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Resumo

Nesse trabalho estudamos a estabilidade da família de operadores La = ∆−aS, a ∈ R, em

produtos warpeds de um intervalo inőnito da reta real por uma ou mais variedades com-

pactas, onde ∆ é o operador de Laplace-Beltrami e S é a curvatura escalar da variedade

resultante. Na segunda parte deste trabalho, estudamos esses operadores em superfícies

mínimas em R
3, abordando alguns resultados relacionados aos operadores La.

Palavras-chave: estabilidade; produto warped; superfície mínima.



Abstract

In this work we studied the stability of the family of operators La = ∆ − aS, a ∈ R, in

warped products of an inőnite interval of the real line by one or more compact manifolds,

where ∆ is the Laplace-Beltrami operator and S is the scalar curvature of the resulting

manifold. In the second part of this work, we study these operators on minimal surfaces

in R
3, addressing some results related to the La operators.

Keywords: stability; warped product; minimal surface.
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Chapter 1

Introduction

Let Mn be a complete Riemannian manifold of dimension n ≥ 2, consider the operator

∆ − q, where ∆ is the rough Laplacian of M and q : M → R is a smooth function.

D. Fischer-Colbrie and R. Schoen [FS80] did a study about this type of operator and

concluded that the existence of a positive function f on M satisfying ∆f − qf = 0 is

equivalent to the condition that the őrst eigenvalue of ∆−q under the Dirichlet boundary

condition is positive in each limited domain of M .

We say that an operator L = ∆− q is stable if L satisőes

∫

M

−fLf ≥ 0 (1.1)

for all f ∈ C∞
c (M). L is said to be unstable when L is not stable. The inequality (1.1) is

equivalent to ∫

M

|∇f |2 + qf 2 ≥ 0 (1.2)

for all f ∈ C∞
c (M). Using arguments of approximation in H1 norm, the space of test

functions for (1.2) can be replaced by the space C0,1
c (M) of Lipschitz functions of compact

support in M .

Let D ⊂M be a bounded domain. According to the theory of elliptical equations, the

operator ∆−q acting on functions with Dirichlet boundary conditions of D has a discrete

spectrum λ
(D)
1 < λ

(D)
2 ≤ λ

(D)
3 ≤ . . . of eigenvalues. The usual characterization of the őrst
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eigenvalue of ∆− q on D is

λ
(D)
1 = inf

{∫

D

|∇f |2 + qf 2; f ∈ C∞(M), suppf ⊂ D,

∫

D

f 2 = 1

}
.

We can conclude that an operator L = ∆−q is stable if and only if the őrst eigenvalue

of L is positive on each bounded domain under the Dirichlet boundary condition.

Let S be the scalar curvature of M . We can consider the family of operators La :=

∆ − aS, a ∈ R. For some values of a, there are interesting geometric properties and

results, for example:

(i) When a = 0, we have the usual Laplace operator.

(ii) When a = n−2
4(n−1)

, n ≥ 3, the operator La is related to the Yamabe operator Y of M

by the relationship Y = 1
a
La. In particular, if the őrst eigenvalue of La is negative, there

is a metric in M conformal to the original metric of M that has constant positive scalar

curvature. If the őrst eigenvalue is zero, then the metric will have constant nonnegative

scalar curvature [LM23].

(iii) When a = 1
4
, the operator La appears in Perelman’s work on three dimensional Ricci

ŕow with surgery [Per02; Per03].

(iv) When a = 1
2
, n ≥ 3 and the őrst eigenvalue of La is negative (resp. nonpositive),

there is an isometric immersion of M in a manifold N of positive (resp. nonnegative)

scalar curvature such that M becomes a two-sided stable minimal hypersurface. More

precisely, N is diffeomorphic to M × S
1 and La is the Jacobi operator, referring to the

formula for the second variation of the area of M [LM23].

(v) When a = 1, the operator La becomes the Jacobi operator of the second variation of

the area of a minimal hypersurface of a ŕat space.

(vi) It follows from the deőnition that, if the őrst eigenvalue of La is negative (resp.

nonpositive) for all a > 0, the scalar curvature of M is positive (resp. nonnegative).

Similarly, if the őrst eigenvalue of La is negative (resp. nonnegative) for all a < 0, the

scalar curvature of M is negative (resp. nonpositive).

The main goal of this work is to study the stability of the operator La in certain types

of Riemannian manifolds M , as well as some properties obtained at M from the results
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to be addressed. As a convention, we say that a Riemannian manifold M is a-stable if

the operator La is stable.

1.1 Case n = 2

The case n = 2 is a special case of the general case, as the scalar curvature is twice the

sectional curvature, which is simply the Gaussian curvature. Hence, the sectional and

scalar curvatures are equivalent objects.

1.1.1 Preliminaries results for case n = 2

When dim(M) = 2, the family of operators becomes La = ∆ − 2aK, where K denotes

the Gaussian curvature of M . A special case studied by Kawai in [Kaw88] is when M has

nonnegative Gaussian curvature. He proved:

Theorem [Kawai 1984] Let M be an oriented complete noncompact bidimensional Rie-

mannian manifold of nonpositive Gaussian curvature K, where K is not identically zero.

Suppose that a > 1
8
, then there is a function f of compact support that satisőes the in-

equality ∫

M

|∇f |2 + 2aKf 2 < 0.

In particular, if M has nonpositive Gaussian curvature and is a-stable for some a > 1
8
,

then M is ŕat, that is, its Gaussian curvature is identically zero. Furthermore, under the

condition K ≤ 0, is trivial in that M is a-stable for all a ≤ 0. With that, if the Gaussian

curvature of M is nonpositive, we have an "interval of stability," being it (−∞, 0] and an

"interval of instability," being it (1
8
,∞). Thus, there is an interval of uncertainty regarding

the stability of La for a two-dimensional manifold of nonpositive Gaussian curvature, being

it (0, 1
8
]. In fact, the ŕat plane is a-stable for all a > 0; the minimal two-dimensional

catenoid in R
3 is a-unstable for all a > 0 and the hyperbolic plane is a-stable for a ≤ 1

8

and a-unstable for a ≥ 1
8
, because the hyperbolic space has Gaussian curvature equal to

−1 and its őrst eigenvalue of the Laplacian is −1
4
. Still in dimension two, let 0 < a ≤ 1

4
be

a real number, the general idea is that, for a manifold M of negative Gaussian curvature
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to be a-stable, it is necessary that M has a certain volume growth of geodesic balls. This

growth would be of increasing order in values of a. For example, the plane with the metric

dr2 + r2(log(r + e))2dθ2 has negative Gaussian curvature, it is a-unstable for all a > 0

and the geodesic balls of radio R have area in order of R2 log(R). The hyperbolic plane

is 1
4
-stable and the geodesic balls of radios R have area 2π(cosh2(R) − 1). Bérard and

Castillon [BC14] found the following pattern:

Theorem [Bérard-Castillon 2010] Let (M, g) be a complete noncompact Riemannian sur-

face and let W be a locally integrable function on M , with W+ integrable. Assume that

the operator ∆+ aK +W is nonnegative on M and that

(i) a ∈ (1
4
,∞), or

(ii) a = 1
4
, and (M, g) has subexponential volume growth, or

(iii) a ∈ (0, 1
4
), and (M, g) has ka-subpolynomial volume growth, with ka =

2+4a
1−4a

.

Then:

(A) The surface (M, g) has őnite topology and at most quadratic volume growth. In

particular, (M, g) is conformally equivalent to a closed Riemannian surface with őnitely

many points removed.

(B) The function W is integrable on (M, g), and

0 ≤ 2πaχ(M) +

∫

M

W.

(C) If 2πaχ(M)+
∫
M
W = 0, then (M, g) has subquadratic volume growth, and aK+W ≡ 0

a.e. on the surface M .

This theorem guarantee that if α ≥ 1 and (M2, g) has an (α + 1) polynomial volume

growth of the area, that is, there exists 0 < C1 ≤ C2 < ∞ such that C1 ≤ |BR(p)|
Rα+1 ≤ C2

for all R > 0, then M cannot be β-stable for all β > α−1
8α

. On the other hand, there

are examples of α−1
8α

-stable manifolds satisfying |BR| = O(Rα+1), as exempliőed in work

[BC14] by the same author and in Proposition 3.4.1. Another important work to be

mentioned regarding these operators is that of Espinar and Rosenberg in [ER11].

Suppose that M is a complete bi-dimensional Riemannian manifold with nonpositive
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Gaussian curvature. To check whether M is a-stable, as mentioned in [Kaw88], we only

need to check if the universal cover of M is a-stable. Hence, we assume that M is

diffeomorphic to R
2. In this case, the metric ds2 of M can be written as ds2 = dr2 +

ρ(r, θ)2dθ2 using polar coordinates centered at any given point.

1.1.2 Application: a-stability of minimal surfaces on R
3

For a given minimal surface M of R
3, the Jacobi operator associated with the second

variation of area is L = ∆ − 2K, corresponding to L1 in our family of operators La. A

minimal surface is said to be stable when L is a stable operator. For an operator L on

a Riemannian manifold M , we deőne the Index of M as the dimension of the greatest

subspace of C∞
c (M) such that L is negatively deőned on this subspace, where the index

of an operator can be ∞. Hence L is stable if and only if Index(L) = 0 and L has őnite

index if and only if there exist a compact subset K of M such that L is stable on M \K.

Naturally for a minimal surface M in R
3 we deőne the index of M , denoted by Index(M),

as being Index(L) on M . Many results regarding the index of a minimal surface in R
3 are

known, including the following:

• The ŕat plane has zero index and is characterized by this. [FS80], [CP79] and

[Pog81].

• The catenoid and the minimal Enneper surface have index one [Fis85];

• The Costa-Hoffman-Meeks surface family of genus g ≥ 1 has index 2g + 3 [Nay92;

Mor09];

• The Jorge-Meeks surface with r ends has index 2r − 3 [MR06; Nay90a].

(1.3)

Naturally, we deőne the a-Index of a minimal surface M of R3 as the Index of La on

M . This is one of our objectives of this study, which is covered in Chapter 4. Barbosa

and do Carmo [BC76] state the following:
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Theorem [Barbosa-do Carmo 1976] Let M be a minimal surface and g be the Gauss map

of M . If the area of the spherical image g(D) ⊂ S
2 of a domain D ⊂ M is smaller than

2π, then D is stable.

For a ∈ [0,∞), let za is the number in the interval (−1, 1) with the following property:

the spherical cap

S
2(−1, za) = {(x, y, z) ∈ R

3; x2 + y2 + z2 = 1,−1 ≤ z ≤ za}

has 2a as the őrst eigenvalue of the Laplacian. In particular, z1 = 0 and z0 = 1. The area

of the spherical caps S
2(−1, za) is 2π(za + 1). As we will see, the area of the Gauss map

of the minimal surface being smaller than the area of the spherical cap S
2(−1, za) in R

3

guarantees a-stability. we have:

Proposition 4.2.2: Let M be a minimal surface such that the area of the image of Gauss

map is less than 2π(za + 1), then M is a-stable.

Another objective of our study is to show that, given a complete minimal surface with ő-

nite total curvature, the operator La has exactly one negative eigenvalue for all sufficiently

small a.

Theorem 4.2.1: Let M be a complete non ŕat minimal surface of őnite total curvature,

then

lim
a→0+

Indexa(M) = 1.

The Theorem 4.2.1 shows us that for every minimal surface M of őnite total curvature

in R
3, there is a sufficiently small a > 0 such that Indexa(M) = 1. From the work of

W. Meeks, J. Pérez and A. Ros [MPR06], the universal covering of a doubly periodic

Scherk minimal surface is a-stable for some a > 0, which shows that the hypothesis of M

having őnite total curvature is necessary to guarantee lima→0+ Indexa(M) = 1. By the

same work, the doubly periodic Scherk minimal surface is a-unstable for all a > 0. In

particular, its a-index is ∞.

A question that arises is: for a given a > 0, it is possible to determine the geometric

or topological characteristics necessary or sufficient for a minimal surface M of őnite total

curvature such that, with them, M can or cannot have a-index one. Another way of

thinking would be that: given a complete minimal surface M of őnite total curvature
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with some previously deőned geometric or topological characteristics, it is possible to

obtain a > 0 in which the a-index of M is necessarily one or a > 0 such that the a-index

of M cannot be one. For a > 1, there is no complete minimal surface M of őnite total

curvature such that Indexa(M) = 1, because if M is a non ŕat complete minimal surface,

zero is an eigenvalue of the operator L1 = ∆ − 2K of multiplicity at least three (see

[Nay93]). In particular, if a > 1, either M is a plane or Indexa(M) ≥ 4. For a = 1,

by Lopez and Ros [LR89], the catenoid and the minimal Enneper surface are the only

complete minimal surfaces in R
3 with index one. By Example 4.2.1, the Jorge-Meeks

minimal surface of r ends has a-index one for all a ≤ r+1
2r2

. Therefore, the number of ends

would be a possible topological characteristic for M to characterize a value for a related

to it. Another topological characteristic that can be considered naturally is the genus of

M . We conjecture:

Conjecture 1.1.1. Let M be a complete minimal surface in R
3 of genus g and r ends.

Given a > 0, suppose Indexa(M) = 1, then there exists C > 0 and D > 0 such that

g ≤ Ca−1 and r ≤ Da−1.

Another result that we conjecture is similar to that of O. Chodosh and D. Maximo in

[CM16]:

Theorem [Chodosh-Máximo 2014] Suppose that M → R
3 is an immersed complete two-

sided minimal surface of genus g and with r ends. Then

Index(M) ≥ 2

3
(g + r)− 1.

We conjecture a similar result for a-indexes:

Conjecture 1.1.2. Let M be a complete minimal surface of őnite total curvature in R
3

of genus g and r ends and a > 0, then there exist positive constants J and K such that

Indexa(M) ≥ (Jg +Kr)a.

Remark 1.1.1. Fischer-Colbrie in [Fis85] demonstrated that a minimal surface in R
3

having a őnite index (usual a-index for a = 1) is equivalent to having a őnite total curva-

ture. For the a-index, she implicitly demonstrated that this property is valid for all a ≥ 1
2
,

but the previously mentioned examples of minimal surfaces in R
3 a-stable for a > 0 are
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indicated by Proposition 4.2.1, which have inőnite total curvature. This shows that the

őnite index property be equivalent the őnite total curvature is not valid for all a > 0.

Remark 1.1.2. The Conjecture 1.1.2 with the Chodosh-Máximo Theorem would imply

an interesting property in the set of minimal surfaces of őnite total curvature: Let C > 0

be an integer, there exists a > 0 such that for all minimal surface M ⊂ R
3 such that

Index1(M) ≤ C, we have Indexa(M) = 1.

1.2 Case n ≥ 3 with warped-product metric

A natural question is whether the results of the previous section hold true for higher

dimensions. Answering this question, it is not possible to obtain a general result that

generalizes these in dimension two. In this work, we show that some of these results can

be generalized to a speciőc class of Riemannian manifolds, namely to warped products of

an inőnite interval of the line ([0,∞) or (−∞,∞) = R) by one (single warped product

case) or more (multiple warped-product case) compact manifolds. Below we deőne each

of these terms, which are discussed in Chapter 2.

Deőnition 2.0.1. Let (Bm, g1) and (F n, g2) be Riemannian manifolds, and ρ : B → R

be a smooth function. We deőne the warped product of B and F with the warping

function ρ, denoted by B ×ρ F as the product manifold B × F with the metric g deőned

by

g = g1 + ρ2g2.

Deőnition 2.2.1 Let (B, g0), (F1, g1), . . . , (Fk, gk) be manifolds and ρj : B 7→ R
+, 1 ≤

j ≤ k smooth functions, we can deőne the manifold M = B ×ρ1 F1 ×ρ2 F2 × · · · ×ρk Fk as

being the manifold B × F1 × · · · × Fk with the metric g deőned by

g = g0 + ρ21g1 + · · ·+ ρ2kgk.

We study the stability of the operator La = ∆− aS when M is described as a warped

product related to the order of growth of the warping functions. We study for a given

growth rate of the warping function, for which the values of a La is stable and for which

it is unstable. Many results regarding the instability of La, as we will see, reduce to
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analyze the instability of an end E of M , because the growth rate of the warping function

determines whether M can or cannot be a-stable. We will also expand these results to

include cases involving multiple warped products.

1.2.1 Single warped products

First, we present a result that determines an stability interval of n-dimensional warped

products.

Theorem 3.1.1 Let Mn = I ×ρ F
n−1 be a warped product manifold with n ≥ 3, I ⊂ R

and F a compact manifold with nonnegative scalar curvature, then M is a-stable for

0 ≤ a ≤ n−2
4(n−1)

. Consequently, the Yamabe operator Y := n−1
4(n−2)

∆ − S is nonnegative on

M , being positive deőnite if S(F ) > 0.

The next theorems states that for certain values of a and under certain conditions of

the warping function, in some cases, we can guarantee that a (single) warped product is

a-stable or a-unstable. The following theorem resembles the Kawai’s Theorem [Kaw88].

More details are provided in Subsection 3.1.1.

Theorem 3.1.2 Let M = [0,∞) ×ρ F be a warped product without boundary such that

ρ satisőes ρ′′(r) > 0 and limr→∞ ρ′(r) = ∞. Then the end of M (and therefore, M) is

a-unstable for all a > n−1
4n

. If F has nonpositive total scalar curvature S(F ) =
∫
F
SF the

hypothesis limr→∞ ρ′(r) = ∞ can be removed.

Theorem 3.1.3 Let M = I ×ρ F be a smooth warped product such that there exists R0

such that one of the following two situations occurs:

(i) ρ′′(r) > 0 for all r > R0 and limr→∞ ρ′(r) = ∞.

(ii) ρ′′(r) > 0 for all r < R0 and limr→−∞ ρ′(r) = −∞.

Then the corresponding end of M in (i) or (ii) (and therefore, M) is a-unstable for all

a > n−1
4n

.

Theorem 3.1.4 Let M = I×ρ S
n−1 be a warped product such that ρ satisőes |ρ′(r)| ≤ C.

Then M is a-stable for all 0 ≤ a ≤ (C2+1)(n−2)
4C2(n−1)

.
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In the case n = 2, we saw in Section 1.1 that if in M C1 ≤ |BR|
Rα+1 ≤ C2, then M is

a-unstable for all a > α−1
8α

. In view of the penultimate paragraph of Subsection 1.1.1,

the condition C1 ≤ |BR|
Rα+1 ≤ C2 can be exchanged, in the case of warped products, as

C1r
α ≤ ρ(r) ≤ C2r

α, where ρ is the warping function. As we will see, in a higher dimension

and for warped products, this result follows with the hypothesis C1r
α ≤ ρ(r) ≤ C2r

α,

α > 1, where we will conclude that M is a-unstable for all a > (nα−α−1)2

4α(n−1)(nα−2)
. Thus obtain

an "interval of instability"
(

(nα−α−1)2

4α(n−1)(nα−2)
,∞
)
. The case covered in the following theorem

associates the polynomial growth of ρ with an "instability interval".

Theorem 3.1.5 Suppose α > 1 and M = I ×ρ F with a metric of the form g = dr2 +

ρ(r)2gF . Suppose that there exist positive constants C1 and C2 such that C1r
α ≤ ρ(r) ≤

C2r
α for all r > 1, then M is a-unstable for all a > (nα−α−1)2

4α(n−1)(nα−2)
.

The value (nα−α−1)2)
4α(n−1)(nα−2)

in Theorem 3.1.5 is the best possible because the warped prod-

uct M = [0,∞)×ρ S
n−1 when ρ(r) = rα is (nα−α−1)2

4α(n−1)(nα−2)
-stable (see Proposition 3.4.1). If

ρ has α-subpolynomial grown, there is a similar version of the Bérard-Castillon Theorem:

Theorem 3.1.6 Let M = I×ρF be a warped product, where F is a compact manifold and

ρ(r) = rαξ(r), where α ≥ 1 and ξ satisőes ξ(r) → 0 when r → ∞. Suppose that ξ is a

non-increasing function and satisőes rξ(r)−1ξ′(r) ≥ −(α−1) for all r large. Also suppose

that M is a-stable for a = (nα−α−1)2

4α(n−1)(nα−2)
. Then ρ has linear growth, that is, ρ(r) ≤ Cr for

some C ≥ 0. In particular, M has a polynomial volume growth on order of Rn, that is,

for each p ∈M , V ol(BR(p)) ≤ C1R
n for some C1 > 0.

Consider the application

h : (1,∞) −→
(

n− 2

4(n− 1)
,
n− 1

4n

)

ζ 7−→ (nζ − ζ − 1)2

4ζ(n− 1)(nζ − 2)
.

Using elementary analysis tools, it is possible to show that h is an increasing function,

lim
ζ→1

h(ζ) =
n− 2

4(n− 1)
and lim

ζ→∞
h(ζ) =

n− 1

4n
.

Therefore, there is a continuous and monotonous relationship between the degree of poly-

nomial growth of ρ and the maximum possible value of a for which M can be a-stable.

The next theorem is an improved version of the Theorem 3.1.2 for when we assume
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that ρ has a polynomial growth.

Theorem 3.1.7 Let M = I ×ρ F be a warped product, where F is a compact manifold of

dimension at least two and ρ(r) = rαξ(r), where α and ξ satisfy

α = inf
{
γ; lim

r→∞
ρ(r)r−γ = 0

}
.

Suppose that M is a-stable for some a > n−1
4n

. Then there exist a positive constant C such

that

lim inf
R→∞

(logR)−1

∫ R

1

rρ(r)−2dr ≥ C.

Furthermore, if S(F ) ≤ 0, then α < n
2n−2

. In particular, M has (1 + n
2
)-subpolynomial

volume growth, that is,

lim
r→∞

r−(1+n
2
)V ol(Br(p)) = 0

for all p ∈M .

The following theorem shows what can happen if the function ξ as in the previous

theorem has large variation.

Theorem 3.1.8 Let M = I ×ρ F , where ρ(r) = rαξ(r), where α ≥ 1 and ξ satisfy (3.6)

with the additional condition C1 ≤ ξ(r) ≤ C2 for all r ≥ 0 for some constants C1, C2 > 0.

Suppose that

lim
T→∞

logT
∫ T

R0
rξ(r)−2ξ′(r)2dr

= 0,

where R0 is a őxed positive number. Then M is a-unstable for all a > n−2
4(n−1)

.

In Theorem 3.1.5 we assumed that α > 1. The following results exemplify what can

happen if α = 1, serving as an object of comparison with the previous result in which the

assumption α > 1 was required.

Theorem 3.1.9 Let M = I ×ρ S
n−1 be a warped product, where I = R or I = [0,∞).

Suppose that C1r ≤ ρ(r) ≤ C2r ∀r ≥ 1 for the positive constants C1, C2. If C1 > 1, then

(the ends of) M is a-unstable for all a > n−2
4(n−1)(1−C−2

1
)
.

Theorem 3.1.10 Let M = I ×ρ S
n−1 be a warped product, where I = R or I = [0,∞]).

Suppose that C1r ≤ ρ(r) ≤ C2r ∀r ≥ 1 for the positive constants C1, C2. If C2 < 1, then

(the ends of) M is a-unstable for all a < n−2
4(n−1)(1−C−2

2
)
.
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Thus, based on these results, we obtain the following diagram, relating the a-stability

of a smooth manifold M = I ×ρ S
n−1 with the possible growth characteristics of the ρ

function:

a-stable

a-unstable

can be a-stable or a-unstable

1.2.2 Multiple warped products

For multiple warped products, we have the following results.

(Theorem 3.2.1) Let M = I ×ρ1 F1 ×ρ2 · · · ×ρk Fk be a multiple warped product, with

each Fi compact with nonnegative scalar curvature. Suppose that for any 1 ≤ i, j ≤ k

and r ∈ I, ρ′i(r)ρ
′
j(r) ≥ 0, then M is a-stable for all 0 ≤ a ≤ min1≤i≤k{ni−1

4ni
}.

(Theorem 3.2.2) Let M = R ×ρ1 F1 ×ρ2 · · · ×ρk Fk be a multiple warped product, ni the

dimension of Fi and n = n1 + · · · + nk. Suppose that, for each ρi, there exists R0 such

that one of the following two situations occur for:

(i) ρ′′i (r) > 0 for all r > R0 and limr→∞ ρ′i(r) = ∞;

(ii) ρ′′i (r) > 0 for all r < R0 and limr→−∞ ρ′i(r) = −∞.
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Then the corresponding end of M (and therefore, M) is a-unstable for all a ≥ n−1
4n

.

1.2.3 Applications: a-stability of minimal hypersurfaces on Eu-

clidean spaces

There are three typical examples of minimal hypersurfaces in Euclidean spaces that can

be written as a warped product.

The őrst is any affine hyperplane H ⊂ R
n+1, which geometrically is the warped prod-

uct R ×ρ S
n−1 where ρ(r) = r, having the topology of R

n, being stable as a minimal

hypersurface of Rn+1 and, more than it, has the property of minimizing the area for any

variation of compact support. When n ≤ 5, the affine hyperplane is the only minimal

hypersurface which is the graph of a smooth function f : Rn → R (the problem of deter-

mining whether the graph of a function of Rn is a minimal hypersurface on R
n+1 is known

as the Bernstein problem. For more details, see [Ber17], [Alm66] and [Cho21]). According

to our notation, because H is a ŕat manifold, it is a-stable for all a ∈ R.

The second example is the minimal cones in R
n+1, characterized as being a warped

product [0,∞) ×ρ F , where ρ(r) = r and F is a minimal submanifold of Sn. A partic-

ular case is the Simons cones, introduced by J. Simons on [Sim68], and also worked by

E. Bombieri, E. De Giorgi, and E. Giusti on [BDG69]. They are characterized as the

singular hypersurface of R
2m: x21 + · · · + x2m = x2m+1 + · · · + x22m. These cones can be

written as the warped product [0,∞) ×ρ

(
1√
2
S
n−1 × 1√

2
S
n−1
)
, where ρ(r) = r and is a

minimal hypersurface of R2m, more precisely, these cones are (2m−3)2

8(m−1)
-stable according to

our deőnition of a-stability. Note that (2n−3)2

8(n−1)
> 1, if n ≥ 4. In particular, a Simons cone

is a minimal stable hypersurface of R2n if and only if 2n ≥ 8. In Subsection 3.3.1, we show

that if C = [0,∞) ×ρ F is a n-dimensional cone in R
n+1, where F = S

m
λ1

× S
n−m−1
λ2

is a

minimal hypersurface of Sn, then C is (n−2)2

4(n−1)
-stable. In particular, it follows the previous

statements about Simons cones, where n = 2m − 1. Furthermore, the next proposition

shows that when the dimension n is at least seven, the value for a = (n−2)2

4(n−1)
is the best

possible value for the existence of a cone a-stable in R
n+1.

Theorem 3.3.1 An a-stable minimal cone Cn of Rn+1, with a > max
{
1, (n−2)2

4(n−1)

}
, is ŕat.
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Simons in [Sim68] has shown that a minimal stable cone Cn ⊂ R
n+1 is ŕat if n ≤ 6. The

Theorem 3.3.1 and the previous examples of the Simons cone shows that, for n ≥ 7, the

value (n−2)2

4(n−1)
is the greatest possible value for a such that a n-dimensional minimal cone

in R
n+1 can be a-stable.

