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History and societies do not crawl. They make jumps.
They go from fracture to fracture, with a few vibrations in between.
Yet we (and historians) like to believe in the predictable,

small incremental progression.

Nassim Nicholas Taleb, The Black Swan



Abstract

The APC framework for modeling and forecasting the education profile of
Brazilian males and females is considered from both classical and Bayesian per-
spectives. For a classical analysis, I calculate maximum likelihood estimates of
APC parameters. For the Bayesian analysis, I estimate posterior means and credi-
ble intervals. Both methods are simple and computationally efficient. Results show
that both classical and Bayesian methods are able to provide very good forecasts
in the short term. However, the Bayesian method performed best for in-sample
and out-of-sample forecasts. On the other hand, in a Bayesian setting, uncertainty
indeed becomes an issue for long-term forecasts because of the rapidly increasing
width of the intervals as the length of the projection increases. A number of en-
hancements of the classical and Bayesian methods proposed here are suggested for
a future research agenda. Foremost is an investigation into an integrated approach
to account for uncertainty in the classical multinomial APC model and refined
ways of eliciting prior information in the Bayesian framework.

Keywords: Age-period-cohort models; Forecasting; Classical Statistics; Bayesian
Statistics.



Resumo

O arcabouco idade-periodo-coorte (IPC) para modelar e prever o perfil ed-
ucacional de homens e mulheres brasileiras é considerado nas perspectivas classica
e Bayesiana. Na analise segundo a estatistica classica, calcularam-se estimativas de
maxima verossimilhanca dos parametros do IPC. Na anélise Bayesiana, estimaram-
se médias a posteriori e intervalos de credibilidade. Ambos os métodos sao simples
e computacionalmente eficientes. Os resultados mostram que tanto os métodos
classicos quanto Bayesianos sao capazes de fornecer predigoes excelentes no curto
prazo. Contudo, o modelo Bayesiano teve uma melhor performance para previsoes
dentro e fora da amostra. Por outro lado, na perspectiva Bayesiana, a incerteza se
torna uma questao importante para previsoes de longo prazo, devido a largura do
intervalo, que cresce consideravelmente quando o horizonte de projegao aumenta.
Aperfeicoamentos nos métodos classico e Bayesiano propostos aqui sao sugeridos
para uma agenda futura de pesquisa. Dentre eles, destaca-se a investigagao de uma
abordagem integrada para lidar com a incerteza no modelo IPC multinomial clas-
sico e formas aprimoradas de elicitar a informagao a priori no arcabougo Bayesiano.

Palavras-chave: Modelo Idade-periodo-coorte; Previsoes; Estatistica Classica; Es-
tatistica Bayesiana.
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Introduction

Demographers have historically attempted to project a range of indicators into
the future: population, mortality, fertility, migration. These future predictions help
tremendously in public policy efforts, and hence many consumers have historically
demanded demographic forecasts (Alho and Spencer, 2005). Despite their value, it
was only recently that some demographers began forecasting a range of demographic
outcomes along with associated probabilities (Tuljapurkar, 1997). Lee and colleagues
pioneered this effort aiming to project mortality trends with their respective uncer-
tainty by extrapolating time series parameters (Lee and Carter, 1992). Also, demogra-
phers of the ITASA! team derived future population estimated based on expert judg-
ment and established scenarios with alternative conditions of fertility and mortality in
2050, with their attached probabilities (Lutz et al., 1998).

The traditional approach in the studies above to demographic forecasting has
been to use classical statistical inference, with an emphasis on maximum likelihood
and method-of-moments estimators. Recently, there has been increased interest in
Bayesian methods as a result of the development of analytical methods and the ad-
vancement of computational techniques (Girosi and King, 2008; Alkema, 2008; Bijak,
2011) that allows to handle complex models in an easier and more efficient way. Girosi
and King (2008) employed the Bayesian paradigm to predict mortality rates using in-
formation pooling from similar cross-sections (i.e., age groups, countries). Bijak (2011)
applied the Bayesian paradigm to model and project the path of international migra-
tion in Europe. Finally, the United Nations Population Division started in 2010 to
develop Bayesian probabilistic projections for the total fertility rate (TFR) and life ex-
pectancy in their 2010 Revision of the World Population Prospects (Chunn et al., 2010;
Raftery et al., 2012).

It is not the intent of this dissertation to bridge the philosophical and theoretical
debate between Bayesian and classical statistics (Gelman, 2008), as divisions between

these frameworks have resisted decades of efforts to bring them together (Efron, 2005).

Putting it simple, a bayesian statistician assumes the existence of a probability
distribution depicting the prior knowledge or belief of a researcher with respect to

the possible values of the parameters, unconditional on the empirical evidence avail-

nternational Institute for Applied Systems Analysis
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able from data. Such prior information is updated by the data using the Bayes The-
orem generating the posterior knowledge about the parameter. Hence, the essence of
Bayesian inference is to transform prior beliefs and uncertainty about the parameters
to the posterior knowledge, by incorporating empirical evidence (Paulino et al., 2003).
In contrast, a classical statistician only consider the available data information for do-

ing inference and predictions.

Thus, analyses of demographic forecasting exercises require distinct designs
whether conducted in a classical or Bayesian framework. Demographers who propose
the use of classical or Bayesian methods in forecasting vary in their motivations. In
this study, however, I employ both classical and Bayesian methods for demographic

forecasting.

Demographic Forecasting using APC Models

In order to derive accurate forecasts of a demographic indicator of interest, age-
period-cohort (henceforth APC) models are appealing. APC models were first intro-
duced by demographers and sociologists beginning in the 1970s and provide a sim-
ple and elegant accounting framework of age, period, and cohort effects on observed
changes in a demographic condition (Mason et al., 1973; Rodgers, 1982; Fienberg and
Mason, 1985; Mason and Smith, 1985; Berzuini et al., 1993; Yang and Land, 2013a).

Forecasting the Brazilian Education Profile

In this study the demographic indicator of interest is the education profile of
Brazilian males and females aged 20-59 years. In this study the demographic indicator
of interest is the education profile of Brazilian males and females aged 20-59 years. The
education profile is defined here as the proportion of individuals in each educational
group at a given time. In other words, the education profile is the distribution of the

population at a certain year according to education groups.

To illustrate the substantive appropriateness of APC models to this study, con-
sider this example. Assume that, in Brazil, the proportion of the population aged
30-34 years in 2008 that had some tertiary education (12 years of schooling or more)
was particularly high. This fact might be explained by the simultaneous operation
of three factors: first, that this age group was particularly predisposed to achieve ter-
tiary education (age effect); second, that the achievement of some higher education was
higher in 2008 than in the other periods due to an economic downturn (period effect);
and third, that the cohort born between 1984 and 1988 was particularly willing to
achieve some higher education because people born or socialized at that time were

more likely to value tertiary education (cohort effect). Hence, these three factors may
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be independently operating to explain changes in the education profile. The goal of the
APC approach is, then, to separate age, period, and cohort effects, providing practical

advantages for the current and prospective study of the education profile.

The relevance of the study of future trends in the Brazilian education profile
is clear: it is of foremost substantive interest for a large array of social, economic and
health-related issues in the country. Accordingly, changes toward higher skill levels of
the Brazilian labor force may directly impact its productivity levels, the health status of
its population and, by consequence, its economic growth (Barro and Lee, 1993, 2001;
Mankiw et al., 1992; Krueger and Lindahl, 2000; Lutz et al., 2008; Cuaresma et al.,
2013).

The Identification Problem in APC Models

Although age-groups, periods, and cohorts may all be related to a demographic
indicator independently, it is not possible to uniquely estimate these independent ef-
fects: the APC model is not identified. This is the so-called identification problem in
the APC framework (Mason et al., 1973; Fienberg and Mason, 1985; Mason and Smith,
1985). The identification problem in the APC parameter estimation has been studied
since the 1970s, but plausible alternatives to address this problem are still being de-
bated (Bray, 2002; O’Brien, 2011b; Yang and Land, 2013a). Developments designed to
overcome the identification problem include: i. the use of prior information to impose
parameter constraints (Mason et al., 1973; Fienberg and Mason, 1985; Smith, 2004);
ii. the use of non-informative constraints (Yang et al., 2004, 2008; Yang and Land,
2013a); iii. the use of causal models to approximate for age, period and cohort effects
(Winship and Harding, 2008); iv. the use of estimable (invariant) functions of the APC
parameters (Rodgers, 1982; Holford, 1983; Kupper et al., 1985; Clayton and Schifflers,
1987; O’Brien, 2012); and v. the application of Bayesian smoothing models (Berzuini
and Clayton, 1994; Bray, 2002; Held and Rainer, 2001).

Even though there have been clear advances in estimation methods, it is hard
to determine which identification strategy should be selected because results depend
largely on the specification imposed (Fienberg and Mason, 1985; O’Brien, 2011b). Fur-
thermore, each one of the constrained models, some of which use prior information
and some of which do not, fits the data equally well. Therefore, the validity of the cho-
sen constraint cannot be judged from the model fit (Yang et al., 2004; O’Brien, 2011b).
As a result, the debate on the identification problem in the APC framework is still very
much alive in Demography, as can be demonstrated by a series of articles, reviews and
replies accepted for publication in the journal Demography in 2013, in which the ex-

istence (or not) of a solution to the problem of identification is debated (Luo, 2013a;
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Yang and Land, 2013b; Held and Riebler, 2013; Fienberg, 2013; Luo, 2013b).

However, the identification of the true APC parameters that generated the data
process is not a critical issue in this study. Here I am particularly interested in the APC
parameters for forecasting purposes. Hence, I consider several conditions that ensure

that the identification problem has no bearing on the forecasts I produce.

APC Model-Based Demographic Forecasting

Another important advantage of the APC accounting framework is its appli-
cability to forecasting. For a given set of estimated age, period, and cohort effects,
forecasts of a demographic indicator of interest Y are easily implemented through a

recombination of a set of extrapolated values of the period and cohort coefficients.

The major challenge that arises when forecasting from APC models is the defi-
nition of criteria for the extrapolation of the period and cohort effects, as there is not a
unique way of determining for a given data set how best to extrapolate period and co-
hort coefficients into their future values (Bray, 2002). Also, it has been demonstrated
that some extrapolation functions do not yield invariant forecasts: hence, forecasts
may depend on arbitrary identification constraints (Kuang et al., 2008). Hence, many

approaches have been developed to address this challenge.

In APC forecasting exercises under the classical statistics paradigm, researchers
usually obtain unknown values of period and cohort coefficients by extrapolating the
linear trends in the period and cohort effects observed from recent data using either
i. a regression or a deterministic approach (Osmond, 1985), or ii. time series models
(Yang and Land, 2013a). This strategy is often criticized because it requires strong
parametric assumptions (Held and Rainer, 2001; Bray, 2002). Also, it is only recently
that researchers in the classical APC approach became concerned with the choice of
a particular extrapolation function that leads to invariant forecasts under different

identification constraints (Kuang et al., 2008).

On the other hand, Bayesian APC forecasting formulations assume a degree
of smoothness of age, period and cohort effects in order to improve estimation and
facilitate prediction. In contrast to non-Bayesian approaches, these forecasts do not
rely on strong parametric assumptions of the trends in future values of cohort and
period effects, and identification of the APC model is not required (Berzuini et al.,
1993; Berzuini and Clayton, 1994; Besag et al., 1995; Held and Rainer, 2001; Bray,
2002).

In this study I take advantage of APC forecasting methods (in both classical



Introduction 17

and Bayesian perspectives) in which the identification problem does not affect the
point forecasts I obtain. In the classical APC model proposed here, the identifica-
tion problem has no bearing on the forecasts because I adopt invariant extrapolation
functions for period and cohort effects. In the Bayesian APC model, period and co-
hort parameters are extrapolated using an autoregressive model in such a way that the

identification problem is avoided.

Given the discussion above, it is clear that APC models have an enormous po-
tential for the projection of the education profile and of any demographic indicator of
interest. Moreover, improvements and advances in these models have been increas-
ingly discussed in the literature, especially in the last decade, placing APC models on

the frontier of research in demography.

That being said and exploiting a substantial amount of information already
available from Brazilian Household Surveys, the purpose of this dissertation is to
present and compare two different statistical perspectives (classical and Bayesian) to
model and forecast the Brazilian education profile using APC models. In this study I

deal with model construction, computation and validation issues.

I expect that this dissertation will benefit both Brazilian policy for education
and the demographic scholarly community. For the former, the availability of accurate
educational forecasts with their respective uncertainty is desirable to assist in plan-
ning and policy formulation. For demographers, the implications of this research may
positively impact demographic modeling using APC models. Demographers are re-
currently challenged to model rates using APC models. However, the choice of an
appropriate APC model is a classic problem. I expect that this dissertation will offer a
succinct and comprehensive appraisal of the advantages and challenges that lie behind
different APC models.

This dissertation is organized as follows. Chapter 1 assesses the literature on
APC models, focusing on the contributions of scholars to the solution of the identifica-
tion problem and forecasting strategies. In Chapter 2 the data used in this dissertation
is described in detail. A classical and a Bayesian APC multinomial model are con-
structed for estimating and forecasting purposes in Chapter 3. Results are presented
in Chapter 4, in which an internal and external validity analysis is also conducted.
Finally, I conclude this study addressing the potential advantages and limitations of
the two APC approaches considered here, in which researchers might gain confidence
from addressing uncertainty in one or other framework. That discussion is followed

by a future research agenda on APC modeling and forecasting.
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1 Age-Period-Cohort Modeling and Forecasting: a review

In this chapter I provide an assessment of the literature pertaining to age-
period-cohort (APC) models. I review the most relevant articles that framed the lit-
erature on cohort analysis in demography and the social sciences over the past five
decades. First, I introduce the formal aspects of the APC framework in section 1.1.
In section 1.2, I address the solutions in the literature to the identification problem in
APC analysis. Finally, in section 1.3, forecast formulations in the APC framework are

presented.

1.1 The APC Accounting Model

For more than a half-century, demographers and social scientists have pre-
sented a profound interest in modeling and separating age, period and cohort effects
on a demographic condition of a certain population. This attempt may have substan-
tive motivations: an age effect could entail that the risk of a demographic condition
to be more likely as an individual gets older; a cohort effect could suggest that peo-
ple born or socialized at a certain period are more likely to present the demographic
condition throughout their life; finally, a period effect could suggest that the demo-
graphic condition is more likely during a particular time period (such as an economic

downturn) that affects all individuals, irrespective of their age.

The APC framework is well represented by an age-by-period, age-by-cohort, or
period-by-cohort tabulation of a demographic indicator Y, as illustrated in Table 1. In
this example, I is the number of age groups, ] denotes the number of time periods and
L gives the number of cohorts. Thus, p;;; denotes the characteristic of interest for one
individual in the ith age group, i = 1,...,I, in the jth time period, j =1,...,], and in the
Ith cohort, where [ = (I—i+j)and I =1,...,L. The prevalence or rates of a demographic

condition are expressed in the cells of the table.

For a statistical analysis of Table 1, an analysis of variance model (ANOVA) is
appropriate because it provides estimates of the effects of rows (age), columns (pe-
riod), and row-column combinations (interaction effects - cohort) on changes in a de-
mographic indicator Y (Smith, 2004). This model belongs to the class of generalized

linear models (GLM), that estimates the variation in Y as a function of age, period and
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Table 1: Age-by-period contingency table for APC analysis

. Period j
age 1 2 .. : J
1 Foowws  sow I=1e]
2 : :
I 1 J

cohort effects provided in a design matrix X as follows

Y = BX, (1.1)

where f is the vector of age, period and cohort effects, that is, the parameter of interest.

