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Rn

{v1, v2, . . . , vN} x

x =
N∑

i=1

wivi

wi

V



〈., .〉 V × V → IR C

〈x, x〉 ≥ 0 〈x, x〉 = 0 x = 0

〈x, y〉 = 〈y, x〉

〈αx, y〉 = α〈x, y〉 α

〈x1 + x2, y〉 = 〈x1, y〉+ 〈x2, y〉

x y x1 x2 V α IR C

L2

f g

〈f, g〉 =

∫ +∞

−∞
f(x)g(x)dx

g g

f

‖f‖ =
√
〈f, f〉

f ∈ L2(IR)

E(f) = ‖f‖2 =

∫ +∞

−∞
|f(x)|2dx

H 〈., .〉

‖x‖ =
√
〈x, x〉

{vi}N
i=1

V

〈vi, vj〉 = δi,j ∀i, j = 1, 2, . . . , N,

d(x, y) = ‖x− y‖



δi,j =

{
1, i = j

0,

{vi}N
i=1 V x ∈ V

x =
N∑

i=1

wivi

〈x, vj〉 = 〈
N∑

i=1

wivi, vj〉

=
N∑

i=1

wi〈vi, vj〉

=
N∑

i=1

wiδi,j

= wj

wj = 〈x, vj〉
f ∈ L2(IR) {gj}

L2(IR)

f =
∑

j

bjgj

f

E(f) =

∫ +∞

−∞

∣∣∣∣∣
∑

j

bjgj(x)

∣∣∣∣∣

2

dx

=

∫ +∞

−∞

∑

j,j′

bjbj′gj(x)gj′(x)dx

=
∑

j,j′

bjbj′

∫ +∞

−∞
gj(x)gj′(x)dx

=
∑

j,j′

bjbj′δj,j′

=
∑

j

|bj|2



f L2 VN

{v1, . . . , vN}

PVN f = fN =
N∑

n=1

〈f, vn〉vn

PVN f f VN

f − fN

L2

f bn = 〈vn, f〉

√
2

V S : {vn}∞n=1

V S

ε > 0 N ∈ R

m, n > N ⇒ ‖vm − vn‖ < ε

S

lim
n→∞

vn = v′

v′ ∈ V ε > 0 N

n > N ⇒ ‖vn − v′‖ < ε

‖vm − vn‖ vn vm



vn vm

S : {vi}∞i=1 v′

‖(vi − v′)‖ < ε

ε > 0

‖vm − vn‖ = ‖(vm − v′)− (vn − v′)‖ < ‖(vm − v′)‖+ ‖(vn − v′)‖

‖vm − vn‖ < ‖(vm − v′)‖+ ‖(vn − v′)‖ < 2ε

V

{vn} V v′

lim
n→∞

vn = v′

V

H f H V g h

V ⊂ H {fn} V fn −→ f f ∈ V



H

f = g + h

g ∈ V

〈h, v〉 = 0 ∀v ∈ V

PV : f → P (f) = g

f H V

V H

V ⊥ = {u ∈ H : 〈u, v〉 = 0, v ∈ V }

H = V ⊕ V ⊥ f H

f = g + h (g ∈ V, h ∈ V ⊥)

‖f‖ = ‖g‖+ ‖h‖



g V

Cn = {v ∈ V : ‖f − v‖H ≤ d +
1

n
}

d f V

d = inf{‖f − g‖H : g ∈ V }

Cn Cn ⊇ Cn+1

⋂
n Cn

g

u v H

‖u− v‖2 = ‖(u− f) + (f − v)‖2

‖(u− f) + (f − v)‖2 + ‖(u− f)− (f − v)‖2 = 2‖u− f‖2 + 2‖v − f‖2

‖u− v‖2 = 2(‖u− f‖2 + ‖v − f‖2)− ‖(u− f)− (f − v)‖2

= 2(‖u− f‖2 + ‖v − f‖2)− ‖(u + v)− 2f‖2

= 2(‖u− f‖2 + ‖v − f‖2)− 4‖1

2
(u + v)− f‖2

u v Cn

‖u− f‖2 + ‖v − f‖2 ≤ 2(d +
1

n
)2 u, v ∈ Cn

d 1
2(u + v) V

‖f − 1

2
(u + v)‖ ≥ d

|x + y|2 + |x− y|2 = 2|x|2 + 2|y|2



‖u− v‖2 ≤ 4d2 + 8
d

n
+

4

n2
− 4d2 = 8

d

n
+

4

n2

n Cn

lim
n→∞

diametro(Cn) = 0

gn ∈ Cn Cn ⊇ Cn+1 ⊇ . . .

{gn} g V

{gn′}

lim
n→∞

‖gn − gn′‖ = 0

g
⋂

n Cn = {g}
f = g + h ‖f − g‖ ≥ d d g ∈ V

‖f − g‖ ≤ ‖f − gn‖+ ‖gn − g‖ ≤ d +
1

n
+ ‖gn − g‖ → d

‖h‖ = d

〈h, v〉 = 0 v ∈ V, ‖v‖ = 1

‖f − (g + 〈h, v〉v)‖ ≥ d

‖f − (g + 〈h, v〉v)‖ ≤ ‖h‖ − |〈h, v〉| = d− |〈h, v〉|

〈h, v〉 = 0

g h

f = g′ + h′ g′ ∈
⋂

n Cn

g′ = g h′ = h

{φ1, φ2, . . .} H

f H

lim
n→∞

‖f −
n∑

m=1

〈f, φm〉φm‖ = 0



∑n
m=1〈f, φm〉φm

f

f

{〈f, φn〉}n

f



f 〈f, φγ〉 φγ

(t,ω)

φγ

‖φγ‖2 =

∫ ∞

−∞
|φγ(t)|2dt = 1

|φγ(t)|2

uγ =

∫ ∞

−∞
t|φγ(t)|2dt

uγ

σ2
t (γ) =

∫ ∞

−∞
(t− uγ)

2|φγ(t)|2dt

∫ ∞

−∞
|φ̂γ(ω)|2dω = 2π‖φγ‖2

φ̂γ

ξγ =
1

2π

∫ ∞

−∞
ω|φ̂γ(ω)|2dω



ξγ

σ2
ω(γ) =

1

2π

∫ ∞

−∞
(ω − ξγ)

2|φ̂γ(ω)|2dω

φγ

(uγ, ξγ)

σt(γ) σω(γ)

1/2

σtσω ≥
1

2

1/2

f ∈ L2(IR) {fn} L2(IR)

f =
∑

n

cnfn

{cn}
f

T L2(R)

T f

Tf =
∑

n cnTfn

{φj}j∈J H

A B > 0

A‖f‖2 ≤
∑

j∈J

|〈f, φj〉|2 ≤ B‖f‖2



f ∈ H A B A = B

‖φj‖ = 1

{φn}
f

f =
∑

n

cnφn

{φj}j∈J H

{〈f, φj〉}j∈J

f H f

{〈f, φj〉}j∈J

∑

j∈J

|〈f, φj〉|2 = A‖f‖2

f

f = A−1
∑

j

〈f, φj〉φj

〈f, g〉 =
1

4

[
‖f + g‖2 − ‖f − g‖2 + j‖f + jg‖2 − j‖f − jg‖2

]

=
1

4
[
1

A

∑

j∈J

|〈f + g,φj〉|2 −
1

A

∑

j∈J

|〈f − g,φj〉|2

+j
1

A

∑

j∈J

|〈f + jg, φj〉|2 − j
1

A

∑

j∈J

|〈f − jg, φj〉|2]

=
1

4
{ 1

A
[
∑

j∈J

|〈f, φj〉|2 + 2
∑

j∈J

〈f, φj〉〈g,φj〉+
∑

j∈J

|〈g,φj〉|2]



− 1

A
[
∑

j∈J

|〈f, φj〉|2 − 2
∑

j∈J

〈f, φj〉〈g,φj〉+
∑

j∈J

|〈g,φj〉|2]

+
j

A
[
∑

j∈J

|〈f, φj〉|2 − 2j
∑

j∈J

〈f, φj〉〈g,φj〉 −
∑

j∈J

|〈g,φj〉|2]

− j

A
[
∑

j∈J

|〈f, φj〉|2 + 2j
∑

j∈J

〈f, φj〉〈g,φj〉+
∑

j∈J

|〈g,φj〉|2]}

=
1

A

∑

j∈J

〈f, φj〉〈g,φj〉

=
1

A

∑

j∈J

〈f, φj〉〈φj, g〉

{φj}j∈J H

A = B = 1

{φj}j∈J

H f

f =
∑

j∈J

〈f, φj〉φj

〈f, φj〉
A = B

S : f −→
{〈f, φj〉}j∈J H l2(J)

‖f‖2 =
∑

j∈J

|〈f, φj〉|2

A = B = 1
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x(t) t

x(t)

xn

x[n]

nT x[n] = x(nT )



yn =
+∞∑

k=−∞

hkxn−k

hk xn−k x(t)

yn

yn =
N∑

k=−N

hkxn−k

X(ejω) =
∞∑

−∞
x[n]e−jnω

ejω z

X(z) =
∞∑

−∞
x[n]z−n



Y (ejω) = H(ejω)X(ejω)

x[0] = 1

y[n] = h[n]

X(ejω) ≡ 1

Y (ejω) = H(ejω)

=





x(−1)

x(0)

x(1)

x(2)





=





. . . . . .

. 0 0 0 0 .

. 1 0 0 0 .

. 0 1 0 0 .

. 0 0 1 0 .

. . . . . .





x



=





. . . . . .

. 0 0 0 0 .

. 1 0 0 0 .

. 0 1 0 0 .

. 0 0 1 0 .

. . . . . .









x(−1)

x(0)

x(1)

x(2)





=





x(−2)

x(−1)

x(0)

x(1)





n

S Sn

Sn =





. . . . . . . . .

. 0 0 0 0 0 0 0 .

. 0 0 0 0 0 0 0 .

. . 0 0 0 0 0 0 .

. 0 . 0 0 0 0 0 .

. 1 0 . 0 0 0 0 .

. 0 1 0 . 0 0 0 .

. 0 0 1 0 . 0 0 .

. . . . . . . . .





H =
∑

h[n]Sn

H(Sx) = S(Hx)

= (. . . , x[−1], x[0], x[1], . . .)

( ) 2



n n

2 =




1

1

.









x[−1]

x[0]

x[1]





=





x[−3]

x[−2]

x[−1]





N =

(h[0], h[1], . . . , h[N ])

= h[0] 0 + h[1] 1 + . . . + h[N ] N

n x[n] x[n − 1]

y(n) =
1

2
x[n] +

1

2
x[n− 1]

h[0] = 1
2 h[1] = 1

2

k = 0 k = 1

= (. . . , 0, 0, 1, 0, 0, . . . )

y[0] = 1
2 y[1] = 1

2 = (. . . , 0, 0, 1
2 ,

1
2 , 0, . . . )

h[n]



=
1

2
( ) +

1

2
( )

=





y[−1]

y[0]

y[1]





=





.
1
2

1
2
1
2

1
2
1
2

1
2

. .









x[−1]

x[0]

x[1]





x(0) = 1

h[0]

h[0]x[n] h[1]

h[1]x[n− 1]

n

y[n] = h[0]x[n]+h[1]x[−1]

h[2], h[3], . . . , h[N ]

n

y[n] =
N∑

k=0

h[k]x[n− k]

k



x[n] = ejnω

−∞ < n < ∞

y[n] = h[0]x[n] + h[1]x[n− 1] + . . . + h[N ]x[n−N ]

= h[0]ejnω + h[1]ej(n−1)ω + . . . + h[N ]ej(n−N)ω

= (h[0] + h[1]e−jω + . . . + h[N ]e−jNω)ejnω

= λ(ω)ejnω

λ(ω)

H(ω) H(ω) = h[0] + h[1]e−jω + . . . + h[N ]e−jNω

H(ω) =
N∑

n=0

h[n]e−jnω

H(ω + 2π) = H(ω) 2π H

2π

2π

2π

y[n] = (h[0] + h[1]e−jω)ejnω

= (
1

2
+

1

2
e−jω)ejnω

H(ω) = 1
2 + 1

2e
−jω

ω = 0 H = 1
2 + 1

2 = 1 ω = π H = 1
2 + 1

2e
−jπ =

1
2+ 1

2(cos(π)−jsen(π)) = 1
2−

1
2 = 0 ω = 0

1 ω = π



|H(ω)| φ(ω)

H(ω) = |H(ω)|ejφ(ω)

H(ω) = 1
2 + 1

2e
−jω

e−jω/2

H(ω) =
1

2
(ejω/2 + e−jω/2)e−jω/2

= cos
(ω

2

)
e−jω/2

H(ω)

|H(ω)| = cos
(ω

2

)
φ(ω) = −ω

2

0

0.2

0.4

0.6

0.8

1

−π −π /2 0 π /2 π

magnitude

−2

−1

0

1

2

−π −π /2 0 π /2 π

phase

ω = π x[n] = ejπn = (−1)n

= (. . . , 1,−1, 1,−1, 1, . . .)

