UNIVERSIDADE FEDERAL DE MINAS GERAIS
INSTITUTO DE CIENCIAS EXATAS
DEPARTAMENTO DE ESTATISTICA

PROGRAMA DE POS-GRADUACAO EM ESTATISTICA

RODRIGO CITTON PADILHA DOS REIS

ANALISE HIERARQUICA DE MULTIPLOS SISTEMAS
REPARAVEIS

Belo Horizonte
2014



RODRIGO CITTON PADILHA DOS REIS

ANALISE HIERARQUICA DE MULTIPLOS SISTEMAS
REPARAVEIS

Tese apresentada ao Programa de Pos-Graduagao
em Estatistica do Departamento de Estatistica da
Universidade Federal de Minas Gerais como parte
dos requisitos para a obtencao do grau de Doutor
em Estatistica.

Orientador: Prof. Dr. Enrico A. Colosimo

Coorientador: Prof. Dr. Gustavo L. Gilardoni

Belo Horizonte
2014



Para Ayde e José Antonio,
por trinta anos de amor incondicional.
Para Laura,

pela energia de todos os dias.



Agradecimentos

Ao Professor Enrico A. Colosimo, orientador e amigo. Sou grato por todo incentivo e atengao
que me dedicou desde a minha chegada em Belo Horizonte.

Ao Professor Gustavo L. Gilordoni, orientador. Seus ensinamentos foram fundamentais em minha
formacao. Sou grato também pela atengdo dedicada nos momentos que estive em Brasilia.

Aos professores do Programa de Pés-Graduacao em Estatistica da UFMG, pela valiosa contri-
buigdo em minha formacgao, em especial ao Bernardo, Denise, Luiz e Renato.

Aos funcionarios do Departamento de Estatistica da UFMG, em especial ao José Carlos, Kate,
Maisa, Rogéria, Rose e Wilton.

Aos colegas do Programa de Pos-Graduagao em Estatistica da UFMG, pelo companheirismo,
em especial ao Denis e a Maria Luiza.

Aos meus recentes colegas de trabalho do Projeto ELSA-Brasil, em especial a Sandhi e o Tom.

Aos meus amigos, que deram sentido a esta jornada: Fabio, Fernanda, Gustavo, José Luiz, Luis
Gustavo, Méarcia, Markus, Max, Paulo, Reinaldo e Wecsley.

Aos meus pais e irmaos, pelo apoio, carinho e torcida.

A Laura, o agradecimento mais especial, pelo carinho, amor, incentivo e por vibrar as energias.
Sem a sua motivagao didria, eu nao teria chegado até aqui.

Ao apoio financeiro da FAPEMIG e CAPES.

A cidade de Belo Horizonte e ao povo mineiro.



Resumo

A tese tem como objetivo estudar determinados aspectos da modelagem hierdrquica de dados de
tempos de falha de multiplos sistemas reparaveis. Mais especificamente, é abordado o modelo pro-
cesso lei de poténcias hierarquico. O trabalho desenvolvido na tese esté apresentado na forma de
dois artigos, como segue.

Artigo 1: Hierarchical modelling of power law processes for the analysis of repairable systems with
different truncation times: An empirical Bayes approach

Na analise de dados a partir de multiplos sistemas reparaveis é usual observar tempos de trunca-
mento diferentes e heterogeneidade entre os sistemas. Entre outras razoes, a dltima é causada por
diferentes linhas de fabricacao e equipes de manutencao dos sistemas. Neste trabalho, um modelo
hierarquico é proposto para a analise estatistica dos multiplos sistemas reparaveis sob diferentes
tempos de truncamento. Uma reparametrizagao do processo de lei de poténcias é proposta a fim de
se obter uma analise bayesiana semi conjugada. Uma abordagem empirical Bayes é utilizada para
estimar os hiperparametros do modelo. A incerteza na estimativa destas quantidades é corrigida
usando uma abordagem bootstrap paramétrica. Os resultados sao ilustrados em um conjunto de
dados reais de tempos de falha de transformadores de poténcia de uma empresa de energia elétrica
no Brasil.

Palavras-chave: Amostragem por rejeicao, Confiabilidade, Corre¢ao bootstrap, Maxima densidade
a posteriori, Reparo minimo.

Artigo 2: Empirical Bayes and Jeffreys’ prior for the hierarchical power law process

Sa discutidos métodos alternativos para modelar o terceiro nivel de um processo lei de poténcias
hierarquico para modelar multiplos sistemas reparaveis. E argumentado que a priori de Jeffreys tem
vantagens com respeito a uma alternativa empirical Bayes e uma priori nao informativa proposta
na literatura. Mais especificamente, é mostrado por um estudo de simulagdo que as coberturas dos
intervalos produzidos pelo método de Jeffreys sao melhores que as coberturas dos intervalos pro-
duzidos pelos métodos empirical Bayes e nao informativo. Os métodos também sao ilustrados por
analise de um conjunto de dados real.

Palavras-chave: Metropolis adaptativo, Modelo marginal, Multiplos sistemas reparaveis,Reparo

minimo.
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Abstract

The thesis has as objective to study certain aspects of the hierarchical modeling of data from several
repairable systems. More specifically, the hierarchical power law process model is approached. The
work developed in this thesis is presented in the form of two papers, as follows.

Paper 1: Hierarchical modelling of power law processes for the analysis of repairable systems with
different truncation times: An empirical Bayes approach

In the data analysis from multiple repairable systems it is usual to observe both different truncation
times and heterogeneity among the systems. Among other reasons, the latter is caused by different
manufacturing lines and maintenance teams of the systems. In this paper, a hierarchical model is
proposed for the statistical analysis of multiple repairable systems under different truncation times.
A reparameterization of the power law process is proposed in order to obtain a quasi-conjugate
bayesian analysis. An empirical Bayes approach is used to estimate model hyperparameters. The
uncertainty in the estimate of these quantities are corrected by using a parametric bootstrap ap-
proach. The results are illustrated in a real data set of failure times of power transformers from an
electric company in Brazil.

Keywords: Bootstrap correction, Maximum a posterior density, Minimal repair, Rejection sam-
pling, Reliability.

Paper 2: Empirical Bayes and Jeffreys’ prior for the hierarchical power law process

In this paper we discuss alternative methods to model the third stage of a hierarchical power law
process for modelling of several repairable systems. We argue that the Jeffreys’ prior has some ad-
vantages with respect to an empirical Bayes alternative or a noninformative prior proposed in the
literature. More specifically, our simulations showed that the coverages of the intervals produced
by the Jeffreys method are better than the interval coverages produced by empirical Bayes and
noninformative methods. We also illustrate our methods with a real data set analysis.

Keywords: Adaptive Metropolis, Marginal model, Minimal repair, Multiple repairable systems.
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Capitulo 1

Introducao

Seguindo a cléssica defini¢do de Ascher e Feingold (1984) um sistema repardvel é um sistema que,
quando uma falha ocorre, pode ser restaurado a uma condi¢ao operacional por algum processo de
reparo que nao seja a substituicao de todo o sistema. Sendo assim, o que classifica um sistema como
sendo reparével ou nao reparavel dependeré do custo da substituicao. Por exemplo, dificilmente uma
lampada sera vista como um sistema reparavel, ji que o custo de sua substituicao é relativamente
baixo. J& o sistema de iluminacao de um condominio, ou de uma rua, pode ser visto como um
sistema reparavel, tendo em vista que o custo de substituicao de todo o sistema é relativamente
alto. No mundo real, diversos exemplos de sistemas reparaveis sao encontrados, tais como carros,
avioes, impressoras, sistemas de comunicacao, dentre outros.

A agao de reparo realizada em um sistema reparével, quando este apresenta uma falha, possibilita
a ocorréncia de novas falhas. Tal estrutura de dados é conhecida na literatura estatistica como
eventos recorrentes ou eventos repetidos. Como observado por Pena (2006), eventos recorrentes nao
se restringem as areas de confiabilidade e engenharia. Eles podem aparecer em diversas areas, tais
como satude publica, biomedicina, economia, sociologia e politica. Exemplos de eventos recorrentes
nestas areas podem ser: surto de uma doenca, ocorréncia de enxaqueca, queda de 200 pontos de um
certo indice financeiro em um dia de negociagao, superagao de 70 pontos percentuais de aprovagao
de um governo, entre outros. Para uma discussao mais abrangente sobre eventos recorrentes veja
Cook e Lawless (2007).

Provavelmente um dos objetivos mais basicos na analise de dados de sistemas reparaveis seja a
distincao entre um “sistema feliz” e um “sistema triste”, como ja foi destacado no livro de Ascher
e Feingold (1984). Os autores se referem a um sistema feliz como um sistema que ao envelhecer os
tempos entre as falhas aumentam, de forma que o sistema parece estar melhorando. J4 um sistema
triste é visto como um sistema que ao envelhecer os tempos entre as falhas diminuem, e assim
o sistema parece estar deteriorando. Ascher e Feingold (1984) ressaltam que o entendimento do
processo de falhas nédo seréa alcancando através de uma anélise que supoe que os tempos entre falhas
sejam varidveis aleatérias independentes e identicamente distribuidas. Este entendimento s6 sera
possivel com o uso de processos estocasticos.

Tipicamente, as suposicoes que fazemos sobre a maneira como um sistema envelhece e como ele
¢ afetado por uma falha (e sua respectiva agdo de reparo) irdo conduzir a escolha de um modelo
para dados de sistemas reparaveis. Um reparo perfeito (ou de renovagao) significa que o reparo feito
no sistema, faz com que este retorne a condic¢ao inicial de operacdo. Por outro lado, uma acgao de

reparo minimo deixa o sistema na mesma condi¢do a anterior a falha. Sendo assim, um sistema
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que conforme envelhece apresenta maior nimero de falhas, ao receber uma ac¢ao de reparo perfeito,
retorna a condicao chamada de “tao bom quanto novo”. Por sua vez, quando este mesmo sistema
recebe uma acgao de reparo minimo, retorna a condigao de “tao ruim quanto velho”. Estas suposicoes
acerca do tipo de reparo induzirao a distintos modelos, conforme seré visto a seguir.

Outra questao relevante a ser considerada na modelagem de dados de sistemas reparaveis apa-
rece quando analisamos dados de multiplos sistemas. A heterogeneidade dos dados de diferentes
sistemas é algo esperado de se observar. Tal variabilidade extra deve-se ao fato dos sistemas pos-
suirem diferentes idades no momento inicial do acompanhamento, diferentes marcas de fabricagao,
diferentes equipes de manutencao, e por algumas vezes serem expostos a diferentes condi¢oes de ope-
racao. Esta caracteristica deve ser incorporada ao modelo, seja por meio de covaridveis ou estruturas
aleatorias que contemplem esta variabilidade extra.

Esta tese tem como objetivo estudar determinados aspectos da modelagem hierarquica de dados
de tempos de falha de multiplos sistemas reparaveis. O propoésito das seguintes se¢oes é introduzir
de maneira sucinta alguns topicos encontrados na anéalise de sistemas reparaveis e parte da teoria

bésica que embasou o contetido apresentado nos artigos.

1 Notacao e conceitos basicos

Considere um sistema reparével em que o tempo usualmente parte de ¢ = 0 e falhas ocorrem nos
tempos 0 < 17 < To < .... Estes tempos de falha podem ser vistos como a realizacdo de um
processo pontual simples na reta real. O tempo nao é necessariamente o tempo de calendario, mas
pode ser o tempo de operagao, nimero de ciclos, quilémetros rodados, etc. Quando uma falha ocorre,
uma acao de reparo é feita para colocar o sistema de volta & operagao. Nés fazemos a suposicao
de que os tempos de reparo sao despreziveis. Os tempos de falha geram um processo de contagem
{N(t) : t > 0}, em que N (t) conta as falhas no intervalo (0, ¢]. Uma terceira representagao do mesmo
processo pode ser dada pelos tempos entre falhas, definidos por X; = T; — T;_1. Estes tempos entre
falhas geralmente nao sao independentes nem identicamente distribuidos. A relacdo entre estas trés

representagoes do processo de contagem é mostrada na Figura 1.1.

—~
~
~—

\] w [N
!
T

0 T1 T2 T3 T4 t

Y

— Xipe— Xope— Xzt Xy—»

Figura 1.1: Relagao entre as trés representacoes do processo de contagem.

O seguinte teorema (ver Rigdon e Basu , 2000) formaliza a relagdo entre as trés representacoes
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do processo de contagem.

Teorema 1.1. A fung¢ao densidade de probabilidade conjunta de qualquer dos sequintes conjuntos

de varidveis aleatorias determina a funcao densidade de probabilidade conjunta das outras.
1. N(u1),N(u2),...,N(un) para qualquer n e para qualquer uy,usg, ..., U,
2. T, Ty, ..., T, para qualquer n,
8. X1, Xo, ..., Xy para qualquer n.

