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In a previous work [Poveda, Varella, and Mohallem (Poveda et al., Atoms, 2021, 9: 64) it

was shown that the bell-like shape of the 0→ 1 vibrational excitation cross section of H2 as

a function of the incoming positron energy, with its characteristic sharp onset at threshold,

can be accounted for by a simplemodel which couples the positron to the vibrational mode

of the molecule, throught the behavior of the target polarizabitity with the internuclear bond

distance. The study, carried out via time-dependent wave-packet dynamics propagation,

relies on a two-dimensional potential energy surface involving just the scattering (positron-

target) and vibrational (target) coordinates. Here the model is extended to the full three-

dimensional configuration space of the positron-diatomic complex, with the cross sections

computed within a time-independent close-coupling approach. The present results

confirm the previous findings, shedding light on the mechanisms through which a low-

energy positron couples to the molecular vibrations.

Keywords: positron scattering, close-coupling method, elastic cross section, vibrational excitation cross section,

positron annihilation

1 INTRODUCTION

Understanding the physics involved in the interaction of a low energy positronwith atoms andmolecules is
a long standing goal with both fundamental and technological implications [1,2]. The study in great detail
of the phenomena of positron-matter interaction has been driven by the development of increasingly
efficient positron energymoderators, which allow to obtain positron beamswith appreciable fluxes and low
energy spread [2]. Modern buffer-gas trap techniques allows the generation a high flow positron pulse, in
the range of few eV andwith energy spread of tensmeV [3,4].With such efficientmono-energetic positron
beams, several state-resolved cross sections have been obtained, regarding to total, electronic excitation,
ionization, and positronium formation in atomic andmolecular targets [5], as well as vibrational excitation
[6,7] and annihilation in molecules [4,8].

In particular the vibrational excitation of molecules by positron impact has attracted the attention

of the scientific community, due to the striking manner in which a low energy positron couples to the
nuclear degrees of freedom of polyatomic molecules. The physical richness of this phenomenon may
involve vibrational resonances and even bound states, in which the positron is temporary trapped,
before its final fate: annihilation. The theoretical models devoted to describe experimental data of
vibrational excitation cross sections [9,10] and resonant annihilation spectra [11], coincide in
attributing a leading role to molecular properties such as polarizability, dipole moment, ionization
potential and number of π electrons [12–14].

In this work a generalization to the full three-dimensional positron-diatom configuration
space, of a previously proposed two-dimensional model [15] (hereafter referred as paper I), is
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presented. In paper I the 0 → 1 vibrational excitation cross
section of a hydrogen-like diatomic oscillator, was computed
using time-dependent wave-packet propagation techniques
over a two-dimensional model potential. The results

suggested that the molecular polarizability of the target, as
a function of the iternuclear separation, is a key property in
describing the excitation of the fundamental mode of the
oscillator. Here, the model potential is extended to cover the
three coordinates of the positron-diatom complex and the
scattering problem solved within the close-coupling
formalism. The procedure is applied to the positron-H2

system, as in paper I, but the positron-N2 case is also
studied. The present results corroborate the previous ones
and suggest that the coupling of the positron to the
fundamental vibrational mode of a homo-nuclear diatom

can be described by a correlation-polarization potential,
which involves, as the key property, the (an)isotropic
molecular polarizability. The elastic cross sections for
positron scattering from H2 and N2 are also well described
below the positronium formation threshold.

In next section the model potential is described in detail. The
close-coupling method is briefly summarized in Section 3.
Results and discussion is presented in Section 4 and some
conclusions given in Section 5.

2 THE POTENTIAL ENERGY SURFACE

Following paper I the potential energy surface (PES) is written as
the sum of oscillator (OSC) and positron (POS) components:

V R, r, θ( ) � Vosc R( ) + Vpos R, r, θ( ), (1)

where R is the inter-nuclear distance and (r, θ) are the polar-
Jacobi coordinates of the positron with respect to the center of

mass of the target (see Figure 1 in [16]). The OSC part is
represented as a harmonic oscillator potential

Vosc R( ) �
1

2
μω2R2, (2)

with mass μ and frequency ω. The pair {μ, ω} is chosen to be, in
atomic units (a.u.), {918.075, 0.020} and {12,861.925, 0.011} for
H2 and N2, respectively.

