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RESUMO

Nesta tese estudamos alguns problemas da teoria de corpos finitos que sdo interessantes
por suas aplicacoes em teoria de cédigos, criptografia, comunicacdes e areas relacionadas.
Nosso primeiro problema é determinar o nimero de pontos racionais de uma familia de
curvas do tipo Artin-Schreier e de uma hipersuperficie de Artin-Schreier, assim como
determinar condic¢oes para essas curvas/hipersuperficies serem maximais ou minimais
com respeito a cota de Hasse-Weil. Na sequéncia estudamos uma classe de curvas
superelipticas e, sob algumas condicoes, descrevemos o nimero de pontos racionais
dessas curvas. O ultimo tépico deste trabalho é sobre polindmios irredutiveis, onde
determinamos condic¢des sobre n e g para os quais os fatores irredutiveis sobre F, do
binémio x™ — 1 sdo binémios e trindmios.

Palavras Chaves: Corpos Finitos, Formas Quadraticas, Curvas de Artin-Schreier,
Hipersuperficies de Artin-Schreier, Curvas Super Elipticas, Cota de Hasse-Weil, Soma
de Gauss, Matrizes Circulantes, Polinomios Irredutiveis.



ABSTRACT

In this thesis we study some problems in the finite field theory that interesting for their
applications in coding theory, cryptography, communications and related areas. Our
first problem is to determine the number of rational points of a family of Artin-Schreier
curves and of an Artin-Schreier hypersurface, as well as to determine conditions for these
curves/hypersurface to be maximal or minimal with respect to the Hasse-Weil bound.
In the sequence, we study a class of superelliptic curves and, under some conditions,
we describe the number of rational points of these curves. The last topic of this work is
about irreducible polynomials, where we determine conditions on n and g for which the
irreducible factors over [, of the binomial x” — 1 are binomials and trinomials.

Keywords: Finite Fields, Quadratic Forms, Artin-Schreier Curves, Artin-Schreier
Hypersurfaces, Superelliptic Curves, Hasse-Weil’s Bound, Gauss Sums, Circulant Matri-
ces, Irreducible Polynomials.



Fp the finite field with p (prime) elements;
Fq the finite field with g elements;

[F; the set of non-null elements of [;

w the canonical additive character of [;»;
¥ the canonical additive character of [F;

Xm a multiplicative caracter of order m of F;

L1ST OF NOTATIONS

G(y, y) the Gauss sum of ¥ and a multiplicative character y;

Trr ./, the trace function from Fgn to Fy;

NF ./, the norm function from Fg» to Fy;

(%) the Legendre symbol of the prime numbers u and v;

vp(n) the p-adic valuation of the integer n;

®,(x) the n-th cyclotomic polynomial over [F;

0100
0010
22 the n x n permutation matrix [ : = :|;
0001
1000

1 ifp=1 (mod 4),
T=
i if p =3 (mod 4);

{q—l if @ =0;
ga:

-1 ifaeﬁ’;;
, 0 if @ =0;
Eq = ) .

-1 1fa€[Fq;



m-1 ify,(a)=¢;
-1 otherwise.

0 (a,€) = {
€; the curve y9 —y = x(xqi -x)—A;
J€, the hypersurface y? —y = Z;zl aj(ocglj+1 — x?) -A;

N, (€) the number of F4»-rational points of the curve/surface €.
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14.

INTRODUCTION

of study include the number of F,»-rational points of Artin-Schreier curves and
hypersurfaces, superelliptic curves and irreducible polynomials. In general, we
discuss the number of rational points of a class of Artin-Schreier curves, its generalization
for Artin-Schreier hypersurfaces and a class of superelliptic curves. We also discuss about
when these curves attain the Hasse-Weil bound.
Moreover, we discuss the existence of positive integers n for which the binomial x™ —1
splits over [, only as irreducible binomials and trinomials.
Among other matters, this thesis compiles the original work contained in the following
papers:

I n this thesis, we approach some problems in the theory of finite fields. Our objects

e [8] F. E. Brochero Martinez, J. A. Oliveira and D. Oliveira. The number of rational
points of a class of superelliptic curves,

ArXiv preprint: https:/arxiv.org/abs/2209.06658, (2022).

e [9] F. E. Brochero Martinez and D. Oliveira, Artin-Schreier curves given by [F,-
linearized polynomials.

ArXiv preprint: https:/arxiv.org/abs/2012.01534, (2022).

¢ [36] D. Oliveira. On the number of rational points of hypersurfaces of Artin-
Schreier.

ArXiv preprint: https://arxiv.org/abs/2211.11371, (2022).

e [37] D. Oliveira and L. Reis. On polynomials x™ — 1 over binary fields whose irre-
ducible factors are binomials and trinomials. Finite Fields and Their Applications,
vol. 71. p. 101837, (2021).

The content of the thesis is presented in four chapters. Chapter 1 provides background
results in theory of finite fields that are used throughout this text. The remaining three
chapters are divided as follows.

o Chapter 2: In this chapter we associate circulant matrices and quadratic forms to
the Artin-Schreier curve y?—y = x-F(x)—A, where F(x) is a [4-linearized polynomial
and A € Fgn. Our results provide a characterization of the number of affine rational
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points of this curve in the extension F4» of F. In the particular case F(x) = x4 - X,
we have the curves A
EC iyl —y=x(x? —x)- A

and we give a complete description of the number of affine [F»-rational points of
%; in terms of Legendre symbols and quadratic characters under the condition
ged(n,p) = 1. We also determine the number of Fy»-affine rational points and
when the curve %; is maximal or minimal with respect to the Hasse-Weil bound
(since this curve has only one point at the infinity), using permutation matrices
and quadratic forms, including the case ged(n,p) = p for A € F;». Moreover, we
determine the number of affine rational points of Artin-Schreier hypersurfaces of
the type
r i
ﬁ/ﬂr :yq —y= Z aj(x? J+1 —x?)—/t,
j=1

with a; € F; and some integers i}, since this hypersurface has only one point at the
infinity. We also give conditions when the curves %; and the surface ./ in order to
them to be maximal or minimal with respect the Hasse-Weil bound.

Chapter 3: In this chapter, we study the number of F;»-rational points on the affine
curve X4 o5 given by the equation

Xdap: yd =axTr(x)+0b,

where Tr denotes the trace function from Fy4» to F; and d is a positive integer. In
particular, we present bounds for the number of F,»-rational points and, for the
cases when d satisfies a suitable condition, explicit formulas for the number of
[F4n-rational points are obtained. In particular, a complete characterization is given
for the case d = 2. As a consequence of our results, we compute the number of
elements a in F,» such that a and Tr(a) are quadratic residues in Fgn.

Chapter 4: In this chapter, we assume that [, is a finite field with q elements, where
q is a power of 2. We study the positive integers n for which the irreducible factors
of the polynomial x™ — 1 over [, are all binomials and trinomials. In particular, we
completely describe these integers for q = 2,4.
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CHAPTER

PRELIMINARY RESULTS

n this chapter we present some classical and important results on finite fields,
number theory and characters sums that are futher used.The most of this results
can be found in [30].

1.1 Finite fields

For a prime p, the residue class ring Z/(p) forms a finite field with p elements. We denote
this field by F,. The fields [, play an important role in general field theory, since every
field of characteristic p must contain a subfield isomorphic to F,. This result together
with the fact that every finite field has prime characteristic is fundamental for the
classification of finite fields. In this section we present, without proof the main results
that will be used in this thesis. The proofs of these results can be found in [30]. Firstly,
we present some important results about the characterization and structure of finite
fields.

Theorem 1.1. Let [ be a finite field. Then F has p" elements, where the prime p is the
characteristic of F and n is the degree of F as an extension of its prime subfield.

We denote any finite field with q = p" elements by F,.

Lemma 1.2. Let [, be a finite field with q elements, where q = p™ for some prime p. Then,
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every a € [y satisfies a? = a. Besides that, the polynomial x? —x € F4lx] splits in Fylx] as

x?—x= H (x—a)

acly
and F, is a splitting field of x? — x over [,

For a finite field [, we denote by [FZ7 the multiplicative group of nonzero elements of

Fq. The following result describes a useful property of this group.
Theorem 1.3. For every finite field F, the multiplicative group [ is cyclic.
Definition 1.4. A generator of the cyclic group [} is a primitive element of F.

Theorem 1.5 (Existence and Uniqueness of Finite Fields). For every prime p and every
positive integer n, there exists a finite field with p" elements. Any finite field with q = p"

elements is isomorphic to the splitting field of x? — x over [,

Theorem 1.6 (Subfield Criterion). Let [, be the finite field with q = p" elements. Then
every subfield of Fy has order p™, where m is a positive divisor of n. Conversely, if m is a

positive divisor of n, then there is exactly one subfield of Fy with p™ elements.

1.1.1 Trace and Norm

In this section we introduce an important mapping from F,» to [F,;, where m is a positive
integer and q is a prime power, which we will recall that is linear and very useful for the

proofs of some results in chapter 2.
Definition 1.7. Let Fy» be an extension of the finite field . The trace map from Fyn to
Fq is the map a — Tr[Fqn/[F q(a) where

n-1
Tre (@) =a+a?+---+al

The norm map from Fgn to [, is the map « -—»N[Fqn JF q(a) where

q g1 q"-1
N[Fqn/[Fq(a):a-a e =q 1,

For short we denote Tr[Fqn fFq by Tr and N[Fqn /Fq by N, when the finite fields F4» and [y

are fixed.

Theorem 1.8. Let Fy» be an extension of the finite field Fy. Then the trace and norm

functions satisfy the following properties:
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(i) For all a,p € Fgn we have that
Tre s, (@ + B) =Tre o, (@) + Tre e, (B).
Nt /5, (@ B) = NF /(@) - N orr, (D).
(it) For all c €y and a € Fyg» we have that Tr[Fqn/[Fq(ca) = cTr[Fqn/[Fq(cx).

(iit) The map a — Tr[Fq,,/[F  lsa linear transformation from Fgn to Fy, where both [Fy» and
F, are viewed as vector spaces over [F,. Moreover, N[Fqn /F, maps Fgn onto Fy and [F;n

onto F.
(iv) For all a € F, we have that Tr[Fqn/[Fq(a) =na and N[Fqn/[Fq(a) =a”.
(v) For all a € Fgn we have that ’Fr[pqn/[pq(aq) = Tr[Fq,,/[Fq(a) and Nu:qn/[Fq(aq) :N[Fqn/u:q(oc).

Theorem 1.9 (Hilbert’s Theorem 90). Let Fy» be a finite extension of Fy. Then, for every

a € Fgn we have
Tr r,(@)=0 ifandonlyif a= B — B for some BEeFyn.

Theorem 1.10 (Transitivity of Trace and Norm). Let Fy» be a finite extension of F, and

Fqm a finite extension of Fgn. Then
Trg i (@) = Tre 5, (TTF s n (),

NE /7, (@) = NE /5, (NF i F . (@),

forall a €Fym.

1.1.2 Normal Basis

We now define normal basis of F; and give the main result for them.

Definition 1.11. A basis 28 of F4» over [ is called a normal basis if there exists a € Fyn
such that

n-1

B={a,a?,...,a?7 }.

The elements of this basis are called normal elements of Fy» over [F,,.

Theorem 1.12 (Normal Basis Theorem). For any finite field F, and any finite extension

Fqn of Fy, there exists a normal basis of Fyn over F,.
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1.2 Cyclotomic Polynomials

In this section we describe some properties of the cyclotomic polynomials over finite

fields. These polynomials are associated with the splitting field of x™ — 1.

Definition 1.13. Let n be a positive integer and [, a field of characteristic p. The splitting
field of x™ — 1 over [ is called the n-th cyclotomic field over [, and is denoted by [Ffzn ) The
roots of x" —1in [Ffln) are called the n-th roots of unity over [F,. If ged(n, p) = 1, a generator

of the cyclic group of n-th roots is called a primitive n-th root of unity over F,,.

The n-th cyclotomic field will be useful in Chapter 4. The following result is well
known and can be found in Chapter 2(section 4) of [30].

Theorem 1.14. Let n be a positive integer and [y a finite field with q = p® elements,

where p is a prime. Then

(i) If p does not divide n, the n-th roots of unity form a cyclic group of order n with
. . . . (n)
respect to the multiplication in F,".
(i) If p divides n, we write n = mp® with m and e being positive integers such that
ged(m,p) = 1. Then [Ffln) = [Fflm) and the roots of x™ —1 in [FSI") are the m-th roots of

unity, each one with multiplicity p°.

We know that if ged(n, p) = 1 then there are exactly ¢(n) primitive n-th roots of unity
over [FEI” ). If { is one of them, them all the primitive n-th roots of unity over [F(q") are given
by (¢, where 1 <i <n and ged(i,n) = 1. The polynomial whose roots are precisely the

primitive n-th roots of unity over [FEI”) is of great interest.

Definition 1.15. Let [, be a field of characteristic p, n a positive integer that is not

divisible by p, and { a primitive n-th root of unity over Fy. Then the polynomial

is called the n-th cyclotomic polynomial over [F.

The polynomial ®,(x) does not depend on the choice of {. The degree of ®@,(x) is ¢(n),
where ¢(n) is the Euler totient function, and its coefficients belong to the n-th cyclotomic
field over [,. In fact, they are in the prime subfield of [;, as we show in the following

theorem.
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Theorem 1.16. Let [, be a finite field of characteristic p, n a positive integer not divisible

by p and d the least positive integer such that ¢% =1 (mod n). Then

(i) 2" —1=]]P;(x);

lin
(it) the coefficients of @, (x) belong to the prime subfield F, of Fy;

(iii) ®,(x) splits into % distinct monic irreducible polynomials in Fylx] all of the same

degree d. Moreover, [Ffln) is the splitting field of any such irreducible factor over [
and [[FEIn) :Fql=d.

The following results provide some classical results about cyclotomic polynomials

that we will use in the proofs of some results in Chapter 4.
Corollary 1.17. If p is a prime, then
Dp(x) =P+ tx+ 1

Lemma 1.18. (/30], Exercise 2.57) Let m,t be positive integers and p a prime such that
q = p®. Then the following equality holds in Fg4[x]:

© 0 (1) = D (7).

1.3 Characters sums

Characters sums will be useful for us in Chapters 2 and 3. To this end, we recall the

following definitions and classical results.

21
Definition 1.19. 1) Set {, =e » a p—th complex root of unity. An additive character
v on Fy is a map from the group [, into the group of complex roots of unity such
that

y(a+ ) =y(a)y(p)
for all a, B €F,. The canonical additive character v of [, is given by

wl(a) — eZmTr[Fq/[Fp(a)/p’

where Trg /Fp denotes the absolute trace of [y.
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2) A multiplicative character y on Fj is a map from the cyclic group F; into the group

of complex roots of unity such that

x(ap) = x(@)x(B)

for all a,p € F, . We extend y to a function on Fy by setting x(0) = 1. The trivial
character xo satisfies yo(@) =1 for every a € F,. The order of x is the smallest positive
integer n for which y"™ = yo. When q is odd, the unique character x of order 2 is the

quadratic character.

The following theorem gives us the description of all additive and multiplicative

characters of .

Theorem 1.20. (i) For b €[y, the function v}, defined by

wp(c) =y1(be)

for all c € Fy, is an additive character of Ty and every additive character of Fy is

obtained in this way.

(it) Let g be a fixed primitive element of F;. For each j=0,1,...,q — 2, the function y;
given by
Xj(gk):eznijk/(q_l) fork=0,1,...,q—-2,

defines a multiplicative character of F; and every multiplicative character of F is

obtained in this way.
The following lemmas describe classical properties of characters.

Lemma 1.21 ([30, Theorem 5.4]). Let y be a multiplicative character of Fyn. Then

Y o=

cely

0, if x is nontrivial;
q, ifxistrivial.

Lemma 1.22. (/30, Schur’s orthogonality, Theorem 5.4]) For u € F, and v a non-trivial

character of Fy, we have that
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Lemma 1.23 ([30, Equation 5.4, p. 189]). Let d be a divisor of q — 1. If c € Fy, then

1 if c=0;
-1 ) lfC ’
Z Xil(c) =1d, ifcisad-powerin[Fg;
J=0

0, otherwise.

Definition 1.24. Let y be an additive character of Fq and y be a multiplicative character

of F,. The Gauss sum of w and x over F, is

Gy, = Y @y

&
xelfy

Lemma 1.25. (/30, Theorems 5.11 and 5.12]) Let yo denote the trivial multiplicative
character of T, and vy be the canonical additive character of Fy. If x # X0 is a multiplicative

character of F*, we have that
i) G(y,x0)=-1;
@) |Gy, Dl =q;
(i) Gy, )Gy, ) = x(-1g.

A Gauss sum G(, y) is pure if G(y, y)! € R for some positive integer ¢. The following
result gives necessary and sufficient conditions for some Gauss sums to be simultaneously

pure.

Theorem 1.26. (/17, Theorem 1]) Let y be the canonical additive character of Fyn where
q = p°®. Given a divisor d > 2 of q"" — 1 and a multiplicative character yq of [F;n with order

d, the following are equivalent:
(i) there exists a positive integer r such that d | (p” + 1);
(ii) G(w,)(i) is pure forall jeZ;
(iii) there exists a positive integer r such that d | (p" +1), 2r | ns and
G(W,Xi;;) = (=)L 2

. "+1
for all j #0 (mod d), where u = pd .

The following definition is important for the explicit determination of Gauss sums.
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Definition 1.27. We set
1 ifp=1 (mod4);

i ifp=3 (mod4).

T =

Theorem 1.28. (/31, Theorem 5.15]) Let v be the canonical additive character of Fyn and
let x2 be the quadratic character of [F:;n. Then

G(W’XQ) — _(_1)sn_L_ann/2.

Corollary 1.29. Let Fy» be a finite field where q = p®. Let y be the canonical additive

character of Fgn and xg be the quadratic character of [F;n. If ns is even, then

—(- l)ns(u+1)/2 n/2

G(‘V, XZ) = q

+1
where u = pT.

1.4 Quadratic forms

A quadratic form in n indeterminates over [, is a homogeneous polynomial in F,[x1,...,x,]
of degree 2, or the zero polynomial. If g is odd we can write the mixed terms a;;x;x;(1 <

. . 1 1 . .
i <j<n)as 5a;;x;xj+5a;;x;x; and this leads to the representation

n
f(xq,...,x,) = Z aijXix; with ajj=aj;
i,j=1
for any quadratic form f over [,. This allows us to associate f with the n x n matrix A,
whose entry (i, ) is a;;. The matrix A is called the coefficient matrix of f. Let AT denote
the transpose matrix of A. Then AT = A, that is, A is symmetric. If x is the column vector

of indeterminates x1,...,%,, we obtain that f is given by T Ax.

Definition 1.30. For any finite field [y, two quadratic forms f and g over Fy are called
equivalent if f can be transformed into g by means of a nonsingular linear substitution
of indeterminates. The reduce equivalent quadratic form of f is the quadratic form

associated to the reduced non-singular matrix of A, where A is the coefficient matrix of f.

A quadratic space is a pair (@, F,») where F4» has dimension n over F; and @ : F;» — [,

satisfies:

1. Q(ax)=a?Q(x)forall a e Fq and x € Fyn.
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2. For char(F;) = 2, we define Bg(x,y) = Q(x +y) — Q(x) — Q(y) to be a symmetric

bilinear form of @. In the case char(F,) # 2, we define

Bo(x,) = 3 @Q(x+y) - Qx) - Q(y))
to be the symmetric bilinear form of @.