Since there is a linear dependency between age, period and cohort effects, that
is, period = cohort —age, it is not possible to derive a single solution for 8 (the design
matrix X is singular). This is the so-called identification problem in the APC framework.

Next, I further elaborate on this issue.

1.2 The Identification Problem

1.2.1 Formalization

For the sake of concreteness, I give now an illustrative example of the identi-
fication problem (and of the singularity of the X matrix). For the sake of simplicity,
consider I = 4 age groups, | = 4 periods and L = (I +] —1) = 7 cohorts. Assume that
we aim to model a demographic indicator Y as a function of age, period and cohort
effects, as stated in Equation 1.1. This can be represented by a 4 x 4 age by period
contingency table, in which cohorts are followed in each cell (Table 2).

Table 2: 4 x 4 Age by period table

Period
Age 1 2 3 4
1 4 5 6 7
2 3 4 5 6
3 2 3 4 5
4 1 2 3 4

The desired model expressed in Equation 1.1 can only be estimated through

centralizing the parameters or requiring that one category of each age, period and
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cohort independent variable is chosen as reference (Yang et al., 2008; Fienberg and
Mason, 1985). Assume that the oldest age group (age = 4), the latest period (period = 4)

and the latest cohort (cohort = 7) are chosen as reference categories.

The effect coding X matrix of independent variables (including the intercept) is
as follows (Table 3). The dimension of the matrix X is I] x 2(I +])—3 or 16 x 13. The
first column of the matrix represents the intercept and contains I] elements, being
all ones. The first row codes the youngest age group (agel =1, age2 = 0, age3 = 0)
in the earliest period (perl =1, per2 = 0, per3 = 0), and therefore, the fourth cohort
(cohl = 0, coh2 =0, coh3 =0, cohd =1, coh5 =0, coh6 = 0), as presented in Table 2).
The fourth row codes the oldest age group (the fourth age group which serves as the
reference category) as -1 in each of the three age group columns (agel = -1, age2 = -1,
age3 = —1) in the first period (perl =1, per2 = 0, per3 = 0) and first cohort (cohl =1,
coh2=0,..., coh6=0).

Table 3: Effect coding for the X matrix based on a 4 x 4 age by period table, assuming age = 4,
period = 4 and cohort = 7 as reference categories

intercept agel age2 age3 perl per2 per3 cohl coh2 coh3 coh4d coh5 coh6

1 1 0 0 1 0 0 0 0 0 1 0 0
1 0 1 0 1 0 0 0 0 1 0 0 0
1 0 0 1 1 0 0 0 1 0 0 0 0
1 -1 =1 = 1 0 0 1 0 0 0 0 0
1 1 0 0 0 il 0 0 0 0 0 1 0
1 0 1 0 0 1 0 0 0 0 1 0 0
i 0 0 1 0 1 0 0 0 1 0 0 0
1 =1 -1 -1 0 1 0 0 1 0 0 0 0
1 1 0 0 0 0 1 0 0 0 0 0 1
1 0 1 0 0 0 1 0 0 0 0 1 0
1 0 0 1 0 0 1 0 0 0 1 0 0
1 i -1 -1 0 0 1 0 0 1 0 0 0
1 1 0 0 -1 -1 -1 -1 -1 -1 2l -1 =1
1 0 1 0 -1 =1 -1 0 0 0 0 0 1
1 0 0 1 -1 -1 -1 0 0 0 0 1 0
1 =1 -1 -1 -1 -1 -1 0 0 0 1 0 0

If X were of full column rank, that is, if each of the columns of X were linearly
independent, we could obtain a unique least squares solution b for the unknown vector

of the age, period and cohort coefficients (represented by f3) as follows:

b=(X'X)1X'Y. (1.2)

The problem is that the inverse of X’X does not exist, since the linear depen-
dency among the columns of X prevents a unique solution for b in Equation 1.1: that

is, there are infinite solutions for b . Following O’Brien (2012), this linear dependency
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provides that there exists a vector v consisting of a set of coefficients that, when mul-

tiplied by the columns of X, produces a column vector of zeros, that is

Xv =0, (1.3)

where X is the IJ x2(I +])—3 design matrix, v is the so-called null vector of dimension
2(I +])—3x1. The null vector is defined as follows (O’Brien, 2012):

I

pefo I, @+l g gy (D UD , UHD (1.4)

2 2 2 2

(J+1) (I+])) , U+]) (I+])

ey - - L)L )£ 1-'~/I = = I
=D 2 (] -2) -
In our 4 x 4 age by period example, the null vector is:

v’ =[0,-1.5,-0.5,0.5,1.5,0.5,-0.5,-3,-2,-1,0,1,2]. (1.5)

It can be shown that the result in Equation 1.3 holds for our example in Ta-
ble 3. Therefore, if the researcher is willing to estimate age, period and cohort effects
on a demographic indicator Y, it is not possible to uniquely estimate the indepen-
dent coefficients, which means that the APC model is not identified. However, it is
possible to find a solution to b by assuming some identifying constraint in the design
matrix X (Mason and Smith, 1985). However, all just-identified constrained models
will produce the same levels of goodness-of-fit to the data, making the use of model
fit approach not appropriate as a criterion for selecting the best constrained model
(Rodgers, 1982; Yang et al., 2004)

1.2.2  Approaches to the Identification Problem

In order to address the identification problem, there has been a significant on-
going debate in the literature since the 1970s. I focus here on studies on the macro-
level APC framework in which the dependent variable Y is measured in the aggregate-
level. Recent studies employ microdata in the form of repeated cross-sectional surveys,
in which respondents are nested in two higher-level dimensions: survey years (peri-
ods) and birth cohorts, to allow for random variation in age, period and cohort effects
and hence avoiding the identification problem (Yang and Land, 2006, 2013a). This

dissertation, however, is confined to macro-level APC models.
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With that in mind, the solutions proposed by researchers to address the identi-
fication problem that employ macro-level data can be divided into four categories, as
shown in Table 4: constrained estimators, mechanism-based APC, estimable functions and

bayesian smoothing.
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1.2.2.1 Constrained Estimators

In the first category, Mason et al. (1973); Fienberg and Mason (1985) pioneered
in proposing a parameter constraint in the APC model to solve the identification prob-
lem using prior knowledge. According to the authors, the matrix X’X becomes invert-
ible by setting two of the coefficients associated with age, period, or cohort to be equal
(for instance, agel=age?2 or period3=period4). Hence, for a given constraint ¢, we have

a modified design matrix X, and a solution b, associated with this constraint:

be = (X/X)1XLY. (1.6)

It should be stressed that for each constraint ¢ we derive an estimate b, for
. Hence, different constraints are associated with different estimates for the APC
parameter vector: model effect coefficients are sensitive to the arbitrary choice of the
identifying constraint, and therefore, this may lead to erroneous conclusions (Rodgers,
1982; Yang et al., 2004). Also, critics of the Mason and colleagues solution to the APC
model point out that the theoretical information used to impose constraints often does
not exist or cannot easily be verified. These drawbacks led the researchers to become
skeptical about the use of APC models for substantive interpretation of phenomena

using Mason and colleagues’ solution.

As a response to what would be a decisive limitation of the APC analysis - the
arbitrariness in the imposition of a constraint - Fu, Yang and colleagues proposed the
Intrinsic Estimator (IE) (Yang et al., 2004, 2008; Yang and Land, 2013a). The IE relies
on a constraint imposed in the geometric orientation of the solution b. I provide now a
brief formal explanation of this estimator. Yang and colleagues show that each of the
infinite solutions for the APC model obtained by imposing an identification constraint
in the parameter vector f3, as proposed by Mason et al. (1973); Fienberg and Mason

(1985), can be decomposed into two parts that are orthogonal or independent:

b. = B+sv, (1.7)

where b, is one of the infinite constrained estimators given in equation 1.6, B is the
intrinsic estimator (IE), s is a scalar corresponding to a the specific constrained solution
in the sense of Mason et al. (1973); Fienberg and Mason (1985), and v is the null vector,
which, as I described previously, does not depend upon the demographic indicator Y,
but is uniquely determined by the design matrix X (Yang et al., 2004, 2008). Hence, to

solve the identification problem, the intrinsic estimator B imposes a constraint on the
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geometric orientation of the parameter vector § in parameter space (Yang et al., 2004,
2008). In more formal terms, the constraint associated with the IE is that the solution

B must be orthogonal to the null vector v.

The IE is computed by deriving an initial constrained estimate b in the sense
of Mason et al. (1973); Fienberg and Mason (1985), and then geometrically projecting
it to the intrinsic estimator B by removing the component in the direction of the null

vector v, that is, imposing that s=0, that is:

B =(I-vv)b,. (1.8)

Hence, although the IE is considered a constrained estimator, proponents argue
that it presents at least three advantages: i. the identification restriction is not set by
the researcher (Yang et al., 2008; O’Brien, 2011b); ii. it can be viewed as an average of
the constrained estimators (Smith, 2004); and iii. among the constrained estimators,
the IE is unbiased and consistent (Yang et al., 2004; Fu et al., 2011).

However, the IE approach is not without criticism. I stated above that, in the
IE framework, the identification restriction is entirely fixed by the design matrix. To
the extent that this assumption does not hold in the true mechanism that generated
the data, the estimates associated with this constraint will be biased (O’Brien, 2011b;
Luo, 2013a). In regards to the unbiasedness property of the IE, O’Brien (2011a) clar-
ifies that it provides an unbiased estimate of the parameters only if the assumption
that B must be orthogonal to the null vector v holds (O’Brien, 2011a, 436). In a recent
study, Luo (2013a) argues against the use of the IE in APC research. She states that the
IE assumptions to solve the identification problem "not only depends on the number
of age, period, and cohort groups [that defines the design matrix X and, hence, the
null vector v], but also is extremely difficult, if not impossible, to verify in empirical
research" (Luo, 2013a, 18). Using simulation analysis, she demonstrates that, if there
is prior knowledge on the demographic phenomenon of interest, the constrained esti-
mator of Mason and colleagues performs better. Under prior ignorance, her results do
not benefit the IE as compared to Mason and colleagues constrained estimator: both

present poor performance (Luo, 2013a).

In sum, the constrained estimator category of solutions to the identification
problem in the APC framework still faces significant challenges. Reliable estimates
of the true age, period, and cohort effects are only provided if constraint assumptions
are met (Rodgers, 1982; O’Brien, 2011a). However, researchers usually have limited

information or do not know what are those true parameters. Besides, they are not able
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to find them based on the fit of the model since many sets of parameters generate the
same best fitting solution. Still, in terms of substantive research, it is the parameters
that are of most interest to the demographers and social scientists. I move now to the

second category of solutions in the literature that attempt to address this puzzle.

1.2.2.2 Mechanism-based APC models

As a response to the impossibility of identifying the full set of age, period
and cohort effects in the analysis of a demographic indicator Y, proponents of the
Mechanism-based APC models solution do not intend variance decomposition or repa-
rameterization as the standard approach in the APC models. Instead, their goal is to
identify substantive variables that operationalized the age, period and cohort effects
(Heckman and Robb, 1985; Winship and Harding, 2008). In short, the mechanism-
based APC model employs sets of measured variables that intervene in the age, period
and cohort effects, and thus identifies the model.

The mechanism-based APC approach is advantageous for at least two reasons:
first, one proxy variable may be associated with one or more age, period and cohort di-
mensions; second, the plausibility of competitive constraints restrictions can be tested
statistically using the model goodness of fit, unlike the traditional APC framework
with constrained estimators (Smith, 2004). On the other hand, limitations also face this
approach: it is not always possible to specify all the mechanisms through which the
APC variables affect the outcome variable (Winship and Harding, 2008). Besides, this
approach does not provide the full set of age, period, and cohort coefficients (O'Brien,
2012). This drawback is particularly severe for researchers with the aim to forecast a

demographic indicator using APC models, as in the case of this dissertation.

1.2.2.3 Estimable Functions

In the third category of solutions to the APC identification problem, studies fo-
cused on the use of estimable functions of the parameters to solve the unidentifiability
issue (Rodgers, 1982; Holford, 1983; Kupper et al., 1985; Clayton and Schifflers, 1987;
O’Brien, 2012). Estimable functions consist of linear combinations of the APC param-
eters, which are invariant across the infinite solutions for . In other words, estimable
functions are invariant to the selection of constraints on the parameters. Besides, these
estimable functions are also unbiased for the parameters that generated the outcome
variables (O’Brien, 2012).

Several estimable functions are derived in the literature, and some examples
include the second differences of parameters and the relationship between age, period
and cohort slopes Holford (1983); Clayton and Schifflers (1987); Kupper et al. (1985);
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Berzuini and Clayton (1994); O’Brien (2012). Of particular interest in this dissertation
is the estimable function that ensures that the predicted values of the demographic
indicator of interest Y are estimable, that is, they are the same across all of the infinite
solutions (or estimates) b, the same for the generating parameters 8, and the same for
estimates based on constraints that may be not consistent with the generating param-
eters b, = p (O’Brien, 2012). This is why the fit of APC models is the same for all of the
constraints that only identify APC model.

Based on the explanation provided by O’Brien (2012), I present now formally
the proof that the predicted values of Y are estimable in the APC framework. For one

specific constrained solution of the APC model b, we can rewrite Equation 1.1 as:

(X)X )b = XY. (1.9)

Also, from the linear dependency between age, period and cohort, we see that
Xv =0 (Eq. 1.3). For a given solution b,, the null-vector is multiplied by a scalar s (Eq.

1.7). Hence, it is also true that:

(X!X,)sv =0. (1.10)

Replacing Equation 1.10 in Equation 1.9, it follows that:

(XeXo)be + (XX )sv = XY, (1.11)
(XeX) (b +sv) = XY (1.12)

Il

Hence, all constrained solutions to the APC model (expressed by b, + sv) will
produce the same observed values. This result is key for this dissertation, as my ulti-
mate goal is to obtain predicted values of Y, and do not interpret the age, period and

cohort effects.

Hence, the estimable functions approach provides that there are some functions
of the age-period-cohort model that are unique. However, it should be noted that
solving for estimable functions is not the same as solving the identification problem.

Also, some authors argue that estimable functions are not easy to interpret.
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1.2.2.4 Bayesian Smoothing

Bayesian formulations to the APC model were pioneered by Berzuini et al.
(1993); Berzuini and Clayton (1994); Besag et al. (1995). The statistical model is the
same as the one implemented in a classical statistics setting. However, the main singu-
larity of this approach is that it allows researchers to incorporate prior belief about the
smoothness of the age, period, and cohort effects to improve estimation and facilitate
prediction (Besag et al., 1995; Bray et al., 2001; Held and Rainer, 2001; Bray, 2002). In a
seminal paper that introduces the Bayesian APC approach, (Berzuini et al., 1993, 151)
points out that the imposition of prior distributions for the APC parameters imposes
smoothness by relating the demographic rates Y to each other by "an autoregressive
process over the Lexis plane." Therefore, the demographic indicator Y estimated by
the Bayesian model in each cell from the contingency table "borrows strength" from

information in adjacent cells.

