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an average value can approximate water’s diffusivity in the 

–

–
–

harm the model’s accuracy



–

–
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Isotherm relating water uptake and λ for Nafion 117 at 303K.

Iterative procedure for finding α*.

λ profile for test 4.1.1.

λ profile for test 4.2.4.



α* values for test 5.1.1.

α* values for test 5.1.2.

λ profile for test 5.1.1

λ profile for test 5.1.2.

λ profile for test 5.1.4.

λ profile for test 5.1.4 with 100% relative humidity.

α* values for test 5.1.4 with 100% relative humidity.

α* values for test 5.2.1.

α* values for test 5.2.8.

λ profile for test 5.2.1.

λ profile for test 5.2.8.

λ profiles for test 5.2.8 with RH = 150%.

α* values for test 5.3.1.

α* values for test 5.3.8.

λ profiles for test 5.3.1.

λ profiles for test 5.3.8.

λ profiles for test 5.3.8 with RH = 130%.



Values for percolation threshold and α in different works.



Computational time results for mean diffusivity comparison using Springer’s 

Eigenberger’s description.





𝑃𝑝𝑇𝑐 mol∙m𝐴𝐽 mol∙m ∙s𝑖𝑗 A∙m𝑛𝐺𝐹 A∙s∙mol𝐸𝑉𝑊𝑄𝑅 Ω𝑥 ∙𝑀𝑠𝐻𝐿𝑆𝑒
𝛼𝛼∗
𝛽Δ𝜌 [kg∙m



𝜈𝜂𝜆𝜎 ∙m𝜑𝜙𝜉𝜀𝜏Η𝜁
𝐴𝐶𝑀𝑋̅ 𝑋𝑋̂ 𝑋0
𝐻2𝑂2𝐻2𝑂𝐻+𝑒−𝑖𝑛𝑜𝑢𝑡𝑟𝑥𝑛𝑇ℎ𝑒𝑟𝑚𝑜𝑝𝑟𝑜𝑑.



𝑟𝑒𝑎𝑐𝑡.𝑖𝐻𝐻𝑉𝑒𝑙𝑒𝑎𝑐𝑡𝑜𝑥𝑖𝑟𝑒𝑑𝑐ℎ𝑓𝑤𝑑𝑏𝑤𝑑𝑎𝑚𝑏𝐶𝑜𝑜𝑙𝑡𝑛𝑐𝑙
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O’HAYRE et al., 2016, p. 22.



(O’HAYRE et al., 2016, p. 9)

–

–
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(O’HAYRE et 

O’HAYRE et al., 2016

– –



– –



•

•

reaction’s 

Description of water’s diffusivity inside the membrane as a function of the 

•



– –

(O’HAYRE et al., 2016, p. 8

–

–

(O’HAYRE et al., 2016, p. 6)

– –

(O’HAYRE et al., 2016, p. 15

(O’HAYRE et al., 2016 



𝐻+

𝐻2 → 2𝐻+ + 2𝑒−12𝑂2 + 2𝐻+ + 2𝑒− → 𝐻2𝑂
, according to O’Hayre 

(O’HAYRE et al., 2016, p. 17)

(O’HAYRE et al., 2016, p. 17)

(O’HAYRE et al., 2016, p. 17)

system’s dilution

(O’HAYRE et al., 2016, p. 18)



(O’HAYRE et al., 2016, p. 46)

be carefully selected to minimize contact resistances, which hinder the fuel cell’s 

(O’HAYRE et al., 2016, p. 183)

(O’HAYRE et al., 2016, p. 196)



(O’HAYRE et al., 2016, p. 196)

(O’HAYRE et al., 2016, p. 196)

(O’HAYRE et 



O’HAYRE et al., 2016, p. 198.

with thicknesses between 100 and 300 μm 

(O’HAYRE et al., 2016, p. 311)



(O’HAYRE et al., 2016, p. 310)

(O’HAYRE; BARNETT; PRINZ, 2005) –

–

(O’HAYRE et al., 2016, p. 15)



O’HAYRE; BARNETT; PRINZ, 2005.

’s mass

–

–

– – (O’HAYRE et al., 



(O’HAYRE et al., 2016, p. 304)

–

O’HAYRE et al., 2016, p. 137.

– –



𝜆 𝜆
𝑎𝐻2𝑂 = 1 𝜆

Schroeder’s paradox. Another interesting phenomenon related to water uptake can be 𝜆

Isotherm relating water uptake and λ for Nafion 117 at 303K.
O’HAYRE et al., 2016, p. 138.𝜆𝜆

𝑎𝐻2𝑂



(O’HAYRE et al., 

Although the fuel cell’s most critical parts are the two electrodes and the 

(O’HAYRE et al., 2016, p. 349)



(O’HAYRE et al., 2016, p. 25)

–

–∆𝐺𝑟𝑥𝑛 𝑛𝐹
𝐸𝑇ℎ𝑒𝑟𝑚𝑜 = −∆𝐺𝑟𝑥𝑛𝑛𝐹

𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑃

 All substances in their pure, most stable forms with unit activity (O’HAYRE et al., 2016, p. 33).



(𝑑𝐺𝑑𝑇)𝑃 = −𝑆
∆𝑆𝑟𝑥𝑛

(𝑑𝐸𝑑𝑇)𝑃 = ∆𝑆𝑟𝑥𝑛𝑛𝐹

(O’HAYRE et al., 2016, p. 47𝐸0 𝑇0
𝐸𝑇(𝑇) = 𝐸0 + ∆𝑆𝑟𝑥𝑛𝑛𝐹 (𝑇 − 𝑇0)

’s

(O’HAYRE et al., 2016, p. 48)𝐸𝑇(𝑇) = 𝐸0 + 1𝑛𝐹∫ ∆𝑆𝑟𝑥𝑛𝑑𝑇𝑇
𝑇0

𝑎𝑖 𝑖𝜈𝑖 𝐸 = 𝐸0 − 𝑅𝑇𝑛𝐹 ln (∏𝑎𝑝𝑟𝑜𝑑.𝜈𝑖∏𝑎𝑟𝑒𝑎𝑐𝑡.𝜈𝑖 )

𝑝𝑖 𝑖 𝑃0
(O’HAYRE et al., 2016, p. 50)

𝑎𝑖 = 𝑝𝑖𝑃0



𝐸 = 𝐸0 − 𝑅𝑇2𝐹 ln( (𝑝𝐻2𝑂(𝑔)𝑃0 )(𝑝𝐻2𝑃0 ) (𝑝𝑂2𝑃0 )0.5)

𝐸𝑇ℎ𝑒𝑟𝑚𝑜 = 𝐸0 + 12𝐹∫ ∆𝑆𝑟𝑥𝑛𝑑𝑇𝑇
𝑇0 − 𝑅𝑇2𝐹 ln( (𝑝𝐻2𝑂(𝑔)𝑃0 )(𝑝𝐻2𝑃0 ) (𝑝𝑂2𝑃0 )0.5)

(O’HAYRE et al., 2016, p. 61)

𝜀𝑇ℎ𝑒𝑟𝑚𝑜 𝑊𝑒𝑙𝑒,𝑇ℎ𝑒𝑟𝑚𝑜

𝜀𝑇ℎ𝑒𝑟𝑚𝑜 = −𝑊𝑒𝑙𝑒,𝑇ℎ𝑒𝑟𝑚𝑜Δ𝐻𝑟𝑥𝑛,𝐻𝐻𝑉
𝜀𝑇ℎ𝑒𝑟𝑚𝑜 = − ∆𝐺𝑟𝑥𝑛Δ𝐻𝑟𝑥𝑛,𝐻𝐻𝑉

𝑇𝐶



𝑇𝐻
𝜀𝐶𝑎𝑟𝑛𝑜𝑡 = 1 − 𝑇𝐶𝑇𝐻

cell’s decreases. Another remark about this figure is the 

(O’HAYRE et al., 2016, p. 62)

O’HAYRE et al., 2016, p. 62.

– –

(O’HAYRE et al., 2016, p. 48)



𝑂2 ⇌ 2𝑂𝑎𝑑2𝑂𝑎𝑑 + 𝑒− ⇌ 𝑂𝑎𝑑−𝑂𝑎𝑑− +𝐻+ ⇀ 𝐻𝑂𝑎𝑑𝐻𝑂𝑎𝑑 + 𝐻+ + 𝑒− ⇌ 𝐻2𝑂

∆𝐺𝑟𝑥𝑛 < 0
–

(O’HAYRE et al., 2016, p. 82

is called activation overvoltage (η



(O’HAYRE et al., 2016, 

–

–𝐽𝑖 given by Faraday’s law (Equation 

𝐽𝑖 = 𝑗𝑛𝐹
(O’HAYRE et al., 2016, p. 80)

– –

(O’HAYRE et al., 2016, p. 81)

