ❞♦ ❡✐①♦ r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ y é ❢❛t♦r ❞❛ sér✐❡ F

✸✳ N(F ) ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ F = xρyσU ✱ ♣❛r❛ ❛❧❣✉♠❛ ✉♥✐❞❛❞❡ U ✳

✹✳ U ∈ C[[x, y]] é ✉♠❛ ✉♥✐❞❛❞❡✱ ❡♥tã♦ ∆(UF ) = ∆(F ) ❡ ♣♦rt❛♥t♦ N(UF ) = N(F ).

❉❡♠♦♥str❛çã♦✳ ❱✐❞❡ ❬✶✶❪✱ ♣✳ ✺✹✳

✻
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✶✳✹ ❙ér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❝♦♥str✉çã♦ ❞❡ C[[x, y]]✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ♦ ❛♥❡❧ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s

❢♦r♠❛✐s C[[x]]✳ ❈♦♥s✐❞❡r❡ C((x)) ♦ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ❞❡ C[[x]]✳

P❛r❛ ♥♦ss❛ ❝♦♥str✉çã♦✱ s❡❥❛ C((t)) ♦ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ♥❛ ✈❛r✐á✈❡❧ t ❡ ✜①❡ m ∈ N✳ ❆

❝❛❞❛ sér✐❡ f =
∑

aix
i ❡♠ C((x))✱ ❛ss♦❝✐❛♠♦s f ′ =

∑

ait
mi ❡♠ C((t))✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ t❛❧

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦❜t❡♠♦s ❛ r❡❧❛çã♦ x = tm✱ ❛ q✉❛❧ ❡s❝r❡✈❡♠♦s t = x1/m. ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

t❡♠♦s C((t)) = C((x1/m))✳ ❆tr❛✈és ❞❡st❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡✜♥✐♠♦s ❛s ♦♣❡r❛çõ❡s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s

❞❡ C((x1/m)) ❡ ❝♦♥str✉✐♠♦s ♦ ❝♦♥❥✉♥t♦ C〈〈x〉〉✱ ❝❤❛♠❛❞♦ ❝♦r♣♦ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s

♥❛ ✈❛r✐á✈❡❧ x✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✺❪✱❬✶✶❪✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛ f =
∑

aix
i/m ∈ C((x1/m))✳ ❉❡✜♥✐♠♦s ❛ ♦r❞❡♠ ❞❡ f ❝♦♠♦ ❛ ♠❡♥♦r

♣♦tâ♥❝✐❛ i/m ❝✉❥♦ ❝♦❡✜❝✐❡♥t❡ ai ❞❡ f é ♥ã♦ ♥✉❧♦✳ ❙❡ f = 0✱ ❞✐③❡♠♦s q✉❡ ❛ ♦r❞❡♠ ❞❡ f é ✐♥✜♥✐t❛✳

❉❡♥♦t❛♠♦s ❛ ♦r❞❡♠ ❞❡ f é ❞❡♥♦t❛❞❛ ♣♦r o(f)✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✳ ❙❡ f ∈ C((x1/m))✱ ❞✐③❡♠♦s q✉❡ f é ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① s❡ f ♣♦ss✉✐ ♦r❞❡♠

♥ã♦ ♥❡❣❛t✐✈❛✱ ✐st♦ é✱ o(f) ≥ 0✳ ❖ ❝♦♥❥✉♥t♦ C[[x1/m]] é ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞❛s sér✐❡s ❞❡ P✉✐s❡✉①✳

❉❡✜♥✐çã♦ ✶✳✹✳✸✳ ❙❡❥❛♠ f ∈ C[[x1/m]] ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① ❡ F ∈ C[[x, y]] ✉♠❛ sér✐❡ ❞❡

♣♦tê♥❝✐❛s ❢♦r♠❛❧✱ ❡♥tã♦ F (x, f(x)) é ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ❡♠ x✳ ❉❡✜♥❛

Γf : C[[x, y]] −→ C[[x1/m]]

F (x, y) 7→ F (x, f(x)).

❉✐③❡♠♦s q✉❡ f ∈ C[[x1/m]] é ✉♠❛ ②✲r❛✐③ ❞❡ F s❡ Γf (F ) = 0.

❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① é ✉♠ ✐♥str✉♠❡♥t♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ y✲r❛✐③ ❞❡ ✉♠❛ sér✐❡

❢♦r♠❛❧ F ✱ ♦ q✉❛❧ ❛♣r❡s❡♥t❛♠♦s ♥❛ ♣ró①✐♠❛ s❡çã♦✳

✶✳✺ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①

❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♠❛ y✲r❛✐③ ❞❡ F (x, y) = 0✱ ♦✉ s❡❥❛✱ ✉♠❛

s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ F (x, f(x)). ❊♥❝♦♥tr❛r t❛❧ y✲r❛✐③✱ é ♦ ♠❡s♠♦ q✉❡ ❡s❝r❡✈❡r y ❝♦♠♦ ✉♠❛ sér✐❡ ❞❡

P✉✐s❡✉① ❞❡ x✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡❥❛

F (x, y) =
∑

(r,s)≥0

Arsx
rys

✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧✳ ❱❛♠♦s ❡♥❝♦♥tr❛r f ∈ C[[x1/m]]✱ ✉♠❛ sér✐❡ ❢r❛❝✐♦♥ár✐❛ ❝❛♥❞✐❞❛t❛

❛ ✉♠❛ y✲r❛✐③ ❞❡ F ♣♦r ❡st❡ ♠ét♦❞♦✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❉❡✜♥✐♠♦s ❛ ❛❧t✉r❛ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ N(F )✱ ❞❡♥♦t❛❞❛ ♣♦r h(N(F ))✱

❝♦♠♦ ❛ ♠❛✐♦r ❞❛s ♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s ❞❡ N ✳

❉✉r❛♥t❡ ♦ ❛❧❣♦r✐t♠♦ ✈❛♠♦s s❡♠♣r❡ s✉♣♦r q✉❡ h(N(f)) > 0, ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ F ♥ã♦ t❡r✐❛

y✲r❛í③❡s✱ ✈❡❥❛ ❬✺❪✳

✼
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❉❡✜♥✐çã♦ ✶✳✺✳✷✳ ❙❡❥❛♠ L0 ✉♠ ❧❛❞♦ ❞❡ N(F ) ❡ (r∗, s∗) ♦ ♣♦♥t♦ ❞❡ ♠❡♥♦r ♦r❞❡♥❛❞❛ ❞❡ L0✳

❉❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❋ ❛ss♦❝✐❛❞♦ ❛ L0 ♣♦r

PF
L0

=
∑

r,s∈L0

Arsz
s−s∗ ∈ C[z].

❖❜s❡r✈❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ♣♦ss✉✐ t❡r♠♦ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧♦✱ ❛ss✐♠✱ z = 0 ♥ã♦ é ✉♠❛ r❛✐③ ❞❡ PF
L0
✳

❖❜s❡r✈❡ q✉❡✱ s❡ N(F ) ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✸✱ F é ✉♠❛ ✉♥✐❞❛❞❡✳ ❈❛s♦

N(F ) t❡r♠✐♥❡ ❛❝✐♠❛ ❞♦ ❡✐①♦ r✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✸ ❣❛r❛♥t❡ q✉❡ y é ❢❛t♦r ❞❡ F (x, y)✳ ❉✐✈✐❞✐♥❞♦

F ♣♦r ✉♠ ❢❛t♦r y✱ ♦❜t❡♠♦s N(F ) t❡r♠✐♥❛♥❞♦ ♥♦ ❡✐①♦ r✳ Pr♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♣❛r❛ ❛

✈❛r✐á✈❡❧ x✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ N(F ) ❝♦♠❡❝❡ ❡ t❡r♠✐♥❡ ♥♦s ❡✐①♦s r ❡ s✳ ❆ss✐♠✱ s❡♠♣r❡ s✉♣♦♠♦s

♦ ♣♦❧í❣♦♥♦ N(F ) ♥ã♦ ❞❡❣❡♥❡r❛❞♦✱ ❝♦♠❡ç❛♥❞♦ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ ❛♠❜♦s ♦s ❡✐①♦s✳

❊s❝r❡✈❡♠♦s✱ ❡♠ ❝❛❞❛ ❡t❛♣❛✱ ❛ sér✐❡ F = Fj ❡ fj ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ y✲r❛✐③✳ ❊①✐❜✐♠♦s ❛q✉✐✱

♦s ♣❛ss♦s ❞❛ ❡t❛♣❛ ✐♥✐❝✐❛❧ ❞♦ ❛❧❣♦r✐t♠♦ ❡ ❛s s❡❣✉✐♥t❡s s❡ ❞ã♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳ P❛r❛ ♠❛✐♦r❡s

❞❡t❛❧❤❡s✱ s✉❣❡r✐♠♦s ❛ ❧❡✐t✉r❛ ❞❡ ❬✺❪ ❡ ❬✶✶❪✳

❙❡❥❛ F = F0 ❡ ❡s❝♦❧❤❛ L0✱ ✉♠ ❧❛❞♦ ❞❡ N(F0) ❝♦♠ ✐♥❝❧✐♥❛çã♦ −m0/n0✱ ❡ r❡t❛ s✉♣♦rt❡

rm0 + sn0 = k0✱ ❝♦♠ (m0, n0) = 1. ❈♦♥s✐❞❡r❡ c0 ✉♠❛ r❛✐③ ❞♦ ♣♦❧✐♥ô♠✐♦ PF
L0
✳ ◆♦ss❛ y✲r❛✐③

t❡rá t❡r♠♦ ✐♥✐❝✐❛❧ c0xn0/m0 . P❛r❛ t❛♥t♦✱ ✐♥tr♦❞✉③✐♠♦s ❛s ✈❛r✐á✈❡✐s

x = xm0
1 ❡ y = xn0

1 (c0 + y1).

❆ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ❞❛ y✲r❛✐③ é

y = f0(x) = xn0/m0(c0 + y1),

♦♥❞❡ y1 ❛q✉✐ r❡s♣r❡s❡♥t❛ t❡r♠♦s ❞❡ ♦r❞❡♥s s✉♣❡r✐♦r❡s✳ ❖❜s❡r✈❡ q✉❡ ❝♦♠♦ ❡s❝♦❧❤❡♠♦s c0 ❝♦♠♦

✉♠❛ r❛✐③ ❞♦ ♣♦❧✐♥ô♠✐♦ PF
L0
✱ ♦s t❡r♠♦s ❞❡ ♠❡♥♦r ❣r❛✉ ❡♠ F0(x, f0(x)) ❞❡✈❡♠ s❡ ❛♥✉❧❛r✱ ❡ ♣♦r

✐ss♦✱ F0(x, f0(x)) s♦♠❡♥t❡ ❝♦♥té♠ t❡r♠♦s ❞❡ ♦r❞❡♥s ♠❛✐♦r❡s q✉❡ k0/m0✳ ❆ss✐♠✱

F0(x, y) = F (xm0
1 , xn0

1 (c0 + y1))

=
∑

rm0+n0s≥0

Arsx
rm0+n0s
1 (c0 + y1)

s,

✐st♦ é✱

F0(x, y) = xk01
∑

rm0+n0s≥0

Arsx
rm0+n0s−k0
1 (c0 + y1)

s ✭✶✳✸✮

= xk01 F1(x1, y1),

♦♥❞❡ F1(x1, y1) ∈ C[[x1, y1]]✳ ❊♠ ❬✶✶❪✱ ✈❡♠♦s q✉❡ x1 ♥ã♦ é ❢❛t♦r ❞❡ F1(x1, y1)✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡

N(F1) ✐♥✐❝✐❛ ♥♦ ❡✐①♦ s✳

❆✜r♠❛çã♦ ✶✳✺✳✸✳ ❖✉ y1 ❞✐✈✐❞❡ F1(x1, y1) ♦✉ N(F1) é ♥ã♦ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ❱✐❞❡ ❬✶✶❪✳

❚❡♠♦s ❞✉❛s s✐t✉❛çõ❡s✿

✽
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✶✳ ❙❡ y1 ♥ã♦ ❞✐✈✐❞❡ F1(x1, y1)✱ ❡♥tã♦ N(F1) é ♥ã♦ tr✐✈✐❛❧✳ P❛ss❛♠♦s ♣❛r❛ ❛ ♣ró①✐♠❛ ❡t❛♣❛✱

♣r♦❝❡❞❡♥❞♦ ♣❛r❛ F1 ✐❣✉❛❧♠❡♥t❡ ❛♦ q✉❡ ✜③❡♠♦s ♣❛r❛ F0✳

✷✳ ❙❡ y1 ❞✐✈✐❞❡ F1(x1, y1)✱ ❡♥tã♦ (y1 = 0) é ❢❛t♦r ❞❡ F1✱ ✐st♦ é✱

y = f0(x) = c0x
n0/m0

é ❛ y✲r❛✐③ ♣r♦❝✉r❛❞❛✳

Pr♦❝❡❞❡♥❞♦ ✐♥❞✉t✐✈❛♠❡♠t❡✱ ♦❜t❡♠♦s ❛ ❝❛❞❛ ❡t❛♣❛ ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① fj(x) q✉❡ s❡rá ✉♠❛

❛♣r♦①✐♠❛çã♦ ♣❛r❛ ✉♠❛ y✲r❛✐③ ❞❡ F ✳ ➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ s❡ ♦ ❛❧❣♦r✐t♠♦ ❢♦r♥❡❝❡ ✉♠❛ y✲

r❛✐③ ❡①❛t❛ ❞❡ F ♥❛ j✲és✐♠❛ ❡t❛♣❛✱ ❡♥tã♦ ❡❧❡ ♣♦❞❡ s❡r ✜♥❛❧✐③❛❞♦ ❛❧✐✳ ◆♦ ❡♥t❛♥t♦✱ ❡①✐st❡♠ ❝❛s♦s ❡♠

q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ♣♦❞❡ s❡r ✜♥❛❧✐③❛❞♦✱ ❡ ♣r❡❝✐s❛♠♦s ❣❛r❛♥t✐r q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ ❢♦r♥❡❝✐❞❛ ♣❡❧♦

❛❧❣♦r✐t♠♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ y✲r❛✐③ ❞❡ F ✱ ✈❡❥❛ ❬✶✶❪✳ ❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ❣❛r❛♥t❡ q✉❡ ♦ ♣r♦❝❡ss♦

❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ y✲r❛✐③ ❞❡ F ✳

❚❡♦r❡♠❛ ✶✳✺✳✹✳ ❙❡❥❛ F ✉♠❛ ❢✉♥çã♦ ❢♦r♠❛❧✱ ❡♥tã♦ f(x) = limj→∞ fj(x) é ✉♠❛ y✲r❛✐③ ❞❡ F ✳

❯♠❛ ✈❡③ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ❢♦r♥❡❝❡ ✉♠❛ y✲r❛✐③ ♣❛r❛ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s

❢♦r♠❛✐s✱ ♦ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ♣❡r♠✐t❡ ❞✐③❡r q✉❡ t♦❞❛ sér✐❡ F ∈ C[[x, y]] ♣♦ss✉✐ ✉♠❛ y✲r❛✐③✳

❚❡♦r❡♠❛ ✶✳✺✳✺✳ ✭P✉✐s❡✉①✮ ❙❡ F ∈ C[[x, y]] é t❛❧ q✉❡ h(N(F )) > 0✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ sér✐❡ ❞❡

P✉✐s❡✉① f ∈ C[[x1/m]] ❛ q✉❛❧ é y✲r❛✐③ ❞❡ F ✳

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ❣❛r❛♥t❡ q✉❡ t♦❞❛s ❛s ✉♠❛ y✲r❛í③❡s ❞❡ F sã♦ ❢♦r♥❡❝✐❞❛s ♣♦r t❛❧ ♠ét♦❞♦✳

❚❡♦r❡♠❛ ✶✳✺✳✻✳ ❙❡ f ∈ C[[x1/m]] é ✉♠❛ y✲r❛✐③ ♥ã♦ ♥✉❧❛ ❞❡ F ✱ ❡♥tã♦ é ♦❜t✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡

◆❡✇t♦♥✲P✉✐s❡✉①✳

❚❡♥❞♦ ♣r♦✈❛❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ y✲r❛✐③ f ❞❡ ✉♠❛ sér✐❡ F ✱ ❡ q✉❡ f é ❞❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦

❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✱ ✉♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ ❛ s❡ ❝♦♥s✐❞❡r❛r é q✉❛♥t♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ss❛s r❛í③❡s✳

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ❣❛r❛♥t❡ t❛❧ ❝♦♥✈❡r❣ê♥❝✐❛✳

❚❡♦r❡♠❛ ✶✳✺✳✼✳ ❙❡❥❛ F (x, y) ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛✳ ❊♥tã♦ ❛s y✲r❛í③❡s ❞❡ F sã♦ sér✐❡s

❢r❛❝✐♦♥ár✐❛s ❝♦♥✈❡r❣❡♥t❡s✳ ❖✉ s❡❥❛✱ s❡ f(x) ∈ C[[x1/m]] é ✉♠❛ y✲r❛✐③ ❞❡ F ✱ ❡♥tã♦ f(tm) é

✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ❧♦❝❛❧ ♥❛ ✈❛r✐á✈❡❧ t ∈ C✳

❊♠ r❡s✉♠♦✱ ❡①✐❜✐♠♦s ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① q✉❡ é y✲r❛✐③

❞❡ ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡ F (x, y)✱ ♦✉ ❞❡ ✉♠❛ ❝✉r✈❛ ❛♥❛❧ít✐❝❛ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠✳ ▼♦str❛♠♦s

❛✐♥❞❛ q✉❡ ❛s y✲r❛í③❡s ♦❜t✐❞❛s sã♦ sér✐❡s ❢r❛❝✐♦♥ár✐❛s ❝♦♥✈❡r❣❡♥t❡s ❡ ❛♥❛❧ít✐❝❛s✱ ❡ s♦♠❡♥t❡ sã♦

♦❜t✐❞❛s ♣♦r t❛❧ ❛❧❣♦r✐t♠♦✳

✾



❈❛♣ít✉❧♦ ✷

❖ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ ✉♠❛ ✶✲❢♦r♠❛

P❢❛✣❛♥❛

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❢♦r♠❛s P❢❛✣❛♥❛s✳ ❯s❛r❡♠♦s ❛s té❝♥✐❝❛s ❞❡ ❝♦♥str✉çã♦

❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡s❝r✐t❛s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛s y✲s♦❧✉çõ❡s ❞❡ ❢♦r♠❛s

P❢❛✣❛♥❛s✳

✷✳✶ ❖ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❈♦♥s✐❞❡r❡ C[[x, y]] ♦ ❛♥❡❧ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ♥❛s ✈❛r✐á✈❡✐s x ❡ y✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐♠♦s

♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❯♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω é ✉♠❛ ✶✲❢♦r♠❛ ❞❛❞❛ ♣♦r

ω = Aω(x, y)dx+Bω(x, y)dy, ✭✷✳✶✮

♦♥❞❡ Aω(x, y), Bω(x, y) sã♦ ❝♦❡✜❝✐❡♥t❡s ❡♠ C[[x, y]].

❆ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω ❛ss✐♠ ❞❡✜♥✐❞❛✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ fω✱ ✉♠

♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ 1 ❡♠ ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ y′✱ ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s sã♦ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s

❞❡ x ❡ y✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❖ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ à ❢♦r♠❛ P❢❛✣❛♥❛ ω ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✮ é ♦

♣♦❧✐♥ô♠✐♦ ❧✐♥❡❛r ♥❛ ✈❛r✐á✈❡❧ y′✱ ❞❛❞♦ ♣♦r

fω = Aω(x, y) +Bω(x, y)y
′.

P❛r❛ q ∈ N✱ ❞❡✜♥✐♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡♥♦t❛❞♦ ♣♦r Cq✳

❉❡✜♥✐çã♦ ✷✳✶✳✸✳ ❙❡❥❛ q ∈ N. ❉✐③❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f ∈ Cq s❡

f = A(x, y) +B(x, y)y′ =
∑

(α,β)

Mαβ(f),

♦♥❞❡ Mαβ = Aαβx
αyβ + Bαβx

α+1yβ−1y′, ❝♦♠ Aαβ ✱ Bαβ ∈ C✱ ❡ B(α,0) = 0, ♣❛r❛ ❝❛❞❛ α✱ s❡♥❞♦

✶✵
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q✉❡ ♦s í♥❞✐❝❡s (α, β) sã♦ t❛✐s q✉❡ α ♣❡r❝♦rr❡ ♦ ❝♦♥❥✉♥t♦

(

Z

q

)

(≥−1)

= {r ∈ Q |r ≥ −1 ❡ rq ∈ Z}

❡ β ∈ N. ❖ t❡r♠♦ Mαβ é ❝❤❛♠❛❞♦ ❞❡ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ (α, β)✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛✱ C〈〈x〉〉✱ ♦ ❝♦r♣♦ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ♥❛ ✈❛r✐á✈❡❧ x✳ ❙❡❥❛♠ f

✉♠ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ z ∈ C[[x1/n]] ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① ❡♠ C〈〈x〉〉✱ ❡♥tã♦ ox(z) ≥ 0, ✭ ✈❡❥❛

❙❡çã♦ ✶✳✹✮✳

❉❡✜♥✐çã♦ ✷✳✶✳✹✳ ❉❛❞❛ ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① z ∈ C[[x1/n]]✱ ❞✐③❡♠♦s q✉❡ z é ✉♠❛ s♦❧✉çã♦ ❞❡

(f = 0) s❡

f [z] = A(x, z) +B(x, z)
dz

dx
= 0.

❖❜s❡r✈❛çã♦ ✷✳✶✳✺✳ ❙❡❥❛ ω ❛ ❢♦r♠❛ P❢❛✣❛♥❛ ❞❛❞❛ ❡♠ ✭✷✳✶✮✳ ❖❜s❡r✈❡ q✉❡ ✉♠❛ ❝✉r✈❛

♣❛r❛♠❡tr✐③❛❞❛ ♣♦r (x(t), y(t)) é s♦❧✉çã♦ ❞❡ (ω = 0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

ω(x(t), y(t)) = Aω(x(t), y(t))x
′(t) +Bω(x(t), y(t))y

′(t) = 0.

❆✜r♠❛çã♦ ✷✳✶✳✻✳ ❆ sér✐❡ ❞❡ P✉✐s❡✉① z ∈ C[[x1/n]] é s♦❧✉çã♦ ❞❡ (fω = 0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛

❝✉r✈❛ (tn, z(tn)) é s♦❧✉çã♦ ❞❡ (ω = 0)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡ s❡ z é s♦❧✉çã♦ ❞❡ (fω = 0)✱ ❡♥tã♦

fω[z] = Aω(x, z) +Bω(x, z)
dz

dx
= 0.

❈♦♠♦

dz

dt
=
dz

dx

dx

dt
,

✐st♦ ✐♠♣❧✐❝❛ q✉❡

fω[z] = Aω(x, z)
dx

dt
+Bω(x, z)

dz

dt
= 0. ✭✷✳✷✮

◆♦t❡ q✉❡ s❡ (tn, z(tn)) é s♦❧✉çã♦ ❞❡ ω✱ t❡♠♦s

ω(tn, z(tn)) = Aω(t
n, z(tn))

dx

dt
+Bω(t

n, z(tn))
dz

dt
= 0. ✭✷✳✸✮

❯♠❛ ✈❡③ q✉❡ ✭✷✳✸✮ ❡ ✭✷✳✷✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ s❡❣✉❡ q✉❡✱

ω(tn, z(tn)) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ fω[z] = 0,

♣r♦✈❛♥❞♦ ❛ ❛✜r♠❛çã♦✳

❊♠ s✉♠❛✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ ✉♠❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛ ω ❡stá ❞✐r❡t❛♠❡♥t❡ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ s♦❧✉çã♦

❞♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ fω✳

❉❡✜♥✐çã♦ ✷✳✶✳✼✳ ❉✐③❡♠♦s q✉❡ (x = 0) é ✉♠❛ s♦❧✉çã♦ ❞❡ (fω = 0) s❡ ♦ ♣❛r (0, t) é ✉♠❛ s♦❧✉çã♦

❞❡ (ω = 0)✳

✶✶



✷✳✶✳ ❖ P❖▲■◆Ô▼■❖ ❉■❋❊❘❊◆❈■❆▲ ❊ ❖ P❖▲❮●❖◆❖ ❉❊ ◆❊❲❚❖◆

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞✐③❡♠♦s q✉❡ (x = 0) é ✉♠❛ s♦❧✉çã♦ ❞❡ (fω = 0) s❡ Bω(0, y) = 0✳

❚r❛❜❛❧❤❛♠♦s ❛❣♦r❛ ❛s ❞❡✜♥✐çõ❡s ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ ❢✉♥çõ❡s ❡♠ Cq ❞❡ ❢♦r♠❛

s❡♠❡❧❤❛♥t❡ ❛ q✉❡ ✜③❡♠♦s ♣❛r❛ sér✐❡s ❢♦r♠❛✐s✳ P❛r❛ t❛♥t♦✱ s❡❥❛ f ∈ Cq ❡ ❞❡✜♥❛

∆(f) = {(α, β) |Mαβ(f) 6= 0},

✐st♦ é✱ ∆(f) ❝♦♥s✐st❡ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❜✐✲í♥❞✐❝❡s (α, β) ❝✉❥♦s ❜✐♥ô♠✐♦s

❞✐❢❡r❡♥❝✐❛✐s✱ Mαβ ✱ sã♦ ♥ã♦ ♥✉❧♦s✳ ❈♦♥s✐❞❡r❡ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❛ r❡❣✐ã♦

⋃

P∈∆(f)

(P + R2),

♦♥❞❡ R2 = {r ∈ R | r ≥ 0}✱ ♦ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r P (f)✳ ❆ ❢r♦♥t❡✐r❛ ❞❡ P (f) é ❢♦r♠❛❞❛ ♣♦r ❞✉❛s

s❡♠✐✲r❡t❛s ♣❛r❛❧❡❧❛s ❛♦s ❡✐①♦s ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❡ ♣♦r ✉♠❛ ♣♦❧✐❣♦♥❛❧ ❝♦♥❡❝t❛♥❞♦✲❛s✱ ♣❛ss❛♥❞♦

♣♦r ♣♦♥t♦s ❞❡ ∆(f)✳

❉❡✜♥✐çã♦ ✷✳✶✳✽✳ ❖ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f é ❞❛❞♦ ♣❡❧❛ ❧✐♥❤❛ ♣♦❧✐❣♦♥❛❧ ❝♦♥t✐❞❛ ♥❛ ❢r♦♥t❡✐r❛

❞❡ P (f)✱ ❡ é ❞❡♥♦t❛❞♦ ♣♦r N(f)✳

❊①❡♠♣❧♦ ✷✳✶✳✾✳ ❙❡❥❛ f = x4 + y2 + x2y2 + y3y′ + xy + x2y′ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧✳ ❖❜s❡r✈❡

q✉❡

∆(f) = {(1, 1); (4, 0); (0, 2); (2, 2); (−1, 4)}.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f é ❞❛❞♦ ♣❡❧❛ ✜❣✉r❛ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✷✳✶✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f ✳

P❛r❛ ❝❛❞❛ r❛❝✐♦♥❛❧ ♣♦s✐t✐✈♦ µ ∈ Q+✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ r❡t❛ ❝♦♠ ✐♥❝❧✐♥❛çã♦−1/µ q✉❡ ✐♥t❡r❝❡♣t❛

❛ ❢r♦♥t❡✐r❛ ❞❡ P (f) ❡♠ ✉♠ ❧❛❞♦ ♦✉ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ ❞❡ N(f)✱ ❛ q✉❛❧ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✵✳ ❆ r❡t❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ é ❛ ú♥✐❝❛ r❡t❛ ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µ

q✉❡ q✉❡ ✐♥t❡r❝❡♣t❛ ❛ ❢r♦♥t❡✐r❛ ❞❡ P (f) ❡♠ ✉♠ ❧❛❞♦ ♦✉ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ ❞❡ N(f)✳ ❊st❛ r❡t❛ é

❞❡♥♦t❛❞❛ ♣♦r L(f, µ)✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✶✳ ❙❡❥❛♠ µ ∈ Q+ ❡ L(f, µ) ❛ r❡t❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ ❛ss♦❝✐❛❞❛ ❛ f ✳

✶✷
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❉❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ f r❡❧❛t✐✈♦ ❛ µ ♣♦r

ϕ(f,µ)(c) =
∑

(α,β)∈L(f,µ)

(Aαβ + µBαβ)c
β

❡ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ r❡❧❛t✐✈♦ ❛ µ ♣♦r

In(µ)(f) =
∑

(α,β)∈L(f,µ)

Mαβ(f).

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ♣❡r♠✐t❡ r❡❧❛❝✐♦♥❛r ❛s r❛í③❡s ❞❡ ϕ(f,µ) ❛ ✉♠❛ s♦❧✉çã♦ ❞❡ (f = 0)✳

▲❡♠❛ ✷✳✶✳✶✷✳ ❙❡❥❛ z = c0x
µ0 + r(x), ♦♥❞❡ r(x) ❝♦♥té♠ t❡r♠♦s ❞❡ ♦r❞❡♥s ♠❛✐♦r❡s q✉❡ µ0✳ ❙❡ z

é ✉♠❛ s♦❧✉çã♦ ❞❡ (f = 0)✱ ❡♥tã♦ ϕ(f,µ0)(c0) = 0.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ z = c0x
µ0+r(x). ❈♦♠♦ z é ✉♠❛ s♦❧✉çã♦ ❞❡ (f = 0)✱ s❡❣✉❡ q✉❡ f [z] = 0,

✐st♦ é✱

∑

(α,β)

Mαβ(f)[x, z, z
′] =

∑

(α,β)

Aαβx
αzβ +Bαβx

α+1zβ−1 dz

dx
= 0. ✭✷✳✹✮

■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ sér✐❡ ❞❡s❝r✐t❛ ❛❝✐♠❛ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ ♦✉ s❡❥❛✱ s❡✉s t❡r♠♦s ❞❡✈❡♠

t♦❞♦s s❡ ❛♥✉❧❛r✳ ❉❡s♣r❡③❛♥❞♦ ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❛✐s ❛❧t❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ t❡r♠♦ ❞❡ ♠❡♥♦r

❣r❛✉ ❡♠ ✭✷✳✹✮✱ ♦ q✉❛❧ é ❡✈✐❞❡♥t❡♠❡♥t❡ ♥✉❧♦✳ ❈♦♠♦ z = c0x
µ0 + r(x)✱ ♦ ♠❡♥♦r ❣r❛✉ ♥❛ ❡q✉❛çã♦

❛❝✐♠❛ é α+ µ0β ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❝♦rr❡s♣♦♥❞❡♥t❡

∑

(α,β)

(Aαβc
β
0 + µ0Bαβc

β
0 ),

♦♥❞❡ (α, β) sã♦ ❜✐✲í♥❞✐❝❡s ❞❡ ∆(f) q✉❡ s❛t✐s❢❛③❡♠ α+ µ0β = k0✱ ❝♦♠ k0 ∈ R ✜①♦✳ ❉❛ ✉♥✐❝✐❞❛❞❡

❞❡ L(f, µ0)✱ ♦s ❜✐✲í♥❞✐❝❡s ❝♦♥s✐❞❡r❛❞♦s ❛q✉✐ ❡stã♦ s♦❜r❡ L(f, µ0)✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱

ϕ(f,µ0)(c0) =
∑

(α,β)∈L(f,µ0)

(Aαβ + µ0Bαβ)c
β
0 = 0,

✐st♦ é✱ c0 é ✉♠❛ r❛✐③ ❞❡ ϕ(f,µ0).

✷✳✷ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①

❙❡❥❛♠ µ ∈ Q+ ❡ c ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ♥ã♦ ♥✉❧♦✳ ❉❡✜♥✐♠♦s ✉♠ ♥♦✈♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

❛ss♦❝✐❛❞♦ ❛ f ❛❧t❡r❛♥❞♦ ❛ ✈❛r✐á✈❡❧ y ♣♦r cxµ + y✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ µ ∈ Q+ ❡ c ∈ C∗✳ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ f ❝♦♠ r❡s♣❡✐t♦ ❛ µ ❡ c é ❞❡✜♥✐❞❛

❝♦♠♦ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

f [cxµ + y] = f(x, cxµ + y, cµxµ−1 + y′).

◆♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✱ ❝❤❛♠❛♠♦s f [cxµ + y] ❞❡ (µ, c)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ f ✳ ▲✐st❛♠♦s ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡st❛ ❞❡✜♥✐çã♦✳

✶✸
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Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✷✳ ❙❡❥❛ z =
∑∞

i=1 cix
µi ✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉①✳ ❊♥tã♦✱ z é s♦❧✉çã♦ ❞❡ (f = 0)

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ z1 =
∑∞

i=2 cix
µi é ✉♠❛ s♦❧✉çã♦ ❞❡ (f [c1x

µ1 + y] = 0)✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ ❛ sér✐❡ z =
∑∞

i=1 cix
µi é ✉♠❛ s♦❧✉çã♦ ❞❡ (f = 0) s❡✱ ❡ só s❡✱ f [z] = 0✳

■st♦ é✱

0 = f [z] =
∑

(α,β)

Mαβ(f)(x, z, z
′) =

∑

(α,β)

Aαβx
αzβ +Bαβx

α+1zβ−1 dz

dx
. ✭✷✳✺✮

❈♦♠♦

z = c1x
µ1 +

∞
∑

i=2

cix
µi = c1x

µ1 + z1,

❡♥tã♦
dz

dx
= c1µ1x

µ1−1 +
dz1
dx

.

❙❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✺✮ q✉❡

f [c1x
µ1 + y](z1) =

∑

α,β

Aαβx
α(c1x

µ1 + z1)
β +Bαβx

α+1(c1x
µ1 + z1)

β−1(c1µ1x
µ1−1 +

dz1
dx

)

=
∑

α,β

Aαβx
αzβ +Bαβx

α+1zβ−1 dz

dx
✭✷✳✻✮

= 0.

P♦rt❛♥t♦✱ ❛s ❡q✉❛çõ❡s ✭✷✳✺✮ ❡ ✭✷✳✻✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♣r♦✈❛♥❞♦ ♥♦ss❛ ❛✜r♠❛çã♦✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✸✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ z = c1x
µ1 é s♦❧✉çã♦ ❞❡ (f = 0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (y = 0) é

s♦❧✉çã♦ ❞❡ (f [c1x
µ1 + y]) = 0✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✹✳ ❙❡ ∆(f) ⊂ (Zq )(≥−1) × N✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ q′ > 0 t❛❧ q✉❡

∆(f ′) ⊂

(

Z

q′

)

(≥−1)

× N,

♦♥❞❡ f ′ = f [cxµ + y].

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛

f =
∑

(α,β)

Mαβ(f) =
∑

(α,β)

Aαβx
αyβ +Bαβx

α+1yβ−1y′

❡ ❝♦♥s✐❞❡r❡♠♦s ∆(f) = {(α, β) |Mαβ 6= 0}✱ ♦♥❞❡ α ❡ β ♣❡r❝♦rr❡♠ ♦s ❝♦♥❥✉♥t♦s ❞❛ ❞❡✜♥✐çã♦✳

❈♦♥s✐❞❡r❡ µ ∈ Q+ ❡ ❡s❝r❡✈❛ µ = a/b✱ ❝♦♠ a, b ∈ Z+ ❡ a, b ♥ã♦ ♥✉❧♦s✳ ❚♦♠❡ c ✉♠ ♥ú♠❡r♦

❝♦♠♣❧❡①♦ ♥ã♦ ♥✉❧♦✱ ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ (µ, c)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ f ✿

f [cxµ + y] =
∑

(α,β)

Mαβ(f [cx
µ + y]),

✶✹
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✐st♦ é✱

f ′ = f [cxµ + y] =
∑

(α,β)

Aαβx
α(cxµ + y)β +Bαβx

α+1(cxµ + y)β−1(cµxµ−1 + y′). ✭✷✳✼✮

◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r q′ ∈ N ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛s ♣♦tê♥❝✐❛s α ❞❛ ✈❛r✐á✈❡❧ x ❡♠ ✭✷✳✼✮ ♣♦ss❛♠ s❡r

❡s❝r✐t❛s ❝♦♠♦ α = t/q′✱ ❝♦♠ t ✐♥t❡✐r♦ t❛❧ q✉❡ t ≥ −q′✳ P❛r❛ t❛♥t♦✱ ❛♥❛❧✐s❛r❡♠♦s ❛s ♣♦tê♥❝✐❛s ❞❛

✈❛r✐á✈❡❧ x ❡♠ ✭✷✳✼✮✳ ❘❡❡s❝r❡✈❛ ❛ ❡q✉❛çã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

f [cxµ + y] =
∑

(α,β)

Aαβx
α(cxµ + y)β +Bαβcµx

α+µ(cxµ + y)β−1 +Bαβx
α+1(cxµ + y)β−1y′. ✭✷✳✽✮

❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r α = r/q✱ ❝♦♠ r ∈ Z(≥−q)✳ ❆ss✐♠✱ t❡r♠♦s ❡♠ ✭✷✳✽✮ ❞❛ ❢♦r♠❛

Aαβx
α(cxµ + y)β ✱ ♣♦ss✉❡♠ ❡①♣♦❡♥t❡s ❞❛ ✈❛r✐á✈❡❧ x ❡s❝r✐t♦s ❝♦♠♦

α = α+ µk,

♦♥❞❡ 0 ≤ k ≤ β✱ ✐st♦ é✱

α =
r

q
+
a

b
k.

▲♦❣♦✱

α =
rb+ aqk

qb
∈

Z

qb
.

◆♦t❡ q✉❡ α ≥ −1✱ ✉♠❛ ✈❡③ q✉❡ ak/b é ✉♠ t❡r♠♦ ♥ã♦ ♥❡❣❛t✐✈♦✳

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♦s t❡r♠♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✽✮ q✉❡ ♣♦ss✉❡♠ ❛ ❢♦r♠❛ Bαβcµx
α+µ(cxµ + y)β−1

❛♣r❡s❡♥t❛♠ ❡①♣♦❡♥t❡s ❞❛ ✈❛r✐á✈❡❧ x ❡s❝r✐t♦s ❞❛ ❢♦r♠❛

α = α+ µ+ µk = α+ µ(k + 1)

♣❛r❛ 0 ≤ k ≤ β − 1✱ ♦✉ s❡❥❛✱

α =
r

q
+
a

b
(k + 1).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

α =
rb+ aq(k + 1)

qb
∈

Z

qb
.

❖❜s❡r✈❡ q✉❡ α ≥ −1 ♣❡❧♦s ♠❡s♠♦s ♠♦t✐✈♦s ❡①♣❧✐❝✐t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

P♦r ✜♠✱ ❛♥❛❧✐s❛r❡♠♦s ♦s t❡r♠♦s ❞❛ ❢♦r♠❛ Bαβx
α+1(cxµ+ y)β−1y′✳ ◆♦t❡ q✉❡ ♦s ❡①♣♦❡♥t❡s ❞❡

x ❡ y ❞❡st❡s t❡r♠♦s ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦

α = α+ 1 + µk ❡ β = β − 1− k,

♣❛r❛ 0 ≤ k ≤ β − 1✱ ❡ ✉♠❛ ✈❡③ q✉❡ t❛✐s t❡r♠♦s ❛❝♦♠♣❛♥❤❛♠ ❛ ✈❛r✐á✈❡❧ y′✱ t❡♠♦s q✉❡ ♦s ❜✐❣r❛✉s

✶✺
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❣❡r❛❞♦s sã♦ ❞❛ ❢♦r♠❛

α = α+ µk ❡ β = β − k.

▲♦❣♦✱

α =
r

q
+
a

b
k,

✐st♦ é✱

α =
rb+ aqk

qb
∈

Z

qb
.

❊♠ s✉♠❛✱ t♦♠❛♥❞♦ q′ = qb ∈ N✱ s❡❣✉❡ q✉❡ ♦s ❡①♣♦❡♥t❡s α ❣❡r❛❞♦s ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ sã♦ ❞❛

❢♦r♠❛ t/q′✱ ❝♦♠ t ≥ −q′ ❡ β ∈ N✱ ♦✉ s❡❥❛✱

∆(f [cxµ + y]) ⊂

(

Z

q′

)

(≥−1)

× N.