Formally, consider a general APC model for a demographic indicator Y. Let Y;
be such indicator for the age group i, the time period j and the cohort k, which is a
function of age effects 0,7 =1,...,1, period effects ¢;, ] = 1,...,], and cohort effects 1,
I=1,...,(I-j+1),as follows:

Y,'ﬂze,'-l-(i)j—l-l[)[. (1.13)

Bayesian APC models usually assume that a priori the second differences of age,
period or cohort parameters in model 1.13 are independent. However, it assumes that
for each of these effects the second differences are dependent and are Gaussian random
variables (Berzuini et al., 1993; Held and Rainer, 2001; Bray, 2002). For example, for

the O age effects, a smoothing prior based on second differences is given by:

1
p(Ox) ~N(29.l~_1 -0.i_y, T—), 3cigl (1.14)
0

where « is a precision parameter which determines the smoothness of the age effects
and 0.;_; and 0.;_, are the two preceding effects of the age effect 0.;. In sum, the prior
distribution for each age effect 0.; depends on the two preceding age effects. Similar

distributions are used for the period and cohort effects.

The Bayesian APC model described above, then, implies the posterior distribu-

tion for all unknown parameters: 0, ¢, ip and predicted values of Y. To sample from
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this posterior distribution, Markov Chain Monte Carlo (MCMC) methods are imple-

mented.

Unfortunately, as in the other set of solutions to the APC model, the unidenti-
fiability of APC parameters is not solved in the Bayesian approach. As (Besag et al,,
1995, 15) points out, the APC parameters may be unidentifiable in the prior and in
the likelihood. Hence, posterior probability statements may only be made about the
predicted demographic indicator Y.

1.2.3 Discussion

Summing up the existing literature, it has been proven that different constraints
to overcome the identification problem in APC models yield different solutions. Re-
searchers have debated methodological solutions, such as new constrained estimators
(Yang et al., 2004, 2008; Yang and Land, 201 3a), mechanism-based APC models (Heck-
man and Robb, 1985; Winship and Harding, 2008), estimable functions (Rodgers,
1982; Holford, 1983; Kupper et al., 1985; Clayton and Schifflers, 1987; O’Brien, 2012)
and Bayesian models, but there is no consensus on the best solution to the unidentifia-
bility issue. In fact, in the latter two approaches, the identification problem is ignored.
Even though it is the APC effects that are of most interest to the demographers in terms
of substantive research, research has demonstrated that it is not possible to disentangle
APC effects in a meaningful way (Mason and Wolfinger, 2002).

Happily, the problems of identifiability discussed above have no consequences
for the predictions obtained by the APC model. In the classical approach, the predicted
values of Y are the same regardless of the constraint used to identify the model (Smith,
2004; Yang et al., 2004). In the Bayesian framework, the predicted values of Y are also
the same because identification of parameters is not required (Besag et al., 1995). This
is a crucial result for this dissertation, guaranteeing that my findings are not impacted

by a particular identification solution.

1.3 APC Model-Based Forecasting

Another important advantage of the APC accounting framework is its applica-
bility to forecasting. Since future trends in a demographic indicator Y may be strongly
influenced by past and current trends (period), and hence somewhat related to the
trends observed in successive cohorts, the incorporation of this information in a single
model may allow accurate estimation of future trends. Scholars believe that the APC
forecasting framework is preferable to other methods of data extrapolation because it

accounts for cohort variations in the demographic indicator Y unlike, for instance, the
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Lee-Carter Model (Lee and Carter, 1992), which accounts only for period and age vari-
ation (Osmond, 1985; Bray, 2002; Yang and Land, 2013a). I review now approaches to

forecasting using APC models.

1.3.1 Formalization

The procedure that lies behind forecasting using APC models is quite simple
and intuitive. First, a set of age, period and cohort coefficients for model 1.13 is es-
timated. Next, age effects 0; are combined with predicted period and cohort effects ¢
units ahead, ¢, and ;. Age effects are generally not extrapolated because no ex-
tension to other ages is required. Finally, after extrapolating the parameter values for
the purpose of forecast, the coefficients may be recombined to produce estimates of

the future demographic indicator Y, for a given age group i, ¢ units ahead:

Yijithst = Oi + Qo + Prer. (1.15)

Despite the fact that forecast exercises using APC models are quite easy to im-
plement, the challenge arises when determining how to extrapolate period and cohort
trends into the future, that is, to project beyond the range of existing data. Challenges
involve two issues: i. the choice of a function to be used to extrapolate effect param-
eters; and ii. the assurance that forecasts are invariant to the restriction to solve the
identification problem. Tt has been demonstrated that forecasted values Y' obtained
by a combination of extrapolations of effects are invariant to the solution adopted in
the APC model. In other words, when extrapolating the period and cohort by linear
extension of the coefficients for the purpose of projection, recombination of forecasted
values will produce unique estimates of future rates. That is, forecasts are indepen-
dent of the particular solution to the identification problem chosen (Osmond, 1985;
Holford, 1985). In the Bayesian APC model, period and cohort effects are extrapo-
lated using a smoothing specification in such a way that the identification problem
is avoided: in fact, APC parameters are not identified at all in the likelihood. Thus,

forecasts from the Bayesian APC model are always invariant.

I demonstrate now how forecasts in the classical approach are independent of
the particular solution to the identification problem chosen based on Holford (1985).
Assume that a constrained solution (é,’,(/;j,lf)[) is adopted to the APC model given in
equation 1.13. Thus, the predicted value for Y; is given by:

A A

Yiik=06;+d;+ihy. (1.16)
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Next, linear extrapolations of period and cohort effects are performed. Follow-
ing the same age group over the next period and cohort, the forecasted value of Y is

given by:

Yijst kel = éi + (ﬁj+1 + lﬁl+1- (1.17)

The difference between Yj j,; x4 and Yjjx is given by:

Yi,j+1,k+1—Yijk=(</5j+1—€5j)+(’151+1—1p1)~ (1.18)

The difference between period and cohort coefficients as expressed in 1.18 is
an estimable function and, hence, invariant to the constraint for identification chosen
(Holford, 1985; O’Brien, 2011a). Therefore, forecasted values Y! obtained by a com-
bination of linear extrapolation of effects are invariant to the solution adopted in the
APC model.

Other conditions under which invariant forecasts are obtained by a forecasting
model that involves a particular identification of 0;, ¢; and 1); are derived by Kuang
et al. (2008). The authors formally demonstrated that a regression model only in-
volving the second differences of the APC parameters would suffice for invariance to
the solutions. However, time series models that appear to involve first differences or
even levels can also be used as long as they eliminate any linear trend behaviour in
the effects. Table 5 summarizes Kuang and colleagues findings for invariance in APC

forecasting.

Table 5: Invariance properties of various forecasting models to a APC identification solution

APC parameters’ order of Invariant forecasts Non-invariant forecasts
integration
No differentiation ¢ =a+bt+e; - Linear trend ¢ = a+e; - Constant level
¢y = ¢y +a+bt+e - Random ¢y = cp,_y+a+e; - Random walk
walk with drift without drift
First differences Apy=a+e APy =¢
Second differences Ay = ¢

N’ =cA’Pry +e
Source: Kuang et al. (2008)
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1.3.2 Approaches to the APC Model-Based Forecasting
1.3.2.1 Classical Approach

Several authors employed APC models to forecast demographic indicators in
the classical statistics paradigm. In this approach for forecasting, unknown period
and cohort effects for future periods are obtained by setting parameters to be constant
during the projection horizon, or by applying linear regression or non linear time-
series models (such as ARIMA) to estimated effects on each scale or to a subset of

coefficients. Estimated age effects generally do not need to be extrapolated.

Osmond (1985) pioneered the classical forecasting applications using APC
models to investigate future trends in lung cancer mortality rates. The author em-
ployed linear regression to predict cohort and period effects and tested for the sensi-
bility of the effects by considering different numbers of past coefficients. In conclu-
sion, the author advocated for the use of weighted linear regression models, as the
researcher may wish that more recent periods are weighted more heavily in the ex-
trapolation. Inspired by the work of Osmond, Negri et al. (1990) considered alterna-
tive methods of extrapolating APC parameters based on theoretical grounds to analyze
future trends in death rates by neoplasms. Their extrapolation assumptions included
setting future periods to be equal to the last one observed in the sample and linear
regression extrapolation. Even though the authors admitted that different extrapola-
tion methods often produce such different projections as to be of "little practical value"
(p. 213), they conclude that qualitative indications may, nonetheless, be derived from

forecasting exercises using APC models.

After a few years with no contributions to forecasting APC models in the classi-
cal paradigm, Yang and Land (2013a) employed the APC framework using the intrinsic
estimator (IE) for forecasting mortality rates. They compared the performance of fore-
casts based on extrapolations of IE coefficients via linear and time series regressions
(ARIMA model). To account for uncertainty in future estimates, the authors derived
prediction intervals using a bootstrap residual resampling scheme. The authors con-
cluded that different specifications of the weighted linear regression, which considered
different period coefficients, led to considerable differences in predicting mortality
rates. When comparing the coverage of the true values, the authors concluded that the
linear extrapolation method produced better forecasts, but the ARIMA extrapolation
provided wider confidence intervals that covered the true values when the forecasts

were biased.

One important limitation of the classical APC model for forecasting is that fore-

casts are not invariant to the restriction to solve the identification problem, as I argued
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in section 1.3.1. Although Yang and Land (2013a) do not state this clearly, they rec-
ognize that "when using nonlinear extrapolations such as the ARIMA, the predictions
using CGLIM [the constrained estimator] and IE coefficients will be somewhat dif-
ferent, however" (p. 172). Hence, the classical applications for forecast using APC
models reviewed here that do not rely on invariant extrapolation functions (complied

by Kuang et al. (2008) may be misleading.

Overall, projections based on classical APC require the analyst to make strong
parametric assumptions. Despite the arbitrariness in the choice of past values to use
and the type of regression applied, I recognize that there are strengths in this ap-
proach. Studies demonstrated that this approach yields good predictions and mean-
ingful qualitative indications (Negri et al., 1990; Yang and Land, 2013a). Also, exper-
imentation with different numbers of points for the regressions, weighted regression
and smoothing of points before applying regression may all improve the performance
of this method. However, in a classical framework, there is no way of knowing for a
given data set how best to extrapolate period and cohort effects. Also, it was only re-
cently that uncertainty in forecasts classical APC model were explored by Yang and
Land (2013a), in which the authors derived prediction intervals using a bootstrap
residual resampling scheme. However, the classical framework does not provide an
integrated approach to account for uncertainty in future estimates. Furthermore, not
all the extrapolation functions are invariant to the constraints imposed to identify the
model. When extrapolating dimensions, invariant functions presented in the literature

may be used for this purpose (Kuang et al., 2008).

1.3.2.2 Bayesian Approach

The previous applications of forecasting indicators using the APC models are
framed within the classical statistics framework. As I discussed earlier, these studies

rely on parametric assumptions about the future trends in APC model parameters.

A series of studies took advantage of the Bayesian framework to account for
prior belief about the smoothness of the APC parameters and to rely on fewer para-
metric assumptions for forecasting purposes (Berzuini and Clayton, 1994; Besag et al.,
1995; Held and Rainer, 2001; Bray et al., 2001; Bray, 2002). Bayesian APC forecasting
models are inspired by Bayesian non-parametric density estimations, in which infor-
mation contained in past periods and cohorts flows into the estimates of the future
parameters through the adoption of an autoregressive prior distribution (Berzuini and
Clayton, 1994). In other words, the Bayesian approach resembles a non-parametric
analysis, in which unknown demographic rates in adjacent bands are directly related

via an autoregressive process, therefore preventing rate estimates from differing too
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much from each other (Berzuini and Clayton, 1994; Besag et al., 1995). As a result,
through the repeated application of the autoregressive prior structure of the APC pa-
rameters, the researcher is able to sample for future values of the APC parameters
(and the demographic indicator of interest) by just including in the age by period ta-
ble of input data empty columns for future periods and cohorts (Berzuini and Clayton,
1994).

Among the forecasting applications using the Bayesian APC model, Berzuini
and Clayton (1994) predicted lung cancer mortality rates among Italian males. Be-
sag et al. (1995) fitted a Bayesian logistic regression to cancer mortality rates in the
United States. For some time, these applications turned out to be computationally in-
tensive. In the 2000s, advances in computation power and the adoption of Markov
Chain Monte Carlo (MCMC) methods as a standard for Bayesian inference enabled the
emergence of new studies in the area. Held and Rainer (2001) proposed a Bayesian
APC model to study future trends in lung cancer mortality in West Germany. The
authors proposed a more reliable and efficient algorithm to sample from the posterior
distribution of the APC parameters. Also, the authors advanced by specifying a model
with random effect parameters that accounted for unstructured heterogeneity (varia-
tion not explained by age, period and cohort effects). They conclude that the Bayesian
APC model produces quite reliable estimates of lung cancer mortality data. Bray et al.
(2001); Bray (2002) compares the performance of classical and Bayesian APC models
to project chronic diseases. Even though the author faced difficulties in modeling very
low rates of incidence in both classical and Bayesian models, the Bayesian specification

outperformed all classical estimates.

In sum, the reviewed studies suggest that fewer parametric assumptions are re-
quired for forecasting procedures using the Bayesian APC models in contrast to clas-
sical applications. In the Bayesian version of the APC model, the most appropriate
degree of smoothing can be learned from the data. In terms of the uncertainty in fu-
ture rates, the Bayesian APC model provides an integrated approach, in which both the
uncertainty associated with the choice of model and the uncertainty associated with

projecting beyond the range of the data are explored.

1.3.3 Discussion

Summing up the literature on forecasting using APC models, I argue that this
approach is appealing for demographic research for at least two reasons: first, be-
cause of its substantive interpretation, as it takes into account cohort variation, unlike
traditional demographic forecasting models, such as the Lee-Carter; second, because

the implementation of forecasts is quite straightforward - it is only necessary to ex-
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trapolate the APC parameters and recombine them to produce future estimates of a

demographic indicator Y.

However, I showed that challenges arise when choosing an appropriate extrap-
olation function to forecast age, period and cohort effects into the future. In a classical
framework, assumptions have to be made in regards to the format of the extrapolation
function and the choice of past values to use (Osmond, 1985; Negri et al., 1990; Yang
and Land, 2013a). Besides, the researcher interested in APC models for forecasting
must be aware that not all the extrapolation functions are invariant to the constraints
imposed to identify the model. When extrapolating dimensions, invariant functions

presented in the literature may be used for this purpose (Kuang et al., 2008).

In contrast, fewer assumptions for forecast purposes are necessary in a Bayesian
setting: identifiability of the APC model in the likelihood and in the prior is not re-
quired for estimation and future estimates are derived naturally according to the au-
toregressive prior structure of the model. The disadvantage of Bayesian APC models
is that the posterior distribution is usually difficult to evaluate (Besag et al., 1995).
However, recent advances in MCMC techniques have overcome this problem (Held
and Rainer, 2001; Bray et al., 2001).

To contribute for this debate, I apply and compare in this dissertation the clas-
sical and Bayesian statistics paradigms for APC modeling. In the next chapter, I first
present the data used for this purpose.
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2 Data and Descriptive Analysis

In this chapter I present the data used for the purpose of this dissertation and
also portray the changes in education profile for Brazilian males and females since the
1980s.

