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Resumo

Neste trabalho, apresentamos dois indices de 1-formas holomorfas. Primeiramente,
definimos o ntimero de Bruce-Roberts para 1-formas holomorfas em relagao a variedades
analiticas complexas, e demonstramos o nosso principal resultado, que mostra que o
numero de Bruce-Roberts de uma 1-forma w com respeito a uma hipersuperficie analitica
complexa X com singularidade isolada pode ser expresso em funcao do indice de Ebeling—
Gusein-Zade de w em X, o nimero de Milnor de w e o nimero de Tjurina de X. Esse
resultado nos permite obter formulas conhecidas para o ntimero de Bruce-Roberts de uma
funcao holomorfa em relacao a X, e também estabelecer conexoes entre esse numero,
o indice radial e a obstrucao local de Euler de w ao longo de X. Em seguida, defini-
mos o numero de Tjurina de Bruce-Roberts para 1-formas holomorfas com respeito a um
par (X, V) de subvariedades analiticas complexas. Quando a dupla (X, V') consiste em
hipersuperficies analiticas complexas isoladas, mostramos que o numero de Tjurina de
Bruce-Roberts se relaciona com o nimero de Bruce-Roberts, o niimero de Tjurina de uma
1-forma com respeito a V', e o nimero de Tjurina de X, dentre outros invariantes. Mais
ainda, exibimos aplicagoes de ambos os indices para folheagoes holomorfas globais e locais

em dimensao complexa dois.

Palavras-chave: ntimero de Bruce-Roberts; ntmero de Tjurina; ntimero de Milnor;

folheacoes holomorfas; variedades analiticas complexas.



Abstract

In this work, we introduce two indices of holomorphic 1-forms. First, we define the
Bruce-Roberts number for holomorphic 1-forms relative to complex analytic varieties,
and prove our main result, that shows that the Bruce-Roberts number of a 1-form w with
respect to a complex analytic hypersurface X with an isolated singularity can be expressed
in terms of the Ebeling-Gusein-Zade index of w along X, the Milnor number of w and
the Tjurina number of X. This result allows us to recover known formulas for the Bruce-
Roberts number of a holomorhic function along X and to establish connections between
this number, the radial index, and the local Euler obstruction of w along X . After that, we
define the Bruce-Roberts Tjurina number for holomorphic 1-forms with respect to a pair
(X, V) of complex analytic subvarieties. When the pair (X, V') consists of isolated complex
analytic hypersurfaces, we prove that the Bruce-Roberts Tjurina number is related to the
Bruce-Roberts number, the Tjurina number of the 1-form with respect to V', and the
Tjurina number of X, among other invariants. Moreover, we present applications of both

indices to global and local holomorphic foliations in complex dimension two.

Keywords: Bruce-Roberts number; Tjurina number; Milnor number; holomorphic folia-

tions; complex analytic varieties.
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Introduction

When it comes to the theory of complex analytic hypersurfaces, it is possible to find
several important indices. In this work, we wanted to establish a connection between
known invariants and introduce new indices of 1-forms, which we will call the Bruce-
Roberts number and the Bruce-Roberts Tjurina number. As a result, we obtained [6] and
[7], which were developed along with this thesis. But first, we start talking about two

crucial invariants for us: the Milnor and the Tjurina numbers.

The Milnor number for a hypersurface X with an isolated singularity was first con-
ceived by J. Milnor in [56], and it is exactly the rank of the middle homology group of
the Milnor fiber of X. It is denoted by po(f), where f € O, is the holomorphic func-
tion that defines X, with O, being the local ring of holomorphic functions from (C™,0)
to C. Algebraically, po(f) is defined as the colength of the Jacobian ideal J(f) in O,,.
Other indices with the nomenclature "Milnor number" can be defined for different math-
ematical objects. When F is a singular foliation defined by a holomorphic vector field

= 0
v = ;Al(z) o7

F can be seen as a colength of an ideal in O,,, but in that case, the ideal in question is

with an isolated singularity at 0 € C", the Milnor number po(F) of

defined by the generators of v, or simply (A;,...,A,). As far as we know, the notion
of Milnor number for singular foliations by curves (with that name) appears for the first
time in the work of C. Camacho, A. Lins Neto and P. Sad ([17]). Both in the case of
hypersurfaces and singular foliations by curves, it is known that the Milnor number is a
topological invariant. The Milnor number of singular hypersurfaces is often studied, and
there are plenty of works regarding its definition and properties. Recently, in particular,
A. Fernandez-Pérez, G. Costa and R. Rosas studied the Milnor number of foliations by

curves with non-isolated singularities [30].

On the other hand, the Tjurina number is an index that measures the dimension of
the base space of a semi-universal deformation of the hypersurface X, and it is denoted
by 7o(f), with f again representing the holomorphic function that defines X. 7o(f) can
also be seen in an algebraic way, as the colength of the ideal generated by f and its
Jacobian ideal J(f) in O,. The Tjurina number is named after G. Tjurina, who first
defined it in [67]. It is also known that, different from the Milnor number, the Tjurina

number is not a topological invariant, but an analytic invariant of the singularity. The
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Tjurina number 79(w, V') of a 1-form w = Z A,dz; with an isolated singularity at 0 € C"
i=1
with respect to a complex analytic hypersurface V' is defined in an intuitive way, as the

colength of (Ay,..., Ay, f) in O, with f € O, defining V. In that case, we require that
V' be a hypersurface invariant by w, which means that the tangent space of V' satisfies
T,V C ker(w,), for all regular points p € V. For a holomorphic vector field v with an
isolated singularity on a complex analytic hypersurface V', the Tjurina number of v with
respect to V first appears in the work of X. Gémez-Mont [38], though he does not use
this terminology. To our knowledge, the first authors to explicitly use the term “Tjurina
name” in the context of foliations were F. Cano, N. Corral and R. Mol in [20]. This
number also appears in the study of Baum-Bott residues of foliations by S. Licanic [46].
More recently, in [32], A. Fernandez-Pérez, E. R. Garcia Barroso and N. Saravia-Molina
established a relationship between the Milnor and Tjurina numbers of germs of foliations
on (C2,0).

With that in mind, we can talk about the Bruce-Roberts numbers. Denoted most
times by upr and TR, those indices generalize the Milnor and Tjurina numbers described
above, and are named after J. Bruce and R. Roberts, who were the first to describe the
number now known as the Bruce-Roberts number ppp.

In 1988, J. Bruce and R. Roberts defined in [13] a number denoted by px(f), which
generalizes the Milnor number of f. This number, called in this work the Milnor number
of f on X and also the multiplicity of f on X at 0, was later known as the Bruce-Roberts
number of f with respect to X, and it can be defined in the following way: when (X, 0)
denotes the germ of a complex analytic variety at (C",0), and f : (C",0) — (C,0) is a
germ of a holomorphic function at (C",0), the Bruce-Roberts number associated with f
relative to (X, 0), denoted by ppr(f, X), is defined as

Oy,
,UBR(fy X) = dim¢ m;

where O,, represents the local ring of holomorphic functions from (C",0) to (C,0), df
stands for the differential of f, and Oy is the O,-submodule of ©,, (the O,-module of
germs of holomorphic vector fields) consisting of holomorphic vector fields on (C",0) that
are tangent to (X,0) over their regular points. If Ix C O, is the ideal of germs of

holomorphic functions vanishing on (X, 0), then
Ox = {56 0, : dh(f) Glx, VhEI)(}

We observe that in [62], K. Saito also presented a definition of © y, calling it the module of
logarithmic vector fields and denoting it by Derg,(log D). In particular, when X = C”",
df (©,,) corresponds to the Jacobian ideal J(f) of f which is generated by the partial
derivatives of f in O,. Consequently, upr(f, C") coincides with the Milnor number of f
- it is valid to mention that in some works, uggr(f, X) is also called the Bruce-Roberts’

Milnor number of f with respect to X. Furthermore, if X is the germ of a complex
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analytic subvariety at (C",0), then ppgr(f, X) is finite if, and only if f has an isolated
singularity over (X,0). In [13], the authors also defined the number called the relative

Bruce-Roberts number, that can be stated as

On

npgr(f, X) = dimc m

The Bruce-Roberts number for holomorphic functions has been studied by several
authors, who gave it some important properties and characterizations. For example,
in 2013, J. Nunio-Ballesteros, B. Oréfice and J. Tomazella established in [58] a relation
between the Bruce-Roberts and the Milnor number. When X is a weighted homogeneous

hypersurface with isolated singularity and f is R x-finitely determined, they showed that

per(f, X) = po(f) + po(f, X),

where po(f, X) denotes the Milnor number of the fiber X N f~1(0), which is an ICIS - an
isolated complete intersection singularity. In [59], the same authors (along with B. Lima-
Pereira) showed that if ugg(f, X) < oo, the Bruce-Roberts number of f with respect to

an isolated hypersurface singularity satisfies

per(f, X) = po(f) + 1o(9, f) + po(@) — 70(),

with ¢ being the function that defines X. In [48|, the same authors also present some
results regarding the relative Bruce-Roberts number.

For other works concerning the Bruce-Roberts number, we recommend, for instance,
[3], [23], [10], [57], [44], [47] and [8|.

This thesis has two main goals. The first one was presented by the author, P. Barbosa,
along with A. Fernandez-Pérez and V. Leon in [6], and it is to extend the definition of
the Bruce-Roberts number to holomorphic 1-forms relative to complex analytic varieties.
More precisely, let w be the germ of a holomorphic 1-form with an isolated singularity
at 0 € C", n > 2, and let X be a germ of complex analytic variety with an isolated
singularity at 0 € C". We define the Bruce-Roberts number of the 1-form w with respect
to X as

On
w(Ox)’

We observe that upg(w, X) is finite if and only if w is a 1-form on X admitting (at most)

pupr(w, X) := dim¢

an isolated singularity at 0 € C", which is equivalent to saying that X is not invariant by
w in the case of a germ of a complex analytic subvariety X. Note also that ugg(w, X)
generalizes the Bruce-Roberts number of a function, since upgr(w, X) = upr(f, X) when
w = df.

Our main result about the Bruce-Roberts number of a 1-form provides a straight-

forward method to calculate ppgr(w, X), since the explicit computation of ©x can be
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difficult. With that in mind, our first result establishes that if w is a germ of a holomor-
phic 1-form with isolated singularity at 0 € C*, n > 2, and X is a germ of a complex
analytic hypersurface with an isolated singularity at 0 € C" that is not invariant by w,
then

ppr(w, X) = Indgsv(w; X, 0) + po(w) — 70(X),

where Indggy (w; X, 0) is the GSV-index of w with respect to X, defined by S. Gusein-Zade
and W. Ebeling in [42] (see also [26]). We also observe that, since both Indggy(w; X, 0)
and po(w) are topological invariants when (X, 0) is an isolated hypersurface singularity,
the equality above implies that ugr(w, X) is also a topological invariant under homeo-
morphisms of (C",0) that fix (X,0).

Using the definitions and topics explored in [48| as base, we also define the relative

Bruce-Roberts of the 1-form w with respect to X as

O,
5 X) :=dimg—.
ppr(w, X) = dimg NCREYE

With that, it is also possible to show a relation between ppr(w, X) and pgg(w, X).
With w and X under the same hypothesis shown above, it is possible to show that

MBR(C‘-)?X) = UO(W> + /LJT%R(wa X)

A natural application of the Bruce-Roberts that we defined is to the case of foliations.
Since a foliation F in (C?, 0) can be defined by a holomorphic 1-form, we set upr(F, X) :=

ppr(w, X), where w is the 1-form that defines F. In that case, we demonstrate that

pupr(F, X) = po(X) + tang(F, X, 0) + 79(X),

where tang(F, X,0) is the tangency order of F to X, as defined in [14] by M. Brunella.
Working with foliations, we also managed to give formulas for the Bruce-Roberts number
under blow-ups in dimension two, some results in the case of generalized curve foliations
in (C?,0), introduced by C. Camacho, A. Lins Neto and P. Sad in [17], and also some
applications to global foliations.

On the other hand, in 2011, I. Ahmed and M. Ruas defined in [2| two numbers, called
the relative Milnor and Tjurina algebras of a function h on an analytic variety V', denoted
by My (h) and Ty (h). It is not difficult to see that the definition of this Milnor algebra
coincides with the definition of the Bruce-Roberts number uggr(h,V). Moreover, the
Tjurina algebra seems to be defined intuitively, when comparing its definition with that
of the Milnor algebra, and those with the definitions of the classic Milnor and Tjurina
numbers.

In 2020, C. Bivia-Ausina and M. Ruas [10]| introduced the Bruce-Roberts’ Tjurina
number of f with respect to X, with an equivalent definition of the Tjurina algebra of

a function. With a slightly different notation, here we define the Bruce-Roberts Tjurina
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number of f € O, with respect to an analytic subvariety X (of (C",0)) by
O,
af(Ox) + (f)’
when the colength on the right side is finite. With that definition, it is not difficult

to see that 7r(f,C") = 79(f), i.e., the Bruce-Roberts Tjurina number generalizes the

mer(f, X) = dim¢

classic Tjurina number. It is interesting to note that in [10], the authors also presented a
relation between the Bruce-Roberts” Milnor and Tjurina numbers. Denoting by 7¢(/) the

minimum of r € Z>; such that f" € I, they managed to show that

per(f, X)

7er(f, X)

For some references who studied the Bruce-Roberts Tjurina number of holomorphic func-
tions, we cite [2[, [10], [8], and [9].

The second main goal of this thesis is to introduce the Bruce-Roberts Tjurina number

of w with respect to the pair (X, V). It is defined as follows: let (X,0) denote the germ

of a complex analytic variety at (C",0), let w be a germ of a holomorphic 1-form with

< rs(df(Ox)).

an isolated singularity at (C",0), and let V' be a germ of a complex analytic hypersurface
with an isolated singularity at 0 € C™. If X is not invariant by w, but V' is invariant by
w, the Bruce-Roberts Tjurina number of w with respect to the pair (X, V) is given by

@
X,V) :=dimg ———.
TBR(W7 ; ) Imc W(@X) n ]V

This definition and the consequent results were first introduced, again, by P. Barbosa,
A. Fernandez-Pérez and V. Leoén in [7]. Note that if w = df is an exact holomorphic
1-form with an isolated singularity at 0 € C", then V' = {f = 0} is a complex analytic hy-
persurface invariant by w, and consequently, T7pr(df, X, V') generalizes the Bruce-Roberts
Tjurina number of f along X, since 7r(df, X, V) = 17gr(f, X). We observe that it is also
a generalization of the classic Tjurina number, as Tpr(df, C", V) = 1o(V).

Our main theorem for this definition says that, with the hypothesis established above,
we got
w(Ox) NIy
wO)N Iy’

. . 9 9d¢p 0 dp 0 .
where ©% is a submodule of Oy, given by 0% = <¢8_:Ei’ 9u, O = 9 8acj>’ with

i,j,k=1,...,n; k # j, and Indgsy(w; X, V,0) is a GSV-index, also defined in [7], that

generalizes Indggy (w; X, 0).

r(w, X, V) = Indgsv(w; X, V,0) + 1o(w, V) — 79(X) + dim¢

It is natural to compare the Bruce-Roberts and the Bruce-Roberts Tjurina numbers for
1-forms that are defined in this work. Both numbers generalize not only the homonymous
indices defined for functions, but also the classic Milnor and Tjurina numbers that we

discussed in the beginning. Furthermore, it follows directly from the definitions that

TBR(wa X7 V) < NBR<W7 X)v
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and then if ppr(w, X) < 0o, then 7r(w, X, V) < cc.

In this work, another aim is to establish connections between the Bruce-Roberts Tju-
rina number and other indices of 1-forms. As an application, we can obtain again some
results for holomorphic foliations in complex dimension two, defining Tpr(F, X, V) =
Ter(w, X, V'), with w being the 1-form defining F. In fact, we prove a quasihomogeneity
result for germs of non-dicritical generalized curve holomorphic foliations with respect to
a non-invariant complex analytic curve X: when F is a germ of a non-dicritical curve
generalized foliation at (C?,0) defined by a 1-form w, X a germ of a reduced curve at
(C%,0) not invariant by F, and V = {f = 0} is the reduced equation of the total set of
separatrices of F, if upr(F, X) = 78r(F, X, V), then there exist coordinates (u,v) € C?,
g,h € Oy, with u(0) =0, v(0) =0, g(0) # 0 and integers «, 3, ¢ € N such that

f(u,v) = Z P ju'v’, P €C,

aitBj=¢
gw = df + h(Bvdu — audv),

and the pair (f, X) is relatively quasihomogeneous in these coordinates. This result is
obtained by combining a J.-F. Mattei’s theorem [55], with a corollary of C. Bivia-Ausina,
K. Kourliouros and M. Ruas given in [8].

This text is organized as follows: In Chapter 1, we present some important definitions
and already known results that will be fundamental to the development of this work. In
the first part of the chapter, we present the concept of holomorphic foliations, and in the
second one, we define and talk about the properties of several indices that will appear
in our main results: the Milnor numbers, the Tjurina numbers, the GSV-index, and the
Bruce-Roberts numbers.

In Chapter 2, we define the Bruce-Roberts number for holomorphic 1-forms, prove
our main result (namely, Theorem 2.1.3), and give some examples. Then, we present
a definition of the relative Bruce-Roberts number of a holomorphic 1-form, and apply
our results to germs of holomorphic foliations on (C2,0), also showing blow-up formulas
for ppr(w, X) and pge(w, X) and providing more examples. Additionally, we establish a
characterization of a non-dicritical foliation F when it is a generalized curve foliation, and
finish the chapter with a formula for the sum of the Bruce-Roberts numbers of a global
foliation on a compact complex surface. As a consequence, we obtain an upper bound to
the global Tjurina number of X.

In Chapter 3, we define the Bruce-Roberts Tjurina number for holomorphic 1-forms,
prove the main theorem of this chapter (Theorem 3.1.1), and also provide examples.
Then, we present a formula that relates the Bruce-Roberts Tjurina number and the
Bruce-Roberts number, and other relations between them. At last, we work again with
foliations on (C?,0), and use the Bruce-Roberts Tjurina number of a foliation to prove
the quasihomogeneity result mentioned earlier.

Finally, in Chapter 4, we conclude the thesis and present some problems that we intend

to work on in the future.
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Chapter 1

Preliminaries

In this first chapter, we start by presenting some definitions and results that are the
basic principles to comprehend this study. The works used as reference to this chapter
are [14], [17], [19], [22], [39], [50], [62] and others that will appear throughout the text.
Initially, we present some notations and definitions.

Let (X,0) denote the germ of a complex analytic variety at (C",0). We consider 0,
the O,-module of germs of vector fields, where O,, represents the local ring of holomorphic
functions from (C",0) to (C,0). We write as ©x the module of the so-called logarithmic
vector fields, as defined by K. Saito |62, Definition 1.4]:

@X :{Se@nf([}() glx},

where Ix is the ideal of germs of holomorphic functions vanishing on (X,0). It is also
possible to write Ix = (¢), with ¢ : (C",0) — (C™,0) being the holomorphic function
that defines X. We highlight that Oy defines a coherent sheaf of modules in a small
neighborhood U of 0 € C™ (|10, p. 2|). Observe that, geometrically, © x represents the
O,-submodule of ©,, of vector fields that are tangent to (X,0) along the regular points
of X. With that, we can also write

Ox ={(€0,: dh(é) e lx, Vhelx} (1.1)

Now, we can present the notion of the O,-submodule of ©x generated by the trivial
vector fields, denoted by ©% and defined in [47, Section 2|. Thus, we write

or _ (s 0. 960 9 0
X 8@’ 0xj &Uk (9azk 8xj

>, with i, 7, k=1,...,n; k # j. (1.2)

Through the concept of flatness, we can define the concept of complete intersection.

First, we need a definition, given in [40, Definition 7.2.1].

Definition 1.0.1. Let (X, z) and (S, s) be complex space germs. A deformation of (X, x)
over (S, s) consists of a flat morphism ¢ : (X, x) — (S, s) of complex germs together with
an isomorphism (X, x)i(flfs, x). (L, x) is called the total space, (S, s) the base space, and
(X, x) == (¢ (s),z) or (X, z) the special fibre of the deformation.
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We can write a deformation as a Cartesian diagram

(X,2) < (L)

l lqﬁ flat
{p} = (S59)
where i is a closed embedding mapping (X, z) isomorphically onto (s, x) and {p} is the

reduced point considered as a complex space germ with local ring C. A deformation can

also be denoted by

(i,0) : (X,2) < (Z.2) 5 (S.9),
or simply by ¢ : (Z,2) — (S5,s) in order to shorten notation. Now, we refer to [40,
Remark 7.2.3] to the following properties:

L f=(f,....fr) : (X,2) = (Ck0) is flat if, and only if, fi,..., fr is a regular

sequence;

2. If (X, z) is Cohen-Macaulay, then fi,..., fy € m C Og, is a regular sequence if,

and only if
dim _Oze =dim(Z, x) — k;
(fiooos fa)
3. In particular, f : (C™, 0) — (C*,0) is flat if, and only if, dim(f~*(0),0) = m — k. If
this holds, (X, 0) := (f1(0),0) is called a complete intersection and (i, f) : (X,0) C
(C™,0) — (Ck,0) is a deformation of (X,0) over (C* 0). If k = 1, then (X,0) is

called a hypersurface singularity.