ω = π H(π) = 0

ω = 0 = (. . . , 1, 1, 1, 1, 1, . . .)

1

H(0) = 1



h[−n] = h[n] ∀n

H(ω) = h[0] + h[1](ejω + e−jω) + . . . = h[0] + h[1](2cosω) + . . .

φ = 0

h[−n] = −h[n] ∀n
φ = ±π

2

H(ω) = h[0] + h[1](−ejω + e−jω) + . . . = h[0]− 2jh[1](senω) + . . .

n = 0 n < 0

N

h[N − k] = h[N + k]

h[N − k] = −h[N + k]

Hmm(ω)

Hdm(ω)

|Hmm(ω)|2 + |Hdm(ω)|2 = 1

Hdm(ω) = Hmm(ω + π)

hdm

hmm

hdm[k] = hmm[k]ejkπ = (−1)khmm[k]

h[0] = h[1] = 1
2



h[0] = 1
2 h[1] = −1

2

y[n] =
1

2
x[n]− 1

2
x[n− 1]

= (. . . , 0, 0, 1
2 ,−

1
2 , 0, . . .)





y[−1]

y[0]

y[1]





=





.

−1
2

1
2

−1
2

1
2

−1
2

1
2

. .









.

x[−1]

x[0]

x[1]

.





=
1

2
( )− 1

2
( ) =

1

2
− 1

2

x[n] = ejnω

y[n] =
1

2
ejnω − 1

2
ej(n−1)ω

=

(
1

2
− 1

2
e−jω

)
ejnω

= H(ω)ejnω

H(ω) = 1
2 −

1
2e
−jω e−jω/2

H(ω) =
1

2
(ejω/2 − e−jω/2)e−jω/2

= jsen(
ω

2
)e−jω/2

= sen(
ω

2
)e−j(π

2 +ω/2)

= |H(ω)|ejφ(ω)



0

0.2

0.4

0.6

0.8

1

−π −π /2 0 π /2 π

magnitude

−2

−1

0

1

2

−π −π /2 0 π /2 π

phase

H−1(ω) = 1/H(ω)

H(ω) 2= 0

ω = π ω = 0

x[n] = ejωn ω = π = (. . . , 1,−1, 1,−1, 1, . . .)

ω = 0 = (. . . , 1, 1, 1, 1, 1, . . .)

H(ω) = 1
2 + 1

2e
−jω

1
1
2 + 1

2e
−jω

= 2(1− ejω + e−2jω − e−3jω + . . .)

2,−2, 2,−2, . . .



−1 =





.

−2 2

2 −2 2

−2 2 −2 2

. . . . .









.

−1
2

1
2

−1
2

1
2

−1
2

1
2

. .




=

ω = π

1

0
=

1
1
2 + 1

2e
−jπ

= 2(1 + 1 + 1 + 1 + . . .)

ω = π

1/H(ω)

H0 H1

H0x

H1x

x H0x H1x

(↓ 2)y = (. . . , y[−4], y[−2], y[0], y[2], y[4], . . .)

R y = Rx



R

R =





.

1

0 1

0 1

0 .





√
2

H0(ω) C(ω) =
√

2H0(ω)

H1(ω) D(ω) =
√

2H1(ω)

[
L

B

]
x

L = RC B = RD

[
L

B

]−1

=
[
LT BT

]

↑ 2 ↓ 2



x[n] =
1√
2π

∫ π

−π

X(ejω)ejωndω

X(ejω) =
∞∑

n=−∞
x[n]e−jωn

x[n]

1

2π
X(ejω)ejωndω

ω 2π X(ejω)

x[n]

2π

X(ejω) x(n)

X(ejω)



X(ejω)

x̂[n] =
1√
2π

∫ π

−π

( ∞∑

m=−∞
x[m]e−jωm

)
ejωndω

=
∞∑

m=−∞
x[m]

(
1

2π

∫ π

−π

ejω(n−m)dω

)

1

2π

∫ π

−π

ejω(n−m) =

{
1, m = n
senπ[n−m]

π[n−m] = 0, m 2= n

x̂[n] =
∞∑

m=−∞
x[m]

√
2πδ[n−m] =

√
2πx[n]

|X(ejω)| < ∞
ω

|X(ejω)| =

∣∣∣∣∣

∞∑

n=−∞
x(n)ejωn

∣∣∣∣∣

≤
∞∑

n=−∞
|x(n)||ejωn|

≤
∞∑

n=−∞
|x(n)| < ∞

x[n] X(ejω)
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ψs,u ∈ L2(IR) s

u ψ {ψs,u}s,u∈IR

L2(IR)

∫ ∞

−∞
ψ(t)dt = 0

|s| 12 ‖ψs,u‖ = ‖ψ‖ s

u ‖ψ‖ = 1 ψ

t → ±∞

{ψs,u}
L2(IR) f ∈ L2(IR)

ψs,u

s u

IR∗× IR IR∗ = IR\{0} f

Wcf(s, u) = 〈ψs,u, f〉 =

∫ +∞

−∞
f(t)

1√
s
ψ∗(

t− u

s
)dt

f Wcf

ψ

∫
|ω|−1|ψ̂(ω)|2dω < ∞

ψ̂ ψ

ψ̂(ω) =
1√
2π

∫
ψ(t)ejωtdt

Wc L2(IR) L2(IR∗ × IR) Wc

S X S
S



ψ ψ̂(0) = 0
∫

ψ(t)dt = 0

ψ ψ

ψ

s u

s0 > 1 u0 2= 0 j, k ∈ ZZ

ψj,k(t) = s−j/2
0 ψ(s−j

0 t− ku0)

s = sj
0 u = ku0s

j
0

u s j

ψj,.

u0s
j
0

j ψj,.

Wd

f ZZ2

(Wdf)j,k = 〈ψj,k, f〉 = s−j/2
0

∫
f(t)ψ∗(s−j

0 t− ku0)dt

ψ

ψ Wd

L2(IR) l2(ZZ) Wd

A > 0 B < ∞

A‖f‖2 <
∑

j,k∈ZZ

|〈ψj,k, f〉|2 < B‖f‖2

f ∈ L2(IR) {ψj,k; j, k ∈ ZZ}
f

T d(., .) d(T (f), T (g)) = d(f, g)



〈ψj,k, f〉

f =
2

A + B

∑

j,k

〈ψj,k, f〉ψj,k + R

R

‖R‖ ≤ O

(
B

A
− 1

)
‖f‖

A = B R = 0

A B B/A

ψj,k ‖ψj,k‖ = 1

A B

A ≤ 1 ≤ B

f(t) t

(Ff)(ω) =
1√
2π

∫ +∞

−∞
f(t)e−jωtdt

f

f f

(Twinf)(ω, t) =

∫ +∞

−∞
f(t)g(t− τ)e−jωtdt

τ ω τ = nτ0 ω = mω0



m n ZZ ω0, τ0 > 0

(Twin
m,nf)(ω, t) =

∫ +∞

−∞
f(t)g(t− nτ0)e

−jmω0tdt

n Twin
m,n (f) f(·)g(·− nτ0)

g ω0

Twin
·,n (f)

f(·)g(·− nτ0) n τ0 f

f Twin
m,n (f)

f ψs,u(t) =
1√
sψ( t−u

s ) gω,τ (t) = g(t− τ)ejωt

f ψs,u

Wcf(s, u) =

∫ +∞

−∞
f(t)ψ∗s,u(t)dt =

1

2π

∫ +∞

−∞
f̂(ω)ψ̂∗s,u(ω)dω

Wcf(s, u) f f̂(ω)

ψs,u ψ̂s,u

u t t

gω,τ ψs,u gω,τ

τ

gω,τ

ψs,u

ψs,u u s



ψ

ψ̂s,u(ω) = e−jωu
√

sψ̂(sω)

σ2
t σ

2
ω ≥

1

4

1/4

f



(t,ω) φγ

〈f, φγ〉

φγ

‖φγ‖2 =

∫ +∞

−∞
|φγ(t)|2dt = 1

|φγ(t)|2

uγ =

∫ +∞

−∞
t|φγ(t)|2dt

φγ uγ

σ2
t (γ) =

∫ +∞

−∞
(t− uγ)

2|φγ(t)|2dt

∫ +∞
−∞ |φ̂γ(ω)|2dω =

2π‖φγ‖2 φ̂γ

ξγ =
1

2π

∫ +∞

−∞
ω|φ̂γ|2dω

ξγ

σ2
ω(γ) =

1

2π

∫ +∞

−∞
(ω − ξγ)

2|φ̂γ(ω)|2dω

(uγ, ξγ) σ2
t (γ)

σ2
ω(γ)

φγ

φγ(t) = gξ,u(t) = ejξtg(t− u)

g u ξ

u ξ u ξ

σ2
t =

∫ +∞

−∞
(t− u)|gu,ξ(t)|2dt =

∫ +∞

−
t2|g(t)|2dt



gu,ξ

ĝu,ξ(ω) = ĝ(ω − ξ)e−ju(ω−ξ)

ĝu,ξ

ξ ξ

σ2
ω =

1

2π

∫ +∞

−∞
(w − ξ)2|ĝu,ξ(ω)|dω =

1

2π

∫ +∞

−∞
ω2|ĝ(ω)|dω

σ2
t σ2

ω u ξ

u ξ gu,ξ σtσω

(u, ξ) (u, ξ)



y

y

fω(t) = ejωt

y Fω(t, y) = ejωtφω(y)

ω 500Hz

φω(y) ω

logω φω(y)

φ(y − logω) f f(t) = 1√
2π

∫ +∞
−∞ f̂(ω)ejωtdω

ejωt f̂(ω)

F (t, y)

Fω(t, y)



f̂(ω)

F (t, y) =
1√
2π

∫
f̂(ω)Fω(t, y)dω

=
1√
2π

∫
ejωtφω(y)f̂(ω)dω

=
1√
2π

∫
ejωtφ(y − logω)f̂(ω)dω

ψ̂(e−x) =
√

2π
√
|a|φ(x)

F (t, y) =
1

2π
√
|a|

∫
ejωtψ̂(e−y+logω)f̂(ω)dω

y = loga

F (t, loga) =
1

2π
√
|a|

∫
ejωtψ̂(e−loga+logω)f̂(ω)dω

=
1

2π
√
|a|

∫
ejωtψ̂(

ω

a
)f̂(ω)dω

F{f(ct)} =
1

|c| f̂
(ω

c

)

F{f(t− t0)} = f̂(ω)ejωt0

F (t, loga) =
√
|a|

∫
f(t′)ψ(a(t′ + t))dt′

F (t, loga) G(a, t)

G(a, t) =
√
|a|

∫
f(t′)ψ(a(t′ + t))dt′

a = 1/s t = −u a > 0

G(s, u) =
1√
s

∫
f(t)ψ

(
t− u

s

)
dt



φω

s0 = 2 u0 = 1

ψj,k(t) = 2−j/2ψ(2−jt− k)

ψ {ψj,k}
L2(IR)

ψ

ψ(t) =






1 0 ≤ t < 1
2

−1 1
2 ≤ t < 1

0

ψ̂(ω) |ω|−1 ω → ∞

ψj,k [2jk, 2j(k + 1))

k 2= k′ 〈ψj,k, ψj,k′〉 = δk,k′

j k 2= k′

j < j′ ψj,k

ψj′,k

ψ

2−j



ψ(x− 1)



ψ(x/2)

j − 1

2−j j + 1

f L2(IR)

[l2−j, (l + 1)2−j)

j f

[−2J1 , 2J1)

[l2−J0 , (l + 1)2−J0) f f 0

f 0
l f 0

f 0 = f 1 + δ1 f 1 f 0

[k2−J0+1, (k + 1)2−J0+1)

f 1 f 1
k f 1

k

f 0 f 1
k = 1

2(f
0
2k + f 0

2k+1) δ1

f 0

δ1
l = f 0

l − f 1
k

δ1
l+1 = f 0

l+1 − f 1
k



l = 2k

δ1
2k = f 0

2k − f 1
k

δ1
2k+1 = f 0

2k+1 − f 1
k

f 1
k = 1

2(f
0
l + f 0

l+1)

δ1
2k = f 0

2k − f 1
k =

1

2
(f 0

2k − f 0
2k+1)

δ1
2k+1 = f 0

2k+1 − f 1
k =

1

2
(f 0

2k+1 − f 0
2k) = −δ1

2k

δ1

δ1 =
2J1+J0−1∑

l=−2J1+J0−1+1

δ1
2lψ

1
2l(2

J0−1x− l)

f

f = f 0 = f 1 + δ1 = f 1 +
∑

l

c−J0+1,lψ−J0+1,l

f 1 f 1 = f 2 + δ2 f 2

[−2J1 , 2J1 ] [k2−J0+2, (k + 1)2−J0+2)

f 1 = f 2 + δ2 = f 2 +
∑

l

c−J0+2,lψ−J0+2,l

f = fJ0+M +
M∑

m=−J0+1

∑

l

cm,lψm,l

fJ0+M [k2−J0+M , (k + 1)2−J0+M)

f f

[−2J1 , 2J1 ]

f = fJ0+J1+K +
J1+K∑

m=−J0+1

∑

l

cm,lψm,l

fJ0+J1+K [−2J1+K , 2J1+K ]



f 0 f 1 + δ1



2−KfJ0+J1
0 2−KfJ0+J1

−1 [0, 2J1+K) [−2J1+K , 0)

fJ0+J1+K |[0,2J1+K) = 2−KfJ0+J1
0 fJ0+J1+K |[−2J1+K ,0) = 2−KfJ0+J1

−1

‖f −
J1+K∑

m=−J0+1

∑

l

cm,lψm,l‖2
L2 = ‖fJ0+J1+K . . . ‖2L2

= 2K/22J1/2
(
|fJ0+J1

0 |2 + |fJ0+J1
−1 |2

)1/2

K

f

f1 f2 f3 . . . f

δ1

δ2 δ3 . . .