❖❜s❡r✈❛çã♦ ✷✳✷✳✺✳ ◆❛ ❞❡♠♦str❛çã♦ ❛♥t❡r✐♦r✱ ❡s❝♦❧❤❡♠♦s t♦♠❛r q′ = qb ❛♣❡♥❛s ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛

❡s❝r✐t❛ ❞♦s ❝á❧❝✉❧♦s✳ P♦ré♠✱ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛ ♦ ❢❛t♦ q✉❡ ♣♦❞❡♠♦s t♦♠❛r q′ = mmc(q, b)

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❡♠ t♦❞♦s ♦s ❝❛s♦s✳ ❊♠ r❡s✉♠♦✱ s❡ f ∈ Cq✱ ❡♥tã♦ ❛

tr❛♥s❢♦r♠❛❞❛ f ′ = f [cxµ + y] ∈ Cq′ ✱ ♦♥❞❡ q′ = mmc(q, b) ❡ µ = a/b.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r q✉❡ ♦s t❡r♠♦s ❞❡ ❜✐❣r❛✉ (α, β) ❡♠ ✉♠❛ tr❛♥s❢♦r♠❛❞❛

f ′ = f [cxµ + y]✱ sã♦ ❧✐♠✐t❛❞♦s ♣❡❧❛s r❡t❛s α = −1 ❡ β = 0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ■st♦ s✐❣♥✐✜❝❛

q✉❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❧❛❞♦s✳

❆✜r♠❛çã♦ ✷✳✷✳✻✳ ❙❡❥❛♠ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ Cq✱ µ′ < µ✱ ❝♦♠ µ′, µ ∈ Q+ ❡ (α, β)

✉♠ ♣♦♥t♦ ❞❡ L(f, µ′) ∩ N(f)✳ ❊♥tã♦✱ ♦s ❜✐✲í♥❞✐❝❡s ♦❜t✐❞♦s ♣❡❧❛ (µ, c)✲tr❛♥s❢♦r♠❛❞❛ f [cxµ + y]✱

❞✐st✐♥t♦s ❞❡ (α, β)✱ ❡stã♦ ❧♦❝❛❧✐③❛❞♦s s❡♠♣r❡ à ❞✐r❡✐t❛ ❞❡ L(f, µ′)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ f =
∑

Mαβ ❡ N(f) ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✷✳ ❈♦♥s✐❞❡r❡ L(f, µ′)✱ ❛ r❡t❛

❞✐st✐♥❣✉✐❞❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ′ ❡♠ f ✱ ✐st♦ é✱ ❛ ú♥✐❝❛ r❡t❛ ❞❡ ✐♥❝❧✐♥❛çã♦ −1/µ′ q✉❡ ❝♦♥té♠ ✉♠ ❧❛❞♦

♦✉ ✉♠ ✈ért✐❝❡ ❞❡ N(f)✳ ❚♦♠❡ (α, β) ∈ L(f, µ′) ∩N(f)✱ ❡♥tã♦

α+ µ′β = α0,

♣❛r❛ ❛❧❣✉♠ α0 ∈ R✳ ❉❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r ♣♦r

l(f,µ′)(α, β) = α+ µ′β − α0, ✭✷✳✾✮

❡ ❝♦♥s✐❞❡r❡ ♦s s❡♠✐✲♣❧❛♥♦s ❝♦rr❡s♣♦♥❞❡♥t❡s às r❡s♣❡❝t✐✈❛s r❡❣✐õ❡s ❧♦❝❛❧✐③❛❞❛s ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞❡

L(f, µ′)✿

π1 = {(α, β)| l(f,µ′) > 0} ❡ π2 = {(α, β)| l(f,µ′) < 0}✳

✶✻
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❋✐❣✉r❛ ✷✳✷✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f ❡ L(f, µ′)✳

◆♦t❡ q✉❡ ♦s ♣♦♥t♦s ❞❡ L(f, µ′) ❝♦rr❡s♣♦♥❞❡♠ ❡①❛t❛♠❡♥t❡ ❛♦s ♣♦♥t♦s ♥♦s q✉❛✐s l(f,µ′) é ♥✉❧♦✳

❈♦♥s✐❞❡r❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

Mαβ(f) = Aαβx
αyβ +Bαβx

α+1yβ−1y′,

❡ t❛❧ ❜✐♥ô♠✐♦ tr❛♥s❢♦r♠❛❞♦ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡ y ♣♦r cxµ + y✿

M t
αβ(f) = Aαβx

α(cxµ + y)β +Bαβx
α+1(cxµ + y)β−1(cµxµ−1 + y′),

♦✉ s❡❥❛✱

M t
αβ(f) = Aαβx

α(cxµ + y)β +Bαβcµx
α+µ(cxµ + y)β−1 +Bαβx

α+1(cxµ + y)β−1y′. ✭✷✳✶✵✮

P❛r❛ ❛♥❛❧✐s❛r ♦ ❡❢❡✐t♦ ♦❝❛s✐♦♥❛❞♦ ♣♦r M t
αβ(f) ♥♦s ❡①♣♦❡♥t❡s ❞❛s ✈❛r✐á✈❡✐s x ❡ y✱ ❞✐✈✐❞✐r❡♠♦s ❛

❡q✉❛çã♦ ❛❝✐♠❛ ❡♠ ❞♦✐s ❝❛s♦s✿

❈❛s♦ ■✿ ❆♥❛❧✐s❛r❡♠♦s ❛q✉✐ ♦s ❜✐✲í♥❞✐❝❡s ❞❛ ❡q✉❛çã♦ ✭✷✳✶✵✮ q✉❡ ♥ã♦ ❛❝♦♠♣❛♥❤❛♠ ❛ ✈❛r✐á✈❡❧ y′.

❙❡❥❛

Aαβx
α(cxµ + y)β +Bαβcµx

α+µ(cxµ + y)β−1.

i) ❙❡ Aαβ 6= 0, ♦❜t❡♠♦s t❡r♠♦s ♥ã♦ ♥✉❧♦s ❝♦♠ ❡①♣♦❡♥t❡s (α, β) ❞❛ ❢♦r♠❛

α = α+ kµ

β = β − k, ✭✷✳✶✶✮

❝♦♠ 0 ≤ k ≤ β. ❈❛❧❝✉❧❡♠♦s ♣❛r❛ ❡st❡s l(f,µ′)(α, β)✿

l(f,µ′)(α, β) = α+ βµ′ − α0

= (α+ kµ) + (β − k)µ′ − α0

= α+ βµ′ − α0 + kµ− kµ′.

✶✼
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▲♦❣♦✱

l(f,µ′)(α, β) = l(f,µ′)(α, β) + k(µ− µ′). ✭✷✳✶✷✮

❯♠❛ ✈❡③ q✉❡ ❛ss✉♠✐♠♦s (α, β) ∈ L(f, µ′)✱ ♦✉ s❡❥❛✱ l(f,µ′)(α, β) = 0✱ s❡❣✉❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ é

❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛✱ ♣♦✐s k > 0 ❡ µ′ < µ✳ P♦rt❛♥t♦✱ ♦s t❡r♠♦s ♦❜t✐❞♦s ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❝♦♠

k > 0, ❡stã♦ ❡♠ π1, ✐st♦ é✱ à ❞✐r❡✐t❛ ❞❡ L(f, µ′)✳ ❆❧é♠ ❞✐ss♦✱ (α, β) ∈ L(f, µ′) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

k = 0✱ ✐st♦ é✱ (α, β) = (α, β)✳

✐✐✮ ❙❡ Bαβ 6= 0, ♣♦r ✭✷✳✶✶✮ ♦❜t❡♠♦s t❡r♠♦s ♥ã♦ ♥✉❧♦s ❝♦♠ ❜✐❣r❛✉s ❞❛ ❢♦r♠❛

α = α+ µ+ kµ

β = β − 1− k, ✭✷✳✶✸✮

❝♦♠ 0 ≤ k ≤ β − 1. ❈❛❧❝✉❧❡♠♦s ♣❛r❛ t❛✐s l(f,µ′)(α, β)✿

l(f,µ′)(α, β) = (α+ µ+ kµ) + (β − 1− k)µ′ − α0

= α+ kµ+ µ+ βµ′ − µ′ − kµ′ − α0

= α+ βµ′ − α0 + (k + 1)µ− (k + 1)µ′.

❆ss✐♠✱

l(f,µ′)(α, β) = l(f,µ′)(α, β) + (k + 1)(µ− µ′). ✭✷✳✶✹✮

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ t❡♠♦s l(f,µ′)(α, β) = 0✱ ❡ ❝♦♠♦ µ′ < µ, s❡❣✉❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ é ❡str✐t❛♠❡♥t❡

♣♦s✐t✐✈❛✱ ♣♦✐s k ≥ 0. ▲♦❣♦✱ ❡st❡s t❡r♠♦s tr❛♥s❢♦r♠❛❞♦s ❡stã♦ s❡♠♣r❡ à ❞✐r❡✐t❛ ❞❡ L(f, µ′)✳

❈❛s♦ ■■✿ ❆♥❛❧✐s❛r❡♠♦s ❛q✉✐ ♦s ❜✐✲í♥❞✐❝❡s ❞❡ M t
αβ ❞♦s t❡r♠♦s ❞❡

Bαβx
α+1(cxµ + y)β−1y′.

iii) ❙❡ Bαβ 6= 0, ♦❜t❡♠♦s ❡①♣♦❡♥t❡s ❞❛ ❢♦r♠❛

α = α+ kµ+ 1

β = β − k − 1,

❝♦♠ 0 ≤ k ≤ β−1. ❈♦♠♦ ❡st❡s t❡r♠♦s ❛❝♦♠♣❛♥❤❛♠ ❛ ✈❛r✐á✈❡❧ y′, ♦s ❜✐❣r❛✉s ♦❜t✐❞♦s s❡rã♦ ❞❛❞♦s

♣♦r

α = α+ kµ

β = β − k, ✭✷✳✶✺✮

✶✽



✷✳✷✳ ❆ ❚❘❆◆❙❋❖❘▼❆❉❆ ❉❊ ◆❊❲❚❖◆✲P❯■❙❊❯❳

❝♦♠ 0 ≤ k ≤ β − 1. ❆♣❧✐❝❛♥❞♦ l(f,µ′)(α, β) ♣❛r❛ ❡st❡s ❜✐✲ í♥❞✐❝❡s✱ t❡♠♦s

l(f,µ′)(α, β) = α+ βµ′ − α0

= (α+ kµ) + (β − k)µ′ − α0

= α+ βµ′ − α0 + kµ− kµ′.

▲♦❣♦✱

l(f,µ′)(α, β) = l(f,µ′)(α, β) + k(µ− µ′).

P❡❧♦ ♠❡s♠♦ ♠♦t✐✈♦ ❞❡ i), ♦s t❡r♠♦s tr❛♥s❢♦r♠❛❞♦s ❝♦♠ k > 0, ❡stã♦ ❡♠ π1, ♦✉ s❡❥❛✱ à ❞✐r❡✐t❛ ❞❡

L(f, µ′)✳ ❆ss✐♠✱ (α, β) ∈ L(f, µ′) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (α, β) = (α, β)✳

P♦rt❛♥t♦✱ ♦s ❜✐❣r❛✉s ♦❜t✐❞♦s ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛✱ ❞✐st✐♥t♦s ❞❡ (α, β)✱ ❡stã♦ ❧♦❝❛❧✐③❛❞♦s s❡♠♣r❡

à ❞✐r❡✐t❛ ❞❡ L(f, µ′)✳

❉❡✜♥✐çã♦ ✷✳✷✳✼✳ ❙❡ (α, β) é ✉♠ ❜✐✲í♥❞✐❝❡ ❞❛ (µ, c)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ f s❛t✐s❢❛③❡♥❞♦ ❛s ❡q✉❛çõ❡s

✭✷✳✶✶✮✱ ✭✷✳✶✸✮ ❡ ✭✷✳✶✺✮ ❞✐③❡♠♦s q✉❡ (α, β) é ♣r♦❞✉③✐❞♦ ♣♦r (α, β)✳ ◆♦ ♠❡s♠♦ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ♦

❜✐✲í♥❞✐❝❡ (α, β) ♣r♦❞✉③ (α, β)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✽✳ ❊s❝r❡✈❡♠♦s

M t
αβ =

∑

(α′,β′)

Dα′β′ , ✭✷✳✶✻✮

♦♥❞❡ Dα′β′ sã♦ ❜✐♥ô♠✐♦s tr❛♥s❢♦r♠❛❞♦s ❞❡ Mαβ ❡ (α′, β′) sã♦ ♣r♦❞✉③✐❞♦s ♣♦r (α, β)✳

❘❡ss❛❧t❛♠♦s q✉❡ q✉❛♥❞♦ k = 0 ♥❛s ❡q✉❛çõ❡s ✭✷✳✶✶✮ ❡ ✭✷✳✶✺✮✱ ♦❜t❡♠♦s ♦ ❜✐❣r❛✉ ♦r✐❣✐♥❛❧ (α, β)✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ (α, β) ∈ N(f) ∩ L(f, µ′)✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ Dαβ é ♥ã♦ ♥✉❧♦ ❡♠ ✭✷✳✶✻✮✱ ❡ ♣❡❧❛

❆✜r♠❛çã♦ ✷✳✷✳✻✱ s❡❣✉❡ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ Dαβ sã♦ ❞❛❞♦s ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ♦r✐❣✐♥❛✐s ❞❡ Mαβ ✳

▲♦❣♦✱

Dαβ =Mαβ .

❖❜s❡r✈❛çã♦ ✷✳✷✳✾✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ tr❛♥s❢♦r♠❛❞❛✱ M ′
αβ ✱ é

❞❛❞♦ ♣♦r ✉♠ s♦♠❛tór✐♦ ❞❡ ❜✐♥ô♠✐♦s ❞✐❢❡r❡♥❝✐❛✐sDα′β′ tr❛♥s❢♦r♠❛❞♦s✱ ♥♦s q✉❛✐s (α′, β′) ♣r♦❞✉③❡♠

♦ ❜✐❣r❛✉ (α, β)✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵✳ P❛r❛ (α, β) ∈ L(f, µ′) ∩N(f)✱ t❡♠♦s

M ′
αβ =Mαβ ,

♦♥❞❡ M ′
αβ é ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ f ′ = f [cxµ + y], ♦♥❞❡ µ′ < µ✳

❉❡♠♦♥str❛çã♦✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ f ′ ♣❛r❛ (α, β) ♥ã♦

♣r♦✈é♠ ❞❡ ♦✉tr♦s ❜✐♥ô♠✐♦s tr❛♥s❢♦r♠❛❞♦s✱ ♦✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡♠ ❜✐✲í♥❞✐❝❡s ♣r♦❞✉③✐♥❞♦ (α, β)

❞✐st✐♥t♦s ❞❡ (α, β)✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ ❡①✐st❛ ✉♠ ❜✐✲í♥❞✐❝❡ (α1, β1)✱ ❞✐st✐♥t♦ ❞❡ (α, β)✱ q✉❡

♦ ♣r♦❞✉③❛✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ (α, β) é ❡s❝r✐t♦ ❞❡ ✉♠❛ ❞❛s ❢♦r♠❛s ❞❡s❝r✐t❛s ❡♠ ✭✷✳✶✶✮✱ ✭✷✳✶✸✮ ♦✉

✭✷✳✶✺✮✳

✶✾
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Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡✱ ❝♦♠♦ (α, β) ∈ L(f, µ′)✱ t❡♠♦s l(f,µ′)(α, β) = 0✱ ✐st♦ é

α+ βµ′ − α0 = 0. ✭✷✳✶✼✮

i) ❙❡ (α, β) é t❛❧ q✉❡

α = α1 + kµ

β = β1 − k,

♣❛r❛ k 6= 0✱ ❞❡ ✭✷✳✶✼✮ t❡♠♦s

0 = (α1 + kµ) + (β1 − k)µ′ − α0 = α1 + β1µ
′ − α0 + kµ− kµ′,

✐st♦ é✱

l(f,µ′)(α1, β1) + k(µ− µ′) = 0.

❈♦♠♦ k(µ− µ′) > 0, s❡❣✉❡ q✉❡ l(f,µ′)(α1, β1) < 0, ✐st♦ é✱ (α1, β1) s❡ ❡♥❝♦♥tr❛ ❛❜❛✐①♦ ❞❡ L(f, µ′)✳

❯♠❛ ✈❡③ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ tr❛♥❢♦r♠❛❞❛ ❞❡ Mα1β1 ✱ s❡❣✉❡ q✉❡ Mα1β1 é ♥ã♦ ♥✉❧♦✱ ✉♠❛

❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ♥ã♦ ❡①✐st❡♠ ♣♦♥t♦s ❞❡ ∆(f) ❛❜❛✐①♦ ❞❡st❛ r❡t❛✳

ii) ❙❡ (α, β) é t❛❧ q✉❡

α = α1 + µ+ kµ

β = β1 − 1− k,

❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ ✐♠♣❧✐❝❛ q✉❡

0 = (α1 + µ+ kµ) + (β1 − 1− k)µ′ − α0 = α1 + β1µ
′ − α0 + (k + 1)(µ− µ′).

❆ss✐♠✱

l(f,µ′)(α1, β1) + (k + 1)(µ− µ′) = 0.

❈♦♠♦ (k + 1)(µ − µ′) > 0, s❡❣✉❡ q✉❡ l(f, µ′)(α1, β1) < 0 ❡✱ ♣❡❧♦s ♠❡s♠♦s ♠♦t✐✈♦s ❡①♣❧✐❝✐t❛❞♦s

❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❚❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦ t♦❞♦s ♦s ❝❛s♦s ♣♦ssí✈❡✐s✱ s❡❣✉❡ q✉❡M ′
αβ ♥ã♦ r❡❝❡❜❡ ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ♦✉tr♦s

❜✐♥ô♠✐♦s tr❛♥s❢♦r♠❛❞♦s✳ ▲♦❣♦✱

M ′
αβ = Dαβ .

P❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✾✱ s❡❣✉❡ q✉❡

M ′
αβ =Mαβ .

◆❛ ♣r♦♣r✐❡❞❛❞❡ s❡❣✉✐♥t❡✱ ♦❜t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❞❛s r❡t❛s ❞❡ ❞✐st✐♥❣✉✐❞❛s ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ′

❛ss♦❝✐❛❞❛s ❛ f ❡ f [xµ + y]✱ ❜❡♠ ❝♦♠♦ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ♦s ♣♦❧✐♥ô♠✐♦s ❝❛r❛❝t❡ríst✐❝♦s ❡ ✐♥✐❝✐❛✐s

❛ss♦❝✐❛❞♦s ❛ f ❡ ❛ tr❛♥s❢♦r♠❛❞❛ f ′ = f [cxµ + y]✱ ♣❛r❛ µ′ < µ.

✷✵



✷✳✷✳ ❆ ❚❘❆◆❙❋❖❘▼❆❉❆ ❉❊ ◆❊❲❚❖◆✲P❯■❙❊❯❳

Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✶✳ ❙❡ µ′ ∈ Q+ é t❛❧ q✉❡ µ′ < µ, ❡♥tã♦✿

i) L(f, µ′) = L(f [cxµ + y], µ′)

ii) In(µ
′)(f) = In(µ

′)(f [cxµ + y])

iii) ϕ(f,µ′)(c) = ϕ(f [cxµ+y],µ′)(c).

❉❡♠♦♥str❛çã♦✳ i) ❙❡❥❛ (α, β) ∈ L(f, µ′)∩N(f)✳ ❙❡ (α, β) ♥ã♦ é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ L(f, µ′)∩N(f)✱

t♦♠❡ (α, β) ❝♦♠♦ ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡ L(f, µ′)∩N(f)✳ ❯♠❛ ✈❡③ q✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵ t❡♠♦s

M ′
αβ =Mαβ 6= 0,

s❡❣✉❡ q✉❡ (α, β) ∈ ∆(f ′)✳ P❡❧❛ ❆✜r♠❛çã♦ ✷✳✷✳✻✱ t❡r♠♦s ♣r♦❞✉③✐❞♦s ♣♦r M t
αβ ❡stã♦ s❡♠♣r❡ à

❞✐r❡✐t❛ ❞❡st❡ ♣♦♥t♦✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ❝♦♥s✐❞❡r❛❞♦s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ (α, β) é ♦ ♣♦♥t♦ q✉❡ s❡

❧♦❝❛❧✐③❛ ✧♠❛✐s à ❡sq✉❡r❞❛✧ ❞❡ ∆(f ′)✱ ❡ ❡♥tã♦

(α, β) ∈ N(f ′).

❖❜s❡r✈❡ q✉❡ L(f, µ′) ❡ L(f ′, µ′) sã♦ ❛s ú♥✐❝❛s r❡t❛s ❞❡ ✐♥❝❧✐♥❛çã♦ −1/µ′ q✉❡ ❝♦♥té♠ ♣♦♥t♦s ❞❡

N(f) ❡ N(f ′)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ❛s ❝♦✐♥❝❧✐♥❛çõ❡s ❞❡ L(f [cxµ+ y], µ′) ❡ L(f, µ′) ❝♦✐♥❝✐❞❡♠✱

❡ ❡st❛ ú❧t✐♠❛ ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠ ❝♦♠ N(f ′), s❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❡st❛ r❡t❛ q✉❡

L(f, µ′) = L(f [cxµ + y], µ′).

ii) P❛r❛ ♠♦str❛r q✉❡ ♦s r❡s♣❡❝t✐✈♦s ♣♦❧✐♥ô♠✐♦s ❞✐❢❡r❡♥❝✐❛✐s ✐♥✐❝✐❛✐s ❝♦✐♥❝✐❞❡♠✱ ♦❜s❡r✈❡ q✉❡

In(µ
′)(f ′) = In(µ

′)(f [cxµ + y]) =
∑

(α,β)∈L(f ′,µ′)

M ′
αβ .

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵ ❡ ♦ ✐t❡♠ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡

In(µ
′)(f ′) =

∑

(α,β)∈L(f,µ′)

Mαβ = In(µ
′)(f). ✭✷✳✶✽✮

▲♦❣♦✱

In(µ
′)(f [cxµ + y]) = In(µ

′)(f).

iii) ❙❡❥❛ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❛ss♦❝✐❛❞♦ ❛ f ′✱ ❞❛❞♦ ♣♦r

ϕ(f ′,µ′)(c) =
∑

(α,β)∈L(f ′,µ′)

(A′
αβ + µ′B′

αβ)c
β .

❈♦♠♦ Aαβ = A′
αβ ❡ Bαβ = B′

αβ ✱ t❡♠♦s q✉❡

ϕ(f ′,µ′)(c) =
∑

(α,β)∈L(f,µ′)

(Aαβ + µ′Bαβ)c
β .

✷✶
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▲♦❣♦✱

ϕ(f,µ′)(c) = ϕ(f [cxµ+y],µ′)(c).

❖ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ✐❧✉str❛ ♦s ❢❛t♦s ♦❜t✐❞♦s ♥❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✶✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ µ′ = 1/2 <

1 = µ.

❊①❡♠♣❧♦ ✷✳✷✳✶✷✳ ❙❡❥❛ f = xy + 2y3 + x5 + x2y′ + x3y′✱ ♦✉ s❡❥❛✱ f = A(x, y) + B(x, y)y′ ❝♦♠

A(x, y) = xy + 2y3 + x5 ❡ B(x, y) = x2 + x3✳ ❚❡♠♦s✱

M1,1(f) = A11xy +B11x
2y′ = xy + x2y′

M0,3(f) = A03y
3 +B11xy

2y′ = 2y3

M2,1(f) = A21x
2y +B21x

3y′ = x3y′

M5,0(f) = A50x
5 +B50x

6y−1y′ = x5.

❈♦♠♦ ❡ss❡s ❜✐♥ô♠✐♦s sã♦ ♦s ú♥✐❝♦s ♥ã♦ ♥✉❧♦s ♥❛ ❡s❝r✐t❛ ❞❡ f ✱ s❡❣✉❡ q✉❡

∆(f) = {(1, 1), (0, 3), (2, 1), (5, 0)},

❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f é ✐❧✉str❛❞♦ ♥♦ ❉✐❛❣r❛♠❛ ✷✳✸✳

❋✐❣✉r❛ ✷✳✸✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f.

❖❜s❡r✈❡ q✉❡ ♦ ❧❛❞♦ ❞❡ N(f) q✉❡ ❝♦♥té♠ ♦s ♣♦♥t♦s (0, 3) ❡ (1, 1) ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠❛ r❡t❛

❝♦♠ ✐♥❝❧✐♥❛çã♦ −2 = − 1
1/2 ✱ ✐st♦ é✱ (0, 3)✱ (1, 1) ∈ L(f, 1/2)✳ ❉❡♥♦t❡♠♦s µ′ = 1/2✱ ❡ ❝❛❧❝✉❧❡♠♦s ❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ f ♣♦r c ∈ C∗ ❡ µ = 1, ✐st♦ é✱ f [cx+ y]✳ ◆♦t❡ q✉❡ µ′ < µ✳ ❊♥tã♦✱

f ′ = f [cx1 + y] = x(cx+ y) + 2(cx+ y)3 + x5 + x2(c+ y′) + x3(c+ y′)

= cx2 + xy + 2(c3x3 + 3c2x2y + 3cxy2 + y3) + x5 + cx2 + x2y′ + cx3 + x3y′

= 2cx2 + xy + (2c3 + c)x3 + 6c2x2y + 6cxy2 + 2y3 + x5 + x2y′ + x3y′.

✷✷
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P❛r❛ ❡①✐❜✐r ❛♦s ♣♦♥t♦s ❞❡ ∆(f ′)✱ ❝❛❧❝✉❧❛♠♦s ♦s ❜✐♥ô♠✐♦s ❞✐❢❡r❡♥❝✐❛✐s ❛ss♦❝✐❛❞♦s ❛ f ′✱ q✉❡

❞❡♥♦t❛♠♦s ♣♦r M ′
αβ ✳ ❚❡♠♦s✱

M ′
2,0(f

′) = A′
20x

2 +B′
20x

3y−1y′ = 2cx2

M ′
30(f

′) = A′
30x

3 +B′
30x

4y−1y′ = (2c3 + c)x3

M ′
2,1(f

′) = A′
21x

2y +B′
21x

3y′ = 6c2x2y + x3y′

M ′
1,1(f

′) = A′
11xy +B′

11x
2y′ = xy + x2y′

M ′
1,2(f

′) = A′
12xy

2 +B′
12x

2yy′ = 6cxy2

M ′
0,3(f

′) = A′
03y

3 +B03xy
2y′ = 2y3

M ′
5,0(f

′) = A′
50x

5 +B′
50x

6y−1y′ = x5.

▲♦❣♦✱ ∆(f ′) = {(2, 0), (3, 0), (1, 1), (2, 1), (1, 2), (0, 3), (5, 0)}✱ ❡ N(f ′) é ✐❧✉str❛❞♦ ♣❡❧♦ ❉✐❛❣r❛♠❛

✷✳✹✳

❋✐❣✉r❛ ✷✳✹✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f ′ = f [cx+ y].

◆♦t❡ q✉❡ ♦s ♣♦♥t♦s (0, 3)✱ (1, 1) ∈ L(f, 1/2) ❡stã♦ ❡♠ ∆(f ′) ❡ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ♣♦♥t♦s q✉❡

❡stã♦ à ❡sq✉❡r❞❛ ❞♦s ❞❡♠❛✐s ❡✱ ❛ss✐♠✱ ♣❡rt❡♥❝❡♠ ❛ N(f ′)✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ L(f ′, 1/2) é ❛

ú♥✐❝❛ r❡t❛ ❝♦♠ ✐♥❝❧✐♥❛çã♦ −2 q✉❡ ✐♥t❡rs❡❝t❛ N(f ′)✱ s❡❣✉❡ q✉❡

L(f, 1/2) = L(f [cx+ y], 1/2). ✭✷✳✶✾✮

❖❜s❡r✈❡ q✉❡ ❞❛ ❝♦♥str✉çã♦ ❛❝✐♠❛ t❡♠♦s q✉❡Mαβ =M ′
αβ ✱ ❜❡♠ ❝♦♠♦ Aαβ = A′

αβ ❡ Bαβ = B′
αβ

♣❛r❛ ♣♦♥t♦s s♦❜r❡ ❛ r❡t❛ L(f, 1/2)✳ ❆ss✐♠✱ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ é

In(µ
′)(f ′) =

∑

(α,β)∈L(f ′,1/2)

M ′
αβ = 2y3 + xy + x2y′.

✷✸
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P♦r ♦✉tr♦ ❧❛❞♦✱

In(µ
′)(f) =

∑

(α,β)∈L(f,1/2)

Mαβ = 2y3 + xy + x2y′.

▲♦❣♦✱

In(µ
′)(f [cx+ y]) = In(µ

′)(f).

❖❧❤❛♥❞♦ ♣❛r❛ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✱ ♥♦t❡ q✉❡

ϕ(f ′,µ′)(c) =
∑

(α,β)∈L(f ′,µ′)

(A′
αβ + µ′B′

αβ)c
β = 2c3 +

(

1 +
1

2

)

c = c

(

2c2 +
3

2

)

,

❡♥q✉❛♥t♦

ϕ(f,µ′)(c) =
∑

(α,β)∈L(f,µ′)

(Aαβ + µ′Bαβ)c
β = 2c3 + (1 +

1

2
)c = c

(

2c2 +
3

2

)

.

▲♦❣♦✱

ϕ(f,µ′)(c) = ϕ(f [cx+y],µ′)(c).

❉❡✜♥✐çã♦ ✷✳✷✳✶✸✳ ❙❡❥❛♠ L(f, µ) ❛ r❡t❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ ❡ N(f) ♦ ♣♦❧í❣♦♥♦ ❞❡

◆❡✇t♦♥ ❞❡ f ✳ ❉❡✜♥✐♠♦s ♦ ♣♦♥t♦ Q(f, µ) ❝♦♠♦ ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡ N(f) ∩ L(f, µ)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✹✳ ◆♦t❡ q✉❡ Q(f, µ) é ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞♦ ❧❛❞♦ ❞❡ N(f) q✉❡ ✐♥t❡rs❡❝t❛

L(f, µ)✱ ♦✉ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ N(f) q✉❡ ✐♥t❡rs❡❝t❛ L(f, µ)✳

◆❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✶✱ ♦❜t❡♠♦s r❡❧❛çõ❡s ✐♠♣♦rt❛♥t❡s ❡♥tr❡ ♦s ♦❜❥❡t♦s ❛ss♦❝✐❛❞♦s ❛ ✉♠❛

❝♦✐♥❝❧✐♥❛çã♦ µ′ ❞♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❞❡ f ❡ ❞❛ tr❛♥s❢♦r♠❛❞❛ f ′ = f [cxµ + y]✱ ♥♦ ❝❛s♦

❡♠ q✉❡ µ′ < µ. ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ❝♦♥s✐❞❡r❡ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ µ = µ′✱ ✐st♦

é✱ f ′ = f [cxµ + y]✱ ❜❡♠ ❝♦♠♦ ❛s r❡t❛s L(f, µ) ❡ L(f ′, µ)✳ ❙❡❣✉❡♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡

r❡❧❛❝✐♦♥❛♠ ♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❞❡ f ❡ f ′✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✺✳ ❙❡❥❛ (α, β) ∈ L(f, µ)∩N(f) ❡ s❡❥❛ (α, β) ✉♠ ❜✐✲í♥❞✐❝❡ ♣r♦❞✉③✐❞♦ ♣♦r M t
αβ

♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ f ′ = f [cxµ+y]✳ ❊♥tã♦✱ (α, β) ♣♦ss✉✐ ✉♠❛ ❞❛s ❢♦r♠❛s ❞❡s❝r✐t❛s ♣❡❧❛s ❡q✉❛çõ❡s

✭✷✳✶✶✮✱ ✭✷✳✶✸✮ ♦✉ ✭✷✳✶✺✮✱ ♣❛r❛ µ′ = µ. ❙❡ (α, β) s❛t✐s❢❛③ ❛s ❡q✉❛çõ❡s ✭✷✳✶✶✮ ❡ ✭✷✳✶✺✮✱ t❡♠♦s

l(f,µ)(α, β) = α+ βµ− α0

= (α+ kµ) + (β − k)µ− α0

= α+ βµ− α0

= 0,

✉♠❛ ✈❡③ q✉❡ (α, β) ∈ L(f, µ)✳ ▲♦❣♦✱

(α, β) ∈ L(f, µ).

✷✹
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❙❡ (α, β) ♣♦ss✉✐ ✉♠❛ ❢♦r♠❛ ❞❡s❝r✐t❛ ❡♠ ✭✷✳✶✸✮✱ ♣❡r❝❡❜❛ q✉❡

l(f,µ)(α, β) = α+ βµ− α0

= (α+ kµ+ µ) + (β − k − 1)µ− α0,

✐st♦ é✱

l(f,µ)(α, β) = α+ βµ− α0

= 0.

❚❛♠❜é♠ ♥❡st❡ ❝❛s♦✱

(α, β) ∈ L(f, µ).

P♦rt❛♥t♦✱ ♦s ❜✐✲í♥❞✐❝❡s ♣r♦❞✉③✐❞♦s ♣♦r M t
αβ ❡stã♦ t♦❞♦s ❧♦❝❛❧✐③❛❞♦s s♦❜r❡ ❛ r❡t❛ L(f, µ)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✻✳ ❙❡❥❛♠ Q(f, µ) ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡ L(f, µ)∩N(f) ❡ (α′, β′) ✉♠ ♣♦♥t♦ ❞❡

N(f) ❧♦❝❛❧✐③❛❞♦ ❛❝✐♠❛ ❞❡ Q(f, µ)✳ ❯♠❛ ✈❡③ q✉❡ Q(f, µ) é ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡ L(f, µ) ∩N(f)✱

s❡❣✉❡ q✉❡ ♦ ♣♦♥t♦ (α′, β′) ♣❡rt❡♥❝❡ ❛ ✉♠ ❧❛❞♦ ❞❡ N(f) ❝✉❥❛ ✐♥❝❧✐♥❛çã♦ é −1/µ′✱ ❝♦♠ µ′ < µ✳ ❚❛❧

❧❛❞♦ é ❞❡♥♦t❛❞♦ ♣♦r Lµ′ ✳ ❈♦♥s✐❞❡r❡ r ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r (α′, β′) ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µ✱ ❝✉❥❛

❡q✉❛çã♦ é ❞❛❞❛ ♣♦r

x+ yµ− γ0 = 0,

❝♦♠ γ0 ∈ R✳ ❱❛♠♦s ♠♦str❛r q✉❡ ♦s ❜✐✲í♥❞✐❝❡s ♣r♦❞✉③✐❞♦s ♣♦r (α′, β′) ❡stã♦ ❧♦❝❛❧✐③❛❞♦s ♥❛ r❡t❛

r✳ P❛r❛ t❛♥t♦✱ s❡❥❛ (α, β) ✉♠ ❜✐✲í♥❞✐❝❡ ♣r♦❞✉③✐❞♦ ♣♦r (α′, β′)✳ ❙❛❜❡✲s❡ q✉❡ (α, β) s❛t✐s❢❛③ ✉♠❛

❞❛s ❡q✉❛çõ❡s ✭✷✳✶✶✮✱ ✭✷✳✶✸✮ ❡ ✭✷✳✶✺✮✳

i) ◆♦ ❝❛s♦ ❡♠ q✉❡ (α, β) s❛t✐s❢❛③ ✭✷✳✶✶✮ ❡ ✭✷✳✶✺✮✱ t❡♠♦s

α = α′ + kµ

β = β′ − k,

❝♦♠ 0 ≤ k ≤ β′. ❊♥tã♦✱

α+ βµ− γ0 = (α′ + kµ) + (β′ − k)µ− γ0,

❡ ❝♦♠♦ (α′, β′) ∈ r✱ s❡❣✉❡ q✉❡

α+ βµ− γ0 = α′ + β′µ− γ0 = 0.

▲♦❣♦✱ (α, β) ∈ r.

ii) ◆♦ ❝❛s♦ ❡♠ q✉❡ (α, β) é ♣r♦❞✉③✐❞♦ ♣♦r (α′, β′) ❡ s❛t✐s❢❛③ ✭✷✳✶✸✮✱ t❡♠♦s

α = α′ + µ+ kµ

β = β′ − 1− k,

✷✺



✷✳✷✳ ❆ ❚❘❆◆❙❋❖❘▼❆❉❆ ❉❊ ◆❊❲❚❖◆✲P❯■❙❊❯❳

❝♦♠ 0 ≤ k ≤ β′ − 1. ❆ss✐♠✱

α+ βµ− γ0 = (α′ + µ+ kµ) + (β′ − 1− k)µ− γ0.

❯♠❛ ✈❡③ q✉❡ (α′, β′) ∈ r✱ s❡❣✉❡ q✉❡

α+ βµ− γ0 = α′ + β′µ− γ0 = 0,

❡ (α, β) ∈ r.

P♦rt❛♥t♦✱ t♦❞♦s ♦s ❜✐✲í♥❞✐❝❡s ♣r♦❞✉③✐❞♦s ♣♦r (α′, β′) ❡stã♦ ❡♠ ✉♠❛ r❡t❛ r ✐♥❝❧✐♥❛çã♦ −1/µ✳

◆❛ ♣r♦♣r✐❡❞❛❞❡ ❛♥t❡r✐♦r✱ ♠♦str❛♠♦s q✉❡ ♣♦♥t♦s ❛❝✐♠❛ ❞❡ Q(f, µ) ♣r♦❞✉③❡♠✱ ♣❡❧❛ (µ, c)✲

tr❛♥s❢♦r♠❛❞❛✱ ♣♦♥t♦s ❡♠ ✉♠❛ r❡t❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ ♦r✐❣✐♥❛❧✳ ❆ ♣r♦♣r✐❡❞❛❞❡

❛ s❡❣✉✐r✱ ❣❛r❛♥t❡ q✉❡ ❛s ♣♦rçõ❡s ❞♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❛ss♦❝✐❛❞♦s ❛ f ❡ ❛ f ′ = f [cxµ + y]✱

❧♦❝❛❧✐③❛❞❛s ❛❝✐♠❛ ❞♦ ♣♦♥t♦ Q(f, µ)✱ sã♦ ✐❣✉❛✐s✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✼✳ ❆s ♣♦rçõ❡s ❞❡ N(f) ❡ N(f ′) q✉❡ s❡ ❧♦❝❛❧✐③❛♠ ❛❝✐♠❛ ❞❡ Q(f, µ) sã♦ ✐❣✉❛✐s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ Q(f, µ) = (α, β) ❡ (α′, β′) ✉♠ ♣♦♥t♦ ❞❡ N(f) ❧♦❝❛❧✐③❛❞♦ ❛❝✐♠❛ ❞❡

Q(f, µ)✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✶✻✱ t❡♠♦s q✉❡ (α′, β′) ∈ Lµ′ ✳ ◆❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❖❜s❡r✈❛çã♦

❋✐❣✉r❛ ✷✳✺✿ ❖ ♣♦♥t♦ Q(f, µ)✳

✷✳✷✳✶✻✱ ♠♦str❛♠♦s q✉❡ ♦s t❡r♠♦s ❣❡r❛❞♦s ♣♦r M t
α′β′ s❡ ❧♦❝❛❧✐③❛♠ s❡♠♣r❡ à ❞✐r❡✐t❛ ❞❡ Lµ′ ♣❛r❛

f ′ = f [cxµ + y]✱ ❝♦♠ µ′ < µ✳ ▼♦str❛♠♦s t❛♠❜é♠ q✉❡✱ ♥❡st❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ (α′, β′) ♥ã♦ é

♣r♦❞✉③✐❞♦ ♣♦r ♥❡♥❤✉♠ ♦✉tr♦ ❜✐✲í♥❞✐❝❡✱ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵✱

M ′
α′β′ =Mα′β′ 6= 0.