We recall that if fi,..., fr € A is a regular sequence (on a A-module M, where A is a
ring) if, and only if,

<1> <f177fk>M7éM7
(i) for i =1,...,k, f; is a non-zero divisor of M/{fi,..., fr_1)M

by |39, Definition B.6.2|. Also, if A is a Noetherian ring with maximal ideal m, a A-module
M is called Cohen-Macaulay if depth(M) = dim(M), with depth(M) being the maximal
length of an M-regular sequence contained in m (|39, Definition B.8.1]). With that, we
say that A is a Cohen-Macaulay ring if it is a Cohen-Macaulay A-module.

The definition of a Cohen-Macaulay ring is also related to the concept of a complete

intersection ring. We refer to [39, Definition B.8.9] to present the following definition:

Definition 1.0.2. Let A be a regular local ring and I C A an ideal. Then A/ is called
a complete intersection ring if I is generated by dim(A) — dim(A/I) elements.
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Consequently, any minimal set of generators x1,...,x; of I is an A-regular sequence.
Hence, depth(A/I) = dim(A) — k = dim(A/I), and then any complete intersection ring
is a Cohen-Macaulay ring.

Finally, we say that the germ (X, x) is a complete intersection singularity if the local
ring Ox , is a complete intersection. In this work, we sometimes refer to an isolated
complete intersection singularity as an ICIS.

The following proposition is a result from [47, Proposition 2.1|, and gives us a charac-
terization of ©% when (X, 0) is an ICIS.

Proposition 1.0.3. If (X,0) is the ICIS determined by ¢ = (¢1,...,¢) : (C*,0) —
(C*,0), then

B
8:61 8azn
00, 0o )
@§:Ik+1 axl axn +<¢i%,izl,...,k,jzl,...,n>,
oL i
0o . O
81’1 6xn

where Ij1(A) is the submodule of ©x generated by the (k + 1)-minors of a matrix A.

Lastly, let X be a germ of a reduced curve at (C?,0). We set
QX = Q(%:27O/IXQ(%:2,O + OQdIX

as the set of holomorphic 1-forms on (X, 0), as given in [25, p. 1].

1.1 Holomorphic Foliations

In this section, we give some definitions, examples and known results about holomor-
phic foliations. In particular, the case when a foliation is defined by a holomorphic 1-form,
an object that will appear many times in the next chapters. For a general overview of Fo-
liation theory, we refer the reader to [50], from which the next two results were extracted

(Definition 1.1 and Remark 1.1, respectively).

Definition 1.1.1. Let M be a complex manifold of complex dimension n. A holomorphic
foliation of dimension k, or codimensionn—k, 1 < k <n—1 is a decomposition F on M
in disjoint complex submanifolds (called leaves of the foliation F) of complex dimension

k, bijective immersed, having the following properties:

(i) for all p € M, there exists a unique submanifold L, of the decomposition that
contains the point p (called the leaf by p);

(ii) for all p € M, there exists a holomorphic chart of M (called a distinguished chart
of F), (p,U), pe U, v:U — ¢(U) C C", such that o(U) = P x @, where P and

@ are open polydisc subsets in C¥ and C"~*, respectively;
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(iii) if L is a leaf of J such that LNU # ¢, then LNU = U,cp, , ¥~ (P x {q}), where
Dy is a countable subset of Q. The subsets of U of the form ¢~ '(P x {q}) are
called plaques of the distinguished chart (¢, U). A foliation of dimension one is also
called foliation by curves. In this case, the leaves are Riemann surfaces bijectively

immersed in the ambient manifold.

Remark 1.1.2. A dimension k foliation F in M, induces in M a distribution of planes
of dimension k, denoted by T'F, which is defined by

T,F = T,(L,) = tangent plane at p,
of the leaf F passing by p.

From Definition 1.1.1 (iii), this distribution is holomorphic. It defines a holomorphic
vector sub-bundle of the tangent bundle 7'M, which will also be denoted by T'F.

In [50, Proposition 1.1], we have another two definitions of a foliation, which are

equivalent as the definition above. We enunciate them here as Definition 1.1.3:

Definition 1.1.3. A dimension k foliation F of M can be set equivalent to the following

modes:

(I) Description by distinguished charts: F is given by an atlas of M, {(¢a,U,)/a € A}

where:

(I.1) ¢u(Us) = P, X Q,, where P,,Q, are polydiscs of dimension k and n — k,

respectively;

1.2) if U, N Uz # 0, then the change of charts ¢z o ¢! is locally of the form
B B o

50 %o (Tar Ya) = (hap(Tas Ya), Jap (Ya))-
In this case, the plaques of F in U, are the sets of the form ¢ (P, x {q}).

(IT) Description by local submersions: F is given by an open cover M = | U, and

acA
by collections {ya }aca and {gas}tv.nv,-0, that satisfy:

(I1.1) for all a € A, y, : U, — C"* is a submersion;

(I1.2) if U, N Ug # 0, then y, = gas(ys), where gus : y5(Us NUg) C CF — y, (U, N
Us) C C* is a local holomorphic diffeomorfism. In this case, the plaques of F
in U, are the sets of the form y_'(q), q € V,.

Example 1.1.4. If we consider any decomposition of C" in the form of C* = CF x C**,
that decomposition defines a foliation F of dimension k£ in C". The leaves of F are the
affine subspaces C* x {q}, with ¢ € C*7*.

Example 1.1.5 (Pull-back or inverse image of a foliation). For the next example, first,

we need to define the pullback of a foliation.
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Definition 1.1.6. Let M and N be complex varieties, f : M — N a holomorphic
application and F a foliation of N of codimension k. We say that f is transversal to F if
for every point p € N, the subspace df,(T,M) and T,F generate the tangent space T, N,
where p = f(q). When that happens, there is a foliation in M, denoted by f*(F), of the
same codimension k, whose leaves are the inverse images by f of the leaves of F in N.
The foliation f*(F) is called the pull-back or inverse image of F by f.

The construction of the foliation f*(F) is given by item (II) of Definition 1.1.3.

Example 1.1.7 (Foliations generated by differential 1-forms). Let M be a complex variety
of dimension n and w a 1-form not identically zero holomorphic in M. Let S = {p €
M:;w, = 0} be the singular set of w. In this case, w induces a distribution of hyperplanes
Q2 in open N = M \ S defined by

Q, =kerw, ={v € T,M; w,(v)=0}.

Now, we say that w (or Q) is integrable if there is a holomorphic foliation F in N such
that TF = Q (which means that T,F = ,). It is an established result - known as the
Theorem of Frobenius - that w is integrable if, and only if, w A dw = 0. It is often said
that the foliation F is defined by the differential equation w = 0 and that the leaves of F

are integral submanifolds of this equation.

The foliations generated by 1-forms given in the example above are a fundamental

part of this work. Regarding that, [19, Proposition 2.21]| gives us the following result:

Proposition 1.1.8. A foliation F over C" can be defined by a global integrable holo-

morphic 1-form.

Note that if n is a 1-form such that n = fw, where f is a holomorphic function that
does not vanish in N, then the hyperplane distribution induced by 7 coincides with 2. In

particular, 7 is also integrable and the foliations defined by n = 0 and w = 0 coincide.

Example 1.1.9. Let f: C* — C a holomorphic function. We can associate the differen-
tial equation ¢y = f(z,y) to a foliation F over C" defined by the 1-form

w=dy— f(z,y)dx.

In that case, the leaves of F are precisely the graphs of the solutions of the equation. It

is worth noting that, even when f is a polynomial, little is known about such foliations.

Back to Example 1.1.7, it shows us that a holomorphic differential 1-form integrable
w, defined in a complex manifold M, defines a foliation of codimension one in M \ S,
where S is the singular set of w. With that in mind, we refer to [50, Section 1.4] for our
next results regarding a singular foliation of codimension one that, in a rough way, can

be seen locally as an object defined by an integrable one-form.
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Definition 1.1.10. Let M be a complex manifold of dimension n > 2. A holomorphic
singular foliation of codimension one in M is an object F given by collections {wq }aca,

{Uqs}aca and {gaﬁ}UamUﬂﬂ, such that:

(i) {Us}aca is an open cover of M.

(ii) wy is a holomorphic differential one-form integrable non-identically zero in U,
(ili) gap € O (U, N Us).

(iv) if Uy, NUg # 0 then wy = gap - ws in U, N Up. For each w,, we consider its singular
set given by
sing(wa) = {p € Uy | wa(p) =0} =: S,.

We observe that S, is an analytic subset of U,. From (iii) and (iv) it follows that
Sa NU, NUg = SgNU, NUg. Thus, the union of these S, defines an analytic subset
S of M. This set, denoted by sing(F), is called the singular set of F. We say that two
foliations F and F; coincide if sing(F) = sing(F1) and F|ansing(F) = Fi|m\sing(F)- 10 the
case where sing(F) = (), we see that F is a foliation of codimension one, which we call a

reqular foliation. The next proposition gives us some properties of singular foliations.

Proposition 1.1.11. Let F be a singular foliation of codimension one in M. There exists

a foliation F; in M with the following properties:

(a) the irreducible components of sing(F;) are of codimension > 2, where sing(F;) C
sing(F).

(b) Fi coincides with F in M \ sing(F).

(c) Fi is maximal, that is, if F» is the foliation in M satisfying (a) and (b), then
.FQ = .Fl.

1.1.1 Foliations in (C2,0)

In this subsection, we present some definitions and results of holomorphic foliations
on (C%0).

If F is a foliation on (C?,0), Proposition 1.1.8 gives us that F is defined by a global
integrable holomorphic 1-form w. Then, consider F being defined by

w= A(z,y)dz + B(z,y)dy, (1.3)

where A, B € C{z,y} are relatively prime, with C{x,y} denoting the ring of complex
convergent power series in two variables. Then, we define the order v, of the foliation F
at the point m as

Vi = min{v,,(A), v (B)},
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where v,,,(X) is the order of the first term of the first jet in the Taylor series of X. In
that way, m is a non-singular point of F if, and only if, v,,(F) = 0.
If a holomorphic foliation F is defined by a holomorphic 1-form w = A(z,y)dx +
B(x,y)dy, it is equivalent to say that F is defined by its dual vector field, given by
0 0
=—-B —+ A —.
v (@, y) 5+ (x,y)ay

Now, the concept of non-invariancy of a hypersurface over a 1-form can be given by

(1.4)

the next definition:

Definition 1.1.12. We say that X C (C?,0) is invariant by an 1-form w, if T,X C ker(w,)
for all regular points p on X.

We can define then the invariancy of a curve over a foliation in a similar way of
Definition 1.1.12. Let f(x,y) € C{z,y}. We say that C : f(x,y) = 0 is invariant by F if
T,C C ker(w,) for all regular points p on C. That statement is equivalent to saying that

wAdf = (f-h)dz A dy,

for some h € C{z,y}. If C is irreducible, then we will say that C is a separatriz of F.
We say that the separatrix C' is analytical if f is convergent. We denote by Sepy(F) the
set of all separatrices of F. When Sepy(F) is a finite set, we will say that the foliation F

is non-dicritical. Otherwise, we will say that F is dicritical.

Definition 1.1.13. Let X be a curve not invariant by F. Following [14, Chapter 2,
Section 2|, we can consider the tangency order of F to X at 0 € C*

Oy
(6, v(9))"

where {¢ = 0} is the local (reduced) equation of X around 0, and v is a local holomorphic

tang(F, X,0) = dimc

vector field generating F around 0.

Example 1.1.14. Consider the foliation F, defined by the vector field

and consider X the curve defined by ¢(x,y) = y> — z%. Note that X is not invariant by
F, since F is also defined by w = 2xdy + ydxr and
wAdp = (2xdy + ydx) A (—2xdx + 3ydy)
= (3y® + 42%)dx A dy.

In that case, we have

(¢, v()) = (y* — 2*,42” + 3y®) = (2%, ¢/"),

and with that o
: 2
tang(F, X, 0) = dim¢ ) =6
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Later, we will see that Example 1.1.14 is a particular case of the tangency order of
a foliation defined by an 1-form w = Azdy + ydx, with A # 1 to a curve X defined by
¢ =y — 27 (see Example 2.3.2).

Next, we define reduced singularities of a foliation, an important definition that we

will work in the next topic of this section.

Definition 1.1.15. We say that 0 € C? is a reduced singularity for F if the linear part
Dwv(0) of the vector field v in (1.4) is non-zero and has eigenvalues A\j, Ay € C fitting in

one of the cases:
(i) AiA2 # 0 and :\\—; ¢ Q7 (non-degenerate);
(ii) Ay # 0 and Ay = 0 (or vice-versa) (saddle-node singularity).

This is a known definition for reduced singularities, which can be seen in |14, Definition
1.1] or [50, Definition 1.17], for example. In the case (i), there is a system of coordinates

(z,y) in which F is defined by the equation
w=z(A +a(z,y))dy — y(A2 + b(z, y))dz,

where a(z,y),b(x,y) € C{x,y} are non-units, so that Sep(F) is formed by two transver-
sal analytic branches, given by {x = 0} and {y = 0}. In the case (ii), up to a formal

change of coordinates, the saddle-node singularity is given by a 1-form of the type
w = 2" dy — y(1 + \a¥)da,

where A € C and k € Z" are invariants after formal changes of coordinates (see [53,
Proposition 4.3]). The curve {x = 0} is an analytic separatrix, called strong separatrix,
while {y = 0} corresponds to a possibly formal separatrix, called weak separatrix. The

integer £k + 1 > 1 is called tangency index of F with respect to the weak separatrix.

1.1.2 Blow-Ups

To talk about reduction of singularities, we have to define the process of blow-up (or
explosion), that we shall describe in this section. Our main reference is [50, p. 37].

In this work, we are focusing in defining the blow-up of C? in 0. Consider two copies
of C%, say U and V, with coordinates (¢, z) and (s,y), respectively. We define a complex
manifold €2, identifying the point (t,z) € U\ {t = 0} with the point (s,y) = a(t,z) =
(1/t,tx) € V \ {s = 0}.

A divisor of C? is, by definition, a submanifold D of C? such that U N D = {z = 0}
and VN D = {y = 0}. Note that y = tx, D is well-defined and is biholomorphic to
C=CP(1).

Consider now a holomophic map 7 : C2 — C?2 defined by

7|y (t,x) = (x,tx) and 7|y (s,y) = (sy,y).
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Note that 7 is well-defined, given that in U NV we have y = tx and x = sy. Moreover, 7

has the following properties:

o Teap C2\ D — C?\ {0} is a biholomorphism;
e T is proper.

With all that, we say that C? is the blow-up or explosion of C2 in 0, with the map of
a blow-down .

Now, if 7 : C2 — C? is a blow-down of C? in 0, we can take the expression of 7w for
the chart ((¢,2),U) of C?, and obtain

fom(t,z) = f(z,tz) ija:tx

= I‘k Z l’jikfj(l, t)
j=k
= xka(t, x),

such that
HO)NU ={x =0} U{fy(t,z) = 0}.

In an analogous way, we obtain in the chart ((s,y), V') that
OV ={y=0}U{fv(s,y) =0},

where fy(s,y) Zy] *fi(s,1). Thus, we have that 7—(C) = DUC, where

i=k
C={fuv=0}U{fv =0}
The curve C defined above is called the strict transform of C.

Example 1.1.16. Consider a singular curve C, in C? given by f(z,y) = y*> —2* = 0, and
let 7 : C2 — C2 be the blow-down for C2 in 0. Taking the expression of 7 in the chart
((t,x),U), we obtain

fom= forlu(t,z) = f(a,tx) = 2*(t* — x).

Thus, 771(C) N U consists of the divisor {x = 0} and the strict transform C; of C, with
equation z — t* = 0. It is also not difficult to see that 7=!(C') C U, such that it is not

necessary to consider another chart.

The next result was given in [50, Theorem 1.4] (in which they refer to [18]), and its

proof is obtained by making use of blow-ups:
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Theorem 1.1.17 (Theorem of the separatrix of Camacho-Sad). Let F be a holomorphic
foliation of dimension one in a complex manifold M of dimension two with an isolated

singularity ¢ € M. Then F has a separatrix in q.

Now, consider a holomorphic foliation F in a neighborhood of 0 € C2, with isolated
singularity at 0, and suppose that F is defined by w = A(x,y)dx + B(x,y)dy, as seen in
(1.3). We denote by F* a foliation with isolated singularities obtained from 7*(w). If we
write the Taylor expansion of w in 0 as

o0

w=Y (Ajdr + B;dy),
j=k
where A; and B; are homogeneous polynomials of degree j, with Ay # 0 or By # 0, a
form 7*(w) can be written in the chart ((¢,z),U) as

o0

m(w) =Y _(Aj(z, tx)dz + Bj(x, tr)d(tz))

i=k

=2 ixj—’“[(Aj(l, t) +tB;(1,t))dx — xB;(1,t)dt].

Dividing the formula above by z* we obtain

v (w) = (Ap(1, 1) + tBi(1,0))dx + 2Bi(1, t)dt + - o, (1.5)

where o = Z 2 TF(A;(1,8) +tB;(1,t))dw — 2 B;(1,t)dt]. Similarly, calculating 7*(w)
j=k+1
in the chart ((s,y), V), we obtain

y (W) = (sAk(s,1) + Bi(s, 1))dy + yAx(s, 1)ds +y - 5. (1.6)

When we divide (1.5) by a convenient power of x, we obtain a foliation w;. For example,
if Ap(1,t) +tBi(1,t) = 0, we have that wy = By(1,t)dt + o. In a similar way, we can
obtain ws by dividing (1.6) by y. Hence, the foliation F* will be represented in the first
chart by wy, and in the other chart by ws. For more details of this process, see [50, Section
1.6, p.41].

When we deal with a simple blow-up 7 at 0 € C?, it may occur that 7—!(p) is invariant
or not. We say that 7 is dicritical with respect to a holomorphic foliation F on (C?,0), if
the exceptional divisor 71(0) is not F*-invariant. Otherwise, 7 is called non-dicritical.

In [19, Théoréme 4.6|, it is shown that the blow-ups play a fundamental role in the

process of reduction of singularities.

Theorem 1.1.18. Let F be a germ of a foliation over (C?,0). Then, there exists a
morphism 7 : £ — (C%,0) (with & = 771(0)), given by a finite number of blow-ups of

points, such that every singularity of 7*F is a reduced singularity.
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With that in mind, we can define generalized curve foliations:

Definition 1.1.19. A generalized curve foliation is a foliation F defined by a vector
field v whose reduction of singularities admits only non-degenerate singularities with non-

vanishing eigenvalues.

The concept of a generalized curve foliation was defined by Camacho-Lins Neto-Sad,
in [17, p. 144]. The reduction of singularities is the process described in Theorem 1.1.18,
first achieved by Seidenberg ([64]) and also by Van den Essen ([29]) using the notion of
intersection multiplicity.

To present a property of generalized curve foliations, we say that a formal first integral

for a germ of holomorphic foliation F at 0 € C? is a formal series

flay) =" fya'y’ € Clz,y}

1,j=0

such that d f A w = 0 as a formal expression, where w is the holomorphic 1-form defining
F. It can be shown that, if 7 admits a formal first integral, then it is a generalized curve
foliation ([63, p. 83]).

1.1.3 Global Foliations

To end this section, we present some notions on global foliations. The main reference
to this section is [14, Chapter 2|. Let S be a compact complex surface and let {U;};e; be
an open covering of S. A holomorphic foliation F on S can be described by a collection

of holomorphic 1-forms w; € Q4(U;) with isolated zeros such that
w; = gijw; on U,L N Uj, Gij € OE(U,L N Uj),

which means that each g;; is a nowhere vanishing holomorphic function. The singular set
Sing(F) of F is the finite subset of S defined by

Sing(F) N U; = zeros of w;, Vj € 1.

We say that a point ¢ € S is a regular point if ¢ ¢ Sing(F). The functions {g;;}
form a multiplicative cocycle - i.e., g;; is the identity and g;; o gjz = g for all different
i,j, k - that defines a line bundle (a complex vector bundle of rank 1) Nz on S, called the
normal bundle of F, and its dual Nx is called the conormal bundle of F. The foliation
gives rise to a global holomorphic section of Nz ® TS, with finite zero set and modulo

multiplication by O%(5), and to an exact sequence

0=>Nr =TS =TIy -Tr — 0,
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where Tz is a line bundle on S, called the canonical bundle of F, and Z is an ideal sheaf
supported on Sing(F). The dual T of Tk is called the tangent bundle of F. These line
bundles are related to each other in the following way

Ks=T:® NE,

where K is the canonical bundle S, i.e., the line bundle of S whose sections are the

2-forms on S:

Kg=T"SNT*S.

Finally, we present the next two propositions, according to [14, Propositions 2.1 and
2.2|. In the first one, the indice p,(F), which represents the Milnor number of the foliation
JF and that appears in Proposition 1.1.20, will be defined in the next section of this chapter.

Proposition 1.1.20. Let F be a foliation on a compact surface X. Then
> w(F)=Tr - Tr + Tr - Kg + c2(X),
pESing(F)
where c2(X) represents the second Chern class of X.

Proposition 1.1.21. Let F be a foliation on a complex surface S, and let X C S be a

compact curve, each component of which is not invariant by F. Then

> tang(F,X,p) = Nr - X — x(X),

p€ESing(F)NX
where x(X) = —Kg- X — X - X is the virtual Euler characteristic of X.

