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‘In that case, my dear Adeimantus,’ I said, ‘we must certainly not give up, even if the
investigation turns up to be rather lengthy.’ (376d)*

‘I certainly don’t know yet;, we must let our destination be decided by the winds of the
discussion.’ (394d)*

Plato, Republic

*The two quotes are taken from the Oxford World’s Classics edition. Translated by Robin Waterfield.
Oxford University Press, 2008.



To my father, my mother and my brother (Head).



Abstract

This thesis is primarily concerned with the extension of nodal meshfree methods
to the solution of electromagnetic wave scattering problems in three dimensions. These
problems involve vector field quantities, which are usually constrained by a divergence-
free condition. The rather innocent addition of such a constraint on the divergence
makes the analysis via nodal basis functions particularly challenging. In order to deal
with it, we must add a Lagrange multiplier to the discretized weak forms. We are thus
led to a mixed formulation which involves two quantities: The electric field and the
Lagrange multiplier (also called pseudopressure). Next we investigate the conditions
under which the aforementioned mixed formulation is well-posed; at this point the so-
called inf-sup conditions play a fundamental role. After delving deeply on the theorems
which comprise the framework of mixed formulations, one observes that the nodal
approach we propose is backed by a firm mathematical theory. Finally, our meshfree
formulation is put to the test by solving several problems pertaining to the subject of
wave scattering.



Resumo

A presente tese versa sobre a extensao dos métodos sem malha ditos ‘nodais’ a
problemas de espalhamento eletromagnético em trés dimensdes. Tais problemas
envolvem quantidades vetoriais, sobre as quais geralmente ¢ imposta uma condigédo de
divergente nulo. A simples adicdo de uma restricio como essa ao divergente torna
particularmente dificil a anélise via fun¢des de forma nodais. Para lidar com ela de uma
maneira adequada, precisamos adicionar um multiplicador de Lagrange a versdo
discretizada das formas fracas resultantes do problema. Desta forma, somos levados a
uma formulacdo mista que envolve duas quantidades: O campo elétrico e o
multiplicador de Lagrange (também chamado de pseudopressdo). Em seguida,
investigamos as condicBes sob as quais a formulacdo mista é bem-posta; aqui as
chamadas condic@es inf-sup desempenham um papel fundamental. Apds uma profunda
exploracdo dos teoremas que dao estrutura as formulagdes mistas, observa-se que a
abordagem nodal proposta é de fato sustentada por uma firme base matematica.
Finalmente, a formulagdo meshfree desenvolvida é testada na solucdo de varios
problemas relativos ao espalhamento eletromagnético.



Preface

This work presents a nodal meshfree procedure for solving problems in which
the field quantities involved are vectors, i.e., quantities which are characterized by a
magnitude and a direction in space, as opposed to scalars, which are devoid of any
sense of direction attached to their meaning. | had the opportunity to deal with meshfree
methods and scalar quantities in different circumstances in the past during my Master’s
work. Thanks to the relative success | obtained, it was decided that the natural path to
follow would be the extension of the meshfree approach to scenarios involving vector
field quantities, particularly those arising in the analysis of time-harmonic
electromagnetic wave propagation and scattering.

The first ideas concerning the application of meshfree techniques to the
Maxwell-Helmholtz equation are sketched in the text for the Qualifying Exam |
presented to the UFMG Graduate Program in Electrical Engineering in September 2012.
(By Maxwell-Helmholtz equation | mean the vector wave equation involving a double
curl on E which one gets from both Faraday’s and Ampére’s laws written in the
frequency domain). It was duly approved by the examining committee, who encouraged
me to bring the work to a successful completion. One of the characteristics of this
preliminary work is that the discretization process should rely solely on nodal basis
functions (as opposed to the vector edge and face elements which are standard practice
in the finite element literature). The reasons for such a choice is that the underlying
meshfree method is a particle method, i.e., it is based on particles or nodes spread
throughout the computational domain of interest (denoted as Q). In doing so, we keep
the geometrical structure at a minimum: Just a set of nodes (ordinary points). Edges,
faces and tetrahedra should be completely absent. This of course does not preclude the
development of different meshfree methods based on objects other than nodes; it only
reflects my choice, which is to comply with a minimal geometrical structure.

When certain scalar functions are ascribed to each node in the domain (, one
gets (under the right conditions) a linear space V¢, spanned by the set of these functions
(i.e., formed by all linear combinations of these functions). These scalar functions are
the nodal basis functions mentioned in the previous paragraph, and will be described
later in the text.

For vectors in the Euclidean space R (such as E), the notions of magnitude and
direction can be joined together in order to describe an Euclidean vector at a point
x €O c RY as an ordered d-tuple of real (or complex) numbers, also called its
components, as E = [E;,---E4]", where d =2 (two dimensions) or d = 3 (three
dimensions). In a nodal approach, each component of the discretized vector field
EM = [EP, - E!] is taken from Ve, ie, EFe€Ve, i=1,-d, or equivalently,
Elevex--xVe,



The description of what is meant here by a nodal meshfree approach would by
now be complete if the governing differential equation were not constrained by some
condition on the divergence of the field in question. For the scattered electric field in
free-space (a situation with which we will be most concerned here), such a condition
reads as V- E = 0. This immediately poses the question: How can we make sure that
the discretized field also satisfies this constraint, i.e., how can we guarantee that
V- E" = 0? Moreover, in what sense shall this condition be satisfied? In a pointwise or
in a weak sense? The simplicity of the geometrical structure prevents us from
embedding the divergence-free condition into the basis functions (as it happens for
some vector finite elements).

Roughly speaking, the discretized problem we are trying to solve is formed by
two equations: The Maxwell-Helmholtz equation (a vector equation in d variables,
namely EI,--- EM) and the constraint on the divergence. When written componentwise,
the first equation produces a system of d differential equations in d variables, whereas
the second produces another equation in d variables. We are thus left with a total of
(d + 1) equations in d variables. The problem becomes again balanced if we introduce
a scalar Lagrange multiplier, or pseudopressure p”, into the system of equations. Now
there are (d + 1) equations in (d + 1) variables.

The effect of introducing another quantity p” is that we get a coupled system of
equations, in such a way that we must seek for a solution pair (E",p"), instead of just
solving for E" only. The first impression is that the problem becomes more complicated
than it should, but all clouds are dissipated when one observes that it fits the structure of
a mixed formulation, i.e., one which seeks to find approximate solutions for two (or
more) quantities simultaneously.

| was presented to the concept of mixed formulations and mixed finite elements
during the year of 2013, a period | spent at the Massachusetts Institute of Technology
(M.1.T.) Department of Mechanical Engineering conducting the doctoral research as a
Visiting Ph.D. student. The fact that our initial development in terms of E"* and p” fits
the structure of mixed formulations turns out to be a remarkable event, because the
theory supporting these formulations has already been given a rigorous mathematical
treatment.

The theory of mixed formulations was developed (independently) by I. Babuska
and F. Brezzi in the 1970’s, and since then, it has provided a basis to assess the well-
posedness of finite element discretizations for a number of problems in many branches
of computational mechanics. By fitting our meshfree procedure to the structure provided
by the general theory of mixed formulations, all the theorems and results necessary for
guaranteeing the solvability of our problems are automatically inherited. In doing so,
two goals can be reached at once: We not only discover a way to solve (constrained)
vector problems through a nodal meshfree method, but we are also provided a means to
assess the well-posedness of such problems. All the theoretical development will be
presented in the text, of course.



Actually, the theory of mixed formulations relies on deep results from
Functional Analysis, namely the Banach Open Mapping and Closed Range theorems,
where they are used to study the well-posedness of abstract operator equations. When
they are ‘specialized’ to the bilinear forms arising in the mixed formulations, they
assume the form of inf-sup conditions involving such forms. The role these inf-sup
conditions play in the analysis of the discretized forms from the scattering problem will
be discussed in detail.

Since the idea of approximating a vector field E by nodal scalar basis functions
together with a (scalar) Lagrange multiplier p is not usual in finite element analyses of
electromagnetic problems, | resorted to a model in which such approximation proved to
be successful: It is the finite element analysis of the steady-state incompressible Navier-
Stokes equations from fluid dynamics. There, one usually turns to nodal basis functions
in order to discretize the velocity field u, whereas the pressure p automatically plays the
role of a Lagrange multiplier in order to enforce the incompressibility condition
V-u=0.

There are many similarities between the mixed formulations for the Maxwell-
Helmholtz equations and for the Navier-Stokes equations, or, stated in a better way, |
tried to make the formulation of the Maxwell-Helmholtz system to resemble that of the
Navier-Stokes system as much as possible. The result may be viewed as some kind of
‘hydrodynamical formulation’ for scattering problems. As odd as it may appear at first,
it worked pretty well, as attested by the examples, and it seems that this formulation
finally provided a satisfactory answer to the problem of how to address vector problems
in electromagnetism through meshfree methods.

Due to the nature of the subject explored in this thesis, i.e., the analysis of the
well-posedness of discretized mixed formulations — a large portion of the text is devoted
to it — the inclusion of many mathematical statements is unavoidable. The very nature of
the problem | proposed myself to solve asks for it. At some points | was obliged to
include proofs and derivations in the text. Nevertheless, it should be clear that this is an
engineering thesis, not a standard mathematics monograph. Therefore | strived to find a
balance between mathematical rigor and engineering pragmatism. | hope | succeeded in
this task.

Survey of the chapters

The thesis is organized in six chapters, as follows:
Chapter 1 — Introduction

A brief account of some meshfree methods developed so far. Maxwell’s equations and
scattering by conducting objects. Inclusion of the pseudopressure into the system of
equations. The Navier-Stokes system from fluid dynamics. Tensor algebra.
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Chapter 2 — Variational formulations

The Navier-Stokes and Maxwell-Helmholtz systems in weak form. The theoretical basis
that will ultimately support the well-posedness of abstract problems is introduced.
Numerous ideas from Functional Analysis.

Chapter 3 — Mixed formulations

The functional analytic results from the previous chapter are specialized to the function
spaces from the Navier-Stokes and Maxwell-Helmholtz systems. Well-posedness of the
mixed formulations associated to these systems. More ideas from Functional Analysis.

Chapter 4 — The discretization process

Analysis of the mixed formulations in finite-dimensional subspaces. The global linear
system of algebraic equations. The meshfree method we develop is presented in detail.
The discretized weak forms from the scattering problem are embedded into the structure
developed in Chapter 3.

Chapter 5 — Experimental studies

The well-posedness of the discretized problems is assessed through numerical inf-sup
tests. Numerical integration of the weak forms. Solution of the boundary value
problems from electromagnetic wave scattering. Preconditioning for saddle-point
problems. Far-fields and calculation of the radar cross section (RCS).

Chapter 6 — Conclusions
Concluding remarks and future works.
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Resumo estendido

Introducao

Os métodos sem malha (meshfree ou meshless) tém sido aplicados a problemas
provenientes do eletromagnetismo computacional com relativo sucesso. Trabalhos
como [Maréchal, 1998], [Parreira et al., 2006], [Manzin and Bottauscio, 2008], [Yu and
Chen, 2010], [Nicomedes et al., 2012], [Lima and Mesquita, 2013], entre outros,
mostraram como as técnicas meshless podem ser consideradas como uma alternativa ao
tradicional método de elementos finitos (FEM) na solucdo de problemas em
eletromagnetismo.

Entretanto, o grande desafio posto aos métodos sem malha é a sua aplicacdo a
problemas envolvendo grandezas vetoriais em trés dimensdes. Essa classe de problemas
geralmente é resultante de modelos que representam situacdes de grande interesse
pratico em varios dominios da engenharia elétrica.

Provavelmente um dos primeiros trabalhos a tentar aplicar um meétodo sem
malha a problemas vetoriais em trés dimensdes € [Yu and Chen, 2009]. Os resultados
sdo interessantes, mas esse trabalho desvia dos nossos interesses em pelo menos dois
pontos: Primeiro, ele necessita de diagramas de VVoronoi em algum ponto do processo, 0
que os torna ‘ndo totalmente sem malha’. Segundo, o método proposto ¢ baseado em
colocagdo, 0 que o torna muito parecido com o método de diferengas finitas (FDTD).

Estamos a procurar um método que seja baseado em formulagdes variacionais, como o
tradicional FEM. Em sintese, queremos um ‘FEM sem malha’. O préximo candidato a
tentar resolver problemas vetoriais em trés dimensdes é [Lu and Shanker, 2007]. O
método proposto por eles é baseado numa formulagdo variacional, e os autores
apresentam uma maneira de construir funcbes de forma vetoriais, similar aos elementos
de aresta do FEM. O método foi aplicado a problemas simples, mas os resultados sdo
bons. Entretanto, o procedimento é aplicavel apenas a geometrias retangulares, e além
disso ha um problema com o fato de que essas funcdes de forma vetoriais ndo sdo
linearmente independentes.

O método sem malha que temos em mente também precisa se adaptar a
problemas com geometrias curvas, e deve ser testado em situacbes um pouco mais
realisticas. Decidimos entdo concentrar nossa atencdo no espalhamento de ondas
eletromagnéticas por objetos condutores perfeitos (PEC). Além de ser uma area de
interesse pratico, somos automaticamente levados a problemas vetoriais em trés
dimensdes. Se pudermos conceber um método sem malha baseado em formulagéo
variacional e que funcione corretamente nesse cenario, entdo nosso objetivo terd sido
alcancado.
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Felizmente, conseguimos desenvolver tal método. O método proposto e a ser estudado
nesse trabalho é inteiramente nodal, i.e., ndo depende de funcbes de forma vetoriais.
Para desenvolvé-lo, tivemos que nos afastar um pouco do eletromagnetismo e explorar a
hidrodindmica (mecanica dos fluidos). Tomamos como inspiragdo métodos destinados a
solucdo da famosa equacgdo de Navier-Stokes e, ap6s varias modificacBes, construimos
uma adaptacdo apta a ser utilizada em nossos problemas de espalhamento
eletromagnético.

A caracteristica fundamental do nosso método é que ele depende de duas variaveis
simultaneamente: o campo elétrico e a pseudopressdo, que é apenas um artificio que
deve ser empregado de modo a forcar a condicdo do divergente nulo. Chegamos assim a
um exemplo de formulacéo mista (ou hibrida), que, como é sabido, depende de algumas
sutilezas no que diz respeito a solvabilidade dos problemas.

Uma delas € a condicao inf-sup (ou Babuska-Brezzi), que especifica condi¢des que 0s
espacos de aproximacdo para o campo elétrico e a pseudopressao devem satisfazer de
modo que o problema seja bem-posto.

O método apresentado neste trabalho funciona bem quando aplicado aos
problemas de espalhamento os quais originalmente tinhamos em mente, o que
representa um avanco. Entretanto, o maior empecilno é que ele € baseado numa
matematica ndo muito simples. O problema de Navier-Stokes tem uma teoria
matematica sélida e bem desenvolvida, que foi parcialmente aproveitada na anélise do
problema de espalhamento. Dizemos parcialmente, e ndo totalmente, porque esses dois
problemas sdo similares, mas ndo idénticos. Alguns pontos tiveram de ser modificados
de modo a acomodar as diferencas. O mais evidente deles € a incorporacdo da
Alternativa de Fredholm, uma vez que a forma sesquilinear proveniente da equacdo de
Helmholtz néo é coerciva.

Os desenvolvimentos teéricos formam a base dos Capitulos 2 e 3, e todo o ferramental
matematico é introduzido na medida em que se faz necessario. Dedicamos um certo
esforco em identificar a ordem correta na qual os argumentos devem ser apresentados,
de maneira a tornar o desenvolvimento mais logico e coerente.

No restante desse resumo, vamos citar os principais pontos de cada capitulo, lembrando
que a sua compreensdo depende da leitura do texto da tese, onde tivemos um grande
cuidado em explicar detalhadamente tudo o que esta ocorrendo.

O problema a ser resolvido

Apols uma cadeia de raciocinio que se origina com as equacfes de Maxwell,
pode-se mostrar que o problema de espalhamento eletromagnético pode ser modelado,
de uma maneira preliminar, pelo sistema de equagdes:



Encontre (ES,p) tal que

V2ES +kZES+Vp=0, inQ (0.1.a)
V-ES=0, inQ (0.1.b)
n; XxES=—-n; xE™, atl, i=12-- (0.1.¢)
i, xES=0, atT,, (0.1.d)

onde ES é o campo elétrico espalhado, p é a pseudopressdo, E é o campo elétrico
incidente (conhecido) e ( ¢ a regido na qual o problema deve ser resolvido. A fronteira
dQ =T ¢é composta de duas partes: A superficie dos ‘espalhadores’, ou seja, dos objetos
metalicos I}, e a fronteira exterior T,.

E interessante comparar (0.1.a) — (0.1.d) com o sistema de Navier-Stokes para meios
homogéneos:

Encontre (u,p) tal que

—vWiu+ (u-VYu+Vp=f, inQ (0.2.a)
V-u=0, inQ (0.2.b)
u=g, atl, (0.2.¢)

em que u é a velocidade do fluido, v € a viscosidade cinematica (uma constante), p € a
pressdo, f representa a acdo de forgas em atuacdo no fluido, e g especifica o vetor de
velocidades na fronteira da regiéo Q.

Os dois sistemas acima séo muito semelhantes, principalmente porque ambos possuem
a restricdo de divergente nulo. Cabe a pergunta: Poderiam procedimentos empregados
na solucdo de (0.2.a) — (0.2.c) ser adaptados e em seguida empregados na solucdo de
(0.1.a) - (0.1.d)?

No Capitulo 1, decidimos incluir a deducdo do sistema (0.2.a) — (0.2.c) a partir de
primeiros principios como uma maneira de iniciar a discussdo sobre a algebra de
tensores, que sera necessaria nas exploracdes matematicas do sistema de espalhamento
(0.1.a) — (0.1.d), particularmente no que diz respeito a incorporacdo da PML (perfectly
matched layer) e também ao espaco de fungdes que construimos para a aproximacgao
meshfree do campo espalhado E*.

Camada absorvente: PML

O sistema (0.1.a) — (0.1.d) precisa ser modificado de modo a simular ondas que
se propagam somente no sentido de se afastar do objeto espalhador. Quando somente
um unico objeto é considerado, o sistema se torna



Encontre (ES,p) tal que

V-A-VES+K2ES+Vp=0, inQ (0.3.a)
V-ES=0, inQ (0.3.b)
iy xES = -1, xE™, atl (0.3.0)
i, xES=0, atT,, (0.3.d)

onde o tensor PML ¢é descrito por
A=AIQRX+AIRFV+A,2Q 2 (0.3.¢)

A versdo do tensor A empregada aqui foi originalmente desenvolvida para problemas de
propagacdo de ondas acuUsticas em mecanica [Bermudez et al., 2007], e ndo uma das
versdes tradicionalmente aplicadas em problemas de eletromagnetismo, como a PML
anisotropica [Sacks et al., 1995]. Uma das razdes é que a PML ‘acustica’ ¢ mais
adequada para formulacGes baseadas no Laplaciano, enquanto a PML anisotropica €
muito bem empregada em formulagGes baseadas no rotacional duplo (ou curl-curl).

Entretanto, antes de aplicar a PML aclstica a problemas de espalhamento

eletromagnético, precisamos realizar alguns ajustes, descritos na Se¢éo 3.3.6.6.

Formulacéo variacional: Formas fracas

O campo elétrico é primeiramente decomposto como
ES =e® +uY, (0.4.a)

em que u9 ¢ a fungdo de lifting relativa as condigdes de contorno (0.3.c) e (0.3.d). A
Secéo 2.2.3.5 traz uma discusséo consideravel acerca da fungdo de lifting. A funcgdo e® é
tal que suas componentes tangenciais sao nulas em toda a fronteira do dominio Q, i.e.,
nnxe’=0emT,eTl;. Uma vez que a funcdo de lifting u9 é conhecida, e° se torna a
verdadeira incognita do problema, juntamente com a pseudopressao p. Observagdes nos
levam a concluir que o espaco de funcdes no qual e® deve ser procurado é V,((Q),
definido como

V.(Q) = {v e HL(Q)? | A X v|r = 0} (0.4.b)

O espaco de funcBes para p é simplesmente L?(). Desta forma, a formulagdo
variacional para o sistema (0.3.a) — (0.3.d) €

Encontre (€% p) € V,.(Q) x L?(Q) tal que

J(K-Veo):Vv*—j kgeo-v*—J pV-v* =
0 0 0

Xi



—f (A-vu9) : vv* +f k2ud-v*, Vv eV, (Q) (0.4.¢)
Q Q

—f q*V-eoz.f q*V-u9, Vvqe€lL*(Q), (0.4.d)
Q Q

O sistema (0.4.c) — (0.4.d) é uma instancia do que se chama de formulagdo mista
ou hibrida. Em termos abstratos (i.e., em termos de espacos de fungdes cuja natureza
ndo € especificada, mas que assume formas diferentes de acordo com cada problema),
ela é escrita como

Encontre (u,p) € X X Y tal que
a(u,x) +b(x,p) ={f",X)x+x VXEX (0.4.e)

b(u,y) =(g" Yy VVET,
onde X e Y sdo dois espagos de Hilbert, e f* e g* séo elementos dos duais X* e Y*.

O sistema (0.4.e) serve como modelo para diversos problemas em mecénica, entre eles
problemas em hidrodinamica governados pela equagdo de Navier-Stokes [Girault and
Raviart, 1986]. A teoria que especifica as condi¢cdes sob as quais a solucdo de (0.4.e)
existe, é Unica e limitada (i.e., finita), foi desenvolvida independentemente por I.
Babuska e F. Brezzi [Ern and Guermond, 2004]. Entre essas condi¢fes, a chamada
condicdo inf-sup ou condicdo de Babuska-Brezzi, [Brezzi and Fortin, 1991] desempenha
um papel fundamental. Ela é expressa como:

AB, > 0 tal que inf  sup M > Bp- 0.4.1)
YU\ 0} xex\(o} 1x 1 x 1Yl

Uma das idéias deste trabalho é procurar uma formulacdo para o problema de
espalhamento que possa ser ‘embutida’ no framework (0.4.e). Mas esse € 0 caso do
sistema (0.4.c) — (0.4.d), como pode ser observado. Ao se fazer essa ‘especializagdo’, a
condicdo inf-sup a ser satisfeita se torna:

|—quV-v|

in su
qeL*(\{0} yev,(Q)\{0} ”v”Hl(Q)3 llq ||L2(Q)

AB, >0 tal que > Py (04.9)

A condicdo (0.4.g) é estudada com profundidade na Secdo 3.3.6.5.
Formulacéao variacional: Espacos de dimenséao finita

Ao se considerar a aproximacgdo numérica das grandezas e® e p, introduzimos
subespacos de V,.(Q) e L2(Q) de dimensio finita, i.e., gerados a partir de combinagGes
lineares de um numero finito de funcGes de base. Esses subespacos séo representados

por V2(Q) e P(Q).
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Agora ndo mais estamos interessados em encontrar solucdes e® € V,(Q) e p € L?(Q); a
nossa atengdo se volta para as solugdes ‘discretizadas’ e € V2(Q) e p, € P*(Q). O
problema em subespacos de dimensdo finita se torna

Encontre (e)), py) € VA(Q) x P"(Q) tal que

f(/T-Ve?l):Vv;—f kgeg-v;‘l—f pr Vv, =
) 0 )
—f (K-Vuﬁ):Vv;‘l+f kiul -v;, vv, € VEQ) (0.5.a)
) Q

—f qnV-eh =f g, V-u?, vgq, € PM(Q). (0.5.b)
Q 0

O problema (0.5.a) — (0.5.b) também se encaixa no framework (0.4.e). Desta
forma, esse sistema de equacdes sO sera bem-posto se a seguinte condicdo inf-sup for
satisfeita:

|_f9 CIhV'Vh|

nf S > B (0.5.c
RO, et o) ol Nanllzgy = P2 (%)

AL >0 tal que

A dificuldade é que mesmo que a condicdo (0.4.g) valha para os espagos de dimensao
infinita V,(Q) e L?(Q), isso ndo implica que a condicdo (0.5.c) valha para quaisquer
subespacos V2 (Q) c V,.(Q) e P*(Q) c L?(Q).

Esta talvez seja a principal questdo a que o presente trabalho busca responder: Como
construir subespacos de dimenséo finita V*(Q) e P*(Q), a partir de uma abordagem
meshfree puramente nodal, de modo que (0.5.c) seja satisfeita?

Subespacos meshfree

Os espacos V?(Q) e P"(Q) sdo construidos a partir dos nos espalhados pelo
dominio computacional Q.

Precisamos de dois subespacos: Um dedicado a aproximacdo das trés componentes
escalares do vetor campo elétrico e}, e outro a aproximacao da pseudopressdo pj,. Esses
dois espagos devem ter caracteristicas diferentes; ao se variar essas caracteristicas,
obtemos diferentes pares de espagos V*(Q) e P*(Q). Alguns satisfazem (0.5.c), e
outros ndo. Aqueles que porventura ndo satisfagam (0.5.c) devem ser sumariamente
excluidos.

Uma maneira bastante flexivel de se obter subespacos meshfree consiste em associar um
patch (uma regido cubica) a cada no, e em seguida definir um conjunto de funcdes de
base nesse patch. CombinacGes lineares dessas funcdes ddo origem a um espaco
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localmente definido no patch. Isso deve ser feito para todos os nos espalhados pelo
dominio, e em seguida, o conjunto de espagos locais ¢ ‘conectado’ por uma familia de
funcbes que tem o atributo da particdo da unidade (PU), como por exemplo as fungdes
de Shepard.

Espagos com caracteristicas distintas sdo construidos na medida em que diferentes
funcdes de base sdo consideradas em cada espaco local. Todo o raciocinio que leva a
construcdo dos espacos meshfree é amplamente discutido na Secédo 4.3.

Desenvolvemos um procedimento bastante interessante para a constru¢do de espagos
meshfree destinados a aproximagdo do campo elétrico e) em geometrias curvas. A
técnica ¢ baseada no conceito que resolvemos chamar de ‘direcdes elementais’, que na
verdade é uma base ortonormal local para R® associada a cada um dos nés, cujos
vetores variam de acordo com as dire¢fes normais e tangencias associadas ao n6 em
questdo. As derivadas sdo obtidas com o auxilio de produtos tensoriais.

Estudos experimentais

Uma vez que tenhamos consolidado o dominio sobre o processo de construcéo
de espacos meshfree que satisfacam (0.5.c), podemos aplica-los seguramente a solugédo
do problema de espalhamento (0.5.a) — (0.5.b).

No Capitulo 5, resolvemos varios problemas de espalhamento em duas e trés
dimensGes. Além disso, apresentamos uma discussdao acerca do precondicionador que
deve ser aplicado juntamente com um método iterativo durante a solugdo do sistema
linear global.

A experimentacao termina com um pos-processamento: Estudamos as secdes de radar
(RCS — Radar Cross Section) relativas a certos objetos PEC e estabelecemos uma
comparacao com resultados provenientes da éptica fisica.

Conclusoes

De maneira geral, pode-se dizer que a tese consiste em duas partes: A obtengéo
de um método meshfree para a solucdo de problemas de espalhamento eletromagnético
e a analise matemética do mesmo.

Acreditamos que o trabalho serviu para consolidar a linha de pesquisa a qual temos nos
dedicado ha algum tempo: As técnicas sem malha realmente podem ser empregadas na
solucdo de problemas de interesse pratico em engenharia elétrica (pelo menos no que
diz respeito a problemas de espalhamento e alta frequéncia).

Obviamente, ndo estamos a dizer que o trabalho estd concluido; pelo contrario, a
presente tese abre muitos topicos para pesquisa futura. Esperamos considera-los em
breve.
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Chapter 1

Introduction

In this chapter, we first present some historical information on the development
of meshfree methods. The account is by no means extensive, and we concentrate on
those works from computational mechanics and computational electromagnetism which
in some way influenced the development of this thesis.

After the historical survey we present a brief discussion about the Maxwell’s equations,
followed by the general description of electromagnetic wave scattering problems.

We proceed by introducing the Lagrange multiplier and the role it shall play in
connection with the enforcement of the divergence-free constraint. Also, we present a
concise discussion about the Navier-Stokes equations, with a focus on the mathematical
form of the problem (i.e., with no regard to the physics these equations describe).

Finally, we assemble both the wave scattering and the Navier-Stokes problems into
systems of partial differential equations and point out the similarities and differences
between them.

1.1 Historical information

By ‘meshfree’ or ‘meshless’ one actually refers to a family of methods aimed at
the numerical solution of differential equations. They were (and have been) developed
for a variety of purposes, and may become very different from each other. Nevertheless,
they must all share a basic characteristic: In order to be termed ‘meshfree’, a method
should not employ any kind of mesh or grid, as opposed to the finite element (FEM) and
finite difference methods.

The motivation behind the development of meshfree methods is basically an
answer to the difficulties in handling a mesh, particularly in what concerns the
automatic mesh generation in three dimensions and also in remeshing procedures, i.e.,
in problems whose geometry changes with time (and also in adaptive refinement) [Li
and Liu, 2007].

Meshfree methods began to be consistently considered as a choice in the early
1990’s. Since then, the methods continue to evolve and significant improvements have
been made [Liu, 2010].



Among the first meshfree methods to be introduced is the Smoothed Particle
Hydrodynamics (SPH) [Gingold and Monaghan, 1977], [Liu and Liu, 2003]. It is a
particle method based on collocation [Liu and Liu, 2010]; in order to do so, it relies on
certain smooth approximations to the Dirac delta function (the Dirac functional). It has
been applied successfully to problems in a number of areas, such as mechanics [Zhang
and Batra, 2009] and swarm robotics [Pimenta et al., 2013].

Another collocation method is that based on Radial Point Interpolation (RPIM)
basis functions [Yu and Chen, 2009]. In general, collocation methods deal with a
particular differential equation in strong form; they are simpler to implement, but may
suffer from instabilities. Moreover, sometimes they resort to Voronoi decompositions,
which makes them not fully meshfree [Yu and Chen, 2010].

A different category of meshfee methods is that based on weak forms, i.e., these
methods are employed in conjunction with some variational expression associated with
the differential equation in question. The Element Free Galerkin (EFG) reached a
prominent position among these [Belytschko et al., 1994], [Maréchal, 1998], [CingoskKi
et al., 1998], [Parreira et al., 2006], [Bottauscio et al., 2006], [Manzin and Bottauscio,
2008]. Despite the fact EFG has found a relative acceptance among some authors, it is
not regarded as a full meshfree method, since background cells are required for the
numerical integration of the weak forms.

A method which also deserves attention is the Meshless Local Petrov-Galerkin
(MLPG) method. It remedies the issue of background cells from EFG by introducing
certain local domains, in which the numerical integrations are performed. MLPG has a
number of variants, and has also found a relatively wide acceptance among the authors
[Atluri and Shen, 2002], [Li et al., 2003], [Dehgan and Mirzaei, 2008], [Soares Jr.,
2009], [Vavourakis, 2009], [Soares et al., 2014].

The MLPG method constitutes the basis of our previous works [Nicomedes et al.,
2011], [Nicomedes et al., 2012], [Nicomedes et al.?, 2012].

The MLPG worked pretty well in all these examples, but it also suffers from some
drawbacks. When it is used together with the Moving Least Squares (MLS) basis
functions, it performs poorly when imposing essential boundary conditions. Moreover,
the MLS basis functions require relatively large influence domains. The reason is that
the basis function associated with a given node requires the participation of neighboring
nodes in order to be calculated. These neighboring nodes must also be disposed ‘nicely’,
in order to avoid singular local matrices [Liu, 2010].

In order to accommodate better the structure required for dealing with vector
problems, we decided to change the underlying meshfree method. We now turn our
attention to the Method of Finite Spheres (MFS) [De and Bathe, 2000]. The basis
functions from MFS have smaller influence domains (they can be made as small as
possible, insofar as the union of all influence domains forms a covering for the
computational domain Q). Through a little change in the way the boundary conditions
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are treated in [De and Bathe, 2000], essential conditions can be imposed easily, thanks
to a trick to make the basis functions satisfy the Kronecker delta property. The MFS
shows a good performance when applied to problems in mechanics [De and Bathe,
2001], [De and Bathe?, 2001], [De et al., 2003], [Ham et al., 2014].

The MFS shares some characteristics with the generalized finite element
methods (GFEM) based on a partition of unity [Melenk and Babuska, 1996], [Babuska
and Melenk, 1997], [Strouboulis et al., 2001]. The GFEM covers the computational
domain with overlapping patches, and allows for the inclusion of different sets of basis
functions defined on each patch. The advantage is that, in order to attain better
approximation properties, information about the unknown solution may be included via
proper selection of basis functions on a given patch (for example, when solving a wave
problem, one could include sines and cosines in the set of basis functions). These ideas
have been shown to work in scalar problems from electromagnetism [Proekt and
Tsukerman, 2002].

The works in electromagnetism which deal with meshfree methods based on
weak forms listed thus far are all concerned with scalar problems. As far as our
knowledge goes, Lu and Shanker’s work [Lu and Shanker, 2007] is the only one to try
to address vector problems in electromagnetism (in variational form) through a
meshfree procedure. They employ the aforementioned generalized finite element
method, and define certain vector basis functions on the patches. Despite the fact their
method is shown to work only for relatively simple problems, the results obtained are
very promising.

However, there are drawbacks in Lu and Shanker’s work. First, the method they
propose has not been tested on problems with curvilinear geometries. Second, the vector
basis functions defined on the patches are not interpolative, and these patches do not
conform to the global boundary. As a consequence, the imposition of essential boundary
conditions becomes nontrivial, and the authors apply Nitsche’s method in order to
impose the essential boundary conditions. Nitsche’s method works by adding an extra
term to the weak forms [Embar et al., 2010]. This extra term depends on some stability
parameters, and the overall performance of the method depends on the correct choice
for these parameters. Of course, this is very unattractive. Third, the vector basis
functions defined on a given patch are not orthogonal to each other, and may even be
linearly dependent, which leads to serious issues with the condition number of the
global matrix. In order to overcome this, the basis functions must be redefined through
some kind of orthogonalization procedure. Apparently a singular value decomposition
(SVD) must be performed for each patch in the problem in order to get the new
(orthogonal) vector basis functions. This unfortunately increases the total computational
cost of the method.

In this thesis, we present a work which provides an answer to the problem of
how to solve three dimensional vector electromagnetic problems through a meshfree
procedure. The method we propose can be naturally applied to curvilinear geometries,



and the imposition of essential boundary conditions is very easy, similar to the way they
are imposed in the standard FEM. Since we rely on nodal basis functions only, the
problem of linearly dependent vector basis functions is naturally absent.

Our meshfree method is also based on a formalism similar to that of GFEM, but
it is employed for a different purpose. Whereas in the GFEM one includes certain terms
as basis functions in order to get better approximation properties, we on the other hand
add different basis functions for the components of the electric field E* and the
Lagrange multiplier p" in order to get global approximation spaces with distinct
characteristics. Since the theory underlying the mixed formulations determines that
these spaces should be compatible in some sense, we arrive at a question: What terms
are to be included as basis functions in the local spaces for E* and p™ in order for the
global spaces to be compatible?

Questions such as this one will occupy us for a while. But they will all be
addressed in due time, as we progress in our work and as the concepts necessary for
their proper understanding are gradually introduced. By now, let us begin our journey
from the very principle: The Maxwell’s equations.

1.2 A brief account on Maxwell’s equations

The dynamics of the electromagnetic fields is governed by the Maxwell’s
equations (in SI units):

VX E&Ext) = —%B(x, t) (1.1)
VXH(x,t)=Jxt)+ %D(x, t) (1.2)
V-D(x,t) = pxt) (1.3)
V-B(x,t) =0 (1.4)

where € is the electric field intensity (volts/meter), #€ is the magnetic field intensity
(amperes/meter), D is the electric flux density (coulombs/square meter), B is the
magnetic flux density (webers/square meter), J is the total electric current density
(amperes/square meter) and p is the electric charge density (coulombs/cubic meter). All
the quantities depend on the position x € R3 and on the time t € R.

In the course of this thesis, we shall be interested in fields in homogeneous
regions, particularly in the free-space. Under these conditions, equations (1.1) — (1.4)
may be written as

9
VxExt) = —uouraﬂ(x. t) (1.5)



VX H(xt) = (Js(x,t) + 0E(x, 1)) + sogr%S(x, t) (1.6)

Ve =2 g(:;':) (1.7)
V-H(x,t) =0, (1.8)
thanks to the constitutive relations which hold in homogeneous media
E(x,t) = gye,.E(x, 1) (1.9)
B(x,t) = o,y H(x,t), (1.10)

and to the separation of the total current density J(x,t) into a source current density
Js(x,t) (given) and an induced current density o€ (x,t). The multiplicative constants
appearing in (1.5) — (1.10) are the relative electric permittivity &, (dimensionless), the
relative magnetic permeability u, (dimensionless) and the electric conductivity o
(siemens/meter). The free-space electric permittivity is &, = 8.854 x 10712
farads/meter and the free-space magnetic permeability is p, = 47 x 10~7 henrys/meter.
In the examples we are going to study, there will be perfect electric conductors (PEC),
which are characterized by an infinite value for the conductivity o. Since no field can
exist inside such a material, these PEC materials essentially define the limits of the
computational domain (in the sense that the boundaries are usually PEC surfaces).
Therefore the term corresponding to the induced current € (x, t) will be neglected from
now on, i.e., ¢ = 0 at all points from the domain (.

The meshfree method we intend to develop is dependent on a single field, the
electric field &. In order to eliminate # from the system (1.5) — (1.8), we apply the V x
operator to (1.5) and substitute (1.6) in the resulting expression, in order to get a system
in € only:

02 d
VXVXExt)+ ,uoeo,urerﬁg(x, t) = —polr ags(x, t) (1.11)
x,t
v = 250 (1.12)
Eolr

Equations (1.11) and (1.12) form a system of partial differential equations on the
unknown &. The system must be complemented by specific conditions € must satisfy at
the boundary of the domain. Assuming the system (1.11) — (1.12) is to be solved in a
domain Q c R3, let 0Q =T denote its surface boundary. If such a surface is an
interface  PEC/free-space (or other homogeneous material), then the boundary
conditions for € are

vxeTl n(x)xE&xt)=0, (1.13)



which means that, for any point x on the boundary T, the outward-pointing unit normal
vector 71l at x and the electric field vector € at x are collinear, or in other words, € has
no tangential component along the surface T. If € should ever be different from zero on
the boundary, then it is limited to being parallel to the normal direction at any point on
the boundary.

Throughout this work, the analysis will be restricted to electromagnetic fields
whose temporal dependency is characterized by a sinusoidal behavior. They oscillate
with a frequency f (in Hertz), which means that the fields come back to their original
configuration every T = 1/f seconds. Under these conditions, the functions describing
the fields are separable, i.e., they can be written as a product of two terms, the first of
which depends on the spatial coordinates x only, whereas the second depends on t only.
The term governing the temporal dependency is given by e/®t, where w = 2nf is the
angular frequency (radians/second) and j = v—1. The quantities €, Js and p in (1.11)
— (1.12) therefore reads as:

E(x,t) = Re{E(x)e/*t} (1.14)
Js(x,t) = Re{Js(x)e*t} (1.15)
p(x,t) = Re{p(x)e/t} (1.16)

If we substitute (1.14) — (1.16) in (1.11) — (1.12) and manipulate the real part Re{ - } and
time-derivative d{ - }/dt operators, we get a new set of equations, whose form is the
same as that from (1.11) — (1.12), and in which the quantities &€, Js and p are replaced
by E, Js and p, respectively, whereas the time-derivative is replaced by the product jw.
The new set of equations is said to be in the frequency domain, and is written as

VX VX E(x) — w?togotre-E(x) = —jwpou ] s(x) (1.17)
v EQ) =29, (1.18)
E0&r

The boundary condition in (1.13) becomes
vxeTl n(x)xE(x)=0. (1.19)

The system (1.17) — (1.19) is now complete, in the sense that the data necessary for its
solution (the sources J and p, and the boundary conditions) are specified. However, the
sources Js and p are not independent from each other. If we apply the V - operator to
(1.6), we get (as V- V x= 0):

0
0= V(ys(x,t) +80€raV'8(x,t). (120)

(We assumed that o = 0). Applying (1.14) and (1.15), the equivalent expression for
(1.20) in the frequency domain becomes



0=V Js(x) + jweye, V- E(x). (1.21)
Substituting (1.18) into (1.21) we get the relationship between the sources Js and p:
V- Js(x) + jwp(x) = 0. (1.22)

In this way, p can be eliminated from (1.18), which becomes

J
E0Er

V-E(x) =

V- Js(x) (1.23)

The system of differential equations to be solved can be summarized as

Find E(x) such that
VX VXE(x)—kiu&E(x) = —jououJs(x), x€Q (1.24.a)
J
V-E = V- , e 1.24.b
() =V s, x (1.24.b)
nx)xE(x)=0, x€T, (1.24.¢0)

after a further modification in the first equation in which k, = w./ o, is the free-space

wavenumber (radians/meter), also defined as k, = 2m/A,, Where A, is the free-space
wavelength (meters).

1.3 Wave scattering by PEC objects

1.3.1 Scattering boundary value problems

The main category of problems we will be concerned with in this thesis is that
related to the scattering of waves by perfect conductors. Even though the method we are
going to develop is still applicable to problems in which the current source is different
from zero (radiation problems), we decided to concentrate on problems in which
Js(x) = 0. These are the scattering problems [Peterson et al., 1998], [Balanis, 1989],
[van Bladel, 2007].

In this class of problems, the excitation is not provided by current sources, but
by a preexistent field, called the incident field and represented as E™¢(x). The incident
field is generally known, i.e., it is a function of the position x € Q that must be defined
prior to the solution of the problem.

In a general scattering problem, conducting objects of arbitrary geometry, called
the scatterers, are immersed in free-space, as in Fig.1l. Let each scatterer occupy a
volume Q; (rigorously speaking, a subset from R3), whose boundary is denoted by T;. In
exterior problems, such as the scattering problems described here, one is generally
interested in the behavior of fields at very large distances from the scatterers.
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Fig.1. The outer surface I, must lie relatively close to the scatterers, which are characterized by regions
Q; within Q,. These ‘subregions’ are not part of the problem, and we are then left with ‘holes’.
Consequently, the normal vector at the surface of the scatterers points inwards. The gray layer close to T,
is filled by a fictitious absorbing material (the PML).

However, it is not feasible to carry out the discretization process over these distances, so
we must set a limit to the problem by placing an imaginary outer surface T,
encompassing all the scatterers. The surface I, must be closed. By ‘encompassing all
the scatterers’ we mean that Q; < Q, for any scatterer i, where the closure Q; is given
by Q; = Q; UT;, and Q, is nothing else than the interior of T,.

In order to set up the problem, we must first define the domain Q over which it is
posed. Since the fields inside the PEC scatterers are zero, the volumes they occupy shall
be excluded from Q. So we can define the domain Q as

Q=0,\ U a; (1.25)
i
i.e., Q consists of the set difference between Q, and the union of all Q;. It means that if
x € Q, then x € Q,, but x ¢ Q;, for any i. The boundary of Q then becomes
r=r,Uulu-UTlU-- (1.26)

i.e., ' consists of the union of the boundaries of all scatterers I}, together with the outer
surface I,. According to Fig.1, the domain Q has holes left by the scatterers (;, as they
have been ‘carved out’ from the total volume Q,. In other words, Q is not simply
connected [Munkres, 2000], [Searcdid, 2007], [Crossley, 2005].

Next, the boundary conditions concerning the electric field E at I' must be
specified. Since all boundaries I; are conductor surfaces, the conditions are just those
from (1.19):

Vx € Fi ﬁi(x) X E(X) =0 i=123 - (127)



where 71;(x) is the outward-pointing unit vector normal to the boundary I; at x. Now
one may ask: What are the boundary conditions to be imposed at the outer surface I,?
We claim that they are the same as those in (1.27), i.e., we set

vxerl, n,x)xE(x)=0 (1.28)
where 711, (x) is the normal vector at the outer surface.

Condition (1.28) may appear as a rather odd choice, since it is clearly a
condition to be satisfied by the electric field at PEC boundaries, not in the free space, as
it happens for the outer surface I, (which is just an imaginary surface in the free space
encompassing all scatterers). The reason behind the choice of (1.28) is that in order to
simulate outward-propagating scattered fields, a layer of reflectionless absorbing
material (of a certain thickness) will be placed along I,. When the scattered fields
penetrate this layer, hopefully they will be damped, so that their amplitude just before
reaching the outer surface I, will become negligible. This is the principle behind the
Perfectly Matched Layer (PML) approach to scattered waves [Sacks et al., 1995]. Since
E is essentially zero at T, there is no harm in choosing the boundary conditions there to
be (1.28), which means that the PML is backed by a PEC surface, as it is generally done
in the literature [Sacks et al., 1995]. (Actually, there is another deeper reason why we
choose PEC conditions for T,. It is related to the stability of the meshfree method we
will develop, and it will become clearer in Chapter 3). Of course, when such PML layer
is introduced, we are no longer dealing with homogeneous media. However, the
discussion about the PML will be postponed to a more convenient time, in Chapter 3.

Since the conditions to be satisfied by the electric field at the boundaries of the
scatterers and at the outer boundary are the same, as attested by (1.27) — (1.28), we can
write:

vxeTl n(x)xE(x)=0, (1.29)
where T is now given by (1.26).

As we said at the beginning of this section, in the problems we are going to
investigate, J¢ = 0 for all points x in Q. So our system of differential equations (1.24)
becomes

Find E(x) such that

VXVXE(x)—kiueE(x)=0, x€Q (1.30.a)
V-E(x)=0, x€Q (1.30.b)
nx)xE(x)=0, xE€T, (1.30.0)

which in principle looks awkward because it has homogeneous data (neither sources nor
boundary conditions are able to ‘excite’ the problem).



However, there is a way out if we write the total electric field Ein Q= QuUT as
Vx €Q E(x) = E™(x) + ES(x) (1.31)

where E™¢ is the incident field and E* is the scattered field. The incident field is known
in Q, and is, in a way, the field that would exist in Q if all scatterers were absent, i.e., if
all the volume encircled by T, consisted of a homogeneous medium. The incident field
is just an ordinary field produced by sources located outside Q and therefore satisfies
the system of equations

VX VXE™(x)—kiu.eE™(x)=0, x€Q (1.32.0)
V-E"™(x)=0, x€Q (1.32.h)

When the sources of the incident field are located in a region far outside Q, it is
generally the case that E™™¢ assumes the form of plane waves [Balanis, 1989]. After the
substitution of (1.31) — (1.32) in (1.30), we arrive at the system

VXVXES(x)—kiucES(x) =0, x€Q (1.33.a)
V-ES(x)=0, x€Q (1.33.h)
fi(x) X ES(x) = —n(x) x E™(x), x€T (1.33.¢)

From (1.33), we discover that E* is the true unknown, and that the problem is ‘excited’
by the boundary conditions. But one must be careful at this point. The boundary
conditions in (1.33) imply that

vx €T, #;(x) X ES(x) = —7;(x) X E™(x), i=1,2, (1.34)
and that
vx €T, #i,(x)xES(x)=—1,(x) X E™(x) (1.35)

However, according to the PML approach, the scattered field is zero at the global
boundary T,, i.e., by the time it reaches T, it will be damped to negligible values. So
condition (1.35) must be modified to

vxeTl, n,(x)xE*(x)=0. (1.36)

(Despite the fact we ‘know’ that ES = 0 at I[,, we do not impose it. We must rather
impose 1, X ES = 0. In the first of these conditions, all components of E° satisfy a
Dirichlet boundary condition, whereas in the second, just the tangential components
satisfy such a condition. These two conditions give rise to different discrete spaces,
which by their turn play different roles in the stability of mixed formulations. Chapter 3
brings further discussion on this topic.)

The boundary value problem to be solved changes from (1.30) into
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Find E*(x) such that

VXVXES(x)—k3u&E(x)=0, x€Q (1.37.a)
V-ES(x)=0, x€Q (1.37.b)
f;(x) x E5(x) = —7;(x) X E™(x), x€T; i=12-- (1.37.¢)
n,(x) xE’(x) =0, x€T,, (1.37.d)

in which the excitation is provided by the ‘matching’ of the tangential components of
the fields at the surfaces of all PEC scatterers.

1.3.2 The vector Laplacian is more suitable than the double curl

The first two equations from (1.37), i.e., the equations
VXV XES(x)—kéueES(x) =0 (1.38.a)
V-ES(x) =0, (1.38.b)

may be called, by obvious reasons, the double curl approach to the vector wave
equation. If we recall the vector identity

VXVxA(x)=VV-A(x) — V2A(x), (1.39)

where A4 is any vector function (i.e., a function A: R3> > Q —» R3) which meets the
required differentiability criteria, then the two equations in (1.38) imply that

V2ES(x) + kiu,.&.ES(x) =0, (1.40)

also called the vector Helmholtz equation (as it employs the vector Laplacian instead of
the double curl). It should be emphasized that (1.38.a) and (1.38.b) imply (1.40), as we
have just shown, but the converse is not true, i.e., (1.40) alone does not imply the two
equations in (1.38). On the other hand, the system

V2ES(x) + kiu,&,ES(x) =0 (1.41.0a)
V-ES(x) =0 (1.41.b)
is equivalent to (1.38.a) — (1.38.b) [Harrington, 2001].

In this thesis, we stick to (1.41) not only because it is simpler than (1.38), but
because it is also less prone to instabilities. It has been shown [Lynch and Paulsen,
1991] that the double curl approach is flawed in the sense that it produces spurious
solutions. The authors in [Lynch and Paulsen, 1991] apply a dispersion analysis to the
double curl and to the vector Laplacian operators, and show that the cross-derivative
terms in the double curl (such as d%/dxdy) are the root cause of numerical parasites.
Finally they conclude that the vector Laplacian (or Helmholtz) operator is free of
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parasites when discretized with conventional scalar elements, provided that the
boundary conditions are divergence-free. As the meshfree formalism is also based on
scalar basis functions, and as the incident field E™¢ which occurs in the boundary
conditions (1.37) is also divergence-free [it is produced by sources located far away
from the computational domain €, so the incident field is divergence-free not only in
the interior of (, but at all PEC boundaries I; as well, according to (1.32.b)], we are
justified in making such a choice.

So the system of equations changes once again from (1.37) into

Find E*(x) such that

V2ES(x) + k2u,£,ES(x) =0, x€Q (1.42.a)
V-ES(x)=0, x€Q (1.42.b)
n;(x) X ES(x) = —n;(x) X E™(x), x€T; i=1,2, (1.42.¢)
n,(x) XxES(x) =0, x€T,. (1.42.d)

1.4 The pseudopressure

1.4.1 Scattering and radiation problems are similar

Despite the fact this thesis is primarily concerned with scattering problems, it is
worth noting that scattering problems and radiation problems have a similar structure. In
the former, one is interested in the scattered field E*, which is a disturbed field caused
by the interaction of the incident field E™*¢ with the conducting objects that happen to
be in the domain Q. In the latter, one is interested in the total field E, produced by a
current source J in a region €, which may also contain conducting objects.

From now on we shall concentrate on the free-space, so we make u, = ¢, = 1.
Also, we shall drop the dependence on position x from the quantities involved in the
equations. The scattering problem (1.42) is summarized in Chart 1.1 below.

Chart 1.1: The scattering problem

Find E® such that
V2ES + k3ES =0, inQ (1.43.a)
V-ES=0, inQ (1.43.bh)
n; xES=-n; xE™, atT, i=12- (1.43.¢)
i, xES=0, atT, (1.43.d)
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The steps required in going from (1.24) to (1.37) merely reflect the fact that the
boundary value problem associated with scattering problems (1.37) and with radiation
problems (1.24) have the same mathematical form. If we replace the double curl in
(1.24) by the vector Laplacian [via (1.39)], and consider u,. = &, = 1, we get the system

Find E such that
- VV-
V2E + k2E = jou, (I + F)]S, inQ (1.44.a)
0
vE=-2Lv.J, ina (1.44.D)
WEe
ﬁi XE = 0, at Fi i = 1,2,"‘ (144 C)
n,xE=0, atT, (1.44.d)

which describes a radiation problem. In (1.44.a), T is the identity tensor, a mathematical
object that maps a vector to itself [Hanson and Yakovlev, 2002].

Problems (1.43) and (1.44) are pretty similar to one another. They are both based
on the vector Helmholtz equation, and are both governed by some type of Dirichlet
boundary conditions. Differences lie in the fact that (1.43) is driven by a non-
homogeneous Dirichlet condition at the PEC surfaces I;, whereas (1.44) is driven by a
source term Js. In what regards the meshfree analysis of these problems, the same
spaces can be used in the discretization processes related to (1.43) and to (1.44). We
concentrate in (1.43) because scattering phenomena often give rise to more interesting
problems than radiation phenomena. Radiation problems such as (1.44) (in which the
unknown is the total field E, and not the scattered field E*), will be addressed only once
in this work; they will be briefly considered in connection with eigenvalue problems in
Chapter 5. All subsequent developments from this point on shall be related to problem
(1.43).

1.4.2 The Lagrange multiplier

In order to enforce the divergence-free condition in (1.43.b), we add the gradient
of a scalar potential p, or a Lagrange multiplier, to (1.43.a), motivated by some
formulations concerning discontinuous Galerkin methods [Nguyen et al., 2011],
[Perugia et al., 2002], [Houston et al., 2005]. The new system is in Chart 1.2.

Chart 1.2: The modified scattering problem

Find (E®,p) such that
V2ES+ kES+Vp =0, inQ (1.45.q)

V-ES=0, inQ (1.45.b)
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; X ES=-n; xE™, atT, i=12- (1.45.¢)
fi,xES=0, atT, (1.45.d)

The Lagrange multiplier p, also called pseudopressure, is included as a means to
provide another unknown to the system in order to accommodate the requirement
regarding the divergence-free condition.

This condition becomes problematic at the numerical level when the basis functions
used in the discretization process are not solenoidal. Since our meshfree method is
based on scalar basis functions, there is no way for them to be solenoidal. If one tries to
solve (1.43) numerically by some method based on scalar basis functions, one discovers
that the system has more equations than unknowns, i.e., three unknowns corresponding
to the three components of E° and four equations: Three provided by (1.43.a) and one
by the divergence-free condition (1.43.b).

The inclusion of an extra unknown p in (1.45.a) makes the system balanced again:
There are now four equations and four unknowns. The pseudopressure p is a kind of
‘glue’ which links the vector Helmholtz equation and the divergence-free condition
together in a coupled system of differential equations.

The problem (1.45) seems to be well-structured, but a careful observation
reveals that the boundary conditions to be satisfied by p are missing. In order to
discover these conditions, we need to turn our attention to the weak formulation of the
Navier-Stokes problem. But before doing it, a quick introduction to the equations of
hydrodynamics will be provided.

1.4.3 The equations from fluid mechanics

In this subsection, we provide a concise presentation of the equations from fluid
dynamics, whose solution process will ultimately lead us to a model for the solution of
the electromagnetic problem (1.45). A straightforward derivation of these equations
from first principles can be found in [Gross and Reusken, 2011] and [Gerbeau et al.,
2006]. The authors in [Boyer and Fabrie, 2012], on the other hand, are particularly
rigorous in such a task.

The purpose of this subsection (and the next) is twofold. First, this is a thesis in
electrical engineering, aimed at solving a problem from electromagnetism through a
method which has its roots in the solution of problems from hydrodynamics. Therefore
we felt that a minimal familiarity with the equations from fluid dynamics is necessary
for our progress. Second, the derivation of these equations makes extensive references
to tensor products, which will appear later in the weak forms for the scattering problem
(1.45) and in the meshfree spaces we propose for approximating vector fields by scalar
basis functions. So this is the right point for introducing them.

14



The complete derivation of the Navier-Stokes system involves balance
equations, namely the conservation of mass and energy, linear momentum and angular
momentum principles, and some thermodynamical considerations [Boyer and Fabrie,
2012]. The flow equations are usually written in Eulerian coordinates, which are just
the coordinates of the fixed reference frame in which the experiment takes place [Boyer
and Fabrie, 2012]. The approach consists in considering each point x € Q and in writing
the balance equations at x.

