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Resumo

Estudamos taxas de decaimento de C0-semigrupos, semigrupos auto-adjuntos e grupos unitários

de evolução. Para C0-semigrupos em espaços de Banach, obtemos taxas de decaimento sob a

suposição de que a norma do resolvente do gerador do semigrupo cresce com |s|β log(|s|)b, β, b ≥ 0,

com |s| → ∞, e com |s|−α log(1/|s|)a, α, a ≥ 0, como |s| → 0. Nossos resultados não supõem

que o semigrupo seja limitado. Em particular, para a = b = 0, os nossos resultados refinam as

taxas envolvendo tipos de Fourier obtidas por Rozendaal e Veraar (J. Funct. Anal. 275(10):

2845-2894, 2018). Quanto aos grupos de evolução unitários, obtemos taxas de decaimento lentas

para a média da probabilidade de retorno de um dado inicial no sentido típico (no sentido de

Baire), e para os semigrupos auto-adjuntos, obtemos também taxas de decaimento lento para a

órbita de um dado inicial.

Palavras Chaves: Taxas de decaimentos; C0-semigrupos; semigrupos auto-adjuntos; grupos de

evolução unitários.



Abstract

We study decay rates of C0-semigroups, self-adjoint semigroups and unitary evolution groups.

For C0-semigroups in Banach spaces, we obtain decay rates under the assumption that the norm

of the resolvent of the semigroup generator grows with |s|β log(|s|)b, β, b ≥ 0, with |s| → ∞, and

with |s|−α log(1/|s|)a, α, a ≥ 0, as |s| → 0. Our results do not assume that the semigroup is

bounded. In particular, for a = b = 0, our results improve the rates involving Fourier types

obtained by Rozendaal and Veraar (J. Funct. Anal. 275(10): 2845-2894, 2018). As for unitary

evolution groups, we obtain slow decay rates for the average return probability of a typical (in

Baire’s sense) initial state, and for self-adjoint semigroups, we also obtain slow decay rates for

the orbit of a typical initial state.

Keywords: Decay rates; C0-semigroups; self-adjoint semigroups; unitary evolution groups.
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Selected Notation

N := {1, 2, 3, · · · } and C± := {z ∈ C | Re(λ) ≷ 0}

p′ = p/(p− 1) Hölder conjugate.

X Complex Banach space.

∥ · ∥ = ∥ · ∥X Norm in a Banach space X

L(X,Y ) Space of bounded linear operators from X to Y .

D(A) Domain of a linear operator A.

Ran(A) Range of a linear operator A.

σ(A) Spectrum of a linear operator A.

ρ(A) Resolvent set of a linear operator A.

R(λ,A) := (λ−A)−1 Resolvent operator of A at λ ∈ ρ(A).

EA Resolution of the identity of A (self-adjoint).

µAx Spectral measure of A (self-adjoint) associated with the

vector x.

(T (t))t≥0 C0-semigroup.

F Fourier Transform.

S(R;X) Spaces of X-valued Schwarz functions.

S ′(R;X) Spaces of X-valued tempered distributions.

C∞
c Space of test functions with compact support.

CBF Set of all Complete Bernstein functions.

f(t) ≲ g(t) ∃ C, t0 ≥ 0 such that for each t ≥ t0, f(t) ≤ Cg(t).

Sω := {z ∈ C | 0 < |arg(z)| < ω} Open sector of angle ω.

B(w, ε) Open interval (w − ε, w + ε) centered at w ∈ R.

H∞
0 (Sω) := {f : Sω → C | f is holomorpic and exist C ≥ 0, s > 0; |f(z)| ≤ Cmin{|z|−s, |z|s}, ∀z ∈ Sω}

.
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Introduction

This thesis is divided into two parts. In the first part, we discuss results for the decay of

C0-semigroups defined in Banach spaces. In the second part, we discuss results for the slow

decay of self-adjoint semigroups and unitary C0-groups defined in Hilbert spaces.

Part I

Historical background

An important question in the theory of differential equations refers to the asymptotic behavior

(in time) of their solutions; more specifically, if they reach an equilibrium and, if so, with which

speed. For those linear partial differential equations which can be conveniently analyzed by

rewriting them as evolution equations, it is well known that the long-term behavior of the

solutions of each one of these equations is related to some spectral properties (and behavior

of the resolvent) of the generator of the associated semigroup.

The asymptotic theory of semigroups provides tools for investigating the convergence to zero

of mild and classical solutions to the abstract Cauchy problem{
u′(t) +Au(t) = 0, t ≥ 0

u(0) = x,
(1)

We know that (1) has a unique mild solution for every x ∈ X, and that the solution depends

continuously on x if, and only if, −A generates a C0-semigroup (T (t))t≥0 on X (see [7, 29]). In

this case, the unique solution u to (1) is given by u(t) = T (t)x, ∀ t ≥ 0, and if x ∈ D(A), then

u ∈ C1([0,∞), X) ∩ C([0,∞), X) (see [29], Proposition II.6.2).

For the classic theory of ODEs in finite dimension, the Lyapunov stability criterion (see [29],

Theorem 2.10) is an excellent tool in the study of the asymptotic behavior of solutions to (1),

but this criterion is in general not valid if X has infinite dimension. However, in this case, the

asymptotic behavior can be deduced from of the norm of the resolvent of the operator A. For

example, on a Hilbert space X, one has the Gearhart(1978)-Prüss(1984)-Greiner(1985) Theorem.

In what follows, ρ(A) := {λ ∈ C | ∥(λ − A)−1∥L(X) < ∞} and σ(A) := C \ ρ(A) stand,

respectively, for the resolvent set and the spectrum of A, a densely defined linear operator in a

Banach (Hilbert) space X.

In order to establish notation and nomenclature within the theory of C0-semigroups, we
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suggest a quick read of the Appendix A. We also suggest some books for the introductory study

of semigroups: [7, 29, 35, 47, 51, 52, 62].

Theorem 1 (Theorem I1.10 in [29]). A C0-semigroup (T (t))t≥0 on a Hilbert spaceX is uniformly

exponentially stable if, and only if, its generator −A satisfies C− ⊂ ρ(A) and

sup
Reλ<0

∥(λ+A)−1∥L(X) <∞.

Remark 1. A uniform bound for the resolvent is not sufficient to ensure exponential stability

on general Banach spaces; see Counterexample IV.2.7 in [29].

The works of Lebeau [39, 40] and Burq [19] raised the question of what is the relation

between the growth rates for norm of the resolvent and the decay rates of the norm of semigroup

orbits. More precisely, assuming a spectral condition under the generator, σ(A) ⊂ C+ in (1), and

∥R(is, A)∥L(X) → ∞ as |s| → ∞, then (T (t))t≥0 is not exponentially stable and one typically

obtains other asymptotic behavior.

Until 2010, much attention has been paid to polynomial decay rates of the norm of semigroup

orbits. In the work of [9], Bátkai, Engel, Prüss and Schnaubelt proved that for uniformly bounded

semigroups, a polynomial growth rate of the norm of the resolvent implies a specific polynomial

decay rate for classical solutions to (1).

Theorem 2 (Theorem 3.5 in [9]). Let (T (t))t≥0 be a bounded semigroup on a Banach space X

with infinitesimal generator −A such that σ(A) ∩ iR = ∅. Let s ≥ 0 and set

M(s) := sup
|ξ|≤s

∥(iξ +A)−1∥L(X). (2)

If there exist constants C, β > 0 such that M(s) ≤ C(1 + s)β , then for each ε > 0, there exists a

positive constant Cε such that for each t > 0,

∥T (t)(1 +A)−1∥L(X) ≤ Cεt
− 1

β
+ε
. (3)

Liu and Rão obtained in [38] sharper estimates than those given by (3) in case X is a Hilbert

space.

Theorem 3 (Theorem 2.1 in [38]). Let X be a Hilbert space, and let (T (t))t≥0, A and M be as in

the statement of Theorem 2. Then, if there exist constants C, β > 0 such that M(s) ≤ C(1+s)β ,

then

∥T (t)(1 +A)−1∥L(X) = O

(
log(2 + t)

1
β
+1

t
1
β

)
, t→ ∞.

In [12], Batty and Duyckaerts extended this correspondence to the case where the resolvent

growth is arbitrary; they were also able to reduce the loss ε > 0 (see relation (3)) to a logarithmic

scale.
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Theorem 4 (Theorem 1.5 in [12]). (Mlog-Theorem) Let (T (t))t≥0 be a bounded semigroup

on a Banach space X with infinitesimal generator −A such that σ(A) ∩ iR = ∅. Let

M : (0,∞) → (0,∞) be given by (2); then, there exists a positive constant C such that

∥T (t)(1 +A)−1∥L(X) = O

(
1

M−1
log (Ct)

)
, t→ ∞, (4)

where M−1
log is the right inverse of Mlog(s) :=M(s)(log(1 +M(s)) + log(1 + s)). In particular, if

M(s) ≤ C(1 + s)β for any β > 0 and C > 0, then

∥T (t)(1 +A)−1∥L(X) = O

(
log(t)

t

)1/β

, t→ ∞.

Table 1: Mlog

M 1/M−1(ct) 1/M−1
log (Ct)

C e−Cs

log s e−ct e−Ct1/2

(1 + s)β t−1/β t−1/β log(t)1/β

ecs
1

log t

1

log t
Source: Compiled by the author.

Still in [12], Batty and Duyckaerts conjectured that the logarithmic correction may be

dropped in the case of Hilbert spaces, but one cannot expect rates better than (4) for general

Banach spaces. Then, Borichev and Tomilov partially solved the conjecture in [18]; namely, they

have shown that in case of a power-law resolvent growth, the logarithmic correction loss is sharp

on general Banach spaces (it is worth noting that this optimality is also valid for sub-polynomial

functions, as recently shown by Dubruyne and Seifert in [27]), but that it is not necessarily true

on Hilbert spaces.

Theorem 5 (Theorem 2.4 in [18]). Let (T (t))t≥0 be a bounded C0-semigroup on a Hilbert space

X with generator −A so that iR ⊂ ρ(A). Then, given β > 0, the following assertions are

equivalent:

1. ∥(is+A)−1∥L(X) = O(|s|β), |s| → ∞.

2. ∥T (t)(1 +A)−1∥L(X) = O(t−1/β), t→ ∞.

By seeking to answer the conjecture of Batty and Duyckaerts for a larger class of functions

than power-law type, Batty, Chill and Tomilov have obtained in [14] the following result.

Theorem 6 (Theorem 1.1 in [14]). Let (T (t))t≥0 be a bounded C0-semigroup on a Hilbert space

X with generator −A so that iR ⊂ ρ(A). Let β > 0 and b > 0.

1. The following assertions are equivalent:
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(a) ∥(is+A)−1∥L(X) = O(|s|β log(|s|)−b), |s| → ∞.

(b) ∥T (t)(1 +A)−1∥L(X) = O(t−1/β log(t)−b/β), t→ ∞.

2. If

∥(is+A)−1∥L(X) = O(|s|β log(|s|)b), |s| → ∞,

then for each ε > 0,

∥T (t)(1 +A)−1∥L(X) = O(t−1/β log(t)b/β+ε), t→ ∞

Remark 2. Theorem 6 remains valid when replacing |s|β log(|s|)−b with a function of the type

|s|βℓ(|s|)−1, where ℓ is an increasing and slowly varying function (see Theorem 5.6 in [14]).

Finally, Rozendaal, Seifert and Stahn in [56] have extended the previous results to a

larger class of functions, namely, those of positive increase: a continuous increasing function

M : (0,∞) → (0,∞) is said to be of positive increase if there exist positive constants α > 0,

c ∈ (0, 1] and s0 > 0 such that

M(λs)

M(s)
≥ cλα, λ ≥ 1, s ≥ s0.

Theorem 7 (Theorem 3.2 in [56]). Let (T (t))t≥0 be a bounded C0-semigroup on a Hilbert space

X, with generator −A, and let M : (0,∞) → (0,∞) be a function of positive increase. The

following assertions are equivalent:

1. iR ⊂ ρ(A) and ∥(is+A)−1∥L(X) = O(M(|s|)), |s| → ∞.

2. ∥T (t)(1 +A)−1∥L(X) = O(M−1(t)), t→ ∞.

So far we have presented a compilation of the main results for the situation in which A

has only singularity at infinity, i.e, ∥R(is, A)∥L(X) → ∞ as |s| → ∞; there are also some

other works in the literature that study the decay rates of C0-semigroup for this situation, for

example [9, 23, 50, 57, 63]. Nevertheless, there are many other works that study decay rates for

the situation in which A has a singularity at zero [14, 22, 55, 56], or even when A has singularity

at zero and infinity [14, 42, 55, 56]. In the present work, we consider all of these scenarios.

Until this point, we have presented some of the main results of the asymptotic theory of

bounded C0-semigroups. Nevertheless, there are many natural classes of examples where the

norm of the resolvent of the generator grows with a power-law rate as |s| → ∞, for example, but

the semigroup is not uniformly bounded, or where it is unknown whether the semigroup is in

fact bounded. For example, this happens with some concrete partial differential equations, like

the standard wave equation with periodic boundary conditions; here, uniform boundedness fails

(see [55] for a more complete discussion on these examples).

The currently available literature on polynomial or other types of decay deals almost

exclusively with uniformly bounded semigroups. To the best of our knowledge, the following
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result due to Bátkai, Engel, Prüss and Schnaubelt is the first in the literature that proves

polynomial decay for not necessarily bounded semigroups. In what follows, ω0(T ) :=

limt→∞(log ∥T (t)∥L(X))/t.

Theorem 8 (Proposition 3.4 in [9]). Let (T (t))t≥0 be a semigroup defined in a Banach space X

with generator −A such that there exists β > 0 so that the map λ 7→ (λ+A)−1(1 +A)−β , with

Re λ > ω0(T ), has a bounded holomorphic extension to Re λ ≥ 0. Then, there exists a positive

constant Cn,δ such that for each n ∈ N, δ ∈ (0, 1] and t > 0,

∥T (t)(1 +A)−β(n+1)−1−δ∥L(X) ≤ Cn,δt
−n.

Then, by using geometrical properties of the underlying Banach space (like its Fourier type),

Rozendaal and Veraar have shown the following result (see Theorem 4.9 in [55]).

Theorem 9. Let (T (t))t≥0 be a C0-semigroup with generator −A defined in a Banach space X

with Fourier type p ∈ [1, 2], and let 1
r = 1

p − 1
p′ (where 1

p + 1
p′ = 1). Suppose that C− ⊂ ρ(A)

and that there exist β,C ≥ 0 such that ∥(λ + A)−1∥L(X) ≤ C(1 + |λ|)β for each λ ∈ C−. Let

τ > β + 1/r; then, for each ρ ∈
[
0, τ−1/r

β − 1
)
, there exists Cρ ≥ 0 such that for each t ≥ 1,

∥T (t)(1 +A)−τ∥L(X) ≤ Cρt
−ρ. (5)

In case X is a Hilbert space (which corresponds to p = p′ = 2 and r = ∞), they have shown

the following result.

Corollary 1 (Theorem 1.1 in [55]). Let (T (t))t≥0 be a C0-semigroup with generator −A defined

in a Hilbert space X. Suppose that C− ⊂ ρ(A) and that there exist β,C ≥ 0 such that

∥(λ + A)−1∥L(X) ≤ C(1 + |λ|)β for each λ ∈ C−. Then, for each τ ≥ β there exists a positive

constant Cτ such that for each t ≥ 1,

∥T (t)(1 +A)−τ∥L(X) ≤ Cτ t
1−τ/β .

Main results

By using the techniques developed in [55] that involve Fourier Multipliers and also inspired by

the techniques developed by Batty, Chill and Tomilov in [14] that involve functional calculus of

sectorial operators, we have obtained decay rates for C0-semigroups as defined in the statement

of Theorem 9 by assuming that the norm of the resolvent of the generator behaves as a function

of type |s|β log(|s|)b as |s| → ∞ (a particular example of a regularly varying function). Under

these assumptions on the resolvent and without the assumption of boundedness of the semigroup,

to the best knowledge of the authors, these estimates are new and constitute one of the main

results in this work.

Theorem 10. Let β > 0, b ≥ 0 and let (T (t))t≥0 be a C0-semigroup defined in the Banach space

X with Fourier type p ∈ [1, 2], with −A as its generator. Suppose that C− ⊂ ρ(A) and that for
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each λ ∈ C with Re(λ) ≤ 0,

∥(λ+A)−1∥L(X) ≲ (1 + |λ|)β(log(2 + |λ|))b.

Let r ∈ [1,∞] be such that 1
r = 1

p − 1
p′ , and let τ > 0 be such that τ > β + 1

r . Then, for each

δ > 0, there exist constants cδ,τ ∈ [0,∞) and t0 ≥ 1 such that for each t ≥ t0,

∥T (t)(1 +A)−τ∥L(X) ≤ cδ,τ t
1− τ−r−1

β log(1 + t)
b(τ−r−1)

β
+ 1+δ

r . (6)

The next result is the particular case of Theorem 10 where X is a Hilbert space.

Corollary 2. Let β, b, A and (T (t))t≥0 be as in the statement of Theorem 10 and let X be a

Hilbert space. Let τ > β. Then, there exist constants cτ ≥ 0 and t0 ≥ 1 such that for each

t ≥ t0,

∥T (t)(1 +A)−τ∥L(X) ≤ cτ t
1− τ

β log(1 + t)
bτ
β . (7)

Note that in case b = 0, one obtains from Theorem 10 the following result.

Corollary 3. Let β > 0 and let (T (t))t≥0 be a C0-semigroup defined in a Banach space X with

Fourier type p ∈ [1, 2], whose generator is given by −A. Suppose that C− ⊂ ρ(A) and that for

each λ ∈ C−, ∥(λ + A)−1∥L(X) ≲ (1 + |λ|)β . Let r ∈ [1,∞] be such that 1
r = 1

p − 1
p′ , and let

τ > 0 be such that τ > β+ 1
r . Then, for each δ > 0 and each ρ ∈ [0, 1− (τ − r−1)/β], there exist

constants cδ,τ ∈ [0,∞) and t0 ≥ 1 such that for each t ≥ t0,

∥T (t)(1 +A)−τ∥L(X) ≤ cδ,τ t
−ρ log(1 + t)

1+δ
r . (8)

Remark 3. 1. Note that relation (8) presents a sharper bound to ∥T (t)(1+A)−τ∥L(X) than

the one presented in relation (5); namely, in relation (8), the exponent in t is precisely the

unattained upper-bound of ρ in Theorem 9. This partially solves the question posed by

Rozendaal and Veraar in [55] if whether (5) is valid for ρ =
τ − 1/r

β
− 1 or not, given that

the bound presented in (8) has a logarithmic correction. Note that if one lets b = 0 in (7),

then Corollary 2 coincides with Corollary 1 for τ > β.

2. We also note that the power law in the logarithmic factor presented in (8) depends on the

geometry of the space (that is, its Fourier type): a greater value of r (which means that

the space is “closer” to a Hilbert space) results in a lesser logarithm correction.

3. Furthermore, such logarithm factor is not optimal, even in case b = 0. Namely, it is

possible to obtain

a version of Proposition 2.2.1 and Theorem 2.2.1 (these two results are central in the

proof of Theorem 10, which consists of "eliminating" the operator log(2+A)−b
(τ−r−1)

β
− 1+δ

r

from ∥T (t)(1 + A)−τ log(2 + A)
−b

(τ−r−1)
β

− 1+δ
r ∥L(X)), where log(1 + t)

1+δ
r is replaced by

log(1+ t) log(1+ log(1+ t))
1+δ
r ; we do not present a proof of this statement, given that the
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techniques discussed here seem to be far from optimal. We just stress that such replacement

is possible given that the functions log(1 + t) and log(1 + log(1 + t)) are both complete

Bernstein functions (see Definition E.1.2).

We have also obtained similar decay rates for the situation in which 0 ∈ σ(A). In the

following result, as in Theorem 10, let us assume that the norm of the resolvent grows with order

|s|−α log(1/|s|)a as |s| → 0 and with order |s|β log(|s|)b as |s| → ∞.

Theorem 11. Let (T (t))t≥0 be a C0-semigroup defined in the Banach space X with Fourier

type p ∈ [1, 2], with −A as its generator. Suppose A injective, C− \ {0} ⊂ ρ(A) and that there

exist α ≥ 1, β, a, b > 0 and positive constants C1 and C2 such that

∥(λ+A)−1∥L(X) ≤

{
C1|λ|−α log(1/|λ|)a, |λ| ≤ 1

C2|λ|β log(|λ|)b, |λ| ≥ 1,
(9)

with λ ∈ C− \ {0}. Let σ, τ be such that σ > α − 1 and τ > β + 1/r. Then, for each

ρ ∈
[
0,min

{
σ+1
α − 1, τ−r−1

β − 1
}]

and each δ > 1−1/r, where r ∈ [1,∞] is such that 1
r = 1

p−
1
p′ ,

there exist Cδ,ρ > 0 and t0 ≥ 1 so that for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ−τ∥L(X) ≤ Cδ,ρt
−ρ log(1 + t)c(⌈ρ⌉+1)+1/r+δ, (10)

with c = max{a, b}.

Remark 4. By assuming (9), it is natural to let α ≥ 1. Indeed, suppose that α ∈ [0, 1); then,

1

dist(λ, σ(A))
≤ ∥R(λ,A)∥L(X) ≲ |λ|−α(log(1/|λ|))a.

Since 0 ∈ σ(A), it follows that dist(λ, σ(A)) ≥ |λ|, so |λ|α−1(log(1/|λ|))−a ≲ C. On the

other hand, since α ∈ [0, 1), it follows that lim
λ→0

|λ|α−1(log(1/|λ|))−a = ∞, from which follows

that α ≥ 1 if 0 ∈ σ(A).

Remark 5. In case X is a Hilbert space (that is, when p = 2), one has r = ∞, and so (10) is

just

∥T (t)Aσ(1 +A)−σ−τ∥L(X) ≤ Cδ,ρt
−ρ log(1 + t)c(⌈ρ⌉+1)+δ.

In case a = b = 0, one has the following result.

Corollary 4. Let (T (t))t≥0 be a C0-semigroup defined in the Banach space X with Fourier type

p ∈ [1, 2], with −A as its generator. Suppose A injective, C− \ {0} ⊂ ρ(A) and that there exist

α ≥ 1, β > 0 and positive constants C1 and C2 such that

∥(λ+A)−1∥L(X) ≤

{
C1|λ|−α, |λ| ≤ 1

C2|λ|β, |λ| ≥ 1,

with λ ∈ C− \ {0}. Let σ, τ be such that σ > α − 1 and τ > β + 1/r. Then, for each

ρ ∈
[
0,min

{
σ+1
α − 1, τ−r−1

β − 1
}]

and each δ > 1−1/r, where r ∈ [1,∞] is such that 1
r = 1

p−
1
p′ ,
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there exist Cρ,δ > 0 and t0 ≥ 1 so that for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ−τ∥L(X) ≤ Cδ,ρt
−ρ log(1 + t)1/r+δ. (11)

Remark 6. 1. Note that relation (11) improves the estimates obtained by Rozendaal and

Veraar in [55] (see Theorem 4.9 in [55]). More precisely, we show that it is possible to

replace the factor tε, with ε any positive number, by log(1 + t)1/r+δ in their estimate.

2. Note that even in case X is a Hilbert space, the estimate obtained in Corollary 4.11 in [55]

still has a factor tε; Corollary 4 shows that it is possible to replace it by log(1 + t)δ, with

δ > 1.

3. Corollary 4 partially solves the question posed by Rozendaal and Veraar in [55], if whether

estimate (11) is valid for ρ = min

{
σ + 1

α
− 1,

τ − r−1

β
− 1

}
or not, given that the bound

presented in (11) has a logarithmic factor.

We also studied the situation in which there is only a singularity at zero (but not at infinity);

this situation is also discussed in [14, 22, 55, 56]. As in [22, 55, 56], we suppose that the C0-

semigroup is asymptotically analytic on the Banach space X (see Definition 2.4.1 and Section 2.4

for more details).

Theorem 12. Let A be an injective sectorial operator defined in the Banach space X such that

−A generates (T (t))t≥0, an asymptotically analytic C0-semigroup on X. Suppose that there

exist α ≥ 1 and a > 0 such that for each λ ∈ C− \ {0},

∥(λ+A)−1∥L(X) ≲ |λ|−α(log(1/|λ|))a. (12)

Let σ > α− 1. Then, for each δ > 0 there exists cδ,σ > 0 such that for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ∥L(X) ≤ cδ,σt
1−σ+1

α log(1 + t)
a(σ+1)

α
+1+δ. (13)

In case a = 0, the estimate presented in Theorem 12 improves the one presented in Theorem

4.16 in [55]. More precisely, as in the previous cases, we have shown that it is possible to replace

the factor tε by log(1 + t)1+ε, where ε > 0 (see equation (14)).

Corollary 5. Let A, X and (T (t))t≥0 as in Theorem 12. Suppose that C− \ {0} ⊂ ρ(A) and

that there exists α ≥ 1 such that ∥R(λ,A)∥L(X) ≲ |λ|−α for each λ ∈ C− \ {0}. Let σ > α − 1.

Then, for each δ > 0, there exists cδ,σ > 0 such that for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ∥L(X) ≤ cδ,σt
1−σ+1

α log(1 + t)1+δ. (14)
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Part II

The existence of orbits of operator semigroups that converge to zero arbitrarily slowly has

been studied by many authors in the last two decades (see [2, 4, 43, 44, 45, 46] and references

therein). Pioneering results were established by Müller in the discrete case [43, 44, 45]. Namely,

given any ε > 0 and a sequence of real numbers (an)n≥1 satisfying |an| ≤ 1 for all n ≥ 1 and

lim
n→∞

an = 0, a known result in [43] states that if T is a bounded operator on a complex Banach

space X with spectral radius equal to 1, then there exists a normalized x ∈ X such that

∥Tnx∥ ≥ (1− ε)|an|, ∀ n ≥ 1.

With respect to the continuous case, Müller and Tomilov [46] have established several

analogous results.

Theorem 13 (Theorem 5.3 in [46]). Let (T (t))t≥0 be a weakly stable C0-semigroup on a Hilbert

space X (i.e, it converges weakly to zero as t→ ∞) such that ω0(T ) = 0. Let g : R+ −→ (0,∞)

be a bounded function such that lim
t→∞

g(t) = 0 and let ε > 0. Then, there exists x ∈ X so that

∥x∥ < sup
t≥0

{g(t)}+ ε and

|⟨T (t)x, x⟩| > g(t), ∀t ≥ 0. (15)

Contextualition

Let X a separable complex Hilbert space and let A be a pure point negative self-adjoint operator

and let (xn)n≥1 be the normalized eigenvectors of A, say Axn = λnxn, so that (λn)n≥1 ⊂ (−∞, 0)

are the corresponding eigenvalues which satisfy lim sup
n→∞

λn = 0. For x =

N∑
j=1

bjxj ∈ X, one has

∥etAx∥ =

∥∥∥∥ N∑
j=1

bje
tλjxj

∥∥∥∥ ≤ N max
1≤j≤N

|bj |eλt,

with λ = max
1≤j≤N

λj < 0, that is, for these initial conditions, one has that the orbits go to zero

exponentially fast. Due to the abstract results by Müller and Tomilov [46] (see also Theorem 13),

given β : R+ → (0,∞) with

lim
t→∞

β(t) = ∞,

there exists x ∈ X such that

lim sup
t→∞

β(t)∥etAx∥ = ∞,

since 0 ∈ σ(A) in this case. In this specific context, in Theorem 14 i), we refine this result

in the following sense: we show how it is possible to perturb any initial condition (in terms of

the spectral structure of the generator) to explicitly provide a new initial condition whose orbit

goes to zero slower than any prescribed speed, at least for a sequence of time going to infinity,
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and in item ii), we obtain a version of such result in terms of perturbations of the infinitesimal

generator.

Theorem 14. Let X a Hilbert space and let β : R+ → (0,∞) be a strictly increasing onto

function, so

lim
t→∞

β(t) = ∞ .

i) Let A be a pure point negative self-adjoint operator whose eigenvalues (λn)n≥1 ⊂ (−∞, 0)

satisfy lim sup
n→∞

λn = 0. For each x ∈ X, there exists a sequence (xk)k≥1 ⊂ X that converges

to x such that, for each k,

lim sup
t→∞

β(t)∥etAxk∥ = ∞ .

ii) Let A be a negative bounded self-adjoint operator. Then, for each 0 ̸= x ∈ X, there exists

a sequence (Ak)k≥1 of negative bounded pure point self-adjoint operators that strongly

converges to A such that, for each k,

lim sup
t→∞

β(t)∥etAkx∥ = ∞ .

