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Resumo

Nesta dissertacao, analisamos técnicas para estabelecer cotas e relagoes en-
tre expoentes criticos na teoria da percolacao. Consideramos o modelo de
Percolacio de Bernoulli na rede hiperctibica Z¢, explorando trés abordagens
distintas que fornecem desigualdades diferenciais para funcoes relevantes do
modelo. A primeira baseia-se no estudo do comprimento de correlagao fun-
damental, examinando sua conexao com cruzamentos de caixas. A segunda
envolve o estudo da construcao do vértice fantasma de Aizenman-Barsky. A
ultima técnica apresentada utiliza a desigualdade OSSS generalizada, com uma
aplicagao da teoria de algoritmos aleatorios e arvores de decisao.

Palavras-chave: percolagao; expoentes criticos; transicao de fase.



Abstract

In this dissertation, we analyze techniques for establishing bounds and re-
lations between critical exponents in percolation theory. We consider the
Bernoulli Percolation model on the hypercubic lattice Z?, exploring three dis-
tinct approaches that provide differential inequalities for relevant functions
of the model. The first is based on the study of the fundamental correlation
length, examining its connection to crossings of boxes. The second involves the
study of the Aizenman-Barsky ghost vertex construction. The final technique
presented is based on the generalized OSSS inequality, with an application of
random algorithm theory and decision trees.

Keywords: percolation; critical exponents; phase transition.
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Introduction

In probability theory, the percolation model serves as a rich source of intriguing
problems that are simple to state but challenging to solve. Informally, the
model involves removing bonds (or vertices) from an infinite graph according to
a prescribed probabilistic rule that depends on a parameter. The percolation
model originated in the 1950s, with roots in mathematical physics, and it
remains an active area of research today. Because of its simplicity, the model
can be a natural starting point for studying systems with phase transitions.

Our primary interest lies in describing how the geometry of the random sub-
graph generated by this process evolves as the parameter changes. A key
property of the resulting graph is the presence or absence of an infinite con-
nected component. The transition between these two distinct phases is known
as the phase transition of the model. In many percolation models, there is a
specific value of the parameter that determines whether an infinite connected
component exists, called the critical parameter. However, in some cases, the
behavior of the system near or at this critical parameter is still not fully un-
derstood.

Certain important functions used to describe the geometry of the system
present interesting behavior near this point. Conjectures from the physics
literature suggest that each of these functions follows a power-law behavior in
terms of the parameter, with the corresponding exponent referred to as the
critical exponent of the function. The existence of such powers is a very strong
statement; even weaker conjectures, derivable from the existence of these ex-
ponents, remain unproven. Furthermore, it is believed that the values of these
critical exponents, as well as the nature of the phase transition, depend only
on the dimension of the lattice. For instance, in sufficiently high dimensions,
the existence of critical exponents has been rigorously established and is well
understood. In contrast, for low dimensions, their existence remains unproven.

In this dissertation, we focus on studying certain bounds and relations that
critical exponents would satisfy, assuming their existence. These bounds and
relations are derived using three distinct techniques, which are applicable to
understanding the behavior of the percolation process as it approaches the
critical parameter. Although these methods differ fundamentally, they share a



common feature: the use of differential inequalities to establish critical bounds.
To keep the exposition clear and focused, we restrict our attention to the sim-
plest version of the model, the Bernoulli Percolation on the bonds of the hy-
percubic lattice Z¢. This choice allows us to present the main results in a more
direct and accessible manner, while also providing a clear and concise overview
of the theory and its development. Across this work, we summarize these three
techniques and present eight key relations concerning critical exponents.

In the first chapter, the model, terminology, and basic results used throughout
the text are introduced. The BK and FKG inequalities are stated without
proofs, while Russo’s formula is both presented and proved. These tools are
applied multiple times in the subsequent chapters. Additionally, we introduce
the main functions studied in this dissertation and formally define the criti-
cal exponents, providing an introductory background to the development of
this theory. This chapter is mainly based on two references: Percolation by

G. Grimmett [8] and Progress in High-Dimensional Percolation and Random
Graphs by M. Heydenreich and R. van der Hofstad [9].

In the second chapter, we introduce the first technique and the first result.
We focus on the study of a function called the fundamental correlation length,
exploring its equivalent definitions, establishing some basic properties, and
investigating its connection to the existence of box-crossings. Specifically, we
discuss box-crossings in the supercritical phase for the two-dimensional process
and in the subcritical phase for higher dimensions. The primary references for
this chapter are Chapters 2 and 3 of Independent and Dependent Percolation by
Chayes, Puha, and Sweet [3], as well as Chapter 6 of Percolation by Grimmett

[8].

The third chapter is dedicated to the Aizenman-Barsky ghost vertex construc-
tion and its implications. This method introduces a two-parameter double
percolation process, adding additional structure to facilitate the analysis of
the original model. Within this framework, we establish two key differential
inequalities that play a crucial role in deriving bounds for critical exponents.
The presentation in this chapter is influenced by the approaches of Grimmett
[8] (Chapters 5 and 10), and Heydenreich and van der Hofstad [9] (Chapters
3 and 4), as well as the original work of Aizenman and Barsky [1].

The fourth and final chapter introduces the third method: the generalization of
the OSSS inequality. In this chapter, the ghost vertex construction is revisited
through the lens of random algorithm theory, leading to the derivation of a
differential inequality for the percolation model. This result, originally proved
by Hutchcroft in [10] for the Random-Cluster model, is translated here to the
Bernoulli Percolation model on the edges of a locally finite transitive graph.
The differential inequalities rely on an application of the generalized OSSS
inequality established by Duminil-Copin, Raoufi, and Tassion [5].

In this work, we do not present any new theorems or results. All the theo-
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rems and propositions discussed here have already been established by their
respective authors. The primary objective of this dissertation is to provide
a comprehensive and accessible overview of key results in percolation theory
concerning critical exponents. What distinguishes this text from existing lit-
erature is its combination of conciseness and the integration of both classical
and modern approaches. Efforts have been made to unify the notation and
terminology from various sources, along with adjustments to some proofs. Ad-
ditionally, we have reorganized and simplified elements from existing works to
create a more cohesive connection between the different references.

To be more precise, we now highlight some of the main contributions of this
text. In Chapter 1, while no major differences from the existing literature are
introduced, we have unified the notation and provided a concise collection of
the tools necessary for the subsequent chapters. In Chapter 2, we formalized
the definitions of the Dual Space (Definition 2.9) and Dual Crossing (Definition
2.11), as well as the two rescaling lemmas (Lemma 2.13) and (Lemma 2.14),
which are informally presented in the main reference. Additionally, the proof
of Theorem 2.18 has been rewritten to emphasize its key steps, which were
omitted in the original work.

In Chapter 3, we adjusted some terminology and highlighted specific steps in
the proofs from the original works. Moreover, we provided a new and more
direct proof for Lemma 3.15, which concerns an asymptotic result for the crit-
ical exponent 9, avoiding reliance on advanced theorems from real analysis.
Finally, in Chapter 4, the most significant contribution lies in translating the
main theorems from the Random-Cluster model to Percolation. Some con-
stants were simplified, and the terminology was adjusted to align with the rest
of the text, particularly with Chapter 3, ensuring a seamless connection across
the chapters.
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Chapter 1

Preliminaries

This chapter introduces the model studied throughout this text, establishing
the necessary terminology and tools. The goal of this work is to investigate
a specific topic: the relationships between critical exponents and the different
techniques used to prove them.

To achieve this, we aim to find the shortest path to these bounds. It is be-
lieved that all percolation processes on d-dimensional lattices with finite vertex
degrees share a similar nature for their phase transitions, meaning that the crit-
ical exponents are “universal”, depending only on the number d of dimensions
and not on the specific structure of the lattice.

This universality motivates us to focus on a simpler model, Bernoulli Percola-
tion on the hypercubic lattice, which simplifies the process of defining objects
while highlighting the differences between the techniques presented.

The first section provides the definition of the model, introduces relevant graph
theory terminology, and outlines some results used later in the text. The final
section presents the background for the critical bounds proved in this work
and discusses how these results relate to other models and contexts.

The primary reference for this introduction to the model is the well-known book
Percolation by G. Grimmett [8]. We also frequently rely on the book Progress
in High-Dimensional Percolation and Random Graphs by M. Heydenreich and
R. van der Hofstad [9].

1.1 Bernoulli Percolation

First, we define the graph we use throughout the text, the hypercubic lattice
with dimension d > 2. This graph has the set Z? as its set of vertices, which
has elements x of the form x = (1, ..., z4) where z; € Z for every i = 1, ..., d.

On Z* we consider a distance D from two vertices x and y as D(x,y) =



Chapter 1. Preliminaries 12

S |z — yi|. Then, we define the set of edges E? to be the set with elements
e = xy, where z,y € Z¢ have D(x,y) = 1. That way, the hypercubic lattice
denoted here as ¢ is the graph (Z¢, E?).

The model we construct on the graph IL¢ is Bernoulli Percolation on its edges
with parameter p € [0, 1]. The configuration space is 2 = {0, 1}]Ed where each
element w = (we).cpe assigns a state (0 or 1) to each edge. This space is
equipped with the sigma-algebra F generated by the cylindrical events. For
a given p, the product probability measure P, independently assigns to each
edge a Bernoulli random variable with parameter p, meaning P,(w. = 1) = p
for all e € E¢. Thus, the probability spaces we work with are (2, F, P,) where
p € [0,1].

For a configuration w € , we say that an edge e € E? is open if w, = 1
and closed if w, = 0. We say that two vertices = and y are connected in a
configuration w, or simply denote x <+ y, if there exists a finite path, that is, a
finite sequence of vertices (vg, vy, ..., vn) Where vg = x and v, = y, such that
each pair v;v;,; is an edge of E¢ and is open for each i = 0,...,m — 1.

We define the event {z <> y} as the set of configurations w such that x and y
are connected. The connection probability is denoted by 7,(x,y) = P,(z <> y).
We write ey, for the canonical vertex (0, ...,0,1,0,...0), where the 1 appears in
the k-th coordinate. Then, we simply write 7,(p) = 7,(0,ne;) = P,(0 <> ney),
that is, the probability that exists a path of open edges joining the origin to
the vertex (n,0,0,...,0) of the hypercubic lattice.

For a subset of vertices V', we write x <> V if z <+ v for some v € V. By
convention, we assume z ¢+ x for every vertex x of L. If S is a subset of
vertices (or a subgraph) containing x, y and V', we write {z S y}or {z R Vi
for the events where the x is connected to y, or to V' respectively, by a path
using only edges with both endpoints on S.

We also use the notation x <> oo if there exist an infinite path, that is, an
infinite sequence p = (vg, vy, ...) starting at vy = x, such that each pair v;v;1;
is an edge of E? and is open for each i > 0.

Definition 1.1. [Cluster of a vertex] For a configuration w € Q and a
vertex ¥ € 74, the cluster of x, denoted by C(z) = C,,(x), is defined as the set
of vertices y € Z¢ that are connected to x in w, i.e.,

C(x) ={y € Z%x < y}.

Notice that, by our convention, z € C(z), so |C(z)| > 1 for all z € Z%, where
|A| denotes the number of elements in the set A. We now define the percolation
function as follows.

Definition 1.2. [Percolation function] Let (0, F, P,) be the percolation
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model defined earlier. The percolation function 0 : [0,1] — [0,1] is defined by

0(p) = B,(|C(0)] = o0).

With this definition, it follows immediately that #(0) = 0 and (1) = 1. How-
ever, with this information alone, it is unclear where this function starts taking
non-zero values. To address this, we now introduce the concept of the critical
value.

Definition 1.3. [Critical value] We define the critical value, also known as
the critical point or critical parameter, and denoted by p. = p.(d), as

pe = inf{p € [0,1];6(p) > 0}.

There are fundamental results needed to advance the theory. Some of their
proofs are extensive, but they can be found in most books on percolation.
Therefore, we omit the proofs of Propositions 1.5, 1.6, 1.9, 1.12 here. For
reference, see Chapter 2 of [8].

In some proofs, it will be necessary to consider a truncated version of the
percolation function. To define this, for each n > 1 the box A, = [-n,n]¢,
that is, the subgraph induced by the vertices 2z € Z? for satisfying 2z; € [—n, n]
for each 7+ = 1,...,d. The vertex boundary of A,, denoted by 0A,, consists of

vertices z € A,, that have max{|z| ;i =1,...,d} = n.

Definition 1.4. [Truncated percolation functions] Let n > 1. We define
the truncated percolation function 0,(p) for p € [0,1] by

0,(p) = P,(0 > OA,).

Notice that the sequence of functions {6, },>1 converges pointwise to the func-
tion 6. Also, by coupling all the measures P, in an increasing way, it is possible
to show the following monotonicity property.

Proposition 1.5. The function 6 is non-decreasing on p, that is, if p < p'
then 0(p) < 0(p').

The monotonicity of # ensures that the probability of the origin being part
of an infinite cluster only increases as p grows. This property emphasizes the
existence of a phase transition in the model, where the behavior of 6 changes
significantly at a critical point.

Proposition 1.6. [Phase transition for d > 2] Consider the Bernoulli
percolation on the bonds of Z¢, where d > 2. Then, we have that p. € (0,1),
that s, the critical parameter is non-trivial.
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This result answers the question of whether the probability of the origin’s
cluster being infinite is strictly positive or not and establishes that the model
exhibits a phase transition. For d > 2, there exists a non-trivial critical value
p. such that, for p < p., the probability of the origin’s cluster being infinite is
zero, while for p > p., this probability is strictly positive.

The next two propositions provide bounds for the probability of events un-
der specific conditions. To introduce the first inequality, which will be used
frequently in this work, we first present a few necessary definitions.

Definition 1.7. [Partial order on configurations] The space of config-
uration Q@ = {0, l}Ed allows a natural partial ordering <, where we say that
w < W if we < W for every e € E.

This leads directly to the following definition.

Definition 1.8. [Increasing Events and Random Variables] A random
variable X : Q — R defined on (Q, F) is said to be increasing, if X (w) < X (w')
whenever w < w'. We say that an event A € F is increasing if 14 is an
increasing random variable.

One example of an increasing event is {0 <> oo}. If there is an infinite path
between 0 and oo in w, this path also connects 0 and oo in each w’ where
w < W', as additional open edges cannot break existing connections. The
following inequality provides a bound for the probability of the intersection of
two increasing events when they are not necessarily independent.

Proposition 1.9. [FKG inequality (Fortuin, Kasteleyn, Ginibre)] Let
A and B be increasing events, then

(AN B) = P,(A)F,(B),
and, more generally, if X and Y are two bounded increasing functions, then

E,[XY] > E,[X]B,[Y].

We say that an event A is decreasing if its complement A® is increasing.
Consequently, the FKG inequality also holds if A and B are both decreasing
events.

While the FKG inequality provides a lower bound for the probability of the
intersection of increasing or decreasing events, upper bounds are often needed
when estimating probabilities. In such cases, we rely on the BK inequality. To
formalize this, we introduce the following definitions.

Definition 1.10. [Event occurring on a set] Let A be an event and A C
E?. The event A occuring on A is defined as

AN ={we A ;uw' €A for every ' s.t. w, = w, for every e € A}.
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The previous definition says that we are constructing a new event that includes
configurations w € A with the property that any other configuration w’ which
agrees on A with w, will also belong to the event A. This leads us to the
following definition:

Definition 1.11. [Disjoint realization] Let A and B be events. We say
that A and B occur disjointly on w, if there exists A, Y, subsets of B¢ depending
on w, where ANY =@ and w € A|[AN B|X. We also write:

AoB={weANB ;3N L CELANY =2,w € A|[AN B|X}.

With these definitions in place, we can state a key inequality that will be used
frequently throughout this work.

Proposition 1.12. [BK inequality (van den Berg, Kesten)] If A and
B are two events depending on finitely many edges, then

By(A o B) < P(A)Fy(B).

Although the BK inequality is limited to events that depend on a finite number
of edges, it remains an essential tool. For events that depend on infinitely many
edges, this limitation can often be addressed by truncating the graph, applying
the inequality to the truncated case, and then taking appropriate limits.

The next definition is presented to establish the necessary terminology for
further results.

Definition 1.13. [Covariance] Let X and Y be two random variables on
(Q, F) with finite second moments. The covariance between X and Y is defined
as

Cov,|X,Y] = E,[XY] — E,[X]|E,[Y].

We may use the notation Cov,[X, Y| when integrating with respect to a dif-
ferent measure . If the measure being used is clear from the context, we omit
the subscript and write simply Cov[X,Y].

