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✸✳✶ ❙✐*-❡♠❛ ❞❡ ❝!♦##❞♦❝❦✐♥❣ ❛ *❡& ❛❜♦&❞❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✷ ❆❜♦&❞❛❣❡♠ ❞❡ *❡8✉❡♥❝✐❛♠❡♥-♦ ❝♦♠ ✐♥❞❡①❛(;♦ ♥♦ -❡♠♣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✹✳✶ ●&>✜❝♦ &❡♣&❡*❡♥-❛-✐✈♦ ❞❛ ❋✉♥(;♦ ❞♦ ❞✉❛❧ ▲❛❣&❛♥❣❡❛♥♦ ▲✭π✮ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✺✳✶ ●&>✜❝♦ &❡♣&❡*❡♥-❛-✐✈♦ ❞❛ ❝♦♥✈❡&❣H♥❝✐❛ ❞♦ ❛❧❣♦&✐-♠♦ ❞❡ ❣❡&❛(;♦ ❞❡ ❝♦❧✉✲

♥❛*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✺✳✷ ❉✐♥K♠✐❝❛ ❡♥-&❡ L▼❘ ❡ ❙❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✸ L*❡✉❞♦✲❆❧❣♦&✐-♠♦ ❤❡✉&Q*-✐❝❛ ♣&♦♣♦*-❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✻✳✶ ❉✐♥K♠✐❝❛ ❚❡*-❡ ●❡&❛(;♦ ❞❡ ❈♦❧✉♥❛* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✻✳✷ L*❡✉❞♦✲❆❧❣♦&✐-♠♦ ❚❡*-❡ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✻✳✸ ❉✐♥K♠✐❝❛ ❚❡*-❡ ✷ ✲ ❍❡✉&Q*-✐❝❛ ❡ ●❡&❛(;♦ ❞❡ ❈♦❧✉♥❛* ❝♦♠ ❣❛&❛♥-✐❛ ❞❡

❖-✐♠❛❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✻✳✹ L*❡✉❞♦✲❆❧❣♦&✐-♠♦ ❚❡*-❡ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✻✳✺ ❉✐♥K♠✐❝❛ ❚❡*-❡ ✸ ✲ ❍❡✉&Q*-✐❝❛ ❡ ●❡&❛(;♦ ❞❡ ❈♦❧✉♥❛* *❡♠ ❣❛&❛♥-✐❛ ❞❡

❖-✐♠❛❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
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✹✳✶ ❙✉♠&'✐♦ ❞❛, ■♥,/0♥❝✐❛, ●❡'❛❞❛, ♣❛'❛ ❚❡,/❡ ✲ ❘❡❧❛①❛:;♦ ▲❛❣'❛♥❣❡❛♥❛ ✳ ✸✻

✹✳✷ ❈♦♠♣❛'❛:;♦ ❡♥/'❡ ▼♦❞❡❧♦ ❖'✐❣✐♥❛❧✱ ❘❡❧❛①❛:;♦ ▲✐♥❡❛' ❡ ❘❡❧❛①❛:;♦ ▲❛✲

❣'❛♥❣❡❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✺✳✶ ❊①❡♠♣❧♦ ❞❡ ❆♣❧✐❝❛:;♦ ❞❛ ❤❡✉'J,/✐❝❛ ♣'♦♣♦,/❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✺✳✷ ❘❡,✉❧/❛❞♦ ✐/❡'❛:;♦ ✶ ❞❛ ❤❡✉'J,/✐❝❛ ♣'♦♣♦,/❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✸ ❘❡,✉❧/❛❞♦ ✐/❡'❛:;♦ ✷ ❞❛ ❤❡✉'J,/✐❝❛ ♣'♦♣♦,/❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✻✳✶ ❉❡,❝'✐:;♦ ❉❛❞♦, ❈♦❧❡/❛❞♦, ♥♦, ❚❡,/❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✻✳✷ ❙✉♠&'✐♦ ❞❛, ■♥,/0♥❝✐❛, ●❡'❛❞❛, ♣❛'❛ ❚❡,/❡ ✲ ●❡'❛:;♦ ❞❡ ❈♦❧✉♥❛, ✳ ✳ ✳ ✺✺

✻✳✸ ❈♦♠♣❛'❛:;♦ ❡♥/'❡ ❋♦'♠✉❧❛:;♦ ❖'✐❣✐♥❛❧✱ ❘❡❧❛①❛:;♦ ▲✐♥❡❛' ❡ ●❡'❛:;♦ ❞❡

❈♦❧✉♥❛, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✻✳✹ ❈♦♠♣❛'❛:;♦ ❡♥/'❡ ❋♦'♠✉❧❛:;♦ ❖'✐❣✐♥❛❧✱ ❘❡❧❛①❛:;♦ ▲✐♥❡❛' ❡ ❚❡,/❡ ✷ ✳ ✳ ✻✺

✻✳✺ ❈♦♠♣❛'❛:;♦ ❡♥/'❡ ❋♦'♠✉❧❛:;♦ ❖'✐❣✐♥❛❧✱ ❘❡❧❛①❛:;♦ ▲✐♥❡❛' ❡ ❚❡,/❡ ✸ ✳ ✳ ✻✻

✻✳✻ ❈♦♠♣❛'❛:;♦ ❡♥/'❡ ❋♦'♠✉❧❛:;♦ ❖'✐❣✐♥❛❧✱ ❚❡,/❡, ✷ ❡ ❚❡,/❡ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
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❈❛♣#$✉❧♦ ✶

■♥$+♦❞✉-.♦

✶✳✶ ❈♦♥%❡①%✉❛❧✐③❛-.♦

❊♠ "❡❞❡% ❞❡ ❞✐%'"✐❜✉✐*+♦ '"❛❞✐❝✐♦♥❛✐%✱ ♦ ❝♦♥❝❡✐'♦ ❞❡ ❝❡♥'"♦ ❞❡ ❞✐%'"✐❜✉✐*+♦

1 ❛♠♣❧❛♠❡♥'❡ ❛❞♦'❛❞♦ ♣♦" ❡♠♣"❡%❛% 4✉❡ ♦❢❡"'❛♠ ✉♠❛ ❛❧'❛ ✈❛"✐❡❞❛❞❡ ❡ ✈♦❧✉♠❡ ❞❡

♣"♦❞✉'♦%✱ ❣❡"❛❧♠❡♥'❡ ♦"✐❣✐♥❛❞♦% ❞❡ ❞✐✈❡"%❛% ❢♦♥'❡% ❡ %❡♥❞♦ ♣"♦❞✉③✐❞♦% ♦✉ ❝♦♠♣"❛❞♦%

♣❛"❛ "❡✈❡♥❞❛✳ ❊%%❡% ❜❡♥% %+♦ ❞❡%'✐♥❛❞♦% ❛ ✉♠❛ ❣"❛♥❞❡ 4✉❛♥'✐❞❛❞❡ ❞❡ ❝❧✐❡♥'❡% ♦✉

♣♦♥'♦% ❞❡ ❡♥'"❡❣❛✳ ❊♠ %✐%'❡♠❛% ❞❡ ❣"❛♥❞❡ ❡%❝❛❧❛✱ %❡"✐❛ ❡❝♦♥♦♠✐❝❛♠❡♥'❡ ✐♠♣"❛'✐❝:✈❡❧

❡ ✐♥❡✜❝✐❡♥'❡ ❞❡❞✐❝❛" ✉♠ ❝❛""❡❣❛♠❡♥'♦ ❡①❝❧✉%✐✈♦ ❞❡ ✉♠ ❢♦"♥❡❝❡❞♦" ❛ ✉♠ ❝❧✐❡♥'❡✳ ❊%':

❝❛❞❛ ✈❡③ ♠❛✐% ❝♦♠✉♠ ❝❛♠✐♥❤>❡% ✈✐❛❥❛"❡♠ ❝♦♠ ❝❛"❣❛ ✐♥❝♦♠♣❧❡'❛✱ ♣♦✐% ♦% ❝❧✐❡♥'❡% ❡%'+♦

♠✉❞❛♥❞♦ ❛% ❝❛"❛❝'❡"@%'✐❝❛% ❞♦% ♣❡❞✐❞♦% ❡ ❡①✐❣✐♥❞♦ ❡♥'"❡❣❛% ❡♠ ♣❡4✉❡♥♦% ❧♦'❡%✱ ♦ 4✉❡

❛✉♠❡♥'❛ ♦ ❝✉%'♦ ✉♥✐':"✐♦ ❞❡ '"❛♥%♣♦"'❡✳ ❙♦♠❛❞♦ ❛ ❡%%❡ ❢❛'♦✱ ❡%': ♦ ❡❧❡✈❛❞♦ ♥B♠❡"♦ ❞❡

♣♦%%@✈❡✐% "♦'❛%✱ ♦ 4✉❡ ❡①✐❣❡ ✉♠❛ ❢"♦'❛ ❝♦♠ ❣"❛♥❞❡ ♥B♠❡"♦ ❞❡ ✈❡@❝✉❧♦% ❞❡ '"❛♥%♣♦"'❡✳

❊%%❛% ❝♦♠♣❧✐❝❛*>❡% ❞❡"❛♠ ♦"✐❣❡♠ ❛♦% ❝❡♥'"♦% ❞❡ ❞✐%'"✐❜✉✐*+♦ ❝❧:%%✐❝♦%✱ 4✉❡ %+♦ ✉♥✐❞❛❞❡%

❡%♣❡❝✐❛❧✐③❛❞❛% ❝♦♠ ❛ ❢✉♥*+♦ ❞❡ ❝♦♥%♦❧✐❞❛" ❡ ❛"♠❛③❡♥❛" ♣"♦❞✉'♦% ❞❡ ❞✐✈❡"%❛% ❢♦♥'❡% ♣❛"❛

%❡"❡♠ ❞✐%'"✐❜✉@❞♦% ❛ ♣♦♥'♦% ❞❡ "❡✈❡♥❞❛ ♦✉ ❝❧✐❡♥'❡% ✜♥❛✐%✳

❖ ♣❛♣❡❧ ♣"✐♥❝✐♣❛❧ ❞❡ ✉♠ ❝❡♥'"♦ ❞❡ ❞✐%'"✐❜✉✐*+♦ '"❛❞✐❝✐♦♥❛❧ 1 ❡%'♦❝❛" ❣"❛♥❞❡%

4✉❛♥'✐❞❛❞❡% ❞❡ ♣"♦❞✉'♦%✱ ♣♦%%✐❜✐❧✐'❛♥❞♦ ♣❡4✉❡♥❛% ❡♥'"❡❣❛% ❛ ❞❡%'✐♥♦% ❡%♣❡❝@✜❝♦%✳ ❆%

♦♣❡"❛*>❡% ❞❡ ❛"♠❛③❡♥❛❣❡♠ "❡4✉❡"❡♠ ❡%❢♦"*♦% ❞❡ "❡❝❡❜✐♠❡♥'♦ ❡ %❡♣❛"❛*+♦ ❞❡ ♠❛'❡✲

"✐❛✐%✱ ❛❧♦❝❛*+♦ ❡ '"❛♥%♣♦"'❡ ✐♥'❡"♥♦ ❞❡ ♣"♦❞✉'♦%✱ ♦❝❛%✐♦♥❛♥❞♦ ❝✉%'♦% ❞❡ ♠❛♥✉%❡✐♦ ❡

❛❝♦♠♦❞❛*+♦✱ ❣❡"❛❧♠❡♥'❡ "❡❧❛❝✐♦♥❛❞♦% ❛ ✐♥✈❡%'✐♠❡♥'♦% ❡♠ '❡❝♥♦❧♦❣✐❛ ❞❛ ✐♥❢♦"♠❛*+♦✱

❡4✉✐♣❛♠❡♥'♦ ♣❛"❛ '"❛♥%♣♦"'❡✱ ♣❡%%♦❛❧ ❡ ❡%♣❛*♦ ❢@%✐❝♦✳ ❯♠❛ ✈❡③ ❢❡✐'❛ ❛ ❛"♠❛③❡♥❛❣❡♠✱

♦ ♦✉'"♦ ♣"♦❜❧❡♠❛ ♦♣❡"❛❝✐♦♥❛❧ 1 ❛ ❛'✐✈✐❞❛❞❡ ❞❡ ❝♦❧❡'❛✱ ♦✉ picking✱ ❞♦% ♣"♦❞✉'♦% ♣❛"❛

❡♥'"❡❣❛✳ ❆% ❡%'"❛'1❣✐❛% ❞❡ picking %+♦ ❡%'✉❞❛❞❛% ♣♦✐% ❛❢❡'❛♠ ❞✐"❡'❛♠❡♥'❡ ♦ ❞❡%❡♠♣❡✲
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✶✳✶ ✲ ❈♦♥&❡①&✉❛❧✐③❛./♦ ✷

♥❤♦ ❞❡&&❡ '✐♣♦ ❞❡ ❝❡♥'+♦ ❞❡ ❞✐&'+✐❜✉✐./♦✱ ♣♦+1✉❡ ❛ ❡✜❝✐4♥❝✐❛ ❞❛ ❝♦❧❡'❛ ❞❡'❡+♠✐♥❛+7 ❛

❡✜❝✐4♥❝✐❛ ❞❡ ❛'❡♥❞✐♠❡♥'♦ ❛♦ ❝❧✐❡♥'❡ ❡ ♦ ♥8✈❡❧ ❞❡ &❡+✈✐.♦✳ ❆&&✐♠✱ ❞❡ ❢♦+♠❛ &❡♠❡❧❤❛♥'❡

=& ❛'✐✈✐❞❛❞❡& ❞❡ ❛+♠❛③❡♥❛❣❡♠✱ ❛& ❛'✐✈✐❞❛❞❡& ❞❡ picking &/♦ +❡&♣♦♥&7✈❡✐& ♣♦+ ❝✉&'♦&

♦♣❡+❛❝✐♦♥❛✐& ❡❧❡✈❛❞♦&✱ ❡♥✈♦❧✈❡♥❞♦ ♠❛♥✉&❡✐♦ ❡ '+❛♥&♣♦+'❡ ✐♥'❡+♥♦ ❞❡ ♠❛'❡+✐❛✐& ♥❡&&❡&
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❡ )2❛❜❛❧❤♦ ✈✐4❛♥❞♦ ❛ ♠❡❧❤♦2❛ ❞❛ ❡✜❝✐P♥❝✐❛ ❧♦❣74)✐❝❛ ❞❡44❛4 ❡♠♣2❡4❛4✳

A♦2 ♦✉)2♦ ❧❛❞♦✱ ❛♣❡4❛2 ❞❛4 ✈❛♥)❛❣❡♥4 ♦❜)✐❞❛4 ❝♦♠ ❡44❛ ♥♦✈❛ ❡4)2❛)-❣✐❛ ❧♦❣74)✐❝❛✱

❛❧❣✉♥4 ❝✉✐❞❛❞♦4 ❞❡✈❡♠ 4❡2 )♦♠❛❞♦4✳ A❛2❛ 3✉❡ ❛ ❝❛❞❡✐❛ ❞❡ 4✉♣2✐♠❡♥)♦4 ❢✉♥❝✐♦♥❡ ❞❡

♠❛♥❡✐2❛ ❡✜❝✐❡♥)❡✱ )♦❞♦4 ♦4 ♣❛2)✐❝✐♣❛♥)❡4 ❞❛ ❝❛❞❡✐❛ ❞❡✈❡♠ ❡4)❛2 ❡♥✈♦❧✈✐❞♦4 ♥❛ ❜✉4❝❛ ❞❛

❡①❝❡❧P♥❝✐❛ ♥♦ ❢✉♥❝✐♦♥❛♠❡♥)♦ ❞♦ 4✐4)❡♠❛✱ )❛♥)♦ ♥❛ ❣❡4)J♦ ❞❡ ♠❛)❡2✐❛✐4✱ 3✉❛♥)♦ ♥❛ ❣❡4)J♦

❞❛ ✐♥❢♦2♠❛IJ♦✱ ♣♦2 ❡①❡♠♣❧♦✱ ❝♦♥❤❡❝❡2 ❛ ❤♦2❛ ❞❡ ❝❤❡❣❛❞❛ ❡ ♣❛2)✐❞❛ ❞❡ ❝❛♠✐♥❤Q❡4✱ ❛

❧♦❝❛❧✐③❛IJ♦ ❞❛ ❢2♦)❛ ❡ ❛4 ✐♥❢♦2♠❛IQ❡4 ❞❛ ❝❛2❣❛✳ ❆ ✉)✐❧✐③❛IJ♦ ❞❡44❛4 ✐♥❢♦2♠❛IQ❡4 ♣❡2♠✐)❡

3✉❡ ❛4 ✐♥4)❛❧❛IQ❡4 ♣❧❛♥❡❥❡♠ 4✉❛4 ♦♣❡2❛IQ❡4 ❛♥)❡4 ❞♦ 2❡❝❡❜✐♠❡♥)♦ ❞❛4 ♠❡2❝❛❞♦2✐❛4✱ ❛❧-♠

❞❡ ♣❡2♠✐)✐2 )❛♠❜-♠ ♦ ♣❧❛♥❡❥❛♠❡♥)♦ ❡ ❣❡2❡♥❝✐❛♠❡♥)♦ ❞❡ 4✉❛ ❝❛♣❛❝✐❞❛❞❡✳ ❙❡❣✉❡ ❛❜❛✐①♦

❛❧❣✉♠❛4 ❞❛4 ❢❡22❛♠❡♥)❛4 ✉)✐❧✐③❛❞❛4 ♥❛ ❣❡4)J♦ ❞❡ ✐♥❢♦2♠❛IQ❡4 ❡♠ ❝❛❞❡✐❛4 ❞❡ 4✉♣2✐♠❡♥)♦4

❬✶❪✿

• ❊❧❡#$♦♥✐❝ ❉❛#❛ ■♥#❡$❝❤❛♥❣❡ ✿ ■♥)❡2❝V♠❜✐♦ ❞❡ ❞♦❝✉♠❡♥)♦4 ❡ ✐♥❢♦2♠❛IQ❡4 ❡♥)2❡ ❡♠✲

♣2❡4❛4✳

• ❈X❞✐❣♦4 ❞❡ ❜❛22❛✳

• ❘H❞✐♦ ❋2❡3✉P♥❝✐❛✿ ❯)✐❧✐③❛❞❛ ♣❛2❛ ✐❞❡♥)✐✜❝❛2✱ ❧♦❝❛❧✐③❛2 ❡ ❞❡)❡2♠✐♥❛2 ❛ ❝♦♥❞✐IJ♦

❞♦4 ✐)❡♥4✳

• ❲❛$❡❤♦✉0❡ ▼❛♥❛❣❡♠❡♥# ❙②0#❡♠ ✿ ❙✐4)❡♠❛ ❞❡ ❣❡4)J♦ ♣♦2 4♦❢)✇❛2❡ ❝♦♠ ❛❧)♦ ♥7✈❡❧

❞❡ ❝♦♥)2♦❧❡ ❡ ❛❝✉2❛❝✐❞❛❞❡ ❞♦ ✐♥✈❡♥)H2✐♦✳

❖ ❝❡♥)2♦ ❞❡ crossdocking✱ ❛44✐♠ ❝♦♠♦ ❝❡♥)2♦4 ❞❡ ❞✐4)2✐❜✉✐IJ♦ )2❛❞✐❝✐♦♥❛✐4✱

✐♥)2♦❞✉③ ✉♠ ♣♦♥)♦ ❛❞✐❝✐♦♥❛❧ ❡♥)2❡ ❛ ♦2✐❣❡♠ ❡ ♦ ❞❡4)✐♥♦✱ ❡♠ ❝♦♥)2❛4)❡ ❝♦♠ ❡♥)2❡❣❛4

2❡❛❧✐③❛❞❛4 ♣♦♥)♦✲❛✲♣♦♥)♦ ❡♥)2❡ ❢♦2♥❡❝❡❞♦2 ❡ ❝❧✐❡♥)❡✳ ❈❛22❡❣❛♠❡♥)♦4 ♣♦♥)♦✲❛✲♣♦♥)♦ 4J♦

✐♥✈✐H✈❡✐4 ❡❝♦♥♦♠✐❝❛♠❡♥)❡ ❡♠ 2❡❞❡4 ❞❡ ❞✐4)2✐❜✉✐IJ♦ ❞❡ ❧❛2❣❛ ❡4❝❛❧❛✱ ❡♥)2❡)❛♥)♦✱ - ❛

01♦❣1❛♠❛ ❞❡ 056 ●1❛❞✉❛./♦ ❡♠ ❊♥❣❡♥❤❛1✐❛ ❞❡ 01♦❞✉./♦ ✲ 0♣❣❡♣✴❯❋▼●



✶✳✷ ✲ ❖❜❥❡(✐✈♦, ✺

♠❛♥❡✐&❛ ♠❛✐' &(♣✐❞❛ ❝♦♠ -✉❡ ❛' ❡♥/&❡❣❛' ❝❤❡❣✉❡♠ ❛♦ ❝❧✐❡♥/❡ ✜♥❛❧✱ ❛''✉♠✐♥❞♦ -✉❡

-✉❛♥/♦ ♠❛✐' ♣♦♥/♦' ✐♥/❡&♠❡❞✐(&✐♦'✱ ♠❛✐♦& '❡&( ♦ /❡♠♣♦ ♥❡❝❡''(&✐♦ ♣❛&❛ ❝♦♥❝❧✉✐& /♦❞♦ ♦

/&❛❥❡/♦ ❡♥/&❡ ❢♦&♥❡❝❡❞♦& ❡ ❝❧✐❡♥/❡✳ ❆♦ ❛❞✐❝✐♦♥❛& ✉♠ ♥♦✈♦ ♣♦♥/♦ ❞❡ ❞❡'❝❛&❣❛ ❡ ❝❛&❣❛ ♥❛

❝❛❞❡✐❛✱ ♦ ♣&♦❝❡''♦ ❞❡ ❞✐'/&✐❜✉✐;<♦ '❡ /♦&♥❛ ♠❛✐' ❧❡♥/♦✱ ❣❡&❛♥❞♦ /❛♠❜=♠ ✉♠❛ -✉❛♥/✐❞❛❞❡

❝♦♥'✐❞❡&(✈❡❧ ❞❡ ❞✉♣❧❛ ♠❛♥✐♣✉❧❛;<♦ ❞❡ ♣&♦❞✉/♦'✳ ❉❡''❛ ❢♦&♠❛✱ = ♥❡❝❡''(&✐♦ -✉❡ '❡

✐♠♣❧❡♠❡♥/❡ ♠=/♦❞♦' ❡✜❝✐❡♥/❡' ❞❡ /&❛♥'❢❡&?♥❝✐❛ ❞❡ ❝❛&❣❛ ❡♠ ✉♠ ❝❡♥/&♦ ❞❡ crossdocking✱

♥♦' -✉❛✐' ❛' ❞❡'❝❛&❣❛' ❡ ❝❛&❣❛' '<♦ ❡✜❝✐❡♥/❡♠❡♥/❡ '✐♥❝&♦♥✐③❛❞❛' ❞❡ ❢♦&♠❛ ❛ ♠❛♥/❡& ♦

♥A✈❡❧ ❞❡ ❡'/♦-✉❡ ❜❛✐①♦ ❡ ❛''❡❣✉&❛& ❛' ❡♥/&❡❣❛' ❛ /❡♠♣♦ ❬✻❪✳ ❊''❛ ♥❡❝❡''✐❞❛❞❡ ❞❡✉ ♦&✐❣❡♠

❛♦' ♣&♦❜❧❡♠❛' ❞❡ '❡-✉❡♥❝✐❛♠❡♥/♦ ❡♠ ✉♠ ❝❡♥/&♦ ❞❡ crossdocking✱ -✉❡ = ♦ ❡'❝♦♣♦ ❞❡'/❡

/&❛❜❛❧❤♦✳ ❊''❡ ♣&♦❜❧❡♠❛ ❝♦♥'✐'/❡ ♥❛ ❞❡/❡&♠✐♥❛;<♦ ❞❛ '❡-✉?♥❝✐❛ ♥❛ -✉❛❧ ❝❛♠✐♥❤G❡'

'<♦ ❞❡'❝❛&&❡❣❛❞♦' ♥❛' ❞♦❝❛' ❞❡ ❡♥/&❛❞❛ ❡ ❝❛&&❡❣❛❞♦' ♥❛' ❞♦❝❛' ❞❡ '❛A❞❛✱ ❞❡ ❢♦&♠❛ ❛

♦/✐♠✐③❛& ✉♠❛ ❢✉♥;<♦ ♦❜❥❡/✐✈♦ ❞❡✜♥✐❞❛ ♣&❡✈✐❛♠❡♥/❡✱ ❝♦♠♦ ♠✐♥✐♠✐③❛& ♦ /❡♠♣♦ /♦/❛❧ ❞❡

❝♦♥❝❧✉'<♦ ❞❛' /❛&❡❢❛' ✭makespan✮✱ ❡♥/&❡ ♦✉/&❛'✳ ❊''❛ = ✉♠❛ ❞❡❝✐'<♦ ❞❡ ❝✉&/♦ ♣&❛③♦ -✉❡

'✉&❣❡ ♥♦ ❞✐❛✲❛✲❞✐❛ ❞❛ ♦♣❡&❛;<♦ ❞♦ ❝❡♥/&♦ ❞❡ Crossdocking✱ ❡ -✉❡ ✐♠♣❛❝/❛ ❞✐&❡/❛♠❡♥/❡

♥♦ ♥A✈❡❧ ❞❡ '❡&✈✐;♦ ❛♦ ❝❧✐❡♥/❡ ✜♥❛❧✳

✶✳✷ ❖❜❥❡'✐✈♦+

❉❡ ❛❝♦&❞♦ ❝♦♠ ❬✻❪✱ ♦ ♣&♦❜❧❡♠❛ ❞❡ '❡-✉❡♥❝✐❛♠❡♥/♦ ❞❡ ❝❛♠✐♥❤G❡' ❛''♦❝✐❛❞♦

❛♦ ❝♦♥/❡①/♦ ❞❡ ❝❡♥/&♦ ❞❡ crossdocking✱ ♣&♦❝✉&❛ ❞❡❝✐❞✐& ❛ '❡-✉?♥❝✐❛ ❞❡ ♣&♦❝❡''❛♠❡♥/♦

❞♦' ❝❛♠✐♥❤G❡' ♥❛' ❞♦❝❛' ❞❡'/❡ ❝❡♥/&♦✳ ❆❧=♠ ❞✐''♦✱ = ❞❡'/❛❝❛❞♦ ❛ ✐♠♣♦&/K♥❝✐❛ -✉❡ ♦'

♣&♦❝❡''♦' '❡❥❛♠ ❢❡✐/♦' ❞❡ ❢♦&♠❛ &(♣✐❞❛ ❡ ♣♦♥/✉❛❧✱ ❞❡✈✐❞♦ ❛♦ ❢❛/♦ ❞❡ -✉❡ ♠L❧/✐♣❧♦' ♣❡✲

-✉❡♥♦' ❝❛&&❡❣❛♠❡♥/♦' '<♦ ♣&♦❝❡''❛❞♦' ❡♠ ✉♠ ✐♥/❡&✈❛❧♦ ❞❡ /❡♠♣♦ -✉❡ ♣♦❞❡ '❡& ❝✉&/♦✳

❆ -✉❛♥/✐❞❛❞❡ ❞❡ ❞♦❝❛' ❛ '❡&❡♠ /&❛❜❛❧❤❛❞❛' ♣♦❞❡ ✈❛&✐❛& ❞❡ ❛❝♦&❞♦ ❝♦♠ ♦ ❝❡♥(&✐♦ /&❛❜❛✲

❧❤❛❞♦✱ ♥<♦ ❤❛✈❡♥❞♦ ✉♠❛ -✉❛♥/✐❞❛❞❡ ✜①❛✳ ❆❧=♠ ❞✐''♦✱ ♣♦❞❡✲'❡ ❡①/&❛♣♦❧❛& ♦ ♣&♦❜❧❡♠❛

♣❛&❛ ♠❛✐' ❞❡ ✉♠ ❝❡♥/&♦ ❞❡ crossdocking✱ ♣❛&❛ ♣&♦❜❧❡♠❛' -✉❡ ❡♥✈♦❧✈❛♠✱ ♣♦& ❡①❡♠♣❧♦✱

&♦/❡&✐③❛;<♦ ❞❡ ✈❡A❝✉❧♦'✱ ❧♦❝❛❧✐③❛;<♦ ❞❡ ❢❛❝✐❧✐❞❛❞❡'✱ ❡♥/&❡ ♦✉/&♦'✳

❖ ♣&♦❜❧❡♠❛ /&❛/❛❞♦ ♥❡''❡ /&❛❜❛❧❤♦ = ❞❡✜♥✐❞♦ ❞❛ '❡❣✉✐♥/❡ ❢♦&♠❛✿ ❡♠ ✉♠ ❝❡♥✲

/&♦ ❞❡ crossdocking ♥❛ -✉❛❧ ❝❤❡❣❛♠ n ❝❛♠✐♥❤G❡'✱ ❝❛❞❛ ✉♠ ❝❛&&❡❣❛❞♦ ❝♦♠ ✉♠ /✐♣♦

❞❡ ♣&♦❞✉/♦✱ ❞❡✈❡✲'❡ ❞❡'❝❛&&❡❣❛& ♦' ♣&♦❞✉/♦' ❞❡''❡' ❝❛♠✐♥❤G❡' ❡ ❝❛&&❡❣(✲❧♦' ❡♠ m ❝❛✲

♠✐♥❤G❡' ❞❡ '❛A❞❛✱ ❡'/❡' '<♦ &❡'♣♦♥'(✈❡✐' ♣♦& ❝❛&&❡❣❛& ✈(&✐♦' /✐♣♦' ❞❡ ♣&♦❞✉/♦' ♣❛&❛

❞❡'/✐♥♦' ❡'♣❡❝A✜❝♦'✳ ◆❡''❛ ❛❜♦&❞❛❣❡♠✱ ❛ ❞♦❝❛ ❞❡ ❡♥/&❛❞❛ = ❝♦♥'✐❞❡&❛❞❛ ❝♦♠♦ ✉♠❛

♠(-✉✐♥❛ ✭▼✶✮ -✉❡ &❡❛❧✐③❛ ❛ ♦♣❡&❛;<♦ ❞❡ ❞❡'❝❛&&❡❣❛♠❡♥/♦✱ ♦' ❝❛♠✐♥❤G❡' ❞❡ ❝❤❡❣❛❞❛

'<♦ ❥♦❜' -✉❡ ❞❡✈❡♠ '❡& ♣&♦❝❡''❛❞♦' ❡♠ ▼✶✱ ❡ ❛ ❞♦❝❛ ❞❡ '❛A❞❛ = ❝♦♥'✐❞❡&❛❞❛ ❝♦♠♦ ✉♠❛

♠(-✉✐♥❛ ✭▼✷✮ -✉❡ &❡❛❧✐③❛ ❛ ♦♣❡&❛;<♦ ❞❡ ❝❛&&❡❣❛♠❡♥/♦✱ ♦' ❝❛♠✐♥❤G❡' ❞❡ '❛A❞❛ '<♦ ❥♦❜'
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✶✳✸ ✲ ❏✉&'✐❢✐❝❛'✐✈❛ ✻

!✉❡ ❞❡✈❡♠ '❡( ♣(♦❝❡''❛❞♦' ♣♦( ▼✷✳ ❆''✐♠✱ ✉♠ ❞❡3❡(♠✐♥❛❞♦ ❝❛♠✐♥❤6♦ ❞❡ '❛7❞❛ ❞❡✐①❛

♦ ❝❡♥3(♦ ❞❡ crossdocking !✉❛♥❞♦ '❡✉ ♣(♦❝❡''❛♠❡♥3♦ ♣❡❧❛ ♠:!✉✐♥❛ ✷ ❡'3✐✈❡( ❝♦♥❝❧✉7❞♦✳

❈♦♠ (❡❧❛<6♦ ❛♦ ♥=♠❡(♦ ❞❡ ❞♦❝❛' ♥♦ ❝❡♥3(♦✱ ❝♦♥'✐❞❡(❛✲'❡ ♥❡''❡ 3(❛❜❛❧❤♦ !✉❡ ❡①✐'3❡♠

❞✉❛'✱ ✉♠❛ ❞♦❝❛ ❞❡ ❡♥3(❛❞❛ ❡ ♦✉3(❛ ❞❡ '❛7❞❛✳ ❉❡''❛ ❢♦(♠❛✱ ♦ ♣(♦❜❧❡♠❛ B '❡!✉❡♥❝✐❛( ♦

❞❡'❝❛((❡❣❛♠❡♥3♦ ❞♦' ❝❛♠✐♥❤D❡' ❞❡ ❝❤❡❣❛❞❛ ❡ ♦ ❝❛((❡❣❛♠❡♥3♦ ❞♦' ❝❛♠✐♥❤D❡' ❞❡ '❛7❞❛

❞❡ ❢♦(♠❛ ❛ ♠✐♥✐♠✐③❛( ♦ 3❡♠♣♦ 3♦3❛❧ ❞❡ ❝♦♥❝❧✉'6♦ ❞❛' ♦♣❡(❛<D❡'✳

❆''✐♠✱ ♦ ♦❜❥❡3✐✈♦ ❞❡''❡ 3(❛❜❛❧❤♦ B ♣(♦♣♦( ✉♠ ❛❧❣♦(✐3♠♦ ♣❛(❛ (❡'♦❧✈❡( ✉♠ ♣(♦✲

❜❧❡♠❛ ❞❡ '❡!✉❡♥❝✐❛♠❡♥3♦ ❞❡ ❝❛♠✐♥❤D❡' ❡♠ ✉♠ ❝❡♥3(♦ ❞❡ crossdocking !✉❡ ♠✐♥✐♠✐③❡

♦ 3❡♠♣♦ 3♦3❛❧ ❞❡ ❝♦♥❝❧✉'6♦ ❞❛' 3❛(❡❢❛'✳ ➱ ♣(♦♣♦'3♦ ✉♠ ♠♦❞❡❧♦ ❞❡ ♣(♦❣(❛♠❛<6♦ ✐♥3❡✐(❛

❝♦♠ ❢♦(♠✉❧❛<6♦ ❜❛'❡❛❞❛ ❡♠ ✐♥❞❡①❛<6♦ ♥♦ 3❡♠♣♦ ❡ ❡♠ '❡❣✉✐❞❛ '6♦ ♣(♦♣♦'3♦' ❡ ✐♠♣❧❡✲

♠❡♥3❛❞♦' ❞♦✐' ♠B3♦❞♦' ✈✐'❛♥❞♦ ♦❜3❡( ❧✐♠✐3❡' ♣(H①✐♠♦' ❞❛ '♦❧✉<6♦ H3✐♠❛ ❞♦ ♣(♦❜❧❡♠❛✳

❖' ♠B3♦❞♦' ♣(♦♣♦'3♦' '6♦✿ ❘❡❧❛①❛<6♦ ▲❛❣(❛♥❣❡❛♥❛ ❡ ●❡(❛<6♦ ❞❡ ❈♦❧✉♥❛'✳ ❆ ❛♣❧✐❝❛<6♦

❞❡''❡' ♠B3♦❞♦' 3❡♠ ♦ ♦❜❥❡3✐✈♦ ❞❡ ✐❞❡♥3✐✜❝❛( ❛❧3❡(♥❛3✐✈❛' ♣❛(❛ '♦❧✉❝✐♦♥❛( ♦ ♣(♦❜❧❡♠❛

♦(✐❣✐♥❛❧ ❡ ❝♦♠♣❛(❛( ♦ ❞❡'❡♠♣❡♥❤♦ ❞❡ ❝❛❞❛ ♠B3♦❞♦ ❞❡'3❛❝❛❞♦✳

◆♦ ❝❛♣73✉❧♦ '❡❣✉✐♥3❡ ✷✱ B ❛♣(❡'❡♥3❛❞❛ ❛ (❡✈✐'6♦ ❞❡ ❧✐3❡(❛3✉(❛ '♦❜(❡ ♦ 3❡♠❛

❝!♦##❞♦❝❦✐♥❣✳ ❊♠ '❡❣✉✐❞❛✱ ♦ ♠♦❞❡❧♦ ❞❡'❡♥✈♦❧✈✐❞♦✱ ❡ 3♦♠❛❞♦ ❝♦♠♦ ❜❛'❡ ♣❛(❛ ❡①❡❝✉<6♦

❞♦ 3(❛❜❛❧❤♦✱ B ❞✐'❝✉3✐❞♦ ♥♦ ❝❛♣73✉❧♦ ✸✳ ❆♣H' ❛ ❛♣(❡'❡♥3❛<6♦ ❞♦ ♠♦❞❡❧♦✱ B ❛❜♦(❞❛❞♦ ♥♦

❝❛♣73✉❧♦ ✹ ♦ ♠B3♦❞♦ ❞❡ (❡❧❛①❛<6♦ ▲❛❣(❛♥❣❡♥❛✱ ♠♦'3(❛♥❞♦ ❛ ❢♦(♠❛ ❝♦♠♦ ❛ (❡❧❛①❛<6♦ ❢♦✐

3(❛❜❛❧❤❛❞❛ ❡ B ❢❡✐3❛ ❛ ❝♦♠♣❛(❛<6♦ ❡♥3(❡ ♦ ❞❡'❡♠♣❡♥❤♦ ❞❛ (❡❧❛①❛<6♦ ❧✐♥❡❛( ❡ ❛ (❡❧❛①❛<6♦

▲❛❣(❛♥❣❡❛♥❛✳ ◆♦ ❝❛♣73✉❧♦ '❡❣✉✐♥3❡ ✺✱ ♦ ♠B3♦❞♦ ❞❡ ❣❡(❛<6♦ ❞❡ ❝♦❧✉♥❛' B ❡①♣♦'3♦ ❡ ❛

❢♦(♠✉❧❛<6♦ ♦❜3✐❞❛ ❛♣H' ❛ ❛♣❧✐❝❛<6♦ ❞❡''❛ 3B❝♥✐❝❛ B ❛♣(❡'❡♥3❛❞❛✱ ❛''✐♠ ❝♦♠♦ ❛ ❤❡✉(7'3✐❝❛

♣(♦♣♦'3❛ ♥❡''❡ 3(❛❜❛❧❤♦✳ ❆ ❞❡'❝(✐<6♦ ❞❛ ❡'3(✉3✉(❛<6♦ ❞♦' 3❡'3❡'✱ ♦' (❡'✉❧3❛❞♦' ♦❜3✐❞♦' ❡

❛' ❛♥:❧✐'❡' ❞♦' ♠❡'♠♦' '6♦ ❡①♣♦'3♦' ♥♦ ❝❛♣73✉❧♦ ✻✳ T♦( ✜♠✱ ♥♦ ❝❛♣73✉❧♦ ✼ B ❛♣(❡'❡♥3❛❞❛

❛' ❝♦♥❝❧✉'D❡' ♦❜3✐❞❛' ♣♦( ♠❡✐♦ ❞❡''❡ ❡'3✉❞♦✳

✶✳✸ ❏✉%&✐✜❝❛&✐✈❛

❊''❡ 3(❛❜❛❧❤♦ '❡ ❥✉'3✐✜❝❛ ♣❡❧❛ '✉❛ ✐♠♣♦(3V♥❝✐❛ ❞♦ ♣♦♥3♦ ❞❡ ✈✐'3❛ ♣(:3✐❝♦ ❡ 3❛♠✲

❜B♠ ❛❝❛❞W♠✐❝♦✳ ❉♦ ♣♦♥3♦ ❞❡ ✈✐'3❛ ♣(:3✐❝♦ ❞❡✈✐❞♦ ❛♦ ✐♠♣❛❝3♦ ♣♦'✐3✐✈♦ !✉❡ ❛ ❛❜♦(❞❛❣❡♠

❞❡ ❝❡♥3(♦' ❞❡ crossdocking ♣♦❞❡♠ 3(❛③❡( ♣❛(❛ ✉♠ '✐'3❡♠❛ ❧♦❣7'3✐❝♦✱ ❝♦♠♦ ❛❜♦(❞❛❞♦

♥❛ ❙❡<6♦ ✶✳✶✳ ❙♦❜ ♦ ♣♦♥3♦ ❞❡ ✈✐'3❛ ❛❝❛❞W♠✐❝♦✱ ♦ 3(❛❜❛❧❤♦ B ❥✉'3✐✜❝❛❞♦ ♣❡❧❛ ❛♥:❧✐'❡

❡ ❝♦♠♣❛(❛<6♦ ❞♦' ♠B3♦❞♦' !✉❡ '6♦ ❛♣❧✐❝❛❞♦'✱ ❛❧B♠ ❞❡ ♣(♦❝✉(❛( '♦❧✉❝✐♦♥❛( ♣(♦❜❧❡♠❛'

❝♦♠ ✐♥'3V♥❝✐❛' ♠❛✐♦(❡' ❞♦ !✉❡ ❛!✉❡❧❛' ❥: '♦❧✉❝✐♦♥❛❞❛' ♥❛ ❧✐3❡(❛3✉(❛✳
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✷✳✶ Crossdocking

❇♦②#❡♥ ❡ ❋❧✐❡❞♥❡* ❬✻❪ ❡ ❇❡❧❧❡ ❡. ❛❧✳ ❬✺❪ ❢♦❝❛♠ ♥❛ *❡✈✐#6♦ ❞♦# .*❛❜❛❧❤♦# ♣*❡#❡♥✲

.❡# ♥❛ ❧✐.❡*❛.✉*❛ <✉❡ ♣♦##✉❡♠ ♦ .❡♠❛ crossdocking ❝♦♠♦ ❢♦❝♦ ♣*✐♥❝✐♣❛❧✳ ❊##❡# ❛*.✐❣♦#

❞❡#❝*❡✈❡♠ ❝❛*❛❝.❡*?#.✐❝❛# ♣*@♣*✐❛# ❞♦# #✐#.❡♠❛# ❞❡ crossdocking✱ ❛##♦❝✐❛♠ .*❛❜❛❧❤♦#

❞❡ ❞✐✈❡*#♦# ❛✉.♦*❡# ❝♦♠ ♣*♦❜❧❡♠❛ ❞❡ #❡<✉❡♥❝✐❛♠❡♥.♦ ❞❡ ❝❛♠✐♥❤B❡# ❡ ❝❛.❡❣♦*✐③❛♠ .❛✐#

.*❛❜❛❧❤♦# ❡♠ ❞✉❛# ❝❧❛##❡#✿ ❊#.*❛.E❣✐❝❛# ♦✉ .F.✐❝❛#✱ <✉❡ ❧✐❞❛♠ ❝♦♠ ❞❡❝✐#B❡# ❛ ❧♦♥❣♦

♣*❛③♦✱ ❡ ♦♣❡*❛❝✐♦♥❛✐# ♦✉ .E❝♥✐❝❛#✱ <✉❡ .*❛❜❛❧❤❛♠ ❝♦♠ ❞❡❝✐#B❡# ❛ ❝✉*.♦ ♣*❛③♦✳ ❆ ❞✐❢❡✲

*❡♥H❛ ❡♥.*❡ ❛# ❞✉❛# *❡✈✐#B❡# ❡#.F ♥♦ ❢❛.♦ ❞❡ ❇♦②#❡♥ ❡ ❋❧✐❡❞♥❡* ❬✻❪ ❝♦♥#✐❞❡*❛*❡♠ ♥6♦

❛♣❡♥❛# ❛# ❝❛*❛❝.❡*?#.✐❝❛# ❞❡ ✉♠ #✐#.❡♠❛ crossdocking ❝♦♠♦ ❇❡❧❧❡ ❡. ❛❧✳ ❬✺❪ ✜③❡*❛♠✱

♠❛# .❛♠❜E♠ ❝♦♥#✐❞❡*❛*❛♠ ❢❛③❡* ✉♠ ♣❛*❛❧❡❧♦ ❡♥.*❡ ♣*♦❜❧❡♠❛# ❞❡ #❡<✉❡♥❝✐❛♠❡♥.♦ ❡ ♦

#✐#.❡♠❛ ❞✐#❝✉.✐❞♦✳ ❙❡❣✉♥❞♦ ♦# ❛✉.♦*❡# ❞❡#.❛❝❛❞♦# ❛❝✐♠❛✱ ❡#.❛HB❡# ❞❡ crossdocking✱ ❛#✲

#✐♠ ❝♦♠♦ ✉♥✐❞❛❞❡# ❞❡ ♣*♦❞✉H6♦✱ ❡♥❢*❡♥.❛♠ ♣*♦❜❧❡♠❛# ❡♥✈♦❧✈❡♥❞♦ .♦♠❛❞❛ ❞❡ ❞❡❝✐#B❡#

❞❡#❞❡ ♦ ♥?✈❡❧ ❡#.*❛.E❣✐❝♦ ❛.E ♦ ♥?✈❡❧ ♦♣❡*❛❝✐♦♥❛❧✳ ❊##❡# ♣*♦❜❧❡♠❛# ♣♦❞❡♠ #❡* ❛❧♦❝❛❞♦#

❞❡ ❛❝♦*❞♦ ❝♦♠ ❛ #❡❣✉✐♥.❡ ❝❧❛##✐✜❝❛H6♦✱ ♦*❞❡♥❛❞❛ ❞♦ ♥?✈❡❧ ❡#.*❛.E❣✐❝♦ ❛♦ ♦♣❡*❛❝✐♦♥❛❧✿

• ▲♦❝❛❧✐③❛H6♦ ❞♦ ❝❡♥.*♦ ❞❡ crossdocking

• Layout ❞♦ ❝❡♥.*♦ ❞❡ crossdocking

• ❈❛❞❡✐❛ crossdocking ❞❡ ❢♦*♥❡❝✐♠❡♥.♦

• ❘♦.❡❛♠❡♥.♦ ❞❡ ✈❡?❝✉❧♦#

• ❆.*✐❜✉✐H6♦ ❞❡ ❞♦❝❛#

✼



✷✳✶✳✶ ✲ ▲♦❝❛❧✐③❛+,♦ ❞♦ ❝❡♥01♦ ❞❡ crossdocking ✽

• ❙❡#✉❡♥❝✐❛♠❡♥*♦ ❞❡ ❝❛♠✐♥❤.❡/

• ❙❡#✉❡♥❝✐❛♠❡♥*♦ ✐♥*❡0♥♦ ❞❡ 0❡❝✉0/♦/

• ❈❛0❣❛ ❡ ❞❡/❝❛0❣❛

❆ /❡❣✉✐0 /❡04♦ ❞❡/❝0✐*♦/ ♦/ *0❛❜❛❧❤♦/ 0❡❧❛❝✐♦♥❛❞♦/ ❛♦/ *7♣✐❝♦/ ❛❝✐♠❛✱ ❜❛/❡❛♥❞♦✲

/❡ ♥♦/ *0❛❜❛❧❤♦/ ❞♦ ❛✉*♦0❡/ ❝✐*❛❞♦/✳

✷✳✶✳✶ ▲♦❝❛❧✐③❛*+♦ ❞♦ ❝❡♥/0♦ ❞❡ crossdocking

❆ ❞❡❝✐/4♦ ❞❡ ♦♥❞❡ ✐♥/*❛❧❛0 ✉♠ ♦✉ ♠❛✐/ ❝❡♥*0♦/ ❞❡ crossdocking ❢❛③ ♣❛0*❡ ❞❡

✉♠ ❝♦♥❥✉♥*♦ ❞❡ ❞❡❝✐/.❡/ ❡/*0❛*?❣✐❝❛/ #✉❡ ❝♦♠♣.❡♠ ❛ ❡❧❛❜♦0❛@4♦ ❞❛ ❝❛❞❡✐❛ ❞❡ ❛❜❛/*❡✲

❝✐♠❡♥*♦✳ ❖ ❝✉/*♦ ❞❡ ✐♥/*❛❧❛@4♦ ❞❡ ✉♠ ❝❡♥*0♦ ? ✉♠❛ ❢✉♥@4♦ ❝♦♠♣♦/*❛ ♣❡❧♦ ❝✉/*♦ ✜①♦

❞❡ ✐♥/*❛❧❛@4♦ ❡ ✉♠ ❝✉/*♦ ✈❛0✐E✈❡❧ ♣♦0 ✉♥✐❞❛❞❡ ❝❛00❡❣❛❞❛✳ ❉❡//❛ ❢♦0♠❛✱ *0❛❜❛❧❤♦/ #✉❡

❧✐❞❛♠ ❝♦♠ ♣0♦❜❧❡♠❛/ ❞❡ ❧♦❝❛❧✐③❛@4♦ ❞❡ ❢❛❝✐❧✐❞❛❞❡/ ❡ #✉❡ ❛❜♦0❞❛♠ ❛ ❢♦0♠❛ ♣❡❧❛ #✉❛❧ ♦/

❜❡♥/ ❞❡✈❡♠ ✢✉✐0 ♣❡❧❛ ❝❛❞❡✐❛ /4♦ 0❡❧❡✈❛♥*❡/ ♥❡//❡ ❝♦♥*❡①*♦✳ ❇♦②/❡♥ ❡ ❋❧✐❡❞♥❡0 ❬✻❪ ❝✐*❛♠

*0❛❜❛❧❤♦/ ❞❡ ❈❛♠♣❜❡❧❧ ❬✽❪ ❡ ❑❧♦/❡ ❡ ❉0❡①❧ ❬✶✼❪✱ #✉❡ ❢♦❝❛♠ ♥♦ ♣0♦❜❧❡♠❛ ❞❡ ❧♦❝❛❧✐③❛@4♦

❞❡ ❢❛❝✐❧✐❞❛❞❡/✱ ✐♥✈❡/*✐❣❛♥❞♦ ❛ ✐♥*0♦❞✉@4♦ ❞❡ ♣♦♥*♦/ ✐♥*❡0♠❡❞✐E0✐♦/ ❡♠ 0❡❞❡/ ❞❡ ❞✐/*0✐✲

❜✉✐@4♦✳ ❉❡♥*0❡ ♦/ ❛✉*♦0❡/ #✉❡ ✐♥❝♦0♣♦0❛♠ ❛ #✉❡/*4♦ ❞❡ ❞✐/*0✐❜✉✐@4♦ ❞♦/ ❜❡♥/✱ ❛❧?♠ ❞❛

❧♦❝❛❧✐③❛@4♦✱ ❡/*4♦ ●R♠R/ ❡ ❇♦♦❦❇✐♥❞❡0 ❬✶✺❪✱ #✉❡ ♠♦❞❡❧❛♠ ❛ ❞✐/*0✐❜✉✐@4♦ ❞❡ ❜❡♥/ ❞♦/

❢♦0♥❡❝❡❞♦0❡/ ❛♦/ ❝❧✐❡♥*❡/ ✈✐❛ crossdocking✱ ♣♦0?♠ ♥❡//❡ *0❛❜❛❧❤♦ ❝❛00❡❣❛♠❡♥*♦/ ❞✐0❡✲

*♦/ /4♦ ♣❡0♠✐*✐❞♦/ ❡ ❞✐❢❡0❡♥*❡/ *✐♣♦/ ❞❡ ♣0♦❞✉*♦/ /4♦ ❝♦♥/✐❞❡0❛❞♦/ ✭multicommodity✮✳

❊♠ ❬✶✺❪✱ ♦/ ❛✉*♦0❡/ ❛♣0❡/❡♥*❛♠ ♠♦❞❡❧♦/ ♣❛0❛ 0❡❞✉@4♦ ❞♦ ❝✉/*♦ *♦*❛❧ ❡♠ *0X/ *✐♣♦/ ❞❡

0❡❞❡/✱ ❝✉❥❛ ❞✐❢❡0❡♥❝✐❛@4♦ ❡/*E ♥❛ ✈❛0✐❛@4♦ ❞❛ #✉❛♥*✐❞❛❞❡ ❞❡ ❢♦0♥❡❝❡❞♦0❡/✱ ♣0♦❞✉*♦/ ❡

❝❧✐❡♥*❡/ *0❛❜❛❧❤❛❞♦/✳ ❙❡❣✉♥❞♦ ❇❡❧❧❡ ❡* ❛❧✳ ❬✺❪✱ ❡♠ ❬✶✺❪ ✉♠ ♣0♦❣0❛♠❛ ✐♥*❡✐0♦ ♠✐/*♦ ?