𝑗0

𝑗0 = 𝑗0𝑟𝑒𝑓𝑎𝑐𝐿𝑐 ( 𝑝𝑖𝑝𝑖𝑟𝑒)𝛾 𝑒[−𝐸𝑎𝑐𝑡𝑅𝑇 (1− 𝑇𝑇𝑟𝑒𝑓)]𝑗0𝑟𝑒𝑓
(A∙cm 𝑇 𝑝𝑖𝐸𝑎𝑐𝑡 𝑅𝛾 𝑎𝑐

∙ 𝐿𝑐
(mg of catalyst∙cm 𝑎𝑐 𝐿𝑐



Δ𝐺 = Δ𝐺𝑐ℎ − 𝛼𝑂𝑥𝑖𝐹𝐸Δ𝐺 = Δ𝐺𝑐ℎ + 𝛼𝑅𝑒𝑑𝐹𝐸𝛼 𝛽𝛽

𝛼𝑎𝑛𝑜 = (𝑅𝑇𝐹 )𝑑 ln 𝑗𝑎𝑑𝐸𝛼𝑐𝑎𝑡 = −(𝑅𝑇𝐹 )𝑑 ln 𝑗𝑐𝑑𝐸𝛼 𝛽 𝛽𝑜𝑥𝑖 𝛽𝑟𝑒𝑑
𝜈

𝛼𝑜𝑥𝑖 + 𝛼𝑟𝑒𝑑 = 𝑛𝜈

–



𝑗𝑎𝑛𝑜 = 𝑗0,𝑎𝑛𝑜 [𝑒(𝛼𝑜𝑥𝑖,𝑎𝑛𝑜𝐹𝜂𝑎𝑐𝑡,𝑎𝑛𝑜𝑅𝑇 ) − 𝑒(−𝛼𝑟𝑒𝑑,𝑎𝑛𝑜𝐹𝜂𝑎𝑐𝑡,𝑎𝑛𝑜𝑅𝑇 )]
𝑗𝑐𝑎𝑡 = 𝑗0,𝑐𝑎𝑡 [𝑒(𝛼𝑟𝑒𝑑,𝑐𝑎𝑡𝐹𝜂𝑎𝑐𝑡,𝑐𝑎𝑡𝑅𝑇 ) − 𝑒(−𝛼𝑜𝑥𝑖,𝑐𝑎𝑡𝐹𝜂𝑎𝑐𝑡,𝑐𝑎𝑡𝑅𝑇 )]𝜂𝑎𝑐𝑡

𝜂𝑎𝑐𝑡 𝜂𝑎𝑐𝑡

𝛼 ∙ 𝑛 – 𝑛
– 𝛼

Authors Type αoxi,ano αred,ano αred,cat αoxi,cat

Tang et al., 
(2017) Model 2 ∙ 0.50 2 ∙ 0.50 2 ∙ 0.40 2 ∙ 0.60

Jiao et Li 
(2009) Model 2 ∙ 0.50 2 ∙ 0.50 4 ∙ 0.50 4 ∙ 0.50

Futter et al. 
(2018) Model 2 ∙ 0.50 2 ∙ 0.50 2 ∙ 0.25 and 2 

∙ 0.50
2 ∙ 0.25 and 2 

∙ 0.50

Chaudhary et 
al., (2014) Model 0.50 0.50 1 1

Vetter et 
Schumacher 

(2019)
Model 2 ∙ 0.50 2 ∙ 0.50 2 ∙ 0.50 2 ∙ 0.50

Iranzo et al., 
(2010) Experiment - - 0.95 and 1.05 -

Zhang et al. 
(2008) Experiment - - Function of 

RH and T -

Shabani 
(2010) Experiment 2 ∙ 0.69 2∙(1 - 0.69) 4 ∙ 0.33 4∙(1 - 0.33)



𝑥 (O’HAYRE et al., 2016, p. 

𝑗𝑥 = 𝑗0,𝑥 [𝑒(𝛼𝑥𝑛𝑥𝐹𝜂𝑎𝑐𝑡,𝑥𝑅𝑇 ) − 𝑒(−(1−𝛼𝑥)𝑛𝑥𝐹𝜂𝑎𝑐𝑡,𝑥𝑅𝑇 )]

𝑛 𝛽𝛼 𝛽
’s

(O’HAYRE et al., 2016, p. 92)

– –



𝜂 = 𝑎 + 𝑏 log 𝑗
(O’HAYRE et al., 2016, p. 98)

𝜂𝑎𝑐𝑡
– –

𝑗𝑥 = 𝑗0,𝑥 [𝑒(𝛼𝑓𝑤𝑑,𝑥𝐹𝜂𝑎𝑐𝑡,𝑥𝑅𝑇 )]
– –

𝜂𝑎𝑐𝑡, = −𝑅𝑇𝛼𝑥𝐹 ln 𝑗0 + 𝑅𝑇𝛼𝑥𝐹 ln 𝑗
𝜂𝑎𝑐𝑡



O’HAYRE et al., 2016, p. 98.𝑗 𝑗0
≈ 1 + x for small x), Equation 𝑗𝑥 = 𝑗0,𝑥 [(1 + 𝛼𝑓𝑤𝑑,𝑥𝐹𝜂𝑎𝑐𝑡,𝑥𝑅𝑇 ) − (1 + −𝛼𝑏𝑤𝑑,𝑥𝐹𝜂𝑎𝑐𝑡,𝑥𝑅𝑇 )]

is reached, which is the “linear form” of the 

𝑗𝑥 = 𝑗0,𝑥 [(𝛼𝑓𝑤𝑑,𝑥 + 𝛼𝑏𝑤𝑑,𝑥) (𝐹𝜂𝑎𝑐𝑡,𝑥𝑅𝑇 )]𝜂𝑎𝑐𝑡
𝜂𝑎𝑐𝑡,𝑥 = 𝑗𝑥𝑗0, 𝑅𝑇(𝛼𝑓𝑤𝑑,𝑥 + 𝛼𝑏𝑤𝑑,𝑥)𝐹



𝑉 ∙ 𝑖

𝑗0

–

–

(O’HAYRE et al., 2016, p. 96)

Δ𝐸𝑎𝑐𝑡 (𝛼𝐹)⁄𝜂𝑎𝑐𝑡 (O’HAYRE et al., 2016, p. 99



(O’HAYRE et al., 2016, p. 96)

(ŠTEKL; KADLEC, 2015)

–𝜂𝑜ℎ𝑚𝑖𝑐 (O’HAYRE et al., 2016, p. 121)

(O’HAYRE et al., 2016, p. 127)



The voltage loss caused by these resistances obeys Ohm’s law (O’HAYRE et 

𝑅𝑜ℎ𝑚𝑖𝑐𝑅𝑒− 𝑅𝐻+
(O’HAYRE et al., 2016, p. 127)𝜂𝑜ℎ𝑚𝑖𝑐 = 𝑖𝑅𝑜ℎ𝑚𝑖𝑐 = 𝑖(𝑅𝑒− + 𝑅𝐻+)

(O’HAYRE et al., 2016, p. 124

𝐴𝑆𝑅𝑜ℎ𝑚𝑖𝑐 = 𝐴𝑐𝑒𝑙𝑙𝑅𝑜ℎ𝑚𝜂𝑜ℎ𝑚𝑖𝑐 = 𝑗𝐴𝑆𝑅𝑜ℎ𝑚𝑖𝑐
(O’HAYRE et al., 2016, p. 128)

(O’HAYRE 



– 𝜎 –

(O’HAYRE et al., 2016, p. 139)

𝜆𝜆
presents the relation with conductivity in S∙m𝜎(𝑇, 𝜆) = (0.5139𝜆 − 0.326)𝑒[1268( 1303−1𝑇)]

Based on Springer’s proposition, Mann 

(S∙m

𝜎(𝑇, 𝜆, 𝑗) = [𝜆 − 0.634 − 3𝑗]𝑒[4.18(𝑇−303𝑇 )]1.816 [1 + 0.03𝑗 + 0.062 ( 𝑇303)2 𝑗2.5]

𝜆
they provide, therefore, their proposition is also capable of modeling Schroeder’s 

𝜑
𝜑𝜑



presents a plot of the predicted conductivity at 80°C for Springer’s and 

Newman’s models as a function of 𝜆 . It is noticeable that Springer’s 𝜆 up to about 6, then Weber et Newman’s 

𝜎(𝑇, 𝜆) = {50(𝜑 − 0.06)1.5𝑒[15000𝐽/𝑚𝑜𝑙𝑅 ( 1303.15−1𝑇)], 𝜑 ≤ 0.4550(0.39)1.5𝑒[15000𝐽/𝑚𝑜𝑙𝑅 ( 1303.15−1𝑇)], 𝜑 > 0.45𝜑 = 𝜆𝑉𝐻2𝑂𝑉𝑚 + 𝜆𝑉𝐻2𝑂

– –𝜑 𝜑
–

–



𝜑 = 0.45
𝜎(𝑇, 𝜆) = {𝜖𝑖1.550max{(𝜑 − 0.06), 0}1.5 𝑒[15000𝐽/𝑚𝑜𝑙𝑅 ( 1303.15−1𝑇)], 𝜑 ≤ 0.45𝜖𝑖1.550(0.39)1.5𝑒[15000𝐽/𝑚𝑜𝑙𝑅 ( 1303.15−1𝑇)], 𝜑 > 0.45

used Springer’s 

𝜖𝑖1.5 in Springer’s model, only one

𝑅𝐻+ = 𝑅𝑚 + 13𝑅𝐶𝐶𝐿

𝐴𝑆𝑅𝑚,𝐻+ = ∫ 1𝜎(𝑇, 𝜆) 𝑑𝑧𝑡𝑀
0 𝜆

𝜆(𝑧)
𝜆(𝑧)



𝑅𝐵𝑃 𝑅𝐺𝐷𝐿 𝑅𝐶𝐿
𝑅𝑒− = 𝑅𝐶𝐿 + 𝑅𝐺𝐷𝐿 + 𝑅𝐵𝑃

Reference 𝝈𝑪𝑳(𝑺 𝒎⁄ ) 𝝈𝑮𝑫𝑳(𝑺 𝒎⁄ ) 𝝈𝑩𝑷(𝑺 𝒎⁄ ) 𝑹𝒔𝒖𝒎(𝛀 ∙ 𝒎)
Bernardi et Verbrugge, 

1992

- - - 5.3∙10-2

Zhou et al., 2014 300 300 20000 6.72∙10-3

Vetter et Schumacher, 

2019

1250 350 - 3.66∙10-3

𝑃𝐴𝑆𝑅𝑐𝑜𝑛𝑡. = 𝐴 (𝐵𝑃)𝐶  



–

–

𝑃 𝑃
and the conductivity is presented in S∙m𝜎𝐺𝐷𝐿 = 103 log(1850𝑃 + 49600)𝜎𝐵𝑃 = 25 ∙ 104 log(51000𝑃 + 117000)