The conservation of mass provides us:

a—p +V-(pu) =0, (1.46)
ot

where the function p is the density of the fluid at the point x and time t (SI units:
kilograms/cubic meter), and u is the velocity vector at (x,t) (S| units: meters/second).
In other words, at point x and time t, the velocity of the fluid is given by the vector u.
The density p is a scalar function (x,t) » p € R*, whereas the velocity u is a vector
function (x,t) » u € R%, d = 2 (two dimensions) or d = 3 (three dimensions). The
reason why the density p cannot vanish is that, if it did, it would violate the continuous
medium assumption [Boyer and Fabrie, 2012].

The conservation of linear momentum together with the Cauchy stress tensor
theorem gives:

d(puw)
at

+V-(pu®u)—-V-0o=pf, (1.47)

where @ is the Cauchy stress tensor. Cauchy’s stress @ is a tensor-valued function; it
means that at any time t and at any point x € Q there is a tensor a(x, t). This tensor by
its turn is a function which maps vectors to vectors: a(x, t) ‘receives’ any unit vector v
and ‘returns’ another vector, represented by o(x,t) - v. In (1.47), pf is the body force
density at (x,t) (Sl units: newtons/cubic meter), which means that the total body force
experienced by the fluid is the volume integral of pf. The term f alone represents the
mass density of forces (SI units: meters/second squared). The symbol ‘&’ is the tensor
product operator [Abraham et al., 1988], [Irgens, 2008]. The conservation principles of
angular momentum and linear momentum together with the Cauchy stress tensor
theorem imply that & is a symmetric tensor [Boyer and Fabrie, 2012].

For fluids in motion, Cauchy’s stress tensor @ may be written as

g=J-pl (1.48)
where J is a new tensor, called the viscous stress tensor, p is the hydrostatic pressure of

the fluid and T is the identity tensor. (The components of the tensors in (1.48) are
quantities measured in newtons/square meter.) Another tensor which plays an important

role is the strain rate tensor 5, defined as:

15



D(uw) = %(Vu + (V)™ (1.49)

Chart 1.3 below brings some information on the gradient of vector fields expressed in
(1.49).

Chart 1.3: The gradient operator

The term Vu in (1.49) may lead to some confusion, because the gradient operator V is
applied to a vector u instead of a scalar. What is happening here is some kind of
‘operator overloading’, as the gradient operator may also be applied to a vector. When V
is applied to a scalar, the result is a vector. For example, for some scalar function v, we
know that in Cartesian coordinates,

d d _ 0 _ ov__ dv __ 0v _ R R R
(R0 52 = (G 5Tt gt TRt (WS

where X, ¥ and Z are unit vectors along the x, y and z directions, respectively. (A partial
derivative with respect to x is denoted by a comma in the subscript before the x, as in
v,. The same is true for y and z). On the other hand, when V is applied to a vector, the
result is a tensor. We write Vu as

Vu=V(w,x+uy+u,2)=Vu, %+ Vu, ®9 + Vu, 2, (1.51)
expansion of which reveals that
Vi = (U X+ Uy ¥ + Uy ,2) @ X+ (1.52)
(uy,xk\ +u,,y+ uylzi) XKy +
(uzjxk\ +u,,y+ uzjzﬁ) Rz
and consequently that
Vu=u XQ®X+u,y®X+u,,2QX+ (1.53)
U RXQY+U, YR +u,,2@F +
U XQZ2+U,,yRZ+u,,2Q 2

This is what is meant by the gradient of a vector. The objects X ® X, Yy Q X, -, Z2 ® 2
are called dyads. The transpose of a dyad is defined as

@@ =7y®%
and so on for the other dyads. The transpose of Vu is denoted by (Va)7. In this way,
the information regarding dyads and their transpose gives a meaning to the strain rate
tensor D (u) in (1.49). More detailed accounts on tensor algebra can be found in [Irgens,
2008].
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The strain rate tensor D(u) is also important in connection with Newtonian
fluids. A fluid is said to be Newtonian if it satisfies (experimentally) the three properties
listed in the chart below (which brings the mathematical equivalent of these properties
[Boyer and Fabrie, 2012]).

Chart 1.4: Mathematical properties of Newtonian fluids
Property I: J depends only on D(w).

Due to the conservation of angular momentum principle, the Cauchy stress tensor & is
symmetric [Boyer and Fabrie, 2012], i.e.,

c7=5 (1.54)
The transpose of expression (1.48) is
o' =J7 —pI™. (1.55)
From (1.54) and from the obvious fact that 17 = T, (1.55) becomes
a=J" —pl. (1.56)

A comparison between (1.48) and (1.56) allows us to conclude that J7 = J, i.e., that
the viscous stress tensor J is symmetric. The transpose of expression (1.49) is

(lz)(u))T — %((Vu)T + (Vu)DT) = %((Vu)T + Vu) = D(w), (1.57)

since ((Vu)T)T = V. The strain rate tensor D(u) is therefore also symmetric.

Let the set of all symmetric tensors be denoted by S (of course, we are referring to
second-order tensors in three dimensions). Then, D(u) € S and J € S. Property |
actually means that J is determined from D(u) by an operator L:S — S, i.e., J =

L (l=)(u)).
Property 11: The dependence of J on D(uw) is given by a linear operator.

This property says that the operator L which relates J to D(w) is linear. According to
the definition of linear operators [Kreyszig, 1989], [Rynne and Youngson, 2007], it
means that for any two elements s; and s, in §, and for any two real numbers a; and
a,, it is true that

L(ay8, + az8,) = a;L(s1) + a,L(s;) (1.58)

Property 111: The relation between J and D (u) is isotropic.

This property is linked to the invariance of some fluid properties when the orthonormal
frame is changed. Mathematically, it means this: Let P be an arbitrary orthogonal
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matrix (i.e., a real 3 x 3 matrix for which PPT = I, the identity matrix). Next represent
P as a tensor, i.e., from the matrix

P11 P12 D13
P = [P21 P21 P21] (1.59)
P31 P31 P31

we construct the associated tensor:

P=p, QX+ p,xQP+psX Q2+ (1.60)

(The coordinate directions are represented either as x,y,z or as x;, x,,x3, and the
occasion usually dictates which of the two forms is chosen. Notwithstanding the choice
of any representation, they are equivalent to each other: x is associated with ‘1°, y with
2’ and z with ‘3°.)

At this point we need to define the dot product between tensors. Let A =a ® b be a
tensor formed by the vectors a and b (via the tensor product). Likewise, let € = ¢ ® d
be formed by the vectors ¢ and d. The dot product between 4 and C is defined here as

A-C=@®b) (cR®d)=a®b-cRQd:=((b-c)a®d (1.61)

i.e., A4-C is another tensor formed by the tensor a ® d multiplied by the scalar b - c.
Under these circumstances, the product between two matrices becomes replaced by the
dot product between the associated tensors.

Consider now an arbitrary symmetric tensor s € §. The operator L is called isotropic if
it is true that [Boyer and Fabrie, 2012]:

L(PT-(s-P))=P"-(L(s) - P), (1.62)
where P is the arbitrary tensor from (1.60) and (1.59).

In Newtonian fluids, the relation between the viscous stress tensor ﬁ and the

strain rate tensor D (w) — which must satisfy the three required properties from Chart 1.4
—is given by [Gerbeau et al., 2006], [Boyer and Fabrie, 2012]:

J =2uD(w) + A(V-wI, (1.63)

where u and A are real coefficients. At first sight, it seems that (1.63) violates the first
property a Newtonian fluid must satisfy (J depends on V - u, so it no longer depends on
D(w) only). This difficulty is apparent because of the identity

Tr (T)(u)) —V-u, (1.64)

where Tr( - ) denotes the trace of a tensor. The trace of a matrix is defined as the sum of
the entries from its main diagonal. In order to carry this definition to tensors, we need
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the definition of the double dot product between tensors. Let again A = a ® b and
C = c ® d be tensors formed by the vectors a, b, c and d (via the appropriate tensor
products). The double dot product between 4 and C is defined as

A:C=@®b): (c®d)=(a-c)(b-d), (1.65)

i.e., A : C is ascalar formed by the product of the ordinary dot products between vectors
a-c and b-d. If we represent the Cartesian basis (i.e., the set of basis unit vectors)
{x,y,z} as {e,, &,, &3}, i.e., if we make the identification

X—e
y —é, (1.66)
zZ—oe

3

then the trace of an arbitrary tensor T may be defined as

3
Tr(T) = 2 T:(&Q8&). (1.67)

After the notion of the double dot product has been introduced, (1.64) follows from

(1.49), (1.53), (1.66) and (1.67). The relation in (1.63) can be written in terms of D(u)
alone as

J = 2uD(u) + A Tr (ﬁ(u)) I (1.68)
The trace is a linear mapping; the operator L from (1.58) assumes the form

L(s) = 2us + A Tr(s)I, (1.69)

from which the linear dependence on s becomes evident. Expressions (1.48) and (1.63)
allows the Cauchy stress tensor to be written as

g=2uD(u)+ (A V-u-pl. (1.70)

The two real numbers u and A are called the Lamé coefficients [Gerbeau et al., 2006].
After an extensive discussion involving arguments from thermodynamics (associated
with the fact that the viscous stresses are dissipative) and an analysis of the evolution
equation for the entropy, one concludes that the coefficients u and A must be such that
[Boyer and Fabrie, 2012]:

=0 (1.71.a)
2u+ 31> 0. (1.71.D)

The coefficient u is termed the dynamic viscosity of the flow, whereas the quantity
(2/3)u + A is the bulk viscosity of the flow (SI units: newtons-second/square meter).
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According to the kinetic theory of the monatomic gas [Gerbeau et al., 2006], the
relation

2
A=-zp (1.72)

holds true for most fluids in practice. This is also termed the Stokes’ assumption [Boyer
and Fabrie, 2012], which means that the bulk viscosity can be neglected. The expression

for the viscous stress tensor J in (1.63) can therefore be simplified to

F=2u (l=)(u) —%(v : uﬁ). (1.73)

Thanks to (1.64), one discovers that Tr(J) = 0, since Tr(T) = 3. Moreover, from
(1.48) and (1.73) the Cauchy stress tensor @ assumes its final form as

7 =2u (T)(u) _ % - uﬁ) ol (1.74)

We are now prepared to go back to the conservation of linear momentum
principle (1.47). It can be shown [Boyer and Fabrie, 2012] that the following identities
involving the divergence of tensors hold true:

_ 1
v-(Dw) = 5 (VU + VY- w), (1.75.a)
v ((v : uﬁ) =VV-u, (1.75.b)
V- (p?) = Vp. (1.75.¢)

The equations of fluid dynamics relevant to us reduce to the principles of
conservation of mass (1.46) and conservation of linear momentum (1.47), which
assumes a new form after considering (1.74) and (1.75.a) — (1.75.c). The result is
summarized in Chart 1.5 below.

Chart 1.5: Equations of isothermal fluid dynamics

Conservation of mass:

dp
57+ V- (pw) =0. (1.77)

Conservation of linear momentum:

d(pu 1
(51: )+V.(pu®u)_uv2u—§uvv-u+vp:pf. (1.78)

The system of equations formed by (1.77) and (1.78) together with an extra
equation of state which relates the thermodynamical variables (usually the pressure p
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and the density p), is called the Navier-Stokes system for isothermal Newtonian fluids
[Glowinski et al., 2003]. We remark that the dynamical viscosity u is a function of the
temperature and the pressure. When the temperature is not constant, another differential
equation must be considered in addition to (1.77) and (1.78), namely, the equation for
the evolution of total energy [Boyer and Fabrie, 2012]. The aforementioned extra
equation of state will also involve the temperature, and the whole system, also called the
Navier-Stokes-Fourier system [Zeytounian, 2012], becomes more complicated. In
applications for which changes in temperature are irrelevant (hence the name
isothermal), (1.77) and (1.78) together with an equation of state relating p and p are
sufficient to adequately describe the flow of Newtonian fluids.

1.4.4 Incompressibility
We say that a flow is incompressible if it satisfies one of the three equivalent
characteristics listed below:
1. Given an arbitrary fluid element, its volume remains constant as the time evolves.
2. The velocity field u is divergence-free, i.e., for any x € Q and for any t, it is true that
V-u=0. (1.79)
3. The density p is constant along the trajectories associated with u.

For incompressible models, the pressure is no longer related to the other
thermodynamical variables. The extra equation of state becomes unnecessary, as the
pressure has become an independent variable [Boyer and Fabrie, 2012]. The pressure
gradient in (1.78) plays the role of a Lagrange multiplier related to the divergence-free
constraint (1.79) [Boyer and Fabrie, 2012]. The Navier-Stokes system for isothermal
and incompressible Newtonian fluids reads, after substituting (1.79) in (1.78):

d(puw) 5 _

3t +V-(pu®@u) —ulp)vVu+ Vp = pf, (1.80.0a)
9p v =0 1.80.b
5 TV (w =0, (1.80.D)
V-u=0, (1.80.¢)

where in (1.80.a) the dependence of u on p is made explicit.
In the sequel, the following identity will be useful [Gerbeau et al., 2006]:
V-(pu®u) =uv-(pu) + p(u-Vu. (1.81)

Moreover, there is one last simplification to be made: The fluid shall be homogeneous,
I.e., the density p shall be constant. As a consequence, the dynamic viscosity p will also
be constant. Expression (1.81) then becomes
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V-pu®Q@u) =upV-u+pu-V)u= p(u-vu, (1.82)

thanks to (1.80.c). The equation for the conservation of mass (1.80.b) reducesto V- u =
0, identical to (1.80.c). In other words, homogeneity implies incompressibility
[Glowinski et al., 2003]. The Navier-Stokes system for isothermal, incompressible and
homogeneous Newtonian fluids, called simply the incompressible Navier-Stokes system
Is summarized in Chart 1.6.

Chart 1.6: Incompressible Navier-Stokes equations

d
p (6_1; + (u- V)u) — uV?u + Vp = pf, (1.83.a)
V-u=0. (1.83.h)

The solution process of the system (1.83) via mixed finite elements will provide
the basis for the meshfree method developed in this thesis. Since we are not directly
interested in the solution of (1.83), we can simplify it further. We can neglect the time
derivative and divide the first equation by the density p, thus arriving at the steady state
incompressible system:

Vu+ (u-V)u+V (%) =f, (1.84.a)

4 o=

u=0. (1.84.b)

In (1.84), the dynamic viscosity p divided by the density p is called the kinematic
viscosity v. Moreover, since p is constant, once one determines the quotient p/p at a
point, the real pressure p can be retrieved. From now on, we commit an abuse of
notation by referring to the real pressure divided by the density (i.e., to p/p) simply as
‘pressure’ p. The equations (1.84) become

—vWiu+ (u-V)u+Vp =f, (1.85.a)
V-u=0. (1.85.b)

The system (1.85) gives the dynamics of the velocity field u at a given point. If
we are interested in studying the flow on a region Q, in addition to requiring (1.85) to be
valid at all points x € (, we also need suitable conditions prescribed on the boundary
I' = 0Q. We shall consider only one kind of boundary condition, that in which u is
known at all points from T':

u=g atrT, (1.86)

i.e., we shall consider Dirichlet conditions for the velocity field u (g is a known
function). Other types of boundary conditions for the steady state Navier-Stokes system
are discussed in [Quarteroni, 2009], [Quarteroni and Valli, 1994], [Glowinski et al.,
2003].
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When we put (1.85) and (1.86) together we get the final form of the Navier-
Stokes system, stated in Chart 1.7 below.

Chart 1.7: Steady-state Incompressible Navier-Stokes equations

Find(u,p) such that

—wWiu+ Ww-VYu+Vp=f inQ, (1.87.a)
Viu=0 inQ, (1.87.b)
u=g atl. (1.87.¢)

The equations for the scattering problem from Chart 1.2 are rewritten in the
Chart 1.8 below for convenience:

Chart 1.8: The modified scattering problem

Find (E®,p) such that

V2ES+ k3ES+Vp=0 inQ, (1.88.a)
V-ES=0 inQ, (1.88.h)
i xES=—-n; xE™ atT, i=12-- (1.88.¢)
i, xES=0 atT,. (1.88.d)

A comparison between Charts 1.7 and 1.8 reveals that the scattering and the
Navier-Stokes problems have a similar structure. So the idea of applying solution
processes aimed at solving (1.87) to the solution of (1.88) is not meaningless. The
motivation is that (1.87) can be solved by nodal finite elements, which (at least in
principle) suggests that (1.88) also can. But we must go a step further: We solve (1.88)
also by nodal finite elements, but we must take the mesh away. The result is that (1.88)
shall be solved by a nodal meshfree method.

Of course, there are differences between (1.87) and (1.88). In (1.87.a), the
pressure p is a real meaningful quantity, whereas p in (1.88.a) is just a mathematical
artifact used to enforce the divergence-free condition. (A careful observation reveals
that in both systems the boundary conditions for p are missing.) In (1.87.c), all
components of the velocity field u are known at the boundary, whereas in (1.88.c) —
(1.88.d) just the tangential components of the scattered electric field E® are prescribed.
There are other differences that will gradually be revealed as the process unfolds,
particularly in what concerns the variational formulations of the aforementioned
problems, which are the subject of the next chapter.
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Chapter 2

Variational formulations

This chapter has two sections. The variational formulation of the steady-state
incompressible Navier-Stokes system is discussed in the first section.

In the second, an analogous development is made in what concerns the wave scattering
system.

The mathematical ideas necessary for assessing the variational formulations are spread
throughout the text, and are introduced as they become necessary.

2.1 The Navier-Stokes system in weak form

2.1.1 Weak derivatives

In order to proceed with the variational formulations, we need some terminology
first.

Let O be a domain in R4, i.e., an open and connected subset of R. In this thesis,
we shall be concerned with bounded domains only. We say that Q is bounded if it can
be placed within a ball of finite radius, i.e., if there is a point x, € R and a positive
number R such that Q c B(x,,R). If d =2, B(x,,R) is just a circle of radius R
centered at x,, whereas if d = 3, B(x,, R) is a sphere of radius R centered at x,. The
definition of connectedness is more intricate [Searcdid, 2007], but for our purposes it
suffices to say that a connected set cannot be represented as the union of two or more
disjoint, nonempty, and open subsets.

In the subsequent development, the notion of compact subsets in R? is needed.
Although the true definition of compactness is also intricate [Searcoid, 2007], we will
not need to work with the notion of compactness directly. We only need to know when
a given subset of R? is compact. A subset S ¢ R® is compact if and only if S is closed
and bounded [Searcdid, 2007], [Kreyszig, 1989].

A subset S ¢ R¢ is called closed if it contains all its limit points. We say that x € R® is
a limit point of S if we can find a sequence of points in S which converge to x. An
arbitrary limit point x need not be in S; if all of them happen to be in S, then S is closed.
The set formed by the union of S and all its limit points is called the closure of S, and
represented as S.
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A point x € S is said to be on the boundary of S if it does not belong to the interior of S,
I.e., if every neighborhood of x contains at least one point in S and at least one point not
in S. The boundary of S is represented by dS.

Let VV be a subset from our domain Q. We say that V' is compactly contained in Q
if two requirements are met: First, the closure V is contained in Q. Second, the closure V
is compact. This is sometimes represented as V cc Q. (Informally, it means that no
point from either V or from its boundary dV touch the boundary 0 of (.)

The space Cy°(Q) comprises all infinitely differentiable functions ¢:Q - R
whose support is compactly contained in Q. The support of ¢ is defined as:

supp(¢) = {x € 2| p(x) # 0}. (2.1)
So if ¢ € C5°(Q) then supp(p) cc Q.

Until the end of this subsection, we shall assume that d = 3, i.e., the results will
be stated in three dimensions. The same ideas apply when d = 2. The space C*(Q)
comprises all functions from Q into R that admit first order classical derivatives, i.e., if
u € C1(Q), then du/dx,0u/dy and du/0dz are continuous at all points x € Q.

Let F be an arbitrary 3 x 1 vector whose components are elements of C1(Q).
We write it as F € C1(Q)3. Let also ¢ € C5°(Q) be an arbitrary test function. Take the
identity

V:(pF)=V¢o- -F+ ¢@V-F, (2.2)

and integrate over (. After the Divergence Theorem and observing that ¢ is zero at 0Q,
(because supp (@) cc Q) we conclude that

f V(p-Fdﬂz—f @V - F dQ. (2.3)
Q Q

Since F is arbitrary, we can allow it to assume any form. Consider an arbitrary function
u € C(Q). In the first choice, make F = [u, 0,0]7. In the second, make F = [0, u, 0],
and in the third, make F = [0,0,u]”. When considering these three particular choices,
(2.3) allows us to conclude that

J 9P 1 dq = J 0 2.4

N o LA = N P35 (2.4.a)

f 9P 1 o f % 0 (2.4.b)
—udQ=— — 4.

o 0y o Y0y

f 9P 1 o = f % 0 2.4

. o7 = . @574 (2.4.0)
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Observation 2.1: From now on, whenever an integral is written in this thesis, the
volume element dQ will be omitted from the volume integrals. Analogously, the surface
element dI' will be omitted from all surface (boundary) integrals. This allows the
expressions to be written in a cleaner way, particularly when long integrands are
considered. So

fﬂ fd2 and Lﬂg ar (2.5)

will be written as

f f and g. (2.6)
Q o0

Identification of whether a given integral is either a volume or a boundary integral may
be done by observing the proper symbol which indicates the region where the
integration is performed.

The expressions in (2.4) make perfect sense. Since u € C1(Q), the first
derivatives in the right side of (2.4) are continuous, and these integrals are therefore
well-defined, i.e., they assume finite values. There is no risk of any of them going to
infinite.

We now ask if expressions (2.4) may still be meaningful if u is no longer in
C1(Q). Particularly, we are interested in the validity of (2.4) when u belongs to another

space in which the first derivatives are not well-defined. In order to proceed, we need
the notion of LP spaces.

The Lebesgue space LP (Q) is defined as:
LP(Q) = {v: Q - R | v is Lebesgue measurable and ||v]|,rq) < 00}. (2.7)

The proper clarification of the term ‘Lebesgue measurable functions’ needs introduction
of a technical machinery which falls outside the scope of this thesis [Tao, 2011],
[Cheney, 2001], [Rynne and Youngson, 2007]. It suffices for us to know that by
restricting our attention to measurable functions we will not be dealing with functions
which are ‘nonconventional’ in a sense. So we must concentrate on the second
requirement in (2.7), which means

1

14
Ivllie) = <f lv]P dﬂ) < oo, (2.8)
Q

where 1 < p < oo. (The Lebesgue spaces are traditionally spelled as LP, and the same is
done here. No confusion should be made between the index p in (2.8) and the pressure
or the pseudopressure p presented in Chapter 1).
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Another space that will be mentioned is the space of all locally summable functions,
defined as

IL.(Q):={mQ->R|VSccQveL(S))} (2.9)

i.e., we say that v € L},.(Q) if, for any subset S compactly contained in €, it is true that
v restricted to S is summable. According to the terminology from [Evans, 2010], a
function is called integrable if it has an integral (which may assume infinite values).
When the integral is finite, the function is called summable.

In order to relax the requirement that u € C*(Q) in (2.4), we begin by noticing
that, since the arbitrary test function ¢ and its derivatives are different from zero only at
the support supp(¢), we rewrite (2.4) as

do du

Lupp((p)au dQ = — J;upp((p) (padﬂ (2.10.a)
do du

Lupp((p)au dQ = — J;upp((p) (p@dﬂ (2.10.b)
do du

j;upp((p)gu dQ = — J;upp((p) <pEdQ. (2.10.¢)

Since all derivatives of ¢ are continuous, we see that the integrals from the left side in
(2.10) will still be meaningful if u € L},.(Q), according to the definition (2.9). When
we assume that u € L},.(Q), then it is true that

u € L(supp(e)), (2.11)

as supp(p) cc Q. Different test functions from C;°(Q) have different supports, but
they are all compactly contained in Q. Hence the requirement for u to be summable on
all such subsets, i.e., u € L},.(Q).

In the left side of (2.10), u is no longer required to be continuous; it only needs
to be summable on all subsets compactly contained in Q (subsets S such that no point
from either S or from its boundary dS touch 9Q). But what about the right side of
(2.10)? The problem is that, since we ‘replaced’ C1(Q) by L},.(Q), u may not be
differentiable at all points from Q. The space L1 .(©) admits discontinuous functions,

loc

which may risk the integrability of the right side of (2.10).

At this point it comes the definition of weak derivatives. Suppose that for any
arbitrary test function ¢ we are able to find functions v*, v¥ and v in Lj,.(Q) such that

—udQ = —f pv*dQ (2.12.0a)
Q
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do _
—udQ=—1| @vVdQ (2.12.b)
o 0y Q

do
f —udQ = —f Qv?do. (2.12.¢)
o 0z Q

When that is the case, we say that v*, v¥ and v? are the weak derivatives of u.

These functions do not need to be continuous. All that is required from them is
that they are locally summable. It may happen that u belongs to L},.(Q), and at the
same time be so badly discontinuous that no functions v*, v¥ and v? can be found so
that the right side of (2.12) makes sense. When this is the case, we say that u does not
possess weak derivatives. So now we can define weak derivatives.

Definition: Weak derivatives — Let u, v*, v¥ and vZ be elements of L},.(Q). If for all
@ € Cy°(Q) itis true that

%
f —udQ = —f v dQ (2.13.a)
o Ox Q

dg
j —udQ = —j vYdQ (2.13.b)
o 0y Q

dp
f —udQ = —f Qev*dQ (2.13.0)
o 0z Q

we say that v*, v¥ and v# are the weak partial derivatives of u with respect to x, y and
z, respectively.

The weak derivatives and the classical (pointwise) derivatives are distinct
objects. There may be circumstances in which they coincide, e.g. if u € C1(Q) [Salsa,
2008]. In order to make this distinction apparent, the weak derivatives are sometimes
written differently, as

D*u, DYu, D?u, (2.14)

which represents the weak partial derivatives of u with respect to x,y, and z,
respectively.

The advantage of employing weak derivatives is twofold. First, they extend the
notion of derivatives to functions which are not continuous. In a sense, classical
derivatives may be represented as operators from C1(Q) into C°(Q). [Actually, from
C™(Q) into C™1(Q), m > 1. But since C™(Q) c €*(Q) and C™1(Q) c €°(Q) for
all m > 1, we concentrate on the supersets C*(Q) and €°(Q)]. On the other hand, weak
derivatives may be represented as operators from L},.(Q) into L},.(€). Since in general
Ccl(Q) c L},.(Q), there are functions in Lj,.(Q) which do not possess classical
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derivatives, but do possess weak derivatives. Second, weak derivatives allow a
reduction in the order of the derivatives appearing in the differential equations. For
example, in the variational formulations, instead of dealing with classical second-order
derivatives of E° in (1.88) and u in (1.87), we can deal with first-order weak derivatives
of the same quantities.

The notion of weak derivatives is central to the finite element method, and
consequently to meshfree methods as well. More details can be found in [Salsa, 2008],
[Evans, 2010], [Brezis, 2010].

2.1.2 Function spaces: L?(2) and H1(2)

Before proceeding to the Navier-Stokes system in weak form, we need some
more notions, like that concerning a particular Sobolev space, which will appear over
and again in the course of this work.

Definition: The space H1(Q) — The Sobolev space W2(Q) is defined as
wi2(Q) = {v € L},,(Q) | v € L*(Q) and Dv e [*(Q), i=xy,z}. (2.15)
The space W12(Q) is often written as H1((Q).

If a function u belongs to H1((), then u itself and all its weak partial derivatives
(of course, they must exist) are square integrable, i.e.,

lull 2y <o and |[Dfulf|, ©, i =x,Y,2, (2.16)

2(Q) <
according to (2.8).

If the domain € is bounded (has a finite measure), and if 1 < p; < p, < oo, then
it is true that LPz(Q) < LP1(Q) [Salsa, 2008]. So we can conclude that L?(Q) < L*(Q).
Moreover, if 1 <p < oo, then LP(Q) c L},.(Q) [Salsa, 2008], which implies that
L}(Q) c L},.(Q). The spaces referred to so far are related as

L2(Q) € L'(Q) € Li,c(Q). (2.17)
Since all functions from H(Q) are also in L?(Q), then H1(Q) c L?(Q).

The space H(Q) is a Hilbert space [Brezis, 2010], [Cheney, 2001] when
endowed with the inner product:

(2.18)

(W Vi) = j

uv+J (D*u D*v + DYu DYv + D?u D?v), Vu,v € H(Q)
Q Q
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From now on, we shall commit an abuse of notation and represent the weak first
derivatives as components of a gradient vector, i.e., as long as the weak derivatives of u
exist, they can be represented as

Vu = [D*u, DYu, D?u]’. (2.19)

Whenever we write a gradient such as Vu, the context will make it clear whether we
will be referring to a vector of weak derivatives as in (2.19) or to a vector of classical
derivatives. The inner product in (2.18) then becomes

(WU, v) g1y = w+ | Vu-Vv, Vu,veH(Q). (2.20)
H'(Q) q
Q

As it happens in Hilbert spaces, the inner product in (2.18) induces a norm || - || z1(q),
given by

1

2
el = /(u,u)Hl(m=<j [ul? + f |Vu|2>, vu e HI(Q). (221)
Q Q

In H'(Q) we can also define a seminorm | - |1 (o), expressed as
1

2
[ul 1oy = [Vul? ), Yue€H(Q). (2.22)
H1(Q)
Q

The space L?(€), of which H(Q) is a subspace, is also a Hilbert space when endowed
with the inner product [Brezis, 2010]:

W, v),2cy = | uv, VYu,ve€L*(Q). 2.23
L=(Q) q

The norm induced by the inner product in L2(€) is just the expression (2.8) evaluated
whenp = 2, i.e,,

1

2
lull2(e) = /(u,u)Lzm) = (j IuI2> , Yu€L*(Q). (2.24)
Q

From (2.18), (2.21), and (2.23), we observe that

(2.25)
”u”?{l(g) = ”u”iz(g) + ||Dxu||22(g) + ||Dyu||iz(ﬂ) + ||Dzu||i2(m, vu € H'(Q),

since D*u, D*u and D*u are in L?(Q), according to (2.15).

30



2.1.3 Function spaces: L?(2)% and H1(2)¢

When dealing with vectors whose components are elements of L?(Q) or H*(Q),
it is useful to review the notion of norm extended to product spaces.

An abstract normed space consists of a linear space U together with a norm
|| - [|y defined on elements of U [Kreyszig, 1989], [Conway, 1994]. Let such a normed
space be represented as the pair {U, || - || ;}. Suppose we are given d = 3 normed spaces
U, - g V.1 - Iy} and {W, || - llx/}. We can define a new linear space U X V x W
formed by the Cartesian product of the three linear spaces U, V, W in the following way:

VueU YveV YweW [uvw]f eUxXV xW. (2.26)

The question is: How does the norm on U X V x W relate to the norm on the individual
spaces U,V,W? In other words, can the norm || - ||yxvxw b€ written as a function of the
norms on the individual spaces |- |ly, || -|ly and || - [lyy? The answer is yes, and
generally there is more than one way to accomplish that [Searcoid, 2007]. For our
purposes, it will be suitable to set

1
I Hosvsw = CF- G+ 11115 + 1 132, (2.27)

i.e., for arbitrary elements u € U, v € V and w € W that happen to be the ‘components’
of the object [u, v, w]T, the normin U X V x W is given by

1
I, v, Wl llyxvxw = (lullf + VG + Iwll§)? . (2.28)

The conclusion thus far is: given d = 3 arbitrary normed spaces {U, || - ||}, {V, |l - llv'}
and {W, || - |lw}, we can form a new normed space whose associated linear space is
formed by d-dimensional column vectors whose components are elements of the
individual linear spaces U, V, W, and whose associated norm is given by (2.28).

When we consider U=V =W =12(Q) and [|‘lg=I-lly=1I"llw =
Il - Il .2(q), We get the normed space L?(2)* formed by triples:

L2(Q)3 = {[u,v,w]" |u € L?(Q),v € L?(Q),w € L2(Q)}. (2.29)
The space L2(Q)3 is a Hilbert space when equipped with the inner product
([ug, v1, wil7, [z, v, wo ") 2(qys = f UgUy + V1V, + Wywy, (2.30.a)
Q

valid for all vectors [uy, vy, w;]T and [u,, v,, w,]T in L2(Q)3. The inner product (2.30.a)
induces a norm:

(2.30.b)

31



1

2
[, v, wlTll 2(qy3 = \/([u,v,W]T, [u, v, wIT) 12(0ys = <f [ul? + [v]* + |W|2>
Q

that coincides with (2.27). So the norm induced by the inner product is a valid norm
when we see L?(Q)3 as the Cartesian product of 3 spaces.

Analogously, we can define the space H(Q)3:
HY(Q)3 = {[u,v,w]" |u € HX(Q),v € H(Q),w € H'(Q)}, (2.31)
which is a Hilbert space when endowed with the inner product
(2.32)

([ug, v, w117, [z, vy, Wz]T)Hl(Q)3 = (uy, uZ)Hl(Q.) + (vy, Uz)Hl(Q) + (wy, Wz)Hl(Q)
= f uluz +Vu1 - Vuz + U1U2 + Vvl " VUZ + W1W2 + VWl " VWZ.
Q

The norm in H1(Q)3 becomes

Iw, v, W] g1y = \/([u, v, w]T, [w, v, w]T) g1 (2.33)

1

2

= (f |ul? + |Vul? + [v]? + |Vv|? + |w|? + IVWIZ) ,
Q

whereas the seminorm is given by
1
2
I[w, v, W] | g1z = (J [Vul® + |Vv|? + IVW|2> : (2.34)
Q
In favor of a more compact notation, let us represent the elements of either

L2(9)3 or H1(Q)?3 as vectors, i.e., let us make u = [u, v, w]7, and so on. Then the inner
product in L?(Q)3 (2.30.a) becomes

(U, v);2(0)3 == u-v, vuvel?*(Q)3 (2.35)
12(Q)
Q

and the norm (2.30.b) simplifies to

1
2

llull 2y = ’(u,u)Lz(Q)s = <f u-u) ,  Yu € L*(Q)3. (2.36)
Q

The inner product in H*(Q)3 (2.32) becomes
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(W, V) gy = f u-v+Vu: Vo, vu,v € H1(Q)3, (2.37)
Q

if we recall the notion of double dot product from (1.65). The norm (2.33) and the
seminorm (2.34) simplify to

1

2

llullyr gy = /(u,u)Hl(ms = (f u-u+Vu: Vu) , VYu e HY(Q)3 (2.38)
Q

and
1
2
[uly1qy = (f Vu: Vu> , Yu € H(Q)3, (2.39)
QO
respectively.

In (2.26) — (2.39), the development has been carried out for the three-
dimensional case d = 3. Similar results hold for the two-dimensional case d = 2.

We end this section by noticing some important relations, summarized in Chart
2.1 below.

Chart 2.1: Function spaces and norms

From (2.21), (2.22) and (2.24):
ulZa gy = lullZegq + ulZay,  Vu € HY(Q) (2.40)

From (2.40), (2.22) and (2.36):
ulls gy = lulZgqy + 1VullZ2gys  Vu € HY(Q) (2.41)

From (2.36), (2.38) and (2.39):

||u||§,1(m3 = ”u”i2(9)3 P |u|21(9)3, Yu € Hl(ﬂ)s (2.42)

2.1.4 Function spaces: Density and trace theory

In order to establish the weak forms associated with the Navier-Stokes system
(1.87), the notion of density will prove to be very useful.

Let it be an abstract normed space {U, || - ||;}. Suppose S is a subset of U, i.e.,
S c U. We say that S is dense in U if its closure is equal to U [Kreyszig, 1989],
[Conway, 1994], [Rynne and Youngson, 2007], i.e., if

S=U. (2.43)
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By this, we mean that the union of S and all its limit points is equal to U. We can clarify
further the notion of limit point: We say that x, € U is a limit point of S if, for every
ball centered at x,, no matter how small, there is at least one point y € S such that y is
distinct from x,. This can be expressed symbolically as

Ve >0 Iy € B(xp,e) yE€S and y # x,. (2.44)

If we make & successively smaller, e.g., e =1/n, n € N, we get the more useful
equivalent result: x, € U is a limit point of the subset S if there is a sequence
S1,°*+, Sy, -+ Of elements from S such that s,, converges to x,. Symbolically,

s 1 ©S s> X (2.45)

A sequence in S is just a map from the natural numbers into the subset S, i.e, a map
s:N - S. In (2.45), the {s, };r—, represents the range of the map s, which evidently is a
subset of S.

The idea of density roughly represents this: Given an arbitrary point x, from U
which is not necessarily in S, it can nonetheless be ‘approximated’ by a sequence of
elements which are in S. The most interesting case happens when x, is not an element
from S. The density hypothesis says that, despite the fact x, is not in S, there are other
elements from S that are infinitely close to x,. But how is this ‘closeness’ actually
measured? It is measured by the norm of the superspace U, i.e., by || - ||y. The ball in
(2.44) means

B(xg,e) ={z€U|llz— xolly <&}, (2.46)
so that convergence in (2.45) is indeed the convergence in the || - ||, horm, i.e.,
Ve>03INEN Vn=>N |s, — xlly <e. (2.47)

In order to make clear that the convergence is in the || - ||, norm, (2.43) is often written
as

SU=u. (2.48)

The notion of density has been introduced in a rather abstract way; in order for it
to be useful, it should be specialized to some of the spaces introduced thus far.

The space Cy°(Q) together with all its limit points regarding the || - || »(q) norm
in (2.8) is the space LP(Q) itself, when 1 < p < oo [Salsa, 2008], [Brezis, 2010]. When
p = 2, wWe may write

C2Q) L@ = 12(Q) (2.49)

where convergence is measured in the || - [[;2qy norm from (2.24).
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The space Cy°(Q) together with all its limit points regarding the || - |[;1(q) norm
in (2.21) is also very special. It is a subspace of H!(Q) [Salsa, 2008], [Brezis, 2010] and
it is denoted by HZ(Q). It will occur frequently in the course of this work. Formally,

Hi(Q):= P '@, (2.50)

The space Hj(Q) is defined by (2.50), whose meaning is: Given an arbitrary u €
HY(Q), there is a sequence of elements from C§°(Q) which converges to u in the
|| - [l g1 ¢qy NOrm. Specializing (2.45),

Hpnln=1 € Co () @n — u. (2.51)

The support of any function ¢ in C;°(Q2) is compactly contained in €, i.e.,
supp(p) cc Q. So ¢ is zero at the boundary T' = 9Q, i.e., ¢|r = 0. This characteristic
is somehow inherited by the functions in H}(Q), i.e., any function u in H}(Q) is
‘somehow’ zero at I'. It is said that it has zero trace on T'. (It is not quite correct to say
that u assumes the value zero at all points from I'. The reason is that elements from the
Lebesgue spaces are not defined pointwise. Proper explanation of this fact requires
ideas from measure theory that are outside the scope of this work. [Tao, 2011])

In order to clarify the idea of trace, some more notions are required. Spaces
whose elements are functions which admit continuous derivatives up to order m are
represented by C™(Q):

C™(Q) = {u:Q - R | uis m times continuously differentiable}. (2.52)

The space C1(Q) from the beginning of Section 2.1.1 is just (2.52) specialized to the
case m = 1. Let us concentrate on the case when m = o and Q = R¢, i.e., the whole
space. The space C®(R%) comprises those functions which admit continuous
derivatives of all orders at all points from R%. If u € C*(R%), then u is well-defined
and admits continuous derivatives at all points from R¢, particularly at those which lie
inside the domain Q and at those on the boundary I' = dQ as well. Form now the space
which consists of the restrictions to Q of functions in € (R%), i.e., the space

C*@Q)={u:Q->R|u=1y|g P €C(RY}. (2.53)

There is a very important theorem, which summarizes the notion of trace [Evans, 2010],
[Salsa, 2008], [Boffi et al., 2013], [Boyer and Fabrie, 2012], [Leoni, 2009], [Girault and
Raviart, 1986], [Galdi, 2011].

Theorem 2.1: The Trace Theorem — Let Q be a bounded and Lipschitz domain in R%.
Then there exists a linear operator (the trace operator) y,: H*(Q) — L?(T) such that:

1. 1f @ € C*(Q), then yop = ¢|r.

2. There is a constant € > 0 such that ||youll 2y < Cllullyagy for all u € H'(Q).
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The notion of Lipschitz domain is rather technical [Galdi, 2011], but it suffices to say
here that ordinary domains such as squares, rectangles, triangles, circles, cubes and
spheres are Lipschitz. Moreover, the constant C in the theorem above depends on the
domain Q and on the dimension d, sometimes being represented as C(£,d) [Salsa,
2008]. Of course, it is independent of u.

Theorem (2.1) concerns the existence of an operator that ascribes functions from
L?(I) — functions which are defined at the boundary T' — to functions from H!(Q).
When the function ¢ is in C* (), which is obviously a subspace of H1(Q), it is well-
behaved enough to be associated with its restriction to the boundary ¢|r. When a
function u is in H1(Q) but not in C*(Q), it is associated to the function y,u. This
function y,u is not defined pointwise (due to the technicalities from measure theory
[Tao, 2011]), but on the other hand its norm in L2(T) is related to the norm of the
original function u in H1(Q).

The trace operator y, is not surjective, i.e., there are functions from L?(T") which
are not in the range of y,. It is proved that the range of y, is surjective on the space
H/2(T), a Sobolev space of fractional order, and whose characterization is not trivial
[Leoni, 2009]. In order to find out if a given function defined on the boundary T is a
trace from another function in H1(Q), the following result from [Boffi et al., 2013] is
useful:

HY(T) € yo(HY(Q)) < L2(D), (2.54)

where yo(H*(Q)) = H'/2(T) is the range (or image) of y,. Expression (2.54) says that
if a function g defined on the boundary is in H1(T), then it is guaranteed to be in the
range of the trace operator, i.e, g € yO(Hl(ﬂ)), which implies that there is a v in H1(Q)
such that y,v = g.

As the notion of trace has been clarified, one may ask about those functions u
from H'(Q) which have zero trace on T, i.e., functions such that ||y,ull,2 = 0. It can
be proved [Boyer and Fabrie, 2012] that these functions form a space, which is
precisely the space Hj () defined in (2.50):

Kery, = H}(Q), (2.55)
i.e., the kernel (or null space) of the trace operator is precisely the space Hj ().

The results introduced so far concerning density and traces can be extended to
the product spaces H(Q)3.

HL(Q) x HL(Q) x HE(Q) = HL(Q)? < H(Q)3 (2.56.a)
C2(Q) X C2(Q) X CL(Q) = C&(Q)? (2.56.b)
Hi(Q)3: = CP(Q)3 H'@?, (2.56.¢)
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Expression (2.56.c) says that a function v from H}(Q)3 can be approximated by a
sequence in C5°(€)* which converges in the || - || 1(qys norm (2.33) to v. Moreover, the
product version of the space in (2.52) becomes:

C®(@) x € (@) x C*(Q) = C=(@)3. (2.57)
If we define the multidimensional trace operator y¢: H(Q)3 — H'/2(I')3 as
d d T T
YOu = YO [uXiuy'uZ] = [Voux’ )/Ouy! yOuz] ) (258)

then the trace theorem applied to each of the components of u allows us to conclude
that

P eC®)®=vip =0l (2.59.a)

Ic(Q,d) >0 vue H(Q)3 ||ygu||L2(F)3 < Cllullyays, (2.59.b)

where the ‘= arrow is the implication connective (if... then). The norm || - [[;2(r)3 is
the same as that from (2.31) or (2.36). Also,

Ker yd = H}(Q)3. (2.60)

The reasoning (2.56) — (2.58) applies also to the bidimensional case d = 2.

2.1.5 Navier-Stokes: Weak forms and weak solutions

It is now time to return to the Navier-Stokes system (1.87), rewritten below for
convenience:

Find (u,p) such that

—wWiu+ @-VYu+Vp=f inQ, (2.61.a)
Viu=0 inQ, (2.61.b)
u=g atl. (2.61.c)

We call (u,p) a classical solution if all derivatives appearing in (2.61) are defined
pointwise. The “classical’ velocity field u belongs to the space €?()3, in which C2(Q)
has been defined in (2.52). In a classical solution, generally it is required that u be well-
behaved close to the boundary 0Q; one then adds the requirement that « must also
belong to the space C(Q)3, where

C(Q) = {u € C(Q) | uis uniformly continuous}. (2.62)

Thus if u € C(Q) then u can be continuously extended to the boundary 99, i.e., when
going from the interior to the boundary dQ, one experiences no discontinuity. So
u € C2(Q)3 n C(Q)3. In the same way, the ‘classical’ pressure p belongs to C1(Q) N
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C (). Finally, the ‘classical picture’ is completed by requiring the excitation f to be in
C(€)3 and the boundary condition g to be in C(I')3. We can rewrite problem (2.61) as

Find (u,p) € C2(Q)3 n C(Q)3 x C*(Q) n C(Q) such that

—wWiu+ W-VYu+VVp=f inQ, (2.63.a)
Viu=0 inQ, (2.63.h)
u=g atl. (2.63.¢)

In problem (2.63), all derivatives are the classical (pointwise) derivatives.

In order to devise a strategy to solve (2.63), one must first show that the problem
is well-posed, i.e., that the solution to (2.63) exists, is unique and depends continuously
on the data f and g. However, such a task may prove to be very difficult, if not
impossible. Moreover, there may be situations of physical interest in which the data f
and g are not continuous. The question is that requiring everything to be continuous is a
fairly restrictive hypothesis, and the solution to our problem may not exist.

A reasonable idea is to ‘relax’ the requirements on the solution we are seeking.
Hopefully, since we have somehow widened the search space of our solution, it may
become easier to find out if the problem in this new setting is well-posed. Roughly
speaking, this new ‘relaxed solution’ is the weak solution to our problem. It usually
happens that the enlarged search space has a richer structure, the exploration of which is
greatly enhanced by the tools and inequalities available from functional analysis. In this
way it becomes easier to establish the well-posedness in the new setting.

After the existence of the weak solution has been established, one may begin to
inquire about its smoothness. At this point one tries to show that the weak solution is
more regular than expected. For example, one initially shows that a weak solution exists
in H1(Q); thereafter he may be able to show that this solution happens to be in the more
regular space H?((), and so on. In general, given a weak solution u € H*(Q), one may
try to solve the problem:

Find max {s |u € H*(Q)}. (2.63.d)

A solution u that happens to be in H$(Q) for s > 1 is usually termed a strong solution.
If the solution is found to be regular enough, then one may study if it qualifies as a
classical solution. Such questions are addressed by the regularity theory, which is a very
advanced branch in the study of partial differential equations and is outside the scope of
this work. The book by [Evans, 2010] brings more discussions about the concept of
weak solutions and the problem of regularity.

In this thesis, we shall be concerned with the weak solutions only. As will
become clearer later, the finite element method (and consequently our meshfree
method) seeks for approximations of the weak solutions. We devised a neat way to
present the process of going from the classical form (2.63.a) — (2.63.c) to the weak
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form, which explores all the notions introduced so far. It will be applied to the Navier-
Stokes system first and to the scattering system later.

2.1.5.1 The problem in classical form

The problem should be stated in its classical form, as in (2.63). Write the
residuals of (2.63.a) and (2.63.b), as below.

Find (u,p) € C2(Q)3 n C(Q)3 x C*(Q) n C(Q) such that

—vWiu+ u-VYu+Vp—f=0 inQ, (2.64.a)
Viu=0 inQ (2.64.b)
u=g atl. (2.64.¢)

2.1.5.2 Testing functions

The first equation (2.64.a) is multiplied by an arbitrary testing function ¢ €
C(Q)3 and (2.64.b) by another arbitrary testing function ¢ € C5°(Q). The result is
integrated over the domain Q. After application of successive vector identities, one
arrives at the expressions

Find (u,p) € C2(Q)3 n ()3 x C*(Q) n C(Q) such that

fn 1/Vu:V(p+fQ [(u-V)u]-(p—fQ pV-@—
fﬂ f-(p—jgﬂ (g—;‘—pﬁ)-(pzo, Ve € CP(Q)3 (2.65.a)

] eV-u=0, V¢c€eCl((Q) (2.65.b)
Q

u=g, atl. (2.65.¢)

Since @|r = 0, as all components are elements from C;°(Q) (a space whose functions
are compactly contained in ), the surface integral in (2.65.a) is disregarded.

2.1.5.3 Relaxing the requirements

Let us write @ = [@*, @¥, pZ]T. The first integral in (2.65.a) is a sum like

Ou, 0p*  Ou, dp* ou, 0¢p?
jv( R e 24 - (p). (2.66)
Q

ax ox "oy oy © "oz oz
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Since all terms involving the test functions in (2.66) are compactly supported, the
integral in (2.66) still makes sense if we require that du,/dx,---,0u,/dz are in
L},-(Q). This is equivalent to saying that all weak partial derivatives of u must exist.
However, requiring only that all components of u and its weak derivatives are in
L} .(©) adds too much freedom to the ‘relaxed’ solution. For reasons that will become
apparent as we progress, it is better to restrict it a little bit and require that all
components of u and its weak derivatives are in L?(Q) c L},.(€). In other words, the
initial space C2(Q) is too restrictive, and L},.(Q) is too permissive. The intermediary
space L?(Q) looks as a promising choice.

Requiring that all components of u and its weak derivatives are in L?(Q) is the
same as requiring that u € H1(Q)3.

The second integral in (2.65.a) is a sum like

f ( Ouix Nt Ot gt Ou; Z) 2.67
Q u.X'ax(p uyay(p u’ZaZ<p (' )
In order to verify if (2.67) is summable, let us evaluate how its individual terms behave.
There is a result which will prove to be very useful. It will be stated in the form of a
theorem, whose proof is in [Brezis, 2010].

Theorem 2.2: The Holder inequality — Let f € LP(Q) and g € L1(Q) with1 < p < o
and 1/p + 1/q = 1. Then fg € L*(Q) and

If 9l = j Ifgl < IfllecllgliLac)- (2.68)
Q

Let us concentrate on the first term from (2.67). Since u, € L?(Q) and
ou, /0x € L?(Q), then u, du,/dx € L1(Q) due to the Holder inequality for p = 2.
According to (2.17), L*(Q) < L},.(Q), so we see that u, du,/dx € L},.(Q). Finally,
since supp(¢p*) cc Q, it can be concluded that the first term in (2.67) is summable.
The same analysis can be extended to all the remaining terms from (2.67), and the
conclusion is the same: They are also summable. Therefore, the whole expression (2.67)
Is summable, i.e., the integral is finite.

In the third integral from (2.65.a), V-¢@ = d@*/dx + de*/dy + d¢*/0z.
Since ¢*, ¥ and @ are compactly contained in Q, the same is also true for their partial
derivatives. It follows that supp(V - @) cc Q. So the third term in (2.65.a) makes sense
if p € L],.(Q). But we have already concluded that L2(Q) < L},.(Q) is a better choice,
so we demand that p € L2(Q).

According to what is said at the end of Section 2.5.1.2, the surface integral is
disregarded, so the only instance in which p appears in the problem is in the third
integral from (2.65.a). One can observe that p is determined up to a constant. In order
so see this, suppose (u,p) is a solution to (2.65). Will (u,p +¢), c € R, also be a
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solution to (2.65)? When we replace p by p + c in (2.65), the whole expression (2.65.a)
remains the same, except for the extra term

f cv-o. (2.69)
Q

When the Divergence theorem is applied to (2.69), one gets

ch-(p=cf V-(pzcjg @ -n=0, (2.70)
Q Q r

since @ € C5°(Q)3 is zero at the boundary T.

So if p is a solution to the problem, then p + c will be also. So the solution space
for p seems to be L?(Q) divided into equivalence classes (subsets) in such a way that
the elements of a class are precisely those functions p which differ from each other by a
constant. In order to make the solution p unique, one usually proceeds by choosing a
single representative from each class. The representative element of each class is chosen
as that one which has zero average over Q. By restricting p to be the zero average
representative of each class, the right space for searching p is [Boyer and Fabrie, 2012],
[Galdi, 2011], [Girault and Raviart, 1986], [Ern and Guermond, 2004], [Glowinski et
al., 2003]:

12(Q) = {p €12(Q) | f p = 0}. (2.71)
Q

The fourth integral from (2.65.a) is a sum like

]Q L0™ + 0¥ + 0%, @2.72)

where the excitation vector f has been represented as [fx,fy,fZ]T. As @*, ¥ and @ are
compactly supported in Q, the integral in (2.72) still makes sense if all components of f
are in Lj,.(Q). Again, we simply demand that f € L?(Q)3.

In order to evaluate the integral in (2.65.b), we need to inquire about the
divergence V- u. We have already required that u € H*(Q)3, which implies that the
weak derivatives of all components of u are in L2(Q). Particularly, du, /dx € L?(Q),
du, /0y € L*(Q) and du,/0z € L*(Q). Since supp(¢) cc Q, (2.65.b) makes sense if
we show that V-u € L],.(Q). Another very useful result is the following inequality,
whose proof can be found in [Brezis, 2010].

Theorem 2.3: The Minkowski inequality in LP spaces — Assume 1 <p < oo,
u € LP(Q) and v € LP(Q). Then

lu + vl < llullie@) + Ivlie@)- (2.73)
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Applying (2.73) to du, /dx and du, /dy, we get that

ou,

=I5

0x

Haﬂ
12(Q) dy

d du
” Y Ty (2.74)

ay

L2(Q) L*(Q)

and we conclude that du,/dx + du,/dy is in L*(Q), since du,/dx € L*(Q) and
du,, /0y € L*(Q). Next, we apply (2.73) again to du,/dx + du,/dy and du,/0z. We

get
5% +|

and conclude that the left side of (2.75), which nothing else than V- u, is in L2(Q).
Consequently, by (2.17), V- u € L}, ().

ou,
0z

. (2.75)

||6ux auy
L?(Q)

L2(Q)

The only term left to analyze is the boundary condition (2.65.c). Initially, we
demanded that u = g € C(I")3. However, since now we require that u € H1(Q)3, there
is no sense in asking u to be equal to g pointwise at I'. We must relax it a little and
require that u be equal to g in the sense of the traces, i.e., we require that

viu=g. (2.76)

So the new requirement for g is that it should be in the range of the trace operator y¢,
i.e., we must require that g € H/2(I")3.

We have now analyzed (2.65) term by term, and concluded that it is safe to relax
the requirements in order to enlarge the search space. The conclusions are summarized
in the table below.

TABLE 2.1 — REQUIREMENTS ON THE QUANTITIES IN THE NAVIER-STOKES SYSTEM

Quantity Classical solution ‘Relaxed’ solution
u C:(Q)3ncCc)? H(Q)3
p Q) nc@ L3 ()
f C(Q)° L?(Q)°
g c(ry? HY2(T)?

The ‘relaxed’ problem thus becomes:

Find (u,p) € H*(Q)3 x L3(Q) such that
(2.77.a)

jﬂ vVqu«p+jQ [(u-V)u]-:p—jQ pV-«p—fQ f-o=0 veecr@?
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f eV-u=0, Vop€eC;Q) (2.77.b)
Q

yiu=g. (2.77.¢)
All derivatives which appear in system (2.77) are weak derivatives.

2.1.5.4 Lifting on the boundary data

The trace operator y¢: H'(Q)® —» HY2(I')? is surjective, but not injective;
according to (2.60), its kernel is the whole space H} ()3, and therefore different from
zero.

From (2.77.c), we learn that g is in the range of ¥¢. Since this operator is not
injective, there is more than one function from H*(Q)3 associated to g. In order to see
this, let v € H}(Q)? be arbitrary. The trace operator is linear, so y4(u + v) = ydu +
y3v = y¢u = g. So the trace of u + v is equal to trace of u, but obviously u + v is
different from u, since v can be anything in H}(Q)3.

So there must be another function u? in H*(Q)3, different from u, such that
y2u9 is also g. Let us take this particular u9 and set

u=u’+ud. (2.78)

Applying the trace operator to both sides of (2.78), one readily concludes that ydu® =
0.

The function u? is called the lifting on the original Dirichlet boundary condition
y3u = g. The idea is that it is a somehow known function: Once we are given the
boundary condition g, we can find a particular function in H*(Q)3 such that its trace is
g, because the trace operator is surjective. For example, let w9 be the simplest function
in H1(Q)3 we can imagine such that y%u9 = g. Despite the fact that finding such an
uY here at the continuous level is not a straightforward task, it turns out to be very easy
at the finite element level. More discussions on the lifting procedure can be found in
[Girault and Raviart, 1986], [Boyer and Fabrie, 2012], [Quarteroni, 2009], [Ern and
Guermond, 2004].