To estimate the rate of change of probabilities with respect to p, we require
additional definitions and results. We begin with the following lemma, which
applies to finite graphs.

Lemma 1.14. [Derivative of the expected value of a boolean func-
tion] Let G = (V, E) be a finite subgraph of ¢, and f be a boolean function,
that is, it has the form f:{0,1}¥ — {0,1}. Then, for p € [0,1]

d 1
d—pEp[f] = 00—y > Cov[f,wel.

eck
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Proof. Set |w| == Y, pwe and Q = {0,1}”. We can then compute the ex-
pected value E,[f] as

Z f(w M )IE\ |l
we

Since we are assuming |E| < oo, this expected value is a polynomial in p, and
we can compute its derivative with respect to p as

Zf [ I(1 _p)lEl—w]'

Developing the right side with basic derivative rules

= 3 FlelpH (1= p) P

wEQ

- Zf (1B = lw)p*I(1 = p) I,

wEQ
And rearranging this last expression we get

d 1
%Ep[f] ) Eplf (w)(|w] = plE])]

orle(a 2]

eckE ecE

—p)]

eEE

eGE

since

Cov[f(w),we] = Eplf(w)we] = E[f] - p = Eplf(w) - (we = p)].
[l

With a slight variation of the previous proof, we can bound the absolute value
of the rate of change of the probability of an increasing event.

Theorem 1.15. Let A be an event that depends only on bonds on a finite
subset A of E¢. Let p € (0,1). Then

dF,(A)
dp

< a(p)V/IAl,

where a(p) = 1/4/p(1 — p).
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Proof. Set f := 14, then as we did in the proof of the previous theorem, we
get

dPZ;A) - 1_ 5 ZEA: Ep[1a(w)(we —p)]
_ ]ﬁ@[wm ~ p|A])]
_ ﬁf;pm(wm — E,[NA])],
where, Ny = Y, we, and this random variable has E[Ny] = p|A|. Thus,
S| S T Bl

< VBl ~ BN
_ ]ﬁ Var,[Na]
= VAT =7

= a(p)y/JA.

In the last steps we used Jensen’s inequality and the fact that IV, is a binomial
random variable with parameters |A| and p, and consequently with variance

|Alp(1 —p). O

The main results we aim to study throughout this text involve differential in-
equalities for functions describing the behavior of the model. To derive these
inequalities, we rely on the following proposition, which enables us to compute
the derivative of the probability of an increasing event whose occurrence de-
pends only on a finite number of edges in L¢. To formalize this, we first define
important concepts.

Definition 1.16. [Pivotal edge] Let e € B¢, w € Q and A be an event. We
define w®™, or w®~ to be configurations that agree with w on E? — {e}, that is
w?+ = wy~ = wy for all edges f # e, and also we™ =1, and wg™ = 0. We

say that the edge e is pivotal for the event A in the configuration w if
(') — Ta(w") £ 0,

In some configurations, certain edges can play a decisive role in determining
whether a particular event occurs. By “decisive role”, we mean that flipping
the state of such an edge necessarily changes the outcome of the event, either
causing it to occur or preventing it. For a given event and configuration, it is
possible for multiple edges, or none, to exhibit this property simultaneously.
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Definition 1.17. [Set of pivotal edges] We denote the random subset of
edges that are pivotal for an event A in the configuration w by 0A = 0 A(w).

The next proposition presents a powerful tool. It relates the rate of change of
the probability of an increasing event that depends on a finite number of edges
to the expected value of the number of pivotal edges of that event.

Proposition 1.18. [Russo’s formula] Let A be an increasing event that
depends only on a finite set of edges E. Then,

d
d—pPp(A) WI0A[ =" Py(e € 5A).

ecE

Proof. Letting f :== 14 on Lemma 1.14, we have
d
d_pPp< Z Ep[1a(we — p)]-
eeE
Now, we can make the decomposition
Ey[Law. — p)]
= Ep[la(we — p)Lieesay] + Ep[la(we — p)Liegsayl-

Notice that w, — p depends only on e, also AN{e ¢ A} depends only on edges
that are different from e. Therefore,

Ep1a(we = p) - Liegsay] = Ep[Laliegsay] Eplwe — p] = 0.

Notice that since A is increasing we have for w € {e € §A}, that if w, = 0,
then 1,(w) = 0 and if w, = 1, then 14(w) = 1. Thus, since {e € §A} does not
depend on the value of w,, we have

%P (A) ;E 1a(we — p)Lieesay]
- ﬁ S (1= = 110 (e 5]
_ ﬁ > (1= pby(e € 54
= PBye€dA)
= EE;:[MAH.

]

Another fundamental function in the study of percolation is the expected size
of the cluster of the origin.
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Definition 1.19. [Mean cluster size] For p € [0,1], we define the function

x(p) as:
x(p) = Ep[|C],

where |C| denotes the cardinality of the cluster of the origin.

It is clear that, if p > p. then x(p) = oo, since we can write x(p) as:
X(p) =Y kBy(|C] = k) + 00 - P,(|C| = 00) = o,
k=1

where we are using that P,(|C| = co) = 6(p) > 0 if p > p.. For this reason,
X(p) is not particularly interesting in the supercritical phase, as it remains
constant at the value co. We can then define the truncated version of y,
denoted by x/, which describes the mean cluster size on the event where the
origin’s cluster size is finite. At this point, it is unclear whether this function
is finite in the subcritical phase, but we will prove this later in Remark 3.9.

Definition 1.20. [Truncated mean cluster size] For p € [0,1], we define
the truncated mean cluster size function x/ as:

X/ (p) = B,[ICI;|C] < 00] = Y _kB,(IC] = k).
k=1

It is clear that, if p < p. we have x(p) = x/(p), since 6(p) = 0.

Finally, we define the function called the fundamental correlation length. [Some
intuition].

Definition 1.21. [Fundamental correlation length] For p € [0,1], we
define the fundamental correlation length function £(p) as the limit:

1 log(Tn(p)).

T A,

We prove the existence of this limit in Theorem 2.2, here in Chapter 2.

1.2 An Introduction To Critical Exponents

Along with the functions § and Y/, there are other functions in percolation
theory that play a crucial role in understanding the model. The behavior
of some of these functions near the critical parameter is conjectured to be
approximately some power of |p — p.|, where the exponent of this power is
referred to as the critical exponent of the function. In the following definitions,
we formalize what we mean by this “approximately”.
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Definition 1.22. [Little-o notation] We say that f(x) = o(g(z)) as x — xg
if

lim =~ =0
e g(n)

where g s strictly positive in a neighborhood of xy.

Definition 1.23. [Asymptotic equivalence ~] We say that f(x) is asymp-
totically equivalent to g(x) as x — xo if

lim le,

=0 g(x)

where g is strictly positive in a neighborhood of xo. We write this as f ~ g as
T —r Xg.

Definition 1.24. [Asymptotic equivalence of logarithms ~] We say that
f(z) is logarithmically asymptotic to g(x) as x — xq iflog(f) ~ log(g) as x — xo.

That is
o los(@)
o log(g(z))

Y

where g > 1 in a neighborhood of xo. We write this as f ~ g as v — xg.

Definition 1.25. [Comparison up to constants <] In this text, we use
the notation f < g to denote the existence of a positive constant C > 0 such
that

f(z) < Cg(x),

for every x where the positive functions f and g are defined, or a neighborhood
around a certain point of interest.

The previous notation is useful when we are dealing with the asymptotic equiv-
alence ==: since the logarithm transforms products into sums, the constants
multiplying the function become irrelevant in some calculations.

We can now state the definition of our first critical exponent, the one concern-
ing the function 6.

Definition 1.26. [The critical exponent 5] We define the critical exponent
B to be the number for which the following limit holds:

lim log(6(p))

=1.
plpe log(p — pe)P

Or equivalently
0(p> ~ (p - pc)ﬁ asp \ch'
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In this text, we will prove that if this number exists, then it must be at most
1. While this proof applies to any dimension, it has been established that for
sufficiently large dimensions, § indeed exists and is exactly equal to 1.

In the next definition, we introduce the critical exponent . This exponent
characterizes the rate of divergence of the mean cluster size function y/ near
the critical parameter p..

Definition 1.27. [The critical exponent ] We define the critical exponent
v to be the number for which the following limit holds:

1 o8/ (p))

=1
ptee log [p. — p|=7

Y

as p T pe. Or equivalently

X(p) ~ |p _pcli7 as p Tpo

In this text, we will prove that if this critical exponent exists, then it must be
at least 1. While this proof applies to any dimension, it has been established
that for sufficiently large dimensions, v indeed exists and is exactly equal to 1.

Similar definitions can be provided for the remaining critical exponents 9§, A
and v that we will study in this text. To avoid repetition, we summarize all
the definitions in Table 1.1.

Critical Exponent Definition
s O(p) = |p — pe|” as p | pe
g X(p) = lpe —pl ™ as p T p
) P,.(|C] >n) =en °(1 +0(1)) as n — oo
A Ey[|C|*] = [pe — p|" "% as p 1 p,
4 £p) ~ p—p| ™ asp 1 pe

Table 1.1: Critical exponents present in this text

The study of critical exponents extends beyond the standard Bernoulli perco-
lation model. As demonstrated in Durrett’s paper [6], some results concerning
the critical exponents 3, v, and ¢ also apply to oriented percolation, discrete-
time contact processes, and Bernoulli percolation on the binary tree.

For Bernoulli percolation on the edges of a binary tree T', calculations become
simpler, as multiple paths connecting pairs of vertices do not need to be con-
sidered. In this specific graph, the critical exponents can be computed exactly,
and their values are independent of the degree of the regular tree. These val-
ues are: O =1, vp =1, 00 =2, Ap =2, vp = % As an illustration, using
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the theory of Galton-Watson Branching Processes (see Chapter 10 of [8]), the
asymptotic behavior of the function 6 is given by:

0(p) ~8(p — pe),

as p | pe, implying that g = 1. Furthermore, for percolation on 7', the expected
size of the cluster at the origin is given by a simple series:

Ey[|Coll = > (2p)" = m

Implying that v = 1, since p.(T') = 1/2. In general, the behavior observed in
other percolation models can be bounded from above or below by the results for
the binary tree, as we will explore further in the mean field bounds discussed
in Chapter 3.

The term “mean field” can have different meanings in the mathematical physics
literature. In percolation on L4, it is believed that for sufficiently large dimen-
sions (d > 6), the critical exponents are the same as those on the binary tree 7.
Therefore, in this text, by “mean field critical exponents”, we refer to, both
the critical exponents on the binary tree itself and those on the hypercubic
lattice LY, when d is large.

In Chapter 4 of Heydenreich and Hofstad [9] the results of Aizenman and
Newman [2] are discussed. They established that, under a condition known as
the triangle condition, the mean field critical exponents exist. This condition
is stated as A, < 0o, where:

Ap= Y 1.(0,0)7, (2, 9)75. (4, 0)- (1.1)

x,y€Zd

Also, in [9], it is shown that if a transitive graph satisfies the triangle condition,
the critical exponents are the same as those on the binary tree. That is stated
in Theorem 4.1 presented in [9] as:

Theorem 1.28. For percolation on a transitive graph, if the triangle condition
holds, then 3 =~ =1 and 6 = 2.

It can be shown that this condition is very strong and implies that 0(p.) = 0,
meaning that the function 6 is continuous. Proving that this condition implies
the mean field critical exponents’ values from the previous theorem is quite
technical and requires substantial effort. Additionally, it is necessary to check
for which dimensions d, the lattice IL¢ satisfies the triangle condition (1.1).

As presented in Theorem 10.52 in Grimmett [8], we have the following results
summarized:
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Theorem 1.29. [Mean field critical exponents] If d > 19, then

(p—pc) 20(p) 2 (p—pc), as p | pe;

1 1
=7 = x(p) = e—p) as p T pe;
1 1 .
e = )i =¢&(p) 2 e pl7 as p T pe;
L BICHIC <od 1

= , as -
e 9P = ECI0] < o0] ~ (po—pp “PTP

Its proof relies on a technical method to verify the triangle condition for large d
called lace expansion. This is expected to apply for dimensions d > 6, though
progress has only been made for d > 11, as shown by Fitzner and Hofstad in
[7].

Although the values of the critical exponents stabilize for high dimensions,
in lower dimensions, it is expected that they assume different values from
the mean field behavior, as discussed in Kesten’s paper [13]. For the two-
dimensional process, for example, there are predictions for the values of the
critical exponents, such as f = 5/36, v = 43/18, § = 91/5 and v = 4/3.
However, it is only proved rigorously that if these exponents exist, then g < 1,
~v>8/5,6 > 5, and v > 1. These rigorous bounds were taken from the table
in [13].

Apart from the exact values that these critical exponents may assume, we also
seek to understand how they relate to one another. It is believed that, in suf-
ficiently low dimensions, if they exist, they must satisfy certain relations. For
example, Kesten [13] proved several relations for the two-dimensional process:

Theorem 1.30. Consider the two-dimensional percolation model. Assume
that the critical exponents 8, v, v, and 0 exist. Then, they must satisfy:

A 60—1 )
51 A=

This brief discussion provides an insight into the challenges of working with
critical exponents. The conjectures regarding their existence form an inter-
esting area of study. While proving the existence of these exponents in low
dimensions remains ambitious, we can explore the implications of their exis-
tence and the consequences that arise.

The background presented in this section lays the foundation for understanding
the critical exponents discussed in the following chapters. The remainder of
this text is dedicated to exploring three techniques that enable us to derive
relations for these exponents.
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Chapter 2

Scaling Theory

In this chapter, we study a technique that rescales certain events, depending
on a finite number of edges, to uncover information about the asymptotic
behavior of the fundamental correlation length function &. The primary goal
is to establish the bound v > 2/d for the critical exponent v.

In the first section, we analyze the function itself, establishing some of its
key properties. Next, we introduce different types of crossings in finite boxes
and examine how these crossings relate to the fundamental correlation length.
Finally, we derive a differential inequality that leads to the desired bound.

The main references for this chapter are Chapters 2 and 3 of Independent and
Dependent Percolation by Chayes, Puha and Sweet [3]. We also use Chapter 6
of Percolation by Grimmett [8] to give an alternative approach when proving
the properties of the function &. Alongside the results for £, we establish
certain properties of the susceptibility function y, which will be used in the
subsequent chapter.

2.1 The Fundamental Correlation Length

We begin by demonstrating the existence of the limit in the definition of the
function &, as presented in the previous chapter.

The following proof is very straightforward, it combines a natural inclusion
of events with a classic real analysis result called Fekete’s subadditive lemma.
Since we are using this result a few more times in this text, we are going to
give its statement:

Lemma 2.1. [Fekete’s lemma] Let {a,},>1 be a subbaditive sequence, that
S Qmin < G + ap, for all n,m > 1. Then, the sequence {%}nZl converges to

its infimum a = inf, %= The limit can be —oo.
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We omit the proof of this lemma since it is a classical real analysis result. Now,
we proceed to the existence of the fundamental correlation length.

Theorem 2.2. [Existence of the fundamental correlation length] Let
p € (0,1). Then, the following limit exists:

L oa(n()

§(p)  noem

Proof. Fix n > m > 1. Then, we have the inclusion of events:
{0 <> ner} D {0 <> mei} N {mey <> ney }.
Using the FKG inequality and the translation invariance,

To(p) > T (p) Pp(mey < ney)
= Tin(P)Tn—m (P)-

Therefore
—log(7.(p)) < —log (T (p)) — log(Tn—m(p)).
This tells that the sequence {—log(7,(p))}n is subadditive. By Lemma 2.1,

the sequence {—log(7,(p))/n}, converges to its infimum, and we denote this
limit by 1/&(p). O

To prove certain properties of the function &, it will be helpful to have an
equivalent definition. Before proceeding, we establish the following lemma,
which states that {—log(6,(p))}, is almost additive.

Lemma 2.3. For every p € [0,1] and every n,m € N the following holds:

2d|81Am‘9m(p)9”(p) < Onim(p) < [0A|0m(p)0n(p)- (2.1)

Proof. Recall that 6,(p) = P,(0 <+ 0A,). The upper bound is rather simple
to prove. By inclusion of events, we can make the following decomposition:

{0 i}t C | J {00 2} o{a e x4+ 0A,}.
€Iy,

Since we are dealing with a finite environment, it is possible to use BK, which
along with the union bound leads to

Omin(@) < Y 7(0,2)Py(x <> z+ IA,).

xe@Am
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Now, we also have that, if € OA,,, then 7,(0,2) < 6,,(p) by inclusion of
events, and by translation invariance that P,(x <> = + 0A,) = 6,(p). Using
these two statements we get

Ontm(p) < [OAm |0 (p)0n (p)-

To prove the other inequality, we start by setting
FF(A,) = {z € O\,; 2 = n}

and
F(A,) ={z € OA,; 2, = —n},

to represent the front and back faces of A, along the direction of e;. We also
write

WE(p) = By(0 &5 FF(A,)) = P(0 &5 Fy (M)

for k =1,...,d. Tt is clear that 74 (p) =~/ (p) for every i,j = 1, ...,d, so we can
simply write this probability as v,(p). By inclusions of events and the union
bound, we get the relation:

Yn(p) < On(p) < 2d7yn(p).