♠♦❞❡❧❛❞♦ ♣❛0❛ /♦❧✉❝✐♦♥❛0 ♦ ♣0♦❜❧❡♠❛ ❡ ❢♦✐ ❝♦♥❝❧✉Y❞♦ #✉❡ ♦ ♥Z♠❡0♦ 7*✐♠♦ ❞❡ ❡/*❛@.❡/

❞❡ crossdocking ? ✉♠❛ ❢✉♥@4♦ ❝0❡/❝❡♥*❡ ❞❛ 0❛③4♦ ❡♥*0❡ ♦ ❝✉/*♦ ✜①♦ ❞♦ ❝❛♠✐♥❤4♦ /♦✲

❜0❡ ♦ ❝✉/*♦ ✜①♦ ❞❡ ✐♥/*❛❧❛@4♦ ❞❡ ✉♠ ❝❡♥*0♦✳ ❙✉♥❣ ❡ ❙♦♥❣ ❬✸✷❪ ❝♦♥/✐❞❡0❛0❛♠ ♦ ♠❡/♠♦

♣0♦❜❧❡♠❛✱ ♣♦0?♠ ❝❛00❡❣❛♠❡♥*♦/ ❞✐0❡*♦/ ♥4♦ /4♦ ♣❡0♠✐*✐❞♦/✳ ❉❛❞❛ ❛ ❞❡♠❛♥❞❛✱ ♦ ♦❜❥❡✲

*✐✈♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ♣0♦❣0❛♠❛@4♦ ✐♥*❡✐0❛ ❡❧❛❜♦0❛❞♦ ? ❝❛❧❝✉❧❛0 #✉❛♥*♦/ *❡0♠✐♥❛✐/ ✐♥/*❛❧❛0

❡ #✉❛♥*♦/ ✈❡Y❝✉❧♦/ ❞❡✈❡♠ /❡0 ✉/❛❞♦/ ❡♠ ❝❛❞❛ ❝❡♥*0♦ ❞❡ ❢♦0♠❛ ❛ ♠✐♥✐♠✐③❛0 ♦/ ❝✉/*♦/

❛//♦❝✐❛❞♦/✳ ❖ ♣0♦❜❧❡♠❛ ? ◆^✲❞✐❢Y❝✐❧ ❡ ♣♦0 ✐//♦ ♦ ❛❧❣♦0✐*♠♦ ❞❡ ❜✉/❝❛ *❛❜✉ ❢♦✐ ✉*✐❧✐③❛❞♦

♣❛0❛ ❛✉①✐❧✐❛0 ♥❛ ❜✉/❝❛ ❞❡ ♠❡❧❤♦0❡/ 0❡/✉❧*❛❞♦/✳ ❏❛②❛0❛♠❛♥ ❡ ❘♦// ❬✶✻❪ ✉*✐❧✐③❛0❛♠ ♦

♠❡/♠♦ ❛❧❣♦0✐*♠♦ ❞❡ ❜✉/❝❛ *❛❜✉ ❡ *❛♠❜?♠ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣ ♣❛0❛ ❝♦♥/*0✉✐0 ❤❡✉0Y/✲

*✐❝❛/ #✉❡ ❛✉①✐❧✐❛♠ ♦ ♠♦❞❡❧♦ ❝♦♠ ❢♦0♠✉❧❛@4♦ ✐♥*❡✐0❛ ❛ /♦❧✉❝✐♦♥❛0 ✐♥/*a♥❝✐❛/ ❝♦♠♣♦/*❛/

21♦❣1❛♠❛ ❞❡ 256 ●1❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛1✐❛ ❞❡ 21♦❞✉+,♦ ✲ 2♣❣❡♣✴❯❋▼●



✷✳✶✳✷ ✲ Layout ❞♦ ❝❡♥)*♦ ❞❡ crossdocking ✾

♣♦# ✉♠ ❢♦#♥❡❝❡❞♦#✱ ✈-#✐❛0 ❢❛♠1❧✐❛0 ❞❡ ♣#♦❞✉3♦0✱ ♠4❧3✐♣❧♦0 ❝❡♥3#♦0 ❞❡ crossdocking ❡

❝❧✐❡♥3❡0 5✉❡ ❞❡♠❛♥❞❛♠ ✈-#✐♦0 3✐♣♦0 ❞❡ ♣#♦❞✉3♦0✳

✷✳✶✳✷ Layout ❞♦ ❝❡♥()♦ ❞❡ crossdocking

❖✉3#❛ ❛❜♦#❞❛❣❡♠ ❡03- #❡❧❛❝✐♦♥❛❞❛ ❛♦ layout✱ 5✉❡ : ❛ ❢♦#♠❛ ❡ ❞✐♠❡♥0;♦ ❞❡ ✉♠

❝❡♥3#♦✱ ❛00✐♠ ❝♦♠♦ ❛ ❢♦#♠❛ ❡ ❛ ❞✐♠❡♥0;♦ ❞❡ 0❡✉0 ❝♦♠♣♦♥❡♥3❡0 ✐♥3❡#♥♦0 ❬✺❪✳ ❇❛#3❤♦❧❞✐ ❡

●✉❡ ❬✹❪ ❜✉0❝❛♠ ❞❡3❡#♠✐♥❛# 5✉❛❧ ♦ ♠❡❧❤♦# ❢♦#♠❛3♦ ♣❛#❛ ✉♠❛ ❡03❛C;♦ ❞❡ crossdocking✳

❆ ❝♦♥❝❧✉0;♦ : 5✉❡ ♦ ♠❡❧❤♦# ❢♦#♠❛3♦ ❞❡♣❡♥❞❡ ❞♦ 3❛♠❛♥❤♦ ❞❛ ✐♥03❛❧❛C;♦ ❡ ❞♦ ♣❛❞#;♦

❞❡ ✢✉①♦ ❞❡ ♠❛3❡#✐❛✐0✳ ●❡♥❡#❛❧✐③❛♥❞♦✱ H ♠❡❞✐❞❛ 5✉❡ ❛ ✐♥03❛❧❛C;♦ ❝#❡0❝❡✱ ♦0 ❢♦#♠❛3♦0

♠❛✐0 ❡✜❝✐❡♥3❡0 0;♦ ■✱ ❚ ❡ ❳✱ 0✉❝❡00✐✈❛♠❡♥3❡✳ ❖0 ❛✉3♦#❡0 ✐♥❞✐❝❛♠ 5✉❡ ♦ ❞❡0✐❣♥ ■ : ♠❛✐0

❛♣#♦♣#✐❛❞♦ ♣❛#❛ ❡03❛CM❡0 ❝♦♠ ✶✺✵ ♣♦#3❛0 ♦✉ ♠❡♥♦0✳ P❛#❛ ♠❛✐0 ❞❡ ✷✵✵ ♣♦#3❛0✱ ♦ ❳ :

♦ ♠❛✐0 ✐♥❞✐❝❛❞♦ ❡ ♦ ❢♦#♠❛3♦ ❚ ♣♦❞❡ 0❡# ✈✐03♦ ❝♦♠♦ ✉♠❛ ❢❛0❡ ✐♥3❡#♠❡❞✐-#✐❛✳ ❆♣❡0❛#

❞❡ ♦0 ❞♦✐0 4❧3✐♠♦0 ❛♣#❡0❡♥3❛#❡♠ ♠❛✐♦# ❝❡♥3#❛❧✐❞❛❞❡✱ ❡❧❡0 ♣♦00✉❡♠ ♠❡♥♦# ❡✜❝✐R♥❝✐❛ ♥❛

❡①❡❝✉C;♦ ❞❛0 3❛#❡❢❛0 ❞❡✈✐❞♦ ❛♦ ♠❛✐♦# ♥4♠❡#♦ ❞❡ 5✉✐♥❛0✳ ●✉❡ ❡ ❑❛♥❣ ❬✶✹❪ ✉3✐❧✐③❛♠ ❛

0✐♠✉❧❛C;♦ ♣❛#❛ ❡03✉❞❛# ♦ ❝♦♠♣♦#3❛♠❡♥3♦ ❞❛0 ✜❧❛0 ♣#❡0❡♥3❡0 ❡♠ 0✐03❡♠❛0 ❝♦♠ ✉♠ ♦✉

❞♦✐0 ❡03-❣✐♦0 ❞❡ ❛#♠❛③❡♥❛♠❡♥3♦✳ ❖0 #❡0✉❧3❛❞♦0 ✐♥❞✐❝❛♠ 5✉❡ ♣❛#❛ ✉♠ ❡03-❣✐♦ : ♠❡❧❤♦#

3❡# ♠❛✐0 ✜❧❛0 ❝✉#3❛0 ❞♦ 5✉❡ ♣♦✉❝❛0 ✜❧❛0 ❧♦♥❣❛0 ❡ 5✉❡ ❛ ❝♦♥✜❣✉#❛C;♦ ❞❡ ✉♠ ❡03-❣✐♦ :

♠❛✐0 ♣#♦❞✉3✐✈❛ 5✉❡ ♦ 0❡❣✉♥❞♦ ♠♦❞❡❧♦✳

✷✳✶✳✸ ❈❛❞❡✐❛ crossdocking ❞❡ ❢♦)♥❡❝✐♠❡♥(♦

❊①✐03❡♠ ❛✉3♦#❡0 5✉❡ 3#❛❜❛❧❤❛♠ ❝♦♠ ❝❡♥3#♦0 ❞❡ crossdocking✱ ♣♦#:♠ ❞❡ ❢♦#♠❛

✐♥3❡❣#❛❞❛✱ ♦✉ 0❡❥❛✱ ❛ ❢♦#♠❛ ❝♦♠♦ ❡00❡0 ❝❡♥3#♦0 0❡ ✐♥3❡#❛❣❡♠✳ ❖ ♦❜❥❡3✐✈♦ : ❞❡3❡#♠✐♥❛#

♦ ✢✉①♦ ❞❡ ♣#♦❞✉3♦0 ♥❛ ❝❛❞❡✐❛✱ ❞❡ ❢♦#♠❛ ❛ ♠✐♥✐♠✐③❛# ♦0 ❝✉03♦ ❞✉#❛♥3❡ ♦ ❛3❡♥❞✐♠❡♥3♦

❞❛ ❞❡♠❛♥❞❛✳ ▲✐♠ ❡3 ❛❧✳ ❬✷✷❪ ❧✐❞❛♠ ❝♦♠ ♦ ♣#♦❜❧❡♠❛ ❞❡ 3#❛♥0❜♦#❞♦✱ ❝✉❥♦ ♦❜❥❡3✐✈♦ :

✐❞❡♥3✐✜❝❛# ♦ ✢✉①♦ ❞❡ ❝✉03♦ ♠1♥✐♠♦ 5✉❡ ❛3❡♥❞❛ ❛ ❞❡♠❛♥❞❛ ❡ ❛0 #❡03#✐CM❡0 ❞❡ ❝❛♣❛❝✐❞❛❞❡✳

◆❡00❡ ♣#♦❜❧❡♠❛✱ ❢♦#♥❡❝❡❞♦#❡0✱ 3❡#♠✐♥❛✐0 ✐♥3❡#♠❡❞✐-#✐♦0 ❡ ❝❧✐❡♥3❡0 0;♦ #❡♣#❡0❡♥3❛❞♦0 ♣♦#

❞✐❢❡#❡♥3❡0 ♥X0✱ 5✉❡ 0;♦ ❧✐❣❛❞♦0 ♣♦# ❛#❝♦0✱ 5✉❡ ♣♦00✉❡♠ ❧✐♠✐3❛CM❡0 ❞❡ ❝❛♣❛❝✐❞❛❞❡ ❡ ❝✉03♦0

❛00♦❝✐❛❞♦0✳ ❖ ♠♦❞❡❧♦ ♣#♦♣♦03♦ ♣❡❧♦0 ❛✉3♦#❡0 ♣#♦❝✉#❛ ♠✐♥✐♠✐③❛# ♦ ❡03♦5✉❡ ♣#❡0❡♥3❡ ♥❛

#❡❞❡✳ ❆❧:♠ ❞✐00♦✱ ❝♦♥0✐❞❡#❛✲0❡ ❥❛♥❡❧❛0 ❞❡ 3❡♠♣♦ ❞❡ ❢♦#♥❡❝❡❞♦#❡0 ❡ ❝❧✐❡♥3❡0 ❡ ❝✉03♦0 ❞❡

♠❛♥✉3❡♥C;♦ ❞❡ ❡03♦5✉❡✳ ❈❛0♦ ♠4❧3✐♣❧❛0 ♣❛#3✐❞❛0 ❡ ❡♥3#❡❣❛0 0❡❥❛♠ ♣❡#♠✐3✐❞❛0 ❞❡♥3#♦

❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡ 3❡♠♣♦✱ ♦0 ❛✉3♦#❡0 ❝♦♥❝❧✉❡♠ 5✉❡ ✉♠❛ #❡❞❡ ❞❡ 3❡♠♣♦✲❡03❡♥❞✐❞❛ ✭  ✐♠❡

✲ ❡①♣❛♥❞❡❞ ✲ ♥❡ ✇♦,❦ ✮ ♣♦❞❡ 0❡# ✉0❛❞❛ ♣❛#❛ ❢♦#♠✉❧❛# ♦ ♣#♦❜❧❡♠❛ ❝♦♠♦ ✉♠ ♣#♦❜❧❡♠❛

❞❡ ✢✉①♦ ❞❡ ❝✉03♦ ♠1♥✐♠♦✱ 5✉❡ ♣♦❞❡ 0❡# 0♦❧✉❝✐♦♥❛❞♦ ❡♠ 3❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳ P❛#❛ ♦0
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✷✳✶✳✹ ✲ ❘♦'❡❛♠❡♥'♦ ❞❡ ✈❡.❝✉❧♦2 ✶✵

❞❡♠❛✐' ❝❛'♦'✱ ♦' ❛✉,♦-❡' ♣-♦✈❛♠ 0✉❡ ♦ ♣-♦❜❧❡♠❛ 3 ◆5✲❞✐❢8❝✐❧✳ 5❛-❛ ♦ ❝❛'♦ ♥♦ 0✉❛❧

'♦♠❡♥,❡ ✉♠❛ ♣❛-,✐❞❛ ♦✉ ❡♥,-❡❣❛ 3 ♣❡-♠✐,✐❞❛ ❞✉-❛♥,❡ ❛ ❥❛♥❡❧❛ ❞❡ ,❡♠♣♦ ❡ ❛ ❝❤❡❣❛❞❛

❡ ♣❛-,✐❞❛ ❞❡ ♣-♦❞✉,♦' '>♦ ✜①❛'✱ ✉♠ ❛❧❣♦-✐,♠♦ ❣❡♥3,✐❝♦ ❢♦✐ ❞❡'❡♥✈♦❧✈✐❞♦ ♣♦- ▼✐❛♦ ❡,

❛❧✳❬✷✺❪✳ ❖' -❡'✉❧,❛❞♦' ❛♣-❡'❡♥,❛❞♦' ,✐✈❡-❛♠ ♠❡❧❤♦-❡' -❡'✉❧,❛❞♦' ✭0✉❛❧✐❞❛❞❡ ❞❛ '♦❧✉H>♦ ❡

,❡♠♣♦ ❝♦♠♣✉,❛❝✐♦♥❛❧✮ 0✉❛♥❞♦ ❝♦♠♣❛-❛❞♦' ❛ '♦❧✉H>♦ ❞❛ ❢♦-♠✉❧❛H>♦ ✐♥,❡✐-❛ ❞♦ ♣-♦❜❧❡♠❛

-❡'♦❧✈✐❞❛ ♣❡❧♦ '♦❧✈❡- ❈5▲❊❳✳

✷✳✶✳✹ ❘♦&❡❛♠❡♥&♦ ❞❡ ✈❡-❝✉❧♦1

▼✉✐,❛' ✈❡③❡' ❛' ❝❛-❣❛' ❞❡',✐♥❛❞❛' ❛ ✉♠ ❝❡♥,-♦ ❞❡ crossdocking ♥❡❝❡''✐,❛♠

'❡- -❡❝♦❧❤✐❞❛' ❡ ❡♥,-❡❣✉❡' ❡♠ ❞✐❢❡-❡♥,❡' ♣♦♥,♦' ❡✱ ❞❡♣♦✐' ❞❡ ♣❛''❛- ♣❡❧♦ ❝❡♥,-♦✱ '❡-

❡♥,-❡❣✉❡ ❡♠ ❞✐❢❡-❡♥,❡' ❧♦❝❛❧✐③❛HO❡'✳ ❆''✐♠✱ ❛♠❜❛' ❛' ❡,❛♣❛' ♣♦❞❡♠ '❡- ✈✐',❛' ❝♦♠♦

✉♠ ♣-♦❜❧❡♠❛ ❞❡ -♦,❡❛♠❡♥,♦ ❞❡ ✈❡8❝✉❧♦'✱ 0✉❡ ❛''♦❝✐❛❞♦ ❛♦ ❝♦♥,❡①,♦ ❞❡ crossdocking✱

3 ♦❜❥❡,♦ ❞❡ ,-❛❜❛❧❤♦ ❞❡ ❛❧❣✉♥' ❛✉,♦-❡'✳ ▲❡❡ ❡, ❛❧✳ ❬✶✾❪ ❢♦-❛♠ ♦' ♣-✐♠❡✐-♦' ❛ ❞❛- R♥❢❛'❡

♥❡''❛ S-❡❛ 0✉❡ ❛❜♦-❞❛ -♦,❡❛♠❡♥,♦ ❞❡ ✈❡8❝✉❧♦' ❡ crossdocking '✐♠✉❧,❛♥❡❛♠❡♥,❡✳ ❖ ❢♦❝♦

❞♦' ❛✉,♦-❡' 3 ✐❞❡♥,✐✜❝❛- ✉♠❛ '❡0✉R♥❝✐❛ ❞❡ -♦,❡❛♠❡♥,♦ T,✐♠❛ ♣❛-❛ ❝♦❧❡,❛ ❡ ❡♥,-❡❣❛✱ 0✉❡

♠✐♥✐♠✐③❡ ❛ '♦♠❛ ❞♦' ❝✉',♦' ❞❡ ,-❛♥'♣♦-,❡ ❡ ♦' ❝✉',♦' ✜①♦' ❞♦' ✈❡8❝✉❧♦'✳ ❖' ❛✉,♦-❡'

❛♣-❡'❡♥,❛♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ♣-♦❣-❛♠❛H>♦ ✐♥,❡✐-❛ ♣❛-❛ ♦ ♣-♦❜❧❡♠❛✱ 0✉❡✱ ❛''♦❝✐❛❞♦ ❛♦ ❛❧✲

❣♦-✐,♠♦ ❞❡ ❜✉'❝❛ ,❛❜✉ 3 ♣-♦♣♦',♦ ♣❛-❛ '♦❧✉❝✐♦♥❛- ♦ ♣-♦❜❧❡♠❛✳ ❲❡♥ ❡, ❛❧✳ ❬✸✹❪ ♣-♦♣O❡♠

✉♠ ♠♦❞❡❧♦✱ ❝✉❥♦ ♦❜❥❡,✐✈♦ 3 ♠✐♥✐♠✐③❛- ❛ ❞✐',X♥❝✐❛ ,♦,❛❧ ♣❡-❝♦--✐❞❛ ♣❡❧♦' ❝❛♠✐♥❤O❡' ❝♦♠

-❡',-✐HO❡' ❞❡ ❥❛♥❡❧❛ ❞❡ ,❡♠♣♦✳ ❈❛❞❛ ✈❡8❝✉❧♦ ♣❛-,❡ ❞♦ ❝❡♥,-♦ ❡ ❞❡✈❡ ❝♦❧❡,❛- ❝❛-❣❛' ❡♠

❢♦-♥❡❝❡❞♦-❡' ❡'♣❡❝8✜❝♦'✱ -❡,♦-♥❛- ❛♦ ❝❡♥,-♦ ❞❡ crossdocking ❡✱ ❛♣T' ♦ ,-❛♥'❜♦-❞♦ ❞❡

❝❛-❣❛'✱ ❡①❡❝✉,❛- ✉♠❛ -♦,❛ ❞❡ ❡♥,-❡❣❛ ❞❡ ♣-♦❞✉,♦' ❛ ❝❧✐❡♥,❡' ❡'♣❡❝8✜❝♦'✱ -❡'♣❡✐,❛♥❞♦ ❛

❥❛♥❡❧❛ ❞❡ ,❡♠♣♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦' ♣♦♥,♦' ❞❡ ❝♦❧❡,❛ ♦✉ ❡♥,-❡❣❛✳ ➱ ♣-♦♣♦',♦ ♣❡❧♦' ❛✉,♦-❡'

✉♠ ♠♦❞❡❧♦ ❞❡ ♣-♦❣-❛♠❛H>♦ ❧✐♥❡❛- ✐♥,❡✐-❛ ♠✐',❛ ❡ ✉♠❛ ❤❡✉-8',✐❝❛ ❜❛'❡❛❞❛ ❡♠ ❜✉'❝❛

,❛❜✉✱ 0✉❡ ♣♦❞❡ -❡'♦❧✈❡- ♣-♦❜❧❡♠❛' ❝♦♠ ❛,3 ✷✵✵ ♥T' ❛❧❝❛♥H❛♥❞♦ -❡'✉❧,❛❞♦' ❛ ✺✪ ❞♦

T,✐♠♦ ❡♠ ✉♠ ❝✉-,♦ ✐♥,❡-✈❛❧♦ ❞❡ ,❡♠♣♦✳ ❆✐♥❞❛ '♦❜-❡ ❛ 0✉❡',>♦ ❞❡ -♦,❡❛♠❡♥,♦ ❞❡ ✈❡8✲

❝✉❧♦'✱ ▼♦-❛✐' ❬✷✻❪ ❛❜♦-❞♦✉ ♦ 5-♦❜❧❡♠❛ ❞❡ ❘♦,❡❛♠❡♥,♦ ❞❡ ❱❡8❝✉❧♦' ❝♦♠ crossdgockin

✭❱❘5❈❉✮✱ 0✉❡ ♣-♦❝✉-❛ ❡♠ ♠✐♥✐♠✐③❛- ♦' ❝✉',♦' ❞❡ ,-❛♥'♣♦-,❡ ❛♦ '❡ ❝♦❧❡,❛- ♣-♦❞✉,♦'

❡♠ ❞✐✈❡-'♦' ❢♦-♥❡❝❡❞♦-❡' ❡ ❡♥,-❡❣S✲❧♦' ❛♦' ❝♦♥'✉♠✐❞♦-❡' ♣♦- ✉♠ _♥✐❝♦ ❝❡♥,-♦✱ ♦♥❞❡

♦ ♣-♦❝❡''♦ ❞❡ ❝♦♥'♦❧✐❞❛H>♦ 3 -❡❛❧✐③❛❞♦✳ ◆❡''❡ ♣-♦❜❧❡♠❛✱ ♦' ♣-♦❝❡''♦' ❞❡ ❝♦❧❡,❛ ❡ ❡♥✲

,-❡❣❛ '>♦ ❞❡♣❡♥❞❡♥,❡'✱ ✉♠❛ ✈❡③ 0✉❡ 3 ♣❡-♠✐,♦ -❡❛❧✐③❛- ❛ ,-❛♥'❢❡-R♥❝✐❛ ❞❡ ♣-♦❞✉,♦'

❡♥,-❡ ♦' ✈❡8❝✉❧♦' ♥♦ ❝❡♥,-♦✳ 5❛-❛ ,-❛,❛- ♦ ♣-♦❜❧❡♠❛ ❢♦-❛♠ ❛♣-❡'❡♥,❛❞❛' ,-R' ❤❡✉-8',✐❝❛'

❝♦♥',-✉,✐✈❛'✱ ✉♠❛ ❜❛'❡❛❞❛ ♥❛ ♠❡,❛❤❡✉-8',✐❝❛ ■▲❙ ✭Iterated− LocalSearch✮✱ ❝❤❛♠❛❞❛

■▲❙✲❱❘5❈❉✱ ❡ ❛ ♠❛,❤❡✉-8',✐❝❛ ❙5■▲❙✲❱❘5❈❉✱ 0✉❡ ✐♥,❡❣-❛ ■▲❙✲❱❘5❈❉ ❡ ✉♠ ♠♦✲

❞❡❧♦ ❞❡ 5-♦❣-❛♠❛H>♦ ▲✐♥❡❛- ■♥,❡✐-❛✱ 0✉❡ ❛♣♦✐❛✲'❡ ♥♦ ♣-♦❜❧❡♠❛ ❞❡ ♣❛-,✐❝✐♦♥❛♠❡♥,♦ ❞❡
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✷✳✶✳✺ ✲ ❆&'✐❜✉✐+,♦ ❞❡ ❞♦❝❛2 ✶✶

❝♦♥❥✉♥&♦'✳ ❖' ❡①♣❡-✐♠❡♥&♦' -❡❛❧✐③❛❞♦' ❝♦♠♣-♦✈❛-❛♠ ❛ ❡✜❝✐6♥❝✐❛ ❞♦' ❛❧❣♦-✐&♠♦' ✐♠✲

♣❧❡♠❡♥&❛❞♦'✳ ❆❧:♠ ❞✐''♦✱ ♦ &-❛❜❛❧❤♦ ❡①♣>' ?✉❡ ♦ &❡♠♣♦ ♣❛-❛ -❡❛❧✐③❛- ♦ ♣-♦❝❡''♦ ❞❡

❝♦♥'♦❧✐❞❛@A♦ ❣❡-❛ ✉♠ ❣-❛♥❞❡ ✐♠♣❛❝&♦ ♥❛ ❛&✐✈✐❞❛❞❡ ❞❡ -♦&❡❛♠❡♥&♦✳ ❚❛-❛♥&✐❧✐' ❬✾❪ ❛❜♦-❞❛

♦ ♣-♦❜❧❡♠❛ ❞❡ -♦&❡❛♠❡♥&♦ ❞❡ ✈❡F❝✉❧♦' ❝♦♠ ♠G❧&✐♣❧❛' ❢♦♥&❡' ❛''♦❝✐❛❞♦ ❛ &❡-♠✐♥❛✐' ❞❡

❝!♦##❞♦❝❦✐♥❣✳ ❙A♦ ❛✈❛❧✐❛❞♦' '✐'&❡♠❛' ❝♦♠ ❝♦♥✜❣✉-❛@J❡' ❛❜❡-&❛' ❡ ❢❡❝❤❛❞❛' ❡ ❛♥❛❧✐'❛❞❛'

-❡❣-❛' ❞❡ ❞❡♣❡♥❞6♥❝✐❛✳ ❖ ❛✉&♦- ❛❜♦-❞❛ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥&♦ ❞❡ ♣❛-❡' ❞❡ ❢♦-♥❡❝❡❞♦-❡' ❡
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❝❛@A♦ ❞❡ ❞♦❝❛' ♣-♦❝✉-❛ ❞❡✜♥✐- ❛ ❛❧♦❝❛@A♦ O&✐♠❛ ❞♦' ❝❛♠✐♥❤J❡' P' ❞♦❝❛' ?✉❡ '❡-A♦

❝❛--❡❣❛❞♦' ❡ ❞❡'❝❛--❡❣❛❞♦'✳ ❆''✉♠❡✲'❡ ?✉❡ ♦ ♥G♠❡-♦ ♠F♥✐♠♦ ❞❡ ❞♦❝❛' '❡❥❛ ♦ ♠❡'♠♦

♥G♠❡-♦ ❞❡ ❝❛♠✐♥❤J❡'✱ ❛''✐♠ ❝❛❞❛ ❝❛♠✐♥❤A♦ '❡-Q ❛❧♦❝❛❞♦ ❛ ❞✐❢❡-❡♥&❡' ❞♦❝❛' ❡ ❛'♣❡❝&♦'

❡♥✈♦❧✈❡♥❞♦ &❡♠♣♦ ♥A♦ '❡-A♦ ❧❡✈❛❞♦' ❡♠ ❝♦♥'✐❞❡-❛@A♦✳ ❈❛'♦ ❝♦♥&-Q-✐♦✱ ❛' ❞♦❝❛' '❡-A♦

❡♥❝❛-❛❞❛' ❝♦♠♦ -❡❝✉-'♦ ❡'❝❛''♦ ❡ ❞❡✈❡♠ '❡- '❡?✉❡♥❝✐❛❞❛' ❛♦ ❧♦♥❣♦ ❞♦ &❡♠♣♦✱ ❞❛♥❞♦

♦-✐❣❡♠ ❛♦ ♣-♦❜❧❡♠❛ ❞❡ '❡?✉❡♥❝✐❛♠❡♥&♦ ❞❡ ❝❛♠✐♥❤J❡'✳

❉❡ ❛❝♦-❞♦ ❝♦♠ ❇♦②'❡♥ ❡ ❋❧✐❡❞♥❡- ❬✻❪✱ ❛ ❛❧♦❝❛@A♦ ❞❡ ❞♦❝❛' ♣♦❞❡ '❡- ❡①❡❝✉&❛❞❛

❡♠ ✉♠ ❤♦-✐③♦♥&❡ ❞❡ ❝✉-&♦ ❛ ♠:❞✐♦ ♣-❛③♦✳ ❇❡❧❧❡ ❡& ❛❧✳ ❬✺❪ ❛✜-♠❛♠ ?✉❡ ♠✉✐&♦' ❛-&✐❣♦'

&-❛❜❛❧❤❛♠ ❝♦♠ ❡''❛ ❛❜♦-❞❛❣❡♠ '♦❜ ✉♠ ❤♦-✐③♦♥&❡ ❞❡ ♠:❞✐♦ ♣-❛③♦✳ V♦-&❛♥&♦✱ ❝❛❞❛ ❞♦❝❛

: ❛&-✐❜✉F❞❛ ❛ ✉♠ ❞❡'&✐♥♦ ♦✉ ♦-✐❣❡♠ ❡'♣❡❝✐✜❝❛ ♣♦- ❝❡-❝❛ ❞❡ ✻ ♠❡'❡'✳ V♦- ♦✉&-♦ ❧❛❞♦✱

?✉❛♥❞♦ ✐♥❢♦-♠❛@J❡' '♦❜-❡ ❛ ❝❤❡❣❛❞❛ ❞❡ ❝❛♠✐♥❤J❡' 'A♦ ❢♦-♥❡❝✐❞❛' ❛♥&❡❝✐♣❛❞❛♠❡♥&❡✱ ❛

❛❧♦❝❛@A♦ ❞❡ ❞♦❝❛' ♣♦❞❡ '❡- ❢❡✐&❛ ❡♠ ✉♠ ❤♦-✐③♦♥&❡ ❞❡ ❝✉-&♦ ♣-❛③♦✳

●✉❡ ❬✶✽❪ ❜❛'❡♦✉ '✉❛ ❛♥Q❧✐'❡ ♥❛ ❛❧♦❝❛@A♦ ❞❡ ❞♦❝❛' ❡①❛♠✐♥❛♥❞♦ ♦ ❡❢❡✐&♦ ?✉❡ ✉♠

'❡?✉❡♥❝✐❛♠❡♥&♦ ♣❧❛♥❡❥❛❞♦ ✭❧♦♦❦✲❛❤❡❛❞✲#❝❤❡❞✉❧✐♥❣ ✮ &❡♠ '♦❜-❡ ♦ ✢✉①♦ ❞❡ ♠❛&❡-✐❛✐' ❡ ♥♦

layout ❞❡ ✉♠ ❝❡♥&-♦✳ ❖ '❡?✉❡♥❝✐❛♠❡♥&♦ ♣❧❛♥❡❥❛❞♦ ❢❛③ ♦♣♦'✐@A♦ ❛♦ ♠:&♦❞♦ ✧♣-✐♠❡✐-♦

❝❤❡❣❛- ✲ ♣-✐♠❡✐-♦ '❛✐-✧✱ ❞❡''❛ ❢♦-♠❛✱ ♦❜'❡-✈❛✲'❡ &♦❞♦' ♦' ❡❧❡♠❡♥&♦' ❞❡ ✉♠ ❤♦-✐③♦♥&❡

❞❡✜♥✐❞♦ ❡ ♥A♦ ❛♣❡♥❛' ♦ ♣-O①✐♠♦✳ ❆''✐♠✱ ♣❛-❛ ❞❡&❡-♠✐♥❛- ♦ layout ✐❞❡❛❧✱ ♦✉ '❡❥❛✱ ?✉❡

♠✐♥✐♠✐③❡ ❛ ♠♦✈✐♠❡♥&❛@A♦ ❞❡ ❝❛-❣❛'✱ ♦ ❛✉&♦- ♣-♦♣J❡♠ ❛ ♣-♦❝✉-❛ ❞❛ '♦❧✉@A♦ ♥♦ ❡'♣❛@♦

❞❡ '♦❧✉@J❡' ♣♦''F✈❡✐' ❝♦♠ ❛✉①✐❧✐♦ ❞♦ ❛❧❣♦-✐&♠♦ ❞❡ ❜✉'❝❛ ❧♦❝❛❧✳ ❖ ❝✉'&♦ ❞♦ layout ♣♦❞❡

3'♦❣'❛♠❛ ❞❡ 362 ●'❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛'✐❛ ❞❡ 3'♦❞✉+,♦ ✲ 3♣❣❡♣✴❯❋▼●



✷✳✶✳✻ ✲ ❙❡'✉❡♥❝✐❛♠❡♥.♦ ❞❡ ❝❛♠✐♥❤2❡3 ✶✷

"❡$ ❞❡&❡$♠✐♥❛❞♦ "❡ ♦ ✢✉①♦ ❞❡ ♠❛&❡$✐❛❧ $❡"✉❧&❛♥&❡ 0 ❝♦♥❤❡❝✐❞♦✳ ➱ ❡①♣♦"&♦ ✉♠ ❛❧❣♦$✐&♠♦

❡"♣❡❝7✜❝♦ ❝❤❛♠❛❞♦ look − ahead✱ :✉❡ &❡"&❛ ❛" "♦❧✉;<❡" ♣♦$ ♠❡✐♦ ❞❡ "✐♠✉❧❛;=♦✳ ❖"

$❡"✉❧&❛❞♦" ✐♥❞✐❝❛♠ "❡$ ♣♦""7✈❡❧ ❡❝♦♥♦♠✐③❛$ ❡♥&$❡ ✶✺✪ ❛ ✷✵✪ ♥♦" ❝✉"&♦"✳ ❇♦③❡$ ❡ ❈❛$❧♦

❬✼❪ ❝♦♥"✐❞❡$❛♠ ✉♠ ❝❡♥&$♦ ❞❡ crossdocking✱ ❝♦♠ ♦ ♠❡"♠♦ ♥I♠❡$♦ ❞❡ ❞♦❝❛" ❞❡ ❡♥&$❛❞❛

❡ "❛7❞❛✱ ♥❛ :✉❛❧ ♦ &$❛♥"❜♦$❞♦ ❞❡ ❝❛$❣❛" 0 ❢❡✐&♦ L ♥♦✐&❡✱ ♣♦❞❡♥❞♦ ❛ ❛&$✐❜✉✐;=♦ ♠✉❞❛$ ❞❡

✉♠❛ ♥♦✐&❡ ♣❛$❛ ♦✉&$❛✳ ❖" ❛✉&♦$❡" ♣$♦♣<❡♠ ✐♥✐❝✐❛❧♠❡♥&❡ ✉♠❛ ❢♦$♠✉❧❛;=♦ ❜❛"❡❛❞❛ ♥♦

♣$♦❜❧❡♠❛ ❞❡ ❛&$✐❜✉✐;=♦ :✉❛❞$M&✐❝❛ $❡&✐❧7♥❡❛ ♣❛$❛ ♠✐♥✐♠✐③❛$ ♦ ❡"❢♦$;♦ ❞❡ ♠❛♥✐♣✉❧❛;=♦

❞❡ ♠❛&❡$✐❛✐"✳ ❊""❛ 0 &✐❞❛ ❝♦♠♦ ✐♥❡✜❝✐❡♥&❡ ♣❛$❛ "♦❧✉❝✐♦♥❛$ ✐♥"&O♥❝✐❛" ❞❡ ❧❛$❣❛ ❡"❝❛❧❛✱

❝♦♥"✐❞❡$❛♥❞♦ :✉❡ 0 ✉♠❛ ❞❡❝✐"=♦ ❞❡ ❝✉$&♦ ♣$❛③♦ ❡ :✉❡ ❞❡✈❡ "❡$ &♦♠❛❞❛ ❛ ❝❛❞❛ ❞✐❛✳

❆""✐♠✱ 0 ✉&✐❧✐③❛❞❛ ✉♠❛ ❤❡✉$7"&✐❝❛ ❜❛"❡❛❞❛ ❡♠ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣✱ :✉❡ ♦❜&0♠ ❛ "♦❧✉;=♦

Q&✐♠❛ ❡♠ ♣$♦❜❧❡♠❛" ♣❡:✉❡♥♦" ❡ ❛♣$❡"❡♥&❛ ❞❡"❡♠♣❡♥❤♦ "✉♣❡$✐♦$ ❛ ❤❡✉$7"&✐❝❛" ❞❡ &$♦❝❛

❞❡ ♣❛$❡" ❡①✐"&❡♥&❡" ♥❛ ❧✐&❡$❛&✉$❛ ♣❛$❛ ♣$♦❜❧❡♠❛" ❣$❛♥❞❡"✳ ❖ ✐♠♣❛❝&♦ ❞♦ ❢♦$♠❛&♦ ❞❛

❡"&❛;=♦ "♦❜$❡ ❛ ♠♦✈✐♠❡♥&❛;=♦ ❞❡ ♠❛&❡$✐❛✐" &❛♠❜0♠ 0 ❛♥❛❧✐"❛❞♦✱ ❝❤❡❣❛♥❞♦ L ❝♦♥❝❧✉"=♦

:✉❡ ❡"&❛;<❡" ♠❛✐" ♣❧❛♥❛" $❡:✉❡$❡♠ ♠❡♥♦" ❡"❢♦$;♦"✳

✷✳✶✳✻ ❙❡&✉❡♥❝✐❛♠❡♥-♦ ❞❡ ❝❛♠✐♥❤1❡2

❖ ♣$♦❜❧❡♠❛ ❞❡ "❡:✉❡♥❝✐❛♠❡♥&♦ ❞❡ ❝❛♠✐♥❤<❡" ❝♦♥"✐"&❡ ❡♠ ❞❡❝✐❞✐$ ♦♥❞❡ ❡ :✉❛♥❞♦

♦" ✈❡7❝✉❧♦" ❞❡✈❡♠ "❡$ ♣$♦❝❡""❛❞♦"✳ ❇♦②"❡♥ ❡ ❋❧✐❡❞♥❡$ ❬✻❪ ❛♣$❡"❡♥&❛♠ ✉♠❛ ❝❧❛""✐✜❝❛;=♦

❝♦♠ ❛❧❣✉♥" &$❛❜❛❧❤♦" :✉❡ ❛❜♦$❞❛$❛♠ ♦ &❡♠❛ ❞❡ "❡:✉❡♥❝✐❛♠❡♥&♦ ❞❡ ❝❛♠✐♥❤<❡"✳ ❚❛❧

❝❧❛""✐✜❝❛;=♦ ❢♦✐ ❢❡✐&❛ ❜❛"❡❛❞❛ ♣$✐♥❝✐♣❛❧♠❡♥&❡ ❡♠ ✉♠ ❡":✉❡♠❛ "♦❜$❡ ♣$♦❜❧❡♠❛" ❞❡&❡$✲

♠✐♥7"&✐❝♦" ❞❡ "❡:✉❡♥❝✐❛♠❡♥&♦ ❞❡ ❝❛♠✐♥❤<❡"✳ ❋♦✐ ✉&✐❧✐③❛❞❛ ✉♠❛ ♥♦&❛;=♦ ❡♠ &✉♣❧❛"✱ :✉❡

0 ❛♣❧✐❝❛❞❛ ❡♠ "❡:✉❡♥❝✐❛♠❡♥&♦ ❞❡ ♠M:✉✐♥❛" ❡ ♣$♦❜❧❡♠❛" ❞❡ ✜❧❛"✳ ❈♦♠♦ ♦" ♣$♦❜❧❡♠❛"

❞❡ crossdocking ❛♣$❡"❡♥&❛♠ ♣❡❝✉❧✐❛$✐❞❛❞❡" ❛❞✐❝✐♦♥❛✐"✱ ❝♦♠♦ ❛ ❛&$✐❜✉✐;=♦ ❞❡ ❝❛$❣❛" ❛

✈❡7❝✉❧♦" ❞❡ "❛7❞❛✱ ❛ ❝❧❛""✐✜❝❛;=♦ ♣$♦♣♦"&❛ ♣❡❧♦" ❛✉&♦$❡" ✐♥❝❧✉✐ &❛♠❜0♠ ❛&$✐❜✉&♦" ❡"♣❡❝7✲

✜❝♦" ❞❡""❡ &✐♣♦ ❞❡ ♣$♦❜❧❡♠❛✳ ❊""❛" ❝❛$❛❝&❡$7"&✐❝❛" ❢♦$❛♠ $❡♣$❡"❡♥&❛❞❛" ♣❡❧❛ ♥♦&❛;=♦ α

⑤ β ⑤ γ✱ $❡❧❛❝✐♦♥❛♥❞♦✲"❡ ❝♦♠ ❛ ❢♦$♠❛ ❞❡ &$❛❜❛❧❤❛$ ❞❛" ❞♦❝❛"✱ ❛" ❝❛$❛❝&❡$7"&✐❝❛" ♦♣❡$❛❝✐✲

♦♥❛✐" ❡ ♦" ♦❜❥❡&✐✈♦" :✉❡ ❣✉✐❛$❛♠ ❛ ♦&✐♠✐③❛;=♦✱ $❡"♣❡❝&✐✈❛♠❡♥&❡✳ ❆ $❡✈✐"=♦ ❛♣$❡"❡♥&❛❞❛

♣♦$ ❇❡❧❧❡ ❡& ❛❧✳ ❬✺❪ &❛♠❜0♠ ❛❜♦$❞❛ ❛ ❝❧❛""✐✜❝❛;=♦ ❝✐&❛❞❛ ❛♥&❡$✐♦$♠❡♥&❡✱ ♣♦$0♠ "❡✉ ❢♦❝♦

♣$✐♥❝✐♣❛❧ ❡"&M ♥❛ ❝❧❛""✐✜❝❛;=♦ ♣♦$ ❝❛$❛❝&❡$7"&✐❝❛" ❞♦" &❡$♠✐♥❛✐"✳

❈❤❡♥ ❡ ▲❡❡ ❬✶✵❪ ❝♦♥"✐❞❡$❛$❛♠ ♦ ❝❤❛♠❛❞♦ ♣$♦❜❧❡♠❛ ❞❡ "❡:✉❡♥❝✐❛♠❡♥&♦ ❞❡ ✢♦✇✲

0❤♦♣ ❝4♦00❞♦❝❦✐♥❣ ❝♦♠ ❞✉❛" ♠M:✉✐♥❛"✱ ❝✉❥♦ ♦❜❥❡&✐✈♦ 0 "❡:✉❡♥❝✐❛$ ♦" ❝❛♠✐♥❤<❡" ❞❡ ❝❤❡✲

❣❛❞❛ ❡ "❛7❞❛ ❞❡ ❢♦$♠❛ ❛ ♠✐♥✐♠✐③❛$ ♦ makespan ✭&❡♠♣♦ ❞❡ ❝♦♥❝❧✉"=♦ ❞♦ I❧&✐♠♦ ❥♦❜ ❬✷✸❪✮✳

❆ ♠♦❞❡❧❛❣❡♠ 0 ❢❡✐&❛ ❝♦♠♦ ✉♠ ♣$♦❜❧❡♠❛ ❞❡ flow shop ❝♦♠ ❞✉❛" ♠M:✉✐♥❛"✱ ♣♦$0♠ ❝♦♠

$❡"&$✐;<❡" ❞❡ ♣$❡❝❡❞]♥❝✐❛✱ ❛ ✜♠ ❞❡ ❣❛$❛♥&✐$ :✉❡ ♦ ❝❛♠✐♥❤=♦ ❞❡ "❛7❞❛ "❡❥❛ ♣$♦❝❡""❛❞♦
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✷✳✶✳✻ ✲ ❙❡'✉❡♥❝✐❛♠❡♥.♦ ❞❡ ❝❛♠✐♥❤2❡3 ✶✸

❞❡♣♦✐' (✉❡ *♦❞❛' ❛' *❛,❡❢❛' ❞❡ '❡✉' ♣,❡❞❡❝❡''♦,❡' '❡❥❛♠ ❝♦♥❝❧✉3❞❛'✳ ❆❧6♠ ❞✐''♦✱ ♣,❡❡♠♣✲

9:♦ ♥:♦ 6 ♣❡,♠✐*✐❞❛✱ ❝♦♥'✐❞❡,❛✲'❡ (✉❡ *♦❞♦' ♦' ❝❛♠✐♥❤<❡' ❡'*:♦ ❞✐'♣♦♥3✈❡✐' ♥♦ ✐♥3❝✐♦ ❞♦

❤♦,✐③♦♥*❡ ❞❡ ♣❧❛♥❡❥❛♠❡♥*♦ ❡ (✉❡ ❡'*♦(✉❡ *❡♠♣♦,?,✐♦ ♣♦❞❡ '❡, ❢♦,♠❛❞♦ ❛*6 ❛ ❝❤❡❣❛❞❛

❞♦ ❝❛♠✐♥❤:♦ ❞❡ '❛3❞❛ ❛♣,♦♣,✐❛❞♦✳ ❖' ❛✉*♦,❡' ♣,♦✈❛♠ (✉❡ ❡''❡ ♣,♦❜❧❡♠❛ 6 ❢♦,*❡♠❡♥*❡

◆D✲❞✐❢3❝✐❧ ❡ ❛♣,❡'❡♥*❛♠ ✉♠❛ ❤❡✉,3'*✐❝❛ ❜❛'❡❛❞❛' ♥♦ ❛❧❣♦,✐*♠♦ ❞❡ ❏♦♥❤'♦♥✱ (✉❡ ❢♦,♥❡❝❡

❛ '♦❧✉9:♦ F*✐♠❛ ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ❞❡ flowshop ❝♦♠ ❞✉❛' ♠?(✉✐♥❛' ❡ ❝♦♠ ♦ ♦❜❥❡*✐✈♦ ❞❡

♠✐♥✐♠✐③❛, ♦ makespan ❬✸✶❪✱ ❡ ✉♠ ❛❧❣♦,✐*♠♦ ❞❡ branch − and − bound✳ ❖' ,❡'✉❧*❛❞♦'

♠♦'*,❛♠ (✉❡ ♦ ♣,♦❜❧❡♠❛ ♣♦❞❡ ,❡'♦❧✈❡, ✐♥'*I♥❝✐❛' ❝♦♠ ❛*6 ✻✵ ❝❛♠✐♥❤<❡' ✉*✐❧✐③❛♥❞♦ ❛*6

✺ ♠✐♥✉*♦' ❞❡ ♣,♦❝❡''❛♠❡♥*♦✳ ❈❤❡♥ ❡ ❙♦♥❣ ❬✶✶❪ ❡'*❡♥❞❡♠ ❡''❡ *,❛❜❛❧❤♦ ❝♦♥'✐❞❡,❛♥❞♦

♠O❧*✐♣❧❛' ❞♦❝❛' ❞❡ ❡♥*,❛❞❛ ❡ '❛3❞❛✱ ❞❡♥♦♠✐♥❛♥❞♦ ♣,♦❜❧❡♠❛ ❞❡ crossdocking ❤3❜,✐❞♦

❞❡ ❞♦✐' ❡'*?❣✐♦'✳ ◆❡''❡ ❝❛'♦ ♠O❧*✐♣❧♦' ✈❡3❝✉❧♦' ♣♦❞❡♠ '❡, ❝❛,,❡❣❛❞♦' ♦✉ ❞❡'❝❛,,❡❣❛❞♦'

❛♦ ♠❡'♠♦ *❡♠♣♦✱ ❝♦♥'✐❞❡,❛♥❞♦ (✉❡ ❛' ❞♦❝❛' ':♦ ❝♦♠♦ ♠?(✉✐♥❛' ♣❛,❛❧❡❧❛'✳ ❖' ❛✉*♦,❡'

❛♣,❡'❡♥*❛♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ♣,♦❣,❛♠❛9:♦ ✐♥*❡✐,❛ ♠✐'*❛ ❡ ♣,♦♣<❡♠ ❤❡✉,3'*✐❝❛' ❜❛'❡❛❞❛'

♥♦ ❛❧❣♦,✐*♠♦ ❞❡ ❏♦❤♥'♦♥ ♣❛,❛ '♦❧✉❝✐♦♥❛, ♦ ♣,♦❜❧❡♠❛✳ ❊♠ ❛♠❜♦' ♦' *,❛❜❛❧❤♦' β ❂

tj = 0✱ ♦✉ '❡❥❛✱ ♦ *❡♠♣♦ ❞❡ *,❛♥'❜♦,❞♦ ❡ ✐❣✉❛❧ ❛ ③❡,♦✳ ❖ ♠♦❞❡❧♦ ❞❡ ❈❤❡♥ ❡ ▲❡❡ ❬✶✵❪

'❡❣✉❡ ❛ ❝❧❛''✐✜❝❛9:♦ ❊✷ ⑤ tj = 0 ⑤ Cmax✱ ♦✉ '❡❥❛✱ ♣,♦❜❧❡♠❛ ❝♦♠ ❞✉❛' ❞♦❝❛' ❡①❝❧✉'✐✲

✈❛' ♣❛,❛ ❝❛,❣❛ ♦✉ ❞❡'❝❛,❣❛ ✭❊✷✮✱ ❝♦♠ ♦ *❡♠♣♦ ❞❡ *,❛♥'❜♦,❞♦ ❞❛' ❝❛,❣❛' ✐❣✉❛❧ ❛ ③❡,♦

✭tj = 0✮ ❡ ❝✉❥❛ ❢✉♥9:♦ ♦❜❥❡*✐✈♦ 6 ♠✐♥✐♠✐③❛, ♦ makespan✳ ❏? ❈❤❡♥ ❡ ❙♦♥❣ ❬✶✶❪ ♠♦❞❡❧❛♠

♦ ♣,♦❜❧❡♠❛ ❝♦♠♦ ❊ ⑤ tj = 0 ⑤ Cmax✱ ♦✉ '❡❥❛✱ ❝♦♥'✐❞❡,❛✲'❡ ♠O❧*✐♣❧❛' ❞♦❝❛'✱ ❞❡'*✐♥❛❞❛' ❛

❞❡'❝❛,❣❛ ♦✉ ❝❛,❣❛✱ *,❛❜❛❧❤❛♥❞♦ ❡♠ ♣❛,❛❧❡❧♦✱ ♣♦,*❛♥*♦ ❛ ❞✐❢❡,❡♥9❛ ❡♥*,❡ ❬✶✵❪ ❡ ❬✶✶❪ ❡'*?

♥❛ ❢♦,♠❛ ❞❡ *,❛❜❛❧❤❛, ❝♦♠ ❛' ❞♦❝❛'✳

▼❝❲✐❧❧✐❛♠' ❡* ❛❧✳ ❬✷✹❪ ❝♦♥'✐❞❡,❛♠ ✉♠ ❝❡♥*,♦ ❞❡ crossdocking ❝♦♠ ❞♦❝❛'

(✉❡ ♣♦❞❡♠ '❡, ❞❡ ❡♥*,❛❞❛ ♦✉ '❛3❞❛✱ ♦ *❡♠♣♦ ❞❡ *,❛♥'♣♦,*❡ ✈❛,✐❛ ❞❡ ❛❝♦,❞♦ ❝♦♠ ❛'

❞♦❝❛' ❛*,✐❜✉3❞❛' ❡ ♦ ♦❜❥❡*✐✈♦ 6 ♠✐♥✐♠✐③❛, ♦ makespan✳ D❛,❛ '♦❧✉❝✐♦♥❛, ♦ ♣,♦❜❧❡♠❛✱ 6

✉*✐❧✐③❛❞♦ ✉♠ ❛❧❣♦,✐*♠♦ ❣❡♥6*✐❝♦ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ✉♠ ♠♦❞❡❧♦ ❞❡ '✐♠✉❧❛9:♦✳ ❊♠ *❡,♠♦'

❞❡ ♥♦*❛9:♦ ❡♠ *✉♣❧❛'✱ ♦ ♠♦❞❡❧♦ 6 ❞❡*❡,♠✐♥❛❞♦ ❝♦♠♦ ❊ ⑤ pj = p, no− wait, ti0 ⑤ Cmax✳

◆❡''❡ ❝❛'♦ β '✐❣♥✐✜❝❛ (✉❡ *♦❞♦' ♦' ❥♦❜' *❡♠ ♦ ♠❡'♠♦ *❡♠♣♦ ❞❡ ♣,♦❝❡''❛♠❡♥*♦✱ ♥:♦

♣♦❞❡♠ ❛❣✉❛,❞❛, ❡♠ ❡'*♦(✉❡' ✐♥*❡,♠❡❞✐?,✐♦' ❡ ♦' *❡♠♣♦' ❞❡ *,❛♥'❜♦,❞♦ ♣❛,❛ ❝❛❞❛ ♣❛,

❞❡ ❞♦❝❛' 6 ❞❛❞♦ ❝♦♠♦ ♣❛,I♠❡*,♦✳

❏? ❇♦②'❡♥ ❬✷✼❪ ✉*✐❧✐③❛ ❛ ♣,♦❣,❛♠❛9:♦ ❞✐♥I♠✐❝❛ ❛''♦❝✐❛❞❛ ❛ ✉♠ ❣,❛❢♦ ❞✐,❡*♦

❛❝3❝❧✐❝♦✳ ❖ ❝❛♠✐♥❤♦ ♠3♥✐♠♦ ♥❡''❡ ❣,❛❢♦ ❝♦,,❡'♣♦♥❞❡ ❛ '♦❧✉9:♦ F*✐♠❛ ❞♦ ♣,♦❜❧❡♠❛

*,❛*❛❞♦✱ (✉❡ ❝♦♥'✐'*❡ ❡♠ '❡(✉❡♥❝✐❛, ❝❛♠✐♥❤<❡' ❞❡ ❝❤❡❣❛❞❛ ❡ '❛3❞❛ ❡♠ ✉♠ ❝❡♥*,♦ ❞❡

crossdocking✱ ♥♦ (✉❛❧ ❝❛❞❛ ❞♦❝❛ 6 ❡①❝❧✉'✐✈❛ ♣❛,❛ ♦♣❡,❛9<❡' ❞❡ ❝❛,,❡❣❛♠❡♥*♦ ♦✉ ❞❡'✲

❝❛,,❡❣❛♠❡♥*♦ ❡ ♥:♦ 6 ♣♦''3✈❡❧ ❛,♠❛③❡♥❛, ♦' ♣,♦❞✉*♦'✱ ♦ (✉❡ 6 ❝♦♠✉♠ ♣❛,❛ ❜❡♥' (✉❡

♥❡❝❡''✐*❛♠ ❞❡ ,❡❢,✐❣❡,❛9:♦✳ ❆''✐♠✱ ♦ ❛✉*♦, ❛♣,❡'❡♥*❛ ✉♠❛ ❢♦,♠✉❧❛9:♦✱ ❝✉❥♦ ♦ ♦❜❥❡*✐✈♦
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✷✳✶✳✼ ✲ ❙❡'✉❡♥❝✐❛♠❡♥.♦ ✐♥.❡0♥♦ ❞❡ 0❡❝✉02♦2 ✶✹

" ♠✐♥✐♠✐③❛( ♦ *❡♠♣♦ ❞❡ ✢✉①♦✱ ♦ *❡♠♣♦ ❞❡ ♣(♦❝❡33❛♠❡♥*♦ ❡ ♦ ❛*(❛3♦ ❞♦3 ❝❛♠✐♥❤5❡3

❞❡ 3❛6❞❛✳ ❚❛♠❜"♠ 3:♦ ❛♣(❡3❡♥*❛3 ❤❡✉(63*✐❝❛3 ❜❛3❡❛❞❛3 ❡♠ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣ ♣❛(❛

♦❜*❡( ❧✐♠✐*❡3 ♣❛(❛ ✐♥3*<♥❝✐❛3 (❡❛✐3✱ (❡♣(❡3❡♥*❛❞❛3 ♣♦( ♠❛✐3 ❞❡ ✷✺ ❝❛♠✐♥❤5❡3 ❞❡ ❝❤❡❣❛❞❛✳

❙❡❣✉♥❞♦ ❇❡❧❧❡ ❡* ❛❧✳ ❬✺❪✱ ♦3 ♠♦❞❡❧♦3 *(❛❜❛❧❤❛❞♦3 ❡♠ ❬✷✼❪ 3❡❣✉❡♠ ❛3 3❡❣✉✐♥*❡3 ♥♦*❛E5❡3

E|pj = p, no− wait, tj = 0 ⑤

∑
C0 ❡ E|pj = p, no− wait, tj = 0 ⑤

∑
To✱ 3❡♥❞♦

∑
C0 "

♦ *❡♠♣♦ ❞❡ ❝♦♥❝❧✉3:♦ ❡

∑
To " ❛ 3♦♠❛ ❞♦3 ❛*(❛3♦3 ❞♦3 ❥♦❜3✳

H❛(❛ ♣(♦❜❧❡♠❛3 ❝♦♠ ❣(❛♥❞❡3 ✐♥3*<♥❝✐❛3✱ ▲✐ ❡* ❛❧✳ ❬✷✶❪ ❛♣(❡3❡♥*❛♠ ✉♠ ♠"*♦❞♦

❤❡✉(63*✐❝♦ ❝❤❛♠❛❞♦ H(♦❝✉(❛ ♣♦( H♦3✐E5❡3 ❉❡♣❡♥❞❡♥*❡3 ❞♦ ✐♥❣❧K3✭❉❡♣❡♥❞❡♥❝② ❘❛♥❦✐♥❣

❙❡❛2❝❤✮✱ N✉❡ ♣(✐♠❡✐(❛♠❡♥*❡ ❡❧❛❜♦(❛ ✉♠❛ 3❡N✉K♥❝✐❛ ✈✐P✈❡❧ ❞❡ ❥♦❜3✱ (❡3♣❡✐*❛♥❞♦ ♦ ♥Q♠❡(♦

❞❡ ❞♦❝❛3 ❞✐3♣♦♥6✈❡✐3✱ ❡ ❡♠ 3❡❣✉✐❞❛ ❡33❡3 ❥♦❜3 3:♦ ❛❧♦❝❛❞♦3 R3 ❞♦❝❛3✳ ❖ ❞❡3❡♠♣❡♥❤♦

❝♦♠ (❡❧❛E:♦ ❛♦ ❈H▲❊❳ " ♣✐♦( ♣❛(❛ ✐♥3*<♥❝✐❛3 ♣❡N✉❡♥❛3✱ ♣♦("♠ ♣❛(❛ ❣(❛♥❞❡3 ✐♥3*<♥❝✐❛3

♦ ❈H▲❊❳ ♥:♦ " ❝❛♣❛③✱ ♥❛ ♠❛✐♦(✐❛ ❞♦3 ❝❛3♦3✱ ❞❡ ✐❞❡♥*✐✜❝❛( 3♦❧✉E5❡3 ❡♠ ❛*" ❞✉❛3 ❤♦(❛3✳

❏P ❛ ❤❡✉(63*✐❝❛ ♦❜*"♠ ❛ 3♦❧✉E:♦ ❡♠ ♣♦✉❝♦3 ♠✐♥✉*♦3 ❡♠ ✽ ❛ ❝❛❞❛ ✶✵ ✐♥3*<♥❝✐❛3✳ ❆

♥♦*❛E:♦ ✉*✐❧✐③❛❞❛ ♥❡33❡ ❝❛3♦ 3❡(P ▼ ⑤ ti0 ⑤ Cmax✱ ♥❛ N✉❛❧ ▼ 3✐❣♥✐✜❝❛ N✉❡ ❛ ♠❡3♠❛ ❞♦❝❛

♣♦❞❡ (❡❝❡❜❡( ❝❛♠✐♥❤5❡3 ❞❡ ❝❤❡❣❛❞❛ ❡ 3❛6❞❛✳

✷✳✶✳✼ ❙❡&✉❡♥❝✐❛♠❡♥-♦ ✐♥-❡/♥♦ ❞❡ /❡❝✉/1♦1

▲✐ ❡* ❛❧✳ ❬✷✵❪ ❛♥❛❧✐3❛(❛♠ ♦ ♣(♦❜❧❡♠❛ ❞❡ 3❡N✉❡♥❝✐❛♠❡♥*♦ ❞❡ (❡❝✉(3♦3 ❡♠ ✉♠ ❝❡♥✲

*(♦ ❞❡ crossdocking ❝♦♠ ✉♠❛ ❛♣(♦①✐♠❛E:♦ ❜❛3❡❛❞❛ ❡♠ just− in− time✳ ❖ ♣(♦❜❧❡♠❛ "

♠♦❞❡❧❛❞♦ ❝♦♠♦ ✉♠ ♣(♦❜❧❡♠❛ ❞❡ 3❡N✉❡♥❝✐❛♠❡♥*♦ ❞❡ ♠PN✉✐♥❛3 ❡ (❡3♦❧✈✐❞♦ ❝♦♠ ❤❡✉(63✲

*✐❝❛3✱ ♣♦✐3 " ✉♠ ♣(♦❜❧❡♠❛ ◆H✲❞✐❢6❝✐❧✳ ❖3 ❛✉*♦(❡3 ♣(♦♣5❡♠ ❞✉❛3 ❤❡✉(63*✐❝❛3 ❡♥✈♦❧✈❡♥❞♦

❛❧❣♦(✐*♠♦3 ❣❡♥"*✐❝♦3✱ 3❡♥❞♦ N✉❡ ❛ ♣(✐♠❡✐(❛ ❤❡✉(63*✐❝❛ ❝❛❧❝✉❧❛ 3♦❧✉E5❡3 ♣(`①✐♠❛3 ❛ `*✐♠❛

❡♠ ✉♠ ✐♥*❡(✈❛❧♦ ❞❡ *❡♠♣♦ ♠✉✐*♦ ✐♥❢❡(✐♦( ❛♦ *❡♠♣♦ ✉*✐❧✐③❛❞♦ ♣❡❧♦ 4♦❧✈❡2 ❈H▲❊❳✳ ❏P ❛

3❡❣✉♥❞❛ ❤❡✉(63*✐❝❛ ❝♦♥3❡❣✉❡ ♦❜*❡( ♦ ♠❡❧❤♦( (❡3✉❧*❛❞♦✱ ♣♦("♠ 3♦❜ ♦ ❝✉3*♦ ❞❡ ✉♠ ❛❧*♦

*❡♠♣♦ ❞❡ ♣(♦❝❡33❛♠❡♥*♦ ❝♦♠♣✉*❛❝✐♦♥❛❧✳

✷✳✶✳✽ ❈❛/❣❛ ❡ ❞❡1❝❛/❣❛

❙♦❜(❡ ❝❛(❣❛ ❡ ❞❡3❝❛(❣❛✱ ❇♦②3❡♥ ❡ ❋❧✐❡❞♥❡( ❬✻❪ ✐♥❞✐❝❛♠ N✉❡✱ ❡♠❜♦(❛ ❡33❛ ❛*✐✲

✈✐❞❛❞❡ ✐♥✢✉❡♥❝✐❡ ♦ ♣(♦❝❡33❛♠❡♥*♦ ❞❡ ✈❡6❝✉❧♦3 ❡♠ ✉♠ ❝❡♥*(♦ ❞❡ crossdocking✱ ♥:♦

" ♣(♦✈❡✐*♦3♦ (❡❧❛❝✐♦♥❛( ❞❡❝✐35❡3 ❞❡ ❝❛((❡❣❛♠❡♥*♦ ❝♦♠ 3❡N✉❡♥❝✐❛♠❡♥*♦ ❞❡ ❝❛♠✐♥❤5❡3✱

♣♦(N✉❡ ❛ ❝❛(❣❛ ❞♦3 ❝❛♠✐♥❤5❡3 ❞❡ ❝❤❡❣❛❞❛ ♥:♦ " ❛♥*❡(✐♦(♠❡♥*❡ ❝♦♥❤❡❝✐❞❛✳ ❆❧"♠ ❞✐33♦✱

*(❛❜❛❧❤❛( ❝♦♠ ❝❛((❡❣❛♠❡♥*♦ ♥♦3 ❝❛♠✐♥❤5❡3 ❞❡ 3❛6❞❛ ♣♦❞❡ (❡N✉❡(❡( ✐♥*❡❣(❛( (♦*❡❛♠❡♥*♦

❞❡ ✈❡6❝✉❧♦3✱ N✉❡ ✐♠♣❧✐❝❛ ❡♠ ❞❡*❡(♠✐♥❛( ❛ 3❡N✉❡♥❝✐❛ ❞❡ ❝❧✐❡♥*❡3 ❛ ✈✐3✐*❛( ❡✱ ♣♦(*❛♥*♦✱ ❝♦♥✲

30♦❣0❛♠❛ ❞❡ 352 ●0❛❞✉❛78♦ ❡♠ ❊♥❣❡♥❤❛0✐❛ ❞❡ 30♦❞✉78♦ ✲ 3♣❣❡♣✴❯❋▼●



✷✳✷ ✲ ❘❡❧❛①❛()♦ ▲❛❣-❛♥❣❡❛♥❛ ❛//♦❝✐❛❞❛ ❛♦ Crossdocking ✶✺

"✐❞❡&❛& ❝♦♠♦ "❡&+ ❢❡✐-❛ ❛ ♦&❣❛♥✐③❛12♦ ❞❛ ❝❛&❣❛ ♥♦ ✐♥-❡&✐♦& ❞♦ ✈❡4❝✉❧♦✳ ❖ 9✉❡ &❡"✉❧-❛&✐❛

❡♠ ✉♠ ♣&♦❜❧❡♠❛ ❝♦♠ ❣&❛♥❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✳

❇❡❧❧❡ ❡- ❛❧✳ ❬✺❪ ❞❡"-❛❝❛♠ 9✉❡ ♥❛ ❧✐-❡&❛-✉&❛✱ A" ✈❡③❡"✱ ♦ ♥B♠❡&♦ ❞❡ ❞♦❝❛" C

❧✐♠✐-❛❞♦ ❛ ❛♣❡♥❛" ✉♠❛ ♦✉ ❞✉❛"✳ ◆❡""❡" ❝❛"♦"✱ ♦ ❢♦❝♦ ♥2♦ C ♠♦❞❡❧❛& ✉♠ "✐"-❡♠❛ &❡❛❧ ❞❡

crossdocking✱ ♠❛" ♦❜-❡& ✐♥❢♦&♠❛1E❡" ✐♠♣♦&-❛♥-❡" ❡"-✉❞❛♥❞♦ ♠♦❞❡❧♦" "✐♠♣❧✐✜❝❛❞♦"✳

✷✳✷ ❘❡❧❛①❛'(♦ ▲❛❣,❛♥❣❡❛♥❛ ❛..♦❝✐❛❞❛ ❛♦Crossdocking

▲✉❤ ❡ ❍♦✐-♦♠- ❬✷✽❪ ❛❜♦&❞❛♠ -&L" ♣&♦❜❧❡♠❛" ❞❡ "❡9✉❡♥❝✐❛♠❡♥-♦ ❡♠ ❛♠❜✐❡♥-❡"

❞❡ ♠❛♥✉❢❛-✉&❛ ❡♠ ♦&❞❡♠ ❝&❡"❝❡♥-❡ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✳ M&✐♠❡✐&❛♠❡♥-❡✱ ♦ "❡9✉❡♥❝✐❛♠❡♥-♦

❞❡ ❥♦❜"✱ 9✉❡ &❡9✉❡&❡♠ ❛♣❡♥❛" ✉♠❛ ♦♣❡&❛12♦✱ C ❢❡✐-♦ ❡♠ ♣❛&❛❧❡❧♦✳ ❖ "❡❣✉♥❞♦ -&❛-❛ ❞❡

♣&♦❜❧❡♠❛" ❝♦♠ ♠B❧-✐♣❧❛" ♦♣❡&❛1E❡" ♣♦& ❥♦❜ ❡ &❡"-&✐1E❡" ❞❡ ♣&❡❝❡❞L♥❝✐❛ ❡♠ ♣❛&❛❧❡❧♦✱ ❡

♣♦& B❧-✐♠♦✱ ♦ ♣&♦❜❧❡♠❛ ❞❡ "❡9✉❡♥❝✐❛♠❡♥-♦ ❞♦ -✐♣♦ ❥♦❜ #❤♦♣ C ❛♥❛❧✐"❛❞♦✳ ❖" ❛✉-♦&❡"

♣&♦♣E❡♠ ❢♦&♠✉❧❛1E❡" ❡ ✉-✐❧✐③❛♠ ❛ -C❝♥✐❝❛ ❞❡ &❡❧❛①❛12♦ ❧❛❣&❛♥❣❡❛♥❛ ♣❛&❛ ❞❡❝♦♠♣♦&

♦" ♣&♦❜❧❡♠❛" ♦&✐❣✐♥❛✐" ❡♠ "✉❜♣&♦❜❧❡♠❛" ❛♦ ♥4✈❡❧ ❞❡ ❥♦❜ ♦✉ ♦♣❡&❛12♦✱ 9✉❡ "2♦ ♠❛✐"

❢❛❝✐❧♠❡♥-❡ &❡"♦❧✈✐❞♦"✳ ❆" "♦❧✉1E❡" ♦❜-✐✈❡&❛♠ ❣❛♣" ❞❡ ♦-✐♠❛❧✐❞❛❞❡ ✐♥❢❡&✐♦&❡" ❛ ✺✪✱

❝♦♠ ❝❡&❝❛ ❞❡ ✸ ♠✐♥✉-♦" ❞❡ ♣&♦❝❡""❛♠❡♥-♦✱ ♣❛&❛ ♣&♦❜❧❡♠❛" ❝♦♠ ❛♣&♦①✐♠❛❞❛♠❡♥-❡ ✸✵

♠+9✉✐♥❛" ❡ ✶✷✵ ❥♦❜"✳

✷✳✸ ●❡,❛'(♦ ❞❡ ❈♦❧✉♥❛.