❉❡st❡ ♠♦❞♦✱ (α′, β′) ∈ ∆(f ′)✱ ❡ ♣♦r ❡st❛r ❧♦❝❛❧✐③❛❞♦ à ❡sq✉❡r❞❛ ❞♦s ❞❡♠❛✐s✱ t❡♠♦s q✉❡

(α′, β′) ∈ N(f ′)✳ ❆ss✐♠✱ ♣♦♥t♦s ❧♦❝❛❧✐③❛❞♦s ❛❝✐♠❛ ❞❡ Q(f, µ) ❡stã♦ ❡♠ N(f ′)✳

❯♠❛ ✈❡③ q✉❡ ♣♦♥t♦s (α′, β′) ❧♦❝❛❧✐③❛❞♦s ❛❝✐♠❛ ❞❡ Q ❡stã♦ ❡♠ N(f ′)✱ ❡ q✉❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦

✷✳✷✳✶✻✱ ♦s ♣♦♥t♦s ♣r♦❞✉③✐❞♦s ♣♦r (α′, β′) ❡stã♦ s♦❜r❡ ✉♠❛ r❡t❛ ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ ❧♦❝❛❧✐③❛❞❛ à

❞✐r❡✐t❛ ❞❡ L(f, µ)✱ s❡❣✉❡ q✉❡ ❡st❡s ♣♦❞❡rã♦ r❡❛❧✐③❛r ♠♦❞✐✜❝❛çõ❡s s♦♠❡♥t❡ ♥♦s ❧❛❞♦s ❞❡ N(f) q✉❡

s❡ ❧♦❝❛❧✐③❛♠ ❛❜❛✐①♦ ❞❡ Q(f, µ)✱ ❣❛r❛♥t✐♥❞♦ q✉❡ ❛s ♣❛rt✐çõ❡s ❛❝✐♠❛ ❞❡st❡ ♣♦♥t♦ sã♦ ✐❞ê♥t✐❝❛s ❡♠

❛♠❜♦s ♦s ♣♦❧í❣♦♥♦s N(f) ❡ N(f ′)✳

✷✻
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P♦r ✜♠✱ s❡❣✉❡ q✉❡ ❛s ♣♦rçõ❡s ❞❡ N(f) ❡ N(f ′) ❛❝✐♠❛ ❞❡ Q(f, µ) ❝♦✐♥❝✐❞❡♠✳

◆❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✶✱ ♠♦str❛♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❞❛s r❡t❛s ❞❡ ✐♥❝❧✐♥❛çã♦ −1/µ′ q✉❡ ✐♥t❡r❝❡♣t❛♠

N(f) ❡ N(f ′)✱ ♦♥❞❡ f ′ = f [cxµ + y] ❡ µ′ < µ✳ ❆❣♦r❛✱ ♠♦str❛r❡♠♦s ❛❣♦r❛ t❛❧ ✐❣✉❛❧❞❛❞❡ ♥♦ ❝❛s♦

❡♠ q✉❡ µ′ = µ.

Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✽✳ L(f, µ) = L(f [cxµ + y], µ).

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♥♦✈❛♠❡♥t❡ Q(f, µ) = (α, β) ❝♦♠♦ ❞❡✜♥✐♠♦s✱ ❡ f ′ = f [cxµ + y]✳ P❡❧❛

Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✼✱ ❛s ♣♦rçõ❡s ❞❡N(f) ❡N(f ′) ❛❝✐♠❛ ❞❡Q(f, µ) ❝♦✐♥❝✐❞❡♠✳ ❯♠❛ ✈❡③ q✉❡Q(f, µ)

é ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡ Lµ ♦✉ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ N(f) ∩ L(f, µ)✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵ q✉❡

♥❡♥❤✉♠ ♣♦♥t♦ ❧♦❝❛❧✐③❛❞♦ ❛❝✐♠❛ ❞❡ Q(f, µ) ♣♦❞❡rá ♣r♦ ❞✉③í✲❧♦✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ Q(f, µ) ♥ã♦

é ♣r♦❞✉③✐❞♦ ♣❡❧♦s ♣♦♥t♦s ❧♦❝❛❧✐③❛❞♦s ❛❜❛✐①♦ ❞❡❧❡✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ❡st❛r✐❛ à ❞✐r❡✐t❛ ❞❡st❡s✳

❊♥tã♦✱ t❡♠♦s

M ′
αβ =Mαβ 6= 0,

✐st♦ é✱ Q(f, µ) ∈ ∆(f ′)✳ ❈♦♠♦ Q é ✉♠ ♣♦♥t♦ ❞❡ ∆(f ′) ❧♦❝❛❧✐③❛❞♦ à ❡sq✉❡r❞❛ ❞♦s ♣♦♥t♦s ❞❡ ∆(f ′)

q✉❡ s❡ ❧♦❝❛❧✐③❛♠ ❛❜❛✐①♦ ❞❡❧❡✱ s❡❣✉❡ q✉❡ Q(f, µ) = (α, β) ∈ N(f ′). ◆♦t❡ q✉❡ Q(f, µ) ∈ L(f, µ)✱ ♦✉

s❡❥❛✱ L(f, µ) é ✉♠❛ r❡t❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ ❝♦♥t❡♥❞♦ ♣♦♥t♦s ❞❡ N(f ′)✳ ❉❛ ✉♥✐❝✐❞❛❞❡ ❞❡ L(f ′, µ)✱

t❡♠♦s

L(f, µ) = L(f ′, µ).

✷✳✸ ❘❡❧❛❝✐♦♥❛♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s ✐♥✐❝✐❛❧ ❡ ❝❛r❛❝t❡ríst✐❝♦

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ ♦ ♣♦❧✐♥ô♠✐♦

❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❢♦r♠❛ P✛❛✜❛♥❛✳ ❆ ❡ss❛ ❝♦♥str✉çã♦ ❞❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

✐♥✐❝✐❛❧ ❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦s ❛ss♦❝✐❛❞♦s ❛ ❡ss❡ ♣♦❧✐♥ô♠✐♦✳ ◆❡st❛ s❡çã♦✱ ✈❛♠♦s r❡❧❛❝✐♦♥❛r

❛ ❡s❝r✐t❛ ❞❡st❡s ♣♦❧✐♥ô♠✐♦s✳

❙❡❥❛

In(µ)(f) =
∑

(α,β)∈L(f,µ)

Mαβ(f)

❡ ❝♦♥s✐❞❡r❡ (α, 0) ❡ (αi, i) ♣♦♥t♦s s♦❜r❡ ❛ r❡t❛ L(f, µ)✳ ❊♥tã♦✱ t❡♠♦s q✉❡

−
1

µ
=

i− 0

αi − α
.

◆♦t❡ q✉❡ ❡①✐st❡♠ ✜♥✐t♦s ♣♦♥t♦s ❞❡ L(f, µ) ♣❛r❛ ♦s q✉❛✐s ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ é ♥ã♦ ♥✉❧♦✱ ❡

t❛✐s ♣♦♥t♦s s❡rã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r (αi, i)✱ ♣❛r❛ i = 1, · · · , t. ❯s❛♥❞♦ ❛ ❡s❝r✐t❛ ❞♦s ❜✐♥ô♠✐♦s

❞✐❢❡r❡♥❝✐❛✐s Mαii✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

In(µ)(f) = A0x
α +

t
∑

i=1

Aix
αiyi +Bix

αi+1yi−1y′, ✭✷✳✷✵✮

✷✼
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♦♥❞❡ αi = α−µi✳ ❖❜t❡♠♦s ❛ss✐♠✱ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧

In(µ)(f ′), ♦♥❞❡ f ′ = f [cxµ + y].

❆✜r♠❛çã♦ ✷✳✸✳✶✳ ❙❡♥❞♦ f ′ = f [cxµ + y]✱ t❡♠♦s

In(µ)(f ′) = (In(µ)(f))t,

✐st♦ é✱ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ ❞❡ f ′ ❛ss♦❝✐❛❞♦ ❛ µ é ✐❣✉❛❧ ❛♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧

❛ss♦❝✐❛❞♦ ❛ µ✱ ❞♦ tr❛♥s❢♦r♠❛❞♦ ❞❡ f ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡ y ♣♦r cxµ + y ✳

❉❡♠♦♥str❛çã♦✳ ❖ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ f ′ = f [cxµ + y] é ❞❛❞♦

♣♦r

In(µ)(f ′) =
∑

(α,β)∈L(f ′,µ)

M ′
αβ(f

′),

❡ ❝♦♠♦ L(f, µ) = L(f ′, µ)✱ t❡♠♦s

In(µ)(f ′) =
∑

(α,β)∈L(f,µ)

M ′
αβ(f

′). ✭✷✳✷✶✮

❉❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✾✱ t❡♠♦s q✉❡

M ′
αβ =

∑

(α′,β′)

Dα′β′ ,

♦♥❞❡ ❝❛❞❛ Dα′β′ é ✉♠ ❜✐♥ô♠✐♦ tr❛♥s❢♦r♠❛❞♦ ❡♠ q✉❡ (α′, β′) ♣r♦❞✉③ ♦ ❜✐❣r❛✉ (α, β)✳ P❡❧❛s

❖❜s❡r✈❛çõ❡s ✷✳✷✳✶✺ ❡ ✷✳✷✳✶✻✱ t❡r♠♦s ❡♠ L(f, µ) ♣r♦❞✉③❡♠ ❡ sã♦ ♣r♦❞✉③✐❞♦s s♦♠❡♥t❡ ♣♦r ❜✐❣r❛✉s

q✉❡ ❡stã♦ s♦❜r❡ ❡st❛ ♠❡s♠❛ r❡t❛✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

M ′
αβ =

∑

(α′,β′)

M t
α′β′ ,

♦♥❞❡ (α′, β′) ∈ L(f, µ) ❡ ♣r♦❞✉③ (α, β)✳ ❆ss✐♠✱

∑

(α,β)∈L(f,µ)

M ′
αβ =

∑

(α,β)∈L(f,µ)

M t
αβ .

▲♦❣♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✶✮✱

In(µ)(f ′) =
∑

(α,β)∈L(f,µ)

M t
αβ ,

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

In(µ)(f ′) = (In(µ)(f))t, ✭✷✳✷✷✮

♣r♦✈❛♥❞♦ ♦ ❡♥✉♥❝✐❛❞♦✳

✷✽
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❉❡ss❛ ❢♦r♠❛✱ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ ❞❛ tr❛♥s❢♦r♠❛❞❛ é

In(µ)(f [cxµ + y]) = A0x
α +

t
∑

i=1

(Aix
αi(cxµ + y)i +Bix

αi+1(cxµ + y)i−1(cµxµ−1 + y′)), ✭✷✳✷✸✮

❡ ♦r❣❛♥✐③❛♥❞♦ ♦s t❡r♠♦s✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

In(µ)(f [cxµ + y]) = A0(c)x
α +

t
∑

i=1

Ai(c)x
αiyi +Bi(c)x

αi+1yi−1y′, ✭✷✳✷✹✮

♦♥❞❡ A0(c)✱ Ai(c) ❡ Bi(c) sã♦ ♣♦❧✐♥ô♠✐♦s ❡♠ c, ♣❛r❛ i = 1, · · · , t. ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ♣♦❧✐♥ô♠✐♦

❝❛r❛❝t❡ríst✐❝♦ ❞❡ f ❡s❝r✐t♦ ❝♦♠♦

ϕ(c) = ϕ(f,µ)(c) = α(c) + µcβ(c),

♦♥❞❡

β(c) =

t
∑

i=1

Bic
i−1 ❡ α(c) =

t
∑

i=0

Aic
i.

❆ ♣r♦♣r✐❡❞❛❞❡ s❡❣✉✐♥t❡ ♣❡r♠✐t❡ r❡❧❛❝✐♦♥❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡q✉❛çã♦ ✭✷✳✷✹✮✱ ✐st♦ é✱ ❞♦

♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ tr❛♥s❢♦r♠❛❞♦✱ ❝♦♠ ❛ ❡s❝r✐t❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❛❝✐♠❛✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷✳ ❙ã♦ ✈á❧✐❞❛s ❛s ✐❣✉❛❧❞❛❞❡s✿

i) A0(c) = ϕ(c).

ii) P❛r❛ j = 1, · · · , t✱ t❡♠♦s Aj(c) =
1

j!
ϕ(j)(c)− µ

1

(j − 1)!
β(j−1)(c).

iii) P❛r❛ j = 1, · · · , t✱ t❡♠♦s Bj(c) =
1

(j − 1)!
β(j−1)(c)✳

❉❡♠♦♥str❛çã♦✳ i) ❖❜s❡r✈❡ q✉❡ A0(c) é ♦ ♣♦❧✐♥ô♠✐♦ ❡♠ c q✉❡ ❛❝♦♠♣❛♥❤❛ ♦s t❡r♠♦s ❞❡ ❡①♣♦❡♥t❡s

xα ❡ y0✱ ♦✉ s❡❥❛✱ ♦ ❜✐✲í♥❞✐❝❡ (α, 0)✳ ❈♦♠♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ é ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ✭✷✳✷✸✮✱ ✈❛♠♦s

❡①✐❜✐r A0(c)✳ ❊①♣❛♥❞✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ♣❡❧♦ ❜✐♥ô♠✐♦ ❞❡ ◆❡✇t♦♥✱ t❡♠♦s✿

A0(c)x
α = A0x

α +
t
∑

i=1

Aic
ixαi+µi +

t
∑

i=1

Bic
i−1xαi+1xµ(i−1)(cµxµ−1)

= A0x
α +

t
∑

i=1

Aic
ixαi+µi +

t
∑

i=1

Biµc
ixαi+1+µi−µ+µ−1

❡ ✉♠❛ ✈❡③ q✉❡ αi = α− µi, s❡❣✉❡ q✉❡

A0(c)x
α =

(

A0 +

t
∑

i=1

Aic
i +

t
∑

i=1

Biµc
i

)

xα.

✷✾
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❆ss✐♠✱

A0(c) = A0 +

t
∑

i=1

Aic
i +

t
∑

i=1

Biµc
i

=
t
∑

i=0

Aic
i + µc

t
∑

i=1

Bic
i−1.

▲♦❣♦✱

A0(c) = α(c) + µcβ(c),

✐st♦ é✱

A0(c) = ϕ(c).

ii) P❛r❛ j ✜①♦✱ ♥♦t❡ q✉❡ Aj(c) é ♦ ♣♦❧✐♥ô♠✐♦ ❡♠ c q✉❡ ❛❝♦♠♣❛♥❤❛ ♦s ❢❛t♦r❡s xαjyj ✱ ✐st♦ é✱ ♦

❜✐✲í♥❞✐❝❡ (αj , j) ❡♠ ✭✷✳✷✹✮✳ P❛r❛ ❡①✐❜í✲❧♦✱ ❞✐✈✐❞✐r❡♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ❡♠ ❞✉❛s ♣❛rt❡s✳ ❉❡✜♥❛

ρ1(x, y) = A0x
α +

t
∑

i=1

Aix
αi(cxµ + y)i

ρ2(x, y) =

t
∑

i=1

Bix
αi+1(cxµ + y)i−1(cµxµ−1 + y′).

❖s t❡r♠♦s ❞❡ ρ1(x, y) q✉❡ ❛❝♦♠♣❛♥❤❛♠ ♦ ❜✐❣r❛✉ (αj , j) sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ y′✱ sã♦ ❞❛❞♦s ♣♦r✿

t
∑

i=j

Ai

(

i

j

)

xαi(cxµ)i−jyj =
t
∑

i=j

(

i

j

)

Aic
i−jxα−µjyj , ✭✷✳✷✺✮

♣❛r❛ i ≥ j✱ ❝♦♠
(

i
j

)

= i!/(i− j)!j! ❡ αj = α − µj✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦s t❡r♠♦s ❞❡ ρ2(x, y) ❝♦♠

❜✐❣r❛✉ (αj , j) sã♦ ❞❛ ❢♦r♠❛✿

t
∑

i=j+1

Bi

(

i− 1

j

)

xαi+1(cxµ)i−1−jyj(cµxµ−1) =
t
∑

i=j+1

(

i− 1

j

)

Biµc
i−jxα−µjyj , ✭✷✳✷✻✮

s❡♠♣r❡ q✉❡ i ≥ j + 1✱ ♦♥❞❡
(

i−1
j

)

= i!/(i− 1− j)!j!.

❊♥tã♦✱ Aj(c) é ❢♦r♠❛❞♦ ♣♦r t❡r♠♦s ❞❛s ❡q✉❛çõ❡s ✭✷✳✷✺✮ ❡ ✭❄❄✮✱ ✐st♦ é✱

Aj(c) =
t
∑

i=j

(

i

j

)

Aic
i−j + µ

t
∑

i=j+1

(

i− 1

j

)

Bic
i−j . ✭✷✳✷✼✮

P❛r❛ ❡①✐❜✐r ϕ(j)(c)✱ ❛✜r♠❛♠♦s✿

❆✜r♠❛çã♦ ✷✳✸✳✸✳ ϕ(j)(c) = α(j)(c) + µ(jβ(j−1)(c) + cβ(j)(c)).

✸✵
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♣r♦✈❛r t❛❧ ❛✜r♠❛çã♦ ♣♦r ✐♥❞✉çã♦ ❡♠ j ∈ N. P❛r❛ j = 1✱ t❡♠♦s

ϕ′(c) = α′(c) + µβ(c) + µcβ′(c) = α′(c) + µ(β(c) + cβ′(c)),

s❡♥❞♦ ✈á❧✐❞❛ ❛ ❡t❛♣❛ ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ j = 1, ..., k ∈ N✱

✐st♦ é✱

ϕ(j)(c) = α(j)(c) + µ(jβ(j−1)(c) + cβ(j)(c)).

▼♦str❡♠♦s ❡♥tã♦ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ é s❛t✐s❢❡✐t❛ ♣❛r❛ j = k + 1 ∈ N✳ P❛r❛ ✐st♦✱ ♥♦t❡ q✉❡

ϕ(k+1)(c) = (ϕ(k)(c))′,

❡ ❞❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

ϕ(k+1)(c) = (α(k)(c))′ + µk(β(k−1)(c))′ + µ(cβ(k)(c)))′

= α(k+1)(c) + µkβ(k)(c) + µ(β(k)(c) + cβ(k+1)(c))

= α(k+1)(c) + µ(k + 1)β(k)(c) + µcβ(k+1)(c)

= α(k+1)(c) + µ((k + 1)β(k)(c) + cβ(k+1)(c)),

♦ q✉❡ ❞❡♠♦♥str❛ ♦ r❡s✉❧t❛❞♦✳

P❛r❛ ❡①✐❜✐r ♦s t❡r♠♦s ❞❡ ϕ(j)(c)✱ é ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r ❞❡r✐✈❛çõ❡s s✉❝❡ss✐✈❛s ❞❡ α ❡ β✱ ♦❜t❡♥❞♦

α(j)(c) =

t
∑

i=j

i(i− 1)(i− 2) · · · (i− (j − 1))Aic
i−j

❡

β(j)(c) =

t
∑

i=j+1

(i− 1)(i− 2) · · · ((i− 1)− (j − 1))Bic
i−1−j . ✭✷✳✷✽✮

❉❛ ❆✜r♠❛çã♦ ✷✳✸✳✸✱ s❡❣✉❡ q✉❡

ϕ(j)(c)

j!
=

t
∑

i=j

i(i− 1)(i− 2) · · · (i− (j − 1))

j!
Aic

i−j

+ µj
β(j−1)(c)

j!
+ µc

t
∑

i=j+1

(i− 1)(i− 2) · · · ((i− 1)− (j − 1))

j!
Bic

i−1−j .

◆♦t❡ q✉❡

(

i

j

)

=
i!

j!(i− j)!
=
i(i− 1)(i− 2) · · · (i− (j − 1))

j!

❡
(

i− 1

j

)

=
(i− 1)!

((i− 1)− j)!
=

(i− 1)(i− 2) · · · ((i− 1)− (j − 1))

j!
,

✸✶



✷✳✸✳ ❘❊▲❆❈■❖◆❆◆❉❖ ❖❙ P❖▲■◆Ô▼■❖❙ ■◆■❈■❆▲ ❊ ❈❆❘❆❈❚❊❘❮❙❚■❈❖

❞♦♥❞❡ s❡❣✉❡ q✉❡✱

ϕ(j)(c)

j!
=

t
∑

i=j

(

i

j

)

Aic
i−j + µ

β(j−1)(c)

(j − 1)!
+ µ

t
∑

i=j+1

(

i− 1

j

)

Bic
i−j .

❊♥tã♦✱

ϕ(j)(c)

j!
− µ

β(j−1)(c)

(j − 1)!
=

t
∑

i=j

(

i

j

)

Aic
i−j + µ

t
∑

i=j+1

(

i− 1

j

)

Bic
i−j .

P♦rt❛♥t♦✱ ❞❡ ✭✷✳✷✼✮✱ t❡♠♦s

Aj(c) =
ϕ(j)(c)

j!
− µ

β(j−1)(c)

(j − 1)!
.

iii) ❆♥❛❧✐s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮✱ t❡♠♦s q✉❡ Bj(c) ❝♦♥s✐st❡ ❞♦s t❡r♠♦s q✉❡ ❛❝♦♠♣❛♥❤❛♠ ♦ t❡r♠♦

xαj+1yj−1y′. ❆❜r✐♥❞♦ ♦s t❡r♠♦s ❞❡ ✭✷✳✷✹✮ é ❢á❝✐❧ ✈❡r q✉❡

Bj(c) =

t
∑

i=j

(

i− 1

j − 1

)

Bic
(i−1)−(j−1) =

t
∑

i=j

(

i− 1

j − 1

)

Bic
i−j . ✭✷✳✷✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✷✽✮ ❣❛r❛♥t❡ q✉❡

β(j−1)(c)

(j − 1)!
=

t
∑

i=j

(i− 1)(i− 2) · · · ((i− 1)− (j − 2))

(j − 1)!
Bic

i−j ,

✐st♦ é✱

β(j−1)(c)

(j − 1)!
=

t
∑

i=j

(

i− 1

j − 1

)

Bic
i−j . ✭✷✳✸✵✮

▲♦❣♦✱ ❞❡ ✭✷✳✷✾✮ ❡ ✭✷✳✸✵✮✱ s❡❣✉❡ q✉❡

Bj(c) =
β(j−1)(c)

(j − 1)!
.

❖❜s❡r✈❛çã♦ ✷✳✸✳✹✳ ❉♦ ✐t❡♠ i) t❡♠♦s✱ A0(c) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ(c) = 0✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✺✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦t❡ q✉❡ At = At(c) ❡ Bt = Bt(c)✳ ❈♦♠ ❡❢❡✐t♦✱ ❞♦ ✐t❡♠ iii)

t❡♠♦s

Bt(c) =
β(t−1)(c)

(t− 1)!
=

t
∑

i=t

(i− 1)(i− 2) · · · ((i− 1)− (t− 2))

(t− 1)!
Bic

i−t

=
(t− 1)(t− 2) · · · ((t− 1)− (t− 2))

(t− 1)!
Btc

t−t

✸✷
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✐st♦ é✱

Bt(c) = Bt.

P♦r ♦✉tr♦ ❧❛❞♦✱

At(c) =
ϕ(t)(c)

t!
− µ

β(t−1)(c)

(t− 1)!
=
ϕ(t)(c)

t!
− µBt,

❡ ❞❛ ❆✜r♠❛çã♦ ✷✳✸✳✸✱ t❡♠♦s

ϕ(t)(c)

t!
=

α(t)(c)

t!
+
µ(tβ(t−1)(c) + β(t)(c))

t!
.

❈♦♠♦ deg(β(c)) = t− 1, s❡❣✉❡ q✉❡ β(t)(c) = 0 ❡

ϕ(t)(c)

t!
=

α(t)(c)

t!
+
µtβ(t−1)(c)

t!
=
α(t)(c)

t!
+ µBt.

❊♥tã♦✱

At(c) =
α(t)(c)

t!

=
t
∑

i=t

i(i− 1)(i− 2) · · · (i− (t− 1))

t!
Aic

i−t

=
t(t− 1)(t− 2) · · · (t− (t− 1))

t!
Atc

t−t

= At.

✸✸



❈❛♣ít✉❧♦ ✸

❖ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①

P❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω, ❜❛st❛ q✉❡ ❡♥❝♦♥tr❡♠♦s ✉♠❛ s♦❧✉çã♦

(fω = 0)✱ ♦♥❞❡ fω é ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ω✳ P❛r❛ ❡♥❝♦♥tr❛r t❛❧ s♦❧✉çã♦✱ ❊✳

■♥❝❡ ❡♠ ❬✾❪ ♠♦❞✐✜❝♦✉ ❛s ✐❞❡✐❛s ❞❡ ❍✳ ❋✐♥❡ ❡♠ ❬✻❪ ❡ ❬✼❪✱ r❡❛❧✐③❛♥❞♦ ✉♠❛ ❡①t❡♥sã♦ ❞❛ t❡♦r✐❛ ❞❡

◆❡✇t♦♥✲P✉✐s❡✉① ♣❛r❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ◆♦ ❡♥t❛♥t♦✱ t❛❧ ❡①t❡♥sã♦ ❞♦

❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥ ✲P✉✐s❡✉①✱ ❡♠ t❡r♠♦s ❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡✱ é r❡str✐t❛ ❛ ❞❡t❡r♠✐♥❛❞❛s s✐t✉❛çõ❡s✳

❊♠ ✈✐st❛ ❞✐ss♦✱ ❏✳ ❈❛♥♦ ❡♠ ❬✸❪ ❛♣r❡s❡♥t❛ ✉♠❛ ✈❡rsã♦ ❣❡r❛❧ ❞♦ ❛❧❣♦r✐t♠♦ ❡♠ q✉❡stã♦✱ ✐♠♣♦♥❞♦

❝♦♥❞✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦s ❧❛❞♦s ❞♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❡ às r❛í③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦

❡♠ ❝❛❞❛ ❡t❛♣❛✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ t❛❧ ❛❧❣♦r✐t♠♦ s❡❥❛ ❡❢❡t✐✈♦ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦ ❞❡s❡❥❛❞❛✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❡①t❡♥sã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ❞❡ ❏✳ ❈❛♥♦ ❝♦♠♦

✐♥str✉♠❡♥t♦ ✉s❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ ♣♦ssí✈❡❧ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ (fω = 0)✳

✸✳✶ ❖ ❛❧❣♦r✐t♠♦

◆❡st❛ s❡çã♦✱ ❞❡s❝r❡✈❡♠♦s ♦ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♠♦❞✐✜❝❛❞♦ ♣♦r ❊✳ ■♥❝❡ ❬✾❪ ♣❛r❛

❡♥❝♦♥tr❛r ✉♠❛ ❝❛♥❞✐❞❛t❛ ❛ s♦❧✉çã♦ ❞❡ (fω = 0)✳

P❛r❛ t❛♥t♦✱ s✉♣♦♥❤❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♥❡♠ (x = 0) ❡ ♥❡♠ (y = 0) s❡❥❛♠ s♦❧✉çõ❡s ❞❡

(fω = 0). ❖❜s❡r✈❡ q✉❡ s❡ (y = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (fω = 0)✱ t❡♠♦s q✉❡ fω(x, 0) é ♥ã♦ ♥✉❧♦✱ ✐st♦

é✱

Aω(x, 0) +Bω(x, 0).0 = Aω(x, 0) 6= 0.

■st♦ s✐❣♥✐✜❝❛ q✉❡ y ♥ã♦ ❞✐✈✐❞❡ Aω✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ ❞❛ ❢♦r♠❛ (α, 0) ❡♠ ∆(fω)✱ ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ N(fω)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ (y = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (fω = 0)✱ ♦

♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ fω t❡r♠✐♥❛ ♥♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳ ❙❡ ♥❡♠ (x = 0) ❡ ♥❡♠ (y = 0) sã♦ s♦❧✉çõ❡s ❞❡ (fω = 0), ❡♥tã♦ ❡①✐st❡ ✉♠

❧❛❞♦ ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µ0 t❛❧ q✉❡ ϕ(fω ,µ0)(c) ♣♦ss✉✐ ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛ c0.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ (y = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (fω = 0), t❡♠♦s q✉❡ N(fω) t❡r♠✐♥❛ ♥♦ ❡✐①♦

❤♦r✐③♦♥t❛❧ ❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ (α, 0) ❡♠ N(fω)✳ ❈❛s♦ Bα,0 6= 0✱ t❡rí❛♠♦s ✉♠ t❡r♠♦ Bα,0x
α+1y−1

♥❛ sér✐❡ B ♦ q✉❡ ♥ã♦ é ♣♦ss✐✈❡❧✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s Aα,0 ♥ã♦ ♥✉❧♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

(x = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (fω = 0) t❡♠♦s q✉❡ Bω(0, y) 6= 0, ✐st♦ é✱ x ♥ã♦ é ❢❛t♦r ❞❡ Bω✳ ■st♦

s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ ❞❛ ❢♦r♠❛ (−1, β) ❡♠ ∆(fω)✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ N(fω)✱ ♦♥❞❡

B−1,β 6= 0 ❡ A−1,β = 0, ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ t❡rí❛♠♦s ✉♠ t❡r♠♦ A−1,βx
−1yβ ✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
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❯♠❛ ✈❡③ q✉❡ β ∈ N✱ ❡①✐❜✐♠♦s ❞♦✐s ♣♦♥t♦s ❞❡ N(fω) ❝♦♠ ♦r❞❡♥❛❞❛s ❞✐st✐♥t❛s✳ ▲♦❣♦✱ ❣❛r❛♥t✐♠♦s

❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❧❛❞♦ ❞♦ ♣♦❧í❣♦♥♦ ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ ♣♦s✐t✐✈❛✳ P❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛

r❛✐③ ♥ã♦ ♥✉❧❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❛❧❣✉♥s ❝❛s♦s ❞✐st✐♥t♦s✳

❈❛s♦ ✶✿ ❙❡ ♦s ♣♦♥t♦s (−1, β) ❡ (α, 0) ❢♦r♠❛♠ ✉♠ ❧❛❞♦ ❞❡ N(fω) ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ0✱ t❡♠♦s

❋✐❣✉r❛ ✸✳✶✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f.

q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é ❞❛❞♦ ♣♦r

ϕ(fω ,µ0) = µ0B(−1,β)c
β +A(α,0),

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛ ❞❡ ϕ✳

❈❛s♦ ✷✿ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ N(fω) s❡❥❛ ❢♦r♠❛❞♦ ♣♦r ❞♦✐s ❧❛❞♦s ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ❛❜❛✐①♦✳

❙❡❥❛♠ L ❡ L′ ♦s ❧❛❞♦s ❞❡ N(fω) ❝♦♠ ♣♦♥t♦s ❡①tr❡♠♦s (−1, β) ✱ (α1, β1) ❡ (α, 0) ❝♦♠ α1✱ β1 > 0✳

❋✐❣✉r❛ ✸✳✷✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f.

❈♦♥s✐❞❡r❡ L ♦ ❧❛❞♦ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ✱ ❝♦♠ ❡①tr❡♠♦s (−1, β) ❡ (α1, β1)✳ ❖ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦

❛ss♦❝✐❛❞♦ ❛ ❡ss❡ ❧❛❞♦ é ❞❡♥♦t❛❞♦ ♣♦r

ϕ(fω ,µ) = µB−1,βc
β + (Aα′,β′ + µBα′,β′)cβ

′

+ · · ·+ (Aα1,β1 + µBα1,β1)c
β1 ,

♦♥❞❡ (α′, β′) ∈ N(f)∩L(f, µ). ❙✉♣♦♥❤❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❛ss♦❝✐❛❞♦ ❛ ❡ss❡ ❧❛❞♦ ♥ã♦

♣♦ss✉❛ r❛✐③ ♥ã♦ ♥✉❧❛✳ ❙❡ ✐ss♦ ❛❝♦♥t❡❝❡✱ ❡♥tã♦

Aα1,β1 + µBα1,β1 = 0. ✭✸✳✶✮

❙❡❥❛ L′ ♦ ❧❛❞♦ ❞❡ N(fω) ❧♦❝❛❧✐③❛❞♦ ❛❜❛✐①♦ ❞❡ L✱ ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ′ > µ. P❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✮✱

✸✺
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t❡♠♦s

Aα1,β1 + µ′Bα1,β1 6= 0.

❚❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝tér✐st✐❝♦ ❛ss♦❝✐❛❞♦ ❛ ❡ss❡ ❧❛❞♦✱

ϕ(fω ,µ′) = (Aα1,β1 + µ′Bα1,β1)c
β1 + · · ·+Aα,0,

♣♦ss✉✐ ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛✳

❈❛s♦ ●❡r❛❧✿ ❊ss❡ ❝❛s♦ s❡❣✉❡ ✉s❛♥❞♦ ❛ ♠❡s♠❛ ✐❞❡✐❛ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✳

❈♦♠❡ç❛♠♦s ❛ ❞❡s❝r❡✈❡r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♥❡♠ (y = 0) ❡

♥❡♠ (x = 0) s❡❥❛♠ s♦❧✉çõ❡s ❞❡ (fω = 0). P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✱ ❡①✐st❡♠ ✉♠ ❧❛❞♦ ❞❡ N(fω) ❝♦♠

✐♥❝❧✐♥❛çã♦ −1/µ0 ❡ c0 ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛❞❡ ϕ(fω ,µ0)(c)✳

❙❡❥❛ f1 = fω[c0x
µ0 + y]✱ ❛ (µ0, c0)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ fω✱ ♦♥❞❡ c0 ∈ C∗✳ P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✹✱

(y = 0) é s♦❧✉çã♦ ❞❡ (f1 = 0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ c0xµ0 é s♦❧✉çã♦ ❞❡ (fω = 0). ❙❡ ✐st♦ ♦❝♦rr❡✱ t❡♠♦s

❛ s♦❧✉çã♦ ❞❡ (fω = 0) q✉❡ ❡st❛♠♦s ♣r♦❝✉r❛♥❞♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❜✉sq✉❡♠♦s ✉♠ ❧❛❞♦ ❞❡ N(g)

❝✉❥❛ ✐♥❝❧✐♥❛çã♦ s❡❥❛ ✲1/µ1✱ ❝♦♠ µ1 > µ0✱ t❛❧ q✉❡ ϕ(f1,µ1)(c) ♣♦ss✉✐ ✉♠❛ r❛✐③ c1, ♥ã♦ ♥✉❧❛✳ ❱❡❥❛

q✉❡ ✐st♦ t♦r♥❛✲s❡ ♣♦ssí✈❡❧ ❞❡✈✐❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳

❊st❡ ♣r♦❝❡ss♦ é r❡❛❧✐③❛❞♦ ✐t❡r❛❞❛♠❡♥t❡ ❛té q✉❡ ❡♥❝♦♥tr❡♠♦s ❛ ❝❛♥❞✐t❛❞❛ ❛ s♦❧✉çã♦ ❞❡s❡❥❛❞❛

♣❛r❛ (fω = 0)✳ ◆♦ ❡♥t❛♥t♦✱ t❛❧ ❛❧❣♦r✐t♠♦ ♣♦❞❡rá ♥ã♦ ❢✉♥❝✐♦♥❛r ❡♠ ❛❧❣✉♥s ❝❛s♦s✳ ❱❡❥❛♠♦s ✉♠

❡①❡♠♣❧♦ ❡♠ q✉❡ ✐st♦ ❛❝♦♥t❡❝❡✳

❊①❡♠♣❧♦ ✸✳✶✳✷✳ ❙❡❥❛ f(x, y) = y6y′ + xy2y′ + xy2 − 3x2yy′ − x2y + 2x3y′ + x5✳ ❚❡♠♦s✱

M−1,7(f) = A−1,7x
−1y5 +B−1,7y

6y′ = y6y′

M1,2(f) = A1,2xy
2 +B1,2x

2yy′ = 1xy2 − 3x2yy′

M0,3(f) = A0,3y
3 +B1,1xy

2y′ = xy2y′

M2,1(f) = A2,1x
2y +B2,1x

3y′ = −x2y + 2x3y′

M5,0(f) = A5,0x
5 +B5,0x

6y−1y′ = x5.

❉❡st❡ ♠♦❞♦✱ s❡❣✉❡ q✉❡

∆(f) = {(−1, 7), (1, 2), (0, 3), (2, 1), (5, 0)},

❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f é ❞❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✳

❈♦♥s✐❞❡r❡ ❛ r❡t❛ ❞✐st✐♥❣✉✐❞❛ ❝♦♠ ✐♥❝❧✐♥❛çã♦ ✐❣✉❛❧ ❛ −1, ❡ ❛ ❞❡♥♦t❡ ♣♦r L(f, 1). ❖❜s❡r✈❡ q✉❡

♦ ❧❛❞♦ ❞❡ N(f) q✉❡ ❡stá ❝♦♥t✐❞♦ ❡♠ L(f, 1) ❝♦♥té♠ ♦s ♣♦♥t♦s (0, 3)✱ (2, 1) ❡ (1, 2)✱ ❡ ♦ ♣♦❧✐♥ô♠✐♦

❝❛r❛❝t❡ríst✐❝♦ ♣❛r❛ µ = 1 é ❡s❝r✐t♦ ❝♦♠♦

ϕ(f,1)(c) = c3 + c− 2c2 = c(c2 − 2c+ 1) = c(c− 1)2,

✸✻
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❋✐❣✉r❛ ✸✳✸✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f.

♦ q✉❛❧ t❡♠ ❝♦♠♦ ú♥✐❝❛ r❛✐③ ♥ã♦ ♥✉❧❛ ❞❡ c = 1. ❙❡❥❛ ❛ (1, 1)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ f ❞❛❞❛ ♣♦r✿

f1 = f [x+ y] = (x+ y)6(1 + y′) + x(x+ y)2(1 + y′) + x(x+ y)2 − 3x2(x+ y)(1 + y′)

− x2(x+ y) + 2x3(1 + y′) + x5,

✐st♦ é✱

f1 = (x+ y)6(1 + y′) + x3 + 2x2y + xy2 + x3y′ + 2x2yy′ + xy2y′ + x3 + 2x2y + xy2 − 3x3

− 3x2y − 3x3y′ − 3x2yy′ − x3 − x2y + 2x3 + 2x3y′ + x5.

▲♦❣♦✱

f1 = (x+ y)6(1 + y′) + 2xy2 − x2yy′ + xy2y′ + x5. ✭✸✳✷✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✷✮✱ s❡❣✉❡ q✉❡

f1 = x6+6x5y+15x4y2+20x3y3+15x2y4+6xy5+ y6+2xy2+x5+x6y′+6x5yy′+15x4y2y′

+ 20x3y3y′ + 15x2y4y′ + 6xy5y′ + y6y′ − x2yy′ + xy2y′.

❱❛♠♦s ❡♥❝♦♥tr❛r ∆(f1) ❝❛❧❝✉❧❛♥❞♦ ♦s ❜✐♥ô♠✐♦s ❞✐❢❡r❡♥❝✐❛✐s ❛ss♦❝✐❛❞♦s ❛ g. ❊♥tã♦✱

M−1,7(f1) = A′
−1,7x

−1y7 +B′
−1,7y

6y′ = y6y′

M1,2(f1) = A′
1,2xy

2 +B′
1,2x

2yy′ = 2xy2 − x2yy′

M5,0(f1) = A′
5,0x

5 +B′
5,0x

6y−1y′ = x5

M0,6(f1) = A′
0,6y

6 +B′
0,6xy

5y′ = y6 + 6xy5y′
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M2,1(f1) = 0

M1,5(f1) = A′
1,5xy

5 +B′
1,5x

2y4y′ = 6xy5 + 15x4y2y′

M2,4(f1) = A′
2,4x

2y4 +B′
2,4x

3y3y′ = 15x2y4 + 20x3y3y′

M3,3(f1) = A′
3,3x

3y3 +B′
3,3x

3y3y′ = 20x3y3 + 15x4y2y′

M4,2(f1) = A′
4,2x

4y2 +B′
4,2x

5yy′ = 15x4y2 + 6x5yy′

M5,1(f1) = A′
5,1x

5y +B′
5,1x

6y′ = 6x5y + x6y′.

M6,0(f1) = A′
6,0x

6 +B′
6,0x

7y−1y′ = x6

M0,3(f1) = A′
0,3y

3 +B′
0,3xy

2y′ = xy2y′.

❙❡❣✉❡ q✉❡

∆(f1) = {(0, 3), (6, 0), (5, 1), (4, 2), (3, 3), (2, 4), (1, 5), (0, 6), (5, 0), (1, 2), (2, 1), (−1, 7)},

❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ N(f1) é ✐❧✉str❛❞♦ ♥♦ ❉✐❛❣r❛♠❛ ✸✳✹

❋✐❣✉r❛ ✸✳✹✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f1.

◆♦t❡ q✉❡ ♦ ú♥✐❝♦ ❧❛❞♦ ❞❡ N(f1) ❝✉❥❛ ✐♥❝❧✐♥❛çã♦ ♠❛✐♦r q✉❡ −1✱ é ♦ ❧❛❞♦ ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/2✱

♦ q✉❛❧ ❝♦♥té♠ ♦s ♣♦♥t♦s (1, 2) ❡ (5, 0)✳ ❆ss✐♠✱

ϕ(f1,1/2)(c) = (A1,2 + 2B1,2)c
2 + (A5,0 + 2B5,0) = (2− 2)c2 + 1 = 1.