The third example is the n-dimensional catenoid in R
n+1. In dimension two, the

catenoid can be parameterized by x = c cosh(v/c) cosu, y = c cosh(v/c) sin(u), z = v,

where c ̸= 0, v ∈ R and y ∈ [0, 2π) and is characterized by being a minimal surface in R
3

of revolution (different from plane) and index one (see [TZ09]), which can be written as a

warped product R×ρ S
1. In higher dimensions, the catenoid is a minimal hypersurface of

R
n+1 that inherits certain properties from the two-dimensional catenoid. For example, it

is diffeomorphic to the cylinder R× S
n−1 and has index one. Perhaps the main difference

for dimension two is that in higher dimensions, the catenoid is limited in one of the

directions of R
n+1. The n-dimensional catenoid is n−2

n
-stable (see [TZ09]). For more

details, see Subsection 3.3.2.

1.3 Structure of the thesis

This thesis is organized into four chapters. The őrst is the introductory chapter. Chapter 2

provides a brief introduction to the theory of warped products, where we will discuss the

metric, the Levi-Civita connection and őnd formulas for the sectional and scalar curvatures

in terms of the manifolds involved in the warped product and the warping function. The

Chapter 3 is divided into three sections, the main subject of which is the stability of La

operators in warped products. The Section 3.1 addresses the results related to a simple

warped product of a line interval by a compact Riemannian manifold. The Section 3.2

addresses the results related to a multiple warped product of a line interval by a certain

number of compact Riemannian manifolds. The Section 3.3 addresses the hypercones and

catenoid, which are examples of warped-product minimal hypersurfaces in R
n+1. The

Section 3.4 deals with the proof of the theorems in Section 3.1 and Section 3.2. Finally,

in Chapter 4, we discuss the operators La on minimal surfaces of R3 that have őnite total

curvature.
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Chapter 2

Warped products, an introduction

Let B and F be manifolds. A natural way to construct a manifold from B and F is by

the Cartesian product B ×F . If B and F are equipped with Riemannian metrics gB and

gF , the product metric is the metric g given by g(x, y) = gB(x)+gF (y) , where x ∈ B and

y ∈ F . The product metric is just one example (the most natural) of a metric that we can

deőne in B×F . Another way to build metrics in B×F is from the combination σgB+ρgF ,

where σ : F → R
+ and ρ : B → R

+ are positive smooth functions. In particular, the

product metric is the metric obtained when the functions σ and ρ are constant and equal

to one. When we require that only ρ : B → R be the constant function equal to one,

as we will see, we will have the class of warped products of B by F . Bishop and O’Neill

introduced the notion of warped product in 1964 [BO69].

Deőnition 2.0.1. Let (Bm, g1) and (F n, g2) be Riemannian manifolds, and ρ : B → R

be a smooth function. We deőne the warped product of B and F with the warping

function ρ, denoted by B ×ρ F as the product manifold B × F with the metric g deőned

by

g = g1 + ρ2g2.

For a warped product B ×ρ F , B is called the base of the warped product and F is

called the őber. Being π1 : B × F → B and π2 : B × F → F the natural projections, the

leaves B × {q} and the őbers {p} × F are submanifolds of B ×ρ F . Vectors tangent to

leaves are called horizontal vectors and those tangent to őbers are called vertical vectors.
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For p ∈ B and q ∈ F , denoted by H the orthogonal projection of T(p,q)(B×F ) onto its

horizontal subspace T(p,q)(B × {q}) and by V the orthogonal projection onto its vertical

subspace T(p,q)({p} × F ). If v ∈ TpB, p ∈ B and q ∈ F , we deőne the lift of v to (p, q)

as the unique vector v̄ in T(p,q)({p} × F ) such that (π1)∗(v̄) = v. For a given X ∈ X(B),

the lift of X to M is the vector őeld X such that X(p,q) is the lift of Xp to (p, q). The set

of the horizontal lifts is denoted by L(B). Similarly, we deőne the set of vertical lifts by

L(F ).

2.1 Connection and curvature in warped products

Being M = B ×ρ F , we denote the metric of M by ⟨·, ·⟩, the Levi-Civita connection of

M by ∇, the Levi-Civita connection of B by ∇B, the Levi-Civita connection of F by

∇F , the curvature tensor of B by RB and the curvature tensor of F by RF . The next

proposition addresses the relationship between the curvature tensor of M = B ×ρ F and

the curvature tensors of the base B and őber F . It can be seen that the Lie bracket

satisőes for X1, X2 ∈ L(B) and Y1, Y2 ∈ L(F ): [X1, X2] = [X1, X2], [Y 1, Y 2] = [Y1, Y2]

and [X1, Y 1] = 0.

In our calculations, we will consider the function ρ extended on all manifold M , so

that ρ is constant on the őbers.

Proposition 2.1.1. For X1, X2 ∈ L(B), Y1, Y2 ∈ L(F ), we have:

(i) ∇X1
X2 ∈ L(B) is the lift of ∇B

X1
X2 on M ;

(ii) ∇X1
Y1 = ∇Y1

X1 =
⟨∇ρ,X1⟩

ρ
Y1;

(iii) (∇Y1
Y2)

⊥ = σ(Y1, Y2) = − ⟨Y1,Y2⟩
ρ

∇ρ;

(iv) (∇Y1
Y2)

T ∈ L(F ) is the lift of ∇F
Y1
Y2 on M ;

Proof. By Koszul formula, for all X, Y, Z ∈ (M):

2⟨∇XY, Z⟩ = X⟨Y, Z⟩+ Y ⟨X,Z⟩ − Z⟨X, Y ⟩ − ⟨[X, Y ], Z⟩ − ⟨[X,Z], Y ⟩ − ⟨[Y, Z], X⟩;
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(i) Using Koszul formula with [X1, Y1] = [X2, Y1] = 0, we obtain

2⟨∇X1
X2, Y1⟩ = ⟨Y1, [X1, X2]⟩ − Y1⟨X1, X2⟩.

Since ⟨X1, X2⟩ is constant on the őbers, we have Y1⟨X1, X2⟩ = 0. Since [X1, X2] is a

horizontal őeld, we have ⟨Y1, [X1, X2]⟩ = 0. Therefore, ⟨∇X1
X2, Y1⟩ = 0 for all Y1 ∈ L(F ),

it shows that ∇X1
X2 is horizontal. Furthermore, for all q ∈ F , πq

1 : B × {q} → B is an

isometry, it implies that ∇X1
X2 ∈ L(B) is the lift of ∇B

X1
X2 to M .

(ii) First, ∇X1
Y1 = ∇Y1

X1 because [X1, Y1] = 0. Using Koszul formula, we have

⟨∇X1
Y1, X2⟩ = Y1⟨X1, X2⟩ − ⟨[X1, X2], Y1⟩ = 0.

Therefore, ∇X1
Y1 is a vertical őeld. Still using the Koszul formula,

2⟨∇X1
Y1, Y2⟩ = X1⟨Y1, Y2⟩ − ⟨[Y1, Y2], X1⟩ = X1⟨Y1, Y2⟩.

Since ⟨Y1, Y2⟩(p,q) = ρ2(p)⟨Y1, Y2⟩F , we have

2⟨∇X1
Y1, Y2⟩ = X1(ρ

2 ◦ π1)⟨Y1, Y2⟩F = 2ρ⟨∇ρ,X1⟩⟨Y1, Y2⟩F = 2
⟨∇ρ,X1⟩

ρ
⟨Y1, Y2⟩

for all vertical őeld Y2. Therefore, ∇X1
Y1 =

⟨∇ρ,X1⟩
ρ

Y1.

(iii) By derivative of product and property (ii), we have

⟨∇Y1
Y2, X1⟩ = −⟨∇Y1

X1, Y2⟩ = −⟨∇ρ,X1⟩
ρ

⟨Y1, Y2⟩.

Being {e1, . . . , el} an orthonormal frame on B and {ē1, . . . , ēl} our lifting, we have

(∇Y1
Y2)

⊥ =
l∑

i=1

⟨∇Y1
Y2, ēi⟩ēi = −

l∑

i=1

⟨∇ρ, ēi⟩
ρ

⟨Y1, Y2⟩ēi = −⟨Y1, Y2⟩
ρ

∇ρ.

(iv) Since Y1, Y2 is tangent to őbers, ∇Y1
Y2 is the őber covariant derivative applied to

restrictions of Y1 and Y2 in that őber.

■

Remark 2.1.1. It follows of Proposition 2.1.1 that the geodesics of B will be preserved,

in the sense that if γ : I → B is a geodesic of B, then γy : I → B ×ρ F given by

γy(t) = (γ(t), y), y ∈ F , is a geodesic in B ×ρ F .
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Proposition 2.1.2. Let M = B ×ρ F be a warped product of two Riemannian manifolds

and R be the curvature tensor of M . If X1, X2, X3 ∈ L(B) and Y1, Y2, Y3 ∈ L(F ), then:

(i) R(X1, X2)X3 = RB(X1, X2)X3;

(ii) R(X1, Y1)X2 =
D2ρ(X1,X2)

ρ
Y1;

(iii) R(X1, X2)Y1 = R(Y1, Y2)X1 = 0;

(iv) R(X1, Y1)Y2 = − ⟨Y1,Y2⟩
ρ

∇X1
∇ρ;

(v) R(Y1, Y2)Y3 = RF (Y1, Y2)Y3 +
|∇ρ|2
ρ2

(⟨Y1, Y3⟩Y2 − ⟨Y2, Y3⟩Y1).

Where ∇ is the connection of M and D2ρ is the Hessian of ρ in B.

Proof. Using the relations of Proposition 2.1.1, we have:

(i)

R(X1, X2)X3 = ∇X1
∇X2

X3 −∇X2
∇X1

X3 −∇[X1,X2]X3

= ∇X1
∇B

X2
X3 −∇X2

∇B
X1
X3 −∇B

[X1,X2]
X3

= ∇B
X1
∇B

X2
X3 −∇B

X2
∇B

X1
X3 −∇B

[X1,X2]
X3

= RB(X1, X2)X3.

(ii)

R(X1, Y1)X2 =∇X1
∇Y1

X2 −∇Y1
∇X1

X2 −∇[X1,Y1]X2

=∇X1

(⟨∇ρ,X2⟩
ρ

Y1

)
− ⟨∇ρ,∇X1

X2⟩
ρ

Y1

=X1

(⟨∇ρ,X2⟩
ρ

)
Y1 +

⟨∇ρ,X2⟩
ρ

⟨∇ρ,X1⟩
ρ

Y1 −
⟨∇X1

X2,∇ρ⟩
ρ

Y1

=
ρ⟨∇X1

∇ρ,X2⟩+ ρ⟨∇ρ,∇X1
X2⟩ − ⟨∇ρ,X2⟩⟨∇ρ,X1⟩

ρ2
Y1

+
⟨∇ρ,X2⟩⟨∇ρ,X1⟩

ρ2
Y1 −

⟨∇X1
X2,∇ρ⟩
ρ

Y1

=
⟨∇X1

∇ρ,X2⟩
ρ

Y1

=
D2ρ(X1, X2)

ρ
Y1.
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(iii) Since D2ρ is symmetric,

R(X1, X2)Y1 =∇X1
∇X2

Y1 −∇X2
∇X1

Y1 −∇[X1,X2]Y1

=∇X1

(⟨∇ρ,X2⟩
ρ

Y1

)
−∇X2

(⟨∇ρ,X1⟩
ρ

Y1

)
− ⟨∇ρ, [X1, X2]⟩

ρ
Y1

=X1

(⟨∇ρ,X2⟩
ρ

)
Y1 +

⟨∇ρ,X2⟩
ρ

⟨∇ρ,X1⟩
ρ

Y1 −X2

(⟨∇ρ,X1⟩
ρ

)
Y1

− ⟨∇ρ,X1⟩
ρ

⟨∇ρ,X2⟩
ρ

Y1 −
⟨∇ρ, [X1, X2]⟩

ρ
Y1

=
ρ⟨∇X1

∇ρ,X2⟩+ ρ⟨∇ρ,∇X1
X2⟩ − ⟨∇ρ,X2⟩⟨∇ρ,X1⟩

ρ2
Y1

− ρ⟨∇X2
∇ρ,X1⟩+ ρ⟨∇ρ,∇X2

X1⟩ − ⟨∇ρ,X1⟩⟨∇ρ,X2⟩
ρ2

Y1

− ⟨∇ρ, [X1, X2]⟩
ρ

Y1

=
⟨∇ρ,∇X1

X2⟩ − ⟨∇ρ,∇X2
X1⟩ − ⟨∇ρ, [X1, X2]⟩

ρ
Y1

=0

and

R(Y1, Y2)X1 =∇Y1
∇Y2

X1 −∇Y2
∇Y1

X1 −∇[Y1,Y2]X1

=∇Y1

(⟨∇ρ,X1⟩
ρ

Y2

)
−∇Y2

(⟨∇ρ,X1⟩
ρ

Y1

)
− ⟨∇ρ,X1⟩

ρ
[Y1, Y2]

=
ρ⟨∇Y1

∇ρ,X1⟩+ ρ⟨∇ρ,∇Y1
X1⟩

ρ2
Y2 −

ρ⟨∇Y2
∇ρ,X1⟩+ ρ⟨∇ρ,∇Y2

X1⟩
ρ2

Y1

+
⟨∇ρ,X1⟩

ρ
(∇Y1

Y2 −∇Y2
Y1 − [Y1, Y2])

=0,

because ⟨∇ρ, Yi⟩ = 0 and ⟨∇Yi
∇ρ,X1⟩ = ⟨ ⟨∇ρ,∇ρ⟩

ρ
Yi, X1⟩ = 0.
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(iv)

R(X1, Y1)Y2 =∇X1
∇Y1

Y2 −∇Y1
∇X1

Y2 −∇[X1,Y1]Y2

=∇X1

(
−⟨Y1, Y2⟩

ρ
∇ρ
)
+

⟨∇ρ,X1⟩
ρ

∇F
Y1
Y2 −∇Y1

⟨∇ρ,X1⟩
ρ

Y2

=
⟨Y1, Y2⟩⟨∇ρ,X1⟩

ρ2
∇ρ− ⟨∇X1

Y1, Y2⟩
ρ

∇ρ− ⟨Y1,∇X1
Y2⟩

ρ
∇ρ

− ⟨Y1, Y2⟩
ρ

∇X1
∇ρ+ ⟨∇ρ,X1⟩

ρ
∇F

Y1
Y2 −

⟨∇ρ,X1⟩
ρ

∇Y1
Y2

=
⟨Y1, Y2⟩⟨∇ρ,X1⟩

ρ2
∇ρ− ⟨∇ρ,X1⟩⟨Y1, Y2⟩

ρ2
∇ρ

− ⟨Y1, Y2⟩⟨∇ρ,X1⟩
ρ2

∇ρ− ⟨Y1, Y2⟩
ρ

∇X1
∇ρ+ ⟨∇ρ,X1⟩⟨Y1, Y2⟩

ρ2
∇ρ

=− ⟨Y1, Y2⟩
ρ

∇X1
∇ρ;

(v)

R(Y1, Y2)Y3 =∇Y1
∇Y2

Y3 −∇Y2
∇Y1

Y3 −∇[Y1,Y2]Y3

=∇Y1
∇F

Y2
Y3 −∇Y2

∇F
Y1
Y3 −∇F

[Y1,Y2]
Y3 −∇Y1

(⟨Y2, Y3⟩
ρ

∇ρ
)

+∇Y2

(⟨Y1, Y3⟩
ρ

∇ρ
)
+

⟨[Y1, Y2], Y3⟩
ρ

∇ρ

=RF (Y1, Y2)Y3 −
⟨Y1,∇F

Y2
Y3⟩

ρ
∇ρ+ ⟨Y2,∇F

Y1
Y3⟩

ρ
∇ρ

− ⟨∇Y1
Y2, Y3⟩+ ⟨Y2,∇Y1

Y3⟩
ρ

∇ρ− ⟨Y2, Y3⟩
ρ

∇Y1
∇ρ

+
⟨∇Y2

Y1, Y3⟩+ ⟨Y1,∇Y2
Y3⟩

ρ
∇ρ+ ⟨Y1, Y3⟩

ρ
∇Y2

∇ρ+ ⟨[Y1, Y2], Y3⟩
ρ

∇ρ

=RF (Y1, Y2)Y3 +
⟨Y1, (∇Y2

Y3)
⊥⟩

ρ
∇ρ− ⟨Y2, (∇Y1

Y3)
⊥⟩

ρ
∇ρ+ ⟨∇Y2

Y1, Y3⟩
ρ

∇ρ

− ⟨∇Y1
Y2, Y3⟩
ρ

∇ρ− ⟨Y2, Y3⟩
ρ

⟨∇ρ,∇ρ⟩
ρ

Y1 +
⟨Y1, Y3⟩

ρ

⟨∇ρ,∇ρ⟩
ρ

Y2

+
⟨[Y1, Y2], Y3⟩

ρ
∇ρ

=RF (Y1, Y2)Y3 −
⟨Y2, Y3⟩

ρ

⟨∇ρ,∇ρ⟩
ρ

Y1 +
⟨Y1, Y3⟩

ρ

⟨∇ρ,∇ρ⟩
ρ

Y2

=RF (Y1, Y2)Y3 +
|∇ρ|2
ρ2

(⟨Y1, Y3⟩Y2 − ⟨Y2, Y3⟩Y1).

■

As consequence of Proposition 2.1.1 and 2.1.2, the sectional curvature has the relations:

Corollary 2.1.1. Let M = B ×ρ F be a warped product of two Riemannian manifolds,
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K the sectional curvature of M , KB the sectional curvature of B and KF the sectional

curvature of F , then, for X1, X2 ∈ L(B) and Y1, Y2 ∈ L(F ):

(i) K(X1, X2) = KB(X1, X2);

(ii) K(X1, Y1) = − ⟨∇X1
∇ρ,X1⟩

ρ|X1|2 ;

(iii) K(Y1, Y2) =
KF (Y1,Y2)

ρ2
− |∇ρ|2

ρ2
.

Proof. We have:

(i)

K(X1, X2) =
⟨R(X1, X2)X2, X1⟩

|X1|2|X2|2 − ⟨X1, X2⟩2
=

⟨RB(X1, X2)X2, X1⟩
|X1|2|X2|2 − ⟨X1, X2⟩2

= KB(X1, X2);

(ii)

K(X1, Y1) =
⟨R(X1, Y1)Y1, X1⟩

|X1|2|Y1|2 − ⟨X1, Y1⟩2
=

− |Y1|2
ρ

⟨∇X1
∇ρ,X1⟩

|X1|2|Y1|2
= −⟨∇X1

∇ρ,X1⟩
ρ|X1|2

;

(iii)

K(Y1, Y2) =
⟨R(Y1, Y2)Y2, Y1⟩

|Y1|2|Y2|2 − ⟨Y1, Y2⟩2

=
⟨RF (Y1, Y2)Y2, Y1⟩

ρ4(|Y1|2F |Y2|2F − ⟨Y1, Y2⟩2F )
+

|∇ρ|2
ρ2

⟨Y1, Y2⟩2 − |Y1|2|Y2|2
|Y1|2|Y2|2 − ⟨Y1, Y2⟩2

=
KF (Y1, Y2)

ρ2
− |∇ρ|2

ρ2
.

Corollary 2.1.2. Let M = B ×ρ F be a warped product of two Riemannian manifolds,

denote by S the scalar curvature of M , SB the scalar curvature of B, SF the scalar

curvature of F and ∆B the Laplace operator in B, then

S = SB − 2
∆Bρ

ρ
+
SF

ρ2
− n(n− 1)

|∇ρ|2
ρ2

.

2.2 Multiple warped product

The concept of warped product can be inductively deőned for a product of a őnite number

of manifolds. In this case, we will have a base and several manifolds representing the őbers.
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Deőnition 2.2.1. Let (B, g0), (F1, g1), . . . , (Fk, gk) be manifolds and ρj : B 7→ R
+, 1 ≤

j ≤ k smooth functions, we can deőne the manifold M = B ×ρ1 F1 ×ρ2 F2 × · · · ×ρk Fk as

being the manifold B × F1 × · · · × Fk with the metric g deőned by

g = g0 + ρ21g1 + · · ·+ ρ2kgk.

Proposition 2.2.1. For X1, X2 ∈ L(B), Y i
1 , Y

i
2 ∈ L(Fi), we have:

(i) ∇X1
X2 ∈ L(B) is the lift of ∇B

X1
X2 on M ;

(ii) ∇X1
Y i
1 = ∇Y i

1
X1 =

⟨∇ρi,X1⟩
ρi

Y i
1 ;

(iii) (∇Y i
1
Y i
2 )

⊥ = σ(Y i
1 , Y

i
2 ) = − ⟨Y i

1
,Y i

2
⟩

ρi
∇ρi;

(iv) (∇Y i
1
Y i
2 )

TFi ∈ L(Fi) is the lift of ∇(Fi)

Y i
1

Y i
2 on M .

(v) ∇Y i
1
Y l
1 = 0 if i ̸= l.

Proof. The proof of (i), (ii), (iii) and (iv) are similar to those of Proposition 2.1.1. (v) is

a direct consequence of Koszul formula, where all the terms are null.

Then the curvature tensor satisőes:

Proposition 2.2.2. Let X1, X2, X3 ∈ L(B) and Y i
1 , Y

i
2 , Y

i
3 ∈ L(Fi), 1 ≤ i ≤ k, then:

(i) R(X1, X2)X3 = RB(X1, X2)X3;

(ii) R(X1, Y
i
1 )X2 =

D2ρ(X1,X2)
ρ

Y i
1 ;

(iii) R(X1, X2)Y
i
1 = 0;

(iv) R(X1, Y
i
1 )Y

l
1 = − ⟨Y i

1
,Y l

1
⟩

ρ
∇X1

(∇f) (is zero if i ̸= l);

(v) R(Y i
1 , Y

l
1 )X1 = 0;

(vi) R(Y i
1 , Y

i
2 )Y

l
1 = 0 if i ̸= l;

(vii) R(Y i
1 , Y

l
1 )Y

i
2 = ⟨Y i

1 , Y
i
2 ⟩ ⟨∇ρi,∇ρl⟩

ρiρl
Y l
1 if i ̸= l;

(viii) R(Y i
1 , Y

i
2 )Y

i
3 = RFi

(Y i
1 , Y

i
2 )Y

i
3 + |∇ρi|2

ρ2i
(⟨Y i

1 , Y
i
3 ⟩Y i

2 − ⟨Y i
2 , Y

i
3 ⟩Y i

1 );

(ix) R(Y i
1 , Y

l
1 )Y

j
1 = 0 if i ̸= l ̸= j ̸= i.
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Proof. (i), (ii), (iii), (iv) and (viii) are similar to the proofs of Proposition 2.1.2. Let us

analyze each of the other items using the Proposition 2.2.1.

(v)

R(Y i
1 , Y

l
1 )X1 =∇Y i

1
∇Y l

1
X1 −∇Y l

1
∇Y i

1
X1 −∇[Y i

1
,Y l

1
]X1

=∇Y i
1

(⟨∇ρl, X1⟩
ρl

Y l
1

)
−∇Y l

1

(⟨∇ρi, X1⟩
ρi

Y i
1

)

=
⟨∇ρl, X1⟩

ρl
∇Y i

1
Y l
1 −

⟨∇ρi, X1⟩
ρi

∇Y l
1
Y i
1

=0

(vi) It is a direct consequence of item (v) in Proposition 2.2.1.

(vii)

R(Y i
1 , Y

l
1 )Y

i
2 =∇Y i

1
∇Y l

1
Y i
2 −∇Y l

1
∇Y i

1
Y i
2 −∇[Y i

1
,Y l

1
]Y

i
2

=−∇Y l
1
∇Y i

1
Y i
2

=∇Y l
1

(⟨Y i
1 , Y

i
2 ⟩

ρi
∇ρi

)

=
⟨Y i

1 , Y
i
2 ⟩

ρi
∇Y l

1
∇ρi

=
⟨Y i

1 , Y
i
2 ⟩

ρi

⟨∇ρi,∇ρl⟩
ρl

Yl.

(ix) It is a consequence of item (v) in Proposition 2.2.1.

As consequence of Proposition 2.2.2, for X1, X2 ∈ L(B), Y i
1 , Y

i
2 ∈ L(Fi), Y l

1 , Y
l
2 ∈ L(Fl),

we have

(i) K(X1, X2) = KB(X1, X2);

(ii) K(X1, Y
i
1 ) = − ⟨∇X1

∇ρi,X1⟩
ρi|X1|2 ;

(iii) K(Y i
1 , Y

i
2 ) =

KFi
(Y i

1
,Y i

2
)

ρ2i
− |∇ρi|2

ρ2i
;

(iv) K(Y i
1 , Y

l
1 ) = − ⟨∇ρi,∇ρl⟩

ρiρl
, if i ̸= l

and

SM = SB +
k∑

i=1

SFi

ρ2i
− 2

k∑

i=1

ni

∆Bρi
ρi

−
k∑

i=1

ni(ni − 1)
|∇ρi|2
ρ2i

−
∑

i ̸=j

ninj

⟨∇ρi,∇ρj⟩
ρiρj

,
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where ni is the dimension of Fi.

To see more about warped products and their properties or applications, see [Che17].

2.3 Warped products of an interval of R

Suppose M = I ×ρ1 F1 ×ρ2 · · · ×ρk Fk, where I ⊂ R, the scalar curvature of M is given by

SM =
k∑

i=1

SFi

ρ2i
− 2

k∑

i=1

ni

ρ′′i
ρi

−
k∑

i=1

ni(ni − 1)
(ρ′i)

2

ρ2i
−
∑

i ̸=j

ninj

ρ′iρ
′
j

ρiρj
.

In this section, we will suppose that F1, . . . , Fk are compacts manifolds, in order to

make sense of taking test functions for the operator La = ∆ − aS in M that depend

only on r in M , the theme of Chapter 3 of this work. The deőnition of warped products

makes sense if the base manifold B has boundary. If B has boundary and each warping

function is positive, the resulting manifold also has boundary. If we allow that the warping

functions can be zero in the base, that is, each ρi is nonnegative, the points p in B such

that ρi(p) = 0 can make their leaves a set of singular points, in the sense that the metric

degenerates. It would be complex to analyze these situations for B in general. In this

section, we brieŕy analyze when B is an interval on the line using some examples.

Example 2.3.1. Let M = R×ρ1 F1 ×ρ2 · · · ×ρk FK be a multiple warped product, then:

(i) If ρi > 0 for all r ∈ R and i = 1, . . . , k, then M is a smooth manifold.

(ii) If we only demand ρi ≥ 0, the values r such that ρi(r) = 0 for some 1 ≤ i ≤ k have

degenerated lives.

Analyses (i) and (ii) of Example 2.3.1 also work if we change R for each other open

interval of R, with the contrast that the resulting manifold M will not be complete.

Example 2.3.2. Suppose that M = [0,∞)×ρ S
n−1, with ρ(r) > 0 for all r > 0, ρ(r) = 0

and ρ′(0) = 1. Then M is a smooth manifold.

In the case of Example 2.3.2, M becomes diffeomorphic to R
n and the natural iden-

tiőcation Φ : Rn → M given by Φ(r, x) = (r, x), x ∈ S
n−1, is the exponential application
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around the point r = 0 in M . If we set M = [0,∞) ×ρ F , where F is a compact Rie-

mannian manifold different from the round sphere, then the leaf r = 0 is a singular point

of M . If we only demand ρ(r) > 0 for all r, then M is a differentiable manifold with a

boundary. If we consider M under all conditions of Example 2.3.2, except ρ′(0) = 1, then

M will be topologically R
n, but the leaf r = 0 would still be singular.

Example 2.3.3. A cone is a warped product M = I ×ρ F , where I = [0,∞), ρ(0) = 0

and F compact. The only regular cone is the hyperplane.