Se todo reparo é um reparo perfeito, entao os tempos entre falhas sdo independentes e identica-
mente distribuidos (Rigdon e Basu , 2000). O processo de renovagao é um modelo apropriado neste
caso. A suposigao de reparo minimo induz ao processo de Poisson nao homogéneo (PPNH), que é

definido a seguir.

Definigao 1.1 (Processo de Poisson). Um processo de contagem {N(t) : t > 0} € dito ser um

processo de Poisson se
1. N(0)=0.
2. Para qualquer a < b < ¢ < d as varidveis aleatdrias N(a,b] e N(c,d] sao independentes.
3. Existe uma fungao \(-), chamada a fungao intensidade do processo de Poisson, tal que

Pr(N(t,t + At] = 1)

Alt) = Jim At
4 p Af] >
lim r(N(t, t+ At] > 2) _o
At—0 At

2

Neste modelo a probabilidade de um sistema falhar durante (¢,t + At] é aproximadamente
A(t)At. Como um resultado da Defini¢ao 1.1, a variavel aleatoria N (¢) tem distribuicao de Poisson
com parametro A(t) = E (N(t)) = fg AMu)du, em que A(t) é conhecida como a fun¢ao valor médio
do processo de Poisson. Note que um caso particular do PPNH é o processo de Poisson homogéneo
(PPH), em que a fungao intensidade nao depende de t, i.e., A(t) = A é uma fungao constante. Neste
caso, A(t) = At e os tempos entre falhas sdo varidveis aleatérias independentes e identicamente
distribuidas por uma distribuicdo exponencial de taxa A. Note que a fun¢do intensidade do PPNH
é uma medida de confiabilidade do sistema. Se esta é crescente, os tempos entre falhas estao dimi-
nuindo ao longo do tempo, e o sistema esta deteriorando, e se esta é decrescente, os tempos entre
falhas estao aumentando, e portanto, o sistema estd melhorando.

Ao observarmos dados de um sistema reparavel, dois esquemas de amostragem se destacam:
truncamento por falha e truncamento por tempo. Quando o acompanhamento do sistema encerra
ap6s um numero predeterminado de falhas, os dados sao ditos serem truncados por falha. Por outro
lado, os dados sao ditos truncados por tempo quando o acompanhamento do sistema se encerra
em um tempo 7 preespecificado. Ao observarmos dados de um sistema truncado por tempo, tanto
o ntmero de falhas N(7), quanto os tempos de falha T1,T5, ..., Tx(,) sdo aleatorios. O seguinte
teorema (ver Rigdon e Basu , 2000) é importante para especificarmos a distribui¢ao conjunta de
N(7), Ty, Ty .., Ty
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Teorema 1.2 (Estatisticas de ordem). Se um PPNH com fungao intensidade \(t) € observado

até o tempo T, e se os tempos de falha sio Ty < Tp < ... < Tn(;), em que N(7) € o numero
aleatorio de falhas no intervalo (0,7], entao condicionado em N(T) = n, as varidveis aleatorias
Ty < Ty < ... < T, sio distribuidas como n estatisticas de ordem da distribuicdo com funcao
distribuicao acumulada
A(t)
G(t) = 0<t<T

Assim, a distribuicdo conjunta do nimero de falhas e dos tempos de falha de um PPNH é obtida

p(n;tr,....tn) = p(N(1)=n)p(t1,...,tn|N(T) =n)

% </()T)\(u)du>nexp{—/OT A(u)du} x n! ﬁG’(tj)

j=1

= [ MH) pexp{-A(T)} . 0<ti <ty <...<ty<T. (1.1)
j=1

Note que o PPNH é completamente especificado por sua func¢ao intensidade. Assim, quando
formas paramétricas sao especificadas para a funcao intensidade de um PPNH, estaremos interes-
sados em fazer inferéncia a respeito dos parametros desta funcdo. Uma das formas funcionais mais
importantes e utilizadas é a intensidade lei de poténcias, que sera discutida na Secao 2. Inferéncia
baseada em verossimilhanga no PPNH ¢ feita utilizando a equagao (1.1). Nesta tese consideramos
apenas a inferéncia paramétrica. Para resultados recentes a respeito da inferéncia nao paramétrica
no PPNH veja Gamiz et al. (2011), Gilardoni e Colosimo (2011) e Gilardoni et al. (2013).

2 Processo lei de poténcias

Conforme comentado anteriormente, dentro da classe dos modelos PPNH, a forma paramétrica para

funcao intensidade mais discutida na literatura é a intensidade lei de poténcias, dada por

B\
A(t) = (0) , t>0,6>0,0>0. (1.2)

Um PPNH com fungao intensidade lei de poténcias é conhecido como um processo lei de poténcias
(PLP). Na Equagao (1.2), # é um parametro de escala e 8 é um parametro de forma. Como pode
ser visto na Figura 1.2, quando 8 > 1, a intensidade do processo é crescente no tempo, e quando
B < 1, a intensidade é decrescente. HA ainda o caso em que 3 = 1, e assim A(t) = 67!, e temos o
PPH como caso particular do PLP. Note que no PLP, a funcao do valor médio ¢ A(t) = (¢/6)P.

A origem do PLP esta ligada ao trabalho de Duane (1964), que através da andlise de diversos
sistemas, postulou que o namero médio de falhas destes sistemas no intervalo (0,t] deveria ser
at?. Crow (1975) percebeu que o postulado de Duane poderia ser representado estocastimente
por um PPNH com A(t) = at? e A\(t) = aft?~!. Por muito tempo, o PLP foi referido como o
processo Weibull, pois o tempo até a primeira falha do processo tem distribuicdo Weibull. Porém,
o nome processo lei de poténcias é mais adequado, ja que o leitor nao faz confusao com o processo
de renovagdo Weibull (tempos entre falhas independentes e identicamente distribuidos segundo a

distribui¢ao Weibull). A parametrizagao apresentada em 1.2, em que 6 = a~1/8 se deve a Finkelstein



1 PROCESSO LEI DE POTENCIAS 5
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Figura 1.2: Fungao intensidade do PLP (6 = 1 e diferentes valores de ).

(1976).

A simples formulagao matematica e a riqueza em formas sdo provavelmente as principais razoes
para o vasto uso da intensidade lei de poténcias na analise de confiabilidade (veja, por exemplo,
Kumar e Klefsjo (1992) e Coetzee (1997)). Ao substituir a expressao (1.2) em (1.1), obtemos a

fungao de verossimilhanca para (3, 6) como

p(nsts, . 1al3.0) = exp {~(r/0)°} DT 00 (1.3)
j=1

E facil ver que, utilizando (1.3), os estimadores de maxima verossimilhanca para (3,6), sdo
B=n/ > i1 log(T/t;) e 6= T/nl/B. Para uma ampla discussao acerca da inferéncia para o PLP veja
Rigdon e Basu (2000). Alguns autores consideraram a abordagem bayesiana para fazer inferéncia
nos parametros do PLP (veja, por exemplo Guida et al. , 1989; Bar-Lev et al. , 1992). Recentemente,
Oliveira et al. (2012) consideraram uma interessante reparametrizagao do PLP em termos de § e
n = A(7) = (7/6)P. Como resultado desta reparametrizacio temos que a funcio de verossimilhanca

é proporcional ao produto de densidades gama. De forma mais direta, temos
p(”;tla ] 7tn’/37 77) (o8 Une_n X Bne_ﬁw7

em que w = ) 7, log(7/t;). Oliveira et al. (2012) propuseram uma andlise bayesiana conjugada

para dados de um tnico sistema, e uma anélise semi-conjugada no caso de analisar dados de multi-
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plos sistemas. Os autores ainda discutem a interpretagao dos pardmetros e como eliciar informagao

a priori.

3 Modelagem hierarquica

Em problemas de confiabilidade, assim como em outras areas, é comum observar um grupo de
sistemas similares, porém nao idénticos (Figura 1.3). Por exemplo, pode-se observar sistemas com
diferentes intensidades de falha, apesar destes realizarem a mesma operacao. Diferentes idades
no inicio do acompanhamento, equipes de manutencao e locais de operagao sao possiveis razoes
para este comportamento heterogéneo dos sistemas. O problema estatistico estd em combinar a
informacao dos diferentes sistemas para entender as mudancas no processo sob estudo. Se todos
os sistemas observados sao considerados ter a mesma intensidade, entdo a anélise de multiplos
sistemas é semelhante a analise de um tunico sistema. Desta forma, os sistemas sao considerados
uma amostra aleatéria do mesmo processo, e uma tnica intensidade é estimada. Caso haja evidéncia
de que os sistemas realmente diferem, entdo uma andlise individual de cada sistema serd mais
adequada. Uma formulac@o entre estas duas deve ser adequada para os casos intermediarios (Gaver

e O’Muircheartaigh , 1987). O cenério geral apresentado a seguir formaliza tal situagao.

1 Py Py P |
F @ @ @ 1

0 T11T12 e T1n1 1
b &

0 T21 T22 e T2n2 )

0 Tkl Tkg e Tknk Tk

Figura 1.3: Historico de falhas de um grupo de k sistemas reparaveis.

Considere um grupo de k sistemas que geram, de forma independente, falhas de acordo com
um PLP de intensidade A;() = A(:|p;) em que p; = (B4, 6;) ou pi = (Bi,mi), @ = 1,...,k. Para
0 i-ésimo sistema observamos n; tempos de falha em um periodo 7; de acompanhamento. Seja
D; = (ni;ti, ..., tin,) 0 vetor que representa os dados de falha do i-ésimo sistema. A distribuicao

conjunta para D = (Dy,..., Dy), os dados de falha dos k sistemas, é dada por

k

p(D|p) = [ [ p(Dila),
=1

em que p(D;|u;) é a distribuicao conjunta do nimero de falhas e dos tempos de falha do i-ésimo
sistema dada pela expressao (1.3). Para descrever a variabilidade entre as intensidades, considere
que A;(+) sdo realizagdes independentes de uma certa distribui¢ao de probabilidade. De maneira
mais especifica, considere que os parametros u; da intensidade sdo distribuidos de acordo com

p(p|p) = Hle p(pil@), em que p(ui|¢) é uma densidade de probabilidade e ¢ ¢ um vetor de
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hiperparametros. Tal formulagao é conhecida na literatura como modelo hierarquico. Com ¢ fixado,
usando o teorema de Bayes, a distribuicao a posteriori condicional é dada por
p(D|p)p(p|d) p(D|p)p(p|®)

PeD-9) = Dlwpulo)dn ~ pDle) (14

em que p(D|¢) denota a distribuigdo marginal de D.

Quando ¢ é desconhecido, duas abordagens concorrentes se destacam na literatura: a abordagem
empirical Bayes e a completamente bayesiana. Na anélise empirical Bayes se utiliza a distribuicao
marginal para estimar o vetor ¢ por qg, geralmente por maxima verossimilhanga. Uma vez que o
vetor ¢ foi estimado, procede-se a anélise utilizando a distribui¢do a posteriori condicional (1.4)
com ¢ = quS J& na analise completamente bayesiana, a incerteza com respeito a ¢ é descrita através

de uma distribuigao de probabilidade, e a distribuicao posteriori é dada por

[ pDIwp(ple)p(e)ds
D) = e s = | PP op(oID) (15)

Note que a distribuigdo a posteriori (1.5) é uma média da distribuigao a posteriori condicional
(1.4) com respeito a distribui¢do a posteriori marginal de ¢. Ambas abordagens utilizam os dados
observados para obter informacgao de ¢ e entao “combinar evidéncia” (Carlin e Louis , 2000). Apesar
das semelhancgas (veja, por exemplo, Singpurwalla , 1989), cada abordagem possui suas proprias
dificuldades. Se por um lado o empirical Bayes “evita”’ a especificagdo de um modelo a priori para ¢,
geralmente uma tarefa dificil, este falha ao ignorar a incerteza com respeito a estimagao de ¢. Sob
o ponto de vista que o empirical Bayes é uma aproximacao & abordagem completamente bayesiana,
ajustes foram propostos na literatura (Laird e Louis , 1987; Kass e Steffey , 1989; Carlin e Gelfand
, 1990).

Quando a funcao lei de poténcias é considerada na especificacdo da intensidade do PPNH,
temos como resultado o modelo PLP hierdrquico. O trabalho de Engelhardt e Bain (1987) parece
ter sido o primeiro esforgo neste sentido, e considera o parametro de escala variando entre os
sistemas, enquanto o parametro de forma é o mesmo para todos os sistemas. Considerando uma
classe mais geral de processos de contagem para modelagem de sistemas reparaveis, Lindqvist et al.

(2003) introduziram um termo de fragilidade no modelo. Porém, no caso particular do PLP, isto é
equivalente a considerar apenas o parametro de escala variando entre os sistemas.

