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Resumo

Neste trabalho, consideramos o problema de valor inicial para a equacdo de Schrodinger néo

linear:
i0u = —Au— Nu|* 'y, zeRY, ¢>0. (1)

Onde u = u(t, ) é uma funcdo complexa definida em R x RY. Estabelecemos a existéncia,
unicidade e regularidade de solucées locais nos espacos L2(RM) e H(RY), tanto para o
caso subcritico quanto para o critico. Estudamos esse problema usando o teorema do ponto
fixo de Banach, estimativas de Strichartz e ferramentas da analise harmonica. Além disso,
provamos a existéncia de solugoes globais, sob condigdes que envolvem a nao linearidade, o
tamanho dos dados iniciais ug € H*(RY) e o sinal de \. Também estabelecemos um critério
de espalhamento (scattering).

Finalmente, estabelecemos uma teoria de espalhamento (scattering) para dados pequenos da
equacao nao linear de Schrodinger da forma:

(i0; + A)u = a(z)|u|* tu, 2)

onde u: RxRY — C,a>0,ea€ Wl’OO(RN) para o caso intercritico, em dimensdes N >
3. Encontramos estimativas de estabilidade para o problema de recuperacao de informagoes
sobre a ndo linearidade no termo ndo-homogéneo e na poténcia da nao linearidade por meio
do mapa de espalhamento (scattering map), estendendo os resultados de Chen e Murphy [4].

Palavras-chave: equacdo de Schrodinger; comportamento local; comportamento global; scat-
tertng.



Abstract

In this work, we consider the initial value problem for the nonlinear Schrodinger equation.

0 = —Au— Nu|*'u, xRN, t>0, (3)

where u = u(t,z) is a complex function defined on R x RY. We establish the existence,
uniqueness and regularity of local solutions in the spaces L?*(RY) and H(RY), for both
subcritical and critical case. We study this problem using the Banach fixed-point theorem,
Strichartz estimates and tools from harmonic analysis.

Moreover, we prove the existence of global solutions, under conditions that involve nonlinear-
ity, size of initial data ug € H'(RY) and the sign of A\. Furthermore, we establish a scattering
criterion.

Finally, we establish a small data scattering theory for the nonlinear Schrodinger equation
of the form
(i0; + A)u = a(z)|u|* tu, (4)

where u: R x RY — C, a > 0, and a € W1°°(RY) for the intercritical case, in dimensions
N > 3. We find stability estimates for the problem of information recovery about nonlinearity
in the inhomogeneous term and in the power of nonlinearity through the scattering map,
extending the results of Chen and Murphy [4].

Keywords: Schrodinger equation; local behavior; global behavior; scattering.
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Chapter 1

Introduction

In this work, we study the Cauchy problem of the Schrédinger equation

{i@tu:—Au—)\\uP_lu, reRY, t>0 1)

u(z,0) = ug(x)

where X and « are real constants with & > 1, and u: RN xR — C, N > 3.

The equation is a nonlinear variation of the linear Schrodinger equation. discovered by
physicist Erwin Schrédinger (1925). This discovery is of great importance for the development
of quantum mechanics. The linear equation describes atoms and particles that move in space,
while the nonlinear equation has diverse applications, one of which is in the propagation of
light in nonlinear optics (see Boyd [1]).

The Cauchy problem for (T-1), is local well-posed in L*(RY) and H*(R") depending on «,
N > 3. (See Linares-Ponce [15], Tao |20]), and Cazenave |2] using an abstract theory. In other
words, if ug € H'(RY) or L*(RY) there exist T > 0 and a unique solution v € C([-T,T] :
H')N X, where X is an auxiliary space solution of (T.T). For the case N = 1,2, we refer to
Cazenave [2][Theorem 35.1 and Theorem 3.6.1]

Moreover, the NLS equation conserves mass M[u] and energy Efu], which are defined
by

M) = [ Juta.t)Pde.
2\

Blutt) = [ (190600 = 2 w0 ) o,

and play a crucial role in the description of global solutions. Weinstein [22], assuming
ol ;o < |@]l 2, where @ denotes the ground state (positive solution of minimal L?-norm)
of the elliptic equation

AQ-Q+|QI*Q =0,

showed global well-posedness in the critical case o =1+ %. Holmer and Roudenko [11], for
radial initial data ug € H*(RY), satisfying

Eluo]* Mluo]*™ < E[Q]* M[Q]'~™,
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and
Vool luoll 2™ < IVeQlI% QN =",

with and s, = 5 — % proved that the solution exists globally in time and scatters. Duy-
ckaerts, Holmer and Roudenko [7], extend the scattering result [11] to include nonradial H*!
data.

N
2

Killip, Murphy, and Visan, in [14], present the method for recovery the nonlinearity of a
nonlinear dispersive equation from its small-data scattering behavior, through the scattering
map. Watanabe [21] recovery an inhomogeneous coefficient in a nonlinearity of the form

b(z)|u|*"t. Other works concerning the recovery of nonlinearity from the scattering map can
be found in [3] and [16].

We shall find stability estimates for recovery the nonlinearity of inhomogeneus coefficient in
a nonlinearity and the power of nonlinearity, for inhomogeneous Schrodinger equation

(i0; + A)u = a(z)|u|* tu, (1.2)
where u: R x RN — C, in the intercritical case 1+ + < o < 1+ % and a € WE2(RY).

This text is organized as follows. In Chapter[2] we present properties of the Fourier transform
on the line and RY, along with some spaces of interpolation. In Chapter [3] we describe the
solution to the linear Schrodinger equation, presenting fundamental properties for this work,
along with Strichartz estimates for the dispersive Schrodinger equation.

Chapter | is dedicated to studying the local and global behavior of the nonlinear Schrodinger
equation [1.1 in the L2(R") and H'(R") spaces (see Linares and Ponce [15]).

Finally, in Chapter 5] we present and prove the principal results of this dissertation.
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Chapter 2

The Fourier Transform

In this chapter, we develop a theory of Fourier series, which is used to represent periodic
functions through the discrete sum of complex exponentials z — €?™* and we present some
convergence properties. Furthermore, we study the Fourier transform, which extends to non-
periodic functions, with some references based on lorio-lorio [12], Stein and Weiss [19], and
Linares and Ponce [15].

2.1 Fourier Series

This section focuses on representing a 1-periodic function f: R — C by the series:

% + kz_o(ak cos(2mky) + by sin (2mky)). (2.1)
Since
cos (2mky) = e 4_262m'ky and sin (2wky) = e _2;2Mky, forall k=1,2,---,
we obtain

b b ,
ay cos (2mky) + by sin (2wky) = B — OOk omiky | U 1Ok —amiky

2 2
Therefore can be written as
—+o00
> e, (2.2)
k=—o00
where ; b
00:%7 Ck:akz ka C*k:akzlk’ fOFk:LQ,---,

Let us assume that the series (2.2) converges uniformly to the function f: R — C.

If we define '
bp(z) = ¥ ke 7, (2.3)

we see that {¢y} satisfies
0, ifj#k

(Pk, D)) :/0 Or(w)¢; (x)dx = {1 ifj =k
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Thus,

(f, dr) = / f(x)p(x)dr = /01 < +i cne%i”x) e 2R g, (2.5)

n=—oo

and by uniform convergence of the series , and (24):

o

(f. d0) = Z n / I = 3 el 0n) =
Therefore,
1 .
o= (foon) = [ flo)e 26)
0

Definition 2.1.1. Let CF,([0,1]), where k = 0,1,2,..., denote the collection of 1-periodic
functions f: R — C that are of class C*. If k = 0, we denote C2..([0,1]) by Cper(]0,1]).

per

Definition 2.1.2. Let f be a function belonging to the set Cp, ([0, 1]). The numbers ¢, defined
by (2.6), are called the Fourier coefficientes of f, and the series

o0

Sf _ Z Ck€27rikm

k=—o00
is called the Fourier series of f.

The complex sequence {f(k)}rez, where f(k) = cx is called the Fourier transform of f. The
map f — f is linear and satisfies

1
Bl = [ 17@e s = 11, < 11
Now, consider the subspace Viy = {¢y : =N < k < N}, where N € Z* and let

Sy = f(k)e*iks (2.7)

|k|<N

belong to V.

Proposition 2.1.1. Let Viy = {¢r : =N < k < N} be an orthonormal subspace in L? and
f € Cper([0,1]).

(a) Given N € N, the best L* approximation to f using Vi is given the N-th partial
Fourier series Sy. For all Ty € Vy,

1f = Snlly < [1f = Twlly- (28)

Proof. Write g = f — Sy and choose

Ty = Z P

|k|<N
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such that

f—Tn=f—Sv+ Sy —TIn) =g+ (Sy —Tn).

Now, using the orthogonality of (2.4) and the Fourier coefficients

(9, Tn) = <f — SN, Tw)

(f. > awn) — Z Nbi > odr)

¢j?¢k>

lk|<N JI<N |k|<N
= Z ai(f, on) — Z
|k|<N k<N |j|<
= > (@f(k) - ﬂ))z
|k|<N

This show that g is orthogonal to Vy. Since Sy — T belongs to Vi, It follows from the

Pythagorean theorem,

1= TwlE =g+ 3 (F(k) - )

lk|<N )

= llglls + D= |tk - a(k)\ ol

|k|<N
2
> |lgll5 -

Therefore
If = Snlly < [If = Twll -

Proposition 2.1.2. Let f € Cp., ([0,1]). Then the series

o0

>

k=—o00

:

f(k)

converges and satisfies the Bessel's inequality

+o0 R 9 1
3 Jfwf < [ i@ =,

In particular, the Riemann-Lebesgue Theorem holds

lim (k) =

|k|—+o00

(2.10)

(2.11)
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Proof. Let

0<|If=Snlls=||f = > f(k)os

|k|<N

2
= (=D fh), f= > fk)
|k|<N |k|<N
= (ff =D f)en) = (D fk)r, f— D f(k)éw)
lk|<N |k|<N |k|<N
=115 = (f. Y f(k)w)
|k|<N
|k|<N
== > If(k
|k|<N
therefore A
on=>_ |fB)P<If3, (212)
[k|<N

for any N € N. The sequence {¢n} is increasing and bounded, therefore it is convergent.

So, as N — oo we obtain (2.10).
Finally, by the convergence of the series in (2.10):

lim (k) =

|k|—+o00

2.1.1  Fourier transform on the line.

We are interested in studying the convergence of the improper integral I = ffooo f(z)dx
where f: R — C is a Riemann integrable function on every finite interval [V, M].

We say that the improper integral I converges if

Mgl}i-oo/ f

exists.

Lemma 2.1.1 (Cauchy Criterion). ffooo f(z)dz converges, if for every e > 0 there exists M. > 0

such that
-N M
‘/ f(x)dx| + / f(x)dx
-M N

We say that the improper integral [ f(z)dx converges absolutely, if [~ |f(x)|dz con-
verges. In other words, the limit

<e (2.13)

for all M, N > M..
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M
lim |f () dz,

M—+00
N——00 N

exists. In this case, we say that f is absolutely integrable.

Proposition 2.1.3. If f is absolutely integrable, then ffooo f(z)dz converges.

Proof. From the hypothesis that f is absolutely integrable and from the Cauchy criterion,
given € > 0, there exist M. > 0 such that
M
[ 1s@las
N

\ [ sty +
/NMf(:r)dx §/;M|f(x)|dx+/;v|f(x)|dm<5. (215)

Remark 2.1.1. If f is absolutely integrable, according to the Cauchy Criterion, for any given
e > 0 there exists M! > 0 such that

<e, (2.14)

for all N, M > M,. Thus

‘ / ;V F(x)de| +

]

M €
/ Dlde+ [ |f@lds| < 5,
N 2
forall M > N > M_.
Fix N > M.. Since |f| > 0, the map
M €
M»—>/ ]dx—l—/ |f(z)|dx < =
N 2

is non-decreasing and bounded above. Consequently, limy;_,, (M) exists and

lim I(M):/|>N] (x)|dz = lim ) ]f(:z:)|d:v+/ |f(x)|d:v§§<€.

M—o0 M—oo M N

Definition 2.1.3. Let f be an absolutely integrable function. The Fourier transform of f,
denoted by Ff or f, is defined as the function Ff: R — C given by

FIAE) = Fl&) = / " pw)e i d,

Proposition 2.1.4. Let f,g: R — C absolutely integrable functions, then

(i) (f +29)(€) = F(€) + \g(€), A e C, € R

(i) F(€) = F(~€), forall € € R
(HL) Ifh € R and Th(ZE) = f(x — h), x € R then 7—/’17(5) — 6_2mh£f(§).
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) [F&)] < I1f1h.

Proof. (i) By the absolutely convergence and linearity of the integral:

T39O = [ 17+ 2 d
::/mf@kﬁmﬂm+A/mg@k4ﬂ%m

e}

~

= J(&) + Ag(¢)

(i) Let f(z) = u(x) +iv(x), then

Feo = [ fajenisds
:/:w@kww_wakwmmx
= / " et
- o
(iii) Let
Tf(€) = / Z T f (x)e ™ dr = / Z flz —h)e > dx (2.16)

Making a change of variable w = = — h in (2.76)

(€)= / " Flw)e 2Oy = o2 F(g),

(iv) We have that

Fio) =| [ e as

g/m (@) dz = | f],

]

Proposition 2.1.5. If f is absolutely integrable, then f is uniformly continuous and bounded

as [ fllo < [1f1ly-

Proof. Since f is absolutely integrable, given € > 0, there exists M > 0 such that

€

ICES 217)
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Now, we have that

+oo

ferm-fels [ 1@l -1 de

—0o0

< 2L|>M|f<x)|dw+/ |f(z)| |e*™ — 1] dx (2.18)

|lz|<M

< / G

sup |e*™ — 1| || f]], -
jal <M

By the theorem of calculus

|€27'ri:1: - 1’ —

/ 27m'7762“mdt‘ < 2m|nz|.
0

£
Let 6 = ————— > 0. If || < 0, then
M || £l
£ ¢ 2e 2mizn
[FE+m = F©OI < T+ sup [ —1][|f],
|lz|<M
5
< £+ 2l 1],
£
< <+ 2 Ml 1],
£ £
<SqvouM|fl, —e =
A S TR
Due the Proposition F is bounded with HfHOO < || flly- O

-~

Proposition 2.1.6. Let f: R — C be absolutely integrable. Then f(§) — 0 when || — 0.