Example 2.3.4. If I = [a, b] ⊂ R and M = [a, b]×ρ F is smooth without boundary, then

ρ(a) = ρ(b) = 0, F is a round sphere and M is topologically a sphere.

Example 2.3.5. The sphere S
2n+1 can be written as a double-warped product, where it

[
0,
π

2

]
×ρ1 S

n ×ρ2 S
n,

where ρ1(r) = cos(r) and ρ2(r) = sin(r). A point (r, q1, q2) in this degenerate coordinate

system corresponds to the point (cos(r)q1, sin(r)q2) ∈ S
2n+1 ⊂ R

2n+2, where q1 and q2

are identiőed by their respective coordinates in R
n+1. The leaf r is isometric to the torus

(cos r)Sn × (sin r)Sn, and when r = 0 or r = π
2
, the leaf r becomes an S

n.
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Chapter 3

Operator ∆− aS on Warped Products

When we make a warped product of two smooth manifolds with a positive warping func-

tion ρ, the resulting manifold is necessarily a smooth manifold. If we require ρ to be

nonnegative, the points in the base such that ρ vanishes represent a degenerate őber, in

the sense that becomes one point. The Examples 2.3.4 and 2.3.5 in the previous chapter

shows that the resulting manifold of a warped product of a closed interval of R with a

manifold F can result in a smooth manifold.

Consider an elliptic operator of the form L = ∆− q on a warped product M = I×ρF ,

where ∆ is the Laplace-Beltrami operator of M , q : M → R is a smooth function, I

is a closed interval of R (which we can essentially reduce to three cases: R, [0,∞) and

[0, 1]), F is a compact manifold and ρ is a nonnegative warping function. Unless otherwise

mentioned, we will always assume that M is without boundary, which for us will be the

same as requiring that ρ vanishes in ∂I. The operator L is said to be stable if
∫

M

−fLf ≥ 0

for all f ∈ C∞
c (U), where U is the set of regular points of M , that is, the largest subset

of M which is a manifold. In particular, if V = {r ∈ I; ρ(r) > 0}, then V ×ρ F ⊂ U . The

previous inequality is equivalent to
∫

M

||∇f ||2 + qf 2 ≥ 0

for all f ∈ C∞
c (U). Similarly, this analysis extends to multiple warped products, where

each warping function in the multiple warped product must satisfy the same properties
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that the function ρ mentioned above.

3.1 Case M = I ×ρ F , F compact

First, consider an (n− 1)-dimensional compact manifold F with n ≥ 3 and M = I ×ρ F ,

such that the metric of M is expressed in the form

g = dr2 + ρ(r)2gF ,

where ρ is a positive real function in the interior of I. We have M compact if and only if

I is a őnite closed interval. M there will be no boundary if ρ is zero at the endpoints of

I. M will be complete and noncompact if and only if I is an unbounded interval. Up to

a linear variable change in I, there are two types of closed and unbounded intervals in R:

[0,∞) and R itself.

Consider the case in which I = [0,∞) and ρ > 0 in (0,∞). Under this condition,

M has one end, M is a manifold with boundary if ρ(0) > 0 and M is smooth without

boundary if and only if ρ(0) = 0, F is a round sphere of radius R and ρ′(0) = 1
R
, R > 0.

In the case I = R, M will have two ends and will be smooth if and only if ρ is positive

everywhere. In all the cases, the volume element of M is ρ(r)n−1drdA, where dA is the

area element of Sn−1.

We studied the stability of the operator L = ∆ − aS on M and sometimes at an

end of M . We say that L is stable on an end E of M if the operator L restricted to a

representative of E of the form ((R,∞)×ρF, g) (or ((−∞,−R)×F, g)) for all R sufficiently

large is stable. If E is not stable, we say that E is unstable. It is obvious that an end E

be unstable implies that M is unstable.

For this type of warped product, the scalar curvature can be written as

SM =
SF

ρ(r)2
− (n− 1)

(
2
ρ′′(r)

ρ(r)
+ (n− 2)

ρ′(r)2

ρ(r)2

)
.

For f of compact support in M , only dependent on r and support contained in the

interval [b, c], we have:
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(i) if I = R ,then f(b) = f(c) = 0;

(ii) if I = [0,∞) and b ̸= 0, then f(b) = 0. If b = 0, we only guarantee f(c) = 0, but if

we demand M without boundary, then ρ(b) = ρ(0) = 0.

Hence, in the case M without boundary and f of compact support, we have

ρ(b)n−2f(b) = ρ(c)n−2f(c) = 0.

Therefore, we have:
∫

M

−fLaf =

∫

M

|∇f |2 + aSf 2

=

∫ c

b

∫

F

{
|∇f |2 + a

[
−(n− 1)

(
2
ρ′′(r)

ρ(r)
+ (n− 2)

ρ′(r)2

ρ(r)2

)
+

SF

ρ(r)2

]
f 2

}
dAdr.

(3.1)

First, let us look at a result that will make our calculations of whether M is or is not

stable. We will use principally to prove stability in a warped product of an interval with

round spheres and an interval with compact manifolds of null scalar curvature.

Proposition 3.1.1. Let Mn = I ×ρ F
n−1 be a warped product, with n ≥ 3. Suppose that

F has constant scalar curvature and

−
∫

M

fLaf ≥ 0

for all f dependent only on I, that is, for all f constants on the őbers. Then M is a-stable.

Proof. If f is a function of compact support in M , then π1(supp(f)) has compact support

in I. If f depends only on I, by (3.1), we have

∫

I

{
f 2
r + a

[
−(n− 1)

(
2
ρ′′(r)

ρ(r)
+ (n− 2)

ρ′(r)2

ρ(r)2

)
+

S(F )

A(F )ρ(r)2

]
f 2

}
dr ≥ 0, (3.2)

where S(F ) is the total scalar curvature of F and A(F ) is the area of F . Let f be any

function of compact support on M , using Fubini’s theorem and the fact that |∇f |2 ≥ f 2
r ,

can be obtained by (3.1):

∫

M

−fLaf
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=

∫

F

∫ c

b

{
|∇f |2 + a

[
−(n− 1)

(
2
ρ′′(r)

ρ(r)
+ (n− 2)

ρ′(r)2

ρ(r)2

)
+
SF (q)

ρ(r)2

]
f(r, q)2

}
drdA

≥
∫

F

∫ c

b

{
fr(r, q)

2 + a

[
−(n− 1)

(
2
ρ′′(r)

ρ(r)
+ (n− 2)

ρ′(r)2

ρ(r)2

)
+
SF (q)

ρ(r)2

]
f(r, q)2

}
drdA,

where [b, c] = π1(supp(f)). Since fr(r, q) and f(r, q) depend only of f on r in each leaf

I × {q} and SF

ρ(r)2
is constant on F , the last expression is equal to

∫

F

∫ c

b

{
fr(r, q)

2 + a

[
−(n− 1)

(
2
ρ′′(r)

ρ(r)
+ (n− 2)

ρ′(r)2

ρ(r)2

)
+

S(F )

A(F )ρ(r)2

]
f(r, q)2

}
drdA,

that is nonnegative because (3.2).

■

The Proposition 3.1.1 shows that, with the hypothesis that F has constant scalar

curvature, we simply take real functions f as a test function (that is, dependent only on

the őrst coordinate) to demonstrate whether M is stable.

Continuing the calculation in (3.1), we have, for f of compact support dependent only

on r:
∫

M

−fLaf =A(F )

∫ c

b

f 2
r ρ(r)

n−1dr − 2a(n− 1)

∫ c

b

ρ′′(r)ρ(r)n−2dr

+ (n− 2)

∫ c

b

ρ′(r)2ρ(r)n−3)f 2dr + aS(F )

∫ c

b

ρ(r)n−3f 2dr

=A(F )

∫ c

b

f 2
r ρ(r)

n−1dr + a(n− 1)(n− 2)A(F )

∫ c

b

ρ′(r)2ρ(r)n−3f 2dr

+ 4a(n− 1)A(F )

∫ c

b

ρ′(r)ρ(r)n−2ffrdr + aS(F )

∫ c

b

ρ(r)n−3f 2dr,

where A(F ) is the area of F and S(F ) is the total scalar curvature of F . Therefore

1

A(F )

∫

M

−fLaf =

∫ c

b

f 2
r ρ(r)

n−1dr + a(n− 1)(n− 2)

∫ c

b

ρ′(r)2ρ(r)n−3f 2dr+

+ 4a(n− 1)

∫ c

b

ρ′(r)ρ(r)n−2ffrdr + a
S(F )

A(F )

∫ c

b

ρ(r)n−3f 2dr.

(3.3)

From equation (3.3), we can őnd an interval on the line for which the operator La is

always stable in any warped product of form I ×ρ F , whenever F has nonnegative total

scalar curvature.

Theorem 3.1.1. Let Mn = I ×ρ F
n−1 be a warped product manifold without boundary,

where n ≥ 3, I ⊂ R and F a compact manifold with nonnegative scalar curvature, then
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M is a-stable for 0 ≤ a ≤ n−2
4(n−1)

. Consequently, the Yamabe operator Y = n−1
4(n−2)

∆− S is

nonnegative on M , being positive if (i) S(F ) > 0 or (ii) I is unbounded.

Proof. By (3.1) taking f : M → R of compact support and π1(Suppf) ⊂ [b, c], using

Fubini’s theorem, integration by parts, that SF ≥ 0 and the fact

ρ(b)n−2f(b) = ρ(c)n−2f(c) = 0,

we obtain:
∫

M

−fLaf =

∫

M

|∇f |2 +
∫

F

[
a(n− 1)(n− 2)

∫ c

b

ρ′(r)2ρ(r)n−3f(r, q)2dr

+4a(n− 1)

∫ c

b

ρ(r)n−2ρ′(r)f(r, q)fr(r, q)dr +

∫ c

b

SF (q)

ρ(r)2
dr

]
dA

≥
∫

F

[∫ c

b

fr(r, q)
2ρ(r)n−1dr + a(n− 1)(n− 2)

∫ c

b

ρ(r)n−3ρ′(r)2f(r, q)2dr

+4a(n− 1)

∫ c

b

ρ(r)n−2ρ′(r)f(r, q)fr(r, q)dr

]
dA.

(3.4)

Using the AM-GM inequality, we have, for each q ∈ F :

−4a(n− 1)

∫ c

b

ρ(r)n−2ρ′(r)f(r, q)fr(r, q)dr

= −4a(n− 1)

∫ c

b

fr(r, q)ρ(r)
n−1

2 ρ(r)
n−3

2 ρ′(r)f(r, q)dr

≤
∫ c

b

fr(r, q)
2ρ(r)n−1dr + 4a2(n− 1)2

∫ c

b

ρ(r)n−3ρ′(r)2f(r, q)2dr.

Then
∫ c

b

fr(r, q)
2ρ(r)n−1dr + 4a2(n− 1)2

∫ c

b

ρ(r)n−3ρ′(r)2f(r, q)2dr

+ 4a(n− 1)

∫ c

b

ρ(r)n−2ρ′(r)f(r, q)fr(r, q)dr ≥ 0.

(3.5)

So to conclude the proof, we just need to show that

a(n− 1)(n− 2) ≥ 4a2(n− 1)2

⇐⇒a ≥ 0 and n− 2 ≥ 4a(n− 1)

⇐⇒a ≥ 0 and a ≤ n− 2

4(n− 1)
.
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This ensures the a-stability ofM for all a ∈ [0, n−2
4(n−1)

]. Taking a = n−2
4(n−1)

, then the Yamabe

operator Y is nonnegative. If S(F ) > 0, then the existence of the term
∫ c

b

SF (q)
ρ(r)2

dr in the

calculation (3.4) implies the positively of Y . If I is unbounded and S(F ) = 0, which

in our hypotheses means that the scalar curvature of F is identically zero, suppose that

f ∈ C∞
c (M) satisőes

−
∫

M

fY (f) = 0,

then the equality in (3.5) occurs, it implies

∫ c

b

[
fr(r, q)ρ(r)

n−1

2 +
n− 2

2
ρ(r)

n−3

2 ρ′(r)f(r, q)

]2
dr = 0

for all q ∈ F , this implies

fr(r, q) = −n− 2

2
ρ(r)−1ρ′(r)f(r, q) =⇒ log(f(r, q)) = −n− 2

2
log(ρ(r)) + C(q)

=⇒f(r, q) = C(q)ρ(r)−
n−2

2 ,

that has compact support if and only if C(q) = 0 for all q ∈ F , that is, if and only if

f ≡ 0.

■

We study the a-stability based on the order of growth of ρ.

3.1.1 a-stability results from the growth of ρ

Kawai [Kaw88] showed that if a complete two-dimensional manifold has nonpositive Gaus-

sian curvature and is a-stable for a > 1
8
, then the manifold is ŕat. A natural way to őnd a

similar result for higher-dimensional complete manifold M is if there exists a0 such that

La = ∆ − aS is a-unstable for all a > a0, where S is its scalar curvature, assuming,

for example, S ≤ 0. In fact the answer is no. For each a > 0, there are examples of

warped product metrics of negative scalar curvature, which, according to our deőnition,

is a-stable (see Example 3.1.2). In this section, we will analyze special cases when the

manifold M in question is a warped product, which is possible because we can calculate

the scalar curvature in a relatively simple way from the coefficients of the metric and the

warping function.
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In dimension two, the curvature of M = I ×ρ C, where C is a closed curve, being

negative is equivalent to having positive the function ρ′′. In a higher dimension, this, as

we will see, is a sufficient but not necessary condition and the following theorem generalizes

this result by taking as a hypothesis the condition that ρ′′ is a positive function.

Let M = [0,∞) ×ρ F , where ρ(0) = 0 (M without boundary) and ρ′′ is a positive

function, there are two possibilities for ρ′: ρ′ limited (with limr→∞ ρ′(r) = C for some

C > 0) or limr→∞ ρ′(r) = ∞. First, we have the following theorem.

Theorem 3.1.2. Let M = [0,∞) ×ρ F be a warped product without boundary such that

ρ satisőes ρ′′(r) > 0 and limr→∞ ρ′(r) = ∞. Then, the end of M (and therefore, M)

is a-unstable for all a > n−1
4n

. If F has nonpositive total scalar curvature, the hypothesis

limr→∞ ρ′(r) = ∞ can be removed.

Under the conditions of Theorem 3.1.2, if M is smooth, then the scalar curvature

is a negative function, because M smooth implies that there exists R > 0 such that

F = RSn−1, ρ′(0) = 1
R

and, with the hypothesis ρ′′(r) > 0, the expression of SM becomes

negative. Therefore, the Theorem 3.1.2, in a certain way, generalizes Kawai’s result

[Kaw88] in manifolds M under the conditions of this theorem.

In Theorem 3.1.2, the base of the warped product M is I = [0,∞). Note that ρ′′(r) >

0, together with (i) limr→∞ ρ′(r) = ∞ or (ii) S(F ) ≤ 0, guarantees the negativity of S on

the end E of M . When M is of the form R×ρF , we only need to adapt the Theorem 3.1.2,

obtaining a similar result:

Theorem 3.1.3. Let M = R ×ρ F be a warped product such that there exists R0 such

that one of the following occurs:

(i) ρ′′(r) > 0 for all r > R0 and limr→∞ ρ′(r) = ∞.

(ii) ρ′′(r) > 0 for all r < R0 and limr→−∞ ρ′(r) = −∞.

Then the corresponding end of M in (i) or (ii) (and therefore, M) is a-unstable for all

a > n−1
4n

.

Note that, in the case where SF ≡ C ≥ 0, the Theorem 3.1.1 implies that the warped

product M = I ×ρ F is a-stable for all 0 ≤ a ≤ n−2
4(n−1)

, where I = [0,∞) or R. On the



42

other hand, the Theorem 3.1.2 and Theorem 3.1.3 obtain sufficient conditions in M to

characterize M as n−1
4n

-unstable.

As examples that őt the hypotheses of Theorem 3.1.1 and Theorem 3.1.2, we have

the warped product M = [0,∞)×ρ F with the warping function given by ρ(r) = rα with

α > 1. Similarly, the warped product R×ρ F with warping function ρ(r) = r|α| for α > 1

satisőes the hypothesis of Theorem 3.1.1 and Theorem 3.1.3.

Another important example is that when F = S
n−1 and ρ(r) = sinh(r). We have

M = H
n, whose őrst eigenvalue for the Laplacian is − (n−1)2

4
and the scalar curvature is

−n(n− 1), which implies that Hn is n−1
4n

-stable.

The next theorem addresses the case when we have F = S
n−1 of constant scalar

curvature equal to (n− 1)(n− 2) and limr→∞ ρ′(r) = C.

Theorem 3.1.4. Let M = I×ρS
n−1 be a warped product such that ρ satisőes |ρ′(r)| ≤ C.

Then M is a-stable for all 0 ≤ a ≤ (C2+1)(n−2)
4C2(n−1)

.

Remark 3.1.1. Note that, in Theorem 3.1.4, for C large,

(C2 + 1)(n− 2)

4C2(n− 1)
≈ n− 2

4(n− 1)

and the interval of the result of Theorem 3.1.4 is approximately the interval of a in The-

orem 3.1.1. Furthermore, for n ≥ 3, (C2+1)(n−2)
4C2(n−1)

→ ∞ when C → 0. It shows that the

hypothesis limr→∞ ρ′(r) = ∞ in Theorem 3.1.2 cannot be dropped. In the case M smooth,

where F = S
n−1 and C ≥ 1 (is necessary that ρ′(0) = 1), for C close to one,

(C2 + 1)(n− 2)

4C2(n− 1)
≈ n− 2

2(n− 1)
>
n− 1

4n
,

in which it is possible to have a smooth manifold M with negative curvature and is a-stable

for some a > n−1
4n

.

Remark 3.1.2. Taking M = [0,∞)×ρS
n−1 with ρ(r) = C(r+1)− (C−1) log(r+1)−C,

we have ρ(0) = 0 and ρ′(0) = 1, then M is smooth. Furthermore, ρ′(r) = C − C−1
r+1

→ C

when r → ∞ and ρ′′(r) = 1
(r+1)2

> 0 for all r, then M satisőes all the hypotheses of

Theorem 3.1.4 and and build an example for the conclusion obtained in the Remark 3.1.1.

Consider the warped product M = I×ρF such that SF ≥ 0, SM < 0 and, furthermore,

satisőes the hypotheses of theorem 3.1.2 or of Theorem 3.1.3. Looking from now on
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only the case of Theorem 3.1.2 and Theorem 3.1.3, when SF ≥ 0 and ρ′ is unbounded.

Using Theorem 3.1.1 and the negativity of S we have an "interval of stability," being

it (−∞, n−2
4(n−1)

] and an "interval of instability," being it (n−1
4n
,∞). For a in the interval

( n−2
4(n−1)

, n−1
4n

] and M under these conditions, the stability of La in M is unknown. In the

following theorems, we will study the cases where ρ has a growth of polynomial order,

focusing on the values of a in the interval ( n−2
4(n−1)

, n−1
4n

] to obtain a relationship between

a-stability and the "degree" of a polynomial which has a growth comparable to the growth

of ρ.

First, we assume that ρ has a polynomial growth greater than the Euclidean, that

is, there exists 1 < ζ < ∞ such that limr→∞ ρ(r)r−ζ = 0 and limr→∞ ρ(r)r−1 = +∞.

Here, assuming M = I ×ρ F with I = [0,∞) or I = R, we are analyzing the end of M

corresponding to the positive end of the real line R. The analysis of the negative end of R,

when I = R, is analogous, taking the application ρ̃ deőned by ρ̃(r) = ρ(−r) and analyzing

ρ̃ on the positive end of R. Under these conditions, there exists a smooth nonnegative

real function ξ :M → R and a real number α ≥ 1 such that for r ≥ 1,

ρ(r) = rαξ(r), where α = inf
{
γ; lim

r→∞
ρ(r)r−γ = 0

}
. (3.6)

Many situations in relation to ξ can occur, among these, we can have limr→∞ ξ(r) = ∞
(exempliőed by ξ(r) = log(r2 + 2)k, k > 0), we can have limr→∞ ξ(r) = 0 (exempliőed

by ξ(r) = log(r2 + 2)k, k < 0) and the case where there exist positive constants C1 and

C2 such that C1 ≤ ξ(r) ≤ C2 as when ξ is constant. If limr→∞ ξ(r) = ∞, we have

limr→∞ ξ(r)r−γ = 0 for all γ > 0 and if limr→∞ ξ(r) = 0, we have limr→∞ ξ(r)rγ = ∞
for all γ > 0. Being f of compact support only dependent on r, assume that the support

of f is of form [b, c] × F , with b, c ̸= 0. Being ρ(r) = rαξ(r), we have, for r ̸= 0,

ρ′(r) = αrα−1ξ(r) + rαξ′(r) and

ρ′(r)2 = α2r2α−2ξ(r)2 + 2αr2α−1ξ(r)ξ′(r) + r2αξ′(r)2.

Then (3.3) becomes

1

A(F )

∫

M

−fLaf =

∫ c

b

f 2
r r

nα−αξ(r)n−1dr + aα2(n− 1)(n− 2)

∫ c

b

rnα−α−2ξ(r)n−1f 2dr

+ 2aα(n− 1)(n− 2)

∫ c

b

rnα−α−1ξ(r)n−2ξ′(r)f 2dr
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+ a(n− 1)(n− 2)

∫ c

b

rnα−αξ(r)n−3ξ′(r)2f 2dr

+ 4aα(n− 1)

∫ c

b

rnα−α−1ξ(r)n−1ffrdr

+ 4a(n− 1)

∫ c

b

rnα−αξ(r)n−2ξ′(r)ffrdr

+ a
S(F )

A(F )

∫ c

b

rnα−3αξ(r)n−3f 2dr.

(3.7)

The expression (3.7) can be written in other way as

1

A(F )

∫

M

−fLaf =

∫ c

b

f 2
r r

nα−αξ(r)n−1dr + aα2(n− 1)(n− 2)

∫ c

b

rnα−α−2ξ(r)n−1f 2dr

+ 2aα(n− 1)(n− 2)

∫ c

b

rnα−α−1ξ(r)n−2ξ′(r)f 2dr

+ a(n− 1)(n− 2)

∫ c

b

rnα−αξ(r)n−3ξ′(r)2f 2dr

+ 4aα(n− 1)

[
−nα− α− 1

2

∫ c

b

rnα−α−2ξ(r)n−1f 2dr

−n− 1

2

∫ c

b

rnα−α−1ξ(r)n−2ξ′(r)f 2dr

]

+ 4a(n− 1)

[
−nα− α

2

∫ c

b

rnα−α−1ξ(r)n−2ξ′(r)f 2dr

−n− 2

2

∫ c

b

rnα−αξ(r)n−3ξ′(r)2dr −1

2

∫ c

b

rnα−αξ(r)n−2ξ′′(r)f 2dr

]

+ a
S(F )

A(F )

∫ c

b

rnα−3αξ(r)n−3f 2dr

=

∫ c

b

f 2
r r

nα−αξ(r)n−1dr − aα(n− 1)(nα− 2)

∫ c

b

rnα−α−2ξ(r)n−1f 2dr

− 2aαn(n− 1)

∫ c

b

rnα−α−1ξ(r)n−2ξ′(r)f 2dr

− a(n− 1)(n− 2)

∫ c

b

rnα−αξ(r)n−3ξ′(r)2f 2dr

− 2a(n− 1)

∫ c

b

rnα−αξ(r)n−2ξ′′(r)f 2dr

+ a
S(F )

A(F )

∫ c

b

rnα−3αξ(r)n−3f 2dr.

(3.8)

The next two theorems relate a-instability to the order of the degree of the polynomial

which has growth comparable to the growth of ρ.
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Theorem 3.1.5. Suppose α > 1 and M = I ×ρ F with a metric of the form g =

dr2 + ρ(r)2gF , with α and ρ under the conditions (3.6). Suppose that there exist positive

constants C1 and C2 such that C1r
α ≤ ρ(r) ≤ C2r

α for all r > 1. Then the corresponding

end (and therefore M) is a-unstable for all a > (nα−α−1)2

4α(n−1)(nα−2)
.

Remark 3.1.3. No hypotheses about ρ′, ρ′′, the curvature of F and the curvature of M

in Theorem 3.1.5.

Remark 3.1.4. In Theorem 3.1.5 the constant (nα−α−1)2

4α(n−1)(nα−2)
is the best possible in the fol-

lowing sense: there exists an example of M , satisfying all the hypotheses of Theorem 3.1.5,

which is (nα−α−1)2

4α(n−1)(nα−2)
-stable. One example is M = [0,∞)×ρ S

2 where ρ(r) = 1
α+1

rα. For

more details, see Proposition 3.4.1 in Section 3.4.

The next theorem characterizes a warped product as (nα−α−1)2

4α(n−1)(nα−2)
-unstable, occurring

when ρ has a α-subpolynomial growth, that is, limr→∞ ρ(r)r−α = 0. It is very similar to

the Bérard-Castilon Theorem in dimension n = 2.

Theorem 3.1.6. Let M = I ×ρ F be a warped product, where F is a compact manifold

and ρ(r) = rαξ(r), where α ≥ 1 and ξ satisőes ξ(r) → 0 when r → ∞. Suppose that ξ is a

non-increasing function and satisőes rξ(r)−1ξ′(r) ≥ −(α−1) for all r large. Also suppose

that M is a-stable for a = (nα−α−1)2

4α(n−1)(nα−2)
. Then ρ has linear growth, that is, ρ(r) ≤ Cr for

some C ≥ 0. In particular, M has a polynomial volume growth on order of Rn, that is,

for each p ∈M , V ol(BR(p)) ≤ C1R
n for some C1 > 0.

Remark 3.1.5. Note that on Theorem 3.1.6, we are not requiring that ξ and α satisfy

the condition (3.6).

The Theorems 3.1.5 and 3.1.6 determine an instability interval relative to the exponent

α related to the growth of ρ. We can observe that

h :

(
2

n
,∞
)

−→ R

α 7−→ (nα− α− 1)2

4α(n− 1)(nα− 2)

is decreasing in ( 2
n
, 1], increasing in [1,∞), satisőes h(1) = n−2

4(n−1)
and limα→∞ h(r) = n−1

4n
.

The next theorem characterize a warped product Mn = I ×ρ F
n−1 with polynomial

volume growth, that is, such that ρ has a polynomial growth and is a-stable for a ≥ n−1
4n

.
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Theorem 3.1.7. Let M = I ×ρ F be a warped product, where F is a compact manifold

of dimension at least two and ρ(r) = rαξ(r), where α and ξ satisfy (3.6). Suppose that

M is a-stable for some a > n−1
4n

. Then there exist a positive constant C such that

lim inf
R→∞

(logR)−1

∫ R

1

rρ(r)−2dr ≥ C.

Furthermore, if S(F ) ≤ 0, then α < n
2n−2

. In particular, M has (1 + n
2
)-subpolynomial

volume growth, that is,

lim
r→∞

r−(1+n
2
)V ol(Br(p)) = 0

for all p ∈M .

The next theorem shows what can happen if the function ξ in (3.6) has a large varia-

tion.

Theorem 3.1.8. Let M = I ×ρ F , where ρ(r) = rαξ(r), where α > 1 and ξ satisfy (3.6)

with the additional condition C1 ≤ ξ(r) ≤ C2 for all r ≥ 0 for some constants C1, C2 > 0.

Suppose that

lim
T→∞

logT
∫ T

R0
rξ(r)−2ξ′(r)2dr

= 0,

where R0 is a őxed positive number. Then M is a-unstable for all a > n−2
4(n−1)

.