Ryan et al. (2011) propuseram um modelo PLP hierarquico em que tanto o parametro de escala
quanto o pardmetro de forma podem variar entre os sistemas. Uma abordagem completamente
bayesiana foi adotada, e a reparametrizagao do PLP em termos de (3,7) foi adotada. Os autores
utilizaram uma distribuigdao a priori produto de gamas para os parametros do PLP, que induziu
uma distribuicdo a posteriori condicional conjugada. Por fim, uma distribuicao a priori vaga, ou

aproximadamente nao informativa, para os hiperametros do modelo foi especificada.

4 Organizagao da tese

O Capitulo 2 apresenta o artigo Hierarchical modelling of power law processes for the analysis
of repairable systems with different truncation times: An empirical Bayes approach. A modelagem

hierarquica de multiplos sistemas com tempos de truncamentos diferentes é discutida. A repara-
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metrizacdo do PLP em termos de (5,7n) é utilizada. Como 1 depende do tempo de truncamento,
nao é razoavel considerar os pares ((;,7;) intercambiaveis. A modelagem do segundo nivel do mo-
delo PLP hierarquico leva em consideracio esta dificuldade. E proposto uma abordagem empirical
Bayes com correcao bootstrap para estimacao de intervalos dos parametros do PLP. Uma anélise
semi conjugada é obtida e métodos eficientes de simulagao da distribuicao a posteriori condicional
sao discutidos. Os métodos sao ilustrados em um conjunto de dados real. Este artigo foi submetido
para o peridédico IIE Transactions.

O Capitulo 3 apresenta o artigo Empirical Bayes and Jeffreys’ prior for the hierarchical power
law process. E discutida a modelagem dos hiperparametros do modelo PLP hierarquico. Alternativas
a proposta de Ryan et al. (2011) sdo apresentadas, dentre elas, a derivagao da priori de Jeffreys
para este modelo. Métodos estocasticos para a aproximagao da distribuigdo a posteriori resultante
sao discutidos. Os métodos sdo comparados através de um estudo de simulagdo e analise de um

conjunto de dados real.
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Capitulo 2

Hierarchical modelling of power law
processes for the analysis of repairable
systems with different truncation times:

An empirical Bayes approach

Rodrigo Citton P. dos Reis, Enrico A. Colosimo, and Gustavo L. Gilardoni

Abstract

In the data analysis from multiple repairable systems it is usual to observe both different truncation
times and heterogeneity among the systems. Among other reasons, the latter is caused by different
manufacturing lines and maintenance teams of the systems. In this paper, a hierarchical model is
proposed for the statistical analysis of multiple repairable systems under different truncation times. A
reparameterization of the power law process is proposed in order to obtain a quasi-conjugate bayesian
analysis. An empirical Bayes approach is used to estimate model hyperparameters. The uncertainty
i the estimate of these quantities are corrected by using a parametric bootstrap approach. The results
are illustrated in a real data set of failure times of power transformers from an electric company in
Brazil.

Keywords: Bootstrap correction, Maximum a posterior density, Minimal repair, Multiple repairable

systems, Rejection sampling, Reliability

1 Introduction

An issue of interest to statisticians and engineers in the analysis of repairable systems data is how

to model the changes in the performance of the system caused by the failure and/or maintenance

Submetido para IIE Transactions em 3 de outubro de 2014.
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process. This involves usually a stochastic point process (Andersen et al., 1993; Cook and Lawless,
2007) and statistical analysis (Rigdon and Basu, 2000; Lindqvist, 2006). In the data from multiple
repairable systems one observes usually different truncation times and heterogeneity among them.
The latter is due to causes such as different locations, manufacturing lines and maintenance teams
of the systems, among others. An interesting example of the joint presence of heterogeneity and
different truncation times is provided by the power transformers of the electric company of Minas
Gerais state in Brazil. These data were first reported and analyzed by Gilardoni and Colosimo
(2007). Table 2.1 contains failure times from forty power transformers, recorded between January
1999 and July 2001. The data consist of the number of failures and failure and truncation times for

the forty systems.

Table 2.1: Power transformers data.

System Number Failure times Trucation System Number Failure times Trucation

of failures (hours) times of failures (hours) times
1 2 8,839 17,057 21,887 17 1 15,524 21,886
2 2 9,280 16,442 21,887 18 0 21,440
3 1 10,445 13,533 19 0 369
4 0 7,902 20 2 11,664 17,031 21,857
5 0 8,414 21 0 7,544
6 0 13,331 22 0 6,039
7 1 17,156 21,887 23 1 2,168 6,698
8 1 16,305 21,887 24 1 18,840 21,879
9 1 16,802 21,887 25 0 2,288
10 0 4,881 26 0 2,499
11 0 16,625 27 1 10,668 16,838
12 2 7,396 7,541 19,590 28 1 15,550 21,887
13 0 2,121 29 0 1,616
14 2 15,821 19,746 19,877 30 1 14,041 20,004
15 0 1,927 31 - 40 0 21,888
16 1 15,813 21,886

Power transformers are complex systems with a large number of components. These devices usu-
ally fail because of just one of these components. After this component is repaired, it is expected
that the reliability of the transformer does not change. This type of repair is known as minimal
repair. A failure process that undergoes minimal repair actions is modeled by a nonhomogeneous
Poisson process (NHPP) (Baker, 1996). Succinctly, define N(¢) to be the number of failures in the
interval (0,¢]. A process {N(¢) : t > 0} having independent increments and starting at N(0) = 0
is said to be a Poisson process with intensity A(-) if, for any ¢, the random variable N(¢) follows a
Poisson distribution with mean A(t) = fg A(u)du. The NHPP is a Poisson process with a noncon-

stant intensity function A(-). In the repairable system literature, the most popular parametric form

At) = g (2)51 , (2.1)

where 8 and 6 are positive parameters. The corresponding mean function is

for A is the power law process (PLP),

A(t) = B[N()] = /Ot)\(u) du = <2>5 (2.2)
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The popularity of the PLP model stems from both its mathematical simplicity and its flexibility,
in the sense that (2.1) can accommodate situations where the systems either deteriorates (8 > 1)
or improves (8 < 1) with time.

When observing data from a single system truncated at 7, the joint likelihood of the number
of failures n = N(7) and the failure times 0 < t; < --- < t, < 7T is obtained after noting that
N(T) follows a Poisson distribution with mean A(7) and, conditional on N(7) = n, the failure
times have the same distribution as the order statistics of a sample of size n from the pdf g(¢) =
[A(t)/A(T)] I(0 < t < 7), which in the PLP case becomes g(t) = (3/7)(t/7)? I(0 < t < T) (see, for
instance, Rigdon and Basu, 2000). Therefore,

plnsty, . 1] 8.0) = exp{~(r/0)°} 0 T] 181 (2.3
j=1

(As usual, we assume here and throughout that empty sums and products are equal respectively to
zero and one, so that (2.3) becomes exp{—(7/6)"} when n = 0.) If we reparametrize the model in
terms of 8 and n = E[N(7)] = (/6)?, the likelihood (2.3) becomes

pnity, - stn | Bom) ccy(nn+1,1)v(B[n+ 1, w), (2.4)

where w = 3%, log(7/t;) and (x| a,b) = b? 2% e /T(a) is the density of the gamma distri-
bution with mean a/b and variance a/b?. The fact that 3 and 7 are orthogonal and the striking
simplicity of (2.4) makes the ((,7) parameterization quite convenient. It has been used previ-
ously by Oliveira et al. (2012) in nonhierarchical modelling and Ryan et al. (2011) in the con-
text of hierarchical models when all the truncation times are equal. Using either (2.3) or (2.4) it
is easy to show then that the maximum likelihood estimates (MLEs) are 7 = n and, provided
that n > 0, § = n/ > j—1log(r/t;) = n/w and 0 = T/’rll/’é (the MLEs of 8 and 6 do not exist
when n = 0). We note that, in the sequel, we will denote (2.3) by writing that (n;t1,...,t,) ~
PLP;(n;ty,... t,|5,0).

An important aspect to consider regarding the power transformers data in Table 2.1 is the fact
that these systems are located in different places along the Brazilian state of Minas Gerais. Thus,
due to climate changes along this state, it is expected that they are exposed to different operating
conditions. Therefore, rather than assuming that all 40 systems have the same (3, #) parameters as
in Oliveira et al (2012), an individual analysis of each system may be adequate. In other words, one
may compute estimates (,3,, éz) for each of the 16 systems having n; > 0. Figure 2.1 shows estimates
for the intensity and mean functions (2.1) and (2.2) obtained by substituting the parameters by
its MLEs. One can observe that the estimated intensities show quite different behavior (decreasing,
concave increasing and convex increasing). While this may be because each system has its unique
characteristics, it is more likely the consequence of the fact that the individual estimates are highly
inaccurate because the number of observed failures for each system is very small. On the other
hand, a hierarchical analysis which considers that the systems are somewhat similar may be more
realistic and, at the same time, it would allow the estimates for the individual systems to borrow
strength from the observed features of the other systems and hence help to improve accuracy.

The objective of this paper is to discuss a hierarchical model to analyze several repairable

systems truncated at possible different times. More precisely, the first stage specifies a distribution
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Figure 2.1: Maximum likelihood estimates of the intensity (a) and mean (b) functions for the sixteen transformers
with n; > 0.

for the failure times data conditional on the parameters of the PLP, while the second stage specifies
a prior distribution for these parameters. Therefore, the specific features of each transformer are
modeled in the first stage, while characteristics that are common to all transformers are taken
into consideration in the second one. Although there has been some recent interest in the area
of hierarchical modeling of repairable systems (see for instance Bhattacharjee et al., 2003; Pan
and Rigdon, 2009; Ryan et al., 2011), statistical modeling and inference procedures for the case
of multiple repairable systems with different truncation times are still under consideration in the
literature. Lindqvist et al. (2003) considered the issue of heterogeneity between systems for more
general counting process by introducing a frailty term in the model, although it affects only the
scale parameter of the PLP intensity (see Lawless, 1987). Our model allows both the scale and
shape parameters to vary among systems. Following Guida and Pulcini (2005), Giorgio et al. (2014)
used a generalization of the prior proposed by Huang (2001) to model shape and scale parameter
of the PLP intensity. The resulting prior depends upon five hyperparameters, one more than our
prior model. Furthermore, their approach differs from ours in the sense that they estimate the five
hyperparameters using the actual data to elicit an informative prior for a future analysis.

The rest of the paper is organized as follows. Section 2 describes the hierarchical model with
special focus on the second stage distribution. More precisely, we argue that the (3,7n) parameteri-
zation together with different truncation times implies that one cannot assume ezchangeability and
suggest a way to overcome this difficulty. Section 3 discusses an empirical Bayes strategy based
on maximum posterior density or, equivalently, penalized likelihood estimation for the hyperpa-
rameters and, once that the hyperparameters have been estimated, an efficient rejection sampling
strategy to obtain iid samples from the posterior distribution of the system-specific parameters .
Section 3 also presents an implementation of a bootstrap procedure, suggested by (Laird and Louis,
1987), to correct for the underestimation of uncertainty inherent to the empirical Bayes approach.
Section 4 contains an analysis of the power transformers data set, including estimation of the op-
timal maintenance period under a block maintenance policy. Finally, some conclusions are given

in Section 5 and Appendix A describes how to obtain starting values for the penalized likelihood
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maximization used to estimate the hyperparameters.

2 A hierarchical PLP model

As mentioned above, we follow Guida et al. (1989), Oliveira et al. (2012) and Ryan et al. (2011)
and parametrize the PLPs in terms of f; and n; = A;(7;) = (7;/6;)%, mainly in view of the
simplifications that result from (2.4) and the consequent orthogonality. Of course, it is possible to
go from one parameterization to the other provided that one multiplies both prior and posteriors
by the appropriate jacobian.

Let D; = (nistin, .. - s tin,), D= (D1,...,Dk), B= (b1,...,BKk) and n = (n1,...,nK). Assum-
ing all throughout conditional independence across systems, the data level of the hierarchical model

states that
K

p(D|B8,m) o< [ v(mi|mi+1,1) x 4(Bi [ ni +1,w;), (2.5)
=1

where w; = 707 log(7;/ti;). In other words, data from the i-th system comes from a PLP with

/Bi

parameters (3; and 0; = 7; ni_l observed up to time 7; [cf. equations (2.3) and (2.4)]. To specify

the prior level of the model we denote by ¢ = (ag, Bo, ay, 0y) the set of hyperparameters and let

K
p(B.m|d) =[] 7(Bilag as/Bo) x (ni | ay, an(bo/7:)%). (2.6)
i=1
More specifically, we set f3; to follow a gamma distribution with mean By and coefficient of varia-
tion 1/,/ag and, conditional on f;, n; follows also a gamma distribution with mean (7;/ 0o)% and
coefficient of variation 1/,/ay, so that Sy and 6y can be thought off as prior guesses for the 3;’s and
the 0;’s and ag and a,, are hyperparameters that control the precision of those prior guesses.