(O’HAYRE et al., 2016, p. 167)

(O’HAYRE et al., 2016, p. 168)



(O’HAYRE et al., 2016, p. 208)



–

–

𝑆𝐻2𝑂𝐶

𝐽𝑒− = 𝐽𝐻2,𝑖𝑛𝐴 − 𝐽𝐻2,𝑜𝑢𝑡𝐴 = 𝐽𝐻+,𝑖𝑛𝑀 − 𝐽𝐻+,𝑜𝑢𝑡𝑀2 = 2(𝐽𝑂2,𝑖𝑛𝐶 − 𝐽𝑂2,𝑜𝑢𝑡𝐶 ) = 𝑆𝐻2𝑂𝐶  𝐽𝑖 𝑖
𝑗2𝐹 = 𝐽𝐻2𝐴 = 𝐽𝐻+𝑀2 = 2𝐽𝑂2𝐶 = 𝑆𝐻2𝑂𝐶  

To describe the water generation term, an unknown α

–𝛼∗ ≡ 𝐽𝐻2𝑂𝑀𝐽𝐻2𝐴 = 𝐽𝐻2𝑂𝑀𝑗2𝐹
Considering the definition of α

𝑗2𝐹 = 𝐽𝐻2𝑂𝐴𝛼∗ = 𝐽𝐻2𝑂𝑀𝛼∗ = 𝐽𝐻2𝑂𝐶(1 + 𝛼∗)
𝑗2𝐹 = 𝐽𝐻2𝐴 = 𝐽𝐻+𝑀2 = 2𝐽𝑂2𝐶 = 𝐽𝐻2𝑂𝐴𝛼∗ = 𝐽𝐻2𝑂𝑀𝛼∗ = 𝐽𝐻2𝑂𝐶(1 + 𝛼∗)

Diffusion of gases in the porous layers has a major role in the PEMFC’s 

(O’HAYRE et al., 2016, p. 167)

 The asterisk is used to differentiate this definition from the transfer coefficient, as proposed by 
O’Hayre et al. (2016).



. In this case, Fick’s first law, represented by 

𝐷𝑒𝑓𝑓 c𝐽𝑖 = −c𝐷𝑒𝑓𝑓 𝑑𝑥𝑖𝑑𝑧 𝑥𝑖𝑖 𝐽𝑖 = −𝐷𝑒𝑓𝑓 ( 𝑃𝑅𝑇)𝑑𝑥𝑖𝑑𝑧
of all species in the system, thus, using Fick’s law in association with them can provide 

approach was used by O’Hayre 

𝑖 ∇ ∙ 𝐽𝑖 = 𝑆𝑖𝑆
description along with Fick’s law, it is possible to evaluate systems whose properties 



𝐶
𝑑𝑥𝑖𝑑𝑧 =∑𝑥𝑖𝐽𝑗 − 𝑥𝑗𝐽𝑖𝐶 ∙ 𝐷𝑖,𝑗𝑒𝑓𝑓𝑛

𝑗=1𝑗≠𝑖

𝑝𝐷𝐴𝐵(𝑝𝑐𝐴𝑝𝑐𝐵)1 3⁄ (𝑇𝑐𝐴𝑇𝑐𝐵)5 12⁄ ( 1𝑀𝐴 + 1𝑀𝐵)1 2⁄ = 𝑎 ( 𝑇√𝑇𝑐𝐴𝑇𝑐𝐵)𝑏𝐷𝐴𝐵 ∙ 𝑝 𝑀𝑐
property. For nonpolar gas pairs, except helium and hydrogen, a = 2.745∙10

1.823, while for a pair of nonpolar gas and water a = 3.640∙10

∙ 𝜎𝐴𝐵𝑇 𝑃 Ω𝐷𝑀𝑀 is the molecular mass (g∙mol

𝐷𝐴𝐵 = 1.8583 ∙ 10−27𝑇3 2⁄( 𝑃101325)𝜎𝐴𝐵2 Ω𝐷 ( 1𝑀𝑀𝐴 + 1𝑀𝑀𝐵)12



𝐷𝐴𝐵 = 𝐷𝐴𝐵,𝑟𝑒𝑓 ( 𝑇𝑇𝑟𝑒𝑓)1.5 (𝑃𝑟𝑒𝑓𝑃 )
𝑇𝑟𝑒𝑓 𝑃𝑟𝑒𝑓

System Value (m2/s)

H2 in water vapor 1.24∙10-4

O2 in air 0.28∙10-4

H2O(g) in H2 1.24∙10-4

H2O(g) in air 0.36∙10-4

the molecules collide more frequently with the pore’s walls than with other molecules 

𝑑𝑀𝑖 𝑖
𝐷𝐾,𝐴 = (𝑑3) (8𝑅𝑇𝜋𝑀𝑖)12

𝐷𝐴,𝑔𝑙𝑜𝑏𝑎𝑙 = ( 1𝐷𝐴𝐵 + 1𝐷𝐾,𝐴)−1

factor, which is a function of the material’s porosity 

(ε) 𝜏



𝑛 𝑚
𝑀 = 𝜀𝑛𝜏𝑚

𝑀 = (𝜀 − 𝜀𝑝1 − 𝜀𝑝)𝛼𝜀𝑝 𝛼
Values for percolation threshold and α in different works.

ε α

𝑛
𝑀𝑠 = (1 − 𝑠)𝑛



𝑠
𝑠𝑒𝑓𝑓 𝑠𝑖𝑚

𝑠𝑒𝑓𝑓 = {𝑠 − 𝑠𝑖𝑚1 − 𝑠𝑖𝑚 , 𝑠𝑖𝑚 < 𝑠 ≤ 10, 𝑠 = 𝑠𝑖𝑚
𝑀

𝐷𝐴𝐵𝑒𝑓𝑓 = 𝑀 ∙ 𝑀𝑠 ∙ 𝐷𝐴𝐵

must be known, as it is used when modeling the electrode’s diffusion. If an infinite 

(O’HAYRE et al., 2016, p. 224)

𝜆
(O’HAYRE et al., 2016, p. 226)



𝜆𝐻2 = 𝐽𝐻2,𝑖𝑛𝑙𝑒𝑡𝐽𝐻2𝐴𝜆𝑂2 = 𝐽𝑂2,𝑖𝑛𝑙𝑒𝑡𝐽𝑂2𝐶

𝑖 𝐸
𝑥𝑖,𝑏𝑢𝑙𝑘 = 𝐽𝑖,𝑜𝑢𝑡𝑙𝑒𝑡𝐸∑ 𝐽𝑖,𝑜𝑢𝑡𝑙𝑒𝑡𝐸𝑛𝑗=1

is used, that is, “a” is the anode bulk, and “d” is the cathode bulk. Also, 

“dry” denotes the value of the molar fraction on a dry basis.

𝑥𝐻2𝑂,𝑎𝐴 = 𝜆𝐻2𝑥𝐻2𝑂,𝑖𝑛𝐴 − 𝛼∗(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐴 )𝑥𝐻2𝑂,𝑖𝑛𝐴 − 𝛼∗(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐴 ) + 𝜆𝐻2 − 1𝑥𝐻2,𝑎𝐴 = 1 − 𝑥𝐻2𝑂,𝑎𝐴
𝑥𝐻2𝑂,𝑑𝐶 = (𝜆𝑂2𝑥𝐻2𝑂,𝑖𝑛𝐶 ) + 2(1 + 𝛼∗)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶𝜆𝑂2 + (2𝛼∗ + 1)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶

𝑥𝑂2,𝑑𝐶 = (𝜆𝑂2 − 1)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶𝜆𝑂2 + (2𝛼∗ + 1)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶

𝜆
𝜆



𝜆𝑎𝐻2𝑂
der’s paradox 

(O’HAYRE et al., 2016, p. 138)

𝑎𝐻2𝑂 = 𝑝𝐻2𝑂𝑝𝑠𝑎𝑡,𝐻2𝑂(𝑇) = 𝑥𝐻2𝑂𝑃𝑝𝑠𝑎𝑡,𝐻2𝑂(𝑇)

constants available in NIST’s online database 𝑝𝑠𝑎𝑡,𝐻2𝑂(𝑇) = 𝑒[𝐴− 𝐵(𝑇+𝐶)]
Temperature (K) A B C

379 – 573 3.55959 643.748 -198.043

273 – 303 5.40221 1838.675 -31.737

304 – 333 5.20389 1733.926 -39.485

334 – 363 5.0768 1659.793 -45.854

344 – 373 5.08354 1663.125 -45.622

293 – 343 6.20963 2354.731 7.559



255.9 – 373 4.6543 1435.264 -64.848

der’s paradox 

– –

𝜆𝑒𝑞 = {0.043 + 17.81𝑎𝐻2𝑂 − 39.85𝑎𝐻2𝑂2 + 36.0𝑎𝐻2𝑂3 , 0 ≤ 𝑎𝐻2𝑂 < 114 + 1.4(𝑎𝐻2𝑂 − 1), 1 ≤ 𝑎𝐻2𝑂 < 3

𝜆𝑒𝑞 = 0.300 + 10.8𝑎𝐻2𝑂 − 16.0𝑎𝐻2𝑂2 + 14.1𝑎𝐻2𝑂3 , 0 ≤ 𝑎𝐻2𝑂 < 1

𝜆𝑒𝑞 = 0.3 + 6𝑎𝐻2𝑂[1 − tanh (𝑎𝐻2𝑂 − 0.5)] + 3.9√𝑎𝐻2𝑂 [1 + 𝑡𝑎𝑛ℎ (𝑎𝐻2𝑂 − 0.890.23 )]