Now, let = be any vertex in 9A,,. Choose an integer k such that x € F}f (A,,)
or x € F_ (A,,). Assume that the first one occurs, the proof of the other case
is just a matter of changing the symbol + to —. Let U, = {0 N x} and
Ve ={z < F(x+A,)}. Then, U, NV, C {0+ IAin}-

Figure 2.1: The event U, N V.

Using FKG, the translation invariance, and the previous inclusion of events
we get:

0m+n<p> > Pp(Ux)Pp(Vm)
= Pp(Ux)%(p> (2_2)
Qn(p)
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However, we also have that

em(m:Pp( U Ux> < Y B,

€A, €A,

and this implies that there is a vertex & in dA,,, such that 0,,(p) < |0A,,|P,(Usz).
Using this & in (2.2) we get that

Onim(p) > me@)en(p). (2.3)

O

We now introduce an alternative definition for the fundamental correlation
length. This approach utilizes the functions 6,, instead of 7,,, providing a more
convenient method for proving certain properties of £, as demonstrated in the
following propositions.

Theorem 2.4. The limit

exists, and ¢(p) = ﬁ.

Proof. Let n > m > 1. Notice that |OA,,| = 2d(2m + 1)~ < d3%m~1. Thus,
if we take the natural logarithm on both inequalities of (2.1), we get

— log(d?3™ ™ m*Y) + log(0,m(p)) + log(6,(p))

< log(6m+n(p))

< 10g (0 (p)) + 10g (6, (p)) + log(d3'm™ ).

Set g(m) = log(d?341m4=1), use the previous inequalities and the fact that
log(d3im®=1) < g(m) to write:

log(0m(p)) + log(0n(p)) — g(m)
< 10g<9m+n(p)) (2'4>
< log(0m(p)) + log(0n(p)) + g(m).

Now, consider the sequence {a}r>1 given by
a = g(k) + (d — 1)log(2) + log(0x(p))-

If we prove that this sequence is subadditive, then by Lemma 2.1 we have
that {ax/k} converges to a limit we can call —¢(p). The limit also has the
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property that —¢(p) = infi{ax/k}. More than that, we will also get that
lim a/k = lim log(0x(p))/k, since lim g(k)/k = 0.

To see that this is the case let n > m > 1. Just by using basic properties of
the logarithm function:

g(m +n) — g(n) = log(d*3"(m + n)* ') — log(d*3*n?™1)

e ()
" (2.5)
—(d—1)log <1+%>

< (d—1)log2.

Therefore, g(m +n) < g(n) + (d — 1) log 2. Thus, adding g(n) + 2(d — 1) log 2
to both sides of the right inequality in (2.4), we get

i = g(m +n) + (d — 1) log2 + log(01n(p))
< g(n) +2(d — 1) log 2 + log(0pn(p))
<log(0m(p)) + g(m) +log(0.(p)) + g(n) + 2(d — 1) log 2
= Qy, + Q.

This is the subadditivity we wanted. It also follows that the sequence {b}r>1
given by

by, = g(k) + (d — 1) log(2) — log(6k(p))
is subadditive. Recall that, the left inequality in (2.4) tells that

10g(0msn(p)) > —g(m) +log(0m(p)) + log(bn(p)).

Thus, adding —g(n) — 2(d — 1) log(2) to both sides and using the estimate in
(2.5) leads us to b1 < by +b,. Using Lemma 2.1 one more time, we conclude

Now, it only remains to prove the equality ¢ = 1/£. By inclusion of events, we
have that 7,(p) < 6,(p), taking logarithms, dividing by n and making n — oo
gives us the inequality 1/&(p) > ¢(p). For the other direction, recall from the
argument that leads to the equation (2.3), that we can find a vertex & in JA,,

where, for the event U, := {0 Amy x}, the following inequality holds:

1
Py (Us) > ——0,(p).

By rotation symmetry, we can assume without loss of generality that = €
FF(A,,). Notice also that the following inclusion of events holds:

{0 <> 2me1} D {0+ 2} N {Z <> 2mey }.
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|
Am -

/ \
A / /
T ! /
N
\ / /
- 7 /

Figure 2.2: Reflection symmetry.

Therefore, using the FKG inequality we get
Tom(p) > Pp(0 3 2) Py (% > 2mey).

However, by reflection symmetry P,(0 <+ ) = P,(Z <> 2me;). Along with
that, B,(0 <> &) > P,(U;). Hence,

Tom(D) > [OAn] 20 (p)?. (2.6)
Since —¢(p) = infr{ar/k}, for every k > 1 it follows that
log 1(p) = —ko(p) — (d = 1)log(2) — g(k).

Therefore, applying the logarithm function on (2.6) and using the previous
inequality for log(6,,) we get

> —2log(|0A.,|) + 2log(0;)
> —2(log(A;m®™))

+ 2{ —mg(p) — (d —1)log(2) — g(m)},

log(72m(p))

for some positive constant A;. Dividing by 2m and making m — oo leads us
to the bound % < ¢. O]

Now, we will demonstrate two key properties of the function ¢, which by
Theorem 2.4 also provide insights into 1/£.

Theorem 2.5. [Properties of the function ¢] The function ¢ in Theorem
2.4 salisfies:

1. ¢ is continuous on (0, 1].

2. ¢(p) =0 for p € (pe,1].
3. ¢ is strictly positive on (0, p.)
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As a consequence of items 1 and 2, ¢(p.) = 0.

Proof. In the proof of Theorem 2.4 we found that both sequences ay and b
are subadditive. Consequently, by Lemma 2.1 the sequences ay/k and by/k
converge to their respective infima. That is, for each m > 1, we have

bm _ g(m) + (d —1)log(2) — log(0m(p))

¢(p) < E = m ) (2'7)
and
o < S+ A DR TR0l

By combining inequalities (2.7) and (2.8), we conclude that

log (6 (p))

m

gim)  (d=1)log(2)

m m

+¢(p)

as we make m — oo. This implies that the convergence log6,,/m — —¢ is
uniform on (0, 1]. Since {0 <+ JA,,,} depends only on a finite number of edges,
the functions 6,, are polynomials in p and, consequently, continuous. Given
the uniform convergence of continuous functions, the limit is also a continuous
function. This concludes the proof of the first item.

Notice that, by the definition of g(m) and inequality (2.7), we have that

log(0m(p)) < p+ (d — 1)log(m) — m¢(p),

for some positive constant p. Therefore, 0,,(p) < c;m?te™™¢®) for another
positive constant ¢;. Analogously, using inequality (2.8), we find a positive
constant ¢y such that 6,,(p) > com!~4e~™¢®) Thus, it follows that, for some
constants ¢; and ¢y, not depending on p € (0, 1], and every m > 1:

cym! e W) < 0, (p) < eym e, (2.9)

Now, if p > p. then 6(p) > 0 by definition of p.. Additionally, by inclusion
of events we have that 6,,(p) > 6(p) > 0. Therefore, for p > p. and for every
m > 1 we get

0 < 8(p) < Opn(p) < cymte o0,

Therefore, if ¢(p) # 0 we would have a contradiction as we make m — oo.
This concludes the proof for the second item.

For the last item, we rely on the fact that, for p < p. the sequence 6,,(p) decays
exponentially. For a reference, see Chapter 6 of [8]. Additionally, from (2.9),
we deduce that ¢(p) must be strictly positive on (0, p.). O
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The next theorem provides insight into the relationship between the functions
x and &, showing that the fundamental correlation length is bounded above
by the mean cluster size function in the subcritical phase.

Later in this text, we will prove that x(p) < oo for p < p.. See Remark
3.9 following Theorem 3.8. Combined with the earlier observation from the
definition of x that x(p) = oo for p > p,. his establishes that the finiteness of
x characterizes the subcritical phase.

Theorem 2.6. Let p € (0,p.). Let x be the mean cluster size function 1.19
and & be the fundamental correlation length. Then, for all u € Z¢

Ju
1
Tp(O,U)S{l—@} .

And, as consequence, for all p € (0, p.)
x(p) = €(p)-

Proof. Let |z| := D(0, ) where D(x,y) = Y%, |#; — y;|. Denote the ball with
radius n and distance D by S, that is, S, = {x € Z%|z| < n}. Let

M, = Z :H-{:M—)O}
€ISy

That is the random variable that tells the number of vertices on the boundary
of S,, that are connected to 0. Then, taking the expected value

By [M,) = > 7(x,0).
€ISy
Summing over n > 0:
SEM) = 7,(0,2) =) 5(0,2) = x(p). (2.10)
n>0 n>0 z€9Sn zeZd

Now, we have x(p) written in terms of the connection probabilities 7,(0, z).
Next, we are going to prove the estimate

7,(0,u) < E,[M,]"/m, (2.11)
for every vertex u € Z? and every n > 1.

Before proving this claim, we are showing what follows from it. Let p < p., so
that x(p) < oo (See Remark 3.9). Assume that (2.11) is true for every u € Z?
and every n > 1. In addition, we also claim that we can find an N > 1 such

that N
1
=i 1)
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This follows since otherwise, we would have the contradiction:

NOEDIA/SEDY {1 - ﬁ} = ﬁ = Xx(p)-

n>0 n>0

Now, using the assumption we made, it follows that

[
7p(0,u) < (Bp[My)Y < {1 - L} ,

x(p)

for every u € Z%. To prove the consequence x(p) > £(p) stated in the theorem,

take u = ne; and use the bound 1 — ¢ < e %

x(p)

Ta(p) < {1 _ L} < (exp(—1/x(p)".

Thus, log(7,.(p))/n < —1/x(p) implying that x(p) > £(p). Now, it remains
only to prove that the estimate (2.11) holds for every u € Z¢ and every n > 1.
We proceed by spliting the computation into simpler steps. First, notice that
if some vertex z has |z| > m, then we can make the decomposition

{0 2} C U {0z} o{zr + 2}.

€0Sm

Therefore, using BK inequality we have that
7(0,2) < Y 7(0,2)7(x, 2). (2.12)
€0Sm
Using the trivial bound 7,(z, 2) <1 we can also write
7(0,2) < > 7(0,2) = E[M,).
2€0Sm

Next, for any vertex z with |z| = n and fixing an integer m > 1 we can write
n = mr+s with 0 < s < m. Then, using (2.12) r times and using the
translation invariance:

7,(0,2) < Z 7,(0, 21) Z m(zt, 2%) ...

€08, z2€d(z1+Spm,)
Z (" 2" 72", 2)
z"€(x"14-Sm) (2.13)
S(ZMMO
r€DSm

= E[M,]".
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Where 2° are the vertices we find on the boundary of the balls, and 7 is exactly
In/m| = ||z|/m]|. To conclude, take an arbitrary vertex u and an integer
k > 1, just by inclusion of events, translation invariance and FKG inequality
we have that 7,(0, ku) > 7,(0,u)*. Then, using (2.13) on 7,,(0, ku) we find that

1/k
7,(0,u) < Tp(O,ku)l/k < {Ep[Mm]LkUI/mJ} N Ep[Mm]lu\/m

as we make k£ — oo. O

Corollary 2.7. If x(p) is the mean cluster size function, then x(p.) = co.

Proof. Tt follows directly from Theorems 2.5 and 2.6. O

2.2 Box-crossing Probabilities

In this section, we explore the relationship between the function ¢ and cer-
tain box-crossing probabilities. Specifically, we consider two types of crossings
within the box By, = [0, N] x [0, M]?1:

e Bond crossing (Cy r): the existence of a path of open edges connecting
the two opposite faces of By s along the direction of e;.

e Dual crossing (Dy /): the presence of an unbroken hypersurface formed
by dual cells that cross the box By p perpendicularly to e;.

These objects will be defined throughout this section, however, we must give
first an intuition on how they will be used. These two types of crossings behave
differently depending on the dimensionality and the regime. In the supercriti-
cal phase of the two-dimensional lattice, bond crossings (Cn, /) become more
probable as the box size increases. Intuitively, this occurs because larger boxes
are more likely to intersect the infinite open cluster characteristic of the su-
percritical regime. However, in dimensions d > 2, the situation changes. Since
paths are one-dimensional objects, constructing a larger crossing by combin-
ing smaller ones becomes more difficult due to the additional spatial directions
available for small crossings to deviate. In this case, dual crossings (Dy )
will be crucial for analyzing the subcritical regime.

Later in this section, we introduce a function L,(p) that measures the box
length L required for the adequate crossing probability By or, to exceed a given
threshold depending on A. This function will serve as a tool for rescaling
probabilities in a way that will be formalized.

Our goal is to rigorously define these crossing events and establish a relation-
ship between L) and £. This connection will provide insight into the asymptotic
behavior of £ and the bound for v that we seek.
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Definition 2.8. [Bond crossing Cy ] Consider the box By = [0, N] x
[0, M]d_l. Let Fy and Fy denote the two opposite faces of By along the e

B
direction. Then, we write Cy = {Fo Pt F1} for the event where there

exists a path of open edges in By p connecting Fy and Fy. The probability of
this event is denoted by Cn = P,(Cn ).

M Fy

:
Ny '
___{MFI
AN
N

Figure 2.3: The bond crossing Cy .

To define the other type of crossing, we need to construct a dual space as-
sociated with the graph L?. For the two-dimensional hypercubic lattice Z2
we consider this dual space to be exactly the graph-theoretic dual for planar
graphs, which in this case is also Z2. For dimensions d > 2 we will construct
a space based on the same idea.

Definition 2.9. [The dual space of 1.%] Let d > 2. For each edge e € E,
we associate a dual cell o., that is a unitary hypercube of dimension d — 1
centered at the midpoint of e. Let ¥ = X(d) = {0¢}ecra be the dual space. For
a configuration w € ) resulting from the usual percolation on L%, we declare
that o, is open if and only if e is closed. This defines a space of configurations
QO ={0,1}* = {w*(0.) }o.ex where the relation w*(o.) = 1 — w(e) holds.

O,

Figure 2.4: The dual cell o, of the edge e in d = 2 (left) and d = 3 (right).

Before proceeding with the next definitions and results, it is worth making
a few observations about this construction. Firstly, the d-dimensional dual
space % is a structure that heavily relies on the specific geometry of the d-
dimensional hypercubic lattice, which may make it challenging to generalize
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to other types of lattices. Secondly, the dual crossing we are about to define
represents a scenario where the box of the hypercubic lattice is traversed by
a structure from the dual space. The term “dual” reflects the fact that this
crossing exists precisely when the usual bond crossing within the same box
does not occur. Intuitively, in the subcritical phase of the percolation model,
as the size of a box increases, the likelihood of a dual crossing also increases,
since the probability of a regular bond crossing becomes lower in this regime.

Definition 2.10. [Unbroken hypersurface] Let S C ¥. We say that S is
connected, and refer to it by a unbroken hypersurface, if for every pair o,o’ €
S, there is a sequence {o}}_,, where 01 = o and o, = o and for each
k=1,...,m — 1 we have that o, and o1 are adjacent, that is, they share
a common hyperface, where, by hyperface we mean a usual (d-2)-dimensional
face of the (d-1)-hypercube. We also say that S is open, if o is open for every
oceldS.

47 A

Oe O¢

Figure 2.5: Two examples where o, and o are adjacent (d = 3).

Definition 2.11. [Dual crossing Dy ] Consider the box By p = [0, N] X
[0, M]%=Y. Let Fy and Fy be the opposite faces of By s along the ey direction.
Then, we write Dy for the event where there is an open unbroken hyper-
surface S, where every path of edges of the graph L connecting Fy and F)
contains an edge e such that o, € S. We refer to this unbroken hyperface
with this property as dual crossing of the box. The probability of this event is
denoted by Dy = P,(Dy ).

Now, consider both the box formed by bonds of the hypercubic lattice and
the dual crossing composed of dual cells, embedded in the Euclidean space R9.
Informally, this dual crossing acts as a (d-1)-dimensional surface, similar to
the faces Fy and F, slicing the box into two halves. It functions analogously
to a bond crossing in a two-dimensional box.