The rationale behind the prior distribution (2.6) can be explained as follows. We begin by noting
that it follows from (2.4) that, in the case of a single system, the natural prior for the pair (3,7) is
a product of gamma distributions of the form (8| ag,ag/Bo) % v(n|ay, ay/no) (cf. Oliveira et al.,
2012). Following this idea, Ryan et al. (2011) consider a hierarchical model for several PLPs all
truncated at the same time 7 = ... = 7 = 7 and specify the prior level distribution also as a
product of gamma distributions of the form [, v(8;|ag, ag/Bo) x (i | an, an/mo). However, this
possibility does not seem appropriate when the systems have different truncation times, in the sense
that it would imply that the pairs (5;,m;) (i = 1,..., K) are exchangeable, while one would expect
larger values of n; = E [IV;(;)] for those systems which are observed longer (i.e. which have large 7;).
Although assuming the n;’s to be exchangeable is not reasonable because their definition involves
the 7;’s, which are different, it makes sense to assume that the 6;’s are exchangeable irrespective
of the truncation times, because their definition (namely, ; is the time such that E [N;(6;)] = 1)
does not involve the 7;’s. Therefore, we want the prior level distribution p(3,n|¢) to be such that
the pairs (5;,0; = i m; 1/6 ') are exchangeable. Now, it is straightforward to check that (2.6) implies
that

K an . anpBi
9(8.619) = T[ 105 lasas/) x s 5t (5) 7 explon(@n/o)™).
=1 7 %

where 6 = (61, ...,0k). Since the truncation times 7; do not appear in the right hand side of this
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last expression, this implies that the pairs (3;, 6;) are indeed exchangeable.

An alternative derivation of (2.6) is as follows. Write p(5;,m: | @) = p(Bi| d)p(nilBi, ¢) and
suppose that one wants to set ;| ¢ ~ Gammal(ag,ag/Bo) and n; | i, ¢ ~ Gamma(ay, by,), where
ap and b, could possibly depend on ; and 7;. Then the §;’s are exchangeable and a necessary
condition for the pairs (3;,6;) to be exchangeable is that E [0, B @] does not depend on the system

—Bi

. . —Bi
i. Now, since 6, ™ = 1, ™" n;,

E[9;%|¢] =E [E[r; " n: | 81, 0]l = E[r; 7 (ay/0,) | ¢].

It is easy to see that for this not to depend on 7;, it is necessary that there exists a function h
such that E [Ti_ﬁi (ay/by) | @] = h(B;). The prior p(B,n | ¢) given in (2.6) corresponds to the choice
h(B;i) = 0y P In other words, the previous argument shows that for the prior (2.6) one has that
E[6; bilgp] = E Y Fi| @], showing again why 6 can be thought of as a prior guess for the 6;’s.

To complete the specification of the hierarchical model, we assume an independent prior distri-

bution for the hyperparameters of the form

p(#) = plag) x p(Bo) x play) x p(fo) < exp{—E1ap} exp{—Eaay}, (2.7)

i.e., we set both p(fy) < 1 and p(fp) x 1 and exponential densities with means ffl and 551 respec-
tively for ag and a,. The exponential distribution is a common choice for the shape parameter of the
Gamma-Poisson hierarchical model (see for example George et al. (1993), and related applications
Pérez et al. (2006); Pesaran et al. (2006); Perkins et al. (2012)), that can be thought as a prototype
for the PLP hierarchical model. In Section 3 we discuss the specification of &; and &s.

In the rest of the paper we discuss an empirical Bayes procedure which estimates ¢ from data
by maximizing the posterior density p(¢|D) or, equivalently, by maximizing a penalized likelihood
(see Section 3 and Appendix A). Once that an estimate (],’3 has been obtained, inferences about

quantities specific to each system proceeds straightforward after noting from (2.5) and (2.6) that

K
p(B.n|D,¢) =[] p(ni | Bi, Di, d) x p(Bi| Di, ¢), (2.8)
i—1
where
p(ni| Bi, Di, &) = y(n; | ay + ni, ap (60/7:) + 1), (2.9)
and

aq (00/7))*
{007+ 1o

p(Bi | Di, @) o< v(Bi | ag + ni,ag/Bo + wi) X [

3 Empirical Bayes inference for the hierarchical PLP model

To make inferences for the hierarchical PLP model we adopt a parametric empirical Bayes (PEB)
approach. The PEB approach uses the observed data to estimate, usually by the maximum likelihood
method, the hyperparameters ¢ = (ag, So, ay,6p). Then, one replaces ¢ by its estimate ¢ in the
conditional posterior (2.8)—(2.10) to make inference with respect to (3,n). For details about the
PEB approach see, for instance, Morris (1983), Casella (1985) or, in the reliability literature, Gaver
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and O’Muircheartaigh (1987).

This paper differs from the usual PEB approach in two ways. On one side, we estimate ¢ by
maximizing the marginal posterior p(¢|D) o« p(D|¢) x p(¢) rather than the likelihood p(D|@).
On the other, we use a bootstrap approach introduced by Laird and Louis (1987) to correct for
the underestimation of uncertainty due to ignoring the uncertainty in the estimation of ¢, which
is usually a drawback of the PEB approach. Hence, this section is divided into three subsections
which discuss respectively (i) the maximum posterior density estimate for ¢, (ii) a rejection sampling
algorithm to sample from the conditional posterior p(3,n | D, ¢) and (iii) the parametric bootstrap
strategy used to approximate the posterior marginal distribution p(¢|D) which is then used to
correct both standard errors of point estimates and credibility intervals for the system specific

parameters.

3.1 Maximum posterior density estimate

From (2.5) and (3.4), the marginal likelihood for ¢ is given by

p(D|¢) = /RK /RK p(D[B,n) x p(B,n|p)dndB

- ) resss (3)

i=1
00 aﬂ<90/7—i)lgi :|an|: 1 :|nz ag+ni—1__B;(as/Bo+w;)
' ' Ydp;. 2.11

Note that the last integral in (2.11) has no closed form and it should have to be computed numer-

ically in the maximization algorithm. Hence, the marginal posterior distribution of ¢ is

p(¢|D) x p(D|) x p(¢), (2.12)

where p(¢) is given in (2.7). Note that maximizing (2.12) is equivalent to maximizing

() = logp(D|[¢) — (§1ap + &aay) , (2.13)

showing that one could think of the maximum posterior estimate of ¢ as a penalized likelihood
approach. Maximization of (2.13) is carried out numerically. Initial values to start the algorithm
are discussed in Appendix A.

In order to evaluate the behavior of the estimators obtained from the maximization of (2.13), we
conducted a Monte Carlo simulation study. The Monte Carlo scenarios were designed to generate
data similar to the transformers example. Hence, we set the hyperparameters 5y = 2, 8y = 10, 000,
ag = 2,10, a,) = 2, 10, truncation times varying from 2,000 to 20,000 hours and K = 10,40, 70 and
100 systems. We compared the mean and standard errors of the estimates (ag, Bg,dn,éo) of 500
Monte Carlo replicates using (i) maximization of the marginal likelihood, (ii) maximization of the
marginal posterior of ¢ with & = & = 1 and (iii) same as (ii) but with & = & = 0.1. All the
results were obtained using the software R, version 3.0.1 (R Core Team, 2013).

The results are summarized in Figures 2.2-2.5. Briefly, the estimates for 5y and 6y behave similar

for the three methods. In other words, the introduction of a penalty of the form §;ag+&2a, does not
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impact much the estimates of 3y and fp. On the other hand, the estimates of ag and a, obtained
maximizing the marginal posterior performed better than the ones obtained by maximizing the
marginal likelihood, in the sense that they have smaller bias and standard errors for small K. Of
the two options & = & = 1 and & = & = 0.1, the latter seems to be slightly better. In terms of
the prior distribution (2.7) for ¢, this amounts to setting (improper) uniform priors for both Sy
and 0y and exponential distributions with mean and standard deviation 1/0.1 = 10 for both ag and
a,. We finally note that, as expected, as the amount of information grows (i.e., K grows), the three

estimators seem to converge to the true values of ¢.
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3.2 Empirical Bayes posterior analysis

For given ¢, iid simulation from the conditional posterior distribution (2.8)—(2.10) is straightforward
using the rejection sampling algorithm (see, for instance, Devroye, 1986; Gelman et al., 2003). Note
first that (i) the pairs (3;,7;) are conditionally independent and (ii) given 3;, n; follows a Gamma
distribution. Hence, the only difficulty in order to sample from p(3,n | D, ¢) is how to sample from
(2.10).
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Let F(f3;) be the last factor in the right hand side of (2.10), i.e.

[ay (B0 /7:)" ]

PO = Taattoryp + 1

Simple algebra shows that F'(f;) is maximized when ; = 37 = max{0, —logn/log(6y/7;)}. There-

fore, we can generate a random variable having the pdf (2.10) by

cand)

1. Generate Bi( ~ Gamma (f;|lag + n4,ag/Bo + w;) and v ~ Uniform(0,1).

2. Define C; = F(f5]). If uC; < F (,chand)), accept §B; = B-(wnd). Otherwise, repeat step 1 until

1
the acceptance condition is met.

Using the structure of the model we can then generate an observation from p(8,n| D, ¢) by
running the previous algorithm K times to obtain fi,...,8x and then sampling 71, ...,nx from
the Gamma distributions (2.9). We then repeat this procedure M times to obtain an #id sample
(5(1),17(1)), o (B (M) from p(B,m| D, ¢). Of course, in our application we set ¢ to be the
PEB estimate.
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3.3 Parametric Bootstrap correction

From a Bayesian point of view, the PEB distribution p(,@,n|D,q§) is an approximation to the

marginal posterior distribution

p(B.0D) = | p(8nD.$)p(oID)e, (214)

where p(3,n|D, ¢) is given by (2.8) and p(¢|D) by (2.11)-(2.12). In other words, the PEB approach
replaces p(¢|D) by the Dirac measure ¢ 4 to get

Buise(B1D) = [ | p(8,n[D. @)64(d9) = p(8,n[D. ), (215)

R

where (ﬁ is the maximum posterior density estimate of ¢. This approximation is naive since it fails
to take into account the uncertainty with respect to the estimation of ¢. Consequently, posterior
variances tend to be underestimated and credible intervals too narrow. Laird and Louis (1987)
suggested that a more satisfactory solution would be to replace the posterior p(¢p|D) in (2.14) by
the sampling distribution f 43((;')) of ¢. When f d3(¢) is not known or difficult to obtain, they propose
to use a parametric bootstrap method to get a proxy for f qg(qb). The bootstrap algorithm obtains
bootstrap replications ¢® (b =1 ..., B) on which to base the approximation to fq3(¢)~ Given ¢,
the maximum posterior density estimate of ¢ using the original data we generate first (,B(b) n(b))
from the prior distribution p(3, n|$) and then D® from p(D|B®,n®)). Let »® be the maximum
posterior density estimate of ¢ using the simulated data D®), and f B(¢) be the discrete probability
function that puts mass 1/B on ¢ . The bootstrap corrected approximation to p(B,m|D) is

B
Proot (B, 7 D) = / p(B,11D, #)f5(8)dd = ~ 3 p(B, 7D, ). (2.16)
b=1

"B

An 4id sample from the bootstrap corrected distribution ppoet (3, |D) is obtained by (i) drawing
at random one of the bootstrap replications ¢(® (b=1...,B) and (ii) generate a pair (3,n) from
the conditional posterior p(3,n|D, é(b)) using the drawed value of (]B(b) and the algorithm described
in Section 3.2.

Carlin and Gelfand (1990) discuss other approaches to correct the PEB interval estimates. Kass
and Steffey (1989) obtained first and second order approximations to Var [h(f;, n;)|D] in two-stage
hierarchical models. We remark that obtaining these approximations is quite hard in the hierarchical

PLP model, since they involve higher order derivatives of complicated expressions.

4 Application: Power transformers data set

We return now to the power transformers data in Table 2.1. Interest centers in estimation of some
quantities associated to the reliability of each system. Among these we mention the (;’s, specifically
to assess whether the systems are degrading (8; > 1) or improving (8; < 1), the scale parameters

0; =1/ 7]@-1 /8 ‘, the probability that no failure occur in a period of time of length [y starting at s,



2 APPLICATION: POWER TRANSFORMERS DATA SET 21

called the reliability function of the system (Hamada et al., 2008),

Ri(s,lo) = Pr(Ni(s, s + o) = 0], 6:) = exp { ()ﬁ - ( * ZO)&} |

0; 0;

for given values of s and ly (e.g. lp = 4,380 and 8,760 hours, corresponding respectively to 6
months and one year), and, finally, the optimal maintenance check point t};(;a[ under a block policy

(cf. Mazzuchi and Soyer, 1996), which we explain below.

