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Resumo

O presente trabalho concentra-se no estudo de um modelo de percolacao anisotrépica de
elos em Z%* onde elos de Z? estao abertos de forma independente com probabilidade
p (menor que o ponto critico de Z%), e elos de Z* estao abertos com probabilidade g,
também de forma independente. Assim, o principal objetivo do trabalho é analisar o
comportamento da curva critica ¢.(p) = sup{q;0(p,q) = 0}, apresentando cotas que
garantem a existéncia ou nao existéncia de um aglomerado aberto infinito quando a curva

assume valores de p préximos do ponto critico de Z<.

Palavras-chave: Percolacao Anisotropica. Curvas Criticas. Probabilidade.



Abstract

This work concerns the study of an anisotropic bond percolation model on Z** where
edges of Z¢ are open independently with probability p (less than the critical threshold of
Z%) and edges of Z* are open with probability ¢, also independently. Thus, the main goal
of the work is to analyze the behaviour of the critical curve ¢.(p) = sup{q;8(p,q) = 0},
giving upper and lower bounds that guarantee the existence or non-existence of an infinite

open cluster when the curve assumes values of p close to the critical threshold of Z¢.

Keywords: Anisotropic Percolation. Critical Curves. Probability.
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Chapter 1

Introduction

Becoming famous for having problems with simple statements but complex solutions, the
mathematical percolation model emerged with [2] by studying the transport of a fluid
through a porous medium, where we can cite as an example the phenomenon of the
propagation of oil through a porous rock. Thus, the heart of percolation theory is the
description of the porous medium, treating it as a network (translated in mathematics
as a graph) of small channels (edges/bonds of the graph) and pores (vertices/sites of
the graph) that connect in such a way as to allow the passage of the fluid. Keeping in
mind the example of oil, it becomes interesting to analyze under which conditions the
rock allows the oil to propagate completely, i.e. the rock gets all wet. When this occurs,
that is, when the porous medium allows the complete passage of the fluid, we say that
there exists percolation. Then, to answer the question “when there is percolation in the
model?” becomes an object of interest to those who venture to investigate percolation
theory.

Over time, derivations of the Broadment and Hammersly model emerged, such as
the anisotropic percolation models, which we will treat by associating different probabili-
ties for edges placed in different directions. For instance, we can mention the work of [12]
and [9] with results about critical curves, and also the work of [1, 3, 7, 4] regarding critical
exponents and phase transition. In the present text, we focus on the anisotropic bond
percolation model on Z*¢ presented in the work of [10, 11], where we seek to analyze and
understand the behaviour of critical curves in such a percolation model.

In Chapter 2, we define the independent bond percolation model and present es-
sential concepts for a first contact with percolation theory, besides stating some relevant
results and theorems, such as the Phase Transition Theorem and the FKG and BK in-
equalities. We demonstrate the latter, which will be useful for proving a result in the next
chapter.

In Chapter 3, we define an anisotropic bond percolation model on Z4**, where
each edge of Z< is open independently with probability p < p.(Z<) (the critical threshold
of bond percolation), and we declare each edge of Z* as open with a probability ¢, also
independently. Thus, we define the critical curve q.(p) = sup{q; 0(p, q¢) = 0} and we study
the problem posed by [10, 11] concerning the behaviour of the curve ¢.(p) for values of p



close to p.(Z?). Our major goal is to present the following theorems.

Theorem 1. Consider a bond percolation process on 74 x Z° with parameters (p,q),

p < pe(d), and let xq(p) denote the mean size of the open cluster in Z%. If the pair (p,q)

satisfies
1

2sx4(p)’

then there is a.s. no infinite open cluster in 795,

q <

Theorem 2. Consider a bond percolation process on Z x Z°, s > 1, with parameters

(p.q). Then
1 o'

25x1(p) < lp) < x1(p)’

for some a > 0 and p sufficiently close to 1.
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Chapter 2

Basic concepts in percolation

In this chapter, we describe the independent percolation model and present some fun-
damental concepts and results of the percolation theory. We refer the reader to [5] for
everything that is presented in the chapter.

Let G = (V,€) be a infinite graph, locally finite (i.e. every vertex has finite
degree), where V and £ denote the set of vertices and edges of G, respectively, and let
p € [0,1]. In a bond percolation process, we attribute to each edge e € € the probability
of being open with parameter p and we say that e is closed with probability 1 —p. In a site
percolation model, we consider each edge as open and we say that a vertex v € V is open
with probability p, and hence v is closed with probability 1 — p. Throughout the text,
except where indicated otherwise, we deal with bond percolation models. Also, although
we only deal with undirected graphs, we write £ C V x V, such that (z,y) € £ denotes

the unique, undirected, edge {x,y} between the vertices x and y.

Definition 3. A configuration w is a function w : € — {0,1} where w(e) =1 if e is
open and w(e) = 0 if the edge is closed. We denote by Q = {0,1}¢ the set of all possible

configurations.

Definition 4. Given x,y € V, a path connecting x and y is a finite sequence of vertices
v = {(vg = x,v1,...,0, = y) such that (v;,v;11) € &€ for all i, that is, there exists an
edge between any two consecutive vertices of the sequence. Given a configuration w € €
we say that the path ~y is open in w if, for each i € {1,...,n}, w((v;,vip1)) = 1; i.e a
path is open if all its edges are open. Moreover, we say that x is connected to y in the
configuration w if there exists an open path connecting x and y, and we denote this event

by {z <> y} = {w € Q;z is connected to y by open paths in w}.