❆❦❦❡& ❡- ❛❧✳ ❬✷❪ ❡"-✉❞❛&❛♠ ♦ ♣&♦❜❧❡♠❛ ❞❡ "❡9✉❡♥❝✐❛♠❡♥-♦ ❞❡ ✉♠❛ ♠+9✉✐♥❛ ❡

❛✈❛❧✐❛♠ ❝♦♠♦ ❛ ❞❡❝♦♠♣♦"✐12♦ ❞❡ ❉❛♥-③✐❣✲❲♦❧❢❡✱ ❛""♦❝✐❛❞❛ ❝♦♠ ♦ ♠C-♦❞♦ ❞❡ ❣❡&❛12♦

❞❡ ❝♦❧✉♥❛"✱ ♣♦❞❡ "❡& ✉"❛❞❛ ♣❛&❛ &❡❞✉③✐& ♦" ♣&♦❜❧❡♠❛" ❝❛✉"❛❞♦" ♣❡❧♦ ❣&❛♥❞❡ ♥B♠❡&♦

❞❡ ✈❛&✐+✈❡✐"✱ 9✉❡ ♣♦❞❡ "❡& ✈✐"-♦ ❝♦♠♦ ♦❜"-+❝✉❧♦ ♣❛&❛ ♠♦❞❡❧♦" ✐♥❞❡①❛❞♦" ♥♦ -❡♠♣♦✳

❊""❡" ♠♦❞❡❧♦"✱ ❛♣❧✐❝❛❞♦" ❡♠ ♣&♦❜❧❡♠❛" ❞❡ "❡9✉❡♥❝✐❛♠❡♥-♦✱ ❞✐"❝&❡-✐③❛♠ ♦ ❤♦&✐③♦♥-❡ ❞❡

♣❧❛♥❡❥❛♠❡♥-♦ ❡♠ ✐♥-❡&✈❛❧♦" ❞❡ -❡♠♣♦ ❡✱ ❡♠ ❝❛❞❛ ✐♥-❡&✈❛❧♦✱ -♦♠❛✲"❡ ❛ ❞❡❝✐"2♦ "❡ ✉♠

❥♦❜ ❡"♣❡❝4✜❝♦ C "❡9✉❡♥❝✐❛❞♦ ❡♠ ❛❧❣✉♠❛ ♠+9✉✐♥❛ ♦✉ ♥2♦✳

❙❛♥-♦" ❡- ❛❧✳ ❬✶✷❪ ♣&♦♣✉"❡&❛♠ ✉♠❛ ❢♦&♠✉❧❛12♦ ❞❡ ♣&♦❣&❛♠❛12♦ ✐♥-❡✐&❛ ❡ ✉♠

❛❧❣♦&✐-♠♦ ❜&❛♥❝❤ ❛♥❞ ♣&✐❝❡ ♣❛&❛ "♦❧✉❝✐♦♥❛& ✉♠ ♣&♦❜❧❡♠❛ ❞❡ &♦-❡❛♠❡♥-♦ ❞❡ ✈❡4❝✉❧♦" ❝♦♠

crossdocking✳ ❖" &❡"✉❧-❛❞♦" ♠♦"-&❛♠ 9✉❡ ❛ ❢♦&♠✉❧❛12♦ ❡"❝♦❧❤✐❞❛ ❢♦&♥❡❝❡ ❧✐♠✐-❡" ♠❛✐"

❢♦&-❡" ❞♦ 9✉❡ ♦✉-&❛" ❢♦&♠✉❧❛1E❡" ❜❛"❡❛❞❛" ❡♠ ✢✉①♦" ❡♠ &❡❞❡"✳ ❆❧C♠ ❞✐""♦✱ ♦❜"❡&✈❛✲"❡

9✉❡ ♦ ❛❧❣♦&✐-♠♦ ❜&❛♥❝❤ ❛♥❞ ♣&✐❝❡ ♣&♦❞✉③ "♦❧✉1E❡" ♠❡❧❤♦&❡"✱ ❡♠ &❡❧❛12♦ A 9✉❛❧✐❞❛❞❡ ❞♦"

❧✐♠✐-❡" "✉♣❡&✐♦&❡" ❡ ✐♥❢❡&✐♦&❡"✱ 9✉❛♥❞♦ ❝♦♠♣❛&❛❞❛ A "♦❧✉12♦ ❢♦&♥❡❝✐❞❛ ♣❡❧♦ ❛❧❣♦&✐-♠♦

3-♦❣-❛♠❛ ❞❡ 35/ ●-❛❞✉❛()♦ ❡♠ ❊♥❣❡♥❤❛-✐❛ ❞❡ 3-♦❞✉()♦ ✲ 3♣❣❡♣✴❯❋▼●



✷✳✸ ✲ ●❡&❛()♦ ❞❡ ❈♦❧✉♥❛0 ✶✻

❜!❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ❛♣❧✐❝❛❞♦ ❛ ✉♠ ♣+♦❣+❛♠❛ ❧✐♥❡❛+ ♣❛+❛ ✉♠ ♠❡/♠♦ ♣+♦❜❧❡♠❛✳

❖✉3+♦ 3❡♠❛ +❡❧❛❝✐♦♥❛❞♦ 4 ♦ 5+♦❜❧❡♠❛ ❞❡ pickup ❡ ❝♦❧❡3❛ ❝♦♠ crossdocking

✐♥3+♦❞✉③✐❞♦ ♣♦+ ❙❛♥3♦/ ❡3 ❛❧✳ ❬✶✸❪✱ ❝✉❥♦ ♦❜❥❡3✐✈♦ 4 +❡❞✉③✐+ ♦/ ❝✉/3♦/ ❛//♦❝✐❛❞♦/ >/

❛3✐✈✐❞❛❞❡/ ❞❡ 3+❛♥/♣♦+3❡ ✈✐❛ crossdocking✳ ❆ ♣+♦♣♦/3❛ 4 ❡✈✐3❛+ ❛ ✐♠♣♦/✐@A♦ B✉❡ 3♦❞♦/

♦/ ✈❡C❝✉❧♦/ ❞❡✈❛♠ ♣❛+❛+ ❡♠ ✉♠❛ ❞♦❝❛✱ ♠❡/♠♦ B✉❡ ❡//❡ ✈❡C❝✉❧♦ ❝♦❧❡3❡ ❡ ❡♥3+❡❣✉❡ ♦

♠❡/♠♦ ❝♦♥❥✉♥3♦ ❞❡ ♣+♦❞✉3♦/✱ ♦✉ /❡❥❛✱ ♥A♦ ❤❛✈❡♥❞♦ ♥❡❝❡//✐❞❛❞❡ ❞❡ ♠❛♥✉/❡✐♦ ❡♠ /✉❛

❝❛+❣❛✱ ❡//❛ 4 ✉♠❛ ✐♠♣♦/✐@A♦ 3C♣✐❝❛ ❞♦/ ♠♦❞❡❧♦/ B✉❡ ❝♦♥/✐❞❡+❛♠ ♦ /✐/3❡♠❛ crossdocking✳

❋♦✐ ♣+♦♣♦/3❛ ✉♠❛ ❢♦+♠✉❧❛@A♦ ❞❡ ♣+♦❣+❛♠❛@A♦ ✐♥3❡✐+❛ ❡ ✉♠ ❛❧❣♦+✐3♠♦ ❜!❛♥❝❤ ❛♥❞ ♣!✐❝❡

♣❛+❛ ♠♦❞❡❧❛+ ❡ /♦❧✉❝✐♦♥❛+ ♦ ♣+♦❜❧❡♠❛✳ ❖/ +❡/✉❧3❛❞♦/ ♠♦/3+❛♠ /❡+ ♣♦//C✈❡❧ B✉❡ /♦❧✉@G❡/

H3✐♠❛/ ♦✉ ❝♦♠ ♣❡B✉❡♥♦/ ❣❛♣/ +❡❞✉③❡♠ /✐❣♥✐✜❝❛3✐✈❛♠❡♥3❡ ♦/ ❝✉/3♦/ 3♦3❛✐/✳

1&♦❣&❛♠❛ ❞❡ 140 ●&❛❞✉❛()♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ 1&♦❞✉()♦ ✲ 1♣❣❡♣✴❯❋▼●



❈❛♣#$✉❧♦ ✸

❋♦*♠✉❧❛,-♦

❊♠ ✉♠ ❝❡♥&'♦ ❞❡ crossdocking ♥♦ *✉❛❧ ❝❤❡❣❛♠ n ❝❛♠✐♥❤0❡1✱ ❝❛❞❛ ✉♠ ❝❛'✲

'❡❣❛❞♦ ❝♦♠ ✉♠ &✐♣♦ ❞❡ ♣'♦❞✉&♦ *✉❡ 5 ❞❡♠❛♥❞❛❞♦ ♣♦' ✉♠ ♦✉ ✈7'✐♦1 ❝❧✐❡♥&❡1✱ ❞❡✈❡✲1❡

❞❡1❝❛''❡❣❛' ♦1 ♣'♦❞✉&♦1 ❞❡11❡1 ❝❛♠✐♥❤0❡1 ❡ ❝❛''❡❣7✲❧♦1 ❡♠ m ❝❛♠✐♥❤0❡1 ❞❡ 1❛8❞❛✱ ❡1&❡1

19♦ '❡1♣♦♥17✈❡✐1 ♣♦' ❝❛''❡❣❛' ✈7'✐♦1 &✐♣♦1 ❞❡ ♣'♦❞✉&♦1 ♣❛'❛ ❞❡1&✐♥♦1 ❡1♣❡❝8✜❝♦1✳ ❯♠

❞❡&❡'♠✐♥❛❞♦ ❝❛♠✐♥❤9♦ ❞❡ 1❛8❞❛ ❞❡✐①❛ ♦ ❝❡♥&'♦ ❞❡ crossdocking *✉❛♥❞♦ 1❡✉ ♣'♦❝❡11❛✲

♠❡♥&♦ ♣❡❧❛ ♠7*✉✐♥❛ ✷ ❡1&✐✈❡' ❝♦♥❝❧✉8❞♦✱ ♦✉ 1❡❥❛✱ ♦ ❥♦❜ ❢♦✐ ❝❛''❡❣❛❞♦ ❝♦♠ ♦1 ♣'♦❞✉&♦1

♣'❡✈✐❛♠❡♥&❡ ❞❡&❡'♠✐♥❛❞♦1 ♣❡❧❛ ♠❛&'✐③ ❞❡ ♣'❡❝❡❞C♥❝✐❛✳ ❆11✐♠✱ ❝♦♠ '❡❧❛E9♦ ❛♦ ♥F♠❡'♦

❞❡ ❞♦❝❛1 ♥❛ ❡1&❛E9♦✱ ❝♦♥1✐❞❡'❛✲1❡ ♥❡11❡ &'❛❜❛❧❤♦ *✉❡ ❡①✐1&❡♠ ❞✉❛1✱ ✉♠❛ ❞♦❝❛ ❞❡ ❡♥&'❛❞❛

❡ ♦✉&'❛ ❞❡ 1❛8❞❛✱ *✉❡ 19♦ ❝♦♥1✐❞❡'❛❞❛1 ❝♦♠♦ ♠7*✉✐♥❛ ✶ ❡ ✷✱ '❡1♣❡❝&✐✈❛♠❡♥&❡✳ ❉❡11❛

❢♦'♠❛✱ ♦ ♣'♦❜❧❡♠❛ 5 1❡*✉❡♥❝✐❛' ♦ ❞❡1❝❛''❡❣❛♠❡♥&♦ ❞♦1 ❝❛♠✐♥❤0❡1 ❞❡ ❝❤❡❣❛❞❛ ❡ ♦ ❝❛''❡✲

❣❛♠❡♥&♦ ❞♦1 ❝❛♠✐♥❤0❡1 ❞❡ 1❛8❞❛ ❞❡ ❢♦'♠❛ ❛ ♠✐♥✐♠✐③❛' ♦ &❡♠♣♦ &♦&❛❧ ❞❡ ❝♦♥❝❧✉19♦ ❞❛1

♦♣❡'❛E0❡1✳ ❆ ✜❣✉'❛ ✸✳✶ ✐❧✉1&'❛ ❛ ❡①♣❧✐❝❛E9♦ ❛❝✐♠❛✳ ◆♦ ❞❡1❡♥❤♦✱ &'C1 ❝❛♠✐♥❤0❡1✱ ❝❛❞❛

✉♠ ❝❛''❡❣❛❞♦ ❝♦♠ ✉♠ &✐♣♦ ❞❡ ♣'♦❞✉&♦✱ 19♦ ♣'♦❝❡11❛❞♦1 ♣❡❧❛ ♠7*✉✐♥❛ ✶✱ *✉❡ '❡❝❡❜❡

✉♠ ❝❛♠✐♥❤9♦ ❞❡ ❝❛❞❛ ✈❡③✳ ❆♣K1 ❞❡1❝❛''❡❣❛' ❞❡&❡'♠✐♥❛❞♦ ❝❛♠✐♥❤9♦✱ ❛ ❝❛'❣❛ ❞❡1&❡ 5

♦'❣❛♥✐③❛❞❛ ❞❡ ❢♦'♠❛ ❛ ❛&❡♥❞❡' ♦1 ♣❡❞✐❞♦1 ❛ 1❡'❡♠ ❡♥&'❡❣✉❡1 ♣❡❧♦1 ❞♦✐1 ❝❛♠✐♥❤0❡1 ❞❡

1❛8❞❛✱ *✉❡ ❡1&9♦ ❛❣✉❛'❞❛♥❞♦ ♣❛'❛ 1❡'❡♠ ♣'♦❝❡11❛❞♦1 ❡ ❛❜❛1&❡❝✐❞♦1 ♣❡❧❛ ♠7*✉✐♥❛ ✷✱ *✉❡

&❛♠❜5♠ '❡❝❡❜❡ ✉♠ ❝❛♠✐♥❤9♦ ❞❡ ❝❛❞❛ ✈❡③✳ ❱❛❧❡ ❞❡1&❛❝❛' *✉❡ ♦1 18♠❜♦❧♦1 ♣'❡1❡♥&❡1

♥♦1 ❝❛♠✐♥❤0❡1 '❡♣'❡1❡♥&❛♠ ❛♣❡♥❛1 ❛ ♦'✐❣❡♠ ❞♦1 ♣'♦❞✉&♦1 ❡ ♥9♦ ❛ *✉❛♥&✐❞❛❞❡ ♦✉ ❛

'♦&✉❧❛E9♦ ❞♦1 ♠❡1♠♦1✳ ❖ ♦❜❥❡&✐✈♦ 5 ✐❧✉1&'❛' ❝♦♠♦ ❢✉♥❝✐♦♥❛ ❛ ❞✐1&'✐❜✉✐E9♦ ❞❡ ❝❛'❣❛1

❡♥&'❡ ♦1 ❝❛♠✐♥❤0❡1 *✉❡ ❝❤❡❣❛♠ ❡ ♦1 *✉❡ ♣❛'&❡♠ ❞♦ ❝❡♥&'♦ ❞❡ crossdocking✱ ❛ *✉❛♥&✐✲

❞❛❞❡ ❛❧♦❝❛❞❛ ❡♠ ❝❛❞❛ ✈❡8❝✉❧♦ ♥9♦ 5 ✐♠♣♦'&❛♥&❡ ♥❡11❡ ❡1&✉❞♦✱ ❛♣❡♥❛1 1❡ ♦ ♣'♦❞✉&♦ ❡1&7

❞✐1♣♦♥8✈❡❧ ♣❛'❛ 1❡' ❝❛''❡❣❛❞♦ ♥♦ ❝❛♠✐♥❤9♦ ❞❡ 1❛8❞❛✳ ❆♣❡1❛' ❞❛ *✉❛♥&✐❞❛❞❡ ❛❧♦❝❛❞❛

♥9♦ 1❡' ♦ ❢♦❝♦✱ ❞❡1&❛❝❛✲1❡ *✉❡ ❛ ❢♦'♠✉❧❛E9♦ ❛❜'❛♥❣❡ ♦1 ❝❡♥7'✐♦1 ♦♥❞❡ ✈7'✐♦1 ♣'♦❞✉&♦1

19♦ ♣'♦❝❡11❛❞♦1 ❡♠ ✉♠ &❡'♠✐♥❛❧ ❞❡ crossdocking✳

✶✼



✸✳✶ ✲ ❋♦&♠✉❧❛+,♦ ♠❛-❡♠/-✐❝❛ ✶✽

❋✐❣✉&❛ ✸✳✶✿ ❙✐,-❡♠❛ ❞❡ ❝!♦##❞♦❝❦✐♥❣ ❛ ,❡& ❛❜♦&❞❛❞♦ ✲ ❋♦♥-❡✿ ❬✸✵❪

❖ ♣&♦❜❧❡♠❛ ❛❝✐♠❛ ,❡&< ♠♦❞❡❧❛❞♦ ♠❛-❡♠❛-✐❝❛♠❡♥-❡ ❛-&❛✈>, ❞❡ ✉♠❛ ♠♦❞✐✜❝❛✲

@A♦ ❞♦ ♣&♦❜❧❡♠❛ ❞❡ ,❡B✉❡♥❝✐❛♠❡♥-♦ ❞♦ -✐♣♦ flowshop ❝❧<,,✐❝♦✳ ❊,,❛ ❛❜♦&❞❛❣❡♠ ❢♦✐

♣&♦♣♦,-❛ ✐♥✐❝✐❛❧♠❡♥-❡ ♣♦& ❈❤❡♥ ❡ ▲❡❡ ❬✶✵❪✱ ♥❛ B✉❛❧ ♦ ♣&♦❜❧❡♠❛ ❞❡ ,❡B✉❡♥❝✐❛♠❡♥-♦ ❞❡

❝❛♠✐♥❤I❡, ❡♠ ✉♠ ❝❡♥-&♦ ❞❡ crossdocking > ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❡①-❡♥,A♦ ❞♦ ♣&♦❜❧❡♠❛

❞❡ flow shop ❝♦♠ ❞✉❛, ♠<B✉✐♥❛, ❡♠ ,>&✐❡ ✭)✇♦✲♠❛❝❤✐♥❡ ❝!♦##❞♦❝❦✐♥❣ ✢♦✇ #❤♦♣ ♣!♦✲

❜❧❡♠✮✳ ❈♦♠♦ ❥< ❢♦✐ ❡①♣❧✐❝✐-❛❞♦✱ ♥❡,,❛ ❛❜♦&❞❛❣❡♠✱ ❛ ❞♦❝❛ ❞❡ ❡♥-&❛❞❛ > ❝♦♥,✐❞❡&❛❞❛

❝♦♠♦ ✉♠❛ ♠<B✉✐♥❛ ✭▼✶✮ B✉❡ &❡❛❧✐③❛ ❛ ♦♣❡&❛@A♦ ❞❡ ❞❡,❝❛&&❡❣❛♠❡♥-♦✱ ♦, ❝❛♠✐♥❤I❡, ❞❡

❝❤❡❣❛❞❛ ,A♦ ❥♦❜, B✉❡ ❞❡✈❡♠ ,❡& ♣&♦❝❡,,❛❞♦, ❡♠ ▼✶✱ ❡ ❛ ❞♦❝❛ ❞❡ ,❛P❞❛ > ❝♦♥,✐❞❡&❛❞❛

❝♦♠♦ ✉♠❛ ♠<B✉✐♥❛ ✭▼✷✮ B✉❡ &❡❛❧✐③❛ ❛ ♦♣❡&❛@A♦ ❞❡ ❝❛&&❡❣❛♠❡♥-♦✱ ♦, ❝❛♠✐♥❤I❡, ❞❡

,❛P❞❛ ,A♦ ❥♦❜, B✉❡ ❞❡✈❡♠ ,❡& ♣&♦❝❡,,❛❞♦, ♣♦& ▼✷✳ ❆ ♣❛&-✐❝✉❧❛&✐❞❛❞❡ B✉❡ -♦&♥❛ ♦ ♣&♦✲

❜❧❡♠❛ ❞❡ crossdocking ❞✐❢❡&❡♥-❡ ❞♦ ♣&♦❜❧❡♠❛ ❞❡ flow shop ❝❧<,,✐❝♦ > ❛ ✐♥-&♦❞✉@A♦ ❞❡

✉♠ ❝♦♥❥✉♥-♦ ❞❡ &❡,-&✐@I❡, ❞❡ ♣&❡❝❡❞S♥❝✐❛ ❞❡♥♦♠✐♥❛❞❛, &❡,-&✐@I❡, ❞❡ crossdocking✳

✸✳✶ ❋♦%♠✉❧❛*+♦ ♠❛,❡♠.,✐❝❛

❈♦♠♦ ❛ ♠♦❞❡❧❛❣❡♠ ❞♦ ♣&♦❜❧❡♠❛ ,❡&< ❜❛,❡❛❞❛ ❡♠ ✉♠ ♣&♦❜❧❡♠❛ ❞❡ ,❡B✉❡♥❝✐❛✲

♠❡♥-♦✱ ,❡&< ✉-✐❧✐③❛❞❛ ✉♠❛ ❛❞❛♣-❛@A♦ ❞❛ ♥♦-❛@A♦ ❛❞♦-❛❞❛ ♣♦& T✐♥❡❞♦ ❬✷✸❪✱ B✉❡ ❝♦♥,❡❣✉❡

❝❛♣-✉&❛& ❛ ❡,-&✉-✉&❛ ❞❡ ❞✐✈❡&,♦, ♠♦❞❡❧♦, ❝♦♥,✐❞❡&❛❞♦, ♥❛ ❧✐-❡&❛-✉&❛✱ ❝♦♥❢♦&♠❡ ❞❡,❝&✐-♦

❛ ,❡❣✉✐&✿

• n✿ ◆V♠❡&♦ ❞❡ ❥♦❜, ❛ ,❡&❡♠ ♣&♦❝❡,,❛❞♦, ♥❛ ♠<B✉✐♥❛ ✶❀

• m✿ ◆V♠❡&♦ ❞❡ ❥♦❜, ❛ ,❡&❡♠ ♣&♦❝❡,,❛❞♦, ♥❛ ♠<B✉✐♥❛ ✷❀

• pij✿ ❚❡♠♣♦ ❞❡ ♣&♦❝❡,,❛♠❡♥-♦ ❞♦ ❥♦❜ j ♥❛ ♠<B✉✐♥❛ i❀

• wi
j✿ T❡,♦ ❞♦ ❥♦❜ j ♥❛ ♠<B✉✐♥❛ i✱ B✉❡ > ✉♠ ❢❛-♦& ❞❡ ♣&✐♦&✐❞❛❞❡ ,♦❜&❡ ♦, ♦✉-&♦,

❥♦❜, ❛ ,❡&❡♠ ,❡B✉❡♥❝✐❛❞♦, ♥❛B✉❡❧❛ ♠<B✉✐♥❛✳

2&♦❣&❛♠❛ ❞❡ 256 ●&❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ 2&♦❞✉+,♦ ✲ 2♣❣❡♣✴❯❋▼●



✸✳✶✳✶ ✲ $❛&'♠❡*&♦, ❞❡ ❊♥*&❛❞❛ ✶✾

• C i
j✿ ❚❡♠♣♦ ❞❡ ❝♦♥❝❧✉-.♦ ❞♦ ❥♦❜ j ♥❛ ♠23✉✐♥❛ i✳

❖ ♣7♦❜❧❡♠❛ -❡72 ♠♦❞❡❧❛❞♦ ❝♦♠♦ F2|CD|
∑

C2
j ✱ ♦✉ -❡❥❛✱ 9 ✉♠ ♣7♦❜❧❡♠❛ ❞❡

flowshop ❝♦♠ ❞✉❛- ♠23✉✐♥❛-✱ ❝♦♠ 7❡-:7✐;<❡- ❞❡ crossdocking✱ ♥♦ 3✉❛❧ ❛ ❢✉♥;.♦ ♦❜✲

❥❡:✐✈♦ ❜✉-❝❛ ♠✐♥✐♠✐③❛7 ❛ -♦♠❛ ❞❛- ❞❛:❛- ❞❡ ❝♦♥❝❧✉-.♦ ❞❡ :♦❞♦- ♦- ❥♦❜- 3✉❡ -❡7.♦

:7❛❜❛❧❤❛❞♦- ♣❡❧❛ ♠23✉✐♥❛ ✷✳

❖ ♠♦❞❡❧♦ ❞❡-❡♥✈♦❧✈✐❞♦ ❛❞♦:❛ ✉♠❛ ❢♦7♠✉❧❛;.♦ ❞❡ ✐♥❞❡①❛;.♦ ♥♦ :❡♠♣♦✱ ♦✉

-❡❥❛✱ ❞❡✜♥✐✲-❡ ✉♠ ❤♦7✐③♦♥:❡ ❞❡ :❡♠♣♦ ❚✱ ❡--❡ ❤♦7✐③♦♥:❡ 9 ❞✐-❝7❡:✐③❛❞♦ ❡♠ t = 1, 2, ..., T

♣❡7E♦❞♦- ♦✉ ❞❛:❛-✳ ❊♠ ❝❛❞❛ ♣❡7E♦❞♦ t✱ 9 :♦♠❛❞❛ ❛ ❞❡❝✐-.♦ -❡ ❛❧❣✉♠ ❥♦❜ ✐♥✐❝✐❛ -❡✉

♣7♦❝❡--❛♠❡♥:♦ ♦✉ ♥.♦✳ ❊--❛ ❞❡❝✐-.♦ 9 :♦♠❛❞❛ ❝♦♠ ❜❛-❡ ♥❛- 7❡-:7✐;<❡- ❡ ♥❛ ❢✉♥;.♦

♦❜❥❡:✐✈♦ ❞♦ ♠♦❞❡❧♦✳ ❊--❡ :✐♣♦ ❞❡ ❢♦7♠✉❧❛;.♦ ❣❡7❛ ✉♠ ♥H♠❡7♦ ♠✉✐:♦ ❡❧❡✈❛❞♦ ❞❡ ✈❛7✐2✈❡✐-

✭♥H♠❡7♦ ❞❡ ♠23✉✐♥❛- ① ♥H♠❡7♦ ❞❡ ❥♦❜- ① ❚✮✱ ♣♦79♠ ❣❡7❛ ❧✐♠✐:❡- ♠❛✐- ❢♦7:❡-✱ ♦✉ -❡❥❛✱

❧✐♠✐:❡- ❝♦♠ ✈❛❧♦7❡- ♣7K①✐♠♦- ❛ -♦❧✉;.♦ K:✐♠❛ ❞♦ ♣7♦❜❧❡♠❛✱ ❞♦ 3✉❡ ♦✉:7♦- :✐♣♦- ❞❡

❢♦7♠✉❧❛;<❡- ❡♥❝♦♥:7❛❞❛- ♥❛ ❧✐:❡7❛:✉7❛✳

❉❡-:❛❝❛✲-❡ 3✉❡ ❛♣❡-❛7 ❞❡--❡ :7❛❜❛❧❤♦ ❜❛-❡❛7✲-❡ ♥❛ ♣7♦♣♦-:❛ ❛♣7❡-❡♥:❛❞❛ ♣♦7

❈❤❡♥ ❡ ▲❡❡ ❬✶✵❪✱ ♥.♦ 9 ♦❜❥❡:✐✈♦ 7❡❛❧✐③❛7 ❛ ❝♦♠♣❛7❛;.♦ ❡♥:7❡ ♦- ❞♦✐- :7❛❜❛❧❤♦-✳ ❆❧9♠

❞✐--♦✱ ❛ ❢✉♥;.♦ ♦❜❥❡:✐✈♦ ❞♦- ♠♦❞❡❧♦- 9 ❞✐❢❡7❡♥:❡✱ ✐♥✈✐❛❜✐❧✐③❛♥❞♦ 3✉❡ ✉♠❛ ❝♦♠♣❛7❛;.♦

-❡❥❛ ❢❡✐:❛✳ ❖ ♠♦❞❡❧♦ ❞✐-❝✉:✐❞♦ ♥❡--❡ :7❛❜❛❧❤♦ :7❛:❛ ❛ ❢✉♥;.♦ ♦❜❥❡:✐✈♦ ❝♦♠♦

∑
C2

j ✱

❞❡-❝7✐:♦ ❛❝✐♠❛✳ ❏2 ♦ ♦✉:7♦ ♠♦❞❡❧♦ ❡-:2 ♣7❡♦❝✉♣❛❞♦ ❡♠ ♠✐♥✐♠✐③❛7 ♦ :❡♠♣♦ ❞❡ ❝♦♥❝❧✉-.♦

❞❛ H❧:✐♠❛ :❛7❡❢❛✱ ♦✉ -❡❥❛✱ ♠✐♥✐♠✐③❛7 ♦ makespan ✭Cmax✮✳ T♦7:❛♥:♦✱ ♣❛7❛ 3✉❡ -❡❥❛ ❢❡✐:♦

✉♠ ♣❛7❛❧❡❧♦ ❡♥:7❡ ♦- ❞♦✐- :7❛❜❛❧❤♦- 9 ♥❡❝❡--27✐♦ 3✉❡ ❛ ❢✉♥;.♦ ♦❜❥❡:✐✈♦ -❡❥❛ ♠♦❞✐✜❝❛❞❛✳

✸✳✶✳✶ #❛%&♠❡)%♦+ ❞❡ ❊♥)%❛❞❛

• pij✿ ❚❡♠♣♦ ❞❡ ♣7♦❝❡--❛♠❡♥:♦ ❞♦ ❥♦❜ j ♥❛ ♠23✉✐♥❛ i❀

• T ✿ ❍♦7✐③♦♥:❡ ❞❡ :❡♠♣♦ ❝♦♥-✐❞❡7❛❞♦ ✲ ❯♠❛ ♣7✐♠❡✐7❛ ❡-:✐♠❛:✐✈❛ ♣❛7❛ ♦ ❤♦7✐③♦♥:❡

❞❡ :❡♠♣♦ 9 ❛ -♦♠❛ ❞♦- :❡♠♣♦- ❞❡ ♣7♦❝❡--❛♠❡♥:♦ ❞❡ :♦❞♦- ♦- ❥♦❜-✳

• T❛7❛ 7❡♣7❡-❡♥:❛7 ❛- ❝❤❡❣❛❞❛- ❡ -❛E❞❛- ❞❛ ❡-:❛;.♦ ❞❡ crossdocking✱ ❞♦✐- ❝♦♥❥✉♥:♦-

❞❡ ❥♦❜- -.♦ ❝7✐❛❞♦-✿

J1 ❂ ④j11 , j
1
2 , ..., j

1
n⑥ 7❡♣7❡-❡♥:❛ ♦- ❝❛♠✐♥❤<❡- ❞❡ ❝❤❡❣❛❞❛✱ 3✉❡ ❞❡✈❡♠ -❡7 ♣7♦❝❡--❛❞♦- ❡♠

▼✶✳

J2 ❂ ④j21 , j
2
2 , ..., j

2
m⑥ 7❡♣7❡-❡♥:❛ ♦- ❝❛♠✐♥❤<❡- ❞❡ -❛E❞❛✱ 3✉❡ ❞❡✈❡♠ -❡7 ♣7♦❝❡--❛❞♦- ❡♠

▼✷✳

$&♦❣&❛♠❛ ❞❡ $1, ●&❛❞✉❛45♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ $&♦❞✉45♦ ✲ $♣❣❡♣✴❯❋▼●



✸✳✶✳✷ ✲ ❱❛'✐)✈❡✐, ❞❡ ❉❡❝✐,0♦ ✷✵

❆# $❡#&$✐()❡# ❞❡ crossdocking #+♦ $❡♣$❡#❡♥&❛❞❛# ♣❡❧❛ ❝♦♥❞✐(+♦ ❛❜❛✐①♦✿

5❛$❛ ❝❛❞❛ ❥♦❜ J2
j ∈ J2

✱ ❡①✐#&❡ ✉♠ #✉❜❝♦♥❥✉♥&♦ Sj ❞❡ ❥♦❜# ❡♠ J1
✱ &❛❧ :✉❡ J2

j

#; ♣♦❞❡ #❡$ ♣$♦❝❡##❛❞♦ ❡♠ ▼✷ #❡ &♦❞♦# ♦# ❥♦❜# ❡♠ Sj &✐✈❡$❡♠ #✐❞♦ ❝♦♥❝❧✉>❞♦# ❡♠

▼✶✳ ❈♦♥#✐❞❡$❛✲#❡ :✉❡ ❝❛❞❛ ❡❧❡♠❡♥&♦ ❞♦ #✉❜❝♦♥❥✉♥&♦ Sj ❛♣$❡#❡♥&❡ ♣❡❧♦ ♠❡♥♦# ✉♠

❡❧❡♠❡♥&♦✱ ♦✉ #❡❥❛✱ ✉♠ ❞❡&❡$♠✐♥❛❞♦ ❥♦❜ {j ∈ J2} ♣♦##✉✐ ❛♦ ♠❡♥♦# ✉♠ ❥♦❜ {j ∈ J1}

❝♦♠♦ ♣$❡❝❡❞❡♥&❡✳

✸✳✶✳✷ ❱❛&✐(✈❡✐+ ❞❡ ❉❡❝✐+/♦

◆❛ ❢♦$♠✉❧❛(+♦ ✐♥❞❡①❛❞❛ ♥♦ &❡♠♣♦✱ ♣❛$❛ ❝❛❞❛ ❥♦❜ j ❡ ♣❛$❛ ❝❛❞❛ ♣❡$>♦❞♦ t✱ ❝$✐❛✲

#❡ ✉♠❛ ✈❛$✐E✈❡❧ :✉❡ ✐♥❞✐❝❛ #❡ ♦ ❥♦❜ j ✐♥✐❝✐❛ #❡✉ ♣$♦❝❡##❛♠❡♥&♦ ❡♠ t✳ 5❛$❛ ♠E:✉✐♥❛#

▼✶ ❡ ▼✷✱ &❡♠✲#❡ ♦# ❞♦✐# ❝♦♥❥✉♥&♦# ❞❡ ✈❛$✐E✈❡✐# $❡#♣❡❝&✐✈❛♠❡♥&❡✿

• ❆ ✈❛$✐E✈❡❧ xjt (∀j ∈ J1, ∀t ∈ T ✮✱ #❡$E ✐❣✉❛❧ ❛ ✶✱ #❡ ♦ ❥♦❜ ❥ ❝♦♠❡(❛$ ♥♦ ♣❡$>♦❞♦ &✳

❈❛#♦ ❝♦♥&$E$✐♦✱ ♦ ✈❛❧♦$ ❞❛ ✈❛$✐E✈❡❧ #❡$E ✐❣✉❛❧ ❛ ✵✳

• ❆ ✈❛$✐E✈❡❧ yjt (∀j ∈ J2, ∀t ∈ T ✮✱ #❡$E ✐❣✉❛❧ ❛ ✶✱ #❡ ♦ ❥♦❜ ❥ ❝♦♠❡(❛$ ♥♦ ♣❡$>♦❞♦ &✳

❈❛#♦ ❝♦♥&$E$✐♦✱ ♦ ✈❛❧♦$ ❞❛ ✈❛$✐E✈❡❧ #❡$E ✐❣✉❛❧ ❛ ✵✳

❖✉ #❡❥❛✱ ♦ ✈❛❧♦$ ❞❛ ✈❛$✐E✈❡❧ x I ✐❣✉❛❧ ❛ ✶✱ #❡ ❥♦❜ j✱ ∀ j ∈ J1
✱ ✐♥✐❝✐❛ #❡✉

♣$♦❝❡##❛♠❡♥&♦ ♥❛ ♠E:✉✐♥❛ ▼✶ ♥♦ ♣❡$>♦❞♦ t✳ ❉❛ ♠❡#♠❛ ❢♦$♠❛✱ ❛ ✈❛$✐E✈❡❧ y I ✐❣✉❛❧ ❛

✶ #❡ ♦ ❥♦❜ j✱ ∀ j ∈ J2
✐♥✐❝✐❛ #❡✉ ♣$♦❝❡##❛♠❡♥&♦ ♥❛ ♠E:✉✐♥❛ ▼✷ ♥♦ ♣❡$>♦❞♦ t✳

❆ ❋✐❣✉$❛ ✸✳✷ ✐❧✉#&$❛ ❛ ❛❜♦$❞❛❣❡♠ ❝♦♠ ✐♥❞❡①❛(+♦ ♥♦ &❡♠♣♦ ❡ ♦# ✈❛❧♦$❡# ❞❛#

✈❛$✐E✈❡✐# ❛ &>&✉❧♦ ❞❡ ❡①❡♠♣❧✐✜❝❛(+♦✳ ❖❜#❡$✈❛✲#❡ :✉❡ J1
1 ✐♥✐❝✐❛ #❡✉ ♣$♦❝❡##❛♠❡♥&♦ ♥♦

♣❡$>♦❞♦ ✵✱ ❧♦❣♦ x10 ❂ ✶✳ J1
2 ✐♥✐❝✐❛ #❡✉ ♣$♦❝❡##❛♠❡♥&♦ ♥♦ ♣❡$>♦❞♦ ✸✱ ❧♦❣♦ x23 ❂ ✶✱ ❡

❛##✐♠ ♣♦$ ❞✐❛♥&❡✳ ❖# ❞❡♠❛✐# ✈❛❧♦$❡# ❞❡ xjt ❡ yjt✱ ♥♦# ✈❛❧♦$❡# ❞❡ & ♥♦# :✉❛✐# ♦# ❥♦❜# ♥+♦

#+♦ ✐♥✐❝✐❛❞♦#✱ #+♦ ✐❣✉❛✐# ❛ ✵✳ 5♦❞❡✲#❡ ✐❞❡♥&✐✜❝❛$ &❛♠❜I♠ ♦# &❡♠♣♦# ❞❡ ♣$♦❝❡##❛♠❡♥&♦✿

p11 ❂ ✸✱ p12 ❂ ✷✱ p21 ❂ ✷ ❡ p22 ❂ ✶ ❡ ♦# ♣❡$>♦❞♦# ❞❡ ❝♦♥❝❧✉#+♦✿ C1
1 ❂ ✸✱ C1

2 ❂ ✺ ❡ C2
2 ❂

✸✳ ❖♥❞❡ CM
j #✐❣♥✐✜❝❛ ♦ &❡♠♣♦ ❞❡ ❝♦♥❝❧✉#+♦ ❞♦ ♣$♦❝❡##❛♠❡♥&♦ ❥♦❜ j ♥❛ ♠E:✉✐♥❛ M ✳

✸✳✶✳✸ ❋✉♥4/♦ ❖❜❥❡8✐✈♦

❈♦♥❢♦$♠❡ ❞❡#❝$✐&♦ ❛♥&❡$✐♦$♠❡♥&❡✱ ❛ ❢✉♥(+♦ ♦❜❥❡&✐✈♦ ❞♦ ♣$♦❜❧❡♠❛ I &✐♣♦ min
∑

C2
j ✱

♠✐♥✐♠✐③❛$ ❛ #♦♠❛ ❞♦# ♣❡$>♦❞♦# ❞❡ ❝♦♥❝❧✉#+♦ ❞❡ &♦❞♦# ♦# ❥♦❜# ♥❛ ♠E:✉✐♥❛ ✷✳ ◆❛ ❢♦$♠✉✲

❧❛(+♦ ✐♥❞❡①❛❞❛ ♥♦ &❡♠♣♦✱ ❝♦♥#✐❞❡$❛♥❞♦ :✉❡ ♦ ❥♦❜ J2
j ∈ J2

✐♥✐❝✐❛ #❡✉ ♣$♦❝❡##❛♠❡♥&♦ ♥❛

♠E:✉✐♥❛ ✷ ♥♦ ♣❡$>♦❞♦ t✱ ♦✉ #❡❥❛✱ yjt ❂ ✶✱ #✉❛ ❝♦♥❝❧✉#+♦ I ❞❛❞❛ ♣❡❧♦ ♣❡$>♦❞♦ ❞❡ ✐♥>❝✐♦ t

2'♦❣'❛♠❛ ❞❡ 25, ●'❛❞✉❛80♦ ❡♠ ❊♥❣❡♥❤❛'✐❛ ❞❡ 2'♦❞✉80♦ ✲ 2♣❣❡♣✴❯❋▼●



✸✳✶✳✹ ✲ ▼♦❞❡❧♦ ✷✶

❋✐❣✉&❛ ✸✳✷✿ ❆❜♦&❞❛❣❡♠ ❞❡ 1❡2✉❡♥❝✐❛♠❡♥5♦ ❝♦♠ ✐♥❞❡①❛78♦ ♥♦ 5❡♠♣♦ ✲ ❋♦♥5❡✿ ❬✸✵❪

♠❛✐1 1❡✉ 5❡♠♣♦ ❞❡ ♣&♦❝❡11❛♠❡♥5♦ p2j✳ ❙♦♠❛♥❞♦ ❡11❛ ❡①♣&❡118♦ ♣❛&❛ 5♦❞♦1 ♦1 ❥♦❜1 ♥❛

♠@2✉✐♥❛ ✷✱ ❝❤❡❣❛✲1❡ C ❢✉♥78♦ ♦❜❥❡5✐✈♦ ❞♦ ♣&♦❜❧❡♠❛✿

min
∑

j∈J2

T−p2j∑

t=0

(t+ p2j)yjt ✭✸✳✶✮

❖ ❧❡✐5♦& ♣♦❞❡ ❛♥❛❧✐1❛& ♦ ♠♦❞❡❧♦ ♠❛5❡♠@5✐❝♦ ❝♦♠♣❧❡5♦ ♥❛ ♣&J①✐♠❛ 1❡78♦✳

✸✳✶✳✹ ▼♦❞❡❧♦

minZ =
∑

j∈J2

T−p2j∑

t=0

(t+ p2j)yjt
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✸✳✶✳✹ ✲ ▼♦❞❡❧♦ ✷✷

!✉❥❡✐&♦ ❛

T−p1j∑

t=0

xjt = 1 ∀j ∈ J1
✭✸✳✷✮

T−p2j∑

t=0

yjt = 1 ∀j ∈ J2
✭✸✳✸✮

T−p2j∑

t=0

tyjt −

T−p1k∑

t=0

(t+ p1k)xkt ≥ 0 ∀j ∈ J2 ∧ ∀k ∈ Sj ✭✸✳✹✮

∑

j∈J1

t∑

s=max(0;t−p1j+1)

xjs ≤ 1 ∀t ∈ T ✭✸✳✺✮

∑

j∈J2

t∑

s=max(0;t−p2j+1)

yjs ≤ 1 ∀t ∈ T ✭✸✳✻✮

xjt ∈ 0, 1 ∀j ∈ J1 ∧ ∀t ∈ T ✭✸✳✼✮

yjt ∈ 0, 1 ∀j ∈ J2 ∧ ∀t ∈ T ✭✸✳✽✮

❖ ❝♦♥❥✉♥&♦ ❞❡ 6❡!&6✐78❡! ✸✳✷ ❞✐③ :✉❡ ❝❛❞❛ ❥♦❜ J1
j ∈ J1

❞❡✈❡ ✐♥✐❝✐❛6 !❡✉ ♣6♦❝❡!!❛♠❡♥&♦ ❡♠

✉♠ ❡ !♦♠❡♥&❡ ✉♠ ♣❡6?♦❞♦ ❞❡♥&6♦ ❞♦ ❤♦6✐③♦♥&❡ ❞❡ ♣❧❛♥❡❥❛♠❡♥&♦ ❚✳ ❖ ❝♦♥❥✉♥&♦ ✸✳✸ ✐♥❞✐❝❛

:✉❡ ❝❛❞❛ ❥♦❜ J2
j ∈ J2

❞❡✈❡ ✐♥✐❝✐❛6 !❡✉ ♣6♦❝❡!!❛♠❡♥&♦ ❡♠ ✉♠ ❡ !♦♠❡♥&❡ ✉♠ ♣❡6?♦❞♦

❞❡♥&6♦ ❞♦ ❤♦6✐③♦♥&❡ ❞❡ ♣❧❛♥❡❥❛♠❡♥&♦ ❚✳ ❖ ❝♦♥❥✉♥&♦ ✸✳✹ !C♦ ❛! 6❡!&6✐78❡! ❞❡ ♣6❡❝❡❞D♥❝✐❛

❞♦ &✐♣♦ crossdocking✳ ❆!!✐♠✱ ♣❛6❛ ❝❛❞❛ 6❡❧❛7C♦ ❞❡ ♣6❡❝❡❞D♥❝✐❛ ❡①✐!&❡♥&❡ ♥❛ ✐♥!&H♥❝✐❛✱

❝6✐❛✲!❡ ✉♠❛ 6❡!&6✐7C♦ ❞❡!!❡ ❝♦♥❥✉♥&♦✱ ♥❛ :✉❛❧ ♦ ♣❡6?♦❞♦ ❞❡ ✐♥?❝✐♦ ❞♦ ❥♦❜ J2
j ∈ J2

❞❡✈❡

!❡6 ♠❛✐♦6 ♦✉ ✐❣✉❛❧ ❛♦ ♣❡6?♦❞♦ ❞❡ ❝♦♥❝❧✉!C♦ ❞❡ !❡✉ ♣6❡❝❡❞❡♥&❡ J1
k ∈ Sj✳ ❙❡ ♦ ❥♦❜ ♣♦!!✉✐6

♠❛✐! :✉❡ ✉♠ ♣6❡❝❡❞❡♥&❡✱ ❛! 6❡!&6✐78❡! 6❡❧❛&✐✈❛! ❛♦! ♣6❡❝❡❞❡♥&❡!✱ :✉❡ !C♦ ♣6♦❝❡!!❛❞♦!

♣6✐♠❡✐6♦✱ &♦6♥❛♠✲!❡ 6❡❞✉♥❞❛♥&❡! ❡ ♣6❡✈❛❧❡❝❡ ❛:✉❡❧❛ 6❡❧❛&✐✈❛ ❛♦ ❥♦❜ ♣6❡❝❡❞❡♥&❡ ❝♦♠

♠❛✐♦6 ♣❡6?♦❞♦ ❞❡ ❝♦♥❝❧✉!C♦✳ ❆! 6❡!&6✐78❡! ✐♥❞✐❝❛❞❛! ♣♦6 ✸✳✺ ❣❛6❛♥&❡♠ :✉❡ ✉♠ ❥♦❜ J1
j ∈

J1
♥C♦ ✐♥✐❝✐❛ !❡✉ ♣6♦❝❡!!❛♠❡♥&♦ ❡♥:✉❛♥&♦ ♦✉&6♦ ❡!&✐✈❡6 !❡♥❞♦ ♣6♦❝❡!!❛❞♦ ♥❛ ♠L:✉✐♥❛

✶✱ ❞❛ !❡❣✉✐♥&❡ ❢♦6♠❛✿ ♣❛6❛ ❝❛❞❛ ♣❡6?♦❞♦ t ∈ T ✱ ❛ 6❡!&6✐7C♦ ✈❡6✐✜❝❛ !❡ ❛❧❣✉♠ ❥♦❜ J1
j ∈ J1

❝♦♠❡7♦✉ ❛ !❡6 ♣6♦❝❡!!❛❞♦ ❡♠ ✉♠ ♣❡6?♦❞♦ ♠❛✐♦6 ♦✉ ✐❣✉❛❧ ❛ t− pij +1✳ ❈❛!♦ ❛✜6♠❛&✐✈♦✱

J1
j ❛✐♥❞❛ ❡!&L !❡♥❞♦ ♣6♦❝❡!!❛❞♦✱ ❡ ♥❡♥❤✉♠ ❥♦❜ ♣♦❞❡ ✐♥✐❝✐❛6 !❡✉ ♣6♦❝❡!!❛♠❡♥&♦ ❡♠ t✳

❖ ❝♦♥❥✉♥&♦ ❞❡ 6❡!&6✐78❡! ✸✳✻ &❡♠ ♦ ♠❡!♠♦ ♦❜❥❡&✐✈♦ :✉❡ ♦ ❝♦♥❥✉♥&♦ ❛♥&❡6✐♦6 ✸✳✺✱ ♥♦

❡♥&❛♥&♦ R ❛♣❧✐❝❛❞♦ ❛♦! ❥♦❜! J2
j ∈ J2

✳ ❋✐♥❛❧♠❡♥&❡✱ ♦! ❝♦♥❥✉♥&♦! ✸✳✼ ❡ ✸✳✽ 6❡!&6✐♥❣❡♠ ♦!

✈❛❧♦6❡! ❞❛! ✈❛6✐L✈❡✐! ① ❡ ②✱ :✉❡ ♣♦❞❡♠ ❛!!✉♠✐6 ❛♣❡♥❛! ✈❛❧♦6❡! ❜✐♥L6✐♦!✱ ♦✉ !❡❥❛✱ ✵ ♦✉

✶✳
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❘❡❧❛①❛,-♦ ▲❛❣0❛♥❣❡❛♥❛

◆❡""❡ ❝❛♣&'✉❧♦ ❛ ❛♣❧✐❝❛,-♦ ❞♦ ♠0'♦❞♦ ❞❛ ❘❡❧❛①❛,-♦ ▲❛❣5❛♥❣❡❛♥❛ "❡57 ❛❜♦5✲

❞❛❞❛✳ ◆❛ ❙❡,-♦ ✹✳✶ "❡57 ❞❡"❝5✐'❛ ❛ '❡♦5✐❛ ♥❛ >✉❛❧ ♦ ♠0'♦❞♦ "❡ ❛♣♦✐❛✳ ◆❛ "❡,-♦ "❡❣✉✐♥'❡

✹✳✷✱ "❡57 ❞❡"❝5✐'♦ ❝♦♠♦ ❢♦✐ ❢❡✐'❛ ❛ ❛♣❧✐❝❛,-♦ ❞♦ ♠0'♦❞♦ ❡ "❡57 ❛♣5❡"❡♥'❛❞❛ ❛ ❢♦5♠✉❧❛,-♦

5❡"✉❧'❛♥'❡✳ ◆❛ ❙❡,-♦ ✹✳✸ "❡57 ❡①♣♦"'♦ ♦" ♣5♦❝❡❞✐♠❡♥'♦" ❛❞♦'❛❞♦" ♣❛5❛ "♦❧✉❝✐♦♥❛5 ♦

❙✉❜♣5♦❜❧❡♠❛ ▲❛♥❣5❛♥❣❡❛♥♦✱ >✉❡ "❡57 ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛" ❡'❛♣❛"✳ ❆ ♣5✐♠❡✐5❛ ❡'❛♣❛ ❡"'7

❝♦♥'✐❞❛ ♥❛ ❙✉❜"❡,-♦ ✹✳✸✳✶✱ >✉❡ ❝♦♥'0♠ ❛ ❞❡"❝5✐,-♦ ♣❛5❛ "♦❧✉,-♦ ❞♦ ❙✉❜♣5♦❜❧❡♠❛ ❡♠ ❳✱

❝✉❥♦ ♦❜❥❡'✐✈♦ 0 ❞❡✜♥✐5 ✉♠❛ "❡>✉H♥❝✐❛ ♣❛5❛ ♦" ❥♦❜" J1
j ∈ J1

✳ ❏7 ❛ "✉❜"❡,-♦ ✹✳✸✳✷ ❞❡"❝5❡✈❡

❝♦♠♦ 0 ❢❡✐'❛ ❛ "♦❧✉,-♦ ❞♦ ❙✉❜♣5♦❜❧❡♠❛ ❡♠ ❨✱ ♦✉ "❡❥❛✱ ♦❜❥❡'✐✈♦ 0 ❞❡✜♥✐5 ✉♠❛ "❡>✉H♥✲

❝✐❛ ♣❛5❛ ♦" ❥♦❜" J2
j ∈ J2

✳ ❊♠ "❡❣✉✐❞❛✱ "❡57 ❞✐"❝✉'✐❞♦ ♥❛ ❙❡,-♦ ✹✳✹ ❝♦♠♦ 0 ❝❛❧❝✉❧❛❞♦

♦ ❧✐♠✐'❡ "✉♣❡5✐♦5 ♣❛5❛ ♦ ♣5♦❜❧❡♠❛✳ ❆ "❡,-♦ "❡❣✉✐♥'❡ ✹✳✺✳✸ ❡①♣M❡♠ ♦" 5❡"✉❧'❛❞♦" ❞♦"

❡①♣❡5✐♠❡♥'♦" 5❡❛❧✐③❛❞♦"✳ ❋✐♥❛❧✐③❛♥❞♦✱ ❛ "❡,-♦ ✹✳✺ ❞❡"❝5❡✈❡ ❛❧'❡5♥❛'✐✈❛" ♣❛5❛ ❡"'✉❞♦"

❢✉'✉5♦" ❡♥✈♦❧✈❡♥❞♦ ♦ >✉❡ ❢♦✐ ❞✐"❝✉'✐❞♦ ♥❡""❡ ❝❛♣&'✉❧♦✳

❆ ❛♣❧✐❝❛,-♦ ❞❡""❡ ♠0'♦❞♦ ❢♦✐ ♠♦'✐✈❛❞❛ ❝♦♠♦ ✉♠❛ ❛❧'❡5♥❛'✐✈❛ ♣❛5❛ 5❡"♦❧✈❡5 ♦ ♣5♦❜❧❡♠❛✱

✈✐"'♦ >✉❡ ♦ ♠♦❞❡❧♦ ❝5✐❛❞♦ 0 ✐♥❞❡①❛❞♦ ♥♦ '❡♠♣♦ ❡ ♣❛5❛ ❣5❛♥❞❡" ✐♥"'P♥❝✐❛" ❛♣5❡"❡♥'❛ ✉♠

❣5❛♥❞❡ ♥Q♠❡5♦ ❞❡ ✈❛5✐7✈❡✐"✱ ♦ >✉❡ ❞✐✜❝✉❧'❛ ❛ 5❡"♦❧✉,-♦ ❞♦ ♣5♦❜❧❡♠❛✱ ❝♦♠♦ 0 ❡①♣♦"'♦

♥❛ ❙❡,-♦ ✹✳✺✳✸✳ ❆❧0♠ ❞✐""♦✱ ♣5♦❝✉5❛✲"❡ ✈❡5✐✜❝❛5 ♦" ❣❛♥❤♦" >✉❡ ♦ ♠0'♦❞♦ ♣♦❞❡ ❛❧❝❛♥,❛5

❝♦♠ 5❡❧❛,-♦ ❛♦ '❡♠♣♦ ❞❡ ♣5♦❝❡""❛♠❡♥'♦ ♣❛5❛ ♦❜'❡♥,-♦ ❞❡ ✉♠ ❧✐♠✐'❛♥'❡ ✐♥❢❡5✐♦5✱ ❡♠

❝♦♠♣❛5❛,-♦ ❝♦♠ ❛ 5❡❧❛①❛,-♦ ❧✐♥❡❛5✱ ❡ '❛♠❜0♠ ❝♦♠ 5❡❧❛,-♦ ❛♦" ❣❛♥❤♦" >✉❡ ♦" ✈❛❧♦5❡"

❞♦ ❧✐♠✐'❛♥'❡ "✉♣❡5✐♦5 ♦❜'✐❞♦" ❝♦♠ ❛ ❛♣❧✐❝❛,-♦ ❞❛ ❤❡✉5&"'✐❝❛ ❧❛❣5❛♥❣❡❛♥❛ ♣♦❞❡♠ ❣❡5❛5✳

✷✸



✹✳✶ ✲ ❘❡❧❛①❛)*♦ ▲❛❣.❛♥❣❡❛♥❛ ✷✹

✹✳✶ ❘❡❧❛①❛()♦ ▲❛❣-❛♥❣❡❛♥❛

❆ ❞❡✜♥✐()♦ ❛ ,❡❣✉✐/ ♣♦❞❡ ,❡/ ❡♥❝♦♥2/❛❞❛ ❡♠ ❬✸✸❪✳ ❈♦♥,✐❞❡/❡ ♦ ,❡❣✉✐♥2❡ ♣/♦✲

❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛()♦✿

z = min{cx : x ∈ X}

❙✉♣♦♥❤❛ @✉❡ ♥♦ ❡①❡♠♣❧♦ ❛❝✐♠❛✱ ♦ ❝♦♥❥✉♥2♦ ❞❡ /❡,2/✐(D❡, ❳ ❞❡✜♥❛ ♦ ,✉❜❝♦♥❥✉♥2♦ ❩✱ ❞❡

❢♦/♠❛ @✉❡ ✭X ⊂ Z✮✳ ❆,,✐♠✱ ♦ ♣/♦❜❧❡♠❛ ❛❝✐♠❛ ♣♦❞❡ ,❡/ ❡,❝/✐2♦ ❞❛ ,❡❣✉✐♥2❡ ❢♦/♠❛✿

z = min{cx : Dx > d,Bx > b, x ∈ Zn
+} ✭✹✳✶✮

❖ &✉❜❝♦♥❥✉♥-♦ ❩ ❂ { x ∈ Zn
+ : Bx > b } 0 ❞❡✜♥✐❞♦ ♣♦6 6❡&-6✐78❡& 9✉❡ &:♦ ♠❛✐&

-6❛-=✈❡✐& ❡✱ ♣♦6 ✐&&♦✱ 0 ♠❛✐& ❢=❝✐❧ ♦❜-❡6 &✉❛ &♦❧✉7:♦ B-✐♠❛✱ ♣♦✐& ❡①✐❣❡ ♣♦✉❝♦ -❡♠♣♦ ❞❡

♣6♦❝❡&&❛♠❡♥-♦ ❡ ♠❡♠B6✐❛ ❝♦♠♣✉-❛❝✐♦♥❛❧ ♣❛6❛ &❡6 &♦❧✉❝✐♦♥❛❞♦✳ ❆ ❜❛&❡ ❝♦♠♣❛6❛-✐✈❛

0 ❡♠ 6❡❧❛7:♦ ❛♦ ❝♦♥❥✉♥-♦ ❞❡ 6❡&-6✐78❡& Dx > d✱ 9✉❡ &:♦ -✐❞❛& ❝♦♠♦ ❝♦♠♣❧✐❝❛♥-❡&✱

♣♦✐& ❡①✐❣❡♠ ♠❛✐♦6 -❡♠♣♦ ❡ ♠❡♠B6✐❛ ❝♦♠♣✉-❛❝✐♦♥❛❧ ♣❛6❛ &❡6❡♠ 6❡&♦❧✈✐❞♦& ❞♦ 9✉❡ ♦

♦✉-6♦ ❝♦♥❥✉♥-♦ ❝✐-❛❞♦ ❛♥-❡6✐♦6♠❡♥-❡✳ ❆&&✐♠✱ &✉❜❝♦♥❥✉♥-♦ ❨ ❂ { x ∈ Zn
+ : Dx > d }

6❡♣6❡&❡♥-❛ ❛& 6❡&-6✐78❡& ❝♦♥&✐❞❡6❛❞❛& ❝♦♠♦ ❝♦♠♣❧✐❝❛♥-❡&✳ ◆❛ ♣6=-✐❝❛✱ &✐❣♥✐✜❝❛ 9✉❡ ♦

♣6♦❜❧❡♠❛ ♠✐♥ {❝①✿ ① ∈ ❩} 0 &♦❧✉❝✐♦♥❛❞♦ ❞❡ ❢♦6♠❛ ♠❛✐& 6=♣✐❞❛ ❞♦ 9✉❡ ♦ ♣6♦❜❧❡♠❛ ♠✐♥

{❝①✿ ① ∈ Y }✳

❆ ❘❡❧❛①❛7:♦ ▲❛❣6❛♥❣❡❛♥❛ 0 ✉♠ ♣6♦❝❡❞✐♠❡♥-♦ 9✉❡ ❡①♣❧♦6❛ ❛ ♦-✐♠✐③❛7:♦ &♦❜6❡

✉♠ ❝♦♥❥✉♥-♦ &✐♠♣❧✐✜❝❛❞♦✳ ❙❡✉ ♦❜❥❡-✐✈♦ 0 ♦❜-❡6 ❧✐♠✐-❡& ❞✉❛✐& ♣♦6 ♠❡✐♦ ❞❛ 6❡❧❛①❛7:♦

❞❡ ✉♠ ❝♦♥❥✉♥-♦ ❞❡ 6❡&-6✐78❡& ❝♦♠♣❧✐❝❛♥-❡& ❡ ❛ ❝♦♥&❡9✉❡♥-❡ ♣❡♥❛❧✐③❛7:♦ ❞❛& ✈✐♦❧❛78❡&

❞❡&&❡ ❝♦♥❥✉♥-♦ ♥❛ ❢✉♥7:♦ ♦❜❥❡-✐✈♦✳

❆& ✈❛6✐=✈❡✐& ❛&&♦❝✐❛❞❛& ❛ ❝❛❞❛ 6❡&-6✐7:♦ ❛❧♦❝❛❞❛ ♥❛ ❢✉♥7:♦ ♦❜❥❡-✐✈♦ 0 ❝❤❛♠❛❞❛

❞❡ ♠✉❧-✐♣❧✐❝❛❞♦6❡& ❞❡ ▲❛❣6❛♥❣❡ ♦✉ ✈❛6✐=✈❡✐& ❞✉❛✐&✱ ❞❡♥♦♠✐♥❛❞❛& ❛9✉✐ ♣❡❧❛ ❧❡-6❛ π✳ ❖