Vj ⊂ L2(IR) 2−j

f f j ∈ Vj ‖f − f j‖
f ∈ L2(IR) f j f j+1 2−j

2−(j+1)
∑+∞

n=−∞〈f, ψj,n〉ψj,n

f

Wj = {f =
∑

k dj,kψj,k,
∑

k dj,k < ∞} Vj

Vj+1 ⊂ Vj Vj = Vj+1 ⊕ Wj+1

Wj+1 Vj



Vj+1

Wj

Vj

{Vj}j∈ZZ L2(IR)

∀j ∈ ZZ , Vj+1 ⊂ Vj

∀(j, k) ∈ ZZ2 , f ∈ Vj ⇔ f(·− 2jk) ∈ Vj

∀j ∈ ZZ , f ∈ Vj ⇔ f(2j·) ∈ V0

lim
j→+∞

Vj =
⋂

j∈ZZ

Vj = {0}

lim
j→−∞

Vj =
⋃

j∈ZZ

Vj = L2(IR)

∃φ ∈ V0 φ0,k(t) = φ(t− k) V0

2−j−1 2−j

Vj

2j

2j 2−j

limj→+∞ 2−j = 0 f

f

lim
j→+∞

‖PVjf‖ = 0

limj→−∞ 2−j =

∞ f

f

lim
j→−∞

‖f − PVjf‖ = 0

Pj j → −∞
j → +∞

{φ0,k(t) = φ(t − k)}k∈ZZ

A, B > 0 f ∈ V0



f(t) =
+∞∑

n=−∞
anφ(t− k)

A‖f‖2 ≤
+∞∑

n=−∞
|an|2 ≤ B‖f‖2

V0

Vj A B

2j

Vj = Vj+1 ⊕Wj+1

Wj Wj⊥Wj′ j 2= j′ Wj Vj′

j′ ≥ j

Vj = Vj+1+J ⊕
j+1+J⊕

n=j+1

Wn

Vj

Vj+1+J J Wn n j + 1

j + 1 + J f j V j

f j+1+J dn

Wn

f j = f j+1+J +
j+1+J∑

n=j+1

dn

{Vj}j∈ZZ Vj

[k2−j, (k + 1)2−j) k ∈ ZZ

L2(IR)

[k2j+1, (k + 1)2j+1)

[k2j, (k +1)2j) Vj+1

Vj Vj+1 ⊂ Vj

Vj [k2j, (k+1)2j)

2j



[k2j, (k + 1)2j)

2j

[k, k + 1) V0

j → +∞ Vj

Vj j → −∞

L2(IR)

φ φ(t) = 1 [0, 1) φ(t) = 0

V0 [k, k +1)

k ∈ ZZ

Vj ⊂ Vj−1 Vj

{φ(2 ·−n)}n∈ZZ Vj−1

j = 0

φ(t) =
∑

n

hnφ−1,n(t) =
√

2
∑

n

hnφ(2t− n)



hn = 〈φ,φ−1,n〉

Wj ⊂ Vj−1 j = 0

ψ(t) =
∑

n

gnφ−1,n(t) =
√

2
∑

n

gnφ(2t− n)

gn = 〈ψ, φ−1,n〉

hn gn

gn hn

L2

∫ +∞

−∞
|φ(t)|2dt =

∫ +∞

−∞
|
√

2
∑

n

hnφ(2t− n)|2dt

1 =
∑

n

h2
n

∫ +∞

−∞
|
√

2φ(2t− n)|2dt

1 =
∑

n

h2
n

1 =
∑

n

g2
n

φj,k(t) = 2−j/2φ(2−jt− k)

ψj,k(t) = 2−j/2ψ(2−jt− k)

φj,k(t) = 2−j/2
√

2
∑

n

hnφ(2−j2t− 2k − n)



= 2−(j−1)/2
∑

n

hnφ(2−(j−1)t− (2k + n))

=
∑

n

hnφj−1,2k+n(t)

ψj,k =
∑

n

gnφj−1,2k+n

j

j − 1

j j−1

f ∈ L2(IR) Vj

PVjf = f j =
∑

k

aj,kφj,k

aj,k = 〈f, φj,k〉
aj,k

aj,k = 〈f,
∑

n

hnφj−1,2k+n〉

=
∑

n

hn〈f, φj−1,2k+n〉

=
∑

n

hnaj−1,2k+n

f Vj

f Vj−1 hk

f j−1 = f j + δj f j

Vj δj Wj Vj−1 = Vj ⊕ Wj

δj dj,k aj−1,k

δj =
∑

k

dj,kψj,k

dj,k = 〈f, ψj,k〉

dj,k = 〈f,
∑

n

gnφj−1,2k+n〉

=
∑

n

gn〈f, φj−1,2k+n〉

=
∑

n

gnaj−1,2k+n



aj,n

f j hk

gk

f L2(IR) Vj0

f ‖f − f j0‖
f j0 = PVj0

f f Vj0

j0 = 0 {φ0,k}k∈ZZ V0

f 0

f 0 =
∑

k

a0,kφ0,k

a0,k a0,k = 〈f, φ0,k〉
f 0

2 f

V1 f V1

f 1 = PV1f =
∑

k

a1,kφ1,k

a1,k a1,k = 〈f, φ1,k〉
V1 ⊂ V0 φ1,k φ0,2n+k

φ1,k =
∑

k

hkφ0,2n+k

a1,k a0,2n+k

a1,n =
∑

k

hka0,2n+k



f 0 = f 1 + δ1 δ1

V0 V1

δ1 =
∑

k

d1,kψ1,k

d1,k = 〈f, ψ1,k〉
ψ1,k V0

ψ1,n =
∑

k

gkφ0,2n+k

d1,n =
∑

k

gka0,2n+k

f Vj−1 Vj−1 = Vj ⊕Wj

PVj−1f = PVjf + PWjf∑

n

aj−1,nφj−1,n =
∑

k

aj,kφj,k +
∑

k

dj,kψj,k

aj−1,n

aj−1,n = 〈PVj−1f, φj−1,k〉

= 〈(PVjf + PWjf), φj−1,n〉

= 〈
∑

k

aj,kφj,k, φj−1,n〉+ 〈
∑

k

dj,kψj,k, φj−1,n〉

=
∑

k

aj,k〈φj,k, φj−1,n〉+
∑

k

dj,k〈ψj,k, φj−1,n〉

=
∑

k

aj,khn−2k +
∑

k

dj,kgn−2k

=
∑

k

hn−2kaj,k +
∑

k

gn−2kdj,k



Wj Wj′ j 2= j′

VJ Wj j ≤ J

f VJ Wj0 Wj0+1

. . . WJ

ψ k

∫
xkψ(x)dx = 0

0 M

M

M s(t)

s(t) = p(t) + n(t) M p(t)

n(t)

dj,k = 〈s(t), ψj,k(t)〉 = 〈p(t) + n(t), ψj,k(t)〉 = 〈n(t), ψj,k(t)〉

N − 1 N ≥ 2



N 2N

2N−1

N/2 − 1

N/3−1 N/3

N 3N − 1

2N



ψ ∈ L2(IR)

Cψ = 2π

∫
|ω|−1|ψ̂(ω)|2dω < ∞

ψ̂(0) = 0
∫

ψ(t)dt = 0

{ψs,u}

ψs,u(t) = |s|− 1
2 ψ

(
t− u

s

)

s, u ∈ IR s 2= 0 s
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1

Wavelet

‖ψ‖ = 1

Wcf(s, u) = (Wcf)(s, u) = 〈f, ψs,u〉

=

∫ +∞

−∞
f(t)ψs,u(t)dt

=

∫ +∞

−∞
f(t)|s|− 1

2 ψ

(
t− u

s

)
dt

|Wcf(s, u)| ≤ ‖f‖

f

f = C−1
ψ

∫ +∞

−∞

∫ +∞

−∞

1

s2
(Wcf)(s, u)ψs,udsdu

f, g ∈ L2(IR)

∫ +∞

−∞

∫ +∞

−∞

1

s2
(Wcf)(s, u)(Wcg)(s, u)dsdu =



∫ +∞

−∞

∫ +∞

−∞

1

s2

{∫ +∞

−∞
f(t)|s|− 1

2 ψ

(
t− u

s

)
dt

}

{∫ +∞

−∞
g(t′)|s|− 1

2 ψ

(
t′ − u

s

)
dt′

}
dsdu =

∫ +∞

−∞

∫ +∞

−∞

1

s2

{
1

2π

∫
f̂(ω)|s| 12 ψ̂(sω)e−jωudω

}

{
1

2π

∫
ĝ(ω′)|s| 12 ψ̂(sω′)ejω′udω′

}
dsdu

Fs(ω) =

|s| 12 f̂(ω)ψ̂(sω) Gs(ω) = |s| 12 ĝ(ω)ψ̂(sω)

(5.86) =

∫ +∞

−∞

∫ +∞

−∞

1

s2

{
1

2π

∫
Fs(ω)e−jωudω

} {
1

2π

∫
Gs(ω

′)ejω′udω′
}

dsdu

(2π)−1/2

Fs(ω) Gs(ω)

(5.87) =

∫ +∞

−∞

∫ +∞

−∞

1

s2

1√
2π

F̂s(u)
1√
2π

Ĝs(u)duds

(5.88) =

∫ +∞

−∞

∫ +∞

−∞

1

s2
Fs(u)Gs(u)duds

Fs Gs

(5.89) =

∫ +∞

−∞

∫ +∞

−∞

1

s2
|s| 12 f̂(u)ψ̂(su)|s| 12 ĝ(u)ψ̂(su)duds

=

∫ +∞

−∞

∫ +∞

−∞

1

s2
|s| f̂(u)ĝ(u) |ψ̂(su)|2duds

(5.90) =

∫ +∞

−∞
f̂(u)ĝ(u)

(∫ +∞

−∞

1

|s| |ψ̂(su)|2ds

)
du

= 2π

∫ +∞

−∞
f(t)g(t)

(∫ +∞

−∞
|ω|−1|ψ̂(ω)|2dω

)
dt

= Cψ〈f, g〉



∫ +∞

−∞

∫ +∞

−∞

1

s2
(Wcf)(s, u)(Wcg)(s, u)dsdu = Cψ〈f, g〉

C−1
ψ

∫ +∞

−∞

∫ +∞

−∞

1

s2
(Wcf)(s, u)〈g,ψs,u〉dsdu = 〈f, g〉

f = C−1
ψ

∫ +∞

−∞

∫ +∞

−∞

1

s2
(Wcf)(s, u)ψs,udsdu

s u

s

Cψ =

∫ ∞

0

ω−1|ψ̂(ω)|2dω =

∫ 0

−∞
|ω|−1|ψ̂(ω)|2dω

s u s = sj
0 u = ku0s

j
0 j, k ∈ ZZ s0

u0 s0 2= 1 u0 > 0 b0

ψ(t − ku0) j

s−j/2
0 ψ(s−j

0 t) sj
0 ψ(t) largura(f) =

[
∫

t2|f(t)|2dt]1/2
∫

t|f(t)|2dt = 0 u = ku0s
j
0

j

ψ(t− ku0)