Definition 5. Given a vertex x € V and a configuration w € €, the open cluster of x
in w is the set C,(w) = {y € V;x is connected to y by open paths in w}, i.e. the set of

vertices that are connected to x by a path of open edges.

Thus, we can see that the size of the open cluster of a vertex z in a configuration
w, that is, the number of vertices connected to x by open paths, is a discrete random

variable since it assumes values in the set of natural numbers or it can be infinite (e.g
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when p = 1). Then we write this as |C,| : @ — N U {400} and investigate the case where
|C.| = +00. The event {w € §;|C,| = +o0} is what we call percolation, meaning that
percolation occurs when there exists an infinite open cluster or, equivalently, we can also
say that the vertex x is connected to infinity, and then we use the notation {z <> co}.

Now, we consider a particular graph, namely the d-dimensional cubic lattice, de-
noted by L? = (Z%, &) with Z¢ being the set of d-dimensional vectors with coordinates
in Z and & = {(x,y) € Z* x Z% where 3! i € {1,...,d} such that |z; — y;| = 1 while
x; =y, for all i # j}. That is, &€ is the set of edges that join two vertices iff their coor-
dinates are identical except for a single one, which is different by a single unit. We also
call £ the set of nearest neighbours of Z¢. Again, we say that edges of L? are open with
probability p in a configuration w independently, and we remark that studying the open
cluster of the vertex z = 0 (the d-dimensional vector of zeros) is equivalent to studying
the open cluster of any other vertex, since every edge is equal and it is open with the
same probability. Then, in L% we bring our attention to the origin of Z? denoting by
C the open cluster containing the origin, and we are interested in knowing when C has
infinite size.

At this point, it is important to observe that we cannot consider all the vertices in
a general infinite graph as equal. Nevertheless, we verify that in any connected infinite
graph G, if a given vertex x is connected to infinity with positive probability, then any
other vertex y is also connected to infinity with positive probability (as it is proved in
Proposition 10).

Now, note that the process of bond percolation on L¢ where each edge is open
with probability p in a configuration w that associates 1 to open edges and 0 to the closed
ones can be described by the probability space (€2, F,IP,), where Q = [],.{0,1}, F is
the o-algebra of subsets of {2 generated by the finite dimensional cylinders, that is, by the
events which depend only on edges in finite subsets of £, and P, is the product measure

P, = [1.ce te, where pi, is the Bernoulli measure in {0, 1} defined for every edge e € £ by
pe(w(e) =1) =p and pe(w(e) =0)=1-p.

2.1 The 6(p) function

As already mentioned, we are interested in the occurrence of percolation in L¢,

i.e. in the occurrence of the event that there exists an infinite open cluster, and that
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motivates the definition of the function 0(p) given by

6:10,1] — [0,1]

p — P,(0 ¢ c0).

So given p € [0,1], 6(p) is the probability of percolation’s occurrence with parameter p.
Trivially we have that if p = 0 then 6(p) = 0, and if p = 1 then 0(p) = 1.

Proposition 6. 0 is a non-decreasing function of parameter p, that is, if py < po then
0(p1) < 0(p2).

Proof. Observe that a bond percolation model with parameter p; can be described by the
probability space (2, F,P,,), as we have already seen. Then if we change the parameter
from p; to p,, the model now is described by the probability space (€2, F,P,,). We use
the important space coupling argument, that allows us to compare the parameters p; and
p2 in a single probability space. For this, remember that Q@ = {0,1}¢, that is, Q is the
set of configurations that associate 0 or 1 to each edge e € £. Now, define the set of
configurations Q= [0,1]¢ that associate a number between 0 and 1 to each edge e € &,
and let F be the smallest o-algebra that contains all the cylinders in F. Then, consider
[P the probability measure with uniform distribution in [0, 1], that is, in which a number
belongs to the interval [« 8] C [0, 1] with probability equal to the interval size, i.e. 5— .

Thus, in (ﬁ,f, P), given w € Q,ecEandpe [0, 1], we say that the edge e is
p-open if w(e) < p; so an edge is p-open with probability p, since it equals the probability
of w(e) € [0, p]. Moreover, note that if we have p; < py then every pj-open edge is a po-
open edge: if e € £ is pj-open then w(e) < p;, and since p; < py we have that w(e) < po,
hence e is a py-open edge.

Now, let C(p,w) = {v € V;0 > v by p-open paths in @} be the p-open cluster

containing the origin. Then, we have that
0(p1) = Py, {w; [C(w)] = +00} = P{&;[C(p1, )| = +00},

as every edge is p;-open with probability p;. And, since every p;-open edge is a py-open

edge, it results that
{@; [C(p1, w)| = +oo} CH{@; [C(ps, W)| = +00}.
Then,

0(p1) = P{w; [C(p1, w)| = +oo} < P{w; |C(p2, w)| = +o0}
=Py {w;|C(w)| = +o0}
= 9(p2).

Hence, 6(p) is a non-decreasing function. ]
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Since # is a monotone function of parameter p, we bring our attention to the so
called critical threshold of bond percolation on Z2, defined by p.(d) = sup{p;f(p) = 0}.
Moreover, we state the important theorem of Broadment-Hammersly about the existence
of the critical threshold in L.

Theorem 7 (Phase Transition Theorem). In L4, with d > 2, there exists a critical
threshold p.(d) € (0,1) such that

(i) 0(p) =0 forall p<p,,

(i) 0(p) >0 forall p> p,.