The dual space is introduced because the strategy we aim to employ involves
understanding how crossings of larger boxes become more probable by assum-
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M Fo

AN

Figure 2.6: The dual crossing Dy .

ing that crossings in smaller boxes are already likely. To achieve this, we rely
on patching arguments, that is, constructing larger crossings by combining
smaller ones. In dimensions d > 2, however, this patching becomes signifi-
cantly harder with bonds, which are one-dimensional structures.

The following remark is very straightforward.

Remark 2.12. CN,M =1- DN,M-

Figure 2.7: Duality of the two crossings.

Now, we provide an illustration of how these “patching arguments” work.
First, let d = 2. Our goal is to demonstrate how a bond crossing of Byy, 1, can
be constructed by combining multiple translated and rotated copies of any
bond crossings of Bsy, 1. This process is better explained in Figure 2.8.

R [P
- O

Figure 2.8: Patching argument in d = 2.

Notice that we used five paths, say p1, ..., ps, which are translated and rotated
versions of crossings of By ;. The union p := p; U ... U ps contains a bond
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crossing of the box Byr, 1. The specific path used in each rotated and translated
smaller box is irrelevant. Once we determine how many such boxes are needed,
along with their positions and orientations, simply ensuring that these boxes
are crossed guarantees the existence of the larger crossing. This process of
taking unions of rotated and translated crossings to ensure the existence of a
larger crossing is what we call patching.

In dimensions d > 2, this approach will be applied to dual crossings in a
similar fashion. For dual crossings, the result we will prove later uses crossings
of Brar to construct a larger dual crossing for the box Bp4r. It is evident
that a finite number of such smaller dual crossings can be patched together to
achieve this goal. However, calculating the exact number of crossings required
is challenging. Therefore, we introduce the term patching constant, denoted by
v = v(d), to represent the minimum number of patchings needed. Naturally,
this number depends on the dimension d.

The next two lemmas establish how the probability of a larger crossing becomes
large as the probability of a smaller crossing surpasses a threshold. These
results are known as the ACCFR (Aizenman, Chayes, Chayes, Frohlich, Russo)
2-dimensional and d-dimensional Rescaling Lemmas.

Lemma 2.13. [ACCFR 2-dimensional Re-scaling Lemma] Suppose
d=2. Let c:=1/25 and A\ € (0,1). If Cor.;, > 1 —c), then Cyp a1, > 1 — A2

Proof. Consider the box By ar. It is possible to split this box horizontally
into two disjoint 4L by L boxes B; and By. That is, By := [0,4L] x [0, L] and
By :=[0,4L] x [L,2L]. By inclusion of events, the existence of a bond crossing
of either By or B, implies the bond crossing of Byr,or. Since these boxes are
disjoint, their crossings occur independently and with the same probability, we
obtain

1—Cypor < (1—Cupp)* (2.14)

Now it is just a matter of bounding the right hand side in terms of Cyr, 1. We
are going to do this by creating a crossing for By, , using five crossed L by 2L
boxes since we can bound their probabilities from below by the assumption.
Recall Figure 2.8. Now, writing Ay, ..., A5 for the events where these translated
and rotated 2L by L boxes By, ..., Bs are crossed, we have:

Cir > Py(A1N...NA5)
> (Corp)’
> (1—cA)P®
> 1 — bel.

(2.15)

Now, just combining (2.14) and (2.15) we get that
Cipar, > 1—(5cA\)? =1 — A%
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For dimensions d > 2 we prove a similar result.

Lemma 2.14. [ACCFR d-dimensional Re-scaling Lemma] Suppose
d > 2. Let ¢(d) = v(d)™% where v(d) is the patching constant and X € (0,1).
]f DL,ZL Z 1— C(d))\, then D2L,4L 2 1— C(d))\Q

Proof. Consider the box By 4r. It is possible to split this box vertically into
two disjoint L x 4L x ... x 4L sided boxes B; and By. That is, By = [0, L] X
[0,4L) Y and By == [L,2L] x [0,4L]4"!. By inclusion of events, the existence
of a dual crossing of either B, or B, implies the dual crossing of Bay 4y,

e

4L 4L .......
/
VA e

Figure 2.9: Box By is crossed.

Since these boxes are disjoint, their crossings occur independently and with
the same probability, we obtain

1 — Dopar < (1= Dpar). (2.16)

Now it is just a matter of bounding the right hand side in terms of Dy ;. We
are going to do this by patching rotation and translations of dual crossings of
By or. The goal is to obtain a crossing Dy, 47, using a certain amount v = v(d)
of crossed L x 2L x ... x 2L boxes, since we can bound their probabilities from
below by the assumption. For ¢ = 1,...,v, we denote by A; the event where
the i-th such box presents a dual crossing.

DL,4L 2 Pp(Al N..N Av)

> (Dpoar)” (2.17)
> (1—cN)? '
>1—cvl.

Now, just combining (2.16) and (2.17) we get that
Dopar > 1— (cod)? =1 —c)2
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]

At this point, it is natural to define, for each p, the smallest length L of the box
By, o1, such that the probability of the crossings exceeds the threshold required
to satisfy the rescaling lemmas.

Definition 2.15. [Supercitical Correlation Length (d = 2)] For p €
(pe, 1], and X € (0,1) we define

Li(p) =min{L >1; Corp >1—c(2)A}.

Definition 2.16. [Subcritical Correlation Length (d > 3)] Let d > 2.
Forp € [0,p.) and X € (0,1) we define

Ly(p) =min{L > 1 ; Dror > 1 —c(d)A}.

These functions are in fact well defined, that is, they assume finite values
for their respective restrictions on values of p. The reason is that, in two
dimensions, if p > p. then Cor, (p) — 1 as L — oo, and in dimensions d > 2 if
p < pe then Dy or(p) = 1 as L — oo. The proof for the two-dimensional case
can be found in Chayes and Chayes [4], for dimensions d > 2 we can adapt
that proof by using unbroken hypersurfaces in the dual space. However, we do
not present these proofs here, since they are rather technical and long.

Next, we have an important theorem that says that £ and L) are equivalent
in some sense.

Theorem 2.17. Letp < p., A € (0,1), and d > 2. There exist nonzero, finite,
constants ¢y, co and c3, depending on d and X\, such that

¢y log(Ly(p)) + co 1 Cs
L) -1 &0~ L)

Proof. Let p < p.. and L = 2¥Ly. Since Ly = min{L > 1; Dpor, > 1—c(d)\}
we have that Dy, or,, > 1 — ¢(d)A. Using Lemma 2.14 k times, it follows that

Dpon = Dorp, aviig, > 1—c(d)A? (2.18)
Also, by the inclusion of events and FKG inequality, it follows that

1 —7.(p) = Py(0 «» Ley)

> Pp{ } (2.19)
2
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Since the origin can be enclosed by 2d open dual crossings Dy oz, this en-
sures that no open path of bonds can connect the origin to the vertex Le;.
Combining equations (2.19) and (2.18) we get

7o(p) < 1= {1 = c(N\"
< 2de(d)N\?.

Taking logarithms, dividing by L and recalling that 2¥ = L /L, we obtain

log 71.(p) < log(2dc(d)) N 2% log(\)

L - L L
_ log(2dc(d)) N log(A)
N L Ly

Making L — oo we find that c3/L) < 1/£, where c3 = —log(\).

By the definition of Ly, it follows that D, _1)2z,-1) < 1 — ¢(d)A. Notice
that, the dual-crossing of B(r,_1)2(r,—1) does not occur, if, and only if there
is a path connecting some vertex x of Fj to another vertex y of Fi, using the
notation from Definition 2.8 for the box B(r, 1) 25, -1):

c(d)A <1 = Dr,-1)2(L5-1)

:Pp(u U{my})

zeFy yeF

S Z Z Tp(‘T?y)

zeFp yeF

<Zzexp( LA‘”)

zeFyyeh

< (200D exp (#)

Summarizing,

c(d)X < (2Ly)*4 Yexp (#)

Rearranging and taking logarithms we get:

log(c(d)X272@=1) < 2(d — 1) log Ly — @

Therefore,
1 < C1 lOgL)\ + Co

€= Ly-1 7
where ¢; = 2(d — 1) and ¢y = — log(c(d)A\272@=1), O



2.3. A Lower Bound For v 41

2.3 A Lower Bound For v

At this point, we have collected all the necessary tools and results to prove the
bound v > 2/d. This bound will follow directly from the asymptotic behavior
described in the following result:

Theorem 2.18. Let d > 2 and & be the fundamental correlation length. Then

fim it 108(E(P))

oWV
ptec |log(pe —p)| —

E.
Proof. We start by creating an auxiliary function. Set

’QD = w(p) = max{L Z 1, OL,QL > M},

where M = (c(d)e™!)/2. Notice that, for Ly as in Definition 2.16, the relation
Ly — 1 <% holds, where A = e™1/2.

Now, assume that Cp o < Cp, o1, holds for every L > 2L,, (we are going to
prove this later in Lemma 2.20). The definition of ¢ implies that ¢ < 2L,.
Therefore, we have bounded v from above and below in terms of L, for which
we already know, by Theorem 2.17, how to compare with &.

Now, we study the behaviour of the function 1, by proving that there is a
function f(p), bounded away from 0 near p. from below, for which

U(ps) > {f(ps)(pe — ps)} 24,

for some sequence {pg}g>1 converging to p..

Set g1.(p) == CpLar(p). Since By oy, is a finite box, for every L > 1, we have that
gr(p) is a polynomial on p, and therefore it is differentiable. Write | By o1| ==
A(L). By Theorem 1.15, we have the square root estimate

dgr (p)
dp

< a(p)vA(L),

where a(p) :=1/4/p(1 — p). This is used to obtain the following estimate for

P < pe
/pc dgL(p)dp
p dp

Pc
</
p dp

< Hi(p)(pe — p),

l9L(p) — gL(pe)| =

dgr(p) p
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where

KLdQ De
Hy(p) = / p)ldp
—u

””2/ e

since \/A(L) < KL%? for some constant K > 0 and every L big enough.
Therefore

9.(p) = gr(pe) — Hi(p)(pe — p)-

Since £(p.) = oo by Theorem 2.5, the estimate in Theorem 2.17 tells that
Ly(p) = min{L > 1; gr(p) < cA} also diverges at p., for every A € (0,1).
Taking A = 2M we have that gz (p.) > 2M = ¢(d)e™! for every L > 1. Hence,

gr(p) > 2M — Hi(p)(pe — p). (2.20)

Notice that, as we increase S, we can find a sequence of parameters pg con-
verging to p. such that the following equality holds:

/pc 1 ds B M
sV s(1—s) Sz

By multiplying both sides of the last equality with (p. — pg) it is possible to see
that this sequence is such that pg = p. — M/Hg(ps). Therefore, using (2.20),
gs(ps) > M holds for S > 1. By the definition of :

Y(ps) = max{L > 1;g1(ps) > M}
> S

= f(ps)~*/*(p. — ps) /"

K Pe | 1 2K
f(p):m/p mdu2ﬁ>0.

Since f(p) is bounded away from 0 near p. from below, since \/1/(z(1 — x)) >
2 if x € (0,1). Therefore,

i log 1 (p)
imsup ———————
ptpe  |10g(pe — p)|

Where

> lim log 1 (ps)
ps—pe | log(pe — ps)|

log(f(ps)~*“(pe — ps)~*?)

> 1

T ps—pe | log(pe — ps)|

L2 (108K + log(r. — ps)
e\ Tlog(pe—ps)
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From Theorem 2.17 we have that

Ly(p) — 1
~ cilog Ly(p) + ¢

Using the fact that Ly(p) — oo as p T p. and that, for every € > 0, and real
numbers A and B follows that

=0 x——l as T — 00
Alog(xz) + B ’

we can find a neighborhood around p, for which £(p) > (Ly(p))' ¢ for every p.
Therefore, for every € > 0 we found region around p. where

1

&(p) > (La(p)'— > (§¢(p)) :

Applying the natural logarithm to both sides:

log §(p) log(1/2) + log(¢/(p))

liminf ———=— > (1 — ¢) liminf
pire  |log(pe — p)| ( ) pipe |log(p. — p)|
2
=(1—-¢)-.
(1-9)°
We get the result making ¢ — 0. O]

Corollary 2.19. If the critical exponent v exists, then v > 2/d.

Proof. 1f the critical exponent v exists, then, using Theorem 2.18 and the
definition of v we get

V= —(—v) = lim log(§(p))

OO\
rtee |log((pe —p)| —

2
7

Lemma 2.20. Cr o1, < Cp, o1, holds for every L > 2L,.

Proof. Notice first that Cly s is increasing in M and decreasing in N. For this
reason, if £k < 2L, then

Corqr2@n+k) < Corgr.

And, since the existence of a bond crossing Cyy, 7, implies the existence of two
disjoint bond crossings of L by 8L boxes we have

Corsrperk) < Copgr < Ci}gL-
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If the bond crossing of By g1, does not occur, we have a dual crossing of this
box in the sense we defined previously. We can obtain such dual crossing of
Bypgr, by patching dual crossings of boxes By or. Let A(d) be the patching
constant for By, g, with boxes By, or. Then, by FKG:

(1-— CL,QL)A(d) <1—-CLgst.

Implying that 1—A(d)Cr 21, < 1—Cpgr. Recall that g, (p) = Cp 2. Combining
what we have obtained so far

9p(2L + k) = Corqr2020+k)
< Chrsr
< Clat
< A(d)*C o
= A(d)*gy(L).

Iterating the result m times, we get for k < 2™ L, that

92" L+ k) < (A(d>29p(L>> 9p(L).

By the definition of L), it is possible to choose A small enough such that
A(d)?g,(Ly) < 1. Thus, for every m > 1 and k < 2™ L,
9p(2" Ly + k) < gp(L).

This means that, for every L > 2L, it follows that Cfor = ¢,(L) < g,(Ly) =
CL>\72L)\. O
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Chapter 3

Aizenman-Barsky Mean Field
Bounds

In this chapter, we present the Aizenman-Barsky construction and some results
about the critical exponents that can be proven with it. The first two sections
describe the construction and prove two differential inequalities.

To prove these inequalities, we truncate the graph and use the FKG and BK
inequalities along with Russo’s Formula. Then, we take the appropriate limits
to extend these inequalities to functions defined on the infinite graph. This
construction will be revisited in the last chapter, where we use a different
method to prove other differential inequalities.

The next sections of this chapter focus on results for the critical exponents
B, 7, and ¢, respectively. For these results, we refer to Chapters 5 and 10
of Percolation by Grimmett [8], Chapter 3 of Progress in High-Dimensional
Percolation and Random Graphs by Heydenreich nad van der Hofstad [9] and
Chapter 3 of Independent and Dependent Percolation by Chayes, Puha and
Sweet [3].

3.1 The Ghost Vertex Construction

Let L? = (Z% E?) represent the usual hypercubic lattice. First, we add a new
vertex to this graph, which we call g. Sometimes it will be referred to as the
ghost verter and we can think of it as a point “at infinity”. With this new
vertex, we also create new edges that connect the original vertices to ¢g. In
this way, we construct a new graph G¢, with the following sets of vertices and
edges:

G = (2% &Y = (2 U {g},E U gG?).

Where G = {2g},cze. On this new graph, we perform the usual Bernoulli
percolation with parameter p € (0,1) on the edges of E?. Additionally, we
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perform a Bernoulli percolation with parameter s € (0,1) on the edges zg,
ensuring that these two processes are independent. For this two-parameter
percolation, we also consider a new configuration space €:

Q= {0,1}* x {0,1}9".

We denote the new percolation measure by P, s, which is the natural product
measure defined for each pair (p,s) € (0,1)2. The corresponding expected
value is denoted by £, ;.

This percolation process on G¢ can also be seen as a simultaneous bond and
vertex percolation on the graph Z¢. Here, each bond is kept with probability p,
and each vertex is “colored green” with probability s. Using this interpretation,
we can often omit the vertex g from expressions, focusing instead on certain
subsets of vertices and edges of Z? to express the quantities of interest. Let
G = G(w) be the random subset of green vertices of Z<, that is, the vertices for
which the edge zg is open. As before, let C' = C(w) denote the open cluster
at the origin.

The main function studied in this chapter is the two-parameter percolation
function, defined as:

6 =06(p,s) =P, (CNG D).

In words, this function gives the probability, for given p and s, that the cluster
of the origin contains at least one green vertex. The next result shows that

the standard percolation function can be recovered by taking the limit s | 0
in ©.

Lemma 3.1. If s | 0 then ©(p,s) | 0(p).

Proof. We can write ©(p,s) = 1 — P, (C NG = @). Then, if we make a
decomposition of the space with respect to the cluster size |C| we get:

1-0(p,s) =Y _ P.(CNG=0|C|=n)P,(C| =n)+
n>1

+ P,s(CNG=g||C| = 00)P,(|C] = 0).