Proof. Let ¢ > 0. By Proposition fis uniformly continuous, so there exists a 6 > 0
such that if ¢, — &| < 4, then ‘f(gl) - f(gz)‘ <=

From the absolute integrability of f, there exists M > 0 such that

13
/|I i<

where M > £.

Define g: [0,1) — R, as
g9(y) =2M f (My), (2.19)

and extend g periodically to the entire real line. Since f is piecewise continuous, g is also
piecewise continuous. Let the Fourier coefficients of g be defined by

o) = [ sy,

Thus, according to the Riemann-Lebesgue Lemma (Lemma [2.1.2), we have:

lim §(k) = 0. (2.20)
|k|—+o0
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Consequently, there exists K € Z* such that for any k € Z, if |k| > K, then (k)| < 5. If

¢ € R with i«
€1 > e
Let's consider the ceiling function [M¢]. Choose K7 € Z such that
K, —-1< M¢<K;.
This implies |K;| > K and

1 1
— (K -1 < —K
M< 1 )<5_M 1
1 1

— (K, —1) — < —K{ —¢&.
M(l ) §<0_M1 §

Therefore | .
< —K—¢é=—(K1—M
O_M 1—¢& M( 1 §) <

1

— <.
M=

Thus, if |37 K1 — &| < 6, by uniform continuity,

F(3) - 7| <5
Hence,
fo] < |70 -7 (5| +]7(5))

M LKy
/ f(x)e—%rzﬁxdm
—-M

<£—I—/ |f(x)|dx +
3 Jielzm
Through the change of variable z = My and (2.19), we obtain:
n 2¢ ' —2miK
F@ < S+ M [ foay) ey
—1

2e ! —2miKix
< 3t 2M | g(x)e Yz
0

2e ~
=3 +2M|g(Ky)| < e.

This completes the proof.

2.1.2 Schwartz Space

(2.21)

(2.22)

(2.23)

Motivated by analyzing the decay properties of the Fourier transform, we will introduce the
Schwartz space on R, which consists of rapidly decreasing functions f € C*(R,C), which
allows us to relate the decay of f(£) to the continuity and properties of the differentiability
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of f, and vice versa.
Defining

[illas = sup |6 z)] 224)

and
SR) = {p€C®: gl < +oo,forall (o, 8) € N x N} (2.25)

Consequently, S(R) is a topological vector space over C, with the topology generated by the
enumerable intersection of the open sets,

Brigo) = {# € S(R): llp — vollo 5 < R} .

Furthermore,

1 o=l
) s 2.2
d(p, 1) QZB 2908 1+ [l = nll,. 5 -

defines a metric on S(R).
Therefore, the Schwartz space S(R) equipped with metric (226) is a complete metric space.
Lemma 2.1.1. The sequence (¢n)n>1 € S(R) converges to ¢ € S(R) if and only if

Tim [lon — @ll, 5 =0
for all o, B € N.

Additionally, if f € S(R), we have that f@(z) and 2®f)(z) belong to Schwartz space.
Furthermore, using the fact that the function % is bounded, there exists M > 0 such that

(1+ |z])* < M(1+ |x]*). For a, 8 € N fixed there exists a constant C,, 5 € (0, 1) such that,

(1 + 2222 ()] < M (Ja D (@)] + 222 £ O ()]
< M(Cqp+ Crap)

— L,
which implies
C
ar(B)()| « o8
x :
S T

Thus,
lim z%f¥(z) = 0.

|z]—o0
In other words, the Schwartz space consists of smooth functions whose derivatives decay at
infinity faster than any power.
Other properties of Fourier transformation are given in the following proposition.
Proposition 2.1.7. If f € S(R), then

(i) £ f e SR) for all « € N and

—

~

1) = 2rig)efle), € e R, 227)

dz®
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(i)

Proof.

f e S8R) and
4 (omiz)of
gl © = |(2min ] (©) (228
(i) Since f € S(R), its derivatives are rapidly decreasing, so f(® € S(R). Inte-
grating by parts gives
—~ |t oo A A
7() =t womie [ playe e — 2micf(6).

Then, using an argument by induction, we have

da+1 r da . 00 +o00o da '
Wf(&) = dx—oéf(x)e—%rm:& i_oo + 27].2'5 /OO %Jc(w)e—%zgmd:ﬁ
= (2mi&)" 1 f(©).

We must show that fA'Ls differentiable and find its derivative. Let

. (f(s - FO s )
h

lim (—2rizf)(€)

00 e—27riz(§+h) _ e—27ri§a: )
= lim f(x) + 2mize 2™ | da.
h—0 —oo h

We consider the function

—2mi(+h)x _ —2milx )
gn(z) = f(x) <€ ‘ + 27rixe—2’”&”>

h

—2mwihx 1

— f(l,)e—mex <€ -

where, g, — 0 almost everywhere, as h — 0.

+ 27rix> ,

Now, by the mean value theorem, there exists A, € (0, h) such that
—2miz(§+h) _ 6—27r72§x

h

€ —2milx

lgn| < |f ()]

+ 2mizxe

< |2mia] | ()] |om2ritetrs — -2mes

< dr|z||f(z)| € L*.

Thus, by dominated convergence theorem

lim gn(x)dr = / lim g, (x)dz = 0,

h—0 o o h—0
from this, it follows (2.28).

By the Fourier transform interchanges differentiation and multiplication, that so, for
integers v and

Oédﬁ £

51(6) = (=2mi) e 2P (©)

—_—

= (=2mi)* P (28 ) (§).

§
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Furthermore, by (@) 2°f € S(R) , we have

|7l = sup 6 F(€))] < +o0.
0
Proposition 2.1.8 (Fourier Inversion). If f € S(R), then
fla) = [ Fermas
for all x € R.
Proof. See lério and Iério [12) Theorem 3.3]. O

We define the the inverse of Fourier transform, as
v o0 )
fa) = (F D) = [ s

The Fourter inversion shows that
FloF=1,

on S(R), where I is identity mapping. Furthermore, F(f)(y) = F 1 f(—y), so we also have
F o F~1 = I This justifies that F~! is the inverse of F. From this, it is easy to see that
A: S(RY) — S(RY) is an isomorphism.

The Schwartz space S(R) can be equipped with the inner product and associated norm:

o= [ s, and lfl, = (7.0%
Lemma 2.1.2. If f,g € S(R) then:
(i) f*xgeSMR).
(i) (£ *9)(€) = F(©)F(&).
Proof. See Stein and Weiss |19, Proposition 1.11] O

Proposition 2.1.9 (Plancherel). /f f € S(R) then || fll2 = || £,

Proof. If f € S(R), let g(z) = f(—z). According to Proposition item |2} it follows that

—_~

9(&) = f(&). Furthermore, let f x g € S(R) such that

~

Fxg(6) = FOFE) = IF ),
and

(F + g)( / F(@)9(0 — 2)dz — /_OO F(2)2da (2.29)

o0

Now, the inversion formula applied with z =0

_ / Frg6)de = / o). 230)

Therefore, (2.29) and (2.30) yield the desired result. O
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2.1.3 The Fourier transform on RY

Definition 2.1.4. The Fourier Transform of a function f € L*(RN), denoted by f, is defined
as:

f(é) = f(x)e ™= dx, for ¢ € RY, (2.31)
RN
where
X - g = Z ZL‘jfj.
1<j<N

Proposition 2.1.10. Let f € L*(RY), then :
(i) f > [ from L*(RY) to L®(RY) with
[z < LF Il -

(ii) f (s continuous .

~

(iii) f(&) — 0 as || — oc.
(iv) If 7, f(z) = f(z — h) denotes the translation by h € RY, then

o — —~

(mf)(€) = e72™2 F(€), and (e=2mih f)(€) = 7, f(€).

(v) If 6.f(x) = f(ax) denotes the dilation by a > 0, then
Gn© =7 (%)

a

(vi) Let g € L*(R™) and f * g be the convolution of f and g. Then

—
-~

(f x9)(€&) = f(£)9(E).

(vii) Let g € L*(RY). Then
FWaw)dy = | f»)3ly)dy.
RN RN
The proof of this proposition follows in a manner similar to Theorem [2.1.4]

Proposition 2.1.11. Let f, 2*f € L', with o € ZY a multi index. Then 8O‘fA is defined and
satisfies

~

(&) = |(=2miz)f] (©).
Proof. See Linares-Ponce [15, Proposition 1.1]. O

Definition 2.1.5. Let 1 < p < oo. A function f € LP(RY) is differentiable in LP(RY) with
respect the kth variable, if there exists g € LP(R™) such that

/ f(z +tey) — flz)

t
where e;, has kth coordinate equals to 1 and 0 in the others.

p
der — 0, ast — 0,

—g(z)
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Proposition 2.1.12. Let f € L*(RY) such that 0*f € L*(RY). Then

~

021 (€) = (2ni€)° f(€).
Proof. See Linares-Ponce [15, Theorem 1.2] O

Example 1. Let N =1 and f(z) = X[as the characteristic function of interval [a, b]. Then

o)

fie) =t = |
672m'z§
T { 2mi€ }
Notice that x(qz(§) ¢ L' (R).

We have studied some properties of the Fourier transform to find J?from f. However, we are

interested in how to determine f from fA The above example show that f ¢ L' for some
f e LYRY).

Proposition 2.1.13. Let f € LY(RY). Then

b

b — _pmilatb)g sin(m(a — b)§)
a 7T€ '

o0

o~

flz) = lim [ eXimse=dm el f(e)de,

t—0t RN

where the limit is taken in the L*—norm. Moreover, if f is continuous at the point xg, then
the following pointwise equality holds:

f(zg) = lim 62W20'£€74w2t|£‘2f(€)d€.

t—0t RN

Proof. See Linares-Ponce |15, Proposition 1.2]. O

Now, if f, f € L, we have the inversion form:

almost everywhere x € RY.

2.1.4 The Fourier Transform on L2

We observe that, while the Fourier transform given by (2.31), makes sense as a convergent
integral for functions f € L'(RY), this integral does not converge absolutely for all functions
on L2 We first define a linear operator on the subset L' N L? of L*(RY).

Proposition 2.1.14 (Plancherel). If f € L' N L2 Then f € L2 and ||f||= = || f]lz2
Proof. See Linares-Ponce [15, Theorem 1.3]. O

Thus, the Fourier transform is an L? isometry on L' N L% By density, there exists a unique
bounded extension of Fourier transform F: L? — L2,
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Proposition 2.1.15. The inverse of the Fourier transform F~' can be defined by the formula

F (@) = Ff(-2),

for any f € L?.

Proof. See Linares-Ponce [15, Theorem 1.5] O

2.1.5 The Fourier transform in the space of tempered distributions

In this section, we shall prove that any f € LP(R”Y) for p > 1 has a Fourier transform in the
distribution sense.

Definition 2.1.6. We define the Schwartz space S(RY) of rapidly decaying functions as

SRY) = {1 € C¥R): 1, = sup |20° (&) < o0 Ve, 6 € 2, |

This space is a topological vector space, with topology generate by the enumerable intersec-
tion of open sets

N {7 eSE):1f - gl <R},

(a,IB)EZgO

for some g € S(RY) and R > 0, and is a complete space with the metric:

1 Hf_gHa,ﬂ
U9 = 2 T = gl 232

Definition 2.1.7. Let {f;} C S(RY). Then, f; — 0 as j — oo, if for any («, B) € ZX, one
has that || f;||, 5 — 0 as j — oco.

Proposition 2.1.16. The map f ]?is a isomorphism.
Proof. Se Linares-Ponce [15, Theorem 1.6] O

Proposition 2.1.17. The Schwartz space has the following properties :

(i) C° C S(RY), and injection is continuous.
(ii) C5° is dense in S(RY).
(iit) S(RYN) C LY(RYN), and injection is continuous.
Proof. See Friendlander |8, Theorem 8.2.1]. O

Definition 2.1.8. We define the space of tempered distribution functions as the linear func-
tionals that satisty

S'RY) = {T € L(SRY),C) : T(fu) = 0 if || fulls — 0,¥(a, B) € Z5,
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Remark 2.1.2. If is g is any locally integrable function with polynomial growth at infinity,
then g defines a tempered distribution 7}, where

T,(f) = /}RN g(x)f(x)dx, for all f € S(RY).

Definition 2.1.9. Given T € 8'(RY), its Fourier transform T € S'(RN) is defined as:

for any f € S(RY).
It is clear that 7" is linear. To show that T' € &'(RY), we need to establish its continuity.

Let {f.} C S(RY) be a sequence such that f, = 0 in S(RY) as n — co. Since that the
Fourter transform is continuous (see Theorem OF- (@), fn — 0as n — oo. It follows that,
T(f,) = T(f,) — 0, and consequently T € S’(RN)

Note that, for g € LY(RY) and f € S(RY), it holds that

~

T =T = [ s f@yte = [ G =T3(6)
Definition 2.1.10. Let T € S'(RY) and a a multi-index. Define
OT(f) = (=1)T(@"f).

This definition is consistent with the theory of the Fourier transform on L' + L? in the sense
of distributions when identifying the function f with a distribution 7%.

Proposition 2.1.18. The map F: T T is an isomorphism from S'(RY).
Proof. See Linares-Ponce [15] O

Example 2. The Laplacian A, is a partial operator acting on tempered distributions on R

as follows:

where T € S'(RY). From Definition [2.1.10

0, T(f) = (=1)*T (9., ),

and from Definition and the Proposition [2.1.77 it follows that

N N
AT(f) = Y8, T(f) = Y T@,,1(&)) = ~4xePT ()
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2.2 Interpolation

Let (X, M, i) be a measure space, with 1 < p < oo. If f: X — C is a measurable function,
we define

Lp(X7M7ILL) = {f X —C: HfHLP < OO},
where the LP norm of f is defined by

Wlasccsnn = ([ )"

Furthermore, in the case of limiting value p = oo, we define
LOO(X’MHM) = {f X —0C: ||f||L°° < OO},
where
[l oo (x vty = A =0 (@ [f(2)] > A) = 0}
We abbreviate LP(X, M, u), by LP(X).

Remark 2.2.1. If X = R", we write || f||,, instead of 1 £l o vy, for the LP—norm o f. For a
function g: I x RY — C, for some interval I C R, we write

||g||Lng(1xRN) = HgHLgL;(I) = HHQHL; L)’ (2.33)

where 1 < ¢,r < o0.

Next, | will present some classical inequalities that are satisfied in the L? space.