Quadratic form are equivalent to quadratic space, during this thesis we consider

quadratic spaces. We now recall the following standard definition.

Definition 1.31. Let F;» be a finite extension of [y, with q odd. Let  :Fyg» — Fy denote a
quadratic form and let Bg :Fyn x Fgn — [Fy be its associate symmetric bilinear form. The

radical of the symmetric bilinear form Bq is the F,—subspace
rad(Q) ={a € Fyn : Bg(a,p) =0 for all p € Fyn}.

Moreover, @ is a non-degenerate quadratic form if rad(Q) = {0}.

Let 2 ={v1,...,v,} be a basis of Fyn over Fy. The n x n matrix A = (a;;) defined by

Qv;) ifi=J;
a;; =
" 2Qui +v)- QU -Qy) ifi# ).

is the associated matrix of the quadratic form @ in the basis 9. In particular, the
dimension of rad(Q) is equal to n —rank(A).

Let Q1 : [FZ’ —[Fq and Q2 : [F;L — Fy4 be quadratic forms, where m = n. Let A and B be
the associated matrix of @1 and @9, respectively. We say that Q1 is equivalent to Qs if
there exists M € GL,(F;) such that

MAM(&HM )
“lolo mean

where GLy,(F,) denotes the group of m x m invertible matrices over F, and M,,(F,)
denotes the set of m x m matrices over F,. Furthermore, Q2 is called a reduced form of @1

if rad(@2) = {0}.

The following theorem is a well known result about the number of the solutions of a
special equation over finite fields, that will be important to our results in Chapters 2 and
3.
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Theorem 1.32 ([30], Theorems 6.26 and 6.27). Let @ be a quadratic form over Fyn,
where q is a power of an odd prime. Let Bg be the bilinear symmetric form associated
to Q, v =dim(Q) and Q a reduced non degenerate quadratic form equivalent to . Set
Sy = {x € Fgn| Q(x) = all, let A be the determinant of the quadratic form Q and y the

quadratic character of F,. Then
(i) If n+v is even, then

: a

- qn—l _Dq(n+v—2)/2 ifOé o 0’
where D = y((=1)»"V2A),
(it) If n+v is odd, then

n—1 . —_0N-
(1.2) saz{ q ifa=0;

qn—l +Dq(n+v—1)/2 if(l 76 0’
where D = (=1 v=D2gA),
In particular D € {—1,1}.

The following lemma associates quadratic forms and character sums and it will be
useful in the results obtained in the next chapters. This lemma can be obtained from

Theorem 1.32 by a straightforward calculation.

Lemma 1.33. Let H be an n x n non null symmetric matrix over Fy and | = rank(H).

Then, there exists M € GL,(Fy) such that D = MHM T is a diagonal matrix, i.e., D =
diag(ai,as,...,a;,0,...,0) where a; € [F; foralli=1,...,l. Let

F:[FZ — Fyq, FX)=XHXT &x :(xl,...,xn)E[FZ),
be a quadratic form. We have that

Y y(FX)) = (- Dlny5)g" 12,

xE[Fqn

where 6 =a1---a;, and vy is the canonical additive character of .
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CHAPTER

QUADRATIC FORMS AND AFFINE RATIONAL POINTS OF
ARTIN-SCHREIER CURVES

et [, be a finite field with g elements, where g is a power of an odd prime p. In

this chapter we associate circulant matrices and quadratic forms with the Artin-

Schreier curve y? -y = x-F(x) — A, where F(x) is an F,-linearized polynomial
and A € F,;. Our results provide a characterization of the number of affine rational
points of this curve in the extension F4» of F,. The case F(x) = X9 —x yields the curves
€Gi:yl—y= x(xqi —x)— A, and we give a complete description of the number of their
affine rational points in terms of Legendre symbols and quadratic characters. We also
determine the number of affine rational points of Artin-Schreier hypersurfaces of the
type A 1yl —y = Z;:laj(x?l”l —x?) - A, with aj € F; and A € F4n. Moreover, we give
conditions for the curves %; and the surface ., to be maximal or minimal with respect

the Hasse-Weil bound.

2.1 Introduction

The number of affine rational points of algebraic curves and surfaces over finite fields
has many applications in coding theory, cryptography, communications and related areas,
e.g. [4, 21, 42, 46]. In this chapter we investigate the number of F,» affine rational points

of plane curves given by

(2.1) Cg:y?1—y=g(),
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in extensions F4» of F, where g = p®, p is an odd prime, n,s € N and g(x) € F,[x]. These
curves are called Artin-Schreier curves and have been extensively studied in several
contexts, e.g. [15, 16, 24, 38, 46].

For a polynomial g(x) € F,;[x] and F4» a finite extension of [, we can associate to it

the map

(2.2)
a — Tr(g(a)),

where Tr:F,» — [, denotes the trace function. Let N,(Q) denote the number of zeroes

of Q¢ in Fyn and N,(%6,) the number of affine rational points of €, over ([Fqn)z. From

Hilbert’s Theorem 90 we have

(2.3) Np(€g) = qNn(Qg).

It follows that the determination of N, (%) is equivalent to the determination of
N,(Qg). Details about this fact can be found in [2, 3, 39].
In [50], Wolfmann determined the number of rational points of the algebraic plane

curve defined over F+ by the equation
yI—y=ax’+b

where a € [F;k and b €F x, for k even and special integers s. In [16], Coulter determined

the number of [,-rational points of the curve

n

yP' —y=axP T+ L(x),

where a € [F;, t = ged(n,e) divides d = ged(a,e) and L(x) € Fy4lx] is an F,:-linearized
polynomial. In this chapter, we determine N, (%) for some families of Artin-Schreier
curves given by specific polynomials g(x) € Fg[x].

The first aim of this chapter is to find N,(%;) when g(x) = xF(x) — A, where F(x) is a
F,-linearized polynomial, A € F, and ged(n, p) = 1. In this case, we denote €, by 6F ) for
F(x) and A fixed. We prove that Q.. defines a quadratic form and use this form to find a
connection between the number of affine rational points with the rank of an appropriate
circulant matrix. Theorem 2.13 provides an explicit formula for N, (6F ).

Also, assuming the hypothesis of Theorem 2.13, we study the case F(x) = x4’ —x when

i is a positive integer, i.e., we consider the curves

G yl—y=x9 1522
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In Theorem 2.26 we find an expression of N,(%;) in terms of Legendre symbols and

p-adic valuations.

When i =1 and A = 0 we obtain the curve €;: y? —y =x9*1 —x2, which is associated
to the number of monic irreducible polynomials in F,[x] of degree n with the first two
coefficients prescribed, i.e., the coefficients of x”~! and x” 2. To see this, consider the

map

Tz: [Fqn - ﬂ:q

a — Yy a?'
0<i<j=n-1

(2.4)

The coefficients of ¥~ ! and x" 2 of the characteristic polynomial of a € Fqn over [,
are determined by —Tr(a) and T9(a), respectively. A straightforward calculation shows
that T9(B? — B) = Tr(B?*! - B2) for all § € F,n. By Hilbert’s Theorem 90 we have that
Tr(p) = 0 if and only if there exists a € Fy» such that = a? — a and therefore Tr(p) =
0 and T'9(B) = 0 if and only if 0 = To(B) = To(a? — @) = Tr(a?™! — a?). Consequently, the
number of irreducible polynomials of degree n with first two coefficients being zero can

9+1 _ 42 For more

be related to the number of affine rational points of the curve y¢—y =«
details about this, see [10, 32]. In Section 2.5, we employ a method that allows us to

compute the number N,(%;) when p divides n.

Finally, we study hypersurfaces of the type

r i
(2.5) H:yl—y= _ZlaJ'(xg”l—x%—A,
J:

forajelF; and A € F4n. We determine the number of rational points of #; in [F(’ZZ1 using
techniques involving Gauss sums and the fact that Tr(ca j(x;ﬁl — x?)) defines a quadratic

form for any c € F,.

This chapter is organized as follows. Section 2.2 provides background material and
preliminary results. In Section 2.3 we discuss the case g(x) = xF(x) — A where F(x) is an
Fq-linearized polynomial and A € F,. In Section 2.4 we give an explicit formula for N, (%6;)
when ged(n, p) = 1. Section 2.5 provides the number of affine rational points of the curves
%€;, including the case ged(n, p) = p. Moreover, we give necessary and sufficient conditions
on the curve €; to be maximal or minimal. In Section 2.6 we consider the Artin-Schreier
hypersurface given by (2.5). We compute N, (#,) and give conditions on this surface to
attain the Hasse-Weil bound.
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2.2 Preliminary results

In this section, [, denotes a finite field with g = p® elements and p is an odd prime. For

a positive integer n, we already defined in Chapter 1 the trace function

Tr[Fqn/[Fq : |Fqn - [Fq
a—a+al+-+al
and, for simplicity, we denote by Tr. A polynomial F(x) € F,[x] is called F-linearized if it
is of the form apx+a1x9 +0L2x‘12 4o +a1qu, where a; € [, for all 0 < j < /. The polynomial

2 l'is called the associated polynomial of F(x).

fx)=ap+aix+agx“+---+a;x
In what follows, for F(x) € F4[x] an F-linearized and A € F,n, 6F 2 denotes the curve

determined by the equation
(2.6) yI—y=xF(x)—A

and Q,r(x) : Fg» — Fgn is the quadratic form given by @ r()(a) = Tr(aF(a))(see Remark
2.33 below). We observe that if (a, f) € [F?In is a point of 6F y, i.e., B9 — f= aF(a)— A then

0=Tr(p? - ) =Tr(aF(a)—A) =Tr(aF(a)) —nA.

Conversely, if a € F4» satisfies the equation Tr(aF(a)) =nA, then Tr(aF(a)—-A)=0 and
by Hilbert’s Theorem 90 there exists f € F4» such that 7 — f = aF(a)— A. In addition,
any other solution to the equation y? —y = aF(a)— A is of the form f+c for c € F,. In

particular,

2.7 N (6F.2) = QN (QxF(x)-2)-

Remark 2.1. Let F(x) be an Fy-linearized and n a positive integer. It can be easily verified
that the map Q : Fgn — Fgn given by a — aF(a) is a quadratic form. Furthermore, since Tr
is an Fy-linear form, we have that the map Q :Fgn — [, given by Q(a) = Tr(Q(a)) is also a

quadratic form. In fact, for all c €F4 and B € Fyn we have
Tr(cfF(cp)) = Tr(c* BF(B)) = *Tr(BF(P)),
hence Tr((x + y)F(x + y)) — Tr(xF (x)) — Tr(yF(y)) defines a symmetric billinear form.

An important result that we frequently use in this chapter is Theorem 1.32, which

gives information on the number of the solutions of a quadratic form over finite fields.
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Clearly, in order to determine the number S, given in Theorem 1.32 we need to cal-
culate the dimension of the radical of the respective quadratic form and the determinant
of a reduced matrix associated to this quadratic form. In order to do this, we need to
study the complete homogeneous symmetric polynomials and circulant matrices, which

we define below.

Definition 2.2. a) The complete homogeneous symmetric polynomials of degree k is
defined by
hp(xi,...,x5) = Z Xiy Xy

1<ii<--<ip<n

We denote this polynomial by hp(n).

b) Letag,a1,...,a,—1 be elements of a finite field F. The circulant matrix C(ag,a1,...,a,-1)
associated to the n-tuple (ag,a1,...,a,-1) is the n x n matrix (c;;); j with c; j = ay,
for each pair (i,j) such that j—1i =k (mod n). The vector (ag,a1,...,a,—1) iS the

generator vector of C.

¢) The associated polynomial of the circulant matrix C(ag,ai,...,an—1) is f(x) =
n-1 )
Z a;x".
i=0

We will show that, under some additional hypotheses (see Proposition 2.12), that
there exists a basis of F4» over [, such that the associated matrix of the quadratic form
Tr(Qg+1) is circulant.

The following theorem, that can be found as an exercise in [41], describes another

representation of the polynomial 4.

Theorem 2.3 ([41], Ex. 7.4). The polynomial hr(n) can be expressed as

n xn+k—1

hrn)=Y — -t
lzzl 17,21 (e — %)
m#l
The polynomials A;, will be useful in the computation of the rank of some circulant
matrices. When n is relatively prime with the characteristic of the field [, it is well
known (e.g. [25]) that the determinant of any circulant matrix C = C(ag,a1,...,0,-1)
satisfies the relation
n
det C = H(ao +aiw;+--- +an_1w?_1),
i=1
where w1,...,w, are the n-th roots of unity in some extension of F,. We will use this fact

in order to determine the rank of C. More precisely, the rank of C is equal to the number
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of common roots of f(x) = Z —1aixi and x" — 1, as we prove in Theorem 2.10. Before

1=
proving this, we need the following definition.
Definition 2.4. For each 0 < j <k integers, A, and A}, ; denote the polynomials

a) Ap(x1,...,x3) = H (xs —x3), for all k = 2.

1<t<s<k

b) Ap j(x1,...,x5) = (-1y+1 [] s—xs), forall k=3.
Ctr
We have the following lemmas that show some relations between the complete

homogeneous symmetric polynomials and the polynomials A, and Ay, ;.

Lemma 2.5. Let n,k be positive integers and for each 1< j <k, h, j(k) be the polynomial

hn(x1,...,%,...,x), where X; means that the variable x; is omitted. Then

Zx Ak,J n-k+1,j(k) =0, for all k = 3.

Proof. Set
1 ifl > j;
€,j=y-1 ifl<yj;
0 ifl =.

By Theorem 2.3 it follows that

k k X 1
-1 -1 j+1 l
DX A e jB) = ) 2T [T (ks - x) Z
1=1 j=1 1st<s<k =1 m=1 (.’)Cl —Xm)
t,s#] I#] m;éj,l

k
=Y = 1)]”2 U] G —x)(=1F ey

=1 1<t<s<k
J 175] t,s;j}l
k& 1 1 k+j—-1+1
n-1,n- +j-1+
= Z ij X l_[ (x5 —2,)(=1)*™ €l,j
j:l =1 1<t<s<k
I#£) t,s#J,l

For each [ and j fixed, the sum runs over the term (x;x j)n_l =(x jxl)”_l twice and then

1 1 k+j—-l+1
g [T Ges—x )1 e j+e€;) | =0,
1<t<s<k
t,s#j,0

as we wanted to show. [ |
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Lemma 2.6. For any k = 2 we have

k+1
X1...Xk+1
Api1=), ——Ap+1,-
j=1 Xy
In addition,
ixl'”xk 1 _F(xl,---,xk+1)_1
. k - -
=1 % I (e —xj) Aps1
r#j
Proof. Set
k+1
X1...Xk+1
Frai=) —————Aps
j=1 xj

We will prove that A,,1 = Fj,1 by induction on the number of variables. For k£ = 2 we
have
X1X2X3
Z . e VAR | TR
: ] 1<s<t=<3
s,t£]
= x9x3(x3 — x2) — x1x3(x3 — x1) + x1x2(x2 — x1)
= (xg —x1)(x3 —x1)(x3 —x2) = A3.

k42-1)

and if x; = x; for some 1<i < j <k +1it follows that F;,1 = 0, which implies that Ay,

Now suppose that the result is true for some & > 2. The polynomial F},.1 has degree (

divides F.1. Since Az,1 has the same degree of F;, 1 we obtain that F,1 =cAp,1 for
some c € F,. From the fact that A, is a monic polynomial with respect to the variable
xk+1, it remains to show that ¢ = 1. In order to prove this, we equate the coefficients of

k+1 on both sides of F,,1 =cApj.1 to get

k
le ( 1)J+1 H (x;—x5)=c- H (x; — x5)

j=1 %j lss<ts<k 1=s<t<k
S,t£]
and this means that F, = cA;. By the induction hypothesis, it follows that ¢ = 1. [ |
Lemma 2.7. Let C be a circulant matrix over F, with generator vector (ag,a1,...,0,-1)
n-1
and f(x) = Z be the associated polynomial to the matrix C. Let g(x) = ged(f (x),x™ — 1)

i=0
and ai,as,...,an, be the roots of g(x). If g(x) has only simple roots, then for each positive

integer j < m the relation
(2.8) (ao,al,...,an_j)-(l,hl(al,...,aj),...,hn_j(al,...,aj)) =

is satisfied, where - denotes the inner product and hp(x1,...,x;) is the symmetric polyno-

mial of degree k.



33

Proof. We set @, =(a1,...,a%+1). We proceed the proof by induction on the number of

roots of g. For any a root of g we have
n-1_
ap+aiax+---+a, 1 =0.

Then (ag,a1,...,an-1)-(1,a,...,a” 1) =0 and this relation is equivalent to the first case

of the induction. If j = 2, for each pair of roots a1 and ag, we have the relations
a0a14—a1a%+~-~+an_1a?::0
apgas +a1a§ +--tap-1a5 =0.
Subtracting, we get
aolas —ay)+ al(ag - a%) +ot an_z(ag_l - a'll_l) =0.

Since Ay = ag — a1 # 0 it follows that

2 2 n—1 n—1
0=(ao,a1,...,an-2)- (a2 —ay,a5—ai,...,ay " —aj ")

= (a03a1’ e ,an—2) 'A2 (1ah1(a17 a2)7 ceey hn—2(a1, az))
and this relation proves the case j = 2. Let us suppose now that (2.8) is true for any
choice of k£ different roots of g and let a1,...,a,.1 be k£ +1 roots of g. By the induction

hypothesis, we have k£ + 1 equations of the form (2.8), where for each one we do not

consider one of the roots, i.e., the j-th equation is given by
2.9) (ag,...,an_p)" (l,hl,j((_ik+1),. .. ,hn—k,j(afk+1)) =0.

Multiplying the vector (1, h1j(@r+1),. .., hn_k,j(ak.g_]_)) by a;.‘_lAkJrl,j and adding these

vectors we obtain the vector
k+1 1
=y a; (Ape1)sAr+1,jh1j(@R41), - s Aps1 jhn—r,j(@r+1)).
=1

By Lemma 2.5, the last coordinate of & is

k+1
(2.10) Y a’?_lAk+1,jhn—k,j(ak+l) =0.
j=1
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Let us put @ = @1+ @z+1. The first coordinate of @ is

k+1 1 k+1 1 1
n— L= n— _ J+ _
ao Z aj Ak+1,] =ao Z aj (( 1) H (at as))
Jj=1 j=1 1ss<t<k+1
s,t#j
k+1
ao a ao
(2.11) =— (— [T (a:- as)) =—Ap1,
O =1 Q) 1<s<eshel a

s,t#£]

where in the last equality we use Lemma 2.6 and the fact that a;’s are n-th roots of unity.