❉❡st❡ ♠♦❞♦✱ ♦❜s❡r✈❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ♣♦❞❡rá ♣r♦ss❡❣✉✐r✱ ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ❡①✐st❡ r❛✐③ ♥ã♦

♥✉❧❛ ❞❡ ϕ(f1, 12)✳ ❆ss✐♠✱ ♣❛r❛ µ > 1✱ ♦ ♣♦❧✐♥ô♠✐♦ ϕ(f1, 12) ♥ã♦ ♣♦ss✉✐ r❛✐③ ❡♠ C∗✱ ♦ q✉❡ s✐❣♥✐✜❝❛

q✉❡ ♦ ♣r♦❝❡ss♦ ♣r♦♣♦st♦ ♥ã♦ ❢♦r♥❡❝❡ ✉♠❛ s♦❧✉çã♦ ❞❡ (f = 0)✳

❆ ♣❛rt✐r ❞❛ s✐t✉❛çã♦ ❡①❡♠♣❧✐✜❝❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r✱ ♥❛s ♣ró①✐♠❛s s❡çõ❡s✱

❝♦♥❞✐çõ❡s s♦❜r❡ ♦s ❧❛❞♦s ❞❡ N(f) ❡ r❛í③❡s ❞❡ ϕ ❡♠ ❝❛❞❛ ❡t❛♣❛ ❞♦ ❛❧❣♦r✐t♠♦✱ ❛ ✜♠ ❞❡ q✉❡ ❡❧❡
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♣♦ss❛ ♣r♦ss❡❣✉✐r✳

✸✳✷ ❖ ❧❛❞♦ ♣r✐♥❝✐♣❛❧

◆♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ✉s❛♠♦s ♦ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ✉♠❛ s♦❧✉çã♦

♣❛r❛ (f = 0)✱ ♦♥❞❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧✱ ❡♠ ✉♠❛ s✐t✉❛çã♦ ❡♠ q✉❡ t❛❧ ♣r♦❝❡ss♦ ♥ã♦ ♣♦❞❡

♣r♦ss❡❣✉✐r✳ ❯♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❡♠ ❝❛❞❛ ❡t❛♣❛ é ❛ ❡s❝♦❧❤❛ ❞❡ ❧❛❞♦s ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❞❡ ♠❛♥❡✐r❛ q✉❡ ❡st❡s ❣❛r❛♥t❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ r❛í③❡s ♥ã♦ ♥✉❧❛s ❞♦s r❡s♣❡❝t✐✈♦s ♣♦❧✐♥ô♠✐♦s

❝❛r❛❝t❡ríst✐❝♦s✳ ◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❡s❝♦❧❤❡r♠♦s✱ ❡♠ ❝❛❞❛ ❡t❛♣❛✱ ♦s

❧❛❞♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥✱ ✈✐s❛♥❞♦ ❡✈✐t❛r s✐t✉❛çõ❡s s❡♠❡❧❤❛♥t❡s ❛ ❛♥t❡r✐♦r✳ Pr♦❝❡❞❡♥❞♦ ❞❡ss❛

❢♦r♠❛✱ ♦ ❛❧❣♦r✐t♠♦ s❡♠♣r❡ ♣r♦ss❡❣✉❡✳

P♦r ✉♠ ♠♦♠❡♥t♦✱ ❝♦♥s✐❞❡r❡ L ✉♠ ❧❛❞♦ ❞❡ N(f) ❝✉❥❛ ✐♥❝❧✐♥❛çã♦ é −1/µ✳ ❉❡♥♦t❡ ♣♦r

(a′(L), b′(L)) ❡ (a(L), b(L))

♦s ♣♦♥t♦s ♠❛✐s ❜❛✐①♦ ❡ ♠❛✐s ❛❧t♦ ❞❡ L, r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❉✐③❡♠♦s q✉❡ L é ✉♠ ❧❛❞♦ ❜♦♠ ❞❡ N(f) s❡ ♦s ♣♦♥t♦s ❡①tr❡♠♦s (a′(L), b′(L)) ❡

(a(L), b(L)) s❛t✐s❢❛③❡♠✿

(a, L)f := B(a(L),b(L)) 6= 0 ❡ −
A(a(L),b(L))

B(a(L),b(L))
/∈ Q(≥µ) = {r ∈ Q| r ≥ µ}✳

(b, L)f := A(a′(L),b′(L)) + µB(a′(L),b′(L)) 6= 0✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✳ ❙❡ (y = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (f = 0)✱ ❞✐③❡♠♦s q✉❡ L é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(f)

s❡ L é ♦ ❧❛❞♦ ❜♦♠ ❞❡ ♠❛✐♦r ✐♥❝❧✐♥❛çã♦ ❡♠ N(f)✱ ✐st♦ é✱ s❡ L é ♦ ❧❛❞♦ ❞❡ ♠❛✐♦r ✐♥❝❧✐♥❛çã♦ ❞❡

N(f) q✉❡ s❛t✐s❢❛③ (a, L)f ❡ (b, L)f ✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✸✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ é ♦ ❧❛❞♦ ❜♦♠ ♠❛✐s ❜❛✐①♦ ❞❡ N(f)✳

❊♠ ❝❛❞❛ ❡t❛♣❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✱ ✐♠♣♦♠♦s ❛ ❝♦♥❞✐çã♦ t♦♠❛r♠♦s s❡♠♣r❡ ♦

❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❡♠ q✉❡stã♦✱ ✉♠❛ ✈❡③ q✉❡ ❛s ❝♦♥❞✐çõ❡s (a, L)f ❡ (b, L)f

❣❛r❛♥t❡♠✱ s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ q✉❡

A(a′(L),b′(L)) + µB(a′(L),b′(L)) 6= 0 ❡ A(a(L),b(L)) + µB(a(L),b(L)) 6= 0,

❡ ✐ss♦ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ r❛í③❡s ♥ã♦ ♥✉❧❛s ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❛ss♦❝✐❛❞♦ ❛ L✳

❖❜s❡r✈❡ q✉❡ ✐st♦ ♣♦ss✐❜✐❧✐t❛ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❝♦♥t✐♥✉❡✳ P❛r❛ ❡✈✐❞❡♥❝✐❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ❡st❛r♠♦s

❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ♥♦ ❛❧❣♦r✐t♠♦✱ ✈❛♠♦s ♠♦str❛r ❛ r❛③ã♦ ♣❡❧❛ q✉❛❧ ♦ ♣r♦❝❡ss♦ ♥ã♦

♣♦❞❡ ❝♦♥t✐♥✉❛r ♥♦ ❊①❡♠♣❧♦ ✸✳✶✳✷✳

❊①❡♠♣❧♦ ✸✳✷✳✹✳ ❙❡❥❛♠ f ❡ f1 ❞❛❞❛s ❝♦♠♦ ♦ ❊①❡♠♣❧♦ ✸✳✶✳✷✱ ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ❧❛❞♦ ❞❡ N(f1)

❝✉❥❛ ✐♥❝❧✐♥❛çã♦ s❡❥❛ −1/2 ❝♦♠ µ = 2✱ ♦ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ L2✳ ❖❜s❡r✈❡ q✉❡ t❛❧ ❧❛❞♦ ♣♦ss✉✐

❞♦✐s ♣♦♥t♦s (1, 2) ❡ (5, 0)✱ ♦s q✉❛✐s sã♦ ♦s ♣♦♥t♦s ♠❛✐s ❛❧t♦ ❡ ♠❛✐s ❜❛✐①♦ ❞❡ L2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❡①✐❜✐♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s Aαβ ❡ Bαβ q✉❡ ❢♦r♠❛♠ ♦s ❜✐♥ô♠✐♦s ❞✐❢❡r❡♥❝✐❛✐s

❛ss♦❝✐❛❞♦s ❛ f1 ❡ ❡♥❝♦♥tr❛♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✱
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A′
1,2 = 2 ❡ B′

1,2 = −1

A′
0,5 = 1 ❡ B′

0,5 = 0✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ t❡♠♦s q✉❡ (b, L)f é s❛t✐s❢❡✐t❛✱ ♣♦✐s

A(5,0) + 2B(5,0) = 1 6= 0.

◆♦ ❡♥t❛♥t♦✱ ♥♦t❡ q✉❡ (a, L)f ♥ã♦ é s❛t✐s❢❡✐t❛✱ ✉♠❛ ✈❡③ q✉❡ t❡♠♦s

−
A′

12

B′
12

= 2 ∈ Q(≥2).

▲♦❣♦✱ L2 ♥ã♦ é ✉♠ ❧❛❞♦ ❜♦♠ ❞❡ N(f1)✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r✱ ❛ss❡❣✉r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ N(f)✱

❞❡s❞❡ q✉❡ ❡①✐st❛ ✉♠ ❧❛❞♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (a, L)f ✳

▲❡♠❛ ✸✳✷✳✺✳ ❆ss✉♠✐♠♦s q✉❡ (y = 0) ♥ã♦ s❡❥❛ s♦❧✉çã♦ ❞❡ (f = 0) ❡ q✉❡ ❡①✐st❛ ✉♠ ❧❛❞♦ L ❞❡

N(f) ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µ s❛t✐s❢❛③❡♥❞♦ (a, L)f ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ f q✉❡ ♣♦ss✉✐

✐♥❝❧✐♥❛çã♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ −1/µ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ L ♦ ❧❛❞♦ ❞❡ N(f) ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µ ❡ (a(L), b(L)) ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦

❞❡ L✳ ❚❡♠♦s ♣♦r ❤✐♣ót❡s❡ q✉❡ L s❛t✐s❢❛③ (a, L)f ✱ ✐st♦ é✱

B(a(L),b(L)) 6= 0 ❡ −
A(a(L),b(L))

B(a(L),b(L))
/∈ Q(≥µ)✳

P♦❞❡♠♦s ❞❡♥♦t❛r ♦s ❧❛❞♦s ❞❡ N(f) ❝♦♠ ✐♥❝❧✐♥❛çõ❡s ♠❛✐♦r❡s q✉❡ −1/µ ❡ s✉❛s r❡s♣❡❝t✐✈❛s

✐♥❝❧✐♥❛çõ❡s ♣♦r Li ❡ −1/µi✱ ❝♦♠ i = 1, · · · , k, ♦♥❞❡ ❡st❛s ú❧t✐♠❛s s❛t✐s❢❛③❡♠

−
1

µ
< −

1

µ1
< · · · < −

1

µk
.

❖❜s❡r✈❡ q✉❡ Lk é ♦ ❧❛❞♦ ❞❡ N(f) ❝♦♠ ♠❛✐♦r ✐♥❝❧✐♥❛çã♦ ❡✱ ❝♦♠♦ (y = 0) ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❞❡

(f = 0)✱ s❡❣✉❡ q✉❡ ♦ ♣♦♥t♦ ♠❛✐s ❜❛✐①♦ ❞❡ Lk é ❞❛ ❢♦r♠❛ (a′(Lk), b
′(Lk)) = (α, 0)✱ ♣❛r❛ ❛❧❣✉♠

α✳ P❡❧❛ ❉❡✜♥✐çã♦ ✷✳✶✳✶✱ t❡♠♦s B(a′(Lk),b′(Lk)) = 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ A(a′(Lk),b′(Lk)) é ♥ã♦ ♥✉❧♦✳

❆ss✐♠✱

A(a′(Lk),b′(Lk)) + µB(a′(Lk),b′(Lk)) 6= 0,

✐st♦ é✱ ✈❛❧❡ (b, Lk)f ✳

❆✜r♠❛çã♦ ✸✳✷✳✻✳ P❛r❛ i = 1, · · · , k − 1, s❡ Li ♥ã♦ s❛t✐s❢❛③ (b, Li)f ✱ ❡♥tã♦ Li+1 s❛t✐s❢❛③

(a, Li+1)f ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ Li ♥ã♦ s❛t✐s❢❛③ (b, Li)f ✱ t❡♠♦s

A(a′(Li),b′(Li)) + µiB(a′(Li),b′(Li)) = 0.

◆♦t❡ q✉❡✱ ♥❡st❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ t❡♠♦s B(a′(Li),b′(Li)) ♥ã♦ ♥✉❧♦ ❡

−
A(a′(Li),b′(Li))

B(a′(Li),b′(Li))
= µi. ✭✸✳✸✮
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❯♠❛ ✈❡③ q✉❡ µi+1 > µi✱ s❡❣✉❡ q✉❡

Q(≥µi+1) ⊂ Q(≥µi),

❡ ❝♦♠♦ (a′(Li), b
′(Li)) = (a(Li+1), b(Li+1))✱ s❡❣✉❡ q✉❡

−
A(a(Li+1),b(Li+1))

B(a(Li+1),b(Li+1))
= µi < µi+1,

♦✉ s❡❥❛✱

−
A(a(Li+1),b(Li+1))

B(a(Li+1),b(Li+1))
/∈ Q(≥µi+1).

❆ss✐♠✱ (a, Li+1)f é ✈á❧✐❞❛✱ ♦ q✉❡ ♣r♦✈❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

P♦r ✜♠✱ ❛♥❛❧✐s❛♥❞♦ (a, Li+1)fi+1
❡ (b, Li)fi ♣❛r❛ ❝❛❞❛ i✱ ❣❛r❛♥t✐♠♦s ❛ ❡①✐tê♥❝✐❛ ❞❡ ✉♠ ❧❛❞♦

❞❡♥tr❡ L,L1, · · · , Lk, s❛t✐s❢❛③❡♥❞♦ ❛♠❜❛s ❛s ❝♦♥❞✐çõ❡s q✉❡ ❞❡t❡r♠✐♥❛♠ ✉♠ ❧❛❞♦ ❜♦♠ ❞❡ N(f).

P♦rt❛♥t♦✱ N(f) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ✐♥❝❧✐♥❛çã♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✲1/µ.

❖ ❝♦r♦❧ár✐♦ ❛❜❛✐①♦ ♣❡r♠✐t❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥

❞❡ f.

❈♦r♦❧ár✐♦ ✸✳✷✳✼✳ ❆ss✉♠✐♠♦s q✉❡ L é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ f ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µ ❡ ♣♦♥t♦s

❡①tr❡♠♦s (a′(L), b′(L)) ❡ (a(L), b(L)). ❊♥tã♦ ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s é ✈á❧✐❞❛✿

i) B(a′(L),b′(L)) = 0;

ii) B(a′(L),b′(L)) 6= 0 ❡ −
A(a′(L),b′(L))

B(a′(L),b′(L))
∈ Q(>µ) = {r ∈ Q| r > µ}✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ f ❡ L ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(f)✳ ❙✉♣♦♥❤❛

q✉❡ L é ♦ ❧❛❞♦ ❝♦♠ ♠❛✐♦r ✐♥❝❧✐♥❛çã♦ ❞❡ N(f)✱ ❡♥tã♦ ♦ ♣♦♥t♦ ♠❛✐s ❜❛✐①♦ ❞❡ L é ❞❛❞♦ ❞❛ ❢♦r♠❛

(a′(L), b′(L)) = (α, 0)✱ ❡ é ✐♠❡❞✐❛t♦ q✉❡ B(a′(L),b′(L)) = 0✱ ✐st♦ é✱ i) é s❛t✐s❢❡✐t❛✳ ❈❛s♦ L ♥ã♦ s❡❥❛ ♦

❧❛❞♦ ❝♦♠ ♠❛✐♦r ✐♥❝❧✐♥❛çã♦✱ t♦♠❡♠♦s L1 ♦ ❧❛❞♦ ❞❡ N(f) ❝✉❥♦ ✈ért✐❝❡ ♠❛✐s ❛❧t♦ é ✐❣✉❛❧ ❛♦ ✈ért✐❝❡

♠❛✐s ❜❛✐①♦ ❞❡ L✱ ✐st♦ é✱

(a′(L), b′(L)) = (a(L1), b(L1)).

❈♦♠♦ L é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧✱ s❡❣✉❡ q✉❡ (b, L)f é ✈á❧✐❞❛✱ ♦✉ s❡❥❛✱

A(a′(L),b′(L)) + µB(a′(L),b′(L)) 6= 0.

❆ss✐♠✱ (a, L1)f ♥ã♦ ♣♦❞❡rá s❡r s❛t✐s❢❡✐t❛✱ ♣♦✐s ❝❛s♦ ♦ ❢♦ss❡✱ ♦ ▲❡♠❛ ✸✳✷✳✺ ✐♠♣❧✐❝❛r✐❛ q✉❡ N(f)

♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ ♠❛✐♦r q✉❡ µ✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❡st❛♠♦s s✉♣♦♥❞♦

q✉❡ L é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(f) ❡ ❡st❡ é ú♥✐❝♦✳

❆✜r♠❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ {(b, L)f ❡ ♥ã♦ (a, L1)f} ✐♠♣❧✐❝❛ i) ♦✉ ii)✱ ❡ ♦ r❡s✉❧t❛❞♦ ❡stá

♣r♦✈❛❞♦✳ Pr✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡ s✉♣♦♥❞♦ (b, L)f ❡ ♥ã♦ (a, L1)f s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ t❡♠♦s ❞✉❛s

s✐t✉❛çõ❡s ❞✐st✐♥t❛s✳ ❙❡

A(a′(L),b′(L)) + µB(a′(L),b′(L)) 6= 0 ❡ B(a′(L),b′(L)) = 0,

✹✶
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❡ t❡♠♦s i)✳ ❈❛s♦ ❝♦♥trár✐♦✱ t❡♠♦s

A(a′(L),b′(L)) + µB(a′(L),b′(L)) 6= 0 ❡ −
A(a′(L),b′(L))

B(a′(L),b′(L))
∈ Q(≥µ),

✐st♦ é✱ ii) é ✈á❧✐❞♦✳

❖ ❝♦r♦❧ár✐♦ s❡❣✉✐♥t❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞♦

♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❢♦r♠❛ ω✳

❈♦r♦❧ár✐♦ ✸✳✷✳✽✳ ❙❡❥❛ fω ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❢♦r♠❛ ω ❡ ❛ss✉♠❛ q✉❡ (x = 0)

❡ (y = 0) ♥ã♦ sã♦ s♦❧✉çõ❡s ❞❡ (fω = 0)✳ ❊♥tã♦ N(fω) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡ (x = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (fω = 0)✱ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠ ♣♦♥t♦ (−1, β) ❡♠ N(fω)✱ ❝♦♠ A(−1,β) = 0, ❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ B(−1,β) ♥ã♦ ♥✉❧♦✳ ❈♦♥s✐❞❡r❡ L

♦ ❧❛❞♦ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❛ss♦❝✐❛❞♦ ❛ fω ❝✉❥♦ ✈ért✐❝❡ ♠❛✐s ❛❧t♦ é ♦ ♣♦♥t♦ (−1, β)✳ ◆❡ss❛s

❝♦♥❞✐çõ❡s✱ ❝❧❛r❛♠❡♥t❡ (a, L)fω é s❛t✐s❢❡✐t❛✱ ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✺✱ ❡①✐st❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(fω)

❧♦❝❛❧✐③❛❞♦ ❛❜❛✐①♦ ❞❡ L✳ ▲♦❣♦✱ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ fω ♣♦ss✉✐ ❧❛❞♦ ♣r✐♥❝✐♣❛❧✳

✸✳✸ ❊♥❝♦♥tr❛♥❞♦ ✉♠❛ s♦❧✉çã♦

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥✱ ❡

✐♠♣♦♠♦s ❛ ✉t✐❧✐③❛çã♦ ❞❡st❡ ♦❜❥❡t♦ ♥♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦ ♣♦ss❛ ❝♦♥t✐♥✉❛r✳ ❆❧é♠

❞✐ss♦✱ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡st❡✱ ❞❡s❞❡ q✉❡ x ❡ y ♥ã♦ s❡❥❛♠ ❢❛t♦r❡s ❞❡ f ✳ ◆❡st❛ s❡çã♦✱

❞❡✜♥✐♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ r❛í③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ q✉❡ ♣❡r♠✐t❡♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡

◆❡✇t♦♥✲P✉✐s❡✉① ♣♦ss❛ s❡r ❛♣❧✐❝❛❞♦ r❡❝✉rs✐✈❛♠❡♥t❡ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ ❝❛♥❞✐❞❛t❛ ❛ s♦❧✉çã♦ ❞❡

(f = 0)✱ ♦♥❞❡ f é ✉♠❛ ❢✉♥çã♦ ❢♦r♠❛❧ ❡♠ Cq✳

❙✉♣♦♥❤❛ q✉❡ N(f) ♣♦ss✉❛ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ L ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ ♣♦s✐t✐✈❛ µ. ❈♦♥s✐❞❡r❡ ♦

♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥✐❝✐❛❧ ❝♦♠♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✵✮✱ ✐st♦ é✱

h(x, y) = In(µ)(f) = A0x
α +

t
∑

i=k

(Aix
αiyi +Bix

αi+1yi−1y′),

♦♥❞❡ αi = α − µi✱ ❡ k ≤ t, ❝♦♠ (Ak, Bk) 6= (0, 0) ❡ (At, Bt) 6= (0, 0)✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ k ❡ t

sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ♠❡♥♦r ❡ ♠❛✐♦r ♦r❞❡♥❛❞❛ ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦ ♥ã♦ ♥✉❧♦s

s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r ❢♦r♥❡❝❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ϕ q✉❡ ❞❡❝♦rr❡♠ ❞❛

Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷✳ ❊ss❛s r❡❧❛çõ❡s s❡rã♦ ✉s❛❞❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵✱ ♣r✐♥❝✐♣❛❧

r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ✸✳

▲❡♠❛ ✸✳✸✳✶✳ ❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷✱ sã♦ ✈á❧✐❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s✿

i) Ai(c) = Bi(c) = 0 ⇐⇒ ϕ(i)(c) = 0 ❡ β(i−1)(c) = 0 ♣❛r❛ i = 1, · · · , k − 1.

ii) Bk(c) = 0 ❡ Ak(c) 6= 0 ⇐⇒ ϕ(k)(c) 6= 0 ❡ β(k−1)(c) = 0✳

iii) Bk(c) 6= 0 ❡ −
Ak(c)

Bk(c)
∈ Q(>µ) ⇐⇒ β(k−1)(c) 6= 0 ❡ −

ϕ(k)(c)

kβ(k−1)(c)
∈ Q+.

✹✷
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❉❡♠♦♥str❛çã♦✳ i) P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷✱ t❡♠♦s q✉❡

Bi(c) =
1

(i− 1)!
β(i−1)(c) ❡

ϕ(i)(c)

i!
= Ai(c) + µ

1

(i− 1)!
β(i−1)(c).

➱ ❢á❝✐❧ ✈❡r q✉❡✱ Bi(c) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ β(i−1)(c) = 0 ❡ ϕ(i)(c) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

Ai(c) = Bi(c) = 0✱ ♣❛r❛ i = 1, · · · , k − 1.

ii) P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷✱ é ❢á❝✐❧ ✈❡r q✉❡ Bk(c) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ β(k−1)(c) = 0✳ ◆❡st❛s

❝♦♥❞✐çõ❡s✱ t❡♠♦s Ak(c) 6= 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ(k)(c) 6= 0✳

iii) ❙✉♣♦♥❤❛ q✉❡ Bk(c) 6= 0 ❡

−
Ak(c)

Bk(c)
= q,

❝♦♠ q ∈ Q ❡ q > µ✳ P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷✱ Bk(c) ♥ã♦ ♥✉❧♦ ✐♠♣❧✐❝❛ ❡♠ β(k−1)(c) ♥ã♦ ♥✉❧♦✱ ❡

ϕ(k)(c)

kβ(k−1)(c)
=

ϕ(k)(c)(k − 1)!

k!β(k−1)(c)

=
Ak(c)(k − 1)!

β(k−1)(c)
+ µ

=
Ak(c)(k − 1)!

Bk(c)(k − 1)!
+ µ

= −q + µ

▲♦❣♦✱

−
ϕ(k)(c)

kβ(k−1)(c)
= q − µ,

❡ ❝♦♠♦ q > µ, t❡♠♦s

−
ϕ(k)(c)

kβ(k−1)(c)
∈ Q+.

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ −
ϕ(k)(c)

kβ(k−1)(c)
= q ∈ Q+ ❡ β(k−1)(c) ♥ã♦ ♥✉❧♦✳ ❊♥tã♦✱ Bk(c) é ❞✐❢❡r❡♥t❡

❞❡ ③❡r♦ ❡

Ak(c)

Bk(c)
=

ϕ(k)(c)

k!Bk(c)
− µ.

❖✉ s❡❥❛✱

Ak(c)

Bk(c)
=

ϕ(k)(c)(k − 1)!

k!β(k−1)(c)
− µ

=
ϕ(k)(c)

kβ(k−1)(c)
− µ

= −q − µ

✹✸
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❡

−
Ak(c)

Bk(c)
= q + µ ∈ Q(>µ).

❙❡❥❛ R = {γ1, γ2, · · · , γs} ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s ♥ã♦ ♥✉❧❛s ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ϕ(f,µ)(c)✱

❡ s❡❥❛♠ (α, β) ❡ (α′, β′) r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ♣♦♥t♦s ♠❛✐s ❛❧t♦ ❡ ♠❛✐s ❜❛✐①♦ ❞❡ L✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱

t❡♠♦s β′ ❡ β ♥❛t✉r❛✐s✱ ❝♦♠ β′ < β✳ ❖❜s❡r✈❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s (a, L)f ❡ (b, L)f ✐♠♣❧✐❝❛♠

r❡s♣❡❝t✐✈❛♠❡♥t❡ q✉❡

Aα′β′ + µBα′β′ 6= 0 ❡ Aαβ + µBαβ 6= 0.

❊ss❛s ❞✉❛s ❝♦♥❞✐çõ❡s✱ ♣♦r s✉❛ ✈❡③✱ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛ ❞❡ ϕ✱ ♦ q✉❡

s✐❣♥✐✜❝❛ q✉❡ R é ♥ã♦ ✈❛③✐♦✳

P❛r❛ ❝❛❞❛ r❛✐③ γj ❞❡ ϕ ❡♠ R✱ ❛ ❆✜r♠❛çã♦ ✷✳✸✳✶ ❣❛r❛♥t❡ q✉❡

In(µ)(f [γjx
µ + y]) = h[γjx

µ + y] =

t
∑

i=kj

Ai(γj)x
αiyi +Bi(γj)x

αi+1yi−1y′, ✭✸✳✹✮

♦♥❞❡ kj é ♦ ♠❡♥♦r í♥❞✐❝❡ ❡♠ q✉❡ ❛♦ ♠❡♥♦s ✉♠ ❞♦s ❝♦❡✜❝✐❡♥t❡s Ai(γj) ♦✉ Bi(γj) é ♥ã♦ ♥✉❧♦✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✷✳ ❯♠❛ ✈❡③ q✉❡ γj é ✉♠❛ r❛✐③ ❞❡ ϕ✱ s❡❣✉❡ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✸✳✷ q✉❡

A0(γj) = ϕ(γj) = 0. ✭✸✳✺✮

❖❜s❡r✈❛çã♦ ✸✳✸✳✸✳ ❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ kj , t❡♠♦s Ai(γj) = Bi(γj) = 0, ♣❛r❛

i = 1, · · · , kj − 1✳ P❡❧♦ ▲❡♠❛ ✸✳✸✳✶✱ s❡❣✉❡ q✉❡

ϕ(i)(γj) = 0 ❡ β(i−1)(γj) = 0,

s❡♠♣r❡ q✉❡ i < kj .

❉❡✜♥✐çã♦ ✸✳✸✳✹✳ ❙❡❥❛ γj ✉♠❛ r❛✐③ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡r✐st✐❝♦ ϕ✳ ❉✐③❡♠♦s q✉❡ γj é ✉♠❛ r❛✐③

♣❡r❢❡✐t❛ ❞❡ ϕ s❡ ❛s❛ s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

Bkj (γj) 6= 0 ❡ −
Akj (γj)

Bkj (γj)
/∈ Q(>µ) = {r ∈ Q|r > µ}. ✭✸✳✻✮

❖❜s❡r✈❛çã♦ ✸✳✸✳✺✳ ❙❡ γj ♥ã♦ é ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❡♠ R✱ ♦✉ ♠❡❧❤♦r✱ s❡ γj ♥ã♦ s❛t✐s❢❛③ ❛

♣r♦♣r✐❡❞❛❞❡ ✭✸✳✻✮✱ ♣♦❞❡♠♦s t❡r ❞✉❛s s✐t✉❛çõ❡s ❞✐st✐♥t❛s✿

Bkj (γj) = 0 ❡ Akj (γj) 6= 0

♦✉

Bkj (γj) 6= 0 ❡ −
Akj (γj)

Bkj (γj)
∈ Q(>µ).

✹✹
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P❡❧♦ ▲❡♠❛ ✸✳✸✳✶✱ ❡st❛s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛✿

ϕ(kj)(γj) 6= 0 ❡ β(kj−1)(γj) = 0 ✭✸✳✼✮

♦✉

β(kj−1)(γj) 6= 0 ❡ −
1

kj

ϕ(kj)(γj)

β(kj−1)(γj)
∈ Q+. ✭✸✳✽✮

❆s r❡❧❛çõ❡s ❛❝✐♠❛ sã♦ ✐♠♣♦rt❛♥t❡s ❝❛r❛❝t❡r✐③❛çõ❡s ❞❛s r❛í③❡s ♥ã♦ ♣❡r❢❡✐t❛s ❞♦ ♣♦❧✐♥ô♠✐♦

❝❛r❛❝t❡ríst✐❝♦✳

❈♦♥❢♦r♠❡ ❞❡✜♥✐♠♦s✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é ❞❛❞♦ ♣♦r

ϕ(c) = ϕ(f,µ)(c) = A0 +

t
∑

i=k

(Ai + µBi)c
i, ✭✸✳✾✮

❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛s r❛í③❡s ❞❡ ϕ ❡♠ R✱ ♣♦❞❡♠♦s ❢❛t♦r❛r t❛❧ ♣♦❧✐♥ô♠✐♦ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ϕ(c) = (At + µBt)c
r(c− γ1)

e1(c− γ2)
e2 · · · (c− γs)

es . ✭✸✳✶✵✮

♦♥❞❡ ei r❡♣r❡s❡♥t❛ ❛ ♦r❞❡♠ ❞❛ r❛✐③ γj ✳ ❖❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✶✱ ϕ(kj)(γj) é s❡♠♣r❡ ♥ã♦

♥✉❧♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ei = ki ♣❛r❛ ❝❛❞❛ i = 1, · · · , s✳

❆ ❛✜r♠❛çã♦ ❛❜❛✐①♦ r❡❧❛❝✐♦♥❛ ❛s r❛í③❡s ♥ã♦ ♣❡r❢❡✐t❛s ❞❡ ϕ ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦

β(c) =
t
∑

i=k

Bic
i−1,

❞❡✜♥✐❞❛ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

❆✜r♠❛çã♦ ✸✳✸✳✻✳ ❙✉♣♦♥❤❛ q✉❡ γj ♥ã♦ s❡❥❛ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ(c)✳ ❊♥tã♦ ✉♠❛ ❞❛s

♣r♦♣r✐❡❞❛❞❡s é ✈á❧✐❞❛✿

i) β(γj) = β′(γj) = · · · = β(kj−1)(γj) = 0❀

ii) β(γj) = β′(γj) = · · · = β(kj−2)(γj) = 0 ❡ ❡①✐st❡ ✉♠ r❛❝✐♦♥❛❧ qj ∈ Q+ t❛❧ q✉❡

β(kj−1)(γj) = (kj − 1)!(−qj)(At + µBt)γ
r
j

s
∏

i 6=j

(γj − γi)
ki .

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ ❝♦♠♦ γj ♥ã♦ é ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ✱ ❛ ❖❜s❡r✈❛çã♦

✸✳✸✳✺ ❣❛r❛♥t❡ q✉❡ γj s❛t✐s❢❛③ ✭✸✳✼✮ ♦✉ ✭✸✳✽✮✳ ❙❡ γj s❛t✐s❢❛③ ✭✸✳✼✮✱ t❡♠♦s β(kj−1)(γj) = 0 ❡ ✉s❛♥❞♦

❖❜s❡r✈❛çã♦ ✸✳✸✳✸✱ s❡❣✉❡

β(γj) = β′(γj) = · · · = β(kj−1)(γj) = 0,

❡ ♦ ✐t❡♠ i) é ✐♠❡❞✐❛t♦✳ ❙❡ γj s❛t✐s❢❛③ ✭✸✳✽✮✱ ❡s❝r❡✈❛

−
ϕ(kj)(γj)

kjβ(kj−1)(γj)
= q

✹✺
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❡ t♦♠❡ qj =
1

q
✳ ❊♥tã♦

β(kj−1)(γj) = −
qj
kj
ϕ(kj)(γj), ✭✸✳✶✶✮

❡ ❜❛st❛ ❡①✐❜✐r ϕ(kj)(γj)✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝❛❧❝✉❧❡♠♦s ❛ kj✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦

❛✈❛❧✐❛❞❛ ❡♠ γj ✳ ❖❜s❡r✈❡ q✉❡

ϕ′(c) = (At + µBt)[rc
r−1

s
∏

i=1

(c− γi)
ki + cr(k1(c− γi)

k1−1
s
∏

i=2

(c− γi)
ki

+ (c− γi)
k1(k2(c− γi)

k2−1
s
∏

i 6=2

(c− γi)
ki + (c− γi)

k2(· · · )))],

❡ ♣❛r❛ ❡①✐❜✐r ❛s ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♥s s✉♣❡r✐♦r❡s✱ ♥♦t❡ q✉❡ γj ♣♦ss✉✐ ♦r❞❡♠ kj ❡♠ ϕ✳ ❆ss✐♠✱ ❛♣❡♥❛s

❛ kj✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡ ϕ é ♥ã♦ ♥✉❧❛ ❡♠ γj , ❡ é ❡①♣r❡ss❛ ♣♦r ✉♠ ❢❛t♦r ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ (c− γj)✱

♦ q✉❛❧ é ❞❛❞♦ ♣♦r

ϕ(kj)(c) = (At + µBt)c
rkj !

s
∏

i 6=j

(c− γi)
ki .

▲♦❣♦✱

ϕ(kj)(γj) = (At + µBt)γ
r
j kj !

s
∏

i 6=j

(γj − γi)
ki

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✶✮✱ t❡♠♦s

β(kj−1)(γj) = (−qj)(At + µBt)γ
r
j (kj − 1)!

s
∏

i 6=j

(γj − γi)
ki .

❈♦♠ ❛ ❖❜s❡r✈❛çã♦ ✸✳✸✳✸✱ t❡♠♦s β(i−1) = 0 ♣❛r❛ i = 1, · · · , kj − 1✱ ❡ ♣r♦✈❛♠♦s ♦ ✐t❡♠ ii)✳

◆❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❞✐çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠ r❛í③❡s ♥ã♦ ♣❡r❢❡✐t❛s ❞❡ ϕ.

❙✉♣♦♥❤❛ q✉❡ γ1, · · · , γs′ sã♦ r❛í③❡s ♥ã♦ ♣❡r❢❡✐t❛s ❞❡ ϕ✳ ◆♦♠❡❛♠♦s γ1, · · · , γl✱ r❛í③❡s q✉❡ s❛t✐s❢❛③❡♠

i) ❞❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✳ ◆❡❝❡ss❛r✐❛♠❡♥t❡✱ s❡❣✉❡ q✉❡ γ1+1, · · · , γs′ s❛t✐s❢❛③❡♠ ♦ ✐t❡♠ ii)✱ ❝♦♠

s′ ≤ s✳ ◆♦t❡ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ϕ(c) = A0 +

t
∑

i=k

(Ai + µBi)c
i = α(c) + µcβ(c),

♦♥❞❡

α(c) =

t
∑

i=k

Aic
i ❡ β(c) =

t
∑

i=k

Bic
i−1. ✭✸✳✶✷✮

✹✻
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❯♠❛ ✈❡③ q✉❡ (At, Bt) 6= (0, 0)✱ s❡❣✉❡ q✉❡ deg(ϕ(c)) = t✱ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✵✮✱ t❡♠♦s q✉❡

t = r +

s
∑

i=1

ki.

❖s r❡s✉❧t❛❞♦s s❡❣✉✐♥t❡s ❛♣r❡s❡♥t❛♠ r❡❧❛çõ❡s ♣❛r❛ ♦ t❡r♠♦ β ❛❝✐♠❛ ❞❡❝♦rr❡♥t❡s ❞♦s ❝❛s♦s

❞✐st✐♥t♦s ♥♦s q✉❛✐s ♦ ❝♦❡✜❝✐❡♥t❡ A0 = 0 ♦✉ A0 6= 0✳

▲❡♠❛ ✸✳✸✳✼✳ ❙❡ A0 = 0✱ ❡♥tã♦

β(c) = Btc
k−1

s
∏

i=1

(c− γi)
ki +

s
∑

i=l+1

−qiγi(At + µBt)c
k−1(c− γi)

ki−1
s
∏

j 6=i

(c− γj)
kj .

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

q1(c) = Btc
k−1

s
∏

i=1

(c− γi)
ki ❡ q2(c) =

s
∑

i=l+1

−qiγi(At + µBt)c
k−1(c− γi)

ki−1
s
∏

j 6=i

(c− γj)
kj ,

❡ ❞❡✜♥❛

ρ(c) = β(c)− q(c),

♦♥❞❡ q(c) = q1(c) + q2(c). ❋❛r❡♠♦s ✉♠❛ ❛♥á❧✐s❡ s♦❜r❡ ♦ ❣r❛✉ ❞❡ ρ(c)✳ ❉❡ ✐♥í❝✐♦✱ ♦❜s❡r✈❡ q✉❡

❝♦♠♦ A0 = 0, t❡♠♦s q✉❡ r = k ✳ ◆♦t❡ q✉❡ deg(β(c)) ≤ t− 1✱ ❝♦♠ t❡r♠♦ ❞❡ ♠❛✐♦r ❣r❛✉ ❞❛❞♦ ♣♦r

Btc
t−1✳ ❆❧é♠ ❞✐ss♦✱ ♦ t❡r♠♦ ❞❡ ♠❛✐♦r ❣r❛✉ ❞❡ q1(c) é ❞❛❞♦ ♣♦r Btc

k−1ck1 · · · cks ✱ ✐st♦ é✱ Btc
t−1✳

■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦s t❡r♠♦s ❞❡ ❣r❛✉ ♠á①✐♠♦ ❞❡ β(c) ❡ q1(c) ❝♦✐♥❝✐❞❡♠✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

deg(β(c)− q1(c)) < t− 1.

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ i = l + 1, · · · , s✱ ♦ t❡r♠♦ ❞❡ ♠❛✐♦r ❣r❛✉ ❡♠ q2(c) é ❞❛❞♦ ♣♦r

−qiγi(At + µBt)c
k−1cki−1

s
∏

j 6=i

ckj ,

q✉❡ é ❡✈✐❞❡♥t❡♠❡♥t❡ ♥ã♦ ♥✉❧♦ ❡ ❝✉❥♦ ❣r❛✉ é t− 2. P♦rt❛♥t♦✱

deg(ρ(c)) < t− 1.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ q✉❡ ♣❛r❛ j = 1, · · · , l✱ t❡♠♦s

q(γj) = q′(γj) = · · · = q(kj−1)(γj) = 0,

✉♠❛ ✈❡③ q✉❡ ❛ ♦r❞❡♠ ❞❡ γj ❡♠ q é ❡①❛t❛♠❡♥t❡ kj ✱ ❡ ♣❡❧❛ ❆✜r♠❛çã♦ ✸✳✸✳✻✱ s❡❣✉❡ q✉❡

ρ(γj) = ρ′(γj) = · · · = ρ(kj−1)(γj) = 0.

✹✼
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P❛r❛ j = l + 1, · · · , s✱ ❛ ❆✜r♠❛çã♦ ✸✳✸✳✻ ❣❛r❛♥t❡ q✉❡ β(i)(γj) = 0, ♣❛r❛ i = 0, · · · , kj − 2 ❡

β(kj−1)(γj) = (kj − 1)!(−qj)(At + µBt)γ
k
j

s
∏

i 6=j

(γj − γi)
ki . ✭✸✳✶✸✮

❯♠❛ ✈❡③ q✉❡ ❛ ♦r❞❡♠ ❞❡ γj ❡♠ q1 é kj ✱ s❡❣✉❡ q✉❡ q1(γj) = q′1(γj) = · · · = q
(kj−1)
1 (γj) = 0.