Example 3.1.1. Let ξ : R → R deőned by ξ(r) = 2 + cos(er). It is possible to show that

the application

R 7−→
∫ R

R0

rξ(r)−2ξ′(r)2dr

has a exponential increasing grown. Note that 1 ≤ ξ(r) ≤ 3 for all r ∈ R. Therefore, ξ

satisőes the hypothesis of Theorem 3.1.8.

Inspired on the Theorems 3.1.5, 3.1.6, 3.1.7 and 3.1.8, we conjecture:

Conjecture 3.1.1. Let M = I ×ρ F , where ρ(r) = rαξ(r), where α > 1 and ξ satisfy

(3.6). Suppose that, for all γ > 0, limr→∞ ξ(r)rγ = ∞ and limr→∞ ξ(r)r−γ = 0. Then

M is a-unstable for all a > (nα−α−1)2

4α(n−1)(nα−2)
. Furthermore, if limr→∞ ξ(r) = 0, then M is

a-unstable.

Under these conditions, ξ becomes, for values large of r, a positive function, which

neither increases fast to ∞ nor decreases fast to zero, in the sense that it increases and
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decreases more slowly than any polynomial function r 7→ rγ, γ > 0. The natural examples

are logarithmic functions. In the case where I = R in Conjecture 3.1.1, it is enough that

the end corresponding to the positive direction of M satisőes their hypotheses, where by

a simple change the variable of r, we guarantee an analogous result if we take the end

corresponding to the negative direction of R.

We can study the α = 1 case separately from the others. This case includes the case

corresponding to Theorem 3.1.4. In this case, the scalar curvature of M can be strictly

positive or strictly negative. For example, if M is of the singular type and F = S
n−1,

taking ρ(r) = cr, we have S > 0 if c < 1, S < 0 if c > 1 and the case c = 1 gives us

exactly the n-dimensional Euclidean space. The crucial difference is that the last term of

(3.8) is relevant in relation to the other terms, which does not occur if α > 1. Here, we

present two cases related to the case of Theorem 3.1.5 in two different theorems.

Theorem 3.1.9. Let M = I ×ρ S
n−1 be a warped product, with I = R or I = [0,∞).

Suppose that C1r ≤ ρ(r) ≤ C2r ∀r ≥ 1 for some positive constants C1, C2. If C1 > 1,

then (the corresponding end of) M is a-unstable for all a > n−2
4(n−1)(1−C−2

1
)
.

Theorem 3.1.10. Let M = I ×ρ S
n−1 be a warped product, with I = R or I = [0,∞]).

Suppose that C1r ≤ ρ(r) ≤ C2r ∀r ≥ 1 for some positive constants C1, C2. If C2 < 1,

then (the corresponding end of) M is a-unstable for all a < n−2
4(n−1)(1−C−2

2
)
.

Remark 3.1.6. The condition C1r ≤ ρ(r) ≤ C2r ∀r ≥ 1 in Theorem 3.1.9 and in

Theorem 3.1.10 can be dropped by C1r ≤ ρ(r) ≤ C2r for r sufficiently large. This can

"improve" the constants n−2
4(n−1)(1−C−2

1
)
of Theorem 3.1.9 (respectively, n−2

4(n−1)(1−C−2

2
)
of The-

orem 3.1.10), because the Theorems 3.1.9 and 3.1.10 with this modiőed hypothesis could

cause the new value of C1 to increase (respectively, C2 to decrease), causing the increasing

of the interval ( n−2
4(n−1)(1−C−2

1
)
,∞) (respectively, (−∞, n−2

4(n−1)(1−C−2

2
)
)). In the proof in the

next section, we only need C1r ≤ ρ(r) ≤ C2r for r sufficiently large, proving the instabil-

ity of the end. In the case I = R, we can analyze the end of M relative to the negative

direction of R changing ρ by ρ̃ = ρ◦A, being A the application determined by A(x) = −x.

Example 3.1.2. Let M = [0,∞]×ρ S
n−1 with ρ(r) = Cr is a (geometric) cone, singular

in the origin r = 0. The operator L becomes ∆ − a(n−1)(n−2)(1−C2)
C2r2

. Note that S > 0 if

C < 1, S = 0 if C = 1 and S < 0 if C > 1. Suppose f dependent only on r, then (3.7)
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described as (3.8) becomes:

1

A(F )

∫

M

−fLaf = Cn−1

∫ c

b

f 2
r r

n−1dr + a(n− 1)(n− 2)(1− C2)Cn−3

∫ c

b

rn−3f 2dr,

where b and c are such that π1(suppf) ⊂ [b, c]. By Cauchy-Schwartz inequality, we have:

∫ c

b

rn−3f 2dr =− 2

n− 2

∫ c

b

rn−2ffrdr

=− 2

n− 2

∫ c

b

r
n−1

2 fr
n−3

2 frdr

≤ 2

n− 2

(∫ c

b

rn−1f 2
r dr

) 1

2
(∫ c

b

rn−3f 2dr

) 1

2

.

Then ∫ c

b

rn−3f 2dr ≤ 4

(n− 2)2

∫ c

b

rn−1f 2
r dr.

Therefore,

Cn−1

∫ c

b

f 2
r r

n−1dr + a(n− 1)(n− 2)(1− C2)Cn−3

∫ c

b

rn−3f 2dr

is:

(1) ≥
(
(n− 2)2

4
C2 + a(n− 1)(n− 2)(1− C2)

)
Cn−3

∫ c

b

rn−3f 2dr, if C < 1, and

(2) ≥
(
C2 +

4a(n− 1)(1− C2)

n− 2

)
Cn−3

∫ c

b

f 2
r r

n−1dr, if C > 1.

Using the Proposition 3.1.1, we conclude that M is a-stable, if:





C < 1 and a ≥ n−2
4(n−1)(1−C−2)

;

C > 1 and a ≤ n−2
4(n−1)(1−C−2)

.

3.2 Case M = R×ρ1 F1 ×ρ2 F2 ×ρ3 · · · ×ρk Fk

The expression of the scalar curvature in M is

S =
k∑

i=1

SFi

ρ2i
− 2

k∑

i=1

ni

ρ′′i
ρi

−
k∑

i=1

ni(ni − 1)
ρ′2i
ρ2i

−
∑

i ̸=j

ninj

ρ′iρ
′
j

ρiρj
,
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where ni is the dimension of Fi, i = 1, 2, . . . k. In this section we always assume that each

ni ≥ 2. The element of volume of M is expressed by

dVM =

(
k∏

i=1

ρi(r)
ni

)
dVF1

dVF2
. . . dVFk

dr.

We remember that we are working only with the cases in which each Fi is a compact

manifold. Thus, we always assume that each Fi is compact. So we can continue using, as

test functions, functions that only depend on r. Therefore, if f ∈ C∞
c (M) is a function

that is only dependent on r with support in the real line contained in the interval [b, c],

then

∫

M

−fLaf =

∫

M

|∇f |2 + aSf 2

=

∫ ∞

−∞

∫

F1×···×Fn

[
f 2
r +

k∑

i=1

SFi

ρ2i
f 2 − 2a

k∑

i=1

ni

ρ′′i (r)

ρi(r)
f 2

−a
k∑

i=1

ni(ni − 1)
ρ′i(r)

2

ρi(r)2
f 2

−2a
∑

i<j

ninj

ρ′i(r)ρ
′
j(r)

ρi(r)ρj(r)
f 2

](
k∏

i=1

ρni

i

)
dVF1

dVF2
. . . dVFk

dr

=

(
k∏

i=1

V ol(Fi)

)[∫ c

b

f 2
r

(
k∏

i=1

ρi(r)
ni

)
dr

−2a
k∑

i=1

ni

∫ c

b

ρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′′i (r)f

2dr

−a
k∑

i=1

ni(ni − 1)

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f 2dr

−2a
∑

i<j

ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1

(
∏

i ̸=l ̸=j

ρl(r)
nl

)
ρ′i(r)ρ

′
j(r)f

2dr

]

+a
k∑

i=1

S(Fi)
∏

i ̸=j

V ol(Fj)

∫ c

b

ρni−2
i

(
∏

j ̸=i

ρj(r)
nj

)
f 2dr

=

(
k∏

i=1

V ol(Fi)

)[∫ c

b

f 2
r

(
k∏

i=1

ρi(r)
ni

)
dr
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+2a
k∑

i=1

ni(ni − 1)

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f 2dr

+2a
∑

j ̸=i

ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1ρ′i(j)ρ
′
j(r)

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
f 2dr

+4a
k∑

i=1

ni

∫ c

b

ρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)ffrdr

−a
k∑

i=1

ni(ni − 1)

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f 2dr

−2a
∑

i<j

ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1

(
∏

i ̸=l ̸=j

ρl(r)
nl

)
ρ′i(r)ρ

′
j(r)f

2dr

]

+a
k∑

i=1

S(Fi)
∏

i ̸=j

V ol(Fj)

∫ c

b

ρni−2
i

(
∏

j ̸=i

ρj(r)
nj

)
f 2dr

=

(
k∏

i=1

V ol(Fi)

)[∫ c

b

f 2
r

(
k∏

i=1

ρi(r)
ni

)
dr

+a
k∑

i=1

ni(ni − 1)

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f 2dr

+2a
∑

i<j

ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1ρ′i(j)ρ
′
j(r)

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
f 2dr

+4a
k∑

i=1

ni

∫ c

b

ρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)ffrdr

]

+a
k∑

i=1

S(Fi)
∏

i ̸=j

V ol(Fj)

∫ c

b

ρni−2
i

(
∏

j ̸=i

ρj(r)
nj

)
f 2dr,

(3.9)

where S(Fi) denotes the total scalar curvature of Fi. Thus, we have:

Theorem 3.2.1. Let M = I×ρ1F1×ρ2 · · ·×ρkFk be a multiple warped product, where each

Fi is compact and with nonnegative scalar curvature. Suppose that for any 1 ≤ i, j ≤ k

and r ∈ I, ρ′i(r)ρ
′
j(r) ≥ 0. Then M is a-stable for all 0 ≤ a ≤ min1≤i≤k{ni−1

4ni
}.

This theorem generalizes the Theorem 3.1.1. The following examples discuss the re-
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sults of Theorem 3.2.1.

Example 3.2.1. One of the simplest examples of a multiple warped product satisfying the

hypotheses of the Theorem 3.2.1 is when ρ1 = . . . .ρk = ρ and the warped product can be

written "in evidence" as a simple warped product given by M = I ×ρ (F1 × · · · ×Fk), thus

obtaining a "stability interval" greater than that of the conclusion of the theorem, being it

[0, n−1
4n

], where n = n1 + · · ·+ nk.

Example 3.2.2. Consider the warped product given by M = [0,∞)×ρ1F1×ρ2F2 where F1

and F2 are n-dimensional Riemannian manifolds with scalar curvature identically null,

ρ1(r) = r for all r ≥ 1, ρ2(r) = r−1 for all r ≥ 1, ρ1(0) = ρ2(0) = 0, where each ρi

is deőned in (0, 1) so as to become a smooth function. Then, in the submanifold of M

formed by the őbers r ≥ 1 we have S = −2nr−2 and La = ∆ + 2anr−2. Taking f of

compact support only dependent on r and such that suppf ⊂ [b, c] ⊂ [1,∞), we have
∫

M

−fLaf = V ol(F1)V ol(F2)

∫ c

b

(f 2
r − 2anr−2f 2)dr.

Taking b = 1, c = 2R and

f(r) =





0 if 0 ≤ r ≤ 1;

r − 1 if 1 ≤ r ≤ 2;

1√
2
r

1

2 if 2 ≤ r ≤ R;

− 1√
2
R− 1

2 r +
√
2R

1

2 if R ≤ r ≤ 2R;

0 if r > 2R,

then
∫ c

b

(f 2
r − 2anr−2f 2)dr) =C +

∫ R

2

(
1

8
r−1 − anr−1

)
dr

+

∫ 2R

R

[
1

2
R−1 − anR−1r−2 (−r + 2R)2

]
dr

︸ ︷︷ ︸
O(1)

≤C2 +

(
1

8
− an

)
logR.

Therefore, if a > 1
8n

, M will be a-unstable, because we can choose R so large as desired.

Note that n−1
4n

> 1
8
n. This example shows the importance of the hypothesis ρ′i(r)ρ

′
j(r) ≥ 0

in Theorem 3.2.1.
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Example 3.2.3. Let M = R ×ρ1 F1 ×ρ2 · · · ×ρk Fk be a multiple warped product, where

each Fi is a copy of an n-dimensional compact manifold F with a metric g of null total

scalar curvature and volume one, ρi(r) = 1 for 1 ≤ i ≤ k− 1 and ρk(r) = rα, α > 1. The

expression of (3.9) reduces to

∫

M

−fLf =

∫ c

b

f 2
r r

nαdr + an(n− 1)α2

∫ c

b

rnα−2f 2dr + 4anα

∫ c

b

rnα−1ffrdr. (3.10)

Take as a test function the function f deőned by

f(r) = fR(r) =





0 if r ≤ 0, ;

r if 0 ≤ r ≤ 1

r
1−nα

2 if 1 ≤ r ≤ R;

−R− 1+nα
2 r + 2R

1−nα
2 if R ≤ r ≤ 2R;

0 if r > 2R.

Then

∫

M

−fLaf =C +

[(
1− nα

2

)2

+ an(n− 1)α2 + 2anα(1− nα)

]∫ R

1

r−1dr

+R−1−nα

∫ 2R

R

rnαdr

︸ ︷︷ ︸
O(1)

+an(n− 1)α2

∫ 2R

R

rnα−2(−R− 1+nα
2 r + 2R

1−nα
2 )2dr

︸ ︷︷ ︸
O(1)

+ 4anα

∫ 2R

R

−rnα−1R− 1+nα
2 (−R− 1+nα

2 r + 2R
1−nα

2 )dr

︸ ︷︷ ︸
O(1)

,

where C is a constant relative to the integration of (3.10) in the interval [0, 1]. Then M

is a-unstable, if

(
1− nα

2

)2

+ an(n− 1)α2 + 2anα(1− nα) < 0 ⇐⇒ a >
(1− nα)2

4nα(nα + α− 2)
.

Therefore, M is a-unstable for a > (1−nα)2

4nα(nα+α−2)
. Since

lim
α→1

(1− nα)2

4nα(nα + α− 2)
=
n− 1

4n
,

we can őnd an example of manifold M , under the conditions of the Theorem 3.2.1, which

is a-unstable for each a > min1≤i≤k{ni−1
4ni

}.

Example 3.2.4. Suppose that M = R×ρ1 F , where F n is a compact manifold of constant

scalar curvature equal to −S0 and ρ(r) ≡ 1. Then M is exactly the standard product
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R × F , SM ≡ −S0 and for f only dependent on r and of compact support contained in

[b, c]: ∫

M

−fLaf = V ol(F )

∫ c

b

(f 2
r − aS0f

2)dr.

Taking the sequence of functions fN given by

fN(r) =





0 if |r| ≥ N + 1;

r +N + 1 if −N − 1 ≤ r ≤ N ;

−r +N + 1 if N ≤ r ≤ N + 1;

1 if |r| ≤ N.

If a > 0, then, for N large, it is easy to see that
∫
M
−fLaf < 0. Therefore, M is a-

unstable. This example shows the importance of the nonnegativity of the scalar curvature

of F .

The following theorem is a similar for the Theorem 3.1.3, for the multiple warped

product case.

Theorem 3.2.2. Let M = R ×ρ1 F1 ×ρ2 · · · ×ρk Fk be a multiple warped product, ni the

dimension of Fi and n = n1+ · · ·+nk. Suppose that for each ρi, there exists R0 such that

one of the following two situations occurs for:

(i) ρ′′i (r) > 0 for all r > R0 and limr→∞ ρ′i(r) = ∞;

(ii) ρ′′i (r) > 0 for all r < R0 and limr→−∞ ρ′i(r) = −∞.

Then the corresponding end of M (and therefore, M) is a-unstable for all a > n
4(n+1)

.

3.3 Applications: minimal immersions on R
n

In this section, we present examples of minimal submanifolds in Euclidean space in the

form of warped products.
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3.3.1 Cones

Cn is said to be a cone if C can be written as a warped product [0,∞) ×ρ F
n−1, with

ρ(r) = r. In a cone, there is a vertex, corresponding to the leaf r = 0. We have

S =
SF − (n− 1)(n− 2)

r2

and the expression of a-stability becomes

V ol(F )

[∫ c

b

f 2
r r

n−1dr − a(n− 1)(n− 2)

∫ c

b

rn−3f 2dr

]
+ a

∫

C

SF r
n−3f 2 ≥ 0. (3.11)

Suppose that F = S
n1

r1
× · · · × S

nk
rk

is a product of k round spheres, with n1 + · · · + nk =

n − k + 1. Then F is a minimal submanifold of Sn ⊂ R
n+1, from the natural inclusion,

if and only if ri =
√

ni

n−k+1
(see [Net14], Proposition 2.6). It is a known fact that, under

these conditions, the singular cone C = [0,∞)×ρ F , where ρ(r) = r, is a minimal cone in

R
n+1, invariant under dilatation. The scalar curvature of F is

SF =
k∑

i=1

n− k + 1

ni

ni(ni − 1) =
k∑

i=1

(n− k + 1)(ni − 1) = (n− k + 1)(n− 2k + 1).

Since F has constant scalar curvature, to analyze if C is a-stable, we only need to analyze

the set of test functions f only dependent on r (see Proposition 3.1.1). Suppose f is

dependent only on r, then the expression of the a-stability of C (3.11) becomes:

k∏

i=1

[
V ol(Sn+i)

ri
)
] [∫ c

b

f 2
r r

n−k+1dr − a(n− k + 1)(n− k)

∫ c

b

rn−k−1f 2dr

+a(n− k + 1)(n− 2k + 1)

∫ c

b

rn−k−1f 2dr

]
≥ 0

⇐⇒
∫ c

b

f 2
r r

n−k+1dr−a(n−k+1)(k−1)

∫ c

b

rn−k−1f 2dr ≥ 0. (3.12)

Integrating by parts and using the Cauchy-Schwartz inequality, we have
∫ c

b

rn−k−1f 2dr =− 2

n− k

∫ c

b

rn−kffrdr

≤ 2

n− k

(∫ c

b

rn−k−1f 2dr

) 1

2
(∫ c

b

f 2
r r

n−k+1dr

) 1

2

=⇒
∫ c

b

f 2
r r

n−k+1dr ≥(n− k)2

4

∫ c

b

rn−k−1f 2dr.
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Then the expression (3.12) is positive, if

(n− k)2

4
− a(n− k + 1)(k − 1) ≥ 0 ⇐⇒ a ≤ (n− k)2

4(n− k + 1)(k − 1)
,

whenever k > 1.

a-stability of minimal hypercones

Let us consider the special case where k = 2 in the above situation. Under this condition,

F becomes a minimal hypersurface of Sn and

SF = (n− 1)(n− 3).

Therefore, C = [0,∞)×ρ F , ρ(r) = r, is a n-dimensional minimal cone of Rn+1, its scalar

curvature is

S =
SF − (n− 1)(n− 2)

r2
= −n− 1

r2

and C is (n−2)2

4(n−1)
-stable.

The next proposition shows that this value of a is the highest possible positive value

of a such that an n-dimensional cone can be a-stable, when n ≥ 7.

Theorem 3.3.1. An a-stable minimal cone Cn of Rn+1, with a > max
{
1, (n−2)2

4(n−1)

}
, is ŕat.

Before proving this result, we need of a result.

Proposition 3.3.1. (Simons [Sim68]) Suppose that M → R
n is a minimal immersion.

Then, the second fundamental for A satisőes

1

2
∆|A|2 + |A|4 = |∇A|2

on M .

For a demonstration, see ([Cho21], Proposition 8.13). It implies

|A|∆|A|+ |A|4 = |∇A|2 − |∇|A||2. (3.13)
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Proof of Theorem 3.3.1. Let AF be the second fundamental form of the immersion

F → S
n and A be the second fundamental form of the immersion C → R

n+1. The cone

C can be seen as the set

C = rF = {rx, x ∈ F, r ≥ 0}.

Let rx ∈ C, r ≥ 0, x ∈ F , by a direct calculus, A(∂r, ·) = 0 and for X, Y ∈ TxF ,

A(X, Y ) = r−1AF (X, Y ). By Proposition 2.1.1,

(∇∂rA)(X, Y ) =∇∂r(A(X, Y ))− A(∇∂rX, Y )− A(X,∇∂rY )

=− r−2AF (X, Y )

=− r−1A(X, Y ),

where ∇ is the Levi-Civita connection of C. We can then consider A = r−1AF and

∇∂rA = −r−1A. Being {e1, . . . , en−1} an orthonormal frame of F and en = ∂r such that

{e1, . . . , en} on a given point p = (r, x) is geodesic and diagonalizing A, then

|∇A|2 =
n∑

i,j,k=1

[(∇eiA) (ej, ek)]
2

and

|∇|A||2 =
n∑

i=1

⟨∇|A|, ei⟩2

=
n∑

i=1

〈
∇
(

n∑

j,k=1

A (ej, ek)
2

) 1

2

, ei

〉2

= |A|−2

n∑

i,j,k=1

A(ej, ek)
2[ei(A(ej, ek))]

2

= |A|−2

n∑

i,j=1

A(ej, ej)
2[ei(A(ej, ej))]

2

= |A|−2

n∑

i,j−1

A(ej, ej)
2[(∇eiA)(ej, ej)]

2

≤ |A|−2

n∑

i=1

(
n∑

j=1

A(ej, ej)
2

)(
n∑

j=1

[(∇eiA)(ej, ej)]
2

)

=
n∑

i,j=1

[∇eiA(ej, ej)]
2.
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Hence

|∇A|2 − |∇|A||2 ≥ 2
n∑

i=1

∑

1≤j<k≤n

[(∇eiA)(ej, ek)]
2

≥ 2
n∑

i=1

n−1∑

j=1

[(∇eiA)(ej, en)]2.

By Codazzi equation, (∇eiA)(ej, en) = (∇enA)(ei, ej). Therefore,

|∇A|2 − |∇|A||2 ≥ 2
n∑

i=1

n−1∑

j=1

[(∇enA)(ei, ej)]2

= 2r−2|A|2.

It and (3.13) imply

|A|∆|A|+ |A|4 ≥ 2r−2|A|2.

For φ ∈ C∞
c (C \ {0}), multiplying the inequality above by |A| 1−a

a φ2 and integrating on

C, we have

2

∫

C

|A| 1+a
a r−2φ2 ≤

∫

C

|A| 1aφ2∆|A|+ |A| 1+3a
a φ2

=

∫

C

|A| 1+3a
a φ2 − 1

a
|A| 1−a

a φ2|∇|A||2 − 2|A| 1aφ⟨∇φ,∇|A|⟩.
(3.14)

Substituting |A|a+1

2a φ on a-stability inequality (recall that |A|2 = −S on minimal hyper-

surfaces of Rn), we have:

a

∫

C

|A| 1+3a
a φ2 ≤

∫

C

|∇(|A|a+1

2a φ)|2

=

∫

C

(
a+ 1

2a

)2

|A| 1−a
a φ2|∇|A||2 + |A|a+1

a |∇φ|2 + a+ 1

a
|A| 1aφ⟨∇|A|,∇φ⟩

(3.15)

Multiplying (3.14) by a and adding to (3.15), we őnd

2a

∫

C

|A|a+1

a r−2φ2 ≤
∫

C

[(
a+ 1

2a

)2

− 1

]
|A| 1−a

a φ2|∇|A||2

+
−2a2 + a+ 1

a
|A| 1aφ⟨∇|A|,∇φ⟩+ |A|a+1

a |∇φ|2

=

∫

C

(−3a− 1)(a− 1)

4a2
|A| 1−a

a φ2|∇|A||2

+
(−2a− 1)(a− 1)

a
|A| 1aφ⟨∇|A|,∇φ⟩+ |A|a+1

a |∇φ|2. (3.16)
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Take φ = φ(r) only dependent of r. Since |A| = r−1|AF |, then

∇φ = φ′(r)∂r, ⟨∇|A|,∇φ⟩ = −r−2ϕ′(r)|AF | and |∇|A||2 ≥ r−4|AF |2.

Hence (3.16) with the hypothesis a > 1 implies

2a

∫

C

|AF |
a+1

a r−
3a+1

a φ2 ≤
∫

C

−3a2 − 2a− 1

4a2
r−

3a+1

a |AF |
a+1

a φ2

+
2a2 − a− 1

a
|AF |

a+1

a r−
2a+1

a φφ′ + r−
a+1

a |AF |
a+1

a φ′2.

Since dVC = rn−1dVFdr, the last inequality is equivalent to:

0 ≤
∫

F

|AF |
a+1

a

∫ ∞

0

−8a3 + 3a2 − 2a− 1

4a2
r

na−4a−1

a φ2+
2a2 − a− 1

a
r

na−3a−1

a φφ′+r
na−2a−1

a φ′2.

If
∫
F
|AF |

a+1

a = 0, then |AF | ≡ 0 and |A| ≡ 0, therefore, C is ŕat. Thus, suppose that C

is non ŕat, then

0 ≤
∫ ∞

0

−8a3 + 3a2 − 2a− 1

4a2
r

na−4a−1

a φ2 +
2a2 − a− 1

a
r

na−3a−1

a φφ′ + r
na−2a−1

a φ′2. (3.17)

By an argument of approximation, we can take φ ∈ C0,1
c (C) deőned by:

φ(r) = φR(r) =





0 if 0 ≤ r ≤ 1
2
;

2r if 1
2
≤ r ≤ 1;

r
−na+3a+1

2a if 1 ≤ r ≤ R;

−R−na+a+1

2a r + 2R
−na+3a+1

2a if R ≤ r ≤ 2R;

0 if r > 2R.

The integral (3.17) on the interval [0, 1] is a constant independent of R. The integral on

the interval [1, R] becomes

∫ R

1

[−8a3 − 3a2 + 2a+ 1

4a2
+

2a2 − a− 1

a

−na+ 3a+ 1

2a
+

(na− 3a− 1)2

4a2

]
r−1dr

=

(−8a3 − 3a2 + 2a+ 1

4a2
+

−4na3 + 12a3 + 4a2 + 2na2 − 6a2 − 2a+ 2na− 6a− 2

4a2

+
n2a2 + 9a2 + 1− 6na2 − 2na+ 6a

4a2

)
logR

=
−4na3 + 4a3 + n2a2 − 4na2 + 4a2

4a2
logR
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=

(
−na+ a+

n2

4
− n+ 1

)
logR.

Hence, the integral of the expression (3.17) on interval [1, R] will be negative and a multiple

of logR, if

−na+ a+
n2

4
− n+ 1 < 0 ⇐⇒ a(1− n) < −(n− 2)2

4
⇐⇒ a >

(n− 2)2

4(n− 1)
.

Let us check that the value of expression (3.17) on the interval [R, 2R] is constant and

independent of R. Note that:

∫ 2R

R

r
na−4a−1

a φ(r)2dr = R
−na+a+1

a

∫ 2R

R

(
r

na−2a−1

a − 4Rr
na−3a−1

a + 4R2r
na−4a−1

a

)
dr = C1;

∫ 2R

R

r
na−3a−1

a φ(r)φ′(r)dr = R
−na+a+1

a

∫ 2R

R

(
−r na−2a−1

a + 2Rr
na−3a−1

a

)
dr = C2;

∫ 2R

R

r
na−2a−1

a φ′(r)2dr = R
−na+a+1

a

∫ 2R

R

r
na−2a−1

a dr = C3,

where C1, C2 and C3 are independent of R. Hence, the expression of (3.17) on the interval

[R, 2R] is constant and independent of R.