𝜆𝐻3𝑂+
𝑎𝐻2𝑂 = 𝐾2(𝜆𝑒𝑞 − 𝜆𝐻3𝑂+)𝑒(𝜙2𝜆𝐻3𝑂+)𝑒(𝜙3𝜆𝑒𝑞)𝜆𝐻3𝑂+(1 − 𝜆𝐻3𝑂+)(𝜆𝑒𝑞 − 𝜆𝐻3𝑂+) 𝑒(𝜙1𝜆𝐻3𝑂+)𝑒(𝜙2𝜆𝑒𝑞) = 𝐾1
𝜙1 = 2𝐸𝑊 (𝐸0,0∗ − 2𝐸𝐻3𝑂+,𝐻+∗ − 2𝐸0,𝐻3𝑂+∗ )

𝜙2 = 2𝐸𝑊 (𝐸0,𝐻3𝑂+∗ − 2𝐸0,0∗ )𝜙3 = 2𝐸𝑊𝐸0,0∗𝐾2 = 0.217𝑒[1000𝐽/𝑚𝑜𝑙𝑅 ( 1303.15𝐾−1𝑇)]

Coefficient Value𝐾1 100𝐸0,0∗ -0.0417 kg mol-1𝐸0,𝐻3𝑂+∗ -0.052 kg mol-1𝐸𝐻3𝑂+,𝐻+∗ -3.7216 kg mol-1

𝜆𝑒𝑞,𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 = 𝜆𝑒𝑞(1 + 𝑒(0.3−𝜆𝑒𝑞))
that most curves present a similar profile, but Springer’s result deviates the most from 



–

–



𝜉

(O’HAYRE et al., 2016, p. 141)

𝐽𝐻2𝑂,𝑑𝑟𝑎𝑔 = 𝜉𝐽𝐻+

𝐽𝐻2𝑂,𝑑𝑟𝑎𝑔 = 𝜉 𝑗𝐹
𝐽𝐻2𝑂,𝐵𝐷 = −𝐷𝐻2𝑂∇𝑐𝐻2𝑂𝜆

𝐷𝜆 𝑧
𝐽𝐻2𝑂,𝐵𝐷 = −𝐷𝜆 (𝜌𝑚,𝑑𝑟𝑦𝐸𝑊 ) dλ𝑑𝑧

Adding both of the contributions, it is possible to obtain Springer’s proposition 

𝐽𝐻2𝑂𝑀 = 𝜉 𝑗𝐹 − 𝐷𝜆 (𝜌𝑚,𝑑𝑟𝑦𝐸𝑊 ) dλ𝑑𝑧
𝛼∗



𝜉 𝐷𝜆
dλ𝑑𝑧 = (2𝜉 − 𝛼∗) 𝐸𝑊2𝐹𝜌𝑚,𝑑𝑟𝑦𝐷𝜆 𝑗

system’s description 𝜉 𝐷𝜆𝜆 (O’HAYRE et al., 2016, p. 140

𝜆 𝜉
𝜉 = 2.5 𝜆22

𝜉 = 1
𝜉 = min{𝜆, 1}

𝜉 = 1 + 0.028𝜆 + 0.0026𝜆2
𝜆𝑉𝐸 𝜆 𝜉𝑙

𝜉 = { 
 𝜆, 0 ≤ 𝜆 < 11, 1 ≤ 𝜆 ≤ 𝜆𝑉𝐸1 + (𝜉𝑙 − 1) 𝜆 − 𝜆𝑉𝐸𝜆𝐿𝐸 − 𝜆𝑉𝐸 , 𝜆𝑉𝐸 < 𝜆 ≤ 𝜆𝐿𝐸𝜉𝑇

𝜉𝑙 = 2.55𝑒[4000𝑅 ( 1303.15−1𝑇)]
More relations for these coefficients can be found in Vetter and Schumacher’s 𝜉𝜆 𝑇



𝐷𝜆
Springer’s data was provided as a piecewise function proposed by Mazumder 

𝐷𝜆(𝜆, 𝑇) = (2.563 − 0.33𝜆 + 0.0264𝜆2 − 0.000671𝜆3)10−10𝑒[2416( 1303−1𝑇)], 𝜆 > 4
𝐷𝜆(𝜆, 𝑇) = {  

  1 ∙ 10−10𝑒[2416( 1303−1𝑇)], 2 ≤ 𝜆[1 + 2(𝜆 − 2)]10−10𝑒[2416( 1303−1𝑇)], 2 < 𝜆 ≤ 3[3 − 1.38(𝜆 − 3)]10−10𝑒[2416( 1303−1𝑇)], 3 < 𝜆 ≤ 4
. It is considered a refinement of Springer’s previous proposition 

𝐷𝜆(𝜆, 𝑇) = { 3.1 ∙ 10−7𝜆(−1 + 𝑒0.28𝜆)𝑒(−2436𝑇 ), 𝜆 < 34.17 ∙ 10−8(1 + 161𝑒−𝜆)𝑒(−2436𝑇 ), 3 ≤ 𝜆 < 17

𝐷𝜆(𝜆, 𝑇) = 𝜖𝑖1.5 3.842𝜆3 − 32.03𝜆2 + 67.74𝜆𝜆3 − 2.115𝜆2 − 33.013𝜆 + 101.37 10−10𝑒[20000𝑅 ( 1353.15−1𝑇)]

(O’HAYRE et al., 2016, p. 212)



Darcy’s law 

𝐽𝑠 = −( 𝜌𝐻2𝑂𝑘𝑒𝑓𝑓𝜇𝐻2𝑂𝑀𝑀𝐻2𝑂) 𝜕𝑝𝑐𝜕𝑠 ∇s𝜌𝐻2𝑂 𝜇𝐻2𝑂 𝑀𝑀𝐻2𝑂𝑘𝑒𝑓𝑓 𝑠 𝑝𝑐
𝑠𝑒𝑓𝑓𝑠

–𝑠 –

– 𝜂𝑐𝑜𝑛𝑐

–

–



𝑥
cathode, present in O’Hayre 

work for the transfer coefficient, which follows IUPAC’s recommendation 

𝜂𝑐𝑜𝑛𝑐,𝑥 = (𝑅𝑇𝐹 )( 1𝑛𝑥 + 1𝛼𝑥) ln ( 𝑗𝐿𝑗𝐿 − 𝑗)𝑗𝐿
(O’HAYRE et al., 2016, 

𝑡𝐸𝑐𝑅,𝑏𝑢𝑙𝑘 (O’HAYRE et al., 

𝑗𝐿 = 𝑛𝐹𝐷𝑒𝑓𝑓 𝑐𝑅,𝑏𝑢𝑙𝑘𝑡𝐸
𝑐𝑅,𝑏𝑢𝑙𝑘 (O’HAYRE 

𝑐𝑅,𝑏𝑢𝑙𝑘
𝑐 (O’HAYRE et al., 

𝜂𝑐𝑜𝑛𝑐,𝑥 = 𝑐 ln ( 𝑗𝐿𝑗𝐿 − 𝑗)
–

–



𝐵 𝑟 𝜂𝑐𝑜𝑛𝑐,𝑟𝑒𝑎𝑐𝑡 = ( 𝑅𝑇𝛼𝑛𝐹) ln (1 + 𝑟𝐵1 + 𝐵 )𝜂𝑐𝑜𝑛𝑐,𝑝𝑟𝑜𝑑 = ( 𝑅𝑇𝛼𝑛𝐹) ln ( 1 + 𝐵1 + 𝑟𝐵)
𝐵 = 𝑚𝑏𝑢𝑙𝑘 −𝑚𝑤𝑎𝑙𝑙𝑚𝑤𝑎𝑙𝑙 −𝑚𝑡𝑟 = 𝑚𝑡𝑚𝑏𝑢𝑙𝑘𝑚𝑏𝑢𝑙𝑘 𝑚𝑤𝑎𝑙𝑙𝑚𝑡

–



– 𝑄𝑎𝑚𝑏 𝑄𝑐𝑜𝑜𝑙𝑊𝑒𝑙𝑒𝐶𝑠𝑡𝑎𝑐𝑘 𝑑𝑇𝑠𝑡𝑎𝑐𝑘𝑑𝑡 =∑(𝑛̇𝐻)𝑖𝑛 −∑(𝑛̇𝐻)𝑜𝑢𝑡 + 𝑄̇𝑎𝑚𝑏 + 𝑄̇𝑐𝑜𝑜𝑙 + 𝑊̇𝑒𝑙𝑒

𝐸𝑡𝑛
(O’HAYRE et al., 2016, p. 66)

𝑄̇𝑐𝑒𝑙𝑙 = (𝐸𝑡𝑛 − 𝑉𝑐𝑒𝑙𝑙) ∙ 𝑖 ∙ 𝐴𝑐𝑒𝑙𝑙

–

–



models evaluate the system’s properties according to a specific spatial discretization 

–

–



these models as “semi empirical”, as they use semi

𝑉 = 𝐸𝑡ℎ𝑒𝑟𝑚𝑜 − 𝜂𝑎𝑐𝑡 − 𝑗 ∙ 𝐴𝑆𝑅

𝜓

𝜕𝜓𝜕𝑡 + ∇ ∙ 𝐽𝜓 = 𝑆𝜓



η η η η

ΔS=const. Directly in η

ΔS=const. Directly in η

ΔS=const. Directly in η

ΔS(T)

ΔS=const.

ΔS=const. Directly in η

ΔS=const.