❢♦❝♦ ❡&-= ❡♠ &❡❧❡❝✐♦♥❛6 ✈❛❧♦6❡& ♣❛6❛ ❡&&❛& ✈❛6✐=✈❡✐& ❞❡ ❢♦6♠❛ ❛ ❢♦67❛6 ❛ &❛-✐&❢❛7:♦ ❞❛&

6❡&-6✐78❡& ❝♦♠♣❧✐❝❛♥-❡& Dx > d✳ ❆&&✐♠✱ ♣♦❞❡✲&❡ ❞❡✜♥✐6 ♦ ❙✉❜♣6♦❜❧❡♠❛ ▲❛❣6❛♥❣❡❛♥♦

❝♦♠♦✿

L(π✮ ❂ ♠✐♥x{ ❝① ✰ π(d−Dx) : Bx > b, x ∈ Zn
+} ✭✹✳✷✮

Q♦6 ❞❡✜♥✐7:♦✱ 0 ✉♠ ♣6♦❜❧❡♠❛ 6❡❧❛-✐✈❛♠❡♥-❡ -6❛-=✈❡❧✳ Q❛6❛ 9✉❛❧9✉❡6 ✈❡-♦6 π ≥ 0✱ ❛

❢✉♥7:♦ ❞✉❛❧ ▲✭π✮ ❞❡✜♥❡ ✉♠ ❧✐♠✐-❡ ❞✉❛❧ ♦✉ ✐♥❢❡6✐♦6 ♣❛6❛ ❡&&❡ ❡①❡♠♣❧♦✱ &♦❜6❡ ♦ ✈❛❧♦6

B-✐♠♦ z ❡♠ ✹✳✶✳ ❉❡ ❢❛-♦✱ ❛ &♦❧✉7:♦ B-✐♠❛ x∗
❞❡&&❡ ♣6♦❜❧❡♠❛ &❛-✐&❢❛③ cx∗ ≥ cx∗ + π(d−

 !♦❣!❛♠❛ ❞❡  () ●!❛❞✉❛,-♦ ❡♠ ❊♥❣❡♥❤❛!✐❛ ❞❡  !♦❞✉,-♦ ✲  ♣❣❡♣✴❯❋▼●



✹✳✶ ✲ ❘❡❧❛①❛)*♦ ▲❛❣.❛♥❣❡❛♥❛ ✷✺

Dx∗) ≥ L(π)✱ ♦✉ %❡❥❛✱ ❛ ♣*✐♠❡✐*❛ ❞❡%✐❣✉❛❧❞❛❞❡ *❡%✉❧0❛ ❞❡ x∗
✈✐2✈❡❧ ♣❛*❛ ✹✳✶ ❡ π ≥ 0 ❡

❛ %❡❣✉♥❞❛ ✐♥❡7✉❛89♦ : ❣❛*❛♥0✐❞❛ ✉♠❛ ✈❡③ 7✉❡ x∗
: ✈✐2✈❡❧ ❡♠ ✹✳✷✳

❖ ❞✉❛❧ ▲❛❣*❛♥❣❡❛♥♦ : ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ♣*♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛89♦ ❞♦ ❧✐♠✐0❡

❞✉❛❧ %♦❜*❡ ♦ ❝♦♥❥✉♥0♦ ❞❡ ✈❡0♦*❡% ❞❡ ♣❡♥❛❧✐❞❛❞❡% ❛❞♠✐%%B✈❡✐% ✭π✮✱ ♦✉ %❡❥❛✱ ✐❞❡♥0✐✜❝❛* ♦

♠❛✐♦* ❧✐♠✐0❡ ✐♥❢❡*✐♦* ♣♦%%B✈❡❧ ♣♦* ♠❡✐♦ ❞❛ ♠❛①✐♠✐③❛89♦ ❞♦ ❙✉❜♣*♦❜❧❡♠❛ ▲❛❣*❛♥❣❡❛♥♦

✿

zLD = maxπ≥0L(π✮ ❂ ♠❛①π≥0minx∈Z{❝① ✰ π(d−Dx)} ✭✹✳✸✮

❇✉%❝❛♥❞♦ ♦❜0❡* ♠❛✐% ✐♥❢♦*♠❛8L❡%✱ ♦ ❞✉❛❧ ▲❛❣*❛♥❣❡❛♥♦ %❡*2 *❡❢♦*♠✉❧❛❞♦ ❝♦♠♦ ✉♠

♣*♦❣*❛♠❛ ❧✐♥❡❛*✱ ❛%%✉♠✐♥❞♦ 7✉❡ ♦ ❝♦♥❥✉♥0♦ ❞❡ *❡%0*✐8L❡% ❩ : ♥9♦ ✈❛③✐♦ ❡ ❧✐♠✐0❛❞♦✳ ❖

%✉❜♣*♦❜❧❡♠❛ ▲❛❣*❛♥❣❡❛♥♦ ❛0✐♥❣❡ %❡✉ ✈❛❧♦* N0✐♠♦ ❡♠ ✉♠ ♣♦♥0♦ ❡①0*❡♠♦ xt
❞❡ ❝♦♥✈✭❩✮✱

❛%%✐♠ ♦ ❞✉❛❧ ▲❛❣*❛♥❣❡❛♥♦ ♣♦❞❡ %❡* *❡❡%❝*✐0♦ ❝♦♠♦✿

zLD = maxπ≥0mint=1,...,T{❝①
t + π(d−Dxt)} ✭✹✳✹✮

❖♥❞❡ {xt}t=1,...,T : ♦ ❝♦♥❥✉♥0♦ ❞❡ ♣♦♥0♦% ❡①0*❡♠♦% ❞❡ ❝♦♥✈✭❩✮ ♦✉ {xt}t=1,...,T ♣♦❞❡ %❡* ♦

❝♦♥❥✉♥0♦ ❞❡ 0♦❞♦% ♦% ♣♦♥0♦% ❞♦ ❝♦♥❥✉♥0♦ ❩✳ ■♥0*♦❞✉③✐♥❞♦ ✉♠❛ ✈❛*✐2✈❡❧ ❛❞✐❝✐♦♥❛❧ σ✱ 7✉❡

*❡♣*❡%❡♥0❛ ♦ ❧✐♠✐0❡ ✐♥❢❡*✐♦* %♦❜*❡ ♦% ✈❛❧♦*❡% (c− πD)xt
✱ ♣♦❞❡✲%❡ *❡❡%❝*❡✈❡* ✹✳✸ ❝♦♠♦ ♦

♣*♦❣*❛♠❛ ❧✐♥❡❛*✿

zLD = max π❞ ✰ σ ✭✹✳✺✮

π❉①

t+ σ ≤ cxt t = 1, ..., T ✭✹✳✻✮

π > 0, σ ∈ ℜ1
✭✹✳✼✮

❈✉❥♦ *❡%♣❡❝0✐✈♦ ♣*♦❣*❛♠❛ ❧✐♥❡❛* ❞✉❛❧ :✿

③LD ❂ ♠✐♥

∑T

t=1(cx
t)λt ✭✹✳✽✮

∑T

t=1(Dxt)λt ≥ d ✭✹✳✾✮

∑T

t=1 λt = 1 ✭✹✳✶✵✮

λt ≥ 0 t = 1, ..., T. ✭✹✳✶✶✮

❆ ♣❛*0✐* ❞❛ ❢♦*♠✉❧❛89♦ ❛❝✐♠❛✱ %❡❣✉❡ ♦ %❡❣✉✐♥0❡ *❡%✉❧0❛❞♦✳

❚❡♦#❡♠❛ ✹✳✶ ✭❉✉❛❧✐❞❛❞❡ ▲❛❣*❛♥❣❡❛♥❛✮✳

③LD ❂ ♠✐♥ {cx : Dx ≥ d, x ∈ conv(Z)} ✭✹✳✶✷✮

0.♦❣.❛♠❛ ❞❡ 034 ●.❛❞✉❛)*♦ ❡♠ ❊♥❣❡♥❤❛.✐❛ ❞❡ 0.♦❞✉)*♦ ✲ 0♣❣❡♣✴❯❋▼●



✹✳✶✳✶ ✲ ❆❧❣♦(✐*♠♦ ❞♦ ❙✉❜❣(❛❞✐❡♥*❡ ✷✻

 ❡❧❛ ❞❡✜♥✐()♦ ❞♦ ❝♦♥❥✉♥.♦ ❞❡ ♣♦♥.♦0 {xt}Tt=1, conv(Z) = {x =
∑T

t=1 x
tλt :

∑T

t=1 λt =

1, λt ≥ 0, t = 1, ...T}✳ ❆00✐♠✱ ♦ ✈❛❧♦6 ❞❛ ❞✉❛❧ ▲❛❣6❛♥❣❡❛♥♦ 9 ✐❣✉❛❧ ❛♦ ✈❛❧♦6 ❞♦ ♣6♦❣6❛♠❛

❧✐♥❡❛6 ♦❜.✐❞♦ ♣❡❧❛ ♠✐♥✐♠✐③❛()♦ ❞❡ cx 0♦❜6❡ ♦ ❝♦♥❥✉♥.♦ 6❡0✉❧.❛♥.❡ ❞❛ ✐♥.❡60❡()♦ ❞❛0

6❡0.6✐(<❡0 ❝♦♠♣❧✐❝❛♥.❡0 Dx ≥ d ❝♦♠ ♦ ❡♥✈❡❧♦♣❡ ❝♦♥✈❡①♦ ❞♦ ❝♦♥❥✉♥.♦ ♠❛✐0 0✐♠♣❧❡0 ❩✳

✹✳✶✳✶ ❆❧❣♦'✐)♠♦ ❞♦ ❙✉❜❣'❛❞✐❡♥)❡

❖ ❛❧❣♦'✐)♠♦ ❞♦ ,✉❜❣'❛❞✐❡♥)❡ 1 ✉♠❛ ❞❛, ❛❧)❡'♥❛)✐✈❛, ❡①✐,)❡♥)❡, ♥❛ ❧✐)❡'❛)✉'❛

♣❛'❛ ,♦❧✉❝✐♦♥❛' ♦ ♣'♦❜❧❡♠❛ ❞♦ ❞✉❛❧ ▲❛❣'❛♥❣❡❛♥♦ ✭▲✭π✮✮✳ ❙❡❣✉♥❞♦ ❱❛♥❞❡'❜❡❝❦ ❡ ❲♦❧,❡②

❬✸✸❪✱ ▲✭π✮ ❂ ♠✐♥g∈G(c−π❉✮①

g+π❞ 1 ✉♠❛ ❢✉♥FG♦ ❝H♥❝❛✈❛ ♣♦' ♣❛')❡, ❞❡ π✱ ♦♥❞❡ {①t}g∈

● ,G♦ )♦❞♦, ♦, ♣♦♥)♦, ❞♦ ❝♦♥❥✉♥)♦ ❩✱ ❝♦♠♦ ✐❧✉,)'❛❞♦ ♥❛ ✜❣✉'❛ ✹✳✶✳

❋✐❣✉'❛ ✹✳✶✿ ●'Q✜❝♦ '❡♣'❡,❡♥)❛)✐✈♦ ❞❛ ❋✉♥FG♦ ❞♦ ❞✉❛❧ ▲❛❣'❛♥❣❡❛♥♦ ▲✭π✮✱ ✈✐,)❛ ❝♦♠♦

✉♠❛ ❢✉♥FG♦ ❛✜♠ ❝H♥❝❛✈❛ ♣♦' ♣❛')❡,✳ ❆,,✉♠❡✲,❡ T✉❡ π ∈ ℜ1
♥❡,,❛ '❡♣'❡,❡♥)❛FG♦✳ ❈❛❞❛

♣❛')❡ 1 ❞❡✜♥✐❞❛ ♣♦' ✉♠ ✈❡)♦' xt
✲ ❋♦♥)❡✿ ❬✸✸❪

V♦' ♠❡✐♦ ❞❛ ♠❛①✐♠✐③❛FG♦ ❞❡,,❛ ❢✉♥FG♦ ❝H♥❝❛✈❛ ♥G♦ ❞✐❢❡'❡♥❝✐Q✈❡❧✱ 1 ♣♦,,X✈❡❧ ,♦✲

❧✉❝✐♦♥❛' ♦ ❞✉❛❧ ▲❛❣'❛♥❣❡❛♥♦✳ ❖ ,❡❣✉✐♥)❡ ♠1)♦❞♦ ❞❡,❝'❡✈❡ ♦, ♣'♦❝❡❞✐♠❡♥)♦, ♥❡❝❡,,Q'✐♦,✱

T✉❡ ❝♦♠♣Y❡♠ ♦ ❛❧❣♦'✐)♠♦ ❞♦ ,✉❜❣'❛❞✐❡♥)❡✱ ❝❛♣❛③ ❞❡ ,♦❧✉❝✐♦♥❛' ♦ ❞✉❛❧ ▲❛❣'❛♥❣❡❛♥♦

❢♦'♠✉❧❛❞♦ ♥❛ ❡T✉❛FG♦ ✹✳✹✿

✶✳ ■♥✐❝✐❛❧✐③❛' π0
❂ ✵✱ ) ❂ ✶✳

✷✳ ■)❡'❛FG♦ )✱

✭❛✮ ❘❡,♦❧✈❡' ♦ ,✉❜♣'♦❜❧❡♠❛ ▲❛❣'❛♥❣❡❛♥♦ ✹✳✷ ♣❛'❛ ♦❜)❡' ♦ ❧✐♠✐)❡ ❞✉❛❧ ✭❧✐♠✐)❡

✐♥❢❡'✐♦'✮ ▲✭πt) = max {❝① ✰ πt(d−Dx)} ❡ ❛ ,♦❧✉FG♦ ^)✐♠❛ xt
✳

3(♦❣(❛♠❛ ❞❡ 345 ●(❛❞✉❛78♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ 3(♦❞✉78♦ ✲ 3♣❣❡♣✴❯❋▼●



✹✳✶✳✶ ✲ ❆❧❣♦(✐*♠♦ ❞♦ ❙✉❜❣(❛❞✐❡♥*❡ ✷✼

✭❜✮ ❈❛❧❝✉❧❛* ❛ ✈✐♦❧❛./♦ ❞❡ xt
2♦❜*❡ ❛2 *❡23*✐.4❡2 ❞✉❛❧✐③❛❞❛2 ✭❞ ✲ ❉xt

✮✳ ❊22❡ ♣❛22♦

❢♦*♥❡❝❡ ♦ 2✉❜❣*❛❞✐❡♥3❡✳

✭❝✮ ❆3✉❛❧✐③❛* ❛ 2♦❧✉./♦ ❞✉❛❧ ✉3✐❧✐③❛♥❞♦✿ πt+1 = max { ✵✱ πt+εt(d−D①

t
✮}✱ ♦♥❞❡

εt C ✉♠ ♣❛*E♠❡3*♦ ❝❤❛♠❛❞♦ ♣❛22♦✱ ❝✉❥♦ ❝H❧❝✉❧♦ ❞♦ ✈❛❧♦* 2❡*H ❞❡✜♥✐❞♦ ❡♠

❜*❡✈❡✳

✸✳ ❙❡ t < τ ✱ ❡♥3/♦ ❛✉♠❡♥3❛* ✉♠❛ ✉♥✐❞❛❞❡ ❡♠ 3 ❡ *❡3♦*♥❛ ❛♦ ♣❛22♦ ✷✳ τ C ♦ ❧✐♠✐3❡

♠H①✐♠♦ ❞❡ ✐3❡*❛.4❡2 ❡ ❡23❛❜❡❧❡❝✐❞❛2 ❝♦♠♦ ♣❛*E♠❡3*♦✳

❆ ✐❞❡✐❛ ❝❡♥3*❛❧ ❞❡22❡ ♠C3♦❞♦ ❡23H ♥❛ *❡❣*❛ ❞❡ ❛3✉❛❧✐③❛./♦ ❞❛2 ✈❛*✐H✈❡✐2 ❞✉❛✐2

♥♦ ♣❛22♦ ✷✳❝✳ ❚❛❧ *❡❣*❛ ❛❝❛**❡3❛ ❡♠ ✉♠ ❛❝*C2❝✐♠♦ ♥❛2 ✈❛*✐H✈❡✐2 ❞✉❛✐2 ✭π✮ ❛22♦❝✐❛❞❛2 ❛2

*❡23*✐.4❡2 ✈✐♦❧❛❞❛2 ❡ ❛ ✉♠ ❞❡❝*C2❝✐♠♦ ♣❛*❛ ❛2 ❞❡♠❛✐2 *❡23*✐.4❡2✱ ❡♠❜♦*❛ ♥/♦ ❝♦♥2✐❞❡*❡

♦2 ♣♦♥3♦2 {①g}✱ ♣❛*❛ g = 1, ..., (t−1)✱ ♣❛*❛ ❛3✉❛❧✐③❛* π✱ ♦ M✉❡ ♣♦❞❡ *❡2✉❧3❛* ❡♠ ✉♠ ♠❛❧

❞❡2❡♠♣❡♥❤♦✳

❆❧C♠ ❞✐22♦✱ ❛ ❝♦♥✈❡*❣N♥❝✐❛ ❞♦ ❛❧❣♦*✐3♠♦ ❡23H *❡❧❛❝✐♦♥❛❞❛ O ❡2❝♦❧❤❛ ❞♦ 3❛♠❛♥❤♦

❞♦ ♣❛22♦ ✭ε✮✱ ♣♦✐2 ✉♠ ✈❛❧♦* ❡❧❡✈❛❞♦ ♣♦❞❡ ❝❛✉2❛* ♦2❝✐❧❛.4❡2 ❡ ✉♠❛ ♣♦22P✈❡❧ ❞✐✈❡*❣N♥❝✐❛✳

❊♠ ❝♦♥3*❛♣❛*3✐❞❛✱ ✉♠ ✈❛❧♦* ♠✉✐3♦ ♣❡M✉❡♥♦ ♣♦❞❡ ♣*♦✈♦❝❛* ✉♠❛ ❝♦♥✈❡*❣N♥❝✐❛ ❧❡♥3❛

♦✉ ❢❛③❡* ❝♦♠ M✉❡ ❛ ♠❡2♠❛ ♦❝♦**❛ ❡♠ ✉♠ ♣♦♥3♦ ♥/♦ Q3✐♠♦✳ ❉❡22❛ ❢♦*♠❛✱ C ❝♦♠✉♠

♥♦*♠❛❧✐③❛* ♦ 3❛♠❛♥❤♦ ❞♦ ♣❛22♦✿ ε ❂ ✭αt✮/✭||d − Dxt||✮✳ ❯2✉❛❧♠❡♥3❡✱ ♦2 ✈❛❧♦*❡2 ❞♦2

♣❛*E♠❡3*♦2 ✉3✐❧✐③❛❞♦2 2/♦✿

• αt ❂ C(LS − L(πt)) ❝♦♠ C ∈ (0, 2)✱ ♦♥❞❡ ♦ ❧✐♠✐3❡ ♣*✐♠❛❧ ♦✉ 2✉♣❡*✐♦* ✭▲❙✮ ❛3✉❛

❝♦♠♦ ✉♠ ✈❛❧♦* 2✉♣❡*❡23✐♠❛❞♦ 2♦❜*❡ ♦ ✈❛❧♦* ❞❡2❝♦♥❤❡❝✐❞♦ ❞♦ ❞✉❛❧ ▲❛❣*❛♥❣❡❛♥♦

✭zLD✮✳

• αt ❢♦*♠❛ ✉♠❛ 2C*✐❡ ❣❡♦♠C3*✐❝❛ M✉❛♥❞♦ αt ❂ Cρt ❝♦♠ ρ ∈ (0, 1) ❡ C > 0✳

• αt ❢♦*♠❛ ✉♠❛ 2C*✐❡ ❞✐✈❡*❣❡♥3❡ M✉❛♥❞♦ αt → 0 ❡

∑
t αt →∞✳ U♦* ❡①❡♠♣❧♦ αt =

1
t
✳

❯♠❛ ❢♦*♠❛ ♥❛3✉*❛❧ ❞❡ ❣❛*❛♥3✐* ❛ ❝♦♥✈❡*❣N♥❝✐❛ C ✈❡*✐✜❝❛* M✉❛♥❞♦ ♦ ❧✐♠✐3❡

♣*✐♠❛❧ ✭2✉♣❡*✐♦*✮ ❛22✉♠❡ ♦ ✈❛❧♦* ❞♦ ❧✐♠✐3❡ ❞✉❛❧ ✭✐♥❢❡*✐♦*✮ zLD✳

❱❛❧❡ ❞❡23❛❝❛* M✉❡ ♦ 3❛♠❛♥❤♦ ❞♦ ♣❛22♦ C 2❡♠♣*❡ ❝♦♥✈❡*❣❡♥3❡✱ ♠❛2 ❛ ❝♦♥✈❡*✲

❣N♥❝✐❛ C ♠✉✐3♦ ❧❡♥3❛✱ ♣♦* ❝❛✉2❛ ❞❛2 2❡M✉N♥❝✐❛2 ❞✐✈❡*❣❡♥3❡2✳ ❆❧C♠ ❞✐22♦✱ ♦ ♣❛*E♠❡3*♦

τ ♣*❡2❡♥3❡ ♥♦ W❧3✐♠♦ ♣❛22♦ ✸✱ ❞♦ ❛❧❣♦*✐3♠♦ ❡♠ ❞❡23❛M✉❡✱ ♣❡*♠✐3❡ M✉❡ ♦ ♥W♠❡*♦ ❞❡ ✐3❡✲

*❛.4❡2 2❡❥❛ ❧✐♠✐3❛❞♦✳ ❖✉3*❛ ❤❡✉*P23✐❝❛ ♣❛❞*/♦ ❞❡ ♣❛*❛❞❛ ❞✐③ M✉❡ ♦ ❛❧❣♦*✐3♠♦ ♣♦❞❡ 2❡*

✐♥3❡**♦♠♣✐❞♦ M✉❛♥❞♦ ♦ ❧✐♠✐3❡ ❞✉❛❧ ♦✉ ✐♥❢❡*✐♦* ▲■ ❂ ♠❛①t {▲✭π
t) } ♥/♦ ♦❜3✐✈❡* ♠❡❧❤♦*❛

❛♣Q2 ✈H*✐❛2 ✐3❡*❛.4❡2✳

3(♦❣(❛♠❛ ❞❡ 345 ●(❛❞✉❛78♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ 3(♦❞✉78♦ ✲ 3♣❣❡♣✴❯❋▼●



✹✳✷ ✲ ❋♦&♠✉❧❛+,♦ ♣♦& ❘❡❧❛①❛+,♦ ▲❛❣&❛♥❣❡❛♥❛ ✷✽

❆# ❝♦♥❞✐)*❡# ❞❡ ♣❛.❛❞❛ ♣♦❞❡♠ ✈❛.✐❛.✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ♣.♦❜❧❡♠❛ 4✉❡ ❡#67 #❡♥❞♦

.❡#♦❧✈✐❞♦ ❡ ❞♦ .❡#✉❧6❛❞♦ 4✉❡ #❡ ❞❡#❡❥❛ ❡♥❝♦♥6.❛.✳ ◆❡##❡ 6.❛❜❛❧❤♦✱ ❛# ❝♦♥❞✐)*❡# ❞❡ ♣❛.❛❞❛

❝♦♥#✐❞❡.❛❞❛# ❢♦.❛♠✿

✶✳ ||d−D①

t
⑤⑤ ❁ ζ ✲ ❙✉❜❣.❛❞✐❡♥6❡ ♥✉❧♦ ♦✉ ❞❡#♣.❡③F✈❡❧✱ ♦✉❀

✷✳ εt < ζ ✲ ❚❛♠❛♥❤♦ ❞♦ ♣❛##♦ ♥✉❧♦ ♦✉ ❞❡#♣.❡③F✈❡❧✱ ♦✉❀

✸✳ (LS − L(πt)) < ζ ✲ ❙❡♥❞♦ ζ ✉♠ ♥J♠❡.♦ ♣❡4✉❡♥♦ ❛.❜✐6.❛.✐❛♠❡♥6❡ ❡#❝♦❧❤✐❞♦✳

❈♦♥❝❧✉✐♥❞♦✱ ♦ ❛❧❣♦.✐6♠♦ ❞♦ #✉❜❣.❛❞✐❡♥6❡ ♣♦❞❡ #❡. ✉#❛❞♦ ❝♦♠♦ ❤❡✉.F#6✐❝❛ ♣❛.❛

♣.♦❞✉③✐. ♣♦##F✈❡✐# #♦❧✉)*❡# ♣❛.❛ ♣.♦❜❧❡♠❛ ♣.✐♠❛❧ ✹✳✶✷✱ ❡♠❜♦.❛ ♥M♦ ❤❛❥❛ ❣❛.❛♥6✐❛ 4✉❡

❛ .❡#6.✐)M♦ ❉①≥❞ #❡❥❛ ❛6❡♥❞✐❞❛✱ ♣♦. ♦✉6.♦ ❧❛❞♦✱ ❛ #♦❧✉)M♦ ♣.✐♠❛❧ ❞❛ ❢♦.♠✉❧❛)M♦ ✭✹✳✽✮

✲ ✭✹✳✶✶✮ ❛6❡♥❞❡ ❛ ❡##❛ .❡#6.✐)M♦✳

❈♦♥#✐❞❡.❛♥❞♦ 4✉❡ ♦ ❝❛♥❞✐❞❛6♦✱ Q #♦❧✉)M♦ R6✐♠❛✱ ❞❡♥♦6❛❞♦ ♣♦. x̂ ♣♦❞❡ #❡.

♦❜6✐❞♦ ❝♦♠♦ ❝♦♠❜✐♥❛)M♦ ❝♦♥✈❡①❛ ❞♦# ♣♦♥6♦# ❣❡.❛❞♦# ❛♥6❡.✐♦.♠❡♥6❡ xg
♣❛.❛ g = 1, ..., t✳

S♦##F✈❡✐# .❡❣.❛# ❞❡ ❛6✉❛❧✐③❛)M♦ #❡.✐❛♠✿

• x̂ ❂

∑t

g=1 x
gλg ♦♥❞❡

∑t

g=1 λg = 1✳

• x̂ ❂ δ x̂ ✰ ✭✶ ✲δ✮xt
❝♦♠ δ ∈ ✭✵✱✶✮✳

❉❡ ❛❝♦.❞♦ ❝♦♠ ❱❛♥❞❡.❜❡❝❦ ❡ ❲♦❧#❡② ❬✸✸❪✱ ❛ J❧6✐♠❛ .❡❣.❛ ] ❞❡ ♠❛✐♦. ✐♥6❡.❡##❡✱

♣♦.4✉❡ ♠❛✐♦. ♣❡#♦ ] ❝♦❧♦❝❛❞♦ #♦❜.❡ ♦# ♣♦♥6♦# xt
❣❡.❛❞♦# ♣♦. J❧6✐♠♦✳ S♦. ♠❡✐♦ ❞♦

J❧6✐♠♦ ♣❛##♦✭✸✮✱ ❛ 6❡♦.✐❛ ♣.❡✈^ ❛ ❝♦♥✈❡.❣^♥❝✐❛ ❞❡ x̂ ❡♠ ❞✐.❡)M♦ Q #♦❧✉)M♦ R6✐♠❛ ❡♠

✹✳✶✷✳ ◆❛ ♣.76✐❝❛✱ ♥♦ ❡♥6❛♥6♦✱ ❞❡✈❡.✐❛ #❡. ❝❤❡❝❛❞♦ ♣.✐♠❡✐.♦ #❡ x̂ .❡#♣❡✐6❛ ♦ ❝♦♥❥✉♥6♦

Dx > d ❡✱ ❛♣❡♥❛# ❡♠ ❝❛#♦ ❛✜.♠❛6✐✈♦✱ ♦ ✈❛❧♦. ❛##♦❝✐❛❞♦ #❡.✐❛ ❛.♠❛③❡♥❛❞♦ ❝♦♠♦ ✉♠

❧✐♠✐6❡ #✉♣❡.✐♦. #♦❜.❡ zLD✱ ♦ 4✉❡ ] J6✐❧ ♣❛.❛ ♠♦♥✐6♦.❛. ❛ ❝♦♥✈❡.❣^♥❝✐❛✳ ❈❛#♦ x̂ .❡#♣❡✐6❡

❛# ❝♦♥❞✐)*❡# ❞❡ ✐♥6❡❣.❛❧✐❞❛❞❡✱ ❡♥6M♦ ❡##❡ ✈❛❧♦. ] 6✐❞♦ ❝♦♠♦ ✉♠ ❧✐♠✐6❡ #✉♣❡.✐♦.✳

✹✳✷ ❋♦%♠✉❧❛*+♦ ♣♦% ❘❡❧❛①❛*+♦ ▲❛❣%❛♥❣❡❛♥❛

❉❛ ♠❡#♠❛ ❢♦.♠❛ ❝♦♠♦ ❢♦✐ ❞❡#❝.✐6♦ ♥❛ ❙❡)M♦ ✹✳✶✱ ✉♠ ❝♦♥❥✉♥6♦ ❞❡ .❡#6.✐)*❡#

❞❡✜♥✐❞❛# ❝♦♠♦ ❝♦♠♣❧✐❝❛♥6❡# ❞❡✈❡ #❡. ❡❧✐♠✐♥❛❞❛ ❞♦ ♣.♦❜❧❡♠❛ ❡ #✉❛# ✈✐♦❧❛)*❡# ♣❡♥❛❧✐✲

③❛❞❛# ♥❛ ❢✉♥)M♦ ❞♦ ♦❜❥❡6✐✈♦ ❞♦ ♥♦✈♦ ♣.♦❜❧❡♠❛✳ ◆❛ ❢♦.♠✉❧❛)M♦ ♦.✐❣✐♥❛❧✱ ♦ ❝♦♥❥✉♥6♦ ❞❡

.❡#6.✐)*❡# ❛ #❡. .❡❧❛①❛❞♦ #❡.7 ♦ ❝♦♥❥✉♥6♦ ✸✳✹✱ 4✉❡ .❡♣.❡#❡♥6❛ ❛# .❡#6.✐)*❡# ❞❡ ♣.❡❝❡❞^♥❝✐❛

❞♦ 6✐♣♦ ❝!♦##❞♦❝❦✐♥❣ ❡ #M♦ ❛# .❡#6.✐)*❡# ❞❡ ❛❝♦♣❧❛♠❡♥6♦ ❡♥6.❡ ❛# ✈❛.✐7✈❡✐# ① ❡ ②✳

4&♦❣&❛♠❛ ❞❡ 467 ●&❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ 4&♦❞✉+,♦ ✲ 4♣❣❡♣✴❯❋▼●



✹✳✷ ✲ ❋♦&♠✉❧❛+,♦ ♣♦& ❘❡❧❛①❛+,♦ ▲❛❣&❛♥❣❡❛♥❛ ✷✾

❖ ♥$♠❡'♦ ❞❡ '❡*+'✐-.❡* ❞❡**❡ ❝♦♥❥✉♥+♦ 2 ♦ ♥$♠❡'♦ ❞❡ '❡❧❛-.❡* ❞❡ ♣'❡❝❡❞6♥❝✐❛

❡♥+'❡ ✉♠ ❥♦❜ ♥❛ ♠89✉✐♥❛ ✷ ✭j ∈ J2
✮ ❡ *❡✉ ♣'❡❝❡❞❡♥+❡ ♥❛ ♠89✉✐♥❛ ✶ ✭k ∈ Sj✮✳ >♦'

❡①❡♠♣❧♦✿ ❙✉♣♦♥❤❛ 9✉❡ ❡①✐*+❡♠ ❞♦✐* ❥♦❜* ❛ *❡'❡♠ ♣'♦❝❡**❛❞♦* ♥❛ ♠89✉✐♥❛ ✷ ❡ ❝❛❞❛

✉♠ ❞❡❧❡* ♣♦**✉✐ ✷ ♣'❡❝❡❞❡♥+❡*✱ ♦ ♥$♠❡'♦ ❞❡ '❡❧❛-.❡* ❞❡ ♣'❡❝❡❞6♥❝✐❛ 2 ✹✳ >❛'❛ ❝❛❞❛

'❡*+'✐-E♦ ❞♦ ❝♦♥❥✉♥+♦ ✸✳✹✱ ❛**♦❝✐❛✲*❡ ✉♠ ♠✉❧+✐♣❧✐❝❛❞♦' λ✱ 9✉❡ '❡♣'❡*❡♥+❛'8 ♦ ♣❡*♦ ❛+'✐✲

❜✉H❞♦ I ✈✐♦❧❛-E♦ ❞❛9✉❡❧❛ '❡*+'✐-E♦ ♥❛ ❢✉♥-E♦ ♦❜❥❡+✐✈♦✳ ❉❡**❛ ❢♦'♠❛✱ ♦ ❝♦♥❥✉♥+♦ ❞❡

♠✉❧+✐♣❧✐❝❛❞♦'❡* ❞❡ ▲❛❣'❛♥❣❡ ❞♦ ♣'♦❜❧❡♠❛ *❡'8 '❡♣'❡*❡♥+❛❞♦ ♣♦' λjk✱ *❡♥❞♦ ✭j ∈ J2
✮ ❡

✭k ∈ Sj✮⊂ J1
✳ >❛'❛ ❝❛❞❛ ♣❛' ✭j, k✮✱ +❡♠♦* ❛ ❛+'✐❜✉✐-E♦ '❡♣'❡*❡♥+❛❞❛ ❛❜❛✐①♦✿

T−p2j∑

t=0

t.yjt −

T−p1k∑

t=0

(t+ p1k).xkt ≥ 0←− λjk ✭✹✳✶✸✮

❈❛❞❛ '❡*+'✐-E♦ ❞♦ ❝♦♥❥✉♥+♦ 2 '❡♣'❡*❡♥+❛❞❛ ♣♦' By−Ax ≥ 0✳ ❉❡**❛ ❢♦'♠❛✱ *✉❛ ✈✐♦❧❛-E♦

2 ❞❛❞❛ ♣♦' 0−By+Ax✱ ♦✉ *❡❥❛✱ Ax−By✱ 9✉❡ 2 ❛ ❞✐❢❡'❡♥-❛ ❡♥+'❡ ❛ ❞❛+❛ ❞❡ ❝♦♥❝❧✉*E♦

❞❡ ✉♠ ♣'❡❝❡❞❡♥+❡ ♥❛ ♠89✉✐♥❛ ✶ ❡ ❛ ❞❛+❛ ❞❡ ✐♥H❝✐♦ ❞❡ *❡✉ *✉❝❡**♦' ♥❛ ♠89✉✐♥❛ ✷✳

❈♦♥*✐❞❡'❛♥❞♦ ❛ *✐+✉❛-E♦ ❡♠ 9✉❡ ♦ ❥♦❜ ♥❛ ♠89✉✐♥❛ ✷ 2 *❡9✉❡♥❝✐❛❞♦ ❛♥+❡* 9✉❡ *❡✉

♣'❡❞❡❝❡**♦' *❡❥❛ ❝♦♥❝❧✉H❞♦✱ ♣♦✐* ❛ '❡*+'✐-E♦ ❢♦✐ ❡❧✐♠✐♥❛❞❛ ❞♦ ♣'♦❜❧❡♠❛✱ ❡**❛ ✈✐♦❧❛-E♦

*❡'8 ♣♦*✐+✐✈❛✱ ❡ ❛ ❢✉♥-E♦ ♦❜❥❡+✐✈♦ *❡'8 ♣❡♥❛❧✐③❛❞❛✳ >❛'❛ ❝❛❞❛ ♣❛' ✭❥✱ ❦✮✱ *♦♠❛✲*❡ ♥❛

❢✉♥-E♦ ♦❜❥❡+✐✈♦ ♦ ❢❛+♦' λjk.(Ax − By)✱ 9✉❡ '❡♣'❡*❡♥+❛ ❛ ♣❡♥❛❧✐③❛-E♦ ♣❡❧❛ ✈✐♦❧❛-E♦

❞❛9✉❡❧❛ '❡*+'✐-E♦ ❡♠ ❡*♣❡❝H✜❝♦✳ ❉❡✜♥❡✲*❡ ♣♦'+❛♥+♦ ♦ *✉❜♣'♦❜❧❡♠❛ ❧❛❣'❛♥❣❡❛♥♦ ▲✭λ✮✿

L(λ) = min
∑

j∈J2

T−p2j∑

t=0

(t+ p2j).yjt +
∑

j∈J2

∑

k∈Sj

λjk(

T−p1k∑

t=0

(t+ p1k).xkt −

T−p2j∑

t=0

t.yjt) ✭✹✳✶✹✮

*✳+✳ ✭✸✳✷✮✱ ✭✸✳✸✮✱ ✭✸✳✺✮✱ ✭✸✳✻✮✱ ✭✸✳✼✮ ❡ ✭✸✳✽✮

❉❡✜♥✐❞♦ ♦ ▲✭λ✮✱ ❞❡✈❡✲*❡ '❡*♦❧✈❡' ♦ ❞✉❛❧ ❧❛❣'❛♥❣❡❛♥♦✱ 9✉❡ ❝♦♥❢♦'♠❡ ❞❡*❝'✐+♦

♥❛ *❡-E♦ ✹✳✶✱ ♠❛①✐♠✐③❛'8 ♦ ✈❛❧♦' ❞♦ ❧✐♠✐+❡ ✐♥❢❡'✐♦' ♣❛'❛ ♦ ♣'♦❜❧❡♠❛ ♦'✐❣✐♥❛❧✳ ◆❡**❡

+'❛❜❛❧❤♦✱ ♦ ♠2+♦❞♦ ✉+✐❧✐③❛❞♦ ♣❛'❛ *♦❧✉❝✐♦♥❛' ♦ ❞✉❛❧ ❧❛❣'❛♥❣❡❛♥♦ *❡'8 ♦ ❆❧❣♦'✐+♠♦ ❞♦

❙✉❜❣'❛❞✐❡♥+❡ ❞❡*❝'✐+♦ ♥❛ *✉❜*❡-E♦ ✹✳✶✳✶✱ ❝✉❥♦ ♣'✐♠❡✐'♦ ♣❛**♦ ❛♣X* ❛ ✐♥✐❝✐❛❧✐③❛-E♦ 2 '❡✲

*♦❧✈❡' ♦ *✉❜♣'♦❜❧❡♠❛ ❧❛❣'❛♥❣❡❛♥♦ ▲✭λ✮ ❛❝✐♠❛ ♣❛'❛ ♦ ❝♦♥❥✉♥+♦ λ ❞❛❞♦✳ ▲❡♠❜'❛♥❞♦ 9✉❡

❛ ❝❛❞❛ ✐+❡'❛-E♦ ❞♦ ❛❧❣♦'✐+♠♦ ♦* ✈❛❧♦'❡* ❞❡ λ *E♦ ❛+✉❛❧✐③❛❞♦*✱ ❞❡✜♥✐♥❞♦ ❛* ♣❡♥❛❧✐❞❛❞❡*

✭♣❡*♦*✮ ♣❛'❛ ❝❛❞❛ '❡*+'✐-E♦ ✈✐♦❧❛❞❛ ♥❛9✉❡❧❛ ✐+❡'❛-E♦✳ ❖* ♣❛**♦* ♣❛'❛ ❛ '❡*♦❧✉-E♦ ❞❡

▲✭λ✮ *E♦ ❞❡*❝'✐+♦ ♥❛ *❡-E♦ *❡❣✉✐♥+❡✳

4&♦❣&❛♠❛ ❞❡ 467 ●&❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ 4&♦❞✉+,♦ ✲ 4♣❣❡♣✴❯❋▼●



✹✳✸ ✲ ❙♦❧✉❝✐♦♥❛♥❞♦ ♦ ❙✉❜♣/♦❜❧❡♠❛ ▲❛❣/❛♥❣❡❛♥♦ ✸✵

✹✳✸ ❙♦❧✉❝✐♦♥❛♥❞♦ ♦ ❙✉❜♣.♦❜❧❡♠❛ ▲❛❣.❛♥❣❡❛♥♦

❆♥❛❧✐'❛♥❞♦ ♦ ♠♦❞❡❧♦ ,❡'✉❧.❛♥.❡✱ ❛ ❛♣❧✐❝❛23♦ ❞❛ ,❡❧❛①❛23♦ ❧❛❣,❛♥❣❡❛♥❛ ,❡'✉❧✲

.♦✉ ❡♠ ✉♠ '✉❜♣,♦❜❧❡♠❛ ❝♦♠ ❛❧❣✉♠❛' ❝❛,❛❝.❡,8'.✐❝❛' ❡'♣❡❝✐❛✐'✱ 9✉❡ .♦,♥❛♠ ♣♦''8✈❡❧ ❛

❞❡❝♦♠♣♦'✐23♦ ❞❡''❡ '✉❜♣,♦❜❧❡♠❛ ❡♠ ❞♦✐' ♣,♦❜❧❡♠❛' ✐♥❞❡♣❡♥❞❡♥.❡'✳ ➱ ♣♦''8✈❡❧ ✐❞❡♥.✐✲

✜❝❛, 9✉❡ ❝♦♠ ❛ ❡❧✐♠✐♥❛23♦ ❞♦ ❝♦♥❥✉♥.♦ ❞❡ ,❡'.,✐2?❡' ✸✳✹✱ ❛' ✈❛,✐A✈❡✐' ① ❡ ② .♦,♥❛♠✲'❡

❞❡'❛❝♦♣❧❛❞❛'✱ ❞❡''❛ ❢♦,♠❛✱ ♥3♦ ❤A ,❡'.,✐2?❡' ♥♦ ♥♦✈♦ ♣,♦❜❧❡♠❛ 9✉❡ ,❡❧❛❝✐♦♥❛♠ ♦' ✈❛✲

❧♦,❡' ❞❡ ① ❝♦♠ ♦' ✈❛❧♦,❡' ❞❡ ②✳ E♦,.❛♥.♦✱ '❡♣❛,❛♥❞♦ .❛♠❜F♠ ♥❛ ❢✉♥23♦ ♦❜❥❡.✐✈♦ ♦'

.❡,♠♦' 9✉❡ ❝♦♥.F♠ ✈❛❧♦,❡' ❞❛ ✈❛,✐A✈❡❧ ① ❞♦' .❡,♠♦' 9✉❡ ❝♦♥.F♠ ✈❛❧♦,❡' ❞❛ ✈❛,✐A✈❡❧ ②✱

♣♦❞❡✲'❡ ❞❡✜♥✐, ❞♦✐' '✉❜♣,♦❜❧❡♠❛' ♠❡♥♦,❡' ✐♥❞❡♣❡♥❞❡♥.❡'✱ ❝❛❞❛ 9✉❛❧ ❝♦♠ .❡,♠♦' ❞❛

❢✉♥23♦ ♦❜❥❡.✐✈♦ ❡ ,❡'.,✐2?❡' ❞❡ ✉♠❛ ❞❛' ✈❛,✐A✈❡✐'✳ ❆''✐♠✱ ❛ '♦❧✉23♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦'

♠♦❞❡❧♦' '❡♣❛,❛❞❛♠❡♥.❡ F ✈✐'.❛ ❝♦♠♦ ✉♠❛ ❛❧.❡,♥❛.✐✈❛✳ ❖ ✈❛❧♦, ❞❡ ▲✭λ✮✱ 9✉❡ '❡,A ✉♠

❧✐♠✐.❡ ✐♥❢❡,✐♦, ♣❛,❛ ♦ ♣,♦❜❧❡♠❛✱ F ♦❜.✐❞♦ ❛❣,❡❣❛♥❞♦ ♦' '✉❜♣,♦❜❧❡♠❛' ▲(λ)x ❡ ▲(λ)y✳

✹✳✸✳✶ ❙✉❜♣(♦❜❧❡♠❛ ❡♠ ❳

❈♦♠ ♦' .❡,♠♦' 9✉❡ ❝♦♥.F♠ ① ✐'♦❧❛❞♦' ❞❛ ❢✉♥23♦ ♦❜❥❡.✐✈♦ ❞♦ '✉❜♣,♦❜❧❡♠❛

❧❛❣,❛♥❣❡❛♥♦✱ ♦❜.L♠✲'❡ ♦ ♣,♦❜❧❡♠❛✿

L(λ)x = min
∑

j∈J2

∑

k∈Sj

λjk

T−p1k∑

t=0

(t+ p1k)xkt ✭✹✳✶✺✮

'✳.✳ ✭✸✳✷✮✱✭✸✳✺✮ ❡ ✭✸✳✼✮ ✲ ❖✉ '❡❥❛✱ ,❡'.,✐2?❡' 9✉❡ ❝♦♥.F♠ '♦♠❡♥.❡ ①✳

❆❧.❡,♥❛.✐✈❛♠❡♥.❡✱ ♣♦❞❡♠♦' ,❡❡'❝,❡✈❡, ❛ ❢✉♥23♦ ♦❜❥❡.✐✈♦ ❛❝✐♠❛ '♦❜ ❛ ♣❡,'✲

♣❡❝.✐✈❛ ❞♦' ❥♦❜' ❡♠ J1
✱ ❛♦ ✐♥✈F' ❞❡ ❛✈❛❧✐A✲❧♦' ✐♥❞✐,❡.❛♠❡♥.❡ ❛.,❛✈F' ❞♦ ❝♦♥❥✉♥.♦ ❞❡

♣,❡❝❡❞❡♥.❡' ❞♦' ❥♦❜' ❡♠ J2
✱ ❝♦♥❢♦,♠❡ ❛❜❛✐①♦✿

min
∑

j∈J1

T−p1j∑

t=0

(t+ p1j)xjtw
1
j ✭✹✳✶✻✮

♦♥❞❡ w1
j =

∑
i∈J2 λij✳

❙❡ ❥ /∈ Si, λij = 0✳

❈♦♠♦ ✐♥❞✐❝❛❞♦ ❛❝✐♠❛✱ w1
j F ❛ '♦♠❛ ❞❛' ♣❡♥❛❧✐❞❛❞❡' ❞❡ .♦❞♦' ♦' ❥♦❜' ♥❛ ♠A9✉✐♥❛

✷ 9✉❡ ♣♦''✉❡♠ ♦ ❥♦❜ ❥ ❝♦♠♦ ♣,❡❝❡❞❡♥.❡ ♥❛ ♠A9✉✐♥❛ ✶✳ ❊''❡ ✈❛❧♦, F ✉♠❛ ❝♦♥'.❛♥.❡

9✉❡ ,❡♣,❡'❡♥.❛ ♦ ♣❡'♦ ❞♦ ❥♦❜ ❥✱ ❡ '❡,A ♠❛✐♦, '❡ ❡'.❡ ❥♦❜ ❢♦, ,❡'♣♦♥'A✈❡❧ ♣♦, ❣,❛♥❞❡'

✈✐♦❧❛2?❡' ❞❛' ,❡'.,✐2?❡' ❞❡ ♣,❡❝❡❞L♥❝✐❛✳

4/♦❣/❛♠❛ ❞❡ 456 ●/❛❞✉❛89♦ ❡♠ ❊♥❣❡♥❤❛/✐❛ ❞❡ 4/♦❞✉89♦ ✲ 4♣❣❡♣✴❯❋▼●



✹✳✸✳✷ ✲ ❙✉❜♣)♦❜❧❡♠❛ ❡♠ ❨ ✸✶

❖ ♣$♦❜❧❡♠❛ ❝✐-❛❞♦ ❛❝✐♠❛ / ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♠♣♦ ❚♦-❛❧ ❞❡ ❈♦♥❝❧✉56♦ 7♦♥❞❡✲

$❛❞♦ ✭❬✷✸❪✮✱ ❞❡♥♦-❛❞♦ ♣♦$ ✶ ⑤⑤

∑
CjWj✱ 5❡♥❞♦ w1

j ♦ ♣❡5♦ ❞♦ ❥♦❜ ❥✳ ❊55❡ ♣$♦❜❧❡♠❛ ♣♦❞❡

5❡$ $❡5♦❧✈✐❞♦ ♣♦$ ♦$❞❡♥❛D6♦ ❞❡ ❛❝♦$❞♦ ❝♦♠ ❛ $❡❣$❛ ❲❙7❚ ✭❲❡✐❣❤&❡❞ ❙❤♦*&❡+& ,*♦❝❡+✲

+✐♥❣ ❚✐♠❡ ❋✐*+& ✮✳ ❉❡ ❛❝♦$❞♦ ❝♦♠ ❡55❛ $❡❣$❛✱ ❛ 5♦❧✉D6♦ I-✐♠❛ / ♦❜-✐❞❛ ♦$❞❡♥❛♥❞♦✲5❡ ♦5

❥♦❜5 ❡♠ ♦$❞❡♠ ❞❡❝$❡5❝❡♥-❡ ❞❡ w1
j ✴ p1j✱ ❡ ♣♦❞❡ 5❡$ ♦❜-✐❞❛ ❡♠ ❖✭♥❧♦❣✭♥✮✮✳

❚❡♦#❡♠❛ ✹✳✷✳ ❆ *❡❣*❛ ❲❙,❚ 5 6&✐♠❛ ♣❛*❛ ♦ ♣*♦❜❧❡♠❛ ✶ ⑤⑤

∑
CjWj✳ ✭❬✷✸❪✮

❉❡♠♦♥+&*❛DE♦✳ ❙✉♣♦♥❤❛ ✉♠❛ 5❡K✉L♥❝✐❛ ❙ ♥❛ K✉❛❧ ❡①✐5-❡♠ ❞♦✐5 ❥♦❜5 ❛❞❥❛❝❡♥-❡5 ❥ ❡ ❦✱

5❡♥❞♦ ❥ 5❡❣✉✐❞♦ ❞❡ ❦✱ -❛❧ K✉❡ w1
j ✴ p1j ❁ w1

k ✴ p1k✱ w
1
j ❃ ✵ ∀ ❥✱ ♦✉ 5❡❥❛✱ ♥6♦ 5❡❣✉✐♥❞♦ ❛

$❡❣$❛ ❲❙7❚✳ ❉❡55❛ ❢♦$♠❛✱ ♦ -❡♠♣♦ -♦-❛❧ ❞❡ ❝♦♥❝❧✉56♦ ♣♦♥❞❡$❛❞♦ Tjk ❞♦5 ❥♦❜5 ❥ ❡ ❦ /

✭- ✰ p1j✮w
1
j ✰ ✭- ✰ p1j ✰ p1k✮w

1
k✳ ❚$♦❝❛✲5❡ ❡♥-6♦ ❥ ❡ ❦ ❞❡ ♣♦5✐D6♦✱ ♠❛♥-❡♥❞♦ ♦5 ❞❡♠❛✐5

❥♦❜5 ❡♠ 5✉❛5 ♣♦5✐DS❡5 ♦$✐❣✐♥❛✐5✱ ❞❡♥♦♠✐♥❛♥❞♦ ❛ ♥♦✈❛ 5❡K✉L♥❝✐❛ ❙✬✱ ♦♥❞❡ ♦ -❡♠♣♦ -♦-❛❧

❞❡ ❝♦♥❝❧✉56♦ ♣♦♥❞❡$❛❞♦ Tkj ❞♦5 ❥♦❜5 ❥ ❡ ❦ / ✭- ✰ p1k✮w
1
k ✰ ✭- ✰ p1k ✰ p1j✮w

1
j ✳ ❈♦♠♦

w1
j ✴ p1j ❁ w1

k ✴ p1k✱ ✈❡$✐✜❝❛✲5❡ K✉❡ 5♦❜ ❙✬✱ Tkj / 5❡♠♣$❡ ♠❡♥♦$ K✉❡ Tjk ❡♠ ❙✱ ♦ K✉❡

❝♦♥-$❛❞✐③ ❛ ♦-✐♠❛❧✐❞❛❞❡ ❞❡ ❙✱ ♣$♦✈❛♥❞♦ K✉❡ ❛ $❡❣$❛ ❲❙7❚ ❝❤❡❣❛ ❛ 5♦❧✉D6♦ I-✐♠❛ ❞♦

♣$♦❜❧❡♠❛✳

✹✳✸✳✷ ❙✉❜♣(♦❜❧❡♠❛ ❡♠ ❨

❈♦♠ ♦5 -❡$♠♦5 K✉❡ ❝♦♥-/♠ ② ✐5♦❧❛❞♦5 ❞❛ ❢✉♥D6♦ ♦❜❥❡-✐✈♦ ❞♦ 5✉❜♣$♦❜❧❡♠❛

❧❛❣$❛♥❣❡❛♥♦✱ ♦❜-/♠✲5❡ ♦ ♣$♦❜❧❡♠❛✿

L(λ)y = min
∑

j∈J2

T−p2j∑

t=0

(t+ p2j)yjt −
∑

j∈J2

∑

k∈Sj

λjk

T−p2j∑

t=0

t.yjt ✭✹✳✶✼✮

5✳-✳ ✭✸✳✸✮✱✭✸✳✻✮ ❡ ✭✸✳✽✮ ✲ ❘❡5-$✐DS❡5 K✉❡ ❝♦♥-/♠ ②✳

❉❡✜♥✐♥❞♦ aj =
∑

k∈Sj
λjk ∀ J ∈ J2

-❡♠✲5❡✿

L(λ)y = min
∑

j∈J2

∑T−p2j
t=0 (t+ p2j)yjt −

∑
j∈J2

∑T−p2j
t=0 aj.t.yjt

▼✉❧-✐♣❧✐❝❛♥❞♦✲5❡ ♦5 -❡$♠♦5 ❡♥-$❡ ♣❛$L♥-❡5❡5 ❡ ❝♦❧♦❝❛♥❞♦ t+ yjt ❡♠ ❡✈✐❞L♥❝✐❛✱

❝❤❡❣❛✲5❡ ❛✿

L(λ)y = min
∑

j∈J2

∑T−p2j
t=0 t.yjt(1− aj) + p2j.yjt

❉❡✜♥✐♥❞♦ w2
j = 1 − aj ∀ j ∈ J2

✱ ♣♦❞❡♠♦5 $❡❡5❝$❡✈❡$ ♦ ♣$♦❜❧❡♠❛ ❞❛ 5❡❣✉✐♥-❡

♠❛♥❡✐$❛✿

L(λ)y = min
∑

j∈J2

∑T−p2j
t=0 t.yjt.w

2
j +

∑
j∈J2

∑T−p2j
t=0 yjt.p2j
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✹✳✸✳✷ ✲ ❙✉❜♣)♦❜❧❡♠❛ ❡♠ ❨ ✸✷

"✳$✳ ✭✸✳✸✮✱✭✸✳✻✮ ❡ ✭✸✳✽✮✳

❖ "❡❣✉♥❞♦ $❡1♠♦ ❞❛ ❢✉♥56♦ ♦❜❥❡$✐✈♦ ❛❝✐♠❛ < ❝♦♥"$❛♥$❡✱ ♣♦✐" 1❡♣1❡"❡♥$❛ ❛ "♦♠❛

❞❡ ♣1♦❝❡""❛♠❡♥$♦ ❞❡ $♦❞♦" ♦" ❥♦❜" ♥❛ ♠>?✉✐♥❛ ✷✳ ❆❧<♠ ❞✐""♦✱ $♦❞♦" ♦" ❥♦❜" ♣1❡"❡♥$❡"

♥❡""❡ $❡1♠♦ "❡16♦ "❡?✉❡♥❝✐❛❞♦" ♣❡❧♦ ❝♦♥❥✉♥$♦ ❞❡ 1❡"$1✐5B❡" ✸✳✸ ❉❡""❛ ❢♦1♠❛✱ ❛ ❢✉♥56♦

♦❜❥❡$✐✈♦ 1❡"$❛♥$❡ < ♦ "♦♠❛$D1✐♦ ❞❛" ❞❛$❛" ❞❡ ✐♥E❝✐♦ ♣♦♥❞❡1❛❞❛" ❞♦" ❥♦❜" ♥❛ ♠>?✉✐♥❛

✷✱ ❣❡1❛♥❞♦ ✉♠ ♣1♦❜❧❡♠❛ ?✉❡ ♣♦❞❡♠♦" ❞❡♥♦♠✐♥❛1 ❚❡♠♣♦ ❚♦$❛❧ ❞❡ ■♥E❝✐♦ H♦♥❞❡1❛❞♦✱

❞❡♥♦$❛❞♦ ✶ ⑤⑤

∑
IjWj✱ "❡♥❞♦ w2

j ♦ ♣❡"♦ ❞♦ ❥♦❜ j ❡♠ ▼✷✳

H❛1❛ 1❡"♦❧✈❡1 ❡"$❡ "✉❜♣1♦❜❧❡♠❛✱ ✉"❛✲"❡ ❛ ♠❡"♠❛ 1❡❣1❛ ✉$✐❧✐③❛❞❛ ♣❛1❛ ♦ ♣1♦✲

❜❧❡♠❛ ❞❛ ♠>?✉✐♥❛ ✶✱ ❛""✐♠ ❛ "♦❧✉56♦ D$✐♠❛ ♥❡""❡ ❝❛"♦ $❛♠❜<♠ ♣♦❞❡ "❡1 ♦❜$✐❞❛ ❞❡

❛❝♦1❞♦ ❝♦♠ ❛ 1❡❣1❛ ❲❙H❚ ❡♠ ❖✭nlog✭n✮✮✳

❚❡♦#❡♠❛ ✹✳✸✳ ❆ !❡❣!❛ ❲❙'❚ ) *+✐♠❛ ♣❛!❛ ♦ ♣!♦❜❧❡♠❛

∑
IjWj

❉❡♠♦♥4+!❛56♦✳ ❙✉♣♦♥❤❛ ✉♠❛ "❡?✉Q♥❝✐❛ ❙ ♥❛ ?✉❛❧ ❡①✐"$❡♠ ❞♦✐" jobs ❛❞❥❛❝❡♥$❡" j ❡ k✱

"❡♥❞♦ j "❡❣✉✐❞♦ ❞❡ k✱ $❛❧ ?✉❡ w2
j/p2j ❁ w2

k/p2k✱ w
2
j > 0 ∀j✱ ♦✉ "❡❥❛✱ ♥6♦ ♦❜❡❞❡❝❡♥❞♦

❛ 1❡❣1❛ ❲❙H❚ ✭H1♦✈❛ ♣♦1 ❛❜"✉1❞♦✮✳ ❉❡""❛ ❢♦1♠❛✱ ♦ $❡♠♣♦ $♦$❛❧ ❞❡ ✐♥E❝✐♦ ♣♦♥❞❡1❛❞♦

Tjk ❞♦" jobs j ❡ k < t.w2
j + (t + p2j)w

2
k✳ ❚1♦❝❛✲"❡ ❡♥$6♦ j ❡ k ❞❡ ♣♦"✐56♦✱ ♠❛♥$❡♥❞♦

♦" ❞❡♠❛✐" jobs ❡♠ "✉❛" ♣♦"✐5B❡" ♦1✐❣✐♥❛✐"✱ ❞❡♥♦♠✐♥❛♥❞♦ ❛ ♥♦✈❛ "❡?✉Q♥❝✐❛ ❙➫✱ ♦♥❞❡ ♦

$❡♠♣♦ $♦$❛❧ ❞❡ ❝♦♥❝❧✉"6♦ ♣♦♥❞❡1❛❞♦ Tjk ❞♦" ❥♦❜" ♥6♦ < ❛❧$❡1❛❞♦✳ ❙♦❜ S ✱ ♦ $❡♠♣♦ $♦$❛❧

❞❡ ✐♥E❝✐♦ ♣♦♥❞❡1❛❞♦ Tjk ❞♦" jobs k ❡ j < t.w2
k + (t + p2k)w

2
j ✳ ❈♦♠♦ w2

j/p2j ❁ w2
k/p2k✱

✈❡1✐✜❝❛✲"❡ ?✉❡ "♦❜ ❙➫✱ Tjk ❡♠ ❙✱ ♦ ?✉❡ ❝♦♥$1❛❞✐③ ❛ ♦$✐♠❛❧✐❞❛❞❡ ❞❡ ❙✱ ♣1♦✈❛♥❞♦ ?✉❡ ❛

1❡❣1❛ ❲❙H❚ ❝❤❡❣❛ W "♦❧✉56♦ D$✐♠❛ ❞♦ ♣1♦❜❧❡♠❛✳

◗✉❛♥❞♦

∑
k∈Sj

λjk ❃ 1 ♣❛1❛ ❞❡$❡1♠✐♥❛❞♦ j✱ w2
j < ♥❡❣❛$✐✈♦✱ ❝♦♥$1❛1✐❛♥❞♦ ❛

"✉♣♦"✐56♦ ?✉❡ w2
j > 0 ∀ j✳ ◆❡"$❡ ❝❛"♦✱ ❞❛❞❛ ✉♠❛ "❡?✉Q♥❝✐❛ ♥❛ ♠>?✉✐♥❛ ✷ ❣❡1❛❞❛ ♣❡❧❛