4.1 Preventive maintenance policy

The optimal maintenance check point of the i-th system, t};(;&, is the value of tpy; that minimizes

the expected cost

C +C i (T Ti Bi
E[Ci(tpy, Ni(tpm))] = / 2 AﬁHM( P /Ti) p(Bi, mi| Di)dBidn; . (2.17)
In order to compute an estimate of t};(]@[ we use a sample {(ﬂi(m),ngm)),m =1,...,M} from the

approximate posterior, either ppaive(3, n|D) or Proot(8, n|D), given in equations (2.15)—(2.16), and
approximate the right hand side of (2.17) by M~} Z%ZI[CPM +C’Man-m) (tpM/Ti)Bi(m)]/tpM. The
estimate of the optimal maintenance check point is then obtained by a numerical minimization
procedure.

The optimal maintenance checkpoint relates to the decision of whether to perform a perfect
preventive maintenance on the system. (A perfect preventive maintenance leaves the system in as
good as new condition and, hence, can also be thought of as the action of replacing the system by a
new one.) One of the most common strategies of planned preventive maintenance is the block policy.
This strategy consists in performing a preventive maintenance at the end of each time interval of
length tpys, regardless of the number of previous failures. Under the block policy, the cost per unit
of time of the i-th system is

_ Cpy + CygNi(tpu)

Ci(tpm, Ni(tpam)) = ipar ;

where N;(tpas) is the number of failures of the i-th system in the time interval of length tpys, Cpas
is the cost of the preventive maintenance, and Cysg is the cost of a minimal repair (unscheduled
maintenance due to a failure). Since N;(tpys) is a random quantity, we obtain the conditional
expected cost per time unit given (f;,7;) as

Cpym + CyurAi(tpi)

E[Ci(tpam, Ni(tpm))|Bismi] = P : (2.18)

A classical approach takes the optimal maintenance time to be the time that minimize (2.18) and
compute an estimate replacing (3;,7;) by their estimates (see, for instance, Barlow and Hunter, 1960;
Gilardoni and Colosimo, 2007, 2011; Oliveira et al., 2012; Gilardoni et al., 2013). Here, instead, we
follow Mazzuchi and Soyer (1996) taking the optimal maintenance time t}(;& as the value tpys that

minimizes the expected cost (2.17).
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4.2 Results

The maximum posterior density estimates of the hyperparameters were obtained maximizing Equa-
tion (2.13) with & = & = 0.1. This gave ¢ = (dg,Bo,dn,éo) = (7.02;2.29;4.71;23,980). Using
this estimates we then generated a sample of size M = 10,000 from both Ppaive(3,n|D) and
Dhoot (3, D), where for the latter it was used B = 1,000. Approximations to the estimates of the
quantities of interests under squared error loss were then computed by taking the posterior sample
averages of the corresponding functions. Likewise, approximate HPD intervals were computed tak-
ing the sampling quantiles, say a and (1 —b), so that (1—a —b) gives the desired coverage (posterior
probability) and the length of the interval is minimum.

Table 2.2 shows the maximum likelihood and PEB estimates of the ; and 7;. Note that, unlike
the ML approach, in the hierarchical approach estimates of 3; are obtained even for the systems
that have no failures. Furthermore, note that the PEB estimates of 3; are a compromise between
the ML estimates, which use only data from the i-th system, and the estimated prior mean of j3;,
Bo, which uses data from all systems. For the systems with n; = 0, BZ is close to Bo, since the
individual likelihood has little or no information about g;.

Table 2.2: Maximum likelihood (MLE), naive and bootstrap PEB estimates of (3;,7;) for the power transformers
data.

Bi ni
Naive Bootstrap Naive Bootstrap

System ¢ MLE  Mean SD Mean SD MLE  Mean SD Mean SD
1 1.73 2.08 0.69 2.14 0.92 2 1.00 0.40 1.14 0.60
2 1.75 2.09 0.70 2.16 0.94 2 1.01 0.39 1.14 0.59
3 3.86 2.16 0.75 2.29 1.07 1 0.36 0.21 0.40 0.30
4 - 2.35 0.87 2.80 1.85 0 0.10 0.10 0.10 0.13
5 - 2.36 0.87 2.84 1.96 0 0.11 0.11 0.11 0.14
6 - 241 0.88 2.88 1.92 0 0.26 0.17 0.23 0.22
7 4.11 2.41 0.84 2.77 1.45 1 0.83 0.35 0.86 0.50
8 3.40 2.39 0.85 2.69 1.41 1 0.83 0.36 0.86 0.50
9 3.78 241 0.86 2.74 1.46 1 0.84 0.36 0.86 0.49
10 - 2.33 0.85 2.77 1.84 0 0.05 0.07 0.05 0.09
11 - 2.39 0.87 291 2.12 0 0.40 0.22 0.35 0.28
12 1.04 1.73 0.58 1.65 0.68 2 0.88 0.35 1.03 0.55
13 - 2.31 0.87 2.74 1.85 0 0.02 0.03 0.02 0.06
14 8.52 2.55 0.85 2.99 1.43 2 0.79 0.32 0.89 0.51
15 - 2.30 0.87 2.73 1.87 0 0.01 0.03 0.02 0.06
16 3.08 2.35 0.83 2.64 1.35 1 0.83 0.35 0.86 0.50
17 2.91 2.36 0.82 2.63 1.36 1 0.84 0.36 0.87 0.50
18 - 2.34 0.88 2.82 1.97 0 0.66 0.31 0.59 0.41
19 - 2.28 0.86 2.74 1.90 0 0.00 0.01 0.00 0.03
20 2.28 2.24 0.75 2.38 1.02 2 0.99 0.39 1.12 0.60
21 - 2.36 0.87 2.79 1.87 0 0.09 0.09 0.09 0.13
22 - 2.33 0.84 2.78 1.82 0 0.07 0.08 0.07 0.11
23 0.89 1.52 0.52 1.41 0.60 1 0.20 0.15 0.27 0.24
24 6.69 2.49 0.87 2.97 1.69 1 0.83 0.35 0.86 0.50
25 - 2.31 0.85 2.72 1.83 0 0.02 0.03 0.02 0.06
26 - 2.33 0.87 2.74 1.84 0 0.02 0.04 0.03 0.06
27 2.19 2.17 0.76 2.30 1.09 1 0.53 0.26 0.56 0.36
28 2.93 2.35 0.82 2.61 1.32 1 0.83 0.36 0.86 0.50
29 - 2.31 0.86 2.76 2.03 0 0.01 0.02 0.02 0.05
30 2.83 2.31 0.82 2.56 1.28 1 0.71 0.31 0.74 0.44
31 - 40 - 2.34 0.88 2.79 2.03 0 0.69 0.32 0.62 0.42
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Table 2.3 presents PEB estimates for the quantities Pr(8; > 1\(2)) and tgj}. If we look at the
probability that a system is degrading, namely Pr(5; > 1|D;, ¢), the smallest values are 0.742
and 0.845, respectively for systems 23 and 12, while all others are greater than 0.93, indicating
strong evidence in the sense that the intensities are increasing and the transformers are degrading
with time. This can be seen also in Figure 2.6, which shows the posterior means of the reliability
function for the forty systems. Figure 2.6(a) shows, for instance, that a system that was followed-up
for six months has probability of having no failure in the next six months varying from 0.832 to
0.942. Similarly, Figure 2.6(b) shows that if a system was followed-up to one year, the probability
of observing no failures in the next year vary from 0.604 to 0.783. Note the distinct behavior
of the reliability functions of systems 12 and 23. These two systems are the power transformers
that presented the earliest failure times. The columns t;(]@[ of Table 2.3 also show the optimal
maintenance check points for each system. To compute this we followed Gilardoni and Colosimo
(2007) and Oliveira et al. (2012), which consider that the cost of a minimal repair is fifteen times
the cost of a preventive maintenance. The estimated optimal maintenance check points vary from
6,592 (system 20) to 9,348 hours (system 23). Using the same data, but considering that the forty
power transformers are a sample of the same power law process (i.e. same 3 and 6 for all systems),
Gilardoni and Colosimo (2007) and Oliveira et al. (2012), using respectively ML and a Bayesian
approach, arrived at an optimal time of about 6,420 hours. The hierarchical approach has the
advantage that each power transformer can be subject to its own optimal maintenance check point,

allowing therefore a greater flexibility in the maintenance policy.

Table 2.3: PEB estimates for probability that a system is degrading (P~r(ﬁz > 1|D;, qg)) and optimal maintenance
check points (tj,(}v)[) for the power transformers data.

System Pr(B; > 1|D;, @) t}‘,(}& System Pr(B; > 1|D;, @) t};(;&
1 0.930 6,687 17 0.953 7,642
2 0.933 6,686 18 0.932 9,202
3 0.930 7,019 19 0.931 8,224
4 0.941 8,218 20 0.957 6,592
5 0.947 8,233 21 0.944 8,165
6 0.942 8,508 22 0.942 8,124
7 0.960 7,689 23 0.742 9,348
8 0.952 7,755 24 0.965 7,825
9 0.958 7,743 25 0.933 8,141
10 0.942 8,133 26 0.933 8,138
11 0.938 8,804 27 0.931 7,303
12 0.845 7,291 28 0.955 7,695
13 0.936 8,148 29 0.935 8,168
14 0.981 6,795 30 0.951 7,489
15 0.933 8,181 31-40 0.931 9,295
16 0.956 7,678

An insight of the bootstrap correction can be seen from the histograms of the bootstrap sample
of qg (Figure 2.7). Note that the sampling distribution of the estimates of the shape parameters
ag and a, appear to be much more dispersed than those of 3y and 6. The effect of the bootstrap
correction can also be seen in Figure 2.8, which shows the HPD intervals for the 8; and 6; computed
using both the naive and the bootstrap corrected posterior. As expected, the bootstrap correction
accounts for wider HPD intervals, which we believe reflects better the uncertainty in the data.

Finally, in order to understand the behavior of our model, Figure 2.9 shows the posterior means
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are posterior expectations.

f3; for the parameter f3;, as a function of the prior standard deviation. As the standard deviation of
B; increases, the posterior mean of each [3; moves away in the direction of the ML estimate. On the
other hand, as the standard deviation of 3; decreases to zero, the posterior mean of the 3; tend to

the common value fy.
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Figure 2.9: Posterior means of (; for t}}e power transfor{ners data, as a function of the prior standard deviation
SD(B;i|¢), conditionally on a, = 5.28, 0y = 18,399.20, So = 2.29 and a sequence of ag € (1;1,000). For each

configuration value (dg’), A((]b), an, ég), a sample of size 1,000 of B; was generated and the sample mean was computed.

The blue vertical line is the observed prior standard deviation SD(S;|¢) = 0.87.
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5 Conclusions

A hierarchical model was proposed for the analysis of multiple repairable systems with different
truncation times. Scale and shape parameter of the power law intensity function of a nonhomo-
geneous Poisson proccess are allowed to vary among the systems. A suitable reparameterization
was used to obtain a quasi-conjugate posterior analysis. This reparameterization introduced a dif-
ficulty in the sense that, when the truncation times are different, it is unreasonable to assume
exchangeability in the second stage prior distribution. A parametric empirical Bayes approach was
carried out in order to estimate the model parameters. The hyperpameter vector ¢ was estimated
by maximizing its posterior density, or equivalently, a marginal penalized likelihood function. Once
that the hyperparameters were estimated, approximations to the estimates of the system specific
parameters were obtained using an iid Monte Carlo sample from p(3,n|D, ¢2) This Monte Carlo
sample can be obtained using a simple and efficient rejection sampling algorithm. Furthermore, a
parametric bootstrap method was used to correct the standard deviations of point estimates and
the HPD intervals by taking into account the uncertainty in the estimate of the hyperparameters.
These methods were used to analyze a real data set regarding failure times of 40 power transformers,

including estimation of the optimal preventive maintenance time considering block policy.
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A Starting values for the maximum posterior estimation

The main ideia is to use the ML estimates of 3; and 7n; as the true values in the second stage
prior (3.4). Let Bz and Nz be the vectors of ML estimates for those systems with n; > 0 (the
ML estimate of 8; does not exist when n; > 0). Taking logarithms in (3.4) and replacing the actual
B; and n; by their ML estimates we obtain

log p(Bur,Avrlg) = > {an[log (an) + Bilog(Bo/7:)] —log T (ay) + (ay — 1) 10g(i) — fian(fo/7:)
1:m; >0
+ aglog(ag/fo) —logT(ap) + (ag — 1) 1og(B;) — Bilas/Bo) } - (2.19)

Hence, we take as starting values for ¢ the solution of 8log(p(ﬁML, Nyrl@))/0¢ = 0, that is

8log(p(ﬂg4aLﬁ, ur|d) _ mzi;o llog(aﬁ/go) +1 = (ag) +log(B;) — gg] =0, (2.20)
Olog(p(Brrr, Anirl®)  as Bl
9Po - B im; >0 [50 1] - 22
alog(p(,@g/];, UIIAL)) = Z [log(an) +1+ ,87, log(0o/7;) — ¥ (ay) + log(n;) — ﬁi(ﬂo/ﬂ)gi (2:20)
n

:m; >0

dlog(p(Bmr, vrl®)) ay S Bs B
L) 6 i:%;() [ﬂl_ﬁml(n) ]_0' (2.23)
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Let K, be the number of systems with n; > 0. From Equation (2.21) we obtain that S, =
Kt D ini>0 f3; and replacing By by Bo in Equation (2.20), we obtain ag as the solution of

log(ag) — v (ag) —log(Bo) — K'Y log(Bi) = 0. (2.24)

i:n; >0

From Equation (2.23) we obtain that 6y is the solution of

K-V Bi- KUY Biinfo/m) = 0. (2.25)

:m; >0 :m; >0

Finally, we replace 6y by 6y in Equantion (2.22) to obtain a, as the solution of

log(diy) — (an) — K'Y [5} log(fo/7:) + log(#;) — i(fo/m:)% | = 0. (2.26)

2:m; >0

We note that Equations (2.24) to (2.26) are all univariate and hence can be solved by simple
numerical procedures. In the real data example analyzed in Section 77, these starting values were

close to the final estimates.
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Capitulo 3

Empirical Bayes and Jefireys’ prior for

the hierarchical power law process

Rodrigo Citton P. dos Reis, Enrico A. Colosimo, and Gustavo L. Gilardoni

Abstract

In this paper we discuss alternative methods to model the third stage of a hierarchical power law
process for modelling of several repairable systems. We argue that the Jeffreys’ prior has some
advantages with respect to an empirical Bayes alternative or the noninformative prior proposed by
Ryan et al. (2011). More specifically, our simulations showed that the coverages of the intervals
produced by the Jeffreys method are better than the interval coverages produced by empirical Bayes
and noninformative methods. We also illustrate our methods with a real data set analysis.