❆❣♦r❛✱ ♣❛r❛ r❡❛❧✐③❛r♠♦s ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❡♠ q2✱ s✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡

l + 1 < j < s ❡ ❡s❝r❡✈❛

q2(c) = −ql+1γl+1(At + µBt)c
k−1(c− γl+1)

kl+1−1
s
∏

i 6=l+1

(c− γi)
ki

− qjγj(At + µBt)c
k−1(c− γj)

kj−1
s
∏

i 6=j

(c− γi)
ki

− qsγs(At + µBt)c
k−1(c− γs)

ks−1
s
∏

i 6=s

(c− γi)
ki .

❖❜s❡r✈❡ q✉❡ ❛ ♦r❞❡♠ ❞❡ γj ❡♠ q2 é (kj − 1)✱ ♦ q✉❡ s✐❣♥✐✜❝❛ ❛♣❡♥❛s ❛ (kj − 1)✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡

q2 é ♥ã♦ ♥✉❧❛ ❡♠ γj ✳ ❆ss✐♠✱

q
(kj−1)
2 (γj) = −qjγj(At + µBt)γj

k−1(kj − 1)!
s
∏

i 6=j

(γj − γi)
ki

= −qj(At + µBt)γj
k(kj − 1)!

s
∏

i 6=j

(γj − γi)
ki . ✭✸✳✶✹✮

◆❡ss❡ ❝❛s♦✱ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✶✸✮ ❡ ✭✸✳✶✹✮✱ t❡♠♦s

q
(kj−1)
2 (γj) = β(kj−1)(γj),

✐st♦ é✱

ρ(kj−1)(γj) = 0.

▼♦str❛♠♦s ❡♥tã♦ q✉❡

ρ(γj) = ρ(1)(γj) = · · · = ρ(kj−1)(γj) = 0,

♣❛r❛ t♦❞♦ j = 1, · · · , s✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ γj ♣♦ss✉✐ ♦r❞❡♠ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ kj ❡♠ ρ(c)✳ ❆❧é♠

❞✐ss♦✱ c = 0 ♣♦ss✉✐ ♦r❞❡♠ ♣❡❧♦ ♠❡♥♦s k − 1 ❡♠ ρ(c)✳ ▲♦❣♦✱

deg(ρ(c)) ≥ k − 1 +
s
∑

i=1

kj = t− 1.

P❡❧♦ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡ q✉❡ deg(ρ(c)) < t− 1 ❡ deg(ρ(c)) ≥

t− 1✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡

ρ(c) = 0,

✹✽



✸✳✸✳ ❊◆❈❖◆❚❘❆◆❉❖ ❯▼❆ ❙❖▲❯➬➹❖

✐st♦ é✱

β(c) = q(c),

♦ q✉❡ ♠♦str❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

❚❡♠♦s ❛✐♥❞❛✿

▲❡♠❛ ✸✳✸✳✽✳ ❙❡ A0 6= 0 ❡♠ ✭✸✳✾✮✱ ❡♥tã♦

β(c) =
s
∑

i=l+1

−qi(At + µBt)(c− γ1)
k1 · · · (c− γi)

ki−1 · · · (c− γs)
ks

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛ ❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r ρ(c) = β(c)− q(c), ♦♥❞❡

q(c) =
s
∑

i=l+1

−qi(At + µBt)(c− γ1)
k1 · · · (c− γi)

ki−1 · · · (c− γs)
ks .

❈♦♠♦ A0 6= 0✱ s❡❣✉❡ q✉❡ r = 0 ❡ t = k1 + · · ·+ kj ✳ P❛r❛ j = 1, · · · , l✱ ❛ ❆✜r♠❛çã♦ ✸✳✸✳✻ ✐♠♣❧✐❝❛

q✉❡

β(γj) = β′(γj) = · · · = β(kj−1)(γj) = 0,

❡ ❝♦♠♦ γj ♣♦ss✉✐ ♦r❞❡♠ kj ♥❛ ❡s❝r✐t❛ ❞❡ q✱ s❡❣✉❡ q✉❡ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ ♠❡♥♦r❡s ♦✉

✐❣✉❛✐s ❛ kj − 1 sã♦ ♥✉❧❛s ❡♠ γj . ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

ρ(γj) = ρ′(γj) = · · · = ρ(kj−1)(γj) = 0.

P❛r❛ j = l + 1, · · · , s, s❡❣✉❡ ❞❛ ❆✜r♠❛çã♦ ✸✳✸✳✻ q✉❡

β(i)(γj) = q(i)(γj) = 0

♣❛r❛ i = 1, · · · , kj − 2 ❡

β(kj−1)(γj) = q(kj−1)(γj),

♣❡❧♦ r❛❝✐♦❝í♥✐♦ r❡❛❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ j = 1, · · · , s,

t❡♠♦s

ρ(γj) = ρ′(γj) = · · · = ρ(kj−1)(γj) = 0.

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ordρ(γj) ≥ kj ❡ deg(ρ(c)) ≥
∑s

i=1 kj = t. ❉♦ ♣r♦✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s

t ≤ deg(ρ(c)) = t− 1,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ ρ(c) = 0✱ ❡

β(c) = q(c).

❙❡❥❛ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞✐❢r❡♥❝✐❛❧ f ∈ Cq ❡ ❝♦♥s✐❞❡r❡ L ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N (f) ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦

µ✳ ❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ♣❡r♠✐t❡ ❞✐③❡r q✉❡ ♦ ❆❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦

r❡❝✉s✐✈❛♠❡♥t❡ ♠❡❞✐❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❡ ❝♦♥s✐❞❡r❛♥❞♦ s❡♠♣r❡ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧

❞❡ N (f)✳

✹✾
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▲❡♠❛ ✸✳✸✳✾✳ ❙✉♣♦♥❤❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ γj0 ❞❡ ϕ ❡♠ R ❡ s❡❥❛ f1 = f [γj0x
µ+ y]✳

❙❡ (y = 0) ♥ã♦ é s♦❧✉çã♦ ❞❡ (f1 = 0)✱ ❡♥tã♦ N(f1) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ✐♥❝❧✐♥❛çã♦

♠❛✐♦r q✉❡ −1/µ✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ γj0 ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ✱ ❡ s❡❥❛ (αkj0
, kj0) = (α′, β′) ♦ ♣♦♥t♦

❞❡ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ ❜✐❣r❛✉ ❛ss♦❝✐❛❞♦ ❛ γj0 ✳ ❙❡❣✉❡ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✭✸✳✻✮ q✉❡

t❛❧ ♣♦♥t♦ ♣❡rt❡♥❝❡ ❛ ∆(f1) ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ❡st❡ ♣♦♥t♦ é ú♥✐❝♦ ❝♦♠ ♦r❞❡♥❛❞❛ é kj0 ✳ ❆ss✐♠✱

(α′, β′) ♣❡rt❡♥❝❡ ❛♦ ♣♦❧í❣♦♥♦ N(f1)✳ ❉❡st❡ ♠♦❞♦✱ ❝♦♥s✐❞❡r❡ L′ ♦ ❧❛❞♦ ❞❡ N(f1) ❝✉❥♦ ✈ért✐❝❡ ♠❛✐s

❛❧t♦ é ♦ ♣♦♥t♦ (α′, β′)✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ L′ ❡stá ❧♦❝❛❧✐③❛❞♦ ❛❜❛✐①♦ ❞❡ L✱ ✉♠❛ ✈❡③ q✉❡ é ♦❜t✐❞♦ ❛

♣❛rt✐r ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ f ♣♦r µ ❡ ❡st❡s ♣r♦❞✉③❡♠ t❡r♠♦s ❛❜❛✐①♦ ❡ à ❞✐r❡✐t❛ ❞❡ L✳ ❆ss✐♠✱ ❛

❝♦✐♥❝❧✐♥❛çã♦ µ′ ❞❡ L′ é ♠❛✐♦r q✉❡ µ✱ ❛ ❝♦✐♥❝❧✐♥❛çã♦ ❞❡ L✳

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ f1 ♣❛r❛ (α′, β′) é ❞❛❞♦ ♣♦r

Mα′β′(f1) = Akj0
(γj0)x

α′

yβ
′

+Bkj0
(γj0)x

α′+1yβ
′−1y′. ✭✸✳✶✺✮

❈♦♠♦ µ′ > µ✱ s❡❣✉❡ q✉❡ Q(>µ′) ⊂ Q(>µ)✳ ❊♥tã♦ ❛ Pr♦♣r✐❡❞❛❞❡ ✭✸✳✻✮ ✐♠♣❧✐❝❛ q✉❡

−
Akj0

(γj0)

Bkj0
(γj0)

/∈ Q(>µ′) ❡ Bkj0
(γj0) 6= 0.

▲♦❣♦✱ t❡♠♦s (a, L′)f1 s❛t✐s❢❡✐t❛ ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✺ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧

❞❡ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❛ tr❛♥❢♦r♠❛❞❛ f1✱ ❝♦♠ ✐♥❝❧✐♥❛çã♦ ♠❛✐♦r q✉❡ −1/µ′✳

P♦r ✜♠✱ ❛ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ❣❛r❛♥t❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ❢✉♥❝✐♦♥❛♠✱ ❞❡s❞❡

q✉❡ s❡❥❛♠ t♦♠❛❞❛s ❡♠ ❝❛❞❛ ❡t❛♣❛ ❛ (µ, c0)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ f ✱ ♦♥❞❡ µ é ❛ ❝♦✐♥❝❧✐♥❛çã♦ ❞♦ ❧❛❞♦

♣r✐♥❝✐♣❛❧ ❞❡ N(f) ❡ c0 é ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵✳ ❙❡❥❛ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ Cq. ❆ss✉♠❛ q✉❡ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡

N(f) ♣♦ss✉❛ ✐♥❝❧✐♥❛çã♦ −1/µ✳ ❊♥tã♦ é ♣♦ss✐✈❡❧ ❡s❝♦❧❤❡r ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛ c0 ❞❡ ϕ(f, µ) t❛❧ q✉❡

s❡ f1 = f [c0x
µ + y]✱ ❡♥tã♦ ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s é ✈á❧✐❞❛✿

i) (y = 0) é ✉♠❛ s♦❧✉çã♦ ❞❡ (f1 = 0).

ii) N(f1) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ✐♥❝❧✐♥❛çã♦ ♠❛✐♦r q✉❡ −1/µ✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✸✳✾✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ s❛t✐s❢❛③ ♦

❡♥✉♥❝✐❛❞♦✳ ❇❛st❛ ❡♥tã♦ ♠♦str❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦

ϕ(c). P❛r❛ t❛♥t♦✱ s✉♣♦♥❤❛ q✉❡ ♥ã♦ ❡①✐st❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ✱ ♦✉ s❡❥❛✱ R = {γ1,✳✳✳✱γs} ♥ã♦ sã♦

r❛í③❡s ♣❡r❢❡✐t❛s✳ ❘❡t♦♠❡ ❛ ❡s❝r✐t❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ϕ(c) ❞❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✾✮✱ ✐st♦ é✱

ϕ(c) = ϕ(f,µ)(c) = A0 +
t
∑

i=k

(Ai + µBi)c
i.

Pr✐♠❡✐r♦✱ s✉♣♦♥❤❛ A0 = 0✳ ❊♥tã♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✸✳✸✳✼✱ t❡♠♦s

β(c) = Btc
k−1

s
∏

i=1

(c− γi)
ki +

s
∑

i=l+1

−qiγi(At + µBt)c
k−1(c− γi)

ki−1
s
∏

j 6=i

(c− γj)
kj . ✭✸✳✶✻✮

✺✵
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❘❡❧❛❝✐♦♥❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ck−1 ❡♠ ✭✸✳✶✷✮ ❡ ✭✸✳✶✻✮✱ t❡♠♦s✿

Bk = Bt

s
∏

i=1

(−γkii ) +
s
∑

i=l+1

−qi(At + µBt)γiγ
ki−1
i

s
∏

j 6=i

(−γ
kj
j )

= Bt

s
∏

i=1

(−γkii ) +

s
∑

i=l+1

qi(At + µBt)

s
∏

j=1

(−γ
kj
j )

=

s
∏

i=1

(−γkii )

{

Bt + (

s
∑

i=l+1

qi)(At + µBt)

}

. ✭✸✳✶✼✮

❯♠❛ ✈❡③ q✉❡✱ ♥❡st❡ ❝❛s♦✱ t❡♠♦s r = k✱ ❡s❝r❡✈❛✿

ϕ(c) = (At + µBt)c
k(c− γ1)

e1(c− γ2)
e2 · · · (c− γs)

es .

❈♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ck ❞❡ ϕ ❡♠ ✭✸✳✾✮ é (Ak + µBk)✱ s❡❣✉❡ q✉❡

(Ak + µBk) =

(

s
∏

i=1

−γkii

)

(At + µBt). ✭✸✳✶✽✮

❙❡♥❞♦ L é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(f)✱ t❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s (a, L)f ❡ (b, L)f sã♦ ✈á❧✐❞❛s

s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✱ s❡❣✉❡ q✉❡

Bk = 0 ♦✉
{

Bk 6= 0 ❡ −
Ak

Bk
∈ Q(>µ)

}

. ✭✸✳✶✾✮

❉❡ ✭✸✳✶✾✮✱ ❛ss✉♠❛ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ Bk = 0✳ ❈♦♠♦ ❛s r❛í③❡s γj sã♦ t♦❞❛s ♥ã♦ ♥✉❧❛s✱ s❡❣✉❡

❞❡ ✭✸✳✶✼✮ q✉❡

Bt +

(

s
∑

i=l+1

qi

)

(At + µBt) = 0,

♦✉ s❡❥❛✱

(

s
∑

i=l+1

qi

)

(At + µBt) = −Bt. ✭✸✳✷✵✮

❉✐✈✐❞✐♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✸✳✷✵✮ ♣♦r Bt✱ t❡♠♦s

(

s
∑

i=l+1

qi

)

(

At

Bt
+ µ

)

= −1.

❯♠❛ ✈❡③ q✉❡ qi é ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✱ ♣❛r❛ ❝❛❞❛ i✱ s❡❣✉❡ q✉❡

At

Bt
+ µ < 0.

✺✶
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▲♦❣♦✱

−
At

Bt
∈ Q(>µ)

❡✱ ❝♦♠♦ (At, Bt) sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡ L✱ ✐st♦ ❝♦♥tr❛❞✐③ (a, L)f ✳

❊♥tã♦✱ ❞❡ ✭✸✳✶✾✮ t❡♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ Bk 6= 0 ❡ ✈❛❧❡

−
Ak

Bk
∈ Q(>µ).

❉✐✈✐❞✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✽✮ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✼✮✱ t❡♠♦s

Ak + µBk

Bk
=

(
∏s

i=1−γ
ki
i )(At + µBt)

(
∏s

i=1−γ
ki
i ){Bt + (

∑s
i=l+1 qi)(At + µBt)}

♦✉ s❡❥❛✱

Ak

Bk
+ µ =

(At + µBt)

{Bt + (
∑s

i=l+1 qi)(At + µBt)}
.

▲♦❣♦✱

Ak

Bk
+ µ =

1

Bt/(At + µBt) + (
∑s

i=l+1 qi)

=

(

1

(At

Bt
+ µ)

+ (

s
∑

i=l+1

qi)

)−1

❈♦♠♦ qi ∈ Q+✱ s❡❣✉❡ q✉❡

Ak

Bk
+ µ > 0

▲♦❣♦✱

−
Ak

Bk
< µ,

✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦r ✭✸✳✶✾✮✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ s❡❣✉❡ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ A0 é ♥ã♦ ♥✉❧♦✳ ❊♥tã♦✱ c = 0 ♥ã♦ é ❢❛t♦r ❞❡ ϕ(c) ❡

t❡♠♦s k1 + k2 + · · ·+ ks = t✳ ❉❛ ❆✜r♠❛çã♦ ✸✳✸✳✽✱ t❡♠♦s q✉❡

β(c) =

s
∑

i=l+1

−qj(At + µBt)(c− γ1)
k1 · · · (c− γi)

ki−1 · · · (c− γs)
ks .

❈♦♠♣❛r❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ♦❜t✐❞♦s ♣❡❧❛ ❆✜r♠❛çã♦ ✸✳✸✳✽ ❡ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✷✮✱ t❡♠♦s q✉❡

Bt =

(

s
∑

i=l+1

−qi

)

(At + µBt).

✺✷
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❉✐✈✐❞✐♥❞♦ ❛♠❜❛s ❛s ❡q✉❛çõ❡s ♣♦r Bt✱ t❡♠♦s

1 =

(

−
s
∑

i=l+1

qi

)

(

At

Bt
+ µ

)

.

❈♦♠♦ ❝❛❞❛ qi é ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✱ s❡❣✉❡ q✉❡

At

Bt
< µ,

❝♦♥tr❛❞✐③❡♥❞♦ (a, L)f ✳ ❉❡ss❛ ❢♦r♠❛✱ ❡st❛♠♦s ❣❛r❛♥t✐♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ❞❡ ϕ

❡ ❛ ♣r♦♣♦s✐çã♦ ❡stá ♣r♦✈❛❞❛✳

❖❜s❡r✈❡ q✉❡ ❣❛r❛♥t✐♠♦s s❡♠♣r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❧❛❞♦s ♣r✐♥❝✐♣❛✐s ❞♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❞❛s

tr❛♥s❢♦r♠❛❞❛s ❡ ❞❡ r❛í③❡s ♣❡r❢❡✐t❛s ❞♦s r❡s♣❡❝t✐✈♦s ♣♦❧✐♥ô♠✐♦s ❝❛r❛❝t❡ríst✐❝♦s✳ ❆ss✐♠✱ ✐♠♣♦♥❞♦

❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ❡♠ ❝❛❞❛ ❡t❛♣❛ ❞♦ ❛❧❣♦r✐t♠♦ s❡❥❛♠ t♦♠❛❞♦s ❧❛❞♦s ♣r✐♥❝✐♣❛✐s ❡ r❛í③❡s ♣❡r❢❡✐t❛s✱

❡st❛♠♦s ❣❛r❛♥t✐♥❞♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① s❡♠♣r❡ ♣r♦ss❡❣✉❡✳

❖ ♣r♦❝❡ss♦ r❡❝✉rs✐✈♦ ❢✉♥❝✐♦♥❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡❥❛ fω = f0. P❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✱ N(fω)

♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ L0 ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ0✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ (L0, a)f ❡ (L0, b)f ❣❛r❛♥t❡♠

❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ϕ(f,µ0)✳ ❉❡♥tr❡ ❛s t❛✐s r❛í③❡s

♠♦str❛♠♦s ❤❛✈❡r ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛✱ ❞✐❣❛♠♦s c0✳ ❙❡ (y = 0) é ✉♠❛ s♦❧✉çã♦ ❞❡ f1 = f0[c0x
µ0 + y]✱

♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✸✱ s❡❣✉❡ q✉❡ c0xµ0 é ✉♠❛ s♦❧✉çã♦ ❞❡ fω✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵

❣❛r❛♥t❡ q✉❡ N(f1) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ L1 ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ1 > µ0 ❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦

❝❛r❛❝t❡ríst✐❝♦ ❛ss♦❝✐❛❞♦ ❛ t❛❧ ❧❛❞♦ ♣♦ss✉✐ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ ♥ã♦ ♥✉❧❛ c1✳ ◆♦✈❛♠❡♠t❡✱ s❡ (y = 0)

é ✉♠❛ s♦❧✉çã♦ ❞❡ (f2 = 0), ♦♥❞❡ f2 = f1[c1x
µ1 + y]✱ s❡❣✉❡ q✉❡ c1xµ1 é s♦❧✉çã♦ ❞❡ (f1 = 0)✱ ♦✉

♠❡❧❤♦r✱ c0xµ0 + c1x
µ1 é s♦❧✉çã♦ ❞❡ (fω = 0)✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵ ❣❛r❛♥t❡ q✉❡

N(f2) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ L2 ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ2 > µ1✱ ♣♦ss✉✐♥❞♦ ✉♠❛ r❛✐③ ♣❡r❢❡✐t❛ c2 ❞♦

♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❛ss♦❝✐❛❞♦ ❛ t❛❧ ❧❛❞♦✳

❆♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵ r❡❝✉rs✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛ z =
∑∞

i=0 cix
µi ✱ ♣❛r❛ (fω = 0). ◆♦t❡ q✉❡ ❛ ú♥✐❝❛ ❡①✐❣ê♥❝✐❛ q✉❡ ❡st❛♠♦s ❢❛③❡♥❞♦ é t♦♠❛r s❡♠♣r❡

❧❛❞♦s ♣r✐♥❝✐♣❛✐s ❡ r❛í③❡s ♣❡r❢❡✐t❛s ❡♠ ❝❛❞❛ ❡t❛♣❛✳ ◆♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❡st❛

sér✐❡ é ❞❡ ❢❛t♦ ✉♠❛ s♦❧✉çã♦ ❝♦♥✈❡r❣❡♥t❡ ❞❡ (fω = 0).

✺✸



❈❛♣ít✉❧♦ ✹

❆ s♦❧✉çã♦ ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❞✐çõ❡s q✉❡ ♣❡r♠✐t❡♠ ❡st❡♥❞❡r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲

P✉✐s❡✉① ♣❛r❛ ❡①✐❜✐r ✉♠❛ ❝❛♥❞✐❞❛t❛ ❛ s♦❧✉çã♦ ❞❡ (fω = 0)✱ ♦♥❞❡ fω é ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

❛ss♦❝✐❛❞♦ ❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ ✉♠❛ s♦❧✉çã♦ ❞❡ (fω = 0)✱ é t❛♠❜é♠ ✉♠❛ s♦❧✉çã♦

❞❡ (ω = 0) ✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛♠♦s q✉❡ ❛ sér✐❡ ♦❜t✐❞❛ tr❛t❛✲s❡ ❞❡ ❢❛t♦✱ ❞❡ ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧

❞❡ (fω = 0)✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛♠♦s✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ω é ❛♥❛❧ít✐❝❛✱ q✉❡ ❛ s♦❧✉çã♦ é ❝♦♥✈❡r❣❡♥t❡✳

✹✳✶ ❆ s♦❧✉çã♦ ❢♦r♠❛❧

❙❡❥❛♠ ω = Aω(x, y)dx+Bω(x, y)dy ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ❝♦♠ Aω, Bω ∈ C[[x, y]] ❡

z(x) =

∞
∑

i=1

aix
qi ∈ C[[x]],

✉♠❛ sér✐❡ ❞❡ P✉✐s❡✉① ❢r❛❝✐♦♥ár✐❛✱ ❝♦♠ qi ∈ Q+. ❈♦♥s✐❞❡r❡ fω ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦

à ❢♦r♠❛ P❢❛✣❛♥❛ ω✳

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❉✐③❡♠♦s q✉❡ z é ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ fω s❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❡①✐st❡ i(n) ∈ N

t❛❧ q✉❡

ordx[fω(x, zn(x))] = ordx[Aω(x, zn(x)) +Bω(x, zn(x))z
′
n(x)] ≥ n,

♦♥❞❡ zn(x) =
∑i(n)

i=1 aix
qi ✳

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❞❡s❝r❡✈❡♠♦s ❛s ❡t❛♣❛s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✳ ❱❛♠♦s ❛♥❛❧✐s❛r

❛❧❣✉♥s ❛s♣❡❝t♦s ❞❡st❡ ♣r♦❝❡ss♦ r❡❝✉rs✐✈♦✳ ❊s❝r❡✈❛ f0 = fω ❡ fi+1 = fi[cix
µi +y] ❛s tr❛♥s❢♦r♠❛❞❛s

s✉❝❡ss✐✈❛s ❞❡ f ✳

P❛r❛ ❝❛❞❛ ❡t❛♣❛ i ❞♦ ❛❧❣♦r✐t♠♦✱ ❝♦♥s✐❞❡r❡ Qi = (ai, bi) ♦ ✈ért✐❝❡ ♠❛✐s ❛❧t♦ ❞♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧

❞❡ N(fi)✱ ♦ q✉❛❧ r❡♣r❡s❡♥t❛♠♦s ♣♦r Li = L(fi, µi)✳ P❡❧❛ ❆✜r♠❛çã♦ ✷✳✷✳✶✼✱ ❛s ♣♦rçõ❡s ❞❡ N(fi)

❡ N(fi+1) ❛❝✐♠❛ ❞❡ Qi ❝♦✐♥❝✐❞❡♠✱ ❡ ❛❧é♠ ❞✐ss♦✱ Qi ∈ N(fi+1)✳ ❯♠❛ ✈❡③ q✉❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞♦

❛❧❣♦r✐t♠♦ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❧❛❞♦s ♣r✐♥❝✐♣❛✐s ❝♦♠ ❝♦✐♥❝❧✐♥❛çõ❡s ❝❛❞❛ ✈❡③ ♠❛✐♦r❡s✱ s❡❣✉❡

q✉❡ t❛✐s ❧❛❞♦s ❡stã♦ s❡♠♣r❡ ❧♦❝❛❧✐③❛❞♦s ❛❜❛✐①♦ ❞❡ N(fi)✳ ▲♦❣♦✱ bi+1 < bi. ■st♦ s✐❣♥✐✜❝❛✱ q✉❡ ❡①✐st❡

✉♠ í♥❞✐❝❡ i0 t❛❧ q✉❡

bi = bi0 ,

✺✹
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♣❛r❛ t♦❞♦ i ≥ i0✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Qi = Qi0 ,

♣❛r❛ i ≥ i0. ❖❜s❡r✈❡ q✉❡ bi0 > 0, ♣♦r s❡r ❛ ♦r❞❡♥❛❞❛ ❞♦ ✈ért✐❝❡ ♠❛✐s ❛❧t♦ ❞❡ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧✳

❉❡✜♥✐çã♦ ✹✳✶✳✷✳ ❖ ♣♦♥t♦ Qi0 = (a, b)✱ é ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ ♣✐✈ô ❞❡ ❢ ❝♦♠ r❡s♣❡✐t♦ ❛ ③✳ ❖ í♥❞✐❝❡

i0 é ❝❤❛♠❛❞♦ ❞❡ í♥❞✐❝❡ ❡st❛❝✐♦♥ár✐♦✳

❖ ❡st✉❞♦ ❞❛ ♥❛t✉r❡③❛ ❞❛ s♦❧✉çã♦ ❡♥✈♦❧✈❡ ♦ ❡st✉❞♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ♣♦♥t♦

♣✐✈ô✳ ❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ♣♦♥t♦ ♣✐✈ô✱ q✉❛♥❞♦ Qi0 = (a, 1)✳

▲❡♠❛ ✹✳✶✳✸✳ ❙❡❥❛ Qi0 = (a, 1)✳ ❙❡ fi0 ∈ Cq✱ ❡♥tã♦ µi ∈
N
q ❡ fi+1 ∈ Cq✱ ♣❛r❛ ❝❛❞❛ i ≥ i0.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ Qi0 = (a, 1) ♦ ♣♦♥t♦ ♣✐✈ô ❞❡ f ❝♦♠ r❡s♣❡✐t♦ ❛ z ❡ ♣❛r❛ i ≥ i0 ✜①♦ ❡ fi ∈ Cq✳

❊♥tã♦✱

fi =
∑

(α,β)

Mα,β(fi),

♦♥❞❡ Mαβ = Aαβx
αyβ +Bαβx

α+1yβ−1y′, ❝♦♠ α ∈ {z/q |z ∈ Z e z ≥ −q} ❡ β ∈ N✳ ❈♦♥s✐❞❡r❡

Li ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(fi) ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µi✳ ❯♠❛ ✈❡③ q✉❡ Qi0 = (a, 1) é ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦

❞❡ Li✱ é ❢á❝✐❧ ✈❡r q✉❡ ♦ ♣♦♥t♦ ♠❛✐s ❜❛✐①♦ ❞❡st❡ ❧❛❞♦ é (a+ µi, 0)✳ ❆ss✐♠✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ xay ❡

xa+µi sã♦ ♥ã♦ ♥✉❧♦s ❡♠ fi✳ ❈♦♠♦ fi ∈ Cq✱ t❡♠♦s

a =
z1
q

❡ a+ µi =
z2
q
,

❝♦♠ z2 > z1✱ ✉♠❛ ✈❡③ q✉❡ µi ∈ Q+✳ ❊♥tã♦✱

µi = a+ µi − a =
z2
q

−
z1
q

=
z2 − z1
q

.

❚♦♠❛♥❞♦ n = z2 − z1✱ s❡❣✉❡ q✉❡

µi ∈
N

q
.

❱❛♠♦s ♠♦str❛r q✉❡ fi+1 ∈ Cq✳ P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡ fi+1 = fi[cix
µi + y] ❡ µi = n/q✱ ❝♦♠ n ∈ N✱

❝♦♠♦ ♣r♦✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ tr❛♥s❢♦r♠❛❞♦ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡

y ♣♦r cixµi + y

(Mαβ)
t = Aαβx

α(cix
µi + y)β + ciµiBαβx

α+µi(cix
µi + y)β−1 +Bαβx

α+1(cix
µi + y)β−1y′.

i) ❙❡ Aαβ 6= 0✱ t❡♠♦s ❜✐✲í♥❞✐❝❡s ❞❛ ❢♦r♠❛

α = α+ kµi

β = β − k

❝♦♠ 0 ≤ k ≤ β✳ ◆♦t❡ q✉❡ β ∈ N ❡

α =
z

q
+ k

n

q
=
z′

q
.

✺✺
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ii) ❙❡ Bαβ 6= 0✱ t❡♠♦s ❜✐✲í♥❞✐❝❡s ❞❛ ❢♦r♠❛

α = α+ kµi + µi

β = β − k − 1

❝♦♠ 0 ≤ k ≤ β − 1✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ β ∈ N✱ ❡

α =
z

q
+ k

n

q
+
n

q
=
z′

q
.

iii) ❙❡ Bαβ 6= 0✱ t❡♠♦s ❜✐✲í♥❞✐❝❡s ♣r♦❞✉③✐❞♦s ❞❛ ❢♦r♠❛

α = α+ kµi

β = β − k

❝♦♠ 0 ≤ k ≤ β − 1✳ ◆♦t❡ q✉❡ β ∈ N ❡

α =
z

q
+ k

n

q
=
z′

q
.

❊♠ t♦❞♦s ♦s ❝❛s♦s ❝♦♥s✐❞❡r❛❞♦s✱ t❡♠♦s

α ∈

(

Z

q

)

(≥−1)

,

✉♠❛ ✈❡③ q✉❡ −1 < α < α✱ ❡ ♣♦rt❛♥t♦✱

fi+1 ∈ Cq.

❯s❛♥❞♦ ❡st❡ r❛❝✐❝í♥✐♦ r❡❝✉rs✐✈❛♠❡♥t❡✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛çã♦ ✹✳✶✳✹✳ ❙✉♣♦♥❤❛ q✉❡ f ∈ Cq, ♣❛r❛ ❛❧❣✉♠ q ∈ N✳ ❊♥tã♦✱ ♦s ❡①♣♦❡♥t❡s ❞❛ ✈❛r✐á✈❡❧ x

sã♦ ❞❛❞♦s ♣♦r

α =
z

q
,

❝♦♠ z ≥ −q✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ s❡ t ∈ N

α =
zt

qt
,

✐st♦ é✱

f ∈ Cqt.

❊♠ ♦✉tr♦s t❡r♠♦s✱ s❡ f ∈ Cq✱ ❡♥tã♦ f ∈ Cp✱ ♦♥❞❡ p é q✉❛❧q✉❡r ♠ú❧t✐♣❧♦ ♣♦s✐t✐✈♦ ❞❡ q✳

▲❡♠❛ ✹✳✶✳✺✳ ❙❡❥❛ Qi0 = (a, 1)✳ ❊①✐st❡ q ∈ N t❛❧ q✉❡

µi ∈
N

q
,

♣❛r❛ t♦❞♦ i ≥ 0✳

✺✻
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❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ fω = f0 ∈ Cq ❡ ❡s❝r❡✈❛

µ0 =
r0
s0
,

♣❛r❛ r0, s0 ∈ N✳ P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✹✱ f1 ❛ (µ0, c0)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ f ✱ é t❛❧ q✉❡ f1 ∈ Cq1 ,

♦♥❞❡ q1 = mmc(q, s0)✳ ❈♦♥s✐❞❡r❡ µ1 ❛ ❝♦✐♥❝❧✐♥❛çã♦ ❞♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(f1)✱ ❞❛❞❛ ♣♦r

µ1 =
r1
s1
,

❝♦♠ r1, s1 ∈ N✳ P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✹✱ t❡♠♦s f2 ∈ Cq2 ✱ ♦♥❞❡

q2 = mmc(q1, s1) = mmc(q, s0, s1).

Pr♦❝❡❞❡♥❞♦ ❞❡ss❛ ❢♦r♠❛✱ ♥❛ i0✲és✐♠❛ ❡t❛♣❛✱ ♦❜t❡♠♦s fi0 ∈ Cqi0
✱ ♦♥❞❡

qi0 = mmc(q, s0, s1, · · · , si0−1)

❡ µi = ri/si ❡ µi0−1 = ri0−1/si0−1 P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✹✱ t❡♠♦s fi ∈ Cqi0
♣❛r❛ t♦❞♦ i, · · · , i0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ▲❡♠❛ ✹✳✶✳✸ ✐♠♣❧✐❝❛ q✉❡ fi ∈ Cqi0
✱ ♣❛r❛ t♦❞♦ i ≥ i0. ▲♦❣♦✱ t♦♠❛♥❞♦ q = qi0 ✱

t❡♠♦s fi ∈ Cq, ♣❛r❛ ❝❛❞❛ í♥❞✐❝❡ i ≥ 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

µi ∈
N

q
.

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ♦ ♣♦♥t♦ ♣✐✈ô Qi0 = (a, b) t❡♥❤❛ ♦r❞❡♥❛❞❛ b ≥ 2✳ ❉❡✜♥❛ ❛ ❢✉♥çã♦ ♣♦r

g =
∂(b−1)fω

∂(b−2)y∂y′
.

❊❧❛ ❞❡✜♥❡ ✉♠❛ ❝✉r✈❛ ❢♦r♠❛❧ ❡♠ Cq✳ ❖❜s❡r✈❡ q✉❡✱ s❡

fω(x, y) =
∑

(α,β)

Aαβx
αyβ +Bαβx

α+1yβ−1y′,

é ❢á❝✐❧ ✈❡r q✉❡

g(x, y) =
∑

(α,β)

(β − 1)(β − 2) · · · ((β − 1)− (b− 2))Bαβx
α+1yβ−b+1,

s❡♠♣r❡ q✉❡ β − 1 ≥ b− 2. ❈♦♥s✐❞❡r❡ ♣❛r❛ ❝❛❞❛ ♣❛r (α, β) ♦ ❝♦❡✜❝✐❡♥t❡✱

Λαβ =











(β − 1)!

((β − 1)− (b− 1))!
, s❡ β − 1 ≥ b− 2.

0, s❡ β − 1 < b− 2.

✺✼
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❊♥tã♦✱

g(x, y) =
∑

(α,β)

ΛαβBαβx
α+1yβ−b+1. ✭✹✳✶✮

❆ ♣❛rt✐r ❞❛ ❡s❝r✐t❛ ❞❡ g✱ ❞❡✜♥✐♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❢♦r♠❛✐s ♣❡❧❛s tr❛s❢♦r♠❛❞❛s

s✉❝❡ss✐✈❛s gi+1 = gi[cix
µi+y]✳ ❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ♣❡r♠✐t❡ r❡❧❛❝✐♦♥❛r ❛s ❢❛♠í❧✐❛s ❞❡ tr❛♥s❢♦r♠❛❞❛s

fi ❡ gi✳

▲❡♠❛ ✹✳✶✳✻✳ ❙❡❥❛♠ Qi0 = (a, b)✱ ❝♦♠ b ≥ 2✱ ❡ ❛s ❢✉♥çõ❡s ❢♦r♠❛✐s g0 = g ❡ gi+1 = gi[cix
µi + y]✳

❊♥tã♦✱

gi =
∂(b−1)fi

∂(b−2)y∂y′
.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r

D =
∂(b−1)

∂(b−2)y∂y′
.

❉❡✈❡♠♦s ♠♦str❛r q✉❡ gi = Dfi✱ ♣❛r❛ ❝❛❞❛ i ≥ 0✳ ❉❛ ❞❡✜♥✐çã♦✱ é ✐♠❡❞✐❛t♦ q✉❡

g0 = g = Df0.

P❛r❛ ♠♦str❛r ♦ r❡s✉❧t❛❞♦ ✉s❛r❡♠♦s ✐♥❞✉çã♦✳ P❛r❛ t❛♥t♦✱ ♦❜s❡r✈❡ q✉❡

g1 = g0[c0x
µ0 + y] =

∑

(α,β)

ΛαβBαβx
α+1(c0x

µ0 + y)β−b+1. ✭✹✳✷✮

❈♦♠♦ f1 = f0[c0x
µ0 + y], t❡♠♦s

f1 =
∑

(α,β)

Aαβx
α(c0x

µ0 +y)β+Bαβc0µ0x
α+µ0(c0x

µ0 +y)β−1+
∑

(α,β)

Bαβx
α+1(c0x

µ0 +y)β−1y′.

❯♠❛ ✈❡③ q✉❡
∂

∂y
(c0x

µ0 + y) = 1✱ s❡❣✉❡ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ q✉❡

Df1 =
∑

(α,β)

(β − 1)(β − 2) · · · ((β − 1)− (b− 2))Bαβx
α+1(c0x

µ0 + y)β−b+1,

✐st♦ é✱

Df1 =
∑

(α,β)

ΛαβBαβx
α+1(c0x

µ0 + y)β−b+1. ✭✹✳✸✮

❉❡ ✭✹✳✷✮ ❡ ✭✹✳✸✮✱ s❡❣✉❡ q✉❡

g1 = Df1.

❙✉♣♦♥❤❛✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡ gk = Dfk✳ ❈♦♠♦ gk+1 = gk[ckx
µk + y]✱ ♠♦str❛r

gk+1 = Dfk+1 é ♦ ♠❡s♠♦ q✉❡ ♠♦str❛r

Dfk[ckx
µk + y] = D(fk[ckx

µk + y]).

✺✽
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P❛r❛ t❛♥t♦✱ ❡s❝r❡✈❛

fk =
∑

A
(k)
αβx

αyβ +B
(k)
αβ x

α+1yβ−1y′,

♦♥❞❡ A(k)
αβ ❡ B(k)

αβ sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ (α, β) ♥❛ k✲és✐♠❛ ❡t❛♣❛✳ ❖❜s❡r✈❡ q✉❡

Dfk =
∑

(α,β)

ΛαβB
(k)
αβ x

α+1yβ−b+1,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Dfk[ckx
µk + y] =

∑

(α,β)

ΛαβB
(k)
αβ x

α+1(ckx
µk + y)β−b+1. ✭✹✳✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

fk[ckx
µk + y] =

∑

A
(k)
αβx

α(ckx
µk + y)β +B

(k)
αβ x

α+1(ckx
µk + y)β−1(ckµkx

µk−1 + y′).

◆♦t❡ q✉❡✱ ♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ t❡♠♦s

D(fk[ckx
µk + y] =

∑

(α,β)

ΛαβB
(k)
αβ x

α+1(ckx
µk + y)β−b+1. ✭✹✳✺✮

P♦rt❛♥t♦✱ ❞❡ ✭✹✳✹✮ ❡ ✭✹✳✺✮✱ t❡♠♦s

gk+1 = Dfk+1,

❡ ♦ r❡s✉❧t❛❞♦ ❡stá ♣r♦✈❛❞♦✳

❖❜s❡r✈❛çã♦ ✹✳✶✳✼✳ ❙❡❥❛ ϕ(α, β) = (α+ 1, β − b+ 1)✳ ❊♥tã♦

∆(gi) ⊂ ϕ(∆(fi)) ∩ {(α, β) ∈ R2 | β ≥ 0}.