1❡❣1❛ ❲❙H❚✱ ❞❡✈❡✲"❡ "❡?✉❡♥❝✐❛1 ♦" ❥♦❜" ❝♦♠ ♦" w2
j > 0 ❛ ♣❛1$✐1 ❞❡ t = 0✱ ❡ ♦" ❥♦❜" ❝♦♠

w2
j < 0 ❛ ♣❛1$✐1 ❞❡ $ ❂ ❚✱ ♠❛♥$❡♥❞♦ ❛ "❡?✉Q♥❝✐❛ ❣❡1❛❞❛ ♣❡❧❛ 1❡❣1❛ ❲❙H❚✳ ■""♦ "❡ ❞>✱

♣♦✐" ❝♦♠♦ ❛ ❢✉♥56♦ ♦❜❥❡$✐✈♦ < ❞❡ ♠✐♥✐♠✐③❛56♦✱ ❞❡✈❡✲"❡ ❛""♦❝✐❛1 ✉♠ ❣1❛♥❞❡ ✈❛❧♦1 ♣❛1❛

$✱ ♦✉ "❡❥❛✱ ❛ ❞❛$❛ ❞❡ ✐♥E❝✐♦✱ ♣❛1❛ ❥♦❜" ❝♦♠ ♣❡"♦ ♥❡❣❛$✐✈♦ ❡ ✉♠ ✈❛❧♦1 ❜❛✐①♦ ❞❡ t ♣❛1❛ ❥♦❜"

❝♦♠ ♣❡"♦ ♣♦"✐$✐✈♦✱ ♠✐♥✐♠✐③❛♥❞♦ ❛""✐♠ ❛ "♦♠❛ ❞❛" ❞❛$❛" ❞❡ ✐♥E❝✐♦ ♣♦♥❞❡1❛❞❛"✳ ▲♦❣♦✱

♦❜"❡1✈❛✲"❡ ?✉❡ ♦ ♣1♦❜❧❡♠❛ "D $❡♠ "♦❧✉56♦ ✈✐>✈❡❧ "♦❜ ❡"$❛ ♠♦❞❡❧❛❣❡♠✱ ♣♦✐" ♦ ❤♦1✐③♦♥$❡

❞❡ $❡♠♣♦ < ❧✐♠✐$❛❞♦ ❡♠ t = T ✱ ❝❛"♦ ❝♦♥$1>1✐♦ ❛ "♦❧✉56♦ D$✐♠❛ "❡1✐❛ ❛❧♦❝❛1 ❥♦❜" ❝♦♠

w2
j < 0 ❡♠ $ ❂ ∞✳
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✹✳✹ ✲ ❊♥❝♦♥'(❛♥❞♦ ✉♠ ▲✐♠✐'❡ ❙✉♣❡(✐♦( ♣❛(❛ ♦ 2(♦❜❧❡♠❛ ✸✸

✹✳✹ ❊♥❝♦♥&'❛♥❞♦ ✉♠ ▲✐♠✐&❡ ❙✉♣❡'✐♦' ♣❛'❛ ♦ 1'♦❜❧❡♠❛

❘❡#♦❧✈✐❞♦ ♦ #✉❜♣,♦❜❧❡♠❛ ❧❛❣,❛♥❣❡❛♥♦ L(λ) ❡ ♦❜1✐❞♦ ✉♠ ❧✐♠✐1❡ ✐♥❢❡,✐♦, ♣❛,❛

♦ ♣,♦❜❧❡♠❛✱ ♦ ♣,4①✐♠♦ ♣❛##♦ 6 ♦❜1❡, ✉♠❛ #♦❧✉78♦ ✈✐9✈❡❧ ♥♦ ❡#♣❛7♦ ❞❡ #♦❧✉7:❡# ❞♦

♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧✱ ✈✐#1♦ ;✉❡ ❛ ❡❧✐♠✐♥❛78♦ ❞❛# ,❡#1,✐7:❡# ❞❡ ♣,❡❝❡❞=♥❝✐❛ 1♦,♥❛ ♦ ❡#♣❛7♦

❞❡ #♦❧✉7:❡# ♠❛✐♦,✱ ❡ ✉♠❛ #♦❧✉78♦ ❡♥❝♦♥1,❛❞❛ ♥❡##❡ ♥♦✈♦ ❡#♣❛7♦ ♥8♦ 6 ♥❡❝❡##❛,✐❛♠❡♥1❡

✈✐9✈❡❧ ♥♦ ❡#♣❛7♦ ❛♥1❡,✐♦,✳ ❊♥❝♦♥1,❛❞❛ ❡##❛ #♦❧✉78♦✱ #❡✉ ✈❛❧♦, ❞❛ ❢✉♥78♦ ♦❜❥❡1✐✈♦ #❡,9

✉♠ ❧✐♠✐1❡ #✉♣❡,✐♦, ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧✳

◆❡##❡ ♣,♦❜❧❡♠❛✱ ♣♦❞❡✲#❡ ❞✐③❡, ;✉❡ ❛ ♦❜1❡♥78♦ ❞❡ ✉♠ ❧✐♠✐1❡ #✉♣❡,✐♦, ♦✉ #♦❧✉78♦

✈✐9✈❡❧ ;✉❛❧;✉❡, 6 ,❡❧❛1✐✈❛♠❡♥1❡ ❢9❝✐❧✳ ❆ ;✉❡#18♦ 6 ❡♥❝♦♥1,❛, ✉♠❛ #♦❧✉78♦ ♣,4①✐♠❛ ❞❛

#♦❧✉78♦ 41✐♠❛ ❞♦ ♣,♦❜❧❡♠❛✱ ♦ ;✉❡ ♣,♦♣♦,❝✐♦♥❛,✐❛ ♠❛✐♦, ,❛♣✐❞❡③ ♥❛ ♦❜1❡♥78♦ ❞❛ #♦❧✉78♦

41✐♠❛✳ ❆ ❡#1,❛16❣✐❛ ✉1✐❧✐③❛❞❛ ♣❛,❛ ♦❜1❡, #♦❧✉7:❡# ✈✐9✈❡✐# ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ♥❡##❡ 1,❛❜❛❧❤♦

6 ❞❡✜♥✐❞❛ ❞❛ #❡❣✉✐♥1❡ ❢♦,♠❛✿

❈♦♥#✐❞❡,❛✲#❡ ;✉❡ ❛ #❡;✉=♥❝✐❛ ♥❛ ♠9;✉✐♥❛ ✶ 6 ❛;✉❡❧❛ ♦❜1✐❞❛ ♣❡❧❛ #♦❧✉78♦ ❞♦

#✉❜♣,♦❜❧❡♠❛ ❡♠ ❳✱ ♦✉ #❡❥❛✱ ♦,❞❡♥❛♥❞♦✲#❡ ♦# ❥♦❜# ❞❡##❛ ♠9;✉✐♥❛ ❞❡ ❛❝♦,❞♦ ❝♦♠ ❛ ,❡❣,❛

❲❙M❚✳ ❏9 ❛ ♠9;✉✐♥❛ ✷✱ ❛ #♦❧✉78♦ ♦❜1✐❞❛ ♣♦, ♠❡✐♦ ❞❛ ,❡#♦❧✉78♦ ❞♦ #✉❜♣,♦❜❧❡♠❛ ❡♠ ❨

♣♦❞❡ ✈✐♦❧❛, ❛# ,❡#1,✐7:❡# ❞❡ ♣,❡❝❡❞=♥❝✐❛ ❞❡ crossdocking ❡①✐#1❡♥1❡# ♥♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐✲

♥❛❧✱ ❥9 ;✉❡ ❡#1❛# ❢♦,❛♠ ❡❧✐♠✐♥❛❞❛# ♥❛ ❛♣❧✐❝❛78♦ ❞♦ ♠61♦❞♦ ❞❡ ,❡❧❛①❛78♦ ❧❛❣,❛♥❣❡❛♥❛✳

M♦,1❛♥1♦✱ 6 ♥❡❝❡##9,✐♦ ♦❜1❡, ✉♠❛ ♥♦✈❛ #❡;✉=♥❝✐❛ ♥❛ ♠9;✉✐♥❛ ✷ ❞❡ ❢♦,♠❛ ❛ #❛1✐#❢❛③❡,

1❛✐# ,❡#1,✐7:❡#✱ #❡♥❞♦ ❛##✐♠✱ ✉♠❛ ♥♦✈❛ #♦❧✉78♦ ✈✐9✈❡❧ ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧✳

M❛,❛ ♦ ❝❛#♦ ❡#♣❡❝✐❛❧✱ ♥♦ ;✉❛❧ 1♦❞♦# ♦# ❥♦❜# ❣❡,❛❞♦# ♣❡❧♦ #✉❜♣,♦❜❧❡♠❛ ❡♠ ❨

♣♦##✉R,❡♠ ♣❡#♦ ♥❡❣❛1✐✈♦ ✭w+ j2 < 0 ∀ ∈ J2
✮✱ ❡#1❡# #❡,8♦ #❡;✉❡♥❝✐❛❞♦# ♥♦ ✜♥❛❧ ❞♦ ❤♦,✐✲

③♦♥1❡ ❞❡ 1❡♠♣♦✱ ❝♦♥❢♦,♠❡ ❞✐1♦ ❛♥1❡,✐♦,♠❡♥1❡✳ ❉❡##❛ ❢♦,♠❛✱ ❛ #♦❧✉78♦ ♦❜1✐❞❛ ♣♦❞❡ #❡,

✈✐9✈❡❧ ♥♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧✳ M❡❧♦ ❢❛1♦ ❞❡ ♦# ♣❡#♦# #❡,❡♠ ♥❡❣❛1✐✈♦#✱ ❛ ♣,❡♣♦#✐78♦ ✷ ♥8♦

6 ✈9❧✐❞❛✱ ♦✉ #❡❥❛✱ ❡##❛ ♥8♦ 6 ✉♠❛ #♦❧✉78♦ 41✐♠❛ ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧✳ M♦❞❡✲#❡ ❞✐③❡,

1❛♠❜6♠ ;✉❡ 6 ♣,♦✈9✈❡❧ ;✉❡ ❡①✐#1❛♠ #♦❧✉7:❡# ✈✐9✈❡✐# ♠❛✐# ♣,4①✐♠❛# ❞❛ #♦❧✉78♦ 41✐♠❛✱

✈✐#1♦ ;✉❡ ♥❡#1❛ V❧1✐♠❛ ♦# ❥♦❜# ❢♦,❛♠ #❡;✉❡♥❝✐❛❞♦# ♦ ♠❛✐# 1❛,❞❡ ♣♦##R✈❡❧ ♥❛ ♠9;✉✐♥❛

✷✱ ♦ ;✉❡ ❛❝,❡#❝❡ ♦ ✈❛❧♦, ♥❛ ❢✉♥78♦ ♦❜❥❡1✐✈♦✳ ▲♦❣♦✱ ✈❛❧❡ ❞❡#1❛❝❛, ;✉❡ ♦ ♣,♦❝❡❞✐♠❡♥1♦

❛❞♦1❛❞♦ ♣❛,❛ ♦❜1❡, #♦❧✉7:❡# ✈✐9✈❡✐# ♥♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧ #❡,9 #❡♠♣,❡ ❡①❡❝✉1❛❞♦✱ ♣♦✐#

♦ ❛❧❣♦,✐1♠♦ ❞♦ #✉❜❣,❛❞✐❡♥1❡ ♥❡❝❡##✐1❛ ❞❡ ✉♠❛ ✈❛❧♦, ♣❛,❛ ♦ ❧✐♠✐1❡ #✉♣❡,✐♦,✱ ❛ ✜♠ ❞❡

✐❞❡♥1✐✜❝❛, ♦ ❣❛♣ ❞❡ ♦1✐♠❛❧✐❞❛❞❡✳

❆##✐♠✱ #✐♠♣❧✐✜❝❛♥❞♦✱ ✉♠ ❧✐♠✐1❡ #✉♣❡,✐♦, 6 ♦❜1✐❞♦ ;✉❛♥❞♦ ✉♠❛ #❡;✉=♥❝✐❛ ✈✐9✲

✈❡❧ ♥❛ ♠9;✉✐♥❛ ✷ 6 ❣❡,❛❞❛✱ ❞❛❞❛ ✉♠❛ #❡;✉=♥❝✐❛ ❢♦,♥❡❝✐❞❛ ♣❡❧❛ ♠9;✉✐♥❛ ✶✳ M❛,❛ ;✉❡

❛ #❡;✉=♥❝✐❛ #❡❥❛ ✈✐9✈❡❧ ♥♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧✱ ✉♠ ❥♦❜ ♥❛ ♠9;✉✐♥❛ ✷ #4 ♣♦❞❡ #❡, ✐♥✐❝✐✲

2(♦❣(❛♠❛ ❞❡ 267 ●(❛❞✉❛9:♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ 2(♦❞✉9:♦ ✲ 2♣❣❡♣✴❯❋▼●



✹✳✹ ✲ ❊♥❝♦♥'(❛♥❞♦ ✉♠ ▲✐♠✐'❡ ❙✉♣❡(✐♦( ♣❛(❛ ♦ 2(♦❜❧❡♠❛ ✸✹

❛❞♦ ❛♣&' (♦❞♦' '❡✉' ♣+❡❝❡❞❡♥(❡' ♥❛ ♠/0✉✐♥❛ ✶ (❡+❡♠ '✐❞♦ ❝♦♠♣❧❡(❛♠❡♥(❡ ♣+♦❝❡''❛❞♦'✳

❉❡✜♥✐✲'❡ ❡♥(8♦✱ ♣❛+❛ ❝❛❞❛ ❥♦❜ ❞❛ ♠/0✉✐♥❛ ✷✱ '✉❛  ❡❧❡❛$❡ ❞❛&❡ ✭rj, j ∈ J2
✮✱ 0✉❡ +❡♣+❡✲

'❡♥(❛ ❛ ❞❛(❛ ❛ ♣❛+(✐+ ❞❛ 0✉❛❧ ❛0✉❡❧❡ ❥♦❜ ♣♦❞❡ '❡+ '❡0✉❡♥❝✐❛❞♦✳ ❆  ❡❧❡❛$❡ ❞❛&❡ ❞❡ ✉♠

❥♦❜ j @ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ rj = maxk∈Sj
Ck✱ ♦✉ '❡❥❛✱ ❛ ♠❛✐♦+ ❞❛(❛ ❞❡ ❝♦♥❝❧✉'8♦ ❞❡♥(+❡ ♦'

♣+❡❝❡❞❡♥(❡' ❞❡ j ♥❛ ♠/0✉✐♥❛ ✶ ♥❛ '❡0✉A♥❝✐❛ ❞❛❞❛✳ ❆ '❡0✉A♥❝✐❛ ♦❜(✐❞❛ ❞❡✈❡ ♠✐♥✐♠✐③❛+

♦ (❡♠♣♦ (♦(❛❧ ❞❡ ❝♦♥❝❧✉'8♦ ❞♦' ❥♦❜' ♥❛ ♠/0✉✐♥❛ ✷✱ 0✉❡ @ ❛ ❢✉♥E8♦ ♦❜❥❡(✐✈♦ ❞♦ ♣+♦❜❧❡♠❛

♦+✐❣✐♥❛❧✳ ❊''❡ ♣+♦❝❡❞✐♠❡♥(♦ ♥8♦ ❣❛+❛♥(❡ ❛ '♦❧✉E8♦ &(✐♠❛ ❞♦ ♣+♦❜❧❡♠❛ ♦+✐❣✐♥❛❧✱ ♣♦✐'

♥8♦ @ ❣❛+❛♥(✐❞♦ 0✉❡ ❛ '❡0✉A♥❝✐❛ ✜①❛❞❛ ♥❛ ♠/0✉✐♥❛ ✶ @ &(✐♠❛✱ ♣♦+@♠ ❡'♣❡+❛✲'❡ ❝❤❡❣❛+

❛ ✉♠❛ '♦❧✉E8♦ ♣+&①✐♠❛ J &(✐♠❛✳

❖ ♣+♦❜❧❡♠❛ ❞✐'❝✉(✐❞♦ @ ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐(❡+❛(✉+❛ ❝♦♠♦ ❚❡♠♣♦ ❚♦(❛❧ ❞❡ ❈♦♥❝❧✉✲

'8♦ ❝♦♠ ❘❡❧❡❛$❡ ❉❛&❡$ ❡♠ ✉♠❛ ♠/0✉✐♥❛✱ ❞❡♥♦(❛❞♦ ✶ ⑤ rj ⑤
∑

Cj✳ ❆♣❡'❛+ ❞❡ ♦ ♣+♦❜❧❡♠❛

✶ ⑤⑤

∑
Cj ♣♦❞❡+ '❡+ +❡'♦❧✈✐❞♦ ❞❡ ♠❛♥❡✐+❛ ❡①❛(❛ ♣♦+ '✐♠♣❧❡' ♦+❞❡♥❛E8♦ ❡♠ ♦+❞❡♠ ♥8♦

❞❡❝+❡'❝❡♥(❡ ❞♦ (❡♠♣♦ ❞❡ ♣+♦❝❡''❛♠❡♥(♦✱ ❛ ✐♥(+♦❞✉E8♦ ❞❡  ❡❧❡❛$❡ ❞❛&❡ (♦+♥❛ ♦ ♣+♦❜❧❡♠❛

◆P✲❞✐❢Q❝✐❧✳ ❘❡'♦❧✈❡+ ✉♠ ♣+♦❜❧❡♠❛ ◆P✲❞✐❢Q❝✐❧ ❞❡♥(+♦ ❞♦ ♣+♦❝❡❞✐♠❡♥(♦ ❞❡ +❡'♦❧✉E8♦ ❞♦

❞✉❛❧ ❧❛❣+❛♥❣❡❛♥♦ (♦+♥❛+✐❛ (❛❧ ♣+♦❝❡❞✐♠❡♥(♦ ✐♥✈✐/✈❡❧ ♥❛ ♣+/(✐❝❛✱ ❞❡✈✐❞♦ ❛♦ ❛❧(♦ ❝✉'(♦

❝♦♠♣✉(❛❝✐♦♥❛❧✳ P♦+ ❡''❡ ♠♦(✐✈♦✱ @ ✉(✐❧✐③❛❞♦ ✉♠ ❛❧❣♦+✐(♠♦ ✷✲❛♣+♦①✐♠❛❞♦ ♣+♦♣♦'(♦ ♣♦+

P❤✐❧✐♣' ❡( ❛❧✳ ❬✷✾❪✳ ❯♠ ❛❧❣♦+✐(♠♦ ✷✲❛♣+♦①✐♠❛❞♦ '✐❣♥✐✜❝❛ 0✉❡✱ ❡♠ (❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✱

❡♥❝♦♥(+❛✲'❡ ✉♠❛ '♦❧✉E8♦ ♥♦ ♠/①✐♠♦ ❞✉❛' ✈❡③❡' ♦ ✈❛❧♦+ &(✐♠♦ ❞❛ ❢✉♥E8♦ ♦❜❥❡(✐✈♦ ❞♦

♣+♦❜❧❡♠❛✳

❖ ♣+♦❝❡❞✐♠❡♥(♦ ✐♥✐❝✐❛ +❡'♦❧✈❡♥❞♦ ♦ ♣+♦❜❧❡♠❛ ❝♦♥'✐❞❡+❛♥❞♦ ♣+❡❡♠♣E8♦ ✶ ⑤

rj, prmp ⑤

∑
Cj ♣❡❧❛ +❡❣+❛ ❞♦ ♠❡♥♦+ (❡♠♣♦ ❞❡ ♣+♦❝❡''❛♠❡♥(♦✿ ❡♠ ❝❛❞❛ ✐♥'(❛♥(❡ ❞❡

(❡♠♣♦ t ∈ T ✱ ♣+♦❝❡''❛+ ♦ ❥♦❜ ❝♦♠ ♦ ♠❡♥♦+ (❡♠♣♦ ❞❡ ♣+♦❝❡''❛♠❡♥(♦ +❡'(❛♥(❡✳

❆ '❡0✉A♥❝✐❛ ❣❡+❛❞❛ @ ❡♥(8♦ ✉'❛❞❛ ❝♦♠♦ ❡♥(+❛❞❛ ♣❛+❛ ♦ ♣+♦❝❡❞✐♠❡♥(♦ Convert

♣+♦♣♦'(♦ ❡♠ ❬✷✾❪✱ 0✉❡ ❝♦♥✈❡+(❡ ✉♠❛ '❡0✉A♥❝✐❛ ♣+❡❡♠♣(✐✈❛ ❡♠ ✉♠❛ ♥8♦ ♣+❡❡♠♣(✐✈❛✱ ♦✉

'❡❥❛✱ (+❛♥'❢♦+♠❛ ✉♠❛ '♦❧✉E8♦ ❞❡ ✶ ⑤ rj, prmp ⑤

∑
Cj ❡♠ ✉♠❛ '♦❧✉E8♦ ✶ ⑤ rj ⑤

∑
Cj✱

❝♦♥❢♦+♠❡ ❛❜❛✐①♦✿

❆❧❣♦$✐&♠♦ Convert

❊♥&$❛❞❛✿ ❙❡0✉A♥❝✐❛ ♣+❡❡♠♣(✐✈❛ P

❙❛-❞❛✿ ❙❡0✉A♥❝✐❛ ♥8♦✲♣+❡❡♠♣(✐✈❛ ◆
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❝♦♥❝❧✉'8♦ ♣+❡❡♠♣(✐✈❛' CP
j ✳ ❆ ❞❛(❛ ❞❡ ❝♦♥❝❧✉'8♦ ♣+❡❡♠♣(✐✈❛ ❞❡ ✉♠ ❥♦❜' j @ ❛

❞❛(❛ ❞❡ ❝♦♥❝❧✉'8♦ ❞❛ [❧(✐♠❛ ♣❛+(❡ ❞❡'(❡ job✳

✷✳ ❙❡0✉❡♥❝✐❛+ ✉'❛♥❞♦ ❛ ❧✐'(❛ ▲✱ ❝♦♠ ❛ +❡'(+✐E8♦ ❞❡ 0✉❡ ♥❡♥❤✉♠ ❥♦❜ j ✐♥✐❝✐❡ '❡✉
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❜❧❡♠❛ ♦#✐❣✐♥❛❧✱ ✈❛❧♦# 1✉❡ '❡#; ✉+✐❧✐③❛❞♦ ❝♦♠♦ ✉♠❛ ❡+❛♣❛ ❞♦ ❛❧❣♦#✐+♠♦ ❞♦ '✉❜❣#❛❞✐❡♥+❡✳

❘❡''❛❧+❛✲'❡ 1✉❡ ❡''❡ ♣#♦❝❡❞✐♠❡♥+♦ '❡#; '❡♠♣#❡ ❡①❡❝✉+❛❞♦✱ ♣♦✐' ♦ ❛❧❣♦#✐+♠♦ ❞♦ '✉❜✲
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❝❛)❛❝8❡)?,8✐❝❛,✿
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❞❡ ♠❡♠E)✐❛ ❘❆▼ ❡♠ ,✐,8❡♠❛ ♦♣❡)❛❝✐♦♥❛❧ ▲✐♥✉① ❯❜✉♥8✉ ✶✸✳✶✵✳ ❋♦)❛♠ ✉8✐❧✐③❛❞❛, ❛,

❧✐♥❣✉❛❣❡♥, ❞❡ ♣)♦❣)❛♠❛WX♦ ❈✱ ❈✰✰ ❡ ❆▼I▲ ✈❡),X♦ ✷✵✶✷✾✶✶✭▲✐♥✉① ①✽✻ ✻✹✮✳ ❖ ❝♦♠✲

♣✐❧❛❞♦) ●◆❯ ●❈❈ ❡ ♦ ,♦❢8✇❛)❡ ❞❡ ♦8✐♠✐③❛WX♦ ❈I▲❊❳ ✈❡),X♦ ✶✷✳✹✳

5'♦❣'❛♠❛ ❞❡ 58, ●'❛❞✉❛:;♦ ❡♠ ❊♥❣❡♥❤❛'✐❛ ❞❡ 5'♦❞✉:;♦ ✲ 5♣❣❡♣✴❯❋▼●



✹✳✺✳✸ ✲ ❚❡'(❡' ✲ ❘❡❧❛①❛-.♦ ▲❛❣2❛♥❣❡❛♥❛ ✸✼

✹✳✺✳✸ ❚❡&'❡& ✲ ❘❡❧❛①❛-.♦ ▲❛❣2❛♥❣❡❛♥❛

❋♦$❛♠ ❢❡✐*♦+ *❡+*❡+ ❝♦♠ ♦ ♦❜❥❡*✐✈♦ ❞❡ ❛✈❛❧✐❛$ ❡ ❝♦♠♣❛$❛$ ♦+ $❡+✉❧*❛❞♦+ ❞❛+

+❡❣✉✐♥*❡+ ❢♦$♠✉❧❛67❡+✿ ❈♦♠♣❧❡*❛✱ ❘❡❧❛①❛6=♦ ▲✐♥❡❛$ ❡ ❘❡❧❛①❛6=♦ ▲❛❣$❛♥❣❡❛♥❛✳ ❆ ♣$✐✲

♠❡✐$❛ ❢♦$♠✉❧❛6=♦ ❝♦♥*B♠ *♦❞❛+ ❛+ $❡+*$✐67❡+ ✭✸✳✷✮ ✲ ✭✸✳✽✮ ❝✐*❛❞❛+ ♥♦ ❝❛♣G*✉❧♦ ✸✳ ❆

+❡❣✉♥❞❛ ❝♦♥*B♠ ❛+ $❡+*$✐67❡+ ✭✸✳✷✮ ✲ ✭✸✳✻✮✱ ❛+ ✈❛$✐I✈❡✐+ ❢♦$❛♠ $❡❧❛①❛❞❛+ ❧✐♥❡❛$♠❡♥*❡ ❡✱

♣♦$ J❧*✐♠♦✱ ❢♦✐ ❛♣❧✐❝❛❞♦ ❛ $❡❧❛①❛6=♦ ▲❛❣$❛♥❣❡❛♥❛ ❞❡+❝$✐*❛ ♥❡++❡ ❝❛♣✐*✉❧♦✳

❖ *❡♠♣♦ ❞❡ ❡①❡❝✉6=♦ ❢♦✐ ❧✐♠✐*❛❞♦ ❛ ✶ ❤♦$❛ ❞❡ ♣$♦❝❡++❛♠❡♥*♦✳ ❆♣N+ ❡++❡ *❡♠♣♦

❢♦$❛♠ $❡❣✐+*$❛❞♦+ ♦+ +❡❣✉✐♥*❡+ ❞❛❞♦+✿ ▲✐♠✐*❡ ■♥❢❡$✐♦$ ❡ ❙✉♣❡$✐♦$✱ ❣❛♣ ❞❡ ♦*✐♠❛❧✐❞❛❞❡

❡ *❡♠♣♦ ❞❡ ♠IQ✉✐♥❛✳ ❈❛+♦ ❛ +♦❧✉6=♦ N*✐♠❛ +❡❥❛ ❡♥❝♦♥*$❛❞❛ ❡♠ ♠❡♥♦+ ❞❡ ✶ ❤♦$❛✱ ❛

❡①❡❝✉6=♦ B ✐♥*❡$$♦♠♣✐❞❛✳ ❆ *❛❜❡❧❛ ✹✳✷ ❡①♣7❡♠ ♦+ $❡+✉❧*❛❞♦+✳

42♦❣2❛♠❛ ❞❡ 47' ●2❛❞✉❛-.♦ ❡♠ ❊♥❣❡♥❤❛2✐❛ ❞❡ 42♦❞✉-.♦ ✲ 4♣❣❡♣✴❯❋▼●



✹✳✺✳✹ ✲ ❆♥&❧✐)❡ ❞♦) ❚❡).❡) ❝♦♠ ❘❡❧❛①❛45♦ ▲❛❣8❛♥❣❡❛♥❛ ✸✽

✹✳✺✳✹ ❆♥%❧✐(❡ ❞♦( ❚❡(-❡( ❝♦♠ ❘❡❧❛①❛34♦ ▲❛❣7❛♥❣❡❛♥❛

"♦$ ♠❡✐♦ ❞♦) $❡)✉❧,❛❞♦) ❡①♣♦),♦) ♥❛ ,❛❜❡❧❛ ✹✳✷✱ 6 ♣♦))7✈❡❧ ❝♦♠♣❛$❛$ ♦) ❞❡✲

)❡♠♣❡♥❤♦ ❞❛ $❡❧❛①❛<=♦ ▲❛❣$❛♥❣❡❛♥❛ ❡ ❞❛ $❡❧❛①❛<=♦ ❧✐♥❡❛$✳ ❱❡$✐✜❝❛✲)❡ B✉❡ ❛ $❡❧❛①❛<=♦

▲❛❣$❛♥❣❡❛♥❛ ❢♦$♥❡❝❡ ♦) ♠❡)♠♦) ❧✐♠✐,❡) ✐♥❢❡$✐♦$❡) ❝❛❧❝✉❧❛❞♦) ♣❡❧❛ $❡❧❛①❛<=♦ ❧✐♥❡❛$ ♣❛$❛

,♦❞❛) ❛) ✐♥),D♥❝✐❛)✳

"♦$ ♦✉,$♦ ❧❛❞♦✱ ❛ $❡❧❛①❛<=♦ ▲❛❣$❛♥❣❡❛♥❛ ❛♣$❡)❡♥,❛ ❞♦✐) ❢❛,♦$❡) B✉❡ ♣♦❞❡♠

❥✉),✐✜❝❛$ ♦ ❡)❢♦$<♦ ♣❛$❛ )✉❛ ✐♠♣❧❡♠❡♥,❛<=♦✳ ❖ ♣$✐♠❡✐$♦ 6 ♦ ❜❛✐①♦ ,❡♠♣♦ ❝♦♠♣✉,❛❝✐♦♥❛❧

✉,✐❧✐③❛❞♦ ♣❛$❛ ♣$♦❝❡))❛♠❡♥,♦✱ ❝♦♠♣❛$❛❞♦ ❝♦♠ ❛ $❡❧❛①❛<=♦ ❧✐♥❡❛$ ❞♦ ♠♦❞❡❧♦ ❝♦♠♣❧❡,♦✱

♣♦✐) ❡♠ ♥❡♥❤✉♠❛ ❞❛) ✐♥),D♥❝✐❛) ❛ $❡❧❛①❛<=♦ ❧✐♥❡❛$ )✉♣❡$♦✉ )❡✉ ❞❡)❡♠♣❡♥❤♦✳ ❊))❡ ❢❛,♦

♣♦❞❡ )❡$ ♣$♦✈❡✐,♦)♦ ❛♦ )❡ ,$❛❜❛❧❤❛$ ❝♦♠ ♦✉,$❛) ✐♥),D♥❝✐❛) ❛✐♥❞❛ ♠❛✐♦$❡) ❞♦ B✉❡ ❛) B✉❡

❢♦$❛♠ ,❡),❛❞❛) ♥❡))❡ ,$❛❜❛❧❤♦✱ ✈✐),♦ B✉❡ ❛) ❞✉❛) I❧,✐♠❛) ✐♥),D♥❝✐❛) ❞♦ ❣$✉♣♦ ✷ ❧❡✈❛$❛♠

♠❛✐) ❞❡ ✷ ♠✐♥✉,♦) ❝❛❞❛ ♣❛$❛ )❡$❡♠ )♦❧✉❝✐♦♥❛❞❛) ♣❡❧♦ ♠♦❞❡❧♦ $❡❧❛①❛❞♦✳ ❖ )❡❣✉♥❞♦

❢❛,♦$ ❡),J ❛))♦❝✐❛❞♦ ❛♦ ❝J❧❝✉❧♦ ❞♦ ❧✐♠✐,❛♥,❡ )✉♣❡$✐♦$✱ ♣♦✐) ♦ )❡✉ ✈❛❧♦$ ♥=♦ 6 ♠✉✐,♦

❞✐),❛♥,❡ ❞♦ ✈❛❧♦$ ❢♦$♥❡❝✐❞♦ ♣❡❧♦ ♠♦❞❡❧♦ ❝♦♠♣❧❡,♦ ✲ ✱ ♣$✐♥❝✐♣❛❧♠❡♥,❡ ♥❛) ✐♥),D♥❝✐❛) B✉❡

♦ ✈❛❧♦$ K,✐♠♦ ❢♦✐ ✐❞❡♥,✐✜❝❛❞♦ ♣❡❧♦ ♠♦❞❡❧♦ ♦$✐❣✐♥❛❧✳ ❉❡))❛ ❢♦$♠❛✱ ,$❛❜❛❧❤❛$ ♥❛ ♠❡❧❤♦$❛

❞♦ ❝J❧❝✉❧♦ ❞♦ ❧✐♠✐,❡ )✉♣❡$✐♦$✱ ❛))♦❝✐❛♥❞♦✲♦ ❛ ❤❡✉$7),✐❝❛)✱ ♣♦❞❡ )❡$ ✉♠❛ ❜♦❛ ♦♣<=♦ ♥❛

❜✉)❝❛ ❞❡ )♦❧✉<M❡) K,✐♠❛) ♣❛$❛ ✐♥),D♥❝✐❛) ♠❛✐♦$❡)✳

❈♦♠ $❡❧❛<=♦ ❛♦) ,❡),❡) $❡❛❧✐③❛❞♦) ❝♦♠ ♦ ♠♦❞❡❧♦ ❝♦♠♣❧❡,♦✱ ❝♦♥),❛,❛✲)❡ B✉❡ ♥=♦

❢♦✐ ✐❞❡♥,✐✜❝❛❞❛ ❛ )♦❧✉<=♦ K,✐♠❛ ♣❛$❛ ❛) ♠❛✐♦$❡) ✐♥),D♥❝✐❛) ❞♦ ❣$✉♣♦ ✶ ❡ ♥♦ ❣$✉♣♦ ✷

❛♣❡♥❛) ❛) ♠❡♥♦$❡) ✐♥),D♥❝✐❛) ,✐✈❡$❛♠ )✉❛ )♦❧✉<=♦ K,✐♠❛ ✐❞❡♥,✐✜❝❛❞❛✳ ❊))❡ ❢❛,♦ ❡①♣M❡

❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ $❡)♦❧✉<=♦ ❞❡ ♠♦❞❡❧♦) ❝♦♠ ✐♥❞❡①❛<=♦ ♥♦ ,❡♠♣♦✱ ✉♠❛ ✈❡③ B✉❡ ♦) ♣❛$D✲

♠❡,$♦) ❡♥,$❡ ♦) ❞♦✐) ❣$✉♣♦) )=♦ ♦) ♠❡)♠♦)✱ ❝♦♠ ❡①❝❡<=♦ ❞♦ ,❡♠♣♦ ❞❡ ♣$♦❝❡))❛♠❡♥,♦✳

98♦❣8❛♠❛ ❞❡ 9:) ●8❛❞✉❛45♦ ❡♠ ❊♥❣❡♥❤❛8✐❛ ❞❡ 98♦❞✉45♦ ✲ 9♣❣❡♣✴❯❋▼●



✹✳✺✳✹ ✲ ❆♥&❧✐)❡ ❞♦) ❚❡).❡) ❝♦♠ ❘❡❧❛①❛45♦ ▲❛❣8❛♥❣❡❛♥❛ ✸✾

❚❛❜❡❧❛ ✹✳✷✿ ❈♦♠♣❛/❛01♦ ❡♥3/❡ ▼♦❞❡❧♦ ❖/✐❣✐♥❛❧✱ ❘❡❧❛①❛01♦ ▲✐♥❡❛/ ❡ ❘❡❧❛①❛01♦ ▲❛❣/❛♥✲

❣❡❛♥❛✳ ❆ ❝♦❧✉♥❛ ✭❈!❞✐❣♦✮ /❡❢❡/❡✲D❡ ❛ ✐♥D3E♥❝✐❛ 3/❛❜❛❧❤❛❞❛✱ ♦D ✐3❡♥D (RL) ❡ (R.Lag)
D✐❣♥✐✜❝❛♠ ❘❡❧❛①❛01♦ ▲✐♥❡❛/ ❡ ❘❡❧❛①❛01♦ ▲❛❣/❛♥❣❡❛♥❛✱ /❡D♣❡❝3✐✈❛♠❡♥3❡✳ ❏J ❛D D✐❣❧❛D

✭❋❖✮✱ ✭▲■✮✱ ✭▲❙✮✱ ✭❚✮ ❡ (GAP ) /❡♣/❡D❡♥3❛♠ ❛ ❢✉♥01♦ ♦❜❥❡3✐✈♦✱ ❧✐♠✐3❡ ✐♥❢❡/✐♦/✱ ❧✐♠✐3❡

D✉♣❡/✐♦/✱ 3❡♠♣♦ ❞❡ ♣/♦❝❡DD❛♠❡♥3♦ ❡♠ D❡❣✉♥❞♦D ❡ ♦ ●❆M ❞❡ ♦3✐♠❛❧✐❞❛❞❡ ✭

LS − LI

LS
✮

/❡D♣❡❝3✐✈❛♠❡♥3❡✳ ❋♦✐ ❛♣/❡D❡♥3❛❞❛ ❛ D♦❧✉01♦ O3✐♠❛ ♣❛/❛ /❡❧❛①❛01♦ ❧✐♥❡❛/✳

❈O❞✐❣♦

▼♦❞❡❧♦ ❖/✐❣✐♥❛❧ ❘▲ ❘✳ ▲❆●

❋❖ ●❆M ❚✭D❡❣✮ ❋❖ ❚✭D❡❣✮ ▲■ ▲❙ ●❆M ❚✭D❡❣✮

✺✲✷✲✸✲✶ ✸✹ ✵✪ ✵✱✷ ✷✽ ✵ ✷✽ ✸✹ ✶✻✪ ✵

✺✲✸✲✸✲✶ ✷✽ ✵✪ ✵ ✷✻ ✵ ✷✻ ✷✽ ✼✪ ✵

✺✲✹✲✸✲✶ ✺✵ ✵✪ ✵✱✷ ✹✹ ✵ ✹✹ ✺✵ ✶✶✪ ✵

✶✵✲✸✲✺✲✶ ✻✶ ✵✪ ✸✱✷ ✹✾ ✵ ✹✾ ✻✶ ✶✾✪ ✵

✶✵✲✺✲✺✲✶ ✶✶✸ ✵✪ ✹✹✱✼ ✾✼ ✵ ✾✼ ✶✶✼ ✶✼✪ ✵

✶✵✲✼✲✺✲✶ ✶✺✼ ✵✪ ✺✵✱✹✽ ✶✹✶ ✵ ✶✹✶ ✶✻✻ ✶✺✪ ✵

✶✺✲✺✲✽✲✶ ✶✹✾ ✵✪ ✸✻✵✵ ✶✸✷ ✵ ✶✸✷ ✶✹✾ ✶✶✪ ✵

✶✺✲✽✲✽✲✶ ✷✹✵ ✸✪ ✸✻✵✵ ✷✵✽ ✵ ✷✵✽ ✷✺✾ ✶✾✪ ✵

✶✺✲✶✶✲✽✲✶ ✸✹✼ ✶✶✪ ✸✻✵✵ ✷✾✷ ✵ ✷✾✷ ✸✽✽ ✷✺✪ ✵

✷✵✲✻✲✶✵✲✶ ✶✾✵ ✵✪ ✸✸✺✵ ✶✻✽ ✵✱✶ ✶✻✽ ✶✾✵ ✶✶✪ ✵

✷✵✲✶✵✲✶✵✲✶ ✸✽✾✱✼ ✷✵✪ ✸✻✵✵ ✸✽✷ ✸ ✸✽✷ ✺✹✼ ✸✵✪ ✵

✷✵✲✶✹✲✶✵✲✶ ✹✽✶✱✶ ✶✺✪ ✸✻✵✵ ✹✼✻ ✶ ✹✼✻ ✻✷✺ ✷✹✪ ✵

✺✵✲✶✺✲✶✺✲✶ ✶✸✽✸ ✶✸✪ ✸✻✵✵ ✶✷✵✼ ✶ ✶✷✵✼ ✶✺✸✹ ✷✶✪ ✵✱✶

✺✵✲✷✺✲✶✺✲✶ ✸✵✾✸ ✸✸✪ ✸✻✵✵ ✷✵✼✶ ✼ ✷✵✼✶ ✸✷✷✺ ✸✺✪ ✵✱✶

✺✵✲✸✺✲✶✺✲✶ ✹✼✷✺ ✸✻✪ ✸✻✵✵ ✸✵✸✼ ✽ ✸✵✸✼ ✹✽✻✾ ✸✼✪ ✵✱✷

✺✲✷✲✸✲✷ ✷✷✻ ✵✱✵✪ ✷✱✷ ✶✽✺ ✵ ✶✽✺ ✷✷✻ ✶✽✪ ✵

✺✲✸✲✸✲✷ ✹✸✻ ✵✱✵✪ ✹ ✹✵✶ ✵✱✷ ✹✵✶ ✹✸✻ ✽✪ ✵

✺✲✹✲✸✲✷ ✸✷✼ ✵✱✵✪ ✵✱✹ ✸✷✸ ✵✱✶ ✸✷✸ ✸✷✼ ✶✪ ✵

✶✵✲✸✲✺✲✷ ✸✻✶ ✻✱❖✪ ✸✻✵✵ ✸✶✾ ✶ ✸✶✾ ✸✻✶ ✶✹✪ ✵

✶✵✲✺✲✺✲✷ ✽✽✷ ✾✱✵✪ ✸✻✵✵ ✼✽✽ ✸ ✼✽✽ ✽✽✶ ✶✵✪ ✵

✶✵✲✼✲✺✲✷ ✶✵✵✵ ✺✱✼✪ ✸✻✵✵ ✾✷✻ ✷ ✾✷✻ ✶✵✵✵ ✼✪ ✵

✶✺✲✺✲✽✲✷ ✶✼✵✺ ✶✼✱✷✪ ✸✻✵✵ ✶✹✵✷ ✶✹ ✶✹✵✷ ✶✼✻✻ ✷✶✪ ✵

✶✺✲✽✲✽✲✷ ✷✵✺✺ ✷✽✱✾✪ ✸✻✵✵ ✶✹✺✸ ✾ ✶✹✺✸ ✷✶✹✼ ✸✷✪ ✵

✶✺✲✶✶✲✽✲✷ ✸✾✵✼ ✷✹✱✸✪ ✸✻✵✵ ✷✾✺✹ ✽ ✷✾✺✹ ✸✾✻✻ ✷✻✪ ✵✱✶

✷✵✲✻✲✶✵✲✷ ✶✽✺✾ ✷✹✱✻✪ ✸✻✵✵ ✶✸✾✻ ✺ ✶✸✾✻ ✶✺✼✺ ✶✶✪ ✵

✷✵✲✶✵✲✶✵✲✷ ✸✻✹✷ ✷✷✱✷✪ ✸✻✵✵ ✷✽✸✶ ✾ ✷✽✸✶ ✸✼✷✵ ✷✹✪ ✵✱✶

✷✵✲✶✹✲✶✵✲✷ ✹✽✻✻ ✷✼✱✽✪ ✸✻✵✵ ✸✺✵✾ ✸ ✸✺✵✾ ✹✼✺✵ ✷✻✪ ✵✱✷

✺✵✲✶✺✲✶✺✲✷ ✼✾✺✵ ✷✹✱✺✪ ✸✻✵✵ ✻✵✵✶ ✹✶ ✻✵✵✶ ✼✻✵✾ ✷✶✪ ✵✱✹

✺✵✲✷✺✲✶✺✲✷ ✶✽✻✾✾ ✹✼✱✽✪ ✸✻✵✵ ✶✷✼✸✼ ✸✸ ✶✷✼✸✼ ✶✼✸✷✼ ✷✻✪ ✶✱✶

✺✵✲✸✺✲✶✺✲✷ ✷✷✹✺✻ ✹✾✱✵✪ ✸✻✵✵ ✶✺✷✽✵ ✶✶✺ ✶✺✷✽✵ ✷✷✻✶✻ ✸✸✪ ✶✱✹

98♦❣8❛♠❛ ❞❡ 9:) ●8❛❞✉❛45♦ ❡♠ ❊♥❣❡♥❤❛8✐❛ ❞❡ 98♦❞✉45♦ ✲ 9♣❣❡♣✴❯❋▼●



❈❛♣#$✉❧♦ ✺

●❡+❛,-♦ ❞❡ ❈♦❧✉♥❛0

◆❡""❡ ❈❛♣&'✉❧♦ + ❞✐"❝✉'✐❞❛ ❛ ❛♣❧✐❝❛/0♦ ❞♦ ♠+'♦❞♦ ❞❡ ●❡3❛/0♦ ❞❡ ❈♦❧✉♥❛" ❡ +

❛♣3❡"❡♥'❛❞♦ ♦ ❛❧❣♦3✐'♠♦ ♣3♦♣♦"'♦✳ ◆❛ ❙❡/0♦ ✺✳✶ + ❞❡"❝3✐'❛ ❛ '❡♦3✐❛ ♥❛ :✉❛❧ ♦ ♠+'♦❞♦

"❡ ❛♣♦✐❛✳ ❊♠ "❡❣✉✐❞❛ ♥❛ ❙❡/0♦ ✺✳✷✱ + ❞❡'❛❧❤❛❞♦ ❝♦♠♦ ❢♦✐ ❢❡✐'❛ ❛ ❛♣❧✐❝❛/0♦ ❞♦ ♠+'♦❞♦ ❡

❛♣3❡"❡♥'❛❞♦ ❛ ❢♦3♠✉❧❛/0♦ 3❡"✉❧'❛♥'❡✳ ❆❧+♠ ❞✐""♦✱ ❛ ❤❡✉3&"'✐❝❛ ♣3♦♣♦"'❛ ✉'✐❧✐③❛❞❛ ❝♦♠♦

❝♦♠♣❧❡♠❡♥'♦ ❞♦ ♠+'♦❞♦ '❛♠❜+♠ "❡3C ❞✐"❝✉'✐❞❛ ♥❡""❛ ❙❡/0♦✳

✺✳✶ ●❡%❛'(♦ ❞❡ ❈♦❧✉♥❛/

◆♦ ❈❛♣&'✉❧♦ ✹✱ ❢♦✐ ❛♣3❡"❡♥'❛❞♦ ❝♦♠♦ + ❛ ❛❜♦3❞❛❣❡♠ ❞♦ ♠+'♦❞♦ ❞❛ 3❡❧❛①❛/0♦

▲❛❣3❛♥❣❡❛♥❛ ❢3❡♥'❡ ❛♦ ♣3♦❜❧❡♠❛ ❞✐"❝✉'✐❞♦ ♥❡""❡ '3❛❜❛❧❤♦✳ ❏C ♦ ♠+'♦❞♦ ❞❡ ❣❡3❛/0♦ ❞❡

❝♦❧✉♥❛" ❛♣3❡"❡♥'❛ ✉♠❛ ♦✉'3❛ ❢♦3♠❛ ❞❡ ❧✐❞❛3 ❝♦♠ ♦ ♣3♦❜❧❡♠❛ ❡♠ :✉❡"'0♦✳ ◆❡""❡ ❝❛"♦✱

❛ ♦'✐♠✐③❛/0♦ + ❢❡✐'❛ ❛ ♣❛3'✐3 ❞❛ "❡❧❡/0♦ ❞❡ "♦❧✉/H❡" ♣3❡"❡♥'❡" ♥♦ ❝♦♥❥✉♥'♦ ❩ ❂ { x ∈

Zn
+ : Bx > b }✱ ♣♦3+♠ ❡""❡" ✈❛❧♦3❡" ❞❡✈❡♠ ❛'❡♥❞❡3 '❛♠❜+♠ ❛" 3❡"'3✐/H❡" :✉❡ ❞❡✜♥❡♠

♦ ❝♦♥❥✉♥'♦ ❨ ❂ { x ∈ Zn
+ : Dx > d }✳ ❊""❛ ❛❜♦3❞❛❣❡♠ ❧❡✈❛ ❛ ❢♦3♠✉❧❛/0♦ ♣3♦♣♦"'❛ ♣♦3

❉❛♥'③✐❣✲❲♦❧❢❡ ✭✺✳✶✮ ✲ ✭✺✳✹✮✱ ❞❡"❝3✐'❛ ♥❛ "✉❜"❡/0♦ ✺✳✶✳✶✱ ♥❛ :✉❛❧ ✈❛3✐C✈❡✐" "0♦ ❛""♦❝✐❛❞❛"

❛ ♣♦♥'♦" ❞♦ ❝♦♥❥✉♥'♦ ❩✱ ❝♦♠♦ ❡"♣❡❝✐✜❝❛❞♦ ♥♦" '❡♦3❡♠❛" ✺✳✶ ❡ ✺✳✷ ❡①♣♦"'♦" ❛ "❡❣✉✐3✿

❚❡♦#❡♠❛ ✺✳✶✳ ❚♦❞♦ ♣♦❧✐❡❞'♦ P = {x ∈ ℜn : Ax ≥ a} ♣♦❞❡ (❡' '❡♣'❡(❡♥*❛❞♦ ❞❛ (❡❣✉✐♥*❡

❢♦'♠❛✿

P = {x ∈ ℜn : x =
∑

g∈G

λgx
g,
∑

g∈G

λg = 1, λ ∈ ℜ
|G|
+ }

❖♥❞❡ {xg}g∈G (2♦ ♦( ♣♦♥*♦( ❡①*'❡♠♦( ❞❡ 4✳

❚❡♦#❡♠❛ ✺✳✷✳ ❚♦❞♦ ❝♦♥❥✉♥*♦ ❞❡ ♣'♦❣'❛♠❛82♦ ✐♥*❡✐'❛ X = {x ∈ Zn : Ax ≥ a} ♣♦❞❡

✹✵



✺✳✶✳✶ ✲ ❋♦&♠✉❧❛+,♦ ❉❛♥/③✐❣✲❲♦❧❢❡ ✹✶

 ❡" "❡♣"❡ ❡♥%❛❞♦ ♥❛ ❢♦"♠❛ X = projx(Qi)✱ ♦♥❞❡✿

Qi = {(x, λ) ∈ ℜ
nXℜ

|G|
+ : x =

∑

g∈G

λgx
g,
∑

g∈G

λg = 1}

❖♥❞❡ {xg}g∈G . ✉♠ ❝♦♥❥✉♥%♦ ✜♥✐%♦ ❞❡ ♣♦♥%♦ ✐♥%❡✐"♦ ❡♠ ❳✳

❱❛❧❡ ❞❡'(❛❝❛* +✉❡ ❛ '♦❧✉./♦ ❞❡''❛ ❢♦*♠✉❧❛./♦ ❢♦*♥❡❝❡ ❧✐♠✐(❡' ✐♥❢❡*✐♦*❡' ♠❛✐'

♣*5①✐♠♦' ❛ '♦❧✉./♦ 5(✐♠❛ ❞♦ ♣*♦❜❧❡♠❛✱ ❝♦♠♣❛*❛❞♦' ❝♦♠ ❛+✉❡❧❡' ♦❜(✐❞♦' ♣❡❧❛ *❡❧❛①❛./♦

❧✐♥❡❛* ❞♦ ♣*♦❜❧❡♠❛ ♦*✐❣✐♥❛❧ ❡♠ ❳ ❡✱ ❛❧;♠ ❞✐''♦✱ ; ✐❣✉❛❧ ❛♦ ♠❡❧❤♦* ❧✐♠✐(❡ ❝❛❧❝✉❧❛❞♦ ♣❡❧❛

*❡❧❛①❛./♦ ▲❛❣*❛♥❣❡❛♥❛ ❞❛' *❡'(*✐.>❡' Dx > d✱ ❥✉'(✐✜❝❛♥❞♦ ❛ ❡'❝♦❧❤❛ ♣❡❧♦ ♠;(♦❞♦ ❬✸✸❪✳

✺✳✶✳✶ ❋♦%♠✉❧❛*+♦ ❉❛♥.③✐❣✲❲♦❧❢❡

❆''✉♠❡✲'❡ +✉❡ ♦ ❝♦♥❥✉♥(♦ ❩ ; ❢❡❝❤❛❞♦ ❡ ❧✐♠✐(❛❞♦ ❡ ❛ '❡❣✉✐♥(❡ ❢♦*♠✉❧❛./♦

❡'(❡♥❞✐❞❛ ❞♦ ♣*♦❜❧❡♠❛ ✐♥(❡✐*♦ ♠✐♥ ❂ { cx : Dx ≥ d, x ∈ Z }✱ *❡'✉❧(❛♥(❡ ❞♦ (❡♦*❡♠❛

✺✳✷ ❝✐(❛❞♦ ❛❝✐♠❛✳

③

DW
♠✐♥

∑
g∈G ✭cxg

✮ λg ✭✺✳✶✮

∑
g∈G ✭Dxg

✮λg ≥ d ✭✺✳✷✮

∑
g∈G λg = 1 ✭✺✳✸✮

λg ∈ { ✵✱ ✶ } ∀ g ∈ G ✭✺✳✹✮

❖♥❞❡ { xg } , g ∈ G, '/♦ (♦❞♦' ♦' ♣♦♥(♦' ❡①(*❡♠♦' ❞❡ ❩✳

❖ ❧❡✐(♦* ♣♦❞❡ ♦❜'❡*✈❛* +✉❡ ♦ ♠♦❞❡❧♦ ✭✹✳✽✮ ✲ ✭✹✳✶✶✮ ❞♦ ❝❛♣R(✉❧♦ ✹ ; ❡①❛(❛♠❡♥(❡

❛ *❡❧❛①❛./♦ ❧✐♥❡❛* ❞♦ ♠♦❞❡❧♦ ♣*♦♣♦'(♦ ❛❝✐♠❛✱ ♣♦✐' +✉❛❧+✉❡* ♣♦♥(♦ ❞♦ ❝♦♥❥✉♥(♦ ❩ ♣♦❞❡

'❡* ♦❜(✐❞♦ ❛(*❛✈;' ❞❛ ❝♦♠❜✐♥❛./♦ ❝♦♥✈❡①❛ ❞♦' ♣♦♥(♦' ❡①(*❡♠♦' ❞❡ ❩✳ ❆''✐♠✿

zDW = min { cx : Dx ≥ d, x ∈ conv(Z) } ❂ zLD ✭✺✳✺✮

❖♥❞❡ zDW
*❡♣*❡'❡♥(❛ ♦ ✈❛❧♦* ❞❛ *❡❧❛①❛./♦ ❧✐♥❡❛* ❞❡ ✭✺✳✶✮ ✲ ✭✺✳✹✮ ❡ zLD ❞❡♥♦(❛ ♦ ✈❛❧♦*

❞♦ ❞✉❛❧ ▲❛❣*❛♥❣❡❛♥♦ ❝❛❧❝✉❧❛❞♦ ❡♠ ✭✹✳✽✮ ✲ ✭✹✳✶✶✮✳

6&♦❣&❛♠❛ ❞❡ 689 ●&❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ 6&♦❞✉+,♦ ✲ 6♣❣❡♣✴❯❋▼●



✺✳✶✳✷ ✲ ❘❡'♦❧✈❡♥❞♦ ❛ ❘❡❧❛①❛/0♦ ❞❛ ❋♦2♠✉❧❛/0♦ ❉❛♥6③✐❣✲❲♦❧❢❡ ♣♦2 ●❡2❛/0♦ ❞❡ ❈♦❧✉♥❛' ✹✷

✺✳✶✳✷ ❘❡&♦❧✈❡♥❞♦ ❛ ❘❡❧❛①❛./♦ ❞❛ ❋♦1♠✉❧❛./♦ ❉❛♥5③✐❣✲❲♦❧❢❡

♣♦1 ●❡1❛./♦ ❞❡ ❈♦❧✉♥❛&

◆❡$$❛ $❡&'♦ $❡)* ❝♦♥$✐❞❡)❛❞♦ ❝♦♠♦ ❝❛❧❝✉❧❛) ♦ ❧✐♠✐2❡ ❞✉❛❧ ❢♦)♥❡❝✐❞♦ ♣❡❧❛ )❡❧❛✲

①❛&'♦ ❞❛ ❢♦)♠✉❧❛&'♦ ❞❡ ❉❛♥2③✐❣✲❲♦❧❢❡ ✭DW ✮✱ ✉2✐❧✐③❛♥❞♦✲$❡ ♦ ♠>2♦❞♦ ❞❡ ❣❡)❛&'♦ ❞❡

❝♦❧✉♥❛$✳

❆ )❡❧❛①❛&'♦ ❧✐♥❡❛) ❞❡ DW ❞❛❞❛ ❡♠ ✭✺✳✶✮ ✲ ✭✺✳✹✮ > ✉$✉❛❧♠❡♥2❡ ❞❡♥♦♠✐♥❛❞❛

C)♦❜❧❡♠❛ ▼❡$2)❡ ✭C▼✮✳ ❙✉❛ ❢♦)♠✉❧❛&'♦ > ❝♦♠♣♦$2❛ ♣♦) ✉♠ ♥G♠❡)♦ ♠✉✐2♦ ❡❧❡✈❛❞♦ ❞❡

✈❛)✐*✈❡✐$✱ I✉❡ $'♦ ✐♥2)♦❞✉③✐❞❛$ ❞✐♥❛♠✐❝❛♠❡♥2❡ ❛♦ ❧♦♥❣♦ ❞♦ ♣)♦❝❡$$♦ ❞❡ ♦2✐♠✐③❛&'♦✳

❆$$✉♠❡✲$❡ I✉❡ ♦ ❝♦♥❥✉♥2♦ ❩ > ✐♥2❡✐)♦✱ ❧✐♠✐2❛❞♦ ❡ { xg} g ∈ G $'♦ 2♦❞♦$

♦$ ♣♦♥2♦$ ❡①2)❡♠♦$ ❞❡$$❡ ❝♦♥❥✉♥2♦✳ ❙✉♣♦♥❤❛ I✉❡✱ ❡♠ ✉♠❛ ❞❡2❡)♠✐♥❛❞❛ ✐2❡)❛&'♦ t

❞♦ ❛❧❣♦)✐2♠♦✱ $♦♠❡♥2❡ ✉♠ $✉❜❝♦♥❥✉♥2♦ ❞❡ ♣♦♥2♦$ { xg }❣ ∈ Gt
❝♦♠ Gt ⊂ G $'♦

❝♦♥❤❡❝✐❞♦$✳ ❉❡$$❛ ❢♦)♠❛✱ ❞❡✜♥✐✲$❡ ♦ C)♦❜❧❡♠❛ ▼❡$2)❡ ❘❡$2)✐2♦ ✭C▼❘✮✿

③

PMR = min
∑

g∈Gt ✭cxg
✮ λg ✭✺✳✻✮

∑
g∈Gt ✭Dxg

✮λg ≥ d ✭✺✳✼✮

∑
g∈Gt λg = 1 ✭✺✳✽✮

✵ ≤ λg ≤ 1 ∀ g ∈ Gt
✭✺✳✾✮

❖ ♣)♦❜❧❡♠❛ ❞✉❛❧ ❞♦ ♠♦❞❡❧♦ ❛❝✐♠❛ ❛$$✉♠❡ ❛ $❡❣✉✐♥2❡ ❢♦)♠❛✿

max π❞ ✰ σ ✭✺✳✶✵✮

π❉xg
✰ σ ≤ cxg g ∈ Gt

✭✺✳✶✶✮

π ≤ 0✱ σ ∈ ℜ1
✭✺✳✶✷✮

✭✺✳✶✸✮

❆$$✐♠✱ λ∗
❡ ✭π∗, σ∗

✮ )❡♣)❡$❡♥2❛♠ ❛$ $♦❧✉&X❡$ ♣)✐♠❛✐$ ❡ ❞✉❛✐$ ❞♦ C▼❘ )❡$♣❡❝2✐✈❛♠❡♥2❡✳

❆2)❛✈>$ ❞❛$ ❢♦)♠✉❧❛&X❡$ ♣)✐♠❛✐$ ❡ ❞✉❛✐$ ❞♦ C▼❘✱ $❡❣✉❡♠ ❛$ $❡❣✉✐♥2❡$ ♦❜$❡)✲

✈❛&X❡$ $♦❜)❡ ♦ ♠>2♦❞♦ ❣❡)❛&'♦ ❞❡ ❝♦❧✉♥❛$✿

✶✳ ❉❛❞❛ $♦❧✉&'♦ ❞✉❛❧ ❝♦))❡♥2❡ ✭π∗, σ∗
✮✱ ♦ ❝✉$2♦ )❡❞✉③✐❞♦ ❞❛ ❝♦❧✉♥❛ ❛$$♦❝✐❛❞❛ ❛ $♦✲

❧✉&'♦ xg
> cxg − π∗Dxg − σ∗

✳

✷✳ ❉❡✜♥✐✲$❡ ♦ ♣)♦❜❧❡♠❛ ❞❡ ♣)❡❝✐✜❝❛&'♦ ✭pricing✮ ❝♦♠♦✿ ζ ❂ming∈G ✭cxg−π∗Dxg
✮ ❂

minx∈Z ✭c−π∗D✮x✳ ❆$$✐♠✱ ❡♠ ✈❡③ ❞❡ ❛✈❛❧✐❛) ♦ ❝✉$2♦ )❡❞✉③✐❞♦ ❞❡ ✉♠ ❣)❛♥❞❡ ♥G✲
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✺✳✶✳✷ ✲ ❘❡'♦❧✈❡♥❞♦ ❛ ❘❡❧❛①❛/0♦ ❞❛ ❋♦2♠✉❧❛/0♦ ❉❛♥6③✐❣✲❲♦❧❢❡ ♣♦2 ●❡2❛/0♦ ❞❡ ❈♦❧✉♥❛' ✹✸

