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Resumo

Neste trabalho, consideramos o problema de valor inicial para a equação de Schrödinger não
linear:

i∂tu = −∆u− λ|u|α−1u, x ∈ RN , t > 0. (1)

Onde u = u(t, x) é uma função complexa definida em R× RN . Estabelecemos a existência,
unicidade e regularidade de soluções locais nos espaços L2(RN) e H1(RN), tanto para o
caso subcrítico quanto para o crítico. Estudamos esse problema usando o teorema do ponto
fixo de Banach, estimativas de Strichartz e ferramentas da análise harmônica. Além disso,
provamos a existência de soluções globais, sob condições que envolvem a não linearidade, o
tamanho dos dados iniciais u0 ∈ H1(RN) e o sinal de λ. Também estabelecemos um critério
de espalhamento (scattering).

Finalmente, estabelecemos uma teoria de espalhamento (scattering) para dados pequenos da
equação não linear de Schrödinger da forma:

(i∂t +∆)u = a(x)|u|α−1u, (2)

onde u : R×RN −→ C, α > 0, e a ∈ W 1,∞(RN) para o caso intercrítico, em dimensões N ≥
3. Encontramos estimativas de estabilidade para o problema de recuperação de informações
sobre a não linearidade no termo não-homogêneo e na potência da não linearidade por meio
do mapa de espalhamento (scattering map), estendendo os resultados de Chen e Murphy [4].

Palavras-chave: equação de Schrödinger; comportamento local; comportamento global; scat-
tering.



Abstract

In this work, we consider the initial value problem for the nonlinear Schrödinger equation.

i∂tu = −∆u− λ|u|α−1u, x ∈ RN , t > 0, (3)
where u = u(t, x) is a complex function defined on R × RN . We establish the existence,
uniqueness and regularity of local solutions in the spaces L2(RN) and H1(RN), for both
subcritical and critical case. We study this problem using the Banach fixed-point theorem,
Strichartz estimates and tools from harmonic analysis.

Moreover, we prove the existence of global solutions, under conditions that involve nonlinear-
ity, size of initial data u0 ∈ H1(RN) and the sign of λ. Furthermore, we establish a scattering
criterion.

Finally, we establish a small data scattering theory for the nonlinear Schrödinger equation
of the form

(i∂t +∆)u = a(x)|u|α−1u, (4)
where u : R×RN −→ C, α > 0, and a ∈ W 1,∞(RN) for the intercritical case, in dimensions
N ≥ 3. We find stability estimates for the problem of information recovery about nonlinearity
in the inhomogeneous term and in the power of nonlinearity through the scattering map,
extending the results of Chen and Murphy [4].

Keywords: Schrödinger equation; local behavior; global behavior; scattering.
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Chapter 1

Introduction

In this work, we study the Cauchy problem of the Schrödinger equation®
i∂tu = −∆u− λ|u|α−1u, x ∈ RN , t > 0

u(x, 0) = u0(x)
(1.1)

where λ and α are real constants with α > 1, and u : RN × R −→ C, N ≥ 3.

The equation (1.1) is a nonlinear variation of the linear Schrödinger equation. discovered by
physicist Erwin Schrödinger (1925). This discovery is of great importance for the development
of quantum mechanics. The linear equation describes atoms and particles that move in space,
while the nonlinear equation has diverse applications, one of which is in the propagation of
light in nonlinear optics (see Boyd [1]).

The Cauchy problem for (1.1), is local well-posed in L2(RN) and H1(RN) depending on α,
N ≥ 3. (See Linares-Ponce [15], Tao [20]), and Cazenave [2] using an abstract theory. In other
words, if u0 ∈ H1(RN) or L2(RN) there exist T > 0 and a unique solution u ∈ C([−T, T ] :
H1)∩X , where X is an auxiliary space solution of (1.1). For the case N = 1, 2, we refer to
Cazenave [2][Theorem 3.5.1 and Theorem 3.6.1].

Moreover, the NLS equation (1.1) conserves mass M [u] and energy E[u], which are defined
by

M [u(t)] =

∫
RN

|u(x, t)|2dx,

E[u(t)] =

∫
RN

Å
|∇xu(x, t)|2 −

2λ

α + 1
|u(x, t)|α+1

ã
dx,

and play a crucial role in the description of global solutions. Weinstein [22], assuming
∥u0∥H1 < ∥Q∥L2 , where Q denotes the ground state (positive solution of minimal L2-norm)
of the elliptic equation

∆Q−Q+ |Q|α−1Q = 0,

showed global well-posedness in the critical case α = 1+ 4
N

. Holmer and Roudenko [11], for
radial initial data u0 ∈ H1(RN), satisfying

E[u0]
scM [u0]

sc < E[Q]scM [Q]1−sc ,
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and
∥∇xu0∥scL2 ∥u0∥1−sc

L2 < ∥∇xQ∥scL2 ∥Q∥1−sc
L2 ,

with and sc = N
2
− 2

α−1
, proved that the solution exists globally in time and scatters. Duy-

ckaerts, Holmer and Roudenko [7], extend the scattering result [11] to include nonradial H1

data.

Killip, Murphy, and Visan, in [14], present the method for recovery the nonlinearity of a
nonlinear dispersive equation from its small-data scattering behavior, through the scattering
map. Watanabe [21] recovery an inhomogeneous coefficient in a nonlinearity of the form
b(x)|u|α−1. Other works concerning the recovery of nonlinearity from the scattering map can
be found in [3] and [16].

We shall find stability estimates for recovery the nonlinearity of inhomogeneus coefficient in
a nonlinearity and the power of nonlinearity, for inhomogeneous Schrödinger equation

(i∂t +∆)u = a(x)|u|α−1u, (1.2)
where u : R×RN −→ C, in the intercritical case 1+ 4

N
≤ α ≤ 1+ 4

N−2
and a ∈ W 1,∞(RN).

This text is organized as follows. In Chapter 2, we present properties of the Fourier transform
on the line and RN , along with some spaces of interpolation. In Chapter 3, we describe the
solution to the linear Schrödinger equation, presenting fundamental properties for this work,
along with Strichartz estimates for the dispersive Schrödinger equation.

Chapter 4 is dedicated to studying the local and global behavior of the nonlinear Schrödinger
equation 1.1 in the L2(RN) and H1(RN) spaces (see Linares and Ponce [15]).

Finally, in Chapter 5, we present and prove the principal results of this dissertation.



11

Chapter 2

The Fourier Transform

In this chapter, we develop a theory of Fourier series, which is used to represent periodic
functions through the discrete sum of complex exponentials x→ e2πitx, and we present some
convergence properties. Furthermore, we study the Fourier transform, which extends to non-
periodic functions, with some references based on Iorio-Iorio [12], Stein and Weiss [19], and
Linares and Ponce [15].

2.1 Fourier Series
This section focuses on representing a 1-periodic function f : R −→ C by the series:

a0
2

+
∞∑
k=0

(ak cos(2πky) + bk sin (2πky)). (2.1)

Since

cos (2πky) =
e2πiky + e−2πiky

2
and sin (2πky) =

e2πiky − e−2πiky

2i
, for all k = 1, 2, · · · ,

we obtain

ak cos (2πky) + bk sin (2πky) =
ak − ibk

2
e2πiky +

ak + ibk
2

e−2πiky.

Therefore (2.1) can be written as
+∞∑

k=−∞

cke
2πiky, (2.2)

where
c0 =

a0
2
, ck =

ak − bk
2

, c−k =
ak + ibk

2
, for k = 1, 2, · · · .

Let us assume that the series (2.2) converges uniformly to the function f : R −→ C.
If we define

ϕk(x) = e2πikx, k ∈ Z, (2.3)
we see that {ϕk} satisfies

⟨ϕk, ϕj⟩ =
∫ 1

0

ϕk(x)ϕj(x)dx =

®
0, if j ̸= k

1, if j = k.
(2.4)
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Thus,

⟨f, ϕk⟩ =
∫ 1

0

f(x)ϕ(x)dx =

∫ 1

0

(
+∞∑

n=−∞

cne
2πinx

)
e−2πikxdx, (2.5)

and by uniform convergence of the series (2.2), and (2.4):

⟨f, ϕk⟩ =
∞∑

n=−∞

cn

∫ 1

0

e2πinxe−2πikxdx =
∞∑

n=−∞

cn⟨ϕn, ϕk⟩ = ck.

Therefore,

ck = ⟨f, ϕk⟩ =
∫ 1

0

f(x)e−2πikxdx. (2.6)

Definition 2.1.1. Let Ck
per([0, 1]), where k = 0, 1, 2, . . ., denote the collection of 1-periodic

functions f : R −→ C that are of class Ck . If k = 0, we denote C0
per([0, 1]) by Cper([0, 1]).

Definition 2.1.2. Let f be a function belonging to the set Cper([0, 1]). The numbers ck defined
by (2.6), are called the Fourier coefficientes of f , and the series

Sf =
∞∑

k=−∞

cke
2πikx

is called the Fourier series of f .

The complex sequence {f̂(k)}k∈Z, where f̂(k) = ck is called the Fourier transform of f . The
map f 7→ f̂ is linear and satisfies

|f̂(k)| =
∫ 1

0

|f(x)e−2πikx|dx = ∥f∥1 ≤ ∥f∥∞ .

Now, consider the subspace VN = {ϕk : −N ≤ k ≤ N}, where N ∈ Z+ and let

SN =
∑
|k|≤N

f̂(k)e2πikx (2.7)

belong to VN .

Proposition 2.1.1. Let VN = {ϕk : −N ≤ k ≤ N} be an orthonormal subspace in L2, and
f ∈ Cper([0, 1]).

(a) Given N ∈ N, the best L2 approximation to f using VN is given the N-th partial
Fourier series SN . For all TN ∈ VN ,

∥f − SN∥2 ≤ ∥f − TN∥2 . (2.8)

Proof. Write g = f − SN and choose

TN =
∑
|k|≤N

αkϕk
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such that
f − TN = f − SN + (SN − TN) = g + (SN − TN).

Now, using the orthogonality of (2.4) and the Fourier coefficients

⟨g, TN⟩ = ⟨f − SN , TN⟩

= ⟨f,
∑
|k|≤N

αkϕk⟩ − ⟨
∑
|j|≤N

f̂(j)ϕj,
∑
|k|≤N

αkϕk⟩

=
∑
|k|≤N

αk⟨f, ϕk⟩ −
∑
|k|≤N

∑
|j|≤N

αkf̂(j)⟨ϕj, ϕk⟩

=
∑
|k|≤N

(αkf̂(k)− αkf̂(k)) = 0.

This show that g is orthogonal to VN . Since SN − TN belongs to VN , It follows from the
Pythagorean theorem,

∥f − TN∥22 =

∥∥∥∥∥∥g +
∑
|k|≤N

(f̂(k)− αk)ϕk

∥∥∥∥∥∥
2

2

= ∥g∥22 +
∑
|k|≤N

∣∣∣f̂(k)− α(k)
∣∣∣ ∥ϕk∥22

≥ ∥g∥22 .

Therefore
∥f − SN∥2 ≤ ∥f − TN∥ .

Proposition 2.1.2. Let f ∈ Cper ([0, 1]). Then the series

∞∑
k=−∞

∣∣∣f̂(k)∣∣∣2 (2.9)

converges and satisfies the Bessel’s inequality

+∞∑
k=−∞

∣∣∣f̂(k)∣∣∣2 ≤ ∫ 1

0

|f(x)|2 dx = ∥f∥2 . (2.10)

In particular, the Riemann-Lebesgue Theorem holds

lim
|k|→+∞

f̂(k) = 0. (2.11)
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Proof. Let

0 ≤ ∥f − SN∥22 =

∥∥∥∥∥∥f −
∑
|k|≤N

f̂(k)ϕk

∥∥∥∥∥∥
2

2

= ⟨f −
∑
|k|≤N

f̂(k), f −
∑
|k|≤N

f̂(k)⟩

= ⟨f, f −
∑
|k|≤N

f̂(k)ϕk⟩ − ⟨
∑
|k|≤N

f̂(k)ϕk, f −
∑
|k|≤N

f̂(k)ϕk⟩

= ∥f∥22 − ⟨f,
∑
|k|≤N

f̂(k)ϕk⟩

= ∥f∥22 −
∑
|k|≤N

f̂(k)⟨f, ϕk⟩

= ∥f∥22 −
∑
|k|≤N

|f̂(k)|2,

therefore
φN =

∑
|k|≤N

|f̂(k)|2 ≤ ∥f∥22 , (2.12)

for any N ∈ N. The sequence {φN} is increasing and bounded, therefore it is convergent.
So, as N → ∞ we obtain (2.10).
Finally, by the convergence of the series in (2.10):

lim
|k|→+∞

f̂(k) = 0.

2.1.1 Fourier transform on the line.
We are interested in studying the convergence of the improper integral I =

∫∞
−∞ f(x)dx,

where f : R −→ C is a Riemann integrable function on every finite interval [N,M ].

We say that the improper integral I converges if

lim
M−→+∞
N−→−∞

∫ M

N

f(x)dx,

exists.

Lemma 2.1.1 (Cauchy Criterion).
∫∞
−∞ f(x)dx converges, if for every ε > 0 there exists Mε > 0

such that ∣∣∣∣∣
∫ −N

−M

f(x)dx

∣∣∣∣∣+
∣∣∣∣∣
∫ M

N

f(x)dx

∣∣∣∣∣ < ε (2.13)

for all M,N ≥Mε.

We say that the improper integral
∫∞
−∞ f(x)dx converges absolutely, if

∫∞
−∞ |f(x)|dx con-

verges. In other words, the limit
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lim
M−→+∞
N−→−∞

∫ M

N

|f(x)|dx,

exists. In this case, we say that f is absolutely integrable.

Proposition 2.1.3. If f is absolutely integrable, then
∫∞
−∞ f(x)dx converges.

Proof. From the hypothesis that f is absolutely integrable and from the Cauchy criterion,
given ε > 0, there exist Mε > 0 such that∣∣∣∣∣

∫ −M

−N

|f(x)|dx
∣∣∣∣∣+
∣∣∣∣∣
∫ M

N

|f(x)|dx
∣∣∣∣∣ < ε, (2.14)

for all N,M ≥Mε. Thus∣∣∣∣∣
∫ −N

−M

f(x)dx

∣∣∣∣∣+
∣∣∣∣∣
∫ M

N

f(x)dx

∣∣∣∣∣ ≤
∫ −M

−N

|f(x)|dx+
∫ −N

−M

|f(x)|dx < ε. (2.15)

Remark 2.1.1. If f is absolutely integrable, according to the Cauchy Criterion, for any given
ε > 0 there exists M ′

ε > 0 such that∣∣∣∣∣
∫ −N

−M

|f(x)|dx+
∫ M

N

|f(x)|dx
∣∣∣∣∣ < ε

2
,

for all M > N > M ′
ε.

Fix N > Mε. Since |f | ≥ 0, the map

I(M) : M 7−→
∫ −N

−M

|f(x)|dx+
∫ M

N

|f(x)|dx < ε

2

is non-decreasing and bounded above. Consequently, limM→∞ I(M) exists and

lim
M→∞

I(M) =

∫
|x|>N

|f(x)|dx = lim
M→∞

∫ −N

−M

|f(x)|dx+
∫ M

N

|f(x)|dx ≤ ε

2
< ε.

Definition 2.1.3. Let f be an absolutely integrable function. The Fourier transform of f ,
denoted by Ff or f̂ , is defined as the function Ff : R −→ C given by

F [f ](ξ) = f̂(ξ) =

∫ ∞

−∞
f(x)e−2πixξ dx.

Proposition 2.1.4. Let f, g : R −→ C absolutely integrable functions, then

(i) ÿ�(f + λg)(ξ) = f̂(ξ) + λĝ(ξ); λ ∈ C, ξ ∈ R.

(ii) “̄f(ξ) = f̂(−ξ), for all ξ ∈ R.

(iii) If h ∈ R and τh(x) = f(x− h), x ∈ R then τ̂hf(ξ) = e−2πihξf̂(ξ).
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(iv)
∣∣∣f̂(ξ)∣∣∣ ≤ ∥f∥1.

Proof. (i) By the absolutely convergence and linearity of the integral:ÿ�(f + λg)(ξ) =

∫ ∞

−∞
[(f + λg)(x)]e−2πixξdx

=

∫ ∞

−∞
f(x)e−2πiξxdx+ λ

∫ ∞

−∞
g(x)e−2πixξdx

= f̂(ξ) + λĝ(ξ)

(ii) Let f(x) = u(x) + iv(x), then

¯̂
f(−ξ) =

∫ ∞

−∞
f(x)e2πixξdx

=

∫ ∞

−∞
(u(x)e2πixξ − iv(x)e2πixξ)dx

=

∫ ∞

−∞
f(x)e−2πixξdx

= ˆ̄f(ξ)

(iii) Let

τ̂hf(ξ) =

∫ ∞

−∞
τhf(x)e

−2πixξdx =

∫ ∞

−∞
f(x− h)e−2πixξdx (2.16)

Making a change of variable w = x− h in (2.16)

τ̂hf(ξ) =

∫ ∞

−∞
f(w)e−2πi(w+h)ξdw = e−2πihξf̂(ξ).

(iv) We have that ∣∣∣f̂(ξ)∣∣∣ = ∣∣∣∣∫ ∞

−∞
f(x)e−2πixξdx

∣∣∣∣ ≤ ∫ ∞

−∞
|f(x)| dx = ∥f∥1 .

Proposition 2.1.5. If f is absolutely integrable, then f̂ is uniformly continuous and bounded
as ∥f̂∥∞ ≤ ∥f∥1.

Proof. Since f is absolutely integrable, given ε > 0, there exists M > 0 such that∫
|x|>M

|f(x)| < ε

4
. (2.17)
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Now, we have that

|f̂(ξ + η)− f̂(ξ)| ≤
∫ +∞

−∞
|f(x)|

∣∣e2πixη − 1
∣∣ dx

≤ 2

∫
|x|>M

|f(x)|dx+
∫
|x|≤M

|f(x)|
∣∣e2πixη − 1

∣∣ dx
≤ 2

∫
|x|>M

|f(x)|dx+ sup
|x|≤M

∣∣e2πixη − 1
∣∣ ∥f∥1 .

(2.18)

By the theorem of calculus

|e2πix − 1| =
∣∣∣∣∫ x

0

2πiηe2πitxdt

∣∣∣∣ ≤ 2π|ηx|.

Let δ = ε

4πM ∥f∥1
> 0. If |η| < δ, then

|f̂(ξ + η)− f̂(ξ)| ≤ 2ε

4
+ sup

|x|≤M

∣∣e2πixη − 1
∣∣ ∥f∥1

≤ ε

2
+ 2π|ηx| ∥f∥1

<
ε

2
+ 2πM |η| ∥f∥1

<
ε

2
+ 2πM ∥f∥1

ε

4πM ∥f∥1
= ε.

Due the Proposition 2.1.4, f̂ is bounded with ∥f̂∥∞ ≤ ∥f∥1.

Proposition 2.1.6. Let f : R −→ C be absolutely integrable. Then f̂(ξ) → 0 when |ξ| → 0.

Proof. Let ε > 0. By Proposition 2.1.5, f̂ is uniformly continuous, so there exists a δ > 0

such that if |ξ1 − ξ2| < δ, then
∣∣∣f̂(ξ1)− f̂(ξ2)

∣∣∣ < ε.

From the absolute integrability of f , there exists M > 0 such that∫
|x|≥M

|f(x)|dx < ε

3
,

where M ≥ 1
δ
.

Define g : [0, 1) −→ R, as
g(y) = 2Mf (My) , (2.19)

and extend g periodically to the entire real line. Since f is piecewise continuous, g is also
piecewise continuous. Let the Fourier coefficients of g be defined by

ĝ(k) =

∫ 1

0

f(x)e−2πikxdx.

Thus, according to the Riemann-Lebesgue Lemma (Lemma 2.1.2), we have:

lim
|k|→+∞

ĝ(k) = 0. (2.20)
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Consequently, there exists K ∈ Z+ such that for any k ∈ Z, if |k| ≥ K , then |ĝ(k)| < ε
6M

. If
ξ ∈ R with

|ξ| > K

M
, (2.21)

Let’s consider the ceiling function ⌈Mξ⌉. Choose K1 ∈ Z such that

K1 − 1 < Mξ ≤ K1. (2.22)

This implies |K1| ≥ K and

1

M
(K1 − 1) < ξ ≤ 1

M
K1

1

M
(K1 − 1)− ξ < 0 ≤ 1

M
K1 − ξ.

Therefore
0 ≤ 1

M
K1 − ξ =

1

M
(K1 −Mξ) <

1

M
≤ δ.

Thus, if
∣∣ 1
M
K1 − ξ

∣∣ < δ, by uniform continuity,∣∣∣∣f̂ ÅK1

M

ã
− f̂(ξ)

∣∣∣∣ < ε

3
.