The education profile of a population is usually measured by four groups ac-
cording to education attainment, which are meant to follow the international stan-
dard classification of education (ISCED) (UNESCO, 2011): no education (less than one
year of education); primary education (at least one year of education, but less than
nine years); secondary education (at least nine years of education, but less than twelve

years); and tertiary education (at least twelve years of education).

In this dissertation I adopt the classification presented in Table 6. Note that
this categorization differs from the one proposed by ISCED only in the low levels of
schooling. This criterion was proposed by Crespo and Reis (2006), is used at Cede-
plar/UFMG in their projects, and provides a more comprehensive definition of the
education profile required in the Brazilian labor market. It has been shown that the
earnings return to education in Brazil is non linear to years of schooling and attached
to the completion of degrees (Crespo and Reis, 2006). Hence, in my classification,
the low schooling level (P1) refers to the non completion of a former degree of the
Brazilian educational system: the primdrio level (conclusion of the Grade 4). The com-
pletion of the primdrio level was largely considered a minimum requirement for jobs
in the Brazilian labor market in the past (Crespo and Reis, 2006). Hence, individuals
who had not completed the primadrio level were similar to non educated individuals in

terms of labor market opportunities.

Table 6: Definition of the education categories in this study

Category Definition

Low schooling (P1) Zero to three years of education (0-3)

Primary education (P2) At least four years of education, but less than nine years (4-8)
Secondary education (P3) At least nine years of education, but less than twelve years (9-11)
Tertiary education (P4) At least twelve years of education (P4)

With that said, this study follows five-year age-groups over five-year time pe-
riods, and thus thirteen cohorts, with the aim of forecasting the education profile for

males and females aged 20-59 years in the categories presented in Table 6. Data were
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selected from the National Household Sample Survey in Brazil (PNAD), which pro-
vides nationally representative data from 1983 to 2008. PNAD is collected annually
by the Brazilian Bureau of Geography and Statistics (IBGE) using a stratified and clus-
tered sample design. The units of analysis are the residential units and their inhabi-
tants. The sampling design follows a random selection of units in three stages: primary
sampling units (municipalities), second sampling units (census areas) and third sam-
pling units (households). This ensures the representative coverage of urban and rural
areas in all Brazilian states, except for the rural parts of some Northern states, which
were excluded until 2003. The results reported throughout this dissertation use the
frequency weights provided by IBGE to expand the sample to the national population
in each educational and age group .

The education profile is provided for females (Table 7) and males (Table 8).

ICounts of cases by educational group are indexed by age groups and time periods are provided in
the Appendix
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Table 7: Observed education profile by age group and period. Brazil, Females

Age group Category Period
1983 1988 1993 1998 2003 2008
Pi 0.262 0.216 0.185 0.144 0.089 0.048
20-24 P2 0.449 0.454 0.480 0.414 0.300 0.231
P3 0.213 0.249 0.254 0.333 0.462 0.522
P4 0.076 0.080 0.081 0.108 0.149 0.199
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.325 0.249 0.221 0.177 0.135 0.084
25-99 P2 0.426 0.434 0.438 0.431 0.355 0.259
P3 0.164 0.219 0.232 0.278 0.356  0.443
P4 0.086 0.098 0.109 0.114 0.154 0.214
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.410 0.300 0.255 0.214 0.164 0.125
30-34 P2 0.385 0.424 0.426 0.428 0.391 0.327
P3 0.128 0.172 0.203 0.236 0.307 0.366
P4 0.077 0.104 0.116 0.121 0.138 0.183
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.487 0.393 0.309 0.242 0.197 0.142
35.39 P2 0.363 0.381 0.415 0.412 0.403 0.365
P3 0.094 0.138 0.161 0.213 0.261 0.328
P4 0.056 0.087 0.115 0.132 0.138 0.165
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.540 0.471 0.388 0.295 0.234 0.187
40-44 P2 0.350 0.363 0.378 0.407 0.396 0.338
P3 0.070 0.098 0.130 0.175 0.230 0.286
P4 0.040 0.068 0.104 0.123 0.141 0.188
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.603 0.536 0.466 0.365 0.281 0.212
45-49 P2 0.317 0.340 0.356 0.386 0.394  0.390
P3 0.055 0.077 0.100 0.138 0.190 0.243
P4 0.025 0.046 0.077 0.111 0.135 0.155
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.625 0.587 0.543 0.455 0.359 0.275
50-54 P2 0.304 0.328 0.330 0.362 0.376  0.382
P3 0.052 0.057 0.076 0.103 0.150 0.208
P4 0.019 0.029 0.051 0.080 0.115 0.135
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.652 0.624 0.588 0.527 0.446 0.353
55.59 P2 0.288 0.300 0.317 0.343 0.358 0.353
P3 0.046 0.054 0.057 0.079 0.113 0.168
P4 0.014 0.022 0.038 0.051 0.082 0.126
Total 1.000 1.000 1.000 1.000 1.000 1.000

Source: Pesquisa Nacional por Amostra de Domicilios, 1983 to 2008 (IBGE)
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Table 8: Observed education profile by age group and period. Brazil, Males

Period
Age group  Category 1983 1988 1993 1998 2003 2008
P1 0.286 0.258 0.248 0.199 0.130 0.079
20-24 P2 0.466 0.470 0.491 0.449 0.350 0.291
P3 0.191 0.216 0.206 0.278 0.414 0.492
P4 0.057 0.057 0.055 0.074 0.105 0.139
Total 1.000 1.000 1.000 1.000 1.000 1.000
Pl 0.319 0.265 0.246 0.221 0.176 0.114
25-29 P2 0.446 0.450 0.465 0.460 0.392 0.307
P3 0.158 0.203 0.207 0.231 0.316 0.417
P4 0.077 0.081 0.082 0.088 0.116 0.162
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.388 0.313 0.277 0.258 0.208 0.170
30-34 P2 0.417 0.435 0.424 0.428 0.419 0.357
P3 0.118 0.164 0.199 0.213 0.265 0.331
P4 0.076  0.088 0.100 0.101 0.107 0.142
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.466 0.372 0.306 0.269 0.233 0.199
35.39 P2 0.387 0.421 0.423 0.418 0.413 0.391
P3 0.085 0.125 0.164 0.202 0.245 0.291
P4 0.062 0.082 0.108 0.111 0.109 0.119
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.527 0.456 0.373 0.296 0.255 0.233
40-44 P2 0.364 0.382 0.391 0.416 0.409 0.351
P3 0.064 0.095 0.132 0.174 0.222 0.261
P4 0.045 0.066 0.105 0.114 0.115 0.155
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.555 0.515 0.440 0.353 0.281 0.237
45-49 P2 0.347 0.359 0.374 0.389 0.409 0.383
P3 0.063 0.073 0.091 0.140 0.188 0.247
P4 0.034 0.053 0.095 0.118 0.122 0.133
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.589 0.544 0.507 0.426 0.339 0.268
50-54 P2 0.329 0.349 0.338 0.362 0.393 0.393
P3 0.054 0.072 0.071 0.101 0.150 0.215
P4 0.029 0.035 0.084 0.111 0.118 0.124
Total 1.000 1.000 1.000 1.000 1.000 1.000
P1 0.637 0.596 0.539 0.502 0.413 0.346
55.59 P2 0.292 0.311 0.336 0.345 0.367 0.372
P3 0.047 0.059 0.064 0.077 0.119 0.163
P4 0.024 0.034 0.061 0.076 0.101 0.120
Total 1.000 1.000 1.000 1.000 1.000 1.000

Source: Pesquisa Nacional por Amostra de Domicilios, 1983 to 2008 (IBGE)
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2.1 Changes in the Education Profile of Brazilian Males and Females

In this section I first describe the changes in education profile by sex from 1983
to 2008 in Brazil. Next, I evaluate these changes by age groups, periods and cohorts.
Scholars argue that the graphical inspection of data arrayed by age and period should
be the first step in APC analysis (Mason and Smith, 1985; Smith, 2004). Hence, before
proceeding with the age-period-cohort statistical analysis, I begin with the analysis

from an exploratory and visual perspective.

Table 9 provides a summary of education developments in Brazil since the
1980s. The comparison of the proportion of people in education categories across
time shows the tremendous impact of school expansion on educational attainment for
Brazilian males and females. In the country, universalization of the former "primario"
level (Grade 1 to Grade 4) and later of all grades of primary education started to be
introduced in the 1980s. Since then, a rapid expansion of enrollments has been docu-
mented (Rios-Neto et al., 2010; Rios-Neto and Guimaraes, 2010; Oliveira, 2007). As a
result of expansion policies, the proportion of males and females with low education
(P1) decreased dramatically between 1983 and 2008. The trend for the proportion
of people with 4-8 years of schooling (P2) increased initially at this time, and then

decreased with time as a result of further expansion.

In regards to the other education categories, secondary education in Brazil (P3)
did not become a mass phenomenon until long after the introduction of primary edu-
cation. Expansion of secondary education and more recently of tertiary education have
also occurred rapidly in the country, but at a slower rate than observed for primary ed-
ucation (Rios-Neto et al., 2010). As a result, prevalence of these levels of schooling in
the population has increased since 1983, but levels were still very low in 2008 if com-
pared to other Latin American countries similar to Brazil, especially for P4 (Rios-Neto
and Guimaraes, 2013).

Table 9: Education profile by sex and period. Brazil, 1983 to 2008

Category 1983 1988 1993 1998 2003 2008
Females Males Females Males Females Males Females Males Females Males Females Males
Pl 0.488 0.471 0.422 0.415 0.369 0.367 0.303 0.316 0.238 0.254 0.178 0.206
P2 0.360 0.381 0.378 0.397 0.393 0.405 0.398 0.408 0.372 0.394 0.331 0.355
P3 0.103 0.098 0.133 0.126 0.152 0.142 0.194 0.177 0.259 0.240 0.320 0.302
P4 0.049 0.050 0.067 0.062 0.086 0.086 0.105 0.099 0.132 0.112 0.171 0.137
Total 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Source: PNAD data (IBGE)

I now analyze trends in schooling by age groups, periods and cohorts. As Smith
(2004) points out, graphical inspection of data provide initial and meaningful evidence

of APC effects. Cohort effects are observed whenever there are different trends in
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age-specific schooling proportions over a range of cohorts; age effects are observed if
age-specific schooling proportions vary by age for the same birth cohort or period.
The period effects are observed if schooling proportions for all age groups change by

period.

Figures 1-4 array age-specific proportions of males and females by education
category, period and cohort, respectively. Levels of educational attainment are in gen-
eral higher for women for all periods, in agreement with documented educational
differentials by sex in Brazil (Beltrao, 2002). However, trends are similar for males
and females whether considering a cohort or period perspective. Therefore, I analyze

trends for Brazilians indistinctly.

Figures 1 and 2 reveal that schooling proportions changed from 1983 to 2008
for all age groups in Brazil and provide clear evidence of the existence of period effects.
Additionally, age-specific schooling proportions do vary by age for a given period,
confirming the existence of age effects. Finally, figures reveal that period changes in
educational attainment in Brazil were not neutral by age-groups: young individuals
(20-39 years) were more responsive to expansion of all education levels (P1, P2, P3
and P4) than older individuals (40-59), probably as a result of weaker labor market

commitments.

Changes in educational attainment by age-groups within cohorts, as revealed
by Figures 3 and 4, indicates the existence of cohort effects: there is considerable vari-
ation in age-specific schooling proportions over a range of cohorts for all education

categories.
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Chapter 2. Data and Descriptive Analysis
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3 The Multinomial APC Model: classical and Bayesian

perspectives

In this chapter I introduce the age-period-cohort model for education profile.
The response variable is a vector composed by the number of individuals in each cat-
egory of schooling. I first develop in section 3.1 the multinomial APC model, which
provide the basis for the bulk of work in this dissertation. This multinomial version
of the APC model extends the works of Besag et al. (1995) and is derived based on the
formulation of a bayesian multinomial logistic model presented in Agresti (2002) and
considered by Paulino et al. (2013). In section 3.2, I present the development of the
model and forecasting procedures under the classical perspective. Finally, I consider

in section 3.3 the multinomial APC model from a Bayesian point of view.

3.1 Formulae for the Multinomial APC Model

Suppose that a sample of » individuals was independently observed and each
of them is classified in a education category. Let y;;; be the number of individuals in
the age group i, period j and cohort = [ij] who fall into category k of schooling, where
i =1igl; j= L] ahdl =I=i+jand L=1=1+].

Define p;j as the probability that an individual from age group i in period j
and cohort [ falls into the k-th category of schooling. Let also 1;; be the total number

of individuals in the age group i, period j and cohort /. Assume also k = 4.

By considering these hypothesis, the uncertainty about v is given by the follow-

ing multinomial model:

J 1 .
P(y =ylp) = ]_”—[ ]_[;cliil—j!!]’_[p?}{;(k. (3.1)

Taking the education category ordering into account, such multinomial distri-
bution can be factored in a product of binomial distributions, and, then, the likelihood

function is as follows:
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L i ij 1ij=Yiji
lply) = ﬂﬂ(;’,’)(p,-,-l)y”‘(l—p;,»l) I (3.2)

j
(”ij—}/ijl)( Pij2 )y”z(l—Pi}'l—P/jz)’l’j_y”l"yifz
Vij2 L -pij1 L =pij
(”fj = Yiji —%’jz)( Pij3 )y’“
Vij3 1 —-pij1 —pij2
1 —Pij1— Pij2 = Pij3 1ij=Yij1=Yij2=Yij3
( L =pij1 —pij2 ) ‘

One of the goals of the binomial APC model introduced by Besag et al. (1995)
is to decompose the continuation-ratio logit L;jx, into an overall effect of the category
k, denoted by puy; the age group effects for the category k, denoted by 60y;; the period
effects for the category k, denoted by ¢y j; and the cohort effects for the category k,
denoted by 1. Notice that the likelihood of the multinomial APC model introduced
in Equation 3.2 depends on products of binomial distributions. Such way of presenting
the likelihood greatly facilitate the representation of it in terms of logit functions and,

consequently, in terms of the age, period and cohort effects.

Let me consider the continuation-ratio logit L;j, k = 1,...,3, associated with
each binomial distribution involved in the construction of the likelihood function in

equation 3.2, which are respectively given by:

Lij ﬂn(ﬁ) :1n( Piji ) (3.3)
1 =pij Pij2+Pij3 + Pija

Liﬂ:]n(L):m(L), (3.4)
1=piii—pij Pijs + Pija

Tiie :ln( Fife ):m(’]’i). (3.5)
L=pij1 = Ppij2—Pijs Pija

The goal of the APC model is to decompose the continuation-ratio logit L;jy,
k=1,2,3 into an overall effect of the category k, denoted by py; age group effects for the
category k, denoted by 0y;; period effects for the category k, denoted by ¢y ;; and cohort
effects for the category k, denoted by y;:

Lijgy=m+0i1+¢j1+ i, (3.6)
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Lijp=pr+ 0+ P jp+ 1Py, (3.7)

Lijz = p3+ 063+ Pj3+ 3. (3.8)

Substituting equations 3.6, 3.7 and 3.8 into 3.2, the likelihood function asso-
ciated to the multinomial APC model in terms of the continuation-ratio logit ;. be-

comes:
JoI
06l — —[ (ﬂ',.] )(m; ".%11)(11:;_%'1.1 —%/2) (3.9)
izl iz Yij1 Yij2 Yij3
ool vt
| 1+exp{Liji} (1+exp{Lij2})(1+eXP{Lijl})
[ exp {L;;3} I
_(1 +exp{Lij3})(1 +exp{Li,'z})(1 +€XP{Lij1})_
- g 11ij=Yij1=Yij2=Yij3
(1 +exp{Lijs}) (1 +exp{Lija}) (1 +exp{Lij}))

This derivation was inspired in the formulation proposed in Paulino et al.
(2013) for the trinomial model. As for the binomial APC model, I assume a linear
structure on the age, period and cohort effects for the logit functions given in equa-
tions 3.6, 3.7 and 3.8.