Keywords: Adaptive Metropolis, Marginal model, Minimal repair, Multiple repairable systems

1 Introduction

Following the classical definition of Ascher and Feingold (1984), a repairable system is a system
which, after failing to perform one or more of its functions satisfactorily, can be restored to fully
satisfactory performance by a method other than replacement of the entire system. Many real world
systems, such as automobiles, airplanes, printers, communication systems and others are repaired
and not replaced. When these systems are subjected to a customer use environment, it is often of
great interest to determine the reliability and other performance measures under these conditions.

The failure process of a repairable system can be represented by a point process. Consider a
single system that starts to operate at ¢ = 0, and failures occur at times 77 < T3 < .... When
a failure occurs, some repair action is done to put the system back in operation. We assume that
repairs times are negligible. Failure times generate a counting process {N(¢) : ¢ > 0}, where N(¢)

counts the number of failures in the interval (0,¢]. A counting process with independent increments
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and N(0) =0, is said to be a Poisson process with intensity A(-) if, for any ¢, the random variable
N(t) follows a Poisson distribution with mean A(t) = E[N(t)] = fg A(u)du. The nonhomogeneous
Poisson process (NHPP) is a Poisson process with a non-constant intensity. As Baker (1996) argued,
this model can be justified when, for example, a system has many components that can fail so that
replacing a failed component has little effect on future system reliability. It is also refered as the
case of minimal repair, which turns the system in the “as-bad-as-old” condition, i.e., the repair done
in the system leaves the system in exactly the same condition as it was just before the failure. For
a good review of NHPP with aplications to repairable systems see Rigdon and Basu (2000). More
general models for repairables systems are discussed in Lindqvist (2006).

The most popular intensity function within the class of NHPP models is the power law intensity,

given by

B-1
A(t) = 5 (;) ,0>0, >0, (3.1)

where 0 is a scale parameter and 3 is a shape one, and the resulting process is called the power law
process (PLP). The PLP intensity is very flexible to model repairable systems that are deteriorating
or improving. If § > 1, (3.1) increases with time, which happens when the system is deteriorating.
When 8 < 1, the PLP intensity function is decreasing in ¢, which happens when the system is
improving. Finally, for § = 1, then A(¢) = 1/6, and the PLP reduces to a homogeneous Poisson
process. The corresponding mean function is given by A(t) = (t/6)".

If we observe a single system time truncated at 7, the joint likelihood of N(7) = n and the

failure times 0 < t; < ... < t, < 7 is given by (Crow, 1977)
; 0) = AEANcil § B
p(n7tla"'atn‘ﬁv ) = eXp _(7-/ ) HTBHt] . (32)
j=1

Bain and Engelhardt (1980) discuss inference procedures for the PLP model from a frequentist
perspective. Many works proposed a Bayesian approach to model and estimate the parameters of
the power law process, (see, for example, Guida et al., 1989; Bar-Lev et al., 1992). Recently, Oliveira
et al. (2012) used a reparametrization of the PLP model in terms of 8 and n = A(1) = (7/6)".
With this parametrization, the likelihood function (3.2) becomes

p(nity,... talB,m) o (™) x (B"e™P), (3-3)

where w = 77 log(7/t;). In the sequel of this paper, we will denote (3.3) by writing that
n;t1, ...ty ~ PLP-(n;t1,...,t,]8,n). Note that (3.3) is proportional to the product of gamma
densities y(n|n 4+ 1,1) x v(B|n + 1,w), where v(z|a,b) = b*2*1e=**/T'(a). For a single repairable
system, Oliveira et al. (2012) used this fact to obtain a conjugate Bayesian analysis with indepen-
dent gamma distributions for (/3,7n). The authors also extended this idea for the case of data from
several repairable systems from the same PLP. They obtained a quasi-conjugate Bayesian analysis,
and provided strategies to elicit prior knowledge from engineering experts point of view.

When failure data come from several systems, heterogeneity is something that is expected to
observe from the different systems. This is due to different age of the systems, manufacturing lines,
and maintenance teams, among others. In this case, a hierarchical approach comes naturally to

model heterogeneity. With this framework, it is assumed that systems are similar, but each system
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can exihibit its own characteristics. Some recent works related with this area considering data from
repairable systems are Bhattacharjee et al. (2003); Pan and Rigdon (2009); Giorgio et al. (2014). A
hiearchical PLP model was proposed by Ryan et al. (2011). The authors used the same structure
of Oliveira et al. (2012) for each system, and a diffuse independent gamma distributions to model
the hyperparameters level, justifying this choice as being nearly noninformative.

The goal of this paper is twofold: (i) propose other approaches to built prior distributions for
the model hyperparameters, namely, Jeffreys and empirical Bayes and (ii) compare these approachs
in a simulation study and a real data set available in the literature. To our knowlegde, this type
of hyperpriors has never been introduced in the literature for the hierarchical PLP model. The
choice for the prior of the hyperparameters of the hierarchical PLP model could be compared with
the issue of modeling of the variance components in a general, or generalized, linear mixed model
(see,for instance, Natarajan and Kass, 2000; Arima et al., 2012).

The rest of the paper is organized as follows. In Section 2, we set notation and present the
hierarchical PLP model for analysis of multiple repairable systems. The Section 3 presents a para-
metric empirical Bayes (PEB) procedure to dealing with the hyperparameters estimation, and we
show how to adjust the variance of the PEB estimators. In Section 4, we develop the Jeffreys’ prior
for the hyperparameters of the model, and discuss how to simulate from the respective posterior
distribution. In Section 4.1 we present a simulation study comparing the different approaches to
dealing with the hyperparameters of the model. Section 6 the methods discussed in this paper are

applied to real data sets. Finally, some conclusions are given in Section 7.

2 Hierarchical PLP model

Ryan et al. (2011) introduced a hierarchical PLP model for the analysis of multiple systems failure
time data. Supose we observe k repairable systems until truncation time 7. Let N;(7) = n; be
the number of failures observed, and (¢;1,...,tn,) are the observed failure times from the i-th
system. D; = (nj,ti1,...,tin,) is the vector with all data from i-th system, i = 1,...,k, and

D = (Dy,..., D) is the vector of data from all systems. The model can be described as follow:

S1. Data model: Conditionally on np = (n1,...,mx) and B = (51,...,Bk), the systems are inde-
pendent with distribution p(D|3,n) = Hle p(D;|Bi, mi), where p(D;|Bi, mi) is given by (3.3).
In other words, (D;|f;,1;) i PLP;(D;|Bi, 1)

S2. Parameters model: Conditionally on ¢ = (ay,b,,ag,bg), the hyperparameters vector, (3,n)

are assumed to be independent and identically distributed as
p(Bi,mild) = v(nilay, by) x v(Bilag, bg). (3.4)

S3. Hyperparameters model: The hyperparameters (ay, by, ag, bz) are assumed to be independent

and identically distributed as a gamma density:

0.0210.556 L
pNI(¢) _ H 0.556—1 _—0.021z (3'5)

T(0.556) ’
TEPD

where py7 denotes a noninformative prior choice for ¢.
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The fact that (3.4) is the natural conjugate prior for the pair (5;,7;) (cf. Oliveira et al., 2012)
justifies the choice of second stage. But Ryan et al. (2011) did not discuss in detail the choice
of stage 3. The authors jutified their choice as a tempting to be nearly noninformative. Next, we

present and discuss some properties of the hierarchical PLP model above.

2.1 The marginal model

The marginal distribution of data D is obtained by averaging the data model with respect to the
distribution of the parameters. We denote by p(D|¢) the marginal model

pDIo) = [ p(Din.Bo(n. ple)inds

+

k k
=H4ﬂ@mﬁwmwmmzﬂmwx (3.6)
i=1"5"% i1

where

L Tlag+m) [ by N[ 1\
p(Dil¢) = T (ay)n;! (b,,—i—l) <bn+1>

ng

1\T i b ap 1 i
<ot | T[] — QW+”)< 8 ) < ),i—LHWh (3.7)
e ti; F(ag) bg + w; bg + w;

and w; = 377, log(7 /).

Due to the conjugacy of stages 1 and 2 of the model, the integrals in (3.6) have closed form
solutions. Note that (3.7) is a joint model for the number of failures n;, and failure times {¢;;,j =
1,...,n;} obtained by the conditional model of {t;;} given n;, and the marginal model of n;.
Furthermore, N; = N;(7) is distributed as a negative binomial distribution, here denoted by N; ~
NegBinom(ay; (b, +1)71). We use (3.6) to derive empirical Bayes estimates and the Jeffreys’ prior

in Sections 3 and 4.

2.2 Condidional posterior distributions of §; and n;
From the formulation of stages 1 and 2 of the hierarchical PLP model, it is easy to see that the
conditional posterior distribution of (3,n) given ¢ is p(8,n|D, ¢) = H?le(ﬁi, 1i| Dy, ), where

p(Bi, mi|Di, @) = v(Bilag + ni, bg + wi) X y(mslay +niy by + 1), i =1,... k. (3.8)

In other words, given data and ¢, (5;,7;) are conditionally independent distributed as gamma
densities. Note that (3.8) does not depend on the choice of the prior distribution for ¢. Moreover,

given the hyperparameters, the posterior means of 3; and 7; are given by

b D\
BlaiD.e] = (5 BBl + (55 ) A (39)

E[mi|Di,¢] = ( i )E[m\fﬁ]JF(

- 3.10
by + 1 )" (3.10)

by + 1
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where B, = n;/w; and 7; = n; are the maximum likelihood estimates (MLE) of f3; and 7;, respec-
tively, based on data from the i-th system. One can observe that as b, — 0 the conditional posterior
mean E [n;|D;, ¢| — 1);, meaning that the parameters 7); are more heterogeneous. On the other hand,
if b, = 0o = E [n;|D;, ¢] — E [1;|¢], and the parameters 7; are all equal (as Var [n;|¢] = an/b% —0).
If we define p, = b,/(b, + 1) as a shrinkage parameter, we note that p, controls the relative con-
tribution of the prior mean to the posterior mean. Similar observiations could be done for the
conditional posterior mean of ; (3.9).

Finally, the conditional posterior variances of 3; and n; given ¢ are as follow

ag +n;

Var [3;|D;, 9] = Wa (3.11)
Var [:|Di, 6] = (bjf) (3.12)

In Section 3 we show how to use (3.11) and (3.12) to produce empirical Bayes estimates.

2.3 Joint posterior distribution of 3,7, ¢

When looking to the joint posterior of (3,1, ¢), we note the following simplification

k
p(B,m,¢|D) = {Hp(ﬁi,mlDi,qﬁ)} x p(¢|D), (3.13)
i=1

where p(8;,n:|D;, ¢) is given by (3.8), p(¢|D) x p(¢) x p(D]|¢) is the marginal posterior of ¢, and
p(®) is a generic prior for ¢. This result will be usefull to obtain simulations from p(n, 8, ¢|D) (cf.

Section 4.1). In case p(¢) is the noninformative prior (3.5), there is a semi-conjugacy between stages
2 and 3 of the model

Hk (nanfl)

- (nf

p(6lB.m) (bf]nk+0.556efbn(2f=1m+0.021))X #agﬁsaewno.om
n

I, (87

agk+0.556 —bg (377, B;40.021) ) 0.556 ,—a0.021
X (bﬂ e 8 1 X T(ay) ag’?e "

Ryan et al. (2011) used this fact to propose a Gibbs sampling algorithm to simulate from
the posterior distribution of (8,m, ¢), where only two parameters need a Metropolis step to be
simulated. The rest of the 2k + 2 parameters are simulated directly from their respective full-

conditional distributions (see Ryan et al., 2011).