For 2<l<n-k—1, the [-th coordenate of z is equal to

k+1 . k+1 . - k+1 l+k 1
n-— . - — n— _ + _
aj Z a; Ak+1,Jhl,J(ak+1) =aj Z a; (-1y H (a;—as) Z k+1
j=1 Jj=1 l<s<t<k+1 (az am)
s,t£] l#] m;éw
k+1k+1 1 l b1 1 e
=ay Z D R A GO VARG D G | I C PR N
=1 i=1 1<ss<t<k+1
i#] 8,t#1,]
k+1k+1 Jrb-1 bt imitl
(2.12) == Z Z i* DT T (- aser
] 1 i=1 l<s<t<k+1
i£] S,t#1,]

Let G141 denote the polynomial

k+1k+1
G Z Z X1 Xp+1 l+k 1( 1)k+] i+1 H (x; — x5)€; +
k+1 = - t s/ti,g
j=1i=1 Xj 1=s<t<k+1
i#j ERZIN

We observe that for x; = x;, i # j, we have G;,1 = 0 and therefore (x; —x;) divides G141

for all i # j. We conclude that A, divides G1.1 and we can write

1
G Elxr---xps EA "il (x; — x;)

Ak+1 i=1 Hk+1(xz_xm) j=1 Hk+1 (x,— xj)

m#i J#i r#i,j
l+k
1 A 1
i= 1Hk+ (xz Xm) j=1 XiX;j Hk+ (xr—xj)
m#i J#i r#i,j

Fixing i, it follows from Lemma 2.6 that

1

Rl gy xpe1 1 _
. B+l

= Xk [0 Y —xj)

J#i r#h]
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Therefore
kil xl.+k
(2.13) Gk 1 =Ak 1 T =Ak 1h;(k+1).
’ A T (- x) *
m#i

By (2.12) we have

k+1 4 aj
ar ). ai  Apsrjhi (@) = ;Ak+1hl(k +1).
j=1

From (2.10), (2.11) and (2.13) we conclude that

(@o,..,an--1)-(L,h1(k+1),....,~n_p-1(k+1)=0.

Remark 2.8. 1. Let A be a root of g(x). Multiplying f(A) by A} we obtain
An—i+ap—ij+1A+-+ an—i—l/ln_i =0
and therefore Lemma 2.7 is true for any shift of the coefficients ag,aq,...,a,-1.

2. In particular, Lemma 2.7 is true if ged(n,q) = 1, since in this case g(x) has only

simple roots.
We have the following definition.

Definition 2.9. Let f(x) € F4[x] be a monic polynomial of degree m such that f(0) # 0.
The reciprocal polynomial f* of the polynomial f is defined by f*(x) = ﬁxm f(2). The
polynomial f is self-reciprocal if f = f*.

The following theorem, shows us how to find the rank and an equivalent reduced

matrix to the circulant matrix C in some cases.

Theorem 2.10. Let A = A(ap,a1,...,a,-1) be a circulant matrix over F, and assume
that ged(n,p) = 1. Let f(x) be the associated polynomial to A and assume that g(x) =
ged(f(x),x™—1) is a self-reciprocal polynomial with deg g(x) = m. Then, rank(A)=n-m =1

R |0
and there exists M € GL,(F,) such that MAMT = (T‘T) , where R =(r; ;) denotes the

I x 1 matrix defined by r;j=a;; for 0<i,j <.
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Proof. Let ai,...,a,, be the roots of g(x). Let B; be the matrix obtained from the identity
matrix by changing the entries of the n —i + 1-th row by

(]., hl(al,...,ai), ceey hn_i(al,...,ai), O, ey 0)

Observe that
10 - 0 0
01 0 0
Bi=|:it o0
00 - 1 0
1a - tx’f’z a’f’l

Since a1 and aIl are roots of g, the last row and column of BlAB{ are null. From

R|O
Lemma 2.7 and Remark 2.8, it follows that MAMT = (T‘T)’ where M = B,,B,,-1---BaB1

and R is the matrix A reduced to its first / rows and / columns.

Example 2.11. Let g =27, n =7 and ®7 denote the T-th cyclotomic polynomial. Since
ord7 g = 2, @7 splits into three monic irreducible polynomials over F,[x] of degree 2. Let

(a) =F5,, where we can choose a with minimal polynomial x3+2x+1. Then
D, (x) = (%2 +2a%x+ D2+ (2a% +a + 2)x + D(x% + (2a® + 2a + 2)x + 1).
Let us define

f(x) =(x?+2a%x + D>+ (2a% +a + 2)x + D(x —a)

=x° +x4(0L2 +2)+ x?’(a2 +a+1) +x2(2a +1) +x(0t2 +2a)+2a.

Therefore the circulant matrix associated to the polynomial f(x) is

2¢ a?+2a 2a+1 a?+a+l a2+2 1 0
0 2a a?+2a 2a+1 a?+a+l a2+2 1
1 0 2a a’+2a 2a+1 a’+a+1 a2+2
A=] o242 1 0 2¢  a?+2a 2a+1 a?+a+l |.
a®+a+1 a2+2 1 0 2¢  a?+2a 2a+1
2a+1 a?+a+l a%+2 1 0 2a  a?+2a
a?+2a  2a+1 a?+a+l a2+2 1 0 2a

Since

g(x) = ged(f(x),x" — 1) = (2% + 2a%x + D(x% + 2% +a + 2)x + 1)
=x*+ (@ +a+2)x®+2a’+a)x +(@®+a+2)x+1

is a self-reciprocal polynomial, it follows from Theorem 2.10 that rank(A) is 3 and the

. . . 2a a®+2a 2a+1 .
reduced matrix associated to A is A' = ( 0 2 a2+2a). In addition,
1 0 2a

detA' =a*+12a% +a = a? #0.
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2.3 The number of affine rational points of the curve
yli—y=xF(x)—A

In this section, in order to find the number of affine rational points of the curve y? —y =
xF(x)—A, where F(x) is a [F4-linearized and A € F;», we determine the number of solutions
of the equation Tr(xF(x)) = Tr(1) in F4n. In fact, by (2.7)

(2.14) y?—y=xF(x)-A.

We recall that we have
N,(€Fr 1) = qSTe(1)s

where Sty(1) = {x € Fgn | Tr(xF(x)) = Tr(A)}].

In what follows, 22 denotes the n x n cyclic permutation matrix

01 0 0
00 1 0
(2.15) P=: .
00 0 1
10 0 0

The following proposition associates the [,-linearized polynomial F'(x) with an appropri-

ate circulant matrix.

Proposition 2.12. Let F(x) = Zﬁzoalxq " be Fq-linearized. For A € Fyn, the number of solu-
tions of Tr(xF(x)) = Tr(A) in Fyn is equal to the number of solutions Z = (21,22, . .. 2l € [FZ
of the quadratic form

2TAZ=Tr(1)

where A=1%!_ a2+ (1))

Proof. Let I' ={f1,..., 6.} be a basis of F;» over [, and

1

p1 p7 - BT
Noo| 02t o

1

A
Bn By - B
Then Nr is an invertible matrix and for x € F;» we can write x = Z;.Lzl Bjxj, where

x1,...,%n € Fg. The equation Tr(xF(x)) = Tr(1) is equivalent to

n-1 . .
(2.16) Y 2 F(x)? =Tr(V).
j=0
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Since F'(x) is a F4-linearized and the trace is [4-linear, we need to express the monomials

of the form x- qu in terms of the basis I'. We have

11 n—1 ; 1 n-1[ n qj n qﬂl n (n-1 qj qj+l
Tr(x? ™) = qu (x7)7 = Z Z,Bsxs Z Brxp = Z (Z Bs B, )xsxk.
7=0 7=0 \s=1 k=1 s,k=1\;=0

Consequently Tr(x? l+1) has the following symmetric representation
X1
(1% -~ 2,)B; ng , where B; = %Nr (7! +(2')") NT.
x.n
Making the change of variables (z1 z9 -+ z,) =(x1 x9 -+ x,)NT wWe get

21

(2122 - 2a) %(@H(W)T)] zf — Tr(A)

Zn

which has the same number of solutions as Tr(qu+1) =Tr(A) have. Using Equation (2.16)
and the definition of A, the result follows. n

The following theorem is straightforward consequence of Theorems 1.32,2.10 and

Proposition 2.12.

Theorem 2.13. Let F(x) = Zizoaixqi be F4-linearized and f(x) = Zﬁzoaixi its associated
polynomial. We assume ged(n, p) =1 and that g(x) = ged(f(x),x™ — 1) is a self-reciprocal
polynomial of degree m. Let also R be the matrix defined as in Theorem 2.10 and a =
det R. Then, for each A € Fyn, the number of affine rational points in [an of the curve
yl—y=xF(x)—Ais

q" — y((=1)n=mV2g)q(nm=2)2 if n+m is even and Tr(A) # 0;
N (€r2) =X q" +(q— 1))(((—1)(”_m)/2a)q(”+m_2)/2, if n+miseven and Tr(1)=0;
q" + y Q=)= D2 Tr(A) g™ D2 if n+m is odd.

Corollary 2.14. Let F, f and g be polynomials which satisfy the conditions of Theorem
2.13. Then,

n+m—2

INW(€rA)—q"1<(q—1)q 2
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In addition, the upper bound is attained if and only if n +m is even, Tr(1) = 0 and
(-1)=m2q is a square in Fq.
The lower bound is attained if and only if n+m is even, Tr(1) = 0 and (-1)*2q js

not a square in [.

l .
Remark 2.15. The curve 6r ), where F(x) = Z a;x? ,a; € [F;; and 0 <l <n, has genus
=0

_ l
g= %. The Hasse-Weil bound for 6F ) is given by
2l+n
IN.(6F)—(@"+DI<(g—1)q 2,

since we has only one point at infinity. Consequently, this curve is not maximal or minimal

with respect to the Hasse-Weil bound.

Example 2.16. Let ¢ =27,n =7 and f(x), g(x) be the polynomials of Example 2.11. The
polynomial F(x) = x? + (a®+ 2x4" + (a2 +a+ l)x‘f’3 +(2a + l)xq2 +(a? +2a)x9 + 2ax is the
Fq-linearized polynomial of f(x). Since n—m is odd and detC’ = a2, Theorem 2.13 implies
that
q"+q® if Tr(\) is a square in F%,
N (Er)=q" +q°x(Tr()) =X q" - ¢% if Tr()) is not a square in F*,

q’ if Tr(1) = 0.

In the following section we compute the constant D in Theorem 1.32 for some some

special polynomials F(x).

2.4 The number of affine rational points over [,. of
the curve y9—y=x- (27 —x)— A with ged(n,p)=1

Throughout this section, for any prime ¢ and a positive integer m, we denote by (%)
the Legendre symbol of m mod ¢ and by v;(m) the t-adic valuation of m, i.e., the largest
integer j such that t/ divides m. The aim of this section is to find an expression for the

number of affine rational points of the curve
E; : yq—y:xqi+1—x2—/l

in [F?I,, with 1 €Fgn.
In the previous section we used the fact that the number N, (%;) is ¢ times the

number of elements x € F,» such that Tr(x(xqi —x)) =Tr(A).
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In order to determine the number of solutions of Tr(x(xqi —x)) =Tr(1), it is necessary
to establish the dimension of the symmetric bilinear form associated to this quadratic

form, which is the subject of the next proposition.

Proposition 2.17. Let 0 < i < n be integers and F(x) = Z;:o a jxqj € Fylx] be an Fg,-
linearized polynomial. Let Qr(x) = Tr(xF(x)). If ag # 0, then

(2.17) dimrad(Qr) = deg(gcd(z a;(x + 2", x" — 1))
j=0
Proof. In order to determine the dimension of the radical of @ it is sufficient to compute

the dimension of the radical

dimg, {x € Fgr |QF(x,y) =0 for all y € Fyn}.

In fact
l
BQF(x,y):Tr(Z aj(x+y) 71 Zajxq +1 Zaqu +1)
j=0 Jj=0 J=0
s l R i il L gitligl
—Z(Z ajx+y) > ajx > ajy )
=0 =0 =0 j=0
l n_
= Z (Z @yt 4ty
_ Zoa j(;)((xqj +x7" )y
j=0  j=
i . . i . .
(2.18) =) ajTr((xq] +x9" yy) = Tr() aj(xqj +x?" )y).

Jj=0 j=0
It follows that @r(x,y) =0 for all y € F4n is equivalent to
i A y
(2.19) Y ajx? +x7)=0.
j=0

The F,-linear subspace of F,» determined by (2.19) is the set of roots of

i ‘ »
g(x) = ged(H(x),x? —x), where H(x)= Y aj(xqj +29"7.
j=0
Since g is a F,-linearized with coefficients in F,, the degree of the associated polynomial
gives us the dimension of radical of @z, which is the degree of gcd (x” -1, Z;:o a j(xJ +a )).
This finishes the proof. [ |
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For the special case y9 -y = x(xqi —x)— A we explicitly determine the dimension of the
quadratic form Tr(x(x? " —x)). Moreover, we will use this information to compute N,(6;),
that is given in Theorem 2.26. In order to simplify the notations, we define the following

quadratic form.

Definition 2.18. Let i,n be integers such that 0 <i < n. We define

Qi:ﬂ:qn —>[Fq

i
x— Tr(x? 1 - x?).

The following corollary is a consequence of Proposition 2.17.

Corollary 2.19. Let i,n be integers such that 0 < i < n and Bj(x,y) the associated
symmetric bilinear form of Q;. Let n = p“fi and i = p®i, where u,s are non-negative

integers such that ged(p,7) = ged(p,i) = 1. Then

(2.20) dimrad (Q;) = ged(#, i) min(p¥, 2p°).

Proof. By Proposition 2.17 it is enough to find the dimension of the linear space deter-

mined by the roots of
(2.21) H(x)=gedx? +x9"" = 2x,x7" —x).
Since n = p“#, i = p°i , the associated polynomial to the F4-linearized polynomial H(x) is
h(x)=ged (xi —2+x" " — 1) = ged (x2i —2xt + 4", %" — 1)
— gcd((x{ _ 1)2ps’(xﬁ _ 1)p“) — (xgcd(ﬁ,f) _ 1)min(p“,2ps).

Since the degree of h(x) is equals to the dimension of the radical, we conclude that
dim rad (Q;) = ged(7i, 1) min(p¥, 2p®). [ |

Using Theorem 1.32 and the previous corollary we can determine the number of
solutions of Tr(x? *! —x2) = Tr(A) in Fqn, which will give us a complete description of
N n(c@pi )

Lemma 2.20. Let i,n be integers such that 0 <i <n and gcd(n,2p) = 1. Let v be the

dimension of the radical of the associated bilinear symmetric form Q;. Let i = p*i, where s
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is a non-negative integer and gcd(i,p) = 1. Then n +v is even and, for A € F¥, the constant
D of Theorem 1.32 is given by

b-1]

( q )max{O,vpj (n)—vpj(i)}
Jj=1

pj

where n = p‘{l .- p5Y is the prime factorization of n.

Proof. Let Mty be the set of solutions of Tr(xq’i+1 —x2)=Tr(1) in Fgn. Then Stv(1) =
| M1l is given by Equation (1.1). For each possible value of Tr(1) € F, if Tr(x? *1—x2) =
Tr(A) we have

(2.22) Tr(x? )7+ = (x9)2) = Tr((x? 1 = x2)7) = Tr(x? 1 — x2) = Tr(1),

forallO0<j<n-1.

We first consider the case n = p{, where p; is an odd prime and ged(p1,p) = 1. By
Equation (2.22), for each a € M1y()) we can associate another d — 1 elements of Mty),
where d is the smallest positive divisor of n = p{ such that a?’ = a. For each a € M2
we have d > 1, since a? = a implies a?+1_q2=q2_q?= 0, a contradiction with Tr(A) # 0.
Then d is a multiple of p; and Equation (1.1) of Theorem 1.32 can be rewritten modulo

p1as

q" ' -Dg"*"P2=0 (mod py),

which is equivalent to
D= (q(n+v—2)/2)—1 = q(n+v—2)/2 (mod pl)’

where in the last congruence we use the fact that D = +1. By Corollary 2.19 we obtain

_ (p1%+ min{a,Vpl(i)})/z_l
D=gPr i (mod p1)
min(a,vPl(i))( (a—min(a,vpq (i)

= qpl Py +1)/2-1

(mod p1)

(a—min(a,vPl ()

= ¢ D2 (mod p)

max{O,a—vPl )}

_ 0 D2 (mod p1)
. (plinax{O,a*"Pl(i)}_l)/(pl_l)
_ (p_) (mod p1)
1

l
1—1

1—

Since (i) assumes only the values {—1,1} and i =/ (mod 2), we conclude that

b1
D:(i

max{0,a—vp, ()}
)
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Now we consider the general case n = p‘lt1 - p3t, with u = 1. We will prove the result
by induction on u. We already proved the case when u = 1. Now suppose that u = 2. It
follows from Lemma 2.19 that the dimension of the radical of the bilinear symmetric
form associated to @;(x) is v = ged(p{* -+ p3"*,1). Therefore v divides p{'---p3* and n+v

is even. Using Theorem 1.32, for Tr(A) € F}, we obtain that

STr(/l) — qn—l _Dq(n+v—2)/2.

Now let Tr(A) € F; and n = 7ip,* where 7i = p{*---p;*7'. We now consider the subfield

Fg# <Fgn. By the induction hypothesis, the number of solutions of Trr ,/, (291 x2) =
Tr(A) is -
u—1 max{0,v,.(n)-v,.(1)}
s q ’ p] pJ - _
STr(}L),ﬁ = qn 1_ l_[ (_) q(n+01 2)/2’

pj
where vy is the dimension of radical of the bilinear symmetric form associated to

J=1

Tr[Fqﬁ/[Fq(xqur1 —x2). From Lemma 2.19 we know that vy = ged(Ai,i) and them v = vy -
ged(py*,1). Since Fgn 0 [quzu =4, the solutions which are not in F s can be grouped in
sets of size divisible by p,. In fact, since « is a solution then a? is also a solution and

a € Fyn, it follows that there exists d > 1 dividing p3,* such that a9’ = a. Then

Str(1) =STr(1),s  (mod py),

which is equivalent to

q(ﬁ+l)1—2)/2 (mod pu)

-1 {0,vp .(n)—vp (i)}
qﬁpzu—l _Dq(ﬁpzu+v—2)/2 = g1 _”H (i)max Vp(R)=vp (i
Jj=1 bj

Since qP* = q (mod p,), the previous equation is equivalent to

- _ay u-1 -
(2.23) Dqpu"+v=2)2 = I1 (i 122 (mod p,).

pPj

)max{O,vpj(n)—va.(i)}
J=1

ay ay
Now let vg = ged(p%*,i). We observe that gPu" ~12 = (piu) (mod p,) and them

!
L )

q(ﬁ,+v1—ﬁpzu—v)/2 = )q(y) (mod pu)

q

ayn -

q(lT) (mod py)

Qult y1(1-vy)

q 2 (mod py)

(pglin(llu Vpy (0} 1y

q "t 2 (mod py).

ay

(2.24)
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Equations (2.23) and (2.24) allow us to conclude that

-1 {0,vp . (n)=vp (i)}
p=Tr (L)Y a2 o po)
j=1\Dj
u-1 max{0,vp (n)=vp (i)} au (printauvpu Dy,
(e (i) ¢ " T T (mod py)
j=1 Dj Pu
u—1 max{O,vpj(n)—vpj(i)} ay —minfay,vp, (D}
_'T(a (il) (jL) (mod p,)
j=1 Pj Pu Pu
u max{0,v, .(n)—v, (i)}
q P pj
= H (—) (mod p,)
j=1\Pj

u
and consequently D = H

( q )max{O,vpj(n)—ij (@)}
j=1

pj

Remark 2.21. From Theorem 1.32 we have that D does not depend on the value of
Tr(A) eFy. Then, by Lemma 2.20, for Tr(A) = 0 we have that the value of D in Equation

. e (4 max{0,vp ;(n)=vp ()}
(LDis D =TT, (L)
For extensions of degree a power of 2 we have the following result.

Lemma 2.22. Let b,i,n be integers such that 0<i <n and n =2°. Let v be the dimension
of the radical of the associate bilinear symmetric form of Q;. For any A € Fyn, the value of

D as defined in Theorem 1.32 is given by

x(=Tr(1)) ifb=1,
D ={ (-1)a- D" -vy ifb=2and n+v is even,

(D@2 y (—%) ifb=2and n+visodd.
Proof. When n =2 it follows that i = 1 and Tr(a?"! — @?) = Tr(1) is equivalent to
(2.25) a€’t — g2 4 71 _ o2 Zy()).