♠❡$♦ ❞❡ ❝♦❧✉♥❛,✱ ♦ ♣$♦❜❧❡♠❛ ❞❡ ♣$❡❝✐✜❝❛23♦ ♣♦❞❡ ,❡$ ❡①❡❝✉5❛❞♦ ✐♠♣❧✐❝✐5❛♠❡♥5❡✱

♦✉ ,❡❥❛✱ ,❡♠ ❡①♣❧✐❝✐5❛$ 5♦❞❛, ❛, ✈❛$✐8✈❡✐,✱ ,♦❧✉❝✐♦♥❛♥❞♦ ✉♠ ♣$♦❣$❛♠❛ ✐♥5❡✐$♦ ,♦❜$❡

♦ ❝♦♥❥✉♥5♦ ❩✳

✸✳ ❆ ,♦❧✉23♦ ❞♦ =▼❘ ✭=$♦❜❧❡♠❛ ▼❡,5$❡ ❘❡,5$✐5♦✮ zPMR
❂

∑
gt ✭cxg

✮λ∗
g ❂ π∗d +

σ∗
❢♦$♥❡❝❡ ✉♠ ❧✐♠✐5❡ ,✉♣❡$✐♦$ ,♦❜$❡ zPM✭❙♦❧✉23♦ ❞♦ =$♦❜❧❡♠❛ ▼❡,5$❡✱ ♦✉ ,❡❥❛✱

❢♦$♠✉❧❛23♦ E✉❡ ❝♦♥,✐❞❡$❛ 5♦❞❛, ❛, ✈❛$✐8✈❡✐,✮✳ ❖ =▼ ❡,58 $❡,♦❧✈✐❞♦ E✉❛♥❞♦ ζ−σ∗

≥ ✵✱ ♦✉ ,❡❥❛✱ E✉❛♥❞♦ ♥3♦ ❤8 ♠❛✐, ❝♦❧✉♥❛, ❝♦♠ ♦ ❝✉,5♦ $❡❞✉③✐❞♦ ♥❡❣❛5✐✈♦✳

✹✳ ❖ ♣$♦❜❧❡♠❛ ❞❡ ♣$❡❝✐✜❝❛23♦ ❞❡✜♥✐❞♦ ♥♦ ,❡❣✉♥❞♦ ✐5❡♠ J ❡E✉✐✈❛❧❡♥5❡ ❛♦ ❙✉❜♣$♦✲

❜❧❡♠❛ ▲❛❣$❛♥❣❡❛♥♦ ✹✳✷✳ ❉❡,,❛ ❢♦$♠❛✱ ❛ ❝❛❞❛ ✐5❡$❛23♦ ❞♦ ♣$♦❜❧❡♠❛ ❞❡ ♣$❡❝✐✜❝❛23♦

✉♠ ❧✐♠✐5❡ ❞✉❛❧ ▲❛❣$❛♥❣❡❛♥♦ J ❢♦$♥❡❝✐❞♦✳

✺✳ ❯♠ ♦✉5$♦ ♣♦♥5♦ ❞❡ ✈✐,5❛ ,♦❜$❡ ♦ ✐5❡♠ ✹✱ ♦ ✈❛❧♦$ ❞❡ π∗
✱ ❛,,♦❝✐❛❞♦ ❛♦ 5❡$♠♦ ζ

❛♣$❡,❡♥5❛❞♦ ♥♦ ✐5❡♠ ✷✱ $❡♣$❡,❡♥5❛ ❛ ,♦❧✉23♦ ❞✉❛❧ ❞♦ =▼❘✱ ❢♦$♠❛ ✉♠❛ ,♦❧✉23♦

✈✐8✈❡❧ ❞❡ ✭π∗, ζ∗✮ ♣❛$❛ ♦ ❞✉❛❧ ❞♦ =▼✿

max{π❞ ✰ σ ✿ π❉xg
✰ σ ≤ cxg, g ∈ G, π ≥ 0, σ ∈ ℜ1 } ✭✺✳✶✹✮

❊✱ ♣♦$5❛♥5♦✱ π∗d+ ζ ❢♦$♥❡❝❡ ♦ ❧✐♠✐5❡ ✐♥❢❡$✐♦$ ,♦❜$❡ zPM

✻✳ ❈❛,♦ ❛ ,♦❧✉23♦ λ∗
❞♦ =▼❘ ,❡❥❛ ✐♥5❡✐$❛✱ ♦ ✈❛❧♦$ ❝♦$$❡,♣♦♥❞❡♥5❡ zPMR

,❡$8 ✉♠

❧✐♠✐5❡ ,✉♣❡$✐♦$ ♣❛$❛ ♦ ZPM ✳

❉❡,5❛❝❛✲,❡ E✉❡ ♥♦ ✐5❡♠ ✺✱ ♦ ♣$♦❜❧❡♠❛ ❞❡ ♣$❡❝✐✜❝❛23♦ ,♦❜$❡ ♦ ❞✉❛❧ ❞♦ =▼❘ ♣♦❞❡

,❡$ ✈✐,5♦ ❝♦♠♦ ✉♠ ♣$♦❜❧❡♠❛ ❞❡ ,❡♣❛$❛23♦✳ ◆❡,,❡ ❝❛,♦✱ J ❛✈❛❧✐❛❞♦ ,❡ ♥♦✈❛, $❡,5$✐2X❡,

,❡$3♦ ✐♥❝♦$♣♦$❛❞❛, ❛♦ ❞✉❛❧ ❞♦ =▼❘✳

❆ ,❡❣✉✐$ ,❡$8 ❞❡,❝$✐5♦ ♦ ❛❧❣♦$✐5♠♦ ❞❡ ●❡$❛23♦ ❞❡ ❈♦❧✉♥❛, ❛♣❧✐❝❛❞♦ Z ❢♦$♠✉❧❛23♦

✭✺✳✻✮ ✲ ✭✺✳✾✮ ✿

✶✳ ■♥✐❝✐❛❧✐③❡ ♦, ❧✐♠✐5❡, ♣$✐♠❛✐, ❡ ❞✉❛✐, ▲= ❂ +∞ ❡ ▲❉ ❂ −∞✳ ●❡$❡ ✉♠ ,✉❜❝♦♥❥✉♥5♦

❞❡ ♣♦♥5♦, xg
✱ ❞❡ ❢♦$♠❛ E✉❡ =▼❘ ,❡❥❛ ✈✐8✈❡❧✳

✷✳ ■5❡$❛23♦ t✿

✭❛✮ ❘❡,♦❧✈❛ =▼❘ ,♦❜$❡ ♦ ❝♦♥❥✉♥5♦ ❝♦$$❡♥5❡ ❞❡ ❝♦❧✉♥❛, { xg }❣ ∈ Gt
✳ ❆$♠❛③❡♥❡

❛ ,♦❧✉23♦ ♣$✐♠❛❧ λt
❡ ❛ ,♦❧✉23♦ ❞✉❛❧ ✭πt, σt

✮✳

✭❜✮ ❈❤❡E✉❡ ,❡ λt
J ✉♠❛ ,♦❧✉23♦ ✐♥5❡✐$❛ ♣❛$❛ =▼❘ ❡ ▲= ❂ ▲❉✳ ❙❡ ,✐♠✱ ❛5✉❛❧✐③❡

▲= ❂ ▲❉ ❡ =❛$❡✳
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✺✳✶✳✷ ✲ ❘❡'♦❧✈❡♥❞♦ ❛ ❘❡❧❛①❛/0♦ ❞❛ ❋♦2♠✉❧❛/0♦ ❉❛♥6③✐❣✲❲♦❧❢❡ ♣♦2 ●❡2❛/0♦ ❞❡ ❈♦❧✉♥❛' ✹✹

✭❝✮ ❘❡&♦❧✈❛ ♦ +,♦❜❧❡♠❛ ❞❡ +,❡❝✐✜❝❛23♦✿

(❙+t
✮ ζt ❂ min {✭c− πtD✮x ✿ x ∈ Z } ✭✺✳✶✺✮

❆,♠❛③❡♥❛, xt
❝♦♠♦ &♦❧✉23♦ >?✐♠❛ ❞♦ pricing✳

❙❡ ζ − σt
❂ ✵✱ ❢❛③❡, ▲✐♠✐?❡ ❉✉❛❧ ▲❉ ❂ zPMR

❡ +❛,❡✳ ❖ +▼❘ ❢♦✐ ,❡&♦❧✈✐❞♦✳

❈❛&♦ ❝♦♥?,H,✐♦✱ ζ − σt
❁ ✵✱ ❛❞✐❝✐♦♥❛, xt

❛♦ ❝♦♥❥✉♥?♦ Gt
❡ ✐♥❝❧✉✐, ❛ ❝♦❧✉♥❛

❛&&♦❝✐❛❞❛ ♥♦ +▼❘✳

✭❞✮ ❈❛❧❝✉❧❛, ♦ ▲✐♠✐?❡ ❉✉❛❧ ✭&✉❜♣,♦❜❧❡♠❛ ▲❛❣,❛♥❣❡❛♥♦ ♦✉ pricing✮✿ ▲✭πt
✮ ❂

πtd + ζt✳ ❆?✉❛❧✐③❛, ♦ ▲✐♠✐?❡ ❉✉❛❧ ▲❉ ❂ ♠❛① { LI, L(πt
✮ }✳ ❙❡ ▲+ ❂ ▲❉✱

❡♥?3♦ +❛,❡✳

✸✳ ■♥❝,❡♠❡♥?❛, t ❡ ,❡?♦,♥❛, ♣❛,❛ ♦ ♣❛&&♦ ✷✳

❖ ❝♦♠♣♦,?❛♠❡♥?♦ ?Q♣✐❝♦ ❞♦& ❧✐♠✐?❡& ♣,✐♠❛✐& ❡ ❞✉❛✐& ❛♦ ❧♦♥❣♦ ❞♦ ❛❧❣♦,✐?♠♦ ❞❡ ❣❡,❛23♦

❞❡ ❝♦❧✉♥❛& ❡&?H ✐❧✉&?,❛❞♦ ♥❛ ✜❣✉,❛ ✺✳✶✳

❋✐❣✉,❛ ✺✳✶✿ ●,H✜❝♦ ,❡♣,❡&❡♥?❛?✐✈♦ ❞❛ ❝♦♥✈❡,❣T♥❝✐❛ ❞♦ ❛❧❣♦,✐?♠♦ ❞❡ ❣❡,❛23♦ ❞❡ ❝♦❧✉♥❛&✳

❖ ❡✐①♦ ① U ♦ ?❡♠♣♦ ❡♠ &❡❣✉♥❞♦& ❡ ♦ ❡✐①♦ ② &3♦ ♦& ✈❛❧♦,❡& ❞♦ ❧✐♠✐?❡ ♣,✐♠❛❧ ✭&✉♣❡,✐♦,✮

❡ ❞✉❛❧ ✭✐♥❢❡,✐♦,✮✳ ❆ ❧✐♥❤❛ &✉♣❡,✐♦, ,❡♣,❡&❡♥?❛ ♦ ❧✐♠✐?❡ ♣,✐♠❛❧✱ X✉❡ U ❞❛❞♦ ♣❡❧♦ +▼✱ ❥H

❛ ❧✐♥❤❛ ✐♥❢❡,✐♦, U ❝❛❧❝✉❧❛❞❛ ❝♦♠ ❛✉①Q❧✐♦ ❞♦ &✉❜♣,♦❜❧❡♠❛ ❡ ,❡♣,❡&❡♥?❛ ♦ ❧✐♠✐?❡ ❞✉❛❧✳ ✲

❋♦♥?❡✿ ❬✸✸❪
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✺✳✷ ✲ ❋♦&♠✉❧❛+,♦ ✲ ●❡&❛+,♦ ❞❡ ❈♦❧✉♥❛2 ✹✺

✺✳✷ ❋♦%♠✉❧❛*+♦ ✲ ●❡%❛*+♦ ❞❡ ❈♦❧✉♥❛2

◆❡$$❛ ❙❡'(♦ * ❛♣,❡$❡♥.❛❞♦ ♦ 0,♦❜❧❡♠❛ ▼❡$.,❡ ❘❡$.,✐.♦ ✭0▼❘✮✱ ❜❡♠ ❝♦♠♦ ♦

$✉❜♣,♦❜❧❡♠❛ ❞❡ 0,❡❝✐✜❝❛'(♦ ✭❙❇✮✳ ❆❧*♠ ❞✐$$♦✱ * ❞✐$❝✉.✐❞❛ ❛ ❢♦,♠❛ ❡$❝♦❧❤✐❞❛ ❞❡ ✐♥✐❝✐✲

❛❧✐③❛'(♦ ❞♦ ♠*.♦❞♦ ❛❜♦,❞❛❞♦ ❡ ❛ ❤❡✉,D$.✐❝❛ E✉❡ * ❛$$♦❝✐❛❞❛ ❛♦ ♠❡$♠♦✳ ❆ ✐♥.,♦❞✉'(♦

❞❛ ❣❡,❛'(♦ ❞❡ ❝♦❧✉♥❛$ ♥❡$$❡ .,❛❜❛❧❤♦ .❡♠ ♦ ♦❜❥❡.✐✈♦ ❞❡ $♦❧✉❝✐♦♥❛, ♦ ♣,♦❜❧❡♠❛ .,❛.❛❞♦✳

❚❛❧ ♠*.♦❞♦ * ✈✐$.♦ ❝♦♠♦ ✉♠❛ ❛❧.❡,♥❛.✐✈❛ ❡♠ ,❡❧❛'(♦ ❛ ,❡❧❛①❛'(♦ ▲❛❣,❛♥❣❡❛♥❛✳

✺✳✷✳✶ ❋♦&♠✉❧❛+,♦ -&♦❜❧❡♠❛ ▼❡12&❡ ❘❡12&✐2♦ ❡ ❙✉❜♣&♦❜❧❡♠❛ ❞❡

-&❡❝✐✜❝❛+,♦

❆ ❛♣❧✐❝❛'(♦ ❞♦ ♠*.♦❞♦ ❣❡,❛'(♦ ❞❡ ❝♦❧✉♥❛$ ♣❛,❛ ♣,♦❜❧❡♠❛ .,❛.❛❞♦ ♥❡$$❡ .,❛❜❛✲

❧❤♦ $❡❣✉❡ ❛ $❡❣✉✐♥.❡ ❞✐♥L♠✐❝❛✳ ❖ ♣,♦❜❧❡♠❛ ♠❡$.,❡ ,❡$.,✐.♦ ✭0▼❘✮ * ,❡$♣♦♥$N✈❡❧ ♣♦,

✐❞❡♥.✐✜❝❛, ❛ ♠❡❧❤♦, $♦❧✉'(♦ ❞❛❞♦ ✉♠ $✉❜❝♦♥❥✉♥.♦ c
′

❞❡ ❝♦❧✉♥❛$ ♣❡,.❡♥❝❡♥.❡$ ❛ ✉♠ ❝♦♥✲

❥✉♥.♦ ♠❛✐♦, C✱ E✉❡ * ❝♦♠♣♦$.♦ ♣♦, .♦❞❛$ ❛$ ❝♦❧✉♥❛$ ♣♦$$D✈❡✐$✱ ♦✉ $❡❥❛✱ c
′

⊂ C✳ ❆$$✐♠✱

♦ 0▼❘ ❝❛❧❝✉❧❛,N ❛ ♠❡❧❤♦, $❡E✉O♥❝✐❛ ❞❡ ♣,♦❝❡$$❛♠❡♥.♦ ❞♦$ ❥♦❜$ ♣❛,❛ ❛ ♠NE✉✐♥❛ ✷✳

0♦, ♦✉.,♦ ❧❛❞♦✱ ♦ $✉❜♣,♦❜❧❡♠❛ ✭❙❇✮ ❢♦,♥❡❝❡ ❛$ ❝♦❧✉♥❛$ E✉❡ ✐,(♦ ❛❜❛$.❡❝❡, ♦

0▼❘✱ ♦✉ $❡❥❛✱ ♦$ ✈❡.♦,❡$ E✉❡ ✐,(♦ ❢❛③❡, ♣❛,.❡ ❞♦ ❝♦♥❥✉♥.♦ C✳ ❖ ❙❇ ♣,♦❝✉,❛ ♠✐♥✐♠✐③❛,

♦ ♣,♦❜❧❡♠❛ ❞❡ ♣,❡❝✐✜❝❛'(♦ ❞❡$❝,✐.♦ ❡♠ $✉❛ ❢✉♥'(♦ ♦❜❥❡.✐✈♦✱ ❛$ ,❡$.,✐'Q❡$✱ ❛$ E✉❛✐$ ♦ ❙❇

❡$.N $✉❥❡✐.♦✱ ✐❞❡♥.✐✜❝❛♠ $❡E✉O♥❝✐❛$ ✈✐N✈❡✐$ ♣❛,❛ ♦$ ❥♦❜$ ♣,♦❝❡$$❛❞♦$ ♣❡❧❛ ♠NE✉✐♥❛ ✶✳

❆$$✐♠✱ ❞❡✜♥✐❞♦ .❛❧ $❡E✉O♥❝✐❛✱ $❡,N ♣♦$$D✈❡❧ ❝❛❧❝✉❧❛, ♦$ ✈❛❧♦,❡$ ♣♦$$D✈❡✐$ ♣❛,❛ rj ✭,❡❧❡❛$❡

❞❛.❡ ❞♦ ❥♦❜ {j ∈ J2}✮✱ ❝♦♥$✐❞❡,❛♥❞♦ ❛$ ,❡❧❛'Q❡$ ❞❡ ♣,❡❝❡❞O♥❝✐❛ ❡①✐$.❡♥.❡$✳

❱❛❧❡ ❡♥❢❛.✐③❛, E✉❡ ♦ ♠*.♦❞♦ ❞❡ ❣❡,❛'(♦ ❞❡ ❝♦❧✉♥❛$ ♣♦❞❡ ✐❞❡♥.✐✜❝❛, ✉♠ ❧✐♠✐✲

.❛♥.❡ $✉♣❡,✐♦,✱ ✉♠ ❧✐♠✐.❛♥.❡ ✐♥❢❡,✐♦, ♦✉ ❛✐♥❞❛ ♥❡♥❤✉♠ ✈❛❧♦, E✉❡ $❡ ❡♥❝❛✐①❡ ♥❛$ ❞✉❛$

❝❧❛$$✐✜❝❛'Q❡$ ❛♥.❡,✐♦,❡$✳ ❈❛$♦ ♦ ❙❇ ♥(♦ ❣❛,❛♥.❛ ❛ ✐♥❡①✐$.O♥❝✐❛ ❞❡ ❝♦❧✉♥❛$ ❝❛♣❛③❡$ ❞❡

♠❡❧❤♦,❛, ❛ $♦❧✉'(♦ ❞♦ 0▼❘✱ ♦✉ $❡❥❛✱ ♦ ❝✉$.♦ ,❡❞✉③✐❞♦ ♥❡❣❛.✐✈♦✱ ♥(♦ * ♣♦$$D✈❡❧ ❣❛,❛♥.✐,

❛ ♦.✐♠❛❧✐❞❛❞❡ ❞❛ $♦❧✉'(♦ ❢♦,♥❡❝✐❞❛ ♣❡❧♦ 0▼❘✳ ❉❡$$❛ ❢♦,♠❛✱ ♥(♦ ❤N ❣❛,❛♥.✐❛$ ❝♦♠ ,❡❧❛✲

'(♦ ❛♦ ✈❛❧♦, ♦❜.✐❞♦✱ ♣♦,*♠✱ ❝❛$♦ ♦ ❙❇ $❡❥❛ ❝❛♣❛③ ❞❡ ❣❛,❛♥.✐, E✉❡ ♥(♦ ❡①✐$.❛ ❝♦❧✉♥❛ E✉❡

♣♦$$❛ ❝❛✉$❛, ✉♠❛ ♠❡❧❤♦,❛ ♥❛ $♦❧✉'(♦ ❞♦ 0▼❘✱ ♣♦❞❡✲$❡ ♦❜.❡, ✉♠ ❧✐♠✐.❛♥.❡ ✐♥❢❡,✐♦, ♦✉

$✉♣❡,✐♦,✳ 0❛,❛ ♦ ❝❛$♦ ❞♦ ❝N❧❝✉❧♦ ❞❡ ✉♠ ❧✐♠✐.❛♥.❡ ✐♥❢❡,✐♦,✱ ♦ 0▼❘ ❢♦,♥❡❝❡ ✉♠❛ $♦❧✉'(♦✱

♣♦,*♠ ♥(♦ ❢❛❝.D✈❡❧✱ ♦✉ $❡❥❛✱ ♥(♦ ✈✐N✈❡❧ ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ♦,✐❣✐♥❛❧ ❞❡✈✐❞♦ ❛♦ ❢❛.♦ ❞♦ 0▼❘

$❡, ✉♠❛ ,❡❧❛①❛'(♦✳ ❉❡$.❛❝❛✲$❡✱ ♣♦,.❛♥.♦✱ E✉❡ ♦ 0▼❘ * ✉♠❛ ,❡❧❛①❛'(♦✱ ♣♦,E✉❡ ♥(♦ $(♦

❝♦♥$✐❞❡,❛❞❛$ .♦❞❛$ ❛$ ✈❛,✐N✈❡✐$✱ ♠♦.✐✈♦ ♣❡❧♦ E✉❛❧ ♦ ♣,♦❜❧❡♠❛ ♠❡$.,❡ * ❝❤❛♠❛❞♦ ❞❡

,❡$.,✐.♦✳ ❏N ❛ ♦❜.❡♥'(♦ ❞♦ ❧✐♠✐.❛♥.❡ $✉♣❡,✐♦, ♦❝♦,,❡ E✉❛♥❞♦ ♦ 0▼❘ ♣♦$$✉✐ $♦❧✉'(♦

✈✐N✈❡❧✳ ◆❡$$❡ ❝❛$♦✱ ❝♦♠♦ ♦ ❙❇ ❣❛,❛♥.✐✉ E✉❡ ♥(♦ ❡①✐$.❡ ❝♦❧✉♥❛ ❝❛♣❛③ ❞❡ ♣,♦✈♦❝❛, ✉♠❛

3&♦❣&❛♠❛ ❞❡ 352 ●&❛❞✉❛+,♦ ❡♠ ❊♥❣❡♥❤❛&✐❛ ❞❡ 3&♦❞✉+,♦ ✲ 3♣❣❡♣✴❯❋▼●



✺✳✷✳✶ ✲ ❋♦'♠✉❧❛,-♦ .'♦❜❧❡♠❛ ▼❡23'❡ ❘❡23'✐3♦ ❡ ❙✉❜♣'♦❜❧❡♠❛ ❞❡ .'❡❝✐❢✐❝❛,-♦ ✹✻

♠❡❧❤♦'❛ ❞❛ *♦❧✉,-♦ ❞♦ .▼❘✱ ♣♦❞❡✲*❡ ❞✐③❡' 6✉❡ ❛ *♦❧✉,-♦ 78✐♠❛ ❢♦✐ ♦❜8✐❞❛✳

❖ .▼❘ = ❞❡*❝'✐8♦ ♣❡❧♦ ❝♦♥❥✉♥8♦ ❞❡ ❡6✉❛,A❡* ❡①♣♦*8❛* ❛❜❛✐①♦✱ ♦♥❞❡ yjt '❡♣'❡✲

*❡♥8❛ *❡ ✉♠ ❥♦❜ {j ∈ J2} *❡'C ♣'♦❝❡**❛❞♦ ♥❛ ♠C6✉✐♥❛ ✷ ♥♦ ✐♥*8❛♥8❡ ❞❡ 8❡♠♣♦ t✳ ❏C λc

'❡♣'❡*❡♥8❛ ❛ ✈❛'✐C✈❡❧ ❞❡ ❝♦♥✈❡①✐✜❝❛,-♦✳ ❆❧=♠ ❞❛* ✈❛'✐C✈❡✐* ❝✐8❛❞❛*✱ ♦ ♠♦❞❡❧♦ ♣♦**✉✐

♦* *❡❣✉✐♥8❡* ♣❛'J♠❡8'♦*✿ rcj ✱ 6✉❡ ✐♥❞✐❝❛ ❛ ❞❛8❛ ❛ ♣❛'8✐' ❞❛ 6✉❛❧ ✉♠ ❥♦❜ {j ∈ J2} ♣♦❞❡

✐♥✐❝✐❛' *❡✉ ♣'♦❝❡**❛♠❡♥8♦✱ ❧❡✈❛♥❞♦✲*❡ ❡♠ ❝♦♥8❛ ♦ 8❡♠♣♦ ❞❡ ❝♦♥❝❧✉*-♦ ❞❡ *❡✉* ❥♦❜* ♣'❡✲

❝❡❞❡♥8❡* ♥❛ ♠C6✉✐♥❛ ✶✱ ♦✉ *❡❥❛✱ ♦ release date ❞♦ ❥♦❜ {j ∈ J2}✳ ❈❛❞❛ ❝♦❧✉♥❛ ❣❡'❛❞❛ c

*❡'C ✐♥*❡'✐❞❛ ♥♦ ❝♦♥❥✉♥8♦ c
′

✭c
′

⊂ C✮✱ ♦♥❞❡ 8♦❞❛* ❛* ❝♦❧✉♥❛* *❡'-♦ ❛'♠❛③❡♥❛❞❛*✳ ❉❡**❛

❢♦'♠❛✱ rcj ✐♥❞✐❝❛ 8♦❞♦* ♦* c ✈❡8♦'❡* ❞❡ rj✳ ❖ ❝♦♥❥✉♥8♦ J2
✐♥❞✐❝❛ ♦* ❥♦❜* 6✉❡ ❞❡✈❡♠ *❡'

♣'♦❝❡**❛❞♦* ♣❡❧❛ ♠C6✉✐♥❛ ✷✱ ♦ ❤♦'✐③♦♥8❡ ❞❡ 8❡♠♣♦ = '❡♣'❡*❡♥8❛❞♦ ♣♦' T ❡✱ ♣♦' Q❧8✐♠♦✱

p2j *❡ '❡❢❡'❡ ❛♦ 8❡♠♣♦ ❞❡ ♣'♦❝❡**❛♠❡♥8♦ ❞♦ ❥♦❜ {j ∈ J2} ♥❛ ♠C6✉✐♥❛ ✷✳

{PMR} minZ =
∑

j∈J2

T−p2j∑

t=0

(t+ p2j)yjt

*✉❥❡✐8♦ ❛

T−p2j∑

t=0

yjt = 1 ∀j ∈ J2
✭✺✳✶✻✮

∑

j∈J2

t∑

s=max(0;t−p2j+1)

yjs ≤ 1 ∀t ∈ T ✭✺✳✶✼✮

T−p2j∑

t=0

tyjt −
C∑

c=1

rcjλc ≥ 0 ∀j ∈ J2
✭✺✳✶✽✮

C∑

c=1

λc = 1 ✭✺✳✶✾✮

0≤ yjt ≤ ✶ ∀j ∈ J2 ∧ ∀t ∈ T ✭✺✳✷✵✮

0≤ λc ≤ ✶ ∀c ∈ C ✭✺✳✷✶✮

❆ ❢✉♥,-♦ ♦❜❥❡8✐✈♦ ❜✉*❝❛ ♠✐♥✐♠✐③❛' ❛ *♦♠❛ ❞♦* 8❡♠♣♦* ❞❡ ❝♦♥❝❧✉*-♦ ♣♦♥❞❡'❛❞❛

❞♦* ❥♦❜* {j ∈ J2} ♥❛ ♠C6✉✐♥❛ ✷✳ ❆ '❡*8'✐,-♦ ✺✳✶✻ ❣❛'❛♥8❡ 6✉❡ 8♦❞♦ ❥♦❜ {j ∈ J2}

*❡❥❛ ♣'♦❝❡**❛❞♦ ✉♠❛ Q♥✐❝❛ ✈❡③✳ ❆ '❡*8'✐,-♦ *❡❣✉✐♥8❡ ✺✳✶✼ ✐♥✐❜❡ 6✉❡ ❞♦✐* ❥♦❜* *❡❥❛♠

♣'♦❝❡**❛❞♦* ❛♦ ♠❡*♠♦ 8❡♠♣♦ ♣❡❧❛ ♠C6✉✐♥❛ ✷✳ ❆ ✐♥❡6✉❛,-♦ ✺✳✶✽ ❣❛'❛♥8❡ 6✉❡ ♥❡♥❤✉♠

❥♦❜ {j ∈ J2} ✐♥✐❝✐❡ *❡✉ ♣'♦❝❡**❛♠❡♥8♦ ❛♥8❡* ❞❛ ✜♥❛❧✐③❛,-♦ ❞♦ ♣'♦❝❡**❛♠❡♥8♦ ❞♦* *❡✉*

'❡*♣❡❝8✐✈♦* ❥♦❜* ♣'❡❝❡❞❡♥8❡* ♥❛ ♠C6✉✐♥❛ ✶ {k ∈ Sj}✱ ♦♥❞❡ Sj ∀ {j ∈ J2} = ♦ ❝♦♥❥✉♥8♦

.'♦❣'❛♠❛ ❞❡ .<2 ●'❛❞✉❛,-♦ ❡♠ ❊♥❣❡♥❤❛'✐❛ ❞❡ .'♦❞✉,-♦ ✲ .♣❣❡♣✴❯❋▼●



✺✳✷✳✶ ✲ ❋♦'♠✉❧❛,-♦ .'♦❜❧❡♠❛ ▼❡23'❡ ❘❡23'✐3♦ ❡ ❙✉❜♣'♦❜❧❡♠❛ ❞❡ .'❡❝✐❢✐❝❛,-♦ ✹✼

♣#❡❝❡❞'♥❝✐❛✱ ♥♦ -✉❛❧ {k ∈ J1}  !♦ ♦ ❥♦❜ ♣&❡❝❡❞❡♥+❡ ✳ ❏. ❛ &❡ +&✐1!♦ ✺✳✶✾ ❞❡✜♥❡ 6✉❡

♦  ♦♠❛+9&✐♦ ❞❡ +♦❞❛ ❛ ✈❛&✐.✈❡✐ λc ❝♦♠ c ⊂ C  ❡❥❛ ✐❣✉❛❧ ❛ ✶✳ ❊ ❛ &❡ +&✐1>❡ ✺✳✷✵ ❡

✺✳✷✶ ❞❡✜♥❡♠ ❛ ✈❛&✐.✈❡✐ yjt ❡ λc &❡ ♣❡❝+✐✈❛♠❡♥+❡✳

❖  ✉❜♣&♦❜❧❡♠❛ B &❡ ♣♦♥ .✈❡❧ ♣♦& ❣❡&❛& ❛ ❝♦❧✉♥❛ ✐♥ ❡&✐❞❛ ♥♦ C▼❘ ❡ B ♠♦✲

❞❡❧❛❞♦ ❞❡ ❛❝♦&❞♦ ❝♦♠ ♦ ♣&♦❜❧❡♠❛ ❞❡ ♣&❡❝✐✜❝❛1!♦ &❡❢❡&❡♥+❡ ❛♦ ♠❡ ♠♦✳ ❙❡♥❞♦ ❛  ✐♠✱ ♦ 

♣❛&J♠❡+&♦ αj ∀ {j ∈ J2}  !♦ &❡♣&❡ ❡♥+❛❞♦ ♣❡❧❛ ✈❛&✐.✈❡✐ ❞✉❛✐ ♦❜+✐❞❛ ♣♦& ♠❡✐♦ ❞❛

&❡ +&✐1!♦ ✺✳✶✽ ❡ θ B &❡♣&❡ ❡♥+❛❞♦ ♣❡❧❛ ✈❛&✐.✈❡❧ ❞✉❛❧ &❡❢❡&❡♥+❡ ❛ &❡ +&✐1!♦ ✺✳✶✾✳ ❖ ❞❡♠❛✐ 

♣❛&J♠❡+&♦ ❥. ❢♦&❛♠ ❡①♣❧✐❝❛❞♦ ❛♥+❡&✐♦&♠❡♥+❡✳ ❏. ❛ ✈❛&✐.✈❡✐  !♦ &❡♣&❡ ❡♥+❛❞❛ ♣♦&

rj✱ ♦✉  ❡❥❛✱ ♦ release date ♣❛&❛ ❝❛❞❛ ❥♦❜ {j ∈ J2} ❡ xjt✱ 6✉❡ ❞❡✜♥❡  ❡ ✉♠ ❥♦❜ {j ∈ J1}

 ❡&. ♣&♦❝❡  ❛❞♦ ♥❛ ♠.6✉✐♥❛ ✶ ♥♦ ✐♥ +❛♥+❡ ❞❡ +❡♠♣♦ t✳

{SB} min
∑

j∈J2

rjαj − θ

 ✉❥❡✐+♦ ❛

T−p1j∑

t=0

xjt = 1 ∀j ∈ J1
✭✺✳✷✷✮

∑

j∈J1

t∑

s=max(0;t−p1j+1)

xjs ≤ 1 ∀t ∈ T ✭✺✳✷✸✮

rj >

T−p1k∑

t=0

(t+ p1k)xkt ∀j ∈ J2 ∧ ∀k ∈ Sj ✭✺✳✷✹✮

xjt ∈ {0, 1} ∀j ∈ J1 ∧ ∀t ∈ T ✭✺✳✷✺✮

rj ≥ 0 ∀j ∈ J2
✭✺✳✷✻✮

❆ ❢✉♥1!♦ ♦❜❥❡+✐✈♦ ❜✉ ❝❛ ♠✐♥✐♠✐③❛& ♦ ♣&♦❜❧❡♠❛ ❞❡ ♣&❡❝✐✜❝❛1!♦ &❡❧❛❝✐♦♥❛❞♦ ❛♦

C▼❘✳ ❆ ✐♥❡6✉❛1>❡ ✺✳✷✷ ❣❛&❛♥+❡♠ 6✉❡ +♦❞♦ ❥♦❜ {j ∈ J1}  ❡❥❛ ♣&♦❝❡  ❛❞♦ ✉♠❛ T♥✐❝❛

✈❡③✳ ❆ &❡ +&✐1>❡ ✺✳✷✸ ♥!♦ ♣❡&♠✐+❡♠ 6✉❡ ♠❛✐ ❞❡ ✉♠ ❥♦❜  ❡❥❛ ♣&♦❝❡  ❛❞♦ ❛♦ ♠❡ ♠♦

+❡♠♣♦ ♥❛ ♠.6✉✐♥❛ ✶✳ ❆ &❡ +&✐1>❡  ❡❣✉✐♥+❡ ✱ ✺✳✷✹✱ ❝❛❧❝✉❧❛♠ ♦ ❧✐♠✐+❡ ✐♥❢❡&✐♦& ♣❛&❛ ✉♠

❞❛❞♦ rj {j ∈ J2}✳ ❱❛❧❡ ❞❡ +❛❝❛& 6✉❡ Sj B ♦ ❝♦♥❥✉♥+♦ ❞❡ ♣&❡❝❡❞V♥❝✐❛✱ ❛  ✐♠✱ ♣❛&❛ ❝❛❞❛

&❡❧❛1!♦ ❞❡ ♣&❡❝❡❞V♥❝✐❛ ❡①✐ +❡♥+❡ ♥❛ ✐♥ +J♥❝✐❛✱ ❝&✐❛✲ ❡ ✉♠❛ &❡ +&✐1!♦ ❞❡  ❡ ❝♦♥❥✉♥+♦✱ ♥❛

6✉❛❧ ♦ ♣❡&W♦❞♦ ❞❡ ✐♥W❝✐♦ ❞♦ ❥♦❜ j ∈ J2
❞❡✈❡  ❡& ♠❛✐♦& ♦✉ ✐❣✉❛❧ X ❞❛+❛ ❞❡ ❝♦♥❝❧✉ !♦ ❞❡

 ❡✉ ♣&❡❝❡❞❡♥+❡ J1
k ∈ Sj✳ ❆ &❡ +&✐1>❡ ✺✳✷✺ ❡ ✺✳✷✻ ❞❡✜♥❡♠ ❛ ✈❛&✐.✈❡✐ xjt ❡ rj✳

 !♦❣!❛♠❛ ❞❡  () ●!❛❞✉❛,-♦ ❡♠ ❊♥❣❡♥❤❛!✐❛ ❞❡  !♦❞✉,-♦ ✲  ♣❣❡♣✴❯❋▼●



✺✳✷✳✶ ✲ ❋♦'♠✉❧❛,-♦ .'♦❜❧❡♠❛ ▼❡23'❡ ❘❡23'✐3♦ ❡ ❙✉❜♣'♦❜❧❡♠❛ ❞❡ .'❡❝✐❢✐❝❛,-♦ ✹✽

❉❡$%❛❝❛✲$❡ )✉❡ ♦ ♠-%♦❞♦ ❞❡ ❣❡0❛12♦ ❞❡ ❝♦❧✉♥❛$ $❡05 ✐♥✐❝✐❛❞♦ ❛ ♣❛0%✐0 ❞❛ $❡❧❡12♦

❞❡ ✉♠❛ $❡)✉8♥❝✐❛ ❛❧❡❛%90✐❛ ❞❡ ❥♦❜$ ♥❛ ♠5)✉✐♥❛ ✶✱ ♦✉ $❡❥❛✱ ✉♠❛ $♦❧✉12♦ ✈✐5✈❡❧ ♣❛0❛ ❛$

✈❛0✐5✈❡✐$ xjt✳ ❉❡$$❛ ❢♦0♠❛✱ ♦ A▼❘ - 0❡$♦❧✈✐❞♦ ♣❡❧❛ ♣0✐♠❡✐0❛ ✈❡③✱ ❛$ ✈❛0✐5✈❡✐$ ❞✉❛✐$ αj e

θ $2♦ ❛0♠❛③❡♥❛❞❛$✱ ❡ ♦ ♠-%♦❞♦ ❞❡ ❣❡0❛12♦ ❞♦ ❝♦❧✉♥❛$ - ✐♥✐❝✐❛❞♦✳ ❆ ✜❣✉0❛ ✺✳✷ ✐❧✉$%0❛ ❛

❞✐♥I♠✐❝❛ ❡♥%0❡ ♦ A▼❘ ❡ ♦ ❙❇ ♣0❡$❡♥%❡ ♥♦ ♠-%♦❞♦ ❞❡ ❣❡0❛12♦ ❞❡ ❝♦❧✉♥❛$✳ ❆❧-♠ ❞✐$$♦✱

- 0❡$$❛❧%❛❞♦ )✉❡ ❛$ ✈❛0✐5✈❡✐$ yjt $2♦ ❞❡✜♥✐❞❛$ ❝♦♠♦ ❢0❛❝✐♦♥50✐❛$ ✭✺✳✷✵✮ ♥♦ A▼❘✱ ♣♦0-♠

♥♦ ♠♦❞❡❧♦ ♦0✐❣✐♥❛❧ ❛$ ♠❡$♠❛$ $2♦ ❞❡❝❧❛0❛❞❛$ ❝♦♠♦ ✐♥%❡✐0❛$ ✭✸✳✽✮✳ ❆$$✐♠✱ ❞❡✈❡✲$❡ ♦❜%❡0

✉♠❛ $♦❧✉12♦ ✐♥%❡✐0❛ ♣❛0❛ )✉❡ ❛ ♠❡$♠❛ $❡❥❛ ✈✐5✈❡❧ ♥♦ ♣0♦❜❧❡♠❛ ♦0✐❣✐♥❛❧✳

PROBLEMA MESTRE 
RESTRITO 

SUBPROBLEMA 
DE 

PRECIFICAÇÃO 

❋✐❣✉0❛ ✺✳✷✿ ❉✐♥I♠✐❝❛ ❞❡ %0❛❜❛❧❤♦ ❡♥%0❡ ♦ A▼❘ ❡ ♦ ❙❇ ♣❛0❛ ♦ ♣0♦❜❧❡♠❛ ❡♠ )✉❡$%2♦

❖ ♠♦❞❡❧♦ ❙❇ ✭✺✳✷✷ ✲✺✳✷✻✮ ♣♦❞❡ $❡0 ❛$$♦❝✐❛❞♦ ❛ ✉♠ ♣0♦❜❧❡♠❛ ❞❡ $❡)✉❡♥❝✐❛♠❡♥%♦

❡♠ ✉♠❛ U♥✐❝❛ ♠5)✉✐♥❛✳ ❆ ❢✉♥12♦ ♦❜❥❡%✐✈♦ ❜✉$❝❛ ♠✐♥✐♠✐③❛0 ❛ $♦♠❛ ♣♦♥❞❡0❛❞❛ ❞❛$

✈❛0✐5✈❡✐$ rj✱ )✉❡ $2♦ ❞❡✜♥✐❞❛$ ♣♦0 ♠❡✐♦ ❞♦ $❡)✉❡♥❝✐❛♠❡♥%♦ ❡$%❛❜❡❧❡❝✐❞♦ ♣❡❧❛$ ✈❛0✐5✈❡✐$

xjt ❡ ♣❡❧♦ ❝♦♥❥✉♥%♦ ❞❡ ♣0❡❝❡❞8♥❝✐❛ Sj✳ ❆$$✐♠✱ ❞❛❞♦ )✉❡ rj - ❛ ❞❛%❛ ❞❡ ❝♦♥❝❧✉$2♦ ♠❛✐$

%❛0❞✐❛ ❞❡ ✉♠ ❞♦$ ❥♦❜$ )✉❡ ❝♦♠♣V❡♠ ♦ 0❡$♣❡❝%✐✈♦ ❝♦♥❥✉♥%♦ Sj✱ ❛ ❢✉♥12♦ ♦❜❥❡%✐✈♦ ❛✈❛❧✐❛

)✉❛❧ - ❛ ♠❡❧❤♦0 ♦0❞❡♠ ❞❡ $❡)✉❡♥❝✐❛♠❡♥%♦ ❞♦$ ❥♦❜$ J1
k ∈ Sj✱ ❞❡ ❢♦0♠❛ ❛ ♠✐♥✐♠✐③❛0 ♦

✈❛❧♦0 ❞♦ %❡0♠♦

∑
j∈J2 rjαj✱ ❛✈❛❧✐❛♥❞♦ ❡♠ ❝♦♥❥✉♥%♦ ❛ ♣♦♥❞❡0❛12♦ ❡$%❛❜❡❧❡❝✐❞❛ ♣♦0 αj✳

❖ ✈❛❧♦0 ❞❡ θ✱ ♣♦0 $❡ %0❛%❛0 ❞❡ ✉♠❛ ❝♦♥$%❛♥%❡✱ ♥2♦ ✐♥%❡0❢❡0❡ ♥♦ ♣0♦❝❡$$♦ ❞❡ ♦%✐♠✐③❛12♦

❞♦ ♠♦❞❡❧♦✱ )✉❡ $❡05 0❡❛❧✐③❛❞♦ ✉%✐❧✐③❛♥❞♦✲$❡ ❝♦♠♦ ❜❛$❡ ♦ solver ❈A▲❊❳✳ ❆ ❞❡$❝0✐12♦

❞❛ ❢♦0♠❛ ❝♦♠♦ $❡05 ❝♦♥❞✉③✐❞❛ ❛ 0❡$♦❧✉12♦ ❞♦ ♠-%♦❞♦ ❛❜♦0❞❛❞♦ $❡05 ❡①♣♦$%❛ ❛❞✐❛♥%❡✳

.'♦❣'❛♠❛ ❞❡ .<2 ●'❛❞✉❛,-♦ ❡♠ ❊♥❣❡♥❤❛'✐❛ ❞❡ .'♦❞✉,-♦ ✲ .♣❣❡♣✴❯❋▼●



✺✳✷✳✷ ✲ ▼%&♦❞♦ ❞❡ ●❡+❛-.♦ ❞❡ ❈♦❧✉♥❛3 ✲ ❍❡✉+53&✐❝❛ ♣+♦♣♦3&❛ ✹✾

✺✳✷✳✷ ▼$%♦❞♦ ❞❡ ●❡*❛,-♦ ❞❡ ❈♦❧✉♥❛2 ✲ ❍❡✉*52%✐❝❛ ♣*♦♣♦2%❛

❆ ✐♥%&♦❞✉*+♦ ❞❛ ❤❡✉&/0%✐❝❛ %❡♠ ❝♦♠♦ ♦❜❥❡%✐✈♦ &❡0♦❧✈❡& ♦ ❙❇✱ ♣♦&;♠ ❜✉0❝❛♥❞♦

&❡❞✉③✐& ♦ %❡♠♣♦ %♦%❛❧ ❞❡ ♣&♦❝❡00❛♠❡♥%♦ ♥♦ ♣&♦❝❡00♦ ❞❡ ♦❜%❡♥*+♦ ❞❛ 0♦❧✉*+♦✳ ❆ ❢♦&♠❛

❝♦♠♦ ❛ ❤❡✉&/0%✐❝❛ ♣&♦♣♦0%❛ %&❛❜❛❧❤❛ ; ❢♦&♥❡❝❡♥❞♦ ❝♦❧✉♥❛0 ♣❛&❛ ♦ ?▼❘✱ ❛0 ♠❡0♠❛0

0+♦ ❣❡&❛❞❛0 ❛ ♣❛&%✐& ❞❡ ✉♠ ❝&✐%;&✐♦ C✉❡ ❜✉0❝❛ ✐❞❡♥%✐✜❝❛& ♣♦00/✈❡✐0 ❜♦❛0 0❡C✉E♥❝✐❛0 ❞❡

♣&♦❝❡00❛♠❡♥%♦ ❞♦0 ❥♦❜ ♥❛ ♠FC✉✐♥❛ ✶✳ ❆00✐♠✱ ✉♠❛ ✈❡③ C✉❡ %❛✐0 ❝♦❧✉♥❛0 0+♦ 0❡❧❡❝✐♦♥❛❞❛0

❝&✐%❡&✐♦0❛♠❡♥%❡✱ ❡0♣❡&❛✲0❡ C✉❡ ♦0 ✈❛❧♦&❡0 ❞♦0 ❝✉0%♦0 ❞✉❛✐0 ♦❜%✐❞♦0 ♥♦ ?▼❘ ❡ &❡♣❛00❛❞♦0

♣❛&❛ ♦ ❙❇ 0❡❥❛♠ ♠❡❧❤♦&❡0 ❞♦ C✉❡ ❛C✉❡❧❡0 ❣❡&❛❞♦0 ♣♦& 0❡C✉E♥❝✐❛0 ❛❧❡❛%I&✐❛0✱ ♠❡❧❤♦&❡0

♥♦ 0❡♥%✐❞♦ ❞❡ &❡❞✉③✐& ♦ ♥J♠❡&♦ ❞❡ ✐%❡&❛*K❡0 ♥❡❝❡00F&✐❛0 ♣❛&❛ C✉❡ ♦ ❙❇ ✐❞❡♥%✐✜C✉❡ ❛

0❡C✉E♥❝✐❛ I%✐♠❛ ❞❡ ♣&♦❝❡00❛♠❡♥%♦ ❞♦0 ❥♦❜0 ♥❛ ♠FC✉✐♥❛ ❡✱ ❝♦♠ ✐00♦✱ &❡❞✉③❛ ♦ ♥J♠❡&♦

❞❡ ❝♦❧✉♥❛0 ❣❡&❛❞❛0 ♣❡❧♦ ❙❇✱ ❛❝❡❧❡&❛♥❞♦ ♦ ♣&♦❝❡00♦ ❞❡ &❡0♦❧✉*+♦ ❞♦ ♠❡0♠♦✳

❖0 ♣&♦❝❡❞✐♠❡♥%♦0 C✉❡ ❝♦♠♣K❡♠ ❛ ❤❡✉&/0%✐❝❛ 0❡&+♦ ❞❡0❝&✐%♦0 ♣♦& ♠❡✐♦ ❞❡ ✉♠

❡①❡♠♣❧♦✱ ❛ ✜♠ ❞❡ ❞❡♠♦♥0%&❛& ❛♦ ❧❡✐%♦& ❛ 0✉❛ ❞✐♥N♠✐❝❛✳ ❊♠ 0❡❣✉✐❞❛✱ ♦ ♣0❡✉❞♦✲❝I❞✐❣♦

&❡❧❛%✐✈♦ ❛ ❤❡✉&/0%✐❝❛ ; ❡①♣♦0%♦✳

❆ %❛❜❡❧❛ ✺✳✶ ; ❝♦♠♣♦0%❛ ♣❡❧♦0 ❞❛❞♦0 ❞❛ ✐♥0%N♥❝✐❛ ❛ 0❡& %&❛❜❛❧❤❛❞❛✳ ◆❡00❡ ❝❛0♦✱♦

♥J♠❡&♦ ❞❡ ❝❛♠✐♥❤K❡0 C✉❡ ❝❤❡❣❛♠ ♣❛&❛ ❞❡0❝❛&&❡❣❛& ♥♦ %❡&♠✐♥❛❧ ❞❡ Crossdocking 0+♦ ✸

✭♥❂✸✮✱ ❛ C✉❛♥%✐❞❛❞❡ ❞❡ ❝❛♠✐♥❤K❡0 C✉❡ 0❡&+♦ ❝❛&&❡❣❛❞♦0 ♥❛ ❞♦❝❛ ❞❡ 0❛/❞❛ 0+♦ ✷ ✭♠❂✷✮✳

❖0 %❡♠♣♦0 ❞❡ ♣&♦❝❡00❛♠❡♥%♦ ❞❡ ❝❛❞❛ ❝❛♠✐♥❤+♦ ❛ 0❡& %&❛❜❛❧❤❛❞♦ ♥❛ ❞♦❝❛ ❞❡ ❡♥%&❛❞❛ ❡

♥❛ ❞♦❝❛ ❞❡ 0❛/❞❛ ❡0%+♦ ❡①♣♦0%♦0 ♣❡❧❛0 ❝♦❧✉♥❛0 P1 ❡ P2✱ &❡0♣❡❝%✐✈❛♠❡♥%❡✳ ?♦& J❧%✐♠♦✱ ♦

❝♦♥❥✉♥%♦ ❞❡ Sj ✐♥❞✐❝❛ ♦0 ❥♦❜0 ✭j ∈ J1✮ ♣&❡❝❡❞❡♥%❡0 ❞♦0 ❝❛♠✐♥❤K❡0 C✉❡ 0❡&+♦ ❝❛&&❡❣❛❞♦0✳

❚❛❜❡❧❛ ✺✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❆♣❧✐❝❛*+♦ ❞❛ ❤❡✉&/0%✐❝❛ ♣&♦♣♦0%❛

❚❛❜❡❧❛ ❞❡ ❉❛❞♦0

◆ ▼ ?✶ ?✷ ❙❥

✸ ✶ {1, 2}
✸ ✷ ✷ ✷ {1, 3}

✸ ✲

❉❡ ♣♦00❡ ❞♦0 ❞❛❞♦0 ❞❛ ✐♥0%N♥❝✐❛✱ ♦ ♣&✐♠❡✐&♦ ♣❛00♦ ; ❛ ✐❞❡♥%✐✜❝❛*+♦ ❞❡ ✉♠❛

0♦❧✉*+♦ ✐♥✐❝✐❛❧✱ ♦✉ 0❡❥❛✱ ✉♠❛ 0❡C✉E♥❝✐❛ C✉❡ 0❡❥❛ ✈✐F✈❡❧ ♣❛&❛ ❛ ♠FC✉✐♥❛ ✶✳ ❊00❛ 0❡C✉E♥❝✐❛

✐&F ♣♦00✐❜✐❧✐%❛& C✉❡ ♦ ♣&I①✐♠♦ ♣❛00♦ 0❡❥❛ ❞❛❞♦✱ C✉❡ ; 0♦❧✉❝✐♦♥❛& ♦ ?▼❘ ❡ ❛ ❝♦♥0❡C✉❡♥%❡

❝♦❧❡%❛ ❞♦0 ✈❛❧♦&❡0 ❞♦0 ❝✉0%♦0 ❞✉❛✐0 αj ∀ {j ∈ J2}✳

❉❡00❛ ❢♦&♠❛✱ ❝♦♥0✐❞❡&❛♥❞♦ ❛ ✐♥0%N♥❝✐❛ ❛♣&❡0❡♥%❛❞❛ ♥❛ %❛❜❡❧❛ ✺✳✶ ❡ &❡❛❧✐③❛♥❞♦

♦0 ❝F❧❝✉❧♦0 &❡❧❛%✐✈♦0 ❛♦0 ✐%❡♥0 ❞❛ ❤❡✉&/0%✐❝❛✱ C✉❡ 0❡&+♦ ❛♣&❡0❡♥%❛❞♦0 ♥❡00❛ 0❡*+♦✱ %❡♠✲0❡

❛ %❛❜❡❧❛ ✺✳✷✿
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■-❡♠ α1 α2 GS1 GS2 PrGS1 PrGS2 ;❡+♦✶ ;❡+♦✷

❱❛❧♦1 ✶ ✷ {1, 2} {1, 3} P11✰P12 ❂ ✸ P11✰P13❂ ✹ ✸ ✷

❉❡+-❛❝❛✲+❡ C✉❡ ♦ ♣❡+♦ ✶ ❡ ✷ +3♦ ❝❛❧❝✉❧❛❞♦+ ❞❛ +❡❣✉✐♥-❡ ❢♦1♠❛✿ ♣❡+♦ ✶ G ❞❛❞♦

♣❡❧❛ 1❛③3♦ PrGS1✴α1 ❂ ✸ ❡ ♦ ♣❡+♦ ✷ G ❞❛❞♦ ♣♦1 PrGS2✴α2 ❂ ✷✳ ❖ ❱❡-♦1 ;❡+♦ ♣♦++✉✐

❞♦✐+ ❝♦♠♣♦♥❡♥-❡+✱ ♣♦✐+ ♦ ❝♦♥❥✉♥-♦ J2
♣♦++✉✐ ❞♦✐+ ❥♦❜+✳ ❆❧G♠ ❞✐++♦✱ ❞❡ ❛❝♦1❞♦ ❝♦♠ ❛

-❛❜❡❧❛ ♦+ ✈❛❧♦1❡+ ❞❛+ ✈❛1✐O✈❡✐+ ❞✉❛✐+ α1 ❡ α2 +3♦ ✐❣✉❛✐+ ❛ ✶ ❡ ✷✱ 1❡+♣❡❝-✐✈❛♠❡♥-❡✳ ❖

●1✉♣♦ ♠❛-1✐③ ❞❡ ♣1❡❝❡❞Q♥❝✐❛ ❞♦ ❥♦❜ j1 ✭GS1✮{j ∈ J2} G ❝♦♠♣♦+-♦ ♣❡❧♦+ ❥♦❜+ {j1 ❡

j2} {j ∈ J1}✱ ♦✉ +❡❥❛✱ GS1 ❂ {j1, j2}✱ ♦ C✉❡ +✐❣♥✐✜❝❛ C✉❡ ♦+ ❥♦❜+ j1 ❡ j2 ❞❡✈❡♠ +❡1

❞❡+❝❛11❡❣❛❞♦+ ♥❛ ❞♦❝❛ ❞❡ ❡♥-1❛❞❛ ♣❛1❛ C✉❡ ♦ ❥♦❜ j1 {j ∈ J2} +❡❥❛ ❝❛11❡❣❛❞♦ ♥❛ ❞♦❝❛

❞❡ +❛6❞❛ ✳ ❏O GS2 ❂ {j1, j3}✳ ❖ ✈❛❧♦1 ❞❛❞♦ ♣♦1 ✭PrGSj✮ {j ∈ J2} G ❛ +♦♠❛ ❞♦+ -❡♠♣♦+

❞❡ ♣1♦❝❡++❛♠❡♥-♦ ❞♦+ ❥♦❜+ ♣1❡❝❡❞❡♥-❡+ ❛♦ ❥♦❜ {j ∈ J2} ❡♠ C✉❡+-3♦✱ ♦✉ +❡❥❛✱ ❛ +♦♠❛

❞♦+ ❥♦❜ ♣1❡+❡♥-❡+ ❡♠ ✭GSj✮ {j ∈ J2}✳ ❆++✐♠✱ ♣❛1❛ PrGS1 ♦ ✈❛❧♦1 G ✐❣✉❛❧ ❛ +♦♠❛ ❞♦+

-❡♠♣♦+ ❞❡ ♣1♦❝❡++❛♠❡♥-♦ ❞♦+ ❥♦❜+ {j1 ❡ j2}✱ ❥♦❜+ ♣❡1-❡♥❝❡♥-❡+ ❛ J1
✳ ❉❛ ♠❡+♠❛ ❢♦1♠❛✱

PrGS2 +❡ 1❡❢❡1❡ ❛♦+ -❡♠♣♦+ ❞❡ ♣1♦❝❡++❛♠❡♥-♦ ❞♦+ ❥♦❜+ {j1 ❡ j3} ♥❛ ♠OC✉✐♥❛ ✶✳

❈♦♥❝❧✉6❞♦ ♦+ ❝O❧❝✉❧♦+✱ ❞❡✈❡✲+❡ +❡❧❡❝✐♦♥❛1 ♦ ♣❡+♦ ❝✉❥♦ ♦ ✈❛❧♦1 G ♦ ♠❡♥♦1 ❞❡♥-1❡

-♦❞♦+✱ ♥❡+-❡ ❝❛+♦ G ♦ ♣❡+♦ ✷✱ C✉❡ G 1❡❧❛-✐✈♦ ❛♦ j2 ∈ J2
✳ ❉❛❞♦ C✉❡ ❡+-❡ ❥♦❜ ♣♦++✉✐

❝♦♠♦ ♣1❡❝❡❞❡♥-❡+ ♦+ ❥♦❜+ j1 ❡ j3 ∈ J1
✱ ♦+ ♠❡+♠♦+ +❡13♦ ❛❧♦❝❛❞♦+ ♥♦ ✈❡-♦1 ❝❤❛♠❛❞♦

+❡C✉Q♥❝✐❛ ✭❙ ❂ {1, 3}✮✳ ❯♠❛ ✈❡③ C✉❡ ❡+-❡+ ❥♦❜+ ❥O ❢♦1❛♠ +❡C✉❡♥❝✐❛❞♦+✱ G ♥❡❝❡++O1✐♦ C✉❡

+❡❥❛♠ 1❡-✐1❛❞♦+ ❞♦+ ❣1✉♣♦+ ❞❡ ♣1❡❝❡❞Q♥❝✐❛ ✭GSj✮{j ∈ J2} ♣❛1❛ C✉❡ ♥3♦ +❡❥❛♠ ♠❛✐+

❝♦♥+✐❞❡1❛❞♦+✱ ❛❧G♠ ❞✐++♦✱ ♦ ❥♦❜✱ ❝✉❥♦ ♣❡+♦ ❢♦✐ +❡❧❡❝✐♦♥❛❞♦✱ -❛♠❜G♠ +❡1O ❞❡+❝♦♥+✐❞❡1❛❞♦

❝♦♠♦ ❝❛♥❞✐❞❛-♦ ❞❛ ✧❧✐+-❛ ❞❡ ♣❡+♦+✧✱ ❧✐+-❛ C✉❡ ❝♦♥-❡♠ -♦❞♦+ ♦+ ♣❡+♦+ ❛++♦❝✐❛❞♦+ ❛♦+

1❡+♣❡❝-✐✈♦+ ❥♦❜+ ∈❏2✳ ❈❛+♦ ❤❛❥❛ ❛❧❣✉♠ ❥♦❜ {j ∈ J2} ❝✉❥♦ ❥♦❜+ ♣1❡❝❡❞❡♥-❡+ ❥O ❡+-3♦ ♥♦

✈❡-♦1 +❡C✉Q♥❝✐❛✱ ♦ ♠❡+♠♦ -❛♠❜G♠ ♣♦❞❡ +❡1 1❡-✐1❛❞♦ ❞❛ ✧❧✐+-❛ ❞❡ ♣❡+♦+✧✳

❆ -❛❜❡❧❛ ✺✳✸ ❝♦♥-❡♠ ♦ 1❡+✉❧-❛❞♦ ❞❡ ❝❛❞❛ ✐-❡♠ ❛♣Z+ ❛ ♣1✐♠❡✐1❛ ✐-❡1❛23♦✳
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■-❡♠ α1 α2 GS1 GS2 PrGS1 PrGS2 ;❡+♦✶ ;❡+♦✷

❱❛❧♦1 ✶ ✷ ✷ {⊘} P12 ❂ ✶ ✵ #$●❙✶✴α1 ❂ ✶ ❘❡*✐$❛❞♦

◆0♦ ❈❛❧❝✉❧❛❞♦

◆❛ *❛❜❡❧❛ ✺✳✸ ♣❡$❝❡❜❡✲;❡ <✉❡ GS1 ❝♦♥*❡♠ ❛♣❡♥❛; ♦ j2 ∈❏
1
✱ ♣♦✐; ♦ j1 ∈❏

1
❥B ❤❛✈✐❛

;✐❞♦ ;❡<✉❡♥❝✐❛❞♦✳ ❆❧F♠ ❞✐;;♦✱ GS2 ❡;*B ✈❛③✐♦✱ ♣♦✐; ;❡✉; ❥♦❜; ♣$❡❝❡❞❡♥*❡; ❢♦$❛♠ *♦❞♦;