In Eq. 1 the POS term refers to the positron-target interaction
and includes the static (Vst) and correlation-polarization (Vcp)
potentials. The former is taken to be the Hartree-Fock r-
dependent spherically symmetric electrostatic potential of the

diatom, clamped at the equilibrium bond distance. This term, for
H2 and N2, is represented in the form

Vst r( ) � κ∑3
i�1

si exp −ti r − ri( )[ ], (3)

where si, ti and ri are adjustable parameters and κ is a free
parameter chosen ad hoc, in order to better reproduce
reported total cross sections below the positronium formation
threshold. It will be called the static parameter, which determines
the amount of contribution of the Vst component to the potential.

The Vcp energy term, in turn, is represented using the
analytical form proposed by Mitroy and Ivanov [17],

Vcp R, r, θ( ) � −
α R, θ( )

2r4
fρ r( ), (4)

where

fρ r( ) � 1 − exp −
r6

ρ6
( ), (5)

is a cut-off function which damps the −1/r4 term at short

distances and ρ is a free parameter chosen ad hoc, in order to
better reproduce reported total cross sections below the
positronium formation threshold. It will be called the
correlation-polarization parameter, which determines the
amount of contribution of the Vcp component to the potential.

In Eq. 4, α(R, θ) represents the molecular polarizability as a
function of the inter-nuclear separation (R) and the positron-
diatom relative orientation angle (θ). A simple form for this
quantity will be

α R, θ( ) � α0 R( ) + α2 R( )P2 cos θ( ), (6)

where α0(R) and α2(R) are the isotropic and anisotropic
polarizabilities, respectively, and P2(cos θ) is the second-degree
Legendre polynomial.

The dependence of α+(R) (where + ≡ 0 or 2) on the R
coordinate was represented in the form:

α+ R( ) � α+ 0( ) + γ∑4
i�1

aiR
i, (7)

which fits, with high accuracy, the ab initio data reported by Kołos
andWolniewitz for H2 [18] and the set of ab initio points previously
reported for N2 [19]. In Eq. 7 α+(0) is the (an)isotropic polarizability
at the equilibrium bond distance of the diatomic, ai are adjustable

FIGURE 1 | (Color online) Isotropic (α0) and anisotropic (α2) dipole

polarizabilities for the hydrogen molecule, as a function of the internuclear

separation. The thick solid and dashed lines represents the fits of Eq. 7 with γ

=1, to the ab initio data. The same curves for γ =0.6 are shown in thin

lines (see text for details).
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parameters and γ is a free parameter chosen ad hoc, in order to
reproduce reported vibrational excitation cross sections. It will be
called the vibrational parameter, which determines the coupling

strength between the positron and the target vibrational mode.
All the parameters involved in the presentmodel potentials, forH2

and N2, are collected in tables 1 and 2. Figures 1, 2, show the
isotropic and anisotropic molecular polarizabilities as functions of R,
along with the curves from Eq. 7 for γ = 1 (thick lines) and for those
values of γ (thin lines) for which the computed 0 → 1 vibrational
excitation cross sections show good agreement with previous reports
(see Section 4.2). Contour plots of the PESs for the positron around

the diatoms, clamped at the equilibrium bond distances, are shown in
Figures 3, 4. The salient feature of the PES for H2 correspond to a
minimum for geometries perpendicular to the molecular axis,
suggesting that the positron tends to surrounds the hydrogen
target favouring axial configurations. A different situations is
observed for the positron-N2 complex, with the minimum

potential energy located on both side of the nitrogen atoms.

3 THE CLOSE-COUPLING METHOD

The close-coupling formalism for non-reactive collisions has
been extensively revisited in the literature [20–22]. Here we
present the main ideas behind the method, for the particular

case of a structureless particle (the positron) scattering from a
vibrating diatomic target.

Assuming a complete, discrete, orthonormal basis of the
internal states of the system, the total wave function, in the
space fixed reference frame, can be written in the form

Ψ
JMjlv � ∑

j′l′]′

ψ
Jjl]

j′l′]′
r( )

r
YJM

j′l′
r̂, R̂( )χ

]′
R( ), (8)

TABLE 1 | Parameters of the static potential, Eq. 3 (in a.u.).

Parameter H2 N2

s1 0.4487 1.3854

t1 3.9158 2.4389

r1 0.4812 1.3845

s2 0.4487 −

t2 3.9328 −

r2 0.4813 −

s3 0.6114 −

t3 2.3004 −

r3 0.7859 −

TABLE 2 | Parameters of the polarizabilities, Eq. 7 (in a.u.).