Hence, ∣∣∣f̂(ξ)∣∣∣ ≤ ∣∣∣∣f̂(ξ)− f̂

Å
K1

M

ã∣∣∣∣+ ∣∣∣∣f̂ ÅK1

M

ã∣∣∣∣
<
ε

3
+

∣∣∣∣∫ +∞

−∞
f(x)e−2πi

K1
M

xdx

∣∣∣∣
<
ε

3
+

∫
|x|≥M

|f(x)|dx+
∣∣∣∣∣
∫ M

−M

f(x)e−2πi
K1
M

xdx

∣∣∣∣∣
(2.23)

Through the change of variable x =My and (2.19), we obtain:∣∣∣f̂(ξ)∣∣∣ < 2ε

3
+

∣∣∣∣M ∫ 1

−1

f (My) e−2πiK1ydy

∣∣∣∣
≤ 2ε

3
+

∣∣∣∣2M ∫ 1

0

g(x)e−2πiK1xdx

∣∣∣∣
=

2ε

3
+ 2M |ĝ(K1)| < ε.

This completes the proof.

2.1.2 Schwartz Space
Motivated by analyzing the decay properties of the Fourier transform, we will introduce the
Schwartz space on R, which consists of rapidly decreasing functions f ∈ C∞(R,C), which
allows us to relate the decay of f̂(ξ) to the continuity and properties of the differentiability
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of f , and vice versa.
Defining

∥φ∥α,β = sup
x∈R

∣∣∣xαφ(β)(x)
∣∣∣ (2.24)

and
S(R) =

¶
φ ∈ C∞ : ∥φ∥α,β < +∞, for all (α, β) ∈ N× N

©
(2.25)

Consequently, S(R) is a topological vector space over C, with the topology generated by the
enumerable intersection of the open sets,

BR(φ0) =
¶
φ ∈ S(R) : ∥φ− φ0∥α,β < R

©
.

Furthermore,
d(φ, η) =

∑
α,β

1

2α+β

∥φ− η∥α,β
1 + ∥φ− η∥α,β

. (2.26)

defines a metric on S(R).

Therefore, the Schwartz space S(R) equipped with metric (2.26) is a complete metric space.

Lemma 2.1.1. The sequence (φn)n≥1 ⊆ S(R) converges to φ ∈ S(R) if and only if

lim
n→∞

∥φn − φ∥α,β = 0

for all α, β ∈ N.

Additionally, if f ∈ S(R), we have that f (α)(x) and xαf (β)(x) belong to Schwartz space.
Furthermore, using the fact that the function (1+|x|)2

1+|x|2 is bounded, there exists M > 0 such that
(1 + |x|)2 ≤M(1 + |x|2). For α, β ∈ N fixed there exists a constant Cα,β ∈ (0, 1) such that,

∣∣(1 + |x|)2xαfβ(x)
∣∣ ≤M

Ä
|xαf (β)(x)|+ |x2+βf (β)(x)|

ä
≤M(C ′

α,β + C ′′
2+α,β)

= Cα,β,

which implies
|xαf (β)(x)| ≤ Cα,β

(1 + |x|)2
.

Thus,
lim

|x|→∞
xαf (β)(x) = 0.

In other words, the Schwartz space consists of smooth functions whose derivatives decay at
infinity faster than any power.

Other properties of Fourier transformation are given in the following proposition.

Proposition 2.1.7. If f ∈ S(R), then

(i) dα

dxαf ∈ S(R) for all α ∈ N and’dα
dxα

f(ξ) = (2πiξ)αf̂(ξ), ξ ∈ R. (2.27)
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(ii) f̂ ∈ S(R) and
dα

dξα
f̂(ξ) =

[⁄�(−2πix)αf
]
(ξ). (2.28)

Proof. (i) Since f ∈ S(R), its derivatives are rapidly decreasing, so f (α) ∈ S(R). Inte-
grating by parts gives“f ′(ξ) = f(x)e−2πixξ

∣∣∣+∞

−∞
+ 2πiξ

∫ +∞

−∞
f(x)e−2πixξdx = 2πiξf̂(ξ).

Then, using an argument by induction, we have

dα+1

dxα+1
f̂(ξ) =

dα

dxα
f(x)e−2πixξ

∣∣∣+∞

−∞
+ 2πiξ

∫ +∞

−∞

dα

dxα
f(x)e−2πiξxdx

= (2πiξ)α+1f̂(ξ).

(ii) We must show that f̂ is differentiable and find its derivative. Let

lim
h→0

Ç
f̂(ξ + h)− f̂(ξ)

h
− Ÿ�(−2πixf)(ξ)

å
= lim

h→0

∫ ∞

−∞
f(x)

Ç
e−2πix(ξ+h) − e−2πiξx

h
+ 2πixe−2πixξ

å
dx.

We consider the function

gh(x) = f(x)

Ç
e−2πi(ξ+h)x − e−2πiξx

h
+ 2πixe−2πiξx

å
= f(x)e−2πiξx

Å
e−2πihx − 1

h
+ 2πix

ã
,

where, gh → 0 almost everywhere, as h→ 0.

Now, by the mean value theorem, there exists λx ∈ (0, h) such that

|gh| ≤ |f(x)|
∣∣∣∣∣e−2πix(ξ+h) − e−2πiξx

h
+ 2πixe−2πiξx

∣∣∣∣∣
≤ |2πix| |f(x)|

∣∣∣e−2πi(ξ+λx)x − e−2πiξx
∣∣∣

≤ 4π|x||f(x)| ∈ L1.

Thus, by dominated convergence theorem

lim
h→0

∫ ∞

−∞
gh(x)dx =

∫ ∞

−∞
lim
h→0

gh(x)dx = 0,

from this, it follows (2.28).

By (i), the Fourier transform interchanges differentiation and multiplication, that so, for
integers α and β

ξα
dβ

dxβ
f̂(ξ) = (−2πi)βξαx̂βf(ξ)

= (−2πi)α+β ◊�(xβf)(α)(ξ).
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Furthermore, by (4) xβf ∈ S(R) , we have

∥f̂∥α,β = sup
x∈R

∣∣∣ξαf̂ (α(ξ))
∣∣∣ < +∞.

Proposition 2.1.8 (Fourier Inversion). If f ∈ S(R), then

f(x) =

∫ ∞

−∞
f̂(ξ)e2πixξdξ,

for all x ∈ R.

Proof. See Iório and Iório [12, Theorem 3.3].

We define the the inverse of Fourier transform, as
∨
f(x) = (F−1f)(x) =

∫ ∞

−∞
f(ξ)eixξdξ.

The Fourier inversion shows that
F−1 ◦ F = I,

on S(R), where I is identity mapping. Furthermore, F(f)(y) = F−1f(−y), so we also have
F ◦ F−1 = I . This justifies that F−1 is the inverse of F . From this, it is easy to see that
∧ : S(RN) −→ S(RN) is an isomorphism.

The Schwartz space S(R) can be equipped with the inner product and associated norm:

⟨f, g⟩ =
∫ ∞

−∞
f(x)g(x)dx, and ∥f∥2 = ⟨f, f⟩

1
2 .

Lemma 2.1.2. If f, g ∈ S(R) then:

(i) f ∗ g ∈ S(R).

(ii) ÷(f ∗ g)(ξ) = f̂(ξ)ĝ(ξ).

Proof. See Stein and Weiss [19, Proposition 1.11].

Proposition 2.1.9 (Plancherel). If f ∈ S(R) then ∥f̂∥2 = ∥f∥2.

Proof. If f ∈ S(R), let g(x) = f(−x). According to Proposition 2.1.4 item 2, it follows that
ĝ(ξ) = f̂(ξ). Furthermore, let f ∗ g ∈ S(R) such that‘f ∗ g(ξ) = f̂(ξ)ĝ(ξ) = |f̂(ξ)|2,
and

(f ∗ g)(0) =
∫ ∞

−∞
f(x)g(0− x)dx =

∫ ∞

−∞
|f(x)|2dx. (2.29)

Now, the inversion formula applied with x = 0

(f ∗ g)(0) =
∫ ∞

−∞

‘f ∗ g(ξ)dξ =
∫ ∞

−∞
|f̂(ξ)|2dξ. (2.30)

Therefore, (2.29) and (2.30) yield the desired result.
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2.1.3 The Fourier transform on RN

Definition 2.1.4. The Fourier Transform of a function f ∈ L1(RN), denoted by f̂ , is defined
as:

f̂(ξ) =

∫
RN

f(x)e−2πix·ξdx, for ξ ∈ RN , (2.31)

where
x · ξ =

∑
1≤j≤N

xjξj.

Proposition 2.1.10. Let f ∈ L1(RN), then :

(i) f 7→ f̂ from L1(RN) to L∞(RN) with

∥f̂∥L∞ ≤ ∥f∥L1 .

(ii) f̂ is continuous .

(iii) f̂(ξ) → 0 as |ξ| → ∞.

(iv) If τhf(x) = f(x− h) denotes the translation by h ∈ RN , then’(τhf)(ξ) = e−2πh·xf̂(ξ), and ⁄�(e−2πix·hf)(ξ) = τ−hf̂(ξ).

(v) If δaf(x) = f(ax) denotes the dilation by a > 0, then’(δaf)(ξ) = 1

aN
f̂

Å
ξ

a

ã
.

(vi) Let g ∈ L1(RN) and f ∗ g be the convolution of f and g. Then÷(f ∗ g)(ξ) = f̂(ξ)ĝ(ξ).

(vii) Let g ∈ L1(RN). Then ∫
RN

f̂(y)g(y)dy =

∫
RN

f(y)ĝ(y)dy.

The proof of this proposition follows in a manner similar to Theorem 2.1.4.

Proposition 2.1.11. Let f , xαf ∈ L1, with α ∈ ZN
+ a multi index. Then ∂αf̂ is defined and

satisfies
∂αf̂(ξ) =

[⁄�(−2πix)αf
]
(ξ).

Proof. See Linares-Ponce [15, Proposition 1.1].

Definition 2.1.5. Let 1 ≤ p ≤ ∞. A function f ∈ Lp(RN) is differentiable in Lp(RN) with
respect the kth variable, if there exists g ∈ Lp(RN) such that∫

RN

∣∣∣∣f(x+ tek)− f(x)

t
− g(x)

∣∣∣∣p dx→ 0, as t→ 0,

where ek has kth coordinate equals to 1 and 0 in the others.
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Proposition 2.1.12. Let f ∈ L1(RN) such that ∂αf ∈ L1(RN). Then

∂̂αf(ξ) = (2πiξ)αf̂(ξ).

Proof. See Linares-Ponce [15, Theorem 1.2].

Example 1. Let N = 1 and f(x) = χ[a,b] the characteristic function of interval [a, b]. Then

f̂(ξ) = ‘χ[a,b](ξ) =

∫ ∞

−∞
χ[0,1](x)e

−2πixξdx =

∫ b

a

e−2πixξdx,

= −
ï
e−2πixξ

2πiξ

ò ∣∣∣b
a
= −e−πi(a+b)ξ sin(π(a− b)ξ)

πξ
.

Notice that ◊�χ[a,b](ξ) /∈ L1(R).

We have studied some properties of the Fourier transform to find f̂ from f . However, we are
interested in how to determine f from f̂ . The above example show that f̂ /∈ L1 for some
f ∈ L1(RN).

Proposition 2.1.13. Let f ∈ L1(RN). Then

f(x) = lim
t→0+

∫
RN

e2πix·ξe−4π2t|ξ|2 f̂(ξ)dξ,

where the limit is taken in the L1−norm. Moreover, if f is continuous at the point x0, then
the following pointwise equality holds:

f(x0) = lim
t→0+

∫
RN

e2πx0·ξe−4π2t|ξ|2 f̂(ξ)dξ.

Proof. See Linares-Ponce [15, Proposition 1.2].

Now, if f, f̂ ∈ L1, we have the inversion form:

f(x) =

∫
RN

f̂(ξ)e2πix·ξ,

almost everywhere x ∈ RN .

2.1.4 The Fourier Transform on L2

We observe that, while the Fourier transform given by (2.31), makes sense as a convergent
integral for functions f ∈ L1(RN), this integral does not converge absolutely for all functions
on L2. We first define a linear operator on the subset L1 ∩ L2 of L2(RN).

Proposition 2.1.14 (Plancherel). If f ∈ L1 ∩ L2. Then f̂ ∈ L2 and ∥f∥L2 = ∥f̂∥L2

Proof. See Linares-Ponce [15, Theorem 1.3].

Thus, the Fourier transform is an L2 isometry on L1 ∩ L2. By density, there exists a unique
bounded extension of Fourier transform F : L2 −→ L2.
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Proposition 2.1.15. The inverse of the Fourier transform F−1 can be defined by the formula

F−1f(x) = Ff(−x),

for any f ∈ L2.

Proof. See Linares-Ponce [15, Theorem 1.5].

2.1.5 The Fourier transform in the space of tempered distributions
In this section, we shall prove that any f ∈ Lp(RN) for p ≥ 1 has a Fourier transform in the
distribution sense.

Definition 2.1.6. We define the Schwartz space S(RN) of rapidly decaying functions as

S(RN) =

ß
f ∈ C∞(RN) : ∥f∥α,β = sup

x
|xα∂βf(x)| <∞ ∀α, β ∈ ZN

≥0

™
.

This space is a topological vector space, with topology generate by the enumerable intersec-
tion of open sets ⋂

(α,β)∈ZN
≥0

¶
f ∈ S(RN) : ∥f − g∥α,β < R

©
,

for some g ∈ S(RN) and R > 0, and is a complete space with the metric:

d(f, g) =
∑
α,β

1

2|α|+|β|
∥f − g∥α,β

1 + ∥f − g∥α,β
. (2.32)

Definition 2.1.7. Let {fj} ⊂ S(RN). Then, fj → 0 as j → ∞, if for any (α, β) ∈ ZN
≥0 one

has that ∥fj∥α,β → 0 as j → ∞.

Proposition 2.1.16. The map f 7→ f̂ is a isomorphism.

Proof. Se Linares-Ponce [15, Theorem 1.6]

Proposition 2.1.17. The Schwartz space has the following properties :

(i) C∞
0 ⊂ S(RN), and injection is continuous.

(ii) C∞
0 is dense in S(RN).

(iii) S(RN) ⊂ L1(RN), and injection is continuous.

Proof. See Friendlander [8, Theorem 8.2.1].

Definition 2.1.8. We define the space of tempered distribution functions as the linear func-
tionals that satisfy

S ′(RN) =
¶
T ∈ L(S(RN),C) : T (fn) → 0 if ∥fn∥α,β → 0, ∀(α, β) ∈ ZN

≥0

©
.
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Remark 2.1.2. If is g is any locally integrable function with polynomial growth at infinity,
then g defines a tempered distribution Tg , where

Tg(f) =

∫
RN

g(x)f(x)dx, for all f ∈ S(RN).

Definition 2.1.9. Given T ∈ S ′(RN), its Fourier transform T̂ ∈ S ′(RN) is defined as:

T̂ (f) = T (f̂),

for any f ∈ S(RN).

It is clear that T̂ is linear. To show that T̂ ∈ S ′(RN), we need to establish its continuity.

Let {fn} ⊂ S(RN) be a sequence such that fn → 0 in S(RN) as n → ∞. Since that the
Fourier transform is continuous (see Theorem 2.1.10-((ii))), f̂n → 0 as n→ ∞. It follows that,
T̂ (fn) = T (f̂n) → 0, and consequently T̂ ∈ S ′(RN).

Note that, for g ∈ L1(RN) and f ∈ S(RN), it holds that

T̂g(f) = Tg(f̂) =

∫
RN

g(x)f̂(x)dx =

∫
RN

ĝ(x)f(x)dx = Tĝ(f).

Definition 2.1.10. Let T ∈ S ′(RN) and α a multi-index. Define

∂αT (f) = (−1)|α|T (∂αf).

This definition is consistent with the theory of the Fourier transform on L1 +L2 in the sense
of distributions when identifying the function f with a distribution Tf .

Proposition 2.1.18. The map F : T 7→ T̂ is an isomorphism from S ′(RN).

Proof. See Linares-Ponce [15].

Example 2. The Laplacian ∆, is a partial operator acting on tempered distributions on RN

as follows:

∆(T ) =
N∑
j=1

∂2xjxj
T,

where T ∈ S ′(RN). From Definition 2.1.10

∂2xjxj
T (f) = (−1)2T (∂2xjxj

f),

and from Definition 2.1.9 and the Proposition 2.1.12, it follows that

∆̂T (f) =
N∑
j=1

÷∂2xjxj
T (f) =

N∑
j=1

T (÷∂2xjxj
f(ξj)) = −4π2|ξ|2T̂ (f).
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2.2 Interpolation
Let (X,M, µ) be a measure space, with 1 ≤ p <∞. If f : X −→ C is a measurable function,
we define

Lp(X,M, µ) := {f : X −→ C : ∥f∥Lp <∞} ,

where the Lp norm of f is defined by

∥f∥Lp(X,M,µ) =

Å∫
X

|f |pdµ(x)
ã 1

p

.

Furthermore, in the case of limiting value p = ∞, we define

L∞(X,M, µ) := {f : X −→ C : ∥f∥L∞ <∞} ,

where
∥f∥L∞(X,M,µ) := inf {λ ≥ 0 : µ (x : |f(x)| > λ) = 0} .

We abbreviate Lp(X,M, µ), by Lp(X).

Remark 2.2.1. If X = RN , we write ∥f∥Lp instead of ∥f∥Lp(RN ), for the Lp−norm o f . For a
function g : I × RN → C, for some interval I ⊂ R, we write

∥g∥Lq
tL

r
x(I×RN ) := ∥g∥Lq

tL
r
x(I)

=
∥∥∥∥g∥Lr

x

∥∥∥
Lq(I)

, (2.33)

where 1 ≤ q, r ≤ ∞.

Next, I will present some classical inequalities that are satisfied in the Lp space.

Lemma 2.2.1. If x ≥ 0 and λ ∈ (0, 1), then xλ ≤ (1− λ) + λx.

Proof. Let f(x) = (1 − λ) + λx − xλ, hence f ′(x) = λ − λxλ−1. Since f ′(x) = 0 at x = 1,
we have that f attains its miminum value at this point. Therefore,

f(1) = 0 ≤ (1− λ) + λx− xλ.

By setting x = a
b

with a, b > 0 and applying the Lemma 2.2.1, we deduce that

aλb1−λ ≤ (1− λ)b+ λa. (2.34)

The equality holds if, and only if, a = b.

Proposition 2.2.1. Let 1 ≤ p, q ≤ ∞ and 1
p
+ 1

q
= 1. If f ∈ Lp and g ∈ Lq , then fg ∈ L1 and

∥fg∥L1 ≤ ∥f∥Lp ∥g∥Lq .

Proof. The inequality holds if ∥f∥Lp = 0 or ∥g∥Lq = 0, since that f = 0 or g = 0 almost
everywhere.
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Now if ∥f∥Lp ̸= 0 and ∥g∥Lp ̸= 0, by homogeneity we may assume that ∥f∥Lp = ∥g∥Lq = 1.
We use λ = 1

p
on the inequality (2.34), setting a = |f(x)|p and b = |g(x)|q , to obtain

|f(x)g(x)| ≤ 1

p
|f(x)|p + 1

q
|g(x)|q.

Now, integrating this inequality yields

∥fg∥L1 ≤
1

p
∥f∥pLp +

1

q
∥f∥qLq =

1

p
+

1

q
= 1 = ∥f∥Lp ∥g∥Lq .

Collorary 2.2.1 (Hölder Inequality). Let 1 ≤ p, q, r ≤ ∞. If f ∈ Lp and g ∈ Lq

1

r
=

1

p
+

1

q
,

then fg ∈ Lr and
∥fg∥Lr ≤ ∥f∥Lp ∥g∥Lq . (2.35)

Collorary 2.2.2. If f ∈ Lp ∩ Lq with 1 ≤ p ≤ q ≤ ∞, then f ∈ Lr for all r, such that
p ≤ r ≤ q, an the following inequality holds:

∥f∥Lr ≤ ∥f∥θLp ∥g∥1−θ
Lq , where 1

r
=
θ

p
+

1− θ

q
, 0 ≤ θ ≤ 1.

Proof. By Holder inequality (2.35), applied to the functions f = |f |θ and g = |f |(1−θ), it is
evident that |f |θ ∈ L

p
θ and |f |θ ∈ L

q
1−θ , thus

∫
|f |r =

∫
|f |θr|f |(1−θ)r ≤

∥∥|f |θr∥∥
L

p
θr

∥∥|f |(1−θ)r
∥∥
L

q
(1−θ)r

=

Å∫
|f |p
ã θr

p
Å∫

|f |q
ã (1−θ)r

q

= ∥f∥θrLp ∥f∥(1−θ)r
Lq .

Taking the r-th root, the proof is complete.

Lemma 2.2.2. If 1 ≤ p ≤ ∞ and f, g ∈ Lp, then

∥f + g∥Lp ≤ ∥f∥Lp + ∥g∥Lp .

Proof. Suposse without loss of generality, that f and g are non-zero. By homogeneity, we
can assume ∥f∥Lp + ∥g∥Lp = 1. If f = (1− θ)F and g = θG, for some θ ∈ (0, 1), again by
homogeneity, it is clear that ∥F∥Lp = ∥G∥Lp = 1.

Since the function z 7→ |z|p is convex for p ≥ 1 on C, it follows

|(1− θ)F + θG|p ≤ (1− θ)|F |p + θ|G|p,
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and by integrating both sides, we deduce that∫
X

|(1− θ)F + θG|pdµ ≤ (1− θ) ∥F∥pLp + θ ∥G∥pLp = 1,

which finishes the proof.

Lemma 2.2.3. Suppose that f ∈ Lp with 1 ≤ p, q ≤ ∞, are conjugate exponents, that is

1

p
+

1

q
= 1.