Notice that if s > 0 then, P, ,(CNG = &||C| = o0) = [[;2,(1—s) = 0 meaning
that the last term of the right side vanishes. For the other terms of the sum,
if C NG = & when |C| = n, then none of the n vertices in C' are green, and
that occurs with probability exactly (1 — s)". Rewriting the expression above
with these observations we have:

Op,s) =1 - (1—s)"B(IC| = n). (3.1)

n>1
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Since )., Pp(|C| = n) < 0o, using the Abel’s Theorem for power series
F(l—s)=) (1-s)"R(C|=n) 1) F(C|=n),
n>1 n>1

as we make s | 0. Therefore:

O(p,s) L 1= PB(|C| =n) = 6(p).

n>1

O

Another important function that will be used in this chapter is the expected
value of the cluster size |C| on the event where the origin is not connected to
any green vertex by a path of open edges, that is the function X’ given as:

X =X(p,s) =E,(|C]:CNG=02).

Lemma 3.2. If s | 0 then X(p,s) T x/(p).

Proof. As before, we can write X (p, s) as

X(p.s) =Y 0P, (CNG=2|[C] =n)F(|C] = n).

n>1

Since we can calculate P, (C NG = @||C| =n) = (1 —s)™

X(p.s) = S n(1— s)"B(C] = n).

n>1

Therefore, if we make s | 0 we get that X (p, s) T x”/(p), recalling that x/(p) =
an1 nb,(|C| = n). O

Notice that O(p, s) as given by (3.1) is a power series with the radius of con-
vergence at least 1. For this reason we can differentiate © with respect to s to
get to the relation:

0

S 6(p,s) =Y n(l— s/ R0 =n) = X(ps). (32)

Another property worth mentioning is a linear lower bound for © in terms of
the parameter s.

Proposition 3.3. If s,p € [0, 1], then O(p, s) > s.
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Proof. If 0 < s < 1, then (1 — s)* < 1 — s for every k > 1. Therefore,
multiplying both sides by a positive term gives us that for every k > 1

(1= 8)"P(IC] = k) < (1 = )P(|C] = k).

Finally, summing for k:
1-6<1-s.

3.2 Two Differential Inequalities

The goal of this section is to discuss the proof of the two important differential
inequalities:

Lemma 3.4. [Differential Inequality A] If s € (0,1) and p € (0,1), then:

00 00
1—p)— <2d(1— -—.
(1-p)5 < 21— 507"

Lemma 3.5. [Differential Inequality B] If s € (0,1) and p € (0,1), then:

o< s@—l—@2+p@@.
ds dp

These differential inequalities were first introduced by Aizenman and Barsky
(1987) [1]. Since the tools available to us are restricted to finite environments,
we must construct a finite-volume approximation. To preserve translation
invariance in a finite setting, we impose periodic boundary conditions. Below,
we provide an informal outline of this construction to avoid excessive technical
detail.

For each N > 1, we define a truncated version of the graph G? as follows.
Consider the box Ay = [-N, N|% and let I be any subset of [d] == {1, ...,d}.
We then identify opposite faces of the cube by merging into a single vertex the
set:

X(I)={x € An;|z;] = N for every i € I , and x; = z; for j ¢ I},

where z ranges over {—N+1,..., N —1}4. We also identify parallel edges. This
construction can be vizualized by imagining that Ay is embedded in the torus.

This process generates a new set of vertices Z(NN), and a corresponding set
of edges E(N), forming the graph L(N) = (Z(N), E(N)) where every vertex
x € Z(N) have 2d neighboors. Adding the ghost vertex g and reproducing the
construction we did before, we define the graph:

Gy = (Z(N),E(N)) = (Z(N) U {g}, E(N) UUsezv){zg})-
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We also denote by Gy the random subset of green vertices in Z(N) and by
Cy(z) the open cluster containing the vertex z, and we write Cy = Cy(0).
As in the previous construction, we define:

@N(pv 8) = Pp,s(CN N GN % @)7

and
xn (P, s) = E,:[|Cn|;Cy NGy = 2].

For a discussion on the convergence of the truncated functions, see Section A.

In the next two subsections, we establish the differential inequalities stated
in Lemmas 3.4 and 3.5 for the truncated functions. The desired result then
follows by taking the limit as N — oc.

Proof of Lemma 3.4. Let both p and s take values in (0,1). We apply Russo’s
formula to the event {Cy N Gy # @}. To do this, we must first condition on
the event {Gy = I'}, where I' is a subset of vertices. Under this conditioning,
the probability of the event {Cy NT" # @} depends only on the parameter p.

Let A = Ay(I') = {Cy NI # @}. Notice that this event is increasing and
depends only on a finite number of edges. Thus, by Russo’s formula, the
derivative of its probability with respect to p is given by:

—P,(A) = Z P, (e is pivotal for A).

e€E(N)

Let us carefully analyze what it means for an edge e = zy to be pivotal for the
event A. On one hand, if the edge e = zy is pivotal for A , then in the graph
G4 — {e} the following must happen:

1. 0T
2. Exactly one of the two vertices x and y belongs to Cly.
3. The other vertex is connected to I' by a path of open edges.

These conditions follow directly from the definition of an edge being pivotal.
On the other hand, if conditions 1,2 and 3 hold, the edge e is necessarily
pivotal for the event A. Since the property of being pivotal for an event does
not depend on the state of the edge itself, the events A and {e is closed} are
independent:

(1-— p)iP (A) = Z (1 —p)P,(e is pivotal for A)

p
dp e€E(N)
= Z P,(e is closed, e is pivotal for A).

e€E(N)
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Figure 3.1: Edge e = xy being pivotal for the event A.

Since the pivotal edge e being closed implies that the edge e is removed from
the graph GY,, we can rewrite the last equation based on our observations
about the occurrence of the event A:

d

(1- p)%Pp(A) =Y B0 T,z eCy,Cn(y)NT #£2).  (33)

T~y

Considering the finite collection G of all such subsets I', we establish the fol-
lowing relation:

d
> PGy = [)—-Fy(A)
p
reg
0
=5 Y PGy =T)B,(4)
p reg
= aﬁ > P(Gy=T)P,(CyNT # 2)
p reg
= aﬁ > B (Gy=T.CxNT # 2) (3.4)
p reg
= §ZPP,S(GN =T,0y NGy # 2)
p reg
0
= a—ppp,s(cN NGy # 2)
0
- 8_p@N(p7 S)‘

Combining (3.3) and (3.4), we get a useful expression for the partial derivative
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0,0:
0
(1=p)7,On(ps)
= P(Gy=T)(1- )jpp(A)
reg P
=Y P(Gy=T)> B0 T z€Cy Cny)NT # )
T'eg T~y
_ZZ GN—FO%FZ'ECN,ON()QF#@)
z~y I'eg
=Y ) P (Gy=T,0 Gy,2 € Cy,Cy(y) NGy # 2)
zy I'eg
= ZPP,S(O > GN,l’ € CN, C’N(y) N GN 7é @).
a~y
Summarizing:

(1—)861\/]9, = B0 Gy,x € Cyn, Cx(y) NGy #2).  (3.5)

T~y

The previous equation is important and will also be used in the final step of the
proof of Lemma 3.5. Now, we aim to find a way to bound the right-hand side of
Equation (3.5). To achieve this, we condition the event inside the summation
on {Cy = X} where X is a finite, connected subset of vertices of Z(N) that
contains the origin and the vertex z, but does not include y.

Since also {z € Cy,Cy = ¥} = {Cy = X}, we write the right-hand side of
(3.5) as

=YD B0 Gy, On(y) NGy # 2|0y = D)F,(Cy = 3).

Ty N

It follows that, conditioned on {Cy = X}, the events {0 «» Gx} and {Cn(y)N
Gy # @} are independent. The former depends only on the edges incident to
vertices of 3, while the latter depends only on the edges incident to vertices
of ¥¢. Consequently, the probability inside the summation is:

Pp75(0 > GN|CN = E)Ppﬁ(CN(y) M GN 7é @|CN = E)PP(CN = E)

Informally speaking, since {Cn(y) NGy # D} is an increasing event, its prob-
ability under the conditional measure P, ( - |Cx = X) will be no greater
than its probability under P, ;, as the first measure restricts the possible con-
figurations by fixing the realization of a set of edges. Therefore, the second
factor in the expression above can be bounded by P, (Cn(y) N Gy # @) that
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corresponds exactly to ©y(p, s) due to translation invariance. Thus,

(1- )a@Np, ) <3S B0 4 Gy|Cy = £)P(Cx = £)O

T~y X
—@NZ s(x€Cn,y ¢ COn, 0 Gy)
zry
<@Nz p.s(7 € On, 0 » Gy)
o~y
= On2d Z ps$€CN,OH9GN)
z€V(N)

= @NQdXN(p, S)

0
=2dON(1 — 5)=—On
N(l—s)5- Ds
In the last step, we used the truncated version of Equation (3.2), which com-
pletes the proof. n

Proof of Lemma 3.5. We can rewrite Oy as:
On =P, (|IChNGy|=1)+ P, s(|CnNGN| > 2).

Now, we condition the first term of the right-hand side on the event {|Cy| = n}
to get:

P, (|CyNGy|=1)
=Y Pos(|Ox NGyl = 1|Cx| = n)Bs(ICx| = )

n>1
= ns(l—s)""'B,.(|Cy| = n)
n>1
=s> n(l—s)""'P,,(ICx| =n)
n>1
0
= 5—0Oy.
as
This corresponds exactly to the first term on the right-hand side of the dif-
ferential inequality we aim to prove. The two remaining terms, involving the
partial derivative with respect to the parameter p, will be derived from an
upper bound for the probability P, ;(|Cy N Gy| > 2).

Let = be a vertex, and consider the event A, = {x € Gy} U{z < Gy},
which means that either x is in Gy itself or z is connected to another vertex in
Gy. Then, A, o A, corresponds to the event where there are two edge-disjoint
paths connecting = to two distinct vertices in G . Using this, we decompose
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the probability as follows:

P,.(|CxNGN| > 2) = P, (|ICy NGx| > 2, Ag 0 Ag)
+ Pp,s(|CN N GN| Z 2, (AO o AO)C),

The expression above can be simplified using the inclusion {|Cy NGy| > 2} D
Ap o Ag. Thus, the first term becomes P, ;(Ag o Ap), which can be bounded
from above by P, s(Ap)? = P, (CxyNGy # @)* = O3 using the BK inequality.
To apply the BK inequality, we need to work with the truncated functions © y
instead of ©. Additionally, it should be verified that the BK inequality is
applicable to this graph, but we will not address this verification in this text.
Hence, the expression above simplifies to:

P, (|Cx NGy|>2) < 0% + P, (ICxy NGy| > 2, (A0 Ag)C).

Now, let us analyze what the occurrence of the event B = {|Cy N Gy| >
2} N (Ag o Ap)¢ implies. First, if B occurs, there are at least two distinct
vertices in the cluster of the origin C'y that are also green.

However, since Ago Ag does not occur, there are no pairwise edge-disjoint paths
from 0 to each of these green vertices in the cluster of the origin. It follows that
this event occurs if, and only if, there exists an edge e = zy where z,y € Cy
such that e is open, and removing e from the graph G%, while keeping its
vertices, results in the following events holding;:

[ J UZZ{ONPIGN:@}.
o V:={zxeCy}.
o W :={A,0A,}

Figure 3.2: The event UNV NW.

The events H = UNV NW and {eis open} are independent because the
former does not depend on the edge e. Therefore,

P, s(e is open, H) = P,(e is open)P, ;(H)

= LPp,s(e is closed, H). (36)
p

1—
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Let 3 be some connected subset of vertices containing 0 and = but not contain-
ing y. The events {Cy NGy = @} and A, o A, are independent if conditioned
on {Cy = X} since the former depends only on the inside of 3, and the latter
depends on the outside. That yields:

Ps(CyNGy =92,4,0A,)|Cy =X)
=P, ,(CNnNGy =2|Cy =X)P, (A, 0 A)|Cy =X).

Using the BK inequality, the second factor can be estimated by P, s(4,|Cn =
¥)? which can be bounded from above by P, (A,)P,s(A,|/Cx = X). Once
again, we omit the discussion on why the BK inequality holds for the con-
ditional measure in this text. For the same reason discussed previously A,
and {Cy N Gny = @} are also independent when conditioned on {Cy = X}.
Consequently, the previous equation is no greater than:

P,o(Cy NGy = @, A,|Cx = D) P, ,(A,).

Since, P, s(A,) = O, by the translation invariance, the estimate we get is
summarized in

Pp,s(CN N GN = @,Ay O Ay|CN == Z)

3.7
<P, (CnNGy=2,4,|Cy =X)On. (3.7)

Now, returning to the probability we seek to bound:

Pp,S(|CN ﬁGN| > 2, (AO OAO)C) <

< ij5< U {e is open, H})

e€E(N)

< Z P, s(e is open, H).
zyEE(N)

Using (3.6) and the inclusion of events, the last sum is no greater than

p
Tp Z Pp,s<H)

zy€E(N)

=2 Y B ONNGy=2.2€Cn A 04,

1—p £

ryeE(N)
= Y Pu(CyNGy=2,0x =%, 4,04,).
TP B =

The right side of the last expression is equal to

5 2 2 PulCy NGy = 2,4, 0 ACx = E)B,u(Cy =)

1 TP B =
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Which, by Equation (3.7) is bounded from above by

o
p roye Z J(CnNGy =2, A,[Cy =2)P,,(Cy =)

zyEE
= f& Z Y PBu(CyNGy =2, A, Cy=X)
TP B =
p@N Z Z CNQGN—@ON()ﬂGN#Q,JJGCN,CN:E)
P ey =
- f@ S B(On NGy = 2,Cxly) NGy # 2).
pxyeE(N)

(3.8)

Recalling Equation (3.5):

1 %,
PON (T Y B(CyNGyx=2,Cx(y) NGy # @)) — pOyn (a_p@)‘

zyeE(N)

This is exactly the last term of the right side of the differential inequality. [

3.3 Upper Bound for

In this section, we present a proof for the mean-field bound § < 1, derived
from the two differential inequalities discussed in the previous sections.

To establish the result, we first examine how a lower bound for the function
O can be derived from these differential inequalities. The following result will
also be used in Section 3.5, and its proof relies primarily on the analytical
properties of the functions © and X previously discussed.

Before proceeding with the mathematical details, it is worth mentioning some
historical context. This upper mean-field bound for g appears in the literature
with various proofs. One notable proof, by Chayes and Chayes [4], uses the BK
inequality and Russo’s formula to establish a more direct differential inequality:

0 < 6%+ phd',

for p > p..

This inequality is derived similarly to the methods in the previous section,
but with a more detailed analysis of the infinite cluster in the supercritical
phase. The cluster is decomposed into the backbone and its dangling ends,
allowing a better understanding of its geometry. Along the way, it is shown
that the event {0 «— oo} almost surely has a finite number of pivotal edges
in the supercritical phase. This differential inequality implies the existece of a
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constant a > 0 such that 6(p) > a(p —p.) for p > p., which implies that g < 1,
given its existence.

Another interesting approach derives the lower linear bound 6(p) > ¢(p — p.)
for p > p. using differential inequalities for the functions 6, obtained from
the generalized OSSS. This is done in Kern’s paper [12] which is inspired by
Duminil-Copin, Raoufi and Tassion [5].

We are not going to discuss more details of the first approach, as the differential
inequality by Chayes and Chayes does not directly relate © and 6 as we do here.
Similarly, we avoid further discussion of the application of the OSSS inequality
to obtain the mean-field bound for § as a similar approach is presented in
Hutcheroft’s work [10] and is explored in Chapter 4 of this text.

Now, we introduce an inequality for the function ©, derived from the two
previous differential inequalities. This result will be a key tool in proving the
main theorem of this section.

Proposition 3.6. If p € (0,1) and s € (0, 1), then

2
1 1 1 4s
Op,s) > — =~ + = + =,
#5)2 =30 (p) 2 (Axf (p)> A
where A = A(p) =1+ 2dp/(1 — p).

Proof. Let s € (0,1) and p € (0,1). Fix p and write f(s) = ©(p,s). Notice
first that f is continuously differentiable and strictly increasing, due to the
fact that it can be represented as a power series whose derivative, given by
Equation (3.1), is strictly positive.