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ gi =
∑

ΛαβBαβx
α+1yβ−b+1 ❡ (α′, β′) ∈ ∆(gi)✳ ❊♥tã♦

α′ = α+ 1

β′ = β − b+ 1,

♣❛r❛ ❛❧❣✉♠ (α, β) ❡♠ ∆(fi)✳ ❈♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ (α, β) é ♥ã♦ ♥✉❧♦ ❡♠ gi✱ t❡♠♦s q✉❡ Bαβ ♥ã♦

♥✉❧♦ ❡♠ fi ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Λαβ ♥ã♦ ♥✉❧♦✳ ❆♠❜❛s ❛s ❝♦♥❞✐çõ❡s✱ ✐♠♣❧✐❝❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡

q✉❡ (α, β) ∈ ∆(fi) ❡ β − 1 ≥ b− 2✱ ✐st♦ é✱ β′ ≥ 0✳ ◆♦t❡ q✉❡ (α′, β′) = ϕ(α, β)✳

▲♦❣♦✱ (α′, β′) ∈ ϕ(∆(fi)) ∩ {(α′, β′) ∈ R2 | β ≥ 0}, ♦✉ s❡❥❛✱

∆(gi) ⊂ ϕ(∆(fi)) ∩ {(α′, β′) ∈ R2 | β ≥ 0}.

❖❜s❡r✈❛çã♦ ✹✳✶✳✽✳ P❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡ ♦s ❜✐✲í♥❞✐❝❡s ❞❡ gi ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠

♦s ❜✐✲í♥❞✐❝❡s ❞❡ fi✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ s❡ fi ∈ Cq ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ q✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡

t❡♠♦s gi ∈ Cq✳

✺✾
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❖❜s❡r✈❛çã♦ ✹✳✶✳✾✳ ❙❡❥❛ Qi0 = (a, b). ❈♦♠♦ ϕ(a, b) = (a+1, 1) ❡ Li = L(fi, µi) é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧

❞❡ N(fi) ♣❛r❛ i ≥ i0✱ t❡♠♦s q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ B(i)
ab = B

(i0)
ab = B(0) é ♥ã♦ ♥✉❧♦✳ ◆♦t❡ q✉❡ Λab ❡ Bab

s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♥ã♦ ♥✉❧♦s ✐♠♣❧✐❝❛♠ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ (a+ 1, 1) ❡♠ gi é ♥ã♦ ♥✉❧♦✱ ❡

(a+ 1, 1) ∈ ∆(gi),

♣❛r❛ i ≥ i0.

❖❜s❡r✈❛çã♦ ✹✳✶✳✶✵✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✾✱ t❡♠♦s q✉❡ (a+1, 1) ∈ ∆(gi), ♣❛r❛ i ≥ i0. ❯♠❛ ✈❡③

q✉❡

∆(gi) ⊂ ϕ(∆(fi)) ∩ {(α, β) ∈ R2 | β ≥ 0},

s❡❣✉❡ q✉❡ ∆(gi) é ♦❜t✐❞♦ ♣♦r ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ❡♠ ∆(fi) ♦❝❛s✐♦♥❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r D ❡ t❛❧

❞❡s❧♦❝❛♠❡♥t♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ϕ✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❉✐❛❣r❛♠❛ ✹✳✶✳

❋✐❣✉r❛ ✹✳✶✿ ❉❡s❧♦❝❛♠❡♥t♦ ❞❡ ϕ✳

❙❡❥❛ N(fi) ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ fi✱ ❡ ❞❡♥♦t❡ ♣♦r ∆ ❛ ♣♦rçã♦ ❞❛ ❧✐♥❤❛ ♣♦❧✐❣♦♥❛❧ q✉❡ ❧✐❣❛ ♦s

♣♦♥t♦s ❞❡ ϕ(α, β) ♣❛r❛ (α, β) ∈ N(fi), ❧♦❝❛❧✐③❛❞❛ ❛❝✐♠❛ ❞♦ ❡✐①♦ ❞❛s ❛❜❝✐ss❛s✳ ❖❜s❡r✈❡ q✉❡ ∆(gi)

❡stá ❝♦♥t✐❞♦ ♥❛ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣♦r ∆✱ ❡ ❝♦♠♦ (a + 1, 1) = ϕ(a, b)✱ t❡♠♦s q✉❡ (a + 1, 1) ∈ ∆✳

❆❧é♠ ❞✐ss♦✱ (a+ 1, 1) ❡stá ❧♦❝❛❧✐③❛❞♦ à ❡sq✉❡r❞❛ ❞♦s ♣♦♥t♦s ❛❜❛✐①♦ ❞❡❧❡✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❡st❡

♣♦♥t♦ ❡stá ❧♦❝❛❧✐③❛❞♦ ♥♦ ❢❡❝❤♦ ❞❡ ∆(gi)✳ ▲♦❣♦✱

(a+ 1, 1) ∈ N(gi),

♣❛r❛ i ≥ i0.

❖❜s❡r✈❛çã♦ ✹✳✶✳✶✶✳ ❙❡❥❛ L(fi, µi) = Li✱ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(fi)✱ ♥♦ q✉❛❧ ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ é

Qi0 = (a, b)✱ ♣❛r❛ i ≥ i0✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ s❡❥❛ (a′, b′) ♦ ♣♦♥t♦ ♠❛✐s ❜❛✐①♦ ❞❡ Li✱ ♦♥❞❡ b′ = b− k,

k ∈ N. ◆♦t❡ q✉❡ ❛ ✐♥❝❧✐♥❛çã♦ ❞❡ Li ✈❛❧❡

−
1

µi
=
b− b′

a− a′
.

✻✵
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❈♦♥s✐❞❡r❡♠♦s ❛ ✐♥❝❧✐♥❛çã♦ ❞♦ ❧❛❞♦ L ❞❡ ∆✳ ❊❧❡ ❡stá ❝♦♥t✐❞♦ ♥❛ r❡t❛ q✉❡ ❝♦♥té♠ ♦s ♣♦♥t♦s

(a+ 1, 1) ❡ ϕ(a′, b′) = (a′ + 1, b′ − b+ 1)✳ ❊♥tã♦✱ ❛ ✐♥❝❧✐♥❛çã♦ ❞❡ L é ❞❛❞❛ ♣♦r

1− (b′ − b+ 1)

a+ 1− (a′ + 1)
=
b− b′

a− a′
= −

1

µi
.

■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ❝♦✐♥❝❧✐♥❛çã♦ ❞❡ L é µi ❡✱ ❝♦♠♦ (a + 1, 1) ❡stá ♥♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡

gi ♣❛r❛ i ≥ i0, s❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❛ r❡t❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µi ❛ss♦❝✐❛❞❛ ❛ gi✱ q✉❡

L(gi, µi) = L✳ ▲♦❣♦✱

(a+ 1, 1) ∈ L(gi, µi),

i ≥ i0.

❖❜s❡r✈❛çã♦ ✹✳✶✳✶✷✳ ◆❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✽✱ ❛✜r♠❛♠♦s q✉❡ ♦s ❜✐✲í♥❞✐❝❡s ❞❡ g ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s

❝♦♠ ♦s ❜✐✲í♥❞✐❝❡s ❞❡ f ✳ ❙✉♣♦♥❤❛ g0 ∈ Cq ❡ µ0 = r0/s0✱ ❝♦♠ r0, s0 ∈ N✳ ❖❜s❡r✈❡ q✉❡ ♦s ❜✐✲í♥❞✐❝❡s

♣r♦❞✉③✐❞♦s ♣❡❧❛ (µ0, c0)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ g0✱ sã♦ ❢♦r♠❛

α = α+ 1 + kµ0;

β = β − b+ 1− k,

❝♦♠ 0 ≤ k ≤ β − b + 1✳ Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✹✱ t❡♠♦s q✉❡ g1 ∈ Cq1 ✱ ♦♥❞❡

q1 = mmc(q, s0)✳ ❯t✐❧✐③❛♥❞♦ ❡st❡ r❛❝✐♦❝í♥✐♦ r❡❝✉rs✐✈❛♠❡♥t❡✱ t❡♠♦s q✉❡

gi0 ∈ Cqi0−1 ,

♦♥❞❡ qi0−1 = mmc(q, s0, · · · , si0−1) ❡ µi = ri/si✳ ❆ss✐♠✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✹✱ t❡♠♦s gi ∈ Cqi0−1 ✱

♣❛r❛ ❝❛❞❛ i = 1, · · · , i0✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

µi ∈
N

qi0−1
.

▲❡♠❛ ✹✳✶✳✶✸✳ ❙❡❥❛ i ≥ i0✱ s❡ gi ∈ Cq ❡

µi ∈
N

q
,

❡♥tã♦ gi+1 ∈ Cq.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ i ≥ i0✱ s✉♣♦♥❤❛ gi ∈ Cq ❡ ❡s❝r❡✈❛

µi =
n

q
.

❈♦♠♦ gi+1 = gi[cix
µi + y]✱ ❝♦♥s✐❞❡r❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ tr❛♥s❢♦r♠❛❞♦ ❞❛❞♦ ♣♦r

Mαβ(gi)[cix
µi + y] = ΛαβBαβx

α+1(cix
µi + y)β−1.

❆♥❛❧✐s❛♠♦s ♦s ❜✐✲í♥❞✐❝❡s (α, β) ♣r♦❞✉③✐❞♦s ♣❡❧❛ (µi, ci)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ gi✳ ❖s ❜✐✲í♥❞✐❝❡s ❞❡ gi

✻✶
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sã♦ ❞❛ ❢♦r♠❛

α = α+ 1 + kµi

β = β − 1− k

❝♦♠ 0 ≤ k ≤ β − 1✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ t❡♠♦s β ∈ N✱ ❡

α =
z

q
+ 1 + k

n

q
=
z′

q
,

♣♦✐s µi = n/q. ▲♦❣♦✱

α ∈

(

Z

q

)

(≥−1)

,

✉♠❛ ✈❡③ q✉❡ −1 < α < α✳ P♦rt❛♥t♦✱

gi+1 ∈ Cq.

❊♠ r❡s✉♠♦✱ ♥❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛♠♦s q✉❡ ❛s ❝♦✐♥❝❧✐♥❛çõ❡s ❞♦s ❧❛❞♦s ♣r✐♥❝✐♣❛✐s ❞♦s ♣♦❧í❣♦♥♦s

❞❡ ◆❡✇t♦♥ ❞❛s tr❛♥s❢♦r♠❛❞❛s✱ ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❝♦♠ ✉♠ ❞❡♥♦♠✐♥❛❞♦r ❝♦♠✉♠ ♥♦ ❝❛s♦ ❡♠ q✉❡

♦ ♣♦♥t♦ ♣✐✈ô Qi0 ♣♦ss✉✐ ♦r❞❡♥❛❞❛ 1✳ ◆♦ ❝❛s♦ ♦♥❞❡ ♦ ♣♦♥t♦ ♣✐✈ô Qi0 ♣♦ss✉✐ ♦r❞❡♥❛❞❛ b ≥ 2✱

r❡❞✉③✐♠♦s ♦ ❝❛s♦ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❢♦r♠❛❧ ❝♦♠ ♣♦♥t♦ ♣✐✈ô ❞❡ ♦r❞❡♥❛❞❛ 1✱ ❝✉❥❛s ❝♦✐♥❝❧✐♥❛çõ❡s

t❛♠❜é♠ ♣♦ss✉❡♠ ✉♠ ❞❡♥♦♠✐♥❛❞♦r ❝♦♠✉♠✳

❖ ❚❡♦r❡♠❛ ❛ s❡❣✉✐r é ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✳ ◆❡❧❡ ✈❡r✐✜❝❛♠♦s q✉❡ ❛

❝❛♥❞✐❞❛t❛ ❛ s♦❧✉çã♦ ❞❡ (fω = 0)✱ ♦❜t✐❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵✱ é ❞❡ ❢❛t♦ ❝♦♥s✐st❡ ❡♠ ✉♠❛ s♦❧✉çã♦

❢♦r♠❛❧ ❞❡ (fω = 0)✳

❚❡♦r❡♠❛ ✹✳✶✳✶✹✳ ❙❡❥❛ fω ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ω ❡ ❛ss✉♠❛ q✉❡ ♥❡♠ (x = 0) ❡

♥❡♠ (y = 0) sã♦ s♦❧✉çõ❡s ❞❡ (fω = 0)✳ ❊♥tã♦✱ ♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦ ♣r♦❞✉③ ✉♠❛ s♦❧✉çã♦ ❞❡

(fω = 0) ❞♦ t✐♣♦

z =

∞
∑

i=0

cix
i/q.

❉❡♠♦♥str❛çã♦✳ ❆♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵ r❡❝✉rs✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠❛ s♦❧✉çã♦ ❞❡ (fω = 0)

❡s❝r✐t❛ ❞❛ ❢♦r♠❛

z =

∞
∑

i=0

cix
µi ,

♦♥❞❡ ❛❧❣✉♥s µi sã♦ ❛s ❝♦✐♥❝❧✐♥❛çõ❡s ❞♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❞❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ fω✱ ❡ ♦✉tr♦s

t♦♠❛❞♦s ❝♦♠ ♥✉❧♦s✳ ❊s❝r❡✈❡♥❞♦ f0 = fω ❡ fi+1 = fi[cix
µi + y] ❛s r❡s♣❡❝t✐✈❛s tr❛♥s❢♦r♠❛❞❛s ❞❡

❝❛❞❛ ❡t❛♣❛✱ s❡❣✉❡ q✉❡ sã♦ ✈á❧✐❞❛s ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s✿

i) ❖ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ N(fi) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ✐♥❝❧✐♥❛çã♦ −1/µi ❡ ci ✉♠❛ r❛✐③

♥ã♦ ♥✉❧❛ ❞❡ ϕ(fi,µi) ❞❡ ❢♦r♠❛ q✉❡ ❛ tr❛♥s❢♦r♠❛❞❛ fi+1 ♦✉ ♣♦ss✉✐ (y = 0) ❝♦♠♦ s♦❧✉çã♦ ♦✉

N(fi+1) ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ Li+1 ❝♦♠ ❝♦✐♥✐❝❧✐♥❛çã♦ µi+1 > µi.

ii) ❖ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ N(fi) ♥ã♦ ♣♦ss✉✐ ✉♠ ❧❛❞♦ ♣r✐♥❝✐♣❛❧✱ (y = 0) é ✉♠❛ s♦❧✉çã♦ ❞❡

(fi = 0) ❡ cj = 0 ♣❛r❛ j ≥ i✳

✻✷
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❙❡ ii) ♦❝♦rr❡✱ ♥ã♦ ❤á ♥❛❞❛ q✉❡ ♣r♦✈❛r✱ ❜❛st❛ t♦♠❛r

q = mmc(r0, r1, ..., ri−1),

❝♦♠ µj = sj/rj ✱ ❡ ❛ s♦❧✉çã♦ ♣♦ss✉✐ ❛ ❢♦r♠❛ ❡♥✉♥❝✐❛❞❛✳ ❆ss✉♠✐♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ i)✱ r❡st❛

❛❣♦r❛ ♠♦str❛r q✉❡ z é ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ (fω = 0) ❡ ♣♦ss✉✐ ❛ ❢♦r♠❛ ❞❡s❝r✐t❛ ❛❝✐♠❛✳ ◆❡st❛s

❝♦♥❞✐çõ❡s✱ ❝♦♥s✐❞❡r❡ Qi0 = (a, b) ♦ ♣♦♥t♦ ♣✐✈ô ❞❡ f ❝♦♠ r❡s♣❡✐t♦ ❛ z ❡ i0 ♦ í♥❞✐❝❡ ❡st❛❝✐♦♥ár✐♦✳

◆♦t❡ q✉❡ b ≥ 1✱ ✉♠❛ ✈❡③ q✉❡ ❛ss✉♠✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❛✐③ ♥ã♦ ♥✉❧❛ ❞❡ ϕ(fi,µi)✱ ❡♠ ❝❛❞❛

í♥❞✐❝❡ i ≥ 0✳

❆ss✉♠✐♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ b = 1 ❡ ❝♦♥s✐❞❡r❡ s❡♠♣r❡ i ≥ i0✳ ❊♥tã♦✱ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

✐♥✐❝✐❛❧ é ❞❛❞♦ ♣♦r

In(µi)(fi) = A
(i)
(a,1)x

ay +B
(i)
(a,1)x

a+1y′ +A
(i)
(a+µi,0)

xa+µi ,

♦♥❞❡ A(i)
(α,β)✱ B

(i)
(α,β) sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❜✐✲í♥❞✐❝❡ (α, β) ♥❛ i✲és✐♠❛ ❡t❛♣❛ ❞♦ ❛❧❣♦r✐t♠♦✳ ◆♦t❡

q✉❡ ♦ ♣♦♥t♦ (a+µi, 0) é ♦ ♣♦♥t♦ ♠❛✐s ❜❛✐①♦ ❞❡ Li✱ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ♥❡st❛

❡t❛♣❛✳ P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳✶✶✱ t❡♠♦s q✉❡ ♦ ♣♦♥t♦ Qi0 ♥ã♦ ♣♦❞❡rá s❡r ♣r♦❞✉③✐❞♦ ♣♦r ♥❡♥❤✉♠

❜✐✲í♥❞✐❝❡ ❞❛ tr❛♥s❢♦r♠❛❞❛ f [ci0−1x
µi0−1 + y]✱ ❝♦♠ µi0−1 < µi0 ✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s

❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❡ss❡ ♣♦♥t♦ ❡♠ ❝❛❞❛ ❡t❛♣❛ ❝♦✐♥❝✐❞❡♠✱ ✐st♦ é✱

A
(i)
(a,1) = A

(i0)
(a,1) ❡ B

(i)
(a,1) = B

(i0)
(a,1),

♣❛r❛ ❝❛❞❛ i ≥ i0, ♦s q✉❛✐s ❞❡♥♦t❛♠♦s ♣♦r A(0) ❡ B(0)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❡ q✉❡ ♣♦r ❞❡✜♥✐çã♦✱

♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ϕ(fi.µi) é ❞❛❞♦ ♣♦r

ϕ(fi,µi)(c) = (A(0) + µiB
(0))c+A

(i)
(a+µi,0)

,

✉♠❛ ✈❡③ q✉❡ B(i)
(a+µi,0)

= 0. ❈♦♠♦ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ ❛ ✈❛❧✐❞❛❞❡ ❞❡ i)✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ r❛✐③

ci ♥ã♦ ♥✉❧❛✱ q✉❡ é ❞❛❞❛ ♣♦r

ci = −
A

(i)
(a+µi,0)

A(0) + µiB(0)
. ✭✹✳✻✮

❖❜s❡r✈❡ q✉❡ s❡♥❞♦ ❛ss✐♠✱ t❡♠♦s A(i)
(a+µi,0)

♥ã♦ ♥✉❧♦✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ L(fi0 , µi0) é ♦ ❧❛❞♦

♣r✐♥❝✐♣❛❧ ❞❡ N(fi0)✱ s❡❣✉❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s (a, L)fi0 ❡ (b, L)fi0 ✱ q✉❡

B
(i0)
(a,1) = B(0) 6= 0 ❡ A(0) + µiB

(0) 6= 0.

❆♥❛❧✐s❛♥❞♦ ♦ ♣♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ fi+1✱ t❡♠♦s q✉❡

ordx(fω[c1x
µ1 + ...+ cix

µi ]) = ordx(fi+1[0]) ≥ a+ µi, ✭✹✳✼✮

♣❛r❛ i ≥ i0. P❡❧♦ ▲❡♠❛ ✹✳✶✳✺✱ ❛s ❝♦✐♥❝❧✐♥❛çõ❡s µi ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❝♦♠ ✉♠ ❞❡♥♦♠✐♥❛❞♦r ❝♦♠✉♠✱

✐st♦ é✱

µi ∈
N

q
,

✻✸
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❡ ❝♦♠♦ µi < µi+1✱ s❡❣✉❡ q✉❡

lim
i→∞

µi = ∞.

▲♦❣♦✱ t❡♠♦s q✉❡ z ♦❜t✐❞❛ ♥♦ ♣r♦❝❡ss♦ ❛♥t❡r✐♦r é ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ (fω = 0)✱ ✐st♦ é✱

fω[z] = 0.

◆♦✈❛♠❡♥t❡ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✺✱ z ♣♦ss✉✐ ❛ ❢♦r♠❛ ❞❡s❝r✐t❛ ♥♦ ❡♥✉♥❝✐❛❞♦✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ Qi0 = (a, b), ❝♦♠ b ≥ 2✳ ❙❡❥❛♠ g0 = g ❡ gi+1 = gi[cix
µi + y] ❝♦♥❢♦r♠❡

❞❡✜♥✐♠♦s✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✼✱ t❡♠♦s q✉❡

∆(gi) ⊂ ϕ(∆(fi)) ∩ {(α, β) ∈ R2|β ≥ 0},

♦♥❞❡ ϕ(α, β) = (α+ 1, β − b+ 1)✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❖❜s❡r✈❛çõ❡s ✹✳✶✳✾ ❡ ✹✳✶✳✶✵ ✐♠♣❧✐❝❛♠ q✉❡

(a+ 1, 1) ∈ N(gi),

♣❛r❛ i ≥ i0.

❆✜r♠❛çã♦ ✹✳✶✳✶✺✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ (a+ µi + 1, 0) é ♥ã♦ ♥✉❧♦ ❡♠ gi✱ ♣❛r❛ i ≥ i0.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ gi+1 é ❛ (µi, ci)✲tr❛♥s❢♦r♠❛❞❛ ❞❡ gi✱ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞♦

t❡r♠♦ B(0)xa+1y ❡♠ gi✿

B
(0)
ab x

a+1(cix
µi + y) = B

(0)
ab cix

a+µi+1 +B
(0)
ab x

a+1y.

P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✶✶✱ t❡♠♦s (a + 1, 1) ∈ L(gi, µi) ♣❛r❛ ❝❛❞❛ i ≥ i0, ❡ s❡♥❞♦ µi+1 > µi t❡♠♦s

q✉❡

(a+ 1, 1) ∈ L(gi+1, µi+1) ✐♠♣❧✐❝❛ q✉❡(a+ µi + 1, 0) /∈ ∆(gi+1),

♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s (a+ 1, 1) ∈ L(gi+1, µi).

❉❡ss❛ ❢♦r♠❛✱ ♦ t❡r♠♦ ❞❡ ❜✐❣r❛✉ (a + 1 + µi, 0) ❞❡✈❡ s❡ ❛♥✉❧❛r ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ gi✳ ■st♦

❛❝♦♥t❡❝❡ s❡ ❡①✐st❡ ✉♠ t❡r♠♦ Cxa+µi+1 ❡♠ gi✱ ❝♦♠ C ♥ã♦ ♥✉❧♦✱ ❝✉❥❛ tr❛♥s❢♦r♠❛❞❛ é ♦ ♣ró♣r✐♦✱ ❡

B(0)ci + C = 0.

P♦rt❛♥t♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ (a+ µi + 1, 0) é ♥ã♦ ♥✉❧♦ ❡♠ gi✳

❖❜s❡r✈❡ q✉❡ (a + 1, 1) ❡ (a + µi + 1, 0) sã♦ ♦s ú♥✐❝♦s ♣♦♥t♦s ❞❡ ∆(gi) ❡♠ L(gi, µi)✳ ❆❧é♠

❞✐ss♦✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❛ss♦❝✐❛❞♦ ❛ t❛❧ ❧❛❞♦ é ❞❛❞♦ ♣♦r

ϕ(fi,µi) = B(0)c+ C,

❝✉❥❛ ú♥✐❝❛ r❛✐③ é

c = −
C

B(0)
= ci.

✻✹
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❆♣❧✐❝❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣❛r❛ ❛ ❢✉♥çã♦ ❢♦r♠❛❧ gi0 ✱ ♦❜t❡♠♦s

zi0 =

∞
∑

i=i0

cix
i,

✉♠❛ s♦❧✉çã♦ ❞❡ gi0(x, y)✳ ◆♦t❡ q✉❡

ordx(gi0 [ci0x
µi0 ]) = ordx(gi0+1[0]) ≥ a+ 1 + µi. ✭✹✳✽✮

❉❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✶✷✱ s❡ t❡♠♦s q✉❡ gi ∈ Cq✱ ♣❛r❛ ❛❧❣✉♠ ♥❛t✉r❛❧ q ❡ i = 0, · · · , i0. ❆❧é♠ ❞✐ss♦✱

µi ∈
N

q
,

♣❛r❛ i = 0, · · · , i0 − 1. ❈♦♠♦ (a+ 1, 1), (a+ 1 + µi, 0) ∈ ∆(gi) ♣❛r❛ ❝❛❞❛ i ≥ i0✱ t❡♠♦s

a+ 1 =
z1
q

❡ a+ 1 + µi =
z2
q
,

❝♦♠ z1 < z2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

µi = (a+ 1 + µi)− (a+ 1) =
z2 − z1
q

∈
N

q
.

P❡❧♦ ▲❡♠❛ ✹✳✶✳✶✸✱ t❡♠♦s gi ∈ Cq, ❡

µi ∈
N

q
,

♣❛r❛ ❝❛❞❛ i ≥ 0. ❯♠❛ ✈❡③ q✉❡ µi+1 > µi✱ t❡♠♦s q✉❡

lim
i→∞

µi = ∞.

P❡❧❛ ❡q✉❛çã♦ ✭✹✳✽✮✱ s❡❣✉❡ q✉❡ zi0 é ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ gi0 .

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♥❛❧✐s❛♥❞♦ ♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❞❡ fi ❡ gi✱ s❡❣✉❡ q✉❡

ordx([fi = 0]) ≥ ordx([gi = 0]),

✈❡❥❛ ❛ ❋✐❣✉r❛ ✹✳✶✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ zi0 é ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ fi0 . ▲♦❣♦✱ z é s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡

fω ❡ ♦ r❡s✉❧t❛❞♦ ❡stá ♣r♦✈❛❞♦✳

❊♠ s✉♠❛✱ ♠♦str❛♠♦s q✉❡ ❛ sér✐❡ ♦❜t✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① é ❞❛❞❛ ♣♦r

z =
∑∞

i=0 cix
i/q✱ ❡ é ❞❡ ❢❛t♦ ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ (fω = 0)✳ P❡❧❛ ❛✜r♠❛çã♦ ✷✳✶✳✻✱ s❡❣✉❡

q✉❡ ❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ (tq, z(tq)) é ✉♠❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛ P❢❛✣❛♥❛✳ ◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦

✈❛♠♦s ♠♦str❛r q✉❡ t❛❧ s♦❧✉çã♦ é ❝♦♥✈❡r❣❡♥t❡✳

✹✳✷ ❆ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s♦❧✉çã♦

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♠♦str❛♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣r♦❞✉③✱ ❞❡ ❢❛t♦✱ ✉♠❛ s♦❧✉çã♦ ❞♦

♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ fω ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❛ ❢♦r♠❛ P❢❛✣❛♥❛✳ ◆❡st❛ s❡çã♦✱ ✈❛♠♦s ♠♦str❛r

q✉❡ ❛ s♦❧✉çã♦ ♣r♦❞✉③✐❞❛ é ❛♥❛❧ít✐❝❛✱ ❝❛s♦ ❛ ❢♦r♠❛ ω s❡❥❛ ❛♥❛❧ít✐❝❛✳

✻✺
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❉❡✜♥✐çã♦ ✹✳✷✳✶✳ ❙❡❥❛ A(x, y) ∈ C[[x1/q, y]] ✉♠❛ sér✐❡ ❢r❛❝✐♦♥ár✐❛ ❡♠ x✱ ❡ q ∈ N. ❉✐③❡♠♦s q✉❡ A

é ❝♦♥✈❡r❣❡♥t❡ s❡ A(tq, y) ∈ C{t, y}✳ ❙❡ f = A(x, y)+B(x, y)y′ ∈ Cq✱ ❞✐③❡♠♦s q✉❡ f é ❝♦♥✈❡r❣❡♥t❡

s❡ A ❡ B ♦ sã♦✳

❖❜s❡r✈❡ q✉❡ ❡st❛♠♦s ❢❛③❡♥❞♦ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ t = x1/q✱ ♦✉ s❡❥❛✱ tq = x.

❉❡✜♥✐çã♦ ✹✳✷✳✷✳ ❙❡❥❛ q ∈ N− {0}✳ ❉❡✜♥✐♠♦s ♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ ❛ ❢ ♣♦r

Λq(f) = tq−1A(tq, y) +
1

q
B(tq, y)y′.

❖❜s❡r✈❛çã♦ ✹✳✷✳✸✳ ❖ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛♦ q✲♣♦❧✐♥ô♠✐♦ é ❞❛❞♦ ♣♦r

Mαβ(Λq(f)) = tq−1Aαβt
qαyβ +

1

q
Bαβt

q(α+1)yβ−1y′.

❖❜s❡r✈❛çã♦ ✹✳✷✳✹✳ ❯♠❛ sér✐❡ z(t) é ✉♠❛ s♦❧✉çã♦ ❞♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ ❛ f s❡

Λq(f)[z] = tq−1A(tq, z(t)) +
1

q
B(tq, z(t))

dz

dt
= 0.

▲✐st❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ ❛ f ✱ ❞❡♥♦t❛❞♦ ♣♦r Λq(f).

Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✺✳ ❙❡ z =
∑∞

i=1 cix
i/q é s♦❧✉çã♦ ❞❡ f ✱ ❡♥tã♦ z =

∑∞
i=1 cit

i é ✉♠❛ s♦❧✉çã♦ ❞❡

Λq(f).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ z(x) =
∑∞

i=1 cix
i/q ✉♠❛ s♦❧✉çã♦ ❞❡ (f = 0)✱ ❡♥tã♦

A(x, z(x)) +B(x, z(x))
dz

dx
= 0.

❯♠❛ ✈❡③ q✉❡ ❡st❛♠♦s ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❞❡ x ♣❛r❛ t t❛❧ q✉❡ x = tq✱ t❡♠♦s✿

A(tq, z(tq)) +B(tq, z(tq))
dz

dx
= 0.

❈♦♠♦

dz

dt
=
dz

dx

dx

dt
,

t❡♠♦s q✉❡

A(tq, z(tq)) +B(tq, z(tq))
dz/dt

dx/dt
= 0.

❖❜s❡r✈❡ q✉❡ z(tq) = z(t) ❡

dz

dt
=
dz

dt
.

❊♥tã♦

A(tq, z(t)) +B(tq, z(t))

(

dz/dt

qtq−1

)

= 0,

✻✻
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✐st♦ é✱

1

tq−1
(tq−1A(tq, z(t)) +

1

q
B(tq, z(t))(dz/dt) = 0.

▲♦❣♦✱

Λq(f) = tq−1A(tq, z) +
1

q
B(tq, z)

dz

dt
= 0,

♦✉ s❡❥❛✱ z é ✉♠❛ s♦❧✉çã♦ ❞❡ Λq(f).

Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✻✳ ❙❡ ϕ : R2 → R2 é ❞❛❞❛ ♣♦r ϕ(x, y) = (qx+ q − 1, y)✱ ❡♥tã♦

ϕ(N(f)) = N(Λq(f)),

♦♥❞❡ f ∈ Cq✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f ∈ Cq t❛❧ q✉❡ f =
∑

Mαβ(f), ♦♥❞❡ Mαβ(f) é ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ f

❛ss♦❝✐❛❞♦ ❛ (α, β)✳ ❖ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ Λq(f) é

Mαβ(Λq(f)) = Aαβt
q−1+qαyβ +

1

q
Bαβt

qα+qyβ−1y′.

◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ ❜✐❣r❛✉ (α, β) ∈ ∆(f)✱ ❛ss♦❝✐❛♠♦s ✉♠ ❜✐❣r❛✉ (α′, β′) = (qα + q − 1, β) =

ϕ(α, β) ❡♠ ∆(Λq(f))✱ ✉♠❛ ✈❡③ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛♠❜♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s✳ ❈♦♠♦ ϕ é ✉♠❛

❛♣❧✐❝❛çã♦ ❜✐❥❡t✐✈❛✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ∆(f) ❡ ∆(Λq(f))✱ ❞♦♥❞❡

ϕ(∆(f)) = ∆(Λq(f)).

❈♦♠♦ ϕ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t✐✈❛ q✉❡ ♣♦ss✉✐ ❡❢❡✐t♦ s♦♠❡♥t❡ ♥❛s ❛❜❝✐ss❛s ❡ ♠❛♥t❡♥❞♦ ❛ ♦r❞❡♥❛❞❛✱

s❡❣✉❡ q✉❡ ♣♦♥t♦s ❞❡ N(f) s♦♠❡♥t❡ ❣❡r❛♠ ♣♦♥t♦s ❞❡ N(Λq(f))✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

ϕ(N(f)) = N(Λq(f).

❖❜s❡r✈❛çã♦ ✹✳✷✳✼✳ ❈♦♠♦ ϕ é ✉♠❛ ❜✐❥❡çã♦ ❡ ϕ(∆(f)) = ∆(Λq(f))✱ ♦❜s❡r✈❡ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s

❞❡ (α, β) ❡ ϕ(α, β) ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Aϕ(α,β) = Aαβ ❡ Bϕ(α,β) =
Bαβ

q
.

Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✽✳ ❖s ❧❛❞♦s ❞♦s ♣♦❧í❣♦♥♦s N(f) ❡ N(Λq(f)) ♣♦ss✉❡♠ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❜✐❥❡t✐✈❛ ❡ ❛s ❝♦✐♥❝❧✐♥❛çõ❡s sã♦ ♠✉❧t✐♣❧✐❝❛❞❛s ♣♦r q✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ L ✉♠ ❧❛❞♦ ❞❡ N(f) ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ✱ ♥♦ q✉❛❧ (a, b) ❡ (c, d) sã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ♣♦♥t♦s ♠❛✐s ❛❧t♦ ❡ ♠❛✐s ❜❛✐①♦ ❞❡ L✳ P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✻✱ t❡♠♦s q✉❡

ϕ(N(f)) = N(Λq(f))✱ ❡ ϕ é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐❥❡t✐✈❛ ❡♥tr❡ ♦s ❧❛❞♦s ❞❡st❡s ♣♦❧í❣♦♥♦s✳ ■st♦

✻✼
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s✐❣♥✐✜❝❛ q✉❡ ϕ(L) é ✉♠ ❧❛❞♦ ❞❡ N(Λq(f))✱ ❝✉❥♦s ♣♦♥t♦s ❡①tr❡♠♦s sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡

ϕ(a, b) = (qa+ q − 1, b) ❡ ϕ(c, d) = (qc+ q − 1, d).

❈♦♠♦ ❛ ❝♦✐♥❝❧✐♥❛çã♦ ❞❡ L é µ✱ t❡♠♦s q✉❡

−
1

µ
=
b− d

a− c
.

❊♥tã♦✱ ♥♦t❡ q✉❡ ❛ ✐♥❝❧✐♥❛çã♦ λ ❞❡ ϕ(L) é ❞❛❞❛ ♣♦r

λ =
b− d

(qa+ q − 1)− (qc+ q − 1)
=

b− d

q(a+ c)
= −

1

q

b− d

a− c
= −

1

qµ
.

▲♦❣♦✱ ❛ ❝♦✐♥❝❧✐♥❛çã♦ ❞❡ ϕ(L) é qµ✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✾✳ P❛r❛ t♦❞♦ µ ∈ Q+✱ t❡♠♦s q✉❡

ϕ(f,µ)(c) = ϕ(Λq(f),qµ)(c),

✐st♦ é✱ ♦s ♣♦❧✐♥ô♠✐♦s ❝❛r❛❝t❡ríst✐❝♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❡ f ❡ Λq(f) ❝♦✐♥❝✐❞❡♠✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ L(f, µ) ❛ r❡t❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ ❝♦✐♥❝❧✐♥❛çã♦ µ ❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦

❛ss♦❝✐❛❞♦

ϕ(f,µ)(c) =
∑

(α,β)∈L(f,µ)

(Aαβ + µBαβ)c
β .

P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✽✱ s❡❣✉❡ q✉❡ ϕ(L(f, µ)) = L(Λq(f), qµ)✱ ✐st♦ é✱

ϕ(α, β) ∈ L(Λq(f), qµ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (α, β) ∈ L(f, µ).

P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✼✱ t❡♠♦s q✉❡

Aϕ(α,β) = Aαβ ❡ Bϕ(α,β) =
Bαβ

q
.

❆ss✐♠✱

ϕ(f,µ)(c) =
∑

ϕ(α,β)∈L(Λq(f),qµ)

(Aϕ(αβ) + qµBϕ(αβ))c
β .

▲♦❣♦✱

ϕ(f,µ)(c) = ϕ(Λq(f),qµ)(c).

Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✶✵✳ ❙❡❥❛ L ✉♠ ❧❛❞♦ ❞❡ N(f)✳ ❊♥tã♦✱

i) (a, L)f ⇐⇒ (a, ϕ(L))Λq(f)✳

✻✽
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ii) (b, L)f ⇐⇒ (b, ϕ(L))Λq(f)✳

❉❡♠♦♥str❛çã♦✳ i) ❙❡❥❛ L ✉♠ ❧❛❞♦ ❞❡ N(f) ❝♦♠ ❝♦✐♥❝❧✐♥❛çã♦ µ✳ ❙❡ (α, β) é ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ ❞❡

L✱ ❛ ♣r♦♣r✐❡❞❛❞❡ (a, L)f ❞✐③ q✉❡

Bαβ 6= 0 ❡ −
Aαβ

Bαβ
/∈ Q(≥µ).

◆♦t❡ q✉❡ ϕ(L) é ♦ ❧❛❞♦ ❞❡ N(Λq(f)) ❝✉❥♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ é ϕ(α, β)✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✼✱

s❡❣✉❡ q✉❡

Bϕ(α,β) 6= 0 ❡ −
Aϕ(α,β)

Bϕ(α,β)
< qµ,

✐st♦ é✱

Bϕ(α,β) 6= 0 ❡ −
Aϕ(α,β)

Bϕ(α,β)
/∈ Q(≥qµ),

q✉❡ sã♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ (a, ϕ(L))Λq(f)✳ ▲♦❣♦✱ (a, L)f é ❡q✉✐✈❛❧❡♥t❡ ❛ (a, ϕ(L))Λq(f)✳

ii) ◆♦t❡ q✉❡ (b, L)f é s❛t✐s❢❡✐t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

Aαβ + µBαβ 6= 0.

P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✼✱ ✐st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛

Aϕ(α,β) + qµBϕ(α,β) 6= 0.

▲♦❣♦✱ (b, L)f é ❡q✉✐✈❛❧❡♥t❡ ❛ (a, ϕ(L))Λq(f)✳

Pr♦♣r✐❡❞❛❞❡ ✹✳✷✳✶✶✳ ❙❡❥❛ f ∈ Cq✳ P❛r❛ t♦❞♦ c ∈ C ❡ µ ∈ Q+✱ t❡♠♦s

Λq(f [cx
µ + y]) = Λq(f)[ct

qµ + y],

✐st♦ é✱ ♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ à tr❛♥s❢♦r♠❛❞❛ cxµ + y é ♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ ❛ f ✱

tr❛♥s❢♦r♠❛❞♦ ♣♦r ctqµ + y.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f ∈ Cq. ❈♦♥s✐❞❡r❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ f ❞❛❞♦ ♣♦r

Mαβ(f) = Aαβx
αyβ +Bαβx

α+1yβ−1y′.

❈♦♥s✐❞❡r❡ c ∈ C ❡ µ ∈ Q+ ❡ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ tr❛♥s❢♦r♠❛❞♦ ♣♦r cxµ + y✱ ✐st♦ é✱

Mαβ(f [cx
µ + y]) = Aαβx

α(cxµ + y)β +Bαβx
α+1(cxµ + y)β−1(cµxµ−1 + y′),

♦✉ ♠❡❧❤♦r✱

Mαβ(f [cx
µ + y]) = Aαβx

α(cxµ + y)β + cµBαβx
α+µ(cxµ + y)β−1 +Bαβx

α+1(cxµ + y)β−1y′.

✻✾
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❆ss✐♠✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❞♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ é ❞❛❞♦ ♣♦r

Mαβ(Λq(f [cx
µ + y])) = tq−1Aαβt

qα(ctqµ + y)β + tq−1Bαβcµt
q(α+µ)(ctqµ + y)β−1

+
1

q
Bαβt

q(α+1)(ctqµ + y)β−1y′, ✭✹✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❜✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ Λq(f) ❞❡ ❜✐❣r❛✉ ϕ(α, β) é ❞❛ ❢♦r♠❛

Mϕ(α,β)(Λq(f)) = Aαβt
q−1tqαyβ +

1

q
Bαβt

q(α+1)yβ−1y′.