ψj,k(t) = s−j/2
0 ψ

(
t− ku0s

j
0

aj
0

)
= s−j/2

0 ψ(s−j
0 t− ku0)

f

〈f, ψj,k〉
f f

ψ s0 u0

ψ̃j,k f



f =
∑

j,k

〈f, ψj,k〉ψ̃j,k

f L2(IR)

〈f1, ψj,k〉 = 〈f2, ψj,k〉
j, k ∈ ZZ f1 ≡ f2 〈f, ψj,k〉 = 0

j, k ∈ ZZ f = 0

L2(IR) 〈f, ψj,k〉
f

f 〈f, ψj,k〉
L2(IR)

l2(ZZ)

(〈f1, ψj,k〉)j,k∈ZZ (〈f2, ψj,k〉)j,k∈ZZ

f1 f2 L2(IR)

l2(ZZ)

c1 = (c1
j,k)j,k∈ZZ

c2 = (c2
j,k)j,k∈ZZ

‖c1 − c2‖2 =
∑

j,k∈ZZ

|c1
j,k − c2

j,k|2

ψ ψ

s0 > 1 u0 > 0

∑

j,k

|〈f, ψj,k〉|2 ≤ B‖f‖2

f ‖f‖2

∑
j,k |〈f, ψj,k〉|2

∑
j,k |〈f, ψj,k〉|2

‖f‖2 α < ∞
∑

j,k |〈f, ψj,k〉|2 <

1 ‖f‖2 ≤ α f ∈ L2(IR) f̃ =

[
∑

j,k |〈f, ψj,k〉|2]−1/2f f̃
∑

j,k |〈f, ψj,k〉|2 ≤ 1 ‖f̃‖2 ≤
α

[
∑

j,k

|〈f, ψj,k〉|2]−1‖f‖2 ≤ α

l2(ZZ) {ci}i∈ZZ
∑

i |ci|2 < ∞



A‖f‖2 ≤
∑

j,k

|〈f, ψj,k〉|2

A = α−1 > 0 f

A‖f‖2 ≤
∑

j,k

|〈f, ψj,k〉|2 ≤ B‖f‖2

f ∈ L2(IR) {ψj,k}j,k∈ZZ



6

〈f, φj,k〉 =
∑

n

hn−2k〈f, φj−1,n〉

〈f, ψj,k〉 =
∑

n

gn−2k〈f, ψj−1,n〉

〈f, φj,k〉 = (↓ 2)[(〈f, φj−1,n〉) ∗ h−n]

〈f, ψj,k〉 = (↓ 2)[(〈f, ψj−1,n〉) ∗ g−n]

H



G h g

D

H =





.

h0 h1

h0 h1

h0 h1

. .





D =





.

1 0

1 0

1 0

. .





DH =





.

h0 h1

h0 h1

h0 h1

. .





aj =





aj,−1

aj,0

aj,1





aj = DHaj−1

dj = DGaj−1

v = (↓ 2)x v(k) = x(2k)



V (ω) =
∑

k

v(k)e−jωk =
∑

k

x(2k)e−jωk =
∑

n=2k

x(n)e−jωn/2

V (ω) = X(ω
2 )

A(ω) =
∑

n=2k

b(n)e−jωn =
1

2

∑

k

b(k)e−jωk +
1

2

∑

k

b(k)e−j(ω+π)k

=
1

2
[B(ω) + B(ω + π)]

x 2π

V (ω) =
1

2

[
X

(ω

2

)
+ X

(ω

2
+ π

)]

L H yl(n)

yh(n)

x(n)

S(x(n)) x(n)

x(n)

S(x(n))

x(n) [−π
2 , π

2 ]



|ω| ≤ π
2

x(x)

L̃ H̃

x̃(n) = S̃S(x(n)) = x(n)

S

S̃ = S−1

S

S

S−1 = ST





v(n) u(n)

u = Uv

u = (. . . , u(−1), u(0), u(1), . . .)T v = (. . . , v(−1), v(0), v(1), . . .)T

U =





.

1 0

0

1 0

0

1 0

.





n = 2k n = 2k + 1

u = (↑ 2)v =

{
u(k) = v(k/2)

u(k) = 0

U(ω)

u(n) U(ω) = V (2ω)

U(ω) =
∑

n

u(n)e−jωn

=
∑

n

u(2n)e−jω2n

=
∑

n

v(n)e−j(2ω)n

= V (2ω)

2k + 1 V (ω)

2π U(ω) π

U

|ω| ≤ π
2 U π



x u u = (↑ 2)(↓ 2)x

U(ω) =
1

2
[X(ω) + X(ω + π)]

L2(IR)

hk

y = h-v v = (↓ 2)v′ y = h- ((↓ 2)v′)



y = (↓ 2)(h2 - v′) h2 H2(ω) = H(ω
2 )

Y (ω) = H(ω)V (ω)

= H(ω)
1

2

[
V ′

(ω

2

)
+ V ′

(ω

2
+ π

)]

=
1

2

[
H(ω)V ′

(ω

2

)
+ H(ω)V ′

(ω

2
+ π

)]

=
1

2

[
H(ω)V ′

(ω

2

)
+ H(ω + 2π)V ′

(ω

2
+ π

)]

= (↓ 2)(H(2ω)V ′(ω))

(↓ 2)h ∗ v h ∗ (↑ 2)v

((↓ 2)H(ω))V (ω) =

[
1

2
H

(ω

2

)
+

1

2
H

(ω

2
+ π

)]
V (ω)

=
1

2
H

(ω

2

)
V (ω) +

1

2
H

(ω

2
+ π

)
V (ω)

=
1

2
H(ω)V (2ω) +

1

2
H(2ω + 2π)V (2ω)

= H(ω)V (2ω)

= H(ω)((↑ 2)V (ω))

h∗(↓ 2)v (↑ 2)h∗v

H(ω)

G(ω)

H̃(ω) G̃(ω)

H̃(ω)

G̃(ω)

y1 y2

x′1 x′2



H(ω)

G(ω) π/2

π/2

x̃ = y1 + y2 y1 y2

Y1(ω) = H̃(ω)U(ω)

= H̃(ω)

(
1

2
[X ′(ω) + X ′(ω + π)]

)

=
1

2
H̃(ω)[H(ω)X(ω) + H(ω + π)X(ω + π)]

=
1

2
[H̃(ω)H(ω)X(ω) + H̃(ω)H(ω + π)X(ω + π)]

Y2(ω) =
1

2
[G̃(ω)G(ω)X(ω) + G̃(ω)G(ω + π)X(ω + π)]



X̃

X̃(ω) = Y1(ω) + Y2(ω)

= X(ω)
1

2
[H̃(ω)H(ω) + G̃(ω)G(ω)]

+X(ω + π)
1

2
[H̃(ω)H(ω + π) + G̃(ω)G(ω + π)]

X̃(ω) = X(ω)

H(ω)H̃(ω) + G(ω)G̃(ω) = 2

H(ω + π)H̃(ω) + G(ω + π)G̃(ω) = 0

X(ω + π)

H̃(ω) = G(ω + π)

G̃(ω) = −H(ω + π)



H(ω)G(ω + π)−H(ω + π)G(ω) = 2

T (ω) =
X̃(ω)

X(ω)
=

1

2
[H(ω)G(ω + π)−H(ω + π)G(ω)]

T (ω) T (ω) = e−jωτ0

H(ω)G(ω + π)−H(ω + π)G(ω) = 2e−jωτ0

[
H(ω) G(ω)

H(ω + π) G(ω + π)

] [
H̃(ω)

G̃(ω)

]
=

[
2e−jωτ0

0

]

ω ω + π

[
H(ω) G(ω)

H(ω + π) G(ω + π)

] [
H̃(ω) H̃(ω + π)

G̃(ω) G̃(ω + π)

]
=

[
2e−jωτ0

0

]

[
H̃(ω)

G̃(ω)

]
=

2

∆(ω)

[
G(ω + π)

−H(ω + π)

]

∆(ω)

∆(ω) = H(ω)G(ω + π)−H(ω + π)G(ω)

[−π, π]



∆(ω)

H̃(ω) =
2

∆(ω)
G(ω + π)

G̃(ω) = − 2

∆(ω)
H(ω + π)

G(ω) = G(ω + 2π) = H̃(ω + π)
∆(ω + π)

2

G̃(ω)G(ω) = −∆(ω + π)

∆(ω)
H̃(ω + π)H(ω + π)

∆(ω + π) = −∆(ω)

G̃(ω)G(ω) = H̃(ω + π)H(ω + π)

H̃(ω)H(ω) + H̃(ω + π)H(ω + π) = 2

e±jnω

∆−1(ω)

∆(ω) ∆−1(ω) e±jnω

∆(ω + π) = −∆(ω) n

∆(ω)

∆(ω) = aej(2l+1)ω

a ∈ IR l ∈ ZZ

H̃(ω) =
2

a
e−j(2l+1)ωG(ω + π)



G̃(ω) = −2

a
e−j(2l+1)ωH(ω + π)

H̃(ω) = H(ω)

|H(ω)|2 + |H(ω + π)|2 = 2

G̃(ω)G(ω) + G̃(ω + π)G(ω + π) = 2

|G(ω)|2 + |G(ω + π)|2 = 2

P0(ω) = H(ω)H̃(ω) P1(ω) = G(ω)G̃(ω)

P0(ω) + P1(ω) = 2ejωτ0

P1(ω) = −P0(ω + π)

P1(ω) = G(ω)G̃(ω) = −G(ω)H(ω + π) = −H̃(ω + π)H(ω + π) = −P0(ω + π)

P0(ω)− P0(ω + π) = 2ejωτ0

P0

P0 H H̃

ω z ejω = z

|z| = 1



ω ω+2π ω+4π z

z = ejω z = ejω+2π z = ejω+4π

ej2π = 1

x(n) X(ω)

z X(z) z

X(z) =
∑

n

x(n)z−n

z

P0(z)− P0(−z) = 2zl

H̃(z) = G(−z)

G̃(z) = −H(−z)

P0(z)

H(z) H̃(z) P0(z)

H(z) H̃(z)

P0(z)

zl

P0(z)

P0(z) = (1 + z−1)2pQ(z)

(1+z−1)2p

2p z = −1

ω = π Q(z)



P (z) = zlP0(z)

l P (−z) = (−z)lP0(−z) = −zlP0(−z)

P (z) + P (−z) = 2

P (z) P (−z)

P (z)

φ

φ̂(ω) =

∫ +∞

−∞
φ(t)e−jωtdt

φ̂(ω) =

∫ +∞

−∞
φ(t)e−jωtdt

=

∫ +∞

−∞

√
2
∑

k

hkφ(2t− k)e−jωtdt

=
√

2

∫ +∞

−∞

∑

k

hkφ(t′)e−jω t′+k
2

1

2
dt′

=

√
2

2

∑

k

hke
−j ω

2 k

∫ +∞

−∞
φ(t′)e−jω t′

2 dt′

=

√
2

2

∑

k

hke
−j ω

2 kφ̂
(ω

2

)

=

√
2

2
H

(ω

2

)
φ̂

(ω

2

)

H(ω) =
∑

k

hke
−jωk

ψ

ψ̂(ω) =

√
2

2
G

(ω

2

)
φ̂

(ω

2

)



G(ω)

G(ω) =
∑

k

gke
−jωk

√
2/2√

2/2 G(ω) H(ω)

φ(t) φ(t− k) k ∈ ZZ

〈φ(t), φ(t− k)〉 =

∫ +∞

−∞
φ(t)φ(t− k)dt = δ0,k

〈φ(t), φ(t− k)〉 =
1

2π

∫ +∞

−∞
φ̂(ω)φ̂(ω)ejωkdω

=
1

2π

∫ +∞

−∞
|φ̂(ω)|2ejωkdω

=
1

2π

+∞∑

l=−∞

∫ 2π(l+1)