Then
∥f∥Lp = sup

∥g∥Lq≤1

∣∣∣∣∫ fḡ

∣∣∣∣
Proof. See Stein-Shakarchi [18, Lemma 4.2].

2.2.1 Lorentz Space and Real Interpolation
We study a new class of functions space namely, Lorentz space. These spaces are a genera-
lization of Lp spaces.

Let

∥f∥p
Lp(RN )

=

∫ ∞

0

pλp−1

∫
χ{|f |≥λ}dµdλ

=

∫ ∞

0

p
Ä
λµ {|f | ≥ λ}

1
p

äp dλ
λ
,

so
∥f∥Lp = p

1
p

∥∥∥λµ({|f | ≥ λ})
1
p

∥∥∥
Lp(R+, dλ

λ )
.

If we take the norm Lq of this quantity, we define the Lorentz space Lp,q(RN).

Definition 2.2.1. If 1 ≤ p, q ≤ ∞, the Lorentz space Lp,q(RN) is the space of measurable
functions f : RN −→ C such that

∥f∥∗Lp,q(RN ) = p
1
q

∥∥∥λµ({|f | ≥ λ})
1
p

∥∥∥
Lq(R+, dλ

λ )
< +∞. (2.36)

It is evident that, Lp,p(RN) = Lp(RN). Moreover, we write ∥f∥∗Lp,∞ = supλ>0 λµ({|f | ≥ λ})
1
p .

Example 2.2.1. Let p ≥ 1. Then Lp(RN) ⊊ Lp,∞(RN). Indeed:

Set r = |x| and f(x) = |x|−
N
p , then dx = rN−1dr. Thus,

∥f∥pLp =

∫ ∞

0

1

rN
rN−1dx =

∫ ∞

0

1

r
dr

where this integral is divergent, so f /∈ Lp(RN).
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Now

µ {x : |f(x)| ≥ λ} = µ
¶
x : |x|−

N
p ≤ λ

©
= µ

¶
x : |x| ≥ λ−

p
N

©
Using the fact that µ(cA) = cNµ(A) for c > 0 and each Borel set of RN , so

µ
¶
x : |x| ≤ λ−

p
N

©
= λ−(

p
n)

N

µ {x : |x| ≤ 1} , (2.37)

hence
µ({x : |f(x)| ≥ λ})

1
p ≤ µ {x : |x| ≤ 1} ,

therefore taking the supremum and p−root, we obtain

∥f∥Lp,∞(RN ) ≲ sup
λ>0

λ
1

λ
= 1 <∞,

so that f ∈ Lp,∞(RN), proving that Lp(RN) ⊊ Lp,∞(RN).

Proposition 2.2.2. If 1 ≤ p <∞, then

1. If ∥f∥∗Lp,q = 0 then f = 0.
2. For all c ∈ C, ∥cf∥∗Lp,q = |c| ∥f∥∗Lp,q .
3. ∥f + g∥∗Lp,q ≤ 2(∥f∥∗Lp,q + ∥g∥∗Lp,q)

Proof. Suppose that ∥f∥Lp,q(RN ) = 0, then

p
1
q ∥λµ ({x : |f(x)| > λ})∥Lq(R+, dλ

λ )
= 0,

which implies that, for almost λ > 0, µ ({x : |f(x)| > λ}) = 0. It follows that f(x) = 0
almost everywhere. Thus, f = 0.

Let a ∈ C, then

∥af∥Lp,q(RN ) = p
1
q ∥λµ ({x : |af(x)| > λ})∥Lq(R+, dλ

λ )

= p
1
q

Å∫ ∞

0

λqµ ({x : |af(x)| > λ})
p
q
dλ

λ

ã 1
q

= |a|p
1
q

Ç∫ ∞

0

Å
λ

|a|

ã 1
q

µ

Åß
x : |f(x)| > λ

|a|

™ã p
q dλ

λ

å 1
q

= |a|p
1
q

Å∫ ∞

0

η
1
qµ ({x : |f(x)| > η})

p
q
dη

η

ã 1
q

.

Above, we used the change of variable η =
λ

|a|
, proving the desired equality.

Now, using the fact that

{x : |f(x) + g(x)| > λ} ⊆
ß
x : |f(x)| > λ

2

™
∪
ß
x : |g(x)| > λ

2

™
,
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together with the fact that x 7→ xp is subadditive and Lemma 2.2.2

∥f + g∥∗Lp,q(RN ) = p
1
q

∥∥∥λµ ({x : |f(x) + g(x)| > λ})
1
p

∥∥∥
Lq(R+, dλ

λ )

≤ p
1
q

∥∥∥∥∥λ
Å
µ

Åß
x : |f(x)| > λ

2

™ã
+ µ

Åß
x : |g(x)| > λ

2

™ãã 1
p

∥∥∥∥∥
Lq(R+, dλ

λ )

≤ 2p
1
q

∥∥∥∥∥λ2µ
Åß

x : |f(x)| > λ

2

™ã 1
p

∥∥∥∥∥
Lq(R+, dλ

λ )

+ 2p
1
p

∥∥∥∥∥λ2µ
Åß

x : |g(x)| > λ

2

™ã 1
p

∥∥∥∥∥
Lq(R+, dλ

λ )

= 2(∥f∥∗Lp,q + ∥g∥∗Lp,q).

This proposition asserts that the quantity ∥·∥∗Lp,q is a quasinorm.

Lemma 2.2.4 (Chebyshev’s inequality). If f ∈ Lp(RN), then for any λ > 0 we have

µ
{
x ∈ RN : |f(x)| > λ

}
≤ 1

λp

∫
|f(x)|pdx.

Proof. If p > 0 and |f(x)| > λ we have that |f(x)|p > λp, therefore∫
RN

|f(x)|pdx ≥
∫
{x∈RN :|f(x)|>λ}

|f(x)|pdx

≥ λp
∫
{x∈RN :|f(x)|>λ}

dx

= λpµ
{
x ∈ RN : |f(x)| > λ

}
.

Lemma 2.2.5 (The Three Lines Theorem). Let f be a bounded continuous fuction on the strip
0 ≤ Re(z) ≤ 1 that is holomorphic on the interior of strip. If |f(z)| ≤M0 for Re(z) = 0 and
|f(z)| ≤M1 for Re(z) = 1, then |f(z)| ≤M1−x

0 Mx
1 for Re(z) = x, 0 < x < 1.

Proof. Define
fε(z) =

e−εz(1−z)f(z)

M1−z
0 M z

1

, (2.38)

a bounded continuos function and holomorphic on the interior of the strip 0 ≤ Re(z) ≤ 1.
Let z = x+ iy, then

|fε(z)| ≤
eRe(−εz(1−z))f(z)

M
Re(1−z)
0 M

Re(z)
1

=
e−ε(x(1−x)+y2)|f(z)|

M1−x
0 Mx

1

,

if Re(z) = 0, we have

|fε(z)| ≤
e−εy2|f(z)|

M0

≤ M0

M0

= 1,
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and for Re(z) = 1,

|fε(z)| ≤
e−εy2|f(z)|

M1

≤ M1

M1

= 1.

Given ε > 0 there exists Rε > 0, such that |y| > Rε, implies that |fε(z)| ≤ 1. So, by the
maximum modulus principle, for any point in the rectangle {0 + iA, 1 + iA, 1− iA, 0− iA},
f attains its maximum on the boundary, that is |fε(z)| ≤ 1.

Since A is arbitrary, we can let |A| → ∞ such that |fε(z)| ≤ 1 on the strip 0 ≤ Re(z) ≤ 1.
Finally, if Re(z) = t, we have

|e−εRe(z(1−z))|f(z)| ≤M t
0M

1−t
1 ,

and letting ε→ 0 yields the desired result:

|f(z)| ≤M t
0M

1−t
1 .

Theorem 2.2.1 (Riez-Thorin). Let 1 ≤ p0, p1, q0, q1 ≤ ∞ and let T : Lpj(X,µ) −→ Lqj(Y, ν)
be a bounded linear operator with norm Mj , where j = 0, 1. Then T is bounded from
Lpθ(X,µ) to Lqθ(Y, ν), with a norm denoted as Mθ , such that

Mθ ≤M1−θ
0 M θ

1 . (2.39)

Furthermore, the operator satisfies the following equations:

1

pθ
=

1− θ

p0
+

θ

p1
,

1

qθ
=

1− θ

q0
+
θ

q1
, 0 ≤ θ ≤ 1. (2.40)

Proof. See [15].

Proposition 2.2.3 (Young’s Inequality). Let 1 ≤ p ≤ ∞, and f ∈ Lp(RN) and g ∈ Lq(RN).
Then f ∗ g ∈ Lq(RN), where 1

r
+ 1 = 1

p
+ 1

q
. Moreover

∥f ∗ g∥Lr ≤ ∥f∥Lp ∥g∥Lq .

Proof. Let g ∈ Lq , and define the operator

Tf = f ∗ g.

By Minkoswski’s inequality we have

∥Tf∥Lq =

Å∫
RN

Å∫
RN

f(y)g(x− y)dy

ãq

dx

ã 1
q

≤
∫
RN

Å∫
RN

|f(y)|q|g(x− y)|qdx
ã 1

q

dy

=

∫
RN

|f(y)|
Å
|
∫
RN

|g(x− y)|q
ã 1

q

dy

= ∥g∥Lq ∥f∥1 .
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If 1
q
+ 1

q′
= 1, by Holder’s inequality

∥Tf∥L∞ ≤ ∥g∥Lq ∥f∥Lq′ .

Hence Riesz Thorin T : Lpθ −→ Lqθ is bounded, satisfying

1

pθ
=

1− θ

1
+
θ

q′
and 1

qθ
=

1− θ

q
, 0 ≤ θ ≤ 1.

Taking θ such that pθ = p and qθ = r, we have that

1

r
=

1

q
+

Å
1 +

θ

q

ã
− 1 =

1

q
+

1

p
− 1.

Proposition 2.2.4. If f ∈ Lp(RN), 1 ≤ p ≤ 2. Then f̂ ∈ Lp′ , with 1
p
+ 1

p′
= 1, and

∥f̂∥Lp′ ≤ ∥f∥Lp .

Proof. By Proposition 2.1.5 and Placherel, we have

∧ : L1 −→ L∞

∧ : L2 −→ L2,

with norm 1 . Using Riesz-Thorin theorem ∧ : Lpθ −→ Lqθ is bounded. Choosing θ, such that
qθ = p′ and pθ = p, we conclude that

1

p
=

1− θ

1
+
θ

2
,

1

q
=

1− θ

∞
+
θ

2
, 0 ≤ θ ≤ 1.

Lemma 2.2.6 (Hardy-Littlewood-Sobolev). If 1 < p, q, r <∞, we have

∥f ∗ g∥Lr ≲ ∥f∥Lp ∥g∥∗Lq,∞ ,

if 1
r
+ 1 = 1

p
+ 1

q
.

Proof. See Grafakos [9, Theorem 1.4.24].

Definition 2.2.2. Let 1 ≤ p, q ≤ 1. A mapping of functions T is of (strong) type (p, q) if

∥Tf∥Lq(RN ) ≲ ∥f∥Lp(RN )

Similarly, for q <∞, T is of weak type (p, q) if

∥Tf∥∗Lq,∞(RN ) ≲ ∥f∥Lp(RN ) .
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Theorem 2.2.2 (The Marcinkiewicz Theorem). Let (X,µ) and (Y, ν) be measure spaces and
operator

T : Lpj(X,µ) −→ Lqj ,∞(Y, ν),

of weak type (p0, q0) and weak type (p1, q1), with 1 ≤ pj, qj ≤ ∞, j = 0, 1, and with p0 ̸= p1
and q0 ̸= q1. Then, for each 1 ≤ r ≤ ∞, we have

∥Tf∥∗Lqθ,r ≲p0,q0,p1,r,θ ∥f∥
∗
Lpθ,r ,

where
1

pθ
=

1− θ

p0
+

θ

p1
and 1

qθ
=

1− θ

q0
+
θ

q1
, 0 < θ < 1.

Proof. See Linares-Ponce [15].

2.2.2 Sobolev space Hs,p(RN)

Denote by g(∆) = (1−∆)
s
2 , for sufficiently regular functions, the Bessel operator÷g(∆)f(ξ) = g(−4π2|ξ|2)f̂(ξ) = (1 + 4π2|ξ|2)

s
2 f̂(ξ).

In what follows, we denote Λsf(x) = ((1 + 4π2|ξ|2)2f̂(ξ))∨(x). We can define the inhomo-
geneous Sobolev space.

Definition 2.2.3. Let s ∈ R, we define the Sobolev space of order s by

Hs,p(RN) =
¶
f ∈ S ′(RN) : Λsf(x) = ((1 + 4π2|ξ|2)

s
2 f̂(ξ))∨(x) ∈ Lp(RN)

©
,

with norm ∥·∥Hs,p , defined as:
∥f∥Hs,p = ∥Λsf∥Lp .

When s = 0, the Sobolev space H0,p coincides with the Lebesgue space Lp. Additionally,
when p = 2, we denote Hs,2 as Hs.

Proposition 2.2.5 ([15]). Let s, r ∈ R.

1. If s < r, then Hr(RN) ⊊ Hs(RN).
2. Hs(RN) is a Hilbert space with respect to the inner product ⟨·⟩s defined as follows:

If f, g ∈ Hs(RN), then ⟨f, g⟩s =
∫
RN Λsf(ξ)Λsg(ξ)dξ.

Theorem 2.2.3 (Sobolev Embedding). Let s ≥ 0,

1. if 1 ≤ p ≤ ∞, then Hs,p(RN) is continuosly embedded in Lp(RN).

2. If s < N
p

and 1 < p ≤ q ≤ Np
N−sp

, then Hs,p(RN) is continuosly embedded in Lq(RN).

3. If s = N
p

and 1 < p ≤ q <∞, then Hs,p(RN) is continuously embedded in Lq(RN).

4. If s > N
2
+k, then Hs(RN) is continuosly embedded in Ck

∞(RN), the space of functions
with continuous derivatives vanishing at infinity.

Proof. See Demengel [6, Proposition 4.18] and Linares-Ponce [15, Theorem 3.2].
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Chapter 3

The Linear Schrödinger Equation.

In this section, we present the properties of the linear Schrödinger equation:®
∂tu = i∆u

u(x, 0) = u0(x)
(3.1)

By taking Fourier transforms, we observe that”∂tu(t, ξ) =‘i∆u(ξ) = −4π2|ξ|2û(ξ),

If wξ(t) = û(t, ξ), it reduces to solving the following ordinary differential equation

e4π
2it|ξ|2 d

dt
wξ(t) + 4πi|ξ|2e4π2it|ξ|2wξ(t) = 0,

which is equivalent to
d

dt

Ä
e4π

2it|ξ|2wξ

ä
= 0,

where the solution is given by

wξ(t) = c(ξ)e−4π2it|ξ|2 ,

and with the initial condition, we obtain “u0 = c(ξ), so the solution yields

û(t, ξ) = e−4π2it|ξ|2“u0(ξ).
Thus

u(t, x) = (e−4π2it|ξ|2û0)
∨ =

Ä
e−4π2it|ξ|2

ä∨
∗ u0. (3.2)

To calculate the inverse Fourier transform of the exponential function above, we refer to
Linares and Ponce [15, Example 1.11], obtaining

u(t, x) =
e−

|·|2
4it

(4πit)N/2
∗ u0 =

1

(4πit)N/2

∫
RN

e−
|x−y|2

4it u0(y)dy.

It is common to denote the solution of (3.1) as u(x, t) = eit∆u0(x).

If u is a solution of the equation (3.1), then also are:
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(i) u1(x, t) = eiθu(x, t), θ ∈ R fixed,

(ii) u2(x, t) = u(x− x0, t− t0), with x0 ∈ RN , t0 ∈ R fixed,

(iii) u3(x, t) = u(Ax, t), with A any orthogonal matrix N ×N ,

(iv) u4(x, t) = u(x− 2x0t, t)e
i(x·x0−|x0|2t) with x0 ∈ RN fixed,

(v) u5(x, t) = λN/2u(λx, λ2t), λ > 0,

(vi) u6(x, t) = 1
(α+ωt)n/2 e

iω|x|2
4(α+ωt)u

Ä
x

α+ωt
, γ+θt
α+ωt

ä
, αθ − ωγ = 1,

(vii) u7(x, t) = u(x,−t).

Most of these properties can be verified through straightforward calculations or follow directly
from the definition. We explicitly prove the scaling property (v):

∂tu5 = λ
N+4

2 ∂tu(λx, λ
2t),

and

∆u5 =
N∑
j

∂2xj
u5 =

N∑
j=1

λN/2+2∂2xj
u(λx, λ2) = λ

N+4
2 ∆u(λx, λ2t),

so,
∂tu5 − i∆u5 = λN/2+2

(
∂tu(λx, λ

2t)− i∆u(λx, λ2, t)
)
= 0.

This proves the property (v).

Proposition 3.0.1. Let
{
eit∆

}∞
t=−∞ be a family of operators satisfying the following properties:

(i) For all t ∈ R, eit∆ : L2(RN) 7−→ L2(RN) is an isometry, which implies∥∥eit∆f∥∥
2
= ∥f∥2 .

(ii) (eit∆)−1 = e−it∆, and e0 = I .

(iii) Fixing f ∈ L2(R), the function defined as ϕf : R 7−→ L2(RN), where ϕf (t) = eit∆f is
a continuous function.

Proof. To prove (i), we use the Plancherel theorem:

∥’eit∆f∥L2 = ∥e−4π2it|·|2 f̂∥L2 = ∥f̂∥L2 = ∥f∥L2 .

Next, for (ii): ¤�eit∆(e−it∆f)(ξ) = e−4π2it|ξ|2÷e−it∆f(ξ)

= e−4π2t|ξ|2e4π
2t|ξ|2 f̂(ξ)

= f̂(ξ),

and it is evident that ei0∆ = I .
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Finally, for (iii), let h ∈ R. We have:

∥ϕf (t+ h)− ϕ(t)∥2L2 =
∥∥∥ÿ�ei(t+h)∆f −’eit∆f∥∥∥2

L2

=
∥∥∥e−4π2it|·|2 f̂

Ä
e−4π2ih|·|2 − 1

ä∥∥∥2
L2

=

∫
|f̂(ξ)|2

Ä
e−4π2ih|·|2 − 1

ä2
dξ.

Let gh(ξ) = |f̂(ξ)|
Ä
e−4π2ih|·|2 − 1

ä
. Note that |gh(ξ)| ≤ 4|f(ξ)|. As h → 0, gh → 0 almost

everywhere. By the Dominated Convergence Theorem:

lim
h→0

∫
gh(ξ)dξ =

∫
lim
h→0

gh(ξ)dξ = 0,

thereby proving (iii).

Theorem 3.0.1 (Stone’s Theorem). The family of operators {Tt}∞t=−∞ defined on the Hilbert
space H is a unitary group of operators if and only if there exists a self-adjoint operator A
on H such that

Tt = eitA

in the following sense: D(A) the domain of the operator A, which is a dense subespace of
H ; if f ∈ D(A), then we have

lim
t→0

Ttf − f

t
= iAf.

Remark 3.0.1. If the operator A is the Laplacian ∆ and Tt = eit∆ with D(A) = H2(RN), it
follows: (

lim
t→0

Ÿ�eit∆f − f

t

)∨

=

Ç
lim
t→0

e−4π2it|·|2 f̂ − f̂

t

å∨

=

Ç
lim
t→0

(e−4π2it|ξ|2 − 1)f̂(ξ)

t

å∨

= (−4π2i|ξ|2f̂(ξ))∨ = i∆f,

almost everywhere. This make sense if f ∈ H2(RN). The operator i∆ is called the infinite-
simal generator of the unitary group

{
eit∆

}∞
t=−∞.

Proposition 3.0.2. If t ̸= 0, 1
p′
+ 1

p
= 1 and p′ ∈ [1, 2], then eit∆ : Lp′(Rn) → Lp(RN) is

continuous and ∥∥eit∆f∥∥
p
≤ c|t|−N/2(1/p′−1/p) ∥f∥p′ . (3.3)

Proof. By proposition 3.0.1
eit∆ : L2(RN) 7−→ L2(RN)

is an isometry, that’s ∥∥eit∆f∥∥
2
= ∥f∥2 .
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Furthermore, Young’s inequality:

∥∥eit∆f∥∥∞ =

∥∥∥∥∥ ei|·|
2/4t

(4πit)N/2
∗ f

∥∥∥∥∥
∞

≤

∥∥∥∥∥ ei|·|
2/4t

(4πit)N/2

∥∥∥∥∥
∞

∥f∥1 ≲ |t|−N/2 ∥f∥1 .

Therefore, using Riesz-Thorin Interpolation, the operator

eit∆ : Lpθ(RN) 7−→ Lqθ(RN)

is bounded, it’s implies that is continuous. Furthermore, we have the inequality∥∥eit∆f∥∥
Lqθ

≲ 11−θ
Ä
t−

N
2

äθ
≲ |t|−

N
2

(
1− 2

qθ

)
∥f∥pθ = |t|N/2

(
1
qθ

− 1
pθ

)
∥f∥pθ. (3.4)

where
1

pθ
=

1− θ

2
+ θ =

1 + θ

2
, and

1

qθ
=

1− θ

2
, 0 ≤ θ ≤ 1.