Parameter H2 N2

α0 α2 α0 α2

α+(0) 6.3792 4.5778 14.5176 10.0185

a1 − 0.4214 − 0.0223 0.0065 0.2921

a2 − 0.4311 − 0.3203 − 1.6160 − 0.9850

a3 2.1155 0.1993 1.8473 0.0106

a4 6.6167 3.2222 10.4786 3.7633

FIGURE 2 | (Color online) Isotropic (α0) and anisotropic (α2) dipole

polarizabilities for the nitrogen molecule, as a function of the internuclear

separation. The thick solid and dashed lines represents the fits of Eq. 7 with γ

=1, to the ab initio data. The same curves for γ =0.475 are shown in thin

lines (see text for details).

FIGURE 3 | (Color online) Isoenergy Contour plot for a positron around

the hydrogen molecule fixed at the equilibrium bond distance. Contours start

at −8.4 eV (+) with a level incremental of 0.5 eV. The plot correspond to a

model potential with κ =1, ρ =1.85 and γ =1

FIGURE 4 | (Color online) Isoenergy Contour plot for a positron around

the nitrogen molecule fixed at the equilibrium bond distance. Contours start at

−4.5 eV (+) with a level incremental of 0.3 eV. The plot correspond to a model

potential with κ =0.5, ρ =2.05 and γ =1.
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where χ
]′(R) represents vibrational wavefunctions of the target

and YJM
j′l′

is a basis for the total angular momentum (J) and
projection (M), obtained by coupling the target (j) and the
projectile (l) angular momentum, via the Clebsch-Gordan
coefficients. Note that j does not include the angular
momentum due to the movement of the electrons of the
target. After substitution of Eq. 8 in the time-independent

Schrödinger equation, the following set of coupled equations,
for a given J and M, is obtained

d2

dr2
+ k2j′]′ −

l′ l′ + 1( )
r2

[ ]ψJjl]

j′l′]′
�
2m

Z
2 ∑

j″l″]″

〈j′l′]′J|V|j″l″]″J〉

ψ
Jjl]

j″l″]″
, (9)

where m is the reduced mass of the positron-diatom system, V is
the projectile-target interaction potential and k2j′]′ is the
wavenumber of the j′]′-th channel.

Eq. 9 gives an exact solution for the quantum scattering
problem, within the space expanded by Eq. 8, with the
boundary condition ψ(r = 0) = 0.

As usually done, the interaction potential is represented in a
basis of Legendre polynomials

V R, r, θ( ) � ∑
λ

cλ R, r( )Pλ cos θ( ), (10)

leading in Eq. 9 to the matrix elements of the potential

〈j′l′]′J|V|j″l″]″J〉 � ∑
λ

cλ]′]″ r( )fλ j′l′j″l″J( ), (11)

where

cλ]′]″ r( ) � 〈χ
]′

R( )|cλ r, R( )|χ
]″

R( )〉, (12)

and fλ(j′l′j″l″J) are the Percival-Seaton coefficients [21,22].
The set of Eq. 9 is integrated using the Manolopoulos diabatic

modified log-derivative method [23], as implemented in the
MOLSCAT code [24], with r ranging from 0.01 to 100 a.u,
with a fixed step of 0.01 a.u. The diatom was treated as a
harmonic oscillator. The expansion (10) runs through the

Legendre polynomials of even degree up to λmax = 12, the
vibrational quantum number includes ] = 0, 1, 2, 3 and the
total angular momentum ranges from 0 to Jmax = 12. Note that
convergence is reached for these maximum values of λ, ] and J.

4 RESULTS AND DISCUSSION

4.1 Elastic Cross Sections
First we check the capability of themodel to describe the elastic cross
section for energies below the positronium formation threshold. A
comparison for H2 is shown in Figure 5. The present result, in red
solid line, corresponds to the elastic cross section, using the model
potential calibrated to the free parameters κ = 1 and ρ = 1.85. Note
that the present elastic cross section is nearly independent of the

value of γ, in this case fixed in γ = 1 (see next section). These values
were chosen so as to reproduce as much as possible the theoretical
predictions from [25,26], for energies below 1 eV, assuming that
these are themost accurate theoretical reports thus far, in this energy
range. Also shown in Figure 5 are previous cross sections from close-
coupling calculations [27] and experimental measurements [28–30].