Remark 7.

i) Let us describe the vectors xk in the statement of Theorem 14 i). Write x =
∞∑
l=1

blxl and,

for each subsequence (λjl)l≥1 of eigenvalues of A with λjl ↑ 0 and
∑∞

l=1
1

β(1/|λjl
|) <∞, one

may pick

xk =
k∑

l=1

blxl +
∞∑

l=k+1

1√
β(1/|λjl |)

xjl .

ii) It follows from the Spectral Theorem and dominated convergence that for each x ∈ X,

lim
t→∞

∥etAx∥2 = µAx ({0}) + lim
t→∞

∫
R−\{0}

e2twdµAx (w) = µAx ({0}) = ∥EA({0})x∥2 .

Therefore, etA is stable (i.e, all the orbits go to zero as t → ∞) if, and only if, 0 /∈ σ(A).

Hence, Theorem 14 i) is particularly interesting in this case. Note that a well-known

example of injective operator that satisfies the hypotheses of this theorem is the Hydrogen

atom model restricted to its point subspace; see Chapter 11 in [26] for details.

iii) If 0 ̸∈ σ(A), then there exists δ > 0 such that for each ψ ∈ X and each t > 0, by the

Spectral Theorem,

∥etAx∥2 =
∫ −δ

−∞
e2twdµAx (w) ≤ e−2δt∥x∥2,

that is, all orbits go to zero exponentially fast as t→ ∞.



24

iv) Given any nonzero initial condition x ∈ X, Theorem 14 ii) says that we may always

(strongly) perturb the negative bounded self-adjoint infinitesimal generator A so that the

orbit of ψ goes to zero slower than a prescribed speed β(t), at least for a sequence of time

going to infinity.

Let us now consider unitary evolution groups. Given a self-adjoint operator A inX, recall that

R ∋ t 7→ e−itA is a one-parameter strongly continuous unitary evolution group and (e−itAx)t∈R

is the unique solution to the Schrödinger equation∂tx = −iAx, t ∈ R,

x(0) = x ∈ D(A).

A standard (and important in quantum mechanics) dynamical quantity that probes the large

time behavior of e−itAx is the so-called (time-average) return probability, given by the law

WA
x (t) :=

1

t

∫ t

0
|⟨e−isAx, x⟩|2 ds.

By the Spectral Theorem and Wiener’s Lemma (Theorem 2.2 in [34]; see also [26, 6]),

lim
t→∞

WA
x (t) =

∑
λ∈R

|µAx ({λ})|2;

in particular, if A has purely continuous spectrum, then

lim
t→∞

WA
x (t) = 0.

Our next result, Theorem 15, ensures the existence of orbits, under each spectrally continuous

unitary evolution group, with arbitrarily slow power-law convergence rates.

Theorem 15. Let A be a self-adjoint operator with purely continuous spectrum. Then, there

exists x ∈ X such that for every ε > 0,

lim sup
t→∞

tεWA
x (t) = ∞.

Remark 8. Although the existence of orbits of operator semigroups that slowly decay is a

subject extensively studied in the literature, to the best of our knowledge, Theorem 15 is the

first general result on slow dynamics for (spectrally continuous) unitary evolution groups; see

also Example 1.2 and Remark 1.1 in [5].

Stimulated by results due to Müller and Tomilov in [46], our main goal here is to obtain

orbits of self-adjoint semigroups and unitary groups (in this case, for the (time-average) return

probability) that converge slowly to zero. More precisely, by exploring local dimensional

properties of self-adjoint operators, we show explicitly how it is possible to perturb initial

conditions, or generators, to obtain orbits of self-adjoint semigroups that converge to zero
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arbitrarily slowly, at least for a sequence of time going to infinity (see Theorem 14 ahead).

We also obtain a result about slow power-law decaying rates of the return probability (see the

definition ahead) of unitary evolution groups with purely continuous spectrum (Theorem 15).

As an application of the arguments developed here, we compute (Baire) generically the local

dimensions of systems with purely continuous spectrum, as the following theorem shows.

Theorem 16. Let A be a bounded self-adjoint operator with purely continuous spectrum. Then,

there exists a generic set M ⊂ X such that for each x ∈ M, the set

Jx :=
{
w ∈ σ(A) | d−

µA
x
(w) = 0 and d+

µA
x
(w) = ∞

}
is generic in σ(A).

Using the Theorem 16 we show that the time-average (quantum) return probability, of (Baire)

generic states of systems with purely absolutely continuous spectrum, has an oscillating behavior

between a (maximum) fast power-law decay and a (minimum) slow power-law decay .

Theorem 17. Let A be a bounded self-adjoint operator with purely absolutely continuous

spectrum. Then, the set of x ∈ X such that for each k ∈ N,

lim inf
t→∞

t1−1/kWA
x (t) = 0 and lim sup

t→∞
t1/kWA

x (t) = ∞,

is generic in X, i.e., it contains a dense Gδ subset of X.

Organization

This thesis is divided into three chapters. In Chapter 1, we review elements of operator

theory, functional calculus for sectorial operators, and present some properties of the logarithm

operator that will help us prove the results of Part I. In Chapter 2, we present some aspects of

the geometry of Banach spaces: Fourier types, Fourier multipliers, and we prove the estimates

obtained for C0-semigroups that were presented in Part I. In Chapter 3, we present the

results obtained for self-adjoint semigroups and unitary evolution groups presented in Part II.

We also provide some appendices composed of basic results from the theory of C0-semigroups

(Appendix A), spectral theory for self-adjoint operators (Appendix B), class of complete

Bernstein functions (Appendix E) and two appendices (C and D) with the proofs of some

results of Chapter 2 which were omitted.
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Chapter 1

Preliminaries

1.1 Operator Theory

In this chapter we present some basic results of operator theory on Banach spaces.

Throughout this chapter, X always denotes a complex Banach space.

Definition 1.1.1. Let A : D(A) → X be a linear operator on X. The resolvent set of A is given

by

ρ(A) := {λ ∈ C | (λ−A)−1 ∈ L(X)}

and its spectrum by

σ(A) := C \ ρ(A).

Lemma 1.1.1. (a) (Resolvent identity) For each λ, µ ∈ ρ(A), the identity

R(λ,A)−R(µ,A) = (µ− λ)R(λ,A)R(µ,A)

holds.

(b) For each λ ∈ ρ(A), one has

∥R(λ,A)∥L(X) ≥
1

dist(λ, σ(A))
.

(c) The function Ψ : ρ(A) → L(X, (D(A), ∥ · ∥A)), defined by Ψ(λ) := R(λ,A) is infinitely

differentiable and for each n ∈ N,(
dn

dλn
Ψ

)
(λ) = (−1)nn!Ψ(λ)n+1,

where ∥x∥A := ∥x∥+ ∥Ax∥ for each x ∈ D(A).

Proof. See Theorem 1.13 in [62].
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1.2 Adjoint Operators (Hilbert adjoint)

Definition 1.2.1. Let (X, ⟨·, ·⟩) a Hilbert space and let A : D(A) ⊂ X → X be a densely defined

linear operator. The (Hilbert) adjoint of A is the operator A∗ with domain

D(A∗) := {y ∈ X | ∃ z ∈ X; ⟨y, Tx⟩ = ⟨z, x⟩, ∀ x ∈ D(A)},

with z = T ∗y.

Definition 1.2.2. A densely defined linear operator A : D(A) → X on X Hilbert space is called

self-adjoint if A∗ = A (in particular, D(A∗) = D(A)).

Theorem 1.2.1. Let X be a Hilbert space and let A be densely defined and symmetric. The

following assertions are equivalent.

a) A∗ = A;

b) σ(A) ⊂ R;

c) Let ρ(A) ∩ R ̸= ∅. Then, A is self-adjoint.

d) Let A be self-adjoint. Then we have, for each λ ̸∈ R,

∥R(λ,A)∥L(X) ≤
1

|Imλ|
.

Proof. See Theorem 4.7 in [62] or Theorem 2.2.17 in [26].

Here we present some examples of self-adjoint operators in the context of differential

equations; for more details, see Examples 4.8 a) e 4.8 d) in [62].

Example 1.2.1. a) Let X = L2(R) and define A : D(A) → X by the law Af = i dfdx , with

D(A) =W 1,2(R). Then A, is a self-adjoint operator with σ(A) = R.

b) Let X = L2(Rn) and let A = ∆, with D(A) = W 2,2(Rn). Then, A is a self-adjoint operator

with σ(A) = (−∞, 0].

Definition 1.2.3. Let A be a self-adjoint operator. A is called negative if for each x ∈ D(A),

⟨x,Ax⟩ ≤ 0.

1.3 Sectorial Operators

For each ω ∈ (0, π), set Sω := {z ∈ C | 0 < |arg(z)| < ω}; set also S0 := (0,∞).

Definition 1.3.1. A linear operator A : D(A) ⊂ X → X is called sectorial of angle ω if

σ(A) ⊂ Sω and M(A,ω) := sup{∥λR(λ,A)∥L(X) | λ ∈ C \ Sω′ , ω′ ∈ (ω, π)} < ∞. One denotes

this by A ∈ SectX(ω).
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Figure 1.1: The spectrum of a sectorial operator.

Source: Figure 1.10 in [65]

Set ωA := min{ω ∈ (0, π) | A ∈ SectX(ω)}, which is the minimal angle for which A is

sectorial. For the required background on sectoral operators, we refer to [32].

Remark 1.3.1. Let A : D(A) ⊂ X → X be a linear operator for which (−∞, 0) ⊂ ρ(A) and

MA :=M(A, π) = sup
t>0

t∥(t+A)−1∥L(X) <∞;

then, it follows that A ∈ SectX(π − arcsin (1/MA)).

Example 1.3.1. a) Let −A be the generator of a bounded semigroup (T (t))t≥0; then, A is a

sectorial operator. Indeed, let M := supt≥0 ∥T (t)∥; then, by Theorem A.0.3 (Hille-Yosida

Theorem), one has C− ⊂ ρ(A) and for each λ ∈ C−,

∥R(λ,−A)∥L(X) ≤
M

|Reλ|
.

Now, if |arg(λ)| > π
2 + ε with ε ∈ (0, π), then

∥R(λ,−A)∥L(X) ≤
M

|Reλ|
≤ M

|λ| sin ε
,

and A ∈ SectX(π2 + ε), i.e, ωA ≤ π/2.

b) Let p ∈ [1,∞) and X = Lp(R, X); the operator Af = f
′ with D(A) = W 1,p(R, X) is

sectorial with ωA = π
2 . Firstly, we shown that −A generates the C0-semigroup (T (t))t≥0,

with T (t)f(s) = f(s− t) for each f ∈ D(A). Let B the generator of (T (t))t≥0. We know that

C1
c (R, X) ⊂ D(B) and it is dense in Lp(R, X). Since C1

c (R, X) is invariant under translations,

it follows that C1
c (R, X) is dense in D(B) and still C1

c (R, X) is dense inW 1,p(R, X). Since both

A and B are closed operators (semigroup generators are always closed, see Proposition G.2.3 in

[66]), it follows that D(A) = D(B), and so −A = B. Therefore, A ∈ SectX(π/2), by item a).
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c) Suppose that the resolvent of A : D(A) ⊂ X → X, satisfies for each λ ∈ C \ R

∥R(λ,A)∥L(X) ≤
M

|Imλ|
.

Then, A2 is a sectorial operator of angle 0. In particular, this is the case if −iA generates a

bounded C0-group. See item 4 of example 9.1 in [33].

d) Theorem A.0.2 may be formulated as stating that for a densely defined operator A on a

Banach space X, A is sectorial of angle 0 < θ < π
2 , if and only if −A generates a bounded

analytic C0-semigroup (T (t))t≥0 on Sθ for some 0 < θ < π
2 .

The following result presents some useful properties of sectorial operators.

Lemma 1.3.1. Let A ∈ SectX(ωA). Then,

(a) (1+A)−1, A(1+A)−1 ∈ SectX(ωA). If A is injective, then A−1 ∈ SectX(ωA), and the identity

λ(λ+A−1)−1 = 1− 1

λ

(
1

λ
+A

)−1

, (1.1)

holds for each 0 ̸= λ ∈ C .

(b) Let σ ∈ (0, 1) and set Aσ := (A + σ)(1 + σA)−1 ∈ L(X); then, Aσ is a sectorial operator,

sup
σ∈(0,1)

MAσ <∞, and for each λ ∈ ρ(A), R(λ,Aσ) converges to R(λ,A) in L(X) as σ → 0+.

Proof. We begin proving relation (1.1). Note that for each 0 ̸= λ ∈ C,

λ(λ+A−1)−1 = 1−A−1(λ+A−1)−1 = 1− ((λ+A−1)A)−1

= 1− (λA+ 1)−1 = 1− 1

λ

(
1

λ
+A

)−1

.

(a) For each λ ̸∈ SωA , it follows from (1.1) that

∥λR(λ, (1 +A)−1)∥L(X) ≤ 1 +
1

|λ|

∥∥∥∥∥
(
1

λ
− 1−A

)−1
∥∥∥∥∥
L(X)

.

Moreover, by relation (1.1)

λR(λ,A(1 +A)−1) = λR(λ, 1− (1 +A)−1)

= λ(λ− 1 + (1 +A)−1)−1 =
λ

λ− 1
− λ

(λ− 1)2

(
1

λ− 1
+ (1 +A)

)−1

= λ(λ− 1 + (1 +A)−1)−1 =
λ

λ− 1
− λ

(λ− 1)2

(
λ

λ− 1
+A

)−1

,

and since A is a sectorial operator, one concludes that (1+A)−1 and A(1+A)−1 are also sectorial

operators.
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(b) Let σ ∈ (0, 1), λ ̸∈ SωA , and note that

λ− (A+ σ)(1 + σA)−1 = (λ(1 + δA)− (A+ σ))(1 + δA)−1

= (λ− σ + (λσ − 1)A)(1 + σA)−1

=
λδ − 1

σ

(
λ− σ

λσ − 1
+A

)(
1

σ
+A

)−1

;

then,

λ(λ− (A+ σ)(1 + σA)−1)−1 =
λσ

λσ − 1

(
1

σ
+A

)(
λ− σ

λσ − 1
+A

)−1

=
λ

λσ − 1

(
λ− σ

λσ − 1
+A

)−1

+
λσ

λσ − 1
A

(
λ− σ

λσ − 1
+A

)−1

=
λ

λσ − 1

(
λ− σ

λσ − 1
+A

)−1

+
λσ

λσ − 1
− λσ(λ− σ)

(λσ − 1)2

(
λ− σ

λσ − 1
+A

)−1

=
λσ

λσ − 1
− λ(1− σ2)

(λσ − 1)2

(
λ− σ

λσ − 1
+A

)−1

. (1.2)

Therefore,

∥∥λ(λ− (A+ σ)(1 + σA)−1)−1
∥∥
L(X)

≤ |λ|σ
|λσ − 1|

+
|λ(1− σ2)|
|λσ − 1|2

MA|λσ − 1|
|λ− σ|

≤ |λ|σ
|λσ − 1|

+
MA|λ|(1− σ2)

|λσ − 1||λ− σ|

≤ |λ|
|λ− 1/σ|

+
MA|λ|

|λσ − 1||λ− σ|
, (1.3)

proving that Aσ is sectorial. Now, let λ ∈ ρ(A) and by (1.2) and resolvent identity (Lemma 1.1.1-

a)) note that,

(λ− (A+ σ)(1 + σA)−1)−1 − (λ−A)−1 =
σ

λσ − 1
− 1− σ2

(λσ − 1)2

(
λ− σ

λσ − 1
+A

)−1

+
1− σ2

(λσ − 1)2
(−λ+A)−1

− 1− σ2

(λσ − 1)2
(−λ+A)−1 + (−λ+A)−1

=
σ

λσ − 1

− 1− σ2

(λσ − 1)2

(
−λ− λ− σ

λσ − 1

)(
λ− σ

λσ − 1
+A

)−1

(−λ+A)−1

+
λ2σ2 − 2λσ + σ

(λσ − 1)2
(−λ+A)−1.
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Thus, by (1.3), one has

∥(λ− (A+ σ)(1 + σA)−1)−1 − (λ−A)−1∥L(X) ≤
σ

|λσ − 1|

+

∣∣∣∣ σ − λ2σ

(λσ − 1)3

∣∣∣∣
∥∥∥∥∥
(
λ− σ

λσ − 1
+A

)−1
∥∥∥∥∥
L(X)

∥(−λ+A)−1∥L(X)

+

∣∣∣∣λ2σ2 − 2λσ + σ

(λσ − 1)2

∣∣∣∣ ∥(−λ+A)−1∥L(X)

≤ σ

|λσ − 1|
+ ∥(−λ+A)−1∥L(X)

( ∣∣∣∣λ2σ2 − 2λσ + σ

(λσ − 1)2

∣∣∣∣
+

∣∣∣∣ σ − λ2σ

(λσ − 1)2

∣∣∣∣ ( |λ||λσ − 1||λ− σ|+MA

|λ− 1/σ||λσ − 1||λ− δ|

))
,

which goes to zero as σ → 0+.

1.3.1 Functional Calculus for Sectorial Operators

We begin with the Riesz-Dunford functional calculus of bounded operators: for each A ∈
L(X), let U be an open connected of σ(A), let γ be a path in U around σ(A) and let f be a

complex function whose restriction to U is holomorphic; then, one may define the bounded linear

operator f(A) : X → X by the law

f(A) :=
1

2πi

∫
γ
f(z)R(z,A)dz. (1.4)

Now, consider the Banach algebra

H∞
0 (Sω) := {f : Sω → C | f is holomorpic and exist C ≥ 0, s > 0; |f(z)| ≤ Cmin{|z|−s, |z|s},∀ z ∈ Sω},

endowed with the norm

∥f∥H∞
0 (Sω) := sup{|f(z)| | z ∈ Sω}.

Now, let A ∈ SectX(ωA), φ ∈ (ωA, π) and f ∈ H∞
0 (SωA). Define f(A) ∈ L(X) by the law

f(A) :=
1

2πi

∫
Γω′

f(z)R(z,A)dz, (1.5)

where Γω′ stands for the positively oriented boundary of Sω′ for ω′ ∈ (ωA, φ). A standard

argument using Cauchy’s Integral Theorem shows that this definition is actually independent of

ω′. An interesting reference for this Functional Calculus and its applications is [32].

Remark 1.3.2. Let α, β > 0, υ1, υ2 ≥ 0, φ ∈ (0, π) and

fα,β,υ1,υ2(z) =
zα

(1 + z)α+β log(2 + z)υ1(2π − i log(z))υ2
, z ∈ Sφ;
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it is straightforward to show that fα,β,υ1,υ2 ∈ H∞
0 (Sφ). Therefore, by (1.5), one may define

fα,β,υ1,υ2(A) :=
1

2πi

∫
Γω′

fα,β,υ1,υ2(z)R(z,A)dz

=
1

2πi

∫
Γω′

zα

(1 + z)α+β log(2 + z)υ1(2π − i log(z))υ2
R(z,A)dz, (1.6)

where Γω′ is the positively oriented boundary of Sω′ for ω′ ∈ (ωA, φ). If A is invertible, then one

may let α = 0 in the expression (1.6). This operator will play an important role in the proofs of

Propositions 2.2.2, 2.3.2 and 2.3.3.

Lemma 1.3.2 (Lemma 2.3.1 in [32]). Let A ∈ SectX(ω) and let φ ∈ (ω, π). Then, if B is

a closed operator which commutes with R(A, λ), λ ∈ ρ(A), then B commutes with f(A). In

particular, f(A) commutes with A and with R(λ,A) for each λ ∈ ρ(A).

The next result is used in the proof of the important Moment Inequality.

Proposition 1.3.1 (Proposition 2.6.11 in [32]). Let φ ∈ (0, π] and let f ∈ H∞
0 (Sφ). Then, there

exists a constant Cf > 0 such that

sup
t≥0

∥f(tA)∥L(X) ≤ CfM(A,φ)

for each sectorial operator A ∈ SectX(ω), with ω ∈ (0, φ). Moreover, given θ ∈ [0, φ − ω), one

has ∥f(λA)∥L(X) ≤ CfM(A,φ− θ) for each λ ∈ C, |argλ| ≤ θ.

Proposition 1.3.2 (Moment Inequality). Let A be a sectorial operator on the Banach space X.

Let α, β, γ ∈ R such that γ < β < α and γ > 0 or γ = 0. Then, there exists a constant C > 0

such that for each x ∈ D(Aα),

∥Aβx∥ ≤ C

θ(1− θ)
∥Aγx∥1−θ∥Aαx∥θ,

where θ :=
β − γ

α− γ
.

Proof. Let ψ(z) :=
zα

(1 + z)2α(1 + log(z)2)
∈ H∞

0 (SωA) and note that zαψ(z), z−αψ(z) are

still bounded functions. Define h(z) :=
1

c

∫ 1

0

ψ(sz)

s
ds, g(z) :=

1

c

∫ ∞

1

ψ(sz)

s
ds, where c :=∫ ∞

0

ψ(s)

s
ds; then, for each z ∈ SωA , h(z) + g(z) =

∫ ∞

0

ψ(s)

s
ds = 1.

Now, let h̃(z) := z−(α−β)h(z) and g̃(z) := zβ−γg(z), and note that h̃, g̃ ∈ H∞
0 (SωA). For each

x ∈ D(Aα) and t > 0, one has

Aβx = h(tA)Aβx+ g(tA)Aβx = tα−βh̃(tA)Aαx+ t−(β−γ)g̃(tA)Aγx.
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Then, it follows from Proposition 1.3.1 that

∥Aβx∥ ≤ tα−β∥h̃(tA)∥L(X)∥Aαx∥+ t−(β−γ)∥g̃(tA)∥L(X)∥Aγx∥

≤ Ch̃t
(α−γ)(1−θ)∥Aαx∥+ Cg̃t

−(α−γ)θ∥Aγx∥.

By taking the infimum with respect to t > 0, one gets

∥Aβx∥ ≤ Ch̃

(
θ∥Aγx∥

(1− θ)∥Aαx∥

)1−θ

∥Aαx∥+ Cg̃

(
(1− θ)∥Aαx∥
θ∥Aγx∥

)θ

∥Aγx∥

≤ Ch̃

(
θ

(1− θ)

)1−θ

∥Aγx∥1−θ∥Aαx∥θ + Cg̃

(
1− θ

θ

)1−θ

∥Aγx∥1−θ∥Aαx∥θ

≤ 2C

((
θ

1− θ

)1−θ

+

(
1− θ

θ

)1−θ
)
∥Aγx∥1−θ∥Aαx∥θ,

where C := max{Cg̃, Ch̃}.

Now we recall some basic properties of the functional calculus of sectorial operators

based on complete Bernstein functions. We use [14] as a reference in our discussion (see

also [13, 15, 16, 17]).

Definition 1.3.2 (Definition 3.3 in [14]). Let A ∈ SectX(ωA) be densely defined and let

f ∈ CBF , with Stieltjes representation (a, b, µ) (see appendix E). One defines the linear operator

f0(A) : D(A) → X by the law

f0(A) = ax+ bAx+

∫ ∞

0+
A(A+ λ)−1xdµ(λ), x ∈ D(A). (1.7)

Set f(A) := f0(A). We call the linear operator f(A) a complete Bernstein function of A.

Theorem 1.3.1 (Theorem 3.6 in [14]). Let A be a sectorial operator on a Banach space X and

let f ∈ CBF . Then, f(A) is sectorial.

1.3.2 Logarithm operator

Given the nature of our problem, an investigation involving the definition of the logarithm

of an injective sectorial operator is required. Such operator was first defined by Nollau [48] and

was subsequently studied by Okazawa [49] and Haase [31].

Let A be an injective operator over the Banach space X such that A ∈ SectX(ωA). Let

φ ∈ (ωA, π) and set τ(z) := z(1 + z)−2; note that τ ∈ H∞
0 (Sφ) and τ(A) = A(1 + A)−2, by

relation (1.6) (with υ1 = υ2 = 0, α = 1 and β = 1). Set B(Sφ) := {f : Sφ → C | ∃ n ∈
N such that τnf ∈ H∞

0 (Sφ)}. Since A is injective, τ(A) is also injective, and so one may define

for each f ∈ B(Sφ)
f(A) := (τ(A)−1)n[(τn(z)f(z))](A), (1.8)

with n large enough so that τnf ∈ H∞
0 (Sφ).
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Remark 1.3.3. Definition (1.8) is independent of the choice of n (see Proposition 2.1 in [31]).

Note that f(A) is a closed operator with domain D(f(A)) = {x ∈ X | (τn(z)f(z))(A)x ∈
D(τ(A)−1)n}. We refer to [31] for more details.

Definition 1.3.3 (Haase, [31]). Let A ∈ SectX(ωA) and injective. Let f : Sπ → C be given by

the law f(z) = log(z). Since f ∈ B(Sφ), then

log(A) := f(A). (1.9)

Remark 1.3.4. Let A ∈ SectX(ωA) be densely defined. It follows from (E.2) and from

Definition 1.3.2 that for each x ∈ D(A),

log(1 +A)x =

∫ ∞

1
A(A+ t)−1x

dt

t
. (1.10)

This representation for log(1 +A) was presented for the first time in [48].

Definition 1.3.4 (Okazawa, see [49]). Let A ∈ SectX(ωA) and injective. Suppose that D(A)

and Ran(A) are dense in X. Then, log(A) is defined as the closure of

log(1 +A)− log(1 +A−1).

Remark 1.3.5. Naturally, the Definitions 1.3.3 and 1.3.4 for log(A) when A is an injective

operator must coincide when D(A) and R(A) are both dense; for details see [24].

The following result is a direct consequence of Definition 1.3.4.

Lemma 1.3.3. Let A ∈ SectX(ωA) be injective and densely defined (with not necessarily dense

range). Then, for each x ∈ D(A) ∩ Ran(A),

log(A)x = log(1 +A)x− log(1 +A−1)x.

Proof. Let σ ∈ (0, 1) and set Aσ := (A+ σ)(1 + σA)−1 ∈ L(X). It follows from Definition 1.3.4

that for each x ∈ X, and in particular, for each D(A) ∩ Ran(A),

log(Aσ)x = log(1 +Aσ)x− log(1 +A−1
σ )x. (1.11)

Now, it follows from Lemma 3(c) in [48] that for each x ∈ D(A) ∩ Ran(A),

lim
σ→0+

log(Aσ)x = log(A)x and lim
σ→0+

log(1 +Aσ)x = log(1 +A)x; thus, by (1.11), one has for each

x ∈ D(A) ∩ Ran(A) that

lim
σ→0+

log(1 +A−1
σ )x = lim

σ→0+
log(1 +Aσ)x− lim

σ→0+
log(Aσ)x = log(1 +A)x− log(A)x.

Since A, A+1, A−1+1 are sectorial operators, log(1+A−1) is well-defined by (1.9); thus, it



35

follows from Proposition 3.1.3 in [24] and Lemma 3.1 in [31] that for each x ∈ D(A) ∩ Ran(A),

log(1 +A)x− log(A)x = log(1 +A)x+ log(A−1)x = log((1 +A)A−1)x = log(1 +A−1)x.

Then, it follows from the previous relations that for each x ∈ D(A) ∩ Ran(A),

lim
σ→0+

log(1 +A−1
σ )x = log(1 +A−1)x,

and so, for each x ∈ D(A) ∩ Ran(A), one gets

log(A)x = log(1 +A)x− log(1 +A−1)x.

Let us now recall some properties of the logarithm and fractional power.

Lemma 1.3.4. Let A ∈ SectX(ωA). Then, the following assertions hold:

(a) Aσ is sectorial, with σ ∈ (0, 1).

(b) If A ∈ L(X), then for each σ > 0, Aσ ∈ L(X).

(c) If A is injective, then for each σ ∈ [0, 1], log(Aσ) = σ log(A).

(d) Let (T (t))t≥0 be a C0-semigroup on the Banach space X, with −A its infinitesimal generator.

Let, for each ε ∈ (0, 1), fε(A) = (1 +A)ε − 1. Then, for each t, s ≥ 0,

T (t)fε(A)(s+ fε(A))
−1 = fε(A)(s+ fε(A))

−1T (t).

Proof. (a) Given that for each σ ∈ (0, 1), [s 7→ sσ] ∈ CBF (see Example E.1.1-(a)), it follows

from Theorem 1.3.1 that the operator fσ(A) = Aσ is sectorial. (b) This is Proposition 3.1.1 (a)

in [32]. (c) This is Satz 5 in [48]. (d) It follows from Theorem 3.9 (a) in [14] that for each

t ≥ 0, T (t)fε(A) ⊂ fε(A)T (t), and so, by Proposition B.3 in [7], one has T (t)(s + fε(A))
−1 =

(s+ fε(A))
−1T (t) for each s, t ≥ 0.
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spaces
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Chapter 2

Refined Decay of C0-semigroups on

Banach spaces

In this chapter we present the proof of the results presented in Part I of Introduction, that

is, our results regarding the decay of C0-semigroups. As mentioned there, we have refined some

results in the literature (more specifically, some results presented in [55]) by taking into account

only the geometry of the Banach space (i.e., its Fourier type) and the growth of the norm of the

resolvent of the generator.