Observe that the above theorem guarantees the existence of a critical point which
divides the probability of percolation on L¢ in two phases, namely the subcritical phase,
where there is no infinite open cluster, and the supercritical phase, where there is an
infinite open cluster with strictly positive probability. Nevertheless, the theorem says
nothing about 6(p) when evaluated in p.(d). By the works of [8] and [6], it is known
that 0(p.(d)) = 0 for d = 2 and for d > 19, while determining the value of (p.(d)) for
3 < d < 18 might be the most famous open problem in percolation theory.

2.2 The Harris-FKG and BK Inequalities

Let w,w € Q be two configurations and define a partial order between them as
follows: we say that w < @ if w(e) < w(e), for all e € £. Thus, if the smaller configuration
maps e to 1 then the larger one also maps e to 1; hence, we can obtain w from w by simply

opening more edges.

Definition 8. An event A € F is said to be increasing if, for all w € A, we have that
w is also in A, for all W > w; i.e. an increasing event is favoured by opening more edges.
Analogously, we say that A is decreasing if A€ is an increasing event. Moreover, we say
that a random variable N in (Q, F,P) is increasing if we have N(w) < N(w) whenever

w <.

The following result is due to Harris, Fortuin, Kasteleyn and Ginibre and gives an

important inequality for increasing events.
Theorem 9 (FKG-Inequality). Considering the probability space (2, F,P,), we have
(i) If Z and Y are increasing random variables with finite second moments, then

]EP(ZY) > EP(Z) 'EP<Y)-
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(ii) If A and B are increasing events in F, then

]Pp(A NnB) > ]Pp(A) ’ ]Pp(B)-

Now, we can use the above theorem in order to prove a statement made at the

beginning of the chapter.

Proposition 10. Given any connected infinite graph G, the existence of the critical
threshold does not depend on any vertex, that is, if a verter x has an infinite open clus-
ter with positive probability, then each vertex of G also has an infinite open cluster with

positive probability.

Proof. Let G be a connected infinite graph where each edge is open with probability
p € (0,1), let z,y be vertices of G, and suppose that x has an infinite open cluster
with positive probability. Considering the events A = {x <> y}, B = {z <> oo} and
C = {y <> oo}, we have that 0,(p) = P,(B) and 6,(p) = P,(C), and then by hypothesis
0.(p) > 0. It follows from the connectedness of G that there exists an open path joining
the vertices x and y; let d be the distance between them, i.e. the number of vertices at
the smallest path that connects = and y. Note that A and B are increasing events, so the

FKG-inequality implies that

Py(ANB) > Py(A)-Py(B) = p*- 0u(p) >0,

since 0,(p) > 0.
Now, note that AN B = {y <> 2} A{x <> oo}, then the occurrence of AN B implies
the occurrence of the event {y <+ oo}, and so we have that (AN B) C {y + oo. Hence,

P(y «» 00) = 0,(p) 2 P(AN B) > 0,
i.e. there is an infinite open cluster containing the vertex y with positive probability. [

Let ey, ..., e, be different edges of L%, and w = (w(e;),...,w(e,)) be the vector of
the state of the n edges (open or closed). Consider the increasing events A and B, which
depend only on w, and let us describe each w by the set K(w) = {e;: w(e;) = 1}, i.e.

K (w) is the set of open edges in the configuration w.

Definition 11. We define the event disjoint occurrence of A and B by Ao B ={w € ) :
JdH C K(w) such that W' € A, and " € B, with w' determined by K(w') = H, and
w” determined by K(w") = K(w)\ H}. That is, the disjoint occurrence of A and B is
the set of configurations w for which there exist disjoint sets of open edges where the first

set ensures the occurrence of A and the second one ensures the occurrence of B.
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Now, let m be a positive integer number and consider the space (I', G, P) where
I' =T[;2,{0,1}, G is the set of all subsets of I', and PP is the product measure defined by
P = [T, i, where p;(0) = 1 — p(i) and p;(1) = p(i)- Then we proceed with the famous

inequality of [13] concerning disjoint occurrences.

Theorem 12 (The BK Inequality). Considering the space (I',G,P), if A and B are
mcreasing events, then
P(Ao B) < P(A)-P(B).

Proof. Let (I'1,G1,Py) and (I'y, Go, Py) be two copies of (I', G, P), and consider the product
space (I'1 x 'y, G1 X Go, P15), where P1o = P[Py, We will write (x,y) for a point in I'; x Ty,
with x = (21, ...,2y,) and y = (y1, ..., Ym), Where each z;,y; equals 0 or 1.

Define the events A" and B;, by

A'={(z,y) €Ty xy: x € A},
Bl/cz{(ny) e]-—‘1 XFQ: (yla"wykaxk-ﬁ-la""xm) GBJ fOI'OS]{ZSm}

Note that A" and Bj are increasing events in I'y x I'y : if w,w € I'y x I'y are
configurations such that w < @ and w € A’, then we have that (xy,...,z,,) € A, and then
(Z1,...,Tm) € A since A is an increasing event; therefore w € A’ which implies that A’
is increasing. By an analogous argument we have that Bj is also an increasing event in
the product space.

For each point (z,y) € I'y xI'y we say asubset I of {1,...,m} forces A"if (u,v) € A’
whenever (u,v) € I'y x I'y and u; = z; for all i € I. We say that I forces By, if (u,v) € By,
whenever u; = y; for each ¢ € I with ¢« < k, and v; = x; for each i € [ with ¢ > k.