;❡<✉❡♥❝✐❛❞♦; ♥❛ ✐*❡$❛I0♦ ✶✳ ❖ ♣❡;♦ ❛ ;❡$ ;❡❧❡❝✐♦♥❛❞♦ ♥❡;;❛ ✐*❡$❛I0♦ ;❡$B ❛<✉❡❧❡ $❡❧❛*✐✈♦
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❆ ✜❣✉.❛ ✺✳✸ ❡①♣L❡♠ ♦) ♣❛))♦) )❡❣✉✐❞♦) ♥♦ ❡①❡♠♣❧♦ ❞✐)❝✉1✐❞♦ ♣♦. ♠❡✐♦ ❞❡ ✉♠

♣)❡✉❞♦✲❝M❞✐❣♦✿ ✢♦❛1

❋✐❣✉.❛ ✺✳✸✿ Q)❡✉❞♦✲❆❧❣♦.✐1♠♦ ❤❡✉.E)1✐❝❛ ♣.♦♣♦)1❛

❆ ❤❡✉.E)1✐❝❛ ❞❡)❝.✐1❛ ❜✉)❝❛ )❡6✉❡♥❝✐❛. ♦) ❥♦❜) ♥❛ ♠86✉✐♥❛ ✶ ❜❛)❡❛♥❞♦✲)❡ ♥❛

♣♦♥❞❡.❛RA♦ PrGj ✴ αj✱ ♦✉ )❡❥❛✱ * ❛♥❛❧✐)❛❞♦ ❛ )♦♠❛ ❝♦..❡♥1❡ ❞♦) 1❡♠♣♦) ❞❡ ♣.♦❝❡)✲

)❛♠❡♥1♦ ❞♦) ❥♦❜) {j ∈ J1} 6✉❡ ❝♦♠♣L❡♠ ♦ ❝♦♥❥✉♥1♦ ❞❡ ♣.❡❝❡❞:♥❝✐❛ ❞❡ ❞❡1❡.♠✐♥❛❞♦

❥♦❜ ✭PrGSj✮ {j ∈ J2} ❡ ♦) ❝✉)1♦) αj{j ∈ J2} ❢♦.♥❡❝✐❞♦) ♣❡❧♦ Q▼❘✳ ❖) ✈❛❧♦.❡) ❞❡

PrGSj )A♦ .❡❝❛❧❝✉❧❛❞♦) ❛ ❝❛❞❛ ✐1❡.❛RA♦✱ ♣♦✐) ❛ ♠❡❞✐❞❛ 6✉❡ ♦) ❥♦❜) ❞❛ ♠86✉✐♥❛ ✶ )A♦

)❡6✉❡♥❝✐❛❞♦)✱ ♦) ♠❡)♠♦) )A♦ ❞❡)❝♦♥)✐❞❡.❛❞♦) ♣❛.❛ ♦ ❝❛❧❝✉❧♦ ❞♦) ♣❡)♦)✱ ♠❡)♠♦ 6✉❡

❢❛R❛♠ ♣❛.1❡ ❞♦ ❝♦♥❥✉♥1♦ GSj ✐♥✐❝✐❛❧✳ ❉❛ ♠❡)♠❛ ❢♦.♠❛✱ ❛ ♠❡❞✐❞❛ 6✉❡ ✉♠ ❥♦❜ j ∈ J2

* )❡❧❡❝✐♦♥❛❞♦ ♣♦. ❛♣.❡)❡♥1❛. ✉♠ ♣❡)♦ ❝♦♠ ♠❡♥♦. ✈❛❧♦.✱ )❡✉ .❡)♣❡❝1✐✈♦ GSj 1❛♠❜*♠ *

❞❡)❝♦♥)✐❞❡.❛❞♦ ♥❛) ✐1❡.❛RL❡) )❡❣✉✐♥1❡)✳ ❆))✐♠✱ ❛♦ ✜♥❛❧ ♦❜1*♠✲)❡ ✉♠❛ )❡6✉:♥❝✐❛ ❞❡ ❥♦❜)

9+♦❣+❛♠❛ ❞❡ 9<3 ●+❛❞✉❛-.♦ ❡♠ ❊♥❣❡♥❤❛+✐❛ ❞❡ 9+♦❞✉-.♦ ✲ 9♣❣❡♣✴❯❋▼●



✺✳✷✳✷ ✲ ▼%&♦❞♦ ❞❡ ●❡+❛-.♦ ❞❡ ❈♦❧✉♥❛3 ✲ ❍❡✉+53&✐❝❛ ♣+♦♣♦3&❛ ✺✷

❛ #❡%❡♠ ♣%♦❝❡##❛❞♦# ♥❛ ♠,-✉✐♥❛ ✶✳ 2♦❞❡✲#❡ ♣❡%❝❡❜❡% -✉❡ ♦# ❣%✉♣♦# ✭Gj✮ ∀{j ∈ J1}✱

-✉❡ ✐♥❞✐❝❛♠ ♣❛%❛ -✉❛✐# ❥♦❜# {j ∈ J2} ♦ ❥♦❜ {j ∈ J1} : ♣%❡❝❡❞❡♥;❡✱ ♥<♦ ❢♦%❛♠ ✉;✐❧✐③❛❞♦#

❞❛ ❞❡#❝%✐@<♦ ❡①♣♦#;❛✱ ♣♦%:♠ #<♦ ✐♠♣♦%;❛♥;❡# ♣❛%❛ ❛ ✐♠♣❧❡♠❡♥;❛@<♦✱ ✉♠❛ ✈❡③ -✉❡ #<♦

%❡❢❡%C♥❝✐❛# ♣❛%❛ ❝♦♥#✉❧;❛#✳

9+♦❣+❛♠❛ ❞❡ 9<3 ●+❛❞✉❛-.♦ ❡♠ ❊♥❣❡♥❤❛+✐❛ ❞❡ 9+♦❞✉-.♦ ✲ 9♣❣❡♣✴❯❋▼●
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❚❡+$❡+ ●❡-❛./♦ ❞❡ ❈♦❧✉♥❛+

◆❡""❡ ❈❛♣&'✉❧♦ "+♦ ❞❡"❝.✐'♦" ♦" '❡"'❡" ❢❡✐'♦" ❡♥✈♦❧✈❡♥❞♦ ♦ ♠4'♦❞♦ ❣❡.❛6+♦ ❞❡

❝♦❧✉♥❛" ❡ ❛ ❤❡✉.&"'✐❝❛ ❝✐'❛❞♦" ♥♦ ❈❛♣&'✉❧♦ ✺✳ ❆""✐♠✱ "+♦ ❞❡"❝.✐'♦" ♥❛" ❙❡6=❡" "❡❣✉✐♥'❡"

❝❛❞❛ '❡"'❡ .❡❛❧✐③❛❞♦✱ ♦" .❡"♣❡❝'✐✈♦" .❡"✉❧'❛❞♦" ❡ ❛" ❛♥?❧✐"❡" ❞♦" ♠❡"♠♦"✳

✻✳✶ ■♥%&'♥❝✐❛%

❖" '❡"'❡" ❡♥✈♦❧✈❡♥❞♦ ❣❡.❛6+♦ ❞❡ ❝♦❧✉♥❛" ❢♦.❛♠ ❡①❡❝✉'❛❞♦" ❡♠ ✉♠❛ ♠?B✉✐♥❛

❝♦♠ ♣.♦❝❡""❛❞♦. ■♥'❡❧✭❘✮ ❳❡♦♥ ✭❘✮ ❈H❯ ❳✺✹✺✵❅✷✱✹✵●❍③✱ ❝♦♠ ✶✷ ♣.♦❝❡""❛❞♦.❡"✱ ✶✷

●❇ ❞❡ ♠❡♠R.✐❛ ❘❆▼ ❡♠ "✐"'❡♠❛ ♦♣❡.❛❝✐♦♥❛❧ ▲✐♥✉① ❯❜✉♥'✉ ✶✸✳✶✵✳ ❋♦.❛♠ ✉'✐❧✐③❛❞❛"

❛" ❧✐♥❣✉❛❣❡♥" ❞❡ ♣.♦❣.❛♠❛6+♦ ❈✱ ❈✰✰ ❡ ❆▼H▲ ✈❡."+♦ ✷✵✶✷✾✶✶✭▲✐♥✉① ①✽✻ ✻✹✮ ❡ ♦

"♦❢'✇❛.❡ ❞❡ ♦'✐♠✐③❛6+♦ ❈H▲❊❳ ✈❡."+♦ ✶✷✳✹✳

❖ '❡♠♣♦ ❞❡ ❡①❡❝✉6+♦ ❢♦✐ ❧✐♠✐'❛❞♦ ❛ ✶ ❤♦.❛ ❞❡ ♣.♦❝❡""❛♠❡♥'♦✱ ❝❛"♦ ❛ "♦❧✉6+♦

R'✐♠❛ "❡❥❛ ❡♥❝♦♥'.❛❞❛ ❡♠ ♠❡♥♦" ❞❡ ✶ ❤♦.❛✱ ❛ ❡①❡❝✉6+♦ 4 ✐♥'❡..♦♠♣✐❞❛✳ ❆♣R" ❡""❡

'❡♠♣♦ "+♦ .❡❣✐"'.❛❞♦" ♦" "❡❣✉✐♥'❡" ❞❛❞♦" ❞❡"'❛❝❛❞♦ ♥❛ '❛❜❡❧❛ ✻✳✶✿

❆ '❛❜❡❧❛ ✻✳✶ ❞❡"'❛❝❛ B✉❡ "+♦ ❝♦❧❡'❛❞♦" ✐♥❢♦.♠❛6=❡" .❡❧❛'✐✈❛" ❛♦ H▼❘ ❡ ♦ ❙❇

❡"♣❡❝✐✜❝❛♠❡♥'❡✱ ♦✉ "❡❥❛✱ ❢♦✐ ❛✈❛❧✐❛❞♦ ♦ ❧✐♠✐'❡ ✐♥❢❡.✐♦. ❞♦ ❙❇ ♣♦. ♠❡✐♦ ❞♦ .❡"✉❧'❛❞♦ ❞❡

"✉❛ ❢✉♥6+♦ ♦❜❥❡'✐✈♦ ❋❖✭❙❇✮ ❡ ❞❡ "❡✉ ●❆H✭❙❇✮✳ ❆""✐♠✱ ❞❡✜♥✐❞♦ ♦ ❧✐♠✐'❛♥'❡ ✐♥❢❡.✐♦.

♣❛.❛ ♦ ♣.♦❜❧❡♠❛ 4 ❝❛❧❝✉❧❛❞♦ ♦ ●❆H ♣❛.❛ ♦ ♠4'♦❞♦ ❣❡.❛6+♦ ❞❡ ❝♦❧✉♥❛"✱ ❞❡ ❛❝♦.❞♦

❝♦♠ ❛ ✐♥"'a♥❝✐❛ ❡♠ B✉❡"'+♦✳ ❖ ●❆H ❞♦ ♠4'♦❞♦ 4 ❞❡✜♥✐❞♦ ✉'✐❧✐③❛♥❞♦ ♦ ❧✐♠✐'❡ ✐♥❢❡.✐♦.

❡ '❛♠❜4♠ ♦ .❡"✉❧'❛❞♦ ❞❛ ❢✉♥6+♦ ♦❜❥❡'✐✈♦ ❞♦ H▼❘✱ ✐♥'❡.♣.❡'❛❞❛ ❝♦♠♦ ✉♠ ❧✐♠✐'❛♥'❡

"✉♣❡.✐♦.✳

❆ '❛❜❡❧❛ ✻✳✷ ❞❡"❝.❡✈❡ ❛" ✐♥"'a♥❝✐❛" ✉'✐❧✐③❛❞❛" ♣❛.❛ ♦" ❡①♣❡.✐♠❡♥'♦" .❡❛❧✐③❛❞♦"

✺✸



✻✳✷ ✲ ❉❡&❝(✐*+♦ ❚❡&.❡ ✶ ✲ ●❡(❛*+♦ ❞❡ ❈♦❧✉♥❛& ✺✹

❚❛❜❡❧❛ ✻✳✶✿ ❘❡,✉♠♦ ❞♦, ❞❛❞♦, ❝♦❧❡2❛❞♦, ♣❛4❛ ❝❛❞❛ ✐♥,27♥❝✐❛ ❛✈❛❧✐❛❞❛✳ ❆ ❝♦❧✉♥❛ Modelo
4❡❢❡4❡✲,❡ ❛, ❢♦4♠✉❧❛<=❡, ✉2✐❧✐③❛❞❛, ♣❛4❛ ❝❛❞❛ ✐♥,27♥❝✐❛✱ @✉❡ ♣♦❞❡♠ ,❡4 A▼❘✱ ❙❇ ♦✉

●❈✱ @✉❡ ,✐❣♥✐✜❝❛♠ A4♦❜❧❡♠❛ ▼❡,24❡ ❘❡,24✐2♦✱ ❙✉❜♣4♦❜❧❡♠❛ ❡ ●❡4❛<I♦ ❞❡ ❈♦❧✉♥❛,✱

4❡,♣❡❝2✐✈❛♠❡♥2❡✳ ❏K ❛, ,✐❣❧❛, ❋❖✱ ❚✭,✮ ❡ ●❆A ,✐❣♥✐✜❝❛♠ ❋✉♥<I♦ ❖❜❥❡2✐✈♦✱ ❚❡♠♣♦

❞❡ ♣4♦❝❡,,❛♠❡♥2♦ ♠❡❞✐❞♦ ❡♠ ,❡❣✉♥❞♦ ❡ ●❆A ❞❡ ♦2✐♠❛❧✐❞❛❞❡✱ 4❡,♣❡❝2✐✈❛♠❡♥2❡✳ ❉❡,✲

2❛❝❛♥❞♦ @✉❡ ♦ ●❆A ❜❛,❡✐❛✲,❡ ♥❛ ❢R4♠✉❧❛ ✭

LS − LI

LS
✮✱ ♣♦4S♠ ♣❛4❛ ♦, ❝❛,♦, ❡♠ @✉❡ ❛

,♦❧✉<I♦ ✜♥❛❧ ♥I♦ ❢♦✐ ❡♥❝♦♥24❛❞❛ @✉❛♥❞♦ ♦ ♣4♦❝❡,,❛♠❡♥2♦ ❢♦✐ ✐♥2❡44♦♠♣✐❞♦✱ ♦ ●❆A S

❝❛❧❝✉❧❛❞♦ ❞❡ ❛❝♦4❞♦ ❝♦♠ ❛ ❢R4♠✉❧❛ ✭

LS − LI

LI
✮✳ ❆,,✐♠✱ ✭LI =

LS

GAP − 1
✮✳

▼♦❞❡❧♦ ❉❛❞♦, ❈♦❧❡2❛❞♦,

▼♦❞❡❧♦ ❖4✐❣✐♥❛❧ ❋❖✱ ●❆A ❡ ❚✭,✮

❘❡❧❛①❛<I♦ ▲✐♥❡❛4 ❋❖✱ ●❆A ❡ ❚✭,✮

●❈ ❋❖✭❙❇✮✱ ❋❖✭A▼❘✮✱ ●❆A✭❙❇✮ ❡ ❚✭,✮

❡♥✈♦❧✈❡♥❞♦ ♦ ♠S2♦❞♦ ❞❡ ❣❡4❛<I♦ ❞❡ ❝♦❧✉♥❛,✳

❖, ✈❛❧♦4❡, ❞♦, 2❡♠♣♦, ❞❡ ♣4♦❝❡,,❛♠❡♥2♦ ❞♦, ❥♦❜,✱ ♣4❡,❡♥2❡, ♥♦, ❣4✉♣♦, J1
♦✉

J2
✱ ❢♦4❛♠ ❞❡✜♥✐❞♦, ❞❡ ❢♦4♠❛ ❛❧❡❛2R4✐❛✱ ❞❡ ❛❝♦4❞♦ ❝♦♠ ❛ 4❡,♣❡❝2✐✈❛ ❞✐,24✐❜✉✐<I♦ ✉♥✐❢♦4♠❡

❞❡✜♥✐❞❛ ♥❛ 2❛❜❡❧❛✳ ❖ ♥V♠❡4♦ ♠K①✐♠♦ ❞❡ ♣4❡❝❡❞❡♥2❡, ❢♦✐ ❡,2❛❜❡❧❡❝✐❞♦ ❛♥2❡4✐♦4♠❡♥2❡✱

❛,,✐♠ ❝♦♠♦ ♦, ✈❛❧♦4❡, @✉❡ 4❡♣4❡,❡♥2❛♠ n ❡ m✳ ❆, ❝♦♥✜❣✉4❛<=❡, ❞❡✜♥✐❞❛, ❜✉,❝❛♠

❛✈❛❧✐❛4 ♦, 4❡,✉❧2❛❞♦, @✉❛♥❞♦ ❛ @✉❛♥2✐❞❛❞❡ ❞❡ ❥♦❜, S ❛❧2❡4❛❞❛✳ ❆❧S♠ ❞✐,,♦✱ S ❛♥❛❧✐,❛❞♦ ❛,

✐♥2❡4❢❡4W♥❝✐❛, 4❡❧❛2✐✈❛, ❛♦ 2❡♠♣♦ ❞❡ ♣4♦❝❡,,❛♠❡♥2♦ ❞♦, ❥♦❜, ❡ ❛♦ ♥V♠❡4♦ ❞❡ ♣4❡❝❡❞❡♥2❡,

❞❡ ✉♠ ❥♦❜ @✉❡ ,❡4K ♣4♦❝❡,,❛❞♦ ♣❡❧❛ ♠K@✉✐♥❛ ✷✳

✻✳✷ ❉❡%❝'✐)*♦ ❚❡%-❡ ✶ ✲ ●❡'❛)*♦ ❞❡ ❈♦❧✉♥❛%

❖ 2❡,2❡ ❡♠ @✉❡,2I♦ ❛❜♦4❞❛ ♦ ♠S2♦❞♦ ❞❡ ❣❡4❛<I♦ ❞❡ ❝♦❧✉♥❛, ✉2✐❧✐③❛♥❞♦ ❝♦♠♦

❜❛,❡ ♦, ♠♦❞❡❧♦, A▼❘ ✭ ✺✳✶✻ ✲ ✺✳✷✶ ✮ ❡ ♦ ❙❇ ✭ ✺✳✷✷ ✲ ✺✳✷✻ ✮✳ ❆,,✐♠✱ ✉♠❛ ,♦❧✉<I♦

✐♥✐❝✐❛❧ ❛❧❡❛2R4✐❛ S ❣❡4❛❞❛ ♣❛4❛ ✐♥✐❝✐❛❧✐③❛<I♦ ❞♦ ♠S2♦❞♦✱ ♦✉ ,❡❥❛✱ ✉♠❛ ,❡@✉W♥❝✐❛ ❥♦❜,

♣❛4❛ ❛ ♠K@✉✐♥❛ ✶✳ ❊♠ ,❡❣✉✐❞❛✱ ♦ A▼❘ S 4❡,♦❧✈✐❞♦✱ ♦, ✈❛❧♦4❡, ❞❛, ✈❛4✐K✈❡✐, ❞✉❛✐,

❝❛❧❝✉❧❛❞❛, ,I♦ 24❛♥,❢❡4✐❞♦, ❝♦♠♦ ♣❛47♠❡24♦, ♣❛4❛ ♦ ❙❇✱ @✉❡ ❛✈❛❧✐❛ ,❡ ♦ ❝♦♥❥✉♥2♦ ❞❡

,♦❧✉<=❡, ❝♦44❡♥2❡ S ,✉✜❝✐❡♥2❡ ♣❛4❛ ✐❞❡♥2✐✜❝❛4 ❛ ,♦❧✉<I♦ R2✐♠❛✱ ♣♦4 ♠❡✐♦ ❞♦ ,✉❜♣4♦❜❧❡♠❛

❞❡ ♣4❡❝✐✜❝❛<I♦ ✭❙❇✮✱ @✉❡ S ,♦❧✉❝✐♦♥❛❞♦ ♣❡❧♦ solver ❈A▲❊❳✱ ❛,,✐♠ ❝♦♠♦ ♦ A▼❘✳ ❈❛,♦

♦ 4❡,✉❧2❛❞♦ ❞♦ ❙❇ ❢♦4 ♥❡❣❛2✐✈♦✱ ,✐❣♥✐✜❝❛ @✉❡ ❤K ♣♦,,✐❜✐❧✐❞❛❞❡ ❞❡ ♠❡❧❤♦4✐❛ ❛❝4❡,❝❡♥❞♦

❛♦ ❝♦♥❥✉♥2♦ ❞❡ ❝♦❧✉♥❛, ❣❡4❛❞❛, ♦✉24❛ ❝♦❧✉♥❛✱ ♣♦4 ♦✉24♦ ❧❛❞♦✱ ,❡ ❛ ,♦❧✉<I♦ ❞♦ ❙❇ ❢♦4

♥I♦ ♥❡❣❛2✐✈❛✱ ,✐❣♥✐✜❝❛ @✉❡ ❛ ,♦❧✉<I♦ R2✐♠❛ ❢♦✐ ❡♥❝♦♥24❛❞❛ ❡ ♦ ♠S2♦❞♦ S ❡♥❝❡44❛❞♦✳ ❆

❞✐♥7♠✐❝❛ ❞❡,❝4✐2❛ ♣♦❞❡ ,❡4 ♦❜,❡4✈❛❞❛ ♥❛ ✜❣✉4❛ ✻✳✶✳

7(♦❣(❛♠❛ ❞❡ 7:& ●(❛❞✉❛*+♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ 7(♦❞✉*+♦ ✲ 7♣❣❡♣✴❯❋▼●



✻✳✷✳✶ ✲ ❘❡'✉❧*❛❞♦' ❚❡'*❡' ✶ ✲ ●❡0❛12♦ ❞❡ ❈♦❧✉♥❛' ✺✺

❚❛❜❡❧❛ ✻✳✷✿ ❙✉♠-.✐♦ ❞❛2 ✐♥245♥❝✐❛2 ❣❡.❛❞❛2 ♣❛.❛ 4❡24❡✱ 2❡♣❛.❛❞❛2 ❡♠ ❣.✉♣♦ ✶ ❡ ✷✱ ❡

2✉❜❣.✉♣♦2✱ ❞❡ ❛❝♦.❞♦ ❝♦♠ ♦ ♥;♠❡.♦ ❞❡ ❥♦❜2 ♥❛ ♠-=✉✐♥❛ ✶ (JobsM1(n))✳ ❆❧?♠ ❞✐22♦✱

❛ 4❛❜❡❧❛ ✐♥❢♦.♠❛ ♦ ♥;♠❡.♦ ❞❡ ❥♦❜2 ♥❛ ♠-=✉✐♥❛ ✷ (JobsM2(m))✱ ♦ ♥;♠❡.♦ ♠-①✐♠♦ ❞❡

♣.❡❝❡❞❡♥4❡2 ❞♦ ❥♦❜ j ∈ J2 (NP )✱ ♦ 4❡♠♣♦ ❞❡ ♣.♦❝❡22❛♠❡♥4♦ ❞♦2 ❥♦❜2 (TP )✱ ♦ ❝B❞✐❣♦ ❞❛

✐♥245♥❝✐❛ ✭❈!❞✐❣♦✮ ❡ ♣♦. ;❧4✐♠♦ =✉❛♥4❛2 ✐♥245♥❝✐❛2 ❢♦.❛♠ ❣❡.❛❞❛2 ♣❛.❛ ❝❛❞❛ 2✉❜❣.✉♣♦

✭N.Inst✮✳

●.✉♣♦ ❏♦❜2 ❏♦❜2 ◆H ❚H ❈B❞✐❣♦ ◆✳

▼✶✭♥✮ ▼✷✭♠✮ ■♥24✳

✺ ✷✲✸✲✹ ✸✲✹ ❯✭✶✱✺✮ ✺✲♠✲◆H✲✶ ✽

✶✵ ✸✲✺✲✼ ✺✲✼ ❯✭✶✱✺✮ ✶✵✲♠✲◆H✲✶ ✽

✶ ✶✺ ✺✲✽✲✶✶ ✺✲✽✲✶✶ ❯✭✶✱✺✮ ✶✺✲♠✲◆H✲✶ ✾

✷✵ ✻✲✶✵✲✶✹ ✻✲✶✵✲✶✹ ❯✭✶✱✺✮ ✷✵✲♠✲◆H✲✶ ✾

✺✵ ✶✺✲✷✺✲✸✺ ✶✺✲✷✺✲✸✺ ❯✭✶✱✺✮ ✺✵✲♠✲◆H✲✶ ✾

✻✵ ✶✽✲✸✵✲✹✷ ✶✽✲✸✵✲✹✷ ❯✭✶✱✺✮ ✺✵✲♠✲◆H✲✶ ✾

✺ ✷✲✸✲✹ ✸✲✹ ❯✭✶✱✺✵✮ ✺✲♠✲◆H✲✷ ✽

✶✵ ✸✲✺✲✼ ✺✲✼ ❯✭✶✱✺✵✮ ✶✵✲♠✲◆H✲✷ ✽

✷ ✶✺ ✺✲✽✲✶✶ ✺✲✽✲✶✶ ❯✭✶✱✺✵✮ ✶✺✲♠✲◆H✲✷ ✾

✷✵ ✻✲✶✵✲✶✹ ✻✲✶✵✲✶✹ ❯✭✶✱✺✵✮ ✷✵✲♠✲◆H✲✷ ✾

✺✵ ✶✺✲✷✺✲✸✺ ✶✺✲✷✺✲✸✺ ❯✭✶✱✺✵✮ ✺✵✲♠✲◆H✲✷ ✾

✻✵ ✶✽✲✸✵✲✹✷ ✶✽✲✸✵✲✹✷ ❯✭✶✱✺✵✮ ✺✵✲♠✲◆H✲✷ ✾

➱ ✐♠♣♦.4❛♥4❡ ❞❡24❛❝❛. =✉❡ ♦ ❙❇ ? ♦ .❡2♣♦♥2-✈❡❧ ♣♦. ✐❞❡♥4✐✜❝❛. 2❡ ❤- ♣♦22✐✲

❜✐❧✐❞❛❞❡ ❞❡ ♠❡❧❤♦.❛ ❞❛ 2♦❧✉YZ♦ ❞♦ H▼❘✳ ❆ ♣♦22✐❜✐❧✐❞❛❞❡ ❞❡ ♠❡❧❤♦.❛ ♦❝♦..❡ =✉❛♥❞♦

♦ .❡2✉❧4❛❞♦ ❞❛ ❢✉♥YZ♦ ♦❜❥❡4✐✈♦ ❞♦ ❙❇ ? ✐♥❢❡.✐♦. ❛ ③❡.♦✱ ♦✉ 2❡❥❛✱ ♦ ❝✉24♦ .❡❞✉③✐❞♦ ?

♥❡❣❛4✐✈♦✳ ❉❡22❛ ❢♦.♠❛✱ ♣♦❞❡✲2❡ ❞✐③❡. =✉❡ ♥Z♦ ? ♥❡❝❡22-.✐♦ =✉❡ ♦ ❙❇ 2❡❥❛ .❡2♦❧✈✐❞♦ ♥♦

B4✐♠♦✱ ♣♦✐2 ❝❛2♦ ♦ ❧✐♠✐4❡ ✐♥❢❡.✐♦. ❝❛❧❝✉❧❛❞♦ ❞✉.❛♥4❡ ♦ ♣.♦❝❡22♦ ❞❡ ♦4✐♠✐③❛YZ♦ 2❡❥❛ ♥Z♦

♥❡❣❛4✐✈♦✱ ? ♣♦22^✈❡❧ ❛✜.♠❛. =✉❡ ❛ 2♦❧✉YZ♦ B4✐♠❛ ❞♦ ❙❇ 4❛♠❜?♠ ♥Z♦ 2❡.- ♥❡❣❛4✐✈❛ ❡✱

❝♦♥2❡=✉❡♥4❡♠❡♥4❡✱ ♦ ❝✉24♦ .❡❞✉③✐❞♦ 2❡.- ♠❛✐♦. ♦✉ ✐❣✉❛❧ ❛ ③❡.♦✳ ❊22❡ .❡❝✉.2♦ ? ✈-❧✐❞♦✱

♣♦✐2 ♦ 4❡♠♣♦ ❞❡ ♣.♦❝❡22❛♠❡♥4♦ ❞♦ ❙❇ ♣♦❞❡ 2❡. ♠✉✐4♦ ❧♦♥❣♦ ♣❛.❛ ✐♥245♥❝✐❛ ♠❛✐♦.❡2✱

❧♦❣♦✱ ♦ 4❡♠♣♦ ♣❛.❛ 2❡ ♦❜4❡. ✉♠❛ ❝♦♥❝❧✉2Z♦ ✈-❧✐❞❛ ♣♦❞❡ 2❡. .❡❞✉③✐❞♦✱ ♠❡❧❤♦.❛♥❞♦ ♦

❞❡2❡♠♣❡♥❤♦ ❞♦ ♠?4♦❞♦✳

✻✳✷✳✶ ❘❡&✉❧)❛❞♦& ❚❡&)❡& ✶ ✲ ●❡0❛12♦ ❞❡ ❈♦❧✉♥❛&

❖2 .❡2✉❧4❛❞♦2 ❞♦ 4❡24❡ ❡♥✈♦❧✈❡♥❞♦ ❛ ❣❡.❛YZ♦ ❞❡ ❝♦❧✉♥❛2✱ 2❡♠ ❛ ✐♥4.♦❞✉YZ♦ ❞❛

❤❡✉.^24✐❝❛✱ 2Z♦ ❡①♣♦24♦2 ❡♠ ♣❛.❛❧❡❧♦ ❝♦♠ ♦2 .❡2✉❧4❛❞♦2 ❞♦ ♠♦❞❡❧♦ ♦.✐❣✐♥❛❧ ❡ ❞❡ 2✉❛

.❡❧❛①❛YZ♦ ❧✐♥❡❛.✱ ♦ ♦❜❥❡4✐✈♦ ? ❢❛❝✐❧✐4❛. ❛ ❝♦♠♣❛.❛YZ♦ ❡♥4.❡ ♦2 .❡2✉❧4❛❞♦2 ❡ ❛✈❛❧✐❛YZ♦

❞♦ ♠?4♦❞♦ ❞❡2❝.✐4♦✳ ❆ 4❛❜❡❧❛ ✻✳✸ ❡①♣a❡♠ ❛❧❣✉♥2 ❞♦2 .❡2✉❧4❛❞♦2 ❞♦ 4❡24❡ ❝✐4❛❞♦✱ ❛2

♠❡2♠❛2 ✐♥245♥❝✐❛2 ❛♥❛❧✐2❛❞❛2 ♥♦ ❝❛♣^4✉❧♦ ✹✳ ❆2 ❞❡♠❛✐2 ✐♥245♥❝✐❛2 ❧✐24❛❞❛2 ♥❛ 4❛❜❡❧❛

50♦❣0❛♠❛ ❞❡ 58' ●0❛❞✉❛12♦ ❡♠ ❊♥❣❡♥❤❛0✐❛ ❞❡ 50♦❞✉12♦ ✲ 5♣❣❡♣✴❯❋▼●



✻✳✷✳✶ ✲ ❘❡'✉❧*❛❞♦' ❚❡'*❡' ✶ ✲ ●❡0❛12♦ ❞❡ ❈♦❧✉♥❛' ✺✻

Resolver PMR 

Resolver SB 
(CPLEX) 

 Gerar Solução 

Inicial 

Custo 

Reduzido 

Negativo 

Sim 

Não 

Resultado final 

❋✐❣✉&❛ ✻✳✶✿ ❉✐♥-♠✐❝❛ ❚❡23❡ ●❡&❛56♦ ❞❡ ❈♦❧✉♥❛2 ✲ ❚❡23❡ ✶

✻✳✷ 26♦ ❞✐2♣♦♥✐❜✐❧✐③❛❞♦2 ♥♦ ❆♥❡①♦ ❆✳

❖ ✈❛❧♦& ❞♦ ❧✐♠✐3❛♥3❡ ✐♥❢❡&✐♦& ❝❛❧❝✉❧❛❞♦ ♥❛ 3❛❜❡❧❛ ✻✳✸ F ❢❡✐3♦ ❝♦♠ ❜❛2❡ ♥♦2 ✈❛❧♦&❡2

❞❛ 2♦❧✉56♦ ❞♦ ❙❇ ❡ ❞♦ I▼❘✳ ❆22✐♠✱ M✉❛♥❞♦ ❛ ❋❖ ❞♦ ❙❇ F ✐❣✉❛❧ ♦✉ ♠❛✐♦& M✉❡ ③❡&♦✱

♦✉ 2❡❥❛✱ ♥6♦ ❤P ❝♦❧✉♥❛2 ♣❛&❛ 2❡&❡♠ ❛❝&❡2❝❡♥3❛❞❛2 ♣❛&❛ ♠❡❧❤♦&❛& ❛ 2♦❧✉56♦ ❞♦ I▼❘✱

F ❞❡✜♥✐❞♦ M✉❡ ▲■ ❂ ▲❙✳ I♦& ♦✉3&♦ ❧❛❞♦✱ M✉❛♥❞♦ ❛ ❋❖ ❞♦ ❙❇ F ♥❡❣❛3✐✈❛✱ ❡22❡ ✈❛❧♦& F

2♦♠❛❞♦ ❛ ❋❖ ❞♦ I▼❘ ♣❛&❛ ♦❜3❡& ♦ ✈❛❧♦& ❞♦ ▲■✳

50♦❣0❛♠❛ ❞❡ 58' ●0❛❞✉❛12♦ ❡♠ ❊♥❣❡♥❤❛0✐❛ ❞❡ 50♦❞✉12♦ ✲ 5♣❣❡♣✴❯❋▼●



✻✳✷✳✷ ✲ ❆♥&❧✐)❡ ❘❡)✉❧-❛❞♦) ❚❡)-❡ ✶ ✲ ●❡4❛56♦ ❞❡ ❈♦❧✉♥❛) ✺✼

✻✳✷✳✷ ❆♥%❧✐(❡ ❘❡(✉❧,❛❞♦( ❚❡(,❡ ✶ ✲ ●❡4❛56♦ ❞❡ ❈♦❧✉♥❛(

◆♦ $❡&$❡ '❡❛❧✐③❛❞♦ ✉$✐❧✐③❛♥❞♦ ♦ ♠0$♦❞♦ ❞❡ ❣❡'❛23♦ ❞❡ ❝♦❧✉♥❛& &❡♠ ❛ ❤❡✉'6&$✐❝❛✱

♣❡'❝❡❜❡✲&❡ ♥❛ $❛❜❡❧❛ ✻✳✸ >✉❡ ♦& '❡&✉❧$❛❞♦& ❞❛& ✐♥&$?♥❝✐❛& ❞♦ ❣'✉♣♦ ✶ &3♦ ✐❣✉❛✐& ♦✉

♣'A①✐♠♦& ❞❛ &♦❧✉23♦ A$✐♠❛✱ ♣❛'❛ ♦& ❝❛&♦& ♥♦& >✉❛✐& ♦ ✈❛❧♦' ❞❡ n 0 ✐❣✉❛❧ ♦✉ ♠❡♥♦' ❞♦

>✉❡ ✶✺✱ ♦✉ &❡❥❛✱ ✶✺ ❥♦❜& &❡>✉❡♥❝✐❛❞♦& ♥❛ ♠E>✉✐♥❛ ✶✳ ❖ ♠❡&♠♦ ♦❝♦''❡ ♣❛'❛ ❛& ✐♥&$?♥❝✐❛&

❞♦ ❣'✉♣♦ ✷✱ ♣♦'0♠ ♣❛'❛ ❛>✉❡❧❡& ❝❛&♦& ♥♦& >✉❛✐& ♦ ✈❛❧♦' ❞❡ n 0 ✐❣✉❛❧ ❛ ✺✳ ◆❛& ❞❡♠❛✐&

✐♥&$?♥❝✐❛& 0 ♣❡'❝❡♣$6✈❡❧ ❛ ❞✐✜❝✉❧❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ♦'✐❣✐♥❛❧ 0 ❞♦ ♠0$♦❞♦ ❞❡ ❣❡'❛23♦ ❞❡

❝♦❧✉♥❛& ✐❞❡♥$✐✜❝❛'❡♠ ❛& '❡&♣❡❝$✐✈❛& &♦❧✉2I❡& A$✐♠❛& ♥♦ ✐♥$❡'✈❛❧♦ ❞❡ $❡♠♣♦ ❡&$❛❜❡❧❡❝✐❞♦

❞❡ ✸✻✵✵ &❡❣✉♥❞♦&✳ ❆ ❛♥E❧✐&❡ ♣♦' ♠❡✐♦ ❞♦ ❧✐♠✐$❛♥$❡ ✐♥❢❡'✐♦' ❞♦ ❙❇ ♥3♦ ♣❡'♠✐$❡ ❝❤❡❣❛'

❛ ❝♦♥❝❧✉&I❡& ❞✐❢❡'❡♥$❡& ❞❛>✉❡❧❛& '❡❧❛$❛❞❛& ❛❝✐♠❛✱ ♣♦✐& ♦ ✈❛❧♦' ❞♦ ❧✐♠✐$❡ ✐♥❢❡'✐♦' ❞♦ ❙❇✱

❛&&✐♠ ❝♦♠♦ ❛ ❢✉♥23♦ ♦❜❥❡$✐✈♦ ❞♦ ♠❡&♠♦✱ $❛♠❜0♠ 0 ♥❡❣❛$✐✈♦✳ ❖✉$'♦ ♣♦♥$♦ ✐♠♣♦'$❛♥$❡

0 '❡❧❛$✐✈♦ ❛& ✐♥&$?♥❝✐❛& ♣❛'❛ ❛& >✉❛✐& ❛ ❣❡'❛23♦ ❞❡ ❝♦❧✉♥❛& ♦❜$❡✈❡ ♦ ✈❛❧♦' ❞♦ ●❆P ♠❛✐♦'

❞♦ >✉❡ ③❡'♦✳ ◗✉❛♥❞♦ ❡&&❛ &✐$✉❛23♦ ♦❝♦''❡ &✐❣♥✐✜❝❛ >✉❡ ♥3♦ 0 ♣♦&&6✈❡❧ ❝❤❡❣❛' ❛ ✉♠❛

❝♦♥❝❧✉&3♦ ✈E❧✐❞❛✱ ♣♦✐& ❛ ❢✉♥23♦ ♦❜❥❡$✐✈♦ ❞♦ ❙❇ ❛✐♥❞❛ 0 ♥❡❣❛$✐✈❛ ❡✱ ♣♦'$❛♥$♦✱ ♦ ♣'♦❜❧❡♠❛

♥3♦ ❢♦✐ '❡&♦❧✈✐❞♦ ♥❛ ♦$✐♠❛❧✐❞❛❞❡✳ ❆&&✐♠✱ ❛♣❡♥❛& ✶✶ ❞❛& ✸✵ ✐♥&$?♥❝✐❛& ❛♣'❡&❡♥$❛♠ ♦ ✈❛❧♦'

❞♦ ●❆P ✐❣✉❛❧ ❛ ③❡'♦✱ ♥❡♥❤✉♠❛ ❝♦♠ n &✉♣❡'✐♦' ❛ ✶✺✳

❈♦♠ '❡❧❛23♦ ❛♦& $❡&$❡& '❡❛❧✐③❛❞♦& ❝♦♠ ♦ ♠♦❞❡❧♦ ❝♦♠♣❧❡$♦✱ ❝♦♥&$❛$❛✲&❡ >✉❡ ♥3♦

❢♦✐ ✐❞❡♥$✐✜❝❛❞❛ ❛ &♦❧✉23♦ A$✐♠❛ ♣❛'❛ ❛& ♠❛✐♦'❡& ✐♥&$?♥❝✐❛& ❞♦ ❣'✉♣♦ ✶✳ ◆♦ ❣'✉♣♦ ✷✱

❛♣❡♥❛& ❛& ♠❡♥♦'❡& ✐♥&$?♥❝✐❛& $✐✈❡'❛♠ &✉❛ &♦❧✉23♦ A$✐♠❛ ✐❞❡♥$✐✜❝❛❞❛✳ ❊&&❡ ❢❛$♦ ❡①♣I❡

❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ '❡&♦❧✉23♦ ❞❡ ♠♦❞❡❧♦& ❝♦♠ ✐♥❞❡①❛23♦ ♥♦ $❡♠♣♦✱ ✉♠❛ ✈❡③ >✉❡ ♦& ♣❛'?✲

♠❡$'♦& ❡♥$'❡ ♦& ❞♦✐& ❣'✉♣♦& &3♦ ♦& ♠❡&♠♦&✱ ❝♦♠ ❡①❝❡23♦ ❞♦ $❡♠♣♦ ❞❡ ♣'♦❝❡&&❛♠❡♥$♦✳

✻✳✸ ❉❡%❝'✐)*♦ ❚❡%-❡ ✷ ✲ ❍❡✉'2%-✐❝❛ ❡ ●❡'❛)*♦ ❞❡ ❈♦✲

❧✉♥❛% ❝♦♠ ❣❛'❛♥-✐❛ ❞❡ ❖-✐♠❛❧✐❞❛❞❡

◆❡&&❛ &❡23♦ 0 ❞❡&❝'✐$❛ ❛ ✐♥$❡'❛23♦ ❡♥$'❡ ❛ ❤❡✉'6&$✐❝❛ ❡ ♦ ♠0$♦❞♦ ❞❡ ❣❡'❛23♦ ❞❡

❝♦❧✉♥❛&✱ >✉❡ $❡'E ♦ ❙❇ '❡&♦❧✈✐❞♦ ♣❡❧♦ ❈P▲❊❳ ❛♦ ❧♦♥❣♦ ❞♦ ♣'♦❝❡&&♦✱ ❛ ✜♠ ❞❡ ❣❛'❛♥$✐' ❛

♦$✐♠❛❧✐❞❛❞❡ ❞❛ &♦❧✉23♦ ❢♦'♥❡❝✐❞❛✳ ❖ ♦❜❥❡$✐✈♦ 0 ❛✈❛❧✐❛' ♦& ✈❛❧♦'❡& ❞❛& &♦❧✉2I❡& ❢♦'♥❡❝✐❞❛&

♣❡❧♦ ♠♦❞❡❧♦ ♦'✐❣✐♥❛❧ ❡ ❝♦♠♣❛'E✲❧❛& ❝♦♠ ✈❛❧♦'❡& ♦❜$✐❞♦& ♣❡❧♦ ♠0$♦❞♦ >✉❡ ❛&&♦❝✐❛ ❛

❣❡'❛23♦ ❞❡ ❝♦❧✉♥❛& ❡ ❛ ❤❡✉'6&$✐❝❛✳ ❆ ✜❣✉'❛ ✻✳✷ ✐❧✉&$'❛ ❛ ✐♥$❡'❛23♦ ❡♥$'❡ ♦ ♠0$♦❞♦ ❞❡

❣❡'❛23♦ ❞❡ ❝♦❧✉♥❛& ❡ ❛ ❤❡✉'6&$✐❝❛✳ ❖ ❡①♣❡'✐♠❡♥$♦ ❞❡&❝'✐$♦ ❛ &❡❣✉✐' &❡'E ❞❡♥♦♠✐♥❛❞♦

❚❡"#❡ ✷✳

❉✉'❛♥$❡ ♦ ❚❡&$❡ ✷ ❞❡&❝'✐$♦ ♣❡❧❛ ✜❣✉'❛ ✻✳✷✱ ❛ ❤❡✉'6&$✐❝❛ 0 '❡&♣♦♥&E✈❡❧ ♣♦' ✐♥&❡'✐'

84♦❣4❛♠❛ ❞❡ 8;) ●4❛❞✉❛56♦ ❡♠ ❊♥❣❡♥❤❛4✐❛ ❞❡ 84♦❞✉56♦ ✲ 8♣❣❡♣✴❯❋▼●



✻✳✸ ✲ ❉❡&❝(✐*+♦ ❚❡&.❡ ✷ ✲ ❍❡✉(2&.✐❝❛ ❡ ●❡(❛*+♦ ❞❡ ❈♦❧✉♥❛& ❝♦♠ ❣❛(❛♥.✐❛ ❞❡ ❖.✐♠❛❧✐❞❛❞❡ ✺✽

❋✐❣✉&❛ ✻✳✷✿ ,-❡✉❞♦✲❆❧❣♦&✐4♠♦ ❚❡-4❡ ✷

❝♦❧✉♥❛- ♣❛&❛ ♦ ♠♦❞❡❧♦ ,▼❘✳ ❆ ❝❛❞❛ ❝♦❧✉♥❛ ✐♥-❡&✐❞❛✱ ♦ -✉❜♣&♦❜❧❡♠❛ ❞❡ ♣&❡❝✐✜❝❛?@♦ A

&❡-♦❧✈✐❞♦✱ ❝❛-♦ ♦ ✈❛❧♦& ❞♦ ❝✉-4♦ &❡❞✉③✐❞♦ -❡❥❛ ♥❡❣❛4✐✈♦✱ ♦✉ -❡❥❛✱ ❛✐♥❞❛ ❤F ♣♦--✐❜✐❧✐❞❛❞❡

❞❡ ♠❡❧❤♦&❛ ❞❛ -♦❧✉?@♦✱ ♠❛✐- ❝♦❧✉♥❛- -@♦ ✐♥4&♦❞✉③✐❞❛- ♣♦& ❡--❡ ♠A4♦❞♦✳ ➱ &❡--❛❧4❛❞♦

H✉❡ ❛4A ♦ ♠♦♠❡♥4♦✱ ♦ ♣&♦❜❧❡♠❛ ❞❡ ♣&❡❝✐✜❝❛?@♦ ♥@♦ A -♦❧✉❝✐♦♥❛❞♦ ❝♦♠ ❣❛&❛♥4✐❛ ❞❡ ♦4✐✲

♠❛❧✐❞❛❞❡✱ ♦✉ -❡❥❛✱ ♦- ✈❛❧♦&❡- ❞❛- ❝♦❧✉♥❛- ❞♦ ,▼❘ -@♦ ✐♥-❡&✐❞♦- ♣♦& ♠❡✐♦ ❞❛ ❤❡✉&I-4✐❝❛✳

❉❡--❛ ❢♦&♠❛✱ ♥@♦ ❤F ❣❛&❛♥4✐❛ ❞❡ ♦4✐♠❛❧✐❞❛❞❡ ♥❡--❛ ❡4❛♣❛✳ ,♦& ♦✉4&♦ ❧❛❞♦✱ H✉❛♥❞♦ ♦

❝✉-4♦ &❡❞✉③✐❞♦ ❞❡--❡ ❝♦♥❥✉♥4♦ ❞❡ ❝♦❧✉♥❛- A ♠❛✐♦& ♦✉ ✐❣✉❛❧ ❛ ③❡&♦✱ ♦ ❙❇ A &❡-♦❧✈✐❞♦ ❝♦♠

♦ ♦❜❥❡4✐✈♦ ❞❡ ❛✈❛❧✐❛& -❡ ♦ ❛4✉❛❧ ❝♦♥❥✉♥4♦ A -✉✜❝✐❡♥4❡ ♣❛&❛ ❢♦&♥❡❝❡& ❛ -♦❧✉?@♦ N4✐♠❛✱ ♦✉

-❡❥❛✱ ❝♦♠♣&♦✈❛& ❛ ♦4✐♠❛❧✐❞❛❞❡ ❞❛ -♦❧✉?@♦ ❝♦&&❡♥4❡✳ ❊♠ -❡❣✉✐❞❛✱ ♦ ❙❇ A &❡-♦❧✈✐❞♦ ♣❡❧♦

❈,▲❊❳ ❡ ❝❛-♦ ❛ -♦❧✉?@♦ -❡❥❛ ♠❛✐♦& ♦✉ ✐❣✉❛❧ ❛ ③❡&♦✱ ❛ ♠❡-♠❛ ♣♦❞❡ -❡& ❝♦♥-✐❞❡&❛❞❛

❝♦♠♦ -♦❧✉?@♦ N4✐♠❛✱ ❝❛-♦ ❝♦♥4&F&✐♦✱ ✉♠❛ ♥♦✈❛ ❝♦❧✉♥❛ A ✐♥4&♦❞✉③✐❞❛ ❛♦ ❝♦♥❥✉♥4♦ ❞❡

❝♦❧✉♥❛- ❡ ✐♥✐❝✐❛✲-❡ ♦ ♣&♦❝❡--♦✳

❆ ❞✐♥S♠✐❝❛ ❞❡-❝&✐4❛ ♣♦❞❡ -❡& ♦❜-❡&✈❛❞❛ ♥❛ ✜❣✉&❛ ✻✳✸✳

❉❡-4❛❝❛✲-❡ H✉❡ -❡♠♣&❡ H✉❡ ✉♠❛ ♥♦✈❛ ❝♦❧✉♥❛ A ✐♥-❡&✐❞❛✱ ♦ ♠♦❞❡❧♦ ❞❡-❝&✐4♦

❛❜❛✐①♦ ✭✻✳✶ ✲ ✻✳✹✮ A -♦❧✉❝✐♦♥❛❞♦ ❞❡ ❢♦&♠❛ H✉❡ -❡❥❛ ♦❜4✐❞❛ ✉♠❛ ♥♦✈❛ -♦❧✉?@♦ ✈✐F✈❡❧

♦✉ ✉♠ ♥♦✈♦ ❧✐♠✐4❛♥4❡ -✉♣❡&✐♦&✳ ❊--❡ ♠♦❞❡❧♦ ❢♦✐ ❞❡✜♥✐❞♦ ♣♦& ♠❡✐♦ ❞❛ ❛❞❛♣4❛?@♦ ❞♦

♠♦❞❡❧♦ ♦&✐❣✐♥❛❧ ✭ ✸✳✷ ✲ ✸✳✽ ✮✱ ♣♦✐- ♦- ✈❛❧♦&❡- ❞❛- ✈❛&✐F✈❡✐- xjt ❢♦&❛♠ ✐♥4&♦❞✉③✐❞♦- ❝♦♠♦

<(♦❣(❛♠❛ ❞❡ <=& ●(❛❞✉❛*+♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ <(♦❞✉*+♦ ✲ <♣❣❡♣✴❯❋▼●



✻✳✸ ✲ ❉❡&❝(✐*+♦ ❚❡&.❡ ✷ ✲ ❍❡✉(2&.✐❝❛ ❡ ●❡(❛*+♦ ❞❡ ❈♦❧✉♥❛& ❝♦♠ ❣❛(❛♥.✐❛ ❞❡ ❖.✐♠❛❧✐❞❛❞❡ ✺✾

Resolver PMR 

 Gerar Solução 

Inicial 

Custo 

Reduzido 

Negativo 

Sim 

Não 

Heurística 
(Seq. viável gerada 

para M1) 

Custo 

Reduzido 

Negativo 

Sim 

Não 

Resolver SB 
(CPLEX) 

Resultado final 

❋✐❣✉&❛ ✻✳✸✿ ❉✐♥.♠✐❝❛ ❚❡34❡ ✷ ✲ ❍❡✉&834✐❝❛ ❡ ●❡&❛:;♦ ❞❡ ❈♦❧✉♥❛3 ❝♦♠ ❣❛&❛♥4✐❛ ❞❡

❖4✐♠❛❧✐❞❛❞❡

♣❛&.♠❡4&♦3✱ ♦✉ 3❡❥❛✱ ♦3 ✈❛❧♦&❡3 ❞❡ xjt 3;♦ ✜①❛❞♦3 ❞❡ ❛❝♦&❞♦ ❝♦♠ ❛ 3❡G✉H♥❝✐❛ ❞❡✜♥✐❞❛

♣❡❧❛ ❤❡✉&834✐❝❛ ♦✉ ♣❡❧♦ ❙❇✳ ❆33✐♠✱ G✉❛♥❞♦ ♥❡♥❤✉♠❛ ❝♦❧✉♥❛ ❢♦& ♠❛✐3 ❛❝&❡3❝❡♥4❛❞❛✱

♦ ♠♦❞❡❧♦ ❛❞❛♣4❛❞♦ N ♦ &❡3♣♦♥3O✈❡❧ ♣♦& ❝❛❧❝✉❧❛& ♦3 ✈❛❧♦&❡3 ✈✐O✈❡✐3 ♣❛&❛ ❛3 ✈❛&✐O✈❡✐3

yjt✱ G✉❡ ♣♦❞❡♠ 3❡& ♦3 ✈❛❧♦&❡3 ❞❛ 3♦❧✉:;♦ P4✐♠❛✱ ♣❛&❛ ♦ ❝❛3♦ ♥♦ G✉❛❧ ♦ ❙❇ ❣❛&❛♥4✐&

❛ ♦4✐♠❛❧✐❞❛❞❡ ♦✉ ♦ ❝✉34♦ &❡❞✉③✐❞♦ ♥;♦ ♥❡❣❛4✐✈♦✳ ❖✉4&❛ ♣♦33✐❜✐❧✐❞❛❞❡ N ♦ ❝O❧❝✉❧♦ ❞❡

❛♣❡♥❛3 ✉♠❛ 3♦❧✉:;♦ ✈✐O✈❡❧✱ ♣❛&❛ ♦ ❝❛3♦ ♥♦ G✉❛❧ ♥;♦ ❤O ❛ ❣❛&❛♥4✐❛ ❞❛❞❛ ♣❡❧♦ ❙❇ ❝✐4❛❞❛

❛♥4❡&✐♦&♠❡♥4❡✳ ❖ ♠♦❞❡❧♦ ❛❞❛♣4❛❞♦ N ❞❡✜♥✐❞♦ ❛❜❛✐①♦✿

minZ =
∑

j∈J2

T−p2j∑

t=0

(t+ p2j)yjt

3✉❥❡✐4♦ ❛

<(♦❣(❛♠❛ ❞❡ <=& ●(❛❞✉❛*+♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ <(♦❞✉*+♦ ✲ <♣❣❡♣✴❯❋▼●



✻✳✸✳✶ ✲ ❘❡'✉❧*❛❞♦' ❚❡'*❡ ✷ ✻✵

T−p2j∑

t=0

yjt = 1 ∀j ∈ J2
✭✻✳✶✮

∑

j∈J2

t∑

s=max(0;t−p2j+1)

yjs ≤ 1 ∀t ∈ T ✭✻✳✷✮

T−p2j∑

t=0

tyjt −

T−p1k∑

t=0

(t+ p1k)x
∗
kt ≥ 0 ∀j ∈ J2 ∧ ∀k ∈ Sj ✭✻✳✸✮

yjt ∈ {0, 1} ∀j ∈ J2 ∧ ∀t ∈ T ✭✻✳✹✮

✻✳✸✳✶ ❘❡&✉❧)❛❞♦& ❚❡&)❡ ✷

❖* +❡*✉❧/❛❞♦* ❛**♦❝✐❛❞♦* ❛♦ ❚❡*/❡ ✷ *6♦ ❡①♣♦*/♦* ♥❛ /❛❜❡❧❛ ✻✳✹✳

✻✳✸✳✷ ❆♥1❧✐&❡ ❘❡&✉❧)❛❞♦& ❚❡&)❡ ✷

;❡+❝❡❜❡✲*❡ =✉❡ ♦* +❡*✉❧/❛❞♦* ❛**♦❝✐❛❞♦* ❛* ✐♥*/>♥❝✐❛* ❞♦ ❣+✉♣♦ ✶ ❢♦+❛♠ ♠❡✲

❧❤♦+❡* ❞♦ =✉❡ ❛=✉❡❧❡* ❞❡*❝+✐/♦* ♥❛ *✉❜*❡C6♦ ✻✳✷✳✷✱ ♣♦✐* ❛* *♦❧✉CE❡* ❢♦+♥❡❝✐❞❛* ♣❡❧❛

❤❡✉+F*/✐❝❛ *6♦ ♠❛✐* ♣+G①✐♠❛* ❞❛* +❡*♣❡❝/✐✈❛* *♦❧✉CE❡* ❝❛❧❝✉❧❛❞❛* ♣❡❧♦ ♠♦❞❡❧♦ ♦+✐❣✐♥❛❧✳

❆❧J♠ ❞✐**♦✱ ♦❜*❡+✈❛✲*❡ ♥❛ /❛❜❡❧❛ ✻✳✹ =✉❡ ♦ ●❆; ❡*/✐♠❛❞♦ ❛♦ ✜♥❛❧ ❞♦ ♣+♦❝❡**❛♠❡♥/♦

❞♦ ❚❡*/❡ ✷ J ✐❣✉❛❧ ❛ ③❡+♦ ❡♠ ✷✺ ❞❛* ✸✵ ✐♥*/>♥❝✐❛* ❛✈❛❧✐❛❞❛*✳ ❆ ❛✈❛❧✐❛C6♦ ❞♦ ❧✐♠✐/❛♥/❡

✐♥❢❡+✐♦+ +❡❧❛/✐✈♦ *♦♠❡♥/❡ ❛♦ ❙❇ ❞❡*❡♠♣❡♥❤♦✉ ✉♠ ♣❛♣❡❧ ♠✉✐/♦ ✐♠♣♦+/❛♥/❡ ♥❡**❡* +❡*✉❧✲

/❛❞♦*✱ ♣♦✐* ❛ ♣❛+/✐+ ❞❡**❡ ✈❛❧♦+ ❢♦✐ ♣♦**F✈❡❧ ❡*/❛❜❡❧❡❝❡+ *❡ ❛ ❢✉♥C6♦ ♦❜❥❡/✐✈♦ ❞♦ ❙❇ J

♥6♦ ♥❡❣❛/✐✈❛ ❡✱ ❛**✐♠✱ ❣❛+❛♥/✐+ =✉❡ ▲■ ❂ ▲❙✳

❆❧J♠ ❞✐**♦✱ ♦ /❡*/❡ ♦❜/❡✈❡✱ ❡♠ ✾ ♦♣♦+/✉♥✐❞❛❞❡* ♥♦ /♦/❛❧ ❞❡ ✶✶✱ ♦ ❧✐♠✐/❡ ♦❜/✐❞♦

✐❣✉❛❧ ❛♦ ✈❛❧♦+ ❞❛ *♦❧✉C6♦ G/✐♠❛ ❞♦ ♣+♦❜❧❡♠❛✳ ;♦✐* ❢♦✐ ❝♦♥*✐❞❡+❛❞♦ ❛♣❡♥❛* ❛* ✶✶ ✐♥*✲

/>♥❝✐❛* +❡*♦❧✈✐❞❛* ♥❛ ♦/✐♠❛❧✐❞❛❞❡ ♣❡❧♦ ♠♦❞❡❧♦ ♦+✐❣✐♥❛❧ ❡♠ ❛/J ✸✻✵✵ *❡❣✉♥❞♦*✱ ♦✉ *❡❥❛✱

✈❛❧♦+ ❞♦ ●❆; ✐❣✉❛❧ ❛ ③❡+♦✳

✻✳✹ ❉❡%❝'✐)*♦ ❚❡%-❡ ✸ ✲ ❍❡✉'2%-✐❝❛ ❡ ●❡'❛)*♦ ❞❡ ❈♦✲

❧✉♥❛% %❡♠ ❣❛'❛♥-✐❛ ❞❡ ❖-✐♠❛❧✐❞❛❞❡

❖ ♣+G①✐♠♦ /❡*/❡ J ✐❧✉*/+❛❞♦ ♣❡❧❛ ✜❣✉+❛ ✻✳✹ *❡+V ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❚❡"#❡ ✸✳

01♦❣1❛♠❛ ❞❡ 04' ●1❛❞✉❛67♦ ❡♠ ❊♥❣❡♥❤❛1✐❛ ❞❡ 01♦❞✉67♦ ✲ 0♣❣❡♣✴❯❋▼●



✻✳✹ ✲ ❉❡&❝(✐*+♦ ❚❡&.❡ ✸ ✲ ❍❡✉(2&.✐❝❛ ❡ ●❡(❛*+♦ ❞❡ ❈♦❧✉♥❛& &❡♠ ❣❛(❛♥.✐❛ ❞❡ ❖.✐♠❛❧✐❞❛❞❡ ✻✶