𝑑𝜂𝑎𝑐𝑡𝑑𝑧 = 𝑗𝑙𝑜𝑐𝑎𝑙𝜎𝐻+𝑒𝑓𝑓 + 𝑗𝑙𝑜𝑐𝑎𝑙 − 𝑗𝑡𝑜𝑡𝑎𝑙𝜎𝑒−𝑒𝑓𝑓

(O’HAYRE et al., 2016, p. 176



Schlögl’s 

Maxwell equations for gas transport, Fick’s law is, at least among the analyzed models, 



– –

level models, Arif’s 



–

–



𝜆

’

fluxes’ 

dependence on the unknown α –

–

𝜆
condition and a guess for α*, then compares the obtained value in the cathode by the 

proposes a new guess for α

optimization problem which has as variable α𝜆𝑐𝑎𝑡
– –

for describing the water activity in the TPB, which is dependent on α

multicomponent nature of the system’s diffusion

depletion effect equations also depend on α





𝐴𝑆𝑅𝑚
– –𝜆(𝑧)

Knowing α

–

, based on Fick’s law. 

𝜂𝑐𝑜𝑛𝑐.𝑥 = (𝑅𝑇𝐹 ){ 1𝑛𝑥 ln ⌊(𝑥𝑖𝑏𝑢𝑙𝑘𝑥𝑖𝑇𝑃𝐵)𝜈𝑖⌋ + 1𝛼𝑓𝑤𝑑,𝑥 ln ⌊(𝑥𝑖𝑏𝑢𝑙𝑘𝑥𝑖𝑇𝑃𝐵)𝛾𝑖⌋}

∆𝑆𝑟𝑥𝑛

current density, and α 𝑗
𝜆

𝑗





𝜆𝐴𝑛𝑜 𝜆𝐶𝑎𝑡
hand, when the simplifying assumption is used, the solution is done by the “fsolve” 

α , the value of α

zero), the initial guess for α

𝜉 𝐷𝜆
. Here, “par” is a parameter that determines how stepΗ(𝑎𝑟𝑔, 𝑝𝑎𝑟) ≅ {1, 𝑎𝑟𝑔 < 00, 𝑎𝑟𝑔 ≥ 0

f(t, x) = {𝑔1(𝑡, 𝑥), f(t, x) < 𝑓𝑚𝑎𝑥𝑔2(𝑡, 𝑥), f(t, x) ≥ 𝑓𝑚𝑎𝑥f(t, x) ≅ Η(𝑓 − 𝑓𝑚𝑎𝑥 , 𝑝𝑎𝑟) ∙ 𝑔1(𝑡, 𝑥) + [1 − Η(𝑓 − 𝑓𝑚𝑎𝑥 , 𝑝𝑎𝑟)] ∙ 𝑔2(𝑡, 𝑥)
– –



Η(𝑎𝑟𝑔, 𝑘) = 1 − 11 + 𝑒−𝑘∙𝑎𝑟𝑔



∆𝑆𝑟𝑥𝑛
∆𝑆𝑟𝑥𝑛

described using Shomate’s Equation – –

𝑆𝑖0(𝑡) = 𝐴𝑖 ln(𝑡) + 𝐵𝑖𝑡 + 𝐶𝑖 𝑡22 + 𝐷𝑖 𝑡33 − 𝐸𝑖2𝑡2 + 𝐺𝑖;  𝑤ℎ𝑒𝑟𝑒 𝑡 =  𝑇1000



linear equation, which is made numerically (using MATLAB’s “fsolve” function) with the 𝜂𝑎𝑐𝑡

–

– 𝐷𝜆

𝐷𝜆
– –𝜆𝐴𝑛𝑜 𝜆𝐶𝑎𝑡

𝐷𝜆,𝑚𝑒𝑎𝑛 = 𝐷𝜆(𝜆𝐴𝑛𝑜) + 𝐷𝜆(𝜆𝐶𝑎𝑡)2𝐷,𝑚𝑒𝑎𝑛 = 1𝜆𝐶𝑎𝑡 − 𝜆𝐴𝑛𝑜∫ 𝐷𝜆(𝜆)𝑑𝜆𝜆𝐶𝑎𝑡𝜆𝐴𝑛𝑜 𝐷𝜆



𝐷𝜆,𝑚𝑒𝑎𝑛 =
{  
   
  
   
  𝐾 ∙ [ (2 − 𝜆𝐴𝑛𝑜) + 4.31 +(2.563𝜆𝐶𝑎𝑡 − 0.165𝜆𝐶𝑎𝑡2 + 0.0088𝜆𝐶𝑎𝑡3−0.00016275𝜆𝐶𝑎𝑡4 − 8.132256) ] , 2 ≤ 𝜆𝐴𝑛𝑜

𝐾 ∙ [ (3𝜆𝐴𝑛𝑜 − 𝜆𝐴𝑛𝑜2 ) + 2.31 +(2.563𝜆𝐶𝑎𝑡 − 0.165𝜆𝐶𝑎𝑡2 + 0.0088𝜆𝐶𝑎𝑡3−0.00016275𝜆𝐶𝑎𝑡4 − 8.132256) ] , 2 < 𝜆𝐴𝑛𝑜 ≤ 3
𝐾 ∙ [ (0.69𝜆𝐴𝑛𝑜2 − 7.14𝜆𝐴𝑛𝑜 + 14.52)+(2.563𝜆𝐶𝑎𝑡 − 0.165𝜆𝐶𝑎𝑡2 + 0.0088𝜆𝐶𝑎𝑡3−0.00016275𝜆𝐶𝑎𝑡4 − 8.132256) ] , 3 < 𝜆𝐴𝑛𝑜 ≤ 4

𝐾 ∙ [ 2.563(𝜆𝐶𝑎𝑡 − 𝜆𝐴𝑛𝑜) − 0.165(𝜆𝐶𝑎𝑡2 − 𝜆𝐴𝑛𝑜2 )+0.0088(𝜆𝐶𝑎𝑡3 − 𝜆𝐴𝑛𝑜3 ) − 0.00016275(𝜆𝐶𝑎𝑡4 − 𝜆𝐴𝑛𝑜4 )] , 𝜆𝐴𝑛𝑜 > 4
𝐾 = 10−10𝑒[2416( 1303−1𝑇)]𝜆𝐶𝑎𝑡 − 𝜆𝐴𝑛𝑜𝐷𝜆

𝜆
𝜆𝐴𝑛𝑜 𝜆𝐶𝑎𝑡 𝜆𝐴𝑛𝑜𝜆(𝑧) = 11𝛼∗𝑛𝑑𝑟𝑎𝑔𝑠𝑎𝑡 + (𝜆𝐴𝑛𝑜 − 11𝛼∗𝑛𝑑𝑟𝑎𝑔𝑠𝑎𝑡 ) ∙ exp ( 𝑗𝐸𝑊𝑛𝑑𝑟𝑎𝑔𝑠𝑎𝑡 𝑧22𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛)λ(𝑧) = −𝑏2𝑎 + √4𝑎𝑐 − 𝑏22𝑎 tan [tan−1 (2𝑎𝜆𝐴𝑛𝑜 + 𝑏√4𝑎𝑐 − 𝑏2 ) + (√4𝑎𝑐 − 𝑏22 )𝐾𝑧]𝑎 = 0.0026, 𝑏 = 0.028, 𝑐 = 1 − 0.5𝛼∗K = 𝑗𝐸𝑊𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛

𝜆(𝑧) = {  
  (1 − 0.5𝛼∗) ( 𝑗𝐸𝑊𝑧𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛) + 𝜆𝐴𝑛𝑜, 1 ≤ 𝜆 < 𝜆𝑉𝐸𝜆𝑉𝐸 − (1 − 0.5𝛼∗𝑘 ) + (𝑘𝜆𝑉𝐸 + 0.5𝛼∗ − 1𝑘 ) [𝑒𝑥𝑝 ( 𝑗 𝐸𝑊 𝑘 𝑧𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛)] , 𝜆 > 𝜆𝑉𝐸

𝑤ℎ𝑒𝑟𝑒 𝑘 = (𝜉𝐿,𝑚𝑎𝑥 − 1𝜆𝐿𝐸 − 𝜆𝑉𝐸 ) 𝑏2 − 4𝑎𝑐 < 0𝜆𝐶𝑎𝑡 𝜆𝐴𝑛𝑜



𝜆𝑓(𝑧) 𝜆 = 𝑥 𝑔(𝑧) 𝜆𝑧𝑥 𝑧𝜆 = 𝑥
𝜆

𝜆(𝑧) = ∫ 𝑓(𝑧)𝑑𝑧 + ∫ 𝑔(𝑧)𝑑𝑧𝑡𝑀
𝑧𝑥

𝑧𝑥0

der’s parado



–

–

assumptions’ evaluation

–

–



λ

λ

α and α

α and α

γ

γ

ρ

ε𝜏𝐺𝐷𝐿



ΔS

η T, α and α T, α and α

α* (thus, all) 𝑎𝐻2𝑂
λ α* (thus, T and λ and ξ

modeling strategy, as only simplifications that affect the calculated α

– –

⋅

⋅ ⋅⋅



𝑆𝑒
𝑦 𝑦̂𝑛

𝑆𝑒 = √∑(𝑦𝑖 − 𝑦̂𝑖)2𝑛 − 2

– –

outliers. The function selected for this evaluation is MATLAB’s “tic toc” stopwatch timer, 

∆𝑗
–

–



Particularities for simplifications that do not affect α

The simplifications that do not affect α

system is temperature because, even though the bulk value, affected by α

with the cell’s voltage, the simplification only affects the temperature correction –

–

⋅

Particularities for simplifications that affect α

– 𝐷𝜆 –

linked to the iterative method to evaluate α

–

–



–

𝐷𝜆
∆𝑺𝒓𝒙𝒏(𝑻)



–

– with a significance of α = 0.05 and α = 0.01, but the first 

𝑔𝑙 = (𝑠12𝑛1 + 𝑠22𝑛2)2(𝑠12𝑛1)2𝑛1 − 1 + (𝑠22𝑛2)2𝑛2 − 1𝑡 = (𝑋̅1 − 𝑋̅2) − (𝜇1 − 𝜇2)√𝑠12𝑛1 + 𝑠22𝑛2𝑡 𝑡𝑐





α = 0.05
α = 0.01
α = 0.05
α = 0.01

𝑇 = 353.15 𝐾 𝑡𝑀 = 125 𝜇𝑚
chosen α values.