We verify next that P(A o B) = P15(A’ o BY). Since By is the set of all points in
I’y x I'y for which the vector (z1,...,x,) € B, we have that

Ao B ={w el xTy: 35,5 C K(w) such that ' € A" and w" € By,
where w’ and w” are such that K(w') = S; and K(w") = Sy},

with w = (1, ..., Zm, Y1, -+, Ym). But (z1,...,2,) € I'y, then

P15(A’ o B)) = Pip{w € I'y x I'y: 351, S disjoint, such that ' € A" and w” € B(}
=P {w e I';: 35,5, disjoint, such that w’ € A and " € B}
=P(Ao B).

On the other hand, note that the events A" and BJ, are defined for disjoint coor-
dinate sets of I'; x I'y, since A’ is the set of all points (x,y) for which (z1,...,2,,) € A
and B! is the set of all points (z,y) for which the vector (y1,...,yn) € B. That is,
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A" depends on (x1,...,z,,) and B!, depends on (yi,...,yn). Hence,

P1y(A' 0 B)) =P2(A'N B,
= P1o(4') - Pra(By,)
= P1(4) - P»(B)
=P(A) - P(B).
Thus, we can rewrite P(A o B) < P(A) - P(B) as P1a(A’ o By)) < P1o(A’ 0 BY), and to
show that the last inequality is true we prove that Pi3(A’ o By ;) < P15(A’ o By) for all

1<k<m.
We first divide the event A’ o B; _, in two other events, A’'o B; | = Cy UCy, where

C1 = {(z,y): A" o B;,_; occurs independently on the value of x},
Cy ={(z,y): A" o B),_; occurs if and only if z, = 1} N {xy = 1}.

Then we divide the event Cy in two other ones, Cy = C) U CY| where

Cy=Con{(z,y): AT C 1,...,m such that k € I, 1 forces A, I° forces B;_,},
Cy =Cy\ Cy, with I¢°={1,...,m}\ L.

Then we can see CY, as the sub-event of Cy where ), contributes essentially with A’.
Now we construct an injective map ¢ from A’oB;_; to Ao By: for (z,y) € I'; x Ty,
let (2/,%3') be the point in I'; x I'y obtained from (x,y) as follows
x, = x;, for i # k, and x}, = yg

y; = yi, fori#k, and y; =

and let ¢ be defined on A" o B, _; by

(x,y), if (x,y) € CLUCY
ola,y) =
(@),  if (z,y) € C5.

Note that C; C A’ o By, . If (z,y) € C; then A’ o B; , occurs independently of
the value of z; and y: if A’ o B, occurs, then the occurrence of the event Bj_; is
guaranteed, i.e. the vector (y1,...,Yk_1, Tk, Tki1,---,Tm) € B no matter the value of xzy.
Thus, if we take x;, = y,, then the vector (y1, ..., Yk—1, Yks Thi1, - - -, Ty) still belongs to B,
that is, the occurrence of B, is guaranteed, so we have that the event A’ o B, also occurs.

Moreover, note that C5 C Ao By, . If (x,y) € C} then A" and By, occur disjointly
and there exists such a disjoint occurrence where z;, contributes essentially with A” and not
with B;_ ;. Now, since the event B},_; occurs, the vector (y1, ..., Yk—1, Tky Thils- -, Tm) €

B. Thus, we have that the value of z;, does not change the occurrence of Bj_;; then, if



2.2. The Harris-FKG and BK Inequalities 17

we take xp = yg, the vector (y1, ..., Yk—1, Yks Thi1,- - -, Tm) still belongs to B, that is, the
occurrence of Bj is guaranteed, so we have that the event A’ o B; also occurs.

Now, take a point in C¥. If (z,y) € C¥ then ¢(z,y) = (2/,y') € A’ o By, since
in this case xx = 1 and there exists I C {1,...,m} \ {k} such that I forces A’, and I¢

forces Bj,_y; i.e. x;, contributes essentially with Bj,_;. So we have that p(z,y) = (2/,y') =

(1, ey Tty Thy Thtdy - -y Ty Y1y« « + s Yke1y Ty Tht 1y - - -y L), and from the point of view
of the configuration (z’,y’), I forces A" and I¢ forces Bj, which implies that (z',y’) € A’oBy,
and we have that o(C%) C A’ o B, O

Another result that will be useful in a proof in the next chapter provides a relation
between the critical threshold of bond percolation and that of site percolation. A more

general version of the following result is proved in [5, Theorem 1.33].

Theorem 13. Let G be a connected infinite graph. Let pS(G) be the critical threshold of
independent site percolation in G, and p’(G) be the critical threshold of independent bond

percolation in G. Then,

p(G) = p(G).

Proof. The idea of the proof is as follows. Given a configuration of the vertices of G, we
order the vertices so that we start from a vertex vy, which we ask to be open. Then,
looking at the nearest neighbours of vy, we take the vertex with smallest index (according
to our order) and we check its state: if it is open, call it an infected vertex; if it is closed,
call it a dead vertex. We repeat this step, labelling the vertices as infected or dead, and
we induce a bond percolation process by opening the edges of G according to the state of
the vertices. We repeat this until we get to a final step or we “reach” infinity - that is,
the process does not stop, in which case we have percolation.

To formalize the argument, take an arbitrary order on the vertices V(G) of G
and on the set of edges £(G) of G, and let {x,}vev(c) be i.i.d. random variables with
Xo ~ Ber(p). Consider the sets

Iy ={wo} (infected vertices);

So =V(G)\{vo} (non explored vertices);
Do =0 (dead vertices);

Ey=0 (explored edges).

To determine the iteration completely, suppose that I,,, D,,, S, and E,, are defined,
take u = min{v € S,\D,,: v € I'(t), for some t € I,,}, where I'(¢) is the neighbourhood of
t, and let f be the edge with endpoints u and t.