After u9 has been determined, when we insert it in (2.78), it becomes clear that
u® is the true unknown. Substituting (2.78) in (2.77), we get a new problem:

Find (u% p) € H1(Q)3 x L3(Q) such that

[ V] + fﬂ (W Vus] - @ +

f vVuO:V<p+f vVug:th+f
Q Q Q
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~an%wwyw+f

9 -V)udl- — V- — . :0,
RN Lp 0 wa

Vo € CP(Q)3 (2.79.a)

f<pv-u°+f PpV-ud =0, VYoeCeQ) (2.79.b)
Q Q

yiu® = 0. (2.79.¢)

The advantage of the lifting is that we no longer have to worry about non-
homogeneous Dirichlet boundary conditions: They enter the problem through suitable
integrals involving a known quantity, namely, u9. In the new problem (2.79),
homogeneous Dirichlet boundary conditions are to be imposed, since y3u® =0,
according to (2.79.c). But this amounts to saying that u® € H}(Q)3, so we may rewrite
(2.79) as

Find (u°p) € H}(Q)3 x L3(Q) such that

[m“wwy¢+f[m“wwy¢+

f vVuO:V(p+j vVuQ:V(p+f
Q Q Q

Q
ﬁjmwwwy¢+Luw%wwy¢—LpV¢—Lfm=a

Vo € C2(Q)3 (2.80.q)

J(pV-u°+j pV-ud =0, VoeEC(C; ). (2.80.b)
Q Q

The homogeneous Dirichlet boundary conditions have been embedded in the search
space for u°, which now becomes H3 (Q)3.

2.1.5.5 The G map

Expressions (2.80.a) and (2.80.b) can be summed together into a single
expression as

Find (u® p) € H3(Q)3 x L3(Q) such that

f vVuO:V<p+f vVug:th+f
Q Q

[mmwwy¢+f[mmwwy¢+
Q Q

JQ [(ug'V)u"]'quQ [(w"-V)ug’]'qD—fQ pV-tp—fQ f'(p+fﬂ OV u +
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f eV-ud =0, Vo e CLQ)?3 Vo e Q). (2.81)
QO

Let us introduce the map
G:HY(Q)3 x L2(Q) x HX(Q)3 x [2(Q) - R, (2.82)
defined by

vWv, : Vo, + f

vwud : Vo, +f [((vy - V)V{] v, +
Q

G(V1,q1,V2,q2) = f
Q

Q

f[(vl-V)ug]-vz+f [(ug-v>v1]-v2+f [(ug-v>ug]-vz—f Vv, -
Q Q Q Q

ff-v2+f qZV-v1+j q, V-u9, (2.83)
Q Q Q

where w9 and f are given functions (already known from the previous subsections).
Since H3 (Q)3 and C5°(Q)3 are subsets of H1(Q)3, and L3(Q) and C° () are subsets of
L?(Q), problem (2.81) can be recast as:

Find (u° p) € H3(Q)3 x L3(Q) such that
GW’,p,@,9) =0, Vo € C°(Q)* Vo € C°(). (2.84)

According to this definition, the map G is linear in the last two arguments. In order to
determine if G is also bounded with respect to the last two arguments, we need some
results. The following two inequalities hold [Quarteroni, 2009]:

< Vllel(Q)3|W|H1(Q)3 Yo,w € HI(Q)3 (285(1)

f vWv : Vw
Q

qu-v
Q

where | - |41(q)3 is the seminorm from (2.39). Relation (2.42) allows the seminorms in
(2.85) to be replaced by norms, i.e.,

< llqll 2Vl y1eys Y € L2(Q) Vv € HY(Q)3, (2.85.b)

j YW : VW‘ < vIvllgryelwllzigys Yo,w € HH(Q)?, (2.86.a)
Q

qu-v
Q

Boundedness of the nonlinear term is provided by the following theorem (stated as a
lemma and proved in [Girault and Raviart, 1986]):
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Theorem 2.4: Boundedness of the nonlinear term — For d < 4, the form

f (w1 - D)w,] - ws 2.87)
Q

is continuous on H*(Q)¢, i.e., there is a positive constant C such that for all w,, w, and
ws in H1(Q)4,

< CIwlyryelWsllynps Wi lle  (288)

f [(w; - V)w,] - ws
Q

Since in our case d = 2 or d = 3, theorem 2.4 holds true. Moreover, thanks to (2.42),
the seminorm in (2.88) can be replaced by a norm, i.e., for all w;, w, and ws in
H*(Q)?,

< Clwzllgr @z lwsllur @z Wil g e (2.89)

f [(wy - VIw,] - w;
Q

The last result we need is an extension of the Holder inequality (2.68) to L?()3.
We recall the Cauchy-Schwarz inequality in R3, which states that, for two vectors a and
b in R3,
1 1
la-b| < (a-a)z(b- b)2. (2.90)

Let v and w be arbitrary elements from L?(Q)3. We may write

] vw
Q

If we make f = (v-v)?and g = (w-w)/2 in (2.68) with p = 2, we get

SJQ v w SL (- v)Z(w- W) (291)

1 1

1 1 2 2
f (v-v)f(w-w)fg(f v-v) (f w-w) = Iwllz s Wz (2.92)
Q Q Q

From (2.91) and (2.92),

[ o
Q

Consequently, if we assume further that w € H'(Q)? c L*(Q)?, then [[wll 2(q): <
Wl 2(q)2, due to (2.42). Finally,

j vw
Q

< Wl zzlwllzys Yo, w € L2(Q)3. (2.93)

< ”v”LZ(Q)3”W”H1(Q)3» Vv € LZ(.Q)3 Vw € HI(Q)3. (2.94)
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We are now at a position to evaluate if G is bounded with respect to the last two
arguments, or, equivalently, if G depends continuously on its last two arguments. We
explore the fact that the absolute value of a sum of terms is smaller than or equal to the
sum of the absolute value of each term, and then apply (2.86.a), (2.86.b), (2.89) and
(2.94) whenever it is necessary. Then,

161, 41,72, 0| < ([VI9llys oy + VI s s + CIo G102 +
2CNlv 1l gy llud gy + C”ug”IZ,l(ms + g1l 2¢0) + ||f||L2(Q)3)||172||H1(Q)3 +

(o1 llgrys + 19l )zl 2q)- (2.95)

In this way it becomes clear to us that G is bounded with respect to v, and g,.
2.1.5.6 Enlarging the space of testing functions

According to (2.84), the solution (u°,p) to our problem can be given a new
meaning: When we insert u® and p as the first two arguments, the G map assumes the
value zero as the third argument varies over C5°(Q)3 and the fourth varies over C§° ().

But one may ask: What happens if the third and fourth arguments vary over
spaces larger than C5° ()3 and Cg°(Q), respectively? The question is that such spaces
are too regular, and their elements are not that easy to obtain. In practice, it would be
good if the third and fourth arguments could vary over other spaces X > C°(€)3 and
Y o C;°(Q), while at the same time keeping the G map equal to zero. If we are
successful in showing that such spaces X and Y exist, then the solution to our problem
is still (u®, p), but it now allows less regular candidates as testing functions.

We claim that such spaces X and Y exist: They are X = H}(Q)3 and Y =
L3(Q). In order to show this, let (u° p) be the solution to problem (2.84). We need to
prove that

G(u’p,v,q) =0, Yve H}(Q)and Vq € L3(Q) (2.96)

Proof: Let v € H}(Q)3 and q € L3(Q) < L?(Q) be arbitrary. According to the density
results from (2.56.c) and (2.49), respectively,

Hpnlne1 € Q2 v = @nllyry > 0 (2.97.a)
Honkn=r € (P llg — @nll 2y — 0. (2.97.b)

Since all elements from the sequence {¢,}5>, are in C5°(Q)3, and all elements from the
sequence {@,}n=, arein Cy°(Q), we can employ them as testing functions in (2.84). The
G map is zero, SO we write

vn € N G(uoi p; (pn' (pn) = 0 (298)
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The map G:HY(Q)3 x L?(Q) X HX(Q)3 x L*(2) » R is linear in the last two
arguments, so we write:

G(u()! b, CI) - G(uoi D, Pn, (pn) = G(uO’ PV —@uq— (pn): (299)
where (2.99) holds for all n € N. Of course,
1G®,p,v,q) — G, p, @n, )| = 1GW°,p, v — @n,q — @)  (2.100)

But since G is bounded with respect to the two last arguments, from (2.95) we get:
2C”u0”H1(Q)3||ug||H1(Q)3 + C||ug||12{1(m3 + lIpll2) + ||f||L2(Q)3)||v — @nllyri) +

(Nl rys + 1l gz llg — @all 2q)- (2.101)

We have already verified that u® € H}(Q)3, u9 € H1(Q)3, p € L3(Q) and
f € L2(Q)3. So all the norms within parentheses in (2.101) are finite; for the sake of
clarity, let us rewrite (2.101) as

1GW®,p,v = @n,q — 9| < Millv — @ullyrqy + Mallg — @nlliz),  (2.102)
where the constants M, and M, are finite and depend on u°, u9, p and f.
We now let n - co. The right side of (2.102) goes to zero, thanks to (2.97). Naturally,
G’ p,v — @n,q — @) = 0. (2.103)
From (2.100) and (2.103),

|G(u® p,v,q) — GO, p,@n ¢n)| = 0. (2.104)

But G (u°,p, @, ¢,) = 0 for all n, according to (2.98). Expression (2.104) therefore is
true only if G(u° p,v,q) = 0. So we are allowed to conclude that

G’ p,v,q) =0. (2.105)
Since v and q are arbitrary, we are able to see that indeed
G(u’p,v,q) =0, Yve H}(Q)?and Vq € L3(Q), (2.106)
as we have set ourselves to prove in (2.96).
|

The G map is zero when we consider the enlarged spaces H}(Q)3 and L3(Q);
problem (2.84) then assumes a new form:
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Find (u° p) € H} ()3 x L3(Q) such that
G(u®p,v,q) =0, Yve H}(Q)® Vvq e L3(Q). (2.107)
When we consider the definition of the G map in (2.83), we get

Find (u° p) € H} ()3 x L3(Q) such that

J. vVuO:Vv+J. vVuQ:Vv+f [(uO-V)uO]-v+f [(u®-V)u9]-v+
Q Q Q Q

fQ [(u? - V)u]-v +f

. [(w"'V)w"]'v—fQ PV'v—fQ f-v+fQ qv-u®+

f qV-ud =0, vveHI(Q)? vq e 2(Q). (2.108)
Q

By first making ¢ = 0 and v arbitrary, and by making v = 0 and q arbitrary, we are
able to recover the Navier-Stokes system (2.80):

Find (u° p) € H}(Q)3 x L3(Q) such that

f vVuO:Vv+f vVuQ:Vv+j [(uO-V)uO]-v+j [(u® - V)ud]-v+
Q Q Q Q

fﬂ [(W9-Vu]-v +f

Q

[(ug-V)ug]-v—f pV-v—f fv=0,
Q Q
Vv € HL(Q)3 (2.109. )
j qV-u°+j qV-ud =0, Vqel3(Q), (2.109.b)
QO Q
but now with the testing functions in the enlarged spaces H3 ()3 and L3 ().
2.1.5.7 Weak solutions

The system (2.109) is said to be in weak form, due to the fact that ‘relaxed’
assumptions have been made for the derivatives and function spaces. After getting
(u®,p) from (2.109), one adds the known lifting function u9 to u° and then gets the
solution u = u® + w9, in the spirit of (2.78). The final solution (u,p) thus obtained is
said to be the weak solution associated with the original problem (2.61). Said in another
way, (2.109) is the variational formulation of problem (2.61).

The work regarding the variational formulation of the Navier-Stokes system is
by now essentially done. We have covered all the details from the process, and more
importantly, we have managed to put all information concerning the procedure together
in a single place. The idea of the G map we introduced here happened to be particularly
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useful in clarifying how the extension of testing functions to less regular spaces is
actually carried out.

We must now go through the same process again in order to study the scattering
system, whose solution is the main topic of this thesis. Fortunately, since all the
machinery has already been introduced, the progress will be swift.

2.2 The scattering system in weak form

2.2.1 Scattering equations

We begin by rewriting below the equations (1.88) which describe the scattering
problem:

Find (E®,p) such that

VZES+Kk3ES+Vp=0 inQ, (2.110.q)
V-ES=0 inQ, (2.110.b)
A, XxES=-A; XxE™ atT;, i=1.2, (2.110.¢)
i, xES=0 atT,. (2.110.d)

In the course of this thesis, we shall be concerned with the scattering of
electromagnetic waves by a single object only, i.e., we shall focus on the surroundings
of a single scatterer. So there is only one PEC surface, denoted by I;. After this
simplifying assumption, problem (2.110) becomes:

Find (E®,p) such that

VZES+kiES+Vp=0 inQ, (2.111.a)
V-ES=0 inQ, (2.111.b)
iy X ES = —fi; x E™¢  at Ty, (2.111.¢)
i, XxES=0 atT,. (2.111.d)

Let us proceed to derive the variational form associated with (2.111).
2.2.2 PML I: Incorporating the PML

The system in form (2.111) actually models an ‘irradiating surface’ I; which
acts as a source for scattered waves that are simply reflected back by the PEC surface at
[,. In order to correctly model outward propagating waves, these waves ‘irradiated’ by
the surface I'; must be attenuated in such a way that they become essentially zero by the
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time they reach the PEC surface T,. The idea of the PML (discussed in Section 1.3) is to
place a layer of an artificial absorbing reflectionless material covering some distance
from the exterior PEC surface I',. Therefore some material parameter must enter the
system (2.111).

The PML type to be employed in this work requires the domain € to be a
rectangular parallelepiped surrounding the three-dimensional scatterer (or a rectangle
surrounding a two-dimensional scatterer). It is a rectangular PML. In other words, T,
must be the surface of a box (or the contour of a rectangle). A given scatterer is
characterized by a hole within the domain, and of course, it can have any shape. In what
regards the mathematical aspect, incorporation of the PML introduces certain functions
which act on the higher derivatives of the electrical field E° in (2.111). The vector
Laplacian V2E® in (2.111.a) must be replaced by

V-A-VES, (2.112)
where A is a tensor whose components assume the form
A=ANZQRX+AIYRP+1A,2Q% (2.113)

and V is the nabla operator (vector). The components A,, A, and A, assume complex

values, and will be presented later in Section 3.3.6.6. Incorporation of the PML
modifies the system (2.111) into

Find (E®,p) such that

V-A-VES+K2ES+Vp=0 inQ, (2.114.q)
V-ES=0 inQ, (2.114.b)
i, Xx ES = —fi; X E™  at T, (2.114.¢)
i, xES=0 atT,. (2.114.4d)

2.2.3 The scattering system: Weak forms and weak solutions

Before we begin investigating the function spaces pertinent to the scattering
problem, it should be noticed that, since the components of the tensor A and the incident
field E™¢ assume complex values, our solution ES is going to be complex. So the
function spaces describing the quantities should also allow complex-valued functions.
In what regards the spaces introduced so far, it suffices to consider their complex
versions, e.g., in (2.7) where one reads:

LP(Q) = {v: Q - R | vis Lebesgue measurable and |[v||,pq) < 00}, (2.115)

one must now read:
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LP(Q) == {v:Q > C| v is Lebesgue measurable and ||v||p(q) < ®},  (2.116)
and so on for the other spaces. In what regards inner products, as in (2.23), where one

reads

(W, V)20 :=f uv, Yu,v € L*(Q), (2.117)
Q

one must now read

(u, v)12(q) :=f uv*, VYu,v € L*(Q), (2.118)
Q

where v* is the complex conjugate of v. In the course of the text, we shall occasionally
indicate particular situations in which complex values must be taken into account.

2.2.3.1 The problem in classical form

The classical electrical field ES belongs to C%(Q)3 n C(Q)3, i.e., the second
derivatives of each component are continuous throughout the domain Q, and there
should be no jumps when going from the interior of Q to the boundary 0Q =T =T, U
;. The pseudopressure p is treated as in the Navier-Stokes system (2.63), i.e., we
assume that p € C1(Q) n C(Q). In what regards the boundary conditions at the scatterer
surface T;, we demand that the tangential components of the incident field be
continuous, i.e., that —7; x E™¢ € C(T;)3. So the classical problem is written as

Find (ES,p) € C2(Q)3 n C(Q)3 x C*(Q) n C(Q) such that

V-A-VES+KES+Vp=0 inQ, (2.119.a)
V-ES=0 inQ, (2.119.b)
i, X ES = —n; x E™  at Ty, (2.119.¢)
fi, xES=0 atT,. (2.119.d)

In order for (2.119.a) to be differentiable in the classical sense (pointwise), some
requirements on the PML tensor are needed. Since the divergence operator acts on
A - VES, the resulting terms from this expression should be at least in C1(€Q). If A - VES
is expanded in terms of the components of E®, it becomes a sum of terms like
(A OES/0x)X @ X + (A, OE5/0y)Y @ ® + (A, 0ES/02)2 @ X + ---. S0 each term as
A, OES/0x should be in C1(Q). Because ES € C2(Q), then 90ES/dx € C1(Q). One
learns that the individual term A, 0ES /dx is in C1(Q) if A, is also in C1(Q). The same
analysis is extended to the other terms of the expansion, and one discovers that in order
for all classical derivatives in (2.119.a) to be meaningful, one must require that the
components of the PML tensor be in C1(Q).
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2.2.3.2 Testing functions

Let us recall the space C*(Q)?2 from (2.57) and introduce the subspace
D,(Q) = {v € C*(Q)3 | A X v|; = 0}. (2.120)

The space D,(Q) comprises all functions from €*(Q)3 whose tangential components
vanish (pointwise) at all points from the boundary I' =T, U I};.

Since there are no sources in (2.119), there is no need to form the residuals. The
first equation (2.119.a) is multiplied by an arbitrary testing function ¢* € D,(Q), and
(2.119.b) by another testing function ¢* € Cy°(£). After integration over the domain Q
and application of vector and tensor identities, we get

Find (ES,p) € C2(Q)3 n C(Q)3 x C1(Q) n C(Q) such that

f(/:\-VES):V(p*—j kSES-(p*—j pV-@*—
Q Q Q

—jﬁ ((A-VE*)-A—pn)-@ =0, Vo' €D(Q) (2.121.q)
r

f 0'V-ES=0, Vo'eC2(Q) (2.121.h)
Q

fi; X ES = —fi; x E™,  at I (2.121.¢)
fi, xES=0, atT, (2.121.d)

By now, we are not concerned with the specific form assumed by the
components of the PML tensor A. More information about them will be introduced
gradually, as dictated by necessity. At this point, it suffices to know two points. The
first states that

A=1 in QO\Qpyy, (2.122)

where Qp,,;. 1S the region occupied by the PML, which is nothing more than a layer of
thickness wp,,;, usually small, measured from the outer surface I,. Consequently,
(2.122) holds in the bulk of the domain Q, and particularly at the PEC scatterer surface
I;. The second will be stated in the form of a conjecture.

Conjecture 2.1: Nullity of E® at the outer surface I, — All components of the
scattered electric field ES and its derivatives are zero at T,.

Conjecture (2.1) above means that, if the PML works as it should, all
components of E° are attenuated in such a way that they are zero by the time they reach
the outer surface T',. The amplitude of E° goes to zero, and E° essentially disappears
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(together with all its derivatives, of course) before reaching I,. We have no formal
proof for this hypothesis, hence it is stated in the form of a conjecture. Nevertheless, it
is very reasonable and has been verified over and again in the experiments.

It can be observed that, since the functions from D,(Q) do not have all their
components equal to zero at the boundaries I, and I;, the boundary integral in (2.121.a)
does not automatically vanish as it happened for the Navier-Stokes system (2.65.a).
Moreover, the pseudopressure p is devoid of a physical meaning here; in our
formulation, it is just a Lagrange multiplier used to enforce the divergence-free
condition. The model also does not state any boundary condition that p must satisfy.
Therefore we just discard the boundary integral in which p figures, i.e., we make:

f)g ((A-VE?) - —pi)-@" =0, Vo' €D (Q). (2.123)
r

In order to study the consequences of (2.123), we first break it into two boundary
integrals over I, and I';. So for all ¢* € D,(Q),

jr (@®-vE?) 7, —piy) - @° +fr ((A-VE*) -7y —piy)- 9" =0.  (2124)
o 1

According to (2.120), if ¢* € D.(Q), then fi X ¢*|r = 0, which means that n X
¢*|r, =0and i X @*|r, = 0, i.e., it has no tangential components along I, and along
I;. Let us form the subspace of D,(Q2) whose elements have all components equal to
zeroat Iy, i.e., let

DI(Q) = {v € D.(Q) | V|, = 0}. (2.125)

Due to Conjecture 2.1, VE = 0 at I, so the first integral in (2.124) implies that

f ph, - @* =0, Ve*eDQ). (2.126)
r

o

Analogously, let us form the subspace of D,(Q2) whose elements have all components
equal to zero at T,:

D2(Q) = {v € D.(QV) | v|r, = 0}. (2.127)

According to (2.122), the second integral in (2.124) implies that

dES
j ( _ pﬁl) " =0, V¢ D). (2.128)
r, \on

The consequences of discarding the boundary integral in (2.121.a) are: The
pseudopressure p is in a certain sense equal to zero along the outer boundary T,
[according to (2.126)], and also in a certain sense related to the normal derivatives of ES
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along the scatterer surface I'; [according to (2.128)]. But the values assumed by p at the
boundaries are immaterial to our analysis, and so we are safe to ignore the boundary
integral in (2.121.a).

The problem (2.121) is therefore rewritten as

Find (ES,p) € C2(Q)3 n C(Q)3 x C1(Q) n C(Q) such that

f(x.VEs):Vq)*_f kgEs.,,,*_f PV @' =0, Vo' e€D.(Q) (2129.a)
Q QO QO

f ©*V-ES=0, Vo"€CF(Q) (2.129.b)
Q

fiy X ES=—-n, x E™ at Ty, (2.129.¢)
i, xES=0 atT, (2.129.d)

The system (2.129) and the Navier-Stokes system (2.65) (after the removal of the
boundary integral) show a remarkable symmetry involving the divergence terms in the
first and second equations. This symmetry plays a key role in the mixed formulation,
which will be the topic of Chapter 3. But now, let us concentrate on relaxing the
function spaces associated with problem (2.129).

2.2.3.3 Relaxing the requirements

Let us write @* =[5, @5, (p;]T. The first integral in (2.129.a), when expanded,
is a sum like

0E3 09y 0E; 09 0E; 09y
[ 082005, OEidw:,, OF:
Q dx 0x dy 0dy 0z 0z

f 0ESdp;  OESOp,  OES 09
o  0x Ox Y 9y dy 2 0z 0z

OES0p;  OESd@;  OES )
j L L L (2.130)
Q

* ox Ox Y 90y dy 20z 0z

The components of ¢* are not compactly supported — they are in C* (), not in C§° ()
— but they are still very smooth. In order to verify if (2.130) remains finite when the
function space for E° is modified, let us remember the basic triangle inequality for
complex numbers

la+b| <l|a|l+|b|, Va,be€C, (2.131)

which may be extended to a sum of terms as
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N
< ZIail, a; € C. (2.132)

i=1

N
i=1

According to (2.132), expression (2.130) is finite if the absolute value of each term is
also finite. So let us concentrate on the first term from (2.130). It is true that

0E3 09y 0E3 09y

< —= 133.

,fﬂ e ,fﬂ ¥ ox ox (2.133.0)
OE3 | |0¢x
= —-— 2.133.b
fﬂ ¥ ox |l ox ( )
0y 0E;

< : 133.

=8 |ox fﬂ X ox (2133.0)

Since @; € C*(Q), then d¢;/0x € C*(Q) also. It means that d¢}/dx is continuous
and well defined up to the boundary, and therefore assumes a finite maximum value at
some point x,, € Q [which justifies (2.133.c)]. From (2.133.c), we can conclude that the
first term in (2.130) remains finite if

f A OFy < 2.134
(0] .
qQ * ox ’ ( )
which is the same as saying that
OES
A e L'(Q). 2.1

If we demand that A, € L®(Q) and dES/dx € L*(Q), then the Holder inequality (2.68)
tells us that
k

Since L?(Q) is ‘nicer’ than L'(Q), and since moreover L?(Q) c L'(Q) according to
(2.17), we demand that dES /dx € L*(Q). Applying the same analysis to the other terms
in (2.130), we conclude that the first integral in (2.129.a) remains bounded if the first
derivatives of all components of ES are in L?(Q) and the components of the PML tensor
Ay, A, and A, are in L*(Q). These derivatives are no longer classical (pointwise)
derivatives, but weak derivatives.

dES
* Ox

0ES
ox

A

< oo, (2.136)
L)

” 0E;
* 0x

< Illimge |
L1(Q)

The second integral in (2.129.a) is a sum like

f ES @} + ES@s + ES 3. (2.137)
Q
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(The squared wavenumber k3 has been removed from (2.137), as it is a constant term
and has no bearing in the analysis.) Applying (2.132) to (2.137) and concentrating on
the first term, it can be seen that

f EZpx Sf |E3 oxl (2.138.a)
Q Q
< max |<p§§|f |EZ]. (2.138.b)
X€EQN Q

The justification for (2.138.b) comes from the fact that ¢} € C*(Q), and therefore
assumes a finite maximum value at some point in Q. So if we demand that ES € L'(Q),
then the first term in (2.137) is finite. When the same analysis is extended to the other
terms, we conclude that the second integral in (2.129.a) is bounded if all components of
ES are in L*(Q). But for our purposes the space L?(Q) is better to work with than L (),
and then we demand that ES € L2(Q)3.

Demanding that all components of ES and all their derivatives be in L?(Q) is the same
as demanding that ES € H1(Q)3.

It is not difficult to see that the divergence from the third integral in (2.129.a),
which is a term like V- @* = 0@y /0x + 0@, /dy + 0¢;/0z, is in C*(Q) and therefore
assumes a maximum at some point in Q. So

f pV-@* Sf lp V- @7 (2.139.a)
Q Q
< max IV-(p*If Ipl, (2.139.b)
xX€QN Q

which allows us to conclude that if p € L*(Q), then the third integral in (2.129.a) is
bounded. As usual, we just require that p € L?(Q) < L*(Q).

In addition to not have to deal with boundary integrals, (2.123) brings one more
advantage. Expressions (2.126) and (2.128), which are a consequence of (2.123),
somehow ‘fix’ the values assumed by p at the boundary. So p is no longer determined
up to a constant as in the Navier-Stokes system. By this, we mean that if (E*,p) is a
solution to (2.129), then (E%,p + ¢) is not a solution for ¢ # 0. In order to see it, we
just replace p by p + c in (2.129). The combination of all terms but one amounts to zero
due to the fact that (E®, p) is a solution. The only remaining term is

f cV-(p*ch V-p* (2.140.a)
Q Q

= cjg @7, (2.140.b)
Q
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which is guaranteed to be zero only if ¢ = 0, as the arbitrary testing function ¢* belongs
to D,(Q) in (2.120), a function space whose elements may possess nonzero normal
components. Consequently, the space chosen for p is simply L?(), and not L3 () as in
(2.71).

The only integral left to analyze is (2.129.b). Since ES € H(Q)3,
0E;/0x, 0E;/0y and OE;/0z are in L*(€). Due to (2.75) — just a consequence of
Minkowski’s inequality (2.73) — the divergence V- ES is also in L?(Q). In order for
(2.129.b) to make sense, V- ES should be in L},.(Q), as the arbitrary test function
@* € C(Q) is compactly contained in Q. But it is of course true that V- ES € L},.(Q),
since L?(Q) c L1,.(Q) according to (2.17).

The analysis concerning the relaxed requirements on the function spaces needs
to be completed by the study of the boundary conditions (2.129.c) and (2.129.d).
However, in order to proceed, we need some more definitions that are peculiar to the
electromagnetic problem. They will be explored next.

2.2.3.4 Interlude 1: The space H(curl; Q)

In the sequel, the space H(curl, Q) will play an important role. It is defined as
[Girault and Raviart, 1986], [Boyer and Fabrie, 2012], [Boffi et al., 2013]:

H(curl; Q) = {v € L?(Q)3 |V x v € L?(Q)3}. (2.141)

The norm in this space is given by

1
Wlliurze = (10122 + 1V X Il gy0)2. (2.142)

It is not difficult to verify that
HY(Q)3 c H(curl; Q). (2.143)

Proof: Let v € H*(Q)?3 be arbitrary. It is obvious that v € L?(Q)3, since H1(Q)3 c
L?(©)3. The curl of v is given by the traditional result:

ov, Jv, v, 0, vy,  0vy
=|=-=|z+(=—=- y+(==-=—=)z 2.144
vxv (E)y az>x+(az 6x>y+ dx 0dy z ( )
From (2.31),
v, ov,|’ v, O, v, Oy’
IV X w72 = ||———y + |—"—— |—y——x . (2.145)
dy 0z 2@ 0z  Ox 2 dy 2()
The Minkowski inequality (2.73) tells us that
”6172 oty 0t | 0y (2.146)
12(Q) ~ llay L2(Q) 0z LZ(Q)'
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and likewise for the other two terms in (2.145). Consequently,

2
. (2.147)
L2(Q) (” dy LZ(Q))

Since v € H1(Q)3, the derivatives of all components are in L*(), in particular
dv,/dy and dv, /0z. So the right side from (2.147) remains finite. The same conclusion
is reached in what concerns the other two terms in (2.145). The final result is that V X v
is square summable, i.e., that V x v € L?(Q)3.

avy

”avz avy

L? (n)

We have just showed that v € L?(Q)% and VxwveL?(Q)3 By (2.141), ve
H(curl; Q). Since v is arbitrary, we have just concluded that Vv € H*(Q)3 v €
H(curl; Q), or, equivalently, that H1(Q)3 c H(curl; Q).

The space H(curl;Q) plays an important role in the functional analytic
treatment of Maxwell’s equations [Boffi et al., 2013], [Monk, 2003]. It serves as the
theoretical basis for the so called edge elements, which occupy a prominent position in
the finite element analysis of vector problems in electromagnetism [Ern and Guermond,
2004], [Bossavit, 1997]. The functional analytic treatment of the Navier-Stokes
problem, on the other hand, is largely based on the H1(Q)?3 space [Girault and Raviart,
1986]. The space H1()3 is amenable to discretization via nodal elements, and hence,
via the nodal basis functions from the traditional meshfree methods. In this work, we
consider a vector problem in electromagnetism and, instead of providing a formulation
based on H(curl; ), we provide another one based on H*(Q)3. In doing so, we are in
a sense treating the electromagnetic wave scattering problem as a hydrodynamic
problem.

An important subspace of H(curl; ), denoted by H,(curl; Q), is defined via
density as [Boyer and Fabrie, 2012], [Monk, 2003]:

Ho(curl; Q) = CF (Q)3 Hlewrb), (2.148)

i.e., Hy(curl; Q) is the closure of C5°(©Q)3 in the norm (2.142). Another very useful
density result will be stated as a theorem, whose proof can be found in [Boyer and
Fabrie, 2012], [Girault and Raviart, 1986], [Monk, 2003]:

Theorem 2.5: The space H(curl; Q) — Suppose Q is a bounded and Lipschitz domain
in R3. Then it is true that

C*(Q)3 Hlewrb®) — g(curl; ), (2.149)
where C*(Q) is defined in (2.53).

The space H(curl;Q) is also endowed with the notion of traces.
Notwithstanding the fact that traces in H(curl; Q) are still an object of research [Boffi

59



et al., 2013], there are some basic notions concerning them that will be useful to us.
They will be stated as a theorem here, and there are proofs in [Monk, 2003] and [Boyer
and Fabrie, 2012]:

Theorem 2.6: Tangential traces — Let () be a bounded and Lipschitz domain in
RR3.Then there exists a linear operator y,: H(curl; Q) — H~/2(I")? such that:

1.If @ € C*(Q)3, theny, = A X @|r.

2. There is a constant € > 0 such that ||y, ull,-1/2¢p)s < Cllullpccurya) for all u €
H(curl; Q).

Some clarification is in order. The space HY/2(T) is the range of the trace
operator y,, discussed in (2.54). This space has its dual H~/2(T"), which is the space of
all functionals on H/2(T") (i.e., bounded linear operators which act on the elements of
HY2(T) and return a real or complex a number). The original space HY2(T) is a
Hilbert space [Boffi et al., 2013].

The interpretation of Theorem 2.6 is as follows: If @ € C*(Q)3, it is well-
behaved enough so that y,¢ is just the tangential component 72 X ¢ at the boundary T.
On the other hand, when the only information we possess about w is that it is in
H(curl; Q) — be it in C*(©)3 or not — one deduces the existence of a functional y,u
whose norm is related to the norm of u via the second conclusion from Theorem 2.6.
The quantity y,u is some kind of ‘tangential component’ of u; hence the name
tangential trace.

At this point, one may ask: What are the functions from H(curl; Q) which have
zero tangential trace, i.e., what are those u in H(curl; Q) for which y,u = 0? The
answer is given by [Monk, 2003], [Girault and Raviart, 1986], and [Boyer and Fabrie,
2012]:

Ker y; = Hy(curl; Q), (2.150)
i.e., the kernel of y, is exactly the space H,(curl; Q) [defined via density in (2.148)].

The trace operator y, is not surjective onto H~1/2(T)3, i.e., there are elements in

H~/2(T)3 which are not traces of elements from H(curl; Q). Symbolically, it means
that

ve(H(curl; Q)) = Y(I) € H-Y2(I)3, (2.151)

i.e., that the range of the trace operator y, is a subspace of H~/2(I")3, denoted by Y (I).
A proper characterization of Y (I') falls outside the scope of this thesis, but the following
results will be useful for us later. For Lipschitz domains, the space Y(I') is given by
[Monk, 2003]:

Y(D) = {f € H;V*(T) | Vp- f € HV2(D)}, (2.152)
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where V- - is the surface divergence, defined for any v € H(curl; Q) as
Vi-(fAixv)=-n-(Vxv) in H2(D). (2.153)
The space H; */?(T') is defined as
H;Y*(M) ={ue HY2(T)3 |u-A=0 a.e. on T}, (2.154)

where ‘a.e.’” means ‘almost everywhere’, and is a technicality from measure theory
[Tao, 2011]. More details about Y (I') can be found in [Monk, 2003] and [Boffi et al.,
2013].

We are now at a position to state the new ‘relaxed’ requirements on the non-
homogeneous boundary conditions (2.129.c) and (2.129.d). In the analysis of the
classical solution at Subsection 2.2.3.1, we had originally demanded that —7i; x E™"*¢ €
C(T;)3. We concluded from Subsection 2.2.3.2 that the scattered electric field ES should
now be in H1(Q)3; which implies that ES € H(curl; Q), by (2.143). In this new setting,
1 x E® is no longer defined pointwise at I'. So we must therefore resort to the notion of
tangential traces from Theorem 2.6 and demand that

{ 0, atT,

ytES - . .
—n,; X E'"™¢, atl;

(2.155)
By this, we require that (2.155) should define a functional which is in the range of the
operator y,, or equivalently, that (2.155) be an element from Y (I").

The system (2.129) has been analyzed term by term, and we relaxed the
requirements in order to enlarge the search space of solutions. The conclusions are
summarized in Table 2.2 below.

TABLE 2.2 — REQUIREMENTS ON THE QUANTITIES IN THE SCATTERING SYSTEM

Quantity Classical solution ‘Relaxed’ solution
E® C2(Q)3ncCc(Q)3 H(Q)3
p cCl(Q) nc) L*(Q)

Ay, Ay, A, c1(Q) L= ()

The relaxed problem becomes:

Find (ES,p) € H'(Q)3 x L?(Q) such that

f(x-vgs)=\7¢*_f kgEs-¢*—f pV-9 =0, Vo' €D(Q) (2156.0)
Q Q Q
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f @*V-ES =0, Vo*eCQ) (2.156.b)
QO

0, atT,

v.ES = { (2.156.¢)

_ﬁl X EiTlC} at Fl'

Of course, all derivatives in (2.156) are meaningful if they are understood in the weak
sense (i.e., they are weak derivatives).

2.2.3.5 Lifting on the boundary data

We now assume that —7i; x E™€ is such that the boundary function

{ 0, atl,

_ﬁl X EinC, at Fl'

(2.157)

defines a functional which belongs to Y (I'). (Rigorously speaking, a functional and a
function are different objects. In this context, the function g, when seen in isolation, is
just a function. It may be discontinuous. On the other hand, when it operates on testing
functions from H/2(T)3, it defines a functional).

Since y, is surjective on Y(I'), there are elements from H(curl; Q) whose
tangential trace is exactly the g from (2.157), among which it figures our solution E*.
Let us pick up a particular element u9, different from E°. Such an element exists.
Indeed, if y.E* = g, theny.(E° + v) = y.E* = g forall v € Hy(curl; Q), because y;
is linear and because H,(curl; Q) is the nullspace of y,, according to (2.150). We may
choose, for example, the u9 that looks ‘easier’ to construct. (Here at the continuous
level it suffices to know that such a particular u9 exists. On the other hand, at the
numerical level, this particular u9 can be found in a remarkably easy way.) After it has
been chosen, the function u? is termed the lifting on the Dirichlet boundary condition
(2.157).

However, there is a problem lurking behind our choice for u9. The tangential
trace theorem says that if g € Y(I'), then we can find a particular u9 € H(curl; Q)
such that y,u9 = g. But we are working on H(Q)3, which is a subspace of
H(curl; Q), according to (2.143). Our nodal meshfree formulation is based on H*(Q)3,
and we are looking for solutions ES that are in H*(Q)3. The problem becomes evident
when one makes the question: What if this u9 belongs to H(curl; ), but not to
H'(Q)3? In other words, the problem is that the trace theorem says that u9 is in
H(curl; Q), and does not guarantee that u? is in the more regular subspace H'(Q)3 c
H(curl; Q).

We must find a remedy for this situation. Once we know our functional g €
Y (T), there are only two cases.
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Case 1: We can find a lifting u9 in H1(Q)3 c H(curl; Q). In this case, nothing needs
to be done. We have already found a function which is in H*(Q)3 and whose trace is g,
namely, u9.

Case 2: We cannot find a lifting w9 in H1(Q)3. So w9 is in H(curl; Q), but not in
H(Q)3. In this case, we may recall the density result (2.149) and conclude that

3{(Pn}¥?=1 c Cm(ﬁ)3 ”ug - (pn”H(curl;Q) - 0' (2158)

i.e., there is a sequence of elements in C*(Q)3 which converges to u9 in the
H(curl; Q) norm. According to the first conclusion from Theorem 2.6, for all n € N,
Y: @ 1S just i X @, |, and this quantity defines a functional in Y (I'"). Since of course
@, € H(curl; Q), which is a linear space, the second conclusion from Theorem 2.6
allows us to write

vn €N ||Yt(ug - ‘Pn)”H—l/Z(F)B < C”ug - (pn”H(curl;Q)- (2-159)
The trace operator is also linear, so (2.159) is modified into
vn €N ||Ytug - Yt(pn”H—l/Z(F)B < C”ug - (pn”H(curl;Q)- (2-160)

As n — oo, (2.158) says that the right side of (2.160) approaches zero. So we conclude
that

limllg = ye@nlly-1/2ry: = 0. (2.161)

Expression (2.161) means that, given any number € > 0, no matter how small, one can
find an element ¢, such that ||g —yt(PN”H—l/Z(F)3 < &. Given that || ||H_1/2(F)3 is a
norm, it obviously satisfies the norm axioms [Conway, 1994], [Kreyszig, 1989], [Rynne
and Youngson, 2007], one of which states that if the norm of an element is zero, then
this element is zero. (The specific form assumed by the aforementioned norm does not
interest us at this moment.) Since the norm of the difference g — y:¢,, tends to zero, so
the difference itself tends to zero, i.e., y:¢,, gets in a sense arbitrarily close to g.

Now pick up an € > 0 extravagantly small. There is an @y € C®(Q)3 such that
lg — Ye@nlly-12¢rp < & It is not difficult to see that C*(Q)3 c H'(Q)3, as the
elements from C*(©)3 and their derivatives are all continuous and well-behaved up to
the boundary, and therefore square summable over Q. So we have managed to find an
element from H1(Q)3 whose trace is infinitely close to g, namely, ¢, .

To summarize: When Case 1 happens, we can find an element from H!(Q)3
whose trace is exactly g, and when Case 2 happens, we can find an element from
H(Q)3 whose trace is arbitrarily close to g.

This point is a delicate feature in the theory we are constructing, and we assume
situations in which Case 1 always happens. In our future research, we will look for
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restrictions on the domain Q and on the admissible functions g such that we can find a
lifting w9 which is guaranteed to be in H(Q)3.

Despite the fact that just being able to find an element ¢, whose trace is very
close to g does not seem a very relevant issue at the numerical level (where we can
simply make an approximation and assume that y,¢@y = g, which could at most
produce a small error), at the continuous level there may be consequences which are
more difficult to assess. So from now on, we shall deal with Case 1 only.

We write the scattered electric field as
ES = e +ud. (2.162)

When applying y, to both sides of (2.162), we get that y.ES = y.e® + y,u9. Since
y.u9 = y.ES = g, we conclude that y,e® = 0. Moreover, since ES and u9 are in
H(Q)3, then e is in H1(Q)3 also. Let us introduce the space:

V() ={veH (Q)?|ywv=0} (2.163)
which is just a more formal way of representing the space
{ve H'(Q)3 | (M x v)|r = 0 in the sense of traces}. (2.164)

It is clear that e € V(). We substitute (2.162) in (2.156) and write a new problem in
which e is the new unknown:

Find (€% p) € V,(Q) x L2(Q) such that

f(K-VeO):th*+f (1=\-Vug):V<p*—f kéeo-(p*—f k2u9 - @* —

Q Q Q Q
JpV-(p*=O, Ve € D, (Q) (2.165.a)
Q

f P* Ve +f P V-ud =0, Vo eCe(Q. (2.165.b)
Q Q

The nonhomogeneous Dirichlet boundary condition g in (2.157) has been embedded
into a suitable lifting function w9, so that now the new unknown e® must be sought in
the space (2.163), whose elements have zero tangential components along the boundary
I

2.2.3.6 The G map
Expressions (2.165.a) and (2.165.b) can be summed together, which allows us to

rewrite the problem as:
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Find (€% p) € V,.(Q) X L*(Q) such that

f(1=\-Ve°):V(p*+f (/=\-Vu9):V(p*—f kgeo-(p*—f k2ud - @* —
) Q ) )

f pV-«p*+f (p*V-eO+f P*V-ud =0, Vo € D,(Q) Vo e CI(Q) (2.166)
Q Q Q

We introduce the map
G:HY(Q)3 x L2(Q) X H1(Q)3 x L2(Q) » C (2.167)

defined by

G(v1,q1,V,,qy) = f (A-Vv,) : V3 +f (A-vud) : Vv —f k2 v, v}
Q Q Q

—f kgug-vz—f q1V-v§+f q§V-v1+f q, V-u9, (2.168)
Q Q Q Q
where u9 € H1(Q)3 is known from the previous section. Since V,.(Q) and D,(Q) are

subsets of H1(Q)3, and C5°(Q) is a subset of L2(2), problem (2.166) can be reset as

Find (€% p) € V,.(Q) X L2(Q) such that
G(e’p,¢,9) =0, Vo € D(Q) Yo € C;°(Q). (2.169)

According to (2.168), the G map is linear in v, and g,. We must now investigate if G is
also continuous with respect to the two last arguments. Let us concentrate on the first
two terms from (2.168), which share the same form

f (A- V) : vw, (2.170)
Q

where v and w are elements from H(Q)3. When expanded, (2.170) reveals its form as

dv, Owy dv, 0wy v, Owy
f x Ao A T y z
Q 0x Ox dy dy 0z 0z

[ a0 oo o ou
o O0x 0x Y 0y dy 0z 0z

f o, dw; ov, dw; v, dw; 217
Q

“ox ox Yoy ay 2oz oz

From (2.132), we learn that

< X
- * 0x Ox

J A 0V, 0wy N
Q

v, Ow;:
J A, 2 W"‘+--- (2.172.a)
Q

jﬂ (A-Vv): VW Y3y By
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v, Ow;
* 9x Ox

ov, Iw;:
Y dy oy

< f +f +. (2.172.b)
QO Q

Since v and w are in H1(Q)3, 0v, /dx and dw;;/dx are in L?(Q). (And likewise for the

other terms). Consequently, the product of these quantities is in L'(Q), due to the

Holder inequality (2.68) forp = 2, i.e.,

dv, 0w, dv owy
”—" ad ” ad ad . (2.173)
ax ax LI(Q) LZ(Q) ax LZ(Q)
Since A, € L* (), we apply the Holder inequality again and verify that
ov, 0wy 0v, 0wy
A, — < ||[A, ]|l —_— . 2.174
[ T e T (2.174)
Expressions (2.173) and (2.174) together say that
avx owy v, owy
< 1Ayl || || (2.175.a)
.fg *9x ox L@ 12(0) 12(Q)
av ow,
<Ay || ad || ad , (2.175.b)
L2(Q) L%(Q)
where
A = max {lIAllio@y [8y]l0qy 1llie)- (2.176)

Similar conclusions are valid for all the other terms from (2.171). Inequality (2.172) is
modified into

U (A-Vv):vw'| < (2.177)
Q
A <% owy ||6vx owy N vy owy N
M ax LZ(Q) ax LZ(Q) LZ(Q) ay LZ(.Q) aZ LZ(Q) aZ LZ(Q)
% ow,, E)ﬁ owy, N 6& owy, N
0x L2(Q) Ox L2(Q) ay 12(Q) a)’ L2(Q) 0z 12(Q) 0z 12(Q)
v, ow, ”(')vz | ow, N | v, | ow; )
ax LZ(.Q) ax LZ(.Q) LZ(Q) ay LZ(Q) aZ LZ(Q) aZ LZ(Q)

If the define the norm in the complex L2(Q) space (2.118) as in (2.24), then the complex
conjugate may be removed from all components of w in (2.177). According to (2.34), it
Is true that

66



2
|v|H1(Q)3

0V,

Yy

vy 11>

6%
Ox

L*(Q)

IVl 22y + [V |1

dy

ov

ady

”6172

av,

4

L2 (Q)B

L2(Q)

+[52

+ ”szlliz(gﬁ =

0V,

Yy

vy 112

v,

9z ll 2y

(2.178.a)

whereas a similar result holds for w715 Introduce now two 9 x 1 vectors given by

av dv dv dv av. r
F= ” x ”_x | x ” z | z l . (2.178.b)
2@ 10yl @ oyl 2@
adw aw adw adw dw
G = ” x ” x ” x ” z “ z l (2.178.¢)
12(Q) 12(Q) 12(Q) 9y ll2q) 12(Q)
In this way, (2.177) can we rewritten as
(A-Vv): Vw*| <Ay F-G. (2.179.a)
Q

The Cauchy-Schwarz inequality for vectors tell us that |F - G| < (F - F)Y/%(G - 6)'/2.
Also, from (2.178.a) and (2.178.b) we can see that
|v|,2,1m)3 =F-F. (2.179.h)
Analogously, it is true that
Wlf1q =G G. (2.179.¢)

Back to (2.179.a),

<Ay F-G<Ay|lF-G| < (F-F)Y*(G-6)YV? (2.179.d)

f (A-vv): vw*

Inserting (2.179.b) and (2.179.c) in (2.179.d) allows us to conclude that

:Vw'| < AMllel(Q)3|W|H1(Q)3 Yv,w € Hl(.Q)S, (2180)

which is related to (2.85.a). By (2.42), the seminorms in (2.180) can be replaced by
norms, and thus we get the final result we need:
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U (/=\ V) s VW < Ayllvll g Wiy Yo,w e HH(Q)3, (2.181)
Q

We can now inquire about the continuity of (2.168) in what regards its last two
arguments. The inequalities (2.86.b), (2.94) and (2.181) when applied to (2.168) reveals
that

|G(v1,q1,V2,q2)| < (AM||V1||H1(Q)3 + AM”ug”Hl(Q)3 + kg”vllle(Q)3 + (2.182)

k(z)”ug”LZ(Q)3 + ”q1”L2(Q))”v2”H1(Q)3 + (”vlllHl(Q)3 + ”ug”Hl(Q)3)”q2”L2(Q)

The continuity of the G map with respect to v, and g, is now evident.
2.2.3.7 Enlarging the space of testing functions

Our problem (2.165) can be given a new interpretation in terms of the G map as
in (2.169). This expression says that, if we insert the solution (€° p) in the first two
arguments, the map G assumes the value 0 whenever we consider arbitrary elements
from D,.(Q) and C;°(Q) as the last two arguments, respectively. Suppose we happen
find other spaces X o D,(Q) and Y > C5°(Q) such that G(e% p,p, &) =0 for all
P e X and for all £ €Y. Since the (2.169) is just the traditional problem (2.166)
written in a different form, it means that functions from these new spaces X and Y
qualify as testing functions as well.

Elements of D,(Q2) may be particularly difficult to build, so we are better off if
we find another ‘enlarged’ space X which contains D, (Q) as a subspace and also allows
less regular functions [which may be easier to construct than the infinitely differentiable
elements from D, (Q)]. The same reasoning applies to C;° (Q).

Fortunately, such spaces exist: They are X =V,(Q) and Y = L2(Q2). In order to
proceed with the demonstration that such spaces qualify as testing spaces, we need the
following density result which is stated in [Monk, 2003] (with a different notation,
though):

D, ()" =V, () (2.183)
i.e., D, (Q) is dense in V,(Q) with respect to the ||- || ;1(q): norm (2.38).
Let (e p) be the solution to problem (2.169). We need to prove that
G’ p,v,q) =0, Yv€eV.(Q) and Vq € L?(Q) (2.184)

Proof: Let v € V,(Q) and q € L?(Q) be arbitrary. According to the density results from
(2.183) and (2.49), respectively,

Hpnlne: € D) lv— @ullyry — 0 (2.185.qa)
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Honhn=1 € " Q) 1lg — @ulliz@) — 0 (2.185.b)

Since all elements from the sequence {¢,},—; are in D,(Q), and all elements from the
sequence {@,}n=, are in C5° (), we can employ them as testing functions in (2.169).
Consequently,

vneN G(e%p, @, 0, =0. (2.186)
The map G is linear in the last two arguments, so we write:
G(e®p,v,q) — G(e%p, @n, n) = G(€%,D,V — @, q — Pn), (2.187)
where (2.187) holds for all n € N. Of course,
1G(e®p,v,q) — G(e%p, @n, 0| = 1G(e°p, v — @r,q — )| (2.188)
But since G is bounded with respect to the two last arguments, from (2.182) we get:
1G(e%p, v = @, q — 9p)| < (A lle®ll g1 (qys + Apllullyrays + kG llell 2y +
k3||ug||L2(Q)3 + ”p”LZ(Q))”v — @nllyr3 +
(el ey + 19 llur ) llg = @ull iz (2.189)

We have already assumed that e® € V,(Q) c H1(Q)3, u9 € H'(Q)2 and p € L?(Q).
So all the norms within parentheses in (2.189) are finite; for the sake of clarity, let us
rewrite it as

1G(€%,0,v — @n, q — @) < Millv — @pllpgieyz + M2llg — nlliz)  (2.190)
where the constants M, and M, are finite and depend on e, u9 and p.
By letting n — oo, we conclude from (2.185) that
1G(e®p, v — @n,q — ¢n)| > 0. (2.191)
From (2.188) and (2.191),

|G(e%p,v,q) —G(e°’p, @, ¢,)| = 0. (2.192)

But G(e°, p, @, ¢,) = 0 for all n, according to (2.186). Expression (2.192) therefore is
true only if G(e p, v, q) = 0. So we are allowed to conclude that:

G(e’p,v,q) =0 (2.193)
Since v and q are arbitrary, we are able to see that indeed
G(e%p,v,q) =0, YveE V. (Q) and Vq € L*(Q). (2.194)
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The G map is zero when we consider the enlarged spaces V() and L?(Q);
problem (2.169) then assumes a new form:

Find (e%p) € V,.(Q) X L?(Q) such that
G(e%p,v,q) =0, Vv € V,.(Q) and Vq € L*(Q). (2.195)
When we consider the definition of the G map in (2.168), we get

Find (€% p) € V,(Q) X L2(Q) such that

A- , A Vo — | ke v — | K2ud-v—
J. (A-ve®) Vv*+J. (A-Vu9): v f ke v f kiud-v
) ) ) )

fpV-v*+f q*V-e°+f gV-ud =0, VeV, (Q) Vqgel?(Q) (2.196)
Q Q Q

When we first make g = 0 and v arbitrary, and then make v = 0 and q arbitrary, we are
able to recover the scattering system (2.165)

Find (€% p) € V,(Q) X L2(Q) such that

f(/=\-Ve°):Vv*+f (K-Vug):Vv*—f kéeo-v*—f kiud v —

) ) ) 0
ij-v*=0, Vv € V,.(Q) (2.197.a)
)

f q*V-e° +f g*V-ud =0, vqelL2(Q), (2.197.b)
Q Q

but now with the testing functions in the enlarged spaces V,(Q) and L? ().
2.2.3.8 Weak solutions

The system (2.197) is essentially the scattering problem in weak form. After we
get (e p) from (2.197), we add the known particular lifting function to e° and finally
get the scattered field ES = e® + u9, according to (2.162). The pair (ES,p) thus
obtained is the weak solution associated with the original problem (2.114). Or,
equivalently, (2.197) is the variational formulation of problem (2.114).

We have now finished the study of the variational formulation associated with
the scattering problem. The right spaces for ES and p have been identified; by ‘right’ we
mean that they both agree with the theoretical development and are amenable to a
discretization via nodal elements. In the next chapter, we will introduce the concept of
mixed formulations and show that the scattering system (2.197) is indeed an example of
such.
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Chapter 3

Mixed formulations

In this chapter, we will introduce the notion of mixed formulation, on which
rests the concept of mixed finite elements.

In the first section, the idea of mixed formulations will be presented in the abstract
setting, i.e., in terms of bilinear forms acting on abstract spaces (whose nature is left
unspecified).

The second section specializes the notion to the case of the stationary incompressible
Navier-Stokes system. These results are traditional, and have been explored in the
literature for a while. It is presented here as a means for clarifying what is going on, and
at the same time it is the departure point for the analysis of our scattering system.

In the third chapter, we specialize the notion of mixed formulation to the scattering
system. The problem at this point can be summarized as follows. The well-posedness of
the mixed formulations depends, among other things, on a property of the bilinear forms
called coercivity. But it is known that the bilinear forms associated with time-harmonic
wave problems (and hence the scattering problem) are not coercive. In this scenario,
well-posedness is proved through another way, called the Fredholm Alternative. This
alternative has been used to assess the well-posedness of wave problems ‘in isolation’,
i.e., when there is only one unknown involved (for example, in the propagation of scalar
waves). But our scattering system depends on two unknowns: the electric field and the
pseudopressure. Our work in this chapter is to find a way to embed the Fredholm
Alternative within the traditional framework of mixed formulations.

3.1 Mixed formulations in abstract form

3.1.1 Mixed variational formulations

Let X and Y be two Hilbert spaces. We say that 8 is a sesquilinear form if 8 is a
map

0: X xY - K, (3.1)
which obeys the two properties below:

0(a1x; + azx;,y) = a10(x1,y) + az0(x2,y) (3.2.a)
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0(x, B1y1 + B2y2) = B10(x, y1) + B20(x, y2) (3.2.b)

for any x, x4, x, In X, any y, y;, vy, in Y and any a4, a,, By, B, in K. The field K is
either R or C. (Of course, the complex conjugation in (3.2.b) makes sense only if K =
C.) A sesquilinear form 6 is bounded or continuous if there is a positive constant C such
that

16Cx, y)| < Clixllxllylly, Yx€X Vy€eY, (3.3)
where || - ||, and || - || are the norms in the spaces X and Y, respectively.

Suppose a: X XX -»IK and b:X XY — K are two given continuous
sesquilinear forms. Moreover, let f* be an element from the dual space X™* i.e., f* is a
bounded and linear functional acting on the elements from X. This is represented as
f* € X*. In the same way, let g* € Y*. We say a problem is cast in a mixed variational
formulation (simply mixed formulation, or mixed form) if it assumes the form:

Find (u,p) € X X Y such that

a(u,x) + b(x,p) ={f",X)x x VXEX (3.4)

b(u,y) =" y)yy VYVET.

In (3.4) above, (f*,x)x+x is the duality pairing between the functional f* and the
particular element x, i.e., it is just the action of f* on x [sometimes represented as
£*()]. The same applies to (g*, ¥)y+ .