The relation f/(s) = (1 — s)"*X(p, s) implies that f'(0) = x/(p). Notice that
f(0) =0, from Lemma 3.1 and f(1) = 1. Therefore, it is possible to consider
the inverse g for the function f, which also has g(0) = 0 and g(1) = 1. Using
the fact that ¢’(f(s)) = 1/f'(s) we obtain

1
/
J(0) = ——.
) X/ (p)
Now, we combine the differential inequalities obtained in the last sections:
(1—-p)0,0 <2d(1 —5)00,0,

and
O < 50,0 + ©° + pOJ,0O.

In the second equation above, 9,0 can be bounded by the first term in the
first equation divided by 1 —p. We get a differential inequality where the only
partial derivative showing up is the one with respect to s. Recalling that our
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parameter p is fixed, we can write in terms of the function f producing the
following expression:

2dp(1 — s)

f<sf+ 1+ 21

L—=p
Writing f(s) = ¢ > 0 and ¢g(¢) = s > 0 and using the relation between the
derivatives of f and g, the differential inequality is translated in terms of the

function g as:

1 o, 2dp(1—g(9))
g T T, Yy

After rearranging a little we get an expression that is easier to integrate:

¢ < g(¢)

1/ 1 de / /
—f - g g =(A-1
0= @9=1_, 9 ( )+ 9,

where we also used the trivial bound 1 — g < 1. Now it is possible to integrate
the expression above, from 0 to some value ¢ < 1:

o) _ )[40,

) u u?

¢
< / <<A 1) +g'<u>>du

= (A=1)¢+g(¢) — 9(0).

With ¢(0) = 0, ¢’(0) = 1/x/(p), and substituting back g(¢) = s and ¢ =
7(5) = O(p, 5) = © we get

5 1

———— < (A-1)0 +s.

o v =Y

Now, we recall from Proposition 3.3 that s < © to bound the right side as
1

S
— - < A6O.
e x(p ~
Which implies that
C) s
0%+ —=>0.
Axf(p) A

Finally, solving for ©.
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The last proposition has the following result as an immediate corollary.

Corollary 3.7. If s € (0,1) and p € (0,1) is such that x/(p) = co:
s
> —
@(p7 S) — A’
where A(p) = A =14 2dp/(1 —p).

In order to prove the result from the title of this section we are going to prove
the following theorem:

Theorem 3.8. If p is such that x/(p) = oo, then either
1. 0(p) >0, or
2. 0(p)=0and O(p') > QLp,(p’ —p) forp >p.

Remark 3.9. The fact that x/(p) < oo for every p < p. is a consequence of
the theorem above. If we assume, by contradiction, that x/(p) = oo for some
P < Pe, then, since (p) = 0 by definition, we would have that if p' is any value
in (p,pe) then 8(p’) > 0, which implies p > p. that is a contradiction.

Proof of Theorem 3.8. Let a € (0,1) be such that x/(a) = oo and let s € (0, 1).
We can assume that 6(a) = 0, otherwise we are done. Since O(p, s) is strictly
increasing for s we have

O©(a,s) > 6©(a,0) = 0(a) = 0.
Since ©(a, s) and s are both positive, we can divide the differential inequality
O < 50,0 + ©% + pOd,0 by sO producing the inequality:
1 1 e

p
< = Z 4 £ .
S_@as®+s+sap@

Rearranging, we get
0< o0+ (01p0-1
= g% . pop .
Producing the differential inequality

9, 10
< = ~Z(po - ,
0< B log(©) + S <p@ p) (3.9)

Consider b, e, real numbers such that 0 <a<b<land 0 <d <e<1. We
integrate the differential inequality (3.9) on the rectangle [a, b] x [d, €]:

b
o< |

s=¢&

bgKXnS»] c@+:£€§

s=0

p=b
ds.

p=a

PO —p
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Developing further the integrals, the right-hand side is bounded by

(0.0 L, e

(b )lg( o, ))+b/5 . d
O(a,s) ;. £

—a/(S . + (a —b)log <5>

On the first term, we used the fact that the integrand can be bounded by
log(©(b,e)/O(a,d)) since both © and log are non-decreasing functions. We
notice that since ©(a, s) > 0, the third term is negative and we can bound the
previous expression from above by

(b —a)log (g((s: ?) + bO(b, €) log (%) + (a —b)log (%)

)
=(b—a)log (852: 3) + [a — b+ bO(b, 5)] log (%)

Dividing by log(e/6) > 0 yields

log(©(b,¢)) — log(O(a, d))
log(g) — log(0)

Now, we use the fact that such a was chosen to satisfy x/(a) = oo, therefore,
by Corollary 3.7 we get

0< (b—a)[ tla—b+bO(b,e)].  (3.10)

log(©(a,d)) > —% log(A) + % log(9).

Therefore, since log(d) < 0

log(©(a,9)) _ 1 _ log(Afa))

(
log(0) — 2 2log(d)
From this, when we make ¢ | 0 in Equation (3.10) we get

. lOg(@(b’ 5)) — log(@(a, 5))
s =g —los(@)

Therefore, as we make 0 | 0 we get that

1
0< —(b—a)+a—b+b@(b,5).

Rearranging the expression above we get that ©(b,e) > (b—a)/2b. By making
e | 0 we get our result, that for b > a:

0(b) > (b— a)/20.
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Using this theorem and the fact that x/(p.) = oo proved in Corollary 2.7 from
the previous chapter we get:

Corollary 3.10. If p > p. then

0(p) > = (p — pe)-

2p

Now we are ready to prove the main result of this section, the mean-field upper
bound for the critical exponent (.

Theorem 3.11. [Mean-field bound for (3] If the critical exponent B exists,
then < 1= fBr (critical exponent on the binary tree).

Proof. Remember that the critical exponent 3 is defined the number for which
the following limit holds:

lim log(6(p))

e —py) "

We apply the logarithm function to both sides of the expression obtained in
Corollary 3.10 to get

log(6(p)) > log (%) + log(p — pe).

Dividing by log(p — p.) < 0, and making p | p. yields

5 i EOW) o 10(1/2)

< +1=1.
P—pe log(p — pc) plpe 1og(p - Pc)

3.4 Lower Bound for v

In this section, we establish the mean-field lower bound for the critical expo-
nent v, which is associated with the expected size of the cluster of the origin.
This bound is derived using a straightforward differential inequality, avoiding
the need for intricate techniques. The proof relies on Russo’s formula, the BK
inequality, and the following technical lemma from real analysis:

Lemma 3.12. [Derivative of a finite maximum of fuctions] Let I be
a finite set of indices, and fori € I, let p— f;(p) be a differentiable function.
Then, at the points where F(p) := max;er f;(p) is differentiable, we have:

d d
d_pF(p) < max {%fz(p)}
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We omit the proof of this lemma for brevity. Using this result, we derive a
lower bound for the function x:

Theorem 3.13. If p < p., then

Proof. We begin by writing x(p) = E,[|C]] as the following sum

Z ﬂ{oﬁx}] = Z Tp(O,[E).

x€Z4 x€Z4

x(p) = E,

Now, for each n > 1 and each v € A,,, we consider an analogous function, this
time restricted to paths lying entirely inside the box A,, around the origin.

Xa(p5v) = > By(v & ).

e,

Additionally, for each n > 1 we define the function that takes the maximum
at A, of such functions x,(p;v), that is

~

Xn(p) = max xu(p; v).

We immediately get that, in particular y,(p) > xn(p;0), since 0 € A,,. Also, by
the translation invariance ., (p; v) < x(p). Therefore, if we take the maximum
at the left-hand side what we obtain is x,(p) < x(p) for every n > 1. Write

To(p; ) = P,(0 PN x).

On one hand, since {0 N z} /{0 > x} as n — oo, then 7,(p;z) T 7,(2).
Hence,
Xa(0,0) = > (i) /> 7p(x) = x(p)
by the Monotone Convergence Theorem. On the other hand, as we have ob-
served before x(p) > Xn(p) > xn(p; 0). Therefore, using the previous equation
we can conclude that
Xn(P) = x(p).

Now, we seek a differential inequality for the derivative of x,,(p, v) with respect
to p since in this truncated case Russo’s Formula is allowed. Then, we hope
that it is possible to take limits to translate this differential inequality in terms
of the x(p), which is the function we are interested in.

Let A, (v,x) ={z Any v}, that is, the event where exists a path p of open edges
lying inside A,, connecting v to x. This is an increasing event that depends



Chapter 3. Aizenman-Barsky Mean Field Bounds 62

only on a finite number of edges, which is precisely |E(A,)|. Applying Russo’s
Formula:

4yt
denp7 _dp

> Pp<An<v,x>>]

z€A,

- Z dipPp(An(v,x))
_ Z Z (e is pivotal for A, (v, z)).

mEAn GEE An)

The next step is to understand what it means for an edge e to be pivotal for the
event A, (v, x), or at least what this implies, in order to get an upper bound
for this derivative.

Notice that, if e is pivotal for A, (z,v), then if the state of e = wz is switched,
so it is the connection between x and v, this implies that there must be two
disjoint paths, one connecting = <+ z and v <> w. But it is possible that the
roles of z and w are interchanged and there are instead two disjoint paths, one
connecting x <> w and v <+ z. We write this as

{e is pivotal for A,(v,2)} C{z > zov - w}U{zx < wov < z}.

For each of these sets on the inclusion we can use the BK inequality, hence the
derivative x,(p;v)" can be bounded from above by

Y D [B(Au(e2) P An(v,w) + Py(An(z,w)) By(Au(v, 2))].

2€An e€E(Ay)

Summing for x € A,, first, we have that this last summation can be bounded
from above by

Xa(@) Y [Po(An(v,w) + By(An(v, 2))].
(An)

Therefore, using the fact that each vertex has 2d neighbors, we find the differ-
ential inequality

%Xn(p; v) < Xn(p)2d5n(p) = 2452 (p).

Now, we can apply Lemma 3.12 to obtain
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Integrating from p to p.:

Pc
1 1 1
= - = = | T = <2 Pec—D)-
[ xn(p)]p (pe 1)

Since x,(p) — x(p), as anticipated at the beginning of the proof and we also
have x(p.) = 0o, we conclude:

1
m < 2d(p. — p).

As a consequence of the last result, we get the lower bound for 7.

Theorem 3.14. [Mean-field bound for ~] If the critical exponent 7y exists,
then v > 1 = ~p (critical exponent on the binary tree).

Proof. Assume that the critical exponent v exists, since for values of p < p.
we have x/(p) = x(p), by Theorem 3.13

1

!
X' (p) 2 .
( ) 2d’pc _p’

Taking logarithms on both sides, and then dividing by log|p. — p| < 0

log x/ log(1/2
i J0eXI) oy, dos(1/2d)

——n =< —1=-1.
ptpe log ]pc — p[ ptpe log ]pc - p[

3.5 Two Results For ¢

In this section, we establish two key relations for the critical exponent §. The
proofs rely on Corollary 3.7, which is derived from differential inequality A and
differential inequality B. First, we show that 6 > 2 by analyzing the asymptotic
behavior of © from the asymptotic behavior of P, (|C| > n) from the definition
of the critical exponent. Then, we compare the functions ¢ and © near the
critical point to establish the relation 8 > 2/4.

Lemma 3.15. If P, (|C| > n) = c;n~%(1+0(1)) asn — oo for some positive
constant ¢y, then O(p,, s) = c25"/°(1+0(1)) as s | 0 for some positive constant
Co.
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Proof. The hypothesis provides information about the behavior of
bn == B (|C] = n)

rather than P, (|C| = n). To connect this to O(p, s), we manipulate the series
accordingly. Recall the original summation:

O(p,s) =1—Y (1—5)"P,(|C| = n).

n>1

Changing the order of the summation leads us to:

- (=8 B(C] 2 n).

n>1

S
1—

O(p,s) =

Now, write a = 1 — s, to simplify the expression above, then s | 0 if, and only
if @ 7 1. The asymptotic behavior we want to describe is the one obtained
from the following power series

O,.(a) = L—a Za”bn.

a
n>1

For any € > 0, we can find a large enough N such that:

(cp —e)n Y < b, < (c1 +e)n™°

1/8

holds for every n > N. Then, since the sequence a"n~"/° is monotone decreas-

ing, we can write

0,.(a) > ““”{ > a"bn—Ir(cl—g)I(@)}, (3.11)

1<n<N

and

0,.(a) < ““”{ > b+ (e +e) (aNN_1/5+I(a)>}, (3.12)

1<n<N

where I(a) = f]ffo a®x~Y%dx. Making the change of variables y = —xlog(a) we

obtain that . -
I(a) = / e Yy Hody.
(_ log(a))1—1/5 —N log(a)

Therefore, we have that

(c1 — )0(1 - 1/5) < %% < (e +9)T(1 - 1/8),

where ¢ > 0 was arbitrarily set. Thus, this implies that O(p,, s) = cs*/°(1 +
o(1)) as s | 0. O
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Now, we combine the previous Lemma with the Corollary 3.7 to get the fol-
lowing theorem:

Theorem 3.16. [Mean-field bound for §] If the critical exponent § exists,
then 6 > 2 = dr (critical exponent on the binary tree).

Proof. Assume that the critical exponent § exists. Then, by the preceding
theorem O(p.,s) = c25/%(1 + 0(1)) as we make s | 0. Therefore, for small
values of s:

O(pe, s) < s'/°.

On the other hand, by Corollary 3.7 we can also bound ©(p,, s) from below
since x/(p.) = oo, yielding:
s'7 2 O(pe,s) 2 517,

for s sufficiently small. Now, taking the natural logarithm, dividing by log(s) <
0 and then making s | 0 we get § > 2. O

The next result establishes a relation between the functions © and 6 near the
critical parameter.

Lemma 3.17. 0(p.+¢) < 1—{1—0(p., ¥ (e))}? for values of € small enough,

where J
o=1-{(-5) (- 5m) -

Proof. Let A be a connected and finite subgraph of ¢ containing the origin.
We write V(A) for its set of vertices, F(A) for its set of edges, and AA for
its edge-boundary, that is AA = {e = vy € E4; o € A,y € A®}. For positive
integers n,m, b, consider the collection A[n, m,b] of such connected and finite
subgraphs containing the origin with V(A) =n, E(A) = m and AA = b.

When the origin’s cluster is finite, it assumes the form of one of the elements
of the collection A[n, m, b], for integers n, m,b. Therefore, we can write

0(p) =1= > Tump(p),
n,m,b

where T, mp(p) = P,(C € Aln,m,b]). If we denote the size of a collection
A[n,m,b] by aln, m,b] then we can write

7Tn,m,b(p) = (Z[?’L, m, b]pm(l - p)b

Notice that, for values of ¢, not necessarily positive, the probabilities 7, »(p)
and 7, ., (p — €) also obey the following multiplicative relation

Tn,m,b (p - 5) - 71-n,m,b(p) Sp,a (ma b)7
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Sp.e(m,b) = (1—1;) <1+ 1—p> :

We can then look at the random variable S, .(C) = S, .(|E(C)|,|AC|). Then,
suming the previous relation we get

Z 7Tn,m,b<pc - 5) = Z 7"-n,m,b(pC)S]Oc,S(Tn? b)

n,m,b n,m,b

= Epe[9p.<(C);[C] < 0],

where

In addition, since the cluster of the origin is almost surely finite in the sub-
critical phase, for € > 0 we have:

1="P, (IC] <00) = Tums(pe (3.13)
n,m,b

In order to prove this lemma we want to find a way to bound the probability
0(pe + ¢€) from above with some function of ©(p., ). Notice that, by Equation
(3.13):

9(]% + 5) =1- Z 7"-n,m,b(pc + 5)

n,m,b
=1- ( Z 71'n,m,b(pc - 5)) ( Z 7T-n,m,b(pc + 8))
n,m,b n,m,b

= 1= (B [8.2(C): O] < 0] (Bp. [y, =(C); €] < 0] ).
Using Cauchy-Schwarz inequality,
2
Opc+¢) <1-— (Epc[(Spc,e(0>spc7—6(c))l/2§ ICl < OO]) :

And just by substituting back the definition of S, .(C') on the right side of the
inequality above, what we get is

ope+2) <1~ (B, [¥(, ) |C] < oo])z,

22 [E(C)I/2 2 |AC|/2

Using the relations m < 2dn and b < 2dn from basic graph theory, it follows
that |[E(C)|/2 < d|C| and |AC|/2 < d|C|, hence:

N E dc|
@(ao)z(l_p_c) (“m) |

where
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2 el 2 dC|
1—= 1——= O] < oo
( pz) ( (1 —pc)2> ] ]

= (1—9()"P,.(IC| = n)
=1—0(p.,¥(€))-

With that, we can finally conclude that

O(pe+e) <1—(1—0O(p,1(e)))>.

However,

O

Now that we have established this relation between © and 6, the critical rela-
tion follows directly by combining the results derived so far.