2.1 Preliminaries: Fourier Multipliers and Stability for C0-

Semigroups

In this section we define Fourier types, Fourier multipliers, and present Theorem 2.1.2

(Theorem 4.6 in [55]), which is very important in the proof of our results.

2.1.1 Fourier Types

Definition 2.1.1. Let p ∈ [1, 2]. A Banach space X is said to have Fourier type p if the Fourier

transform F : S(R, X) → Lp′(R, X) extends to a bounded operator in Lp(R, X).

Example 2.1.1. a) Every Banach space X has Fourier type 1. Indeed, for each f ∈ L1(R, X)

and s ∈ R,

F(f)(s) =

∫
R
e−2πstf(t)dt,

so ∥F(f)∥L∞ ≤ ∥f∥L1 .

b) It follows from Plancherel Theorem that every Hilbert space X has Fourier type 2.

c) Let (S,A, µ) be a measure space; for each p ∈ [1,∞), Lp(S) has Fourier type min{p, p′}.

d) Let X be a Banach space, (S,A, µ) be a measure space and let r ∈ [1,∞). If X has Fourier

type p, then Lr(S,X) has Fourier type min{p, r, r′}.
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The next result shows that the converse of item b) in Example 2.1.1 is also valid, that is, any

Banach space with Fourier type 2 is isomorphic to a Hilbert space (for more details, see Theorem

2.1.18 in [65]).

Theorem 2.1.1 (Kwapień). For a Banach space X, the following assertions are equivalent.

1. The Fourier–Plancherel transform extends to a bounded operator on L2(R, X).

2. X is isomorphic to a Hilbert space.

2.1.2 Growth at infinity

Let X and Y be Banach spaces and let m : R → L(X,Y ) be a X-strongly measurable map

(i.e. the map ξ 7→ m(ξ)x is a strongly measurable Y -valued map for every x ∈ X). One says that

m is of moderate growth at infinity if there exist β ≥ 0 and g ∈ L1(R) such that for each ξ ∈ R,

1

(1 + |ξ|)β
∥m(ξ)∥L(X,Y ) ≲ g(ξ).

For such measurable m, one defines the Fourier multiplier operator associated with m,

Tm : S(R;X) → S ′(R;Y ), by the law

Tm(f) := F−1(m · Ff), ∀ f ∈ S(R;X);

m is called the symbol of Tm. For p ∈ [1,∞) and q ∈ [1,∞], let Mp,q(R;L(X,Y )) denote

the set of all X-strongly measurable maps m : R → L(X,Y ) of moderate growth such that

Tm ∈ L(Lp(R;X), Lq(R;Y )) and ∥m∥Mp,q(R;L(X,Y )) := ∥Tm∥L(Lp(R;X),Lq(R;Y )).

Growth at zero and infinity

Let Ṡ(R, X) := {f ∈ S(R;X) | f̂ (k)(0) = 0 for each k ∈ N∪{0}} and m : R \ {0} → L(X,Y )

be a X-strongly measurable map. One says that m is of moderate growth at zero and infinity if

there exist α ≥ 0 and g ∈ L1(R) such that for each ξ ∈ R,

|ξ|α

(1 + |ξ|)2α
∥m(ξ)∥L(X,Y ) ≲ g(ξ).

For such measurable m, one defines the Fourier multiplier operator associated with m, Ṫm :

Ṡ(R;X) → Ṡ ′(R;Y ), by the law

Ṫm(f) := F−1(m · Ff), ∀ f ∈ Ṡ(R;X);

m is called the symbol of Tm. For p ∈ [1,∞) and q ∈ [1,∞], let Mp,q(R;L(X,Y )) denote the

set of all X-strongly measurable maps m : R \ {0} → L(X,Y ) of moderate growth such that

Tm ∈ L(Lp(R;X), Lq(R;Y )) and ∥m∥Mp,q(R;L(X,Y )) := ∥Tm∥L(Lp(R;X),Lq(R;Y )). For more details

about discussion above, see [54].
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The next result will be used in the proofs of Theorems 10 and 11. For more details, see [54].

Proposition 2.1.1 (Proposition 3.3 in [54]). Let X be a Banach space with Fourier type

p ∈ [1, 2], let Y be a Banach space with Fourier cotype q ∈ [2,∞], and let r ∈ [1,∞] be

such that 1
r = 1

p − 1
q . Let m : R \ {0} → L(X,Y ) (or m : R → L(X,Y )) be an X-strongly

measurable map such that ∥m(·)∥L(X,Y ) ∈ Lr(R). Then, m ∈ Mp,q(R,L(X,Y )).

The theory of (Lp, Lq) Fourier multipliers has proven to be an important tool for the stability

theory of C0-semigroups [36, 37, 54, 53, 55, 57, 67, 68]. In particular, by using it, Rozendaal and

Veraar have obtained the following result that characterizes polynomial stability. We stress that

this result is a necessary tool in our analysis. (see also Theorem 5.1 in [57]).

The following Lemma is used in the proof of Theorem 2.1.2 and intuitively shows us the

relation between the resolvent and the Fourier multipliers. For more details, see [55].

Lemma 2.1.1 (Lemma 3.1 in [55]). Let −A be the generator of a C0-semigroup (T (t))t≥0 defined

on a Banach space X and let n ∈ N∪ {0}, x ∈ X and ξ ∈ R. Suppose that −iξ ∈ ρ(A) and that

[t 7→ tnT (t)x] ∈ L1([0,∞), X). Then

a)

F([t 7→ tnT (t)x])(ξ) = n!(iξ +A)−n−1x.

b) For each g ∈ L1(R)

F
(∫ ∞

0
tnT (t)xg(· − t)dt

)
(ξ) = ĝ(ξ)n!(iξ +A)−n−1x.

Theorem 2.1.2 (Theorem 4.6 in [55]). Let −A be the generator of a C0-semigroup (T (t))t≥0

defined on a Banach space X such that C− \ {0} ⊂ ρ(A) and such that there exist α, β ≥ 0 so

that

∥(λ+A)−1∥L(X) ≲ |λ|−α(1 + |λ|)β, (2.1)

with Re(λ) ≤ 0. Let n ∈ N ∪ {0} and Y be a Banach space which is continuously embedded

in X and suppose that there exists a constant CT ≥ 0 such that, for each t ≥ 0, T (t)Y ⊂ Y ,

∥T (t)
∣∣
Y
∥L(Y ) ≤ CT ∥T (t)∥L(X), and that there exists a dense subspace Y0 ⊂ Y such that for each

y ∈ Y0, [t 7→ tnT (t)y] ∈ L1([0,∞), Y ). Then, the following statements are equivalent:

a) sup
t≥0

{
tn∥T (t)∥L(Y,X)

}
<∞.

b) There exist ψ ∈ C∞
c (R), p ∈ [1,∞) and q ∈ [p,∞] such that for each k ∈ {n− 1, n, n+ 1},

ψ(·)R(i·, A)k ∈ M1,∞(R,L(Y,X)) and (1− ψ(·))R(i·, A)k ∈ Mp,q(R,L(Y,X)).

Moreover, if (a) or (b) holds then R(i·, A)k ∈ Mp,q(R,L(Y,X)) for:

(i) n ≥ 2, k ∈ {1, · · · , n− 1} and 1 ≤ p ≤ q ≤ ∞;
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(ii) k = n ≥ 1 and 1 ≤ p < q ≤ ∞;

(iii) k = n+ 1, p = 1 and q = ∞.

Proof. (b) =⇒ (a) Let w, Mw ≥ 1 be such that ∥T (t)∥L(X) ≤ Mwe
t(w−1) for each t ≥ 0 and for

ξ ∈ R \ {0}
m(ξ) := n!(iξ +A)−n(IX + w(iξ +A)−1) ∈ L(Y,X)

Since, for each ξ ∈ R \ {0}, (iξ+A)−1 = −R(−iξ, A), it follows from Proposition 3.2 in [55] that

Tm : Lp(R;Y ) ∩ L1(Y ;R) → L∞(R;X) is bounded with

∥Tm∥L(Lp(R;Y )∩L1(Y ;R),L∞(R;X)) ≲ 2Mn!(Cn + wCn+1), (2.2)

where M := sup
t∈[0,2]

∥T (t)∥L(X), for each k ∈ N, Ck is as in Proposition 3.2 [55], and C0 :=

∥IY ∥L(Y,X). Now let Y0 ⊂ Y and fix x ∈ Y0. By Lemma 2.1.1, one has

F([t 7→ tnT (t)x])(·) = n!(i ·+A)−n−1x. (2.3)

For each t ≥ 0 define f(t) := e−wtT (t)x and f ≡ 0 on (−∞, 0). Then, for each t ≥ 0

∥f(t)∥Y ≤ ∥e−wtT (t)∥L(Y ) ≤ CT ∥e−wtT (t)∥L(X)∥x∥Y .

Hence f ∈ L1(R, Y ) ∩ L∞(R, Y ) and ∥f∥Lr(R,Y ) ≤ CTMw∥x∥Y for each r ∈ [1,∞]. By

Lemma 2.1.1, F(f)(·) = (w+i·+A)−1x. Therefore, by Lemma 1.1.1 item a), for each ξ ∈ R\{0},

m(ξ)F(f)(ξ) = n!(iξ +A)−n−1x (2.4)

Combining (2.3) and (2.4) with (2.2) yields

sup
t≥0

∥tnT (t)x∥ ≤ ∥Tm∥L(Lp(R;Y )∩L1(Y ;R),L∞(R;X))(∥f∥Lp(R,Y ) + ∥f∥L1(R,Y )) ≤ C∥x∥Y

where C := 4Mn!CTMw(Cn + wCn+1). The required result now follows since Y0 ⊂ Y is dense.

(a) =⇒ (b) Set Kn := supt≥0 ∥tnT (t)x∥ and let Y0 ⊂ Y be as in hypothesis. Let

f ∈ Ṡ(R, X)
⊗
Y0 and set Sk(f)(s) :=

∫ ∞

0
tkT (t)f(s− t)dt for s ∈ R and k ∈ {0, · · · , n},

by Lemma 2.1.1 item b) one has

Sk(f) = k!F−1((i ·+A)−1f̂(·)) = k!T(i·+A)−k−1(f). (2.5)

Now, for n ≥ 2, k ∈ {0, · · · , n− 2}, and r ∈ [1,∞],

∥[t 7→ tkT (t)]∥Lr(R,L(Y,X)) ≤M +Kn∥[t 7→ t−2]∥Lr(1,∞) ≤M +Kn.
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Similarly, for n ≥ 1 and r ∈ (1,∞],

∥[t 7→ tn−1T (t)]∥Lr(R,L(Y,X)) ≤M +
Kn

(r − 1)1/r
.

By combining these estimates with (2.5) and with Young’s inequality for operator valued

kernels (Proposition 1.3.5 in [7]) one obtains, for p ∈ [1,∞) and q ∈ [p,∞]

∥R(i·, A)k∥Mp,q(R,L(Y,X)) ≤
M +Kn

(k − 1)!
(n ≥ 2, k ∈ {1, · · ·n− 1}) (2.6)

∥R(i·, A)n∥Mp,q(R,L(Y,X)) ≤
M +Kn(r − 1)−1/r

(n− 1)!
(n ≥ 1, p < q) (2.7)

∥R(i·, A)n+1∥M1,∞(R,L(Y,X)) ≤
Kn

n!
(2.8)

Now (2.5), (2.6), (2.7) and (2.8) yield statements (i)-(iii) for (i ·+A)−1 and by reflection these

statements hold for R(i·, A) as well. Finally, for (b) let ψ ∈ C∞
c (R). Then Young’s inequality and

relations (2.6), (2.7) and (2.8) yield ψ(·)R(i·, A)k ∈ M1,∞(R,L(Y,X)) for each k ∈ {1, · · · , n+1},
and one obtains (2.6), (2.7) and (2.8) for ψ(·)R(i·, A) with an additional multiplicative factor

∥F−1(ψ)∥L1(R). Similarly, (2.6), (2.7) and (2.8) holds with an additional multiplicative factor

∥F−1(1− ψ)∥L1(R) upon replacing R(i·, A) by (1− ψ(·))R(i·, A).

Remark 2.1.1. The assumption in Theorem 2.1.2 that ∥(· + A)−1∥L(X) satisfies the

equation (2.1) for some α, β ≥ 0 is only made to ensure that TR(i·,A) is well-defined, and the

specific choice of α and β is irrelevant here.

2.2 Singularity at Infinity

We begin introducing some notation that will be useful throughout this section.

Let ν, υ ≥ 0 and A ∈ SectX(ωA); since λ 7→ log(1 + λ) ∈ CBF (see Example E.1.1-(b)), it

follows from Theorem 1.3.1 that the operator log(2 + A) is sectorial, and so (log(2 + A))−υ is

well-defined and bounded (see definition of fractional powers of sectorial operators in [32, 41]).

Define the operator

Φν(υ) = Φν(A, υ) := (1 +A)−ν log(2 +A)−υ ∈ L(X),

and set Xν(υ) := Ran(Φν(υ)). The space Xν(υ) is a Banach space with respect to the norm

∥x∥Xν(υ) = ∥x∥+ ∥Φν(υ)
−1x∥ = ∥x∥+ ∥ log(2 +A)υ(1 +A)νx∥, x ∈ Xν(υ).

Note that Φν(υ) : X → Xν(υ) is an isomorphism, so for each T ∈ L(Xν(υ), X),

∥Tx∥ = ∥TΦν(υ)y∥ ≤ ∥TΦν(υ)∥L(X)∥y∥ ≤ ∥TΦν(υ)∥L(X)∥x∥Xν(υ)
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(here, y := Φν(υ)
−1x) and

∥TΦν(υ)x∥ ≤ ∥T∥L(Xν(υ),X)∥Φν(υ)x∥ ≤ ∥T∥L(Xν(υ),X)∥Φν(υ)∥L(X)∥x∥;

therefore, for each T ∈ L(Xν(υ), X), one has

∥T∥L(Xν(υ),X) ≤ ∥TΦν(υ)∥L(X) ≤ ∥Φν(υ)∥L(X)∥T∥L(Xν(υ),X). (2.1)

Note that Φν(0) = Φν(A) and Xν(0) = Xν , where Φν(A) and Xν are the objects defined in

[55].

In this subsection, we discuss the decay rate of a C0-semigroup whose infinitesimal generator

−A is such that C− ⊂ ρ(A) and such that there exist β > 0 and b ≥ 0 so that ∥(λ+A)−1∥L(X) ≲

(1 + |λ|)β log(2 + |λ|)b, for λ ∈ C satisfying Re(λ) ≤ 0.

Theorem 2.2.1. Let β > 0, b ≥ 0 and (T (t))t≥0 be a C0-semigroup defined in the Banach space

X with Fourier type p ∈ [1, 2], with −A as its generator. Suppose C− ⊂ ρ(A) and for each λ ∈ C
with Re(λ) ≤ 0,

∥(λ+A)−1∥L(X) ≲ (1 + |λ|)β log(2 + |λ|)b. (2.2)

Let r ∈ [1,∞] be such 1
r = 1

p − 1
p′ and let τ be such that τ > β + 1

r . Then, for each δ > 0

and each ρ ∈ [0, τ−1/r
β − 1], there exists cρ,δ > 0 such that for each t ≥ 1,

∥T (t)(1 +A)−τ log(2 +A)
− b

β
(τ−1/r)− 1+δ

r ∥L(X) ≤ cρ,δt
−ρ. (2.3)

The following results are needed in the proof of Theorem 2.2.1. Note also that the following

proposition is a version of Theorem 2.2.1 in case p = 1 (that is, in case X is a Banach space with

trivial type).

Proposition 2.2.1. Let b ≥ 0, β > 0 and let A be an injective sectorial operator on a Banach

space X such that −A generates a C0-semigroup (T (t))t≥0 on X. Suppose C− ⊂ ρ(A) and for

each λ ∈ C with Re(λ) ≤ 0,

∥(λ+A)−1∥L(X) ≲ (1 + |λ|)β log(2 + |λ|)b. (2.4)

Let τ ≥ β + 1. Then, for each δ > 0 and each ρ ∈ [0, τ−1
β − 1], there exists cρ,δ > 0 such that for

each t ≥ 1,

∥T (t)(1 +A)−τ log(2 +A)
− b

β
(τ−1)−1−δ∥L(X) ≤ cρ,δt

−ρ.

Proof. We follow the same steps of the proof of Proposition 4.3 in [55]. The proposition is

equivalent to the following statement: for each s ≥ 0 and δ > 0 there exists Cs,δ > 0 such that

for each t ≥ 1,

∥T (t)(1 +A)−ν log(2 +A)−υ∥L(X) ≤ Cs,δt
−s,
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where υ := b(s+ 1) + 1 + δ, ν := (s+ 1)β + 1.

Firstly, we obtain the result for s = n ∈ N ∪ {0} and then for any s ≥ 0 by an interpolation

argument.

So, let δ > 0, n ∈ N ∪ {0}, υ = b(n+ 1) + 1 + δ, ν = (n+ 1)β + 1 and x ∈ Xν+1(υ). Set

y := [Φν(υ)]
−1x = log(2 +A)υ(1 +A)νx = log(2 +A)υ(1 +A)ν

(
(1 +A)−ν−1 log(2 +A)−υz

)
= log(2 +A)υ

(
(1 +A)−1 log(2 +A)−υz

)
= (1 +A)−1z,

with z ∈ X, and note that (1 + A)−1z ∈ D(A); here, we have used that log(2 + A)υ commutes

with (1+A)−1 (for more details, see Proposition 2.3-(d) in [49] and Proposition 3.1.1-(f) in [32]).

Let g : [0,∞) → X be given by

g(t) =
1

2πi

∫ −i∞

i∞
e−λt 1

(1 + λ)ν [log(2 + λ)]υ
R(λ,A)ydλ, (2.5)

and note that for each t ≥ 0, g(t) ∈ X; namely, for each t ≥ 0, one has

∥g(t)∥ ≤
∥∥∥∥ 1

2πi

∫
R
eiξt

1

(1− iξ)ν [log(2− iξ)]υ
R(−iξ, A)ydξ

∥∥∥∥
≲

(∫
R

1

(1 + |ξ|)ν [log(2 + |ξ|)]υ
∥(iξ +A)−1∥L(X)dξ

)
∥y∥,

Now, by assuming (2.2), it follows that the integral above is finite.

Moreover, since y ∈ D(A), the function λ 7→ λ

(1 + λ)ν(log(2 + λ))υ
R(λ,A)y is integrable and

by dominated convergence,

g′(t) = − 1

2πi

∫ −i∞

i∞
e−λt λ

(1 + λ)ν [log(2 + λ)]υ
R(λ,A)ydλ,

which proves that g is differentiable everywhere. Now, by Lemma D.0.1,

g′(t) =
1

2πi

∫ −i∞

i∞
e−λt 1

(1 + λ)ν [log(2 + λ)]υ
(−AR(λ,A)y − y)dλ

= −A
(

1

2πi

∫ −i∞

i∞
e−λt 1

(1 + λ)ν [log(2 + λ)]υ
R(λ,A)ydλ

)
−

−
(

1

2πi

∫ −i∞

i∞
e−λt 1

(1 + λ)ν [log(2 + λ)]υ
dλ

)
y

= 0−Ag(t) = −Ag(t),

and g(0) =
1

2πi

∫ −i∞

i∞

1

(1 + λ)ν [log(2 + λ)]υ
R(λ,A)ydλ = Φν(υ)y = x, by (1.6). Then,

g′(t) = −Ag(t) for each t ≥ 0, and g(0) = x. Therefore, for each t ≥ 0, g(t) = T (t)x, by

the uniqueness of the Cauchy problem associated with −A.
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Integration by parts yields

tnT (t)x =
1

2πi

∫
iR
e−λtp(λ,A)ydλ,

where p(λ,A) is a finite linear combination of terms of the form

R(λ,A)n−j+1

(1 + λ)ν+j(2 + λ)i[log(2 + λ)]υ+i
,

R(λ,A)n−j+1

(1 + λ)ν+i(2 + λ)j [log(2 + λ)]υ+j
,

with 0 ≤ i < j ≤ n, each one of them being integrable (see the proof of Proposition 4.3 in [55]

for details). Then, there exists a positive constant dn,δ so that for each t ≥ 1,

∥tnT (t)x∥ ≤
(

1

2π

∫
iR

|e−λt|∥p(λ,A)∥L(X)dλ

)
∥y∥ ≤ dn,δ∥ log(2+A)υ(1 +A)νx∥ ≤ dn,δ∥x∥Xν(υ).

Since Xν+1(υ) is dense in Xν(υ), it follows from the previous discussion that for each t ≥ 1,

∥T (t)∥L(Xν(υ),X) ≤ dn,δt
−n. (2.6)

It remains to prove the result for any s ≥ 0. For each s ≥ 0, let n ∈ N ∪ {0} be such that

n ≤ s < n+ 1. Let also define θ := θ(s) ∈ [0, 1) by the relation s = (1− θ)n+ θ(n+ 1).

Set a1 := β
β+b and a2 := b

β+b and note that a1 + a2 = 1; then, by Proposition E.1.1-(c),

f(λ) = (1 + λ)a1 log(2 + λ)a2 ∈ CBF , where λ > 0. Now, by Lemma 1.3.1, the operator

(f(A))−1 = (1 +A)−a1 log(2 +A)−a2 ,

is sectorial, given that f(A) is sectorial (by Theorem 1.3.1).

Since (f(A))−1 is sectorial, it follows from relation (2.6), the moment inequality (see

Proposition 1.3.2) and Theorem 2.4.2 in [32] that there exists a positive constant Cs,δ such

that for each t ≥ 1,

∥T (t)[(f(A))−1]θ(β+b)Φν(υ)∥L(X) ≲ ∥T (t)Φν(υ)∥1−θ
L(X)∥T (t)[(f(A))

−1]β+bΦν(υ)∥θL(X)

= ∥T (t)Φν(υ)∥1−θ
L(X)∥T (t)(1 +A)−β log(2 +A)−bΦν(υ)∥θL(X)

= ∥T (t)Φν(υ)∥1−θ
L(X)∥T (t)Φβ(n+2)+1(b(n+ 2) + 1 + δ)∥θL(X)

≤ (dn,δt
−n)1−θ(dn+1,δt

−n−1)θ = Cs,δt
−s,

and we are done.

Note that for b = ζ = 0, the following result is Proposition 3.4 in [55] (see also Theorem 5.5

in [14]).

Proposition 2.2.2. Let A ∈ SectX(ωA) be such that C− ⊂ ρ(A), and let β, b, ζ ≥ 0 and

β0 ∈ [0, 1). If

∥(iξ +A)−1∥L(X) ≲ (1 + |ξ|)β log(2 + |ξ|)b, (2.7)
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then the family

{|λ|β0 log(2 + |λ|)ζ∥(λ+A)−1∥L(Xβ0+β(ζ+b),X) | λ ∈ iR, |λ| ≥ 1} (2.8)

is uniformly bounded.

Proof. We proceed as in the proof of Proposition 3.4-(2) in [55]. Fix θ ∈ (ωA, π) and let the path

Γ := {reiθ | r ∈ [0,∞)} ∪ {re−iθ | r ∈ [0,∞)} be oriented from ∞eiθ to ∞e−iθ. Set c̃ := b + ζ;

since A + 1
2 ∈ SectX(ωA), it follows from Remark 1.3.2 (by letting α = 0, υ2 = 0) and from

Lemma D.0.2 that for each λ ∈ iR, |λ| ≥ 1, and for each x ∈ X

(λ+A)−1(1 +A)−β−β0 log(2 +A)−c̃x =
1

2πi

∫
Γ

(λ+A)−1

(12 + z)β+β0 log(32 + z)c̃
R

(
z,A+

1

2

)
xdz

=
1

2πi

∫
Γ

(λ+A)−1

(12 + z)β+β0 log(32 + z)c̃(z + λ− 1
2)
xdz

+
1

2πi

∫
Γ

R
(
z,A+ 1

2

)
(12 + z)β+β0 log(32 + z)c̃(z + λ− 1

2)
xdz

=
1

(1− λ)β+β0 log(2− λ)c̃
(λ+A)−1x+ Tλx

with

Tλ :=
1

2πi

∫
Γ

1

(12 + z)β+β0 log(32 + z)c̃(z + λ− 1
2)
R(z,A+

1

2
)dz.

Let hβ0,ζ(λ) := (1− λ)β0 log(2− λ)ζ , with λ ∈ iR, |λ| ≥ 1; then, for each x ∈ X

hβ0,ζ(λ)(λ+A)−1(1 +A)−β−β0 log(2 +A)−c̃x =
(λ+A)−1

(1− λ)β log(2− λ)b
x+ hβ0,ζ(λ)Tλx. (2.9)

Let ε ∈ (0, β + β0) and note that the function z 7→ 1

(z + 1/2)ε
R(z,A+ 1/2) is integrable on

Γ. Note also that, by Lemma A.1 in [55], for each z ∈ Γ and each λ ∈ iR, one has

1

|z + 1
2 |β+β0−ε| log

(
3
2 + z

)
|c̃|z + λ− 1

2 |
≲

1

1 + |λ|
. (2.10)

Therefore, by relations (2.9) and (2.10), it follows that

∥hβ0,ζ(λ)(λ+A)−1(1 +A)−β−β0 log(2 +A)−c̃∥L(X) ≲

∥∥∥∥ 1

(1− λ)β log(2− λ)b
(λ+A)−1

∥∥∥∥
L(X)

+
| log(2− λ)|ζ

(1 + |λ|)1−β0
.

By relation (2.7) and since lim
|λ|→∞

| log(2− λ)|ζ

(1 + |λ|)1−β0
= 0 (recall that β0 ∈ [0, 1)), one concludes

that

{|λ|β0 log(2 + |λ|)ζ∥(λ+A)−1∥L(Xβ0+β(ζ+b),X) | λ ∈ iR, |λ| ≥ 1}

is uniformly bounded.
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Remark 2.2.1. Note that by relations (2.9) and (2.10), for each λ ∈ iR,∥∥∥∥ (λ+A)−1

(1− λ)β log(2− λ)b

∥∥∥∥
L(X)

≲ ∥(1− λ)β0 log(2− λ)ζ(λ+A)−1(1 +A)−β−β0 log(2 +A)−c̃∥L(X)

+ ∥(1− λ)β0 log(2− λ)ζTλ∥L(X)

≲ ∥(1− λ)β0 log(2− λ)ζ(λ+A)−1(1 +A)−β−β0 log(2 +A)−c̃∥L(X)

+
| log(2− λ)|ζ

(1 + |λ|)1−β0
;

thus, by assuming that the condition (2.8) is valid, one gets.∥∥∥∥ (λ+A)−1

(1− λ)β log(2− λ)b

∥∥∥∥
L(X)

≲ C.

This shows that the converse of Proposition 2.2.2 is also valid.

Proof of Theorem 2.2.1. The case p = 1 corresponds to Proposition 2.2.1. Let n ∈ N∪{0}
and set ν := (n+1)β+ 1

r , υ := b(n+1)+ 1+δ
r in case p ∈ (1, 2) (1 < r <∞), and ν := (n+1)β,

υ := b(n + 1) if p = 2 (that is, if r = ∞). Set also B := A + 1. By letting β0 = ζ = 0 in

Proposition 2.2.2, it follows that for each k ∈ {1, . . . , n},

sup
ξ∈R

∥R(iξ, A)k∥L(Xnβ(bn),X) <∞. (2.11)

Let δ > 0 and let hr,δ : R → R be given by the law hr,δ(ξ) = (1 + |ξ|)
1
r log(2 + |ξ|)

1+δ
r ; then,

it follows from Proposition 2.2.2 (by taking β0 = 1/r and ζ = (1 + δ)/r) that

sup
ξ∈R

hr,δ(ξ)∥R(iξ, A)B−β− 1
r log(1 +B)−b− 1+δ

r ∥L(X) <∞. (2.12)

Thus, for each k ∈ {1, . . . , n+ 1}, it follows from relations (2.11) and (2.12) that

sup
ξ∈R

hr,δ(ξ)∥R(iξ, A)k∥L(Xν(υ),X) ≲ sup
ξ∈R

(
hr,δ(ξ)∥R(iξ, A)kB−β(n+1)− 1

r log(1 +B)−b(n+1)− 1+δ
r ∥L(X)

)

≲ sup
ξ∈R

(
hr,δ(ξ)∥R(iξ, A)B−β− 1

r log(1 +B)−b− 1+δ
r ∥L(X)∥R(iξ, A)k−1B−βn log(1 +B)−bn∥L(X)

)
≤ sup

ξ∈R

(
hr,δ(ξ)∥R(iξ, A)B−β− 1

r log(1 +B)−b− 1+δ
r ∥L(X)

)
sup
ξ∈R

(
∥R(iξ, A)k−1∥L(Xβn(bn),X)

)
<∞.