The appreciable discrepancies among the experimental data of
total cross sections for H2, mainly at very-low energies, were carefully
analyzed [25] regarding the differences on the experimental setups,
and a statistical correction was proposed taking as reference the value
of the scattering length from [31], e.g.− 2.63a0. Moreover, for energies

above 3 eV the experiments show a nearly constant behavior, a feature
hard to describe by the theoretical models (see Figure 1 in [25]). The
disagreement between theory and experiment in the last part of the
energy interval, has been attributed to the difficulty in describing
virtual positronium effects, which become increasingly important
when approaching the positronnium formation threshold (~ 8 eV for
H2) [25]. However, note that above 3 eV the present elastic cross
section show a tendency to flatten, although underestimating the
experimental data. As pointed out in a previous work, using a simple
rigid sphere plus polarization potential, the lack of virtual positronium
and long-range higher multipole effects can be compensate by a deep

enough dipole polarization potential [32]. In order to investigate the
role of dipole polarizability on the vibrational excitation of the target,
the present model was kept as simple as possible. The role of higher
multipole contributions on the cross sections will be addressed in a
future work. Finally, our calculations predicted a scattering length of
−2.52a0 for the H2 target, in good agreement with the recommended
value [25,31].

A comparison of the present elastic cross section with previous
theories [16,32,33] and experiments [28,34], for positron-N2

scattering is shown in Figure 6. Again the parameters κ and ρ
were varied until our calculations reproduce, as best as possible,

previous theories and experiments, taking as references the values
reported in [16,32]. Although the present model potential involves
two free parameters, it is not flexible enough to obtain a good
agreement with all the reported values up to the positronium
formation threshold. As observed for the H2 target, our model
allows for a good description of the cross section for energies below
2 eV, underestimating the cross section for higher energies. The
present elastic cross section, in red solid line inFigure 6, corresponds
to κ = 0.5 and ρ = 2.05 in the model potential. With these values of

FIGURE 5 | (Color online) Elastic (present result) and total cross sections

for positron scattering from H2. The present result correspond to a model

potential with κ =1, ρ =1.85 and γ =1.
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the parameters the scattering length for N2 was predicted to be
−5.17a0, in good agreement with the value −5.21a0 reported in [32].
Note that for κ = 1, which corresponds to include one hundred
percent of the static term, the computed cross section becomes so
small that not plausible value of ρ can yield a cross section in good
agreement with the previous reports.

We have to emphasize that the values for the parameters κ and ρ
were chosen such that the resulting elastic cross sections, for the
targets here considered, show a good agreement with the reported
data around the energy threshold for the fundamental vibrational
mode. Note that themain goal of the present work is to shed light on
the role of the target polarizability in the vibrational excitation cross
section. A more realistic model for positron-N2 have been already
published by our group [16], and the same methodology [35] is
being applied to compute elastic, vibrational and rotational cross
sections for positron scattering from H2 [36].

4.2 Vibrational Excitation Cross Sections
The 0 → 1 vibrational excitation cross sections, for H2 and N2, are
shown in Figure 7. Note that each curve were obtained with the same
model potential used to compute the corresponding elastic cross
sections. In both cases the typical behavior with a sharp onset at
threshold is observed, followed by a maximum and then a decrease
with increasing energy. However, although the curves show what

seems to be the correct behavior, their values appear well above the
previous results. For example, the experimental measurements for H2

[6] predicted a maximum of ~ 0.12 × 10−20m2 around 0.7 eV,
whereas the corresponding curve in Figure 7 presents an upper
value 3 times higher, at the same energy. Similarly, for the vibrational
excitation of N2 the previous close-coupling calculation from [16]
predicted a maximum of ~ 0.02 × 10−20m2, located at ~ 0.35 eV,
while the corresponding curve of Figure 7 reach its maximum five
times above, around the same energy value. Apparently, the present
more realistic 3D model reveals that the observed good quantitative
agreement between the computed 0→ 1 vibrational cross section for
H2 and previous reports (see Figure 2 in [15]) is a coincidence,

presumably due to the reduced dimensionality of the model.
As shown in paper I, the height of 0 → 1 vibrational excitation

cross section for H2 depends on the rate of change of the target
isotropic polarizability with R (see Figure 2 in [15]). The greater the
slope of the polarizability as a function of R the higher the cross
section and vice versa. In turn, the shape of the cross section remains
almost unchanged with this variation of height. In the present model
the slope of the isotropic and anisotropic polarizabilities is controlled
by the parameter γ inEq. 7, such that for γ< 1 the polarizability curve
becomes less tilted (see Figures 1, 2), leading to a lower vibrational
excitation cross section. Thus, for γ = 0.6, the resulting cross section

for H2 show a good agreement with the reported experiment [6] and
theories [15,26,37], as can be seen in Figure 8. For the N2 target we
found that γ = 0.475 (see Figure 2) is the appropriated value which
leads to a cross section close to the obtained in a previous close-
coupling calculation [16]. Note that the present result almost match
the previous one [16], showing a peak around the threshold energy, a
feature absent in previous works [10,38,39]. The reader is referred to
the text around Figure 9 and 10 of [16], for a detailed discussion about

FIGURE 6 | (Color online) Elastic (present result and [16]) and total cross

sections for positron scattering from N2. The present result correspond to a

model potential with κ =0.5, ρ =2.05 and γ =1.