❋❛③❡♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❞❡ y ♣♦r (ctqµ + y), ♦❜s❡r✈❡ q✉❡

Mϕ(α,β)(Λq(f))[ct
qµ+y] = Aαβt

q−1tqα(ctqµ+y)β +
1

q
Bαβt

q(α+1)(ctqµ+y)β−1(cqµtqµ−1+y′),

✐st♦ é✱

Mαβ(Λq(f))[ct
qµ + y] = Aαβt

q−1tqα(ctqµ + y)β + cµBαβt
q(α+1)+qµ−1(ctqµ + y)β−1

+
1

q
Bαβt

q(α+1)(ctqµ + y)β−1y′. ✭✹✳✶✵✮

❈♦♥s✐❞❡r❛♥❞♦ t♦❞♦s ♦s ❜✐✲í♥❞✐❝❡s✱ ❛s ❡q✉❛çõ❡s ✭✹✳✾✮ ❡ ✭✹✳✶✵✮ ✐♠♣❧✐❝❛♠ q✉❡ ♦s r❡s♣❡❝t✐✈♦s

❜✐♥ô♠✐♦s ❞✐❢❡r❡♥❝✐❛✐s ❝♦✐♥❝✐❞❡♠✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡

Λq(f [cx
µ + y]) = Λq(f)[ct

qµ + y].

❆s ♣r♦♣r✐❡❞❛❞❡s ❛♥t❡r✐♦r❡s sã♦ ✐♠♣♦rt❛♥t❡s ❢❡rr❛♠❡♥t❛s ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡

✉♠❛ s♦❧✉çã♦ ❞❡ (fω = 0) ♦❜t✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉①✱ ✉♠❛ ✈❡③ q✉❡ r❡❧❛❝✐♦♥❛♠ ♦s

♦❜❥❡t♦s ❡♥✈♦❧✈✐❞♦s ♥♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦s ♦❜❥❡t♦s ❛ss♦❝✐❛❞♦s ❛♦ q✲♣♦❧✐♥ô♠✐♦✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✶✷✳ ❙❡❥❛ ✉♠❛ s♦❧✉çã♦ ❢r❛❝✐♦♥ár✐❛ z =
∑∞

i=0 cix
i/q, ❝♦♠ q ∈ N✱ ♦❜t✐❞❛ ♥♦

❚❡♦r❡♠❛ ✹✳✶✳✶✹✳ ◆❛ s❡çã♦ ❛♥t❡r✐♦r ♠♦str❛♠♦s q✉❡ fi ∈ Cq✱ ♣❛r❛ t♦❞♦ i ≥ 0. ◆♦ ❡♥t❛♥t♦✱ ♣❡❧❛s

♣r♦♣r✐❡❞❛❞❡s ❛♥t❡r✐♦r❡s✱ ♦s ♦❜❥❡t♦s ✉t✐❧✐③❛❞♦s ♥♦ ❛❧❣♦r✐t♠♦ ❡stã♦ t♦❞♦s r❡❧❛❝✐♦♥❛❞♦s ♣❡❧❛ ♠✉❞❛♥ç❛

❞❡ ✈❛r✐á✈❡❧ x = tq ❡ ♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠❛ s♦❧✉çã♦

♥ã♦ ❢r❛❝✐♦♥ár✐❛✱ ✐st♦ é✱

z =
∞
∑

i=0

cix
i.

❖❜s❡r✈❛çã♦ ✹✳✷✳✶✸✳ ❙❡❥❛ z =
∑∞

i=0 cix
i ✉♠❛ s♦❧✉çã♦ ♥ã♦ ❢r❛❝✐♦♥ár✐❛ ❞❡ (fω = 0)✳ ❙✉♣♦♥❤❛

q✉❡ ♦ ♣♦♥t♦ ♣✐✈ô s❡❥❛ Qi0 = (a, 1), ❝♦♠ í♥❞✐❝❡ ❡st❛❝✐♦♥ár✐♦ ✐❣✉❛❧ ❛ i0✳ ❈♦♥s✐❞❡r❡ A(0) ❡ B(0) ♦s

r❡s♣❡❝t✐✈♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ xay ❡ xa+1y′, ♥❛ i0✲és✐♠❛ ❡t❛♣❛ ❞♦ ❛❧❣♦r✐t♠♦✳ ❖❜s❡r✈❡ q✉❡

fi = f [c1x+ · · ·+ ci−1x
i−1 + y],

❝♦♠ i ≥ i0. ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ L(fi, i) é ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(fi)✱ ❞♦ q✉❛❧ ♦ ♣♦♥t♦ ♠❛✐s ❛❧t♦ é

✼✵
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(a, 1)✳ ❊♥tã♦✱ ♣♦r (a, L)f ✱ t❡♠♦s

B(0) 6= 0 ❡ A(0) + jB(0) 6= 0, ✭✹✳✶✶✮

♣❛r❛ j ≥ i✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✶✹✳ ❖❜s❡r✈❡ q✉❡✱ s❡ ♦ q✉♦❝✐❡♥t❡

∣

∣

∣

∣

i

A(0) + iB(0)

∣

∣

∣

∣

❢♦r ✐❧✐♠✐t❛❞♦✱ t❡rí❛♠♦s

lim
i→∞

∣

∣

∣

∣

∣

A(0) + iB(0)

i

∣

∣

∣

∣

∣

= lim
i→∞

∣

∣

∣

∣

∣

A(0)

i
+B(0)

∣

∣

∣

∣

∣

= 0,

✐st♦ é✱

lim
i→∞

|B(0)| = 0,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ ❡①✐st❡ k1 ∈ N t❛❧ q✉❡

∣

∣

∣

∣

i

A(0) + iB(0)

∣

∣

∣

∣

< k1,

♣❛r❛ t♦❞♦ i✳

❙✉♣♦♥❤❛ q✉❡ t❡♥❤❛♠♦s ✉♠ ♣r♦❝❡ss♦ ❞❡ tr❛♥s❢♦r♠❛❞❛s ❝♦♠ í♥❞✐❝❡ ❡st❛❝✐♦♥ár✐♦ i0 ❡ ♣♦♥t♦ ♣✐✈ô

Q = (a, 1). P❛r❛ i ≥ i0, ❞❡✜♥✐♠♦s ❛❣♦r❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s q✉❡ s❡rã♦ út❡✐s ♥♦ ❡st✉❞♦ ❞❛

❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s♦❧✉çã♦✳ P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✿

N1 = N(fi0) ∩ N2 ❡ N2 = N(fi0) ∩ {(α, β) ∈ Z2|α ≥ −1, β ≥ 1}.

❉❡✜♥✐çã♦ ✹✳✷✳✶✺✳ P❛r❛ j = 1, 2, 3, ♦s ♣♦❧✐♥ô♠✐♦s H(j)
i+1 ∈ N[ci0 , · · · , ci, {Tαβ}(α,β)∈Nj

][[x, y, y′]]

sã♦ ❞❛❞♦s ♣♦r

H
(1)
i+1 =

∑

(α,β)∈N1

Tαβx
α(ci0x

i0 + · · ·+ cix
i + y)β

H
(2)
i+1 =

∑

(α,β)∈N2

Tαβx
α+1(ci0x

i0 + · · ·+ cix
i + y)β−1(i0ci0x

i0−1 + · · ·+ icix
i−1 + y′)

H
(3)
i+1 =

∑

(α,β)∈N2

Tαβx
α+1(ci0x

i0 + · · ·+ cix
i + y)β−1(ci0x

i0−1 + · · ·+ cix
i−1 + y′).

❊♠ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ xa+i+1 é ❞❛❞♦ ♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ♥❛s

✈❛r✐á✈❡✐s cj ❡ Tαβ ✱ ♦ q✉❛❧ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✹✳✷✳✶✻✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ xa+i+1 ❡♠ H
(j)
i+1 é ❞❛❞♦ ♣♦r

Coeffxa+i+1(H
(j)
i+1) = P

(j)
i+1(ci0 , · · · , ci, {Tαβ}). ✭✹✳✶✷✮

✼✶
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j = 1, 2, 3.

❖❜s❡r✈❛çã♦ ✹✳✷✳✶✼✳ ❖❜s❡r✈❡ q✉❡✱ q✉❛♥❞♦ y = y′ = 0✱ t❡♠♦s

xH
(3)
i (ci0 , · · · , ci−1, {Tαβ}) =

∑

(α,β)∈N2

Tαβx
α+1(ci0x

i0 + · · ·+ cix
i−1)β−1(ci0x

i0 + · · ·+ cix
i−1),

✐st♦ é✱

xH
(3)
i (ci0 , · · · , ci−1, {Tαβ}) =

∑

(α,β)∈N2

Tαβx
α+1(ci0x

i0 + · · ·+ cix
i)β .

❆✜r♠❛çã♦ ✹✳✷✳✶✽✳ ❖s ❝♦❡✜❝✐❡♥t❡s ❞❡ P
(2)
i+1 sã♦ ♠❡♥♦r❡s ❡♠ ♠ó❞✉❧♦ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s

❝♦rr❡s♣♦♥❞❡♥t❡s ♥♦ ♣♦❧✐♥ô♠✐♦ iP (3)
i+1✳

❉❡♠♦♥str❛çã♦✳ P♦r ❞❡✜♥✐çã♦✱ P (2)
i+1 é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ xa+i+1 ❡♠ H

(2)
i+1✱ q✉❡ é ❡s❝r✐t♦ ❝♦♠♦

P
(2)
i+1(ci0 , · · · , ci, {Tαβ}) =

∑

(α,β)

jB(α,β,di0 ,··· ,di)
Tαβc

di0
i0

· · · ci
di

♣❛r❛ j ≤ i, ♦♥❞❡ B(α,β,di0 ,··· ,di)
é ✉♠ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧ ❡ dj é ✉♠ ❡①♣♦❡♥t❡ ♥ã♦ ♥❡❣❛t✐✈♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ P (3)
i+1 é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ xa+i+1 ❡♠ H

(3)
i+1✱ q✉❡ é ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛tór✐♦ ❞❡

♠♦♥ô♠✐♦s ❝✉❥♦s ❜✐✲í♥❞✐❝❡s sã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❞❡ P (2)
i+1✱ ✐st♦ é✱

P
(3)
i+1(ci0 , · · · , ci, {Tαβ}) =

∑

(α,β)

B(α,β,di0 ,··· ,di)
Tαβc

di0
i0

· · · ci
di .

❚❡♠♦s

iP
(3)
i+1(ci0 , · · · , ci, {Tαβ}) =

∑

(αβ)

iB(α,β,di0 ,··· ,di)
Tαβc

di0 i0 · · · ci
di ,

❡ ❝♦♠♦ j ≤ i, s❡❣✉❡ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ P (2)
i+1 sã♦ ♠❡♥♦r❡s q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s

♥♦ ♣♦❧✐♥ô♠✐♦ iP (3)
i+1✳

❙❡❥❛ ϕ(x,w) ∈ C{x,w}✱ ✉♠❛ ❢✉♥çã♦ ❢♦r♠❛❧ ❞❛❞❛ ♣♦r

ϕ(x,w) = x
∑

(α,β)∈N ′

1

|Aαβ |x
αyβ +

∑

(α,β)∈N ′

2

|Bαβ |x
α+1yβ , ✭✹✳✶✸✮

♦♥❞❡ N ′
j = Nj \ {(a, 1), (a+ i0, 0)}✱ ❝♦♠ j = 1, 2✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✶✾✳ ❖❜s❡r✈❡ q✉❡ ϕ(x,w) ❞❡✜♥❡ ✉♠❛ ❝✉r✈❛ ❛♥❛❧ít✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ f é ✉♠❛

❝✉r✈❛ ❛♥❛❧ít✐❝❛✳

❉❡✜♥❛ ❛ ✈❛r✐á✈❡❧

w0 =

i−1
∑

j=i0

c′jx
j ,

✼✷
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♦♥❞❡ c′j sã♦ ❝♦❡✜❝✐❡♥t❡s q✉❛✐sq✉❡r✱ ❡ ❡s❝r❡✈❛

ϕ1(x, y) = x
∑

(α,β)∈N ′

1

|Aαβ |x
αyβ ❡ ϕ2(x, y) =

∑

(α,β)∈N ′

2

|Bαβ |x
α+1yβ .

❖❜s❡r✈❡ q✉❡

Coeffxa+i+1(ϕ(x,w0)) = Coeffxa+i+1(ϕ1(x,w0)) + Coeffxa+i+1(ϕ2(x,w0)).

P❡❧❛ ❞❡✜♥✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s H(j)
i+1✱ j = 1, 2, 3✱ é ❢á❝✐❧ ✈❡r q✉❡ ♦s ♣♦♥t♦s (a, 1) ❡ (a + i0, 0) ♥ã♦

♣♦❞❡♠ ❝♦♥tr✐❜✉✐r ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ xa+i+1 ❡♠ ϕ✳ ❉❡ ✉♠ ❧❛❞♦✱ t❡♠♦s

Coeffxa+i+1(ϕ1(x,w0)) = Coeffxa+i+1(xH
(1)
i (c′i0 , ..., c

′
i−1, {|Aαβ |}))

= Coeffxa+i(H
(1)
i (c′i0 , ..., c

′
i−1, {|Aαβ |}))

= P
(1)
i (c′i0 , ..., c

′
i−1, {|Aαβ |}). ✭✹✳✶✹✮

P♦r ♦✉tr♦✱ s❡❣✉❡ ❞❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✶✼✱ q✉❡

Coeffxa+i+1(ϕ2(x,w0)) = Coeffxa+i+1(xH
(3)
i (c′i0 , ..., c

′
i−1, {|Bαβ |})),

q✉❛♥❞♦ y = y′ = 0✳ ❆ss✐♠✱

Coeffxa+i+1(ϕ2(x,w0)) = Coeffxa+i+1(xH
(3)
i (c′i0 , ..., c

′
i−1, {|Bαβ |}))

= P
(3)
i (c′i0 , ..., c

′
i−1, {|Bαβ |}). ✭✹✳✶✺✮

P♦rt❛♥t♦✱ ❞❡ ✭✹✳✶✹✮ ❡ ✭✹✳✶✺✮✱ s❡❣✉❡ q✉❡

Coeffxa+i+1(ϕ(x,w0)) = P
(1)
i (c′i0 , ..., c

′
i−1, {|Aαβ |}) + P

(3)
i (c′i0 , ..., c

′
i−1, {|Bαβ |}) ✭✹✳✶✻✮

♣❛r❛ ❝❛❞❛ i ≥ i0.

❆✜r♠❛çã♦ ✹✳✷✳✷✵✳ Coeffxa+i+1(ϕ(x,

∞
∑

j=i0

c′jx
j)) = Coeffxa+i+1(ϕ(x,

i−1
∑

j>i0

c′jx
j))✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Li0 = L(fi0 , i0)✱ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(fi0)✱ ♦ q✉❛❧ ❝♦♥té♠ ♦s ♣♦♥t♦s (a, 1)

❡ (a + i0, 0)✳ ❖❜s❡r✈❡ q✉❡ ❝♦♠♦ N ′
j = Nj \ {(a, 1), (a + i0, 0)}✱ s❡❣✉❡ q✉❡ ♦s ♣♦♥t♦s ❞❡ N ′

j

❝♦rr❡s♣♦♥❞❡♠ ❛♦s ♣♦♥t♦s ❧♦❝❛❧✐③❛❞♦s ❛❝✐♠❛ ❞❛ r❡t❛ q✉❡ ❝♦♥té♠ Li0 ✱ ✐st♦ é✱

βi0 > −α+ (a+ i0). ✭✹✳✶✼✮

❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ β > 1✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ N ′
1 ❡ N ′

2✳ ❉❡✜♥❛ ❛s ✈❛r✐á✈❡✐s

wi =
i
∑

j=i0

c′jx
j ❡ wi−1 =

i−1
∑

j>i0

c′jx
j .

P❛r❛ ♠♦str❛r ♦ r❡s✉❧t❛❞♦✱ ❜❛st❛ ♠♦str❛r q✉❡

Coeffxa+i+1(ϕ(x,wi)) = Coeffxa+i+1(ϕ(x,wi−1)), ✭✹✳✶✽✮

✼✸
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❋✐❣✉r❛ ✹✳✷✿ P♦❧í❣♦♥♦ ❞❡ ◆❡✇t♦♥ ❞❡ fi0 .

♦✉ s❡❥❛✱ ❛ ✐♥tr♦❞✉çã♦ ❞❡ t❡r♠♦s ❝♦♠ ♦r❞❡♥s ♠❛✐♦r❡s ♦✉ ✐❣✉❛✐s ❛ i ❡♠ wi−1✱ ♥ã♦ ❛❢❡t❛ ♥♦ ❝♦❡✜❝✐❡♥t❡

❞❡ xa+i+1✳ ❈♦♠♦ i > i0✱ ❞✐❣❛♠♦s i = i0 + l✱ ♣❛r❛ l ∈ N ❡ ❝♦♥s✐❞❡r❡

ϕ(x,wi) = x
∑

(α,β)∈N ′

1

|Aαβ |x
αwβ

i +
∑

(α,β)∈N ′

1

|Bαβ |x
α+1wβ

i .

❖❜s❡r✈❡ q✉❡ ♦s t❡r♠♦s ❞❡ ϕ(x,wi) sã♦ ❞❛ ❢♦r♠❛

|Cαβ |x
α+1((c′i0x

i0 + ...+ c′i−1x
i−1) + (c′ix

i))β = |Cαβ |x
α+1(wi−1 + (c′ix

i))β ,

♦♥❞❡ Cαβ = Aαβ ♦✉ Cαβ = Bαβ ✳ ❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ♣♦tê♥❝✐❛ β✱ ♦❜t❡♠♦s t❡r♠♦s q✉❡ ♣♦❞❡♠ s❡r

❝❧❛ss✐✜❝❛❞♦s ❡♠ três ❣r✉♣♦s ❞✐st✐♥t♦s✿

i) ❚❡r♠♦s ❞❛ ❢♦r♠❛

|Cαβ |x
α+1wβ

i−1,

❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s ❡ ❜✐✲í♥❞✐❝❡s ♣r♦❞✉③✐❞♦s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ϕ(x,wi−1)✳

ii) ❚❡r♠♦s ❞❛ ❢♦r♠❛

|Cαβ |x
α+1(c′ix

i)β ,

❝✉❥♦s ❡①♣♦❡♥t❡s ❞❛ ✈❛r✐á✈❡❧ x sã♦ ❞❛❞♦s ♣♦r✿

γ = α+ 1 + βi = α+ 1 + βi0 + βl.

❯♠❛ ✈❡③ q✉❡ β > 1 ❡ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✼✮✱ s❡❣✉❡ q✉❡

γ > a+ 1 + i0 + l > a+ i+ 1,

✼✹
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❆ss✐♠✱ t❡r♠♦s ❞❡st❛ ❢♦r♠❛ s♦♠❡♥t❡ ♣r♦❞✉③❡♠ ♦r❞❡♥s ♠❛✐♦r❡s q✉❡ a+ i+ 1.

iii) ❚❡r♠♦s ❞❛ ❢♦r♠❛

|Cαβ |x
α+1wk

i−1(c
′
ix

i)β−k,

♣❛r❛ 0 < k < β✳ ❖❜s❡r✈❡ q✉❡ ♦s ❡①♣♦❡♥t❡s s❛t✐s❢❛③❡♠

γ > α+ 1 + (β − k)i+ ki0

= α+ 1 + (β − k)(i0 + l) + ki0

= α+ 1 + (β − k)i0 + (β − k)l + ki0.

❈♦♠♦ (β − k) ≥ 1✱ t❡♠♦s q✉❡

γ ≥ α+ 1 + (β − k)i0 + l + ki0 = α+ 1 + βi0 + l

❡✱ ❞❡ ✭✹✳✶✼✮✱ t❡♠♦s

γ > a+ i0 + l + 1 = a+ i+ 1.

▲♦❣♦✱ ♦s t❡r♠♦s ♣r♦❞✉③✐❞♦s ♣♦ss✉❡♠ ♦r❞❡♠ s✉♣❡r✐♦r à a+ i+ 1✳

▼♦str❛♠♦s ❡♥tã♦ q✉❡ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠ t❡r♠♦ ❞❡ ♦r❞❡♠ i ♥❛ ✈❛r✐á✈❡❧ wi−1 s♦♠❡♥t❡ ❛❢❡t❛

♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ϕ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❛ a + i + 1✳ ❆ss✐♠✱ t❛❧ ✐♥tr♦❞✉çã♦ ♥ã♦ ✐♥t❡r❢❡r❡ ♥♦s

❝♦❡✜❝✐❡♥t❡s ❞❡ xa+i+1 ❡♠ ϕ✱ ✐st♦ é✱

Coeffxa+i+1(ϕ(x,

i
∑

j=i0

c′jx
j)) = Coeffxa+i+1(ϕ(x,

i−1
∑

j>i0

c′jx
j)).

❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ✐♥tr♦❞✉③✐♠♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❛✐♦r❡s q✉❡ i✱ ❡ ❛ss✐♠✱

Coeffxa+i+1(ϕ(x,

∞
∑

j=i0

c′jx
j)) = Coeffxa+i+1(ϕ(x,

i−1
∑

j=i0

c′jx
j)),

♣❛r❛ i ≥ i0, ♦ q✉❡ ♠♦str❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♠♦str❛♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣❡r♠✐t❡ ❡①✐❜✐r ✉♠❛ s♦❧✉çã♦

❢♦r♠❛❧ z ❞❛ ❡q✉❛çã♦ (fω = 0)✳ ◆♦ ❡♥t❛♥t♦✱ ♥❛❞❛ s❛❜❡♠♦s s♦❜r❡ ❛ s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❖ r❡s✉❧t❛❞♦

❛❜❛✐①♦ é ♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✳ ❊❧❡ ♣r♦✈❛ q✉❡ ❛ s♦❧✉çã♦ z ♦❜t✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ é ❞❡ ❢❛t♦

❝♦♥✈❡r❣❡♥t❡✳

❚❡♦r❡♠❛ ✹✳✷✳✷✶✳ ❙❡❥❛ fω ♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ω✳ ❆ss✉♠❛ q✉❡ ω é ❝♦♥✈❡r❣❡♥t❡

❡ q✉❡ ♥❡♠ (x = 0) ❡ ♥❡♠ (y = 0) sã♦ s♦❧✉çõ❡s ❞❡ (fω = 0)✳ ❊♥tã♦✱ ❛ s♦❧✉çã♦ z ❞❡ (fω = 0) ♥♦

❚❡♦r❡♠❛ ✹✳✶✳✶✹ é ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♥♦t❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✹✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ q ∈ N✱ t❛❧ q✉❡

✼✺
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z ∈ C[[x1/q]] ❡ fi ∈ Cq ♣❛r❛ ❝❛❞❛ i ≥ 0, ✐st♦ é✱

z =
∞
∑

i=0

cix
i/q.

P❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❛♥t❡r✐♦r❡s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q = 1 ❡

z =

∞
∑

i=0

cix
i.

❈♦♥s✐❞❡r❡ Qi0 = (a, b) ♦ ♣♦♥t♦ ♣✐✈ô ❞❡ f ❝♦♠ r❡s♣❡✐t♦ ❛ z✳ ❙❡ b ≥ 2✱ t❡♠♦s ♣❡❧❛ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✹ q✉❡ zi0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ ❝♦♥✈❡r❣❡♥t❡ gi0 ✳ ❉♦ ❚❡♦r❡♠❛ ✶✳✺✳✼✱ s❡❣✉❡

q✉❡ zi0 é ❝♦♥✈❡r❣❡♥t❡✱ ❡ ♣♦rt❛♥t♦✱ z é ❝♦♥✈❡r❣❡♥t❡✳ ❙❡ b = 1 ❝♦♠ í♥❞✐❝❡ ❡st❛❝✐♦♥ár✐♦ ✐❣✉❛❧ ❛ i0✱

❝♦♥s✐❞❡r❡ Qi0 = (a, 1) ❡ A(0) ❡ B(0) ♦s r❡s♣❡❝t✐✈♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ xay ❡ xa+1y′, ♥❛ i0✲és✐♠❛ ❡t❛♣❛✳

❙❡♥❞♦

N1 = N(fi0) ∩ N2 ❡ N2 = N(fi0) ∩ {(α, β) ∈ Z2|α ≥ −1, β ≥ 1},

❡s❝r❡✈❛

fi0(x, y) =
∑

(α,β)∈N1

Aαβx
αyβ +

∑

(α,β)∈N2

Bαβx
α+1yβ−1y′.

P❡❧❛ ❞❡✜♥✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s H(j)
i+1✱ é ❢á❝✐❧ ✈❡r q✉❡

fi = H
(1)
i (ci0 , · · · , ci−1, {Aαβ}(α,β)∈N1

) +H
(2)
i (ci0 , · · · , ci−1, {Bαβ}(α,β)∈N1

),

❡

Coeffxa+i(fi) = P
(1)
i (ci0 , · · · , ci−1, {Aαβ}) + P

(2)
i (ci0 , · · · , ci−1, {Bαβ}), ✭✹✳✶✾✮

s❡♠♣r❡ q✉❡ i ≥ i0. ❈♦♠♦ ♦ ❧❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ N(fi) é ❞❛❞♦ ♣♦r L(fi, i)✱ t❡♠♦s q✉❡

A(0) + iB(0) 6= 0 ❡ B(0) 6= 0,

❝♦♠ i ≥ i0. P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✶✹✱ ❡①✐st❡ ✉♠ ♥❛t✉r❛❧ k1 t❛❧ q✉❡

∣

∣

∣

∣

i

A(0) + iB(0)

∣

∣

∣

∣

< k1,

♣❛r❛ t♦❞♦ i✳

❉❡✜♥❛ ♦s ❝♦❡✜❝✐❡♥t❡s c′i0 , · · · , c
′
i ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✿

c′i0 = |ci0 | ❡ c′i = k1{P
(1)
i (c′i0 , · · · , c

′
i−1, {Aαβ}) + P

(3)
i (c′i0 , · · · , c

′
i−1, {Bαβ})},

i > i0.

❆✜r♠❛çã♦ ✹✳✷✳✷✷✳ P❛r❛ ❝❛❞❛ i ≥ i0✱ t❡♠♦s

|ci| ≤ c′i.

✼✻
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❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡♠♦s ♣♦r ✐♥❞✉çã♦✳ P❛r❛ i = i0✱ ❛ ❛✜r♠❛çã♦ é ✐♠❡❞✐❛t❛✳ ❙✉♣♦♥❤❛ i > i0 ❡

q✉❡

|cj | ≤ c′j ,

♣❛r❛ j = i0, · · · , i− 1. ❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✻✮✱ t❡♠♦s

ci =
Coeffxa+i(fi)

A(0) + iB(0)
.

❊♥tã♦✱ ❞❡ ✭✹✳✶✾✮

|ci| =
|Coeffxa+i(fi)|

|A(0) + iB(0)|
=

|P
(1)
i (ci0 , · · · , ci−1, {Aαβ}) + P

(2)
i (ci0 , · · · , ci−1, {Bαβ})|

|A(0) + iB(0)|

≤
|P

(1)
i (ci0 , · · · , ci−1, {Aαβ})|+ |P

(2)
i (ci0 , · · · , ci−1, {Bαβ})|

|A(0) + iB(0)|
,

❡✱ ❝♦♠♦ cj ≤ |cj | ♣❛r❛ ❝❛❞❛ j✱ s❡❣✉❡ q✉❡

|ci| ≤
|P

(1)
i (|ci0 |, · · · , |ci−1|, {|Aαβ |})|+ |P

(2)
i (|ci0 |, · · · , |ci−1|, {|Bαβ |})|

|A(0) + iB(0)|
.

P❡❧❛ ❆✜r♠❛çã♦ ✹✳✷✳✶✽✱ t❡♠♦s

|ci| ≤
P

(1)
i (|ci0 |, · · · , |ci−1|, {|Aαβ |}) + iP

(3)
i (|ci0 |, · · · , |ci−1|, {|Bαβ |})

|A(0) + iB(0)|

≤
iP

(1)
i (|ci0 |, · · · , |ci−1|, {|Aαβ |}) + iP

(3)
i (|ci0 |, · · · , |ci−1|, {|Bαβ |})

|A(0) + iB(0)|

≤ k1{P
(1)
i (|ci0 |, · · · , |ci−1|, {|Aαβ |}) + P

(3)
i (|ci0 |, · · · , |ci−1|, {|Bαβ |})}.

❯♠❛ ✈❡③ q✉❡ |cj | < c′j ♣❛r❛ j = i0, · · · , i− 1✱ t❡♠♦s

|ci| ≤ k1{P
(1)
i (c′i0 , · · · , c

′
i−1, {|Aαβ |}) + P

(3)
i (c′i0 , · · · , c

′
i−1, {|Bαβ |})} = c′i,

♦ q✉❡ ❞❡♠♦♥str❛ ♦ r❡s✉❧t❛❞♦✳

❉❡✜♥❛ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ ❢♦r♠❛❧

ψ(x,w) = −xa+1w + |ci0 |x
a+i0+1 + k1ϕ(x,w),

♦♥❞❡ ϕ é ❛ ❢✉♥çã♦ ❢♦r♠❛❧ ❞❡✜♥✐❞❛ ❡♠ ✭✹✳✶✸✮✳ ❙❡❥❛ z1 =
∑∞

j=i0
c′jx

j ❡ ♦❜s❡r✈❡ q✉❡

ψ(x, z1) = −xa+1z1 + |ci0 |x
a+i0+1 + k1ϕ(x, z1)

= −c′i0x
a+1+i0 − xa+1(

∞
∑

j=i0+1

c′jx
j) + |ci0 |x

a+i0+1 + k1ϕ(x,
∞
∑

j=i0

c′jx
j).

✼✼
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❈♦♠♦ c′i0 = |ci0 |✱ t❡♠♦s q✉❡

ψ(x, z1) = −xa+1(

∞
∑

j=i0+1

c′jx
j) + k1ϕ(x,

∞
∑

j=i0

c′jx
j).

P❛r❛ i > i0✱ t❡♠♦s

Coeffxa+i+1(ψ(x, z1)) = Coeffxa+i+1



−xa+1(
∞
∑

j=i0+1

c′jx
j)



+ k1Coeffxa+i+1



ϕ(x,
∞
∑

j=i0

c′jx
j)



 ,

❡ ❞❛ ❆✜r♠❛çã♦ ✹✳✷✳✷✵✱ s❡❣✉❡ q✉❡

Coeffxa+i+1(ψ(x, z1)) = −c′i + k1Coeffxa+i+1

(

ϕ(x,

i−1
∑

i=i0

c′ix
i)

)

.

P♦r ✭✹✳✶✻✮✱ t❡♠♦s

Coeffxa+i+1(ϕ(x,
i−1
∑

i=i0

c′ix
i)) = P

(1)
i (c′i0 , · · · , c

′
i−1, {|Aαβ |}) + P

(3)
i (c′i0 , · · · , c

′
i−1, {|Bαβ |})

=
c′i
k1
.

❆ss✐♠✱

Coeffxa+i+1(ψ(x, z1)) = c′i + k1
c′i
k1

= 0. ✭✹✳✷✵✮

❖❜s❡r✈❡ q✉❡ ♦s ❡①♣♦❡♥t❡s ❞❡ ϕ sã♦ t♦❞♦s ♠❛✐♦r❡s q✉❡ a + i0 + 1✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛♠♦s

❝♦♥s✐❞❡r❛♥❞♦ ♣♦♥t♦s ❛❝✐♠❛ ❞❡ Li0 ✱ ✈❡❥❛ ❛ ❋✐❣✉r❛ ✭✹✳✷✮✳ ❙❡♥❞♦ ❛ss✐♠✱ é ✐♠❡❞✐❛t♦ q✉❡ ♦s t❡r♠♦s

❞❡ ψ ♣♦ss✉❡♠ ♦r❞❡♠ ♠í♥✐♠❛ ✐❣✉❛❧ ❛ a+ i0 + 1. ❊♠ ✭✹✳✷✵✮✱ ♠♦str❛♠♦s q✉❡ t♦❞♦s ♦s ❝♦❡✜❝✐❡♥t❡s

❞❡ ψ(x, z1) sã♦ ♥✉❧♦s✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ z1 é ✉♠❛ s♦❧✉çã♦ ❞❡ ψ. ❯♠❛ ✈❡③ q✉❡ ψ é ❝♦♥✈❡r❣❡♥t❡✱

s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✳✼ q✉❡ z1 é ❝♦♥✈❡r❣❡♥t❡✳

P❡❧❛ ❆✜r♠❛çã♦ ✹✳✷✳✷✷✱ t❡♠♦s q✉❡ ❛ sér✐❡
∑∞

i=i0
cix

i ♣♦ss✉✐ ♦s ❝♦❡✜❝✐❡♥t❡s ♠❛❥♦r❛❞♦s ♣❡❧♦s

❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡✱ ❡ ❧♦❣♦ é ❝♦♥✈❡r❣❡♥t❡✳ P♦rt❛♥t♦✱ ❛ sér✐❡ z é ❝♦♥✈❡r❣❡♥t❡✳

✼✽



❈❛♣ít✉❧♦ ✺

❙♦❧✉çõ❡s ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛

s✲●❡✈r❡②

◆♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✱ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ✉♠❛ s♦❧✉çã♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞✐❢❡r❡♥❝✐❛❧

fω✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω✳ ◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s

♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ✱ q✉❡ ♣❡r♠✐t❡ ❡①✐❜✐r ✉♠❛ s♦❧✉çã♦ ❞❡ (fω = 0)✳ ◆♦ ❈❛♣ít✉❧♦ ✹✱

♠♦str❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ é ✉♠❛ s♦❧✉çã♦ ❝♦♥✈❡r❣❡♥t❡ ❞❡ fω✳

◆❡st❡ ❝❛♣ít✉❧♦✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ✉♠❛ ❝❧❛ss❡ ❞❡ sér✐❡s ❝❤❛♠❛❞❛s ❞❡ s✲●❡✈r❡②✱ q✉❡ ♣♦ss✉❡♠

✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢r❛❝❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ▼♦str❛♠♦s q✉❡ ✉♠❛ ❢♦r♠❛ P✛❛✜❛♥❛ ❝♦♠ í♥❞✐❝❡

s✲●❡✈r❡② ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❝♦♠ í♥❞✐❝❡ ●❡✈r❡②✳

✺✳✶ ❙ér✐❡s s✲●❡✈r❡②

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❞❡✜♥✐r ❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s s✲●❡✈r❡②✳ ❙❡❥❛

A(x, y) =
∑

ij

Aijx
iyj ∈ C[[x, y]]

✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧✳

❉❡✜♥✐çã♦ ✺✳✶✳✶✳ ❉✐③❡♠♦s q✉❡ A(x, y) ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✱ ❝♦♠ s ≥ 1✱ s❡

βs−1(A) =
∑

ij

Aij

(i+ j)!s−1
xiyj ∈ C{x, y}. ✭✺✳✶✮

❊♠ ♦✉tr♦s t❡r♠♦s✱ ❛ sér✐❡ A(x, y) é s✲●❡✈r❡②✱ s❡ ❛ sér✐❡ ❢♦r♠❛❧ ❛ss♦❝✐❛❞❛ βs−1(A) é ❝♦♥✈❡r❣❡♥t❡✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✷✳ ❖❜s❡r✈❡ q✉❡ s❡ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ A(x, y) ♣♦ss✉✐ í♥❞✐❝❡ 1✲●❡✈r❡②✱

t❡♠♦s

β0(A) =
∑

ij

Aij

(i+ j)!0
xiyj =

∑

ij

Aijx
iyj ∈ C{x, y}.

❆ss✐♠✱ sér✐❡s ❞❡ í♥❞✐❝❡ 1✲●❡✈r❡② sã♦ ❛s sér✐❡s ❝♦♥✈❡r❣❡♥t❡s✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✸✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ A(x, y) ♣♦ss✉❛ í♥❞✐❝❡ s✲●❡✈r❡②✳

❊♥tã♦✱ ❛ sér✐❡ βs−1 ∈ C{x, y} ❡✱ ♥♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ r ≥ s✱ t❡♠♦s

✼✾
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|Aij |

(i+ j)!r−1
≤

|Aij |

(i+ j)!s−1
.

■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ sér✐❡ βr−1(A) sã♦ ♠❛❥♦r❛❞♦s ❡♠ ♠ó❞✉❧♦ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❛

sér✐❡ ❝♦♥✈❡r❣❡♥t❡ βs−1(A)✳ ▲♦❣♦✱

βr−1(A) =
∑

ij

Aij

(i+ j)!r−1
xiyj ∈ C{x, y},

❡ A(x, y) ♣♦ss✉✐ í♥❞✐❝❡ r✲●❡✈r❡②✳

❉❡✜♥✐çã♦ ✺✳✶✳✹✳ ❙❡❥❛ ω = A(x, y)dx + B(x, y)dy ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ❝♦♠ A, B ∈ C[[x, y]].

❉✐③❡♠♦s q✉❡ ω ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡② s❡ ❛s sér✐❡s A ❡ B ♣♦ss✉❡♠ í♥❞✐❝❡ s✲●❡✈r❡②✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ ✉♠❛ ❢♦r♠❛ P✛❛✜❛♥❛ ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②✱ ♣♦ss✉✐ ✉♠❛

s♦❧✉çã♦ ❢♦r♠❛❧ ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②✳

❉❡✜♥✐çã♦ ✺✳✶✳✺✳ ❯♠❛ ♣❛r❛♠❡tr✐③❛çã♦ (x(t), y(t)) ∈ C[[t]]2 ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡② s❡ é ❞❛ ❢♦r♠❛

(0, y(t)) ♦✉ (tq, y(t))✱ ❝♦♠ y(t) ❞❡ í♥❞✐❝❡ s✲●❡✈r❡②✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✻✳ ❙❡❥❛

L(x, y) =
∑

αβ

Bαβx
αyβ

✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡✳ ❊①✐st❡ ✉♠ ♣♦❧✐❞✐s❝♦ ∆(0, (r1, r2)) ♥♦ q✉❛❧ ❛ sér✐❡ L(x, y)

❝♦♥✈❡r❣❡ s❡♠♣r❡ q✉❡ |x| < r1✱ ❡ |y| < r2✳ ❚♦♠❡ k1, k2 > 0✳ ❊♥tã♦ ❛ sér✐❡

Lk1k2(x, y) =
∑

αβ

Bαβ(k1x)
α(k2y)

β ,

❝♦♥✈❡r❣❡ ♥♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❞✐s❝♦ ∆(0, (r1/k1, r2/k2))✳

▲❡♠❛ ✺✳✶✳✼✳ ❙❡❥❛ h(x, y) =
∑

αβ Aαβx
αyβ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②✱

s ≥ 1✳ ❊♥tã♦✿

i) βs−1(h) ∈ C{x, y} ⇐⇒
∑

αβ
Aαβ

(α!β!)s−1x
αyβ ∈ C{x, y}✳

ii) βs−1(h) ∈ C{x, y} ⇒ βs−1(h(t
q, y)) ∈ C{t, y}, q ∈ N✳

iii) βs−1(h) ∈ C{x, y} ⇒ βs−1(h(x, cx
j + y)) ∈ C{x, y}, j ∈ N− {0}✳

❉❡♠♦♥str❛çã♦✳ i) Pr✐♠❡✐r❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ βs−1(h) ❝♦♥✈✐r❥❛ ♥♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❞✐s❝♦

∆(0, (r1, r2)). ❖❜s❡r✈❡ q✉❡ s❡♥❞♦ n ∈ N ❡ k < n✱ t❡♠♦s

(

n

k

)

=
n(n− 1) · · · (n− k + 1)

k!
≤
nk

k!
.

❆ss✐♠✱

(

n

k

)

≤
nk

kk
kk

k!
≤
nk

kk

∑

m

km

m!
=
(ne

k

)k

✽✵
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❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ t♦♠❡ β > α ❡ ❢❛③❡♥❞♦ n = α+ β ❡ k = β✱ t❡♠♦s

(α+ β)!

α!β!
≤

(

(α+ β)e

β

)β

=

(

α

β
+ 1

)β

eβ . ✭✺✳✷✮

❈♦♠♦
β

α
> 1✱ s❡❣✉❡ q✉❡

(

α

β
+ 1

)β

=

[

(

1 +
1

β/α

)β/α
]α

≤ eα. ✭✺✳✸✮

❉❡ ✭✺✳✷✮ ❡ ✭✺✳✸✮✱ t❡♠♦s

(α+ β)!