3.1.2 Well-posedness

After we get the variational expression for our problem and discover that it fits
the mixed form (3.4), the next step is to inquire if this form leads to a well-posed
problem, i.e., a problem whose solution exists, is unique and depends continuously on
the data (or is bounded in some sense).

The theory which investigates the conditions under which the system (3.4) is
well-posed was developed independently by I. Babuska and F. Brezzi, and achieved
tremendous success over the years. At the most abstract level, it is a rephrasing of
Banach’s Closed Range and Open Mapping Theorems [Brezis, 2010], which are used as
tools to investigate operator equations in functional analysis. History has it that Necas
[Necas, 1962] developed a theoretical work in which these theorems were recast in
terms of inf-sup conditions, and that Babuska and Brezzi did further work concerning
these inf-sup conditions in connection with finite element methods. Information about
this theory can be found in the classical book [Brezzi and Fortin, 1991], and also in
[Boffi et al., 2013], [Roberts and Thomas, 1991], [Ern and Guermond, 2004],
[Quarteroni and Valli, 1994], [Brezzi and Bathe, 1990], [Chapelle and Bathe, 2011].
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In this work, we will just state the final result, as the formal proof is quite
intricate.

Theorem 3.1: Well-posedness of mixed formulations — Let X and Y be two Hilbert
spaces, and let a: X X X - K and b: X XY — K be two continuous sesquilinear
forms, i.e., there are positive constants a, and a;, such that

la(x, v)| < agllxllxllvlle, Vx,veEX (3.5.a)

1b(x, )| < aplixllxllylly. VxeX vyey (3.5.b)
Moreover, let X'° be the kernel of the sesquilinear form b i.e.,

X°=Kerb={x€X|b(x,y) =0, VYY1 (3.5.¢)

Suppose the sesquilinear form a is coercive on X°, i.e., there is a positive constant 3,
such that

la(x, x)| = Ballxll%, Vx € X, (3.5.d)

and that the sesquilinear form b satisfies the inf-sup condition, which says that there
exists a constant 3, > 0 such that

|b(x,y)|

inf u = [y, 3.5.¢e
yeY\(0} xex\eo} lxllx llylly P ( )

when K = C, or

b(x,y)

inf  sup ———— > L, 3.5.
yey\{o}xex\l?o}IIXIIx||y||y i R

when IK = R. Then, for each f* € X* and g* € Y*, there is a unique solution to the
problem
Find (u,p) € X X Y such that
a(u,x) + b(x,p) =(f" x)x x YXEX (3.5.9)
b(u,y) =(g"V)yy YYVETY

Moreover, the following estimate holds:

lullx + lIplly < C(aq, @b, Ba B) (I *lloex + lg* lly+), (3.5.h)
i.e., the solution depends continuously on the data.

This result is central to our work. In order to show that a mixed formulation in a
pair of Hilbert spaces is well-posed, one needs to verify the four hypotheses (3.5.a),
(3.5.b), (3.5.d) and (3.5.e) [or (3.5.f)]. Given that the sesquilinear forms are usually
continuous, one actually needs to concentrate on verifying (3.5.d) and (3.5.e) [or
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(3.5.f)]. The conditions (3.5.e) and (3.5.f) are particularly important, since they establish
some kind of compatibility criterion between the two Hilbert spaces under
consideration. They are also called the Babuska-Brezzi conditions, due to the fathers of
the theory. In (3.5.h), C is a constant whose values depend on the other constants
appearing in hypotheses (3.5.a), (3.5.b), (3.5.d) and (3.5.e). Of course, C does not
depend on either x or y.

3.2 Mixed formulation for the Navier-Stokes system

3.2.1 Continuity and coercivity must be checked

When the Navier-Stokes system (2.109) is rewritten so as to transfer all
information about the excitation source f and the lifting function w9 to the right side, it
assumes the form:

Find (u®p) € H}(Q)3 x L3(Q) such that (3.6)

f vwul : Vo +f [(u® - V)u']-v +f [(u®-V)udl-v +f [(u? -V)u]-v
Q Q Q Q

—f pV-vzf f-v—f vVug:Vv—f [((w? -V)u?l v, VveH}(Q)3
Q Q Q Q

—f qV-u°=j qV-uJ, Vvqce€lLiQ).
Q Q

The Navier-Stokes system is clearly nonlinear, due to the convective term.
Rigorously speaking, the best way to account for the nonlinearity is to insert a trilinear
form a in (3.5.9), instead of a bilinear form [careful observation reveals that there are
three ‘slots’ in each of the second, third and fourth integrals from (3.6)].

Since in the Navier-Stokes system the quantities are real, sesquilinear forms
automatically become bilinear forms. In other words, for the Navier-Stokes system,
K =R.

So let it be the trilinear form a(-;-,):H'(Q)3 x H'(Q)3 x H1(Q)® -» R be
defined as

a(u’;w,v) = J

vw : Vv + f [(u°-V)w] v+ (3.7)
Q

Q

f[(w-V)ug]-v+f [(u9 -V)w] v
Q

Q
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In (3.7), the unknown u° is fixed in the first slot from the second integral, so there are
only two ‘free’ slots in each integral, precisely those occupied by w and v. One
observes that (3.6) assumes the form (3.5.f), if we make the following identifications:

HI(Q)? — X (3.8.a)
H™1(Q)3 — x* (3.8.b)
L5 -y (3.8.0)
13(Q) - Y* (3.8.d)

{w,v}—>(f va:Vv+f [(u°-V)w] v+
Q

Q

f [(w-V)u9] -v+f (W9 -V)W]-v|—a® -,) (3.8.¢)
Q Q

{v,p}—><—f pV-v|—b(,) (3.8.1)
Q
(j oo )—j Wl : )—f [ - V)us] - ( )>—>f* (38.9)
Q Q Q
(f ( )V-u9>—>g*. (3.8.h)
QO

In (3.8.b), the dual space of H}(Q) is traditionally represented as H~1((), instead of
HL(Q)*. Since L3(Q) is a Hilbert space, its dual is L3 () itself. (Hilbert spaces and their
duals may be identified with each other, via Riesz’s representation theorem [Conway,
1994], [Kreyszig, 1989], [Rynne and Youngson, 2007].) In (3.8.e), {w,v} means
‘consider {w, v} as unknowns to be inserted as the arguments for a(u®; - ,-)’, whereas
in (3.8.f) {v, p} means ‘consider {v, p} as unknowns to be inserted as the arguments for
b(-, ). In (3.8.9) and (3.8.h), the empty parentheses are to be filled with elements from
HL(Q)3 and L3 (Q), respectively.

According to the identification (3.8), problem (3.6) can be rewritten as
Find (u° p) € H}(Q)3 x L%(Q) such that
a(@®u®,v) + b(v,p) = (f*, V)y-1pui)? YV E H}(Q)3 (3.9)
b(uo, CI) = (g*; q)Lg(Q)*‘L%(Q) Vq € L%)(.Q)

In order to apply Theorem 3.1 to (3.9), some observations are in order. We
notice that a slight modification had to be done in order to make the identification (3.8)
fit the model from Theorem 3.1, namely, that a trilinear form a should be used instead
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of a bilinear form a. In a sense, this reflects the power of Theorem 3.1: It is advisable to
always try to reduce a system to the form (3.5.f), in order to enjoy the conclusions it
provides.

If the trilinear form a with its first argument fixed as u® has the same properties
as those of a bilinear form, i.e., if it satisfies (3.5.a) and (3.5.d), then it is shown that the
conclusions of Theorem 3.1 are automatically transferred to the system (3.9) [Girault
and Raviart, 1986].

However, since we will not be concerned with the solution of the Navier-Stokes
system in this work, (its presentation being just a means to guide our reasoning in what
concerns the scattering system), we will no longer dwell on these details.

According to [Girault and Raviart, 1986], the forms a from (3.8.e) and b from
(3.8.f) are continuous. Moreover, still according to [Girault and Raviart, 1986], the
following relation holds:

a(u®;v,v) = j

VW Vv + j [(u°-V)v] v+ (3.10)
Q

Q
f [((v-V)uI]-v +f (W9 -V)v]-v
Q Q

2 y|vlfiqs VYVEV,
where
V={weH!(Q)3 |V v=0} (3.11)

and y is a positive constant. In (3.11), equality is understood in the L? sensg, i.e.,

V= {v € HL(Q)3 | J qV-v=0, Vg€ L%,(Q)}. (3.12)
QO

But V is precisely the kernel of the bilinear form b in (3.5.c) after the identification
(3.8), i.e.,

Ker b = {v € HI(Q)3| f qV-v=0, VqE€ L%(Q)}. (3.13)
Q

From (3.10) and (3.13),
a(u®v,v) 2 y|vlfiqps Vv E Kerb. (3.14)

In order to show that the seminorm in the right of (3.14) can be replaced by a norm, we
need the following result, stated as a theorem [Quarteroni and Valli, 1994], [Ern and
Guermond, 2004], [Salsa, 2008]:
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Theorem 3.2: Poincaré inequality — Let Q be a bounded and connected open set of
R, together with its boundary T' = 9. Suppose that S < T is a Lipschitz-continuous
subset of non-zero measure. Then there is a constant cq > 0 such that

IIVIIiZ(Q) < cQIIVvlliz(Q)s, Vv € H}(Q), (3.15.a)
where Hg (Q) is the space
HY(Q) = {v € H'(Q) | v|s = 0 in the sense of traces}. (3.15.b)

When S corresponds to the whole boundary T, it means that HZ(Q) = HE(Q).
But according to (3.15.b), HE(Q) = {v € HX(Q) | v|r = 0 in the sense of traces},
which is exactly the traditional space H2(Q) from (2.55).

Let now v € H3(Q)3. If we apply (3.15.a) to all components of v, we get that
|Iv||22(g)3 < Cﬂlvllz.ll(Q)S- (316)

Inequality (3.16) implies that |v|71 g + IVll72(qys < (1 + c)lvl}1qys, Whose left
side is precisely ”””1211(9)3’ according to (2.42). So we get

|v|12-11(.Q)3 = m ”17”12_11(9)3. (317)

From (3.14) and (3.17) we conclude that
a(u;v,v) = (11—” 1012100 V¥ € Ker b, (3.18)

Q

i.e., the form a(u® -,) is coercive in the kernel of b, and therefore satisfies
requirement (3.5.d).

The last step to be shown in order for all requirements from Theorem 3.1 to be

satisfied is the inf-sup condition (3.5.e).

3.2.2 The inf-sup condition must be checked

Let us get back to the sesquilinear/bilinear forms in abstract Hilbert spaces X
and Y. Suppose we are given a continuous sesquilinear form a: X x X — K. Its action
is such that

a(xy,x,) = ascalar, Vx;,x, € X. (3.19)
If we fix the first argument x,, then the map

a(xy;; ) X - K, (3.20)
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defines a functional on X . It can be proved [Chapelle and Bathe, 2011] that (3.20)
defines a bounded and linear functional on X, an hence, an element from the dual space
X*. Since this functional depends on the fixed choice for x,, it is represented as
Ax,; € X*. We therefore write

a(xy, x3) =:(Ax1, X)) x,  VXq,%, € X. (3.21)

The operator A in (3.21) is sometimes referred to as ‘induced by the sesquilinear form
a’. So A maps elements from X (e.g. x;) into elements from X™* [e.g. Ax; = a(xy; )],
i.e.,

A X > X+ (3.22)

Again, it can be shown that the operator A is linear is bounded in the operator norm
[Chapelle and Bathe, 2011].

Similar conclusions are reached concerning a form b which operates on two
distinct spaces. Suppose we are given a continuous sesquilinear form b: X X Y — K. So

b(x,y) = ascalar, Vx E X Vy € Y. (3.23)
If we fix the element x € X, then the map
b(x;-):Y->K (3.24)

defines an element from the dual space UY*, which is represented as Bx € Y*. The
operator B is also ‘induced by the sesquilinear form b’:

b(x,y) =:(Bx,y)y*y, VXEXVYyE€ET. (3.25)
This operator B maps elements from X into elements from Y*, i.e.,
B:X - Y* (3.26)
Moreover, B is bounded in the operator norm.
In (3.24), we could have fixed y € Y instead. The map
b(;y): X - K (3.27)

then defines an element from X*, which is represented as BTy € X. The operator BT
maps elements from Y into X, i.e.,

BT:Y - X7, (3.28)
and its operation is characterized by

b(x,y) =:(x,BTy)xx», VXEXVy€eTY. (3.29)
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The operators B and BT are adjoints, and are induced by the same sesquilinear form b,
as (3.25) and (3.29) reveals.

The problem in mixed form (3.4), which is repeated below for convenience,

Find (u,p) € X X Y such that
a(u,x) +b(x,p) = {f" X)x*x YXEX (3.30)
b(u, y) = (g*, }/)y*,y Vyev,

can be recast in terms of operators if (3.21), (3.25) and (3.29) are employed. We begin
by rewriting (3.30) as

Find (u,p) € X X Y such that
(Au, ) + (X, BTy xor = {f " XDy x VX EX (3.31)
(Bu, y)yry =(g"V)yy VYET.
In the first equation from (3.31), the duality pairing (x, B"p, ) x+ is obviously equal to
(BTp, x)x+ x. Since all duality pairings are linear, the system (3.31) can be written as
Find (u,p) € X X Y such that
Au+BTp =f*, inX* (3.32)
Bu =g inY~
The system (3.32) is an operator equation, i.e., the equations represent relations valid
within the dual spaces X (the first) and Y* (the second). Since elements from dual
spaces are characterized by their actions on the elements from the original spaces, by

‘testing’ the functionals from system (3.32) on arbitrary functions from X and Y, one
recovers system (3.31).

The goal of this section is to show that the inf-sup condition (3.5.€) holds for the
bilinear form b from (3.8). But we need first a very important result concerning the inf-
sup conditions, stated as a theorem [Girault and Raviart, 1986], [Quarteroni and Valli,
1994], [Gerbeau et al., 2006], [Boffi et al., 2013]:

Theorem 3.3: On the inf-sup condition — Suppose X and Y are Hilbert spaces. Let
b: X x Y — K be a continuous sesquilinear form. Then assertions (i), (ii), and (iii)
below are equivalent to each other

(i) When K = C, it holds the inf-sup condition, i.e., there is a positive constant £, such
that

|b(x, )l

inf  sup > Ly, 3.33.a
YEY\0} xex\{0} ||x||x||}’||y b ( )

which may also be written in its equivalent form as
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vy €Y 3x € X\{0} suchthat [b(x,y)| = Bpllxllxllylly.

(3.33.D)

Analogously, when K = R, it holds the inf-sup condition, i.e., there is a positive

constant 3, such that

b(x,y)

inf  sup —————>f,,
YEY\0} xex\{0} ||X||x||J’||y b

which may also be written as

vy €Y 3x € X\{0} suchthat b(x,y) = Bpllxllxllylly.

(i) The operator BT: Y - X* is injective and has a closed range.
(iii) The operator B: X — Y™ is surjective.
Moreover, if (3.33.a) or (3.33.c) holds, then it can be shown that

(iv)

(x, BTy)x x+
sup ————— = Bpllylly, Yy €Y
xex\ioy  xllx
(V)
Bx, *
sup LXIWY 5 g, vxe (X0t
veynoy  1Ylly

where the Hilbert space X is decomposed as X = X° @ (X°)*.

(3.33.0)

(3.33.d)

(3.33.€)

(3.33.1)

In (3.33), X\{0} is the space X with the zero element removed, and likewise for Y\{0}.
The subspace X ° is just the kernel of the sesquilinear form b, defined in (3.5.c).

In order to show that (3.33a) [or (3.33.c)] holds, which may be very difficult,

trying to prove one of the equivalent assertions (ii) or (iii) is a good strategy.

In what regards the Navier-Stokes system (for which KK = R), the identification

(3.8) reveals that the bilinear form b is characterized by

b(v,q)=—j qV-v,
Q

(3.34)

for which the underlying spaces X and Y are H3(Q)3 and L3(Q), respectively. If we

take an arbitrary v € H}(Q)3 and write, as in (3.25),
b(vl CI) = <Bvl q)L%(Q)*,L%(Q) = _f q V ‘v, Vq € L%(Q)F
Q
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we see that Bv = —V - v, as the integral is a representation of the duality pairing
between L3(Q) an its dual. In the specific case of the Navier-Stokes system the operator
B is the negative of the divergence operator, i.e., B = —V-. So B: X — Y* from (3.26)
becomes

—V-: H}(Q)® - L3(Q)". (3.36)

At this point it would be remarkable if one could just show that —V - is
surjective. If one succeeded in showing it, by Theorem 3.3 it is implied that the inf-sup
condition (3.33.c) also holds. Before we proceed to verifying if such a proof exists or
not, we need to clarify some points concerning the space L3 ().

Observation 3.1: The space L3(Q) — Originally, for bounded domains in R%, the space
L3(Q) is defined as L?(Q)/R, i.e., the spaces of classes of functions of L?(Q) which
differ (a.e.) by a constant. (Rigorously speaking, an element of L4((Q) is a subset, not a
single function). Let L2(Q) be divided into non-overlapping subsets, called classes.
Each class (a subset) is formed by all elements from L?(Q) which differ from each other
by a constant. For example, if u € L?(Q) belongs to a class, then all other elements of
the type u + ¢, ¢ € R, belong to the same class.

When equipped with the inner product

@) = [ 0= ) (0 = ), (3:37.a)

where the average (or mean) of any u € L2(Q) is

1
Ugy = ﬁjg u (3.37.b)

it can be proved that L3(Q) is a Hilbert space [Boyer and Fabrie, 2012]. Moreover, it
can also be shown that L3(Q) is isomorphic to the closed subspace of L?(Q) whose
functions have zero average. This means that, instead of working with subsets of
functions (classes), we can work with individual functions by choosing a specific
representative of each subset. This representative happens to be precisely those whose
average is zero. So in a sense, L3 () can be identified with the subspace

{v € L2(Q) | ﬁ i v= 0}, (3.37.¢)

already introduced in (2.71). By restricting attention only to those elements whose
average is zero, the expression for the inner product in (3.37.a) becomes similar to the
expression for the standard inner product in L?(Q).
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Since under these circumstances L3() is a Hilbert space by itself, it can be identified
with its dual, i.e., L3(Q) = L3(Q)*. More discussion about the structure of the L3(Q)
space can be found in [Boyer and Fabrie, 2012].

With this new information, (3.36) is modified into
—V:: H}(Q)3 - L3(Q). (3.37)

The main result of this section is: The divergence operator (3.37) is surjective.
The result comes from a powerful theorem, due to Bogovskii [Bogovskii, 1980], [Boyer
and Fabrie, 2012], [Galdi, 2011].

Theorem 3.4: Surjectivity of the divergence operator — Let Q be a connected,
bounded and Lipschitz domain of R%. Then there exists a continuous linear operator IT
from L3 (Q) into H}(Q)3 such that, for all g € L3 (), the function v = I1(q) satisfies

V-v=aq. (3.38)

In order to show that Theorem 3.4 implies the surjectivity of the divergence, let
us first state what it is meant by surjectivity. The operator —V - in (3.37) is surjective if
we can show that

Vg € 13(Q) FveHI(Q)® -V-v=q. (3.39)

Indeed, by letting q € L3(Q) be arbitrary, it is obviously true that its negative - q
also belongs to L3(Q). According to Theorem (3.4), there is an element v = I1(—q)
from H(Q)3 such that V-v = —q. Of course, this last equation is equivalent to
—V - v = q. We have just showed that, for any q in L3(€), we are able to find a v in
H}(Q)3 such that V-v = —q, which is nothing else than (3.39). Therefore, —V - is
surjective.

The surjectivity of —V - being proved, according to Theorem 3.3, the following
inf-sup condition holds:

-], qV-v
inf sup fQ > B, > 0. (3.40)
q€LF(Q) yend ()4 ||v||Hg(Q)d||Q||Lg(Q)

When dealing with real function spaces, as it is generally the case regarding the Navier-
Stokes, expression (3.40) assumes the equivalent form

qV-v
inf  sup Jo > B, > 0. (3.41)
q€LF () penl()d ”v”HOl(Q)d”q”L%(Q)

In order to see it, suppose (3.40) is true. According to Theorem 3.3, it is
equivalent to

vq € 13(Q) v € HI(Q)N{0} s.t. — f qV-v 2 Byllvllysallal iz (342)
Q
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Let g € L3(Q) be arbitrary. Then there is a v; € H}(Q)*\{0} such that

- [ avev = Blvllgaelializ (343)
Q

Introduce the element v, = —v;. Of course, v, € H}(Q)*\{0}. Since v, = —v,,
substitute this into (3.43) in order to get

[ av-v. 2 Bolwalgelall iz (3.44)
Q

For our choice of g, we have just deduced the existence of an element v from Hg (Q)%\
{0}, namely, v,, such that

[ av-v = Bulvllgalali (345)
Q

In other words, for our particular choice of g, we showed that

WeB@ONO) st | qVv2flolymadalga  (46)
Q

Since this g € L3(Q) was arbitrary, we conclude that

vg € L3(Q) 3v € HIQN\O} s.t. f 4V v 2 Byllvllyellalizy  (347)
Q

which, according to Theorem 3.3, is equivalent to (3.41). In order to prove the converse,
by a similar reasoning, we begin with (3.41) and show that (3.40) holds.

When specializing the system (3.4) to the Navier-Stokes setting via the
identification (3.8), one is able to show that all requirements from Theorem 3.1 are
satisfied. In this way, it follows that the (weak) solution to the stationary incompressible
Navier-Stokes system exists, is unique and depends continuously on the data.

Now that the long path connecting the original differential equations to the well-
posedness of their variational formulations has been established, we will no longer
make any reference to the Navier-Stokes system in the course of this thesis. It was a
kind of ‘preparatory journey’, and it is time to devote all our attention to the scattering
system. We are on our own now. But thanks to the acquired expertise, we do not expect
great difficulties.
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3.3 Mixed formulation for the scattering system

3.3.1 Determining the structure of the problem

When the scattering system (2.197) is rewritten in such a way that all known
information from the lifting function w9 is moved to the right side, it takes the form:

Find (e°p) € V,(Q) X L2(Q) such that

J.(/T-Veo):Vv*—f kgeo-v*—f pV- v =
) ) )

—f (A-vu9) : Vv +f k2u9-v*, vveV.(Q) (3.48.a)
Q Q

—f q*V-eozf q*V-u9, Vqe€lL*(Q), (3.48.b)
Q Q

The scattering system is linear, and K = C i.e., the forms are going to assume
complex values. If we make the identification:

V. () — X (3.49.0)
V,(Q)* — X* (3.49.b)
12(Q) —» Y (3.49.¢)
12(Q) — U* (3.49.d)
{w,v}—><j (A-vw): V" — kgw-v*> —a(-,) (3.49.¢)
Q Q
{v,p}—><—f p*V-v>—>b(-,-) (3.49.1)
Q
<—f (A-vu9):v( )+ f k2u9 - ( )*) — f* (3.49.9)
Q Q
<j ( )V -ug> — g~ (3.49.h)
Q

The basic space for the electric field is V_ (Q), defined in (2.163). It is a
subspace of H1(Q)3, and when equipped with the inner product of the parental space
H'(Q)3, it becomes a Hilbert space on its own. We show this in Chart 3.1 below.
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Chart 3.1 - V,(Q) is a Hilbert space.

In order to see it, we need first to show that V,(Q) is closed in the || - [[51qyz norm
(which happens to be the norm induced by the inner product). Showing that V. (Q) is
closed amounts to showing that it contains all its limit points.

So let v € H1(Q)3 be an arbitrary limit point of V,(Q). [We need to prove that v €
V. (Q).] It follows that

Hvnlnz € V(@) [[v = vpllyaq)e = 0. (3.50)

Since v and all elements from V,(Q) are in H1(Q)3, they are also in H(curl; (), as
H(Q)3 c H(curl; Q), from (2.143). We apply Theorem 2.6 to the difference v — v,,:

vneN |ly.(v- vn)”H—l/Z(r)s < Cllv — valluceurto)- (3.51)

The tangential trace y, is linear, so y.(v —v,) = y:v — ¥:v,. Expression (3.51)
becomes

vneN “th - thn”H—l/Z(p)B < C”‘U - vn”H(curl;Q)- (3-52)

For any sequence of vectors {w,};_; in H'(Q)3 if [lw,lly1q)y = 0, then
Wl curto) — 0. In order to see why, [lwy,|l;1(q)3 = 0 means that all Cartesian
components of w, go to zero in the L?-norm, and also that all derivatives of all
Cartesian components also go to zero in the L2-norm. In this way, since the components
of V x w,, are combinations of the derivatives of the components of w,,, then ||V X
Wl 12()3 goes to zero as well.

Since {v — v, };, is a sequence in H1(Q)3, and due to (3.50), we can pass to the limit
in (3.52) and get

lYev = vevnlly-1/2y3 = 0. (3.53)
But for all v,, in V,(Q), y:v,, = 0, due to the very definition of this space. Then,
lyevlly-1720yz = 0, (3.54)

which is meaningful only if [y vl ,;-1/2)s = 0. By the norm axioms, we conclude that
Y:v=0.

So v € H1(©)3 and y,v = 0. Consequently, v € V,(Q). Since v was an arbitrary limit
point, it can be concluded that V. (Q) is closed.

There is a theorem which lists the circumstances under which a subspace of a Hilbert
space is a Hilbert space by itself [Kreyszig, 1989], [Conway, 1994]:
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Theorem 3.5: Subspaces of Hilbert spaces — Let /' be a Hilbert space and Z c H be
a subspace of it, i.e., the inner product on Z is just the inner product on # restricted to
elements from Z. Then Z is complete (and hence Hilbert) if and only if Z is closed.

Since H1(Q)3 is a Hilbert space and V,(Q) is a closed subspace of it, Theorem 3.5
allows us to conclude that V., (Q) is a Hilbert space by itself.

In (3.49.e), {w,v} means ‘consider {w, v} as unknowns to be inserted as the
arguments for a( - ,-)’, whereas in (3.49.f) {v, p} means ‘consider {v, p} as unknowns to
be inserted as the arguments for b( - ,-)’. In (3.49.9) and (3.49.h), the empty parentheses
are to be filled with elements from V,(Q) and L2(€), respectively.

According to the identification (3.49), problem (3.48) can be rewritten as
Find (e%p) € V. (Q) x L?(Q) such that
a(e®,v) + b(w,p) = {f* Vv, v, YV E V. (Q) (3.55)
b(e® q) = (9" Dz 2 Vq € L.

Problem (3.55) fits the framework of Theorem 3.1. In order to show that (3.55) is well-
posed, all one needs to do is to verify the four hypotheses (3.5.a), (3.5.b), (3.5.e) and
(3.5.f). However, straight from the beginning, there is a serious issue with the
sesquilinear form a:

a(w,v) = j (A-vw) : Vv* —f k2w-v*, Yw,v €V (Q). (3.56)
Q Q

The sesquilinear form (3.56) and variants thereof result from standard variational
formulations associated with the Helmholtz equation, which is one of the pillars in the
study of time-harmonic waves. The question is that sesquilinear forms associated with
the Helmholtz equation are known to be not coercive, i.e., they do not satisfy a
condition such as (3.5.d) [Ihlenburg, 1998], [Moiola and Spence, 2014]. This poses a
difficulty when assessing the well-posedness of the weak formulations in which they
occur. In the next section, the well-posedness of the scattering system (3.55) will be
studied in a different way.

3.3.2 Well-posedness

When the sesquilinear form under examination is not coercive, one can resort to
other methods to show that the variational problem is well-posed. The Fredholm
Alternative is generally employed in the study of the variational formulation resulting
from the Helmholtz equation [Evans, 2010], [Salsa, 2008], [Ihlenburg, 1998].

The application of the Fredholm Alternative to the study of the well-posedness
of differential equations is generally presented for problems in a single variable. We, on
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the other hand, are interested in problems described by two variables, namely, the
scattered electric field and the Lagrange multiplier (pseudopressure).

What we are going to do is to find a way to merge the Fredholm Alternative and
the theory of mixed formulations in order to get a result similar to Theorem 3.1, able to
take non-coercive forms into account. The next sections are, in a sense, the most
important of this thesis, since they will provide the theoretical basis for the meshfree
method to be presented later.

3.3.3 The Fredholm Alternative

In order to state the Fredholm Alternative, we need some more notions.

A sequence of elements {x;,,}n~; in a normed space X is bounded if there is a
positive real number M such that the norm of all elements of the sequence is smaller
than or equal to M, i.e.,

vn €N |lx,|lx < M. (3.57)

Among the notions of compactness, the one that suits best our purposes is the
sequential compactness [Searcdid, 2007], [Conway, 1994], [Kreyszig, 1989]. In relation
to operators, a compact operator can be characterized as follows. Suppose X and Y are
normed spaces, and T: X — Y is a bounded linear operator. We say that T is compact if
and only if for any bounded sequence {x,},=; in X, the image sequence {y,}m1 =
{Tx, )} In Y admits a convergent subsequence.

The space of all bounded linear operators between normed spaces X and Y is
usually represented as L(X,VY), whereas the space of all compact operators between X
and Y is represented as K (X, V). It can be proved that K (X, Y) is a closed linear
subspace of L(X,Y) [Brezis, 2010].

In what regards compact operators, the following result holds true (it is generally
not stated as a theorem, but we will call it so here) [Conway, 1994], [Brezis, 2010]:

Theorem 3.5: Composition of operators — Let E, F and G be three Banach spaces.
Suppose that operators T and S are such that either

()T € L(E,F)and S € KX (F,G) or
(i) T € KX(E,F)and S € L(F,G) is the case. Then

SoT € K(E,G). (3.58)

We can now state the Fredholm Alternative, in the form of a theorem [Brezis,
2010].
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Theorem 3.6: The Fredholm Alternative — Let V be a normed vector space, and let
T e X(V,V). Then,

(i) Ker(ly — T) is finite dimensional.
(ii) R(I, — T) is closed. Moreover, R(I, — T) = (Ker(I, — T*))l.
(iii) Ker(l, = T) = {0,} © R(ly = T) = V.

(iv) dim Ker(I, — T) = dim Ker(I, — T*).

In the statement of Theorem 3.6 above, Ker denotes the kernel, or null space of
an operator, and Iy, is the identity operator on the space V, i.e., I, maps elements of V to
themselves: Vx € V I,x = x. Also, ‘R’ means the range or image of an operator, and
T* is the adjoint operator. (In the course of our work, the notion of adjoint operator will
not be necessary, so we will not state the definition here. Standard books on functional
analysis discuss it exhaustively.) Finally, 0y is the zero element of the space V (in order
to distinguish it from the real number 0), and ‘dim’ means ‘dimension’.

Theorem 3.6 is stated in very abstract terms, i.e., it expresses relations between
kernels and ranges of operators in spaces whose nature is left unspecified. In this thesis,
we are concerned with sesquilinear forms ‘acting” on function spaces, so more
specialization is required. Before we move on, we need more definitions.

3.3.4 Embeddings

Let V and H be two Hilbert spaces. We say that V is continuously embedded in
H, represented as V < H, if two requirements are met. First, there is an injective and
structure preserving map

Iyow:V > H. (3.59)

For our purposes, this map will be either the inclusion map (the case when V c H, and
I,_y is just the identity map) or the Riesz map (the case when H = V*, and I,_,+ is the
map which identifies an element from a Hilbert space with a functional in its dual space,
according to the Riesz’s representation theorem). The second requirement is that the
map I,_,y IS continuous, i.e.,

Ilyon@lly < Cellully, Vuev, (3.60)

where C, is a positive constant independent of u. When the linear structure is preserved
(as is the case in our applications), (3.59) and (3.60) allows us to conclude that

Iy.y € L(V, H). (3.61)
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In the spaces V and H, the norms are usually different, so u measured by the norm of V
is not generally equal to I,_,;(u) measured by the norm of H. These measurements are
related via (3.60), though.

When establishing the existence and uniqueness of solutions to variational
problems, the following result will be useful [Béhmer, 2010], [Salsa, 2008].

Theorem 3.7: Embeddings — Let V and H be two Hilbert spaces, and suppose that
V < H. If we define an operator T by

(TW), v)yry = (W, lyoy(v)),, YwWEH, Vv eV, (3.62)
then

T € L(H,V*) (3.63)

Proof: Fix an arbitrary w € H. Then

(T, vy = |(W, o @), | < IWHallyon I, Y €V (3.64.0)

according to the Cauchy-Schwarz inequality in the Hilbert space H. From (3.60), we see
that

(TW), v)vv| < Collwllglivlly, VveV, (3.64.b)
and it becomes evident that
(T(w), v)y~,
ITW)lly = | vl Cellwlly (3.64.0)
vev\{0} lvlly

and so T(w) is a bounded linear functional on V, i.e., T(w) € V*. Since w € H was
arbitrary, we get that

ITW)ly> < Cellwlly, YW €H (3.64.d)
which implies that

T W)y~
Tl ey = sup —————<C.. (3.64.¢)
weH\{0} Iwlly

Since C, is finite, T is a bounded linear operator, i.e., T € L(H,V™).
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3.3.5 Well-posedness of non-coercive problems

Based on the material we have gathered so far, we can now state and prove a
result concerning the well-posedness of problems in which the sesquilinear form a is
not coercive.

Theorem 3.8: Non-coercive problems — Suppose the following hypotheses are true:

(i) V and H are two Hilbert spaces satisfying the requirements of Theorem 3.7, i.e.,
Vo H.

(ii) The map I,y is compact, i.e., I,y € KX (V,H).
(iii) a(-, -):V x V — Cis a continuous sesquilinear form.

(iv) The sesquilinear form from item (iii) satisfies the property: There exist constants
n > 0 and x, = 0 such that

Re{a(u, W)} + Kolllyop WG = nllullf. vuev (3.65)
It can be concluded that if the solution to the homogeneous (zero-data) problem

Find u € V such that
a(u,v) =0, Vv EV (3.66)

is the zero element u = 0y, then it is true that:
(a) The solution to the general problem

Find u € V such that
a(w,v) =(F,v)p=y, YVVEV (3.67)

exists and is unique for every functional F € V*.

(b) The solution u from (a) depends continuously on the data, i.e., there exists a positive
constant Cr4 such that

Hyog Wl < CrallFlly+ (3.68)

In (3.65), Re{ - } means ‘the real part of”. Theorem 3.8 says that uniqueness (the
kernel of the form a is the zero element) implies existence. This theorem is so important
for the development of our work that we shall prove it. There is a sketch of the proof in
[Evans, 2010], restricted to the case when V = H}(Q) and H = L?(Q). We, on the other
hand, develop a complete proof in the abstract setting, always emphasizing the operators
which appear in the course of the development. We provide all details required by our
standards, and the consequence is a rather long process, over ten pages long. The proof,
which depends on Theorems 3.5, 3.6 and 3.7, has been moved to Appendix 1 in order to
keep the continuity of the text.
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We will now state the main theorem of this thesis, which deals with mixed
formulations in which the sesquilinear form a is not coercive. In a sense, we shall merge
Theorems 3.1 and 3.8 together. The challenge is to substitute the coercivity hypothesis
(3.5.d) by condition (3.65) at the right place. This needs to be done in order to
accommodate the Fredholm Alternative. In a sense, Theorem 3.9 is a mixture between
the Fredholm Alternative and the Babuska-Brezzi theory of mixed formulations.

Theorem 3.9: Well-posedness of mixed formulations, non-coercive case — Let X and
Y be two Hilbert spaces, and let a: X X X - C and b: X X Y — C be two continuous
sesquilinear forms, i.e., there are positive constants «a, and «, such that:

(i) a is continuous, i.e.,
la(x,v)| < agllxl|xllvllx, Vx,veEX (3.69.a)
(ii) b is continuous, i.e.,
|b(x, )| < aplixllxllylly. VxeX vy ey (3.69.b)
Let X° be the kernel of the sesquilinear form b i.e.,
X°=Kerb={x€X|b(x,y)=0, VYEY}. (3.69.0)

Consider a third Hilbert space H such that X° and H satisfy the requirements of
Theorem 3.7, i.e.,

(iii) X° is continuously embedded into H, i.e., X° & H.
Moreover, it holds that:
(iv) The map I 0,y is compact, i.e., Iyo_, € K(X°, H).

(v) The sesquilinear form a satisfies the following property on the kernel X°: There
exist constants n > 0 and k, = 0 such that

Re{a(u, w)} + rolllyoy WIE = nllullyz, Yue X°. (3.69.d)
(vi) The sesquilinear form b satisfies the inf-sup condition, i.e., there is a positive

constant 5, > 0 such that

: |b(x, )l
inf  sup —————>f. (3.69.¢e)
yEY\0} xex\{o} ||x||x||3’||y

(vii) The solution to the homogeneous (zero-data) problem at the kernel X°

Find w € X° such that
a(w,v) =0, Yw € X° (3.69. f)

is the zero element w = 0. Furthermore, let us assume that:
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(viii) The original space X is also continuously embedded H, i.e., X < H.

(ix) The spaces X and X ° are subspaces of H, i.e., X < H and X° c H (which implies
that I, and I-0_,, are inclusion maps).

Then it can be concluded that for each f* € X* and g* € Y*, there is a unique solution
to the mixed problem

Find (u,p) € X X Y such that
a(u,x) +b(x,p) ={f",X)x+x VXEX (3.69.9)

b(u,y) =(9"Y)yy VVETY

It also follows that the solution u depends continuously on the data f* and g* in the H
norm, i.e., there are positive constants K; and K, such that

lulle < Killf "Il + Kallg™ lly- (3.69.h)

Note: The embedding map in expression (3.69.d) can make things look more
complicated than they really are, and some explanation is required. To begin with, the
element u belongs to X°, which is a subspace of the original Hilbert space X,
according to (3.69.c). In this way, as an element of X (because X° c X), it is
originally measured in the || - [|,» norm, i.e., its ‘original size’ is ||ul|x.

The embedding I,-0_,; takes this u and maps it to the element I,-0_,;; (u), which belongs
to the Hilbert space H, different from the original Hilbert space X. The ‘size’ of the
element Iyo_,(u) is therefore given by the norm in H, i.e., by [|[Iyo gy In
principle, ||ullx and [|1,0_,(w)||y are different.

In this work, it will be the case that X° c H, according to hypothesis (ix). The
implication is that the element u will be mapped to itself, i.e., I,o_,5 () = u. In the end,
we will get two ways of assessing the ‘size’ of u: ||ul|, and [|ul|y.

However, when we want to measure the size of u in the norm of H, as in (3.69.d), we
will keep the embedding map and indicate this as ||/ o, (w)lly instead of |lul|;. So
this is the role of embeddings (at least in this work): To provide more than one measure
for the size of an element.

|

In order to prove this theorem, we need some additional results from functional
analysis. The first concept is that of annihilator, also called polar set [Brezis, 2010],
[Quarteroni and Valli, 1994]. Let W be a Banach space, and let U be a subspace of W/,
i.e., U € W. The annihilator of U is the set

Us ={G € W"|(Guy-w =0, Vu€eU}, (3.70.q)
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i.e., if a functional G € W™ is such that its action on all elements from the subspace U is
zero, then G belongs to the annihilator of U. The next result we need is the Banach
Closed Range Theorem. However, we do not need all its conclusions, so we will state
just the two which will be useful to us. The proof and the other conclusions can be
found in [Brezis, 2010].

Theorem 3.10: Banach Closed Range Theorem (incomplete) — Let U and W be two
Banach spaces, and suppose that L is a bounded and linear operator between L and U,
i.e., L€ L(U,W). Then

R(L) = (Ker LT), (3.70.b)
R(LT) = (Ker L)« (3.70.¢)

Expression (3.70.b) says that the range of operator L is equal to the annihilator of the
kernel of the adjoint LT. Conversely, (3.70.c) means that the range of the adjoint
operator LT is equal to the annihilator of the kernel of L.

Since the proof of Theorem 3.9 also occupies a number of pages, it has been
moved to Appendix 2.

3.3.6 Back to the scattering system

The challenge now is to show that our electromagnetic problem (3.48), together
with the identification (3.49), does indeed satisfy all requirements from Theorem 3.9. If
we are successful in this task, our object of interest, the electric field e°, will exist, be
unique, and will depend continuously on the data. We will begin by investigating the
data, i.e., the functionals from (3.69.9).

3.3.6.1 Functionals |

The true scattered electric field is given by (2.162),
ES =e®+ud, (3.71.a)

where u? is the lifting function on the boundary conditions (2.157),

{ 0, atT,
= . 3.71.b
g _ﬁl X ElTlC’ at Fl . ( )

We must now ask if the boundary conditions (3.71.b) originate a lifting function u9
such that, after it is substituted into the right side of (3.48), it gives rise to functionals
acting on elements from V,(Q) and L?(Q). As we discussed in Section 2.2.3.5, if g
defines a functional which is in Y (I") (the range of the tangential trace operator y;), then
the lifting w9 is in H(curl; Q). Then we discussed two cases. In Case 1, u? is smooth
enough to be in the subspace H1(Q)3 c H(curl; ©), which is what interests us. In Case
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Scatterer

Fig. 3.1. In the scattering problems we are going to investigate, T, is a rectangular contour (or a cubic
surface, in 3D). The function v¢ defined in (3.71.f) decays linearly to zero inside the layer of width &.
Outside the layer, it assumes the value 1. The partial derivatives are discontinuous across the four
diagonal lines. The scatterer, represented by the dotted curve, must lie outside the e-layer.

2, u9 is in H(curl; Q) but not in H*(Q)3. However, by a density argument, we showed
that in this case u9 can be approximated by elements from H*(Q)3.

Anyhow, we need to show that the g from (3.71.b) is in Y(I'). If we succeed,
than we know for sure that there is an w9 in H(curl;Q) such that y,u9 = g.
Thereafter, we investigate solutions to the problem

Find u9 € H*(Q)3 such that
youd=g (3.71.¢)

i.e., if there is an u9 smooth enough to be qualified as an element from H(Q)3, a
subspace from H(curl; Q). In this thesis, we shall not investigate problem (3.71.c). We
assume that the solution to (3.71.c) exists, i.e., we make a conjecture.

Conjecture 3.1: Lifting in H'(Q)3 — Consider the non-homogeneous boundary
conditions

{ 0, atT,
= . 3.71.d
- -1, X E"™, atT;. ( )

If g € Y(I'), then we can find an u9 € H1(Q)3 such that y,u9 = g.

The space Y (T") is characterized in (2.152). Let us consider a function v¢: Q —» R
defined by

1, dx,T,) > ¢

vé(x) = d(x,T,) der) < (3.71.e)

where d(x,T,) is the distance from the point x to the outer boundary T, and € > 0. In
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order to illustrate the meaning of (3.71.e), let us consider a two-dimensional domain Q.
The function v¢ is such that it is 1 for those points x whose distance to I, is larger than
e. If the distance is smaller than &, than v® decays linearly to zero. In other words, there
is a layer of width &; outside this layer, v¢ is equal to 1. Inside the layer, v¢ decays
linearly to zero. The width of the layer must be chosen in such a way that the scatterer is
located completely outside the layer (i.e., for all points x in the scatterer surface I},
d(x,T,) > €. The function v¢ is illustrated in Fig. 3.1.

The function v¢ is continuous in Q, and therefore v € L?(Q). The derivatives
dvé/dx and dv¢/dy, on the other hand, experience discontinuities along the diagonals
(Fig. 3.1). But it is not difficult to see that the derivatives are square summable.
According to Fig. 3.1, if T, is the surface of a box defined by X; <x < X, and ¥; <
x <Y,, then d(x,T,) assumes the form

d(x,T,) = min{(x — X;), (X2 —x), (v — Y1), (Y2 = ¥)}, (3.71.1)

where x = [x, y]T is an arbitrary point in Q. From (3.71.f), we see that, within the layer,
the derivative of d(x,T,) with respect to x is either +1 or —1. In the same way, the
derivative with respect to y is either +1 or —1. Back to (3.71.e), we conclude that, if
d(x,T,) > ¢&, then dv¥/dx and dvé/dy are zero. If d(x,T,) <e, |dve/dx| and
|0ve/0y| are equal to 1/e. (Except at the diagonals (points of discontinuity), which
constitute a set of measure zero.) Then dvé/dx and dve/dy are also in L2 ().

The same reasoning applies to three dimensions in what regards the derivative dvé/0z.

Before we proceed, we need two results which give us conditions under which
vector fields in Q define functionals at the boundary I'. The proof can be found in [Ern
and Guermond, 2004].

Theorem 3.11: ‘Divergence’ functionals — Let Q be a bounded open set, and let
1 < p < . Suppose u € L?(0)3 is a vector field such that V - u € L2((2). Then

1
u-new rP(I). (3.71.9)

Theorem 3.12: ‘Curl’ functionals — Let ) be a bounded open set, and let 1 < p < co.
Suppose u € L?(Q)3 is a vector field such that V x u € L?(©)3. Then

1
uxnew ()3 (3.71.h)

Let us consider an incident field E¢ € L2(Q)3 such that V x E¢ € [2(Q)3 and
V- E"¢ € [2(Q). Since v¢ € L?(£), we take the component EL*¢ and discover that

f lveEine|” =f lve|?|Eine]” sf |Ene|” < oo, (3.71.1)
Q Q Q
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as |v&] <1 from (3.71.e) and EI*° € L?(Q)). We conclude that v¢E" € L?(Q). The
same steps are applied to the other components and we discover that

VvEE™C € [2(Q)3. (3.71.))
The curl of vEE™€ is given by
V X VEE™C = V& x EMC + yeV x E¢ (3.71.k)

Let us focus on the x-component of V x v€E™ and discover that

||(V x VsEinc)x @ = ||(VVS % Einc)x + (VSV x Einc)x . (3.71.D)
< ||(VV£ % Einc)x . + ||(V£V x Einc)x”LZ(Q) (3.71.m)
— ov* inc ov* Einc ey x Einc 3.71
“lay e T g T [Grevxz), pa O74M
ave . aveé . .
< ||l ginel| 4 | e+ || (vev x B . (3.71.0)
dy 12(Q) 0z L2(Q) xz)

where the Minkowski inequality (2.73) has been used in (3.71.m) and (3.71.0). Let us
now concentrate on the first term from (3.71.0):

— <f av* Einc
12(Q) a 10y 7
1
av‘g 2 . 2 2
_ <f |ay |Eine| ) (3.71.)
Q
1
-(1,

2 ) 2
|Einc| ) : (3.71.7)
where Q¢ is the portion of the domain Q in which dv¢/dy is different from zero. As we
have seen, if the distance of a point to T, is larger than &, then dv¢/dy is zero. Also, in
Q¢ itis true that |0vé/dy| = 1/&. From (3.71.r) we get

(f,

1

ave inc “\2

ove
dy

1 1
ove

2 2 2 2
ov” |EZinc|2) :U |§| |Ezinc|2> (3.71.5)
QE

dy

1

1 2\
ZEU |ng|> (3.71.t)
OE

96



1

2\ 1, .
S"(L |E2] ) = —[|EZ ] oy <o B7LW)

&

since EI™¢ € L2(Q)). We conclude that the first term in (3.71.0) is finite. The same
analysis applied to the second term in (3.71.0) reveals that it is also finite. It is true that
(viV x E™¢) =ve(Vx E™) , and also that (V x E™) € L*(Q). We apply the
same reasoning as that from (3.71.i) and discover that (vSV X Ei"C)x € L%(Q). In this

way, all terms from (3.71.0) are finite, which implies that the x-component of V x
(vEE™<) is in L2(Q). If we repeat this argument to the y and z-components, we finally
find that

V x vEE™ € [2(Q)3. (3.71.v)

From (3.71j) and (3.71.v), we make u = véE™ and p = 2 in Theorem 3.12 and
discover that

i 1
(VEE™e) x ft e W2%(I)3. (3.71.w)

Since the Sobolev spaces W™P are usually represented as H™ when p = 2, expression
above is equivalent to

(vCE™) x i € H™Y/2(T)3, (3.71.x)
which of course implies that
—f X VEEn© € H~1/2(T)3 (3.71.y)

Now that we know that —7i x v¢E™¢ defines a functional, we may ask: How does it
operate on elements from H'/2(I")3? The usual duality pairing between elements from
H~'/2(T) and H'/2(T) is just a boundary integral [Boffi et al., 2013]. If w’ € H~Y/2(I")
and v € H/2(T), then

W' Vhyar2(py sy = J w'y. (3.71.2)
r

Now let v € H*(Q)3 be arbitrary. According to the trace operator y¢ in (2.58), y3v €
H/2(T)3. The action of —7 x vEE™ on elements from H/2(I")3 is given by

(=7 X VEE™, y80) 1/ 03 yivarys = f (- X vEEe) - p (3.72.a)
r

[ (caxvEn) vt [ (—axviE).v (372.b)
Ty Iy

Since according to (3.71.e) v isO at I, and 1 at I';, we see that

97



<_ﬁ X nginC, ygv>H_1/2(F)3,H1/2(F)3 == f (_ﬁ X EiTlC) * 'U, (3.72. C)
Iy

which is precisely what one would expect in what regards the action of the function g
in (3.71.b) on other functions defined at the boundary T;. In a sense, the functional from
(3.71.y) together with its operation (3.72.c) is a more elegant description than just
saying “the functional g from (3.71.b)”.

Now that we have a proper description of a functional induced by the boundary
condition g, we must ask if this functional is in the range of the tangential trace operator
Y, i.e., if itis an element from Y (T'). In order to give an affirmative answer, we need to
show that our functional satisfies the requirements from (2.152). The strategy to follow
is: First, to show that our functional is in the space defined in (2.154). Second, to show
with the help of (2.153) that the surface divergence of our functional is in H=/2(I).

It is true that
(-AXVEE™)-Ai=0 (3.72.d)

on all points of T' (excluding sets of measure zero), since the vector —7 X v€E™¢ is by

definition orthogonal to the normal vector #i. Then, —fi x vEE™™ € H;*/*(T"), defined
in (2.154).

From (3.71.v), we know that V x véE™¢ € [2(Q)3. Of course, since the
divergence of a curl is zero, V- (V x vE™) = 0 € L2(Q). Therefore, we consider
Theorem 3.11 with u = V X v€E™¢ and p = 2 and conclude that

(V x vEE™e) - i € H-Y2(D), (3.72.e)
which is no different than
fi- (V x v¥E™™) € H=Y/2(T). (3.72.1)

Consider now identity (2.153) with v = —vEE™¢ [which belongs to H(curl; Q) due to
(3.71.)) and (3.71.v)] and find that

Vr - (=R X vCE™) = fi - (V X vEE™®) (3.72.9)

From (3.72.f) and (3.72.g), we learn that the surface divergence of our functional
—7i X VEE™ jsiindeed in H~'/2(T). From (2.152), we are finally able to conclude that

— X VEE™ € Y(T) (3.72.h)

According to (3.71.e) v¥is0 at I, and 1 at I}, so (3.72.h) above is the same as saying
that

geyD, (3.72.1)
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where g has been defined in (3.71.b). Since g is in the range of the trace operator y;,
there are functions w in H(curl; Q) such that y,w = g. There is an infinite number of
such functions, as y, is not injective [its kernel is given by (2.150)]. We may ask:
Among these functions in H(curl; Q) whose trace is g, can we find one which is in
H(Q)3? We have not explored the conditions which ultimately assure us that such a
function exists. Hence we just conjecture its existence (Conjecture 3.1). So we assume
that such a function exists in H*(Q)3, and call it u9.

3.3.6.2 Functionals 11

In the right side of (3.48.a), we define a functional f* according to identification
(3.49) whose action on testing functions from V. (Q) is given by

f*(v) =— fﬂ (1=\ Vud) : Uv* + fﬂ kiu9-v*, vv eV (Q). (3.72.))

It is clearly (anti-)linear; but now we may ask: Is it bounded in order to qualify as an
element from V,_(Q)*? From (2.181) and (2.94) [adapted to the complex setting],
repeated below,

< AllVllyiap Wiy Yo,w € HA(Q):,  (3.72.k)

f (A-Vv): Uw*

]v-w*
Q

we observe that

< ”v”LZ(Q)3”W”H1(Q)3' Vv € LZ(.Q.)3 Vw € Hl(ﬂ)3, (3.72.0])

U (A-vu9) : V| < Aylludll s lvligie Yv € HI(Q)?, (3.72.m)
Q

< kEludll 2 llvligiye Vv € HH Q). (3.72.7)

] kiu9d - v*
Q

Since V. () c H'(Q)3, (3.72.m) and (3.72.n) imply that

|f (/=\ . Vug) Vv < AM”u'g”Hl(Q)B”17”1_11(9)3 Vv € VT(.Q), (372 O)
Q
f kiud - v*| < k§lluf |l 2 vy Vv € V. (Q). (3.72.p)
Q
From (3.72.j) and with the help of the triangle inequality, we learn that
lf*(w)| < f (/=\-Vug) : Vo' + f k3 u9 -v*|, Vv € V. (Q). (3.72.9)
Q Q
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When we consider (3.72.0) and (3.72.p), it is not difficult to see that
If* @) < Ay + kDNl lIvllpre Vv € V(Q), (3.72.7)
and hence that
f* eV, ()" (3.72.5)

We now concentrate on the right side of (3.48.b), and define a functional g*
whose action on testing functions from L2(Q) is given by

9’ (q) = fﬂ q"V-ud, VvqeL(Q). (3.72.1)

It is (anti-)linear, and it remains to verify if it is bounded. From (2.86.b) [adapted to the
complex setting] we observe that

f ¢ V-ud| < llgllzolud s Vq € L2(Q). (3.72.11)
Q
Expressions (3.72.t) and (3.72.u) reveal us that
9@ = || @V < lallelelome vae @, (720)
Q

from which it is not difficult to see that g* is bounded. Therefore,
g* € L2(Q)* = L*(Q), (3.72.w)
since L2(Q) can be identified with its dual.

Now we are going to study the hypotheses from Theorem 3.9, and show that the
scattering system (3.48) satisfies each one of them. The order in which they will be
addressed is such that the easier ones will be considered first.

3.3.6.3 Theorem 3.9, Hypotheses (i) and (ii)

The original spaces V,(Q) and L2(Q) are Hilbert spaces. [This question is
addressed in Chart 3.1, regarding V. (), and in [Brezis, 2010], in what concerns
L?(9)]. According to the identification (3.49),

a(u,v) = j (A-vu) : Vv* —f k2u-v*, vu,v € V,.(Q). (3.73.a)
Q Q
We observe that

la(u,v)| < , Yu,v eV, (Q). (3.73.b)

f (A-vu): v*

+U k3w v*
Q
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thanks to the triangle inequality. From (2.181) and (2.94), and from the fact that
Vo (Q) € H'(Q)® < L?(Q)?,

la(u,v)| < (AM”u”Hl(Q)3 + kg||u||Lz(m3)||v||H1(Q)3, vu,v € V. (Q). (3.73.¢)
Moreover, since ||ul| 2(qys < llully1q)3 —as given by (2.142) —we arrive at
la(w, )| < (Ay + kDl e llvligis Yuv e V(Q),  (3.73.d)

which, according to (3.3), allows to conclude that the sesquilinear form a is bounded (or
continuous), and that a, = A, + k2.

The sesquilinear form b is given by

b(v,q) = —j qg*V-v, Vqe€L*(Q) YveV.(Q) (3.73.¢)
Q

From (2.86.b),
b, DI < llqllzllvligriyz, Vg €L*(Q) VweV.(Q), (3.73.f)

as V,(Q) c H1(Q)3. Again, (3.3) shows that the sesquilinear form b is bounded (or
continuous), and that a;, = 1.

3.3.6.4 Theorem 3.9, Hypotheses (iii), (iv), (viii) and (ix)

We need the following fact from the theory of Sobolev spaces [Leoni, 2009],
[Brezis, 2010], [Salsa, 2008]:

Theorem 3.13: Compact Embeddings — Let Q be a bounded and Lipschitz domain in
R<. Then,

(@) If d > 2, then H1(Q) © LP(Q) for 2 <p < 2n/(n — 2). Moreover, if 2<p <
2n/(n — 2), the embedding of H1(Q) in LP (Q) is compact.

(b) If d = 2, then H1(Q) © LP(Q) for 2 < p < oo, with compact embedding.