FIGURE 7 | (Color online) 0→1 vibrational excitation cross sections for

H2 and N2, obtained with model potentials calibrated to the values of the free

parameters. The vertical lines indicate the threshold energies for the 0→1

vibrational mode and the arrow draws attention to the small peak caused

by the opening of the 0→2 vibrational channel.

FIGURE 8 | (Color online) Comparison of the 0→1 vibrational excitation

cross sections for H2. The present result correspond to a model potential with

κ =1, ρ =1.85 and γ =0.6.
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the plausibility of a threshold peak in the 0→ 1 vibrational excitation
cross section forN2.Moreover, this peaked behavior of the vibrational
cross section for N2 appears to be a key feature to explain
measurements of positron cooling in a buffer gas of molecular
nitrogen [16].

As discussed in paper I, the present results suggests a mechanism
to understand how the positron couples to the vibrational modes of a

homonuclear diatomic. In the model here presented the target
potential energy Vosc is not affected by the proximity of the
positron, which in turn is attracted by a correlation polarization
potential, that alternates between greater and lesser attraction, as the
diatom vibrates. The more stretched the diatom, the greater the
molecular polarizability, making the potential more attractive, vide
Eqs 4, 7. The observed good description of the vibrational excitation
cross section, using this simple model, suggests that as the diatom
vibrates the positron respond instantly to the nuclear motion, so
coupling efficiently to the vibrational mode. This adiabatic picture
can also be justified by considering the positron/nuclei small mass

ratio and the low energies involved in the scattering event.
Taking this picture a little further, in a large molecule, for example

an Alkane, the polarizability of the target would be a complicated
function of the nuclear degrees of freedom. Hence, the attractive
potential felt by the incoming positron will vary in a complicated way
with the molecular vibrational modes. Then, if the positron is driven
by the potential to “vibrates” in sync with the target oscillation, this
would imply a coupling of the positron with all the vibrational modes
of the molecule [40]. It is worth noting that the key property in the
present model is the coordinate dependent molecular polarizability,
just the same property that shows the strongest correlation with the

positron-molecule binding energy, in Alkanes [12].

5 CONCLUSION

In this work a model potential is proposed, which describes the
elastic and vibrational excitation cross sections of H2 and N2 by
impact of a low energy positron. The potential energy surface
depends on the three coordinates involved in a particle-diatom

interaction, generalizing to the full configuration space a previous
two-dimensional model. The coupling of the positron to the
vibrational modes of the target is included in an attractive
correlation polarization energy term, properly damped at short

range, which involves the target (an)isotropic polarizability as a
function of the vibrational coordinate. The dependence on the
relative positron-target orientation is accounted for by the
anisotropic component of the polarizability. A static
spherically symmetric energy term describes the repulsive
short range region. In addition to a set of adjustable
parameters used to obtain an analytical representation of
accurate ab initio points, the potential involves three free
parameters, which serve to calibrate the static, correlation-
polarization and vibrational parts of the potential, so as to
reproduce reported cross sections.

The elastic and 0 → 1 vibrational excitation cross sections,
computed using the close-coupling method, show good
agreement with previous experimental and theoretical reports.
This is achieved for specific values of the free parameters of the
model potential. The good description of the here reported 0→ 1
vibrational excitation cross sections for H2 and N2, suggests a
mechanism for the coupling of the positron to the vibration of the
diatoms. In this picture the positron responds instantly to a
correlation-polarization potential whose attractiveness oscillates
following the vibrational mode of the target. This dependence of
the potential on the vibrational coordinate is included through

the variation of the molecular polarizability with the internuclear
separation. This simple model can be arguably extended to a
multimode situation where resonant positron annihilation is
mediated by positron binding to a non-polar poliatomic
molecule.
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FIGURE 9 | (Color online) Comparison of the 0→1 vibrational excitation

cross sections for N2. The present result correspond to a model potential with

κ =0.5, ρ =2.05 and γ =0.475.
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