Take θ such that qθ = p, it follows
1

p
+

1

p′
= 1.

This result indicate that if f ∈ L2(RN) decreases fast enough when |x| → ∞ such that
f ∈ L1(RN), eit∆f is bounded.

Proposition 3.0.3. (i) Given t0 ̸= 0 and p > 2, there exist f ∈ L2(RN) such that eit0∆f /∈
Lp(RN).

(ii) Let s > s′ and f ∈ Hs(RN) such that f /∈ Hs′(RN). Then, for all t ∈ R, eit∆f ∈
Hs(RN) and eit∆f /∈ Hs′(RN).

Proof. Consider g(x) = |x| 12−εχB(0,1), so that g ∈ L2(RN) and g /∈ Lp(RN), thus

∥f∥L2 =
∥∥e−it∆g

∥∥
L2 = ∥g∥L2 < +∞ and ∥f∥Lp =

∥∥e−it∆g
∥∥
Lp = ∥g∥Lp = +∞,

which proves (i).

Now for (ii), using Plancharel∥∥eit∆f∥∥
Hs =

∥∥Λs(eit∆f)
∥∥
L2

=
∥∥∥Ÿ�Λs(eit∆f)

∥∥∥
L2

=
∥∥∥(1 + 4π2|ξ|2)

s
2’eit∆f∥∥∥

L2

=
∥∥∥(1 + 4π2|ξ|2)

s
2 (e−4π2it|ξ|2 f̂)

∥∥∥
L2

=
∥∥∥Λ̂sf

∥∥∥
L2

= ∥f∥Hs .

Consequently, if eit∆f ∈ Hs0 , then f = e−it∆(eit∆)f ∈ Hs0 . Now, assuming eit∆f ∈
Hs′(RN), implies f ∈ Hs′(RN), which is contradiction to the assumption that f /∈ Hs′(RN).
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3.1 Strichartz Estimates for Schrödinger.
Definition 3.1.1. If N ≥ 1 and s ∈ (−1, 1), the pair (q, r) is called Hs admissible if it
satisfies

2

q
=
N

2
− N

r
− s, (3.5)

where 2 ≤ q, r <∞, and (q, r,N) ̸= (2,∞, 2).

If s = 0, we say that (q, r) is L2−admissible.

Definition 3.1.2. Given N ≥ 3 and s ∈ (0, 1), consider the set

A0 =

ß
(q, r) is L2 admissible

∣∣∣ 2 ≤ r ≤ 2N

N − 2

™
,

As =

®
(q, r) is Ḣs admissible

∣∣∣ Å 2N

N − 2s

ã+

≤ r ≤
Å

2N

N − 2

ã−´
,

A−s =

®
(q, r) is Ḣ−s admissible

∣∣∣ Å 2N

N − 2s

ã+

≤ r ≤
Å

2N

N − 2

ã−´
.

Here, β+ is a fixed number defined as β+ = β+ε, where ε > 0 is a sufficiently small positive
value. Similarly, β− = β − ε. We define the following Strichartz norm

∥u∥S(Ḣs) = sup
(q,r)∈As

∥u∥Lq
tL

r
x
,

and the dual Strichartz norm
∥u∥S′(Ḣ−s) = inf

(q,r)∈A−s

∥u∥
Lq′
t Lr′

x
.

Note that, if s = 0 then S(Ḣ0) = S(L2) and S ′(Ḣ−0) = S ′(L2).

Lemma 3.1.1. Let H be a Hilbert space, X a Banach space, X∗ the dual space of X , and D
a vector space densely contained in X . let T ∈ L(H, D) and T ∗ ∈ L(D∗,H) be its adjoint,
defined by

⟨T ∗f, g⟩H = ⟨f, Tg⟩D for all f, g ∈ H.
Then the following three conditions are equivalent.

1. ∥Tf∥X ≲ ∥f∥H.

2. ∥T ∗g∥H ≲ ∥g∥X∗ .

3. ∥TT ∗g∥X ≲ ∥g∥X∗ .

Proof. First, we show that 2 implies 1, we have
∥Tf∥X = sup

∥g∥X∗=1

|⟨Tf, g⟩X |

= sup
∥g∥X∗=1

|⟨f, T ∗g⟩H|

≤ sup
∥g∥X∗=1

∥f∥H ∥T ∗g∥H (3.6)

≲ sup
∥g∥X∗=1

∥f∥H ∥g∥X∗ (3.7)

= ∥f∥H .
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1 implies 2

∥T ∗g∥H = sup
∥f∥H=1

|⟨T ∗g, f⟩H|

= sup
∥f∥H=1

|⟨g, Tf⟩D|

≤ ∥g∥X∗ ∥Tf∥X
≲ sup

∥f∥H=1

∥g∥X∗ ∥f∥H

= ∥g∥X∗ .

3 implies 2

∥T ∗g∥2H = |⟨T ∗g, T ∗g⟩H|
= |⟨g, TT ∗g⟩D|
≤ ∥g∥X∗ ∥TT ∗g∥X
≲ ∥g∥2X∗

2 implies 3

∥TT ∗f∥X = sup
∥g∥X∗=1

|⟨TT ∗f, g⟩X |

= sup
∥g∥X∗=1

|⟨T ∗f, T ∗g⟩H|

≤ sup
∥g∥X∗=1

∥T ∗f∥H ∥T ∗g∥H

≲ ∥f∥X∗ ∥g∥X∗

= ∥f∥X∗ .

Lemma 3.1.2 (Christ-Kiselev lemma, [20]). Let X, Y be Banach spaces, let I be a time
interval, and let K ∈ C0(I × I → L(X, Y )) be a kernel taking values in the space of
bounded operators for X × Y . Suppose that 1 ≤ p < q ≤ ∞ is such that∥∥∥∥∫

I

K(t, s)f(s)ds

∥∥∥∥
Lq
t (I→Y )

≤ A ∥f∥Lp
t (I→X)

for all f ∈ Lp
t (I → X) and some A > 0. Then one also has∥∥∥∥∫

s∈I:s<t

K(t, s)f(s)ds

∥∥∥∥
Lp
t (I→Y )

≲p,q A ∥f∥Lp
t (I→X) .

Theorem 3.1.1 (Strichartz estimates). The group
{
eit∆

}n
i=1

satisfies:

1. ∥∥eit∆f∥∥
Lq
tL

p
x
≲ ∥f∥L2

x
(3.8)
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2. ∥∥∥∥∫ ∞

−∞
eit∆g(x, t)dt

∥∥∥∥
L2
x

≲ ∥g∥
Lq′
t Lp′

x
(3.9)

3. ∥∥∥∥∫ ∞

−∞
ei(t−s)∆g(x, s)ds

∥∥∥∥
Lq
tL

p
x

≲ ∥g∥
Lq′
t Lp′

x
. (3.10)

4. ∥∥∥∥∫ t

s

ei(t−s)∆g(x, s)ds

∥∥∥∥
Lq
tL

p
x

≲ ∥g∥
Lq′
t Lp′

x
. (3.11)

Proof. Let T := eit∆. We rely on the fact that eit∆ forms a unitary group on L2. Through
some straightforward computation

⟨eit∆f, g⟩L∞
t L2

x
=

∫ ∞

−∞

∫
RN

e−4π2it|ξ|2 f̂(ξ)ĝ(ξ)dξdt =

∫ ∞

−∞

∫
RN

e−4π2it|ξ|2 ĝ(ξ)f̂(ξ)dξ

=

∫
RN

f(x)

∫ ∞

−∞
e−it∆g(x, t)dtdx = ⟨f, T ∗g⟩L2 .

Thus, we find that its adjoint T ∗ is given by:

T ∗g =

∫ ∞

−∞
e−is∆g(s, x)ds (3.12)

In particular

TT ∗g(t, x) = eit∆
∫ +∞

−∞
e−is∆g(s, x)ds =

∫ +∞

−∞
ei(t−s)∆g(s, x)ds.

We seek to prove that
TT ∗ : Lq′

t L
r′

x −→ Lq
tL

r
x,

with (p, q) L2 admissible. We use the dispersive estimate (3.3) and Lemma 2.2.6

∥TT ∗∥Lq
tL

p
x
≤
∥∥∥∥∫ ∞

−∞

∥∥ei(t−s)∆g(s, x)
∥∥
Lp
x
ds

∥∥∥∥
Lq
t

≲

∥∥∥∥∫ +∞

−∞
|t− s|−

N
2 (1−

2
p) ∥g(s, x)∥

Lp′
x
ds

∥∥∥∥
Lq
t

=
∥∥∥| · |− 2

q ∗ ∥g(·, x)∥
Lp′
x
(t)
∥∥∥
Lq
t

≲
∥∥∥| · |− 2

q

∥∥∥
La,∞
t

∥∥∥∥g(·, x)∥
Lp′
x

∥∥∥
Lb
t

,

Where

1 +
1

q
=

1

a
+

1

b
,
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We have that, | · |−
2
q ∈ La,∞ if and only if 2a

q
= 1, thus b = q′. Thereby

∥TT ∗∥Lq
tL

r
x
≤
∥∥∥| · |− 2

q

∥∥∥
L

q
2 ,∞
t

∥g∥
Lq′
t Lp′

x
≲ ∥g∥

Lq′
t Lr′

x
,

it proves (3.10). So, by the Lemma 3.1.1, with X = Lq
tL

p
x and H = L2, we deduce (3.8) and

3.9. If X = Lp′ and Y = Lp, by 3.10 along with Christ Kiselev Lemma 3.1.2, (3.11)follows.

Collorary 3.1.1. Let be (p0, q0) and (p1, q1) be L2 admissible. Then for all , T > 0 we have∥∥∥∥∫ t

0

ei(t−s)∆g(·, s)dt
∥∥∥∥
L
q0
t([0,T ])

L
p0
x

≲ ∥g(·, t)∥
L
q′1
t([0,T ])

L
p′1
x

Proof. See Linares-Ponce [15, Corollary 4.1].

More generally, [13][Theorem 2.1], shows that∥∥∥∥∫ b

a

ei(t−s)∆g(·, s)ds
∥∥∥∥
S(Ḣs,R)

≲ ∥g∥S(Ḣ−s,[a,b]) . (3.13)
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Chapter 4

Well-Posedness

4.1 The Nonlinear Schrödinger Equation
In this section, we consider the Cauchy problem for the nonlinear Schrödinger equation (NLS)®

i∂tu = −∆u− λ|u|α−1u = 0, x ∈ RN , t > 0

u(x, 0) = u0(x)
(4.1)

where λ and α are real constants with α > 1, and u : RN × R −→ C, N ≥ 3. Based
on Chapters 4 and 5, of Linares and Ponces [15], we shall study the local and global well-
posedness in L2 and H1(RN).

If u ∈ C1([0, T ] : C2(RN)) is a solution of NLS (4.1) and we define φ(s) = ei(t−s)∆u, then, by
differentation and Theorem 3.0.1, we have:

d

ds
φ(s) = lim

h→0

ei(t−s)∆u(x, s+ h)− ei(t−s)∆u(x, s)

h

= lim
h→0

ß
ei(t−(s+h))∆

Å
u(x, s+ h)− u(x, s)

h
− eih∆u(x, s)− u(x, s)

h

ã™
= ei(t−s)∆(∂su− i∆u)

= iλei(t−s)∆|u|α−1u.

Finally, we have

∫ t

0

d

ds
φ(s)ds = u(t)− eit∆u0 = iλ

∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds, (4.2)

thus

u(t) = eit∆u0 + iλ

∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds. (4.3)
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Therefore, the integral equation (4.3) is a solution of (4.1). Now

∂tu(t) = lim
h→0

u(t+ h)− u(t)

h

= lim
h→0

1

h

ß
(ei(t+h)∆u0 − eit∆u0) + iλ

∫ t

0

(ei(t+h−s)∆ − ei(t−s)∆)(|u|α−1u)(s)ds

™
+ lim

h→0

1

h
iλ

∫ t+h

t

e(t+h−s)∆(|u|α−1u)(s)sds

= i∆eit∆u0 + i2λ∆

∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds+ iλ(|u|α−1u)(t)

= i∆

Å
eit∆u0 + iλ∆

∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

ã
+ iλ(|u|α−1u)(t)

= i∆u(t) + iλ(|u|α−1u)(t).

(4.4)

The above shows that the NLS problem is equivalent to integral solution (4.3).

Definition 4.1.1. We say that the problem (4.1) is locally well-posed in X if, for any u0 ∈ X ,
there exists T > 0 and a unique solution u ∈ C([−T, T ] : X) ∩ Y of (4.3), where Y is an
auxiliar space. Furthermore the map u0 7→ u is continuous from X to C([−T, T ] : X).
If T is arbitrarily large we say that (4.3) is globally well-posed in X .

Next, we shall study the local and global well-posedness of the initial value problem (4.1) in
L2
x(RN) and H1

x(RN).

Remark 4.1.1. From now on, whenever I is used, it will refer to the interval [−T, T ].

4.2 L2 Theory
In what follows, we shall show the following standard estimates.

Lemma 4.2.1. (a) Let F : Ω ⊂ C −→ C defined by F (z) = |z|α−1z with α > 1. Then,

||z|α−1z − |w|α−1w| ≲ (|z|α−1 + |w|α−1)|z − w|. (4.5)

(b) Let N ≥ 3, u ∈ C∞
0 (RN), and 1 < α < 1 + 4

N
. Then,

∥∥|u|α−1u
∥∥
S′(L2,[−T,T ])

≲ T θ ∥u∥αS(L2,[−T,T ]) ,

where θ = 1− N(α−1)
4

.

Proof. Straightforward computations reveal that the complex derivative of F is

Fz(z) =
α + 1

2
|z|α−1 and Fz̄(z) =

α− 1

2
|z|α−3z2.



Chapter 4. Well-Posedness 44

Moreover, by the fundamental theorem of calculus and the mean value theorem, we obtain

|F (z)− F (w)| ≤
∣∣∣∣∫ 1

0

Fz(w + t(z − w))(z − w) + Fz̄(w + t(z − w))(z − w)dt

∣∣∣∣
≲

ñ
sup
t∈[0,1]

(|Fz(w + t(z − w))|+ |Fz̄(w + t(z − w))

ô
|z − w|

≲ sup
t∈[0,1]

|(1− t)w + tz|α−1|z − w|

≲ (|w|α−1 + |z|α−1)|z − w|,

proving (a).

Let (q̂, r̂) ∈ A0. By Hölder, we have∥∥|u|α−1u
∥∥
Lr̂′
x
≤ ∥u∥α−1

L
(α−1)r̂1
x

∥u∥Lr̂
x
,

if (α− 1)r̂1 = r̂, then
1

r̂
=
α− 1

r̂
+

1

r̂
,

this implies that r̂ = α + 1, and it satisfies the Definition 3.1.1, i.e.,

2

q̂
=
N

2
− N

α̂ + 1
,

this revels that q̂ = 4(α+1)
N(α−1)

.

Furthermore, since that 1 < α < 1 + 4
N

, we have:

2 < α+ 1 <
2N + 4

N
<

2N

N − 2
.

Therefore, by Hölder inequality on the time variable∥∥|u|α−1u
∥∥
Lq̂Lr̂

x([−T,T ])
≤
∥∥∥u∥αLα+1

x

∥∥
Lq̂′
t ([−T,T ])

=
∥∥∥u∥Lα+1

x

∥∥α
Lαq̂′
t ([−T,T ])

≤ ∥1∥α
L
q̂1
t ([−T,T ])

∥∥∥u∥Lα+1
x

∥∥α
Lq̂
t ([−T,T ])

= T θ ∥u∥α
Lq̂
tL

r̂
x
,

with θ = α
q̂1

, and
1

q̂1
=

1

αq̂′
− 1

q̂
=

4−N(α− 1)

4α
> 0,

if and only if, 1 < α < 1 + 4
N

, thus αq̂′ < q̂.

Theorem 4.2.1. If 1 < α < 1+ 4
N

, then for each u0 ∈ L2(RN) there exist T = T (∥u∥0 , N, λ, α) >
0 and a unique solution u of the integral equation (4.3) in the time interval [−T, T ] with

u ∈ C
(
[−T, T ] : L2

(
RN
))

∩ Lr
(
[−T, T ] : Lα+1

(
RN
))
, (4.6)
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where r = 4(α+1)
N(α−1)

.

Moreover, for all T ′ < T there exists a neighborhood V of u0 in L2(RN) such that

F : 7→ C([−T ′, T ′] : L2(RN)) ∩ Lr([−T ′, T ′] : Lα+1(RN)),

ũ0 7→ ũ(t), is Lipschitz.

Proof. We construct u to satisfy the Duhamel formula

Φu0(u)(t) := ϕ(u)(t) = eit∆u0 + iλ

∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds. (4.7)

Let us define the space

X := C([−T, T ] : L2(RN)) ∩ Lr([−T, T ] : Lα+1(RN)) (4.8)

for (α + 1, r) L2-admissible, and

Ea(T ) =
¶
v ∈ X : ∥v∥T = ∥v∥L∞

t L2
x(I)

+ ∥v∥Lr
tL

α+1
x (I) ≤ a

©
(4.9)

where I = [−T, T ] and a T > 0. The space X is complete with the metric

d(u, v) = ∥u− v∥X = ∥u− v∥L∞
t L2

x(I)
+ ∥u− v∥Lr

tL
α+1
x (I) , (4.10)

and we shall show that Φ defines a contraction map on Ea(T ).

Utilizing Strichartz (3.8) and (3.9), we estimate

∥Φ(u)∥L∞
t L2

x(I)
≤
∥∥eit∆u0∥∥L∞

t L2
x(I)

+ |λ|
∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

∥∥∥∥
L∞
t L2

x(I)

≤ c ∥u0∥L2
x
+ c|λ|

∥∥|u|α−1u
∥∥
Lr′
t L

(α+1)′
x (I)

(4.11)

Making r = q̂ and α + 1 = r̂ in the Lemma 4.2.1-(b) , we have∥∥|u|α−1u
∥∥
Lr′
t L

(α+1)
x (I)

≤ T θ ∥u∥αLr
tL

α+1
x (I) ,

thus
∥Φ(u)∥L∞

t L2
x(I)

≤ c ∥u0∥L2
x(I)

+ c|λ|T θ ∥u∥αLr
tL

α+1
x (I) .

Then, if u ∈ Ea(T ) and fix a = 2c ∥u0∥L2
x
, we have

∥Φ(u)∥L∞
t L2

x(I)
≤ c ∥u0∥L2

x(I)
+ 2αcα+1|λ|T θ ∥u0∥L2

x(I)

Likewise, if u ∈ Ea(T ) and fix a = 2c ∥u0∥L2
x
, we have

∥Φ(u)∥Lr
tL

α+1
x (I) ≤

∥∥eit∆u0∥∥Lr
tL

α+1
x (I)

+

∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

∥∥∥∥
Lr
tL

α+1
x (I)

≤ c ∥u0∥L2
x
+ c
∥∥|u|α−1u

∥∥
Lr′
t L

(α+1)′
x (I)

≤ c ∥u0∥L2
x
+ c|λ|T θ ∥u∥α

LtL
(α+1)
x (I)

≤ c ∥u0∥L2
x
+ 2αcα+1|λ|T θ ∥u0∥αL2

x
.

(4.12)
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If we choose

T =

(
1

2α+1c̄|λ| ∥u0∥α−1
L2
x

) 1
θ

,

together (4.11) and (4.12), we have

∥Φ(u)∥T ≤ c̄ ∥u0∥L2
x
+ c̄T θaα ≤ a (4.13)

Therefore Φ(u) is well defined, that is Φ(Ea(T )) ⊆ Ea(T ).

To see that Φ is a contraction, we use Strichartz, Hölder, and Lemma 4.2.1-(a) to estimate as
follows: for u, v ∈ Ea(T ),

∥Φ(u)− Φ(v)∥Lr
tL

α+1
x (I) = |λ|

∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u− |v|α−1v)(s)ds

∥∥∥∥
Lr
tL

α+1
x (I)

≤ c|λ|
∥∥|u|α−1u− |v|α−1v

∥∥
Lr′
t L

(α+1)′
x (I)

≤ c|λ|
∥∥(|u|α−1 − |v|α−1)|u− v|

∥∥
Lr′
t L

(α+1)′
x (I)

≤ c|λ|
(∥∥|u|α−1|u− v|

∥∥
Lr′
t L

(α+1)′
x (I)

+
∥∥|v|α−1|u− v|

∥∥
Lr′
t L

(α+1)′
x (I)

)
≤ c|λ|

(∥∥∥∥u∥α−1

Lα+1
x

∥u− v∥Lα+1
x

∥∥∥
Lr′
t (I)

+
∥∥∥∥u∥α−1

Lα+1
x

∥u− v∥Lα+1
x

∥∥∥
Lr′
t (I)

)
,

(4.14)

where
1

(α + 1)′
=

α

α + 1
=

1

α + 1
+
α− 1

α + 1
.