Now, define Y; = 4.
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If x, = 1, then we define I, = I, U{u};

Sn1 = Sn\{u};

DnJrl = Dn;

En+l = En U {f}

If x, =0, then we define I, = I,;;

Sni1 = Sn\{u};

Dn+1 =D, U {u}a

By =E, U{f}.
Thus, we can see that the process ends if {v € S,\D,,: v € T'(¢),t € I,} = 0.
Then,
P, (the process does not end) = p - 6°(vg, p),

where 6°(vg, p) is the percolation probability for the independent site percolation process
with parameter p.

Moreover, we note that the random variables {Y;} rep, are i.i.d. with Yy ~ Ber(p),
and we have that I,, C C}(vo).

Therefore, if we take p > p3(G), then |I,,| — oo (when n goes to infinity) with
probability p - 6°(vg, p) > 0, which implies that 6°(vg, p) > 0. Finally, by inclusion of sets,
we have that P, (|CE(vg)| = c0) > 0. Thus, p’(G) < pi(G). O
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Chapter 3

Anisotropic percolation in 7,0+

In the previous chapter, we presented fundamental definitions and results from percolation
theory, always dealing with isotropic bond percolation process. In this chapter, that is
based in [10, 11] we consider an anisotropic bond percolation process on the graph G =
(Z3+5 E(Z7#)), where € = E(ZT*) denotes the set of edges between nearest neighbours

of Z¢ x 7Z*, and we associate different probabilities for a bond if it is placed in Z¢ or in Z*

Definition 14. An edge of E(Z%%) is called a Z%-edge if it connects two vertices which
are different only in their Z¢ components (in a single coordinate, necessarily); similarly, we

call the edge a 7.° -edge if it connects two vertices which differ only in their Z° components.

Given two parameters p,q € [0,1], we say that each Z%edge is open with prob-
ability p independently of the others, and each Z°-edge is open with probability ¢, also
independently of the others. One notes readily that this can be described by the proba-
bility space (Q, F,P,,), where Q = [0, 1]¢, F is the o-algebra generated by the cylindrical
sets in €2, that is, those which depend only on finite subsets of edges, and

Ppg = H p(e),

ce€
where p(e) is the Bernoulli measure with parameter p if e is a Z-edge or ¢ if it is a
Z2-edge.

Now, for u and v vertices in Z4*% let {u <> v} be the event where u and v are
connected, and C(w) = {u € Z% x Z%;u +> 0} denote the open cluster containing the
origin. Again, we are interested in the probability that the open cluster of the origin is
infinite. Hence we define the function 6 on [0, 1] x [0,1] by 8(p, q) = P, {w € ; |C(w)| =
oo}, that is, O(p, q) is the probability of percolation on Z** with parameters p and g.
Moreover, define x(p, q) = E, ,(|C(w)]|), so that x(p, ¢) denotes the mean size of the open

cluster in Z4+.
Proposition 15. 6(p, q) is a non-decreasing function of parameters p and q.

Proof. We simply observe that

(p17Q> < (p27Q>7 lfpl <p2
(@) < (P@2), if 1 < q2
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So, if p1 < pe and ¢; < @9, then

e(pla Q1) S

]

Now, by the above proposition, we can define the function g.(p) = sup{q : 0(p,q) =
0} for p € [0,1]. The function g.(p) is what we call our critical curve in Z4** and the
following proposition makes some relevant observations about this curve. Recall from
Theorem 7 in Chapter 2 that p.(d) = sup{p;#(p) = 0} denotes the critical threshold of

bond percolation on Z.

Proposition 16. If g.(p) : [0,1] — [0,1] is defined by q.(p) = sup{q : O(p,q) = 0}, then
(1) 4c(0) = pe(s);
(i) ¢e(p) =0 for p > p.(d);

(111) q.(p) is a non-increasing function of parameter p.

Proof.
(i) By definition of ¢.(p), we have that

q.(0) = sup{q : 6(0,q) = 0} = sup{q : 0(q) = 0} = p.(s).

That is, if every edge of Z? is closed, then the probability of percolation on Z%+*
depends only on values of ¢, so ¢.(0) is equal the critical threshold on Z°.

(i) If p > p.(d), then by the Phase Transition Theorem we have that the prob-
ability of percolation on Z? is strictly positive, and so 6(p,q) > 0, which give us that
q.(p) = sup{q : 0(p,q) = 0} =0.

(71i) We want to show that for py,py € [0, 1] if p; < po, then ¢.(p1) > g.(p2). By
definition of ¢.(p), we have that

qe(p1) = sup{q : 0(p1,q) = 0}, qe(p2) = sup{q : 0(p2,q) = 0}.

Consider the sets Q1 = {q;0(p1,q) = 0}, Q2 = {¢;0(p2,q) = 0}, and let ¢ € Qs.
Since 0(p, q) is a non-decreasing function, if p; < ps then 6(p1,q) < 0(ps,q). Hence, we
have that

6(])1, q/) S 9(])27 ql> = 07

that is, 6(p1,q') = 0. Then ¢ € Q;, and we have that Qs C Q;, which implies that
sup Q2 < sup Q. Thus, ¢.(p2) < q.(p1), as desired. ]
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Now, looking at the curve ¢.(p), we aim to analyze its critical behaviour for values
of p less than or equal to p.(d), specially when p 1 p.(d). In addition, as the study of
critical exponents is part of the interest of percolation theory, we turn our attention to

quantities such as x4(p), since it is believed that there exists y(d) > 0 such that

Xa(p) = [p — pe(d)[ 7, (3.1)

when p 1 p.(d) and the relation a(p) ~ b(p) means that % — 1 when p 1 p.(d); in
this case, we say v is a critical exponent.