Remark 1.1.22. In Proposition 1.1.20, we mentioned the (second) Chern class of X, a
subject that comes from the study of the Chern-Weil theory of characteristic classes that,
due to its extension, will not be covered here. In a simpler way, we define a Chern class
¢;(E) of a complex vector bundle E in a manifold M by

ci(E) = [p@' (g@ﬂ e H%L(M),

where P is an invariant polynomial of degree k£ and © is a curvature operator. For a more

detailed definition of Chern classes, we refer the reader [41, Chapter 3, Section 3].

1.2 Indices

In this section, we give the definition and a few properties of important indices that
will be fundamental to comprehend this work: the Milnor and Tjurina numbers, the
GSV-Index, and the Bruce-Roberts numbers.
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1.2.1 Milnor numbers

The terminology "Milnor number" can refer to foliations, hypersurfaces, and many
other mathematical objects. Here, we first present the classical Milnor number of a
function f defined in [56, Section 7].

Definition 1.2.1. The Milnor number p,,(f) of the isolated zero m is the degree of the
mapping

V/iz)

z _

IVf)I

from a small sphere S, centered at m to a small sphere of the unit sphere of C", where

fiCr = C.

In the same work (|56, Appendix B]), it is also shown that the Milnor number can be
computed as the length of the quotient of C{z1,...,z,} by the Jacobian ideal of f. In

other words,

C e T
fom(f) = dime a{f“ >;f}.

In particular, by [22, Theorem 6.6.3], if n > 1 and f have an isolated critical point at

0, then the Milnor number of f can be written as

On

po(f) = dime <ﬁ a7 >, (1.7)

oxy Oz,

where O,, represents the local ring of holomorphic functions from (C",0) to (C,0). The
name "Milnor number" is given after the author of [56], although in that work this indice
is simply called the multiplicity pu.

As a consequence of this result, we have that the Milnor number is an invariant of a
hypersurface with isolated singularity of the form (X,0) = (f~!(0),0). The next result,
proven in [22, Lemma 6.6.4], states that formally:

Lemma 1.2.2. Let f,g : (C",0) — (C,0), with n > 1, be holomorphic functions with
isolated singularity such that f=1(0) = ¢='(0). Then, uo(f) = po(g)-

With that, we can present the definition of the Milnor number of a hypersurface.

Definition 1.2.3. Let (X, 0) be a hypersurface with isolated singularity at (C*,0), n > 1.
The Milnor number of (X,0) is defined as

po(X) = po(f),

where f : (C",0) — (C,0) is any reduced holomorphic function such that f~1(0) = X.
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Namely, the Milnor number of a hypersurface is the Milnor number of the function
that defines it, and that does not depend on the choice of the function. Moreover, in this
work, we will also write f~1(0) = X as X = {f = 0}.

An important property of the Milnor number is its topological invariance. For that, we
present that definition formally (along with the definition of analytical invariance, which

we are going to use later), as given in [39, Definition 3.30]:

Definition 1.2.4. Let (X,z) C (C" z2) and (Y,w) C (C", w) be two germs of isolated

hypersurface singularities.

1. (X, z) and (Y, w) (or any defining power series) are said to be analytically equivalent
(or contact equivalent) if there exists a local analytic isomorphism (C", z) — (C", w)

mapping (X, z) to (Y, w). The corresponding equivalence classes are called analytic

types.

2. (X, z)and (Y, w) (or any defining power series) are said to be topologically equivalent
if there exists a homeomorphism (C", z) — (C", w) mapping (X, 2) to (Y,w). The

corresponding equivalence classes are called topological types.

3. A number (or a set, or a group, ...) associated to a singularity is called an analytic
(respectively topological) invariant if it does not change its value within an analytic

(respectively topological) equivalence class.

With that, we observe that the Milnor number is a topological invariant of complex
hypersurfaces with isolated singularities, as proved in [69, Theorem 2.1].

Now, consider V' a hypersurface that has an isolated complete intersection singularity
(an ICIS) at 0, defined by a germ

h=(g1,...,gr) : (C"™%. 0) = (C*,0). (1.8)

Then, the Milnor number of an ICIS can be defined in a similar way to Definition
1.2.1, as established in |60, Section 1|: for a small enough ¢, the fiber

X, = f1(t)NB.,

where 0 < |t| < €, and B, is the ball centered in 0 and radius ¢, is called the Milnor fiber
of (V,0). In this case, Hamm [43] establishes that the Milnor fiber of (V,0) possesses the
homotopy type of a bouquet of spheres of the same dimension dim(V,0) = n. We also
denote by b, (X;) the middle Betti number of the Milnor fiber.

Definition 1.2.5. The Milnor number of the ICIS (V,0), denoted as (V') (or po(h) and
to(gi, - - -, gx), according to (1.8), is defined by

po(V) = ba(Xa),

representing the number of these spheres.
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With that, we can present the Lé-Greuel formula for the Milnor number of an ICIS,
that generalizes (1.7), as seen in [12], [68] or [22, Theorem 6.6.8]:

Theorem 1.2.6 (Lé-Greuel formula). If gy,...,gx and f are holomorphic map germs
(Cm R+ 0) — (C,0) such that h = (g1,...,gx) and (h, f) define isolated complete inter-

section germs, then their Milnor numbers are related by

On—l—k,O

(hy I (b, )

where Ji11(h, f) denotes the ideal generated by the determinants of all (k + 1)-minors of

po(h) + po(h, f) = dimg

g1 Og1
8_3171 o OZp k1
G G
(9_951 o OTniks1
of of
a_56'1 o OTniks1

In dimension two, the definition of the Milnor number is equivalent to the definition
of the intersection multiplicity. By introducing this definition, our main goal is to make
easier the calculation of the Milnor number through the properties of the intersection
multiplicity. We refer to [19, Section 4.2.2] to the next results, but also to [33, Section

3.3] to some properties.
Definition 1.2.7. Let a,b € O,, or two principal ideals aQ, and bQ,. The intersection
multiplicity io(a,b) is, by definition

O,

io(CL, b) = dlm(c m

Although the intersection multiplicity can be defined on the ring of holomorphic func-
tions around a point m, our focus here will be on holomorphic functions on (C? 0). The

intersection multiplicity has the following properties:

1. dg(a,b) = ig(b, a);
io(aa’,b) =ig(a,b) +ig(d’,b);
b
io(a,b) = 0 if, and only if a(0) # 0 or b(0) # 0;
b

(
i
io(a,b) < oo if, and only if a and b don’t have common factors;
o
io(a,b) =ig(a,b+ kia) and ig(a,b) = ig(a + kb, b), with ki, ky € C{z,y};

2 owos

If a = ¢pz™ and b = ¢,y", with m,n > 1 and ¢,,, ¢, € C, then ig(a, b) = mn.

With that definition, we have that po(f) = i0(fs, fy), when f € Os.
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Example 1.2.8. Consider the polynomial f(z,y) = 2° + 2%y + y*. We are going to

compute the Milnor number of f using the properties of the intersection multiplicity:

po(f) = io(fz>fy)

= dim O
B (bt 4 2zy, 2% + 4y3)
= dim O
B c (x(bx3 + 2y), 22 + 4y3)
. 02 . 02
= dime ——2—— +d
Hie (x, 22 + 4y3) - dime (53 + 2y, 2% + 4y3)
. 02 . 02
= dime (x, 22 +4y3 —z - x) + dime (5a® + 2y — br(a? + 4y3), 22 4 4y3)
. 02 . 02
= dime ——2— +d
e sy T Sy T 2008, 27+ 4gP)
. O, . O,
=3+d dimg —————
dime (2 = 20xy?, 22 + 4y®) dime (y, 22 + 4y°)
O,
=34+0+di
AR TR
=34+2=05.

As an application of the Milnor number and the intersection multiplicity in dimension

two, we refer to [34, p. 3| to present the following definition:

Definition 1.2.9. Let ¢ € O, and consider | = ay — bx € C{z,y} a regular parameter
that does not divide ¢, for (a,b) # (0,0). We call the polar of ¢ with respect to

_ 090l 0¢pal _ 0¢ 0
Pil9) = oxdy Oyodxr e +b0y'

With that, we refer to [34, Corollary 3.4] to enunciate the next proposition, that is a
result first proved in [66, Chapter II, Proposition 1.2].

Proposition 1.2.10. (Teissier’s Lemma) Let ¢ € Oy, and consider | = ay —bx € C{x,y}
a regular parameter that does not divide f, for (a,b) # (0,0). Then, for X = {¢ = 0},

po(X) = do(@, Pi(@)) —io(0,1) + 1.

Moreover, we observe that, in |71, Theorem 6.5.1], it is shown that the Milnor number

of a product of two functions f, g € O, satisfies

1o(fg) = po(f) + polg) + 2i0(f,9) — 1. (1.9)

Our next step is to define the Milnor number for holomorphic 1-forms. Based on |17,

Section 2|, we present the following:
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Definition 1.2.11. The Milnor number of a holomorphic 1-form w, defined by w =

Z A;(z)dz;, with an isolated singularity at 0 € C", n > 2, is defined as follows:
j=1

, On
,U()(W) = dlm(c m

Thus, the Milnor number of a foliation F is given by po(F) = po(w), where F is
a foliation by curves in dimension two defined by an integrable holomorphic 1-form w.
Moreover, an important property of the Milnor number of a foliation by curves is that
tp(F) is a topological invariant when (X, 0) is an isolated hypersurface singularity, and
n > 2, as shown in [17, Theorem A]. In that case, that means that, if 7 and F’' are
one-dimensional holomorphic foliations locally topologically equivalent at p and p’, re-
spectively, i.e., there is a homeomorphism ¢ between neighborhoods of p and p taking
leaves of F to leaves of F', with ¢(p) = p/, then

fip(F) = Np/(f/)-

In the literature, the Milnor number of w at 0 € C" can sometimes be denoted as
ind(w; C™,0), and referred to as the Poincaré-Hopf index of w at 0 € C™; see, for instance,
[28, Definition 5.2.3].

The Milnor number defined above has some properties. In particular, let’s work with
the case where F is a holomorphic foliation in (C?,0). Then, we can define the Milnor
number of F using the 1-form w that defines F, but also notice that F is defined by a

0 0
vector field v = —B(x, y)a— + A(:r;,y)a—, as shown in (1.4). Then, we have
T Y

1. puo(F) =0 if, and only if, v(0) # 0;
2. 0 < po(F) < oo if, and only if, 0 is an isolated singularity for v;

3. wo(F) = 1if, and only if|

—0B(0,0) —0B(0,0)
ox dy

0A(0,0) 0A(0,0)
ox dy

det #0.

We also remark that in [17, p. 146| it is proved that the properties above are valid

= 0
when F is defined by a holomorphic vector field v = E Vig defined in an open set of
Zq
i=1

0v; (0
C", n > 2. In that case, (3) can be rewritten as po(F) = 1 < det (M) £ 0.
Zj /1<ij<n
Another property of the Milnor number of a foliation F, is given in [36, p. 1440],
and gives us a lower bound of po(F) in terms of the algebraic multiplicity of F. Writing
v =1(F), it is given by
viv+1)

po(F) > 5

(1.10)
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Example 1.2.12. The Milnor number 4(F) of a foliation F at 0 € C?, defined by the
I-form w = A(x, y)dx + B(x,y)dy, is given by

O,
(A, B)

po(F) = po(w) = dimg

In [19, Definition 4.11], the definition above is given making use of the intersection
multiplicity, as
/Lo(f) = ’io(A, B)

An important result about generalized curve foliations, defined in Definition 1.1.19,
can be given by making use of the Milnor number of a foliation. Assuming that the
foliation F is non-dicritical at 0 € C?, and denoting by C' = Sepy(F) the union of the

separatrices of F, in [17, Theorem 4] the following theorem is proved:

Theorem 1.2.13. Given a germ of a non-dicritical holomorphic foliation F at 0 € C2,
one has uo(F) > po(C). The equality holds if, and only if F is a generalized curve

foliation.

Lastly, we have a way to describe how the Milnor number of a foliation of dimension
two behaves under a blow-up. The next proposition was first demonstrated by Mattei-

Moussu [54], but here we follow the approach given in [19, Proposition 4.13|:

Proposition 1.2.14. Let 7 : (CQ,S) — (C?,0), be the blow-up of center ¢, where £ =
771(0). Writing F = 7*F, and by v = 1(F) the algebraic multiplicity of F, where F is

a foliation on (C?,0), we have that

vVi—(v+1)+ Z i (F) if 7 is non-dicritical;

o(F) = e .
(v+1)2—(v+2)+ Z pp(F)  if m is dicritical.

pemn=1(0)
Speaking of blow-ups, we observe that a relation between the Milnor number of an

irreducible curve and its blow-up is also known. From |72, p. 4], we have

fo(X) — 14(X) = mi(m — 1), (1.11)
where m is the multiplicity of X, sometimes denoted by 14(X) and X stands for the strict
transform of X at g € 771(0).

1.2.2 Tjurina numbers

In this section, our main subject is the Tjurina number. It was first defined in [67],
as the dimension of the base space of a semi-universal deformation of a hypersurface.
Despite not being called "Tjurina number" in that work, the name came after the author,
G. Tjurina. Here, we are going to focus on an equivalent definition of this index in the

case of a hypersurface. For that, we refer to [39, Definition 2.1]:
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Definition 1.2.15. Let C = {f = 0} be a germ of a reduced hypersurface, with f €
C{z1,...,x,}. Then, the Tjurina number of (C,0) is defined as

C{le,...,xn}
of  of\
"0z Oxy,

While the Milnor number is a topological invariant, a known property about the

70(C) = dim¢

Tjurina number is that it is an analytical invariant. We give an example that shows that

the Tjurina number 7 is not a topological invariant.

Example 1.2.16. Consider the holomorphic functions f = 4% — 2" and g = v — 2"+ 2%y.
In [39, Example 3.43.1(a)|, it is shown that f and g are topologically equivalent. As
expected, we have po(f) = po(g) = 12. However, f and g are not analytically equivalent,
since 79(f) = 12 and 79(g) = 11.

Remark 1.2.17. The computations above were made using the software Singular ([24]).
Singular will be referred to more times in this work, since it is a very important tool in

our algebraic calculations. The codes used to compute Example 1.2.16 are shown below:

ring r=0,(x,y),ds; // local ring

poly f=y3-x7; // £

poly g=f+xby; // g

LIB "sing.lib"; // package with commands "milnor" and "tjurina"

V V V V

\

milnor(f); // Milnor number of f
12

> milnor(g); // Milnor number of g
12

> tjurina(f); // Tjurina number of f
12

> tjurina(g); // Tjurina number of g
11

In particular, when (X,0) C (C",0) is an isolated singularity hypersurface defined by

f € O,, we have
O,

af af \’
<f%a$>

T()(X) = dlm(c
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A characterization of the Tjurina number for an ICIS was given in [47, Proposition
4.6] (and also demonstrated in [65, Theorem 2.3| by Tajima, but with a different proof).
When (X, 0) is an ICIS, then

©
To(X) = dln’l(c

X
—. (1.12)
0%

Now, observe that when X is an irreducible curve, there is a relation of the Tjurina
numbers through a blow-up (defined in Section 1.1.2). As the one shown in (1.11) for

Milnor numbers, [72, p. 4] gives us that

- m(m — 1)

7(X) = 7(X) = =5—= +D, (1.13)

~ %

where, again, m is the multiplicity of X and D = dim¢ U*TX, where ¢ : (X,0) — (X,0)
0"3dlx

is the normalization, and ¢ = 7 o &, with 7 being the strict transform of X. A better

study of these concepts is given in |72, Section 2|. In this work, we highlight that the

construction of |72, Section 2| reveals that such D can be seen in terms of Milnor and

D= (TO(X) — @) — (n)(f() — @) . (1.14)

Now, we present a definition of the Tjurina number of a 1-form with respect to a

Tjurina numbers, as

curve, in a definition that is similar to the one that appears in [32, p. 24]. In that case,

we request a curve that is invariant by the 1-form.

Definition 1.2.18. Let V = {f = 0} be a germ of complex analytic hypersurface with

an isolated singularity at 0 € C". The Tjurina number of w = Z A;(2)dz; with respect
j=1
to V, when V is invariant by w, is defined as follows:

On
<Al>"'7An7f>‘
By the definitions above, it is easy to see that 7(X) < ug(X) and 79(w, V') < po(w).

We observe that the Tjurina number 7y(v, V') of a holomorphic vector field v with an

To(w, V) = dimc (1.15)

isolated singularity on a complex analytic hypersurface V first appears in |38, Theorem
2], but is referred to as ho(2v,, X). We believe that the term "Tjurina number" first
appeared in the context of foliations in [20, Remark 7|. To end this section, we refer to

[32, Example 6.9] to present an example that calculates 7o(F, V).

Example 1.2.19. Consider w = 4zydx+ (y —22%)dy a 1-form defining a singular foliation
F at (C%0). We consider the curve C' = {y = 0}, which is the unique separatrix of F.
With that, we get

OQ 02

Azy,y—22%y) ¢ (=212 y)

To(F,C) = dimg¢
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1.2.3 GSV-Index

In this section, we define several numbers that can be named GSV-index, named after
X. Goméz-Mont, J. Seade e A. Verjovsky [37|. The ideia of its definition is to generalize the
Poincaré-Hopf index and inherit its stability under perturbations - which means that, if we
approximate a given vector field by another vector field that only has Morse singularities,
then the local index of the initial vector field equals the number of singularities of its
Morsification (counted with signs).

In our first definition of this section, we will consider f = (fi,..., fx) : (C",0) —
(C*,0) a holomorphic mapping germ defining an ICIS (X, 0) = (f71(0),0). Since 0 is an
isolated singularity of X, the complex conjugate gradient vector fields V fi,...,V f; are

linearly independent away from the origin, and

o, _ (9  Ofi
9= (2.7,

We will also need the following definition, given in [11, Definition 1.3.1]:

Definition 1.2.20. An r-field on a subset A of M is a set v = {vy,...,v.} of r
continuous vector fields defined on A. A singular point of v(") is a point where the vectors

(v;) fail to be linearly independent. A nonsingular r-field is also called an r-frame.

We denote by W™ the Stiefel manifold of complex r-frames in C™. In the case where
these frames are orthonormal, we denote the Stiefel manifold by W7 (m).
On an ICIS, [11, Section 3.2] define the GSV-index as follows:

Definition 1.2.21. Consider the set {v, Vfi,...,V f}, which forms a (k + 1)-frame on
X \ {0}, where v is a continuous vector field on X, singular only at the origin. The
GSV-indez of v at 0 € X, denoted by indggy(v, X, 0) is the degree of the map

Dy = (v,vfl, o ,vfk) K — Wk+1(n+ k),

where K = X NS, represents the link of 0 in X, and W**(n + k) denotes the Stiefel

manifold of complex (k + 1)-frames in C"**,

In [37, Theorem 4.5, the authors managed to show that the GSV-index is a topological
invariant, in the case where (X, 0) is an isolated hypersurface singularity in C**! n > 2.

Also, as stated above, the GSV-index generalizes the Poincaré-Hopf index, as shown in
[11, Theorem 3.2.1]:

Theorem 1.2.22. The GSV-index of v at 0 is equal to the Poincaré-Hopf index of v in
the Milnor fiber M; of X = {f = 0}:

iIldGS\/(U, X, O) = iIlde(U, Mf)
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Using [11, p. 47| as a reference, the Milnor fiber M can be regarded as a compact
2n-manifold with boundary OM; = K.
In [42], [26, Section 2|, Ebeling-Gusein-Zade introduced the notion of the GSV-index

for a 1-form w with respect to X, in a similar way to Definition 1.2.21:

Definition 1.2.23. The index Indgsy(w; X,0) of the 1-form w on the ICIS X at the

origin is the degree of the map
U = (w,df1,...,dfz) : K — W (n).

We observe that Indggy(w; X, 0) is finite if and only if the 1-forms w, dfy, ..., dfy are
linearly independent for all points over K. According to [42] or |28, Theorem 5.3.35], the
index Indggy (w; X, 0) can also be defined as

Indgsy(w; X,0) = dimg %v

where [ is the ideal generated by fi, ..., fx and the (k4 1) x (k + 1)-minors of the matrix

oh . 9K
8.731 3xN

w : :

do) | Of - Of |
0xy oxrn
A o Ay

where ¢ = (f1,..., fr). The definition of this GSV-index can also be stated as

On

w
Ix +1
o (2)

where Iy denotes the ideal of germs of holomorphic functions vanishing on (X,0) and

Indgsy (w; X, 0) := dimg¢ (1.16)

I q ;) represents the ideal generated by the (k + 1) x (k + 1)-minors of the matrix

(o)

Example 1.2.24. Set k =1, n = 1 and N = 2 in the definition above. Then, X is a
hypersurface, and we can write w = Adx + Bdy. We also consider X = {¢ = 0}. Then,
I is generated by ¢ and the 2 x 2 minors of

o¢ 09
or 0Oy
A B
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ie., [ =(¢,52B — %2A). Then, we have

O,

(0.528 - 524)

Indgsv(w; X, 0) = dlm(c (117)

In that example, we can see that in dimension two, the GSV-index is equivalent to
the tangency order of F to X. In fact, according to Definition 1.1.13, we have

O,
<¢, ~B% 4 Ag—ﬁ>

Example 1.2.25. Let n = 2,k = 1, f(z,y) = * + y* and consider the 1-form

tang(F, X, 0) = dimg¢

== dlm@ = Indgsv(w; X, 0)

O,
(@, v(0))

w = 3y’dx — 2xdy.