The latter can be written as (a? — @)? = —=Tr(1), since a? = a. If Tr(A) = 0 we conclude
that a? —a =0, and then a € F,. In this case (2.25) has g solutions in F,. For Tr(1) € F],

let us consider the following maps:

T1: [qu — [qu and T9: [qu — [qu

x—x?—x. x— x2.
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In order to determine the number of solutions of Equation (2.25) it is enough to fix a € F 2
such that 79(71(a)) = —Tr(A). Let {1, a} be a basis of [an/[Fq. The image of {1,a} by 71 is
{0, B}, where = a? — a. Since ker(r1) =F,, the image of 71 is generated by . Therefore

it is sufficient to consider the elements of the form ca, with c € Fy, i.e.,
To(T1(ca)) = T2(cf) = 2.
We now claim that § ¢ ;. For that, suppose by contradiction that 7 = . Then
2’ —a?—al+a=0

which only happens if —2(a? — a) = 0. But this is not possible because a € F 2 \[F, and
p # 2. Consequently 7o(71(ca)) = —Tr(A) if and only if 02ﬁ2 = —Tr(A), and since g ¢ [,
this equation has solutions if and only if —Tr(A1) is not a square in F,. In this case,
Equation (2.25) has 2q solutions.

Now we consider the case when n = 2° with b > 1. Let i = p®i, where ged(p,7) = 1.
From Lemma 2.19 we know that v = gcd(2b, {)min(1,2p®) = gcd(2b, i), which implies that
v is of the form 2¢ with 0 < ¢ < b. Let My()) be the set of solutions of Tr(x? +1_x2) = Tr(1)

in Fyn. We now consider two cases.

1. n+vis even.

In this case v and i are even. The number of solutions of Tr(acqi+1 —x2)=Tr(1) is

given by Equation (1.1). If Tr(aqi+1 —a?) =Tr(1) for some a € [F;;, we have
2.26)  Tr((@”)?*1-(a?)%) = Tr((a? "1 - a®7) = Tr(a? ! - a?) = Tr(1),

for each 0 < j<n-1. Since n =2% >4 and by Equation (2.26), for each a € Mty())
we can associate another d — 1 elements of Mr,(y), where d is the smallest positive
divisor of n = 2° such that a9 = a. We claim that d > 2. In fact, if d = 1 we have
(ocqi+1 —a®)? =a?-a?=0, and them Tr(1) = 0, a contradiction. If d =2, for a € Fg2
we have (@91 —a2)? = @91 g2 = a2 a2 = 0, since i is even. The latter also

implies that Tr(A) = 0, a contradiction. In particular, Equation (2.26) does not have

solutions for d = 1,2. Consequently d > 2 and then 4 divides d for any a € My)).

From Equation (1.1) of Theorem 1.32, we obtain the relation
q2b—1 _Dq(2b+v—2)/2 =0 (mod 4)’

which is equivalent to

b b b
D= qZ -1-(2°+v-2)/2 = q(2 -v)/2 (mod 4)
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We conclude that, in this case, D = (—1)(‘1_1)(2b_v)/4.

. n+visodd.

In this case, v is odd and, since it also divides 2%, we conclude that v = 1. By the
same argument used in the previous case, the number of solutions of Tr(aqurl -
a?) = Tr(1) is given by Equation (1.2). Furthermore, it follows that for Tr(1) € [F;
we have Tr(a? *! — a?) = Tr(1) if and only if

(2.27) Tr((@?)? +1 — (@?)2) = Tr((a? "1 = a®)?’) = Tr(a? *! — a?) = Tr(1),

for all 0 < j < n— 1. Therefore for each @ € Mr,;) we can associate another d —1
elements of Sty(1), where d is the smallest divisor of n = 2° > 4 such that a?’ =a.

The case d =1 does not happen, otherwise we would have Tr(1) = 0.
Suppose now that a € F 2 N Mry(1) < Fgn. We then have

(2.28) Tr(d) = Tr(a? *1 — a2) = 2071, (a9 "'+9 = o20) 4 o7 +1 _ o2),

As in the previous case, Equation (2.28) does not have solution in F,. Therefore

a € F 2 \F, and the equation

Tr(1) = 2071 (971 + g9l — ¢29 — ¢2)

can be written as (a? — @)% = -y, where y = ’12‘1;)(_/11) Using the same argument of item

1 of Lemma 2.22, we prove that (a? — a)? = —y has solutions in Fg2 if and only if
—7 is not a square in F,. The latter is equivalent to % not being a square in [,
and, in this case, we have 2q solutions for Equation (2.25) in F 2. Consequently,

the number of solutions of Equation (2.28) in F 2 is (1 - X (—%)) q and then

Tr(A
Str(1) — (1—)((— 21;(_1)))q =0 (mod 4).

By Theorem 1.32, it follows that

Tr(A
q2b_1 +Dq(217+v—1)/2 = (1 —-x (_%)) q (mod 4),

ie.,
Tr(A
.D = (1 _X (_ 22(_1))) ql—(2b+v—1)/2 _ q(2b—v—1)/2 (mOd 4)

Therefore

D= (1=~ J* ¥ 1) 02 mod 9
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Since v =1 and ¢2 =1 (mod 4), we conclude that

1 Tr(A) Tr(1)
D=-¢"" 1'7((_ 9b-1 ) - _q'X(_ 9b-1 ) (mod 4

and consequently

D=(-1) 2.y (——Trw) .

92b-1

The case Tr(A) = 0 follows from Theorem 1.32, which tells us that D is the same for

any Tr(1) € F4 if n +v is even. In the case where n +v is odd, we have D = 0. [

The following definitions are helpful to allows us to rewrite the expressions of D in a

more simpler way.

Definition 2.23. For each a € F, we define
g-1 ifa=0, ) 0 if a=0,
Eq = and €, =
-1 otherwise, -1 otherwise.

In the following theorem we use Theorem 1.32 and Lemma 2.22, to determine the

value of Sty(1)-

Theorem 2.24. Let b,i,n be integers such that 0<i <n and n = 20 For L€ Fgn, the
number of solutions Sty(y) of Q;(x) =Tr(A) in Fyn is given by

(1= x(=Tr(M)))q ifb=1,;
Str1) = qzb_1 + (—1)(q_1)(2b_”)/4q(2b+”_2)/28Tr(,1) if b=2and n+v is even;
g2 1+ (-2, (__72:(_7‘1)) q(2b+v_1)/2£/Tr(/1) if b=2and n+vis odd,

where v = ged(2°,1) is the dimension of the radical of the bilinear symmetric form associ-
ated to Q;.

The results obtained in Lemma 2.20 and Theorem 2.24 can be used inductively to

obtain the following result for extensions of degree n satisfying ged(n,p) =1.

Theorem 2.25. Let b,i,n be integers such that 0 <i<n, n = 27, 7 = p‘lll-np‘;” is

the prime factorization of 7t and ged(,2p) = 1. For A € Fyn, the number of solutions of
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Qi(x)=Tr(A)in Fyn is

g\ D=V, o
"+ H ) qQ 2 ETrQ)) if i is even and b = 1;
j=1\DPj
n b (n—nvy-2) o
Sty =1 g7+ (—1)@" DR v T ETHN) if i is even and b = 2;
u max{0,vp ;(n)=vp (D} (4190, 9
‘“r_l_[1 pi) q 2 epy ifiisoddandb=2.
J= J

where vo = ged(7,1) and vy = gcd(Zb, i)

Proof. By Lemma 2.19 it follows that v = ged(n,i). We split the proof in cases.
(1) If i even and b =1.
Using the transitivity of the trace function, we obtain

(2.29) Tr(1) = Tr(a? "' = a®) = Tre o5, (Trs (@7 *1 = a?)),

where «a is such that @ ;(a) = Tr(1). Let u = Tr[Fqn/[qu(aqi+1—a2) €Fge. Then Equation

(2.29) is equivalent to the following system of equations,

Tr[qu/[Fq(,U) =Tr(1);

i
Tr[Fqn/[FqQ(aq +1_ (12) =u

Let us define @ = g2, then @ = ¢”. Since b = 1, by Lemma 2.20 it follows that the

number of solutions of Tr[Fqn IE 2 (x9' 1 — x2)) = U is

Qﬁ,—l_l_[ ks )

L (g max{0,vp (W)=vp (D} 5., 9
) @
j=1\P}

The dimension of the radical of Tr[qu /Fq (xqurl —x2) is vg = ged(7i, i). The number of

solutions of Tr[qu (1) =Tr(1) is g and then

(e :

j=1\Dj

u max{0,vy .(A)=vp (I} 95,0004

279 q J J ZRT2U0

=q(q g H( ) q
Jj=1 Pj

)max{O Vp (7)— ij(l)} n+2vg-2

q 2

Sty =¢q|Q" -

( q )maX{O,ij(ﬁ)_ij(i)}Qﬁ+u0—2)

u
q
1,

j=1



49

(i1) If i even and b = 2.

(iii)

As above, we have that
(2.30) Tr(A) = Tr(a? *! - a?) = Trg /5, (TrE 0/ s (@?*1 - a?)),

where « is such that @;(a) = Tr(A).

In this case, Equation (2.30) is equivalent to the following system of equations:

T, (1) = Tr(1);
TI‘[Fqn/[Fqﬁ(aqL+1 _ 052) = L.

Set @ = g™, hence sz =q". Since b = 2, it follows from Lemma 2.24(ii) that the

number of solutions of Tr[Fqn IE i (x4t - x2)) = uis

@0-v)  @0-vi-2)

Su=Q¥ - (- VYT,

where vy = gcd(2b, 1) is the dimension of the radical of Tr[Fq,, F i (xqurl —x2). Besides
that, the number of solutions of Tr[Fqﬁ IFq (u) =Tr(1) is g™ 1. Therefore, the number
of solutions of @;(x) = Tr(A) is

@b -vq)

b_, b_y fi—1)- n—hAvy—27
@Y — ()@ VT QTH T _ it gni e T g
b, )
=q"? —(—1)‘7('1_1)(2 ! 1)qr(n_n;r%
Case i odd.
We define @ = qzb; then @" = ¢" and
(2.31) Tr() = Tr(@” *! = a®) = Tregr, (Tre g (a” ™ - @),

where «a is such that @;(a) = Tr(A). It follows that the number of solutions of (2.31)

is equal to the number of solutions of the system

Trgyr, (1) = Tr();
TI‘rFqn/rFQ(aql“Ll —a?)=p.

By Corollary 2.20 we have that the number of solutions of Trg ./, (x4 +1 — x2)) = 0
with p #0 is

K

max(0,vp (M) ~vp (i (a0
A 1 R
=1 p]

J
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where v = ged(7,1) is the dimension of the radical of Tr[Fqn fFo (acqi+1 —x2). Since the

2b-1

number of solutions of TrucQ/[Fq () =Tr(1) is q , we conclude that the number of

solutions of @;(x) = Tr(A) is

» u
STr()l)—q ( " 1_[(
b _ob
_g? 1(qn 2b (

max{O,vpl(n)—vp.(i)} (itv—2)
Q) j j Q 20

u

1

j=1\Pj

q )max{O,vpj(n)—vpj(i)} (n+2bv0—2b+1))
- q 2

max{O,vpj(n)—vpj(i)} (n+2bvo—2)

1 (¢
:qn’_ — H (—) q 2
j=1\DPj

The case Tr(A) = 0 follows using the same ideas and the analogous formulas for S,

for extensions of [, of degree power of 2 or odd. [ |

Using Lemma 2.20 and Theorem 2.25, we can determine the number of affine rational

points of the curve y? —y = X0l _x2 A, as shown in the following theorem.

Theorem 2.26. Let i,n be integers such that 0 <i < n. Let i be an integer such that
n =27, ged(A,2p)=1and fi = p‘{l .-+ py" is the prime factorization of i . For A€ Fgn and
the curve €;: y? —y =x(x? —x)— A, we have that

Nn(cgl) — qn +Dq(n+L)/2

where

( )max{O,vpj(i)}

(i) D= H;le pi ,L=2gcd(i,1)if b=1and i is even;

(i) D =(~1)@"D@°-ged@ Vg, T — focd(28,i)if b>2 and i is even;
(1)

( )max{O,vpj(n)—ij(l)}

(i) D =TI}, pi L=2%gcd(A,i)if b=0o0r b=1and iis odd.

Err(ry
Proof. Using (2.3) we know that

N,(€i) = qNn (@)
We divide the proof in cases. Set vg = ged(#,i) and v = ged(2?, 7).

e b=1and i is even.

From Theorem 2.25 we have that

u
N,@)=q¢" +]]|— q 2 €T

( q )maX{O’VPj(i)} n+2vp—2
J=1
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Then

u
N.(€)=q"+]] q 2 ETr(1)-

Jj=1

q )max{O,vpj (D)} n+20g
Pj

In this case L = 2gcd(7, 7).

b =2 and i is even. From Theorem 2.25 we have that

n-nvy—2

_ Ai_1y(9b_
Np(@i) = q" L+ (-1 @ D=4 == 1)

Therefore,
n—nvy

i_ b_
No(6) = q" +(= 1T P 72 gy,

Here L = —7iged(2°, 7).

b =2 and i is odd. From Theorem 2.25 we have that

max{O,vpj(n)—vpj(i)} n+2bv0—2
) q * ETr)-

N.@)=q""1+]] (i
j=1\Pj
Consequently

q max{0,vp (n)=vp (D} 90,
(—) q % ETr()-

Np(€)=q"+]]
j=1\Fj
Here, L = 2° ged(7, 7).

If b6 =0. Using Lemma 2.20 we have that

- u (g max{O,vpj(n)—vpj(L)} n+vg-2
N.@)=q¢""+]]|— q 2 ETr))-
j=1\Dj
Then .
. u q max{O,vpj(n)—vpj(l)} n+ug
N.(€)=q"+]] Py q 2 €Tr(1)-
J

j=1
In this case, L = ged(72, 7).

2.5 The general case of [,.-rational points of the

curve y? —y = x(x? —x)=2, including ged(n,p)=p

In this section we denote by %6; the curve

E; yq—y:x(xqi—x)—/l,
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where A € Fy». The number of F4»-rational points of 6; is denoted by N,(€;). In Section
2.4 we compute the number N,(€7) when gcd(n,p) =1 and A € F4n. In this section we
employ a method that allows us to compute the number N,(%;) when p divides n and
AE€Fgn.

Let %8 ={f1,...,Bx} be a basis of F;» over F, and

By gl - g
q qn—l

(2.32) B=|P2P: P
b L g

We use this matrix as a tool to associate N,(%;) with the number of a € F4» such that
(2.33) Tr(a(a? - a)) = Tr(A).

The number of solutions of Tr(a(ocqi —a)) =Tr(1) with a € Fy» is denoted by N,(Q;). From
Hilbert’s Theorem 90 we have that

N, (6;) = qNn(@Q;).
The following proposition associates Tr(xqi+1 —x2 — 1) with a quadratic form.

Proposition 2.27. Let f(x) = X0+l y2 A, where A € Fgn. The number of solutions of

Tr(f(x)) =0 in Fgn is equal to the number of solutions in [y of the quadratic form
X1
x2
(x1x2 -~ x)A| | =Tr(A),
Xn
where A = (a; ) is the n xn matrix defined by the relations a j; = %Tr(ﬁ?iﬁl +,B;]i,3j—2,6jﬁl).

Proof. Let x = 2?21 B;x;j. The equation Tr(f(x)) =0 is equivalent to

n—-1
k=0
We have
n-1 g nzl n gk ; 7
Y fx)? = Z(Z ﬁjxj) (Z(ﬁ? —ﬁz)xl) —Tr(1)
k=0 k=0 "j=1 I=1
n n-1 i+
=2 (Z ﬁ?k(ﬁ? ' —ﬁ?k))xjxl —Tr(1).
J,l=1"k=0
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Equation (2.34) implies us that

n n—1 i+
> (Z ﬁjk(ﬁ? ' —ﬁfk)) xjx; = Tr(A).
k

71=1\k=0

Simetrizing this expression, we note that
17221 %k, vk k ivh_ k 1 i i
g L BT AL (B BT =)= el ] i 26,8) =i,
and the result follows. [
The matrix A in Proposition 2.27 can be rewritten as
1
A= §(A1 +A2 - 2A3),

where A = (Tr(6? 1)), Az = (Tr(8;57 ));; and As = (Tr(B;f1));,. Recall that 2 is the

n x n cyclic permutation matrix, given by

010 -0
00 1 -0
P=l
00 0 -1
10 0 -0

Since 271 = 27 it follows that A1 = B(2')" BT, Ay = B(9') BT and A5 = BBT. There-
fore A = %BMn,iBT where

M= (2" -21d+ 2,

and the matrix M, ; = (m} ;) is given by

-2 ifk=1,
mr1=41 iflk—1l=1;

0 otherwise,

with the convention that we enumerate the rows and columns of the matrix from 0 to
n—1,s00<k,l<n-1.

Since B is invertible, in order to determine the number of solutions of the quadratic
form defined by A, it is enough to determine the rank of M, ; and the determinant of a
reduced matrix of M, ;.

In order to find these invariants of M, ;, first we consider the case i = 1.
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2.5.1 The case i =1.

The following proposition determines the rank of M, ; and the determinant of one of its

reduced matrix.
Proposition 2.28. The rank of the n x n matrix M, 1 = 2T —21d + P over F, is given by

n—-1 if gcd(n,p)=1,;

rank M, 1= )
n—2 if ged(n,p)=p.

Let M ;,1 denote the principal submatrix of M, 1 constructed from the first rank(Mp 1)

rows and columns, then M ;l 1 18 a reduced matrix of M, 1 and

(-1 1n if ged(n,p) =1,

detM/ | =
ol { (-D" 1 if ged(n,p) = p.

Proof. Let us denote by M,, the matrix

210 .. 000
1-21 .00 0

0 1 -2 0 0 0
M,=|: :
21 0

0 0 0 1 -2 1

0 1 -2

We note that M, 1 = M,, + R, where R,, = (r; j) with

{1 if (i, /) € {(1,n),(n, D};
rij=

0 otherwise.

If we put
100 ... 00
010 .. 00
U=|:::-. ::
000 .. 10
111 .11
then

21 0 0 00
0127000

— Mn—l 0

UM, UT =] - Lototno :( .

0 0 0 .. <210 0 |0
0 0 0 .. 1-20
0 0 0 0 0

We claim that L,,_; =detM,,_1 = (-=1)® Vp for n > 1. In order to prove this, we expand

the determinant of M, _; by the first row and obtain the recursive relation

(2.35) L, 1=-2L,_o—L,_sforall n=4.
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This implies that the sequence {L,},>2 satisfies a recurrence relation (2.35) with associ-
ated characteristic polynomial given by 22 + 2z + 1 = (z + 1)?, which has —1 as a double
root. Therefore L,_1 = A(-1)" + B(-1)"n, where A,B €F,. Since Ly =3 and L3 = -4, we
conclude that A =0 e B = —1 and consequently L,_; = (-1)®* Vn, as we wanted.
Furthermore, if gcd(n, p) = 1, it follows that L,,_; = (—=1)*Pn # 0 and then the rank
of M, _1 is n — 1. This implies that the rank of M, ; is also n — 1.
In the case ged(n, p) = p, defining V as

100.. 0 0 00
010.. 0 0 00
V=[600. 1 0 00
000.. 0 1 00
123 .. n-32%%-10
000 .. 0 O 1

M, | 00
VUM, .UTVT=| 0.0 | n 0
0---0 | 0 0

Therefore L,_o = detM,_s = (—-1)"2(n — 1) # 0 and the rank of M, 1is n—2, from

where the result follows. [ |

By Theorem 1.32 and Proposition 3.4 we have the following theorem.