Lemma 2.2.1. Ifz > 0 and X € (0,1), then z* < (1 — \) + Az

Proof Let f(z) = (1 —\) + Az — 2, hence f'(x) = X — Az*~L. Since f/(z) =0 at z = 1,
we have that f attains its miminum value at this point. Therefore,

f()=0< (1 =X+ Xz — a2

By setting x = ¢ with a,b > 0 and applying the Lemma we deduce that
a ' < (1= \)b + Aa. (2.34)

The equality holds if, and only if, a = b.
Proposition 2.2.1. Let1 < p,q<ocand ;+, =1 If f € L? and g € L then fg € L' and

gl < AN e gl o -

Proof. The inequality holds if ||f|l;, = 0 or ||g||;« = O, since that f = 0 or g = 0 almost
everywhere.
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Now if ||f||;» # 0 and ||g||;» # 0, by homogeneity we may assume that || f||;, = |lgll;« = 1.
We use A = é on the inequality (2.34), setting a = |f(x)[” and b = |g(z)|9, to obtain

| (2)g(x)| < %If(rv)V’ + %Ig(l’)lq-

Now, integrating this inequality yields

1 1 11
1fgll < » 1A% + p 1A% = PR L=/l llgll o -

O
Collorary 2.2.1 (Holder Inequality). Let 1 < p,q,r < o0. If f € LP and g € L4
11 1
- = — + -,
r p g
then fg € L" and
gl < AN e gl o - (2.35)

Collorary 2.22. If f € LP N LY with 1 < p < q < oo, then f € L" for all r, such that
p <r < g, an the following inequality holds:

1 6 1-4
0 —6
1l < WAze llgllz” s where — = st 0sos<t.

Proof. By Holder inequality (235), applied to the functions f = |f|? and g = |f|=9), it is
evident that |f|® € L% and |f]? € LT, thus

/ "= / 1A <117

|f\(1*9)THLﬁ

or (1—-0)r
=~ (fur)” ([
r —0)r
= £ 11z
Taking the r-th root, the proof is complete. ]

Lemma 2.2.2. If1 < p<oo and f,g € LP, then

If+ 9l < I fllze + gl -

Proof. Suposse without loss of generality, that f and g are non-zero. By homogeneity, we
can assume ||fll.» + llgll., = 1. If f=(1—6)F and g = 0G, for some 6 € (0, 1), again by
homogeneity, it is clear that || F||,, = ||G]|,;, = 1.

Since the function z — |z|P is convex for p > 1 on C, it follows

(1 —-0)F + 0GP < (1—-0)|F]P+0|G|,
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and by integrating both sides, we deduce that
[ 0= 0F +06pdn < (- 0) P12, + 011G = 1
which finishes the proof. O]

Lemma 2.2.3. Suppose that f € LP with 1 < p,q < oo, are conjugate exponents, that is

il
P q
Then
£ = s |[ 19
llgllLa<1
Proof. See Stein-Shakarchi [18, Lemma 4.2]. O

2.21 Lorentz Space and Real Interpolation

We study a new class of functions space namely, Lorentz space. These spaces are a genera-
lization of LP spaces.

Let
110 ey = /0 2 / X{I£1zapdpd A
o0 1\P dA
= A > A\lp ) —
| o Gt = 25)"
SO

WEPYE

1
171l = 7 a)

If we take the norm L of this quantity, we define the Lorentz space LP4(RY).

Definition 2.2.1. If 1 < p,q < oo, the Lorentz space LP4(RY) is the space of measurable
functions f: RN — C such that

WEPY L

* 1
1 2pa(rny = Po < +o0. (2.36)

Lo(Ry, %)

It is evident that, LPP(RY) = LP(R™). Moreover, we write || f||7 5.0 = supyso Au({|f] > A})P.

Example 2.21. Let p > 1. Then LP(RY) ¢ LP>°(RY). Indeed:

Set r = |z| and f(x) = |z~ 7, then da = rN=1dr. Thus,

1 ~1
P _ N—ld — iy
= [ e = [ ar

where this integral is divergent, so f ¢ LP(RY).
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Now

ple [f@)] > Ay = p ool r <A} =pfa:fal > A F]

Using the fact that u(cA) = ¢V u(A) for ¢ > 0 and each Borel set of RY, so
P N
1 {a: x| < )\_%} = (%) p{x || <1}, (2.37)

hence
p{o 1f (@) = Ap)r < pfas |o] < 13,

therefore taking the supremum and p—root, we obtain
< 1
||f||Lp,oo(RN) ~ Sup AX =1 < oo,
A>0

so that f € LP»>=(RY), proving that LP(RY) & LP>°(RY).
Proposition 2.2.2. If 1 < p < oo, then

LA || flI o = O then f = 0.
2. Forall c e C, ||Cf\|zp,q = |c| ||f”2p,q .

3. S+ gllre < 201 zna + Nglzoa)
Proof. Suppose that || || 1.~y = 0, then
1
P (1 @) > AP, ) = O,

which implies that, for almost A > 0, u({z : |f(x)| > A}) = 0. It follows that f(x) = 0
almost everywhere. Thus, f = 0.

Let a € C, then
1
laflltoageny = po A ({a = |af (@) > AD) Lae, o)

=i ( / T (e af (@) > A 7)‘1’

— |a|pi (/OOO (ﬁ)éﬂ({xi|f@)| . %})Z%)é
= lalp" (/Ooonéu({x ()] > n})s @)q.

A
Above, we used the change of variable n = —, proving the desired equality.

lal

Now, using the fact that

(o 15@) + o)l > Ay € {e: 7@ > 5o e lo@l > 5
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together with the fact that « +— 2® is subadditive and Lemma [2.2.2]
« 1 1
1f + 9llpa@ry = p7 | A ({2 2 [f(2) + g(x)] > A})7 >
La(Ry, %)
1
1 A A ]
<ot |2 (o (fo: 10@1> 3)) + ({101 > 5})
2 2
Lq(R+ dA)
1A A\ »
<opt |2 ({o: 171> 3})
La(Ry,R)
1A A7
vopt |2 ({2 o) > 2})
Lo(Ry, D)
= 2(IflIzea + Ngllz0)-
O
This proposition asserts that the quantity ||-||7,. is @ quasinorm.
Lemma 2.2.4 (Chebyshev's inequality). If f € LP(RY), then for any X > 0 we have
1
plo € R 1@ > ) < 55 [ @i
Proof. If p> 0 and |f(x)| > A we have that |f(x)[? > AP, therefore
/ |f(z)|Pdx > / |f(z)|Pda
RN {zeRN:|f(z)|>\}
> /\p/ dx
{zeRN:|f(z)|>\}
=Np{z e RY :|f(z)| > A}.
O

Lemma 2.2.5 (The Three Lines Theorem). Let f be a bounded continuous fuction on the strip
0 < Re(z) <1 that is holomorphic on the interior of strip. If |f(z)| < My for Re(z) =0 and

|f(2)| < My for Re(2) = 1, then | f(2)| < My *MF for Re(z) =z, 0 < x < 1.

Proof Define
e—az(l—z)f(z)

f5(2> = M&—lez ’

(2.38)

a bounded continuos function and holomorphic on the interior of the strip 0 < Re(z) < 1.

Let z = x + 4y, then

eRe(fez(lfz))f(z) efs(x(lfx)+y2)|f(z)|

f(2)] < = — :
€ Mé%e(l—z)MlRe(z) MOl Mlac

if Re(z) =0, we have

L) < U@L My

My, — M,
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and for Re(z) =1,

e V| f(z)] _ My _
RS == < =L

Given € > 0 there exists R. > 0, such that |y| > R., implies that |f.(z)] < 1. So, by the
maximum modulus principle, for any point in the rectangle {0+ A, 1+14iA,1 —3A,0 — A},
f attains its maximum on the boundary, that is |f-(z)| < 1.

Since A is arbitrary, we can let |A] — oo such that |f.(2)] < 1 on the strip 0 < Re(z) < 1.
Finally, if Re(z) = t, we have

e GO (2)] < MM,
and letting ¢ — 0 yields the desired result:
|f(2)] < MgM~".
N

Theorem 2.2.1 (Riez-Thorin). Let 1 < po,p1,q0, 1 < 00 and let T : LPi (X, u) — L9 (Y, v)
be a bounded linear operator with norm M;, where j = 0,1. Then T is bounded from
LPo(X, ) to L%(Y,v), with a norm denoted as My, such that

My < My~ M?. (2.39)

Furthermore, the operator satisfies the following equations:

o1- o1-
=0 0 L 1200 (2.40)
Do Po Y41 qo qo q1

Proof. See [15]. O

Proposition 2.2.3 (Young's Inequality). Let 1 < p < oo, and f € LP(RY) and g € LY(RY).
Then f g € LYRYN), where | +1 = . + .. Moreover

1 gl e < WAl e llgll o

Proof. Let g € L4, and define the operator

Tf=Ffxg.

By Minkoswski's inequality we have

ITfll e = (/RN < Ak y)dy>qd:r)é
< [ ([ 1rwtote - yraz) " i
= [ (1] tote o)

= llgllza 1115 -
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If 2+ =1, by Holder's inequality

”TfHLoo < HgHLq HfHLq’ .

Hence Riesz Thorin T': LP¢ — L% {s bounded, satisfying

1 1—-6 6 1 1-—6
—=——+— and —=——, 0<60<1
Do 1 q o q

Taking 6 such that pp = p and gy = r, we have that

1 1 0 1 1
St (14 2) 1= -1
roq q q p

Proposition 2.2.4. If f € LP(RY), 1 < p < 2. Then ]?E L?, with % + 1% =1, and

1Al < 11l s -
Proof. By Proposition [2.1.5] and Placherel, we have

A LY — L™

A L? — L2,

with norm 1. Using Riesz-Thorin theorem A: LP? — L% is bounded. Choosing 6, such that
go = p’ and py = p, we conclude that

D 1 oo
0
Lemma 2.2.6 (Hardy-Littlewood-Sobolev). /f1 < p,q,r < 0o, we have
1 gll e < 1Mz gl zee
ift4+1= }D + %
Proof. See Grafakos |9, Theorem 1.4.24]. O

Definition 2.2.2. Let 1 < p,q < 1. A mapping of functions T is of (strong) type (p,q) if

1T fl Loy S 1o vy

Similarly, for g < oo, T is of weak type (p,q) if

1T f ooy S NF 1oy -
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Theorem 2.2.2 (The Marcinkiewicz Theorem). Let (X, u) and (Y,v) be measure spaces and
operator
T: L2 (X, 1) — LO(Y,0),

of weak type (po, qo) and weak type (p1,q1), with 1 < p;,q; < oo, j = 0,1, and with py # p,
and qo # q1. Then, for each 1 < r < 0o, we have

||Tf||249ﬂ“ gpo,qo,pl,rﬁ ||f||zpw )

where

1 1-— 1 1-—
— = 9+£ and — = 9+£, 0<fd<1.
Do Po Y4 do qo0 a1
Proof. See Linares-Ponce [15] O

2.2.2 Sobolev space H*P(RY)

Denote by g(A) = (1 — A)z, for sufficiently reqular functions, the Bessel operator

—
-~

g(A)F(€) = g(—4mIE) F(€) = (1 + 4m2[€[)E f(€).

In what follows, we denote A*f(z) = ((1 + 472|¢[2)2f(€))Y(x). We can define the inhomo-
geneous Sobolev space.

Definition 2.2.3. Let s € R, we define the Sobolev space of order s by

~

H®Y) = {f € S(RY): A*f(x) = (1 +472¢?)3 F(9)¥ () € L(RY)},

with norm ||-|

ysp defined as:

/]

or = 1IN fll o -

When s = 0, the Sobolev space H%P coincides with the Lebesgue space LP. Additionally,
when p = 2, we denote H*? as H*.
Proposition 2.2.5 ([15)). Let s,r € R.

1. If s <, then H"(RYN) ¢ H*(RY).
2. H*(RY) is a Hilbert space with respect to the inner product (-), defined as follows:

If f,g € H¥RN), then (f,q), = [an A*F(E)A Asg(€)de.
Theorem 2.2.3 (Sobolev Embedding). Let s > 0,
1. if 1 <p < oo, then H¥P(RYN) is continuosly embedded in LP(RY).

2. Ifs< S and1<p<gq< N]\iip, then H*P(RY) is continuosly embedded in LY(RY).
3. Ifs =7 and 1 <p < q< oo, then H*?(RY) is continuously embedded in L4(R").

4. If s > L +k, then H*(RN) is continuosly embedded in C% (R™), the space of functions
with continuous derivatives vanishing at infinity.

Proof. See Demengel [6] Proposition 4.18] and Linares-Ponce |15 Theorem 3.2]. O
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Chapter 3

The Linear Schrodinger Equation.

In this section, we present the properties of the linear Schrodinger equation:

{&gu = iAu 51)
u(z,0) = up(x)
By taking Fourier transforms, we observe that
Ouu(t,€) = idu(€) = —4m*[€*U(¢),
If we(t) = u(t, ), it reduces to solving the following ordinary differential equation
64”2“'52%105(75) + 47Ti]§|2e47r2“‘5|2w5(t) =0,
which is equivalent to
where the solution is given by
we(t) = e(€)e T,
and with the initial condition, we obtain ug = ¢(€), so the solution yields
at,€) = e~ g ().
Thus
u(t,z) = (e MG = (6_4”2“|§‘2>V  UQ. (3.2)

To calculate the inverse Fourier transform of the exponential function above, we refer to
Linares and Ponce [15, Example 1.11], obtaining

2
Ll

(t2) e~ 4t . 1 / eyl (y)d
u r) = —/7——T—=*%U = —7———= € it U .
T Urity N2 T T Umit) V2 fo oy

It is common to denote the solution of as u(x,t) = ePug(x).

If u is a solution of the equation (3.1), then also are:
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= eu(x,t), 6 € R fixed,
= u(z — mo,t — tg), with 2o € RY, t5 € R fixed,

) ua (1)
) g, t) = u(
(it) ug(z,t) = u(Ax,t), with A any orthogonal matrix N x N,
) wa,t) = u(
) us(x, )

(iv) ug(z,t) = u(x — 2x0t,t)ei(“"xo_|$°|2t) with 2o € R¥ fixed,
(V) us(z,t) = AN 2u(Ax, N2t), A > 0,

. iw|x\2 0
(V) ug(x,t) = W@‘*(aﬂt)u (afwt, Ziw’;) al —wy =1,

(vit) ur(z,t) = u(z, —1).