The form w on X = {f = 0} has an isolated zero at the origin. In [26, p. 6], it is shown

that the degree of the map
(w,df) : K — W?(2)

is 6, and then, Indgsy(w; X,0) = 6. Here, we are going to show that by computing the
right side of (1.16). With that, we have

O,

Iy + 1y (;‘;)

O,
(2 + 93, —42® — 9y*)
O,
(22, y3)

Indgsy (w; X, 0) = dimg¢

= dlm@

= dlm(c
= 6.

Now, consider the case where X is an isolated singularity hypersurface defined by

¢:(C"0)— (C0). fw= ZAjdzj, then we can write
j=1
On

IndGSV (w; X, O) = dlm(c
(&, 52 Ak — g Aj) Gyen

(1.18)

where A = {(j,k); 7,k =1,...,n, j # k}. Moreover, according to Lé-Greuel formula
(Theorem 1.2.6), when f : (C™",0) — (C,0) is a holomorphic function with an isolated

singularity on (X, 0), we have

Indgsv(df; X,0) = po(X) + po(e, f). (1.19)

For another application of that GSV Index, we present some definitions and known

results about the radial index and the local Euler obstruction of a 1-form. We refer to [28,
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Sections 5.3.1 and 5.3.5] for the following propositions and definitions. Here, our focus
is on the case of complex hypersurfaces with an isolated singularity, but a more detailed
study of these subjects can also be seen in that reference. But first, we recur to |70,
Sections 4.1 and 4.2| to define the Whitney stratification of a subset of a differentiable

manifold.

Definition 1.2.26. Let Z be a closed subset of a differentiable manifold M of class C*.
A C* stratification of Z is a filtration by closed subsets

L =04gD Ly 227212 2

such that each difference Z; — Z;_; is a differentiable submanifold of M of class C* and
dimension 7, or is empty. Each connected component of Z; — Z; 1 is called a stratum
of dimension i. Thus, Z is a disjoint union of the strata, denoted {X,}aca, and Z is a
stratified set.

Definition 1.2.27. The pair (X,Y) is said to satisfy Whitney’s condition (b) at y € Y,
or to be (b)-regular at y if: for all sequences {z;} € X and {y;} € Y with limit y such
that, in a local chart at y, {7}, X} tends to 7 and the lines Z;y; tend to A, one has \ € 7.

When every pair of adjacent strata of a stratification is (b)-regular (at each point)

then we say that the stratification is (b)-regular. Hence, we have the next definition:

Definition 1.2.28. Let Z be a closed subset of a differentiable manifold M of class

C'. When Z = U X, is a locally finite (b)-regular stratification satisfying the frontier

acA
condition, we say we have a Whitney stratification of Z.

Now, let V' be a closed (real) subanalytic variety in a smooth manifold M, where M is
equipped with a (smooth) Riemannian metric. Consider also V' = U!_,V; be a subanalytic
Whitney stratification of V, and w be the germ at p € CV of a (continuous) 1-form on
(V,p). For each p € V, set V{,y = V; be the stratum containing p. Then, a point p € V
is a singular point of w if the restriction of w to the stratum V|, containing p vanishes at
the point p. With that, we present the following definition:

Definition 1.2.29. The germ w of a 1-form at the point p is called radial if, for all
e > 0 small enough, the 1-form is positive on the outward normals to the boundary of the

e-neighborhood of the point p.

Let p € V; = V), dimV|;) = k, and let  be a 1-form defined in a neighborhood of
the point p. As above, let N; be a normal slice (with respect to the Riemannian metric)
of M to the stratum V; at the point p and h a diffeomorphism from a neighborhood of
p in M to the product U;(p) x N;, where U;(p) is an e-neighborhood of p in V;, which is
the identity on Uj(p). A 1-form n is called a radial extension of the 1-form nly, , if there

exists such a diffeomorphism A which identifies n with the restriction to V' of the 1-form
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7r1‘17\v(p> + Wgnﬁ\?id, where m; and 7, are the projections from a neighborhood of p in M to

Vip) and N; respectively, and n}“\?f is a radial 1-form on ;.
For a 1-form w on (V,p) with an isolated singular point at the point p there exists a

1-form @ on V such that

1. @ coincides with w on a neighborhood of the intersection of V' with the boundary

0B, of the e-neighborhood around the point p;
2. the 1-form @ has a finite number of singular points (zeros);

3. in a neighborhood of each singular point ¢ € VN B, q € V;, the 1-form @ is a radial

extension of its restriction to the stratum Vj.

Definition 1.2.30. The radial index Ind,aq(w; V, p) of the 1-form w at the point p is

Indrad(w; V7 p) - Z ind(ajh/(q); ‘/(q)u Q)a
q€Sing(®)
where ind(@ly,,,; V(g), ¢) is the usual index of the restriction of the 1-form @ to the stratum
Vig), see |28, Definition 5.2.3|.

By [28, Proposition 5.3.9|, we can state that the radial index Ind,aq(w;V,p) is well-
defined. Also, it follows from the definition that Ind,.q(w;V,p) satisfies the law of con-
servation of number, i.e., if a 1-form w’ with isolated singular points on X is close to the

1-form w, then
Indmd (w7 ‘/7 O) = Z Indrad (w/; Vv q)a

geSing(w’)
where the sum on the right-hand side is over all singular points ¢ of the 1-form w’ on V
in a neighbourhood of the origin. Moreover, it is valid a Poincaré-Hopf type theorem |28,
Theorem 5.3.10]: for a compact real subanalytic variety V' and a 1-form w with isolated

singular points on V', we have
> Indra(w; V) = x(V),
g€Sing(w)

where x (V') denotes the Fuler characteristic of the space (variety) V.
Finally, we can prove a relation between Ind(w; X, 0) and Ind,.q(w; V, p). For a 1-form

w, we have the following proposition, proved in |27, Proposition 2.§].

Proposition 1.2.31. For a 1-form w on an ICIS (V,0) we have
Indgsv (w; V, 0) = Indrad(w; ‘/, O) + ,Uo(V).

Now, we define the local Euler obstruction of a singular point of a 1-form following
[28, Section 5.3.5]. The initial idea was given by MacPherson [52|, who defined the Euler
obstruction of a singular point of a complex analytic variety. For a recent reference where

the reader can find an explicit definition, we refer [16].
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Definition 1.2.32. The local Euler obstruction Eu(w;V,0) of the 1-form w on V at
0 € C¥ is the obstruction to extend the non-zero section @ from the preimage of a
neighborhood of the sphere S. = 0B. to the preimage of its interior. More precisely, its
value (as an element of the cohomology group H*"(v~(V N B.),v~4(V N S.),Z)) on the
fundamental class of the pair [(¢v~(V N B.), v~V N S.))].

The Euler obstruction of a 1-form can be considered as an index. In particular, it
satisfies the law of conservation of number - just as the radial index - and, on a smooth
variety, the Euler obstruction and the radial index coincide. We set x(Z) := x(Z) — 1
and call it the reduced (modulo a point) Euler characteristic of the topological space Z
(though, strictly speaking, this name is only correct for a non-empty space Z). Hence,

we have the following result from [28, Proposition 5.3.32]:

Proposition 1.2.33. Let (V,0) C (CV,0) have an isolated singularity at 0 € CV and let

¢ : CN — C be a generic linear function. Then
Ind,aq(w; V;,0) — Eu(w; V,0) = Indyaq(dl; V,0) = (—=1)""1x(My),

where M, is the Milnor fiber of the linear function ¢ on V. In particular, if f is a germ of

a holomorphic function with an isolated critical point on (V,0), then

Bu(df; V,0) = (=1)"(x(Mz) — x(My)),
where My is the Milnor fiber of f.

Back to foliations, let F be a germ of a singular holomorphic foliation at 0 € C2
defined by the holomorphic 1-form w, and let V' = {f = 0} be an F-invariant curve,
where f € Oy. Then, we can establish our next result (we are enunciating the result in
[50, Lemma 3.1], but it is also presented in [62, (1.1)]):

Lemma 1.2.34. There exist holomorphic functions g, h and a holomorphic 1-form 7,
defined in a neighborhood of 0, such that

gw = hdf + fn, (1.20)
where h #Z 0 # g on each branch of V.

We remark that, in that lemma, f is relatively prime to g € Oy and h € Oy. With
this context, we can define our next index. It was introduced in [37], but here we follow

the presentation of [15, Section 3].

Definition 1.2.35. The Godmez-Mont-Seade—Verjovsky index of the foliation F at the

origin with respect to V' is given by

1 h

where OV is the link of V at 0 € C? and g, h are given by (1.20).
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In the next proposition, we enunciate a characterization of the index defined above
that can be seen at [32, Proposition 6.2]. We also remark that this result is a particular
case of [38, Corollary 2.7].

Proposition 1.2.36. Let F be a singular foliation at (C%,0) and V be a reduced curve

of separatrices of F. Then
GSVo(F, V) = 70(F, V) = 1o(V). (1.21)
We also have the following results by [15, Propositions 6 and 7|:

Proposition 1.2.37. If S is a non-dicritical separatrix of the foliation F, then
GSV(F,S) > 0.

Proposition 1.2.38. If the singularity of F at 0 is a generalized curve and if S is the

union of all separatrices of F then
GSV(F,S) =0.

Example 1.2.39. We use the Example of [15, p. 538]| to illustrate Proposition 1.2.36.

Let F be generated by the normal form of a saddle-node, i. e.,

w=2""dw —w(l + \F)dz, p> 1,1 € C.
, dz dw
Then, we have dw = A Aw, with A = (p+ 1)? + - If S; ={z=0} and S, = {w = 0},
we have, again by [15, p. 538|,

GSVQ(,F, Sl) = 1, GSVO(]:, SQ) :p+ 1.

Now, we compute the Tjurina numbers. It is not difficult to see that 7(S1) = 70(52) = 0,

and for the Tjurina numbers of w with respect to S; and S,, we have

02 02

7'0(.7, Sl) = dlm(c <Zp+1’w(1 T )\Zp),z> = dlm(c <’LU,Z> =1
and
: O, :
10(F, S2) = dim¢ (L + Ae), ) = 1m@< ) =p+ 1
Thus,

To(f, Sl) —T()(Sl)
To(F, SQ) —T(](SQ)

1 = GSVy(F,51)
P+ 1= GSVO(.F, SQ),

and then (1.21) is satisfied.
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1.2.4 Bruce-Roberts numbers

The Bruce-Roberts number associated with f relative to (X,0) was originally intro-
duced by J. W. Bruce and R. M. Roberts in [13, Definition 2.4] (but named in this work as
the multiplicity of f on X), and studied by many authors - see, for example, [3], [8], [10],
[23], [44], |47], |48], [57], [58] and [59]. This number, denoted by ugr(f, X), is defined as

follows:

Definition 1.2.40. Let f € O, and (X,0) be a germ of a complex analytic variety at
(C™,0). The Bruce-Roberts number of f with respect to X is given by
(@)
X) = di "
,uBR(f7 ) mc df(@)()’
where O is the O,-submodule of ©,, defined in (1.1).

We remark that the definition above is the same as in [13, Definition 2.4], but with
a different notation, similar to the definition of the Bruce-Roberts number in [58, Defi-
nition 2.1|, for example. It is worth noting that some authors refer to puggr(f, X) as the
Bruce-Roberts’ Milnor number of f with respect to X. We also remark that, if df(©x)
has finite colength, then J(f) - the Jacobian ideal of f - also has finite colength, and
then upr(f, X) > uo(f), since df(©x) C J(f). In particular, when X = C", df(0,,)
corresponds to the Jacobian ideal of f which is generated by the partial derivatives of f

in O,,. Consequently,

<8f O 8f> = po(f)-

ox," 7 0wy,

In other words, upr(f,C") coincides with the classical Milnor number po(f) of f.

per(f,C") = dimc = dimc

Oy
df (©n)

Moreover, if X is the germ of a complex analytic subvariety at (C",0), then ugg(f, X)
is finite if, and only if f has an isolated singularity over (X, 0). The following example is

given in [10, Example 2.4].

Example 1.2.41. Let X = {(x,y,2) € C? : xyz = 0} and let f € O3 be given by
f(z,y,z) = zy + xz + yz. We observe that

o[22 0 0
X — I8x7y8y’282 9

and then df (O x) = (xy+xz,xy+yz, rz+yz). In that case, upr(f, X) is not finite, while

f has an isolated singularity at the origin.

Example 1.2.42. Consider f,h: (C?,0) — (C,0) given by f(z,y) = 2*+y° and h(z,y) =
23 + 2%y* + y". Let X be the plane curve defined by X = h71(0). In |58, Example 3.5],

it is shown that
df (Ox) = (8822° — 80x%y + 4227y — Sxy* + 945xy° — 80y°, —82® + 422%y> — Say/® 4 45y°).

With that, using Singular (|24]), we can compute ugg(f, X) = 15.
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In [10, Theorem 2.3|, it is shown that pupgr(f, X) is finite if, and only if, V(df(©x)) C
{0}, with V(df(©x)) being the variety of zeros of the ideal df (O©x). We may also state a
result that shows that, when the Bruce-Roberts number of f with respect to X is finite,
the index defined as ¢(f, h) is also finite.

Proposition 1.2.43. (|10, Proposition 2.8]) Let h = (hq,...,h,) : (C*,0) — (CP,0) be
an ICIS, where p < n — 1, and let f € O,. Let X = h=(0). If upr(f, X) < oo, then
c(f,h) < oo, where

On

c(f7h):d1m(c <h1’...,hp>"’J(fvhl)"'?hp).

Consider now (X, 0) a germ of a hypersurface with isolated singularity in (C",0). We
say that two germs f, g : (C*,0) — C are R y-equivalent (respectively, C°-R x-equivalent)
if there exists a germ of diffeomorphism (respectively homeomorphism) ¢ : (C*,0) —
(C,0) such that ¢(X) = X and f = g o. With that characterization, we have that
pupr(f, X) is finite if, and only if, f is finitely R x-determined - i.e., Rx is the subgroup
of R of coordinate changes that preserve X (see [59, p. 1051] or [13, Section 2]).

Remark 1.2.44. We can extend the equality shown in (1.12) using the concept of R x-
equivalence. In [59, Corollary 3.4] it is shown that, if (X,0) is an isolated hypersurface
singularity and f € O, is finitely R x-determined, then

. df(© e
To(X) = dlm% = dim é

For our next results, we need to define the concept of weighted homogeneous functions.

The next definition comes from [1, Section 2|.

Definition 1.2.45. A holomorphic function f : (C",0) — (C,0) is a weighted homoge-

neous function of degree § with weights wy, ..., w, if
FOWzy, o X 2,) = N f(xy, ..., ), YA > 0.

In the terms of the Taylor series > fyz® of f, the weighted homogeneity condition

means that the exponents of the nonzero terms of the series lie in the hyperplane

Example 1.2.46. Consider the polynomial f = 2%y + 2z2. For the terms 2%y and 22, we

can write two equalities regarding the degree and the weights of f:

2w1+w2+0-w3:5
0w1+0w2+2w3:(5

With that, we have 2w; + wy = 2w3 = 0. Then, we can say that f is a weighted
homogeneous polynomial of degree 6 with respect to weights (2,2, 3).
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Given a vector of weights w = (wy,...,w,) € 7%, if the coordinates x1,...,x, are
fixed, then we define the Euler vector field associated to w as

Op = wiT1— + ... +w,Ty——.

8x1 8xn
With that, we can enunciate [10, Theorem 2.6|, which gives us a way to compute O x

when X is defined by a weighted homogeneous function.

Theorem 1.2.47. Let w € Z%, and let h € O,,n > 2 such that h is weighted homoge-

neous with respect to w and h has an isolated singularity at the origin. Let X = h~1(0).

oh 0 Oh 0

Then O is generated by 0,, and the derivations 0;; = ~——————-——-—,for1 <i < j < n.
8$]’ 8.732 (‘3902 8xj

Hence, for all f € O,,, we have

df (©x) = (0w (f)) + J(f, ).
Example 1.2.48. Let’s consider X = h71(0), with h(z,y, 2) = zy + z*. We observe that
h is weighted homogeneous, and also that w; = 1, wy = 3 and w3z = 1. With that, it is
possible to compute O as

9, g 0 g 0 J 0 9, 9,
(gL L Ly 43l Y 3, L0
Ox <y8y Tor Ve T o ” : 8y’$8x+3y8y+zaz>

Still working with weighted homogeneity, we enunciate [10, Theorem 2.13|, that gives
a relation of the Bruce-Roberts number and two Milnor numbers in that case. We also
remark that this result can be seen in [58, Theorem 3.1|, with the hypothesis of f being a
R x-finitely determined germ instead of pugr(f, X) < 0o (which we saw that are equivalent

conditions).

Theorem 1.2.49. Let w € Z%,, n > 2. Let h € C[zy, ..., x,] be weighted homogeneous
with respect to w with isolated singularity and let X = h71(0). Let f € O, such that
psr(f,X) < oco. Then (f,h): (C" 0) — (C%0) is an ICIS whose Milnor number satisfies
the relation

MBR(f? X) = ﬂﬂ(f) + Mo(f> h)

And, as a direct application of the theorem above, we have [10, Corollary 2.16]:

Corollary 1.2.50. Let f, h € Clxy,...,z,] be weighted homogeneous polynomials, not
necessarily with respect to the same vector of weights, and n > 2. Let X = h~1(0) and
Y = f71(0). Suppose also that uggr(f, X) < oo and pggr(h,Y) < co. Then

per(f, X) — upr(h,Y) = po(f) — po(h).

Example 1.2.51. In Example 1.2.42, we considered f,h : (C?,0) — (C,0) given by
flz,y) = 2> +3° and h(z,y) = 23+ 2%y* +y*, and X = h~1(0). That example, originally
from [58, Example 3.5], shows us that Theorem 1.2.49 is not valid when X is not weighted
homogeneous. In fact, they showed that uo(f) = 4 and po(f, h) = 14, and then

psr(f, X) =15 % uo(f) + po(f, h) = 18.
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One interesting result regarding the Bruce-Roberts number for functions is given in
[59, Corollary 4.1], and it also relates it with the Tjurina number, along with the Milnor
numbers as seen above. The idea, as mentioned in [59], is to extend the formula of
Theorem 1.2.49 to the general case that (X, 0) is a hypersurface with isolated singularity

(and not necessarily weighted homogeneous).

Corollary 1.2.52. Let X be an isolated hypersurface singularity defined by ¢ : (C",0) —
(C,0) and consider f € O, that has an isolated singularity over (X,0). Then

per(f, X) = po(f) + po(X) + po(@, f) — 10(X).

Two consequent results of Corollary 1.2.52 are shown below. For them, we refer to
[59, Corollaries 4.2 and 4.3]. In particular, Corollary 1.2.54 shows that the Bruce-Roberts

number is a topological invariant when (X, 0) is an isolated hypersurface singularity.

Corollary 1.2.53. Let f, ¢ : (C™,0) — (C,0) be function germs with isolated singularity,
and let (X,0) and (Y,0) be the hypersurfaces determined by ¢ and f, respectively. If
per(f, X) < oo and upr(¢,Y) < oo, then

,UBR(f; X) - NBR(Cba Y) = TO(Y) - TO(X)-

Corollary 1.2.54. Let (X,0) C (C"0) be an isolated hypersurface singularity. Let
f,g € O, be finitely R x-determined function germs such that f is C° — Rx-equivalent

to g. Then upr(f, X) = ppr(g, X).

In [13, p. 71], the notion of the relative Bruce-Roberts number is also defined, although
they do not use that denomination. We present the definition of that number with a

notation similar to the one used in Definition 1.2.40:
Definition 1.2.55. Let f : (C",0) — (C,0) be a function germ in O,. The relative
Bruce-Roberts number of f with respect to (X, 0) is defined by

O

When (X, 0) is an isolated hypersurface singularity, [48, p. 6] shows a relation between

Hpn(f, X) = dime

the Bruce-Roberts number and the relative Bruce-Roberts number of a function. In that

case, when f € O, is R x-finitely determined, we have

In addition, [47, Theorem 2.2] presents another relation between the Bruce-Roberts

number and the relative Bruce-Roberts number of a function, but now on an ICIS:

Theorem 1.2.56. Let (X,0) C (C",0) be an ICIS and f € O,, such that pug,(f, X) < oo.
Then, (X N f7%(0),0) defines an ICIS and

po(X N f710)) = ppr(f, X) — po(X) 4 10(X).
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We remark a result equivalent to Theorem 1.2.56 is shown in [48, Theorem 2.5.

One interesting corollary of this result, shown in [47, Corollary 2.3], is that when (X, 0)
is a weighted homogeneous ICIS, then the Milnor and the Tjurina numbers of X are the
same. Beyond that, another consequence of Theorem 1.2.56, regarding the topological

invariance of the relative Bruce-Roberts number, is given in [47, Corollary 2.4|:

Corollary 1.2.57. The relative Bruce-Roberts number is a topological invariant for a

family of functions over a fixed ICIS.

The Milnor and Tjurina numbers are two indices with a similar definition. With that
in mind, if the Bruce-Roberts number defined above generalizes the Milnor number of
a function, it is possible to think of an index that generalizes the Tjurina number of a
function. We refer to [10, Definition 3.1] to present the following definition, but other
works regarding the Bruce-Roberts Tjurina number of holomorphic functions can be found
in [2], [8], and [9].