Theorem 2.29. Let A € Fy» and n a positive integer. The number N,(61) of affine rational

points in [an of the curve €, determined by the equation y? —y =x9"1 —x? - 1 is

q" +q" D2y (2(-1)2nTr(1)) if ged(n,p) =1 and n is even;
q" + ¢V 2en (=D V2p)  if ged(n, p) = 1 and n is odd;
q"+q" 22 e x((-=1)V2) if ged(n,p) = p and n is even;
q" + q(n+3)/2)((2(—1)n773 Tr(1)) if ged(n,p)=p and n is odd.

N,(€61) =

This theorem allows us to determine when %7 is minimal or maximal with respect

the Hasse-Weil bound, as we show in the following corollary.

Theorem 2.30. Consider the curve 61 given by
Gr:yl—y=x9"1-x2_ 2.

Then €61 is minimal if and only if Tr(1) = 0 and one of the following holds
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e 2p divides n and g =1 (mod 4);
e 4p divides n and g =3 (mod 4).

Moreover, 61 is maximal if and only if Tr(1) =0, 2p divides n, 4 does not divide n and
g =3 (mod 4).

Proof. The result follows from Theorem 2.29 and the fact that the genus of 4; is

(g-1)
g:qq2 ) |

2.5.2 The curve y?—y= x(x? —x)— A with i > 1.

Proposition 2.31. Let i,n be integers such that 0 <i <n. Set d = gcd(i,n) and | = 5. The

rank of the n x n matrix M, ; is i if n = 21 and, otherwise, we have that

n—d if ged(n,p)=1,

rank M,, ; =
’ {n—Zd if ged(n,p)=p.

In addition, the matrices

My 0 [0] O M, | 0

i 0 [M;;| 0] 0 _ 0 | M,

(2.36) M,,;=|— : ) and M, ;=|— ’
0| 0 |0|M; 0| 0 |0]|M,

are an equivalent matrix and a reduced matrix of M, ;, respectively, where M ; 1 Is as the
matrix given in Proposition 2.28.

The determinant of the matrix M n,i 1S (-1)'2! if n = 2i and, otherwise we have that

(-1)n91d if ged(n,p)=1;

detM' .=
etM, ; { (=1)"2d(] —1)d if ged(n,p)=p.

Proof. For convenience, we enumerate the rows and columns of the matrix M, ; from 0

to n — 1. Suppose that n is even and i = 5. In this case, the matrix M, ; is given by

—2 ifk=1,
ari=42 ifk—-1=0 (mod i),

0 otherwise.
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Let us denote D2 = 2Id 2, where Id, is the 7 x 7 identity matrix. We have that

—Dypi2 | Dy
Mn,n/2 = ( % ‘ ° ,
Dn/Z ‘ _Dn/2

Dn/2 0
0 |0])
n

rank M, » =—=i and det M ,=(-2)2 =(-2)'#0.
2 9 .3

This proves the case n = 2i. For the other cases, first we show that it is enough to

that is equivalent to

Therefore,

consider the case where i = d. After that, we obtain a block diagonal matrix composed by
d matrices of the form M, 1, where n =1d.
We observe that any permutation p : Z, — Z,, defines a natural action over [, given
by the following map
o: Fa — Fa

(v(),. . .,vn_l) — (vp(()),. .. ,vp(n_l)).

This action is associated to an invertible matrix M, such that

Vo Up(0)
Myl : |=

Un-1 Up(n-1)-

Conversely, for any permutation matrix R, there exists a permutation p’: Z, — Z,, such
that M,y = R. We observe that ' determines the permutation

Let us consider the map

o:7,—7Z,

a—al

where a € Z,, is an element of Z,, satisfying that ged(a,n) = 1. Since a and n are relatively

prime, o is a permutation. In addition, o induces a matrix M, and the matrix M, M !
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determines a permutation of Z,, given by

oomioo Nz)=o(mi(071(2))
=o(mi(a"t2))
= a(a_lz +1)

=z+ai.

We know that the congruence ai = u (mod n) has a solution if d divides u. In partic-
ular, since d = ged(i,n), there exists a € Z,, such that o on; o0~ 1(2) = z + ged(i, n). This
shows that, without loss of generality, we can replace i by d.

For each z € [0,n —1], there exist unique integers r,s with0<s</-land0<r=<d-1

such that z = sd + r. Let us consider the map

: Z — VA
(2.37) ¢ n n
sd+r — s+lr.

Claim: The map ¢ is a permutation of the elements of Z,,. Let us suppose, that there
exist distinct elements z1,29 € Z,, such ¢(z1) = ¢(z2). By the Euclidean Division, there
exist 0<sqy,s9</—-1landO0<rq,ro<d-1withz;=s1d +r1 and z9 =sod +r9. Then

@(s1d+r1)=@(sed +re) ©s1+lri=sg+lrg© sy —sg=1U(rg—ry).

Since 0 < s1,s9 <[ —1, the latter implies that s; = s9 =0 and r; = rg = 0. But this
contradicts the fact that z; # z9. Therefore ¢ is a permutation.

We will use ¢ to permutate the rows and columns of 2% — 2Id + (Q’d)T in order
to obtain the diagonal blocks matrix M n,; with d blocks. We recall that, the matrix
()T —21d + 29 is given by

-2 ifk=y,
ar;i=141 if |k —j|=d;
0 otherwise.

We obtain that @ oz 0 ~! defines a permutation 6 : Z,, — Z,, given by

0(z)=pomgop 1(2)=poma(p (s +rl))
=@omngq(sd+r)
=p((s+1)d+r)

=(s+1)+rl,
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where z=sl+rwithO0<s<l-1land O0<r=<d-1. We claim that
M, ((2?)" -21d + 29| M, = M, 0.

In order to do this, we show that the product of the permutation matrix M, M, Land
((229)" —21d + 27?) takes the non-null entries of M,, 4 in the non-null entries of M, 4. In
the case k = j, writing k =s+rl withO<s</-1and 0<r<d -1, we have that

0(ar,k) = Qs+ 1) 47l (s+1)+rl = QOR),0()>

and this implies that the new matrix until have a; ;, = -2.
Ifappiq=1,k=s+rlwithO0O<s</-1and 0<r=d -1, we have that

0@k p+d) = Q(s+1)+rL(s+2)+r] = QOR),0(k+d)>

therefore we have ay ;+1 = 1 viewing the indices modulo /. For a4 = 1 is the same,
using the fact that a4 is the entries transpose of a, +4. The other entries are null,
and their images are also null. Therefore, we obtain the matrix in Equation (2.36).
Using Proposition 2.28 and the fact that the matrix M, ; is a block diagonal ma-
trix with d blocks equal to the matrix M; ;, we determine the rank of M, ; and the

determinant of the reduced matrix M ;l ; of M, ;. Consequently

vank M. : (I-1)d=n-d if ged(n,p)=1,
"l 0-2dd=n-2d if ged(n,p)=p,
and
wetnr. - | D) = if ged(n,p) = 1,
" (e - D) =1 -1 i ged(n,p) = p.

|
From Proposition 2.27, the matrix associated to the quadratic form Tr(cx(xqi —x)) is
A= gB(,@T _2Id + )BT,
where B is given in Equation (2.32). Proposition 2.31 implies the following result.

Corollary 2.32. Let c €F, and let i be an integer such that 0 <i <n. Set d = ged(i,n)
and | = 2. The rank of the n x n matrix A = $B((2")" —21d + 2")BT is given by

n—-d if ged(n,p)=1,
rank A = I'e P
n—-2d if ged(n,p)=p.
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Let A’ be a reduced matrix of A. Then

x((=2¢)"41%) if ged(n,p) =1,

y(det(A)) =
1 (=241 - 1)) if ged(n,p) = p.

By Theorem 1.32 and Propositions 2.27 and 2.31 we have the following theorem.

Theorem 2.33. Let n,i be integers such that 0 <i <n and put d = ged(i,n) and I = 5. If
n = 2i, the number N,(%6;) of affine rational points in [an of the curve determined by the

. i .
equation y9 —y=x9 1 —x2 -1 is

q" + q(3i+1)/27(((—1)(”1)/2’1‘7"(/1)) if i is odd,

N, (€6;) = .
nt =i { qn+q31/2

ey X(=1)¥2) if i is even.
If n # 21, the number of affine rational points of 6; is

q" + 1 (2(=1) " D2Tp(1)1 ) g+ 12 if ged(n,p) =1 and n+d is odd,
q" + e (1)~ D2 d) g (n+d)2 if ged(n,p)=1and n+d is even,
q" + 1 (=D D2Tr(A)(I - 1)D) g *+24+D2  if oed(n, p) = p and n is odd,
q" + ETr(;L))(((—l)”/z(l — 1)%)g(n+2d)2 if ged(n,p) = p and n is even.

Nn(cgz) =

Remark 2.34. The curve 6; has genus g = w. The Hasse-Weil bound of 6; is given
by

n+2i

IN,(6i)—q" | <(g—1)q 2 .

Using Theorem 2.33, we can determine the conditions when the curve €; is maximal

(or minimal) with respect the Hasse-Weil bound.

Theorem 2.35. Let n,i be integers such that 0 <i <n, set d = ged(i,n) and | = 7.

The curve

€, y? —y:x(xqi —x)—A
is Fgn-maximal if and only if
e Tr(1) =0, 2p divides n, i divides n and (-1)"2(1 —1)? is a square in Fq.
The curve 6; is Fyn-minimal if and only if

e Tr(1) =0, 2p divides n, i divides n and (-1)"2(1 —1)% is not a square in Fq.
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2.6 The number of affine rational points of the
—_\r q g
hypersufarce y?—y=3"_, ajxj(xj —x;)—A
Let us denote by .#. the hypersufarce

r i
Syl —y= Zlajxj(xgj -x;)—A,
J:

where aj€F; and 0<i; <n for je{l,...,r}. Let v and ¥ denote the canonical additive

characters of F,» and [, respectively. We know from Lemma 1.22 that

Z w(uc) =

C€|Fqn

0 if u #0;
q" ifu=0.

We can use this fact to compute the number N, (A,),

r i
ajxj'(xgj —xj)—yq+y—/1))
J=1

Q"No(FH)= ) Y > ) w(c(

C€|Fqn x1€|]:qn er[Fqn yEﬂ:qn

S AAELE S S w(c ) ajxj(xjij—xj)—ﬂt)) > vlc(-y"+y))

ce[F;n x1€Fgn xr€Fgn =1

=q" e N w-eM]] Y v c(ajxj(x?ij—xj))) > vlc(-y7+y))

ce[F;n Jj=1x;€Fn yeFgn
r i:
J n-1
=" ©ween ] ¥ vefamed’ -x)) T wls(-e )
ce[F;n J=1x;€Fn yeFgn

(2.38)

We observe that

0 otherwise.

Since ¢?" " —¢ =0 if and only if ¢ € F »-1, we conclude that the inner sum in (2.38) has

non null terms if and only if ¢ € F,. In this case, (—cA) = ¥(-cTr(1)) and then

(2.39) N, ()= g™ + Z W—CTT(A))H( Z w(ca (xj(x;zij —Xj))))-

CE[F; j=1 xJ‘E[Fqn

The following theorem gives explicit formulas for N, (#5.).
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Theorem 2.36. Let /. : yI—y = Z;zlajxj(xj ’ —x;)-Awith A€Fyn,a;€F and 0<i;<n.
We denote

r
° djzgcd(ij,n), D= Zdj,
j=1

o =g =1l Ly == D% = 1,

The number N, (A.) of affine rational points of A in [F;J,Zl is

nr+D

q™" + rS(”"D)gTr(A)X(A’l”AglL1)q 2 if ged(n,p)=1,nr—D is even,
NP L n=D+Dy OTH AN A3 L1)g"™ T if ged(n,p) = 1,nr—D is odd,
n r;= nr+
q™"+ Ts(m_zD)sTr(;L))((Lg)q 2P if ged(n,p) = p,nr is even,;
g + 1502040 (9Tr(A)A 1 Lo)g g if ged(n,p) =p,nrisodd.

Proof. From Equation (2.39) we have that

No(76)=q"+ ) @(—cTr(A) [ ] ( ) w(caj (xj(x;gij —xj))))-

cely J=1\x;€F n

By Lemma 1.33 and Proposition 2.32, we obtain that N,(/.) = ¢"" + N 7 where

r . n+d;
Y (=cTrON [] ((_1)<s+1><n*dj>ﬁ<n*dj>x ((_zca j)m*dj)zjf) qTJ) if ged(n,p) =1,
Nejfr = Ce[Fq le n+2d ;
Y petan]] ((—1><s+1><"-2dﬂr8<"‘2df)x ((~2eap-240q; - 1%) qT’) if ged(n, p) = p.
c(—:[F;; j=
Hence
(_1)(s+1)(rn—D)Ts(nr—D) Z w(—CTr(/l))X ((_zc)nr—DArlerglLl) q% if ng(n,p) — 1’
I]:*
Nz, = e
(_1)rn(s+1)TS(rn—2D) Z @(—CTF(A))X ((—QC)nrArlergng) q% if ng(n,p) =p.
c€[F;;

We split the proof into the following cases. We use Theorem 1.28 and that fact that y is

the quadratic character.
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1) ged(n,p)=1and nr—D is even.
Ny, =15 Dg ™52y (A" AT L1) Y i(=cTr(A)

i
cely,

nr+D

e XA A L1)g 2 .

— Ts(nr—D)

2) ged(n,p)=1and nr—D is odd.

N]fr — (_1)(s+1)TS(rn—D)X(AI:’lLrA£lLl)q# Z w(—CTr(/l))X(—ZC)

cely
(—1)sHDgsen=D) (AP ATIL )" 5” Y y(=2¢) if Tr(1) = 0;
celg
(—1)s+D7srn=D) g "52 4 OTH()AY A7 L) ¥ (—cTr(A)y (—cTr(1))  if Tr(A) # 0;
cely
0 if Tr(1) = 0;
(—1)ED7srn=D) o ™52 4 OTr()AY A LG, y)  if Tr(A) #0;
— Ts(rn—D+l)X(ZTr(A)ASLrAElLl)q nr+§+1
3) ged(n,p)=p and nr is even.
Nﬁ _ Ts(rn 2D)X(Aan2)q 2 Z w( CTr(/l))
CEF*
P e
4) ged(n,p)=p and nr is odd.
_ (nr+2D) -
Nz = (=115 2D0(A1L9)g 2 Y. fi(=cTr(A)y ((—2c)
cEF;
(1) Lg5n2D) (A To)g "5 Y x(-2c) if Tr(1) = 0;
_ cely

(=1 L5 m=2D) y QT (D) A1 Lo)g "2 ¥ §H(—cTr(A)y (—eTr(A)  if Tr(A) #0;

&
cely

) 0 if Tr(1) = 0;
(- 1)s+1 s(rn— 2D)q 2 )((ZTI'(A)Ale)G(W 7() 1fTI‘(A);£0,

nr+2D+1

_ TS(m_2D +1)X(2Tr(/1)A 1Lg)q 2

This assures us the result of the theorem.
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The well-known Weil bound tells us that

r . rn+21
INJ(H#) - g™ |<(@-D]] "¢ =(-Dq = ,
j=1

where I = Z;’=1 i;. By Theorem 2.36 this bound can be attained if and only if we are in
the case ged(n, p) = p,nr is even and Tr(A) = 0. Using this fact, we obtain the following
theorem, that gives us conditions assuring that the hypersurface /. is maximal or
minimal.
r i:
Theorem 2.37. Let 7y —y =) a;x;(x] " —x;)—Awith A€Fyn, a; €Fyand 0<i;<n.
=1

J
Letdj=ged(n,ij), D=Y}_;dj lj=F for 1<j<rand Ly=(1-1D)% (- Do

The hypersurface /€, attains the upper Weil bound if and only if one of the following
holds

e Tr(1) =0, ged(n,p) =p, nriseven, dj=1ijforall 1<j<r, (nr—2D)s =0 (mod 4)
and y(L2)=1;

e Tr(1) =0, ged(n,p) =p, nriseven,dj=1ijforall 1<j<r, (nr—2D)s =2 (mod 4)
and y(Lg) =—1.

The hypersurface J, attains the lower bound if and only if one of the following holds

e Tr(1) =0, ged(n,p) =p, nriseven, dj=1ijforall 1<j<r, (nr—2D)s =2 (mod 4)
and y(L9)=1;

e Tr(A)=0, ged(n,p)=p, nriseven, dj=ijforall 1< j<r, (nr—2D)s =0 (mod 4)
and y(Lg) =-1.

Example 2.38. Let g =52 and n = 60. We consider the Artin-Schreier hypersurface given
by
q_ = ¢ q* q®
H:yT—y=x1(x] —x1)+x2(xg —x2) +x3(x5 —x3).

With the notation of Theorem 2.37, we have that i1 =d1 =3,ig =dg =4,i3 =d3 =6,

11=20,l3=15,l3 =10 and Lo = 193-15*-10°. Moreover, y(L3) = yx(19) = 1 and (nr—2D)s =
(180—-26)-2=0 (mod 4). It follows from Theorem 2.37 that F is Feo-maximal .
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CHAPTER

THE NUMBER OF RATIONAL POINTS OF A CLASS OF
SUPERELLIPTIC CURVES

n this chapter, we study the number of F;»-rational points on the affine curve Xy 4 5
given by the equation
yd =axTr(x)+b,

where Tr denote the trace function from F,» to [, and d is a positive integer. In particular,
we present bounds for the number of F,»-rational points and, for the cases where d
satisfies a natural condition, explicit formulas for the number of rational points are
obtained. In particular, a complete characterization is given for the case d = 2. As a
consequence of our results, we compute the number of elements « in F,» such that a and

Tr(a) are quadratic residues in Fgn.

3.1 Introduction

Let F4n be a finite field with g™ elements, where g = p® and p is an odd prime. Through-
out this chapter, Tr(x) denotes the trace function from F;» into F,4. The study of the
number and existence of special elements in finite fields dates back to the 1950s(Carlitz
works). The famous Primitive Normal Basis Theorem was firstly proved by Lenstra and
Schoof [29] in 1987.

More recently, sophisticated techniques have been created and employed in different

problems regarding elements that satisfy special conditions (for example, see [1, 12, 13,
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22]).

A problem that naturally arises is to find the number of elements a € Fy» such
that a and Tr(a) are both quadratic residues in [F4». This problem is easily solved in
the case where n is even, since any element in [, is a quadratic residue, so that, in
particular, Tr(a) does so. This problem gets more interesting for the case where n is odd.
Heuristically, q/4 elements in [, must satisfy these two conditions, but there is no result
in the literature addressing this problem. In both cases, such number of special elements
is closely related to the number of F,»-rational points on the affine curve y? = xTr(x) (see
the proof of Theorem 3.14). In this chapter, we study a broader class of affine curves
given by

Xd.ab :yd =axTr(x)+b,

where a,b €F;» and d is a positive integer. The curve % , ;, belongs to a wide family of

curves called superelliptic curves, whose points are given by the solutions of the equation
(3.1) ¥ = f(x).