Most of these properties can be verified through straightforward calculations or follow directly
from the definition. We explicitly prove the scaling property [[v]}

Oyus = A%atu()\x, N2t),

and

N N
Aus = Z@gjug, = Z)\N/2+28§ju(>\x7)\2) _ )\¥Au()\:v,)\2t),
J

Jj=1

50,
Oyus — iAug = \N/#2 (&u()w, )\Qt) — iAu(Az, )\g,t)) =0.

This proves the property

Proposition 3.0.1. Let {eim}z_oo be a family of operators satisfying the following properties:

(i) Forallt € R, e : L*(RY) — L%RY) is an isometry, which implies
e fll, = 1LF1l, -

(ii) (et =e " and e’ = I.

(i) Fixing f € L*(R), the function defined as ¢;: R — L*(RYN), where ¢;(t) = ¢ f is
a continuous function.

Proof. To prove |(i)} we use the Plancherel theorem:

NI [P 2 N B TR TR TR
e fllz2 = |le flize = [1fllz2 = 1 £l -

Next, for

-

A (eI f)(€) = I A f )

~

_ e—47r2t\§|2647r2t|£\2f<€>

and it is evident that 02 = [
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Finally, for let h € R. We have:

2

— -

Eiltth)A f _ gitA

lo5(t +h) = (1)} =

_7.‘,21;.2 _71.21"2
:He I F (oAl ) B

Let gn(6) = [F(€)] ("™ —1). Note that |g,(¢)| < 4|f(§)| As h = 0, gr — 0 almost
everywhere. By the Dominated Convergence Theorem:

lim / gn(€)de = / lim g, (€)d€ = 0,

thereby proving ((iii)} [

2

Theorem 3.0.1 (Stone's Theorem). The family of operators {T;};°___ defined on the Hilbert
space H is a unitary group of operators if and only if there exists a self-adjoint operator A
on H such that

,I;t — eitA

in the following sense: D(A) the domain of the operator A, which is a dense subespace of
H, if f € D(A), then we have

lim

t—0

LI Y

Remark 3.0.1. If the operator A is the Laplacian A and T = €™ with D(A) = H*(RY), it

follows:
"t’A’\ v —47r it|- |2
t—0 t t—0

4 2|12 _ A
= (lim( Df(€ )
t—0

= (—4n%il¢[* f(é))v =iAf,

almost everywhere. This make sense if f € H*(RY). The operator iA is called the infinite-
simal generator of the unitary group {e”A}:i

=—00"

Proposition 3.0.2. /ft # 0, Z%jL% =1 and p € [1,2], then oIt . Lp’(Rn) N LP(RN) s
continuous and
itA —N/2(1/p'~1/p)
[ 2 1|, < et =2 g 33)

Proof. By proposition 3.0.1]
eitA: LQ(RN) — LQ(RN)

is an isometry, that's

e £, = £l
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Furthermore, Young's inequality:

Gil12/at

"2 f|. = ‘ (Amit)

oil2/4t H

w7

LAl S Y2 AL -

Therefore, using Riesz-Thorin Interpolation, the operator
A [Po(RN) — L%(RY)

is bounded, it's implies that is continuous. Furthermore, we have the inequality

i g (,—N\Y N (12 N/ofL_ L
1 Al S 10 (3 120 g1, = 126w g, 34
where 1 190 140 1 1-6
-7 +Q:—+ , and - ,OSQSL
Do 2 2 o 2
Take 6 such that gg = p, it follows
1 1
__|__/:1
p D

]

This result indicate that if f € L?(R") decreases fast enough when |z| — oo such that
f € LY(RYN), €2 f is bounded.

Proposition 3.0.3. (i) Giventy # 0 and p > 2, there exist f € L*(RY) such that e®o” f ¢
LP(RY),

(ii) Let s > s’ and f € H*(RY) such that f ¢ H*(RN). Then, for all t € R, e f ¢
Hs(RN) and eitAf ¢ HSI(RN).

Proof Consider g(z) = |2|2 X p(.1), so that g € L*(RY) and g ¢ LP(RN), thus

1£le = lle ™|l = lgll 2 < +00 and || fll,. = |le™g]|,, = llgll» = +oc,

which proves
Now for [(i)} using Plancharel

HeitAf‘

Hs — ||AS<€itAf)HL2
_ As(eitAf)‘

L2

= || (1 +4n?[g]*)zetta f

.2
— ||+ 4nigyi el 7|

—

= ||Asf
=[]

Consequently, if 2 f € H*, then f = e #2(e®)f € H*. Now, assuming ¢ f €
H¥(RY), implies f € H*(RY), which is contradiction to the assumption that f ¢ H* (R™).
0

L2

L2

Hs -
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3.1 Strichartz Estimates for Schraodinger.

Definition 3.11. If N > 1 and s € (—1,1), the pair (q,r) is called H* admissible if it

satisfies s N N
=L 35)
q 2 T

where 2 < q,r < oo, and (q,r, N) # (2, 00, 2).
If s =0, we say that (¢,r) is L*—admissible.
Definition 3.1.2. Given N > 3 and s € (0, 1), consider the set

2N }
N-—-2J)"
Jr —_
As = {(q,r) is H® admissible ’ (Nzi\f%) <r< <NZ_J_\72) } ,

+ —
A = {(q,r) is H=* admissible ‘ (Nzi\;s) <r< (%) } )

Here, 7 is a fixed number defined as 5 = S+¢, where € > 0 is a sufficiently small positive
value. Similarly, 8~ = 8 — . We define the following Strichartz norm

Ay = {(qm) is L? admissible ‘ 2<r<

||UH5(HS) = Ssup HUHLgL; )
(g,r)EAs
and the dual Strichartz norm
lullys = inf, Nl

Note that, if s = 0 then S(H°) = S(L?) and S"(H°) = S'(L?).

Lemma 3.1.1. Let H be a Hilbert space, X a Banach space, X* the dual space of X, and D
a vector space densely contained in X. let T € L(H,D) and T* € L(D*,H) be its adjoint,
defined by

(I"f.9)y = ([, Tg)p forall f,geH.
Then the following three conditions are equivalent.

LAT Al S W1l
2 Mgl S llgllx--
3 TTgllx < llgl

X*:

Proof. First, we show that [2] implies [T} we have
ITfllx = sup [Tf,9)xl

llgllx~=1

= sup [(f,T"g)yl

llgllx~=1

< sup [l [IT7gll, (36)

llgllx~=1

S sup [[flly gl

llgllx~=1

= [1f 1l -

v (37)
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implies 2]

1Tglly, = sup [T™g, f)al
||f||7-1:1

= sup [(g,Tf)p
||f||7-1:1

<lgllx- ITfllx
< sup g

[£1l3,=1

= |lg|

Fliag

X*

X* -

B implies [2]

1T g3, = (T 9, T"g) 4|
= ’<gaTT*g>D’
< gl x- ITT" gl x

< llgll-
2] implies 3]

||TT*f||X: sup |<TT*f79>X|

llgllx==1

= sup [I"f,1"g),l

llgllx==1

< sup HT*fHHHT*g”H
llgll x==1

S /]
= [If]

X 9|X*

X
O
Lemma 3.1.2 (Christ-Kiselev lemma, [20]). Let X,Y be Banach spaces, let I be a time

interval, and let K € C°(I x I — L(X,Y)) be a kernel taking values in the space of
bounded operators for X x Y. Suppose that 1 < p < q < oo is such that

< Al fllrr o
LI(I=Y)

/1 K(t,$) f(s)ds

for all f € LY(I — X) and some A > 0. Then one also has

an A HfHLp(I%X) :
LP(I—Y) ‘

/se[;s<t K (t,s)f(s)ds

Theorem 3.1.1 (Strichartz estimates). The group {e“A}:L:l satisfies:

1.
HeitAfHLng SN e (3.8)
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| ot Slaly, 39
| c2gtmsts|  Slalguy 310
-0 LiL? ¢
4. ,
[ e gasids| Sl 311)
s LILE i

Proof Let T := ¢™®. We rely on the fact that e forms a unitary group on L2 Through
some straightforward computation

@ gz = [ [ e Fom@aga = [ 4N4“w% BIGLS

:/RN (x)/ooe g (z, t)dtdz = (f, T},

o0

Thus, we find that its adjoint 7 is given by:

T*g:/ e 2 g(s, x)ds (3.12)

o0

In particular

“+o0

e Rg(s,x)ds = / e =98¢ (s, x)ds.

o0

—+00

TT g(t,x) = eim/

o0

We seek to prove that
TT*: LYLY — LIL",

with (p,q) L? admissible. We use the dispersive estimate (33) and Lemma m

HTT*HLng < / Hei(t_smg(saxww ds

o0

+o00
S sl B gt o]y d

o0

L{

_2
=175 gt @)l )
_2
i

L{

N

)

e o)y,

Where
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We have that, |- |*% € L*> if and only if 27“ =1, thus b = ¢. Thereby

_2
17Ty < |- 173

Ltg,oo Hg”Lg/Lgl 5 ||g||Lg/L;' )

it proves (3.10). So, by the Lemma with X = L{LP and H = L? we deduce (3.8) and
If X = L and Y = L, by along with Christ Kiselev Lemma B T)follows. O

Collorary 3.1.1. Let be (po, qo) and (p1,q1) be L* admissible. Then for all, T > 0 we have

t
[ 2ot sa Slot 0l
0 Lo,y L2° Fuom B
Proof. See Linares-Ponce [15, Corollary 4.1] O
More generally, [13|[Theorem 2.1}, shows that
b
| [ e2atsias]| S ol 313
a S(Hs,R)
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Chapter 4

Well-Posedness

4.1 The Nonlinear Schrodinger Equation

In this section, we consider the Cauchy problem for the nonlinear Schréodinger equation (NLS)

{i@tu:—Au—)\\u]a_lu:O, reRY, t>0 (1)

u(z,0) = ug(x)

where X\ and «a are real constants with @ > 1, and u: RY x R — C, N > 3. Based
on Chapters 4 and 5, of Linares and Ponces [15] we shall study the local and global well-
posedness in L% and H(RY).

Ifu e CH[0,T] : C32(RY)) is a solution of NLS and we define ¢(s) = €'t=9%4;, then, by
differentation and Theorem [3.0.1] we have:

=92y (x, s+ h) — =2y (z, 5)

¥ = lim h

— g {oe-comma (U D) Zuls) Mt o))
h—0 h h

= 92 (9u — iAu)

— i)\ei(tfs)A’u|a71u.

Finally, we have

bd , b

/ I (5)ds = u(t) — e uy = i/\/ e A (|u* L) (s)ds, (4.2)

0o @s 0

thus

t
u(t) = By + i) / =8 (|2 14) (5)ds. (43)
0



42. L* Theory 43

Therefore, the integral equation is a solution of (4.1). Now

u(t+h) —u(t)

Opult) = Jim h
1 : : b :
_ ’ILH% ﬁ {(ez(t—f—h)AuO . eztAu()) + 2)\/ (ez(t+h—s)A . ez(t—s)A)(|u|a—1u)(s)d8}
- 0
1 t+h
+ lim —2')\/ =98 (|| (s) sds
o h o, (4.4)

¢
= iAe™Pug + i2/\A/ e A (|| L) (s)ds + iA(Ju]* ) (t)
0

=iA (e’muo + MA/O ei(ts)A(|ulo‘lu)(s)ds) +aA(Jul* ) (¢)
= iAu(t) +i\(Ju|* u)(2).

The above shows that the NLS problem is equivalent to integral solution (4.3).

Definition 4.1.1. We say that the problem (1) is locally well-posed in X if, for any uy € X,
there exists T > 0 and a unique solution u € C([-T,T) : X)NY of (43), where Y is an
auxiliar space. Furthermore the map uy — w is continuous from X to C([-T,T] : X).

If T is arbitrarily large we say that (4.3) is globally well-posed in X.

Next, we shall study the local and global well-posedness of the initial value problem (4.7) in
LA(RY) and H(RY).

Remark 4.1.1. From now on, whenever [ is used, it will refer to the interval [T, T].

4.2 L? Theory

In what follows, we shall show the following standard estimates.

Lemma 4.2.1. (a) Let F: Q C C — C defined by F(z) = |z|* 'z with a > 1. Then,

12177 2 — Jw|* ™ | S (12170 + [w]* )|z — w]. (45)

(b) Let N >3, ueCP(RY), and1 < a <1+ 5. Then,

o— 0 [
|||U‘ 1u S/(L2,[-T,T)) S T HUHS(LQ,[fT,T})’

N(a—1)

where =1 — T

Proof. Straightforward computations reveal that the complex derivative of F' is

1
Fz(z):a;— 210 and  Fu(z) =

a—1

2

|z|*732%
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Moreover, by the fundamental theorem of calculus and the mean value theorem, we obtain

[F(2) = Fw)] < /0 Fo(w+1(z —w))(z —w) + Fx(w + (2 — w))(z — w)dt'
S Lihlﬁ] (IF(w + t(z — w))| + | Fz(w + (2 — w))] |2 — wl
< sup (1 —tw + tz|* 7z — w)

te[0,1]
S (Jw* ™+ 27z — wl,

proving (a).

Let (¢,7) € Ap. By Hélder, we have

1
(

el < el el

if (« — 1)ry =7, then
1 a-1 1

N N A~

r r r

4(a+1)
N(a—1)"

this revels that ¢ =
Furthermore, since that 1 < oo < 1 + %, we have:

2N +4 2N

2 < 1< < )
@t N N _2

Therefore, by Holder inequality on the time variable

|o¢—1

Il ) < [lullZe]]

“HL@L;([—T,T] LY (-1.1))

= HHUHL%“Hzf“jl([—T,T})
< ||1||Z‘51([7T,T]) ||||u||L%+1||Zf([7T,T})

=T’ ||u||Z§L§ )
W'Ltth(%,and
1 1 1 4—Na—1
A_:_A__A:¢>Oj
@ o g dov
'Lfandonlglf,1<a<1+%,thusa(j’<q.
O

Theorem 4.2.1. If1 < a < 14+, then for eachug € L*(RN) there exist T = T(||ull,, N, X\, ) >
0 and a unique solution u of the integral equation in the time interval [=T,T] with

weC([-T,T): L* (RM)) N L ([-T,T]: L*" (RY)), (4.6)
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4(a+1)
N(a—1)"

where r =

Moreover, for all T" < T there exists a neighborhood V' of ug in L*(RY) such that

F: — C([-T,T: L*RV) N L ([-T', T : L“T(R"Y)),

o — (t), is Lipschitz.