Definition 1.2.58. Let X be an analytic subvariety of (C",0) and let f € O,,. We define

the Bruce-Roberts Tjurina number of f with respect to X as

On
df (Ox) + (f)’

when the colength on the right side of (1.23) is finite.

TBR(faX> := dim¢ (1-23)

A definition similar to that can be found on [2, p. 2|, but with the name of Tjurina
algebras of a function on an analytic variety. It follows from the definition that when
X = C", 15r(f,C") = 79(f), which means that the Bruce-Roberts Tjurina number
generalizes the Tjurina number of a function. Moreover, comparing Definitions 1.2.40
and 1.2.58, it is immediate that

TBR(f>X) < HBR<f7X>‘

It is interesting to note that in [10], the authors presented a relation between the
Bruce-Robert’s Milnor and Tjurina numbers. We will construct that relation below, but

first, we refer to |10, p. 9] to present the following definition:

Definition 1.2.59. Let R be a ring and let I be an ideal of R, with f € R. The number
r¢(I) is the minimum of r € Zx; such that f € I. If such r does not exist, we set

r(I) = oo.

With that in mind, let us also denote by ¢y the morphism R/I — R/I defined by
g+ I+ fg+ 1, forall g€ R. If M is a R-module, denote by ¢(M) the length of M and
((R/I) the colength of I. Now, we can enunciate [10, Theorem 3.2]:
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Theorem 1.2.60. Let (R, m) be a Noetherian local ring. Let I be an ideal of R of finite
colength and let f € R such that (/) < co. Then

(1)

—R < Tf<I)a
0l —
)
and the equality holds if, and only if
r—1 + I
ker(py,r) = %,

where 7 = r4(I).

A direct corollary of Theorem 1.2.60, given in [10, Corollary 3.3], provides the following

comparison between the Bruce-Roberts and the Bruce-Roberts Tjurina number:

Corollary 1.2.61. Let X be an analytic subvariety of (C"0). Let f € O, such that

per(f, X) < oco. Then
per(f, X) _
Ter(f, X) ~

and the equality holds if, and only if

re(df (©x)),

Py 1 df(O
ker(prarey)) = & d?f?@;{)( X),

where r = r4(df (Ox)).

Example 1.2.62. We refer to [10, Example 3.5 to provide an example where Corollary
1.2.61 is valid. Consider h € O, the polynomial given by h(z,y) = zy® + xly* + 2'°, and
let X = h~1(0). We have that O is given by

0 0 0 0
— _243 6 234 9 9 )
Ox < T gy F Y2y 455, “"ax+3yay>

Now, consider the function f(z,y) = = + y. With that, we have uggr(f, X) = 6,
TBR(f, X) =1 and

ri(df (Ox)) = rp(—22*y® + 5y° + 22%y* + 52, 22 + 3y) = 6.
With that, Corollary 1.2.61 is satisfied.

To end this section, we present an equivalence relating the Bruce-Roberts numbers.

We refer to [8, Corollary 2.2] to enunciate the following proposition:

Proposition 1.2.63. Let (f, X) be a pair with ppr(f,X) < oco. Then the following

conditions are equivalent

L. ppr(f, X) = 1r(f, X);
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2. ,uo(f) = To(f) and @y == @X N @Y + Hy,

where Y = f71(0) - making ©y the submodule of ©,, of vector fields that are tangent to
(Y,0) - and Hy = {n € ©,, : df(n) = 0}.

Remark 1.2.64. To obtain the results of Proposition 1.2.63, [8, Section 2| there is a

construction that uses the definition of two numbers iy (f) and 7x(f), given by

o o,
:LLX(f) T dlm(c @X i HY
and o
— — d. n
TX(f) mgc —@X T oy

in the case where this numbers are finite. Although it is a bit of an extensive work to be
presented here, we would like to note that a similar construction will be made in Section

3.2, and that will be made using the work done in [8, Section 2| as a base.



20

Chapter 2

The Bruce-Roberts Number for

Holomorphic 1-Forms

In this chapter, our main goal is to present the notions of the Bruce-Roberts number
for holomorphic 1-forms relative to complex analytic varieties, first presented in [6]. We
will also establish a theorem that relates this number with other important indices. With
that, we can define the relative Bruce-Roberts number and, in (C?,0), it is possible to
define the Bruce-Roberts number for foliations defined by 1-forms in the form of (1.3). In
that case, it is also possible to see how the Bruce-Roberts number behaves under blow-ups,

and finish the study of this chapter working with generalized curve foliations.

Definition 2.0.1. Let w be the germ of a holomorphic 1-form with an isolated singularity
at 0 € C", n > 2, and let X be a germ of a complex analytic variety with an isolated
singularity at 0 € C". We define the Bruce-Roberts number of the 1-form w with respect
to X as

(2.1)

Note that pugr(w, X) is finite if, and only if w is a 1-form on X admitting (at most) an
isolated singularity at 0 € C". In the case of a germ of a complex analytic subvariety X,
this condition is equivalent to saying that X is not invariant by w, as stated in Definition
1.1.12.

Note also that, if w = df, for some f € O, then

O @
w, X) =dimg —— =dimg ——— = . X),
IMBR( ) C w(@X) C df(@X) ILLBR(f )

which means that Definition 2.0.1 generalizes the Bruce-Roberts number for functions
defined in Definition 1.2.40. Also, it generalizes the Milnor number of w when X = C",
since

@ @) @)
T O A N W 7 e WA
3x1 T 8%

,U,BR((,U, X) = dlm(c
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with w being defined by w = Z A;(z)dz;. Thus, when w = df, it is easy to see that
i=1

MBR(wv X) - Mo(X),

showing that it is a generalization of the classical Milnor number of f as well.

2.1 Main Results

First, we state a technical lemma on commutative algebra inspired by [32, Lemma
6.1]:
Lemma 2.1.1. Let fi,..., fi, 9,01, -, 0 € Oy, where f; and g are relatively prime, for
any i € {1,...,m}. Then
O, O, O,
= dim¢ +dimg —F—.
<f17"'7fmagp17"'7gpn> <f17"'7fm7p1?"'7pn> <f17"'7fm7g>

dim(c

O

(fir ooy fm)
(fi,..., fm). With that, when r, = r; + (fi,..., fm), for any i € {1,...,n} and any

r; € O, observe that

Proof. First, we write O = and, for every k € O,, we consider k' = k +

On = dim¢ © .
(Fioeoos fns Tty o) (rf, ...
Now, consider the following sequence:
o @ 5
Do t) gD gt ()
where o (2" + (p, ..., p) = g2 +(9'Ph, ..., 9'ph) and 6(2" + (g'pi, ..., g'py)) = 2"+ (g")
for any 2’ € O.

dim(c

00—

— 0,

We shall prove that the sequence is exact:
e Consider I/ € ker 0. With that, o(h' + (p/,...,p.)) € (¢'D}, ..., ¢'p,), which means
Wy +{gpy, - g0h) = oW + by, ) € {g'h, - 9P}
Hence, h'g" € (¢'p}, ..., ¢'p,,). That is equivalent to
hg € (gp1, - -, 9Pns frs- -, fn)-
From the hypothesis, that means that either h € (f1,..., fim), or h € (p1,...,pn).

In each case, h' € (¢'p},...,¢'p,), and then o is injective.

e Consider h' €

@,
ik Then, we can write b’ = 2’ 4+ (¢’), with 2/ € O'. With that,
g

2+ gy, ..., 4P, € <

— —, and then
gy, 9'D,)

02+ (g, ., dp) =2+ (¢) =N,

giving us that § is surjective.



Chapter 2. The Bruce-Roberts Number for Holomorphic 1-Forms

52

(@)
e Let i/ € Imo. Hence, there exists y' + (p},...,p)) € ﬁ such that A/
p17 s 7pn
oy + ', ....00)) =9y +{JD,...,dp,). With that,

o) =gy +{g") € (g,
giving us Imo C ker 4.
e Now, let h' € kerd. Then, writing ' = 2" + (¢'p}, ..., ¢'p),), we have
o) =2"+(g) ely) = e

Then, there exists y' € O such that 2z’ = y/¢’. Then, considering v + (p},...,p.)
@)

————— . we have
(Phs- o mh)

oy + @ s0n) = 9y H gy D) =2 g ) = 1
Thus, ker 0 C Im o, which implies ker 9 = Imo.

The exactness of the sequence concludes the proof:

di O, di @
11m = dl1m
. <f17"'7fm>gp17-'-agpn> . <g/p/1a7g/p;z>
@
=dim¢ —— + dim¢g —
“ W) “{g)
@ @
= dim - + dimg ————.
¢ <f17"'afm7p17"'7pn> ¢ <f17""fm7g>

Before we enunciate our main result, let’s prove the following lemma:

Lemma 2.1.2. The sequence

@X ‘W On B8 On
— — — 0,

' er el Twey)

of C-vector spaces is exact, where 3 is induced by the inclusion w(0%) C w(Ox), and

is the evaluation map.

Proof. First, it is not difficult to see that the sequence is well-defined. Let us now pro

S

O

‘W

Ve

that it is an exact sequence. Suppose f € Im(w). Then, there exists n € Ox such that

f=wn+0%) =whn) +w(©%). Hence,

B(f) = Blw(n) +w(Ok)) = Bw(n) + w(Ox).

Since € O©x, we have w(n) € w(Ox), and thus, B(w(n)) = w(n) € w(Ox). Consequently,

B(f) € w(©x), and then f € ker(f).
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On the other hand, consider g € ker(8). Then, g = f + w(0%), where f € O, and
B(g) € w(Ox). This implies

f+w(Ox) = B(f +w(©k)) = B(g) € w(Ox).

Therefore, f € w(Ox), i.e., f = w(£), where £ € Ox. Thus, we have g = f + w(Ox) =
w(€ + ©%), which gives us g € Im(w).
Consequently, ker(f) = Im(w), establishing the exactness of the sequence and con-

cluding the proof. |

Theorem 2.1.3. Let w be the germ of a holomorphic 1-form with an isolated singularity
at 0 € C", n > 2. Let X be the germ of a complex analytic hypersurface with an isolated
singularity at 0 € C". Assume that X is not invariant by w. Then

ppr(w, X) = Indgsy(w; X, 0) 4 po(w) — 70(X).

Proof. From Lemma 2.1.2, we obtain

_On_ = dim, _On_ — dim Ox
wOx)  w(OF) CN

Note that, by the definition of ©% given in (1.2) and Lemma 2.1.1, we have

pupr(w, X) = dimc (2.2)

dim - dim On
C VAT — C z
OJ(@§) <¢A1a cee 7¢An7 %Ak - %A])(j,k)EA

On
<¢7 8:1: Ak - A >(] k)eA

= dlm(c

: O,
+ dimg¢ K
(Al,---An,(%Ak— A)

oxy,

since the components %A 0
Ox; oxy,

hypothesis. Note also that

——A; and ¢ are relatively prime, by the non-invariance

giAk . SZAJ- € (Ar, ..., A,
for all (7, k) € A. In that way, we get
. O, , O,
e A BA — B e LA tolt2)
Thus, we deduce
dime —2"_ — dime O + po(w). (2.3)
w(OY) (¢, 2 o 29 Aj, — A ) Gik)en

)

@—;( = 79(X). The proof is concluded by substituting
X

(2.3) in (2.2), and considering the definition of Indgsy(w; X, 0) given by (1.18). O

Finally, (1.12) gives us that dim¢
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With that, since both Indggy (w; X, 0) and p(w) are topological invariants when (X, 0)
is an isolated hypersurface singularity, Theorem 2.1.3 implies that pggr(w, X) is also a
topological invariant under homeomorphisms of (C",0) that fix (X, 0).

As a consequence, we can use our tools to recover [59, Corollary 4.1], which we enun-
ciated as Corollary 1.2.52:

Corollary 2.1.4. Let X be an isolated hypersurface singularity defined by ¢ : (C",0) —
(C,0) and let f € O,, with an isolated singularity over (X,0). Then,

psr(f, X) = po(f) + 1o(@, f) + po(X) — 70(X).

Proof. Consider the 1-form w given by w = df. As we observed in previous results, we

have

: O,
upr(f, X) = dim¢c ———— = ppgr(df, X) and

df (©x)
On
po(f) = dimg a7 N fo(df).
By Theorem 2.1.3, we have
MBR(f,X) = NBR(dfv X) = Indgsv(df; X, 0) + Mo(df) — T()(X). (24)

Since po(f) = po(df), the proof concludes by rewriting Indgsy in equation (2.4) using the
Leé-Greuel formula (1.19), given by

Indasv (df; X,0) = po(X) + po(e, f).
]

As a second corollary, we establish a connection between the Bruce-Roberts number

ppr(w, X) and other indices of 1-forms along X presented in our first chapter.

Corollary 2.1.5. Let w be a germ of a holomorphic 1-form with isolated singularity at
0 e C",n>2 Let X be agerm of a complex analytic hypersurface with an isolated
singularity at 0 € C". Assume that X is not invariant by w. Then

pr(w, X) — po(w) + 70(X) — po(X) — Eu(w; X, 0) = (=1)"*x(My),
where M, is the Milnor fiber of the generic linear function ¢ : C* — C on X and x(M,) =
X (M) — 1.

Proof. We have ppr(w, X) = Indgsv(w; X, 0) + po(w) — 70(X) by Theorem 2.1.3. On the
other hand, Proposition 1.2.31 gives us that Indgsy(w; X,0) = Indaq(w; X, 0) 4+ po(X).
Therefore,

ppr(w, X) = Indpag(w; X, 0) + po(X) + po(w) — 10(X). (2.5)

The proof concludes by applying Proposition 1.2.33 to (X, 0) and substituting into (2.5).
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We finish this section with two examples where Theorem 2.1.3 is verified.

Example 2.1.6. Let X = {¢ = 0}, where ¢ : (C?0) — (C,0) is given by ¢(z,y,2) =
23 +yz? + y* + 2y, Using [57, Example 9|, we have

Oy = <(3xy2 + 3y* + z%% + (=322 — y3)a%,
(2?)(% + (—6x2z)a% + (92%y + 927y — y222)%,
(2@/2)(% + (=327 — yg)%,
(205, + (=30 = 302 = )5

_%2 _ i_‘_ _2 2 _ g_{_ _§ _ £>
393@/ o ox 3$y y oy 3:Ey2’ : 0z/"

Let w = zdx + xdy + ydz a germ of a holomorphic 1-form with isolated singularity at
0 € C3. Since
wAdp =(2° + 3y*z + 4wtz — 32 — xyt)da A dy+
(2y2* — 32%y — y°)dx A dz + (2zyz — y2* — 3y® — day*)dy A dz,
then X is not invariant by w. Using Singular (|24]) to compute the indices, we verify

that Theorem 2.1.3 holds, since ppgr(w, X) = 14, Indgsy(w; X,0) = 21, po(w) = 1 and
T()(X) =8.

Example 2.1.7. Let X = {¢(x,y,2) = xy + 2* = 0} be a germ of an isolated complex
hypersurface on (C3,0), and let f be the polynomial f = 22+ y*+22. With that, consider
w= 2z +z2f)dr+ 2y +xf)dy + (2z + yf)dz.

Since
wAdp = [((2r + zf)dx + 2y + xf)dy + (22 + yf)dz)] A (ydx + xdy + 42°dz)
= (22° — 2y + (zz — wy) f)dx A dy + (8yz* — 2wz + (422® — 2y) f)dy A dz
+ (822° — 2yz + (42" — y*) f)dx A dz,
we have that X is not invariant by w. In Example 1.2.48, we showed that

Ox = <y§ - xaﬁ,yg — 4,232@2 — 4z32 xﬁ + 3y2 + ZQ>
Y x x y Oz z

With the help of Singular (|24]), we computed pupr(w,X) = 6, Indgsy(w; X,0) = 8,
to(w) = 1 and 79(X) = 3, and with that

6 = pupr(w, X) = Indgsy (w; X, 0) + po(w) — 70(X)
=8+1-3.

Thus, Theorem 2.1.3 is verified.
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2.2 Relative Bruce-Roberts number for 1-forms

The definition of the relative Bruce-Roberts number of a function, given in Definition
1.2.55, comes straightforward from the definition of the Bruce-Roberts number of a func-
tion. Likewise, in this section we define the relative Bruce-Roberts number of a foliation,
getting some similar results to the ones verified for pgs(f, X). We also provide some

examples of these results.

Definition 2.2.1. Let w be a germ of a holomorphic 1-form with isolated singularity at
(C™,0) and let X be a complex analytic germ with isolated singularity at (C",0). The
relative Bruce-Roberts number of the 1-form w with respect to X is defined as

@
= X) = dimg —————.
,LLBR(W, ) mc W(@X) + ]X

It is evident that, when w = df, ugp(w, X) = ppr(f, X). In other words, the relative
Bruce-Roberts number of w with respect to X generalizes the relative Bruce-Roberts
number of f with respect to X. Now, our main goal is to establish a relation between

per(w, X) and pgp(w, X). For that, we present the following Lemma, which is analogous
to [48, Lemma 2.2].

Lemma 2.2.2. Let w = ZAidxi € QY(C",0) be a germ of 1-form and let g € O, be

i=1
such that dim V' ((w,dg)) = 1 and V(w) = {0}, where (w) = (A4,...,4,) and (w,dg) is
. 99
v Oy

A - A, / WA A,
AZ(@ ﬁ)’ A:<A o ﬁ)’
Ox1 On 0x1 Oxn

where A\, € O,. Let M and M’ be the submodules of O? generated by the columns
of A and A’, respectively. If I)(A) = [5(A") then M = M’', where I5(A) the ideal in R
generated by the 2 x 2 minors of the matrix A.

the ideal in O,, generated by the maximal minors of the matrix of (A . Consider

the matrices

Proof. The proof follows the same approach as the proof of [48, Lemma 2.2|, so we shall
only give an idea of the demonstration. First, considering R = O,,, we see A and A’ as

homomorphisms of modules over R:

A:R"— R* A': R - R%
Then, it is possible to show that the R-module R?/M is Cohen-Macaulay, and if its
submodule M’/M is not equal to 0, then dim(M’/M) = 1. Now, let U be a neighborhood
of 0 € C" such that 0 is the only point where 4;(0) = ... = A,(0) = 0. Then, for all
x € U\ {0}, there exist iy € {1,...,n} such that A; (z) # 0. We can suppose that ig = 1,

and then obtain

5 1 0 --- 0 Blzulo...o
R T A Cc Co ... Cp
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making elementary operations on the columns of A and A’, respectively, such that Io(A) =
I)(B), I1(A") = I1(B'), Im(A) = Im(B) and Im(A’) = Im(B’). Then, by the hypothesis,
I,(B) = I,(B'), and this implies (ca,...,¢,) = (ucy — A\, ca, ..., ¢,). With that, we can

write
=Uu + a9 + -t a, ,
A C1 Co Cp,

for some o; € R, i = 2,...,n. This gives us that Supp(M’'/M) C {0}, and then M’ =
M. O

We can now prove a theorem similar to [48, Theorem 2.3].

Theorem 2.2.3. Let w = Z A;(x)dz; be a germ of a holomorphic 1-form with isolated
i=1
singularity at 0 € C*, n > 2, where A; € O,,. Let X = {¢ = 0} be a germ of a complex

analytic hypersurface with an isolated singularity at 0 € C". Assume that X is not

invariant by w. Then

(i) Ox o w(Ox) +Ix,
@§ N W(@§)+IX7

(11) w(@X) N IX = (w) N IX;

(i) o @(OX) F1x
(w)  w®x)
where (w) = (A1, ..., A,) and Ix = (¢).

~J

Proof.

(i) Let’s define the map ¥ : Ox — w(Ox) + Ix by ¥(&) = w(§). It’s easy to see that

¥ is an homomorphism. Note that U induces the isomorphism

. @X w(@X)—i-IX

U:— 5 =
or " w(OL) ¥+ Iy

To see that, it is enough to show that ker(¥) = ©%. Let £ + O € ker(¥). Then,
w(€) € w(0%) + Iy, that is, there exist n € ©% and u, A € O, such that

w(—n) =p¢ and dp(§—n) = Ao,

since ¢ € Ix and from the definition of © y showed in (1.1). Then, we have

(2)4(8)

A - A, A, - A,
IQ(iz 5_; %>_12< qu ) )_(Wad¢),

o1 OTn Oz,

and

ox1 Ozn
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(iii)

where I5(B) is denoted as the ideal in the ring O,, generated by the 2 x 2 minors of
the matrix B. Therefore,

oA
€ (w,do).
g |PEE
0%
Now, from the non-invariance hypothesis, we have that ¢ is regular in " __ which

(w, do)

: .. Oy
means ¢ is not a zero divisor in . Thus,

(w, d¢)

oA
. 96 € (w,dop), i=1,...,n.
Qxi

By Lemma 2.2.2, A € J(¢), since A € M and M’ = J(¢). We finish the proof using
[59, Lemma 3.1], that states the following:

Lemma 2.2.4. Let ¢ : (C",0) — (C,0) be an analytic germ with isolated singular-
ity and let X = ¢~1(0). Assume that n € Ox and dp(n) = A\, for some ¢ € O,.
Then n € ©% if, and only if A € J(¢).

Then, ¢ € ©%, and then & + 6% € ©%. Hence, ker(V) = 6%.