❋✐❣✉&❛ ✻✳✹✿ +,❡✉❞♦✲❆❧❣♦&✐3♠♦ ❚❡,3❡ ✸

➱ ♣&♦♣♦,3♦ ,♦❧✉❝✐♦♥❛& ♦ ♣&♦❜❧❡♠❛✱ ♣♦&=♠ ♥>♦ = ❛❜♦&❞❛❞❛ ❛ &❡,♦❧✉?>♦ ❞♦ ❙❇

❝♦♠ ♦ ,♦❧✈❡& CPLEX✱ ♠❛, ♣♦& ♠❡✐♦ ❞❛ ❤❡✉&D,3✐❝❛✳ ❈♦♥,❡F✉❡♥3❡♠❡♥3❡✱ ❛ ♦3✐♠❛❧✐❞❛❞❡

❞❛ ,♦❧✉?>♦ ♥>♦ ♣♦❞❡ ,❡& ❣❛&❛♥3✐❞❛✳ ❖ ♦❜❥❡3✐✈♦ ❞♦ 3❡,3❡ ♣&♦♣♦,3♦ = ❛✈❛❧✐❛& ♦ F✉>♦

♣&I①✐♠♦ ❛ ❤❡✉&D,3✐❝❛ = ❝❛♣❛③ ❞❡ ❝❤❡❣❛& ❞❛ ,♦❧✉?>♦ ♦❜3✐❞❛ ♥♦ ❚❡,3❡ ✷ ❡ ❞♦ ♠♦❞❡❧♦

♦&✐❣✐♥❛❧✱ ❝♦♠ ✐,,♦✱ = ♣♦,,D✈❡❧ ❛✈❛❧✐❛& ,❡ ♦ ❝&✐3=&✐♦ ❛❞♦3❛❞♦ ♣❛&❛ ,❡❧❡?>♦ ❞❡ ❝♦❧✉♥❛,

= ❛❞❡F✉❛❞♦✳ ❈❛,♦ ❛ ❞✐❢❡&❡♥?❛ ❡♥3&❡ ❛, ,♦❧✉?N❡, ❞♦, ❚❡,3❡, ✷ ❡ ✸ ❢♦& ❡❧❡✈❛❞❛✱ ♣♦❞❡

,✐❣♥✐✜❝❛& F✉❡ ♦ ❙❇ ❝♦♥3&✐❜✉✐ ,✐❣♥✐✜❝❛3✐✈❛♠❡♥3❡ ♣❛&❛ ❛ ♦❜3❡♥?>♦ ❞❡ ❜♦❛, ❝♦❧✉♥❛, ❡ ♥>♦

❛ ❤❡✉&D,3✐❝❛✳ ❖ ♠=3♦❞♦ ❡♥❝❡&&❛✲,❡ F✉❛♥❞♦ ♦ ✈❛❧♦& ❞♦ ❝✉,3♦ &❡❞✉③✐❞♦✱ ❝❛❧❝✉❧❛❞♦ ❝♦♠

❜❛,❡ ♥♦ ❝♦♥❥✉♥3♦ ❞❡ ❝♦❧✉♥❛, ❢♦&♥❡❝✐❞❛, ♣❡❧❛ ❤❡✉&D,3✐❝❛✱ ❢♦& ✐❣✉❛❧ ❛ ③❡&♦ ♦✉ ♣♦,✐3✐✈♦✳ ❊♠

,❡❣✉✐❞❛ ♦ ♠♦❞❡❧♦ ✻✳✶ ✲ ✻✳✹ = &❡,♦❧✈✐❞♦ ❡ ❛ ,♦❧✉?>♦ I3✐♠❛ ❞❡,,❡ ♠♦❞❡❧♦ = ❛&♠❛③❡♥❛❞❛✳

❆ ❞✐♥Q♠✐❝❛ ❞❡,❝&✐3❛ ♣♦❞❡ ,❡& ♦❜,❡&✈❛❞❛ ♥❛ ✜❣✉&❛ ✻✳✺✳

❉❡,3❛❝❛✲,❡ ❞♦✐, ♣♦♥3♦, F✉❛♥3♦ ❛♦ ❚❡,3❡ ✸✱ ♦ ♣&✐♠❡✐&♦ = ❝♦♠ &❡❧❛?>♦ ❛ ,❡F✉T♥❝✐❛

❞❡ ❥♦❜, ❛❜♦&❞❛❞❛ ♣❡❧❛ ♠❡,♠❛✱ ♣♦✐, = ✐❞T♥3✐❝❛ ❛ ❛F✉❡❧❛ ✉3✐❧✐③❛❞❛ ♥♦ ❚❡,3❡ ✷✱ ❛♥3❡&✐♦&✲

♠❡♥3❡ ❛ ❡♥3&❛❞❛ ❞♦ ❙❇✳ ❖ ❙❡❣✉♥❞♦ ♣♦♥3♦ = F✉❡ ❡,,❡ ❡①♣❡&✐♠❡♥3♦ ❢♦&♥❡❝❡ ❛♦ ✜♥❛❧ ❞❡

,❡✉ ♣&♦❝❡,,❛♠❡♥3♦ ✉♠❛ ,♦❧✉?>♦ ✈✐U✈❡❧ ♣❛&❛ ♦ ♣&♦❜❧❡♠❛ ❡✱ ♣♦&3❛♥3♦✱ ✉♠ ✈❛❧♦& ♣❛&❛ ♦

❧✐♠✐3❡ ,✉♣❡&✐♦&✳ ❱❛❧♦& F✉❡ ♥>♦ ♣♦,,✉✐ ❣❛&❛♥3✐❛ ❞❡ ♦3✐♠❛❧✐❞❛❞❡✱ ❝♦♠♦ ❥U ❞✐,❝✉3✐❞♦✳

<(♦❣(❛♠❛ ❞❡ <=& ●(❛❞✉❛*+♦ ❡♠ ❊♥❣❡♥❤❛(✐❛ ❞❡ <(♦❞✉*+♦ ✲ <♣❣❡♣✴❯❋▼●



✻✳✺ ✲ ❘❡&✉❧)❛❞♦& ❚❡&)❡ ✸ ✻✷

Resolver PMR 

 Gerar Solução 

Inicial 

Heurística 
(Seq. viável gerada 

para M1) 

Custo 

Reduzido 

Negativo 

Sim 

Não 

Resultado final 

Aplicação Modelo 

Adaptado 

❋✐❣✉&❛ ✻✳✺✿ ❉✐♥-♠✐❝❛ ❚❡23❡ ✸ ✲ ❍❡✉&723✐❝❛ ❡ ●❡&❛9:♦ ❞❡ ❈♦❧✉♥❛2 2❡♠2 ❣❛&❛♥3✐❛ ❞❡

❖3✐♠❛❧✐❞❛❞❡

✻✳✺ ❘❡%✉❧(❛❞♦% ❚❡%(❡ ✸

❖2 &❡2✉❧3❛❞♦2 ❞♦ ❚❡23❡ ✸ 2:♦ ❡①♣♦23♦2 ♥❛ 3❛❜❡❧❛ ✻✳✺✳

✻✳✺✳✶ ❆♥&❧✐)❡ ❘❡)✉❧-❛❞♦) ❚❡)-❡ ✸

❖ C❧3✐♠♦ 3❡23❡ &❡❛❧✐③❛❞♦ ❡♥✈♦❧✈❡ ❛ ❛♣❧✐❝❛9:♦ ❞❛ ❍❡✉&723✐❝❛ ❡ ♣❛&3❡ ❞♦ ♠❡2♠♦

♣&✐♥❝7♣✐♦ ❛♣❧✐❝❛❞♦ ♣❛&❛ ♦ ❚❡23❡ ✷✱ ♣♦&G♠ 2❡♠ ❛ ✉3✐❧✐③❛9:♦ ❞♦ ❙❇ &❡2♦❧✈✐❞♦ ♣❡❧♦  ♦❧✈❡%

❈J▲❊❳✳ ❖ ♦❜❥❡3✐✈♦ ❞♦ ❚❡23❡ ✸ G ❛✈❛❧✐❛& ❛ O✉❛❧✐❞❛❞❡ ❞❛ 2♦❧✉9:♦ ❢♦&♥❡❝✐❞❛ ✉3✐❧✐③❛♥❞♦ ❛

❤❡✉&723✐❝❛ ♣❛&❛ 2♦❧✉❝✐♦♥❛& ♦ ❙❇ ❡✱ ❞❡22❛ ❢♦&♠❛✱ 2❡♠ ❣❛&❛♥3✐& ❞❡ ♦3✐♠❛❧✐❞❛❞❡ ❞❛ 2♦❧✉9:♦✳

❖2 &❡2✉❧3❛❞♦2 ♦❜3✐❞♦2 ❛3&❛✈G2 ❞❡22❡ ♠G3♦❞♦ 2❡ ♠♦23&❛&❛♠ ♠❛✐2 &R♣✐❞♦2 ❞❡ 2❡✲

&❡♠ ❝❛❧❝✉❧❛❞♦2 ❞♦ O✉❡ ♥♦2 ♦✉3&♦2 ❡①♣❡&✐♠❡♥3♦2✱ ❝♦♠♦ ♠♦23&❛ ❛ 3❛❜❡❧❛ ✻✳✺✳ ❈♦♠ &❡❧❛9:♦

❛ 2♦❧✉9:♦ ♦❜3✐❞❛✱ ❡23❛ ❢♦✐ ❜❡♠ ♣&S①✐♠❛ ❛ 2♦❧✉9:♦ ❝❛❧❝✉❧❛❞❛ ♣❡❧♦ ❚❡23❡ ✷✱ 2❡♥❞♦ O✉❡ ❡♠

✶✵ ❞❛2 ✸✵ ✐♥23-♥❝✐❛2 ♦ ✈❛❧♦& ❢♦✐ ♦ ♠❡2♠♦✳ ❖✉3&♦ ❞❛❞♦ ✐♠♣♦&3❛♥3❡✱ G ❛ ✈❛&✐❛9:♦ ♣❡&❝❡♥✲

3✉❛❧ ❡♥3&❡ ❛2 2♦❧✉9V❡2 ❢♦&♥❡❝✐❞❛2 ♣❡❧♦2 ❚❡23❡2 ✷ ❡ ✸✱ ♣♦✐2 ❛ ♠❛✐♦& ❞✐❢❡&❡♥9❛ ❡♥❝♦♥3&❛❞❛

❢♦✐ ❞❡ ✶✶✪✱ ♦✉ 2❡❥❛✱ ♦ ✈❛❧♦& ♦❜3✐❞♦ ♣❡❧♦ ❚❡23❡ ✸ ❢♦✐ ❛3G ✶✶✪ ♠❛✐♦& ❞♦ O✉❡ ❛O✉❡❧❡ ❡♥❝♦♥✲

3&❛❞♦ ♣❡❧♦ ❚❡23❡ ✷✳ ❱❛❧❡ ❞❡23❛❝❛& O✉❡ ♦ ✈❛❧♦& ♦❜3✐❞♦ ♥♦ ❚❡23❡ ✸ 2❡&R 2❡♠♣&❡ ♠❛✐♦& ♦✉

✐❣✉❛❧ ❞♦ O✉❡ ♥♦ ❡①♣❡&✐♠❡♥3♦ ❛♥3❡&✐♦&✱ ♣♦✐2 ❡♥O✉❛♥3♦ ✉♠ ❝❛❧❝✉❧❛ ✉♠❛ 2♦❧✉9:♦ ✈✐R✈❡❧ ♦

♦✉3&♦ ♣&♦❝✉&❛& 2♦❧✉❝✐♦♥❛& ✉♠❛ &❡❧❛①❛9:♦✳

/0♦❣0❛♠❛ ❞❡ /3& ●0❛❞✉❛56♦ ❡♠ ❊♥❣❡♥❤❛0✐❛ ❞❡ /0♦❞✉56♦ ✲ /♣❣❡♣✴❯❋▼●



✻✳✺✳✶ ✲ ❆♥'❧✐*❡ ❘❡*✉❧.❛❞♦* ❚❡*.❡ ✸ ✻✸

❆ #❛❜❡❧❛ ✻✳✻ ❡①♣+❡♠ ♦. /❡.✉❧#❛❞♦. ♦❜#✐❞♦. ❝♦♠ ♦. ❚❡.#❡. ✷ ❡ ✸ ❡✱ ❡♠ ♣❛/❛❧❡❧♦✱

❛ .♦❧✉78♦ ❞♦ ♠♦❞❡❧♦ ♦/✐❣✐♥❛❧ ♣❛/❛ ❢❛❝✐❧✐#❛/ ❛ ❝♦♠♣❛/❛78♦✳

 !♦❣!❛♠❛ ❞❡  () ●!❛❞✉❛,-♦ ❡♠ ❊♥❣❡♥❤❛!✐❛ ❞❡  !♦❞✉,-♦ ✲  ♣❣❡♣✴❯❋▼●



✻✳✺✳✶ ✲ ❆♥'❧✐*❡ ❘❡*✉❧.❛❞♦* ❚❡*.❡ ✸ ✻✹

❚❛❜❡❧❛ ✻✳✸✿ ❈♦♠♣❛.❛/0♦ ❡♥2.❡ ❋♦.♠✉❧❛/0♦ ❖.✐❣✐♥❛❧✱ ❘❡❧❛①❛/0♦ ▲✐♥❡❛. ❡ ●❡.❛/0♦ ❞❡

❈♦❧✉♥❛>✳ ❆ ❝♦❧✉♥❛ ✭❈!❞✐❣♦✮ .❡❢❡.❡✲>❡ ❛ ✐♥>2E♥❝✐❛ 2.❛❜❛❧❤❛❞❛✱ ♦> ✐2❡♥> (RL) ❡ (GC)
>✐❣♥✐✜❝❛♠ ❘❡❧❛①❛/0♦ ▲✐♥❡❛. ❡ ❣❡.❛/0♦ ❞❡ ❝♦❧✉♥❛>✱ .❡>♣❡❝2✐✈❛♠❡♥2❡✳ ❏J ❛> >✐❣❧❛> ✭❋❖✮✱

✭▲■✮✱ ✭▲❙✮✱ ✭❚✮ ❡ (GAP ) .❡♣.❡>❡♥2❛♠ ❛ ❋✉♥/0♦ ❖❜❥❡2✐✈♦✱ ✈❛❧♦. ❞♦ ▲✐♠✐2❛♥2❡ ■♥❢❡.✐♦.✱

✈❛❧♦. ❞♦ ▲✐♠✐2❛♥2❡ ❙✉♣❡.✐♦.✱ ❚❡♠♣♦ ❞❡ ♣.♦❝❡>>❛♠❡♥2♦ ❡♠ >❡❣✉♥❞♦> ❡ ♦ ●❆N ❞❡ ♦2✐♠❛✲

❧✐❞❛❞❡ ❞♦ ♠O2♦❞♦ ✭

LS − LI

LS
✮ .❡>♣❡❝2✐✈❛♠❡♥2❡✳ ❋♦✐ ❛♣.❡>❡♥2❛❞❛ ❛ >♦❧✉/0♦ P2✐♠❛ ♣❛.❛

.❡❧❛①❛/0♦ ❧✐♥❡❛.✳

❈P❞✐❣♦

▼♦❞❡❧♦ ♦.✐❣✐♥❛❧ ❘▲ ●❈

❋❖ ●❆N ❚✭>❡❣✮ ❋❖ ❚✭>❡❣✮ ▲■ ▲❙ ●❆N ❚✭>❡❣✮

✺✲✷✲✸✲✶ ✸✹ ✵✱✵✪ ✵ ✷✽ ✵ ✸✹ ✸✹ ✵✱✵✪ ✷

✺✲✸✲✸✲✶ ✷✽ ✵✱✵✪ ✵ ✷✻ ✵ ✷✽ ✷✽ ✵✱✵✪ ✸✼

✺✲✹✲✸✲✶ ✺✵ ✵✱✵✪ ✵ ✹✹ ✵ ✹✽ ✹✽ ✵✱✵✪ ✷✾

✶✵✲✸✲✺✲✶ ✻✶ ✵✱✵✪ ✸ ✺✵ ✵ ✻✶ ✻✶ ✵✱✵✪ ✶✶

✶✵✲✺✲✺✲✶ ✶✶✸ ✵✱✵✪ ✹✺ ✾✽ ✵ ✶✶✸ ✶✶✸ ✵✱✵✪ ✹✾✼

✶✵✲✼✲✺✲✶ ✶✺✼ ✵✱✵✪ ✺✵ ✶✹✷ ✵ ✶✺✼ ✶✺✼ ✵✱✵✪ ✹✼✶

✶✺✲✺✲✽✲✶ ✶✹✾ ✵✱✵✪ ✸✻✵✵ ✶✸✸ ✵ ✶✹✾ ✶✹✾ ✵✱✵✪ ✸✹✵✷

✶✺✲✽✲✽✲✶ ✷✹✵ ✸✱✸✪ ✸✻✵✵ ✷✵✾ ✵ ✷✵✻ ✷✸✽ ✶✸✱✺✪ ✺✻✽✷

✶✺✲✶✶✲✽✲✶ ✸✹✼ ✶✵✱✻✪ ✸✻✵✵ ✷✾✸ ✵ ✸✸✽ ✸✹✷ ✶✱✶✪ ✸✼✽✵

✷✵✲✻✲✶✵✲✶ ✶✾✵ ✵✱✵✪ ✸✸✺✵ ✶✻✾ ✵ ✺✸ ✶✾✵ ✼✷✱✵✪ ✸✻✵✷

✷✵✲✶✵✲✶✵✲✶ ✸✾✵ ✷✵✱✶✪ ✸✻✵✵ ✸✽✸ ✸ ✸✺✹ ✹✽✵ ✷✻✱✸✪ ✸✻✵✷

✷✵✲✶✹✲✶✵✲✶ ✹✽✶ ✶✺✱✹✪ ✸✻✵✵ ✹✼✼ ✶ ✹✸✵ ✺✺✾ ✷✸✱✷✪ ✸✻✵✷

✺✵✲✶✺✲✶✺✲✶ ✶✸✽✸ ✶✷✱✼✪ ✸✻✵✵ ✶✷✵✼ ✶ ✻✾✺ ✶✸✺✶ ✹✽✱✻✪ ✸✻✵✷

✺✵✲✷✺✲✶✺✲✶ ✸✵✾✸ ✸✸✱✵✪ ✸✻✵✵ ✷✵✼✶ ✼ ✷✶✸✾ ✷✼✹✾ ✷✷✱✷✪ ✸✻✵✷

✺✵✲✸✺✲✶✺✲✶ ✹✼✷✺ ✸✺✱✼✪ ✸✻✵✵ ✸✵✸✼ ✽ ✸✹✽✵ ✹✵✼✶ ✶✹✱✺✪ ✸✻✵✸

✺✲✷✲✸✲✷ ✷✷✻ ✵✱✵✪ ✷ ✶✽✻ ✵ ✷✷✻ ✷✷✻ ✵✱✵✪ ✸✷

✺✲✸✲✸✲✷ ✹✸✻ ✵✱✵✪ ✹ ✹✵✷ ✵ ✹✸✻ ✹✸✻ ✵✱✵✪ ✹✸

✺✲✹✲✸✲✷ ✸✷✼ ✵✱✵✪ ✵ ✸✷✸ ✵ ✸✷✺ ✸✷✺ ✵✱✵✪ ✻

✶✵✲✸✲✺✲✷ ✸✻✶ ✻✱✵✪ ✸✻✵✵ ✸✷✵ ✶ ✸✹✷ ✸✹✷ ✵✱✵✪ ✽✺✺

✶✵✲✺✲✺✲✷ ✽✽✷ ✾✱✵✪ ✸✻✵✵ ✼✽✾ ✸ ✻✹✺ ✽✻✷ ✷✺✱✷✪ ✹✵✶✾

✶✵✲✼✲✺✲✷ ✶✵✵✵ ✺✱✼✪ ✸✻✵✵ ✾✷✻ ✷ ✽✻✶ ✾✾✻ ✶✸✱✻✪ ✸✻✵✷

✶✺✲✺✲✽✲✷ ✶✼✵✺ ✶✼✱✷✪ ✸✻✵✵ ✶✹✵✸ ✶✹ ✶✵✹✹ ✶✻✽✷ ✸✼✱✾✪ ✸✻✵✺

✶✺✲✽✲✽✲✷ ✷✵✺✺ ✷✽✱✾✪ ✸✻✵✵ ✶✹✺✹ ✾ ✶✷✸✾ ✶✼✸✶ ✷✽✱✹✪ ✸✻✵✷

✶✺✲✶✶✲✽✲✷ ✸✾✵✼ ✷✹✱✸✪ ✸✻✵✵ ✷✾✺✺ ✽ ✷✼✻✻ ✸✼✾✹ ✷✼✱✶✪ ✸✻✵✹

✷✵✲✻✲✶✵✲✷ ✶✽✺✾ ✷✹✱✻✪ ✸✻✵✵ ✶✸✾✼ ✺ ✺✽✷ ✶✺✽✻ ✻✸✱✸✪ ✸✻✵✷

✷✵✲✶✵✲✶✵✲✷ ✸✻✹✷ ✷✷✱✷✪ ✸✻✵✵ ✷✽✸✷ ✾ ✷✺✷✶ ✸✸✷✼ ✷✹✱✷✪ ✸✻✵✹

✷✵✲✶✹✲✶✵✲✷ ✹✽✻✻ ✷✼✱✽✪ ✸✻✵✵ ✸✺✶✵ ✸ ✸✸✻✶ ✹✶✾✵ ✶✾✱✽✪ ✸✻✶✾

✺✵✲✶✺✲✶✺✲✷ ✼✾✺✵ ✷✹✱✺✪ ✸✻✵✵ ✻✵✵✷ ✹✶ ✸✸✸✶ ✼✵✽✷ ✺✸✱✵✪ ✸✻✶✽

✺✵✲✷✺✲✶✺✲✷ ✶✽✻✾✾ ✹✼✱✽✪ ✸✻✵✵ ✾✼✹✾ ✸✸ ✶✶✽✷✽ ✶✹✶✽✼ ✶✻✱✻✪ ✸✻✶✸

✺✵✲✸✺✲✶✺✲✷ ✷✷✹✺✻ ✹✾✱✵✪ ✸✻✵✵ ✶✷✶✾✻ ✶✶✺ ✶✷✾✾✽ ✶✺✽✼✸ ✷✱✵✪ ✸✻✶✶

45♦❣5❛♠❛ ❞❡ 48* ●5❛❞✉❛:;♦ ❡♠ ❊♥❣❡♥❤❛5✐❛ ❞❡ 45♦❞✉:;♦ ✲ 4♣❣❡♣✴❯❋▼●



✻✳✺✳✶ ✲ ❆♥'❧✐*❡ ❘❡*✉❧.❛❞♦* ❚❡*.❡ ✸ ✻✺

❚❛❜❡❧❛ ✻✳✹✿ ❈♦♠♣❛.❛/0♦ ❡♥2.❡ ❋♦.♠✉❧❛/0♦ ❖.✐❣✐♥❛❧✱ ❘❡❧❛①❛/0♦ ▲✐♥❡❛. ❡ ❚❡<2❡ ✷✳ ❆

❝♦❧✉♥❛ ✭❈!❞✐❣♦✮ .❡❢❡.❡✲<❡ ❛ ✐♥<2D♥❝✐❛ 2.❛❜❛❧❤❛❞❛✱ ♦< ✐2❡♥< (RL) ❡ (GC) <✐❣♥✐✜❝❛♠ ❘❡✲

❧❛①❛/0♦ ▲✐♥❡❛. ❡ ●❡.❛/0♦ ❞❡ ❈♦❧✉♥❛<✱ .❡<♣❡❝2✐✈❛♠❡♥2❡✳ ❏K ❛< <✐❣❧❛< ✭❋❖✮✱ ✭▲■✮✱ ✭▲❙✮✱

✭❚✮ ❡ (GAP ) .❡♣.❡<❡♥2❛♠ ❛ ❋✉♥/0♦ ❖❜❥❡2✐✈♦✱ ✈❛❧♦. ❞♦ ▲✐♠✐2❛♥2❡ ■♥❢❡.✐♦.✱ ✈❛❧♦. ❞♦

▲✐♠✐2❛♥2❡ ❙✉♣❡.✐♦.✱ ❚❡♠♣♦ ❞❡ ♣.♦❝❡<<❛♠❡♥2♦ ❡♠ <❡❣✉♥❞♦< ❡ ♦ ●❆O ❞❡ ♦2✐♠❛❧✐❞❛❞❡ ❞♦

♠P2♦❞♦✭

LS − LI

LS
✮ .❡<♣❡❝2✐✈❛♠❡♥2❡✳ ❋♦✐ ❛♣.❡<❡♥2❛❞❛ ❛ <♦❧✉/0♦ Q2✐♠❛ ♣❛.❛ .❡❧❛①❛/0♦

❧✐♥❡❛.✳

❈Q❞✐❣♦

▼♦❞❡❧♦ ♦.✐❣✐♥❛❧ ❘▲ ❚❡<2❡ ✷
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❚❛❜❡❧❛ ✻✳✺✿ ❈♦♠♣❛-❛./♦ ❡♥1-❡ ❋♦-♠✉❧❛./♦ ❖-✐❣✐♥❛❧✱ ❘❡❧❛①❛./♦ ▲✐♥❡❛- ❡ ❚❡;1❡ ✸✳ ❆

❝♦❧✉♥❛ ✭❈!❞✐❣♦✮ -❡❢❡-❡✲;❡ ❛ ✐♥;1C♥❝✐❛ 1-❛❜❛❧❤❛❞❛✱ ♦; ✐1❡♥; (RL) ❡ (GC) ;✐❣♥✐✜❝❛♠ -❡✲

❧❛①❛./♦ ❧✐♥❡❛-✱ ❣❡-❛./♦ ❞❡ ❝♦❧✉♥❛; ❡ ●❆H ❞❡ ♦1✐♠❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ♦-✐❣✐♥❛❧✱ -❡;♣❡❝1✐✲

✈❛♠❡♥1❡✳ ❏K ❛; ;✐❣❧❛; ✭❋❖✮✱ ✭❚✮ ❡ (GAP ) -❡♣-❡;❡♥1❛♠ ❛ ❢✉♥./♦ ♦❜❥❡1✐✈♦ ❡ ♦ 1❡♠♣♦ ❞❡

♣-♦❝❡;;❛♠❡♥1♦ ❡♠ ;❡❣✉♥❞♦;✱ -❡;♣❡❝1✐✈❛♠❡♥1❡✳ ❋♦✐ ❛♣-❡;❡♥1❛❞❛ ❛ ;♦❧✉./♦ M1✐♠❛ ♣❛-❛

-❡❧❛①❛./♦ ❧✐♥❡❛-✳

❈M❞✐❣♦

▼♦❞❡❧♦ ❖-✐❣✐♥❛❧ ❘▲ ❚❡;1❡ ✸
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❚❛❜❡❧❛ ✻✳✻✿ ❈♦♠♣❛-❛./♦ ❡♥1-❡ ❋♦-♠✉❧❛./♦ ♦-✐❣✐♥❛❧✱ ❚❡71❡7 ✷ ❡ ❚❡71❡ ✸✳ ❆ ❝♦❧✉♥❛ ✭❈!✲

❞✐❣♦✮ -❡❢❡-❡✲7❡ ❛ ✐♥71@♥❝✐❛ 1-❛❜❛❧❤❛❞❛✳ ❏D ❛7 7✐❣❧❛7 ✭❋❖✮✱ ✭▲■✮✱ ✭▲❙✮✱ ✭❚✮✱ (GAP ) ❡

❱❆❘ ❚✷①❚✸ -❡♣-❡7❡♥1❛♠ ❛ ❢✉♥./♦ ♦❜❥❡1✐✈♦✱ ✈❛❧♦- ❞♦ ▲✐♠✐1❛♥1❡ ■♥❢❡-✐♦-✱ ✈❛❧♦- ❞♦ ▲✐♠✐✲

1❛♥1❡ ❙✉♣❡-✐♦-✱ 1❡♠♣♦ ❞❡ ♣-♦❝❡77❛♠❡♥1♦ ❡♠ 7❡❣✉♥❞♦7✱ ●❆K ❞❡ ♦1✐♠❛❧✐❞❛❞❡ ✭

LS − LI

LS
✮

❡ ❱❆❘ ❚✷①❚✸ ✐♥❞✐❝❛ ❛ ❞✐❢❡-❡♥.❛ ❡♥1-❡ ❛7 7♦❧✉.L❡7 ❞♦7 ❚❡71❡7 ✷ ❡ ❚❡71❡ ✸✱ -❡7♣❡❝1✐✈❛✲

♠❡♥1❡✳ ❋♦✐ ❛♣-❡7❡♥1❛❞❛ ❛ 7♦❧✉./♦ M1✐♠❛ ♣❛-❛ -❡❧❛①❛./♦ ❧✐♥❡❛-✳

❈M❞✐❣♦

▼♦❞❡❧♦ ❖-✐❣✐♥❛❧ ❚❡71❡ ✷ ❚❡71❡ ✸

❋❖ ●❆K ❚ ▲■ ▲❙ ●❆K ❚ ❋❖ ❚ ❱❆❘

✭7❡❣✮ ✭7❡❣✮ ✭7❡❣✮ ❚✷①❚✸

✺✲✷✲✸✲✶ ✸✹ ✵✱✵✪ ✵ ✸✹ ✸✹ ✵✱✵✵✪ ✵ ✸✹ ✵ ✵✱✵✵✪

✺✲✸✲✸✲✶ ✷✽ ✵✱✵✪ ✵ ✷✽ ✷✽ ✵✱✵✵✪ ✵ ✷✽ ✵ ✵✱✵✵✪

✺✲✹✲✸✲✶ ✺✵ ✵✱✵✪ ✵ ✹✽ ✹✽ ✵✱✵✵✪ ✸ ✺✷ ✵ ✽✱✸✸✪

✶✵✲✸✲✺✲✶ ✻✶ ✵✱✵✪ ✸ ✻✶ ✻✶ ✵✱✵✵✪ ✻ ✻✶ ✵ ✵✱✵✵✪

✶✵✲✺✲✺✲✶ ✶✶✸ ✵✱✵✪ ✹✺ ✶✶✸ ✶✶✸ ✵✱✵✵✪ ✶✺ ✶✶✻ ✵ ✷✱✻✺✪

✶✵✲✼✲✺✲✶ ✶✺✼ ✵✱✵✪ ✺✵ ✶✺✼ ✶✺✼ ✵✱✵✵✪ ✶✷ ✶✺✾ ✵ ✶✱✷✼✪

✶✺✲✺✲✽✲✶ ✶✹✾ ✵✱✵✪ ✸✻✵✵ ✶✹✾ ✶✹✾ ✵✱✵✵✪ ✶✷✽ ✶✹✾ ✵ ✵✱✵✵✪

✶✺✲✽✲✽✲✶ ✷✹✵ ✸✱✸✪ ✸✻✵✵ ✷✸✽ ✷✸✽ ✵✱✵✵✪ ✻✻✸ ✷✹✹ ✵ ✷✱✺✷✪

✶✺✲✶✶✲✽✲✶ ✸✹✼ ✶✵✱✻✪ ✸✻✵✵ ✸✹✷ ✸✹✷ ✵✱✵✵✪ ✶✶✹✸ ✸✺✺ ✵ ✸✱✽✵✪

✷✵✲✻✲✶✵✲✶ ✶✾✵ ✵✱✵✪ ✸✸✺✵ ✶✾✵ ✶✾✵ ✵✱✵✵✪ ✸✻✵✵ ✶✾✵ ✵ ✵✱✵✵✪

✷✵✲✶✵✲✶✵✲✶ ✸✾✵ ✷✵✱✶✪ ✸✻✵✵ ✹✽✸ ✹✽✸ ✵✱✵✸✪ ✸✻✶✶ ✺✶✵ ✶ ✺✱✺✾✪

✷✵✲✶✹✲✶✵✲✶ ✹✽✶ ✶✺✱✹✪ ✸✻✵✵ ✺✻✻ ✺✻✻ ✵✱✵✻✪ ✸✻✵✼ ✺✽✷ ✶ ✷✱✽✸✪

✺✵✲✶✺✲✶✺✲✶ ✶✸✽✸ ✶✷✱✼✪ ✸✻✵✵ ✶✸✺✷ ✶✸✺✷ ✵✱✵✵✪ ✸✻✵✼ ✶✸✾✶ ✶ ✷✱✽✽✪

✺✵✲✷✺✲✶✺✲✶ ✸✵✾✸ ✸✸✱✵✪ ✸✻✵✵ ✷✼✻✶ ✷✼✽✶ ✵✱✼✶✪ ✸✻✵✵ ✷✽✾✼ ✶ ✹✱✶✼✪

✺✵✲✸✺✲✶✺✲✶ ✹✼✷✺ ✸✺✱✼✪ ✸✻✵✵ ✹✵✹✼ ✹✵✹✾ ✵✱✵✹✪ ✸✻✶✵ ✹✸✸✸ ✶ ✼✱✵✶✪

✺✲✷✲✸✲✷ ✷✷✻ ✵✱✵✪ ✷ ✷✷✻ ✷✷✻ ✵✱✵✵✪ ✷ ✷✷✻ ✵ ✵✱✵✵✪

✺✲✸✲✸✲✷ ✹✸✻ ✵✱✵✪ ✹ ✹✸✻ ✹✸✻ ✵✱✵✵✪ ✷ ✹✸✻ ✵ ✵✱✵✵✪

✺✲✹✲✸✲✷ ✸✷✼ ✵✱✵✪ ✵ ✸✷✺ ✸✷✺ ✵✱✵✵✪ ✶ ✸✷✼ ✵ ✵✱✻✷✪

✶✵✲✸✲✺✲✷ ✸✻✶ ✻✱✵✪ ✸✻✵✵ ✸✻✶ ✸✻✶ ✵✱✵✵✪ ✶✺✽ ✸✻✶ ✶ ✵✱✵✵✪

✶✵✲✺✲✺✲✷ ✽✽✷ ✾✱✵✪ ✸✻✵✵ ✽✻✷ ✽✻✷ ✵✱✵✵✪ ✾✹✸ ✽✾✵ ✹ ✸✱✷✺✪

✶✵✲✼✲✺✲✷ ✶✵✵✵ ✺✱✼✪ ✸✻✵✵ ✾✾✻ ✾✾✻ ✵✱✵✵✪ ✸✺✻✶ ✶✵✷✷ ✵ ✷✱✻✶✪

✶✺✲✺✲✽✲✷ ✶✼✵✺ ✶✼✱✷✪ ✸✻✵✵ ✶✻✽✷ ✶✻✽✷ ✵✱✵✵✪ ✸✻✵✼ ✶✻✽✷ ✶ ✵✱✵✵✪

✶✺✲✽✲✽✲✷ ✷✵✺✺ ✷✽✱✾✪ ✸✻✵✵ ✶✾✼✼ ✶✾✼✼ ✵✱✵✵✪ ✸✻✵✵ ✷✵✸✼ ✶ ✸✱✵✸✪

✶✺✲✶✶✲✽✲✷ ✸✾✵✼ ✷✹✱✸✪ ✸✻✵✵ ✸✻✵✸ ✸✻✶✺ ✵✱✸✹✪ ✸✻✵✼ ✸✾✵✵ ✺ ✼✱✽✽✪

✷✵✲✻✲✶✵✲✷ ✶✽✺✾ ✷✹✱✻✪ ✸✻✵✵ ✶✺✼✺ ✶✺✼✺ ✵✱✵✵✪ ✸✻✵✵ ✶✺✼✺ ✶ ✵✱✵✵✪

✷✵✲✶✵✲✶✵✲✷ ✸✻✹✷ ✷✷✱✷✪ ✸✻✵✵ ✸✷✼✾ ✸✷✼✾ ✵✱✵✵✪ ✸✻✵✾ ✸✸✼✹ ✶ ✷✱✾✵✪

✷✵✲✶✹✲✶✵✲✷ ✹✽✻✻ ✷✼✱✽✪ ✸✻✵✵ ✹✵✼✼ ✹✵✼✼ ✵✱✵✵✪ ✸✻✵✾ ✹✺✷✹ ✶ ✶✵✱✾✻✪

✺✵✲✶✺✲✶✺✲✷ ✼✾✺✵ ✷✹✱✺✪ ✸✻✵✵ ✻✽✶✻ ✻✽✶✻ ✵✱✵✵✪ ✸✻✶✾ ✼✵✵✶ ✷ ✷✱✼✶✪

✺✵✲✷✺✲✶✺✲✷ ✶✽✻✾✾ ✹✼✱✽✪ ✸✻✵✵ ✶✷✹✺✽ ✶✷✹✺✽ ✵✱✵✵✪ ✸✻✶✹ ✶✷✼✹✻ ✽ ✷✱✸✶✪

✺✵✲✸✺✲✶✺✲✷ ✷✷✹✺✻ ✹✾✱✵✪ ✸✻✵✵ ✶✹✼✻✷ ✶✹✼✻✷ ✵✱✵✵✪ ✸✼✷✼ ✶✺✺✽✵ ✻ ✺✱✺✹✪

45♦❣5❛♠❛ ❞❡ 48* ●5❛❞✉❛:;♦ ❡♠ ❊♥❣❡♥❤❛5✐❛ ❞❡ 45♦❞✉:;♦ ✲ 4♣❣❡♣✴❯❋▼●



❈❛♣#$✉❧♦ ✼

❈♦♥❝❧✉+,♦ ❡ ❚/❛❜❛❧❤♦+ ❋✉$✉/♦+

❊!!❡ #$❛❜❛❧❤♦ ❝♦♥#$✐❜✉✐ ❝♦♠ ❛ ❛♣❧✐❝❛01♦ ❞♦! ♠3#♦❞♦! ❞❡ $❡❧❛①❛01♦ ▲❛❣$❛♥❣❡✲

❛♥❛✱ ●❡$❛01♦ ❞❡ ❈♦❧✉♥❛! ❡ ❞❡!❡♥✈♦❧✈✐♠❡♥#♦ ❞❡ ❞♦✐! ♠3#♦❞♦! ❤❡✉$<!#✐❝♦! ♣❛$❛ ❛ $❡!♦✲

❧✉01♦ ❞♦ ♣$♦❜❧❡♠❛ ❞❡ !❡=✉❡♥❝✐❛♠❡♥#♦ ❞❡♥♦#❛❞♦ ♣♦$ F2|CD|
∑

C2
j ✳ ❊!!❡ ♣$♦❜❧❡♠❛ 3

✐♥#❡$♣$❡#❛❞♦ ❝♦♠♦ ✉♠ ♣$♦❜❧❡♠❛ ❞❡ flowshop ❝♦♠ ❞✉❛! ♠?=✉✐♥❛!✱ ❝♦♠ $❡!#$✐0@❡! ❞❡

crossdocking✱ ♥♦ =✉❛❧ ❛ ❢✉♥01♦ ♦❜❥❡#✐✈♦ ❜✉!❝❛ ♠✐♥✐♠✐③❛$ ❛ !♦♠❛ ❞❛! ❞❛#❛! ❞❡ ❝♦♥❝❧✉!1♦

❞❡ #♦❞♦! ♦! ❥♦❜! =✉❡ !❡$1♦ #$❛❜❛❧❤❛❞♦! ♣❡❧❛ ♠?=✉✐♥❛ ✷✳ ❖! ♠3#♦❞♦! ❤❡✉$<!#✐❝♦! ❜✉!✲

❝❛♠ ❛✉①✐❧✐❛$ ❛ $❡!♦❧✉01♦ ❞❛ $❡❧❛①❛01♦ ▲❛❣$❛♥❣❡❛♥❛ ❡ ●❡$❛01♦ ❞❡ ❈♦❧✉♥❛! ♦❜#❡♥❞♦ ✉♠❛

!♦❧✉01♦ ✈✐?✈❡❧✱ =✉❡ !❡$? ✉#✐❧✐③❛❞❛ ❝♦♠♦ ❧✐♠✐#❡ !✉♣❡$✐♦$✱ ❡ ❝❛❧❝✉❧❛♥❞♦ ❜♦❛! !❡=✉F♥❝✐❛!

❞❡ ♣$♦❝❡!!❛♠❡♥#♦ ❞❡ ❥♦❜! ♣❛$❛ ❛ ♠?=✉✐♥❛ ✶✱ $❡!♣❡❝#✐✈❛♠❡♥#❡✳

❖! $❡!✉❧#❛❞♦! ♦❜#✐❞♦! ❝♦♠ ♦! ♠3#♦❞♦! !❡ ♠♦!#$❛$❛♠ !❛#✐!❢❛#H$✐♦!✳ ❆ $❡❧❛①❛01♦

▲❛❣$❛♥❣❡❛♥❛✱ ♣♦$ ♠❡✐♦ ❞❛ ❤❡✉$<!#✐❝❛ ▲❛♥❣$❛♥❣❡❛♥❛✱ ♦❜#❡✈❡ ❧✐♠✐#❡! !✉♣❡$✐♦$❡! ♣$H①✐♠♦!

❛♦! ✈❛❧♦$❡! ♦❜#✐❞♦! ♣❡❧♦ ♠♦❞❡❧♦ ♦$✐❣✐♥❛❧ ❡♠ ✉♠ ❝✉$#♦ ✐♥#❡$✈❛❧♦ ❞❡ #❡♠♣♦✱ ♥1♦ ✉❧#$❛✲

♣❛!!❛♥❞♦ ✷ !❡❣✉♥❞♦! ♣❛$❛ ❛! ♠❛✐♦$❡! ✐♥!#J♥❝✐❛! ❛✈❛❧✐❛❞❛!✳ ❖ ♠3#♦❞♦ ❞❡ ❣❡$❛01♦ ❞❡

❝♦❧✉♥❛! ❛!!♦❝✐❛❞♦ ❛ ❤❡✉$<!#✐❝❛ #❛♠❜3♠ ♦❜#❡✈❡ $❡!✉❧#❛❞♦! ✐♥#❡$❡!!❛♥#❡!✱ ♣♦✐! ♦ ❡①♣❡$✐✲

♠❡♥#♦ ❞❡♥♦♠✐♥❛❞♦ ♣♦$ ❍❡✉$<!#✐❝❛ ✶ ❝♦♥!❡❣✉✐✉ ♦❜#❡$ ✉♠ ❧✐♠✐#❡ ✈?❧✐❞♦ ♣❛$❛ ✷✺ ❞❛! ✸✵

✐♥!#J♥❝✐❛! ❡♠ ✉♠ ✐♥#❡$✈❛❧♦ ❞❡ #❡♠♣♦ ❞❡ ❛#3 ✸✻✵✵ !❡❣✉♥❞♦!✳ ❉❡!#❛❝❛✲!❡ =✉❡ ♦ ●❆Q ❞❛!

❞❡♠❛✐! ✺ ✐♥!#J♥❝✐❛! ♥1♦ ✉❧#$❛♣❛!!♦✉ ✶✪✳ ❆❧3♠ ❞✐!!♦✱ ♦ ❡①♣❡$✐♠❡♥#♦ ♦❜#❡✈❡ ❡♠ ✾ ♦♣♦$✲

#✉♥✐❞❛❞❡! ♦ ❧✐♠✐#❡ ♦❜#✐❞♦ ✐❣✉❛❧ ❛♦ ✈❛❧♦$ ❞❛ !♦❧✉01♦ H#✐♠❛ ❞♦ ♣$♦❜❧❡♠❛✱ ❝♦♥!✐❞❡$❛♥❞♦

❛♣❡♥❛! ❛! ✶✶ ✐♥!#J♥❝✐❛! =✉❡ ❢♦$❛♠ $❡!♦❧✈✐❞❛! ♣❡❧♦ ♠♦❞❡❧♦ ♦$✐❣✐♥❛❧ ❡♠ ❛#3 ✸✻✵✵ !❡❣✉♥✲

❞♦!✱ ♦✉ !❡❥❛✱ ●❆Q ✐❣✉❛❧ ❛ ③❡$♦✳ ❖ #❡♠♣♦ ❞❡ ♣$♦❝❡!!❛♠❡♥#♦ ♣❛$❛ ❡!!❡ ❡①♣❡$✐♠❡♥#♦ ✈❛$✐❛

❞❡ ❛❝♦$❞♦ ❝♦♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❛ ✐♥!#J♥❝✐❛✱ ♦✉ !❡❥❛✱ =✉❛♥#♦ ♠❛✐♦$❡! ♦ ♥T♠❡$♦ ❞❡ ❥♦❜!

♣$♦❝❡!!❛❞♦!✱ ♦ #❡♠♣♦ ❞❡ ♣$♦❝❡!!❛♠❡♥#♦ ❞♦! ♠❡!♠♦! ❡ ♦ ♥T♠❡$♦ ❞❡ ♣$❡❝❡❞❡♥#❡!✱ ♠❛✐♦$

!❡$? ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❡✱ ❝♦♥!❡=✉❡♥#❡♠❡♥#❡✱ ♦ #❡♠♣♦ ❞❡ ♣$♦❝❡!!❛♠❡♥#♦ ♣❛$❛ $❡!♦❧✉01♦

✻✽



❈❆"❮❚❯▲❖ ✼ ✿ ❈♦♥❝❧✉/0♦ ❡ ❚2❛❜❛❧❤♦/ ❋✉7✉2♦/ ✻✾

❞♦ ♣%♦❜❧❡♠❛✳

❈♦♠ %❡❧❛-.♦ ❛ /✉❛❧✐❞❛❞❡ ❞❛ 2❡/✉3♥❝✐❛ ❣❡%❛❞❛ ♣❡❧❛ ❤❡✉%829✐❝❛✱ ♦❜2❡%✈❛✲2❡ ♣❡❧♦

❡①♣❡%✐♠❡♥9♦ ❍❡✉%829✐❝❛ ✷ /✉❡ ❛ ♠❡2♠❛ ❛✉①✐❧✐❛ ❛ ❣❡%❛-.♦ ❞❡ ❝♦❧✉♥❛2 ❛ ❡♥❝♦♥9%❛% ❜♦❛2

❝♦❧✉♥❛2✱ ❛❝❡❧❡%❛♥❞♦ ♦ ♠@9♦❞♦✳ ❊22❡ ❢❛9♦ ♣♦❞❡ 2❡% ❝♦♠♣%♦✈❛❞♦ ❛♦ ❝♦♠♣❛%❛% ♦ ❡①♣❡%✐✲

♠❡♥9♦ %❡❛❧✐③❛❞♦ 2❡♠ ❛ ❤❡✉%829✐❝❛✱ /✉❡ ♦❜9❡✈❡ ✉♠ ❧✐♠✐9❡ ✈D❧✐❞♦ ❡♠ ❛♣❡♥❛2 ✶✶ ❞❛2 ✸✵

✐♥29H♥❝✐❛2✱ ❝♦♥9%❛ ✷✺ ❞❛ ❍❡✉%829✐❝❛ ✶✳ ❆❧@♠ ❞✐22♦✱ ❛♦ ❝♦♠♣❛%❛% ♦2 ✈❛❧♦%❡2 ❞♦2 ❡①♣❡%✐✲

♠❡♥9♦2 ❍❡✉%829✐❝❛ ✶ ❡ ✷✱ ♦❜2❡%✈❛✲2❡ /✉❡ /✉❡ ♦2 ✈❛❧♦%❡2 2.♦ 2❡♠❡❧❤❛♥9❡2✱ ❛♣❡2❛% ❞♦ ❙❇

2❡% %❡2♦❧✈✐❞♦ ❞❡ ❢♦%♠❛ ❤❡✉%829✐❝❛ ♣♦% ✉♠ ❞♦2 ❡①♣❡%✐♠❡♥9♦2✳ ❖2 ✈❛❧♦%❡2 ❞♦2 ❞♦✐2 ❡①♣❡✲

%✐♠❡♥9♦2 ❢♦%❛♠ ✐❞3♥9✐❝♦2 ❡♠ ✶✵ ♦♣♦%9✉♥✐❞❛❞❡2 ❡ ❛ ♠❛✐♦% ❞✐❢❡%❡♥-❛ ❡♥❝♦♥9%❛❞❛ ❢♦✐ ❞❡

✶✶✪✳ ❆22✐♠✱ ♣♦❞❡✲2❡ ❛✈❛❧✐❛% ❝♦♠♦ ♣♦2✐9✐✈❛ ❛ /✉❛❧✐❞❛❞❡ ❞❛2 2❡/✉3♥❝✐❛2 ❣❡%❛❞❛2✱ ❛22✐♠

❝♦♠♦ ❛ ✐♥9%♦❞✉-.♦ ❞❛ ❤❡✉%829✐❝❛ ♥♦ ♠@9♦❞♦ ❞❡ ❣❡%❛-.♦ ❞❡ ❝♦❧✉♥❛2✳

❈♦♠♣❛%❛♥❞♦ ❛ %❡❧❛①❛-.♦ ▲❛❣%❛♥❣❡❛♥❛ ❝♦♠ ❛ ❍❡✉%829✐❝❛ ✶ ♣♦% ♠❡✐♦ ❞❛2 9❛❜❡❧❛2

✹✳✷ ❡ ✻✳✹✱ @ ♦❜2❡%✈❛❞♦ /✉❡ ❛♠❜❛2 ♣♦22✉❡♠ ❜♦♥2 ✈❛❧♦%❡2 ♣❛%❛ ♦2 %❡2♣❡❝9✐✈♦2 ❧✐♠✐9❡2

2✉♣❡%✐♦%❡2✱ ♣♦✐2 ♥♦2 ❞♦✐2 ❝❛2♦2 ❡22❡2 ✈❛❧♦%❡2 2.♦ ♣%Q①✐♠♦2 ❛ 2♦❧✉-.♦ Q9✐♠❛ ❝❛❧❝✉❧❛❞❛ ♣❡❧♦

♠♦❞❡❧♦ ♦%✐❣✐♥❛❧✳ R♦%@♠✱ ❛♦ ❛✈❛❧✐❛%♠♦2 ♦2 %❡2✉❧9❛❞♦2 %❡❧❛9✐✈♦2 ❛2 ♠❛✐♦%❡2 ✐♥29H♥❝✐❛2 ❞♦

❣%✉♣♦ ✶ ❡ ✷✱ ♣❡%❝❡❜❡✲2❡ /✉❡ ❛ ❤❡✉%829✐❝❛ ✶ ❝❛❧❝✉❧❛ ✉♠ ❧✐♠✐9❛♥9❡ 2✉♣❡%✐♦%✱ ❝✉❥♦ ✈❛❧♦% ❡29D

❛❜❛✐①♦ ❞♦ ✈❛❧♦% ❞♦ ❧✐♠✐9❡ 2✉♣❡%✐♦% ❞❛ %❡❧❛①❛-.♦ ▲❛❣%❛♥❣❡❛♥❛✱ ❡29❡ ♣♦% 2✉❛ ✈❡③✱ ❡29D

❛❝✐♠❛ ♦✉ ♠✉✐9♦ ♣%Q①✐♠♦ ❞❛ 2♦❧✉-.♦ ❞♦ ♠♦❞❡❧♦ ♦%✐❣✐♥❛❧✳ ◆♦ ❡♥9❛♥9♦✱ ❞❡29❛❝❛✲2❡ /✉❡ ❛

2♦❧✉-.♦ ❢♦%♥❡❝✐❞❛ ♣❡❧♦ ♠♦❞❡❧♦ ♦%✐❣✐♥❛❧ ♥.♦ @ Q9✐♠❛ ❡ ♣♦22✉✐ ●❆R ❡❧❡✈❛❞♦✱ ❛❝✐♠❛ ❞❡

✷✵✪✱ ✐♥❞✐❝❛♥❞♦ /✉❡ ❛ ♠❡2♠❛ ♣♦❞❡ 2❡% ♠❡❧❤♦%❛❞❛✳ ❆❧@♠ ❞✐22♦✱ ❝♦♠♣❛%❛♥❞♦ ♦2 ●❆R✬2

❞❛2 2♦❧✉-W❡2 ❝❛❧❝✉❧❛❞❛2 ♣❡❧♦2 ❞♦✐2 ♠@9♦❞♦2✱ @ ✈✐28✈❡❧ /✉❡ ❛♠❜♦2 ♣♦22✉❡♠ ❞✐✜❝✉❧❞❛❞❡

♣❛%❛ ❝♦♥✈❡%❣✐%❡♠✳ R♦% ♦✉9%♦ ❧❛❞♦✱ ❛ ❣❡%❛-.♦ ❞❡ ❝♦❧✉♥❛2 ❢♦✐ ❢❛✈♦%❡❝✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛-.♦

❞❛ ❤❡✉%829✐❝❛✱ %❡2✉❧9❛♥❞♦ ❡♠ %❡2✉❧9❛❞♦2 ❝♦♠ ●❆R✬2 ♥✉❧♦2 ♦✉ ♠✉✐9♦ ❜❛✐①♦2✱ ❞✐❢❡%❡♥9❡

❞❛/✉❡❧❡2 ♦❜9✐❞♦2 ♣❡❧❛ %❡❧❛①❛-.♦ ▲❛❣%❛♥❣❡❛♥❛✳ ❆22✐♠✱ ♦ ✉2♦ ❞❛ ❤❡✉%829✐❝❛ ✶ ♣♦❞❡ 9%❛③❡%

✈❛❧♦%❡2 ♠❛✐2 ♣%Q①✐♠♦2 ❞❛ 2♦❧✉-.♦ ❞♦ ♣%♦❜❧❡♠❛✳

❈♦♠♦ 9%❛❜❛❧❤♦2 ❢✉9✉%♦2✱ ❛♣♦♥9❛✲2❡ ❛ ❡①♣❧♦%❛-.♦ ❞♦ ♠@9♦❞♦ ❞❡ %❡❧❛①❛-.♦ ▲❛✲

❣%❛♥❣❡❛♥❛✱ ❢♦❝❛♥❞♦ ♥❛ ♠❡❧❤♦%❛ ❞❡ 2❡✉ ❞❡2❡♠♣❡♥❤♦✳ ❆22✐♠✱ @ ♣%♦♣♦29♦ ❛ ❛♣❧✐❝❛-.♦

❞❡ ✉♠❛ ♠❡9❛✲❤❡✉%829✐❝❛ /✉❡ ❝❛❧❝✉❧❡ ♦ ❧✐♠✐9❡ 2✉♣❡%✐♦% ❞❡ ♠❛♥❡✐%❛ ❛❧9❡%♥❛9✐✈❛ ❛♦ /✉❡

❢♦✐ ❢❡✐9❛ ♥❛ 2❡-.♦ ✹✳✹✳ ❯♠❛ ♣♦22✐❜✐❧✐❞❛❞❡ ♣❛%❛ ❡22❡ ✜♠ @ ❛ ❤❡✉%829✐❝❛ ■▲❙ ✭Iterated −

Local − Search✮✳

❈♦♠ %❡❧❛-.♦ ❛♦ ♠@9♦❞♦ ❞❡ ❣❡%❛-.♦ ❞❡ ❝♦❧✉♥❛2✱ @ 2✉❣❡%✐❞♦ ❛ ✐♥9%♦❞✉-.♦ ❞❡ ♦✉9%❛

❤❡✉%829✐❝❛ ♣❛%❛ 9%❛❜❛❧❤❛% ❡♠ ❝♦♥❥✉♥9♦ ❝♦♠ ❛/✉❡❧❛ ❞❡2❝%✐9❛ ♥♦ 9%❛❜❛❧❤♦✳ ❖ ♦❜❥❡9✐✈♦ @

♠❡❧❤♦%❛% ❛2 2❡/✉3♥❝✐❛2 ❞❡ ❥♦❜2 ❣❡%❛❞❛2 ♣❛%❛ ❛ ♠D/✉✐♥❛ ✶ ❡ /✉❡ 2.♦ ✐♥9%♦❞✉③✐❞❛2 ♥♦

R▼❘✳ ❯♠❛ ♦♣-.♦ @ ❛ ❤❡✉%829✐❝❛ ❞❡ ❜✉2❝❛ ❧♦❝❛❧✱ /✉❡ ♣♦❞❡ ❛✉①✐❧✐❛% ♥❡22❡ ❝♦♥9❡①9♦✳

"2♦❣2❛♠❛ ❞❡ ";/ ●2❛❞✉❛=0♦ ❡♠ ❊♥❣❡♥❤❛2✐❛ ❞❡ "2♦❞✉=0♦ ✲ "♣❣❡♣✴❯❋▼●



❘❡❢❡#$♥❝✐❛) ❇✐❜❧✐♦❣#/✜❝❛)

❬✶❪ ❈!♦## ❉♦❝❦✐♥❣✿ ❍♦✇ -♦ ✉#❡ -❤❡ ❊❆◆ ✲ ❯❈❈ ❙-❛♥❞❛!❞#✳

❬✷❪ ❙❛✈❡❧*❜❡,❣❤ ▼✳❲✳1✳ ❆❦❦❡, ❏✳▼✳✱ ❍✉,❦❡♥* ❈✳❆✳❏✳ ❚✐♠❡✲■♥❞❡①❡❞ ❋♦,♠✉❧❛C✐♦♥* ❢♦,

▼❛❝❤✐♥❡ ❙❝❤❡❞✉❧✐♥❣ 1,♦❜❧❡♠*✿ ❈♦❧✉♠♥ ●❡♥❡,❛C✐♦♥✳ ■♥❢♦!♠# ❏♦✉!♥❛❧ ♦♥ ❈♦♠♣✉✲

-✐♥❣✱ ✶✷✿✶✶✶✕✶✷✹✱ ✷✵✵✵✳

❬✸❪ ❱✐*✇❛♥❛C❤❛♥ ❙✳ ❆♣C❡✳ ❯✳▼✳ ❊✛❡❝C✐✈❡ ❝,♦** ❞♦❝❦✐♥❣ ❢♦, ✐♠♣,♦✈✐♥❣ ❞✐*C,✐❜✉C✐♦♥

❡✣❝✐❡♥❝✐❡*✳ ■♥-❡!♥❛-✐♦♥❛❧ ❏♦✉!♥❛❧ ♦❢ ▲♦❣✐#-✐❝#✿ ❘❡#❡❛!❝❤ ❛♥❞ ❆♣♣❧✐❝❛-✐♦♥# ✱ ✸✿✷✾✶✕

✸✵✷✱ ✷✵✵✵✳

❬✹❪ ●✉❡ ❑✳❘✳ ❇❛,C❤♦❧❞✐ ❏❏✳ ❚❤❡ ❇❡*C ❙❤❛♣❡ ❢♦, ❈,♦**❞♦❝❦✳ ❚!❛♥#♣♦!-❛-✐♦♥ ❙❝✐❡♥❝❡✱

✸✽ ♥✳✷✿✷✸✺✕✷✹✹✱ ✷✵✵✹✳

❬✺❪ ❱❛❧❝❦❡♥❛❡,* 1✳ ❈❛CC,②**❡ ❉✳ ❇❡❧❧❡✱ ❏✳❱✳ ❈,♦**✲❉♦❝❦✐♥❣✿❙C❛C❡ ♦❢ C❤❡ ❛,C✳ ❖♠❡❣❛✿

❚❤❡ ■♥-❡!♥❛-✐♦♥❛❧ ❏♦✉!♥❛❧ ♦❢ ▼❛♥❛❣❡♠❡♥- ❙❝✐❡♥❝❡✱ ✹✵✿✽✷✼✕✽✹✻✱ ✷✵✶✷✳

❬✻❪ ❋❧✐❡❞♥❡, ▼✳ ❇♦②*❡♥✱ ◆✳ ❈,♦** ❉♦❝❦✐♥❣ ❙❤❡❞✉❧✐♥❣✿ ❈❧❛**✐✜❝❛C✐♦♥✱ ▲✐C❡,❛C✉,❡ ❘❡✲

✈✐❡✇ ❛♥❞ ❘❡*❡❛,❝❤ ❆❣❡♥❞❛✳ ❚❤❡ ■♥-❡!♥❛-✐♦♥❛❧ ❏♦✉!♥❛❧ ♦❢ ▼❛♥❛❣❡♠❡♥- ❙❝✐❡♥❝❡✱

✸✽✿✹✶✸✕✹✷✷✱ ✷✵✶✵✳
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B✐❣♥✐✜❝❛♠ ❘❡❧❛①❛-.♦ ▲✐♥❡❛, ❡ ❘❡❧❛①❛-.♦ ▲❛❣,❛♥❣❡❛♥❛✱ ,❡B♣❡❝0✐✈❛♠❡♥0❡✳ ❏H ❛B B✐❣❧❛B

✭❋❖✮✱ ✭▲■✮✱ ✭▲❙✮✱ ✭❚✮ ❡ (GAP ) ,❡♣,❡B❡♥0❛♠ ❛ ❢✉♥-.♦ ♦❜❥❡0✐✈♦✱ ❧✐♠✐0❡ ✐♥❢❡,✐♦,✱ ❧✐♠✐0❡

B✉♣❡,✐♦,✱ 0❡♠♣♦ ❞❡ ♣,♦❝❡BB❛♠❡♥0♦ ❡♠ B❡❣✉♥❞♦B ❡ ♦ ●❆K ❞❡ ♦0✐♠❛❧✐❞❛❞❡ ✭

LS − LI

LS
✮

,❡B♣❡❝0✐✈❛♠❡♥0❡✳ ❋♦✐ ❛♣,❡B❡♥0❛❞❛ ❛ B♦❧✉-.♦ M0✐♠❛ ♣❛,❛ ,❡❧❛①❛-.♦ ❧✐♥❡❛,✳

❈M❞✐❣♦

▼♦❞❡❧♦ ❖,✐❣✐♥❛❧ ❘▲ ❘✳ ▲❆●

❋❖ ●❆K ❚✭B❡❣✮ ❋❖ ❚✭B❡❣✮ ▲■ ▲❙ ●❆K ❚✭B❡❣✮
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