Proof. We construct u to satisfy the Duhamel formula

Doy (u) (1) := P(u)(t) = ™ ug + iA /t e =92 (Ju|* L) (s)ds.
0
Let us define the space
X = C([=T,T) : LARM) 1 L7 ([T, 7] : L (RY))

for (a + 1,7) L?>-admissible, and

Ed(T) = {v € X :|lolly = [0l e 2y + Nollgrzviry < o
where [ = [=T.,T] and a T > 0. The space X is complete with the metric

Au,v) = llu = vl =l = vll ez + = vl ey

and we shall show that ® defines a contraction map on E,(T).

Utilizing Strichartz (3.8) and (3.9), we estimate

t
‘/ ei(tfs)A(|u|a71u)(8)d8
0

< clluoll s + | Al [[[ul* 4l

[Pl oo r2(ry < ||€itAu0||L§°L§(I) +[Al

L Lz (D)

Ly L+ (1)

Making r = ¢ and o+ 1 = # in the Lemma [42.1}(b) , we have

|a—1

Hlu U| <7’ ||U||%;Lg+1(1) ;

Ly L (1)

thus
1)l oo r2(ry < € lluoll 2y + c|A\|IT? [ull7y oy -

Then, if u € E,(T) and fix a = 2¢||ug|| .2, we have

||(I)(U)HL;>°L§(1) <c HUOHLg(I) + 2% AT HUOHLg(I)
Likewise, if u € E,(T) and fix a = 2c ||ugl|;2, we have

() [ et aeas

< cluoll s + el[ful*"ul

itA
et S [ ety T
LyLST(I)

Ly L (1)

<c HUOHLg + C’)\‘Te Hu”thgaJrl)(I)

< cluoll s + 2% AT [fuollz -

(4.7)

(48)

(4.9)

(4.10)

(4.11)

(4.12)
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1
T = _ a—1 )
22| Al luol |72

together (4.11) and (4.12), we have

1@(u)lly < lluollz +eT’a” < a (4.13)

If we choose

=

Therefore ®(u) is well defined, that is ®(E,(T)) C E.(T).

To see that @ is a contraction, we use Strichartz, Holder, and Lemma (a) to estimate as
follows: for u,v € E,(T),

t
[P (u) — cb(”)HL;Lg“(I) = [Al H/O IR (|u]*y — |v]* o) (s)ds

< A el = ol el ygonor

< M| (ul*=" = Jo[* ) u — vl

LyLgtH(I)

Ly L

< A [l = o]

) + H|v|°‘71|u — UH

Ly L1 Ly L1 )

—1
< A [l lla = vl g

—1
o [T e Lm),

(4.14)

/
r
Lt

where
1 o 1 a—1

(04+1)’_04+1:a+1+a+1'

We estimate, by Holder’s inequality on the time-space

< a;l
< oz

a—1
[t s = gz ] o 1= Pl g

1
=T ||u||L;(1) Ju — UHLgL%“(I) ’

where we choose

therefore

sincethat l < a <1+ %.
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This implies that

[@(u) — (I)(U)HLng“(I) < ¢[A] (Hqu;l + ||U||zg_+11) 7% |u—~ UHL;L%“(I)

< M2 [luoly " T llu = vl gy

analogously for the space L?([T,T})Li- Therefore, if u € E,(T) and a < 2¢ ||lugl| 2, we showed
that ®(u) is a contraction if

19 (w) — @(0) I < A2 uoll7y " T lu — vy (4.15)

assuming c|A|2071 ||ug|%2 " T? < 1, then by the Banach fixed point theorem there exist an
unique solution u € E, such that ®(u) = w.

Let 77 < T, and define
V= duo € L2ARY) : |lvo —wol,» <6 with0 <o < — (L _1
= 0 : 0 0 L2 ) 2a+1€a+1|)\| T T s

4(1—a)
4—N(a—1)"

Thus, if vg € V, such that v is a solution of (4.7) defined on the time interval [—T'(vy), T'(vo)],
with

where g =

1
T(Uo)g = P
2012 A oo 72
Note that,
lvollz2 < llvo — woll 2 + [luoll 2 < 0+ [luoll 2 (4.16)
from which
1 (0% 0% 1 o— 3 (0% 0%
Too = @7 DT [0+ fhuoll )" < @A [+ ol
1 1

< 2&+1ﬂ+1>\ %56 — e
< (NIt <

this shows that T'(vg) > 1"

Let u(t) and v(t) with intial data uy and wg, respectivelty, then

t

u(t) — v(t) = ™ (ug — vg) — i)\/ A (Ju|* Yy — [v]* o) (s)ds.
0
The same argument used in (4.13) and (4.74) implies

[t = 0]l g = (| @ () = oy ()|
_ _ 1
< 1 [luo — voll 2 + 2N ([luoll gz + lvllgz ) lu = vl 77,

with 2012 X ((Juol| 52 ' + ||U0H%2_1)T% < 1, we have that
[ = vl < K Juo = voll 2

where
C1

= — — 1
1 — 292 |(fJuollz " + Ilwollzs )T

proving the continuous dependece. [

(4.17)



Chapter 4. Well-Posedness 48

The eXLstence of a local solution in the subcritical case depends on the size of the norm HuoHLQ
In Section we will prove that, given the mass conservation, that is [[u| ;2 = [[uol| 2. the
solution can be extended to the entire interval [T, T].

Proposition 4.2.1. Let (p,q) be an admissible pair. Given uy € L? (RN) and € > 0, there
exist 0 > 0 and T' > 0 such that if ||vg — ugl| ;> < 6, then

" vo| oy <€ (4.18)

Proof. Let up € S(RY) such that

£
3¢

luo — woll 2 <

We choose § < - and by Sobolev inequality with s > % — & we have
c )

HeitAUOHLng(I) < Heim(uo o UO)HL‘gLP + Hezm to — o HLqu - HeZtAUOHLqLP(I)
< ¢llug — voll p + ¢lluo — ol 12 + | UOHLgH;(I) (4.19)
ELE L i
<§+§+C q||U0|H§ <eg,

so we set ¢T's luol| s < O

£
3

Theorem 4.2.2. If « = 1 + ., then for each ug € L* (RY) there exist T =T (ug, A, o) > 0
and a unique solution u of the integral equation in the time interval [=T,T] with

weC([-T,T): L* (RM)) N L7 ([-T,T] : L” (RY)), (4.20)
where 0 =2+ +.
Moreover, for all T" < T there exists a neighborhood V' of ug in L*(R"Y) such that
F: Vs C([-T,T): L*RM) N L°([-T,T) : L°(RY)),
up — u, (t) is Lipschitz.
Proof. Let
X :=C([-1.7): L* (RY)) n L7 ([-T,T] : L (RY)),
and define the set

~

E.(T) := {v eX: ||y = HU — eimuo”LtwL% + ||v||L§LU < a}
equipped with the metric

d(u,v) = [[u=v|x = [lu— U||L§0L§(1) + HU_UHL;LS;“(])- (4.21)

We see that (EQ(T), d) is a complete metric space. We shall show that & Ea(T) — E,(T)
as in defines a contraction.

Firstly, let us observe that (o, 0) is admissible, since 2 < o < 225 and
N N N N2 2
2 o 2 2N+4 o’
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then applying Strichartz estimate (3.8) and (3.9) together with Holder's inequality, we have

¢
||<I>(u)]|Lng(I) < He”AuoHLng(I) + || H/o 61“_5)A(|u|a_1u)(s)ds

L7Lg(I)
< Ce+ [Aul®ll g e 1y (422)
= Ce + |l HUH%;M’L;M’(I)
= Ce +c[)| ”UH%ng(I) 5
where
, (N+4) <2N+4) 94 4
aoc’ = = — =o.
N N +4 N
In an analogously way
H(I)(U) — et uOHLgOL%([) = |} H/ eit=s) (Ju|* ) (s)ds
0 L L2(T)

o 4.23
< Al o o 23

< Al ”U“%ng(I) :

By Proposition [£.2.7] inequalities (4.22) and 23] we obtain that given & > 0, there exist
T > 0 such that if u € E,(T), satisfy

@)l < =+ clAac.

Therefore ce < § and a < <2|+\‘c>a_1 imply that @(EG(T)) C EQ(T). To show that ®(+) is a
contraction, using the argument employed to show theorem [£.2.7] yields:

19 (1) = ()| e g2y < e[ ([l + oI* ) = ol o

< 2¢|A|a® M [Ju — Uiz

()

therefore
1B (u) — ®(v)]|x < 4e[Aa® ! lu—vlly,

a—1
with a < (ﬁ) , this implies that ¢(-) is a contraction and by the Banach fixed point
theorem there exists a unique u € X, such that ¢(u) = w.

Similar argument to the L2(RY) subcritical case, show that for all 7" < T there exists a
neighborhood of uy € L?(RY), such that:

|u—vllp < K [Jug — vol[ 2 »
where

1
K = a5 o Ty
- [Al(lluollzz ™ + llvollzz ™)

and 1 — 2“00‘|)\|(||u0||z%_1 + ||U0||z%_1) < 1. This prove of continuous dependence. O
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4.3 H'-Theory

Theorem 4.3.1. Let N > 3, and 1 < o < $22. Then for all vy € H'(RY) there exist

T = T(||uoll g, N, A, ) > 0 and a unique solution u of the integral equation (4.3) in the
time interval [—T,T] with

weC([-T,T): H' (RY)) N L ([-T,T] : H* (RY)), (4.24)
where " D N D
a+ o+
= 4.25
(r.p) ((N—z)(a—l)’N+a—1> (4-29)
an admissible pair.
Lemma 4.3.1. If f(u) = |u|* 'u, the following estimate it holds:
IVf(u)] < [lul*""Vul.
Proof. Let us the consider expression
O, (u]* M) = 8Ij(uﬂ)a771u + |u|*"1 0y, u
a—1 . _ _ a—
== |u|* (0, utt + udy,w)u + u|* 10, u
-1 -1
= Sl 20, u 4+ S [l 0, + [l .
by triangle inequality, we obtain:
|0, (Jul* )| < (a = 1) [Jul 100, ul| + | [ul*" |0z, ul |
< |l 10y, ul -
This completes the proof. O]

Proof of Theorem Let

X :=C([-T,T): HY(R") N L"([-T,T] : H*(R"))
and define the set

ENT,a) = {v e X : [olly = 1oll o _rry + [0y ey < a} s

with the metric

p(u,v) = |lu— UHLgOLg([—T,T]) + [Ju— UHL;L;([—T,T]) :
Note that

||(I)(U)||L;>OH;(1) S ||(I)(U)||L;>°Lg(1) + ||V(D(u)||Lg°Lg(1) :
Let C' the implicit constants in inequalities such as Strichartz and Sobolev embedding, so

t
/ ei(tfs)A(|u|a71u> (S)dS
0

[P (W)l oo 2y < HeitAuoHL;’QL%(I) +[Al ‘

L LE(I)
< Clluollz + CIN Iy 1y
= Cllull g + CIA luler | (4.26)
L L ey oy
C < ull g + CIA [l o v (4.27)
< Clluolly + TN Nl oy (4.28)
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by Sobolev embedding [|ull oy S [ fll 1o U 5 = 25 < 1, since

a+1:N+0z—1§g+1.
p N N

4(a+1) . _ N +2
f and f
(N_2)<&_1)Lan onlgta<N_2

Furthermore, ar’ <rifa<r—1,soa+1<

satisfying the initial condition. Therefore:

11 1 _4-(N-2@-1

qg ar r 4o

This implies that

Now

¢
||V(I)(“)||L;>°Lg(1) < ||6”AVUOHL?OL%(I) + || H/ e”AV(|u]a_1u)(s)ds
0

L LZ(I)

< C ||VU0||L% + C|)‘| ||V<|u|a_1u)| L{/Lgl([)

(4.29)
< C[[ Vol + CIAL |l V]

Ly (I)

-1
< CI Vol gz + CIA |l 19l

L' (1)
Above, we used the Lemma [4.3.1] and Holder's inequality to show

H]u\o"1Vu

o S Il 19l

Indeed, % = % + /l)’ which implies

1:1—2, (4.30)
l p

and by the Sobolev embedding ||ul[,1a-1) < [[Vul| 0, with

1 1

1
N p (a—1

that s,

Therefore, (4.30) implies
(431)

Since (r, p) is L*-admissible, it satisfies 2 = & — %. Thus by (431)
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2 a+1
(N —-2)aa— (N —2)
B 2(a+1)
(a —1)(N —2)
2(a+1)

Hence,

a—1
C[Vuolly + N |llullgao 1Vl

< OVl g + Ol Gy i

< C[Vuollz + CINT ull 7y g

Ly (1)

)

By a similar argument we show the same estimate in the space Ly H>*(I). Thus choosing
a = 2c||ug|| 1, then

1@ (w)lly < ¢lluoll gy + CINT [|ully < a,
with

1 5
T < ( a1> . (4.32)
2| AC [|uol |

Ly (I>)

Let u,v € E}(T), such that:

/ /
Lg Ly

/

1) — 20l ey < el (||}l

a—1 a—1
< O (5 ey + 10l15 20 r)) e = 0l gy oy T°

Analogously for the space LjL”, thus

+ H H|v|o‘_1|u — v
(I)

Ly

plu,v) < AT [lu — ol

r< (i)
< _—
de|A|ao—t

this implies that ¢(-) is a contraction and by fixed point Banach theorem there exists a unique
u € X, such that ¢(u) = u.

where

This complete the proof. O]

Theorem 4.3.2 (Critical case H' [15]). Let N > 3 and o = £*2. Given ug € H'(RY), there
exist T = T(up, N, X\, &) > 0 and a unique solution u of the integral equation (4.3) in the
time interval [—T,T] with

uweC([-T,T] : H®™) N L' ([-T,T] : H-*(R)),

where

: )_<2N N2 )
NPT\ NZ2 N2 —oN 14/
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Proof. Let
X :=C(-T,T) : HRV))n L' ([-T,T] : H**(R"))

and define the set

E : _ itA

E,(T) = {U € X :|vlly= HU —e! uO”Lf"H;([fT,T]) + HUHLgHé’P([—T,T]) < a} '
This space forms a complete metric space equipped with the following metric:

d(u,v) = [lu — U||L;>0L§(I) + [Ju— UHL;L@(I) ) (4.33)

Note that

lo()l ey < llélu)

59700 aa [Vé(u)

LyLg(I)

Firstly, by Propisition [4.2.7] given € > 0

t
||¢(U>HL{L£ < HeztAuo‘ LrLe( + |/\| H/ ez(t—s)A(|u|a—1u)(S>d8

<e+cl) H|u|°‘ 1u}

LyLE(I)

Ly L (1) (4.34)
==+l
skl 17
<€+C’)\‘ HHUHHlp Lar (1)

where

,_< IN )(N+2)_ IN
= \Nyr2/)\N2) T N2

¢
LpLe(n) + | Al H/o e“AV(|u|O‘_1u)(s)ds

< e+ || V(jul* )|

||v¢(u)||LtL§(I) < HeitAvuo‘

LyLE(T)

Ly’ L% (1)

< et oM [lulgion 19ulle |,

<e+clAl ||VU||LTLQ(I)
< e+ c|A|a”.