We estimate, by Hölder’s inequality on the time-space

∥∥∥∥u∥α−1

Lα+1
x

∥u− v∥Lα+1
x

∥∥∥
Lr′
t (I)

≤
∥∥∥∥u∥α−1

Lα+1
x

∥∥∥
La
t (I)

∥u− v∥Lr
tL

α+1
x (I) ∥1∥Lq

t (I)

= T
1
q ∥u∥Lr

t (I)
∥u− v∥Lr

tL
α+1
x (I) ,

where we choose

1

r′
=

1

a
+

1

b
+

1

q
, with

®
a = r

α−1

b = r,

therefore
1

q
= 1− α + 1

r
= 1− N(α− 1)

4
= θ > 0,

since that 1 < α < 1 + 4
N

.
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This implies that

∥Φ(u)− Φ(v)∥Lr
tL

α+1
x (I) ≤ c|λ|

Ä
∥u∥α−1

Lα+1
x

+ ∥v∥α−1

Lα+1
x

ä
T θ ∥u− v∥Lr

tL
α+1
x (I)

≤ c|λ|2αcα ∥u0∥α−1
L2
x
T θ ∥u− v∥Lr

tL
α+1
x (I) ,

analogously for the space L∞
t([T,T ])L

2
x. Therefore, if u ∈ Ea(T ) and a ≤ 2c̄ ∥u0∥L2

x
, we showed

that Φ(u) is a contraction if

∥Φ(u)− Φ(v)∥T ≤ c̄|λ|2α+1c̄α ∥u0∥α−1
L2
x
T θ ∥u− v∥T (4.15)

assuming c|λ|2α+1c̄α ∥u0∥α−1
L2
x
T θ < 1, then by the Banach fixed point theorem there exist an

unique solution u ∈ Ea such that Φ(u) = u.

Let T ′ < T , and define

V =

ß
v0 ∈ L2(RN) : ∥v0 − u0∥L2

x
< δ, with 0 < δβ <

1

2α+1c̄α+1|λ|

Å
1

T ′ −
1

T

ã™
,

where β = 4(1−α)
4−N(α−1)

.

Thus, if v0 ∈ V , such that v is a solution of (4.1) defined on the time interval [−T (v0), T (v0)],
with

T (v0)
θ =

1

2α+1c̄α+1|λ| ∥v0∥α−1
L2
x

.

Note that,

∥v0∥L2
x
≤ ∥v0 − u0∥L2

x
+ ∥u0∥L2

x
< δ + ∥u0∥L2

x
, (4.16)

from which
1

T (v0)
= (2α+1c̄α+1|λ|)

1
θ

î
(δ + ∥u0∥L2

x
)α−1

ó 1
θ ≤ (2α+1c̄α+1|λ|)

î
δβ + ∥u0∥βL2

x

ó
≤ (2α+1c̄α+1|λ|)

1
θ δβ +

1

T
<

1

T ′ ,

this shows that T (v0) > T ′.

Let u(t) and v(t) with intial data u0 and v0, respectivelty, then

u(t)− v(t) = eit∆(u0 − v0)− iλ

∫ t

0

ei(t−s)∆(|u|α−1u− |v|α−1v)(s)ds.

The same argument used in (4.13) and (4.14) implies

∥u− v∥T ′ = ∥Φu0(u)− Φv0(v)∥T ′

≤ c1 ∥u0 − v0∥L2
x
+ 2αc̄α|λ|

Ä
∥u0∥α−1

L2
x

+ ∥v∥α−1
L2
x

ä
∥u− v∥T ′ T

′ 1
q ,

with 2α+1c̄α+1|λ|(∥u0∥α−1
L2
x

+ ∥v0∥α−1
L2
x
)T ′ 1

q < 1, we have that

∥u− v∥T ′ ≤ K ∥u0 − v0∥L2
x

where
K :=

c1

1− 2αc̄α|λ|(∥u0∥α−1
L2
x

+ ∥v0∥α−1
L2
x
)T ′ 1

q

, (4.17)

proving the continuous dependece.
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The existence of a local solution in the subcritical case depends on the size of the norm ∥u0∥L2
x
.

In Section 4.4, we will prove that, given the mass conservation, that is ∥u∥L2
x
= ∥u0∥L2

x
, the

solution can be extended to the entire interval [−T, T ].

Proposition 4.2.1. Let (p, q) be an admissible pair. Given u0 ∈ L2
(
RN
)

and ε > 0, there
exist δ > 0 and T > 0 such that if ∥v0 − u0∥L2

x
< δ, then∥∥eit∆v0∥∥Lq

tL
p
x(I)

< ε. (4.18)

Proof. Let ‹u0 ∈ S(RN) such that

∥u0 − ‹u0∥L2
x
<

ε

3c
.

We choose δ < ε
3c

and by Sobolev inequality with s ≥ N
2
− N

p
, we have∥∥eit∆v0∥∥Lq

tL
p
x(I)

≤
∥∥eit∆(u0 − v0)

∥∥
Lq
tL

p
x(I)

+
∥∥eit∆(u0 − ũ0)

∥∥
Lq
tL

p
x(I)

+
∥∥eit∆‹u0∥∥Lq

tL
p
x(I)

≤ c ∥u0 − v0∥L2
x
+ c ∥u0 − ‹u0∥L2

x
+
∥∥eit∆‹u0∥∥Lq

tH
s
x(I)

<
ε

3
+
ε

3
+ cT

1
q ∥‹u0∥Hs

x
< ε,

(4.19)

so we set cT
1
q ∥u0∥Hs

x
< ε

3
.

Theorem 4.2.2. If α = 1 + 4
N

, then for each u0 ∈ L2
(
RN
)

there exist T = T (u0, λ, α) > 0
and a unique solution u of the integral equation (4.3) in the time interval [−T, T ] with

u ∈ C
(
[−T, T ] : L2

(
RN
))

∩ Lσ
(
[−T, T ] : Lσ

(
RN
))
, (4.20)

where σ = 2 + 4
N

.

Moreover, for all T ′ < T there exists a neighborhood V of u0 in L2(RN) such that

F : V 7→ C([−T, T ] : L2(RN)) ∩ Lσ([−T, T ] : Lσ(RN)),

ũ0 7→ û, (t) is Lipschitz.

Proof. Let
X := C

(
[−T, T ] : L2

(
RN
))

∩ Lσ
(
[−T, T ] : Lσ

(
RN
))
,

and define the set‹Ea(T ) :=
¶
v ∈ X : ∥v∥T =

∥∥v − eit∆u0
∥∥
L∞
t L2

x
+ ∥v∥Lσ

t L
σ ≤ a

©
equipped with the metric

d(u, v) = ∥u− v∥X = ∥u− v∥L∞
t L2

x(I)
+ ∥u− v∥Lr

tL
α+1
x (I) . (4.21)

We see that (‹Ea(T ), d) is a complete metric space. We shall show that Φ: ‹Ea(T ) −→ ‹Ea(T )
as in (4.7) defines a contraction.

Firstly, let us observe that (σ, σ) is admissible, since 2 ≤ σ ≤ 2N
N−2

and

N

2
− N

σ
=
N

2
− N2

2N + 4
=

2

σ
,
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then applying Strichartz estimate (3.8) and (3.9) together with Hölder’s inequality, we have

∥Φ(u)∥Lσ
t L

σ
x(I)

≤
∥∥eit∆u0∥∥Lσ

t L
σ
x(I)

+ |λ|
∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

∥∥∥∥
Lσ
t L

σ
x(I)

≤ Cε+ |λ| ∥|u|α∥Lσ′
t Lσ′

x (I)

= Cε+ |λ| ∥u∥αLασ′
t Lασ′

x (I)

= Cε+ c|λ| ∥u∥αLσ
t L

σ
x(I)

,

(4.22)

where
ασ′ =

Å
N + 4

N

ãÅ
2N + 4

N + 4

ã
= 2 +

4

N
= σ.

In an analogously way

∥∥Φ(u)− eit∆u0
∥∥
L∞
t L2

x(I)
= |λ|

∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

∥∥∥∥
L∞
t L2

x(I)

≤ c|λ| ∥u∥αLασ′
t Lασ′

x (I)

≤ c|λ| ∥u∥αLσ
t L

σ
x(I)

.

(4.23)

By Proposition 4.2.1, inequalities (4.22) and 4.23, we obtain that given ε > 0, there exist
T > 0 such that if u ∈ ‹Ea(T ), satisfy

∥Φ(u)∥T ≤ cε+ c|λ|aα.

Therefore cε < a
2

and a <
Ä

1
2|λ|c

äα−1
imply that Φ(‹Ea(T )) ⊆ ‹Ea(T ). To show that Φ(·) is a

contraction, using the argument employed to show theorem 4.2.1, yields:

∥Φ(u)− Φ(v)∥L∞
t L2

x(I)
≤ c|λ|

∥∥(|u|α−1 + |v|α−1)|u− v|
∥∥
Lσ′
t Lσ′

x (I)

≤ 2c|λ|aα−1| ∥u− v∥Lσ
t L

σ
x(I)

,

therefore
∥Φ(u)− Φ(v)∥X ≤ 4c|λ|aα−1 ∥u− v∥X ,

with a <
Ä

1
4c|λ|

äα−1
, this implies that ϕ(·) is a contraction and by the Banach fixed point

theorem there exists a unique u ∈ X , such that ϕ(u) = u.

Similar argument to the L2(RN) subcritical case, show that for all T ′ < T there exists a
neighborhood of u0 ∈ L2(RN), such that:

∥u− v∥T ′ ≤ K ∥u0 − v0∥L2
x
,

where
K =

1

1− 2αCα|λ|(∥u0∥α−1
L2
x

+ ∥v0∥α−1
L2
x
)
,

and 1− 2αCα|λ|(∥u0∥α−1
L2
x

+ ∥v0∥α−1
L2
x
) < 1. This prove of continuous dependence.
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4.3 H1-Theory
Theorem 4.3.1. Let N ≥ 3 , and 1 < α < N+2

N−2
. Then for all u0 ∈ H1(RN) there exist

T = T (∥u0∥H1
x
, N, λ, α) > 0 and a unique solution u of the integral equation (4.3) in the

time interval [−T, T ] with
u ∈ C

(
[−T, T ] : H1

(
RN
))

∩ Lr
(
[−T, T ] : H1,ρ

(
RN
))
, (4.24)

where
(r, ρ) =

Å
4(α + 1)

(N − 2)(α− 1)
,
N(α + 1)

N + α− 1

ã
(4.25)

an admissible pair.

Lemma 4.3.1. If f(u) = |u|α−1u, the following estimate it holds:
|∇f(u)| ≲

∣∣|u|α−1∇u
∣∣ .

Proof. Let us the consider expression

∂xj
(|u|α−1u) = ∂xj

(uū)
α−1
2 u+ |u|α−1∂xj

u

=
α− 1

2
|u|α−3(∂xj

uū+ u∂xj
ū)u+ |u|α−1∂xj

u

=
α− 1

2
|u|α−3|u|2∂xj

u+
α− 1

2
|u|α−3u2∂xj

ū+ |u|α−1∂xj
u,

by triangle inequality, we obtain:∣∣∂xj
(|u|α−1u)

∣∣ ≤ (α− 1)
∣∣|u|α−1|∂xj

u|
∣∣+ ∣∣|u|α−1|∂xj

u|
∣∣

≲
∣∣|u|α−1∂xj

u
∣∣ .

This completes the proof.

Proof of Theorem 4.3.1. Let
X := C([−T, T ] : H1(RN)) ∩ Lr([−T, T ] : H1,ρ(RN))

and define the set
E1(T, a) =

¶
v ∈ X : ∥v∥T = ∥v∥L∞

t H1
x([−T,T ]) + ∥v∥Lr

tH
1,ρ
x ([−T,T ]) ≤ a

©
,

with the metric
ρ(u, v) = ∥u− v∥L∞

t L2
x([−T,T ]) + ∥u− v∥Lr

tL
ρ
x([−T,T ]) .

Note that
∥Φ(u)∥L∞

t H1
x(I)

≲ ∥Φ(u)∥L∞
t L2

x(I)
+ ∥∇Φ(u)∥L∞

t L2
x(I)

.

Let C the implicit constants in inequalities such as Strichartz and Sobolev embedding, so

∥Φ(u)∥L∞
t L2

x(I)
≤
∥∥eit∆u0∥∥L∞

t L2
x(I)

+ |λ|
∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

∥∥∥∥
L∞
t L2

x(I)

≤ C ∥u0∥L2
x
+ C|λ| ∥|u|α∥

Lr′
t Lρ′

x (I)

= C ∥u0∥L2
x
+ C|λ|

∥∥∥∥u∥α
Lαρ′
x

∥∥∥
Lr′
t (I)

(4.26)

C ≤ ∥u∥L2
x
+ C|λ|

∥∥∥u∥H1,ρ
x

∥∥α
Lαr′ (I)

(4.27)

≤ C ∥u0∥L2
x
+ CT

α
q |λ| ∥u∥αLr

tH
1,ρ
x (I) , (4.28)
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by Sobolev embedding ∥u∥Lαρ′ ≲ ∥f∥H1,ρ
x

, if N
ρ
− N

αρ′
≤ 1, since

α + 1

ρ
=
N + α− 1

N
≤ α

N
+ 1.

Furthermore, αr′ < r if α < r − 1, so α + 1 <
4(α + 1)

(N − 2)(α− 1)
if and only if α <

N + 2

N − 2
satisfying the initial condition. Therefore:

1

q
=

1

αr′
− 1

r
=

4− (N − 2)(α− 1)

4α
> 0,

This implies that

δ :=
α

q
= 1− (N − 2)(α− 1)

4

Now

∥∇Φ(u)∥L∞
t L2

x(I)
≤
∥∥eit∆∇u0∥∥L∞

t L2
x(I)

+ |λ|
∥∥∥∥∫ t

0

eit∆∇(|u|α−1u)(s)ds

∥∥∥∥
L∞
t L2

x(I)

≤ C ∥∇u0∥L2
x
+ C|λ|

∥∥∇(|u|α−1u)
∥∥
Lr′
t Lρ′

x (I)

≤ C ∥∇u0∥L2
x
+ C|λ|

∥∥∥∥∥|u|α−1∇u
∥∥
Lρ′
x

∥∥∥
Lr′
t (I)

≤ C ∥∇u0∥L2
x
+ C|λ|

∥∥∥∥u∥α−1

L
l(α−1)
x

∥∇u∥Lρ
x

∥∥∥
Lr′
t (I)

(4.29)

Above, we used the Lemma 4.3.1 and Hölder’s inequality to show∥∥|u|α−1∇u
∥∥
Lρ′
x
≲
∥∥|u|α−1

∥∥
Ll
x
∥∇u∥Lρ

x
.

Indeed, 1
ρ′
= 1

l
+ 1

ρ
, which implies

1

l
= 1− 2

ρ
, (4.30)

and by the Sobolev embedding ∥u∥
L
l(α−1)
x

≲ ∥∇u∥Lρ
x
, with

1

N
=

1

ρ
− 1

(α− 1)l
,

that is,
1

l
=
α− 1

ρ
− α− 1

N
.

Therefore, (4.30) implies
1

ρ
=
N + α− 1

N(α + 1)
. (4.31)

Since (r, ρ) is L2-admissible, it satisfies 2
r
= N

2
− N

ρ
. Thus by (4.31)
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2

r
=
N

2
− N + α− 1

α + 1

=
(N − 2)α− (N − 2)

2(α + 1)

=
(α− 1)(N − 2)

2(α + 1)
.

Hence,

C ∥∇u0∥L2
x
+ C|λ|

∥∥∥∥u∥α−1

L
l(α−1)
x

∥∇u∥Lρ
x

∥∥∥
Lr′
x (I)

≤ C ∥∇u0∥L2
x
+ C|λ| ∥u∥αLαr′

t H1,ρ
x (I)

≤ C ∥∇u0∥L2
x
+ C|λ|T δ ∥u∥αLr

tH
1,ρ
x (I)

By a similar argument we show the same estimate in the space Lr
tH

1,ρ
x (I). Thus choosing

a = 2c ∥u0∥H1
x
, then

∥Φ(u)∥T ≤ c ∥u0∥H1
x
+ C|λ|T δ ∥u∥αT ≤ a,

with

T ≤

(
1

2α|λ|Cα ∥u0∥α−1
H1

x

) 1
δ

. (4.32)

Let u, v ∈ E1
a(T ), such that:

∥Φ(u)− Φ(v)∥L∞
t L2

x(I)
≤ c|λ|

Å∥∥∥∥∥|u|α−1|u− v|
∥∥
Lρ′
x

∥∥∥
Lr′
t (I)

+
∥∥∥∥∥|v|α−1|u− v|

∥∥
Lρ′
x

∥∥∥
Lr′
t (I)

ã
≤ C|λ|

Ä
∥u∥α−1

Lr
tL

ρ
x(I)

+ ∥v∥α−1
Lr
tL

ρ
x(I)

ä
∥u− v∥Lr

tL
ρ
x(I)

T δ

Analogously for the space Lr
tL

ρ
x, thus

ρ(u, v) ≤ 4c|λ|aα−1T δ ∥u− v∥T
where

T <

Å
1

4c|λ|aα−1

ã 1
δ

this implies that ϕ(·) is a contraction and by fixed point Banach theorem there exists a unique
u ∈ X , such that ϕ(u) = u.

This complete the proof.

Theorem 4.3.2 (Critical case H1 [15]). Let N ≥ 3 and α = N+2
N−2

. Given u0 ∈ H1(RN), there
exist T = T (u0, N, λ, α) > 0 and a unique solution u of the integral equation (4.3) in the
time interval [−T, T ] with

u ∈ C([−T, T ] : H1(RN)) ∩ Lr([−T, T ] : H1,ρ(RN)),

where
(r, ρ) =

Å
2N

N − 2
,

2N2

N2 − 2N + 4

ã
.
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Proof. Let
X := C([−T, T ] : H1(RN)) ∩ Lr([−T, T ] : H1,ρ(RN))

and define the set‹E1
a(T ) =

¶
v ∈ X : ∥v∥T =

∥∥v − eit∆u0
∥∥
L∞
t H1

x([−T,T ])
+ ∥v∥Lr

tH
1,ρ
x ([−T,T ]) ≤ a

©
.

This space forms a complete metric space equipped with the following metric:

d(u, v) = ∥u− v∥L∞
t L2

x(I)
+ ∥u− v∥Lr

tL
ρ
x(I)

, (4.33)

Note that

∥ϕ(u)∥Lr
tH

1,ρ
x (I) ≤ ∥ϕ(u)∥Lr

tL
ρ
x(I)

+ ∥∇ϕ(u)∥Lr
tL

ρ
x(I)

.

Firstly, by Propisition 4.2.1 given ε > 0

∥ϕ(u)∥Lr
tL

ρ
x
≤
∥∥eit∆u0∥∥Lr

tL
ρ
x(I)

+ |λ|
∥∥∥∥∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds

∥∥∥∥
Lr
tL

ρ
x(I)

≤ ε+ c|λ|
∥∥|u|α−1u

∥∥
Lr′
t Lρ′

x (I)

= ε+ c|λ|
∥∥∥∥u∥α

Lαρ′
x

∥∥∥
Lr′
t (I)

≤ ε+ c|λ|
∥∥∥u∥H1,ρ

x

∥∥α
Lαr′
t (I)

,

(4.34)

where
αr′ =

Å
2N

N + 2

ãÅ
N + 2

N − 2

ã
=

2N

N − 2
.

∥∇ϕ(u)∥LtL
ρ
x(I)

≤
∥∥eit∆∇u0∥∥Lr

tL
ρ
x(I)

+ |λ|
∥∥∥∥∫ t

0

eit∆∇(|u|α−1u)(s)ds

∥∥∥∥
Lr
tL

ρ
x(I)

≤ ε+ c|λ|
∥∥∇(|u|α−1u)

∥∥
Lr′
t Lρ′

x (I)

≤ ε+ c|λ|
∥∥∥∥u∥α−1

L
q(α−1)
x

∥∇u∥Lρ
x

∥∥∥
Lr′
t (I)

≤ ε+ c|λ| ∥∇u∥αLrLρ
x(I)

≤ ε+ c|λ|aα.

Therefore, there exists T such that

∥ϕ(u)∥T ≤ ε+ c|λ|aα ≤ a (4.35)

with ε < a
2

and a <
Ä

1
c|λ|

ä 1
α−1 .

The proof of the contraction follows the same ideas as the previous theorems.
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4.3.1 Conservation laws for the Schrödinger equation.
After analyzing the local theory of the Schrödinger equation, we will observe that it preserves
important quantities, such as mass M [u], energy E[u] and momentum L[u], defined by

M [u(t)] =

∫
RN

|u(x, t)|2dx, (4.36)

E[u(t)] =

∫
RN

Å
|∇xu(x, t)|2 −

2λ

α + 1
|u(x, t)|α+1

ã
dx (4.37)

Lj[u(t)] = Im

∫
RN

∂xj
u(x, t)ū(x, t)dx (4.38)

These conservation laws are particularly useful for controlling long-time dispersive behavior.

We will also have the following identity.

Proposition 4.3.1 (Virial identity). Let φ ∈ S(RN), and let u(x, t) be a solution of IVP (4.1)
in H1(RN). For all t ∈ [0, T ] define

Mφ(u) =

∫
RN

φ(x)|u(x, t)|2dx.