2πl

|φ̂(ω)|2ejωkdω

=
1

2π

+∞∑

l=−∞

∫ 2π

0

|φ̂(ω′ + 2πl)|2ejω′kej2πlkdω′

=
1

2π

∫ 2π

0

+∞∑

l=−∞

|φ̂(ω + 2πl)|2ejωkdω

=
1

2π

∫ 2π

0

A(ω)ejωkdω

A(ω) =
+∞∑

l=−∞

|φ̂(ω + 2πl)|2



A(ω) 2π

A(ω) =
+∞∑

l=−∞

|φ̂(ω + 2πl)|2 =
∑

k

ake
−jωk

ak =
1

2π

∫ π

−π

A(ω)ejωkdω

{φ(t− k)}k∈ZZ

〈φ(t), φ(t− k)〉 = δk,0

k = 0

〈φ(t), φ(t− k)〉|k=0 = 〈φ(t), φ(t)〉 = ‖φ(t)‖2 = 1

k 2= 0

〈φ(t), φ(t− k)〉 = δk,0 =
1

2π

∫ 2π

0

+∞∑

l=−∞

|φ̂(ω + 2πl)|2ejωkdω

+∞∑

l=−∞

|φ̂(ω + 2πl)|2 = 1

〈φ(t), φ(t− k)〉 = δk =
1

2π

∫ 2π

0

ejωkdω

∫
ejωkdω = 2πδ(k)

〈φ(t), φ(t− k)〉 =
1

2π
2πδ(k) = δk

φ
∑+∞

l=−∞ |φ̂(ω +



2πl)|2

φ̂orto(ω) =
φ̂(ω)√∑+∞

l=−∞ |φ̂(ω + 2πl)|2

+∞∑

k=−∞

|φ̂orto(ω + 2πk)|2 =
+∞∑

k=−∞

∣∣∣∣∣
φ̂(ω + 2πk)

∑+∞
l=−∞ |φ̂(ω + 2πl)|2

∣∣∣∣∣

2

= 1

φ̂orto(ω) {φorto(t− k)}k∈ZZ

H(ω)

+∞∑

l=−∞

|φ̂(ω + 2πl)|2 =
+∞∑

l=−∞

∣∣∣∣∣

√
2

2
H

(
ω + 2πl

2

)∣∣∣∣∣

2 ∣∣∣∣φ̂
(

ω + 2πl

2

)∣∣∣∣
2

=
1

2

+∞∑

l=−∞

|H(ω′ + πl)|2|φ̂(ω′ + πl)|2 = 1

ω′ = ω/2

ω′ ω l = 2k l = 2k + 1

2 =
+∞∑

k=−∞

|H(ω+2kπ)|2|φ̂(ω+2kπ)|2+
+∞∑

k=−∞

|H(ω+(2k+1)π)|2|φ̂(ω+(2k+1)π)|2

H(ω) 2π

H(ω + 2kπ) = H(ω) H(ω + (2k + 1)π) = H(ω + π)

|H(ω)|2
+∞∑

k=−∞

|φ̂(ω + 2kπ)|2 + |H(ω + π)|2
+∞∑

k=−∞

|φ̂(ω + (2k + 1)π)|2 = 2

|H(ω)|2 + |H(ω + π)|2 = 2

H(ω) {hk}
{hk} {φ(t− k)}k∈ZZ



{ψ(t−k)}k∈ZZ

+∞∑

k=−∞

|ψ̂(ω − 2πk)|2 = 1

|G(ω)|2 + |G(ω + π)|2 = 2

{gk}

{φ(t−k)} ψ(t−k)

〈φ(t), ψ(t− k)〉 =

∫ +∞

−∞
φ(t)ψ(t− k)dt = 0

=
1

2π

∫ +∞

−∞
φ̂(ω)ψ̂(ω)ejωkdω

=
1

2π

∫ 2π

0

∞∑

l=−∞

φ̂(ω + 2πl)ψ̂(ω + 2πl)ejωkdω

∑∞
l=−∞ φ̂(ω +2πl)ψ̂(ω + 2πl)

∞∑

l=−∞

φ̂(ω + 2πl)ψ̂(ω + 2πl) = 0

∞∑

l=−∞

H

(
ω + 2πl

2

)
φ̂

(
ω + 2πl

2

)
G

(
ω + 2πl

2

)
φ̂

(
ω + 2πl

2

)
= 0

∞∑

l=−∞

H(ω′ + πl)φ̂(ω′ + πl)G(ω′ + πl)φ̂(ω′ + πl) = 0

ω′ = ω/2 ω′ ω

l = 2k



l = 2k + 1

∞∑

k=−∞

H(ω + 2kπ)φ̂(ω + 2kπ)G(ω + 2kπ)φ̂(ω + 2kπ) +

∞∑

k=−∞

H(ω + (2k + 1)π)φ̂(ω + (2k + 1)π)G(ω + (2k + 1)π)φ̂(ω + (2k + 1)π) = 0

H(ω) G(ω) φ̂(ω) 2π

H(ω)φ̂(ω)G(ω)φ̂(ω) + H(ω + π)φ̂(ω + π)G(ω + π)φ̂(ω + π) = 0

φ̂(ω) = φ̂(ω + π)

H(ω)G(ω) + H(ω + π)G(ω + π) = 0

{ψ(t− k)} {φ(t− k)}
{gk}

{hk}

∫ +∞

−∞
φ(x)dx = 1

φ̂(0) = 1

H(0) =
√

2

H(π) = 0

H G

G(0) = 0

G

G(π) =
√

2

H(0) = G(π) H(π) = G(0) H(ω)G(ω) + H(ω + π)G(ω + π) = 0



H G

π/2

H

H(ω) =

(
1 + eiω

2

)m

Q(ω)

m ≥ 1 Q 2π ω = π

eiπ = −1 H(π) = 0 ω = 0

e0 = 1 H(0) = Q(0)

Q(0) =
√

2 Q(π) 2= 0

H π Q

(1+eiω

2 )m m

m H

0

0.2

0.4

0.6

0.8

1

0 π /4 π /2 3π /4 π

magnitude

−2

−1

0

1

2

0 π /4 π /2 3π /4 π

phase

G(ω)

G(ω) = λ(ω)H(ω + π)

λ(ω) = −λ(ω + π) 2π |λ(ω)|2 = 1

G

2π

λ(ω) = −e−jω



0

0.2
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0.6
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1

0 π /4 π /2 3π /4 π

magnitude

−4

−2

0

2

4

0 π /4 π /2 3π /4 π

phase

0

0.2

0.4

0.6

0.8

1

0 π /4 π /2 3π /4 π

magnitude

−4

−2

0

2

4

0 π /4 π /2 3π /4 π

phase



G

G(ω) = −e−jωH(ω + π)

H(ω)

G(ω) = −e−jω
∑

k

hk√
2
ej(ω+π)k

=
∑

k

hk√
2
(−e−jω)ejωkejπk

=
∑

k

hk√
2
(−1)1−ke−j(1−k)ω

=
∑

n

(−1)nh1−n√
2

e−jωn

G

gn

gn = (−1)nh1−n

φ {hk}
φ φ1,k {gk}

{hk}
k2j

f L2(IR)

V0 f 0

f V0 f 0 = PV0f Vj+1 ⊂ Vj

V0 ⊂ V−1 f V−1

f 0 = f−1

{φ0,k}k∈ZZ V0

{φ1,k}k∈ZZ V−1 f 0 f−1



f 0 =
∑

k

a0,kφ0,k =
∑

k

a0,kφ(t− k)

f−1 =
∑

k

a−1,kφ−1,k =
∑

k

a−1,kφ(2t− k)

f̂ 0 =
∑

k

a0,kφ̂(ω)e−iωk

= φ̂(ω)
∑

k

a0,ke
−iωk

= φ̂(ω)A0(ω)

f̂−1 =
∑

k

a−1,kφ̂
(ω

2

)
e−i ω

2 k

= φ̂
(ω

2

) ∑

k

a−1,ke
−i ω

2 k

= φ̂(ω)A−1

(ω

2

)

Aj(2
jω) =

∑

k

aj,ke
−i2jωk

aj,k

f j f Vj

f j =
∑

k

aj,kφj,k

f̂ j =
∑

k

aj,kφ̂j,k

=
∑

k

aj,kφ̂(2jω)e−i2jωk

= φ̂(2jω)
∑

k

aj,ke
−i2jωk

= φ̂(2jω)Aj(2
jω)



Aj Aj−1

A0 A−1 A0

A(ω) =
∑

k

(
∑

n

hna−1,2k+n

)
e−iωk

=
∑

n

hn

(
∑

k

a−1,2k+n

)
e−iωk

m = 2k + n

A(ω) =
∑

n

hn

∑

k

a−1,2k+ne
−iωk

=
∑

n

hn

∑

m

a−1,me−iωm/2eiωn/2

=
∑

n

hnA−1

(ω

2

)
eiωn/2

= A−1

(ω

2

) ∑

n

hne
iωn/2

= A−1

(ω

2

)
H

(
−ω

2

)

f 0

f̂ 0 = φ̂(ω)A(ω)

= φ̂(ω)A−1

(ω

2

)
H

(
−ω

2

)

= H
(ω

2

)
φ̂

(ω

2

)
A−1

(ω

2

)
H

(
−ω

2

)

= φ̂
(ω

2

)
A−1

(ω

2

)
H

(ω

2

)
H

(
−ω

2

)

=
∣∣∣H

(ω

2

)∣∣∣ ej∠H(ω/2)
∣∣∣H

(
−ω

2

)∣∣∣ ej∠H(−ω/2)f̂−1

=
∣∣∣H

(ω

2

)∣∣∣
∣∣∣H

(
−ω

2

)∣∣∣ f̂−1

=
∣∣∣H

(ω

2

)∣∣∣
2

f̂−1

|H(ω)|
H(ω)

f̂ j =
∣∣∣H

(ω

2

)∣∣∣
2

f̂ j−1



f

Vj−1 = Vj ⊕ Wj

f−1 ∈ V−1 f 0 ∈ V0 δ0 ∈ W0 f−1 = f 0 + δ0

f̂ 0 f̂−1 δ̂0

δ0

ψj,k

δ0 =
∑

k

d0,kψ0,k

δ̂0 =
∑

k

d0,kψ̂(ω)e−iωk

δ̂0 = ψ̂(ω)
∑

k

d0,ke
−iωk

δ̂0 = ψ̂(ω)D(ω)

D(ω) =
∑

k

d0,ke
−iωk

δ̂0 = D(ω)G
(ω

2

)
φ̂

(ω

2

)

dj,k

d0,k =
∑

n

gna−1,2k+n

D(ω) =
∑

k

∑

n

gna−1,2k+ne
−iωk

=
∑

n

gn

∑

k

a−1,2k+ne
−iωk



m = 2k + n

D(ω) =
∑

n

gn

∑

m

a−1,me−iω(m−n)/2

=
∑

n

gn

∑

m

a−1,me−i ω
2 mei ω

2 n

=
∑

n

gnA−1

(ω

2

)
ei ω

2 n

= A−1

(ω

2

) ∑

n

gne
i ω
2 n

= A−1

(ω

2

)
G

(
−ω

2

)

δ̂0 = A−1

(ω

2

)
G

(
−ω

2

)
G

(ω

2

)
φ̂

(ω

2

)

|G(ω)|

δ̂0 =
∣∣∣G

(ω

2

)∣∣∣
2

f̂−1

f̂−1 = δ̂0 + f̂ 0

=
∣∣∣H

(ω

2

)∣∣∣
2

f̂−1 +
∣∣∣G

(ω

2

)∣∣∣
2

f̂−1

= f̂−1

(∣∣∣H
(ω

2

)∣∣∣
2

+
∣∣∣G

(ω

2

)∣∣∣
2
)

∣∣∣H
(ω

2

)∣∣∣
2

+
∣∣∣G

(ω

2

)∣∣∣
2

= 1



7
H m0

φ m0

|m0(ω)|2 + |m0(ω + π)|2 = 1

{ψj,k}
m0

m0(ω) =

(
1 + e−iω

2

)N

L(ω)

N ≥ 1 L

ψ

m0

φ



hn

hn =
√

2

∫
φ(x)φ(2x− n)dx

hn

ψ φ−1,k

ψ =
∑

n

gnφ−1,n gn = (−1)nh−n+1

ψ

φ 2π

m0

m0(ω) =

√
2

2

∑

n

hne
−inω

M0(ω) = |m0(ω)|2

cos(ω)

M0(ω) + M0(ω + π) = 1

M0(ω) =
(
cos2

(ω

2

))N

L(ω)

L(ω) = |L(ω)|2 cos(ω)

L(ω) sen2(ω/2) = (1− cos(ω))/2

M0(ω) =
(
cos2

(ω

2

))N

P
(
sen2

(ω

2

))

(
cos2

(ω

2

))N

P
(
sen2

(ω

2

))
+

(
cos2

(
ω + π

2

))N

P

(
sen2

(
ω + π

2

))
= 1

y = sen2(ω/2)

(1− y)NP (y) + yNP (1− y) = 1



y ∈ [0, 1]

(1− y)Nq1(y) + yNq2(y) = 1

(1 − y)N yN

q1 q2 ≤ N − 1

1− y y

(1− y)Nq2(1− y) + yNq1(1− y) = 1

q1 q2 q2(y) = q1(1− y)

P (y) = q1(y)

q1(y) = (1− y)−N [1− yNq1(1− y)]

(1− y)−N

(1− y)−N =
+∞∑

n=0

(N + n− 1)!