Therefore, there exists 1" such that

[o(w)[lp < e+ clAa® <a (4.35)

with e < § and a < ( ‘/\|>(’1_1.

The proof of the contraction follows the same ideas as the previous theorems. [
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4.3.1 Conservation laws for the Schrodinger equation.

After analyzing the local theory of the Schrédinger equation, we will observe that it preserves
important quantities, such as mass Mu], energy E[u] and momentum L[u], defined by

Mu(t)] = /R i |u(z,t)|*dx, (4.36)
Elu(t)] = /RN (]qu(x,t)|2 - ijl |u(:t,t)|a+1) da (4.37)
Llu(t)] = Tm /R O ule il )da (4.38)

These conservation laws are particularly useful for controlling long-time dispersive behavior.
We will also have the following identity.

Proposition 4.3.1 (Virial identity). Let ¢ € S(RY), and let u(z,t) be a solution of IVP
in HY(RYN). For all t € [0,T] define

Mo = [ p@lule .

Then we have

d
—M,(u) = 2Im Vo Vu(z, t)u(x,t)ds (4.39)
dt RN
and
d—QM (u) = 1 / Mu|* T Apdr — / Au|* T Apdz
dt2 v o+ 1 RN RN (4 40)
+ / lu? A%pda + 4ReZ/ Oy U0y, u0: , da :
R hty VRN J
Proof. Note that d;|u|* = dyut + udyu = Re(20;uu), thus
d 2 5 2
= | @ fu@ ) de = | ()0 |u]” dz
RN RN
= QRe/ o(x)dyuudx
RN
= 2Im o(x)iduudz
R (4.41)
= 2Im () (= Au — Nu|* u)ade
RN
= —2Im o(x)Auudr — 2Im () [u|* T da
RN RN

= 2Im V(z) - Vuudz.
RN
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Now, for (4.40), integrating by parts and using the fact that Im(ilmz) = Imz, we obtain

97 My(yy = 2Im w( ) - (0, Vut + Vud,u)dz
= 2Im Z / tuu + Oy, pOudsudr
= 2Im2/ —0yu0y, (U0y, p) + O, 0y, udtid
= 2Im Z /]RN —0yu0,, U0, 0 — (9tuﬂ8§jg0 + Op,; 0, udstidz (442)
= 4Im Z /RN 13040, ;ud,;pdr — 2Im Z . 8tuﬂ3§jg0dx
k

= 4Im Z o Oyu0y ;u0y ; pdx — 2Im Z N 8tuﬂ(9§j<pdx
7 Vv

11

Then
I =4Im Z 0yu0y,u0,, pdx
p JRY

:4Im2/ (—iAT — i |u|*"'a) 0y, ud,, pda
— JRN

= 4Imz /N —1AUO; U0, — i)\|u|°‘_lﬂaxju6xjcpdm )
= —4Im ZZ /RN ngﬂaxjuaxjgodx — 4Im zz]: /]RN /\|u|a_1ﬂ8xju8xjgpd:v
We now develop each term of . For the second term, we use the fact that
By, Jul*t = 8, (wi)“F) = ( + DRe(Nu|* '8, ua), (4.44)
therefore,
—4Im ZZ/ Alu]|* a0, ud, pdx = —42/ Re(A|u|*™10,,utt) 0,
J
— _a — ; /]RN Ay, |u|* Ty, pda .

4
= Au|*1? od
e DI UL X

4

= / Nu|* Tt Apdz.
o + 1 RN
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For the first term of (4.43) and using, 0,,|0,,u|> = 2Re(d2 ,, ud,, ),

TjTy

—4Im iy / 02,10 uds pdx = ATm i > / 00 W07, u0s,p + O, WDy, s, Pl
#k /R Zr R
=4y / Re(0,, 007, 1) 0y, ¢ + Re(Dy, 1, uds 0, ) d
#k JRY
=2 Z /N Oz, 100, 1|0y pda + ARe Z /N (%kﬂ@xju@iﬂkgpdx
itk E ks R

:—2/ \Vu|2A<p+4ReZ/ azkﬂaxjuazjmkgod:c
RN kAj RN
Therefore,
4
I=-2 Vul?Ap + 4R 0, 10, ud?  od —/ Mul* T Apdr  (4.46
/RN! ul*Ap + e;/ﬂw 0uud e+ g | Ml Apde (4:46)

Again, for the (II) term of the equation (4.42), we have

Il = —QImZ N 8mﬂ6§jcpdx
~ Jr
J
= —QImZ/ (iAu + ifu]* " u)ad? pdx
~ JrN
j
= —2Im @Z/ Auﬂ@ijg@ + |u|°‘+15)§j4pdw
~ JrN
J
= 2ReZ/ 07, uady o + Nu|*T07 pdx
£k RY
= 2Re Z /}RN axkuﬁxkﬂaijgo + 8xkuﬂ8§§mk wdr — 2Re Z /RN )\|u|°‘+18§j edx  (4.47)
#k #k
— 2/ (IVul? = Aul*) Apda + 22/ Re(@mkuﬂ)ai’gxkgodx
RN hrs VRN ’
— 2/ (|Vul* + Au|*™H) Apdz + Z/ O, |ul?02,, dx
RN hj VRN o
= 2/ Vaul> = Mu|*™) Apds — / ul?0ks » pdx
NGRS SYNICR

:2/ (]Vu|2—)\]u\°‘“)A<pdx—/ u2AZpda.
RN RN

Next, collecting (4.46) and (#.47) we have

v o=4( 1 -2)
— =4 — —9 atl A _ 272
i [ el tf =4 (=g -2) [ Al avde - [ P ateds

(4.48)
+ 4Re2/ 8xkﬂﬁxju8§jxk<pdx.
ki Y
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Collorary 4.3.1. Let u(x,t) be a solution of (@.1), then

MTu(t)] = MTuo]

Llu(t)] = Lug]. (4.49)

Proof Let us consider the function

We observe that ¢ — 1 almost everywhere as R — oo. If
Maolt) = [ ono)luds,

then, by the dominated convergence theorem M, ,(t) — M(t) and M,,(0) — M(0). It
follows from Proposition [4.3.1] that

d
%MR( = QIm/VgoR -Vu udz,

moreover

t
Mg(t) — Mg(0) = 2/ /Im Vor - Vu udzds.
0

Since |Vpg| < % ‘V(p <%> ‘ by the dominated convergence theorem, and Cauchy-Schwarz

Now, consider the function

and

2
L,,(z) —QIm/ x]exp{ |R|2})Vuu

=? _

= 2Im exp 8 uu+2Im | 2,V exp Tl ) Vu u,

thus, L, — L(t) as R — oc.

It is a consequence of Proposition [4.31]
d _ 4 /)\]u|“+lAngdx—/A\u!aHAgoR
a+1

%LWR@) -
/|u| A2¢Rdx+4ReZ/8 U0, ud>. 2y PRAT.
k#j

We have that HOIMQORHOO — 0 as R — oo. Moreover,

LS"R(t) - LWR(()) = /0 %LSOR(t)dS'

From the dominated convergence theorem and Cauchy-Schwarz it follows that L[t] = L[0]. O
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Proposition 4.3.2. Ifu(z,t) is a solution for (4.7), then the energy equation (4.37) is conserved.

Proof. Let

K[U] :/ |vmu|2d1‘7 and P[u] _ A / |u|a+1d1’.
RN RN

a+1

Differentiating and integrating by parts, it follows that

0 Ku| = 0 (VuVu)dr = —2Re/ Aududzx,
RN RN
and
A A o
0tP[U] = Og——l—l i 8t]u\“+ldx = Cy——l—l o 8t(ua)%ldx
= —)\Re/ (ua)%uﬁtﬂdx
]RN
= —)\Re/ |u|* " tud,udz.
RN
Now

Ou(K[u] — Plu]) = —Re /R (A Al 0)duda

= —Re/ 10yudyudr = 0,
RN

which implies that E[u] is constant, in particular E[u] = E[ug].

4.4 Global well-posedness

(4.50)

(4.51)

In this chapter, we shall study the long time behavior of the local solutions of NLS (4.1).

Theorem 4.4.1. If the nonlinear power 1 < o < 1+ =, then for any uy € L*(R™) the local

solution u = u(x,t) of the initial value problem (41) extends globally.

Proof. From the Theorem there exists T' = T'(|luo||;2) > 0, such that the NLS (#1) is
locally well-posed. By iteratively applying the conservation of mass many times, preserving

the length of the time interval we get a global solution.

]

Theorem 4.4.2. If X\ < 0, then all solutions of NLS (A1) with ug € H'(RY) provided by

Theorem extends globally in time.

Proof. Since energy is conserved and A < 0, it follows that
IVou()llz, < Bluo),

and due to the conservation of mass

2 2
lu@lzge . m < Eluo] +lluollzs ,

—r,) e

(452)
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combining (4.32) in the proof of Theorem with (452), we deduce that

0 d d

>
cIA[2¢luoll g)* ™ ™ (Eluo] + [luoll 1) “F

uniformly, to extend the local solution u in any time interval. ]

Theorem 4.4.3. Let A > 0 and 1 < a < 1+ +. Ifuy € H'(RY), then the local solution
extends globally.

Proof. Using Gagliardo-Nirenberg inequality,

a+1 0 . 1 ]. ]_ 1 — 9
Ol < eIVl ol wih —— =05+ )+ 1570 459
indeed
_ N(a—1)
20a+1)’
Furthermore, regarding the energy,
22 .
V02, = Bluo) + — uu(t)n;h
Cra at1)— Me=1) N(a=1)
< Bluo] + 2 ol §5 ) < ()
N( 1)

Since 1 < a < 1—|- we have < 2. Consequently, by the Young's inequality

(a—1)
(-2 BT Ve

2 Cha Y 2
IVau®)ze < Eluo] + { =2 lluoll 12 eV [[Vau(t)]| g, -

4
Therefore,
Ce(Eluo], Muo))
IV .u(t) 2, 5“0 20,
€
This allows us to extend the solution to any interval. O]

If f € HY(RY), Weinstein [22] showed that the optimal constant Cgy for the Gagliardo-
Nirenberg inequality (4.53),

« « Mo a+1 (271)
LIS < Calt Il IVufls ™ (454)
is given by
T
a+1 \°
Con = <ﬁ) : (455)
2(|QlIzz

and Q is the ground state (positive solution of minimal L?-norm) of the elliptic equation

AQ—-Q+QI'Q =0. (456)
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Theorem 4.44. [et A >0, a =1+ % and @ be the spherically symmetric, positive ground
state of (450). If ug € HY(RY) is such that |lugl > < ||Qll 2, then the solution u € H*(RY)
to the problem (#.1) is global.

Proof. By Gagliardo Nireberg's inequality and Conservation of energy, we have

a+1

xt22<E o,N
Vau®lits < Bluo] + 2%

4
~N 2
[uoll 2 [IVau(t)] L

where

this implies that

ol 5\ ¥ ,
- 2 Vau(t)]|5: < Elugl,

now, from the hypothesis that [lug||;2 < [|@Q]l 2.

AN -1

HUOHLg v

HUOHL% + | Eluo] | 1~ (”QH , 2 Hvxu(t)“Lg + ||U(t)”Lg = ||U(t)||H; 5
LCL‘

therefore sup,; ||u(t)||;; < +o0o and the solution may be globally extended. O]

Theorem 4.45. Let 1+ + < o < %2 and set s, = & — 2= with s, € (0,1). Suppose that

u(t) is the solution of thh initial condition ug € H'(RY) satisfying
Eluo]™ M[uo]' ™ < E[Q]* M[Q]' ™™ (4.57)

and
1—sc

0 (4.58)

Vol [luoll 2

Then u(t) is a global solution in H* (RN).

Proof. Multiplying E[u] by Mu] = and Sharp Gagliardo Nirenberg (454), we obtain

1—s¢ l1—sc 2 [0
ElulM[u] 5 = M[u] =" [|Vou(t)|}; — ——M[u] = Ju(t)||52h

a+1
N(a—1)
LI=sc 2 QCGN 1=sc 2 *
> (ol 3 1920l )~ 22| (Yol 3 19215
Since
1 — s, N(a—l))_ <1—sc> N(a—1)
2 (5 )+<<a+1>— ) =2 ()
Therefore

u®),) (459
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where f(z) =x — wa, with

s 2 . GN
w(t) = lluoll ™ IVau(®)|lf; and B = ,

2(1—sc)

If a* = [|Q] 2 HVxQHig By Gagaliardo Nirenberg Sharp, it holds that

1—s¢

f(z") = M[Q]= E[Q].

MIQT=E[Q]

MluoT=Eluo]

Nia—-1)

— f(X)=X—Bx" 3

..______________________________

% P o e ———————————

x(0) X* = Q= IVxQlI:

Figure 4.1: x(t) is trapped on the interval [0, z').
From the computation above, it follows for any z(t), that
1-sc %
fx(t)) < Mlug) = Efuo] < f(z).
From the hypothesis, z(0) < * and the continuity of z(¢), we have that

supz(t) < a2’ < a*.
t

(See the Figure [A1). This proves the global existence.
[

The following Lemma provides estimates for the nonlinearity of the NLS in the Strichartz
spaces.
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Lemma 4.4.1. Let N >3, u,v € CP(RY), 1 + & < a <1+ 2, then

2N 2N

el g, SMliem s o7 <7< ¥73 (4.60)
dl® ™ el g gy S Wallgee p el sz, (461)
1l 0l g ey S Nl S ey 101522,y (462)
IV (el ) | g gy S Nllioe ) IVl sz (4.63)

Proof. From Sobolev's inequality, H* < L if s = & — & ‘and the conditions given on «
and r, ensures that s € (0,1). Thus
[lul* ], = lullfer S llullf.
and by interpolation and Young's inequality
lullfry S lullgg’ lell)™ S Clallgo + lullg)® = Jullyy , with s = (1= 6)0 +6

Hence, (4.60) is proved.
Let (¢,7) € Ap and (a,7) € A, by Hélder inequality, we obtain

[ Py T ey 1 e

satisfying
1 1
A CT
1 1 1
q ap G
if (¢ —1)7; =7 and (a — 1)a; = a, we get 7 = o + 1. Furthermore,
1 -1 1
— =4 (4.66)
q a q
2 N 2
- = — — = (467)
q 2 7
2 N 2
S 2 g, 468
a2 (466)
from the equations (4.67) and (4.68)
2 2 N 2
g a 2 a-—1

now, by

(") =y



4.4. Global well-posedness 63

this implies that

2(a—1)(a+1) . A a+1)
i-(N-2)(a-1) 1T Na-1)

a =

this prove (4.61).