We are interested in the case p = 2. So from Theorem 3.13 we are able to
conclude that in either 2 or 3 dimensions, it is true that

H(Q) & L?(Q), (3.74.a)

in which the embedding map 1,1 (q)-;2(q) is compact. From the discussion in Section
3.3.4, (3.74.a) means that there is a positive constant C, such that

1752 @2 @D gy < Cellullingey Yu € HY(Q).  (3.74.b)
Moreover, in the notation from Section 3.3.3,
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Iz € K(H'(Q), L2()). (3.74.¢)

Let u€ H(Q)3 be arbitrary. (The same analysis applies for the two-
dimensional case, so we will stick to the more general three-dimensional case here.)
Since each of its components is in H1((), they are continuously embedded in L?(Q),
ie.,

12 @) r200 Wl 2 gy < Celluxllay (3.74.d)
||1H1(Q)—>L2(Q)(uy)”Lz(m = Ce”uy”m(g) (3.74.e)
172 @120 @l 2 g = Celltzllincoy- (3.74.1)

If we consider expressions (3.74.d) — (3.74.f) squared, and also the definition of the
H1(Q)3 norm in (2.34), we get

2 2
172 @y-200 @l ) + @2 ()] ) +

2
||IH1(Q)—>L2(Q)(uz)”Lz(m < Cezllulllz.]l(g)3- (3.74.9)

If we define the ‘multidimensional” embedding map Iy1(qy3_;2(q)3 aS

Iyiqy-rz ) (Ux)
IH1(0)3—>L2(9.)3(u) = 1H1(Q)—>L2(Q)(uy) , (3.74.h)
Iyiy-12) (Uz)
then (3.74.9) becomes
2 .
||IH1(Q)3_>L2(Q)3(u)”LZ(Q)3 < Cezllu||12_11(ﬂ)3 (374 l)

Consequently, the embedding defined in (3.74.h) is continuous.

In order to find out if it also compact, we consider an arbitrary bounded sequence
{vn)n=q in HY(Q)3, i.e., there is a positive constant M such that ||v, || y1qys < M for all

n.

This sequence defines three individual sequences in H1(Q), namely, the sequences
ey, {v) }:):1 and {v?}%_, formed by the x, y, and z components of {v,,}%_,. Since
[with the help of (2.33)] it is true that for all n,

2 .
10alls s = 10 oy + 197 s + W0 N2ny S M2 (B74))

then (v}, <M, {v)} <M, and {vi}, <M, ie, the three individual
sequences are bounded.
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As {vj}n -, is bounded, {IH1(Q)4L2(Q)(UT’5)}:=1 admits a convergent subsequence in
L(Q),ie,

Iyi)-12) (171316]-) - w”* as j— oo. (3.74.k)

Of course, since {vy}" s bounded, then {v,f

} is also bounded. Therefore,
] j=1

{1H1(Q)_,Lz(m (v,i'j)}jzl admits a convergent subsequence in L*(Q), i.e.,
Iy1a)-12(q) (Ugjk) ->wY as k - oo. (3.74.1)

By the same argument, since {vZ},-; is bounded, then {vﬁjk} is also bounded. Then,
k=1

(o]

{IHl(Q)_)Lz(m (v,fjk)}kzl admits a convergent subsequence in L2(Q), i.e.,

Iyi)-12() (Vﬁjkl) - w? as | - oo, (3.74.m)

Since subsequences of convergent sequences converge to the same limit, from (3.74.k)
and (3.74.1) we see that

Iyti)-2) (Vrjfjkl) -w* as |- o (3.74.n)

Iyt)-12() (vfl’jkl) -wY as |- oo, (3.74.0)

If we take into account the embedding defined in (3.74.h),

Iy )12 (Vr’fjkl)

Wx
Iyrysoz()s (Vn,-kl> = |Tu1@)-12) (Vﬁ/jkl) - lwy\ as | - . (3.74.p)
WZ

ht@)-12(0) (Vﬁjkl)_

The lesson is that, from an arbitrary bounded sequence {v,}o-, in H1(Q)3, its image
{IHl(Q)gﬁLz(ms(vn)}::l admits a convergent subsequence in L?(Q)3. Therefore, the
embedding from H1(Q)3 into L?2(Q)3 is compact.

The meaning of (3.74.i) is just
||IH1(Q)3—>L2(Q)3(u)||L2(Q)3 < Ce”u”Hl(Q)S, Yu € Hl(.Q)S (374 CI)

We now claim that the auxiliary Hilbert space H from Theorem 3.9 is L2(Q)3, i.e., we
make
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H = I2(Q)3. (3.74.7)
Since V,(Q) c H1(Q)3, then (3.74.q) remains valid for all u € V,(Q). Then,
V.(Q) & 12(Q)3, (3.74.5)

and hypothesis (viii) is checked.

We already know that the kernel X° is a subspace of X, according to (3.69.c). Since
V.(Q) has been identified with the original Hilbert space X in (3.49.a), X° is a
subspace of V,(Q). When we specialize (3.74.9) to functions in X° we conclude that

X0 o [2(Q)3, (3.74.1)

and hypothesis (iii) is checked.

The following chain of inclusions is valid:
X% c Vv, (Q) c H(Q)3 c 12(Q)3 = H. (3.74.u)

From (3.74.u), we observe that hypothesis (ix) is checked. Therefore, Iy1(g)3_.2(q)3,
Iy_(q)-12(@)?» @nd Ixo_,2(qy3 are all identity maps. Particularly,

Iyo,12(0)3 (w)=u, VueXO (3.74.v)

In order to show that Iyo_,;2¢q)s is compact, we take an arbitrary bounded sequence
{t, 3o, in X°. Since X° c H1(Q)3, the same reasoning from (3.74.j) — (3.74.9) can be
applied to {t,};-,. The result is that the image of this sequence under I o_,;2(q)s admits
a convergent subsequence in L*(Q)3. In this way, Iyo_;2(q) is compact. Thus,
hypothesis (iv) has been checked.

3.3.6.5 Theorem 3.9, Hypothesis (vi)

We need to show that

|—quV-v|

inf sup
aeL?(O\0} pev, (\(0} 1Vl m1 )z g1l 2 )

> B, >0, (3.75.a)

In other words, we need to show that the operator —V - is surjective from V_(Q) onto
L?(Q). The argument we developed to show that (3.75.a) is indeed the case is vital for
our progress. As such, it will be presented as a theorem.

Theorem 3.14: Surjectivity of —V - — Let the requirements of Theorem 3.4 be satisfied.
Then,

VgeL*(Q) weVv,(Q) -V-v=q. (3.75.b)
Proof: Let g € L2() be arbitrary, and make
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1

=q—-—— . 3.75.¢
do = ¢ IQIQq ( )

It is clear that g, € L3(Q), discussed in (3.37.c). According to (3.39), there is a v, €
H}(Q)3 such that

Now let

1
a=— 3.75.e
mlfg q (3.75.¢)

We are looking for a function v, € H1(Q)3 such that
AXVy|r=0 (3.75.F)
Vv, =a. (3.75.9)

Expression (3.75.f) means that v, has no tangential components at the boundary T'. In
order to find this v,, we claim that v, is the gradient of some function ¢, i.e., we make

v, = V. (3.75.h)

From (3.75.g) and (3.75.h), we see that V- v, = V- V¢ = V3¢ = a. We also claim that
¢ satisfies homogeneous Dirichlet boundary conditions at I'. Next, we seek for the
solution of the problem

{V b= (3.75.1)

dlr=0

which is just an ordinary Poisson equation, whose weak solution is smooth enough to
guarantee that V¢p € H1(Q)3, according to Theorem 3 in Chapter 6 from [Evans, 2010].

Since ¢ is constant at the boundary T, it defines a level curve there. Therefore, V¢ is
normal to T, i.e., V¢ = fn, where f is a scalar function of the points located on T

We learn that n X Vo|r = n X f7i|r = 0, which validates the choice of V¢ for v,,
according to requirement (3.75.1).

We now form the vector

<
I

Vo — V. (3.75.))
It is clear that
Vv=-V-v,+V-v, =¢qy+«a, (3.75.k)

according to (3.75.d) and (3.75.9). But from (3.75.c) and (3.75.e), we get that q, = q —
a. Consequently, (3.75.k) implies that
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—V-v=q. (3.75.1)
Since v, € H1(Q)3 and v, € H}(Q)3, then v € H1(Q)3. Moreover,
NXV|r=nXvy|r+nXv,|r=0, (3.75.m)

because all components of v, are zero at I and because of (3.75.f). As v € H*(Q)3 and
nxv|r=0,thenv € V. (Q).

So we have been able to show that, given an arbitrary g € L?(Q), there is a v € V,(Q)
such that —V - v = q. In other words, —V - is surjective from V,(Q) onto L2((Q).

A more or less ‘physical’ interpretation of Theorem 3.14 goes like this: Suppose Q is a
hollow metallic cavity, and let g be a square-summable charge density within Q. Then,
there is a field E such that -V - E = q.

If we write the action of the sesquilinear form b on arbitrary elements v €
V.(Q) and g € L2(£), we get, after the identification (3.49):

b(v,q) = (Bv,q)12(0) 12(0) = — jﬂ q V-, (3.75.n)

i.e., we are able to see that Bv = —V - v. So the operator B induced by the sesquilinear
form b is indeed the negative of the divergence operator, i.e., B = =V -. Since =V - is
surjective, then B is surjective. Theorem 3.3 says that B being surjective is equivalent to
the fact that there is a 5, > 0 such that

: |b(x, )l
inf  sup —————>f,. (3.75.0)
YeYO} xex(oy x| x [y lly

When we make the identification (3.49), we conclude that for the scattering problem it
is true that

inf AR > B (3.75.p)
in sup > B, 75.p
q€L2@\} vev, oo} 1V s lgllze — 7

which is nothing else that (3.75.a). Therefore, hypothesis (vi) has been checked.

The two remaining conditions (v) and (vii) are more difficult to check. They
depend on the explicit form of the PML tensor A.

3.3.6.6 PML Il: The PML tensor

Thus far, the only information we have concerning the PML tensor is that it has
the form
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A=ANZQX+AIRV+1,2Q% (3.76.a)

presented in (2.113). Moreover, from the discussion in Section 2.2.3.3, in order for the
weak solutions to make sense, we discovered that the components of A must be
elements of L*(Q). For our purposes, it means that there are positive constants M,, M,,

and M, such that

A (X)| <M, VxE€Q (3.76.D)
A, ()] <M, vxeQ (3.76.¢)
|A,(x)] <M, Vx€ Q. (3.76.d)

In this way, Ay, in (2.176) can be taken as
Ay = max {M,, M,, M,}. (3.76.¢)

The components of the PML tensor are complex quantities, so we write them as

Ay (%) = By (x) + jbx (%), (3.76.1)
Ay(x) = By (x) + j&, (x), (3.76.9)
Az (x) = Br(x) + j6,(x). (3.76.h)

In this representation, S, B,, B, and &y, 6,, &, are all real functions of the position
x € .

We now make two extra requirements: There is a positive constant § > 0 such
that

BBy, B > B, VX EQ; (3.76.1)
Moreover, the imaginary part of the components should be nonnegative, i.e.,
0x,6y,6, 20, Vx€ (3.76.))

After we have set up the requirements for the PML, we ask: Is there a
rectangular PML obeying the form (3.76.a) which satisfy the conditions (3.76.b) —
(3.76.d), (3.76.i) and (3.76.j)?

In a sense, yes. We consider a PML originally developed for scalar waves
[Bermudez et al., 2004], [Bermudez et al., 2007], [Bermudez et al., 2010] and which
has been successfully applied to the FEM analysis of mechanical waves [Ham and
Bathe, 2012]. If we make some adjustments, we discover that the resulting PML can be
applied to our electromagnetic scattering problem, while at the same time satisfying all
the above requirements.

First of all, suppose the outer boundary T, is the surface of a rectangular region
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defined by X; <x < X,, Y, <x <Y, and Z; < x < Z,. Our computational domain
consists of this box with the volume occupied by the PEC scatterer removed. The
removal of the scatterer introduces an interior surface I';, which is obviously the surface
of the PEC object.

The PML is just a layer of width wpy,;, which we assume is the same for the
three directions. The value of wp,;, must be chosen in such a way that the surface of the
PEC scatterer lies entirely outside the PML layer. Next, given a point x = [x,y,z]7 in
the domain Q, it defines three distances to the x, y, and z walls comprising the outer
boundary T,,. They are given by

d, = min{(x — X;), (X, — x)} (3.76.k)
dy = min{(y — Y1), (Y2 — y)} (3.76.1)
d, =min{(z — Z,),(Z, — 2)}. (3.76.m)

From the distances above, we calculate three auxiliary quantities as

( 1
1 _jﬁ' if dy < Wpuy
Ve =1 0l (3.76.1)
\ 1, if dy = wpp
(.1
1 AR if dy <wpyy
¥y = ody (3.76.0)
\ 1, lf dy = WpumL
1
1 _jﬁ' if d; <wpyy
Y, = 0%z (3.76.p)

1, if d; = wppyy,

where k, is the free-space wavenumber. The components of the PML tensor are then
calculated as

1
Ay ==, (3.76.9)
1%:
1
Ay ==z (3.76.7)
y
1
A, ==. (3.76.5)
¥Z

Let us concentrate on the expression for A, within the PML, i.e., when d, < wpy;.
When worked out, we see that
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Fig. 3.2. (a) A sample of the computational domain €, showing the PML layer in gray. The distances AB
and BC are the same, and equal to the PML width wp,,; . (b) The real part of the component A, of the
PML tensor along the path ABC. The point A correspondsto x = 0,Btox =1 and Cto x = 2. (c) The
imaginary part. Figures (b) and (c) illustrate the unperturbed component, described by (3.76.q). Notice
how the real part of A, becomes negative for small x (i.e., close to the boundary T,).

_ (kde)z[(kde)z - 1] . Z(kde)3

= Tlked )2 — 112 + 4kgd )2 T [hod )2 — 12 + 4(kgd )z 76D

From the expression above, it can be observed that the imaginary part within the PML is
always positive, i.e., §, = 0. Furthermore, since outside the PML (when d, = wpp;)
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the factor y, is equal to 1, the imaginary part of A, is zero there. Then, it is true that for
all points in the domain €, §,, = 0. In this way, (3.76.)) is satisfied.

There is an issue with the real part of A,. Expression (3.76.t) reveals that it
becomes negative when kqd, < 1, i.e., for distances d,, < 1/k,. However, this distance
1/k, is very close to the outer boundary T,. When the fields reach this distance, they
will already be very well attenuated, so that their amplitudes will be, for any practical
purposes, essentially zero. The behavior of the real and imaginary parts of A, is
illustrated in Fig. 3.2.

As the real part of A, becomes negative for some points at the interior of the PML,
(3.76.1) cannot be satisfied.

However, there is a way out. Since this limit distance 1/k, is very close T, the
fields will be essentially zero by the time they come this close to the outer boundary. So
we argue that there will be no significant trouble if A, is perturbed in such a way that its
real part does not become negative for very small distances.

The idea goes as follows: We consider a ‘threshold’ distance

5,1
dth = Z (k_()) . (376 U)
The distance d;;, is slightly larger than 1/k,. But, as it can verified from Fig. 3.2, the
real part of A, is positive there. Then we perturb A, according to the rule: If d,, is larger
than d,;, then the original A, in (3.76.9) is kept. If d,, is smaller than d;,, then A, is
just the value of A, calculated at d;,. In other words, we consider the perturbed version
of A, as

1
5 if de 2 do,
Ax(dy) = { yx(df‘) (3.76.v)
SR
X

where y, (d,) means “the y, from (3.76.n) evaluated for d,.”, and y, (d;,) means “the y,
from (3.76.n) evaluated for d;;,”. The perturbed version (3.76.v) is illustrated in Fig. 3.3.

Figure 3.3 reveals that the real part of the perturbed A, never reaches zero. Therefore, it
satisfies (3.76.1). Moreover, the imaginary part of the perturbed A, is always larger than
or equal to zero, and so it satisfies (3.76.J). And finally, it is obvious from Fig. 3.3 that
both real and imaginary parts of A, are bounded, and so (3.76.b) holds true.

When this reasoning is applied to A, and A,, we arrive at the same conclusions.

And in this way, we can answer affirmatively to the question concerning the existence
of a rectangular PML which obeys the form (3.76.a) and which satisfy the conditions
(3.76.b) — (3.76.d), (3.76.i) and (3.76.]).
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Fig. 3.3. The perturbed PML component in (3.76.v) along the path ABC in Fig. 3.2.a. It is shown together
with the unperturbed component, so that a comparison can be made. (a) Real part. (b) Imaginary part.

3.3.6.7 Theorem 3.9, Hypothesis (vii)

In order to check the hypothesis (vii) in Theorem 3.9, we need to show that the
solution to the homogeneous problem

Find w € X° such that

alw,v) =0, YveX?° (3.77.a)
is the zero element. After the identification (3.49), (3.77.a) becomes
Find w € X° such that
a(w,v) = j (A-vw) : Vv* —f kZw-v* =0, VveE X?°, (3.77.b)
Q Q

where X° c V,.(Q) c H'(Q)3.

Suppose that w is a nonzero solution to (3.77.b). Then it is true that

111



f (/T-Vw):Vv*:kgf w-v*, Yve X", (3.77.¢)
Q Q

I.e., w is one of the solutions to the eigenproblem

Find w, € X° such that
J. (K-Vwa):Vv*zaf we v, YveX°. (3.77.d)
Q Q

If we denote by X the set of all eigenvalues associated to (3.77.d), then we learn that, if
(3.77.b) has a nonzero solution, then k2 € X and w is one of the eigenfunctions
associated to (3.77.d).

We have showed that, if w # 0, then k2 € . Conversely, we can conclude that
If k2¢X then w=0. (3.77.¢e)

In other words, if k3 is not an eigenvalue, then the solution w to the homogeneous
problem (3.77.b) is the zero element 0.

So in order to satisfy hypothesis (vii) in Theorem 3.9, we must make sure that k2
is not one of the eigenvalues associated with the problem stated in the kernel X°. If we
want the solution of the Helmholtz equation (and variants thereof) to exist and be
unique, then we must stay away from the eigenvalues. Or said in another way, the
solution to the Helmholtz equation exists, provided the wavenumber we are interested in
is such that k2 is not an eigenvalue. This kind of result is common in the literature
[Evans, 2010], [lhlenburg, 1998]. (This issue plagues the well-posedness of the
Helmholtz equation in all scenarios; it is not restricted to the situation described in this
thesis.)

The conclusion is that we cannot choose any value for k,. We may ask: Does it
imply a loss of freedom when working with the Helmholtz equation? How can we find
out if k3 is an eigenvalue or not, without having to solve an eigenproblem first?

The fact that the problem (3.77.b) incorporates a PML tensor with complex
entries may provide a plausible answer. Suppose we want to solve the eigenproblem
(3.77.d). Let o be one of the eigenvalues, together with its associated eigenfunction w,.
Since the testing functions are taken from X°, and we know that w, € X°, then we
make v = w, and get

J (A-Vw,) : Vw}, = af lw,|2. (3.77.1)
Q Q

The first integral in (3.77.f) can be expanded according to (2.171). If we represent w,; as

w, = [wZw), wg]T, (3.77.f) becomes:
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f A aW§Z+A aW§Z+A aW‘¥2+ 3.77
o “lox Y1 oy “| 9z (3.77.9)
awyz awyz awyz
A d A d A g
J.Q 1 ox + Y ay A dz +
owz | owz | owz|*
A—+A|—+A—=f 2,
.fﬂ X ax y ay A ax o 0 |w0'|

When inspecting (3.77.g), one observes that the left side will probably be complex,
because the squared derivatives (within bars) are all positive, and also because of
(3.76.j), which says that the imaginary parts of A,, A, and A, are positive. On the other

hand, the integral

f lwg|? (3.77.h)
[0}

is a positive real number. So the left side of (3.77.f) may be complex, whereas the
integral at the right side in (3.77.f) is a real number. The only way to avoid a
contradiction is to allow the eigenvalue o to be a complex number.

We concluded that, if o € X, then Im{c} # 0. Conversely, we can conclude that if
Im{c} =0 (i.e., o is a real number), then ¢ & X (i.e., o is not an eigenvalue). Since
waves in the free-space are described by real wavenumbers, for any choice we make for
ko, k2 will always be a real number, and therefore, will not be an eigenvalue.

In a sense, we showed that there is a high probability that for any choice of k,,
the solution to (3.77.b) will be the zero element. We say it is probable because in order
to make an assertion, we need to investigate the influence of the complex PML tensor
on the spectral properties of problem (3.77.b), i.e., we need a formal proof that all
eigenvalues of (3.77.d) are complex. Even though it constitutes a very interesting
problem, it falls outside the scope of this thesis. However, if we assume from the start
that k3 is not an eigenvalue, than hypothesis (vii) in Theorem 3.9 is satisfied.

3.3.6.8 Theorem 3.9, Hypothesis (v)

The only hypothesis to be verified is (v). After the identification (3.49), it
concerns the existence of constants n > 0 and k, = 0 such that

2
Re{a(u,w)} + KO||Ixo_,Lz(Q)3(u)||LZ(Q)3 >nllull3, vYueXx®. (3.78.a)

From (3.74.u) it is true that X'° c L?(Q), and we concluded that I,0_;2(gys is just the
identity map, i.e., Iyo_,;2(qy3(w) = w. In this way (3.78.a) becomes

Re{a(u, u)} + KollulliZ(Q)S = T]”u”12_11(9)3 , Yue XO, (378 b)
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because since X =V, (Q) [according to the identification (3.49)], and as V. (Q) c
H'(Q)? , the norm || - | is just the norm || - || y1¢qys.

We need to find constants n > 0 and x, = 0 such that (3.78.b) is true. (In other words,
proving (3.78.b) is our goal.)

After the substitution of both w and v by an arbitrary u € V,.(Q), the
sesquilinear form a(w, v) in (3.73.b) becomes

a(u,u) = f (A-vu) : vu* —f k2u-u*, vu € V. (Q). (3.78.¢)
Q Q

We can rewrite (3.78.c) as
a(u,u) + k%f u-ut = f (A-Vu): Vu*, vu e V. (Q). (3.78.4d)
Q Q
When we consider only the real part of (3.78.d), we get

Re{a(u,u)} + k%f u-u* =Re {f (A-vu): Vu*}, vu € V,(Q), (3.78.e)
Q

Q

because the second integral in (3.78.d) is a real number. When we expand the integral in
the right side of (3.78.d) as in (3.77.9), its real part

R f PN |au" 4 A, Oyl | 3.78
€ Q X ax aZ ( . 'f)
du du ou, >
f Ay ouy +A | o 2+
qQ ox
j A du, | du,|? ou, |
o lox
is indeed equal to
ou, 2 (')ux 6ux
—_— 3.78.
ou,, z auy 6uy
. Bx F + B,y By + B,
du, z N du, 2 N du, 2
Q Bx ox By dy B ox |’
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because all quantities between the bars are real numbers. The quantities f,, 8, and 3,
are the real parts of the PML tensor components A,, A, and A,, respectively. Since all
terms in (3.78.9) are positive, from (3.76.i) we conclude that

Re {f (A-Vu) : Vu*} > Bf Vu : Vu'. (3.78.h)
Q Q

From (3.78.e), (3.78.h), (2.36) and (2.39), we get
Re{a(u, w)} + kfllullfz gy = Blulfiqgyp Vu € Vo(Q). (3.78.1)

Expression (3.78.i) resembles our goal (3.78.b). The difference is that the seminorm
figures at the right of (3.78.i), whereas in the right side of (3.78.b) there is a norm.

In order to replace the seminorm |u|y1(qys in (3.78.i) by the norm ||u|[y1(q)3,
we need the Poincaré inequality from Theorem 3.2.

According to (2.164), the space V,(Q) in which the electric field is sought is
V.(Q) ={v e HY(Q)? | y,v = 0}, (3.78.))

which means that (2 X v)|r = 0. In other words, the tangential components of the
elements from V_(Q) are zero at the boundary I", which is formed by the outer boundary
I, and by the scatterer surface I';. Therefore it is true that

A xwlr, =0, VueV. (Q). (3.78.k)

Moreover, an arbitrary element u from of V_(Q) is described by its three Cartesian

T
components as u = [uy, uy, u,|

As stated earlier in section 3.3.6.6, the outer boundary T, is the surface of a
rectangular box defined by X; <x<X,, V; <x <Y, and Z; < x < Z,. Given an
arbitrary u € V_(Q), let us concentrate first on its component u,. Since the tangential
components of u are zero on [, it implies that u,, is zero over the set

S={x|X,<x<X,y=Yy,Z, <x < Z,}U (3.78.1)
x| X, <x<X,,y=Y,,Z, <x<Z,}U
x| X;<x<X,,Y,<y<Y,z=Z}U
(x| X, <x<X, Y, <y<VYyz=2,)

The set S in (3.78.1) is just the four faces from I, which are parallel to the x-axis. It is
clear that S has a positive measure (i.e., its area is different from zero). Therefore, we
can say that u, € H1(Q) and that u, vanishes on a non-zero measure subset S of the
boundary T'. According to the terminology of Theorem 3.2, these are just the
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requirements for w, to be an element of HJ(Q). From the same theorem, we conclude
that

”ux”iz(g) = CQllvuxHEZ(Q)& (378m)

The same reasoning can be extended to the other components u,, and u,. (Of course, by
considering different subsets S of I,). We get similar conclusions:

eIz ) < callVaty Iz (3.78.n)
luzll72(q) < callVugllF2(gye- (3.78.0)
When we sum the last three inequalities, we arrive at
(3.78.p)
oty + ity s gy + Itz locqy < ca (19 2aqys + 1920y [ s + 1925112 )

From (2.31), the left side in (3.78.p) is nothing else than ||u||f2(m3. And from (2.34), it
is evident that the right side in (3.78.p) is cq|ulf1q)s. Therefore,

lullf2 (g < calulfagys- (3.78.9)
If we add Iulfil(ms to both sides in (3.78.9), and then consider (2.42), we see that

||u||?11(9)3 = ||u||i2(9)3 + |u|12{1(9)3 < (CQ + 1)|u|12_11(ﬂ)3, (3787')

which readily implies that

|u|12_11(9)3 = (C‘Q—-I-l) ||U||12_11(Q)3 . (3.78.8)

It is now time to get back to (3.78.i); the information provided by (3.78.s) allows
us to rewrite it as

B

Re{a(u, )} + k§llullfz gy = o+ 1)

lullfiqy, Yu€eV(Q). (3.78.t)
The inequality (3.78.t) is of great importance. It means that we have managed to show
that the sesquilinear form a obeys some kind of ‘weak’ coercivity in the whole space
V,(Q), not just on the kernel X°. Since X° c V,(Q), (3.78.t) implies that

B

Re{a(u,w)} + k§llullfz gy = (ca+1)

lullfiqy, YueX®,  (3.78.u)

which is just our goal with K, identified with k2 (which is obviously larger than or
equal to zero) and with 7 identified with 8/ (cq + 1) [which is larger than zero, due to

116



(3.76.1)]. Since we know that Iyo_,;2(q)3(w) = u according to (3.74.v), then it follows
that

B
Re{a(u,u)} + kglllxo_,H(u)IIiz(mg > T

2 0
T 1) ”u”Hl(Q)3 ) vueX B (3787])

In this way, hypothesis (v) has been checked.

3.3.7 Concluding remarks

In this section, we provided a theoretical foundation for the well-posedness of
the scattering system (3.48). The result is codified into a key theorem (Theorem 3.9),
which somehow merges the traditional Babuska-Brezzi theory of mixed formulations
and the Fredholm Alternative for non-coercive forms. In order for the theorem to be
valid, a total of nine hypotheses need to be satisfied. Fortunately, we have managed to
show that each one of them holds true when specialized to the function spaces of our
problem.

In what regards the theoretical aspects of this thesis, we are done. Once the
theory has been established, the transition to the discrete setting will be very smooth.
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Chapter 4

The discretization process

This chapter essentially deals with the discretization process of the scattering
system (3.48).

In the first section, we study the extension of Theorem 3.9 to finite-dimensional
subspaces. The analysis will be applied to the ‘specialized’ setting of the scattering
system.

After all hypotheses are considered, in the second section we shall explore further the
notion of finite-dimensional subspaces, which will reveal to us the form assumed by the
final linear system.

The third section is concerned with the question: How to construct suitable finite-
dimensional subspaces for the Hilbert spaces V,(Q) and L?(Q)? At this point we
present the meshfree spaces that will be used in the discretization process.

4.1 The problem in finite-dimensional subspaces

4.1.1 The key theorem: Specialization to the scattering system

In the development of the final form of the scattering system (3.48), we learned
in (2.156) that the scattered field ES and the pseudopressure p belong to H*(Q)3 and
L?(Q), respectively. Before we look for their discretized counterparts, we now introduce
the finite-dimensional subspaces

E"(Q) c H'(Q)3 (4.1.0)
P(Q) c L2(Q). (4.1.b)

(The meaning of the superscript h will become clear later.) Moreover, according to the
standard finite element literature, it is common to include h either as a superscript or a
subscript in the representation of the elements from the finite-dimensional subspaces.
This is a kind of signature which makes it easier to identify the element as belonging to
a subspace.

Because the finite-dimensional subspaces in (4.1) ultimately come from the
discretization process, there is no harm in calling them ‘discretized spaces’, and
elements from E"*(Q) and P"(Q) as ‘discretized electric fields’ and ‘discretized
pseudopressures’, respectively.
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In (2.162), the original scattered electric field ES € H1(Q)3 is split in two parts
ES =¢e® +u’, (4.1.0)
where e° € V,(Q) and the lifting function u9 € H(Q)3 obeys the boundary conditions

0, atT,

— (4.1.d)
_nl X E ) at Fl'

yeud = {
The splitting of ES as in (4.1.c) paved the way for the formulation of the scattering
problem (3.48) in terms of e°. After e° is found, one just needs to add the known lifting
u9 to it and the total scattered electric field E* is recovered.

When working at the discretized level, the original scattering system (3.48) will
be specialized to finite-dimensional subspaces. In doing so, we will get a discretized
version of e, represented by e). This e belongs to a finite-dimensional subspace of
E"(©)) — namely, a space formed by elements in E"(Q) whose tangential trace is zero,
[to be introduced later in (4.3)].The question is that after we find this finite-dimensional
e, if we add the infinite-dimensional lifting function u9 to it as in (4.1.c), it may
happen that ej +u9 will not be an element from the finite-dimensional subspace
E"(Q). In order to rule out this possibility, we shall consider not u?, but a finite-
dimensional approximation to it in E" (), denoted by uj}. In this way,

0, atTl,

Youp = { (4.1.e)

_ﬁl X EinC, at Fl'

i.e., the trace will be approximately equal to that of the continuous lifting function in
(4.1.d). Consequently, now we can make sure that ef + u; will be an element of the

finite-dimensional subspace E™(Q). This is nothing else than the discretized scattered
field

E; =ep +uy (4.2)
The advantage is that E3,, e, and u will ultimately belong to the same space E"(Q2).
We can now introduce a discretized version of V.(Q), defined as
VHQ) = {v, € E"(Q) | y,vy = 0} (4.3)
It can be seen that e € V(Q).

There is a result in functional analysis which says that finite-dimensional
subspaces are always closed [Kreyszig, 1989]. Since E"*(Q) is a finite-dimensional
subspace of H1(Q)3, it is closed. As it will become clear later, the space V() from
(4.3) is also finite-dimensional (i.e., it is spanned by a set of basis functions). Therefore,
V1 (Q) is closed. When equipped with the inner product of the ‘parental’ space H(Q)3,
it becomes a Hilbert space, due to Theorem 3.5. By the same reasoning, P*() in
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(4.1.b) is a finite-dimensional subspace of L?((); when endowed with the inner product
of L?((Q), it also becomes a Hilbert space.

After we find a suitable a lifting function uﬁ in (4.2), the discretized counterpart
of problem (3.48) becomes:

Find (e}, pn) € V2(Q) x P"(Q) such that

f(/T-Ve?l):Vv;—f kgeg-v;‘l—f pr Vv, =
) Q )

— f (A-vul): v}, + f kiul -v;, vv, € VE(Q) (4.4.0)
Q Q
[ aver =] avul vaer@, (44.)
QO Q

We can now make a new identification:

V) - X (4.5.0)
V() — X* (4.5.b)
P'(Q) —» Y (4.5.¢)
P*(Q)* — Y* (4.5.d)
{wp, v} - (f (A-vw,) : v}, —f kzw, - v}i) —a(-,) (4.5.¢e)
Q QO
{vh»Ph}—’<—j P;V'Vh>—>b('.') (4.5.1)
Q
(—f (- vuf) : V( )*+f KZud - ( )*>—>f* (45.9)
Q Q
(J ( )*V-uﬁ>—>g*. (4.5.h)
QO

The identification above is clear enough. Since uﬁ € E*(Q), it is ultimately an
element of H1(Q)3. Applying a reasoning similar to that in Section 3.3.6.2, it is not
difficult to see that the integrals at the right side of (4.4.a) define a functional f* on
elements of H1(Q)3. As V*(Q) is also a subspace of H*()3, when the action of this
functional is restricted to elements from V*(Q), it defines a functional on V*(Q), i.e.,
f* € VE(Q)*. In the same way, the integral at the right side of (4.4.b) defines an
functional g* € P*(Q)*.
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We can now state an extension of Theorem 3.9 which is concerned with the
well-posedness of the system (4.4).

Theorem 4.1: Well-posedness of the scattering system, finite-dimensional case — Let
it be the finite-dimensional complex-valued Hilbert spaces V*(Q) and P*(Q). Suppose
there are two positive constants a and a* such that:

(i) a is continuous, i.e.,

< aflwnll g3 l1vall )

f (A-vw,) : Vv*;l—f k2w, - v},
Q Q
VYwy, v, € V_}['L (.Q.) (4‘6 a)

(i) b is continuous, i.e.,

’—f qn V vy
Q

Let XY be the kernel of the sesquilinear form b i.e.,

< apllvpllyrpllanlliz)y Yvn € VHQ) Vg, € PH(Q)  (4.6.D)

XP =Kerb = {vh € VAQ) | —j q; Vv, =0, Vq, € P"(Q) } (4.6.¢)
Q
Consider a third Hilbert space H such that X and H satisfy the requirements of
Theorem 3.7, i.e.,
(iii) X2 is continuously embedded into H, i.e., X < H.
Moreover, it holds that:

(iv) The map Iyo_,,, is compact, i.e., Ixo_, € KX, H).

(v) The sesquilinear form a satisfies the following property on the kernel X7: There
exist constants n* > 0 and k{ > 0 such that

2
Re{aun, wn)} +oef || Lgn )| = n"llunly, v e X, (46.d)

(vi) The sesquilinear form b satisfies the inf-sup condition, i.e., there is a positive
constant B > 0 such that

|_ fg qn V- Vh| 5
1’pf up > L. (4.6.e)
an€PH N0} o, evh()\{0} ”vh”Hl(Q)3 ”Clh”LZ(Q)

(vii) The solution to the homogeneous (zero-data) problem at the kernel X7
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Find wy, € Xy} such that
a(wy,vy) =0, Vv, € XP (4.6.1)

is the zero element w;, = 0. Furthermore, lets us assume that:
(viii) The original space V*(Q) is also continuously embedded H, i.e., V*(Q) & H.

(ix) The spaces V?(Q) and X are subspaces of H, i.e., V*(Q)c H and X c H
(which implies that Iy g, and I o, are inclusion maps).

Then it can be concluded that for each f* € V*(Q)* and g* € P"*(Q)*, there is a unique
solution to the mixed problem

Find (e}, pn) € V2(Q) x P"(Q) such that
a(e?u vy) + b(wp, pr) = (f7 vh)w@(g)*‘wg(ﬂ) , Vv, € Wi—l Q) (4.6.9)
b(eg' qh) = (g*: qh)ﬂmh(ﬂ)*’ﬂyh(ﬂ) p th € Ph(ﬂ)

It also follows that the solution e depends continuously on the data f* and g* in the H
norm, i.e., there are positive constants K; and K, such that

ledll,, < KullF*llyrcay + Kallg*llpn oy (4.6.h)

In (4.6.a), (4.6.b), (4.6.d) and (4.6.e), the superscript h has been introduced in the
constants in order to indicate that these constants may depend on the specific subspaces
VR (Q) and P*(Q) under consideration.

What we are going to do next is to verify if all the nine hypotheses of Theorem
4.1 hold true. The results we got in Sections 3.3.6.2 — 3.3.6.8 for will help us
considerably.

4.1.1.1 Hypothesis (i)

From (3.72.k) and (3.72.1), it is not difficult to see that

(4.7.a)

< (Aulwllgigeys + kS Iwll 2 ) Il 1 gaye

A-Vw): VW — | kKEw-v*
[ G- [ G
Q Q

for any w,v € H1(Q)3. Since w22 < lIWlly1q)z by (2.42), we conclude that for
any w,v € H1(Q)3,

f (A-vw) : Vv* — f kiw - v*| < (Ay + kDWWl g1 e llvllgis . (47.b)
) )
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Since V*(Q) c E*"(Q) < H1(Q)3, the elements in (4.7.b) can be restricted to those in
VR (Q). As a consequence, we get (4.6.a) in which the constant a? is independent of h
and is given by A,, + k2. Hypothesis (i) has been checked.

4.1.1.2 Hypothesis (ii)

The inequality (2.86.b), gives us that

f qr, Vv
Q

As VE(Q) c H'(Q)? and P"(Q) < L?(Q), (4.8) can be restricted to these spaces. The
result is (4.6.b), in which a* = 1. Hypothesis (ii) has been checked.

< llgllz@lIvllgr3 va € L2(Q) Yv € HY(Q)®.  (4.8)

4.1.1.3 Hypotheses (iii) and (viii)

As in (3.74.r), we make
H = L1*(Q)3. (4.9.a)

From (3.74.q), H*(Q)3 & 12(Q)3. Since X} c V*(Q) c E*(Q) c H1(Q)3, then we
may conclude that

Vi) o 12(Q)3 =H (4.9.b)
X2 o 12(Q)3 =H (4.9.¢)

From the two expressions above, we get that hypotheses (iii) and (viii) have been
checked.

4.1.1.4 Hypothesis (ix)

The following chain of inclusions is valid:
XP cVh(Q) c EMQ) c H1(Q)® c L2(Q)3 = H, (4.10.a)

from which it becomes evident that VA(Q) c H and X2 c H. In this way,
Iyn@y-r2@yz» @A Ix0,2(q)s are identity maps, and thus hypothesis (ix) has been

checked. Since these are identity maps, it means that
Iyoppp@ =u, Yu€E X (4.10.b)
Iyryorz (W) =u, VU E Vi (Q) (4.10.0)

Despite the fact that elements from X and V*(Q) are also elements of L2(Q)3, they are
measured differently. When seen as elements of X and V?(Q), they are measured in

123



the || - || y1(q)s norm. On the other hand, after the action of the embedding map, they are
seen as elements of L2(Q)3, and therefore measured in the || - Il 12(q)2 norm.

4.1.1.5 Hypothesis (iv)

According to Section 4.1.1.3, there is an embedding map Io_,;2q)s. We need to

show that it is compact. In order to do so, let {v}}>_; < X;) be an arbitrary bounded
sequence in X7. Since X < H1(Q)3, it also constitutes a bounded sequence in
H(Q)3. As we concluded in Section 3.3.6.4, the embedding of H1(Q)3 into L2(Q)3 is

compact. Then the image {IHl(Q)B_)LZ(Q)B(Uﬁ)}:;l admits a convergent subsequence in
L?(Q)3. But all elements of the sequence are in X7. From (4.9.c), it follows that
{IX,?—>L2(Q)3(”Z)},1=1 admits a convergent subsequence in L2(Q)3. Therefore,

Iyo_12(qys 1s compact, and in this way the hypothesis (iv) has been checked.

4.1.1.6 Hypothesis (v)

Let u, € V*(Q) be arbitrary. According to the definition (4.3), u,, € E*(Q) and
y.u, = 0. But E"(Q) c H'(Q)3, according to (4.1.a). But if an element of H'(Q)3 is
such that its tangential trace is zero, then it belongs to V. (), according to (2.163).
Consequently, u;, € V.(Q). Since u;, was arbitrary, we are allowed to conclude that

VRQ) c V(). (4.11.a)
From (4.10.a) and (3.78.t), get

Refa(uy, up)} + kglluh||i2(9)3 = (C;f%l) “uh”12.11(g)3 , Vup, € V}Q). (4.11.b)

It may noticed that, notwithstanding the fact that (4.11.a) is a truth, the space

V() is not introduced directly as a subspace of V,(Q) (although it is). It is introduced

as a subspace of E"(Q) in (4.3). The reason is that, as it will become clearer later, after

E"(Q) is constructed from a set of basis functions, the construction of V() follows in
a remarkably easy way.

Since XY « V*(Q), (4.11.b) can be restricted to those elements in X, which

allows one to conclude that

B
Re{a(uh, uh)} + kglluhlliZ(Q)S = (C— ||uh||12_l1m)3 ’ Vuh € X}? (411 C)
Q

+1)

Given that ngﬁLz(mg is the identity map, Ix}?_)Lz(Q)s(uh) = u,, for any u, € V2 (Q),
according to (4.10.b). This implies that

124



||1xg%2(m3(uh) = Jlupll 2y - (4.11.d)

LZ(Q)3
This allows us to rewrite (4.11.c) as

(4.11.€)

2
s_ P
2@ (cq+1)

Re{a(un, up)} + k3 || 10120y (i) wnllsgays Vi € X2,
which is nothing else than (4.6.d). And so, hypothesis (v) has been checked. The
constants k2 and n™ in (4.6.d) are such that k = kZ and n" = 8/(cq + 1), i.e., they
are the same as those occurring in the infinite-dimensional case (and therefore are
independent of h).

4.1.1.7 Hypothesis (vi)

According to (3.33.b) in Theorem 3.3, the inf-sup condition in (4.6.e) is
equivalent to the fact that there is a positive constant 5 > 0 such that

(4.12.0a)

van € P'(Q) v, € VA(\(0} s.t. > B vnll e lgnllz o

—j an V- vp
Q

In the same way, the inf-sup condition in (3.75.p), which we proved to be true, is
equivalent the fact that there is a positive 8, > 0 such that

—j qV-v
Q

One may ask: Is it true that (4.12.b) implies (4.12.a)? The answer is negative. The
question is that the inf-sup condition at the finite-dimensional level (4.12.a) does not
inherit its validity from its infinite-dimensional counterpart (4.12.b). There is a very
subtle argument to show it.

vq € [2(Q) 3v € V,(D\(0} s.t. > Byllvll gy llallzy (412.b)

Assume that (4.12.b) is true (which it is, indeed). Now let g, € P"(Q) be arbitrary.
According to (4.1.b), P*(Q) c L?(Q), so g, € L?>(). From (4.12.b), it follows that

Jv €|V, (Q)\{0}[s. t. —j qnV-v
Q

Expression (4.12.c) says that there in an element in V,(Q)\{0} such that the integral
inequality at the right is satisfied. However, in order to prove (4.12.a), we need to show
that, given g, € L?(Q), there must exist an element in V*(Q)\{0} such that the
inequality is satisfied, i.e., we need to show that

2 .Bb”v”Hl(Q)3”qh”LZ(Q). (4.12.¢)
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vy, € |VE(Q)\{0}

.t.

[%2)

> By lvnllmpllanllz — (412.d)

—f an V- vy
Q

The point is that the v from (4.12.c) may not be in the finite-dimensional subspace
VR (Q), as required. Expression (4.12.c) acknowledges the existence of an element in
the larger space V,(Q). But we need to be sure that this element belongs to the subspace
VR (Q). This subtle difference is indicated by the boxes in expressions (4.12.c) and
(4.12.d).

In this way, hypothesis (vi) has not been satisfied. In a sense, there is no general
proof that (4.12.a) holds true for any pair of finite-dimensional subspaces V*(Q) and
PR (Q).

The same situation happens when one considers the discretized version of the
Navier-Stokes problem. The inf-sup condition at the infinite-dimensional level (3.40) is
known to be true. However, at the discretized level, there is no proof that it holds for
any pair of finite-dimensional subspaces of H}(Q)% and L3(Q). When these finite-
dimensional subspaces are finite-element spaces (i.e., relying on a mesh), there are
certain pairs for which researchers were able to prove that they satisfy the inf-sup
condition. There is a list of such pairs in [Girault and Raviart, 1986], [Brezzi and Fortin,
1991], [Glowinski et al., 2003]. This is a very delicate issue; one cannot choose
whatever pair he wants, because a pair which does not satisfy the inf-sup condition may
lead to an ill-posed problem, which is prone to instabilities. But does it mean that one is
doomed to use only those pairs already catalogued in the literature?

Fortunately, no. There is a test to assess if a given pair satisfies the discrete inf-
sup condition. In this way, one could develop a pair of finite-element spaces, and then
apply the test. If they pass the test, then they lead to a well-posed problem. This test is
carried out at the numerical (i.e., matrix) level, and was developed by K. J. Bathe in
[Bathe, 2001], [Brezzi and Bathe, 1990]. It will be explained in due time.

It is true that the spaces involved in the Navier-Stokes and in the scattering
problem are different. So those pairs from the literature do not apply, as they have been
developed for the Navier-Stokes system. Moreover, we are planning to construct
meshfree finite-dimensional spaces. Of course, to prove that a given pair of finite-
dimensional spaces V*(Q) and P"*(Q) spanned by meshfree basis functions satisfies
(4.12.a) is out of question. The only alternative is to resort to the aforementioned test.

4.1.1.8 Hypothesis (vii)

Similar conclusions from Section 3.3.6.7 are also valid here. As long as the
wavenumber k3 is not one of the eigenvalues of the (discretized) problem
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Find w§ € X} such that
f (K- vw?) : o}, = gf Wwe v, Vo, € X0, (4.13.a)
Q Q

the solution of the homogeneous (zero-data) problem

Find wy, € X} such that
a(wp,vp) = f (A-Vwy) : Yo}, —f k2w, vy =0, Yw,b € X0  (4.13.h)
Q Q

is the zero element, i.e., w;, = 0.

However, as it was discussed in Section 3.3.6.7, there is a high probability that
the eigenvalues associated to problem (4.13.a) are complex. In this way, any real k3
will not be an eigenvalue. So we can say that hypothesis (vii) has been checked.

4.1.1.9 Concluding remarks

The well-posedness of problem (4.4) is thus shown to depend only on the inf-sup
condition. All other hypotheses hold true, except the sixth. In the next section, we
expect to offer a solution to this issue.

4.2 The linear system

4.2.1 The matrix system: Preliminary form

Let us consider the discretized problem in (4.6.9)
Find (e}, pn) € VA(Q) x P*(Q) such that

a(en, vy) + b(wy, pr) = (f7, Vh)wg(g)*_wg(g) , Vv, € VHQ) (4.14.a)

b(e}, qn) = (9" qn)phy* ph(q)» Yqn € P"(Q)

Suppose that the space V() is spanned by a total of Q basis functions:
VE(Q) = span{i;, Py, -, Py}, (4.14.b)

and suppose also that P"(€) is spanned by a total of M basis functions:
P"(Q) = span{6,,0,, -, 0y }. (4.14.¢)

Of course, these basis functions are functions of the position x € Q. But instead of
writing ¥, (x), we write just ¥,, for the sake of a cleaner notation. Under these
circumstances, it is true that
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dimV*(Q) =Q (4.14.d)
dimP"(Q) = M. (4.14.e)

The quantities el), v, p, and gy, in (4.14.a) admit expansions of the type

Q
el = z P8, (4.14. f)
=
Q
Uy = z lpiﬁi (414g)
=1
N
Py, = Z 0,5, (4.14.h)
=1
N
an = z 0,4;, (4.14.1)
i=1

where the é; are the scalar coefficients associated with the basis function ¥ ; in a given

expansion for e, and so on for the others. These coefficients are also referred to as
degrees of freedom (DoF’s), and particularly for the scattering system, they are complex
numbers.

It is useful to put all DoF’s together in a vector, as follows:

[él,éz,m,éQ]T =:e (4.14.))
PN ~ 1T —

[vll le'“;vQ] =DV (414‘ k)
(D1, D2, Pl =: D (4.14.1)
[G1, 82+, Gn]" =: Q. (4.14.m)

The vectors in (4.14.j) and (4.14.k) are elements of C?, whereas those in (4.14.1) and
(4.14.m) are in CM.

When (4.14.f) — (4.14.i) are substituted into the system (4.14.a), after some
manipulation, one arrives at the algebraic system:

Find (e,p) € C? x CM such that
v Ae+ v Bp=v'f, vveC® (4.14.n)
q'Be =q'g, vgecY,

where “ T ” means the conjugate transpose. The first equation in (4.14.n) is rewritten as
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vi(de+Btp—f) =0, vwecC? (4.14.0)

which implies that Ae + B — f must be orthogonal to all elements from C%. The only
possibility is that Ae + BYp — f = 0 (the zero vector in C¥), or equivalently, that
Ae + Bp = f. The same analysis must be applied to the second equation in (4.14.n),
and the conclusion is that Be = g. We thus arrive at a linear system:

Find (e,p) € C? x CM such that
Ae+B'p=f (4.14.p)

Be =g.

The matrices 4 and B, and the vectors f and g in (4.14.n) are described by their
coefficients:

[Al;; = a(¥;, ¥:) (4.14.9)
[Bl;; = b(¥,,6;) (4.14.7)
[F], = (F ¥dvray vico (4.14.5)
[91: = (9", 0:)pr(ay pr(q)- (4.14.t)

The equations in (4.14.p) can be assembled together into a matrix system as

Find (e,p) € C? x CM such that

-

After the identification (4.5), the matrix coefficients in (4.14.q) — (4.14.t) can be
expressed in terms of basis functions from (4.14.b) and (4.14.c) as

a(¢j:¢i)=j (K'V¢1)=V¢i—j 2RISRV (4.14.v)

Q Q

b(;,6;) = —fﬂ 0; V-9, (4.14.w)

(o bidvpayrvia =~ ] (A-Vuy) : Vi + f kup -9 (414.%)
Q Q

<g*, Qi)]}»h(ﬂ)*l]}»h(ﬂ) = fﬂ Hi Vv ug (414 y)
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Some observations are in order. The basis functions in (4.14.b) and (4.14.c) are
real functions, i.e., they have no imaginary part. If any of the quantities in (4.14.f) —
(4.14.1) are complex, this is due solely to the coefficients (DoF’s) being complex.

The coefficients of the matrix 4 are complex, because the PML tensor A enters their
calculation, as revealed by (4.14.v). In what regards the matrix B, its entries are real,
according to (4.14.w). Consequently, B = B*. Since Bt = (B*)T, then Bt = B”. In this
way the system (4.14.u) assumes the standard form

Find (e,p) € C? x CM such that

3G

4.2.2 The matrix system: Uniqueness of the solution

In this subsection we shall investigate the solvability of problem (4.14.z). The
analysis will be brief, as much has already been done in the study of Theorem 4.1. The
intention is to show how some of the hypotheses actually become ‘manifest’ down here
at the matrix level.

Before we proceed, we need two observations regarding the kernel of the
sesquilinear form b. First, given arbitrary elements v,, w, € V2(Q) and q, € P"(Q)
together with their expansions in basis functions according to (4.14.f) — (4.14.m), it is
true that

b(vy,qy) = q'BY. (4.15.a)
If we remember the definition of the kernel (null-space) of the form b in (4.6.c),
Ker b = {v, € VA(Q) | b(vy, q,) =0, Vq, € P"(Q) }. (4.15.h)
then it is not difficult to conclude that
v, € Kerb © U € Ker B. (4.15.¢)

In other words, if v, is in Ker b, then the vector of DoF’s corresponding to the
expansion of v, isin Ker B.

Second, let g be a vector of DoF’s such that § € Ker BT = Ker B' (as the entries are
real). This means that BTq = 0, i.e., the zero vector in C2. It also is not difficult to see
that

q € Ker BT © q,, € Ker BT 4.15.d
q

where the operator BT is defined in (3.28).
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We now ask under which conditions the solution to the system (4.14.2) is
unique. This amounts to showing that the solution to the homogeneous problem

Find (e,p) € C? x CM such that

2 5 lb
is (,7) = (0,0).

The second equation tells us that Be = 0, which implies that € € Ker B. The first
equation is

l l (4.15.¢)

Ae + B'p = 0. (4.15. )

In order to get any information regarding e in (4.15.f), the matrix A must be invertible
on the kernel of B. Then we get

e=—-A"1BTp. (4.15.9)
From (4.15.9) and the second equation in (4.15.e), we arrive at
BA'B"p = 0. (4.15.h)
To make sure that (e, p) = (0,0), we need two conditions:
1. Ker BT = {0}; (4.15.1)
2. The matrix A is invertible on Ker B. (4.15.))

The reasoning goes as follows. It can be seen that if Ker BT = {0}, then
Ker BA™*BT = {0}. Consequently, the linear mapping described by the matrix
BA~'BT in (4.15.h) is one-to-one. From this, one concludes that p = 0. If p = 0, then
B™p = 0; from (4.15.g) we get e = —A~10 = 0, since A~ ! exists. In this way, (e,p) =
(0,0).

But now we may ask: How can we guarantee that conditions 1 and 2 hold true?
The answer: They are consequences of hypotheses (vi) and (vii) in Theorem 4.1. To see
why, let us restate the hypothesis (vii), which says that

If alwy,v,) =0, Vv, € Ker b, then wj=0. (4.15.k)

When we consider the expansions of v, and w;, together with (4.15.c), we arrive at the
equivalent condition expressed in algebraic terms:

If " Aw =0, Vo € Ker B, then w=0. (4.15.1)
Condition above really means
If Aw = 0 in Ker B, then w=0. (4.15.m)
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In other words, it says: Take any element w from Ker B. If Aw = 0, then w = 0. But
this is nothing else than saying that 4 is injective in Ker B, i.e., there is an inverse A~!
well-defined on Ker B. In this way condition 2 in (4.15.j) has been established.

We can make the notion of “4 being invertible on Ker B” more understandable.
The original matrix 4 belongs to C?*¢, which means that it maps vectors from C¢ into
vectors of CY. Since Ker B c €, then dimKer B = K < dim C? = Q. Let us find an
orthonormal basis for Ker B. Then take Q — K vectors from C? and complete the basis
(through a Gram-Schmidt procedure, for example). We now have a new basis for C?. In
this new basis every element of Ker B is such that its last Q — K coefficients are all
zero. When we represent the matrix A in this new basis, it assumes the form

(4.15.n)

Fnew _ [Akk Aktl

Atk Att

where the indices k and t are such that 1<k <K and (K+1)<t<Q. By
invertibility on the kernel what is really meant is that the submatrix A is invertible.
The question is that to ask for invertibility in the whole space C° may be too much. If 4
is invertible on the whole space €2, good. If not, then requiring just the invertibility on
the kernel is fine. For more on this subject, see [Brezzi and Bathe, 1990].

The hypothesis (vi) is just the inf-sup condition (4.15.e). According to the
statement (ii) in Theorem 3.3, we know that it is equivalent to the fact that BT is
injective, i.e., that

Ker BT = {0pn(q)}, (4.15.0)

where Opn g, is the zero element from the space P"(Q). So g, = Opn(q, is the only

element from Ker BT; with the help of (4.15.d), we can conclude that g = 0 is the only
element from Ker BT, i.e.,

Ker BT = {0}, (4.15.p)
which is precisely the condition 1 in (4.15.).

The lesson learned so far is that the validity of hypotheses (vi) and (vii) in
Theorem 4.1 entail conditions (4.15.i) and (4.15.j), which in their turn imply that the
solutions to the final linear system (4.14.z) is unique. It is interesting to track down this
chain of influences. First, hypotheses are made at the very abstract level in Theorem 3.9.
Second, the abstract spaces and sesquilinear forms from Theorem 3.9 are specialized to
the spaces and forms occurring in the scattering problem, as illustrated in Section 3.3.6.
Third, these spaces and forms are specialized further to finite-dimensional subspaces in
Theorem 4.1. Fourth, these hypotheses are shown to ultimately influence the solvability
of the final linear system (4.14.z).
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Hypothesis (vii) holds true, according to Section 4.1.1.8, but we have not been
able to show that hypothesis (vi) does also, as discussed in Section 4.1.1.7. As we could
conclude from this subsection, its validity is fundamental. The state of affairs is such
that everything depends on the inf-sup condition (4.6.e). We shall examine it more
closely now.