(N − 1)!n!
yn =

+∞∑

n=0

(
N + n− 1

n

)
yn

N

q1(y) =
N−1∑

n=0

(
N + n− 1

n

)
yn + O(yN)

q1 ≤ N − 1 q1

N

q1(y) =
N−1∑

n=0

(
N + n− 1

n

)
yn

PN

P

(1− y)N [P (y)− PN(y)] + yN [P (1− y)− PN(1− y)] = 0

P − PN yN

P (y)− PN(y) = yN P̃ (y)



P̃ (y) + P̃ (1− y) = 0

P̃ 1
2

|m0(ω)|2

m0 |m0|2

N = 1 L(ω) = 1

L N = 1

L(ω) = 2− cos(ω) N = 2

s = sj
0 j ∈ ZZ s0

s0 2= 0

u = ku0s
j
0 u0 > 0 k ∈ ZZ

ψj,k(t) = s−j/2
0 ψ

(
t− ku0s

j
0

sj
0

)
= s−j/2

0 ψ(s−j
0 t− ku0)

Vj+1 = Vj⊕Wj Vj Wj

Vj+1

φ {φ−1,·}

φ(x) = s1/2
0

∑

k

hkφ(s0x− ku0)



φ̂(ω) = s1/2
0

∑

k

hk
1

|s0|
φ̂

(
ω

s0

)
e−jku0ω/s0

= s−1/2
0

∑

k

hkφ̂

(
ω

s0

)
e−jku0ω/s0

H(ω) =
∑

k

hke
−jku0ω

φ̂(ω) = s−1/2
0 H

(
ω

s0

)
φ̂

(
ω

s0

)

G(ω) =
∑

k

gke
−jku0ω

ψ̂(ω) = s−1/2
0 G

(
ω

s0

)
φ̂

(
ω

s0

)

H G

+∞∑

l=−∞

|φ̂(ω + 2πl)|2 =
+∞∑

l=−∞

∣∣∣∣s
−1/2
0 H

(
ω + 2πl

s0

)∣∣∣∣
2 ∣∣∣∣φ̂

(
ω + 2πl

s0

)∣∣∣∣
2

= s−1
0

+∞∑

l=−∞

|H(ω′ + πl)|2|φ̂(ω′ + πl)|2 = 1

V0 V−1

φ(x) =
∑

k

hkφ−1,k(x) =
∑

k

hks
1/2
0 φ(s0x− ku0)



hk = 〈f, φ−1,k〉

φm,n(x) = s−m/2
0 φ(s−m

0 x− nu0)

= s−m/2
0

∑

k

hks
1/2
0 φ(s−(m−1)

0 x− (s0u0n− u0k))

=
∑

k

hkφm−1,s0n−k(x)

am,n = 〈f, φm,n〉

am,n =
∑

k

hkam−1,s0n−k

dm,n =
∑

k

gkam−1,s0n−k

s0

x M

v = (↓ M)x

v(k) = x(Mk)

V (ω) =
∑

k

v(k)e−jωk =
∑

k

x(Mk)e−jωk =
∑

n=Mk

x(n)e−j ω
M n

A(ω) =
∑

k=Mn

b(k)e−jwk

=
1

M

∑

k

b(k)e−jwk +
1

M

∑

k

b(k)e−j(w+ 2π
M )k +



+
1

M

∑

k

b(k)e−j(w+ 4π
M )k + . . . +

+
1

M

∑

k

b(k)e−j(w+ (M−1)2π
M )k

=
1

M

M−1∑

i=0

∑

k

b(k)e−j(w+ 2πi
M )k

=
1

M

M−1∑

i=0

B

(
ω +

2πi

M

)

V (ω) =
1

M

M−1∑

i=0

X

(
ω

M
+

2πi

M

)

M

u = (↑ M)v =

{
u(k) = v(k/M), k = nM, n ∈ IN

u(k) = 0,

U(ω) =
∑

n

u(n)e−jωn

=
∑

n=Mk

u(n)e−jωn

=
∑

k

u(Mk)e−jωMk

=
∑

k

v(k)e−jMωk

= V (Mω)

M M =

P/Q (↓ M)

(↓ M) = (↓ P )(↑ Q)

x v x

v = (↓ M)x = (↓ P )(↑ Q)x



V (ω) = (↓ P )(X(Qω)) =
1

P

P−1∑

i=0

X

(
Qω

P
+

2πi

P

)

N φ N − 1

ψl l = 1, . . . , N − 1

φ(x) =
∑

n cnφ(Nx − n) φ̂(ω) = m0(ω/N)φ̂(ω/N)

m0(ω) = N−1
∑

n cneiωn ψl

φ(Nx − n) ml

ψ̂l(ω) = ml(ω/N)φ̂(ω/N) ml

φ ψl

N ×N M(ω)

Mlk(ω) = ml−1

(
ω +

2π

N
(k − 1)

)



ω M

N Vj

Vj+1 log2N

N ψl

(N − 1)−1log2N N = 4
2
3

N = 2

! !

m̃0(ω) = m0(ω)m0(2ω)

m̃1(ω) = m0(ω)m1(2ω)

m̃2(ω) = m1(ω)m1(2ω)

m̃3(ω) = m1(ω)m0(2ω)

m1(ω) = eiωm0(ω + π) m0(ω)

N = 2

m0(ω) = (1+ e−iω)

m0 m1 m1(ω) = eiω(1 − eiω)



m0 [
√

2/2,
√

2/2] m1 [
√

2/2,−
√

2/2]

m̃i i = 0, 1, 2, 3 [1/2, 1/2, 1/2, 1/2]

[1/2, 1/2, −1/2, −1/2] [1/2, −1/2, −1/2, 1/2] [1/2, −1/2, 1/2, −1/2]

Mc

c =





1/2 1/2 1/2 1/2

1/2 1/2 −1/2 −1/2

1/2 −1/2 −1/2 1/2

1/2 −1/2 1/2 −1/2





m̃0(ω) = 1 + e−iω + e−i2ω + e−i3ω

m̃1(ω) = eiω + ei2ω − ei3ω − ei4ω

m̃2(ω) = ei3ω − ei4ω − ei5ω + ei6ω

m̃3(ω) = −1 + eiω + e−iω − ei2ω

M

φ̃ m̃0

̂̃φ(ω) =
∞∏

j=1

m̃0(4
−jω)

=
∞∏

j=1

[m0(2
−2jω)m0(2

−2j+1ω)]

=
∞∏

j=1

m0(2
−jω) = φ̂(ω)

φ̃ ≡ φ φ̃

φ

Ṽ0 = V0 Ṽj

φ̃(4−jx − k) Vm m

Ṽj = V2j
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2
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2
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−π −π /2 0 π /2 π
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m̃0

0

0.5

1

1.5

2
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magnitude

−4
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0

2

4

−π −π /2 0 π /2 π
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m̃1

0

0.5

1

1.5

2

−π −π /2 0 π /2 π

magnitude

−4

−2

0

2

4

−π −π /2 0 π /2 π

phase

m̃2

0

0.5

1

1.5

2

−π −π /2 0 π /2 π

magnitude

−4

−2

0

2

4

−π −π /2 0 π /2 π

phase

m̃3

ψ̃l l = 1, 2, 3

ψ̃l(ω) = ̂̃ml

(ω

4

)
φ̂

(ω

4

)

̂̃ψ
1

(ω) = m1

(ω

2

)
m0

(ω

4

)
φ̂

(ω

4

)

= m1

(ω

2

)
φ̂

(ω

2

)
= ψ̂(ω)

ψ̃1 ≡ ψ ψ

ψ̃

2/3

ψ̃1 ψ

ψ̃2 ψ̃3

1/2



ψ̃2 ψ̃3 W̃ 2
j W̃ 3

j W̃ 1
j = W2j

Ṽj = V2j Ṽj−1 = V2j−2

Ṽj−1 = Ṽj ⊕ W̃ 1
j ⊕ W̃ 2

j ⊕ W̃ 3
j

V2j−2 = V2j ⊕W2j ⊕ W̃ 2
j ⊕ W̃ 3

j

V2j ⊕W2j = V2j−1 W̃ 2
j ⊕ W̃ 3

j = W2j−1 W2j−1

1/2

N

φ N − 1 ψl l = 1, 2, . . . , N − 1

φ(x) =
∑

n

cnφ(Nx− n)

φ̂(ω) = m0

( ω

N

)
φ̂

( ω

N

)

m0(ω) =
1

N

∑

n

cne
inω

N − 1

N − 1 Ṽj−1

Ṽj−1 = Ṽj ⊕ W̃ 1
j ⊕ W̃ 2

j ⊕ . . . ⊕ W̃N−1
j

Ṽj, W̃ 1
j , . . . , W̃N−1

j ⊂ Ṽj−1 ψl

φ(Nx− n)

ψl(x) =
∑

n

gl
nφ(Nx− n)



ψ̂l(ω) =
∑

n

gl
n

1

N
φ̂

( ω

N

)
e−j ω

N n

= φ̂
( ω

N

)
ml

( ω

N

)

ml(ω) =
1

N

∑

n

gl
ne
−jωn

φ ψl m0 ml

{φ(x− n)}n∈ZZ 〈φ(x), φ(x− n)〉 = δo,n

〈φ(x), φ(x− n)〉 =
1

2π

∫ 2π

0

+∞∑

l=−∞

A(ω)ejωndω

A(ω) = |φ̂(ω + 2πl)|2

+∞∑

l=−∞

A(ω) = 1

1

2π

∫ 2π

0

ejωn = δo,n

m0 φ̂(ω) = φ̂( ω
N )m0(

ω
N )

+∞∑

l=−∞

|φ̂(ω + 2πl)|2 = 1

+∞∑

l=−∞

∣∣∣∣φ̂
(

ω +
2πl

N

)∣∣∣∣
2 ∣∣∣∣m0

(
ω +

2πl

N

)∣∣∣∣
2

= 1

l = Nk l = Nk + 1 l = Nk + N − 1

1 =
+∞∑

k=−∞

|φ̂(ω + 2πk)|2|m0(ω + 2πk)|2 +



+∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2π

N

)∣∣∣∣
2 ∣∣∣∣m0

(
ω + 2πk +

2π

N

)∣∣∣∣
2

+ . . . +

+∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2π(N − 1)

N

)∣∣∣∣
2 ∣∣∣∣m0

(
ω + 2πk +

2π(N − 1)

N

)∣∣∣∣
2

1 =
N−1∑

i=0

+∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2πi

N

)∣∣∣∣
2 ∣∣∣∣m0

(
ω + 2πk +

2πi

N

)∣∣∣∣
2

m0 2π

1 =
N−1∑

i=0

+∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2πi

N

)∣∣∣∣
2 ∣∣∣∣m0

(
ω +

2πi

N

)∣∣∣∣
2

1 =
N−1∑

i=0

∣∣∣∣m0

(
ω +

2πi

N

)∣∣∣∣
2 +∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2πi

N

)∣∣∣∣
2

1 =
N−1∑

i=0

∣∣∣∣m0

(
ω +

2πi

N

)∣∣∣∣
2

m0

{ψl(t − n)}n∈ZZ l = 1, . . . , N − 1

〈ψl, ψl(x − n)〉 = δ(n)

∞∑

l=−∞

∣∣∣∣φ̂
(

ω +
2πl

N

)∣∣∣∣
2 ∣∣∣∣ml

(
ω +

2πl

N

)∣∣∣∣
2

= 1

ψ̂l(ω) = φ̂( ω
N )ml(

ω
N )