Then we have
d

dt
Mφ(u) = 2Im

∫
RN

∇φ · ∇u(x, t)ū(x, t)dx (4.39)

and

d2

dt2
Mφ(u) =

4

α + 1

∫
RN

λ|u|α+1∆φdx−
∫
RN

λ|u|α+1∆φdx

+

∫
RN

|u|2∆2φdx+ 4Re
∑
k ̸=j

∫
RN

∂xk
ū∂xj

u∂2xjxk
φdx

(4.40)

Proof. Note that ∂t|u|2 = ∂tuū+ u∂tū = Re(2∂tuū), thus

d

dt

∫
RN

φ(x) |u(x, t)|2 dx =

∫
RN

φ(x)∂t |u|2 dx

= 2Re

∫
RN

φ(x)∂tuūdx

= 2Im

∫
RN

φ(x)i∂tuūdx

= 2Im

∫
RN

φ(x)(−∆u− λ|u|α−1u)ūdx

= −2Im

∫
RN

φ(x)∆uūdx− 2Im

∫
RN

λφ(x)|u|α+1dx

= 2Im

∫
RN

∇φ(x) · ∇uūdx.

(4.41)
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Now, for (4.40), integrating by parts and using the fact that Im(iImz) = Imz, we obtain

∂2tMφ(u) = 2Im

∫
RN

∇φ(x) · (∂t∇uū+∇u∂tū)dx

= 2Im
∑
k

∫
RN

∂xj
φ∂2xit

uū+ ∂xj
φ∂u∂tūdx

= 2Im
∑
k

∫
RN

−∂tu∂xj
(ū∂xj

φ) + ∂xj
φ∂xj

u∂tūdx

= 2Im
∑
k

∫
RN

−∂tu∂xj
ū∂xj

φ− ∂tuū∂
2
xj
φ+ ∂xj

φ∂xj
u∂tūdx

= 4Im
∑
k

∫
RN

iI∂tū∂xj
u∂xj

φdx− 2Im
∑
k

∫
RN

∂tuū∂
2
xj
φdx

= 4Im
∑
k

∫
RN

∂tū∂xj
u∂xj

φdx︸ ︷︷ ︸
I

− 2Im
∑
k

∫
RN

∂tuū∂
2
xj
φdx︸ ︷︷ ︸

II

(4.42)

Then

I = 4Im
∑
k

∫
RN

∂tū∂xj
u∂xj

φdx

= 4Im
∑
k

∫
RN

(−i∆ū− iλ|u|α−1ū)∂xj
u∂xj

φdx

= 4Im
∑
k

∫
RN

−i∆ū∂xj
u∂xj

φ− iλ|u|α−1ū∂xj
u∂xj

φdx

= −4Im i
∑
j ̸=k

∫
RN

∂2xk
ū∂xj

u∂xj
φdx− 4Im i

∑
j

∫
RN

λ|u|α−1ū∂xj
u∂xj

φdx

(4.43)

We now develop each term of (4.43). For the second term, we use the fact that

∂xj
|u|α+1 = ∂xj

((uū)
α+1
2 ) = (α + 1)Re(λ|u|α−1∂xj

uū), (4.44)

therefore,

−4Im i
∑
j

∫
RN

λ|u|α−1ū∂xj
u∂xj

φdx = −4
∑
j

∫
RN

Re(λ|u|α−1∂xj
uū)∂φxj

= − 4

α + 1

∑
j

∫
RN

λ∂xj
|u|α+1∂xj

φdx

=
4

α + 1

∑
j

∫
RN

λ|u|α+1∂2xj
φdx

=
4

α + 1

∫
RN

λ|u|α+1∆φdx.

(4.45)
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For the first term of (4.43) and using, ∂xj
|∂xk

u|2 = 2Re(∂2xjxk
u∂xk

ū),

−4Im i
∑
j ̸=k

∫
RN

∂2xk
ū∂xj

u∂xj
φdx = 4Im i

∑
j ̸=k

∫
RN

∂xk
ū∂2xjxk

u∂xj
φ+ ∂xk

ū∂xj
u∂xjxk

φdx

= 4
∑
j ̸=k

∫
RN

Re(∂xk
ū∂2xjxk

u)∂xj
φ+Re(∂xk

ū∂xj
u∂xjxk

φ)dx

= 2
∑
j ̸=k

∫
RN

∂xj
|∂xk

ū|2∂xj
φdx+ 4Re

∑
k ̸=j

∫
RN

∂xk
ū∂xj

u∂2xjxk
φdx

= −2

∫
RN

|∇u|2∆φ+ 4Re
∑
k ̸=j

∫
RN

∂xk
ū∂xj

u∂2xjxk
φdx

Therefore,

I = −2

∫
RN

|∇u|2∆φ+ 4Re
∑
k ̸=j

∫
RN

∂xk
ū∂xj

u∂2xjxk
φdx+

4

α + 1

∫
RN

λ|u|α+1∆φdx (4.46)

Again, for the (II) term of the equation (4.42), we have

II = −2Im
∑
j

∫
RN

∂tuū∂
2
xj
φdx

= −2Im
∑
j

∫
RN

(i∆u+ i|u|α−1u)ū∂2xj
φdx

= −2Im i
∑
j

∫
RN

∆uū∂2xj
φ+ |u|α+1∂2xj

φdx

= 2Re
∑
j ̸=k

∫
RN

∂2xk
uū∂2xj

φ+ λ|u|α+1∂2xj
φdx

= 2Re
∑
j ̸=k

∫
RN

∂xk
u∂xk

ū∂2xj
φ+ ∂xk

uū∂3x2
jxk
φdx− 2Re

∑
j ̸=k

∫
RN

λ|u|α+1∂2xj
φdx

= 2

∫
RN

(|∇u|2 − λ|u|α+1)∆φdx+ 2
∑
k ̸=j

∫
RN

Re(∂xk
uū)∂3x2

jxk
φdx

= 2

∫
RN

(|∇u|2 + λ|u|α+1)∆φdx+
∑
k ̸=j

∫
RN

∂xk
|u|2∂3x2

jxk
dx

= 2

∫
RN

(|∇u|2 − λ|u|α+1)∆φdx−
∑
k ̸=j

∫
RN

|u|2∂4x2
jx

2
k
φdx

= 2

∫
RN

(|∇u|2 − λ|u|α+1)∆φdx−
∫
RN

|u|2∆2φdx.

(4.47)

Next, collecting (4.46) and (4.47) we have

d2

dt2

∫
RN

φ(x) |u(x, t)|2 dx = 4

Å
1

α + 1
− 2

ã∫
RN

λ|u|α+1∆φdx−
∫
RN

|u|2∆2φdx

+ 4Re
∑
k ̸=j

∫
RN

∂xk
ū∂xj

u∂2xjxk
φdx.

(4.48)
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Collorary 4.3.1. Let u(x, t) be a solution of (4.1), then

M [u(t)] =M [u0]

L[u(t)] = L[u0].
(4.49)

Proof. Let us consider the function

φR(x) = exp

ß
−|x|2

R2

™
.

We observe that φR → 1 almost everywhere as R → ∞. If

MφR
(t) =

∫
φR(x)|u|2dx,

then, by the dominated convergence theorem MφR
(t) → M(t) and MφR

(0) → M(0). It
follows from Proposition 4.3.1 that

d

dt
MR(t) = 2Im

∫
∇φR · ∇u ūdx,

moreover
MR(t)−MR(0) = 2

∫ t

0

∫
Im ∇φR · ∇u ūdxds.

Since |∇φR| ≤ 1
R

∣∣∣∇φ Ä |x|
R

ä∣∣∣, by the dominated convergence theorem, and Cauchy-Schwarz

M [t] =M [0].

Now, consider the function

φR(x) = xj exp

ß
−|x|2

R2

™
and

LφR
(x) = 2Im

∫
∇
Å
xj exp

ß
−|x|2

R2

™ã
· ∇u ū

= 2Im

∫
exp

ß
−|x|2

R2

™
∂ju ū+ 2Im

∫
xj∇

Å
exp

ß
−|x|2

R2

™ã
· ∇u ū,

thus, LφR
→ L(t) as R → ∞.

It is a consequence of Proposition 4.3.1
d

dt
LφR

(t) =
4

α + 1

∫
λ|u|α+1∆φRdx−

∫
λ|u|α+1∆φR

+

∫
|u|2∆2φRdx+ 4Re

∑
k ̸=j

∫
∂xk

ū∂xj
u∂2xjxk

φRdx.

We have that
∥∥∂xjk

φR

∥∥
∞ → 0 as R → ∞. Moreover,

LφR
(t)− LφR

(0) =

∫ t

0

d

dt
LφR

(t)ds.

From the dominated convergence theorem and Cauchy-Schwarz it follows that L[t] = L[0].



Chapter 4. Well-Posedness 58

Proposition 4.3.2. If u(x, t) is a solution for (4.1), then the energy equation (4.37) is conserved.

Proof. Let
K[u] =

∫
RN

|∇xu|2dx, and P [u] =
λ

α + 1

∫
RN

|u|α+1dx. (4.50)

Differentiating and integrating by parts, it follows that

∂tK[u] =

∫
RN

∂t(∇u∇ū)dx = −2Re

∫
RN

∆ū∂tudx,

and

∂tP [u] =
λ

α + 1

∫
RN

∂t|u|α+1dx =
λ

α + 1

∫
RN

∂t(uū)
α+1
2 dx

= −λRe
∫
RN

(uū)
α−1
2 u∂tūdx

= −λRe
∫
RN

|u|α−1u∂tūdx.

(4.51)

Now

∂t(K[u]− P [u]) = −Re

∫
RN

(∆ū+ λ|u|α−1ū)∂tudx

= −Re

∫
RN

i∂tū∂tudx = 0,

which implies that E[u] is constant, in particular E[u] = E[u0].

4.4 Global well-posedness
In this chapter, we shall study the long time behavior of the local solutions of NLS (4.1).

Theorem 4.4.1. If the nonlinear power 1 < α < 1 + 4
N

, then for any u0 ∈ L2(RN) the local
solution u = u(x, t) of the initial value problem (4.1) extends globally.

Proof. From the Theorem 4.2.1, there exists T = T (∥u0∥L2
x
) > 0, such that the NLS (4.1) is

locally well-posed. By iteratively applying the conservation of mass many times, preserving
the length of the time interval we get a global solution.

Theorem 4.4.2. If λ < 0, then all solutions of NLS (4.1) with u0 ∈ H1(RN) provided by
Theorem 4.3.1 extends globally in time.

Proof. Since energy is conserved and λ < 0, it follows that

∥∇xu(t)∥2L2
x
≤ E[u0],

and due to the conservation of mass

∥u(t)∥2L∞
t([−T,T ])

H1
x
≤ E[u0] + ∥u0∥2L2

x
, (4.52)
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combining (4.32) in the proof of Theorem 4.3.1 with (4.52), we deduce that

T θ =
c′

c|λ|(2c ∥u0∥H1
x
)α−1

≳
c′

(E[u0] + ∥u0∥L2
x
)
α−1
2

uniformly, to extend the local solution u in any time interval.

Theorem 4.4.3. Let λ > 0 and 1 < α < 1 + 4
N

. If u0 ∈ H1(RN), then the local solution
extends globally.

Proof. Using Gagliardo-Nirenberg inequality,

∥u(t)∥α+1

Lα+1
x

≤ c ∥∇xu(t)∥θL2
x
∥u(t)∥1−θ

L2
x
, with 1

α + 1
= θ

Å
1

2
− 1

N

ã
+

1− θ

2
(4.53)

indeed
θ =

N(α− 1)

2(α + 1)
,

Furthermore, regarding the energy,

∥∇xu(t)∥2L2
x
= E[u0] +

2λ

α + 1
∥u(t)∥α+1

Lα+1
x

≤ E[u0] +
cλ,α
ε

∥u0∥
((α+1)−N(α−1)

2 )
L2
x

ε ∥∇xu(t)∥
N(α−1)

2

L2
x

Since 1 < α < 1 + 4
N

we have N(α−1)
2

< 2. Consequently, by the Young’s inequality

∥∇xu(t)∥2L2
x
≤ E[u0] +

Å
cλ,α
ε

∥u0∥
((α+1)−N(α−1)

2 )
L2
x

ã N(α−1)
N(α−1)−4

+
N(α− 1)

4
ε

4
N(α−1) ∥∇xu(t)∥2L2

x
.

Therefore,
∥∇xu(t)∥2L2

x
≲
Cε(E[u0],M [u0])

1− ε
.

This allows us to extend the solution to any interval.

If f ∈ H1(RN), Weinstein [22] showed that the optimal constant CGN for the Gagliardo-
Nirenberg inequality (4.53),

∥f∥α+1

Lα+1
x

≤ Cα+1
GN ∥f∥

N(α−1)
2

L2
x

∥∇xf∥
[(α+1)−N(α−1)

2 ]
L2
x

(4.54)

is given by

CGN =

(
α + 1

2 ∥Q∥α−1
L2
x

) 1
α+1

, (4.55)

and Q is the ground state (positive solution of minimal L2-norm) of the elliptic equation

∆Q−Q+ |Q|α−1Q = 0. (4.56)
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Theorem 4.4.4. Let λ > 0, α = 1 + 4
N

and Q be the spherically symmetric, positive ground
state of (4.56). If u0 ∈ H1(RN) is such that ∥u0∥L2 < ∥Q∥L2 , then the solution u ∈ H1(RN)
to the problem (4.1) is global.

Proof. By Gagliardo Nireberg’s inequality and Conservation of energy, we have

∥∇xu(t)∥2L2
x
≤ E[u0] +

Cα+1
α,N

α + 1
∥u0∥

4
N

L2
x
∥∇xu(t)∥2L2

x

where

Cα,N =

Ç
1 + 2

N

∥Q∥L2
x

å 1

2+ 4
N

this implies that 1−Ç∥u0∥Lx
2

∥Q∥L2
x

å 4
N

 ∥∇xu(t)∥2L2
x
≤ E[u0],

now, from the hypothesis that ∥u0∥L2
x
< ∥Q∥L2

x
,

∥u0∥L2
x
+

E[u0]
Ñ

1−
Ç∥u0∥Lx

2

∥Q∥L2
x

å 4
N

é−1 ≥ ∥∇xu(t)∥L2
x
+ ∥u(t)∥L2

x
= ∥u(t)∥H1

x
,

therefore supt∈Imax
∥u(t)∥H1

x
< +∞ and the solution may be globally extended.

Theorem 4.4.5. Let 1 + 4
N
< α < N+2

N−2
and set sc = N

2
− 2

α−1
with sc ∈ (0, 1). Suppose that

u(t) is the solution of with initial condition u0 ∈ H1(RN) satisfying

E[u0]
scM [u0]

1−sc < E[Q]sαM [Q]1−sc (4.57)

and
∥∇u0∥scL2

x
∥u0∥1−sc

L2
x

< ∥∇Q∥scL2
x
∥Q∥1−sc

L2
x

. (4.58)

Then u(t) is a global solution in H1(RN).

Proof. Multiplying E[u] by M [u]
1−sc
sc , and Sharp Gagliardo Nirenberg (4.54), we obtain

E[u]M [u]
1−sc
sc =M [u]

1−sc
sc ∥∇xu(t)∥2L2

x
− 2

α + 1
M [u]

1−sc
sc ∥u(t)∥α+1

Lα+1
x

≥
Å
∥u0∥

1−sc
sc

L2
x

∥∇xu(t)∥L2
x

ã2

− 2CGN

α + 1

ñÅ
∥u0∥

1−sc
sc

L2
x

∥∇xu(t)∥L2
x

ã2
ôN(α−1)

4

Since

2

Å
1− sc
sc

ã
+

Å
(α + 1)− N(α− 1)

2

ã
= 2

Å
1− sc
sc

ã
· N(α− 1)

4

Therefore
E[u]M [u]

1−sc
sc ≥ f

(
∥u0∥

2(1−sc)
sc ∥∇xu(t)∥2L2

x

)
(4.59)
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where f(x) = x−Bx
N(α−1)

4 , with

x(t) = ∥u0∥
2(1−sc)

sc

L2
x

∥∇xu(t)∥2L2
x

and B =
2CGN

α + 1
.

If x∗ = ∥Q∥
2(1−sc)

sc

L2
x

∥∇xQ∥2L2
x
, By Gagaliardo Nirenberg Sharp, it holds that

f(x∗) =M [Q]
1−sc
sc E[Q].

M[Q]1 sc
sc E[Q]

x′ x = Q
1 sc

sc xQ 2
L2

x

M[u0]1 sc
sc E[u0]

x(0)

f(x) = x Bx
N( 1)

4

Figure 4.1: x(t) is trapped on the interval [0, x′).

From the computation above, it follows for any x(t), that

f(x(t)) ≤M [u0]
1−sc
sc E[u0] < f(x∗).

From the hypothesis, x(0) < x∗ and the continuity of x(t), we have that

sup
t
x(t) ≤ x′ < x∗.

(See the Figure 4.1). This proves the global existence.

The following Lemma provides estimates for the nonlinearity of the NLS in the Strichartz
spaces.
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Lemma 4.4.1. Let N ≥ 3, u, v ∈ C∞
0 (RN), 1 + 4

N
≤ α ≤ 1 + 4

N−2
, then

∥∥|u|α−1u
∥∥
L∞
I Lr

x
≲ ∥u∥αL∞

I H1
x
,

2N

N + 4
< r <

2N

N + 2
. (4.60)∥∥|u|α−1u

∥∥
S′(L2,I)

≲ ∥u∥α−1

S(Ḣsc ,I)
∥u∥S(L2,I) (4.61)∥∥|u|α−1v

∥∥
S′(Ḣ−sc ,I)

≲ ∥u∥α−1

S(Ḣsc )
∥v∥S(L2,I) (4.62)∥∥∇(|u|α−1u)

∥∥
S′(L2,I)

≲ ∥u∥α−1

S(Ḣsc ,I)
∥∇u∥S(L2,I) (4.63)

Proof. From Sobolev’s inequality, Ḣs ↪→ Lαr if s = N
2
− N

αr
, and the conditions given on α

and r, ensures that s ∈ (0, 1). Thus∥∥|u|α−1u
∥∥
Lr
x
= ∥u∥αLαr

x
≲ ∥u∥αḢs ,

and by interpolation and Young’s inequality

∥u∥αḢs
x
≲ (∥u∥1−θ

Ḣ0
x
∥u∥θḢ1

x
)α ≲ (∥u∥Ḣ0 + ∥u∥Ḣ1)

α = ∥u∥αH1
x
, with s = (1− θ)0 + θ

Hence, (4.60) is proved.

Let (q̂, r̂) ∈ A0 and (â, r̂) ∈ Asα , by Hölder inequality, we obtain∥∥|u|α−1u
∥∥
Lq̂′
t Lr̂′

x
≲ ∥u∥α−1

L
(α−1)â1
t L

(α−1)r̂1
x

∥u∥Lq̂
tL

r̂
x
,

satisfying
1

r̂′
=

1

r̂1
+

1

r̂
(4.64)

1

q̂′
=

1

â1
+

1

q̂
, (4.65)

if (α− 1)r̂1 = r̂ and (α− 1)â1 = â, we get r̂ = α + 1. Furthermore,

1

q̂′
=
α− 1

â
+

1

q̂
(4.66)

2

q̂
=
N

2
− 2

r̂
(4.67)

2

â
=
N

2
− 2

r̂
− sc, (4.68)

from the equations (4.67) and (4.68)
2

q̂
− 2

â
=
N

2
− 2

α− 1

now, by (4.66) Å
1− α− 1

â

ã
− 2

â
=
N(α− 1)− 4

2(α− 1)
,
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this implies that

â =
2(α− 1)(α + 1)

4− (N − 2)(α− 1)
, q̂ =

4(α + 1)

N(α− 1)
,

this prove (4.61).

Now estimate (4.62), choose (ã, r̂) ∈ A−sc and (â, r̂) ∈ Asc as above, By a similar argument
to the previous one, if ∥∥|u|α−1v

∥∥
Lã′
t Lr̂

x
≲ ∥u∥α−1

Lâ
tL

r̂
x
∥v∥Lâ

tL
r̂
x
,

from Holder’s inequality, we derive

ã =
2(α− 1)

(α− 1)(Nα− 2)− 4
,

which subsequently implies (4.62).

Finally, leveraging Lemma 4.3.1 and following a similar approach as in (4.62), we establish
(4.63).

Lemma 4.4.2 (Small Data Theory). Let N ≥ 3, 1 + 4
N

≤ α ≤ 1 + 4
N−2

. Then there exists
δsd > 0 such that if ∥∥eit∆u0∥∥S(Ḣsc ,[0,+∞))

≤ δsd.

Then the solution to (4.1) with condition u0 ∈ H1(RN) is globally defined on [0,+∞).
Moreover,

∥u∥S(Ḣsc ,[0,+∞)) ≤ 2
∥∥eit∆u0∥∥S(Ḣsc ,[0,+∞))

,

and
∥u∥S(L2,[0,+∞)) + ∥∇u∥S(L2,[0,+∞)) ≤ 2 ∥u0∥H1

.

Proof. Let c > 0 the implicit constant of Strichartz and define the space

E =
¶
u : ∥u∥S(Ḣsc ,[0,+∞)) ≤ 2

∥∥eit∆u0∥∥S(Ḣsc ,[0,+∞))
and ∥u∥S(H1,[0,+∞)) ≤ 2c ∥u0∥H1

©
equipped with the metric

vd(u, v) = ∥u− v∥S(Ḣsc ) .

We observe that (E, d) is a metric complete space, and let the Duhamel’s operator

ϕu(t) := eit∆u0 + i

∫ t

0

ei((t−s)∆(|u|α−1u)(s)ds.