3 The empirical Bayes estimates

The empirical Bayes method (here, we make reference to the parametric empirical Bayes in the
sense of Morris (1983)) consists in replacing ¢ by b= (G, 1377, ag, I;g), a estimate of ¢ (generally the
maximum likelihood estimate) in the conditional posterior distribution of (3,7n). Then, inference

with respect 8 and n can be done by this approximate distribution

#(8,m|D) = p(B.1|D, ¢), (3.14)
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where

¢ = argmax p(D|¢),
Bt
and p(D|¢) is the marginal likelihood function given by (3.6).

The resulting conjugacy between first and second stages of the hierarchical PLP model, and the
relative simple expression of the marginal model, makes the PEB method a first natural approach
to make inference in this hierarchical set. For a discussion about the PEB approach see Morris
(1983) or, to examples of the use of PEB in the reliability literature see, for instance, Gaver and
O’Muircheartaigh (1987); Martz et al. (1999).

Note that the approximate posterior distribution (3.14) does not take into account the uncer-
tainty with respect to the estimation of ¢. To overcome this issue, we use first-order approximations
for posterior means and variances of g(f;,7;), where g(-) is a generic function. Here, we briefly
describe this method for the hierarchical PLP model. The general approach to provide these ap-
proximations is given in Kass and Steffey (1989). First note that given ¢, the pair (5;,7;) does not
depend on data from j-th system Dj, for j # ¢, and then we have the following expressions for the

posterior mean and variance

E[g(8i,m)D] = E[E[g(8i,n:)|Di, ¢l], (3.15)
Var [g(8;,m:)|D] = E[Var[g(8:,m:)|Ds, ¢]] + Var [E [g(Bi, ;)| Di, ¢]]- (3.16)

Now, if we replace the inner expectations in the right hand side of expressions above by their respec-
tive first-order Taylor expansions, and evaluate (3.15) and (3.16) in g(8;,m:) = Bi and g(5i, m:) = ni,

we get the respective firt-order approximations to posterior means and variances of (8;, ;)

E[BiID] = E[B[Ds, ] (3.17)
Var [3;|D] = Var [ﬁﬂD,;,qBHWVar (a5)+MVar (bs)
2mcov(aﬁ,65), (3.18)
E[mD] = E[m|Di,d] (3.19)
Var[niD] = Var[m\Di,qBJ+@il)2Var<an>+m ‘ (b)
QWCOV(dn,[Sn), (3.20)

where E [3;|D;, 4], E [n:|D;, ¢], Var [8s| Ds, ¢] Var [;]Ds, ¢] and are given by expressions (3.9)-(3.12)
replacing ¢ by ¢. The variances and covariances terms in expressions (3.18) and (3.20) are given by
the elements of the negative inverse Hessian matrix of log p(D|¢). All these terms are evalueted at
the MLE .

To close this section, we show how the posterior mean and variance approximations of §; and
7; obtained above could be used to make inferences for the PLP parameters. Given the data, 5; has

an approximate gamma distribution

) - 2 - -
<5i|D>~Gamma((Ewi|D]) /Var [5;|D], EWD]/VarWD}), i=1...k  (321)
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Similarly, given the data, 7; has an approximate gamma distribution
. - 2 - - ,
(:|D) ~ Gamma ((E [m]D]) /Var [1;|D], E [n;|D]/Var [ni|D]> Li=1,....k (3.22)

The use of the gamma distribution for these approximations is reasonable due to the fact that 5;
and 7; are gamma distributed conditionally on the data and hyperparameters (3.8). The PEB point
estimates of 3; and n; are given by their respective approximate posterior means (3.17) and (3.19).
Interval estimates are obtained by taking the quantiles of (3.21) and (3.22). When interest is center
in some function of (f5;,7;), for example, the parameter 0; = 7/ 771-1 /8 ‘, one can draw a sample of the
distribution (3.22) and take Monte Carlo estimates of 6;.

4 Jeffreys’ prior for hierarchical PLP model

Jeffreys’ prior is defined to be proportional to the square root of the determinant of the Fisher
Information matrix of the model (see Kass and Wasserman, 1996). For the hierarchical PLP, the
Jeffrey’s prior can be obtained from the marginal model with respect to the hyperparameters ¢.
Note that the likelihood function of the marginal model (3.6) depends upon the observed data via

the statistics

1
N,L' = NZ(T) ~ NegBinom (an; b—|—1> s
n

n;
Wi => log(t/T;;) ~ Gamma(n;,f;),
j=1
for i = 1,...,k, (see Crow, 1977). Averaging W; with respect to the distribution of 3;, it follows
that W; has density function given by

T(ag + ns) w' b

>< M
F(ni)I‘(aﬁ) (bﬁ + wi)aﬂ"'ni

p(wi|ng, ¢) = n;>0,i=1,...,k,
that is the resulting distribution from a Gamma-Gamma model.

It is easy to see that the Fisher Information matrix I(¢) is block diagnoal (Appendix A)

Ianan Iar,,bn 0 0
Iogb, Ibgp, O 0

0 0 Togas  Lagbg
0 0 Togos  Tosns

I(¢) = , (3.23)
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whose elements are given by

loya, = k(' (ay) —E[ (ay + N)]), (3.24)
Ly, = _%(berl)’ (3.25)
Iy, = 1)2(5;‘3—1)’ (3.26)
Iogay = k(¥'(ag) —E[¢'(ag + N1))), (3.27)
Lo, = b]’; {agE[(ag + N1)~] — 1}, (3.28)
Togps = bk% {ag [1 = (ag+ DE[(ag + N1 +1)7]]}, (3.29)

where ¢/(-) is the second derivative of the logarithm of the gamma function, also known as the
trigamma function. The elements (3.24) and (3.27)-(3.29) have no closed form, but they depend
upon expectations with respect the distribution of N7 ~ NegBinom (an; (by + 1)_1), which are
easily computable (see Appendix B). Finally, we denote the Jeffreys’ prior of ¢ by ps(¢), and this
is proportional to

det[1(¢)]1/2 - [IananIbnbn - Ignbn]1/2 X [Iaﬁaﬁjbﬁbg - I2

aﬁbﬁ]1/2'

4.1 Posterior simulations

As showed by (3.13), the joint posterior density of (3, 1, ¢) is a product of the conditional posterior
distribution of (8, m) given ¢ and the marginal posterior distribution of ¢. This enables us to
propose the following steps to simulate from p(3, n, ¢|D):

1. Draw a sample ¢(™) from p(é|D) o ps(¢) x p(D|p), m=1,..., M;
2. Draw a sample 51(7”) from v(B;|Ds, 6™), m=1,..., M, i=,...,k;

3. Draw a sample n(m) from v (n;|Di, o)), m=1,...,M,i=,..., k.

i

In order to efficiently sample from the marginal posterior distribution of ¢, we used an adaptive
Metropolis algorithm (see Haario et al., 2001; Roberts and Rosenthal, 2009). This method consists in
taking the well known Metropolis algorithm to simulate a Markov chain with stationary distribution
given by p(¢|D), but with an adaptive proposal distribution. Therefore, in the initial steps of the
chain (s < sg), candidates for ¢ are simulated from the distribution Q4(¢,-) = N (¢~ (0.1)21,/4),
where Iy is the 4 x 4 identity matrix. For the subsequent steps of the chain (s > s¢), candidates for ¢
are simulated from the distribution Qs(¢, ) = (1—€)N (o1, (2.38)2%, /4)+eN (¢, (0.1)%14/4),
where Y, is the empirical covariance matrix of the s — 1 previous realizations of ¢, and € is chosen
to be small (generally e = 0.5). After the convergence of the chain, we keep a sample of size M from
p(¢|D). The PLP parameters are simulated exactly from their conditional posterior distribution
(3.8), replacing ¢ by ¢(™, m =1,..., M.



3 A SIMULATION STUDY 38

5 A simulation study

In this section we present a simulation study in order to compare the performance of the proposed
priors distributions: PEB, Jeffreys’ and noninformative prior proposed by Ryan et al. (2011). We
follow the same simulation scheme in Ryan et al. (2011). Comparisons are made with respect to
coverage probabilities and average lengths of intervals.

Data D; were generated conditionally independent from the PLP model (3.3) given the pair
(Bi,ni). Truncation time of the k systems were fixed at 3,000 hours. We studied the effect of sample
size by varying the number of systems, k € {20,50,80} and also the expected number of failures.
The pairs (B;, ;) were generated by model (3.4) given ¢. The true values of the hyperparameters
were taken to be (ay, b,) € {(2.10,0.42), (4.20,0.42), (8.40,0.42)}, and (ag, bg) = (11.25,7.5). These
configurations were set to obtain the corresponding prior mean and variance for 5;, E[5;|¢] = 1.5
and Var [3;|¢] = 0.20, and for n;, E[n;|¢] € {5,10,20} and Var [n;|¢] € {11.90,23.81,47.61}. One
can note that E [n;|¢] = E [N;|¢], thus the above configurations allowed us to studied also the effect
of failures number by system.

For each of the nine scenarios, we have generated 1,000 data sets. Inferences for the Bayesian
methods were based on chains of size 20,000, discarding the first 10,000 as burn-in, resulting in
samples of size 10,000 of the posterior distribution p(¢|D). Although a Gibbs sampling algorithm
can be adopted in the presence of the noninformative prior in the model (see Ryan et al., 2011), we
used the approach presented in Section 4.1 for both noninformative and Jeffreys’ priors. We believe
that in this way fair comparisons can be made between both of them.

The criteria used to compare the three approaches were the nominal coverage of 90% and 95%
intervals from the 5-th and 95-th, and 2.5-th and 97.5-th sample percentiles, respectively, and the
average interval length. Tables 3.1 to 3.3 present the coverage and average interval length averaged
over the k systems for §;, n; estimated by the empirical Bayes (PEB), noninformative (NI) and
Jeffreys’ prior. All the results were obtained using the software R (R Development Core Team,
2013).

The results show that the Jeffreys’ prior appears to dominate the noniformative prior and the
PEB in terms of better coverage for 5; and 7;. One can see that as the number of systems increases
the coverage of all three approaches becomes very close. However Jeffreys’ prior performance seems
to be better than the others. The intervals for §8; produced by PEB and noninformative prior are
smaller than the intervals produced by the Jeffreys’ prior. It can explain why the coverage from
these two methods are smaller than the coverage from the Jeffreys’ prior. Intervals for n; produced

by PEB are larger than the ones produced by the Jeffreys’ and noninformative priors.

6 Valve failure data

In this section, we use a failure times data from a set of valves presented by Bhattacharjee et al.
(2003). Bhattacharjee et al. (2003) presented a data set from nine years follow up of 104 systems.
Here, we use a subset of 16 valves, those that presented at least one failure. Failures history from
these 16 systems are displayed in Figure 3.1. It can be observed that all systems have the same
truncation time 7 = 3, 286 days. Systems present from one to eight failures per system, with different

patterns.
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Table 3.1: Coverage probabilities and average interval length for the PLP parameters (E [n;|¢] = 5).

Bi i
0.90 0.95 0.90 0.95

Cov. Aver. Cov. Aver. Cov. Aver. Cov. Aver.

prob. int. length prob. int. length prob. int. length prob. int. length
k=20
PEB 0.628 0.945 0.676 1.129 0.928 7.352 0.962 8.831
NI 0.845 1.211 0.915 1.502 0.842 5.452 0.911 6.556
Jeffreys 0.859 1.410 0.915 1.751 0.875 5.795 0.932 6.956
k=50
PEB 0.781 1.110 0.834 1.325 0.921 6.536 0.963 7.839
NI 0.844 1.170 0.914 1.436 0.886 5.723 0.941 6.862
Jeffreys 0.864 1.299 0.923 1.593 0.895 5.838 0.946 7.000
k=80
PEB 0.837 1.167 0.890 1.393 0.917 6.307 0.960 7.562
NI 0.854 1.171 0.919 1.428 0.893 5.782 0.945 6.931
Jeffreys 0.879 1.274 0.934 1.551 0.897 5.846 0.948 7.008

Table 3.2: Coverage probabilities and average interval length for the PLP parameters (E [n;|¢] = 10).

Bi 7
0.90 0.95 0.90 0.95

Cov. Aver. Cov. Aver. Cov. Aver. Cov. Aver.

prob. int. length prob. int. length prob. int. length prob. int. length
k=20
PEB 0.760 0.946 0.815 1.130 0.974 12.846 0.990 15.390
NI 0.857 1.060 0.920 1.290 0.859 8.137 0.924 9.749
Jeffreys 0.874 1.150 0.932 1.400 0.873 8.434 0.930 10.094
k=50
PEB 0.856 1.038 0.914 1.239 0.948 10.518 0.979 12.577
NI 0.867 1.048 0.928 1.266 0.887 8.377 0.941 10.016
Jeffreys 0.882 1.101 0.938 1.328 0.895 8.514 0.947 10.177
k=80
PEB 0.872 1.053 0.928 1.257 0.934 9.768 0.971 11.677
NI 0.873 1.051 0.931 1.265 0.891 8.390 0.944 10.027
Jeffreys 0.885 1.089 0.939 1.310 0.895 8.471 0.947 10.123

Table 3.3: Coverage probabilities and average interval length for the PLP parameters (E [1;|¢] = 20).