4.2.3 The matrix system: The inf-sup condition

Let it be the inf-sup condition (4.6.e), restated below for convenience:

. |_ fQ qn v vh| n
1}¥1f sup > L. (4.16.a)
an€PMNO} , evh oo} [Vnll a1z lgnllz )

The spaces in (4.16.a) are complex spaces, i.e., V2(Q) and P"(Q) admit elements
which have both real and complex parts. According to statement (iii) in Theorem 3.3,
the inf-sup condition above is equivalent to the fact that the operator —V - : V2(Q) -
P"(Q)* is surjective. Since P"(Q) is a subset of L2(Q), and since L2(€) is identified
with its dual, there is no harm in identifying P*(Q) with its dual.

One must then show that the operator —V - : V2(Q) —» P"(Q) is surjective. In doing so,
one does not need to show surjectivity for the complex versions of V*(Q) and P*(Q).
Just the real version needs to be taken into account. The reason is as follows. Suppose
that —V - is surjective from the (real) V*(Q) onto the (real) P*(Q).

Consider an arbitrary g, belonging to the (complex) P"(Q). It means that g, can be
written as g, = qX + jqk, in which both gf and g/, are elements from the (real) P"((Q).
From the surjectivity between the real spaces, it follows that there are elements v¥, v},
in (real) V2(Q) such that —V - v{ = gR and —V - v}, = q},. If we make v, = v} + jv},
then it is true that —V - v, = g;. So from an arbitrary g, in the (complex) P"*(Q), we
were able to find a v, in the (complex) V?(Q) such that —V - v, = gj,. In other words,
we are able to conclude that —V - is surjective from the (complex) V*(Q) onto the
(complex) P*(Q2). Once we have shown the surjecivity, the inf-sup condition (4.16.a)
follows from the Theorem 3.3. Thus far the reasoning is:

Surjectivity between real spaces = Surjectivity between complex spaces = inf-sup
condition in complex spaces.

However, how can we prove surjectivity between real spaces? We may resort again to
Theorem 3.3: It is equivalent to the inf-sup condition in real spaces. So the whole
argument becomes:

Inf-sup condition in real spaces = Surjectivity between real spaces = Surjectivity
between complex spaces = inf-sup condition in complex spaces.

So in order to show that (4.16.a) is true, all we need to do is to prove its real counterpart
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Ry. R
_fQQhV”h S gh

inf sup >
aRePr(@)\{0} vRevi(Q)\(0} ||v§ |1 )3 ||CI;§||L2(Q)

(4.16.b)

The spaces V*(Q) and P*(Q) in (4.16.b) now admit only real elements. Since these
spaces are Hilbert spaces, the norms are induced by the inner products as in

||77§||1211(Q)3 = (vﬁl vﬁ)yl(gﬁ (416 C)
“q;f”iz(g) = (Qf}S;Qf}S)LZ(g). (4.16.d)

If & and gR are expanded as in (4.14.9) and (4.14.i), respectively:

Q

vR = Zwiﬁi (4.16.¢)
i=1

ar = z 0:G;, (4.16. )
i=1

then (4.16.c) and (4.16.d) may be written as
Vi 151y = PS5 (4.16. 9)
gk 20y = 4" Sp @ (4.16.h)

The coefficients of the matrices S and S, are given by

[Seliy = (Wi ) 1 00 (4.16.1)
[Ep]ij = (ei’ Hj)LZ(Q) (4‘16])
Since according to (4.14.w)
—f an V- vy = b(v},qr) = q' By, (4.16.k)
Q

the inf-sup condition (4.16.b) becomes: There should be a 5} > 0 such that

_ inf sup B 17z = Bi- (4160
TERM\O} perM\(0} (BT S ;D) 1/2(G7S,q)

It can be proved through a formidable algebra [Brezzi and Fortin, 1991], [Bathe, 1996]
that

, q'Bv
inf su

~ p
geERM\{0} RN\ {0} WTS;v)1/2 (ngp

172~ Hmin, (4.16.m)
q)
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where i, 1s the smallest eigenvalue associated with the problem
BS;'B"w; = uiS,w; (4.16.n)

In essence, this is the numerical evaluation of the inf-sup condition we
mentioned in Section 4.1.1.7. Given a pair of finite-dimensional subspaces V() and
P"(Q), from their real basis functions in (4.14.b) and (4.14.c), we construct the real
matrices B, Sy and S,. Thereafter, we look for the smallest eigenvalue p,;, of the
generalized eigenvalue problem (4.16.n). The quantity in the left side of (4.16.b) is
given precisely by this value. Then we must verify: If u,,;, > 0, then the pair V2(Q)/
P"(Q) satisfies the inf-sup condition (4.16.b), and their associate inf-sup constant is
therefore B = pi,,:,. ON the other hand, if p,,;, = 0, the pair V2(Q)/P"(Q) does not
satisfy the inf-sup condition.

Furthermore, if V2(Q)/P"(Q) satisfies the inf-sup condition for real spaces in (4.16.b),
then it follows from the argument presented earlier that it also satisfies the inf-sup
condition for the complex spaces in (4.16.a), which is nothing else than the hypothesis
(vi) in Theorem 4.1.

So the hypothesis (vi) in Theorem 4.1 is not actually proved,; it is verified at the
numerical level. Of course, different choices for V() /P"(Q) lead to different inf-sup
constants B*; hence the superscript h, to indicate that it depends on the specific finite-
dimensional subspaces considered. The numerical test allows a certain freedom in the
construction of V2(Q) and P*(Q). Indeed, before solving the scattering problem, we
can construct different pairs and test if they satisfy the inf-sup condition. This test turns
out to be the ideal one to deal with meshfree methods. As one knows, the subspaces
there are spanned by basis functions generated by clouds of nodes distributed (at least in
principle) throughout the domain in a more or less disordered way.

4.3 Meshfree subspaces

4.3.1 Nodes and patches

It is now time to specify the spaces V?(Q) and P"*(Q) further. In the sequel, we
will look for subspaces generated by meshfree basis functions. The formulation we
develop thus leads to a ‘meshfree method’, if by method we mean the way the
subspaces are constructed. Interestingly enough, the discussion thus far has not made
any reference to something being qualified as ‘meshfree’. The whole formulation,
theorems, hypotheses and even the final form of the matrix system do not depend on
V() and P"(Q) being meshfree or not. What does depend is the specific form
assumed by these finite-dimensional subspaces and their ability to provide an
approximate solution to the scattering problem.
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As stated in Chapter 1, the ‘method’ to be used in this work is basically the
method of finite spheres (MFS) [De and Bathe, 2000], with some modifications here
and there. We begin by describing our computational domain Q. In principle, it is the
same as the domain in which the system of differential equations is stated; even when
curved boundaries are considered, it is not approximated by flat faces of
triangles/tetrahedra as it happens in FEM. In this way Q is just an open and connected
subset of R%, where d = 2 or d = 3.

After the domain has been defined, one spreads nodes over  and also on its boundary
dQ = T. Nodes are simple points; sometimes they are referred to as particles. They are
spread freely over (; by freely one means that there is no fixed rules their distribution
should follow. (Saying that random distributions are allowed is a little bit nonsensical,
but there is nothing wrong with quasi-random distributions.)

These nodes must be numbered, or labeled. They are usually ordered according
to the natural numbers, so we talk of node 1, node 2, and so on. The index of a node is
nothing more than the natural number to which it is associated. The number of nodes
shall be finite; so in a sense there will be a total of N of them. Each node is described by
its Cartesian coordinates; for example, a node with index [ is located at position
x; =[x ynz]", 1<I<N.

To each node I we associate an open set Q,, also called a patch. In this work,
each patch is a square (d = 2) or a cube (d = 3). The node and the patch are arranged
in such a way that the node is located at the center of the patch. In these circumstances,
the patch Q; is just the subset of R given by

QG =xeR?|x,—nn<x<x+m, (4.17.a)
y—n<y<y-+rmn,
71— <z<z +nkh

The number r; is a measure of the size of the patch ;. According to (4.17.a), the side
of Q; is given by 2r;. The patches can overlap with each other (if nodes I and J are close
enough, probably Q; N Q; # @). Also, some portions of Q, may even be outside the
computational domain Q (as it happens for the nodes located at the boundary T', for
example).

But there are requirements these patches must satisfy. They must form a
covering for Q. In other words,

N
fc U Q,. (4.17.b)
I=1
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Expression above means that, any point x in Q (i.e., either in the interior Q or at the
boundary I') must belong to at least one patch ;. In other words, the patches cover the
domain Q and its boundary T in such a way that no holes are left behind.

Each patch Q, presents itself as a nice environment to define certain functions,
I.e., we can construct functions which are defined only in the interior of the patch ;. So
lets us represent these local functions as

Uim: 2R, 1<m<# (4.17.¢c)

i.e., these local functions (hence the “ £ ) are real-valued and defined only within ;. In
a patch €, there are #; local functions, labeled as ¢, ¢;,, and so on. They must be
linearly independent, but are not required to be orthogonal to each other in any sense.

We can now introduce a local space V;, spanned by the ¢;,,’s as
VI = Span{fl’l,-fl_z,-'-,31_#1}, 1 < I < N (4‘17d)

So each patch has its corresponding local space. In this way, there will be a total of N
local spaces.

As it stands, these local spaces are ‘loose’ in the sense that they do not, at first
sight, incorporate information concerning the underlying nodal distribution. In other
words, it is not clear how the distribution of neighbor nodes influences the local
functions defined on a patch.

In fact, it does not. The functions in (4.17.c) are entirely local, and generally do
not incorporate information regarding the neighboring nodes. All the local spaces must
be ‘glued together’ in order to form a coherent structure which takes both the local
spaces and the nodal distribution into account.

This ‘gluing’ is provided by the partition of unity (PU), which is defined below
[De and Bathe, 2000]:

Chart 4.1: Partition of unity (PU)

Let Q be a bounded domain in R%. Consider a family of open subsets {Q,}}_, which
forms a covering for Q, i.e., they are such that

N
Qc UQI (4.17.¢)
I=1

Then there exists a system of functions {¢;}"; < CI*(R%), m = 0 which satisfy the
two properties below:

N
Z ¢;(x) =1, Vx€Q (4.17.1)
I=1
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supp(¢p;) € Q;, 1<I<N. (4.17.9)
This system of functions {¢,}_, is called the partition of unity subordinate to {Q,});.

We may take the family of open sets {Q,}}_, as the collection of all cubic patches we
defined over Q, according to (4.17.a). The definition above claims the existence of a
certain set of functions in CJ*(R%), a space defined by

CIM(RY) = {u € C™(Q) | supp(u) cc R%}, (4.17.h)

where C™(Q) is given in (2.52) and the notion of support is introduced in (2.1). In a
sense, every function ¢, is m-times continuously differentiable, and its support is a
closed subset of R%. The exact value of m depends on the way the PU is generated; the
definition above only acknowledges the existence of a system of continuous functions
which satisfy (4.17.f) and (4.17.9).

It is likely that each point x in the domain Q is within more than one patch. Property
(4.17.1) says that the sum of the functions ¢, calculated at x is always 1. Since ¢; €
CIM(R%), its support is a closed subset of R®. But property (4.17.g) refines this
knowledge: It says that the support of ¢; is compactly contained in the patch Q,, i.e., it
is a closed subset entirely contained within Q; (but it can touch the boundary T, though,
as it happens for nodes located on or very close to it).

The method of finite spheres is based on a family of non-polynomial PU
functions. Let w be a quartic spline weight (or window) function [Duarte and Oden,
1996]:

1—652+8s3—3s% 0<s<1
w(s) = (4.17.1)
0, s=>1.
Then a partition of unity can be constructed by tensor-product Shepard functions as

w (lx - xll)w (|y - )’1|)W(|Z — ZI|>
T T T

PP (x) = e =] — =2\ (4.17.))
27=1w< r1]>w< TJ]>W< TJ]>

An example of a typical Shepard PU function is illustrated in Fig. 4.1.

It can be seen that the system {@?}Y_, thus obtained satisfies (4.17.f) and (4.17.9). The
function w in (4.17.i) belongs to C([0,1]), and so each triple product in (4.17.j)
belongs to C(Q). Consequently, both the numerator and the denominator in (4.17.))
belong to C1(Q). The denominator never blows up, as the weight function w attains a
maximum value of 1. In this way, the derivative of ¢?(x) is also continuous, and
therefore we conclude that ¢? is (at least) in C1(Q).
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Shepard PU function

Fig. 4.1. A typical Shepard PU function ¢? over a two-dimensional square patch. According to (4.18.c) in
Chart 4.2, ? attains the value 1 at the node location.

The Shepard PU functions ¢? are compactly supported, as its support is contained
within Q,. Moreover, they have zero-order consistency, i.e., they can reproduce constant
functions exactly (hence the superscript 0). Higher-order consistency is provided by the
functions in the local spaces (4.17.d), as will be explained in the next pages.

It is now time to ‘glue’ the local spaces (4.17.d) and the PU together. The result
is a global approximation space, constructed as follows. For each local space V; in
(4.17.d), we form its ‘weighted’ version as

@iV = span{p{€; 1, 912, @)1}, (4.17.k)

i.e., the local functions defined in the patch Q; are multiplied by its corresponding
Shepard PU function ¢?. Of course, the support of the functions in ¢?V is the same as
the support of ¢? (i.e., the functions in the local space become ‘confined within the
patch through multiplication by a function which ‘exists’ only on the patch).

If we consider two weighted local spaces ¢?V; and <p]°V], it is not difficult to see that
they are linearly independent, since their elements are functions defined in different
regions €, and ;. The global approximation space is just the sum of these weighted
subspaces:

V=0, ® eV, ® @ piVy (4.17.1)

If v € V, then it is represented by the double sum

~

Z 0281 m Orm (4.17.m)

m=1

N #
v =
I=1

where I runs through all nodes and m runs through all local functions of the local space
V; [whose dimension is #;, according to (4.17.c)]. The scalars ¥;,,, are the DoF’s in the
expansion. So the true shape or basis functions of our method is
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hlm = QD;)gI,m , (4‘1771)

formed by the Shepard PU function ¢ multiplied by the local function ¢, ,,,. So we may
rewrite (4.17.m) as

N

v(x) = Z
I1=1

which gives the right expansion at a point x.

#1
Z Ry () By (4.17.0)
1

m=

There is an important result concerning the meshfree spaces V in (4.17.1): They
span a subset of H1(Q) [De and Bathe, 2001].

Proposition 4.1: On the global meshfree spaces VV — Suppose that a polynomial basis
(of order m) is included in every local space V;, i.e., Q,, € V;, VI. Then the global
space V defined as in (4.17.1), i.e., as

V=0V, ® @3V, D opVy (4.17.p)
is a subspace of H1(Q). In other words,
Ve HY(Q) (4.17.9)

In what regards the derivatives of the basis functions in (4.17.n), there is nothing
new (provided only differentiable functions are included in the local basis). The
ordinary chain rule works fine:

9 ] dp? Y4
5him = 5= (0P 8im) = == + @) — . (4.17.1)

The same reasoning is extended to the derivatives with respect to y and z.

The meshfree basis functions h;,,, have nice properties. First, they are compactly
supported, which means that a discretization process based on them leads to sparse
linear systems. Second, they do not depend on matrix inversions as the Moving Least
Squares does [Liu, 2010]. Third, since they do not depend on the distribution of
neighbor nodes as the MLS (the PU shape functions are influenced by neighboring
nodes, but they do not depend on them in order to be well-defined), the patches can be
made as small as possible, just enough to satisfy the covering criterion (4.17.b). This is
true regardless of what one decides to include in the local spaces, and is in stark contrast
to the MLS, where if one decides to include higher-order terms in the process, then the
‘influence domains’ must be made larger in order to encompass a larger number of
neighboring nodes. Fourth, they satisfy the reproducibility/consistency properties
below, stated as a theorem [Melenk and Babuska, 1996]:
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Fig. 4.2. In two dimensions, the set of square patches must form a covering for the computational domain
Q and its boundary T. According to consideration 1 in Chart 4.2, there is only one node per patch. The
patches can be made as small as possible, just enough to not leave any hole behind. The extension to 3D
is straightforward; we just need to substitute squares for cubes.

Theorem 4.2: Reproducibility/Compatibility — If any function f(x) is included in the
local bases, it is possible to exactly reproduce it. Moreover, if Q,, cV,;, VI, then

Om EV.

In Theorem 4.2, Q,, is the space spanned by all polynomials of degree less than or equal
to m. The last statement says that if Q,, is a subspace of all local spaces V;, then it is
also a subspace of the global space V. In other words, if we include, for example, the
terms {1, x, y} in every local space V;, then the global space V will be able to reproduce
exactly any function which is a linear combination of {1, x, y}, namely, it will reproduce
exactly any linear function defined on Q.

4.3.2 Geometrical considerations

The properties of the basis functions h,,,, are good, but we can make them even
better. In this work, we propose three considerations.

Chart 4.2: On the improvement of the basis functions h,,,
1. The size of the square/cubic patch €, is such that
If J#1I then x;€Q;, 1<]<N. (4.18.a)

Expression (4.18.a) says that the only patch in which node I is contained is the patch €,
itself. Equivalently, there is only one node per patch. This is illustrated in Fig. 4.2.
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Since the patches can be made as small as one desires [but always keeping (4.17.b) in
mind], one can decrease the sizes of the other patches (; so that their boundaries (),
become very close to node x;, but do not need to actually touch x;.

We know that the partition of unity (4.17.f) holds for any point in Q. Particularly, it
holds in the location of node I at x;:

z @7 (x) =1 (4.18.b)

J=1

For each node J (4.17.9) says that supp(q)}’) c Qy, i.e., that the support of the PU
function <p}’ is contained in the patch J (in other words, the PU function <p}’ only ‘exists’
within the patch J). But according to (4.18.a), if J # I, then x; & ;. Since supp(q)})) c
Q, it is also true that if J = I, then x; & supp(¢}). But if x; is not in the support of ¢,
then <p]°(x,) = 0. We are thus able to conclude that the sum in (4.18.b) reduces to a
single term: that for which J = I. Then,

ol (x) =1 (4.18.0)

Expression above says that for any I, the PU function ¢? evaluated at x; is equal to 1,
or that

where §,; is the Kronecker delta.

2. For any node I located at the interior of the domain Q (i.e., not at the global boundary
I'), the patch €, is such that it does not intercept I'. Symbolically,

If x, ¢ then Q,NT=0 (4.18.¢)

In this way, any function, in the course of the meshfree discretization process, has its
behavior at the boundary I' governed by the boundary nodes only.

3. If the node I is located at a portion of the global boundary I' in which Dirichlet
boundary conditions are prescribed, then ¢;;(x) = 1 is the only term to be included in
the local basis. In other words,

If x, e, then V; = span{l} (4.18.1)

The considerations above have a positive influence when handling Dirichlet
boundary conditions. Suppose we are trying to find a meshfree approximation to the
solution of a problem in which Dirichlet boundary conditions have been prescribed, as
in

ulp, =g, (4.18.9)
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where u is a scalar unknown (for example, a component of some vector field u) and g
is a known function (the essential condition). Let I be a node in the Dirichlet boundary,
i.e., x; € I'p. Since x; € Iy, then

u(x;) = g(x;) (4.18.h)

If we expand u at x; in terms of basis functions as in (4.17.0), we get

N #
J=1m=1

According to (4.18.a), the only patch to which the nodal point x; belongs is Q,, and so
the outer sum in (4.18.i) has a single term, namely, I. Then,

#1
w) = ) b () (418.))
m=1
If we take (4.17.n) into account,
#]
u(x) = ) P2 () Uy (4.18.K)
m=1

But ¢ (x;) = 1, according to (4.18.c), and (4.18.f) tells us that £, ,(x) = 1 is the only
term in the local basis for V,. Therefore,

u(x,) = ﬁ[l y (418 l)

i.e., the DoF i, is the function u evaluated at x;. When we combine (4.18.1) and
(4.18.h), we find that

If xI € FD then ﬁll = g(xl) (4’18m)

To summarize: A node at the Dirichlet boundary has a single term in its local basis, and
consequently a single DoF in the meshfree expansion. It turns out that this DoF is
precisely the value of the known function g evaluated at the node location.

The conclusion we arrived at (4.18.m) has striking consequences in the
construction of the lifting function associated with Dirichlet boundary conditions.
Suppose we want to solve a scalar problem

Find uj, € U" such that
D(up,vy) = F(vy), Vv, € V! (4.18.n)

Unlr, = 9 (4.18.0)
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where u is some scalar unknown and D is some differential operator in weak form. The
solution is to be sought in the set U of admissible functions. Elements of U" satisfy
(4.18.0), whereas v|r, = 0 for any testing function v € V™. The philosophy of the
lifting procedure is to write the solution u as

up = up +uy, (4.18.p)

where uf € V" and u;‘l’ is any function satisfying u;‘l’|FD = g. Therefore it makes sense
to take uy as the easiest function to construct. In the discrete level, this easiest function
can be constructed according to the following recipe outlined in the Chart 4.3.

Chart 4.3: The lifting function u/

Let it be the N nodes spread throughout the domain Q and on its boundary I'. Suppose
also that there is a portion I', of the boundary in which the Dirichlet condition (4.18.0)
holds. We can construct a numerical lifting function u; as follows:

1. The function u; admits the traditional meshfree expansion

N #

ud (x) = z z Ry (26) B (4.18.9)

I=1 m=1
2. The DoF’s 1, are determined according to the rule:
2.a. If I is an interior node, i.e., if x; € T, then i, = 0.

2.b. If I lies at the boundary I" but not at the Dirichlet boundary I'p, i.e., if x; & I, then
ﬁlm == O

2.c. If I lies at the Dirichlet boundary I'p, i.e., if x; € Iy, then @i;; = g(x;). (Remember
that according to the consideration 3 in Chart 4.2, nodes at the Dirichlet boundary have
a single DoF.

After the lifting function w; is found, substitution of (4.18.p) in (4.18.n) produces a new
problem

Find uj) € V" such that
D(up,vy) = F(vp) —D(uy,vy), Vv, €VH (4.18.7)

where both the solution and testing functions belong to same space V" (whose elements
satisfy homogeneous Dirichlet boundary conditions).

The procedure of finding a lifting function thus becomes a very easy task to do
at a numerical level, thanks to the considerations we have made at Chart 4.2.
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It turns out that the procedure for finding lifting functions for vector quantities u,, is
equally easy. We just need to apply the procedure just outlined to each of the scalar
components of u,.

4.3.3 The spaces V2(Q) and P*(Q)

According to (4.14.b) and (4.14.c), the spaces V*(Q) and P*(Q) are

W"rl (‘Q) = Span{lpl) lle ) ¢N}' (4‘19 a)
P"(Q) = span{6,,0,, -, 0y }. (4.19.b)

A problem of paramount importance to us is this: With our meshfree basis functions, we
are able to produce meshfree spaces VV given by (4.17.1). How can we construct the
meshfree spaces V() and P*(Q) above out from the spaces V in (4.17.1)? The answer
is easy for the space P"(Q), but is not clear for V*(Q).

We can make the discussion a little bit more precise and introduce some
distinctions. We would like to point out that in the course of developing the meshfree
space P"(Q), we want to emphasize the fact that the local basis functions reflect the
choice of functions concerning the pseudopressure p. So the local spaces will be
represented by

VP = span{] €], €]}, 1<I<N (4.19.¢)

where M; denotes the number of basis functions which span the local space V¥ in
(4.19.c). The superscript ‘p’ reflects the fact that the local basis functions are related to
the pseudopressure p. In this way, the global approximation space becomes

Ve = VP @ pIVF @ - D oV (4.19.d)

This space is a subspace of H1((), according to (4.17.q). Since H1(Q) is a subspace of
L% (), it follows that VP < L2(Q), as required by (4.1.b). Therefore it is valid to choose

P (Q) = VP, (4.19.¢)

If p € P*(Q), then it admits the meshfree expansion

N M
LOEDIPRIRCOT (4.19.9)
I=1 m=1
where
him (%) = @ (X)47,,,(x), (4.19. 9)
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Now we have two representations for P*(Q): (4.19.b) and (4.19.f). According to
(4.19.b), a function p in P"*(Q) has the expansion

M
p= Z 6,a, (4.19. h)
=1

where the @,;’s are the DoF’s. When we compare (4.18.9) and (4.18.s), we discover that
the basis functions 6, for P"(Q) are just the (double-indexed) kY . If we write them in
order, we are able to see that

6, = h¥, (4.19.1)
6, = h1102
93 - h1173

HMl = hzlel

—_ P
6M1+1 - h21
and so on.

So if dimVF = My, dimV}f = M,,---,dimV; = M, then the dimension M of the
global space P"(Q) is

dimP"(Q) =M = M; + M, + -+ My, (4.19.))

The situation is more complicated for the space V(). Let us denote by V¢ the
local space whose basis functions are related to a scalar component of the electric field:

Ve = span{t§,,£5,, -, €%9,}, 1<I<N (4.19.k)

So when it comes to a component of the electric field, each patch I has Q; functions,
which span the local space V,°. The global approximation space then becomes

Ve = Ve ® Vs D - D pRVi. (4.19.1)
The dimension of V¢ is given by
dimVe = Q; + Q, + -+ Qy. (4.19.m)
According to (4.17.q), it is true that
Ve c HY(Q). (4.19.n)

We would like to say once more that we use superscripts because the terms
included in the local spaces for the pseudopressure will be different from those included
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in the local spaces for the components of the electric field. This distinction is
summarized in the tables below.

TABLE 4.1 — LOCAL BASES AND LOCAL SPACES

Pseudopressure p Scalar component of the electric field
14
Local space |4 Ve
Dimension M, Q;
14 14 14
Terms {’,,1,8,,2,---,8,,,”1 {’ﬁl,fﬁz,---,f,ﬁQ,

TABLE 4.2 — GLOBAL SPACES

Pseudopressure p Scalar component of the electric field
Global space PV D - D op Wy PVED - D pdVE
Dimension M; + M, + -+ My Qi +Q,+ -+ Qy

In other words, for a given patch 1, the functions £}, ---, €7, will be different from the
AU

Now that the meshfree space for P*(Q) has been defined in (4.19.e), we must
turn to the construction of V*(Q). The problem is not easy. One could begin by trying
to find a basis for E*(Q) in (4.1.a) as follows. Let the x,y and z components be
elements from V¢ in (4.19.1). This amounts to making

E"(Q) =VexVexVe, (4.19.0)

Thereafter one could make the DoF’s associated with the tangential components equal
to zero. In this way, we get a suitable meshfree space for V*(€), introduced in (4.3) and
rewritten below:

V2(Q) = {v), € E"(Q) | y,vp, = 0}. (4.19.p)

For example, suppose that Q is a cube. In the upper face, the outward normal direction
is z. For every node located on this face, we make the DoF’s of the x and y components
equal to zero. So every element of the resulting space has zero tangential components
on this face. The same applies to the other faces of the cube.

The problem is that this approach is limited to domains with ‘rectangular’
boundaries, i.e., boundaries which are described by flat faces. Let us say we are
interested in solving a problem in a spherical domain. In the spherical surface, the
tangential vectors are not described by one of the Cartesian directions only. So we
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cannot get fields which have no tangential components by just making the DoF’s
associated with either x or y or z equal to zero.

We want a way to get spaces of vectors having no tangential components in any
geometry, because the PEC surface of the scatterer can have an arbitrary shape. We
found a solution to this problem. The ‘discovery’ of a meshfree representation of
(4.19.p) is one of the most important achievements of this work. It will be described
next.

As we said in Section 4.3.1, we begin by spreading N nodes over the domain Q
and also on its boundary I'. Each node is associated to a cubic patch, whose construction
is detailed in (4.17.a). On each of these patches, we defined local spaces V? as in
(4.19.k), which are ‘glued together’ via the PU functions in order to produce the global
space V¢ (4.19.1). This procedure is able to find a meshfree space for a scalar quantity,
which can be a component of the scattered electric field. One may ask: Which
component? The x-component? Or the y-component? The z-component, maybe? The
answer is: None of these. The electric field will not be expanded in terms of the
Cartesian components.

Let us add more structure. To each node I, we will associate three directions,
called the elemental directions. They are just unit vectors in R3, and will be represented
by @;, b; and ¢;. We require them to be mutually orthogonal, i.e.:

al'al=51'51=31'f‘1=1, (419q)
aI'Bl =’BI'EI =61'al =0 (4‘197')

The elemental directions are determined as follows: If a node I is an interior node, then
they are just the Cartesian directions X, y and 2. If, on the other hand, the node I is a
boundary node, then they are the normal and tangential directions at x;. In other words,

a, ==
If x,€Q then <{b, =9 (4.19.5)
¢, =2
a; = n(x;)
If x, €T then <{b,=7%(x) (4.19.t)
¢ =1t,(x)

For a node location x; at the boundary T', the normal . at this point should be available,
since we (of course) know about the geometry we are studying. The tangential vectors
t, and Z, in (4.19.t) are any two unit orthogonal vectors such that

t,xt, =1 (4.19.u)
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’t\l - ’t\z = 0. (4‘191])

After the set of elemental directions has been determined for all nodes, an
element e € E*(Q) is expanded as

N Qi

@) = ) > i) (@ms + Bimby + Pime) (419.w)

I=1 m=1

The coefficients (or DoF’s) &;,,, in a sense, give the amplitude of the field e in the @,
direction. The same goes on for ;,,, and 7,,, Which give the amplitude in the b, and ¢,
directions, respectively.

Now it becomes easier to construct a space whose elements have zero tangential
components. Since for each node I which happens to be in the boundary I the tangential
directions are (locally) given by b; and &, it suffices to make the coefficients f;,,, = 0
and ¥, = 0 in (4.19.w). In this way, the resulting field e will have components only
along the normal direction, (locally) given by the @;. In this way, the space V*(Q) is
easily determined from E"(Q).

In the interior of Q, the elemental directions are the ordinary Cartesian directions. But
since the interior patches do not intersect the global boundary (due to consideration 2 in
Chart 4.2), they have no influence on the normal/tangential components of the resulting
field.

If one desires to retrieve the x-component of the electric field e in (4.19.w), it suffices
to take the dot product between e and x:

N Qi

e.(X) = e(x) R = Z Z 15 () (@im@y - R + Bimby - & + Pim€y - &), (4.19.%)
I=1 m=1

The meshfree basis functions hy,,, are obviously given by

him(x) = @7 ()7 (%), (4.19.y)

where the terms in the local basis £7,, come from (4.19.k). One observes that there are
two representations for elements in V?(Q): (4.19.a) and (4.19.w). The basis functions
Y, in (4.19.a) are just the (double-indexed) hf,,. However, the ordering depends on
how one decides to construct the numbering scheme (i.e., on how to put the DoF’s in
order, and consequently on how to attribute a row in the global matrix to each DoF).
This topic will be discussed later.

In what regards the derivatives of the elements in E*(Q) [and also in V?(Q)], we
can apply the gradient operator to (4.19.w); with the help of the tensor product operator
& we get:
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Vhfy @ (&m@; + Brmb; + Pimtr) (4.20.a)

II
AMZ

~

2%
%)

Mz

(Vhén ® @) a1 + (VhEy ® by)fim + (VhE, ® €))7, (4.20.D)

~
Il
=

m=1

where the dependence of e and hj,, on the position x € Q has been dropped, for the
sake of clarity. (According to the rules of tensor algebra, the gradient of a vector is a
tensor [Irgens, 2008]) The gradient VA7, is calculated in the usual way:

0hy, 0hy, Ohy,
m g ¢ Tim g | Otim o

e —
Vhim = ox dy 0z

(4.20.¢0)

4.3.4 Numbering schemes and the assembly process

In this work, the numbering scheme is organized in the following way. First, all
local spaces V£ in (4.19.k) have the same dimension, i.e., we make

Q,=N, 1<I<N. (4.21.a)
Consequently, the global space V¢ in (4.19.m) has dimension
dim V¢ = NN,. (4.21.b)
Second, all the local spaces VP in (4.19.c) have the same dimension, i.e., we make

MI = Np,

1<I<N, (4.21.¢)
from which it follows that the global space VV? in (4.19.d) has dimension
dimV? = NN, (4.21.d)

Third, the NN, DoF’s associated with the @,’s, the NN, DoF’s associated with the b, ’s,
the NN, DoF’s associated with the ¢,’s, and the NN, DoF’s associated with the
pseudopressure p are arranged in order. In this way, the a;,, in (4.19.w) gets mapped to
the global index

(&) = (I —1N,+m (4.21.e)
in the global matrix. The B,,, in (4.19.w) gets mapped to the row
1(Bim) = NN, + (I — DN, + m. (4.21.1)
In the same way, the y;,,, in (4.19.w) gets mapped to the row

I(#1m) = 2NN, + (I — 1)N, + m. (4.21.9)
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Finally, the p;,, in (4.19.f) gets mapped to the row
I(Prm) = 3NN, + (I — 1)N, + m. (4.21.h)
The total number of unknowns in the problem thus becomes:
3NN, + NN, = N(3N, + N,,). (4.21.1)

However, the DoF’s corresponding to the tangential components of the fields must be
zero. This is easily fixed by just identifying the boundary nodes, going to the global
matrix and making the DoF’s corresponding to the tangential components (which will
be two of the elemental directions) equal to zero. In the end, the total number of DoF’s
is smaller than that in (4.21.1).

We will now take a closer look on the specific form assumed by the terms in
(4.14.v) — (4.14.y). The scattering system, stated in (4.4.a) — (4.4.b), and whose solution
we are interested in, is rewritten below for convenience:

Find (e}, pn) € VA(Q) x P*(Q) such that

f(/T-Ve%):Vv,*l—f k%e%-v;‘l—f pr Vv =
Q Q )

—f (A-vu)): v}, +] kiu - vy, Vv, €VEQ) (4.21.))

QO Q

—f q,V-e =f g V-ul, vq, € P (Q), (4.21.k)
Q Q

Since the lifting uﬁ can be easily determined from the procedure outlined in Section
4.3.2, we concentrate on the unknowns e and pj,. They are expanded as

N Ne
J=1n=1
N Np
Pr = z z h%.. Dir (4.21.m)
K=1r=1

The equations (4.21.j) and (4.21.k) hold true for any testing function in V?(Q) and
P (), respectively. These testing functions are expanded likewise as

Ne

N
vy = Z hfm (&Imal + Pimb; + ?lmel) (4.21.n)

I=1 m=1
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N Np
Z Z hfs ﬁLS
L=1s=1

The gradient vectors are provided by (4.20.b), i.e.,

N Ne

(4.21.0)

Veh = > > (Vhfy ® @)y + (Vhiu ® B))Bjn + (Vh5, ® )7 (421.7)

]= n=1

N Ne

Vv, = Z Z (VhSn ® @) 8 + (VhEy ® b)) fim + (VhE, @ )P (421.9)

I=1 m=1

When we substitute (4.21.1) and (4.21.m) in (4.21.j) and (4.21.k), we get:

J=1n=1
N Ne
J=1n=1 Q
N N
—22( hg, v V?l)ﬁm—
K=1r=1 Q

—J (A-vu)) : v}, +j kiul vy, Vv, € VE(Q)
) 0

N Ne

z f @ V- (Rfu(@n@) + Bjub; + VJnCJ))
=1n

=1

f q, V-uy, Vq,€P'(Q)
Q

< jﬂ (T\ : ((Vhfn ® @))a;, + (Vh, @ b)) B + (VhE, ® a,)y,n)) : w;;)

(4.21.9)

(4.21.7)

The testing function v, in (4.21.q) is arbitrary. From the representation for v, in
(4.21.n), the components relative to the elemental directions @;, b;, and ¢, are linearly
independent. It means that (4.21.9) can be broken down into three expressions, each of
them having the same form. In the first, the &,,,, are arbitrary, whereas B, = 7 = 0.
In the second, the f3;,, are arbitrary, whereas &;,,, = 7;;, = 0. And in the third, the 7;,,
are arbitrary, whereas &,,, = f;, = 0. In each case, these scalar coefficients will appear
at both sides of the equation, so in the end their effect will be immaterial. These cases
will now be examined carefully. After we are done, the equation (4.21.r) shall also be

examined.
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CaSE 1 &Im € C, Blm = O, ?Im = O

Let us concentrate on a single testing function defined by its double index I and m. The
vy, in (4.21.n) and its derivative in (4.21.q) become

vh = (h,emal)@lm (42261)

When we substitute (4.22.a) and (4.22.b) in (4.21.9), we expect to arrive at an equation
like

N Ne N NP
Z Z c’q;lm]néz]n + c’q;)m]nﬁ]n + c/qICm]n]’/\]n + Z Z Uq?mKrﬁKr = Tﬁn (4-22- C)
J=1n=1 K=1r=1

The terms Al n, Abnjn, Afmm, and AJ,

mxr Will be mapped to the global matrix
according to the Table 4.3 below.

TABLE 4.3 — MAPPING TO THE GLOBAL MATRIX

Term Row Column
cfq;lm]n I(alm) I(&]n)
Almn 1(@rm) 1(Brn)
c’qICm]n I(&Im) I(?]n)
c’Cl}omKr I(&Im) I(ﬁlm)

The index functions are given by (4.21.e) — (4.21.h). The term F,, will be mapped to
the position I(@,,,) in the right-side global vector.

We know from (2.113) that the PML tensor has the form
A=0NZQX+AIRV+1,2Q 2 (4.22.d)

In this way, we can apply the definition of scalar product between two tensors in (1.61)
and find out that the very first term in the first integral in (4.21.9) can be worked out as

1=\-(Vhfn®ﬁ]) =
A-Vh, ®a, =
(AXQZ+A IRV +A,2Q2) Vh, Q@ =

(AR(2 - VhS,) + Ay3(F - VhS,) + A,2(2- Vhs,) ) @ @) =
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ohp, ohp, ohf,
Axﬁx®a]+Ay Jy y®a]+A2Wz®aJ (4.22.e)

Moreover, from (4.22.e) and (4.22.b), one finds out with the help of the double dot
product defined in (1.65) that

(4.22.f)

(A-(vh ®@@))) : Vo, =

ohf, ohf, ohp, . o
Axa—xx®a]+AyWy®a]+A2Wz®a] :((Vh,m®a,)a,m =

e

dhe oh
(Ax a)’c" ®-Vhi) (@ - a;) + A, a)’;” ¥-vhi(a,-a)) +

ah,e,, R o \fn .
A, 9z (Z'Vhlm)(a]'al) Am =

dhe. ke dhe. ke dhe. Ohe
n Im jn Im jn Im ~ o~ O\ s
(Ax ax ox oy ay 28z oz >(“J a)ay,

After we substitute (4.22.f) back into (4.21.q), and apply the same reasoning to the other
integrals, we discover that the first three terms in Table 4.3 are given by:

(4.22.9)

d0hf, Oh¢ dhf, Oh¢ dhs, 0h¢
_ n Im n Im n Im ~ A
c/l;"m,n_jn ((Ax 5 ax T 3y 9y A )—kgh;’nhfm)a].a,

dh¢, oh¢ dh¢, Oh¢ dh¢, Oht -
n Im n Im n Im ~
Almjn = fﬂ <<Ax—ax = A 3y oy Ao >—k§hfnhfm)b]-a,

dht, 0h¢ dhy, 0h¢ dht, 0h¢
_ n Im n Im jn Im ~ A
Aimn = jg ((Ax ox 0x By dy 0y A 0z 0z >_ kgh]e”hfm> AR

The fourth term can be found with the help of the identity
V-w=Vw: I, (4.22.h)
where T is the identity tensor given by
I=3Qx+7R9+2Q®2 (4.22.1)
and w is an arbitrary vector. In this way, from (4.22.b), (4.22.h) and (4.22.i), the

pertinent terms in (4.21.q) can be developed as:
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f hE . V-vj = (4.22.))
Q

f W ((Vh, @ @)am) : ERX+YRF+2Q 2)
Q

Ohfm . . Ohfy . ORhfym .\ ..
fﬂ higr (a—jj"(a,-xn 5y (@ N+ (a,-z)> @im
which allows us to conclude that

ohf,

p p (OMim . ., Ohim S 4
Amrr = _fQ hyr | (@@ -%) + @ -y + EP (@, 2) (4.22.k)

dx dy

The term Ff;, in (4.22.c) is found with the help of (4.22.a) and (4.22.b), which are
substituted in the right side of (4.21.9). Before we state its final form, we need to take a
look at how the lifting function uﬁ is found. According to (4.1.e), the lifting uﬁ must be
such that

g { 0, atl,
u, = . 4.22.1
Yt n _ﬁl X ElTlC} at 1-‘1. ( )

Since we took that uy € E"(Q), it admits an expansion like (4.19.w):

N Ne
uy = Z Z hie (@pep + Bpebp + 7pclp) (4.22.m)
P=1t=1
N Ne
Vil = ') (Vh, @ @p)ap, + (Vhee ® By )pe + (Vhie ® E)7pe (422.7)
P=1t=1

The coefficients @p;, Bpr and 75, can be easily determined, thanks to the procedure
outlined in Chart 4.3 extended to vector functions. It will be explained in detail below.

1. We consider all N nodes from the problem, i.e., 1 <P < N.
2. If P is an interior node, i.e., if xp & T, then @p; = Bps = 7p¢ = 0.

3. Because the role of uﬂ is to essentially capture the behavior of the tangential
components of the scattered field, we can take its normal component to be zero. The
normal component of the scattered field will be captured by the e in (4.2). Moreover,
according to the definition of elemental directions in (4.19.t), the components in the
normal direction are controlled by the @p;. SO we make @p;, =0, 1 <P < N.
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4. If xp € Ty, the tangential directions at the node location will be given precisely by b
and ¢p. Then we can make

BApl = (_ﬁl X EinC) ) BP (4‘22 0)
]7131 = (_ﬁl X EiTLC) - EP (422p)

(According to the consideration 3 in Chart 4.2, nodes at the Dirichlet boundaries have a
single DoF.)

5. If xp € T,, the tangential directions at the node location will be given precisely by b,
and ¢p. Then we can make

Bpi =0 (4.22.q)
7p1 =0 (4.22.7)

As evidenced by the five steps above, the only DoF’s able to ‘excite’ the problem are
those associated with the tangential directions along the scatterer surface I';. Now that

we know all the coefficients in the expansion (4.22.m), uﬁ can be easily determined.
When we substitute (4.22.m), (4.22.n), (4.22.a) and (4.22.b) in the right side of
(4.21.g), we find that

FL = — fﬂ (A-vu)): (VhE, ® @) + fﬂ ki uf - (hé,a)). (4.22.5)

We believe that the explanation is sufficiently clear, so we will not work out the double
dot products between tensors. The steps are very similar to those in (4.22.e) — (4.22.1).

Case2: @y =0, Bim €C, Py =0
The vy, in (4.21.n) and its derivative in (4.21.9) now become
vy, = (hénb;)Bim (4.23.a)
Vv, = (Vhe, @ b;)fim (4.23.h)

When we substitute (4.23.a) and (4.23.b) in (4.21.9), we expect to arrive at an equation
like

N Ne N Np
D Bl + Bgubn + Bwgalin + ). ) BwierPrr = Fhy (423.0)
J=1n=1 K=1r=1

The terms Bfjn, Bhnjmn: Bfmm, and BY

mi- Will be mapped to the global matrix
according to the Table 4.4 below.
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TABLE 4.4 — MAPPING TO THE GLOBAL MATRIX

Term Row Column
B;lm]n I(Blm) I(&]n)
B;?m]n I(.[?Im) I(:é]n)
Blcm]n I(Blm) I(?]n)
BImer I(Blm) I(ﬁlm)

The index functions are given by (4.21.e) — (4.21.h). The term F2, will be mapped to
the position I( 5, ) in the right-side global vector. These terms are given by

(4.23.d)
Bl = ]Q ((Ax 6:3 agim y a;i’n agim Z a;i’n agim> i h;’nh?’m) a5,
Bhn = | ((zx%@% y a;; agim i ag§m> _ kgh,enh,em> 5,5,
B = ]Q (( AL 6:3 agim y a;i’n agim Z a;i’n agim> ke, hfm> ¢, -B,
B = - [ e (B2 B+ S 63 + 252 5y -2)
Fh o= — jﬂ (R-vud) : (Vhe, ® B,) + JQ K2u? - (heB)).

CaSE 3 &Im = 0, B[m = 0, ?]m eC

The same all over again. The vy, in (4.21.n) and its derivative in (4.21.q) now become

Vp = (hlemel)?lm

Vv, = (Vhf, ® €)Vm

(4.24.a)

(4.24.b)

When we substitute (4.24.a) and (4.24.b) in (4.21.9), we expect to arrive at an equation

like

N Ne

N Np

D Clunn + Chugubn + ChnpnPin + D D ChuserPrr = Fin (4:24.0)

J=1n=1
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The terms Cfhn: Chujns Clmyns @nd Gl Will be mapped to the global matrix

ImKr
according to the Table 4.5 below.

TABLE 4.5 — MAPPING TO THE GLOBAL MATRIX

Term Row Column
Clhnjn [(Pm) (@)
Chmjn [(Pim) 1(Byn)
Chnn 1(Pm) 1(#yn)
Chmkr 1(7im) 1(Brm)

The index functions are given by (4.21.e) — (4.21.h). The term F,,, will be mapped to
the position I(7;,,) in the right-side global vector. These terms are given by

(4.24.d)
Oht, 0k, 0hy, 0hf, 0hj, dh
9 ] ] ~ A
Clam = <( 1A, ay" a;’” A, aZ” ”") kghfnhfm) a ¢
b dhs, ah,m ohj, ah,em ah]n ah,m R
Clm]n = x ax ax y ay ay Z h’]Tlh’ITfl CI
0ht, 0k, 0hy, 0hf, 0h}, 0h
2 n Y m Jn Uty Jn Ol ~
CICm]n = << = Ay ay aym z 0z m> gh]nhlm) ] Y
ohy, < Ohfy, o Ohf, .
Clpml(r = _jQ hlgr ( axm( ) + dy (CI y) + 6zm (CI ’ Z))
Fin = —f (A-vu)): (VhE, ® &) +f kéuy - (hf,e)).
Q Q
We need now to take care of (4.21.r), repeated below for convenience:
N Ne
Z Z ] an V- (h]n(a]na] + Bynb + ancf))
J=1n=1
f q.V-uy, Vq,€P'(Q) (4.25.a)
Q

Let us concentrate on a single testing function defined by its double index L and s in
(4.21.0), i.e., we make
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qn = hisPrs, (4.25.D)

where p, ¢ € C is arbitrary. After the substitution of (4.25.b) into (4.25.a), we hope to
arrive at an equation like

N Ne

z Z ?Las]n&]n + :Pll,)s]nﬁ]n + :Plfs]n?]n = gfg (4‘-25- C)

J=1n=1

The terms Cp . C,m]n, Clmyn, and Ch .« Will be mapped to the global matrix
according to the Table 4.6 below.

TABLE 4.6 — MAPPING TO THE GLOBAL MATRIX

Term Row Column
Pl [(BLs) (@)
Plsn 1(B1s) 1(Bjn)
:Pl?s]n I(pALs) I(?]n)

The index functions are given by (4.21.e) — (4.21.h). The term GF. will be mapped to the
position I(p,,) in the right-side global vector. With the help of (4.22.h) and (4.22.i), and
the rules of tensor algebra we have been employing thus far, we arrive at the specific
forms for these terms:

ah,n

a p ah]en ~ ah]n A
Prsin = — fﬂ his | 55 (a]-x)+ (a, y) + (a, 2)| (4.25.d)

ohs,

oh oh
o= [ (G0 4 5 69+ ]

)

ahs,

@-2)

doh oh
ﬁw;—Lhﬁ(]%QA%F]WAyH-

4.3.5 Final comments

In what regards the assembly process, the work is essentially done. From
(4.22.9), (4.22.k), (4.22.5), (4.23.d), (4.24.d) and (4.25.d), we can construct our linear
system (4.14.z). In the next chapter, we will be concerned with some features in the
solution of this linear system, and also with the application of our meshfree method to
problems arising in electromagnetic wave scattering.
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Chapter 5

Experimental studies

The objective of this chapter is to assess some features concerning the numerical
implementation of the method described in the last chapter.

In the first section, we shall take a look at the numerical integration of the terms which
will ultimately figure as the entries in the global matrix. Since the numerical integration
is a delicate issue in the meshfree methods, we present a recipe to ‘alleviate’ its cost.

The second section deals with the inf-sup condition and the problem of identifying
compatible pairs of spaces.

The third section is very brief, and discusses the preconditioning techniques we
employed to solve the global linear system.

Finally, the fourth section brings lots of examples of our meshfree method in the
solution of wave scattering problems. We show that it works pretty well in two and
three-dimensional cases.

5.1 Numerical integration

5.1.1 Basic integrals

After we get the final form of the entries in the matrix and in the vector which
will form the global linear system in (4.22.9), (4.22.k), (4.22.s), (4.23.d), (4.24.d) and
(4.25.d), we can begin to make assumptions in order to simplify the process of actually
computing them.

The most patent of these assumptions regards the components of the PML
tensor. In terms like A, in (4.22.g), whenever we get integrands involving the PML

tensor, as

ohg, 0ng,  Oh%,0hS, k%, Oh,
,[Q ((Ax ox 0x Ay dy 0y A, 0z 0z G-D

we assume that they do not vary within the patch. In other words, instead of considering
A, (x), where x varies over the patch Q; corresponding to the testing function hy,,, we
shall consider A, calculated at the nodal location x; (which happens to be at the center
of Q). The same is also valid for A, and A,. In this way, the integral in (5.1) becomes:
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nahm nahm nahm
L((xa S A () 2t e 5 Z<,) . ;)) (5.2)

In this approximation, the components of the PML tensor become constants within ;.
But we argue that this approximation gets better and better as the size of the patches
becomes smaller.

After this approximation, an interesting feature can be observed. If we represent
testing functions by the indices I and m (regardless of their being a field component or
pseudopressure testing function), and expansion functions by J and n (also regardless of
their being a field component or a pseudopressure expansion function), it can be noticed
that all the integrals boil down to certain basic integrals involving the product between
a pair of functions. These basic integrals are in the Table 5.1 below.

TABLE 5.1 — BASIC INTEGRALS

| gt
Q

f ohe, ons,, f oh, ohs,, j dhg, Ohs,
o Ox ox ' Jo 0y oy’ J, 0z 0z

0h,m » Ohf, » Ohf
f ] _]- h]n ’ f h]n
Q dy Q 0z

ohy, ohy, dhy,
[ A S
Q ox qQ dy qQ 0z

A proper inspection of the entries in in (4.22.9), (4.22.k), (4.22.5), (4.23.d), (4.24.d) and
(4.25.d) reveals that they can be reduced to combinations of the basic integrals in Table
5.1. Therefore, any integration process must focus on the evaluation of the integrals
above.

5.1.2 Acceleration technique

Because the Shepard PU functions in (4.17.j) are non-polynomial, it is likely that
the numerical integration based on Gaussian quadrature will require many points in
order to attain a precise result. This is a delicate feature which plagues some meshfree
methods, and the design of efficient integration rules constitutes one of the frontiers in
research [De and Bathe, 2001], [Babuska et al., 2009], [Ham et al., 2014].

However, if the situation is such that the nodal distribution is uniform and all
patches are the same size, then the cost of the numerical integrations can be drastically
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reduced, provided we add some restrictions on the form assumed by the elements of the
local spaces VP in (4.19.c) and V¢ in (4.19.k). This set of restrictions is characterized in
Chart 5.1 below.

Chart 5.1 — Elements in the local spaces

The local spaces are
le = span {f[p’l,fg)’z,---,f?’lvp}, 1<I<N (5361)
Ve = span{¢§,, €5, €5n,}, 1<I<N, (5.3.b)

according to (4.19.c), (4.19.k), (4.21.a) and (4.21.c). We assume that any function
€7 m(x) is of the form

(X)) = fu(x —x,y—y,z—2), 1<I<N, 1<m<N, (53.c)

i.e., these functions depend on the difference between the point x = [x, y, z]” (at which
the function is calculated) and the nodal point x; = [x;,y;, z]7. The functions f,, are
the same for all patches 1.

It is true that the Shepard PU function ¢? (x) in (4.17.j) also has this same form, i.e., it
depends on the difference between x and x;. Consequently, the meshfree basis functions
h{,, (x) defined by

him (%) = @7 ()] (%) (5.3.d)

as in (4.19.y) will depend just on the difference between x and x;. The same
conclusions hold for the pseudopressure spaces, i.e., if we assume that

& @) =gn(x—x,y—y,z—2z), 1<SI<N, 1Sm<N, (53.e)

where the g, are the same for all patches I, then the meshfree basis functions
hP (x) = @) (x){’}fm(x) will also depend just on the difference between x and x;.

Suppose a two-dimensional uniform nodal distribution as in Fig.5.1. (The
reasoning can be automatically and effortlessly transferred to the three dimensions. But
the procedure to be introduced in the next lines is easier to present in two dimensions.)
Let all the patches (associated with the nodes) be of the same size, and assume the local
spaces have the form stated in Chart 5.1.

Consider the nodes I, J, K and L in Fig. 5.1. For any m and n, it is not difficult
to conclude that

f hfn him =J hin Rgm, (5.4.a)
Q Q
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Fig. 5.1. A regular nodal distribution in two dimensions. All patches are the same size. The relative
distances between nodes I and J and between K and L are the same.

because the relative position of nodes I and J is the same as that of nodes K and L. The
same holds true for the other basic integrals in Table 5.1.

The consequence is that for any two pairs of nodes, if the relative positions of
the nodes in each pair are the same, then the basic integrals evaluated for each pair will
be the same. In other words: Let it be the pair formed by the nodes I and J and let it be
another pair formed by the nodes K and L. If the relative position of nodes I and J and
the relative position of nodes K and L are the same, then it follows that the basic
integrals evaluated for the pair I and J will be the same as those evaluated for the pair K
and L.

The conclusion is that in a regular arrangement of nodes, the basic integrals need to be
calculated only once.

For example, suppose we are considering the interaction between nodes I and J in Fig.
5.1. By this we mean that we calculate all the basic integrals in Table 5.1. Later, when
calculating the interaction between nodes K and L, these integrals do not need to be
calculated again: Their values are available from the calculations regarding I and J.

So the idea goes as follows:
First: Take a node I in the middle of a regular nodal arrangement.
Second: Determine all neighboring nodes which interact with 1.

Third: Evaluate the interaction (basic integrals) between node I and each neighbor from
the last step.

Fourth: Store this numerical information in suitable data structures.
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Fig. 5.2. The eight patches (in red) which are able to intersect a given patch (in black) in a given regular
arrangement of nodes. Of course, the patch intersects itself, so in the end, for each patch I, there are 9
patches which intersect it. As J runs from 1 to 8, we get the eight figures above. Alternatively, one can
say that each node I has 8 neighbors able to influence it (in addition to node I itself).

Fifth: Run through all the other nodes in the domain. For each node, determine all
neighboring nodes able to interact with it.

Six: The interaction between this new node and its neighbors has already been
calculated in the third step.

In this way, the only action that needs to be performed is a careful identification
between nodes and its neighbors, and the subsequent mapping of the entries to the
global matrix. When the regular arrangement of nodes is such that the size of the square
patch is such that r; is just the horizontal distance between two adjacent nodes as in Fig.
5.1, then each node I is influenced by itself and by the eight surrounding nodes, as in
Fig. 5.2.

We shall not delve deeply into this subject, as the idea is sufficiently
understandable, and also because the majority of work is done at the implementation
level. So each one has a more or less clear idea on how to implement this ‘reuse
approach’ according to the way he/she wants to develop his/her code.

But this ‘reuse approach’ can be employed in a (theoretically) infinite and
regular nodal distribution. Actually, the nodal distributions are finite, which means that
symmetry will be broken at the boundary nodes, i.e., these nodes do not have all the
neighbor nodes that the nodes in the bulk of the domain have. Moreover, there will be
situations in which the nodal distribution will not be regular (for example, when a
scatterer with a complicated shape is considered).

The idea is to divide the nodal distribution into two parts: A regular part and a
non-regular part. So if a total of N nodes is employed, then

N=N,+N,, (5.4.b)
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where N, is the number of nodes in the regular part of the distribution and N, the
number of nodes in the non-regular part. We must now establish a criterion that allows
us to say if a given node I belongs to the regular or to the non-regular part.

In the class of problems we are interested in, the outer boundary T, will be a
rectangle (remember, the explanation refers to the two-dimensional case). The nodal
distribution can be set up in four steps as follows:

First: Begin by spreading nodes in a regular fashion throughout the rectangular region
whose outer boundary is I, as in a grid.