Therefore, for R large, φR negatives (3.17) and C cannot be a-stable for a > (n−2)2

4(n−1)
, if

C is non ŕat.

■

3.3.2 Minimal catenoid

In R
3 the catenoid

(u, v) 7−→ (c cosh(v/c) cosu, c cosh(v/c) sin u, v)

is such that is the union of two graphs of radial functions deőned on the plane (x, y) minus

the disk of radius c centered on the origin and these two functions are additively opposite.

With this in mind, let us őnd a nonnegative radial function ϕ : Rn \ Bs0(0) → R, where

s0 > 0 is a real number such that its graph: x 7→ (x, ϕ(x)) satisőes

div

(
∇ϕ√

1 + |∇ϕ|2

)
= 0, (3.18)
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where is the equation of the minimal graph. Consider Rn \Bs0(0) as the warped product

[s0,∞)×ξ S
n−1, where ξ(s) = s. Let {e1, . . . en−1} be a local orthonormal frame of Sn−1,

using that ∇ei∂s =
1
s
ei (see Proposition 2.1.1, item (ii)), we have

div

(
∇ϕ√

1 + |∇ϕ|2

)
=div

(
ϕ′(s)∂s√
1 + ϕ′(s)2

)

=
ϕ′(s)√

1 + ϕ′(s)2

n−1∑

i=1

⟨∇ei∂s, ei⟩

+
ϕ′′(s)(1 + ϕ′(s)2)

1

2 − (1 + ϕ′(s)2)−
1

2ϕ′(s)2ϕ′′(s)

1 + ϕ′(s)2

=
(n− 1)ϕ′(s)

s
√
1 + ϕ′(s)2

+
ϕ′′(s)(1 + ϕ′(s)2)

1

2 − (1 + ϕ′(s)2)−
1

2ϕ′(s)2ϕ′′(s)

1 + ϕ′(s)2
.

Therefore, (3.18) is equivalent to

(n− 1)s−1ϕ′(s) + ϕ′′(s)− ϕ′(s)2ϕ′′(s)

1 + ϕ′(s)2
= 0.

Because the idea is to generalize the properties of the two-dimensional catenoid, our

problem becomes




(n− 1)s−1ϕ′(s) + ϕ′′(s)− (1 + ϕ′(s)2)−1ϕ′(s)2ϕ′′(s) = 0

ϕ(s0) = 0

limr→s+
0
ϕ′(s) = ∞.

(3.19)

Let us do the change of variable u = ϕ′(s)−2 + 1, then

du = −2ϕ′(s)−3d(ϕ′)|s = −2(u− 1)
3

2d(ϕ′)|s =⇒ ϕ′′ = −1

2
(u− 1)−

3

2u′.

Substituting in (3.19), we obtain

(n− 1)s−1(u− 1)−
1

2 − 1

1 + 1
u−1

1

2
(u− 1)−

3

2u′ = 0 ⇔ u′

u
= 2(n− 1)s−1.

Integrating and applying the exponential application on both sides of the last equality,

we obtain u = C0s
2(n−1), where C0 > 0. Since u = (ϕ′)−2 + 1, we őnd

ϕ′(s) =
1√

C0s2(n−1) − 1
.
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Then

ϕ(s) = C1 +

∫ s

s0

dt√
C0t2(n−1) − 1

.

By the initial conditions, we have C1 = 0 and C0 = s
−2(n−1)
0 , therefore,

ϕ(s) =

∫ s

s0

dt√
s
−2(n−1)
0 t2(n−1) − 1

is the solution to the problem (3.19). The graph of ϕ represents half of the catenoid. The

catenoid becomes the union of the graphs of functions ϕ and −ϕ.

We wish to write the catenoid as R×ρS
n−1. Under the previous conditions, the catenoid

metric is (1+ϕ′2)ds2+s2gSn−1 . We must őnd the variable r such that dr2 = (1+ϕ′(s)2)ds2,

which is equivalent to

dr

ds
= (1 + ϕ′2)

1

2 =
s−n+1
0 sn−1

√
s
−2(n−1)
0 s2(n−1) − 1

.

Because r = 0 when s = s0, we have, for r > 0:

r =

∫ s

s0

s−n+1
0 tn−1dt√

s
−2(n−1)
0 t2(n−1) − 1

. (3.20)

Using the symmetry of the catenoid relative to the hyperplane xn+1 = 0, then ρ(r) =

ρ(−r) = s for all r ≥ 0, where s satisőes (3.20).

We can őnd ρ explicitly when n = 2, in this case, we have

r =

∫ s

s0

s−1
0 tdt√
s−2
0 t2 − 1

=
√
s2 − s20,

since s =
√
r2 + s20, then

ρ(r) =
√
r2 + s20.

When n ≥ 3, the solution ϕ of (3.19) is limited by a real positive number T . Therefore,

the catenoid is completely contained in the set

{x = (x1, . . . , xn+1);−T < xn+1 < T} ⊂ R
n+1.

According to [TZ09], the catenoid is n−2
n

-stable. Since the catenoid has two ends, it is

a-unstable for all a > (n−1
n
)2 (see [YS76], [CSZ97] and an adaptation of Theorem 8.7

in [Cho21]). Therefore, the catenoid is a-stable for all a ≤ n−2
n

and a-unstable for all

a > (n−1
n
)2.
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3.4 Proofs of the theorems

3.4.1 Theorems of Section 2.1

We start by proving the Theorem 3.1.2.

Proof of Theorem 3.1.2. First, since M is without boundary, ρ(0) = 0 and by hypothe-

sis ρ′′(r) > 0 for all r, we have rρ′(r) > ρ(r) for r > 0, because for r = 0 the equality holds

and the application r 7→ rρ′(r) − ρ(r) has as derivative the application r 7→ rρ′′(r) > 0.

Therefore, rρ(r)−1ρ′(r) > 1 for all r > 0. Furthermore, the application r 7→ rρ(r)−1 is

decreasing because its derivative is

r 7→ ρ(r)−1 − rρ(r)−2ρ′(r) = ρ(r)−1(1− rρ(r)−1ρ′(r)) < 0.

Rewriting (3.3) we have, for f = f(r) of compact support contained in [b, c]:

1

A(F )

∫

M

−fLaf =

∫ c

b

f 2
r ρ(r)

n−1dr + a(n− 1)(n− 2)

∫ c

b

ρ′(r)2ρ(r)n−3f 2dr

+ 4a(n− 1)

∫ c

b

ρ′(r)ρ(r)n−2ffrdr + a
S(F )

A(F )

∫ c

b

ρ(r)n−3f 2dr.

(3.21)

Take

f(r) = fQ,R(r) =





0 if 0 ≥ Q

2

2ρ(r)−
1

2
(n−1)Q− 1

2 r − ρ(r)−
1

2
(n−1)Q

1

2 if Q

2
≤ r ≤ Q;

ρ(r)−
1

2
(n−1)r

1

2 , if Q ≤ r ≤ R;

C(ρ(r)−
1

2
(n−1)r

1

2 − ρ(T )−
1

2
(n−1)T

1

2 ) if R ≤ r ≤ T ;

0 if r ≥ T,

where T is such that ρ(T ) = 2ρ(R) and C is such that becomes f a continuous function.

Assume Q is large such that rρ(r)−1ρ′(r) > 1 for all r > Q. We őx Q, then the integration

of the expression (3.21) in the interval [Q
2
, Q] is őxed. In the interval [Q,R] it becomes,

using that fr = −1
2
(n− 1)ρ(r)−

1

2
(n−1)−1ρ′(r)r

1

2 + 1
2
ρ(r)−

1

2
(n−1)r−

1

2 :

1

4
(n− 1)2

∫ R

Q

rρ(r)−2ρ′(r)2dr − 1

2
(n− 1)

∫ R

Q

ρ(r)−1ρ′(r)dr +
1

4

∫ R

Q

r−1dr

+a(n− 1)(n− 2)

∫ R

Q

rρ(r)−2ρ′(r)2dr + 4a(n− 1)

∫ R

Q

−1

2
(n− 1)rρ(r)−2ρ′(r)2dr
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+4a(n− 1)

∫ R

Q

1

2
ρ(r)−1ρ′(r)dr + a

S(F )

A(F )

∫ R

Q

rρ(r)−2dr

=
1

4
(n− 1)(n− 1− 4an)

∫ R

Q

rρ(r)−2ρ′(r)2dr +

(
2a− 1

2

)
(n− 1)

∫ R

Q

ρ(r)−1ρ′(r)dr

+
1

4

∫ R

Q

r−1dr + a
S(F )

A(F )

∫ R

Q

rρ(r)−2dr.

(3.22)

Since ρ′(r) → ∞ when r → ∞, the last term of (3.22) is arbitrary small comparing to
∫ R

Q
rρ(r)−2ρ′(r)2dr if we choose Q large. Since rρ(r)−1ρ′(r) > 1, we have ρ(r)−1ρ′(r) > 1

r
,

implying rρ(r)−2ρ′(r)2 > ρ(r)−1ρ′(r) > 1
r
. We wish to show that (3.22) is negative and

upper limited by a negative constant C1 times
∫ R

Q
rρ(r)−2ρ′(r)2dr. We have (2a− 1

2
)(n−

1) + 1
4
< 0 if and only if a < 2n−3

8(n−1)
, then this statement is true for n−1

4n
< a ≤ 2n−3

8(n−1)

taking C1 =
1
4
(n− 1)(n− 1− 4an). For a > 2n−3

8(n−1)
, we only have to show that

1

4
(n− 1)(n− 1− 4an) +

(
2a− 1

2

)
(n− 1) +

1

4
< 0,

that is equivalent to

(n− 1)

(
−(n− 2)a+

n

4
− 3

4

)
< −1

4
. (3.23)

Since n ≥ 3, the left-hand side of the previous inequality decreases as a function of a. At

a = 2n−3
8(n−1)

the left-hand side of (3.23) becomes

(n− 1)

(
n

4
− (2n− 3)(n− 2)

8(n− 1)
− 3

4

)
=

2n2 − 2n− 2n2 + 7n− 6− 6n+ 6

8
= −n

8
< −1

4
.

Hence, it follows from the decreasing property that the inequality (3.23) holds for all

a > 2n−3
8(n−1)

. Note that
∫ R

Q
rρ(r)−2ρ′(r)2dr → ∞ when R → ∞, because rρ(r)−2ρ′(r)2 > 1

r

for r > Q. Let us now analyze the expression of f in (3.21) in the interval [R, T ]. We

have

fr = −1

2
(n− 1)ρ(r)−

1

2
(n+1)ρ′(r)r

1

2 +
1

2
ρ(r)−

1

2
(n−1)r−

1

2 .

Then the expression of f in (3.21) in interval [R, T ] is C2 times the expression

1

4
(n− 1)2

∫ T

R

rρ(r)−2ρ′(r)2dr − 1

2
(n− 1)

∫ T

R

ρ(r)−1ρ′(r)dr +
1

4

∫ T

R

r−1dr
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+a(n−1)(n−2)

∫ T

R

rρ(r)−2ρ′(r)2dr−2a(n−1)(n−2)ρ(T )−
1

2
(n−1)T

1

2

∫ T

R

ρ(r)
n−5

2 ρ′(r)2r
1

2dr

+a(n− 1)(n− 2)ρ(T )−n+1T

∫ T

R

ρ(r)n−3ρ′(r)2dr − 2a(n− 1)2
∫ T

R

rρ(r)−2ρ′(r)2dr

+2a(n− 1)2ρ(T )−
1

2
(n−1)T

1

2

∫ T

R

r
1

2ρ(r)
n−5

2 ρ′(r)2dr + 2a(n− 1)

∫ T

R

ρ(r)−1ρ′(r)dr

−2a(n− 1)ρ(T )−
1

2
(n−1)T

1

2

∫ T

R

r−
1

2ρ(r)
n−3

2 ρ′(r)dr + a
S(F )

A(F )

∫ T

R

rρ(r)−2dr.

(3.24)

Being ρ(T ) = 2ρ(R), by the mean value theorem and using that ρ′′(r) > 0 and

rρ(r)−1ρ′(r) > 1 ⇐⇒ rρ′(r) > ρ(r)

for all r > Q, there exists c ∈ (R, 2R) such that

ρ(2R)− ρ(R) = Rρ′(c) > Rρ′(R) > ρ(R) =⇒ ρ(2R) > 2ρ(R).

Hence R < T < 2R. The relation ρ(T ) = 2ρ(R) with R < T < 2R implies that all the

terms of (3.24) are upper limited by a multiple of

∫ T

R

rρ(r)−2ρ′(r)2dr,

because all the expressions are limited by a constant times
∫ T

R
rρ(r)−2ρ′(r)2dr. We observe

the expression
∫ T

R
rρ(r)−2ρ′(r)2dr, as a consequence of integration by parts and using that

ρ(T ) = 2ρ(R), rρ(r)−1 is decreasing and ρ′′(r) ≥ 0 for r > Q, we have

∫ T

R

rρ(r)−2ρ′(r)2dr =

∫ T

R

ρ(r)−1ρ′(r)dr +

∫ T

R

rρ(r)−1ρ′′(r)dr − rρ(r)−1ρ′(r))|TR

≤ log(ρ(T ))− log(ρ(R)) +Rρ(R)−1(ρ′(T )− ρ′(R))− Tρ(T )−1ρ′(T )

+Rρ(R)−1ρ′(R)

= log 2 + 2Rρ(T )−1ρ′(T )− Tρ(T )−1ρ′(T )

≤ log 2 + Tρ(T )−1ρ′(T ).

(3.25)
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Now, our objective is to show that the expression of the stability operator in [Q,R] can

be arbitrarily larger than the expression of the stability operator in [R, T ] for R and

T appropriated. Let g(r) = ρ(r)−1ρ′(r). We assert that for all C > 0, there exists V

sufficiently large such that ∫ V

Q

rg(r)2dr > CV g(V ). (3.26)

For this, suppose that
∫ V

Q
rg(r)2dr ≤ CV g(V ) for some constant C and for all V > Q, let

h(V ) =
∫ V

Q
rg(r)2dr, then

h(V ) ≤ C(V h′(V ))
1

2 =⇒ h(V )2 ≤ C2V h′(V ) =⇒ h′(V )

h(V )2
≥ 1

C2V
.

Integrating the last inequality from Q to V , we obtain

h(Q)−1 − h(V )−1 ≥ 1

C2
(log V − logQ).

This is a contradiction because we saw that h(V ) =
∫ V

Q
rρ(r)−2ρ′(r)2dr tends to inőnity

when V tends to inőnity, the left-hand side of the last inequality is upper limited by

h(Q)−1 and the right-hand side tends to inőnity when V tends to inőnity.

That said, combining (3.25) and (3.26), there is an increasing and unbounded sequence

{T1, T2, . . . } such that

lim
j→∞

∫ Tj

Q
rρ(r)−2ρ′(r)2dr

∫ Tj

Rj
rρ(r)−2ρ′(r)2dr

= ∞,

where Rj is such that ρ(Tj) = 2ρ(Rj). It implies

lim
j→∞

∫ Rj

Q
rρ(r)−2ρ′(r)2dr

∫ Tj

Rj
rρ(r)−2ρ′(r)2dr

= ∞.

Therefore, the expression of the stability operator in [Q,Rj] is arbitrarily larger than

the expression of the stability operator in [Rj, Tj] when J increases to inőnity. It őnishes

the proof.

Note that if F has nonpositive total scalar curvature, the last term of (3.22) and (3.24)

will be negative and can be disregarded in the respective calculus of instability and we do

not need of ρ′(r) → ∞ when r → ∞.
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■

Proof of Theorem 3.1.3: Suppose that (i) occurs. The proof is similar to Theorem 3.1.2,

with some modiőcations. We affirm that it continues to be valid that rρ′(r) > ρ(r) for r

sufficiently large (larger than R0). To verify this, because (rρ′(r) − ρ(r))′ = rρ′′(r) > 0,

it follows that rρ′(r) − ρ(r) increases and we only have to prove that the inequality

rρ′(r) > ρ(r) holds for one value of r. Suppose that rρ′(r) ≤ ρ(r) for all r > R0, then for

r > R0:

ρ′(r)

ρ(r)
≤ 1

r
=⇒

∫ R

R0

ρ′(r)

ρ(r)
≤ logR− logR0

=⇒ log(ρ(R))− log(ρ(R0)) ≤ logR− logR0

=⇒ρ(R) ≤ CR,

where C is a constant, expressed in terms of R0. It is a contradiction, because

ρ(r) ≤ CR =⇒ lim inf
r→∞

ρ′(r) ≤ C

and, by hypothesis, limr→∞ ρ′(r) = ∞. Therefore, for r large, rρ(r)−1ρ′(r) > 1 and

everything else follows in a manner analogous to the proof of Theorem 3.1.2. The proof

of (ii) follows from (i) taking the analysis of ρ̃ deőned by ρ̃(r) = ρ(−r).

■

Proof of Theorem 3.1.4. Using the Proposition 3.1.1, we only have to prove that for r

of compact support only dependent on r and b, c such that π1(suppf) ⊂ [b, c]:

∫ c

b

f 2
r ρ(r)

n−1dr + a(n− 1)(n− 2)

∫ c

b

(ρ′(r)2 + 1)ρ(r)n−3f 2dr

+4a(n− 1)

∫ c

b

ρ′(r)ρ(r)n−2ffrdr ≥ 0

⇐⇒
∫ c

b

f 2
r ρ(r)

n−1dr+4a(n− 1)

∫ c

b

ρ′(r)ρ(r)n−2ffrdr+4a2(n− 1)2
∫ c

b

ρ′(r)2ρ(r)n−3f 2dr

−4a2(n− 1)2
∫ c

b

ρ′(r)2ρ(r)n−3f 2dr + a(n− 1)(n− 2)

∫ c

b

(ρ′(r)2 + 1)ρ(r)n−3f 2dr ≥ 0

⇐⇒
∫ c

b

(frρ(r)
n−1

2 + 2a(n− 1)ρ′(r)ρ(r)
n−3

2 f)2dr

+

∫ c

b

(
−4a(n− 1)ρ′(r)2 + (n− 2)(ρ′(r)2 + 1)

)
a(n− 1)ρ(r)n−3f 2dr ≥ 0.
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Because the őrst term of the least inequality is nonnegative, the inequality holds if

−4a(n− 1)ρ′(r)2 + (n− 2)(ρ′(r)2 + 1) ≥ 0 ⇐⇒ a ≤ (ρ′(r)2 + 1)(n− 2)

4ρ′(r)2(n− 1)
.

Since the application r 7→ 1+r
r

is decreasing and ρ′(r) ≤ C for all r > 0, we conclude that

M is a-stable for all 0 ≤ a ≤ (C2+1)(n−2)
4C2(n−1)

.

■

Proof of Theorem 3.1.5. Taking ρ(r) = rαξ(r), then C1 ≤ ξ(r) ≤ C2 for r ≥ 1. Let

R > 0 be large and the family fR,β of functions deőned by:

f(r) = fR,β(r) =





0 if 0 ≤ r ≤ m−1
m
R;

(2R−nα−α+1

2 r −R−nα−α−1

2 )ξ(R)−2a(n−1) if R
2
≤ r ≤ R;

r−
nα−α−1

2 ξ(r)−2a(n−1) if R ≤ r ≤ Rβ;

(−2R−nαβ−αβ+β

2 r + 3R−nαβ−αβ−β

2 )ξ(r)−2a(n−1) if Rβ ≤ r ≤ 3
2
Rβ;

0 if r ≥ 3
2
Rβ.

Let us analyze the value of the expression obtained in (3.7) in each one of the intervals

[R
2
, R], [R,Rβ], [Rβ, 3

2
Rβ] separately.

For interval [R
2
, R], we will only deőne the value of (3.7) by KR. Let us now analyze the

expression (3.7) in the interval [R,Rβ]. In this interval, we have:

(i) f(r) = r−
nα−α−1

2 ξ(r)−2a(n−1);

(ii) fr = −nα− α− 1

2
r−

nα−α+1

2 ξ(r)−2a(n−1) − 2a(n− 1)r−
nα−α−1

2 ξ(r)−2a(n−1)−1ξ′(r);

(iii) f 2
r =

(nα− α− 1)2

4
r−nα+α−1ξ(r)−4a(n−1)

+2a(n− 1)(nα− α− 1)r−nα+αξ(r)−4a(n−1)−1ξ′(r)

+4a2(n− 1)2r−nα+α+1ξ(r)−4a(n−1)−2ξ′(r)2;

(iv) ffr = −nα− α− 1

2
r−nα+αξ(r)−4a(n−1) − 2a(n− 1)r−nα+α+1ξ(r)−4a(n−1)−1ξ′(r).

Substituting the expression of f = fR,β in (3.7) in the interval [R,Rβ] and using (i), (ii),

(iii) and (iv), we obtain
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(nα− α− 1)2

4

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr+2a(n−1)(nα−α−1)

∫ Rβ

R

ξ(r)(1−4a)(n−1)−1ξ′(r)dr

+4a2(n− 1)2
∫ Rβ

R

rξ(r)(1−4a)(n−1)−2ξ′(r)2dr + aα2(n− 1)(n− 2)

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

+2aα(n− 1)(n− 2)

∫ Rβ

R

ξ(r)(1−4a)(n−1)−1ξ′(r)dr

+a(n− 1)(n− 2)

∫ Rβ

R

rξ(r)(1−4a)(n−1)−2ξ′(r)2dr

−2aα(n− 1)(nα− α− 1)

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

−8a2α(n− 1)2
∫ Rβ

R

ξ(r)(1−4a)(n−1)−1ξ′(r)dr

−2a(n− 1)(nα− α− 1)

∫ Rβ

R

ξ(r)(1−4a)(n−1)−1ξ′(r)dr

−8a2(n− 1)2
∫ Rβ

R

rξ(r)(1−4a)(n−1)−2ξ′(r)2dr

+a
S(F )

A(F )

∫ Rβ

R

r−2α+1ξ(r)(1−4a)(n−1)−2dr

=

(
(nα− α− 1)2

4
− aα(n− 1)(nα− 2)

)∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

+2aα(n− 1)[(1− 4a)(n− 1)− 1]

∫ Rβ

R

ξ(r)(1−4a)(n−1)−1ξ′(r)dr

+a(n− 1)[(1− 4a)(n− 1)− 1]

∫ Rβ

R

rξ(r)(1−4a)(n−1)−2ξ′(r)2dr

+a
S(F )

A(F )

∫ Rβ

R

r−2α+1ξ(r)(1−4a)(n−1)−2dr.

(3.27)

Note that, since a > n−2
4(n−1)

,

(1− 4a)(n− 1)− 1 <

(
1− n− 2

n− 1

)
(n− 1)− 1 = 0,

(1− 4a)(n− 1)− 1 is negative. By hypothesis, a > (nα−α−1)2

4α(n−1)(nα−2)
, therefore, the őrst and

third terms of (3.27) are negatives. The fourth term of (3.27) is signiőcantly small when
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R is large because −2α+1 < −1, implying that this term is less than S(F )
(2α−2)A(F )

R2−2α → 0

when R → ∞. The second term of (3.27) is equal to

2aα[(1− 4a)(n− 1)− 1]

1− 4a
(ξ(Rβ)(1−4a)(n−1) − ξ(R)(1−4a)(n−1)),

if a ̸= 1
4
, and equal to

2aα[(1− 4a)(n− 1)− 1][log(ξ(Rβ))− log(ξ(R))],

if a = 1
4
.

In both cases, it is limited because in [R,Rβ], C1 ≤ ξ(r) ≤ C2. Since there exists C3 > 0

such that ξ(r)(1−4a)(n−1) ≥ C3 for all r ∈ [R,Rβ], where we can take

C3 = min{C(1−4a)(n−1)
1 , C

(1−4a)(n−1)
2 },

then ∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr ≥ C3(β − 1) logR

can be so large as we want. Therefore, the expression in (3.7) in the interval [R,Rβ] can

be so (negatively) large as we want, based on the choice of β.

Because of the previous conclusion, on interval [Rβ, 3
2
Rβ], we only have to prove that

the expression (3.7) in this interval is upper limited for a constant that is independent of

β. We have

f(r) = (−2R−nαβ−αβ+β

2 r + 3R−nαβ−αβ−β

2 )ξ(r)−2a(n−1),

then

fr(r, ·) = −2R−nαβ−αβ+β

2 ξ(r)−2a(n−1) − 2a(n− 1)fξ(r)−1ξ′(r).

Substituting in (3.7) and using that there is a constant C2 > 0 such that ξ(r) ≤ C2 for

all r ≥ Rβ, we obtain that the expression (3.7) in interval [Rβ, 3
2
Rβ], when β → ∞, is:

4R−nαβ+αβ−β

∫ R
3
2
β

Rβ

rnα−αξ(r)(1−4a)(n−1)dr

︸ ︷︷ ︸
O(1)

+4a2(n− 1)2
∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

+8a(n− 1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−αfξ(r)(1−2a)(n−1)−1ξ′(r)dr

+4aα2(n− 1)(n− 2)R−nαβ+αβ−β

∫ 3

2
Rβ

Rβ

rnα−αξ(r)(1−4a)(n−1)dr

︸ ︷︷ ︸
O(1)
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− 12aα2(n− 1)(n− 2)R−nαβ+αβ

∫ 3

2
Rβ

Rβ

rnα−α−1ξ(r)(1−4a)(n−1)dr

︸ ︷︷ ︸
O(1)

+9aα2(n− 1)(n− 2)R−nαβ+αβ+β

∫ 3

2
Rβ

Rβ

rnα−α−2ξ(r)(1−4a)(n−1)dr

︸ ︷︷ ︸
O(1)

+2aα(n− 1)(n− 2)

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr

+a(n− 1)(n− 2)

∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

− 8aα(n− 1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−α−1ξ(r)(1−2a)(n−1)fdr

︸ ︷︷ ︸
O(1)

−8a2α(n− 1)2
∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr

−8a(n− 1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−αfξ(r)(1−2a)(n−1)−1ξ′(r)dr

−8a2(n− 1)2
∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr + a
S(F )

A(F )

∫ 3

2
Rβ

Rβ

rnα−3αξ(r)n−3f 2dr

︸ ︷︷ ︸
o(1)

≤ C + a(n− 1) (n− 2− 4(n− 1))︸ ︷︷ ︸
≤0

∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

+2aα(n− 1)(n− 2− 4a(n− 1))

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr.

It remains to be shown that the last term is limited by a constant independent of β. If

a ̸= 1
4
, we have:

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr =4R−nαβ+αβ−β

∫ 3

2
Rβ

Rβ

rnα−α+1ξ(r)(1−4a)(n−1)−1ξ′(r)dr

− 12R−nαβ+αβ

∫ 3

2
Rβ

Rβ

rnα−αξ(r)(1−4a)(n−1)−1ξ′(r)dr

+ 9R−nαβ+αβ+β

∫ 3

2
Rβ

Rβ

rnα−α−1ξ(r)(1−4a)(n−1)−1ξ′(r)dr
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=
4R−nαβ+αβ−β

(1− 4a)(n− 1)

[
rnα−α+1ξ(r)(1−4a)(n−1) |

3

2
Rβ

Rβ

−(nα− α + 1)

∫ 3

2
Rβ

Rβ

rnα−αξ(r)(1−4a)(n−1)dr

]

− 12R−nαβ+αβ

(1− 4a)(n− 1)

[
rnα−αξ(r)(1−4a)(n−1) |

3

2
Rβ

Rβ

−(nα− α)

∫ 3

2
Rβ

Rβ

rnα−α−1ξ(r)(1−4a)(n−1)dr

]

+
9R−nαβ+αβ+β

(1− 4a)(n− 1)

[
rnα−α−1ξ(r)(1−4a)(n−1) |

3

2
Rβ

Rβ

−(nα− α− 1)

∫ 3

2
Rβ

Rβ

rnα−α−2ξ(r)(1−4a)(n−1)dr

]
.