Then, we would like to obtain an answer for the following question: is it true that
there exists a constant v such that q.(p) = |p —p.(d)|¥ when p 1 p.(d)? We will call ¢ the

crossover exponent, and state that the answer for the above question is partially positive.

Conjecture 17. There exists a critical exponent 1) =1 (d) > 0 such that

QC<p) ~ |p - pc(d)w
Moreover, if v(d) exists, then ¥(d) = v(d).

We shall prove that the above conjecture holds for d = 1, and establish a relation

between 1)(d) and (d) for general d. We begin with some necessary results.

Theorem 18. Consider a bond percolation process on Z2 x 7° with parameters (p,q),
p < p(d). If the pair (p,q) satisfies

1
2sxa(p)’

q <

then there is a.s. no infinite open cluster in 795,

Proof. First, we put forward some relevant notation.

e A point in Z** will be written as (u,t), where u and t denote its Z¢ and Z°

components, respectively.

{un,n € Z,} and {t,,n € Z, } denote sequences of points in Z¢ and Z?*, respectively.

0, denotes the d-dimensional vector of zeros.

The distance between two points z,y € Z* is defined by
S
o(x,y) = Z |z — yil-
i=1

e Given u € Z% and s,t € Z° such that §(s,t) = 1, write e(ut),(us) € E(Z°) for the

edge with end-vertices (u,t) and (u, s).
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Thus, to see that there is no infinite open cluster in Z4t*, we will show that the
mean size of the open cluster, x(p, ¢), is bounded.
We have that

X(p, Epg Y. Loy

(u,t)€zd+s

= Y Po(Ouss ¢ (u,t)). (3:2)

(ut)ezd+s

Now, observe that the event {0445 <> (u,t)} occurs if and only if there exist
sequences of points 4, = (ug,...,u,) and £, = (to,...,t,) such that u; € 74 for all
0 <j<mn,and t; € Z° for all 1 < i < n, with §(¢;,t;11) = 1, which we construct

according to the following steps:

(1) We start at the point (04,%9) = (04,05) and then we connect it to the point (ug,t)
using only Z<¢ x {to}-edges, that is, using Z%-edges with t, in their Z* component.

(2) Move from (ug,ty) to the point (ug,t;) by a connection that uses a single open
Z2-edge.

(3) Connect the point (ug,t;) to (uy,t;) using only Z¢ x {t; }-edges not used to connect
(Od, t()) to (Uo, to)

(m) Move from (t,_1,t,_1) to the point (um,_1,%,) by a connection that uses a single

open Z®-edge not used in any previous step.

(m+1) Connect the point (U,_1,t,) to (U, t,) using only Z<¢ x {t,, }-edges which do not
use Z%-edges used to connect (u;_1,t;) at (u;,t;) for any 1 <[ < m — 1, neither those

that were used to connect (0g4,t0) to (uo,to)-

We repeat these steps until we reach the point (up,t,) = (u,t).

Note that, in this construction, the distance between any two points ¢;,t;11 € Z°
is equal to 1, but we do not make any restriction about how many points in Z¢ are there
between any two points u;,u;,; € Z% we can even have none, i.e. it is possible that
Uj = Ujq1.

Now, given t, = (o, ...,t,) and @, = (ug, ..., u,), consider the sequence of events
{A;}_, such that, for 0 <i <n—1,

A; = {{(ui_l,ti) < (u4,t;) in 7 x {ti}} N {equ o) (s tisr) 1s Open }}



23

where we define u_; = 04, and
Ap = {(up_1,t,) < (up,t,) in 74 x {t.}}.

Note that {A4;}", is a sequence of increasing events, since every A; connects two
vertices and hence opening up edges benefits the events. This enables us to use the BK
inequality later.

Thus, by the above construction we have

{0415 < U U {AgoAjo---0A,}.

n>0 uﬂ Un=U
tnitn=t

Then,
Z P,¢(0ays < (u,t)), by Eq. (3.2)
(u,t)EZI+s
- ZIP’M< U U Ago 4, - oAn}>
(u,t) n>0 un
<ZZZ]P’quooAlo o A,)
(u,t) n>0 un

< Z Z Z ﬁ]P’pvq(A,-), by the BK inequality

(ut) n>0 Uy i=0

= ZZZHPP#(AZ‘)’ (3.3)

n>0 §, dy i=0

where the last two summations in Inequality (3.3) are taken over all sequences i, and i,
such that @, = (ug,...,u,) and t, = (to,...,t,), and (ug,to) = Ogys. That is, @, and ,

are sequences of points in Z? and Z°, respectively, that start at the origin of Z¢ and Z°,

respectively.
Note that
> Prg(An) < xa > P04 4 u (3.4)
uy €Z4 uczZd
because
{A,, occurs given @, = (ug,...,u, = u)} C {04 < u,u € Z%},

since A, is the event where, given a sequence of points in Z¢, with the first one being the
origin and the last being any point u, we connect the last but one point of this sequence
to the point u; hence A, is contained in the event where the origin is connected to u by
any open paths.