(2.13)

It follows from Proposition 2.2.1 that the space Xν(υ) satisfies the conditions presented in

the statement of Theorem 2.1.2. By proceeding as in the proof of this Theorem 9 (see Theorem

4.9 in [55]), let ψ ∈ Cc(R) be such that ψ ≡ 1 on [−1, 1]. One has, by (2.13), that for each
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k ∈ {1, . . . , n+ 1},

ψ(·)R(i·, A)k ∈ L1 (R,L (Xν(υ), X)) ⊂ M1,∞ (R,L (Xν(υ), X)) ,

and

∥(1− ψ(·))R(i·, A)k∥L(Xν(υ),X) ∈ Lr(R). (2.14)

Note that Xν (υ) has Fourier type p, since Xν(υ) is isomorphic to X. Then, by Proposition 2.1.1

and by (2.14), one concludes that for each k ∈ {1, . . . , n+ 1},

(1− ψ(·))R(i·, A)k ∈ Mp,p′ (R,L(Xν(υ), X)) .

Now, by Theorem 2.1.2, for each n ∈ N ∪ {0} there exists cn ≥ 0 such that for each t ≥ 1,

∥T (t)(1 +A)−ν log(2 +A)−b(n+1)− 1+δ
r ∥L(X) ≤ cnt

−n. (2.15)

Let s ≥ 0, ν = β(s+ 1) + 1/r and let n ∈ N ∪ {0} be such that n ≤ s < n+ 1. Let θ ∈ [0, 1)

be such that s = (1 − θ)n + θ(n + 1). Then, by following the same arguments presented in the

proof of Proposition 2.2.1, it follows that for each t ≥ 1,

∥T (t)B−ν log(2 +A)−b(s+1)− 1+δ
r ∥L(X) ≲ t−s.

□

Remark 2.2.2. Let A be a linear operator defined in a Banach spaceX, not necessarily sectorial,

such that

1. −A generates a C0-semigroup on X;

2. C− ⊂ ρ(A) and ∥(λ+A)−1∥L(X) ≲ (1 + |λ|)β log(2 + |λ|)b, for each λ ∈ C−.

Under the above assumptions, note that for each ε > 0, A+ ε is sectorial. Then, the operator

(2 +A)−β log(3 +A)−b = (1 + 1 +A)−β log(2 + 1 +A)−b

is well-defined through the sectorial functional calculus for A + 1. Note that previous results

are still valid. So, in this context, we are able to remove the hypothesis of sectorially of A (see

Theorem 2.2.1).

Lemma 2.2.1. Let −A be the generator of a C0-semigroup (T (t))t≥0 on a Banach space X.

Suppose that there exist β > 0, δ ∈ [0, 1), η ∈ ρ(−A) that such 1 ̸∈ σ(A + η), and a sequence

(tn)n∈N ⊂ [0,∞) such that tn → ∞ and

lim
n→∞

∥T (tn)(η +A)−β[log(A+ η)]−δ∥L(X) = 0. (2.16)

Then, C− ⊂ ρ(A).
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Proof. We begin with the following remarks:

• One may let η ∈ R be such that η − 1 > ω0(T ); namely, it follows from the definition of

ω0(T ) that 1− η ∈ ρ(A) (see also [47]).

• Since η − 1 > ω0(T ), η +A is sectorial, and so (η +A)−β , log(A+ η)−δ are well-defined.

• One has for each t > 0,

∥T (t)(η+A)−β[log(A+η)]−2∥L(X) ≤ ∥[log(A+η)]−2+δ∥L(X)∥T (t)(η+A)−β[log(A+η)]−δ∥L(X),

(2.17)

and so it is sufficient to assume that there exists a sequence (tn)n∈N ⊂ [0,∞) such that

tn → ∞ and

lim
tn→∞

∥T (tn)(η +A)−β[log(A+ η)]−2∥L(X) = 0.

For each λ ∈ C, with Reλ > −η, and each a > 0, set ft,a(λ) := e−λt(η + λ)−a[log(λ+ η)]−2.

Let a ≥ 0 and for each ξ ∈ R, one has ξ−a log(ξ)−1 = L(v(·, a − 1))(ξ) (see Table 5.7 in [8]),

where

v(x, a) =

∫ ∞

0

xs+a

Γ(s+ a+ 1)
ds.

Now, for a > 1, the inverse Laplace transform of ξ−a log(ξ)−2 reads

1

2πi

∫ b+i∞

b−i∞
eξλ

1

λa log2(λ)
dλ = − 1

2πi

∫ b+i∞

b−i∞
eξλλ−a+1 d

dλ

(
1

log(λ)

)
dλ

= − lim
r→∞

1

2πi
eξλλ−a+1 1

log(λ)

]b+ir

b−ir
+

(−a+ 1)

2πi

∫ b+i∞

b−i∞
eξλ

1

λa log(λ)
dλ

+
ξ

2πi

∫ b+i∞

b−i∞
eξλ

1

λa−1 log(λ)
dλ

= (−a+ 1)v(ξ, a− 1) + ξv(ξ, a− 2)

Next, set

ka(ξ) :=

[(−a+ 1)v(ξ, a− 1) + ξv(ξ, a− 2)]e−ηξ, ξ > 0

0, ξ ≤ 0,

and note that for each λ ∈ C with Reλ > −η, one has

L(δt ∗ ka)(λ) = e−λt

∫ ∞

0
e−λska(s)ds

= e−λt

∫ ∞

0
e−(λ+η)s(−a+ 1)v(s, a− 1) + sv(s, a− 2)]ds

= e−λt(λ+ η)−a(log(λ+ η))−2 = ft,a(λ).
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Now, by Hille-Phillips Functional Calculus, one has

ft,a(A) := T (t)(η +A)−a log(A+ η)−2.

Case β > 1:

Let a = β; by the Spectral Mapping Theorem (which is a consequence of Hille-Phillips

Functional Calculus; see [35, 32]), one has ft(σ(A)) ⊂ σ(ft(A)) for each t > 0. Let λ ∈ σ(A);

then, ftn(λ) ∈ σ(ftn(A)) for each tn and

e−Reλtn

|(η + λ)|β| log(λ+ η))|2
= |ftn(λ)| ≤ ∥T (tn)(η + λ)−β[log(A+ η)]−2∥.

It follows from relation (2.17) that limtn→∞ e−(Reλ)tn = 0, which is only possible if −Reλ < 0.

Case β ≤ 1:

Let a > 1, and note that

∥T (tn)(η +A)−a(log(η +A))−1−δ∥L(X) ≤ ∥T (tn)(η +A)−(β+(a−β))(log(η +A))−1−δ∥L(X)

≤ ∥(η +A)−(a−β)∥L(X)∥T (tn)(η +A)−β(log(η +A))−1−δ∥L(X)

2.2.1 Proof of Theorem 10

Proof of Theorem 10. The result is equivalent to the following statement: for each s > 0

and each δ > 0, there exists Cδ,s > 0 such that for each t ≥ 1,

∥T (t)(1 +A)−ν∥L(X) ≤ Cδ,st
−s log(1 + t)υ,

where ν := β(s+ 1) + 1/r and υ := b(s+ 1) +
1 + δ

r
for p ̸= 2, ν := β(s+ 1) and υ := b(s+ 1)

otherwise. Set m := ⌊υ⌋ and η := {υ} ∈ (0, 1). We divide the proof into the cases where η = 0

and η > 0. In both of them, we proceed recursively over m.

Case η > 0.

Step 1: removing η > 0. Since (0,∞) ∋ τ 7→ log(1 + τ)η ∈ CBF (by Proposition E.1.1), it

follows that

log(1 + τ)η =

∫ ∞

0+

τ

τ + λ
dµ(λ).

Let θ = θ(s) ∈ (0, 1) be such that s ≥ θ > 0. Let, for each σ ∈ (0, 1), fσ : [0,∞) → R be

given by the law fσ(ξ) = (1 + ξ)σ − 1; it is a complete Bernstein function (see Example E.1.1).

Then, for σ = ε := min{1,β}θ
2 , fε(B) is a sectorial operator, by Theorem 1.3.1, where B := A+1.
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Therefore, by Lemma 1.3.4,

log(1 +B)η =
1

εη
log(1 + fε(B))η.

By the choice of ε > 0, D(Bβs) ⊂ D(fε(B)) (see Proposition 3.1.1 (c) in [32]). It follows from

equation (1.7) (with a = b = 0; see (E.2)) and from the previous facts that for each x ∈ X,

T (t)B−ν log(1 +B)−mx =
1

εη
T (t) log(1 + fε(B))η log(1 +B)−ηB−ν log(1 +B)−mx

=
1

εη
T (t) log(1 + fε(B))ηB−ν log(1 +B)−m−ηx

=
1

εη
T (t)

∫ ∞

0+
fε(B)(λ+ fε(B))−1B−ν log(1 +B)−m−ηxdµ(λ).

Let ϕ ∈ [0, ν), ζ > 0, set Pζ(Bϕ) := B−ν+ϕ log(1 +B)−ζ ∈ L(X) and

τ :=
∥T (t)Pm+η(Bε)∥L(X)

∥T (t)Pm+η(B0)∥L(X)
> 0.

Since fε(B) is a sectorial operator and since for each t ≥ 0, T (t) commutes with fε(B) (see

Lemma 1.3.4), it follows that for each t ≥ 0,∥∥∥∥T (t)∫ τ

0+
fε(B)(λ+ fε(B))−1Pm+η(B0)xdµ(λ)

∥∥∥∥
≤ ∥T (t)Pm+η(B0)∥L(X)(Mfε(B) + 1)

∫ τ

0+
dµ(λ)∥x∥

≤ 4∥T (t)Pm+η(B0)∥L(X)Mfε(B)

∫ τ

0+

τ

τ + λ
dµ(λ)∥x∥ (2.18)

where Mfε(B) := sup
λ>0

∥λ(λ+ fε(B))−1∥L(X) ≥ 1. Moreover, by Lemma 1.3.4,

∥∥∥∥T (t) ∫ ∞

τ
fε(B)(λ+ fε(B))−1Pm+η(B0)xdµ(λ)

∥∥∥∥
≤ ∥T (t)fε(B)Pm+η(B0)∥L(X)

∫ ∞

τ
∥(λ+ fε(B))−1∥L(X)dµ(λ)∥x∥

≤ ∥T (t)fε(B)Pm+η(B0)∥L(X)Mfε(B)

∫ ∞

τ

1

λ
dµ(λ)∥x∥

≤ 2∥T (t)fε(B)Pm+η(B0)∥L(X)Mfε(B)

∫ ∞

τ

1

λ+ τ
dµ(λ)∥x∥. (2.19)

By combining relations (2.18) and (2.19), one gets, for each t ≥ 0,

∥T (t)Pm(B0)x∥ ≤ C ′
ε∥T (t)Pm+η(B0)∥L(X)

(∫ τ

0+

τ

τ + λ
dµ(λ)

+
∥T (t)fε(B)Pm+η(B0)∥L(X)

∥T (t)Pm+η(B0)∥L(X)

∫ ∞

τ

1

λ+ τ
dµ(λ)

)
∥x∥, (2.20)

where C ′
ε := 4Mfε(B).
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Note that, for each t ≥ 0, T (t) commutes with (1 +B)εB−ε −B−ε, hence for each x ∈ X,

∥T (t)fε(B)Pm+η(B0)x∥ = ∥T (t)((1 +B)ε − 1)Pm+η(B0)x∥

= ∥T (t)((1 +B)ε −B−εBε)B−ν log(1 +B)−m−ηx∥

= ∥T (t)((1 +B)εB−ε −B−ε)B−ν+ε log(1 +B)−m−ηx∥

= ∥((1 +B)εB−ε −B−ε)T (t)Pm+η(Bε)x∥

≤ ∥((1 +B)εB−ε −B−ε)∥L(X)∥T (t)Pm+η(Bε)∥L(X)∥x∥,

and so

∥T (t)fε(B)Pm+η(B0)∥L(X) ≤ Cε∥T (t)Pm+η(Bε)∥L(X), (2.21)

where Cε := ∥(1 +B)εB−ε −B−ε∥L(X).

Therefore, it follows from relations (2.20) and (2.21) that for each t ≥ 0,

∥T (t)B−ν log(1 +B)−m∥L(X) ≤ C ′
ε(1 + Cε)∥T (t)Pm+η(B0)∥L(X)

(∫ τ

0+

τ

τ + λ
dµ(λ) + τ

∫ ∞

τ

1

λ+ τ
dµ(λ)

)
= C ′

ε(1 + Cε)∥T (t)Pm+η(B0)∥L(X) log(1 + τ)η. (2.22)

On the other hand, by the definition ε = min{1,β}θ
2 , one has β(s + 1) + 1/r − ε > β + 1/r;

then, it follows from Theorem 2.2.1 that there exists a positive constant Cs,ε,η such that for each

t ≥ 1,

∥T (t)Pm+η(Bε)∥L(X) ≤ Cs,ε,ηt
−s+ ε

β . (2.23)

One also has from Theorem 2.2.1 that there exists a positive constant Cs,η so that for each t ≥ 1,

∥T (t)Pm+η(B0)∥L(X) ≤ Cs,ηt
−s. (2.24)

Now, set km,η(t) := ∥T (t)Pm+η(B0)∥L(X); by (2.24), one has for each t ≥ 1,

Cs,ε,ηt
−s+ ε

β

km,η(t)
≥ C̃s,ηCs,ε,ηt

ε
β , (2.25)

with C̃s,η := (Cs,η)
−1. It follows from relations (2.23), (2.24) and by letting γ = 1, ℓ(w) =

log(1 + w)η, s = C̃s,ηCs,ε,ηt
ε
β and w =

Cs,ε,ηt
−s+ ε

β

km,η(t)
in Proposition E.2.1 (note that w ≥ s,

by (2.25)) that there exists C > 0 (which depends only on the function log) such that for each

sufficiently large t,

log(1 + τ)η ≤ log

(
1 +

Cs,ε,ηt
−s+ ε

β

km,η(t)

)η

≤ C
Cs,ε,ηt

−s+ ε
β

C̃s,ηCs,ε,ηt
ε
β km,η(t)

log
(
1 + C̃s,δCs,ε,ηt

ε
β

)η
=

C

km,η(t)C̃s,ηts
log
(
1 + C̃s,ηCs,ε,ηt

ε
β

)η
= C1(s, ε, η)

1

km,η(t)ts
log
(
1 + C2(s, ε, η)t

ε
β

)η
,(2.26)
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with C1(s, ε, η) := C/C̃s,η and C2(s, ε, η) := C̃s,ηCs,ε,η.

Then, one concludes from (2.22) and (2.26) that for each sufficiently large t,

∥T (t)B−ν log(1 +B)−m∥L(X) ≤ C ′
ε(1 + Cε)C1(s, ε, η)

ε

km,η(t)

km,η(t)ts
log
(
1 + C2(s, ε, η)t

ε
β

)η
= C̃1(s, ε, η)t

−s log
(
1 + C2(s, ε, η)t

ε
β

)η
, (2.27)

with C̃1(s, ε, η) :=
C ′
ε(1 + Cε)C1(s, ε, η)

ε
.

Step 2: removing m. If m = 0, there is nothing to be done. So, let m ∈ N. It follows from

the discussion presented in the beginning of Step 1 that for each x ∈ X,

T (t)B−ν log(1 +B)−m+1x =
1

ε
T (t) log(1 + fε(B))B−ν log(1 +B)−mx

=
1

ε
T (t)

∫ ∞

0+
fε(B)(λ+ fε(B))−1Pm(B0)xdµ(λ),

where µ now stands for the Borel measure related to the integral representation of log(1 + λ)

(which is a complete Bernstein function).

Let τ :=
∥T (t)Pm(Bε)∥L(X)

∥T (t)Pm(B0)∥L(X)
> 0. By proceeding as in Step 1, one gets from (2.27) that for

each t ≥ 1,

∥T (t)Pm−1(Bε)∥L(X) ≲ t−s+ε/β log (1 + t)η , (2.28)

and

∥T (t)Pm−1(B0)∥L(X) ≲ ∥T (t)Pm(B0)∥L(X) log(1 + τ). (2.29)

Now, let nm(t) := ∥T (t)Pm(B0)∥L(X); it follows from (2.29) and (2.28) that there exists a

positive constant c̃s,ε so that for each t ≥ 1,

t
−s+ ε

β log (1 + t)η

nm(t)
≥ c̃s,εt

ε
β . (2.30)

By letting γ = 1, ℓ(w) = log(1 + w), s = c̃s,εt
ε
β and w = t

−s+ ε
β log(1+t)η

nm(t) in Proposition E.2.1

(note that w ≥ s, by (2.30)), it follows from relation (2.30) that there exists c̃ > 0 such that for

each sufficiently large t,

log(1 + τ) ≤ log

(
1 +

C̃ε,st
−s+ ε

β log (1 + t)η

nm(t)

)

≤ c̃
C̃ε,st

−s+ ε
β log (1 + t)η

C̃ε,sc̃s,εt
ε
β nm(t)

log
(
1 + Cε,s,δ c̃s,εt

ε
β

)
=

c̃ log (1 + t)η

nm(t)c̃s,εts
log
(
1 + C̃ε,sc̃s,εt

ε
β

)
. (2.31)
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Then, by (2.29) and (2.31), one has for each t ≥ 1,

∥T (t)Pm−1(B0)∥L(X) ≲ t−s log (1 + t)η log
(
1 + C̃ε,sc̃st

ε
β

)
≲ t−s log (1 + t)1+η .

By proceeding recursively over m, it follows from the previous discussion that for each t ≥ 1,

∥T (t)B−ν∥L(X) ≲ t−s log (1 + t)m+η .

Case η = 0. Since in this case m ∈ N, one just needs to proceed as in Step 2 of the case

η > 0 in order to obtain, for each t ≥ 1,

∥T (t)B−ν∥L(X) ≲ t−s log (1 + t)m .

Hence, in both cases, relation (6) follows, and we are done. □

2.2.2 Resolvent growth slower than log(|ξ|)b

• Case p ̸= 2

By using the same strategy presented in the proof of Theorem 2.2.1, we conclude that for

β = 0 < b (that is, for ∥(iξ + A)−1∥L(X) ≲ log(2 + |ξ|)b, ξ ∈ R), for each s ≥ 0 and each δ > 0,

there exists cs,δ > 0 such that for each t ≥ 1,

∥T (t)(1 +A)−1/r log(1 +B)−b(s+1)− 1+δ
r ∥L(X) ≤ cs,δt

−s.

Actually, it is possible to obtain in this setting a better estimate than the previous one.

Namely, note that for each x ∈ D(A),

T (t)x = x+

∫ t

0
T (w)Axdw.

Let x ∈ X1+1/r(υ), with υ := b(s+1)+ 1+δ
r . We argue that [t 7→ T (t)x] is a Lipschitz continuous

function: it follows from the previous identity that for each t, u ≥ 0, ∥T (t)x − T (u)x∥ ≲ |t −
u|∥x∥X1/r(υ), and since X1+1/r(υ) is dense X1/r(υ), one concludes that ∥T (t)−T (u)∥L(X1(υ),X) ≲

|t− u|.
Now, note that for each x ∈ X and each t > 0, fx(t) = T (t)(1+A)−1/r log(1+B)−υx satisfies

the assumptions of Theorem 2.1 in [22] (with Fx(s) = R(is, A)(1 + A)−1/r log(1 + B)−υx and

M(s) = log(2 + |s|)b), so for any c ∈ (0, 1/2) and t0 such that for each t ≥ t0 and each x ∈ X

with ∥x∥ = 1, one has

∥T (t)(1 +A)−1/r log(1 +B)−υx∥ ≲
1

M−1
log(ct)

≲ e−ct
1

b+1
.
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Therefore, for each t ≥ t0,

∥T (t)(1 +A)−1/r log(1 +B)−υ∥L(X) ≤ e−ct
1

b+1
.

By proceeding as in the proof of Lemma 4.1 in [55], one can show that for each τ > 1/r,

∥T (t)(1 +A)−τ log(1 +B)−υτr∥L(X) ≤ e−cτrt
1

b+1
. (2.32)

Theorem 2.2.2. Let b ≥ 0 and let (T (t))t≥0 be a C0-semigroup on a Banach space X whose

generator −A satisfies C− ⊂ ρ(A). Suppose that X has Fourier type p ∈ [1, 2) and that for each

λ ∈ C with Re(λ) ≤ 0,

∥(λ+A)−1∥L(X) ≲ log(2 + |λ|)b.

Let r ∈ [1,∞) be such that 1/r = 1/p − 1/p′. Then, for each δ, ε > 0 and each τ > 1/r, there

exists cτ,δ,r,ε ≥ 0 such that for each t ≥ 1,

∥T (t)(1 +A)−τ∥L(X) ≤ cτ,δ,ε,re
−cτrt

1
b+1

t
τr
b+1

(b(ε+1)+ 1+δ
r

).

Proof. We proceed as in the proof of Theorem 10, by replacing relation (2.3) by

relation (2.32).

• Case p = 2

As in the case above, by using the same strategy presented in the proof of Theorem 2.2.1, we

conclude that for β = 0 < b, for each s ≥ 0 and each δ ∈ (0, 1/2), there exists cs,δ > 0 such that

for each t ≥ 1,

∥T (t)(1 +A)−δ log(1 +B)−b(s+1)∥L(X) ≤ cs,δt
−s.

Actually, it is possible to obtain in this setting a better estimate than the previous one.

Namely, note that for each x ∈ D(A),

T (t)x = x+

∫ t

0
T (w)Axdw.

Let x ∈ X1+δ(υ), with υ := b(s+1). We argue that [t 7→ T (t)x] is a Lipschitz continuous function:

it follows from the previous identity that for each t, u ≥ 0, ∥T (t)x − T (u)x∥ ≲ |t − u|∥x∥Xδ(υ),

and since X1+δ(υ) is dense Xδ(υ), one concludes that ∥T (t)− T (u)∥L(Xδ(υ),X) ≲ |t− u|.
Now, note that for each x ∈ X and each t > 0, fx(t) = T (t)(1 +A)−δ log(1+B)−υx satisfies

the assumptions of Theorem 2.1 in [22] (with Fx(s) = R(is, A)(1 + A)−δ log(1 + B)−υx and

M(s) = log(2 + |s|)b), so there exists t0(δ) ≥ 1 such that for each t ≥ t0 and each x ∈ X with

∥x∥ = 1, one has

∥T (t)(1 +A)−δ log(1 +B)−υx∥ ≲
1

M−1
log(δt)

≲ e−δt
1

b+1
.
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Therefore, for each t ≥ t0,

∥T (t)(1 +A)−δ log(1 +B)−υ∥L(X) ≲ e−δt
1

b+1
.

Let τ > 0 and δ ∈ (0, 1/2) be such that τ > δ > 0, then by proceeding as in the proof of

Lemma 4.1 in [55], one can show ,

∥T (t)(1 +A)−τ log(1 +B)−υτ/δ∥L(X) ≤ e−τt
1

b+1
.

Theorem 2.2.3. Let b ≥ 0 and let (T (t))t≥0 be a C0-semigroup on a Hilbert space X whose

generator −A satisfies C− ⊂ ρ(A). Suppose that for each λ ∈ C with Re(λ) ≤ 0,

∥(λ+A)−1∥L(X) ≲ log(2 + |λ|)b.

Let ε, τ > 0 and δ ∈ (0, 1/2) be such that τ > δ > 0. Then, there exists cτ,ε,δ ≥ 0 such that for

each t ≥ 1,

∥T (t)(1 +A)−τ∥L(X) ≤ cτ,ε,δe
−τt

1
b+1

t
τb(ε+1)
δ(b+1) .

Proof. We proceed as in the proof of Theorem 10, by replacing relation (2.3) by

relation (2.32).

Example 2.2.1. Let µ ≥ 0 and suppose that for each t ≥ 1, ∥T (t)∥L(X) ≲ tµ. Now, let a > 0

and define, for each t ≥ 0, Sa(t) := e−atT (t). Then,

sup
t≥0

∥Sa(t)∥L(X) ≲ sup
t≥0

{e−attµ} ≲ a−µ.

It follows from Theorem 4 that for each τ > 0 and t ≥ 0,

∥Sa(t)(1 +A)−τ∥L(X) ≲ sup
t≥0

∥Sa(t)∥L(X)t
−τ/β log(1 + t)τ/β ≲ a−µt−τ/β log(1 + t)τ/β ,

so, by setting a := 1/t, one has

∥T (t)(1 +A)−τ∥L(X) ≲ tµ−τ/β log(1 + t)τ/β . (2.33)

Note that for each τ > β + 1, it follows from Corollary 3 that

∥T (t)(1 +A)−τ∥L(X) ≲ t
1− τ−1

β log(1 + t)τ/β , (2.34)

with δ = τ/β − 1 > 0. The estimate (2.34) improves (2.33) if, and only if, µ ≥ 1 + 1
β .

The next example shows that one cannot expect to improve the power-law presente in

Corollary 2 (see Exemple 4.20 in [55]).

Example 2.2.2. We show that for each δ, γ ∈ (0, 1), there exists an operator A be as in the

statement of Corollary 2 such that ∥T (·)∥L(Xτ ,X) is unbounded for each τ ∈
[
0, 1−γ

log(1/δ)

)
. Set
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β0 :=
log(1/γ)
log(1/δ) and for n ∈ N, let the n× n matrix Bn be given by

Bn(k, l) :=

{
1 l = k + 1,

0 otherwise.

Let m(n) :=

⌊
log(n)

log(1/δ)

⌋
, let n0 ∈ N be such that m(n0) ≥ 2 and let the Hilbert space

X =
⊕
n≥n0

ℓ2m(n) be the ℓ2 direct sum of the m(n)-dimensional ℓ2m(n) spaces for n ≥ n0. Let, for

each n ≥ n0,

An := −i n

log(n)
+ γ −Bm(n)

and define the operator A by the law Ax := (Anxn)n≥m(n0), with

D(A) :=

x = (xn)n≥m(n0) |
∑

n≥m(n0)

n2

log(n)2
|xn|2 <∞

.
Let also define the family of bounded linear operators on X, (T (t))t≥0, by the law T (t)x :=

(e−tAnxn)n≥m(n0), and note that it is a C0-semigroup (namely, −A generate (T (t))t≥0).

Now, we show that A satisfies the hypotheses of Corollary 2.

Claim: C− ⊂ ρ(A) and that there exists a C > 0 such that, for each η ≥ 0 and ξ ∈ R

∥(η + iξ +A)−1∥L(X) ≤ C(|ξ|β0 log(2 + |ξ|)β0 + 1). (2.35)

Namely, for each η ≥ 0 and ξ ∈ R, set z := η + iξ and note that Bm(n)
m(n) = 0 ∈ L(ℓ2m(n)) and

∥Bm(n)∥L(ℓ2
m(n))

= 1, for each n ≥ n0. Moreover,

∥∥∥∥∥
(
z − i

n

log(n)
+ γ −Bm(n)

)−1
∥∥∥∥∥
L(ℓ2

m(n)
)

≤
m(n)−1∑
k=0

∥Bk
m(n)∥L(ℓ2m(n))

|z − i(n/ log(n)) + γ|k+1
.

Let n1 ∈ N be such that n1 ≥ n0 and
∣∣∣ n1
log(n1)

− ξ
∣∣∣ = min{|n/ log(n) − ξ| | n ∈ N, n ≥ n0}.

Note that |z− in/ log(n)+γ| ≥ γ, for each n ∈ N. Hence, in case ξ ≥ 0 and n ∈ {n0, . . . , n1+1},
one has

∥(z − i(n/ log(n)) + γ −Bm(n))
−1∥L(ℓ2

m(n)
) ≤

m(n)−1∑
k=0

1

γk+1
=
γ−m(n) − 1

1− γ

≤ γ−m(n1+1)

1− γ
≲ (n1 + 1)β0

≤ (f−1(ξ))β0 + 1 ≤ (|ξ| log(2 + |ξ|)β0 + 1,

with f(s) = s/ log(s+ 2), where we have used that f(n1) ≤ ξ + 2.
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Now, in case ξ < 0 or n ≥ n1 + 2, then |z − in/ log(n) + γ| ≥ cγ :=
√
1 + γ2 > 1. Therefore,

∥(z − i(n log(n)) + γ −Bm(n))
−1∥L(ℓ2

m(n)
) ≤

∞∑
k=0

1

ck+1
γ

<∞.

and now (2.35) follows.