It sufficiently proves that ϕ : E −→ E is a contraction. Applying the Strichartz estimates,
and (4.4.1) for some C > 0,

∥ϕ(u)∥S(Ḣsα ,[0,+∞)) ≤
∥∥eit∆u0∥∥S(Ḣsα ,[0,+∞))

+
∥∥|u|α−1u

∥∥
S′(Ḣ−sα ,[0,+∞))

≤
∥∥eit∆u0∥∥S(Ḣsα ,[0,+∞))

+ C ∥u∥α−1

S(Ḣsα )
∥u∥S(Ḣsα ,[0,+∞))

≤ (1 + 2αCδα−1)
∥∥eit∆u0∥∥S(Ḣsα ,[0,+∞))

,
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If u ∈ E , then ∥ϕ(u)∥S(Ḣsα ,[0,+∞)) ≤ 2
∥∥eit∆u0∥∥S(Ḣsα ,[0,+∞))

, this implies that δ ≤
(

1
2αC

) 1
δ−1 .

Analogously

∥ϕ(u)∥S(L2,[0,+∞)) ≤
∥∥eit∆u0∥∥+ ∥∥|u|α−1u

∥∥
S′(L2,[0,+∞))

≤ C ∥u0∥L2 + C ∥u∥α−1

S(Ḣs,[0,+∞))
∥u∥S(L2,[0,+∞))

≤ (1 + 2αCδα−1)c ∥u0∥L2 ,

and

∥∇ϕ(u)∥S(L2,[0,+∞)) ≤
∥∥∇eit∆u0∥∥S(L2,[0,+∞))

+ c
∥∥∇(|u|α−1u)

∥∥
S′(L2,[0,+∞))

≤ C ∥∇u0∥L2 + C ∥u∥α−1

S(Ḣsα )
∥∇u∥S(L2,[0,+∞))

≤ (1 + 2αCδα−1)c ∥∇u0∥L2 .

This is
∥ϕ(u)∥S(H1,[0,+∞)) ≤ (1 + 2αCδα−1)c ∥u0∥H1

It follows that for δ ≤
(

1
2αC

) 1
α−1 , ϕ is well defined.

Furthermore, for u, v ∈ X

∥ϕ(u)− ϕ(v)∥S(Ḣsc ,[0,+∞)) ≤
∥∥|u|α−1u− |v|α−1v

∥∥
S(Ḣsc ,[0,+∞))

≤ (∥u∥α−1

S(Ḣsα ,[0,+∞))
+ ∥v∥α−1

S(Ḣsα ,[0,+∞))
) ∥u− v∥S′(Ḣsα ,[0,+∞))

≤ 2Cδα−1c ∥u− v∥S′(Ḣsα ,[0,+∞)) ,

if 2Cδα−1 < 1, the result follow by the contraction principle.

Theorem 4.4.6 (Scattering Criterion.). Let N ≥ 3, 1 + 4
N

≤ α ≤ 1 + 4
N−2

. If u(t) is a global
solution to (4.1) in H1, with ∥u∥S(Ḣsc ,[0,+∞)) < +∞, there exists a function u+ ∈ H1(RN)
such that

lim
t→+∞

∥∥u(t)− eit∆u+
∥∥
H1 = 0.

Proof. Let u(t) be the solution to the integral equation

u(t) = eit∆u0 + i

∫ t

0

ei(t−s)∆(|u|α−1u)(s)ds.

Since that ∥u∥S(Ḣsc ,[0,+∞)) < ∞, we can partition [0,+∞) into N intervals Ij = [tj, tj+1],
such that for each j ,

∥u∥S(Ḣsc ,Ij)
≤ δ.

From (4.61) and (4.63), we have that

∥⟨∇⟩u∥S(L2,Ij)
≲δ ∥u∥L∞

t H1
x(Ij×RN ) ,

which implies, ∥⟨∇⟩u∥S(L2,[0,+∞)) ≲δ ∥u∥L∞
t H1

x
.
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Now, we show that
{
e−it∆u(t)

}
is Cauchy in H1 as t→ ∞. We fix t > s > 0 such that

∥∥e−it∆u(t)− e−is∆u(s)
∥∥
H1

x
=

∥∥∥∥∫ t

s

e−iτ∆|u|α−1u(τ)dτ

∥∥∥∥
H1

x

≲
∥∥|u|α−1u

∥∥
S′(L2,(s,t))

+
∥∥∇[|u|α−1u]

∥∥
S′(L2,(s,t))

≲ ∥u∥α−1

S(Ḣsc ,(s,t))
∥⟨∇⟩u∥S(L2,(s,t))

→ 0,

as s, t→ ∞.

Thus,
{
e−it∆u(t)

}
converges in H1 as t → ∞, and therefore has a unique limit u+ ∈ H1.

Notice that

∥∥e−it∆u(t)− u+
∥∥
H1 =

∥∥e−it∆(u(t)− eit∆u+)
∥∥
H1

=
∥∥u(t)− eit∆u+

∥∥
H1 → 0,

as t→ +∞. In fact,

u+ = lim
t→+∞

e−it∆u(t) = u0 − i

∫ ∞

0

e−is∆|u|α−1u(s)ds.

where
u+ = u0 + i

∫ ∞

0

e−is∆|u|α−1u(s)ds

as desired.
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Chapter 5

Recovery of the nonlinear from scattering
data

In this chapter, we consider the nonlinear Schrödinger equation of the form

(i∂t +∆)u = a(x)|u|α−1u, (5.1)

where u : R× RN −→ C, α > 0 and a ∈ W 1,∞(RN).

The integral equation, is given by the Duhamel’s operator:

ϕ(u)(t) = eit∆u0 + i

∫ t

0

ei(t−s)∆a(x)|u|α−1(s)ds. (5.2)

Due to the pointwise estimates:

|a(x)|u|α−1v| ≤ ∥a∥L∞ ||u|α−1v|,

and
|∇(a(x)|u|α−1v)| ≤ ∥∇a∥L∞ ||u|α−1v|+ ∥a∥L∞ |∇(|u|α−1v)|,

the Local theory in H1(RN) studied in the Chapter 4 holds for the nonlinear Schrödinger
equation (5.1):

Theorem 5.0.1 (H1(RN) subcritical). Let N ≥ 3, a ∈ W 1,∞(RN), 1 < α < 1 + 4
N−2

and
a ∈ W 1,∞(RN). If u0 ∈ H1(RN) then there exist T = T (∥u0∥H1 , ∥a∥W 1,∞ , N, α) > 0 and a
unique solution u of the integral equation (5.2), such that

u ∈ C([−T, T ] : H1(RN)) ∩ Lr([−T, T ] : H1,ρ(RN)),

for
(r, ρ) =

Å
4(α + 1)

(N − 2)(α− 1)
,
N(α + 1)

N + α− 1

ã
,

an L2 admissible pair.

Theorem 5.0.2 (H1(RN) critical). Let N ≥ 3, a ∈ W 1,∞(RN) and α = N+2
N−2

. Given u0 ∈
H1(RN), there exists T = T (u0, ∥a∥W 1,∞ , N, α) > 0 and unique solution u of the the integral
equation (5.2), such that

u ∈ C([−T, T ] : H1(RN)) ∩ Lr([−T, T ] : H1,ρ(RN)),
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for
(r, ρ) =

Å
2N

N − 2
,

2N2

N2 − 2N + 4

ã
,

an L2−admissible.

We shall prove that the equation (5.1) admits small-data scattering theory in H1 if the
nonlinear exponent α is chosen such that 1 + 4

N
≤ α ≤ 1 + 4

N−2
, and

0 ≤ sc ≤ 1, where sc =
N

2
− 2

α− 1
.

We prove stability estimates for the problem of recovering the nonlinearity from scattering
data, addressing both in the nonlinearity power and in the inhomogeneous term ( See Theo-
rems 5.0.5 and 5.0.4 respectively). This dissertation extends the results of Chen and Murphy
[4] (2023) to the N-dimensional intercritical case, N ≥ 3.

Using Strichartz’s estimates, Holder’s inequality, we prove the following standard estimate.

Lemma 5.0.1. Let N ≥ 3, a ∈ W 1,∞(RN), u : R×RN → C and 1+ 4
N

≤ α ≤ 1+ 4
N−2

. Then
there exist a (q, r) L2−admissible, such that the following inequality holds∥∥a|u|α−1u

∥∥
Lq′
t Lr′

x
≲ ∥a∥L∞ ∥u∥α−1

Lq
tL

rc
x
∥u∥Lq

tL
r
x
, (5.3)

where
rc =

N(α− 1)(α + 1)

4
.

Proof. Let ∥∥a|u|α−1u
∥∥
Lq′
t Lr′

x
≤ ∥a∥L∞

∥∥∥∥u∥α−1

L
(α−1)r1
x

∥u∥Lr
x

∥∥∥
Lq′
t

≤ ∥a∥L∞ ∥u∥α−1
Lq
tL

rc
x
∥u∥Lq

tL
r
x
.

with
1

q′
=

1

q1
+

1

q
(5.4)

1

r′
=

1

r1
+

1

r
(5.5)

2

q
=
N

2
− N

r
. (5.6)

If q1(α− 1) = q in the equation (5.4), we have q = α + 1. In the equation (5.6), we find that
1

r
=
N(α + 1)− 4

2N(α + 1)
.

For (α− 1)r1 = rc and equation (5.5)
1

rc
=

4

N(α− 1)(α + 1)
. (5.7)

With condition 1 + 4
N

≤ α ≤ 1 + 4
N−2

it is clear that

2 ≤ r ≤ 2N

N − 2
.

We finish the proof of the lemma.
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Theorem 5.0.3 (Small data Scattering). Let a ∈ W 1,∞ and 1 + 4
N

≤ α ≤ 1 + 4
N−2

. Define

(q, r) =

Å
α + 1,

2N(α + 1)

N(α + 1)− 4

ã
(5.8)

There exists ηsd > 0 sufficiently small so that for any u− ∈ H1 satisfying ∥u−∥H1 < ηsd,
there exists a unique global solution u to (5.1) and u+ ∈ H1 satisfying the following:

∥u∥Lq
tL

r
x(R×RN ) ≲ ∥u−∥L2 ,

∥∇u∥Lq
tL

r
x(R×RN ) ≲ ∥u−∥H1 ,

∥|∇|scu∥Lq
tL

r
x(R×RN ) ≲ ∥u−∥Ḣsc ,

and
lim

t→±∞

∥∥u(t)− eit∆u±
∥∥
H1 = 0 (5.9)

Proof. We will show that the map

u(t) → ϕ(u)(t) := eit∆u− − i

∫ t

−∞
ei(t−s)∆a(x)|u|α−1u(s)ds (5.10)

is a contraction on a suitable complete metric space (E, d), whenever u− ∈ H1 and ∥u−∥H1 ≤
ηsd ≪ 1, where

E :=
{
u : R× RN → C : ∥u∥Lq

tL
r
x
≤ 4C ∥u−∥L2 , ∥∇u∥Lq

tL
r
x
≤ 4C ∥u−∥H1 ,

∥|∇|scu∥Lq
tL

r
x
≤ 4C ∥u−∥Ḣsc

}
,

equipped with the metric
d(u, v) : = ∥u− v∥Lq

tL
r
x
.

The constant C > 0 in the definition of E , encodes the implicit constants appearing in the
Strichartz and Sobolev embedding.

Using Sobolev embedding, Strichartz estimates, and Hölder’s inequality and Lemma 5.0.1 for
u ∈ E , we estimate

∥ϕ(u)∥Lq
tL

r
x
≤
∥∥eit∆u−∥∥Lq

tL
r
x
+

∥∥∥∥i ∫ t

−∞
ei(t−s)∆a(x)|u|α−1u(s)ds

∥∥∥∥
Lq
tL

r
x

≤ C ∥u−∥L2 + C
∥∥a|u|p−1u

∥∥
Lq′
t Lr′

x

≤ C ∥u−∥L2 + C ∥a∥L∞ ∥u∥α−1
Lq
tL

rc
x
∥u∥Lq

tL
r
x

≤ C ∥u−∥L2 + C2 ∥a∥L∞ ∥|∇|sc∥α−1
Lq
tL

r
x
∥u∥Lq

tL
r
x

≤ C ∥u−∥L2 + 4αC2α+1 ∥a∥L∞ ηα−1
sd1

∥u−∥L2 .

Above, we have used the fact that if rc = N(α−1)(α+1)
4

as in the Lemma 5.0.1 and observe that
Ḣsc,r ↪→ Lrc , since

N

r
− N

rc
=
N(α + 1)− 4

2(α + 1)
− 4

(α− 1)(α + 1)

=
α [N(α− 1)− 4]

2α(α− 1)

= sc,
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and with the condition 1 + 4
N

≤ α ≤ 1 + 4
N−2

, it follows that 0 ≤ sc ≤ 1. In particular, for

ηsd1 <

Å
3

4αC2α ∥a∥L∞

ã 1
α−1

is satisfied
∥ϕ(u)∥Lq

tL
r
x
≤ 4C ∥u−∥L2 .

Similarly, using the product rule, Sobolev embedding and Lemma 4.3.1

∥∇ϕ(u)∥Lq
tL

r
x
≤ ∥∇u−∥L2 +

∥∥∇(a|u|α−1u)
∥∥
Lq′
t Lr′

x

≤ C ∥u−∥Ḣ1 + ∥∇a∥L∞

∥∥|u|α−1u
∥∥
Lq′
t Lr′

x
+ C ∥a∥L∞

∥∥∇(|u|α−1u)
∥∥
Lq′
t Lr′

x

≤ C ∥u−∥Ḣ1 + C
¶
∥∇a∥L∞ ∥u∥α−2

Lq
tL

rc
x
∥u∥Lq

tL
r
x
∥u∥Lq

tL
rc
x
+ ∥a∥L∞ ∥u∥α−1

Lq
tL

rc
x
∥u∥Lq

tL
r
x

©
≤ C ∥u−∥Ḣ1 + 4α−1C3α−3ηα−1

sd2
∥∇a∥L∞ ∥|∇|sc∥Lq

tL
r
x
+ 4αC3α−1ηα−1

sd2
∥a∥L∞ ∥u−∥H1

≤ C ∥u−∥Ḣ1 + 4αC3α−1ηα−1
sd2

∥a∥W 1,∞ ∥u−∥H1 .

Provided ηsd2 is chosen small enough, such that

ηsd2 <

Å
3

4αC3α−2 ∥a∥W 1,∞

ã 1
α−1

,

so that
∥∇ϕ(u)∥Lq

tL
r
x
≤ 4C ∥u−∥H1 .

Finally,

∥|∇|scϕ(u)∥Lq
tL

r
x
≤ C ∥u−∥Ḣsc + C

∥∥a|u|α−1u
∥∥
Lq′
t Ḣsc,r′

x
.

Since that 0 ≤ sc ≤ 1, by interpolation∥∥a|u|α−1u
∥∥
Ḣsc,r′

x
≤
∥∥a|u|α−1u

∥∥1−sc

Ḣ0,r′
x

∥∥a|u|α−1u
∥∥sc
Ḣ1,r′

≲
∥∥a|u|α−1u

∥∥
Ḣ0,r′

x
+
∥∥a|u|α−1u

∥∥
Ḣ1,r′ =

∥∥a|u|α−1u
∥∥
H1,r′

x
,

therefore,

∥|∇|scϕ(u)∥Lq
tL

r
x
≤ C ∥u−∥Ḣsc + C

∥∥a|u|α−1u
∥∥
Lq′
t H1,r′

x

≤ C ∥u−∥Ḣsc + C ∥a∥L∞ ∥u∥α−2
Lq
tL

rc
x
∥u∥Lq

tL
rc
x

Ä
∥u∥Lq

tL
r
x
+ ∥∇u∥Lq

tL
r
x

ä
+ C ∥∇a∥L∞ ∥u∥α−2

Lq
tL

rc
x
∥u∥Lq

tL
r
x
∥u∥Lq

tL
rc
x

≤ C ∥u−∥Ḣsc + C ∥a∥W 1,∞ ∥u∥α−2
Lq
tL

rc
x
∥u∥Lq

tH
1,r
x

∥u∥Lq
tL

rc
x

≤ C ∥u∥Ḣsc + 4αCα+3ηα−1
sd3

∥a∥W 1,∞ ∥u−∥Ḣsc ,

it follows that for

ηsd3 <

Å
3

4αCα+2 ∥a∥W 1,∞

ã 1
α−1

,



Chapter 5. Recovery of the nonlinear from scattering data 70

this guarantees that
∥|∇|scϕ(u)∥Lq

tL
r
x
≤ 4C ∥u−∥Ḣsc .

Finally, by choosing ηsd ≤ min {ηsd1 , ηsd2 , ηsd3}, we conclude that ϕ : E → E is well defined.

Now to prove that ϕ is a contraction, for u, v ∈ E:

∥ϕ(u)− ϕ(v)∥Lq
tL

r
x
≤ C

∥∥a(|u|α−1u− |v|α−1v)
∥∥
Lq′
t Lr′

x

C ∥a∥L∞ (∥u∥α−1
Lq
tL

rc + ∥v∥α−1
Lq
tL

rc ) ∥u− v∥Lq
tL

r
x

≤ 2(4α−1C2αηα−1
sd ) ∥u− v∥Lq

tL
r
x

We show that ϕ is a contraction if:

ηsd <

Å
1

2(4α−1C2α) ∥a∥L∞

ã 1
α−1

.

By the Banach fixed point theorem, it follows that ϕ has a unique fixed point u ∈ E , which
is our desired solution.

Finally, for (5.9) we will prove that
{
e−it∆u(t)

}
is Cauchy in H1 as t → ∞. We fixed

t > s > 0 and used the estimates above to obtain∥∥e−it∆u(t)− e−is∆u(s)
∥∥
H1

x
=

∥∥∥∥∫ t

s

e−iτ∆a(x)|u|α−1u(τ)dτ

∥∥∥∥
H1

x

≤ C
∥∥a|u|α−1u

∥∥
Lq′
t H1,r′

x ((s,t)∈R×RN )

≤ C ∥a∥W 1,∞ ∥u∥α−1
Lq
tL

rc
x ((s,t)×RN ) ∥u∥Lq

tH
1,r
x ((s,t)×RN )

which converges to zero as s, t→ ∞, and hence has a unique limit u+ ∈ H1 as t→ +∞.

Thus ∥∥u(t)− eit∆u+
∥∥
H1 =

∥∥eit∆(e−it∆u(t)− u+)
∥∥
H1

=
∥∥e−it∆u(t)− u+

∥∥
H1 → 0,

as t→ ∞. From the Duhamel formula (5.10) can we obtain the implicit formula

u+ = lim
t→∞

e−it∆u(t) = u− − i

∫
R
e−is∆a|u|α−1u(s)ds.

for the final state u+.

We define the scattering map Sa : B → H1 via Sa(u−) = u+, where B is a suitabily small
ball in H1. This map encodes of all information about the nonlinearity in (5.1), in the sense
that the map is injective ( See Murphy [16], Corollary 4.2).

Definition 5.0.1. The norm between two scattering maps Sa, Sb for (5.1) is

∥Sa − Sb∥ := sup

ß∥Sa(φ)− Sb(φ)∥
∥φ∥H1

: φ ∈ B \ {0}
™
,

where B ⊂ H1 is the common domain of Sa and Sb.
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Now, we present an explicit formula for the solution to the linear Schröndinger equation with
Gaussian data.

Lemma 5.0.2. Let
φσ,x0(x) = exp

ß
−|x− x0|2

4σ2

™
, (5.11)

with x0 ∈ RN and σ > 0. Then

eit∆φσ,x0(x) =

Å
σ2

σ2 + it

ãN
2

exp

ß
− |x− x0|2

4(σ2 + it)

™
. (5.12)

Proof. Consider u0(x) = φσ,x0(x) in (3.2). We find that the solution of initial value problem
(3.1) is given by

eit∆φσ,x0 = (e−4π2itξ|2‘φσ,x0(ξ))
∨

=

∫
RN

e2πix·ξ−4π2it|ξ|2‘φσ,x0(ξ)dξ.

Using the proposition 2.1.4, we have that

‘φσ,x0(ξ) = e−2πix0·ξ
’
e−

|·|2
4σ2 (ξ)

= (4πσ2)
N
2 e−2πix0·ξ

¤�Ñ
e−

|·|2
4σ2

(4πσ2)
N
2

é
(ξ)

= (4πσ2)
N
2 e−2πix0·ξe−4π2σ2|ξ|2 ,

(5.13)

thus

eit∆φσ,x0(x) = (4πσ2)
N
2

N∏
j=1

∫
R
e−4π2ξ2j (σ

2+it)+2πξj(xj−x0j
)dξj

= (4πσ2)
N
2

N∏
j=1

∫
R
e
−4π2(σ2+it)

[
ξ2j−i

ξj(xj−x0j)
2π(σ2+it)

]
dξj

= (4πσ2)
N
2

N∏
j=1

∫
R
e
−4π2(σ2+it)

(ξj−i
(xj−x0j)
4π(σ2+it)

)2

+
(xj−x0j)

2

16π2(σ2+it)2


dξj

= (4πσ2)
N
2

N∏
j=1

e
−

(xj−x0j
)2

4(σ2+it)

∫
R
e
−4π2(σ2+it)

[
ξj−i

(xj−x0j)
4π(σ2+it)

]2
dξj.