Besides restrictions on the probability space, so that, Z,%:l pijk =1, an identifia-
bility condition must be imposed on each block of age, period, and cohort parameters
for a given education category k, because there is more than one solution to the param-
eters that leads to the same probability p;j; in model 3.10. There are two alternatives
to address this issue. One possibility is to achieve identification by imposing a mean

constraint (Berzuini and Clayton, 1994):
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-
=
I

0, for all k; (3.10)
i=1
J
Z(p.j = 0, for all k; (3.11)
i=1
L
Y s = 0 forallk, (3.12)

]
i

Another possibility is to identify the model by setting one of the APC param-
eters for a given category to be zero. In this case, the coefficients will differ because
they have different interpretations, but the predicted probabilities p;j; will still be the
same (Maddala, 1986):

Or. = 0, for k=1 or k=2 or k=3 or k=4 and all 7; (3.13)
¢r. = 0, for k=1 or k=2 or k=3 or k=4 and all j; (3.14)
Pr. = 0, for k=1 or k=2 or k=3 or k=4 and all I. (3.15)

(3.16)

3.1.1 The Identification Problem

If i indexes the age group and j indexes the period, then it follows that the

cohort index k is deterministically derived, as follows:

K=I-i+]j, (3.17)

where i is the total of age groups. Hence, there is a linear relationship between age,
period and cohort. As has been demonstrated elsewhere (Held and Rainer, 2001), for

any value of a, the linear transformations

6,-,\,—>9,-k+a(i—l—g—1), (318)
. J+1

(l)jk%(l’jwa(]——z ) (3.19)
L+1

‘Plk%#’lk*a'(i"—f ) (3.20)
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still satisfy equations required for identifiability in the multinomial model (for in-
stance, equations 3.10, 3.11 and 3.12) and leave ?? unchanged for all possible combi-
nations of i and j. Therefore, there is no single set of parameter estimates that maxi-
mizes the likelihood function. Thus, in absence of prior information, these models are
not identifiable, so that it may be necessary to impose additional constraints on the

parameters.

Next, I present classical and Bayesian solutions to this multinomial APC mod-

eling and forecasting.

3.2 A Classical Multinomial APC Model

There are many potential versions of the classical multinomial APC model, de-
pending on assumptions regarding the unidentifiability issue and the functional form
of the extrapolation function. Given my interest in forecasting exercises, I opt here for
a classical multinomial APC model in which the set of parameters O, ¢ and iy are
derived. Therefore, identification using proxy variables (Mechanism-based APC) or

the use of estimable functions of the APC parameters are not considered.

With the aim of retrieving all APC parameters for forecasting purposes, I first
decide on which function will be used to extrapolate the parameters. The choice of the
extrapolation function comes first because, in the case invariant extrapolation func-
tions are chosen, the choice of a particular identification constraint is irrelevant, as I
presented in section 1.3.1. Therefore, I choose here extrapolations based on the linear

trend.

As I choose an invariant extrapolation function of the APC parameters, the par-
ticular choice of a constraint to solve the identification problem will not influence my
forecasts (Kuang et al., 2008). Hence, the classical multinomial APC model that I pro-

pose relies on a informative constraint for the cohort parameters in APC model ??:

1k = oy, for all k. (3.21)

3.2.1 The Choice of a Reference Category in the Multinomial Logistic Model

As I presented before, in a multinomial model, restrictions are also necessary to
identify the probability space (see equation 3.10). In this proposed classical model, I
adopt a normalization rule setting one of the APC parameters for a category one (P1),
and in another exercise category 4 (P4), to be zero. As is well known, it is inconsequen-

tial which category we pick as the reference cell because we can always convert from
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one formulation to another. However, as I explain next, the choice of a certain refer-
ence category may imply different uncertainty levels for future values of the period

and cohort coefficients, and therefore, I opt here for two exercises.

In the first classical APC model, I choose the first category (k = 1) as the base

outcome, that is, I measure the change relative to the low schooling group:

0;. = 0,foralli; (3.22)
¢1. = 0, forall j; (3.23)
. = 0,foralll. (3.24)

(3.25)

In the second classical APC model, I choose the last category (k = 4) as the base

outcome, that is, I measure the change relative to the tertiary education group:

04 = 0, foralli; (3.26)
¢s. = 0, forallj; (3.27)
Py = 0,foralll. (3.28)

(3.29)

After setting the restrictions above, the likelihood 3.10 is now identifiable. In-
terpretation of the APC parameters Ojy, ¢jx and iy will vary according to which edu-
cation category is normalized to have zero coefficient. In other words, the APC effects
vary according to the response paired with the baseline (Agresti, 2002). However, any
normalization rule will automatically yield the same adjusted probabilities p;;; (Mad-
dala, 1986; Cameron and Trivedi, 2005).

3.2.2 Forecasts and Uncertainty

Once the full set of parameters O, ¢jx and Py is derived, it is necessary to
extrapolate period and cohort effects into the future (age effects are held constant). I
employ in this dissertation an invariant extrapolation function to retrieve parameter

estimates N periods ahead based on the linear trend:
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¢y = a+bt+e,t=1,..,N; (3.30)
l)bkf — C+dt+et,f:1,...,N. (3.31)
(3.32)

Finally, the forecasted education profile N periods ahead are then obtained
through a recombination of the extrapolated period and cohort effects (age effects and

global effects of the category are held constant) according to:

Lisnk = i+ Oik + Pjanyk + Puanyer £ =1, N. (3.33)

3.2.2.1 Assessing uncertainty in a classical framework: combining probabilistic and

scenario approach

Forecasts should be provided with their respective uncertainty measures. In
this classical APC model, uncertainty is associated with APC parameters and their ex-
trapolated values, which, in turn, lead to uncertainty in the future estimates of the
education profile. In this study I propose a two-step procedure to account for uncer-
tainty in forecasts using the classical APC model, which combines probabilistic and

scenario components.

First, in order to measure uncertainty for the APC parameters, I derive 95%
prediction intervals for the coefficients and their extrapolated values using the boot-
strap method with 1000 replications. The bootstrap is a method for estimating the
distribution of an estimator in a classical framework by resampling a model estimated
from the data. For variance stabilized parameters, the bootstrap method provides ap-
proximations to coverage probabilities of confidence intervals (Efron and Tibshirani,

1994). This strategy was inspired by the work of Yang and Land (2013a).

Second, uncertainty for the education profile is derived using a scenario ap-
proach. I propose three alternative scenarios: i. estimated scenario, obtained through
the forecasts for future period and cohort coefficients; ii. pessimistic scenario, obtained
through the lower bound of the 95% confidence interval for both period and cohort
effects; and iii. optimistic scenario, obtained through the upper bound of the 95% con-
fidence interval for period and cohort effects. Age effects are held constant in the
forecast. These three scenarios aim to span the range of plausible futures of schooling,
and therefore, to provide self-consistent stories about the future: the prevalence in the

future of the most likely low/high (pessimist/optimist) values of period and cohort
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coefficients. Taken as a set, the scenarios should be compelling and acceptable to all

the individuals interested in future trends in education profile.

There are limitations in the scenario approach for the classical APC model pro-
posed here. First, a clear limitation resides in the lack of an integrated assessment
between uncertainty in APC parameters and uncertainty in estimated probabilities.
Second, the interval between the pessimistic and optimistic scenario for education pro-
file has no probabilistic meaning; therefore, users may not interpret that the interval
would contain the actual future values for the education profile. Third, the assump-
tions implicit in the scenario construction embody an element of rigidity: period and
cohort coefficients are high or low for the duration of the forecast rather than varying

within the range of probable values over time.

3.2.2.2 The choice of a Reference Category and their impact on forecast scenarios

As I argued before, a normalization rule is required in the classical APC model
to identify the likelihood. For prediction and fit purposes, it is inconsequential which
category we pick as the reference cell because we can always convert from one formu-
lation to another and, therefore, fitted and extrapolated probabilities will be the same
regardless of which normalization rule is imposed. However, in the scenario approach
I am proposing here, prediction confidence intervals for the APC coefficients and their
extrapolated values using the bootstrap method may not be the same depending on
the reference category chosen. Each specification (either using category one or cate-
gory four as reference) provides a set of estimated period and cohort coefficients, for
which different bootstrapped confidence intervals (and hence low and Optimistic Sce-
narios) are derived. Therefore, uncertainty level may differ from one normalization
rule to another, and I illustrate this in the Results section. However, point estimate
predicted probabilities into the future will be the same whichever reference category

is chosen.

Hence, along with a lack of an integrated assessment of uncertainty in this pro-
posed classical APC model, a clear limitation regards the uncertainty in the forecasted
education profile, which may be a function of the reference category chosen as normal-

ization rule.

3.3 A Bayesian Multinomial APC Model

Now let us consider the multinomial APC model from a Bayesian point of view.
As I discussed in Chapter 1, the Bayesian model works by relating temporal changes

in a demographic indicator by an autoregressive process over the lexis plane. Ac-
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cordingly, the predicted education profile borrows information from adjacent bins, as

appropriate for forecasting exercises Besag et al. (1995).

3.3.1 Specification of the Prior Distributions

In the Bayesian paradigm, I follow the strategy proposed by Held and Rainer
(2001) and Bray (2002) by setting a Bayesian age-period-cohort model to smooth age,
period and cohort trends and to extrapolate N future periods and cohorts. This
smoothing model is implemented in a Bayesian setting by the imposition of prior dis-
tribution of the parameters. I use a flat prior for yy, that is, a normal distribution with
mean zero and variance 1000. For the APC parameters, I assume that the second dif-
ferences of age, period or cohort parameters are independent. I also assume that for
each of these effects the second differences are dependent and Gaussian random vari-
ables. This model was termed by Held and Rainer (2001) a second-order random walk

model, or simply RW2. The RW2 formulation penalizes deviations from a linear trend.

Hence, for each parameter vector Ok, ¢ and g, I assume an RW2 model
in which the first two parameters for age, per?od and cohort effects are given non-
informative priors (including a term for the hyperparameter to provide the correct
likelihood). Accordingly, parameters are needed which control how much smoothness
is present in the estimated probability surface. Precision hyperparameters g, 74 and
Ty are defined to control the smoothness of age, period and cohort effects, respectively.
This requires also the incorporation in the model a subjective hyperprior distribution
for these hyperparameters, and the choice of the hyperprior is crucial to forecasting
applications. Here I assign non-informative but proper gamma distributions to hyper-

parameters.

In sum, for i age effects, I define

1
0.4 ~ N(o,106—), (3.34)
To
61
0.,~N|[0,100—], (3.35)
To

1
0.6.4,..,0,; ~N (29,,-_1 ~0.,, T—), 3<i<l. (3.36)
0
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For J+N period effects, I consider
6 1
¢4 ~N|0,10°—], (3.37)
T
6 1
¢.,~N|0,10°—], (3.38)
T
1 .
(P~j|¢-1r---r¢~j—1 ~ N(Z(],').j_l _¢-j—2' E)’ 3<j<J+N. (3.39)
For L+N cohort effects, the prior specifications are
6 1
Y, ~N{0,10°—], (3.40)
Ty
6 1
1, ~N{(0,10°—], (3.41)
Ty
1
llb.[ll,b.l,..., lab-l—l ~N (24).1_1 = l,[).l_z, ﬁ)’ 3<I<L+N. (342)

I also define the following flat hyperpriors for the precision parameters. These

hyperparameters are, therefore, estimated solely from the data:

Tp. ~ G(0.001,0.001),

7. ~ G(0.001,0.001),

7. ~ G(0.001,0.001),

(3.43)

(3.44)

(3.45)

The problem is that in the RW2 model, the parameters y, O, ¢ jx and iy are

still unidentifiable as the condition in Equation 3.17 still follows. However, identifia-

bility of the likelihood is not required for estimation in this Bayesian model, but the

estimated probabilities are (Besag et al., 1995).
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Now, an important question is whether the joint prior distribution for APC the
parameters (u, 0, ¢, 1) is proper. An improper prior distribution can cause problems
in implementing and making inferences in the Bayesian APC model. If the model
does not include the global effect y, the RW2 prior distribution for (0, ¢, ¢) is proper
whenever the sum of each of these parameters is equal zero (see (Assungao et al., 2002)
for the proof). For the case study presented in this paper, it makes sense to consider
the global effect. However, in this study, the prior distribution I elicited for y is proper:
a normal distribution with mean zero and variance 1000. Thus, it turns out that the

joint prior distribution is also proper.

In order to improve numeric stability and mixing of the MCMC algorithm, I
impose a linear trend constraint for the age effects, as suggested by the literature (Hol-
ford, 1983; Berzuini and Clayton, 1994; Bray, 2002; Held and Rainer, 2001; Baker and
Bray, 2005). Following the demonstration presented in Holford (1983), consider the
age effects 0;. given that condition 3.17 holds. In this case, the linear trend in age

effects can be described by the contrast:

I
QL. = ZC,’Q,’., (3.46)
i=1
where:
I+1
et % (3.47)
and:

i
C=) (3.48)

The curvature component is, in turn, given by the age effects with the linear

trend removed, as follows:

é,‘_ :Qj.—C,'QL.. (349)
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3.3.2 Forecasts and Uncertainty

Once posterior distributions for the ps and for the age, period and cohort ef-
fects are obtained through the MCMC algorithm, the forecasted education profile N
periods ahead are then obtained through the posterior predictive distribution. Such
posterior distribution is approximated via the MCMC algorithm. Similarly to the clas-
sical model, I consider a recombination of the extrapolated period and cohort effects

(age effects and global effects of the category are held constant) according to:

Lijek = Hr + Ok + Pianyk + Puany t=1,..., N, (3.50)

and assuming Equation 3.50, I generate the projected education profile N periods
ahead.

Uncertainty in the Bayesian APC framework is derived in terms of a posterior
distribution. The MCMC techniques are particularly attractive because they allow
the uncertainty associated with functions of the APC parameters - in this study, the
education profile - to be readily explored, in contrast with the classical approach. The
credible intervals presented encompass both uncertainty associated with the choice of

model and uncertainty associated with projecting beyond the range of the data.

In the next chapter, I present the results of the classical and Bayesian multino-
mial APC models.
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4 Results

In this chapter I present results of the fitted and forecasted education profile
for Brazilian males and females using the APC framework under two different ap-
proaches: classical and Bayesian. First, I report results on the fitted and extrapo-
lated APC parameters, and I give the fitted and projected education profile in each
approach. Next, I provide an inter-comparison of the models and a substantive per-
spective on the results, which is of interest to policy planners and analysts. Finally,
I validate the forecast models using out-of-sample projections, in order to assess and

compare the predictive quality of the classical and Bayesian APC approaches.