Let £ € w(Ox) N Ix. Then, there exist n € Ox and p, A € O,, such that

{=w(n)=p¢ and do(n) = Ao,

again by the definition of © . Using a similar argument as in the proof of (i), we
have that u € (w). Hence, £ € (w) N Ix. Conversely, let £ € (w) N Ix. Then, there
exist aq, ..., a,, i € O, such that

£= Z poaiA;,
i=1
since (w) = (A4;,...,A,) and Ix = (¢). Taking

“ 0
i=1 O;

we obtain w(n) = &, which means that { € w(Ox), and then, £ € w(Ox) N Ix.

Consider the following module isomorphism, from [5, Proposition 2.1 (ii)]:

M+ M, | M,
M, Min M,
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Then, if M; = w(Ox) and My = Ix, and using item (ii), we have

W(@X)"i_IXg IX . IX _&
W(@X) o OJ(@X) ﬂIX - (W)ﬂlX o (CU)’

~Y

and the last step follows from the isomorphism

P B <
w

(w) N (¢) ( :
s+ (w)N{p) — s+ (w)

It is not difficult to see that ¢ is well-defined. Moreover, consider g € ker ¢. Then,

(¢) .0, .
= + (w) N € ————, and =0in —, i. e., go € (w). With that,
€ (w) N {¢), and then ¢ = 0 in —————, which means that ¢ in injective. On
the other hand, consider f € —~. Taking f¢ + (w) N {¢) € ﬁ, we have

(w)
p(fo+ (W) N(d) = f+ (W),

(w) N(9)

giving us that ¢ is surjective.
[

Remark 2.2.5. Let X = {¢ = 0} be a germ of a complex analytic hypersurface with an
isolated singularity at 0 € C". By (1.12), we have

. ©
dim¢ @—f = 10(X).
X
Therefore, by Theorem 2.2.3 (i), we have
w(Ox) + Ix . Ox

R =X = n(X).
o@f) 11y~ Mmegr =)

With two similar definitions, a natural question arises: is it possible to show a relation
connecting the indices ppgr(w, X) and pgzp(w, X)? With that in mind, we enunciate the

following theorem:

Theorem 2.2.6. Let w be a germ of a holomorphic 1-form with an isolated singularity at
0 € C™" n>2 and let X be a germ of a complex analytic hypersurface with an isolated

singularity at 0 € C". Assume that X is not invariant by w. Then

(. X) = po(w) + (e, X).

Proof. From Theorem 2.2.3 (iii), we have

g no__ 1. w(@x)+[X
to(w) = dimg m = dim¢ TX)
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Hence, by the following sequence

w(Ox) w(Ox) w(Ox) + Ix ’

which is easy to see that it is an exact sequence (this will also be shown in Lemma 3.0.2),

we conclude the proof of the theorem, since

w(Ox)
w(@x) + IX
w(Ox)

— 10(w) + pp(w, X).

,uBR(w, X) = dlm(c

= dlm(c + dlm(C

w(@X) + IX

]

Example 2.2.7. In Example 2.1.6, we have w = zdr + zdy + ydz, and X = {¢ =
3+ yz? + y? + xy* = 0}, with pgr(w, X) = 14 and po(w) = 1. Computing the relative
Bruce-Roberts number using Singular [24], we have

O3

= X) = = 13.
NBR(Wa ) w(Ox) + (23 + y22 + 13 + zy?)

Therefore, note that p;p(w, X) = ppr(w, X)—po(w), that indeed satisfies Theorem 2.2.6.

Remark 2.2.8. If we take w = df in the Theorem 2.2.6, we recover the formula

psr(f, X) = po(f) + npr(f, X)
of [48, Section 3|, that we showed in (1.22).

With that remark, we have a corollary that gives a relation between the Milnor num-
bers of two functions and the Bruce-Roberts numbers of the product of these functions

in dimension two.

Corollary 2.2.9. Let X be an isolated hypersurface singularity, and let f,g € O, such
that fg has an isolated singularity over (X,0). Then

psr(fg, X) = po(f) + polg) + 2io(f, 9) + ppr(fg, X) — 1,

where io(f, g) is the intersection multiplicity of the pair (f, g).

Proof. Consider Y defined by Y = (fg)~'(0). Taking w = d(fg) in Theorem 2.2.6, we

have
psr(f9,X) = uo(fg) + ugr(fg, X).

The proof is concluded by rewriting the Milnor number po(fg) as

po(fg) = mo(f) + polg) +2i0(f,9) — 1,

as seen in (1.9). O
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Corollary 2.2.10. Let w be a germ of a holomorphic 1-form with an isolated singularity
at 0 € C", n > 2, and let X be a germ of a complex analytic hypersurface with an isolated

singularity at 0 € C". Assume that X is not invariant by w. Then
ppr(w, X) = Indgsv(w; X, 0) — 7o(X).
Proof. The proof follows from Theorem 2.1.3 and Theorem 2.2.6. [

In our last result evolving the relative Bruce-Roberts number of a foliation, we recover

[48, Theorem 2.5]. We remark that an equivalent result was enounced in Theorem 1.2.56.

Corollary 2.2.11. Let X be a germ of a complex analytic hypersurface with an isolated
singularity at 0 € C™ defined by ¢ : (C",0) — (C,0) and f € O, be a function germ such
that upr(f, X) < co. Then (¢, f) defines an ICIS and

o(9, f) = npr(f, X) + 70(X) — po(X).

Proof. Consider the 1-form w given by w = df. By Corollary 2.2.10, we have
pprldf,X) = Indagy(df; X,0) — 170(X)

The proof follows by applying the Lé-Greuel formula (see equality (1.19)), and then

to(9, f) = Indagv (df; X, 0) — po(X) = MéR(fa)Q + 70(X) — po(X).

O

2.3 The Bruce-Roberts Number for Foliations on (C?,0)

In this section, our main goal is to show how Theorem 2.1.3 and some results of
Section 2.2 work in dimension two. Since a holomorphic 1-form in (C?,0) can be seen as
a foliation, we may be able to see, for example, what happens with the Bruce-Roberts
number of a foliation after a blow-up. Intuitively, the Bruce-Roberts number of a singular

foliation F at (C%,0) over a germ of a reduced curve X is defined by

. O,
ppr(F,X) := dim¢ 2(0x)’
where w is the germ of the 1-form defining F. It is worth noting that this definition does
not depend on the choice of the 1-form w.
The first result of this section is a version of Theorem 2.1.3 when n = 2, and it is

established as follows:

Corollary 2.3.1. Let F be a germ of a singular foliation at (C?,0), and let X be a germ
of a reduced curve at (C%0). Assume that X is not invariant by F. Then

ppr(F, X) = po(F) + tang(F, X, 0) — 1o(X). (2.6)
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Proof. Consider the foliation F defined by the 1-form w = Adx+ B dy, where A, B € O,.
Let X be the complex analytic curve defined by the function ¢ : (C?,0) — (C,0). From
equation (1.17) it follows that

@
(o5 5)

The vector field v generating F is given by v = —B a% + Aa%' Therefore, by definition,

IndGSV ((JJ; X, 0) = dlm(c

tang(F, X, 0) = dimg O dime S; ¥
(6,-B% +A%)

(¢, v(0)) = Indgsv(w; X, 0).

Hence, by Theorem 2.1.3,

upr(F,X) = tang(F, X, 0) + po(F) — 10(X).

To proceed, we present some illustrative examples:

Example 2.3.2. Consider the curve X given by X = {¢ = y? — 29 = 0}, and let F be a
foliation defined by the 1-form w = \zdy + ydx, with \ # P Then, by [35, Example 1],
q

we have:

0 0 0 0
Ox = — — pyP = 1
X <qyay +pxam,py or +qr 8y>
Note that X is not invariant by F, since
wAdp = (Axdy + ydz) A (py?~'dy — qz?™ dx) = (py* + Agx?) dx A dy

and \ # P Thus, we have
q

¢ o) = dime 7 = dime 7 S =
¢ g X,0) =i g — i e ey =
o AX) = dime D = e o s = (0= 1)(0 ).
Computing the Bruce-Roberts number in this case, we find
ppr(F, X) = dime w(%x) e Dy + pxi;y” Ty P

which indeed satisfies equation (2.6).
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Example 2.3.3. Let X be a curve given by X = {¢ = y° — 25 + 21y3} (see |35, Example
2|) and F be a foliation defined by the 1-form w = zdy + ydz. Since

wAdo = (zdy + ydx) A ((—62° + 42y dz + (5y* + 3z*y?)dy)
= (5y° + 62° — 2'y®) dw A dy,

it follows that X is not F-invariant. Again, note that (2.6) applies, since computations
(using Singular [24]) show us that uo(F) = 1, tang(F, X,0) = 30, 70(X) = 19 and
MBR(F,X) =12.

Example 2.3.4 (Topologically Conjugate Foliations). In [19, Remarque 4.22], it is defined
that two foliations are topologically conjugate if there exists a homeomorphism sending
leaves from one foliation to another (which also means the topological invariance of these
two foliations, as stated in Subsection 1.2.1). In this example, we are going to compute
the Bruce-Roberts number of two topologically conjugate foliations.

First, let’s consider two holomorphic vector fields in (C?,0) given by

0 0 0 0

Vi=o—— Vo = (x—4y)ax ya—y

Now, consider F; and F; the two foliations defined by Vi and V5, respectively (as shown
n (1.4)). We recur to [19, Section 2.7.4| for a way to describe the leaves of F; and JF,
according to its vector fields. Thus, the leaves of F; passing through (z¢,yo) can be
described by the parametrization

@(ta (.To, yO)) = (Cﬂoet, y067t>7

and the leaves of F, passing through (z,yo) can be described by

WY (t, (20,90)) = (yoe ™™ + (w0 — yp)e's yoe ™).
Now, consider the homeomorphism
h: C* — C?
(z,y) — (r+y°y)
With that, we have
h((t, (0, %0))) = h(woe’, yoe™)
= (zo’ + ype ™, yoe™")

and

w(tv h(x(b yO)) = ¢<t7 (mO + yO? yo))
= (yoe > + (w0 +y5) — wo)e', yoe ™)
= (

3
0
yg’e + zoe’, yoe ).
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Thus, h(e(t, (x0,y0))) = ¥(t, h(zo,yo)) and then F; and F» are topologically conjugate.
From (2.7), we have that F; and F, are also defined by

wy = yd + xzdy, ws = ydx + (v — 4y*)dy,

respectively. Now, consider the curve X given by X = {¢ = 3* — 2* = 0}, that is not

invariant by J; or J, since

wi Ado = (3y* + 22%)dx A dy,
wy Ade = (3y* + 22 — 8xy*)dx A dy.

Computing the Bruce-Roberts number for both foliations, we have that pggr(Fi, X) =
IUBR(.FQ,X) = b.

Example 2.3.5. Consider the foliation F,, (Suzuki’s foliation) defined by the 1-form
w=(y> +y* — xy)de — (2zy* + zy — 2°)dy,
and the foliation F, defined by the 1-form
n = 2y + 2%)dx — 2zydy.

The foliations F,, and F, are topologically conjugate (|21, Part 3, Chapter II]). Using
the curve X from Example 2.3.2, with p = 7 and ¢ = 3, i.e., X = {¢ = 0}, with ¢ =
y"— a3, we have pupr(Fo, X) = upr(Fy, X) = 17, po(F,) = po(F,) = 5, tang(F,, X,0) =
tang(F,, X, 0) = 24, and 79(X) = 12. Thus, for both foliations, (2.6) is satisfied.

Remark 2.3.6. The calculations that we could not do by hand were made by making
use of the software Singular, which we refer to in [24]. We are going to take the codes
used in Example 2.3.3 to illustrate how we managed to calculate the index used in this

chapter:

ring r=0,(x,y),ds; // local ring

poly f=y5-x6+x4y3; // polynomial that defines X

ideal I1=(x,y); // defining the ideals that appear in each index
ideal I2=(f,-6x6+x4y3-5y5);

ideal I3=(f,-6x5+4x3y3,5y4+3x4y2);

ideal I4=(165x2y+20y4+36x2y5-16x4y2,55xy2+18x3y3-8x5) ;

V V V V V V

\

size(kbase(groebner(I1)));

1 // Milnor number of the foliation

> size(kbase(groebner(I2)));
30 // tangency order of the folation
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> size(kbase(groebner(I3)));
19 // Tjurina number of X

> size(kbase(groebner(I4)));
12 // Bruce-Roberts number of the foliation

2.3.1 The Bruce-Roberts number of a foliation and blow-ups

When it comes to foliations in dimension two, it’s possible to think about what happens
when a blow-up is applied. In this part of our work, the idea is to use the definitions
of Subsection 1.1.2 and see what happens when we apply Corollary 2.3.1. In that case,
we are going to work with irreducible curves X, that can be parametrized by a germ
of a non-constant morphism ¢ : (C,0) — (C?0), called a Puiseuzr parametrization of
X. In short terms, a Puiseux parametrization is a germ of a non-constant morphism
¢ : (C,0) — (C?0) that parameterizes a curve X. To make sure that X has such a
parametrization, it is demanded that X is an irreducible curve (see [19, Section 1.4.3]
for more details). This concept will be very useful from now on, as seen in the next

proposition:

Proposition 2.3.7. Let F be a germ of a singular foliation at (C?,0), and let X be a
germ of a reduced curve at (C?,0) defined by ¢ : (C%0) — (C,0). Suppose that X is

irreducible and not invariant by F. Then
tang(‘F? X7 0) - Ordt:O SO*W + o (X)7

where ¢ is a Puiseux parametrization of X.

Proof. Suppose that F is defined by the vector field v = —B(«z, y)% + Alx, y)a%. Then,
it follows from Definition 1.1.13 that

tang(F, X,0) = ordi—y ¢"(Apy, — Boy),

where ¢(t) = (z(t),y(t)) is a Puiseux parametrization of X. Without loss of generality,
we can suppose that y(t) # 0. Since ¢(x(t),y(t)) = 0, we obtain

2'(t) ¢ (z(t),y(t) +y' (1) oy(x
() da(x(t), y(t)
= ¢y(x(t),y(t)) = — 0

—~
<~
~—
—_
. —~
<~
~—
~—
Il
(a)
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Hence,
90*(A¢y - B¢$) = (A¢y - ngx)(x(t)v y(t))
= A(x(t),y(t))gzﬁy(x t)vy(t

= Ala(te)) (-

y'(1)

Thus, we get

tang(F, X,0) = ordi—g ¢*(A¢, — Bo,)
= ords=o (A¢y — Bo,)(x(t), y(?))
0" (¢s - w)(t)
y'(t) (2.8)
= ordi—g p* (¢, - w) — ordi—g ¥'(¥)
= ordy—g " (P - w) —ords— y(t) + 1
= ordy—g ¢* P, + ordi—g ¢*w — ordy—g y(t) + 1.

= Ordt:() —

Now, from Proposition 1.2.10, we obtain

10(X) = io(¢, Pi(@)) —do(, 1) + 1, (2.9)

where P(¢) = ?? — ?S—l is the polar of X with respect to | = ay — bz € C{x,y},
x Jy y O

assuming that [ does not divide f, as defined in Definition 1.2.9. Let [ = ay — bzx.
Computing the items on the right side of (2.9), we have

io(¢, Pi(¢)) = ordi—g ©*(ads + boy)
= ordi—g (ag.(x(t),y(t)) + by (x(t), y(t
= ords—g <a¢m(m(t), y(t))
Y (CCLRO T

y'(t)
o (G0
—ordiey (2D 0y ) — b))

= ordi—g p* ¢, + ordi—g (ay'(t) — ba'(t)) — ordi—g y'(t)
= ordy—g ¢" ¢, + min{ord;—g y(t), ord,—¢ x(t)} — ord;—o y(1),
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and

io(p,l) = ordi—g ¢*(ay — bx)
= ords—g (ay(t) — bz(t))
= min{ord;—g y(t),ordi—o x(t)}.

Finally, by rewriting (2.8) using that and (2.9), we get
tang(F, X, 0) = ordi—¢ ¢*w + ords—g ¢* ¢, — ords—o y(t) + 1

= OI'dt:() QO*(AJ + i0(¢, P[(¢)) — 7:0(@5, l) + ].
= ordi—g ¢ w + po(X).

]

Remark 2.3.8. Let X = {¢ = 0} be a germ of an irreducible reduced curve and f € O,
is a germ with an isolated singularity over (X,0). Note that applying Proposition 2.3.7
to foliation F : w = df, we obtain an expression to compute the Milnor number of the
isolated complete intersection singularity defined by (¢, f). Indeed, it follows from (1.19)
that

ordi—o ¢"w + po(X) = tang(F, X,0) = Indasv (df; X, 0) = po(X) + po(o, f).
Hence, po(o, f) = ordi—g ¢*(df), where ¢ is a Puiseux parametrization of X.

On the following proposition, we show how the Bruce-Roberts number in dimension
two behaves under a blow-up. We denote by pupgr(F, X, p) the Bruce-Roberts number of
F along X around a neighborhood of the point p (in Corollary 2.3.1, for example, it is
defined around 0 € C?).

Proposition 2.3.9. Let F be a germ of a singular holomorphic foliation at (C?,0), let
X be a germ of an irreducible reduced curve and let 7 : C? — (C2,0) be the blow-up at
(C2,0). Assume that X is not invariant by F, F := 7*F, and ¢ € 7~1(0) N X, where F
and X are the strict transforms of F and X respectively. Denote by m the multiplicity
of X and by v the algebraic multiplicity of the foliation F at 0 € C2. Then, we have the

following statements:
(a) If m is non-dicritical, then

NBR(]:aX7O) :MBR(]},X,Q)-FVQ—I/—l—FVm

- m(m—1)
b () MY
pen—1(0)
p#£q

—D.

(b) If 7 is dicritical, then

pusr(F,X,0) :uBR(f,X,q)+V2—|—V—1+(1/—|—1)m

- m(m—1)
T SNCo PR
per~1(0)
P#q

—D.
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Q) o i
We write D = dimg¢ U*TX, where ¢ : (X,0) — (X,0) is the normalization, and
o=To0ad.

Proof. Let w be the 1-form defining F and let @ be the 1-form defining F. Applying
Proposition 2.3.7 to the Corollary 2.3.1, we have

,U,BR(.F, X, 0) = Mo(f) + Ol"dt:(] QO*CL) + ,LL()(X) — To(X) (210)

and similarly,

“BR(‘/%>X7q) = Mq(ﬁ) + Ol"dt:q (ﬁ*@ + MQ(X) - Tq(X)a

where ¢ and $ are the Puiseux parametrization of X and X, respectively.
The proof is obtained using results that show how the indexes on the right side of

equation (2.10) change through a blow-up. By Proposition 1.2.14, we have

vi—(v+1)+ Z tip(F) if 7 is non-dicritical;

,UO(-F) _ peT=1(0) ~
12— (w+2)+ Y m(F) if ris dicritical.

per—1(0)
and, from (1.11) and (1.13), we have

() — 1 (X) = mim — 1) and () - 7,(%) = "= p

Now, from [32, Section 2|, evaluating the 1-form that defines F in ¢ and taking orders,

we get

vm + ordi—, p*w if 7 is non-dicritical;

ordi—p p*w =
=0 { (v+1)m+ordi, '@  if 7 is dicritical.

Substituting the above formulas into (2.10), we conclude the proof of the Proposition. [

The following examples illustrate Proposition 2.3.9 in both the critical and dicritical

cases.

Example 2.3.10. Let F be a foliation defined by the 1-form w = 2zdy — 3ydz, and let
X be the curve given by X = {¢ = y* — 2% = 0}. Observe that X is not invariant by F.
If 7 is a blow-up at 0 € C2, in local coordinates, we have

Fi =1 F = a(—tdx + 2zdt) and

Fo=m"F = y(—3ydu — udy),

where F; is obtained using the local chart 7(z,t) = (,tx), and F; is obtained using the

local chart 7(u,y) = (uy,y). Now, we consider X = {t*> — 2% = 0}, since

pom(x,t) = ¢z, tr) = 2*(t* — 2%).
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Since X is not invariant by Fi, set F = F;. Thus, F is defined by the 1-form @, given by
W = —tdxr + 2xdt.

Using Singular ([24]), we get ppr(F,X,0) = 7, ugr(F,X,q) =5, v =1, m = 2,
Z t1,(F) = po(F2) = 1 and D = 1. Note that

pen—1(0)
p#q

1pr(F, X,0) = pupr(F, X, q) +v* —v — 1+ vm + po(F) +
=5+1-1-142-1414+1-1=7.
Since 7 is non-dicritical, item (a) of Proposition 2.3.9 is satisfied.
Example 2.3.11. Consider the foliation F defined by the 1-form
w = (22" + 5y°)dx — xy*(5y° + 32°)dy,

and let X be the curve not invariant by F given by X = {¢ = y> — 27 = 0}. Again, by
the local of the coordinates of the blow-up 7 at 0 € C2, we have

Fi=mF = a®(—t3dx — (2zt> + t — 1)dt) and
Fo=m"F = v’ ((y + 1 — u)du — udy),

where F, and F; are obtained using the local charts 7(z,t) = (z,tx) and 7(u, y) = (uy,y),
respectively. Set X = {3 — z* = 0}, since

pom(x,t) = ¢(x,tr) = 23(t* — 2*).
Since X is not invariant by Fi, set F = F;. In that way, F is defined by the 1-form
O = —t3dx — (20t® +t — 1)dL.