In addition we have that the events

{(ui1,t;) < (ui, t;) in Z% x {t;}}
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and

{e(“uti)ﬁ(uivtwl) is open}
are independent, since in the first one we connect points in Z¢, while in the second we do
it in Z*. Thus, for all k =0,1,...,n — 1, we verify

ZPP,Q(Ak) = ZPWI {(ui—l’ ti) « (uiv ti) in Z x {tZ}} ZPP,Q {6(U¢,ti)’(u¢,ti+1) is open}
" " i
U U Up,

= qXa(p)2s (3:5)
Thus, going back to (3.1) and using Equation (3.2) and Inequality (3.3) we have

p.q) < ZZZﬁqu(A

n>0 §, an i=0

DN LIS

n>0 tp ugp tn  up =0

=ZZZZDwMﬁ%“

n>0 tp up tn U

=220 PuylA ZZHqu

n>0 tn up up =0
<D 2snlp ZZHH”M
n>0 up =0
=2 2sxlp ZZZZHE”M
n>0 U tp—1Up—1 =0
n—2
=2 2 2000 ) Foaldny) [Pl
n>0 U tp—1 Un—1 =0
n—2
= 2 2p) 2 2 Bl 33 [ ol
n>0 th—1 Un—1 up =0
S Z QSXd( QSqu Z Z H ]P)p q
n>0 up =0

22(23 - qxa(p ZZPPQ n-2) ZZH]P)M

nZO th—2 Un—2 tk UL =0
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n>0 up =0
=2_(29°¢xalp ZZH]P’M
n>0 up =0

n>0
= 2sxa(p Z 2sqxa(p)]", since if p < p.(d) then yq(p) < oo a.s.
n=0

< 4oo iff 2sqyq(p) <1, e, if ¢ < —,
2sx4(p)

since Y o~ [2sqxa(p)]" is a geometric series with ratio 2sqyq(p), which completes the

proof.
O

Theorem 19. Consider a bond percolation process on Z x Z°, s > 1, with parameters
(p,q). There exists o > 0 such that if p is sufficiently close to 1 and q > a%ﬁ, then there

is a.s. an infinite open cluster in Z'*5.

Proof. First we shall construct an independent site percolation process in Z°® induced by
the bond percolation process in Z'**. Then we will show that, under some hypothesis,
site percolation will occur (i.e. there exists an infinite open cluster) in Z*, and so will the
bond percolation in Z!*$.

Let u = (4, 21,...,25) and 2 = (Z,21,...,25) € Z'*. So given a configuration
w € Q, we say u and z are updownwards connected in w if every Z x {x,...,xs}-edge
between u and z is open in w, and we denote this event by {w € Q;u § 2z in w}.

For u € {0} x Z*, let W,(w) = {z € Z'"*;2Jwin w}. Thus, we're going to
construct a site percolation process of good vertices on {0} x Z* as follows. Given € > 0

and a configuration w, we declare each vertex u € {0} x Z* as e-good if

. 1+p
(i) [Wu(w)| > T—p €

(i) in each of the s possible directions of increasing coordinates, there is at least one

open edge with exactly one end-vertex in W,,.
Now, consider the sequence of events {A,(w)},c o) xz:+ Where
Ay(w) ={w € Qu is e-good in w}, for ue {0} x Z°.

Note that the events are independent of each other: since we consider directions
of increasing coordinate-values, a vertex u is e-good independently of any other vertex,

as they depend on disjoint sets of edges.
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Thus, we aim to obtain an estimate for the probability of A,. If we denote the
event of the condition (ii) by F,, then we verify for each u € {0} x Z* that

1
P, ,(u is e-good) =P, , (|Wu| > 7 L ;Fu)
-p

1+p 1+p
=P,, (]Wu‘ > - . e) P, (Fu |W| > Tp . e) .
Now for € > 0 sufficiently small and p close to 1,
L+p Lip
Ppq <|Wu| > 1 —pe) =ptr
> 1 — 2e, (3.6)

1+p
where the last inequality can be proven as follows. We'd like to know the value of pl%z’€

when p — 1, that is,
. lap, ( , 1+p>6
limp™r® = | limptr | .
p—1 p—1
1ip

Defining y = lim,_,; p™», we have

. Lip
logy = log (hmpl—P
p—1

Lip
= lim log pT-»
p—1
= lim log p
p—11—0p
:Iljl_rg (1 + T) logp
2
= lim L logp
p—1 1 — p
. logp
= lim ——
p—1 =—P
2p
1
= lim % (by L’Hopital’s rule)
p—1 —
2p?
1, 5
= lim ——2p° = -2
p—1 D

Thus, logy = —2 implies that y = e~ and hence

€
. 1+p _
limpi—»r | =e %
p—1

>1—2¢ sincee *>1—ux, forx > 0.

This proves the inequality in (3.6).
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Now, define F, j(w) = {there is at least one open edge with an end-vertex in W,

in direction j in configuration w}, for j = 1,...,s. Note that {ij};:l is a collection of
independent events with equal probability, since the edges are open independently. Hence,
we have
1+ - 1+
P,, <Fu b €> = Py | () Fus | IWal > e
—-p i 1—p

B, [(ﬂj:l Fus) N (’Wu| ” ifigﬂ
oo (W1 > 1 2)
(o s )
P, (W] >
IT-i Py [Fuu‘ N (|W| 1+p )}
_ . (’Wu‘ 1+p ) (
P, [FJ N (IW\ 15 p )1
1 P, (IWU| )
(1700 7| (01> 1 720)]

(i (- 2]

where the last equality holds due to the fact that every F), ; has the same probability.

p

] (> 28] 1

=1-P,, <there is no open edge in direction j = 1 with an

by independence)

J

1
end-vertex in W, gi + pe)
L—p
=1—(1—q"™
1
>1—(1- q)%e, since |W,| > 1+pe .