Now estimate (4.62), choose (a,7) € A_,, and (a,7) € A, as above, By a similar argument

to the previous one, if
~1
L?,Li 5 ||u||%ng ||U||L§L; )

Il
from Holder's inequality, we derive

2(a—1)
(a—1)(Na—2)—4

a =

which subsequently implies (4.62).

Finally, leveraging Lemma [43.1] and following a similar approach as in (4.62), we establish
(3:69).
[

Lemma 4.4.2 (Small Data Theory). Let N > 3, 1 + % <a<l+ ﬁ. Then there exists

0sq > 0 such that if
itA < 65d

e UOHS(HSC,[O,JFOO)) =

Then the solution to (#1) with condition ug € H*(RY) is globally defined on [0, +00).
Moreover,
itA
HUHS(HSC,[O,Jroo)) <2 He UOHS(HSC,[O,+OO)) )

and
lulls(z2,0400)) T VU522, 0400)) < 2 [0l g, -

Proof. Let ¢ > 0 the implicit constant of Strichartz and define the space
: itA
E = {u ullggee psoey < 2]l Wl s ooy M4 el st ooy < 2¢ [[uoll 7, }

equipped with the metric
vd(u,v) = [lu = vllggse -

We observe that (£, d) is a metric complete space, and let the Duhamel's operator
¢
pu(t) := g + z/ e (=98 (Jy o1y (s)ds.
0

It sufficiently proves that ¢: E — FE is a contraction. Applying the Strichartz estimates,
and (4.4.7) for some C > 0,

|’¢(U)HS(HS0¢,[O,+OO)) S HeitAUOHS(Hsay[o7+oo)) + |Hu‘a—1u‘

< Jle"Puo|| 5  + Cellgeay Netlsearen o voen

S!(H—5a,[0,400))

Hsa,[0,+oo
< (1+2%C6* HelmUOHs(Hsa,[&Jroo)) ’
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‘ =

If w € F, then ||¢(U)HS(H5@,[O,+OO)) <2 ||eitAu0||S(HSa’[O,+oo))' this implies that § < (23 )571
Analogously
itA a—
H¢(U)HS(L2,[0,+OO < Het Uo H + |Hu\ 1“‘ S(L2,[0,400))
< Clluoll gz + Clullgie o ooy 1l s(z2, 10,400
< (142705 e ol e
and

itA a—1
HV¢(U>HS(L2,[0,+00 < HVe uo”s L2,]0,400)) —|—cHV(|u! u)||S’(L2,[0,+OO))
< C|[Vuoll 2 + C [ull g0 IV ulls22 0,400
< (1+42°C3* Ve ||[Vuol| 2 -
This is
()l gert o100y < (1 +27C e luoll

It follows that for 6 < (55)7, ¢ is well defined.

20C

Furthermore, for u,v € X

1900 = S0 < Il = Il
< N ooy + 100 o) 10 = Ol 00
a—1

<206 c|u— UHS/(HSa,[o,Jroo)) )
if 20671 < 1, the result follow by the contraction principle. O
Theorem 4.4.6 (Scattering Criterion.). Let N >3, 1+ + < a <1+ w45 lfu(t) is a global
solution to (A1) in H', with |[ullg¢grse o 100y < 00, there exists a function uy € H'(RY)

such that

lim H —eimu H = 0.
t—-+o0 Tl

Proof. Let u(t) be the solution to the integral equation

t
u(t) = e uy + 2/ OB (Ju|* ) (s)ds.
0

Since that [|ullg g |
such that for each 7,

0100y < 0O, We can partition [0, +00) into N intervals I; = [t;,2;11],

HUHS(HSC,Ij) <.

From (4.67) and (4.63), we have that

H<V>UHS(L2,IJ~) So ”UHLgOH;(IijN)a

which implies, H(V>U||5(L2,[07+oo)) Se HUHL;’OHO}
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Now, we show that {e~#2u(t)} is Cauchy in H' as t — oo. We fix t > s > 0 such that

||€—z‘tAu(t) . e—isAu(S)

HH; -

t
/ e u|*u(r)dr
S

S (1"l

HY
—l— HV lu|*

S/(L2,(s ||S’(L2,(s,t))
S Nl e o) ||< >UHS(L2,(s,t))

— 0,

as s,t — oo.

Thus, {e~#2u(t)} converges in H' as t — oo, and therefore has a unique limit uy € H.
Notice that

—itA ( _

_U+HH1 - HHl
= [|u(t) - zmu+”Hl — 0,

le le™* (ut) — e

as t — +o0. In fact,

oo
uy = lim e " u(t) = ug —i/ e u|*u(s)ds.
0

t——+o0

where

oo
Uy = up + z/ e A | u(s)ds
0

as desired. O]
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Chapter 5

Recovery of the nonlinear from scattering
data

In this chapter, we consider the nonlinear Schrodinger equation of the form
(i0; + A)u = a(z)|u|* tu, (5.1)
where u: R x RY — C, @ > 0 and a € WH=(RY).

The integral equation, is given by the Duhamel’s operator:

d(u)(t) = e ug + i /t e =92 () |u|* " (s)ds. (5.2)
0

Due to the pointwise estimates:
la(@)ul* ol < llall g [Jul* o],
and
IV (a(@)[ul*" )| < [Vall g [Jul* " o] + [lal o [V (Ju]* o),
the Local theory in H'(RY) studied in the Chapter [4 holds for the nonlinear Schrodinger
equation (B.1):

Theorem 5.0.1 (H*(RY) subcritical). Let N > 3, a € W'(RY), 1 < a < 1+ 1 and

a€ WHR(RN). Ifug € HY(RY) then there exist T = T (||uo|| g1, l|allyi0 » N, @) > 0 and a
unique solution u of the integral equation (5.2), such that

weC([-T,T): H{RY) N L' ([-T,T] : H**(R")),

for

B 4(a+1) N(a+1)
(r.p) = <(N—2)(a—1)’N+a—1)’

an L? admissible pair.

Theorem 5.0.2 (H*(RY) critical). Let N > 3, a € WH*(RY) and o = {22, Given ug €
HY(RY), there exists T =T (uq, ||a||yy1. » N, @) > 0 and unique solution u of the the integral

equation (5.2), such that
weC(-T,T): H\®RY) N L' ([T, T] : HY(RY)),
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for

(r. p) ( 2N 2N? )
r? p = b

N—-2"N2_-_2N+14
an L?>—admissible.

We shall prove that the equation (5.1) admits small-data scattering theory in H' if the
nonlinear exponent « is chosen such that 1 4 % <a<l+ ﬁ, and

N 2
0<s.<1, where s.=—— )
2 a—1

We prove stability estimates for the problem of recovering the nonlinearity from scattering
data, addressing both in the nonlinearity power and in the inhomogeneous term ( See Theo-
rems [5.0.5] and [5.0.4] respectively). This dissertation extends the results of Chen and Murphy
[4] (2023) to the N-dimensional intercritical case, N > 3.

Using Strichartz's estimates, Holder's inequality, we prove the following standard estimate.

Lemma 5.0.1. Let N >3, a € W'2(RY), u: RxRY - Cand 1+ < a < 1+ 5. Then
there exist a (q,r) L?>—admissible, such that the following Lnequalttg holds

lalal* ™ ull oy S Nall g llullZazze Null oy (53)
where
N(a—1)(a+1)
e = .
4
Proof. Let
lalul™ul g < Nl [ Hlt o Tl
< llall = llullZazze iz, -
with
1 1 1
q @ q
1 1 1
11,1 55
oo
2 N N
LA (56)
q 2 r
If ¢1(ov — 1) = ¢ in the equation (5.4), we have ¢ = a+ 1. In the equation (5.6), we find that
1 N(a+1)—4
r 2N(a+1)
For (o — 1)ry = r. and equation (5.5)
1 4
— = . 5.7
re N(a—1)(a+1) 57)

With condition 1 4+ % <a<l1l+ ﬁ it is clear that
2N

We finish the proof of the lemma. O
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Theorem 5.0.3 (Small data Scattering). Let a € W™ and 1 + % <a<l+ ﬁ. Define
2N(a+1) )

- [ S A

(¢.7) (a—l— ‘Nt -1

There exists nsq > 0 sufficiently small so that for any u_ € H' satisfying ||u_|| ;1 < Nsa,
there exists a unique global solution u to and uy € H' satisfying the following:

(5.8)

(I ——

HVUHLng(RxRN) S lu-fl g

VI wll oy ey S M=l grec 5
and
. _itA —
dim JJu(t) = e us ] =0 >9)

Proof. We will show that the map
t

u(t) = o(u)(t) == e u_ — z/ e =R (x) u|*tu(s)ds (5.10)

—o
is a contraction on a suitable complete metric space (E,d), whenever u_ € H' and |Ju_||;n <
Nsqa < 1, where

E:={u:Rx RY — C: ||u||L‘gL; < A4C Ju-|f2 ||vu||L‘gL; < AC u—|[ g,

v o b

Seqy

‘LZL; < 4C [u—|
equipped with the metric

d(u,v): = [lu— vl -
The constant C' > 0 in the definition of £, encodes the implicit constants appearing in the
Strichartz and Sobolev embedding.

Using Sobolev embedding, Strichartz estimates, and Holder’s inequality and Lemma [5.0.1] for
u € I/, we estimate

o)l gz < [le™ully,, +

¢
z/ e =R (x) u|*u(s)ds

—0o0

LiLY
< Cllu-flp+C ”alu‘piluHLg’L;’
—1
< Cllu—llp2 + Cllall oo lullZapge 1l por,
-1
< Cllu-llz2 + C* llall poe 1V 11707, el o

< Cllullzs +4°C** lall oo ngg, " lull 2 -

Sc

Above, we have used the fact that if r, = w as in the Lemma and observe that
Hée™ — L, since

N N Na+1)—4 4

T 1. 2@+l  (a-D(a+1)
:a[N(a—l)—4]
2a(a— 1)

= Se¢,
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and with the condition 1+ + < a <1+ %5, it follows that 0 < s. < 1. In particular, for

1

3 )al
sdy <\ ——5 77—
s (4a02auanm

is satisfied
lo(u)ll oz, < 4C lu—|lz2-

Similarly, using the product rule, Sobolev embedding and Lemma [4.31]
19652 < 1902 + |V (alul™ )]
< Cllu-llg + IVal o [[lul*
< Ol + O {1Vl Il

e+ C llall o ([l )y

UHLqu ||u||Lquc + ||a||Lo<> ||u||LquC

< Cllu-llgn +4°C% g, lallyroo llu-lgs -

Provided 7,4, is chosen small enough, such that

1

3 )al
sdy < ,
s <4“C3“ llallyy1.00

so that
Vo)l par, < 4C [u—|lz -

Finally,
IIVIp(u)lpar, < Cllu-]

a—1
e + C |alul “HLgHm :

Since that 0 < s. < 1, by interpolation

ol g < bl ™
B I R R R
therefore,
IIVPep(u)lpor, < Cllu-llgee +C ||GIUI“_IUHL¢H1,~

< Cllulgree + C llall o el Farre el papre (HuHLm + HVuHLqu)
+ C|IVall oo l[ull o re el pa gy el papre
< C'lu—]|

< Cllull s +4°C g Nlallyr oo llu—ll - -

tree + O llallypr 1l Zagze el o par Nl e

it follows that for )

(o)
sds < )
Msds Jo(la+2 ||a||W1,oo

UHLng}

< Cllullgp +4°71C% g, IVall g 11V N gy +4°C g, Hlal g llu o
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this guarantees that
IV

o)l pap, <40 [Ju-ljs -
Finally, by choosing nsq < min {Nsq, , Nsdy, NMsds » We conclude that ¢: E'— E is well defined.

Now to prove that ¢ is a contraction, for u,v € E:

l6(u) = Sl g2, < C llaful® u —[o]* )| o,

Cllall = (lull gz + ol

<2047 C% g ) w = wll g

u— UHL;YL;

We show that ¢ is a contraction if:

1 T
Nsd < < a— o ) :
2(4o71C*) [lal| oo

By the Banach fixed point theorem, it follows that ¢ has a unique fixed point u € F, which
is our desired solution.

Finally, for we will prove that {e~#2u(t)} is Cauchy in H' as t — oo. We fixed
t > s > 0 and used the estimates above to obtain

t
/ e~ () ul L (7)dr

<C Ha|u]a_1u||qu 1t

He’imu(t) — e By(s)

Iy =
H] .

((s,t)ERXRN)

< C lally1. HuHL‘?L’“C ((s,£)xRN) HUHL;’H;’T((s,t)XRN)

which converges to zero as s,t — oo, and hence has a unique limit uy € H' as t — +o0.
Thus

itA —ztAu(t) o u+)||H1

U(t) - u+HHl — 07

lu(@) = €[ = e

as t — oo. From the Duhamel formula (5.70) can we obtain the implicit formula

t—o00

uy = lim e " u(t) = u_ —i/ e~ "R alu|* tu(s)ds.
R
for the final state u. ]

We define the scattering map S,: B — H' via S,(u_) = u,, where B is a suitabily small
ball in H*. This map encodes of all information about the nonlinearity in (]51'[) in the sense
that the map is injective ( See Murphy [16], Corollary 4.2).

Definition 5.0.1. The norm between two scattering maps S,, Sy for (5.1) is

[Sa(p) — Sp(e)]] :

o1l 1

10 = Sull = sup { pe B\ {0},

where B C H' is the common domain of S, and S,.
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Now, we present an explicit formula for the solution to the linear Schréndinger equation with
Gaussian data.