4.1 Classical APC Model

4.1.1 Computation

The classical APC model was estimated using the mlogit command in Stata soft-
ware (StataCorp, 2009b). Estimation of the parameters of the APC model proceeds
by maximization of the likelihood expressed in equation 3.10. This usually requires
numerical procedures. In mlogit, Newton-Raphson maximum likelihood is used (Stat-
aCorp, 2009a).

4.1.2 Classical APC-Model Parameters and Forecasts
4.1.2.1 Results when P1 is chosen as reference category

Tables 10 and 11 provide the estimated age (@), period (¢) and cohort () pa-
rameters and their respective standard errors. As in any non linear model, regression
parameters in APC multinomial models as provided here are difficult to interpret.
Given the fact that in equation 3.10 one needs a normalization rule, we cannot com-
pare the absolute values of the coefficients in the different educational groups. The
sign of Ojx, ¢k and 1Py is not necessarily the sign of the response p;j. To the researcher
interested in meaningful interpretation of the parameters, methods may be employed
to compare the change in the average predicted p;j; as regressors change (Maddala,
1986). However, this is not the focus of this work. I am mainly interested in the set of

estimated APC parameters for forecasting purposes.

Although APC parameters are not easily interpretable in a multinomial frame-

work per se, age and temporal trends of these parameters are. Hence, I now analyze
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Table 10: Estimated (Standard error) for the female group using the classical approach for the

APC multinomial model, Reference Category is P1, Full sample, Brazil

P2 P3 P4
0, -0.1261 -0.1703 -0.1176
(0.0021)  (0.0042) (0.0072)
05 -0.1975 -0.3103 -0.4120
(0.0040)  (0.0084) (0.0143)
0y -0.2560 -0.4335 -0.7254
(0.0060)  (0.0125) (0.0214)
05 -0.3360 -0.5782 -1.0351
(0.0080) (0.0167) (0.0285)
0¢ -0.3562 -0.7199 -1.4488
(0.0100)  (0.0208) (0.0356)
0, -0.4290 -0.8651 -1.8976
(0.0120)  (0.0250) (0.0428)
0y -0.5032 -1.0086 -2.2697
(0.0138)  (0.0290) (0.0498)
¢, 0.1052  0.2393 0.5068
(0.0020)  (0.0042) (0.0071)
$s 01556  0.2967 0.9500
(0.0040)  (0.0083) (0.0142)
¢y 0.2481  0.5446 1.4200
(0.0059)  (0.0124) (0.0213)
¢s 03070  0.8410 1.9287
(0.0079)  (0.0166) (0.0285)
e 03599  1.1004 2.5020
(0.0099)  (0.0208) (0.0356)
3 0.0416  -0.0173 0.0020
(0.0028)  (0.0058) (0.0094)
Wy 01382 0.2120 0.0891
(0.0047)  (0.0096) (0.0161)
s 0.2722  0.4618 0.2390
(0.0066) (0.0137) (0.0231)
g 0.4602  0.8173 0.3614
(0.0086) (0.0178) (0.0302)
;07167  1.1442 0.3552
(0.0105)  (0.0219) (0.0373)
g 0.8746  1.4162 0.2511
(0.0125)  (0.0261) (0.0444)
o 0.9474  1.5430 0.0673
(0.0145)  (0.0302) (0.0515)
o 1.1045  1.7406 -0.1158
(0.0165) (0.0344) (0.0586)
;11110 1.9404 -0.1113
(0.0185) (0.0385) (0.0657)
1, 12071 2.4141 0.1527
(0.0205)  (0.0427) (0.0728)
13 1.5284  2.9372 0.5099
(0.0225)  (0.0469) (0.0800)
o -0.3129  -1.6487 -1.5876
(0.0126)  (0.0261) (0.0444)

Source: Calculations based on PNAD data
Obs.: Standard errors between parentesis
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Table 11: Estimated (Standard error) for the male group using the classical approach for the

APC multinomial model, Reference Category is P1, Full sample, Brazil

P2 P3 P4
0, -0.1261 -0.1193 0.1311
(0.0022)  (0.0043) (0.0058)
0; -0.3362 -0.3295 -0.0617
(0.0042) (0.0085) (0.0115)
04 -0.4595 -0.4898 -0.3044
(0.0062) (0.0127) (0.0173)
05 -0.6331 -0.6894 -0.5195
(0.0082) (0.0169) (0.0230)
0 -0.7272 -0.8382 -0.7717
(0.0103)  (0.0212) (0.0287)
0, -0.8533 -0.9867 -1.0324
(0.0124) (0.0255) (0.0345)
0g -1.0193 -1.1913 -1.3445
(0.0143)  (0.0295) (0.0401)
¢, 01657  0.2793 0.3623
(0.0020)  (0.0042) (0.0057)
$3 0.2888  0.4168 0.8144
(0.0041)  (0.0084) (0.0115)
¢y 04376  0.6802 1.1663
(0.0061) (0.0127) (0.0172)
¢s  0.6021  1.0431 1.5379
(0.0082) (0.0169) (0.0229)
$  0.6995  1.3232 1.9636
(0.0102) (0.0211) (0.0286)
3 0.0152  0.0722 0.0373
(0.0029)  (0.0058) (0.0078)
s -0.0297  0.0139 0.1733
(0.0048)  (0.0098) (0.0132)
s 0.0398  0.2587 0.3144
(0.0068)  (0.0139) (0.0188)
e 01618  0.5660 0.3567
(0.0088)  (0.0181) (0.0245)
;  0.2650  0.8357 0.3282
(0.0109)  (0.0223) (0.0302)
g 0.2484  0.9605 0.1827
(0.0129)  (0.0265) (0.0359)
o 0.1801  0.9077 -0.0187
(0.0149)  (0.0307) (0.0416)
1o 0.1804  0.8960 -0.2730
(0.0170)  (0.0350) (0.0474)
v 01229 1.0697 -0.1674
(0.0191)  (0.0392) (0.0531)
1, 0.1602  1.5063 0.1817
(0.0211)  (0.0434) (0.0588)
P13 03678 1.9126 0.5308
(0.0232) (0.0477) (0.0646)
p o 0.2385  -1.4055 -1.9309
(0.0130)  (0.0266) (0.0360)

Source: Calculations based on PNAD data
Obs.: Standard errors between parentesis
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age, period and cohort effects model parameters in order to discern what trends might
be present. Figures 5-10 allow this description. APC effects for P1 are assumed to be
zero as a result of the normalization rule. Hence, figures display the APC coefficients

when the low schooling category (listed as P1) is the reference category.

The age effects exhibit a similar pattern for males and females and education
category: age effects are larger for younger age groups and smaller for older age groups.
The period effects have an increasing slope, as well as the cohort effects for P2 and P3.
The cohort effects for P4 have more variation than age, period and cohort effects for
P2 and P3. For both sexes there is a distinct peak in cohort effects for P4 for birth
cohorts born around 1949 and 1958, a sharp decreasing slope for people born between
1959 and 1968, a distinct valley for people born between 1969 and 1978, and then an
increasing slope for cohorts born after 1979. Note that, for both sexes, the uncertainty

of the estimates increases by a large amount only for cohort effects for P4.

Figures 11-14 display extrapolated period and cohort effects for P2, P3 and P4
and for males and females using a linear trend model. 95% prediction intervals for
future period and cohort coefficients were provided by a bootstrap simulation as de-
scribed in section 3.2.2.1. Linear trend extrapolation assumes that the observed trend
in the period and cohort effects remains constant over the period of extrapolation.
Trends are similar for males and females, so I interpret them indistinctly. Period ef-
fects for all education categories and cohort effects for P2 and P3 for females exhibit an
upward trend, and hence a long-term increase in the parameters is expected. Cohort
effects for P2 and P3 for males and for P4, both sexes, do not exhibit a clear trend.
Therefore, forecasted cohort effects may more accurately reflect long-term conditions

of the parameters.
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4.1.2.2 Results when P4 is chosen as reference category

Tables 12 and 13 provide the estimated age (0), period (¢) and cohort () pa-

rameters and their respective standard errors when P4 is used as normalization rule.

Figures 15-20 display estimated age, period and cohort effects for P1, P2 and
P3 and for males and females. APC effects for P4 are assumed to be zero as a result of
the normalization rule. Hence, figures display the APC coefficients when the tertiary

education category (listed as P4) is the reference category.

The age effects exhibit a similar pattern observed when P1 is chosen as reference
category: age effects are larger for younger and smaller for older age groups. However,
period effects for both sexes have a decreasing slope as a result of a different normal-
ization rule. Cohort effects for P3 also reveal a similar pattern for males and females
with an increasing trend. Cohort effects for P2 (males and females) are close to zero
for individuals born until 1953, then reveal an increasing slope for cohorts born until
1973, a distinct peak for or birth cohorts born around 1974 and 1979, and a slightly
decreasing slope for people born after 1979. Cohort effects for P1 (males and females)
do not clearly exhibit a linear trend. For both sexes there is a distinct valley in cohort
effects for P1 for cohorts born around 1944 and 1958, a sharp increasing slope for peo-
ple born between 1959 and 1968, a distinct peak for people born between 1969 and
1973, and then a decreasing slope for cohorts born after 1979. Note that, for both sexes,
the uncertainty of the estimates increases by a large amount only for cohort effects for
P1.

Figures 21-24 display extrapolated period and cohort effects for P1, P2 and P3
and for males and females using a linear trend model. 95% confidence intervals are
provided by a bootstrap simulation for future period and cohort coefficients. Period
effects (males and females) for all education categories and cohort effects for P2 and
P3 for females exhibit a downward trend, and hence a long-term decrease in the pa-
rameters is expected. For cohort effects for P2 and P3 (males and females), an upward
trend is expected. For cohort effects for P1, both sexes, the trend is not constant, and

forecasted coefficients are likely to reflect long-term conditions of the parameters.



Chapter 4. Results

73

Table 12: Estimated (Standard error) for the female group using the classical approach for the

APC multinomial model, Reference Category is P4, Full sample, Brazil

P1 P2 P3
0, 0.1176  -0.0085 -0.0527
(0.0072)  (0.0073) (0.0081)
05 0.4120  0.2146 0.1017
(0.0143)  (0.0145) (0.0162)
04 0.7254  0.4695 0.2920
(0.0214) (0.0217) (0.0243)
05 1.0351  0.6991 0.4569
(0.0285)  (0.0289) (0.0324)
0g 1.4488  1.0925 0.7289
(0.0356) (0.0361) (0.0405)
0, 1.8976  1.4686 1.0325
(0.0428)  (0.0434) (0.0486)
Oy 22697  1.7665 1.2611
(0.0498)  (0.0505) (0.0565)
¢, -0.5068 -0.4016 -0.2675
(0.0071)  (0.0072) (0.0081)
¢s  -0.9500  -0.7944 -0.6533
(0.0142) (0.0144) (0.0162)
¢y -1.4200 -1.1718 -0.8754
(0.0213)  (0.0216) (0.0242)
s -1.9287  -1.6217 -1.0877
(0.0285)  (0.0288) (0.0323)
bg -2.5020 -2.1421 -1.4017
(0.0356) (0.0361) (0.0404)
3 -0.0020  0.0396 -0.0193
(0.0094)  (0.0095) (0.0108)
g -0.0891  0.0491 0.1229
(0.0161)  (0.0164) (0.0184)
s -0.2390  0.0332 0.2228
(0.0231)  (0.0234) (0.0263)
g -0.3614  0.0988 0.4559
(0.0302)  (0.0306) (0.0344)
p;  -0.3552  0.3615 0.7890
(0.0373)  (0.0378) (0.0424)
g -0.2511  0.6235 1.1651
(0.0444)  (0.0450) (0.0505)
o -0.0673  0.8801 1.4757
(0.0515)  (0.0522) (0.0585)
1o 0.1158  1.2203 1.8564
(0.0586)  (0.0594) (0.0666)
¥ 01113 1.2223 2.0517
(0.0657)  (0.0666) (0.0747)
1, -0.1527  1.0544 2.2615
(0.0728)  (0.0738) (0.0828)
13 -0.5099  1.0185 2.4273
(0.0800) (0.0810) (0.0909)
W 1.5876  1.2747 -0.0611
(0.0444)  (0.0450) (0.0505)

Source: Calculations based on PNAD data
Obs.: Standard errors between parentesis
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Table 13: Estimated (Standard error) for the male group using the classical approach for the

APC multinomial model, Reference Category is P4, Full sample, Brazil

P1 P2 P3
0, -0.1311 -0.2573 -0.2505
(0.0058)  (0.0059) (0.0070)
05 0.0617  -0.2744 -0.2678
(0.0115)  (0.0118) (0.0139)
04, 03044 -0.1551 -0.1854
(0.0173)  (0.0176) (0.0208)
0s 05195 -0.1136 -0.1699
(0.0230)  (0.0235) (0.0277)
0 07717  0.0446 -0.0665
(0.0287)  (0.0293) (0.0347)
0, 1.0324  0.1791 0.0457
(0.0345)  (0.0352) (0.0417)
Os 1.3445  0.3251 0.1532
(0.0401)  (0.0409) (0.0484)
¢, -0.3623  -0.1967 -0.0830
(0.0057)  (0.0059) (0.0069)
¢3 -0.8144  -0.5256 -0.3976
(0.0115)  (0.0117) (0.0138)
¢y -1.1663 -0.7287 -0.4861
(0.0172)  (0.0175) (0.0207)
¢s -1.5379  -0.9358 -0.4948
(0.0229)  (0.0234) (0.0277)
e -1.9636  -1.2641 -0.6404
(0.0286)  (0.0292) (0.0346)
3 -0.0373  -0.0221 0.0349
(0.0078)  (0.0079) (0.0094)
Wy -0.1733  -0.2030 -0.1594
(0.0132)  (0.0134) (0.0159)
s -0.3144  -0.2746 -0.0557
(0.0188)  (0.0192) (0.0227)
e -0.3567  -0.1950 0.2093
(0.0245)  (0.0250) (0.0296)
p;  -0.3282  -0.0632 0.5075
(0.0302)  (0.0308) (0.0364)
g -0.1827  0.0657 0.7777
(0.0359)  (0.0366) (0.0434)
o 0.0187  0.1988 0.9264
(0.0416)  (0.0425) (0.0503)
1o 0.2730  0.4534 1.1690
(0.0474)  (0.0483) (0.0572)
dy; 0.1674  0.2903 1.2371
(0.0531)  (0.0542) (0.0641)
1, -0.1817  -0.0215 1.3245
(0.0588)  (0.0601) (0.0710)
13 -0.5308  -0.1631 1.3817
(0.0646)  (0.0659) (0.0780)
o 19309 21695 0.5255
(0.0360)  (0.0367) (0.0434)

Source: Calculations based on PNAD data
Obs.: Standard errors between parentesis
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4.1.3 Comparison of the Classical Prediction Intervals under Different Normaliza-

tion Assumptions

Now I compare the prediction intervals for period and cohort effects when using
different reference categories. As I argued before, in the scenario approach I propose
here, prediction confidence intervals for the APC coefficients and their extrapolated
values using the bootstrap method may not be the same depending on the reference
category chosen. I illustrate this fact in Table 14, which arrays period effects for the
probability of falling into the category 9-11 years of schooling (P3) for females using

P1 and P4 as reference categories.