N−1∑

i=0

∣∣∣∣ml

(
ω +

2πi

N

)∣∣∣∣
2

= 1 l = 1, . . . , N − 1

Ṽj W̃ l
j

W̃ l
j W̃ l′

j l 2= l′

Ṽj W̃ l
j

〈φ(x), ψl(x− n)〉 = 0∫ ∞

−∞
φ(x)ψl(x− n)dx = 0

1

2π

∫ ∞

−∞
φ̂(ω)ψ̂l(ω)eiωndω = 0



1

2π

∫ 2π

0

∞∑

l=−∞

φ̂(ω + 2πl)ψ̂l(ω + 2πl)eiωndω = 0

∞∑

l=−∞

φ̂(ω + 2πl)ψ̂l(ω + 2πl) = 0

φ̂ ψ̂l m0 ml

∞∑

l=−∞

φ̂

(
ω +

2πl

N

)
m0

(
ω +

2πl

N

)
φ̂

(
ω +

2πl

N

)
ml

(
ω +

2πl

N

)
= 0

∞∑

l=−∞

∣∣∣∣φ̂
(

ω +
2πl

N

)∣∣∣∣
2

m0

(
ω +

2πl

N

)
ml

(
ω +

2πl

N

)
= 0

N−1∑

i=0

∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2πi

N

)∣∣∣∣
2

m0

(
ω + 2πk +

2πi

N

)
ml

(
ω + 2πk +

2πi

N

)
= 0

m0 ml 2π

N−1∑

i=0

∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2πi

N

)∣∣∣∣
2

m0

(
ω +

2πi

N

)
ml

(
ω +

2πi

N

)
= 0

N−1∑

i=0

m0

(
ω +

2πi

N

)
ml

(
ω +

2πi

N

) ∞∑

k=−∞

∣∣∣∣φ̂
(

ω + 2πk +
2πi

N

)∣∣∣∣
2

= 0

N−1∑

i=0

m0

(
ω +

2πi

N

)
ml

(
ω +

2πi

N

)
= 0

ψl ψl′ l 2= l′

ml ml′

N−1∑

i=0

ml

(
ω +

2πi

N

)
ml′

(
ω +

2πi

N

)
= 0



N ×N M(ω)

Ml,k(ω) = ml−1

(
ω +

2π

N
(k − 1)

)

ω M

M M−1 = M∗ M

M

M(ω) = GE(ω)

Gl,k =
1√
N

gl
k

El,k(ω) =
1√
N

eil(ω+ 2kπ
N )

l = 0, 1, . . . ,M − 1 k = 0, 1, . . . , N − 1 E

M

G

E

E(ω)E∗(ω)

N−1∑

k=0

(
1√
N

)2

eil(ω+ 2kπ
N )e−il(ω+ 2kπ

N ) = 1

E

M M(ω)M∗(ω) = I

M(ω)M∗(ω) = (GE(ω))(GE(ω))∗

= GE(ω)E∗(ω)G∗

= GG∗ = I

E

M G

G



G 2× 2

G2×2 =

[
p t

q u

]

G2×2

pp + tt = 1

qq + uu = 1

pq + tu = 0

p = eiθ/
√

2

q = e−iθ/
√

2 t = −q u = p t = q u = −p

θ = π/4 2× 2

π/4

G n× n

v

Q = I − 2
vvT

vTv

v

v v Q = I − 2vvT

n × n n



N N = 2

N − 1 ψl l = 1, 2, . . . , N − 1

φ

ψ0 ψl ml

{ψl} {ψl} {ψl′}
l, l′ = 0, 1, . . . , N −1 l 2= l′ ml

N−1∑

i=0

∣∣∣∣ml

(
ω +

2πi

N

)∣∣∣∣
2

= 1 l = 0, 1, . . . , N − 1

N−1∑

i=0

ml

(
ω +

2πi

N

)
ml′

(
ω +

2πi

N

)
= 0 l 2= l′ l, l′ = 0, 1, . . . , N − 1

m0

∫ +∞

−∞
φ(x)dx = 1

φ̂(0) = 1

φ̂(ω) = m0

( ω

N

)
φ̂

( ω

N

)

m0(0) = 1 |m0(0)|2 = 1

∣∣∣∣m0

(
ω +

2πi

N

)∣∣∣∣
2

= 0

m0

ω = 2πi/N i = 1, 2, . . . , N − 1



m0(ω) ∝ Q(ω)

Q(ω) =
N−1∏

k=1

qM
k (ω) =

N−1∏

k=1

(
1 + e−i(ω+π− 2kπ

N )

N
1

N−1

)M

Q(ω) N = 2, 4, 6, 8

[0, π]

[π, 2π]
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0.5

1

1.5

2

0 π /4 π /2 3π /4 π

phase

Q(ω) N = 2

0

0.2

0.4

0.6

0.8

1

0 π /4 π /2 3π /4 π

magnitude

−1

0

1

2

3

0 π /4 π /2 3π /4 π

phase

Q(ω) N = 4

0

0.2

0.4

0.6

0.8

1

0 π /4 π /2 3π /4 π

magnitude

−1

0

1

2

3

0 π /4 π /2 3π /4 π

phase

Q(ω) N = 6

0

0.2

0.4

0.6

0.8

1

0 π /4 π /2 3π /4 π

magnitude

−2

−1

0

1

2

3

0 π /4 π /2 3π /4 π

phase

Q(ω) N = 8

M0(ω) = |m0(ω)|2

m0 Q(ω)

|Q(ω)|2 =
N−1∏

k=1

|qM
k (ω)|2

qk(ω)

qM
k (ω) =

(
1 + e−i(ω+π− 2kπ

N )

N
1

N−1

)M



=
1

N
M

N−1

(1 + zk)
M

=
1

N
M

N−1

M∑

l=0

(
M

l

)
zM−l

k

|qM
k (ω)|2 =

(
:{qM

k }
)2

+
(
;{qM

k }
)2

qM
k

:{qM
k } =

1

N
M

N−1

M∑

l=0

(
M

l

)
cos

(
(M − l)

(
ω + π − 2kπ

N

))

;{qM
k } =

1

N
M

N−1

M∑

l=0

(
M

l

)
sen

(
(M − l)

(
ω + π − 2kπ

N

))

|Q(ω)|2 =
1

N
2M

N−1

N−1∏

k=1

(
M∑

l=0

(
M

l

)
cos

(
(M − l)

(
ω + π − 2kπ

N

)))2

+

+

(
M∑

l=0

(
M

l

)
sen

(
(M − l)

(
ω + π − 2kπ

N

)))2

M0

M0(ω) = |Q(ω)|2L(ω)

L(ω) cos(ω)

N−1∑

k=0

M0(ω + 2kπ/N) = 1

L(ω) m0

N−1∑

k=0

|Q(ω + 2kπ/N)|2L(ω + 2kπ/N) = 1

AM
k (ω) = |Q(ω+γk)|2



γk = 2kπ
N Lk(ω) = L(ω + 2kπ/N)

N−1∑

k=0

AM
k (ω)Lk(ω) = 1

ω = γ0 = 0

AM
0 (γ0)L0(γ0) + AM

1 (γ0)L1(γ0) + . . . + AM
N−1(γ0)LN−1(γ0) = 1

ω = γ1 = 2π/N

AM
0 (γ1)L0(γ1) + AM

1 (γ1)L1(γ1) + . . . + AM
N−1(γ1)LN−1(γ1) = 1

AM
1 (γ0)L1(γ0) + AM

2 (γ0)L2(γ0) + . . . + AM
0 (γ0)L0(γ0) = 1

2π

ω = γk

AM
0 (γk)L0(γk) + AM

1 (γk)L1(γk) + . . . + AM
N−1(γk)LN−1(γk) = 1

AM
k (γ0)Lk(γ0) + AM

k+1(γ0)Lk+1(γ0) + . . . + AM
k+N−1(γ0)Lk+N−1(γ0) = 1





AM
0 (γ0) AM

1 (γ0) AM
2 (γ0) . . . AM

N−1(γ0)

AM
N−1(γ0) AM

0 (γ0) AM
1 (γ0) . . . AM

N−2(γ0)

AM
1 (γ0) AM

2 (γ0) AM
3 (γ0) . . . AM

0 (γ0)









L0(γ0)

L1(γ0)

L2(γ0)

LN−1(γ0)





=





1

1

1

1





A(γ0)
−→
l (γ0) = 1 γ

A(γ)
−→
l (γ) = 1

γ

L(ω) L(ω)



1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0 π /2 π 3π /2 2π

L(ω) N = 2 M = 2

0.02

0.025

0.03

0.035

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0 π /2 π 3π /2 2π

L(ω) N = 4 M = 2

3

4

5

6

7

8

9

10
x 10−3

0 π /2 π 3π /2 2π

L(ω) N = 6 M = 2

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6
x 10−3

0 π /2 π 3π /2 2π

L(ω) N = 8 M = 2

Q A

AM
i (γ) = AM

N−i(γ)

N = 2 M = 1

|Q(ω)|2 =
1

4

[
(1 + cos(ω))2 + (sen(ω))2

]

=
1

4

[
1 + 2cos(ω) + cos2(ω) + sen2(ω)

]

=
1

2
(1 + cos(ω))

|Q(ω)|2L(ω) + |Q(ω + π)|2L(ω + π) = 1

(1 + cos(ω)) L(ω) + (1− cos(ω)) L(ω + π) = 2



L(ω) = 1

N = 2 M = 2

|Q(ω)|2 =
1

24






[
2∑

l=0

(
2

l

)
cos((2− l)ω)

]2

+

[
2∑

l=0

(
2

l

)
sen((2− l)ω)

]2





=
1

16
{[cos(2ω) + 2cos(ω) + cos(0)]2 + [sen(2ω) + 2sen(ω) + sen(0)]2}

=
1

16
{
[
1− 2sen2(ω) + 2cos(ω) + 1

]2
+ [2sen(ω)cos(ω) + 2sen(ω)]2}

=
1

16
{
[
1− 2(1− cos2(ω)) + 2cos(ω) + 1

]2
+ [2sen(ω)(cos(ω) + 1)]2}

=
1

16
{[2cos(ω)(cos(ω) + 1)]2 + [2sen(ω)(cos(ω) + 1)]2}

=
1

16
{4cos2(ω)(cos(ω) + 1)2 + 4sen2(ω)(cos(ω) + 1)2}

=
1

4
(cos(ω) + 1)2

(cos(ω) + 1)2L(ω) + (1− cos(ω))2L(w + π) = 4

L(ω)

L(ω) =
2

cos2(ω) + 1

L(ω)

L(ω)

|m0(ω)|2 m0(ω)

L(ω) m0(ω)

L(ω) L(ω) |L(ω)|2 = L(ω)

m0(ω)

L(ω)



A

A(ω) =
∑N

n=0 ancos(nω) an ∈ IR

B N B(ω) =
∑N

n=0 bneinω

bn

|B(ω)|2 = A(ω)

B A

A(ω) = a0 +
1

2

N∑

n=1

an(einω + e−inω)

= e−iNω

[
1

2

N−1∑

n=0

aN−ne
inω + a0e

iNω +
1

1

N∑

n=1

ane
i(N+n)ω

]

PA(z) =
1

2

N−1∑

n=0

aN−nz
n + a0z

N +
1

2

N∑

n=1

anz
N+n

2N PA

PA(eiω) = eiNωA(ω) PA(z) z2NPA(z−1)

z2NPA(z−1) =
1

2

N−1∑

n=0

aN−nz
2N−n + a0z

N +
1

2

N∑

n=1

anz
N−n

n′ = N − n

1

2

N∑

n=1

anz
N+n + a0z

N +
1

2

N−1∑

n=0

aN−nz
n = PA(z)

z0

PA PA(z0) = 0 z−1
0 PA an

PA(z) = PA(z)

z0 PA z0 PA

PA z0 z0 z−1
0 z0

−1 z0 = r0

r0 r−1
0 zj zj z−1

j zj
−1

rk r−1
k PA



PA(z) =
1

2
aN

(
K∏

k=1

(z − rk)(z − r−1
k )

)(
J∏

j=1

(z − zj)(z − zj)(z − z−1
j )(z − zj

−1)

)

z = eiω (z − z0)(z − z0
−1)

|(eiω − z0)(e
iω − z0

−1)| =
|(eiω − z0)(z0 − e−iω)|

|z0e−iω|
= |z0|−1|(eiω − z0)(z0 − e−iω)|

= |z0|−1|(eiω − z0)|2

PA

A(ω) = |A(ω)| = |PA(eiω)|

=

[
1

2
|aN |

K∏

k=1

|rk|−1
J∏

j=1

|zj|−2

]
|

K∏

k=1

(eiω − rk)
J∏

j=1

(eiω − zj)(e
iω − zj)|2

= |B(ω)|2

B(ω) =

[
1

2
|aN |

K∏

k=1

|rk|−1
J∏

j=1

|zj|−2

]1/2 K∏

k=1

(eiω − rk)
J∏

j=1

(e2iω − 2eiω:{zj} + |zj|2)

N

B z0 z0 z−1
0

z0
−1 B

PA

2N B

PA B

±eiKω K ∈ C B

B(ω) an



A(ω)

A(ω) =
N∑

n=0

ancos(nω)

eiNω

A(ω) =
1

2

N∑

n=0

an(einω + e−inω)

eiNωA(ω) =
1

2

N∑

n=0

an(ei(n+N)ω + ei(N−n)ω)

x = eiω

xNA(ω) =
1

2

N∑

n=0

an(xn+N + xN−n)