α!β!
≤ eαeβ ,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|Aαβ |

α!β!
≤

|Aαβ |

(α+ β)!
eαeβ . ✭✺✳✹✮

❚♦♠❛♥❞♦ k1, k2 ❞❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✻ ✐❣✉❛✐s ❛ es−1✱ t❡♠♦s q✉❡ ❛ sér✐❡

βs−1(h)k1k2(x, y) =
∑

αβ

Aαβ

(α+ β)!
(es−1x)α(es−1y)β ,

❝♦♥✈❡r❣❡ ♥♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❞✐s❝♦ ∆(0, (r1/k1, r2/k2))✱ ✉♠❛ ✈❡③ q✉❡ βs−1 é ❝♦♥✈❡r❣❡♥t❡✳ P♦r ✭✺✳✹✮✱

t❡♠♦s q✉❡

|Aαβ |

(α!β!)s−1
≤

|Aαβ |(e
αeβ)s−1

(α+ β)!s−1
,

❡ ♣♦ss✉✐♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ♠❛❥♦r❛❞♦s ❡♠ ♠ó❞✉❧♦ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡✱

s❡❣✉❡ q✉❡
∑

αβ

Aαβ

(α!β!)s−1
xαyβ ∈ C{x, y}.

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ q✉❡ ❛ sér✐❡ ❛❝✐♠❛ s❡❥❛ ❝♦♥✈❡r❣❡♥t❡✳ ◆♦t❡ q✉❡

(α+ β)! = α!(α+ 1)(α+ 2)...(α+ β) ≥ α!β!,

❡♥tã♦
|Aαβ |

(α+ β)!
≤

|Aαβ |

(α!β!)
.

❈♦♠♦ s ≥ 1✱ t❡♠♦s q✉❡
|Aαβ |

(α+ β)!s−1
≤

|Aαβ |

(α!β!)s−1
.

❉❡ss❡ ♠♦❞♦✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ sér✐❡ βs−1 sã♦ ♠❛❥♦r❛❞♦s ❡♠ ♠ó❞✉❧♦ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠❛

sér✐❡ ❝♦♥✈❡r❣❡♥t❡✳ ▲♦❣♦✱

βs−1(h) =
∑

αβ

Aαβ

(α+ β)!s−1
xαyβ

✽✶
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é ❝♦♥✈❡r❣❡♥t❡✱ ✐st♦ é✱ βs−1(h) ∈ C{x, y}.

ii) ❙✉♣♦♥❤❛ q✉❡ βs−1(h) ∈ C{x, y}✳ ❉❡✜♥❛

g(t, y) = h(tq, y) =
∑

αβ

Aαβt
qαyβ ,

❡ ♥♦t❡ q✉❡

βs−1(g(t, y)) =
∑

αβ

Aαβ

(qα+ β)!s−1
tqαyβ .

❯♠❛ ✈❡③ q✉❡

|Aαβ |

(qα+ β)!s−1
≤

|Aαβ |

(α+ β)!s−1
,

s❡❣✉❡ q✉❡

βs−1(g(t, y)) = βs−1(h(t
q, y)) ∈ C{t, y}.

iii) ❊s❝r❡✈❛

h(x, cxj + y) =
∑

αβ

Aαβx
α(cxj + y)β

❡ s✉♣♦♥❤❛ q✉❡ βs−1(h) ∈ C{x, y}✳ ❙❡❥❛ ∆(0, (r1, r2)) ♦ ♣♦❧✐❞✐s❝♦ t❛❧ βs−1(h) ❝♦♥✈✐r❥❛ s❡♠♣r❡ q✉❡

(x, y) é ✐♥t❡r✐♦r ❛ ∆(0, (r1, r2))✳ ❖❜s❡r✈❡ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ✈❛❧♦r❡s ❞❡ |x| ❡ |y| ♥♦ ✐♥t❡r✐♦r

❞❡ ∆(0, (r1, r2)) é ❛❜s♦❧✉t❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ✜①❡ x0✱ y0 ∈ R ♣♦s✐t✐✈♦s ♣❛r❛ ♦s q✉❛✐s ❛ sér✐❡

∑

α,β

Aαβ

(α+ β)!s−1
xα0 (cx

j
0 + y0)

β

❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ ♦ t❡r♠♦ ❞❡ h(x, cxj + y) ❞❛❞♦ ♣♦r

Aαβx
α(cxj + y)β =

β
∑

k=0

Aαβc
k

(

β

k

)

xα+kjyβ−k.

❊♥tã♦✱

βs−1(h(x0, cx
j
0 + y0)) =

∑

αβ

(

β
∑

k=0

(

β

k

)

Aαβ

(α+ kj + β − k)!s−1
ckxα+kj

0 yβ−k
0

)

.

◆♦t❡ q✉❡

∣

∣

∣

∣

∣

β
∑

k=0

(

β

k

)

Aαβc
k

(α+ kj + β − k)!s−1

∣

∣

∣

∣

∣

xα+kj
0 yβ−k

0 ≤

β
∑

k=0

∣

∣

∣

∣

(

β

k

)

Aαβc
k

(α+ kj + β − k)!s−1

∣

∣

∣

∣

xα+kj
0 yβ−k

0

≤

β
∑

k=0

∣

∣

∣

∣

(

β

k

)

Aαβ

(α+ β)!s−1
ck
∣

∣

∣

∣

xα+kj
0 yβ−k

0 ,
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✐st♦ é✱

∣

∣

∣

∣

∣

β
∑

k=0

(

β

k

)

Aαβc
k

(α+ kj + β − k)!s−1

∣

∣

∣

∣

∣

xα+kj
0 yβ−k

0 ≤
|Aαβ |

(α+ β)!s−1

β
∑

k=0

(

β

k

)

ckxα+kj
0 yβ−k

0

≤
|Aαβ |

(α+ β)!s−1
xα0 (cx

j
0 + y0)

β .

P❡❧❛ ❡s❝♦❧❤❛ ❞❡ x0✱ ❡ y0✱ s❡❣✉❡ q✉❡ ❛ sér✐❡ βs−1(h(x0, cx
j
0 + y0)) é ♠❛❥♦r❛❞❛ ❡♠ ♠ó❞✉❧♦ ♣♦r ✉♠❛

sér✐❡ ❝♦♥✈❡r❣❡♥t❡✱ ❧♦❣♦✱ é ❝♦♥✈❡r❣❡♥t❡✳ P♦rt❛♥t♦✱

βs−1(h(x0, cx
j
0 + y0)) ∈ C{x, y}.

❖❜s❡r✈❛çã♦ ✺✳✶✳✽✳ ❆ss✉♠❛ q✉❡ ❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω = A(x, y)dx+B(x, y)dy s❡❥❛ s✲●❡✈r❡②✱ ♣❛r❛

❛❧❣✉♠ s ≥ 1✳ ◆❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✶✱ ❡①✐❜✐♠♦s ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡ z1(x) =
∑∞

i=i0
c′ix

i✱

q✉❡ é s♦❧✉çã♦ ❞❡ ✉♠❛ ❝✉r✈❛

ψ(x, y) = −xa+1z + |ci0 |x
a+i0+1 + k1ϕ(x, z),

♦♥❞❡ ϕ(x,w) é ❞❡✜♥✐❞❛ ❡♠ ✭✹✳✶✸✮✱ ❞❛❞❛ ❡♠ t❡r♠♦s ❞♦s ❝♦❡✜❝✐❡♥t❡s |Aαβ | ❡ |Bαβ |✳ ❯♠❛ ✈❡③ q✉❡

ω ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✱ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ A ❡ B t❛♠❜é♠ ♦ ♣♦ss✉❡♠✳ ▲♦❣♦ ❛ ❝✉r✈❛ ψ é

t❛♠❜é♠ s✲●❡✈r❡②✳

❆ ❛✜r♠❛çã♦ ❛❜❛✐①♦ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❛ s❡r ✉s❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✶✷

❛❞✐❛♥t❡✱ ✉♠ ❞♦s r❡s✉❧t❛❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦ ❝❛♣ít✉❧♦✳

❆✜r♠❛çã♦ ✺✳✶✳✾✳ ❙❡❥❛ a ≥ 4✱ ❡♥tã♦

(m+ 1) · · · (m+ n)

(m+ n− a+ 1) · · · (m+ n)
= (m+ 1) · · · (m+ n− a) ≥ (n+ 1)!,

♣❛r❛ m,n ≥ a2.

❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ m,n✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❢❛r❡♠♦s ❛ ✐♥❞✉çã♦ ❡♠ n✳

❖❜s❡r✈❡ q✉❡ s❡ n = a2✱

(m+ 1) · · · (m+ n− a) ≥ (a2 + 1) · · · (2a2 − a).

❇❛st❛ ♠♦str❛r q✉❡

(a2 + 1)! ≤ (a2 + 1) · · · (2a2 − a) a ≥ 4.

➱ ❢á❝✐❧ ✈❡r q✉❡ ✐st♦ é ✈á❧✐❞♦ ♣❛r❛ a = 4✳ ❙✉♣♦♥❤❛✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡ ❛ ❡q✉❛çã♦ s❡❥❛

✈á❧✐❞❛ ♣❛r❛ a = 4, · · · , p✱ ✐st♦ é✱

(p2 + 1)! ≤ (p2 + 1) · · · (2p2 − p). ✭✺✳✺✮

✽✸
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▼♦str❡♠♦s q✉❡

((p+ 1)2 + 1)! = (p2 + 2a+ 2)! ≤ (p2 + 2a+ 2) · · · (2p2 + 3p+ 2). ✭✺✳✻✮

P❛r❛ t❛♥t♦✱ s❡❥❛

(p2 + 2p+ 2)! = (p2 + 1)!(p2 + 2) · · · (p2 + 2p+ 2).

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s

(p2 + 2p+ 2)! ≤ [(p2 + 1) · · · (2p2 − p)](p2 + 2) · · · (p2 + 2p+ 2).

❈♦♠♦ 2p2 − p > p2 + 2p+ 2, ❡s❝r❡✈❡♠♦s

(p2 + 2p+ 2)! ≤ (p2 + 1)(p2 + 2)2 · · · (p2 + 2p+ 2)2(p2 + 2p+ 3) · · · (2p2 − p). ✭✺✳✼✮

◆♦t❡ q✉❡ ♦s t❡r♠♦s

(p2 + 1)(p2 + 2)2 · · · (p2 + 2p+ 2) ✭✺✳✽✮

❡

(2p2 − p+ 1) · · · (2p2 + 3p+ 2) ✭✺✳✾✮

♣♦ss✉❡♠ ❡①❛t❛♠❡♥t❡ 4p + 2 ❢❛t♦r❡s✳ ◆♦t❡ t❛♠❜é♠ q✉❡ ♦s ♠❡♥♦r❡s ❢❛t♦r❡s ❞❡ ✭✺✳✽✮ ❡ ✭✺✳✾✮ sã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ p2 + 1 ❡ 2p2 − p+ 1, ♦s q✉❛✐s s❛t✐s❢❛③❡♠

2p2 − p+ 1− (p2 + 1) = p2 − p ≥ 0,

♣❛r❛ a ≥ 0. ■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❢❛t♦r❡s ❞❡ ✭✺✳✽✮ ❡ ✭✺✳✾✮ sã♦ t♦❞♦s ❝♦♠♣❛rá✈❡✐s ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s

(p2 + 1)(p2 + 2)2 · · · (p2 + 2p+ 2) ≤ (2p2 − p+ 1) · · · (2p2 + 3p+ 2).

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✺✳✼✮✱ t❡♠♦s

(p2 + 2p+ 2)! ≤ [(2p2 − p+ 1) · · · (2p2 + 3p+ 2)](p2 + 2p+ 2) · · · (2p2 − p)

≤ (p2 + 2p+ 2) · · · (2p2 − p)(2p2 − p+ 1) · · · (2p2 + 3p+ 2),

♠♦str❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✻✮✳

P❛r❛ m ≥ a2 q✉❛❧q✉❡r✱ t❡♠♦s

(m+ 1) · · · (m+ n− a) ≥ (a2 + 1) · · · (a2 + n− a) ≥ (a2 + 1) · · · (2a2 − a) ≥ (n+ 1)!,

♦ q✉❡ ♠♦str❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

✽✹
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❈♦♥s✐❞❡r❡ ❛❣♦r❛✱ ✉♠❛ ❝✉r✈❛ ❢♦r♠❛❧

h(x, y) =
∑

αβ

Aαβx
αyβ .

P❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥✲P✉✐s❡✉① ♣❛r❛ ❢✉♥çõ❡s ❢♦r♠❛✐s ❞❡s❝r✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❛ ❢✉♥çã♦ h ♣♦ss✉✐

✉♠❛ s♦❧✉çã♦ q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

y(x) =

∞
∑

i=1

cix
i/q,

✈❡❥❛ ❬✺❪✳ ❖❜s❡r✈❡ q✉❡✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ q✲♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

y(x) =
∞
∑

i=k

cix
i,

♦♥❞❡ c1 = c2 = · · · = ck−1 = 0 ❡ ck ♦ ♣r✐♠❡✐r♦ ❝♦❡✜❝✐❡♥t❡ ♥ã♦ ♥✉❧♦✱ ♣❛r❛ ❛❧❣✉♠ k✳ ❙❡♥❞♦ ❛ss✐♠✱

❛s tr❛♥s❢♦r♠❛❞❛s s✉❝❡ss✐✈❛s ❞❡ h sã♦ ❞❛❞❛s ♣♦r

hi(x, y) =
∑

(α,β)

Aαβx
α(ckx

k + · · ·+ ci−1x
i−1 + y)β ,

❡ ❛ ❡q✉❛çã♦ ✭✹✳✶✷✮ ✐♠♣❧✐❝❛ q✉❡

Coeffxa+i(hi) = P
(1)
i (ck, · · · , ci−1, {Aαβ}).

❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s ❡①✐❜✐r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ xa+i ❡♠ hi ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ s♦♠❛ ❞❡ ♠♦♥ô♠✐♦s

♥❛s ✈❛r✐á✈❡✐s ck, · · · , ci−1 ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s ❜✐♥♦♠✐❛✐s sã♦ ❞❡♥♦t❛❞♦s ♣♦r B(α,β,dk,··· ,di−1)✱ ♦♥❞❡

dk, · · · , di−1 sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❡①♣♦❡♥t❡s ♥ã♦ ♥❡❣❛t✐✈♦s ❞❡ ck, · · · , ci−1✳ ❆ss✐♠✱

P
(1)
i (ck, · · · , ci−1, {Aαβ}) =

∑

B(α,β,dk,··· ,di−1)Aαβx
αcdkk · · · c

di−1

i−1 , ✭✺✳✶✵✮

❝♦♠ dk + · · · + di−1 = β. ❆❧é♠ ❞✐ss♦✱ t❡♠♦s B(α,β,dk,··· ,di−1) ≥ 0✱ ✉♠❛ ✈❡③ q✉❡ é ✉♠ ❝♦❡✜❝✐❡♥t❡

❜✐♥♦♠✐❛❧✳ ❙❡ B(α,β,dk,··· ,di−1) é ♥ã♦ ♥✉❧♦✱ sã♦ ✈á❧✐❞❛s✿

a+ i = α+ kdk + · · ·+ (i− 1)di−1

β =

i−1
∑

j=k

dj . ✭✺✳✶✶✮

❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ (α, β) s❡❥❛♠ ✈á❧✐❞❛s ❛s ❡q✉❛çõ❡s ❡♠ ✭✺✳✶✶✮✱ ❡ ❞❡✜♥❛

[α− a] =







α− a, s❡ α > a;

1 s❡ α ≤ a.

❖❜s❡r✈❛çã♦ ✺✳✶✳✶✵✳ ❙✉♣♦♥❞♦ q✉❡

β = dk + · · ·+ di−1,

✽✺
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❝♦♠ α < a✳ ❈❛s♦ ❡①✐st❛♠ ❞♦✐s ❡①♣♦❡♥t❡s dj ❡ dl ♥ã♦ ♥✉❧♦s ❞✐st✐♥t♦s✱ é ❢á❝✐❧ ✈❡r q✉❡ β ≥ 2✳ ❈❛s♦

❝♦♥trár✐♦✱ s❡ dj é ♦ ú♥✐❝♦ ❡①♣♦❡♥t❡ ♥ã♦ ♥✉❧♦ ❞❡ ✭✺✳✶✶✮✱ s❡❣✉❡ q✉❡

a+ i = α+ jdj .

❈♦♠♦ α ≤ a✱ t❡♠♦s

i < jdj ,

❡ ✉♠❛ ✈❡③ q✉❡ i > j✱ s❡❣✉❡ t❛♠❜é♠ q✉❡ β = dj ≥ 2. P♦rt❛♥t♦✱ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡♠♦s

β = dj ≥ 2.

❈♦♠♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❛ s♦❧✉çã♦ y(x) =
∑∞

i=k cix
i, ❡st❛♠♦s ♦❜s❡r✈❛♥❞♦ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥ ❞❛s tr❛♥s❢♦r♠❛❞❛s✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ✉s❛r

❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈❛♠❡♥t❡ ❞❡ ♠❛♥❡✐r❛ q✉❡ t❡♥❤❛♠♦s k > (a + 4)2✱ ❝♦♠ ♦ ♣♦♥t♦ ♣✐✈ô ❞❛❞♦ ♣♦r

Qio = (a, b)✳ ❖ ▲❡♠❛ ❛ s❡❣✉✐r é ✉♠❛ ❢❡rr❛♠❡♥t❛ té❝♥✐❝❛ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♣♦st❡r✐♦r♠❡♥t❡✳

▲❡♠❛ ✺✳✶✳✶✶✳ P❛r❛ i ≥ i0✱ s✉♣♦♥❤❛ q✉❡ ♣❛r❛ ✉♠ ❜✐✲í♥❞✐❝❡ (α, β) ❝♦♠ ❝♦❡✜❝✐❡♥t❡ B(α,β,dk,··· ,di−1)

♥ã♦ ♥✉❧♦✱ ❡ ❝♦♠ ❝♦♦r❞❡♥❛❞❛s s❛t✐s❢❛③❡♥❞♦ ❛s ❡q✉❛çõ❡s

a+ i = α+ kdk + · · ·+ (i− 1)di−1

β =

i−1
∑

j=k

di−1.

❊♥tã♦✱

i! ≥ [α− a]! β! k!dk · · · (i− 1)!di−1 . ✭✺✳✶✷✮

❉❡♠♦♥str❛çã♦✳ ❙❡ B(α,β,dk,··· ,di−1) é ♥ã♦ ♥✉❧♦✱ ❝♦♥s✐❞❡r❡ dj1 , · · · , djr ♦s ❡①♣♦❡♥t❡s ♥ã♦ ♥✉❧♦s✱ ❝♦♠

j1 < · · · < jr✳ ❊♥tã♦✱ β = j1 + · · ·+ jr✳ ❙❡ α > a✱ ❡s❝r❡✈❡♠♦s m = [α− a] = α− a✳ P♦r ✭✺✳✶✶✮✱

i = m+ j1dj1 + · · ·+ jrdjr

= m+ j1 + · · ·+ jr + (j1 − 1)dj1 + · · ·+ (jr − 1)djr

= m+ β + (j1 − 1)dj1 + · · ·+ (jr − 1)djr .

❖❜s❡r✈❡ q✉❡

i! = m!(m+1) · · · (m+ β)(m+ β+1) · · · (m+ β+ j1 − 1)(m+ β+ j1) · · · (m+ β+(j1 − 1)dj1)

(m+ β + (j1 − 1)dj1 + 1) · · · (m+ β + (j1 − 1)dj1 + j2 − 1) · · · (m+ β + (j1 − 1)dj1 + j2dj2)

· · · (m+ β + · · ·+ (jr−1 − 1)djr−1 + 1) · · · (m+ β + · · ·+ (jr − 1)djr).

❆ss✐♠✱

i! ≥ m!(m+1) · · · (m+β)[(m+1) · · · (m+j1−1)(m+j1) · · · (m+(j1−1)dj1)][(m+1) · · · (m+j2−1)

(m+ j2) · · · (m+ (j2 − 1)dj2)] · · · [(m+ 1) · · · (m++jr − 1) · · · (m+ (jr − 1)djr)]. ✭✺✳✶✸✮

✽✻
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P❛r❛ ❝❛❞❛ l✱ ❝♦♠ 0 ≤ l ≤ r, ♦❜s❡r✈❡ q✉❡

{(m+ 1) · · · (m+ jl − 1)}(m+ jl) · · · (m+ (jl − 1)djl) ≥ {(m+ 1) · · · (m+ jl − 1)}djl

✉♠❛ ✈❡③ q✉❡ (m+ jl) · · · (m+ (jl − 1)djl) ❝♦♥té♠ (jl − 1)(djl − 1) ❢❛t♦r❡s t♦❞♦s ♠❛✐♦r❡s q✉❡ ♦s

(jl − 1) ❢❛t♦r❡s ❞❡ (m+ 1) · · · (m+ jl − 1)✳ ❙✉❜st✐✉✐♥❞♦ ❡♠ ✭✺✳✶✸✮✱ t❡♠♦s

i! ≥ m!(m+ 1) · · · (m+ β){(m+ 1) · · · (m+ j1 − 1)}dj1 · · · {(m+ 1)) · · · (m+ jr − 1)}djr .✭✺✳✶✹✮

❈♦♠♦ m ≥ 1✱ s❡❣✉❡ q✉❡

(m+ 1) · · · (m+ jl − 1) ≥ jl!,

♣❛r❛ ❝❛❞❛ 0 ≤ l ≤ r, ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✶✮✱ t❡♠♦s

i! ≥ m!β!(j1!)
dj1 · · · (jr!)

djr .

▲♦❣♦✱

i! ≥ m!β!k!dk · · · (i− 1)!di−1 .

❆❣♦r❛✱ s❡ α ≤ a✱ t❡♠♦s ❞❡ ✭✺✳✶✶✮✱

a+ i = j1dj1 + · · ·+ jrdjr + α

= j1 + · · ·+ jr + (j1 − 1)dj1 + · · ·+ (jr − 1)djr + α,

✐st♦ é✱

a+ i = β + (j1 − 1)dj1 + · · ·+ (jr − 1)djr + α.

❆ss✐♠✱

(a+ i)! = β!(β + 1) · · · (β + j1 − 1)(β + j1) · · · (β + (j1 − 1)dj1) · · · (β + · · ·+ (jr−1 − 1)djr−1 + 1)

· · · (β+ · · ·+jr−1)(β+j1dj1 · · ·+jr) · · · (β+ · · ·+(jr−1)(djr −1))(β+ · · ·+(jr−1)(djr −1)+1)

· · · (β + · · ·+ (jr − 1)(djr − 1) + α) · · · (β + · · ·+ (jr − 1)(djr − 1) + α+ jr − 1),

✐st♦ é✱

(a+ i)! ≥ β![(β + 1) · · · (β + j1 − 1)(β + j1) · · · (β + (j1 − 1)dj1)] · · · [(β + 1) · · · (β + jr)

· · · (β + (jr − 1)(djr − 1))](β + · · ·+ (jr − 1)(djr − 1) + 1) · · · (β + · · ·+ (jr − 1)(djr − 1) + α)

· · · (β + · · ·+ (jr − 1)(djr − 1) + α+ jr − 1). ✭✺✳✶✺✮

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ l✱ ❝♦♠ 0 ≤ l ≤ r,

{(β + 1) · · · (β + jl − 1)}(β + jl) · · · (β + (jl − 1)djl) ≥ {(β + 1) · · · (β + jl − 1)}djl ,

✉♠❛ ✈❡③ q✉❡ (β + jl) · · · (β + (jl − 1)djl) ❝♦♥té♠ (jl − 1)(djl − 1) ❢❛t♦r❡s t♦❞♦s ♠❛✐♦r❡s q✉❡ ♦s

✽✼
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(jl − 1) ❢❛t♦r❡s ❞❡ (β + 1) · · · (β + jl − 1)✳ ❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✺✳✶✺✮✱ t❡♠♦s

(a+i)! ≥ β!{(β+1) · · · (β+j1−1)}dj1{(β+1) · · · (β+j2−1)}dj2 · · · {(β+1) · · · (β+jr−1)}djr−1

· · · (β + · · ·+ (jr − 1)(djr − 1) + α) · · · (β + · · ·+ (jr − 1)(djr − 1) + α+ jr − 1).

❊s❝r❡✈❛ t = a+ i− jr + 1✱ ❡ ✉♠❛ ✈❡③ q✉❡

(a+ i)! = i!(i+ 1) · · · (i+ a),

s❡❣✉❡ q✉❡

i! ≥ β!{(β + 1) · · · (β + j1 − 1)}dj1 · · · {(β + 1) · · · (β + jr − 1)}djr−1 (t+ 1) · · · (t+ jr − 1)

(i+ 1) · · · (i+ a)
.✭✺✳✶✻✮

◆♦t❡ q✉❡

t = α+ j1dj1 + · · ·+ (jr − 1)djr + 1 ≥ j1,

♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ t ≥ j1 ≥ k > (a+4)2 > a2. ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ n = jr−1 ≥ j1−1 > k−1 > a2✱

♣♦✐s a ≥ −1✳ ❉❡st❡ ♠♦❞♦✱ ❝♦♥s✐❞❡r❡ m = t ❡ n = jr − 1 ♥❛ ❆✜r♠❛çã♦ ✺✳✶✳✾✱ ❡ ♦❜t❡♠♦s

(t+ 1) · · · (t+ jr − 1)

(i+ 1) · · · (i+ a)
≥ (jr − 1 + 1)! = jr!.

P❡❧❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✶✵✱ t❡♠♦s β ≥ 2 ❡ ❝♦♠♦ jl + 1 ≥ 2✱ ♣❛r❛ ❝❛❞❛ l✱ t❡♠♦s

{(β + 1) · · · (β + jl − 1)} ≥ 3 · · · (jl + 1) ≥ jl!.

❆ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✺✳✶✻✮ é ❞❛❞❛ ♣♦r

i! ≥ β!(j1!)
dj1 · · · (jr!)

djr−1jr!.

❯♠❛ ✈❡③ q✉❡ m = [α− a] = 1✱ s❡❣✉❡ q✉❡

i! ≥ m!β!j1!
dj1 · · · jr!

djr .

P♦rt❛♥t♦✱

i! ≥ m!β!k!dk · · · (i− 1)!di−1 .

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ❣❛r❛♥t❡ q✉❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ❢r❛❝✐♦♥ár✐❛ ❞❡ ✉♠❛ ❝✉r✈❛ s✲●❡✈r❡②✱

t❛♠❜é♠ é s✲●❡✈r❡②✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✶✷✳ ❙❡❥❛ h(x, y) =
∑

αβ Aαβx
αyβ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ ❝♦♠ í♥❞✐❝❡

s✲●❡✈r❡②✱ s ≥ 1✱ ❡ s❡❥❛ y =
∑∞

i=1 cix
i
q ✉♠❛ s♦❧✉çã♦ ❞❡ h✳ ❊♥tã♦

∞
∑

i=1

ci
i!s−1

ti ∈ C{t}.

✽✽
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛

h(x, y) =
∑

αβ

Aαβx
αyβ

✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛❧ ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②✱ ❝✉❥❛ s♦❧✉çã♦ y =
∑∞

i=1 cix
i
q ✳ ❖❜s❡r✈❡ q✉❡

y(t) = y(tq) =

∞
∑

i=1

cit
i

é ✉♠❛ s♦❧✉çã♦ ❞❛ ❝✉r✈❛ h(tq, y)✳ ❯♠❛ ✈❡③ q✉❡ h é s✲●❡✈r❡②✱ ♣❡❧♦ ✐t❡♠ ii) ❞♦ ▲❡♠❛ ✺✳✶✳✼✱ t❡♠♦s

q✉❡ h(tq, y) t❛♠❜é♠ ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ❛ s♦❧✉çã♦ ♥ã♦ ❢r❛❝✐♦♥ár✐❛

y(t) ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✳ P❛r❛ t❛♥t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

y(x) =
∞
∑

i=1

cix
i

é ✉♠❛ s♦❧✉çã♦ ♥ã♦ ❢r❛❝✐♦♥ár✐❛ ❞❡ h ∈ C[[x, y]] t❛❧ q✉❡ c1 = ... = ck−1 = 0 ❡ ck 6= 0✳ P❡❧♦ ✐t❡♠

iii) ❞♦ ▲❡♠❛ ✺✳✶✳✼✱ s❡❣✉❡ q✉❡ ♦ í♥❞✐❝❡ s✲●❡✈r❡② é ♣r❡s❡r✈❛❞♦ ♣❡❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ h✳ ❆ss✐♠✱

❝♦♥s✐❞❡r❡♠♦s ❛s tr❛♥s❢♦r♠❛❞❛s s✉❝❡ss✐✈❛s ❡♠ h ❡ s❡✉s r❡s♣❡❝t✐✈♦s ♣♦❧í❣♦♥♦s ❞❡ ◆❡✇t♦♥✳

❙❡❥❛ Q = (a, b) ♦ ♣♦♥t♦ ♣✐✈ô ❞❡ h ❝♦♠ r❡s♣❡✐t♦ ❛ y✳ ❖❜s❡r✈❡ q✉❡ s❡ b ≥ 2✱ s❡❣✉❡ q✉❡ y(x) é

✉♠❛ s♦❧✉çã♦ ❞❛ ❝✉r✈❛ ❢♦r♠❛❧

h0 =
∂b−1h

∂yb−1
,

❛ q✉❛❧ ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✱ ✉♠❛ ✈❡③ q✉❡ h ♦ ♣♦ss✉✐✳ ❆❧é♠ ❞✐ss♦✱ h0 ♣♦ss✉✐ ♦r❞❡♥❛❞❛ ❞♦ ♣♦♥t♦

♣✐✈ô b = 1. ❇❛st❛ ❡♥tã♦ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ b = 1.

❈♦♥❢♦r♠❡ ❛✜r♠❛♠♦s✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ k > (a+4)2✱ ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ h ♣♦r 1/A(0)✱ ♦❜t❡♠♦s

h(x, y) =
∑

αβ

Aαβ

A(0)
xαyβ .

❙❡❥❛ N1 = N(h) ∩ N2 ❡ ♦❜s❡r✈❡ q✉❡

ci = −
1

A(0)
P

(1)
i (ck, · · · , ci−1, {Aαβ}/A

(0)),

♦♥❞❡ (α, β) ∈ N1✱ ✐st♦ é✱

ci = −P
(1)
i (ck, · · · , ci−1, {Aαβ}).

❊✈✐❞❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✵✮✱ t❡♠♦s

ci = −
∑

B(α,β,dk,··· ,di−1)Aαβx
αcdkk · · · c

di−1

i−1 ✭✺✳✶✼✮

❡ s❡♠♣r❡ q✉❡ B(α,β,dk,··· ,di−1) é ♥ã♦ ♥✉❧♦✱ t❡♠♦s

a+ i = α+ kdk + · · ·+ (i− 1)di−1

β =

i−1
∑

j=k

dj .

✽✾
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❉❡✜♥❛ Cαβ =
|Aαβ |

[α− a]!s−1β!s−1
✱ ❜❡♠ ❝♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s c′i ❞❛❞♦s ♣♦r c

′
i = 0✱ s❡ i < k✱

c′k =
|ck|

k!s−1
❡ c′i = P

(1)
i (c′k, · · · , c

′
i−1, {Cαβ}),

s❡ i > k✳ ❯t✐❧✐③❛♥❞♦ ♦ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

c′i = −
∑

B(α,β,dk,··· ,di−1)Cαβx
αc′k

dk · · · c′i−1
di−1 . ✭✺✳✶✽✮

❆✜r♠❛çã♦ ✺✳✶✳✶✸✳ P❛r❛ ❝❛❞❛ i ≥ k ♦s ❝♦❡✜❝✐❡♥t❡s c′i ❞❡✜♥✐❞♦s ❛❝✐♠❛ s❛t✐s❢❛③❡♠

|ci|

(i!)s−1
≤ c′i. ✭✺✳✶✾✮

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❞❡♥♦t❡ ♥♦✈❛♠❡♥t❡ m = [α − a] ❡ ♣r♦❝❡❞❡♠♦s ♣♦r ✐♥❞✉çã♦✳ P❛r❛ i = k✱

♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦ ❞❛ ❞❡✜♥✐çã♦✳ ❆ss✉♠❛✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡

|cj | ≤ c′j(j!)
s−1,

♣❛r❛ t♦❞♦ j = k, · · · , i− 1✳ ▼♦str❡♠♦s ❛❣♦r❛ ♣❛r❛ j = i✳

❖❜s❡r✈❡ q✉❡✱ ♣♦r ❞❡✜♥✐çã♦ t❡♠♦s

∑

B(α,β,dk,··· ,di−1)Cαβ =
∑

B(α,β,dk,··· ,di−1)
|Aαβ |

m!s−1β!s−1
.

❊♥tã♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✽✮✱ s❡❣✉❡ q✉❡ ✭✺✳✶✾✮ é ✈❛❧✐❞❛ s❡✱ s❡♠♣r❡ q✉❡ B(α,β,dk,··· ,di−1) ❢♦r ♥ã♦ ♥✉❧♦✱

t✐✈❡r♠♦s

|cdkk · · · c
di−1

i−1 |

i!s−1
≤
c′k

dk · · · c′i−1
di−1

m!s−1β!s−1
.

P❛r❛ ♠♦str❛r ✐st♦✱ ♥♦t❡ q✉❡

|cdkk · · · c
di−1

i−1 |

i!s−1
=

|ck|
dk · · · |ci−1|

di−1

i!s−1
≤

(c′k(k!)
s−1)dk · · · (c′i−1(i− 1)!s−1)di−1

i!s−1
,

✐st♦ é✱

|cdkk · · · c
di−1

i−1 |

i!s−1
≤

(c′k
dk · · · c′i−1

dk)(k!dk · · · (i− 1)!di−1)s−1

i!s−1
.

P❡❧♦ ▲❡♠❛ ✺✳✶✳✶✶✱ t❡♠♦s

(

(k!)dk · · · ((i− 1)!)di−1

i!

)s−1

≤

(

1

m!β!

)s−1

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

(c′k
dk · · · c′i−1

di−1)(k!dk · · · (i− 1)!di−1)s−1

i!s−1
≤
c′k

dk · · · c′i−1
di−1

m!s−1β!s−1
.

✾✵
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❆ss✐♠✱

|cdkk · · · c
di−1

i−1 |

i!s−1
≤
c′k

dk · · · c′i−1
di−1

m!s−1β!s−1
,

♦ q✉❡ ❝♦♥❝❧✉✐ ♥♦ss❛ ❛✜r♠❛çã♦✳ ▲♦❣♦✱

|ci|

(i!)s−1
≤ c′i.

❙❡❥❛ y1 =
∑∞

i=k c
′
ix

i ❡

ϕ1(x, y) = −xay +
|ck|

k!s−1
xa+k +

∑

(α,β)∈N ′

1

Cαβx
αyβ ,

N ′
1 = N1 \ {(a, 1), (a + k, 0)}✳ ❖❜s❡r✈❡ q✉❡ ❛s ❞❡✜♥✐çõ❡s ❞❡ y1 ❡ ϕ1 sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ z1 ❡

ϕ ❞❡✜♥✐❞❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✶✱ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s c′i ❡ ❛❧t❡r❛♥❞♦ Aαβ ♣♦r Cαβ ✳

❆ss✐♠✱ t♦❞❛s ❛s r❡❧❛çõ❡s sã♦ ✈á❧✐❞❛s✳ ❖❜s❡r✈❡ q✉❡ ♦ ✐t❡♠ i) ❞♦ ▲❡♠❛ ✺✳✶✳✼ ❣❛r❛♥t❡ q✉❡ ϕ1 é ✉♠❛

❝✉r✈❛ ❝♦♥✈❡r❣❡♥t❡ ❡ ♣r♦❝❡❞❡♥❞♦ ❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ y1 é

s♦❧✉çã♦ ❞❡ ϕ1✱ ✐st♦ é✱ y1 é ❝♦♥✈❡r❣❡♥t❡✳

❙❡♥❞♦ y1 =
∑∞

i=k c
′
ix

i ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ x✱ ❡ ♣❡❧❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡

y(x) =
∞
∑

i=k

ci
i!s−1

xi

é ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡✳ ■st♦ é ♦ ♠❡s♠♦ q✉❡ ❞✐③❡r q✉❡

∞
∑

i=k

ci
i!s−1

ti ∈ C{t}.

P♦r ✜♠✱ ❡♥✉♥❝✐❛♠♦s ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♦ q✉❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛

s♦❧✉çã♦ s✲●❡✈r❡②✱ ♣❛r❛ ❝❛❞❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②

❚❡♦r❡♠❛ ✺✳✶✳✶✹✳ ❆ss✉♠❛ q✉❡ ✉♠❛ ❢♦r♠❛ P❢❛✣❛♥❛ ω = A(x, y)dx + B(x, y)dy ♣♦ss✉❛ í♥❞✐❝❡

s✲●❡✈r❡②✱ ❝♦♠ s ≥ 1✳ ❊♥tã♦✱ ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❞❡ (ω = 0) ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛

z =
∞
∑

i=1

cix
i
q

❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❡ (fω = 0) ❝♦♥str✉í❞❛ ♥♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✹✳ ❆ss✉♠❛ q✉❡

mdc({q} ∪ {i | ci 6= 0}) = 1

❡ s❡❥❛ (tq, z(tq)) ❛ s♦❧✉çã♦ ❞❡ (ω = 0) ❛ss♦❝✐❛❞❛✳ ❙❛❜❡♠♦s q✉❡ (tq, z(tq)) ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②

s❡ y(x) = z(tq) ∈ C[[x]] ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✳ ◆❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✶ ❡♥❝♦♥tr❛♠♦s ✉♠❛

✾✶
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sér✐❡ z1 ∈ C[[x]]✱ ❛ q✉❛❧ é ✉♠❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ ψ(x, y) ❡ ♠❛❥♦r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ y(x)✳

❯♠❛ ✈❡③ q✉❡ ❛ ❢♦r♠❛ ω é s✲●❡✈r❡②✱ s❡❣✉❡ ♣❡❧❛ ❞❡✜♥✐çã♦ q✉❡ A(x, y) ❡ B(x, y) t❛♠❜é♠ ♦ sã♦✳

▲♦❣♦✱ ❝♦♠♦ ❛ ❝✉r✈❛ ψ(x, y) é ❞❡✜♥✐❞❛ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ A ❡ B✱ s❡❣✉❡ q✉❡ ψ(x, y) í♥❞✐❝❡

s✲●❡✈r❡②✳ ◆❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♠♦str❛♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ❢r❛❝✐♦♥ár✐❛ ❞❡ ✉♠❛ ❝✉r✈❛

❞❡ í♥❞✐❝❡ s✲●❡✈r❡② t❛♠❜é♠ ♣♦ss✉✐ í♥❞✐❝❡ s✲●❡✈r❡②✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡❣✉❡ q✉❡ z1(x) ♣♦ss✉✐

í♥❞✐❝❡ s✲●❡✈r❡②✳ ❈♦♠♦ y(x) é ♠❛❥♦r❛❞❛ ♣❡❧❛ sér✐❡ z1(x)✱ t❡♠♦s q✉❡ y(x) é s✲●❡✈r❡②✳

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ (tq, z(tq)) ❞❡ (ω = 0) ❝♦♠ í♥❞✐❝❡ s✲●❡✈r❡②✳

✾✷
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✶ ❇❘■❖❚ ❈✳ ❆❀ ❇❖❯◗❯❊❚✱ ❏✳ ❈✳ Pr♦♣r✐étés ❞❡s ❢♦♥❝t✐♦♥s ❞é✜♥✐❡s ♣❛r ❞❡s éq✉❛t✐♦♥s
❞✐✛❡r❡♥t✐é❧❧❡s✳ ❏♦r♥❛❧ ❞❡ ❧✬❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ♥✳ ✸✻✱ ♣✳ ✶✸✸✕✶✾✽✱ ✶✽✺✻✳

✷ ❈❆▼❆❈❍❖✱ ❈✳❀ ❙❆❉✱ P✳ ■♥✈❛r✐❛♥t ✈❛r✐❡t✐❡s t❤r♦✉❣❤ s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r
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