Second: Adjust the size of the square patches so that for each patch I, r; is just the
horizontal distance between two adjacent nodes.

Third: Remove those nodes in the interior of the rectangular region that fall within the
PEC scatterer.

Fourth: Spread nodes along the boundary of the PEC scatterer, i.e., along I};.

Fifth: Recalculate the size of the patches. They should not intersect I';, according to
consideration 2 in Chart 4.2.

The third, fourth and fifth steps make the distribution ‘locally’ non-regular on
and around the PEC surface I;. After the nodal distribution has been set up, we must
loop through all nodes in order to find out if it falls within the regular or within the non-
regular part. The criterion we established is in the form of an algorithm.

1. Take anode at x; = [x;,y,]7,1 <I < N.
2. Consider the set of points which surround x;, i.e., consider the eight points
Py =[x; =1,y — 7]
P, = [x;,y; — 7]
Py =[x; + 1,5, — 1]
Py = [x; — 1, y1]
Ps = [x; + 11, v/]
Pg = [x; — 1,5, + 1]
P; =[x,y + 1]
Pg =[x, + 1,y + 1]

3. Is there a node at each one of the eight points from Step 2? If no, then node I belongs
to the non-regular part of the nodal distribution. If yes, go to the next step.
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4. Consider the patches associated with all the eight nodes located in P; — Pg. Are they
the same size? If no, then node I belongs to the non-regular part of the nodal
distribution. If yes, then node I belongs to the regular part.

The nodes which comprise the regular part of the nodal distribution can be
treated in the same way as the nodes from the (theoretically) infinite regular nodal
distribution discussed earlier. It means that we can take any one of them and calculate
its interaction (i.e., the basic integrals) with all the eight neighbors. When considering
any other node in the regular part, the interactions need not be calculated again: They
are available from the previous calculation. The only work is to map the entries to the
global matrix.

On the other hand, if a node I is in the non-regular part, the sizes of its
associated patch and those of its neighbors will be different. In this case, the basic
integrals must be calculated in the traditional way, i.e., there is no reuse procedure.

The extension of these ideas to three dimensions is straightforward. The
difference is that there will be 26 nodes surrounding a given node x;, instead of just
eight.

If the geometry of the computational domain Q is conducive to a large number
of nodes being able to be included in a regular distribution, then the gain in setting up
the global matrix is enormous, particularly in three dimensions, where the numerical
integrations are very expensive. Fortunately, this is the case, as for the category of
problems in which we are interested, the domain is basically a parallelepiped with a
hole within (the PEC scatterer). The nodal distribution will be regular in the bulk of the
domain, and becomes non-regular only in the vicinity of the scatterer. A very attractive
scenario, indeed.

5.1.3 Numerical quadrature
When it comes to the actual numerical integration of terms in Table 5.1, we

employ the traditional Gaussian quadrature. The process will be illustrated for the first
of them only; the reasoning can of course be extended to the others.

We want to compute the value of the integral

I= f hf . (5.5.a)
Q

Since according to (4.17.9) the support of the test function hy,, is contained in the patch
Q,, the integral above becomes

I= f hf . (5.5.b)
Q

I
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In two dimensions, the patch Q; is a square. Instead of applying the Gaussian quadrature
to Q; (and therefore employ many integration points), we find it better to divide the
square €; into smaller squares, and then apply the Gaussian quadrature to each of these
small squares (but this time with less integration points). In our experiments, we found
that dividing Q, into 6 X 6 squares Yyields results with a good precision. In this way, the
patch €, is expressed as

36

Q, = U Wy (5.5.¢)

k=1

I.e., as the union of the smaller squares wy. Of course, if [ # k, then w; N w, = 0, i.e.,
the smaller squares do not intersect with each other (except at their boundaries). The
integral in (5.5.b) becomes

36
I= fhfnh;fm (5.5.d)
w

k=1"%k

We can now apply a simple 2-point quadrature rule in the x and y-directions of each of
the integrals in (5.5.d). If we represent w,, as a Cartesian product of intervals:

wi = [ag, bi] X [cp, die], (5.5.e)

then these ‘subintegrals’ can be computed as
j RS B = (5.5.1)
W
2

Z W;W; h]en (Xi' }’j) hlem(xir Yj)’

j=1

N(bk_ak)(dk_ck) :
-2 2 ;

where the weights are given by w; = 1, w, = 1 and the coordinates x; and y; are given
by

(b — ay) L (ax + by)

(dy — cy) (¢ + dy)
Y= (5.5.h)

The parameters &; and &; are given by

& =—J1/3 (5.5.0)
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In three dimensions, the patch €, is a cube, which is divided into 6 X 6 x 6 little
cubes. Therefore,

Q= U Wy (5.5.))
k=1
and consequently
216
I=| n e, = Z f h, B (5.5. k)
-QI k=1 Wk

Each little cube can be represented as a Cartesian product of intervals:

wy = [ag, b] X [cy, di] X [ex, fil, (5.5.0)

which allows the ‘subintegrals’ to be written as

f he, B, = (5.5.m)

_ d — _ 2 2 2
E( zak)(k cr) (fi ek)ZZZWl Wlh]n(xuypzz)hzm(xuy],Zl)

i=1j=11=1

The weights are the same as those from the two-dimensional case, and the coordinates
x; and y; are exactly those from (5.5.g) and (5.5.h). The coordinate z, is given by

(fk — ex) (ex + fi)
7 St

(5.5.n)

Z; =

The parameters ¢; are those from (5.5.1).

5.2 The inf-sup stability test

When setting up the nodal distribution, during the first step outlined in Section
512 (which says that we begin with a regular distribution over the
rectangle/parallelepiped whose surface is I,), we can retrieve the value of the distance
between two adjacent nodes and call it k. This h is sometimes called the discretization
length, and intuitively, it gets smaller as more and more nodes are considered. This is
the meaning of h referred to at the beginning of Section 4.1.1.

In this way, each nodal distribution has its associated discretization length h, and at the
same time it serves as a basis for the finite-dimensional subspaces V*(Q) and P"*(Q).
So we can, in a sense, ‘identify’ a value of h and a pair of spaces V*(Q) and P"(Q).
This is the reason for the superscript h in both of them.
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According to the discussion in Section 4.3.2, the pair of finite-dimensional
spaces V*(Q) and P*(Q) must obey the inf-sup condition

h . |_ fQ dn V- vh| h
g, >0  s.t. inf sup > Py (5.6.a)
anEPHONO} y, eyt (0} 1Vn Il 22 19n 1l 12()

The inf-sup condition B2 depends on h (i.e., on the finite-dimensional subspaces V? ()
and P"*(Q). The role of the inf-sup condition (5.6.a) was studied in Section 4.2.2: it is
ultimately responsible for the uniqueness of the solution to the global linear system. But
uniqueness of the numerical solution is related to the fact the global matrix is invertible.
The question is that if the inf-sup is not obeyed, invertibility of the global matrix is put
at risk. Since B = 0 implies that the discretized problem is not solvable, we must guard
ourselves against this situation.

Suppose we constructed a pair of discrete spaces V*(Q) and P*(Q). If they pass
the inf-sup condition, i.e., if we find a B > 0 such that (5.6.a) is satisfied, then it is
fine, and the solution to the problem can be found. But suppose now that we want a

more precise solution, and we construct a refined pair of spaces V?'(ﬂ) and P (Q),
based on a discretization such that A’ < h. This new pair must be tested again to verify

if they pass the inf-sup test, i.e., if we can find another ﬁ{}' > 0 satisfying (5.6.a). Let us
say that this new pair of spaces again passes the inf-sup test, which allows us to find a
more precise solution. Suppose now that we want an even more precise solution, so we

construct another refined pair of spaces W?"(Q) and P""' (), based on a discretization

such that h’'' < h'. We must apply the test again and verify if we can find a 3,7” >0
which satisfies (5.6.a).

It is instructive to observe the behavior of these inf-sup constants as the h gets smaller,
i.e., as the discretizations get more and more refined. Of course, they should always stay
away from zero. Even if they do not assume the value zero, very small values for this
constant may indicate that the global matrix is ‘getting close to a singular matrix’, and it
is likely that numerical problems will occur. (Moreover, the estimate (4.6.h) in Theorem
4.1 says that the norm of the solution depends on a constant K, multiplying the norm of
the functional g*, which, according to the identification (4.5.h), is related to the lifting
function u; whose form we studied in (4.22.1) — (4.22.r). But the estimate (A2.62) in
Appendix A.2 reveals that this constant K, is inversely proportional to the inf-sup
constant. So if the inf-sup constant approaches zero as h gets smaller, it may happen
that the solution becomes unbounded.)

The idea to inspect the values of the inf-sup constant as the discretization length
h gets smaller is called the inf-sup test and it is due to K. J. Bathe [Bathe, 2001], [De
and Bathe?, 2001].

It is said that a family of pairs of finite-dimensional subspaces of V.(Q) and P(Q) pass
the test if the stability criterion is satisfied:
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Py >0 suchthat lim g =B, (5.6.b)

I.e., there should exist a positive constant 5, independent of h, such that the inf-sup
constants B of all finite-dimensional subspaces V?(Q) and P* () converge to this /3.

In practice, it takes a sequence of pairs of subspaces V*(Q) and P*(Q) such that h — 0,
finding their associated inf-sup values B}, and then observing what happens to this
sequence of values. If they approach zero, then these spaces fail the test. Ideally, they
should converge to a positive value.

When constructing our meshfree subspaces for V,.(Q) and P(Q2), we consider
different choices for the local spaces VF and V¢ in (5.3.b) and (5.3.a), respectively.
These local spaces will originate global spaces V*(Q) and P"(Q) with different
characteristics, and we must find out if they pass the inf-sup test (5.6.b). In this way, we
can identify which pair of meshfree spaces form compatible pairs, in the sense that they
not only satisfy the inf-sup condition, but that they continue to satisfy it as the
discretization length gets smaller.

Some observations are in order. Does it mean that, given a problem stated in any
computational domain Q, one needs to find the inf-sup values associated with a family
of discretizations set up in Q? Ideally, yes. But in order to find the inf-sup values, one
needs to solve an eigenvalue problem, as in (4.16.n). However, solving these
eigenproblems may be a very expensive task, particularly when the number of DoF’s
involved in the problem becomes larger as h — 0. What is generally done is to apply the
inf-sup test to simple domains , [De and Bathe?, 2001], and extend the conclusions to
larger/more complicated domains. (Much in the same way as in the experimental study
of convergence rates of a given meshfree/finite element space: One usually chooses a
simple domain, find the convergence rates and then extends the conclusion to other
domains.)

In this work, the terms in the local basis are monomials. For two-dimensional
problems, we inspect meshfree spaces whose local bases are given by

Z° = span{1} (5.6.¢0)
Z! = span{1,X,,Y;} (5.6.d)
Z? = span{1,X,,Y;, X?, X,Y;, Y/} (5.6.e)
where 1 <1 < N and
X — x;
X, = (5.6. )
T
)t
Y, = . (5.6.9)
T
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Fig. 5.3. Results for the inf-sup stability test in 2 dimensions. (a) The pair Z1/Z° passes the test, as the
inf-sup values are, for all practical purposes, constant (observe how the y-coordinates are almost
constant). (b) The inf-sup values for the Z°/Z° pair steadily decrease with h, and therefore fail the test.
(c) The inf-sup values for the Z*/Z? pair also decrease with h, but not in a steady way. But even so, they
fail to converge to a positive value, and therefore do not pass the test. (d) The Z2/Z° pair also passes the
test, as the inf-sup values are almost constant (i.e., they stabilize at a positive value). (¢) The same
conclusion hold for the Z2/Z? pair: It also passes the test. (f) The values for the Z2/Z? pair decrease with
h, and therefore fail the test. (g) When the results are plotted on the same graph, it becomes evident which

pairs pass and which fail the test.
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In other words, the local spaces V¢ and V;* in (5.3.b) and (5.3.a) will be chosen among
(5.6.c) — (5.6.e). These local spaces have the same form for all patches. For example we
can take VP =Z7% 1<I<N, and Vf =27, 1 <1< N. This choice will produce
global spaces V? and V¢, that by their turn will be used in the construction of P*(Q)
and V*(Q), according to (4.19.e), (4.19.0) and (4.19.p). After we get these finite-
dimensional subspaces, the inf-sup stability test described earlier must be applied, in
order to find out if they form a compatible pair.

We have tested a number of combinations of these local spaces and applied the
inf-sup stability test. The domain Q is the square [0,1] x [0,1]. If we choose Z* for the
V£ and Z° for the VP, this combination will be referred to as Z*/Z°. The same applies
to the other choices. The result is in Fig. 5.3.

The analysis of Fig. 5.3 reveals that the pairs Z1/Z°, Z2/Z° and Z?/Z* pass the test,
since they converge to a value away from zero as the discretization h decreases. On the
other hand, the pairs Z°/7°, Z'/Z* and Z?/Z? do not pass the test. The reason is that
the associated inf-sup values steadily decrease with h, thus violating (5.6.b). The space
Z°/7° is peculiar: In addition to the decreasing inf-sup values, we get zero eigenvalues
when solving the eigenproblem (4.16.n), which indicate the presence of spurious modes.

In three dimensions, we inspect meshfree spaces whose local bases are given by
Z° = span{1} (5.6.h)
Z! = span{1,X,,Y;,Z;} (5.6.1)

where X; and Y; are as in (5.6.f) and (5.6.9), respectively, and

Z — Z .
Z, = (5.6.))

T

The procedure is analogous to that in the two-dimensional case, but the domain Q is
now the cube [0,1] x [0,1] X [0,1], and the inf-sup stability test is applied to certain
choices for the local spaces. The result is in Fig. 5.4.

According to Fig. 5.4, the pair Z1/Z° is the only one which passes the test. The pairs
Z°/7° and Z1/Z* fail the test, as the inf-sup values also decrease with h. As it happens
in the two-dimensional case, there are zero eigenvalues associated with the pair Z°/Z°.

Now that we have identified which choices for the local spaces yield compatible
pairs, i.e., pairs which satisfy the discrete inf-sup condition, they can be safely
employed in the construction of our meshfree spaces V*(Q) and P"*(Q). We can now
move on and apply them to the solution of the scattering problems. Before we proceed,
some clarification regarding the solution of the global linear system is in order.
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Fig. 5.4. Results for the inf-sup stability test in 3 dimensions. (a) The inf-sup values for the Z1/Z° are
slightly increasing, and converge to a positive value (observe how the y-coordinates are almost constant).
(b) The inf-sup values for the pair Z°/Z° steadily decrease with h, and therefore fail the test. (c) The
values regarding the Z1/Z?* pair exhibit an erratic behavior, and fail to converge to some value. It cannot

satisfy (5.6.b).
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5.3 Preconditioning

According to (4.14.z), we are led to a (sparse) global linear system of the form

Find (e,p) € C? x CM such that

o -l 570

When considering more refined discretizations, it is likely that the total number of
DoF’s will be considerably large, particularly in three-dimensional problems. By this
we mean that, in three-dimensions, the total number of DoF’s will, in all probability, be
larger than 100 000. In this way, trying to solve the system (5.7.a) by a direct method
will not be a feasible option.

The system in (5.7.a) will be solved by an iterative method. We found that the
generalized minimum residual (GMRES) method suits our purposes [van der Vorst,
2009], [Saad, 2003]. However, as it is known, iterative methods for the solution of a
given linear system may suffer from slow convergence, or even fail to converge at all.
In other words, the iterative method needs preconditioning.

The system (5.7.a) can be written in the familiar form as
Ku=F, (5.7.b)

where K is the associated sparse matrix, u is the vector of unknowns and F is a known
vector. The GMRES algorithm, when applied directly to (5.7.b), may not work
properly. The preconditioning is just a matrix M which operates as

M 'Ku = M~'F. (5.7.¢)

The solution of both linear systems (5.7.b) and (5.7.c) are the same. However, the
GMRES (or any other iterative algorithm) should work better in (5.7.c) than in (5.7.b).
In loose terms, the matrix M~1K has ‘nicer’ properties than the matrix K, which allows
the performance of the GMRES to improve significantly.

Trying to find suitable preconditioning matrices M is a very complicated
problem, and it constitutes an area of research by its own [Saad, 2003]. It should satisfy
some criteria, one of them is that the process of getting M should be more or less
inexpensive.

The matrix in (5.7.a) has a saddle-point structure [Boffi et al., 2013]. There is a
class of preconditioners for saddle-point problems, documented in the literature [Benzi
and Golub, 2004], [Benzi and Wathen, 2008], [Quarteroni, 2009]. Our choice for the
preconditioning matrix M is
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M= l (5.7.d)

A 0 l
o BDBTI
The matrix D in (5.7.d) is a diagonal matrix, whose entries are those in the diagonal of
A ie.,

_ [A);;, i=]
[D];; = { Y _ ]_ (5.7.e)
0, L+ ]
The inverse matrix D~1 is therefore very easy to compute:
_ 1/[A4];;, i=]j
(D], = { v (5.7.f)
0, N

In a sense, the computation of the preconditioning matrix M in (5.7.d) is not
complicated, and we found that it works fine in conjunction with the GMRES.

It should be mentioned that actual research of finding the single most suitable
preconditioning matrix M is beyond the scope of this thesis. Nevertheless, it constitutes
an excellent proposal for a future work.

5.4 Case studies

In all examples to follow, both in two and three dimensions, we shall always
employ the pair Z1/Z°. The reason is that the pairs described by higher order terms
produce more DoF’s. The pair Z1/Z° is the ‘simplest’ of those pairs which pass the inf-
sup test, and it is worthwhile to dedicate some attention to evaluate its performance
when applied to different problems.

5.4.1 Free-space: Error

In order to retrieve the discretization error, we consider a cubic region (0,1) X
(0,1) x (0,1) (in meters). We want to solve the problem

Find (E,p) such that

VZE+K;E+Vp=0, inQ (5.8.0)
V-E=0, inQ (5.8.h)
E=e /%3 atT (5.8.0)

This problem represents a cubic region in free-space, in which a plane wave propagates.
It does not represent a scattering problem, but it is useful as a means to extract
convergence rates, since the analytical solution to this problem is just
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Fig. 5.5. The relative error in the free-space problem as a function of the discretization length h.
E(x) = e Jko¥z,  inQ. (5.8.d)

The reason is that there are neither sources nor scatterers to disturb the field. The
variational formulation of this problem resembles that of the Navier-Stokes system. We
can apply the trace operator y¢ from (2.58), since all components of the electric field
are prescribed at the boundary (and not just the tangential components, as it happens for
the scattering problems).

The sole purpose of this example is to measure the relative error resulting from the
meshfree approximation, i.e., we evaluate

|E — Epll;2¢003
e(h) = rllzc)
NETl 203

) (5.8.e)

where E is that from (5.8.d). Of course, the relative error € is a function of the
discretization length h. So we evaluate (5.8.e) for different pairs of spaces (for the
components of the electric field and for the pseudopressure). The result is in Fig. 5.5.

Figure 5.5 reveals that the relative error decreases as h gets smaller. A linear regression
applied to the curve in Fig. 5.5 reveals that the relation between € and h is
approximately given by the form (where C is a positive constant):

e(h) = ChOo** (5.8.1)
5.4.2 Scattering of a TE? plane wave by a circular cylinder

The problem concerning the scattered field by a PEC circular cylinder has an
analytical solution, given in terms of series of Hankel functions [Balanis, 1989]. Let it
be a square region Q = (—0.5,0.5) x (—0.5,0.5) (in meters). In this region we make
make a circular hole whose radius is a = 1/6. This corresponds to the cross section of a
PEC circular cylinder of the same radius.

178



0.5+

NENTRENNEEERENENE
T J ettt
.l 1R A R D A A N A A Ay A O
N I N B B B B BN A
i RS TP [ O U O O O
ol S AU Y U O O O
ol I S S S S O L
| Lt
_0.4} | O'I_e L}_)LL)L)
os. | |l LLELL
-0.5 )0( 0.5 -0.5 -0.4 -0.3 ;;.2 0.1 0 0.1
@ (b)
SR
0.5 -0.4 -0.3 52.2 -0.1 0 0.1

—~~
O
N—r

Fig. 5.6. (a) The computational domain, comprising the circular scatterer (the cylinder cross section) and
the PML. (b) The elemental directions associated with each node. For the interior nodes, they are just the
Cartesian directions X and y. For the scatterer nodes, they happen to be the normal and tangential
directions at the location of each node. (c) In this portion of the domain, we can see the nodes in the
regular part of the distribution (represented by red circles) and the nodes in the non-regular part (blue
triangles). The nodes in the regular part are in the bulk of the domain, whereas the nodes in the non-
regular part happen to be on and around the boundaries.

We choose a wavenumber k, = 24m, which implies that the radius of the cylinder is
such that a = 24,. (4, is just the free-space wavelength.)

The width of the PML is chosen to be wpy,, = 1/12, or wpy, = A,. The incident field
E™¢ is given by

E"(x) = e JkoXy, x€Q, (5.9.a)
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Fig. 5.7. The first two figures illustrate the y-component of the scattered electric field, in volts/meter. The
region of the domain within the PML layer is not considered. (a) Numerical solution (real part). (b)
Analytical solution (real part). (c) The numerical diveregence. (d) The numerical divergence, calculated
within the sqgare in Fig. 5.7.c.

(in volts/meter) which allows the lifting function ;) to be easily calculated according to
the procedure outlined in the Section 4.3.4.

Figure 5.6.a shows the whole computational domain, and Fig. 5.6.b shows a portion of
the domain with some nodes and their corresponding elemental directions. Figure 5.6.c
shows a portion of the nodal distribution, and illustrates which nodes fall within the
regular and non-regular portions according to the discussion from Section 5.1.2.

The problem is discretized with 9192 nodes, originating a total of 61656 DoF’s. The
final linear system can be solved by a direct method. The results are in Fig. 5.7, which
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shows that the meshfree and the analytical solutions are in good agreement with each
other. The divergence is imposed as zero in the weak sense, according to 2.156.b.
Consequently, it means that the divergence is not zero pointwise (as revealed by Fig.
5.7.d), but that the integral of V - ES multiplied by any test function g, from P"*(Q) is
zero.

We can measure the error between the numerical and analytical solutions in the portion
of the computational domain Q excluding the PML region (which we can denote by
Qpp). If we express this subset of Q as Q\Qpy,., then we evaluate

IE — Enll 2c\0pp0)?

e(h) = , (5.9.b)

”E”LZ(Q\QPML)3
where || - || zq\qp,,,)? indicates that the integrations are carried out at Q\Qpy,.-

The result is in Fig. 5.7.e. A linear regression shows that the relation between € and h is
approximately:

e(h) = ChO7641 (5.9.¢)
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5.4.3 Scattering of a TE# plane wave by a conducting strip

The problem concerning the scattering of a TE# polarized plane wave by a
conducting strip is examined next. The geometry of the problem is illustrated in Fig.
5.8.

The computational domain is a square region Q = (—0.35,0.65) x (—0.5,0.5) (in
meters), in which we make a ‘hole’ of zero thickness and width b equal to 0.3. This
‘hole’ is indeed the cross-section of the strip, and occupies the interval 0 < x < 0.3,
y=0.

The wavenumber is k, = 40m; in this way, b = 64,. We choose the width of the PML
layer to be wpy,, = 0.2, which implies that wpy,;, = 44,.

The incident field is a TEZ polarized plane; the associated magnetic field H™¢ has a z-
component given by

H™(x) = Hye 7k*2, xeQ (5.10.a)

in which H, is the amplitude of the incident field (in amperes/meter). The position
vector x and the wavevector k are expressed as

x = [x,y]" (5.10.b)

k = kok = ko[ky ky] (5.10.¢)

where k = [k,, ky]T is a unit vector pointing in the direction towards which the plane
wave propagates. According to Fig. 5.8, it is given by

~  [—cos¢;
k= l l (5.10.d)

— sin ¢;

which allow us to ultimately rewrite (5.10.a) as
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Fig. 5.9. The real part of scattered electric field E*,

E® + E™°. (c) The x-

in accordance with the boundary condition governing

component. The next two figures deal with the real part of the total field E

component. Observe how it is zero along the strip,

0). (d) The y-component. The last

two figures also illustrate the shadow region behind the strip (a region not illuminated by the incident
wave). Figures (), (f), (g) and (h) bring a comparison between the meshfree and the MoM solutions.

X E =

)

the tangential component of E at the surface of a PEC (i.e
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HI"(x) = Hoejko(XCOS¢i+ySin¢i) Z. (5.10.¢e)

We are interested in the incident electric field, which can be recovered from (5.10.e) via
Ampére’s law in free-space:

V X H" = jog E™, (5.10. 1)
The result is
E™(x) = noHy(sin ¢; ® — cos ¢; )efkoxcosditysingd - x e, (5.10.9)
where 1o = \/1to/€o = 377 ohms is the vacuum impedance.

In this geometry, the PEC surface I} is just the interval 0 < x < 0.3, y = 0. The angle
of incidence ¢; is

¢;=m—m/3, (5.10. h)

and H, = 1. Our discretization takes 10201 nodes, which yields 68917 DoF’s. The
resulting linear system is solved by a direct method, and the results are in Fig. 5.9.

In order to find out if the results are accurate or not, we compare the meshfree
solutions with those provided by the method of moments (MoM). The current density
on the surface of the strip is calculated via the two-dimensional electric field integral
equation (EFIE), which is discretized with 250 piecewise constant basis functions and
250 Dirac delta weighting functions (point matching). After the current is found, the
scattered field near the strip can be calculated by suitable radiation integrals [Balanis,
1989].

The meshfree and MoM solutions are compared along two lines in the near-field region.
The first is a horizontal line defined by

L;: —0.15 < x < 0.45, y = 0.05, (5.10.1)

Some results are in Fig. 5.9.e (real part of E}) and in Fig. 5.9.f (imaginary part of E3).
The second line is vertical, and defined by

Ly x=1035  —03<y<03. (5.10.)

Figures 5.9.9 and 5.9.h bring the real and imaginary parts of £, respectively. From the
comparison between the meshfree and MoM solutions, it is clear that both methods
provide similar results to the strip problem.
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5.4.4 The spherical cavity

We now turn to three-dimensional problems. Let it be a spherical domain Q,
limited by a PEC surface T'. The radius of the sphere is simply a = 1. Our goal is to find
the eigenvalues and eigenfunctions associated with the original problem

Find (E, k&) such that

VXVXE—K:E=0 x€Q (5.11.a)
V-E=0, x€Q (5.11.b)
AXE=0xe€l. (5.11.¢)

According to the reasoning from Chapter 1, this problem becomes

Find (E,p, k3) such that

VZE+K2E+Vp =0, inQ (5.12.a)
V-E=0, inQ (5.12.b)
AXE=0 x€T, (5.12.¢)

i.e., the double curl has been substituted by the vector Laplacian and the pseudopressure
p has been included in order to couple equations (5.11.d) and (5.11.e). When it comes to
the finite-dimensional subspaces, the right choices for E,, and pj, are V*(Q) and P"*(Q),
respectively.

These finite-dimensional subspaces are the same as those from the scattering problem;
the objective of this example is to verify if the modeling of three-dimensional curved
geometries via the elemental directions yield accurate results. In weak form, the system
(5.12) becomes

Find (Ep, pp, k3) € VE(Q) x P"(Q) x R such that

j VEh:Vv;—j kSEh-v;;—j pr Vv, =0, Vv, eV2Q) (5.13.q)
Q Q Q

—f q.V-E, =0, Vg,€ P"Q). (5.13.D)
Q

The system above is an eigenvalue problem in mixed form, since it seeks to approximate
two unknowns at once, E,, and p,. The associated eigenvalues are the kZ. In order to
put (5.13) into a standard form, it can be rewritten as
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Find (En, pp, k2) € VE(Q) x P"(Q) x R such that

Q Q Q

—f q, V-E, =0, Vg, € P"(Q). (5.14.b)
QO

The theory behind eigenvalue problems in mixed form is beyond the scope of this thesis
[Boffi, 2010], [Boffi et al., 2013]. The only detail that is relevant to us here is that the
system (5.14) is well-posed if it obeys the same the inf-sup condition as that in (5.6.a).
Since the pair of spaces V() and P*(Q) constructed out of the Z*/Z° pair passes the
test, we are justified in making this choice.

Another important observation is that, as the complex-valued components of the PML
tensor are absent in (5.14), the eigenfunctions E;, are going to be real. In this way, after
the discretization process (which is carefully studied in Section 4.3), we get a linear
system of the form:

Find (e,p) € R? x R™ such that
5 olblb
B ollpl 10

From the form assumed by the entries in the submatrix A in (4.22.g), (4.23.d) and
(4.24.d), it can be observed that it is constituted by two parts,

(5.15.a)

A=14,— k2, (5.15.b)

where A and A,, are sometimes referred to as the stiffness and mass matrices,
respectively. Since kZ is an eigenvalue (and therefore unknown), the system (5.15.a)
should be rewritten as

Find (e,p, k%) € R? x R” x R* such that

I[N |
B | =k2 ~ (5.15.¢)
B ollp o ollp

which is nothing else than a generalized eigenvalue problem. After the vector of
coefficients e has been determined, the corresponding eigenfunctions E;, are found
through (4.14.f), which, after it has been worked out, becomes (4.21.1).

Figure 5.10 shows some nodes in a portion of the spherical global boundary T, together
with the elemental directions. The first eigenfunctions agree with the corresponding
analytical solutions, as will be illustrated by Figs. 5.11, 5.12, 5.13, 5.14 and 5.15. These
analytical solutions are expressed in spherical coordinates as triple products involving a
certain class of spherical Bessel functions, also known as Schelkunoff functions (which
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Fig. 5.10. (a) Nodes along the spherical surface, together with the elemental directions. (b) A zoom is
applied to a portion of the surface in order to clarify the idea.

govern the dependence on the radius r), Legendre polynomials (which govern the
dependence on the polar angle 8), and trigonometric terms (which govern the
dependence on the azimuthal angle ¢) [Balanis, 1989].

Each eigenvalue is determined by two indices: n and p (related to the p-th zero of the
Schelkunoff function of order n for the TE™ modes, and to the p-th zero of the
derivative of the Schelkunoff function of order n for the TM™ modes).

There are many modes associated to the same eigenvalue, known as the degenerate
modes. Given an eigenvalue identified by n and p, the degenerate modes can be
identified as follows: First, they are ascribed an index m such that m = 0,1,2,---,n.
Second, if m # 0, then the mode displays either even symmetry or odd symmetry. The
mode is said to be even if the dependence on the azimuthal angle ¢ is described by
cosines (i.e., by terms such as cosmg). It is said to be odd if the dependence is
described by sines (i.e., by terms such as sin mg).
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Fig. 5.11. The TM™ mode {1,1,0, —}.
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Fig. 5.12. The TM™ mode {2,1,0, —}.
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Fig. 5.13. The TM™ mode {2,1,1, odd}.
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In this way, a given mode is uniquely identified through a proper selection of 4 indices:
n, p, m, and its symmetry (even/odd).

As stated earlier, our objective here is to find out if the meshfree spaces based on
the elemental directions provide accurate solutions when applied to three-dimensional
curvilinear geometries.

According to [Balanis, 1989] and [Harrington, 2001], if the eigenvalues are arranged in
increasing order, the first two eigenvalues are associated with TM"™ modes, whereas the
third is related to TE™ modes. Since we are not interested in the higher-order modes, we
concentrate just on the TM"™ modes associated with the first two eigenvalues.

Let the four mode identifiers be assembled in a 4-tuple, as
{n,p,m, s}, (5.15.d)

where s means ‘symmetry’. We study four modes; they are: {1,1,0,—}, {2,1,0, -},
{2,1,1, 0dd}, {2,1,2,even}. The field components are converted from the spherical to
the Cartesian system, and the comparison between the numerical and analytical
solutions is shown in Figs. 5.11, 5.12, 5.13 and 5.14, respectively. A total of 9273 nodes
has been used in the discretization process, which leads to 104029 DoF’s.

The Figs. 5.11, 5.12, 5.13 and 5.14 display the field components on the surface
of the sphere. It is true that the numerical and analytical solutions also agree at the
interior volume of the sphere. In Fig. 5.15, we again consider the mode {2,1,0, —}, but
now we display the solution along the YZ plane (i.e., we take the sphere and cut it open
at the plane x = 0). At this plane, the mode {2,1,0,—} has no x-component. So the
computed y and z components are compared with their analytical counterparts.

When we compare the numerical and analytical solutions in Fig. 5.11, 5.12, 5.13, 5.14
and 5.15, it becomes evident that our meshfree spaces V*(Q) based on elemental
directions perform well when dealing with curved geometries. This is evidenced by Fig.
5.16, which measures the relative error between the numerical and analytical solutions
corresponding to the first TM™ mode {1,1,0, —} (that of Fig. 5.11):

||E{1,1,0,—} _ Eél,l,O,—}

L2 (9)3

€110} (p) = ) (5.15.¢)

| E2073] 2qys

A linear regression applied to the curve in Fig. 5.16 shows that the relation between
€119} and h is approximately given by (where C is a positive constant):

€110} (p) = ch1138 (5.15.1)
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Fig. 5.15. The TM"™ mode {2,1,0,—}.
Numerical solution. (a) y-component.
(b) z-component. Analytical solution:
(c) y-component. (d) z-component.
The vector field is illustrated in (e).
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Fig. 5.16. The relative error for the TM™ mode {1,1,0, —} as a function of the discretization length h.

5.4.5 Scattering by PEC plates

The great objective of this thesis is to develop a meshfree method able to
calculate scattered fields by PEC targets in three dimensions. This area of study has a
wide range of applications, particularly in the military (for example, in determining the
radar cross sections of flying objects) [Kwon et al., 2001]. However, realistic targets
such as missiles and airplanes require a very precise description, which usually leads to
problems with a huge number of DoF’s. In these cases, it is likely that the resulting
problem is solvable only with the help of a supercomputer.

At any rate, solving these large problems is not our goal. We are concerned here with
providing a totally meshfree solution method able to deal with this category of problem;
our purpose will be fulfilled if we show that we can solve ‘smaller’ problems in this
same category. If the method proves successful, subsequent research can concentrate on
the extension of the technique to larger problems.

We shall now study the three-dimensional scattering of plane waves by
rectangular PEC plates. We think that this example is challenging enough to serve as a
test to find out if the overall method we have been devising (which comprises the mixed
formulation, the ‘acoustic’ PML, the reuse approach in the integration of the weak
forms, the elemental directions and the preconditioning matrix) is able to solve this kind
of problem. The geometry is illustrated in Fig. 5.17; the domain Q is a box described by
the intervals (in meters):

—05<x<05 (5.16.a)
~05<y<05

—-0.16 <z<0.16
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Fig. 5.17. We can set up the standard spherical system of coordinates. In this way, any direction can be
identified by a pair of angles (6, ¢). The incident field E™ has the direction determined by 6;,. (as
indicated in the figure) and by ¢;,. = 3m/2 (i.e., along the dashed red line). In what regards the
dimensions, the plate is b X b (b in meters).

The PEC surface I} is just a zero-thickness square placed at the center of the domain:

wl
IA
wl

—0.

IA

x <0. (5.16.b)

wl
IA
wl

—0.

IA

y < 0.

(e)

7Z =

In (5.16.a), 0.16 = 0.1666 - = 1/6, and in (5.16.b), 0.3 = 0.333 - = 1/3. The free-
space wavenumber is given by k, = 18w, which implies that the width b of the plate is
such that b = 64,.

The width of the PML layer is wpy, = 1/12, or wpy, = 0.754,.
In what regards the incident field, it is a plane wave whose wavevector is

k = kok = ko[ky Ky ky]' (5.16.¢)

where k = [kx, k,, kZ]T IS a unit vector pointing in the direction towards which the
plane wave propagates. According to Fig. 5.13,

k=-7, (5.16.d)

i.e., k is just the negative of the unit radial vector. It is known that the conversion from
spherical to Cartesian coordinates is given by

k, sin6; cos¢; cosB;cosp; —sing;][k-
Iky] = Isin 0;sin¢; cosO;sing; cose; ||ke]. (5.16.¢e)
k,

cos 6; —sin 6; 0 kg
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According to (5.16.d), k., = —1, kg =0, and kg = 0. In this way, the Cartesian
components of k become

—sin Hi sin ¢i (516f)

—cos 6;

key

kx‘ l— sin 6; cos ¢;
ks

The three Cartesian components of k are completely determined by the pair of angles

(6;, ).

In the sequel, we will consider two polarizations for the incident plane wave: The TE*
polarization, whose incident magnetic field is given by

H™(x) = Hye /k¥*%, x€Q (5.16.9)
and the TM* polarization, whose incident electric field is
E™(x) = Eje /**%, x€Q (5.16.h)

The position vector x = [x,y,z]T and Ampére’s law in free-space (5.10.f) allows us to
determine the electric field associated to H™ in (5.16.9):

E™¢(x) = noHy(cos6; § —sinf;sing; 2)e /** , xe Q. (5.16.0)

So if we want to study the scattering of a TE* wave, the incident field is given by
(5.16.1). On the other hand, if the scattering of a TM* wave is needed, then the incident
field is that in (5.16.h).

The results for the TM* and TE* polarizations are in Figs. 5.18 and 5.19, respectively,
where the Cartesian components of the scattered field are plotted on a surface
surrounding the plate. The fields on this surface will later ‘induce’ equivalent currents,
which by their turn will determine the far-field behavior. This will be duly explained in
Section 5.4.6. The parameters of our simulations are in Table 5.2 below.

TABLE 5.2 —SIMULATION FACTS

Parameters TM* TE*

0; /4 /6

o; 3m/2 3m/2
Field amplitude E,=1 Hy=1
Number of nodes 27 735 27 735
Number of DoF’s 307 667 307 667

GMRES iterations 200 200

Relative residual 6.6 X 10~* 1.66 x 107*
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Real EX, numerical

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

Real Ey, numerical

0.25
0.2
0.15
0.1

0.05

(c) -0.05
-0.1
-0.15
-0.2

-0.25

-0.5 .05

Real EZ, numerical

0.2
0.15
0.1

0.05
(©

-0.1
-0.15

-0.2

-05 -05

Fig. 5.18. Results for the scattering of a TM* wave: The real part of the Cartesian components of the
scattered electric field (in volts/meter) on a surface in free-space surrounding the scatterer (i.e., the PEC
plate). (a) The x-component. (b) The y-component. (c) The z-component.
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As it happened for the strip problem in Section 5.4.3, the plate problems also do not
have analytical solutions. In order to discover if these results are meaningful or not, we
need the notion of radar cross section, to be introduced next.

5.4.6 Radar cross sections

The true meaning of radar cross sections (RCS) is discussed in [Balanis, 1989].
For our purposes, we need only the mathematical definition. In three dimensions, given
the observation angles (6, ¢5) in spherical coordinates, the radar cross-section is
defined by

, |ES(, 05,091
|E™e(rs, 05, ¢s) |
where 7 is the observation radius ;. (As 1, = o, it is expected that r, will somehow be

cancelled at the right side of (5.17.a), so that a5, will ultimately depend just on the
angles 65 and ¢,.)

o3p (Os, @) = rll_r)rgo 47y (5.17.a)

In two dimensions, the radar cross section is sometimes termed the scattering width
(SW) [Balanis, 1989], [Peterson et al., 1998]. Given the observation angle ¢, in polar
coordinates, it is defined by

|E*(ps, (nbs)lz
*|EMe(pg, ps)|?

The observation radius p; is also expected to be cancelled at the right side of (5.17.b).

o,p (@) = pli_rgo 21mp (5.17.b)

The unit of the RCS is just the unit for the area. It implies that in Sl it is
measured in square meters m2. It is usual to calculate the normalized radar cross
section

0s,
i 6 ) = 22020, (517.¢)
0
i.e., the RCS (5.17.a) is divided by the free-space wavelength squared. In this way, a3,
is dimensionless, which allows the magnitude of this quantity to be expressed in

decibels:

O-Z?D (95' ¢s) |dB =10 loglo(o';lD (95' ¢s)) (5-17- d)

Analogously, the unit of the SW is just the unit for the length, which happens to be the
meter in the SI. It is also usual to calculate the normalized scattering width

o2p(Ps) = —UZD((PS), (5.17.¢€)
Ao
which is a dimensionless quantity. When expressed in decibels, it becomes
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Real Ex, numerical

-20

-40

-60

-200
-250

Real EZ, numerical

200

150

-100
-150

-200

Fig. 5.19. Results for the scattering of a TE* wave: The real part of the Cartesian components of the
scattered electric field (in volts/meter) on a surface in free-space surrounding the scatterer (i.e., the PEC
plate). (a) The x-component. (b) The y-component. (c) The z-component.
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020 (Ps)lap = 1010g10(0-£lD(¢s))- (5.17.1)

The procedure for calculating either the RCS or the SW is extensively discussed
in the literature. It relies basically on two results from electromagnetic theory: The
surface equivalence principle and the far-field approximation [Peterson et al., 1998],
[Balanis, 1989]. We shall briefly outline the main steps.

5.4.6.1 Three dimensions

We first place an imaginary closed surface Z surrounding the PEC scatterer. (X is
sometimes termed the Huygens surface.) By this we mean that the scatterer surface I is
contained in the volume encircled by . In this work, Z is a box whose ‘size’ is larger
than I; and smaller than T,.

After we solve the scattering problem via our meshfree method, the scattered electric
field Ej, can be found at any point from the surface X. From the derivatives of Ej, the
components of the scattered magnetic field Hj, can be calculated via Faraday’s law in
free-space:

V X E} = —jwuoHj, . (5.18.a)

The surface equivalence principle says that the scattered field at a point away from the
scatterer can be determined by ‘equivalent currents’ defined over a closed surface
around the scatterer, such as X. In a version of this principle called Love’s surface
equivalence principle [Balanis, 1989], we consider the fields to be zero within the
volume encircled by X. The standard boundary conditions tell us that there are
equivalent currents flowing over X, given by

Jeq =N X Hj, (5.18.b)
M., =-RAXE;, (5.18.¢)
where J ., is the electric current density and J ., is the magnetic current density.

Let an observation point x; € R3 be represented by its spherical coordinates
(15,05, ¢s). Analogously, let any ‘source point’ x' € T also be represented by it
spherical coordinates (r',8’,¢"). The currents in (5.18.b) and (5.18.c) give rise to the
magnetic and electric vector potentials A and F:

A(xs)zﬁf Jeq@¥)— (5.18.d)
>
e —jkoR
F(x,) =ﬁf M, (x) = (5.18.¢)
>
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where R = |x; — x'|. If the observation point x; is very far from the surface I}, then the
far-field approximation can be employed. It says that, provided that k,R > 1, or more
specifically, that [Balanis, 1989]

g = /1_0, (5.18.f)

1.1 5.18
RS (5.18.9)
eJkoR  g=Jko(rs—r' cosy) (5.18.h)

The quantity 1 is the angle between the vectors x, and x'. In what regards the RCS, it is
obvious that (5.18.f) holds, since r, - o according to (5.17.a). So we are entitled to
employ (5.18.g) and (5.18.h) in (5.18.d) and (5.18.f). We get:

‘uo e_jkors . ,
A(x,) = yP— fﬁ Jeq(x") eJkor cos¥ (5.18.1)
S z
80 e_jkOrS ) '
F(x) = Er—f Meq(x,) eJkor cosy (5.18.))
s X

The scattered fields produced by the vector potentials A and F are given by

1 1
E5=—jw<A+—2VV-A)——V><F (5.18.k)

k§ o

) 1 1
H°=—-jo(F+-—5VV-F|+—VXA (5.18.1)

kg Ho

It should be noticed that the scattered field ES in (5.18.k) is not the finite-dimensional
scattered electric field E3. The field ES will be determined at positions very far from the
scatterer, whereas Ej exists only near the scatterer. The near-field E; ‘produces’ the
equivalent currents in (5.18.b) and (5.18.c), which by their turn produce the field E*°. In
a sense, E° is related to E3 . This procedure is necessary because the nodal cloud cannot
be extended to far distances (otherwise the total number of DoF’s in the problem would
blow up).

When the operator VV - is applied to 4 and F in (5.18.k) and (5.18.1), one discovers that
it gives rise to higher-order terms proportional to 1/72, 1/73, etc., and therefore can be
neglected as far as far-field calculations are concerned. So the second term from (5.18.k)
and (5.18.1) is discarded:

1
ES = —jwA——VXF (5.18.m)
0
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1
H’° = —jwF + M_V X A (5.18.n)
0

There are some observations [Balanis, 1989] that can make the reasoning easier.

First: The electric field ES is produced by a contribution from A and a contribution
from F:

Es = EA+EFJ (5180)

E = —jwA (5.18.p)
1

Ep=——VXF. (5.18.9)
€o

In the same way, the magnetic field H® is made up from two contributions:

HS:HA+HF, (5187')
1

Hy=—VxA (5.18.5)
Ho

Hp = —jwF. (5.18.t)

Second: The radiated fields E4, Hy, Er and Hp have no radial components. In
particular, (5.18.p) becomes:

(Ea)r =0 (5.18.u)

(Ea)o = —jwAqg (5.18.v)

(Ex)p = —jwAy, (5.18.w)
and (5.18.t) becomes:

(Hp)r =0 (5.19.a)

(Hp)g = —jwFy (5.19.b)

(Hp)p = —jwFy. (5.19.¢)

The (r,0,¢) in the last six expressions actually refer to the observation point

(rS' 95' ¢)S)

Third: The fields (E4, Hy) and (Ef, Hg) are TEM™, which means that

EF = —no?s X HF (519d)

po= (5.19.¢)

r.= . .e
o EA|
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The advantage of (5.19.d) over (5.18.q) is that the curl does not need to be calculated.
From (5.19.a) — (5.19.c) and (5.19.d) we get

(Ep)r =0 (5.19.1)
(Er)e = —jwnoFy (5.19.9)

The combination of (5.18.u) — (5.18.w) and (5.19.f) — (5.19.h) allows us to write the
components of E® in (5.18.0) as

(E5), =0 (5.19.0)
(ES)o = —jw(Ag +1oFy) (5.19.)
(ES)y = —jw(Ap — noFe). (5.19. k)

We can now get back to (5.18.i) and (5.18.j). If we introduce the terms

N(x,) =3g Jeq(a) ko’ cos¥ (5.20.a)
z

L(x,) = jﬁ M, (x") efkor’ cos¥ (5.20.b)
z

then the radiation integrals in (5.18.i) and (5.18.j) become

—JjkoTs

Ax;) = Z—ft N(x;) (5.20.¢)

N

SO _jkOTS
F(xs) = ET—L(XS) (SZOd)

N

We can combine (5.19.j), (5.19.k), (5.20.c) and (5.10.d) in order to discover that

]k e_jkors
(ES)g = —047(;701\/9 +Lg) (5.20.€)
S
jkoe_jkors
(ES)p =+ ppom (Lg —noNy) (5.20. 1)

Inspection of (5.20.e) and (5.20.f) reveals that we need to calculate the 8- and ¢-
spherical components of N and L. [Remember, they refer to the observation point
(75, 05, P5)]. However, the equivalent currents J., and M, are expressed in Cartesian
coordinates. So we need a conversion between these two coordinate systems. If we
represent J ., = []x,]y,]Z]T and M., = [M,, My,MZ]T, then the corresponding spherical
components can be found through
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Ir sinf; cos ¢, sinf;sing,  cosOs 1[/y]
Jo| = |[cosb;cosgps cosbssings —sinbg||]y]. (5.20.9)

® — sin ¢ oS ¢ 0 11U,

M, sinf; cos ¢p; sinf;singy  cos O 1[M,]
Mg | = |cosBscos s cosbssings —sinbs||M,|. (5.20.h)

My, — sin ¢ cos ¢s 0 | M, |

With the help of (5.20.9) and (5.20.h), the components of the vectors in (5.20.a) and
(5.20.b) become

Ng = j‘g (Jxc cos 65 cos ¢ + J, cos b, sin s — J, sin G ) eko™ cosw (5.20.1)
5

Ly = jg (M, cos 6 cos ¢s + M,, cos 6 sin s — M, sin 6;) e/ko7 0¥ (520, )
)

Ny = jg (—/x sin g5 + ], cos b ) efkor’ cos¥ (5.20. k)
X

Ly = jg (=M, sin ¢ + M,, cos ¢ ) e/ko’ cos¥ (5.20.0)
z
The phase factor jk,r' cosy also deserves attention. Because 1 is the angle between
the vectors x, and x’, the definition of dot product between two vectors gives us
x5 X" = ||xg||||x"]| cos . (5.20.m)
Since ||x]| = 1, and ||x'|| = r’, we get
r'cosy =Ty x', (5.20.n)

where #¢ has been defined at (5.19.€). In Cartesian coordinates, any source point x’ € Z
can be represented by

X' =x'X+y'y+z'2 (5.20.0)

Moreover, as the spherical-to-Cartesian conversion is given by

(Fs)y sinfgsingg cosOssing,  cospg || (Fs)g|, (5.20.p)
(7)), cos O — sin O 0 sy

and as obviously (), = 1, ()9 = 0 and (#5)y = 0,

I(fﬂs)x] Isin O, cos p; cosBscosps —sinp1[(Fs)yr

T's = sin 65 cos ¢pg X + sin O, sin ¢p; y + cos 65 2 . (5.20.9)
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In this way, from (5.20.n), (5.20.0) and (5.20.9),

ejkor’ cosy — ejko(x’ sin @ cos ¢s+y’ sin s sin ps+z’ cos 6;) (5.20.7)

Now that we are able to calculate (5.20.i) — (5.20.1), the 8- and ¢-spherical
components of the scattered electric field in (5.20.€) and (5.20.f) can be determined. The
square of the modulus of these complex-valued guantities is

kg 2
|(E9)g|? = ——|noNg + L 521.a
6 (4mr,)? |770 6 ¢| ( )
||’ - Lo — noNg|” (5.21.b)
¢ (47r,)2 0 (U

Because E* has no radial component,

kZ
|E* (15, 05, §5) | = m(mom) + L¢|2 +|Lg — n0N¢|2) (5.21.¢)
N

The incident fields in (5.16.h) and (5.16.i) are plane waves, whose amplitude does not
depend on the radial distance ry. Actually, the squared amplitude of these plane waves is
constant throughout the space R3:

|En<(r,, 05, 05)|" = W, (5.21.d)

where
W= |E|2, TM* (5.21.¢€)
Y = |noHol|*(1 — (sin6;)*(cos ¢;)*), TE* (5.21.1)

With the information provided by (5.21.c) and (5.21.d), the RCS in (5.17.a) becomes

kg

(4nr)? ¥ (|’70N9 + Lol + Lo — noN¢|2) , (5.21.9)
S

o3p (s, ) = lim 4mr,?
‘)"S—)OO
The 7,2 term gets cancelled. Furthermore, none of the integrals in (5.20.i) — (5.20.1)
depends on the distance ;. In this way, the right side of (5.21.9) does not depend on 7,
and we are safe to pass to the limit. Finally, we get the expression for the RCS:

kg

¥

030 (0 85) = 7 (InoNs + Lg|* + Lo — noNg|"). (5.21. h)

The procedure for calculating the RCS can be summarized in the Chart 5.2 below.
Chart 5.2 — Calculating the RCS

Step 1. Set up an imaginary closed surface ¥ around the scatterer.

206



Step 2. Calculate the equivalent currents J., and M., on Z, according to (5.18.b) and
(5.18.c).

Step 3. Choose an observation point (at infinity) characterized by the angles (6, ¢;).
Step 4. Calculate the phase term (5.20.r).

Step 5. Evaluate the integrals Ny, N, Lg and Ly in (5.20.1) — (5.20.1).

Step 6. Calculate the RCS in (5.21.h).

Step 7. Choose another observation point (6, ¢;) and go back to Step 4.
5.4.6.2 Two dimensions

The process for getting the scattering width SW in (5.17.b) is derived from that
of the RCS. We must refer back to the geometry in Fig. 5.8. Since the strip extends to
infinity along the z-direction, out three-dimensional imaginary surface X is not closed. It
is set up as follows. Let us place an imaginary closed curve ¢ around the strip cross-
section in the XY plane. Then we make

Y =0 X (—00,+) (5.22.a)

The expressions for the wave potentials in (5.18.d) and (5.18.e) give the values of A and
F at observation points x; € R3. In cylindrical coordinates, the observation point x can
be represented as [ps, @5, z]T, and as [xs, ¥, z]T in Cartesian coordinates.
Analogously, a source point x’ € £ has the cylindrical and Cartesian representation as
[p',¢',z']T and [x',y’, Z']T, respectively. We can write

R =|xs—x'| =/ (xs = x)2 + (ys — ¥)? + (2, — 2)? (5.22.b)
=Ips = p'I? + (2, = 22, (5.22.0)
where
Ps =X X+ Y y (5.22.d)
p=x'x+yy. (5.22.¢e)

The potentials A and F become

(x,) Ho ) e—jk0\/|P5—P’|2+(zs_Z')2
s _j; Jeal® dx (5.22.1)
S 47T 5 eq \/Ips _ pllz + (ZS — Z’)Z

SO e_jkO\/lpS_p’|2+(ZS_Z,)2
F(x)=—j€ M,,(x") ax. (5.22.9)
RN P Ak
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Since the geometry of this problem is invariant along z, the equivalent currents J,, and
M., do not depend on z, i.e., Joq(x") = J.q(p") and M ,(x") = M,,(p"). Moreover,
the differential element dX is equal to dodz’, where do a differential length along the
curve o. Then,

+oo  p—jkoylps—p'I2+(zs—2")>

—o0 /1ps = P17 + (25 — 2)?

A(xy) =Z—;j£ ]eq(p’)< dz’)da (5.22.h)

+oo o—jkoylps—p'|2+(zs—2")?

_ % ' ' .
F(x,) = 4ﬂ£ Meq(P)< o NpopPr Gy dZ)dO’ (5.22.1)

It is known that [Balanis, 1989]:

+oo  5—jkoylps—p'12+(z5-2")?

r_ (2) L )
—o0 \/lps_pllz‘l‘(Zs_Z’)de = —juHy" (kolps —p'D),  (5.22.))

where Héz)( -) is the Hankel function of the second type. In this way,

ACx s)——]ﬂ36 Jea (@) H? (kolps — p' D)o (5.22.K)

F<x5>———36 Meq(p) HE (Kolps — p'do. (5.22.1)

For very large arguments, it is known that the Hankel functions satisfy [Balanis, 1989]:

2 _j(pnmm
HP (1) ~ /Ee (e 4), as t > o, (5.22.m)

Since e/™/* = ﬁ when we take n = 0 in (5.22.m), we get

j , e~ Jkolps—p'|

A(xs) = Ho Fkoi ]eq(p )mdg (S.ZZ.TL)
e~ Jkolps— pl

Fe) =20 [g2f Mool NSt (5.22.0)

When the observation point is very far from the scatterer, i.e., when ps is large, it holds
the approximation

1 1 (5.22.p)
— _~— 22.p
Ips —P I Ps

e—Jkolps=p'| ~ p=iko(ps—p' cos(¢s—4")) (5.22.9)
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Substitution of (5.22.p) and (5.22.q) into (5.22.n) and (5.22.0) leads us to

] ]kops
Axs) = o g jg Jeq(p") ko c0s(9s=9)dg (5.22.7)
0
j e_jkops

F(xg) = jg M., (p") efkocos(@s=9)dg,  (5.22.5)

o 8rk, \/Z

Now it can be verified that no term in the right side of the integrals above depend on the
z, coordinate. We can rewrite (5.22.r) and (5.22.s) as

) ] Jkops
A( ————N(py) 5.22.t
ps Ho 8 kO \/—5 ps ( )
( ) ] e Jkops ( )
F g —L 5.22.u
ps 0 8 kO \/—S ps ( )
where
N(ps) =35 Jeq(p") e7kocos(95=#)dg (5.22.v)
g
L(py) =j€ M, (p") e/kocos(9s-¢")qg (5.22.w)
o

The equivalent currents J,, and M., depend on the source points p’ € o. These
currents in principle have three components, according to (5.18.c) and (5.18.d). Their
conversion into spherical coordinates is given by (5.20.g) and (5.20.h). This allows us to
calculate Ng, Ny, Lg, and Lg:

No = 55 (Jx cos 65 cos s +Jy cos B sin s — ], sin 6 )e*ocos(#s=¢)  (5.23.0)
o

Lo = jg (M, cos 6, cos ¢ + M,, cos B sin ¢g — M, sin 6 )e/ko0s($s=¢") (523, p)
g

Ny = jﬁ (=Jxsin s + ]y cos ;) ¥o cos(#s=4") (5.23.0)
g

Ly = % (=M, sin ¢s + M,, cos ¢ )e/*o cos(¢s-9") (5.23.4)

In what regards the spherical components of the scattered electric field, the same
expressions as those of (5.19.j) and (5.19.k) apply here:
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(E9)p = ~jw(Ag —ToFs). (5.23.)