Theorem 3.18. If the critical exponents 6 and [ exist, then B > 2/0.

Proof. Let t > 0. From assuming the existence of § and §, we have that
et < f(p. + ) for small values of e. In addition, from Lemma 3.15 we
have that O(p, ¥ (g)) = 1(g)"/° for small values of 1 (). Since also ¥ (g) =
Ce? 4+ o(e?) as € | 0, we have that 1)(¢) < &2 for values of ¢ small enough.
As consequence O(p.,¥(g)) = £2/°. Now, the only part missing is to prove
O(pe +€) = O(pe, ¥(e)), however, from the last result

O(p. +¢) < 1—(1—0O(p,¥(¢)))*
= 20(p., ¥(€))(1 — O(pc, ¥(€)/2)
=20(p., ¥(€))(1+0(1)) ase 0
= O(pe, ¥(e))

Where the last inequality above holds for values of ¢ > 0 sufficiently small.
It follows that e+t < £%/9 for small values of ¢ > 0. Applying the natural
logarithm to both sides, dividing by log(e) < 0 and then making ¢ | 0 we get
that §+t > 2/0. We get to the result by making ¢ | 0. O
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Chapter 4

OSSS Inequalities

In this chapter, we present an alternative method to obtain useful differential
inequalities and critical bounds without relying on the BK, FKG inequalities,
or Russo’s formula. The main result of this chapter is a differential inequality
proved by Hutchcroft in [10], which was obtained from a generalization of the
OSSS inequality by Duminil-Copin, Raoufi, and Tassion [5].

Although the results in his work [10] extends to a more general setting, the
Random-Cluster Model, our focus is on Bernoulli percolation on the edges
of Z¢. This choice avoids the need to define the Random-Cluster Model or
address the existence of its measures on infinite graphs. By concentrating on
the Bernoulli percolation model, we can highlight the parallels between this
new method and the approaches discussed in earlier chapters.

In this chapter, we apply the theory of random algorithms and decision trees to
the same ghost vertex construction studied in the previous chapter. This new
approach highlights both the differences and similarities between some classical
methods from the 1980s and modern techniques. Notably, in contrast to earlier
methods, our approach eliminates the need for finite-volume approximations
in the differential inequalities, resulting in a cleaner technique. Moreover,
the limitations imposed by Russo’s formula for differentiation and the BK
inequality for handling geometric structures do not arise in our application.

The chapter is organized as follows: the first section introduces fundamental
concepts from the study of random algorithms, including the OSSS inequal-
ity and its generalization, without going into their proofs. We then derive a
percolation-specific version of the differential inequality from [10] and explore
its implications. In the final section, we apply this inequality to establish
relationships among the critical exponents §, A, and ~.
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4.1 Background For The Differential Inequal-
ity

In this section, we provide key definitions from the theory of random algo-
rithms, including decision trees, revealment probability, and the OSSS inequal-
ities. The terminology follows the original OSSS inequality article [15], its
generalization to monotonic measures by Duminil-Copin, Raoufi, and Tassion
[5], and Hutcheroft’s work [10].

4.1.1 Decision Trees And The OSSS Inequality

We start this section recalling the definition of a boolean function, that is a
function f : {0,1}* — {0,1}, with & > 1, that assumes only values 0 and 1.
In this chapter, we are interested in an extension of this definition, where the
domain is a space of configurations {0, 1}¥ or {0,1}#YV for the set of edges
and vertices of a countable graph G = (V| E).

Now, for a boolean function f, we associate a deterministic algorithm 7" that
represents this function in some sense. This algorithm is a decision tree that
reads the values of the coordinates of a configuration and determines the value
of the function.

Definition 4.1. [Decision tree] Let E = {ej,es,...} be a countable set. A
decision tree T is a function T : {0,1}F — EN where w — T(w) = {T;(w) }ien,
with the following properties:

o Ti(w) = ey for every w € {0,1}F.

e For each n > 2 there is a function S, : (E x {0,1})"' — E such that
To(w) = S, [(T; W(TZ))?:_ll]

Definition 4.2. [Decision forest] A decision forest F' is a collection of
decision trees F' = {T},e; where I is a countable set.

It is possible to view a decision forest F' = {T*},cn as a decision tree, making
an arrangement to run all decision trees T at once. One way to achieve this
is to consider F(w) = {Fi(w)}ren, where Fy(w) = T} (w) and for k& > 2 we set
F(w) = T} (w) if k is not a power of prime, and F;(w) = T}(w) where p; is
the i-th prime. In words, a decision tree presents a list of elements of E , that
we can interpret as the history of coordinates investigated by the algorithm on
a given configuration.

Now, we want to describe how a decision tree T can be related to a function
f that assigns values 0 or 1 to configurations on Q = {0,1}¥. That leads us
to the definitions:

Definition 4.3. [Decision tree computing a function] Let w be a random
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variable with law p on Q = {0,1}¥ and T be a decision tree on Q. Let F,(T) =
o{T1(w),...,T,,(w)}, that is, the sigma algebra generated by these n > 1 random
variables. We say that the decision tree T computes a function f : {0,1}F —
{0,1} if f is measurable with respect to F(T), the u completion of F(T) =
VipFn-

The following definition is a natural extension of the previous one.

Definition 4.4. [Decision forest computing a function] Let w be a ran-
dom variable with law p on Q = {0,1}F and F = {T®}.c1 be a decision forest
on Q. Let F,,(T*) = o{TP(w), ..., T*(w)}, that is, the sigma algebra generated
by these n > 1 random variables. We say that the decision forest F' computes
a function f : {0,1}¥ — {0,1} if f is measurable with respect to G, the
completion of the smallest sigma algebra G that contains all the sigma algebras
F(T) =V Fo(TY).

The previous definitions are essentially telling that a decision tree T' can com-
pute a function f if the information needed to assign values for a configuration
can be found by the algorithm behind T'.

For each e € FE, a decision tree T, or decision forest F, and a probability
measure 4 such as in the definitions before, we consider the following useful
quantity:

Definition 4.5. [Revealment probability] For each e € E, T and p such
as in the definitions before, the revealment probability is defined as

0e(T, ) = u( U{Tu(w) = 6})-

That is, the probability of such e € E being present in some coordinate of T'(w).
For decision forests F = {T“},cr we define the revealment probability by

Oe (£ p) = u( U T2 (w) = 6}>-

n>1 ael

The next definition presents the main quantity estimated by the OSSS inequal-
ity.

Definition 4.6. For each probability measure u on {0,1}F and for function
f,9:{0,1}¥ = R we define CoVr,[f, g] by:

CoVr,[f, gl = p @ p||f(w1) — g(wz)l} — M[|f(w1) - 9(w1)|]7

where wy and ws are drawn independently from the measure p.
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The OSSS inequality, introduced by O’Donnell, Saks, Schramm, and Servedio
in [15], gives a useful estimate, in terms of the revealment probability, to the
quantity CoVr,[f, g] for a pair functions f, g when p is a product measure and
f, g are boolean functions. It is originally stated in the following way:

Theorem 4.7. [OSSS inequality] Let E = {eq,...,e,} be a finite set and
p be a product measure on Q = {0,1}F. Then for every pair of measurable
functions f,qg: Q0 — R with f increasing and every decision tree T computing
g we have that

CoVr,[f, g]

% < Zl Oe; (T, ) Cov [ f,w(e;)].

This theorem was generalized later by D.Copin, Tassion, Raoufi in [5] for
monotonic measures that are not necessarily product measures.

Definition 4.8. [Monotonic measure] A measure p on Q = {0,1}F is
monotonic if, for anye € E, FF C E and &, € Q) with the properties

e { <,
L ,u(meGF{we — fe}) > 07
L] ,U(meeF{we = Ce}) > 07

we have that

M[we = 1| MNecr {we = geH < N[we = 1| Neer {we = CeH'

Theorem 4.9. [OSSS inequality for monotonic measures] Let E be
a finite or countably infinite set and let v be a monotonic measure on €} =
{0,1}E. Then, for every pair of measurable, ju-integrable functions f,g: Q —
R with f increasing, and every decision tree T computing g we have that

CoVr,[f,g]| < Z 3e(T, 1) Cov [ f,w(e)].

eck

1
2

It is also possible to rephrase the previous theorem in terms of decision forests.

Corollary 4.10. [OSSS inequality for decision forests] Let E be a finite
or countably infinite set and let i be a monotonic measure on {0,1}E. Then,
for every pair of measurable, p-integrable functions f, g : {0,1}¥ — R with f
increasing and every decision forest F' computing g we have that

CoVr,[f,gl| < 0e(F, p)Cov,[f,we)].

eckE

1
2
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We are not going to present here the proofs of Theorems 4.7 and 4.9, since
they are rather technical and are out of the scope of this work. However, other
details about the definitions, other applications of these inequalities and their
proofs can be found, respectively, in [15], [5]. It is also worth mentioning that
some of the considerations and terminology here follow [10].

4.1.2 Dini Derivatives

For some applications, it suffices to consider a weaker version of a derivative of
a function. In this subsection, we present a Dini derivative of a function and
establish a few of its useful properties. A reference for more background and
proofs for the following facts is Kannan and Krueger [11], Chapter 3.

Definition 4.11. [Lower-Right Dini Derivative] For a real function f :
[a,b] — R we define the Lower-Right Dini Derivative of f at a point x € |a,b)

to be
( d ) f(x) = hr?ui)nf flote) - f(x)
n

dzr £
The next proposition tells that a weaker version of the Fundamental Theorem
of Calculus holds for the Dini Derivative of an increasing function.

Proposition 4.12. If f : [a,b] — R is increasing, then we have that

b
f(b)—f(a)Z/ (%) f(x)da.

Finally, the other property we are going to use later is a relation between the
Dini Derivative of the logarithm of a function and the function itself.

Proposition 4.13. For a function f : [a,b] = R we have that

d 1 d
— | log f(x) = -— (—) ().
<dx)+ f(z) \ dx .

4.1.3 The Differential Inequality

The following result extends Lemma 1.14 to graphs with a countable number
of edges. It is important to note that, in this setting, we are no longer limited
to functions f that depend on only a finite number of edges.

Proposition 4.14. If G = (V, E) is a countable graph, f : {0,1}¥ — {0,1}
is an increasing function and p € (0, 1), then

d 1
<d_p> +Ep[f] > b= p) Z Cov[f,we].

ecE
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Proof. Fix a finite subset of edges A C E. For a pair of parameters p, g € [0, 1]
we construct a percolation measure P,, on Q = {0,1}¥ that has the property

p ecA
P, e=1) = )
pia (W ) {q ed A

Write Q = Q4 X Quc where Q4 = {0,1}4 and Quc = {0, 1}AC. Therefore, a
configuration w can be written as a pair (w4, wac) and the measure P, is a
product measure ), ® (), where @), is the product of Bernoulli measures with
parameter p defined on €24 and @), is the product of Bernoulli measures with
parameter ¢ defined on €2 4c.

Let f be any function defined on Q4 x Q4c. The expected value E,, with
respect to the measure P, , can be computed as

Bylf] = 3 ploal(1 — p)li-ten / F(wa,wac)dQ,. (4.1)

To simplify the notation we write F'(p, q) for E, ,[f] and I,(w4) for the integral
[ f(wa,wac)d@,. Thus, Equation (4.1) turns into

Fp,q) =Y I(wa)pl“sl(1 — p)ll-leal,

Now, we compute the derivative of F'(p,q) with respect to the first variable
following the lines of the proof of Lemma 1.14

(%F(p, q)

= s D Lo (1 = ) g = 4]
= S S =) i) @,
= O Bl )~ )

And we conclude that

0 1

a_pEp,q[f] = m ; Covyp 4| f, wel-

Now, for parameters py < p if the function f is also increasing, we have

Eplf] = Eppolf] = Epolf].
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And therefore

= liminf Eplf] = Epolf]
pdPo P — Po

Z hm 1nf Epypo [f} _ EPO [f]
PO P — Do

0
= a—pF(p, q)

P=q=po

ZCOVPO frwel.

1 _pO e€A

Since pg is arbitrary we conclude for every finite subset of edges A C F that

(dip) +Ep[ Z Covy[f, wel.

eEA

Since also Cov,[f,we] > 0, taking the supremum over the finite subsets A of
edges of F we get the result

d
(«z_p)f”” |2 o iy > Conl o

1_
ACEP eEA

ZCOVP frwel-

eGE

]

The next proposition is the key result to prove the differential inequality we
want. Its proof is a nice illustration of the use of the OSSS inequality.

Proposition 4.15. Let G = (V, E) be a countable graph and let v be a mono-
tonic measure on {0,1}F. Letv eV, n>1 and A € (0,00). Then,

Y Cov,[I{|C(v)] 2 n},w(e)] >

eck
(1= ™) = 1 = eIy
2 sup ey [l — e A

|G 0)] = n).

Proof. On the graph G = (V, E), we construct two independent processes
in an analogous fashion to the Ghost Vertex Construction from Section 3.1.
Instead of a usual product measure, we consider on the space {0, 1}* a random
configuration w with law p. Now, we fix a positive constant A and an integer
n > 1. On the space {0,1}" we consider a Bernoulli percolation, independent
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from the first process, where we declare a vertex to be green with parameter
1 _ ,=A/n
y=1—e .

Consider the product space Q = {0,1}¥ x {0,1}V equipped with the prod-
uct measure P = p ® ()., where (), denotes the product measure from the
Bernoulli percolation on the vertices of G. In this proof, we use the same
terminology as before. The random subset of green vertices is denoted by
G = G(w) and the connected component of the subgraph of open edges con-
taining a vertex u is denoted by C(u) = C(u,w).

Now, fixing a vertex v we define the increasing functions f,g : {0,1}FY —
{0,1} by

f=H[CW)]=n},
and

g =1{C(v)NG # &}.

For each u € V', we create an algorithm described by a decision tree 7" = T"
that starts at the vertex w, and explores the cluster C'(u), one edge at a time,
for vertices u that are green, and halts if the vertex is not green.

To explore the cluster of open edges of a green vertex, the algorithm looks first
at the vertex u, then its adjacent edges, and obeying an ordering previously
established, reveals the state of edges that are in the boundary of the set of
open edges revealed until the previous step. The algorithm continues until
the whole cluster C'(u) is discovered. In order to optimize the process, this
algorithm needs to avoid going beyond the boundary of the open cluster C(u),
which consists of closed edges. In the subsequent paragraphs, we define this
algorithm by a decision tree T'= T" formally.

Fix an enumeration for the set of edges £ = {ej,es,e3,...} and let u € V be
any vertex. Set T)(w) = u for the first value for the decision tree T(w) =
(Ti(w))ken- If u ¢ G we halt the algorithm, setting T, (w) = u for every n > 2.
Otherwise, we continue with the algorithm as follows.

We create three auxiliary sequences of sets to save the data the algorithm
gathered until each step k£ > 1. They can be described in words in the following
manner:

For each integer k, we consider:

e U, for the set that saves the endpoints of the open edges revealed until
step k.

e Oy for the set that saves the open edges revealed until step k.
e () for the set that saves the closed edges revealed until step k.

That way, at each step k£ > 1 we have the information we need in the vector
(Ug, Oy, Cy, Ty). Now, we define formally how they are created in an inductive
way:
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For the first step, that is £ = 1, we initialize the algorithm by setting
(Uh Ol) Ol; Tl) = ({U}, Qa ®7 U)

Now, assume we have already set (U, Ok, Cy, Ty) for every 1 < k < n, for
some n > 1. We define the next vector (U1, Ont1, Cnt1, Tni1) depending on
two cases.

Case 1: If there is at least one edge in E with one of its endpoints in U,, that
is not in O, U C,,, we set T,,41(w) to be the edge e = zy that is minimal with
respect to the ordering fixed previously.

Subcase 1-a: If the edge e = T),11(w) is open we set
(Un-i—la On+17 Cn-i-la Tn-i-l) = (Un U {xv y}7 On U {6}7 Cn’ 6)'
Subcase 1-b: If the edge T),41(w) is closed we set

(Un-l—la On—l—l; On—l—la Tn+1) = (Un7 Ona Cn U {6}, 6).

Case 2: If every edge e € E that has at least one endpoint in U, is already
in O, U, we halt the algorithm by setting

(Un-l—la On—l—la Cn-l—la Tn-‘,—l) = (U’m Ona Cn7 Tn)
that means we already have discovered the edges of the cluster C'(u).