As explained previously, parameter estimates in Table 14 are not readily com-
parable and interpretable in a multinomial setting. As I extrapolate linear trends based
on actual values of parameters and derive confidence intervals for future parameter
values using a bootstrap procedure, uncertainty levels under different normalization

rules may not be the same.

Table 15 illustrates this conclusion for P3 period effects when using P1 and
P4 as reference categories. I provide in this table future parameter estimates and the
length of their 95% bootstrapped confidence intervals. It is clear that intervals for P3
future period effects are wider when P1 is used as reference category than when P4
is used. Therefore, scenarios built under different normalization rules may not be the

same, although point estimates for estimated probabilities in the future are.

Table 14: Period effects for P3 and their standard errors according to reference category. Brazil,
Females

Reference Category

Parameter P1 P
0P 0.2393 -0.2675
(0.0042) (0.0081)
b3 0.2967 -0.6533
(0.0083) (0.0162)
b4 0.5446 -0.8754
(0.0124) (0.0242)
s 0.8410 -1.0877
(0.0166) (0.0323)
bg 1.1004 -1.4017
(0.0208) (0.0404)

Source: Calculations based on PNAD data.
Obs.: Standard errors between parenthesis.

4.1.4 Bducation Profile: Fit and Empirical Projections

I now present results for the fitted education profile (1983-2008) and empirical

forecasts (2013-2028) for Brazilian males and females using the classical APC model
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Table 15: Forecasted period effects for P3, their bootstrapped confidence intervals and range
of intervals according to reference category. Brazil, Females

P1 as reference category

P4 as reference category

¢ Lower 95% CI  Upper 95% CI  Range ¢ Lower 95% CI  Upper 95% CI  Range
2013 1.259 1.071 1.448 0.377 -1.683 -1.801 -1.566 0.236
2018 1.475 1.240 1.710 0.469 -1.960 -2.106 -1.815 0.291
2023  1.691 1.409 1.973 0.564 -2.237 -2.411 -2.063 0.348
2028 1.907 1.577 2.236 0.659 -2.514 -2.717 -2.311 0.406

Source: Calculations based on PNAD data (1983-2008)

under two different normalization rules: when P1 or P4 is chosen as reference category.
It is worth mentioning that there are no differences between the point estimates of the
education profile using different normalization rules of the multinomial APC model
(that is, choosing either category P1 or P4 as reference). Only low and Optimistic

Scenarios may differ between specifications, as I argued in section 3.2.2.2.

4.1.4.1 Results when P1 is chosen as Reference Category

Results when P1 is chosen as reference category in the multinomial APC model
are displayed in Tables 16-21. For the period 1983-2008, tables provide the observed
profile, point estimates and their respective uncertainty (low and Optimistic Scenar-
ios). Results suggest that observed education profile scatter about the fitted profile for
1983 to 1998 with no suggestion of any systematic departure in any of the age groups,
confirming the goodness of fit of the model.

I also present here graphics for the average education profile and the optimistic
and pessimistic scenarios across all age groups with the aim of summarizing the evi-
dence presented in the tables. Figures 25-26 illustrate these results. For a given educa-
tion category, graphs are provided at the same scale for males and females. I provide
a substantive interpretation of these results later in section . As I cautioned in section
3.2.2.1, scenarios derived from this classical APC model have no probabilistic mean-
ing. As a result, the reader should interpret these scenarios as possible trajectories
of the lower/upper bound of the 95% confidence interval for both period and cohort

effects combined.
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4.1.4.2 Results when P4 is chosen as reference category

Again, Tables 22-27 show that the observed education profile scatter about the
fitted profile with no suggestion of any systematic departure in any of the age groups,
confirming the goodness of fit of the model. As I mentioned above, there are no differ-
ences between the point estimates and forecasts of the education profile using different
normalization rules of the multinomial APC model (that is, choosing either category
P1 or P4 as reference). Only low and Optimistic Scenarios differ between specifica-

tions, as I argued in section 3.2.2.2.

Again, I also present here graphics for the average education profile and the
optimistic and pessimistic scenarios across all age groups with the aim of summariz-
ing the evidence presented in the tables. Figures 27-28 illustrate these results. For a
given education category, graphs are provided at the same scale for males and females.
The reader should be aware that, when interpreting scenarios for a given category of
schooling, the adjusted probabilities in the pessimistic scenario may be higher than
those obtained through the optimistic scenario. This is expected because the scenarios
are built taking into account future trends in period and cohort effects for the educa-

tion profile as a whole.
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4.2 Bayesian APC Model

4.2.1 Computation

The Bayesian APC model was estimated using rjags package (Plummer, 2011).
Rjags provides an interface from R R Core Team (2013) to the JAGS library for Bayesian
data analysis. JAGS uses Markov Chain Monte Carlo (MCMC) to generate a sequence
of dependent samples from the posterior distribution of the parameters. For a detailed

description of the program see Plummer (2003).

Parameter inference from posterior samples is only valid when the MCMC
chains, associated with the given parameter of interest, have converged. I test conver-
gence of the parameters using Heidelberg and Welch diagnostic to accept or reject the
null hypothesis that the Markov Chain is from a stationary distribution Heidelberger
and Welch (1983).

Briefly, Heidelberg and Welch diagnostic test consists of two parts. First, a chain
of N iterations of the parameter of interest is generated. Given a level of significance (I
adopt here 5% level), the null hypothesis that the chain is from a stationary distribu-
tion is accepted or rejected. If the null hypothesis is rejected, the first 10% of the chain
is discarded. The test statistic is calculated again for the new chain and acceptance
of the null hypothesis is checked. This process is repeated until null hypothesis is ac-
cepted. If the test still rejects the null hypothesis, then it is recommended to generate

a longer chain.

If the chain passes the first part, the second part of the Heidelberg and Welch
diagnostic test - halfwidth test - is performed. Based on the chain not discarded from
the first part of the test, the halfwidth test calculates half the width of the (1 - a)%
credible interval around the mean. If the ratio of the halfwidth and the mean is lower
than some €, then the chain passes the test. Otherwise, the chain must be run out
longer (Heidelberger and Welch, 1983).

Table 28 presents results of Heidelberg and Welch diagnostic test for the APC
parameters and estimated probabilities. Tests were performed using significance level
of 5% and 10%, and the results were the same. From the 108 estimated APC parame-
ters for female and male groups, the chains converged for, respectively, 86 and 88 after
10,000 iterations and therefore passed in the first part of the test. In the second part
of the test, only 41 of the 86 parameters passed the test in the females group and 31 of
the 88 parameters passed the test in the males group. I demonstrated before that age,
period and cohort parameters are fully unidentifiable in the likelihood, and hence the

diagnostic test results confirm that there is dependency between the samples for age,
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period and cohort parameters. However, samples for p;; remain stable and very close
to independence: from the 320 estimated parameters, 302 passed in both the first and
the second part of the Heidelberg and Welch diagnostic test in the females group and
319 passed both tests in the males group.

Table 28: Results of the Heidelberg & Welch diagnostic test by sample

Females Males
APC parameters Estimated probabilities APC parameters Estimated probabilities
Total Parameters 108 320 108 320
Passed Stationarity Test 86 302 88 319
Passed Halfwidth Test 41 302 31 319

Source: Calculations based on PNAD data (1983-2008)

Figures 29 and 30 illustrate the posterior samples from 150,000 MCMC itera-
tions for selected parameters and the trace plot, which displays iterations against sam-
pled values for each variable in the chain and allows inspection of convergence in the
posterior samples. For the sake of brevity, I next present one figure for selected APC
parameters and one for the estimated probabilities, and I omit the remaining figures.
After eliminating the burn-in iterations (10,000), the remaining draws can be judged
to constitute a representative sample for the posterior distribution of the model pa-
rameters; these are then used for posterior inference of the APC models. Therefore, I

use iterations 10001-150000 for the calculations that are presented next.

When evaluating trace plots, a chain is considered stationary if the distribution
of points is not changing as the chain progresses, that is, when parameters present a
relatively constant mean and variance. For most of the APC parameters, which are
fully unidentifiable, there is a strong drift among individual model parameters as the
chain progresses (Figure 29). This is due to unidentifiability in the likelihood. How-
ever, my interest lies in the probabilities p;;, which are all independent, as Figure 30
demonstrates. Note that the center of the chain for estimated probabilities seems to be
around a fixed mean, with very small fluctuations. This indicates that the chain has

reached the right distribution. This pattern recurs for all probabilities.
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4.2.2 Bayesian approach for the APC-Model Parameters and Forecasts

Unlike the classical APC model, in the Bayesian framework it is not possible to
make inferences about model parameters describing the age period and cohort effects
in order to discern what trends might be present because the model is not identified
(Held and Rainer, 2001). Hence, I do not interpret here figures displaying estimated
age, period and cohort parameters nor extrapolation trends. The estimated effects and
their respective standard errors are presented in the Appendix A.2for the interested

reader.

4.2.3 Education Profile: Fit and Empirical Forecasts

Results for the fitted education profile (1983-2008) and empirical forecasts
(2013-2028) using the Bayesian APC model are presented in Tables 32-34. For the
period 1983-2008, tables provide the observed profile, the posterior mean of each
parameter and their respective 95% Highest Posterior Density (HPD) intervals. The
widths of the 95% HPD intervals, relative to the fitted rates, indicate more precise esti-
mates for the estimated sample (1983-2008), that is, more posterior certainty about the
true value of the parameter. The increasing uncertainty that is associated with making
empirical forecasts for future periods (2013-2028) is reflected by widening credible in-
tervals. Not surprisingly, given the number of parameters in the model, there is good
agreement between the observed values and the posterior means for 1983-2008.

Again, I present here graphics for the average education profile and their 95%
credible intervals across all age groups with the aim of summarizing the evidence pre-
sented in the tables. Figures 31-32 illustrate these results. For a given education
category, graphs are provided at the same scale for males and females. The increas-
ing uncertainty that is associated with making empirical forecasts for future periods

(2013-2028) again is reflected by widening credible intervals.
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4.3 Inter-comparison of Results and Substantive Findings

In this section I first compare the performance of the classical and Bayesian APC
model for in-sample predictions. In this study, I compared age-by-period probabilities
obtained from applying classical and Bayesian APC methods with the observed pro-
portions. Then, residuals were calculated and the sum of the squared residuals (SS5R)
was used to assess the accuracy of the fitted probabilities. Results are displayed in Ta-
ble 35. Considering all time periods, the SSR for the classical APC model is about 11
times higher than that for from the Bayesian APC model for males and about 17 times
higher for females. Hence, I conclude that the Bayesian APC model fits the observed
data better.

Table 35: Sum of squared residuals (SSR) by APC model and year.

Classical Bayesian
Males Females Males  Females
1983 0.004 0.004 0.001 0.001
1998 0.005 0.006 0.001 0.000
1998 0.016 0.019 0.002 0.001
1998 0.019 0.018 0.001 0.000
2003 0.013 0.013 0.001 0.001
2008 0.016 0.014 0.002 0.001
Average SSR 0.012 0.013 0.001 0.001

Source: Calculations based on PNAD data (1983-2008)

From now on I provide a substantive analysis of the results. With the aim to
reduce dimensionality, I computed the average education profile across all age groups,
which provides a relevant summary of past and future trends of schooling in Brazil.
In regards to the uncertainty in projected education profile in classical and Bayesian
estimates, I refrain here from comparing uncertainty measures because scenarios (clas-
sical approach) and credible intervals (Bayesian framework) are not comparable (see
sections 3.2.2.1 and 3.3.2).

Figures 33 and 34 display fitted and extrapolated trends in the education profile
according to the classical and the Bayesian APC models. As expected by the presence
of schooling differentials by sex, I observe differences in level between males and fe-
males, especially for P1 and P4. Overall, trends derived from classical and Bayesian
models are similar for P1. For P2, P3 and P4, the classical and the Bayesian APC
model disagree somehow, and the Bayesian APC model gives more optimistic predic-
tions regarding increases in education attainment than the classical model. Finally,
considering future trends, Bayesian projections tend to be more optimistic than the
classical ones in regards to increases in the proportion of males and females with some
college education (P4) from 2013-2028.
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As there is not much disagreement in general trends between classical and
Bayesian estimates, I interpret them from now on indistinctly. Overall, projections
suggest good news regarding schooling of Brazilians, but sex differentials in educa-
tional attainment may be anticipated as well: the country will experience a consider-
able increase in the proportion of individuals with high schooling (P3 and P4 levels)
and a decrease of the share of the population in low schooling levels (P1 and P2). The
proportion of people with 0-3 years of schooling (P1) will go from 49 percent for fe-
males and 47 percent for males in 1983 to 6 percent for females and 9 percent for
males in 2028. Meanwhile, the proportion of people with some college education (’4)
will go from 5 percent for females and males in 1983 to 32 percent for females and 20

percent for males in 2028.

Despite the expected improvement in the education profile of the Brazilian
population, results indicate that the proportion of individuals with some college edu-
cation (P4) in 2028 will still be low compared to those observed in the present in Latin
American countries with similar level of development in the present. As an example,
Table 36 presents the proportion of females aged 20-59 with some college education
(P4). In 2028, projected P4 in Brazil is 32 percent. This forecast is lower than the ob-
served P4 in 2001 in Argentina (42 percent), and similar to the observed P4 in 2010
in Mexico (33 percent) and in 2006 in Uruguay (32 percent). This finding has clear
implications for the future capacity of Brazil to reach advanced stages of development
(Barro, 1991; Mankiw et al., 1992; Krueger and Lindahl, 2000), considering that the
country may not achieve in the near future high levels of highly educated individuals.
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Table 36: Education profile of selected Latin American countries. Females (20-59 years)

Category Brazil, 2028 Mexico, 2010  Argentina, 2001 Uruguay, 2006
P1 0.049 0.096 0.054 0.019
P2 0.192 0.243 0.337 0.342
P3 0.457 0.331 0.189 0.323
P4 0.302 0.331 0.420 0.316

Obs.: Average proportion for 20-29 age groups.
Source: *Brazil: Calculations based on PNAD data: classical APC model, Point Estimate
*Mexico, Argentina and Uruguay: Demographic Censuses (IPUMS International)

4.4 Model Validation

In this section I examine how well the classical and Bayesian APC models per-
formed in forecasting the education profile. This retrospective analysis was composed
by four steps. First, I withdrew the education profile data for the more recent two
periods in the PNAD series: 2003 and 2008. Next, I fitted the classical and Bayesian
APC models with the remaining dataset excluding the removed part. Third, I used the
fitted model to forecast the removed part (2003 and 2028). Finally, I computed the

sum of squared errors (SSE)! of each model to describe average model-performance.

Results of the internal validation analysis are displayed in Tables 37-34. Tables
provide the observed profile in 2003 and 2008, classical forecasts and their respective
low and Optimistic Scenarios 2, Bayesian forecasts (given by the mean of the MCMC
posterior sample) and their 95% Highest Posterior Density (HPD) intervals, and the
sum of squared errors (SSE) of the models. When comparing the SSEs from classical
and Bayesian specifications, it is possible to conclude that, overall, the Bayesian pro-
jections performed better. Considering all time periods, the SSE for the classical APC
model is about 1.4 times higher than that for from the Bayesian APC model for males

and about 2.5 times higher for females.