Using that C1 ≤ ξ(r) ≤ C2, we can conclude that the last expression is limited by a

constant independent of β. This ends the proof for the case a ̸= 1
4
. If a = 1

4
, we have

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr = 4R−nαβ+αβ−β

∫ 3

2
Rβ

Rβ

rnα−α+1ξ(r)−1ξ′(r)dr

−12R−nαβ+αβ

∫ 3

2
Rβ

Rβ

rnα−αξ(r)−1ξ′(r)dr

+9R−nαβ+αβ+β

∫ 3

2
Rβ

Rβ

rnα−α−1ξ(r)−1ξ′(r)dr

= 4R−nαβ+αβ−β

[
rnα−α−1 log(ξ(r)) |

3

2
Rβ

Rβ

−(nα− α + 1)

∫ 3

2
Rβ

Rβ

rnα−α log(ξ(r))dr

]

−12R−nαβ+αβ

[
rnα−α log(ξ(r)) |

3

2
Rβ

Rβ

−(nα− α)

∫ 3

2
Rβ

Rβ

rnα−α−1 log(ξ(r))dr

]

+9R−nαβ+αβ+β

[
rnα−α−1 log(ξ(r)) |

3

2
Rβ

Rβ



72

−(nα− α− 1)

∫ 3

2
Rβ

Rβ

rnα−α−2 log(ξ(r))dr

]
.

As in the previous case, the limitation C1 ≤ ξ(r) ≤ C2 ensures that the expression is

limited by a constant independent of β. This completes the proof.

In the next proposition, we show that the constant (nα−α−1)2

4α(n−1)(nα−2)
which lowers the

constant a is the best possible in the general case of Theorem 3.1.5.

Proposition 3.4.1. Let n ≥ 2 and M be the n-dimensional plane with the metric dr2 +

ρ(r)2gSn−1, when ρ(r) = 1
α+1

rα, with α > 1, then L is a-stable for all a ≤ (nα−α−1)2

4α(n−1)(nα−2)
.

Proof. Note that, for all real function f of compact support:
∫ ∞

0

rnα−α−2f 2dr =− 2

nα− α− 1

∫ ∞

0

rnα−α−1ff ′dr

=− 2

nα− α− 1

∫ ∞

0

r
nα−α−2

2 fr
nα−α

2 f ′dr

≤ 2

nα− α− 1

(∫ ∞

0

rnα−α−2f 2dr

) 1

2
(∫ ∞

0

rnα−α(f ′)2dr

) 1

2

.

Therefore ∫ ∞

0

rnα−α−2f 2dr ≤ 4

(nα− α− 1)2

∫ ∞

0

rnα−α(f ′)2dr.

By Proposition 3.1.1, we can reduce the space of test functions to the space of smooth

compact support functions that depend only on r. Suppose f is dependent only on r,

substituting in (3.8) (note that, in this case, ξ(r) = 1
α+1

), we have

1

(α + 1)n−1A(F )

∫

M

−fLaf =

∫ ∞

0

f 2
r r

nα−αdr − aα(n− 1)(nα− 2)

∫ ∞

0

rnα−α−2f 2dr

+a(n− 1)(n− 2)(α + 1)2
∫ ∞

0

rnα−3αf 2dr

≥
(
(nα− α− 1)2

4
− aα(n− 1)(nα− 2)

)∫ ∞

0

rnα−α−2f 2dr,

the last term is nonnegative for all a ≤ (nα−α−1)2

4α(n−1)(nα−2)
.

■
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Proof of Theorem 3.1.6. Since ξ(r) → 0 when r → ∞ and rξ(r)−1ξ′(r) ≥ −(α − 1),

we have

ξ(r)−1ξ′(r) ≥ −α− 1

r

=⇒
∫ r

1

ξ(s)−1ξ′(s)ds ≥ −(α− 1)

∫ r

1

s−1ds

=⇒ log(ξ(r))− log(ξ(1)) ≥ −(α− 1) log r

=⇒ ξ(r) ≥ C1r
1−α,

where C1 = ξ(1)−1. In order to prove by contradiction, let us suppose that

lim sup
r→∞

ξ(r)rα−1 = ∞.

Since

(ξ(r)rα−1)′ = ξ′(r)rα−1 + (α− 1)ξ(r)rα−2 ≥ −(α− 1)r−1ξ(r)rα−1 + (α− 1)ξ(r)rα−2 = 0,

the application r 7→ ξ(r)rα−1 is nondecreasing and we can assume that

lim
r→∞

ξ(r)rα−1 = ∞.

Take as a test function

f(r) = fR,β(r, ·) =





0 if 0 ≤ r ≤ R
2
;

(2R−nα−α+1

2 r −R−nα−α−1

2 )ξ(R)−
1

2
(n−1) if R

2
≤ r ≤ R;

r−
nα−α−1

2 ξ(r)−
1

2
(n−1) if R ≤ r ≤ Rβ;

(−2R−nαβ−αβ+β

2 r + 3R−nαβ−αβ−β

2 )ξ(r)−
1

2
(n−1) if Rβ ≤ r ≤ 3

2
Rβ;

0 if r ≥ 3
2
Rβ.

As in the proof of the previous theorem, let us analyze the value of the expression obtained

in (3.7) in each of the intervals: [R
2
, R], [R,Rβ], [Rβ and 3

2
Rβ] separately.

On interval [R
2
, R], we will only deőne the value of (3.7) on interval [R

2
, R] by KR. Let

us now analyze the expression (3.7) in the interval [R,Rβ]. In this interval, we have

(i) f(r) = r−
nα−α−1

2 ξ(r)−
1

2
(n−1);

(ii) fr = −nα− α− 1

2
r−

nα−α+1

2 ξ(r)−
1

2
(n−1) − 1

2
(n− 1)r−

nα−α−1

2 ξ(r)−
1

2
(n−1)−1ξ′(r);

(iii) f 2
r =

(nα− α− 1)2

4
r−nα+α−1ξ(r)−n+1 +

1

2
(n− 1)(nα− α− 1)r−nα+αξ(r)−nξ′(r)
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+
1

4
(n− 1)2r−nα+α+1ξ(r)−n−1ξ′(r)2;

(iv) ffr = −nα− α− 1

2
r−nα+αξ(r)−n+1 − 1

2
(n− 1)r−nα+α+1ξ(r)−nξ′(r).

Substituting the expression of f = fR,β in (3.7) in the interval [R,Rβ] and using (i), (ii),

(iii) and (iv), we obtain

(nα− α− 1)2

4

∫ Rβ

R

r−1dr +
1

2
(n− 1)(nα− α− 1)

∫ Rβ

R

ξ(r)−1ξ′(r)dr

+
1

4
(n− 1)2

∫ Rβ

R

rξ(r)−2ξ′(r)2dr + aα2(n− 1)(n− 2)

∫ Rβ

R

r−1dr

+2aα(n− 1)(n− 2)

∫ Rβ

R

ξ(r)−1ξ′(r)dr + a(n− 1)(n− 2)

∫ Rβ

R

rξ(r)−2ξ′(r)2dr

−2aα(n− 1)(nα− α− 1)

∫ Rβ

R

r−1dr − 2aα(n− 1)2
∫ Rβ

R

ξ(r)−1ξ′(r)dr

−2a(n− 1)(nα− α− 1)

∫ Rβ

R

ξ(r)−1ξ′(r)dr − 2a(n− 1)2
∫ Rβ

R

rξ(r)−2ξ′(r)2dr

+a
S(F )

A(F )

∫ Rβ

R

r−2α+1ξ(r)−2dr

=

(
(nα− α− 1)2

4
− aα(n− 1)(nα− 2)

)∫ Rβ

R

r−1dr

+
1

2
(n− 1)(nα− α− 4aαn+ 4a− 1)

∫ Rβ

R

ξ(r)−1ξ′(r)dr

+(n− 1)

(
1

4
n− an− 1

4

)∫ Rβ

R

rξ(r)−2ξ′(r)2dr

+a
S(F )

A(F )

∫ Rβ

R

r−2α+1ξ(r)−2dr. (3.28)

By hypothesis, a ≥ (nα−α−1)2

4α(n−1)(nα−2)
, then the őrst term of (3.28) is nonpositive. Let us show

that the second term of (3.28) increases arbitrarily more than the fourth term of (3.28)

(in module), if we choose R and β appropriately. Note that

∫ Rβ

R

ξ(r)−1ξ′(r)dr = log(ξ(Rβ))− log(ξ(r)) → ∞
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when R → ∞, because ξ(r) → 0 when r → ∞. If
∫ ∞

R

r−2α+1ξ(r)−2dr <∞,

there is nothing to do. Suppose that
∫ ∞

R

r−2α+1ξ(r)−2dr = ∞,

then for all δ > 0,

lim inf
r→∞

ξ(r)rα−1−δ = 0,

because otherwise,

lim inf
r→∞

ξ(r)rα−1−δ = C > 0,

where C can be ∞. It implies

lim sup
r→∞

ξ(r)−2r−2α+2+2δ = C−2.

Then for R sufficiently large,
∫ ∞

R

r−2α+1ξ(r)−2dr =

∫ ∞

R

r−1−2δξ(r)−2r−2α+2+2δ ≤ (C−2 + 1)

∫ ∞

R

r−1−2δ <∞.

It is a contradiction. Hence, there exists a sequence {R1, R2, . . . } such that

ξ(Ri) < R
−α+1+α−1

2

i =⇒ ξ(Ri) < R
−α−1

2

i =⇒ log(ξ(Ri)) < −α− 1

2
logRi

for all positive integer i. Therefore, it is possible to choose β large and appropriately such

that ∫ Rβ

R

ξ(r)−1ξ′(r)dr < C1 log(R
β) = C1β logR

for some negative constant C1 (we can choose β such that Rβ ∈ {R1, R2, . . . }, where {Ri}
is the sequence deőned above and C1 a little bigger than −α−1

2
). On the other hand,

∫ Rβ

r

r−2α+1ξ(r)−2dr =

∫ Rβ

R

(ξ(r)−2r−2α+2)r−1dr.

Since we are assuming that limr→∞ ξ(r)rα−1 = ∞, taking R large, then

∫ Rβ

R

r−2α+1ξ(r)−2dr ≪ β logR.

It shows that the fourth term of (3.28) is arbitrarily less than the second term of (3.28)

(in module). Intending to compare the second and the third term, we have

∫ Rβ

R

rξ(r)−2ξ′(r)2dr ≤ −(α− 1)

∫ Rβ

R

ξ(r)−1ξ′(r)dr,
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then the combination between the second and the third term of (3.28) is less than

∫ Rβ

R

ξ(r)−1ξ′(r)dr

times the constant

1

2
(n− 1)(nα− α− 4aαn+ 4a− 1)− (α− 1)(n− 1)

(
1

4
n− an− 1

4

)

=
1

4
(n− 1)(nα− α− 4aαn+ 8a+ n− 4an− 3). (3.29)

Substituting a = (nα−α−1)2

4α(n−1)(nα−2)
on (3.29), we have

1

4
(n− 1)

[
nα2(n− 1)(nα− 2)

α(n− 1)(nα− 2)
− α2(n− 1)(nα− 2)

α(n− 1)(nα− 2)
− αn(nα− α− 1)2

α(n− 1)(nα− 2)

+
2(nα− α− 1)2

α(n− 1)(nα− 2)
+
nα(n− 1)(nα− 2)

α(n− 1)(nα− 2)
− n(nα− α− 1)2

α(n− 1)(nα− 2)

−3α(n− 1)(nα− 2)

α(n− 1)(nα− 2)

]

=
1

4α(nα− 2)
(n3α3− 2n2α2−n2α3+2nα2−n2α3+2nα2+nα3− 2α2−n3α3−nα3−nα

+2n2α3+2n2α2−2nα2+2n2α2+2α2+2−4nα2−4nα+4α+n3α2−2n2α

−n2α2+2nα−n3α2−nα2−n+2n2α2+2n2α−2nα−3n2α2+6nα+3nα2−6α)

=
nα− 2α− n+ 2

4α(nα− 2)
=

(n− 2)(α− 1)

4α(nα− 2)
> 0;

because α > 1 and n ≥ 3. Therefore, the combination of the second and the third term

of (3.28) is less than
(n− 2)(α− 1)

4α(nα− 2)

∫ Rβ

R

ξ(r)−1ξ′(r)dr.

Since the őrst term of (3.28) is zero and the fourth term is irrelevant to the second term

for R large, then, for R sufficiently large, the expression (3.28) is less than

(n− 2)(α− 1)

8α(nα− 2)

∫ Rβ

R

ξ(r)−1ξ′(r)dr =
(n− 2)(α− 1)

8α(nα− 2)
(log(ξ(Rβ)− ξ(R))).

Using that limr→∞ ξ(r) = 0, we conclude that (3.28) can be (negatively) so large as we

want, taking β large.
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Based on the previous conclusion, on interval [Rβ, 3
2
Rβ], we only have to prove that

the substitution of (3.7) by f is limited and independent of β. We have

f(r) = (−2R−nαβ−αβ+β

2 r + 3R−nαβ−αβ−β

2 )ξ(r)−
1

2
(n−1),

then

fr = −2R−nαβ−αβ+β

2 ξ(r)−
1

2
(n−1) − 1

2
(n− 1)fξ(r)−1ξ′(r).

Substituting in (3.7), we obtain when β → ∞:

4R−nαβ+αβ−β

∫ R
3
2
β

Rβ

rnα−αdr

︸ ︷︷ ︸
O(1)

+
1

4
(n− 1)2

∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

+2(n− 1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−αfξ(r)
1

2
(n−1)−1ξ′(r)dr

+4aα2(n− 1)(n− 2)R−nαβ+αβ−β

∫ 3

2
Rβ

Rβ

rnα−αdr

︸ ︷︷ ︸
O(1)

− 12aα2(n− 1)(n− 2)R−nαβ+αβ

∫ 3

2
Rβ

Rβ

rnα−α−1dr

︸ ︷︷ ︸
O(1)

+9aα2(n− 1)(n− 2)R−nαβ+αβ+β

∫ 3

2
Rβ

Rβ

rnα−α−2dr

︸ ︷︷ ︸
O(1)

+2aα(n− 1)(n− 2)

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr

+a(n− 1)(n− 2)

∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

− 8aα(n− 1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−α−1ξ(r)
1

2
(n−1)fdr

︸ ︷︷ ︸
O(1)

−2aα(n− 1)2
∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr

−8a(n− 1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−αfξ(r)
1

2
(n−1)−1ξ′(r)dr
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−2a(n− 1)2
∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr + a
S(F )

A(F )

∫ 3

2
Rβ

Rβ

rnα−3αξ(r)n−3f 2dr

︸ ︷︷ ︸
O(1)

≤ C + (n− 1)

(
1

4
n− an− 1

4

)∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

−2aα(n− 1)

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr

+(2−8α)(n−1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−αfξ(r)
1

2
(n−1)−1ξ′(r)dr. (3.30)

We must show that all these terms is upper limited by a constant independent of β. We

can note that, on the interval [Rβ, 3
2
Rβ],

0 ≤ f(r) ≤ R−nαβ−αβ−β

2 ξ(r)−
1

2
(n−1).

Furthermore, −(α + 1) ≤ rξ(r)−1ξ′(r) ≤ 0. Hence,

0 ≤
∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr ≤
∫ 3

2
Rβ

Rβ

( r

Rβ

)nα−α−1

rξ(r)n−2ξ′(r)2dr

≤
(
3

2

)nα−α−1

(α− 1)2
∫ 3

2
Rβ

Rβ

r−1dr

=

(
3

2

)nα−α−1

(α− 1)2 log

(
3

2

)
;

0 ≥
∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr ≥
∫ 3

2
Rβ

Rβ

( r

Rβ

)nα−α−1

ξ(r)−1ξ′(r)dr

≥−
(
3

2

)nα−α−1

(α− 1)

∫ 3

2
Rβ

Rβ

r−1dr

=−
(
3

2

)nα−α−1

(α− 1) log

(
3

2

)
;

0 ≥ R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−α−1fξ(r)
1

2
(n−1)−1ξ′(r)dr ≥

∫ 3

2
Rβ

Rβ

( r

Rβ

)nα−α−1

ξ(r)−1ξ′(r)dr

≥−
(
3

2

)nα−α−1

(α− 1)

∫ 3

2
Rβ

Rβ

r−1dr

=−
(
3

2

)nα−α−1

(α− 1) log

(
3

2

)
.

It shows that (3.30) is upper limited by a constant independent of β and shows that M

is a-unstable for a = (nα−α−1)2

4α(n−1)(nα−2)
.
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Therefore, r 7→ ξ(r)rα−1 ≤ C for some C > 0 and

ρ(r) = rαξ(r) ≤ Cr.

■

Proof of Theorem 3.1.7 Let us remember (3.6), that

α = inf{γ; lim
r→∞

ρ(r)r−γ = 0} (3.31)

and ξ(r) = ρ(r)r−α. We affirm that

lim sup
r→∞

log(ξ(r))

log r
= 0.

To verify this, let

C = lim sup
r→∞

log(ξ(r))

log r
.

If C > 0, then there exists an unlimited sequence {R1, R2, . . . } such that

log(ξ(Ri))

logRi

>
C

2
=⇒ ξ(Ri) > R

C
2

i ∀i ∈ N.

It contradicts the characterization of α in (3.31), because it would imply

lim sup
r→∞

ρ(r)r−(α+C
4
) = lim sup

r→∞
ξ(r)r−

C
4 ≥ lim sup

i→∞
ξ(Ri)R

−C
4

i = +∞.

On the other hand, if C < 0, there exists R0 such that for all r > R0,

log(ξ(r))

log r
<
C

2
=⇒ ξ(r) < r

C
2 .

It also contradicts the characterization of α in (3.31), because it would imply

lim
r→∞

ρ(r)r−(α+C
4
) = lim

r→∞
ξ(r)r−

C
4 < lim

r→∞
r

C
4 = 0.

Note that α+ C
4
< α, contracting the characterization of α in (3.31). Therefore, őxed R,

we can choose β appropriately large such that
∫ Rβ

R
ξ(r)−1ξ′(r)dr

β log(R)
≈ 0. (3.32)

Our test function will be the same of the proof of Theorem 3.1.6, that is

f(r) = fR,β(r, ·) =





0 if 0 ≤ r ≤ R
2
;

(2R−nα−α+1

2 r −R−nα−α−1

2 )ξ(R)−
1

2
(n−1) if R

2
≤ r ≤ R;

r−
nα−α−1

2 ξ(r)−
1

2
(n−1) if R ≤ r ≤ Rβ;

(−2R−nαβ−αβ+β

2 r + 3R−nαβ−αβ−β

2 )ξ(r)−
1

2
(n−1) if Rβ ≤ r ≤ 3

2
Rβ;

0 if r ≥ 3
2
Rβ.
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Our strategy will be similar to that of the proofs of the previous theorems. We will use

the expression (3.7) again. Fixed R, let KR be the value of the expression (3.7) on interval

[0, R], then KR is a constant. Let us analyze the expression (3.7) on the interval [R,Rβ].

The expression is the same of (3.28), that is

=

(
(nα− α− 1)2

4
− aα(n− 1)(nα− 2)

)∫ Rβ

R

r−1dr

+
1

2
(n− 1)(nα− α− 4aαn+ 4a− 1)

∫ Rβ

R

ξ(r)−1ξ′(r)dr

+(n− 1)

(
1

4
n− an− 1

4

)∫ Rβ

R

rξ(r)−2ξ′(r)2dr

+a
S(F )

A(F )

∫ Rβ

R

r−2α+1ξ(r)−2dr. (3.33)

the relation (3.32) implies that the second term of (3.33) can be arbitrarily small than

the őrst term of (3.33) from an appropriate choice for β large. Since a > n−1
4n

, the third

term of (3.33) is nonpositive and the fourth term is equal to

a
S(F )

A(F )

∫ Rβ

R

rρ(r)−2dr.

Suppose that

lim
r→∞

∫ Rβ

R

rρ(r)−2dr = 0,

then this term is irrelevant in relation to the őrst, hence, the expression (3.33) can be

negatively so large as we want.

It remains to show that the expression (3.7) in the interval [Rβ, 3
2
Rβ] is upper bounded

by a constant independent of β. The expression, by (3.30), is upper limited by

C + (n− 1)

(
1

4
n− an− 1

4

)∫ 3

2
Rβ

Rβ

rnα−αf 2ξ(r)n−3ξ′(r)2dr

+a
S(F )

A(F )

∫ 3

2
Rβ

Rβ

rnα−3αξ(r)n−3f 2dr

−2aα(n− 1)

∫ 3

2
Rβ

Rβ

rnα−α−1f 2ξ(r)n−2ξ′(r)dr

+(2−8α)(n−1)R−nαβ−αβ+β

2

∫ 3

2
Rβ

Rβ

rnα−αfξ(r)
1

2
(n−1)−1ξ′(r)dr, (3.34)
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where C is a constant independent of β. Our objective is to show that (3.34) increases

arbitrary less than logR. Since a > n−1
4n

, we have 1
4
n − an − 1

4
< 0. Let D and H be

negative őxed constants such that

D +H = (n− 1)

(
1

4
n− an− 1

4

)
,

E = −2aα(n− 1) and J = (2− 8a)(n− 1). Since

(√
−Dr nα−α

2 fξ(r)
n−3

2 ξ′(r)− E

2
√
−D

r
nα−α−2

2 fξ(r)
n−1

2

)2

≥ 0,

we have

Drnα−αf 2ξ(r)n−3ξ′(r)2 + Ernα−α−1f 2ξ(r)n−2ξ′(r) +
E2

4D
rnα−α−2f 2ξ(r)n−1 ≤ 0 (3.35)

and since
(√

−Hr nα−α
2 fξ(r)

n−3

2 ξ′(r)− J

2
√
−H

R−nαβ−αβ−β

2 r
nα−α

2

)2

≥ 0,

we have

Hrnα−αf 2ξ(r)n−3ξ′(r)2+JR−nαβ−αβ−β

2 rnα−αfξ(r)
1

2
(n−1)−1ξ′(r)+

J2

4H
R−nαβ−αβ−βrnα−α ≤ 0

(3.36)

Integrating (3.35) and (3.36) from Rβ to 3
2
Rβ ans addicting this two inequalities, we have

that the expression (3.34) is upper limited by

C − E2

4D

∫ 3

2
Rβ

Rβ

rnα−α−2f 2ξ(r)n−1dr − J2

4H
R−nαβ−αβ−β

∫ 3

2
Rβ

Rβ

rnα−αdr,

which is upper limited by a constant because f(r) ≤ R−nαβ−αβ+β

2 ξ(r)−
1

2
(n−1) on [Rβ, 3

2
Rβ].

Therefore, the combination of the őrst, third and fourth term of (3.34) is upper limited

by a constant. Using that f(r) ≤ R−nαβ−αβ+β

2 ξ(r)−
1

2
(n−1) on [Rβ, 3

2
Rβ], we have that

∫ 3

2
Rβ

Rβ

rnα−3αξ(r)n−3f 2dr ≤ D

∫ 3

2
Rβ

Rβ

rρ(r)−2dr

for a determined constant D, where by our previous assumption, the right-hand side of

the inequality grows arbitrarily less than log r. Therefore, under this conditions, M can

not be a-stable for a > n−1
4n

. Therefore,

lim sup
r→∞

(logR)−1

∫ R

1

rρ(r)−2dr ≥ C
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for some C > 0.

If S(F ) ≤ 0, the fourth term of (3.33) and the second term of (3.34) is nonpositive

and, assuming that α > 2
n
, to M be a-stable, we must to have

(nα− α− 1)2

4
− aα(n− 1)(nα− 2) ≥ 0

=⇒ (nα− α− 1)2

4
− n− 1

4n
α(n− 1)(nα− 2) > 0

=⇒ n(n2α2 + α2 + 1− 2nα2 − 2nα + 2α)− (nα2 − 2α)(n2 − 2n+ 1) > 0

=⇒ − 2αn+ 2α + n > 0

=⇒ α <
n

2n− 2
,

Therefore, limr→∞ ρ(r)r−
n

2n−2 = 0. It őnishes the proof.

■

Remark 3.4.1. In the case n = 2, where F has dimension one, we have 2
n
= 1 and

nα− 2 = 0 when α = 1. The conclusion will be that the volume growth of M satisőes

lim
R→∞

r−2−δV ol(Br(p)) = 0,

for all δ > 0 and p ∈M .

Proof of Theorem 3.1.8. Take as test function the same of the proof of Theorem 3.1.5,

that is,

f(r) = fR,β(r) =





0 if 0 ≤ r ≤ m−1
m
R;

(2R−nα−α+1

2 r −R−nα−α−1

2 )ξ(R)−2a(n−1) if R
2
≤ r ≤ R;

r−
nα−α−1

2 ξ(r)−2a(n−1) if R ≤ r ≤ Rβ;

(−2R−nαβ−αβ+β

2 r + 3R−nαβ−αβ−β

2 )ξ(r)−2a(n−1) if Rβ ≤ r ≤ 3
2
Rβ;

0 if r ≥ 3
2
Rβ.

Then the expression (3.7) on interval [R,Rβ] is, by (3.27),

(
(nα− α− 1)2

4
− aα(n− 1)(nα− 2)

)∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

+2aα(n− 1)[(1− 4a)(n− 1)− 1]

∫ Rβ

R

ξ(r)(1−4a)(n−1)−1ξ′(r)dr
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+a(n− 1)[(1− 4a)(n− 1)− 1]

∫ Rβ

R

rξ(r)(1−4a)(n−1)−2ξ′(r)2dr

+a
S(F )

A(F )

∫ Rβ

R

r−2α+1ξ(r)(1−4a)(n−1)−2dr

=

(
(nα− α− 1)2

4
− aα(n− 1)(nα− 2)

)
C3

∫ Rβ

R

r−1dr

+2aα(n− 1)[(1− 4a)(n− 1)− 1]C4

∫ Rβ

R

ξ(r)−1ξ′(r)dr

+a(n− 1)[(1− 4a)(n− 1)− 1]C5

∫ Rβ

R

rξ(r)−2ξ′(r)2dr

+a
S(F )

A(F )
C6

∫ Rβ

R

r−2α+1dr, (3.37)

where C3, C4, C5 and C6 are positive constants, that are dependent of C1, C2 and a. Note

that in (3.37), the őrst term is arbitrary less than the third term, the second and the

fourth term are limited. Therefore, if (1 − 4a)(n − 1) − 1 < 0 ⇔ a > n−2
4(n−1)

, (3.37) is

negative and, in module, so arbitrary large as we want. On the expression (3.7) on the

interval [Rβ, 3
2
Rβ], the argument is the same of in the proof of Theorem 3.1.5, where we

can conclude that the expression (3.7) on the interval [Rβ, 3
2
Rβ] is upper limited by a

constant. Therefore, La for a > n−2
4(n−1)

is unstable. It őnishes the proof.