We now show that ∥T (t)∥L(Xτ ,X) is unbounded for τ ∈
[
0, 1−γ

log(1/δ)

)
. First note that

∥T (t)∥L(Xτ ,X) ≥ ∥T (t)x∥
∥(1+A)τx∥ for each x ∈ Xτ with ∥(1 + A)τx∥ ≤ ∥x∥Xτ = 1. Let n ≥ n0

and let x := (xk)k≥n0 ∈ X be such that xk = 0 for each k ̸= m(n) and xm(n) = (0, 0, 0, . . . , 0, 1).

Then, for each τ ∈ N ∪ {0}, Newton’s Binomial Formula yields

∥(1 +A)τx∥ = ∥(1 + γ − in/ log(n)−Bm(n))
τx∥ ≲

(
n

log(n)

)τ

. (2.36)

Then, it follows from Proposition 1.3.2 that (2.36) follows for each τ ≥ 0. Now, set

t := m(n)− 1 ≥ 1. Then, by Lemma A.2 in [55],

∥T (t)x∥ = e−γt∥etBm(n)xn∥L(ℓ2
m(n)

) = e−γt

m(n)−1∑
k=0

(
tk

k!

)2
1/2

≳
e(1−γ)m(n)

m(n)1/4
≳
n

1−γ
log(1/δ)

m(n)1/4
.

By combining this with relation (2.36), one gets

∥T (t)x∥
∥(1 +A)τx∥

≳
nν

log(n)1/4−τ
= ctτ−1/4eνt

with ν :=
1− γ

log(1/δ)
− τ , where the implicit constant does not depend on n ≥ n0 and t ≥ 1.

2.3 Singularity at infinity and zero

Let µ, ν, υ ≥ 0 and A ∈ SectX(ωA); it is known that 2π − i log(A) is sectorial (see page 92

in [32]), and so (2π − i log(A))−υ is well-defined, by the functional calculus of fractional powers

(see [32, 41]). Define the operator

Φµ
ν (υ) = Φµ

ν (A, υ) := Aµ(1 +A)−µ−ν(2π − i log(A))−υ ∈ L(X),

and the space Xµ
ν (υ) := Ran(Φµ

ν (υ)). If A is injective, then the space Xµ
ν (υ) is a Banach space

with the norm

∥x∥Xµ
ν (υ)

= ∥x∥+ ∥Φµ
ν (υ)

−1x∥ = ∥x∥+ ∥(2π − i log(A))υ(1 +A)νAµx∥, ∀ x ∈ Xµ
ν (υ).

Moreover, Φµ
ν (υ) : X → Xµ

ν (υ) is an isomorphism and so

∥T∥L(Xµ
ν (υ),X) ≤ ∥TΦµ

ν (υ)∥L(X) ≤ ∥Φµ
ν (υ)∥L(X)∥T∥L(Xµ

ν (υ),X), T ∈ L(Xµ
ν (υ), X). (2.1)



58

Note that Φµ
ν (0) = Φµ

ν (A) and Xµ
ν (0) = Xµ

ν , where Φµ
ν (A) and Xµ

ν are the objects defined in

[55].

Theorem 2.3.1. Let (T (t))t≥0 be a C0-semigroup defined in the Banach space X with Fourier

type p ∈ [1, 2], with −A as its generator. Suppose A injective, C− \ {0} ⊂ ρ(A) and that there

exist α ≥ 1, β > 0, a, b ≥ 0 such that, for each λ ∈ C− \ {0},

∥(λ+A)−1∥L(X) ≲

{
|λ|−α log(1/|λ|)a, |λ| ≤ 1

|λ|β log(|λ|)b, |λ| ≥ 1.

Let σ, τ be such that σ ≥ α−1 and τ ≥ β+1/r. Then, for each ρ ∈
[
0,min

{
σ+1
α − 1, τ−r−1

β − 1
}]

and each δ > 1− 1/r, where r ∈ [1,∞] is such that 1
r = 1

p − 1
p′ , there exist Cρ,δ > 0 and t0 > 1

so that for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ−τ (2π − i log(A))−c(⌈ρ⌉+1)−1/r−δ∥L(X) ≤ Cρ,δt
−ρ, (2.2)

with c = max{a, b}.

In order to prove Theorem 2.3.1, some preparation is required. The next result is the version

of Proposition 2.2.1 in this setting, and consists in the result stated in Theorem 2.3.1 in case

p = 1.

Proposition 2.3.1. Let A be an injective sectorial operator defined in the Banach space X such

that −A generates the C0-semigroup (T (t))t≥0 on X. Suppose that there exist α ≥ 1, β > 0,

a, b ≥ 0 such that, for each λ ∈ C− \ {0}

∥(λ+A)−1∥L(X) ≲

{
|λ|−α(log(1/|λ|))a; |λ| ≤ 1

|λ|β log(|λ|)b; |λ| ≥ 1.
(2.3)

Let σ ≥ α − 1 and τ ≥ β + 1. Then, for each δ > 0 and each ρ ∈
[
0,min

{
σ+1
α − 1, τ−1

β − 1
}]

,

there exists cρ,δ > 0 such that for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ−τ (2π − i log(A))−c(⌈ρ⌉+1)−1−δ)∥L(X) ≤ cρ,δt
−ρ, (2.4)

where c = max{a, b}.

Proof. Let n ∈ N ∪ {0} and set µ := α(n+ 1)− 1, ν := (n+ 1)β + 1, υ := c(n+ 1) + 1 + δ. For

each x ∈ Xµ
ν+1(υ), let

y := (Φµ
ν (υ))

−1x = (2π − i log(A))υ(1 +A)ν+µA−µx

= (2π − i log(A))υ(1 +A)ν+µA−µ
(
Aµ(1 +A)−µ−ν−1(2π − i log(A))−υz

)
= B−1z ∈ D(A),
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where z := (Φµ
ν+1(υ))

−1x. Let g : [0,∞) → X be defined by the law

g(t) :=
1

2πi

∫ −i∞

i∞
e−λt λµ

(1 + λ)ν+µ(2π − i log(λ))υ
R(λ,A)ydλ.

Note that for each t ≥ 0, g(t) is indeed an element of X and it is differentiable. Namely, since

y ∈ D(A), then λ 7→ λµ+1

(1 + λ)ν+µ(2π − i log(λ))υ
R(λ,A)y is integrable in iR. Therefore, by

dominated convergence, one gets

g′(t) = − 1

2πi

∫ −i∞

i∞
e−λt λµ+1

(1 + λ)ν+µ(2π − i log(λ))υ
R(λ,A)ydλ.

Moreover, by Lemma D.0.1,

g′(t) =
1

2πi

∫ −i∞

i∞
e−λt λµ

(1 + λ)ν+µ(2π − i log(λ))υ
(−AR(λ,A)y − y)dλ

= −A 1

2πi

∫ −i∞

i∞
e−λt λµ

(1 + λ)ν+µ(2π − i log(λ))υ
R(λ,A)ydλ−

− 1

2πi

∫ −i∞

i∞
e−λt λµ

(1 + λ)ν+µ(2π − i log(λ))υ
ydλ

= −Ag(t)

Then, g′(t) = −Ag(t) for each t ≥ 0, and g(0) = x. Therefore, g(t) = T (t)x, by the

uniqueness of the solution to the Cauchy problem associated with −A.

Integration by parts yields

tnT (t) =
1

2πi

∫
iR
e−λtp(λ,A)ydλ,

where p(λ,A) is a finite linear combination of terms of the form

λµ−kR(λ,A)n−l+1

(1 + λ)µ+ν+(l−k)(2π − i log(λ))υ+j
and

λµ−k−mR(λ,A)n−l+1

(1 + λ)µ+ν+j(2π − i log(λ))υ+(l−k)
,

where 0 ≤ j ≤ k ≤ l ≤ n and l − k ≤ m ≤ l − k + 1.

Then, for each t > 0,

∥tnT (t)x∥ ≤ 1

2π

∫
iR

|e−λt|∥p(λ,A)y∥dλ

≤ 1

2π

∫
iR

∥p(λ,A)∥L(X)dλ∥y∥ ≤ C∥(Φµ
ν (υ))

−1x∥ ≲ ∥x∥Xµ
ν (υ)

.

Since Xµ
ν+1(υ) is dense in Xµ

ν (υ), it follows from the previous discussion that for each t ≥ 1,

∥T (t)∥L(Xµ
ν (υ),X) ≲ t−n.

In general, for each s ≥ 0, let n ∈ N ∪ {0} be such that n < s < n + 1; then, there exists

θ = θ(s) ∈ (0, 1) so that s = (1 − θ)n + θ(n + 1). Let α1 := α(n + 1) − 1, α2 := α(n + 2) − 1,
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β1 := β(n + 1) + 1 and β2 := β(n + 2) + 1, then α(s + 1) − 1 = (1 − θ)α1 + θα2 and

β(s+ 1) + 1 = (1− θ)β1 + θβ2. Set υ̃ := c(⌈s⌉+ 1) + 1 + δ. Then, by a moment-like inequality

(Lemma 4.2 in [55]), it follows that

∥T (t)Φµ
ν (A)(2π − i log(A))−υ̃∥L(X) ≲ ∥T (t)Φα1

β1
(A)(2π − i log(A))−υ̃∥1−θ

L(X) ·

∥T (t)Φα2
β2
(A)(2π − i log(A))−υ̃∥1−θ

L(X) ≲ t−s.

The following result is analogous to Proposition 2.2.2; its proof is presented in Appendix C.

Proposition 2.3.2. Let A ∈ SectX(ωA), with C− \ {0} ⊂ ρ(A). The following statements hold:

(a) Let α ≥ 1 and a ≥ 0 be such that, for each λ ∈ C− \ {0} with |λ| < 1, one has

∥(λ+A)−1∥L(X) ≲ |λ|−α(log(1/|λ|))a; (2.5)

then, for each ζ > 1,{
λ(2π − i log(λ))ζ(λ+A)−1 | λ ∈ iR \ {0}, |λ| < 1

}
⊂ L(Xα−1(a+ ζ), X)

is uniformly bounded.

(b) Let α ≥ 1, β ≥ 0, β0 ∈ [0, 1) and b ≥ 0. If

sup{|λ|−β log(1 + |λ|)−b∥(λ+A)−1∥ | λ ∈ C− \ {0}, |λ| ≥ 1} <∞, (2.6)

then for each ζ > 1,{
λβ0(2π − i log(λ))ζ(λ+A)−1 | λ ∈ iR, |λ| ≥ 1

}
⊂ L(Xα

β+β0
(ζ + b), X) (2.7)

is uniformly bounded.

Proposition 2.3.3. Let A ∈ SectX(ωA) be such that C− \{0} ⊂ ρ(A) and let α ≥ 1, β, a, b ≥ 0.

Then,

∥(λ+A)−1∥L(X) ≲

{
|λ|−α log(1/|λ|)a, |λ| ≤ 1

|λ|β log(|λ|)b, |λ| ≥ 1
(2.8)

implies

sup{∥(λ+A)−1∥L(Xαn
βn (cn),X) | λ ∈ iR \ {0}} <∞,

where c = max{a, b} and n ∈ N.

Proof. We consider the following cases.

• Case 1: α = 1.
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Case 1(a): c ∈ (0, 1). Note that for each λ ∈ ρ(−A),

(λ+A)−1A(1+A)−1−β(2π−i log(A))−c =
1

1 + λ

(
(1 +A)−1−β − λ(λ+A)−1(1 +A)−β

)
(2π−i log(A))−c.

(2.9)

By the moment inequality (recall that (2π − i log(A))−1 is sectorial) and by (C.3), it follows

from (2.8) that for each |λ| < 1,

∥λ(λ+A)−1(1 +A)−β(2π − i log(A))−c∥L(X) ≲ ∥λ(λ+A)−1(1 +A)−β∥1−c
L(X)

· ∥λ(λ+A)−1(1 +A)−β(2π − log(A))−1∥cL(X)

≲ log(1/|λ|)c(1−c)

(∥∥∥∥ λ(λ+A)−1

(2π − i log(−λ))

∥∥∥∥
L(X)

+
|λ| − 1

log(|λ|)

)c

=


∥∥∥λ log(|λ|)(λ+A)−1

(2π−i log(−λ))

∥∥∥
L(X)

| log(|λ|)|c
+

1− |λ|
| log(|λ|)|c


c

≲

(∥∥∥∥λ(λ+A)−1

log(|λ|)c

∥∥∥∥
L(X)

+
1− |λ|

| log(|λ|)|c

)c

(2.10)

Then, it follows from relations (2.9) and (2.10) that for each λ ∈ iR \ {0},

sup{∥(λ+A)−1A(1 +A)−1−β(2π − i log(A))−c∥L(X) | λ ∈ iR \ {0}, |λ| < 1} <∞.

Now, note that A(1+A)−1 commutes with (2π− i log(A))−1, and by Closed Graph Theorem,

log(2 +A)c(2π − i log(A))−c ∈ L(X); thus,

|λ|
|1 + λ|

∥(λ+A)−1A(1 +A)−1−β(2π − i log(A))−c∥L(X)

≲
|λ|

|1 + λ|
∥(λ+A)−1(1 +A)−β(log(2 +A))−c∥L(X),

and so, it follows from Proposition 2.2.2 that

sup
λ∈iR,|λ|≥1

{
|λ|

|1 + λ|
∥(λ+A)−1A(1 +A)−1−β(2π − i log(A))−c∥L(X)

}
<∞.

Case 1(b): c = 1. It follows from (2.8) and (C.3) that for each λ ∈ iR with |λ| ≤ 1,

∥λ(λ+A)−1A(1 +A)−1−β(2π − i log(A))−1∥L(X) ≲

∥∥∥∥ λ(λ+A)−1

(2π − i log(−λ))

∥∥∥∥
L(X)

+
|λ| − 1

log(|λ|)
≲ 1.

For λ ∈ iR with |λ| ≥ 1, one just proceeds as in Case 1(a).
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Case 1(c): c > 1. Note that for each λ ∈ ρ(−A),

(λ+A)−1A(1 +A)−1−β(2π − i log(A))−c = (1− λ(λ+A)−1)A(1 +A)−2−β(2π − i log(A))−c

+ (λ+A)−1A(1 +A)−2−β(2π − i log(A))−c

= A(1 +A)−2−β(2π − i log(A))−c

+ (1− λ)(λ+A)−1A(1 +A)−2−β(2π − i log(A))−c.

(2.11)

Now, by Remark 1.3.2, one has

(λ+A)−1A(1 +A)−2−β(2π − i log(A))−c =
1

2πi

∫
Γ

zR(z,A)

(1 + z)2+β(2π − i log(z))c
dz(λ+A)−1

=
(−λ)

(2π − i log(−λ))c(1− λ)2+β
(λ+A)−1

+
1

2πi

∫
Γ

zR(z,A)

(1 + z)2+β(2π − i log(z))c(λ+ z)
dz,

(2.12)

where Γ is given as in the proof of Proposition 2.2.2. Since A is sectorial, one can replace

∥R(z,A)∥L(X) by 1/|z|, and so the function z 7→ (2π − i log(z))−cR(z,A) is integrable on Γ

(recall that c > 1). Now, by letting γ = δ = 1 in Lemma A.1 in [55], it follows that for each

z ∈ Γ and λ ∈ iR \ {0}, ∣∣∣∣ z(1− λ)

(1 + z)2+β(z + λ)

∣∣∣∣ ≲ 1. (2.13)

Now, by (2.8) and relations (2.11), (2.12) and (2.13), it follows that

∥(λ+A)−1A(1 +A)−1−β(2π − i log(A))−c∥L(X) ≤ ∥A(1 +A)−2−β(2π − i log(A))−c∥L(X)

+ |1− λ|∥(λ+A)−1A(1 +A)−2−β(2π − i log(A))−c∥L(X)

≲

∥∥∥∥ (−λ)(λ+A)−1

(2π − i log(−λ))c(1− λ)1+β

∥∥∥∥
L(X)

+ 1 ≲ 1.

• Case 2: α > 1. Let c > 0, and notice that

(λ+A)−1Aα(1 +A)−α−β(2π − i log(A))−c = (λ+A)−1(A+ 1)Aα(1 +A)−α−β−1(2π − i log(A))−c

= Aα(1 +A)−α−β−1(2π − i log(A))−c

+ (1− λ)Aα(1 +A)−α−β−1(2π − i log(A))−c

Hence, by Remark 1.3.2, one has
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(λ+A)−1Aα(1 +A)−α−β−1(2π − i log(A))−c =
1

2πi

∫
Γ

zαR(z,A)

(1 + z)α+β+1(2π − i log(z))c
dz(λ+A)−1

=
(−λ)α

(2π − i log(−λ))c(1− λ)α+β+1

+
1

2πi

∫
Γ

zαR(z,A)

(1 + z)α+β+1(2π − i log(z))c(λ+ z)
dz.

It follows from (2.8) that the first term in the right-hand side of the previous relation is bounded.

As for the second term, let ε ∈ (0,min{α − 1, 1}) and consider the map z 7→ zε

(1 + z)2ε
R(z,A),

which in integrable over Γ; then, by letting γ = α − ε and δ = β + 1− ε in Lemma A.1 in [55],

one gets

sup

{
|z|α−ε|1− λ|

|(1 + z)α+β+1−2ε(2π − i log(z))c(λ+ z)|
| z ∈ Γ, λ ∈ iR \ {0}

}
<∞

(note that (2π − i log(z))−c is uniformly bounded over Γ). Therefore,

sup
λ∈iR\{0}

∥(λ+A)−1Aα(1 +A)−α−β(2π − i log(A))−c∥L(X) <∞.

Proof of Theorem 2.3.1. We follow the same arguments presented in the proof of

Theorem 2.2.1. Let n ∈ N ∪ {0} and set µ := (n + 1)α − 1, ν := (n + 1)β + 1
r and

υ := c(n+ 1) + 1/r + δ. By Proposition 2.3.3 one has, for each k ∈ {1, . . . , n},

sup
ξ∈R

∥R(iξ, A)k∥L(Xαn
βn (cn),X) <∞. (2.14)

Let hr,δ : R → R be given by the law hr,δ(ξ) =
|ξ|

(1 + |ξ|)1−
1
r

(2π + | log(|ξ|)|)
1
r
+δ, and note

that for each ξ ∈ R,

hr,δ(ξ)∥R(iξ, A)k∥L(Xµ
ν (υ),X) ≲ hr,δ(ξ)∥R(iξ, A)kB−(α(n+1)−1+β(n+1)+ 1

r
)(2π − i log(A))−υ∥L(X)

≤ hr,δ(ξ)∥R(iξ, A)Aα−1B−(α−1+β+ 1
r
)(2π − i log(A))−c− 1

r
−δ∥L(X)

· ∥R(iξ, A)k−1AαnB−(α+β)n(2π − i log(A))−cn∥L(X),

where B := A + 1. It follows from Proposition 2.3.2 and relation (2.14) that for each

k ∈ {1, . . . , n+ 1},
sup
ξ∈R

hr,δ(ξ)∥R(iξ, A)k∥L(Xµ
ν (υ),X) <∞. (2.15)

As in the proof of Theorem 2.2.1, let ψ ∈ Cc(R) with be such that ψ ≡ 1 on [−1, 1]. It follows
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from (2.15) that for each k ∈ {1, . . . , n},

ψ(·)R(i·, A)k ∈ L1(R,L(Xµ
ν (υ), X)) ⊂ M1,∞(R,L(Xµ

ν (υ), X)),

and ∥(1 − ψ(·))R(i·, A)k∥L(Xµ
ν (υ),X) ∈ Lr(R). Note that Xµ

ν (υ) has Fourier type p, since Xµ
ν (υ)

is isomorphic to X. Then,

(1− ψ(·))R(i·, A)k ∈ Mp,p′ (R,L(Xµ
ν (υ), X)) ,

and by Theorem 2.1.2, there exists cn ≥ 0 such that for each t ≥ 1,

∥T (t)∥L(Xµ
ν (υ),X) ≤ cnt

−n.

In general, for each s ≥ 0, set µ := α(s+1)−1, ν := β(s+1)+1/r and υ̃ := c(⌈s⌉+1)+1/r+δ;

by following the same argument presented in the proof of Proposition 2.3.1, one concludes that

for each t ≥ 1,

∥T (t)AµB−µ−ν(2π − i log(A))−υ̃∥L(X) ≲ t−s.

□

2.3.1 Proof of Theorem 11

Lemma 2.3.1. Let A be an injective sectorial operator defined in a Banach space X. Let α ≥ 1,

β, s ≥ 0, r ∈ [1,∞] and x ∈ D(A) ⊂ X. Then,

Aα(s+1)−1(1 +A)−(α+β)(s+1)+1− 1
r x ∈ D(A) ∩ Ran(A).

Proof. Let x ∈ X and set µ := α(s+ 1)− 1, ν := β(s+ 1) + 1
r and B := 1 + A; it follows from

Proposition 3.1.1 in [32] (see items (c) and (f)) that

Aµ−1B−(µ+ν)x = Aµ−1B−(µ−1+1+ν)x

= B−1
(
Aµ−1B−(µ−1+ν)x

)
∈ D(A).

Thus, it follows that for each x ∈ X,

AµB−(µ+ν)x = A
(
Aµ−1B−(µ+ν)x

)
∈ Ran(A). (2.16)

Now one has, for each x ∈ D(A),

AµB−(µ+ν)x = AµB−(µ+ν)B−1Bx

= B−1
(
AµB−(µ+ν)

)
Bx ∈ D(A).
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Proof of Theorem 11. Let δ > 1 − 1/r, set B := A + 1 and for each ε, s > 0, set

µ := α(s+ 1)− 1, ν := β(s+ 1) + 1/r, υ := c(n+ 1) + 1/r + δ (with n = ⌈s⌉) and

Qυ(Aε, Bε) := Aµ−εB−µ−ν+ε(2π − i log(A))−υ ∈ L(X).

Set m := ⌈υ⌉, so m ∈ N \ {1} and m − 1 < υ ≤ m. We divide the proof into the cases υ = m

and υ ∈ (m− 1,m).

• Case υ = m.

Step 1: estimating ∥T (t) log(A)Qυ(A0, B0)∥. For each s > 0, let ε =
min{α, β, 1}θ

2
> 0,

where θ ∈ (0,min{1, s}); then, one has for each x ∈ D(A),

T (t) log(A)Qυ(A0, B0)x = T (t) log(1 +A)Qυ(A0, B0)x− T (t) log(1 +A−1)Qυ(A0, B0)x

=
T (t)

ε
log((1 +A)ε)Qυ(A0, B0)x− T (t)

ε
log((1 +A−1)ε)Qυ(A0, B0)x

=
T (t)

ε

∫ ∞

0+
fε(A)(λ+ fε(A))

−1Qυ(A0, B0)xdµ(λ)−

− T (t)

ε

∫ ∞

0+
fε(A

−1)(λ+ fε(A
−1))−1Qυ(A0, B0)xdµ(λ)

= I1 − I2, (2.17)

with fε(λ) = (1 + λ)ε − 1, where we have applied Lemmas 1.3.3 and 2.3.1 in the first identity,

Lemma 1.3.4 in the second identity and relation 1.7 in the third identity.

Estimating I1. Let τ :=
∥T (t)Qυ(A0, Bε)∥L(X)

∥T (t)Qυ(A0, B0)∥L(X)
; by following the same arguments presented in

the proof of Theorem 2.2.1, one gets∥∥∥∥T (t) ∫ τ

0+
fε(A)(λ+ fε(A))

−1Qυ(A0, B0)xdµ(λ)

∥∥∥∥ ≤ 4∥T (t)Qυ(A0, B0)∥L(X)Mfε(A)

∫ τ

0+

τ

λ+ τ
dµ(λ)∥x∥,

and∥∥∥∥T (t) ∫ ∞

τ
fε(A)(λ+ fε(A))

−1Qυ(A0, B0)xdµ(λ)

∥∥∥∥ ≤ 2∥T (t)fε(A)Qυ(A0, B0)∥L(X)Mfε(A)

∫ ∞

τ

1

λ+ τ
dµ(λ)∥x∥.

Note that for each t ≥ 0 and each x ∈ X,

∥T (t)fε(A)Qυ(A0, B0)x∥ = ∥(1−B−ε)T (t)BεQυ(A0, B0)x∥

≤ ∥1−B−ε∥L(X)∥T (t)BεQυ(A0, B0)x∥

≤ Cε∥T (t)Qυ(A0, Bε)∥L(X)∥x∥. (2.18)
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Then, by (2.18), it follows that

∥I1∥ ≲ ε−1∥T (t)Qυ(A0, B0)∥L(X)

(∫ τ

0+

τ

τ + λ
dµ(λ) + Cετ

∫ ∞

τ

1

τ + λ
dµ(λ)

)
∥x∥

≲ ε−1∥T (t)Qυ(A0, B0)∥L(X) log(1 + τ)∥x∥. (2.19)

Estimating I2.

Let σ :=
∥T (t)Qυ(Aε, Bε)∥L(X)

∥T (t)Qυ(A0, B0)∥L(X)
, so

∥∥∥∥T (t) ∫ σ

0+
fε(A

−1)(λ+ fε(A
−1))−1Qυ(A0, B0)xdµ(λ)

∥∥∥∥ ≲ ∥T (t)Qυ(A0, B0)∥L(X)

∫ σ

0+

σ

λ+ σ
dµ(λ)∥x∥,

and∥∥∥∥T (t) ∫ ∞

σ
fε(A

−1)(λ+ fε(A))
−1Qυ(A0, B0)xdµ(λ)

∥∥∥∥ ≲ ∥T (t)fε(A−1)Qυ(A0, B0)∥L(X)

∫ ∞

σ

∥x∥
λ+ σ

dµ(λ).

Note that for each x ∈ X,

∥T (t)fε(A−1)Qυ(A0, B0)x∥ = ∥(1− (1 +A−1)−ε)T (t)(1 +A−1)εAµB−(µ+ν)(2π − i log(A))−υx∥

≤ C̃ε∥T (t)(1 +A−1)εAµB−(µ+ν)(2π − i log(A))−υx∥

Now, by relation (1.1) one has (1+A−1)−1 = 1− (1+A)−1 = A(1+A)−1, so it follows from

Propositions 3.1.1 (e) and 3.1.9 (b) in [32] that

[(1 +A−1)ε]−1 = (A(1 +A)−1)ε = Aε((1 +A)ε)−1.

Then, (1+A−1)ε = (1+A)ε(Aε)−1 = (1+A)εA−ε (see Proposition 3.2.1 (a) in [32]). Therefore,

by the previous discussion,

∥T (t)fε(A−1)Qυ(A0, B0)x∥ ≤ C̃ε∥T (t)Aµ−εB−(µ+ν)+ε(2π − i log(A))−υx∥

≤ C̃ε∥T (t)Qυ(Aε, Bε)∥L(X)∥x∥. (2.20)

Thus, by (2.20),

∥I2∥ ≲ ε−1∥T (t)Qυ(A0, B0)∥L(X)

(∫ σ

0+

σ

σ + λ
dµ(λ) + C̃εσ

∫ ∞

σ

1

σ + λ
dµ(λ)

)
∥x∥

≲ ε−1∥T (t)Qυ(A0, B0)∥L(X) log(1 + σ)∥x∥. (2.21)

Finally, by combining relations (2.17), (2.19) and (2.21), and by the density of D(A), one
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gets for each sufficiently large t,

∥T (t) log(A)Qυ(A0, B0)∥L(X) ≤ Cε∥T (t)Qυ(A0, B0)∥L(X) log

(
1 +

Cε∥T (t)Qυ(A0, Bε)∥L(X)

∥T (t)Qυ(A0, B0)∥L(X)

)
+ C̃ε∥T (t)Qυ(A0, B0)∥L(X) log

(
1 +

C̃ε∥T (t)Qυ(Aε, Bε)∥L(X)

∥T (t)Qυ(A0, B0)∥L(X)

)
≤ 2Cε,st

−s log(1 + cst
s),

with Cε,s and cs positive constants, where in the last inequality we have applied Proposition E.2.1

to log(1 + λ) (see the proof of Theorem 10 for details).

Step 2: removing m. The idea is to apply Step 1 recursively in order to obtain an estimate for

∥T (t)AµB−µ−ν∥L(X).