α = 0.05
α = 0.01
α = 0.05
α = 0.01

– –

∆𝑗
– –

α α α α

–

–



the test results with the high level of anodic transfer coefficient (α

as they presented no difference from the low level (α –

–

η η η η

η η η η

–

–



–







convergence of α

1; α 1 and α

α = 0.05
α = 0.01
α = 0.05
α = 0.01

3.2.4) T = 1; α = 1 and α

α = 0.05
α = 0.01
α = 0.05
α = 0.01



– –

– –

– –





(μm)



resulted in considerable variation in the membrane’s resistivity. The variation 

in the reactant’s molar 



–

–

–







– –



𝜆



λ profile for test 4.1.1.

λ profile for test 4.2.4.



𝜆

𝜆 values at the membrane’s interface 

describes the relation for the used membrane, reinforcing Dickinson and Smith’s 

Before discussing this section’s results, it is worth pointing out that an article 



(μm)

larger when Springer’s description is used than with the piecewise linear model, which

Eigenberger’s description. Even if the objective 





𝑎𝐻2𝑂



– –

current density for the α* curve. This is exemplified by 



α* values for test 5.1.1.

α* values for test 5.1.2.



𝛼∗
– 𝜆𝐴𝑛𝑜 –

𝜆

λ profile for test 5.1.1



λ profile for test 5.1.2.

λ profile for test 5.1.4.



𝜆
𝜆 𝜆 = 4 𝐷𝜆

𝜆
– 𝑡𝑀 = 50 𝜇𝑚 𝑇 = 353.15 𝐾 –

100% relative humidity. The polarization curve, lambda profiles, and α* values of this 



λ profile for test 5.1.4 with 100% relative humidity.



α* values for test 5.1.4 with 100% relative humidity.

𝜆
reasonable under this condition. It is also evident that the α* values have a much better 

statistically significant even with α = 0.01.



Computational time results for mean diffusivity comparison using Springer’s description.

–

–

𝜆
𝜆



–



– 𝑇 = 353.15 𝐾 –



Another important point is that, as in the previous case, the α* presents 



α* values for test 5.2.1.

α* values for test 5.2.8.



𝜆

λ profile for test 5.2.1.

λ profile for test 5.2.8.



– –

𝜆 membrane’s

𝜆𝜆 𝜆

𝜆



λ profiles for test 5.2.8 with RH = 150%.

𝜆

–



Computational time results for mean diffusivity comparison using Meier and Eigenberger’s 

Δ𝑗 –

– Δ𝑗
𝜆

robust description. This is even more important here than if Springer’s description of 𝜉𝜆



Δ𝑗
Δ𝑗, but not as significant as for Springer’s case due 

Eigenberger’s description: a 





the α* 

α* values for test 5.3.1.



α* values for test 5.3.8.

impact occurs in a manner that the fluxes that define α* are equally affected.



𝜆



λ profiles for test 5.3.1.

λ profiles for test 5.3.8.

𝜆



𝛼∗𝜉 𝜆𝜆𝐴𝑛𝑜
𝜆 –𝜆 –

this resistivity is among the main contributors to the cell’s overvoltage, the voltage will 

𝜆



λ profiles for test 5.3.8 with RH = 130%.



–

Δ𝑗
equation’s –𝜆 –

–



α = 0.05
α = 0.01
α = 0.05
α = 0.01

Δ𝑗
– –

Δ𝑗



–

–

. The voltage, overvoltages, and α* in each evaluated current density were 

𝜆
assumption’s effect in the model’s



–

–

𝜆
𝜆

– –



𝐷𝜆
𝜆 = 4 𝜆
𝜆

coefficient were used when compared to Springer’s proposal. Thus, even more 

Δ𝑗
Springer’s description still benefited from the assumption with 500 points, but the 

improvement was smaller. Meier and Eigenberger’s one, on the other hand, had a 

–

–

Δ𝑗
– –Δ𝑗





–

–

–

–

–

– ‐ ‐
–

–



–

–

–

– –

–

–

–



–

–

–

–

–

–

–

–

–

–

VALVERDE, J. et al. “Colors” of hydrogen: Definitions and carbon intensity. 



–

–

–

–

–

–

–

–

–



–
–

–

–



–

O’HAYRE, R. et al. 

O’HAYRE, R.; BARNETT, D. M.; PRINZ, F. B. The Triple Phase Boundary. 

–

–

–

–

–

–

–

—

–



–

‐ –

– –

–
–

—

–

ŠTEKL, P.; KADLEC, P. 

...Třebíč: 2015. 

–

–

–



–

–

–

–

–

‐
–‐ ‐

–

–
–

–



–

–

–

–



–

𝐺 ≡ 𝑈 + 𝑃𝑉 − 𝑇𝑆
𝑑𝐺 = 𝑑𝑈 + 𝑉𝑑𝑃 + 𝑃𝑑𝑉 − 𝑇𝑑𝑆 − 𝑆𝑑𝑇

𝑑𝑈 = 𝑑𝑄 + 𝑑𝑊
(O’Hayre 

𝑑𝑊 = 𝑑𝑊𝑒𝑙𝑒 + 𝑑𝑊𝑚𝑒𝑐ℎ = 𝑑𝑊𝑒𝑙𝑒 − 𝑃𝑑𝑉

𝑑𝑄𝑟𝑒𝑣 = 𝑇𝑑𝑆
𝑑𝐺 = 𝑑𝑊𝑒𝑙𝑒 − 𝑆𝑑𝑇 + 𝑉𝑑𝑃 𝑑𝑃 = 0 𝑑𝑇 = 0

𝑑𝐺 =  𝑑𝑊𝑒𝑙𝑒

Δ𝐺



∆𝐺𝑟𝑛𝑥 =  𝑊𝑒𝑙𝑒

pressure (O’Hayre 

𝑛 𝑄𝐹  𝑊𝑒𝑙𝑒 = 𝐸𝑄𝑄 = 𝑛𝐹𝐸 = −∆𝐺𝑟𝑛𝑥𝑛𝐹



–

𝑉
𝑉 = 𝑉𝑚 + 𝜆𝑉𝐻2𝑂𝑉𝑚

between Nafion’s equivalent weight (EW) and the membrane’s dry density, as seen in 

(O’Hayre 

∙𝑉𝑚 = 𝐸𝑊𝜌𝑚,𝑑𝑟𝑦
𝑀𝑀𝐻2𝑂 = 18.1528 ∙10−3 𝑘𝑔 𝑚𝑜𝑙−1 𝑉𝐻2𝑂 = 𝑀𝑀𝐻2𝑂𝜌𝐻2𝑂 𝜆 –

–

𝜑 = 𝜆𝑉𝐻2𝑂𝑉𝑚 + 𝜆𝑉𝐻2𝑂
𝜆𝑉𝐻2𝑂 = 𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝐻2𝑂𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑆𝑂3−𝐻+ 𝑚3𝑜𝑓 𝐻2𝑂𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝐻2𝑂 = 𝑚3𝑜𝑓 𝐻2𝑂𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑆𝑂3−𝐻+



𝑉𝑚 + 𝜆𝑉𝐻2𝑂 = 𝑘𝑔 𝑜𝑓 𝑑𝑟𝑦 𝑁𝑎𝑓𝑖𝑜𝑛𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑆𝑂3−𝐻+𝑘𝑔 𝑜𝑓 𝑑𝑟𝑦 𝑁𝑎𝑓𝑖𝑜𝑛𝑚3𝑜𝑓 𝑑𝑟𝑦 𝑁𝑎𝑓𝑖𝑜𝑛 + 𝑚3𝑜𝑓 𝐻2𝑂𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑆𝑂3−𝐻+
= 𝑚3𝑜𝑓 𝑑𝑟𝑦 𝑁𝑎𝑓𝑖𝑜𝑛𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑆𝑂3−𝐻+ + 𝑚3𝑜𝑓 𝐻2𝑂𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑆𝑂3−𝐻+