Notice that, the set of elements that appears in the coordinates of T is, the
singleton {u} when the vertex is not green, and when u is green, it is the set
of edges with at least one endpoint in C'(u) along with u. That is

_ o {u} ifugG
g{ZGVUE’Tn(w)_Z}_ {{u}UZC(u) ifueG’

Where AC(u) is the set of edges that are incident to vertices of C'(u). Write T
for the decision tree previously constructed where we fixed an arbitrary vertex
u. The collection of such decision trees F' = {T"},cy is a decision forest that
clearly computes g, and therefore we can use Corollary 4.10 to estimate the
covariance of f and ¢ under the probability measure P. Since both f and
g assume values on {0,1} it is easy to see that CoVrp[f,g] = 2Covp|f,g],
therefore, we get:

Covpl[f, g]
< Z 5.(F, P)Covp[f,w,]

ze EUV

= 0:(F, P)Covp[f,we] + Y du(F, P)Covpl[f,wi] o)

_ Zée(F, P)Covp[f,we]

ecE

— Z 6.(F, P)Cov,[f,w.].

eck
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Since f and w, are clearly independent under P, therefore Covp|f,w,| = 0.
It is possible to bound the probability of an edge e being revealed by F' from
a simple observation. From the way we constructed the algorithm, an edge
e = xy is revealed if and only if at least one of its endpoints x,y is contained
on the cluster C'(u) of a green vertex u. This comes from the fact that the

algorithm does not explore further the cluster of vertices that are not green.
Thus,

U{F.(w) =e=ay} = {C(e)nG # 2} U{C(y) N G # 2}

n>1

Taking the probability of the set, by the definition of J.(F, P) and the union
bound we get

de(F, P) <2sup P(C(u) NG # @)

ueV

(4.3)
= 2supﬂ 1 — 67)“0(“)‘/” ,

ueV

using the notation p(¢) for the expected value of a function ¢ with respect to
p. Equations (4.2) and (4.3) yields

Covplf,g] < 2sup p <1 — e Al ”) > Cov,ulf,wel. (4.4)
ueV ecE

Now, developing Covp[f, g| we get

Covplf,g]

= Ep[fg]l — Ep[f|Epr[g]

= P(|IC()] 2n,Cv)NG # ) — u(|C(v)] = n)- P(C(v) NG # D).
We also have that:

P(IC(v)] = n,Co)NG # @) = p (11{|0(U)| >n}-(1- e—AlC(vn/n))
> (1— e Nu(|C()] = n).
In conclusion,

Covplf,g] = p(|C(v)| = n) - [(1 —e) —p(l - 6”0(”)'/")] : (4.5)

Substituting (4.5) into Equation (4.4) we get that

> Cov,f,w(e)] >

eck

[(1 — ™) — pfl — e MO/

-p(|C > n).
2 - sup,ey pu[l — e NCwWI/n] u(|C(v)| > n)
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Now, we can proceed with the main theorem of this chapter, the differential
inequality proved by [10] for the random-cluster model, but presented here

directly for the percolation model.

Theorem 4.16. Let n > 1, A > 0, and p € (0,1). If P, is the Bernoulli

percolation measure on the edges of a transitive graph, then

d 1 (1—eMn -
(d—p>+logP(|C|>n)—2p( )sz”/ﬁPp(mzm) 1], (4.6)

where [x] denotes the ceiling function, and C' is the origin’s cluster.

Proof. Fix an integer n > 1 and let f: {0,1}¥ — {0, 1} be defined by f(w) =

1{|C(w)| > n}. By Propositions 4.13 and 4.14 we have that

d 1 d
(d—p)+log(Ep[f]) - 51 @) Eylf)

2 ZCovf We].

eEE

We can now use Proposition 4.15 to get

d
(d—p) ) log(E,[f])

1 (1—e™)
“ 3E,[flp1 ) (Epu — e NCI/n] 1) E,ylf].

Notice that 1 — e~ ACl/" < 1 A N C|/n, therefore

1A —)\|C|

E,1 —e MV < E,
n

S| >

n
E, X/\\Cy

>/

[n/A]
—Z (IC] > m).

3

Which finally implies that

d 1 (1—eMn
@):OMM = 21— ) L ST Bl = m)

_1]_
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We now state some direct consequences of this inequality, which we use in the
next section.

Corollary 4.17. If p € (0,1), then

d 1
— | log P,(|C]| >n)>

Proof. 1f we make A | 0, then (1 —e™)/A — 1 and n/\ — oco. Therefore, we
get the result just by substituting these limits on Theorem 4.16. O]

B, 1] |

Corollary 4.18. If0 <p <py <1 and A > 0, then

P(IC] = n) < By (|C] = n) exp(—Anp (Po — P)),
where
(1—eM)n

A _
AS I P (IC] > m)

=2

n,P0

Proof. Since log P,(|C| > n) is increasing over p, we can integrate the inequal-
ity from Theorem 4.16 using Proposition 4.12 from p to p, to get

log Py (|C| = n) — log Py(|C] = )
Po d
> / 2 log R(IC] > n)t
L \dt
+

po 1 (1—eMn
= /] — bt
p 2= AP0 > m)

PO
ZA””’O/ ! dt
4 ), (-1

> An,po (pO - p)-

Thus, applying the exponential function and rearranging, we conclude that if
p < po, then

B (IC] = n) < Py (IC] = n) exp(=Appy (Po = P))-

Corollary 4.19. If 0 < p < pg, then
Bp(IC] = n) < By (|C] = n) exp(—Bup (Po — p)),

where
n

b B[O

n,po =

Proof. Taking the limit A\ — 0 in Corollary 4.18 yields the result. O
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4.2 Three Bounds With v, §, A

With the differential inequality (4.6) established and its consequences ana-
lyzed, we now turn to the study of critical exponents. The following result
shows that, if the critical exponent ¢ exists, we can derive a bound on the
decay of the radius of the open cluster in the subcritical phase. Additionally,
it reveals how the k-th moment of the cluster volume diverges at the critical
parameter. As a direct consequence, we obtain the critical relations v < 4§ — 1
and A < 4.

Theorem 4.20. Let G be an infinite, connected, locally finite transitive graph,
and suppose that there exist constants M > 0 and 6 > 1 such that

Po.(IC] 2 n) < Mn~'/°
for every n > 1. Then the following holds:
1. There exist positive constants By and By such that
P,(|C = n) < Byn™ ' exp [~ Bin(pe — p)’]

for every p € [0,p.) and n > 1.

2. There exists a constant D such that

0k—1
D
Pec—P

E[|ICM < k:![

for every p € [0,p.) and k > 1.

Proof. Assume the existence of the constants M > 0 and § > 1 such that
P, (IC] = n) < Mn~7?

holds for any n > 1. Then, summing the first n terms yields the estimate
Y B.(CI=m) =Y m
m=1 m=1
< / Yy
0
< p1o,

We also have, by Corollary 4.18 that, for any p; € (0, p,)

Ppl(’C‘ >n) < Ppc(‘C’ >n) eXp(_An,pc<pc —p1))

B (4.7)
< n~? exp(—An'’(p. — p1)).
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For a positive constant A, where we considered A = 1 in the following way

1
—9 ) (O R PV R

ATL n
T e B 2 m) B

Thus, we get a bound for the expected value of the size of the cluster by
summing (4.7) over n > 1

FlIC] = " n Y exp(— A (p. — pu)).
n=1
It is possible to estimate the sum on the right side by the integral
I = /00 7Y% exp(—A(pe — p1)z"%)d.

1
We can simplify the expressions by writing o := 1/6 and o := A°(p. — p1)°:

I= /OO r~%exp(—(oz)”)dx.

1

Now we can make the change of variables y = (ox)®, which implies that
xdy = aydz. The integral now becomes

-1
00 1/a—1
I = / (i) e Y (y )dy
ga \ 0% oo
a—1 <1 /OO -y, (1/a—1)—1 )
=0 — e Yy dy
a Jge

_Tja-1)

a—1
(0%

= (pe —p1)' 0.

Therefore, we conclude that, if p; € (0,p.) then

Epl HCH j (pc - pl)l_é'

Now, consider a p € (0,p;). Applying Corollary 4.19, we get that, for any
n > 1 we have

B (IC] = n) < B, (IC] = n) exp(= By p,n(p1 — p))

_ b1 —D
<n 1ﬂsexp — Bjpn——m+—+— .
(pc _p1>1_6

Since P, (|C| > n) < P, (|C| > n) < Mn~/% and

1
> Bjn———— — 2,
(pc _p1>175

n
=2|=—==—1
EpIC]]

n,p1
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where By is some positive constant. In conclusion, we proved that, if p < p; <
pe, then, there exist positive constants By and B, that do not depend on p
and py, such that for every n > 1

P,(|C| > n) < Byn % ex B2 P
€1 ) < B exp | = Bon b
Setting p; = (p + p.)/2 we find By such that
Py(|C| > n) < Byn™"° exp(—Bin(p. — p)°).

To prove the second part we use the formula for the k-th moment of the positive
random variable |C| as

BICP = [ ke R0 2 a)do.
0
In addition, using the previous inequality, since |C| assumes only integer values,
ifx>0
B(|C = z) = P,(IC] = [x])
< By[2]7° exp(=Bi[z](p. — p)°)
< 270 exp(—Biz(p. — p)?).

Therefore

Ep[|C’|k] =< k/ hlyp=1/0 exp(—B1z(pe —p)‘s)dx.
0

Now, as done before we simplify the expression writing « = k —1 —1/6 and
o = o(p) = Bi(p. — p)°, so the integral can be written as

E[|ICF] = k:/ ¥ exp(—ox)dx
0

= OOZIF(Q +1)
kT(k —1/0)

— Byt (p, — p)k-1/9)

D 0k—1
< k! .
Pe—P

Where on the second line we are using the change of variables y = ox. O

As a consequence of the previous theorem, we get the following critical rela-
tions.
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Corollary 4.21. If the critical exponents v, 6 and A exist, then
y<di-1

and

A <.

Proof. Assume the existence of these three critical exponents, v, §, and A. For
the first relation, recall the definition of ~, that is

EIC]] = (pe —p) "

as p T p.. This, along with the second part of the previous theorem with k = 1,
yields that, for a given ¢ > 0

(pc - p)_FH_E j (pc - p)l_é

for values of p close enough to p.. Applying the natural logarithm to both
sides, then dividing by log(p. — p) < 0 and finally making p 1 p. and € | 0 we
get that

—y>1—0.

For the second relation, for £ > 2, from the definition of A and
E[|CF] & (p. — p) =02
Then, using the previous theorem with & > 2 we get that, for a given € > 0:

<pc . p)f(kfl)A+’Y+E j (Pc . p>176k

for values of p sufficiently close to p.. Applying the natural logarithm to both
sides, then dividing by log(p. — p) < 0 and finally making p 1 p. and then ¢ | 0
we get that

—(k=1)A+~v>1-6k.

Dividing by k£ — 1 and making k — oo implies that A < 4. m

Theorem 4.22. Let G be an infinite, connected, locally finite transitive graph,
and suppose that there exist constants M > 0 and v > 1 such that

E[IC]] £ M(p. —p)™”

for every p € [0,p.). Then there exists a constant D such that

THR=1) (34+D)
pc_p]

E[ICI"] < k! [

for every p € [0,p.) and k > 1.
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This theorem implies the critical relation A <~ + 1.

Proof. Assume the existence of M > 0 and v > 1 such that
E[Cl < M(pe —p)™”

holds for every n > 1 and p € (0,p.). If we consider a p; € (0,p.), and a
p € [0,p1) Corollary 4.19 tells us that, for every n > 1:

B (IC] 2 n) < P, (IC] = n) exp(= B p, (p1 = p))-

Applying Markov’s Inequality for P, (|C| > n) and rewriting the definition of
B, p we get

Py(|C] = n) < wexp{ —%m—@(ﬁ—l)}-

Now, we use the hypothesis to bound E,, [|C]] twice on the equation above to
get

1 -

—(pe —p1) Texp | —
n

P (IC] = n) = @@:ﬁml

(pc - pl)_’Y

where dj is a positive constant. Finally, we set p; == (p+ p.)/2, the expression
then becomes

1

- (pe — p) " exp(—di(p. — p)"**

E(C] = n) = n),

where d; is also a positive constant. From here, to bound the growth of the k-
th moment for the positive random variable |C| we make a similar calculation
to what we did in the previous theorem:

BACI) = [ ke R1C) > 2)da
= / kx’“‘ll(pc —p) Y exp ( — di(pe — p)”“x) dx
0 X

= k(p. —p)™" / AR
0
where a = d;(p. — p)?™!. Making the change of variables y = ax we get

k Pe — p)—'y

Bllor) 2 M gy

D ] Y+(r+1) (k1)

(pc - p)

D
S & [(pc _p>

_uk—m1

]7+(7+1)(’€1)
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Corollary 4.23. If the critical exponents A and vy exist, then

A<~vy+1

Proof. Assume the existence of both critical exponents. By the existence of -,
the previous theorem tells us that

E,[|C[F] = (pe — p) 0D,
Also, by the definition of A we have that, for a given ¢ > 0:
(pe —p)" "2 B[O,

for values of p near p.. Therefore, we have for values of p sufficiently close to

P that

(pc _ p)—(k—l)A+7+6 < (pc _ p)—v—(7+1)(k—1)'

Taking the natural logarithm, dividing by log(p. — p) < 0 and then making
p T pe. and € | 0 we get that, for every k > 2 the following relation holds

—(k=1DA+y> -y = (y+1)(k-1).
Dividing by k£ — 1, then making £ — oo we conclude that

A<~vy+1
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Appendix A

Finite Volume Approximations

In order to complete the proofs of differential inequality A and differential
inequality B we have to prove that © is C! on p for s > 0 and also the
convergence of the functions Oy — O and their partial derivatives 9,0y —
0,0, and 0,0y — 0,0 as N — o0.

Let A be a connected and finite subgraph of ¢ containing the origin. We write
V(A) for its set of vertices, E(A) for its set of edges, and A A for its boundary
of edges. Now, for positive integers n,m,b consider the collection A[n,m, b
of such connected and finite subgraphs containing the origin with V(A) = n,
E(A) =m and AA =b.

When the cluster of the origin is finite, it assumes the form of one of the
elements of the collection A[n,m,b], for some integers n,m,b. Therefore, we
can write

P(lCl=n) =" anmep™ (1 —p)", (A1)
m,b
and
’CN‘ _n Zanmb 1—p) (AQ)

where a,, (V) refers to the cardinality of the collection A[n, m, b](N) of such
connected and finite subgraphs of Ay containing the origin. We can also write

O(p,s) =1-Y (1—s) {Zanmbp (1— ))} (A.3)

n>1

and

On(p,s) =1-) (1—5) {Zanmb 1—p))}. (A.4)

n>1

Proposition A.1. The function © is continuously differentiable in p for s > 0.
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Proof. Let p € (0,1), s > 0. It will be sufficient if we show that the series with
the derivative of the terms of © converges uniformly at some neighborhood of

p. Let
U(p) = Zap{(l —s)"P(|C] = n)}-

n>1

Then, using equation (A.1) we get

G) =3 (1= 8" tnmap™ (1~ p)’ (@ - L)

et p 1-—p

Using that b, m < 2dn we can bound the absolute value of the tail of ¢(p) by

" . 2dn
-9 Bc] =0

This goes uniformly to 0 in every strictly closed subinterval [a, b] of (0,1) as
M — oo. Therefore, we conclude that ¢ (p) is exactly the derivative of O(p, s)
with respect to p. O

Proposition A.2. If p,s are in (0,1) then ©n(p,s) — O(p, s).

Proof.
O(p.5) = On(p,s)| < Y (1= 9)"|B(IC| = n) = By(ICn| = n)].

n>1

However, P,(|C| = n) = P,(|Cx| = n) if n < N by the construction of G%.
Therefore,

O(p,8) = On(p,5)| < Y (1= 9)"[B(IC] = n) = Fy(|Cx| = n)|

n>N
<2) (1—s)"
n>N
(1—s)"
pa
That goes to zero as N — oc. O]

=2

Proposition A.3. Ifp,s are in (0,1) then 0,0On(p,s) = 0,0(p, s).

Proof. Let p,s € (0,1). Using the same estimates presented in the last results
we get

|ap®(pa s) — 0,0On(p, s)| <2 Z(l —s)" (T — L)

=% p 1-—p

4d .
< m;\/n(l —s)"™
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That goes to zero as N — oc. O]

Proposition A.4. If p,s are in (0,1) then 00O n(p,s) — 0s0(p, ).

Proof. Let p,s € (0,1). Using the same estimates presented in the last results
we get

0:0(p, ) = 0,0n(p,8)| = ) _ns(1— )" [B,(IC] = n) = B(|Cn| =)

n>1

<2 Z ns(l —s)" L

n>N

That goes to zero as N — oo. O
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