First of all, note that for each k ∈ N and each y ∈ D(log(A)k), one has

(2π − i log(A))ky =

k∑
n=0

(
k

j

)
(2π)k−j(i log(A))jy. (2.22)

Now, note that for each n ∈ {1, . . . ,m} and each x ∈ X, (2π − i log(A))−mAµB−(µ+ν)x ∈
D((2π − i log(A))m) ⊂ D(log(A)n), and so by (2.16), for each x ∈ D(A), one has

D(A) ∋ B−1(2π − i log(A))nQυ(A0, B0)Bx

= AµB−(µ+ν)(2π − i log(A))n(2π − i log(A))−mx ∈ Ran(A).

Therefore, it follows from relation (2.22) that for each x ∈ D(A),

T (t)(2π − i log(A))mQυ(A0, B0)x =

m∑
n=0

(
m

n

)
(−i)n(2π)m−nT (t)(log(A))nQυ(A0, B0)x. (2.23)

The next step consists in estimating the norm of each one of the terms presented in

relation (2.23).

• n = 0. It follows from Theorem 2.3.1 that ∥T (t)Qυ(A0, B0)∥L(X) ≲ t−s.

• 1 ≤ n ≤ m. We proceed by induction over n. Case n = 1 is just Step 1. If n > 1, for each

0 ≤ ε < 1 let

τ(t, Aε, Bε) =
∥T (t)(log(A))n−1Qυ(Aε, Bε)∥L(X)

∥T (t)(log(A))n−1Qυ(A0, B0)∥L(X)

and note that, by proceeding as in Step 1, one gets
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∥T (t)(log(A))nQυ(A0, B0)∥L(X) = ∥T (t) log(A)(log(A))n−1Qυ(A0, B0)∥L(X)

≲ ε−1∥T (t)(log((1 +A)ε)(log(A))n−1Qυ(A0, B0)∥L(X)

+ ε−1∥T (t)(log((1 +A−1)ε)(log(A))n−1Qυ(A0, B0)∥L(X)

≲ ∥T (t)(log(A))n−1Qυ(A0, B0)∥L(X) log (1 + τ(t, A0, Bε))

+ ∥T (t)(log(A))n−1Qυ(A0, B0)∥L(X) log (1 + τ(t, Aε, Bε)) ;

then, by the inductive hypothesis, it follows that for each t ≥ 1,

∥T (t)(log(A))n−1Qυ(A0, B0)∥L(X) ≲ t−s log(1 + t)n−1.

Now, by replacing the previous estimates on (2.23), it follows that for each t ≥ 1,

∥T (t)AµB−(µ+ν)∥L(X) = ∥T (t)(2π − i log(A))mQυ(A0, B0)∥L(X)

≲ t−s log(1 + t)m.

Case υ ̸= m.

Since υ ∈ (m− 1,m), it follows from the moment inequality (recall that (2π − i log(A))−1 is

a sectorial operator) and from the previous case applied to υ = m and υ = m − 1 (recall that

m ≥ 2) that for each t ≥ 1,

∥T (t)AµB−(ν+µ)∥L(X) = ∥T (t)(2π − i log(A))υQυ(A0, B0)∥L(X)

≲ ∥T (t)(2π − i log(A))m−1Qυ(A0, B0)∥m−υ
L(X)

· ∥T (t)(2π − i log(A))mQυ(A0, B0)∥υ−m+1
L(X)

≲ (t−s log(1 + t)m−1)m−υ(t−s log(1 + t)m)υ−m+1

≲ t−s log(1 + t)υ.

□

2.4 Singularity at zero

Let µ, υ ≥ 0 and let A ∈ Sect(ωA) be an injective operator over the Banach space X (by

Lemma 1.3.1, A−1 is a sectorial operator); since λ 7→ log(1+λ) ∈ CBF (see Example E.1.1-(b)),

it follows from Theorem 1.3.1 that the operator log(2+A−1) is sectorial, hence (log(2+A−1))−υ ∈
L(X) is well-defined. Define the bounded operator

Φµ(υ) = Φµ(A, υ) := Aµ(1 +A)−µ log(2 +A−1)−υ
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and set Xµ(υ) := Ran(Φµ(υ)). The space Xµ(υ) is a Banach space with respect to the norm

∥x∥Xµ(υ) = ∥x∥+ ∥Φµ(υ)−1x∥ = ∥x∥+ ∥ log(2 +A−1)υ(1 +A)µA−µx∥, x ∈ Xµ(υ).

Note that Φµ(υ) : X → Xµ(υ) is an isomorphism, so for each T ∈ L(Xµ(υ), X),

∥T∥L(Xµ(υ),X) ≤ ∥TΦµ(υ)∥L(X) ≤ ∥Φµ(υ)∥L(X)∥T∥L(Xµ(υ),X). (2.1)

Definition 2.4.1. Let (T (t))t≥0 be a C0-semigroup (T (t))t≥0 on a Banach space X with

generator −A. One defines the non-analytic growth bound ζ(T ) of (T (t))t≥0 as

ζ(T ) := inf{w ∈ R | sup
t>0

e−tw∥T (t)− S(t)∥L(X) <∞ for some S ∈ H(L(X))},

where H(L(X)) is the set of the operators S : (0,∞) → L(X) having an exponentially bounded

analytic extension to some sector containing (0,∞). One says that (T (t))t≥0 is asymptotically

analytic if ζ(T ) < 0.

Remark 2.4.1. Let

s∞0 (−A) := inf

{
w ∈ R | ∃ R ≥ 0 such that {Re(λ) ≥ w and |Im(λ)| ≥ R} ⊂ ρ(−A) and

sup
Re(λ)≥w,|Im(λ)|≥R

∥(λ+A)−1∥L(X) <∞

}
.

It is shown in [10] (Proposition 2.4) that ζ(T ) ≥ s∞0 (−A). So, if (T (t))t≥0 is asymptotically

analytic, then s∞0 (−A) < 0; more generally, Theorem 3.6 in [11] states that ζ(T ) < 0 if, and

only if, s∞0 (−A) < 0. In our strategy, we use the fact that s∞0 (−A) < 0.

2.4.1 Proof of Theorem 12

Proof of Theorem 12. Step 1: Here, we use the same ideas presented in the proof of

Theorem 10. Let n ∈ N and set µ := α(n+1)− 1, υ := a(n+1)+1+ δ. For each x ∈ Xµ(ζ), let

y := (Φµ
1 (υ))

−1x = log(1 +A−1)υ(1 +A)µA−µx

= log(2 +A−1)υ(1 +A)µA−µ
(
Aµ(1 +A)−µ−1 log(2 +A−1)−υz

)
= B−1z ∈ D(A),

where z := (Φµ(υ))−1x. Let g : [0,∞) → X be defined by the law

g(t) :=
1

2πi

∫ −i∞

i∞
e−λt λµ

(1 + λ)µ log(2 + λ−1)υ
R(λ,A)ydλ.

Note that for each t ≥ 0, g(t) is indeed an element of X (which follows from relation (12)

and from s∞0 (−A) < 0) and it is differentiable. Namely, since y ∈ D(A), then λ 7→
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λµ+1

(1 + λ)µ log(2 + λ−1)υ
R(λ,A)y is integrable in iR. Therefore, by dominated convergence,

g′(t) = − 1

2πi

∫ −i∞

i∞
e−λt λµ+1

(1 + λ)µ log(2 + λ−1)υ
R(λ,A)ydλ.

Moreover, by Lemma D.0.1, g′(t) = −Ag(t) for each t ≥ 0, and g(0) = x. Therefore, g(t) = T (t)x,

by the uniqueness of the solution to the Cauchy problem associated with −A.

Now, integration by parts yields

tnT (t) =
1

2πi

∫
iR
e−λtq(λ,A)ydλ,

where q(λ,A) is a finite linear combination of terms of the form

λµ−jR(λ,A)n−k+1

(1 + λ)µ+k−j(2λ+ 1)i log(2 + λ−1)υ+i
and

λµ−jR(λ,A)n−k+1

(1 + λ)µ+i(2λ+ 1)l log(2 + λ−1)υ+j
,

where 0 ≤ i ≤ j ≤ k ≤ n and k − j ≤ l ≤ k − j + 1.

Then, for each t > 0,

∥tnT (t)x∥ ≤ 1

2π

∫
iR

|e−λt|∥q(λ,A)y∥dλ

≤ 1

2π

∫
iR

∥q(λ,A)∥L(X)dλ∥y∥ ≤ C∥(Φµ(υ))−1x∥ ≲ ∥x∥Xµ(υ).

Since Xµ
1 (υ) is dense in Xµ(υ), it follows from the previous discussion that for each t ≥ 1,

∥T (t)∥L(Xµ(υ),X) ≲ t−n.

It remains to prove the result for any s > 0. So, for each fixed s > 0, let n ∈ N be such that

n ≤ s < n+ 1. Let also define θ := θ(s) ∈ [0, 1) by the relation s = (1− θ)n+ θ(n+ 1).

Set a1 := α
α+a and a2 := a

α+a and note that a1 + a2 = 1; then, by Proposition E.1.1-(c),

f(λ) = (1 + λ)a1 log(2 + λ)a2 ∈ CBF , where λ > 0. Now, by Lemma 3.2 in [14], the operator

(f(A−1))−1 = (1 +A−1)−a1 log(2 +A−1)−a2

= A−a1(1 +A)−a1 log(2 +A−1)−a2

is sectorial, given that f(A−1) is sectorial, by Theorem 1.3.1.

Since (f(A−1))−1 is sectorial, it follows from the moment inequality (see Proposition 4.6 in
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[32]) and Theorem 2.4.2 in [32] that

∥T (t)[(f(A−1))−1]θ(α+a)Φµ(υ)∥L(X) ≲ ∥T (t)Φµ(υ)∥1−θ
L(X)∥T (t)[(f(A))

−1]α+aΦµ(υ)∥θL(X)

= ∥T (t)Φµ(υ)∥1−θ
L(X)∥T (t)A

α(1 +A)−α log(2 +A−1)−aΦν(a)∥θL(X)

= ∥T (t)Φµ(υ)∥1−θ
L(X)∥T (t)Φ

α(n+2)−1(a(n+ 2) + 1 + δ)∥θL(X)

≲ t−n(1−θ)t−θ(n+1) = t−s. (2.2)

Step 2. For each ε > 0, set

Wυ(Aε, Bε) := Aµ−εB−µ+ε log(1 +A−1)−υ ∈ L(X).

Set m := ⌊υ⌋ and η := {υ}. As in the proof of Theorem 10, we divide the proof into the cases

where η = 0 and η > 0. In both of them, we proceed recursively over m ∈ N.

Case η > 0.

• Removing η.

Let ε = αθ
2 > 0, where θ ∈ (0,min{1, s}). Note that for each x ∈ D(A), one has

T (t)Wm(A0, B0)x =
1

εη
T (t) log(1 + fε(A

−1))ηWm+η(A0, B0))x

=
1

εη

∫ ∞

0
fε(A

−1)(s+ fε(A
−1))−1T (t)Wm+η(A0, B0)xdµ(s).

Let

τ :=
∥T (t)Wm+η(Aε, Bε)∥L(X)

∥T (t)Wm+η(A0, B0)∥L(X)
;

then, by proceeding as in the proof of Theorem 10, one gets

∥T (t)Wm(A0, B0)∥L(X) ≲ ∥T (t)Wm+η(A0, B0)∥L(X) log(1 + τ)η. (2.3)

Again, by combining the estimates (2.2) and (2.3) with the arguments presented in the proof of

Theorem 10, it follows that for each t ≥ 1,

∥T (t)Wm(A0, B0)∥L(X) ≲ t−s log(1 + t)η. (2.4)

• Removing m. It follows from the discussion presented in the previous item that for each

x ∈ X,

T (t)AµB−µ log(1 +A−1)−m+1x =
1

ε
T (t) log(1 + fε(A

−1))AµB−µ log(1 +A−1)−mx

=
1

ε
T (t)

∫ ∞

0+
fε(B)(λ+ fε(B))−1Wm(A0, B0)xdµ(λ).
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Let τ :=
∥T (t)Wm(Aε, Bε)∥L(X)

∥T (t)Wm(A0, B0)∥L(X)
; then, by proceeding as in the proof of Theorem 10, it

follows from relation (2.4) that for each t ≥ 1,

∥T (t)Wm−1(A0, B0)∥L(X) ≲ t−s log(1 + t)1+η.

By proceeding recursively over m (see the proof of Theorem 10 for details), it follows from

the previous discussion that for each t ≥ 1,

∥T (t)AµB−µ∥L(X) ≲ t−s log (1 + t)m+η .

Case η = 0. Since in this case υ = m ∈ N, one just needs to proceed as in the previous item in

order to conclude that for each t ≥ 1,

∥T (t)AµB−µ∥L(X) ≲ t−s log (1 + t)m .

□

Remark 2.4.2. Suppose that α = 1 in the statement of Corollary 5, so ∥R(λ,A)∥L(X) ≲ |λ|−1

with Re(λ) ≤ 0. Then, by relation (13), for each σ > 0 there exists Cδ,σ > 0 so that for each

t ≥ 1,

∥T (t)Aσ(1 +A)−σ∥L(X) ≤ Cσ,δt
−σ log(1 + t)1+δ. (2.5)

Now, for each σ > 1, take δ = σ − 1 > 0, and so for each t ≥ 1,

∥T (t)Aσ(1 +A)−σ∥L(X) ≤ Cσ,δt
−σ log(1 + t)σ = O

((
1

M−1
log (t)

)σ)
.

This shows that in case α = 1 and σ > 1, one gets the same estimate as in Corollary 2.12

in [22] for bounded C0-semigroups, and so for these particular parameters, the result is optimal.



PART II

Slow dynamics for self-adjoint semigroups and
unitary evolution groups
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Chapter 3

Slow dynamics for self-adjoint

semigroups and unitary evolution

groups

In this chapter, we discuss the proofs of the results presented in Part II of Introduction, with

an application to almost-Mathieu operators. For the definitions and notations regarding spectral

measures, spectral types and the Spectral Theorem, we refer to Appendix B.

3.1 Proofs of Theorems 14 and 15

3.1.1 Proof of Theorem 14

Recall that A is a pure point negative self-adjoint operator, whose eigenvalues (λn)n≥1 ⊂
(−∞, 0) satisfy lim sup

n→∞
λn = 0. Let (xn)n≥1 be the corresponding normalized vectors of A, that

is, Axn = λnxn for each n ≥ 1.

The main ingredient in the proof of this theorem is the well-known expression of the resolution

of the identity of a pure point self-adjoint operator. Namely, since A is a pure point operator, each

x ∈ X can be written as
∑∞

j=1 bjxj for some square-summable sequence (bj)j of complex numbers,

and, for each Borel set Λ ⊂ R, the corresponding spectral measure is µAx (Λ) =
∑

λj∈Λ |bj |2δλj
;

in particular, for every n ≥ 1, µAx ({λn}) = |bn|2. See Appendix B for more details.

i) Let (λjl)l≥1 be a subsequence of eigenvalues of A, with the corresponding orthonormal

eigenvectors (xjl)l≥1, so that λjl ↑ 0 and
∞∑
l=1

1

β(1/|λjl |)
<∞. For each x ∈ X, write x =

∞∑
j=1

bjxj

and set

xk :=
k∑

l=1

blxl +
∞∑

l=k+1

1√
β(1/|λjl |)

xjl .

It follows that for each l ≥ k + 1,

µAxk
([λjl , 0]) ≥ µAxk

({λjl}) =
1

β(1/|λjl |)
,
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and therefore

β(1/|λjl |) ∥e
(1/|λjl

|)Axk∥ = β(1/|λjl |)
( ∫ 0

−∞
e2(1/|λjl

|)wdµAxk
(w)

)1/2

≥ β(1/|λjl |)

( ∫ 0

λjl

e2(1/|λjl
|)wdµAxk

(w)

)1/2

≥ e−1β(1/|λjl |) (µ
A
xk
([λjl , 0]))

1/2

≥ e−1
√
β(1/|λjl |) ,

which implies

lim sup
t→∞

β(t)∥etAxk∥ = ∞ .

ii) Let x ∈ X and let {ej}j≥1 be an orthonormal basis of X such that x =

∞∑
j=1

ajej , with aj ̸= 0

for infinitely many j’s. Let (ajl)l≥1 be a subsequence of (aj)j≥1 with |ajl | ↓ 0. Let (tl)l≥1 be a

positive sequence such that tl → ∞ and β(tl) = |ajl |−2.

For each k ≥ 1, set

Ak := Pl≤kAPl≤k −
∞∑

l=k+1

1

tl
⟨ejl , ·⟩ejl ,

where Pl≤k is the projection onto the subspace generated by {el}l≤k. It is clear that Ak → A as

k → ∞ in the strong sense. The operator Pl≤kAPl≤k is pure point and negative. Note that for

large enough l, Ak(ejl) = − 1
tl
ejl .

Fix k; for large enough l, one has

µAk
x ([−1/tl, 0]) ≥ µAk

x ({−1/tl}) = |ajl |
2 =

1

β(tl)
,

and therefore

β(tl)∥etlAkx∥ = β(tl)

( ∫ 0

−∞
e2tlwdµAk

x (w)

)1/2

≥ β(tl)

( ∫ 0

−1/tl

e2tlwdµAk
x (w)

)1/2

≥ e−1β(tl)(µ
Ak
x ([−1/tl, 0]))

1/2

≥ e−1
√
β(tl),

which results in

lim sup
t→∞

β(t)∥etAkx∥ = ∞ .
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3.1.2 Proof of Theorem 15

Let α ∈ [0, 1]. Recall that a finite positive Borel measure µ on R is uniformly α-Hölder continuous

(denoted UαH) if there exists a constant C > 0 such that for each interval I with L(I) < 1,

µ(I) ≤ C L(I)α. Theorem 3.1.1 i) is, indeed, a particular case of a well-known theorem by

Strichartz [64].

Theorem 3.1.1 (Theorems 2.5 and 3.1 in [34]). Let µ be a finite Borel measure on R and

α ∈ [0, 1].

i) If µ is UαH, then there exists Cµ > 0, depending only on µ, such that for every

f ∈ L2(R, dµ) and every t > 0,

1

t

∫ t

0

∣∣∣∣ ∫
R
e−iswf(w) dµ(w)

∣∣∣∣2ds < Cµ∥f∥2L2(R,dµ) t
−α.

ii) If there exists Cµ > 0 such that for every t > 0,

1

t

∫ t

0

∣∣∣∣ ∫
R
e−isw dµ(w)

∣∣∣∣2ds < Cµ t
−α,

then µ is Uα
2H.

Lemma 3.1.1 (Lemma 2.1 in [4]). Let A be a negative self-adjoint operator with 0 ∈ σ(A) and

let α : R+ −→ (0,∞) be such that

lim
t→∞

α(t) = ∞.

Then, there exist x ∈ X and a sequence tj → ∞ such that, for sufficiently large j,

µAx
(
B(0; 1/tj)

)
≥ 1

α(tj)
.

Proof of Theorem 15. Let w ∈ σ(A) and set Lw = (−∞, w] ∩ σ(A), Aw = AEA(Lw) and

also A0
w = Aw−wI. So, by Lemma 3.1.1, there exist x ∈ X and εj → 0 such that, for sufficiently

large j,

µA
0
w

x (B(0; εj)) ≥
1

− ln(εj)
⇒ µAw

x (B(w; εj)) ≥
1

− ln(εj)

⇒ µAx (B(w; εj)) ≥ µAx (B(w; εj) ∩ Lw) = µAw
x (B(w; εj)) ≥

1

− ln(εj)
.

Hence, µAx is not UαH for all 0 < α ≤ 1. Thus, by Theorem 3.1.1, for every ε > 0,

lim sup
t→∞

tε
1

t

∫ t

0

∣∣∣∣ ∫
R
e−isw dµAx (w)

∣∣∣∣2ds = ∞.

Since one has, by the Spectral Theorem, that for every s ∈ R

⟨e−isAx, x⟩ =
∫
R
e−isw dµAx (w),
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the result follows. □

3.2 Generic spectral properties and proofs of Theorems 16 and

17

In this section we compute (Baire) generically the local dimensions of systems with purely

continuous spectrum (Theorem 16) in order to prove Theorem 17.

Note that, for each w ∈ R and each ε > 0,∫
R
e−2t|w−s|dµ(s) ≥

∫
B(w;1/t)

e−2t|w−s|dµ(s) ≥ e−2µ(B(w; 1/t)).

On the other hand, for each 0 < δ < 1 and each t > 0,∫
R
e−2t|w−s|dµ(s) =

∫
B(w; 1

t1−δ )
e−2t|w−s|dµ(s) +

∫
B(w; 1

t1−δ )
c

e−2t|w−s|dµ(s)

≤ µ
(
B
(
w, 1/t1−δ)) + e−tδµ(R). (3.1)

Thus, at least when µ has a certain local regularity (with respect to the Lebesgue measure),

we expect that
∫
R
e−2t|w−s|dµ(s) and µ(B(w; 1/t)) are asymptotically comparable as t→ ∞. In

this sense, the following identities are expected:

lim inf
t→∞

ln[
∫
R e

−2t|w−s|dµ(s)]

ln t
= −d+µ (w), (3.2)

lim sup
t→∞

ln[
∫
R e

−2t|w−s|dµ(s)]

ln t
= −d−µ (w). (3.3)

Indeed, these identities were proven in [4] (note that since it is not possible to compare directly the

two terms on the right-hand side of (3.1), some caution should be exercised when checking (3.2)

and (3.3)). We use them in the proof of Theorem 16 below.

Proof of Theorem 16. Note that it is enough to show that for each w ∈ σ(A), the set

G(w) :=
{
x ∈ X | d−

µA
x
(w) = 0 and d+

µA
x
(w) = ∞

}
(3.4)

is generic in X. Namely, given 0 ∈ X, set

Ω− :=
⋂
l≥1

⋂
n≥1

⋂
k≥1

⋃
t≥k

{
w ∈ σ(A) | tl

∫
R
e−2t|w−s|dµAx (s) <

1

n

}
and

Ω+ :=
⋂
l≥1

⋂
n≥1

⋂
k≥1

⋃
t≥k

{
w ∈ σ(A) | t1/l

∫
R
e−2t|w−s|dµAx (s) > n

}
.

Note that

Jx = Ω− ∩ Ω+.
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So, since the mapping

σ(A) ∋ w 7→
∫
R
e−2t|w−s|dµAx (s)

is continuous for each t > 0 (by dominated convergence), it follows that Ω− and Ω+ are Gδ sets

in σ(A); consequently, Jx is a Gδ set in σ(A).

Now, let (wn)n≥1 ⊂ σ(A) be a dense sequence in σ(A). So, if

x ∈ M =
⋂
n≥1

G(wn) =
{
φ ∈ X | d−

µA
φ
(wn) = 0 and d+

µA
φ
(wn) = ∞, for each n ∈ N

}
,

it follows that Jx is generic in σ(A).

After such preliminaries, we divide the proof of Theorem 16 into 4 steps.

Step 1. Let us show that for each ρ > 0 and each w ∈ σ(A),

{
x ∈ X | d+

µA
x
(w) ≥ d−

µA
x
(w) ≥ ρ

}
is dense in X. Namely, let for each n ∈ N and each s ∈ R,

fn,ρ(w, s) :=
(
1− e−n|w−s|ρ

)1/2
,

and for each x ̸= 0, let xn := fn,ρ(w,A)x, where fn,ρ(w,A) := EA(fn,ρ(w, ·)). Since µAx is purely

continuous, one gets, by the Spectral Theorem and dominated convergence, that

∥xn − x∥2 = ∥fn,ρ(w,A)x− x∥2

= ∥(fn,ρ(w,A)− 1)x∥2

=

∫
R

∣∣∣∣(1− e−n|w−s|ρ
)1/2

− 1

∣∣∣∣2 dµAx (s)
= µAx ({w}) +

∫
R\{w}

∣∣∣∣(1− e−n|w−s|ρ
)1/2

− 1

∣∣∣∣2 dµAx (s)
=

∫
R\{w}

∣∣∣∣(1− e−n|w−s|ρ
)1/2

− 1

∣∣∣∣2 dµAx (s) −→ 0

as n→ ∞, that is, xn → x in X.
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Now, by Fubini’s Theorem,∫
R
e−2t|w−s|dµAxn

(s) =

∫
R
e−2t|w−s|dµAfn,ρ(w,A)x(s)

=

∫
R
e−2t|w−s||fn,ρ(w, s)|2dµAx (s)

=

∫
R
e−2t|w−s|(1− e−n|x−s|ρ)dµAx (s)

=

∫
R
e−2t|w−s||w − s|ρ (1− e−n|w−s|ρ)

|w − s|ρ
dµAx (s)

≤ e−ρρρ

2ρtρ

∫
R

(1− e−n|w−s|ρ)

|w − s|ρ
dµAx (s)

=
e−ρρρ

2ρtρ

∫
R

∫ n

0
e−r|w−s|ρdr dµAx (s)

≤ ne−ρρρ

2ρtρ
∥x∥2;

we have used the fact that max
u≥0

(e−uuρ) ≤ e−ρρρ. Thus, it follows from identity (3.3) that for

each n ≥ 1, d−
µA
xn
(w) ≥ ρ, and so

{
x ∈ X | d+

µA
x
(w) ≥ d−

µA
x
(w) ≥ ρ

}
is dense in X.

Step 2. Let us show that, for every w ∈ σ(A), there exists x ∈ X such that d−
µA
x
(w) = 0. Set

Lw = (−∞, w] ∩ σ(A), Aw = AEA(Lw) and A0
w = Aw − wI. So, by Lemma 3.1.1, there exist

x ∈ X and εj → 0 such that for sufficiently large j,

µA
0
w

x (B(0; εj)) ≥
1

− ln(εj)
⇒ µAw

x (B(w; εj)) ≥
1

− ln(εj)
⇒ ln

(
µAx (B(w; εj))

)
≥ ln

(
µAx (B(w; εj) ∩ Lw)

)
= ln

(
µAw
x (B(w; εj))

)
≥ ln

(
1

− ln(εj)

)
,

then
ln
(
µAx (B(w; εj))

)
ln εj

≤
ln
(

1
− ln(εj)

)
ln εj

⇒ d−
µA
x
(w) = 0.

Step 3. Let us show that for every w ∈ σ(A),

{
x ∈ X | d−

µA
x
(w) = 0

}
is dense in X. Namely, let w ∈ σ(A) and set, for every n ≥ 1,

Sn :=

(
−∞, w − 1

n

)
∪ {w} ∪

(
w +

1

n
,∞
)
.
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Set also, for each x ∈ X and each n ≥ 1,

xn := EA(Sn)x+
1

n
x,

where x is given by Step 2. One has that xn → x in X, since EA(Sn) → I in the strong sense.

Moreover, for each n ≥ 1 and each 0 < ε < 1
n , one has

µAxn
(B(w; ε)) = ⟨EA(B(w; ε))xn, xn⟩

= ⟨ET (B(w; ε))EA(Sn)x, xn⟩+
1

n
⟨EA(B(w; ε))x, xn⟩

= ⟨EA(B(w; ε) ∩ Sn)x, xn⟩+
1

n
⟨EA(B(w; ε))x, xn⟩

= ⟨EA({w})x, xn⟩+
1

n
⟨EA(B(w; ε))x,EA(Sn)x⟩

+
1

n2
⟨EA(B(w; ε))x, x⟩

= ⟨EA({w})x, xn⟩+
1

n
⟨EA({w})x, x⟩+ 1

n2
⟨EA(B(w; ε))x, x⟩

=
1

n2
⟨EA(B(w; ε))x, x⟩

=
1

n2
µAx (B(w; ε)) ,

and so

d−
xA
xn
(w) = lim inf

ε↓0

ln(µAxn
(B(w; ε)))

ln ε
= lim inf

ε↓0

ln(µAx (B(w; ε))

ln ε
= d−

xA
x
(w) = 0.

Hence, {
x ∈ X | d−

µA
x
(w) = 0

}
is dense in X.

Step 4. Finally, in this step, we finish the proof of the theorem. Since, for each w ∈ R and each

t > 0, the mapping

X ∋ x 7→
∫
R
e−2t|w−s|dµAx (s) = ⟨gt(A,w)x, x⟩ ,

with gt(s, w) = e−2t|w−s|, is continuous, it follows that for every w ∈ R, each one of the sets

B−(w) :=
{
x ∈ X | d+

µA
x
(w) = ∞

}
=

⋂
l≥1

⋂
n≥1

⋂
k≥1

⋃
t≥k

{
x ∈ X | tl

∫
R
e−2t|w−s|dµAx (s) < 1/n

}



81

and

B+(w) :=
{
x ∈ X | d−

µA
x
(w) = 0

}
=

⋂
l≥1

⋂
n≥1

⋂
k≥1

⋃
t≥k

{
x ∈ X | t

1
l

∫
R
e−2t|w−s|dµAx (s) > n

}
,

is a Gδ set in X. Thus, it follows from Steps 1 and 3 that for each w ∈ σ(A), both B−(w) and

B+(w) are generic sets in X, and so

G(w) =
⋂
n≥1

{
x ∈ X | d−

µA
x
(w) = 0 and d+

µA
x
(w) ≥ n

}
(3.5)

is also generic in X. □

Remark 3.2.1. Let x and A be as in the statement of Theorem 16. Consider also w = min
λ∈σ(A)

λ.