Finally, considering both of the previous equations, it should be evident that φ 

‐
–



–

𝐼 ≡ 𝑗2𝐹

𝑥𝐻2𝑂,𝑎𝐴 = 𝐽𝐻2,𝑜𝑢𝑡𝐴𝐽𝐻2,𝑜𝑢𝑡𝐴 + 𝐽𝐻2𝑂,𝑜𝑢𝑡𝐴

𝐽𝐻2,𝑜𝑢𝑡𝐴 = 𝜆𝐻2𝐽𝐻2𝐴 − 𝐽𝐻2𝐴 = (𝜆𝐻2 − 1) ∙ 𝐼

𝐽𝐻2𝑂,𝑖𝑛𝐴 = 𝐽𝐻2,𝑖𝑛𝐴𝑥𝐻2,𝑖𝑛 𝑥𝐻2𝑂,𝑖𝑛𝐴

𝐽𝐻2𝑂,𝑖𝑛𝐴 = 𝜆𝐻2 ( 𝑥𝐻2𝑂,𝑖𝑛𝐴1 − 𝑥𝐻2𝑂,𝑖𝑛𝐴 ) ∙ 𝐼

𝐽𝐻2𝑂,𝑜𝑢𝑡𝐴 = 𝐽𝐻2,𝑜𝑢𝑡𝐴𝑥𝐻2,𝑜𝑢𝑡 𝑥𝐻2𝑂,𝑜𝑢𝑡



𝐽𝐻2𝑂,𝑜𝑢𝑡𝐴 = (𝜆𝐻2 − 1) ( 𝑥𝐻2𝑂,𝑎𝐴1 − 𝑥𝐻2𝑂,𝑎𝐴 ) ∙ 𝐼
𝐼𝛼∗

𝐽𝐻2𝑂𝐴 = 𝐼𝛼∗ = 𝜆𝐻2 ( 𝑥𝐻2𝑂,𝑖𝑛𝐴1 − 𝑥𝐻2𝑂,𝑖𝑛𝐴 ) ∙ 𝐼 − (𝜆𝐻2 − 1) ( 𝑥𝐻2𝑂,𝑎𝐴1 − 𝑥𝐻2𝑂,𝑎𝐴 ) ∙ 𝐼

𝑥𝐻2𝑂,𝑎𝐴 = 𝜆𝐻2𝑥𝐻2𝑂,𝑖𝑛𝐴 − 𝛼∗(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐴 )𝑥𝐻2𝑂,𝑖𝑛𝐴 − 𝛼∗(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐴 ) + 𝜆𝐻2 − 1𝑥𝐻2,𝑎𝐴 = 1 − 𝑥𝐻2𝑂,𝑎𝐴

𝑥𝑂2,𝑑 = 𝐽𝑂2,𝑜𝑢𝑡𝐶𝐽𝑂2,𝑜𝑢𝑡𝐶 + 𝐽𝑁2,𝑜𝑢𝑡𝐶 + 𝐽𝐻2𝑂,𝑜𝑢𝑡𝐶

where ω is defined by Equation 𝐽𝑂2,𝑖𝑛𝐶 = 𝜆𝑂2 𝐼2𝐽𝑂2,𝑜𝑢𝑡𝐶 = (𝜆𝑂2 − 1) 𝐼2𝐽𝑁2,𝑖𝑛𝐶 = 𝜔𝜆𝑂2 𝐼2𝐽𝑁2,𝑜𝑢𝑡𝐶 = 𝜔𝜆𝑂2 𝐼2𝜔 = 𝑥𝑁2,𝑑𝑟𝑦,𝑖𝑛𝐶𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶



𝐽𝐻2𝑂,𝑖𝑛𝐶 = 𝜆𝑂2 ( 𝑥𝐻2𝑂,𝑖𝑛𝐶1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 ) ∙ 1𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶 ∙ 𝐼2𝐽𝐻2𝑂,𝑜𝑢𝑡𝐶 = 𝐽𝐻2𝑂,𝑖𝑛𝐶 + (1 + 𝛼∗)𝐼
𝐽𝑡𝑜𝑡𝑎𝑙,𝑜𝑢𝑡𝐶 = ( 𝜆𝑂22(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶 + 𝛼∗ + 12) ∙ 𝐼

𝑥𝑂2,𝑑𝐶 = (𝜆𝑂2 − 1)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶𝜆𝑂2 + (2𝛼∗ + 1)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶
𝑥𝐻2𝑂,𝑑𝐶 = 𝜆𝑂2𝑥𝐻2𝑂,𝑖𝑛𝐶 + 2(1 + 𝛼∗)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶𝜆𝑂2 + (2𝛼∗ + 1)(1 − 𝑥𝐻2𝑂,𝑖𝑛𝐶 )𝑥𝑂2,𝑑𝑟𝑦,𝑖𝑛𝐶

Therefore, using the stoichiometric number, α



–

Substituting the relation for water flow in the anode in Fick’s law (Equation 

𝑑𝑥𝐻2𝑂𝐴𝑑𝑧 = −( 𝛼∗𝑗𝑅𝑇2𝐹𝑃𝐴𝐷𝐴𝑛𝑜𝐸𝑓𝑓)

𝑥𝐻2𝑂𝐴 (𝑧) = 𝑥𝐻2𝑂,𝑎𝐴 − ( 𝛼∗𝑗𝑅𝑇2𝐹𝑃𝐴𝐷𝐴𝑛𝑜𝐸𝑓𝑓) 𝑧𝑥𝐻2𝐴 (𝑧) = 1 − 𝑥𝐻2𝑂𝐴 (𝑧)
on Fick’s law for both oxygen and water, Equations 

the direction used here is z’, which is positive when going from the cathode to the 

𝑑𝑥𝑂2𝐶𝑑𝑧′ = −( 𝑗𝑅𝑇4𝐹𝑃𝐶𝐷𝐶𝑎𝑡𝐸𝑓𝑓)𝑑𝑥𝐻2𝑂𝐶𝑑𝑧′ = −(−(1 + 𝛼∗)𝑗𝑅𝑇2𝐹𝑃𝐶𝐷𝐶𝑎𝑡𝐸𝑓𝑓 )
Integrating both from 0 (GC/CGDL interface) until an arbitrary distance z’, 

𝑥𝑂2𝐶 (𝑧′) = 𝑥𝑂2,𝑑𝐶 − ( 𝑗𝑅𝑇4𝐹𝑃𝐶𝐷𝐶𝑎𝑡𝐸𝑓𝑓) 𝑧′
𝑥𝐻2𝑂𝐶 (𝑧′) = 𝑥𝐻2𝑂,𝑑𝐶 + ((1 + 𝛼∗)𝑗𝑅𝑇2𝐹𝑃𝐶𝐷𝐶𝑎𝑡𝐸𝑓𝑓 ) 𝑧′



𝑑𝑥𝑖𝑑𝑧 = (𝑅𝑇𝑃 )∑𝑥𝑖𝐽𝑗 − 𝑥𝑗𝐽𝑖𝐷𝑖,𝑗𝑒𝑓𝑓𝑗≠𝑖

𝑑𝑥𝐻2𝑂𝐴𝑑𝑧 = (𝑅𝑇𝑃𝐴) (𝑥𝐻2𝑂𝐴 𝐽𝐻2 − 𝑥𝐻2𝑂𝐴 𝐽𝐻2𝑂𝐷𝐻2𝑂,𝐻2𝑒𝑓𝑓 )
𝑑𝑥𝐻2𝑂𝐴𝑑𝑧 = (𝑅𝑇𝑃𝐴) (𝑥𝐻2𝑂(𝐼) − 𝑥𝐻2(𝐼𝛼∗)𝐷𝐻2𝑂,𝐻2𝑒𝑓𝑓 )

𝑥𝐻2𝑂𝐴 (𝑧) = (𝑥𝐻2𝑂,𝑎𝐴 − 𝛼∗1 + 𝛼∗) 𝑒[ 𝑅𝑇𝐼𝑃𝐴𝐷𝐻2𝑂,𝐻2𝑒𝑓𝑓 (1+𝛼∗)𝑧] + 𝛼∗1 + 𝛼∗𝑥𝐻2𝐴 (𝑧) = 1 − 𝑥𝐻2𝑂𝐴 (𝑧)
for water. Note that, as it was done when Fickian diffusion was assumed, here the z’ 

𝑑𝑥𝐻2𝑂𝐶𝑑𝑧′ = (𝑅𝑇𝑃𝐶) (𝑥𝐻2𝑂𝐶 𝐽𝑁2𝐶 − 𝑥𝑁2𝐽𝐻2𝑂𝐶𝐷𝐻2𝑂,𝑁2𝑒𝑓𝑓 + 𝑥𝐻2𝑂𝐶 𝐽𝑂2𝐶 − 𝑥𝑂2𝐶 𝐽𝐻2𝑂𝐶𝐷𝐻2𝑂,𝑂2𝑒𝑓𝑓 )
should be added in the water flux to account for the fact that the z’ axis is used, 

𝑑𝑥𝐻2𝑂𝐶𝑑𝑧′ = (𝑅𝑇𝐼𝑃𝐶 ) ((1 + 𝛼∗)(1 − 𝑥𝐻2𝑂𝐶 − 𝑥𝑂2𝐶 )𝐷𝐻2𝑂,𝑁2𝑒𝑓𝑓 + 0.5𝑥𝐻2𝑂𝐶 + 𝑥𝑂2𝐶 (1 + 𝛼∗)𝐷𝐻2𝑂,𝑂2𝑒𝑓𝑓 )
The oxygen molar fraction can be written similarly, also using the z’ axis. This 

𝑑𝑥𝑂2𝐶𝑑𝑧′ = − (𝑅𝑇𝐼𝑃𝐶 ) (0.5(1 − 𝑥𝐻2𝑂𝐶 − 𝑥𝑂2𝐶 )𝐷𝑂2,𝑁2𝑒𝑓𝑓 + (1 + 𝛼∗)𝑥𝑂2𝐶 + 0.5𝑥𝐻2𝑂𝐶𝐷𝐻2𝑂,𝑂2𝑒𝑓𝑓 )

condition used is the value at z’ = 0, which is equal to the bulk cathode molar fractio





–

Η(𝑎𝑟𝑔, 𝑝𝑎𝑟) ≅ {1, 𝑎𝑟𝑔 < 00, 𝑎𝑟𝑔 ≥ 0

ξ(𝜆) = Η(𝜆 − 1, 𝑝𝑎𝑟) ∙ 𝜆 + [1 − Η(𝜆 − 1, 𝑝𝑎𝑟)] ∙ Η(𝜆 − 𝜆𝑉𝐸 , 𝑝𝑎𝑟) ∙ 1+ [1 − Η(𝜆 − 𝜆𝑉𝐸 , 𝑝𝑎𝑟)] ∙ [1 + (𝜉𝑙 − 1) 𝜆 − 𝜆𝑉𝐸𝜆𝐿𝐸 − 𝜆𝑉𝐸]