There are some results in the literature regarding general superelliptic curves. For
example, in [20] the authors give the distribution of points on smooth superelliptic curves
over a finite field, when their degree goes to infinity. In [26] the authors describe the
fluctuation in the number of points on a hyperelliptic curve, which are special class of
superelliptic curves.

In general, it is hard to compute the number of rational points on superelliptic curves,
but this can be done for some special classes of superelliptic curves, namely, for those
that arise by choosing a suitable polynomial f in (3.1). For example, if f(x) =x™ + b, the
curve is the well-known Fermat curve, for which explicit formulas and bounds for the
number of points are known ([35, 51]). The curve defined by Equation (3.1) over F;» with
f(x) =x? —x+ b is known as Artin-Schreier curve. These special superellipic curves have
also been well studied [14, 16, 50].

While these particular cases are well studied, a study of the number of rational points
on X4 4 has not been provided. Our goal in this chapter is to study the number of
rational points on this curve, providing bounds and explicit formulas for special cases.

In order to do that, we use the fact that the map x — xTr(x) is a quadratic form over
Fqn. We employ some classical results on quadratic forms over finite fields to provide
an expression for the number of rational points on %4, in terms of Gauss sums
(Proposition 3.7). Using this expression, we employ results on Gauss sums in order

to obtain bounds for the number of rational points and, for suitable conditions on d,
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provide explicit formulas for this number. As a consequence of our results, we compute
the number of elements a in F4» such that both a and Tr(a) are quadratic residues
(Theorem 3.14).

This chapter is organized as follows. In Section 3.2, we present some remarks, com-
ments and statements of our main results and we provide an expression for the number of
rational points on the curve ¥ 4 ; in terms of Gauss sums. Bounds and explicit formulas
for the number of rational points are presented in Section 3.3. In Section ??, we focus on
the case where Tr(b/a) # 0.

3.2 The number of rational points on the curve & ,,

In this section, we provide some definitions and results that will be useful along this chap-
ter. We denote by y and v the canonical additive characters of F,» and [F,, respectively,

ie.,
(27‘[iTI‘[Fqn/Fp (x)) 271 Trg ), (x))
z .

and Y(x)=exp ( >

w(x) = exp
We denote by y4»_1 a fixed primitive multiplicative character of [F;n and, for m a divisor of

q" —1, xm denotes the multiplicative character of order m defined by y,, = X(q%n__ll)/m. The

. . % . . . * _ m
restriction of ¥, to F is a multiplicative character of [, of order M = ged(m (q" - 1)/(g-1))

and it will be denoted by 7n;;.

Definition 3.1. For multiplicative characters y of [F;n and 1 of Fy, the Gauss sum of

and 1 are the sums

Go(p= Y x@yx) and Gi()= ) nx)yx),

xE[F;n x€ly
respectively.

For a € [F;n and b € F,n, we compute the number of F4»-rational points of the curve

Zd ap by using well-known properties of character sums. We have the following lemma.

Lemma 3.2. Let a € [F;n, b € Fyn and let d be an integer that divides q" — 1. The number

of affine rational points of the curve Zq 4 over Fyn is

1 d-1
|%d,a,b([|:qn)|=qn+q—n Z Gn()(g) Z w(cb)x_d[(—c) Z v (caxTr(x)).
/=1

¥
C€|Fqn x€[Fqn
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Proof. It follows from Lemma 1.22 that

1
| Xdapgn) = — Y Y y(claxTr(x)+b —yd))

CE€Fyn x,y€Fyn

1
:qn_|_F Y wicd) Y y(caxTr(x)) Y. y(—cy?).

cE[F;n x€Fgn y€F,

(3.2)

Now, let y? = z and using Lemma 1.23 we obtain

1
I,%d,a,b([Fqn)I:q”+q—n Y w(ed) Y y(caxTr(x)) ). w(—cz)[1+---+)(g_1(z) )

e
ce[Fqn x€Fgyn zel,

Making the change of variable w = —cz and using Lemma 1.22 we have that

1 d-1
| ZaapEq)|=q"+— Y Y pleb)Fa’(—c) Y. y(caxTrx)) Y. pw)yiw).
cEﬂ:;n /=1 xE[Fqn wEﬂ:qn

Therefore

1 d-1
(3.3) |%d,a,b(rqn)|:q"+ﬁ Y Ga(xY) Y. wiebxa’(=¢) Y. y(caxTr(x)).
/=1

%
ce[Fqn x€Fgyn

In order to compute the value of the right-hand side sum of Equation (3.3), we will use
the fact that Tr(caxTr(x)) defines a quadratic form from [F;» into F,. From now on, let

Q.(x) be a quadratic form of F,» over F, defined by
Q. (x) = Tr(cxTr(x))
and let B.(x,y) be the bilinear symmetric form associated to Q..

Proposition 3.3. For ce€ [F;‘n, we have that

n—-1 ifcelF},

dimg, (rad(Q.)) =
n—2 ifcelfg \Fy,.

Proof. The dimension of the radical of the quadratic form @, is given by the dimension
of the radical of the bilinear form B.(x,y), i.e., the dimension of the subspace generated
by the elements x € Fy» such that B.(x,y) =0 for all y € F;». We observe that
B (x,y) =Tr(c(x + y)Tr(x + y)) — Tr(cxTr(x)) — Tr(cyTr(y))
=Tr(cxTr(y)+ cyTr(x))
=Tr(y)Tr(cx) + Tr(x)Tr(cy)
= Tr(y(Tr(cx) + cTr(x))).

(3.4)
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Then, B.(x,y) = 0 for all y € Fyn if and only if Tr(cx) + cTr(x) = 0. Therefore, we are

interested in computing the dimension of
V ={x €F4n : Tr(cx) + cTr(x) = 0}.
We split the proof into two cases:
e Force [F;, Tr(cx) + cTr(x) = cTr(x) + cTr(x) = 2¢Tr(x), that implies
V| =l{x €Fyn:Tr(x) =0} =q" !

and then dim(V)=n - 1.

e For c € Fy» \ Fy, if x € Fy» is such that Tr(x) # 0, then Trlex) ¢ F, and Irler) 4

Tr(x) Tr(x)
Therefore for any element x € V we have that Tr(x) = 0. It follows that Tr(cx) =

—cTr(x) =0, then V = Vi N Vs, where V1 = {x € Fyn | Tr(x) = 0} and Vy = {x € Fyn |
Tr(cx) = 0}. Since c € Fyn \ [, and V7 # Vo, we conclude dim(V') = n — 2 from the fact
that dim(V7) =dim(Vy) =n — 1.

This completes the proof of our assertion.
|

Proposition 3.4. Let H be the symmetric matrix associated to Q. and let 6 be as defined

in Lemma 1.33 for some basis of F4n over Fy. Then

(c) ifcelF?,
n2(8) = N2 f
na(-1) ifceFgn \F,.

Proof. Since 12(5) does not depend on the basis, we set a basis ag,@1,...,a,-1 of Fgn

over [, such that
e ag=n"land Tr(a;)=0forall 1<i<n-1if ged(n,q)=1;
e Tr(ag)=1, a1 =1 and Tr(aga;) =Tr(a;)=0forall 2<i<n-1if ged(q,n) # 1.

For 0<i<n-1,letx;,y; €F, such that y = Z;.‘:_Olyjaj and x = Z;.Lz_olxjaj and let us

denote X = (xo,...,%,—1) and Y = (yo,..., yn—1). We recall that @.(x) = XHXT and
B.X,Y)=X+Y)HX+Y) - XHXT -YHYT
=XHYT+YHXT
=YHTXxT +YHXT
=Y@2H)XT.

(3.5)
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Therefore, we can determine 6 from B (x, y) by computing the determinant of the reduced

matrix associated to 2H. In order to do this, we observe that Tr(x) = x¢ and

xoco+ Y. xiciPi if pin;
Tr(cx) = 1<i,j<n-1
xo(cl+coﬁ0,0)+cox1+ Z xicjﬁi,j ifpln,
2<i,j<n-1

where f; j = Tr(a;a;). We obtain expressions for Tr(y) and Tr(cy) by a similar process.
Therefore, it follows from (3.4) that

B (x,y) =Tr(y)Tr(cx) + Tr(cy)Tr(x)

2xoyoco+ ), c;iBij(yoxi +x0Yi), if ptn;

1<i,j<n-1

2x0y0(c1+cofoo)+cox1yo+coxoyi+ Y,  c;Pij(yoxi +x0y;) ifpln.

2<i,j<n-1
We obtain
n-1 n-1
2¢o > Bujci ) Pr-vcy
=1 j=1
nz—:l
ﬁl,jcj 0 0
2H =] j=1
n-1 ‘
Y. Bn-1jc; 0 0
j=1
in the case where p{n and
n-1 n-1
2(c1+cofoo) co Y P2jci - D Pn-1jC)
j=2 j=2
co 0 0 0
n-1
2H=| X B2jc; O 0 0
=2
n-1
Y PBn-1jc;j O 0 0
j=1

in the case where p | n.

In order to compute the reduced form of 2H, we observe that

e When c € F,, we have that co=cand c1=cg=+-=c¢,-1=0if pfn and ¢1 =,

co=cg="-+-=cp—1=01f p|n. Therefore, the associated reduced matrix is (2c).
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e When c € F4n \F,, Proposition 3.3 implies that either there exists k€ {1,...,n -1}
such that Z;‘;ll Br,jcj #0if p{n and co # 0 or there exists £ €{2,...,n — 1} such
that Z;.‘:_; Prjcj #0if p | n. Then straightforward manipulations on the lines and

columns shows that 2H reduces to a matrix of the form
u v
v 0/
In sum, we have that the quadratic character of the determinant 6 of the reduced matrix

na(c) ifceF};
12(6) = !
n2(=1) ifceFgn \F,.

where v #0.

of H is given by

This completes the proof. n

Combining Lemma 1.33 and Proposition 3.3 and 3.4, we have the following result.

Theorem 3.5. For c € [F;n, we have

> wlexTr(x) =

xE[Fqn

{(—1)s+1172(c)13q2n2_1 if c € F;
-1 .
q" if c€Fgn \Fy.

Definition 3.6. We define

el

v=ged(d,1 _1), D=

n d
q-1 v

Theorem 3.5 allows us to express the number of [4»-rational points of %y 4 in terms

of Gauss sums.

Proposition 3.7. Let v,D and B be as in Definition 3.6. Then
d-1

| Zaap@qr) ="+ Y x5BT +N,
/=1

where N = Ng 4 1s given below.

1. If D is odd and B =0, then

—1v=d . .
N= _qT Y G (") (-,
j=1
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2. If D is odd and B # 0, then

1 d-1
N =¥ Galxg) (D ag BB VTG (155%) - xi(-aB)G1 (135 |
/=1

3. If D is even and B =0, then

(( 1)s+1 s\/—‘ZG JD+ ]D+2( a) ZG D(_a))'

J=

4. If D is even and B # 0, then

14-1 D_
= % Galxd) |1 —aB)yaBY VTG (ng ) - xi(-aB)G1 (n5)].
/=1

Proof. Expand now from Lemma 3.2 and Theorem 3.5, we get that | %y , 5(F4»)| is equal
to

1d—1
qn+gZGn(x§)[ Y, webta o+ X wehTa (D a0 va) |
/=1

ca€lF n\F, cacel,

That can be rewritten as

Y webial(-a+ Y weh)ra (—o)((-1* natac)r® Vg -1) | .

* *
caqun caclky

1 d-1 ’
(3.6) ¢"+=> Galxy)
q =1

d-1
Let T= ) Gu(x5) Y. w(cb)xa’(~c). By Lemma 1.22, if b = 0, then T = 0. Other-
/=1

.
caEFqn

wise, using the fact that

Y wlebra’(=o)= Y. wicbxa (=e)x5®)xa’ ®) = x5(5)Gn(xa")

caclfF*, caE[F*
q

and Lemma 1.25, we obtain that

d-1 d-1
(3.7) T=Y x5-=0)G,(x5)Gn(xa") = Y x5b)g".
/=1 /=1

Now, we compute Sy = Y ¥(22)xg"(Z2) (-1 na(2)r® v - 1).
zelfg
We divide the proof in the cases D odd or even.
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(1) Assume that D is odd.

We recall that np is the restriction of x4 to F; and that ngp is such that n% n =1D-

Using this notation,

Se=CD"" - v Y w(z8)nd? (@) - xi(-a) Y w(z2)nyi ()

zEF* ZEF*
= (1"~ g Y wBmE Y () -y (-a) Y wzBnE (2).
zEF* zeF*

We split the proof into two cases.
e If B =0, then it follows from Lemma 1.22 that
0 ifD1¢;
Se=
—x45(-a)g-1) ifD]e.
o If B#0, then

_( 1)s+1X ( a)Ts\/—*,r’ 25(3 I)Gl(n2DD2€) Xd( a)172 (B 1)G1(T]§%[)
= (-1 YL (=aB)ya(B)T* Vg G1(n5p %) — 15 (~aB)G1(n52).

Our statement follows from the values of S, found and Equations (3.6) and (3.7).

(i1) Assume that D is even.

In this case, np is the restriction of y4 to F; and we have that np is such that
17% =1pse. Using this notation,

b
se= vl il (-5) (o vg 1)

*
zqu

b b
= (D g’ Vg 3 w(z;)ngfz‘f(z)— o) Y w(zE)n;f(z)

zeF; zeF;
= (D"t va Y B2 - xS (-a) Y =By (2).
zely zely
We consider the following cases.
e If B =0, it follows from Lemma 1.22 that
0 ifD1t¢;

Se=4 1yl (-a)r® ya(g -1 - ya(-a)g-1) if 45 is odd;
—x5(-a)g-1) otherwise.
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o If B #0, we obtain
Se=CD"* Y- vg Y weBnY A Bnb B - yi(-a)-
zE[Fq*

Y By 2By (B™Y

z(—:[F;
= (D"~ a2 B THG 1B ) -y (—amy (B™HG1 ()
= (D" S (=aByaB) Vg G1(15* 0 - x5 (—aB)G1 (7).

3.3 Bounds and explict formulas for the number of

rational points on %, , ;

In this section, we present our main results of this chapter, along with a few comments.
We observe that the curves Xy 4 5(Fgn) and Xgea(d,gn—1),0,6(Fgn) have the same number of
F4n-rational points. Therefore, we will assume without loss of generality that d divides
q" - 1.

In [43], the authors give an improvement of the Hasse-Weil bound for curves with
high genus. The curve %, ; does not satisfy the conditions imposed in [43], but as a
high genus curve, it is expected to be a curve whose the number of rational points given
by the Hasse-Weil’s bound is far. Indeed, it turns out that Hasse-Weil can be significantly
improved for &y , 5. In Theorem 3.8, we provide sharp bounds for the number of rational
points on such curves. In order to present this result, we introduce some notation. For a
divisor d of ¢ — 1, y4 denotes a multiplicative character of [F:’I‘n with order d.

Now we are able to present bounds for the number of [F4»-rational points on the curve
Xd,ab-

Theorem 3.8. The number of rational points of the curve X 41 satisfies the following

relations:
d-1
(3.8) 1Za.apFq)l =" = (=1°¢" 1 Y 45B)+ Nagpn,
/=1
where
(£-1)(g-1)g27 Y, if D is odd and B = 0;

INg,apnl <4 (g—1) (%an_l + (% - l)q%_l) , If D iseven and B =0.
q ] if B#0.
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Proof. The result follows by a direct employment of Proposition 3.7 and Lemma 1.25.

Let us consider the case when D is odd.

o If B =0, by Propositions 3.7 we have

1 v-1 . .
|Nd,a,b,n| = 5 ‘—(C] -1 Z Gn()dlD)X{iD(_a)
j=1

(q 1

ZIG
_ _ n/2-1 1_ )
=(g—-1q (D 1f.

o If B#0, then

INdaan—— Z n(X) D 5 (—aB)y2B)* Vg G1(n5p ) - x5(-aB)G1(ngp) )]
/=1

d-1

Z n(XIVEIG1 (55 ) +1G 1 (n35 )]

< (d _ 1)(qn/2 + q(nfl)/2)'

These inequalities along with Proposition 3.7 assures us the result in the cases when D

is odd. Now we consider the case when D is even.

o If B=0, by Proposition 3.7 we have

(q 1)

|Nd,a,b,n| =

(—1)*+1y s\/—ZG (_]D+D/2)X_]D+D/2 Z ( )XQD(—G)

_a- 1)(\/_2‘(; (me/z)‘ n(szD)‘)

=(q—1)(vq% +(@-1)q2~ )

J=1

o If B #0, it follows that

1 d-1
Naasal= Y Ga(xy) (1 xS (~aB)ya(B)T* g G1(nD* ) - x5 (=aB)G1(ny)]
/=1
1d—1 B B
=v ;1 G2 (X9 VZ|G1 (05| +|G1(np)]]

<(d-1)g? +¢"7).

Together with Proposition 3.7 the result follows.
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We recall that the Hasse-Weil bound applied to % 4 5 implies that

n
2

| Za,a,6(Fg)l —q"| <2842,

where the genus g can be computed via Riemann-Hurwitz’s formula [19] and equals, at
a minimum, the number
3d-1@" T -1)-d+1.

Note that Theorem 3.8 implies that
1% d,06F )l —q"| < (d = Dg" +(g - D(dq T +(d-Dg? ™),

which represents a significant improvement of Hasse-Weil’s bound.

From now on, our main goal is to provide explicit formulas for the value N =Ny, 4
defined in Theorem 3.8. Our starting point is the case d = 2, for which we present a
simple expression for the number of affine rational points, that is given in the next

theorem.
Theorem 3.9. The number of rational points of the curve X3 q p(Fyn) is
1 IfTr(%)=0
| Z,0.6Fqn) 1= " +q"  x2(b) + N17" y2(—a)(q - 1),
where
= if nis even;
Ny = q 1 5
°q 2 ifnisodd.
2. IfTr(2) #0
| ZoapFqn) 1= q" +q" " xa(b) — Not™,

where

N. {anz[)(z(—a)rzsq +x2(-aB)l if nis even;
2 =

"7 5 (y2(~a) + y2(—aB))  if nis odd.

Proof. We have that

2 {1 if n is even,
v

D:—:
2 ifnis odd.

To compute | X3, 5 | we need to determine N in Proposition 3.7. In the case when n is

even we have D = 1, therefore
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1. If B=0, then

=

N == (~(g - DGn(x2)x2(-a)

Q

= ¢"7 (g - (= 1) 21" yo(~a)

= ¢"T (g - D™ ya(=a).
2. If B#0:

1
N = " (Gn(xz) (-1 ya(-aB)ye(B)r* Vg G1(n2) —xz(—aB)Gl(ng)])

— (_1)n8+1_’/_nsan_2 [(—1)s+17(2(—a)‘r23(—1)3+1q + XZ(_aB)]
=—1"¢"7 [ ya(-a)t® g + ya(-aB)).

In the case when n odd, we have that D is even, then

1. IfB=0: 1
No ‘IT (=115 Vg G n(x2)x2(-0)
_ 1 n+
= T sy yo(-a)
q
= ‘[(n+1)s(q - 1))(2(—(1)(]’%1.
2. IfB#0:

1
N = Gn(2) [ (-1 pa(-aB B VG G (1) - r2(-aB)G (1)

— (_1)ns—1Tnsan_2 [(_1)S+1X2(_a)_[,s\/a(_1) _Xz(_aB)(_l)s—lTs\/a]
n-1

— _Ts(n+1)qT [7(2(_@) +)(2(—aB)] )

Combined with Proposition 3.7, the theorem follows.