Note that Aw = wI−A is a bounded negative self-adjoint operator and, by the Spectral Theorem,

we may rewrite (3.2) and (3.3) by using the norms of semigroup orbits as

d+
µA
x
(w) = d+

µAw
x

(0) = − lim inf
t→∞

ln ∥et(wI−A)x∥2

ln t
;

d−
µA
x
(w) = d−

µAw
x

(0) = − lim sup
t→∞

ln ∥et(wI−A)x∥2

ln t
.

In this case, Theorem 16 has a clear asymptotic meaning.

Remark 3.2.2. Theorem 16 is particularly interesting when A has purely absolutely continuous

spectrum, since it shows the striking difference between the typical behaviour of d±
µA
x

from the

topological and measure points of view; namely, if µAx is purely absolutely continuous, then it

is well known that there is a Borel set Λ ⊂ R such that µAx (Λ) = µAx (R) = ∥x∥2 and, for every

w ∈ Λ, d∓
µA
x
(w) = 1 (see [30] for details).

3.2.1 Proof Theorem 17

We will also need the following result.

Claim. If w ∈ σ(A), then G(w) ⊂
{
x ∈ X | µAx is notUβH, ∀ β > 0

}
. Indeed, it is enough to

note that given α > 0, if µAx is UαH, then for each w ∈ σ(A), d−
µA
x
(w) ≥ α.

For w ∈ σ(A), if x ∈ G(w), then one has from the Claim that for each β = 1
k , k ≥ 1, µAx is

not UβH. Thus, it follows from Theorem 3.1.1 ii) that for each k ≥ 1,

lim sup
t→∞

t1/kWA
x (t) = ∞,
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and then one has from the proof of Theorem 16 (recall (3.5)) that for each k ≥ 1, the set

{
x ∈ X | lim sup

t→∞
t1/kWA

x (t) = ∞
}
⊃ G(w)

is generic in X.

It remains to prove that for each k ≥ 1, the set

Xk :=
{
x ∈ X | lim inf

t→∞
t1−1/kWA

x (t) = 0
}

is generic in X. The proof that for each k ≥ 1, Xk is a Gδ subset of X, follows from the same

arguments presented in the proof of Lemma 3.3.1 and Theorem 16. On the other hand, it follows

from Theorem 3.1.1 i) that for each k ≥ 1,

{x ∈ X | µAx is uniformly 1-Hölder continuous} =: XUH(1) ⊂ Xk.

Finally, since by Theorem 5.2 in [34] (by taking α = 1) XUH(1) is dense in X, it follows that

for each k ≥ 1, Xk is a dense Gδ subset of X (recall that T has purely absolutely continuous

spectrum, by hypothesis).

3.3 Application to the Almost Mathieu Operator

We recall that the Almost Mathieu Operator Hλ,α
ω is a bounded operator defined on ℓ2(Z) by

the law

(Hλ,α
ω u)n = un+1 + un−1 + 2λ cos(2π(ω + nα))un, (3.6)

with α, ω ∈ T = R \ Z, α irrational. It is well known that for every 0 < λ < 1, Hλ
ω,α has purely

absolutely continuous spectrum. For more details, see [25].

Theorem 3.3.1. Let α and ω be as before, and let 0 < λ1 < λ2 < 1. Then, there exists a

generic set M ⊂ ℓ2(Z) so that, for each x ∈ M, the set of λ ∈ [λ1, λ2] such that for each k ≥ 1,

lim inf
t→∞

t1−1/kW
Hλ

ω,α
x (t) = 0 and lim sup

t→∞
t1/kW

Hλ
ω,α

x (t) = ∞,

is generic in [λ1, λ2].

Remark 3.3.1. It is worth underlying that such phenomenon has been shown, for some singular

continuous systems, by Aloísio, Carvalho and de Oliveira in [1, 20] (see also [21]) by exploring

the density of pure point operators in appropriate spaces, a quite different setting from this work.

In this case of purely absolutely continuous spectrum, this phenomenon is, in some sense, the

counterpart of the situation of an operator with pure point spectrum and quasiballistic transport

[3, 28].

Let us proceed to the proof of Theorem 3.3.1. We begin with some preparation.
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Lemma 3.3.1. Let α and ω be as before, and let 0 < λ1 < λ2 < 1. Then, for every x ∈ ℓ2(Z)
and k ≥ 1,

{
λ | lim inf

t→∞
t1−1/kW

Hλ
ω,α

x (t) = 0 and lim sup
t→∞

t1/kW
Hλ

ω,α
x (t) = ∞}

is a Gδ set in [λ1, λ2].

Proof. Note that this proof is based on the same arguments presented in the proof of Proposition

3.1 in [3]. Let λ ∈ [λ1, λ2]; if λn → λ, then Hλn
ω,α converges strongly to Hλ

ω,α as n → ∞. Thus,

it follows from Propositions 10.1.8 and 10.1.13 in [26] that for every t ∈ R, e−itHλn
ω,α converges

strongly to e−itHλ
ω,α , as n → ∞, and so it follows from dominated convergence that for each

x ∈ ℓ2(Z), t ∈ R and k ≥ 1, the map

[λ1, λ2] ∋ λ 7−→ t1−1/kW
Hλ

ω,α
x (t) =

t1−1/k

t

∫ t

0
|⟨e−isHλ

ω,αx, x⟩|2 ds

is continuous. Since{
λ | lim inf

t→∞
t1−1/kW

Hλ
ω,α

x (t) = 0

}
=
⋂
n≥1

⋂
l≥1

⋃
t≥l

{
λ | t1−1/kW

Hλ
ω,α

x (t) < n

}
,

{
λ | lim sup

t→∞
t1−1/kW

Hλ
ω,α

x (t) = ∞
}
=
⋂
n≥1

⋂
l≥1

⋃
t≥l

{
λ | t1−1/kW

Hλ
ω,α

x (t) > n

}
,

the result follows.

Proof of Theorem 3.3.1. The result is a direct consequence of Theorem 17 and of an

argument involving separability (see [1, 5]). Let (λj)j≥1 be a dense sequence in [λ1, λ2] and

let Hj = H
λj
ω,α be the corresponding operators. If µjx denotes the spectral measure of the pair

(Hj , x), it follows from Theorem 17 that

M =
⋂
j≥1

{
x ∈ ℓ2(Z) | lim inf

t→∞
t1−1/kW

Hj
x (t) = 0 and lim sup

t→∞
t1/kW

Hj
x (t) = ∞

}
is generic in ℓ2(Z). Since, by Lemma 3.3.1, for every x ∈ M and k ≥ 1,

{
λ | lim inf

t→∞
t1−1/kW

Hλ
ω,α

x (t) = 0 and lim sup
t→∞

t1/kW
Hλ

ω,α
x (t) = ∞} ⊃ {λj}

is a Gδ set in [λ1, λ2], the result follows. □
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Appendix A

C0-semigroups

Here, we present the basic definitions and results regarding C0-semigroups. For a real

exposition of the theme, see [7, 29, 35, 47, 51, 52, 62].

Definition A.0.1. Let X be a Banach space and let (T (t))t≥0 ⊂ L(X) be a one parameter

family of linear operators satisfying the following properties:

1. T (0) = IX = 1;

2. for each s, t ≥ 0, T (t+ s) = T (t) ◦ T (s) (semigroup property).

Then, (T (t))t≥0 is called an operator semiproup. The linear operator A, given by

Ax := lim
t→0+

T (t)x− x

t
,

where

D(A) :=

{
x ∈ X | lim

t→0+

T (t)x− x

t
exists

}
,

is the so-called infinitesimal generator of the semigroup (T (t))t≥0 and D(A) is the domain of

A.

Lemma A.0.1 (Theorem 1.4, Chapter II in [29]). The generator of a strongly continuous

semigroup is a closed and densely defined linear operator that determines the semigroup uniquely.

Definition A.0.2. A semigroup (T (t))t≥0 defined on X is called a C0-semigroup (or strongly

continuous semigroup) if for each x ∈ X,

lim
t→0+

T (t)x = x.

A (T (t))t≥0 C0-semigroup is bounded (uniformly bounded) if

sup
t≥0

∥T (t)∥L(X) <∞.
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Example A.0.1 (Proposition 4.11 in [29]). Let (T (t))t≥0 be the multiplication semigroup

generated by a measurable function φ : R → C satisfying

ess. sup
s∈R

Reφ(s) <∞,

that is, let for each t ≥ 0 and each f ∈ Lp(R, dµ),

(T (t)f)(s) := etφ(s)f(s), ∀ t ≥ 0.

Then, the mappings

R+ ∋ t 7→ T (t)f = etφf ∈ Lp(R, dµ)

are continuous for every f ∈ Lp(R, dµ). Moreover, the semigroup (T (t))t≥0 is uniformly

continuous if, and only if, φ is essentially bounded.

Example A.0.2. Let X =W 1,2(1,∞) and let φb(s) = 1/s+ isb (s ≥ 1), with b ∈ (0, 1). Define

(T (t)f)(s) := e−tφb(s)f(s).

For each t > 0, there exist positive constants C and C̃ such that

∥T (t)∥L(X) = C sup
k∈{0,1}

sup
s≥1

∣∣∣∣ dkdsk e−tφ(s)

∣∣∣∣ = C̃tb.

Therefore, (T (t))t≥0 is an unbounded C0-semigroup.

Proposition A.0.1 (Proposition G.2.2 in [66]). Let (T (t))t≥0 be a C0-semigroup on the Banach

space X. There exist constants M ≥ 1 and ω ∈ R such that ∥T (t)∥L(X) ≤Meωt for each t ≥ 0.

Theorem A.0.1 (Theorem 1.10, Chapter II in [29]). Let (T (t))t≥0 be a C0-semigroup on the

Banach space X and suppose that there exist constants ω ∈ R, M ≥ 1 such that for each t ≥ 0,

∥T (t)∥L(X) ≤Meωt.

For the generator −A of (T (t))t≥0, the following properties hold.

a) If λ ∈ C is such that R(λ)x :=

∫ ∞

0
e−λsT (s)xds exists for all x ∈ X, then λ ∈ ρ(−A) and

R(λ,−A) = R(λ).

b) If Reλ > ω, then λ ∈ ρ(−A), the resolvent is given by the integral expression in a) and

∥R(λ,−A)∥L(X) ≤
M

Reλ− ω
.

Definition A.0.3 (Analytic Semigroups). A C0-semigroup(T (t))t≥0 on a Banach space X is

called analytic on Sω if for all x ∈ X, the function [0,∞) ∋ t 7→ T (t)x extends analytically to
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Sω and satisfies

lim
z∈Sω ,z→0

S(z)x = x.

We call (T (t))t≥0 an analytic C0-semigroup if (T (t))t≥0 is analytic on Sω for some ω ∈ (0, π).

Theorem A.0.2 (Theorem G.5.2 in [65]). For a closed and densely defined operator A on a

Banach space X the following assertions are equivalent:

a) there exists φ ∈
(
0, π2

)
such that A generates a bounded analytic C0- semigroup on Sφ;

b) there exists θ ∈
(
π
2 , π

)
such that Sθ ⊂ ρ(A) and

sup
λ∈Sθ

∥λR(λ,A)∥L(X) <∞

The following are some results for the characterization of strongly continuous groups and

semigroups, for more details we suggest [29, 65, 26].

Theorem A.0.3 (Hille-Yosida). For a densely defined operator A on a Banach space X and

constants M ≥ 1 and w ∈ R, the following assertions are equivalent:

(a) A generates a C0-semigroup on X satisfying ∥T (t)∥L(X) ≤Mewt for each t ≥ 0.

(b) {λ ∈ C | Reλ > w} ⊂ ρ(A) and ∥R(λ,A)n∥L(X) ≤
M

(Reλ− w)n
for each λ ∈ C with Reλ > w

and n ∈ N.

Theorem A.0.4 (Stone). An operator −iA on a Hilbert spaceX generates a C0-group of unitary

operators if, and only if, A is self-adjoint.
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Appendix B

Spectral Theorem, spectral resolution,

spectral measures and spectral types

Definition B.0.1. Let A the Borel σ-algebra in Ω ⊂ C. A resolution of the identity is a mapping

A ∋ Λ 7→ E(Λ) ∈ L(X)

with the following properties:

1. E(∅) = 0L(X) and E(Ω) = 1;

2. for each Λ ∈ A; E(Λ) is is an orthogonal projection;

3. if Λ1 ∩ Λ2 = ∅, then E(Λ1 ∪ Λ2) = E(Λ1) + E(Λ2);

4. E(Λ1 ∩ Λ2) = E(Λ1) ◦ E(Λ2);

5. to each pair x, y ∈ X, one associates the complex Borel measure

A ∋ Λ 7→ µx,y(Λ) = ⟨x,E(Λ)y⟩.

The measure µx,y is called the spectral measure of the resolution of the identity E associated

with the pair x, y ∈ X.

We note that for x = y, the spectral measure of E with respect to X is always a real-valued

measure, since E(Λ) = ⟨x,E(Λ)x⟩ ≥ 0; we denote it by µx.

Example B.0.1. Let X = L2(1,∞), let φ : (1,∞) → R be a measurable function and set

D(A) := {f ∈ L2(1,∞) | φf ∈ L2(1,∞)}. Define the linear operator A : D(A) ⊂ X → X by the

law

(Af)(s) = φ(s)f(s).

In fact, A is a self-adjoint operator and the map

A ∋ Λ 7→ E(Λ) := χφ−1(Λ)
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is a resolution of the identity.

Theorem B.0.1 (Spectral Theorem). Every self-adjoint operator A defined on a Hilbert space

corresponds to a unique resolution EA of the identity such that

A =

∫
σ(A)

λdEA(λ).

Theorem B.0.2 (Functional Calculus I). Let f : R → C be measurable Borel function and let

A be a self-adjoint operator defined in the Hilbert space X. Then,

1.

f(A) :=

∫
σ(A)

f(λ)dEA(λ)

is a well-defined linear operator, whose domain

D(f(A)) :=

{
x ∈ X;

∫
σ(A)

|f(λ)|2dµAx (λ) <∞

}

is dense in X.

2. ⟨f(A)x, y⟩ =
∫
σ(A)

f(λ)dµAx,y(λ) and ∥f(A)x∥2 =
∫
σ(A)

|f(λ)|2dµAx (λ).

Example B.0.2. Let (λn)n∈N be a real sequence and let (Pn)n∈N be a sequence of pairwise

orthogonal projections on X such that
∑
n

Pn = I. Let A be a self-adjoint defined by the law

D(A) =

{
x ∈ X |

∑
n

|λn|2∥Pnx∥ <∞

}
, Ax =

∑
n

λnPnx, ∀ x ∈ D(A).

Then, for each Λ ∈ A, one has

EA(Λ) =
∑
λn∈Λ

Pn.

It follows from Theorem B.0.2 that

D(f(A)) =

{
x ∈ X |

∑
n

|f(λn)|2∥Pnx∥ <∞

}
, f(A)x =

∑
n

f(λn)Pnx, ∀ x ∈ D(f(A)).

Let L denote the Lebesgue measure over the Borel sets A ⊂ R. Recall that, by Lebesgue

Decomposition Theorem (see Theorem 6.10 in [59]), a Borel measure µ over R can be (uniquely)

decomposed as µ = µp + µc, with µc and µp denoting its continuous part (that is, µc({a}) = 0,

for each a ∈ R) and point part (that is, there is a countable set Λ ⊂ R so that µp(R \ Λ) = 0),

respectively. Observe that L and µp are mutually singular measures. Again by Lebesgue

Decomposition Theorem, one has (uniquely) µc = µac + µsc, where µsc and L are mutually

singular measures and µac is absolutely continuous with respect to L. Then, µ = µp +µac +µsc,

where µac is called the absolutely continuous component of µ, while µsc is the singular continuous

component of µ. We will study this decomposition in the context of spectral measures.
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Definition B.0.2. Let X be a Hilbert space and let A be a self-adjoint operator. The point

subspace of A is Xp = Xp(A) ⊂ X given by the closure of the linear subspace spanned by the

eigenvectors of A. Its orthogonal complement Xc = Xp(A) := X⊥
p is the continuous subspace of

A.

Theorem B.0.3 (Theorem 12.1.2 in [26]). Let A be a self-adjoint operator and let µAx the

spectral measure of A at x ∈ X. Then,

(a) there exists a countable set Λ ⊂ R so that

Xp = {x ∈ X | µAx (R \ Λ) = 0}.

Λ ⊂ R can be taken as the set of eigenvalues of A;

(b) Xc = {x ∈ X | µAx ({a}) = 0, ∀ a ∈ R}, that is, the function ξ 7→ ∥EA((−∞, ξ])x∥ is

continuous;

(c) X = Xp ⊕Xc.

Let EA
p := EA

∣∣∣
Xp

, EA
c := EA

∣∣∣
Xc

, Ap := AEA
p and Ac := AEA

c . Then, the decomposition

A := Ap +Ac is valid (see Theorem 9.8.3 in [26]).

Definition B.0.3 (Definition 12.1.3 in [26]). The point spectrum of A is σp(A) := σ(Ap), and

the continuous spectrum of A is σc(A) := σ(Ac).

Definition B.0.4 (Definition 12.1.5 in [26]). Let A be a self-adjoint operator and let µAx be the

spectral measures of A at x ∈ X.

(a) The singular subspace of A is

Xs(A) := {x ∈ X | µAx ⊥ L}.

(µAx ⊥ L indicates that µAx and L are mutually singular). So, Xp(A) ⊂ Xs(A).

(b) The absolutely continuous subspace of A is

Xac(A) = {x ∈ X | µAx ≪ L}.

(µAx ≪ L indicates that µAx is absolutely continuous with respect to L). So, Xac(A) ⊂ Xc(A).

(c) The singular continuous subspace of A, denoted by Xsc(A), is the set of x ∈ X so that

µAx (R \ Λ1) = 0 for some Borel set Λ⊂R with L(Λ1) = 0 and µAx (Λ) = 0 for each countable

sets Λ ⊂ R. Hence, µAx is a singular continuous measure. So, Xsc(A) ⊂ Xc(A) ∩Xs(A).

Definition B.0.5 (Definition 12.1.10 in [26]). The absolutely continuous spectrum of A

is σac(A) := σ(Aac) and the singular continuous spectrum of A is σsc(A) := σ(Asc).

The operator A has purely point spectrum if σac(A) = ∅ = σsc(A); purely absolutely
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continuous spectrum if σp(A) = ∅ = σsc(A); purely singular continuous spectrum if

σac(A) = ∅ = σp(A). It is also common to say that A is pure point, and so on.

Example B.0.3. If A is a self-adjoint and compact operator, then A is pure point.

Definition B.0.6. Let µ be a finite (positive) Borel measure on R. The pointwise lower and

upper local scaling exponents of µ at w ∈ R are defined, respectively, by

d−µ (w) := lim inf
ε↓0

lnµ(B(w, ϵ))

ln ε
and d+µ (w) := lim sup

ϵ↓0

lnµ(B(w, ε))

ln ε
,

if, for all ϵ > 0, µ(B(w, ε)) > 0; d∓µ (w) := ∞, otherwise.

Proposition B.0.1 (Proposition 2.2 in [4]). Let A be a negative self-adjoint operator and let

x ∈ X, with x ̸= 0. Then,

d+
µA
x
(0) = − lim inf

t→∞

ln ∥etAx∥2

ln t
and d−

µA
x
(0) = − lim sup

t→∞

ln ∥etAx∥2

ln t
,

where µAx is the spectral measure of A associated with the vector x.

Note that Proposition B.0.1 indicates that the power-law decaying rates of an orbit (etAx)t≥0

may depend on sequences of time going to infinity; i.e., if d−
µA
x
(0) < d+

µA
x
(0) (see [4] for more

details).
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Appendix C

Proof of Proposition 2.3.2

Item (a). Let ζ > 1 and set c̃ := ζ + a.

• Case 1: α = 1.

Case 1(a): c̃ ∈ (1, 2]. Note that in this case, a ∈ [0, 1). Set hα,ζ(λ) = λα(2π − i log(λ))ζ ,

with λ ∈ iR \ {0}, and define the operator Lν,c̃(A) := (1 +A)−ν(2π− i log(A))−c̃ ∈ L(X). Since

(λ+A)−1 commutes with Lν,c̃(A), it follows from the Moment Inequality (see Proposition 1.3.2)

that

∥h1,ζ(λ)(λ+A)−1Lν,c̃(A)∥L(X) ≲ ∥h1,1−a(λ)(λ+A)
−1Lν,1(A)∥2−c̃

L(X)∥h1,2−a(λ)(λ+A)
−1Lν,2(A)∥c̃−1

L(X).

(C.1)

Let ε > 0, set Aε := (A + ε)(1 + εA)−1 and note that A−1
ε ∈ L(X). For each λ ∈ iR \ {0},

let r ∈ (0, |λ|/2] and R ≥ 2|λ| + 2 be such that σ(Aε) ⊂ {z ∈ C | r < |z| < R}, let

θ ∈ (π/2, π) and set γ+ = {seiθ | s ∈ [r,R]}, γ− = {te−iθ | t ∈ [r,R]}, γr = {reis | s ∈ [−θ, θ]},
γR = {Reis | s ∈ [−θ, θ]} and γ := γ+ ∪ γ− ∪ γr ∪ γR. Then, by the Riesz-Dunford functional

calculus (see (1.4)), for each x ∈ X (here, y := (1 +A)−νx),

h1,1−a(λ)(λ+Aε)
−1(2π − i log(Aε))

−1y =
h1,1−a(λ)

2πi

∫
γ

1

(2π − i log(z))
R(z,Aε)(λ+Aε)

−1ydz

=
h1,1−a(λ)

2πi

∫
γ

1

(2π − i log(z))(λ+ z)
dz(λ+Aε)

−1y +

+
h1,1−a(λ)

2πi

∫
γ

1

(2π − i log(z))(λ+ z)
R(z,Aε)ydz



97

=
h1,1−a(λ)(λ+Aε)

−1y

2π − i log(−λ)
+

1

2πi

∫ R

r

h1,1−a(λ)e
−iθR(te−iθ, Aε)y

(2π − θ − i log(t))(λ+ te−iθ)
dt

− h1,1−a(λ)

2πi

∫ R

r

eiθ

(2π + θ − i log(t))(λ+ teiθ)
R(teiθ, Aε)ydt

+
h1,1−a(λ)

2πi

∫ θ

−θ

iReis

(2π − s+ i log(R))(λ+Reis)
R(Reis, Aε)yds

− h1,1−a(λ)

2πi

∫ θ

−θ

ireis

(2π − s+ i log(r))(λ+ reis)
R(reis, Aε)yds,

where we have used the residue theorem in the third identity. By taking the limit θ → π on both

sides of the identity above, one gets

h1,1−a(λ)(λ+Aε)
−1(2π − i log(Aε))

−1y =
h1,1−a(λ)

2π − i log(−λ)
(λ+Aε)

−1y

+
1

2πi

∫ R

r

h1,1−a(λ)

(π − i log(t))(λ− t)
(t+Aε)

−1ydt

− 1

2πi

∫ R

r

h1,1−a(λ)(t+Aε)
−1y

(3π − i log(t))(λ− t)
dt

+
1

2πi

∫ π

−π

ih1,1−a(λ)Re
isR(Reis, Aε)y

(2π − s− i log(R))(λ+Reis)
ds

− h1,1−a(λ)

2πi

∫ π

−π

ireis

(2π + s− i log(r))(λ+ reis)
R(reis, Aε)yds

Now, by taking the limits r → 0 and R→ ∞ on both sides of the last identity, one gets for each

x ∈ X,

h1,1−a(λ)(λ+Aε)
−1(2π − i log(Aε))

−1y =
h1,1−a(λ)(λ+Aε)

−1y

2π − i log(−λ)

+

∫ ∞

0

ih1,1−a(λ)

(3π2 − 4πi log(t)− log(t)2)(λ− t)
(t+Aε)

−1y dt.

Finally, by taking the limit ε→ 0+ on both hands of the identity above, one gets

h1,1−a(λ)(λ+A)−1(2π − i log(A))−1y =
h1,1−a(λ)(λ+A)−1y

2π − i log(−λ)

+

∫ ∞

0

ih1,1−a(λ)(t+A)−1y

(3π2 − 4πi log(t)− log(t)2)(λ− t)
dt,(C.2)

where we have used on the left-hand side that (λ + Aε)
−1 → (λ + A)−1 uniformly (by

Lemma 1.3.1), (2π−i log(Aε))
−1 → (2π−i log(A))−1 strongly (see the proof of Lemma 3.5.1 [32]),

and on the right-hand side dominated convergence.
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Then, by (C.2), one gets

|h1,1−a(λ)|
∥∥(λ+A)−1(2π − i log(A))−1(1 +A)−ν

∥∥
L(X)

≲

∥∥∥∥h1,1−a(λ)(λ+A)−1

2π − i log(−λ)

∥∥∥∥
L(X)

+

∫ ∞

0

|h1,1−a(λ)|
(π2 + log(t)2)|λ− t|

∥(t+A)−1∥L(X)dt

≲

∥∥∥∥h1,1−a(λ)(λ+A)−1

2π − i log(−λ)

∥∥∥∥
L(X)

+

∫ ∞

0

|h1,1−a(λ)|
t(π2 + log(t)2)|(λ|+ t)

dt

≲

∥∥∥∥h1,1−a(λ)(λ+A)−1

2π − i log(−λ)

∥∥∥∥
L(X)

+

∫ ∞

0

|h1,1−a(λ)|(t+ 1)

t(π2 + log(t)2)(|λ|+ t)
dt

=

∥∥∥∥h1,1−a(λ)(λ+A)−1

2π − i log(−λ)

∥∥∥∥
L(X)

+
|h1,1−a(λ)|(|λ| − 1)

|λ| log(|λ|)
, (C.3)

where we have used relation (E.3) in the last identity.

Note that for each λ ∈ iR \ {0} with |λ| ≤ 1, it follows from (2.5) that∥∥∥∥h1,1−a(λ)(λ+A)−1

2π − i log(−λ)

∥∥∥∥
L(X)

≲ 1,

and since for each η > 0, lim
|λ|→0+

|λ| log(|λ|)η = 0, one gets

|h1,1−a(λ)|(|λ| − 1)

|λ| log(|λ|)
≤ (2π + | log(|λ|)|)1−a(|λ| − 1)

log(|λ|)
≲ |λ|| log(|λ|)|−a |λ|→0+−→ 0

and |h1,1−a(λ)| → 0 as |λ| → 0+. Hence, one concludes that

sup{
∥∥h1,1−a(λ)(λ+A)−1(1 +A)−ν(2π − i log(A))−1

∥∥
L(X)

| λ ∈ iR \ {0}, |λ| ≤ 1} <∞. (C.4)

Now, by using the same ideas as before, one has for each ε > 0 and each x ∈ X,

h1,2−a(λ)(λ+Aε)
−1(2π − i log(Aε))

−2(1 +A)−νx =
h1,2−a(λ)(λ+Aε)

−1(1 +A)−νx

(2π − i log(λ))2

−
∫ ∞

0

2ih1,2−a(λ)(2π − i log(t))(t+Aε)
−1(1 +A)−νx

(3π2 − 4πi log(t)− log(t)2)2(λ− t)
dt.

So, by taking the limit ε→ 0+ on both sides of the identity, one gets

h1,2−a(λ)(λ+A)−1(2π − i log(A))−2(1 +A)−νx =
h1,2−a(λ)(λ+A)−1(1 +A)−νx

(2π − i log(λ))2

−
∫ ∞

0

2ih1,2−a(λ)(2π − i log(t))(t+A)−1(1 +A)−νx

(3π2 − 4πi log(t)− log(t)2)2(λ− t)
dt.
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Then,

∥∥h1,2−a(λ)(λ+A)−1(2π − i log(A))−2
∥∥
L(X)

≲

∥∥∥∥h1,2−a(λ)(λ+A)−1

(2π − i log(λ))2

∥∥∥∥
L(X)

+

∫ e−2π

0

|h1,2−a(λ)|| log(t)|
t(π2 + log(t)2)2(|λ|+ t)

dt+

∫ e2π

e−2π

|h1,2−a(λ)|(| log(t)|+ 2π)

|(3π2 − 4πi log(t)− log(t)2)2|
dt

t

+

∫ ∞

e2π

|h1,2−a(λ)|| log(t)|
t(π2 + log(t)2)2(|λ|+ t)

dt

≲

∥∥∥∥h1,2−a(λ)(λ+A)−1

(2π − i log(λ))2

∥∥∥∥
L(X)

+ |h1,2−a(λ)|
∫ ∞

0

π2 − 2(1 + 1/t) log(t) + log(t)2

(π2 + (log(t))2)2(|λ|+ t)
dt+ |h1,2−a(λ)|

=

∥∥∥∥h1,2−a(λ)(λ+A)−1

(2π − i log(λ))2

∥∥∥∥
L(X)

+
|h1,2−a(λ)|(|λ| log(|λ|)− |λ|+ 1 + |λ| log(|λ|)2)

|λ| log(|λ|)2
,

where we have used relation (E.4) in the last identity.