=
1

2
(a0(x

N + xN) + a1(x
N+1 + xN−1) + . . . +

+aN−1(x
2N−1 + x1) + aN(x2N + x0))

2xNA(ω) = aNx2N + aN−1x
2N−1 + . . . +

+a1x
N+1 + 2a0x

N + a1x
N−1 + . . . + aN−1x

1 + aN

an

2N 2xNA(ω) = 2eiωNA(ω)

an 2N a0

2

2 a0

an

2N

2

TN(ω) =
N∑

n=0

pne
inω

tN(ω) =
a0

2
+

N∑

n=1

ancos(nω) +
N∑

n=1

bnsen(nω)



T2N(ω) = eiNωtN(ω)

eiNωtN(ω) =
a0

2
eiNω +

∑

n=1

Nan
ei(N+n)ω + ei(N−n)ω

2
−

N∑

n=0

ibn
ei(N+n)ω − ei(N−n)ω

2

=
N∑

n=0

(
an

2
− i

bn

2

)
ei(N+n)ω +

(
an

2
+ i

bn

2

)
ei(N−n)ω

x = eiω

xN tN(ω) =
N∑

n=0

(
an

2
− i

bn

2

)
xN+n +

(
an

2
+ i

bn

2

)
xN−n

=

(
aN

2
− i

bN

2

)
x2N +

(
aN−1

2
− i

bN−1

2

)
x2N−1 + . . . +

(
a2

2
− i

b2

2

)
xN+2 +

(
a1

2
− i

b1

2

)
xN+1 +

a0x
N +

(
a1

2
+ i

b1

2

)
xN−1

(
a2

2
+ i

b2

2

)
xN−2 + . . . +

(
aN−1

2
+ i

bN−1

2

)
x +

(
aN

2
+ i

bN

2

)

= dNx2N + dN−1x
2N−1 + . . . + d1x

N+1 + d0x
N +

c0x
N + c1x

N−1 + . . . + cN−1x + cN

dn = an/2− ibn/2 cn = an/2 + ibn/2

dn = cn bn = 0 pn T2N

pn = an/2

2



]1, 2[

φ ψ

p/q p q

V0 ⊂ V−1 (c1,n)n∈Z (c2,n)n∈Z

φ(x) =
∑

n

c1,nφ(
p

q
x− n)

φ(x− 1) =
∑

n

c2,nφ(
p

q
x− n)

p

q
φ̂(

p

q
ω) =

(
∑

n

c1,ne
jnω

)
φ̂(ω)

p

q
φ̂(

p

q
ω) = ejpω/q

(
∑

n

c2,ne
jnω

)
φ̂(ω)

∑

n

c1,ne
jnω = ejpω/q

∑

n

c2,ne
jnω

φ ψ

(c1,n) (c2,n)

p/q

pi/qi

N−1∑

i=0

qi

pi
= 1

N



N pi/qi i

[(
i−1∑

k=0

pk

qk

)
π,

(
i∑

k=0

pk

qk

)
π

]

q p − q p

x(t)



x(nτ) x(t) =
∑

k x(kτ)χ(t/τ − k)

χ(t) = sen(πt)/(πt) τ pτ/q

x

(
p

q
nτ

)
=

∑

k

x(kτ)χ

(
np− kq

q

)

(p/q)nτ

q G(z) =
∑

k χ(k/q)z−k

p

y[n] =
∑

k

g[np− kq]x[k]

2/3 1/3





8





m0 H(ω)

m1 m2

mN−1



A
f h L1(IR)∩L2(IR)

L1(IR) L2(IR)

∫ ∞

−∞
f(t)h∗(t)dt =

1

2π

∫ ∞

−∞
f̂(ω)ĥ∗(ω)dω

h = f

∫ ∞

−∞
|f(t)|2dt =

1

2π

∫ ∞

−∞
|f̂(ω)|2dω

g = f ∗h h(t) = h∗(−t)

ĝ(ω) = f̂(ω)ĥ∗(ω)

g(t) =
1

2π

∫ ∞

−∞
ĝ(ω)ejωtdω



t = 0

g(0) =
1

2π

∫ ∞

−∞
ĝ(ω)dω =

∫ ∞

−∞
f(t)h∗(t)dt =

1

2π

∫ ∞

−∞
f̂(ω)ĥ∗(ω)dω

f = h



B



σ2
t σ2

ω f ∈ L2(IR)

σ2
t σ

2
ω ≥

1

4

f

f(t) = aejξt−b(t−u)2

a b u ξ

lim
|t|→∞

√
tf(t) = 0

f ∈ L2(R) f u

ξ

u ξ

f(t − u)e−jξt

u = ξ = 0

σ2
t =

1

‖f‖2

∫ ∞

−∞
|tf(t)|2dt

σ2
ω =

1

‖f‖22π

∫ ∞

−∞
|ωf̂(ω)|2dω



σ2
t σ

2
ω =

1

2π‖f‖4

∫ ∞

−∞
|tf(t)|2dt

∫ ∞

−∞
|ωf̂(ω)|2dω

jωf̂(ω) f ′(t)

σ2
t σ

2
ω =

1

2π‖f‖4

∫ ∞

−∞
|tf(t)|2dt

∫ ∞

−∞
|f ′(t)|2dt

σ2
t σ

2
ω ≥ 1

‖f‖4

(∫ ∞

−∞
|tf ′(t)f ∗(t)|dt

)2

≥ 1

‖f‖4

(∫ ∞

−∞

t

2
[f ′(t)f ∗(t) + f ′∗(t)f(t)]dt

)2

≥ 1

4‖f‖4

(∫ ∞

−∞
t(|f(t)|2)′dt

)2

σ2
t σ

2
ω ≥

1

4‖f‖4

(∫ ∞

−∞
|f(t)|2dt

)2

=
1

4

b ∈ C

f ′(t) = −2btf(t)

a ∈ C f(t) = ae−bt2

u 2= 0 ξ 2= 0



C

gl,n(x) = g(x− al)e2πibnx −∞ < l, n < ∞

a b g L2(IR) ‖g‖ = 1

{gl,n} L2(IR)



g g(x) = e−πx2

(Fg)(ω) =
1√
2π

∫
g(x)e−iωxdx

=
1√
2π

∫
e−πx2

e−iωxdx

= e−πω2
= ĝ(ω)

gl,n

(Fgl,n)(ω) =
1√
2π

∫
gl,n(x)e−iωxdx

=
1√
2π

∫
g(x− al)e2πibnxe−iωxdx

=
1√
2π

∫
e−π(x−al)2e2πibnxe−iωxdx

=
1√
2π

e−π(ω−bn)2e2πialω = ĝl,n(ω)

{gl,n}

〈gl,m, gl,n〉 =
1

2π

∫
e−2πω2

e2πi(n−m)ωdω =
1√
2
e−π(m−n)2/2 2= 0

gl,m gl,n

g g(x) = b(x) = χ[0,1)(x) [0, 1)

gl,m gl′,n

l = l′ l = l′

〈gl,m, gl,n〉 =

∫ l+1

l

e2πi(n−m)ωdω =

{
1 m = n

0 m 2= n

ĝl,n(ω) = e−πiω sen(ω − n)

ω − n
e−2πilω



sinc(x) =
sen(x)

x



D
V

|〈f, g〉| ≤ ‖f‖‖g‖

‖f + g‖ ≤ ‖f‖+ ‖g‖

〈f, g〉 =
1

4
(‖f + g‖2 − ‖f − g‖2 + j‖f + jg‖2 − j‖f − jg‖2)

‖f − λg‖2 = 〈f − λg, f − λg〉 ≥ 0



〈f − λg, f − λg〉 = 〈f, f〉 − λ〈f, g〉 − λ〈g, f〉+ |λ|2〈g, g〉

λ =
〈g, f〉
〈g, g〉

〈f − λg, f − λg〉 = 〈f, f〉 − 〈g, f〉
〈g, g〉 〈f, g〉 − 〈f, g〉

〈g, g〉〈g, f〉+

+
〈g, f〉
〈g, g〉

〈f, g〉
〈g, g〉〈g, g〉

= 〈f, f〉 − 2
|〈f, g〉|2

〈g, g〉 +
|〈f, g〉|2

〈g, g〉

= 〈f, f〉 − |〈f, g〉|2

〈g, g〉 ≥ 0

|〈f, g〉|2 ≤ 〈f, f〉〈g, g〉

|〈f, g〉| ≤ ‖f‖‖g‖

f g V

0 ≤ ‖f + g‖2 = 〈f + g, f + g〉 = 〈f, f〉+ 〈g, g〉+ 〈f, g〉+ 〈g, f〉

= ‖f‖2 + ‖g‖2 + 〈f, g〉+ 〈f, g〉

≤ ‖f‖2 + ‖g‖2 + 2|〈f, g〉|

≤ ‖f‖2 + ‖g‖2 + 2‖f‖‖g‖

= (‖f‖+ ‖g‖)2

‖f + g‖2 = ‖f‖2 + ‖g‖2 + 〈f, g〉+ 〈g, f〉

−‖f − g‖2 = −‖f‖2 − ‖g‖2 + 〈f, g〉+ 〈g, f〉

j‖f + jg‖2 = j‖f‖2 + j‖g‖2 + 〈f, g〉 − 〈g, f〉



−j‖f − jg‖2 = −j‖f‖2 − j‖g‖2 + 〈f, g〉 − 〈g, f〉

(‖f + g‖2 − ‖f − g‖2 + j‖f + jg‖2 − j‖f − jg‖2) = 4〈f, g〉

{en}n∈N H

A, B > 0 f ∈ H

{λn}

f =
+∞∑

n=0

λnen

1

B
‖f‖2 ≤

∑

n

|λn|2 ≤
1

A
‖f‖2

ẽn

λn = 〈f, ẽn〉

1

B
‖f‖2 ≤

∑

n

|〈f, ẽn〉|2 ≤
1

A
‖f‖2

f ∈ H

A‖f‖2 ≤
∑

n

|〈f, en〉|2 ≤ B‖f‖2

f =
+∞∑

n=0

〈f, ẽn〉en =
+∞∑

n=0

〈f, en〉ẽn

{ẽn}n∈N

f = ep ep =
∑+∞

n=0〈ep, ẽn〉en {en}n∈N



〈ep, ẽn〉 = δp−n



E
p1 p2 n1 n2

q1

q2 n2− 1 n1− 1

p1(x)q1(x) + p2(x)q2(x) = 1

q1 q2

n1 ≥ n2

p1 p2 a2(x) b2(x)

grau(a2) = grau(p1)− grau(p2) grau(b2) ≤ grau(p2)

p1(x) = a2(x)p2(x) + b2(x)

p1 a2 p2 b2

p2

p2(x) = a3(x)b2(x) + b3(x)

grau(a3) = grau(p2)− grau(b2) grau(b3) < grau(b2)



bn−1

bn−1(x) = an+1(x)bn(x) + bn+1(x)

bn

bN+1 = 0 N bN 2= 0

bN−1(x) = aN+1(x)bN(x)

bN−2(x) = aN(x)bN−1(x) + bN(x)

bN bN−1 bN−2 bN

bn p2 p1 p1 p2

bN bN

bN−1 bN−3

bN = bN−2 − aNbN−1 = bN−2 − aN(bN−3 − aN−1bN−2)

= (1 + aNaN−1)bN−2 − aNbN−3

bN = ãN,kbN−k + ˜̃aN,kbN−k−1

ãN,1 = −aN
˜̃aN,1 = 1 ãN,k+1 = ˜̃aN,k − ãN,kaN−k

˜̃aN,k+1 = ãN,k

grau(ãN,k) = grau(bN−k−1)−grau(bN−1) grau(˜̃aN,k)−grau(bN−1)

k = N − 1

bN = ãN,N−1p2 + ˜̃aN,N−1p1

grau(ãN,N−1) = grau(p1) − grau(bN−1) < grau(p1) grau(˜̃aN,N−1) = grau(p2) −
grau(bN−1) < grau(p2) grau(bN−1) ≥ 1 grau(bN−1) bN

q1 = ˜̃aN,N−1/bN q2 = ãN,N−1/bN

q1 q2 q̃1 q̃2

p1(q1 − q̃1) + p2(q2 − q̃2) = 0

p1 p2 p2

q1 − q̃1 q1 2= q̃1



grau(q1 − q̃1) ≥ grau(p2) grau(q1) grau(q̃1) < grau(p2)

q1 = q̃1 q2 = q̃2



F

L(ω)
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