Proof of Theorem 3.1.9. When α = 1, we have nα−3α = nα−α−2 = n−3. Redoing

all calculations and steps in the proof of Theorem 3.1.5, in the analysis in the interval

[R,Rβ] taking α = 1, the expression (3.27) becomes, for a ̸= 1
4
:

n− 2

4
(n− 2− 4a(n− 1))

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

+
2a(n− 1)[(1− 4a)(n− 1)− 1]

(1− 4a)(n− 1)
[ξ(Rβ)(1−4a)(n−1) − ξ(R)(1−4a)(n−1)]

+a(n− 1)[(1− 4a)(n− 1)− 1]

∫ Rβ

R

rξ(r)(1−4a)(n−1)−2ξ′(r)2dr

+a(n−1)(n−2)

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)−2dr. (3.38)

It is easy to see that, just as in the case α > 1 (case of Theorem 3.1.5), the part of

integration in the interval [Rβ, 3
2
Rβ] in is limited by a constant that independent of β, the
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only difference is that the last term that is o(1) becomes a term O(1) (see the proof of

Theorem 3.1.5). Returning to the analysis in the interval [R,Rβ], under the hypothesis

0 < C1 ≤ ξ(r) ≤ C2 <∞, we only have to prove that the expression in (3.38) is negative

and large in module for β large. In (3.38), we have four terms; the second is limited

because C1 ≤ ξ(r) ≤ C2(r) and the third is nonpositive for all a ≥ n−2
4(n−1)

. Then, we

only have to prove that the combination of the őrst and fourth terms is negative and, in

module, so large as we want. We have:

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)−2dr ≤ C−2
1

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr,

then

n− 2

4
(n− 2− 4a(n− 1))

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

+a(n− 1)(n− 2)

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)−2dr

≤
(
(n− 2)2

4
+ a(n− 1)(n− 2)(−1 + C−2

1 )

)∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr.

Since a > n−2
4(n−1)(1−C−2

1
)

and C1 > 1, the last term above is negative. When β → ∞, the

integral
∫ Rβ

R
r−1ξ(r)(1−4a)(n−1)dr tends to ∞. It ends the proof for a ̸= 1

4
. When a = 1

4
,

(3.27) becomes

−n− 2

4

∫ Rβ

R

r−1dr − n− 1

2

∫ Rβ

R

ξ(r)−1ξ′(r)dr − n− 1

4

∫ Rβ

R

rξ(r)−2ξ′(r)2dr

+
(n− 1)(n− 2)

4

∫ Rβ

R

r−1ξ(r)−2dr

≤ n− 2

4
(−1 + (n− 1)C−2

1 )(β − 1) logR− n− 1

2
(log(ξ(Rβ))− log(ξ(R))),

in which will be negative and large in module, if −1 + (n− 1)C−2
1 < 0 ⇔ C1 > (n− 1)

1

2 .

In this conditions,

n− 2

4(n− 1)(1− C−2
1 )

<
n− 2

4(n− 1)

1

1− 1
n−1

=
1

4
.

Hence, the same conclusions follow for a = 1
4
.
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■

Proof of Theorem 3.1.10.: Similarly to the proof of the previous theorem, we have

that ∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)−2dr ≥ C−2
2

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

and

n− 2

4
(n− 2− 4a(n− 1))

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)dr

+a(n− 1)(n− 2)

∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)−2dr

≤
(
(n− 2)2

4
C2

2 + a(n− 1)(n− 2)(1− C2
2)

)∫ Rβ

R

r−1ξ(r)(1−4a)(n−1)−2dr.

Since a < n−2
4(n−1)(1−C−2

2
)

and C2 < 1, the the last term above is negative. When β → ∞,

the integral
∫ Rβ

R
r−1ξ(r)(1−4a)(n−1)dr tends to ∞. It ends the proof.

■

3.4.2 Theorems of Section 2.2

Proof ofTheorem 3.2.1. First let us proof that

∫

M

−fLaf ≥ 0

for all f dependent only on I and 0 ≤ a ≤ min1≤i≤k{ni−1
4ni

}. Let a ≥ 0 and Ai : I → R, 0 ≤
i ≤ k deőned by A0(r) =

(∏k

i=1 ρi(r)
ni
2

)
fr and Ai(r) = 2aniρi(r)

ni−2

2

∏
j ̸=i ρj(r)

nj

2 ρ′i(r)f .

For 1 ≤ i ≤ k, we have

(A0 + A1 + · · ·+ Ak)
2 =f 2

r

(
k∏

i=1

ρi(r)
ni

)
+ 4a2

k∑

i=1

n2
i ρi(r)

ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f 2

+ 4a2
∑

i<j

ninjρi(r)
ni−1ρj(r)

nj−1

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
ρ′i(r)ρ

′
j(r)f

2

+ 4a
k∑

i=1

niρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)ffr.
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Using (3.9) and the fact that S has nonnegative scalar curvature, we have

(
k∏

i=1

V ol(Fi)

)−1 ∫

M

−fLaf =

∫ c

b

(
k∑

i=0

Ai

)2

dr

+
k∑

i=1

(ani(ni − 1)− 4a2n2
i )

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f 2dr

+
∑

i<j

(2a−4a2)ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
ρ′i(r)ρ

′
j(r)f

2dr

+a
k∑

i=1

S(Fi)
∏

i ̸=j

V ol(Fj)

∫ c

b

ρi(r)
n−2

(
∏

j ̸=i

ρj(r)
nj

)
f 2dr.

(3.39)

The expression (3.39) is a sum of four terms, where the őrst and fourth are nonnegative

(the fourth because the hypothesis of the scalar curvature of each Fi is nonnegative).

Regarding the second term, note that if 0 ≤ a ≤ ni−1
4ni

, then

4ani ≤ ni − 1 =⇒ 4a2n2
i ≤ ani(ni − 1),

because 0 ≤ a ≤ min1≤i≤k
ni−1
4ni

. Hence, the second term of (3.39) is nonnegative. Fur-

thermore, under these conditions, 0 ≤ a < 1
4
, 2a− 4a2 ≥ 0 and the third term of (3.39) is

also nonnegative. This completes the proof for f only dependent on I.

Consider an arbitrary f ∈ C∞
c . Let dV (r) be the volume element of the őber r,

then dV (r) =
∏k

i=1 ρi(r)
nidVF1

. . . dVFk
. Denote q ∈ F1 × · · · × Fk by q = (q1, . . . qk)

where qi ∈ Fi. Using Fubini’s theorem, our strategy is to integrate f in each leaf and

to conclude the result proving that the value of the integral of f in each leaf is non-

negative. Hence, we just need to prove this. Based on the previous case, let Aq
i (r) =

2aniρi(r)
ni−2

2

∏
j ̸=i ρj(r)

nj

2 ρ′i(r)f(r, q) for 1 ≤ i ≤ q and Aq
0(r) = fr(r, q)

∏k

i−1 ρj(r)
nj

2 , we

have, integrating and using (3.9) on the leaf I × {q}:

∫

I×{q}
−fLaf =

∫ c

b

|∇f |2(r,q)

(
k∏

i=1

ρi(r)
ni

)
dr

+a
k∑

i=1

ni(ni − 1)

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f(r, q)2dr
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+2a
∑

i<j

ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1ρ′i(j)ρ
′
j(r)

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
f(r, q)2dr

+4a
k∑

i=1

ni

∫ c

b

ρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)f(r, q)fr(r, q)dr

+a
k∑

i=1

SFi
(qi)

∫ c

b

ρni−2
i

(
∏

j ̸=i

ρj(r)
nj

)
f(r, q)2dr

≥
∫ c

b

fr(r, q)
2

(
k∏

i=1

ρi(r)
ni

)
dr

+a
k∑

i=1

ni(ni − 1)

∫ c

b

ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2f(r, q)2dr

+2a
∑

i<j

ninj

∫ c

b

ρi(r)
ni−1ρj(r)

nj−1ρ′i(j)ρ
′
j(r)

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
f(r, q)2dr

+4a
k∑

i=1

ni

∫ c

b

ρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)f(r, q)fr(r, q)dr.

By a calculus similar to the case when f is dependent only on I (using the expressions

Aq
i (r)), the last expression is nonnegative for all a ≤ min1≤i≤k{ni−1

4ni
}. It őnishes the proof.

Proof of Theorem 3.2.2. Similar to the problem, the solution is also similar to the

solution of Theorem 3.1.2 and Theorem 3.1.3, but some important details need to be

addressed. The conditions (i) and (ii) are equivalent by a change of variables on each

ρi. We only have to prove (i). Suppose that (i) holds for all i for a given R0. Being

ρ(r) = ρ1(r)
n1 . . . ρk(r)

nk , then ρ′(r) =
∑k

i=1 niρ(r)ρi(r)
−1ρ′i(r) and

ρ′′(r) =
k∑

i=1

ni(ni − 1)ρi(r)
ni−2

(
∏

j ̸=i

ρj(r)
nj

)
ρ′i(r)

2 +
k∑

i=1

niρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′′i (r)

+ 2
∑

i<j

ninjρi(r)
ni−1ρj(r)

nj−1

(
∏

l ̸=i,l ̸=j

ρl(r)
nl

)
ρ′i(r)ρ

′
j(r).

Substituting on (3.9), then, for b ≥ R0 and f such that π1(suppf) ⊂ [b, c]:

∫

M

−fLaf =

(
k∏

i=1

V ol(Fi)

){∫ c

b

f 2
r ρ(r)dr
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+a

∫ c

b

[
ρ′′(r)−

k∑

i=1

niρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′′i (r)

]
f 2dr

+4a

∫ c

b

ρ′(r)ffrdr

}
+ a

k∑

i=1

S(Fi)

(
∏

i ̸=j

V ol(Fj)

)∫ c

b

ρ(r)ρi(r)
−2f 2dr

=

(
k∏

i=1

V ol(Fi)

){∫ c

b

f 2
r ρ(r)dr + a

∫ c

b

ρ′′(r)f 2dr + 4a

∫ c

b

ρ′(r)ffrdr

−a
∫ c

b

k∑

i=1

niρi(r)
ni−1

(
∏

j ̸=i

ρj(r)
nj

)
ρ′′i (r)f

2dr

}

+a
k∑

i=1

S(Fi)

(
∏

i ̸=j

V ol(Fj)

)∫ c

b

ρ(r)ρi(r)
−2f 2dr

=

(
k∏

i=1

V ol(Fi)

){∫ c

b

f 2
r ρ(r)dr + 2a

∫ c

b

ρ′(r)ffrdr

−a
∫ c

b

k∑

i=1

niρ(r)ρi(r)
−1ρ′′i (r)f

2dr

}

+a
k∑

i=1

S(Fi)

(
∏

i ̸=j

V ol(Fj)

)∫ c

b

ρ(r)ρi(r)
−2f 2dr

=

(
k∏

i=1

V ol(Fi)

){∫ c

b

f 2
r ρ(r)dr + 2a

∫ c

b

ρ′(r)ffrdr

+a

∫ c

b

k∑

i=1

niρ
′(r)ρi(r)

−1ρ′i(r)f
2dr − a

∫ c

b

k∑

i=1

niρ(r)ρi(r)
−2ρ′i(r)

2f 2dr

+2a

∫ c

b

k∑

i=1

niρ(r)ρi(r)
−1ρ′i(r)ffrdr

}

+a
k∑

i=1

S(Fi)

(
∏

j ̸=i

V ol(Fj)

)∫ c

b

ρ(r)ρi(r)
−2f 2dr.

=

(
k∏

i=1

V ol(Fi)

){∫ c

b

f 2
r ρ(r)dr + 4a

∫ c

b

ρ′(r)ffrdr

+a

∫ c

b

ρ(r)−1ρ′(r)2f 2dr − a

∫ c

b

k∑

i=1

niρ(r)ρi(r)
−2ρ′i(r)

2f 2dr

}
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+a
k∑

i=1

S(Fi)

(
∏

j ̸=i

V ol(Fj)

)∫ c

b

ρ(r)ρi(r)
−2f 2dr, (3.40)

where in the last equality we use that ρ(r)−1ρ′(r) =
∑k

i=1 niρi(r)
−1ρ′i(r). Take as a test

function the function f deőned by

f = fQ,R(r) =





0 if r ≤ Q

2
;

2ρ(r)−
1

2Q− 1

2 r − ρ(r)−
1

2Q
1

2 if Q

2
≤ r ≤ Q;

ρ(r)−
1

2 r
1

2 if Q ≤ r ≤ R;

C(ρ(r)−
1

2 r
1

2 − ρ(T )−
1

2T
1

2 ) if R ≤ r ≤ T ;

0 if r ≥ T,

where Q

2
≥ R0, R is larger than Q, T is such that ρ(T ) = 2ρ(R) and C is deőned such

that f becomes a continuous function. Substituting in (3.40) integrating on the interval

[Q,R], we have

(
k∏

i=1

V ol(Fi)

){
1

4

∫ R

Q

r−1dr − 1

2

∫ R

Q

ρ(r)−1ρ′(r)dr

+
1

4

∫ R

Q

rρ(r)−2ρ′(r)2dr + 2a

∫ R

Q

ρ(r)−1ρ′(r)dr − 2a

∫ R

Q

rρ(r)−2ρ′(r)2dr

+a

∫ R

Q

rρ(r)−2ρ′(r)2dr − a

∫ R

Q

k∑

i=1

nirρi(r)
−2ρ′i(r)

2dr

+a
k∑

i=1

S(Fi)

(
∏

i ̸=j

V ol(Fj)

)∫ R

Q

rρi(r)
−2dr

=

(
k∏

i=1

V ol(Fi)

){
1

4

∫ R

Q

r−1dr +

(
2a− 1

2

)∫ R

Q

ρ(r)−1ρ′(r)dr

+

(
1

4
− a

)∫ R

Q

rρ(r)−2ρ′(r)2dr − a

∫ R

Q

k∑

i=1

nirρi(r)
−2ρ′i(r)

2dr

}

+a
k∑

i=1

S(Fi)

(
∏

i ̸=j

V ol(Fj)

)∫ R

Q

rρi(r)
−2dr. (3.41)

Using that ρ(r)−1ρ′(r) =
∑k

i=1 niρi(r)
−1ρ′i(r) and using the QM-AM inequality, then

ρ(r)−2ρ′(r)2 =

(
k∑

i=1

niρi(r)
−1ρ′i(r)

)2

≤ n
k∑

i=1

niρi(r)
−2ρ′i(r)

2.



90

Using (3.41), we obtain

∫

M

−fLaf ≤
(

k∏

i=1

V ol(Fi)

){
1

4

∫ R

Q

r−1dr +

(
2a− 1

2

)∫ R

Q

ρ(r)−1ρ′(r)dr

+

(
1

4
− a− a

n

)∫ R

Q

rρ(r)−2ρ′(r)2dr

}

+a
k∑

i=1

S(Fi)

(
∏

i ̸=j

V ol(Fj)

)∫ R

Q

rρi(r)
−2dr.

Note that since ρ′(r)2 → ∞ when r → ∞, then the last term of the right-hand side of the

inequality above is arbitrary lesser than
∫ R

Q
rρ(r)−2ρ′(r)2dr when r → ∞. Let us prove

that for Q large and a > n
4(n+1)

, the expression above is less than a negative constant

times
∫ R

Q
rρ(r)−2ρ′(r)2dr. Because rρi(r)−1ρ′i(r) > 1 for all r > R0 and 1 ≤ i ≤ k, then

ρ(r)−1ρ′(r) =
k∑

i=1

niρi(r)
−1ρ′i(r)dr >

k∑

i=1

ni

1

r
=
n

r
,

that is, rρ(r)−1ρ′(r) > n. Note that

1

4

∫ R

Q

r−1dr +

(
2a− 1

2

)∫ R

Q

ρ(r)−1ρ′(r)dr ≤
(

1

4n
+ 2a− 1

2

)∫ R

Q

ρ(r)−1ρ′(r)dr

and
1

4n
+ 2a− 1

2
≤ 0 ⇐⇒ a ≤ 2n− 1

8n
.

This implies that for n
4(n+1)

< a ≤ 2n−1
8n

and Q large, (3.41) is lesser than a negative

constant (1
4
− a− a

n
) times

∫ R

Q
rρ(r)−2ρ′(r)2dr. To obtain the same conclusion for 2n−1

8n
<

a ≤ 1
4
, we note that 2a− 1

2
≤ 0,

1

4

∫ R

Q

r−1dr +

(
1

4
− a− a

n

)∫ R

Q

rρ(r)−2ρ′(r)2dr

≤
(

1

4n2
+

1

4
− a− a

n

)∫ R

Q

rρ(r)−2ρ′(r)2dr

and
1

4n2
+

1

4
− a− a

n
< 0 ⇐⇒ a >

n2 + 1

4n2 + 4n
.

Because 2n−1
8n

≥ n2+1
4n2+4n

for n ≥ 3, the above conclusion regarding a extends to n
4(n+1)

<

a ≤ 1
4
. For a > 1

4
, we have
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1

4

∫ R

Q

r−1dr +

(
2a− 1

2

)∫ R

Q

ρ(r)−1ρ′(r)dr +

(
1

4
− a− a

n

)∫ R

Q

rρ(r)−2ρ′(r)2dr

≤
(

1

4n2
+

2a

n
− 1

2n
+

1

4
− a− a

n

)∫ R

Q

rρ(r)−2ρ′(r)2dr

and
1

4n2
+

2a

n
− 1

2n
+

1

4
− a− a

n
< 0 ⇐⇒ a >

n− 1

4n
.

Since 1
4
> n−1

4n
, the conclusion follows. It shows that (3.41) is less than a negative constant

times
∫ R

Q
rρ(r)−2ρ′(r)2dr for all a > n

4(n+1)
.

Let us now analyze the expression of f in (3.40) on the interval [R, T ]. We have

fr = C(−1
2
ρ(r)−

3

2ρ′(r)r
1

2 + 1
2
ρ(r)−

1

2 r−
1

2 ). Then the expression of f in (3.40) on the interval

[R, T ] is

C2

(
k∏

i=1

V ol(Fi)

)[
1

4

∫ T

R

rρ(r)−2ρ′(r)2dr − 1

2

∫ T

R

ρ(r)−1ρ′(r)dr +
1

4

∫ T

R

r−1dr

−2a

∫ T

R

rρ(r)−2ρ′(r)2dr + 2a

∫ T

R

ρ(r)−1ρ′(r)dr + 2aρ(T )−
1

2T
1

2

∫ T

R

r
1

2ρ(r)−
3

2ρ′(r)2dr

−2aρ(T )−
1

2T
1

2

∫ T

R

r−
1

2ρ(r)−
1

2ρ′(r)dr + a

∫ T

R

rρ(r)−2ρ′(r)2dr

−2aρ(T )−
1

2T
1

2

∫ T

R

r
1

2ρ(r)−
3

2ρ′(r)2dr

+aρ(T )−1T

∫ T

R

ρ(r)−1ρ′(r)2dr − a

∫ T

R

(
k∑

i=1

niρi(r)
−2ρ′i(r)

2

)
rdr

+2aρ(T )−
1

2T
1

2

∫ T

R

(
k∑

i=1

niρi(r)
−2ρ′i(r)

2

)
r

1

2ρ(r)
1

2

−aρ(T )−1T

∫ T

R

(
k∑

i=1

niρi(r)
−2ρ′i(r)

2

)
ρ(r)dr

]

+a
k∑

i=1

S(Fi)

(
∏

j ̸=i

V ol(Fj)

)∫ T

R

ρ(r)ρi(r)
−2f 2dr.

Using that, on [R, T ] f(r, ·)2 ≤ C2ρ(r)−1r,
∫ T

R
rρi(r)

−2dr → 0 when R → ∞, ρ(T ) =

2ρ(R) ⇒ T < 2R (it is analogous to in the proof of Theorem 3.1.2), then the last

term grows in a order lesser than the rest and R < T < 2R. It is easy to see that all
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terms in expression above is upper limited by a multiple of
∫ T

R
rρ(r)−2ρ′(r)2dr, then all of

expression is limited by a constant times it. Note that ρ′′ is a positive function because

is a product of positive functions with positive őrst őst and second derivative (note that

(gh)′′ = g′′h + 2g′h′ + gh′′, and the conclusion follows by induction). From the calculus

made at the end of the proof of Theorem 3.1.2, we have that

∫ T

R

rρ(r)−2ρ′(r)2dr ≤ log 2 + Tρ(T )−1ρ′(T )

and there exists a sequence (Rj, Tj), with ρ(Tj) = 2ρ(Rj) such that

lim
j→∞

∫ Rj

Q
rρ(r)−2ρ′(r)2dr

∫ Tj

Rj
rρ(r)−2ρ′(r)2dr

= ∞.

Therefore, the expression of the stability operator in [Q,Rj] is arbitrarily larger than

the expression of the stability operator in [Rj, Tj] when J increases to inőnity. It őnishes

the proof.

■
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Chapter 4

a-Index of Minimal Surfaces

In this chapter we will analyze the operator from the previous chapter on minimal surfaces

in R
3. Let M be a complete minimal surface in R

3, denote the Laplacian in M by ∆ and

the Gaussian curvature in M by K. The operator La = ∆ − as becomes ∆ − 2aK,

acting on C∞
c (M), where a ∈ R. D. Fischer-Colbrie and R. Schoen [FS80] observed that,

given q ∈ C∞(M), the existence of a positive function f in M satisfying ∆f − qf = 0 is

equivalent to the condition that the őrst eigenvalue of ∆− q is positive in each bounded

domain of M . This fact has many interesting applications for minimal immersion and

constant mean curvature, especially when the immersion occurs in a three-dimensional

manifold of identically zero Gaussian curvature (in particular, on R
3), where the Jacobi

operator related to the second variation of the area becomes L = ∆ − 2K. When M is

and has őnite total curvature, Osserman [Oss13] shows that M is conformally equivalent

to a compact surface Σ with őnitely many points removed, each one corresponding to an

end of M .

Let M be a minimal surface in R
3, we deőne Indexa(M) as the number of negative

eigenvalues (counted with multiplicities) of La. It can also be deőned as the maximal

subspace of H1(M) such that La is negative deőnite. Being G : M → R
3 a local Gauss

map of M , then |dG|2 = −2K and La = ∆+ a|dG|2. Fischer-Colbrie [Fis85] proved that

for the usual Jacobi operator L = L1 = ∆− 2K in a minimal surface M in R
3, the index

only depends of the Gauss map in the conformal class of M and coincides with the index

of the operator L in the compactiőcation Σ of M . With a similar proof, this result also
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holds for La by a similar reasoning. More precisely:

Proposition 4.0.1. Let M be a complete minimal surface in R
3 with metric ds2 and La

be the corresponding operator deőned above. Let d̃s
2
= µds2 be another metric on M ,

where µ is a positive function on M and L̃a is the operator La in the metric d̃s
2
, then

IndexLa
(M) = IndexL̃a

(M).

Corollary 4.0.1. Let ds2 = µ|dz|2 be the metric of M , Σ be its compactiőcation and

µ̃|dz|2 be a smooth metric on Σ, where µ and µ̃ are positive functions obtained from a

local parameterization of M and Σ, respectively. Then

Indexa(M) = IndexL̃a
(Σ).

With the objective of studying a-index of minimal surfaces of őnite total curvature,

we consider a compact Riemann surface Σ and G : Σ → S
2 as a nonconstant holomorphic

map, where S
2 is the unit sphere in R

3 endowed with the complex structure induced by

the stereographic projection from the north pole. This is inspired by the fact that the

Gauss normal map G : M → S
2 of a minimal surface is, in a sense, a holomorphic map

such that |dG|2 = −2K. Fix a conformal metric ds2 in Σ and consider the operator

La = ∆+ a|dG|2, with quadratic form associated

Qa(f, f) =

∫

Σ

|∇f |2 − a|dG|2f 2,

where f ∈ C∞(Σ). We note that by the invariance of L2norm of one-forms in conformal

class in dimension two, Qa is independent of the particular choice of the metric on Σ.

In a similar way to the work of Shin Nayatani in [Nay93], we now consider on Σ the

metric ds2G induced by G of S2. Thus ds2G = 1
2
|dG|2ds2. This metric is singular at the

ramiőcations points of G, that is, at the points where dG = 0. By the choice of the metric,

we have LG,a = ∆G + 2a, where ∆G is the Laplacian with respect to the metric ds2G. Let

λ(a) be an eigenvalue of LG,a, the corresponding eigenspace is

V a
λ (G) =

{
u ∈ H1(Σ);Qa(u, v) = λ(a)

∫

Σ

uvdAG ∀v ∈ H1(Σ)

}
,

where dAG = 1
2
|dG|2dA is the area element of the metric ds2G. It follows from the regularity

of the eigenfunctions that Vλ(G) ⊂ C∞(Σ). For u ̸= 0, we deőne

Ra
G(u) =

Qa(u, u)∫
Σ
u2dAG

.
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The k-th eigenvalue (counted with multiplicity) λ(a)k (G) is characterized as:

λ
(a)
k (G) = inf

V ∈Gk

sup{Ra
G(u); u ∈ V, u ̸= 0} (4.1)

where Gk is the set of all k-dimensional subspaces of H1(Σ). Indexa(Σ), as we can see,

will coincide with the number of negative eigenvalues of LG,a.

In this chapter we will also analyze cases in which M is not complete, or "pieces" of

complete minimal surfaces. First, we performed a quantitative analysis of the Laplacian

in some spherical domains.

4.1 First eigenvalue of Laplacian in spherical domains

Let a > 0 be a real positive number, we wish to őnd numbers z1 < z2 such that 2a is

the őrst eigenvalue of Laplacian in the set S
2(z1, z2) = {(x, y, z) ∈ S

2; z1 ≤ z ≤ z2} in

Dirichlet boundary conditions. We have that, on spherical domains of the form S2(z1, z2),

the eigenvalues of the Laplacian are nonnegatives and is zero if and only if the domain is

S
2 = S2(−1, 1). Because the őrst eigenspace is simple and by the symmetry of S2(z1, z2),

an eigenfunction associated to the őrst eigenvalue, being it 2a, is of form f = f(z).

If ∆ and ∆S denote the Laplacians of R3 and S
2, respectively, the relation between

these two Laplacians is

∆f = ∆Sf + 2⟨∇f,N⟩+D2f(N,N),

where N is the unity normal vector őeld in S
2 pointing outside the unitary ball and D2f

is the quadratic Hessian form of f in R
3. Assuming ∆Sf = −2af , f = f(z) dependent

only on z and using the relationship (∇f)⊥ = zf ′, the last equation is equivalent to the

ODE:

(1− z2)f ′′ − 2zf ′ + 2af = 0. (4.2)
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4.1.1 Numerical quantities

Assume that the solution of (4.2) has Taylor series centered at 0 in the form

f(z) =
∞∑

n=0

anz
n,

substituting in (4.2), we have:

∞∑

n=0

ann(n− 1)zn−2 −
∞∑

n=0

ann(n− 1)zn − 2
∞∑

n=0

nanz
n + 2a

∞∑

n=0

anz
n = 0

=⇒
∞∑

n=0

an+2(n+ 2)(n+ 1)zn −
∞∑

n=0

ann(n− 1)zn − 2
∞∑

n=0

nanz
n + 2a

∞∑

n=0

anz
n = 0

=⇒
∞∑

n=0

[(n+ 2)(n+ 1)an+2 + (−n(n− 1)− 2n+ 2a)an]z
n = 0.