Again, by Singular [24], we obtain pupr(F,X,0) = 56, usr(F,X,q) = 9, v = 5,
m =3, Z 11,(F) = pio(F2) = 0 and D = 3. Then,

per~1(0)
p#q
. ) N m(m — 1)
ppr(F.X0) = pop(F,X,q) + 7 +v =1+ (v + Um+ po(Fo) + ———> =D
= 94+25+5—-1+6-3+0+3—3=56.

Since 7 is dicritical, item (b) of Proposition 2.3.9 is satisfied.
Q)

Remark 2.3.12. In both examples showed above, the computation of D = dim¢ U*QX
073X

is not trivial, neither by hand nor by Singular. To compute that number, we turned to

[72, Section 2|, and used some properties. By (1.14), we have that

D= (To(X> - @) - <To(f() - @) _
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Now, we can calculate the value of D since we know that, when a curve C is defined by
a equation written as y? — 2% = 0, we have uo(C) = 79(C) = (p — 1)(¢ — 1). Then, for
Example 2.3.10, we have

D (TO(X) B M0(2X)) N (mX)-%X)) =4-2)-(2-1)=1,

and for Example 2.3.11, we have

D (Tooc) - "'0(;”) - (w’é) - “0(X>> = (12-6)— (6-3) =3,

2

2.3.2 The relative Bruce-Roberts number for foliations on (C?,0)

The relative Bruce-Roberts number for foliations can be defined in a similar way as
we did in this section, using the same characterization of foliations in dimension two. In
that way, the relative Bruce-Roberts number of the foliation F, defined by the 1-form w
with respect to X is given by

) o 0,

where w is a germ of a holomorphic 1-form with isolated singularity at (C? 0) defin-
ing F and X is a complex analytic germ with isolated singularity at (C?,0). Now, for

holomorphic foliations on (C?,0), Theorem 2.2.6 can be stated as follows:

Corollary 2.3.13. Let F be a germ of a singular holomorphic foliation at 0 € C?. Let
X be a germ of a reduced curve at 0 € C?. Assume that X is not invariant by F. Then

pr(F, X) = pio(F) + pgr(F, X).

The following examples, inspired by our previous examples in dimension two, illustrate
Corollary 2.3.13:

Example 2.3.14. We can use Singular [24] to compute the relative Bruce-Roberts num-

ber for the previous examples:

e In Example 2.3.2, we have F : w = \xdy + ydz = 0, A # —p/q, and X = {¢ =

y? — 29 =0}. As we needed numerical examples, for A = 1, we have

ppr(F,X) =6, when p=2and ¢ =5, and
ppp(F,X) =23, when p=11 and ¢ = 13.
In both cases, pgp(F,X)=p+q—1=ppr(F,X) — po(F).
e In Example 2.3.3, we have F : w = xdy + ydr, and X = {¢ = y> — 2° + 2%¢* = 0},
with pupr(w, X) =12 and po(w) = 1. Then

0,
-~ (F.X) = —11.
Honl ) w(Ox) + (y° — b + xty3)
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e In Example 2.3.5, we have F,, : w = (y* + y* — zy)dr — (2zy* + vy — 2*)dy = 0,
Foin=2y*+2*)de — 2zydy = 0 and X = {¢ = y" —2® = 0}, with upp(F,, X) =
ppr(Fy, X) =17 and po(F,) = po(F,) = 5. Then

ppr(Fu, X) = MéR(Fn’X) = 12.

In each case, we have pgp(F, X) = ppr(F, X) — puo(F), satisfying Corollary 2.3.13.

As seen in (1.10), an interesting property for the Milnor number of a foliation F is

given by
viv+1
,UO(]:) > %

As an application of the above inequality, we have the following corollary:

Corollary 2.3.15. Let F be a germ of a singular holomorphic foliation at 0 € C?. Let
X be a germ of a reduced curve at 0 € C?. Assume that X is not invariant by F. Then

_ viv+1
pBr(F, X) — ppp(F,X) 2 ¥>
where v denotes the algebraic multiplicity of F.

To end this subsection, we present a blow-up formula for the relative Bruce-Roberts
number of a foliation F with respect to a non-invariant curve X. Its proof follows similarly
as the proof of Proposition 2.3.9, using the results presented there together with Corollary
2.3.13.

Corollary 2.3.16. Let F be a germ of a singular holomorphic foliation at (C2,0), let
X be a germ of an irreducible reduced curve and let 7 : C*> — (C2,0) be the blow-up at
(C2,0). Assume that X is not invariant by F, F := 7*F, and ¢ € 7~ (0) N X, where F
and X are the strict transforms of F and X respectively. Denote by m the multiplicity
of X and by v the algebraic multiplicity of the foliation F at 0 € C2. Then, we have the

following statements:

(a) If 7 is non-dicritical, then

- - T m(m —1
tpr(F, X, 0) ZNBR(]:,X,q)—i—ym-F% _D.
(b) If 7 is dicritical, then
- - (¥ m(m — 1)
'U/BR('F7X’O):/’LBR(‘FaX7Q)+<V"‘1>m+T—D

We write ppr(F, X, p) to denote the relative Bruce-Roberts number around the point p.
o Qz

—X where 5 : (X,0) — (X,0) is the normalization, and
[2AR\Y5'e

Moreover, we have D = dim

o=moao.
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2.3.3 Generalized curve foliations and the Bruce-Roberts num-

bers

To end this section, we give a characterization of the Bruce-Roberts numbers defined
above with a particular type of foliation. First, we remember that Theorem 1.2.13 -
originally [17, Theorem 4| - enunciated in Section 1.1.2 says that when F is a germ of
non-dicritical foliation at 0 € C* and C' = Sepy(F) is the union of the separatrices of F,
then

to(F) = po(C),

and the equality holds if and only if F is a generalized curve foliation. As a consequence
of this and our previous results, we can establish new characterizations of non-dicritical
generalized curve foliations. Since the two next results are direct consequences of Theorem

1.2.13, we announce them as the following corollaries:
Corollary 2.3.17. Let F be a germ of a non-dicritical holomorphic foliation at 0 € C2.
Let X be a germ of a reduced curve at 0 € C?, and C' = Sepy(F) = {f = 0} be a reduced
equation of Sepy(F). Assume that X is not invariant by F. Then

per(F, X) — psr(f, X) > ppp(F, X) — ppp(f, X),
and the equality holds if and only if F is a generalized curve foliation.

Proof. The proof follows directly from Theorem 1.2.13, applied to F and f, and Corollary
2.3.13. In fact,

per(F, X) — pgr(F, X) = po(F) > po(C) = upr(f, X) — ugr(f, X).
O

Corollary 2.3.18. Let F be a germ of a non-dicritical holomorphic foliation at 0 € C2.
Let X be a germ of a reduced curve at 0 € C?, and C' = Sepy(F) = {f = 0} be a reduced
equation of Sepy(F). Assume that X is irreducible and not invariant by F. Then F is a

generalized curve foliation if, and only if
psr(F, X) — ppr(f, X) = ordi—o ¢"w — ordi— " (df),
where ¢ is a Puiseux parametrization of X.
Proof. Since X is an irreducible curve, we can recur to (2.10), and then we have
wupr(F,X) = po(F) + ordi—g p*w + po(X) — 70(X).

On the other hand, Remark 2.3.8 can be used to rewrite the result in Corollary 2.1.4 in

dimension two as

pBr(f, X) = po(C) + ordi—o ™ (df ) + 110(X) — 1o(X).

Now, subtracting the two equalities above, we have

pBr(F, X) — psr(f, X) = po(F) — po(C) + ordi—o ¢"w — ord;—o " (df ).

The proof is concluded using the equivalence shown in Theorem 1.2.13. O
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2.3.4 Applications to Global Foliations

To finish this chapter, we present some results involving the Bruce-Roberts number
for foliations, in the case that F is a global foliation on a compact complex surface S, as

described in Subsection 1.1.3. Hence, we have our first result:

Theorem 2.3.19. Let F be a holomorphic foliation on a compact complex surface S,

and let X C S be a compact curve, none of whose components are invariant by . Then

" salF Xp) = Tr - T+ Tr - Ks + 2(S) + Ny - X — x(X) = 7(X),
p€eSing(F)NX
where x(X) = —Kg- X — X - X is the virtual Euler characteristic of X, ¢o(.5) is the second
Chern class of S and 7(X) = Z 7,(X) is the global Tjurina number of X.

peX

Proof. For each p € Sing(F) N X, we have
/LBR<‘F> X,p) = :U'p(F) + tang(f, X,p) - TP(X)

by Corollary 2.3.1. On the other hand, according to Proposition 1.1.20 and Proposition
1.1.21 we get
> w(F)=Tr - Tr+ Tr - Kg + c2(5)
p€eSing(F)
and
> tang(F X,p) = Nr- X — x(X).
p€eSing(F)NX

Hence, we have

Z per(F,X,p) = Z {up(}") + tang(F, X, p) — Tp<X)}

p€eSing(F)NX p€eSing(F)NX
= Z o (F) + Z tang(F, X, p) — Z 7,(X)
peSing(F)NX p€eSing(F)NX peSing(F)NX

:T]:'T}‘“‘T]—"KS“‘CQ(S) —|—N]:'X—X(X> _T(X)'
0

With that in mind, and since puggr(F, X, p) > 0, for all p € Sing(F)N X, we can obtain
an upper bound for the global Tjurina number of X.

Corollary 2.3.20. Let F be a holomorphic foliation on a compact complex surface S,

and let X C S be a compact curve, none of whose components are invariant by . Then
T(X) S T]:-T]:—FT]:'KS—FCQ(S)+N}"X—X(X).

Example 2.3.21. In the particular case of S = P%, F a foliation on PZ of degree deg(F) =
d, and X C P2 an algebraic curve of deg(X) = r, we get

T(X) <& +d+1+r(d+r—1).
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In [61, Theorem 3.2|, an upper bound for 7(X) is derived under the assumption that
there exists a holomorphic foliation on P? that leaves X invariant. In contrast, in Corollary
2.3.20, the bound for the global Tjurina number of X is established using a holomorphic
foliation that does not leave X invariant.

On the other hand, since (again by Proposition 1.1.20)

> wp(F)=Tr Tr+Tr Ks+ (),
p€eSing(F)

we have the following corollary, using the difference of the Bruce-Roberts and the relative

Bruce-Roberts numbers, but now globally.

Corollary 2.3.22. Let F be a holomorphic foliation on a compact complex surface S,

and let X C S be a compact curve, none of whose components are invariant by F. Then

Z [MBR(‘FJ X7p) - MER(‘F7 X7p)} = T]‘— : T]: +T.7: ' KS + CQ(S)‘

p€eSing(F)NX

Proof. The proof follows immediately by taking sums in Corollary 2.3.13. [
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Chapter 3

The Bruce-Roberts Tjurina Number for

Holomorphic 1-Forms

In this chapter, our main goal is to define a version of the Tjurina number for foliations,
first defined in [7]. As in the previous chapter, the idea is to generalize an existing
index and check which properties and results can be obtained. The inspiration for this
definition is the Bruce-Roberts Tjurina number Tgr(f, X) of a function f along X, defined
by Ahmed-Ruas and Bivid-Ausina—Ruas, and defined in Definition 1.2.58. The idea of
our index also came after studying the Bruce-Roberts number defined in (2.1), and can

be seen in the following definition:

Definition 3.0.1. Let (X,0) denote the germ of a complex analytic variety at (C",0),
and let w be the germ of a holomorphic 1-form with isolated singularity at (C™,0). Let
V be a germ of a complex analytic hypersurface with an isolated singularity at 0 € C"
invariant by w. The Bruce-Roberts Tjurina number of w relative to the pair (X, V) is
defined as

O
w, X. V) :=dimg ————
TBR( y Ny ) 1mc (@ ) ]V7

where [y, is the ideal of germs of holomorphic functions vanishing on (V,0).

Observe that if w = df is an exact holomorphic 1-form with an isolated singularity at

0 € C", then V = {f = 0} is a complex analytic hypersurface invariant by w, and

__ O dim __On
dfOx)+Iv  Cdf®x)+ (f)

In other words, 7pr(df, X, V') coincides with the Bruce-Roberts Tjurina number of f along

TBR(dfa X, V) = dlm(c = TBR(f,X). (31)

X. In this case, when X = C", we can also note that

On On

TBR(df, Cn7 V) = dlm(c m = dlm(c o = T()(V)

is the classical Tjurina number of V.
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Before we state our main theorem, we’re gonna need some important results. First,
we enunciate two lemmas regarding commutative algebra, both of them inspired by |5,

Proposition 2.1].

Lemma 3.0.2. Let A be aring. If L O M O N are A-modules, then

0—>M—>L—>L—>O
N N M

is an exact sequence.

Proof. By the proof of [5, Proposition 2.1 (i)], ¢ : L/N — L/M, defined by 6(x + N) =
x4+ M, is a well-defined A-module isomorphism, whose kernel is M/N. Since N C M,
it’s easy to see that 6 is surjective. Now, induced by the inclusion M C L, we define
a: M/N — L/N as a(x + N) =z + L. We have that « is injective, and Im(a) = M/N.
The proof concludes by writing

— 0.

Ma 0
0 — —
N

o, L N L
N M

]

Lemma 3.0.3. Let A be a ring and M, M, and M3 be submodules of an A-module M,

with M3 C M,. Then
My + My M,

My + Mz Ms+ (MyN M)

Proof. By |5, Proposition 2.1 (ii)], we have

]\41+]\42g My
M, - MiN My

Since M3 C M, the proof ends by substituting M; with M; + M;. O

(3.2)

Inspired by the definition given in (1.16), we introduce a new version of the GSV-index
for a pair (X, V):

Definition 3.0.4. Let X = ¢~(0) be an ICIS at 0 € C", defined by ¢ = (¢4, .., dr),
and let V' = {f = 0} be an isolated complex hypersurface invariant by w. Assume that X
is not invariant by w. The GSV -index of w with respect to the pair (X, V') is defined by:

Oy

Ix + i (;;) +(f)

The next result was given in [49, Corollary 3.7|, giving another characterization of the

Indgsy(w; X, V,0) := dimg¢ (3.3)

Milnor number when the Bruce-Roberts number defined in Definition 2.0.1 is finite.

Proposition 3.0.5. If w is a holomorphic 1-form at 0 € C" and (X, 0) is an ICIS such
that ppr(w, X) < 0o, then

. © . w(O
70(X) = dimg¢ é = dim¢ WEGIE;

(3.4)
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3.1 Main Results

Finally, we can enunciate our main theorem.

Theorem 3.1.1. Let w be a germ of a holomorphic 1-form with isolated singularity at
(C™,0). Suppose that the pair (X, V) are isolated complex analytic hypersurfaces at

0 € C™, V is invariant by w and X is not invariant by w. Then

Ox)NI
TBR(W, X, V) = Indgsv(w; X, ‘/, O) + T()(w, V) — To(X) + dlm(c ZE@%% A ]“j,
where ©% is the submodule of ©x of trivial vector fields.
Proof. Consider the following sequence of C-vector spaces:
e Iy o O, Oy,
0 2O Iy o 0. (3.5)

WO+ Iy WO+ Iy w(©Ox) + Iy

Since w(0%) + Iy C w(Ox)+ Iy C O,, note that (3.5) is an exact sequence, using Lemma

3.0.2. The exactness of the sequence implies that

. o, . O, . w(Ox) + Iy
X V)=d I L L — _ 3.6
ronle B V) = dime Sem g = e e v T M uen s 0
w(Ox) + Iy

To compute dimg¢ , we apply Lemma 3.0.3 with M; = I/, My = w(Ox),

LU(@&) + Iv
and M3 = w(0%), giving us:

w(@x)+]v ~ W(@X)
w(@%) + Iy w(O%)+ (w(Ox)NIy)

Using again Lemma 3.0.2, with the exact sequence

w(OF) + (W(Ox) N 1v) w(Ox) w(Ox)
R 2(OF) e W@+ wexnh)
we deduce
- w®©x)+ Iy W(GX) . w(O%) + (w(ex) N1y)

dim¢ W = dim w(@§) — dim¢ (07 : (3.7)
. L w(Ok) + (w(Ox)N1Iv)

Now, using (3.2) to rewrite (07 , we have
W(@,]);)—F(W(@X)ﬂ]\/) ~ (@X)ﬁ]{/ _ W(@X)ﬂlv (3 8)

w(0%) wOH)N(WwOx)NTy) wO)NL’ '

Substituting (3.8) into equation (3.7), we obtain
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w(@x) N [V
w(@T) N ]V.

w(@X) + IV . dim(c w(@X)

wOL) + Iy w(0%) (3:9)

dim(c - dlm(c

Now, suppose X = {¢p =0}, V = {f =0}, and w = ZA x)dx;. By Proposition
7j=1
1.0.3 we have that

w<@§>_fk+l<;;)> (b Ay i=1,...k j=1,...n),

where ;14 (;b) is the ideal generated by the (k + 1)-minors of the matrix

A - A,
o6 00
w _ 8x1 81’n
do Lo
o6 06
6131 8;Un
Then, we can compute dim O as follows:
O, Oy,
dim¢ ———— = di
1mgc w(@ﬁ) —|—IV 1mc N
I + (PAi)1<i<n + (f)
do
dim On
= c
<¢A17"'a¢An7 ng - a¢ A]7f> (4,k)e
where A = {(j,k) : j,k =1,...,n;j # k}. Since V is invariant by w and X is not
invariant by w, and using Lemma 2.1.1, we obtain
dim On dim On
C—Fary 7~ = c
w(O%) + Iv (0 e Ak — aer Ajs P Gmen
+ dim On
c
(Ary e Any 52 Ak — 52 Ay, fGen
0¢ 1)) . .
Now, note that — A, — =—A, € (A1,..., A,,). With that, and using (3.3), we deduce
81‘]‘ 8xk
(@) (@)
dimg ———— = Ind : X, V,0) +di " )
e e vy - el V0 dime prr T
Thus, by (1.15), we have
. O,
dim¢ = Indggy(w; X, V,0) + 10(w, V). (3.10)

W(@%}) + [V



3.1. Main Results 79

Finally, substituting (3.9), (3.10) and (3.4) in (3.6), we complete the proof of Theorem
3.1.1, since

. O - w(Ox) + 1y
X — ———— — (OT) - .,
Tpr(w, X, V) = dimg w(O%) + Iy dime w(©%) + Iy
. n . w(Ox) L wex) Ny
—d - —|d —— —d
O + I ( TwEh) T wEh N
w(© w(©x) N1
= Indgsv(w; X, V,0) + 7o(w, V) — dimc E@¥; + dime WE@;{; N I“j
X X
w(@x) N [V

As a consequence, we obtain the following corollary:

Corollary 3.1.2. Let f € O, be a function germ with an isolated singularity over an
hypersurface (X,0), and the pair (X, V) are isolated complex analytic hypersurfaces at
0 € C". Suppose that V' is invariant by w and X is not invariant by w. Then

_df(Ox) N{f)
X)=Ind af; X, V,0 V)—1(X)+d —

TBR(fa ) n GSV( fa y Vo )+7—0< ) TO( )+ mc df(@§)ﬂ(f>’

where V = {f =0} C (C",0).

Proof. The proof follows from applying Theorem 3.1.1 for the 1-form w given by w = df,

and using that 7pr(df, X, V) = 75r(f, X) (by (3.1)) and

On
af af
<3_z17"'7%7f>

To(df, V) = dlm(c = T[)(V).

]

We use the result of Gémez-Mont, presented in Proposition 1.2.36, to prove the next

corollary:

Corollary 3.1.3. Let F : w = 0 be a singular holomorphic foliation at 0 € C2. Suppose
that V = {f = 0} is a complex analytic curve at 0 € C? invariant by w. Then

TBR(./T", X, V) — TBR(f, X) = Indgsv(F; X, V, 0) — Indgsv(df;X, V, 0) + GSVO(J—", V)

- w®x)N () df(Ox) N (f)
e sennn T M gen n )
Proof. According to Theorem 3.1.1 and Corollary 3.1.2, we have
7ar(F, X, V) = Indgsv(F; X, V,0) + 70(F, V) — 70(X) + dimc zggii 2 2;; and
X
1) = O 5004200 =00+ e SR
X

The proof is concluded subtracting the above equations and using (1.21). ]
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Now, we present some examples of our main result. In the next two cases, we will see

that Theorem 3.1.1 is verified in dimension two and three, respectively.

Example 3.1.4. Let X = {¢(z,y) = v» — 27 = 0} and V = {f(z,y) = zy = 0},

representing germs of complex analytic curves on (C2,0), and let F be the foliation

defined w = Axdy + ydx, with \ # —]—), A # 1. Note that X is not invariant by F, while
q

V' is invariant by F, since

wAdp = (Axdy + ydzx) A (pyp_ldy — qxq_ldx) = (py? + \gz?) dx ANdy and
wAdf = (Axdy + ydz) A (ydx + zdy) = (1 — N)zy) dx A dy.

Since A # —g, A # 1, we find that 70(X) = (p — 1)(¢ — 1) (as seen in Example 2.3.2)

and

, (@)
Tg(w, V) = dlm(c m =1.