Lemma 5.0.2. Let )
90079&0(1') = exp {_"x —_ x0| } 5 (51 1)

with xy € RY and o > 0. Then

2
eim@o,xo(aﬂ):< o )

o2 + it

S

exp {_ii;;—j-oz";} . (512)

Proof. Consider uy(x) = oz, (z) in (3.2). We find that the solution of initial value problem
(37) is given by

eitA(pme _ (674#2%5‘2@(5))\/

mix-E—4mn2it| |2 ——
= [ e €

Using the proposition [2.1.4] we have that

—

—_— — TFiCB . 7ﬁ
Po,xo (5) = ¢ M 56 40 (5)

e
112

ﬁ () (5.13)

E — . .

= (47r02) 2 ¢ 2miw0°§
2 XN —2Tixzo- —47 20'2 2
(47T?‘)28 0€e €] ,

thus

N
eitA9007w0 (l‘) _ (471_0_2)% H/R6—47r2§]2,(g2+it)+27r§j(:c]-—zoj)dfj
7j=1

(25 (mi o))

N ,
o\ N —47r2(02+zt) 4 Zm
= (4mo”)2 H e a
j=17%

[ Ti—x(Q. 2 Ti—xT() . 2 (5/I 4)
9 N N 74ﬂ2(02+it) <£ji4(1ﬂ'](0'2fztg> +1§7T;(0'20i’i>t)2:|
:<47TO')2H/6 . d&;
j=17%

2
N oz )2 . A=zj—=0,;
2 N - ( J ) Oj )7 —4n? (02+1t) |:€j2 4(17720'2+Zt2:|
= (4mo*)2 H e 2+ [ e d¢;.
R

j=1

} d&;

Since that f(z) = e~ is a entire function, by the Cauchy's Theorem

L f(2)dz =0,

where 7y := 4, U797v3 U 74, as the Figure 5.1]
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Im(z)

(z;— xo) (zj— 900)

—R+ig oy b R+ i
V4 V2
Re(z)
R M R
Figure 5.1:

It is clear that along the paths 4 and 5 the 'Lntegral is zero. Indeed, one these segments are
parametrised by z = £R + i¢;, with [¢;] <

47r(02+zt , thus

((ﬂc j—%0;)
_ eRe( 2?) <e

47r(a2+1t)> e*RQ - 0
)
as R — +oo.

Therefore
R < ' (= —%o; )) )
lim [ e T meR) ge, = [ e Sde, = ab,
R—o00 _R o J
Again in the equation (3.3)
N (zj—zo.)2 1
N - I T 2
20000 = (4107 H[ Ar2(0? + it) ]
7j=1
< 0-2 ) % _ |,7:—.7:0\2
= - e Ao?+it)
o+ it
O
Proposition 5.0.1 (Approximate identity estimates). Let N > 1 and p > 1—1—%. Given zy € RN
and o > 0, define
_ |z — 20
oy = XD | =5
and

(5.15)

AN.p) = (2 >N e

where

+oo
['(x) = / t"le7tdt, x>0
0
is the Gamma function
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Given a € WH=(RY), we have

i 1
[l @l ata)dadt = o AN, patao) o
X

<oTg allyyri.00

forangO<s<%—1.

Proof. As shown in the Lemma

2
eim%%,xo(w) _ ( o )

o2+ it

w2

exrp {_—|x - x0|2 }
Ao +it))

N
2 2
Now, if we let z; = ( , > we obtain
o2 +it
+1
2 2 Ny
=1 () ()]
o2 +it 02 — it
()
 \ot 42 ’
and for { |z — $0|2 } e have
Zo=erp|——————(, W v
2 b 4(0? +it)
ot = ep {(p+ DRe (2200 )
z =ex e| ———F—
2 P Ao + it)
—ep {_02|x — x0*(p + 1)}
4(ct + t2) ’
where
N(p+1)
€itAg0 |p+1 _ ( ot ) 4 crp {_0‘2|$ —I0|2(p+ 1)}
70 o4 + 2 4(o* + 12)
t _
=K (_7 - xo) )
o2 o
here
N(p+1)
4

We now show that [ K(t,z)dzdt = A(N,p). For that, we consider the changes of variables

N
—_

(st m)
u=\——] |z|, and wv= :
11+ 82) 1+ 2

Recall the Gaussian integral and Gamma function to obtain

N(p+1)

N
414+ t%)\ 2 1
/ K(t,z)drdt = (M> / e‘”ﬂlu/( ) boat
RxRN p+ 1 RN R 1 —|— t2

N
4 )2 g\ N=1)
(— (143" 7 dt
p+1 /]R

wfZ

=T
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Let ¢ = Y221 and we use the change of variables u = (1 + %)™ to obtain the integral

1 1

=5(5c-3)

_ )T (e—3) _ 4T(c—9)
ING) ING)

The convergence of the Gamma function requires that ¢ > 3. The Euler function Beta, B, is

defined as (T () .
['(z)l(y / -1 -1
Bla,y) = —2- ) [ et _pyuigy,
(. y) Tety) (1—1)
for x,y > 0. For details, see Conway [5, p. 186]. Thus
(4 )N P~ —3)

p+1

vz
(SIS

+

/ K(t,z)dxdt = m
RxRN
= AN, p),

where p > 1 + %

We note that for any R > 0, by Chevyshev's inequality (Lemma [2.2.4), and employing a
change of variables similar to the one given above
]u\se“|2du>

/ K(t,x)dxdt§R_s//|x]SK(t,a:)da:dt
R J|z|>R
(5.16)

N4

(i o) (] (122)”

< R /(1 ) gy
— CR™,

where

usig the fact that 0 < s < w - 1L

By another change of variables, we have

/
// K (—2, f) drdt = oV 2NN, ). (5.17)
RxRN g g
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Thus we can write

V [ e na I alw)dadt — 0¥ AN, platao)
RxRN

‘//RxRN 02’_ (a(z +20) — @(fﬂo))dﬂﬂdt‘

= / / K —;af |a(z + x0) — al(wo)| dzdt (5.18)
|z|<o

// sz; la(z + x0) — alxo)| dudt, (5.19)
|z|>d

where § > 0 will be chosen below.

By the fundamental theorem of calculus and (5.77), we first estimate
S 00" | Val|

and by (5.76), we obtain

5 —S8
6195 el [ [ Kt s (2] 0" fale
y>

SO,
T8 + BT < 0™ [Valyre (54 0757,

Define f(6) = 0 + 0%6~* and finding the critical point by setting § = o7+ leads to

[l )™ atadads = a3l patan)| 5. 070N
X

forangO<3<M 1.
O

Theorem 5.0.4. Suppose 1+ 1+ < o < 1+ N 5 and let a,b € WH>(RN). Let S,, S,
denote the corresponding scattermg maps for (5.1) with nonlinearities alu|**u and blu|* v,
respectively. Then

O

la = bllze S (lallproe + [6llyree) 1 [1Sa = S

(llallyre + 1Bllyr.) 7 1150 = Spll 70

(5.20)

iy

S
+

Proof. Given o > 0 and 2y € RY, let Yoz, De the Gaussian data defined as in (5.15). From

613

5 (€) = (dmo?) ¥ eI - ri Rl
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Let s > —7%,
2

2 —_—
ool vy = || F0ma (©)

L2(RN)

_ (47T)NO'2N /N |£’2se—\27r0|§||4d§7
R

Through the change of variable y = 27 (€|, we obtain:
4NV O / v
(4r) (2mo)N Jrn ‘27?0

N_s
0,00l grsmny S 02" (521)
We then have that ¢, ,, belongs to the common domain of S, and S;, for all o > 0 sufficiently
small. Recall the Scattering map

Sa(@a,mo) = Po,zq _i/e ZtAa|u|a ! u(t)dt,
R

where u is the solution to @ that scatters to s 4, as t = —oo. We can write it as

Sa(Po,20) =Poz0 — Z/ {a|eitA900,x0|a_1€itA<,Dg7m0} dt
R

_i/e—itA {a (’u‘a—lu ’ 1tA900_x0’a—1) ltASOUxo}a
R

2s 4
e~V dy,

which leads to

and

Sb(ﬁpa,zo) =Poxo — Z/ {b‘eitA(Po,xo‘aileitASDa,xo} dt
R

. Z/ e—itA {b (‘U|a_17) . |eitA900,mola_1) eitAQOU,mO} dt,
R

where v is the solution to (5.1), with nonlinearity bjv|* 'v that scatters to ¢, ,, as t — —oc.
Thus,

o(®o.z0) = Sb(Po,20)s Poo) (5.22)
= —z// — b(2))[€"2 Py 5o |“ T dadt (5.23)
RXR3
—4//'<mww“m €48y [P R VB, dudt (5.24)
RxR3
i el e e ST e, (529
RxR3

Considering ¢,r and r. as defined in Theorem and the embedding H%" — L’ we
shall estimate each term in the expression above. We have:

//R - ) (Jul*” fy — | ZtASOUIo|a ! ZtA@UﬂCo) HB Py modrdt

X

< H ’u‘a 1 ’ 1tA900_x0’a 1 ltASOJxo) ltASDO'onLI

S llall e HeitASOU,onLng |u’a71 + ‘eZtASOU,zo|a 1||LfL§ u(t) — eim@a,onLng )
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where
2 1 2 1
- +-=1=-+-,
q q r 7
. . _ 4
which leads to the re[attons = +1 and = NaiD)-

By the Theorem ||u||LgHSC,T S oo || grse» therefore

itA

lall g |[e [ul ™+ 1€ o || s Lt

7
€ Poao HLqLT

a,

Pozo { ‘ LiLy

<|raumusom||m{||unw+Hem%xoum}H [ e sy

Sl el (e + Uonanl2} s
S ”aHLoo H%DaaonB ”900360‘

< ”aHLoo H‘szo”m ||900,:c0|

<oV lalz~

LiLy

Hac U”L‘JL” ”UHLfL;
200—2

Hse

since || ool e S 02 and (0ol foe S o7, where we use (G27) for s = 0 and s = s,

respectively.

Analogously,

||b(yv|ailv | ltA(Paxo|a ! ltASDUxo HLl oVt HbHZLOO

Now , where we use Cauchy-Schwarz, and (5.27) with s =1 and s = —1

|<Sa(900,a:o) - Sb(‘PU,xo)v 9007550>| < |[Sa(e) — Sb(@)HHl HSOU,onH—l
S 1Sa = Soll 100,20l g1 1|00 | -1
SN 1Sa = S| -

Finally, in the Proposition m 0 <s < M — 1, together with the condition that
o> 1+ +, we can choose s = 1. Thus,

[ [ @l = bt ot - 07N, ) alan) — b))
SN (lallyro + [bllprce)-
Hence, based on the estimates found above, we have
AN, @)™ a(z0) — b(z0)| S o™ S0 = Syll + o™ (llal7 + llall7)

+ ™5 (llallyro + 1bllyee)
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to obtain
(o) = blao)l S 7150 = Sall + 0% (i~ + 1617 (5.26)
1
+ 05 (llallyre + [0l i) - (5.27)

Now considering the function

flo) =072 18a = Spll + o5 (llallypro + [bllyr.0) (528)

we find that its critical point is

5

— (10)% ( [|Sa — S| )1 ‘

lallwree 4 [16]ly1.0c

=

Optimizing (5.26), we obtain
10 1 12 10
|a(zo) = b(z0)| S (lallwree 4 [[bllyree) ™ 150 = Sell ™ + (lallyrec + 101100 ) [[Sa = Sbl|™* -

Taking the supremum over zy € R yields (5.20). O

Theorem 5.0.5. Suppose o, € [1 + %, 1+ ﬁ] Let S, and Sg denote the scattering
maps for (1) corresponding to nonlinearities |u|*'u and |u|’u, with a(x) = 1. Then

L 10
la = B] S 180 — Spl| ™ + [[Sa — S| ™
Proof. Let

Sa(SOcr) =, — Z/ 67itA(‘eitA |a 1 ltAQOU)dt . Z/ efitA(‘u|a71u . |6itA ‘a 1 ltAQOU)dt
R R

where u is the solution to (5.1) with nonlinearity |u|?~'u that scatters to ¢, as ¢t — —oo.

Similarly,

Sp(ee) =a =i [

e_itA(|€itA(,00|’6_1€itAg0U)dt —i / 6—itA(|u|B—1u . |6itAch|6_16itAg00)dt,
R R

where v is the solution to (5.7) with nonlinearity |v|?~'v that scatters to ¢, as t — —oo.
Thus

// N(|€itA90cr|a+1 o |6itA<pg|ﬁ+1)dIdt (529)
RxR
— S(¢0); ¥o) (5.30)
// ‘u|a 1 ‘ ZtAQOU‘eltA )eitAQOO-dl'dt (53,])
RxRN
+ / / (Jo]7 1w — "o e, ) e, dwdt, (5.32)
RxRN

Note that to estimate and (5.32), we will make a development similar to the estimates
found for (5.24) and (6 ?5| with a( ) = 1, so that

(B3N] + 1639 5 o (5.33)
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For (5.30), we use Cauchy- Schwartz and (5.21) to obtain

[{Sa(®s) = S5(¢0), o) < 15a(w) = Ss(@o)ll g ol -1
S 0 [|Sa — Spll -

By the proposition with s = i. Using the fact that « > 1 + %V, this proposition implies
that

y// (|80 [ — [, dwdt — NP (A(N, @) = AN, B))| S o™V ¥275,
RxRN
combining this with (5.33), we deduce
AN, @) = AN, B)| S 02 [[Sa — S5l + 0% + 03,
optimizing the function f(¢) = 072||S, — Ssl| + o5, we have that

o = (10)11 || S — ST,

so that ) "

AV, @) = AN, B)] S 1150 — S5l + 150 — S5l (534)
Now it only remains to prove that

AN, @) = AN, B)| 2 |a = B]. (5:39)
Recalling the definition of A
N(a— N(a—
V) = - xp 20N T2 ) Moo 4>gr(%n_9A
- 2 a— R a—
(a+1)7% (M=t 4 a+l r(Me=b)
— —7TT+1NF i), 2 ;1 i A
LAy ((a+1)  (a+ D)

where

and ¥(z) = &) is the digamma function.

I'(z)
By Gautschi's inequality ( see [17, Theorem A]), we have
P -] KN(a -1) -
N(a—1) -
r <(T> 4

Using the fact that ¢ is increasing on (0, 00), it follows that

s (_3(044— 1)>_; [w (—3(054_ 1)> -y (w - %H 20,
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therefore )
1 3la—1)\"2
V()| > x 3 2NN (%) > 1,
uniformly for 1 + % <a<l+ ﬁ.
By the mean value theorem, we obtain |A(a) — A(B)| 2 |a — . O
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