The last equality implies

an+2 =
n2 + n− 2a

(n+ 2)(n+ 1)
an. (4.3)

Therefore, the function f is completely determined by a0 and a1. Since limn→∞
an+2

an
= 1,

is easy to see that f(z) exists for all z ∈ (−1, 1). In particular:

(i) When a0 = 0, f is an odd function. If m > 0 is an odd number and we take

a = m(m+1)
2

, we have am+2 = 0. Thus, ak = 0 for k ≥ m, the series is a polynomial of

degree m and f(1) is deőned in all S2. Furthermore, f(−1) = −f(1) (this values can be

±∞), which implies that the polynomial f has a largest zero in (−1, 1). Suppose that

z0 is the largest root of f less than one, we have that S
2(z0, 1) is such that the signal of

f does not change. Therefore, is a domain such that the őrst eigenvalue of Laplacian is

2a = m(m + 1). This implies that we can take a spherical domain such that the őrst

eigenvalue of the Laplacian is so large as we want (this is consistent with the fact that

smaller domain implies a larger őrst eigenvalue of Laplacian). The intuitive relationship

is the fact that in plane domains there are no nonzero eigenvalues for Laplacian and very

small spherical cap is approximately a ŕat domain.

(ii) Even in the case a0 = 0, assuming that a < 1, we have an = 0 for n even and for

n odd, by (4.3):

an+2 =
n2 + n− 2a

(n+ 2)(n+ 1)
an =

(
n

n+ 2
− 2a

(n+ 2)(n+ 1)

)
an,
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and, considering without loss of generality a1 > 0 (if no, multiply f by −1):

an+2 >

(
n

n+ 2
− 2

(n+ 2)(n+ 1)

)
an =

n− 1

n+ 1
an.

Therefore, an > 1
n+1

a1 for n odd. It implies that f(1) = ∞ and f is positive in (0, 1).

Therefore, 2a is not an eigenvalue of a domain in a half-sphere. Therefore, in the case

a < 1, necessarily a0 ̸= 0.

Still in the case f = f(z), őxing a0 = f(0) and a1 = f ′(0), by the above formula, a2 =

−aa0, a4 = (−1
2
a+ a2

6
)a0, a6 = (−1

6
a+ 13

90
a2− a3

90
)a0; a3 = (1

3
− a

3
)a1, a5 = (1

5
− 7

30
a+ a2

30
)a1,

a7 = (1
7
− 37

210
a+ 11

315
a2 − a3

630
)a1, etc.

Let us exemplify the case a = 1. We have

an+2 =
n− 1

n+ 1
an

it implies an = 0 for n ≥ 3 odd and an = −a0
n

, for n even. Therefore,

f(z) = a0 + a1z − a0

∞∑

n=1

1

2n− 1
z2n.

Note that the natural logarithmic function satisőes:

log(1− z) = −
∞∑

n=1

zn

n
and log(1 + z) =

∞∑

n=1

(−1)n+1 z
n

n
,

for all −1 < z < 1. Therefore,

f(z) = a0 + a1z − a0z(log(1 + z)− log(1− z)).

This family of functions is determined by a0 and a1. By the homogeneity of (4.2), if

a0 ̸= 0, we can őx a0 > 0 to obtain a family of lineament independent solutions of (4.2),

which is null in two circles in S
2, contained in horizontal planes. Thus, the circle of S2

z = 0 is contained in the domain of S2 between these two planes, which is a spherical

segment (which naturally becomes a domain whose őrst Laplacian eigenvalue is 2) that f

is positive in it. When we vary a1 to ∞ those domains tend to the northern hemisphere of

S
2 minus the north pole and when we vary a1 to −∞ those domains tend to the southern

hemisphere without the south pole.
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4.1.2 First eigenvalue of Laplacian on spherical caps

It is known that, among all spherical domains with the same őrst eigenvalue of Laplacian,

the spherical cap has the smaller area (see [Pee57], pg 19). We denote by za the number

z ∈ (−1, 1) with the following property: the spherical cap S
2(−1, za) has 2a as the őrst

eigenvalue of the Laplacian. Note that if a cap has λ as an eigenfunction of the Laplacian,

the complementary cap has λ as an eigenfunction of the Laplacian. One way to verify if an

eigenvalue of the Laplacian in a spherical domain is the őrst is verify if the corresponding

eigenspace is of functions that does not change the signal. As example, we have z1 = 0,

za → −1 when a→ ∞ and z0 = 1. The area of the spherical cap S
2(−1, z) is 2π(z + 1).

Therefore, it is convenient to őnd the Taylor expansion of a solution f of (4.2) around

−1. Taking z = w − 1, we can consider the Taylor series on the variable w around zero.

First, (4.2) becomes

(1− (w − 1)2)f ′′ − 2(w − 1)f ′ + 2af = 0

⇐⇒ (−w2 + 2w)f ′′ − 2(w − 1)f ′ + 2af = 0.

Being f(w) =
∑∞

n=0 anw
n, the expression above becomes

−(w2 − 2w)
∞∑

n=0

n(n− 1)anw
n−2 − 2(w − 1)

∞∑

n=0

nanw
n−1 + 2a

∞∑

n=0

anw
n = 0

=⇒ −
∞∑

n=0

n(n−1)anw
n+2

∞∑

n=0

n(n−1)anw
n−1−2

∞∑

n=0

nanw
n+2

∞∑

n=0

nanw
n−1+2a

∞∑

n=0

anw
n

= 0

=⇒ −
∞∑

n=0

n(n− 1)anw
n + 2

∞∑

n=0

(n+ 1)nan+1w
n − 2

∞∑

n=0

nanw
n + 2

∞∑

n=0

(n+ 1)an+1w
n

+2a
∞∑

n=0

anw
n = 0

=⇒
∞∑

n=0

[
−(n2 + n− 2a)an + 2(n+ 1)2an+1

]
yn = 0.

Therefore,

an+1 =
n2 + n− 2a

2(n+ 1)2
an
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and f where completely determined by a0. Backing to variable z, we found the Taylor

series of f around −1:

f(z) =
∞∑

n=0

an(z + 1)n.

za is the smallest value of z in (−1, 1) such that f(z) = 0. By homogeneity, we always

assume a0 = f(−1) = 1. As known values, we have z1 = 0 and z0 = 1.

Example 4.1.1. (z3) To őnd z3, we have a = 3 and

an+1 =
n2 + n− 6

2(n+ 1)2
an

is easy to see that an = 0 for all n ≥ 3, a0 = 1, a1 = −3, a2 =
3
2

and

f(z) = 1− 3(z + 1) +
3

2
(z + 1)2 =

3

2
z2 − 1

2
.

The smallest root of 3
2
z2 − 1

2
is −

√
1
3
. Therefore, z3 = −

√
1
3

and S
2
(
−1,−

√
1
3

)
has 6

as the őrst eigenvalue of the Laplacian. Note that S
2
(
−
√

1
3
,
√

1
3

)
and S

2
(√

1
3
, 1
)

also

have 6 as the őrst eigenvalue of Laplacian, because f is null on the boundary and does

not change the signal in those domains.

Example 4.1.2. (z6) To őnd z6, we have a = 6 and

an+1 =
n2 + n− 12

2(n+ 1)2
an

is easy to see that an = 0 for all n ≥ 4, a0 = 1, a1 = −6, a2 =
15
2
, a3 = −5

2
and

f(z) = 1− 6(z + 1) +
15

2
(z + 1)2 − 5

2
(z + 1)3 = −5

2
z3 +

3

2
z.

The roots of −5
2
z3 − 3

2
z are −

√
3
5
, 0 and

√
3
5
. Therefore, z4 = −

√
3
5

and S
2
(
−1,−

√
3
5

)

has 12 as the őrst eigenvalue of the Laplacian. Note that we determine four domains that

have 12 as the őrst eigenvalue of the Laplacian: S2
(
−1,−

√
3
5

)
, S2
(
−
√

3
5
, 0
)
, S2
(
0,
√

3
5

)

and S
2
(√

3
5
, 1
)
.

Example 4.1.3. In general, if a = 1
2
k(k + 1) for some natural number k, then

an+1 =
n2 + n− k(k + 1)

2(n+ 1)2
an
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and an = 0 for all n ≥ k + 1, therefore, f will be a polynomial of degree k. By induction,

we deduce that all roots of that polynomial are distinct and are in the interval (−1, 1),

where we can őnd k + 1 domains such that have k(k + 1) as the őrst eigenvalue of the

Laplacian.

So far, we have analyzed eigenfunctions of the Laplacian only in domains of S2 that

depend only on the z coordinate, that is, such that is invariant under horizontal rotations.

But we can perform this entire analysis for functions that depend only on the x coordinate

or the y coordinate in R
3 where, in these cases, the corresponding domains of S

2 will

be symmetric with respect to the x axis (of the form S
2(x1, x2)) and y axis (of the form

S
2(y1, y2)), respectively. Considering that all the solutions found before, we can őnd, from

a linear combinations of functions that satisfy the condition that they depend only on one

of the coordinates, many functions that satisfy ∆f = −2af , deőned on S
2 minus a őnite

number of points (let us remember that the solutions obtained by Taylor series around

zero only dependent on z were well deőned throughout S
2 with the possible exception of

the north and south poles). We also őnd a vast number of domains of S2 that have 2a

as the őrst eigenvalue of the Laplacian, where it is sufficient for such a domain to have

as its boundary a set in which one of these obtained functions vanishes identically and so

that do not change of signal in its interior. If the domain is such that one of this obtained

functions vanishes identically in the boundary, but without the requirement of do not

change the signal in interior, we have that 2a will be an eigenvalue, but not necessarily

the őrst.

4.2 Results about a-index of minimal surfaces

First a result that characterize the plane as the unique minimal surface in R
3 with őnite

total curvature and a stable for all a > 0.

Proposition 4.2.1. Let M be a complete minimal surface in R
3 with őnite total curvature

and a > 0, then or Σ is a plane or Indexa(M) ≥ 1.

Proof. By [Oss13], M having őnite total curvature implies M conformal to a compact

Riemann’s surface Σ punctured at a őnite number of points {p1, . . . , pm}. Let φi : D1(0) ⊂
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R
2 → Σ, i = 1, . . . ,m, be a conformal parameterization of a neighborhood of pi in Σ with

φi(0) = pi. Let 0 < ε < 1 and ϕε : D1(0) → R deőned by

ϕε(x)




=

1 if |x| > ε

2− log |x|
log ε

if ε2 ≤ |x| ≤ ε;

0 if |x| < ε2.

The family ϕε satisőes ϕε → 1 and |∇ϕε| → 0 in L2(D1(0)) when ε → 0. Let ψi,ε =

ϕε◦φ−1
i : Σ → R, for each i and ε, extend ψi,ε to Σ deőning ψi,ε = 1 for all q ∈ Σ\φi(D1(0)),

then ψi,ε → 1 in L2(Σ) when ε → 0 and by conformal invariance of the norm L2 of one

forms in dimension two, |∇Σψi,ε| → 0 in L2(Σ) when ε → 0. Deőne ψε =
m∏

i=1

ψi,ε, let

η : Σ \ {p1, . . . , pm} → M a conformal diffeomorphism, then ψϵ ◦ η−1 : M → R is such

that ψϵ ◦ η−1 → 1 pointwise and |∇M(ψϵ ◦ η−1)| → 0 in L2(M), then:

lim
ε→0

∫

M

|∇(ψε ◦ η−1)|2 + 2aK(ψε ◦ η−1)2 = 2a

∫

M

K.

Since for a complete minimal surfaceM , orM is a plane orM has negative total curvature,

then when M is not a plane, there exist f = ψε ◦ η−1 for ε sufficiently small such that

Qa(f, f) < 0. Therefore, in this case, Indexa(M) ≥ 1.

■

4.2.1 a-stability based on the size of the spherical image

We thus have a theorem related to the main theorem in [BC76]:

Proposition 4.2.2. Let M be a minimal surface such that the area of the image of Gauss

normal map is less than 2π(za + 1), where za as above, then M is a-stable.

Proof : Assume that M is connected (because the property of, if M is unstable, then some

connected component is unstable) and is a minimal surface a-unstable with image of Gauss

map G less than 2π(za − 1), then M is not a part of a plane and there exists a compact

set C ⊂ M of smooth boundary such that there exist a function f : C → R, positive in

int(C) and null in ∂C such that Laf = −λf for some λ < 0 (under these conditions, λ is

the őrst eigenvalue of La in C). Then ∆Mf = 2aKf − λf on C. Under these conditions,
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f ∈ C∞
0 (C). The Gauss map is a holomorphic map from M to S

2, in particular, since

G is not a constant function, then G is an open function, ∂[G(C)] ⊂ G(∂C) and the

ramiőcations points are isolated. In particular, the pre-images of a őxed point of S2 by G

are isolated points. Let us prove that L̃a = ∆S2 + 2a is unstable in G(C) ⊂ S
2 building

an appropriated test function. Let g : G(C) → R be deőned as follows: if q ∈ G(C) and

{p1, . . . , pk} = G−1(q), then g(q) =
∑k

i=1 rpif(pi), where rpi is the ramiőcation index of

pi by G (in particular, if pi is a regular point, rpi = 1). Since ∂[G(C)] ⊂ G(∂C), then

G−1(∂G(C)) ⊂ ∂C and g(q) = 0 for all q ∈ ∂[G(C)], therefore, g ≡ 0 on ∂[G(C)]. We

will verify the following property of g:

(i) g is smooth almost everywhere and

∫

D

−g∆S2g − 2ag2 < 0,

where D ⊂ {q ∈ G(C); g is smooth on q} is an open domain.

Let q be a regular value of G in interior of G(C) such that G−1(q) = {p1, . . . , pk} ⊂ int(C),

then there exists a neighborhood V ⊂ int(G(C)) of q such that each connected component

of (G|C)−1(V ) is diffeomorphic to V by G. We will call this components U1, . . . , Uk, such

that pi ∈ Ui, Gi : Ui → V those diffeomorphisms, where Gi = G in Ui and gi := f ◦G−1
i .

Using the relationship ∆C = −K∆S2 , we have

(∆S2gi)(Gi(q)) = ∆S2(f ◦G−1
i )(Gi(q)) = − 1

K
(∆Cf)(q) = −2af(q) +

λ

K
f(q).

Since |detJ(G)| = −K on minimal surfaces, we have:

∫

V

−gi∆S2gi − 2ag2i =

∫

Ui

−2aKf 2 + λf 2 + 2aKf 2 =

∫

Ui

λf 2 < 0;

∫

V

−gi∆S2gj − 2agigj =

∫

V

−gi(∆S2gj − 2agj)

=

∫

Uj

(f ◦G−1
i ◦Gj)(−2aKf + λf + 2aKf)

=

∫

Uj

λf(f ◦G−1
i ◦Gj) < 0;

Therefore, since g = g1 + · · ·+ gk in V :

∫

V

−g∆S2g − 2ag2 =
k∑

i,j=1

∫

V

−gi∆S2gj − 2agigj < 0
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Therefore, ∫

V

−g∆g − 2ag2 < 0. (4.4)

This property occurs in sufficiently small neighborhood V of regular values q of G such

that its pre-images are interior points of C. Note that using Sard’s theorem and the fact

that G is an open function, G(∂C) has null measure in G(C) and the set

W = {q ∈ G(C);G−1(q) ⊂ int(C) and g is smooth in q}

has full measure in G(C). It shows (i).

(ii) g is locally Lipschitz in

X = G(C) \R,

where R is the set of ramiőcation values of G|C .

Note that since the branch points of G are isolated, we can assume that G has no branch

values in G(∂C), doing a small modiőcation on C, if necessary, in order to keep La =

∆ − 2aK unstable, still have a smooth boundary, the őrst eigenvalue is negative and

has an eigenfunction f associated with the őrst eigenvalue. If q ∈ Y is such that q ̸∈
G(∂C), g is Lipschitz in a neighborhood of q because g is smooth in q. we will analyse

when q ∈ G(∂C), where by the form that we deőne C, q is a regular value of G. Let

(G|−1
C )(q) = {p1, . . . pk, r1, . . . , rl} = G−1(q) ∩ C, where pi ∈ int(C) and ri ∈ ∂C. Let V

be a small neighborhood of q such that

(G|−1
C )(V ) = U1 ∪ · · · ∪ Uk ∪ Y1 ∪ · · · ∪ Yl,

where pi ∈ Ui, rj ∈ Yj, each Ui and Yj is diffeomorphic to V by G and each Ui is a subset

of int(G(C)). We note that, for y ∈ V ,

g(y) =
k∑

i=1

f(xi) +
l∑

j=1

f̃(zj),

where {x1, . . . xk, z1, . . . , zl} = (G|−1
C )(y) and f̃(z) is deőned as f(z), if z ∈ C, and 0,

if z ̸∈ C. Note that f |Ui
: Ui → R is continuous and Lipschitz, with Lipschitz constant

Mi = max{|dfp|, p ∈ Ui} and, since f ≡ 0 in ∂C, f̃ |Yj
: Yj → R is continuous and Lipschitz,

with Lipschitz constant Nj = max{|dfp|, p ∈ Yj ∩ C}. Since det(J(G−1)) = − 1
K

, we have

that g is Lipschitz in a neighborhood of y, with Lipschitz constant

M = − 1

K

(
k∑

i=1

Mi +
l∑

j=1

Nj

)
.



104

It shows that g is locally Lipschitz in X.

(iii) g is continuous.

By (ii), g is continuous on X, that is, in the set of regular values of G in G(C). If q is not

a regular value, there exists p1 ∈ G−1(q) that is an isolated critical point of G and there

exists a neighborhood U1 of p1 such that

G1 = G|U1\{p1} : U1 \ {p1} −→ U \ {q}

is an rp1-to-one function, where rp1 is the ramiőcation index of p1. Since g1(p1) = rp1f(q),

then g1(p) = rp1f(p1) is continuous in p by an argument of limit. Using this at all points

in the pre-image of q by G, we conclude that g is continuous in the ramiőcation values of

G. Hence g is continuous.

Since f is limited, g is also limited. Let 0 < ε < 1 and φ = φε : R+ → R deőned by

φ(r) =





0 if 0 ≤ r ≤ ε2;

2− log r
log ε

if ε2 ≤ r ≤ ε;

1 if r ≥ ε.

If N is a bidimensional manifold and q ∈ N , the family of functions ϕq,ε : N −→ R deőned

by ϕq,ε(p) = φε(d(p, q)) is called logarithmic cutoff functions, they have the properties

limε→0 ϕq,ε = 1 pointwise and limε→0

∫
N
|∇ϕq,ε|2 = 0.

Returning to our problem, being q1, . . . , qk the ramiőcation values of G in G(C) and

ϕq,ε deőned as above for N = G(C), deőne

gε : G(C) −→ R

q 7−→ g(q)
k∏

i=1

ϕqi,ε.

Then gε → g pointwise, g = gε except in small balls of radios ε centered in ramiőcations

values of G in G(C) and gε is Lipschitz. Calling ϕε =
∏k

i=1 ϕqi,ε, then:
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∫

G(C)

|∇gε|2 − 2ag2ε =−
∫

G(C)

ϕεg∆(ϕεg) + 2ag2ϕ2
ε

=−
∫

G(C)

ϕεg(ϕε∆g + 2⟨∇ϕε,∇g⟩+ g∆ϕε) + 2ag2ϕ2
ε

=−
∫

G(C)

ϕ2
εg∆g + 2ag2ϕ2

ε −
∫

G(C)

1

2
⟨∇ϕ2

ε,∇g2⟩+ g2ϕε∆ϕε

=−
∫

G(C)

ϕ2
εg∆g + 2ag2ϕ2

ε +

∫

G(C)

1

2
g2∆ϕ2

ε − g2ϕε∆ϕε

=−
∫

G(C)

ϕ2
εg∆g + 2ag2ϕ2

ε +

∫

G(C)

g2|∇ϕε|2.

The őrst term is negative because (4.4) and the second term is close to zero when ε is

small. Thus, we can őnd a test function that guarantees that the operator ∆ + 2a is

unstable in G(C). This is a contradiction, because G(C) has a smaller area than the

spherical cap with 2a as the őrst eigenvalue of the Laplacian.

■

4.2.2 a-index of complete minimal surface with őnite total cur-

vature

We now address the a-index of complete minimal surfaces with őnite total curvature. The

usual index of some minimal surfaces in R
3 (which corresponds to our 1-index) is known,

as shown in (1.3).

If M is the catenoid or the Enneper surface, then the Gauss normal map of M extends

to a holomorphic application G : S2 → S
2 that is bijective. Therefore, by Corollary 3.0.2,

the index of La on M is the index of ∆ − 2a on S
2. It is known that the eigenvalues of

the Laplacian in S
2 are of the form n(n + 1) with a multiplicity 2n + 1. That said, by a

simple calculus, the a-index of the catenoid and the minimal Enneper surface are k2 if k

is the natural number such that 1
2
k(k− 1) < a ≤ 1

2
k(k+ 1), given according to the table:
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a a-index

0 < a ≤ 1 1

1 < a ≤ 3 4

3 < a ≤ 6 9

6 < a ≤ 10 16

10 < a ≤ 15 25
...

...

Other examples of minimal surface conformal to S
2 with a őnite number of punctures

are the Jorge-Meeks family of minimal surfaces, where the Gauss map extends to G :

C → S
2, where C is the Riemann’s sphere. Therefore, if Π : S2 → C is the stereographic

projection relative to the north pole and g = Π ◦ G, then g(z) = zn. When n = 1, we

obtain the catenoid. The Jorge-Meeks surface with Gauss map related to this relation

with the application g(z) = zn has n+1 ends. Let us call the n-ended Jorge-Meeks surface

By Mn. According to [Nay90a], on S
2, the eigenvalue problem

∆u = −λ|dG|2u (4.5)

has eigenvalues of the form

λi =
i

2n

(
i

n
+ 1

)
, with multiplicity





2p+ 2 if i = pn+ q

2p+ 1 if i = pn,
(4.6)

where p, q ∈ N, q ≤ n−1. Therefore, if we want to őnd the a-Index of Mn, we have to őnd

the number of negative eigenvalues of La = ∆u+a|dG|2u, which will be reduced to having

how many eigenvalues λi (counted with multiplicity) of (4.5) are less than a. For example,

for a = 1, we have i
2n
( i
n
+1) < 1 ⇒ i < n, for i = 0 we have the pair (p, q) = (0, 0) and for

i = 1, . . . , n−1, we have the pair (p, q) = (0, i). Hence, Indexa(Mn) = 1+2(n−1) = 2n−1,

which is the index usual of the Jorge-Meeks surfaces.

The next results are only adaptations of results in Section 3 of [Nay93]. Assume

that G : Σ → S
2 is a nonconstant holomorphic map. Let us deőne the set of conformal

diffeomorphisms formed by the elements At, 0 < t <∞, of S2 given by Π◦At ◦Π−1(w) =
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tw, w ∈ C = C ∪ {∞}.
S
2

S
2

C C

At

ΠΠ−1

w 7→tw

Let Gt = At ◦G. If g is the meromorphic map associated with G, that is, g = Π ◦G,

then we have Π ◦Gt = tg.

S
2

S
2

Σ C

At

ΠG
Gt

Π◦Gt

As the correspondence t→ Gt is continuous with respect to the usual topology C1, it

is possible to show, using (4.1), that λk(Gt) is also continuous in t.

Let P (G) = m1p1 + · · · + mνpν be the polar divisor of g, where pi, i = 1, . . . , ν are

distinct. Note that m1 + · · ·+mν = d, where d is the degree of the application G.

For each i = 1, . . . , ν, we deőne the holomorphic map G̃i : Ci → S
2 given by Π◦G̃i(z) =

zmi , where C i is a copy of C. Let Σ̃ be the disjoint union of the C i’s, i = 1, . . . , ν, and

G̃ : Σ̃ → S
2 be the holomorphic map deőned by G̃(z) = G̃i(z), if z ∈ C i.

Proposition 4.2.3. Let Gt : Σ → S
2, t ∈ (0,∞) and G̃ : Σ̃ → S

2 be as before , then for

k = 1, 2, . . . :

lim
t→0

λ
(a)
k (Gt) = λ

(a)
k (G̃).

For a proof, see [Nay93].

Remark 4.2.1. Let G∗ : Σ → S
2 be the holomorphic map deőned by Π ◦ G∗ = 1

g
. It is

easy to see that G∗ = PG, where

P =




1 0 0

0 −1 0

0 0 −1


 .

As P ∈ O(3), we have ds2G∗ = ds2G and therefore, the eigenvalues of LG∗,a coincide with

those of LG,a. In particular, Indexa(G
∗) = Indexa(G) and Nula(G

∗) = Nula(G), where

Nula(G) = #{eigenspace dimension of eigenvalue zero}.
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This observation allows us to conclude the same result of Proposition 4.2.3 when

t→ ∞ instead of t→ 0.

By (4.6) we conclude that Indexa(G̃i) = 1 ∀a ≤ mi+1
2m2

i

. In particular, we have proved:

Corollary 4.2.1. Let G : Σ → S
2 be a holomorphic nonconstant map of degree d and

Gt = A ◦G, t ∈ (0,∞). Let ν be the number of distinct poles of g = Π ◦G. Fixed a > 0,

then for all sufficiently small t, Indexa(Gt) ≥ ν.

Example 4.2.1. : For the Jorge-Meeks family of minimal surfaces with the usual Gauss

map G : C → S
2 satisfying Π ◦G(z) = zr−1, we have, for a ≤ r+1

2r2
őxed, Indexa(Gt) = 1.

If we apply a rotation T such that ∞ becomes a regular value of T ◦ G, for t sufficiently

small, Indexa((T ◦G)t) = r−1. For this, we can őnd (i) a minimal surface of őnite total

curvature and an a-index so large as we wish and (ii) a surface with number of ends so

large as we wish and an a-index equal to one for all a sufficiently small.

Finally, by the Proposition 4.2.1 we have Indexa(M) ≥ 1 for all complete minimal

surfaces M with őnite total curvature and a > 0. The next theorem shows that, for values

of a positive and close to zero, Indexa(M) = 1.

Theorem 4.2.1. Let M be a complete non ŕat minimal surface of őnite total curvature,

then

lim
a→0+

Indexa(M) = 1.

Proof. Let Σ be the Riemann’s surface which is the compactiőcation of M . Consider the

operator ∆− a|dG|2 on Σ. We have to show that

lim
a→0+

Indexa(G) = 1.

Since M is non ŕat, M is not a plane, it implies that G is nonconstant and for all

a, Indexa(G) ≥ 1. Note that Qa(f, f) < 0, if f is constant. Let 0 = λ0 < λ1 ≤
λ2 ≤ . . . be the eigenvalues of Laplacian in Σ. Suppose that there exists a sequence

{a1, a2, . . . } such that each ai > 0, limi→0 ai = 0 and Indexai(G) ≥ 2, then there exist two

sequences of functions {f1,1, f1,2, f1,3, . . . } and {f2,1, f2,2, f2,3 . . . } such that ||fi,j||L2(Σ) = 1,

Qai(fi,j, fi,j) < 0, i = 1, 2, j ∈ N and
∫

Σ

f1,jf2,j = 0.
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For i = 1, 2, we have limj→∞Qai(fi,j, fi,j) = 0, because |dG| is limited and

0 ≥ lim
j→∞

Qai(fi,j, fi,j) = lim
j→∞

∫

Σ

|∇fi,j|2 − ai|dG|2f 2
i,j ≥ −aivol(Σ)|dG|L∞(Σ) → 0

when i→ ∞. Furthermore, this argument guarantees us limj→∞ |∇fi,j| = 0, then

0 = lim
j→∞

∫

Σ

|∇fi,j|2 = − lim
j→∞

∫

Σ

fi,j∆fi,j

for i = 1, 2. Hence, for j large, {f1,j, f2,j} generate, in C∞(Σ), a subspace of dimension

two in C∞(Σ) such that the Laplacian in a function g in this subspace satisőes

−
∫

Σ

g∆g < λ1||g||L2(Σ),

which is a contradiction because the characterization of λ1 in (4.1).

■
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