By using the same reasoning as before, one concludes that

sup{
∥∥h1,2−a(λ)(λ+A)−1(2π − i log(A))−2(1 +A)−ν

∥∥
L(X)

| λ ∈ iR \ {0}, |λ| ≤ 1} <∞. (C.5)

Finally, by combining (C.1), (C.4) and (C.5), it follows that

sup{∥h1,ζ(λ)(λ+A)−1Lν,c̃(A)∥L(X) | λ ∈ iR \ {0}, |λ| ≤ 1} <∞.

Case 1(b): c̃ ∈ (2, 3]. In this case, a ∈ [1, 2); then, by Propostion 1.3.2, one gets for each

λ ∈ iR \ {0},

∥h1,ζ(λ)(λ+A)−1Lν,c̃(A)∥L(X) ≲ ∥h1,2−a(λ)(λ+A)−1Lν,2(A)∥2−c̃
L(X)∥h1,3−a(λ)(λ+A)−1Lν,3(A)∥c̃−1

L(X),

and it remains to estimate ∥h1,3−a(λ)(λ + A)−1Lν,3(A)∥c̃−1
L(X). Note that for each λ ∈ iR \ {0},

ε > 0 and each x ∈ X, one has (here, y = (1 +A)−νx)

h1,3−a(λ)(λ+Aε)
−1(2π − i log(Aε))

−3y =
h1,3−a(λ)(λ+Aε)

−1y

(2π − i log(−λ))3

+ ih1,3−a(λ)

∫ ∞

0

(26π3 − 24π2i log(t) + 6π log(t))(t+Aε)
−1y

(3π2 − 4πi log(t)− log(t)2)3(λ− t)
dt,

and then, by taking the limit ε→ 0+ on both sides of the last identity, one gets

h1,3−a(λ)(λ+A)−1Lν,3(A)x =
h1,3−a(λ)(λ+A)−1y

(2π − i log(−λ))3
+

+

∫ ∞

0

ih1,3−a(λ)(26π
3 − 24π2i log(t) + 6π log(t)

(3π2 − 4πi log(t)− log(t)2)(λ− t)
(t+A)−1y dt.
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Thus, by relation (E.5),

∥∥h1,3−a(λ)(λ+A)−1Lν,3(A)
∥∥
L(X)

≲

∥∥∥∥h1,3−a(λ)(λ+A)−1

(2π − i log(−λ))3

∥∥∥∥
L(X)

+

∫ e−
√
3π

0

|h1,3−a(λ)|(26π3 + 24π2| log(t)|+ 6π log(t)2)∥(t+A)−1∥L(X)

(π2 + log(t)2)3|λ− t|
dt

+

∫ e
√
3π

e−
√

3π

|h1,3−a(λ)|
|3π2 − 4πi log(t)− log(t)2|||λ− t|

∥(t+A)−1∥L(X)dt

+|h1,3−a(λ)|
∫ ∞

e
√

3π

26π3 + 24π2| log(t)|+ 6π log(t)2

(π2 + log(t)2)3|λ− t|
∥(t+A)−1∥L(X)dt

≲

∥∥∥∥ h1,3−a(λ)

(2π − i log(−λ))3
(λ+A)−1

∥∥∥∥
L(X)

+

∫ ∞

0

|h1,3−a(λ)|f(t)
t(π2 + log(t)2)3(|λ|+ t)

dt

+

∫ e
√
3π

e−
√

3π

|h1,3−a(λ)|
t2|3π2 − 4πi log(t)− log(t)2|

dt

≲

∥∥∥∥ h1,3−a(λ)

(2π − i log(−λ))3
(λ+A)−1

∥∥∥∥
L(X)

+ |h1,3−a(λ)|
(|λ| log(|λ|)2 − 2(|λ| log(|λ|)− |λ|+ 1)

|λ| log(|λ|)3

+|h1,3−a(λ)|,

where for each t > 0,

f(t) = π2((−2 + π2)t− 2) + t log(t)4 − 4t log(t)3 + 2((3 + π2)t+ 3) log(t)2 − 4π2t log(t).

By proceeding as in Case 1(a), one concludes that

sup{∥h1,ζ(λ)(λ+A)−1Lν,c̃(A)∥L(X) | λ ∈ iR \ {0}, |λ| ≤ 1} <∞.

Case 1(c): c̃ > 3. In this case, a ≥ 2. Let ζ = ζ1 + ζ2, with ζ2 ∈ (1, 2). Again, by applying

the Moment Inequality (see Proposition 1.3.2) over ζ2, one gets

∥h1,ζ(λ)(λ+A)−1Lν,a+ζ1+ζ2(A)∥L(X) ≲ ∥h1,ζ(λ)(λ+A)−1Lν,a+ζ2(A)∥L(X)

≲ ∥h1,1(λ)(λ+A)−1Lν,1+a(A)∥2−ζ2
L(X)∥h1,2(λ)(λ+A)−1Lν,2+a(A)∥ζ2−1

L(X).
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Let γ be the same path as presented in Case 1(a). Then, for each ε > 0 and each x ∈ X,

h1,1(λ)(λ+Aε)
−1(2π − i log(Aε))

−(1+a)x =
h1,1(λ)

2πi

∫
γ

1

(2π − i log(z))1+a
R(z,Aε)(λ+Aε)

−1xdz

θ→π−→ h1,1(λ)(λ+Aε)
−1x

(2π − i log(−λ))1+a
+

1

2πi

∫ R

r

h1,1(λ)(t+Aε)
−1

(2π − i log(t))1+a(λ− t)
xdt

− 1

2πi

∫ R

r

h1,1(λ)

(3π − i log(t))1+a(λ− t)
(t+Aε)

−1xdt

+
1

2πi

∫ π

−π

ih1,1(λ)Re
is

(2π − s− i log(R))1+a(λ+Reis)
R(Reis, Aε)xds

−h1,1(λ)
2πi

∫ π

−π

ireis

(2π + s− i log(r))1+a(λ+ reis)
R(reis, Aε)xds

r→0,R→∞−→ h1,1(λ)

(2π − i log(−λ))1+a
(λ+Aε)

−1x+
1

2πi

∫ ∞

0

h1,1(λ)(t+Aε)
−1

(π − i log(t))1+a(λ− t)
xdt

− 1

2πi

∫ ∞

0

h1,1(λ)(t+Aε)
−1

(3π − i log(t))1+a(λ− t)
xdt.

Now, it follows from dominated convergence that for each x ∈ X,

h1,1(λ)(λ+A)−1(2π − i log(A))−(1+a)x =
h1,1(λ)(λ+A)−1x

(2π − i log(−λ))1+a

+
1

2πi

∫ ∞

0

h1,1(λ)

(π − i log(t))1+a(λ− t)
(t+A)−1xdt− 1

2πi

∫ ∞

0

h1,1(λ)(t+A)−1

(3π − i log(t))1+a(λ− t)
xdt.

Therefore,

∥h1,1(λ)(λ+A)−1(2π − i log(A))−(1+a)∥L(X) ≤
∥∥∥∥ h1,1(λ)(λ+A)−1

(2π − i log(−λ))1+a

∥∥∥∥
L(X)

+
1

2π

∫ ∞

0

|h1,1(λ)|∥(t+A)−1∥L(X)

(π2 + log(t)2)(|λ|+ t)
dt+

1

2π

∫ ∞

0

|h1,1(λ)|∥(t+A)−1∥L(X)

(π2 + log(t)2)(|λ|+ t)
dt

=

∥∥∥∥ h1,1(λ)(λ+A)−1

(2π − i log(−λ))1+a

∥∥∥∥
L(X)

+ 2
|h1,1(λ)|(|λ| − 1)

|λ| log(|λ|)
.

Now, by the same reasoning as before, one gets

h1,2(λ)(λ+A)−1(2π − i log(A))−(2+a) =
h1,2(λ)(λ+A)−1

(2π − i log(−λ))2+a

+
1

2πi

∫ ∞

0

h1,2(λ)

(π − i log(t))2+a(λ− t)
(t+A)−1dt− 1

2πi

∫ ∞

0

h1,2(λ)(t+A)−1

(3π − i log(t))2+a(λ− t)
dt,

so

∥h1,2(λ)(λ+A)−1Lν,2+a(A)∥L(X) ≲

∥∥∥∥ h1,2(λ)(λ+A)−1

(2π − i log(−λ))2+a

∥∥∥∥
L(X)

+

+
|h1,2(λ)|

π

∫ ∞

0

(π2 − 2(1 + 1/t) log(t) + log(t)2)

(π2 + log(t)2)2(|λ|+ t)
dt

=

∥∥∥∥ h1,2(λ)(λ+A)−1

(2π − i log(−λ))2+a

∥∥∥∥
L(X)

+
|h1,2(λ)|(|λ| log(|λ|)− |λ|+ 1)

π|λ| log(|λ|)2
.
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Again, by proceeding as in Case 1(a), one concludes that

sup{∥h1,ζ(λ)(λ+A)−1Lν,a+ζ1+ζ2(A)∥L(X) | λ ∈ iR \ {0}, |λ| ≤ 1} <∞.

• Case 2: α ≥ 2. By using the functional calculus for H∞
0 functions (see Remark 1.3.2),

one gets for each x ∈ X,

h1,ζ(λ)(λ+A)−1Aα−1(1 +A)−(α−1)(2π − i log(A))−c̃x =
h1,ζ(λ)

2πi

∫
Γ

zα−1(λ+A)−1

(1 + z)α−1h0,c̃(z)
R(z,A)xdz

=
h1,ζ(λ)(−λ)α−1

(1− λ)α−1(2π − i log(−λ))c̃
(λ+A)−1x

+ h1,ζ(λ)S
′′
λx,

where

S
′′
λ :=

1

2πi

∫
Γ

zα−1

(1 + z)α−1h0,c̃(z)(z + λ)
R(z,A)dz.

The function z 7→ (2π − i log(z))−c̃R(z,A) is integrable on Γ and by Lemma 5.9 in [55], for

z ∈ Γ and |λ| ≤ 1, one has ∣∣∣∣ zα−1h1,ζ(λ)

(1 + z)α−1(z + λ)

∣∣∣∣ ≤ C

|1− λ|
≤ C;

hence, sup{∥h1,ζ(λ)S
′′
λ∥L(X) | λ ∈ iR \ {0}, |λ| ≤ 1} < ∞, and since∥∥∥∥ h1,ζ(λ)(−λ)α−1(λ+A)−1

(1− λ)α−1(2π − i log(−λ))c̃

∥∥∥∥
L(X)

is also bounded (by hypothesis), then

sup{∥h1,ζ(λ)(λ+A)−1Aα−1(1 +A)−(α−1)(2π − i log(A))−c̃∥L(X) | λ ∈ iR \ {0}, |λ| ≤ 1} <∞.

• Case 3: α ∈ (1, 2). By Proposition 1.3.2 (applied over α− 1 ∈ (0, 1)), one gets

∥h1,ζ(λ)(λ+A)−1(A(1 +A)−1)α−1Lν,c̃(A)∥L(X)

≲ ∥h1,ζ(λ)(λ+A)−1Lν,c̃(A)∥2−α
L(X)∥h1,ζ(λ)(λ+A)−1A(1 +A)−1Lν,c̃(A)∥α−1

L(X).

The first factor is treated as in Case 1, and the second factor is treated as in Case 2.

Item (b)

• Case 1: α = 1. Let ζ > 1 and set c̃ := ζ + a > 1.

Given that the operator (log(2 + A))c̃(2π − i log(A))−c̃ is closed, it follows from the Closed

Graph Theorem that it is bounded; hence,

∥(λ+A)−1(1 +A)−1(2π − i log(A))−c̃∥L(X) ≲ ∥(λ+A)−1(1 +A)−1 log(A+ 2)−c̃∥L(X).
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Now, by Proposition 2.2.2, one gets

sup

{
|λ|

(1 + |λ|)1−β0
|(2π − log(λ))|ζ∥(λ+A)−1(1 +A)−1 log(A+ 2)−c̃∥L(X) | λ ∈ iR, |λ| ≥ 1

}
<∞.

• Case 2: α ≥ 2. Let gα,ζ(λ) =
λα

(1− λ)1−β0
(2π− i log(λ))ζ , with λ ∈ iR \ {0}; then, by the

functional calculus for H∞
0 functions (see Remark 1.3.2), for each x ∈ X, one has

g1,ζ(λ)(λ+A)−1Aα−1(1 +A)−(α+β+β0−1)(2π − i log(A))−c̃x

=
g1,ζ(λ)

2πi

∫
Γ

zα−1(λ+A)−1

(1 + z)α+β+β0−1(2π − i log(z))c̃
R(z,A)xdz

=
g1,ζ(λ)(−λ)α−1

(1− λ)α+β+β0−1(2π − i log(−λ))c̃
(λ+A)−1x+ g1,ζ(λ)T

′′
λ x,

where

T
′′
λ :=

1

2πi

∫
Γ

zα−1

(1 + z)α+β+β0−1(2π − i log(z))c̃(z + λ)
R(z,A)dz,

with Γ the path defined in the proof of Proposition 2.2.2. The function z 7→ (2π −
i log(z))−c̃R(z,A) is integrable on Γ and by Lemma 5.9 in [55], for z ∈ Γ and |λ| ≥ 1, one

has ∣∣∣∣ zα−1g1,ζ(λ)

(1 + z)α+β+β0−1(z + λ)

∣∣∣∣ ≲ |g1,ζ(λ)|
|1− λ|

≤ C;

thus, sup{∥g1,ζ(λ)T
′′
λ ∥L(X) | λ ∈ iR, |λ| ≥ 1} <∞, and since

sup

{∥∥∥∥ g1,ζ(λ)(−λ)α−1

(1− λ)α+β+β0−1(2π − i log(−λ))c̃
(λ+A)−1

∥∥∥∥
L(X)

| λ ∈ iR, |λ| ≥ 1

}
<∞,

by hypothesis, it follows that

sup
{
|gα,ζ(λ)|∥(λ+A)−1Aα−1(1 +A)−β−β0−α+1(2π − i log(A))−c̃∥L(X) | λ ∈ iR, |λ| ≥ 1

}
<∞.

• Case 3: α ∈ (1, 2). It follows from Propositon 1.3.2 (applied to α− 1 ∈ (0, 1)) that

∥g1,c̃(λ)(λ+A)−1(A(1 +A)−1)α−1Lβ+β0,c̃(A)∥L(X)

≲ ∥g1,c̃(λ)(λ+A)−1Lβ+β0,c̃(A)∥
2−α
L(X)∥g1,c̃(λ)(λ+A)−1A(1 +A)−1Lβ+β0,c̃(A)∥

α−1
L(X).

The first factor must be treated as in Case 1, and the second one as in Case 2.
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Appendix D

Estimates

Lemma D.0.1. Let µ, ζ ≥ 0 and ν ≥ 1; then, for each t ≥ 0,

1.
∫ −i∞

i∞
e−λt 1

(1 + λ)ν(log(2 + λ))ζ
dλ = 0.

2.
∫ −i∞

i∞
e−λt λµ

(1 + λ)ν+µ(2π − i log(λ))ζ
dλ = 0.

Proof. We just present the proof of the first equality, since the proof of the other one is analogous.

Let us first show the following statement.

Claim:

1

2πi

∫ −i∞

i∞
e−λt 1

(1 + λ)ν(log(2 + λ))ζ
dλ =

1

2πi

∫
Γφ

e−λt 1

(1 + λ)ν(log(2 + λ))ζ
dλ, (D.1)

where Γφ = {reiφ | r ∈ [0,∞)} ∪ {re−iφ | r ∈ [0,∞)} and 0 < φ < π
2 .

Namely, for t ≥ 0, set iR ∋ λ 7→ ht(λ) := e−λt 1

(1 + λ)ν(log(2 + λ))ζ
, and for each

R, r > 0 and each η ∈ [φ, π/2], set Γ+
R,φ = {Reiθ | θ ∈ (φ, π2 )}, Γ+

r,φ = {reiθ | θ ∈ (φ, π2 )},
Γ−
R,φ = {Re−iθ | θ ∈ (φ, π2 )}, Γ−

r,φ = {re−iθ | θ ∈ (φ, π2 )}, γ
+
η = {seiη | s ∈ [r,R]} and

γ−η = {se−iη | s ∈ [r,R]}. By Cauchy’s Integral Theorem,

−
∫
Γ+
R,φ

ht(λ)dλ+

∫
γ+
π
2

ht(λ)dλ+

∫
Γ+
r,φ

ht(λ)dλ−
∫
γ+
φ

ht(λ)dλ = 0, (D.2)

and ∫
Γ−
R,φ

ht(λ)dλ−
∫
γ−
π
2

ht(λ)dλ−
∫
Γ−
r,φ

ht(λ)dλ+

∫
γ−
φ

ht(λ)dλ = 0. (D.3)
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Note that, by Lemma 5.2.2 in [24],∣∣∣∣∣
∫
Γ±
R,φ

ht(λ)dλ

∣∣∣∣∣ ≤
∫ π

2

φ

Re−t cos θ

|(1 +Re±iθ)|ν | log(2 +Re±iθ)|ζ
dθ

≤ 2ν/2
∫ π

2

φ

Re−t cos θ

(1 +R)ν(1 + cos(θ))ν/2
(
log(2 +R) + 1

2 log
(
1+cos(θ)

2

))ζ dθ
≲

R1−ν

log(2 +R)ζ

and ∣∣∣∣∣
∫
Γ±
r,φ

ht(λ)dλ

∣∣∣∣∣ ≲ r

By adding the equations (D.2) and (D.3), and by taking the limits R → ∞, r → 0, one gets

(D.1).

By Claim, it suffices to prove that

1

2πi

∫
Γφ

e−λt 1

(1 + λ)ν log(2 + λ)ζ
dλ = 0.

It follows from Cauchy’s Integral Theorem that for each 0 < r < R,

1

2πi

∫
Γφ

ht(λ)dλ+
1

2πi

∫
γR,φ

ht(λ)dλ+
1

2πi

∫
γr,φ

ht(λ)dλ = 0, (D.4)

with γR,φ := {Reiθ | θ ∈ [−φ,φ]} and γr,φ := {re−iθ | θ ∈ [−φ,φ]}.
Note that for each sufficiently large R,∣∣∣∣∣

∫
γR,φ

e−λt 1

(1 + λ)ν log(2 + λ)ζ
dλ

∣∣∣∣∣ ≲ R1−ν

log(2 +R)ζ
,

and for each sufficiently small r,∣∣∣∣∣
∫
γr,φ

e−λt 1

(1 + λ)ν log(2 + λ)ζ
dλ

∣∣∣∣∣ ≲ r.

The result follows by taking the limits r → 0 and R→ ∞ in relation (D.4).

Lemma D.0.2. Let φ ∈ (0, π2 ] and θ ∈ (π − φ, π). Set Ω := C+ \ (Sφ ∪ {0}) and let

Γ := {reiθ | r ∈ [0,∞)} ∪ {reiθ | r ∈ [0,∞)} be oriented from ∞eiθ to ∞e−iθ. Then, for

each α ∈ [0,∞), β ∈ (0,∞), η ∈ (0, 1] and each λ ∈ Ω, one has

a)
∫
Γ

1

(η + z)β(log(1 + η + z))ζ(z + λ+ η − 1)
dz =

1

(1− λ)β(log(2− λ))ζ
.

b)
∫
Γ

zα

(η + z)α+β(2π − i log(−1 + η + z))ζ(z + λ+ η − 1)
dz =

(1− λ− η)α

(1− λ)(2π − i log(−λ))ζ
.
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Proof. We just present the proof of item a). Let λ ∈ Ω. For each r ∈ (0, Im(λ)/2] and each

R ≥ 2|λ| + 2, set γ+ := {seiθ | s ∈ [r,R]}, γ− := {se−iθ | s ∈ [r,R]}, γr := {reiν | ν ∈ [−θ, θ]},
γR := {Reiν | ν ∈ [−θ, θ]} and γr,R := (−γ+) ∪ γ− ∪ (−γr) ∪ γR. Let fβ,ζ,λ : C+ → C be given

by the law fβ,ζ,λ(z) =
1

(η + z)β(log(1 + η + z))ζ(z + λ+ η − 1)
; then,

∣∣∣∣∫
γR

fβ,ζ,λ(z)dz

∣∣∣∣ ≤
∫ θ

−θ

R

|η +Reiν |β log(|1 + η +Reiν |)ζ |Reiν + λ+ η − 1|
dν

≲
R−β

log(1 +R)ζ
,

which goes to zero as R→ ∞. Similarly, one can show that

lim
r→0

∣∣∣∣∫
γr

fβ,ζ,λ(z)dz

∣∣∣∣ = 0.

On the other hand, by the Residue Theorem, one has∫
γr,R

1

(η + z)β(log(1 + η + z))ζ(z + λ+ η − 1)
dz =

1

(1− λ)β log(2− λ)ζ
.

Thus, it follows that∫
Γ

1

(η + z)β(log(1 + η + z))ζ(z + λ+ η − 1)
dz

= lim
r→0,R→∞

∫
γr,R

1

(η + z)β(log(1 + η + z))ζ(z + λ+ η − 1)
dz =

1

(1− λ)β log(2− λ)ζ
.
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Appendix E

Some important classes of functions

E.1 Complete Bernstein functions

In this section, we recall the definitions and some properties of some special functions that

appear throughout the text. We refer to [60] for details (see also [14]).

Definition E.1.1 (Definition 1.3 in [60]). A function f ∈ C∞(0,∞) is called completely

monotone if

(−1)nf (n)(λ) ≥ 0 for each n ∈ N ∪ {0} and each λ > 0.

By Theorem 1.4 in [60], which is known as Bernstein’s Theorem, every completely monotone

function f is the Laplace transform of a positive Radon measure on R+. Recall that f ∈
C∞(0,∞) is called a Bernstein function if

f ≥ 0 and f ′ is completely monotone.

It is easy to see from this definition that the fractional powers λ 7→ λα, with 0 ≤ α ≤ 1, and

λ 7→ log(1 + λ), are Bernstein functions. By Lévy-Khintchine Representation Theorem (see

Theorem 3.2 in [60]), a function f is a Bernstein function if, and only if, there exist constants

a, b ≥ 0 and a positive Radon measure µLK (this notation is used in [14]) defined over the Borel

subsets of (0,∞) such that for each λ > 0,

f(λ) = a+ bλ+

∫ ∞

0+
(1− e−λs)dµLK(s),

with ∫ ∞

0+

s

s+ 1
dµLK(s) <∞.

The triple (a, b, µLK) determines f uniquely and vice versa (see Theorem 3.2 in [60]), and it

is called the Lévy-Khintchine triple of f . Every Bernstein function can also be extended to a

holomorphic function in C+ (this is Proposition 3.6 in [60]).
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Now we consider a subclass of the Bernstein functions, the so-called complete Bernstein

functions.

Definition E.1.2 (Definition 6.1 in [60]). A function f ∈ C∞(0,∞) is called a complete

Bernstein function if it is a Bernstein function and the measure µLK in the Lévy-Khintchine

triple has a completely monotone density with respect to Lebesgue measure. The set of all

complete Bernstein functions is denoted by CBF .

By Theorem 6.2-(vi) in [60], every f ∈ CBF admits a representation of the form

f(λ) = a+ bλ+

∫ ∞

0+

λ

λ+ s
dµ(s), λ > 0, (E.1)

with a, b ≥ 0 constants and µ a positive Radon measure defined over the Borel subsets of (0,∞)

that satisfies ∫ ∞

0+

1

s+ 1
dµ(s) <∞.

As discussed in Remark 2.1 in [14], complete Bernstein functions admit other representations

than the one given by (E.1). In particular, one has

f(λ) = a+

∫ ∞

0

λ

1 + λt
dν(t) = a+ ν({0})λ+

∫ ∞

0+

λ

1 + λt
dν(t),

where ν is a positive Radon measure defined over the Borel subsets of (0,∞) that satisfies∫ ∞

0

1

1 + t
dν(t) <∞,

and the pair (a, ν) is unique.

The representation formula (E.1) is unique (that is, the triple (a, b, µ) is unique), and it is

called the Stieltjes representation for f (see Chapter 6 in [60] for details). Note that

a = lim
λ→0+

f(λ) and b = lim
λ→0+

f(λ)

λ
.

Example E.1.1. (a) The function f : (0,∞) → R given by f(λ) = λα, with α ∈ [0, 1], is a

complete Bernstein function whose Stieltjes representation is given by

f(λ) =
sin(απ)

π

∫ ∞

0+
sα

λ

s+ λ

ds

s
, λ > 0.

(b) The function λ 7→ (1 + λ)α − 1, with α ∈ (0, 1), is a complete Bernstein function whose

Stieltjes representation is given by

(1 + λ)α − 1 =
sin(απ)

π

∫ ∞

0+
(s− 1)αχ(1,∞)

λ

s+ λ

ds

s
, λ > 0.

(c) The function λ 7→ log(1+ λ) is a complete Bernstein function whose Stieltjes representation
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is given by

log(1 + λ) =

∫ ∞

0+
χ(1,∞)(s)

λ

λ+ s

ds

s
, λ > 0. (E.2)

(d) The function λ 7→ λ− 1

log(λ)
is a complete Bernstein function whose Stieltjes representation is

given by
λ− 1

log(λ)
=

∫ ∞

0+

s+ 1

s(π2 + log(s)2)

λ

λ+ s
ds, λ > 0. (E.3)

(e) The function λ 7→ λ log(λ)− λ+ 1

log(λ)2
is a complete Bernstein function whose Stieltjes

representation is given by

λ log(λ)− λ+ 1

log(λ)2
=

∫ ∞

0+

π2 − 2(1 + 1/s) log(s) + log(s)2

(π2 + log(s)2)2
λ

λ+ s
ds, λ > 0. (E.4)

(f) The function λ 7→ (−2 + 2λ− 2λ log(λ) + λ log(λ)2)

log(λ)3
is a complete Bernstein function whose

Stieltjes representation is given by

(−2 + 2λ− 2λ log(λ) + λ log(λ)2)

log(λ)3
=

∫ ∞

0+

f(s)

s(π2 + log(s)2)3
λ

(λ+ s)
ds, λ > 0,

(E.5)

where f(s) = π2((−2+π2)s−2)+s log(s)4−4s log(s)3+2((3+π2)s+3) log(s)2−4π2s log(s).

The next results play an important role in the proofs of Theorems 10 and 11; items (a) and

(b) are Theorem 2.2 in [14], and item (c) is Proposition 7.13 in [60].

Proposition E.1.1. Let f, g : (0,∞) → R be non-zero functions.

(a) If f ∈ CBF , then
λ

f(λ)
, λf

(
1

λ

)
∈ CBF . Conversely, if

λ

f(λ)
∈ CBF or λf

(
1

λ

)
∈ CBF ,

then f ∈ CBF .

(b) If f, g ∈ CBF , then g ◦ f ∈ CBF .

(c) Let a1, a2 ∈ (0, 1) be such that a1 + a2 ≤ 1. Then, for each f, g ∈ CBF , one has

fa1 · ga2 ∈ CBF .

E.2 Slowly varying functions

Definition E.2.1. Let a ∈ R and let ℓ : [a,∞) → R be a strictly positive measurable function

such that for each λ > 0,

lim
s→∞

ℓ(λs)

ℓ(s)
= 1.

Then, ℓ is said to be slowly varying.

Example E.2.1. (a) The function s 7→ log(1 + s) is a slowly varying function.
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(b) If ℓ is a slowly varying function, then the following ones are also slowly varying functions:

s 7→ ℓ(s)α, with α ∈ R; s 7→ ℓ(s) log(s).

The next result also plays an important role in the proof of Theorems 10, 11 and 12.

Proposition E.2.1 (Corollary 2.8-(a) in [14]). Let ℓ be a slowly varying function and let γ > 0.

Then, there are positive constants C, c such that for each sufficiently large s, t with t ≥ s,

c
(s
t

)γ
≤ ℓ(t)

ℓ(s)
≤ C

(
t

s

)γ

.
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