Corollary 3.10. The number of rational points of the curve s 1,0(F4») given by
y2 =xTr(x)
is
1. Ifg=1 (mod 4)
| Z2,1,0(Fgn) |=q" + M1(q - 1),
where

o ifni
q if n is even;
Mi=¢ ..,

qg 2 ifnisodd.
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2. If g =3 (mod 4)
| Za,1,0(Fgn) 1= q" + Ma(q - 1),

where

M|
[

ins(-1)%q"2 if n is even;
2= n-1 n-
i(n+1)3(_1)quT1 if nis odd.

This result allows us to compute the number of rational points in specific curves, as

in the following examples.
Example 3.11. For the curve
Z2,-1,0 :y? = —xTr(x),

it follows that B = 0. Therefore, Theorem 3.9 yields the following number of rational points
for a pair (q,n):

qg | n=2| n=3 n=4 n=5 n=6

3 7 33 87 225 711

5 | 29 145 645 3225 15725

7 | 43 385 2443 16513 117355

9 | 89 801 6633 59697 532089
11 | 111 | 1441 | 14751 | 159841 1770351
25 | 649 | 16225 | 391225 | 9780625 | 254281250

Example 3.12. For the curve
Lo 10:y"=—xTr(x)+1,

it follows that B = Tr(—1) = —n. Therefore, Theorem 3.9 yields the following number of
rational points for a pair (q,n):

qg | n=2| n=3 n= n=>5 n=6

3 | 10 42 96 385 954

5 | 34 150 720 3850 18600

7 | 64 378 2688 19306 134162

9 | 8 882 7200 65448 591138
11 | 122 | 1452 | 15840 175692 1931402
25 | 625 | 16200 | 405600 | 10171250 | 253890000
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Remark 3.13. We observe that in the cases when p divides n, we have that B=—-n=0.

These cases are highlighted in the table.

One can check the values obtained in these two examples by using the computer
program SageMath. Nevertheless, the run time of the algorithm grows as q” increases,

making the computation unfeasible even for small values of ¢g” (such as ¢” > ¢20).

3.4 The number of elements a € [,» such that o and

Tr(a) are quadratic residues

Now we return to the problem presented at the introduction: determine the number of
elements a € Fy» such that @ and Tr(a) are both quadratic residues in Fy4». Theorem 3.9
is a key tool to compute the number of these elements in [4», as we can see in the proof

of the following result.

Theorem 3.14. Let n be an odd positive integer. Then the number of elements a € Fyn

such that a and Tr(a) are both quadratic residues in Fyn is

qn+qn_1+TS(n_1)(q—1)an_l +9
1 .

Proof. Let M be the number of elements a € F4» such that both @ and Tr(a) are quadratic
residues in F,n. Let Ag be the set of quadratic residues in [F;n and A = [F;n \As. We recall

that, for x € F4n, yo(x) = 1 if and only if x € Ay. Then we have that

0, ifeither xe€ A or Tr(x) € A;
1, ifx=0;

2, ifxe A and Tr(x)=0;

4, ifxe Ay and Tr(x) € Aog.

-

[1+ x2()] [1+ ya(Tr(x)] = 5

Therefore, Schur’s orthogonality relations (Lemmas 1.22 and 1.23) imply that

B9  M=g+; )} [1+1@][1+x2(Tre)] + 4 Y [1+x2@)] ) #(cTr(x).

xE[Fqn xE[Fqn cely

We note that Lemma 1.21 implies that

(3.10) Y (14 x2@)][1+ x2(Tr(x)] = Y [1+ xa(Tr(x)) + yo(xTr(x))].

xE[Fqn xE[Fqn
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Since n is odd, y2 is also the multiplicative character of order 2 over [,. Since Tr(x) is a
linear transformation over F4» whose image is [, each element in [, has g" ! elements

in its preimage. Therefore,

(3.11) Y xe(Tr@)=q¢" Y xa(y)=0.
x€Fgn yely
We note that
(3.12) 1Z2,1,0Fg)l = Y, [1+x2(aTr(x)] =¢"+ Y yalaTr(x)).
x€F n x€F n

q q

From (3.10), (3.11) and (3.12), it follows that

(3.13) Y [T+ x2@)] [1+ x2(Tr(x)] = [Z2,1,0Fgn).

xE[Fqn

For the last sum in (3.9), Lemma 1.22 implies that

(3.14) Y [1+x2@)] Y w(eTr(x) = q" g+ Y Y xe(@P(cTr(x)).

xE[Fqn cely, cely xE[Fqn

The map x — Tr(x)) is a linear map over F, so that c¢Tr(x) = Tr(cx) for all c € F; and then

W(cTr(x) = ¥(Tr(cx)) = w(cx). Therefore, by setting z = cx, we obtain that

Yo Y xe@u(eTrx) = Y xae) Y. x2(2)y(2)

cely xE[Fqn cel, z€[Fqn
(3.15) =Gn(x2) Y. x2(c)
cel,
=0,

where the last equality follows by Lemma 1.21. In sum, Equations (3.9), (3.13), (3.14)
and (3.15) imply that

|Zo.1,0(Fgn)l +q" 1 +2
2 )

M=

Now using Theorem 3.9, we have that

n—

n—1 _ _1
X210Fgn)=q" + 1" Vo ya(-1)g-1)q z =¢"+T"" V(g-1)q 7,

therefore

q"+q" L+ Ds(g — 1)an_1 +2
2 .

M =
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3.5 The number of [,.—rational points of & ,; when
Tr(2)=0

Now, in order to compute the value of N in Proposition 3.7, we present the following
important definition, that is a generalization of a constant used by Wolfmann in [51] in

the study of diagonal equations.

Definition 3.15. For m a divisor of q" -1, a € [F;n and € €{1,-1}, we set

m-1 1 (a)=c¢;
0,.(a,¢) = fxm
-1 otherwise.

The following definition, that was introduced in the study of diagonal equations [35],

will be useful in our results.

Definition 3.16. Let r be a positive integer. An integer d > 2 is (p,r)-admissible if
d | (p" +1) and there exists no r' <r such that d | (p” +1).

If d > 2 is (p,r)-admissible, then 2r is the multiplicative order of p modulo d. Since d
divides ¢" —1 and g = p?, the condition of (p,r)-admissibility on d implies that 2r divides

ns and, in particular, that ns is an even number.

Definition 3.17. If d is a divisor of q" — 1 and is (p,r)-admissible we define

ns "+1
e=(-1)2r and u:pd .

We present now one of our main results, which provides a formula for the number

of rational points on ¥, in the case when B = 0 and some suitable conditions are

required.

Theorem 3.18. Let d > 2 be an integer, a,b € Fyn» such that B = Tr(g) =0and N=Ngapn
defined as in Equation (3.8). The following holds:

1) Ifvis (p,r)-admissible and D is odd, then

0 ifv=1;
N =1 15" y9(a)(q — 1)an_2 ifv=2;
£6A—(1,8“)(q—1)qn772 if v>2.

2) If 2v is (p,r)-admissible and D is even.
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a) Ifv=1then
N = (=1 7" D5 yo(a)(qg - 1)g "7 .

b) If v=2then
N = [(-1°7° /g e“ T (yal—a) + Fola)) + T y2(@)] (g - 1)g T

c) If v>2then
N = ¢[(- 17" Vg xau(-@)e 2 [1+0,(~a, D1 +0,(-a, )] (g - Vg7

Proof. 1) Assume that v is (p,r)-admissible and D is odd. Proposition 3.7 states that

g1 JjDy.jD
N=-12Y Gu(x))x) (.
q ;=1
We recall that )(g has order % =v.Ifv=1,then N =0. If v =2, then Theorem 1.28

entails that

n-2 n—-2
N=—(g-1)(-7°"q % ya(-Dy2(a) =(g—-D1°"q 2 yo(a),
since yo(—1) = 278 =1, If v > 2, then Theorem 1.26 implies that

-1 n v—-1 . n_9
V= _qT(—E)qf Y (ePxh () =q % (g - Debu(a,e"P).
j=1

2) Let us assume that 2v is (p,r)-admissible and D is even. By Proposition 3.7 we

have
. D . D v-1 . .
PP o) - Y Ga(P)P (-a) .
d d Jd

q_l s+1_s g
N:—q D™ Vg Y Ga(xg '
Jj=0 J=1

e Ifv=1,d =D and it follows that
q- 1 s+1_s £\ %
T (U \/EGn(xé)xj(—a))
_q- 1 s+1_s
= —CD" 19 Gr(x2)x2(~a)

— (_1)ns+3(q _ 1)an_1TS(n+1)X2(a)

n-1
=(-1%(g-1q = 7*" Vys(a).
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e If v =2, we have d = 2D. By hypotheses, 4 is (p,r)-admissible, and u = p:;—]_ =

p +1 . Then

q_]- 1 d a 3d 3d d a
== (H)s+ TVE G (g )1 )+ Galig Ind (—a))—Gn(xj)xj(—a))
1
— (D T (Gr(x)xa(-a) + G (TDYa(-a) — Gr(x2)x2(~a))
1 n
qq (( D™ Vg-e" T g pa-a)+ ga(-1)(—e" 7! E)ﬂ(—a))+(—1)S”T”stﬁ)(2(—a))

=¢"7 (g~ V(DT vge" S (a(-a) + Tal@) + 7" r2(@).

o Ifv > 2, then Theorem 1.26 implies that

_ v—1 R n v-1 R
N= qq (( 1" 115" yop(—a)(—e™7 )Z(SQ”XU(—a))J—qZ(—s)Z(E”va(—a))J)
Jj=0 j=1

= (g e P14 0,(-a, DI+ g eb,(~a, D)

=(g-1)g"7 e| (-1 Vg pau(-@)e ¥ [1+0u(-a, DI+ 0u(~a, 1)

By making use of this result, we can obtain a simple expression for the number of

rational points in the case where a,b and d satisfy some restrictions.
Corollary 3.19. If d > 2 is a (p,r)-admissible divisor of -1 and 5> is even, then
n-2
Ng-10n,=d-1)g-1)q ? .

Similar results to Theorem 3.18 can be obtained for the case B # 0, as we will see in

the next section.

3.6 The number of [,.—rational points of &, ,;, when
b
r(3)#0
Definition 3.20. If D is (p,ro)-admissible, we define

T0O+1 . .
L=, ifDisodd;

S
go=(-1%0 and ug=
ro . .
pTJrl, if D is even.
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Theorem 3.21. Let a,b € Fyn such that B # 0. If d is (p,r)-admissible, D is odd and
(p,ro)-admissible, then

-1 n-2

N = N1q2 +N2q 2 +N3q 2,
where
Ni= (—1)s+168(1)+“°Drsx2(B)9d(—aB,e”);
e No=¢€¢g9(-04(-aB,e")+0,(-aB,e"));

e N3=—¢e0,(—aB,&%).
Proof. By hypothesis d is (p,r)-admissible and D is odd. By Proposition 3.7,

ZG 1) |0 xS -aB)B)r Vg G (B ™) - x5 (-aB)Ga (3R |

Since D is (p,ro)-admissible and p"® + 1 is even, it follows that 2D divides p™ + 1.
Therefore, Theorem 1.26 and Corollary 1.29 imply that

n-2

d-1
N=-¢"7 Y "1 yb-aB)| (- D7 By P g + 0 g | + R
=1

-1
= —anl (( l)sTsX2(B)£uOD\/—+ 1) Z (ya(-aB)e'e 2u0)£ +R

n-1

=—q"7 eeo((- 1)srsx2(B)£u°D\/E+l)Hd(—aB,£“)+R,

where R is the sum of the terms in the case when the multiplicative caracter is trivial,

ie.,

[\'J

EYLS
( 2 Z gD+l ]D( aB)[ 1+\/—£2u°JDJrl
q

- d/D 1

:_ng Z [(EuDXg(_aB))j_gO( uD 2uoD D( aB)) \/—]

j=1
= ¢ T e(=1+e0y/q)0s(—aB, ev).

Rearranging the terms, we obtain the expression

-1 n-2

N=Nig2+Nyq'? +Nsq' 7,

proving the statement. [ |
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Theorem 3.22. Assume that B # 0 and d > 2. We denote a1 = Gd(—aB,guEIO‘O) and ag =
0,(—aB,1). If d is (p,r)-admissible, D is even and (p,rg)-admissible, then

N =Niq? +quan1 +N3qn?;2,
where
o Ni=(-1)eeor’ya(B)| - sgogm + 647 yop(—aB)(1+ as)],
o Ny =eeo(az—a1) - (~1)°e*7 115 o, (—aB)y2(B)(1 + ap),
e N3=—cay.

Proof. By hypothesis d is (p,r)-admissible and D is even. By Proposition 3.7,

ZG (9[-0 -aBY B VTG () - xo(-aB)G: ()]

Therefore, since D is (p,rg) admissible

N:_an72 Z ufl+1 f( aB)[ (_1)S+1 S (B) (L;O(€+ )+1 +880€+1\/a] +R
/=1

n-l s_s UO% ! u uo)l

=—q 2 880((—1) °x2(Ble, */q + 1) Y (xa(-aB)e“e ) +R,

f:

n-l S_s UO% u _uo

- g™ 550((—1) 7 xa(B)eg 2 /T + 1)6d(—aB,£ ) +R,

where R =R1+Ro,

n-2dD-1 (D, Dgj+ D(2j+1)+2
1:—qn2 Z Eu(2(zj+l))+1Xd2(J+ )(—aB)(—l)S+1[—Xz(B)ﬁTS+TSX2(B)€ZO(2(2J+1)+2)+1q]
J=0
d/D-1 . .
—(-1°¢"T e e g (—aB)a(B) Y (P r(-aB) (~1+ gyt el
Jj=0
d/D-1
=(- 1)3q z gu2+1 *you(—aB)ya(B) Z [_( uDXU( aB)) (uDE(L)toD (= aB))J u0D+1\/—]
Jj=0
n—1

43175 13, (~aB)ya(B)| - (1 +0,(~aB,“P)) + (1 +0,(—aB, e P loP)eloP 1 /7]

=(—1)3q ) 8”2+1 * xev(—=aB)x2(B)(1+0,(-aB, 1))(50 Vg -1

and
d/D-1

i Z Eu]D+1 JD( aB)[l \/—gquD"’l

d/D 1

==¢"Te Y (e xo(-aB)) —eo(e"Pey” yu(-aB)) 7|

i=1
=—q'7 [6( —aB,1)—e¢0,(— aBl)\/—]

=—q %5 e0,(-aB,1)(1- 80\/—)
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Altogether, we have shown that
n n-1 n=2
N =N19? +N2q * +N3q 2,

proving the statement.
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CHAPTER

POLYNOMIALS OVER BINARY FIELDS WITH SPARSE
FACTORS

et [y be a finite field with g elements, where q is a power of 2. In this chapter we
study the positive integers n for which the irreducible factors of the polynomial
x" —1 over [, are all binomials and trinomials. In particular, we completely

describe these integers for ¢ = 2,4.

4.1 Introduction

The factorization of polynomials is a classical topic of study in the theory of finite fields,
playing important roles in a wide variety of applications such as coding theory [5] and
cryptography [28]. One remarkable class of polynomials that nicely exemplifies this
applicability is the class of binomials x™ — 1: each irreducible factor of x” — 1 over a finite
field F determines a cyclic code of length n over F (see [47]). The binomials x™ — 1 naturally
decomposes into a product of cyclotomic polynomials. However, in contrast to the rational
field case, they are usually reducible over finite fields. This makes the factorization of
binomials x" — 1 over finite fields a challenging problem. Many authors have explored
the issue of factorizing x™ — 1 under special conditions [6, 11, 33, 49]. Perhaps, the most
notable result is given in [7], where the explicit factorization of x"” — 1 over [ is given
under the condition that each prime factor of n divides g2 — 1, where q is the order of

the field F. Moreover, under this condition, an interesting phenomena occurs: all the
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irreducible factors of x — 1 over F are binomials and trinomials.

Motivated by the results in [7], in this chapter we explore the aforementioned phe-
nomena over binary fields. In other words, given a finite field [, of even order g, we study
the positive integers n for which the polynomial x™ — 1 factors into irreducible binomials
and trinomials over F,. Our main results provide the complete description of such n’s
for ¢ = 2,4. Moreover, for such values of n, the explicit factorization of x" — 1 over [, is
readily obtained. For more details, see Theorems 4.10 and 4.13. The key idea in the proofs
of our main results is to explore the prime numbers satisfying this property, as they
already restrict the possible prime factors of n. Our methods rely on basic combinatorial
arguments, combined with classical results on cyclotomic polynomials and irreducible
trinomials over binary fields.

The chapter is organized as follows. In Section 4.2 we provide a series of auxiliary
lemmas and definitions that are used throughout the chapter. In Section 4.3 we state

and prove our main results.

4.2 Preparation

Throughout this chapter, q is always a power of 2. For an integer n > 1, we recall that
rad(n) denotes the product of the distinct prime factors of n. Moreover, if a,b are positive
integers with ged(a,b) = 1, ordpa is the order of @ modulo b, i.e., the least positive integer
u such that a¢“ =1 (mod b). The following definition is extensively used in the chapter

and it will be quite helpful in presenting and proving the results.

Definition 4.1. For a positive integer n, the pair (n,q) is 3-sparse if the irreducible

factors of the polynomial x™ — 1 over Fy are all binomials and trinomials.

It follows directly by the definition that the pair (1,q) is 3-sparse. We recall the
definition of cyclotomic polynomials over finite fields, specializing to binary fields. For an
odd integer d = 1, the d-th cyclotomic polynomial ®4(x) € F,[x] is given by the recursive

formula x% -1 = Hq)e(x). The following is easily checked.
eld

Remark 4.2. (a) For every positive integers s and n, we have that x> —1=(x" — 1)%".
In particular, for every s = 1, either both or none of the pairs (n,q) and (2°-n,q) are

3-sparse.

(b) If (n,q) is 3-sparse and d =1 is any divisor of n, then (d,q) is 3-sparse.



89

In particular, we only need to look at pairs (n,q), where n > 1 is odd. Moreover, the

prime numbers play an important role in the description of the 3-sparse pairs.

4.2.1 Lemmata

Here we present a series of lemmas that are frequently employed throughout this chapter.
Although most of them hold for general finite fields, for simplicity, we state them in the
context of binary fields.

Recall that for a polynomial f € F,4[x], not divisible by x, the exponent (or order) of f
is the least positive integer e such that f divides x® — 1. Clearly, if d is odd, ®4(x) has

exponent d. We have the following result.

Lemma 4.3. (/30], Theorem 3.35) Let n be a positive integer and let f € F,[x] be an irre-
ducible polynomial of degree m and exponent e. Then the polynomial f(x") is irreducible

over [y if and only if the following conditions are satisfied:
(i) rad(n) divides e;
(ii) ged (n, #) =1and
(iii) if 4 divides n, then 4 divides q" — 1.
In addition, if f(x") is irreducible, then it has degree mn and exponent en.

The following classical result, due to Swan, concerns about the irreducibility of

trinomials over the field Fs.

Lemma 4.4. (/[44], Corollary 5) Let n > k be positive integers and suppose that exactly
one of the elements n,k is odd. Furthermore, let r be the number of irreducible factors of

f(x)=x" +x* + 1 over Fy. Then r =0 (mod 2) in the following cases:
1. niseven and k is odd, n # 2k and % =0,1 (mod 4)
2. nisodd and k is even, k does not divide 2n and n =3,5 (mod 8)

3. nisodd and k is even, k divides 2n and n=1,7 (mod 8).

Moreover, the polynomials f*(x) = x" +x" % + 1 € Fo[x] and f(x) have the same number of

irreducible factors over [Fo.