With the help of (5.22.t) and (5.22.u), the two expressions above become

( ) ] e_jkops ( )
E®)g = —jwegny |[=—— NoNg + L (5.23.9)
8rk, \/Z ¢

] e_jkops
(ES)y = —jwe ———— (noNy — L 5.23.h
¢ JWEGNo 81k, \/Z (770 ¢ 9) ( )

Since E° has no radial component, and because no quantity depends on the zg
coordinate,

kO 1 2 2 .
ES(po)]? = gg(lnol\’e + Ly|" + |Lg — noN,| ) (5.23.1)
According to (5.10.9), the square of the modulus of the incident field E™€ is simply

. 2 .
[E™(ps)|” = InoHol? (5.23.))
From the definition of scattering width SW in (5.17.b), and (5.23.i), (5.23.j),

kg1 1

- 2 2
"psﬁﬁmoyop(ho]"e +Lg| + |Lo —moNg|")  (5.23.k)

02D(¢s) = pliinoo 2

The distance pg gets cancelled in the right side, which allows us to pass to the limit as
ps — ©o. Since no term in the right side of (5.23.k) depends on p,, the SW depends just
on the observation angle ¢.. We finally get

02 (bs) = 7 (InoNs + Lol + |Lg = noNy|") (5.23.1)

0

ImoHol?

The procedure for calculating the SW can be summarized in the Chart 5.3 below.
Chart 5.3 — Calculating the SW

Step 1. Set up an imaginary closed curve o around the scatterer.

Step 2. Calculate the equivalent currents J., and M., on g, according to (5.18.b) and
(5.18.c).

Step 3. Choose an observation point (at infinity) characterized by the angle ¢.
Step 4. Evaluate the integrals Ng, Ny, Lg and Ly in (5.23.a) — (5.23.d).

Step 5. Calculate the SW in (5.23.1).
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Step 6. Choose another observation point ¢,.and go back to Step 3.
5.4.6.3 Physical Optics

In order to find out if the solutions to the scattering problems in Sections 5.4.3
and 5.4.5 are reliable, we need to compare the results with some standard. These
problems lack analytical solutions, and so we need another standard to compare with.

In this work, we are going to compare the results provided by our meshfree method with
those from the physical optics approximation (PO).

The problem regarding the scattering of waves by PEC obstacles is of much
practical concern, and there are alternate methods by which they can be formulated. The
physical optics is one of them.

When trying to find the scattered fields, one needs the current distributions on the
surface of the PEC obstacle. If the current is known, then the vector potentials, and
consequently the scattered fields, can be found via radiation integrals such as (5.18.d).
However, if the obstacle is not an infinite and flat PEC surface, then the current density
is generally unknown. For more general geometries, and when the only available
information besides the geometry of the target is the incident field, one can find suitable
approximations for the current densities. Once these are found, the scattered fields are
calculated through (5.18.d).

In the physical optics approximation, given the geometry of the conductor (with the
normal 7 defined almost everywhere on its surface) and the incident field (E™¢, H™),
the current density at the surface of the PEC obstacle is taken as

Jpo = 20 X H™ | (5.24)

The approximation provided by (5.24) is meaningful, provided the scatterer is
electrically large.

In what regards the physical optics approximation, this is all we need to know in this
work. More details and an extensive explanation can be found in [Balanis, 1989].

For the problems discussed in this chapter (the scattering of plane waves by
conducting strips and plates), the physical optics approximation provides closed results
for the radar cross sections. In a sense, the RCS calculated by PO and those resulting
from the ‘full theory’ agree with each other near the specular direction. (By specular
direction it is meant the direction along which the incident wave is reflected by the
conducting surface.) The predictions of the PO become less accurate away from the
specular directions. One of the reasons is that, since the PO employs the approximation
(5.24), which is valid only when the flat conductor is infinite, when in reality it is not,
the PO fails to take the edge diffraction effects into account. But the results from the PO

211



are accurate near the specular directions, and as such provide a standard against which
we can compare the results of our meshfree calculations.

Although the predictions of the PO do not match exactly those from the ‘full theory’ as
described above, they can nonetheless be used as standards against which results
provided by another numerical method can be compared [Heldring et al., 2002].

The results concerning the PO approximations for the geometries in the
problems that interest us are taken from [Balanis, 1989] and are summarized in Table
5.3 below.

TABLE 5.3 — PHYSICAL OPTICS APPROXIMATION

Problem PO Expression

2nb? /. sin X\ 2
Scattering of a 020 (¢s) =T<SIH¢ST) (5.25.a)
TE* plane wave °
by a PEC strip kob
(Section 5.4.3) X === (cos s + cos ¢) (5.25.b)

o3p (05, ¢s) = 4m (i—:)z Z (Si;X)Z (Si; Y)z (5.26.a)

Scattering of a

TM* plane wave Z = cos? 0; (cos? 6, cos? g + sin? ¢;) (5.26.b)
by a PEC plate kb
(Section 5.4.5) X = % sin 6, cos ¢ (5.26.¢)
kob : .
Y = - (sin B, sin ¢pg — sin 6;) (5.26.d)

03p (85, ) = 4m (i—:)z Z (51;}()2 (Si; Y>2 (5.27.a)

Scattering of a Z = cos® 0 cos® ¢ + cos® s (5.27.b)

X
TE* plane wave kob

by a PEC plate X = ——sin 6, cos ¢, (5.27.¢)
(Section 5.4.5) 2

kob : :
Y = - (sin O, sin ¢ — sin 6;) (5.27.d)
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The RCS (and the SW) for each case has been calculated twice: First, we
calculated the near-fields through our meshfree methods and from them we obtained the
RCS (and the SW) via the procedure outlined in Charts 5.2 and 5.3. Second, the PO
approximation to the RCS (and the SW) has been calculated from the expressions in
Table 5.3. The results are in Fig. 5.20.
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Fig. 5.20. Radar cross sections. (a) The normalized scattering width (SW) in decibels, according to
(5.17.1) for the bi-dimensional strip problem. The observation angle ¢; is like that indicated in Fig. 5.8.b.
(b) The normalized radar cross section (RCS) in decibels, according to (5.17.d) for the three-dimensional
scattering of a TM* wave by a PEC plate. (c) Normalized RCS in decibels for the scattering of a TE*
wave by a PEC plate. In the last two figures, the RCS is calculated in two regions, and the results are
separated from each other by a blue line at the center of the graph. In region 1 (at the right of the blue
line), ¢ = 90° and 0 < G, < 90°. In region 2 (at the left), ¢, = 270°and 0 < 6, < 90°.

The results provided by the ‘full theory’ and the PO approximation agree with
each other in the vicinity of the specular directions. When we consider directions away
from the specular directions, there is still some concordance between the curves,
particularly in what concerns the relative positions of the maxima and minima. The
overall behavior of the two curves, in a sense, corresponds to what has been predicted
earlier.
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Chapter 6

Conclusions

6.1 Concluding remarks

We have finally arrived at the end of this thesis. Our primary objective was to
find a nodal meshfree method aimed at solving vector problems in electromagnetism
subject to the divergence-free constraint. The method of finite spheres, which relies on
the partition of unity paradigm, provided a solid basis for the construction of our
method.

As the work evolved, we felt that the task would be more mathematically demanding
than we initially thought. We had to choose carefully which function spaces would be
used and the right formulation to be employed. But that is not all: After the formulation
had been established, it was necessary to show that it is consistent, or, as it is said, that
it is well-posed. At precisely this point we realized that, if we were to actually provide a
good formulation, it should be justified. And to justify it, we had to resort to concepts
available only at a somehow higher mathematical level.

In a sense, we had to construct a ‘theory’ to justify our formulation. Fortunately, it was
not necessary to begin from the scratch: We took the theory already developed for the
Navier-Stokes system and adapted it to the wave scattering system, which is what
ultimately interests us here.

Now that the work is complete, it can be observed that the theoretical aspects fit our
meshfree method, and vice-versa. This is not coincidence: It was planned to be so.
Moreover, the forms assumed by the theory and by the method were not conceived at
once. We began with an aspect of the theory, and found that it needed some adjusts to
fit the numerical method. In the same way, some aspects of the method had to be
modified in order to accommodate the theoretical requirements. It took some time to
figure out all the adjustments that had to be made so that the theory and the method
could match each other.

The examples show that the method works well when applied to problems concerning
the electromagnetic wave scattering by conducting objects in three-dimensions. The
application of our method to the scattering by metallic plates can be viewed as a
template: Any problem in this category can be solved by exactly the same way
described in the thesis. Of course, more complicated targets will demand more
computational power. But even more important is the fact that we have found a way to
do it, i.e., we have now a recipe about how to solve such problems.
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So that is it. When we trace a line going from our earlier works to the point
where we are now, we are able to conclude that a formidable progress has been made.
Much has been learned along the way, and we are grateful for all the knowledge
gathered during these Ph.D. years.

6.2 Future work

Of course, there are some points raised during the development of this thesis that
have not been addressed. We identified at least three of them, which are worth
considering in future works.

6.2.1 The tangential trace operator

According to Section 2.1.4, there is a trace operator
Y6 H'(Q)® —» HY2(T)3 (6.1)

which is used in connection with the non-homogeneous Dirichlet boundary conditions
in the Navier-Stokes system. It says that, when we know all the three components of the
velocity field u at the boundary T, i.e., when we know that u =g at I, if g is an
element of H/2(I')3, then one can find a function u? € H*(Q)? such that y4u9d = g.
Since the velocity field u and w9 are in H(Q)3, we can form the decomposition (2.78),

u=u’+ud (6.2)

thus allowing the problem to be formulated in terms of u°, which obeys homogeneous
Dirichlet conditions on all its components (i.e., all components of u° are zero at I').

Analogously, in Section 2.2.3.4, there is a trace operator
Y+ H(curl; Q) - Y(I), (6.3)

which is used in connection with the non-homogeneous Dirichlet boundary conditions
in the traditional formulation for the scattering system. When we know the tangential
component of the scattered electric field E° at T, i.e., when we know that 2 X ES = g at
T, if g is an element of Y(I'), then we can find a function u9 € H(curl; Q) such that
y:u? = g. Since both ES and u9 are in H(curl; 1), we can form the decomposition

ES=E°+u9, (6.4)

thus allowing the problem to be formulated in terms of e°, which is such that y,e® =
nxe*=0atr.

Both trace operators from (6.1) and (6.3) are backed by well-established
theories. But as discussed in Section 2.2.3.4, what we really want is a characterization
of the ‘inverse’ of the tangential trace operator
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Ye: HY(Q)® - Y (D). (6.5)

The operator in (6.5) operates in the same way as the operator in (6.3). Since H1(Q)3 c
H(curl;Q), it is just a restriction of the operator in (6.3) to those functions from the
subspace H1(Q)3. We are interested in the opposite question: Given an element g from
Y ("), can we find an element in the more regular space H*(Q)3 whose image under y,
is g? According to the reasoning from Section 2.2.3.4, it is not unreasonable to expect
that. Moreover, as it was shown, for any g € Y(I') we can find a function in H1(Q)3
whose tangential trace is arbitrarily close to g.

This does not satisfy us: We want a formal proof concerning the existence of the trace
operator in (6.5). Maybe such trace operator exists from H1(Q)3 into a subspace of
Y (). But which subspace? Moreover, maybe there are classes of domains Q for which
the operator in (6.5) is well-defined. But which classes?

In order to find an answer to these questions, we need to delve deeper into the theory of
traces in Sobolev spaces.

6.2.2 Complex eigenvalues
In Section 3.3.6.7, we argued that the eigenproblem in (3.77.d)

Find w, € X° such that
f (K-Vwa):Vv*:af w, v, Vv e X°. (6.6)
Q Q

is likely to admit complex eigenvalues o, due to the complex-valued components of the
PML tensor A at the left side of (6.6). We want a formal proof of this fact. If we find it,
then it follows that the free-space wavenumber k3 will never be an eigenvalue of (6.6),
since it is a real number.

We believe that the answer will ultimately be provided by some argument from spectral
theory.

6.2.3 Preconditioning

In section 5.3, we presented some discussion about the role of preconditioning
matrices in the solution of large linear systems. We managed to find a cheap
preconditioner, the matrix M given by (5.7.d):

A 0
U - (67)
0 BD BT

The experimental results from Section 5.4 show that the GMRES together with the
preconditioner in (6.7) was able to converge and deliver the right results in a reasonable
number of iterations. One may ask: Is there another preconditioner that, when employed
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in conjunction with the GMRES, is able to provide the correct answer but in a
significantly smaller number of iterations? Suppose such a preconditioner exists. Is it as
easy to construct as that in (6.7)?

Insight into these questions can be gained if more investigations are made in what
concerns the use of preconditioners in the solution of sparse linear systems.
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Appendix 1
Theorem 3.8

Theorem 3.8 concerns the well-posedness of non-coercive problems. It is
restated below for convenience.

Theorem 3.8: Non-coercive problems — Suppose the following hypotheses are true:

(i) V and H are two Hilbert spaces satisfying the requirements of Theorem 3.7, i.e.,
Vo H.

(ii) The map I,_ is compact, i.e., I,y € K (V,H).
(iii) a(-, - ):V x V — Cis a continuous sesquilinear form.

(iv) The sesquilinear form from item (iii) satisfies the property: There exist constants
n > 0 and x, = 0 such that

Re{a(u, W)} + Kolllyon WG = nllullf. vuev (3.65)
It can be concluded that if the solution to the homogeneous (zero-data) problem

Find u € V such that
a(u,v) =0, Vv EV (3.66)

is the zero element u = 0y, then it is true that:
(a) The solution to the general problem

Find u € V such that
a(w,v) =(F,v)p=y, VVEV (3.67)

exists and is unique for every functional F € V™.

(b) The solution u from (a) depends continuously on the data, i.e., there exists a positive
constant Cr4 such that

1y Wy < CrallFlly+ (3.68)

Proof: The first part is devoted to proving existence and uniqueness of the solution. The
second part deals with the boundedness (continuity) of the solution.
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Part I: Existence and Uniqueness
Let it be the original problem (3.64):

Find u € V such that
a(u,v) =(F,v)y+y, VVEV (A1.1)

Of course, we can add the same quantity to both sides in (41.1) and get the equivalent
problem:

Find u € V such that (A1.2)
a(u, U) + Ao(IV_,H(u), Iv_)H(U))H = <F, U)V*,V + Ao(IV_)H(u), IV_)H(U))H Vv € V

Since u and v are in V, they are transferred to H via I,_,, and an inner product of their
images in H is formed and added to both sides in (A1.2). Applying Theorem 3.7 in the
inner product at the right side in (A1.2) [by making w = I,,_,5(u)] we get

Find u € V such that (A1.3)
a(u,v) + 4o (IV—>H(U-): IV—>H(17))H =(F,v)yry + AT o Iy,y (W), v)y+y ,VV EV

Moreover, according to Theorem 3.7, the operator T in (A1.3) is an element from
L(H,V*),i.e.,

T € L(H,V*) (A1.4)

Hypothesis (ii) says that I, € K (V, H). This hypothesis together with (41.4) above
and Theorem 3.5 imply that

Jyops =T olyy €KWV, VY, (A1.5)

i.e., the map J,_,~ is compact. So (41.3), it gets simplified to

Find u € V such that (A1.6)

a(u,v) + /10(1V—>H(u)' IV—>H(V))H =(F,v)yry + Aoy (W), V)y+y , YV EV

and consequently to

Find u € V such that (A1.7)

a(u,v) + Ao (lyop (W), Iy (V))H =(F + AoJy—y(W), v)y+y ,VV EV

In the left side of (A1.7), if we fix u, the map

a(u, )+ AO(IV_,H(u),IV_,H( . ))H: V-C (A1.8)
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is linear and continuous. Linearity is obvious. In order to see that it is continuous, the
triangle inequality says that for any v € V/,

|au,v) + 2o (LW, Iy o @), | < 12, v)] + [Ag by (), Lyon @), | (419)
< agllullvlivily + 2olllyn WIlxlllysp(W)llg  (A1.10)
< agllullyllvily + 2C A Nullyllvlly (A1.11)
< (agllully + 20C2Mully)Ivily (A1.12)

In (A1.10), the definition of continuous sesquilinear forms (3.3) have been used, and
also the Cauchy-Schwarz inequality regarding the inner product in H. In (A1.11), C, is
just the embedding constant from (3.60). Inequality (A1.12) allows us to conclude that

|a(u, v) + Ao (Iyn (W), IV—>H(U))H|

lvlly

< agllully + A,CAully, Vv € V\{0} (A41.13)

and consequently that

|a(u, 17) + ﬂ.o (IV—>H(u)! IV—)H (U))Hl
sup

< (a, + 2,C.)|ull Al1.14
vev\{0} lvlly ( “ oe ) v ( )

But the left side in (3.66.n) is just the definition of the norm in V*. Then,
|laGer )+ 20(ty-n @ty (), || . < (@a + 2P lully,  (4L.15)

and continuity has been proved. Let us call the map (41.8) by Lu, since u has been
fixed. Then, Lu € V*, defined as:

(L, v)yry = a(u,v) + Ao (I oy (W), Iy g (v))H, VvEV  (A1.16)
Expression (A1.15) then means that
ILully+ < (eq + 20Ce*)llully. (A1.17)

We now investigate how Lu depends on u, which had been fixed. In a sense, there is an
operator L which maps u € V to Lu € V*. From (A1.16), it is clearly linear in u, i.e.,

L(ajuq + ayuy) = a Luy + ayLlu,, inVr, (A1.18)

where @, and a, are arbitrary complex numbers. The operator L is also bounded, as

Il Lully+ 2
LIl v+ = sup < ag + 4,C.7 (A1.19)
uev\{o} [[2elly

with the help of (41.17). Since L is bounded and linear, then L € L(V,V™).
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Employing (A1.16), problem (A1.7) assumes the form
Find u € V such that
(Lu, v)y=y = (F + AoJysp~(W), v)y+y, VVEV (A1.20)
In operator form, (A1.20) becomes

Find u € V such that
Lu=F+ AyJyop(uw), inV* (A41.21)

In order to solve (A1.21), the operator L € L(V,V™) must admit an inverse, i.e., L must
be one-to-one. We claim that L is one-to-one. To show that L is one-to-one is the same
as to show that

Ker L = {0y}, (A1.22)
i.e., that the kernel of L is just the zero element from V. So let us analyze the kernel
Ker L={w €V |Lw =0y~ inV*}. (A1.23)
Suppose w € Ker L. Then Lw = 0y~ in V* and consequently, with the help of (A1.16),
(Lw, )y y = aw,v) + Ao(lysy W), Iy (1)), = Oy, V)yry =0, Vv EV (A1.24)
Sincew € V, take v = w in (A1.24). One finds that
a(w,w) + Ao(ly-uy (W), Iy y(W)),, =0, Yw €V (A1.25)

Expression (A1.25) means that both real and imaginary parts of the left side are equal to
zero. It is given that 4, is a positive real number; moreover, (1,5 (W), I,z (w)) is also
a positive real number, since it is the inner product between the same quantities. So the
real part of the left side in (A1.25) becomes

Re{a(w, w)} + Aol W13 = 0. (A1.26)

But if we take the hypothesis (iv) from Theorem 3.8 into consideration, we form the
expression

Blwlly < Re{a(w,w)} + Aolllys(WIIF =0, (A1.27)

which implies that g|lw||Zz < 0 and consequently ||w||% = 0, since g is a positive real
number and the norm squared can never be smaller than zero. Of course, ||w||% =0
implies that ||w||, = 0, and from this we conclude that w = 0, by one of the norm
axioms. We have just proved that, if w € Ker L, then w = 0y, which is the same as
saying that Ker L = {0, }. So (41.22) has been established as a truth, and consequently,
the inverse operator L1 exists.
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We may inquire more about the inverse operator L~t. We may ask: Is it linear and
continuous (bounded)? In other words, is it true that L= € L(V*,V)? Yes, it is true. To
see that it is linear, we recall (A1.16) and notice that, given an arbitrary functional
g' € V*, the action of the inverse operator is characterized by

w=L1g o awv)+ AO(IV_,H(W),IV_,H(U))H =(g,v)y=y, VVEV (A1.28)

So let us consider a functional g; € V*. Then consider the problem of finding a w, such
that

a(Wl, v) + AO(IV_)H(Wl)’IV_)H(U))H = (gi, v)V*,V ) Vv € V (A129)

which according to (A1.28) is equivalent to w, = L™tg;. Multiply (41.29) by an
arbitrary a; € C and get

a(aywy,v) + AO(IV—>H(“1W1):1V—>H(V))H = (191, V)vry, YVEV, (A130)

since the sesquilinear form, the inner product, the embedding map and the duality
pairing are all linear. According to (41.28), this is equivalent to a;w; = L™ a; g;. Take
now another functional functional g; € V* and find a solution w, to the problem

a(wy,v) + AO(’V—)H(WZ):IV—)H(U))H =(92,V)yry, YVEV, (A1.31)
which is equivalent to w, = L™1g,. Multiply (41.31) by an arbitrary a, € C and get
a(ayw,,v) + /'lo(lv—w(“zwz): IV—>H(V))H =(az92, V)y+y, YVVEV, (A1.32)

which is equivalent to a,w, = L™1a,g5. We now sum (A41.30) and (41.32) and arrive
at

a(aywy + aw,,v) + AO(’V—)H(“lwl + “2W2)'IV—>H(U))H =
(a1 g1 + azgs, Viyey, YvEV  (A41.33)

which is equivalent to a;w; + a,w, = L™ (a, 97 + ayg5). But w, =L tg; and
w, = L™ 1g5, so we finally get that

L™ (a191 + a295) = ay L7 g1 + ;L7 g5 (A1.34)

Linearity of L™1 has been established. In order to find out if L= is continuous, we refer
back to (A1.28) and begin by observing that

a(w,v) + AO(IVAH(W)’IV—)H(U))H| = |<g',v)v*,v , YvevV (A1.35)

By making v = w, it becomes

la(w, w) + Ay WIIE] = |<g',W>V*,V (A1.36)
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Since g’ is an element from VV*, it is bounded, i.e., ||g’||,+ is finite, and moreover,

(g whvy| < Nlg'llv+lwlly (A1.37)

Also, the real part of a complex number is smaller than or equal to its modulus, so we
get

Re{a(w, W)} + Ay WIIE < lalw,w) + Aol Ty W) (A1.38)
From (A41.38), (A1.36) and (A1.37) we conclude that
Re{a(w,w)} + Aolllyu WMIIE < llg'llv+lIwlly (41.39)
Hypothesis (iv) from Theorem 3.8 then reveals that

BlIwlly < llg'lly+liwlly (A1.40)

or
1 !
Iwlly < < llg'llv-, (A1.41)

According to (41.28), w = L 1g’, and g’ is an arbitrary element from V*. So it is true
that

1
IL7 gl <z llg'llv-, Vg €V, (A1.42)

which allows us to conclude that

_ I g'lly 1
I ey = sup ———< z< (A1.43)

g'ev*\{o} g’ Il

as B > 0. In this way, the continuity of L= has been established. Since L™ is linear and
continuous, L~ € L(V*, V).

We now apply L™1 to (41.21) and get the equivalent problem

Find u € V such that
u=L1F+ L7 o Jyys(u), inV (A1.44)

Problem (A1.44) can be rewritten as

Find u € V such that
(IV - AoL_l °]Vﬁv*)u = L_lF, inV (A145)

Since Jy_y+ € X (V,V*), from (41.5) and L™t € L(V*, V), then L™ o J,_,» € K (V, V),
according to Theorem 3.5.
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We are at a position to apply Theorem 3.6. When applied to the compact operator
ALY o Jy_p, it says that

Ker(ly — AoL™" o Jy_y) = {0y} © Ry — AL o Jyy) =V (A1.46)
We are particularly interested in the implication =, which says that
If KeT'(IV - AoL_l °]V—>V*) = {Ov} then R(IV - AoL_l °]V_)V*) =V (A14‘7)

Expression above means that if the operator I, — 2oLt o J,,_,+ is injective (one-to-
one), then its range is the whole of V, i.e., the aforementioned operator is also
surjective. Therefore injectivity implies surjectivity, or in other words, uniqueness
implies existence. Let us characterize Ker(I, — 2oLt o J,,_,+). From the definition of
kernel:

Ker(ly — AgL™ o Jyy) ={u €V | (Iy = 2L o Jy_y)u = 0} (A1.48)
= {u ev | u— AoL_l ojvﬁv*u = 0} (A149)
= {u ev | u = /10L_1 °]V_)V*u} (A150)

Operating with L € L(V, V™) on both sides of (41.50),
={u€eV|Lu=2AJy_pu inV*} (A1.51)
= {u € V | <Lu, U>V*,V = Aouv_,v*u, U>V*,V ,VU € V} (A].SZ)

From the definition of (Lu,v)y~, in (A1.16), from Theorem 3.7 [by making w =
Iy ()], and from J,_,,~ in (A1.5) we arrive at

= {u eVi]a(uv)+ AO(IV_,H(u),IV_)H(v))H = (A1.53)

AO(’V—)H(u):IV—)H(U))H ,Vv € V}
Finally,
={uevia(wv)=0,vv eV} (A1.54)

Let us now characterize R(I, — AgL™ o J,y+) in (A1.47). When we say that R(I, —
AoL™1 o Jy ) =V, it means that

VZzEV FueV (Iy — AL oy )u=2z (A1.55)
VzEV AueV u— AL o], pu=z (A1.56)
Operating with L € L(V, V™) on both sides of (41.56),
VzeV Fu€eV Lu— AgfJy_yu =Lz, inV*, (A1.57)
VzeV JueV (Lu,v)y<y — Jyspw, V)py =Lz, v)y+y, YVEV (A1.58)
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From the definition of (Lu,v)y«y in (A1.16), from Theorem 3.7 [by making w =
Iy y(w)], and from J,,_,~ in (A1.5) we arrive at

VzeV JueV a(uwv)=(Lz,v)y~y, YV EV. (A1.59)
Let F € V* be arbitrary. Then L™*F € V. If we make z = L™F in (41.59), we see that

JueV a(w,v) =(LoL™'F ,v)y~y, VVEV. (A1.60)
Since L o L™ is just the identity operator on V* and F € V* is arbitrary, we get

VFeV* JueV a(u,v) =(F,v)y~y, VVEV. (A1.61)
This is the conclusion we get from the fact that R(I, — AL~ o Jy_p+) = V.

The main result we proved was (41.47). We have shown that the kernel which appears
at the left side from (A1.47) is given by (A1.54), whereas the conclusion R(I, —
AoL™1 o J,Ly+) =V implies (41.61). Graphically,

Ker(ly —AgL™ o Jyp) ={0y} = Ry —AL7leoJyp) =V

I U (A1.62)

fueV]aluv)=0,vv eV} (A1.61)

Saying that {u € V |a(u,v) =0,vv € IV} is equal to {0,} is just to state that the
solution to the homogeneous (zero-data) problem

Find u € V such that

a(u,v) =0, VvVEV (A1.63)

is the zero element u = 0. And (41.61) is equivalent to saying that the solution to the
general problem

Find u € V such that
a(u,v) =(F,v)p~y, YVWEV (Al.64)

exists for every functional F € VV™*,

Therefore, if we prove that the solution to the homogeneous problem (A1.63) is 0y
(which is the same as proving the uniqueness of an eventual solution), it automatically
follows that the solution to the general problem (A1.64) does indeed exist for any
‘source’ F. Again, injectivity implies surjectivity. If we prove injectivity, then we get
injectivity plus surjectivity, which is a very positive scenario.
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And thus, conclusion (a) from Theorem 3.8 is proved.
Part I11: Boundedness (Continuity)

We now suppose that the solution to the homogeneous problem (3.63) is the zero
element u = 0, so that we know that the solution to the general problem (3.64) exists
and is unique forany F € V™.

The claim that such a solution depends continuously on the data F € V* means that
ACpa >0 VF €V |[lyoyWlly < CrallFlly-, (A1.65)
where u is the solution to

Find u € V such that
a(uw,v) =(F,v)y~y, YVEV (A1.66)

In (A1.65), Cr4 is a positive constant independent of u. Suppose (A1.65) is not true.
Then the negation of (41.65) is

VCry >0 IF €V* |[lyog(Wlg > CrallFlly~. (A1.67)

It means that for any choice of a positive Cr4, there is a corresponding F € V* such that
Iy lg > CrallFlly+, where u is the solution to (41.66). Now take successively
Cpq = 1,2,3,-:+,n,--+, i.e., we consider each natural number as a choice for Cr4. We
deduce the existence of a sequence of functionals {F, };—; < V* such that for each F,,

1lvon @l > nllFyly- (A1.68)

where u,, is the solution to

Find u,, € V such that
a(uy, v) = (F,v)y=y, VVEV. (A1.69)

So we have got first a sequence of functionals {F,},-, < V*, which produces a
sequence {u,}n=1 < V, which finally produces another sequence {I,_y(u,)}neq1 € H,
whose elements are related to the elements of the original sequence of functionals
through (A1.68).

If any member E, is multiplied by a scalar y, then wu,, is also multiplied by y, since
(A1.69) is a linear problem. As the embedding map I,_y is also linear, I,_y(yu,)
becomes y I,y (uy,).

For each n € N, we multiply F, by the inverse of ||I,y(u,)||y, i.e., we form a new
sequence of functionals {G,, }n=, < V*, where

1

G = —
" ”IV—>H(un)”H

E,. (A1.70)
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The sequence of functionals {G,},—, obviously produces a new sequence {w,},—, € V,
where w,, is the solution to

Find w,, € V such that
a(wy,v) = (G, V)y+y, YV EV. (A1.71)

Of course, w,, is just u, divided by ||I,_z(u,)|ly. This sequence {w,},~, finally
produces a sequence {Iy_y(wW,)}n=, < H, for which

Uy 1
1ﬁ(w)=1%( ): ow(w)  (AL72
v W) = b (ST ) = T on Gy o) (AL72)

Then, for each n,

1
Uy Wl = Iy )l > —————nl|Eylly, (4173
vonWillls = Sy Wv-n Wdllls > =i il (41.73)

where the inequality came from (A1.68). Expression above gets simplified to

Ny Wl = 1> ————n||E,|ly~. A1.74
vonCnlle = 4> i, L7
But
el = ||| = lGully-, 41.75
oGl = o Gl — (A1.75)
which allows (A1.74) to become
Myor Wy = 1> nllG,lly+, ¥n €N (A1.76)

The great conclusion thus far amounts to this: We have got a new sequence of
functionals {G,,}n=, < V*, which produces a sequence {w,},-, < V through (A1.71).
Moreover, this sequence in V produces a sequence {I_y(w;)}n=; € H such that each
of its terms has unit norm, according to (A1.76).

Expression (A1.76) reveals a striking fact:

1
|Gl < — VnEN, (A1.77)

which implies that
lim |Gy lly+ = 0. (41.78)
Now we claim that the sequence {w, };—,; < V is bounded. We have, for each n € N:
a(wp,v) = (G, V)y+y, YV EV. (A1.79)
When we add the same quantity to both sides, it becomes:
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(A1.80)
a(wy,v) + /10(1V—>H(Wn)»lv—>H(U))H = (G, VIvry + AO(IVeH(Wn),IV—»H(U))H VveV
Now make v = w,, and take the absolute value of each side:

la(wp, wy,) + /10||1V—>H(Wn)||121| = |(Gn, Wn)V*,V + /10”IV—>H(WTL)”IZ-I| (A1.81)
Since the real part of a complex number is smaller than or equal to its modulus, we get
Re{a(wp, wy)} + /10”IV—>H(WTL)”IZ-I < |(Gn, Wn)V*,V + /10”IV—>H(WTL)”IZ-I| (A1.82)
Hypothesis (iv) in Theorem 3.8 allows us to write
Blwnlly < (G wadvy + Aolllysy WlIE] < IIGally-llwally + 20, (A41.83)

where the triangle inequality and the fact that ||I,_ 5 (wy,)|lg = 1 in (A1.76) have been
used. We get

Bllwa Iz < IGully=lIwnlly + 2. (A1.84)
which is rewritten as
Bllwn Iz = Gy lly=llwnlly — 20 < 0, (A1.85)

which is a standard quadratic inequality, whose solution is

[Gally- = JNGa I + 4826 Gally= + J1Ga I + 4826
2B 2p
(Remember that it is always true that ||w,||; = 0.) By concentrating on the right side of
2
(A1.86) and observing that [|G, |5+ + 4820 < (IIGplly+ + 24/BA,) , we get

< Iwally < (41.86)

Gnllv +/BAo
ﬁ )

Since all G,, are in V*, they are bounded linear functionals, and therefore are finite.
Moreover, according to (A1.78), the sequence {||G,|ly*}m=; © R* is convergent. It is a
known fact that convergent sequences are bounded [Kreyszig, 1989], so there is a
constant M such that ||G, ||, < M, for any n [according to the definition (3.57)]. We
can go further and see that this constant is 1, from (A1.77). So

lwyplly < vn € N (A1.87)

1+,/p4
—/3 )

which is the same as saying that the sequence {w;, };—, is bounded.

Wy lly < vn €N (A1.88)
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In order to proceed, we need two theorems concerning compact operators in Hilbert
spaces [Salsa, 2008]. For the notion of weak convergence, see [Brezis, 2010].

Theorem Al.1: Convergent subsequences — Let H be a Hilbert space. If a sequence

(0]

{z};m=1 € H is bounded, then {z,};-, admits a subsequence {an} c {z o1
1

which converges weakly to an element z° € H, i.e.,
Zn; = z% in7. (A1.89)

A nice property of compact operators is that they convert weakly convergent sequences
into strongly convergent sequences. This is stated in the next theorem.

Theorem Al.2: From weak to strong — Suppose H; and H, are two Hilbert spaces,
and let T € L(H,,H,). Let {z,}-, be an arbitrary sequence in ;. Then

T € K(Hy, H,) & ((z, = 2° in Hy) implies (Tz, — Tz° inH,)) (A1.90)

Applying Theorem A1.1 to the bounded sequence {w, };—, in V allows us to conclude

o)

that there is a subsequence {an} C {wy}n=; such that
1

wy, =~ w? inV, (A1.91)

]

Hypothesis (ii) from Theorem 3.8 gives us that the embedding map I,_ is compact,
i.e., Iyy € X(V,H). Theorem Al.2 therefore says that

Iy yWn; = Iyyw® inH. (A1.92)

The question is that, as we let j — oo (and consequently n; — o), problem (A1.71)
becomes

Find Wy, EV such that

a (an,v) = (Gp, Vyey, VU EV. (A41.93)

Since the sesquilinear form a is continuous, for any v € V, it induces a functional
ATv € V* whose action on Wh; is given by

@ (W v) = (wy, ATy e, (A1.94)

which allows us to write (41.93) as

Find Wn; € V such that
(an, ATU)V‘V* = (an, U)V*,V' Vv evV. (A195)

Since Wp, = w?®, according to (41.91), and G,, converges (strongly) to 0,+, problem
above becomes
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Find w° € V such that
(W0, ATv)y y» =0, YD EV. (41.96)
Or, from (41.94),

Find w° € V such that
aw®v) =0, VveV. (A1.97)

But we supposed from the outset that the solution to the homogeneous problem (3.63) is
0y, so we conclude that w® = 0y,.

From (A1.92) we get that

IV—’HWTI]' i Iv_,HWO = IV—>HOV = OH in H, (A198)

o)

.e., the subsequence {IV_)Han} converges to 0.
j=1

On the other hand, (41.76) says that
”IV—>H(Wn)”H = 1, Vn € N, (A199)

i.e., all elements from the sequence {I,_y(w,)}n=1 have unit norm. Therefore, all

(0]

elements from the subsequence {IV—>HWn,-} also have unit norm.
1

We say that Iyspwy, = Oy in H if ”IVﬁHwnj—OH” — 0, which implies that
H

”IVﬁHwn]_”H — 0. But from (A1.99), that does not happen, so the subsequence

[00]

{IV_)Hwnj} does not converge to zero. We have just arrived at a contradiction, so
1

(A1.67) is false, and consequently, (41.65) is true.

The solution u to (A1.66) does depend continuously on the data, with respect to the
norm in the Hilbert space H.
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Appendix 2
Theorem 3.9

In the mixed formulation resulting from our electromagnetic wave scattering
problem, the sesquilinear form a is not coercive, contrary to what happens in a large
number of problems from mechanics. If we are to propose a meshfree method based on
this formulation, we are compelled to show first that it is indeed well-posed. We
therefore construct an adaptation of the theory of mixed formulations in which the
Fredholm Alternative is taken into account. The result is stated in the theorem below.

Theorem 3.9: Well-posedness of mixed formulations, non-coercive case — Let X and
Y be two Hilbert spaces, and let a: X X X — C and b: X X Y — C be two continuous
sesquilinear forms, i.e., there are positive constants a, and «;,, such that:

() a is continuous, i.e.,
laCx, V)| < aglixllxllvlle, Vx,veX (3.69.a)
(i1) b is continuous, i.e.,
|bCe, Y| < apllxlixllylly. VX €X Vyey (3.69.b)
Let X° be the kernel of the sesquilinear form b i.e.,
X°=Kerb={x€X|b(x,y)=0, VYyEY}. (3.69.0)

Consider a third Hilbert space H such that X° and H satisfy the requirements of
Theorem 3.7, i.e.,

(iii) X° is continuously embedded into H, i.e., X° & H.
Moreover, it holds that:
(iv) The map Io_,y is compact, i.e., Iyo_, € K(X° H).

(v) The sesquilinear form a satisfies the following property on the kernel X°: There
exist constants n > 0 and k, = 0 such that

Re{a(u,u)} + kol Iyoy (W% = nllully, vueX°. (3.69.d)
(vi) The sesquilinear form b satisfies the inf-sup condition, i.e., there is a positive

constant 5, > 0 such that

. |b(x,y)
inf  sup —————2>f,. (3.69.¢e)
yeU\0} xex\foy X[ x llylly
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(vii) The solution to the homogeneous (zero-data) problem at the kernel X°

Find w € X° such that
alw,v) =0, vw e X° (3.69.1)

is the zero element w = 0. Furthermore, let us assume that:
(viii) The original space X is also continuously embedded H, i.e., X < H.

(ix) The spaces X and X° are subspaces of H, i.e., X c H and X° c H (which implies
that I, 5 and I -0, are inclusion maps).

Then it can be concluded that for each f* € X* and g* € Y*, there is a unique solution
to the mixed problem

Find (u,p) € X X Y such that
a(u,x) + b(x,p) =(f" X)x*x VXEX (3.69.9)
b(u,y) ={g"Y)yy VVETY

It also follows that the solution u depends continuously on the data f* and g* in the H
norm, i.e., there are positive constants K; and K, such that

lully < Killf e + Ko llg*lly (3.69.h)

Proof: Consider problem (3.69.9), for which the sesquilinear forms a and b obey
requirements (i) and (ii), respectively, and let f* € X* and g* € Y* be arbitrary
functionals.

Part | — Existence

The inf-sup condition from requirement (vi) holds; and we know from conclusion (iii)
in Theorem 3.3 that such a condition is equivalent to the fact that operator B: X — Y™ is
surjective. If we write (3.69.9) in the operator form (3.32), then we see that Bu = g*.
But since the operator B is surjective, there exists an element u, from X such that

Bu, = g~.

We also know from conclusion (v) in Theorem 3.3 that the inf-sup condition (3.69.e) is
equivalent to

Bx, *
sup BxYlyy Bollxlly, Vx € (XO)*, (42.1)

yepnioy  ylly

In the most general case, the functional g* can be any element from Y*. (We assume
that it is different from zero; otherwise, we can jump to (42.8) and make u, = 0 there.)
Since Bu, = g*, it means that
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b(ug,y) = (9" Yyry YYET, (42.2)

and consequently u, & X° = Ker b, defined in (3.69.c). The Hilbert space X can be
decomposed as X = X° @ (X%, because X° is a null-space and null-spaces are
closed [Kreyszig]. Since u, & X°, then u, € (X°)*. We now make x = u, in (42.1)
and observe that

*’ * Bu ) *
(g J’)y,y_ su ( g}’>y,y

o - = Ppllugll,. » (A2.3)
yepor 1yl yenioy  ylly Bollugl

The leftmost supremum in (A2.3) is just the norm of the functional g*, so we conclude
that

1

Ugll. < 5= llg”lly~ - (A2.4)
g, = -l
We now write the original solution u as

u=u’+u,. (A2.5)

When we substitute (42.5) into the original system (3.69.g), we find that u5 is the true
unknown:

Find (u®,p) € X X Y such that
a(u®,x) + b(x,p) = (f*, ) x — alug, x), Vx€X (A2.6)
b(us,y) =0, Vyedy

Since the sesquilinear form a is continuous, it is not difficult to see that a(ug, )

defines a bounded and linear functional on X, i.e., a(ugy, -) € X*. We may write this
as

a(ug,x) =:(Aug, X)x*x, Vx€EX. (A2.7)
Consequently, Au, € X* and (42.6) assumes the form
Find (u®,p) € X X Y such that
a(u®,x) + b(x,p) = (f* — Aug, X)xx, VX€X (A2.8)
b(u®,y) =0, Vyevy

From the second equation in (A2.8), we learn that u® € X°. Since X° c X, the first
equation in (42.8) is of course valid when the test functions are taken from X°. In other
words, we can restrict the problem (42.8) to X° and get

Find u® € X° such that
a(u®,x) + b(x,p) = (f* — Aug, X)x=x, Vx € X°. (42.9)
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Since x € X% = Ker b, according to (3.69.c), b(x,y) =0 forany y € Y. But p € U,
and then our problem becomes

Find u® € X° such that
a(u®,x) = {f* — Aug, x)x~x, Vx € X", (A2.10)
There is just a small technicality: Since X° c X, then it is obvious that X* c (X°)*,
i.e., bounded linear functionals acting on the whole space X', when restricted in their

action to the subspace X °, also define functionals on X°. So there is no harm in writing
(A2.10) in a slightly modified form:

Find u® € X° such that
a(us,x) =(f*— Aug,x)(xo)* wor VX E X0, (42.11)
where
(f* — Aug,x)(xo)*'xo = (f* — Aug, X)x=x, Vx € X°. (A2.12)

This is the point at which hypotheses (iii), (iv) and (v) from our Theorem 3.9 play their
role in the solvability of problem (A2.11). We assumed in hypothesis (vii) that the
solution to the homogeneous (zero-data) problem

Find w € X° such that

alw,x) =0, Vxe X?° (A2.13)

Is the zero element 0,0 = 0y. Then it follows, via Theorem 3.8, that the solution u® to
(A2.11) exists and is unique. Moreover, it holds the estimate

”Ixo—>H(uS)”H S CFA”f* - Aug”(xo)* ) (A214‘)

i.e., the element u® measured in the norm of the Hilbert space H depends on the
functionals f* and Au,. Moreover,

(f* - Aug: x>(X0)*,X°

*— Au «= su A2.15
”f g”(xO) xexog{o} ”x”xo ( )
*— Au,, X )+
= sup Y 9. X x (A2.16)
x€XO\{0} (E3IP%
*— Au,, X )+
< sup Y 9. X x (A2.17)
xex\{0} (E3IP%
=|If* - Augll .. (A2.18)
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The move from (42.15) to (A2.16) is justified by (A2.12) and the due to the fact that
Il llc0 = I * I, since X° < X. Since the supremum over a subspace is smaller than or
equal to the supremum over the whole space, (A2.17) follows from (A2.16). Finally,
(A2.18) is just the ordinary definition of the norm of a functional on X'. The estimate in
(A2.14) is modified into

1oy (ud)ly < CFA”f* - Augl e (A2.19)
We now get back to (42.10); with the help of (42.7) and (A2.5), it becomes
a(u,x) —(f* x)x*x =0, Vx € X°. (A2.20)

(Notice that we no longer use the phrase ‘Find u® € X° such that’ because the
existence of both u® and u, have already been established.) Thanks to the continuity of

the sesquilinear form a, it is not difficult to see that a(u, -) — f* defines a linear and
bounded functional on X°, i.e., a(u, *) — f* € (X°)*. Make

atu, *)—f*=F"in (X", (A2.21)

a(u,x) —(f*, x)xx = (F*, x)x+x, Vx €X° (42.22)

Since according to (42.20) the action of this functional is zero on all elements from X°°,
it follows that

Fre Xy, (A2.23)

i.e., this functional belongs to the annihilator of X°. From (3.69.c), we get that

X°=Kerb={x€e€X|b(x,y)=0, VYyEY} (A2.24)
={xeX|(Bx,y)yy =0 Vyey} (A2.25)
= {x € X | Bx = 0y+} (A2.26)
= Ker B (A2.27)

Since X° = Ker B, from (A2.23) we learn that
F* € (Ker B)4 (A2.28)

We know from (3.26) that B: X’ —» Y*. The space X is a Hilbert space, and therefore a
Banach space. Since Y is a Hilbert space, its dual Y* is also a Hilbert space [Kreyszig,
1989]. Consequently Y* is a Banach space. Moreover, due to the continuity of the
sesquilinear form b, it is not difficult to see that B € L(X,Y™).

We may then apply Theorem 3.10 to the operator B and conclude that
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R(BT) = (Ker B). (A2.29)
From (A2.28) and (A2.29), we observe that
F* € R(BT). (A2.30)

Also, from (3.28) we learn that BT: Y - X* is a linear transformation (as b is a
sesquilinear form). It is known that the range of linear transformations is a linear space
in itself [Kreyszig, 1989]. So if (42.30) is true, than

—F* € R(BT). (A2.31)

The meaning of (42.31) is twofold. First, the functional F* € (X°)* in (42.21) is also
in X*. Since X° c X, then X* c (X°)*. We initially took F* to be in (X°)*, and
discovered that it actually belongs to the subspace X*. So we have refined our
knowledge about F*. Second, there exists an element p € Y such that

BTp=—F*in X*. (A2.32)
Expression (42.32), when worked out with the help of (42.21), reveals that
a(u, ")+BTp=f* inX", (A2.33)
or
a(u,x) +(BTp, X)x+x =, X)x*x, VXEX (A2.34)
Finally, (A2.34) implies that
a(u,x) + b(x,p) ={f* X)x*x, VXEX, (A2.35)

which is nothing else than the first equation from the original system (3.69.9).
Expression above says that the solution (u, p) to our problem exists. This follows from
(A2.32), which establishes the existence for p, and from the existence of u® and u,.

According to (42.5), if u® and uy exist, then obviously u = u® + u, also exists.

Part I1: Uniqueness

Now that we know the solution (u, p) exists, we need to show that it is unique. We say
that (u, p) € X x Y is the solution to the original problem (3.69.9) if

a(u,x) +b(x,p) ={f" X)x*x VXEX (A2.36)
b(u,y) =(g"V)yy VYVETY

Suppose (u,, p;) € X X Y is another solution to problem (3.69.g). Then
a(ug, x) + b(x,pz) ={f" xX)x*x VXEX (A2.37)
b(u,,y) =(g"YV)yy VVETY
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If we subtract the first equation in (A2.37) from the first in (42.36) (and likewise for
the second equations), we get

a(u—uy;x)+b(x,p—p;) =0 VxeX (A2.38)
b(u—1u,,y) =0 Vyey

From the second equation in (42.38), we observe that u — u, € Ker b = X°. Since
X0 c X, it follows that

a(u—1uyx)+blx,p—p,) =0 Vxe€X° (A42.39)
But since x € X% in (42.39), then b(x, p — p,) = 0. Consequently,
alu—1uy;x)=0 VxeX° (A2.40)

Expression (A2.40) is just the homogeneous problem at the kernel; according to
hypothesis (vii), its solution is zero. We conclude that u — u, = 0,0 = 0, and then,

U, = U. (A2.41)
Since u — u, = 0y, the first equation in (42.38) gives
b(x,p—p;) =0, VxeX (A2.42)
which is the same as
(x,BT(p —p2))xx* =0, Vx€EX, (A2.43)
according to the definition of the operator BT in (3.29). Expression (42.43) implies that
BT (p —pa) = Ox+, (A2.44)

where 0+ is the zero functional (the zero element) from the dual space X*. It is
assumed in hypothesis (vi) that the inf-sup condition (3.69.e) holds true. According to
conclusion (ii) from Theorem 3.3, the inf-sup condition is equivalent to the fact that BT
is injective (i.e., BT is one-to-one), which means that Ker BT = {0 }. But (42.44) says
that (p — p,) € Ker B". Consequently, p — p, = 0y, or

P2 =D (A2.45)

We have just showed that, if (u,,p,) is any eventual solution to the original problem
(A2.6), then it is equal to (u, p), whose existence has been proved in Part I. Therefore,
the solution (u, p) is unique.

Part 111: Boundedness

According to (A2.5), u = u® + u,. The estimates on these two parts are
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1
||ug||x < A g™l (A2.46)

proven in (A2.4), and

1o @l < CrallF* = Augl| .. (42.47)
established in (42.19). We can work (A2.47) out and observe that
oy Sl < Crallf* — Aug]| . (A2.48)
< Cra (I *llc- + [|4ug]l..) (42.49)
< Cra (IF "Il + acllug] ) (42.50)
< Coa(IF I + 300y (425)

In (A2.49) the triangle inequality has been employed. The move from (42.49) to
(A2.50) is justified by the fact that the operator A is induced by the continuous
sesquilinear form a, according to (A2.7). From this point to (42.51), it suffices to
consider (A42.46).

The Fredholm Alternative gives us estimates concerning the third ‘auxiliary’ Hilbert
space H. We have got a funny fact in which u?®, the portion of the solution which lies at
the kernel X°°, is measured in the norm of H, whereas u, is measured in the norm of X.

If we assume further that the original Hilbert space X is also embedded in H, i.e., if
X < H [hypothesis (viii)], then there is a continuous map Iy_z: X — H, i.e.,

It Wlle < Collwlly, Yw E X, (A2.52)

where C/ is a constant independent of w. In principle, the constants from the
embeddings X & H and X° & H may be different from each other. From (A42.46) and
(A2.52), in which we make w = u,, we get

C’
I (gl < 511" - (42.53)

If X cH and X° c H, which implies that Iy_y and I,o_y, are inclusion maps
[hypothesis (ix)], then

Ixon(ug) = uy (A2.54)
Iyoy(u®) =u’ (A2.55)

Estimates (42.51) and (A2.53) therefore simplify to
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a

Il < Coa (IF e + 5 gy ) (42:56)

c
lugll,, < 5= lg"lly- (42.57)

Since it is true that u € X, we can form the chain of results:

o @y = Nully (A2.58)
= [lu® +uyl, (42.59)
< lwlly + [, (A2.60)

(Craaq + Ce)
B
The equality in (A2.58) is justified by the fact that I,_y is an inclusion map. In

(A2.60), the usual triangle inequality has been employed. At last, (42.61) follows from
(A2.56) and (A2.57). Therefore our estimate on the solution w is given by

< Crallf™llxe- + g™ lly- (A2.61)

. (Craag +Co)
lully < CrallF*llx- + AT 1g*lly+ (42.62)

In order to find an estimate for p, we recall that the inf-sup condition (3.69.e) — which is
assumed to hold — is equivalent to

B .
sup —————=Bpllylly, Vy€EY (A2.63)
xex\{0} |ESP%

according to conclusion (iv) in Theorem 3.3. We take y =p in (42.63) and the
definition of the norm of a functional to conclude that

Boliplly < I1B™pllx+ - (A2.64)
From (A2.34), we see that
a(u,x) +(B"p, X)xrx = {f " X, VXEX, (A2.65)

from which it follows that for any x € X,

[(BTp, x)ocr x| < [(F*) %) x — alw, ) (A2.66)
< [{f* %) x| + la(u, )| (42.67)
< (1l + aqllull) llxllx (A2.68)

Consequently,
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|(BTP» x)x*,xl

< Il + aaliulle, vx € X\(0) (42.69)
X

Moreover,

(BTp, x)x* x .
IB™pllx+ = sup Ll ob o < e + agllullx - (42.70)

xex\joy  llxllx
From (A2.64) and (A42.70), we conclude that

1Ml + aqllullx
By

Iplly < (42.71)

Unfortunately, we are not able to provide an estimate for p based on the data ||f*||
and [[g*[ly+ only, as it is done for u in (A2.62). The question is that (42.71) depends on

u measured in the norm of X', whereas in (42.62) u is measured in the norm of H.

This little issue is due to the fact that the Fredholm Alternative provides estimates for
the norm of the solution with respect to the auxiliary Hilbert space H, and not with
respect to the original space X .
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Appendix 3
List of Symbols

This is a non-exhaustive list concerning the symbols standing for some of the
mathematical objects which appear in this work. Each entry is described by three fields:
First: The symbol of the object. Second: A brief description of it. Third: The first page
in which the symbol appears.

B(x,t) Time-dependent magnetic flux density 4
C™(Q) Space of m-times continuously differentiable functions 35
2 (Q) ?upr?;?oc;]fscompactly supported and infinitely differentiable o5
c= (@) ?upr]a;?o?]fsm-tlmes uniformly and continuously differentiable 35

D(x,t) Time-dependent electric flux density 4
D Strain rate tensor 15
D.(Q) A subspace of C*(Q)3 53

E(x) Time-harmonic electric field 6
ES(x) Time-harmonic scattered electric field 10
E™(x) Time-harmonic incident electric field 10

E(x,t) Time-dependent electric field 4
E"(Q) Finite-dimensional subspace of H1(Q)3 118
Vi(Q) A subspace of E*(Q) 119

H(x,t) Time-dependent magnetic field 4
HY(Q) Sobolev space W2(Q) 29
H}(Q) A subspace of H1(Q) 35
HY(Q)3 ‘Three-dimensional’ H1(()) space 32
HY2(I) Range of the trace operator y, 36
H=Y2(I)  Dual space of HY/2(T) 60
H(curl; Q) A particular Sobolev space 58
Hy(curl; Q) Subspace of H(curl; Q) 59
1 Identity tensor 13
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J(x,0)
J
Js(x)
Js(x,t)
Ker
KX,Y)
L(X,Y)
LP(Q)
Lioc ()
L?()?
L5(Q)
P"(Q)

supp

Time-dependent electric current density
Viscous stress tensor

Time-harmonic source current density
Time-dependent source current density
Kernel, or null space of an operator
Space of compact operators

Space of bounded and linear operators
Lebesgue space, index p

Space of locally summable functions
‘Three-dimensional’ L?(Q) space
Zero-average L?(()) space
Finite-dimensional subspace of LP (Q)

Local space associated with patch I (unspecified)

Local space associated with patch I (electric field)

Local space associated with patch I (pseudopressure)

A subspace of H1(Q)3

Range of the tangential trace operator y;
Time-dependent electric charge density

Trace of a tensor

Elemental directions associated with node I
Frequency

Mass density of forces

Non-homogeneous Dirichlet boundary condition
Two-index basis function for the electric field
Two-index basis function for the pseudopressure
Free-space wavenumber

m-th function in the local basis for the patch I
Outward-pointing unit normal vector
Pseudopressure (Lagrange multiplier)

Support of a function
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15

36
87
87
26
27
31
41
118
137
147
147
64
60

18
148

15
37
149
145

137

13
25



o7 (x)

iy
p(x)

©

Q

Qll

V X

Velocity field

Boundary of the computational domain Q

Outer boundary of the computational domain

Boundary of the PEC scatterer
Components of the PML tensor A
PML tensor

Computational domain

A patch associated with node 1

The interior of T,

Closure of the computational domain
Free-space electric permittivity
Relative electric permittivity

Trace operator

‘Multidimensional’ trace operator
Tangential trace operator

PU function associated with patch I
Vacuum impedance

Lamé coefficient

Free-space wavelength

Lamé coefficient, dynamic viscosity
Free-space magnetic permeability
Kinematic vscosity

Angular frequency

Relative magnetic permeability
Time-harmonic electric charge density
Mass density

Electric conductivity

Cauchy stress tensor

Boundary of the computational domain Q

The curl operator
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15

51
o1

136

10

35

37

60

138

185

19

19

22

15

15



V.
V2
X

The divergence operator
The Laplacian operator

Tensor product operator
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11
15
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