Next, we compute the remaining indices. First, observe that

w(Ox) + Iy _ ( (p+Ag)xy, py? + Aga?, zy ) _ I
wOL) + Iy (ylyr —a9), Aa(yp —29), pyr + Mgzt zy ) (il a0tl) + 1

Y

where I = (xy, py? + A\gz?). Since, y?» = ax? on I, with a € C, we have:

Y=y g’ =y ozt cl,
I
and similarly, 24! € I. Thus, dim¢ % = 0. Then, from (3.9), we have
. wGx)NLy . w(Ox)
dim = dim, =1(X)=((p—1)(g—1).

Now, for Indgsy(w; X, V,0), note that

O,

Indasy(w; X, V,0) = dimg (yp — @9, py? + Aqa?, vy)”

Rewriting the given ideal, we get

(yP — 2%, py? + Agx?, xy) = (yP — 29, p(y” — 27) + px? + Aga?, zy)
= (yP — 29, (p+ Aq)z?, xy)
= (P, 2% 2y),

and then,

@) (@)
2 :dimc—2:p+q—1.

Indasy (w; X, V,0) = dime (yp — 29, py? + Aqz?, xy) (yp, x4, xy)
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Finally, let’s compute the Bruce-Roberts Tjurina number. From [35, Example 1|, we know
that

0 0 0 0
—= —_— — P—l q—l
Ox <qyay +pxax,py 7 + gz _8y>'

Hence, we have

. 02 . 02
Ter(w, X, V) = dim = dim, =p+q.
il ) (g + p)zy, py? + Mgz, zy) “loy + agatay) DT
Therefore, since
Ox)NI
p+q="1r(w, X,V) =Indgsv(w; X, V,0) + 10(w, V) — 70(X) + dim¢ w(;(#
(JJ(@X) N IV

={p+q-D)+1-p-1@-1)+{@-1g-1),
we conclude that Theorem 3.1.1 is verified.

Example 3.1.5. Let X = {¢(z,y,2) =23 +yz =0} and V = {f(x,y,2) = 22 +9°+ 2> =

0} be germs of isolated complex hypersurfaces on (C3,0). Consider
w=df + f(zdx + zdy + ydz) = 2x + zf)dx + 2y + xf)dy + (22 + yf)d=.
By the definition of w, is easy to see that V' is invariant by w, and since

wAdp = [((2x + zf)dz + (2y + zf)dy + (22 + yf)d2)] A (32*dx + zdy + yd=)
= (222 — 627y + (2% — 32°) f)dx A dy + (2y° — 22% + (zy — y2) f)dy A d=
+ 2oy — 622 + (yz — 32%y) f)dx A dz,

we have that X is not invariant by w. Additionally, by Theorem 1.2.47, we can compute

Oy as

Ox = zg—?)ng 3—3:752£, yg—z2 x£+2y£+2£ .
Y x z x oy 0z

Using Singular [24] to compute the indices, we get Tpr(w, X, V) = 5, o(w,V) = 1,
C) I

Indgsy (w; X, V,0) = 5, 70(X) = 2 and dim(cw = 1. With that and (3.9), we

w(Ox) + Iv

have

w(Ox)

W(@X) N [V .
= dim
" w(OF)

dime STV
NN,

Hence, Theorem 3.1.1 is satisfied, since

5 =r1pr(w, X, V) =Indgsy(w; X, V,0) + 10(w, V) — 70(X) + dim¢ w(

=5+1-2+1
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Remark 3.1.6. In a similar way as made in Remark 2.3.6, we show below the codes used
on the software Singular [24] to calculate the indices in Example 3.1.5. The same codes

were used along this chapter.

> ring r=0, (x,y,z),ds; // local ring

> poly f=x2+y2+z2; // polynomial that defines V

> poly g=x3+yz; // polynomial that defines X

> poly fi1=diff(f,x); // parcial derivatives of f

> poly f2=diff(f,y); //

> poly £3=diff(f,z); //

> poly gil=diff(g,x); // parcial derivatives of g

> poly g2=diff(g,y); //

> poly g3=diff(g,z); //

> ideal I1=(2x+zxf,2y+xxf,2z+y*f,f); // defining the ideals that appear
in each index

> ideal I2=(f,g,gl*f2-g2xf1,g2*xf3-g3*f2,g3*f1-gl1*£f3);

> ideal I3=(g,gl,g2,g3);

> ideal I4=(3x2*(2y+x*f)-z*(2x+z*f) ,-y*(2x+z*f)+3x2%(2z+y*f),
—yx (2y+x*f) +z% (2z+y*f) ,x* (2x+z*f) +2y* (2y+x*f) +z* (2z+y*f) ,f) ;

> size(kbase(groebner(I1)));

1 // Tjurina number of the foliation

> size(kbase(groebner(I2)));
5 // GSV-Index of the foliation

> size(kbase(groebner(I3)));
2 // Tjurina number of X

> size(kbase(groebner(I4)));

5 // Bruce-Roberts Tjurina number of the foliation

3.2 The relation between ppr(w, X) and 75p(w, X, V)

The natural next step of this work is to study what results we can obtain from the
definitions presented in the last two chapters. More specifically, the definitions of the
Bruce-Roberts number of an 1-form and the Bruce-Roberts Tjurina number of an 1-form,
defined in Definition 2.0.1 and Definition 3.0.1, respectively. It follows directly from those
definitions that

Ter(w, X, V) < ugr(w, X).

Therefore, if ppr(w, X) < 0o then Tpr(w, X, V) < co.
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In order to find a relation between those indices, we are going to define two new
numbers, and make a construction inspired by the work of Bivia-Ausina—Kourliouros—Ruas
in [8, Section 2|. For that, we need to establish some notations: consider V' = {f = 0} a

germ of complex hypersurface invariant by w. With that, we write

v=1{0€6,:w(d) € (i},
and we can also define by
H,={(€06,:w(l) =0}
the submodule of vector fields tangent to w. Observe that H, C 6%.
Now, we can present the following definition, inspired by [8, Section 2, p. 5|:

Definition 3.2.1. Let (X, 0) be a complex analytic subvariety, w be a germ of a holomor-
phic 1-form with isolated singularity at 0 € C" and V' a germ of a complex hypersurface.

Suppose that ugr(w, X) < co and V is invariant by w. Then, we define

_ : O,
[LX(CU) = dlm(c m
and
Tx(w,V) :=dim __ O
X\W, . C @X + @o‘.}’

in the case where these two numbers are finite.

Note that 7iy(w) > Tx(w, V), and since the sequence

Ox + H, Ox + H, @X—i—@‘{}

is exact, by Lemma 3.0.2, we have

Oy +0% o
IXTEV g
Ox +H, C°H, +(6xNn6%)

Iy (w) —Tx(w,V) = dim¢

where the last step follows from the equivalence of Lemma 3.0.3.
The next proposition uses fry and Tx to show new characterizations of the Bruce-
Roberts number and the Bruce-Roberts Tjurina number, and then, to compute the dif-

ference between these indices.

Proposition 3.2.2. Let (w, X) be a pair (of a germ of a holomorphic 1-form and a
complex analytic subvariety) in (C", 0) with ugr(w, X) < co. Suppose that V' is a complex

hypersurface with an isolated singularity at 0 € C" invariant by w. Then

ppr(w, X) = po(w) + fix (W),
TBR<WXV)—T0( V)—i‘? ( V)

In particular,

NBR((")7 X) - TBR("”? X? V) = MO(W> - 7_0(("}7 V) + ﬂX(w) - ?X(Wv V)
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Proof. Consider w defined by w = Z A,dx;, and then, set (w) = (Ay,...,A,). Consider
j=1
the following sequences of O,-modules:
@n ‘W On T On
0— — —— —0, 3.11
@X + Hw w(@X) <w> ( )
Ox+6y  w®dx)+ () (W)

where -w is the evaluation map and 7 is induced by the inclusion w(Ox) C (w). We claim

0—

— 0, (3.12)

that both of the sequences are exact.
For (3.11), suppose that g € Im(w). Then, ¢ = w(h+Ox + H,), where h € 6,,. With
that,
7(g9) =m(wh+Ox + H,)) =7m(w(h) + w(Ox)) = w(h) + (w) € (w),
which gives us g € kerm. On the other hand, consider j € kern. Then, there exists
k € O,, such that j = k + w(Ox). Since 7(j) = 7(k + w(Ox)) = k + (w), then k € (w).
With that, we can write k = w(n), for some n € ©,,. Therefore,

wn+0Ox+H,) =wn) +wOx) =k+wOx) =7,

which gives us j € Im(w).
This shows us that Im(w) = ker 7w, and the sequence (3.11) is exact. With a similar
proof, (3.12) is also an exact sequence. The exactness of (3.11) and (3.12) concludes the

proof. O]

As a consequence, we obtain an algebraic characterization of the equality of the Bruce-

Roberts Milnor and Tjurina numbers.

Corollary 3.2.3. Let (w, X) be a pair in (C",0) with ppgr(w, X) < co. Suppose that V
is a complex hypersurface with an isolated singularity at 0 € C" invariant by w. Then

the following conditions are equivalent:
1. ppr(w, X) =718r(wW, X, V);
2. po(w) = 1(w,V) and fiy(w) = Tx(w, V), and the last equality is equivalent to
Oy = H, +06xNOY.

In that result, when w = df, for some f € O,, and pupgr(f,X) < oo, we recover
Proposition 1.2.63. Now, in the case that X is an isolated complex hypersurface at

0 € C", we obtain the following corollary:
Corollary 3.2.4. Let (w, X) be a pair in (C",0) with ppr(w, X) < co. Suppose that V'

is a complex hypersurface with an isolated singularity at 0 € C" invariant by w. Then
Tix(w) = Indgsv(w; X, 0) — 70(X)

and

w(Ox) N {f)

7x(, V) = Indasy(w; X, V, 0) = n(X) + dime 2y
X
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Proof. From Theorem 2.1.3, we have
/LBR(LU,X) = Mo(w) + Ind(;s\/(w; X, 0) — T()(X),

and from Theorem 3.1.1, we have

w(@X) N IV

TBR(waXa V) = Indgsv(w;X, MO) + To(w,V) — TO(X) + dll’ﬂ(c —w(@ﬁ) A IV.

The proof is concluded by comparing both equalities above with Proposition 3.2.2. O]

For our next result, we remind that, from Definition 1.2.59, the number r;(I) is the
minimum of r € Z>; such that f" € I, with R being a ring and / an ideal of R such that
f € R. If such r does not exist, then r;(I) = oo.

With that, it is possible to enunciate the following corollary:

Corollary 3.2.5. Let X be a complex analytic subvariety of (C",0). Let w be a germ of
a holomorphic 1-form such that ppgr(w,X) < co. Suppose that (V,0) is determined by
f:(C"0)— (C,0). Then

psr(w, X)
TBR(CL), X, V)

Proof. Tt follows directly by taking R = O,, and I = w(Ox) in Theorem 1.2.60:
R
A
(7)

ML <,
€(<f>R+ I) -

with ¢(M) being the length of the set M. O

< r7(w(Ox))-

We present an example that illustrates Corollary 3.2.5.

Example 3.2.6. Let V = {f(z,y) = 2" + 2my™" + 42" = 0} and X = {¢(z,y) =
ry = 0} be germs of complex analytic curves at 0 € C?. Consider the foliation F at
(C%,0) defined by

w=(fo +yf)de + (fy +af)dy = df + f(zdy + ydz).
Note that X is not invariant by JF, since

wAdp = ((fo +yf)de + (fy, +2f)dy) A (yde + zdy) = (v fo — yfy)dx A dy,

while V' is invariant by F, which is evident by the definition of V. Thus, since O x =
<x%, y%>, we have
w(Ox) = (zfo +zyf,yfy + 2y f).

In |7, Example 4.1], we used Singular [24] to compute the indices ppgr(w, X) and

Tr(w, X, V). For each value of m, we found the following results:
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fpr(w, X)
m pupr(w, X) | 7r(w, X, V) m
1 6 6 1
2 20 17 1.17647...
3 42 34 1.23529...
4 72 57 1.26315...
10 420 321 1.30841...
20 1640 1241 1.32151...
1000 4002000 3002001 1.33311...

Additionally, in any of the cases above, we observe that f € w(Ox), but f? € w(Ox).
Therefore, Corollary 3.2.5 is satisfied, as
per(w, X) 4

<

(W XV 3 <2=rp(w(Ox)). (3.13)

Furthermore, we managed to show that (3.13) is verified for each value of m € N;m > 2.

In fact, considering the ideal

J=w(Ox)=(2m+ 1):102"“rl + mz™y™ M + foy, (m+ 1)ym+1xm + (2m)y2m + fxy),

we have
O O
ppr(w, X) = dime 2 — dimge —2 = 4m? + 2m
w( X) J
and
. 02 . 02 2
, X, V) =dimg ————+ =dimg ——— =3m° +3m + L.
Ter(W ) imc o(Ox) + Iy imc T+ () m m
. ppr(w, X) 4 . pBR(w, X) 4
Although lim ——————- = - till have —————— < = < © d th
ough lim Tor@ X1V) " 3 we still have on(@ X V) <3< rf(w(Ox)), and the

result is satisfied.

Remark 3.2.7. In the context of singular curves in dimension two, the search for an upper

bound for £ has been the study of recent works. In [51, Theorem 1.1], the author shows
T

po(X)

T0(X)
at the origin with only isolated singularity. In particular, in the case where V = {f = 0}

that <mn, when X = f71(0) and f : (C",0) — (C,0) is an analytic function germ

is a reduced complex analytic curve, w = df, and X = C?, the inequality (3.13) reminds

us of

po(V') 4

T()(V) 37

which is exactly the Dimca-Greuel inequality proposed in [25, Question 4.2] and recently

proved in [4, Theorem 6]. However, in the case of holomorphic foliations on (C?,0), the

Dimca-Greuel inequality does not generally hold, as shown in [31, Example 4.2].
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3.3 The Bruce-Roberts Tjurina Number for Foliations
on (C?,0)

In a similar way to Section 2.3.1, our main goal in this section is to define the Bruce-
Roberts Tjurina number for foliations in dimension two, since we can define them with
the notion of a germ of a holomorphic 1-form. In that case, the Bruce-Roberts Tjurina

number of a foliation F relative to the pair (X, V) can be written as

. O,
F. X, V)y=d e
7—BR( 5 LXy ) 1mc w(@){) +]V’

where w is a germ of a holomorphic 1-form that defines F. This definition follows directly
from Definition 3.0.1. Besides that, we are going to work with the notion of relatively
quasihomogeneous of a germ f € O, along a variety X. This concept was defined by

Bivia-Ausina—Kourliouros—Ruas in [8, Definition 1.1]:

Definition 3.3.1. A pair (f, X) in (C",0) is called relatively quasihomogeneous if there
exists a vector of positive rational numbers w = (w1, ..., w,) € Q7}, a system of coor-
dinates © = (z1,...,7,) and a system of generators (hy,...,h,) = Ix of the ideal of

functions vanishing on X, such that

flx) = Z amx™, an, € C,
( 1

w,m)=
hi(z) = Z bpix™, by, €C, i =1,...,m,

<w1m>:dz

where each d; € Q. is the quasihomogeneous degree of h;.

To prove the main theorem of this section, the following proposition is essential. To
that, we refer to |8, Corollary 3.4].

Proposition 3.3.2. A pair (f, X) is relatively quasihomogeneous if, and only if there
exists a logarithmic vector field 6 € ©x, §(0) = 0, with positive rational eigenvalues,

which admits f as an eigenfunction (we can always choose the eigenvalue equal to 1):
6 € Ox,d(f) = fand sp(6) = (w1, ...,w,) € QY,
where sp(d) is the set of eigenvalues of the linear part of 4.

Now, and motivated by [8, Theorem 4.1], we can present the following theorem, as an

application of Theorem 3.1.1:

Theorem 3.3.3. Let F be a germ of a non-dicritical generalized curve foliation at (C2,0),
and let X be a germ of a reduced curve at (C?,0) not invariant by F. Let V = {f = 0} be
the reduced equation of the total set of separatrices of F. If upr(F,X) = 15r(F, X, V),
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then there exist coordinates (u,v) € C%, g, h € Oy, with u(0) = 0, v(0) = 0, g(0) # 0 and
integers «, B, ¢ € N such that

f(u,v) = Z P ju'v’, P €C,
ai+Bj=¢
gw = df + h(Bvdu — audv),

and the pair (f, X) is relatively quasihomogeneous in these coordinates.

Proof. Consider w the holomorphic 1-form that defines F, given by w = Adx+ Bdy. Since
pupr(F,X) =1r(F, X, V), we have uo(w) = 79(w, V') and

OY = H, + Oy NOY (3.14)

by Corollary 3.2.3. Thus,

o o,
dim¢ = po(w) = 1o(w, V) = dime —<A, B

(A, B)
and that implies that f € (A, B). According to [55, Théoréme A], that means that there
exist coordinates (u,v) € (C2,0), g,h € Oo, with u(0) = 0, v(0) = 0, g(0) # 0 and
integers «, 3, ¢ € N such that

f(u,v) = Z P, ju'v’ (3.15)
ai+Bj=¢
and
gw = df + h(Bvdu — audv). (3.16)

Now, consider the vector field given by X, 5 = aua% + 51}8% € 0,. We claim that
Xop € 7. In fact, (3.15) gives us that

df = < > i PZ-Juilvj) du + ( > Pi7jui/l)j1> dv,

ai+Bj=¢ ai+Bi=¢

and, from (3.16), we got

gw(Xap) = df (Xap) + h(afuv — afuv)
= < Z iR7jui_1Uj> au + ( Z ] B7juivj—1> 61)
ait-Bj=¢ ai+Bj=¢

=« Z i Pi’juivj + 6 Z ¥ PZ-JUW
aitfi=¢ aitfj=¢
= > (ai+Bj) Pyuv’ = fC.

ai+Bj=¢

Therefore, w(X, 5) € (f).
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Suppose now that X, 3 ¢ ©Ox in these coordinates (otherwise, there is nothing to
prove by Proposition 3.3.2). By (3.14), we get that there exists v € H, such that § =
Xop—7 € Ox NOY. Since w(y) = 0, v is a vector field defining F, and then f is an
eigenfunction for 7. Moreover, (3.15) gives us that f is also an eigenfunction for X, g.
Thus, f is an eigenfunction for § € Oy, and from Proposition 3.3.2, we obtain that the

pair (f, X) is relatively quasihomogeneous in these coordinates. O]
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Chapter 4

Conclusion and Further Research

In this last chapter, we will talk about the main results of this work and present some

questions that we encountered in the construction of this thesis.

In Chapter 2, we define the Bruce-Roberts number of a holomorphic 1-form with an
isolated singularity at 0 € C", with respect to a germ of a complex analytic variety X,
and also in the case where n = 2 and w defines a holomorphic foliation. Although we have
plenty of examples in the case of foliations, we would like to know what happens to the
Bruce-Roberts number of some other families of foliations and if (or how) these numbers

change.

Inspired by the work made in [45], we wonder if it is possible to have a result that
relates the Bruce-Roberts number ppgr(w,X) (or the relative Bruce-Roberts number)
when we perform some deformations on the 1-form w. For example, looking at the 1-
form given in (1.20), and also motivated by Corollary 2.2.9, if we consider the foliation
w=4d(fg)+ fgnin (C",0), with f, g € O,,, what results can be obtained from the differ-
ence pr(w, X) — ppr(fg, X)? We know so far that in this case, the pullback of omega
7w induces a complex saddle df = 0, with f = xy, similar to the ones studied in [45],

and we believe that this may possibly lead to new results.

In Chapter 3, our main work is to define the Bruce-Roberts Tjurina number of a 1-form
relative to a pair (X, V), with (X,0) a germ of a complex analytic variety at (C",0) and
V' a germ of a complex analytic hypersurface. Naturally, the next step is to wonder how
this number can be defined in the case where X or V' are an isolated complete intersection
singularity - or simply an ICIS. With that kind of definition (in particular, in the case
where X is an ICIS) we can proceed with a work similar to what we made in Section 3.2,
comparing the numbers ppr and 7. In the case of the Bruce-Roberts number of w with
respect to an ICIS X, some results were shown in [49], in which they used our definition

given in Definition 2.0.1 (and first presented in [6]).
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Right after Theorem 2.1.3, we state that pupr(w, X) is a topological invariant under
homeomorphisms of (C",0) that fix (X, 0), which follows from the topological invariance
of both Indgsv(w; X, 0) and po(w). That result was also illustrated in Examples 2.3.4 and
2.3.5. Naturally, we wonder if the Bruce-Roberts Tjurina number 7pg(w, X, V) is also
an invariant. We guess that it is better to approach the analytical invariance instead of
the topological invariance, since the number in question is a generalization of the Tjurina

number, but more investigations in that line are still required.

In Corollary 3.2.5 , we present a relation between the Bruce-Roberts and the Bruce-
Roberts Tjurina numbers of a 1-form with respect to a curve X (and V, in the case of
Tjurina), which says that their quotient is limited by the number rf(w(©x). Naturally, a
question that arises is whether it is possible to have an upper bound that does not depend

of X, or V, as mentioned in Remark 3.2.7, since

That result, named the Dimca-Greuel inequality, answers this question when it comes to

a reduced complex analytic curve. The attempt to reach a similar result gave us Example

X
3.2.6 that, coincidentally or not, limited M by = too. The idea is to investigate
TBR(CO, X, V) 3

in what other cases we can have the same (or lower) upper bound, making changes not

only on X, or V, but maybe doing some deformations in w as well.
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