90

Results like Lemma 4.4 were discovered for fields of odd characteristic [23] and high
extensions of Fo. One of them, contained in the following lemma, covers even degree

extensions of Fo.

Lemma 4.5. (/48],Corollary 5.1) Let K be an even degree extension of Fo. Then every

2d

trinomial of even degree is reducible over K, except possibly for x2¢ + ax® + b € K[x], where

t2 +at+b has no roots in K.
The following result from [7] characterizes the binomial divisors of x™ — 1 over F,.

Lemma 4.6. Let t,n be positive integers and let a € F be an element of order M. Then
x! —a divides x" — 1 if and only if n is divisible by tM.

M_gM=1,

Proof. Let a be a root of x! —a. Let suppose that x’ —a divides ™ — 1, then a’

Since M is the order of a and a™ = 1, we conclude that n is divisible by tM.
Now let suppose that ¢M divides n. From the fact that a’ = a we have that a'™ =

a” =1 and this implies that a” = (atM)% = 1. Therefore «a is also a root of x” —1 and

x! —a divides x™ — 1. [ |
The following lemma characterizes a special class of irreducible polynomials over [Fo.

Lemma 4.7. Let t = 3 be an odd integer and let  be an irreducible polynomial over Fo
that splits into two t-degree irreducible trinomials over F4 = Fo(a). Then there exists a

positive integer k < t such that f has one of the following forms:

Fp (%) := 2+t xR kb 1= e+ ax® + D+ a?lF 1),
Gro(x) =22 + 2% 1 6% 4t 1 = (xf + ax® + a)(a! + a%2F + a?),
Hy, (%) := 2 xt 42+ x4 1= (4 2F + @)t + 2+ ad).

Proof. Let o : F4 — F4 be the Fy-automorphism with o(B) = f2. We observe that ¢ has
a natural extension for the polynomial ring F4[x] and for simplicity, 0 also denotes
this extension. If g(x) = 2! + ax® + b is one of the irreducible factors of f over F4, then
g ¢ Folx] since f is irreducible over Fq. In particular, we have that f(x) = g(x) - o(g(x)),
where o(g(x)) = x* + a®x* + b2. Since g is irreducible, it follows that g(1) # 0. The latter,
combined with the fact that g ¢ Fo[x], implies that g has one of the following forms

{xf + pa® + 1,5t + pa* + B, + " + B},
where f=a or f= a?. The result follows from the equality f(x) = g(x) - o(g(x)). n

We emphasize that, since ¢ is odd, the polynomials in the previous lemma are indeed

pentanomials, i.e., there is no monomial cancellation.
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4.3 Main results

In this section we state and prove our main results of this chapter. The following lemma

provides some general information on 3-sparse pairs over binary fields.

Lemma 4.8. Let p be an odd prime, set t = ord,q and suppose that (p,q) is 3-sparse. If
t > 1, the irreducible factors of ®,(x) over F, are all trinomials. In particular, if q is an

even power of 2, then t =2 or t is odd.

Proof. Lemma 4.6 entails that, if £ > 1, then x—1 is the only irreducible binomial divisor
of x? —1=(x—1)-®,(x) over [F,. This proves the first statement. For the second statement,
suppose that ¢ is even and ¢ is an even power of 2. It suffices to prove that ¢ = 2. From

Lemma 1.16 and the first statement, we obtain that
1
®,(x) =xPl4bx+1= H(xt +aixki +b;),
i
where ¢ = p%l, a;,b;€ [F;; and 0 < k; < t. Comparing both sides of the previous equality,
we conclude that 2; =1 for some 1 <i < /. In particular, it follows that there exists an

irreducible trinomial x’ + ax + b € F4[x]. Since ¢ is even and g is an even power of 2,
Lemma 4.4 entails that ¢ = 2. |

We obtain the following corollary.

Corollary 4.9. Let n be odd, let q be an even power of 2 and suppose that ged(n,q?—1) =
ged(n, g —1). If the pair (n,q) is 3-sparse, then (n,q?) is also 3-sparse.

Proof. Let p be a prime that divides n. Then (p, q) is 3-sparse and, from Lemma 4.8,
we have that ¢ = ord,q is odd or ¢ = 2. The case ¢ = 2 cannot occur since ged(n,q —1) =
ged(n,g? — 1) and so ¢ is odd. In particular, if d is any divisor of n, we have that ordgq
is also odd and so ordyq = ordgq?. Therefore, from Lemma 1.16, the irreducible factors
of x —1 over F, coincide with the ones over F 2. In particular, if (r,q) is 3-sparse, then

(n,q?) is also 3-sparse. |

We are ready to classify the integers n such that (n,2) is 3-sparse.

Theorem 4.10. Let n > 1 be odd. The pair (n,2) is 3-sparse if and only if n = 3% or
n =7* for some positive integer k. Furthermore, we have the following factorizations into

irreducible polynomials over [Fy:
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3k—1

(i) Ogrx)= @23 +3" 7 +1).

7k—1

(i) Do) =37 22T 1 DT 42T 4 1),

Proof. Let p >3 be a prime, set ¢ = ord,2 and suppose that (p,2) is 3-sparse. Since p > 3,

we have that ¢ > 2 and so Lemma 4.8 implies that

(4.1) (I)p(x):xp_1+xp_2+---+x+1:li[(xt+x“i+1),
i=1

where s and a1 <ag <--- <ay <t are positive integers. Since p > 3 and ¢ > 2, a comparison
on the monomials appearing in both sides of Eq. (4.1) implies that a; =1 and a3 =2. In
particular, the polynomials x? + x + 1 and x? + x? + 1 are irreducible over Fo, hence ¢ is odd.
Lemma 4.4 entails that x? + =1 + 1 is also irreducible over Fs. In particular, the number
of irreducible factors of x* +x2 + 1 and x? + x! ™! + 1 over Fy are both odd. Since 2 divides
2¢, Lemma 4.4 implies that ¢t = 3,5 (mod 8) and ¢ — 1 divides 2¢. Since ¢ > 2, the latter
implies that ¢ =3 and so p = 7. In conclusion, if p is an odd prime and (p,2) is 3-sparse,
then p =3,7. Therefore, if n > 1 is odd and (n,2) is 3-sparse, from Remark 4.2 we obtain
that rad(n) € {3,7,21}. We split the proof into cases:

(i) n = 3. In this case, Lemma 1.18 entails that

Dgi(x) = (133(x3k71) =237 3 1

Lemma 4.3 ensures that, for every k£ > 1, the polynomial ®4(x) is irreducible over
Fo.
(ii) n="7". Since ®7(x) = (x3 + %% + 1)(x® + x + 1), Lemma 1.18 entails that
k-1

D) =37 27T DT T 42T D).
7

From Lemma 4.3, the latter is the factorization of ®,:(x) into irreducible polynomi-

als over [Fo.

(iii) rad(n) = 21. This case cannot occur since we have the following factorization of

®91(x) into irreducible polynomials over Fo:

Doy () =B +xt+ 22 +x+ DA + a8 + 2t +22 + 1),
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We proceed to the characterization of the pairs (n,4) that are 3-sparse. The following

two results are crucial.

Lemma 4.11. Let p > 7 be a prime number, set t = ord,4 and suppose that the pair (p,4)
is 3-sparse. Then every irreducible factor of ®,(x) over Fg equals one of the pentanomials

given in Lemma 4.7.

Proof. Since p >7, we have that ¢t = ord,4 > 2. In particular, since 4 is an even power
of 2, Lemma 4.8 entails that ¢ is odd and all the irreducible factors of ®,(x) over F4 are
trinomials. If we set s = ord,2, we have that s =¢ or s =2¢. If s = ¢, Lemma 1.16 entails
that the factorization of ®,(x) into irreducible polynomials over [y coincides with the one
over F4, hence the pair (p,2) is also 3-sparse.The latter contradicts Theorem 4.10 since
p > 7. Therefore, s = 2t and then, from Lemma 1.16, we conclude that each irreducible
factor of @,(x) over F2 has degree 2¢ and splits into two irreducible trinomials over F4,

each of degree t. The result follows from Lemma 4.7. [ |

We obtain the following result.

Proposition 4.12. Let p > 7 be a prime such that (p,4) is 3-sparse and set t = ord,4.
Then one of the polynomials F3 ;(x), H3 4(x), given in Lemma 4.7, divides ®,(x) and t=0
(mod 3).

Proof. From Lemma 4.11, there exist sets A,B,C <N such that

(4.2) Dp@)=oP 1+ txtl= ( [1 Fa,t(x)) - ( [1 Gb,t(x)) - (H Hc,t(x)) ,

a€cA beB ceC

where F, 1(x), Gp +(x) and H ;(x) are irreducible pentanomials over [ given in Lemma 4.7.

Our idea is to obtain information on the sets A, B and C by comparing the monomials

appearing in both sides of Eq. (4.2). Since p > 7, we have that ¢ > 3 and the monomials

x! with 1<i <3 appear in the LHS of Eq. (4.2), so the same must hold in the RHS.

We observe that only F'1 ;(x) and Hi ;(x) have the monomial x, hence 1 € AU C. Since
the product F'1 ;(x)H1 ;(x) does not have the term x, it follows that 1 ¢ AnC. The latter
implies that the monomial x? does not appear as a product x - x in the RHS of Eq. (4.2).
Therefore, if s denotes the number of pentanomials in the RHS of Eq. (4.2) having the
term x2, it follows that s is odd. For ¢ > 3, we list all the pentanomials given in Lemma 4.7,
containing term x?:

{F1,4(x),F24(x),G1,4(x), Hy +(x), Hp 4 (x)}.

Since 1¢ AN C, it follows that s <5 and so s =1,3. We split into cases.
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@)

(ii)

s = 1. In this case, since 1 € AU C, we have exactly two possibilities: {F (x)} or
{H1,(x)}. In both cases, no monomial x3 is generated by a product x-x2. In particular,
a pentanomial with the term x3 must appear in the RHS of Eq. (4.2). Since ¢ > 3,

we have exactly two pentanomials having the term x2: F3 (x) and Hg3 ;(x).

s =3. Since 1 ¢ AnC, we have exactly two possibilities
{F1:(x),Fo1(x),G14(x)} or {Hj(x),Hs:(x),G1s(x)}.

Since 1 ¢ ANC and the monomial x? appears three times we have exactly six
possibilities: all of them containing exactly one of the polynomials {1 ;,H1;} and
two more polynomials in the set {Fg;,G1+,H2;}. In both cases, the product of the
corresponding polynomials does not produce the term x2. Similarly to the case
s =1, we conclude that either F3 ;(x) or H3 ;(x) must appear in the RHS of Eq. (4.2).

For a € F4 \Fg, we observe that F5 /(@) = Hs /() = a® + a’ + 1. For ¢t #0 (mod 3), it follows
that a® + a’ + 1 = 0. The latter implies that F3;(x) and Hs;(x) have a root in F4 if ¢ # 0

(mod 3), a contradiction with the fact that these pentanomials split into exactly two

irreducible trinomials over F4. Therefore, t =0 (mod 3). n

We now describe the pairs (n,4) that are 3-sparse, where n > 1 is odd.

Theorem 4.13. Let n > 1 be odd. Then the pair (n,4) is 3-sparse if and only if n has one

of the following forms:

3k 5% 7k 3m.5k 3.7k,

where m,k are positive integers. Moreover, for a € F4 \ Fo, we have the following factoriza-

tions into irreducible polynomials over [F4

(1)

Dy (1) = (3" + )3+ ad);

(i) Dor(a) =25 " +axd® " + D2 + a2 4 1),

(iii) ()= @™ + 22T+ DT 2T T+ 1);

2
(v) (D3.7k(x) = H(x3
i=1

2
. .am-1 k-1 m-1 gk-1 : qm-1 k-1 - aom-1 k-1 :
(iv) Pgmgr(x) = | | 23T T T a2 Y 1k Y 1),

i=1

k-1 o k-1 k-1 k-1
T a3 vl +1).
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Proof. Suppose that p > 7 is a prime such that (p,4) is 3-sparse. From Lemma 4.7 and
Proposition 4.12, it follows that some irreducible factor of ®,(x) over F4 is of the form
%3¢ + ax® +b. From Lemma 4.3, such polynomial has exponent divisible by 3, hence 3
divides p and so p = 3. The latter contradicts our assumption p > 7. In particular, if p is
an odd prime and (p,4) is 3-sparse, then p = 3,5,7. Therefore, if n > 1 is odd and (n,4)
is 3-sparse, from Remark 4.2 we obtain that rad(n) € {3,5,7,15,21,35,105}. We split the

proof into cases:

(i) n = 3%. We observe that
D3(x) = (x — a)(x — a?).

From Lemma 1.18, we have that ®g:(x) = <I>3(x3k71). Using the criterion described in
Lemma 4.3, we conclude that the polynomials 3 1ol withi e {1,2} are irreducible

over [F4 for every & = 1.

(ii) n =5%. We observe that
D5(x) = (2% + ax + D2 + a?x + 1).

From Lemma 1.18, we have that ®x(x) = <D5(x5k_1). Using the criterion described
in Lemma 4.3, we conclude that the polynomials 25 4 @i 1 withie {1,2},

are irreducible over [F4 for every k£ > 1.

(iii) n =17%. In this case, ord;,2 =ord;x4=3-7 k=1 From Lemma 1.16, the factorization
of @1 (x) into irreducible polynomials over Fg coincides with the one over 4. The

result follows from Theorem 4.10.

(iv) rad(n) = 15. We observe that

2 . . .
Di5(x) = H(x2 +x+a)x®+alx+ad).
i=1

3m—1.5k—1

Moreover, from Lemma 1.18, we have that ®gm 51 (x) = ®15(x ) and ap-

plying the criterion described in Lemma 4.3, we conclude that the polynomials

(x2_3m71_5k71 " x3m71_5k71 .3m71_5k71

: - am-1.gk-1 . ) . )
+ at)(x? +aix® 5 4 ab) with i € {1,2}, are irre-

ducible over F4 for every k,m = 1.

(v) rad(n) =21. We observe that

2 . .
Dy1(x) = H(x3 + a2+ D3+ alx+ ).
i=1
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Lemma 1.18 implies that @4, (x) = (1321(x7k_1) and, using the criterion described in
Lemma 4.3, we conclude that the polynomials x> ' + a‘x/ T 4 1 with i, je{1,2},
are irreducible over [F4 for every k£ = 1. However, if 63 divides n it follows that ®g3(x)
is a factor of x™ — 1. We directly verify that the irreducible factors of ®gg(x) over [F4

are not all binomials and trinomials and so (n,4) is not 3-sparse.

(vi) rad(n) = 35,105. In this case, P35(x) is a factor of x — 1. We directly verify that
the irreducible factors of ®35(x) and ®195(x) over F4 are not all binomials and

trinomials and so (n,4) is not 3-sparse.

The possible values for n such that the binomial x™ —1 splits into irreducible binomials

and trinomials over [, in the cases g =2 or g =4 are describe in the following table.

Table 4.1: Polynomials that are 3-sparse for g =2 or ¢ =4
m,k are positive integers

q n Factorization of ®,,(x)
2] & D) = T 1 )
2| 7 Do) =37 +22T T A DT 44T +1)
4] & D1 (%) = @3 ) +a?)
4 5k Dy (x) = (x2.5k—1 N ax5k—1 N 1)(x2,5k-1 N a2x5k_1 e
4 7k q)7k(x) = (x3‘7k_1 +x2~7k_1 + 1)(x3~7k_1 +x7k—1 + 1)
2
4 | gm.5k Dy g (x) = l—[(xz.3m-1,5k—1 L ai)(x2-3m‘1-5k—1 R ai)
i=1
2 _ ] B B ‘ -
4 3 7k (I)3,7k (x) — l_[(x3~7k 1 n alx2,7k 1 n 1)(x3'7k 1 + alx7k 1 N 1)
i=1
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CHAPTER

CONCLUDING REMARKS AND FURTHER RESEARCH

n this chapter we present some comments on future research works that naturally

arises from the topics in this thesis.

5.1 Quadratic forms and affine rational points of

Artin-Schreier curves

In Chapter 2 we studied the number of affine rational points of Artin-Schreier curves of
the type
Gra:y! —y=xF(x)-A,

for F' a [4-linearized polynomial and A € F;». We note that in Theorem 2.13 we deter-
mined the number of affine rational points in [an when F(x) is an [, linearized and such
that g(x) = ged(f(x),x"™ — 1) is self-reciprocal, where f is the associated to F. We then

have two problems:

Problem 5.1. Determine N,(€F ) when F(x) = xS(x)+Tr(x) where S(x) is a [ 4-linearized

polynomial.
Problem 5.2. Determine N,(€6F,\) when g is not self-reciprocal.

In [27], the authors show that the number of monic irreducible polynomials in [F[x]

of degree n and with the first and third coefficients prescribed is related to the number
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of affine rational points of the curve

2q+1 +2
yI—y=x"0" =2t

in Fgn. Then, we have the following problem.

Problem 5.3. Determine N,.(6xrg) when F,G € Fylx] are Fy-linearized.

5.2 The number of rational points of a class of

superelliptic curves

In Chapter 3 we studied the number of F»-rational points of the superelliptic curve

determined by

Xdab :yd =axTr(x)+b,

for suitable values of d and a € [F;n, b € Fy4n in odd characteristic. For this type of curves

we have the following problems.
Problem 5.4. Determine the number of Fyn-rational points of g 4 in even characteristic.

Problem 5.5. Determine another quadratic form @ such that we can compute the number

of Fgn-rational points of the superelliptic curve
Xq yd =Q(x).

Problem 5.6. Determine a family 2 of quadratic forms such that is possible to calculate

the number of F4n-rational points, or give bounds for this number, of the curve

yd =Qx), for Qe2.

5.3 Polynomials over binary fields with sparse factors

In Chapter 4 we have described the integers n such that the binomial x™ — 1 splits into
irreducible binomials and trinomials over [F,, where g = 2,4. We have also provided some

minor results for generic powers of 2. We propose the following problem.

Problem 5.7. Describe the 3-sparse pairs (n,q), where q > 4 is a power of two.
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We believe that the methods employed here for g = 2,4 are not sufficient to explore
Problem 5.7 in its great generality, but it can be helpful for small ¢ (e.g., ¢ = 8,16).
The case of even characteristic is more treatable since we have strong results on the
irreducibility of trinomials over binary fields. Nevertheless, we have seen that prime
numbers are crucial in the study of 3-sparse pairs. So exploring the primes p such that
(p,q) is 3-sparse, where q is odd, could be interesting. In this context, we propose the

following problem.

Problem 5.8. Let q be a prime power. Prove or disprove: the set of prime numbers p such

that (p,q) is 3-sparse is finite.

In the context of Problem 5.8, Lemmas 1.16 and 4.6 imply that if ged(p,q) = 1,
t =ord,q >1 and (p,q) is 3-sparse, then ®,(x) = xP~14+...+x+1 splits into s := %1
irreducible trinomials over F,. In particular, if C, ; is the number of distinct ¢-degree
monic irreducible trinomials over [F,, we have that C,; >s and so ¢ > %. We have the
trivial bound s <Cy ; <(q - 1)2-(¢ — 1), but we may need something more precise. On the

other hand, the product of s trinomials generates at most 3° distinct monomials, hence

s> < p-1 .
3¥=pandsot< Togsp° In conclusion,

p—-1 p—1

=t=

Cqt logs p

A more detailed account into the possible central monomials appearing in the trinomial

factors of ®@,(x) over F, could be helpful in providing sharper bounds on s.
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