Tt involves summing the magnitudes (squared values) of the forecast errors (observed - forecast) to
obtain the "total error".

2The same forecast estimates are obtained in classical APC models using different normalization
rules (see section 3.2.2.2).
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[ now analyze the forecasting error of classical and Bayesian APC models more
carefully. Figure 35 presents the absolute error of the forecast according to age group
and education category. The absolute error series reveal that the maximum value of
the forecast error occurs in the P3 category in both classical and Bayesian models for
the 20-24 age group. Peaks are also documented for P3 in the remaining age-groups,

in which this education category has a larger absolute error compared to the others.

[ hypothesize that this poor adjustment for P3 in both classical and Bayesian
specifications results from a structural shift in the educational policy in Brazil for
the secondary education level. This structural shift in policies for secondary educa-
tion may be explained by two factors. First, since the 1996 Brazilian Law for Basic
Education (LDB), the Brazilian government has strived to promote access to a "ba-
sic education” condition. The LDB defines "basic education" as composed of primary
and secondary education. Thereafter, the Brazilian educational system experienced a
great expansion of enrollment at the secondary level: in 2001, gross enrollment rates
reached 80 percent, compared to 60 percent in the 1980s (Rios-Neto et al., 2010). Sec-
ond, this structural shift could also have resulted from a school flow normalization in
the primary level during the 1990s (Rios-Neto et al., 2010), which may have increased
the demand for secondary education (Gomes, 1998). Hence, the classical and Bayesian
APC models, which assume a smooth extrapolation of past trends into the future, were

not able to anticipate this structural shift in P3 in their forecasts.
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Conclusion

In this dissertation I have proposed two age-period-cohort model (APC) ap-
proaches to model and forecast the education profile of Brazilian males and females.
Scant empirical literature directly addresses estimation and forecasting issues using
the APC framework. I utilized both classical and Bayesian methods for demographic
forecasting using APC models. Also, I provided a succinct and comprehensive ap-
praisal of the challenges and advantages that lie behind different APC models.

The classical approach to forecasting using APC models is often criticized for
its strong parametric assumptions. Here, I proposed a scenario approach to forecasting
in a classical paradigm. I demonstrated that the scenario approach found its strengths
(ease of computing) tempered by its inability to express uncertainty in a probabilistic

fashion.

On the other hand, the Bayesian techniques applied here are particularly attrac-
tive because they allow the uncertainty associated with APC parameters and functions
of the parameters (i.e., the probabilities) to be readily explored. Hence, in the Bayesian
APC model, both uncertainty associated with the choice of model and uncertainty as-
sociated with projecting beyond the range of the data are encompassed by credible

intervals.

My results show that both classical and Bayesian methods are able to provide
very good forecasts in the short term. However, the Bayesian method performed best
for in-sample and out-of-sample forecasts. On the other hand, in a Bayesian setting,
uncertainty indeed becomes an issue for long-term forecasts because of the rapidly

increasing width of the intervals as the length of the projection increases.

Although not the main focus of this study, the forecasts produced here could
in practice provide a basis for educational policy analysis. I showed that there is good
news regarding schooling of the Brazilians in the near future, but I also documented a
slow growth of tertiary education prevalence in the long-run. This finding may com-
promise the future capacity of Brazil to reach advanced stages of development (Barro,
1991; Mankiw et al., 1992; Krueger and Lindahl, 2000), considering that the country is
not expected to achieve high levels of highly educated individuals in the near future.

Therefore, initiatives aimed at increasing student participation in higher education are
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urgent for Brazil.

A number of enhancements of the classical and Bayesian methods proposed
here are suggested for a future research agenda. Foremost among these is an inves-
tigation into an integrated approach to account for uncertainty in the classical multi-
nomial APC model. Also, refined ways of eliciting prior information in the Bayesian

framework warrant attention.
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Table A1: Number of cases by education category, age group and period. Brazil, Females

Period
Age group  Category 1983 1988 1993 1998 2003 2008
Pl 1,538,727 1,444,672 1,206,999 1,002,960 744,597 390,301
50,54 P2 2,634,569 3,031,916 3,138,776 2,875,868 2,495,888 1,886,174
3 1,245,931 1,664,176 1,659,375 2,313,647 3,850,196 4,254,634
P4 443,082 532,861 529,652 750,272 1,238,386 1,621,587
Pl 1,640,130 1,472,255 1,383,947 1,109,395 984,775 697,701
55,50 P2 2,148,776 2,567,507 2,747,428 2,696,199 2,593,985 2,138,303
P3 825,634 1,293,382 1,454,776 1,736,181 2,596,719 3,655,532
P4 434,659 580,330 681,962 711,982 1,122,896 1,769,104
Pl 1,769,569 1,573,498 1,489,025 1,351,284 1,111,397 935,166
054 P2 1,662,296 2,224,336 2,489,723 2,698,322 2,655,746 2,450,716
P3 554,953 901,957 1,186,747 1,490,664 2,083,400 2,738,988
P4 332,741 545754 674913 765975 934,699 1,368,088
Pl 1,747,764 1,790,841 1,626,852 1,407,388 1,284,583 995,236
3530 P2 1,304,387 1,734,318 2,180,203 2,396,749 2,629,088 2,555,934
P3 335,824 630,232 847,486 1,239,538 1,702,256 2,296,941
P4 200,803 398,293 605,068 769,978 901,344 1,153,449
Pl 1,676,555 1,787,181 1,655,400 1,527,122 1,421,772 1,309,989
1044 P2 1,087,351 1,380,119 1,616,309 2,109,287 2,408,800 2,369,855
73 218,213 373,786 555286 907,876 1,397,221 2,005,940
P4 123,054 256,422 444,836 636,005 858,923 1,317,207
Pl 1,561,922 1,643,467 1,598,855 1,570,645 1,495,999 1,319,439
i P2 821,642 1,041,702 1,221,283 1,661,647 2,098,345 2,426,842
P3 143,202 237,344 344,229 594,993 1,012,777 1,510,283
P4 64,374 140,993 264,006 478,034 719,768 960,796
P1 1,456,258 1,561,892 1,567,872 1,555,237 1,551,579 1,532,222
5050 P2 708,327 873,092 952,245 1,237,084 1,628,334 2,123,709
P3 121,187 151,070 219,731 351,040 650,930 1,157,146
P4 43,626 75918 146,263 275,042 497,079 752,721
Pi 1,243,436 1,387,943 1,436,659 1,511,134 1,549,578 1,539,580
5559 P2 549,763 666,699 774,205 981,393 1,243,888 1,538,431
P3 87,211 120,279 140,551 226,530 393,887 733,699
P4 26,266 49,623 93,171 145835 286,051 550,938

Source: Pesquisa Nacional por Amostra de Domicilios, 1983 to 2008 (IBGE)
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Table A2: Number of cases by education category, age group and period. Brazil, Males

Age group Category eral
1983 1988 1993 1998 2003 2008
Pl 1,607,763 1,611,075 1,557,716 1,356,842 1,078,326 654,733
20-24 P2 2,615,973 2,938,695 3,081,372 3,065,554 2,898,929 2,416,574
P3 1,074,364 1,348,373 1,291,215 1,899,310 3,422,004 4,082,863
P4 318,297 357,656 347,562 506,434 871,655 1,150,291
P1 1,489,742 1,440,659 1,443,012 1,299,270 1,206,804 900,957
95-29 P2 2,081,581 2,444,107 2,725,630 2,697,099 2,692,062 2,416,668
B3 735,984 1,103,638 1,216,214 1,358,504 2,165,915 3,283,973
P4 361,299 438,156 478,245 514,753 795,791 1,274,030
P1 1,587,686 1,485,288 1,495,577 1,493,453 1,322,574 1,190,235
30-34 P2 1,706,938 2,065,449 2,290,379 2,471,787 2,658,004 2,500,864
P3 484,538 779,423 1,071,600 1,233,859 1,683,349 2,321,893
P4 311,263 419,953 538,880 582,394 681,244 997,976
P1 1,554,545 1,546,319 1,489,883 1,457,860 1,424,907 1,277,828
35.39 P2 1,290,294 1,750,149 2,060,207 2,268,242 2,528,623 2,510,311
P3 285,011 518,059 797,447 1,093,338 1,497,153 1,868,214
P4 207,690 342,245 527,693 600,888 669,397 766,864
P1 1,548,773 1,554,155 1,525,654 1,438,946 1,403,032 1,494,606
40-44 P2 1,070,183 1,301,533 1,600,021 2,017,929 2,253,274 2,251,974
P3 189,287 325,286 538,517 845,548 1,221,275 1,676,747
P4 131,415 226,021 428,308 553,563 633,743 995,160
P1 1,358,938 1,465,688 1,411,666 1,388,838 1,335,216 1,337,456
45-49 P2 849,730 1,019,337 1,201,721 1,531,968 1,942,691 2,158,773
P3 154,828 207,698 293,058 551,474 891,939 1,394,545
P4 82,916 150,525 303,649 462,587 581,303 750,010
P1 1,262,814 1,365,649 1,333,121 1,351,085 1,327,493 1,310,552
50-54 P2 705,401 877,481 888,500 1,149,033 1,540,833 1,918,904
123 114,952 179,811 186,066 320,825 587,934 1,052,122
P4 61,893 88,387 219,881 350,983 460,220 606,859
P1 1,136,168 1,233,513 1,155,288 1,260,609 1,232,676 1,331,873
55-59 P2 520,425 644,313 720,921 867,125 1,095,239 1,432,517
P3 84,661 121,968 138,073 194,115 355,507 625,954
P4 42,950 70,291 130,999 191,600 301,874 460,337

Source: Pesquisa Nacional por Amostra de Domicilios, 1983 to 2008 (IBGE)

A.2 Bayesian APC Parameter Estimates
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Table A3: Results of the bayesian APC multinomial model. Full sample. Brazil, Females.

Pl P2 P3
0, -0.3902  0.2007 0.7295
(0.0273)  (0.0290) (0.0834)
0, -0.3559  0.0917 0.4646
(0.0195)  (0.0263) (0.0683)
03 -0.3327  0.0600 0.4066
(0.0159)  (0.0241) (0.0545)
0y -0.3176  0.0354 0.3848
(0.0191)  (0.0224) (0.0433)
05 -0.2847  -0.0089 0.3400
(0.0268)  (0.0214) (0.0371)
0y -0.2686  0.0530 0.4040
(0.0362) (0.0212) (0.0385)
0, -0.2132  0.0729 0.4919
(0.0463)  (0.0218) (0.0467)
Oy -0.1644  0.0629 0.5053
(0.0567) (0.0232) (0.0590)
¢y 0.0397  0.1132 0.1464
(0.0465)  (0.0458) (0.0755)
$2  -0.0570  0.0425 0.0955
(0.0393)  (0.0433) (0.0588)
$3  -0.0713  0.0544 -0.0685
(0.0341)  (0.0411) (0.0425)
¢y -0.1603  -0.0205 -0.0849
(0.0320)  (0.0392) (0.0276)
¢s -0.2574  -0.1728 -0.0906
(0.0335)  (0.0377) (0.0177)
$s -0.3680  -0.3307 -0.1908
(0.0383)  (0.0366) (0.0216)
Py 07611  1.3860 0.5762
(0.0769)  (0.0563) (0.1235)
W, 07138 1.2511 0.3600
(0.0662) (0.0527) (0.1077)
¥3  0.6273  1.1585 0.1273
(0.0556)  (0.0494) (0.0926)
iy 0.4500  0.9169 0.0543
(0.0451)  (0.0461) (0.0785)
s 02190  0.6697 -0.0554
(0.0349)  (0.0430) (0.0660)
s -0.0822  0.4234 -0.0352
(0.0255)  (0.0402) (0.0560)
;  -0.4114  0.3163 0.0840
(0.0178)  (0.0375) (0.0502)
s -0.6634  0.1795 0.2446
(0.0150)  (0.0352) (0.0501)
e -0.8174  0.0768 0.3492
(0.0193) (0.0332) (0.0556)
P19 -1.0393  0.0100 0.5214
(0.0276)  (0.0316) (0.0654)
Wi -1.2320  -0.2721 0.5023
(0.0373)  (0.0306) (0.0778)
12 -1.6587  -0.7331 0.4991
(0.0475)  (0.0301) (0.0919)
13 -2.2240  -1.0222 0.4538
(0.0580)  (0.0301) (0.1069)
p -0.0079  0.0158 -0.0279
(0.0228)  (0.0229) (0.0214)

Source: Calculations based on PNAD data
Obs.: Standard errors between parentesis
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Table A4: Results of the bayesian APC multinomial model. Full sample. Brazil, Males.

P1 P2 P3
0, -0.3919 0.1521 0.4666
(0.0634) (0.0315) (0.0651)
0, -0.3729  0.0744 0.1285
(0.0576) (0.0295) (0.0544)
63 -0.2392  0.0533 0.0217
(0.0524) (0.0285) (0.0456)
0, -0.1633  0.0983 0.0151
(0.0480)  (0.0286) (0.0399)
0s -0.0546  0.1027 -0.0563
(0.0447)  (0.0299) (0.0388)
0¢ 0.0011  0.1698 -0.0360
(0.0427)  (0.0323) (0.0425)
0; 0.0816  0.2054 -0.0099
(0.0422)  (0.0354) (0.0501)
0s 0.2109  0.2566 -0.0010
(0.0432) (0.0392) (0.0601)
¢y 0.0745  0.4725 0.2254
(0.0332)  (0.0337) (0.0638)
¢, -0.0659  0.3492 0.2373
(0.0261)  (0.0292) (0.0509)
¢3 -0.1617  0.2452 0.0372
(0.0198) (0.0253) (0.0389)
¢y -0.2899  0.1228 0.0307
(0.0153) (0.0222) (0.0287)
¢s  -0.4634  -0.0562 0.0969
(0.0145)  (0.0204) (0.0231)
$e -0.6004 -0.2638 0.0405
(0.0178)  (0.0202) (0.0253)
i 0.2793  0.7233 0.4477
(0.0557)  (0.0686) (0.1166)
i, 0.2258  0.7009 0.3508
(0.0499)  (0.0634) (0.1029)
s 0.1423  0.6299 0.2918
(0.0449)  (0.0585) (0.0894)
iy 0.1058  0.525 0.0065
(0.0410)  (0.0537) (0.0763)
s -0.0706  0.3647 0.0219
(0.0383)  (0.0491) (0.0635)
e -0.2872  0.2626 0.1973
(0.0373)  (0.0448) (0.0513)
W, -0.4837  0.189 0.403
(0.0380)  (0.0409) (0.0405)
g -0.5647  0.1183 0.5822
(0.0404) (0.0375) (0.0323)
g -0.5601  0.1307 0.6454
(0.0442)  (0.0347) (0.0290)
P10 -0.5983  0.2032 0.8048
(0.0490)  (0.0328) (0.0321)
1 -0.7192 -0.0268 0.7837
(0.0547)  (0.0318) (0.0403)
P12 -1.0534  -0.4211 0.7828
(0.0609)  (0.0319) (0.0511)
i3 -1.4626  -0.6141 0.7533
(0.0675)  (0.0331) (0.0632)
j -0.0033  -0.0467 0.0065
(0.0138)  (0.0263) (0.0316)

Source: Calculations based on PNAD data
Obs.: Standard errors between parentesis