𝐷𝜆(𝜆) = {Η(𝜆 − 2, 𝑝𝑎𝑟) ∙ 1 + [1 − Η(𝜆 − 2, 𝑝𝑎𝑟)] ∙ Η(𝜆 − 3, 𝑝𝑎𝑟) ∙ [1 + 2(𝜆 − 2)]+ [1 − Η(𝜆 − 3, 𝑝𝑎𝑟)] ∙ Η(𝜆 − 4, 𝑝𝑎𝑟) ∙ [3 − 1.38(𝜆 − 3)]+ [1 − Η(𝜆 − 4, 𝑝𝑎𝑟)](2.563 − 0.33𝜆 + 0.0264𝜆2− 0.000671𝜆3)}10−10𝑒[2416( 1303−1𝑇)]



–

𝜆𝐷𝜆
𝜆𝜆𝐴𝑛𝑜 𝜆 𝑧

𝑧𝑐 𝑧
𝜆(𝑧) = ∫ 𝑓(𝑧)𝑑𝑧 + ∫ 𝑔(𝑧)𝑑𝑧𝑧

𝑧𝐶
𝑧𝐶0𝑧𝑐

limit λ value in the expression of the integral. Note that this is only necessary when 𝑧𝑧𝑐
those for Springer’s and the Piecewise

𝜆 –𝑧

𝜆𝜆(𝑧) = 11𝛼∗𝑛𝑑𝑟𝑎𝑔𝑠𝑎𝑡 + (𝜆𝐴𝑛𝑜 − 11𝛼∗𝑛𝑑𝑟𝑎𝑔𝑠𝑎𝑡 ) ∙ exp (𝑛𝑑𝑟𝑎𝑔𝑠𝑎𝑡22 ∙ 𝑗𝐸𝑊𝑧𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛)



This definition, such as Springer’s model uses only one expression for the whole 

K = 𝑗𝐸𝑊𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛𝑎 = 0.0026, 𝑏 = 0.028, 𝑐 = 1 − 0.5𝛼∗
Δ = 𝑏2 − 4𝑎𝑐

value for Δ, which happens for α*< 1,84923. Therefore, the solution steps for this 

cases (Δ = 0 and Δ > 0).

∫ 1𝑎𝜆2 + 𝑏𝜆 + 𝑐𝜆
𝜆𝐴𝑛𝑜 𝑑𝜆

∫ 1(𝜆 + 𝑏2𝑎)2 + (√4𝑎𝑐 − 𝑏22𝑎 )2
𝜆
𝜆𝐴𝑛𝑜 𝑑𝜆

( 2√4𝑎𝑐 − 𝑏2) tan−1 ( 2𝑎𝜆 + 𝑏√4𝑎𝑐 − 𝑏2) | 𝜆𝜆𝐴𝑛𝑜 𝑧
tan−1 ( 2𝑎𝜆 + 𝑏√4𝑎𝑐 − 𝑏2) = tan−1 (2𝑎𝜆𝐴𝑛𝑜 + 𝑏√4𝑎𝑐 − 𝑏2 ) + (√4𝑎𝑐 − 𝑏22 )𝐾𝑧

λ(𝑧) = −𝑏2𝑎 + √4𝑎𝑐 − 𝑏22𝑎 tan [tan−1 (2𝑎𝜆𝐴𝑛𝑜 + 𝑏√4𝑎𝑐 − 𝑏2 ) + (√4𝑎𝑐 − 𝑏22 )𝐾𝑧]
presents the final result for Δ > 0 and Equation for Δ = 0.λ(𝑧) = 12𝑎 − 2𝑎𝐴𝐵 (−𝑏 + √𝑏2 − 4𝑎𝑐 + 𝐴𝐵√𝑏2 − 4𝑎𝑐 + 𝐴𝐵𝑏)𝐴 = 2𝑎𝜆𝐴𝑛𝑜 + 𝑏 − √𝑏2 − 4𝑎𝑐𝑎𝜆𝐴𝑛𝑜 + 𝑏 + √𝑏2 − 4𝑎𝑐 𝐵 = 𝑒(𝐾𝑧√𝑏2−4𝑎𝑐)

λ(𝑧) = 4𝑎𝜆𝐴𝑛𝑜 + 2𝑎𝑏𝐾𝑧𝜆𝐴𝑛𝑜 + 𝑏2𝐾𝑧4𝑎 − 4𝑎2𝜆𝐴𝑛𝑜𝐾𝑧 − 2𝑎𝑏𝐾𝑧



𝜉

𝐾 = ( 𝑗𝐸𝑊𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛)
𝜆𝐴𝑛𝑜 𝜆𝐶𝑎𝑡

𝜆(𝑧) = 0.5𝛼∗ + (𝜆𝐴𝑛𝑜 − 0.5𝛼∗) ∙ 𝑒𝑥𝑝(𝐾𝑧)
≤ 𝜆𝐴𝑛𝑜 𝜆𝑉𝐸 and 1 ≤ 𝜆𝐶𝑎𝑡 𝜆𝑉𝐸

(𝑧) = (1 − 0.5𝛼∗) ∙ ( 𝑗𝐸𝑊𝑧𝐹𝜌𝑑𝑟𝑦𝐷𝜆,𝑚𝑒𝑎𝑛) + 𝜆𝐴𝑛𝑜
𝜆𝑉𝐸 ≤ 𝜆𝐴𝑛𝑜 𝜆𝐿𝐸 𝜆𝑉𝐸 ≤ 𝜆𝐶𝑎𝑡 𝜆𝐿𝐸

– –𝜆(𝑧) = 𝜆𝑉𝐸 − (1 − 0.5𝛼∗𝐶 ) + (𝐶𝜆𝑉𝐸 + 0.5𝛼∗ − 1𝐶 ) [𝑒𝑥𝑝(𝐶𝐾𝑧)]
𝐶 = (𝜉𝐿,𝑚𝑎𝑥 − 1𝜆𝐿𝐸 − 𝜆𝑉𝐸 )

𝜆𝐴𝑛𝑜 < 1 and 1 ≤ 𝜆𝐶𝑎𝑡 𝜆𝑉𝐸
𝜆(𝑧) = {0.5𝛼∗ + (𝜆𝐴𝑛𝑜 − 0.5𝛼∗)𝑒𝑥𝑝(𝐾𝑧), 𝑧 ≤ 𝑧𝑐1 + (1 − 0.5𝛼∗)(𝐾𝑧)(𝑧 − 𝑧𝑐), 𝑥 > 𝑧𝑐



𝑧𝑐 = (1𝐾) ln ( 1 − 0.5𝛼∗𝜆𝐴𝑛𝑜 − 0.5𝛼∗)
1 ≤ 𝜆𝐴𝑛𝑜 𝜆𝑉𝐸 𝜆𝑉𝐸 ≤ 𝜆𝐶𝑎𝑡 𝜆𝐿𝐸

(𝑧) = { (1 − 0.5𝛼∗) ∙ (𝐾𝑧) + 𝜆𝐴𝑛𝑜, 𝑧 ≤ 𝑧𝑐𝜆𝑉𝐸 − (1 − 0.5𝛼∗𝐶 ) + (1 − 0.5𝛼∗𝐶 ) [𝑒𝑥𝑝(𝐶𝐾 (𝑧 − 𝑧𝑐))], 𝑥 > 𝑧𝑐
𝑧𝑐 = (𝜆𝑉𝐸 − 𝜆𝐴𝑛𝑜1 − 0.5𝛼∗ ) ∙ (1𝐾)

𝜆𝐴𝑛𝑜 𝜆𝑉𝐸 ≤ 𝜆𝐶𝑎𝑡 𝜆𝐿𝐸

(𝑧) = { 0.5𝛼∗ + (𝜆𝐴𝑛𝑜 − 0.5𝛼∗)𝑒𝑥𝑝(𝐾𝑧), 𝑧 ≤ 𝑧𝑐11 + (1 − 0.5𝛼∗)(𝐾𝑧)(𝑧 − 𝑧𝑐1), 𝑧𝑐1 < 𝑧 ≤ 𝑧𝑐2𝜆𝑉𝐸 − (1 − 0.5𝛼∗𝐶 ) + (1 − 0.5𝛼∗𝐶 ) [𝑒𝑥𝑝(𝐶𝐾 (𝑧 − 𝑧𝑐2))], 𝑧 > 𝑧𝑐2𝑧𝑐1 = (1𝐾) ln ( 1 − 0.5𝛼∗𝜆𝐴𝑛𝑜 − 0.5𝛼∗)𝑧𝑐2 = 𝑧𝑐1 + ( 𝜆𝑉𝐸 − 11 − 0.5𝛼∗) ∙ (1𝐾)
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𝛼∗

–



–

–

cathode. This indicates that the assumption likely does not affect the model’s capability 



𝜆
– –

𝜆𝐴𝑛𝑜𝜆
𝛼∗



– COMPUTATIONAL TIME RESULT FOR SPRINGER’S 

α = 0.05
α = 0.01
α = 0.05
α = 0.01

α = 
α = 0.01
α = 0.05
α = 0.01

α = 0.05
α = 0.01
α = 0.05
α = 0.01



α = 
α = 0.01
α = 0.05
α = 0.01

α = 0.05
α = 0.01
α = 0.05
α = 0.01

α = 
α = 0.01
α = 0.05
α = 0.01

α = 0.05
α = 0.01



α = 0.05
α = 0.01

α = 
α = 0.01
α = 0.05
α = 0.01



–
EIGENBERGER’S ELECTRO
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