Thus we have

1 14p S
P (F | Wl > #e) >[1- (-]
—D
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Therefore, if for some a > 0 we choose ¢ > a#, then
p

1+p 1—p =
|W| > el >1—(1—a——
1—p 1+p

> (1—e™)°, (3.7)

P,q (Fu

and we can see that the last inequality holds thanks to

e 1ip7e
1 — 051 — P 1op < (e—a%> 1-p _ e—oze’
l+p N

since 1 —x < e, when x > 0.
Hence by (3.6) and (3.7),

p:=P,, (uis egood) > (1 — 2¢)(1 — e ).

We can take o« = «(€) sufficiently large such that p is strictly larger than the critical
threshold of site percolation on Z®. This, in turn, implies that our e-good site percolation
on 7Z° does occur, and since the anisotropic bond percolation process with parameters
(p, q) stochastically dominates the isotropic site percolation process with parameter p, we
have that

P,q (bond percolation occurs in ZHS) > IP; (site percolation occurs in Z*) > 0,

i.e., there is an infinite open cluster in Z!**. ]

Corollary 20. Consider a bond percolation process on Z x Z°, s > 1, with parameters

(p,q). Then,
1 o

<q(p) < ;
2sx1(p) x1(p)
for some a > 0 and p sufficiently close to 1.

Proof. The left inequality follows directly from Theorem 18 since it guarantees that, if

1
2sx(p)
qc(p) = sup{q : 0(p, q) = 0}; then

q < , then there is a.s. no infinite open cluster in Z!'™¢, while by definition we have

1
qe(p) > 501 (7)

1—

On the other hand, by Theorem 19 we have that if ¢ > oz?p, then 6(p,q) > 0; since
p

O(p,q) > 0 for all ¢ > q.(p), by definition of g.(p), it follows that

I—p
(p) < a——.
qe(p) T
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Since the mean size of the open cluster containing the origin in Z is defined as
x1(p) = E, (|C(w)]), note that

E,lCl=1+E, Y Lo

TEZ
—1+E, > Toon +E Y Lo
l=y/as T€EL~
=1+ 2P,(0 ¢ x)
r=1

:1+i2pm
=1
=1+ (i2p1> -2
x=0

2
=14 —— —2, since Z 2p” is a geometric series with ratio p < 1
L—=p

z=0
I+p
=1
04 .
Hence, ¢.(p) < , as desired. ]
x1(p)

Corollary 21. The critical exponents v(d) and (d), defined in (3.1), are related as

follows:
(i) ¥(1) exists and is equal to (1) = 1. Hence Conjecture 17 holds in the case d = 1.
(ii) If v(d) and ¥(d) exist, then ¥ (d) < ~v(d) for all d.

Proof. (i) Corollary 20 states that

L <)<
2sx1(p) x1(p)
Then,
! <qlp) = L < qe(p)xa(p)
2sx1(p) 2s
= log(2s)™" <log[ge(p)xa(p)]
= —log(2s) < logq.(p) + log x1(p). (3.8)

We also have that

qe(p) < = qxilp) <a

x1(p)
= loglg.(p)x1(p)] < loga
= logg.(p) +log xi(p) < loga. (3.9)



30

Thus, it follows from (3.8) and (3.9) that

—log(2s) < loggc(p) +1logxi(p) < loga,
which implies that

__log(2s) _ logge(p) +logxa(p)  _ loga
log |1 —p| — log [1 — p| ~ log|l —p|’

since log |1 — p| is negative (as |1 — p| is between 0 and 1).

Now, taking the limit when p 1 1, we have

i 108(28) . loga(p) +logxa(p) o loga
ptt log |1 —p il log |1 — p pt1 log|l — p|
Hence,
1 1
iy 108 ) _ - x1(p)
pit log |1 — p pit log |1 — p
log%
= —lim———2
pt1 log |1 — p|
iy Jo8(1+p) —log(1 —p)
pil log |1 — p|
_ iy 8 —p) . log(1+p)
ptl log|l —p|  »t1 log|l — p
= 1.
That is, ¢.(p) = |1 — p|. Since p.(1) = 1, we have that ¢.(p) ~ |p.(1) — p|, and then
P =1.
Moreover,
! 1
_hmw ~1 = lim ogxi(p) _ )
pit log |1 — p| pit log |1 — p|-!

= xilp) =1 —p"
= xu(p) =~ |p.(1) — p|™*

= v=1
Therefore, Conjecture 17 holds for d = 1.
(77) From Theorem 18, we have

1
2sxa(p)

qc(p) >
Hence,

log qe(p) > log(2sxa(p))™" = logq.(p) > —log(2sxa(p))

= logq.(p) > —log2s— logxa(p)

log g.(p) ~ log2s  logxa(p)
log |p —pe(d)] = log|p—pe(d)| log|p — pc(d)]
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Taking the limit when p 1 p.(d), we obtain
o 10846e(p) < _lim 198 xa(p)
pt1 log [p — pe(d)] ptl log [p — p.(d)]

So, if the above limits exist, the fact that ¢.(p) = |p — pe(d)|¥ and xq4(p) = |p — p(d)|~"
yields ¢(d) < ~(d) for all d. O

Finally, if the critical exponent v(d) > 0 exists in the manner of (3.1) we can make
use of Theorem 3.2 and the following statement (a Conjecture presented by [10, 11]) to
show that the Conjecture 17 holds for an arbitrary d.

Conjecture 22. Consider a bond percolation process on Z¢ x 7° with parameters (p,q),
p < pe(d). Then,

qe(p) <

Y

Xa(p)
for some B > 0.
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