Bi i
0.90 0.95 0.90 0.95

Cov. Aver. Cov. Aver. Cov. Aver. Cov. Aver.

prob. int. length prob. int. length prob. int. length prob. int. length
k=20
PEB 0.848 0.848 0.906 1.012 0.993 23.132 0.998 27.682
NI 0.874 0.884 0.933 1.062 0.872 11.762 0.931 14.071
Jeffreys 0.883 0.914 0.937 1.097 0.864 11.864 0.917 14.185
k=50
PEB 0.882 0.882 0.936 1.052 0.977 17.500 0.993 20.902
NI 0.884 0.888 0.940 1.063 0.890 11.997 0.943 14.325
Jeffreys 0.891 0.903 0.944 1.081 0.895 12.151 0.947 14.506
k=280
PEB 0.890 0.890 0.943 1.061 0.961 15.745 0.986 18.797
NI 0.891 0.892 0.945 1.066 0.892 12.058 0.944 14.391
Jeffreys 0.895 0.902 0.947 1.079 0.894 12.150 0.947 14.501

Chains of size 20,000, using the scheme presented in Section 4.1, were used to obtain the fitted

values from our proposed approach. We discarded the first 10,000 values of chains as burn-in and

the last 10,000 steps were used as a sample from the posterior distribution p(¢|D). In Figure

3.2 it is possible to compare the effect of the different prior choices for ¢. One can see that the

use of the noninformative prior results in a more diffuse posterior distribution for ¢ (Figure 3.2

(a) and (b)), when it is compared to the Jeffrey’s prior (Figure 3.2 (¢) and (d)). Furthermore,

the posterior distribution of ¢ based on the Jeffreys’ prior seems to be concentraed around the

maximum likelihood estimates of ¢, (a, = 3.07, 13,7 =1.33,a5 = 5.93, 135 = 5.77).

Finnaly, we compare the empirical Bayes (PEB), noninformative and Jeffreys estimates of the
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Figure 3.1: Event plot of 16 valves.

3000

PLP parameters. The shape parameter 3; indicates whether the system is deteriorating (5; > 1), or

improving (3; < 1), and the scale parameter n; = E [N;(7)] indicates the expect number of failures by

the truncation time. Table 3.4 shows posterior means and 90% intervals for 3; and 7;. The posterior

means were approximated by sample means, for example, E [§;|D;, @]

~ (10,000)

where {ﬁl(m)} is a sample obtained with the scheme presented in Section 4.1.

1 210 ,000 /B(m

Table 3.4: Estimates of the PLP parameters for valve data: posterior means (90% intervals in parentheses).

Bi 7
Val.lve PEB NI Jeffreys PEB NI Jeffreys
I 1.13 (0.68,1.67)  1.06 (0.65;1.62)  1.14 (0.65;1.79)  4.75 (2.09;8.20) _ 3.69 (1.97,6.58) _ 5.10 (2.63;5.65)
2 0.88 (0.52;1.31)  0.87 (0.52;1.27)  0.86 (0.48;1.34)  4.32 (1.87;7.60)  3.45 (1.90;6.09)  4.72 (2.40;7.93)
3 1.09 (0.59;1.71)  1.01 (0.57;1.63)  1.12 (0.54;1.94)  3.04 (1.21;5.54)  2.71 (1.48;4.52)  3.26 (1.49;5.74)
4 0.48 (0.26;0.76)  0.56 (0.27;0.88)  0.45 (0.19;0.75)  3.04 (1.21;5.54)  2.71 (1.48;4.52)  3.27 (1.50;5.79)
5 0.94 (0.46;1.55)  0.91 (0.46;1.50)  0.93 (0.38;1.69)  2.18 (0.77;:4.16)  2.23 (1.06;3.64)  2.29 (0.84;4.29)
6 1.26 (0.62;2.10)  1.17 (0.58;2.19)  1.54 (0.59;3.24)  2.18 (0.77;4.16)  2.23 (1.07;3.62)  2.28 (0.83;4.36)
7 1.10 (0.51;1.88)  1.04 (0.50;1.89)  1.24 (0.43;2.56)  1.75 (0.56;3.47)  1.98 (0.78;3.32)  1.79 (0.50;3.61)
8 1.03 (0.48;1.75)  0.98 (0.47;1.71)  1.09 (0.38;2.19)  1.75 (0.56;3.47)  1.98 (0.79;3.31)  1.78 (0.49;3.52)
9 1.15 (0.53;1.95)  1.08 (0.52;1.96)  1.36 (0.46;2.99)  1.75 (0.56;3.47)  1.99 (0.80;3.29)  1.79 (0.49;3.60)
10 1.10 (0.51;1.88)  1.04 (0.36;1.28)  1.24 (0.43;2.58)  1.75 (0.56;3.47)  1.97 (0.80;3.26)  1.78 (0.50;3.55)
11 0.77 (0.36;1.31)  0.78 (0.51;1.88)  0.71 (0.23;1.33)  1.75 (0.56;3.47)  1.99 (0.81;3.33)  1.81 (0.50;3.62)
12 1.07 (0.50;1.82)  1.02 (0.49;1.81)  1.16 (0.43;2.33)  1.75 (0.56;3.47)  2.00 (0.78;3.33)  1.78 (0.51;3.56)
13 1.19 (0.55;2.03)  1.12 (0.52;2.12)  1.51 (0.50;3. 47) 1.75 (o 56;3.47)  1.98 (0.77;3.27)  1.78 (0.50;3.60)
14 1.20 (0.55;2.04)  1.12 (0.53;2.12)  1.53 (0.50;3.52)  1.75 (0.56;3.47)  1.98 (0.78;3.25)  1.79 (0.49;3.56)
15 1.03 (0.48;1.74)  0.97 (0.47;1.68)  1.08 (0.38:2.13)  1.75 (0.56;3.47)  1.98 (0.81;3.29)  1.79 (0.50;3.60)
16 1.02 (0.48;1.74)  0.97 (0.47;1.70)  1.07 (0.38;2.12)  1.75 (0.56;3.47)  1.97 (0.76;3.28)  1.80 (0.52;3.62)

We have found similar results for all three approaches, specially for §;. For all the 16 systems,

the 90% intervals for parameters (; contains the value 1, indicating that the systems follow an
homogeneous Poisson process (constant intensity). Note that, in general, the intervals for j; for

systems with more failures are smaller than these for systems with only one failure. On the other
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Figure 3.2: Contour plots of the marginal likelihood with posterior distributions of ¢ based on the noninformative
((a) and (b)) and Jeffreys’ ((c) and (d)) priors.

hand, the estimates for 7; are indicating that we could expect different number of failures for each
system. We can see that the intervals produced by the Jeffreys’ prior are wider than the intervals
produced by the noninformative prior. However, it is possible that the Jeffreys’ prior are getting

better results as indicated by the simulations presented in Section 5.

7 Conclusions

In this paper we discussed the choice of the prior distribution for the hyperparameters of a hiear-
archical PLP model. This model has interesting properties for the analysis of multiple repairable
systems. However, the choice of hyperparameters prior is allways a difficult task. We developed al-
ternatives approachs to the prior distribution proposed by Ryan et al. (2011). The first approach is
a parametric empirical Bayes with adjusted posterior variances to take into account the uncertainty

in estimating ¢. The second approach is a Jeffreys’ prior for ¢. The resulting complex posterior dis-



3 DERIVATION OF THE FISHER INFORMATION MATRIX I(¢) 42

tribution need Markov Chain Monte Carlo methods to approximate it. We showed how an adaptive
Metropolis can be used to accomplish this task. Comparisons between the three approaches were
made by simulations and a real data set illustration. Jeffreys’ prior seems to be a promise method
as a “default” (or objective) Bayesian analysis.
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A Derivation of the Fisher Information matrix /(¢)

The contribution of the i-th system for the log-likelihood function of the marginal model (3.6) is

logp(D;|¢) = logI'(a, + n;) —logI'(ay,) + aylogb, — (a, + n;)log(b, + 1)
+ logI'(ag + n;) —logI'(ag) + aglogbg — (ag + n;) log(bg + w;)
— ) logty;. (3.30)
j=1

From (3.30) it is easy to note that

T logp(Dild) = 52 logp(Dild) = =0 logp(Dilg) =
dandag o Bandbs SN T B 0ag PPN T Gb,0bs

log p(Di|¢) = 0,

and it follows that the Fisher Information matrix for one system is

ianay Gagh, 0 0
ianby  byby O 0
0 0 dagas fagby |
0 0 daghy Tbsbs

whose elements are given by

r 2
ianan = E _aQIng(Di‘é)] :E[w/(an) _w/(an‘i‘Ni)L

8%
oy = B[O togp(Do)| =
fabn = T Gagaby SN T T by 1)

[an an+ N; }
b2 (by+1)?

. A
by, = E _ (%2 log p(D; W)}

. 9?2
lagay = E rr % log p(Di|¢) | = E[¢'(ag) —¢'(ag + Ny)],
o 1 1

) 0?2
ibghy = E 8b2 log p(D;|®)

ag ag + N;
by (bg + Wi)?
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The elements 44,4, and iq,q, depend upon a expectation of the ¢rigamma function, and have
no closed form and their computation are detailed in Appendix B. Element iy, 5, depends only by
E[N;] = a,/by, and is given by a,/(b(b, + 1)). Finally, the elements iqp, and iy, depend upon
expectations with respect of the statistic W;. Using the law of iterated expectations, we get that
iagbg =E [E [(bg + Wz)‘NzH — bgl and ibBbB = ag/bg —E [(ag + Nl)E [(b@ + ‘/VZ)_Q‘NZ]] Using the
fact that

n;—1

> > I'(ag + ni) wi by
p(w;ilng, ¢)dw; = / X ——dw; =1,
/o o T(ni)T(ag)  (bg + w;)*stm

we obtain the following identity

n;—1

oo Vi F i F —a

/ gy = )@8) s (3.31)
0 (bﬁ + U}Z‘)aBJrnl F(ag + nz)

With this fact, it is possible to solve the inner expectations E [(bg + W;) 7' |N; = n;] = ag/(bs(as +
n;)) and E [(bg+W;)2|N; = n;] = ag(aﬂ+1)/(b%(a5+ni)(a5+ni+1)) using (3.31) with ag = ag+1

and ag = ag + 2, respectively. Now, the elements lagbg and ibghy CAN be written as
. 1 _ . a _
tagbg = bs {agE[(ap + Ni)7'] = 1} and dpyp, = bﬁﬂ {1—(ag+ DE[(ag + N; +1)7 ']},
B

The Fisher Information matrix of the marginal model (3.6) is given by summing up in i each of

the elements of the Fisher Information matrix for one system.

B Computation of the Jeffreys’ prior p;(¢)

In order to compute the Jeffreys’ prior for the hierarchical PLP model it is necessary to evaluate the
elements of the Fisher Information matrix 1(¢). Some of these elements, Toyans Lagags Lagbss Tosbg:
have no closed form, depending upon positive series. Here we show how to efficiently approximate

these series. For example, note that element (3.24) is given by

wmm(%ﬁl>"+2¥m%+mmm;ww4},

gy = D) (b N1
p(N1 =rl|¢) = F(Zn)rl (bnll> (bn+1> ‘

Let ¢, = ¢/(ay, + r)p(N1 = 7|¢) be the general term of the series S =Y 77, ¢, then

k(4! (an) — E [/ (ay + N1)]) = k {w’(an) -

where

i Watr D) pVi=r+1]9)

¢ P! (an +7) p(N1 =r|¢)

B %_K%+HWWLWW%+ﬂ}XQ+?:;>XQ;H)'

Note that ¢/(a, + 7+ 1) = ¢¥'(ay, + ) — 1/(ay + r)?, and lim, o0 (ay + )¢’ (ay +7) = 1 (see
Jeffreys and Jeffreys, 1950, pg. 466), then lim, o ¢ q1/¢ = (b,7+1)_1 = L < 1. The series S can be
bounded above and below by the sequences L, = S,+¢,(L/(1—L)) and U, = Sp+cr1/(1—crt1/cr),
respectively, where S, = Y~ ¢ is the r-th partial sum (see Braden, 1992). To approximate S with
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error less than e (for example, ¢ = 107%), we could use the value r with U, — L, < 2¢ and take the
middlepoint of the interval (L., U, ). Approximations for the series in the elements (3.27)-(3.29) are

given in a similar way.
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