(5.14)

Since that f(z) = e−z2 is a entire function, by the Cauchy’s Theorem∫
γ

f(z)dz = 0,

where γ := γ1 ∪ γ2γ3 ∪ γ4, as the Figure 5.1.
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Re(z)

Im(z)

γ1

γ2

γ3

γ4

−R R

R + i
(xj−x0j

)

4π(σ2+it)
−R + i

(xj−x0j
)

4π(σ2+it)

Figure 5.1:

It is clear that along the paths γ4 and γ2 the integral is zero. Indeed, one these segments are
parametrised by z = ±R + iξj , with |ξj| ≤

∣∣∣ (xj−x0j
)

4π(σ2+it)

∣∣∣, thus

∣∣∣e−z2
∣∣∣ = eRe(−z2) ≤ e

Å
(xj−x0j

)

4π(σ2+it)

ã2
e−R2 → 0,

as R → ±∞.

Therefore

lim
R→∞

∫ R

−R

e
−
Å
ξj−i

(xj−x0j
)

4π(σ2+it)

ã2
dξj =

∫ ∞

−∞
e−ξ2j dξj = π

1
2 .

Again in the equation (3.3)

eit∆φσ,x0 = (4πσ2)
N
2

N∏
j=1

ñ
e
−

(xj−x0j
)2

4(σ2+it)

Å
π

4π2(σ2 + it)

ã 1
2

ô
=

Å
σ2

σ2 + it

ãN
2

e
− |x−x0|

2

4(σ2+it) .

Proposition 5.0.1 (Approximate identity estimates). Let N ≥ 1 and p > 1+ 2
N

. Given x0 ∈ RN

and σ > 0, define
φσ,x0 = exp

ß
−|x− x0|2

4σ2

™
(5.15)

and

λ(N, p) := π
N
2
+ 1

2

Å
4

p+ 1

ãN
2 Γ

Ä
N(p−1)

2
− 1

2

ä
Γ
Ä
N(p−1)

4

ä ,

where
Γ(x) =

∫ +∞

0

tx−1e−tdt, x > 0

is the Gamma function.
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Given a ∈ W 1,∞(RN), we have∣∣∣∣∫ ∫
R×RN

∣∣eit∆φσ,x0(x)
∣∣p+1

a(x)dxdt− σN+2λ(N, p)a(x0)

∣∣∣∣ ≤ σ
s

1+sσN+2 ∥a∥W 1,∞

for any 0 < s < N(p−1)
2

− 1.

Proof. As shown in the Lemma 5.0.2,

eit∆φσ,x0(x) =

Å
σ2

σ2 + it

ãN
2

exp

ß
− |x− x0|2

4(σ2 + it)

™
.

Now, if we let z1 =
Å

σ2

σ2 + it

ãN
2

we obtain

|z1|p+1 =

{ïÅ
σ2

σ2 + it

ãÅ
σ2

σ2 − it

ãòN
2

} p+1
2

=

Å
σ4

σ4 + t2

ãN(p+1)
4

,

and for z2 = exp

ß
− |x− x0|2

4(σ2 + it)

™
, we have

|z2|p+1 = exp

ß
(p+ 1)Re

Å
− |x− x0|2

4(σ2 + it)

ã™
= exp

ß
−σ

2|x− x0|2(p+ 1)

4(σ4 + t2)

™
,

where ∣∣eit∆φσ,x0

∣∣p+1
=

Å
σ4

σ4 + t2

ãN(p+1)
4

exp

ß
−σ

2|x− x0|2(p+ 1)

4(σ4 + t2)

™
= K

Å
t

σ2
,
x− x0
σ

ã
,

here

K(t, x) :=

Å
1

1 + t2

ãN(p+1)
4

exp

ß
−|x|2(p+ 1)

4(1 + t2)

™
.

We now show that
∫
K(t, x)dxdt = λ(N, p). For that, we consider the changes of variables

u =

Å
p+ 1

4(1 + t2)

ã 1
2

|x|, and v =
1

1 + t2
.

Recall the Gaussian integral and Gamma function to obtain∫
R×RN

K(t, x)dxdt =

Å
4(1 + t2)

p+ 1

ãN
2
∫
RN

e−|u|2du

∫
R

Å
1

1 + t2

ãN(p+1)
4

dt

= π
N
2

Å
4

p+ 1

ãN
2
∫
R
(1 + t2)−

N(p−1)
4 dt
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Let c = N(p−1)
4

, and we use the change of variables u = (1 + t2)−1 to obtain the integral

∫
R
(1 + t2)−cdt = 2

∫ ∞

0

(1 + t2)−
Np
4 dt

= −
∫ 0

1

uc−2+ 1
2 (1− u)−

1
2du

=

∫ 1

0

u(c−
1
2)−1(1− u)

1
2
−1du

= B

Å
1

2
, c− 1

2

ã
=

Γ
(
1
2

)
Γ
(
c− 1

2

)
Γ(c)

= π
1
2
Γ
(
c− 1

2

)
Γ(c)

.

The convergence of the Gamma function requires that c > 1
2
. The Euler function Beta, B, is

defined as
B(x, y) =

Γ(x)Γ(y)

Γ(x+ y)
=

∫ 1

0

tx−1(1− t)y−1dt,

for x, y > 0. For details, see Conway [5, p. 186]. Thus∫
R×RN

K(t, x)dxdt = π
N
2
+ 1

2

Å
4

p+ 1

ãN
2 Γ

Ä
N(p−1)

4
− 1

2

ä
Γ
Ä
N(p−1)

4

ä
= λ(N, p),

where p > 1 + 2
N

.

We note that for any R > 0, by Chevyshev’s inequality (Lemma 2.2.4), and employing a
change of variables similar to the one given above∫

R

∫
|x|>R

K(t, x)dxdt ≲ R−s

∫ ∫
|x|sK(t, x)dxdt

=

Å
R−s

∫
(1 + t2)−

N(p+1)
4 dt

ã(∫ Å
4(1 + t2)

p+ 2

ã s
2
+N

2

|u|se−|u|2du

)
≲ R−s

∫
(1 + t2)−

N(p−1)
4

+ s
2dt

= CR−s,

(5.16)

where

C := π
1
2

Γ
ÄÄ

N(p−1)
4

− s
2

ä
− 1

2

ä
Γ
Ä
N(p−1)

4
− s

2

ä ,

usig the fact that 0 < s < N(p−1)
2

− 1.

By another change of variables, we have∫ ∫
R×RN

K

Å
t

σ2
,
x

σ

ã
dxdt = σN+2λ(N, p). (5.17)



75

Thus we can write∣∣∣∣∫ ∫
R×RN

∣∣eit∆φσ,x0

∣∣p+1
a(x)dxdt− σN+2λ(N, p)a(x0)

∣∣∣∣
=

∣∣∣∣∫ ∫
R×RN

K

Å
t

σ2
,
x

σ

ã
(a(x+ x0)− a(x0)) dxdt

∣∣∣∣
≤
∫
R

∫
|x|≤δ

K

Å
t

σ2
,
x

σ

ã
|a(x+ x0)− a(x0)| dxdt (5.18)

+

∫
R

∫
|x|>δ

K

Å
t

σ2
,
x

σ

ã
|a(x+ x0)− a(x0)| dxdt, (5.19)

where δ > 0 will be chosen below.

By the fundamental theorem of calculus and (5.17), we first estimate

(5.18) ≲ δσN+2 ∥∇a∥L∞ ,

and by (5.16), we obtain

(5.19) ≲ σN+2 ∥a∥L∞

∫
R

∫
|y|> δ

σ

K(t, y)dydt ≲s

Å
δ

σ

ã−s

σN+2 ∥a∥L∞ ,

so,
(5.18) + (5.19) ≲ σN+2 ∥∇a∥W 1,∞

(
δ + σsδ−s

)
.

Define f(δ) = δ + σsδ−s and finding the critical point by setting δ = σ
s

1+s leads to

∣∣∣∣∫ ∫
R×RN

∣∣eit∆φσ,x0(x)
∣∣p+1

a(x)dxdt− σN+2λ(d, p)a(x0)

∣∣∣∣ ≲s σ
s

1+sσN+2 ∥a∥W 1,∞

for any 0 < s < N(p−1)
2

− 1.

Theorem 5.0.4. Suppose 1 + 4
N

≤ α ≤ 1 + 4
N−2

and let a, b ∈ W 1,∞(RN). Let Sa, Sb

denote the corresponding scattering maps for (5.1) with nonlinearities a|u|α−1u and b|u|α−1u,
respectively. Then

∥a− b∥L∞ ≲ (∥a∥W 1,∞ + ∥b∥W 1,∞)
10
11 ∥Sa − Sb∥

1
11

+ (∥a∥W 1,∞ + ∥b∥W 1,∞)
12
11 ∥Sa − Sb∥

10
11 .

(5.20)

Proof. Given σ > 0 and x0 ∈ RN , let φσ,x0 be the Gaussian data defined as in (5.15). From
(5.13)

‘φσ,x0(ξ) = (4πσ2)
N
2 e−2πix0·ξe−4π2σ2|ξ|2 .



Chapter 5. Recovery of the nonlinear from scattering data 76

Let s > −N
2

,

∥φσ,x0∥
2
Ḣs(RN ) =

∥∥∥÷∇φσ,x0(ξ)
∥∥∥2
L2(RN )

= (4π)Nσ2N

∫
RN

|ξ|2se−|2πσ|ξ||4dξ,

Through the change of variable y = 2πσ|ξ|, we obtain:

(4π)N
σ2N

(2πσ)N

∫
RN

∣∣∣ y

2πσ

∣∣∣2s e−|y|4dy,

which leads to
∥φσ,x0∥Ḣs(RN ) ≲ σ

N
2
−s. (5.21)

We then have that φσ,x0 belongs to the common domain of Sa and Sb for all σ > 0 sufficiently
small. Recall the Scattering map

Sa(φσ,x0) = φσ,x0 − i

∫
R
e−it∆a|u|α−1u(t)dt,

where u is the solution to (5.1) that scatters to φσ,x0 as t→ −∞. We can write it as

Sa(φσ,x0) =φσ,x0 − i

∫
R

{
a|eit∆φσ,x0 |α−1eit∆φσ,x0

}
dt

− i

∫
R
e−it∆

{
a
(
|u|α−1u− |eit∆φσ,x0|α−1

)
eit∆φσ,x0

}
,

and

Sb(φσ,x0) =φσ,x0 − i

∫
R

{
b|eit∆φσ,x0|α−1eit∆φσ,x0

}
dt

− i

∫
R
e−it∆

{
b
(
|v|α−1v − |eit∆φσ,x0|α−1

)
eit∆φσ,x0

}
dt,

where v is the solution to (5.1), with nonlinearity b|v|α−1v that scatters to φσ,x0 as t→ −∞.
Thus,

⟨Sa(φσ,x0)− Sb(φσ,x0), φσ,x0⟩ (5.22)

= −i
∫ ∫

R×R3

(a(x)− b(x))|eit∆φσ,x0 |α+1dxdt (5.23)

− i

∫ ∫
R×R3

a(x)(|u|α−1u− |eit∆φσ,x0|α−1eit∆φσ,x0)e
it∆φσ,x0dxdt (5.24)

− i

∫ ∫
R×R3

b(x)(|v|α−1u− |eit∆φσ,x0|α−1eit∆φσ,x0)e
it∆φσ,x0dxdt. (5.25)

Considering q, r and rc as defined in Theorem 5.0.3 and the embedding Ḣsc,r ↪→ Lrc , we
shall estimate each term in the expression above. We have:∣∣∣∣−i ∫ ∫

R×R3

a(x)(|u|α−1u− |eit∆φσ,x0|α−1eit∆φσ,x0)e
it∆φσ,x0dxdt

∣∣∣∣
≤
∥∥a(|u|α−1u− |eit∆φσ,x0 |α−1eit∆φσ,x0)e

it∆φσ,x0

∥∥
L1
t,x

≲ ∥a∥L∞

∥∥eit∆φσ,x0

∥∥
Lq
tL

r
x

∥∥|u|α−1 + |eit∆φσ,x0|α−1
∥∥
Lq̂
tL

r̂
x

∥∥u(t)− eit∆φσ,x0

∥∥
Lq
tL

r
x
,
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where

2

q
+

1

q̂
= 1 =

2

r
+

1

r̂
,

which leads to the relations 1
q̂
= α−1

α+1
and 1

r̂
= 4

N(α+1)
.

By the Theorem 5.0.3, ∥u∥Lq
t Ḣ

sc,r ≲ ∥φσ,x0∥Ḣsc , therefore

∥a∥L∞

∥∥eit∆φσ,x0

∥∥
Lq
tL

r
x

∥∥|u|α−1 + |eit∆φσ,x0|α−1
∥∥
L

q
α−1
t L

rc
α−1
x

∥∥u(t)− eit∆φσ,x0

∥∥
Lq
tL

r
x

≲ ∥a∥L∞ ∥φσ,x0∥L2

¶
∥u∥α−1

Lq
tL

rc
x
+
∥∥eit∆φσ,x0

∥∥α−1

Lq
tL

rc
x

©∥∥∥∥∫ t

−∞
ei(t−s)∆a(x)|u|α−1u(s)ds

∥∥∥∥
Lq
tL

r
x

≲ ∥a∥L∞ ∥φσ,x0∥L2

¶
∥u∥Lq

t Ḣ
sc,r + ∥φσ,x0∥

α−1

Ḣsc

©∥∥a|u|α−1u
∥∥
Lq′
t Lr′

x

≲ ∥a∥2L∞ ∥φσ,x0∥L2 ∥φσ,x0∥
α−1

Ḣsc
∥u∥α−1

Lq
tL

rc
x
∥u∥Lq

tL
r
x

≲ ∥a∥2L∞ ∥φσ,x0∥
2
L2 ∥φσ,x0∥

2α−2

Ḣsc

≲ σN+4 ∥a∥2L∞ ,

since ∥φσ,x0∥L2 ≲ σ
N
2 and ∥φσ,x0∥Ḣsc ≲ σ

2
α−1 , where we use (5.21) for s = 0 and s = sc

respectively.

Analogously,

∥∥b (|v|α−1v − |eit∆φσ,x0 |α−1eit∆φσ,x0

)∥∥
L1
t,x

≲ σN+4 ∥b∥2L∞ .

Now , where we use Cauchy-Schwarz, and (5.21) with s = 1 and s = −1

|⟨Sa(φσ,x0)− Sb(φσ,x0), φσ,x0⟩| ≤ ∥Sa(φ)− Sb(φ)∥Ḣ1 ∥φσ,x0∥Ḣ−1

≲ ∥Sa − Sb∥ ∥φσ,x0∥Ḣ1 ∥φσ,x0∥Ḣ−1

≲ σN ∥Sa − Sb∥ .

Finally, in the Proposition 5.0.1, 0 < s < N(α−1)
2

− 1, together with the condition that
α ≥ 1 + 4

N
, we can choose s = 1

4
. Thus,

∣∣∣∣∫ ∫ (a(x)− b(x))|eit∆φσ,x0|α+1dxdt− σN+2λ(N,α)(a(x0)− b(x0))

∣∣∣∣
≲ σN+2+ 1

5 (∥a∥W 1,∞ + ∥b∥W 1,∞).

Hence, based on the estimates found above, we have

λ(N,α)σN+2|a(x0)− b(x0)| ≲ σN ∥Sa − Sb∥+ σN+4
Ä
∥a∥2L∞ + ∥a∥2L∞

ä
+ σN+ 1

5 (∥a∥W 1,∞ + ∥b∥W 1,∞)
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to obtain

|a(x0)− b(x0)| ≲ σ−2 ∥Sa − Sb∥+ σ2
Ä
∥a∥2L∞ + ∥b∥2L∞

ä
(5.26)

+ σ
1
5 (∥a∥W 1,∞ + ∥b∥W 1,∞) . (5.27)

Now considering the function

f(σ) := σ−2 ∥Sa − Sb∥+ σ
1
5 (∥a∥W 1,∞ + ∥b∥W 1,∞) , (5.28)

we find that its critical point is

σ = (10)
5
11

Å ∥Sa − Sb∥
∥a∥W 1,∞ + ∥b∥W 1,∞

ã 5
11

.

Optimizing (5.26), we obtain

|a(x0)− b(x0)| ≲ (∥a∥W 1,∞ + ∥b∥W 1,∞)
10
11 ∥Sa − Sb∥

1
11 + (∥a∥W 1,∞ + ∥b∥W 1,∞)

12
11 ∥Sa − Sb∥

10
11 .

Taking the supremum over x0 ∈ RN yields (5.20).

Theorem 5.0.5. Suppose α, β ∈
î
1 + 4

N
, 1 + 4

N−2

ó
. Let Sα and Sβ denote the scattering

maps for (5.1) corresponding to nonlinearities |u|α−1u and |u|βu, with a(x) ≡ 1. Then

|α− β| ≲ ∥Sα − Sβ∥
1
11 + ∥Sα − Sβ∥

10
11

Proof. Let

Sα(φσ) = φσ − i

∫
R
e−it∆(|eit∆φσ|α−1eit∆φσ)dt− i

∫
R
e−it∆(|u|α−1u− |eit∆φσ|α−1eit∆φσ)dt,

where u is the solution to (5.1) with nonlinearity |u|β−1u that scatters to φσ as t→ −∞.

Similarly,

Sβ(φσ) = φσ − i

∫
R
e−it∆(|eit∆φσ|β−1eit∆φσ)dt− i

∫
R
e−it∆(|u|β−1u− |eit∆φσ|β−1eit∆φσ)dt,

where v is the solution to (5.1) with nonlinearity |v|β−1v that scatters to φσ as t → −∞.
Thus ∫ ∫

R×RN

(|eit∆φσ|α+1 − |eit∆φσ|β+1)dxdt (5.29)

= i⟨Sα(φσ)− Sβ(φσ), φσ⟩ (5.30)

+

∫ ∫
R×RN

(|u|α−1u− |eit∆φσ|eit∆φσ)eit∆φσdxdt (5.31)

+

∫ ∫
R×RN

(|v|β−1v − |eit∆φσ|eit∆φσ)eit∆φσdxdt, (5.32)

Note that to estimate (5.31) and (5.32), we will make a development similar to the estimates
found for (5.24) and (5.25) with a(x) ≡ 1, so that

|(5.31)|+ |(5.32)| ≲ σN+4. (5.33)
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For (5.30), we use Cauchy- Schwartz and (5.21) to obtain

|⟨Sα(φσ)− Sβ(φσ), φσ⟩| ≤ ∥Sα(φ)− Sβ(φσ)∥H1 ∥φσ∥H−1

≲ σN ∥Sα − Sβ∥ .

By the proposition 5.0.1 with s = 1
4
. Using the fact that α ≥ 1 + 4

N
, this proposition implies

that

∣∣∣∣∫ ∫
R×RN

(|eit∆φσ|α+1 − |eit∆φσ|β+1)dxdt− σN+2(λ(N,α)− λ(N, β))

∣∣∣∣ ≲ σN+2+ 1
5 ,

combining this with (5.33), we deduce

|λ(N,α)− λ(N, β)| ≲ σ2 ∥Sα − Sβ∥+ σ−2 + σ
1
4 ,

optimizing the function f(σ) = σ−2 ∥Sα − Sβ∥+ σ
1
5 , we have that

σ = (10)
5
11 ∥Sα − Sβ∥

5
11 ,

so that
|λ(N,α)− λ(N, β)| ≲ ∥Sα − Sβ∥

1
11 + ∥Sα − Sβ∥

10
11 . (5.34)

Now it only remains to prove that

|λ(N,α)− λ(N, β)| ≳ |α− β|. (5.35)

Recalling the definition of λ

λ′(α) =− π
N+1

2
2N−1N

(α + 1)
N+2

2

Γ
Ä
N(α−1)

4
− 1

2

ä
Γ
Ä
N(α−1)

4

ä − N

4
π

N+1
2

Å
4

α + 1

ãN
2 Γ

Ä
N(α−1)

4
− 1

2

ä
Γ
Ä
N(α−1)

4

ä A

= −π
N+1

2 N
Γ
Ä
N(α−1)

4
− 1

2

ä
Γ
Ä
N(α−1)

4

ä ®
2N−1

(α + 1)
N+2

2

+
4

N−2
2

(α + 1)
2
N

A

´
where

A := ψ

Å
N(α− 1)

4

ã
− ψ

Å
N(α− 1)

4
− 1

2

ã
,

and ψ(z) = Γ′(z)
Γ(z)

is the digamma function.
By Gautschi’s inequality ( see [17, Theorem A]), we have∣∣∣∣∣∣Γ

Ä
N(α−1)

4
− 1

2

ä
Γ
Ä
N(α−1)

4

ä ∣∣∣∣∣∣ ≤
∣∣∣∣ÅN(α− 1)

4

ã∣∣∣∣− 1
2

.

Using the fact that ψ is increasing on (0,∞), it follows that

−π
N+1

2 N

Å
3(α− 1)

4

ã− 1
2
ï
ψ

Å
3(α− 1)

4

ã
− ψ

Å
3(α− 1)

4
− 1

2

ãò
≥ 0,



Chapter 5. Recovery of the nonlinear from scattering data 80

therefore

|λ′(α)| ≥ π
N+1

2 2N−1N

Å
3(α− 1)

4

ã− 1
2

≳ 1,

uniformly for 1 + 4
N

≤ α ≤ 1 + 4
N−2

.

By the mean value theorem, we obtain |λ(α)− λ(β)| ≳ |α− β|.
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